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Table 2. Calculated Average Lengths of lsotactic (from 
eqs 1,3, and 5) and Syndiotactic (from eqs 2,4, and 6) 

Sequences of a Polymer Chain for Various Values of Pm 

tween theory (solid lines) and simulation (points) is ob- 
tained, as shown in Figures 3 and 4 for triad and tetrad 
probabilities, respectively (12). 

(B) Using eqs 1,3, and 5 and eqs 2,4, and 6 calculate the 
average lengths of isotaetie, (nd, and syndiatactic, 
(nJ, sequences, respectively, as shown in Table 2. Gad 
agreement is observed, usually to the third decimal 
place. 

(C) Construct plots of number and weight fraction distri- 
butions of isotaetie and syndiotactic sequences as func- 
tion ofni, as shown in Figures 6 and 7, for P, values of 
0.1, 0.5, and 0.9. Solid lines represent theoretical 
curves as described by eqs 7 and 8 and the points are 
simulation values that were converted to number frae- 
tions by 

and weight fractions by 

2. For the above exercises, the values of the parameters DP 
and number of molecules were chosen so as to avoid the ~~~~ ~~~~ ~~ ~ 

effccli of sample w r  and cham-end en'ects. The c%rt of 
6ample siw can he cnnvenwntlv elmmated by krcping 
the product of DP and number of molecules to a value of 
1,000,000, thus allowing chain-end effects to be analyzed. 
This effect can be demonstrated by constructing number 
and weight fraction distributions, as described in exercise 
lC, far Pm values of 0.5 and 0.9 and DP values of 10,20, 
50. 100. 200. 300. 400. and 600. The conclusion that can . . . 
he drawn from thl, cxcrcix i <  rhnr rhr mtnmum d e ~ ~ e e  
of polymmzatwn depend4 on rhr P, value, i . e  fur P,, = 
o.5, DP must be pcntcr than 50: whrrpai, s DP > 4UO 19 

required for Pm = 0.9. 
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Least-Squares Fitting by Visualization of the Sum 
of Squares Space 

Alex M. van Herk 
Eindhoven Universitv of Technoloov 
Depattment of polyher chemist;' 
P.O. Box 51 3 
5600 MB Eindhoven, The Netherlands 

I t  is evident that curve fitting of experimental data in 
the practice of chemistry is very important. One of the har- 
riers for students to use for example the least-squares fit- 
ting method is  the complexity of the software. 

Recent articles in this Journal have introduced simple 
methods that can solve curve-fitting problems on personal 
computers (13). For the strictly linear function (I) and for 
the general nonlinear functions (21 iterative orocedures 
are available. O'Neill e t  al. (3) introduced a ioniterative 
orocedure that is ao~licahle to multilinear eouations. So 
kar, for nonlinear equations one still had to resort to itera- 
tive methods. 

In this article a simple method is introduced that can be 
used for all types of functions involving up to three pa- 
rameters to be fitted. The method gives the optimum pa- 
rameters with their uncertainties in  the form of unbiased 
joint confidence intervals and can weigh the experimental 
data correctlv. Furthermore. in contrast to iterative meth- 
ods, insight &to the occurrence of local minima is gained. 

This method could be used for teaching students the - 
least-squares method i n  a way t h a t  makes i t  under- 
standable. Of course modem iterative matrix methods can 
solve the same problems that can be solved by this method 
when care is taken to avoid zeroing in  to local minima. 

The Least-Squares Method 
If we assume only errors in the dependent variables yi 

and we have a set o f p  parameters 0 in the function yi = 
f(xi,O), the least-squares estimates of the parameters 0 are 
those t h a t  satisfy t h e  minimum value of the  sum of 
squares, ss(0), of the weighted residuals (further referred 
to as the sum of squares), calculated with i data points. 

w, are the weighting factors, which are 

where ai is the uncertainty in  yi. 
In many cases no statistical information about the un- 

certainty of yj i s  available, and in that case one should 
make a n  assumption about the error structure in the yi 
values. Most often the relative error in yi is supposed to be 
constant and in  that case wi should be taken as llyf; this is 
equivalent to minimizing the relative residuals: 

When the absolute errors inyi can be assumed constant, w, 
in eq 1 can be taken as 1 for all datapoints. 

