
 

Exact distributions of distribution-free test statistics

Citation for published version (APA):
Wiel, van de, M. A. (2000). Exact distributions of distribution-free test statistics. [Phd Thesis 1 (Research TU/e /
Graduation TU/e), Mathematics and Computer Science]. Technische Universiteit Eindhoven.
https://doi.org/10.6100/IR537673

DOI:
10.6100/IR537673

Document status and date:
Published: 01/01/2000

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.6100/IR537673
https://doi.org/10.6100/IR537673
https://research.tue.nl/en/publications/afce0394-c656-4dd4-938c-6b31e41b3e2e


Exact Distributions of Distribution-free

Test Statistics



CIP-DATA LIBRARY TECHNISCHE UNIVERSITEIT EINDHOVEN

Wiel, Mark Adrianus van de

Exact distributions of distribution-free test statistics /
by Mark Adrianus van de Wiel. -
Eindhoven : Eindhoven University of Technology, 2000.
Proefschrift. - ISBN 90-386-0791-1 NUGI 815
Subject headings: nonparametric statistics / generating functions /
probability distributions / computer algebra
2000 Mathematics Subject Classi�cation: 62E15, 62G10, 65C60

Printed by Universiteitsdrukkerij Technische Universiteit Eindhoven

Copyright c©2000 by M.A. van de Wiel, Eindhoven, The Netherlands

All rights reserved. No part of this publication may be reproduced or transmitted in

any form or by any means, electronic or mechanical, including photocopying, recording,

or any information storage and retrieval system, without permission in writing from

the author.



Exact Distributions of Distribution-free

Test Statistics

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de
Technische Universiteit Eindhoven, op gezag van
de Rector Magni�cus, prof. dr. M. Rem, voor
een commissie aangewezen door het College voor
Promoties in het openbaar te verdedigen op don-
derdag 28 september 2000 om 16.00 uur

door

Mark Adrianus van de Wiel

geboren te Nijmegen



Dit proefschrift is goedgekeurd door de promotoren:

prof. dr. P. van der Laan
en
prof. dr. M. Hallin

Copromotor: dr. A. Di Bucchianico



Voorwoord

Met dit proefschrift sluit ik een periode van bijna acht jaar als student en aio
aan de TU Eindhoven af. Ik wil graag een aantal mensen bedanken die, op
wat voor manier dan ook, deze periode voor mij erg nuttig en plezierig hebben
gemaakt.

Ik bedank de leden van mijn promotiecommissie voor het lezen van dit proef-
schrift en voor hun advies. In het bijzonder bedank ik mijn eerste promotor
Paul van der Laan voor de zeer prettige omgang en samenwerking. Erg veel
dank gaat uit naar mijn begeleider en copromotor, Alessandro Di Bucchianico.
Bij hem was ik altijd welkom en zijn enthousiasme is een belangrijke drijfveer
geweest voor mij. Als geen ander heeft hij me geleerd mijn gedachtekronkels
wiskundig goed op papier te zetten. Leuk vond ik ook de samenwerking met
Joeri Roels, die als afstudeerder een inke bijdrage heeft geleverd. Uiteraard
bedank ik hem daarvoor.

Als aio heb ik gewerkt in een prima werksfeer. Ik ben mijn kamergenoten
en collega's dankbaar voor hun inspanning en ontspanning, zeker ook tijdens
de lunch, de middagthee en het zaalvoetballen. Mijn sportieve uitlaatklep de
afgelopen jaren was de Eindhovense studentenatletiekvereniging Asterix. Aan
de vele evenementen, feesten, wedstrijden en trainingen heb ik een hoop goede
herinneringen en vrienden overgehouden die ik bedank voor de vele lol die we
hebben gehad en hopelijk nog een tijd zullen hebben. Hierbij betrek ik ook mijn
(studie)vrienden die voor de broodnodige ontspanning hebben gezorgd.

Tenslotte mijn ouders, mijn broer Bas en mijn vriendin Dianne: hun steun,
interesse en gezelligheid is de ruggengraat van dit proefschrift. Veel dank voor
alles.

Mark van de Wiel, juni 2000

v





Contents

1 Introduction 1

1.1 Distribution-free test statistics . . . . . . . . . . . . . . . . . . . 1

1.1.1 Exact versus approximations . . . . . . . . . . . . . . . . 2

1.1.2 De�nitions and notation . . . . . . . . . . . . . . . . . . . 4

1.1.3 Critical values and p-values . . . . . . . . . . . . . . . . . 5
1.2 Generating functions . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Discrete distribution functions . . . . . . . . . . . . . . . . . . . 7

1.3.1 Ties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3.2 Sign statistics and null observations . . . . . . . . . . . . 9

1.4 Literature and software . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.1 StatXact . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.2 Computer algebra packages and programming languages . 9
1.4.3 Literature . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.5 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Symbolic computation with the aid of generating functions 13

2.1 Rank statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.1 The Wilcoxon-Mann-Whitney test . . . . . . . . . . . . . 14

2.1.2 The Jonckheere-Terpstra test . . . . . . . . . . . . . . . . 15
2.1.3 The Kendall rank correlation test . . . . . . . . . . . . . . 16

2.1.4 The Wilcoxon signed rank test . . . . . . . . . . . . . . . 16

2.1.5 Other one-sample rank tests . . . . . . . . . . . . . . . . . 17

2.2 Goodness-of-�t statistics . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.1 The Kolmogorov one-sample test . . . . . . . . . . . . . . 18

2.2.2 The Kuiper test . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 The Freund-Ansari-Bradley statistic . . . . . . . . . . . . . . . . 19

2.3.1 The Freund-Ansari-Bradley test . . . . . . . . . . . . . . 20
2.3.2 The probability generating function . . . . . . . . . . . . 20

2.4 Generating functions in Mathematica . . . . . . . . . . . . . . . . 23

2.4.1 Implementation of the Mann-Whitney test . . . . . . . . 23
2.4.2 Implementation of the Kolmogorov test . . . . . . . . . . 25

3 Two-sample linear rank statistics 27

3.1 Applications of the Streitberg-R�ohmel formula . . . . . . . . . . 28
3.1.1 The Streitberg-R�ohmel generating function . . . . . . . . 28

3.1.2 Applications . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Branch-and-bound algorithm . . . . . . . . . . . . . . . . . . . . 31

vii



viii Contents

3.2.1 Principles of the algorithm . . . . . . . . . . . . . . . . . 32

3.2.2 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2.3 Formal description of the algorithm . . . . . . . . . . . . 34

3.2.4 Notes to formal description . . . . . . . . . . . . . . . . . 35

3.2.5 EÆciency of the branch-and-bound algorithm . . . . . . . 36

3.3 The Halperin statistic . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.5 Edgeworth expansions with exact cumulants . . . . . . . . . . . . 42

3.5.1 Exact moments and cumulants . . . . . . . . . . . . . . . 42

3.5.2 Edgeworth expansions . . . . . . . . . . . . . . . . . . . . 43

4 Spearman's �, Page's L and regression rank statistics 47

4.1 The Spearman test . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.2 The probability generating function . . . . . . . . . . . . . . . . 49

4.3 Expansion and symmetries . . . . . . . . . . . . . . . . . . . . . 50

4.3.1 Laplace expansion . . . . . . . . . . . . . . . . . . . . . . 51

4.3.2 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.4 Computation of the probability generating function . . . . . . . . 55

4.4.1 Algorithmic formulation . . . . . . . . . . . . . . . . . . . 55

4.4.2 Exact distribution for n = 19; : : : ;22: . . . . . . . . . . . 56

4.5 Ties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.6 Rank tests for simple regression models . . . . . . . . . . . . . . 58

4.6.1 Unsigned rank statistic . . . . . . . . . . . . . . . . . . . 58

4.6.2 Signed rank statistic . . . . . . . . . . . . . . . . . . . . . 59

4.7 Page's L statistic . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5 The split-up algorithm 63

5.1 Split-up algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.1.1 De�nitions and goal . . . . . . . . . . . . . . . . . . . . . 64

5.1.2 Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.1.3 Basic ideas behind the algorithm . . . . . . . . . . . . . . 65

5.1.4 Computation of p-values . . . . . . . . . . . . . . . . . . . 65

5.2 Applications of the split-up algorithm . . . . . . . . . . . . . . . 67

5.2.1 Ties and censoring . . . . . . . . . . . . . . . . . . . . . . 67

5.2.2 Signed rank statistics . . . . . . . . . . . . . . . . . . . . 67

5.2.3 Two-sample linear rank statistics . . . . . . . . . . . . . 68

5.2.4 Spearman's �, Page's L and regression rank statistics . . 69

5.2.5 Kendall's rank statistic . . . . . . . . . . . . . . . . . . . 69

5.2.6 Rank autocorrelation tests . . . . . . . . . . . . . . . . . 73

5.3 EÆciency of the split-up algorithm . . . . . . . . . . . . . . . . . 75

5.3.1 Computing times for the split-up algorithm . . . . . . . . 76

5.3.2 Comparison with other methods . . . . . . . . . . . . . . 77

5.3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 77



Contents ix

6 Quadratic t-sample distribution-free statistics 81

6.1 Rank tests for one-way classi�cation . . . . . . . . . . . . . . . . 82
6.2 Recursive computation of the generating function . . . . . . . . . 82

6.2.1 A generating function of the joint rank score sums . . . . 83
6.2.2 Recursion . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.3 Exchangeability principle . . . . . . . . . . . . . . . . . . . . . . 85
6.4 Branch-and-bound algorithm . . . . . . . . . . . . . . . . . . . . 86

6.4.1 The lower and upper bound approach . . . . . . . . . . . 86
6.4.2 Optimization problems . . . . . . . . . . . . . . . . . . . . 87
6.4.3 Splitting the objective function . . . . . . . . . . . . . . . 88
6.4.4 The linear optimization problems . . . . . . . . . . . . . . 88
6.4.5 Relaxation of the constraints . . . . . . . . . . . . . . . . 89
6.4.6 The quadratic optimization problem, the upper bound . . 90
6.4.7 The quadratic optimization problem, the lower bound . . 93

6.4.8 Illustration of the branch-and-bound method . . . . . . . 94
6.5 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.6 Computing times . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.7 Exact distribution of Chacko-Shorack's test statistic . . . . . . . 99
6.8 Two-way classi�cation, block rank statistics . . . . . . . . . . . . 100

6.8.1 Block rank tests . . . . . . . . . . . . . . . . . . . . . . . 100
6.8.2 A probability generating function for block rank statistics 100
6.8.3 EÆcient multiplication for symmetric polynomials . . . . 101
6.8.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.9 Tables, software and discussion . . . . . . . . . . . . . . . . . . . 104

7 Multiple comparisons rank statistics 107

7.1 Steel and Nemenyi-Dunn statistics . . . . . . . . . . . . . . . . . 108
7.1.1 Statistics based on Steel's procedure . . . . . . . . . . . . 110
7.1.2 Statistics based on Nemenyi-Dunn's procedure . . . . . . 112
7.1.3 Determination of di�erence between treatments . . . . . . 112

7.2 Inclusion-exclusion principle . . . . . . . . . . . . . . . . . . . . 113
7.3 Computation of the null distribution . . . . . . . . . . . . . . . . 114

7.3.1 One-way classi�cation . . . . . . . . . . . . . . . . . . . . 115
7.3.2 Two-way classi�cation . . . . . . . . . . . . . . . . . . . . 118

7.4 Techniques to reduce computing time . . . . . . . . . . . . . . . 118
7.4.1 Exchangeability principle . . . . . . . . . . . . . . . . . . 118
7.4.2 Branch-and-bound algorithm . . . . . . . . . . . . . . . . 120
7.4.3 Pre-processing . . . . . . . . . . . . . . . . . . . . . . . . 122
7.4.4 Illustration of techniques . . . . . . . . . . . . . . . . . . 123
7.4.5 Critical values . . . . . . . . . . . . . . . . . . . . . . . . 125

7.5 Improved Spurrier algorithm . . . . . . . . . . . . . . . . . . . . 125
7.5.1 Spurrier's algorithm . . . . . . . . . . . . . . . . . . . . . 125
7.5.2 Improved algorithm . . . . . . . . . . . . . . . . . . . . . 126
7.5.3 When to use which algorithm? . . . . . . . . . . . . . . . 129

7.6 Exact bounds on the p-value . . . . . . . . . . . . . . . . . . . . 130
7.7 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133



x Contents

8 Exact non-null distributions 135

8.1 Signed rank statistics . . . . . . . . . . . . . . . . . . . . . . . . . 136
8.1.1 Exact distribution using symbolic integration . . . . . . . 136
8.1.2 Exact distribution using numerical integration . . . . . . 138

8.2 Two-sample linear rank statistics . . . . . . . . . . . . . . . . . . 140
8.2.1 Exact distribution using symbolic integration . . . . . . . 141
8.2.2 Exact distribution using numerical integration . . . . . . 142

8.3 Branch-and-bound technique . . . . . . . . . . . . . . . . . . . . 142
8.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

8.4.1 Nonparametric control charts . . . . . . . . . . . . . . . . 144
8.4.2 Lehmann alternatives . . . . . . . . . . . . . . . . . . . . 144
8.4.3 Exact power of rank tests and sample size determination . 145

Bibliography 149

Index 159

Samenvatting (Summary in Dutch) 161

Curriculum vitae 165



1
Introduction

1.1 Distribution-free test statistics

When assumptions about the underlying distribution functions of the data are
not justi�able or when data are available that can only be ranked, distribution-
free test statistics are valuable alternatives to their parametric counterparts.
The class of distribution-free tests includes permutation tests. Whereas the em-
phasis in this thesis lies on rank tests, which are a particular case of permutation
tests, we will observe that many procedures also apply to permutation tests in
general.

To test whether a null hypothesis H0 is true, one has to know a critical value or
one has to compute a p-value for the observed value of the test statistic. To com-
pute the power of a test statistic, one needs to compute tail-probabilities under
the alternative hypothesis H1. Therefore, under both H0 and H1 it is important
to have accurate methods for computing distributional characteristics of the test
statistic such as critical values, p-values and tail-probabilities. The literature
on these methods is divided into two main areas: exact results and asymptotic
results. Both types of results are needed: exact results are indispensable when
asymptotic results are not accurate enough, asymptotic results are indispens-
able when the computation of exact results is too time-consuming. Therefore,
the ideal situation is to have accurate asymptotic results when computation of
exact results is too time-consuming.

1



2 Introduction

Standard results based on asymptotic normality of the standardized version of
the statistics are discussed in many textbooks on distribution-free statistics, for
example in Gibbons and Chakraborti (1992) and H�ajek et al. (1999). The last
�fty years the gap between asymptotic and exact results has shrunk mainly
because of three reasons. Firstly, `small sample approximations' such as Edge-
worth approximations have been developed for some statistics and these often
improve the standard approximations. Secondly, the increase in computer power
enables us to deal with larger cases within limited time. Finally, more eÆcient
algorithms for exact computations have been developed. We refer to some of
these algorithms in Section 1.2. This thesis aims to contribute to this last area.

1.1.1 Exact versus approximations

A question that often rises is: why and when should we compute exact p-values
instead of using an approximation? An easy answer is: `exact' is the best
one can do, so one should always use an exact procedure whenever practically
possible. However, it is useful to discuss in which situations one really needs a

(fast) procedure to compute exact p-values.

Small samples

Approximations based on asymptotics can be poor when the samples are small.
It is often rather hard to predict whether a sample is large enough to apply a
certain approximation. This depends on the factors that cause the approxima-
tions to be less accurate, which we discuss hereafter. Moreover, the following
example shows that the accuracy also depends on the statistic that is used.

We apply the Wilcoxon two-sample statisticWm;n and the Van der Waerden (or
normal scores) statistic Vm;n to the same samples with sizes n = 6;m = 6: Then,
the exact probabilities are P(W6;6 ≤ 27) = 0:0325 and P(V6;6 ≤ −2:761) =
0:0302, whereas the normal approximations give P(W6;6 ≤ 27) ≈ 0:0273 and
P(V6;6 ≤ −2:761) ≈ 0:0303:We observe that in this case the normal approxima-
tion is better for the Van der Waerden statistic than for the Wilcoxon statistic.
This is due to the fact that the distribution of the Wilcoxon statistic is less
smooth than the distribution of the Van der Waerden statistic.

Ties and censoring

When we deal with a conditional rank test, for example in case of tied or cen-
sored data (see Sections 1.3.1 and 3.1.2), the null distribution depends on the
condition and therefore a fast algorithm is essential to compute the null distri-
bution for each di�erent sample. Moreover, the following example illustrates
that approximations are often less accurate than in the cases without ties (or
censoring).

We consider Kendall's rank correlation statistic KS for n = 13 which is de�ned
in (5.6). When ties are absent, we compute the exact probability P(KS ≥ 32) =
0:0381. The normal approximation results in P(KS ≥ 32) ≈ 0:0336, so in this
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case the approximation is reasonably good. Let us consider a case with ties.
The tie structures are �X = (3; 2; 4; 4) and �Y = (2; 2; 4; 5); where �X and �Y
are de�ned as � in Section 1.3.1. Then, P(KS ≥ 23) = 0:0388; whereas the
normal approximation gives P(KS ≥ 23) ≈ 0:0020. This is a case in which
the approximation is clearly not satisfactory. Valz et al. (1995) point out at
the end of their paper that their more sophisticated approximation based on
an Edgeworth expansion improves the normal approximation only marginally
when ties are extensive. Therefore, this is a case in which fast algorithms for
computing exact probabilities are indispensable.

Using the two-sample Wilcoxon test for experimental data Bergmann et al.
(2000) also illustrate that for a case with ties it is very important to have an
exact procedure. They show that many asymptotic-based approximations that
are used in several major statistical software packages can be very inaccurate,
especially when a correction for ties is not used.

Unbalanced cases

Let us consider the standardized Kruskal-Wallis statistic K, which is the stan-
dardized version of Q~n in (6.4) with a(`) = `: First, let n1 = 5; n2 = 5; n3 = 5; so
N = 15: For this balanced case we compute the exact probability P(K ≥ 5:80) =
0:0312;whereas the chi-square approximation gives P(K ≥ 5:80) ≈ 0:0388:Now,
consider the unbalanced case n1 = 2; n2 = 9; n3 = 4; so again N = 15: Then,
using our implementation we �nd the exact probability P(K ≥ 5:99) = 0:0305;
whereas the result of the chi-square approximation is P(K ≥ 5:99) ≈ 0:0500:
This example illustrates the fact that approximations are often more accurate
for balanced cases than for unbalanced cases.

Finite sample comparisons of approximations

In order to compare the accuracy of �nite sample results of various approxi-
mations one needs the exact result. An example of this application is found in
Section 3.5.2, where the normal approximation and various Edgeworth approx-

imations are compared with each other for two-sample linear rank tests.

Extreme p-values
It is known that normal approximations are often worse in the tails of the
distribution of the statistic than in the middle. Fortunately, the branch-and-
bound algorithm, which plays a central part in this thesis, is more eÆcient for
observations in the tail than in the middle. This is illustrated in Section 3.2.5.

An alternative is to use a more sophisticated approximation. An important
class of approximations is obtained by applying Edgeworth expansions. For
linear signed rank statistics an Edgeworth approximation is derived in Albers
et al. (1976), for two-sample linear rank statistics and regression rank statistics
Edgeworth approximations are presented in Bickel and van Zwet (1978), Robin-
son (1978) and Does (1983). For one-way classi�cation t-sample rank statistics
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an Edgeworth approximation is derived in Robinson (1980). We already dis-
cussed the Edgeworth approximation for Kendall's rank statistic when ties are
present in both samples described in Valz et al. (1995), which is not satisfactory
when ties are extensive. Related to Edgeworth approximations are the saddle-
point approximations. Robinson (1982) shows that these approximations are
slightly better than Edgeworth approximations for one-sample and two-sample
rank tests. In Section 3.5.2 we show that Edgeworth expansions for two-sample
linear rank statistics can be improved slightly by using exact cumulants instead
of approximated ones.

Power

The distribution of the statistic under alternative hypotheses depends on the
speci�c distribution functions of the observations. In H�ajek et al. (1999, Ch. 7)
asymptotic theory is established under certain conditions on these distribution
functions or on the rank score functions. Also under certain conditions, Edge-
worth expansions are derived for linear signed rank statistics, two-sample linear
rank statistics and regression rank statistics in Albers et al. (1976) and Bickel
and van Zwet (1978). Since the accuracy of these approximations depends on
the underlying distribution functions of the data, it is useful to develop exact
procedures that in principle work for all distribution functions. We do this in
Chapter 8 for signed rank statistics and two-sample linear rank statistics.

Approximations may also be based on simulation methods like Monte Carlo
sampling. As opposed to asymptotic methods these methods are somewhat
computationally intensive, especially when one wants a good estimate of the
exact p-value. Therefore, we think these methods are only useful when exact
computations are too time-consuming and asymptotic results are not accurate
enough. In such a case extensive sampling may lead to reasonably accurate
results within limited time.

For more examples and discussion on situations in which approximations may
or may not be used, we refer to the manual StatXact (1999, Sec. 3.4).

1.1.2 De�nitions and notation

Let T�;S be a distribution-free test statistic which depends on �: a list of deter-
ministic quantities and S: a list of stochastic quantities. For example, � may
contain the sample size(s) and S may be the vector of ranks. When T�;S is
unspeci�ed we use T instead of T�;S. When the statistic is speci�ed we may
replace T by a di�erent capital and we write T�1;::: ;�p to distinguish between
statistics that are applied with di�erent values of the deterministic quantities
�1; : : : ; �p:

Probability measures are generally denoted by P. Denote the set that contains
all possible realizations of S by S and let IE be the indicator function of the
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event E, then we have

P(T = t) = P(T (�; S) = t) =
X
s∈S

IT (�;s)=t(s)P(S = s): (1.1)

Similarly, we write

#(T = t) = #�(s : T (�; s) = t) =
X
s∈S

IT (�;s)=t(s); (1.2)

which, in words, is the number of realizations s of S for which the statistic
equals t. We denote the distribution of T under the null hypothesis H0 by F

T
0 .

Many distribution-free statistics are de�ned in terms of rank score functions.

De�nition 1.1.1 A rank score function is a function a : {R1; : : : ; RN} → R,
where R1; : : : ; RN are either ranks or averages of ranks.

Sometimes we want to emphasize the dependence of the rank score function
on a certain number j and we write aj instead of a. We illustrate this with an
example below De�nition 1.3.3. Note that we may use a to de�ne any statistic of
which the distribution is obtained by permutational arguments. For example,
the rank scores may be de�ned as the order statistics corresponding to the
observed sample (see Section 3.1.2).

In this thesis we sometimes use the notion of statistical equivalence. Two tests
based on T and T̂ and critical regions c and ĉ, respectively, are statistically
equivalent if at any signi�cance level the test based on T rejects H0 if and only
if the test based on T̂ rejects H0. From this de�nition, we observe that if T
is a bijective transformation of T̂ and if we apply the same transformation to
c to obtain ĉ, the tests based on T and T̂ are statistically equivalent. In that
case we refer to T and T̂ as statistical equivalent statistics. In most cases the

transformation is aÆne, which ensures that the rejection region keeps its simple
form.

1.1.3 Critical values and p-values

To test H0 one may use critical values or p-values. Let us de�ne these values
before comparing the test procedures based on them. The de�nition of the p-
value, sometimes also referred as the level actually attained, corresponding to
one-sided testing depends on the description of the test procedure. Let proce-
dures 1 and 2 be test procedures that reject H0 for small and large values of T;
respectively. Then,

pT1 (t) =

�
P(T ≤ t) if procedure 1 is used
P(T ≥ t) if procedure 2 is used,

(1.3)
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where t is an observed value of the statistic. When F T
0 is symmetric around

m1 as is often the case when ties are absent, the p-value for two-sided testing
is pT2 (t) = 2 min(P(T ≤ t);P(T ≥ t)). For the nonsymmetric case, there are
more than one possible de�nitions of the two-sided p-value. Some discussion on
these de�nitions can be found in Gibbons and Pratt (1975). In all cases, the
two-sided p-value is a function of two tail-probabilities.

Using these de�nitions we de�ne the critical values. Then, one �rst has to choose
the maximum type I error that one allows in the particular test procedure, the
signi�cance level �. Then, in case of one-sided testing, the � critical value is the
largest (smallest) value of t for which pT1 (t) ≤ � when procedure 1 (procedure
2) is used. When F T

0 is symmetric, the left and right � critical values for two-
sided testing are the largest and smallest values of t for which P(T ≤ t) ≤ �=2
and P(T ≥ t) ≤ �=2; respectively. This de�nition is often also used when F T

0

is asymmetric. However, in this case it may be more powerful to use c� and
(1− c)� for some c 
= 1=2; 0 < c < 1 instead of using �=2 twice.

The advantage of exact critical values with respect to exact p-values is that they
are tabled extensively for unconditionally distribution-free tests. These tables
enable us to apply a test without using a computer, whereas, except for very
small samples, the computation of p-values requires the use of a computer and
suitable software. However, an exact p-value gives more information than an
exact critical value, because a p-value exactly quanti�es how likely or unlikely
H0 is given the observations. Moreover, for practical reasons tables of exact
critical values are rarely available in case of conditional distribution-free tests.
Thus, on-line computations are needed anyway.

1.2 Generating functions

Many tables of critical values for distribution-free tests were computed in the
�fties and sixties using enumeration or recurrence relations. However, compu-

tations with these methods tend to be very time-consuming. Therefore, other
ways of computing were developed. The most important contributions in this
respect (often for the broader class of permutation tests) are the Fast Fourier
methods of Pagano and Tritchler (1983), various shift-algorithms (see e.g. Stre-
itberg and R�ohmel (1986) and Edgington (1995, p. 393-398)), and the network
algorithms developed by Mehta and co-workers (see Good (1994, Ch. 13) for an
overview). Baglivo et al. (1993) remark that all these methods can be described
as eÆcient methods to calculate generating functions.

In this thesis we use generating functions to represent distributions of the
distribution-free statistics. A major advantage of using generating functions

1It is convenient and common practice to call a cumulative distribution function F symmet-

ric around m when the corresponding probability distribution function is symmetric around

m.
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over other approaches is that one can work directly with mathematical objects
like polynomials the way we are used to do as humans, as opposed to represen-
tations of these objects in arrays etc., which are suitable for computers only.
Often, the representation in terms of generating functions led us to more eÆ-
cient algorithms. The split-up algorithm discussed in Chapter 5 is an excellent
example of such an algorithm. Moreover, nowadays we have powerful computer
algebra packages at our disposal, which deal with operations on these generat-
ing functions. For the univariate or multivariate statistic T we use two kinds of
generating functions:

GT (x) =
X
t∈T

#(T = t)xt and HT (x) =
X
t∈T

P(T = t)xt; (1.4)

where #(T = t) is as in (1.2), T is a set that contains all possible realizations

of T (it may be larger) and when T is d-dimensional, xt =
Qd

i=1 x
ti
i : When

the values of the test statistic are nonnegative integers, we often use T = N:
Using (1.1) and (1.2) we observe that under H0, we obtain the probability
generating function HT (x) from GT (x) by dividing the coeÆcients in GT (x) by
the number of di�erent possible realizations of S, because all these realizations
are equiprobable under H0. Therefore, we may use both generating functions
to represent F T

0 . Under alternative hypotheses we have to use HT (x): For
relevant literature on the use of generating functions in statistics we refer to the
introduction of Chapter 2.

1.3 Discrete distribution functions

Many of the theorems and algorithms presented in this thesis also hold when
the underlying distribution functions of the observations are discrete. However,
we need a treatment of possible ties or, when we want to use a sign statistic,
null observations.

1.3.1 Ties

When we allow the distribution functions of the observations to be discrete,
ties occur with positive probability. Here, we discuss four treatments of ties for
statistics that are de�ned in terms of rank scores.

Denote the ordered sample of N observations that contains k ties of size �j ; j =
1; : : : ; k by

Z1 = : : : = Z�1 < Z�1+1 = : : : = Z�1+�2 < : : : < ZN−�k+1 = : : : = ZN : (1.5)

We address � = (�1; : : : ; �k) as the tie structure of Z.

De�nition 1.3.1 Let a be a rank score function as de�ned in De�nition 1.1.1,
then the mid-rank scores for the jth tie are de�ned by

�a(�1 + : : :+ �j−1 + 1) = : : : = �a(�1 + : : :+ �j) = a

 
j−1X
i=1

�i +
�j + 1

2

!
:



8 Introduction

So, mid-rank scores are obtained by averaging the ranks within a tie and then
applying the rank score function.

De�nition 1.3.2 Let a be a rank score function as de�ned in De�nition 1.1.1,
then the average rank scores for the jth tie are de�ned by

~a(�1 + : : :+ �j−1 + 1) = : : : = ~a(�1 + : : :+ �j) =

P�j
i=1 a(�1 + : : :+ �j−1 + i)

�j
:

The following solution is a generalization of the natural Wilcoxon scores dis-
cussed by Arrenberg (1994).

De�nition 1.3.3 Let k be the number of ties and let ak be a rank score function
as de�ned in De�nition 1.1.1, then the natural rank scores for the jth tie are
de�ned by

â(�1 + : : :+ �j−1 + 1) = : : : = â(�1 + : : :+ �j) = ak(j);

Here, the dependence on k is crucial, because for many score functions ak(j) 
=
aN (j) when k < N . An example is the Mood score function ap(j) = (j − (p +
1)=2)2:

Using either mid-rank scores, average rank scores or natural rank scores means
that we apply a conditional argument to the probabilities, so that testing is
conditionally distribution-free. Therefore, these rank scores are conditional rank
scores.

The fourth solution to the problem of ties is randomization. In that case the
untied rank scores are randomly assigned to the tied observations. Then, the
null distribution of the rank statistic with ties equals the null distribution of the
rank statistic without ties and hence we obtain an unconditionally distribution-
free statistic. However, as H�ajek et al. (1999, p. 132) point out, due to the
randomness caused by an irrelevant extra experiment, the behavior of the test
under alternatives may be somewhat less good than with the other approaches.

Using either of these four methods, there is conceptually no di�erence between
computing the null distribution of rank statistics with or without ties, when
they are de�ned in terms of rank scores. Sometimes additional techniques are
used to speed up computations when ties are absent, using the speci�c structure
on the untied rank scores. Examples are Theorems 4.3.3 and 4.3.5 for Spear-
man's �. However, when conditional rank scores are used the presence of ties
may also speed up computations because of the fewer number of di�erent rank
con�gurations than in the untied case. We refer to the discussion in Section
4.5 for examples. Details about the treatment of ties are given in H�ajek et al.
(1999, Sec. 4.8).

In the de�nitions of rank statistics we sometimes use order statistics. When
some observations are equalX(i) loses its interpretation as being the ith smallest
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observation in the X-sample. However, since mid-rank, average rank or natural
rank scores are equal within such a group of observations, the order within such
a group may be chosen arbitrarily. Then, X(i) is simply the ith observation in
the ordered sample X .

1.3.2 Sign statistics and null observations

In case one uses a sign statistic another problem may occur because of discrete
distribution functions: with positive probability an observation equals zero.
Again one needs a conditioning argument or a randomization argument to deal
with this problem. In this thesis we either use, with i = 1; : : : ; n, Z(i) = 0; 1 or
Z ′(i) = −1; 1 for negative and positive observations. The conditional argument
consists in �xing Z(i) = 1=2 or Z ′(i) = 0 for observations equal to 0. Then,
when the number of null observations is denoted by �n, the result is a statistic
based on n− �n observations.

The randomization principle is simple: randomly assign Z(i) = 0 or Z(i) = 1
to an observation equal to zero (or Z ′(i) = −1; 1). Then, as for the case with
ties, one may use the unconditional distribution of the rank statistic.

1.4 Literature and software

Many major statistical software packages do not contain eÆcient algorithms for
computing exact p-values of distribution-free statistics. Bergmann et al. (2000)
show that some of these packages rely too much on asymptotical values, which
may result in very inadequate answers. It is better to use the package StatXact,
which we describe below, or to use the modules in SAS 6.12 and SPSS 8.0 that
are based on this package.

1.4.1 StatXact

Currently, the most comprehensive software package for exact nonparametric
inference is StatXact 4.0 (1999). The exact computations are based on network
algorithms (see Mehta et al. (1988)) and the package also provides Monte Carlo
methods and basic asymptotic methods for computing approximations. Many
of the procedures in the package are quite fast, but we show in Chapters 4, 5
and 6, that it is possible to develop even faster procedures. The package does
not deal with multiple comparisons rank statistics (Chapter 7) and exact power
computations for signed rank and two-sample linear rank statistics (Chapter
8). However, we should also mention that it does deal with some distribution-
free statistics that are not discussed in this thesis, especially in the context of
contingency tables.

1.4.2 Computer algebra packages and programming languages

As we noted in Section 1.2 the algorithms are described in terms of generating
functions. Packages like Mathematica, Maple, Matlab en Derive are very con-
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venient for dealing with these symbolic expressions. Most algorithms described
in this thesis are implemented in Mathematica 3.0 (see Wolfram (1996)), except
for the algorithm described in Chapter 4 which is implemented in Maple V (see
Monagan et al. (1995)). We give examples of implementations in Mathematica
in Section 2.4.

Besides these computer algebra packages, we also used the programming lan-
guages C and C++ to implement our algorithms. The advantage of these im-
plementations is that they are between 2 and 50 times faster than the ones
in Mathematica or Maple. The disadvantage is that the convenience of these
implementations is much lower than that of the computer algebra implementa-
tions. For instance, in Mathematica a user can easily apply an algorithm for a
self-chosen rank score function or plot the distribution of a statistic, whereas
this takes the user much more e�ort in C or C++.

1.4.3 Literature

Literature on the computation of exact distributions, p-values or critical values
of distribution-free statistics is divided by the (class of) statistics on which the
methods are applied. Therefore, we discuss the relevant literature separately in
each chapter. An exception is Chapter 5 which discusses a new algorithm for
many of the statistics discussed in Chapters 2 to 4 and therefore most of the
relevant literature for Chapter 5 is already discussed in preceding chapters.

Let us mention a few books that we frequently used as background literature
on distribution-free statistics:

• Rank tests in general and asymptotic results: Lehmann (1975), Gibbons
and Chakraborti (1992) and H�ajek et al. (1999)

• Rank correlation: Kendall and Stuart (1977)

• Multiple comparisons: Miller (1981)

• Permutation tests and exact algorithms: Good (1994) and Edgington
(1995).

1.5 Outline

Chapter 2 discusses one-dimensional probability generating functions of some
well-known distribution-free statistics. Whereas these generating functions are
often used as analytical results in literature, we show how these are easily im-
plemented in Mathematica for computing exact null distributions of statistics.
At the end of this chapter we derive a new explicit expression for the probability
generating function of the Freund-Ansari-Bradley statistic.

The Streitberg-R�ohmel formula, which is a two-dimensional generating function
of two-sample linear rank statistics, plays a central part in Chapter 3. We use
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it as a basis for a branch-and-bound algorithm that enables fast computation
of exact critical values and p-values of two-sample linear rank statistics. More-
over, we show how to use the formula to compute exact moments and cumulants,
which we use to improve Edgeworth approximations slightly. Finally, the for-
mula is used to obtain a new explicit expression for the probability generating
function of the Halperin statistic.

In Chapter 4 we present the probability generating function of Spearman's rank
correlation statistic � in terms of the permanent of a matrix. Using Laplace
expansion and several symmetries in the matrix we compute the exact distribu-
tions of � for n = 19; : : : ; 22, which were previously unknown. We also apply
the `permanent approach' to signed and unsigned regression rank statistics in
order to represent their null distributions. Finally, we show how to obtain a
formula for the probability generating function of Page's L statistic.

The results for the generating functions in Chapters 2 to 4 lead us to a new
algorithm for computing exact p-values: the split-up algorithm. We discuss
this algorithm and the condition under which it is applicable in Chapter 5. We
show that the split-up algorithm is applicable to a large number of distribution-
free statistics. Moreover, we compare it with the branch-and-bound algorithm,
which is used in StatXact, and conclude that the split-up algorithm is faster in
most cases.

Chapter 6 deals with quadratic t-sample distribution-free statistics. We �rst
discuss the `Kruskal-Wallis type' statistics for one-way classi�cation. After de-
riving a recursion for the simultaneous distribution of rank score sums and using
the exchangeability of the treatments under H0 to speed up computations, we
discuss a branch-and-bound algorithm for these statistics. We show that this
algorithm, which is more complex than the one for linear statistics, drastically
reduces computing times for p-values. Next, we develop procedures to compute
exact null distributions of `Friedman type' block rank statistics for two-way
classi�cation. We show that the generating function of the vector of rank sum
scores is a product of generating functions. We use the fact that the multipli-
cands in this product are symmetric polynomials to prove an eÆcient way of
multiplication.

Some of the methods that we used in Chapter 6 are also very useful for comput-
ing exact distributions or p-values of multiple comparisons rank statistics. We
show in Chapter 7 how to deal with the generalized Nemenyi-Dunn and Steel
statistics for one-way and two-way classi�cation. Moreover, we deal with both
the many-one (control versus non-control) as multiple t-sample statistics. We
combine the branch-and-bound technique with the inclusion-exclusion principle
to speed up computations. This principle is also very useful to compute tight
exact bounds on a p-value within much less time than the computing time for
an exact p-value. Finally, we use the split-up technique of Chapter 5 to improve
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an existing algorithm which is valid for a smaller class of statistics than the
branch-and-bound algorithm.

In Chapter 8 we use probability generating functions to represent non-null dis-
tributions of signed rank statistics and two-sample linear rank statistics. We
derive recursions for these generating functions which are more eÆcient than
existing methods. We combine these recursions with a branch-and-bound tech-
nique, so that we are able to deal with larger sample sizes. We discuss a few
applications of our new algorithms to control charts, Lehmann alternatives and
exact power computations.

Publication

The papers corresponding to Chapters 2, 4 and 5 are published or accepted for
publication, the paper corresponding to Chapter 7 is under revision and the
papers corresponding to Chapters 3, 6 and 8 are submitted for publication.



2
Symbolic computation with the aid of

generating functions

We motivated in Section 1.2 that generating functions are an e�ective tool to
represent the distribution of a distribution-free statistic. The recent availability
of computer algebra systems o�ers opportunities for direct implementation of
these generating functions (see e.g. Baglivo et al. (1993) and Kendall (1993)).

It is the purpose of this chapter to show that tail probabilities (and to a lesser
extent critical values) of several well-known distribution-free statistics can be
computed easily within a computer algebra system at high speed, avoiding the
sophisticated approaches mentioned above. The crux is to �nd expressions for

the probability generating function of the test statistic at hand. Since many
distribution-free test statistics are of a combinatorial nature (especially those
based on ranks), it is bene�cial to consult the combinatorial literature. David
and Barton (1962) is a rich source of generating functions, many of which are
important for statistics. In statistical literature, Baglivo et al. (1996) is quite
an extensive source of generating functions. In the context of permutation
tests, they give generating functions for some one-sample, two-sample, Poisson,
binomial and multinomial problems. In this context, they deal with some of
the statistics discussed in Section 2.1, but not with the statistics discussed in
Sections 2.2 and 2.3. In this chapter we focus on statistics for which a one-
dimensional generating function exists. We present generating functions of some
rank statistics and goodness-of-�t statistics in Sections 2.1 and 2.2, respectively.
We derive a new expression for the generating function of the Freund-Ansari-
Bradley statistic in Section 2.3.

13
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In Section 1.2 we point out that computer algebra packages deal with opera-
tions on generating functions using in�nite precision. Examples of computa-
tions in Mathematica can be found in Section 2.4. Using Mathematica packages
we extended the existing tables for the Jonckheere-Terpstra statistic and the
Freund-Ansari-Bradley statistic.

In this chapter we assume that all distributions functions are continuous and
that hence, ties do not occur almost surely. We deal with ties in the next
chapters.

2.1 Rank statistics

In this section we present examples of rank statistics the null distribution of
which can be directly computed by evaluating generating functions.

2.1.1 The Wilcoxon-Mann-Whitney test

Let X1; : : : ; Xm and Y1; : : : ; Yn be independent random samples from contin-
uous distribution functions F (x) and G(x) = F (x− �), respectively, where � is
an unknown location parameter. In order to test the null hypothesis

H0 : � = 0 (2.1)

against the alternative hypothesis

H1 : � 
= 0 (2.2)

Wilcoxon (1945) introduced the test statistic

Wm;n =

m+nX
i=1

iZ(i); (2.3)

where Zi = 1; if the ith order statistic in the combined sample is an X and
Z(i) = 0; otherwise. Mann and Whitney (1947) introduced the statistically
equivalent test statistic

Mm;n =

mX
i=1

#{j : Yj < Xi}: (2.4)

The generating function of Mm;n was already known to Gauss (see Andrews
(1981, p. 51)). A complete overview of recurrences and generating functions for
Mm;n, based on combinatorial interpretations and partitions, can be found in
Di Bucchianico (1999).

Theorem 2.1.1 Under hypothesis H0, the probability generating function of
the Mann-Whitney test statistic Mm;n is given by

mnX
k=0

P(Mm;n = k)xk =
1�

m+n
m

� �m+ n
m

�
x

=
1�

m+n
m

� Qm+n
i=m+1 (1− xi)Qn
i=1 (1− xi)

; (2.5)
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where �
r
0

�
x

= 1;

�
r
s

�
x

=

Qr
`=1 (1− x`)Qs

`=1 (1− x`)
Qr−s

`=1 (1− x`)
for s > 0.

