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Chapter 1

Introduction

In this chapter we first give a general introduction to soft condensed matter. Next, we
continue by briefly discussing what the building blocks of biological soft materials are. We
describe how these building blocks can self-assemble into larger structures such as fibers and
viruses, in particular filamentous viruses. Next, we discuss how these self-assembled structures
themselves self-organize into liquid crystalline phases and a short introduction to the liquid
crystals is given. Finally, we end this chapter by presenting the aim and outline of this thesis.



2 Introduction

1.1 Soft condensed matter

Soft condensed matter is a branch of physics that deals with materials that are comprised
of objects of an intermediate, or mesoscopic, length scale from a few nanometers to a few
micrometers. What separates soft matter from solids and liquids is the existence of structure
in this length scale. Among the systems that are studied in the field of soft condensed matter
are colloids, emulsions, foams, sand, supramolecular assemblies, polymeric melts and gels.

The level of ordering in soft materials is between that of a liquid and a crystalline solid.
In a liquid state, there is short-range positional order, i.e., particles are adjacent but moving
freely on a local scale. A crystalline solid, on the other hand, has a long-range positional order
in all directions and particles are confined to a lattice. Soft materials exhibit both liquid-like
and solid-like properties. For instance, liquid crystals can have long-range positional and/or
orientational order in some directions while exhibiting short-range order in the other directions.

A typical energy scale that is relevant to the interactions between particles in soft materials
is kBT , where kB is the Boltzmann’s constant, T is the absolute temperature. This is
the energy scale that is associated with the random Brownian motion of the particles at
temperature T . Brownian motion is due to the random collisions of particles in a fluid with
particles that are dispersed in it. This causes these particles to move randomly (or diffuse) in
the fluid. How fast they diffuse depends on their size and shape, viscosity of the fluid and the
thermal energy, kBT .

Another common feature to soft materials is that they self-organize into complex structures
that are made up of often chemically complex components. One of these components is
typically a host fluid in which the others are dispersed. The internal degrees of freedom of these
components can have a significant impact on their self-organization and kinetics. For instance,
rod-like colloidal particles, and in general non-spherical particles, self-organize into much more
complex structures such as liquid crystals compared to the hard spherical ones because of
their additional orientational degrees of freedom. Bending flexibility of a particle is another
example of internal degrees of freedom that can influence the self-organization and kinetics
in soft materials. In this thesis we shall show how bending flexibility of filamentous particles
changes the concentrations at which there is a phase transition from a liquid crystalline phase
to another.

The theoretical framework that is widely used to study macroscopic properties of soft
materials is statistical mechanics. In this framework, the microscopic interactions between
particles in many-body systems with a large number of degrees of freedom are described
statistically. Theories based on statistical mechanics have successfully predicted and described
the macroscopic properties of many systems such as liquid crystals, supramolecular polymers,
colloidal suspensions and protein solutions. However, one of the limitations of the theories
is that their analytical complexity rapidly grows as particles in systems under study become
more complex, i.e., as the internal degrees of freedom of the particles increase. This makes it
extremely difficult to accurately describe the macroscopic properties of such systems by these
theories except in certain limiting cases.

One of the tools that is commonly used to overcome this problem is computer simulation.
For certain problems such as those in which components of a system are structurally complex,
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simulations can give more accurate results compared to theories. However, simulations also
have their limitations, for instance reaching long time and length scales relevant to those
of experiments is usually a big challenge. The simulation results can be compared to the
experimental observations on the system that the model describes in order to find out whether
the model is adequate or not. After this, the models of, e.g., particle-particle interactions in a
given system, can be used in computer simulations to predict properties of materials made up
of those particles.1 Throughout this thesis we make use of computer simulations to study self-
organization and kinetics of macromolecules, particularly those that biological soft materials
are made of, at different length and time scales.

In the next section we present a brief introduction to biological materials and their building
blocks.

1.2 Biological materials, proteins and nucleic acids

Biological materials such as skin tissue, leaf tissue, blood vessels, heart valves, spider silk and
so on, are often considered as soft materials because they are made up of building blocks
such as proteins and nucleic acids that are of the order of nanometers in size. Moreover,
these building blocks that are often dispersed in water are usually able to self-organize into
larger structures such as fibers and some simple viruses. Interestingly, this self-organization
can be hierarchical. For instance, some types of proteins are able to self-assemble into fibers
and these fibers themselves can self-organize into liquid crystalline phases that self-organize
into anisotropic droplets.2 Similarly, filamentous viruses can self-organize into liquid crystalline
phases.3 Understanding the process of self-organization in such systems plays an important
role in rational design of new self-assembling materials that can have interesting applications.
For example, Aggeli and coworkers designed self-assembling peptide materials that are able
to form hydrogels and can be used for many healthcare applications.4 Another example is
the work of Belcher and collaborators in which virus particles help synthesis and assembly of
Nanowires that are used in Lithium ion battery electrodes.5

As mentioned above, proteins and nucleic acids are the building blocks of most biological
materials. Proteins consist of chains of amino acids. Amino acids are made from amine and
carboxylic acid groups with the chemical formula of -NH2 and -COOH, respectively, that
are covalently connected to a side chain specific to each amino acid (see Fig. 1.1). Within
a protein chain, the amino acids are connected by covalent chemical bonds that are called
peptide bonds. The sequence of amino acids within a protein (or a polypeptide) chain is
referred to as its primary structure. The interactions between the amino acids determine how
a protein folds into secondary, tertiary and quaternary structures, which are different levels
of protein folding. The secondary structure of a protein is the lowest level of folding that
involves the interaction between amino acids near each other. These secondary structures
along with other disordered regions of a protein come together and assemble into the tertiary
structures. At the next level of folding, multiple protein chains self-organize into a larger
protein conglomerate - the quaternary structure.

The process of protein folding is governed by the interactions between amino acids of
which the most important ones are hydrogen bonding, hydrophobic and electrostatic interac-
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tions. Hydrogen bonds are dipole-dipole attractive interactions that occur between molecules
containing hydrogen atoms covalently bonded to an electronegative atom such as oxygen and
nitrogen. For example, hydrogen bonds can form between water molecules that are made up
of two hydrogens bound to an oxygen. This type of bonds can also form between parts of
a protein that contain hydrogens bound to electronegative atoms. At room temperature the
free energy gain from formation of each of these hydrogen bonds is of the order of a few kBT .

Another type of interaction between amino acids is hydrophobic interaction that is caused
by the entropy gain that results from minimizing the hydrophobic surface area of a protein.
The hydrophobic surface area of a protein is that part of the protein that contains hydrophobic
(nonpolar) amino acids and is in contact with water. Contact of hydrophobic amino acids
with water costs free energy because it causes the water molecules surrounding the amino
acid to lose their orientational freedom because they cannot form hydrogen bonds with those
nonpoler amino acids.6 This leads to an effective attraction between these nonpolar amino
acids in water.

As mentioned above, the interactions between amino acids determine the secondary struc-
ture of a protein. The most common secondary structures are α-helices and β-sheets. In
α-helices amino acids are arranged in a helical structure. β-sheets are sheet-like structures
that are composed of fully extended strands called β-strands that are connected to each other
by hydrogen bonds (see Fig. 1.1). These β-sheets are often able to stack on top of each
other and self-assemble into aggregates and fibers. A well-known example of this type of fiber
formation is the self-assembly of amyloid beta that is associated with Alzheimer’s disease.

Self-assembly of proteins can also occur on a template molecule such as DNA and RNA,
which are nucleic acids. DNA molecules are often made of two polymeric chains called strands
that are connected to each other via hydrogen bonds. The polymeric single stranded DNA
chains contain simpler units that are called nucleotides and are composed of a nucleobase
(guanine, adenine, thymine, and cytosine) and a backbone made of alternating sugars and
phosphate groups. In solution and at neutral pH (pH ≈ 7) DNA molecular is negatively
charged because the phosphate group bears a negative charge (−1e for each phosphate group,
where e is the elementary charge approximately equal to 1.602 × 10−19 Coulomb). The linear
charge density of DNA amounts to −2e/0.34nm, which means that it is a highly negatively
charged molecule.

Because of the high negative charge of DNA, positively charged proteins can bind to it
and self-organize into structures around it. This is how some simple viruses are made of a
DNA (or RNA, which like DNA consists of nucleotides but it is usually single-stranded) and
a protein shell or capsid that contains positively charged protein subunits. For example the
tobacco mosaic virus (TMV) that infects plants is made from coat proteins of one type that
self-assemble around RNA and form a rod-like structure with a length and width of about 300
nm and 18 nm, respectively.

In this section we described how protein chains fold into secondary structures and how
these structures self-assemble into tertiary and quaternary structures such as fibers. Also,
we briefly mentioned that some proteins can bind to DNA or RNA, self-assemble and form a
capsid around it. These are different levels of hierarchical self-assembly from amino acid and
nucleotide sequences to fibers and viruses (see Fig. 1.1). In the next section, we shall discuss



1.3 Liquid crystals 5

that in the next level of this hierarchy, dispersion of fibers and rod-like viruses mentioned
above are able to self-organize into various liquid crystalline phases.

1.3 Liquid crystals

In this section, we first present a brief overview of Liquid crystals (LCs) and next we focus
attention on the LC phases that can be formed by filamentous particles such as fibers and
rod-like viruses. LCs are states of matter with a level of ordering between that of a liquid and
a solid. They are often formed by anisometric particles such as rod- and plate-like ones. LCs
can be divided into two classes: thermotropic and lyotropic. In thermotropic LCs particles
self-organize into different liquid crystalline phases as the temperature changes. In lyotropic
LCs, particles are in colloidal size range and they are dispersed in a fluid. The control variable
for this class of LCs is the density (or concentration).

The study of the phase transitions in LCs is interesting from a physics point of view
because it involves different levels of symmetry breaking. Apart from the interesting physics,
understanding the phase behavior of LCs is of considerable technological importance. For
example, materials made up of anisometric particles show interesting optical properties that
depend on the phase that the particles self-organize into. Therefore, to have control over
these optical properties it is crucial to investigate what LC phases these particles form under
a given condition involving parameters such as concentration, temperature, etc. as well as
parameters that are specific to the type of the particles, e.g., aspect ratio, bending flexibility
and so on.

The liquid crystalline phases formed by particles are determined by the internal degrees of
freedom of the particles as well as the type and strength of interactions between them. The
simplest liquid-crystalline phase that rigid rod- or plate-like particles self-organize into is the
nematic phase in which the principal axis of particles are on average along a common axis,
which is called the nematic director, but there is no long-range positional order. This means
that the nematic phase is a fluid with a broken orientational symmetry and therefore materials
of this kind are also optically anisotropic or birefringent.

At higher concentrations (for lyotropic LCs) and lower temperatures (for thermotropic
LCs) monodisperse rigid rod-like particles form smectic and crystal phases whereas plate-like
particles are able to form bi-axial nematics (if they do not have a cylindrical symmetry),
columnar and crystal phases. In the smectic phase, particles are aligned in a direction like
in the namatic phase and on top of that they have positional order in one direction along
which they form layers. If this direction is parallel to the nematic director the phase is called
smectic-A and if it is not the phase is called smectic-C. If within a layer particles have liquid-
like short-range positional order and quasi long-range hexagonal order, this is called a hexatic
smectic-B phase.

In a columnar phase, particles are arranged in columns of which the centers of mass
form a two dimensional lattice with hexagonal or rectangular order (see Fig. 1.2).8 In this
phase particles act like a liquid within a column. Filamentous particles can form a columnar
phase if they are significantly polydisperse in size. At sufficiently high concentrations or low
temperatures, both rod-like and plate-like particles freeze into a crystal phase. For the case
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Figure 1.1: From top to bottem; schematic reperentaion of an amino acid, formation of a peptide
bond, formation of a protein chain, folding of a protein chain into the secondary struc-
ture (a β-sheet) and self-assembly of β-sheets, fiber formation and self-organization of
fibers into liquid crystalline phases. Cartoon images of proteins are created using VMD
software. 7



1.3 Liquid crystals 7

(a) (c)(b) (d) (e)

Figure 1.2: Schematic picture of (a) isotropic (b) nematic (c) smectic-A (d) columnar (side view)
(e) columnar (top view) phases.

of rod-like particles two types of crystalline arrangements are possible: AAA and ABC. In the
AAA arrangement rods are in columns whereas in the ABC stacking each layer is shifted with
respect to others.

Structural details of particles can also influence their phase behavior. For example, if
filamentous particles are chiral, i.e., their mirror image cannot be superimposed on them,
they are able to form chiral nematic (or cholesteric) phase. In this phase, there is a finite
twist angle between adjacent particles that is because of their asymmetric packing. This
results in twisting of the particles perpendicular to the director. Particle bending flexibility is
another example of the structural detail of particles that could affect their phase behavior.
For instance, a larger bending flexibility in filamentous particles shifts the isotropic-nematic
and nematic-smectic-A phase transition to higher concentrations.

To study liquid crystalline phases experimentally, filamentous virus particles such as TMV
and fd virus are appealing model systems because they are highly monodisperse, which means
that the experimental results on these viruses can be directly compared with the theoretical
predictions.3 However, virus particles are still structurally much more complex than the models
that are usually studied theoretically. For example, fd virus is a semi-flexible particle with
length and diameter of 880 nm and 6.6 nm, respectively, and a persistence length of 2.2
µm.9 At pH 7 both of these viruses are highly charged with a linear charge density of -10
to -20 e/nm. At sufficiently low ionic strengths where there is a soft electrostatic repulsive
interaction between them, by increasing the concentration apart from the isotropic phase,
they self-organize into nematic (cholesteric), smectic-A and columnar phase.3,10
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1.4 Aim and outline of the thesis

The aim of this thesis is to investigate by means of computer simulations the influence of
structural details of macromolecules such as a bending flexibility, conformational state and
length of a protein chain, on their kinetics, phase behavior and self-assembly. Guided by recent
experimental investigations, two types of macromolecule are studied at different levels of detail
of description. One is a semi-flexible filamentous virus particle that exhibits a whole host of
liquid-crystalline phases in aqueous solution, the bending flexibility of which we describe in
terms of a highly coarse-grained model as a string of beads. By using this model, we study
how the bending flexibility of filamentous particles affects their equilibrium properties and
dynamics. The other is a silk-like protein that is a promising candidate for gene-delivery
purposes, and that we model at the atomistic level, that is, in full chemical detail. In our
simulations, we aim at understanding how these proteins self-assemble in the absence or
presence of a DNA molecule.

In the next chapter we describe the methods that we use in our simulations. In Chapter
3, we perform Brownian dynamics simulations on a quasi one-dimensional system of parti-
cles made up of beads that are connected to each other with harmonic bonds and bending
potentials. The flexibility of these particles is tuned by the strength of the bending poten-
tial. We investigate how changing particle flexibility influences the dynamics in such systems.
In Chapter 4, we carry out simulations in which we study the diffusion of these particles in
three-dimensions where we apply an external potential in two dimensions in order to mimic
the self-consistent field that exists in a columnar phase. This we do to study the dynamics
in the columnar phase of filamentous particles and to gain a better insight into how particle
flexibility influences the dynamics. We switch off the external potential in Chapter 5 and per-
form simulations in which we study the equilibrium properties and dynamics of these particles
at different particle densities and the effect of particle flexibility on them. In Chapter 6, we
carry our fully atomistic replica exchange molecular dynamics simulations in order to study
self-assembly of our silk-like proteins with different number of amino acid repeats. Finally, in
Chapter 7, our simulation results on calculating binding free energy of our silk-like protein to
a DNA molecule are presented.



Chapter 2

Methods

In this chapter we describe the simulation methods and techniques that we employ in this
thesis. We first present a brief introduction to molecular dynamics (MD) and Brownian
dynamics (BD) simulation methods, the time integration algorithms that are commonly used
in the MD and BD simulations and interaction potential implemented in the simulations.
Also, we explain how the long range interactions are normally treated in simulations. Next,
we give a brief review of implicit solvent models and replica exchange molecular dynamics
technique. Finally, the coarse grained model that we use to describe our filamentous particles
is discussed.
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2.1 Basics of molecular dynamics simulations

As we discussed in the introduction we make use of simulation techniques to study self-
organization and kinetics of the two types of macromolecule that we study in this thesis. A
simulation technique that is commonly employed for investigating dynamics and equilibrium
properties of such systems is molecular dynamics (MD). In MD simulations motion of particles
is simulated by integrating Newton’s equations of motion. Integration is done by discretizing
time into time steps and calculating forces on each particle at each time step and finally
predicting the new position of particles at the next step. By repeating this procedure one
can obtain the position of each particle as a function of time. According to the Newton’s
equations of motion for the i th particle we have,

dvij(t)

dt
=

Fij(t)

mi
(2.1)

where vij(t) is the velocity of the i th particle in j direction at time t, mi is the mass of the
i th particle and Fij(t) is the force that is applied to the i th particle in the j direction at time
t. In Cartesian coordinates, j is x,y and z directions. The force that acts on the i th particle
is related to the interaction potential, U, and external potentials, Uext , such as electric or
magnetic fields that are applied to the particle via,

Fij(t) = −∂[U(r⃗1, r⃗2, ..., r⃗N) + Uext(r⃗1, r⃗2, ..., r⃗N)]

∂rij
(2.2)

where r⃗i is the position of the i th particle and rij is its jth component. In Brownian dynamics
(BD) simulations, the effect of the presence of a fluid is implicitly counted for by including
two additional forces to the force term in Eq. 2.2. One is a friction force that acts on all
particles and emulates the friction that particles dispersed in a fluid feel while moving and
the other is a random force that acts on a particle due to the random kicks from the fluid
molecules around it. The friction term at time t, F f

ij (t), is defined as,

F f
ij (t) = −γivij(t) (2.3)

where γi is the friction constant between the fluid and the ith particle. The random force, F⃗ r ,
on each particle is a Gaussian-distributed random vector and has the following property,

⟨F⃗ r
i (t)F⃗

r
k (t0)⟩ = 2γikBT δikδ(t − t0) (2.4)

where angle brackets denote an ensemble average, kB is the Boltzmann factor, T is the
temperature of the heat bath on which the system is coupled, δik is the delta Kronecker of i
and k and δ(t− t0) is the delta function. In our simulations, the random numbers that satisfy
Eq. 2.4 are generated by using a pseudorandom number generator.

2.2 Time integration algorithms

To integrate the equations of motion and update the position of particles at each time step one
needs to implement a time integration algorithm. Two of the most commonly used algorithms
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for time integration are velocity Verlet and leapfrog algorithms. The former is implemented in
the LAMMPS code11 that we make use of to perform our simulations on self-organization of
filamentous particles and the latter is the one that is used in the Amber simulation package,12

which we employ to carry out our protein and protein-DNA simulations.
In the velocity Verlet algorithm, the relation between the position of a particle at time

t+∆t, x⃗(t+∆t) and its position and velocity at time t, x⃗(t) and v⃗(t), respectively, is given
by,

x⃗(t + ∆t) = x⃗(t) + v⃗(t)∆t +
1

2
a⃗(t)∆t2, (2.5)

where ∆t is the time step of the simulations, a⃗(t) = dv⃗(t)/dt is the acceleration of the
particle at time t the components of which are calculated from Eq. 2.1. Velocity at time
t + ∆t is obtained from the following relation,

v⃗(t + ∆t) = v⃗(t) +
a⃗(t) + a⃗(t + ∆t)

2
∆t. (2.6)

In the leapfrog algorithm velocities are calculated at half time steps,

v⃗(t + ∆t/2) = v⃗(t − ∆t/2) + a⃗(t)∆t, (2.7)

and positions are updated at each full time step,

x⃗(t + ∆t) = x⃗(t) + v⃗(t + ∆t/2)∆t. (2.8)

2.3 Interaction potentials and force fields

In MD simulations, the interaction potential, U, is usually divided into two parts: bonded
and non-bonded. The bonded part can contain bond stretching, angle bending, dihedral and
improper dihedral interactions between bonded particles. The bond stretching interaction is
usually a harmonic spring potential between pairs of bonded particles and has the following
form,

Ubond (r⃗i , r⃗j) =
1

2
kij(| r⃗i − r⃗j | −l0ij )

2, (2.9)

where r⃗i and r⃗j are the positions of particle number i and j that are connected, kij is the
strength of the spring potential and l0ij is the equilibrium bond length. The angle bending
potential is a three-body interaction and one of the simplest forms of this type of potential is
the following,

Uangle(r⃗i , r⃗j , r⃗k) =
1

2
kθ
ijk(θijk − θ0ijk)

2, (2.10)

where kθ
ijk is the strength of the bending potential that determines the local bending flexibility

of a molecule, θijk is the angle between the r⃗j − r⃗i and r⃗k − r⃗j vectors and θ0ijk is the equilibrium
angle between these vectors. The dihedral or torsion angle potential is a bonded potential
between four particles. One variant of it is given by,

Udihedral(r⃗i , r⃗j , r⃗k , r⃗l) =
1

2
kφ
ijk(1− cos(nφijkl − φ0ijkl)), (2.11)
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where φijkl is the angle between two planes formed by the ith, jth and kth particles and the jth,
kth and lth ones, n is the number of minima in the dihedral potential as the bond is rotated
through 360◦ and φ0ijkl is the phase shift angle.

The non-bonded interactions in MD are pair-wise additive and they usually include Lennard-
Jones (LJ) and electrostatic interactions. Lennard-Jones potential is an approximation for the
interaction between a pair of neutral atoms and molecules. It consists of two terms; a repulsive
part that describes the Pauli repulsion at short ranges and an attractive part that has a longer
range and models the van der Waals interaction. The overall form of this potential is,

ULJ(r⃗i , r⃗j) = ϵij

!
(
C r
ij

rij
)12 − (

C a
ij

rij
)6
"
, (2.12)

where ϵij is the strength of the potential, rij is the distance between the ith and the jth

particle and C r
ij and C a

ij are parameters corresponding to the repulsion and attraction part of
the potential. The electrostatic interactions between particles is modeled by the Coulomb
potential of the form,

UCoulomb(r⃗i , r⃗j) = c
qiqj
rij

, (2.13)

where qi is the charge of the particle number i and c = 1/4πϵ0ϵr with ϵ0 and ϵr being the
permittivity of vacuum and the relative permittivity of the medium surrounding the particles,
respectively.

2.4 Long range interactions and boundary conditions

In an MD simulation with N particles the number of all non-bonded interactions that needs to
be calculated is of the order of N2. This means that the computational cost of the simulations
increases rapidly with the number of particles. In order to reduce the computational cost of
MD simulations with a large number of particles, it is common to use a cutoff distance for the
non-bonded interactions. For example, for the case of the Lennard-Jones potential because
the value of the potential becomes very small at long particle-particle distances, usually it
is only calculated for particles that are closer to each other than a certain cutoff distance.
For longer distances it is assumed that the LJ potential is zero and the total contribution of
the tail of this potential, i.e., sum of the potential values for distances larger than the cutoff
does not diverge. This assumption works for the LJ potential. However, to apply this kind of
truncations to other potential functions care must be taken because it can be shown that if a
potential energy function decays slower than r−3 (like the electrostatic potential does) then
the tail contribution diverges.1 This means that ignoring the tail of the potential can lead to
significant inaccuracies.

To overcome this problem, one of the methods that is widely used in MD simulations is the
Ewald summations method and its variants such as particle-mesh Ewald (PME) summations.
In this method, the electrostatic interactions are divided into two contributions; one is a short-
range contribution that is calculated in real space for particles closer than a certain cutoff and
the other is a long-range one that is calculated in Fourier space based on the Fourier form of
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the Poisson equation for a charge distribution. For the PME method the computational cost
of electrostatic interactions grows with the number of particles N as N logN, which means
that for large systems it is much more efficient than calculating the Coulomb potential for all
particles.

The efficiency of the code that is used for MD simulations is very important because it
determines whether investigating a problem by MD technique is computationally feasible or
not. This is especially important for simulations of congested systems or biomolecules in
aqueous solution because the simulation box in such simulations is usually nearly filled with
interacting particles and at the same time the simulation box must be large enough in order
to avoid unphysical effects due to the influence of boundaries. Therefore, a large number
of particles must be included in these simulations. This problem can partly be resolved by
applying a periodic boundary condition and virtually creating copies of the simulation box
around it, so that the particles in the original simulation box interact with other particles in
the copies of the simulation box and they can pass the boundaries and enter the simulation
box from the other side (see Fig. 2.1). This way the effect of boundaries is minimized.

Figure 2.1: Schematic representation of a simulaiton box (the one in the middle) and its periodic
images.

2.5 Implicit solvent models

In MD simulations of biomolecules, such as protein and DNA, a rather large part of the
simulation box is often filled with water molecules. Presence of water molecules make these
simulations computational very expensive even for relatively small molecules. One way of
reducing the computational cost is to use the implicit solvent models in which water is treated
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as a continuous medium. Different types of implicit solvent models have been developed so
far from which the most commonly used in the simulations is the generalized Born surface
area (GBSA) model. Below we briefly introduce this model.

In the GBSA model the solvation free energy (the free energy cost of solvating a molecule
in water) is divided into three parts; a solvent-solvent cavity part, Gcav , a solvent-solute van
der Waals one, GvdW , and a solute-solvent electrostatic polarization part, Gpol . For the case of
non-polar molecules it has been shown that the solvation free energy is linearly related to their
solvent accessible surface area (SA). Therefore, for the non-polar molecules with Gpol ∼ 0,
the van der Waals and cavity parts are evaluated together by calculating the solvent accessible
surface area:

Gcav + GvdW =
n#

i=1

γsurfi Ai , (2.14)

where Ai is the sum over solvent accessible surface area of all atoms of type i and γsurfi is
a solvation parameter that is empirically determined. The electrostatic part of the solvation
free energy is given by,

Gpol =

$
1− 1

ϵ

% N#

i=1

N#

j=1

qiqj&
r2ij + bibj exp

' −r2ij
4bi bj

( , (2.15)

where bi is the so called the Born radius of atom i, N is the number of atoms, qi is the charge
of atom i and rij is the distance between atom i and j. Born radius for a simple spherical
system with a charge in its center can be considered as its van der Waals radius. For complex
systems, however, the Born radius of an atom depends on the position of all other particles
because they displace the (implicit) solvent.13

Implicit solvent models are also employed in the molecular mechanics generalized Born
surface area (MMGB-SA) methods to estimate the binding free-energy of a ligand, such as
a protein, to a receptor, such as DNA. The ligand and receptor bind to form a complex. To
compute the binding free-energy one needs to have snapshots of the three molecules, which
can be obtained from conventional MD simulations. The binding free-energy is calculated by
estimating the free-energy of each system from the simulation snapshots and computing the
binding free-energy from the following relation,

∆Gbind = ∆Gcomplex − (∆Gligand + ∆Greceptor ), (2.16)

where the ∆G for each of the complex, ligand and receptor can be decomposed into three
terms. One is a molecular mechanics energy term, ∆EMM , that corresponds to the internal
(bond, angle and dihedral interactions), electrostatic and van der Waals interactions for the
ligand, the receptor or the complex without considering the solvent effects, i.e., it is calculated
in the gas-phase of these molecules. The second term, ∆Gsolv , is the solvation free-energy
term that is computed by using the above mentioned implicit solvent models and a an entropy
term, T∆S . Therefore for the free-energy of each system we have,

∆G = ∆EMM + ∆Gsolv − T∆S , (2.17)
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∆EMM = ∆Einter + ∆Eelec + ∆EvdW , (2.18)

where ∆Eelec and ∆EvdW are the electrostatic and van der Waals potentials and ∆Einter is
the internal energy of the molecule in the gas-phase. The entropic contribution of the binding
free-energy is probably the most difficult term to estimate. A method that is commonly used
to estimate the vibrational free-energy of a system is normal mode analysis (NMA) method.
In the NMA approach, it is assumed that the energy function is harmonic with respect to an
energy minimized structure. The vibrational frequencies of normal modes are computed at
local minima of the potential energy and the sum of the vibrational entropy associated with
each mode is calculated from the vibrational frequencies.14

2.6 Replica exchange molecular dynamics

Exploring the phase space of molecules with large degrees of freedom by using MD simulations
is a tedious task because the free-energy surface of these molecules contains many local minima
and usually in the conventional MD simulations the molecules are stuck in one of these minima
because of the large barriers between the minima and cannot explore a significant part of the
phase space (see Fig. 2.2). One of the techniques that has been developed in order to
overcome this problem, is replica exchange molecular dynamics (REMD) technique.15
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Figure 2.2: Schematic picture of free-energy landscape of a biomolecule.

