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“ Hâtez-vous lentement; et, sans perdre courage,
Vingt fois sur le métier remettez votre ouvrage:

Polissez-le sans cesse et le repolissez;
Ajoutez quelquefois, et souvent effacez.”

“ Gently make haste, of labour not afraid;
Consider twenty times of what you've said:

Polish, repolish, every colour lay,
And sometimes add, but oft 'ner take away.”

Nicolas Boileau, De l’art poétique (chant I)

To my family and my teachers





Summary

Towards numerical simulations of phase transitional flows

Numerical simulations have extensively been applied to study single-phase industrial
flows. Their extension to multi-phase situations is complicated by the absence of a cor-
responding turbulent theory: there exists no theory describing how turbulence interacts
with interfaces and therefore it is not possible to model the contribution of the small
scales in such cases. To accurately describe this problem, all scales should be computed:
Direct Numerical Simulation (DNS) is required.

The description of the interface as a continuous transition between the two phases
dates back to the end of the 19th century and has been experimentally verified close to
the critical point. The Diffuse Interface Model (DIM) resulting from this assumption
consists of a set of conservation equations similar to the Navier-Stokes (NS) equations,
apart from an additional stress tensor accounting for the capillary forces and an equation
of state which is valid in both phases. In this way, topological and phase changes are
captured in a way which is fully consistent with the underlying thermodynamics. If these
partial differential equations are solved numerically by volume discretization, the grid
must be very fine to cope with the thickness and stiff gradients of the interface. To limit
the computation time, the size of the grid is limited: DIM should only be used in the
multi-phase regions, with a fine grid close to the interface. For the single phase regions,
a coarser grid can be used.

In this thesis, special boundary conditions are developed to recreate on the small
scale the situations arising from the macro-scale for multi-phase channel flows of a liquid
with its vapor. Two situations are identified. When a vapor bubble is away from the
wall, the flow at the edges of the micro-scale domain is determined by the macro-scale.
These types of boundary conditions are called open boundary conditions. The second
situation arising from the description of the channel flow is the nucleation of a vapor
bubble on the wall and its interaction with the substrate. The surface properties of
the wall (hydrophobic/hydrophilic) as well as the heat flux imposed are recreated using
so-called wall boundary conditions.

Designing open boundary conditions for DIM is a complex problem. Perturbations
created inside the truncated numerical domain propagate since the DIM equations sup-
port traveling waves. If the boundary values were simply imposed by the macro-scale,
these waves would be reflected by the edges and perturb the interior solution. Away
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from the interfacial regions, the contribution of the capillary terms in the DIM can be
neglected. Therefore, in the bulk phases, the DIM equations may be approximated by the
NS equations: conventional approaches from the literature for single phase flows can be
used. However, when the interfacial regions come close to the boundaries, the capillary
terms are dominant and two major features prevent a straightforward extension of the
NS open boundary conditions: the wave-structure description is invalid and the reference
state (liquid or vapor) is not defined.

Two different types of open boundary conditions are found in literature for single-
phase flows. They either rely on adding an artificial absorbing material at the edges which
damps the amplitude of the waves leaving the computational domain or defining an op-
erator at the boundary which prevent waves from entering the domain. The Perfectly
Matched Layer (PML) method and the non-linear characteristic approach respectively
belong to these two types of boundary conditions. In this thesis, they are extended to
DIM in 1-D. For the PML method, when the interface regions come close to the edges,
the reference state is approximated by the equilibrium profile between the two phases. In
this case, the amplitude of the outgoing waves is damped and the transition between the
multi-phase strategy and the conventional approach is continuous. For the characteristic
approach, when the interface comes close to the boundary, the computational domain is
enlarged. This buffer region ensures that the interface region is always surrounded by
two bulk phases that are effectively computed. Once the multi-phase region is entirely
inside the buffer region, the bulk phase is again present at the boundary of the original
domain: the buffer region is then removed and the conventional approach can again be
applied. This second approach is also extended to 2-D. Unlike in 1-D, the computational
domain is enlarged in both directions. This should be only locally allowed to reduce the
computational costs and a new data structure is proposed: the fixed-size main computa-
tional domain is complemented with separate dynamically allocated grids to handle the
buffer regions. The method has successfully been tested with simple conventional open
boundary conditions in the case of a uniform mean flow.

The second situation arising from the large scale simulations is a bubble interacting
with a substrate. No-slip velocity boundary conditions are imposed and instantaneous
wall/fluid equilibrium is assumed. This last assumption allows to derive thermodynami-
cally consistent boundary conditions which take into account the surface properties of the
wall (hydrophobic/hydrophilic). The micro-contact angle is fixed and the apparent con-
tact angle away from the substrate results from the balance between viscous and capillary
forces. Unlike the sharp interface model, the DIM alleviates the velocity singularity en-
countered at the contact line. The boundary conditions are tested on multiple test cases:
steady state of a vapor bubble on a uniform substrate for varying contact angle, bubble
nucleation on a uniform substrate without initial flow for varying heat flux and contact
angle, detachment of a vapor bubble from the substrate for varying contact angle and
incoming flow velocity, and finally nucleation of a vapor bubble influenced by an incom-
ing flow. Several regimes are observed depending on the balance between the capillary
and the viscous forces and the fluid/wall interactions. To model a dynamic micro-contact
angle, the no-slip and instantaneous equilibrium assumptions could be relaxed.
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Chapter

1
Introduction

L
atent heat is energy released or absorbed by a fluid during its phase change.
This change of state of a substance can be used to store energy in a reversible
manner while the fluid is transported. For this reason, phase transitional flows

are of major interest to the industry and their accurate description is relevant to improve
process performance. Applications include traditional heat exchanger equipment (used in
e.g. nuclear power plants [155, 26], diesel engines [81, 91], ...) and recent micro cooling
devices [73, 149]. This is also of interest for aerospace engineering to describe the rapid
combustion of hydrogen fuel in space rockets where hydrogen is vaporized ahead of the
combustion front [67, 55]. The medical community can also make use of the understanding
of these phenomena, for example to improve treatments based on the ebullition of blood
to cure varicose veins [47]. Finally, applications are also found in the food industry where
direct steam injection is applied to sterilize milk [105]. For such processes, describing the
full picture requires to take into account phenomena occurring at the interface. Because
of the small scale, investigating these phenomena by experimental measurements is a
complex task. An alternative is the use of numerical simulations. Since all relevant
quantities are computed and accessible at any time, the simulation results can complement
experimental observations.

Numerical simulations have already been extensively applied to study single-phase
flows. For these applications, a scale separation approach is usually adopted. A coarse
mesh captures the dimensions of the industrial problem. For phenomena occurring at
a scale smaller than the grid spacing, additional models are necessary. Their role is to
re-introduce the contribution of the small scale phenomena in the large scale simula-
tion. In case of small scale turbulence, the application of a closure model is justified by
Kolmogorov theory. It describes how energy is transferred from larger to smaller eddies
until the turbulence kinetic energy is converted into heat in the small scales. These nu-
merical models are the Reynolds-Averaged Navier-Stokes (RANS) and the Large Eddy
Simulations (LES). However, an analogous theory does not exist for multi-phase flows:
there is no closure model describing how turbulence interacts with the interfaces. Fur-
thermore, unlike particle-laden flows, there is no scale separation between the structures
of turbulence and the bubbles. Therefore, for phase-transitional flows, Direct Numerical
Simulations (DNS) are required. They capture all the relevant scales of the problem and
thus can be used to compute the information closing the large-scale model.

In literature, two main families of DNS are applied to describe multi-phase flows.
The first one focuses on the molecular level. The Molecular Dynamics (MD) simulations
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study the molecules individually. By prescribing an interaction potential, it is possible
to investigate the molecular dynamics and observe phenomena occurring on larger scales.
For example, when an interaction potential is provided to model a solid substrate, the
liquid and vapor molecules organize themselves to create an interface whose profile makes
an equilibrium contact angle with the surface. Another example is when the substrate
is set in motion: an equivalent slip length and dynamic contact angle can be measured
depending on the velocity of the substrate. These simulations are computationally very
expensive and limited to very small scales because of the limited number of molecules
that fit in memory. However, they can provide a precious insight to propose and justify
new boundary conditions on larger scales [118]. Unlike the MD simulations, the Lattice
Boltzmann (LB) method solves for the probability density function (PDF) on a subspace
of discrete velocities. The evolution of this PDF is given by the Boltzmann-Maxwell equa-
tion which expresses the balance between transport and collision events. For multi-phase
flows, the collision operator is modified to incorporate some capillary effects. Despite
the numerous models (the color function, the inter-particle potential, the free energy
model, the mean-field theory), it seems that there is no fully thermodynamic consistent
formulation that can perform well in all conditions [2, 25].

The second family of DNS widely used in literature is based on the continuous me-
chanics approach: the Volume of Fluid (VOF), the level-set (LS) and the front-tracking
(FT) methods distinguish two phases and describe the interface as a discontinuity surface
between the two. The VOF approach introduces a function indicating the fraction of
liquid volume in the mesh cell: this function equals 1 if the cell is completely filled with
liquid, 0 for pure vapor, and otherwise between 0 and 1 when both phases coexist. The
governing equations are rewritten for each phase and solved on a fixed grid. The method
can accurately conserve mass during the simulation. However, the interface has to be
reconstructed for each time step before its contributions are introduced in the computa-
tions. For the LS method, the position of the interface is implicitly given by the zero level
set of an additional smooth scalar function. In practice, this function is usually taken as
the signed distance from the interface. This is a fully local single-field formulation and the
level-set function is simply advected by the velocity field. Unlike the VOF method, the
interface is continuous. However, mass is not well conserved and the additional function
has to be reinitialized after each time-step. Similar to the LS approach, the FT method
uses a single-field formulation discretized on a fixed grid but the position of the interface
is now indicated by a set of marker particles moving in a Lagrangian framework. Between
each time-step, markers can be added or removed to retain the spatial resolution of the
interface. In this way, the geometry of the interface is accurately described. All these
methods suffer from the same drawbacks. As the interface is assumed to be a disconti-
nuity, its position does not usually match the nodes of the fixed grid. Therefore, when
its capillary effects are introduced as jump conditions [33], the contributions are smeared
out between the nearest neighbors. This is inconsistent with the original discontinuity de-
scription and the resolution of the interfacial phenomena is therefore strongly dependent
on the grid spacing. Furthermore, the topology changes of the interface are governed by
phenomena occurring on a scale which is not resolved by these methods. In case of the
VOF approach, coalescence and break-up artificially occurs when two neighboring cells
are respectively in the same state or in opposite states: this is rather the consequence of a
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numerical artifact than consistent with an underlying physical model. For the LS and FT
methods, additional physical models or experimental correlations need to be introduced
to describe the topological changes and the reconstruction of the interface is computa-
tionally challenging. Finally, when phase transition is encountered at the interface, the
velocity at the interface is discontinuous. This property can neither be captured by the
previous approaches.