Proof: For a proof based on recurrences we refer to Andrews (1981, Ch. 3), for
a proof based on inversions we refer to David and Barton (1962, p. 203-204).�

2.1.2 The Jonckheere-Terpstra test

A multi-sample analogue of the Mann-Whitney test is the Jonckheere-Terpstra
test. Assume that random samples of size n1; : : : ; nt; respectively, are given
from t populations. Denote by Xij the jth observation in the sample from the
ith population, 1 ≤ i ≤ t; 1 ≤ j ≤ ni. Denote by F (x − i) the continuous
cumulative distribution function of Xij ; where i is the unknown location pa-
rameter. De�ne '(Xij) to be the number of observations from the �rst i − 1
populations that are smaller than Xij . Let, for i = 2; : : : ; t,

Si =

niX
j=1

'(Xij) and S~n =

tX
i=2

Si;

where ~n = (n1; : : : ; nt). We wish to test the null hypothesis

H0 : 1 = : : : = t (2.6)

against the alternative hypothesis

H1 : 1 ≤ : : : ≤ t (2.7)

with at least one strict inequality. For this testing problem Terpstra (1952) and
Jonckheere (1954) proposed the following test statistic (nowadays known as the
Jonckheere-Terpstra statistic):

J~n = 2S~n −M; (2.8)

where M is the maximum possible value of S~n, i.e. M =
Pt

i=2

Pi−1

j=1 ninj .
Therefore, if we know the distribution of S~n, then we also know the distribution
of J~n.

Theorem 2.1.2 Let for i = 2; : : : ; t; Ni =
Pi−1

j=1 nj and M =
Pt

i=2 niNi. The
probability generating function of S~n under H0 is given by

MX
`=0

P(S~n = `)x` =

tY
i=2

1�
ni+Ni

ni

� Qni+Ni

`=Ni+1
(1− x`)Qni

`=1 (1− x`)
(2.9)

Proof: It follows from Theorem 1 of Terpstra (1952) or Theorem 3 of Streitberg
and R�ohmel (1988) that under H0 the random variables Si are independent.
Further, note that P(Si = k) = P(Mni;Ni = k), with Mm;n the Mann-Whitney
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statistic de�ned by (2.4). Hence, the probability generating function of S~n is a
product of the probability generating functions of the form (2.5). �

The idea to reduce the generating function of the Jonckheere-Terpstra statistic
to a product of Mann-Whitney type generating functions can also be applied
to other tests for partially ordered alternatives (e.g. the Mack-Wolfe test for
umbrella alternatives). See Streitberg and R�ohmel (1988) for examples and a

characterization of those alternatives for which the corresponding generalization
of the Mann-Whitney test can be treated along the same lines as the Jonckheere-
Terpstra test.

With the generating function (2.9) we extended the existing tables for the
Jonckheere-Terpstra test statistic (computations are similar to the computa-
tions for the Mann-Whitney statistic as shown in Section 2.4). Odeh (1971)
contains tables for some combinations of small sample sizes. The new table is
presented in Van de Wiel et al. (1999) and it is also available from the author's
website: http://www.win.tue.nl/e markvdw. This table deals with sample
sizes that, depending on the number of populations, are 2 to 5 times larger
than the ones in the existing tables. Tabulation of the cases ni 
= nj requires
a lot of space, and thus are omitted. For these cases we recommend to use our
Mathematica packages for computing tail probabilities, which are available from
the author.

2.1.3 The Kendall rank correlation test

Let (X1; Y1); : : : ; (Xn; Yn) be a sample of n pairs of observations. The rank
correlation coeÆcient � of Kendall is de�ned as

� = 1− 2Kn�
n
2

� ; (2.10)

where Kn is the number of inversions: the number of pairs {(Xi; Yi); (Xj ; Yj)}
such that Xi < Xj and Yi > Yj for i < j; i = 1; : : : n− 1 and j = 2; : : : ; n. The
probability generating function of Kn has the following simple form:

Theorem 2.1.3 The probability generating function of the number of inver-
sions Kn is

(n2)X
k=0

P(Kn = k)xk =
1

n!

nY
k=1

xk − 1

x− 1
: (2.11)

Proof: See Kendall and Stuart (1977, p. 505-506). �

2.1.4 The Wilcoxon signed rank test

Given a random sample X1; : : : ; Xn with a continuous symmetric distribution
function F (x) with median m, the Wilcoxon signed-rank test is used to test

H0 : m = m0 (2.12)
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against the alternative hypothesis

H1 : m 
= m0: (2.13)

Under the null hypothesis the di�erences Di = Xi − m0; i = 1; : : : ; n; are
symmetrically distributed around zero. Let D′

i = |Di| and let i∗ be such that
D′
i∗ = D′

(i). The test statistic is

Wn =

nX
i=1

i Z(i); (2.14)

where Z(i) = 1 if Di∗ > 0 and Z(i) = 0 if Di∗ < 0.

Theorem 2.1.4 Under H0, the probability generating function of Tm is

(n+12 )X
i=0

P(Wn = i)xi =
1

2n

nY
i=1

(1 + xi): (2.15)

Proof: The generating function is an easy consequence of the fact that under
H0, Wn has the same distribution as

Pn
i=1 Ui, where Ui = 0 or i, both with

probability 1
2
, and the Ui's are mutually independent. �

Computations with this generating function are so fast, that algorithms as in
Castagliola (1996) become obsolete. Mitic (1996) reports that existing tables
contain many errors.

2.1.5 Other one-sample rank tests

Instead of assigning ranks 1 to n to the |Di|'s as in the Wilcoxon signed-rank
test, one can also assign rank scores a(i) to the |Di|'s, where a : {1; : : : ; n} → R.
We can now de�ne the following test statistic:

Tn =

nX
i=1

a(i)Z(i); (2.16)

where Z(i) is de�ned below (2.14). The same argument as in the proof of
Theorem 2.1.4 yields the generating function of Tn under H0:X

i∈Tn

P(Tn = i)xi =
1

2n

nY
i=1

(1 + xa(i)); (2.17)

where Tn is the set of all possible realizations of Tn:

Examples of such scores include

• a(i) = max[0; i − n+1
2
]; i = 1; : : : ; n. These are the scores proposed in

Randles and Hogg (1973) for light-tailed distributions.
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• a(i) = min[2i; n + 1]; i = 1; : : : ; n. These are the scores proposed in
Pollicello and Hettmansperger (1976) for heavy-tailed distributions.

• a(i) = �−1
�
1
2
+ i

2(n+1)

�
; i = 1; : : : n, where �−1 is the inverse of the

standard normal cumulative distribution function. These are the inverse
normal scores. Note that the scores in this case are not rational and that
exact computations are not possible unless we approximate the scores by
rational numbers.

2.2 Goodness-of-�t statistics

2.2.1 The Kolmogorov one-sample test

The Kolmogorov one-sample test is used to test whether the sample X1; : : : ; Xn

comes from a certain distribution function. The null hypothesis is

H0 : F (x) = F0(x) for all x;

where F (x) is the continuous distribution function of the observations and F0(x)
is a given continuous distribution function. The two-sided alternative is

H1 : F (x) 
= F0(x) for at least one x :

The Kolmogorov (1933) statistic is

Dn = sup
x
|Fn(x)− F0(x)| ;

where Fm(x) denotes the empirical distribution function de�ned by Fn(x) :=
1
n
#{` : X` ≤ x; ` = 1; : : : ; n}.

For the one-sided alternative hypotheses H1 : F (x) ≤ F0(x) and H1 : F (x) ≥
F0(x); for all x and with strict inequality for at least one x, the test statistics
are

D+
n = sup

x
{F0(x) − Fn(x)} and D−

n = sup
x
{Fn(x) − F0(x)}; (2.18)

respectively. Kemperman (1957) (see also Niederhausen (1981)) gives the fol-
lowing implicit generating function, which holds under H0:

∞X
k=0

P
�
−r < kD−

k < s
� (kx)k

k!
=

Qr(x)Qs(x)

Qr+s(x)
; (2.19)

for x < 1=e, where Qt(x) =
P�t	

i=0 (i − t)i xi=i!; and �t� denotes the largest
integer not exceeding t. Under H0, D

+
n is distributed as −D−

n . We also know
that Dn = max(D+

n ; D
−
n ). Therefore,

P(Dn ≥
s

k
) = 1− P(max(−D−

n ; D
−
n ) <

s

k
)

= 1− P
�
−s < kD−

n < s
�
: (2.20)
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Hence, in order to compute the exact distribution of Dn, we need the coeÆcient
of xn of the right-hand side of (2.19). This can be done by expanding the
right-hand side of (2.19) by hand, which yields an explicit expression for the
null distribution of Dn (see Kemperman (1957)). Alternatively, we may ask
Mathematica to compute the coeÆcient of xn of the right-hand side of (2.19).
Critical values can be computed using a numerical procedure for root �nding.
We refer to Section 2.4.2 for further details. Tail probabilities for D+

n or D−
n

can be obtained by choosing r = n or s = n.

For the corresponding two-sample Smirnov test analogous generating functions
exist for sample sizes that are not relatively prime (Kemperman (1957) and
Niederhausen (1981)). For a combinatorial explanation of the inuence of rel-
ative primeness of the sample sizes on the distribution of this statistic, see
Di Bucchianico and Loeb (1998).

2.2.2 The Kuiper test

Kuiper (1960) suggested

Cn = D+
n +D−

n ;

where D+
n and D−

n are de�ned in the previous subsection, as a Kolmogorov-type
test statistic for circular data. It has the property that if the observations are
circular data, its value does not depend on the choice of the origin for measuring
the angle x. From Niederhausen (1981) we obtain that the generating function
of Cn has the same form as (2.19):

∞X
k=0

P

�
Ck <

s

k

� (kx)k

k! k
= x

Qs−1(x)Q1(x)

Qs(x)
; (2.21)

with Qs(x) as in (2.19). Thus we can compute tail probabilities in essentially
the same way as for the Kolmogorov test.

2.3 The Freund-Ansari-Bradley statistic

In this section we use (2.5) to derive a new expression for the probability gen-
erating function of the Freund-Ansari-Bradley statistic, which is abbreviated as
the FAB statistic. Statistically equivalent versions of this statistic were intro-
duced by Freund and Ansari (1957) and Ansari and Bradley (1960).

Several methods have been developed for computing the null distribution of
the FAB statistic. Ansari and Bradley (1960) and Kannemann (1983) derive
recurrence relations based on a two-dimensional generating function of Euler
(1748). All methods discussed in Chapter 3 are general methods for computing
null distributions of linear two-sample rank tests and hence do not use the
speci�c characteristics of the FAB statistic. We use exact expressions and hence
we do not have problems with rounding errors as some recursive methods do.
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2.3.1 The Freund-Ansari-Bradley test

Let (X1; : : : ; Xm) and (Y1; : : : ; Yn) be independent samples from continuous
distribution functions F (x) and G(x) = F (�x); respectively, where � is an
unknown scale parameter. The Freund-Ansari-Bradley test is used to test the
null hypothesis

H0 : � = 1 (2.22)

against the alternative

H1 : � 
= 1: (2.23)

Let N = m+ n, then the corresponding test statistic is de�ned by:

Am;n =

NX
`=1

�����`− N + 1

2

����� Z(`); (2.24)

where Z(`) = 1 if the `th order statistic in the combined sample is an X-
observation and Z(`) = 0 otherwise. Thus, for this statistic the rank scores
are

a(`) =

�����`− N + 1

2

����� ; (2.25)

` = 1; : : : ; N .

Duran (1976) compares the FAB statistic with other scale statistics like the
Mood scale statistic, the Siegel-Tukey statistic and the Klotz statistic (for details
about these test statistics: see Gibbons and Chakraborti (1992)). It turns out
that the Siegel-Tukey statistic and FAB statistic are asymptotically equivalent
in terms of (Pitman) asymptotic relative eÆciency. The Mood statistic and
Klotz statistic are more eÆcient when the alternative is normal (or light-tailed),
while the Siegel-Tukey statistic and FAB statistic are more eÆcient for heavy-
tailed distributions. The FAB statistic attains much less values than the Mood
and Klotz statistic. This is both a computational advantage and a potential
disadvantage regarding the number of signi�cance levels (for small sample sizes).

2.3.2 The probability generating function

From (2.25) we see that for N even the rank scores are of the form i − 1
2
; i =

1; : : : N
2
. We will �nd it convenient that the scores are integers and therefore we

introduce adjusted FAB scores:

a′(`) =

8>><>>:
����`− N + 1

2

����+ 1

2
if N is even����`− N + 1

2

���� if N is odd,
(2.26)
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` = 1; : : : ; N: We de�ne the adjusted FAB test statistic A′
m;n as Am;n with

the FAB scores replaced by the adjusted FAB scores. The statistic A′
m;n is,

of course, statistically equivalent to Am;n. For N even, we may split the set of
adjusted scores {a′(1); : : : ; a′(N)} into two sets of Wilcoxon scores {1; : : : ; 1

2
N},

which is the main idea behind our approach. With the aid of this observation
we found the following theorem for the case N even:

Theorem 2.3.1 Under H0, N = m+ n even and m ≤ n the probability gener-
ating function of the Freund-Ansari-Bradley statistic isX

k∈Tm;n

P(Am;n = k)xk =
1

x
m
2

�
N
m

� mX
i=0

c(i) c(m− i)

�
N
2

i

�
x

�
N
2

m− i

�
x

; (2.27)

where

�
r
s

�
x

is as in (2.5), c(i) = x
i
2
(i+1) and Tm;n is the set of all possible

realizations of Am;n:

Proof: Assume, without loss of generality, that m ≤ n. We de�ne Ri as

the rank score in the pooled sample corresponding to Xi; i = 1; : : : ;m. Sim-
ilarly, Sj is the rank score corresponding to Yj ; j = 1; : : : ; n. We know that
under H0 every con�guration r of R1; : : : ; Rm; S1; : : : ; Sn is equiprobable. Let
T (a) be the �rst half of a con�guration a. We partition these con�gurations
into classes of con�gurations with i R's in T (a), i ≤ m. The class of con-
�gurations with i R's in T (a) is called Ci. We denote the elements of T (a)
by Ru1 ; : : : Rui ; Sv1 ; : : : ; SvN=2−i , where u1; : : : ; ui and v1; : : : ; vN=2−i are subse-
quences of 1; : : : ;m and 1; : : : ; n, respectively. We de�ne the following Wilcoxon
statistics:

Wi;N=2−i =
iX

j=1

Ruj and Wm−i;N=2−m+i =

m−iX
j=1

Rui+j :

We need to prove the conditional independence ofWi;N=2−i andWm−i;N=2−m+i,
given Ci. LetK1(a) be the class of r's for which the �rst half equals the �rst half
of a con�guration a. Similarly, let K2(a) be the class of r's for which the second
half equals the second half of a. We note that the event r = a is equivalent to
r ∈ K1(a) ∩ r ∈ K2(a). There are

�
N=2
i

� �
N=2
m−i

�
con�gurations in Ci. They are

equiprobable under H0, so

P(r = a|r ∈ Ci) =

(
1

(N=2i ) (
N=2
m−i)

if a ∈ Ci

0 if a 
∈ Ci.
(2.28)

Under H0 we have,

P(r ∈ K1(a)|r ∈ Ci) =

(
#(r:r∈K1(a)∩r∈Ci)

#(r:r∈Ci) = 1

(N=2i )
if a ∈ Ci

0 if a 
∈ Ci,

P(r ∈ K2(a)|r ∈ Ci) =

(
1

(N=2m−i)
if a ∈ Ci

0 if a 
∈ Ci.

(2.29)
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Combining (2.28) and (2.29) we conclude that

P(r ∈ K1(a) ∩ r ∈ K2(a)|r ∈ Ci)

= P(r = a|r ∈ Ci)

= P(r ∈ K1(a)|r ∈ Ci)P(r ∈ K2(a)|r ∈ Ci):

(2.30)

Let r1i be a con�guration of i R's and N=2− i S's and let r2i be a con�guration
of m− i R's and N=2−m+ i S's. For j = 1; 2:

P(r ∈ Kj(a)|r ∈ Ci) = eP(rji = aj); (2.31)

where aj is the jth (j = 1; 2) half of the con�guration a. The symbol P denotes

the probability measure on the space with con�gurations of length N , whereas eP
denotes the probability measure on the space with con�gurations of length N=2:
The statistics Wi;N=2−i and Wm−i;N=2−m+i are functions of r

1
i and r2i , respec-

tively. Because of equality (2.31) we may regard Wi;N=2−i and Wm−i;N=2−m+i

as functions of all r's for which r ∈ Ci. Since equation (2.30) tells us that, given
r ∈ Ci, the events {r ∈ K1(a)} and {r ∈ K2(a)} are independent, we conclude
that Wi;N=2−i and Wm−i;N=2−m+i are also independent, given Ci.

The set of adjusted FAB scores consists of two identical sets of Wilcoxon scores.
When i scores of the �rst set are assigned to theX 's, we know thatm−i scores of
the second set are assigned to theX 's, 0 ≤ i ≤ m. The sum of the scores assigned
to X 's equals A′

m;n and it also equals the sum of Wi;N=2−i and Wm−i;N=2−m+i.
Therefore, #(A′

m;n = k) =
Pm

i=0 #(Wi;N=2−i +Wm−i;N=2−m+i = k). Then we
have, using convolution and the independence of Wi;N

2
−i and Wm−i;N

2
−m+i,

GA′
m;n

(x) =

∞X
k=0

#(A′
m;n = k)xk =

mX
i=0

GW
i; N

2
−i
(x)GW

m−i; N
2

−m+i
(x); (2.32)

where, for a statistic T , GT (x) is de�ned in (1.4). The generating function
GWa;b

(x) can easily be derived from the generating function of the equivalent
Mann-Whitney statistic Ma;b. We know that Wa;b =Ma;b+

1
2
a(a+1) and from

(2.5) we know that

GMa;b
(x) =

�
a+ b
a

�
x

:

Therefore,

GWa;b
(x) = c(a)

�
a+ b
a

�
x

: (2.33)

Substituting (2.33) into (2.32) with (a; b) = (i; N
2
− i) and (a; b) = (m− i; N

2
−

m+ i) gives us GA′
m;n

(x). We complete our proof by remarking that for N even,
Am;n = A′

m;n − m
2
. �
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Theorem 2.3.2 Under H0, N = m+ n odd and m ≤ n the probability gener-
ating function of the Freund-Ansari-Bradley statistic is

X
k∈Tm;n

P(Am;n = k)xk =
1�
N
m

� 1X
j=0

m−jX
i=0

c(i) c(m− j − i)

�
N−1
2

i

�
x

�
N−1
2

m− j − i

�
x

where

�
r
s

�
x

, c(i) and Tm;n are as in Theorem 2.3.1.

Proof: The proof is similar to that of Theorem 2.3.1, but now we deal with
two identical sets of Wilcoxon scores and one score that is equal to zero. This
problem is solved by summing over a variable j that equals 1 if zero is assigned
to an X-observation and that equals 0 otherwise. So for j = 0 we obtain all
possible values of A′

m;n with m scores in the two identical sets and for j = 1 we
obtain all possible values of A′

m;n with m− 1 scores in the two identical sets. �

With the aid of Theorems 2.3.1 and 2.3.2 we were able to extend the exist-
ing tables of critical values. Freund and Ansari (1957) give critical values for
N ≤ 20. Tables for n = m;N ≤ 80 are available from the author's website:
http://www.win.tue.nl/e markvdw. For practical reasons we did not print
the unbalanced cases, but one may obtain these by using the author's Mathe-
matica package.

2.4 Generating functions in Mathematica

In this section we show how we use the generating functions to obtain tail proba-
bilities and critical values using Mathematica. We give Mathematica procedures
for the Mann-Whitney test and the Kolmogorov test. One can deal with the
other tests of the previous sections in a similar way.

2.4.1 Implementation of the Mann-Whitney test

MannWhitneyGf[m ,n ,x :x]:=

Module[{i,mini = Min[m,n],maxi= Max[m,n]}, Expand[Factor[

Product[1-x^i,{i,maxi+1,maxi+mini}]/
Product[1-x^i,{i,1,mini}]]]]

MWCumulative[m ,n ]:=

Module[{x,i,mini = Min[m,n],maxi=Max[m,n]},Drop[
FoldList[ Plus,0,CoefficientList[ MannWhitneyGf[m,n],x]],1]]

MWRightTail[m ,n ,k ]:=

N[1-(Part[MWCumulative[m,n],k]/Binomial[m+n,n])]
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MWRightCriticalValue[m ,n ,alpha ]:=

Module[{help= Length[Select[ MWCumulative[m,n],# <
(1-1/2 * alpha)*Binomial[m+n,n]&]]+1}; If[m * n/2 <=
help && help <=m*n,help,"*"]]

MannWhitneyGf[2,3] 1 + x1 + 2x2 + 2x3 + 2x4 + x5 + x6

MWCumulative[2,3] {1; 2; 4; 6; 8; 9; 10}

MWRightTail[2,3,5] 0:2

MWRightCriticalValue[2,3,0.2] 6

Timing[MWRightCriticalValue[25,20,0.05]] {13:46 Second ; 337}

Explanation

Using the local variables i;mini;maxi (Module), the MannWhitneyGf[m ,n ]

function factors and expands formula (2.5) without the constant 1=
�
m+n
m

�
. The

function MWCumulative[m ,n ] generates a list {c1; : : : ; cmn} of coeÆcients and
transforms it into {0; c1; c1 + c2; : : : ;

Pmn
i=1 ci} (FoldList). Finally, it drops

the '0' in this list. Thus, the function MWCumulative[m ,n ] generates up
to a factor 1=

�
m+n
m

�
the values P (Mm;n ≤ k), k = 0; : : : ;mn. However,

it is more convenient to think of this list as the values P (Mm;n < k), k =
1; : : : ;mn+ 1. The function MWRightTail[m ,n ,k ] takes the kth element of
MWCumulative[m ,n ] and divides it by

�
m+n
m

�
. This ratio is subtracted from 1

to obtain the right-tail probability of k.

The function MWRightCriticalValue[m ,n ,alpha ] computes the right criti-
cal value corresponding to the two-sided test with con�dence level �. By using
Select it selects all values such that P (Mm;n < k) < 1 − 1

2
�. Therefore, the

length of the list that results after applying Select equals the maximum value
of k for which P (Mm;n < k) < 1 − 1

2
�. Thus this maximum plus one (help)

is the right critical value if 1
2
mn ≤ help ≤ mn. Otherwise, the symbol * is

returned in order to indicate that no critical value exists.

The example shows that the right-tail probability in the case m = 2; n = 3
equals 0.2 for k = 5. The right critical value for this case with � = 0:2 equals 6.
To give an indication of the speed of this method we use the Timing function
for obtaining the time needed for computing the right critical value for the case

m = 20; n = 25; � = 0:05. We see that the right critical value equals 337 and
that the computing time is 13.46 CPU seconds on a SunSPARC10.

Remark

In order to obtain right-tail probabilities one can also use the formula:

∞X
k=0

P(T > k)xk =
1−

P∞
k=0 P(T = k)xk

1− x
; (2.34)
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where T is an arbitrary rank statistic.

The advantage of using (2.34) is that we immediately know the right-tail prob-
ability of all k. However, expanding (2.34) is more time consuming than our

method since it involves division. Moreover, in Chapters 3 and 4 we discuss
more eÆcient methods to compute tail probabilities.

2.4.2 Implementation of the Kolmogorov test

Q[s ]:= Module[{i}, Sum[(i-s)^i*(x^i)/i!,{i,0,Floor[s]}]]

F[s ,n ]:= Normal[Series[Simplify[(Q[s]^2)/Q[2*s]],{x,0,n}]]

F[3.5,10]

1 + x + 2x2 + 4:5x3 + 10:6615x4 + 25:8969x5 + 63:6287x6 + 157:128x7 +
388:858x8 + 963:186x9 + 2386:57x10

Kolmogorov[d ,n ]:= N[1-Coefficient[F[n*d,n],x,n]*n!/(n^n)]

KolCriticalValue[alpha ,n ]:= FindRoot[Kolmogorov[d,n] ==

alpha,{d,{0,1}}]

Kolmogorov[0.35,10]

0:866039

Timing[Kolmogorov[0.23,40]]

{0:96 Second; 0:035}

Timing[KolCriticalValue[0.05,15]]

{9:17 Second; {d→ 0:337596}}

Explanation

Floor[s] represents �s�. The function F[s ,n ] simpli�es the right-hand side
of (2.19) and then expands it into a Taylor polynomial (Series) of degree n,
including an order term which is removed by applying Normal. The function
Kolmogorov [d ,n ] �rst computes the coeÆcient of xn in F[n*d,n] and mul-
tiplies this by n!

nn for obtaining P(−d < D−
n < d), where D−

n is the Kolmogorov
statistic as in (2.18). From (2.20) we know that subtracting this result from
one gives us P(Dn ≥ d). The function N provides a decimal result with 6 signif-
icant digits. The function KolCriticalValue[alpha ,n ] computes the right
critical value corresponding to the two-sided test with con�dence level �. It
uses FindRoot for solving the equation Kolmogorov[d,n] == alpha numeri-
cally. We need to give two starting values, because the equation is solved by
methods based on the secant method. We use 0 and 1, because the solution is
bounded by these numbers.
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The example shows F[n*d,n] for d = 0:35 and n = 10 and it gives the right-tail
probability for these values of d and m. We use the Timing function to show
that this method is very fast for �nding exact tail probabilities (computation
on a SunSPARC10), even for n = 40. The computation of a critical value is
much more time consuming, because the equation that has to be solved is quite
complex.

Publication

The results in this chapter, apart from Section 2.3, are published in the paper
Van de Wiel et al. (1999).



3
Two-sample linear rank statistics

In this chapter we deal with two-sample linear rank statistics. As in Chapter
2 we use generating functions to represent the null distribution of the rank
statistic. However, in this chapter we use a two-dimensional generating function
instead of a one-dimensional one.

We present applications of this two-dimensional generating function derived by
Streitberg and R�ohmel (1986) in Section 3.1. Section 3.2 is devoted to one of the
main results of this chapter: a branch-and-bound algorithm for the computation
of critical values or p-values. The algorithm is useful in those cases for which the
direct application of the Streitberg-R�ohmel formula is too time- and/or memory-
consuming. The idea to use a branch-and-bound algorithm for these purposes
originates from Green (1977) and is also used in the network algorithm described
in Mehta et al. (1988). We discuss some di�erences between our algorithm and
this algorithm in the beginning of Section 3.2. The principles of branch-and-
bround are also used in Chapters 6, 7 and 8.

In Section 3.3 we use the Streitberg-R�ohmel formula to derive a closed-form
generating function for the Halperin statistic. The application of the branch-
and-bound algorithm enabled us to make larger tables of exact critical values
for several statistics. We discuss the dimensions of the existing and new ta-
bles in Section 3.4. Finally, we use this formula to compute exact cumulants
and moments of two-sample rank statistics and apply this result to Edgeworth
expansions in Section 3.5.

27
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3.1 Applications of the Streitberg-R�ohmel formula

3.1.1 The Streitberg-R�ohmel generating function

Suppose two independent random samples X1; : : : ; Xm and Y1; : : : ; Yn with
distribution functions F and G, respectively, are given. We de�ne a general two-
sample linear rank statistic Tm;n and we present a two-dimensional generating
function of this rank statistic.

De�nition 3.1.1 A two-sample linear rank statistic Tm;n is a statistic of the
form

Tm;n =

NX
`=1

a(`)Z(`); (3.1)

where a is a rank score function as in De�nition 1.1.1, Z(`) = 1 if the `th order
statistic of the combined sample (X1; : : : ; Xm; Y1; : : : ; Yn) is an X and Z(`) = 0
otherwise.

Theorem 3.1.2 Let Tm;n be a linear rank statistic and denote the probability
generating function of this statistic by HTm;n(x) =

P
t∈Tm;n

P(Tm;n = t)xt,
where Tm;n is the set of all possible realizations of Tm;n: Then, under H0,

HTm;n(x) =
1�
N
m

�  NY
`=1

(1 + xa(`) y)

!
[[ym]]; (3.2)

where P (x; y)[[ym]] is the coeÆcient of ym in the polynomial P (x; y).

Proof: for a proof we refer to Streitberg and R�ohmel (1986). �

We note that Streitberg and R�ohmel derive (3.2) under the unnecessary as-
sumption that the scores are nonnegative integers. In fact, their proof is also
valid for arbitrary real scores. This formula was already known to Euler (1748)
in the context of generating the frequencies of all outcomes of the sum of m in-
tegers that form a subset of N integers. Streitberg and R�ohmel present several
algorithms for computing the formula. These are quite complex and translate
mathematical structures into computer structures. However, a computer alge-
bra package deals directly with (3.2).

We emphasize that Theorem (3.1.2) also holds when ties are present. We may
either use randimization or mid-rank, average rank or natural rank scores which
were introduced in Section 1.3.1. We again emphasize that for statistics based
on conditional rank scores fast algorithms for computing exact p-values are very
important, because it is practically impossible to make tables of exact critical
values for all di�erent tie structures.
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3.1.2 Applications

Let us discuss some distribution-free two-sample statistics that are frequently
used. This overview is far from complete. In fact, for each speci�c distri-
bution of the observations a most powerful choice of scores exists (see H�ajek
(1999, Sec. 3.4)). We refer to Gibbons and Chakraborti (1992) for more possi-
ble choices. We represent the rank statistics by their corresponding rank scores.
Substitution of these scores into (3.1) yields the rank statistic, while substitution
of these scores into (3.2) yields the generating function.

Two-sample location tests

We wish to test the null hypothesis (2.1) against the alternative (2.2). Well-
known scores are:

aW (`) = `; the Wilcoxon scores (see Section 2.1.1)

aV (`) = �−1

�
`

N + 1

�
; the Van der Waerden (1957) scores,

where �−1 denotes the inverse of the standard normal distribution function.

Two-sample location tests for type II censored data

Suppose we have data some of which are censored at random time points. Con-
ditional rank scores are used to test the null hypothesis (2.1) against the alter-
native (2.2) in this case. Let d1; : : : ; dg be the uncensored observations. Since
censoring is often used in a medical setting, d1; : : : ; dg are also referred to as
distinct death times. Let Cj be the number of censored observations of the form
\> t", with t ≤ dj ; j = 1; : : : ; g: The tests are conditional on the sizes of the
so-called risk sets Rj which consist of the not yet observed and not yet censored
data just before time dj . We observe |Rj | = N − Cj − j + 1. This type of
censoring is often called type II censoring. The score functions corresponding
to a test statistic Tm;n di�er for uncensored and censored data and are denoted
by auT and acT ; respectively. Common score functions are:

auG(`) = `− |R`| acG(`) = `; the Gehan (1965) scores,

auL(`) =
X̀
j=1

1

|Rj |
− 1 acL(`) =

X̀
j=1

1

|Rj |
; the Logrank scores,

auP (`) = 1− 2Q` auP (`) = 1−Q`; the generalized Wilcoxon scores,

where

Q` =
Ỳ
j=1

|Rj |
|Rj |+ 1

:

For details on rank statistics for censored data we refer to Kalbeisch and Pren-
tice (1980). We deal with a statistic in case of type I censoring in Section 3.3.
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Two-sample scale tests

We wish to test the null hypothesis (2.22) against the alternative (2.23). The
following scores are often used:

aF (`) =

�����`− N + 1

2

����� ; the FAB scores (see Section 2.3)

aM (`) =

�
`− N + 1

2

�2

; the Mood (1954) scores

aST (`) =

(
N + 1− `− 2� `

2
� if ` < N+1

2
;

`− 2�N−`
2
� − 1 if ` ≥ N+1

2
;

the Siegel-Tukey (1960) scores

aK(`) =

�
�−1

�
`

N + 1

��2
; the Klotz (1962) scores,

Here, we de�ned the scores such that small and large observations correspond
to large scores.

Percentile modi�ed rank tests

The percentile modi�ed rank statistics for location and scale were proposed by
Gastwirth (1965). One has to select two numbers s and r, and to score only
the data in the upper sth and lower rth percentiles of the combined sample. In
other words, we assign the scores to the data and then we set the scores of the
observations in the middle to zero. The freedom to choose s and r enables one
to increase the power of the test statistic by incorporating knowledge of any
characteristic of the underlying distribution functions (e.g. asymmetry) into
the test statistic. Let S = �Ns� and R = �Nr�; where �Nq� denotes the largest
integer not exceeding the number qN; q = r; s. The percentile modi�ed rank
statistics for location and scale are denoted by GN;r;s and JN;r;s, respectively.
They are de�ned by the following scores, where cN = 1 if N is odd and cN = 1=2
if N is even.

aG(`) =

8<:
−(R− `+ cN ) if 1 ≤ ` ≤ R
`− (N − S) + cN − 1 if N − S + 1 ≤ ` ≤ N
0 otherwise

(3.3)

and

aJ(`) =

8<:
R− `+ cN if 1 ≤ ` ≤ R
`− (N − S) + cN − 1 if N − S + 1 ≤ ` ≤ N
0 otherwise

(3.4)

Permutation tests based on order statistics

Permutation tests can be based on the order statistics of the observed sam-
ple. Then, we may formulate the corresponding statistic in the form (3.1) by
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choosing the rank scores equal to these order statistics, thus obtaining a test
that is conditional on the observations. Let V = (V1; : : : ; VN ) be the combined
sample (X1; : : : ; Xm; Y1; : : : ; Yn). For testing the null hypothesis (2.1) against
the location alternative (2.2), the scores are

aP (`) = V(`);

where V(`) is the `th order statistic of V . For testing the null hypothesis (2.22)
against the scale alternative (2.23), permutation analogies to the Mood or FAB
scores can be used, when replacing (N+1)=2 by the median of the observations.

3.2 Branch-and-bound algorithm

For some test statistics the number of terms in expression (3.2) increases very
fast when N increases. The rate of increase obviously depends on the scores. If
sums of scores have relatively often the same value (e.g., for Wilcoxon scores),
the number of terms increases relatively slowly. For rank tests that use inverse
normal scores, i.e. the Van der Waerden test and the Klotz test, sums of scores
rarely have the same value. With the aid of combinatorial arguments we found
that, if m = N=2, the number of di�erent values of the Van der Waerden test
statistic VN equals Qm = 1

2
(3m + 1): If for example N = 30;m = 15, then

Q15 = 7174 454: Computation of an expression with such a large number of
terms gives memory and time problems.
We experienced that, using a Pentium 200 MHz PC, it is possible to compute the
critical values of a two-sample linear rank statistic for N ≤ 20 within reasonable
time by simply expanding the product in (3.2) with a computer algebra system.
This is generally not possible for larger N and therefore we present a branch-
and-bound algorithm for computing critical values.

We note that Mehta et al. (1988) give a branch-and-bound algorithm for statis-
tics for permutation tests that contains some of the principles of our algorithm.
However, there are some important di�erences. First of all, instead of a gen-
erating function, which is a common mathematical object, they use a network
representation. Therefore, they have to set up rules for multiplication, whereas
this is trivial for the expressions that appear during the expansion of (3.2). Sec-
ondly, they compute tail probabilities which is a bit easier than the computation
of critical values (we show how the algorithm simpli�es to an algorithm for com-
puting p-values and tail-probabilities in the end of this section). Furthermore,
they do not mention the order in which the scores are used in the algorithm,
whereas this is important for the speed of the algorithm for some statistics.
This is shown for the Klotz statistic in Section 3.2.5. Finally, they use dynamic
programming for �nding the largest and smallest sums of scores, whereas we
use explicit formulas.

We present the branch-and-bound algorithm for computing a right crititical
value of two-sample linear rank statistics. The computations of left and two-
sided critical values are completely analoguous. We discuss the algorithm in
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detail, because the principles of the algorithm are also used in Chapters 6, 7
and 8 for more complex algorithms.

3.2.1 Principles of the algorithm

We �rst choose an interval of which we think that it contains the critical value.
An approximation formula may help us to do so. If the interval does not contain
the critical value, then this will be detected at the end of the algorithm, enabling
us to restart the algorithm with a di�erent interval. We rearrange the scores
in a certain order. We discuss the optimal choice for this order (in terms of
speed) in Section 3.2.5. The expressions we deal with are sums of expressions
of the form cxbyk, where c is a constant, b a sum of scores and k the number
of scores that contribute to b. We denote this expression, which we consider a
polynomial in y, by P . The term of degree k in P is denoted by P [yk]. Note
that P [yk] includes yk.
Each loop we add the next score according to the given order. Within each
loop we use two types of bounding rules. The �rst bounding rule is to discard
of all terms consisting of too many or too few scores, for which we use that
we only need the sums of exactly m scores. For the second bounding rule we
�rst compute the maximum and the minimum value that can be added to b in
further iteration loops. Then we discard of each term for which the sum of b
and the maximum is smaller than the lower bound of the interval. After that,
we add all coeÆcients of the terms for which the sum of b and the minimum is
larger than the upper bound and discard of these terms too. We multiply this
sum of coeÆcients with the number of ways to choose the next scores out of the
unassigned scores. The sum of all these products times 1=

�
N
m

�
is the right-tail

probability for the upper bound. With this probability and with the expression
that is left after the last iteration loop we �nd the right critical value. Before
giving a formal description of the algorithm, we present an example.

3.2.2 Example

This example is meant to illustrate the basic ideas of the algorithm. In this
example we go through the algorithm for the Mood test (see Section 3.1.2). For
the sake of brevity we take small samples and we perform all steps only once.

Input: N = 10;m = 5; � = 0:05, scores: { 81
4
; 49
4
; 25
4
; 9
4
; 1
4
; 1
4
; 9
4
; 25
4
; 49
4
; 81
4
}:

Output: one-sided right critical value.

We choose an interval [L;U ] of which we are sure that it contains the one-
sided right critical value. One might do this with the aid of approximations.
In this case we would need quite a large interval, because approximations are
not good for such small samples. However, as we discussed in the beginning of
this section, the algorithm is designed to compute critical values for the cases
N ≥ 20. For those cases, approximations are better, so that one can use a small
interval. For this example, let [L;U ] = [56; 62]. To �nd the critical value it is
suÆcient to know P(Tm;n ≥ U) and P(Tm;n = t); L ≤ t ≤ U .



3.2 Branch-and-bound algorithm 33

We rearrange the scores in descending order of their absolute values:

{81
4
;
81

4
;
49

4
;
49

4
;
25

4
;
25

4
;
9

4
;
9

4
;
1

4
;
1

4
}:

Observe that the di�erences between the large unequal values in this list are
larger than for the small unequal values (compare 81

4
− 49

4
with 9

4
− 1

4
). Therefore,

the larger scores have a larger relative contribution on the value of the test
statistic than the smaller ones. This would not be the case for Wilcoxon scores,
because these scores are equidistant.

We expand the product in (3.2) for ` ≤ 6. Then we obtain:

P = 1 + (2x
25
4 + 2x

49
4 + 2x

81
4 )y +

�
x
25
2 + 4x

37
2 + x

49
2 + 4x

53
2 + 4x

65
2

+ x
81
2

�
y2 +

�
2x

99
4 + 2x

123
4 + 2x

131
4 + 8x

155
4 + 2x

179
4 + 2x

187
4 + 2x

211
4

�
y3

+
�
x37 + 4x45 + 4x51 + x53 + 4x59 + x65

�
y4 +

�
2x

229
4 + 2x

261
4

+ 2x
285
4

�
y5 + x

155
2 y6:

To compute the critical value we only need the coeÆcient of y5. Since there are
4 scores left to add, we know that the terms that arise from multiplication with
the term '1' in P will not contribute to this coeÆcient. Also, the terms that
arise from multiplication with the term 'x

155
2 y6' in P will not not contribute to

this coeÆcient. Therefore, we may remove '1' and 'x
155
2 y6' from P .

P =
�
2x

25
4 + 2x

49
4 + 2x

81
4

�
y +

�
x
25
2 + 4x

37
2 + x

49
2 + 4x

53
2 + 4x

65
2 + x

81
2

�
y2

+
�
2x

99
4 + 2x

123
4 + 2x

131
4 + 8x

155
4 + 2x

179
4 + 2x

187
4 + 2x

211
4

�
y3 +

�
x37

+ 4x45 + 4x51 + x53 + 4x59 + x65
�
y4 +

�
2x

229
4 + 2x

261
4 + 2x

285
4

�
y5:

Let us now consider the term of degree 4 in P , denoted by P [y4]. Thus,

P [y4] =
�
x37 + 4x45 + 4x51 + x53 + 4x59 + x65

�
y4:

Let cxb be a term of the coeÆcient of y4. Because m = 5, precisely one more
score has to be added to b. The maximumM+ of the scores that are left is 9

4
, the

minimumM− is 1
4
. We know that for computing the critical value it is suÆcient

to know the probabilities P(Tm;n ≥ U) and P(Tm;n = t); L ≤ t ≤ U . The terms
cxb for which b+M+ ≤ L will not contribute to any of these probabilities and
they may therefore be deleted. In our case we have b ≤ 56 − 9

4
= 53 3

4
. So we

delete x37 + 4x45 + 4x51 + x53, which results in:

P [y4] =
�
4x59 + x65

�
y4:
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We also know that only those terms for which b +M− ≥ U will contribute to
P(Tm;n ≥ U). In this case b ≥ 62− 1

4
= 61 3

4
. This is true for the term x65 and

its contribution to P(Tm;n ≥ U) equals c
�
4
1

�
=
�
N
m

�
= 4=252 = 0:016, where

�
4
1

�
is

the number of ways to choose 1 score out of the 4 scores that are not used yet.
We store this contribution (or add it to the total) and we may then delete x65.
The result of the removal is:

P [y4] = 4x59y4:

It is clear that we may apply the principle of deleting parts to any term P [yd].
The result is a new polynomial P . We use the next score, 9

4
, and multiply P

by 1 + x
9
4 y. For the resulting polynomial we repeat the previous steps until

all scores are used. When all scores are used, we know P(Tm;n ≥ U) and
P(Tm;n = t); L ≤ t ≤ U which suÆces to �nd the one-sided right critical value,
i.e. the smallest value v for which P(Tm;n ≥ v) ≤ � = 0:05:

3.2.3 Formal description of the algorithm

Input: N integer, m integer, �: � ∈ [0; 1], v: integer, [L;U ]: interval that
contains the right critical value, rank scores: reals.
Output: one-sided right � critical value of the statistic Tm;n with arbitrary
scores.