In replica exchange approach Nr copies (replicas) of a molecular system are simulated si-
multaneously and independently, at Nr different temperatures that range from a low tempera-
ture, often the desired temperature, to a high temperature at which the molecular system can
more easily overcome the free-energy barriers and escape the local minima. The connection
between the high and low temperatures is via an exchange attempt between neighboring tem-
peratures that occurs every nex number of simulations steps. In an exchange attempt the con-
figurations of two replicas at neighboring temperatures are exchanged if the detailed balance
condition in the temperature space is satisfied, i.e., if p(X )p(X → X ′) = p(X ′)p(X ′ → X )
where p(X ) is the weight factor of state X of the total system, including states of all the
replicas before the exchange, p(X ′) is the weight factor of state X ′ after the exchange and
p(X → X ′) is the exchange probability from the state X to X ′. It can be shown that satis-
fying the detailed balance condition results in the following relation between p(X → X ′) and
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p(X ′ → X ),

p(X → X ′)

p(X ′ → X )
= exp ([βi − βj ](Ui − Uj)) (2.19)

where βi = 1/kBTi with Ti being the temperature of the corresponding replica before the
exchange and Ui and Uj are the potential energies of replicas at neighboring temperatures Ti

and Tj . One of the efficient ways of satisfying Eq. 2.19 is to employ the Metropolis criterion,

p(X → X ′) =

)
1, if ∆ ≥ 0

exp(∆), if ∆ < 0,
(2.20)

where ∆ = [βi − βj ](Ui − Uj). In order to obtain sufficient sampling of the phase space in
the REMD method, one needs to make sure that the diffusion of replicas in the temperature
space is sufficiently fast, i.e., during a REMD simulation replicas must diffuse up and down
the temperature ladder at least for a few times. The average time that a replica travels from
the lowest temperature to the highest one depends on the exchange probabilities, which are
dependent on the distribution replica temperatures. The exchange probabilities increase with
increasing the number of replicas (and temperatures), which leads to faster diffusion in the
temperature space, but on the other hand the computational cost of REMD simulations grows
with increasing number of replicas. Therefore, choosing the right number of replicas in REMD
simulations is a challenge.

2.7 Coarse-grained model of filamentous particles

As advertised in the introduction we perform MD and Brownian dynamics (BD) simulations in
order to study self-organization and kinetics of filamentous particles. Our work is motivated by
recent experiments on dispersions of fd virus particles where the liquid crystalline (LC) phases
that are formed by these particles as well as the dynamics in the LC phases are investigated.
The fd virus is a filamentous particle with a length and diameter of approximately 880 and 6.6
nm, respectively. This length scale is very large compared to the typical length scales studied
in MD simulations with fully atomistic details. Moreover, the timescales at which the fd virus
particles self-organize into LC phases is orders of magnitude longer than those considered in
these simulations. So, performing fully atomistic simulation for our purposes is not feasible.
To reach large length scales and long timescales, we ignore most of the structural details (or
degrees of freedom) of the fd virus particles and only focus on the ones that (we, by making
an educated guess, think) are relevant at larger scales. This is called coarse graining.

A filamentous particle in our simulations is modeled as a chain of beads that are connected
to each other via a harmonic bond of the form of Eq. 2.9. Each three adjacent beads within
a chain are linked with a harmonic bending potential of the form of Eq. 2.10 (see also Fig.
2.3). The strength of the bending potential determines the bending rigidity of our particles.
To mimic the screened electrostatic repulsive interactions between the fd virus particles in the
above mentioned experiments we model the bead-bead interactions with the shifted Lennard-
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θσ

Figure 2.3: Schematic picture of our filamentous particles. Here, θ is the angle between three bonded
beads and σ is the diameter of bead.

Jones potential,

ULJ(r) =

)
4ϵ((σr )

12 − (σr )
6 + 1

4 ) if r ≤ 2
1
6σ

0 if r > 2
1
6σ,

(2.21)

where σ is the diameter of a bead and ϵ is the strength of the LJ potential.





Chapter 3

Diffusive behavior of rods in a
strongly confined dense dispersion

In very recent experimental work, diffusive motion of individual particles in a dense columnar
phase of colloidal suspension of filamentous virus particles is probed by means of fluorescence
video microscopy [S. Naderi et al. Phys. Rev. Lett. 111, 037801 (2013)]. Rare events were
observed in which the minority fluorescently labeled particles engage in sudden, jump-like
motion along the director. The jump length distribution turned out to be biased towards
a half and a full particle length. We suggest these events may be indicative of two types
of particle motion, one in which particles overtake other particles in the same column and
the other where a column re-equilibrates after a particle leaves a column either to enter into
another column or into a void defect on the lattice. Our Brownian dynamics simulations of
a quasi one-dimensional system of semi-flexible particles, subject to a Gaussian confinement
potential mimicking the effects of the self-consistent molecular field in the columnar phase,
support this idea. We find that the frequency of overtaking depends on the linear fraction of
particles and the steepness of the confining potential. The re-equilibration time of a column
after a particle is removed from it is much shorter than the self-diffusion timescale. For
the case of large system sizes and periodic boundary conditions, overtaking events do not
present themselves as full-length jumps. Only if the boundary conditions are reflecting and
the system is sufficiently small, full length jumps are observed in particle trajectories. The
reason is that only then the amplitude of the background fluctuations is smaller than a particle
length. Increasing the bending flexibility of the particles on the one hand enhances the ability
of particles to overtake each other but on the other it enhances fluctuations that wash out
full jumps in particle trajectories.



20 Diffusive behavior of rods in a strongly confined dense dispersion

3.1 Introduction

The complex phase behavior of suspensions of anisotropic colloidal particles has been studied
intensively over the past few decades, experimentally, theoretically and by means of computer
simulation.3,16,17 Apart from the usual isotropic phase also nematic, cholesteric, smectic,
columnar and crystalline phases have been found in a wide variety of colloidal system, including
those based on inorganic rod-like and plate-like particles, stiff polymers, elongated viruses and
worm-like micelles.18–20 Particularly attractive from a theoretical point of view are liquid
crystalline dispersions of virus particles, such as the rod-like tobacco mosaic virus and the
filamentous fd virus.3,9,21 The reason is that these particles, unlike most other types of colloidal
particle, are very monodisperse in length and in width. (See however the recent work of the
group of Van Blaaderen on monodisperse silica rods.22) This makes comparison with theory
and simulation a lot more straightforward than when the particles are not monodisperse. By
and large, experiment, simulation and theory agree, showing that the increasingly complex
ordered phases that appear with increasing concentration of particles is due to packing effects
and driven by entropy rather than enthalpy.23

Whilst a lot is now understood of the equilibrium structure and properties of liquid crystal
phases in colloidal dispersions, remarkably little is known about kinetic processes that take
place in them. It is not surprising, then, that over the past few years more emphasis is
being put on unraveling kinetic processes in these highly congested phases.24 It has emerged,
for instance, that the diffusivity of rod-like particles along their main axis speeds up in the
nematic phase as compared to that in the isotropic phase.25 In the smectic-A phase, diffusion
along the rod axis seems to be dominated by a kind of hopping-type layer-to-layer diffusion,
dictated by a combination of temporary caging of particles by their immediate neighbors and
the permanent self-consistent molecular field that they experience due to the presence of all
other particles.22,26,27

Probing single particle dynamics in congested liquid crystalline dispersions has been made
possible by advances in experimental techniques such as fluorescence video microscopy.28

Indeed, by fluorescently labeling a very small portion of filamentous fd virus particles dispersed
in water, Lettinga and Grelet and collaborators29,30 were able to probe self-diffusion in nematic
and smectic-A phases, and recently also the columnar phase that appears to be hexatic rather
than hexagonal.10 By tracking individual particles they found that the particles jump between
neighboring smectic layers.27 This type of inter-layer diffusion has also been hypothesized to
take place in smectic phases of thermotropic liquid crystals.31 It has also been found in recent
simulations of perfectly parallel32 and freely rotating33,34 hard filamentous particles.

Since the smectic phase has a layered structure, the finding of the discrete jumps is not
entirely surprising. Interestingly, a similar kind of hopping-type diffusion along the main axis
of the particles has also been observed in the columnar phase of fd virus particles, a phase
in which the particles exhibit no positional ordering in this direction.35 A typical trace is
shown in Fig. 3.1.36 The figure shows that almost all of the time the tracked particle jitters
around some equilibrium position, to jump to a new one a few times over the course of the
observations that lasted several hours. The first three jumps measure about half a particle
length (that we refer to as “half jump”) and the fourth one a full particle length (a “full
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jump”).
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Figure 3.1: Displacement x of a fluorescently labeled fd virus particle along the director in a columnar
phase where concentration of fd virus particles is c = 130 mg/ml at a pH = 8.2 and
ionic strength of I = 20 mM. The displacement is shown in unit of L the contour length
of the fd virus particle and time is in units of seconds. Notice the occurance of “full”
jumps and “half” jumps of a full and half particle length. A full length jump may consist
of two consecutive half jumps. 36

This kind of short-time rattling punctuated by long-time jump events along the director
of the columnar phase shows that the diffusion of the particles must be of non-Gaussian
nature, similar to the diffusion of rod-like particles along the rod axis in the smectic-A phase,
which of course is rather unexpected.29 To investigate this, Belli et al.37 performed dynamical
Monte Carlo simulations of a binary mixture of perfectly aligned hard spherocylinders. The
binary mixture was needed to suppress the smectic phase that for monodispersed hard rigid
spherocylinders is more stable than the columnar phase. They found that exchange of particles
between columns corresponds to a hopping-type diffusion in a two dimensional lattice, as
expected, but that the diffusion along the columns remains classical, i.e., diffusive at short
times, subdiffusive at intermediate times and diffusive again at long times. The subdiffusive
behavior at intermediate times is due to single-file diffusion; at long times it crosses over to
simple diffusion due to exchange of particles between the columns.

So, no evidence of a hopping-type diffusion along the main axis of symmetry was found
in these simulations. The reason for this is unclear but may be due to factors including a
lacking particle flexibility, monodispersity, chirality, and soft particle-particle interactions. Due
to the poly-domain structure of the columnar phase of fd virus,10 where domains range in
size from ten to a hundred particle lengths, boundary conditions should in addition become
an important factor. Typically, in simulations the boundary conditions of choice are periodic
ones, as in fact was in the case of the work of Belli and co-workers.37 In the present work,
we show by means of Brownian dynamics simulations on a quasi one-dimensional toy model
mimicking the diffusive behavior of rod-like particles in a single column in a hexatic phase,
that a plausible explanation of the full jumps may be particle overtaking events within the
columns. These events can only be observed if the inherent fluctuations associated with the
in-line diffusion in the columns are sufficiently suppressed. This requires small system sizes and
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reflecting boundary conditions. We put forward that the observed full jumps are in essence a
result of the poly-domain structure of the columnar phase.

The half jumps we hypothesize to be due to particles moving out of a column either to
a neighboring column or to a defect, leading to very fast relaxation of the remaining of the
particles in that column due to the large pressure. In our simulations, we test this by removing
a single particle from the column and following the trajectories of the neighboring particles.
The time dependence of the re-equilibration that we find agrees well with a simple estimate
based on equating the in-line pressure (a force) to the friction a particle experiences. We find
that the timescale associated with the re-equilibration is very short on the time scale of the
short-time self-diffusivity of the particles, in agreement with observations on the fd virus.35

The structure of the remainder of this chapter is as follows. In section 3.2 we first describe
the simulation model and the way that we analyze the simulation data. In the model we focus
attention on diffusive processes in a single column subject to a Gaussian confining potential.
The confining potential mimics the effect of the self-consistent molecular field imposed by
particles in the other columns. In section 3.3 we discuss our simulation results for the mean-
square displacement of rigid rod-like particles. In section 3.4 we present our simulation results
for correlation functions as a function of the strength of the confining potential and the
linear fraction of the particles that we model as strings of beads. Section 3.5 discusses the
relaxation of the particles in a column following the removal of a single particle from it, again
as a function of linear density in the limit of strong confinement. Next, in section 3.6, we
investigate the impact of bending flexibility in particular on the mean-square displacements
and the Van Hove correlators of the particles. We end the chapter with a discussion and
conclusions in section 3.7.

3.2 Model and Simulations

We perform Brownian dynamics simulations on systems containing N elongated particles, each
consisting of a linear array of n = 5 beads. Within each chain-like particle, adjacent beads are
bound to each other via a harmonic bond potential of the form Ubond(r) = kb(r−lb)2, and each
three neighboring beads are linked by a harmonic bending potential Ubend(θ) = ka(θ − π)2,
where r is the distance between the centers of mass of pairs of bead, lb = 1.2σ is the
equilibrium bond length with σ the size (diameter) of the beads and θ the angle formed by the
two bonds that connect the three beads to each other. Furthermore, kb and ka are the strength
of the bond and bend potentials, respectively. In all our simulations, we choose a large value
for the strength of the bond potential, kb = 50kBT/σ2, to ensure an essentially fixed bond
length during the simulations. The relation between ka and the persistence length Lp of each
particle is Lp = 2kalb/kBT ,38,39 at least in the limit where n → ∞ and kb l2b/kBT ≫ 1, where
kBT is the thermal energy with kB Boltzmann’s constant and T the absolute temperature.
In our simulations we focus attention on ratios L/Lp = 0.066 − 4 of the contour length
L = (n − 1)lb of our particles in the stiff bond limit that we are considering and persistence
length of the particles Lp. This allows us to investigate the effect of particle flexibility on the
kinetics.

All beads that are not direct neighbors in a chain interact with each other through the
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Figure 3.2: (a) Schematic representation of a particle in a hexagonal columnar phase. (b) Each
particle in our simulations consists of five beads connected by strong harmonic springs
as well as harmonic bending potentials between pairs of bonds. An external harmonic
confining potential is applied to all beads mimicking the self-consistent molecular field
that particles in a column of the columnar phase experience due to presence of particles
in other columns. (c) Snapshot of a simulation with N = 5 particles, linear fraction of
particles ψ = 0.8 and the strength of the confining potential kext = 7kBT/σ2.

repulsive part of a shifted Lennard-Jones potential,

Uij(r) =

)
4ϵ((σr )

12 − (σr )
6 + 1

4 ) if r ≤ 2
1
6σ

0 if r > 2
1
6σ,

(3.1)

where ϵ ≡ kBT is the strength of the interaction potential, which in our simulations is equal
to the thermal energy kBT , and r is again the center-to-center distance between the beads.
This potential mimics the soft electrostatic repulsion that acts between the charge-stabilized
fd virus particles.10,35

In order to mimic the self-consistent molecular field in the columnar phase, a harmonic
external potential is applied to all beads,

Uext = kext(y
2 + z2), (3.2)

where kext is the strength of confining potential and y and z are the Cartesian coordinates
perpendicular to the main axis (the x axis) of the confining potential (see Fig. 3.2). Note that
this external potential influences the apparent flexibility of particles and introduces another
length scale other than the persistence length, related to the strength of the confining potential
and the persistence length.40

The strength of the confining potential must somehow be linked to the concentration of
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the particles in the columnar phase. In principle, the relation between kext and particle density
(or packing fraction) can be estimated, e.g., from the simulation results of Belli and co-
workers.37 This is possible because the radial density distribution, the distribution of particles
in the direction perpendicular to the director of the particles, is proportional to the Boltzmann
factor of the self-consistent molecular field.29 Ignoring the fact that the simulations involve
binary mixtures of long and short spherocylinders with aspect ratios L/∆ = 2.1 and 1.0,
where L and ∆ are the length and diameter of a cylindrical body capped by two hemispheres
with diameter ∆, Belli et al. found that for volume fractions η = 0.535, 0.563 and 0.580,
the strength of the external potential applied to each rod is 30.9 (25.6), 55.6 (44.5) and
69.3 (56.5) kBT/∆2 for the longer (shorter) rods, respectively.41 Here the external potential
applies to rods, not segments. To obtain the strength of the external potential that is applied
to beads, we divide these values by the number of beads in each particle, which in our
simulations is n = 5. This gives us for the strength of the confining potential applied on
each bead kext = 6.2, 11.1 and 13.9 kBT/σ2 for the three concentrations quoted. Note
that in obtaining these values we ignored the fact that the aspect ratio of particles in these
simulations is different from those in ours. In our simulations, we mostly apply smaller values
for the strength of the external potential in the range kext = 2.0− 3.0kBT/σ2. This helps us
observe the overtaking events more often and to obtain better statistics. Because we aim at
testing our hypothesis qualitatively, the exact value of kext is not important for our purposes
as long as it is sufficiently large to keep particles in a line and is small enough to allow particles
to overtake each other within our simulation time. For the special case where we focus on
single-file diffusion, in which mutual passage of particles is not allowed, much larger values
of the confining potential strength are used, kext = 5.0 − 20.0 kBT/σ2. This ensures that
overtaking events do not occur during these simulations.

We used LAMMPS molecular dynamics package11 for all our simulations. To implement
the external potential of eq. 3.2, we add a custom potential to the LAMMPS code. Our
simulations are performed with a time step of 5 × 10−3 t∗ where t∗ is the unit of time, set
by the self-diffusion constant of a single bead Db = σ2/t∗. The self-diffusion constant of an
elongated particle made up of n beads reads D = Db/n, at least in the free-draining limit in
which we are operating.42 Initially, at time t = 0, the particles are positioned equidistantly
on a line with a given linear fraction ψ. To avoid a bias of our simulation results towards
the initial state, we discard the first 1.0t∗ of the simulation data. This is sufficient because
in most of our simulations the linear fraction is close to unity, which means that the internal
pressure is high and the system reaches equilibrium very quickly. To investigate the effect of
the boundaries on the dynamics of the particles periodic and reflecting boundary conditions
are applied in the direction of the main axis of the confining potential. Reflecting boundary
conditions are imposed by putting two fixed walls at x = −0.5σ and x = λ+0.5σ where λ is
the length of the simulation box along the main axis (the x axis). These walls interact with
beads through the repulsive part of a shifted Lennard-Jones potential,

Uwall(∆x) =

)
4ϵ(( σ

∆x )
12 − ( σ

∆x )
6 + 1

4 ) if ∆x ≤ 2
1
6σ

0 if ∆x > 2
1
6σ,

(3.3)
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where ∆x is the shortest distance between the center of a bead and the wall.

We analyze the structure and diffusion of the particles in the quasi one-dimensional system
by calculating the mean-square displacement of the particles w(t), the self-part of the Van
Hove correlation function Gs ,43 the pair correlation function g2 44 and the trajectory of particles
for different values of (i) the linear fraction ψ, (ii) the strength of the external potential kext
and (iii) the bending flexibility ka. In order to quantitatively investigate the hopping-type
diffusion of particles in our simulations, the probability of finding a particle at a distance x
after an interval of time t from its position along the main axis of the confining potential at
time t0 ≡ 0,43

Gs(x , t) =
1

N
⟨

N#

i=1

δ[x + xi (0)− xi (t)]⟩, (3.4)

which is the self part of Van Hove function, where N is the number of particles, xi (t) is the
position of the ith particle at time t and the angular brackets mean ensemble average. For
particles diffusing in a dilute gas, where the particles do not interact with each other, Gs is
a Gaussian function of the coordinate x .44 As the concentration of particles increases and
particle-particle interactions become important, the self part of Van hove function starts to
deviate from a Gaussian.45 This is because at high packing fractions the motion of particles
is affected by the presence of neighboring particles (due to the caging effect) and this induces
dynamical heterogeneities in the system.26

In systems where particles need to overcome a high free energy barrier to diffuse around,
e.g., due to the presence of a self-consistent molecular field such as in the case of a smectic
phase,26 the motion of the particles is a combination of rattling- and hopping-type diffusion.
This means that particles are mostly rattling around minimum energy positions and after some
time they hop to another one. For the case that particles hop with a certain hopping length,
the self part of the Van Hove function is not a Gaussian function and peaks appear for certain
values of x that are multiples of the hopping length.46 See also below.

The dynamics of particles in a congested system is arguably directly connected to its local
(microscopic) structure. For instance, the hopping-type diffusion observed in the smectic-A
phase is due to periodic particle density variations along the director. Therefore, the study
of the structural functions such as particle density and pair correlation function helps us
understand the dynamics. The particle density is a measure of the density variations in a
system and the pair correlation function is a measure of the density variations as a function of
the distance from a particle. In one dimension, the single-particle density may be written,47

n(x) = ⟨
N#

i=1

δ[x − xi ]⟩, (3.5)

where the angular brackets imply an ensemble average and δ(x) is the Dirac delta function.
For homogeneous and translationally invariant one-dimensional systems the pair correlation
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function is given by,44

g2(x) =
λ

N2
⟨

N#

j ̸=i=1

δ[x + xi − xj ]⟩, (3.6)

where λ is the length of the system, and N ≫ 1 is the total number of particles.

It can be shown that the single-particle density near a reflecting boundary behaves like the
pair correlation function of the same system in the bulk, i.e., away from the boundaries.48

So, conversely, the structure of a system near the boundaries can be deduced from the pair
correlation function, which for a one-dimensional system of hard rods with linear fraction ψ
reads49

g2(x) =
1

ψ

∞#

k=1

Θ(
x

L
− k)

$
ψ

1− ψ

%k ( xL − k)k−1

(k − 1)!
exp

!
− ψ

1− ψ
(
x

L
− k)

"
, (3.7)

where x is the center-to-center distance between particles, L is the particle length and Θ(x)
the Heaviside step function with Θ(x) = 0 or 1 for x < 0 or x ≥ 0, respectively. In our
simulations, eq. 3.7 should apply to the situations of extreme confinement where particles
cannot overtake. When the strength of the confining potential, kext , is not large enough to
prevent particles from overtaking each other, deviations from this relation are expected.

3.3 Rigid Rods: Mean-Square Displacement

For a finite-size, truly one-dimensional system in which mutual overtaking of particles is
not allowed, three diffusion regimes characterize the mean-square displacement w(t).50 The
first regime corresponds to the short-time Fickian diffusion regime, where a test particle
does not feel the presence of the other particle. In the second regime, called the single-file
diffusion (SFD) regime, diffusion of particles is suppressed by the others and the mean-square
displacement exhibits subdiffusive behavior. At times t ≫ tN , where tN is a crossover time
that depends on the system size λ and the linear fraction of particles ψ, the mean-square
displacement, which is also a measure of fluctuations in the position of particles, reaches
either a plateau value (for the case of reflecting boundary conditions)50,51 or a Fickian diffusive
regime in which the entire system diffuses, that is, its center of mass (for the case of periodic
boundary conditions).50 Our simulation results for the case of highly confined rigid particles
(with L/Lp = 0.067) are shown in Fig. 3.3 for systems of N = 5 particles with periodic and
reflecting boundary conditions. For the latter, the fluctuations in the position of particles is
suppressed at long times by the small system size and boundary effects. This is because the
maximum available “volume” for particles to diffuse is limited by the system size.

For an infinitely large system of identical particles with arbitrary interaction potential
and finite-range correlation length between particles, the third regime disappears because the
maximum free space available for particles is in principle infinitely large. The mean-square
displacement in the second regime follows the expression w(t) = 2Ft1/2, where F is the
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Figure 3.3: Dimensionless mean-square displacement, w(t)/L2, as a function of dimensionless time,
t/t∗, for a system of N = 5 particles with reflecting (red plus signs) or periodic (green
crosses) boundary conditions, in a cylindrically symmetric harmonic confining potential.
Here, L is the contour length of particles consisting each of five beads of diameter σ,
and t∗ is the simulation time unit t∗ = σ2/Db where Db is the self-diffusion constant
of a single bead. The linear fraction of particles in our quasi one-dimensional system is
ψ = 0.6 and the strength of the Gaussian confining potential is kext = 7kBT/σ2 where
kBT is the thermal energy. Lines indicate the three diffusion regimes where in the first
regime, at short times, particles do not feel each other’s presence and w(t) ∝ t. In the
second regime, the motion of particles is affected by the fact that they can not pass
each other, giving a subdiffusive w(t) ∝ t1/2 typical of single-file diffusion, 52 while in
the third regime w(t) reaches a plateau value (for the case of reflecting boundaries) or
the entire system collectively moves as a single free particle and again w(t) ∝ t (for the
case of periodic boundaries).

single-file diffusion mobility, given by53

F = 1/ρ
*
DS(0)/π, (3.8)

with D the self-diffusion constant, ρ the particle number density and S(0) the structure
factor, S(q), at the wave vector q = 0. For a one-dimensional Tonks gas this gives F =
[L(1− ψ)/ψ]

*
D/π where L is the particle length and ψ = ρL is the linear fraction of

particles.52 The crossover time tSFD from the first to the second regime is given by tSFD =
[L(1/ψ − 1)]2 /2D. Our simulations confirm this. Shown in Fig. 3.4 is the single-file mobility
as a function of linear fraction ψ for simulations with a large value for the strength of confining
potential kext = 10kBT/σ2. For this value of the confining potential the particles do not
overtake each other during the simulations and our system behaves like a one-dimensional
gas.

By decreasing the strength of confining potential, the constraint that does not allow
particles to overtake each other is relaxed and a crossover in the mean-square displacement
from subdiffusive scaling (in the SFD regime) to a diffusive one (Fickian regime) occurs for
long times.55 The crossover time is related to an overtaking time tO that measures the average
time for two particles to overtake each other.56 In our model, this overtaking time depends



28 Diffusive behavior of rods in a strongly confined dense dispersion

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F
/L

√

D

ψ

Figure 3.4: Single-file diffusion mobility F as a function of linear fraction ψ. Circles are obtained
from the simulations where particles are strongly confined to a line by a confining poten-
tial with harmonic spring constant kext = 10kBT/σ2, obtained by fitting mean-square

displacement to w(t) = 2Dt/
!
1 + (D/F )t1/2

"
where D is the single-particle diffusion

constant. 54 Squares are resulted from the same simulations by calculating the structure
factor and substituting it in eq. 3.8. The solid line is a theoretical prediction valid for
a truly one-dimensional hard-rod fluids. 52 It is due to finite size of our systems that the
simulation results obtained from eq. 3.8 slightly underestimate the theoretical prediction.

on the strength of the confining potential and the linear fraction of particles. We come back
to this below. For an infinitely large system and tO ≫ tSFD the SFD regime is reached by the
collection of particles between overtaking events, and the average mean-square displacement

of the particles scales as w(tO) ∼ Ft1/2O .56 Therefore, the average overtaking length, that is,
the average displacement of a particle after an overtaking event,

*
w(tO), in this case is not

necessarily a multiple of the particle length and can be any number depending on F and tO .
This contrasts with the experimental observations on fd virus particles in the columnar

phase that discrete jump events are found in the trajectory of particles.35 This is an indication
that the poly-domain structure of the columnar phase and the finite size of the columns might
play an important role in the dynamics of particles in this phase. The domain size in the
columnar phase can be roughly estimated from the optical texture of this phase by polarizing
microscopy. The estimated size of each domain is about 10 to 100 µm, which is about 10 to
100 times the fd virus particle length (0.88 µm).10

Here, we argue how the column size could affect the particle dynamics. As mentioned
earlier, for small system sizes the fluctuation in the position of particles (the square root of
the mean-square displacement) reaches a plateau value, see Fig. 3.3. For sufficiently small
system sizes with reflecting boundary conditions and sufficiently large linear fractions, these
fluctuations are actually much smaller than the particle size. In this case, the average over-
taking length approximately equals a particle length because in an overtaking event particles
that are rattling around their initial positions suddenly exchange positions.

To illustrate the importance of system size, trajectories of particles in a large system with
periodic boundary conditions and a small system with reflecting boundary conditions are shown
in Fig. 3.5. The latter is similar to the experimental traces shown in Fig. 3.1. This rattling-
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and hopping-type motion is also reminiscent of the diffusion of particles along the director in
a smectic-A phase where particles hop between smectic layers. This type of motion in the
smectic-A phase leads to appearance of peaks in the self part of the Van Hove function. So,
we would expect to see peaks in the self part of the Van Hove function Gs for the case of
a small system with reflecting boundary conditions, at least for confining potentials that are
not so steep that overtaking events do not occur.
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Figure 3.5: Position, x , of particles normalized to their contour length, L, as a function of dimen-
sionless time t/t∗ (a) small system for which background fluctuations in the position
of particles, w(t), is suppressed by the system size (N = 10 particles) and reflecting
boundary conditions. (b) Large system with N = 200 particles and periodic boundary
conditions. In both simulations, the strength of the confining potential is kext = 3kBT/σ2

and the linear fraction of particles is ψ = 0.9.

3.4 Rigid Rods: Correlation Functions

In order to test the idea that in small systems the Van Hove function Gs exhibits correlation
peaks, we calculated Gs for systems with periodic and reflecting boundary conditions. As
expected, for the case of a small system with reflecting boundary conditions, peaks appear
on multiples of the particle length; see Fig. 3.6a. For the case of a relatively large system
(N = 200) with periodic boundary conditions, where the effect of overtaking events on the
trajectories is washed out by the fluctuations, no peaks appear on multiples of the particle
length in the self part of the Van Hove function. See Fig. 3.6b. In this case, Gs is a superpo-
sition of Gaussian functions corresponding to the short-, intermediate- and long-time diffusion
of particles. The time scales involved are the (short-time) self-diffusion, (intermediate-time)
single-file diffusion and (long-time) hopping-type diffusion time scales.

The effect of these different time scales on Gs can be seen in Fig. 3.7 where two Gaussian
functions are fitted to the head and the tail of the Van Hove function Gs . These two functions
correspond to the intermediate and long time scales. The one corresponding to the short time
scales cannot be calculated from this figure because there are not enough data points at the
head of the Gs ; the frequency at which data is recorded is not high enough. Our results
are similar to what Belli et al.37 find for the longitudinal component of the self part of the
Van Hove function of a columnar phase of bidisperse parallel spherocylinders with periodic
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Figure 3.6: The self part of the Van Hove function Gs as a function of the scaled coordinate x/L
along the main axis of the system after time intervals t = 2500t∗, 5000t∗ and 10000t∗.
(a) N = 10 particles and reflecting boundary conditions. (b) N = 200 particles and
periodic boundary conditions. Here, the linear fraction of particles is ψ = 0.9, the
strength of the confining potential is kext = 3kBT/σ2 and L is the particle length.

boundary conditions. (Note that the mechanism of hopping-type diffusion along the main axis
is slightly different from ours since in their simulations inter-column jumps occur.) Therefore,
it may well be so that it is because of the periodic boundary conditions that Belli et al. do
not find rattling- and hopping-type diffusion along the director in their simulations.