Most statistical software packages then look for the 
minimum in  the sum of squares space by iterative proce- 
dures. In the case of (multi)linear functions this can be 
done by evaluating the analytical expressions one obtains 
when solving the  differential equations of the sum of 
squares function with respect to the parameters. For non- 
linear equations, however, the advent of fast personal com- 
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r2 
0.38 0.103 0.080 0.071 0.064 0.064 0.071 0.086 0.110 0.142 0.184 0.235 

0.39 0.109 0.088 0.074 0.065 

0 
0.069 0.083 0.105 0.135 O.li6 0.229 

0.40 Ol16 0093 0.077 0.066 0.063 0.067 0.079 0.100 0.i30 0.169 0.219 

0.41 0.123 0.098 0.080 0.068 . 0.066 0.077 0.096 0.124 0.163 0.212 

0.42 0.130 0.104 0.084 0.070 0.064 0.065 0.074 0.092 0.119 0.157 0.205 

0.43 0.137 0.109 0.087 0.072 0.064 0.064 0.072 0.089 0.115 0.151 0.198 

0.44 0.145 0.125 0.091 0.075 0.065 0.064 0.070 0.086 0.111 0.1" 0.?92 

0.45 0.152 0.121 0.095 0.077 0.066 ,063 ,069 0.083 0.107 0.141 0.386 

0.46 0.159 0.126 0.100 0.080 0.068 063 0.068 0.081 0,104 0.137 0.181 0 
0.47 0.167 0.132 0.104 0.083 0.069 0.064 0.067 0.079 0.100 0.133 Clj5 

0.48 0.174 0.138 0.108 0.086 0.071 0.069 0.066 0.077 0.097 0.129 0.171 

0.49 0.182 0.144 0.113 0.089 0.073 0.065 0.065 0.075 0.095 0.125 0.167 

0.50 0.189 0.150 0.118 0.092 0.075 0.065 0.065 0.073 0.092 0.122 0.162 

0.51 0.197 0.156 0.122 0.095 0.077 0.066 0.064 0.072 0.090 0.118 0.158 

0.52 0.209 0.162 0.127 0.099 0.079 0.067 0 0.071 0,088 0.115 0.155 

0.53 0.212 0.168 0.131 0.102 0.081 0.068 0.064 0.070 0.086 0.113 0.151 

0.54 0.219 0.174 0.136 0.106 0.083 0.069 (3 0. 0.069 0.084 0.110 0.148 

0.55 0.226 0.180 0.141 0.109 0.085 0.070 0.064 0.068 0.082 0.108 0.145 

0.56 0.233 0.186 0.145 0.112 0.088 0.072 0.065 0.068 0.081 0.105 0.142 

Figure 1. Printout of the numerical values for the sum of squares in eq 6. 

puters means it  is no longer necessary to use iterative pro- 
cedures. 

One could simply calculate all of the sums of squares in 
a region for the parameters where we can be sure that re- 
alistic solutions for the parameters can be found. This can 
be done in a spreadsheet program like Excel or be pro- 
grammed in, for example, Basic. By just keeping track of 
the lowest sum of squares value during the calculation of 
the sum of squares array one can obtain the least-squares 
sum ss(O) at  the best set of parameters. When one takes a 
wide region for the parameters, there is no risk in finding 
only a local minimum. The latter aspect is one of the draw- 
backs of using the iterative procedures, where sometimes 
the result depends on the choice of the starting values of 
the parameters in the iterative process. 

Furthermore we can visualize (in the case of two pa- 
rameters) the sum of squares space by just printing out the 
numbers as  is done in Figure 1 or plotting it  as a surface as  
done in Figure 2. For three parameters several visualiza- 
tions as  a function of the third parameter can be plotted. 

The minimum obtained with this procedure will of course 
coincide with values obtained by any other (iterative) least 
squares procedure when the same weighting of the y-values 
is used. It is also possible to first take a large overview on the 
sum of squares space and then zoom in onto the region of the 
minimum. This procedure was used previously to obtain best 
values for up to four parameters (4). 

In fact this inequality, which gives the un- 
certainty in the parameters, represents a con- 
tour line in the sum of squares space (Fig. 2). 

I n  this approach no assumptions about 
linearity of the model functions f(xi,O) are  
made with respect to the joint confidence re- 
gions, which in some statistical programs are 
taken as linearized confidence ellipsoids. In 
some cases i t  is proven that, where the func- 
tion is nonlinear, approximate (linearized) 
confidence ellipsoids are inappropriate (51, 
whereas the unbiased joint confidence regions 
from this method are always correct and can 
for example be obtained by a contour plotting 
routine (Fig. 2) or by manually drawing the 
contour line in the sum of squares data in Fig- 
ure 1. 

I t  is useful to check the deviations between 
experimental and calculated points. If trends 
in the residuals are observed, the model may 
not be adequate for the data. When the actual 
residuals are in many cases larger than the 
estimated uncertainties inyj, the model is not 
adequate either. 

To check whether an alternative model B 
gives a significant improvement of the fit over 
model A, despite the fact that a different num- 
ber of parametersp is used, the following sta- 
tistical test can be made: 

If this inequality holds, model Aprovides the better fit a t  a 
confidence level z. 

An Example in Copolymerization Modellng 
One of the fields where using the right statistical proce- 

dures has been and still is an important issue is in the de- 
termination of reactivity ratios in copolymerization (6). 
The use of statistically invalid procedures on otherwise 
good data resulted in tremendous diversity of tabulated re- 
activity ratios. 