1. Rearrange the scores in order �a(1); : : : ; �a(N).

2. Expand P =
Qv

i=1 (1 + x�a(i)y):

3. j → v, q → 0.

4. Let k be the exponent of y in an arbitrary term of P , then P → P − I , where
I consists of all terms P [yk] of P for which k > m or k < m− (N − j):

5. Let r be the smallest exponent of y in P; k → r.

6. Denote the ith smallest score that is not yet used by ~a(i); i = 1; : : : ; N − j:

Compute M+ =
Pm−k

i=1 ~a(i) and M− =
Pm−k

i=1 ~a(N − j + 1− i).

7. Let b be the exponent of x in an arbitrary term of P [yk] then P → P −J1y
k,

where J1 consists of all terms of P [y
k] for which b+M+ ≤ L.

8. Let J2 consist of all terms of P [yk] for which b + M− ≥ U and add the
coeÆcients of these terms.

9. Multiply this sum with
�
N−j
m−k

�
and denote this product by t.
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10. q → q + t.

11. P → P − J2y
k.

12. Let s be the degree of P . If k < s; k → k + 1 and go to step 5.

13. j → j + 1.

14. If j ≤ N , P → P (1 + x�a(j)y) and go to step 4.

15. If j > N compute P(Tm;n ≥ U) = 1

(Nm)
q, where Tm;n is the two-sample rank

statistic.

16. Let b(i) be the exponent of x in the ith term of P
ym

: Furthermore, let c(i)

be the coeÆcient in the ith term of P
ym , where P is given in increasing order

of b(i) and let d(i) =
P

j≥i c(j). Now determine the �rst term i∗ for which

d(i∗) ≤
�
N
m

�
(�− P(Tm;n ≥ U)).

17. If i∗ exists and b(i∗) > L then the one-sided right � critical value is equal
to b(i∗). If i∗ does not exist, shift the interval [L;U ] to the right and repeat
the algorithm. If b(i∗) = L, shift the interval [L;U ] to the left and repeat the
algorithm.

3.2.4 Notes to formal description

Input: N = m+ n, the total sample size, m is the sample size of the smallest
sample, � is the one-sided con�dence level. One should not choose v too large,
because then the expression given in step 2 becomes too large. We experienced
that v = 6 works quite well.
One may choose the interval with the aid of an approximation formula. The
smaller the interval, the faster the algorithm.

1: The order in which the scores are used may inuence the speed of the al-
gorithm. We show this in the next section for the Klotz statistic. We found
that the bounding procedure works best if the order is chosen such that the
di�erence between M+ and M− (step 6.) is minimal.

3: We consider j as the number of scores that is used in the iteration so far.
Because v scores are used in step 2 of the algorithm the initialization value of j
is v. We need the variable q to compute the right-tail probability of the upper
bound. This step is the start of the outer loop that ends at step 15.

4: To avoid unnecessary computations, we discard of all terms for which k > m
or k < m−(N−j), because we only need P [ym]. Now,N−j is the maximum that
could be added to k, because this is the number of scores that are not used yet.
Therefore, we only have to consider those terms for which m−(N−j) ≤ k ≤ m.
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6: M+ and M− are the maximum and minimum sum of scores that can be
added to the value of the test statistic, respectively. Note that M− may be
negative as well.

7: We discard of all those terms for which the sum of scores is too small.

8: We discard of all those terms for which the sum of scores is too large.

9,10: The number
�
N−j
m−k

�
is the number of ways to choose m− k scores out of

the N − j unassigned scores. We consider q as the number of sums of scores
that exceed u and t as the contribution to q of those terms of P [yk] that satisfy
the inequality in 8.

14: Here we introduce the next score according to the given order in step 1.

16,17: Note that P now only consists of the term ym and its coeÆcient. Note
that

d(i) ≤
�
N

m

�
(�− P(Tm;n ≥ U))⇐⇒

X
j≥i

c(j)=

�
N

m

�
+ P(Tm;n ≥ U) ≤ �

⇐⇒ P(U > Tm;n ≥ b(i)) + P(Tm;n ≥ U) ≤ �⇐⇒ P(Tm;n ≥ b(i)) ≤ �:

The equality b(i∗) = L suggests that there is probably a value �b < b(i∗) for
which P(Tm;n ≥ �b) ≤ �, so in this case we have to shift the interval to the left
and repeat the algorithm.

For some cases it may be more eÆcient to perform steps 4 to 12 (the bounding)
only for values of j which are a multiple of a certain integer d. This depends
on the scores and the sample sizes. When one deals with large sample sizes, we
know from practical experience that one should choose d = 1 or d = 2, because
otherwise the expressions will be too large

Branch-and-bound algorithm for p-values

The computation of p-values boils down to the computation of tail-probabilities.
If one wants to know the two-sided p-value and the null distribution is asym-
metric, as often in cases with ties, one has to compute two tail-probabilities.
For the other cases one tail-probability is suÆcient. The computations simplify
in the sense that we do not have to choose an interval and we may simply use
the same algorithm with L = U . Furthermore, we are �nished after step 15.

3.2.5 EÆciency of the branch-and-bound algorithm

Let us show the e�ect of the branch-and-bound algorithm and discuss the inu-
ence of the order in which the multiplicands (and thus the scores) are used on
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the speed of the algorithm by using an example. Suppose m = n = 11 and we
use Klotz scores (see Section 3.1.2). We consider the sequence

a∗ = (a(11); a(12); a(10); a(13); : : : ; a(1); a(22))

= (0:003; 0:003; 0:027; 0:027; : : : ; 2:930; 2:930);

for which the score at the ith position is the ith score that is used during the
expansion of (3.2). Moreover, let the sequence a∗∗ be the reverse of a∗. Table 3.1
displays computing times of the probabilities P(K11;11 ≤ 5) and P(K11;11 ≤ 8),
using no branch-and-bound, using branch-and-bound and sequence a∗ and using
branch-and-bound and sequence a∗∗. We observe that the use of branch-and-

Probability No b&b b&b, a∗ b&b, a∗∗

0:052 17.3 8.42 0.74

0:416 17.3 13.1 3.10

Table 3.1: Computing times (sec.) for the Klotz statistic

bound decreases the computing times. The e�ect is larger in the tails of the null
distribution than in the middle. This is explained by the fact that for extreme
observations many terms of the polynomial will be removed in an early stage
of the recursion by using the inequalities in steps 7 and 8 of the algorithm.
Moreover, we observe that the results are much better for a∗∗ than for a∗. Note
that the di�erence between M+ and M− is smaller for a∗∗ than for a∗. For
example, for m = n = 11; j = 14 and k = 7 we have M+ −M− = 0:398 for a∗∗

and M+ −M− = 5:266 for a∗. This explains the better results for a∗∗ than for
a∗, because the combination of the inequalities in steps 7 and 8 of the algorithm
is most eÆcient (in the sense that many terms can be deleted in an early stage
of the algorithm) when the di�erence betweenM+ and M− is small. Therefore,
we recommend to use the branch-and-bound algorithm with the scores ordered
such that M+ −M− is minimal.

3.3 The Halperin statistic

We show how we use (3.2) to derive a generating function with a closed form
for the Halperin statistic. This statistic is used for data that are censored at a
�xed point, also known as type I censoring .

Let T be a �xed point and suppose we deal with mutually independent data
X1; : : : ; Xm and Y1; : : : ; Yn from which we observe

X(1); : : : ; X(m−rm) and rm X-observations after point T;

Y(1); : : : ; Y(n−rn) and rn Y -observations after point T;

where X(i) and Y(j) are order statistics. So we deal with two samples which are
censored at the same �xed point T . We denote the distribution functions of the
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X-observations and the Y -observations by F and G, respectively. We wish to
test the null hypothesis

H0 : F (x) = G(x) for all x ≤ T .

Halperin (1960) proposed a statistic for which he proves that it is consistent for
alternatives of the form

H1 :
F (x)

F (T )
>

G(x)

G(T )
; F (T ) > G(T ) for all x ≤ T .

De�nition 3.3.1 The test statistic Uc is given by

Uc =Mm−rm;n−rn + rm(n− rn); (3.5)

where Mm−rm;n−rn is the two-sample Mann-Whitney statistic of the uncensored
observations of the two samples.

The test is conditional on r = rm + rn: To prove an explicit formula for the
conditional probability generating function of Uc, we need two lemmas.

Lemma 3.3.2 Let A and B be events and assume that Pe(B) > 0. Fur-
thermore, let C1; : : : ; CN be events that are mutually disjunct, with P(Ci) >

0;P(B ∩ Ci) > 0; i = 1; : : : ; N; and
PN

i=1 P(Ci) = 1. Then,

P(A|B) =
NX
i=1

P(A|B ∩ Ci)P(Ci|B):

Proof: Straightforward veri�cation. �

The following lemma helps us to obtain the conditional distribution of the
Halperin statistic from the distribution of the Mann-Whitney statistic. It is
not trivial because of a tricky conditioning argument (see Proschan and Pres-
nell (1998) for examples in which a simple substitution argument leads to false
conclusions).

Lemma 3.3.3 Let Uc denote the Halperin statistic for sample sizes m and n
and let Ma;b denote the Mann-Whitney statistic for sample sizes a and b. Then,
under H0 : F = G, with �rm = m− rm and �rn = n− rn,

P(Uc = u|�rm = a; �rn = b) = P(Ma;b = u+ (m− a)b): (3.6)

Proof: To prove the lemma we have to de�ne the test statistics more precisely.
The event

{Z1 < : : : < Zi ≤ T} ∩ {Zi+1 > T; : : : ; Zn+m > T}

is represented by � = (�Z1 : : : �Zi); where �Zj = 0 if Zj is an X-observation and
�Zj = 1 if Zj is an Y -observation. So when we know �, we know how many X 's
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and Y 's are smaller or equal to T and we know their con�guration. Let �rm(�)
and �rn(�) be the number of 0's and 1's in �, respectively, then we introduce two
classes

Aa;b = {� : �rm(�) = a; �rn(�) = b} and A =

m[
a=1

n[
b=1

Aa;b:

Now we de�ne the statistic Uc and the Mann-Whitney statisticMa;b as functions

of �:

Uc : A → N; Uc(�) =
X
j<k

I{�Zj=1;�Zk=0} + (m− �rm(�))�rn(�)

Ma;b : Aa;b → N; Ma;b(�) =
X
j<k

I{�Zj=1;�Zk=0};

where IE is the indicator function of the event E. We de�ne � : A → [0; 1] as
the normalized counting measure. Then,

P(Uc = u|�rm = a; �rn = b) =
P(Uc = u; �rm = a; �rn = b)

P(�rm = a; �rn = b)
(3.7)

and

P(Uc = u; �rm = a; �rn = b) =
X

�∈A:Uc(�)=u

�(�; �rm = a; �rn = b)

=
X

�∈Aa;b:

Ma;b(�)=u−(m−a)b

�(�; �rm = a; �rn = b);
(3.8)

because �(�; �rm = a; �rn = b) = 0 if � =∈ Aa;b: Since we have m X 's and n Y 's,
there exist

�
m
a

��
n
b

�
equiprobable realizations of X1; : : : ; Xm and Y1; : : : ; Yn that

lead to the same value of � ∈ Aa;b: With N = m+ n and B = a+ b we denote
such a realization by (w1; : : : ; wB ; wB+1; : : : ; wN ). Then for � ∈ Aa;b,

�(�; �rm = a; �rn = b)

=

�
m

a

��
n

b

�
P(w1 < : : : < wB ≤ T;wB+1 > T; : : : ; wN > T )

=

�
m

a

��
n

b

��Z T

−∞
: : :

Z w2

−∞
dF (w1) : : : dF (wB)

��
1− F (T )

�N−B

=

�
m
a

��
n
b

�
B!

�
F (T )

�B�
1− F (T )

�N−B
:

(3.9)

Substitution of (3.9) into (3.8) results in:

P(Uc = u; �rm = a; �rn = b)

=
X

�∈Aa;b:

Ma;b(�)=u−(m−a)b

�
m
a

��
n
b

�
B!

�
F (T )

�B�
1− F (T )

�N−B
: (3.10)
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We return to equality (3.7) and note that

P(�rm = a; �rn = b) = P(�rm = a)P(�rn = b)

=

�
m

a

��
n

b

��
F (T )

�B�
1− F (T )

�N−B
:

(3.11)

Substitution of (3.10) and (3.11) into (3.7) completes the proof:

P(Uc = u|�rm = a; �rn = b) =
X

�∈Aa;b:

Ma;b(�)=u−(m−a)b

1

B!
= P(Ma;b = u− (m− a)b):

�

Let us de�ne the conditional probability generating function of the Halperin
statistic Uc.

HUc(x|r) =
∞X
u=0

P(Uc = u|rm + rn = r)xu: (3.12)

The following result enables us to compute HUc(x|r) using an explicit formula.

Theorem 3.3.4 Under H0 : F = G,

HUc(x|r) =
min(m;r)X

i=0

�
r
i

��
m+n
m

�xg(i)  m+n−rY
`=1

(1 + x`y)

!
[[ym−i]]; (3.13)

where g(i) = i(n − r + i) − 1
2
(m − i)(m − i + 1); i = 0; : : : ;min(m; r); and

P (x; y)[[yb]] is the coeÆcient of yb in P (x; y).

Proof: Using Lemma 3.3.2 and the fact that P(rm = i|rm + rn = r) = 0 for
i > min(m; r); we have

P(Uc = u|rm + rn = r)

=

min(m;r)X
i=0

P(Uc = u|rm + rn = r; rm = i)P(rm = i|rm + rn = r):
(3.14)

Under H0; the Xi's and Yj 's are equally distributed and rm and rn are inde-
pendent. Therefore, rm given rm+ rn is hypergeometrically distributed and we
have

P(rm = i|rm + rn = r) =

�
m
i

��
n
r−i
��

m+n
r

� : (3.15)
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We now set out to rewrite (3.6) in a form that suits for computing (3.12). We
use Lemma 3.3.3 and the well-known relation between the two-sample Mann-
Whitney statistic Ma;b and the two-sample Wilcoxon statistic Wa;b for uncen-
sored samples: Ma;b =Wa;b − 1

2
a(a+ 1) to write

P(Uc = u|rm + rn = r; rm = i) = P(Uc = u|�rm = m− i; �rn = n− r + i)

= P(Mm−i;n−r+i = u+ i(n− r + i))

= P(Wm−i;n−r+i = u− g(i)) =
1�

m+n−r
m−i

� h(u; i); (3.16)

where h(u; i); i = 0; : : : ;min(m; r) is the number of rank con�gurations of m− i
uncensored X-observations and n − r + i uncensored Y -observations for which
Wm−i;n−r+i = u − g(i). Substituting (3.15) and (3.16) into (3.14) and (3.14)
into (3.12) gives

HUc(x|r) =
∞X
u=0

min(m;r)X
i=0

�
m
i

��
n
r−i
��

m+n−r
m−i

��
m+n
r

�h(u; i)xu
=

min(m;r)X
i=0

�
r
i

��
m+n
m

�xg(i) ∞X
w=0

h(w; i)xw ;

(3.17)

where we set w := u− g(i).

We use (3.2) with the Wilcoxon scores to observe that

∞X
w=0

h(w; i)xw =

 
m+n−rY
`=1

(1 + x`y)

!
[[ym−i]]: (3.18)

After substituting (3.18) into (3.17) we obtain the desired result. �

Note on eÆciency

Halperin (1960) and Van der Laan and Van Putten (1987) use a recursive for-
mula for computing P(Uc = u|rm + rn = r) that is also based on the null
distribution of the Mann-Whitney statistic. Computation of the conditional
null distribution of Uc with the aid of this formula requires to compute the null
distribution of Ma;b for a = m− i; b = n− r+ i; i = 0; : : : ;m: Table 3.2 displays
times to compute the exact null distribution using Halperin's formula and using
(3.13) for some combinations of m;n and r. Both methods were implemented
in Mathematica and computation times are given for a 200 MHz PC. We ob-
serve that Halperin's recursion is more time-consuming than the computation of
HUc(x|r) with the aid of (3.13). The reason for this is that Halperin's recursion
has to be applied m + 1 times, whereas many of the computations needed for
these m+ 1 cases coincide during the expansion of (3.13).
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Halperin's Formula
(m,n,r) formula (3.13)

(16,16,8) 4.89 0.49
(17,17,2) 12.97 1.92
(14,24,7) 9.29 1.43
(15,25,3) 18.13 3.24

Table 3.2: Computing times (sec.) for exact distribution of Halperin statistic

3.4 Tables

As a result of the theorems in the previous sections, we present extended ta-
bles of critical values. These tables are available from the author's homepage:
http://www.win.tue.nl/e markvdw. We only give tables for the balanced cases
m = n because of practical reasons. We give the dimensions of the new and
existing tables and the references:

• Freund-Ansari-Bradley: N ≤ 80, N ≤ 20 in Ansari and Bradley
(1960).

• Mood: N ≤ 62, N ≤ 20 in Laubscher et al. (1968).

• Klotz: N ≤ 40, N ≤ 20 in Klotz (1962)

• Van der Waerden: N ≤ 32, N ≤ 20 in Van der Waerden (1957).

Since the exact distributions of the type II censoring rank tests and the Halperin
test do not only depend on the sample sizes, but also on conditional arguments,
it would be very paper-consuming to present tables for these tests. For the
Halperin statistic, tables are available in Van der Laan and Van Putten (1987)
for N ≤ 24. We note that, with our method, we are able to compute p-values
or critical values of the Halperin statistic within a few seconds for N ≤ 50.

3.5 Edgeworth expansions with exact cumulants

Another application of generating function (3.2) is to use it as a tool to compute
formulas for exact (high-order) moments or cumulants of Tm;n: H�ajek et al.
(1999, p. 90) give formulas for the 3rd and 4th central moment of linear rank
statistics using direct, but tedious methods. Here, we show how to obtain such
formulas in an automatic way.

3.5.1 Exact moments and cumulants

The �rst step is to compute the factorial moments of Tm;n. We extend the
method used by Di Bucchianico (1999) for computing (factorial) moments with
the one-dimensional probability generating function of the Wilcoxon statistic
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to our two-dimensional case. Elementary properties of ordinary probability
generating functions yield for the factorial moment of Tm;n

E
� kY
i=0

(Tm;n − i)
�
=
� dk

dxk
HTm;n

(x; y)[[ym]]
����

x=1

=
� dk

dxk
HTm;n

(x; y)
���
x=1

�
[[ym]];

(3.19)

where HTm;n
(x; y) and [[ym]] are as in (3.2). Since HTm;n

(x; y) has a product
form it is convenient to use its logarithm for computing derivatives in an eÆcient
way. Therefore, we de�ne

LTm;n
(x; y) = log

�
HTm;n

(x; y)
�
: (3.20)

Then,

d

dx
HTm;n(x; y) = HTm;n(x; y)

d

dx
LTm;n(x; y): (3.21)

With (3.21) we express any derivative of HTm;n(x; y) in terms of HTm;n(x; y) and
derivatives of LTm;n(x; y) by repeatedly using the product rule for di�erentation
and eliminating lower derivatives of HTm;n

(x; y). It is now fairly simple to
compute a formula for the kth factorial moment: �nd the �rst k derivatives
of LTm;n

(x; y), substitute x = 1 into these derivatives and in HTm;n
(x; y) and

substitute the results in the expression for the kth derivative of HTm;n
(x; y).

Finally, one has to compute the coeÆcient of ym in the resulting expression.
Since this expression is a sum of terms of the form C ya(1 + y)b; where C is
a constant and a and b are nonnegative integers, we compute the coeÆcient
of ym by using Newton's binomial formula. A computer algebra package like
Mathematica is very suitable to deal with these symbolic computations.

From the factorial moments we compute the ordinary moments of Tm;n. Let
S2(k; `); k ≥ 0; ` = 1; : : : ; k denote the Stirling numbers of the second order,
then (see Johnson et al., 1992, p. 44)

E(T k
m;n) =

kX
`=1

S2(k; `)E
�Ỳ
i=0

(Tm;n − i)
�
: (3.22)

Finally, exact formulas for cumulants are easily computed from the formulas
for the moments. Using the fact that the cumulant generating function is the
logarithm of the moment generating function we are able to express the kth
cumulant as a linear combination of the �rst k moments as in Kendall and
Stuart (1977, p. 72).

3.5.2 Edgeworth expansions

An application of high-order cumulants are the Edgeworth expansions. Bickel
and van Zwet (1978), Robinson (1978), Does (1983), and Christmann and
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Gather (1991) derive Edgeworth expansions for Tm;n based on approximations
of the cumulants. We discuss whether the use of exact cumulants improves the
approximations for �nite samples or not.

We use the fourth order Edgeworth approximation. We denote the ith exact
cumulant by �i. Its value depends on the set of rank scores and the sample sizes
m and n. The Edgeworth expansion formula is

Gm;n(x) = �(y)− �(y)

�
�3
6
H2(y) +

�4
24
H3(y) +

�23
72
H5(y)

�
; (3.23)

where y is the standardized value of x, � is the standard normal c.d.f., � is
the standard normal p.d.f. and Hi(y) are the Hermite polynomials which are
orthogonal to �.

We compare various approximations for three commonly used test statistics:
the Van der Waerden statistic, the Mood statistic and the Klotz statistic. We
refer to Fix and Hodges, Jr. (1955) for the results on the Wilcoxon statistic.
We computed left and right exact critical values and tail-probabilities of the
test statistics (see Section 3.2) for signi�cance levels � = 0:01 and � = 0:05.
The total sample size N ranges from 16 to 20 and the smallest sample size
m ranges from 6 to 10. We considered 19 di�erent combinations of the sample
sizes m and n. For the critical values we compute approximate tail-probabilities
with the approximation formulas. The absolute value of the di�erence between
the approximated and the exact tail-probability is a measure of the accuracy
of the approximation method for the concerning signi�cance level, sample sizes
and test statistic. Therefore, we consider the average deviations over the vari-
ous samples as a measure of correctness of the approximation method for that
signi�cance level and test statistic.

The tables display the average deviations from the exact probabilities corre-
sponding to the exact left (L) and right (R) � critical values for the following
quantities:

• Fm;n, the approximations based on an Edgeworth expansion with cumu-
lants approximated with the aid of an integral (see Does (1983) and Christ-
mann and Gather (1991))

• F̂m;n, the approximations based on an Edgeworth expansion with cumu-
lants approximated with the aid of a Riemann sum (see Robinson (1978))

• Gm;n, the approximations based on the fourth order Edgeworth expansion
with exact cumulants

• �, the standard normal approximations.

The results for the Mood and Klotz statistic are given in Tables 3.3 and 3.4,
respectively. We do not present the results for the Van der Waerden statis-
tic here, because we found that for this statistic all approximations based on
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� Fm;n F̂m;n Gm;n �

L, 0.01 0.0087 0.0016 0.0003 0.0024
L, 0.05 0.0004 0.0006 0.0004 0.0013
R, 0.05 0.0004 0.0003 0.0005 0.0023
R, 0.01 0.0010 0.0020 0.0001 0.0005

Table 3.3: Mood, absolute average deviations from exact probabilities

� Fm;n F̂m;n Gm;n �

L,0.01 0.0067 0.0021 0.0024 0.0090
L,0.05 0.0017 0.0020 0.0013 0.0035
R,0.05 0.0022 0.0017 0.0012 0.0049
R,0.01 0.0046 0.0023 0.0008 0.0018

Table 3.4: Klotz, absolute average deviations from exact probabilities

Edgeworth expansion are very good and they are only slightly better than the
standard normal approximation. From Tables 3.3 and 3.4 we observe that the
approximation with exact cumulants, Gm;n, is the best in most cases and the
largest improvement occurs for the right 0.01 critical value. However, approx-
imation F̂m;n is quite close to Gm;n, which is explained by the fact that the
exact cumulants are quite accurately approximated by the Riemann sums used
in F̂m;n.





4
Spearman's �, Page's L and regression

rank statistics

Spearman's rank correlation test statistic � is a widely used nonparametric test
statistic for testing correlation. To perform the test we need the distribution of
� under the null hypothesis of no rank correlation. Computing the exact null
distribution of � is a very hard problem, since � induces a �ne partition on the n!
permutations of {1; : : : ; n}. H�ajek et al. (1999, p. 166) state that enumeration of
all these permutations, possibly using a symmetry principle that saves a factor
two, is probably the only method for computing the exact distribution of �.
However, in this chapter we show that this is not true. In Chapter 5 we show
how to save even more time when we want to compute exact tail-probabilities
or p-values instead of the complete null distribution.

Spearman's � statistic attains many con�dence levels.With respect to this as-
pect, � performs better than its competitor Kendall's � (see Section 5.8). Also,
Zayed and Quade (1997) point out that Spearman's � statistic is in general more
resistant against slight changes in the data than Kendall's � .

Existing methods for computing the null distribution of � are based on counting
permutations (in a clever way), which is very time-consuming. The exact null
distribution of � when ties are not present can be found in Owen (1962) for
2 ≤ n ≤ 11, in De Jonge and Van Montfort (1972) for n = 12, in Otten (1973)
for 13 ≤ n ≤ 16 (critical values) and in Franklin (1988a) for 13 ≤ n ≤ 18
(complete distribution). Closed formulas for the �rst eight moments are given
in David et al. (1951); with the help of a computer algebra system, it is easy

47
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to compute higher moments with their method. Approximations to the null
distribution of � when ties are not present were studied extensively. David
et al. (1951) derive exact expressions for cumulants of � which they use for
approximations based on Edgeworth series. Franklin (1988b) compares seven
approximations (not including Edgeworth series) and concludes that the Pearson
Type II approximation is the most accurate approximation. It is shown in
Best and Roberts (1975) that approximations based on Edgeworth series are
more accurate than Pearson Type II approximations. For further discussion of
approximations and critical values based on Edgeworth expansions, we refer to
Ramsay (1989).

In this chapter we compute the null distribution of � using the representation
of its probability generating function as a permanent (a `signless determinant')
with monomial entries, following an idea that goes back to Olds (1938) and
Kendall et al. (1939). This method also applies in case of ties. For sample sizes
up to n = 10, direct evaluation of the permanent in the computer algebra system
Maple is feasible with a built-in function. An alternative way of computing
permanents is using a self-written implementation of Ryser's algorithm based
on inclusion-exclusion. Unfortunately, both methods are too time-consuming for
larger sample sizes. However, the representation of the probability generating
function as a permanent reveals many symmetries which we use to achieve a
considerable reduction in the number of necessary computations. In this way,
we were able to compute the exact null distribution of � for n ≤ 22 for the case
without ties. Using these exact results, we can show that the approximations
mentioned above are quite accurate for n = 22 and therefore also for larger
sample sizes.

The decomposition of the generating function presented in Section 4.3 allows for
use of the split-up algorithm, which is presented in Chapter 5 as a fast algorithm
for computing exact tail-probabilities or p-values. Computing exact tail prob-
abilities is especially important when ties are present, because the dependence
of the null distribution on the ties structure inhibits a compact presentation of
tables with critical values and approximations are often less accurate than in the
cases without ties. In Section 4.6 we show that the `permanent approach' and
the decomposition of the generating function are also very useful for computing
the exact null distribution of the signed and unsigned regression rank statistics.
In Section 4.7 we discuss another advantage of our approach. We show that
the probability generating function of Page's L statistic for ordered alterna-
tives in a randomized block design equals the probability generating function of
Spearman's � raised to the number of blocks.

4.1 The Spearman test

The Spearman test is a test for rank correlation between the X-component and
Y -component in the sample (X1; Y1); : : : ; (Xn; Yn): Rank the X-observations
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and Y -observations separately from small to large. The Spearman rank corre-
lation statistic � is then de�ned as the sum of the squared di�erences between
rank scores of the pairs (X1; Y1); : : : ; (Xn; Yn). Under the null hypothesis of no
rank correlation, all rank con�gurations of the sample are equiprobable. Hence,
computing the null distribution of � boils down to enumerating the values of the
following statistic (in the combinatorial sense) on Sn×Sn, where Sn denotes the
symmetric group of n elements, i.e. the group of permutations on {1; 2; : : : ; n}:

�Sn : (�; �) �−→
nX
j=1

(�(j) − �(j))2: (4.1)

De�ne the following equivalence relation on Sn × Sn : (�; �) ∼ (�; &) if there
exists a � ∈ Sn such that � = � ◦ � and � = � ◦ �. Note that for all � ∈ Sn, we
have �Sn(� ◦ �; � ◦ �) = �Sn(�; �) since this is nothing but rearranging the sum in
(4.1). Hence, �Sn is constant on the equivalence classes of ∼. It is clear that the
elements (�; Id) with � ∈ Sn form a set of representatives for the equivalence
classes of ∼ and that each equivalence class has exactly n! elements. Now de�ne
a statistic Sn on Sn as follows:

Sn : � �−→
nX
j=1

(�(j)− j)2: (4.2)

It follows from the discussion above that the distributions of the statistics Sn
and �Sn coincide. Hence, we may restrict ourselves to studying Sn. The statistic
Sn can be written as follows:

Sn = 2

0@ nX
j=1

j2 −
nX
j=1

j �(j)

1A =
1

3
n(n+ 1)(2n+ 1)− 2

nX
j=1

j �(j): (4.3)

Hence, Sn is statistically equivalent to eSn :=
Pn

j=1 j �(j). The distribution ofeSn also appears in the context of linear rank statistics with regression scores.
We deal with these statistics in Section 4.6.

4.2 The probability generating function

In this section we introduce the notion of permanent and see how the proba-
bility generating function of the Spearman � statistic can be expressed using
permanents. Let A be a n ∗ n square matrix with entries aij . It is well known
that the determinant of A can be de�ned as

det(A) =
X
�∈Sn

nY
j=1

sign(�) a�(j);j :

The permanent of A is de�ned as

per(A) =
X
�∈Sn

nY
j=1

a�(j);j : (4.4)
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Thus we see that the de�nition of the permanent resembles that of the deter-
minant of a matrix. Both are real-valued functions de�ned on square matrices.
However, unlike for determinants, the signs of the permutations are ignored.

Now we link the permanent to the null distribution of �. Endow the symmet-
ric group Sn with the normalized counting measure, i.e. each permutation on
{1; : : : ; n} has probability 1=n!. Under the null hypothesis, every rank con�gu-
ration has the same probability. Combining this with the results of section 4.1,
we conclude that the null distribution of � and the distribution of Sn as a ran-
dom variable on Sn coincide. Following Olds (1938) and Kendall et al. (1939),

we express the probability generating function of Sn and eSn in terms of perma-
nents:

∞X
k=0

P(Sn = k)xk =
1

n!
per(P ) and

∞X
k=0

P(eSn = k)xk =
1

n!
per( eP ); (4.5)

where

Pij = x(i−j)
2

and ePij = xij ; i; j = 1; : : : ; n: (4.6)

Unfortunately, the permanent does not share many of the nice properties of
the determinant. For example, there does not exist an analogue of Gaussian
elimination. However, the permanent is invariant under transposition of rows
and columns. For other properties of permanents we refer to Minc (1978).
Several ways of computing permanents are compared in Chapter 7 of Minc
(1978). The best method seems to be an algorithm based on inclusion-exclusion
due to Ryser (1963). His algorithm, together with some improvements, is also
described in Nijenhuis and Wilf (1975). The Ryser algorithm was designed for
matrices with scalar entries, but it also works, although less eÆcient, for our
matrices P and eP with monomial entries. The computer algebra system Maple
has a built-in function permanent, which computes permanents using minor
expansions. We experimented both with the built-in function permanent in
Maple and a self-written implementation of the Ryser algorithm.

Our experiments show that both the built-in Maple function and our imple-
mentation of the Ryser algorithm work for moderate sample sizes only. Above
n = 10, both computation time and memory use increase dramatically. For
example, computation time for n = 14 was 10 times larger than for n = 13
and memory usage increased from 2 MB to 12 MB. Therefore, we need other
methods for computing the permanent of P or eP . In the next sections we will

derive some theorems on the structure of P . With some small modi�cations,
these theorems also hold for eP .
4.3 Expansion and symmetries

In this section we explain the main ideas that we used to compute the permanent
given in (4.5). We �rst need some notation.
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De�nition 4.3.1 If n is a positive integer, then we de�ne the following:

• nc = �n=2�; nf = �n=2�.

• U = {1; : : : ; nc}; L = {nc+1; : : : ; n} (U and L will be used to refer to the
row numbers of the upper and lower part of certain matrices, respectively)

• S is the set of all ordered nc-tuples with elements from {1; : : : ; n}.

• if S = (s1; : : : ; snc) is an element of S , then �(S) is the ordered nf -tuple,
the elements of which form the set {1; : : : ; n}\{s1; : : : ; snc}.

• the map � acting on {1; : : : ; n} is de�ned by �(x) = n+ 1− x.

• if S = (s1; : : : ; snc) is an element of S , then T (S) is the ordered nc -tuple,
the elements of which form the set {�(s1); : : : ; �(snc)}.

• for a matrix P = (Pi;j)i;j and ordered tuples A = (A1; : : : ; Ak) and B =
(B1; : : : ; Bk), P (A|B) denotes the submatrix of P with entries PAi;Bj .
In particular, we will write Pi;j(A|B) for PAi;Bj . Note that P (U |S) and
P (L|S) denote the upper and lower half, respectively, of the submatrix of
P consisting of the columns with indices from S.

4.3.1 Laplace expansion

The �rst idea is to use the analogue for permanents of the Laplace expansion
of determinants, which is proved in Minc (1978, p. 16). For example, if n = 4 ,
then we may expand the permanent as follows:

per

0BB@
1 x x4 x9

x 1 x x4

x4 x 1 x
x9 x4 x 1

1CCA
= per

�
1 x
x 1

�
per

�
1 x
x 1

�
+ per

�
1 x4

x x

�
per

�
x x
x4 1

�
+ per

�
1 x9

x x4

�
per

�
x 1
x4 x

�
+ per

�
x x4

1 x

�
per

�
x4 x
x9 1

�
+ per

�
x x9

1 x4

�
per

�
x4 1
x9 x

�
+ per

�
x4 x9

x x4

�
per

�
x4 x
x9 x4

�
:

Theorem 4.3.2 (Laplace Expansion)

per(P ) =
X
S∈S

per
�
P (U |S)

�
per
�
P (L|�(S))

�
; (4.7)

with P as in (4.6), per(A) as in (4.4), and U , L, S, S and P (A|B) as in
De�nition 4.3.1.
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Proof: see Minc (1978, p. 16) �

In Franklin (1988a), essentially the same idea is used for decomposing permuta-
tions. However, the idea is more transparent in our generating function setting.
The Laplace expansion reduces the number of operations (additions and mul-
tiplications) needed to compute the permanent, since it eÆciently combines
permutations �1 and �2 if, given a �xed tuple S,X
j∈S

(�1(j)− j)2 =
X
j∈S

(�2(j)− j)2 or
X

j∈�(S)
(�1(j)− j)2 =

X
j∈�(S)

(�2(j)− j)2:

For example, if n = 6 and S = (1; 2; 3), then P (U |S) is the left-upper 3x3
submatrix of matrix (4.8). Let e� be an arbitrary permutation of (4; 5; 6) and,
using the cycle notation for a permutation of (1; 2; 3), consider �1 = (123) e� and
�2 = (132) e�. Then,X

j∈S
(�1(j)− j)2 =

X
j∈S

(�2(j)− j)2 = 6:

Therefore, these permutations are combined and together they contribute 2x6

to per
�
P (U |S)

�
. It is not easy to calculate how much faster this expansion

is, but the larger n is, the more eÆcient this expansion is compared to direct
evaluation of the permanent. Moreover, the expansion enables us to use the
split-up algorithm presented in Chapter 5 for fast computation of exact p-values.

4.3.2 Symmetries

The symmetries of the distributions of Sn and eSn carry over to symmetries of
the matrices de�ned in (4.6). The following example shows that because of these
symmetries, it is not necessary to evaluate all permanents of submatrices in the
Laplace expansion.

Example, n = 6:

P =

0BBBBBB@

1 x x4 x9 x16 x25

x 1 x x4 x9 x16

x4 x 1 x x4 x9

x9 x4 x 1 x x4

x16 x9 x4 x 1 x
x25 x16 x9 x4 x 1

1CCCCCCA (4.8)

Suppose S = (1; 4; 6). Then �(S) = (2; 3; 5); T (S) = (1; 3; 6); T (�(S)) =
(2; 4; 5). Therefore,

P (U |S) =

0@ 1 x9 x25

x x4 x16

x4 x x9

1A P (L|T (S)) =

0@ x9 x x4

x16 x4 x
x25 x9 1

1A
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P (U |T (�(S))) =

0@x x9 x16

1 x4 x9

x x x4

1A P (L|�(S)) =

0@ x4 x x
x9 x4 1
x16 x9 x

1A :

This illustrates that P (L|T (S)) can be obtained from P (U |S) by swapping the
�rst and the third row and the �rst and the third column. Therefore, their
permanents are equal. This also holds for the two other matrices.

Theorem 4.3.3 If n is even and S is an arbitrary ordered n=2−tuple with
elements from {1; : : : ; n}, then

per
�
P (U |S)

�
= per

�
P (L|T (S))

�
; (4.9)

with P as in (4.6), per(A) as in (4.4) and U;L; T; P (A|B) as in De�nition 4.3.1.

Proof : First note that (T (S))k = n+1−S|S|+1−k = n+1−Sn=2+1−k, because
n is even. From (4.6) we know that Pi;j = Pn+1−i;n+1−j . Therefore, with
k = n=2 + 1− j,

Pi;j(U |S) = PUi;Sj = Pi;Sj = Pn+1−i;n+1−Sj
= PLn=2+1−i;(T (S))n=2+1−j = Pn=2+1−i;n=2+1−j(L; T (S)):

So we may obtain the matrix P (L|T (S)) from the matrix P (U |S) by swapping
the ith and (n=2 + 1 − i)th row and the jth and (n=2 + 1 − j)th column for
i; j = 1; : : : ; n=2. Since swapping of rows and swapping of columns leaves the
permanent invariant, the permanents of P (L|T (S)) and P (U |S) are equal. We
replace S by T (�(S)) and we note that �(�(S)) = S, where � is as in De�ni-
tion 4.3.1. The result is that the permanents of P (L|�(S)) and P (U |T (�(S)))
are also equal and our proof is complete. �

It trivially follows from (4.2), that the null distribution of � is symmetric around
its mean. In order to exploit this symmetry, we now de�ne a linear operator
	M that operates on polynomials.

De�nition 4.3.4 The operator 	M is de�ned by

	M (xb) := xM−b; (4.10)

where M equals twice the mean of �, i.e., M = n(n2 − 1)=3. The de�nition of
	M is extended by linearity to arbitrary polynomials.

Example, n = 3:

P =

0@ 1 x x4

x 1 x
x4 x 1

1A
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Let S = (1; 2), then �(S) = (3), T (S) = (2; 3), T (�(S)) = (1). So,

P (U |S) =
�
1 x
x 1

�
P (L|�(S)) = (1)

P (L|T (S)) =
�
x x4

1 x

�
P (U |T (�(S))) = (x4) :

We have n = 3 and therefore M = 8. Hence,

	8

�
per
�
P (U |S)

�
per
�
P (L|�(S))

��
= 	8(1 + x2) = x6 + x8

= per
�
P (U |T (S))

�
per
�
P (L|T (�(S)))

�
:

Theorem 4.3.5 Let 	M be as in De�nition 4.3.4, then

	M

�
per
�
P (U |S)

�
per
�
P (L|�(S))

��
= per

�
P (U |T (S))

�
per
�
P (L|T (�(S)))

�
;

with P as in (4.6), per(A) as in (4.4), and U , L, S , �, T and P (A|B) as in
De�nition 4.3.1.

Proof : It suÆces to �nd a bijection of Snc×Snf : (�1; �2) �→ (�∗
1 ; �

∗
2) such that

ncY
j=1

P�1(j);j(U |S)
nfY
j=1

P�2(j);j(L|�(S))

ncY
j=1

P�∗
1 (j);j

(U |T (S))
nfY
j=1

P�∗
2 (j);j

(L|T (�(S))) = xM ;

(4.11)

where M = n(n2 − 1)=3. We accomplish this by establishing bijective corre-
spondences in the following commutative diagram:

(�1; �2) −−−−→ �??y ??y
(�∗

1 ; �
∗
2) ←−−−− �∗

;

where � ∈ Sn is such that �(S) ⊂ U and �∗ ∈ Sn is such that �∗(T (S)) ⊂ U .
We de�ne

• �(Sj) = �1(j), j = 1; : : : ; nc

• �(�(S)j) = �2(j) + nc, j = 1; : : : ; nf

• �∗
1(j) = �∗(�(Sj)), j = 1; : : : ; nc

• �∗
2(j) = �∗(�(�(S)j))− nc, j = 1; : : : ; nf .
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Since the elements of S and �(S) together form the set {1; : : : ; n}, the relation
(4.11) is easily seen to be equivalent to

nY
j=1

P�(j);j

nY
j=1

P�∗(j);j = xM : (4.12)

Hence, it suÆces to �nd a bijective correspondence between � and �∗ such that
(4.12) holds. De�ne

�∗(j) = �(n+ 1− j); (4.13)

i.e., �∗ = � ◦ � . Obviously, this is a bijection on Sn such that �∗(T (S)) =
�(T 2(S)) = �(S) ⊂ U . Substitution of (4.13) into (4.12), yields that (4.12) is
equivalent to

nX
j=1

(�(j) − j)2 +

nX
j=1

(�(n+ 1− j)− j)2 =M: (4.14)

However, this holds for any � ∈ S by a straightforward computation, using
the well-known identities (a − b)2 + (a + b)2 = 2 (a2 + b2) and

Pn
j=1 j

2 =
n(n+ 1)(2n+ 1)=6. �

4.4 Computation of the probability generating function

4.4.1 Algorithmic formulation

In order to apply Theorem 4.3.2, we need a rule that, given the tuple S, generates
the next tuple, eS, such that, starting with (1; : : : ; nc), all elements of S are
considered once. We use the following rule: let s` be the largest element in S
for which s` +1 ≤ n and s` +1 
∈ S. We denote the �rst `− 1 elements of S by
s1; : : : s`−1 and we denote the number of elements larger or equal to s` by c(`).