The effect of boundary conditions becomes more important when the system gets smaller.
This can be understood by considering the fact that for a small system the fraction of particles
that feel the presence of the boundaries increases. Shown in Fig. 3.8a is the self part of the
Van Hove function Gs for simulations with reflecting boundary conditions and three system
sizes (N = 5, 10 and 50). For the smaller systems there is a peak in the Gs for a displacement
x/L = 1. For the system with N = 50 particles this peak is washed out because there are many
particles in the middle of the system of which the motion is not affected by the boundaries.
This shows that there must be a certain system size at which most of the particles do not
feel the presence of the boundaries. This certain system size depends on the linear fraction of
particles because the spatial correlation length is determined by the linear fraction. The effect
of linear fraction on the self part of the Van Hove function for a system of N = 10 particles
is shown in Fig. 3.8b. As the linear fraction increases the peak located at displacement
x/L = 1 becomes more prominent, which means that more particles are making jumps that
are not washed out by the fluctuations. This is not surprising because, as mentioned earlier,
by increasing the linear fraction the spatial correlation length increases and this means that
the motion of more particles is affected by the boundaries.

To better understand this we can calculate other structural descriptions such as the particle
density and pair correlation functions. As mentioned earlier, the behavior of the particle density
function near a reflecting boundary is proportional to that of the pair correlation function of
the same system in the bulk (see Fig. 3.9). The pair correlation function for a one-dimensional
system of hard rods with linear fraction ψ is given by Eq. 3.7. This pair correlation function is
an oscillating function of the center-to-center distance between particles, x , with a decaying
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Figure 3.7: Self part of the Van Hove function Gs as a function of the dimensionless diplacement
x/L for a system of N = 200 particles with linear density ψ = 0.9 and subject to a
harmonic confining potential kext = 3kBT/σ2 after a time interval t = 2500t∗. Periodic
boundary conditions are applied in this simulation. L is the length of a particle. The
black solid line is a Gaussian fit to data points around the origin (x2/L2 < 5) which
refers to SFD and the green dashed line is a Gaussian fit to the tail of the distribution
(25 < x2/L2 < 64).

envelope the decay length of which depends on the linear fraction ψ. At low linear fractions,
this function decays very rapidly and it has only one peak, but as the linear fraction increases,
more peaks appear near x = 0 (i.e., near the walls in the case of a system with reflecting
boundaries) meaning that the position of particles is more restricted close to the reference
particle (or close to the walls). As mentioned in the introduction, Eq. 3.7 is valid for a truly
one-dimensional system but for a system where the strength of the confining potential kext is
not sufficiently large to prevent particles from overtaking, the pair correlation function deviates
from Eq. 3.7. In our simulations this deviation is not large because kext is relatively large
and the overtaking events occur rarely, therefore the periodic structure near the boundaries
survives.

This periodic structure is reminiscent of the periodic structure of the smectic phase and
induces a smectic-like molecular background field on the particles. The effect of this molecular
field on the motion of particles is important when the system is sufficiently small so that the
decay length of the pair correlation function is comparable with the system size, in particular if
the confinement is not infinite and the particles are able to overtake each other. Therefore, in
order to sensibly analyze the dynamics of particles of very dense phases such as the columnar
phase with a poly-domain structure in terms of bulk dynamics, care needs to be taken to make
certain that the size of the domains is much larger than the spatial correlation length.

3.5 Half Jumps

In the previous sections we have shown that a possible explanation of the full jumps observed
in the columnar phase of fd virus particles may be due to particle overtaking events.35 Also,
we found that the effect of system size and boundary is important because these effects may
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Figure 3.8: Self part of the Van Hove function Gs(x) as a function of dimensionless displacement
x/L for time t = 5000t∗ obtained from simulations in which the strength of the confining
potential is kext = 2kBT/σ2 and the boundary conditions are reflecting. (a) Result for
three system sizes with N = 5, 10 and 50 particles and a fixed linear fraction of particles
ψ = 0.9. (b) Result for three values of linear fraction ψ = 0.8, 0.9 and 0.95 with the
number of particles fixed to N = 10.

suppress fluctuations in the motion of particles and lead to formation of quasi periodic free
energy barriers near the boundaries. By overcoming these free energy barriers particles can
overtake each other and make full jumps. In this section, we test our hypothesis for the half
jumps presented in the introduction. According to this hypothesis, the half jumps occur due
to particles moving out of a column to a neighboring column or to a defect. This leads to a
very fast relaxation of the remaining particles in that column because of the large pressure in
it if the linear densities is large.

Here, we test our hypothesis by removing a single particle from the system at time tr and
following the trajectory of the neighboring particles at time t > tr . Removing a particle from
the system creates a gap that the two neighbors of the removed particle will fill. The distance
between the two neighboring particles is measured in our simulations as a function of time.
For each set of parameters, we perform 100 simulations with different random generator seeds
to have sufficient statistics to find the average distance between the two neighbors at times
t > tr . We find that after removal of the particle, the two neighbors start to move towards
each other and the distance between the particles decreases exponentially until they reach
an equilibrium distance after a certain amount of time. Just after the particle is removed,
the distance between the two neighbors is roughly twice the particle length but after a while
it reaches an equilibrium value, which is, at high enough linear fractions, about the particle
length. This shows that, on average, each neighbor moves a distance, which is equal to half
a particle length. In this case the distribution of jump lengths for the nearest neighbors peaks
around a half-particle length. If we take the displacement of all particles into account then
the distribution peaks around zero, i.e., the effect goes away. The reason is the displacement
of next nearest neighbors is half of the neighbors and so on.
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Figure 3.9: Green circles; pair correlation function g2(x) as a function of dimensionless displacement
x/L of particles in a quasi one-dimensional system with N = 50 particles, linear fraction of
ψ = 0.8, strength of the confining potential of kext = 20kBT/σ2 and periodic boundary
conditions. L is the particle length. Red squares the linear particle density n(x) relative
to the average value N/λ near the walls for a system with N = 50 particles, ψ = 0.8,
kext = 20kBT/σ2 and reflecting boundary condition. λ is the system length. The black
solid line is the theoretical prediction for the pair correlation function of a truly one-
dimensional system of hard rods (see eq. 3.7). The displacement x is either the center-
to-center distance between two particles (for the case of the pair correlation functions)
or the distance from center of a particle to one of the reflecting boundaries (for the case
of the particle density).

From the exponential decay of the average distance between the two particles, dave(t),
one can calculate the average time after which the two particles fill the gap. This is also
an interesting quantity because the time-scale of the half-jumps seen in the experiments is
exceedingly short compared to the diffusion time-scale.35 By fitting an exponential function
of the form dave(t) = d0 exp(−t/τc) + deq to our simulation data for each value of the linear
fraction, we obtain the characteristic time (τc) that is a measure of the time to fill the gap
(See Fig. 3.10). It scales as (1− ψ)/ψ.

In order to understand this, we derive a relation between τc and ψ by using the relation
between the internal pressure of a Tonks gas and the linear fraction.57 If a particle is removed
from the system, the two neighboring particles are pushed towards each other by the remaining
particles due to the in-line pressure. The force that drives the two neighbors to move towards
each other is related to the internal pressure of a Tonks gas, given by58

βΠ =
ρ

1− ψ
, (3.9)

where β = 1/kBT , Π is the internal pressure of the Tonks gas and ρ is the number density
ρ = ψ/L with L being the particle length. Recall that our particles behave like a Tonks gas for
large values of the confining potential. Since the system is presumed to be in the overdamped
regime, the driving force is equal to the frictional force and this gives Π = γv where γ is the
friction constant and v is the velocity of the particles. The length x that a particle travels
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after a certain amount of time t is given by x = vt, by replacing x with L and t with τc and
substituting v from the above equations, we have

τc = L2βγ(1/ψ − 1) = τD(1/ψ − 1), (3.10)

where τD = L2/D is the single-particle diffusion time. This equation shows that the process
of filling the gap at high linear fractions happens much faster than the single particle diffusion
in particular if ψ → 1. In Fig. 3.10, a double logarithmic plot of τc as a function of 1/ψ−1 is
shown. The solid line in this graph comes from the above theory, Eq. 3.10, which is in good
agreement with the simulation results. Note that there are no adjustable parameters.
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Figure 3.10: The characteristic half-jump time τc (discussed in the main text) as a function of
the linear packing fraction ψ. The data points are calculated from simulations with
a strong confining potential, kext = 10kBT/σ2. The number of particles and their
bending flexibilities are N = 200 and ka = 30kBT , respectively. The black solid line is
the theoretical prediction Eq. 3.10. 57

3.6 Effect of Bending Flexibility

In the previous sections we have discussed the influence of the system size and boundaries on
the dynamics of particles. We found that the formation of quasi-periodic structures near the
boundaries induced by the presence of the hard walls leads to the appearance of peaks in the
Van Hove function. These peaks become sharper with increasing linear fraction. This means
that at higher linear fractions more overtaking events take place that are not washed out by
the background fluctuations. Another factor that can affect the overtaking events and the
sharpness of the peaks in the Van Hove function is the bending flexibility of particles. The
reason why bending flexibility is interesting for us is that fd virus is a semi-flexible particle
and that this can affect the structure of the phases formed by these particles as well as the
dynamics of particles in these phases.59

In order to study the effect of bending flexibility on the dynamics of particles, we performed
simulations with different values of the strength of the particle bending flexibility and measured
the self part of the Van Hove function. Shown in Fig. 3.11a is the self part of the Van Hove
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function after a time interval t = 5000t∗ for three values of the strength of the bending
flexibility corresponding to values of L/LP = 4.0, 1.0 and 0.5 with increasing bending stiffness.
For the case of the most flexible particles (L/LP = 4.0), no peak appears for x = L, which
means that background fluctuations are not small enough causing the overtaking events to be
washed out by these fluctuations. The reason why fluctuations are bigger than for the case
of stiff particles is that flexible particles can make use of their bending flexibility to reduce
the internal pressure by partially lying on top of each other; this decreases the effective linear
fraction and increases the magnitude of fluctuations.
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Figure 3.11: Self part of the Van Hove function Gs(x , t = 5000t∗) as a function of the dimensionless
displacement x/L obtained from simulations with N = 10 number of particles and linear
fraction of ψ = 0.95. (a) Result for three values of bending flexibility ka = 0.5kBT
(corresponding to a length to persistent length ratio of L/LP = 4), ka = 2kBT (L/LP =
1) and ka = 4kBT (L/LP = 0.5) with a fixed value for the strength of the confining
potential kext = 2kBT/σ2. (b) Simulation results for three values of the strength of
the confining potential kext = 1kBT/σ2, kext = 2kBT/σ2 and kext = 4kBT/σ2 with a
fixed value of the bending flexibility ka = 6kBT (L/LP = 1/3). Vertical axis is rescaled
to get the same value at x/L = 0.

As the bending stiffness is increased, partially lying on each other costs more energy for
particles and therefore it is not energetically favorable to reduce the internal pressure by doing
that. This is why we see shoulders appearing on x = L in the Gs(x) for increasing particle
stiffness. So, the transition point from where there is no peak on the self part of the Van
Hove function to where peaks appear in this function is determined by the energy cost for
particles lying on each other. This energy cost does not only depend on the bending flexibility
but also on the strength of the external potential.

In order to investigate the effect of the strength of the external potential kext on the
overtaking events we performed simulations with different values of kext while keeping bending
flexibility fixed ka = 6kBT corresponding to L/LP = 1/3, which is close to that of wild-type
fd virus and is much larger than L/LP = 0.067 discussed in previous sections. From these
simulations we obtained the self part of the Van Hove function after the time interval of
t = 5000t∗. As can be seen in fig. 3.11b for the smallest value of kext no peak appears for
x = L. This is again because particles are able to partially lie on top of each other and reduce
the internal pressure of the system by rotating away from the center of the column giving rise
to a lower effective packing fraction. This again enhances background fluctuations that wash
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out the effect of overtaking events. For the slightly larger value of the strength of the external
potential kext = 2kBT/σ2 a shoulder appears on x = L but at kext = 4kBT/σ2 the shoulder
disappears again. This is because in this case the external potential is too strong so almost
no overtaking event occurs within the time interval t = 5000t∗.

3.7 Conclusion

In recent experiments on rare sudden jump-like motion of particles along the director was
observed with a jump length distribution that biased toward a half or a full particle length.35

We put forward that these events may represent two types of particle motion, one in which
particles overtake each other in the same column and the other where particles in a column
re-equilibrate after a particle leaves the column.

To test this, we performed Brownian dynamics simulations of a quasi-one dimensional
system of flexible, semi-flexible or rigid particles to which a Gaussian confinement potential
is applied. This potential mimics the effects of the self-consistent molecular field in the
columnar phase. Our simulation results show that it is only in sufficiently small systems with
reflecting boundary conditions and sufficiently large linear fractions that overtaking events
present themselves as full jumps. This is mainly because in such systems the background
fluctuations in the motion of particles are suppressed by the reflecting boundaries and small
system size.

We also find that by increasing the linear fraction of particles or decreasing the system
size the peaks in the self part of the Van Hove function become sharper, which means that
the frequency of overtaking events not washed out by the background fluctuations increases.
Moreover, we find a relation between time scale of the re-equilibration of a column after
removing a particle from it and the self-diffusion time scale. This relation describes the
results of our simulations accurately, confirming that at high linear fractions the re-equilibration
process is much faster than the self-diffusion time scale.

We also considered the effect of particle bending flexibility on the overtaking events.
We find that for flexible particles the background fluctuations are bigger and the effect of
overtaking events is washed out by these fluctuations. As the flexibility decreases the amplitude
of these fluctuations becomes smaller and overtaking events present themselves again as full
jumps.



Chapter 4

Collective string-like motion in
columnar phases

We study by means of Brownian dynamics simulations heterogeneous dynamics in a dense
columnar phase of monodisperse hard filamentous particles, and find that in a background
of barely moving particles some particles occasionally engage in a fast coherent string-type
motion similar to what is observed in glassy states of isometric particles. This fast motion is
triggered by the exchange of particles between two or more columns at different positions in
the columns, which leads to sudden displacement of particles between these positions. The
distribution of particle displacements shows a pronounced peak at one particle length. We
perform our simulations with particles of different persistence lengths, and find that for more
flexible particles the number of jump events increases. As the number of particles in the
columns increases with system size for a given linear fraction of particles in the columns, the
peak in the distribution becomes wider and for sufficiently large systems the peak disappears
completely. This is associated with the increase in the magnitude of fluctuations in the motion
of particles as the system size increases. Our simulation results explain recent experimental
observations on single-particle motion in dense columnar phases in aqueous dispersions of
filamentous virus particles.
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4.1 Introduction

Liquid-crystalline phases formed in suspensions of highly anisometric, i.e., elongated or flat,
colloidal particles have been the subject of intensive study over the past few decades.3,60–64

Among these particles, filamentous virus particles such as tobacco mosaic virus (TMV) and fd
virus are particularly interesting because, unlike most other types of colloidal particle, they are
very monodisperse,3 which makes them a suitable model system to compare with theory and
simulation. (See however the recent work of the group of Van Blaaderen on monodisperse
silica rods.22) Onsager23 showed that the isotropic-to-nematic phase transition in dispersions
of long hard rods, i.e., rods interacting via a harshly repulsive, steric interaction, can be driven
by entropy alone. Indeed, aqueous dispersions of fd virus, TMV and DNA do form a (chiral)
nematic phase at sufficiently large concentration.65–68 It has also been predicted (based on an
Onsager-like theory) that at large packing fraction parallel hard rods form a smectic-A phase.69

Frenkel and collaborators did indeed find a smectic phase of hard rods in their simulations,
showing that excluded-volume effects can give rise to complex phases.17 A stable smectic-A
phase in dispersions of fd virus, TMV, highly monodisperse poly(γ-benzyl L-glutamate) and
silica rods has been observed experimentally.21,22,70,71

Recently, Grelet found that filamentous fd virus particles of length and width 880 and
7 nm, respectively, and a persistence length of about 2.8 µm, self-organize into a columnar
phase in water at high concentrations.10 This columnar phase has a poly-domain (“powder”)
structure characterized by grain boundaries. The size of the domains, which can be estimated
from optical textures obtained by polarizing microscopy, measures from about 10 to 100
virus particle lengths. X-ray scattering patterns of monodomains turn out to show a six-fold
symmetry with peaks that have substantial tails, indicative of a hexatic rather than hexagonal
order. The hexatic structure is characterized by quasi long-range six-fold orientational and a
short-range translational order resulting from the presence of topological defects presumably
caused by the chiral nature of the particles.72,73

Why fd virus particles form a columnar phase at high concentrations remains poorly
understood. Theoretically, particle bending flexibility can destabilize the smectic phase and
it has been suggested that for sufficiently flexible particles this may lead to formation of a
columnar phase.59,74 However, in computer simulations of worm-like particles with varying
flexibility no indication of a stable columnar phase was found, at least for hard particles with
aspect ratios up to 5.8.75 By applying a bifurcation analysis to the Onsager free energy for
charged rods in strongly nematic states, Wensink found that a hexagonal columnar phase
suppresses the smectic-A phase if colloidal rods are perfectly parallel, charged and the Debye
screening length is sufficiently large.76 He also observed this in simulations using a Yukawa
site model where a strong alignment potential was applied to the particles. Interestingly,
the hexagonal symmetry of the columnar phase vanished in the absence of this alignment
field. Another study showed that for monodisperse parallel hard spherocylinders, formation of
the columnar phase strongly depends upon the system size.77 A meta-stable columnar phase
(with respect to a crystal phase) was found in simulations of infinitely long spherocylinders.78

In computer simulations, a columnar phase is usually stabilized by making use of a length
polydispersity of the particles.37,79 It has also been observed experimentally that polydisperse
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particles form a columnar phase at sufficiently high concentrations.80

Recent advances in experimental techniques have made it possible to probe the Brownian
motion of individual particles in real space in dense liquid-crystalline phases, including the
nematic, smectic and columnar phases. Käs and coworkers studied bending fluctuations and
self-diffusion of actin filaments in dilute, semi-dilute and concentrated F-actin solutions.81 In
2003, the arrangement and dynamics of monodisperse β-FeOOH, Selenium (Se) and nickel
dimethylglyoxim (NDG) rods were studied in real-space by optical microscopy.82 Later, self-
diffusion of filamentous virus particles in the nematic phase was studied by means of fluorescent
microscopy techniques.25 It was found, for instance, that the self-diffusivity along the main
axis of the particles speeds up in the nematic phase compared to that in the isotropic phase.
In the smectic phase, diffusion of particles along the main axis has been found to be a kind
of hopping-type diffusion between smectic layers,27,29,30 dictated by the temporary caging of
particles by their direct neighbors and by the permanent self-consistent molecular field that
they experience due to presence of all other particles.26 Smectic phases of monodisperse silica
rods also showed a hopping-type inter-layer diffusive motion albeit that in this case the layer-
to-layer diffusion is slower than the in-layer diffusion.22,83 This unusual type of diffusion of
particles in the smectic phase has been observed in computer simulations as well, highlighting
the highly correlated nature of particle motion in congested phases.32–34

Due to the layered structure of the smectic phase it is not surprising that a hopping-type
diffusion between the layers has been observed. Interestingly, discrete jumps have also been
found by Grelet et al. in the columnar phase of fd virus particles.35 In this study, a small
fraction of the virus particles were fluorescently labeled so that the position of the particles
could be recorded over time. Their displacement along the director of the columnar phase,
i.e., parallel to the column axes, shows sudden jump-like displacement similar to that found
in the smectic phase. The distribution of jump lengths obtained from these experiments is
bimodal with peaks on a half and a full particle length. This shows that in contrast to the
jump length distribution in the smectic phase, which is peaked at about a full particle length,
in the columnar phase there are two types of jump with characteristic lengths of a half or a
full particle length.

One plausible explanation is that the full jumps may be associated with particle overtaking
events and the half jumps are due to re-equilibration of particles in a column following a jump of
a particle out of the column, e.g., into a defect. To investigate this, in Chapter 3, we performed
Brownian dynamics simulations of hard particles confined by a cylindrically symmetric Gaussian
potential that mimics the self-consistent field that particles in a column experience due to
presence of the other particles.84 Our simulation results showed that overtaking events present
themselves as full jumps only if the size of a column is sufficiently small. This is because in
large systems the jumps are washed out by the large fluctuations in the motion of particles.
Hence, the reason why these jumps are observed experimentally must be connected with
the poly-domain structure of the columnar phase of fd virus particles. We also performed
simulations where a particle from the middle of a column is removed and the positions of
its neighbors are tracked, and found that during re-equilibration of the system these particles
move very fast compared to the self-diffusion time of single particles. Displacement of the
neighbors after re-equilibration turned out to be (on average) about a half particle length
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confirming our hypothesis.
In our previous simulations we considered only a single column so the influence of inter-

column interactions was not taken into account. Here, we perform Brownian dynamics simu-
lations of a hexagonal columnar phase of hard semi-flexible filamentous particles to investigate
other possible mechanisms that lead to half and full jumps. In order to prevent formation of
smectic phase, which appears to be the most stable phase for our particles at concentrations
below that they crystallize and above concentrations that they form a nematic phase,75 we
apply a superposition of three periodic potentials in two dimensions. We find an interesting
correlated closed-loop-like (or “vortex-like”) motion of particles, similar to those observed in
glassy states of spherical particles.45 Among those particles involved in the correlated motion,
some change columns at different positions and others stay in the same column engaging
in full-length jumps. We perform simulations with two types of particle of equal length but
different persistence length, and find that the number of jump events increases with increasing
the particles internal flexibility. This is in line with experimental observations on wild-type fd
virus and the mutant fdY21M virus the latter of which is much stiffer.35

The remainder of this chapter is organized as follows. In section 4.2 we describe our
simulation model and the way we analyze our simulation data. Section 4.3 is devoted to
describing our finding of correlated string-like displacement events involving particles in up to
six columns. The influence of system size on these events is discussed in section 4.4, where we
also present our results for the Van Hove self-correlation function. In section 4.5, we discuss
the effect of particle bending flexibility on the motion of particles. We end this chapter with
conclusions and outlook in section 4.6.

4.2 Model and simulations

In our Brownian dynamics simulations there are N chain-like particles, each containing a linear
array of n = 9 beads. Within each particle, adjacent beads are connected to each other via
a harmonic bond potential of the form Ubond(r) = kb(r − lb)2, and each three neighboring
beads are in addition linked by a harmonic bending potential Ubend(θ) = ka(θ−π)2, where r is
the center-to-center distance between pairs of bead, lb = 0.6 σ is the equilibrium bond length
with σ the size (diameter) of the beads and θ the angle formed by the two bonds that link the
three beads to each other. We choose a smaller lb value in this chapter compared to the one
in Chapter 3 to have particles with smoother surface. This is because in our three dimensional
simulations due to the interaction between particles in neighboring columns it is important that
particles are able to slide over each other easily. Furthermore, kb and ka are the strengths of the
bond and bend potentials, respectively. The total length L of our particles is L = (n−1)lb+σ.
To make certain that bond lengths are essentially fixed during the simulations, we choose a
large value for the strength of the bond potential, kb = 50 kBT/σ2, where kBT is the thermal
energy with kB Boltzmann’s constant and T the absolute temperature. The persistence length
of our particles Lp is related to ka via Lp = 2kalb/kBT ,38,39 at least in the limit where n → ∞
and kb l2b/kBT ≫ 1. In our simulations we focus attention on ratios Lc/Lp = 0.09 − 0.31 of
the contour length Lc = (n−1)lb of our particles in the stiff bond limit that we are considering
and their persistence length Lp. This allows us to investigate the effect of particle flexibility on
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the kinetics. As we shall see, particle flexibility has a large impact on their long-time diffusive
motion.

All beads, excluding those that are direct neighbors in a chain, interact with each other
through the repulsive part of a shifted Lennard-Jones potential,

Uij(r) =

)
4ϵ((σr )

12 − (σr )
6 + 1

4 ) if r ≤ 2
1
6σ

0 if r > 2
1
6σ,

(4.1)

where ϵ is the strength of the interaction potential, which in our simulations is equal to the
thermal energy, so ϵ = kBT , and r is again the distance between the centers of mass of the
beads. This potential mimics the soft screened electrostatic repulsion that acts between the
charge-stabilized fd virus particles in the experiments of Grelet and collaborators.10,35

In order to prevent the formation of a smectic phase in our simulations and to mimic
the self-consistent field that particles experience in the hexagonal columnar phase, we apply
an external potential to all the particles (beads). This potential is a superposition of three
periodic potentials in two dimensions,
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where k is the strength of the external potential and q is defined as q = 2π/d where d is
the equilibrium column-to-column distance. Note that this column-to-column distance also
affects the bending fluctuations of our particles. This is because each particle is surrounded
by six other particles and it is effectively confined in a tube with a diameter of d . It introduces
a new length scale, the so-called deflection length, λ, and is related to the persistent length

of our particles, Lp, and the column-to-column distance, d , by λ = L1/3p d2/3.40,85 Our model
for semi-flexible chains is sensible only in the regime where the deflection length is larger than
the bond length, lb. In our simulations this is always true.

To investigate the effect of poly-domain structure of the columnar phase and the domain
size on the motion of particles, we perform simulations on three system sizes with N =
12, 50 and 200 particles in each column. There are 100 columns in the simulation box,
so our system size varies from 1200 to 20000 rods. Initially, in each column particles are
positioned equidistantly on a line with a linear fraction ψ. The position of this line in the
plane perpendicular to the columns is determined by the position of the minima of the external
field. We apply reflecting boundary conditions along the main axes of the columns and in the
direction perpendicular to the director we apply periodic boundary conditions. To suppress
any smectic layering of particles along the director, which may result from flat boundaries,
we place two fixed particles at the two ends of each column. These two particles contain n1
and n2 beads with the condition that n1 + n2 = n where n = 9 is the number of beads of the
mobile particles in our system and n1 is chosen randomly for each column (see Fig. 4.1).

We cannot exclude the possibility that the hexagonally ordered pinned particles by them-
selves stabilize a columnar phase even without the external field, at least if the system size



42 Collective string-like motion in columnar phases

is small enough. This presumably requires careful tuning of the inter-column distance, which
we intend to address in follow up work. To keep full control over inter-columnar distances we
prefer to impose the external field in this work.

Figure 4.1: (a) Snapshot of a simulation box with 100 columns containing five particles each. Each
particle is made up of nine beads. Black particles at the top and the bottom of the
simulation box are fixed. These particles prevent smectic layering of other particles,
which are here colored according to their position in the simulation box from red to blue.
The equilibrium column-to-column distance, d , is equal to 1.75 σ where σ is the diameter
of the beads; the strength of the external potential enforcing a hexagonal arrangment of
the particles in the columns is k = 1.5 kBT . See also the main text.

Our Brownian dynamics simulations are performed with the LAMMPS molecular dynamics
package.11 We add a custom potential to the LAMMPS code and implement the external
potential of eq. 4.2 in the code. We choose a time step of 5× 10−3 t∗ where t∗ is the unit
of time, set by the self-diffusion constant of a single bead Db = σ2/t∗. A particle made up of
n beads diffuses with a self-diffusion constant of D = Db/n, at least in the free-draining limit
in which we are operating.42 The self-diffusion time of a particle is defined as τD = L2/D
where L = (n − 1)lb + σ is the length and D = Db/n is the self-diffusivity of a particle. The
self-diffusion time increases with the third power of the number of beads in each particle,
n, i.e, the computational cost of a simulation for a given simulation time (in terms of τD)
increases with the third power of n, apart from the fact that for a given number of rods,
the total number of beads also increases with increasing n. Hence, to keep our simulations
computationally feasible, particles in the simulations are made up of nine beads with aspect
ratio of 5.8, which is much smaller than that of fd virus that measures about 100.

To analyze our simulation data, we calculate the distribution of jump lengths and the self
part of the Van Hove function for each simulation. The self part of the Van Hove function,
Gs(r, t),43 is a measure of the probability of finding a particle at a distance r from its position
at some initial time, after a time interval of t. It is defined as43

Gs(r, t) =
1

N

/
N#

i=1

δ[r + ri (t0)− ri (t + t0)]

0
, (4.3)
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where N is the number of particles and the angular brackets imply an ensemble average. In
order to separately study the diffusion of the particles along and perpendicular to the director,
we decompose the self part of the Van Hove function into two components: a component
along the director, the z axis,

G∥
s (z , t) =

1

N

/
N#

i=1

δ[z + zi (t0)− zi (t + t0)]

0
, (4.4)

and a component perpendicular to it,

G⊥
s (R , t) =

1

N

/
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δ[R + Ri (t0)− Ri (t + t0)]

0
, (4.5)

where R denotes the magnitude of the projection of r in xy plane.
To obtain the distribution of jump lengths, we developed an algorithm to detect when

and where jumps occur in our simulations. We divide the entire simulation time frame into
intervals of 500t∗ and calculate the average position of each particle and its standard deviation
in each time interval. We also calculate the mean standard deviation for each particle in each
simulation by averaging the standard deviations over all time intervals. If the ratio of the
standard deviation of the position of a particle along the director at a time interval to the
average standard deviation of that particle exceeds a value of 3.0, we subtract the average
position of this particle before and after this time interval, and record it as a jump length. This
way we obtain a set of jump lengths from which we calculate the jump length distributions.