When simulating phase transitional flows, it is crucial to accurately describe phenom-
ena occurring at the interface. However, when the interface is represented by a discon-
tinuous surface, it is not possible to include the interfacial transfers in a coherent way
on a fixed grid: the surface properties are smeared out over several grid-points because
of the mismatch between the main grid and the interface. Furthermore, re-meshing is a
computationally expensive procedure. Therefore, it is necessary to modify the physical
model itself and allow for a diffuse interface. In this way, the properties of the fluid change
continuously in a small transition zone of finite thickness between the two phases and can
be captured by the numerical discretization.

Historically, the description of the interface as a free boundary is the first attempt to
explain capillary forces. In the early 1800s, Young [163] and Laplace [83] independently
established that the pressure difference across a fluid interface equals the surface tension
times the sum of the principle curvatures of the surface. This work has been revisited by
Gauss [46] using calculus of variation. At the end of the 19th century the theory of nonzero
thickness interfaces emerged: Poisson [114], Thompson [154], Gibbs [51], Maxwell [89] and
Rayleigh [120] contributed to the development of the theory which was later formalized by
Van der Waals [157, 122]. He used the mass density as an order parameter and included
the non-local variations of density in the expression for the internal energy. Using his
equation of state, he obtained an expression for the free energy which is valid both in the
liquid and in the vapor phases. The stable equilibrium profile between two phases can
be computed by minimizing the free energy at constant mass. It exhibits a continuous
transition of finite thickness between the two phases. In agreement with experiments [140],
the thickness of the interface becomes infinite close to the critical point. The expression
postulated by Van der Waals for the free energy can also be justified from a molecular
point of view. Using a mean field approach, the non-local term arises from the square
gradient approximation of the pair interactions [122, 70, 109, 108]. More historical and
physical details can be found in the book by Rowlinson [123].

The governing equations resulting from the modification of the free energy can be
obtained using different theoretical approaches: mechanical arguments combined with
invariance properties [75, 16], the principle of virtual power from continuum mechan-
ics [50, 127, 70], a Lagrangian formalism [72, 6, 87] or the method of non-equilibrium
thermodynamics [38, 8, 7, 103, 82, 32, 121]. The system of equations thus obtained is
very similar to the Navier-Stokes (NS) equations apart from the Korteweg stress tensor
[75] in the momentum equation accounting for the capillary forces and the interstitial
working [38] in the energy balance modeling the work reversibly stored at the interface.
Existence and unicity of the solutions of the Navier-Stokes-Korteweg (NSK) equations
have theoretically been studied both for isothermal [31, 11, 76, 60] and non-isothermal
cases [77]. For one-component fluids, numerous applications include shear flows in near
critical fluids [104], capillary waves [44, 5], moving contact lines [128, 135, 134], nucleation
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[16, 107, 159], droplet collision [106], thermo-capillary flows [72] and spinoidal decompo-
sition [92] (for more details see review by Anderson [6]). The NSK equations correspond
to the Diffuse Interface Model of a one-component system. Another DIM is extensively
used in literature, but for two-component systems (e.g. water and oil). For this system,
the governing equations are different from the NSK equations. In this case, the order
parameter is no longer the mass density but the concentration. Therefore, an additional
equation is introduced to describe the time evolution of this variable. It is commonly
assumed that the diffusion of one component in the other phase is driven by the gradient
of the Gibbs energy of the system and the resulting equation is called the Cahn-Hilliard
(CH) equation [22, 87]. In this thesis, since only one-component systems are studied, the
name “Diffuse Interface Model (DIM)” always refers to the NSK equations.

Despite the numerous applications in literature, the boundary conditions applied in
the Diffuse Interface Model (DIM) always model a closed system. Therefore, with these
boundary conditions, the information computed on the micro-scale can not be supplied
for the closure of the large scale simulation. This thesis presents new boundary conditions
that enable the exchange of information between the two scales.

Fig. 1.1 depicts the steps adopted in modeling phase transitional flows. Saturated
liquid flows inside a pipe whose size is on the order of meters. Because the outer layer
of this pipe is heated from the outside (e.g. heat transfer applications), vapor bubbles
nucleate on the wall. These bubbles grow, detach and get transported by the flow. The
size of the bubble is on the order of hundreds of micrometers. Since it is numerically
unaffordable to simulate the entire domain with a grid size constrained by the small
scale phenomena, a multi-scale approach is adopted. The interfaces are identified and
the bulk phases are separately solved on the coarse grid with different sets of governing
equations. To close the model, the DIM computes the information on the small scale in the
interfacial regions. Unlike the sharp interface approach, only one set of equations is needed
to model both phases in the multi-phase domain. In this way, topological (coalescence,
break-up) and phase changes (nucleation, evaporation, condensation) are captured in a
way which is fully consistent with the underlying thermodynamics. However, special
boundary conditions need to be developed to recreate on the small scale the situations
arising from the macro-scale.

Two situations are identified. When the bubble is away from the wall, the flow at the
edges of the micro-scale domain is determined by the macro-scale: incoming and outgoing
flow is observed at the boundaries. In other words, because of the difference of scales, the
micro-scale system should be computed as if its surroundings are infinite: the macro-scale
conditions are far-field values. Any perturbation created inside the domain propagates
since the DIM supports travelling waves. Therefore, the boundary conditions should let
these perturbations leave the domain without reflections. Otherwise, the reflected infor-
mation perturbs the simulation on the small scale and the result of the computations is
no longer relevant for the large scale. These types of boundary conditions are called open
boundary conditions. The second situation arising from the description of the channel
flow is the nucleation of a vapor bubble on the wall and its interaction with the sub-
strate. Boundary conditions are needed to reproduce the surface properties of the wall
(hydrophobic/hydrophilic) as well as the heat flux imposed. They are designed by wall
boundary conditions in this thesis.
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Figure 1.1: Modeling phase transitional channel flow

Goals and outline

The goal of this thesis is not to develop a full multi-scale code but rather to propose,
implement and assess the performance of new boundary conditions reproducing the con-
ditions experienced on the large scale: open and wall boundary conditions.

In Chapter 2, new techniques are developed for solving unbounded multi-phase flows
using the DIM in 1-D. They extend two open boundary conditions originally designed for
the NS equations. These boundary conditions are based on identifying the traveling waves
at the boundary and separating the waves entering the domain from the waves leaving it.
While it is always possible to make this distinction using the NS model, the additional
capillary terms in DIM prevent a straightforward extension. At the interface, the system
exhibits elliptic properties that prevent the application of this procedure. However, these
effects are localized near the interface and it is possible to switch between two procedures
depending on the type of fluid encountered at the boundary (bulk phase or interface
region).

In Chapter 3, one of the techniques developed in 1-D, based on non-linear character-
istics, is extended to 2-D. This approach enlarges the computational domain whenever
interfacial regions come close to the boundaries. In this way, boundary-interface interac-
tions are minimized and the conventional NS open boundary conditions can be applied at
the new boundaries of the extended domain. Unlike the 1-D case, enlarging the computa-
tional domain presents several implementation challenges as only local domain extensions
should be computed to reduce simulation costs. A new flexible memory structure is devel-
oped to compute several grids at the same time. This strategy is illustrated with simple
conventional NS open boundary conditions but more advanced non-reflecting conditions
can be substituted to improve the performance.

In Chapter 4, an existing wall boundary condition for the DIM is extended to model
nucleation of vapor bubbles on a solid substrate. It relies on assuming a no-slip boundary
condition and an instantaneous wall/fluid equilibrium. By prescribing a wall interaction
energy dependent on the mass density, it is possible to impose a specific micro contact
angle. This angle is made spatially dependent as this is experimentally the case when
a heater is located on a homogeneous wall. In combination with the open boundary
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conditions developed previously, it is possible to study the nucleation of a vapor bubble
influenced by a cooling incoming flow.

The conclusion chapter summarizes the main results and makes recommendations for
future research, and especially the upscaling of the model.



Chapter

2
Open boundary conditions

for the Diffuse Interface

Model in 1-D

This work has been published in J. Comput. Phys. [34]

N
ew techniques are developed for solving multi-phase flows in unbounded domains
using the Diffuse Interface Model (DIM) in 1-D. They extend two open bound-
ary conditions originally designed for the Navier-Stokes equations. The non-

dimensional formulation of the DIM generalizes the approach to any fluid. The equations
support a steady state whose analytical approximation close to the critical point depends
only on temperature. This feature enables the use of detectors at the boundaries switch-
ing between conventional boundary conditions in bulk phases and a multi-phase strategy
in interfacial regions. Moreover, the latter takes advantage of the steady state approxi-
mation to minimize the interface-boundary interactions. The techniques are applied to
fluids experiencing a phase transition and where the interface between the phases travels
through one of the boundaries. When the interface crossing the boundary is fully devel-
oped, the technique greatly improves results relative to cases where conventional boundary
conditions can be used. Limitations appear when the interface crossing the boundary is
not a stable equilibrium between the two phases: the terms responsible for creating the
true balance between the phases perturb the interior solution. Both boundary conditions
present good numerical stability properties: the error remains bounded when the initial
conditions or the far-field values are perturbed. For the PML, the influence of its main
parameters on the global error is investigated to make a compromise between compu-
tational costs and maximum error. The approach can be extended to multiple spatial
dimensions.
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2.1 Introduction

Phase transitions often occur in process and cooling systems coping with high heat fluxes.
Modeling and controlling these systems can prove to be critical for the reduction of
material stresses and to ensure a high performance over lifetime.

The Diffuse Interface Model (DIM) offers the attractive feature to accurately describe
multi-phase flows with only one set of equations for the entire computational domain.
These equations are very similar to the Navier-Stokes (NS) equations but contain ad-
ditional terms to account for interfacial forces and energy conversion. However, their
numerical integration requires a very fine grid to capture the interface. When simulating
large scale systems, a uniform Cartesian grid with this space step would lead to unaccept-
able computational costs. A possible solution is a multi-scale treatment of the problem
with a separation in a small-scale problem, in which the interface is resolved on a small
domain, and a large-scale problem. In combination with this approach, the computational
domain of the small-scale problem is truncated. However, truncating domains while sim-
ulating infinite fields requires special boundary conditions, as waves supported by the
governing equations may be reflected by the boundaries and ruin the interior solution.