If s` exists, then we de�ne the next tuple eS = (s1; : : : ; s`−1; s`+1; : : : ; s`+c(`)).
If no such s` exists, then S = (n−nc+1; : : : ; n) and we are done. Two examples
for n = 8:

S = {1; 3; 4; 6} → eS = {1; 3; 4; 7} (4.15)

S = {2; 3; 7; 8} → eS = {2; 4; 5; 6}: (4.16)

In order to avoid unnecessary evaluations of permanents, we use Theorem 4.3.3
(if n is even) and Theorem 4.3.5. Let S ≺ eS denote the event that S is considered

before eS, which is the case if si < ~si, where i is the smallest element of S such
that si 
= ~si. Using this notation we present the algorithm for computing
P = per(P ) if n is even:

1. P = 0; S = (1; : : : ; nc)
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2. compute T (S) and T (�(S))

3. if T (S) ≺ S or T (�(S)) ≺ S → P1 = 0;

else Q = per
�
P (U |S)

�
per
�
P (L|�(S))

�
4. (a) if T (S) = S and S ≺ T (�(S))→ P1 = 2Q

(b) if S ≺ T (S) and T (�(S)) = S → P1 = Q+	M (Q)

(c) if S ≺ T (S) and S ≺ T (�(S))→ P1 = 2 (Q+	M (Q))

5. P = P + P1

6. if s1 < n − nc + 1 → stop, else S = (s1; : : : ; s`−1; s` + 1; : : : ; s` + c(`))
and go to 2.

Application of 	M is justi�ed by Theorem 4.3.5 and multiplication by two is
justi�ed by Theorem 4.3.3. Both theorems reduce the computing time by nearly
a factor 2. If n is odd, we skip the comparisons of S with T (�(S)), since we can
not apply Theorem 4.3.3 in this case. All we need to store is P , so we do not
use much memory.

4.4.2 Exact distribution for n = 19; : : : ;22:

The probability generating function is an elegant tool for computing the ex-
act distribution of �. However, direct computing with polynomials, as we do
in the theorems mentioned in the previous section, involves the use of a com-
puter algebra package, e.g. Maple. Professor Andries Brouwer provided us with
a much faster implementation in C, where polynomials are represented by ar-
rays. He also showed us that with his implementation, the Laplace expansion
of Theorem 4.3.2 is eÆcient for small sizes as well. He therefore used the the
Laplace expansion more than once for each step. This is not the case for our
implementation in Maple. Using these implementations we computed the exact

distribution of Spearman's � for n = 19; : : : ; 22: We stress the fact that for the
case n = 22 one has to consider

Q22

i=19 i = 175560 times more permutations
than for the largest case known in the literature up to now, n = 18. The com-
plete distribution as well as a table of exact critical values can be obtained from
the author's website http://www.win.tue.nl/e markvdw.
4.5 Ties

When ties are present, it is customary to assign conditional rank scores to the
observations. We discussed the mid-rank, average rank and natural rank scores
in Section 1.3.1. For Spearman's � we observe that the mid-rank and average
rank scores are the same. Let (Z1; : : : ; Zn) be the X-sample or the Y -sample
and denote its tie structure by �Z = (�Z;1; : : : ; �Z;k). Conditional on the tie
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structure, Spearman's � for tied observations is now de�ned as:

� =

nX
`=1

�
a′Y (�(`)) − a′X(`)

�2

; (4.17)

where a′Z(i); i = 1; : : : ; n is the conditional rank score for sample Z = X or
Z = Y . Note that when there are no ties, � reduces to �. Given a certain tie
structure, we apply (4.5) with Pij = (a′Y (i) − a′X(j))

2, i; j = 1; : : : ; n; to �nd
the conditional probability generating function of �. Theorem 4.3.2 holds for
any permanent, so we may also apply it here. However, we are able to make it
more suitable for computation when ties occur, because then some columns of
P coincide. In order to reformulate (4.7) we need the following notation:

Tj =

j−1X
i=1

�Z;i + 1

�(j) =

(
∅ if tj = 0

{Tj ; : : : ; Tj + tj − 1} if 1 ≤ tj ≤ �Z;j

T =

k[
j=1

�(j)

T ∈ T ⇔
kX

j=1

tk = nc = �n=2�:

Using the above notation and De�nition 4.3.1, we now rewrite (4.7) as

per(P ) =
X
T∈T

kY
j=1

�
�Z;j
tj

�
per
�
P (U |T )

�
per
�
P (L|�(T ))

�
: (4.18)

Note that the presence of ties has several e�ects on computing the conditional
null distribution of �. Since T is smaller than S, we need to compute less
permanents and to perform less multiplications, which in itself is favorable.
However, we can not apply Theorems 4.3.3 and 4.3.5, because, in general, P
is not symmetric when ties are present. The structure of the ties e�ects the
number of values that � attains. The following examples illustrate this. Let us
suppose that mid-rank scores are used to deal with ties. If there are no ties,
then the number of di�erent values that � attains equals 1+ n(n2 − 1)=6. In

particular, if n = 6, then � attains 36 values. In the extreme case that at least
one of the samples has one tie of size 6, � attains one value only. If the available
rank scores are {1 1

2
; 1 1

2
; 3; 4; 5; 6} and {1; 2; 3; 4; 5 1

2
; 5 1

2
}, then the number of

values that � attains goes up to 81. If � attains few values, then computation
time goes down, because this speeds up the time-consuming multiplications that
take place after the expansion.

The following examples illustrate the impact of ties for n = 10. All probabilities
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are exact, but only the �rst 5 digits are given. If the observations are�
2 2 2 6 6 6 6 6 9 1

2
9 1
2

6 2 6 2 6 2 6 9 1
2

6 9 1
2

�
;

then Spearman's � equals 88:5 and the left-tail probability is P (� ≤ 88:5) =
0:2047. If we would ignore the presence of ties, then we would use P (� ≤ 90) =
0:0956 (90 is the smallest value larger than 88:5 that � attains). Using the value
of � corrected for ties (see Kendall and Gibbons (1990)), the left-tail probability
becomes P (� ≤ 104) = 0:1478.
If the observations are�

2 2 2 5 5 5 8 8 8 10
1 1
2

5 1
2

8 1 1
2

3 1
2

5 1
2

10 8 3 1
2

8

�
;

then the probabilities are P (� ≤ 91:5) = 0:1211 and P (� ≤ 92) = 0:1022: In this
case the value of � corrected for ties equals 98 and we have P (� ≤ 98) = 0:1237:
Finally, we present an example with moderately many ties:�

1 1
2

1 1
2

3 4 5 6 1
2

6 1
2

8 9 10
2 4 1 6 6 9 10 3 6 8

�
:

Then, P (� ≤ 71:5) = 0:0489: Both � and � corrected for ties equal 72 with
corresponding left-tail probability 0:0481.

We developed a fast implementation of the above way of computing the condi-
tional null distribution in both Pascal and C. Joeri Roels discusses this imple-
mentation in his Master's thesis: Roels (1999). In order to increase speed, it is
important to multiply all scores by 2, in order to get rid of the fraction caused
by the averaged rank scores.

4.6 Rank tests for simple regression models

4.6.1 Unsigned rank statistic

Given are n i.i.d. random variables X1; : : : ; Xn with distribution functions
Fi = F (x − �0 − �1ci), i = 1; : : : ; n. In other words, we deal with a simple
linear regression model, with intercept �0, slope �1 and the vector of regression
coeÆcients c = (c1; : : : ; cn): In order to test H0 : �1 = 0 against H0 : �1 
= 0
the following rank statistic is used (see Puri and Sen (1985), Sec. 5.2):

Tn =

nX
i=1

cia(�(i)); (4.19)

where � is the permutation on the ranks {1; : : : ; n} that represents the rank-
ing of the data. Note that this statistic includes the two-sample rank statis-
tic introduced in Chapter 3 for the speci�c choice c1 = : : : = cm = 1 and
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cm+1 = : : : = cn = 0: However, the method proposed in this section holds for
arbitrary choices of c and is therefore less eÆcient for this particular choice than
the method in Chapter 3. The choice ci = i and a(i) = i leads us to eSn, which
we introduced in Section 4.1. The distribution of this statistic is studied exten-
sively in the previous sections. It is straightforward to see that the `permanent
approach' and Laplace expansion are fully applicable for arbitrary choices of c
and a.

We link de�nition (4.4) to the generating function of Tn:X
k∈T

P(Tn = k)xk =
1

n!
per(Q); (4.20)

where T is the set of all possible values of Tn and

Qij = xcia(j): (4.21)

Since Theorem 4.3.2 (Laplace Expansion) holds for any permanent, we may
apply it to Q. The resulting expansion is very useful for fast computation of
exact tail-probabilities or p-values of Tn using the split-up algorithm, which is
described in Chapter 5.

4.6.2 Signed rank statistic

Let us now assume that F is symmetric and without loss of generality we as-
sume that it is symmetric about 0. To test H0 : (�0; �1) = (0; 0) against
H1 : (�0; �1) 
= (0; 0) the following signed version of (4.19) is used:

T ′
n =

nX
i=1

Z(i)cia(�(i)); (4.22)

where � is a permutation on {1; : : : ; n} that represents the ranks of |X1|; : : : ;
|Xn| and Z = (Z(1); : : : ; Z(n)),Z(i) = −1 if X�(i) < 0, and Z(i) = 1 if X�(i) >
0. As discussed in Section 1.3.2 we use randomization or we �x Z(i) = 0 if
X�(i) = 0. In the latter case, the result is a statistic equivalent to T ′

n based on
n− �n non-null observations, where �n is the number of observations equal to 0.
Note that � and Z are independent. Again, we use the permanent of a matrix
to represent the generating function of T ′

n:X
k∈T ′

P(T ′
n = k)xk =

1

2nn!
per( eQ); (4.23)

where T ′ is the set of all possible values of T ′
n andeQij = xcia(j) + x−cia(j): (4.24)

The two terms in (4.24) represent the possible values of Z(i), which are equally
likely. Again we use Theorem 4.3.2 to obtain a decomposition of the generating
function which is suitable for the application of the split-up algorithm described
in Chapter 5.
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4.7 Page's L statistic

Page's test (see Page (1963)) is a test for ordered alternatives in a randomized
block design. Within each block j; j = 1; : : : ; b, rank scores 1; : : : ; t are as-
signed to t treatments. Let Fi(x−j) denote the distribution of the observation
corresonding to the ith block and the jth treatment. The null hypothesis is

H0 : 1 = : : : = t

and the alternative hypothesis is H1 : 1 ≤ : : : ≤ t; with at least one strict
inequality. Let b be the number of blocks. The statistic Lb;t is de�ned as:

Lb;t =

tX
j=1

j Rj ;

where Rj is the sum of the b ranks assigned to treatment j. The following theo-
rem shows why we can use the theorems in the previous sections for computing
the exact null distribution of Lb;t.

Theorem 4.7.1 Under H0, we have

HLb;t(x) =

∞X
k=0

P(Lb;t = k)xk =

�
1

t!
per( eP )�b; (4.25)

where eP is de�ned in (4.6).

Proof : UnderH0, there is no treatment e�ect and hence the rank con�gurations
within the blocks are equiprobable. Hence,

HLb;t (x) =

∞X
k=0

P (Lb;t = k) xk

=

∞X
k=0

P

0@ tX
j=1

j Rj = k

1A xk

=
1

(t!)b

∞X
k=0

#

8<:(�1; : : : ; �b) ∈
bO

u=1

St |
tX

j=1

j

bX
i=1

�i (j) = k

9=; xk

=
1

(t!)b

∞X
k=0

#

8<:(�1; : : : ; �b) ∈
bO

u=1

St |
bX

i=1

tX
j=1

j �i (j) = k

9=; xk

=
1

(t!)b

∞X
`=0

∞X
k=`

#

8<:�b ∈ St |
tX

j=1

j �b (j) = `

9=; x`

#

8<:(�1; : : : ; �b−1) ∈
b−1O
u=1

St |
b−1X
i=1

tX
j=1

j �i (j) = k − `

9=; xk−`;
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where the last equality holds, because the blocks are independent. Then,

Hb;t (x) =
1

(t!)b

∞X
`=0

#

8<:�b ∈ St |
tX

j=1

j �b (j) = `

9=; x` :

∞X
m=0

#

8<:(�1; : : : ; �b−1) ∈
b−1O
u=1

St |
b−1X
i=1

tX
j=1

j �i (j) = m

9=; xm

=
1

t!
per( eP )HLb−1;t

(x):

The last equality holds, because we recognize the probability generating function
of eS1 (see (4.3) and (4.5)). Iteration of this argument completes the proof. �

Publication

The results in this chapter, apart from those in Section 4.6, will be published
in the paper Van de Wiel and Di Bucchianico (2000).





5
The split-up algorithm

In Chapter 3 we discussed the branch-and-bound algorithm for computing ex-
act critical values or p-values of two-sample rank statistics. This algorithm is
the basis of the network algorithms of Mehta and co-workers (see e.g. Good
(1994, Ch. 13)) that were used to develop StatXact, a powerful package for non-
parametric inference. In this chapter, we present an alternative algorithm: the
`split-up algorithm'. We will show that this algorithm is not only faster than the
branch-and-bound algorithm of Chapter 3 in many cases, but it also applicable
to many more distribution-free statistics.

The split-up algorithm takes advantage of the fact that we are interested in one
p-value only rather than the entire null distribution. For reasons discussed in
Section 1.2 we present the algorithm in terms of generating functions. Moreover,
many generating functions have a product form, which can be split up into two
products. If we were to use recursions instead of generating functions, it would
be less natural to split up expressions. However, we emphasize that one can
also apply the algorithm using other representations than generating functions
by translating the polynomials to the data structure one wants to use.

This chapter is organized as follows. In Section 5.1, we present the new algo-
rithm and we show when this is applicable. In Section 5.2, we show how to
apply the algorithm to a number of test statistics. The signed rank statistics
and the two-sample rank statistics have known generating functions with an
explicit product form and hence allow for a direct application of the algorithm.
This is also true for the Kendall rank correlation statistic when ties are absent

63
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or when they are present in only one of the two samples. For Spearman's �,
regression rank statistics and Page's L statistic the generating functions and
the Laplace expansion derived in Chapter 4 are used to apply the split-up algo-
rithm. However, more work is needed for the Kendall rank correlation statistic
when ties are present in both samples and for the (signed) rank autocorrelation
statistics. As an example, we show how the algorithm works for the Wilcoxon
signed rank test. Finally, we compare the split-up algorithm with other methods
in Section 5.3.

5.1 Split-up algorithm

To present the algorithm we need some de�nitions and conditions. We try to
be as general as possible, so a broad range of distribution-free tests is covered.

5.1.1 De�nitions and goal

Let T = T�;S be a distribution-free statistic with � and S as in Section 1.1.2. We
will specify T precisely for several tests in Section 5.2. We denote the distribu-
tion of T under the null hypothesis H0 by F

T
0 . Our goal is to compute p-values

under H0 which, as argued in Section 1.1.3, boils down to the computation of
tail-probabilities under H0. A useful tool for computing tail-probabilities is the
generating function GT (x) which is de�ned in (1.2). With this generating func-
tion we easily compute P(T ≤ k) = #(T ≤ k)=C or P(T ≥ k) = #(T ≥ k)=C,
where #(T ≤ k) and #(T ≥ k) are de�ned analogously to #(T = k) in (1.2)
and C is the number of possible distinct values of S. For several distribution-
free statistics a (product) formula for GT (x) is known and we have to expand
this formula to obtain the explicit sum form as in (1.2). This may be too
time-consuming and therefore we propose the split-up algorithm to avoid the
expansion of the entire generating function.

5.1.2 Conditions

We now formulate a condition for the application of the split-up algorithm. The
algorithm presented in 5.1.4 is applicable if:

GT (x) =
X
j∈J

G1;j(x)G2;j(x); (5.1)

where G1;j(x) and G2;j(x) are given expressions in x of the form
P

i cix
bi and

ci and bi are real numbers. The explicit index set J for summation variable j is
di�erent for various applications. For example, in case of the Wilcoxon signed
rank statistic Wn (see Section 5.2.2) we have

GWn =

nY
i=1

(1 + xi) =

�n
2
	Y

i=1

(1 + xi)

nY
i=�n

2
	+1

(1 + xi) = G1(x)G2(x):
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This is an example for which the index set is a singleton. In this case we omit
summation and we use G1(x) and G2(x) instead of G1;j(x) and G2;j(x). We
specify the index sets for j for each application in Section 5.2.

5.1.3 Basic ideas behind the algorithm

We present the ideas for the case in which j attains only one value. These ideas
are the same for the cases in which j attains more values, but then we have to
repeat the steps for all values of j. First we choose G1(x) and G2(x) in such a
way that they satisfy (5.1). Moreover, to minimize computing time, we choose
them such that the time needed to expand G1(x) and G2(x) is (approximately)
minimal. We will observe in Section 5.2 that for most applications there is quite
a natural choice that meets this criterion. If we are interested in the entire null
distribution, we have to multiply all terms of the two G's with each other.
However, as is often the case in practice, we are only interested in one p-value.
We will show that we only need to execute a small number of multiplications.

Let us suppose that we have to compute P(T ≤ k): We re-arrange the terms of
G1(x) and G2(x) in increasing order of the exponents. From G2(x) =

P
j ckx

`j

we compute the corresponding expression with cumulative coeÆcients:

H(x) =
X
j

(
X
m≤j

cm)x
`j :

Then, we start with the �rst term in G1(x). For every term in G1(x) we select
the last term in H(x) such that the sum of the exponents of these two terms
is less than or equal to k. We compute the product of the coeÆcients of these
terms and the result is the contribution to #(T ≤ k): If we can not �nd such a
term in H(x), then we stop iterating. We are allowed to do so, because the next
terms in G1(x) have larger exponents and therefore the inequality (sum of two
exponents less than or equal to k) will not be satis�ed for any term in H(x).

So, we need much fewer multiplications than simply multiplying G1(x) and
G2(x), but we need an extra selection step. Since both G1(x) and H(x) are
ordered, each exponent of a term in G1(x) or H(x) is relatively close to the
exponent of the previous term. So, we only have to search close to the term in
H(x) that was selected for the previous term in G1(x). Therefore, this selection
step takes very little time.

5.1.4 Computation of p-values

In this section, we use the same abbreviations as in the previous one. We
present the split-up algorithm for computing p-values of test statistics for which
j attains only one value in condition (5.1). The algorithm is also fully applicable
to test statistics that satisfy (5.1) with j attaining more than one value; we have
to repeat it for all values of j that appear in the summation. We assume that
we have to compute P(T ≤ k). Below, we list all steps of the algorithm.
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1. Split-up the generating function in two parts G1(x) and G2(x).

2. Compute G1(x) and G2(x).

3. Re-arrange the terms of G1(x) and G2(x) such that the exponents of x
are in increasing order. Denote the rth term in G1(x) and the kth term
in G2(x) by c1r x

`1r and c2k x
`2k ; respectively. Furthermore, denote the

lengths of G1(x) and G2(x) by L1 and L2; respectively.

4. Compute H(x) :=

L2X
j=1

jX
m=1

c2j x
`2j . Denote the sth term in H(x) by

c3s x
`3s .

5. Set r := 1; D := 0:

6. Select the largest s′ such that `1r + `3s′ ≤ k. If s′ exists, then D :=
D + c1rc3s′ and go to 7. If s′ does not exist, then go to 8.

7. If r < L1; then r := r + 1 and go to 6, else go to 8.

8. Compute P(T ≤ k) = D
C ; where C equals the number of distinct values of

S; with S as de�ned in Section 1.1.2.

The selection procedure in step 6 is as follows:

• Given r, start with the largest term in H(x) for which it is not known
whether `1r + `2s′ ≤ k or not. If r = 1, this is just the last term in H(x).
If r > 1, this is the term in H(x) that was selected for the case r− 1. We
denote the position of this starting term with p.

• Initialize q := 0:

• If `1r+`3;p−q ≤ k, stop and continue in the main algorithm with s′ = p−q;
otherwise q := q + 1.

• Stop if p− q = 0.

Remarks on the algorithm

- 1. Because expanding G1(x) and G2(x) is the most time-consuming step of the
algorithm, one should minimize the number of multiplications needed to obtain
G1(x) and G2(x) to minimize computing time. When GT (x) has a product
form, this mostly means that the product should be split into two products
containing (approximately) the same number of multiplicands.

- 3. Expressions G1(x) and G2(x) often result from expanding a product (see
applications in Section 5.2). Then, terms are not automatically in the right
order and re-arranging is needed.
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- 5. D is the contribution of the �rst r terms in G1(x) to the number of values
of the test statistic that are less than or equal to k.

- 6. We e�ectively use that H(x) is arranged in such a way that the terms have
increasing exponents.

5.2 Applications of the split-up algorithm

In this section, we present a range of test statistics for which the split-up al-
gorithm is useful. Many of these are probably familiar to the reader, but their
de�nitions are repeated below. We need these to verify that the statistics satisfy
condition (5.1). We use rank score functions a as de�ned in De�nition 1.1.1.
Note that there are no restrictions on the score function a. Therefore, one may
use it to obtain the well-known rank statistics, but also to obtain statistics for
permutation tests in general. In this section we introduce the statistics under
their `rank names'.

5.2.1 Ties and censoring

Ties are handled as in Section 1.3.1, except for Kendall's rank correlation statis-
tic for which we deal with ties di�erently, because it is not a rank score statistic.
We would like to emphasize the particular use of the split-up algorithm for sit-
uations with ties or censoring (see Section 3.1.2), since tables of exact critical
values are not available in those situations. This is also the case for permutation
statistics based on the order statistics of the observed sample (see Section 3.1.2)
for which the exact distribution depends on the values of the observations.

5.2.2 Signed rank statistics

These statistics are introduced in Sections 2.1.4 and 2.1.5 under the assumption
that the distribution function F of i.i.d. random variables X1; : : : ; Xn is con-
tinuous. Here, we drop this assumption. Then hypothesis (2.12) is reformulated

as
H0 : P(Xi ≤ m0 + c) = P(Xi ≥ m0 − c) for all c ≥ 0:

If F is continuous, then m0 is the median. The alternative may be that the
symmetry point di�ers from m0 or that the distribution function is asymmetric.
The sign statistic Tn is given in (2.16). Since we do not assume that F is
continuous, we sometimes have to deal with the event Di = Xi −m0 = 0. As
discussed in Section 1.3.2 we use randomization or �x Z(i) = 1=2. Suppose
there are �n observations for which Di = 0, then we have

Tn =

�nX
i=1

a(i)

2
+

nX
i=�n+1

a(i)Z(i) = D + �Tn−�n; (5.2)

where D is a constant. So, conditionally on �n, Tn and �Tn−�n are statistically
equivalent. Suggestions for the choice of a are given in Sections 2.1.4 and 2.1.5.
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Using the probability generating function (2.17) and C = 2n; we choose

G1(x) =

�n=2	Y
i=1

(1 + xa(i)) and G2(x) =

nY
i=�n=2	+1

(1 + xa(i)):

We observe that (5.1) is satis�ed. Computing G1(x) and G2(x) takes approxi-
mately equal amounts of time.

Example

We show how our new algorithm, presented in Section 5.1.4, works for the case in
which n = 8. We use the Mathematica computer algebra package to deal with
the symbolic computations. For the sake of simplicity, we use the Wilcoxon
sign statistic W8, so a = I; where I is the identity function. We compute the
two-sided p-value for k = 11. The results of steps 6 and 7 are only shown
for r = 6: Since the null distribution is symmetric about the expected value
of the statistic, which equals 8*9/4=18, we know that the two-sided p-value
pW8

2 (11) = 2P(W8 ≤ 11).

1. G1(x) =
Q4

i=1 (1 + xi) and G2(x) =
Q8

i=5 (1 + xi)

2. see 3. (Mathematica automatically re-arranges the terms)

3. G1(x) = 1 + x+ x2 + 2x3 + 2x4 + 2x5 + 2x6 + 2x7 + x8 + x9 + x10;
G2(x) = 1 + x5 + x6 + x7 + x8 + x11 + x12 + 2x13 + x14 + x15 + x18 + x19 +
x20 + x21 + x26.

4. H = 1+2x5+3x6+4x7+5x8+6x11+7x12+9x13+10x14+11x15+12x18

+ 13x19 + 14x20 + 15x21 + 16x26.

5. The 6th term in G1(x) is 2x
5.

6. We start with the 4th term in H , x7; because this term was selected for the
case r = 5. Searching backwards we immediately arrive at the term 3x6,
since 5 + 6 ≤ 11. So we �nd s′ = 3: Then D := D + 6.

7. r := 7:

8. In the end, D = 49. In this case C = 28 so, P(W8 ≤ 11) = 49
256

.

Therefore, pW8

2 (11) = 2 49
256

= 49
128

≈ 0:382.

5.2.3 Two-sample linear rank statistics

Two-sample linear rank statistics are introduced in Section 3.1. From the
Streitberg-R�ohmel formula (3.2) we observe that:

GTm;n(x) =

mX
j=0

G1;j(x)G2;m−j(x) and C =

�
N

m

�
; (5.3)
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where, with P (x; y)[[yi]] : the coeÆcient of yi in the expression P (x; y);

G1;j(x) =
��N2 	Y
i=1

(1 + xa(i)y)
�
[[yj ]] and G2;k(x) =

� NY
i=�N

2
	+1

(1 + xa(i))
�
[[yk]]:

Therefore, condition (5.1) is satis�ed and we are justi�ed in applying the split-
up algorithm. Suggestions for the choice of a are given in Section 3.1.2. We will
observe in Section 5.3.2 that this is an excellent alternative to the branch-and-
bound algorithm introduced in Chapter 3 and in Mehta et al. (1988).

5.2.4 Spearman's �, Page's L and regression rank statistics

We introduced Spearman's �, regression rank statistics and Page's L statistic in
Sections 4.1, 4.6 and 4.7, respectively. For Spearman's �, the unsigned regression
rank statistic and the signed regression rank statistic we apply Theorem 4.3.2 on
generating functions (4.5), (4.20) and (4.23), respectively, to satisfy condition
(5.1). Therefore, the split-up algorithm is also useful for computing p-values of
these statistics.

For Page's L statistic, we observe from (4.7.1) that C = (t!)b and that condition
(5.1) is satis�ed by choosing

G1(x) = (per( ~P ))�
b
2
	 and G2(x) = (per( ~P ))�

b
2
�;

where b is the number of blocks and ~P is de�ned in (4.6).

5.2.5 Kendall's rank statistic

Let (X1; Y1); : : : ; (Xn; Yn) be n pairs of observations. Since Kendall's rank
statistic is not based on rank scores, the treatment of ties is not the same as for
rank score statistics. In fact, we have to treat the cases without ties, with ties
in one sample and with ties in two samples separately. When ties are absent in
the X-sample, we assume without loss of generality

X1 < : : : < Xn: (5.4)

When the set of X-observations contains kX ties of size �X;j , j = 1; : : : kX ; 1 ≤
�X;j ≤ n; we assume without loss of generality

X1 = : : : = X�X;1 < : : : < Xn−�X;kX+1 = : : : = Xn: (5.5)

When ties are present in the Y -sample, we use a mid-rank function f that assigns
the average rank score to each observation in the same tie. The resulting mid-
ranks are denoted by S = (S1; : : : ;Sn) = (f(1); : : : ; f(n)): Obviously, when ties
are absent f(x) = x: To test on rank correlation between the X and Y -sample,
we de�ne Kendall's rank correlation statistic KS :

KS =

nX
i=1

i−1X
j=1

bijsgn
�
S�(j) − S�(i)

�
; (5.6)
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where the elements of the tuple S form a subtuple of S; � is the permutation
on S that represents the ranking of the data and bij = sgn(Xj −Xi) are known
constants because of assumptions (5.4) and (5.5). We note that �(j) just rep-
resents the ranking of Yj in the Y -sample. When ties are absent, this statistic
is statistically equivalent to Kn, which was introduced in Section 2.1.3. It is
our goal to �nd explicit formulas that satisfy condition (5.1) for the generating
function

GKS (x) =

∞X
k=0

#(KS = k)xk: (5.7)

No ties

When ties are absent, we observe from (2.11) that C = n! and condition (5.1)
is satis�ed by choosing

G1(x) =

�n=2	Y
k=1

xk − 1

x− 1
and G2(x) =

nY
k=�n=2	+1

xk − 1

x− 1
: (5.8)

The division in (5.8) is not a problem, since xk − 1 is divisible by x− 1 for all
positive integers k.

Ties in one ranking

Here we assume that the X-observations are untied, but the Y -observations are
represented by the tie structure: (�Y;1; : : : ; �Y;kY ): In this case it is possible to
obtain a probability generating function. In Robillard (1972) it is shown that
for ties in one ranking, the cumulant generating function K(�) of KS is

K(�) = Kn(�) −
kYX
j=1

K�Y;j (�); (5.9)

where

K`(�) =
X̀
r=1

log
sin r�

r sin �
; (5.10)

i.e. the cumulant generating function of KS for ` pairs of observations when
ties are absent. In Robillard (1972) formula (5.9) is used to obtain Edgeworth
approximations for tail-probabilities. We use (5.9) to obtain a probability gen-
erating function. First we write

K`(�) =
X̀
r=1

log
sin r�

r sin �
= log

Ỳ
r=1

eri� − e−ri�

r(ei� − e−i�)
: (5.11)

Then we obtain the probability generating function HKS (x) by using (5.9),
(5.11) and the relation between a cumulant generating function and a probability



5.2 Applications of the split-up algorithm 71

generating function:

HKS (x) = eK(�)|x=ei� =
Qn

r=1
xr−x−r
r(x−x−1)QkY

j=1

Q�Y;j
`=1

x`−x−`
`(x−x−1)

=

�
n

�1; : : : ; �Y;k

� Qn
r=1 (x

r − x−r)QkY
j=1

Q�Y;j
`=1 (x

` − x−`)
:

(5.12)

Because of the division it is not straightforward that we can use (5.12) to satisfy
condition (5.1) in a non-trivial way. However, note that we can write the fraction
in (5.12) as a product of kY terms of the form

cY
b=1

xa+b − x−(a+b)

xb − x−b
=

cY
b=1

x−a
x2(a+b) − 1

x2b − 1
= x−a

�
a+ c
c

�
x2
;

where �
a+ c
c

�
x2

is the Gaussian binomial coeÆcient, which is a polynomial in x2 and thus also
in x (see Andrews (1981, Ch. 3)). So, division is not a problem when the �rst
product in the denominator of (5.12) is split into two products and the product
in the numerator is split such that the number of multiplicands in the numer-
ator equals the number of multiplicands in the denominator in both resulting
expressions. Then, we observe from (5.12) that C =

�
n

�1;::: ;�Y;k

�
and condition

(5.1) is satis�ed by choosing

G1(x) =

Qh(i)
r=1 (x

r − x−r)Qi
j=1

Q�Y;j
`=1 (x

` − x−`)
and G2(x) =

Qn
r=h(i)+1 (x

r − x−r)QkY
j=i+1

Q�Y;j
`=1 (x

` − x−`)
;

where i = 1; : : : ; kY and h(i) =
Pi

j=1 �Y;j : To minimize computing time the
splitting point i should be chosen such that G1(x) and G2(x) contain approxi-
mately the same number of multiplicands.

Ties in both rankings

Valz et al. (1995) derive expressions for the cumulant generating function of
Kendall's rank correlation statistic when ties are present in both rankings. This
result is very useful for asymptotic purposes. However, to obtain an explicit
formula for the exact probability generating function from this result, one has
to consider each possible con�guration of one of the two rankings. This is, of
course, not more e�ective than using enumeration directly. Therefore, unlike
in the previous section, we do not use this result to build an exact probability
generating function. Enumeration methods are used in Burr (1960), but these
are only useful when the samples are small and ties are relatively large. We
avoid enumeration by decomposing the generating function and then using the
split-up algorithm with C = n!. First, we need the following de�nition.
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De�nition 5.2.1 An ordered subtuple V of the tuple W is a tuple of which the
elements are increasing and form a subset of {W1; : : : ;Wn}.
The following theorem enables us to use the split-up algorithm for the situation
with ties in both samples.

Theorem 5.2.2 Let r; r = 1; : : : ; n be a number for which br+1;r = −1 and let
Sr be the class of all di�erent ordered subtuples of S with r elements. Moreover,
let � ∈ Sr and denote the ordered subtuple the elements of which form the
complement of the elements of � with respect to S by ��: Finally, denote the
number of elements in � from the jth tie in S by t�;j ; j = 1; : : : ; kY : Then, with
GKS (x) as in (5.7),

GKS (x) =
X
�∈Sr

kYY
j=1

�
�Y;j
t�;j

�
GK�

(x)GK��
(x)x−

~K�;�� : (5.13)

where ~K�;�� =
Pn−r

i=1

Pr
j=1 sgn(��i − �j):

Proof: De�ne KS;� as the conditional counterpart of KS (see (5.6)), for which
� has to satisfy the set equality {S�(1); : : : ;S�(r)} = {�1; : : : ; �r}: Then, using
the fact that bij = −1 for i = r + 1; : : : ; n; j = 1; : : : ; r; we have

KS;� =
nX
i=1

i−1X
j=1

bijsgn
�
S�(i) − S�(j)

�
=

rX
i=1

i−1X
j=1

bijsgn
�
S�(i) − S�(j)

�
+

nX
i=r+1

i−1X
j=r+1

bijsgn
�
S�(i) − S�(j)

�
−

nX
i=r+1

rX
j=1

sgn
�
S�(i) − S�(j)

�
=

rX
i=1

i−1X
j=1

bijsgn
�
��1(i) − ��1(j)

�
+

n−rX
i=1

i−1X
j=1

br+i;r+jsgn
�
���2(i) − ���2(j)

�
−

n−rX
i=1

rX
j=1

sgn(��i − �j)

= K� +K�� − ~K�;��;

(5.14)

where �1(i) = �(i); �2(i) = �(r + i). Note that ~K�;�� is deterministic, which
is a consequence of the condition on r: in case we have br+1;r = 0, then bij
is not constant for i = r + 1; : : : ; n; j = 1; : : : ; r and ~K�;�� would still depend
on �1 and �2: Since �1 and �2 are independent, K� and K�� are independent

statistics. Moreover, the number of ways to draw � out of S equals
QkY

j=1

�
�Y;j
t�;j

�
and therefore,

GKS (x) =
X
�∈Sr

kYY
j=1

�
�Y;j
t�;j

�
GKS;�(x) =

X
�∈Sr

kYY
j=1

�
�Y;j
t�;j

�
GK�+K��− ~K�;��

(x)

=
X
�∈Sr

kYY
j=1

�
�Y;j
t�;j

�
GK�(x)GK�� (x)x

− ~K�;�� :
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This completes the proof. �

We already discussed the choice of r: it should be chosen such that br+1;r = −1.
To minimize computing time it should be chosen as close as possible to �n=2�,
so that the construction of the two generating functions on the right-hand side
of (5.13) takes approximately the same amount of time.

Let us discuss a technique to reduce computing time.

Theorem 5.2.3 Let � and �′ be arbitrary ordered subtuples of S. Then,

� ∼ �′ ⇒ GK�(x) = GK�′ (x); (5.15)

where

� ∼ �′ if for all i > j �i > �j ⇔ �′i > �′j :

Proof: � ∼ �′ implies sgn(��(i) − ��(j)) = sgn(�′�(i) − �′�(j)) for all j < i and

for all permutations �. Therefore, all values of the statistic KS de�ned in (5.6)
occur equally often for S = � and S = �′ and thus the generating functions are
equal. �

This implication is useful to reduce computing time, especially if one has to
deal with many ties or when the ties are large. To use (5.15) we store the
di�erent tie structures and the corresponding generating functions in a dataset
while computing (5.13). Then for each � we check whether the correspond-
ing tie structure is already contained in the dataset or not. If so, we use the
corresponding generating function, so that we do not have to compute it again.

5.2.6 Rank autocorrelation tests

Given n random variables Xi; i = 1; : : : ; n; of which the index i represents time.
Such a sequence of random variables is known as a time series. A way to test the
presence of serial dependence between Xi and Xi+` is the rank autocorrelation
of lag ` test. A simple version of such a test is the Wald-Wolfowitz rank serial
correlation test (see Wald andWolfowitz (1943)). We will use the tests as de�ned
in Hallin and Puri (1988) in the unstandardized form, since there is no need for
standardization when we want to compute exact p-values. Under H0: the ranks
of X1; : : : ; Xn are a random permutation of {1; : : : ; n}; every assignment of the
ranks to the X 's has probability 1=n!, so C = n!. The alternative is H1: lag `
dependence.

Let a1 and a2 be rank score functions as in De�nition 1.1.1. The rank autocor-
relation statistic is:

A(S′; `) =

|S′|−`X
i=1

a1(S
′
�(i))a2(S

′
�(i+`)); (5.16)
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where S′ is a subtuple of S′ = (1; : : : ; n) and � is a permutation on S′ for which
�(i) represents the rank of Xi. The generating function GA(S′;`)(x) can be con-
structed in a primitive way by simply evaluating A(S′; `) for all n! permutations
� of the ranks {1; : : : ; n}. We deal with the cases ` = 1 and ` > 1 separately.

Lag equal to 1

We use the operator % to concatenate a number k to a tuple L = (`1; : : : ; `d):

k % L = (k; `1; : : : ; `d) and L % k = (`1; : : : ; `d; k):

As in the previous section, we would like to split up S′ into two approximately
equally sized ordered tuples U = (u1; : : : ; u�n=2	) and V = (v1; : : : ; v�n=2�)
such that condition (5.1) is satis�ed. However, the problem is that we cannot
decompose the test statistic de�ned in (5.16) such that A(S′; 1) = A(U; 1) +
A(V; 1) and A(U; 1) and A(V; 1) are independent statistics. This is due to the
mixed term a1(S

′
�(i))a2(S

′
�(i+1)) in de�nition (5.16). We solve this problem by

conditioning on the value of the element S′
�(�(n+1)=2	).

Theorem 5.2.4 Let S−k be the class of all ordered subtuples with �(n− 1)=2�
elements that do not contain k. For each � ∈ S−k let �� be the ordered subtuple
the elements of which form the complement of the elements of � with respect to
{1; : : : ; n} \ k: Then,

GA(S′;1)(x) =

nX
k=1

X
�∈S−k

GA(��k;1)(x)GA(k���;1)(x): (5.17)

Proof: The proof is very similar to the proof of Theorem 5.2.2. However, we
�rst condition on the value k of the middle element of (�(1); : : : ; �(n)) and
sum over all possible values of k. This condition assures that A(� % k; 1) and
A(k % ��; 1) are independent statistics, so the generating function of their sum
equals the product of their generating functions. �

Lag larger than 1

For the same reasons as for the case ` = 1, we want to split-up A(S; `) as a sum
of independent statistics. Again, we use a conditional argument.

Theorem 5.2.5 Let Uj = (Uj;1; : : : ; Uj;�(N−j)=`	)) be an ordered subtuple of S′

and let U = (U1; : : : ; U`): Moreover, let PS′ be the class of all U 's for which the
sets of components of Uj ; j = 1 : : : ; `; form a partition of the set of components
of S′: Then,

GAS′;`(x) =
X

U∈PS′

Ỳ
j=1

GAUj;1
(x): (5.18)

Proof: De�ne AS′;`;U as the conditional counterpart of AS′;` (see (5.16)), for
which � has to satisfy

{S′
�(j);S′

�(j+`); : : : ;S�(j+�N−j
` 	`)} = {Uj;1; : : : ; Uj;�N−j

` 	}; for j = 1; : : : ; `.
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Then,

GAS′;`(x) =
X

U∈PS′

GAS′;`;U (x)

=
X

U∈PS′

GP`
j=1 AUj;1

(x) =
X

U∈PS′

Ỳ
j=1

GAUj;1
(x);

because conditional on U , AS′;`;U is the sum of the independent lag 1 statistics
AUj ;1; j = 1 : : : ; `: �

The choice for G1;j(x) and G2;j(x) to satisfy (5.1) is clear: simply split the
product in (5.18) into two products after the �`=2�th multiplicand.