4.3 Correlated motion in the columnar phase

As mentioned earlier, we apply an external potential of the form of eq. (4.2) to all beads
in order to stabilize the columnar phase. The free energy barrier that a particle needs to
overcome to jump to another column is determined by the strength of this external potential,
k , the column-to-column distance, d , and particle-particle interactions, i.e., the density. We
choose a value for d that is comparable to the experimental values for the columnar phase
formed by fd virus particles. For the fd virus system the column-to-column distance measures
about two to three times the diameter of the particles.35 However, since the aspect ratio of our
particles is much smaller than that of fd virus, our particles have more rotational freedom for
the same value of column-to-column distance. Therefore, we choose the column-to-column
distance, d = 1.75 σ, where σ is the width of our particles, which is slightly smaller than the
experimental value but at the same time sufficiently large to allow particles to overtake each
other within a column.

In order to obtain a reasonable value for the strength of the external potential, k , we tune
this parameter to obtain values for the free energy barrier between columns that are comparable
to those obtained from simulations done by Belli and co-workers.37 To obtain the free energy
barrier between columns we calculate the mean-field potential that particles experience in the
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Figure 4.2: (a) Mean-field potential, U(x , y), that the semiflexible filamentous particles in our sim-
ulations experience in the direction perpendicular to the director, in units of thermal
energy kBT . Length to persistence length ratio of each particle that contains nine beads
equals L/Lp = 0.31. A superposition of three external periodic potentials is applied to
all beads. Here, the strength of the external potential is k = 1.5 kBT and the average
column-to-column distance, d , is equal to 1.75 σ, where σ is the diameter of a bead.
The average number of particles in each column is 12 with an average linear fraction
of ψ = 0.95. There are 100 columns in the simulation box. (b) Cross section of the
mean-field potential at x = 0.

direction perpendicular to the director. This potential is defined as U(x , y) = −kBT ln p(x , y)
apart form an uninteresting constant, where p(x , y) is probability of finding a particle at
position (x , y). After examining different values for k , we find that the height of the free
energy barrier for k = 1.5 kBT , d = 1.75 σ and initial linear fraction of ψ = 0.95 in each
column is about 7 kBT (Fig. 4.2), which is about the same as the free energy barriers obtained
from simulations by Belli and co-workers.37

We perform our Brownian dynamics simulations with these parameters in order to see
whether particles are able to overtake each other and engage in full jumps. In our simulations
there are 100 columns in the simulation box and for the simulations we focus on in this section
each column contains on average 12 particles. Initially these 12 particles are placed equidis-
tantly with a linear fraction of ψ = 0.95 on the central line of each column, which corresponds
to one of the minima of the two-dimensional external field. We find that overtaking events
are extremely rare in our simulations, which is not surprising because the column-to-column
distance is small and inter-column interactions restrict the motion of particles in the direction
perpendicular to the axes.

Instead, we find another mechanism that leads to full length jumps and that involves corre-
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time

Figure 4.3: Three snapshots of parts of two columns in which some particles, colored in blue (light
gray) and white, engage in a loop-type motion (the three panels on the left side). Two of
these particles (marked by black beads) make full jumps while staying in a column. The
other two particles exchange columns. Grey particles are not involved in this motion. In
the panel on the right side, displacement of each particle during the loop-type motion is
indicated by an arrow. Here, there are 100 columns in the simulation box. Each column
contains 12 particles and each particle consists of nine beads with a length to persistence
length ratio of L/Lp = 0.31. The strength of the external potential is k = 1.5 kBT and
the equilibrium column-to-column distance, d , is equal to 1.75 σ.

lated loop-type motion of particles reminiscent of a vortex. We observe that in a background
of barely moving particles, some particles in two, three, four and so on columns simultane-
ously exchange columns at different positions and all particles in between them undergo a fast
displacement that measures about a full particle length. The vortices are extremely rare and
we have never observed more than one at the same time.

Shown in Fig. 4.3 are three snapshots of two columns in which this remarkable kind
of correlated motion occurs. Note that in this particular example only two columns are
involved but normally in our simulations more than two columns are involved. In the figure,
four particles engage in the loop-type motion, two of which exchange columns at different
positions and trigger the correlated motion. The other two stay in their columns and suddenly
make full-length jumps, a number less than what we find on average in our simulations. On
average, about four to five particles per column are involved. The heterogeneous dynamics
involving fast correlated motion of a small fraction of otherwise almost static particles is not
dissimilar to that found in colloidal glasses of spherical particles.45

4.4 Domain size effects

As advertised in the introduction, optical textures obtained from experiments on the columnar
phase formed by fd virus particles in water shows that this phase has a poly-domain structure
with grain boundaries.10 From this optical texture, the size of these domains can be estimated
to be of the order of 10 particle lengths. This rather small domain size may affect the observed
motion of particles in the columnar phase. To investigate this, we perform simulations with
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N = 12, 50 and 200 particles in each column. There are 100 columns in these simulations
with an equilibrium column-to-column distance of d = 1.75 σ and an overall packing fraction
of 28%. Shown in Fig. 4.4a-c is the displacement of three particles along the director
corresponding to these three system sizes. As can be seen, the magnitude of the fluctuations
in the trace of the particles increases with increasing the number of particles per column.
For the case of N = 200 particles per column, the magnitude of the fluctuations is of the
order of the size of a particle and full jumps are washed out by the fluctuations, i.e., are no
longer discernible. This can be also seen in Fig. 4.4d-f where distribution of jump lengths are
shown. For the simulation with N = 12 particles in each column, there is a sharp peak on
∆z/L = 1.0. The distribution becomes wider around ∆z/L = 1.0 as the number of particles
per column increases, and for the simulation with N = 200 the peak is nearly disappeared
due to the strong fluctuations in the columns. There is an indication of a broadly distributed
fraction of particles engaging in half-jumps.
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Figure 4.4: Displacement of particles along the director, z , (left) and distribution of jump lengths
(right) obtained from simulations with N = 12 (a,d), N = 50 (b,e) and N = 200 (c,f)
particles per column. Nj is the number of particles that jump with a certain jump length
∆z/L. Here, L is the length of a particle and t∗ is the simulation time unit, defined
as t∗ = σ2/Db where σ and Db are diameter and self-diffusion constant of a single
bead. There are 100 columns in the simulation boxes with column-to-column distance
of d = 1.75 σ. The strength of the external potential is k = 1.5 kBT . Each particle
contains nine beads and has a length to persistence length ratio of L/Lp = 0.31.

More information on the motion of particles along (and perpendicular to) the columns
axes can be obtained from the self part of the Van Hove function. Shown in Fig. 4.5a is
the self part of the Van Hove function for the displacement of particles along the director,
z , after a time interval of t = 5000 t∗ for the above-mentioned systems with N = 12, 50
and 200 particles per column. For the smallest system, peaks appear on the integer values of
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z/L where L is one particle length. This is similar to what has been observed in smectic-A
phases formed by filamentous particles.22,27,83 Due to the layered structure of the smectic-A
phase, particles experience a periodic self-consistent molecular field perpendicular to the layers
and therefore they mostly rattle around their position in a layer and occasionally jump from
one layer to another. Because the layer-to-layer distance in this phase is about one particle
length,27 this rattling and jumping motion present itself as peaks in the self part of the Van
Hove function similar to those we observe in our simulations. The mechanism of the rattling-
and jumping-motion that also presents itself in our simulations on the hexagonal phase is
different from that in the smectic-A phase. As mentioned earlier, in our simulations, particles
in two or more neighboring columns engage in a loop-type correlated motion. During this
correlated motion some particles stay in their columns and make jumps with a jump length
of about one particle length. The jump length is dictated by the particle-to-particle distance
along the columns, which due to high linear fraction of particles in columns is about one
particle length.
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Figure 4.5: Components of the self part of the Van Hove function (a) parallel, G∥
s (z , t), and (b)

perpendicular, G⊥
s (R, t), to the columns axes after a time interval of t = 5000 t∗

obtained from simulations with N = 200 (red solid line), N = 50 (green dashed line)
and N = 12 (blue dotted line) particles per column. The average linear fraction of
particles in each column is ψ = 0.95. Here, L is the length of a particle and t∗ is
the simulation time unit. There are 100 columns in the simulation boxes with column-
to-column distance of d = 1.75 σ. The strength of the external potential is k = 1.5
kBT . Each particle contains nine beads and has a length to persistence length ratio of
L/Lp = 0.31.

As mentioned earlier, for large systems the full length jumps are washed out by fluctuations
in the motion of particles. This expresses itself also in the self-part of the Van Hove correlator
presented in Fig. 4.5 where the sharpness of the peaks on integer values of z/L decreases as
the number of particles per column increases. The intra-column fluctuations, on the other
hand, also enhance the column-to-column jumps because as the size of fluctuations increases,
the probability of the formation of a sufficiently large void in a column to receive a jumper
from a neighboring column increases. This can be seen in Fig. 4.5b, where the self part of the
Van Hove function in the direction perpendicular to the columns axes is shown. For all values
of the number of particles per column, N, there is a peak on R/d = 1, which indicates that
the rattling and jumping motion also occurs in this direction, from one column to another.
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The height of this peak is smaller for the case of N = 12 meaning that fewer particles in this
system are making inter-column jumps.

Another important factor that dictates how easy it is for particles to engage in inter-column
jumps, is the particle bending flexibility. In the next section we shall discuss the influence of
this factor on the motion of particles in the columnar phase.

4.5 Effect of particle bending flexibility

To study the effect of bending flexibility on the motion of our rod-like particles, we carry out
simulations with two values of contour length over persistence length ratio, L/Lp = 0.31 and
0.09. These values correspond to the length over persistence length ratio of wild-type fd virus
and its mutant fdY21M.86 The rattling and jumping kind of motion that is discussed in this
chapter has been observed in the columnar phase of fd virus but not in that of the much
stiffer mutant fdY21M. This indicates that bending flexibility enhances the loop-like motion
of particles in the columnar phase. To investigate this further, we calculate the self part of
the Van Hove function for the simulations with the two values of L/Lp.
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Figure 4.6: Component of the self part of the Van Hove function parallel to the columns axes,
G∥

s (z , t), after a time interval of t = 5000 t∗ obtained from simulations with N = 12
(a), N = 50 (b) and N = 200 (c) particles per column for two values of length over
persistence length ratio L/Lp = 0.31 (red solid line) and L/Lp = 0.09 (green dashed
line). Here, L is the length of a particle and t∗ is the simulation time unit. There are
100 columns in the simulation boxes with column-to-column distance of d = 1.75 σ.
The average linear fraction of particles in each column is ψ = 0.95. The strength of the
external potential is k = 1.5 kBT .

Shown in Fig. 4.6 is the component of the self part of the Van Hove function parallel to

the column axes, G∥
s , for three system sizes with N = 12, 50 and 200 particles in each column

and two values of the length over persistence length ratio L/Lp = 0.31 and 0.09. For all three
system sizes, the more flexible particles with L/Lp = 0.31 are more mobile. For the case of the
smallest system with N = 12 particles per column a peak appears at z/L = 1 for both values of
L/Lp (see Fig. 4.6a). The height of the peak is smaller for the more rigid particles, confirming
that particle flexing enhances the loop-like motion of particles in the columnar phase. This
is presumably because the free energy barrier between columns is reduced for more flexible
particles as these can bend and more effectively explore their direct environment, i.e., engaging
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in column-to-column jumps that trigger the loop-like motion occurs more frequently for more
flexible particles.
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Figure 4.7: Component of the self part of the Van Hove function parallel to the columns axes,
G⊥

s (R, t), after a time interval of t = 5000t∗ obtained from simulations with N = 12
(a), N = 50 (b) and N = 200 (c) particles per column for two values of length over
persistence length ratio L/Lp = 0.31 (red solid line) and L/Lp = 0.09 (green dashed
line). Here, L is the length of a particle and t∗ is the simulation time unit. There are
100 columns in the simulation boxes with column-to-column distance of d = 1.75 σ.
The average linear fraction of particles in each column is ψ = 0.95. The strength of the
external potential is k = 1.5 kBT .

To check this we obtain the component of the self part of the Van Hove function perpendic-
ular to the columns axes, G⊥

s (R , t). Shown in Fig. 4.7 is the component of Gs perpendicular
to the columns axes for the three system sizes and the two values of L/Lp. Again, for all three
system sizes the height of the peak on R/d = 1 is larger for more flexible particles. This
corroborates our suggestion that particle bending flexibility enhances the column-to-column
jump probability. Interestingly, for the case of the smallest system the difference between the
height of the peaks corresponding to L/Lp = 0.09 and 0.31 is larger than the other systems
with N = 50 and 200 particles per column. This is probably due to the large magnitude of
fluctuations in the larger system sizes. As mentioned earlier, due to the presence of these
fluctuations, voids spontaneously form in columns and this makes it easier for particles to
jump from one column to another without actually having to bend too much. For the case of
the smallest systems, however, the magnitude of the fluctuations is small and the formation
of large enough voids in columns is a rare event. Therefore, particles need to bend in order
to reach other columns. This means that by increasing the bending flexibility the number of
column-to-column jumps increases specially for small systems.

4.6 Conclusions and outlook

Inspired by recent experimental observations, we performed Brownian dynamic simulations in
a dense columnar phase of hard filamentous particles.35 We find that most particles rattle
around their equilibrium positions but that occasionally some of the particles engage in a rare
loop-type collective motion. Some of the involved particles exchange columns, push other
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particles that stay in their columns forward and force them to suddenly engage in a jump-like
displacement. We obtained the distribution of jump lengths and observe that for sufficiently
small system sizes there is a peak on a full particle length. For larger systems, the width of
the distribution increases and for sufficiently large systems the peak disappears completely.
This we identify to be due to the increase in the magnitude of the fluctuations in the positions
of particles as the system becomes larger. We also investigated the effect of particle bending
flexibility on the motion of particles in the columnar phase by performing simulations with two
values of the persistence length of the particle and found that bending flexibility enhances the
loop-type motion of particles in the columnar phase specially for the smaller systems. In our
simulations, we needed to stabilize the columnar phase in favor of the smectic phase that for
the small aspect ratio of 5.8 is the more stable phase by making use of an external potential
and an uneven boundary. Future work need to be done to obtain the phase diagram of long
filamentous particles and to investigate whether particle bending flexibility destabilizes the
smectic phase and induces the formation of a columnar phase.



Chapter 5

Effect of bending flexibility on the
phase behavior and dynamics of
rods

We study by means of molecular and Brownian dynamics simulations the influence of bending
flexibility on the phase behavior and dynamics of monodisperse hard filamentous particles
with an aspect ratio of 8 and persistence lengths equal to 3 and 11 times the particle length.
Although our particles are much shorter, the latter corresponds to the values for wild-type and
mutant fd virus particles that have been subject of a recent experimental study, where the
diffusion of these particles in the nematic and smectic-A phase was investigated by means of
video fluorescence microscopy [Pouget et al., Phys. Rev. E 84, 041704 (2011)]. In agreement
with theoretical predictions and simulations, we find that for the more flexible particles (shorter
persistence length) the nematic (N) to smectic-A (Sm-A) phase transition shifts to larger
values of the particle density. Interestingly, we find that for the more rigid particles (larger
persistence length), the smectic layer-to-layer distance decreases monotonically with increasing
density, whereas for the more flexible ones, it first increases, reaches a maximum and then
decreases. For our more flexible particles we find a smectic-B phase at sufficiently high
densities. Moreover, in line with experimental observations and theoretical predictions, we
find heterogeneous dynamics in the Sm-A phase, in which particles hop between the smectic
layers. We compare the diffusion of our two types of particle at identical values of smectic order
parameter, and find that flexibility does not change the diffusive behavior of particles along
the director yet significantly slows down the diffusion perpendicular to it. In our simulations,
the ratio of diffusion constants along and perpendicular to the director decreases just beyond
the N-Sm-A phase transition for both our stiff and more flexible particles.
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5.1 Introduction

Liquid crystals are states of condensed matter with a level of ordering in between that of
liquids, exhibiting short-range positional order, and crystals that display long-range positional
and rotational order.8 A host of liquid-crystalline phases have been found in dispersions of
highly anisotropic colloidal particles, such as rod- and plate-like ones, phases that have long- or
quasi long-range order in some directions while they exhibit short-range correlations in others.8

For example, dispersions of rod-like colloids, including fd virus, TMV and DNA, are known to
form (chiral) nematic liquid crystals at sufficiently high concentrations, in which the particles
spontaneously align their principal axes along a common axis known as the director.65–68

Onsager explained this spontaneous alignment theoretically by showing that long rods that
interact via excluded-volume interactions self-organize into a nematic phase by optimizing the
sum of translational and rotational entropy.23 Simulations on long rod-like particles have since
confirmed this for spherocylinders and ellipsoids of revolution.16,17,78

Computer simulations and density functional theory calculations have also shown that
at sufficiently high densities a nematic-smectic-A phase transition occurs in dispersions of
monodisperse hard spherocylinders.17,78,87–91 Particles in the smectic-A phase form layers and
exhibit quasi long-range positional ordering along the director, while in the direction perpen-
dicular to it they behave like a liquid. McGrother et al. found that for spherocylinders with
relatively small length to diameter ratios, L/D = 3.2, a transition directly from the isotropic
to the smectic-A phase occurs.89 For larger aspect ratios, a nematic phase intervenes before
the smectic-A phase appears at more elevated densities. Smectic ordering has been observed
in solutions of monodisperse stiff rod-like particles, such as poly(γ-benzyl L-glutamate), silica
rods and TMV,22,70,71 as well as in solutions of semi-flexible filamentous ones, e.g, fd virus.21

Although both rigid and semi-flexible filamentous particles can form a smectic-A phase,
theoretical and simulation studies have shown that increasing the particle bending flexibility
shifts the concentration at which the nematic to smectic phase transition occurs to higher
values,59,74,92,93 while it also decreases the smectic layer spacing.59 The experimental observa-
tions of Dogic and coworkers, who studied the nematic-smectic phase transition in suspensions
of semi-flexible fd virus particles, confirmed this.21 Within a second-virial approximation, Hi-
dalgo et al.93 found from density functional theory calculation that for infinitely rigid rods the
nematic-smectic phase transition must be of second order whereas for semi-flexible particles
the transition is a weakly first order one.

Particle bending flexibility not only influences the nematic-smectic phase transition but it
also changes the Brownian kinetics of individual particles in these phases. The study of kinetics
at the level of an individual particle in suspensions of colloidal particles has been made possible
by the recent advances in experimental techniques, such as fluorescence microscopy.25,81,82,94

Lettinga et al. measured the self-diffusion of semi-flexible fd virus particles in isotropic and
nematic phases.25 In qualitative agreement with simulations of hard spherocylinders95 and
ellipsoids,96 they found that the ratio of the diffusion constant parallel to the director (D∥)
and the one perpendicular to it (D⊥) increases as the nematic order parameter increases.
However, due to the relatively large error in the experimental data, it is not clear if D∥ increases
monotonically or, what was observed in simulations, it initially increases and subsequently
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decreases upon reaching the nematic-smectic transition.95,96

The unusual self-diffusion of filamentous particles in the smectic-A phase has been the
center of attention in computer simulations, theoretical studies and experiments.26,27,29,83

Lettinga et al. studied the self-diffusion of individual particles in a suspension of semi-flexible
fd virus at concentrations for which a smectic-A phase is stable.27,29 The authors observed a
hopping-type diffusion, in which fd particles mostly rattle around their equilibrium positions
in a smectic layer and occasionally jump from one layer to another. Later, it was shown in a
study based on dynamical density functional theory that this hopping-type diffusion is dictated
by a temporary caging of particles by their direct neighbors that competes with the permanent
self-consistent molecular field induced by all other particles.26,27 A similar type of inter-layer
diffusion was observed in the smectic phases of monodisperse rigid rod-like silica particles and
in this case, in contrast to the above mentioned experiments involving semi-flexible particles,
layer-to-layer diffusion was slower than the in-layer diffusion.83 This indicates that particle
bending flexibility may enhance the inter-layer diffusion and/or it may slow down the in-layer
diffusion. In order to shed light on this we here report on molecular dynamics and Brownian
dynamics simulations in which we probe the influence of bending flexibility on the self-diffusion
of filamentous particles on both sides of the nematic-Smectic-A phase transition.

Before presenting our own simulations it is of interest to mention that simulation studies
on the diffusion of parallel and of freely rotating hard spherocylinders in the smectic phase
have confirmed that diffusion along the director is indeed of the hopping-type, while that
perpendicular to it is typical of a dense fluid with a relatively fast relaxation dynamics.32–34

Cinacchi et al. investigated the mechanism of diffusion of stiff wormlike particles in the
smectic-A phase by molecular dynamics simulations.97 For sufficiently long timescales, where
the mean square displacement parallel and perpendicular to the director exhibits a diffusive
behavior, the value of D∥ was found to be smaller than D⊥. This is in agreement with
experimental data on the diffusion of silica rods in the smectic-A phase,83 but contrasts with
findings on the diffusion of semi-flexible fd virus in the same phase.27,29 The difference again
might be due to the flexibility of the fd virus, or alternatively it might be caused by the fact
that silica rods in the experiments of Kuijk et al. and wormlike particles in the simulations of
Cinacchi and coworkers have much smaller aspect ratios than fd virus.

Pouget et al. performed experiments on aqueous dispersions of wild-type fd virus (fd-wt)
and a stiffer mutant (fd-Y21M).30,86 The length, L, of both variants of fd virus is identical,
approximately 880 nm, but their persistence lengths, Lp, differ. Of the former, Lp = 2800
± 700 nm, while that of the latter, Lp = 9900 ± 1600 nm, giving for the ratio L/Lp values
of 0.31 and 0.09.86 The authors found that for both fd-wt and fd-Y21M in nematic and in
smectic phases the ratio D∥/D⊥ is much larger than unity, showing that it is not due to particle
bending flexibility that in the smectic-A phase of fd virus D∥ is larger than D⊥. Interestingly,
for more rigid virus particles the value of D∥/D⊥ decreases with increasing density in the
smectic phase whereas it increases for the case of fd-wt particles. The latter happens because
for the more flexible particles D⊥ decreases more strongly with increasing concentration than
D∥ does.

To get a more detailed insight in the influence of bending flexibility on the dynamics of
particles in the nematic and the smectic-A phase, we embark upon a Brownian dynamics sim-
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ulation study of rod-like particles. Our fused-sphere representation of the rods have an aspect
ratio of 8.0 and length-over-persistence-length ratios of L/Lp = 0.09 and 0.31, mimicking the
flexibilities of fd-wt and fd-Y21M. With current computer power it is not quite feasible to
also get the same aspect ratio as that of the virus particles. First, we carry out simulations
in isobaric-isothermal ensemble in order to obtain the phase diagram of our particles that
interact via a soft repulsive potential. Next, we run Brownian dynamics simulations and study
the diffusion of single particles in the nematic and smectic-A phases. We find that by entering
the smectic phase, the ratio of D∥/D⊥ decreases for both values of L/Lp and becomes less
than unity for the case of the more rigid particles with L/Lp = 0.09.

The remainder of this chapter is organized as follows. In section 4.2 we describe our
simulation model and the way we analyze our simulation data. Equilibrium properties and
phase behavior of our filamentous particles at different values of pressure are discussed in
section 5.3. In section 5.4, we present our simulation results on the kinetics of the filamentous
particles on both sides of the N-Sm-A transition. A summary of our work is given in section
5.5.

5.2 Model and simulation methods

We perform simulations using LAMMPS molecular dynamics package11 with N = 4464 fila-
mentous particles in the simulation box. Each of the particles is modeled as a chain made up
of n = 17 spherical beads. Within a chain, adjacent beads are connected to each other via a
harmonic bond potential of the form Ubond(r) = kb(r − lb)2, where r is the distance between
the two beads, lb = 0.5 σ is the equilibrium bond length with σ being the bead diameter
and kb is the strength of the potential. To ensure a fixed bond length in our simulation,
we choose a large value for the strength of bond potential, kb = 50 kBT/σ2, where kBT
is the thermal energy with kB Boltzmann’s constant and T the absolute temperature. Each
three bonded beads are in addition connected via a harmonic bending potential of the form
Ubend(θ) = ka(θ − π)2, where θ is the angle that is formed by the two bonds that link these
three beads together and ka is the strength of the bending potential that determines rigidity
of a filamentous particle. In the limit where n → ∞ and kb l2b/kBT ≫ 1, ka can be linked to
the persistence length of a particle via a simple relation, Lp = 2kalb/kBT .38,39

We carry out our simulations with two values of contour length over persistence length
ratio L/Lp = 0.09 and 0.31, where L = (n−1)lb. The total length of a particle is (n−1)lb+σ,
which in our simulations equals 9.0 σ. All beads, excluding those that are nearest- or next-
nearest-neighbors in a chain, interact with each other via the repulsive part of the shifted
Lennard-Jones potential,

ULJ(r) =

)
4ϵ((σr )

12 − (σr )
6 + 1

4 ) if r ≤ 2
1
6σ

0 if r > 2
1
6σ,

(5.1)

where ϵ is the strength of the interaction potential, which in our simulations is equal to
the thermal energy, kBT , and r is again the distance between the centers of mass of the
beads. We choose this potential to mimic the soft screened electrostatic repulsion between
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the charge-stabilized fd virus particles in the experiments of Grelet and collaborators.10,35

To obtain the phase diagram of our particles we run simulations in the isobaric-isothermal
(NPT) ensemble at different pressures, starting from an AAA crystal initial configuration. We
incrementally expand the system from the highest pressure, P∗ = 5.0, to the lowest one,
P∗ = 1.0, where P∗ is related to the actual pressure of the system, P , by P∗ = Pσ3/kBT . In
each step we first slowly decrease the pressure in a short simulation run of 105 simulation steps
and after that we carry out an NPT simulation at the final value of pressure with 6×106 time
steps. To control the temperature and pressure in our simulations we make use of Nose-Hoover
thermostat and barostat. See Sec. 5.3 for a discussion on the shape of our simulation box.
To check for an potential effect of hysteresis in our simulations, we compress the system again
after reaching the nematic phase at the lowest pressure tested. In all our NPT simulations, the
linear dimensions of our simulation box can change independently, which allows the system
to relax properly without unphysical effects due to the finite size of our system.

To study the dynamics of our particles in the nematic and smectic phases, we carry out
Brownian dynamics (BD) simulations. We use the final state of a relaxed system obtained
from an NPT molecular dynamics simulation at a given pressure as the initial state for a BD
simulation at a particle density corresponding to that pressure. This way we make certain
that the systems are relaxed at the given densities. Depending on particle density in the BD
simulations, we choose a time step between 10−3 to 5× 10−3 t∗ where t∗ is the unit of time,
set by the self-diffusion constant of a single bead Db = σ2/t∗ and we run simulations for a
total of 6 × 106 time steps. Our particles are made up of 17 beads, so in the free-draining
limit of our simulations their self-diffusion constant is D = Db/17.42

The equilibrium properties and the dynamics of our system at different pressures and
densities, we probe by computing (i) the pair-correlation function, g , (ii) the nematic order
parameter, S2, (iii) the smectic order parameter, τs , (iv) free-energy barriers between layers
of the smectic phase, (v) the bond orientational order parameter, Ψ6, (vi) the mean-square
displacement of particles and (vii) the self part of the Van Hove correlation function, Gs .
The pair-correlation function is calculated for the directions parallel and perpendicular to the
nematic director. The former is defined as,

g∥(r) =
1

N

/
1

ρ

#

i

#

j ̸=i

δ[r − rij · n̂]
0
, (5.2)

where δ is the Dirac delta function, rij is the distance between the beads in the middle of the
ith and the jth filamentous particle, n̂ is the nematic director, ρ = N/V is the particle density
with V being the volume of the simulation box and the angular brackets denote an ensemble
average. The pair-correlation function perpendicular to the director is defined as,

g⊥(r) =
1
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/
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ρ
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δ[r− | rij × n̂ |]Θ
$
L

2
− rij · n̂

%0
, (5.3)

where Θ is the Heaviside function and L is the length of a particle.
The nematic order parameter is a measure of the degree of orientational ordering of
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the particles. To calculate it, we first compute for each snapshot of our simulations the
orientational order tensor with components given by,

Qαβ =
1

N

N#

i

(
3

2
êiαêiβ − 1

2
δαβ), (5.4)

where α and β are x , y , z directions, êi is a unit vector along the main body axis of a particle,
which is defined along the line that connects the first bead to the last bead of the particle,
and δ is the Kronecker delta. To obtain the nematic order parameter, S2, we calculate
the eigenvalues and eigenvectors of this tensor. The largest eigenvalue is the nematic order
parameter and the eigenvector associated with it is the nematic director. We compute the
nematic order parameter and director by averaging over the nematic order parameters that
are calculated for each simulation snapshot in simulation run, so we are time-averaging the
order parameter. In the course of our simulation we find the director not to fluctuate much.