In computational aerodynamics, the majority of the literature on this topic focuses
on open boundary conditions for the NS equations. A first approach relies on the 1-D
characteristic approach. Thompson [150] considered the simplified linearized Euler equa-
tions at the edges and then used the open boundary approach developed for hyperbolic
systems by Hedstrom [61]. However, when the viscous terms of the NS equations play a
major role, this method fails in accounting for parabolic effects. An approach for incom-
pletely parabolic equations was designed by Gustaffson and Sundstrom [57], and Dutt
[42] proposed a set of stable boundary conditions compatible with weak boundary layers
even when the Reynolds number goes to infinity. The methods for the hyperbolic Euler
equations and for systems with parabolic properties were combined by Poinsot and Lele
[113] by providing a useful set of procedures for single component gases. This approach
has been extended to mixed component reactive flows by Sutherland [144] by integrating
the source terms due to combustion in the transverse hyperbolic terms.

The second approach relies on the Perfectly Matched Layer (PML) technique. It is a
much more recent technique and arouses a growing interest in the computational aerody-
namics field (see review [64]). This technique originates from the field of electromagnetic
physics and was formalized by Berenger [12] for the Maxwell equations. The extension
to the linearized Euler equations was first attempted by Hu [62] and he improved it to
suppress instabilities [63]. Further extensions to non-uniform mean flow linearized Euler
equations, non-linear Euler, and non-linear Navier-Stokes were attempted [65] but remain
an active area of research.

Despite the active research in designing open boundary conditions for the NS equa-
tions, the extension to the DIM remains unsolved as two major features prevent a straight-
forward application. In the simplest example where a fluid experiences phase transition
from liquid to gas, a constant velocity field will cause a moving interface, and the liquid
will replace the gas: the far-field boundary conditions applied at the edges change during
the simulation. What is more, close to the interface, the non conventional terms are
dominant and present elliptic properties that can undermine the previous approaches.

The goal of this chapteris to study suitable boundary conditions for the DIM in one-
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dimension that minimize interface-boundary interactions. Two strategies are presented,
and both rely on an accurate description of the steady state close to the critical temper-
ature. They can be seen as extensions of the 1-D characteristic and the PML technique
approaches as they only modify them in the multi-phase region. Although the approaches
are here developed in 1-D, they can be generalized to 2-D and 3-D.

In Section 2.2, the DIM governing equations are non-dimensionalized and the analyti-
cal approximation of the steady state close to the critical temperature is presented. Based
on these equations, extensions of the 1-D characteristics and PML technique are derived
in Sections 2.3 and 2.4. Three domains are distinguished for the error analysis: the entire
computational domain, DC, subdivided into the region needed to apply the boundary
conditions, DB, and the domain of interest, DI = DC \ DB. The error induced by the
boundary conditions on the interior solution is estimated by comparing two solutions on
DI. The first solution is computed with the extended boundary conditions. The second
one is calculated on a larger domain where the boundary conditions do not play a role.
Results of applying the proposed boundary conditions to an interface convected by a con-
stant velocity field are discussed in Section 2.5. The study is completed by investigating
their numerical stability: either the initial conditions or the far-field values imposed at
the edges are modified and the resulting error is computed. For the PML, the influence
of its main parameters on the global error is examined to make a compromise between
computational costs and the maximum error. Conclusions and further developments are
discussed in Section 2.6.

2.2 Implementation of the Diffuse Interface Model

In this section, the non-dimensional form of the governing equations for the Diffuse In-
terface Model (DIM) is derived. These equations support a steady state which can be
approximated analytically close to the critical temperature. In its non-dimensionalized
form, the main quantities characterizing the steady state can be interpolated as func-
tions of temperature. This property plays a key role in the extension of the conventional
boundary conditions to the DIM. The numerical schemes used for the integration of the
governing equations are then presented.

2.2.1 Governing equations

2.2.1.1 Conventional governing equations

The DIM consists of three conservation equations and two equations of state for the
pressure and the specific internal energy. Here, we briefly recall the formulation presented
by Pecenko [107], before deriving its non-dimensionalized formulation in the next part.

The conservation equations are very similar to the Navier-Stokes formulation: the
advection terms, the viscous stress tensor, d, and the conduction flux, jF, remain. On
the other hand, the interactions between the two phases require an additional tensor, the
Korteweg tensor, T , to account for the interfacial forces, and an extra term, jE, in the
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energy equation for the interstitial work. The conservation equations read:

ρt + ∇ · q = 0

(ρu)t + ∇ · (ρuu) = ∇ · (d + T )

(ρE)t + ∇ · ((ρE)u) = ∇ · ((d + T ) · u) − ∇ · jF − ∇ · jE

(2.1)

where ρ is the mass density, u the velocity and E the specific total energy.
The viscous stress tensor, d, is computed under the Newtonian fluid formulation, and

the conduction flux, jF, is given by Fourier’s conduction law. Additionally, Pecenko [107]
uses the simplified formulation introduced by Anderson and McFadden [7, 6] for T and
the expression derived by Dunn and Serrin [38] for jE.

d = µ

(

∇u + ∇u⊤ − 2

3
(∇ · u)I

)

jF = −λ∇T

T = (−P + ρK∆ρ +
1

2
K|∇ρ|2)I − K∇ρ ⊗ ∇ρ

jE = K (ρ∇ · u) ∇ρ

(2.2)

where µ is the dynamic viscosity, λ the thermal conductivity, T the temperature, P the
pressure, K the capillarity constant, and I the identity tensor.

The conventional energy formulation is extended to take into account the modifica-
tions induced by the interfacial forces:

ρE =
1

2
ρ|u|2 + ρe +

1

2
K|∇ρ|2 (2.3)

where e is the specific internal energy.
The equations of state chosen by Pecenko to close the governing equations are derived

from the Van der Waals formulation:

P =
RT ρ

M − bρ
− a

M2
ρ2

e = cvT − a

M2
ρ

(2.4)

where R is the perfect gas constant, M the molar mass of the fluid, b the molar volume
excluded by a fluid particle, a a constant modelling the interactions between the fluid
particles, and cv the specific heat capacity at constant volume.

Steady state approximation The governing equations support a steady state between
two saturated phases. Its approximation close to the critical temperature was derived by
Cahn and Hilliard [22]. The mass density profile resulting from this approximation is
given by

ρ(x) =
ρl + ρv

2
+

ρl − ρv

2
tanh

(
2x

Li

)

(2.5)
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where x is the spatial coordinate, locating the interface at zero and the vapor and liquid
phases at −∞ and +∞, respectively. The mass densities of the saturated vapor and liquid
phases are denoted by ρv and ρl, and Li is the interface length at the same temperature.

An expression for this interface length can be formulated using the excess of Helmholtz
free energy:

Li =

√
K√
2

ρl − ρv
√

∆F 0
max

(2.6)

where ∆F 0, the difference between the classical Helmholtz free energy and its bi-tangent,
has its maximum located at the interface center.

2.2.1.2 Non-dimensional governing equations

The non-dimensional form of the governing equations is obtained by introducing scaling
quantities. The scales for mass density, temperature, and pressure are the corresponding
quantities at the critical point:

ρc = M/(3b) Tc = 8a/(27Rb) Pc = a/(27b2) (2.7)

The velocity and time scales are the average sound speed in the system and the
corresponding characteristic time:

uc =
√

Pc/ρc tc = L/uc (2.8)

where L is chosen to be the domain length.
These scaling quantities are reused in deriving the Reynolds, Weber, and Prandtl

numbers, as well as the reduced heat capacity:

Re = ρcucL/µ We = uc
2L2/(ρcK) P r = µcv/λ c̃v = Mcv/R (2.9)

Governing equations By introducing the scaling quantities defined above, the con-
servation equations read:

ρ̃t + ∇̃ · q̃ = 0

ρ̃ũt + ∇̃ · (ρ̃ũũ) = ∇̃ · (d̃ + T̃ )

(ρ̃E)t + ∇̃ ·
(
(ρ̃E)ũ

)
= ∇̃ ·

(
(d̃ + T̃ ) · ũ

)
− ∇̃ · j̃F − ∇̃ · j̃E

(2.10)

where the forces and heat fluxes are now given by

d̃ =
1

Re

(

∇̃ũ + (∇̃ũ)⊤ − 2

3
(∇̃ · ũ)I

)

T̃ = −P̃I +
1

We

(

(ρ̃∆̃ρ̃ +
1

2
|∇̃ρ̃|2)I − (∇̃ρ̃) ⊗ (∇̃ρ̃)

)

j̃F = − 8c̃v

3WeP r
∇̃T̃

j̃E =
1

We

(
ρ̃∇̃ · ũ

)
∇̃ρ̃

(2.11)
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The reduced total energy density is given by

ρ̃E =
1

2
ρ̃|ũ|2 + ρ̃ẽ +

1

2We
|∇̃ρ̃|2 (2.12)

The non-dimensional formulations of the Van der Waals equation of state and its
corresponding internal energy read:

P̃ =
8T̃

3 − ρ̃
ρ̃ − 3ρ̃2

ẽ =
8

3
c̃vT̃ − 3ρ̃

(2.13)

Steady state approximation Close to the critical temperature, the reduced mass
density profile at steady state is approximated by the hyperbolic tangent:

ρ̃(x̃) =
ρ̃l + ρ̃v

2
+

ρ̃l − ρ̃v

2
tanh

(
2x̃

L̃i

)

(2.14)

where ρ̃l and ρ̃v are the reduced densities of the saturated vapor and liquid phases.
The non-dimensional interface length, L̃i, is given by

L̃i =
1√

2We

ρ̃l − ρ̃v
√

∆F̃
0

max

(2.15)

where ∆F̃
0
is the reduced difference between the classical Helmholtz free energy and its

bi-tangent.
The steady state is completely characterized by ρ̃l, ρ̃v and L̃i. These quantities can

be interpolated as functions of temperature only. The reduced vapor and liquid densities
are derived by applying the Maxwell construction to the Van der Waals equation. Its
numerical resolution has been linearly interpolated under the constrains ρ̃v(T̃ = 1) = 1
and ρ̃l(T̃ = 1) = 1.

{

ρ̃v(T̃ ) = 1.00 − 1.86
√

1 − T̃

ρ̃l(T̃ ) = 1.00 + 2.08
√

1 − T̃
(2.16)

The quantity (ρ̃l − ρ̃v) /

√

∆F̃
0

max, from Eq. (2.15), can also be computed numerically
and interpolated as function of temperature. The reduced interface length is therefore
estimated by







L̃i =
1√

2We
h(T̃ )

h(T̃ ) = −0.19 + 1.65
1

√

1 − T̃

(2.17)

From now on, the 1-D characteristics and the PML boundary conditions will be
derived for Eq. (2.10). For the rest of the chapter, the non-dimensional form is used but
the tilde will be dropped for better readability.
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2.2.2 Space and time discretization

The governing equations derived in the previous section are discretized on a uniform
Cartesian grid with size ∆x. The space and time discretization methods are the same
as the ones used by Pecenko [107]. He retained the approach designed by Cockburn and
Gau [27], relying on a third-order accurate Total Variation Diminishing Runge-Kutta
time integration method, developed by Shu and Osher [133].