Signed rank autocorrelation tests

Hallin and Puri (1991) show that, in view of power and maximal invariance, it
is better to use the signed version of (5.16) when the underlying distribution
function can be assumed to be symmetric. Without loss of generality we assume
that it is symmetric about 0. Then,

A±(S′; `) =

|S′|−`X
i=1

Z(i)Z(i+ `)a1(S
′
�(i))a2(S

′
�(i+`)); (5.19)

where � is a permutation on S′ for which �(i) represents the rank of |Xi|,
Z(i) = −1 if X�(i) < 0, and Z(i) = 1 if X�(i) > 0. As discussed in Section
1.3.2 we use randomization or we �x Z(i) = 0 if X�(i) = 0. For lag larger
than 1, the decomposition of the generating function is completely analogous to
(5.18). For lag equal to one, the decomposition is similar to (5.17). The only
di�erence is that one has to include an extra sum over the possible values of
Z(�(n+1)=2�); because now we also have to condition on the sign of the middle
element k = S′

�(�(n+1)=2	):

5.3 EÆciency of the split-up algorithm

It is essential to compare the split-up algorithm with existing methods. We
studied the eÆciency of our algorithm by implementing it for most of the
distribution-free tests we described in Section 5.2. For Spearman's rank test
we developed implementations in Maple and C++. Refer to Chapter 4 for more
details about this implementation. We mention two observations: the imple-
mentation in C++ is much faster (10 to 20 times) than the implementation in
Maple and it is faster (2 to 10 times) than the implementation in StatXact, a
powerful package for performing distribution-free tests. The same observations
hold for Kendall's rank test. For the rank autocorrelation statistics we present
some theoretical results to compare the split-up algorithm with enumeration
methods at the end of Section 5.3.3. We argue that the same kind of result may
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n 50 100 150 200 250 300 350 400
Sec. 0.03 0.15 0.55 1.3 2.9 4.9 8.1 18

Table 5.1: Computing time for p-values of the Wilcoxon signed rank statistic
(a(i) = i; i = 1; : : : ; n) using the split-up algorithm

n 20 22 24 26 28 30 32 34 36 38 40
Sec. 0.04 0.10 0.27 0.97 2.4 6.2 9.7 16 22 30 36

Table 5.2: Computing time for p-values of the normal signed rank statistic
(a(i) = �−1(1=2 + i=(2n+ 1)); i = 1; : : : ; n) using the split-up algorithm

n 20 30 40 50 60 70 80 90 100
Sec. 0.05 0.24 0.79 2.3 4.3 11 22 35 57

Table 5.3: Computing time for p-values of the Wilcoxon statistic (a(i) = i; i =
1; : : : ; N; n = m;m+ n = N) using the split-up algorithm

n 12 13 14 15 16 17 18 19 20
Sec. 0.03 0.12 0.29 0.68 1.6 3.9 8.6 12 32

Table 5.4: Computing time for p-values of the Van der Waerden statistic (a(i) =
�−1(i=(N + 1)); i = 1; : : : ; N; n = m;m+ n = N) using the split-up algorithm

be used to perform comparisons for Kendall's rank statistic with ties in both
rankings and regression rank statistics. First, we give computational results for
signed rank statistics and two-sample rank statistics.

We deal with the signed rank tests and the two-sample rank tests using untied
Wilcoxon scores and untied normal scores. In some sense these represent two
extremes: the Wilcoxon scores are integers and therefore many realizations of
the stochastic vector of indicator functions Zn = (Z(1); : : : ; Z(n)) or ZN =
(Z(1); : : : ; Z(N)) (see (2.14) and (3.1)) give rise to the same value of the test
statistic, whereas the normal scores are real numbers, so di�erent vectors Zn
or ZN rarely give rise to the same value of the test statistic. Therefore, we
expect the computing times to be much longer for the normal score cases than
for the Wilcoxon score cases. Since we deal with symmetric null distributions,
computing a two-sided p-value costs as much time as computing a one-sided
p-value.

5.3.1 Computing times for the split-up algorithm

To give some idea of computation times, we give computation times for a 299
MHz SUNW, UltraSPARC-IIi work station in Tables 5.1 to 5.4. We found that
one should multiply these computation times by four to obtain the approximate
computation times on a Pentium 200 MHz PC.
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5.3.2 Comparison with other methods

For comparing the eÆciency of various methods, we will focus on the relative
time factor: the quotient of time used for computing a certain p-value using
the split-up algorithm and the time used for computing the same p-value using
some other method. The other methods are termed `Simple' and `Branch-and-
Bound'. The Simple method basically consists of expanding (2.17) or (3.2), after
which the p-value is easily computed from the coeÆcients of the terms in the
result. The Branch-and-Bound method is described in Chapter 3. The Branch-
and-Bound method is eÆcient for two-sample rank tests, but less eÆcient for
the signed rank tests. Therefore, we only compare the split-up algorithm with
the Branch-and-Bound method for the two-sample rank tests.

The speed of the Simple method and the split-up algorithm hardly depends on
the observed value of the test statistic. This is also the case for the Branch-
and-Bound method when Wilcoxon scores are used. However, when we use
normal (Van der Waerden) scores, the Branch-and-Bound algorithm is much
more eÆcient for extreme observations than for average observations. This is
because the length of the expression grows very rapidly when a new score is
considered. For extreme observations, as opposed to average ones, many terms
can be deleted at an early stage of the recursion. The di�erence in computing
times for extreme and average observations is also demonstrated for Klotz scores
in Section 3.2.5. Therefore, we distinguish between two Branch-and-Bound
cases: one for an observation with a p-value approximately equal to 0.005 and
the other one for an observation with a p-value approximately equal to 0.25.
We tried to implement all three methods as eÆciently as possible. We plotted
the relative time factor as a function of the sample sizes n and n = m. We
connected the points with a curve to obtain a clear picture.

5.3.3 Conclusions

One and two-sample rank statistics

From the �gures on page 78 we observe that in many cases the split-up algorithm
is faster than the other methods. Exceptions are the Wilcoxon signed rank test,
n ≤ 22, for which the Simple method is faster, and the Van der Waerden test,
p ≈ 0:005, 6 ≤ n ≤ 14, for which the Branch-and-Bound method is faster. We
found that for the Van der Waerden test, the Branch-and-Bound method and
split-up algorithm are almost as fast for p ≈ 0:015. So, the split-up algorithm
is in most cases faster than other methods when normal scores are involved.
We expected this, because of the large number of values the statistic attains.
When Wilcoxon scores are involved, the e�ect is less dramatic, but the split-up
algorithm still performs well. As we discussed in the beginning of this section,
the Wilcoxon scores and the normal scores represent two extremes. Hence, we
also expect good results for other scores. When we replace the untied scores
with tied scores or when the order statistics of the observed sample are used as
scores, the null distribution F T

0 becomes in most cases asymmetric.
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As we noted in Section 1.1.3, we then have to compute two tail-probabilities
for obtaining two-sided p-values. Therefore, we have to repeat a few number
of steps of the algorithm once, but these are not very time-consuming. Thus,
the computation time for a two-sided p-value is never much longer than the
computation time for a one-sided p-value. We conclude that, in many cases,
the split-up algorithm is eÆcient for both two-sample rank statistics and signed
rank statistics. The package StatXact, designed for computation of exact p-
values of various nonparametric statistics, uses the Branch-and-Bound method
for computation of exact p-values. We found that our implementations of the
split-up algorithm are often faster than this package, especially for large sample
sizes.

Other rank statistics

As noted in the beginning of Section 5.3, we also found good results for the
Spearman and Kendall rank correlation statistics. The only method we found
in literature for rank autocorrelation statistics is computing the test statistic
for all n! permutations of the ranks (see e.g. Hallin and M�elard (1988)). The
eÆciency of the split-up algorithm depends on the lengths of GA(��k;1)(x) and
GA(k���;1)(x) which result from applying (5.17). These lengths are bounded by
�(n− 1)=2�! and �(n− 1)=2�!, respectively. Therefore, sorting the exponents in
step 3 of the algorithm is maximally of order O(�(n− 1)=2�! log(�(n− 1)=2�!)).
Thus, because of summation over k and � in (5.17), the maximum number of
operations is of order

O

�
n

�
n− 1

�n−1
2
�

�
�n− 1

2
�! log(�n− 1

2
�!)
�
= O

�
n! log(�n−1

2
�!)

�n−1
2
�!

�
:

Clearly, this order is smaller than order n!. The lengths of GA(��k;1)(x) and
GA(k���;1)(x) are often of a much smaller order than the upper bounds. Then,
computing time is determined by the number of permutations that we have to
consider using (5.17) which equals

n

�
n− 1

�n−1
2
�

��
�n− 1

2
�! + �n− 1

2
�!
�
= n!

�
1

�n−1
2
�!
+

1

�n−1
2
�!

�
:

So, in this case we save even more time. For the lag ` > 1 statistics, the signed
rank autocorrelation statistics, the Kendall statistic with ties in both rankings
and regression rank statistics the decomposition of the generating function has
more or less the same form as (5.17) in the sense that summation over ordered
subtuples of a tuple of length n takes place. Therefore, results similar to those
for the lag 1 rank autocorrelation statistic can be found for these statistics as
well.

Publication

The results in this chapter, apart from those in Section 5.2.5, will be published
in the paper Van de Wiel (2000).





6
Quadratic t-sample distribution-free

statistics

In the previous chapters we considered mainly distribution-free test statistics
of a linear form. In this chapter we show how to compute exact distributions
and exact p-values of quadratic t-sample distribution-free statistics. We discuss
`Kruskal-Wallis type' statistics for one-way classi�cation and `Friedman type'
statistics for two-way classi�cation. In both cases we �rst show how to com-
pute the multivariate generating function of the vector of rank score sums. Using
these generating functions we present some new techniques to reduce computing
times considerably. For the Kruskal-Wallis statistic some exact procedures and
tables are available in Iman et al. (1975), whereas Martin et al. (1993) present
tables for the Friedman statistic. The package StatXact contains exact proce-
dures for both types of statistics. However, all these sources lack sophisticated
approaches to reduce computing times like the ones that we present in Sections
6.4 and 6.8.3. The drastic e�ect of the branch-and-bound algorithm on comput-
ing times is shown in Section 6.6. Moreover, our approach works for any rank
score function and also for cases with ties.

Besides the standard chi-square approximations, some more sophisticated ap-
proximations exist, especially for the Kruskal-Wallis type statistics. Iman and
Davenport (1976) compare the accuracy of several approximations for these
statistics and Robinson (1980) presents an Edgeworth approximation. As we
noted in Section 1.1.1, these approximations are often worse for unbalanced
cases and cases with large ties than for balanced and untied cases. In Section
6.5 we show the inadequacy of the chi-square approximation for cases with ties.

81



82 Quadratic t-sample distribution-free statistics

6.1 Rank tests for one-way classi�cation

Suppose we deal with t independent samples, each of size nj ; j = 1; : : : ; t: The

total number of observations is N =
Pt

j=1 nj . We assume that all observations
Xij (i = 1; : : : ; nj) belonging to treatment j are mutually independent and have
unknown distribution function F (x−j); j = 1; : : : ; t. We assume, without loss
of generality, that 1 = 0. We wish to test the null hypothesis

H0 : 1 = : : : = t = 0; (6.1)

against the alternative hypothesis H1: there exists a j; j = 2; : : : ; t; for which
j 
= 0. Before de�ning the test statistic, we de�ne the sum of scores assigned
to treatment j:

Rj =

NX
`=1

a(`)Z`; (6.2)

where a is a rank score function and Z` = 1 if the `th smallest observation

belongs to the jth treatment and Z` = 0 otherwise. For reasons of convenience
we assume

0 < a(1) < a(2) < : : : < a(N): (6.3)

The assumption that all scores are positive can be made without loss of gener-
ality, because we may simply add some positive constant to all scores. This also
holds for the assumed order of the scores, which is simply a re-labeling process.
The fact that the inequalities are strict is really a restriction, because it implies
that ties are absent. However, we show how to deal with ties in Section 6.5.

A natural statistic for testing H0 is the rank statistic for one-way classi�cation:

Q~n =

tX
j=1

R2
j=nj ; (6.4)

where ~n = (n1; : : : ; nt). Statistics proposed in literature are often basically of
this form apart from some normalization constants that are needed for approx-
imation purposes only. Therefore, these statistics are statistically equivalent to
Q~n and it suÆces to compute the null distribution of Q~n. The Kruskal-Wallis
(1952) statistic for which a(`) = ` is the most commonly used statistic. A use-
ful alternative is the normal scores t-sample statistic (a(`) = �−1( `

N+1
); where

�−1 is the inverse of the standard normal distribution function) which is more
powerful against normal alternatives.

6.2 Recursive computation of the generating function

To compute the null distribution of Q~n, one might compute the value of Q~n

for all possible assignments of the ranks to the treatments. Since the number
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of possible assignments of the ranks to the treatments equals
�

N
n1;::: ;nt

�
, this is

often too time-consuming. The �rst step to reduce computing time is the use
of a recursion to generate the null distribution. We present this recursion in
terms of a generating function that represents the null distribution. We note
that Iman et al. (1975) present a similar recursion for individual probabilities,
but it is not in a generating function framework and it lacks a proof. Let us
�rst formally introduce the generating function.

6.2.1 A generating function of the joint rank score sums

We compute the distribution of Q~n step by step through a recursion. In each
step of the recursion we assign a rank to one of the treatments. Therefore, we
have to keep track of the ranks that still have to be assigned. We denote the
set that consists of those ranks by R. So, we start with R = {1; : : : ; N}:

We also have to know the number of ranks that have already been assigned
to treatment j. Denote this number by uj and let ~u = (u1, : : : ,ut): We use
functions f to represent an assignment of the ranks in R to the t treatments.
So, f : R → {1; : : : ; t}. To ensure that exactly uj ranks are assigned to
treatment j, we introduce the following set of functions:

FR
~u = { f | zj = {k ∈ R | f(k) = j}; (|z1|; |z2|; : : : ; |zt|) = ~u }: (6.5)

This de�nition of FR
~u holds for |R| =

Pt
j=1 uj , otherwise F

R
~u is not de�ned.

Thus, valid functions f that are used in the recursion are only those that belong
to FR

~u . For a given f we de�ne the joint rank sums:

Rf =

 X
r1∈z1

a(r1); : : : ;
X
rt∈zt

a(rt)

!

with z1, : : : ,zt as de�ned in (6.5).

Using the de�nition of Rf , we now de�ne the set SR~u as :

SR~u = { Rf | f ∈ FR
~u }:

Thus, SR~u is the set of all tuples that are formed by assigning the ranks of set R
to the treatments in every possible way. In order to calculate the distribution
of the joint rank score sums of the treatments, we now de�ne the following
generating function of the joint rank score sums of the treatments

GR
~u (~x) =

X
~v∈SR

~u

#(f ∈ FR
~u | Rf = ~v)

tY
i=1

xi
vi ; (6.6)

where ~x = (x1; : : : ; xt); ~v = (v1; : : : ; vt) and #(f ∈ FR
~u | Rf = ~v) is the number

of functions f ∈ FR
~u for which Rf equals a given vector ~v.
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6.2.2 Recursion

In the previous section we de�ned the generating function that we use to repre-
sent the null distribution of the joint rank score sums. We now state and prove
a recursion for this generating function.

Theorem 6.2.1 Let "j(~u) = (u1; : : : ; uj − 1; : : : ; ut) for j : uj > 0: Then the
generating function GR

~u (~x) de�ned by (6.6) satis�es

GR
~u (~x) =

X
j:uj>0

G
R\{r}
"j (~u)

(~x)xj
a(r) if ~u 
= ~0, for all r ∈ R, (6.7)

with initial value GR
~0
(~x) = 1.

Proof: Fix r ∈ R, and let 'j(~v) = (v1; : : : ; vj − a(r); : : : ; vt): Then,

GR
~u (~x) =

X
~v∈SR

~u

#(f ∈ FR
~u | Rf = ~v)

tY
i=1

xi
vi

=
X
~v∈SR

~u

X
j:uj>0

#(f ∈ FR
~u ; f(r) = j | Rf = ~v)

tY
i=1

xi
vi ;

because if uj = 0, then it is not possible to assign a rank to treatment j, and
therefore the set FR

u does not contain any function f that assigns rank r to
treatment j. Interchanging the order of summation, we obtain

GR
~u (~x) =

X
j:uj>0

X
~v∈SR

~u

#(f ∈ FR
~u ; f(r) = j | Rf = ~v)

tY
i=1

xi
vi

=
X

j:uj>0

X
~v∈SR

~u

#(f ∈ FR
~u ; f(r) = j | Rf = ~v)xj

a(r)xj
vj−a(r)

tY
i=1;i�=j

xi
vi

=
X

j:uj>0

X
'j(~v)∈
S
R\{r}
"j (~u)

#( ~f ∈ F
R\{r}
"j (~u)

| R ~f = 'j(~v)) xj
a(r)xj

vj−a(r)
tY

i=1;
i�=j

xi
vi ;

because for any function f ∈ FR
~u , with f(r) = j, there is exactly one function

~f ∈ F
R\{r}
"j (~u)

that coincides with f for all j ∈ R \ {r}: Since rank r is assigned to

treatment j by f , we have R ~f = 'j(~v). Now, let ~w = 'j(~v); then

GR
~u (~x) =

X
j:uj>0

X
~w∈SR\{r}

"j (~u)

#( ~f ∈ F
R\{r}
"j (~u)

| R ~f = ~w) xj
a(r)

tY
i=1

xi
wi

=
X

j:uj>0

G
R\{r}
"j (~u)

(~x)xj
a(r):
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This completes the proof. �

When we compute GR
~n (~x), with ~n = (n1; : : : ; nt), we have the entire distribu-

tion of joint rank score sums and we are able to calculate P(Q~n ≥ g); for any
g. However, this may still be a very time-consuming task and we therefore
introduce some techniques to reduce computing time considerably.

6.3 Exchangeability principle

When we want to construct a new polynomial GR
~u (~x), then we may use recur-

sion (6.7). However, there is often another way to construct new polynomials
using other ones. This 'swapping' method uses the exchangeability principle
(treatments are exchangeable under H0) to construct a new polynomial. It is
faster and easier than using the recursion, thus preferable. Combining the recur-
sion with swapping results in an even more powerful algorithm. The swapping
method is based on the following theorem.

Theorem 6.3.1 Let � be a permutation on {1, : : : ,t} and denote (y�(1); : : : ;
y�(t)) by �(y). If ~x is a vector of t elements and GR

~u (~x) is a polynomial as in
(6.6), then

G�(~u)(~x) = G~u(�
−1(~x)): (6.8)

Proof: Using the de�nitions of Section 6.2.1, we note that exchangeability of
the treatments under H0 implies

#(f ∈ FR
~u | Rf = ~v) = #( ~f ∈ FR

�(~u) | R ~f = �(~v)):

Then,

GR
~u (�

−1(~x)) =
X
~v∈SR

~u

#(f ∈ FR
~u | Rf = ~v) (�−1(~x))~v

=
X
~v∈SR

~u

#(f ∈ FR
~u | Rf = ~v) ~x�(~v)

=
X

�(~v)∈SR
�(~u)

#( ~f ∈ FR
�(~u) | R ~f = �(~v)) ~x�(~v)

=
X

~w∈SR
�(~u)

#( ~f ∈ FR
�(~u) | R ~f = ~w) ~x ~w

= GR
�(~u)(~x):

�

The consequence of this theorem is that we need to use the recursion in Section
6.2.2 only if u1 ≥ : : : ≥ ut and we use (6.8) otherwise. This means that, using
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the recursion, we are allowed to skip values of ~u = (u1; : : : ; ut) that are not
invoked by the recursion or by the exchangeability principle. Therefore, we may
skip values of ~u for which

tX
j=2

(uj−1 − uj)Ij > 1;

where Ij = 0 if uj−1 − uj < 0 and Ij = 1; otherwise.

6.4 Branch-and-bound algorithm

Computing the entire distribution of Q~n often takes a lot of time, even when
we use recursion (6.7) and Theorem 6.3.1. However, in hypothesis testing we
are often not interested in computing the entire distribution of Q~n, but in the
quantity P(Q~n ≥ g), for given g. Therefore, we now propose an algorithm to
compute the tail probability without producing the entire distribution.

The principles of this branch-and-bound algorithm are similar to the ones de-
scribed in Chapter 3 and Mehta et al. (1983, 1988). However, the underlying op-
timization problem is much harder to solve rapidly, because Q~n has a quadratic
form and the rank score sums are dependent variables.

6.4.1 The lower and upper bound approach

Suppose we computed a polynomial GR
~u (~x) and we �x the kth term of this

polynomial which is of the form: c x1
v1 · · ·xtvt . Then, de�ne QR;k

~u as the value
of Q~n for this term:

QR;k
~u =

tX
j=1

vj
2

nj
:

Note that we would �nd P(Q~n ≥ g) by computing QR;k
~n for all k, adding the

coeÆcients c of those terms for which QR;k
~n ≥ g and dividing this sum by

N !=(n1! · · ·nt!): We now show how to avoid computing QR;k
~n for all k.

Suppose U =
Pt

j=1 uj < N , so still some ranks have to be assigned using the

recursion and swapping. Again we write c x1
v1 · · ·xtvt for the kth term of GR

~u (~x).
Since we still have to assign some ranks, we know that several terms in GR

~n (~x)
will be formed out of this one. Let us denote the corresponding values of the
test statistic by

QR;k
~u;~n =

tX
j=1

(vj + wj)
2

nj
; (6.9)

where ~w = (w1; : : : ; wt) is the random vector of rank score sums for the unas-

signed ranks. Of course, we do not know ~w and QR;k
~u;~n . However, we show that

we are able to calculate a lower and upper bound for QR;k
~u;~n .
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If our lower bound shows to be greater than or equal to g, this means that no
matter how we assign the ranks that are still left to assign, QR;k

~u;~n will always be

larger than (or equal to) g. So, this term c x1
v1 · · ·xtvt contributes

c

�
N − U

n1 − u1; : : : ; nt − ut

�.� N

n1; : : : ; nt

�
to P(Q~n ≥ g). We store this contribution and delete the term from GR

~u (~x),
thereby avoiding further computations with this term.

If our upper bound is smaller than g, this means that no matter how we assign
the ranks that are still left to assign, QR;k

~u;~n will always be smaller than g. There-
fore this term will not have any contribution in the end. Again, we are allowed
to delete this term from GR

~u (~x):

By using this lower and upper bound during the recursion, we only have to
store a single variable that keeps track of the number of assignments of the
ranks to the treatments for which Q~n ≥ g. At the same time we store smaller
polynomials GR

~u (~x), since we can 'shrink' a polynomial by deleting terms by
using this lower and upper bound. So, it is our task to minimize and maximize
QR;k
~u;~n over ~w:

6.4.2 Optimization problems

Since wj must equal a sum of rank scores, and no rank can be assigned to
more than one treatment, we have the following optimization problems and
constraints:

min
~w

QR;k
~u;~n and max

~w
QR;k
~u;~n ; (6.10)

subject to: wj =
X
rj∈Sj

a(rj); (6.11)

|Sj | = nj − uj (6.12)

t[
j=1

Sj = R; (6.13)

where Sj ⊆ R. Note that (6.12) and (6.13) together imply that the sets Sj form
a partition of R. We would like to �nd the exact solutions L∗ and U∗ for the
lower and upper bound, respectively. However, the quadratic form of QR;k

~u;~n and
the complex constraints obstruct fast computation of the bounds. Moreover, as
opposed to many 'classical' optimization problems, we have to solve the problem
many times, namely for each term of GR

~u (~x):

Fortunately, there is also an advantage with respect to many of these classical
problems. Whereas in many optimization problems one wants to �nd the exact
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solution or a very good approximation even in the worst case, it is suÆcient for
us to �nd a reasonably good, safe approximation in the average case. Why is
that? Safe approximations L of the lower bound L∗ and U of the upper bound
U∗ should satisfy L ≤ L∗ and U ≥ U∗: Since we are allowed to delete terms
from GR

~u (~x) if L
∗ ≥ g or U∗ ≤ g, we never falsely delete any term when we

use L and U instead of L∗ and U∗: In some cases, we fail to delete a term,
but, as opposed to falsely deleting a term, this does not cause a wrong result
for P(Q~n ≥ g): However, from the point of time eÆciency we want to delete as
many terms as possible and therefore the approximation should be reasonably
good in the average case. We achieve this by using two approximation steps:
splitting the objective function and relaxing the constraints.

6.4.3 Splitting the objective function

Let us expand the squares in (6.9) to split the objective functions (6.10) into
three parts and de�ne

L := C + 2L1 + L2 =

tX
j=1

vj
2

nj
+ 2min

~w

tX
j=1

vjwj
nj

+min
~w

tX
j=1

wj
2

nj
(6.14)

U := C + 2U1 + U2 =

tX
j=1

vj
2

nj
+ 2max

~w

tX
j=1

vjwj
nj

+max
~w

tX
j=1

wj
2

nj
: (6.15)

We observe that L ≤ L∗ and U ≥ U∗, so we are allowed to use L and U instead
of L∗ and U∗. Moreover, we found by experimentation that L and U are often
close to L∗ and U∗. So, for each bound we are left with computing a constant C
and solving two optimization problems, a linear and a quadratic one. The linear
problem has to be solved for each term c x1

v1 · · ·xtvt of GR
~u (~x) separately. We

show that this is easily and quickly solvable, even under the original constraints
(6.11) to (6.13).

The advantage of using (6.14) and (6.15) instead of (6.10) is that the quadratic
problem has to be solved only once for the entire polynomial GR

~u (~x); since it
does not depend on ~v: We show how to do this in Section 6.4.6. Let us �rst
solve the linear problem.

6.4.4 The linear optimization problems

We �rst show how to solve the linear minimization problem

min
~w

tX
j=1

vj
nj
wj (6.16)

under constraints (6.11) to (6.13). Let us �rst re-arrange the components of
(v1=n1; : : : ; vt=nt) in decreasing order and denote the result by ~z = (z1; : : : ; zt):
Denote the treatment corresponding to the ith component of ~z by ji. We obtain
the solution for (6.16) by assigning the nj1 − uj1 smallest ranks in R to j1, the
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next nj2 − uj2 smallest ranks in R to j2, and so on. Let us show that this
results in the solution of (6.16) under constraints (6.11) to (6.13). Suppose we
assign rank r to treatment jk and we assign rank s < r to treatment j`; ` > k.
Because of assumption (6.3), we have a(s) < a(r): Moreover, we have z` ≤ zk:
For this assignment the contribution of ranks r and s to the sum in (6.16) equals
a(r)zk + a(s)z`: Since,

0 ≤ (a(r) − a(s))(zk − z`) = a(r)zk + a(s)z` − (a(r)z` + a(s)zk);

we observe that swapping ranks r and s results in a contribution of these ranks
at least as small as the contribution for the original assignment. Clearly, we
may apply this `swapping argument' repeatedly and we obtain the proposed
solution. Let us denote the `th smallest rank in R by r`; then the exact solution
for (6.16) is

L1 =

tX
i=1

vji
nji

BiX
`=Bi−1+1

a(r`); (6.17)

where

B0 = 0 and Bi =

iX
p=1

njp − ujp for i > 0:

Similarly, we �nd the solution for the linear maximization problem U1 by as-
signing large ranks to the treatments for which vj=nj is large. So,

U1 =

tX
i=1

vji
nji

BiX
`=Bi−1+1

a(r|R|+1−`): (6.18)

6.4.5 Relaxation of the constraints

Since we solved the linear optimization problems that are part of (6.14) and
(6.15), our next task is to solve the corresponding quadratic optimization prob-
lems. Under the original constraints (6.11) to (6.13) this rather diÆcult, because
these constraints demand that the solutions are sums of rank scores with each
rank picked out exactly once. We solve this problem by relaxing the constraints
such that the solutions under the new constraints are generated much faster than
the solutions under the original constraints while staying close to the original
solutions (often even equal).

We �nd the �rst relaxed constraint by combining (6.11) and (6.12) and summing
over wi, i ∈ S, where S is a subset of T = {1; : : : ; t}: Constraint (6.13) implies
that the sum over all wi has to be exactly equal to the sum over the rank scores.
The second relaxed constraint results from this fact. Therefore, we have:
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NSX
j=1

a(j) ≤
X
i∈S

wi ≤
|R|X

j=|R|−NS+1

a(j) for all S ⊆ T (6.19)

w1 + w2 + : : :+ wt =

|R|X
j=1

a(j); (6.20)

where

NS =
X
i∈S

(ni − ui): (6.21)

However, the �rst set of constraints (6.19) can be written in a simpler form,
since the left inequality is superuous:

NSX
j=1

a(j) ≤
X
i∈S

wi ⇔
X

k∈T\S
wk ≤

|R|X
j=|R|−NT\S+1

a(j): (6.22)

Since T\S ⊆ T , the constraints on the right-hand side of (6.22) are contained
in the set of constraints of the right inequality in (6.19).

Dropping the left-hand side inequality from (6.19) and combining the relaxed
constraints with the quadratic objective functions in (6.14) and (6.15) leads us
to the following optimization problems:

min
~w

tX
j=1

w2
j

nj
and max

~w

tX
j=1

w2
j

nj
; (6.23)

subject to:
X
i∈S

wi ≤
|R|X

j=|R|−NS+1

a(j) for all S ⊆ T (6.24)

w1 + w2 + : : :+ wt =

|R|X
j=1

a(j): (6.25)

We note that we may assume that all right-hand sides in (6.24) and (6.25) are
strictly larger than 0. This is justi�ed by assumption (6.3) and the fact that
we may eliminate variables wi if they are included in a constraint for which the
right-hand side equals 0. Then, we obtain a problem of lower dimension.

6.4.6 The quadratic optimization problem, the upper bound

Our �rst aim is to �nd the upper bound U2 = max~w
Pt

j=1 w
2
j =nj under con-

straints (6.24) and (6.25).
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Theorem 6.4.1 Let an extreme point of an region X be a point that can not
be written as a convex combination of other points in X. The maximum U2 =
max~w

Pt
j=1 w

2
j =nj under the constraints (6.24) and (6.25) is reached in at least

one of the extreme points of the feasible region that is determined by these con-
straints.

Proof: Since we know that constraints (6.24) and (6.25) are equivalent to
constraints (6.19) and (6.20), which imply 0 ≤ wj ; j = 1; : : : ; t; we know that
the feasible region is bounded. Constraints (6.24) are linear and of the form
≤, so these determine closed half-spaces. The hyperplane determined by (6.25)
is also convex and closed. Since the feasible region is the intersection of these
half-spaces and this hyperplane, it is convex, closed and bounded. Moreover,
the function max~w

Pt
j=1 w

2
j =nj is strictly convex and continuous and therefore

the maximum is reached in one of the extreme points of the feasible region. �

Our next task is to construct these extreme points. Let us �rst take a closer
look at the constraints (6.24). We divide this set of constraints into classes. We
say that the ith class Ci contains all constraints that include i variables wj . So,
for i < t; Ci contains

�
t
i

�
constraints of the kind

wj1 + : : :+ wji ≤ B;

where B is the upper bound. Obviously, Ct only contains (6.25).

Lemma 6.4.2 Let Ci; i = 1; : : : ; t; be the class of constraints as described
above. Then it is not possible to set two (or more) constraints in Ci on their
upper bound at the same time.

Proof: Let us pick two constraints out of the same class Ci. De�ne T1 as the
set of indices j for which wj is part of the �rst constraint. Similarly, de�ne T2
for the second constraint. Moreover, we set T3 = T1∩T2 and T4 = T \ (T1∪T2):

Again, let T = {1; 2; : : : ; t} and de�ne A,B,C and D as follows :

A =
X
i∈T1

wi; B =
X
i∈T2

wi; C =
X
i∈T3

wi; D =
X
i∈T4

wi: (6.26)

Now �x a point (w1; : : : ; wt) and let ti = NTi ; i = 1; : : : ; 4, with NTi as in
(6.21). Note that A > 0 and B > 0 by the assumption beneath (6.25). Our
aim is to �nd a contradiction when both A and B are set equal to their upper
bounds. Then,

A =

|R|X
j=|R|+1−t1

a(j) and B =

|R|X
j=|R|+1−t2

a(j); (6.27)

with NTi as in (6.21). We use (6.25) to observe that we have to satisfy

E = A+B − C +D −
|R|X
j=1

a(j) = 0: (6.28)
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We now show that (6.27) contradicts (6.28). We assume without loss of gener-
alization t1 ≤ t2: Furthermore, the sets T1 and T2 are not equal, because they
are formed from two di�erent constraints. Therefore, T1 \ T3 
= ∅ and t1 > t3:
We use t3 < t1 ≤ t2 to see that

E =

|R|X
j=|R|+1−t1

a(j) +

|R|X
j=|R|+1−t2

a(j)− C +D −
|R|X
j=1

a(j)

≥
|R|X

j=|R|+1−t1

a(j) +

|R|X
j=|R|+1−t2

a(j)−
|R|X

j=|R|+1−t3

a(j) +

t4X
j=1

a(j)−
|R|X
j=1

a(j)

=

|R|X
j=|R|+1−t1

a(j) +

|R|−t3X
j=|R|+1−t2

a(j)−
|R|X

j=t4+1

a(j)

=

|R|X
j=|R|+1−t3

a(j) + 2

|R|−t3X
j=|R|+1−t1

a(j) +

|R|−t1X
j=|R|+1−t2

a(j)−
|R|X

j=t4+1

a(j)

>

|R|X
j=|R|+1−t3

a(j) +

|R|−t3X
j=|R|+1−t1

a(j) +

|R|−t1X
j=|R|+1−t2

a(j) +

|R|−t2X
j=|R|+1−
t2−t1+t3

a(j)

−
|R|X

j=t4+1

a(j)

= 0;

where the strict inequality is a consequence of assumption (6.3) and the last
equality follows from t4 = |R| + 1 − t2 − t1 + t3: Therefore, E > 0, which
contradicts (6.28) and the proof is complete. �

The following lemma also helps us constructing the extreme points:

Lemma 6.4.3 Let Ci be the class of constraints as described above Lemma
6.4.2. Suppose we set a certain constraint ci that is contained in Ci to its upper
bound. Then, it is only possible to set a constraint ci+1 that is contained in Ci+1
to its upper bound if ci+1 contains all variables wj that are contained in ci.

Proof: This proof is analogous to the proof of Lemma 6.4.2. �

Let us propose a scheme to �nd the extreme points.

Scheme:

We start in the �rst class C1 by setting wi on its upper bound, i = 1; : : : ; t:
Next, consider the second class C2. From Lemma 6.4.3 we know that we may
only set constraints in C2 on their upper bound, if wi is a member of that
constraint. We observe that we have t − 1 choices to do so. We continue this
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way, thereby setting exactly one constraint equal to its upper bound for each
class Cj ; j = 1; : : : ; t; according to Lemma 6.4.3. Performing these actions in
each possible way, we �nd t! sets of equalities which de�ne t! points.

Theorem 6.4.4 The scheme described above constructs all extreme points of
the feasible region determined by constraints (6.24) and (6.25).

Proof: Recall the following fact from convex geometry (see, e.g., Bazaraa et al.
(1990), p. 63). Let X be the intersection of �nitely many closed half-spaces in
a t-dimensional space (where t is �nite) and let a de�ning hyperplane of X be
a hyperplane that is determined by such a half-space. Then a point x ∈ X is
an extreme point of X , if and only if x lies on t linear independent de�ning
hyperplanes of X .

Together with Lemma 6.4.2 this fact implies that in each of the t classes exactly
one constraint has to be set on its upper bound. Clearly, the scheme produces
every possible way to do so.

Because of Lemma 6.4.3 the scheme produces a set of t equalities of which
the left-hand sides in matrix notation form a lower triangle matrix. Therefore,
the set de�nes t linear independent hyperplanes and the solution is an extreme
point. �

We combine Theorems 6.4.1 and 6.4.4 to �nd

U2 = max
~w∈W

tX
j=1

w2
j

nj
; (6.29)

where W is the set of extreme points generated by the scheme above Theorem
6.4.4. Let us turn to the lower bound for the quadratic problem.

6.4.7 The quadratic optimization problem, the lower bound

We wish to �nd the lower bound L2 = min~w
Pt

j=1 w
2
j =nj under constraints

(6.24) and (6.25). As for the upper bound case, we may eliminate variables
wj if they are included in a constraint for which the right-hand side equals 0.
Denote the set of indices of the non-zero variables by I and let ~wI = (wj)j∈I :

The �rst step is to �nd the global minimum ~L2 by dropping the constraints
(6.24). So, under constraint (6.25),

~L2 = min
~wI

X
j∈I

w2
j

nj
: (6.30)

Theorem 6.4.5 De�ne the sum of the unassigned rank scores K =
P|R|

j=1 a(j):
Then, the solution to the minimization problem (6.30) under constraint (6.25)
is

~L2 =
X
j∈I

~w2
j

nj
; (6.31)
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with

~wj =
njKP
k∈I nk

: (6.32)

Proof: Using constraint (6.25) and the de�nition of ~wj we observe

X
j∈I

(wj − ~wj)
2

nj
=
X
j∈I

 
w2
j

nj
+

~w2
j

nj
− 2

wj ~wj
nj

!
=
X
j∈I

w2
j

nj
+ c1 −

2KP
k∈I nk

X
j∈I

wj

=
X
j∈I

w2
j

nj
+ c1 −

2K2P
k∈I nk

=
X
j∈I

w2
j

nj
+ c2;

where c1 and c2 are constants. Hence,
P

j∈I w
2
j =nj =

P
j∈I(wj − ~wj)

2=nj − c2
and setting wj = ~wj results in the required minimum. �

If ~w = ( ~wj)j∈I satis�es constraints (6.24), we have L2 = ~L2 and we are done. If
this is not the case, then we know that the minimum has to be reached on one
of the edges of the feasible region. We obtain these edges by setting a constraint
equal to its upper bound. We substitute this equality in constraint (6.25). We
now have a new minimization problem of a lower dimension. We �nd the global
minimum under the new constraint (6.25) in the same way as for the original
problem. We iterate this procedure as long as the constraints (6.24) are not
satis�ed. Then, L2 is the minimum of all solutions on the edges.

6.4.8 Illustration of the branch-and-bound method

Suppose we deal with untied Kruskal-Wallis scores and k = 3; n1 = 5; n2 =
5; n3 = 4; u1 = 3; u2 = 4; u3 = 3: We �rst assigned the large scores, so the set
of unassigned scores R = {1; 2; 3; 4}: The observed value is g = 801. Two terms
of GR

(3;4;4)(~x) are 48x
33
1 x352 x273 and 8x321 x282 x353 . For both terms we compute

L and U as in (6.14) and (6.15). For 48x331 x352 x273 we write L1; U1; C1; L1
1

and U1
1 instead of L;U;C; L1 and U1. Similarly, we use L

2; U2; C2; L2
1 and U2

1

for 8x321 x282 x353 . As we noted before, L2 and U2 are constant for the entire
polynomial.

Using (6.14) and (6.15) we observe that we �rst have to compute C1 and C2 :

C1 =
332

5
+

352

5
+

272

4
= 645:05 C2 =

322

5
+

282

5
+

352

4
= 667:85: (6.33)

Applying (6.17) and (6.18) we obtain:

L1
1 = 7

33

5
+ 2

27

4
+ 1

35

5
= 66:70 U1

1 = 3
33

5
+ 3

27

4
+ 4

35

5
= 68:05 (6.34)

L2
1 = 4

28

5
+ 5

32

5
+ 1

35

4
= 63:15 U2

1= 1
28

5
+ 5

32

5
+ 4

35

4
= 72:60: (6.35)
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More work is needed to �nd U2. For this problem the relaxed constraints (6.24)
and (6.25) become:

w1 ≤ 7 w2 ≤ 4 w3 ≤ 4 (6.36)

w1 + w2 ≤ 9 w1 + w3 ≤ 9 w2 + w3 ≤ 7 (6.37)

w1 + w2 + w3 = 10: (6.38)

We follow the scheme above Theorem 6.4.4 and �nd the following extreme
points:

~w1 = (7; 2; 1) ~w2 = (7; 1; 2) ~w3 = (5; 4; 1)

~w4 = (5; 1; 4) ~w5 = (3; 4; 3) ~w6 = (3; 3; 4):

Theorem 6.4.1 ensures that the maximum is reached in one of these points
and substitution of these points in

Pt
j=1 w

2
j =nj shows that it is reached in ~w2.

Therefore,

U2 =
72

5
+

12

5
+

22

4
= 11: (6.39)

To compute L2 we compute ~L2 using Theorem 6.4.5. We observe that

~w1 =
5 ∗ 10
14

= 3:57 ~w2 =
5 ∗ 10
14

= 3:57 ~w3 =
4 ∗ 10
14

= 2:86:

Therefore, ~w satis�es the constraints (6.36) and (6.37) and

L2 = ~L2 =
3:572

5
+

3:572

5
+

2:862

4
= 7:14: (6.40)

We obtain the upper and lower bounds by substituting (6.33), (6.34), (6.35),
(6.39) and (6.40) into (6.14) and (6.15):

L1= 645:05+ 2 ∗ 66:70+ 7:14 = 785:59

U1= 645:05+ 2 ∗ 68:15+ 11:00 = 792:35

L2= 667:85+ 2 ∗ 63:15+ 7:14 = 801:29

U2= 667:85+ 2 ∗ 72:60+ 11:00 = 824:05:

Since U1 < 801, the term 48x331 x352 x273 does not contribute to P(Q(5;5;4) ≥ 801),
so it is deleted from GR

(3;4;4)(~x). We also observe L2 ≥ 801, so the contribution

of the term 8x321 x282 x353 to P(Q(5;5;4) ≥ 801) is 8 ∗ 4!=(2!1!1!) ∗ 5!5!4!=14! =
3:81 ∗ 10−5. We add this contribution to the sum of contributions that result
from previous computations and delete this term from GR

(3;4;4)(~x) too.

6.5 Remarks

Combining swapping and branch-and-bound

For speeding up the recursion, we have proposed 'swapping' in Section (6.3) to
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form new polynomials out of old ones. When we combine swapping with branch-
and-bound, the exchangeability principle does not hold for treatments with
unequal sample sizes, because branch-and-bound deals with them di�erently.
So after using the bounds to delete terms from the polynomial GR

~u (~x) we obtain
new polynomials by swapping the treatments with equal sample sizes. Clearly,
we also have to multiply the contribution to P(Q~n ≥ g) by the number of swaps,
including the 'identity swap'.