We also compute the smectic order parameter, which is a measure of positional ordering
in the direction of the nematic director. It can be calculated by maximizing the following
relation with respect to d ,

f (d) =

111111
1

N

N#

j=1

exp

$
i2π

rj · n̂
d

%111111
, (5.5)

where rj is the position of the jth particle and the smectic order parameter is defined τs = max
f (d). The smectic order parameter for each simulation is calculated by averaging over those
computed for each simulation snapshot. In the smectic phase, the value of d that maximizes
f (d) is the smectic layer-to-layer distance that we refere to as dsm. In this phase, there is a
self-consistent molecular field that organizes particles in the smectic layers and therefore there
is a free-energy barrier between the equilibrium layer positions. By calculating the probability
of finding a particle at a position z along the nematic director, Π(z), we compute the free-
energy barrier by using the following relation, βU(z) = − lnΠ(z), where β = 1/kBT with kB
the Boltzmann factor and T the temperature and ln denotes the natural logarithm.29

To obtain a measure for the level of ordering within the smectic layers, we calculate the
bond orientational order parameter, Ψ6, which is given by,

ψ6 =
1

3N

111111

#

i

#

j

exp(6iθij)Θ(rp − rij · n̂)Θ(rl− | rij × n̂ |)

111111
, (5.6)

where θij is the angle between the projection of rij on the plane perpendicular to n̂ and a
fixed axis in this plane, rp = L/2 and rl = 1.35σ are chosen in such a way that only for the
nearest-neighbors the product of the two Heaviside functions is non-zero. Again, for each
simulation we calculate ψ6 order parameter for each snapshot and take its average over all
snapshots.

Diffusion of particles in the nematic and smectic phase, we investigate by computing the



5.3 Phase behavior of the filamentous particles 57

mean-square displacement along the director, ⟨(∆r(t) · n̂)2⟩, and that perpendicular to it,
⟨| ∆r(t) × n̂ |2⟩. Note that in our simulations n̂ does not change significantly over time
(results not shown). In addition, we calculate the self part of the van Hove function, which is
a measure of the probability of finding a particle at a given distance from its initial position,
after a time interval of t. For the direction along the director it can be defined as,

G∥
s (z , t) =

1

N

/
N#

i=1

δ[z + zi (t0)− zi (t + t0)]

0
, (5.7)

where zi (t) = ri (t) · n̂ and for the direction perpendicular to the director, G⊥
s , is given by,

G⊥
s (R , t) =

1

2πNR

/
N#

i=1

δ[R + Ri (t0)− Ri (t + t0)]

0
, (5.8)

where Ri (t) =| ri (t)× n̂ |.

5.3 Phase behavior of the filamentous particles

As mentioned above, we perform MD simulations in an isobaric-isothermal ensemble in order
to obtain the phase diagram of our particles. To this end, we incrementally expand our
simulation box starting from an AAA crystal in which N = 4464 filamentous particles are
arranged in 16 layers along the z axis of the simulation box. We choose this type of elongated
box to avoid unphysical correlations in the z direction, which is initially along the long axis
of all particles. For both type of particles with with L/Lp = 0.31 and 0.09, we do expansion
simulations in which we decrease the dimensionless pressure from P∗ = 5.0 to P∗ = 1.0.
Next, we compress our simulation box by increasing pressure starting from the final snapshot
of our simulations at the lowest value of the pressure in our expansion simulations.

Before proceeding with a detailed analysis of our simulations, we first present in Fig. 5.1
the phase diagram resulted from our calculations for the two values of L/Lp as a function
of reduced pressure. As can be seen in this figure, the N-Sm-A phase transition occurs at a
larger value of the pressure for the more flexible particles with L/Lp = 0.31. The region in
which the Sm-A phase is stable is also smaller for these particles. This is because at pressures
larger than P∗ ≈ 2.6, the more flexible particles self-organize into a smectic-B phase in which
the rods exhibit hexagonal ordering within the smectic layers. As we shall discuss later, in
the smectic-B phase that these particles form the layers are randomly displaced with respect
to each other, which causes the bond-orientational order parameter, ψ6, to be approximately
zero if averaged over all the layers.

In contrast, for the more rigid particles, we observe that ψ6 is larger than zero and particles
are arranged in layers with hexagonal ordering, which are not displaced randomly. Therefore,
because we cannot measure the long-range hexagonal order in our system due to the finite
size of our simulation box, we conclude that the phase formed by the particles can be either
a smectic-B phase or a crystalline one. In the remaining of this section we focus attention on
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Figure 5.1: Phase diagram of our filamentous particles for two values of the length-over-persistence-
length ratios L/Lp = 0.31 and 0.09 as a function of reduced pressure, P∗. The red solid
line and the green dashed line indicate the range in which the nematic and smectic-A
phases are stable, respectively. The blue dotted line shows the region where the smectic-
B or crystalline phases are stable and the yellow dotted-dashed line indicates the range
in which the smectic-B phase is stable.

an in-detail analysis of the simulation data and measurement of nematic, smectic and bond
orientational order parameters.

To measure the level of orientational ordering in our simulations we compute the nematic
order parameter, S2, as indicated in the previous section. Shown in Fig. 5.2 is S2 as a function
of P∗ for the two values of L/Lp and for both our expansion and compression simulations.
For all values of the pressure S2 → 1, which shows that particles are approximately almost
perfectly parallel in our simulations. At high pressures, the values of the nematic order
parameter obtained from our expansion simulations are lower than those from the compression
simulations. The discrepancy is presumably caused by the fact that we start from an AAA
crystal structure, which is not necessarily the equilibrium crystalline structure for our particles
at that pressure.78 By looking at the snapshots of our expansion simulations at high pressures,
we find that the particles in the layers are slightly tilted with respect to each other (reminiscent
of the smectic-C phase), which results in a smaller value for the nematic order parameter.
This is also why there is a jump in the value of S2 at P∗ = 2.7 (for L/Lp = 0.31) and P∗ = 2.0
(for L/Lp = 0.09) as the pressure decreases. The jump results from the relaxation of layers
at lower pressures and elimination of the tilt that is observed at higher pressures.

The reason why we started from an AAA crystalline structure is that we initially aimed
at investigating whether the internal flexibility of particles can force them to self-organize
into a columnar phase rather than a smectic-A phase. In agreement with the simulations of
Veerman and coworkers,77 we find that for sufficiently small systems a meta-stable columnar
phase does indeed form (results are not shown), but for the large systems that we study here
no stable columnar phase presented itself.

As discussed above, the value of S2 is close to unity for all the values of pressure between
P∗ = 1.0 and 5.0. In order to find out what is the highest pressure at which the nematic phase
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Figure 5.2: Nematic order parameter, S2, as a function of reduced pressure P∗ for NPT simulations
in which we vary the pressure of the system starting from P∗ = 5.0 in an AAA crystalline
state (expansion simulations) and for simulations where we increase the pressure from
P∗ = 1.0, starting from the final state of a system in expansion simulations at P∗ = 1.0
(compression simulations). Both expansion and compression simulations are performed
with two types of particles with different flexibilities and length, L, over persistence
length, Lp, of L/Lp = 0.31 and 0.09.

is stable, we calculate the smectic order parameter, τs , as described above. Shown in Fig.
5.3 is τs as a function of the dimensionless pressure P∗ and the dimensionless density ρ/ρcp
for the two values of L/Lp = 0.31 and 0.09, where we first expand our system from P∗ = 5
to 1 and then cycle back to a value of 5. Here, ρ is the average number density of particles
at a given pressure and ρcp is the close packing density of spherocylinders, which is given by,
ρcp = 2/(

√
2 + (L/D)

√
3)D3, where L/D = 8 is the aspect ratio of our particles. For the

case of the more flexible particles with L/Lp = 0.31, the N-Sm-A phase transition occurs at
higher values of pressure and density. This is in agreement with theoretical predictions,59,74

simulations92 and experiments.21 From the behavior of the smectic order parameter as a
function of pressure, one could argue that the N-Sm-A transition for our particles is of the
second order. However, we also observe that there is hysteresis in our simulations: the
dependence of the particle density as a function of the pressure in the compression part of
our simulations differs slightly from that in the expansion part (data not shown) as does the
smectic order parameter shown in Fig. 5.3, which is an indication that the transition must be
of the first order. Therefore, from our simulation results we cannot determine the order this
transition.

The distance between the centers of mass of the particles in the smectic layers, dsm, is
another quantity of interest. Shown in Fig. 5.4 is dsm as a function of smectic order parameter,
τs , for the two values of L/Lp investigated. For the more flexible particles, dsm has a smaller
value any given τs . This is because the effective (projected) length of these particles is smaller
than that of more rigid particles due to particle flexing. Therefore, these particles form shorter
layers especially at relatively low densities at which there is more space for undulations within
the smectic layers. As the density increases, the particle-particle spacing within the layers
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Figure 5.3: Smectic order parameter, τs , as a function of the reduced pressure P∗ (a) and particle
density, ρ (b). Here, ρcp is the close packing density of spherocylinders (see the main
text). Purple squares and blue stars correspond to initial expansion and subsequent
compression simulations of our filamentous particles with L/Lp = 0.09. Red pluses and
green crosses are associated with compression and expansion simulations with filamentous
particles with L/Lp = 0.31.

becomes smaller and the effective length of particles increases, which leads to an increase
in the value of dsm. In our simulations, for the more flexible particles dsm initially increases
with increasing τs and after reaching a maximum value it decreases again, whereas for the
case of more rigid particles it decreases monotonically. We note that dsm becomes slightly
smaller than the particle length, L, at high pressures for both values of L/Lp. This is because
our particles are made up of beads that are connected via harmonic bonds and, although
the strength of the harmonic bonds is large (kb = 50 kBT/σ2), particles at high pressures
compress along their principal axis and form slightly smaller layers.

Particle flexing and undulation can also influence the level of ordering of particles within
the smectic layers. To investigate this, we compute the bond orientational order parameter,
ψ6, which is a measure of hexagonal ordering in the direction perpendicular to the director.
For a perfect hexagonal lattice, ψ6 = 1, and for a system with no hexagonal order, ψ6 ≈ 0.
The bond orientational order parameter for the two values of L/Lp are shown in Fig. 5.5 for
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Figure 5.4: The distance between the centers of mass of particles in the layers, dsm, in the smectic
phase as a function of smectic order parameter τs , obtained from compression simulations
for L/Lp = 0.31 (red pluses) and L/Lp = 0.09 (green crosses). Here, Lp, L and L+σ are
the persistence length, the contour length and the total length of a particle, respectively,
with σ being the diameter of our beads.

both our expansion and compression simulations. The results of our expansion simulations
show that the value of ψ6 is smaller for the more flexible particles with L/Lp = 0.31 than those
for which L/Lp = 0.09. Moreover, in our expansion simulations, the value of ψ6 for more rigid
particles vanishes at lower values of the pressure (and density) compared to that of the more
flexible ones showing that particle bending flexibility reduces the level of hexagonal ordering.
Under recompression of the more rigid particles, we observe that ψ6 attains a lower value at
a given pressure compared to that of the expansion simulations, which is probably due to the
fact that in the expansion simulations we start from a lattice with perfect hexagonal ordering.
As we alluded to above, this is not a stable configuration even at the highest pressure tested.
Here, our finding of hysteresis is also an indication that the smectic-A to smectic-B phase
transition must be of first order. Our simulations show that for P∗ > 2.5 corresponding to
densities ρ/ρcp > 0.59 the more rigid particles self-organize into a phase where both ψ6 and
τs are non-zero. This phase may be a crystalline phase with long-range positional order or
a smectic-B phase. Due to finite size of our simulation box we are not able to distinguish
between these two phases.

Surprisingly, when we compress the nematic phase of the more flexible particles, the value of
the ψ6 order parameter is always very small even at the highest pressure, P∗ = 5.0, suggesting
a smectic-A rather than a crystalline phase. To further investigate this, we calculate the pair
correlation function within the smectic layers, g⊥(r). Shown in Fig. 5.6 is g⊥ that is measured
for the compression simulation at P∗ = 5.0. The first peak in g⊥ appears at R1 ≈ 1.15 and the
second and third peaks appear at 2R1 and

√
3R1, respectively, showing that within the smectic

layers the particles exhibit hexagonal ordering. This is characteristic of the smectic-B phase
that has also been found in other similar studies by Cinacchi et al. on shorter (semi-)flexible
filamentous particles,75 although ψ6 was larger than zero for what the authors call the “crystal
(smectic-B) phase”. Here, we find that particle bending flexibility favors the smectic-B phase
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Figure 5.5: The bond orientational order parameter, ψ6, as a function of the reduced pressure,
P∗. Blue open and purple filled triangles correspond to compression and expansion
simulations of filamentous particles with L/Lp = 0.09. Red open and green filled circles
are associated with compression and expansion simulations of filamentous particles with
L/Lp = 0.31.

against the crystal phase, which is in agreement with very recent experiments on wild-type fd
virus and its more rigid mutant.98

The reason why we do not see the hexagonal ordering in the ψ6 order parameter is because
the layers of hexagonally ordered particles are randomly displaced with respect to each other
and therefore the contributions of layers to exp(6iθij) in Eq. 5.6 cancel each. To pinpoint for
what pressure the hexagonal ordering starts to increase, we calculate the ψ6 order parameter
for each layer of the smectic phase separately and after that compute its average over all layers.
The results are shown in Fig. 5.7. As shown in this figure, the transition from smectic-A to
smectic-B phase occurs at a pressure of approximately P∗ = 2.7 with an averaged in-layer
order parameter ψ6 of 0.28. By comparing the values of averaged in-layer ψ6 in Fig. 5.7 and
τs in Fig. 5.3 we find that for the case of particles with L/Lp = 0.31, the smectic-A phase
is stable approximately between P∗ = 2.4 and P∗ = 2.7 corresponding to average densities
between ρ/ρcp = 0.57 and ρ/ρcp = 0.61.

5.4 Dynamics on both sides of N-Sm-A phase transition

As alluded to in Sec. 5.1, recent experiments on wild-type and mutant fd virus show that
the ratio of diffusion constants of the particles parallel, D∥, and perpendicular, D⊥, to the
director increases with increasing density for the case of more flexible wild-type fd from the
nematic phase entering the smectic-A phase whereas it decreases for the more rigid mutant.
Inspired by this we rely on Brownian dynamics simulations starting from the last configurations
obtained from our compression MD simulations presented in the previous sections in order to
study the kinetics of particles on both sides of the N-Sm-A phase transition.

In the smectic phase, long-time diffusion of particles along the director is dictated by the
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Figure 5.6: The in-layer pair correlation function, g⊥, as a function of the dimensionless transverse
distance, R/σ, at a dimensionless pressure P∗ = 5.0 for particles with L/Lp = 0.31.
Results after expanding from P∗ = 5.0 to 1.0 and re-compression to P∗ = 5.0. Here, σ
is the diameter of beads that make up a particle.

free-energy barriers resulted from the periodic self-consistent molecular field in this direction26.
To see how the free-energy barrier varies as a function of density, we calculate this quantity
using the method that we described in Sec. 5.2. The free-energy barrier, U(z), is shown in
Fig. 5.8 at four values of the reduced pressure, P∗, and for the two particle bending flexibilities
corresponding to L/Lp = 0.31 and 0.09. For both types of particle, U(z) ≈ 0 at the lowest
value of the pressure that corresponds to a nematic phase. As expected, in the nematic phase
particles do not feel a periodic self-consistent field along the director. In the smectic phase,
the barrier height increases with increasing pressure (or density). The height of the barrier in
the smectic-A phase ranges from 0.7 kBT to 2.7 kBT for the more flexible particles and from
2.1 kBT to 4.0 kBT for the more rigid ones. The barrier heights obtained from the smectic
phase of fd virus range between 0.66 kBT and 4 kBT .29,30

The presence of potential barriers along the director in the smectic-A phase leads to a
heterogeneous kind of dynamics in this direction discussed in the Introduction. Particles in the
smectic phase mostly rattle around their equilibrium positions in layers and from time to time
they overcome this potential barrier and hop from one layer to another. The concomitant
heterogeneous dynamics that is the result of this can be quantified by considering the self

part of the Van Hove function along the director, G∥
s . Shown in Fig. 5.9 is G∥

s (z) at
time t = 1000t∗ and at three values of reduced pressure for the two types of particle with
L/Lp = 0.31 and 0.09. As can be seen in Fig. 5.9, the hopping-type diffusive motion alluded

to above between the layers presents itself as peaks in G∥
s (z). The peaks appear at multiples

of the layer spacing, which is usually very close to one particle length. As the height of the
free-energy barriers increases with increasing the pressure it becomes more difficult for particles
to overcome the barriers and therefore the probability that a particle engages in an inter-layer
jump decreases. On the other hand, for larger values of the barrier height particles are more
confined to their layers, i.e., the width of the barriers decreases with increasing pressure (see
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Figure 5.7: The in-layer bond orientational order parameter, ψ6, averaged over all the smectic layers
in the system as a function of the reduced pressure, P∗, for particles with L/Lp =
0.31 obtained from compression simulations (red open circles) and ψ6 for particles with
L/Lp = 0.31 obtained from expansion simulations (green filled circles).

Fig. 5.8), which causes the peaks in G∥
s to be sharper at higher pressure.

Again, our aim is to investigate the influence of bending flexibility on the dynamics in
the smectic-A phase. To do so, we cannot straightforwardly compare our simulation results
for the two values of L/Lp at the same pressure (or density), because, as we showed earlier,
the pressure range at which these particles self-organize into a smectic-A phase differs. Even
if there is an overlap between the two ranges, the smectic order parameters would still be
different at equal pressure. Therefore, for a sensible comparison we present in Fig. 5.10
results of our simulations with the stiff and less stiff particles at the same value of the smectic
order parameter. Shown in the inset of Fig. 5.10 is the self part of the Van Hove function

parallel, G∥
s , and in the main figure that perpendicular to the director, G⊥

s , for L/Lp = 0.31
and 0.09 with the same value of the smectic order parameter τs ≈ 0.61. Interestingly, the

correlation functions G∥
s virtually superimpose other showing that the kinetics of both types

of particles along the director is very similar. Within the smectic layers, however, the more
flexible particles move around much more slowly than the rigid ones do. We attribute this
to particle undulation effects that cause more flexible particles to be effectively bulkier in the
direction perpendicular to their principal axis, which means that they have less free space to
move within a layer.

The difference between the diffusion of the particles in the directions parallel and perpen-
dicular to the director can also be quantified by measuring the long-time diffusion constants
in these directions. To measure the diffusion constants, we first obtain the mean square dis-
placement of the particles, MSD(t), along and perpendicular to the director. Shown in Fig.
5.11 is the MSD(t) above for particles with L/Lp = 0.31 and 0.09 at the pressures P∗ = 2.65
and 1.7. As we expect, the MSD(t) parallel to the director obtained from these simulations
match at short and long time scales. There are three regimes in this direction that can be
discerned from Fig. 5.11, a short-time regime in which the particles in the layers do not feel



5.4 Dynamics on both sides of N-Sm-A phase transition 65

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2

U
(z

) 
/ 

k B
T

z / dsm

0

0.5

1

1.5

2

2.5

3

3.5

4

0 0.5 1 1.5 2

U
(z

) 
/ 

k B
T

z / dsm

(a)

(b)

Figure 5.8: Free energy barrier along the director, U(z), (a) for particles with L/Lp = 0.31 at
P∗ = 2.0 (!), 2.4 (∗), 2.5 (×) and 2.6 (+) (b) and L/Lp = 0.09 at P∗ = 1.3 (!), 1.6
(∗), 1.7 (×) and 1.8 (+). Here, dsm is the layer-to-layer spacing of the smectic phase.
For both L/Lp = 0.31 and 0.09 the lowest value of pressure correspond to a nematic
phase for which dsm is set to one particle length.

the presence of any of particles in the neighboring layers, an intermediate regime in which
diffusion is suppressed by the self-consistent molecular field in the smectic phase and finally a
long-time regime where particles jump between the smectic layers and exhibit again the usual
diffusive behavior.

For the in-layer MSD(t) perpendicular to the director, we identify a liquid-like behavior
with two regimes: a regime where particles are caged by the neighboring particles within their
layers and their diffusive motion is slowed down, and a regime in which particles hop from one
cage to another resulting in a faster long-time diffusion. The short-time diffusion regime is
lacking here due to the smallness of the lateral cage. Again, as we expect from what we found
from the van Hove function, the long-time diffusion of more rigid particles is faster than that
of the more flexible ones. In the first,“caging” regime at shorter times, however, the more
flexible ones travel faster presumably because the cages formed by the more flexible particles
are effectively “softer” due to particle flexing.

From the long-time behavior of MSD(t) we calculate the long-time diffusion constant
of particles parallel, D∥, and perpendicular, D⊥, to the director. Our results are shown in
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Figure 5.9: Self part of the Van Hove function parallel to the director, G∥
s (z , t = 1000t∗), as a

function of the scaled distance, z/dsm, for particles (a) with L/Lp = 0.31 at P∗ = 2.1
(red solid line), 2.5 (grean dashed line), and 2.6 (purple dotted line) and (b) with
L/Lp = 0.09 at P∗ = 1.3 (red solid line), 1.6 (grean dashed line) and 1.8 (purple dotted
line). Here, dsm is the layer-to-layer spacing of the smectic phase. For both L/Lp = 0.31
and 0.09 the lowest value of the pressure correspond to a nematic phase state point in
which case dsm is set equal to a single particle length.

Fig. 5.12 as a function of the pressure P∗ for the two bending flexibilities corresponding
to L/Lp = 0.31 (green crosses) and L/Lp = 0.09 (red pluses). The vertical lines in this
figure indicate the approximate location of the N-Sm-A phase transition. Our results are
compatible with earlier simulation studies for more rigid particles on both sides of the N-Sm-
A transition. The simulations of Löwen95 on colloidal hard spherocylinders with an aspect
ration of 10 agree very well with our data for L/Lp = 0.09, that is to say, the values for
long-time diffusion constants at the same nematic order parameter match. Before entering
the smectic-A phase the value of D∥/D⊥ in our simulations weakly increases with increasing
pressure for L/Lp = 0.31 whereas it is almost a constant for L/Lp = 0.09. We furthermore
find that for the two particle flexibilities the values of D∥/D, D⊥/D and D∥/D⊥ at the
nematic-smectic transition do not change significantly with flexibility, and D∥/D⊥ decreases
with increasing density and entering the Sm-A phase. Our finding is in contrast with the
experimental observations on wild-type and mutant fd virus particles, where D∥/D⊥ increases
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Figure 5.10: Self part of the Van Hove function perpendicular, G⊥
s (R, t = 1000t∗), and parallel,

G∥
s (z , t = 1000t∗), (inset) to the director obtained from simulations of systems of

particles with L/Lp = 0.31 (red solid line) and L/Lp = 0.09 (purple dotted line) at
two different pressures P∗ = 2.65 and 1.7. The smectic order parameter for the two
simulations is τs ≈ 0.61.

with density (and hence pressure) after entering the smectic-A phase for the more flexible
wild-type fd virus particles. The discrepancy might be due to the small aspect ratio of our
particles compared to that of fd virus.

5.5 Conclusions

We carried out molecular and Brownian dynamics simulations, and studied the influence
of particle bending flexibility on the equilibrium properties and dynamics of dispersions of
filamentous particles at different densities. Motivated by recent experiments on fd virus
particles, we did our simulations for persistence lengths corresponding to those of wild-type
and mutant fd virus particles. By measuring the nematic, smectic and bond-orientational
order parameters we located the density at which our particles self-organize into nematic,
smectic-A, smectic-B and/or crystal phases.

In agreement with theoretical predictions, we find that the N-Sm-A phase transition density
is shifted towards larger values for the more flexible particles. We also find that particle
flexibility changes the smectic layer-to-layer distance as a function of density. For more the
rigid particles it decreases monotonically with increasing density whereas for the more flexible
ones it first increases and after that decreases. We attribute this to thermal undulations of
the more flexible particles that are suppressed at higher densities. Moreover, the more flexible
particles at sufficiently high densities self-organize into the smectic-B phase in which particles
within the smectic layers exhibit hexagonal ordering yet the corresponding hexagonal lattice
is displaced randomly from one layer to another. For the more rigid particles the hexagonal
lattice of each layer is almost aligned with the next one and in this case we cannot distinguish
between smectic-B and crystal phases.
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Figure 5.11: Dimensionless mean square displacement, MSD(t)/σ2, as a function of dimensionless
time, t/t∗, obtained from simulations on particles with L/Lp = 0.31 and L/Lp = 0.09
at identical values of the smectic order parameter τs ≈ 0.61, corresponding to the
pressures P∗ = 2.65 and 1.7. Here, t∗ is related to the diffusion constant of a single
bead by Db = σ2/t∗ and σ is the diameter of a bead.

Our simulations on the dynamics of these particles in the smectic-A phase show that both
types of particle exhibit a hopping-type diffusion between the smectic layers. We show that
at densities that both types of particle have the same value of the smectic order parameter,
their diffusion along the director is very similar but more flexible particles move slower in the
direction perpendicular to it. We also see this in the long-time behavior of the mean-square
displacement of the particles in these two simulations. At relatively short time scales, where
caging of particles by neighbors predominates the kinetics, the more flexible particles move
about faster. We attribute this to the particle flexing that presumably cause the cages formed
by neighbors of each particle to be effectively “softer”.

Our results on the diffusion of particles shows that particle flexibility does not change the
diffusive behavior on both sides of the N-Sm-A transition significantly and for the both stiff
and more flexible particles the ratio of D∥ to D⊥ decreases with entering the Sm-A phase.



5.5 Conclusions 69

(a)

(b)

(c)

2

4

6

8

D
||

/ 
D
⊥

0.1

0.2

0.3

0.4

D
||

/ 
D

0.035

0.045

0.055

0.065

1.4 1.6 1.8 2 2.2 2.4 2.6

D
⊥

/ 
D

P*

Figure 5.12: (a) Ratio of long-time diffusion constants parallel, D∥, and perpendicular, D⊥, to the
director, (b) ratio of D∥ to the single particle diffusion constant in free solution, D,
(c) ratio of D⊥ to D, all as a function of reduced pressure P∗ for the two particle
flexibilities with values of L/Lp = 0.31 (green crosses) and L/Lp = 0.09 (red pluses).
The purple dotted line and the green dashed line indicate the approximate location of
N-Sm-A transition for L/Lp = 0.31 and 0.09, respectively.





Chapter 6

Cooperativity and the
self-assembly of silk-like proteins

By means of replica exchange molecular dynamics simulations we investigate how the length of
a silk-like, alternating diblock oligopeptide influences its secondary and quaternary structure.
The amino-acid sequence of our two types of repeat unit is K[(GA)3-G] and Q[(GA)3-G].
The C-terminus also carries a Q. We carry out simulations for two protein sizes consisting
of three and five blocks, and study the stability of a single protein, a dimer, a trimer and a
tetramer. Initial configurations of our simulations are β-roll and β-sheet structures. We find
that for the triblock the secondary and quaternary structures upto and including the tetramer
are unstable: the proteins melt into random coil structures and the aggregates disassemble
either completely or partially. We attribute this to the competition between conformational
entropy of the protein and the formation of hydrogen bonds and hydrophobic interactions
between proteins. This is confirmed by our simulations on the pentablock proteins, where
we find that as the number of monomers in the aggregate increases individual monomers
form more hydrogen bonds whereas their solvent accessible surface area decreases. For the
pentablock β-sheet protein, the monomer and the dimer melt as well whereas for the β-roll
protein only the monomer melts. For both trimers and tetramers remain stable. Apparently,
for these the entropy loss of forming β-rolls and β-sheets is compensated by the free-energy
gain due to the hydrogen bonding and hydrophobic interactions. We also find that the middle
monomers in the trimers and tetramers are conformationally much more stable than the ones
on the top and bottom. Interestingly, the latter are more stable on the tetramer than on
the trimer, suggesting that as the number of monomers increases protein-protein interactions
cooperatively stabilize the assembly. According to our simulations, the β-roll and β-sheet
aggregates must be approximately equally stable.
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6.1 Introduction

A promising route to the rational design of functional nanomaterials is a bottom-up approach
that makes use of the self-assembly of molecular building blocks and exploits the physical
principles that govern inter- and intra-molecular interactions.99–101 This is particularly true
for biomimetic materials that are based on proteins and peptides as basic units102–105 albeit
that does require an understanding of the relation between their molecular structure and
self-organization properties that currently remains sketchy. Still, advances in experimental,
theoretical and simulation techniques have drawn attention to the role played by factors
such as the protein concentration, hydrophobic, hydrophilic and electrostatic interactions, the
salinity, temperature, pressure, pH and so on.106–109 By tuning the primary sequence one can
in principle control the way that the designer protein molecule responds to these factors and
control its structure and function.110–114

An application of interest is gene therapy, relevant in the context of treatments of cancer,
HIV (human immunodeficiency virus) and SCID (severe combined immunodeficiency), where
a therapeutic gene is delivered into target cells.115,116 In order to successfully deliver the
therapeutic gene into the target cells, a protective shell is required that shields the genetic
material from degradation and attack by nucleases.117,118 One way to do this is to use a virus
as a delivery vehicle, but this apparently has disadvantages including, e.g., toxic immunological
responses.119,120 An alternative approach is to design bio-compatible proteins that are able to
self-assemble on the genetic material and form an artificial virus-like particle.121,122

Very recently a possible candidate for such an artificial DNA coat protein was proposed by
de Vries and coworkers.122 The protein is a triblock copolymer made up of a cationic DNA-
binding motif, similar to the nucleic-acid binding domains in viruses, a collagen-like hydrophilic
random coil motif that provides stability in aqueous solution and a silk-like protein block. The
design is based on the hypothesis that the latter self-assembles into β-sheets (at least in the
aggregated state), that is, stack on top of each other via hydrogen bonding and hydrophobic
interactions, and stabilize the protein aggregate around the DNA.