A spectacular finding was the fact that the kinetics of 
copolymerization in most cases could not be described by 

Parameter Uncertainties 

The unbiased joint confidence regions for a level of confi- 
dence, z, around the best values found for the parameters 
can be constructed using the inequality: 

where F,(p, i - p )  represents a value from the F-distribu- 
tion a t  level z and a t p  and i - p  degrees of freedom. 

Figure 2. Three-dimensional visualization of the sum of squares 
plane. Contour plot at the 95% confidence limit. 
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Figure 3. Propagation mte constant as a function of the fraction sty- 
rene in the monomer feed (s, = 0.31, s, = 0.4). 

t h e  so-called u l t ima te  model, where  only t h e  l a s t  
monomeric unit determines the reactivity of a growing 
polymeric radical, but that a penultimate effect had to be 
introduced (7) 

F u k u d a  s t u d i e d  t h e  system s ty rene  a n d  methyl  
methacrvlate a t  40 "C with the rotating sector method (7). 
The classic work of Fukuda serves he; as a n  example for 
the statistical method introduced before. 

The propagation rate constant, k,, can be described as a 
function of the monomer f k d  ratio f with the equations 

where 

and 

with 
kiii . . 

ri = (1  # J )  
"1 

where k,,, is the rate constant for the radical with penul- 
timate unitp,  a terminalunit m to add a monomer n (p,m,n 
= 1 or 2) .  In the so called restricted penultimate model i t  is 
assumed that rl= r i  and r2= r i  where the subscript 1 re- 
fers to stvrene and the  subscrint 2 refers to methvl 
methacrylate. 

The narameters r ,  = r>'=0.523. r9= r /  = 0.460. k ~ n  = 120 . . . -  - . ... 
L mol-' s-' and kzz2 = 377 L mol-' b1 were fixed, leaving sl 
and sz a s  the only unknown parameters. The accepted pro- 
cedure to obtain the two unknown parameters is the non- 
linear least-squares curve-fitting method, which yielded in 
Fukuda's work sl = 0.30 and s 2  = 0.53 as optimum values. 

Because Fukuda states that he has a constant relative er- 
ror o f f  10% in his values we used relative error minimiza- 
tion according to eq 3. For these data, we plotted the sum 
of squares space numerirnlly in Figure 1 and as a sutiace 
in E'igurc 2. 'The sum of squares surface is plotted as i s  (91 
iubitracted from a constant C to visunllre the fitting opti- 
mum as a maximum (C = 13.2). As a minimum we obtained 
sl = 0.31 and s2 = 0.40 with a relative sum of squares of 
0.063. Also we found a local minimum a t  the same values 
Fukuda reported with a sum of squares a t  a somewhat 
higher value of 0.064. 

This fact shows the strength of the method; there is less 
risk of obtaining only a local minimum. We also plotted the 
95% unbiased joint confidence interval for sl and sz in Figure 
2, which shows that the model is very insensitive to vari- 
ations in s2, explaining the occurrence of several local min- 
ima. In a reanalysis of the original data of Fukuda, Davis et 
al. (8) calculated the linearized joint confidence region, which 
also showed the insensitivity of the model for s2. 

Examination of the residuals showed that there is  no 
svstematic variation and that the actual deviations of the 
data with respect to the fitted k,values are not bigger than 
the expected errors. From this example we can conclude 
that the penultimate model does fit the k ,  data well a s  
shown in Figure 3, but that the model is not sensitive for 
variations in s2. This is also shown by the fact that the 
original fit of Fukuda (sl = 0.30, s2 = 0.53) gives a quite 
similar plot a s  that shown in Figure 3. Furthermore i t  is 
shown that  local minima can be found in  this sum of 
squares space. It is important to take into account the er- 
ror structure in the y-values because this determines the 
choice of the weighting factors. In this example, when we 
use eq 1 with no weighting, we obtain sl = 0.29 and s2 = 
0.59. 

The importance of the use of unbiased (delineated) joint 
confidence repions in model evaluation in conolvmeriza- . . 
tion is also recognized by Hill et  al. (9). 

To calculate a sum of squares space in this example with 
a simple Basic program (listing available on request from 
the author), i t  takes only a few seconds on a personal com- 
puter to produce the matrix shown in Figure 1. 

This statistical method has been applied with success in 
a second-year practical polymer course a t  the Eindhoven 
University of Technology. 

Conclusion 
Avisualization of the sum of squares space together with 

obtaining the least-squares sum by the described tech- 
nique is a general statistically valid method that can be 
aonlied to linear. multilinear. and nonlinear eauations and 
ai;o gives a n  unbiased joint confidence region: 

The method is transparent to students, easy to explain, 
applicable to almost any problem, and easily realized in 
compact computer programs. 
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