Ties

When ties are involved, we use randomization or conditional rank scores a∗(`)
as de�ned in Section 1.3.1. When we use conditional rank scores, which is the
most common approach to treat with ties, the presence of ties enables us to
simplify recursion (6.7). Instead of assigning each rank score one by one, we
assign all ranks scores in one tie at once in every possible way. The advantage
is that we skip a lot of polynomials. For each con�guration of the rank scores in
a certain tie over the treatments, we have to multiply the resulting polynomial
by �Pt

j=1 vj
v1; : : : ; vt

�
;

where vj is the number of rank scores in the concerning tie that is assigned to
treatment j. In Section 6.6 we will observe that this simpli�cation may reduce
computing time considerably. The enumeration methods discussed in Klotz and
Teng (1977) also take advantage of the fact that less con�gurations of the ranks
have to be considered than in the untied case. However, their approach does not
use that some con�gurations of the ranks result in the same rank score sums, as
we do using recursion (6.7). Moreover, they do not use the branch-and-bound
technique or the exchangeability principle to reduce computing time.

Tied scores do not satisfy the strict inequalities in assumption (6.3). We need
these strict inequalities in the proof of Lemma 6.4.2. To deal with this problem
we propose the following simple solution: for each tie add very small non-equal
numbers to the conditional rank scores that are equal. The results are non-
equal numbers which we use in constraints (6.24) and (6.25) instead of a(`)
for the maximization problem. Since these numbers satisfy assumption (6.3),
we may use Lemma 6.4.2. Observe that the upper bounds in constraints (6.24)
may become slightly larger and therefore the feasible region may become slightly
larger. However, since the numbers that are added to the scores may be arbitrary
small, maximization under the new constraints results in an upper bound �U2

which is arbitrary close to U2. So, we use �U2 instead of U2 without losing much
eÆciency.

Comparison with asymptotics

We compared exact p-values with values resulting from the �2-approximation
and Robinson's (1980) Edgeworth approximation for cases with ties and without
ties. We display four illustrative cases. The tie structure � as de�ned in Section
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1.3.1 is (2,4,5,4). The term `standardized value of Q5;5;5' is abbreviated as
`Q5;5;5 stand.'.

Ties Q5;5;5 Q5;5;5 stand. Exact Edgeworth �2

Yes 1041.3 4.386 0.1066 0.1094 0.1119
Yes 1091.7 7.105 0.0166 0.0214 0.0287
No 1051.6 4.582 0.0956 0.0981 0.1013
No 1121.2 8.065 0.0092 0.0110 0.0178

We observe that the Edgeworth approximation is somewhat better than the
�2-approximation and that the approximations are not so accurate for small
p-values and ties.

6.6 Computing times

In this section the implementation for the one-way classi�cation test statistics is
tested on speed. The implementation is entirely in C++ for UNIX. The program
ran on a Pentium II 233MHz with 128MB ram, with operating system FreeBSD
version 2.2.8. All tests are for cases with three treatments. Computing times

are in seconds and a dot indicates that the computing time is longer than 1000
seconds. All computing times are for p-values that are approximately equal to
0.1.

Untied Kruskal-Wallis scores

We compare an implementation that only uses recursion (6.7) with an imple-
mentation that also uses the swapping and branch-and-bound techniques as
described in Sections 6.3 and 6.4.

We observe that the use of swapping and branch-and-bound strongly reduces
computing times. The e�ect is stronger when the sample sizes are equal, because
then we combine swapping and branch-and-bound in an optimal way (see �rst
remark in Section 6.5). The relative e�ect of these techniques increases when
the sample sizes increase.

Normal rank scores

We give computing times for the normal rank statistic with scores a(`) =
�−1( `

N+1
) using recursion, swapping and branch-and-bound. We observe that

the computing times are larger than for the Kruskal-Wallis statistic, which is
due to the complexity of the normal scores.

Kruskal-Wallis scores and ties

When we have to deal with ties in the data, the computing times very much
depend on the tie structure. As we noted in Section 6.5, the advantage of ties is
that we are allowed to assign all rank scores within one tie at once. When the
original untied scores are integers, there is a possible disadvantage if some of
the tied scores are fractions. However, this e�ect is not very severe, because the
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n1 n2 n3 Rec. Rec. +
only swap. +

b&b

5 4 4 0:2 ≤ 0:1
5 5 5 1:5 ≤ 0:1
6 5 4 2 0:2
6 6 6 9 0:3
7 7 7 44 0:6
8 8 8 251 1:5
9 8 7 . 5
9 9 7 . 4
9 9 9 . 5
10 10 10 . 7
11 11 11 . 14
12 11 11 . 30
12 12 12 . 25
13 13 13 . 43
14 14 14 . 74

Table 6.1: Computing times (sec.) for the Kruskal-Wallis statistic

n1 n2 n3 Time

4 4 4 ≤ 0:1
5 4 4 0.2
5 5 5 0.7
6 5 4 1.3
6 6 6 20
7 6 6 72

Table 6.2: Computing times (sec.) for the normal scores t-sample statistic

only possible fractions are of the form i=2, where i is some integer. We illustrate
this for the case n1 = n2 = n3 = 10 with the following table of computing times:
The table supports our expectations: for cases with a few small ties the compu-
tation times are larger than for the untied case, whereas the computation times
decrease when the ties become larger.

StatXact

We would like to mention the di�erence between the computing times given in
this section and the ones that the package StatXact needs to compute exact
p-values. For instance, for the case n1 = 6; n2 = 5; n3 = 4 and untied Kruskal-
Wallis scores, our implementation uses 0.2 seconds on a 233 MHz SUN machine,
whereas StatXact needs 13.40 seconds on a 300 MHz PC. For all cases with ties
given in Table 6.3 except the last one StatXact can not give an exact answer
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n1 n2 n3 Number of ties of size: Time
1 2 3 4 5 6 7 8

10 10 10 30 0 0 0 0 0 0 0 7
10 10 10 28 1 0 0 0 0 0 0 19
10 10 10 3 10 1 1 0 0 0 0 15
10 10 10 2 2 4 0 1 0 1 0 3
10 10 10 0 0 0 0 0 0 2 2 0.2

Table 6.3: Computing times (sec.) for the Kruskal-Wallis statistic with ties

within a few minutes.

6.7 Exact distribution of Chacko-Shorack's test statistic

Chacko (1963) and Shorack (1967) proposed a test procedure for testing H0 as
in (6.1), against an ordered alternative

H1 : 1 ≤ : : : ≤ t:

Assign ranks or tied ranks to the observations and compute the average rank of
treatment j, �Rj = Rj=nj ; where Rj=nj is as in (6.2). Now unite two neighbours
when �Rj > �Rj+1 and compute the average rank of this united group. Continue
until L groups of sizes n∗

i ; i = 1; : : : ; L are left for which �R∗
1 ≤ : : : ≤ �R∗

L. The
test statistic without normalizing constants is

C~n∗ =

LX
i=1

n∗
i (
�R∗
i )

2; (6.41)

where ~n∗ = (n∗
1; : : : ; n

∗
L): The asymptotic null distribution of C~n∗ is investi-

gated in Chacko (1963) and Shiraishi (1982). In Parsons (1979) the exact null
distribution of C~n∗ for cases with equal sample sizes is proved to be a mixture
of distributions of Kruskal-Wallis statistics. This approach is conceptually nice.
However, it requires to compute the distribution of (R1; : : : ; Rt) and also of

some other vectors (R1; : : : ; Rk); k < t for which
Pk

i=1 ni = N , whereas we
compute the null distribution of C~n∗ directly from the generating function of
(R1; : : : ; Rt), using Theorem 6.2.1. Once we have this generating function, we
compute L;~n∗ and ( �R∗

1; : : : ;
�R∗
L) for each monomial in this generating function

using the described procedure. The computing time for applying this procedure
to each monomial is negligible compared with the time needed to compute the
generating function of (R1; : : : ; Rt): Then we compute the value of C~n∗ for each
monomial using (6.41) and thus we obtain the exact null distribution. So, this
procedure requires to compute the null distribution of only one vector of rank
score sums and it also works for non-equal sample sizes.
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6.8 Two-way classi�cation, block rank statistics

In this section we show how to compute the null distribution of block rank test
statistics. The main idea is to derive a generating function for the distribution
of the rank scores within the blocks and multiply these to obtain the generating
function of the sum of the rank scores.

6.8.1 Block rank tests

Suppose we deal with data that are presented in the form of a two-way layout
of b rows and t columns. The rows indicate blocks and the columns indicate
treatments. Let Fi(x− j) denote the unknown distribution of the observation
corresponding to the ith block and the jth treatment. We assume, without loss
of generality, that 1 = 0. We want to test the null hypothesis

H0 : 1 = : : : = t = 0 (6.42)

against the alternative hypothesis

H1 : j 
= 0 for at least one j.

Within block i; i = 1; : : : ; b; rank scores ai(`); ` = 1; : : : ; t, as de�ned in Def-
inition 1.1.1, are assigned to the observations. The blocks are assumed to be
independent. Let Ri = (Ri1; : : : ; Rit) = (ai(�i(1)); : : : ; ai(�i(t))), where �i is a
permutation on {1; : : : ; t} that represents the ranking of the observations in the

ith block. Furthermore, let Tb;j denote the treatment totals
Pb

i=1 Rij . We con-
sider block rank statistics of the form c1Sb;t+ c2; where c1 and c2 are constants
and

Sb;t =

tX
j=1

T 2
b;j : (6.43)

We can compute the null distribution of Sb;t if we can compute the joint distri-
bution of the Tb;j 's under H0. If ties occur within the blocks, then one should
use randomization or conditional rank scores (see Section 1.3.1) within each
block that contains tied observations. In Section 6.8.4 we discuss a statistic for
a situation in which ties occur in a natural way. Generating functions turn out
to be a convenient tool for computing the joint distribution of the Tb;j 's under
H0.

6.8.2 A probability generating function for block rank statistics

Since all t! permutations of the ranks within a block are equiprobable under H0,
we have

HRi(~x) =
X
~v∈Ri

Pr(Ri = ~v)xv11 · · ·xvtt =
1

t!

X
�∈St

x
ai(�(1)
1 · · ·xai(�(t))t ; (6.44)



6.8 Two-way classi�cation, block rank statistics 101

where ~x = (x1; : : : ; xt); ~v = (v1; : : : ; vt); Ri is the set of all possible realizations
of Ri and St is the group of permutations of {1; : : : ; t}.

We use generating function (6.44) to derive a formula for the probability gen-
erating function of the vector Tb = (Tb;1; : : : ; Tb;t). The probability generating
function of the row vector of treatment totals Tb is de�ned by

HTb(~x) =
X
~u∈Tb

Pr(Tb = ~u)xu11 · · ·xutt ; (6.45)

where Tb is the set of all possible realizations of Tb; ~u = (u1; : : : ; ut) and ~x is
given in (6.44). The following theorem shows that computing the null distribu-
tion of block rank statistics essentially reduces to computing the null distribution
within blocks and multiplication.

Theorem 6.8.1 Under null hypothesis (6.42)

HTb(~x) =

bY
i=1

HRi(~x); (6.46)

where ~x is as in (6.44).

Proof: The results follows immediately from the de�nition of Tb and the fact
that the generating function of a sum of independent statistics equals the prod-
uct of generating functions of these statistics. �

Expansion of (6.46) yields the joint distribution of Tb;1; : : : ; Tb;t: Since we are
interested in the null distribution of Sb;t, which is de�ned in (6.43), it suÆces

to replace all terms of the form kxu11 : : : xutt by kxU with U =
Pt

j=1 u
2
j .

The problem is that expansion of (6.46) might cost a lot of time and memory
space, due to the length of the expressions that arise. Let us show how to use
the symmetry of HRi(~x) to solve this problem.

6.8.3 EÆcient multiplication for symmetric polynomials

From (6.44) we observe thatHRi(~x) is symmetric in x1; : : : ; xt. For convenience
we de�ne Qt : the set of polynomials in variables x1; : : : ; xt and Pt : the set
of symmetric polynomials in the same variables. We de�ne an operator 	 that
transforms monomials into monomials with non-decreasing exponents:

	(b xv11 · · ·xvtt ) = b x
v�(1)
1 · · ·xv�(t)t = b xv1

�−1(1)
· · ·xvt

�−1(t)
; (6.47)

where � ∈ St is any permutation on the indices such that v�(1) ≤ : : : ≤ v�(c):
We extend 	 by linearity, so that it applies on polynomials. Let Ai ∈ Pt and
Q ∈ Qt. The ordered product of such polynomials is de�ned by

Ys
(Ai; Q) = 	(AiQ) and

�Ys

`=1

A` =
Ys

(A� ;

�−1Ys

`=1

A`); (6.48)
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where the ordered product equals 1 for � = 0. We de�ne

H∗
T�
(~x) =

�Ys

`=1

HR`(~x); (6.49)

which is the symmetric version of the expression in (6.46) for � = b. This
expression is more rapidly expanded than the one in (6.46), because 	 reduces
the number of terms of the intermediate results after every multiplication to a
fraction of this number that almost equals 1=t!: Let us illustrate this with an
example.

Example Let HR1
(~x) = HR2

(~x) = 1
6
(x31x

2
2x3 + x31x2x

2
3 + x21x

3
2x3 + x21x2x

3
3 +

x1x
3
2x

2
3 + x1x

2
2x

3
3). Then, H

∗
T1
(~x) = 	(HR1

(~x)) = x1x
2
2x

3
3 and

H∗
T2(~x) = 	

�
H∗
T1(~x)HR2

(~x)
�

= 	
�1
6
(x41x

4
2x

4
3 + x41x

3
2x

5
3 + x31x

5
2x

4
3 + x31x

3
2x

6
3 + x21x

5
2x

5
3 + x21x

4
2x

6
3)
�

=
1

6
(x41x

4
2x

4
3 + 2x31x

4
2x

5
3 + x31x

3
2x

6
3 + x21x

5
2x

5
3 + x21x

4
2x

6
3):

We observe that H∗
T2
(~x) consists of 5 terms. Using (6.46) to obtain HT2(~x)

results in an expression of length 19.

We now justify the use of (6.49) instead of (6.46) by showing that the expressions
in (6.49) are simply transformed to the corresponding expressions in (6.46) by
applying a symmetry operator. Let us introduce the operator � that transforms
any polynomial Q ∈ Qt into a symmetric polynomial

�(Q) =
1

t!

X
�∈St

Q� =
1

t!

X
�∈St

Q(x�(1); : : : ; x�(t)); (6.50)

where St is the group of permutations of {1; : : : ; t}. The operators 	 and �
have the following relationships for Q ∈ Qt and P ∈ Pt:

	(Q) = 	(�(Q)); �(P ) = P and �(	(P )) = P: (6.51)

Moreover, we have the following lemma:

Lemma 6.8.2 Let Q ∈ Qt and P ∈ Pt, then
�(PQ) = P�(Q): (6.52)

Proof: By (6.51),

�(PQ) = �(�(P )Q) =
1

t!

X
�∈St

 
1

t!

X
�∈St

P� Q

!
�

= (
1

t!
)2
X
�∈St

X
�∈St

P��Q�

= (
1

t!
)2
X
�∈St

X
�∈St

P�Q� = �(P )�(Q) = P�(Q);
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where, using the notation introduced in (6.50), we use the fact that for all
monomials p in P and q in Q we have (pq)� = p�q�. �

Combining (6.48) and (6.49) gives

H∗
T1 = 	(HR1

) and H∗
T�+1

= 	(HR�+1H
∗
T�
): (6.53)

The following theorem justi�es the use of (6.49) instead of (6.46).

Theorem 6.8.3 Let HT� and H∗
T�

be as in (6.46) and (6.53), respectively.
Then, for � = 1; : : : ; b,

�(H∗
T�
) = HT� : (6.54)

Proof:

The proof is established by induction. For � = 1 we have, using (6.51):

�(H∗
T1
) = �(	(HR1

)) = HR1
= HT1 :

Now suppose (6.54) is true for � = k then, by using (6.51) and Lemma 6.8.2,

�(H∗
Tk+1

) = �(	(HRk+1H
∗
Tk
)) = �(	(�(HRk+1H

∗
Tk
))) = �(	(HRk+1�(H

∗
Tk
)))

= �(	(

k+1Y
`=1

HR`)) =

k+1Y
`=1

HR` = HTk+1 ;

where the one but last equality holds, because the product of symmetric poly-
nomials is also symmetric. �

So applying � to the ordered product in (6.49) results in the corresponding
expression in (6.46). However, we may skip this operation, because from (6.43)
we observe that we are only interested in the sum of squares of the exponents
of each monomial, which does not change by applying �.

R�ohmel (1997) also deals with the exact distribution of distribution-free block
statistics. He uses shift algorithms instead of generating functions and, unlike
us, assumes integer scores (in his case the observations, in our case the rank
scores). For reducing computing time the symmetry properties of the group
of permutations of the observations in a block are used, whereas we use the
symmetry properties of the product of block generating functions (Theorem
6.8.3). These methods can not be combined, because one would lose symmetry
properties. Our method has the advantage that the length of the (generally long)
recursive expression is reduced strongly, so that less memory space is needed and
less elements have to be read before multiplication with the generating function
of a new block.
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6.8.4 Applications

The Friedman test

A well-known block rank test is the Friedman (1937) test. For the Friedman
test we have {ai(1); : : : ; ai(t)} = {1; : : : ; t} for all i. The Friedman test statistic
is

Fb;t =
12

bt(t+ 1)

tX
j=1

�
Tj −

b(t+ 1)

2

�2

= c1Sb;t + c2;

(6.55)

with Sb;t =
Pt

j=1 T
2
j ; c1 = 12

bt(t+1) and c2 = −3b(t + 1). So Fb;t is a statistic

of the form we dealt with in the previous section. Let TF be the vector of
treatment totals for this test. By using (6.44) and (6.46) we obtain

HTF (~x) =

bY
i=1

HRi(~x) = (HRi(~x))
b =

 
1

t!

t!X
p=1

x
�p(1)
1 : : : x

�ip(t)
t

!b

: (6.56)

The Cochran-Cox test

The Cochran-Cox (1957) test is an example of a test where ties occur in a
natural way. Consider an experiment for which the observations can have only
two values: 0 and 1. Here, 0 stands for "no success"and 1 for "success". We
deal with blocks and for each observation within a block the rank score does
not depend on the scores of the other observations within that block. Let
Tj =

Pb
i=1 Rij ; Bi =

Pt
j=1 Rij and E =

Pb
i=1 Bi. If we wish to compare

the treatments it suÆces to condition on the number of blocks bj with block
total j; j = 0; : : : ; t, since a score equals either 0 or 1. Let us �rst de�ne the
Cochran-Cox test statistic Cb;t.

Cb;t = t(t− 1)

Pt
j=1

�
Tj − E

t

�2Pb
i=1 Bi(t−Bi)

= c1Sb;t + c2;

(6.57)

with Sb;t =
Pt

j=1 T
2
j ; c1 =

t(t−1)

tE−
P

t
j=1 j

2bj
and c2 =

−E2(t−1)

tE−
P

t
j=1 j2bj

.

So Cb;t is linear in S and thus we use (6.44) with scores 0 and 1 and Theorem
6.8.3 to compute the null distribution of Cb;t.

6.9 Tables, software and discussion

Using the theorems in Section 6.8, we were able to extend the existing ta-
bles of exact critical values of the Friedman statistic. For practical reasons we
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present the tables for Fb;t=c1 instead of Fb;t. The tables are available from the
author's website: http://www.win.tue.nl/e markvdw. We deal with the fol-

lowing cases: t = 3; b ≤ 25; t = 4; b ≤ 20; t = 5; b ≤ 12. Martin et al. (1993) give
exact critical values for t = 3; b ≤ 15; t = 4; b ≤ 15; t = 5; b ≤ 5; t = 6; b ≤ 4
and critical values based on simulations for t = 5; 6 ≤ b ≤ 10; t = 6; 5 ≤ b ≤ 10.
Most simulated critical values agree with our exact values, but we found one
error: for t = 5; b = 10 the 0.001 critical value of the unstandardized Friedman
statistic should be 4914 instead of 4912. Martin et al. (1993) also show that
some tables published earlier contain some serious errors.

Since the exact distribution of the Cochran-Cox test does not only depend on
the sample sizes, but also on conditional arguments, it would be very unpractical
to present tables for this test. Instead we wrote Mathematica packages which
compute exact p-values for any block rank statistic.

For the one-way classi�cation rank statistics Joeri Roels wrote C++ imple-
mentations for t = 3 treatments. These are available from the author. As we
concluded in Section 6.6, these are very suitable for exact computations of p-
values for the Kruskal-Wallis and normal scores t-sample statistic, both in cases
with and without ties.

Note that we do not deal with quadratic serial rank statistics like the rank
portmanteau statistics. These statistics are de�ned in terms of lag ` rank auto-
correlation statistics (see Section 5.2.6). The quadratic form of these statistics
inhibits a split-up approach as in Section 5.2.6. Moreover, an eÆcient branch-
and-bound approach like the one for the Kruskal-Wallis type statistics seems
impossible, because the fact that the value of these serial rank statistics de-
pends on the order in which the ranks appear considerably complicates the
corresponding optimization problems. Therefore, we were not able to �nd a
method which is much more eÆcient than simply enumerating all N ! permuta-
tions of the ranks.





7
Multiple comparisons rank statistics

Multiple comparisons rank statistics are used to �nd out which treatments sig-
ni�cantly di�er from each other using a simultaneous con�dence level �. Two
types of such statistics are commonly used: the Steel (1959a, 1959b, 1960) statis-
tics and the Nemenyi-Dunn (1963,1964) statistics. Both methods are described
in Miller (1981). Some of these authors also deal with computing exact p-values
or critical values of the statistics, however only for the elementary form with
Mann-Whitney-Wilcoxon scores and without ties. Steel (1959a,1959b) proposes
to use the inclusion-exclusion principle and presents a recursive algorithm to
compute the exact distribution of the traditional Steel many-one (or control

versus non-control) statistic. A similar recursion is given in Steel (1960) for the
traditional Steel multiple t-sample rank statistic. These algorithms are less eÆ-
cient than the ones proposed in this chapter, because they lack other techniques
to reduce computing time. Spurrier (1992) presents an algorithm for the Steel
many-one statistic in case of one-way classi�cation. We discuss and improve
this algorithm in Section 7.5.

Miller (1981) presents some tables containing critical values of the Steel statistics
and McDonald and Thompson, Jr. (1967) present tables of the Nemenyi-Dunn
statistics. We show in Section 7.7 that these tables contain errors and do not
cover the cases with ties or other scores. More recent tables in Spurrier (1992)
and Baker and Spurrier (1998) are correct, but these are limited to the many-one
Steel statistic without ties for one-way classi�cation.

Originally, multiple comparisons rank statistics were used for testing di�erences
in location only, but Koziol and Reid (1978) show that with appropriate scores

107
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these statistics may also be used for testing di�erences in scale. Ties are a
problem, because then the exact (conditional) distribution depends on the tie
structure. For the Steel statistics, Miller (1981, p. 130) proposes to use the
tabulated critical value of the untied case when the number of ties is quite small
and to perform some alternative method when the number of ties is extensive.
This is of course not really satisfactory. We introduce the statistics in their
most general form, thereby allowing scores other than Wilcoxon scores and ties.

As in previous chapters our mathematical framework is that of generating func-
tions. In fact, we use generating functions that resemble the ones that we used
in Chapter 6. We derive recursions and product formulas similar to those of
Sections 6.2.1 and 6.8.2. We aim to �ll the described gaps in the theory of
computing distributional quantities (p-values, critical values, entire distribu-
tion) of multiple comparisons rank statistics. These gaps are also present in
practice. For instance, StatXact 4.0, which is a powerful package for performing
distribution-free hypothesis testing, currently does not include tests based on
multiple comparisons rank statistics. Therefore, we developed and implemented
algorithms that are able to deal with any rank scores and with ties. Moreover,
like in Chapter 6, we use the exchangeability of treatments under the null hy-
pothesis and branch-and-bound techniques to reduce computing time. Finally,
we use the inclusion-exclusion principle to obtain tight exact bounds for p-values
and reduce computing time even more. These techniques enable us to compute
exact distributional quantities in cases for which the existing algorithms are too
time-consuming and approximations are not yet satisfactory.

7.1 Steel and Nemenyi-Dunn statistics

We distinguish two main types of multiple comparisons: many-one (or control
treatment versus non-control treatments) and multiple t-sample (all treatments
with each other). The de�nitions of the statistics for these cases are similar,
but there are some subtle di�erences with respect to computation of exact dis-
tributional quantities. The Steel statistics use separate rankings for each pair
of treatments that is involved in the comparison, whereas the Nemenyi-Dunn
statistics use a combined ranking for all treatments. We deal with both versions
of the statistics, i.e. the rank statistics for one-way classi�cation and the block
or sign statistics for two-way classi�cation. Througout this chapter we use the
following notation:

t : number of treatments

b : number of blocks

ni : the number of treatment i observations

N :
Pt

i=1 ni

ni;` : the number of treatment i observations in block `

N` :
Pt

i=1 ni;`:

(7.1)
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Moreover, we de�ne the following labels and statistics:

A : label for many-one comparisons

B : label for multiple t-sample comparisons

W k
ij : k-sided statistic for comparing treatments i and j, k = 1; 2

W k;c
t : (W k

12; : : : ;W
k
1t); if c = A; (W k

12; : : : ;W
k
1t; : : : ;W

k
t−1t) if c = B

W k;c
∗;t : max

(i;j)
(W k;c

t ); c = A;B:

(7.2)

The W statistics are used as generic notations for the Steel and Nemenyi-Dunn
statistics, which are denoted by S and T; respectively. The test statistic for
which we want to compute exact p-values is W k;c

∗;t , which maximizes over all
comparisons to control the type I (�) error. Ties are handled as indicated
in Section 1.3.1 by using conditional rank scores or randomization. However,
for reasons given in the beginning of Section 7.3 we do not use natural ranks
for the generalized Steel rank statistics. Throughout this chapter treatment 1

corresponds to the control treatment (in the many-one situation) and we assume
equal non-control sample sizes and equal non-control sample sizes within blocks.

The methods in this chapter for computing exact distributional properties hold
under the usual null hypothesis H0 that all observations come from the same
distribution function. The one-sided alternative hypothesis H1, which is only
used sometimes for the many-one situation, implies the existence of a treatment
j with a larger or smaller (depending on the direction of the hypothesis) shift
or scale parameter than the control treatment. In this case we write j > 1
or j < 1 . The two-sided alternative H1 implies the existence of a pair of
treatments (i; j) such that the shift or scale parameter is di�erent for treatment
i and treatment j. This is denoted by i 
= j .

The traditional Steel and Nemenyi-Dunn statistics use Wilcoxon scores, i.e.
a(i) = i. However, there is no need to restrict ourselves to these scores. Other
scores should be used for testing a di�erent parameter than location. For in-
stance, we may use Mood or Klotz scores for testing scale di�erences. We may
also use other rank scores to increase the power of the test under certain alter-
natives. A well-known example are the normal scores for normal alternatives.

We emphasize that, though the Steel statistics Skij use separate ranking schemes,

they are not independent, because Skij and Skrs are not independent if {i; j} ∩
{r; s} 
= ∅. When ties are present and we use conditional rank scores, we cannot
condition on tie structures within the sets of observations that are assigned to
pairs of treatments, because under H0 we can not assume anything about which
observations are assigned to which treatments. However, we may condition
on the tie structure of the entire set of observations. Since Nemenyi-Dunn's
procedure uses combined rank scores, the common solution is to use mid-rank
scores. For Steel's procedure the situation is slightly more delicate. Steel's
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procedure uses separate rank scores, so for each considered pair of treatments the
observations are ranked apart from the observations corresponding to the other
treatments. Again, one should use a conditional rank function, but this is only
possible if one knows how many equal observations correspond to one of the two
considered treatments. Since, under H0, every assignment of the observations
in a certain tie to all treatments is equiprobable, one should consider every
possible way to distribute the observations in a certain tie over the pairs of
treatments and each way leads to a di�erent score pattern. This is illustrated
by the following example.

Example

Suppose we have one control treatment (1) and two non-control treatments (2
and 3) and we want to apply Steel's rank statistic with Wilcoxon mid-rank
scores. Let the smallest two observations be tied. Two possible assignments of
these observations to the treatments are (0; 1; 1) and (0; 2; 0). The �rst one has
multiplicity

�
2

0;1;1

�
= 2 and leads to rank score 1 for the second treatment and

rank score 1 for the third treatment. The second assignment has multiplicity 1
and leads to two rank scores 3

2
for the second treatment.

7.1.1 Statistics based on Steel's procedure

For two-way classi�cation we �rst de�ne the the two-sample linear rank statistic
for block `

Vij` =

ni;`+nj;`X
r=1

a`(r)Z`(r); (7.3)

where a` is the rank score function for block ` and Z`(r) = 1 if the score a`(r) is
assigned to the jth treatment and Z`(r) = 0; otherwise. Then, the generalized
one-sided Steel block statistic (see Spurrier (1988) for the many-one situation)
is

S1ij =

bX
`=1

Vij`: (7.4)

The de�nition of the generalized two-sided Steel block statistic is

S2ij = |S1ij − E(S1ij)|; (7.5)

where the expectation is

E(S1ij) =
nj

ni + nj
A =

nj
ni + nj

bX
`=1

ni;`+nj;`X
r=1

a`(r): (7.6)

Note that even in the presence of ties we are able to compute A, because the
mid-rank function averages the scores within a tie and hence the sum of scores
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is constant. Since we allow for a control sample size that di�ers from non-
control sample sizes, we de�ne the two-sided statistic di�erently than what is
commonly done when all sample sizes are equal. However, we have that, when
n1;` = : : : = nt;`;

S2ij = |S1ij − E(S1ij)| = max(S1ij − E(S1ij); E(S
1
ij)− S1ij)

= max(S1ij −
A
2
;
A
2
− S1ij) = max(S1ij ;A− S1ij)−

A
2
= Ŝ2ij −

A
2
;

where Ŝ2ij is the commonly used two-sided statistic. Therefore, S
2
ij is statistically

equivalent to Ŝ2ij when the control sample size equals the non-control sample
sizes. The Steel sign statistic is the special case for which we have n1;` = : : : =
nt;` = 1 and a`(1) = 0; a`(2) = 1, ` = 1; : : : ; b.

For one-way classi�cation we de�ne the one-sided generalized Steel rank statistic
(see Spurrier (1992) for the many-one situation)

~S1ij =

ni+njX
r=1

a(r)Z(r); (7.7)

with Z(r) = 1 if the score a(r) is assigned to the jth treatment and Z(r) = 0;
otherwise. So ~S1ij is simply a two-sample linear rank statistic for treatments
i and j. Analogously to (7.5) we de�ne the two-sided generalized Steel rank
statistic

~S2ij = | ~S1ij − E( ~S1ij)|; (7.8)

where the expected value is

E( ~S1ij) =
nj

ni + nj
~A =

nj
ni + nj

ni+njX
r=1

a(r): (7.9)

The Steel rank statistic is the special case for which we have n1 = : : : = nt and
a(i) = i (Wilcoxon scores).

Large values of S1ij imply a positive shift or scale di�erence of the jth treatment
with respect to the ith treatment, small values imply a negative shift or scale
di�erence of the jth treatment with respect to the ith treatment. Let dij denote
the observed value of S1ij . As we mentioned before, the one-sided alternative
only makes sense in the many-one situation. If the alternative is that of a
positive shift or scale di�erence of one of the treatments with respect to the
control, we declare that j > 1 if P(S1;A∗;t ≥ d1j) ≤ �. If the alternative is that
of a negative shift or scale di�erence of one of the treatments with respect to the
control, we declare that j < 1 if P( �S1;A∗;t ≥ A−d1j) ≤ �, where A is the sum of

all scores assigned to the control or to treatment j and �S1;A∗;t = maxj(A− S11j).

If the alternative is two-sided, we declare that j > i if dij = S1ij −E(S1ij) > 0

and P(S2∗;A ≥ |dij |) ≤ �. Similar, we have j < i if dij = S1ij −E(S1ij) < 0 and

P(S2∗;A ≥ |dij |) ≤ �. The same conclusions hold for ~S1ij and
~S2ij .
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7.1.2 Statistics based on Nemenyi-Dunn's procedure

To de�ne the Nemenyi-Dunn block statistics we need to de�ne the rank scores
sums

Ri =

bX
`=1

Ri`; Ri` =

tX
r=1

a`(r)Zi;`(r)

ni
; (7.10)

where a` is the rank score function for block ` and Zi;`(r) = 1 if the score a`(r)
is assigned to the ith treatment, and Zi;`(r) = 0; otherwise. The generalized
Nemenyi-Dunn block statistics are

T 1
ij = Ri −Rj and T 2

ij = |T 1
ij |: (7.11)

The Nemenyi-Dunn block statistic is the special case for which we have n1;` =
: : : = nt;` = 1 and a`(r) = r; r = 1; : : : ; t.

Similarly, we de�ne for the one-way classi�cation

~Ri =

NX
r=1

a(r)Zi(r)

ni
; (7.12)

where Zi(r) = 1 if the score a(r) is assigned to the ith treatment, and Zi(r) = 0;
otherwise. Using this de�nition, we de�ne the generalized Nemenyi-Dunn rank
statistics:

~T 1
ij =

~Ri − ~Rj and ~T 2
ij = | ~T 1

ij |: (7.13)

The Nemenyi-Dunn rank statistic is the special case for which we have n1 =
: : : = nt and a(r) = r; r = 1; : : : ; N:

Large values of T 1
ij (

~T 1
ij) imply j > i; small values of T

1
ij (

~T 1
ij) imply j < i:

Hypothesis testing is performed analogously to testing for the Steel statistics.

7.1.3 Determination of di�erence between treatments

We give two methods to determine signi�cant di�erences between treatments.
Both methods show that probabilities P(W k;c

∗;t ≥ d) usually only have to be
computed for large values of d.

• Sort the values of the test statistic dij from large to small. Start with the

largest value, compute P(W k;c
∗;t ≥ dij) and repeat this computation for the

next values as long as P(W k;c
∗;t ≥ dij) ≤ �: Then conclude with con�dence

level � that those treatments i and j for which P(W k;c
∗;t ≥ dij) ≤ � have

di�erent e�ects.

• If any reasonable approximation of the � critical value is known, one may
use the branch-and-bound algorithm for �nding the exact � critical value
(see Sections 7.4.2 and 7.4.5). Then conclude with con�dence level � that
treatments i and j have di�erent e�ects, if dij is greater or equal to this
critical value.
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Which of the two methods is faster depends on the number of probabilities that
has to be computed for the �rst method and the accuracy of the approximations
for the second method.

7.2 Inclusion-exclusion principle

We show how to use inclusion-exclusion principle in the many-one and multiple
t-sample situation to transform probabilities of a union of events to a sum of
probabilities of an intersection of events. The motivation for using the inclusion-
exclusion principle is that a probability of an intersection of many events of the
kind {W k

ij ≥ d} is in general much smaller than P(W k;c
∗;t ≥ d), so less rank con-

�gurations have to be considered. The fact that d is usually a large value (see
Section 7.1.3) strengthens this e�ect. The branch-and-bound algorithm and the
improved Spurrier algorithm, introduced in Sections 7.4.2 and 7.5, respectively,
are both very eÆcient for computing these small probabilities. Therefore, com-
bination of this principle with one of these two techniques is often much more

eÆcient (in the sense of time and memory space) than direct computation of

P(W k;c
∗;t ≥ d):

Let Pt(E) be the probability of the event E, given that all rankings of thePt
j=1 nj observations are equiprobable. Using the inclusion-exclusion principle

in the many-one situation (see also Spurrier (1992)), we have the equality

P(W k;A
∗;t ≥ d) = P

� t[
j=2

{W k
1j ≥ d}

�

=

tX
j=2

(−1)j
�
t− 1

j − 1

�
Pt(W

k
12 ≥ d; : : : ;W k

1j ≥ d):

(7.14)

When we use the Nemenyi-Dunn statistic, the observations of the treatments
that are not used in one of the comparisons that are included in the event
{W k

12 ≥ d} ∩ : : : ∩ {W k
1j ≥ d} still inuence the value of W k

1i; i = 2; : : : ; j, since
this statistic uses combined rank scores. For the Steel statistic with ties we
also have to deal with this dependence, because the participation in the ties of
the treatments that are not used inuences the scores for the other treatments.
Therefore, we need the dependence of the probability measure on t in these
cases. For the Steel statistic without ties this is not the case, because then we
use separate rankings and pre-determined scores.

We may also use the inclusion-exclusion principle in the multiple t-sample sit-
uation. As we noted before, only the two-sided alternative is of interest in this
case. Formulas are more complicated, since probabilities with the same number
of comparisons do not have to be equal in this situation. For example, t = 4,
then in general

P4(W
2
12 ≥ d;W 2

34 ≥ d) 
= P4(W
2
12 ≥ d;W 2

13 ≥ d):
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We need a rule to decide when probabilities of events that include di�erent
sets of comparisons are equal. Let C1 = {(i1; j1); : : : ; (ik; jk)} be the set that
contains all pairs of treatments (i; j) for which the event {W 2

ij ≥ d} is included
in the joint event of which we want to compute p1. Similar, we have C2 =
{(r1; s1); : : : ; (rk ; sk)} for probability p2. Using the de�nitions of the two-sided
statistics in Sections 7.1.1 and 7.1.2, we have

W 2
ij ≥ d⇔W 2

ji ≥ d: (7.15)

Then, we observe that probability p1 with the set of comparisons C1 equals
probability p2 with the set of comparisons C2 if and only if there exists a bijective
map g : {1; : : : ; t} → {1; : : : ; t} such that {(g(i1); g(j1)); : : : ; (g(ik); g(jk))} =
{(r1; s1); : : : ; (rk ; sk)}; where we may use the convention that (j; i) = (i; j),
because of (7.15). For example, with g(1) = 4; g(2) = 1; g(3) = 3; g(4) = 2 we
have P4(W

2
12 ≥ d;W 2

13 ≥ d) = P4(W
2
14 ≥ d;W 2

34 ≥ d). As an example, we have
for t = 3:

P(W 2;B
∗;3 ≥ d) = 3P3(W

2
12 ≥ d)− 3P3(W

2
12 ≥ d;W 2

13 ≥ d)

+ P3(W
2
12 ≥ d;W 2

13 ≥ d;W 2
23 ≥ d):

(7.16)

7.3 Computation of the null distribution

Whether we use the inclusion-exclusion principle or not, we have to compute
distributions of vectors of the form (W k

i1;j1
; : : : ;W k

ip;jp
); i` < j`; ` = 1; : : : ; p:

The following sets determine which treatments are involved in the comparisons:

C = {(i1; j1); : : : ; (ip; jp)};
Cj = {i | (i; j) ∈ C};
D = {i | ∃j : (i; j) ∈ C} ∪ {j | ∃i : (i; j) ∈ C}:

(7.17)

A convenient way to represent the distribution of a (multivariate) rank statistic
is the generating function. We use generating functions of which the coeÆcients
are the number of assignments of the ranks for which the statistic equals a certain
value. Since all assignments are equiprobable under H0, we obtain probabilities
by dividing these coeÆcients by the total number of possible assignments.

To compute the null distribution of the Steel and Nemenyi-Dunn rank statistics
we use recursions on the generating functions in which the observations are
assigned to the treatments in a certain order. For the Steel rank statistic this
order has to be such that at any stage in the recursion the scores a(r) are
computable. For instance, let us assign an observation to treatment j > i and
consider ~S1ij . We know how many observations have already been assigned to
treatments i and j. Suppose that this observation is neither the largest nor
the smallest of all unassigned observations. Then we do not know which score
corresponds to this observation, because this score depends on how many larger
or smaller observations will be assigned to treatments i and j in a later stage of
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the recursion. However, if we assign the observations in increasing order, then
we know that all previously assigned observations are smaller and all unassigned
observations are larger, and therefore we are able to compute the corresponding
score. Of course, we may also assign the observations in decreasing order. The
condition that the scores have to be computable at any stage of the recursion
implies that we can not use natural rank scores (see Section 1.3.1) in case of
ties for the Steel statistics, because we do not know the number of ties in the
combination of samples i and j. Note that we do not have this problem for the
Nemenyi-Dunn rank statistic, because for this statistic we exactly know which
score corresponds to which observation.

We observe that the null distribution of any Nemenyi-Dunn statistic can be
computed from the simultaneous distribution of the rank score sums. Therefore,
the generating function contains one variable for each treatment j ∈ D. For the
Steel statistics, however, we need a variable for each comparison (i; j) ∈ C, since
the ranking schemes are now separate for each pair of treatments.

7.3.1 One-way classi�cation

For the generalized Steel rank statistic we start with the observation that both
the null distributions of ~S1;c∗;t and ~S2;c∗;t are directly computable from the null dis-

tributions of ( ~S1i;j)(i;j)∈C . The sets C are found by using the inclusion-exclusion
principle as in Section 7.2 or it is simply the entire set of comparisons when not
using this principle. We note that the theorems in this section are proven by
using the same techniques as in Section 6.2.1.

We �rst deal with the one-sided generalized Steel rank statistic without ties.
As we noticed in Section 7.2, the distribution of ( ~S1ij)(i;j)∈C does not depend on
the rankings of the observations of treatments j =∈ D. Let u = (uj)j∈D , where
uj denotes the number of observations that are already assigned to treatment
j. Similar, we de�ne n with uj replaced by nj . For the generalized Steel rank

statistic, let ~S1C;u be the contribution to ~S1C;n = ( ~S1ij)(i;j)∈C conditional on u.
We use the variable xij ; i < j; for the comparison between treatment i and j.

Our aim is to proof a recursion for a generating function of ~S1C;u. Therefore, we
�rst have to de�ne this generating function very precisely for this case.