Preliminary results of de Vries et al. show that the triblock copolymer is indeed capable
of self-organizing into a capsid around the DNA, protect it against the action of nucleases
and successfully transfect cells.122 One of the important design parameters is the length of
the silk-like block that consists of multiple copies of a repeat unit. Below a critical length
the sequence does not seem to form a β-sheet, self-assemble and provide a sufficiently dense
coverage on the DNA to protect it against attack by nucleases. However, if the number of
repeat units is too large the binding of the protein to the DNA may well become too strong,
interfering with the expression of the target DNA in the cell.122

To shed light on the influence of the number of repeat units in a silk-like protein similar
to that of the core of the protein of de Vries and collaborators, we carry out all-atom replica
exchange molecular dynamics simulations on proteins consisting of three and five repeat units
that we specify below. We restrict ourselves in this work to aggregates consisting of one to
four proteins in free solution and investigate the stability of the folded structure as well as
that of the aggregates themselves. In follow-up work we extend this to simulation studies in
the presence of DNA, which are computationally much more demanding.
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Number of (GA)3G blocks Primary sequence
n = 3 K(GA)3GQ-(GA)3GK(GA)3GQ
n = 5 [K(GA)3GQ-(GA)3G]2K(GA)3GQ

Table 6.1: The primary sequence of our triblock (n = 3) and pentablock (n = 5) proteins.

Before presenting our simulations, we note that the influence of the length of β-sheet
forming silk-like proteins on their assembly into fibers has also been studied experimen-
tally.110,123,124 For instance, Davies and coworkers studied the self-assembly of peptides con-
taining 7 and 9 amino acids with sequences CH3CO-RLQLQLE-NH2 and CH3CO-QRLQLQLEQ-
NH2.110 They observe that above a critical concentration the 7mers and 9mers, which have
a random coil structure in the monomeric state, self-assemble into inter-molecular β-sheet
tapes. The critical concentration was lower for the case of the 9mers, indicating that the
binding energy for the 9mer must be larger than that of the 7mer. This is plausible because
more hydrogen bonds form between the longer peptides compared to the shorter ones.

From these experiments it is not possible whether, say, dimers and trimers are also part
of the full fiber length distribution that might be dominated by long assemblies. The reason
is that they focus on circular dichroism spectroscopy that allows one to probe the assembled
fraction of proteins and not the size distribution. Whilst informative, measurements like this
cannot provide us with an insight at fully atomistic detail of the molecular processes at the root
of the stability of the very long assemblies. Computer simulations, however, can provide such
atomistic detail. For example, Schor and collaborators by means of replica exchange molecular
dynamics (REMD) simulations in explicit solvent studied the most stable structure of a fiber
forming silk-like protein containing six repeat units of an amino acid sequence [(GA)3-GE] in
aqueous solution. The authors performed simulations on a single protein starting from β-sheet
or β-roll structures as well as a dimer containing two β-sheets or β-rolls that are stacked on
top of each other to find which of the two structures is more stable. They find that in both
monomeric and dimeric states the β-roll structure is the most stable structure.

Recently, we repeated the simulations of Schor and coworkers for a monomer and a dimer
and in addition to this we carried out simulations with a trimer and a tetramer of their silk-like
protein in both explicit and implicit solvent.125 For the same amount of simulation time we
obtain the same result as Schor et al. but by extending our simulations to longer time scales
we find that in monomeric and dimeric states both the β-sheet and β-roll structures melt
into random coil structures. This shows that more frequent sampling of the fewer replicas
required for simulations with implicit solvent and reaching longer time scales that can then
be achieved in REMD simulations are crucial for sufficient sampling of the phase space of
our protein. Here we present results of replica exchange computer simulations focusing on
the self-assembly of a slightly different silk-like protein consisting of two type of repeat units
K[(GA)3-G] and Q[(GA)3-G]. See Table 6.1 for the primary sequence of our protein. In our
simulations we make use of an implicit solvent model and consider two values of the number
of repeat units, n = 3 and 5. We carry out simulations starting from one, two, three and four
β-sheet or β-roll structures stacked on top each other.
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We find that for the case of the proteins with n = 5 repeat units, the monomer and
dimer β-sheets melt into a disordered globular state whereas the dimer β-roll and trimers and
tetramers of β-sheets and β-rolls are stable. This indicates that the protein-protein binding
free energy increases with increasing the number of repeat units. In contrast, the proteins with
n = 3 repeat units melt into random coil structures and disassemble within the simulation
time. This is arguably caused by stronger inter-molecular interactions due to (i) a larger
number of hydrogen bonds in the aggregates of the larger proteins and (ii) the fact that the
solvent accessible surface area per monomer decreases more rapidly with aggregate size for
the proteins with n = 5 than those with n = 3.

The remainder of this Chapter is organized as follows. In Sec. 6.2 we present the methods
that we use in our simulations and the way we analyze our data. In Sec. 6.3, we discuss our
simulation results for the proteins with five repeat units. These results are compared with our
findings on the triblock proteins in Sec. 6.4. Finally, we end this Chapter with a discussion in
Sec. 6.5.

6.2 Simulation method and analysis

We perform all-atom molecular dynamics simulations of a single protein, a dimer, a trimer
and a tetramer of a silk-like protein with an alternating amino acid sequence K[(GA)3-GX]n,
where X stands for glutamine and lysine, see Table 6.1. We make use of the Amber simulation
package12 and employ the ff99SB force field,126 in combination with the generalized Born
(GB) implicit solvent model.127 The effective salt concentration in our simulations equals 0.1
M, which is implemented in the simulations by including a Debye-Hückel type term in the
calculation of the electrostatic interaction energy of the implicit solvent model.

By choosing an implicit solvent model instead of an explicit one we reduce the com-
putational cost of our simulations. This allows us to reach longer timescales compared to
simulations with explicit solvent because with an implicit solvent model (i) we need less com-
puting time for each replica and (ii) less number of replicas are required for each of our replica
exchange simulations. In a recent study on a similar protein with an amino acid sequence of
[(GA)3-GE]5 we have shown that (i) for this protein and for the same amount of simulation
time the results of implicit solvent simulations agree well with those of explicit solvent ones
and (ii) by extending the implicit solvent simulations to longer timescales we have found that
to study the self-assembly of our protein a sufficiently long simulation is required.

We run simulations with n = 3 and 5 repeat units starting from β-sheet and β-roll
structures that are created using the Xleap program in AmberTools. The difference between
β-sheet and β-roll structures is that in the the β-sheet structure each repeat unit forms
hydrogen bonds with its nearest neighbor one in the protein sequence, whereas in β-rolls the
hydrogen bonds are mostly formed between each repeat unit and the next-nearest neighbor
one. In order to create these structures we make linear protein chains using the Xleap program
and pull the nearest (for the β-sheet) or the next-nearest (for the β-rolls) repeat units together
during a short simulation run using the Amber simulation package. Cartoon images of proteins
in this chapter are created using VMD software.7

All simulations are performed using Langevin dynamics in implicit solvent, mimicking
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conditions where the lysine residues and the proteins as a whole are either charge neutral
or the ionic strength is sufficiently large to effectively screen Coulomb interactions between
charged groups. Partial positive and negative charges are invoked to model electro-negative
and -positive atoms. Multimers of β-sheets and β-rolls are created by copying and translating
monomers in the direction perpendicular to the β-sheet or β-roll plane over an arbitrary
distance of 0.6 nm. From our simulations we find that for this choice individual proteins
are able to find each other and bind within a reasonable simulation time. Note that our
procedure conserves the broken up-down symmetry of the proteins and maximizes the contact
area between them. This is necessary because the proteins in cross section are not symmetric.
All initial structures are energy minimized prior to our simulations.

For each of the protein aggregates we run replica exchange molecular dynamics (REMD)
simulations in the temperature range of 298 to 554 K. This temperature range we distribute
over 10 replicas for the monomers and dimers of the aggregates consisting of the protein with
n = 3 repeat units and for the monomers of proteins with five repeat units (n = 5). For
the trimers and tetramers of the shorter proteins with n = 3 and for the dimers, trimers and
tetramers of proteins with n = 5 the temperature range is somewhat smaller, 298 to 511 K,
and spread over 12 replicas.

The temperature distribution is chosen in such a way that the replica exchange probabilities
are between 10 to 30 percent, as is customary.128 A replica exchange attempt is done every
500 MD steps, with each step representing 2 fs of real time. The exchange probability is
determined by a Metropolis algorithm, where the weight factors are given by the product
of the Boltzmann factors for each replica. The overall REMD simulation time is different
depending on the size of the aggregates, but varies between 20 ns and 40 ns per replica.
In our simulation the average time that it takes for a replica at the lowest temperature to
diffuse up in the temperature space, reach the highest temperature and diffuse back to the
lowest temperature is about 1 to 3 ns. This shows that the overall REMD simulation time is
sufficient for our replicas to explore the temperature space.

To analyze our simulation data we calculate the number of hydrogen bonds within each
protein aggregate, the root mean-square deviation (RMSD) of each aggregate from its initial
structure and the solvent accessible surface area (SA). The number of hydrogen bonds in
each simulation frame is determined by measuring the distance between H-bond donors and
acceptors, using a cutoff of 0.3 nm, and the angle between the acceptor, hydrogen and donor
atoms for which the cutoff is 135◦. For calculating the RMSD, we take the initial configuration
of each simulation as a reference structure, which consists of a single or multiple β-sheets or
β-rolls depending on the system we study, and compute the RMSD between atoms of each
frame to the atoms in the reference configuration. To probe the solvent accessible surface
area (SA) of our protein systems, a “rolling-ball” algorithm is used in which a spherical probe
of radius of 0.14 nm moves on the surface of the protein.129

In REMD simulations trajectories are in a way not continuous in time, because they are
exchanged between replicas at given intervals with a certain probability. Therefore, instead
of calculating the number of hydrogen bonds, the RMSD and the SA as a function of time,
we obtain the free energy of our protein systems, ∆G , as a function of each of the quantities
mentioned above. To do this, first, from the data of the lowest temperature replica, we count
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the number of occurrences in which our system is in state X , which corresponds to a value of,
e.g., the RMSD. Next, the probability, Π(X ), of finding our system at a state X is computed
from the number of occurrences. Finally, the free-energy is calculated using the Boltzmann
relation Π(X ) ∝ exp(−∆G (X )/kBT ), where kB is the Boltzmann constant and T is the
temperature. The global minimum of the free energy we arbitrarily set to zero as we can only
probe free energy differences within a single simulation run.

In the following, we shall first discuss our results for the protein consisting of five repeat
units, and after that contrast that to what we find for the triblock protein.

6.3 Cooperative stabilization of folded pentablock pro-
teins

Focusing first on a discussion of our simulation results on the assemblies of our five-repeat
unit protein, we remind the reader that for each of the assemblies the initial configurations
start off from all β-sheet and all β-roll structures. Shown in Fig. 6.1 are representative
snapshots of a monomer, a dimer, a trimer and a tetramer taken from the simulations with
initial β-sheet structures, and similar ones for the initial β-roll structures in Fig. 6.8. Note
that these snapshots are not necessarily the final structures of the simulations, they represent
the most stable ones.

In our simulations, the monomers and the dimers of the β-sheets melt into a random coil
whereas their trimeric and tetrameric states are much more stable. For the β-rolls only the
monomers melt within our simulation time, and dimers, trimers and tetramers are stable albeit
one of the outer monomers of the tetramer melts. To quantify these observations we measure
the root mean-square deviation (RMSD) of our proteins using snapshots that we take every
500 MD steps starting from their initial structures. Shown in Fig. 6.2 are results for the
β-sheets, we have very similar ones for the β-rolls (not shown).

Monomer Dimer Trimer Tetramer

Figure 6.1: Representative snapshots of simulations at the temperature T = 298K starting from a
monomer, a dimer, a trimer and a tetramer of β-sheets with five repeat units. Here each
monomer contains n = 5 repeat units.

Fig. 6.2 shows that the minimum of free-energy for the monomer and for one of the
monomers in the dimer occur almost at the same value of the RMSD. This is because in our
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simulations the monomers in the dimer melt into random-coil-like structures, separate and
turn into two individual random-coil monomers. The minimum of the free energy moves to
lower values of the RMSD for the monomers that reside in the center of the trimer and the
tetramer; the RMSD curves corresponding to these monomers are in Fig. 6.2 referred to as
trimer (middle) and tetramer (middle(1)).

There are two minima in the free-energy landscape of the trimer (middle) that are indicated
in the figure by the acronyms 5S1 and 5S2. One of these minima, 5S1, is associated with a
β-sheet structure and the other one corresponding to the deepest minimum, 5S2, is a β-sheet
with one of the strands molten. Renderings of these structures are given in Fig. 6.3. For
the tetramer (middle(1)), there are also two minima approximately on the same values of the
RMSD but the deepest one corresponds to the 5S1 structure. The width of the potential
well in this case is smaller compared to that of the trimer (middle) protein indicating that the
tetramer (middle(1)) protein has less conformational freedom.
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Figure 6.2: Free energy, ∆G , obtained from simulations starting from a monomer, a dimer, a trimer
and a tetramer of β-sheets consisting of five repeat units as a function of the root-mean
square deviation of snapshots of the monomer, one of the monomers in the dimer and
monomers in the middle of the trimer and tetramer from their initial (β-sheet) structures.
The structures corresponding to the minima of the free energy that are denoted as 5S1,
5S2, 5R1 and 5R2 are shown in Fig. 6.3.

Within the trimer and the tetramer structures, the conformations of the monomers in the
center fluctuate much less than those at both ends of the aggregates. The fluctuations can be
quantified by measuring the RMSD for the individual monomers in the trimer and tetramer.
Shown in Fig. 6.4 is the RMSD for the individual monomers in the tetramer. The monomers
in the middle of the tetramer are very stable and their free-energies exhibit a deep minimum at
0.22 nm. The standard deviation of RMSD for these monomers is about 0.04 nm. In contrast,
the free-energy landscape of the ones on the top and bottom of the aggregate, which are in
contact with water, is much broader than the middle ones. In this case the standard deviation
of RMSD is about 0.2 nm. Their free-energy minimum corresponds to the 5S2 structure that
can turn into the 5S3 structure by overcoming a relatively small free-energy barrier as is clear
from Fig. 6.4.
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Our results on structures starting from β-rolls mirror these findings. The only difference
between the initial β-roll and β-sheet structures is in the conformational asymmetry of the top
and bottom monomers. For the β-sheet structure our results point at a much more symmetric
configuration, as evident from Fig. 6.4. Since both β-rolls and β-sheets are inherently
chemically not mirror symmetric, we expect both types of assembly to be symmetry-broken.
Obviously we cannot exclude the possibility that in a longer simulation run both structures
would exhibit this structural asymmetry.

5S1 5S2 5S3

5R1 5R2 5R3

Figure 6.3: Snapshots of simulations representing a (5R1) random-coil structure, (5R2) a random
coil with more surface exposed to water, (5R3) two random coils bound to each other,
(5S1) a β-sheet, (5S2) a β-sheet with a molten strand, (5S3) a β-sheet with two molten
strands. These snapshots are taken from the lowest temperature replicas corresponding
to a temperature T = 298 K . 5R1, 5R2 are snapshots of simulations started from
a monomer β-sheet and 5R3 is taken from a simulation on a dimer starting from β-
sheet structures. 5S1, 5S2 and 5S3 structures are taken from simulation on tetramers
consisting of β-sheets.

The monomers in the center of the trimers and tetramers are more stable than the ones
on the top and the bottom of the aggregate. However, the free-energy landscapes of the
monomers in the center of the trimers are broader than those in the center of the tetramers.
This suggests that the trimer is not as stable a structure as a tetramer. Interestingly, the
monomers at the top and the bottom of the tetramer are also structurally more stable than
the outer monomers of the trimer (data not shown). This indicates that the more stable β-
sheets in the center of the aggregates restrict the fluctuations of the outer monomers via inter-
molecular interactions and hence stabilize the structure as a whole. Considering that β-sheet
dimers are not stable at all, this suggests a gradual increase in stability of the assemblies with
increasing degree of polymerization. This is in-line with density functional theory calculations
of Filot et al. where the authors find that the absolute value of average interaction energy
between self-assembling C3-symmetrical trialkylbenzene-1,3,5-tricarboxamide- based polymers
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increases as a function of the number of monomers.130
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Figure 6.4: Free energy, ∆G , obtained from simulations starting from a tetramer of β-sheets with
five repeat units as a function of the root-mean square deviation of snapshots of the
individual monomers in the tetramer. The structures corresponding to the minima of the
free energy that are denoted as 5S1, 5S2, 5R1 and 5R2 are shown in Fig. 6.3. Standard
deviation of RMSD of the monomers in the middle of the aggregate around their average
value, RMSD ≈ 0.22 nm, is about 0.04 nm. The average and standard deviation of the
top and bottom monomers are about 0.7 nm and 0.2 nm.

To verify that the stability of our protein increases with increasing the degree of poly-
merization, we calculate the number of hydrogen bonds and the solvent accessible surface
area as a function of the number of monomers in the aggregates. Shown in Fig. 6.5 is the
free energy landscape of all of our assemblies as a function of number of hydrogen bonds
per monomer, starting off from β-sheet structures. In Fig. 6.6, only simulation results for
the β-roll structures for the monomer and tetramer are shown for clarity. As expected, the
location of the minimum of the free energy of the monomer and the dimer configurations is
approximately at the same value, corresponding to about four hydrogen bonds per monomer.
Again, this is because the β-sheet monomers in the dimer melt, separate and form individual
monomers. As the number of monomers increases the average number of hydrogen bonds per
monomer shifts to higher values and the corresponding standard deviation decreases. This
confirms that our protein structures become more stable as the number of monomers in the
aggregates increases.

For the trimer and tetramer configurations, we find that the location of the free-energy
minimum shifts to larger number of hydrogen bonds as a function of the number of monomers,
because of the formation of inter-monomer hydrogen bonds. So, the free energy gain asso-
ciated with additional hydrogen bonding increases with the number of monomers, arguably
offsetting the entropy loss of formation of the β-sheet structures from random coils (molten
globules) that also increases with the number of monomers. In fact, hydrogen bonds are also
involved in the bonding between the proteins. This we delve more deeply into in Sec. 6.5.

Assemblies are presumably not only stabilized by inter-molecular hydrogen bonding but
also by hydrophobic interactions between the proteins. This we can probe by calculating the
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Figure 6.5: Free energy, ∆G , obtained from simulations at temperature T = 298 K starting from a
monomer, a dimer, a trimer and a tetramer of β-sheets of our protein consisting of five
repeat units, as a function of the number of hydrogen bonds divided by the number of
monomers. The values of the average and standard deviation for a monomer, a dimer, a
trimer and a tetramer are (4.6, 2.19), (4.5, 1.7), (8.7, 1.5) and (10.5, 1.4), respectively.

solvent accessible surface area (SA) for each of the assemblies because our proteins are almost
entirely made up of hydrophobic amino acid residues (only Glutamine is polar). For all of the
structures starting from β-sheets this is shown in Fig. 6.7, and for the monomer and tetramer
of the initial β-roll configurations in Fig. 6.6. The figures clearly demonstrate that as the
assemblies grow in size more of the hydrophobic surface is buried inside the assembly. This
means that the overall free-energy cost of the contact of the hydrophobic residues of the
proteins with water decreases as a function of the degree of polymerization of the assemblies.
In Sec. 6.5 we shall make use of this to estimate effective binding free energies and a critical
polymerization concentration, that, interestingly, are virtually the same for both the β-sheets
and the β-rolls.

All of this indicates that β-sheet and β-roll assemblies must be equally stable, at least
within our simulations. This is rather surprising, considering that the large-scale structure of
the both types of assembly appear very different. Indeed, as shown in Fig. 6.8b, the width
of a tetramer consisting of the β-rolls is smaller than that of the β-sheets. The former is
about 1.3 nm and the latter equals approximately 1.9 nm. On the other hand, if we consider
the internal structure of the β-roll tetramer then it becomes evident that the β-rolls form
inter-molecular β-sheets, that is, hydrogen bonds are formed between strands of two or more
of the β-rolls. See Fig. 6.8. The β-roll tetramer actually resembles a tetramer consisting of
tilted β-sheets. This presumably explains the small difference in stability. We return to this
issue in the discussion Sec. 6.5.

First, however, we discuss stability of the structure of assemblies formed by the triblock
protein and compare this with what we found for the pentablock.
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Figure 6.6: Free energy, ∆G , as a function of (a) the number of hydrogen bonds per monomer and
(b) the solvent accesible surface area, SA, for the monomers and tetramers computed
from simulations that start from β-roll or β-sheet structures.
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Figure 6.7: Free-energy, ∆G , obtained from simulations at temperature T = 298 K starting from a
monomer, a dimer, a trimer and a tetramer of β-sheets consisting of five repeat units as
a function of the solvent accessible surface area divided by the number of monomers.

6.4 Stability of the triblock proteins

The question arises how the results that we obtained in the previous sections depend on the
length of the silk-like protein sequence, i.e., on the number of repeat units that make up this
protein. As alluded to in the introduction, this is relevant to the experiments of de Vries et al.
where increasing the number of repeat units of the silk-like block enhances the self-assembly
of their proteins on a DNA molecule.122 To address this question, we again rely on REMD
simulations of monomer, dimer, trimer and tetramer of β-sheet and β-roll structures of a
smaller sequence consisting of n = 3 repeat units. This protein is sufficiently large for forming
β-sheet and β-roll structures and is small enough to allow us to study the differences between
its self-assembly and that of the protein with n = 5 repeat units. For compactness, we only
discuss the results we obtained for the β-sheets. Again, as was the case for the pentablock
protein, our findings for the β-sheet and β-roll assemblies of the triblock are consistent.
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Figure 6.8: (a) From the left to right: snapshots of simulations representing two β-rolls forming
inter-molecular β-sheet (5Ro1), a β-roll with a molten strand (5Ro2), a β-roll with a
molten strand and a half molten strand (5Ro3). (b) Snapshots of tetramers containing
the β-rolls (on the left) and β-sheets (on the right). For the former the approximate
width of the aggregate shown by arrows is about 1.3 nm and for the latter it is about 1.9
nm. Orientaion of each intra- and inter-molecular β-sheet plane is shown by a dashed
line.

In our simulations, the monomers melt into random coil structures. The monomers in
the dimers also melt and subsequently separate. For the trimer, first, the top and bottom
monomers of the assembly melt. Next, one of these two monomer detaches itself from the
trimer. Following that, the remaining folded monomer of the dimer also melts and eventually
the dimer disassembles. This indicates that the protein-protein interactions between the
triblock proteins are weaker than those of the pentablocks: trimers of the latter species are
indeed stable. The tetramer largely follows the route of the trimer, that is, first the outer two
monomers melt and one of them detaches towards the end of the simulation run. Presumably,
the remaining trimer would also completely melt and disassemble in a longer simulation run.
However, within our simulation time of 20 ns per replica we are not able to observe the
completion of this process. It seems that none of the assemblies upto and including the
tetramer are stable under the conditions tested.

To illustrate how we obtained this conclusion, apart from studying snapshots, we analyze
how the free energy curves that we obtain depend on the RMSD, the number of hydrogen
bonds and the solvent accessible surface area of the protein configurations sampled. Because
we sample over the entire simulation time, which includes the actual melting process, our free
energy is not a true free energy and contains information on non-equilibrium configurations.
This can be seen in Fig. 6.9 that shows the free-energy of the aggregates as a function of the
RMSD of the simulations starting from the β-sheet structures.

The obtained free-energy curves of the monomer and the monomers in the dimer are
similar. They all have a minimum at a relatively large value of the RMSD, confirming that the
monomers of the dimer separate and form random coil structures. Here, the melting process
is so quick that the folded structure does not significantly contribute to the free energy. This
is not so for the trimer. The free energy of this structure has two minima, one of which is
associated with the original β-sheet and the other one with the molten state. The former
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is indicated in the figure with the acronym 3S1 and the latter with 3R2 that correspond to
structures illustrated in Fig. 6.10.
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Figure 6.9: Free energy, ∆G , obtained from simulations starting from a monomer, a dimer, a trimer
and a tetramer of β-sheets with three repeat units as a function of the root-mean square
deviation of snapshots of the monomer, one of the monomers in the dimer, the second
monomer in the middle of the trimer and tetramer from their initial β-sheet structures.
The structures corresponding to the minima of the free energy that are denoted as 3S1
and 3R2 are shown in Fig. 6.10.

The melting and breakup of the tetramer is so slow that the free energy of the proteins in
the center retain most of their original configuration. This expresses itself in the free energy
landscape of the monomer in the center of the tetramer shown in Fig. 6.9 in the existence of
a minimum at an RMSD between 0.3 and 0.4 nm. This is consistent with an almost perfect
β-sheet structure such as the 3S1 structure shown in Fig. 6.10. A similar picture emerges
if we compare the free energy landscapes of all four monomers in the tetramer, shown in
Fig. 6.11. All the monomers in the tetramer retain at least some of their original structures,
associated with the β-sheet and β-roll. Conformationally more flexible ones, i.e., ones that
have to cross a lower barrier to the actual free energy minimum, develop additional minima
associated with different structures (3S2, 3R1 and 3R2).

More information can be extracted from Fig. 6.11 allowing us to compare the structures
of the triblock and pentablock proteins. For instance, the width of the free energy well for the
monomer below the top monomer, which is denoted as middle(1) in Fig. 6.11, is wider than
both monomers in the middle of the tetramer consisting of pentablocks. Hence, the middle
triblock protein fluctuates more than the corresponding pentablock ones. Also, the global
minimum in the free-energy landscape of the second middle monomer, named middle(2) in
Fig. 6.11, is associated with a β-sheet with a molten strand (see 3S2 in Fig. 6.10).

Moreover, the monomer at the bottom of the aggregate melts into a disordered structure,
similar to that of 3R1 in Fig. 6.10. The free-energy landscape of the monomer on the
top has three minima that correspond to three different structures. This includes the initial
3S1 structure that morphs into a partially molten, two-stranded 3S2 structure and the final
random coil structure 3R2. The latter eventually separates from the rest of the aggregate.
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3S1 3S2 3R1 3R2 Tetramer

Figure 6.10: From left to right: snapshots of simulations representing a β-sheet (3S1), a β-sheet
with a molten strand (3S2), a half molten β-sheet (3R1), a random coil strucrue (3R2)
and a tetramer containing proteins with three repeat units. The snapshots are taken
from simulations at the lowest tempereture (T = 298 K) replica.

Apparently, the time evolution of the top and bottom proteins in the tetramer is not the same.
Presumably this reflects the up-down asymmetry of the initial β-sheet structures and hence
of the entire assembly.
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Figure 6.11: Free energy, ∆G , obtained from simulations starting from a tetramer of β-sheets with
three repeat units as a function of the root-mean square deviation, RMSD, of the
individual monomers in the tetramer from their initial β-sheet structure. The structures
corresponding to the minima of the free energy that are denoted as 3S1, 3S2, 3R1 and
3R2 are shown in Fig. 6.10.

To investigate more quantitatively the reason for the structural differences between the
aggregates that consist of the two proteins with three and five repeat units, we also compute
the free energy of the configurations as a function of the number of hydrogen bonds per
monomer. Results are shown in Fig. 6.12. Again, the free-energy curves of the monomer
and the dimer approximately match, because both melt in a short time, but they are different
from that of the trimer. This is because the monomers in the trimer melt into random coil
structures but they only separate towards the end of the simulation. This causes the shift
in the minimum and the asymmetry of the free energy landscape. The shift we observe for
the tetramer has the same root cause, amplified by the even slower conformational relaxation
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processes that take place in this assembly.
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Figure 6.12: Free energy, ∆G , obtained from simulations starting from a monomer, a dimer, a
trimer and a tetramer of β-sheets with three repeat units as a function of the number
of hydrogen bonds divided by the number of monomers.

For the maximum number of intra- and inter-molecular hydrogen bonds in a fully folded
(β-sheet or β-roll) tetramer of the pentablock, we find from our simulations a value of about
15 per monomer. Given the size of the triblock we would expect this to go down to about 9.
We read off from Fig. 6.12 that the optimal values are much smaller than that, caused by the
melting of the folded structures during the course of the simulation. The melting is partially
caused by a reduction in the maximum solvent accessible surface area that can be shielded
from water due to the smaller size of the protein.

Fig. 6.13 confirms this expectation. Comparing with the solvent accessible surface area
of the pentablock proteins, we see a fifty per cent reduction in the gain of that quantity upon
assembly. Of course, this is not really surprising given the differences in protein size. Also,
the ratio of the average solvent accessible surface area, SA, of the molten monomer for the
case of triblock to that of the pentablock is about 0.68, which is slightly smaller than the
ratio that is expected for collapsed polymers: (5/3)(2/3) = 0.71.