The grid size is chosen to ensure that the interface is captured with at least ten
grid-points. The maximum time step, ∆t, has to satisfy the following conditions:







( |u0| ± c0

2∆x
+

√
ρ0√

4We∆x4

)

∆t ≤ 1.5Γ

4∆t

ReP r∆x2ρ0
≤ 2.5Γ

8∆t

3Re∆x2ρ0
≤ 2.5Γ

where u0 and ρ0 are the reduced velocity and mass density of the point whose equilibrium
is studied and c0 is the reduced speed of sound evaluated at the same point. The empirical
constant, Γ, is a safety factor to remain inside the stability region of the Runge-Kutta
scheme. It has to be lower than one.

2.3 Adaptation of the 1-D characteristic b.c.

One-dimensional characteristics have been widely used in literature to specify open bound-
ary conditions in computational aerodynamics. In the following, the conventional formu-
lation used by Hedstrom [61] is briefly recalled, and its extension to the Diffuse Interface
Model is presented in one dimension.

2.3.1 Conventional Hedstrom b.c. for hyperbolic equations

The 1-D characteristic boundary conditions make use of the hyperbolic structure of the
governing equations to split the waves according to their propagation speed. The sign
of their speed distinguishes incoming from outgoing waves. For incoming waves, the
amplitude change can be set to zero at the boundary to prevent them from entering the
computational domain. For the outgoing waves, information is extrapolated from the
inside.

Formally, given the hyperbolic system

∂U

∂t
+

∂F

∂x
= 0 ⇔ ∂U

∂t
+ A

∂U

∂x
= 0

where U is the vector of conservative variables, F the corresponding flux vector, and A

is the Jacobian matrix of F with respect to U , application of the Hedstrom boundary
conditions at the boundaries xl and xr of the computational domain can be expressed as
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(

Li
∂U

∂t
+ Li

) ∣
∣
∣
∣
x=xl,xr

= 0 where Li =

{
0 for incoming waves

λiLi
∂U
∂x for outgoing waves

and Li are the left (row) eigenvectors of A and λi the associated eigenvalues.
This brief recapitulation stresses that the application of Hedstrom boundary condi-

tions requires the eigenvalues of A to be real. With mixed elliptic-hyperbolic systems,
this property can be lost in some parts of the computational domain. In the following,
these regions will be identified for the DIM.

2.3.2 Identifying the non-hyperbolic region for the DIM

The 1-D characteristic boundary conditions have been designed for hyperbolic systems.
In the case of DIM governing equations, the eigenvalues can be complex, undermining the
application of the conventional 1-D characteristic boundary conditions. This property
results from the use of the Van der Waals equation of state, and the regions where the
eigenvalues are complex will be identified in a ρ-T diagram.

Similar to the Navier Stokes equations, the speeds of the waves supported by the DIM
governing equations are

{

u,u −
√

β,u +
√

β
}

(2.18)

where β is given by

β = 2

(
P

ρ
+

4T (3 + cv(−3 + 2ρ))

cv(−3 + ρ)2

)

(2.19)

The speed of two of the waves becomes complex when β is negative. This region is
depicted in grey on the ρ-T diagram in Fig. 2.1. It lies inside the multi-phase domain
for a finite cv and fits perfectly on top of the transition curves as cv → ∞ (isothermal
limit). Consequently, the Hedstrom boundary conditions can only be applied outside the
multi-phase domain i.e. as long as the interface between the two phases does not come
close to the boundary. When the interface moves closer to the boundary points, a different
approach must be developed. This is discussed below.

2.3.3 Designing a buffer layer absorbing the non-hyperbolic region

When using the DIM, the application of Hedstrom boundary conditions can become
impossible inside multi-phase regions. These forbidden regions were located on a ρ-T
diagram. On the other hand, far from interfacial regions, the dominating hyperbolic
terms of the DIM enable the conventional use of these boundary conditions.

Recalling the simple example of a fluid experiencing phase transition and convected by
a constant velocity field, the conventional boundary conditions can be applied in the vapor
and liquid bulk phases. When the interface tries to cross the boundary of the domain
of interest, the equilibrium inside the elliptic region has to be maintained to prevent
it from influencing the interior solution. This equilibrium is ensured by enlarging the
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Figure 2.1: Identification of the non-hyperbolic region for the Diffuse Interface Model in a
ρ-T diagram: the saturated vapor and liquid curves localize the multi-phase region while
the region where the system exhibits non-hyperbolic properties is in grey for cv = 3.05
(water). As cv → ∞ (isothermal limit), the negative region fits on top of the multi-phase
domain, undermining the application of the 1-D characteristic boundary conditions in the
multi-phase region.
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computational domain. As the interface moves outside the domain of interest, a buffer
region is designed to absorb it. It creates a smooth transition between the one-phase
boundary conditions (conventional 1-D characteristic) and the multi-phase region at the
edge of the domain of interest (see Fig. 2.2).

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.8

0.9

1.0

Hyperbolic
region

Elliptic
region

ρ

x

Figure 2.2: Buffer layer for the adaptation of the Hedstrom boundary conditions: the
mass density profile of a stable interface convected by a constant velocity field is de-
picted. Three main regions can be identified. Downstream and upstream the interface,
the governing equations in the vapor (left) and liquid (right) phases exhibit hyperbolic
properties: the conventional 1-D characteristic boundary conditions can be applied. Close
to the interface, elliptic terms are dominant. When this region comes close to the edge
of the domain of interest (vertical dashed lines), the computational domain is extended
(vertical continuous lines) to prevent the elliptic region from reaching the edge. The buffer
region (between the dashed and continuous lines) ensures a smooth transition between
the conventional boundary conditions and the multi-phase region.

The additional points created when extending the domain can be computed using the
hyperbolic nature of the governing equations upstream of the interface. Based on the
characteristics method and using notations from the first paragraph, their expression is
given by

Ux,t+dt = R





L1Ux−λ1dt,t

L2Ux−λ2dt,t

L3Ux−λ3dt,t



 (2.20)

where the eigenquantities are evaluated at the boundaries of the domain of interest.
The computation of the additional grid-points requires Ux,t to be interpolated at three

different locations: {x − λidt, i ∈ {1, 2, 3}}. If the location corresponding to (x − λidt) is
inside the computational domain, a quadratic interpolation is performed with the nearest
neighbours. Otherwise, Ux−λidt,t is calculated using the boundary conditions imposed in
the far-field.
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2.3.4 Modified Hedstrom boundary conditions for the DIM

The Hedstrom boundary conditions can always be applied far from the interface where
the governing equations exhibit hyperbolic properties. When the interface comes close to
the edge points, a buffer layer has to be created to prevent the multi-phase region from
reaching the boundary points. However, the domain can not be extended infinitely, and
also the removal of the buffer layer has to be addressed.

The influence of a stable interface on the domain of interest can be minimized by
keeping the interface far away from the boundary of DI. Consequently, when the multi-
phase region is trapped inside the buffer layer and far enough from the domain of interest,
the additional grid-points can be removed, and the Hedstrom boundary conditions are
applied at the original edge of the domain of interest.

Detectors have been developed to trigger the creation, increase and removal of the
buffer layer. The multi-phase region is detected by evaluating the mass density at the
detector location. This value is compared to the saturated vapor and liquid densities
evaluated at the temperature imposed in the far-field. The increasing detector is placed
upstream of where the Hedstrom boundary conditions are applied. Its position is updated
as the buffer layer is modified. The deleting detector is located upstream of the edge points
of the original computational domain. Its position does not change when the buffer layer
is modified. The interactions between the detectors and the buffer layer are depicted on
Fig. 2.3.

Figure 2.3: Interactions between the detectors and the buffer layer

An example where the buffer is increased and updates the detector positions is pre-
sented in Section 2.7: the modified Hedstrom boundary conditions are applied to a fluid
experiencing phase transition, from vapor to liquid, and convected by a constant velocity
field.
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2.4 Adaptation of the Perfectly Matched Layer technique

The second method of boundary conditions investigated for the DIM is the Perfectly
Matched Layer (PML) technique. In what follows, the conventional PML formulation for
a hyperbolic system and its extension to the DIM in one dimension will be presented.

2.4.1 Conventional PML for hyperbolic equations in one dimension

The PML technique belongs to the absorbing boundary methods : an additional layer
where the amplitudes of the waves are absorbed is placed adjacent to the computational
domain. In one dimension, its formulation simply adds an extra term to the governing
equations. It forces the solution to converge to a prescribed value, U0, in the PML region.
As in 1-D the wave always reaches the boundary in perpendicular direction the extra term
appearing in Hu’s formulation [65] to prevent instabilities has been removed without any
loss of generality:

∂U

∂t
+

∂F

∂x
+ ασ(x)(U − U0) = 0 (2.21)

where σ(x) is a function equal to zero inside the computational domain and smoothly
increasing inside the PML region to reach one at the edge. The damping coefficient α is
applied at the edge (see Fig. 2.4).
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Figure 2.4: PML regions adjacent to the domain of interest: the domain of interest is
bounded by the vertical dashed lines. The sigma function equals zero inside the domain
and smoothly increases in the PML regions. The total computational domain is limited
by the vertical continuous lines.

The σ function should be designed in such a way that it prevents numerical reflections
when waves enter the PML region. Similar issues arise when applying the lacunae-based
absorbing boundary conditions developed by Ryaben’kii et al. [125]. The quintic poly-
nomial used by Meier et al. [90] satisfies the C3 requirements of the DIM governing
equations. Their formulation has been retained for the computations:

σ(∆) = ∆3(10 − 15∆ + 6∆2) (2.22)
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where ∆ is the PML coordinate, equal to zero and one at the edges of the PML region.
Eq. (2.21) is discretized in the PML region with the scheme used in the domain of

interest. Its five-neighbour stencil requires two additional boundary grid-points at the
PML edge. Information is supplied to them by a moving frame boundary condition. As
the perturbations are assumed to be damped inside the PML region, the information is
only convected by the fluid velocity :

f(x, t + ∆t) = f(x − u∆t, t) (2.23)

where x and t and the space and time coordinates. f is any conserved quantity, u is the
velocity of the fluid and ∆t is the time step.

The conventional PML used for one-phase flow is now completely described. The
approach retained for its extension to two-phase flows is discussed in the next section.