Let U =
P

j∈D uj and RU = {1; : : : ; U}. Let f : RU → D. These functions
represent assignments of observations to the treatments in the sense that f(i) =
j means that the ith smallest observation is assigned to the jth treatment. To
ensure that exactly uj ranks are assigned to treatment j we introduce the set
of functions that are allowed:

Fu;D = { f : RU → D | zj = {k ∈ RU | f(k) = j}; (|zj |)j∈D = u }: (7.18)

Furthermore, we de�ne zij(r) as the rth smallest observation in zi ∪ zj and
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Rf;C = ( ~S(zi; zj))(i;j)∈C , where

~S(zi; zj) =

ui+ujX
r=1

a(r)Z(r); (7.19)

with Z(r) = 1 if zij(r) ∈ zj and Z(r) = 0, otherwise. Finally, we need the set

Su;C = { Rf;C | f ∈ Fu;D }:

Then, de�ne

H ~S1C;u
(~x) =

X
v∈Su;C

#(f ∈ Fu;D | Rf;C = v)
Y

(i;j)∈C
x
vij
ij : (7.20)

Using these de�nitions we state the following theorem.

Theorem 7.3.1 Let "(u; j) equal u, with uj replaced by uj − 1. Then we have

H ~S1C;u
(~x) =

X
j∈D:uj>0

H ~S1C;"(u;j)
(~x)

Y
i∈Cj

x
a(ui+uj)
ij ; (7.21)

with initial value H ~S1C;0
(~x) = 1. Moreover, the product equals one if Cj = ∅.

Proof: Let '(v; j) equal v, with vij replaced by vij − a(ui + uj) for all i ∈ Cj .
Then,

H ~S1C;u
(~x) =

X
v∈Su;C

#(f ∈ Fu;D | Rf;C = v)
Y

(i;j)∈C
x
vij
ij

=
X

v∈Su;C

X
j∈D:uj>0

#(f ∈ Fu;D; f(U) = j | Rf;C = v)
Y

(i;j)∈C
x
vij
ij ;

because if uj = 0 or j =∈ D, then it is not possible to assign an observation
to treatment j, and therefore the set Fu;D does not contain any function f
that assigns the Uth observation to treatment j. Interchanging the order of
summation, we obtain

H ~S1C;u
(~x) =

X
j∈D:uj>0

X
v∈Su;C

#(f ∈ Fu;D; f(U) = j |Rf;C = v)
Y

(i;j)∈C
x
vij
ij

=
X
j∈D
uj>0

X
v∈Su;C

#(f ∈ Fu;D; f(U) = j |Rf;C = v)

Y
i∈Cj

x
a(ui+uj )
ij x

vij−a(ui+uj)
ij

Y
(i;`)∈C
` �=j

xvi`i`

=
X
j∈D
uj>0

X
'(v;j)∈
S"(u;j);C

#( ~f ∈ F"(u;j);D |R ~f;C = '(v; j))

Y
i∈Cj

x
a(ui+uj)
ij x

vij−a(ui+uj)
ij

Y
(i;`)∈C
` �=j

xvi`i` ;
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because for a function f ∈ Fu;D, with f(U) = j there is exactly one function
~f ∈ F"(u;j);D that matches with f for all i = 1; : : : ; U − 1. Moreover, we have

by de�nition ~S(zi; zj \{U}) = ~S(zi; zj)−a(ui+uj) and therefore (since the Uth
smallest observation is assigned to treatment j by f) R ~f;C = '(v; j): Now, let
w = '(v; j), then

H ~S1C;u
(~x) =

X
j∈D:
uj>0

X
w∈

S"(u;j);C

#( ~f ∈ F"(u;j);D ; |R ~f;C = w)
Y

(i;`)∈C
xwi`i`

Y
i∈Cj

x
a(ui+uj)
ij

=
X

j∈D:uj>0

H ~S1C;"(u;j)
(~x)

Y
i∈Cj

x
a(ui+uj)
ij :

This completes the proof. �

We discussed in Section 7.1 that when ties are present we have to condition
on the tie structure of the entire set of observations. For the Steel statistics
this implies that we have to consider each observation within a tie (possibly
of size one) at the same time. We sum over every possible way to distribute
the observations within a tie over the treatments and we apply the mid-rank or
average rank score function, de�ned in Section 1.3.1, to compute the two-sample
scores. Suppose we arrive at a tie of size � . Let v be the set of the number of
observations vj within this tie that are assigned to the jth treatment. Then,
the number of ways to distribute the tied observations over the treatments
j = 1; : : : ; t given v equals

�
�

v1;::: ;vt

�
: With u = (uj)

t
j=1, we obtain the following

theorem, where the generating function is de�ned analogously to (7.20).

Theorem 7.3.2 When ties are present we have

H ~S1C;u
(~x) =

X
v∈V

H ~S1C;u−v
(~x)

�
�

v1; : : : ; vt

� Y
j∈D

Y
i∈Cj

x
vja(ui+uj)
ij ; (7.22)

with initial value H ~S1C;0
(~x) = 1 and V = {v = (v1; : : : ; vt) :

Pt
j=1 vj = �; vj ∈

N ; vj ≥ uj}, which is the set of all partitions of � in t parts such that vj ≤
uj ; j = 1; : : : ; t. Moreover, the second product equals one if Cj = ∅.
Proof: The proof is similar to the proof of the previous theorem. Instead of
conditioning on the assignment of the unique largest observation, one has to
condition on the assignment of the largest observations that are tied. �

Let us now consider the Nemenyi-Dunn rank statistic. Let ~RD;u be the set of
rank score sums given u. From (7.13) we observe that for both the many-one
as the t-sample situation it suÆces to know the generating function of ~RD;n to
compute the simultaneous distribution of (T k

ij)(i;j)∈C ; k = 1; 2: The de�nition of

the generating function of ~RD;n is similar to (7.20). We replace (7.19) by

~RU (zi) =

UX
r=1

a(r)Zi(r);
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with U =
Pt

j=1 uj ; Zi(r) = 1 if r ∈ zi and Zi(r) = 0, otherwise. As for the
Steel statistic, our aim is to �nd a recursion for this generating function. As we
noted below (7.14) we need to include treatments j =∈ D in the recursion. Since
these treatments do not participate in the statistic, we do not have to register
the sums of ranks assigned to these treatments. We use the indicator function
ID;j to set a score to zero if j =∈ D. Using the same arguments as for the Steel
statistics we obtain a recursion for this generating function, given in the next
theorem.

Theorem 7.3.3 Let "(u; j) equal u, with uj replaced by uj − 1. Then we have

H ~RD;u
(~x) =

X
j:uj>0

H ~RD;"(u;j)
(~x)x

ID;ja(U)
j ; (7.23)

with initial value H ~RD;0
(~x) = 1; and ID;j = 1 if j ∈ D and ID;j = 0; otherwise.

Proof: The proof is similar to the proof of Theorem 7.3.1. �

7.3.2 Two-way classi�cation

Like for the one-way classi�cation statistics we use the simultaneous distribu-
tion of the rank score sums to compute the null distribution of the two-way

classi�cation statistics Sk;c∗;t or T k;c
∗;t . From (7.3) and (7.4) we observe that the

distribution of S2C can be computed from the distribution of S1C =
Pb

`=1 VC`,
where VC` = (Vij`)(i;j)∈C . We use (7.11) to observe that T k

C can be computed
from the distribution of RD = (Rj)j∈D . To �nd the null distribution within a
block, we use generating functions HVC`(~x) and HRD`

(~x); which are de�ned and
computed similarly to HRi(~x) in (6.44).

De�nitions of HS1C
(~x) and HRD (~x) are a natural consequence of the assumption

that blocks are independent and that both statistics equal the sum of the corre-
sponding statistics within a block. Since blocks are assumed to be independent
we have (see Theorem 6.8.1):

HS1C
(~x) =

bY
`=1

HVC`(~x) and HRD (~x) =

bY
`=1

HRD`
(~x): (7.24)

So, it is suÆcient to compute HVC` or HRD`
(~x) and expand (7.24). Because of

the limited number of observations per block the time needed for computation
of HVC` or HRD`

(~x) is negligible with respect to the time needed for expanding
the product (7.24).

7.4 Techniques to reduce computing time

7.4.1 Exchangeability principle

Under the assumption of equal (non-control) sample sizes we use the exchange-
ability principle to achieve a considerable reduction of computing time for the
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Steel many-one statistic or the Nemenyi-Dunn statistic. Let us �rst consider
one-way classi�cation.

One-way classi�cation

In one-way classi�cation equal sample sizes of the treatments imply exchange-
ability under H0 for the components of ~SkC;u if C consists only of control versu
non-control comparisons. Similarly, we have for the Nemenyi-Dunn rank statis-
tics that the components of ~Rk

D;u are exchangeable. These facts imply the
following theorems

Theorem 7.4.1 Let C, which is de�ned in (7.17), correspond to p control
versus non-control comparisons and let the non-control sample sizes be equal.
Let y = (y1; : : : ; yp) and � a permutation on {1; : : : ; p}. Then, with �(y) =
(y�(1); : : : ; y�(p)); under H0

H ~SkC;(�(u))
(~x) = H ~SkC;u

(�−1(~x)): (7.25)

Theorem 7.4.2 Let the sample sizes of the treatments be equal and let � be as
in Theorem 7.4.1, then under H0

H ~RkD;�(u)
(~x) = H ~RkD;u

(�−1(~x)): (7.26)

Proofs: The proofs are similar to the proof of Theorem 6.3.1. �

The consequence of these two theorems is that we need to use the recursions
in Section 7.3.1 only if u1 ≥ : : : ≥ u|D| and we use (7.25) or (7.26) otherwise.
This means that, using these recursions, we are allowed to skip values of u =
(u1; : : : ; u|D|) that are not invoked by the recursion or by the exchangeability
principle. For instance, if ties are absent, so observations are assigned one-by-
one, we may skip values of u for which

|D|X
j=2

(uj−1 − uj)Ij > 1;

where Ij = 0 if uj−1 − uj < 0 and Ij = 1; otherwise.

Two-way classi�cation

The exchangeability of the treatments under H0 implies that for the many-
one situation, for which C = {(1; j1); : : : ; (1; jp)}, HVE`(~x) is symmetric in
x1j1 ; : : : ; x1jp . Moreover, HRD`

(~x) is a symmetric polynomial in xj ; j ∈ D.
Therefore, the theorems and lemmas of Section 6.8.3 are used to expand the
expressions in (7.24) more eÆciently than by `normal' multiplication.

Like for the Friedman type statistics, we may skip applying � to the ordered
product (see Theorem 6.8.3), because for each monomial we are only interested
in the minimum of the exponents or the minimum di�erence between exponents
(when using (7.14), otherwise we need the maximum), which does not change
by applying �.
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7.4.2 Branch-and-bound algorithm

In this section we show how we use branch-and-bound rules to remove terms of
a generating function in order to speed up the computations and restrict the
needed amount of memory. We use the recursions as proposed in Sections 7.3.1
and 7.3.2. The stage of the recursion is given by the recursion variables: u for
the one-way classi�cation and � for the two-way classi�cation. We need some
more notation:

sij : value of a generalized Steel statistic at stage � or ~u

tij : value of a generalized Nemenyi-Dunn statistic at stage � or ~u

M+
ij : largest number that can be added to sij or tij

M−
ij : smallest number that can be added to sij or tij

A : sum of all scores for a generalized Steel statistic (7.27)

~�S` : sorted vector of untied Steel scores ~a` in block `

~�T` : sorted vector of Nemenyi-Dunn scores ~a` in block `

~�S : sorted vector of untied Steel scores (a(ui + uj + 1); : : : ; a(ni + nj))

~�T : sorted vector of Nemenyi-Dunn scores (a(U + 1); : : : ; a(N)),

where `sorted vector' denotes a vector of which the components are sorted in
increasing order. In the de�nitions of ~�S` and ~�S we can not use the conditional
rank scores, because they are not known in advance for the generalized Steel
statistics when ties are present. However, we show at the end of this section that
this is not a problem. From the inclusion-exclusion principle we observe that it
suÆces to compute probabilities of the kind Pt(min(i;j)∈C W

k
ij ≥ d), where C is

the set of all pairs of treatments (i; j) for which the event {W k
ij ≥ d} is included

in the probability. For the Steel statistics we obtain during the recursion the
terms


Y

(i;j)∈C
x
sij
ij or 

Y
(1;j)∈C

x
s1j
1j : (7.28)

Therefore, each term corresponds to a pair (;~s); where ~s has components sij .
For the Nemenyi-Dunn statistics we obtain during the recursion the terms



tY
i=1

xrii (7.29)

from which we compute the pair (;~t), where the components of ~t are tij =
rj=nj − ri=ni; (i; j) ∈ C.
For the generalized Steel statistic and for the generalized Nemenyi-Dunn statis-
tic the branch-and-bound principle applied on one term is:

1. For the concerning term (7.28) or (7.29) compute (;~s) or (;~t).
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2. For each component of ~s or ~t compute the largest possible value that the
one- or two-sided statistic for treatments i and j can reach, conditional
on sij or tij ; (i; j) ∈ C:

3. Compute the minimum m1 of the largest possible values over all compo-
nents.

4. Delete the term if m1 is smaller than d.

5. If the term is not deleted, then compute the smallest value that the one-
or two-sided statistic for treatments i and j can reach, conditional on sij
or tij .

6. Compute the minimum m2 of the smallest values over all components.

7. If m2 is greater or equal to d, multiply , the coeÆcient of the term, by
q, the number of possible assignments of the unassigned scores and delete
the term.

The product q is the contribution to #(min(i;j)∈C W
k
ij ≥ d) and the sum of

these contributions divided by the total number of possible rankings gives us
Pt(min(i;j)∈C W

k
ij ≥ d).

Let us give the exact rules upon deciding to delete a term or not. We present the
rules for the two-sided alternative and for the one-sided, positive shift or scale

di�erence alternative. Rules for the one-sided, negative shift or scale di�erence
alternative are obtained in a very similar way. Let min(i;j) denote the minimum
that is taken over all elements (i; j) of C and E be the expected value of the
Steel statistics as de�ned in (7.6) and (7.9). Remove a term as given in (7.28)
and (7.29), if:

S1;c∗;t ; ~S
1;c
∗;t : min

(i;j)
(sij +M+

ij ) < d (7.30)

S2;c∗;t ; ~S
2;c
∗;t : min

(i;j)
(max(sij − E +M+

ij ; E − sij −M−
ij )) < d (7.31)

T 1;c
∗;t ;

~T 1;c
∗;t : min

(i;j)
(tij +M+

ij ) < d (7.32)

T 2;c
∗;t ;

~T 2;c
∗;t : min

(i;j)
(max(tij +M+

ij ;−tij +M+
ji )) < d: (7.33)

For a term as given in (7.28) and (7.29), compute q and then remove it, if:

S1;c∗;t ;
~S1;c∗;t : min

(i;j)
(sij +M−

ij ) ≥ d (7.34)

S2;c∗;t ; ~S
2;c
∗;t : min

(i;j)
(max(sij − E +M−

ij ; E − sij −M+
ij )) ≥ d (7.35)

T 1;c
∗;t ; ~T

1;c
∗;t : min

(i;j)
(tij +M−

ij ) ≥ d (7.36)

T 2;c
∗;t ; ~T

2;c
∗;t : min

(i;j)
(max(tij +M−

ij ;−tij +M−
ji )) ≥ d; (7.37)
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with

Skij :M
+
ij =

bX
`=�+1

nj;`X
q=1

�S` (ni;` + nj;` + 1− q) M−
ij =

bX
`=�+1

nj;`X
q=1

�S` (q) (7.38)

~Skij :M
+
ij =

nj−ujX
q=1

�S(ni + nj − ui − uj + 1− q) M−
ij =

nj−ujX
q=1

�S(q) (7.39)

and

T k
ij :M

+
ij =

bX
`=�+1

 nj;`X
q=1

�T` (N` + 1− q)

nj
−

ni;`X
q=1

�T` (q)

ni

!
M−

ij = −M+
ji (7.40)

~T k
ij :M

+
ij =

nj−ujX
q=1

�T (N + 1− q)

nj
−

ni−uiX
q=1

�T (q)

ni
M−

ij = −M+
ji : (7.41)

For the Steel statistic without ties and the Nemenyi-Dunn statistic M+
ij and

M−
ij are the exact maximum and minimum of the sum of unassigned scores.

Let us explain why we may also use M+
ij and M−

ij for the Steel statistic with
ties. We focus on the Steel rank statistic with average rank scores, but similar
arguments hold for the Steel block statistic. Let f be an arbitrary average rank
score function. As we pointed out with the example on page 110, f is unknown
until assignment of the observations to the treatments. De�ne M+

ij;f and M−
ij;f

similar to M+
ij and M−

ij , but with scores replaced by average rank scores that
result from applying f on the scores. Then, for any f ,

M+
ij;f ≤M+

ij and M−
ij;f ≥M−

ij ;

which is a consequence of the fact that for a tie of size v, we have for all k ≤ v

k

Pv
i=1 �

S(i)

v
≤

kX
i=1

�S(v + 1− i) and k

Pv
i=1 �S(i)

v
≥

kX
i=1

�S(i): (7.42)

Therefore, we may use inequalities (7.30), (7.31), (7.34) and (7.35). When we
want to use mid-rank scores (see Section 1.3.1) instead of average rank scores,
the situation is slightly more delicate. When the rank score function is convex,
which is true for most rank score functions that are used in practice, inequalities
similar to the ones in (7.42) hold, so in that case there is no problem. If convexity
is not ful�lled, one has to �nd alternative bounds for sums of mid-rank scores.

7.4.3 Pre-processing

For multiple rank statistics the contribution ofHWk
C
(~u) to Pt(min(i;j)∈C W

k
ij ≥ d)

equals zero for many values of ~u if d is reasonably large. In fact, by using pre-
processing we know before applying recursion (7.21) or (7.23) for which values
of ~u; HWk

C
(~u) does not contribute to Pt(min(i;j)∈C W

k
ij ≥ d). Therefore, we may
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skip a large part of the recursion tree and we save time. Similar to ~�S and ~�T

we de�ne

~�S∗ :sorted vector of Steel scores (a(1); : : : ; a(ui + uj))

~�T∗ :sorted vector of Nemenyi-Dunn scores (a(1); : : : ; a(U));
(7.43)

where `sorted vector' denotes a vector of which the components are sorted in
increasing order. LetM+

ij andM
−
ij be as in (7.39) and (7.41), then we use the fol-

lowing pre-processing rule: HWk
C
(~u) does not contribute to Pt(min(i;j)∈C W

k
ij ≥

d) if

~S1;c∗;t : min
(i;j)

(L+
ij +M+

ij − E) < d (7.44)

~S2;c∗;t : min
(i;j)

(max(L+
ij +M+

ij − E;E − L−
ij −M−

ij )) < d (7.45)

~T 1;c
∗;t : min

(i;j)
(L+

ij +M+
ij ) < d (7.46)

~T 2;c
∗;t : min

(i;j)
(max(L+

ij +M+
ij ;−(L−

ij +M−
ij ))) < d (7.47)

with

~Skij : L+
ij =

ujX
q=1

�S∗ (ui + uj + 1− q) L−
ij =

ujX
q=1

�S∗ (q) (7.48)

~T k
ij : L+

ij =

ujX
q=1

�T∗ (U + 1− q)

nj
−

uiX
q=1

�T∗ (q)

ni
L−
ij = −L+

ji: (7.49)

Note on direct computation

For direct computation of P(W k;c
∗;t ≥ d) (without using the inclusion-exclusion

principle), we have to replace min by max in the formulas in this section and the
previous one. As we noted at the end of Section 7.2 this is often not a sensible
thing to do. Only when d is very small, it may be more eÆcient to compute
P(W k;c

∗;t ≥ d) directly.

7.4.4 Illustration of techniques

We give an example that illustrates the techniques that are presented in the

previous sections. We deal with the one-sided Steel rank statistic with Wilcoxon
scores (a(i) = i) in the case of one control and two non-control treatments. The
sample sizes are (n1; n2; n3) = (4; 3; 3). The 5th and 6th smallest observations
are tied. We use two-sample mid-rank scores as de�ned in Sectionties to deal
with this tie. Let d = 16. First of all we use the inclusion-exclusion principle:

P( ~S1;A∗;3 ≥ 16) = P(max( ~S112;
~S113) ≥ 16)

= 2P3( ~S
1
12 ≥ 16)− P3( ~S

1
12 ≥ 16; ~S113 ≥ 16):



124 Multiple comparisons rank statistics

Note that the probability P3( ~S
1
12 ≥ 16) is not a probability for the Wilcoxon

rank statistic with ties, because the participation of the third treatment in the
tie inuences the values of the scores for the �rst and second treatment (see also
discussion beneath (7.14)). However, in this example we focus on computing
P3( ~S

1
12 ≥ 16; ~S113 ≥ 16): For the sake of clarity, we write in this example:

H~u(~x) = H ~S1
A;~u

(~x):

We need to compute H(4;3;3)((x12; x13)) using recursion (7.22) and the tech-
niques of the previous sections. Let us illustrate these techniques by focusing
on H(3;2;1)((x12; x13)). Since the 5th and 6th smallest observations are tied, we
use (7.22) to obtain

H(3;2;1)((x12; x13)) = 2H(3;1;0)((x12; x13))x
5
12x

4
13 + 2H(2;1;1)((x12; x13))x

9=2
12

+ 2H(2;2;0)((x12; x13))x
7=2
13 +H(1;2;1)((x12; x13)) (7.50)

+H(3;0;1)((x12; x13))x
9
12:

We use
H(3;1;0)((x12; x13)) = x12 + x212 + x312 + x412

to illustrate the branch-and-bound rules (7.30) and (7.39). For all four terms
of H(3;1;0)((x12; x13)) we have s13 = 0 and with (7.27) we have for comparison
(1,3), ~�S = (4; 5; 6; 7). Thus,

M+
13 =

3X
q=1

�S(5− q) = 5 + 6 + 7 = 17:

For comparison (1,2) we have ~�S = (5; 6; 7), so

M+
12 =

2X
q=1

�S(4− q) = 6 + 7 = 13:

Therefore, s12 +M+
12 < 16 i� s12 ≤ 2 and we may delete the �rst two terms of

H(3;1;0)((x12; x13)) which results in

H(3;1;0)((x12; x13)) = x312 + x412:

We cannot delete any term of this polynomial on the basis of (7.34). From the
exchangeability principle (7.26) we immediately know that

H(3;0;1)((x12; x13)) = x313 + x413:

Let us apply pre-processing on H(1;2;1)((x12; x13)). Using (7.27) and (7.43) we
have for comparison (1,2) that ~�S = (4; 5; 6; 7) and ~�S∗ = (1; 2; 3). Then, using
(7.41) and (7.49), we have

M+
12 =

1X
q=1

�S(5− q) = 7 and L+
12 =

2X
q=1

�S∗ (4− q) = 2 + 3 = 5:
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Therefore, M+
12 + L+

12 = 12 ≤ 16 and H(1;2;1)((x12; x13)) does not contribute

to P3( ~S
1
12 ≥ 16; ~S113 ≥ 16): So, without further computations we may set

H(1;2;1)((x12; x13)) = 0 in recursion (7.50).

7.4.5 Critical values

In case we want to compute critical values instead of exact p-values, we have to
adapt the presented branch-and-bound algorithm. Suppose we have to compute
a one-sided right critical value for �. Assume that some approximation ~d of the
critical value is known. Let dl = ~d −m and du = ~d +m, where m is a small
margin such that we expect that the exact critical value d∗ ∈ (dl; du). We apply
the algorithm, but with d replaced by dl in (7.30) and (7.32) and d replaced
by du in (7.34) and (7.36). In the end, we are left with an expression of which
the coeÆcients give us P(W 1;c

∗;t = d) for all d ∈ (dl; du). Moreover, we know

P(W 1;c
∗;t ≥ du) and hence we know P(W 1;c

∗;t ≥ d) for all d ∈ (dl; du). Then, we

�nd the largest d = d∗ such that P(W 1;c
∗;t ≥ d∗) ≤ �. If d∗ exists and d∗ 
= du,

then d∗ is the exact right � critical value. If d∗ does not exist, we have to shift
the interval (dl; du) to the left and repeat the algorithm. The equality d∗ = du
suggests that there is probably a value �d > d∗ for which P(W 1;c

∗;t ≥ �d) ≤ �, so
in this case we have to shift the interval to the right and repeat the algorithm.

7.5 Improved Spurrier algorithm

In Spurrier (1992) and Baker and Spurrier (1998) an algorithm is proposed to
compute exact p-values of the Steel rank statistics in the many-one situation
when ties are absent. They use the inclusion-exclusion principle and therefore
compute probabilities as in (7.14) for j = 2; : : : ; t. We �rst describe Spurrier's
algorithm for computing one such a probability in case of the one-sided statistic
and then we propose an alternative algorithm that reduces computing time
signi�cantly.

7.5.1 Spurrier's algorithm

Suppose we want to compute Pr( ~S112 ≥ d; : : : ; ~S11h ≥ d); h ≤ t. Let a con�gu-
ration ci = (ci;1; : : : ; ci;n1+ni) denote a sequence of 1's and i's, where a 1 (i) at
position q in the sequence means that the qth smallest observation in the com-
bined sample is a treatment 1 (i) observation. List all possible con�gurations
for which ~S11i exceeds or equals d, i = 2; : : : ; h and denote this collection by C.
The goal is to compute the number of consistent (overall) rankings such that all
h− 1 statistics exceed or are equal to d by combining h− 1 con�gurations that
are in this list in every possible way. Then divide by the total number of rank-
ings to obtain the probability. Let `1; : : : ; `n1 be the positions in ci such that
ci;`j = 1 and set `0 = 0. We represent a con�guration by ti = (ti;1; : : : ; ti;n1+1);
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where

ti;p =

`p−1X
j=`p−1+1

I{ci;j=i}; (7.51)

with IE : the indicator function of the event E. We simply count the number
of non-control observations between the control observations. For example,

ci = (1; 1; i; 1; i; i; 1; 1; 1; i)⇔ ti = (0; 0; 1; 2; 0; 0; 1):

When we want to combine con�gurations to obtain a consistent overall rank-
ing, we observe that non-control observations between two control observations
can be permuted in the overall ranking without changing the con�gurations.
Therefore, the number of consistent overall rankings given the con�gurations
represented by t = (t2; : : : ; th) is

M(t) =

n1+1Y
p=1

� Ph
i=2 ti;p

t2;p; : : : ; th;p

�
: (7.52)

We have to compute this product for every combination of h− 1 con�gurations
ci ∈ C. Using exchangeability arguments we need to compute this product
only once for each group of combinations that are permutations of each other.
Therefore, the number of products of the form (7.52) that have to be computed
is approximately |C|h−1=(h − 1)!. Since this number increases rapidly with h
and |C|, we developed a method to reduce the number of computations.

7.5.2 Improved algorithm

The basic principle behind the new algorithm is a method which is a variant
of the split-up method introduced in Chapter 5. We split a con�guration ci in
two parts such that ci = c1i % c2i , where the operator % concatenates the two
sub-con�gurations. Let us write ~S(ci) for the value of the test statistic ~S1i1 (7.7)
for con�guration ci. Suppose we split the con�guration after the qth smallest

observation. Then, similarly we write ~S1(c
1
i ) and

~S2(c
2
i ); where

~S1 uses the q
smallest scores applied in ~S and ~S2 uses the n1 + ni − q largest scores. Then,
we have

~S(ci) = ~S1(c
1
i ) +

~S2(c
2
i ):

Moreover, if we split after the same control observation for each con�guration
c2; : : : ; ch we have, with tk = (tk2 ; : : : ; t

k
h); k = 1; 2,

M(t) =M(t1)M(t2): (7.53)

Note that this equality does not hold if we split the con�gurations between two
non-control observations.

Let us split the con�gurations after the bth (b �xed) smallest control observa-
tion. At the end of this section, we discuss the optimal choice of b. We de�ne
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some classes of con�gurations. For convenience, we write n = ni and a = ai,
where ai is the number of treatment i observations in a certain con�guration,
i = 2; : : : ; h: The �rst one is C1

a;b which contains all con�gurations c1i consisting
of a treatment i and b control observations for which the last observation is a
control observation. The condition results from the fact that we always split
after a control observation. Next, we have C2

a;b which contains all con�gurations

c2i consisting of a treatment i and b control observations. Clearly, combination
of C1

a;b with C2
n−a;n1−b yields con�gurations of n treatment i and n1 control

observations. Using these classes we de�ne �C1
a;b which consists of all con�gura-

tions c1i ∈ C1
a;b for which there is at least one con�guration c2i ∈ C2

n−a;n1−b such

that ~S1(c
1
i ) +

~S2(c
2
i ) ≥ d: Similarly, we de�ne �C2

a;b: It is fairly easy to generate
these classes, since we can use the branch-and-bound rules of Section 7.4.2 to
compute the maximum number that can be added to either ~S1(c

1
i ) or

~S2(c
2
i ):

The next step is to sort the elements cki ∈ �Ck
a;b in ascending order of their cor-

responding value ~Sk(c
k
i ); k = 1; 2: We denote the qth element in these ordered

classes by cki;q: Let us now �x a. For each element c1i;q ∈ �C1
a;b we �nd the smallest

position r(q) such that

~S1(c
1
i;q) +

~S2(c
2
i;r(q)) ≥ d and c2i;r(q) ∈ �C2

n−a;n1−b: (7.54)

Using the de�nitions of the previous sections, we now have to combine con�gura-
tions. Fix A = (a2; : : : ; at). Let c

k;ai
i;ui

∈ �Ck
ai;b

and ck;Au = (ck;a22;u2
; : : : ; ck;ahh;uh

); k =
1; 2:We write, with c = (c2; : : : ; ch) and d = (d2; : : : ; dh) and ci and di arbitrary
con�gurations,

d ≥ c if ~Sk(di) ≥ ~Sk(ci) for i = 2; : : : ; h.

We immediately observe that because of the order of the elements

ck;Au ≥ ck;Av ⇔ ui ≥ vi for i = 2; : : : ; h.

Using (7.53) we de�ne

�M(t1) =
X
d≥c

M(t2); (7.55)

where t1 and t2 correspond to c and d, respectively, as in (7.51). In order to com-
pute Pr( ~S112 ≥ d; : : : ; ~S11h ≥ d), we compute contributions to the number of com-

binations of overall con�gurations for which { ~S112 ≥ d}∩ : : :∩{ ~S11h ≥ d}: We do
this by computing the contribution of each combination cAu = (cai2;u2 ; : : : ; c

ah
h;uh

)
for which caii;ui can be written in the form

caii;ui = c1;aii;ui
% c2;ni−aii;vi

; (7.56)

with ui �xed. In other words, the �rst part of caii;ui has to be equal to c1;aii;ui
,

whereas the second part is variable. So, the class of combinations of this form is
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uniquely determined by c1;Au . Denote the contribution of such a class by B(c1;Au ).
Then,

B(c1;Au ) =M(t1;Au ) �M(t2;n−Ar(u) ); (7.57)

where r(u) = (r(u2); : : : ; r(uh)) and r(ui) as in (7.54). Equality (7.57) is a con-
sequence of combining de�nitions (7.54) and (7.55). Observe that every con�g-
uration of the form (7.56) for which caii;ui ≥ d is included in B(c1;Au ). Moreover,
(7.53) is used to obtain the product form. Finally, we add the contributions of
all possible combinations that contain the �rst b control observations to obtain
the probability we are interested in. Let N =

Ph
i=1 ni, A the class of vectors

A = (a2; : : : ah); 0 ≤ ai ≤ ni and

CA =

hO
i=2

�C1
ai;b:

Then,

Pr( ~S112 ≥ d; : : : ; ~S11h ≥ d) =
1�
N

n1;:::nh

� X
A∈A

X
c1;Au ∈CA

B(c1;Au ): (7.58)

We note that we may again use exchangeability of the non-control treatments
to observe that the contributions of A and ~A are the same if ~A is a permutation
of A.

From (7.57) and (7.58) we observe that we have to compute many expressions
of the kind �M(t2;n−Aq ): This can be very time-consuming, because the number
of terms to be summed in (7.55) is often large. However, we again use the
inclusion-exclusion principle as a powerful tool to obtain the following recursion:

�M(t2;n−Aq ) =

h−1X
j=1

(−1)(j+1)
X
z∈Zj

�M(t2;n−Aq⊕z ); (7.59)

where Zj is the class of all vectors containing j 1's and h − 1 − j 0's and
q ⊕ z = (q2 + z1; : : : ; qh + zh−1): For example, in the case of two non-control
treatments (h = 3), (7.59) becomes

�M(t2;n−Aq ) = �M(t2;n−A
(q2+1;q3)

) + �M(t2;n−A
(q2;q3+1)

)− �M(t2;n−A
(q2+1;q3+1)

):

Why is the improved algorithm faster than Spurrier's original algorithm? Let
us take a closer look at the number of computations. Since Spurrier's algorithm
requires to compute M(t) for each combination cAu as in (7.56) for all u and all
A, the number of computations is of the order

O

�X
A∈A

1

�2
| �C1

a2;b|| �C
2
n2−a2;b| ∗ : : : ∗

1

�h
| �C1

ah;b
|| �C2

nh−ah;b|
�
; (7.60)
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where �i is a constant that determines the fraction of all c
ai
i;ui

for which ~S(caii;ui) ≥
d: Because of equation (7.56) and ck;aii;ui

∈ �Ck
ai;b

, k = 1; 2, the de�nitions of �C1
ai;b

and �C2
ni−ai;b imply that there is at least one caii;ui for which this inequality

holds, but often there are much more. Typically, 1 ≤ �i ≤ 3: From (7.57) and
(7.58) we observe that the improved algorithm requires to compute M(t1;Au )

and �M(t2;n−Ar(u) ) only once for all u and for all A ∈ A. Using recursion (7.59),

computation of �M(t2;n−A
r(u)

) for all u and for all A ∈ A hardly costs more time

than computation of M(t2;n−Ar(u) ). Therefore, the number of computations is of

the order

O

�X
A∈A

(| �C1
a2;b

| ∗ : : : ∗ | �C1
ah;b

|+ | �C2
n2−a2;b| ∗ : : : ∗ | �C

2
nh−ah;b|)

�
: (7.61)

Comparing (7.60) with (7.61) immediately explains why the improved algorithm
is faster than the original one. To support this claim we implemented the
improved Spurrier algorithm (see also Section 7.7) and found that each value in
the tables of Spurrier (1992) and Baker and Spurrier (1998) can be computed
within a minute, mostly within a second. The original algorithm takes several
hours for the cases with more than 3 treatments and large sample sizes .

Our improved Spurrier algorithm allows us to choose the splitting point b(0 ≤
b ≤ n1): Obviously, we choose the one with which we expect to minimize com-
puting time. Therefore, we minimize the order term in (7.61), which is fairly
easy, because the sets �C1

ai;b
and �C2

ai;b
are generated very rapidly. A rule of

thumb that nearly always produces the same answer is to choose b such that
the maximum over all set sizes | �Ck

ai;b
|; k = 1; 2; ai = 1; : : : ; ni is minimal.

7.5.3 When to use which algorithm?

Recursion (7.21) combines incomplete con�gurations when they correspond to
the same sum of scores, thereby preventing unnecessary computations. Note
that this often happens for Wilcoxon scores, but less often for more complex

scores like normal ones. By using the branch-and-bound rules it also prevents
further computations for combinations of incomplete ranking schemes when d
has to be exceeded or equaled by all j − 1 statistics. The (improved) Spurrier
algorithm does not combine such incomplete ranking schemes. However, the ad-
vantage of this algorithm is that computations are very simple (multiplications
of multinomial coeÆcients). We found that, for the many-one Steel rank statis-
tic without ties, the branch-and-bound algorithm and the improved Spurrier
algorithm are competitive when Wilcoxon scores are used. When more complex
scores (for example normal scores) are used, the improved Spurrier algorithm
outperforms the branch-and-bound algorithm.

Generalization of the improved Spurrier algorithm is possible in case of ties
by rede�ning the con�gurations such that they deal with the ties. However,
this is much less eÆcient than in the many-one situation without ties, since
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the number of con�gurations is much larger. Moreover, extra steps are needed
to check whether a combination of h − 1 con�gurations is consistent with an
overall ranking. This last drawback also occurs when one wants to generalize
Spurrier's method to the multiple t-sample situation. Therefore, we use the
branch-and-bound algorithm for these situations and also for block statistics
and Nemenyi-Dunn statistics.

7.6 Exact bounds on the p-value

In the beginning of Section 7.2 we argued that the inclusion-exclusion principle
is very useful for fast computation of exact p-values. A second appealing charac-
teristic of this principle is that we may use it to �nd (narrow) exact bounds for
the p-value within acceptable time, especially when computation of the exact
p-value is too time-consuming. We �rst deal with the Steel statistics and make
some remarks for the Nemenyi-Dunn statistics later.

Let C be the class of all sets C = {(i1; j1); : : : ; (ip; jp)} that are generated
by using the inclusion-exclusion principle as in Section 7.2. The subclass of
C which contains all sets with p pairs is denoted by Cp. Moreover, we write
Pt(C) = Pt(

T
(i;j)∈C {W k

ij ≥ d}); where W k
ij = Skij (see (7.4)) or W

k
ij =

~Skij (see

(7.7)). Using the inclusion-exclusion principle for either the many-one or the
multiple t-sample situation we obtain an expression of the kind

D(1; t) =

tX
p=1

X
C∈Cp

bCPt(C) =
aX

p=1

X
C∈Cp

bCPt(C) +
tX

p=a+1

X
C∈Cp

bCPt(C)

= D(1; a) +D(a+ 1; t):

Computing D(1; a) is often much faster than computation of D(a + 1; t), since
D(1; a) contains probabilities with less comparisons than the ones in D(a+1; t).
Our strategy is to compute D(1; a) exactly and to use the following straightfor-
ward bounds for the probabilities in D(a+ 1; t):

0 ≤ Pt(C) ≤ min
(i;j)∈C

Pt(C \ {(i; j)}): (7.62)

Then, we iteratively �nd an upper bound for D(a + 1; t) by setting Pt(C) on
its upper bound, say Pt( ~C); if bC > 0 and setting b ~C = b ~C + bC ; and by setting
Pt(C) = 0; if bC < 0. This procedure runs until it arrives at probabilities of
the kind Pt(C); C ∈ Ca. These probabilities always correspond to a probability
in D(1; a), by means of a bijective function g, as described in Section 7.2 and
are therefore available after exact computation of D(1; a). The lower bound for
D(a+ 1; t) is found by undertaking the opposite actions.

We obtain tight bounds if the numbers bCPt(C); C ∈ Ca are relatively small
with respect to the numbers bCPt(C); C ∈ Cp; p < a: Since the computing time
of the bounding procedure is negligible, the total computing time equals the
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computing time of D(1; a). We found that, depending on the sample sizes,
computing times are often acceptable (within a minute) for D(1; 3) or D(1; 4).
By means of two examples we show that the exact bounds are often very tight
when using D(1; 3) or D(1; 4), whereas the gain of time with respect to the
exact case is often very large.

Example 1, One-sided Steel rank statistic, many-one

Suppose we have t = 5; n1 = 14; n2 = : : : = n5 = 7 and we use scores a(i) = i.
The largest observed value of ~S11j ; j = 2; : : : ; 5 equals d = 113 and we want to

compute P( ~S1;A∗;5 ≥ 113): Using (7.14), we have

P( ~S1;A∗;5 ≥ 113) = D(1; 3) +D(4; 4);

with

D(1; 3) = 4P5( ~S
1
12 ≥ 113)− 6P5( ~S

1
12 ≥ 113; ~S113 ≥ 113)

+ 4P5( ~S
1
12 ≥ 113; ~S113 ≥ 113; ~S114 ≥ 113)

D(4; 4) = −P5( ~S
1
12 ≥ 113; ~S113 ≥ 113; ~S114 ≥ 113; ~S115 ≥ 113):

Using a C++ implementation, the exact value P( ~S1;A∗;5 ≥ 113) = 0:0107513 was
computed in 8 minutes on a 299 MHz SUNW, UltraSPARC-IIi work station.
Let us now �nd bounds for this probability by computing D(1; 3) exactly and
by bounding D(4; 4). We have

D(4; 4) ≥ −P5( ~S
1
12 ≥ 113; ~S113 ≥ 113; ~S114 ≥ 113) = −0:0000085

D(4; 4) ≤ 0:

We computed the exact value D(1; 3) = 0:0107526 with the same C++ imple-
mentation in 4.8 seconds. Using the bounds for D(4; 4) we obtain 0:0107441 ≤
P( ~S1;A∗;5 ≥ 113) ≤ 0:0107526. Computation of these tight bounds was approxi-
mately 100 times faster than computation of the exact probability.