6.5 Discussion and conclusions

We applied replica exchange molecular dynamics simulations to study the influence of the
length of the primary sequence of a “blocky” silk-like protein on its quaternary structure. The
stability of aggregates containing one, two, three and four of the protein monomers consisting
of three or five repeat units was investigated. All simulations were started from two initial
configurations: β-sheets and β-rolls. We find that monomers in the assemblies containing the
smaller-length proteins melt into random coil structures and separate. Single monomers of
both β-sheets and -rolls of the pentablock protein also melt. Dimers of the β-sheet proteins
also melt into random coil structures, whereas those of the β-roll seem stable. Trimers and
tetramers of both folds remain folded within our simulation time.
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Figure 6.13: Free energy, ∆G , obtained from simulations starting from a monomer, a dimer, a trimer
and a tetramer of β-sheets with three repeat units as a function of the solvent accessible
surface area divided by the number of monomers.

This shows that the inter-molecular interactions stabilizing the protein aggregates must
be stronger for the longer proteins. We find that the monomers in the center of the trimers
and tetramers are conformationally more stable than the ones on the top and the bottom the
assemblies. Interestingly, the ones in the middle of the tetramers are more stable than the
ones of the trimers. This results in more conformationally stable folded monomers on the top
and bottom of the tetramer due to the inter-molecular interactions with the middle ones and
suggest that as the assemblies become longer their stability increases. Presumably this effect
levels off for sufficiently long assemblies, as is seen in theoretical studies of assemblies of small
molecules.130

For the triblock and pentablock proteins we find that a minimum number of proteins is
required to produce a stable aggregate. For the triblock this number is probably larger than
four, whilst that for the pentablock it is either two or three depending on whether we are
dealing with a β-roll or β-sheet structure. The existence of a difference in configuration of
free monomers and the smallest stable folded aggregate implies (i) that this minimum num-
ber of disordered free monomers need to come together and (ii) that they have to undergo a
conformational change in order to form the smallest thermodynamically stable assembly. Con-
sequently, the linear polymerization of this kind of protein must be nucleated, be it kinetically
and/or thermodynamically.131 Kinetic nucleation occurs through high-free energy interme-
diate conformational states of monomers between de- and attached states, thermodynamic
nucleation through high-free energy conformers in bound state. The latter are stabilized by a
binding free energy.

This could explain why the long self-assembled fibers of a triblock construct of two
collagen-like disordered sequences sandwiching a silk-like central block take such a long time
to form in the experiments of Martens and coworkers.132 Incidentally, these authors find that
the width of the fibers that form in solutions of their protein is almost half of the value
that is expected for fibers made out of β-sheets.132 This suggests that the β-roll structure in
the assembled state of the protein is the most stable one albeit that we cannot exclude the
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possibility that this is due to kinetics rather than thermodynamics.
As already alluded to, from our simulations we have to conclude that β-roll and β-sheet

assemblies must be virtually equally stable or very nearly that, at least upto the tetramer
level. We can make this statement more quantitative. For this we make use of insights based
on a simple coarse-grained model that describes the cooperative binding of monomers into
supramolecular polymers.131 Two free energies describe activation and elongation of these
self-assembled polymers. The first is a free energy penalty associated with assuming the
polymerization-active state of the molecules and the second a binding free energy between
polymerization-active molecules in the assembly. The presumption is that the polymerization-
active state represents an excited state or conformation of the molecule that in the assembly
is stabilized by the binding to its neighbors. Hence, the model describes thermodynamic
nucleation.

These two free energies we now attempt to estimate from our simulations for the two
proteins. Within the nucleated assembly model total binding free energy, ∆G , depends on
the number of monomers, N, in an assembly as,

∆G (N) = (N − 1)∆Gb + N∆Gc . (6.1)

Here, ∆Gb is the free energy of the formation of a bond between a protein and the assembly,
representing elongation of the chain. ∆Gc is the free energy of the conformational change
required for the protein to be able to bind. To calculate ∆Gb and ∆Gc , we first compute the
∆G (N) for our pentablock protein aggregates.

As a first estimate, we presume that binding is driven by hydrophobic interactions that we
associate with the reduction of solvent accessible surface area upon binding. We compute the
∆G (N) by (i) calculating the SA for folded structures upto N = 4, (ii) subtract from that the
SA of respectively three and four molten monomers, (iii) multiply this by the surface tension of
the hydrophobic parts of the protein, γ, (iv) fit Eq. 6.1 to these two data points. The surface
tension, γ, is used in our implicit solvent simulations to calculate the non-polar contribution
of the solvation free energy, and has a value of 0.84 kBT/nm2 at room temperature (T =
298 K).133

Applying this procedure for the N = 3 and N = 4 β-sheets of the pentablock protein
gives values of ∆Gc ≃ +8 kBT and ∆Gb ≃ −20 kBT . From this admittedly crude estimate
we can indeed conclude that the folded structure represent a high-energy state, stabilized
by protein-protein interactions. Interestingly, these values are not all that far off from those
obtained by Aggeli and coworkers who analyzed their experimental data on the self-assembly
of a β-sheet forming oligopeptide using the same nucleated assembly model: ∆Gc ≃ +7 kBT
and ∆Gb ≃ −31 kBT .102 Note that our estimate is based entirely on the contribution from
hydrophobic interactions and hence should be considered as a lower estimate. We return to
this issue below.

If we repeat this exercise for the N = 2, 3 and 4 β-rolls of the pentablock proteins, we find
∆Gc ≃ +3± 2 kBT and ∆Gb ≃ −13± 5 kBT . For the β-roll we have error bars because we
have three data points. This is not so for the β-sheets for which we only have two data points
and hence by definition obtain a perfect fit. See fig. 6.15. The estimate of the errors for both
protein types we expect to be comparable, hence we do not think there is a real statistically
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significance between the different values of the free energies that we obtain. Indeed, the
critical assembly concentration, Xc (a mole fraction), we obtain this way is virtually identical
for the two conformers:131 kBT lnXc = ∆Gb + ∆Gc . For our β-sheets lnXc = −12 and for
the β-rolls lnXc = −10 ± 6. That ∆Gc act as a thermodynamic nucleation free energy is
shown in fig. 6.14, where we show the mean degree of polymerization, N, as a function of
the protein concentration for ∆Gb + ∆Gc = −12 kBT and two values of ∆Gc = +8 kBT
and 0 kBT , obtained from the two constant assembly models.131 For ∆Gc = +8 kBT the
polymerization is sharper than for ∆Gc = 0 kBT . For a description of the model the reader
is referred to the work of van der Schoot.131
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Figure 6.14: Mean degree of polymerization, N, as a function of concentration of our pentablock
protein for two values of the free energy of conformational change of the protein upon
binding, ∆Gc = +8 kBT and 0 kBT . For both curves ∆Gb +∆Gc = −12.

Our analysis shows that according to our simulations self-assembled fibrils consisting of
β-sheets and those of β-rolls of our protein must be approximately equally stable. From
the experiments of Martens et al.132 on their silk-like protein we obtain a lower bound for
∆Gb+∆Gc of −18 kBT . This number is much more negative than what we find but this is not
surprising because their silk-like protein is about five times larger than ours (n = 24). On the
other hand, their block is connected to a very large disordered protein blocks that apparently
significantly reduce the net binding free energy of that protein. Interestingly, binding energies
close to 20 kBT are typically found in the context of protein assembly of, e.g., viruses.134,135

As discussed in Sec. 6.3, the fibers that Martens and collaborators find must, because of
their dimensions, be of the β-roll variety. This is confirmed by the REMD simulations of Schor
and collaborators on a much smaller silk-like protein with n = 6.128 The authors find that
in monomeric and the dimeric states the β-roll structures are more stable than the others.
However, in a recent study where we repeat the simulations of Schor et al. and we find that
the most stable monomer structure is a disordered globule not a β-roll.125 This is also true
for the dimers.

Note that the repeat unit in Schor’s work that was inspired by that of Martens et al. is
slightly different from the one studied in this chapter: (GA)3-GE instead of our (GA)3-GX
with X alternatingly Q and K. The difference between our previous results and those of Schor
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Figure 6.15: Free energy contribution of hydrophobic interactions, ∆GSA, obtained from simulations
starting from N β-sheets and β-rolls with five repeat units as a function of the number
of monomers N. The lines are plotted by fitting our data to eq. 6.1.

on the same sequence we described to differences in simulation time.125 Our explicit solvent
simulations were twice and our implicit solvent ones ten times as long. This highlights the
importance of full equilibration of the simulation, in this context meaning that the proteins
must visit all the replicas sufficiently often.

In this work, by the same REMD equilibration criterion, our simulations should have
completely equilibrated. This is because, as mentioned in Sec. 6.2, the average simulation time
that it takes for a replica at the lowest temperature to diffuse up to the highest temperature
and again down to the lowest one is about 1 to 3 ns and our simulations are 20 to 40 ns
long. Therefore during a simulation run replicas sufficiently explore the temperature space.
However, we do observe that one of the monomers of the tetramer consisting of our triblock
proteins melts and detaches to form a trimer. We find that starting from a folded trimer, the
trimer melts and dissociates. This implies that the simulation on the tetramer at least as far
as disassembly is concerned does not reach its thermal equilibrium. This does not mean that
the folded tetramer of the pentablock has not equilibrated but does suggest that it would
be useful in the future study to revisit this problem using much longer simulation times that
currently are out of our reach.

Finally, we have in our discussion above ignored any contribution from intra- and inter-
molecular hydrogen bonding to the stability of the proteins. Their contribution is actually not
so trivial to assess because one would need to measure the difference in free energy between
the hydrogen bonds between the donors and acceptors on the protein and those between
moieties on the protein and water. If we ignore this complication and assign a net binding free
energy to every hydrogen bond, Gh, then we find that the contribution to ∆Gc and ∆Gb for
the pentablock β-sheet structures amount to approximately −12 Gh and +24 Gh, respectively.
A reasonable estimate for Gh is between −2.6 and −3.2 kBT .136

This suggests that hydrogen bonding could in principle significantly enhance the stability
of the folded aggregate structure but also that hydrogen bonding increases the free energy
of the folded state. The latter conclusion is somewhat surprising, because one would naively
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expect that the folded structure engages in more intra-molecular hydrogen bonds than the
molten structure does. Hence, it appears that inter-molecular hydrogen bonds stabilize the
β-sheet and β-roll structures of our protein. On the other hand, a naive uncoupling of the
effects of burying hydrophobic surface area and the formation of hydrogen bonds ignores the
exchange of intra-molecular hydrogen bonds in the globular structure for inter-molecular ones.
Clearly, further study is needed.



Chapter 7

Binding of silk-like proteins to
DNA

In this chapter we estimate the DNA-binding strength of aggregates containing one, two and
three copies of a positively charged silk-like protein. We use molecular dynamics simulations in
combination with the molecular mechanics generalized Born surface area method to calculate
protein-DNA binding free energies. We find a positive value for the binding free energy of all
the assemblies to the DNA, suggesting that the bound state is unstable. We attribute this to
the deformation of the proteins when bound to the DNA and the incommensurate positioning
of the charges on the DNA and those on the proteins.
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7.1 Introduction

Viruses are known as infectious agents that are harmful to living organisms such as plants,
animals, humans and even bacteria. However, despite their ability to infect cells and cause
disease, they can also be used for useful, benign applications.137,138 For example, viruses
have been employed as scaffolds for chemical synthesis and nanoreactors.139 Other examples
include the use of viruses in digital memory devices and high-power batteries.140,141 One of
the interesting applications of viruses in the field of medicine, is to make use of them as gene
delivery vehicles for transferring therapeutic genes into target cells.142 What makes viruses
very good candidates for gene delivery applications is that over the course of evolution they
have found ways to efficiently deliver genetic material into susceptible host cells.

Despite their excellent ability for gene delivery, making use in particular of retroviruses
for this purpose apparently also has some serious disadvantages including oncogenic effects
and toxic immunological responses.119,120,143 A promising route for circumventing some of the
problems caused by viral gene delivery vehicles is to design and produce non-viral ones, based
on cationic polymers, surfactants and synthetic polypeptides.121,122,143 These are designed
to be able to form complex coascervates with the genetic material, package and protect it
from degradation and attack by nucleases.121,122 The immune response to non-viral vehicles
is indeed known to be less severe.143

Very recently, de Vries and collaborators proposed a candidate for a DNA-coating bio-
synthetic protein that is able to self-assemble around DNA and form an artificial virus shell.122

The design is a triblock copolymer containing a cationic DNA-binging block, a silk-like block
that is connected to the cationic block from one side and to a collagen-like random coil block
from the other side. The cationic block mimics the nucleic-acid binding domains in virus coat
proteins and the hydrophilic collagen-like block provides colloidal stability to the complex in
aqueous solution. The idea behind having a silk-like block in the core of the protein is that it
can self-organize into β-sheets allowing the proteins to stack on top of each other by hydrogen
bonding and/or hydrophobic interactions, and stabilize the entire aggregate around the DNA.
Here, binding of the proteins to the DNA is thought to be conducive to the stacking and also
to be cooperative on account of required conformational switching. Cooperativity is thought
to be needed to get full coverage at moderate binding strengths.144

According to the findings of de Vries and coworkers, this protein design is capable of self-
organizing into a protective shell encapsulating the DNA. The shell shields against nuclease
attacks and in fact more effectively so the more highly cooperative the binding is.122 Moreover,
this artificial virus is able to successfully transfect cells.122 It turns out that an important
factor for successful transfection is the overall binding strength between protein and DNA.
This binding strength is implied to include the stacking free energy of the proteins in the
shell. If the overall binding strength is too small, the coat proteins cannot fully cover the
DNA and therefore cannot protect it against degradation. On the other hand, too large a
binding strength may lead to over-stabilization of the protein assembly that interferes with
the expression of the target DNA in the cell. Therefore, having prior knowledge of the DNA-
binding strength and conformational switching of any designer protein is crucial for their
optimal design.
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Aim of this chapter is to investigate, by means of computer simulation methods, if a
simpler protein design than the one of de Vries et al. can be effective in encapsulating DNA.
Our protein is a silk-like protein similar to theirs, the main difference being that charge-neutral
amino acids that are to sit on the turn regions of the β-sheet if stable are replaced by positively
charged ones. This allows us, in principle, to do away with the DNA binding block of the
original design. In order to achieve our goal, we need to compute free energy differences
between assembled and disassembled states of the constituents, i.e., protein and DNA. This
requires a precise evaluation of all these free energies, which turn out to be very large on
account of the number of atoms that they consist of. However, the free energy differences
are relatively small implying that the margin of error is large. As we shall see, this poses a
considerable challenge that in the literature seems to be played down by presenting standard
errors of mean rather than actual standard deviations.145,146

For our calculations, we make us of all-atom conventional molecular dynamics simulations
in explicit water, in combination with the molecular mechanics generalized Born surface area
or MM-GBSA method. Here we do not make use of replica exchange molecular dynamics
simulations because at high temperatures the complementary DNA strands dissociate. For
kinetic reasons it plausibly takes a very long time (well beyond our simulation time) for them
to re-associate. The MM-GBSA and the molecular mechanics Poisson-Boltzmann surface
area or MM-PBSA methods are closely related, and have been employed in many studies to
estimate the binding free energy of ligands to proteins, proteins to proteins and proteins to
DNA and RNA.146–148 For example, Elder et al. recently studied the effect of the branching
of polymers containing lysine building blocks on their binding strength to DNA by means of
MM-PBSA calculations.148 For reasons of computational expedience, we instead make use of
the MM-GBSA method to shed light on the binding onto DNA of a protein with the amino acid
sequence K[(GA)3-GX]5. Here, X alternates between glutamine (Q) and lysine (K) because
this way the positively charged lysine residues are on one side only of the β-sheet structure.
See fig. 7.1.
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Figure 7.1: Schematic picture of our silk-like protein. A, G, K and Q stand for alanine, glysine, lysine

and glutamine amino acid residues, respectively.

In our simulations, the lysine residues carry a net positive charge, which causes our protein
to electrostatically bind to the negatively charged DNA. Having glutamines instead of lysines
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on the opposite turn regions (i) favors perpendicular binding of the β-sheet to the DNA
and (ii) plausibly reduces the stability of the β-sheet by electrostatic self-interactions. We
calculate the net binding free energy of complexes containing one, two and three copies of our
protein and the DNA. Our DNA is a 16 nucleotide, alternating GC double-stranded B-DNA.
The collagen-like block that in our variant of the design of de Vries et al. provides colloidal
stability to the complex is not modeled in our simulations to minimize computational efforts.

Our findings can be summarized as follows.

1) In free solution our protein melts from an initial β-sheet configuration into a disordered
globule. The same is true if we put this β-sheet onto the DNA, where after melting it
subsequently tends to unbind.

2) Dimers and trimers in solution and those put on the DNA retain their initial β-sheet
structures. On the DNA, the stacks deform to accommodate maximum interaction with
the charges on both strands of the backbone.

3) The ground state of the monomer is the random globule rather than a β-sheet, implying
that conformational switching is required for the protein to self-assemble into stacks onto
the DNA or in free solution. See also Chapter 6.

4) Within our simulations, the overall binding free energy per monomer equals +5 kBT for
the dimer and +6 kBT for the trimer, suggesting that for dimers and trimers the bound
state is unstable. We attribute this (i) to the deformation of the assemblies when in
contact with the DNA and (ii) the incommensurate positioning of the charges on the
DNA and those on the protein stacks.

It is important to stress that our free energy calculations are tentative and suffer from a large
margin of error (standard deviations of the order of 70 kBT and standard errors of mean of
the order of 2 kBT) that can only be reduced by going to very much larger equilibration times.
Each of our simulations take about 5 days of cpu time on a node that contains 16 processors
on a cluster computer (each processor has a clock rate equal to 1.80 GHz). A full discussion of
this issue we provide below. Note also that even when dimers and trimers do not bind higher
order structures could on account of the fact that these will bridge the distances between the
charges on the backbone of the DNA.

The remainder of this chapter is organized as follows. In Sec. 7.2 we present the methods
that we use in our simulations and the way we analyze our data. In Sec. 7.3 we present in
detail our findings. Finally, in Sec. 7.4 we present a discussion of our findings.

7.2 Simulation methods and analysis

We compute the free energy of binding of one, two and three of a silk-like protein to DNA by
means of molecular mechanics generalized Born surface area (MM-GBSA) method. The amino
acid sequence of our protein is K[(GA)3-GX]5, where X stands for an alternating glutamine
and lysine. See fig. 7.1. Our DNA molecule is a 16 base pair double-stranded B-DNA
with the sequence 5′-d(CG)8-3′. This choice of nucleotide sequence enhances the structural
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stability of our very short DNA nucleotide. An estimate of the melting temperature of our
DNA in buffered solution of 50 mM Na+ and 50 nM of DNA concentration, with a pH of 7.0
is 337 K.149,150 To calculate the binding free energies, first we carry out molecular dynamics
simulations with explicit (TIP3P-model) water molecules and Na+ and Cl− ions. The salt
concentration in our simulations is set equal to about 0.1 M.

Our simulations are performed using the Amber molecular dynamics package, where we use
the Amber ff99SB force field and the bsc0 modification.126,151,152 The initial B-DNA structure
is created by using the nucleic acid builder (nab) program in AmberTools. To create the β-
sheet structures we first make a linear chain by employing the Leap program, and subsequently
pull the neighboring β-strands together in a short (50 ps) simulation run in implicit solvent
using Amber. The implicit solvent model that we use is that of Onufriev and collaborators.153

In order to produce dimers and trimers of the β-sheets, we use the nab program in Amber-
Tools to copy and translate the copies over an arbitrary distance of 0.6 nm along the direction
perpendicular to the β-sheet plane. The simulation box is a truncated octahedral, and for
the simulations with the protein-DNA complexes the minimum distance between the solute
and the edges of the simulation box measures 0.8 nm. We add the sodium and chlorine ions
to the simulation box and solvate them using the Leap program, resulting in the presence of
about 9000 water molecules in the simulation box. The simulation box size is about 317 nm3.
Charge neutrality of the simulation box is imposed through the choice of the added number
of positive and negative mobile ions.

Next, to relax the initial configuration of the water molecules, we perform an energy
minimization in which positional restraints are applied to the protein and the DNA to keep
their initial structure fixed. For this purpose, we apply an external harmonic potential to every
atom with a strength of 845 kBT/Å2. After this, we lift the restraints and run an energy
minimization of the entire system. To equilibrate the solvent and heat up the system from a
temperature of T = 0 K to 300 K, we carry out a 20 ps Langevin dynamics simulation protocol
of the Amber package, reapplying the positional restraints on the protein and the DNA. This is
followed by a 100 ps equilibration of the entire simulation box (with no restraints) at T = 300
K, again using the Langevin dynamics method of Amber. Pressure and temperature are
controlled by a Langevin dynamics integrator with a time step of 2 fs. Simulation snapshots
are saved every 1000 steps.

Initially, the β-sheet planes are configured perpendicular to the main axis of the DNA. The
distance between the β-sheet in the monomeric state and the DNA is about 0.4 nm, with
the lysine residues facing the negatively charged backbone of the DNA between the minor
and the major groove. Additional monomers in the dimers and the trimers were added to
the monomer on the major groove side. This results in the dimers and trimers in which the
lysine residues are facing the major groove. The initial configuration of the trimer and the
DNA is shown in Fig. 7.2. Lysine residues are indicated with an atomic representation in
the schematic. Cartoon images of the protein and DNA molecules in this chapter are created
using VMD software.7

To calculate the binding free energies using the MM-GBSA method, we employ a “multi-
trajectory” approach. In this approach, simulations of the unbound protein and the DNA
and those of the protein-DNA complex, are carried out separately. This is in contrast to
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Figure 7.2: Initial configuration of a protein aggregate containing three β-sheets and a DNA molecule
in our simulations.

the “single-trajectory” approach where only the complex as a whole is simulated and the
trajectories of the unbound states are extracted from the trajectory of the complex. The
“single-trajectory” approach is useful if the conformation of bound and unbound states are
not significantly different, which is mostly true for binding of small molecules to proteins.
This is not the case for our protein-DNA complexes. For each of our protein-DNA complexes
we run three trial simulations with the same initial configurations but different initial random
velocities.

After obtaining the snapshots from the simulations of a monomer, a dimer, a trimer,
a DNA molecule and the protein-DNA complex, we remove the water molecules and the
ions from the simulation boxes to perform the MM-GBSA calculations. We discard the first
2 ns of our 10 ns simulations to ensure equilibration of the simulation box. In the MM-
GBSA approach the free energy of a molecule in water is subdivided into three contributions,
∆G = ∆Ggas + ∆Gsolv − T∆S , where ∆Ggas is a gas-phase energetic part, ∆Gsolv is the
solvation free energy, ∆S is an entropic contribution discussed below and T is the absolute
temperature. The gas-phase energy includes electrostatic and van der Waals interactions as
well as the internal energies of the molecules. These include the bond-, angle- and dihedral-
energies.

The solvation free energy, ∆Gsolv , consists of a nonpolar and an electrostatic contribution.
The latter is computed using the generalized Born (GB) continuum (implicit) solvent approach.
The GB model and parameters are taken from the work of Onufriev and coworkers.153 For
these calculations the ionic strength of the implicit solvent is set to 0.1 M. The nonpolar
contribution of the solvation free energy, ∆Gnp, is calculated from ∆Gnp = γSA where SA is
the solvent accessible surface area of the solute and γ is the surface tension of the solute. The
latter is set to 0.84 kBT/nm2.153 The SA is computed employing a “rolling ball” algorithm
in which the radius of the spherical probe is 0.14 nm (the size of a water molecule).

The gas-phase energies include bond, angle and dihedral energies between bound atoms
and electrostatic and van der Waals interactions between non-bonded atoms in the absence
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of water molecules. These energies are calculated by using the MMPBSA.py program in
AmberTools.154 To estimate the entropy contribution to the free energy, we make use of a
harmonic-approximation normal mode analysis. For these calculations, 20 snapshots from
our simulations are extracted and their configuration energy minimized by the NAB program.
The reason why we carry out an energy minimization is that the structure of our molecules
must be at their local minimum so that they can be treated in the harmonic approximation.
After minimization, a Hessian matrix is constructed and diagonalized to obtain the vibrational
frequencies. The translational and rotational entropies are computed by assuming a rigid rotor
model for the molecule(s) in the simulation box. The translational, rotational and vibrational
entropies are also calculated by the MMPBSA.py program. Note that the number of snapshots
evaluated to obtain the entropies is significantly less than that for the energies (500). This is
because the normal mode analysis is computationally exceedingly costly.

For each protein-DNA complex, we computed the free energy of the protein, ∆Gprot , the
DNA, ∆GDNA, and the complex, ∆Gcomp, and calculate the binding free energy of the protein
to the DNA from ∆Gbind = ∆Gcomp − (∆Gprot + ∆GDNA). The binding free energies that we
calculate describe qualitatively how the binding strength of our protein changes as a function
of the number of monomers in the aggregate that binds to the DNA. However, as we shall see
in the following sections, the values for the binding free energies are not accurate quantitatively
due to their large standard deviation. This is a known issue in the literature. See for example
the work of Elder and coworkers.148

7.3 Results

We first present our simulation results for the binding of a monomer of our protein to the
DNA. As mentioned in the previous sections, initially the monomer has a β-sheet configuration,
which is the starting configuration. The three lysine residues that reside on the turn regions
on one side of the protein are facing the backbone of the DNA between the minor and the
major groove. See also Fig. 7.2. We find that soon after the beginning of the simulation
the β-sheet structure starts to melt and the distance between the lysine residues increases.
At time t = 2.6 ns, while two of the lysine residues are still bound to the backbone of the
DNA close to the minor groove, the third one detaches from the β-sheet and does not touch
the DNA. This remains to be the case for the rest of the simulation time of 10 ns, in which
the two bound lysine residues appear to be very mobile. They detach and reattach several
times during the course of the simulation. At the end of the simulation the β-sheet is mostly
molten. See Fig. 7.3. Not surprisingly, the monomers in free solution also melt within 2 ns
(result not shown). This agrees with our REMD simulations of the previous chapter.

The electrostatic interactions between the monomer and the DNA influences the structure
of the DNA, as is clear from the movies obtained from the simulation. This can be seen
from Fig. 7.3 and in particular Fig. 7.4, where we superimposed the average structure of the
DNA molecule in free solution onto that of the DNA in contact with the monomer. The figure
shows that one of the strands of the DNA to which the monomer is bound is strongly deformed
whereas the other remains unperturbed. Not only the DNA is perturbed by the binding, the
protein is too. Our results show that the monomer first quickly shields its hydrophobic surface
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Figure 7.3: Representative snapshots taken from simulation of a monomer-DNA complex, at (a)
time t = 2.6 ns and (b) the final simulation step.

from contact with the solvent by forming a wrapped-sheet-type of structure. Over the course
of the simulation, this structure then turns into a disordered structure. The first process is
probably driven by hydrophobic interactions producing a low conformational entropy state,
which subsequently relaxes toward a higher entropy state. Indeed, as we shall see below, the
vibrational entropy of the monomer decreases upon binding to the DNA.

Figure 7.4: Average structures of a DNA molecule in free solution (green) and one in contact with
a monomer of our protein (red). The averages are taken over 500 snapshots.

Binding of the dimer and the trimer induces a much larger deformation of the DNA
molecule, as both strands are now affected rather than a single one. In fact, when the dimer
interacts with the DNA it makes direct contacts with both strands across the major groove,
pulling them together. See Fig. 7.5a. The width of the major groove reduces from 2.2 nm
to 1.8 nm. The β-sheet structure of the proteins in the dimers and trimers remain stable
within our simulation time: the presence of the charges apparently does not destabilize these
structure, at least not within 10 ns simulation time. The same is true for the dimers and
trimers in free solution, so the conformational stability is not induced by the binding to the
DNA. However, the assemblies bound to the DNA do deform to accommodate maximum
interaction with the charges on both strands of the backbone, as can be seen in Fig. 7.5a.
The portions of β-sheet leaflets in contact with the DNA spread in order to be able to bridge
the gap between the charges demarcating the major groove. This produces a wedge-type
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Figure 7.5: Representative snapshot taken from our (a) dimer-DNA complex simulation, at time t =
6.1 ns and (b) trimer-DNA complex simulation, at time t = 4.2 ns. The molecules are
shown in a cartoon representation. The lysine residues in the dimer are depicted with an
atomic representation.

deformation of the stack. The trimer eventually alleviates this wedge deformation by rotating
by about 90 degrees around its main body axis: it makes almost a full turn in the course of
a simulation run. See Fig. 7.5b. This way, it makes contact with a larger number of charges
on the backbone of the DNA. It is not clear why the dimer does not do the same thing.

We now turn to results of our free energy calculations, summarized in Tables 7.1, 7.2 and
7.3. In these tables, we present the contributions to the net free energy of binding, ∆Gtotal ,
of a monomer, a dimer and a trimer β-sheet to our DNA molecule, respectively. One of the
contributions is that of the gas phase energy, ∆Ggas , which includes the internal energies of
the molecules, van der Waals interactions and electrostatic interactions. We also tabulate
the solvation free energies, ∆Gsolv , stemming from the interaction of the molecules with the
solvent. Finally, we account for the changes in the translational and rotational entropies,
T∆Str , as well as the vibrational entropy, T∆Svib.