2.4.2 General strategy for the extension of one-phase to two-phase b.c.

One-phase convergence field Waves propagating in the bulk phases, far from the
interface, can be handled using the conventional PML methods, designed for the Navier-
Stokes equations. The prescribed values U0 at the edges of the domain are defined by the
fluid state imposed at these points. When prescribing the fluid state, the temperature,
and the velocity of the mean flow at the edge, U0 consists of the corresponding conserved
quantities: the mass density of the saturated bulk phase at this temperature (vapor or
liquid), the momentum density and total energy density:

U0(x, t) =





ρsf(Tff)
ρsf(Tff)uff

ρE(ρsf(Tff), uff, Tff)



 (2.24)

where ρsf is the mass density of the saturated phase present at the boundary of the
domain, and Tff and uff correspond to the temperature and the velocity imposed in the
far-field.

Two-phase convergence fields In the case of two-phase flows, phases present at the
edge of the domain of interest may vary in time (see Fig. 2.5).

In the light of the example depicted on Fig. 2.5, extending the PML technique for
the DIM can be reformulated as designing a transition between the liquid and vapor
phases convergence fields. Ensuring the transition requires a detection strategy triggering
the convergence field adaptation and an algorithm for this adaptation (see Fig. 2.6).
The detector strategy, common to all algorithms, is described in the following while the
different algorithms implemented and their accuracy are discussed in the next part.

Watching interfaces approaching the boundary is left to one detector located at the
interior edge of the PML region. This detector is triggered when ρ ∈ [ρv + ǫ, ρl − ǫ]. The
densities of the saturated gas ρv and liquid ρl phases are computed using the temperature
imposed in the far-field and Eq. (2.16). The threshold ǫ is a fraction of (ρl − ρv). For the
simulations, ǫ is set to 0.01(ρl − ρv).



20 Open boundary conditions for the Diffuse Interface Model in 1-D

−0.5 0 0.5 1 1.5
0.4

0.6

0.8

1

1.2

1.4

1.6

Initial conditions

−0.5 0 0.5 1 1.5
0.4

0.6

0.8

1

1.2

1.4

1.6

End of simulation

ρ

x x

Vapor
convergence

field

Liquid
convergence

field

Vapor
convergence

field

Vapor
convergence

field

Figure 2.5: Evolution of the convergence fields in the PML regions for a fluid experiencing
phase transition and convected by a constant velocity field: the simulation is initialized
with a mass density profile modeling a stable phase transition region. When the interface
has completely left the domain, the fluid phases present at the edges have changed. In the
beginning, the PML convergence fields correspond to the vapor and liquid phases while
at the end, they are imposed by the vapor state on both sides.

Figure 2.6: Extension of the PML boundary conditions for multi-phase flows: the tran-
sition between the constant convergence fields of the bulk phases requires a detection
strategy and an algorithm adapting the convergence field.
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2.4.3 Adaptive algorithms when the interface enters the PML

Transition algorithms must be designed to update the convergence field. As the interface
crosses the boundary, the phase present at the edge changes, but the temperature and the
velocity imposed remain constant. Thus, if one of the conserved quantity is determined by
the transition algorithm, the two other can be computed using the closure relations (see
Eq. (2.12)). The transition problem can be reformulated as finding the density profile
minimizing the perturbations in the domain of interest. The corresponding convergence
field imposed in the PML region is computed with

U0(x, t) =





ρ(x, t)
ρ(x, t)uff

ρE(ρ(x, t), uff, Tff)



 (2.25)

The mass density profile ρ(x, t) has been first tested as a constant function of time
and space. Then its dependence on t has been enabled. Finally, both its dependence
on time and space has been implemented. The three corresponding algorithms and the
perturbations created are discussed in the following sections.

As a first attempt, the convergence fields are kept constant in space and time. It
corresponds to the conventional PML technique. The results can be seen as forcing the
solution to converge to the liquid state on the right. On this side, terms responsible for
the interfacial forces try to recreate an artificial interface between the vapor and the liquid
state. The transition remains inside the PML region leading to high perturbations in the
domain of interest (see Fig. 2.7).
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Figure 2.7: Keeping constant the prescribed values at both edges leads to inaccurate
results: the simulation is initialized with a mass density profile modelling a stable interface
convected by a constant velocity field. When the interface reaches the right boundary,
the liquid constant convergence field forces the system to recreate an artificial interface
and leads to inaccurate results. The maximum of the error is on the order of 10−1.

The second attempt prescribes a constant field in space, and the convergence value is
updated in time with the mass density located at the detector. Updating the prescribed
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value in the PML region reduces the perturbation and lets the interface leave the domain.
However, it fails in preventing any perturbation: the elliptic terms dominant in the in-
terface region are functions of the mass density gradient and let the information travel
inside the domain of interest (see Fig. 2.8).
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Figure 2.8: Updating the prescribed values at both edges with a constant convergence
field reduces the perturbations induced by the PML: the simulation is initialized with a
mass density profile modelling a stable interface convected by a constant velocity field.
When the interface reaches the right boundary, the convergence field is updated with the
value of the mass density located at the PML interior edge. The interface can leave the
domain but as the convergence field forces the system to converge to a constant field,
perturbations created inside the PML are still large enough to travel in the domain of
interest. The maximum of the error is on the order of 10−2.

As highlighted by the second attempt, if the solution inside the PML is not at equi-
librium with the solution entering the PML, the elliptic terms try to adjust both, leading
to significant perturbations in the domain of interest (the error is on the order of 10−2).
Reconstructing an equilibrium between the two solutions is the driving idea of the third
attempt. A simple approximation of this equilibrium is a developed interface convected by
a constant velocity field. Eq. (2.14) gives the mass density profile of a developed interface
close to the critical temperature. Thus, based on the mass density and its gradient at the
detector position, the mass density profile ensuring equilibrium can be computed using
Eq. (2.26). The two other components of U0 are found from Eqs. (2.12) and (2.25).

ρ(x) =
ρl + ρv

2
+

ρl − ρv

2
tanh

(
x − xc

2Li

)

(2.26)

where ρl, ρv, and Li are computed using the temperature imposed in the far-field in
combination with Eqs. (2.16) and (2.17). The center of the interface, xc, is calculated
with

xc = xd − 2Liatanh

(
2ρ(xd) − (ρl + ρv)

ρl − ρv

)

(2.27)
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where xd and ρd correspond to the location and the mass density at the detector.
Fig. 2.9 depicts the reconstruction of the interface as the multi-phase region enters

the PML. The previous perturbations can be significantly decreased (10−2 → 10−3).
However, problems arise when the interface leaves the PML. They are discussed in the
next part.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3

0.94

0.96

0.98

1

1.02

1.04

1.06

 

 

simulation

reference case
PML convergence field

ρ

x

Figure 2.9: Reconstructing the interface for the convergence field decreases the interior
perturbations induced by the PML when the interface enters the boundary layer: the
simulation is initialized with a density profile corresponding to a stable interface con-
vected by a constant velocity field. When the interface reaches the right boundary, the
convergence field is updated at each time step by reconstructing the interface using the
density and its gradient located at the PML first grid-points. The maximum of the error
is on the order of 10−3.

2.4.4 Updating the convergence field as the interface leaves the PML

The latter algorithm reconstructs the interface to minimize the perturbations as the in-
terface enters the PML region. However, most of the numerical error introduced by this
algorithm arises when the interface leaves the domain: the transition between the inter-
face reconstructed and the constant convergence field creates a wave which travels back
into the domain of interest. This transition is governed by the density detected at the
first grid-points of the PML: below a certain threshold, expressed as a fraction of the
mass density step, the convergence field is set to the vapor phase (see Fig. 2.10).

At first sight, diminishing the threshold could help to prevent the abrupt transition.
However, if one tries to compute the interface center position using the hyperbolic tangent
inverse when the center of the interface is far from the detector, the low gradient in this
region, combined with small perturbations, can lead to very large errors. The interface
center can be detected more accurately by determining where the maximum of the density
gradient is reached.

Like the inverse hyperbolic method, the gradient approach will fail when the interface
crosses the edge of the computational domain. However, the position of the interface can
be known accurately even when the interface is inside the PML and close to the edge
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Figure 2.10: Abrupt transition when the interface leaves the domain: the simulation on
the small domain is depicted with the continuous light line while the reference case is
the dashed dark line. The convergence fields inside the PML regions are presented with
squares. When the interface reconstruction is switched abruptly to the constant phase
convergence field, the transition creates perturbations travelling inside the computational
domain. The scale is modified on the right picture to show the perturbations.

of the computational domain. When the interface is about to leave the PML region, its
position at the next time step can be extrapolated using the velocity field. This leads
to a two-choice strategy. If the extrapolated position of the interface at the next step
is inside the PML region, the gradient method is applied to accurately find its position.
Otherwise, the extrapolated position of the center is used in Eq. (2.26) define the mass
density profile. Thus, abrupt transition is prevented by allowing the transition back to
the constant convergence field when the interface is far from the PML edge.

An example where the different steps of the last algorithm are implemented is pre-
sented in Section 2.8: the modified PML technique is applied to a fluid experiencing phase
transition from vapor to liquid and convected by a constant velocity field.

2.5 Numerical examples

The initialization procedure for the test case is first discussed. The performance of the
extended boundary conditions on this test case is then evaluated: the extended boundary
conditions are compared to the conventional ones designed for bulk phases, in regions
of the ρ-T diagram where their use is allowed. Then, the main sources of perturba-
tion induced by the extended boundary conditions are identified for the specific case
T = 0.95 and u = 0.1. The analysis will be extended to the range of temperatures
T ∈ {0.95, 0.99, 0.995, 0.999}. It reveals the parabolic effects when the interface crossing
the boundary is not fully developed. The time dependency of these effects is then inves-
tigated at T = 0.99 by changing the initial velocity field, u ∈ {0.05, 0.1, 0.25, 0.5}. The
numerical stability of the boundary conditions is investigated by introducing perturba-
tions in the initial conditions or in the far-field values imposed at the edges of the interior
domain. In both cases, the maximum of the error remains bounded over time. For the
PML boundary conditions the study is completed by analyzing the influence of its main
parameters (damping coefficient, thickness and spatial variation of sigma) on the global
error.
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2.5.1 Description of the test case

The performance of the boundary conditions is assessed by comparing the solution com-
puted with the extended boundary conditions with the one calculated on a larger domain.
The characteristics of the reference case, the initial conditions, the simulation duration,
and the error computation are discussed in the following sections.