Example 2, Two-sided Steel block statistic, multiple t-sample

Suppose we have t = 4; b = 10; n1;` = : : : = n4;` = 1 and we use the scores
a`(1) = 0; a`(2) = 1; ` = 1; : : : ; 10. Using (7.5), we have S2ij = |S1ij − 5| and
suppose that the largest value of S2ij equals d = 4:We want to compute P(S2;B∗;4 ≥
4): Using the inclusion-exclusion principle for the multiple t-sample situation as
described in Section 7.2, we obtain

P(S2;B∗;4 ≥ 4) = D(1; 3) +D(4; 6);
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where

D(1; 3) = 6P4(S
2
12 ≥ 4)− 12P4(S

2
12 ≥ 4; S213 ≥ 4)− 3P4(S

2
12 ≥ 4; S234 ≥ 4)

+ 4P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4) + 4P4(S

2
12 ≥ 4; S213 ≥ 4; S223 ≥ 4)

+ 12P4(S
2
12 ≥ 4; S213 ≥ 4; S224 ≥ 4)

D(4; 6) = −12P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4; S223 ≥ 4)

− 3P4(S
2
12 ≥ 4; S213 ≥ 4; S224 ≥ 4; S234 ≥ 4)

+ 6P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4; S223 ≥ 4; S224 ≥ 4)

− P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4; S223 ≥ 4; S224 ≥ 4; S234 ≥ 4):

Using Mathematica, we computed the exact value P(S2;B∗;4 ≥ 4) = 0:111267 in
188 seconds on a Pentium 200 MHz PC. Let us now use bound D(4; 6) by
using (7.62) and exact probabilities that are obtained during the computation
of D(1; 3). We write

p1 = P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4) = 0:00003761

p2 = P4(S
2
12 ≥ 4; S213 ≥ 4; S223 ≥ 4) = 0:00022481

p3 = P4(S
2
12 ≥ 4; S213 ≥ 4; S224 ≥ 4) = 0:00005388

p4 = P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4; S223 ≥ 4)

p5 = P4(S
2
12 ≥ 4; S213 ≥ 4; S224 ≥ 4; S234 ≥ 4)

p6 = P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4; S223 ≥ 4; S224 ≥ 4)

p7 = P4(S
2
12 ≥ 4; S213 ≥ 4; S214 ≥ 4; S223 ≥ 4; S224 ≥ 4; S234 ≥ 4):

Then,

D(4; 6) = −12 p4 − 3 p5 + 6 p6 − p7 ≥ −12 p4 − 3 p5 + 5 p6 ≥ −12 p4 − 3 p5

≥ −12 min(p1; p2; p3)− 3 p3 ≥ −0:0006130
D(4; 6) = −12 p4 − 3 p5 + 6 p6 − p7 ≤ −12 p4 − 3 p5 + 6 p6

≤ −12 p4 − 3 p5 + 6 min(p4; p5) ≤ −6 p4 − 3 p5 ≤ 0:

Using the same Mathematica procedures as for D(1; 6) = P(S2;B∗;4 ≥ 4), we
computed the exact value D(1; 3) = 0:111374 in 12.36 seconds. Using this exact

value and the bounds for D(4; 6) we obtain 0:110661 ≤ P(S2;B∗;4 ≥ 4) ≤ 0:111374.
Note that the computing time is reduced by a factor of 15.

For the Nemenyi-Dunn statistics we might use the same principle. However, we
know that the probabilities are computed by using the simultaneous distribution
of the ranks instead of the statistics themselves (see (7.23) and (7.24)). This
means that computing times depend on the number of treatments that are
involved instead of the number of comparisons. Therefore, the gain of time by
using bounds is much less than for the Steel statistics.
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7.7 Remarks

Unequal non-control sample sizes

We introduced the various statistics under the assumption that non-control sam-
ple sizes are equal, also within blocks in the case of two-way classi�cation. We
may drop this assumption (see Fligner (1984) or Spurrier (1992)) and compute

P(∃(i; j) :W k
ij ≥ dij) instead of P(W k;c

∗;t ≥ d). We may again use the formulas in
Sections 7.3.1 and 7.3.2 for computing the null distribution. The exchangeability
principle can now only be used within groups of treatments with equal sample
sizes, because treatments with a di�erent number of samples are not exchange-
able. The inclusion-exclusion principle can not be used eÆciently, because of the
di�erent values dij . However, we may still use the branch-and-bound algorithm
and pre-processing. Since we compute P(∃(i; j) : W k

ij ≥ dij) without using the
inclusion-exclusion principle, we have to replace min by ∀(i;j)∈C (see also note
in Section 7.4.3).

Tables

In the introduction of this chapter we claim that many of the existing tables
of p-values and critical values contain errors. Most of these errors are due to
the fact that one was not able to compute the exact value and therefore one
used an approximation instead. We can now produce correct tables with much
more exact values, because of two reasons: more eÆcient algorithms and more
powerful computers. We chose not to produce these tables here, since doing
this for all statistics and situations described in this chapter would be very
paper-consuming. Moreover, these tables would not cover the cases with ties
and, using the implementations of the algorithms, fast online computation of
the exact p-value or critical value is possible.

To illustrate the fact that some of the errors in the existing tables are quite
serious we give three examples:

1. Steel t-sample sign statistic, t = 4; b = 11; ni;` = 1; d = 11, con�dence level
� = 0:01. For this case Miller (1981) indicates that there is no critical

value, which means that P(S2;B∗;4 ≥ 11) > 0:01. However, we found that

the exact p-value is P(S2;B∗;4 ≥ 11) = 0:005723:

2. Nemenyi-Dunn t-sample block statistic with Wilcoxon scores, t = 3; b =
15; ni;` = 1; d = 13

15
. McDonald and Thompson, Jr. (1967) indicate that

P(T 2;B
∗;3 ≥ 13

15
) = 0:047; whereas we found that P(T 2;B

∗;3 ≥ 13
15
) = 0:055:

3. One-sided Steel many-one rank statistic with Wilcoxon scores, t = 6 (in-
cluding control treatment), ni = 8; d = 95, con�dence level � = 0:01. For
this case Miller (1981) indicates that the critical value corresponding to

� is 96, thereby implying that P( ~S1;A∗;6 ≥ 95) > 0:01. Using the bound-

ing method of Section 7.6 we found that 0:0061473 ≤ P( ~S1;A∗;6 ≥ 95) ≤
0:0067086:
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Available software

We mentioned in the introduction of this chapter the absence of a powerful pack-
age that eÆciently deals with multiple comparisons statistics. Most procedures
in this chapter were implemented in Mathematica or C++. These implemen-
tations enable us to compute exact p-values and critical values for all statistics
and situations (ties, scores) described in this chapter. Moreover, we also imple-
mented the bounding procedure as described in Section 7.6, which enables us
to compute tight exact bounds on the p-value when the number of samples or
the sample sizes are too large for exact computation. All these implementations
are available from the author.

Publication

The paper Van de Wiel (2000/2001), which deals with most results of this
chapter, is under revision.



8
Exact non-null distributions

To �nd out which statistic is the best in a certain situation, one has to compare
rank statistics both with each other as well as with the traditional normal-
based statistics. An important question is: how well does the statistic detect
departures from the null hypothesis? For large samples this question about
the power of the statistic is answered by using asymptotics, such as normal
approximation or Edgeworth series approximation. For small samples, exact
powers are needed.

In this chapter we focus on signed rank and two-sample linear rank statistics,
which were introduced in Sections 2.1.5 and 3.1.1, respectively. Well-known ex-
amples are the Wilcoxon statistics and the normal scores (or Van der Waerden)

statistics. Klotz (1962), Arnold (1965), Milton (1970) and King and Long-
necker (1990) compute exact powers for very small sample sizes only, because
their algorithms involve multiple integration for each con�guration of the ranks.
Katzenbeisser (1989) deals with larger sample sizes, but only for some speci�c
alternatives and not for the important normal alternatives. Therefore, there is
a gap between these small sample sizes and the large sample sizes for which
approximations are accurate.

To deal with this problem we developed new algorithms to compute exact non-
null distributions of these rank statistics for any (continuous) alternative. We
show in Section 8.4 that these algorithms are not only useful for power computa-
tions, but also for computing the average run length of a nonparametric control
chart and for computations under Lehmann alternatives. To obtain a fair com-
parison between existing algorithms and our algorithms we implemented these

135
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algorithms on the same computer. Using our algorithms we are able to deal
with samples that are up to 6 times larger than when we use existing ones. We
restrict ourselves to signed rank and two-sample linear rank statistics, because
for these statistics our implementations allow for online computations for fairly
large samples. For more complicated statistics (e.g. quadratic rank statistics,
serial rank statistics) exact computations of non-null distributions are possible
within limited time for very small samples only.

The crux behind our new algorithms is to extend the methods of Klotz (1962)
and Arnold (1965) into a probability generating function context. We introduce
these generating functions in Sections 8.1.1 and 8.2.1. The algorithms have
two versions: the symbolic integration version and the numerical integration
version. It depends on the alternative distribution functions whether symbolic
integration can be used. We show that a computer algebra package like Math-
ematica is very useful for symbolic integration. In fact, in Section 8.4.2 we use
it to solve a problem in Callfas and Mohanty (1986) analytically, whereas these
authors use an approximation. For numerical integration we use the midpoint
method of Milton (1970). Moreover, to compute a p-value instead of the entire
distribution, we present a branch-and-bound technique in Section 8.3 to speed
up the computations once more.

8.1 Signed rank statistics

Suppose we have a random sample X1; : : : ; Xn with density f which is assumed
to be symmetric around its median m. The null hypothesis and alternative
hypothesis are

H0 : m = m0 and H1 : m = m0 + Æ:

In Section 2.1.5 we discussed the signed rank statistic Tn, which is used to test
H0. For convenience, let us repeat its de�nition here. Assume without loss of
generality that m0 = 0 and let f0 denote the density under H0: Let Xj∗ be
the observation corresponding to the jth order statistic of (|X1|; : : : ; |Xn|). We
de�ne �� ∈ �p to be a random sequence of 0's and 1's of length p, for which
��j = 1 if Xj∗ > 0 and ��j = 0; otherwise. The test statistic is de�ned by

Tp =

pX
j=1

a(j)��j ; (8.1)

where a(j) is the jth rank score and p = 1; : : : ; n. The statistics for p < n are
needed in the recursion below.

8.1.1 Exact distribution using symbolic integration

De�ne for � = (�1; : : : ; �p),

Ap;�(u) = P(�� = �;Xp∗ ≤ u) (8.2)
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and set A0;∅(u) = 1 for u ≥ 0: Moreover, let

(�; 0) = (�1; : : : ; �p; 0); (�; 1) = (�1; : : : ; �p; 1): (8.3)

Then, for k = 0; 1 (see Arnold (1965)),

Ap+1;(�;k)(u) = (p+ 1)

Z u

0

Ap;�(v)f((2k − 1)v) dv; (8.4)

where f(w) = f0(Æ − w): We de�ne the following generating functions

Hp(u; x) =
X
`∈Tp

X
�∈�p;`

Ap;�(u)x
`

H0(u; x) = 1;

(8.5)

where �p;` = {� ∈ �p|Tp(�) = `}; Tp is the set of all possible realizations of
Tp and Tp(�) is the value of Tp for a �xed sequence �: We wish to �nd the
probability generating function Hn(x) of Tn. Using (8.2) we have

Hn(x) =
X
`∈Tp

P(Tn = `)x` =
X
`

X
�∈�n;`

An;�(∞)x` = Hn(∞; x): (8.6)

Theorem 8.1.1 Let Hp(u; x) be as in (8.5). Then, we have for p = 1; : : : ; n

Hp(u; x) = p

�
xa(p)

Z u

0

Hp−1(v; x)f(v) dv +

Z u

0

Hp−1(v; x)f(−v) dv
�
: (8.7)

Proof

Condition on the last element of � ∈ �p;`. If this element equals 1, then write

� = (~�; 1); else write � = (~�; 0): Moreover, let ~̀= `− a(p). Then, using (8.4),

Hp(u; x) =
X
`∈Tp

X
�∈�p;`

Ap;�(u)x
`

= p

� X
~̀∈Tp−1

X
~�∈

�p−1;~̀

Z u

0

Ap−1;~�(v)f(v)x
~̀+a(p) dv

+
X

`∈Tp−1

X
~�∈

�p−1;`

Z u

0

Ap−1;~�(v)f(−v)x` dv
�

= p

�
xa(p)

Z u

0

Hp−1(v; x)f(v) dv +

Z u

0

Hp−1(v; x)f(−v) dv
�
;

where the last equality results from interchanging the order of summation and
integration. �

The power of this recursion is that integration (partly) coincides for di�erent
sequences �. To what extent this happens depends on the density and the rank
score function at hand. We illustrate this in the example in Section 8.3.



138 Exact non-null distributions

8.1.2 Exact distribution using numerical integration

In many cases it is either too time-consuming or impossible to integrate the
expressions in (8.7) symbolically. A well-known and important case is the one
where f is a normal density function. In fact, many algebraic theorems and al-
gorithms exist to decide whether a function has an elementary primitive or not
(see Bronstein (1997)). Numerical integration is the alternative when symbolic
integration is not possible. Milton (1970) proposed a p-dimensional midpoint
algorithm for computing the expressions in (8.4) numerically. He uses the al-
gorithm for two-sample statistics (see Section 8.2) and normal alternatives, but
with some slight changes the algorithm also works well for the signed rank statis-
tics and many other alternatives. Our strategy is to embed this algorithm in a
recursion of the form (8.7). Let us �rst describe the algorithm.

To approximate the multiple integral that results from iteration of (8.4), we di-
vide the integration range I into r intervals of length h = I=r and replace inte-
gration by summation. We denote the midpoints of the intervals byM1; : : : ;Mr:
When the integration range is in�nite, one has to decide where to truncate I .
The midpoint algorithm allows an interval to contain a maximum of s ≤ n ob-
servations. This corresponds to a maximum of s successive equal summation
variables. We discuss the choices for r; h; s and I at the end of this section.
When we return to the multiple integration problem, we observe that the vol-
ume of the integration region

{(vj ; : : : ; vj−i+1) : vj ∈ [a; a+ h]; : : : ; vj−i+1 ∈ [a; a+ h]; vj−i+1 ≥ : : : ≥ vj}
equals hi=i!. Therefore, each time a summation variable uj is equal to uj−k
for all k = 1; : : : ; i− 1, the contribution to the numerical sum is multiplied by
a proportion 1=i: This leads to the following approximation formula, given in
Milton (1970, p. 10),

Ap;�(∞) ≈ hpA = hp
up−1X
up=1

· · ·
rX

u1=1

Qp
i=1 f((2�i − 1)Mui)

Qu
; (8.8)

where the volume correction is

Qu =

pY
i=1

min(s;i)−1X
k=0

I{ui=ui−k};

with IE the indicator function of the event E. For � = (�1; : : : ; �p), let v�ij
be the contribution to A in (8.8) of the cases for which up = : : : = up+1−i =
j; up−i > j; i = 1; : : : ; s; j = 1; : : : ; r. Then, we de�ne the matrix

V� =

0B@v�1...
v�s

1CA =

0BBBBBB@

v�11 : : : v�1j : : : v�1r
...

...
...

v�i1 : : : v�ij : : : v�ir
...

...
...

v�s1 : : : v�sj : : : v�sr

1CCCCCCA : (8.9)
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For � = (�1; : : : ; �p), denote the contribution to A in (8.8) of all cases for
which up ≤ j by s�;j+1; j = 1; : : : ; r. Moreover, let s�;1 = 0 and s� =
(s�;1; : : : ; s�;r+1). Using these de�nitions we observe that

Ap;�(∞) ≈ hps�;r+1: (8.10)

Before presenting the recursions for V� and s�, we need some de�nitions.

De�nition 8.1.2 Let M1; : : : ;Mr be the midpoints of the r equally large inter-
vals that cover the integration range I. Then,

• f+ = (f(M1); : : : ; f(Mr)) = (f0(Æ +M1); : : : ; f0(Æ +Mr))

• f− = (f(−M1); : : : ; f(−Mr)) = (f0(Æ −M1); : : : ; f0(Æ −Mr))

• a ∗ b = (a1; : : : ; aq) ∗ (b1; : : : ; bq) = (a1b1; : : : ; aqbq)

• ~a ∗ b = (~a1; : : : ; ~aq+1) ∗ (b1; : : : ; bq) = (~a1b1; : : : ; ~aqbq)

• �(a) = �((a1; : : : ; aq)) = (0; a1; a1 + a2; : : : ;
Pq

i=1 ai):

Note that Milton (1970) does not correctly de�ne ~a ∗ b if the sizes of ~a and b are
not equal. Using De�nition 8.1.2 and the de�nitions of s� and v�i we observe

s� = �

 
sX
i=1

v�i

!
: (8.11)

Now, suppose we want to compute V(�;k); k = 0; 1; from s�; V�; f+ and f−. By
de�nition, the �rst row of this new matrix corresponds to the cases for which
up+1 < up. Row i; i = 2; : : : ; s; corresponds to the cases for which up+1 =
: : : = up+2−i < up+1−i and therefore we have to multiply the contribution by
1=i: Then, we use (8.8),(8.9), De�nition 8.1.2 and the de�nitions of s� and v�i
to obtain the following recursion for V�:

V(�;1) =

0BBB@
s� ∗ f+

v�1 ∗ f+=2
...

v�s−1 ∗ f+=s

1CCCA V(�;0) =

0BBB@
s� ∗ f−

v�1 ∗ f−=2
...

v�s−1 ∗ f−=s

1CCCA ; (8.12)

and initial value (� is empty)

V∅ =

0BBB@
1 : : : 1
0 : : : 0
...

...
0 : : : 0

1CCCA :

The problem of using (8.10), (8.11) and (8.12) directly is that one has to repeat
the computations for all possible sequences �: Therefore, we propose to embed
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the computations in a recursion like we did in (8.7) for the symbolic integration
case. Let us de�ne the following polynomial of which the coeÆcients are matrices

Ĥp(x) =
X
`∈Tp

X
�∈�p;`

V�x
`; (8.13)

with Tp and �p;` as in (8.5). Then, the following theorem holds.

Theorem 8.1.3 For p = 1; : : : ; n we have

Ĥp(x) = xa(p)	1(Ĥp−1(x)) + 	0(Ĥp−1(x)); (8.14)

where 	k(V�x
`) = V(�;k)x

`; k = 0; 1; and 	k is extended by linearity.

Proof

The proof is similar to the proof of Theorem 8.1.1. Simply replace the symbolic
integral with the numerical integration operator 	k. �

From (8.10) we observe that

Hn(x) ≈ hn S(Ĥn(x)); (8.15)

where S(V�x
`) = s�;r+1x

` and S is extended by linearity. The power of this
recursion is that matrices are summed when two or more sequences correspond
to the same sum of scores `. Suppose this happens for q sequences of length p.
Then computations coincide for all sequences of length larger than p for which
the �rst p elements are equal to the elements of one of these q sequences.

Using numerical computations one has to choose the parameters that inuence
the accuracy. If the integration range is in�nite, the �rst error is due to choosing
the truncated range I . The second error results from using the midpoint rule
as an approximation. This error clearly depends on the choice of h and s.
A theoretical approach for choosing these parameters is presented in King and
Longnecker (1990). A practical approach is to decrease h, increase s and increase
I until the answer does not change signi�cantly any more.

8.2 Two-sample linear rank statistics

Suppose we have two independent random samples X1; : : : ; Xm and Y1; : : : ;
Yn with densities f and g, respectively, and let N = m + n. We introduced
two-sample linear rank statistics in Section 3.1.1. They share the property that
under the null hypothesisH0 we have f = g. However, as shown in Section 3.1.2,
they may be used under di�erent assumptions and for di�erent purposes (think
of testing on equality of the location parameter or the scale parameter of f and
g). For convenience, let us repeat the de�nition of a two-sample linear rank
statistic. To test H0 we use the pooled sample Z = (X1; : : : ; Xm; Y1; : : : ; Yn):
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�� ∈ �p;q is a sequence of p 1's and q 0's, for which ��j = 1 if Z(j); j ≤ p + q is
an X-observation and ��j = 0; otherwise. The test statistic is de�ned by

Tp;q =

p+qX
j=1

a(j)��j ; (8.16)

where a(j) is the jth rank score, p = 1; : : : ;m and q = 1; : : : ; n. The statistics
for p < m and q < n are needed in the recursion below.

8.2.1 Exact distribution using symbolic integration

For p = 1; : : : ;m and q = 1; : : : ; n de�ne

Ap;q;�(u) = P(�� = �; Z(p+q) ≤ u) (8.17)

and set A0;0;∅(u) = 1 for all u. Then (see Klotz (1962))

Ap+1;q;(�;1)(u) = (p+ 1)

Z u

−∞
Ap;q;�(v)f(v) dv

Ap;q+1;(�;0)(u) = (q + 1)

Z u

−∞
Ap;q;�(v)g(v) dv;

(8.18)

where (�; 1) and (�; 0) are given in (8.3). Similarly to (8.5) and (8.6) we de�ne
the following generating functions for p = 1; : : : ;m and q = 1; : : : ; n

Hp;q(u; x) =
X
`∈Tp;q

X
�∈�p;q;`

Ap;q;�(u)x
` (8.19)

Hm;n(x) =
X
`Tm;n

P(Tm;n = `)x` = Hm;n(∞; x); (8.20)

where �p;q;` = {� ∈ �p;q |Tp;q(�) = `}; Tp;q is the set of all possible realizations of
Tp;q and Tp;q(�) is the value of Tp;q for a �xed sequence �:We use Hp;q(u; x) = 0
if p < 0 or q < 0 and H0;0(u; x) = 1 as initial values in the following recursion.

Theorem 8.2.1 Let Hp;q(u; x) be as in (8.19). Then, we have for p = 1; : : : ;m
and q = 1; : : : ; n

Hp;q(u; x) = p xa(p+q)
Z u

−∞
Hp−1;q(v; x)f(v) dv

+ q

Z u

−∞
Hp;q−1(v; x)g(v) dv:

(8.21)

Proof

The proof is similar to the proof of Theorem 8.1.1. We use (8.18) instead of
(8.4). �
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8.2.2 Exact distribution using numerical integration

As in Section 8.1.2 we use Milton's p-dimensional midpoint algorithm when
symbolic integration is impossible or too time-consuming. Therefore, we apply
the same notation in this section. To use this algorithm for the two-sample
situation we replace f+ and f− in De�nition 8.1.2 and (8.12) by

f = (f(M1); : : : ; f(Mr)) and g = (g(M1); : : : ; g(Mr));

respectively. Then, using the de�nitions of Section 8.1.2, we have

Ap;q;�(∞) ≈ hp+q s�;r+1: (8.22)

Again, the problem of using (8.11),(8.12) and (8.22) directly is that one has to
repeat the computations for all possible sequences �: We embed the computa-
tions in a recursion similar to (8.21). Let us de�ne the following polynomial the
coeÆcients of which are matrices

Ĥp;q(x) =
X
`∈Tp;q

X
�∈�p;q;`

V�x
`; (8.23)

where Tp;q and �p;q;` are as in (8.19). This leads to the following theorem.

Theorem 8.2.2 For p = 1; : : : ;m and q = 1; : : : ; n

Ĥp;q(x) = xa(p+q)	1(Ĥp−1;q(x)) + 	0(Ĥp;q−1(x)); (8.24)

where 	k; k = 0; 1; is given in Theorem 8.1.3.

Proof

The proof is similar to the proof of Theorem 8.1.1. We use (8.18) instead of
(8.4). �

Using (8.15) and (8.22), we observe that

Hm;n(x) ≈ hm+n S(Ĥm;n(x)): (8.25)

8.3 Branch-and-bound technique

In many applications we do not need to compute the entire distribution of Tn or
Tm;n; but instead we need to compute the power of Tn or Tm;n. For one-sided
testing this means that we have to compute one tail-probability, whereas for
two-sided testing we have to compute two tail-probabilities (see Section 1.1.3).
In those cases we use a branch-and-bound technique to reduce computing times.
This algorithm is presented in Chapter 3 and Mehta et al. (1988) for computing
critical values or p-values of distribution-free statistics under the null hypothesis.
We give a short description of the branch-and-bound technique for the non-null
case, which is a slight modi�cation of that algorithm.
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The branch-and-bound technique deletes parts of the polynomials that result
from each loop in the recursive algorithms (8.7), (8.14), (8.21) or (8.24). Suppose
we want to compute a tail-probability P(Tn ≥ t) or P(Tm;n ≥ t). Let us consider
the elements c xb of a polynomial that results after a certain number of loops,
where c is a scalar or a matrix. We compute M+ and M−, which are the
maximum and minimum sum of scores that can be added to the value of the
test statistic (which equals b), respectively. Then, we delete all elements for
which

b+M+ < t; (8.26)

because these elements will not contribute to the required probability. Moreover,
we add the coeÆcients c of all elements for which

b+M− ≥ t: (8.27)

Denote this sum by ~c. We delete all elements for which (8.27) holds and store
their contribution in the form ~cd; where d is a variable that stands for the class
of all terms xb for which (8.27) holds. We use ~cd in the recursive algorithms by
using the following multiplication rule

dxb = d: (8.28)

Note that this rule is similar to the one for multiplication of the Landau order
symbol O in calculus by a constant. Using (8.28), we have at the end of the
recursion: P(Tn ≥ t) = ~c or P(Tm;n ≥ t) = ~c: The branch-and-bound technique
considerably reduces the number of terms in the polynomials, thereby avoiding
many unnecessary multiplications which leads to much shorter computing times.

Example

Consider the one-sample case and let n = 9 and a(`) = `. So, we deal with the
Wilcoxon signed rank statistic W9. Suppose we want to compute P(W9 ≥ 25)
under H1 : m = Æ: Recursion (8.7) or (8.14) gives after p = 7 steps:

H7(u; x) = C0;u + C1;ux+ : : :+ C28;ux
28;

where Ci;u are known functions of u (symbolic integration) or matrices of a
�xed size (numerical integration). Note that we have to integrate 29 terms
when we want use recursions (8.7) or (8.14) for p = 8, whereas when we would
use recursion (8.4) instead for p = 8 we would have to integrate 27 = 256 terms.
Let us apply the branch-and-bound rules to H7(u; x).

The maximum to be added, M+, equals 8+9=17. Therefore, using (8.26), we
delete terms Ci;ux

i; i ≤ 7. The minimum to be added,M+, equals 0. Therefore,

using (8.27) and (8.28), we replace C25;ux
25+ : : :+C28;ux

28 by ~Cud = (C25;u+

: : :+C28;u)d: Then, H7(u; x)→ C8;ux
8+ : : :+C24;ux

24+ ~Cud: Hence, the result
is a shorter polynomial, so less multiplications are needed in next loops.
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8.4 Applications

Computation of the non-null distribution of rank statistics has many applica-
tions. We show how to use our algorithms to improve existing results for the
following applications:

• Nonparametric control charts

• Distributions of rank statistics under Lehmann alternatives

• Exact power computations and sample size determination for rank tests.

To obtain a fair comparison between existing algorithms and our algorithms we
implemented the algorithms on the same computer, a Pentium 200 MHz PC,
with the same software (Mathematica, C++). In all applications below we found
a considerable improvement and the implementations of the new algorithms
allow for online computations for fairly large samples on a PC.

8.4.1 Nonparametric control charts

King and Longnecker (1990) base a nonparametric CUSUM control chart on the
Wilcoxon signed rank statistic. They need to compute the entire distribution
of this statistic under a shift alternative to obtain the average run length. They
also use Milton's midpoint algorithm (8.12) to do so, but they do not embed this
algorithm like we do in (8.14). Therefore, they have to repeat the algorithm
for all 2n possible sequences �. Using (8.14) we were able to compute the
complete table of probabilities that they present for n = 5; Æ = 1 and various
densities within a second. Therefore, (8.14) enables us to perform the same
computations for a (much) larger sample size. King and Longnecker (1990) point
out the inadequacy of the numerical approximation for heavy tailed alternative
distributions. Our algorithm contributes to the solution of this problem, since
we may increase the integration area I or decrease the interval length h without
having to deal with unacceptable computing times.

8.4.2 Lehmann alternatives

A well-known special class of alternatives for two-sample tests are the Lehmann
alternatives: G = �(F ); where G and F are the continuous cumulative distribu-
tion functions of the two samples and � is a nondecreasing function for which
�(0) = 0 and �(1) = 1: Lehmann (1953) proved that in this case the distribution
of the test statistic only depends on �. Therefore, one may choose F as one
wishes and for simplicity one often uses F = U [0; 1]: Since our algorithm holds
for any alternative, it certainly works for Lehmann alternatives. The fact that
F may be chosen arbitrarily sometimes simpli�es integration and allows for us-
ing symbolic integration as in Theorem 8.2.1. When � is a polynomial (think of
the proportional hazards alternative or the accelerated life testing alternative
in Callfas and Mohanty (1986)) symbolic integration is very fast. This implies
that our algorithm makes more complicated algorithms as in Lin and Sukhatme
(1993) and Callfas and Mohanty (1986) superuous.
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Callfas and Mohanty (1986) deal with the speci�c example

�(u) =
u

( − 1)u+ 1
; (8.29)

where 0 ≤ u ≤ 1 and  > 0: The choice  = e−Æ results in the logistic shift
alternative with

F (x) = (1 + e−x)−1 and G(x) = (1 + e−(x−Æ))−1:

Their problem is that they cannot directly apply their algorithm, since � is not
a polynomial. Therefore, they approximate � by a polynomial �∗ by equating
the moments of � and �∗. However, our algorithm is able to use � itself. This
involves integration by parts for �. In principle this is not a problem when one
uses a computer algebra package like Mathematica. However, we show that it
is often useful to help the package.

When we use Theorem 8.2.1 with F = U [0; 1], G = �(F ) and �(u) as in (8.29),
we observe that the functions that have to be integrated are sums of expressions
of the form

a hb;c;d(u) = a
ub lnc(( − 1)u+ 1)

(( − 1)u+ 1)d
: (8.30)

This knowledge allows for an e�ective trick to help the package. We simply store
the primitive Hb;c;d(u) of hb;c;d(u) with undetermined coeÆcients and each time
the algorithm encounters a hb;c;d(u) for a certain value of a, it uses Hb;c;d(u) to
avoid further computations. Computation of the exact distribution for  = 11
and sample sizes m = n = 5 takes only a few seconds. Using these exact values
one avoids simulations that are used in Callfas and Mohanty (1986) to check
the accuracy of their approximations.

8.4.3 Exact power of rank tests and sample size determination

Several papers are devoted to power computations for various rank tests under
various alternatives. Hodges, Jr. and Lehmann (1961) and Klotz (1962,1963)
deal with comparing the powers of the Wilcoxon signed rank and two-sample
rank statistic with that of their normal scores counterparts under normal shift
alternatives. Only very small sample sizes are considered in these papers (n = 5
or m = n = 5). Milton (1970) is an extensive source for the exact distribution
of the Wilcoxon two-sample statistic under normal shift alternatives for sample
sizes m ≤ 7; n ≤ 7: Results based on simulations are given in Van der Laan
and Oosterho� (1967) for m = n = 10. Van der Laan (1964) and Katzenbeisser
(1989) produced power functions for some non-normal shift alternatives. Useful
asymptotic results based on Edgeworth expansions have been obtained by Bickel
and van Zwet (1978) and Does (1983) for the two-sample statistics and by Albers
et al. (1976) for the signed rank statistics.
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m n Æ Wm;n Vm;n m n Æ Wm;n Vm;n m n Æ Wm;n Vm;n

5 5 0 0.0556 0.0556 7 14 0 0.0460 0.0460 10 10 0 0.0530 0.0530
1
2

0.1102 0.1102 1
2
0.1588 0.1620 1

2
0.1822 0.1853

1 0.2923 0.2923 1 0.4959 0.5048 1 0.5481 0.5553
3
2

0.5482 0.5482 3
2
0.8342 0.8421 3

2
0.8734 0.8783

2 0.7812 0.7812 2 0.9739 0.9764 2 0.9845 0.9856
5
2

0.9217 0.9217 5
2
0.9981 0.9984 5

2
0.9992 0.9993

3 0.9793 0.9793 3 0.9999 0.9999 3 1.0000 1.0000

6 10 0 0.0420 0.0420 8 8 0 0.0498 0.0498 12 12 0 0.0518 0.0518
1
2

0.1231 0.1240 1
2
0.1464 0.1474 1

2
0.2113 0.2158

1 0.3848 0.3881 1 0.4407 0.4436 1 0.6315 0.6410
3
2

0.7141 0.7181 3
2
0.7722 0.7750 3

2
0.9290 0.9335

2 0.9213 0.9231 2 0.9488 0.9497 2 0.9953 0.9958
5
2

0.9877 0.9881 5
2
0.9940 0.9940 5

2
0.9999 0.9999

3 0.9989 0.9989 3 0.9996 0.9996 3 1.0000 1.0000

Table 8.1: Power for the two-sided Wilcoxon (Wm;n) and Van der Waerden
(Vm;n) two-sample tests under normal shift (Æ) alternatives at signi�cance level
� ≈ 0:05:

Clearly, there is a gap between the exact results for very small sample sizes
(especially for the normal alternatives) and the asymptotic results for large
sample sizes. We use our algorithms to �ll this gap. To illustrate this we used
algorithm (8.14) combined with branch-and-bound to compare the exact power
of the Wilcoxon two-sample statistic with that of the Van der Waerden statistic
under normal shift alternatives for some intermediate sample sizes. The results
are listed in Table 8.1.

To obtain a fair comparison we have to choose equal signi�cance levels for both
statistics under the null hypothesis. To do so, we use the realization of the
Wilcoxon statistic for which the p-value p̂ under H0 is approximately equal to
0.05. Since the Van der Waerden statistic has many signi�cance levels, it is

then not hard to �nd the realization of the Van der Waerden statistic for which
the p-value equals p̂. From Table 8.1 we conclude that for these intermediate
sample sizes the power of the Van der Waerden test is systematically larger

or equal to that of the Wilcoxon test, but the di�erences are only slight. This
conclusion was also drawn in Van der Laan and Oosterho� (1967) for m = n = 6
and m = n = 10 on the basis of simulations. The equality of the numbers for
m = n = 5 is striking at �rst sight. It is explained by the fact that the sets of
rank con�gurations for which the value of the statistic lies in the critical region
are exactly equal. However, when sample sizes increase this is not the case
anymore. Moreover, the choice of a di�erent signi�cance level might also lead
to unequal numbers for m = n = 5.

We observe that the di�erences increase when the sample sizes increase and that
the di�erences are larger for unbalanced cases than for balanced cases. So, from
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this point of view it would not make sense to use the Van der Waerden test
instead of the Wilcoxon test when the samples are small. However, for the Van
der Waerden test the actual signi�cance level can often be chosen much closer
to the desired signi�cance level than for the Wilcoxon test. This advantage is
larger for small samples than for large samples.

We also used Theorem 8.2.1 to produce exact power curves for the two-sided
Wilcoxon two-sample test under normal shift alternatives. Until now, these were
only known for cases N = m+ n;N ≤ 14 (see Milton (1970)). We present the
power curves for the cases N = m+n;m = n;N = 10; 20; 30; 40 in Figure 8.4.3,
so that they can be used to determine necessary sample sizes for detecting
a certain shift. Note that in the case N = 40;m = n we have to consider�
40
20

�
=
�
14
7

�
≈ 4:02∗107 more rank con�gurations than in the case N = 14;m = n:

The curves are not smooth, because the test statistic is discrete. The curves are
exact for the shifts Æ = 0:1d; d = 0; : : : ; 30; and interpolation is used between
these points.

0 0.5 1 1.5 2 2.5 3
Shift
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0.4
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Figure 8.1: Power curves for the two-sided Wilcoxon test under normal shift
alternatives at signi�cance level � ≈ 0:05; N = m+ n;m = n.
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Samenvatting

Het toetsen van hypotheses is een van de meest gebruikte procedures uit de
statistiek in de praktijk. Erg vaak wordt de aanname gedaan dat de data nor-
maal verdeeld zijn en wordt een procedure gebruikt die hierop gebaseerd is.
Echter, vaak kan men helemaal geen uitspraak doen over de kansverdeling van
de data en is het beter om een verdelingsvrije toets te gebruiken. Ook kan
het zijn dat de data rangen zijn (denk aan een smaakpanel dat producten moet
rangschikken naar smakelijkheid) en moet men sowieso een rangtoets gebruiken.

Een nadeel van verdelingsvrije toetsingsgrootheden is dat het vaak erg veel tijd

kost om exacte kritieke waardes of p-waardes te berekenen. Onder de nul-
hypothese zijn deze waardes nodig om een uitspraak te kunnen doen over de
waarschijnlijkheid van die hypothese, terwijl onder een gespeci�ceerde alter-
natieve hypothese deze waardes interessant zijn met betrekking tot het onder-
scheidingsvermogen van een toets. Om te lange rekentijden te vermijden kan
men twee wegen bewandelen: zoeken naar goede benaderingen van de kritieke
waardes en p-waardes of snelle(re) algoritmes voor het berekenen van de exacte
waardes ontwikkelen en implementeren. Dit proefschrift behandelt resultaten
op het tweede gebied.

In Hoofdstuk 1 motiveren we het onderzoek door te laten zien dat benaderin-
gen niet altijd goed genoeg zijn. Belangrijke factoren die hierbij een rol spelen
zijn onder andere de steekproefgroottes, de aanwezigheid van knopen (gelijke
waarnemingen) en de extremiteit van de te berekenen kritieke waarde of p-
waarde. Bovendien laten we zien hoe men met knopen kan omgaan en we
de�ni�eren een aantal begrippen die we veel gebruiken in dit proefschrift zoals
rangscores en genererende functies. Deze genererende functies blijken handige
gereedschappen te zijn om de verdeling van een toetsingsgrootheid te represen-
teren. Computeralgebra pakketten als Mathematica en Maple zijn uitermate
geschikt voor implementatie van genererende functies, hetgeen we illustreren in
Hoofdstuk 2. In dat hoofdstuk geven we ook een overzicht van een aantal in
de literatuur bekende genererende functies en we leiden een nieuwe genererende
functie af voor de Freund-Ansari-Bradley toetsingsgrootheid.

In Hoofdstuk 3 richten we ons op lineaire rangtoetsingsgrootheden voor twee
steekproeven, zoals bijvoorbeeld de Wilcoxon toetsingsgrootheid. We gebruiken
een twee-dimensionale genererende functie, de Streitberg-R�ohmel formule, als
basis voor drie procedures. Ten eerste ontwikkelen we een branch-and-bound
algoritme voor het snel berekenen van exacte p-waardes en kritieke waardes.
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Ten tweede laten we zien hoe we met behulp van de Streitberg-R�ohmel formule
exacte momenten en cumulanten van de toetsingsgrootheden kunnen bereke-
nen. De exacte cumulanten gebruiken we om bestaande Edgeworth benaderin-
gen gebaseerd op benaderde cumulanten te verbeteren. Tenslotte geven we een
nieuwe expliciete expressie voor de genererende functie van de Halperin toet-
singsgrootheid voor gecensureerde waarnemingen.

De basis van Hoofdstuk 4 is de kansengenererende functie van Spearman's
rankcorrelatieco�eÆci�ent � die uitgedrukt wordt in termen van de permanent
van een matrix. We gebruiken Laplace expansie en diverse symmetrie�en in de
matrix voor het berekenen van de tot nog toe onbekende exacte verdelingen van
� voor steekproefgroottes n = 19; : : : ; 22: De aanpak met behulp van de perma-
nent blijkt ook te werken voor rangtoetsingsgrootheden voor lineaire regressie.
Tevens laten we zien dat we de kansengenererende functie van Page's L simpel
kunnen berekenen uit de genererende functie van �. De uitdrukkingen voor de
genererende functies die we in dit en in de vorige hoofdstukken hebben gevonden
komen uitermate goed van pas bij het toepassen van het `split-up' algoritme dat
we bespreken in Hoofdstuk 5. We geven aan onder welke voorwaarde het algo-
ritme kan worden toegepast. Het blijkt dat het algoritme toepasbaar is op een
groot aantal toetsingsgrootheden. We vergelijken het algoritme met het branch-
and-bound algoritme, dat gebruikt wordt in het commerci�ele pakket StatXact,
and concluderen dat het split-up algoritme in veel gevallen aanzienlijk sneller
is.

In Hoofdstuk 6 maken we de stap naar verdelingsvrije kwadratische toetsings-
grootheden voor meer dan twee steekproeven. Eerst behandelen we toetsings-
grootheden van het Kruskal-Wallis type. We leiden een recursie af voor de
genererende functie van simultane rangscoresommen en gebruiken het feit dat
de behandelingen onder de nulhypothese verwisselbaar zijn (in probabilistische
zin) om de berekeningen te versnellen. Echter, omdat de berekeningen vaak
nog steeds te traag zijn, ontwikkelen we een branch-and-bound algoritme voor
het berekenen van exacte p-waardes. Omdat we nu te maken hebben met kwa-
dratische optimaliseringsproblemen, is dit algoritme complexer dan het algo-
ritme uit Hoofdstuk 3. Wanneer men te maken heeft met blokken wordt vaak
een toetsingsgrootheid van het Friedman type gebruikt. We laten zien dat
de genererende functie van simultane rangscoresommen in dit geval een pro-
duct van genererende functies is. We gebruiken het feit dat de termen in dit
product symmetrische polynomen zijn voor het ontwikkelen van een snellere
vermenigvuldigingsmethode.

Voor het simultaan vergelijken van meer dan twee behandelingen worden vaak
`multiple comparisons' toetsingsgrootheden gebruikt. In Hoofdstuk 7 behande-
len we gegeneraliseerde Nemenyi-Dunn en Steel toetsingsgrootheden zowel voor
situaties met als zonder blokken. Daarnaast beschouwen we zowel toetsings-
grootheden voor het vergelijken van �e�en behandeling met een aantal andere als
die voor het vergelijken van alle behandelingen met elkaar. Voor het aeiden
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van de genererende functie gebruiken we de resultaten uit Hoofdstuk 6 voor
de simultane rangscoresommen. Daarnaast combineren we het inclusie-exclusie
principe met een branch-and-bound algoritme voor het snel berekenen van ex-
acte kritieke waardes en p-waardes. Dit principe blijkt ook zeer nuttig te zijn
voor het berekenen van scherpe exacte grenzen voor de p-waardes in veel minder
tijd dan het berekenen van de exacte p-waardes. Tenslotte gebruiken we de split-
up techniek uit Hoofdstuk 5 voor het verbeteren van een bestaand algoritme dat
werkt voor een kleinere klasse toetsingsgrootheden dan het branch-and-bound
algoritme.

Terwijl de eerste hoofdstukken voornamelijk gericht zijn op het berekenen van
exacte verdelingen onder de nulhypothese concentreren we ons in Hoofdstuk 8
op niet-nul verdelingen. We leiden recursies af voor kansengenererende functies
van lineaire rangteken- en tweesteekproeftoetsingsgrootheden. We combineren
deze recursies met branch-and-bound en laten zien dat het ontstane algoritme
veel eÆci�enter is dan bestaande methodes. Tenslotte behandelen we een aantal
toepassingen van onze algoritmes op het gebied van niet-parametrische regel-
kaarten, Lehmann alternatieven en exact onderscheidingsvermogen.
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