Focusing first on the entropies, we conclude from Tables 7.1 to 7.3 to that upon binding
the molecules lose a lot of entropy. This obviously includes that associated with the loss
of translational and rotational degrees of freedom of the molecules. The loss of vibrational
entropy, associated with the internal degrees of freedom, is rather modest, except perhaps
for the trimer. This implies that contrary to what we observe from the snapshots, e.g. in
Fig. 7.5a, binding does not greatly influence the configurations of the protein and the DNA,
except those for the trimer. As we discussed above the trimer strongly deforms the DNA, so
we expect the entropy loss to be primarily due to the contribution from the DNA rather than
the protein.

The only driving force for complexation we can read off from Tables 7.1 to 7.3 is that
associated with the gas-phase contribution. This is dominated by a large margin by the
electrostatic interactions between the positive charges on the protein and the negative ones
on the DNA. We read off from Tables 7.1-7.3 that the gas-phase contribution amounts to
approximately 2800 kBT per protein for all three aggregate sizes: the contribution scales
approximately linearly with aggregate size. Note that in the calculation of this quantity
screening by ions in the solvent as well as attenuation by the large dielectric constant of that
solvent is ignored. Counteracting this very large attractive interaction is the contribution from
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Contribution Mean (kBT) Std. Dev. Std. Err. Mean
∆Ggas -2792 360 9.0
∆Gsolv +2785 331 9.0
T∆Str -49 0 0.0
T∆Svib -2 20 0.5
∆Gbind +47 74 1.9

Table 7.1: Binding free energy components of our monomer-DNA complex. See the main text for
the details of the monomer and the DNA structures. ∆Ggas is the gas phase contribution
to the free energy that includes internal energies of the molecules, van der Waals and
electrostatic interactions. ∆Gsolv is the solvation free energy consisting of a nonpolar
and an electrostatic contribution. T∆Str and T∆Svib are the translational and rotational
entropy components, and the vibrational entropy contribution at temperature T = 298
K. The total binding free energy is shown as ∆Gtotal . All the values are shown in units
of kBT where kB is the Boltzmann constant and T is the room temperature, T = 298
K. From left to right, the mean values of the free energy contributions, their standard
deviation and standard errors of mean are shown.

Contribution Mean (kBT) Std. Dev. Std. Err. Mean
∆Ggas -5582 365 9.0
∆Gsolv +5538 347 9.0
T∆Str -49 0 0.0
T∆Svib -5 20 0.5
∆Gbind +10 76 2.0

Table 7.2: Binding free energy components of our dimer-DNA complex. See the main text for the
details of the dimer and the DNA structures. See also the caption of the Table 7.1.
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Contribution Mean (kBT) Std. Dev. Std. Err. Mean
∆Ggas -8235 380 9.8
∆Gsolv +8182 362 9.3
T∆Str -51 0 0.0
T∆Svib -19 22 0.5
∆Gbind +17 86 2.2

Table 7.3: Binding free energy components of our trimer-DNA complex. See the main text for the
details of the trimer and the DNA structures. See also the caption of the Table 7.1.

solvation, which is roughly of the same magnitude but with opposite sign. This contribution
also scales approximately linearly with the aggregate size. The reason why it is positive is
that it corrects for overestimating Coulomb interactions in the gas phase where the dielectric
constant is that of vacuum.

The major contribution to this comes not from the non-polar contribution (see Sec. 7.2)
but from the electrostatic contribution to the solvation free energy. This contribution accounts
for the reduction of the electrostatic interaction between the positive and negative charges on
the protein and the DNA due to the screening by ions and the large dielectric constant of the
solvent. There are additional contributions from reduced interactions between partial charges
on the surface of the molecules, i.e., partial charges that mimic electro-positive and -negative
atoms.

Finally, the net binding free energy we obtain for all three assemblies of monomers, dimers
and trimers are positive. The binding free energy per monomer depends non monotonically on
the aggregate size. That of the monomer is the largest, so the bound state of the monomer
is the least stable. As we already alluded to, the monomer after melting seems to attempt to
free itself from the DNA. This is not so for the dimer and the trimer that both seem to be
strongly bound, which contradicts the positive binding free energy of 5 and 8 kBT per protein
that we find for both. The question arises how reliable these values are, considering that we
are subtracting very large numbers.

Standard deviations and standard errors of mean of those large numbers, associated in
particular with the gas phase and solvation free energy contributions that we find and that
are presented in the tables, are comparable in magnitude to those presented by other authors
in the field.146,148 However, the standard deviations are relatively large, suggesting that the
values that we find for the binding free energy may not be significant. In the next section, we
discuss this issue in more depth as well as various potential sources of error.

7.4 Discussion and conclusions

From our simulations, we find that our silk-like protein functionalized to be able to electrostat-
ically bind to DNA has a molten, random coil “native”, lowest free energy state in free solution
at moderate salt concentration. A monomer with an initial β-sheet structure melts within



102 Binding of silk-like proteins to DNA

our simulation time of 10 ns. This ties in with the results of our replica exchange simulations
of the previous chapter. β-sheet dimers and trimers do not melt within this time. According
to our replica exchange simulations of Chapter 6, dimers should melt but trimers not. This
indicates that our simulations might not be sufficiently long to get complete equilibration.
However, because each run takes about 5 days of cpu time on a node of 16 processors on a
cluster computer (each processor has a clock rate of 1.8 GHz), we were not able to extend our
studies to the very much longer times that are probably required judging by binding studies
of small molecules to DNA.155

A β-sheet monomer put near the surface of the DNA also melts and fluctuates strongly
between weakly bound states suggesting that the bound state is unstable. Dimers and trimers
do not melt, as is the case in free solution, but they do deform and/or reorient in order to
minimize their structure deformation and caused by the Coulomb interactions between the
negative and positive charges. Both seem strongly bound within our (limited) simulation
time. The binding free energies that we obtain support this trend albeit that even for the
dimers and the trimers we find positive values, suggesting that for these the unbound state
must be more stable. It is not entirely obvious what causes this discrepancy. The fact that
we find the bound proteins to distort the structure of the DNA lends support to the results
of our free energy calculations.

On the other hand, our free energy calculations do suffer from a number of caveats, which
in part are related to the limited simulation time. For instance, the loss of translational entropy
is overestimated in our simulations because relative translation of the DNA and the bound
protein is not taken into account. A bigger problem are the standard deviations obtained from
our statistics. If we take the standard deviations at face value then the results tabulated in
Tables 7.1, 7.2 and 7.3 tell us that we cannot state anything meaningful about the binding
energies apart from that their values must be in the range from, say, −40 and +100 kBT.
If we invoke the in the literature often reported standard error of mean that is defined as
the standard deviation divided by the square root of the number of samples from the entire
simulation, then the errors are much smaller: on the order of two times the thermal energy.
In that case the quoted binding free energies are significant.

The standard error of mean is a useful measure of uncertainty for samples that are taken
randomly from a population. In our case, we carry out conventional simulations starting
from a certain initial condition. Therefore, it is not unlikely that our molecules within our
limited simulation time are evenly sampling the phase space but remain close to the initial
configuration. This plausibly implies that the calculated standard error of mean is inaccurate
as well. Indeed, comparing our simulation results on the dimer protein in free solution of this
chapter with that of the previous one, we have to conclude that at least in our simulations
the standard error of mean is not a good indicator of statistical confidence. Clearly, much
more study is needed to clarify this.
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Conclusions and outlook

8.1 Aim of the thesis

In this thesis, we have studied by means of computer simulations the influence of structural
details of macromolecules on their kinetics, self-assembly and phase behavior. We considered
two types of macromolecule at different levels of description: (i) a semi-flexible filamentous
virus particle that exhibits a whole host of liquid-crystalline phases and (ii) a silk-like protein
that self-assembles into filamentous structures, and a candidate protein for gene-delivery ap-
plications. For the former, we focused on the effect of bending flexibility of the particles on
their kinetics and phase behavior. The bending flexibility of the filamentous particles in our
simulations we described using a highly coarse-grained model of strings of beads. For the
silk-like protein, we relied on a description with full atomistic detail in our simulations. We
have investigated how the number of repeat units in the amino acid sequence of the protein
influences its self-assembly into linear aggregates. Moreover, we carried out fully atomistic
simulations of assemblies containing the silk-like protein and a DNA molecule, in order to
shed light on how the binding free energy of the protein to DNA changes as a function of the
number of proteins in the assemblies.

Our simulations cover two ends of a multi-scale modeling approach by which hierarchical
self-assembly from proteins and DNA to viruses and fibers, and from viruses and fibers to liquid
crystalline phases, can be investigated. Free energies that we calculated from the atomistic
simulations on the protein can be used to predict how physico-chemical conditions influence
the full size distribution. In the remainder of this chapter, we summarize our main findings on
the phase behavior and kinetics of the filamentous particles in Sec. 8.2. A summary of our
main results on the self-assembly of the silk-like protein in free solution and in the presence
of the DNA is presented in Sec. 8.3. Finally, we end this chapter by proposing directions for
future work.
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8.2 Phase behavior and kinetics of filamentous particles

Guided by recent experiments on the kinetics and phase behavior of a semi-flexible filamentous
virus and a more rigid mutant of it, in the first part of this thesis we focused attention on
simulations of assemblies of filamentous particles with different flexibilities. To model the
bending flexibility in our simulations, we make use of a bead-spring model for each particle. In
this representation, our particles are chains of beads that are connected by harmonic potentials.
Within a chain, a harmonic bending potential is applied to each set of three beads. The
strength of this bending potential determines the level of flexibility of our particles that we
choose to match those of the virus particles. For computational reasons we were not able to
emulate the very large aspect ratios of the virus particles: our particles have an aspect ratio
between five and nine, whereas the experimental aspect ratio is closer to about one hundred.

In Chapter 3, we attempted to understand and explain the unusual motion of filamentous
fd virus particles observed in the columnar liquid-crystal phase. In the columnar phase, the
particles act as if in a conventional liquid in the direction along their main axes, whilst they
exhibit hexagonal (or hexatic) order perpendicular to that. In the columnar phase, most of
the time the virus particles are almost immobile, but occasionally they engage in very fast
jumps. The distribution of the displacement of the particles after these jumps are peaked
around one-half and a full particle length. To explain this, we put forward the hypothesis that
the full-length jumps are due to the overtaking of particles within a column of the columnar
phase, and the half-length ones to re-equilibration of a column after a particle leaves it. To
test this hypothesis, we performed Brownian dynamics simulations of our model filamentous
particles subject to a Gaussian confinement potential that mimics the self-consistent molecular
field in the columnar phase.

The main conclusions of Chapter 3 can be summarized as follows:

1) Our simulations suggest that overtaking events can lead to full-length jumps. Re-
equilibration of a column after a particle jumps out of it causes the particles that are
direct neighbors to engage in half-jumps to fill in the void created by the leaving particle.
This is caused by the in-line pressure.

2) The overtaking events present themselves as full-length jumps only if the system size,
i.e., the number of particles in a column, is sufficiently small and the boundary conditions
are reflecting.

3) If the system is too large, then the overtaking events are washed out by the fluctuations
in the positions of particles. If the system size is small and the boundary conditions are
periodic, then the center of mass of the system moves and again the overtaking events
are washed out.

4) The frequency of the overtaking events reduces with decreasing linear fraction of parti-
cles and increasing strength of the confining potential.

5) The ability of particles to overtake each other increases with increasing bending flexibility
of the particles. Bending flexibility also enhances the fluctuations in the positions of the
particles that wash out the full-jumps.
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6) The re-equilibration time of a column after removing a particle from it is much faster
than the self-diffusion time of the particles. It can be described quantitatively by bal-
ancing the in-line pressure and particle friction.

The interactions between particles in neighboring columns in the columnar phase are only
implicitly taken into account in Chapter 3. To study how cross-talk between particle in
neighboring columns influence their kinetics we carried out simulations on a three-dimensional
model of the columnar phase in Chapter 4. In our model description, an external potential
with triangular symmetry is applied to all the particles in the direction perpendicular to the
columns. The reason why we make use of this potential, is that the columnar phase is not
a thermodynamically stable phase for our particles of relatively modest aspect ratio required
for reasons of computational expedience. To prevent smectic layering near the boundaries,
we in addition applied (i) an uneven reflecting boundary condition and (ii) periodic boundary
conditions, on the two sides of the simulation box along the direction of the columns. Periodic
boundary conditions are applied to the remaining directions. The main conclusions of Chapter
4 are:

1) Consistent with what we found in Chapter 3, jumps can only be observed if the system
size is sufficiently small and boundary conditions are reflecting not periodic.

2) Another mechanism producing full-length jumps present themselves in our simulations:
a rare fast coherent motion of strings of particles triggered by the exchange of particles
between two or more columns at different positions in the columns. It is reminiscent of
the dynamical heterogeneity observed in glassy states of dense dispersions.

3) The distribution of jump lengths has a pronounced peak around one particle length and a
wide peak around half a particle length, qualitatively mirroring experimental observation.

4) Particles not engaged in the fast vortex-like coherent motion do not move at all, apart
from rattling around their positions.

5) Particle flexibility enhances the jump frequency because it is easier for more flexible
particles to engage in inter-column jumps and trigger the vortex-type motion of particles.
This is because more flexible particles can bend and reorient, and more effectively explore
their direct environment than rigid ones.

6) Similar to what we have found in Chapter 3, increasing the column length at equal
density leads to an increase in the amplitude of fluctuations in the position of particles.
This eventually washes out the full-jump events.

7) Our simulation suggest that the reason why the jumps are observed experimentally must
be connected with the polydomain structure of the columnar phase of fd virus particles,
equivalent to about ten particle lengths. Apparently, the polydomain structure imposes
reflecting boundary conditions on the virus particles in the columns.
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In Chapter 4, we have made use of an external potential to stabilize the columnar phase.
In the following Chapter 5, we aimed to find if a stable columnar phase does emerge for
particles with a larger aspect ratio. For that purpose, we performed both Brownian and
molecular dynamics simulations of semi-flexible (similar to fd virus) and more rigid (similar
to fd virus mutant) particles with aspect ratio of about nine. In our simulations no external
potential is applied to the particles. We have obtained the phase diagram of the particles
as a function of the density and two bending flexibilities corresponding to those of wild-type
fd virus and its mutant, fd-Y21M. We found the columnar phase only to be metastable in
small enough simulation boxes for the more rigid particle. Motivated by recent experiments
on single-particle kinetics in the nematic and smectic-A phase of fd virus and its mutant,
we also studied the diffusive motion of particles on both sides of the nematic-smectic phase
transition. The following are the main conclusions of Chapter 5:

1) We find that the density at which the nematic-to-smectic-A phase transition occurs
is shifted to higher values for the more flexible particle. This is in agreement with
predictions from approximate theories, Monte Carlo simulations and recent experiments
on fd virus and its more rigid mutant.

2) For the rigid particles the smectic layer-to-layer distance decreases monotonically with
increasing density whereas for the more flexible ones it varies non-monotonically. This
is because initially with increasing density the more flexible particles straighten out.

3) At sufficiently high densities, a smectic-B phase becomes stable in our simulations of
the more flexible particles. In this case, the smectic layers with hexagonal order are
displaced randomly in the plane of the smectic layers. For the more rigid particles, the
smectic layers are aligned with respect to each other on the scale of the simulation box.

4) We have found heterogeneous dynamics in the smectic-A phase of both types of particle.
We find that occasionally some particles in this phase engage in jumps between the
smectic layers while other particles are rattling around their equilibrium positions in the
layers.

5) At identical values of the smectic order parameter, particle diffusion along the nematic
director is insensitive to the particle bending flexibility. However, diffusion perpendicular
to the director is significantly slowed down for the more flexible particles presumably
because of the higher density.

6) Our findings show that flexibility does not significantly change the diffusive behavior of
elongated particles on both sides of the nematic-smectic-A phase transition. However,
this does not seem to agree with experimental observation of fd virus and its mutant,
which could be due to the difference between the aspect ratio of our particles and that
of fd virus.
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8.3 Self-assembly of silk-like proteins

The second part of the thesis is devoted to the self-assembly of a silk-like protein in free
solution and in the presence of a DNA molecule. We rely on fully atomistic molecular dynamics
simulations because conformational changes are crucial in this process. Our protein of choice
is an alternating diblock oligopeptide with amino acid sequence X[(GA)3-G], where X stands
for an alternating lysine and glutamine residue. This protein is a candidate design for gene
delivery applications and understanding the details of its self-assembly can help improving the
design. As a first step, we carried out replica exchange molecular dynamics simulations of
aggregates containing one, two, three and four copies of the protein in free solution. To study
the effect of the number of repeat units on the stability of these aggregates, the simulation
runs were done for two types of protein with 3 (triblock) and 5 (pentablock) repeat units.
Initial configuration of our proteins are β-sheet and β-roll structures. Our main findings can
be summarized as follows:

1) For the triblock, all of the protein aggregates are unstable: the proteins melt into random
coil structures and aggregates dissociate either completely or partially.

2) For the pentablock β-sheet protein, the monomers and dimers melt into random coil
structures, whereas the trimers and tetramers are stable. From the aggregates contain-
ing the pentablock β-roll protein only the monomer melts.

3) The stability of the secondary and tertiary structures is dictated by the competition
between the formation of hydrogen bonds, hydrophobic interactions and the conforma-
tional entropy of the protein. Within a protein chain the end blocks are conformationally
more flexible than central ones due to reduced hydrogen bonding. For the triblock they
are able to predominate the configurational statistics for the protein as a whole.

4) Likewise, the monomers on the top and bottom of the trimer and tetramer fluctuate
more strongly than those in the center of the aggregates. The conformation of the ones
on the top and the bottom of the tetramer are more stable than those of the trimer,
suggesting that the interactions cooperatively stabilize the aggregate as the number of
monomers increases.

5) The difference between the conformational structure of our protein in the monomeric
state and that in the smallest stable assembly, shows that there must be a conformational
transformation in the transition from the monomeric to the aggregated state. Moreover,
a minimum number of the monomers must come together to assemble, indicating that
the self-assembly of our protein must be nucleated.

6) From our simulations, we have computed the free energy difference between the molten
and the folded conformational states of our protein in the assemblies, as well as the
binding free energy. These can be used in coarse-grained models to predict the size
distribution, e.g., as a function of the concentration of the protein.
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Finally, in Chapter 7, we computed the binding strength of our protein with five repeat
units to a DNA molecule using conventional rather than replica exchange molecular dynam-
ics simulations in combination with the molecular mechanics generalized Born surface area
method. The DNA molecule is a 16 base-pair, double-stranded B-DNA with an alternating
CG sequence. The binding strengths are calculated for a monomer, a dimer and a trimer
starting from β-sheet structures. We find that:

1) In agreement with our replica exchange simulations of Chapter 6, the β-sheet monomer
in free solution melts into a random-coil structure. It also melts in the presence of the
DNA, suggesting that the electrostatic interactions with the DNA do not stabilize the
β-sheet structure, at least in a monomeric state.

2) The positively charged lysine residues on a single monomer occasionally unbind and
rebind to the DNA molecule over the course of our simulations, suggesting that the
binding of the monomer to the DNA is not strong.

3) The dimers and trimers maintain their β-sheet structure within our simulation time
both in free solution and in the presence of the DNA. The former disagrees with our
replica exchange molecular dynamics simulations of Chapter 6, suggesting insufficient
equilibration.

4) In contact with DNA the stable aggregates deform and/or reorient to maximize the
electrostatic interactions between the charges on the DNA and those on the protein.

5) Surprisingly, even though monomers, dimers and trimers remain bound to the DNA, the
binding free energies that we calculate are positive, suggesting that assemblies at least
upto trimers should unbind eventually. This might be caused by the distortion of the
structure of the DNA induced by binding of the assemblies.

6) The standard deviations of the binding free energies that we calculate are very large
compared to the mean values. Whilst this is common in simulation studies of the
binding to DNA of all but the smallest molecules, it does indicate that our simulation
time is not sufficiently long to get full equilibration.

8.4 Outlook

The major challenge for both our coarse-grained and all-atom simulations is the simulation
time. For the coarse-grained simulations this is due to the conformational flexibility and high
density of the systems that we considered. For the all-atom simulations this is because of
chemical complexity and the presence of high free energy barriers between configurations.
We note that our all-atom simulations in terms of computational effort and methods are
comparable to the most recent studies in the literature. Our coarse-grained simulations in
fact go beyond that.

Clearly, these and other issues will have to be dealt with in future research considering the
coupling between the internal degrees of freedom of macromolecules and their self-organization



8.4 Outlook 109

in solution. Natural extensions of the work discussed in this thesis present themselves naturally.
Focusing first on the first part of thesis relating to liquid-crystalline states of filamentous
particles we suggest the following:

1) For computational reasons, the aspect ratio of our filamentous particles is at least about
ten times smaller than that of the fd virus particles that inspired our study. One possible
route to larger aspect ratios is using chains of connected elongated monomers, reducing
the number of elementary particles needed to build up a chain.156 Additional speed
might be gained by using a combination of truly hard-core interactions and the Monte
Carlo simulation technique.157

2) Hydrodynamic interactions are ignored in our simulations. This is of no consequence
for obtaining the liquid-crystal phase diagram, but hydrodynamic interactions could
influence the single particle dynamics in these phases although these are often believed to
be screened at high densities. They can be included in the simulation, e.g., using Rotne-
Prager-Yamakawa approximation or, alternatively, by applying the so-called dissipative
particle dynamics simulation method.

3) The effect of long-range electrostatic interactions between fd virus particles are not con-
sidered in our simulations. These interactions can be taken into account approximately
by employing a Yukawa-type interaction potential rather than the shifted Lennard-Jones
potential that we have used.

4) The reason why fd virus particles self-organize into a hexatic columnar phase is not clear.
Chirality of the particles, electrostatic interactions and particle bending flexibility, or a
combination of these factors have been suggested to be responsible for the formation
of this phase. Since we do find the smectic-B phase that also has hexatic order, going
to much longer aspect ratios might prove sufficient to find this elusive phase. More
simulations in which all suggested components are included need to be done to clarify
this.

5) If the hexagonal phase can be located in the phase diagram of filamentous particles,
it would be of considerable interest to study the dynamics of particles in this phase
and verify if the correlated loop-type motion of particles that we have found in our
simulations occurs in this phase.

6) In our simulations, we were not able to distinguish between a smectic-B phase with
aligned smectic layers and a crystalline phase. This is because of the relatively small
size of our simulation box that does not allow us to measure the long-range positional
and orientational ordering. Simulations with much larger simulation boxes are needed
for these measurements.

The computational challenges related to the second part of the thesis and our suggestions
for dealing with them in the future studies are listed below:
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1) In our replica exchange molecular dynamics simulations where we investigate the fiber
formation of our protein, we considered monomers and aggregates of two, three and
four monomers in fully atomistic detail. For such small aggregates the size effects due
to the fluctuations of the monomers at the two ends are still of significant importance.
One possible route to reach larger length scales is to calibrate and use coarse-grained
models. These models should not be biased towards any secondary structure because
conformational changes are important in the self-assembly process of our protein.

2) In the calculation of protein-protein binding free energies in Chapter 6 we did not take
into account the contribution of the change in the conformational entropy upon binding.
This can be done by performing normal mode analysis on the individual monomers and
on the monomers in the aggregated states.

3) Our results in Chapter 7 from conventional simulations of the dimer containing β-
sheet structures in free solution do not match with our findings in Chapter 6. This
indicates that our conventional simulations are not sufficiently equilibrated. To overcome
this problem, one can employ a replica exchange molecular dynamics (REMD) method
instead of the conventional molecular dynamics simulations. However, REMD simulation
of the small DNA molecule that we consider is a great challenge because it consists of
two strands that will be separated at high temperatures.

4) The large standard deviation of binding free energies we calculate in Chapter 7 can be
reduced by extending the simulations to much longer time scales. A possible way to do
this is to use an implicit solvent model for the simulations.

5) Our DNA molecule contains a small number of base-pairs. This influences the stability
of the DNA and through that the binding free energy of our proteins to the DNA.
Again, making use of an implicit solvent model can, in principle, allow us to carry out
simulations with a longer DNA molecule.
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Summary

Self-organization and kinetics of complex macromolecules:
computer simulation of proteins and liquid crystals

Colloidal particles of natural origin such as proteins, DNA and viruses are often modeled
as structureless spheres, prolate spheroids or cylinders in order to describe and explain their
kinetics and phase behavior in solution. However, these highly complex macromolecules have
internal degrees of freedom that couple to their large-scale properties. Understanding the
relation between their internal degrees of freedom and macroscopic behavior can help designing
materials with new functionalities. The aim of this thesis is to investigate by means of
computer simulations the influence of internal degrees of freedom associated, e.g., with a
bending flexibility or the conformational state of the macromolecules on their diffusive kinetics,
phase behavior and self-assembly. Guided by recent experimental investigations, we focus
attention on two types of macromolecular particle and invoke different levels of detail of
description. One is a large semi-flexible filamentous virus particle that exhibits a host of
liquid-crystalline phases in aqueous solution, the bending flexibility of which we describe in
terms of a highly coarse-grained model as a string of beads. The other is a small silk-like
protein that is part of a promising protein design candidate for gene-delivery purposes, and
that we model at the atomistic level, that is, in full chemical detail, highlighting the role of
the secondary structure in the spontaneous assembly in aqueous solution in the absence and
presence of a DNA template.

We employ Brownian dynamics and molecular dynamics simulation methods to investigate
the diffusive dynamics and phase behavior of our model virus particles at different concen-
trations, bending flexibilities and aspect ratios. We find that with increasing concentration
our particles self-organize into nematic, smectic-A, smectic-B and/or crystalline phases. In
agreement with experimental observation the density at which the nematic-smectic-A phase
transition occurs increases with increasing flexibility. Our simulations suggest that flexibil-
ity does not significantly influence the dynamics of particles on both sides of the nematic-
smectic-A phase transition, at least not for the two levels of bending flexibility investigated.
Remarkably, for our semi-flexible particles a smectic-B phase becomes stable at sufficiently
high densities. We find that at such densities the smectic layers exhibit hexagonal order but
are displaced randomly with respect to each other. This is not the case for our simulations
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on self-organization of the more rigid particles where we find that the layers are aligned albeit
that we cannot with definiteness distinguish the smectic-B from the crystalline state.

For the short aspect ratios and limited range flexibilities that we studied we have not been
able to pinpoint a stable columnar phase, even though in experiment it does show up. Hence,
to study particle kinetics in the columnar phase and explain recent experimental observations,
we make use of an externally applied stabilizing field. We find that in a background of barely
moving particles, strings of particles engage in a sudden, highly correlated and very fast motion
covering one particle length, explaining the jump-like displacements observed experimentally.
In agreement with experiment we also find that increasing the bending flexibility enhances this
kind of motion. An important conclusion of our work is that finite-size effects, which in the
experimental system are relevant because of the poly-domain structure of the liquid crystal
phase, strongly influence the kinetics through the way fluctuations are suppressed. Finite-size
effects are not usually taken into consideration in the context of single-particle dynamics.

All-atom molecular dynamics simulations we employed to study the role of molecular
structure in relation to the linear self-assembly of our second molecule, a silk-like protein, in
free solution and in the presence of a DNA molecule. It is part of a tri-block copolymer that
has been specifically designed to mimic virus coat proteins that bind to and self-assemble on
polynucleotides. In our simulations, we make use of the replica exchange molecular dynamics
technique to more efficiently explore the conformational space of the protein in free solution,
in monomeric, dimeric, trimeric and tetrameric form. We carried out extensive simulations
with explicit and implicit solvent models, the latter in an attempt to reach longer equilibration
times. In line with experimental observations, our simulation results indicate that there is
a conformational change in the secondary structure of the protein as it self-assembles into
structures with more than three proteins, showing that the process of self-assembly must be
nucleated. From our simulations we estimate the protein-protein binding free energy as well
as the free energy difference between the molten and the folded conformational states of our
protein in the assemblies. These estimates can be used in coarse-grain models to predict
macroscopic quantities, such as length distribution of the assemblies as a function of protein
concentration.

We also investigate the effect of the number of amino acid repeat units of the protein
on their self-assembly by performing simulations for proteins with three instead of five repeat
units. We find that aggregates of two, three and four of these smaller proteins dissociate
quickly in water. The most important conclusions of our work on the proteins is that the
secondary structure of proteins may depend strongly on the aggregated state, giving rise to
an effect known as autostery, a form of allostery. This is similar to what is known about
self-assembly of smaller size proteins associated with the Alzheimer’s disease. Interestingly,
we find that beta-roll secondary structures of individual proteins can give rise to “tilted” beta-
sheet quaternary structures in assemblies, explaining the narrow width of the fibers found
experimentally.

As already alluded to, our protein is part of a triblock protein that is designed to mimic
virus coat proteins. The triblock protein contains a hydrophilic disordered block, a silk-like
self-assembling block and a cationic DNA binding domain. In the last chapter of this thesis
we propose an alternative design for this protein, in which this cationic domain is removed
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and the silk-like block contains positively charged amino acids that can electrostatically bind
to the negatively charged DNA. By means of molecular dynamics simulations and molecular
mechanics generalized Born surface area method, we compute the binding free energy of a
monomer, a dimer and a trimer of our silk-like protein to a DNA molecule. We find positive
binding energies for all cases, suggesting that none of the protein assemblies bind to the DNA.
However, the binding free energies per monomer for the dimer and the trimer are significantly
less than that of the monomer indicating that the binding of our protein to the DNA must
be cooperative. It could be that larger aggregates do become stable.
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