2.5.1.1 The reference case

The waves supported by the governing equations have a well-defined propagation speed:
{um, um − c, um + c} where um is the mean flow velocity and c is the speed of sound. For
a specific simulation duration, the domain size of the reference case can be designed to
prevent the travelling waves from bouncing back into the domain of interest before the
end of the simulation. Noting LDI

the size of the domain of interest and td the simulation
duration, the domain size of the reference case Lref should satisfy:

Lref ≥ LDI
+ (um + c)td (2.28)

2.5.1.2 The initial conditions

In the test case, an interface between vapor and liquid is traveling with constant velocity.
In the beginning of the simulation, for a defined constant temperature field, the interface
is approximated by Eq. (2.14), and its center is located in the middle of the domain of
interest. The constant velocity and temperature fields determine the initial momentum
and total energy density profiles (using Eq. (2.12)). During the simulation, the interface
will travel due to the constant velocity field and cross the boundary of the domain.
Fig. 2.11 depicts the initial mass density profiles of the approximated interfaces for the
temperature range T ∈ {0.95, 0.99, 0.995, 0.999}.
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Figure 2.11: Initial mass density profiles for interfaces crossing the edge of the compu-
tational domain at T ∈ {0.95, 0.99, 0.995, 0.999}: the interface length increases as the
temperature comes close to one.

When the temperature comes close to the critical temperature, the interface width
increases. In order to prevent boundary effects from the interface in the beginning of
the simulation, the size of the computational domain is increased proportionally to the
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interface width:

LDI
= 10Li(T ) (2.29)

2.5.1.3 The simulation duration and the error computation

The total duration of the simulation is determined to allow the interface to leave the com-
putational domain. The distance separating the boundary of DI from the final position
of the interface is chosen as two times the width of the interface. From this distance and
the initial velocity field, the total duration is deduced.

The relative error is computed using the results from the reference case on the domain
of interest:

error(t) = max
x∈DI

[ |ρ(x, t) − ρref(x, t)|
ρref(x, t)

]

(2.30)

where DI is the domain of interest and ρ and ρref are the reduced mass densities computed
by the simulation and the reference case.

2.5.1.4 The investigation of the numerical stability

The numerical stability of the boundary condition is studied by introducing perturbations
in the initial conditions or the treatment of the far-field values and computing the resulting
maximum error over time. The maximum error is evaluated as in the previous section
by comparing the maximum difference between the simulation and the original reference
case without perturbations.

For the perturbation of the initial conditions noise is added to the initial mass density
profile (see Fig. 2.12). As the velocity and the temperature are kept constant, the initial
momentum and the total energy profiles are only affected by the modification of the
mass density. The noise introduced is computed as the product of a stationary Gaussian
random signal with a smoothing function. The stationary Gaussian random signal is
computed by addition of large numbers of sinusoidal waves with random phase angles
varying between 0 and 2π:

P (x) =

N∑

n=1

(2SP (kn)∆k)
1/2

cos (knx + φn)

kn = n∆k

(2.31)

The amplitude is defined in accordance with (2SP (kn)∆k)1/2 where S(kn) is the value
of the power spectral density taken at the wave number kn. Its expression is given by:

SP (k) =
2K

k2
exp

(

−2K

k

)

(2.32)
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The peak spectrum reaches its maximum for k = K. Table 2.1 gives the parameter
values for the implementation. The smoothing function ensuring that the noise vanishes
smoothly at the edges of the interior domain is given by:

fS(x) =
A (ρl(T ) − ρv(T ))

max{|P (x)|, x ∈ [xmin, xmax]}

[

1 −
(

2
x − xmin

xmax − xmin

− 1

)2
]

(2.33)

where xmin and xmax denote the boundaries of the interior domain. The coefficient A
determining the perturbation maximum is varied to study the effects on the maximum
error. The random seed constraining {φn, n ∈ J1, NK} is kept constant when studying the
effects of A.

Figure 2.12: Perturbation of the initial conditions: the original and the perturbed initial
mass density profiles are respectively depicted with continuous and dashed lines. The
perturbed profile corresponds to perturbation A = 0.5.

p N ∆k K

8
xmax − xmin

p∆x

2π

xmax − xmin

N∆k

4

Table 2.1: Noise parameters for the perturbation of the initial conditions: parameter p
gives the number of grid points chosen to spatially resolve the smallest period. The limits
of the interior domain are denoted by xmin and xmax while ∆x is the space step.

For the perturbation of the boundary conditions, a discrepancy is introduced between
the initial condition for the interior domain and the values imposed in the far-field. The
far-field boundary values (ρ, q, ρE) are computed using the temperature and the velocity
values outside the domain. In absence of perturbations, we use (T0, v0) at the edges.
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To perform the stability tests, we modify either the temperature or the velocity. For
the temperature perturbation tests, (T0(1 − ǫT ), v0) and (T0(1 + ǫT ), v0) are respectively
imposed on the left and the right edges. For the velocity perturbation tests, (T0, v0(1−ǫV ))
and (T0, v0(1 + ǫV )) are constrained. When the temperature is modified, the extension
of the 1-D characteristic boundary conditions wrongly estimate the mass densities of the
saturated phases. For the PML, the temperature perturbation affects the evaluation of
the interface width in addition to the error in the mass densities.

2.5.2 Extended Hedstrom boundary conditions

2.5.2.1 Performance of conventional and extended boundary conditions

For the test cases, the reduced heat capacity of water is chosen: cv = 3.05. As depicted
on Fig. 2.1, this value allows the use of the conventional Hedstrom boundary conditions
in the multi-phase region but only for a limited range of temperatures. The range of
temperatures chosen, T ∈ {0.95, 0.99, 0.995, 0.999}, lies outside the forbidden region.

The conventional and extended boundary conditions are compared on the same do-
main of interest. The conventional boundary conditions are always applied at the edges,
and the computational domain remains the same. The extended boundary conditions
allow the adaptation of the field.

Table 2.2 depicts the maximum of the error reached during the entire simulation
and over the domain of interest. The extended boundary conditions improve the results
compared to the direct use of the conventional ones. For the conventional boundary
conditions, the interface crossing the boundary is treated as a simple wave. This approach
creates reflected waves perturbing the interior solution. As for the extended boundary
conditions, the sources of errors are identified in the next part.

Temperature Error conventional b.c. Error extended b.c.

0.95 6.5×10−1 7.4×10−3

0.99 4.7×10−2 1.8×10−4

0.995 1.2×10−2 3.5×10−5

0.999 1.4×10−3 1.0×10−5

Table 2.2: Error comparison between the conventional and the extended Hedstrom bound-
ary conditions for a range of temperatures allowing the use of the conventional boundary
conditions: the error depicted is the maximum error reached during the entire simulation
and over the domain of interest.

2.5.2.2 The error main characteristics

The error induced by the extended Hedstrom boundary conditions shows a characteristic
evolution in time. This evolution is analyzed at temperature T = 0.95 before being
generalized to other temperatures. This study will reveal the major role of the parabolic
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and elliptic effects, away from the critical temperature. The characteristic time governing
these effects will then be compared to the interface evolution by changing the initial
velocity field.

Fig. 2.13 depicts the maximum error of the extended Hedstrom boundary conditions
inside the domain of interest and the x-coordinate where this maximum is reached, for
the simulation T = 0.95 and u = 0.1. Both quantities are plotted as functions of time.
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Figure 2.13: Error obtained with the extended 1-D characteristic boundary conditions at
T = 0.95 and u = 0.1: the dark line shows the evolution of the maximum of the difference
between the reference case and the simulation while the light line with squares gives the
x-coordinate where this maximum is reached.

Six main phases can be identified:

• 0.025 < t < 0.05: the mass density profile of this simulation is initialized according
to the hyperbolic tangent approximation. As the hyperbolic tangent profile and the
main quantities approximate the equilibrium, the Korteweg tensor and the inter-
stitial working terms in the governing equations try to restore the real equilibrium.
Parts of the energy released during the creation of the equilibrium travel from the
interface center to the edge of the domain while the other part is converted into
heat, and the temperature of the surroundings increases. As the interface is con-
vected by the initial velocity field to the right side and the sound speed is larger
in the liquid phase, the energy waves propagating with increasing x reach the right
side before the one propagating with decreasing x arrives at the left side. When the
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energy waves reach the boundaries, as the 1-D characteristic boundary conditions
are not perfect, part of the waves are reflected. This is why the error comes first
from the right side than from the left side at times 0.025 and 0.03. Moreover, the
perturbations introduced by the left side are larger than the ones originated from
the right side as there are two incoming characteristics on the left side compared to
one on the right side

• 0.05 < t < 0.1: the reflected waves produced at the right and left edges travel inside
the domain of interest and modify the interface equilibrium. As this equilibrium is
very sensitive to perturbations, it becomes the major source of perturbation. The
position of the maximum error oscillates between the left edge and the interface
center

• 0.1 < t < 0.375: when the interface tries to reach the new equilibrium dictated by
the reflected waves, new energy waves are created. They travel, are reflected by the
boundaries and influence the equilibrium. Thus, the maximum error is located at
the interface center and is moving as the interface is convected by the velocity field.
The velocity of the x-coordinate equals the constant initial velocity

• 0.375 < t < 0.71: the maximum error is still located at the interface center but it
increases faster than in the previous period. This sudden increase corresponds to the
increase of the computational domain as the interface comes closer to the boundary.
This extension of the computational domain requires information from the far-field
when the solution in the new grid-points is calculated. This information travels also
inside the domain of interest and modifies the equilibrium. As the waves created at
the edge of the computational domain have a larger amplitude than the reflected
waves, the perturbation is larger and the difference between the two simulations
increases faster

• 0.71 < t < 0.79: the sudden drop in the error at t = 0.71 is caused by the interface
leaving the domain of interest. The interface is still inside the computational domain
but confined inside the buffer region. Its influence on the domain of interest is
limited to heat conduction

• 0.79 < t < 1: at t = 0.79, the buffer region is removed and this process creates a per-
turbation wave. More precisely, the perturbation originates from the conventional
boundary conditions applied at the edge of the domain: they treat the parabolic
effects caused by the heat dissipation terms as waves

2.5.2.3 Temperature influence

The previous example highlights how waves created by an interface evolving to equilibrium
can perturb the system. The accuracy of the steady state approximation in the beginning
dictates the performance of the boundary conditions and is responsible for the influence
of the temperature on the error. The closer to the critical temperature, the better is
the approximation. When the approximation of the steady state improves, the parabolic
effects and the amplitude of the energy waves created in the beginning of the simulation are
reduced. Moreover the outside information introduced when increasing the computational
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domain is in accordance with the equilibrium. Fig. 2.14 depicts the influence of the initial
steady state approximation on the maximum of the error as a function of time.
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Figure 2.14: The accuracy of the initial approximation of the steady state determines
the accuracy of the 1-D characteristic extension: as the temperature comes closer to the
critical temperature (T = 1), the maximum of the error over the simulation duration
decreases.

2.5.2.4 Velocity influence

The simulations are performed on the same domain size at T = 0.99. For this temperature,
the parabolic effects mentioned previously are still noticeable. These effects cause the
main perturbations, and the velocity has an indirect influence on them. In fact, the
initial velocity field determines how fast the interface leaves the domain. However, it
does not modify the characteristic time necessary for the parabolic effects to develop.
Thus, the larger the initial velocity is, the sooner the interface will leave the domain. The
interface still sees its equilibrium modified, but the heat released does not have time to
be conducted and to cause significant changes to the surroundings. This equilibrium is
then closer to the information from the far-field, and the difference is smaller. Fig. 2.15
illustrates these properties.

2.5.2.5 Numerical stability

The numerical stability of the Hedstrom boundary conditions is evaluated by computing
the maximum error resulting from a perturbation in the initial conditions or in the far-field
values imposed at the edges.

In all simulations, the Hedstrom boundary conditions do not lead to numerical insta-
bilities. The maximum error over time can be analyzed by considering two phases related
to the magnitude of the perturbation.

For small disturbances, the error is mainly caused by the boundary conditions: the
perturbation introduced in the initial conditions or the far-field values can be neglected.
This analysis results in a flat stage at small perturbation amplitudes (as can be seen on
Fig. 2.18 for example). The length of this stage depends on temperature: it has been
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Figure 2.15: The time left for the parabolic effects to play a role determines the accuracy
of the 1-D characteristic extension: as the velocity increases, the interface reaches the
boundaries before the parabolic effects changed the equilibrium. The equilibrium is then
closer to the information from the far-field.

shown in Section 2.5.2.3 that the error introduced by the boundary conditions is related
to the approximation of the stable interface profile. As the temperature moves away
from the critical point, the approximation becomes poorer. For larger perturbations the
resulting effects can no longer be neglected. The maximum error over the simulation
duration depends linearly on the error introduced. For the temperature perturbation
simulations, the slopes seem to depend on temperature while they are very similar for the
other test cases.

As it could be expected, the error increases with the magnitude of the initial perturba-
tion. However, a few points in the temperature perturbation test case lead to exceptions.
For the points indicated by a square on Fig. 2.17, the error introduced in the temperature
of the far-fields seems to lead to a relatively good approximation of the mass densities in
the saturated phases: the function used to compute the saturated phase mass densities is
not accurate away from the critical point and the error introduced counter balances the
approximation. For the points marked by a triangle, the explanation is quite different.
For the point at T = 0.999 with perturbation 0.005, the resulting temperature imposed
at the edge is 1.003995 which is larger than the critical value. The liquid and vapor mass
densities are imaginary. However, instead of leading to a simulation crash, this results
in not correctly detecting the interface: the field is not adapted, the buffer layer is not
created and information of the mass densities in the far-field is not used. The conven-
tional Hedstrom boundary conditions are applied (as it is allowed in this part of the ρ-T
diagram, see Fig. 2.1) and the maximum error only results from the conventional Hed-
strom boundary conditions. This case may depend on the compiler and is not physically
relevant. In the case of initial temperature T = 0.995 and perturbation ǫT = 0.005, the
interface is also missed by the detector and the field is only adapted a short time. The
resulting error is again mainly due to the conventional Hedstrom boundary conditions.
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Figure 2.16: Influence of the initial condition perturbation on the Hedstrom boundary
conditions for the DIM: for small perturbation amplitudes, the boundary conditions are
responsible for the maximum error over the simulation duration. For larger disturbances,
the effects resulting from the initial condition error dominate.

Figure 2.17: Influence of the temperature perturbation on the Hedstrom boundary con-
ditions for the DIM: the maximum of the error over the simulation duration increases
linearly with the perturbation amplitude. A few points are exceptions. At points denoted
by a square, the temperature perturbation seems to counter balance the approximation
of the liquid and vapor mass densities away for the critical point. For points marked by a
triangle, the perturbations lead to temperatures close to or above the critical point. The
detectors do not manage to see the interface and the field is not adapted. The global
error results from the conventional Hedstrom boundary conditions.
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Figure 2.18: Influence of the velocity perturbation on the Hedstrom boundary condi-
tions for the DIM: at small perturbations, the error is dominated by the influence of the
adapted Hedstrom boundary conditions. For large perturbations, the error results from
the discrepancy between the interior and the far-field information.

2.5.3 Extended PML boundary conditions

2.5.3.1 Performance of conventional and extended boundary conditions

In the conventional use of the PML technique, we set a constant convergence field in
time, even if the phases at the boundaries of the domain change. The extended approach
recreates the interface to minimize the interface-boundary interactions.

Table 2.3 shows the maximum error during the simulation and over the domain of
interest. For the conventional boundary conditions, the interface crossing the boundary
is treated as a simple wave whose amplitude has to be damped. This approach prevents
the interface from leaving the domain, and the interfacial forces create a new equilibrium
inside the PML region. For the extended version, the interface leaves the computation
domain, and the sources of errors are identified in the next part. The main parameters
of the PML used in the simulations are given in Table 2.4.

2.5.3.2 Error main characteristics

Fig. 2.19 depicts the evolution in time of the maximum error induced by the extended
PML technique in the domain of interest and the x-coordinate where this maximum is
reached. The different sources of perturbations will be identified on the specific test case
at T = 0.95 and u = 0.1. This analysis will then be generalized to other temperatures.

Three main phases can be identified:

• 0.025 < t < 0.48: as highlighted by the simulations studying the error induced by
the extended Hedstrom boundary conditions, the initial mass density profile is an
approximation of a fully developed interface. Perturbation waves created at the
interface center travel inside the domain of interest. As the PML is not perfect,
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Temperature Error conventional b.c. Error extended b.c.

0.95 6.0×10−1 1.6×10−2

0.99 3.0×10−1 1.0×10−3

0.995 2.1×10−1 3.3×10−4

0.999 1.0×10−1 4.4×10−5

Table 2.3: Error comparison between the conventional and the extended PML technique:
the error depicted is the maximum error reached during the entire simulation and over
the domain of interest.

Damping (α) Thickness

20 20

Table 2.4: PML parameters implemented in the simulations: they are chosen as a compro-
mise between computational costs and maximum error (investigated in Section 2.5.3.6).
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Figure 2.19: Error main characteristics obtained with the extended PML technique at
T = 0.95 and u = 0.1: the dark line shows the evolution of the maximum of the difference
between the reference case and the simulation while the light line with squares gives the
x-coordinate where this maximum is reached.
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numerical reflection occurs at the edges. The waves travelling with increasing x
at the speed of (um + c) reach the right edge before the waves travelling with
decreasing x at the speed of (um − c) are reflected by the left edge. These processes
happen approximately at t = 0.025 and t = 0.03. The reflected waves perturb back
the interface, and the error is located at the interface center. The x-coordinate
increases as the interface is convected by the initial velocity field. During the first
phase, the maximum error location oscillates between the interface center and the
left edge. The left edge plays a major part in the perturbations as it supplies two
piece of information to the incoming characteristics

• 0.48 < t < 0.8: the interface enters the PML region at t = 0.48. The interface
length provided to create the mass density profile of the convergence field is com-
puted using Eq. (2.17). However, this approximation is inaccurate far from the
critical temperature. The gradient technique allows to find accurately the center of
the interface entering but the convergence field creates a strong perturbation. Fig.
2.20 depicts the difference resulting from two mass density profiles sharing the same
saturated densities at the edges but having a different interface length. Thus, the
inadequacy between the interface entering and the convergence field using an inac-
curate interface length gives rise to two numerical waves centered approximately at
t = 0.55 and t = 0.71. The amplitude and the spread of the waves differ as the
elliptic and parabolic terms close to the interface modify the equilibrium

• 0.8 < t < 1.0: the waves created at the right edge travel inside the domain of
interest at the speed of (um − c). Their amplitudes are damped by the dissipative
terms
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Figure 2.20: Difference between two mass density profiles sharing the same saturated
densities but having a different interface length. The difference between the two profiles
is depicted in dashed black.
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2.5.3.3 Temperature influence

The error induced by the extension of the PML technique depends indirectly on the initial
temperature as this temperature determines the accuracy of the interface approximation
in the beginning of the simulation. When the temperature moves away from the critical
point, the interfacial forces try to correct the initial equilibrium and give rise to pertur-
bations reflected by the boundaries. Fig. 2.21 depicts the influence of the initial steady
state approximation on the maximum of the error as a function of time.
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Figure 2.21: The accuracy of the interface approximation determines the accuracy of the
PML technique: as the temperature comes closer to the critical temperature (T = 1), the
maximum of the error over the simulation duration decreases significantly.

2.5.3.4 Velocity influence

Fig. 2.22 depicts the influence of the initial velocity field on the maximum of the error. As
the simulation time has been normalized by the simulation duration, the interface enters
the PML region approximately at t = 0.48 for each simulation. The amplitude of the
perturbation decreases as the value set for the initial velocity field increases. In fact, the
initial velocity field determines the residence time of the interface inside the computational
domain. This residence time limits the development of parabolic and elliptic effects when
the modified equilibrium reaches the PML region. Consequently, when the velocity field
is increased, the equilibrium is more consistent with the interface reconstructed inside the
PML region. This consistency decreases the amplitude of the reflected waves.

Another effect of the simulation time normalisation is the relative decrease of the
error at the end of the simulation. Actually, the parabolic effects smoothing the mass
density after the interface left the domain are less developed for high velocity simulations.
Therefore, for these simulations, the error remaining at the end is larger but will eventually
decrease.
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Figure 2.22: The value set for the initial velocity field determines the consistency between
the convergence field inside the PML and the equilibrium reaching the edge: high velocity
fields prevent the parabolic and elliptic effects from being fully developed and decreases
the perturbation amplitudes.

2.5.3.5 Numerical stability

The numerical stability of the PML boundary conditions is investigated by introducing
perturbations in the initial conditions or in the far-field boundary values and analyzing
the maximum error over the simulation duration.

Unless the perturbations are large compared to the interface step and lead to the
creation of new interfaces, the PML boundary conditions are stable. Similarly to the
Hedstrom boundary conditions, the analysis can be split into two phases. For small
perturbations, the error mainly results from the intrinsic perturbation introduced by the
boundary conditions (perturbed or not). As the error introduced by the unperturbed
PML is larger than the one caused by the Hedstrom boundary conditions, the size of the
flat stage is larger. Thus, the range of the velocity disturbance has been increased to
0.5 to better study the second phase. For large perturbations, the error grows linearly
with the amplitude of the disturbances (see Fig. 2.25). A point denoted by a square
is an exception. At this point, the interface entering the PML is forced to converge to
a mass density profile that moves faster. When the velocity difference between the two
profiles is too large, the PML wrongly assumes that the interface has left the domain
while it is still inside the PML. It sets the convergence field back to a saturated phase.
The effect on the error is similar to the abrupt transition described on Fig. 2.10 with
a much larger amplitude as the interface is still inside the PML. The amplitude of the
disturbance created is such that the PML assumes that another interface enters the layer
and repeats the procedure. The final convergence fields are incompatible with the real
physical boundary conditions and lead to a significant error remaining in the field.
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Figure 2.23: Influence of the initial condition perturbation on the PML boundary con-
ditions for the DIM: for small perturbation amplitudes, the boundary conditions are
responsible for the maximum error over the simulation duration. For larger disturbances,
the effects resulting from the initial condition error dominate over the previous source of
the error. If the perturbation introduced is too large, new interfaces are created under-
mining the computation of the interface position: the simulation fails. These points are
signaled by crosses for T = 0.95 and T = 0.99.

Figure 2.24: Influence of the temperature perturbation on the PML boundary conditions
for the DIM: for small perturbation amplitudes, the boundary conditions are responsible
for the maximum error over the simulation duration. For larger disturbances, the effects
resulting from the temperature error dominate over the previous source of the error.
Unlike the Hedstrom boundary conditions there is no counter balance: the PML is more
sensitive to temperature inaccuracies as it determines both the mass densities of the
saturated phases and the interface width.
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Figure 2.25: Influence of the velocity perturbation on the PML boundary conditions for
the DIM: for small perturbation amplitudes, the boundary conditions are responsible for
the maximum error over the simulation duration. For larger disturbances, the effects
resulting from the temperature error dominate over the previous source of the error.
At T = 0.999 and the large velocity perturbation 0.5, the speed discrepancy between
the convergence profile and the interface entering the PML destroys the procedure: a
significant error is left in the interior domain.

2.5.3.6 Influence of the PML main parameters

The application of the PML can be tuned using three main parameters: its thickness, its
damping coefficient and the spatial variation of σ (see Fig. 2.26). The thickness and the
damping coefficient are respectively varied in the ranges [10 − 40] and [0.5 − 100.0]. The
influence of the spatial variation of sigma is studied by replacing the original function
σ(∆) (see Eq. (2.22)) by σ(fL(∆)), where fL is given by:

f(∆) =







1

2

(

1 − log (1 − k(∆ − 1/2))

log (1 + k/2)

)

if ∆ ∈ [0, 1
2 ]

1

2

(

1 +
log (1 + k(∆ − 1/2))

log (1 + k/2)

)

if ∆ ∈ [ 1
2 , 1]

(2.34)

with the property:

lim
k→0

f(∆) = ∆ (2.35)

The contraction of the sigma function around ∆ = 1/2 is controlled by the parameter
k. The latter was chosen to fix a given ratio between the maximum interface gradient
and the maximum gradient of the sigma function. In this way, the error can be compared
at different temperatures.

Results are presented for temperatures T = 0.95 and T = 0.999. The later are the
borders of the range investigated in Section 2.5.3.3.
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Figure 2.26: Modification of the PML main parameters: its thickness (a), its damping
coefficient (b) and the spatial variation of σ (c).

Thickness When the PML thickness increases, the waves entering are damped smoothly
and on a longer time (viscous effects can additionally smoothen the solution). This results
in a significant decrease of the error. The effects can be observed both at small and large
wave amplitudes (see Figs. 2.27 and 2.28). However, this error decrease comes with larger
computational costs.

Figure 2.27: Influence of the PML thickness on the error at T = 0.95

Damping coefficient The damping coefficient controls the reduction of the wave am-
plitude before it reaches the edge of the computational domain. When the damping
coefficient is small, the profile entering the PML converges slowly to the interface profile
imposed: the disturbance created by the discrepancy between the two profiles is smaller
(this effect is signaled by 2 on Figs. 2.29 and 2.30). However, the waves travelling in
the system are also less damped when reaching the edges of the computational domain.
Larger reflections occur with smaller damping. As there are two waves travelling at differ-
ent speeds with increasing x, the error resulting from their reflections is located at distinct
times: the waves travelling at the speed of sound are first reflected (signaled by 1 on
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Figure 2.28: Influence of the PML thickness on the error at T = 0.999

Figs. 2.29 and 2.30) and then the waves travelling with the interface speed (indicated by
3 on Figs. 2.29 and 2.30).

3

1

2

Figure 2.29: Influence of the PML damping coefficient on the error at T = 0.95

Sigma spatial variation The spatial variation of sigma is studied by contracting its
graph around the middle of the PML. This parameter seems to have little effect on the
error. When the travelling waves have a large amplitude, the spatial variation of sigma
only affects the shape of the maximum error. The finite speed of the waves converts the
spatial contraction of sigma into a time contraction in the error profile (indicated by the
arrows on Fig. 2.31). The minor changes in the amplitude of the peaks result from the
modified damping coefficient seen by the wave at a certain time. For small disturbances,
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Figure 2.30: Influence of the PML damping coefficient on the error at T = 0.999

the effects can not be noticed. While a gradient ratio of 100 is investigated at T = 0.999,
the simulation would become unstable at T = 0.95 for ratios larger than 20. The term
added to the governing equations to damp the waves in the PML is proportional to the
amplitude of the travelling waves: for large ratios, the time step should be reduced to
prevent the integration from becoming unstable.

Figure 2.31: Influence of the PML spatial variation of σ on the error at T = 0.95
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Figure 2.32: Influence of the PML spatial variation of σ on the error at T = 0.999

2.6 Conclusion

This chapter focused on open boundary conditions for the DIM in 1-D where interface-
boundary interactions are minimized. The conventional 1-D characteristic boundary
conditions and the PML technique designed originally for the one-phase Navier-Stokes
equations are extended. Detectors are located at the boundaries and switch between the
conventional one-phase boundary conditions and a multi-phase strategy.

Applications are made to the simple example of a fluid experiencing phase transition
and convected by a constant velocity field. Compared to the direct use of the conventional
boundary conditions where the ρ-T diagram enables them, the additional use of the
multi-phase strategy improves results. The test case at T = 0.999 demonstrates that a
fully developed interface can cross the boundaries with little effects. When the interface
crossing the boundary is no longer fully developed, parabolic and elliptic effects are the
main sources of error and limit the application of the approaches. More research is needed
for cases where these effects are dominant.

To a small extent, the 1-D characteristic extension gives better results compared to
the PML technique. The former relies on the approximation of the saturated vapor and
liquid mass densities while the PML technique needs additionally an interpolation for
the interface length. Away from the critical point, the low accuracy of this interpolation
causes the main difference between the two approaches. Moreover, the 1-D characteristics
extension is less computationally expensive: in the bulk phases, only two grid-points are
needed and the computational domain is only extended when an interface moves close to
the boundary.

The approaches developed can be extended to 2-D. For the 1-D characteristics, de-
tectors are now placed along a closed loop path at the boundaries. When the increasing
detectors watch an approaching bubble, the buffer region should adapt the computational
domain with local 2-D extensions. These local extensions may complicate the implemen-
tation: the buffer region requires a dynamic data structure in 1-D to cut memory costs
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and the computation of the fluxes requires knowledge of the neighboring grid-points. The
topology of the buffer layer is more complex and its edges need to be tracked separately
to update the position of the increasing detectors. For the removal, the decision has to
be made by a segment of deleting detectors. In the case of 3-D implementation, one can
take advantage of the structure developed in 2-D by considering the 3-D computational
field as a stack of 2-D fields.

For the extension of the PML technique to 2-D, detectors placed at the edge watch the
bubble approach the boundary. Similar to the 1-D implementation, the interface location
can accurately be estimated by looking for the maximum gradients of the mass density
close to the boundaries. This location is saved inside the PML memory and used to locally
modify the PML convergence field. At the next time step, the location saved in memory
is extrapolated using the velocity field imposed in the far-field. The locations of the other
interface grid-points entering the PML are computed using the gradient approach. When
the last grid-point of the interface closed loop path is far away from the PML region, the
convergence field is set to the value of the dominant bulk phase.

2.7 Appendix A: Application of the extended Hedstrom b.c.

Fig. 2.33 illustrates the application of the extended Hedstrom boundary conditions to
a fluid experiencing phase transition from vapor to liquid, and convected by a constant
velocity field.
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Figure 2.33: The application of the modified Hedstrom boundary conditions to the Diffuse
Interface Model: the upper graphs depict the mass density profiles on the computational
domain and the lower pictures present the position of the detectors during the simulation.
The limits of the computational domain are the vertical continuous lines and the edges
of the domain of interest are sketched with the vertical dashed lines. The mass density
profile computed by the small simulation is represented by the thick continuous line and
the corresponding reference case is given by the dashed black line. On the lower pictures,
increasing and deleting detectors are respectively indicated with squares and circles.

A multi-phase region is initialized at the center of the domain using a hyperbolic
tangent profile for the mass density modelling vapor to liquid transition (from left to
right). The corresponding reference case on a much larger domain is depicted in dashed
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black to compare this solution on the domain of interest. This domain of interest is
delimited by the vertical dashed lines while the computational domain is indicated with
vertical continuous lines. These two types of boundaries are not placed on top of each
other at the beginning of the simulation as boundary points are required for the spatial
discretization scheme. At these boundary points, the Hedstrom boundary conditions are
originally applied.

As the simulation runs, the velocity field, initialized constant in the domain of interest,
convects the interface to the right. The increasing detectors watch the mass density at
the edges of the computational domain. When the right increasing detector identifies
an approaching multi-phase region at the edge, the buffer layer is created. The position
of the right increasing detector is updated at the new right edge of the computational
domain. The interface enters the buffer region, and the computational domain continues
to grow. The process remains the same until the right deleting detector determines that
there is no more multi-phase region at the edge of the domain of interest. This region is
entirely inside the buffer region. It can be removed and the Hedstrom boundary conditions
are applied at the original edge.

2.8 Appendix B: Application of the extended PML technique

Fig. 2.34 illustrates the application of the extended PML technique to a fluid experiencing
phase transition, from vapor to liquid, and convected by a constant velocity field.
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Figure 2.34: The application of the modified PML technique to the Diffuse Interface
Model: a multi-phase region is initialized in the center of the domain using a hyperbolic
tangent profile for the mass density (in thick continuous line) modeling vapor to liquid
transition (from left to right) convected by a constant velocity field. The domain of
interest is indicated by the vertical dashed lines. The PML region is contained between
the vertical dashed and the continuous lines. The convergence field set inside the PML
region is depicted by the thick line with squares.

A multi-phase region is initialized at the center of the domain using a hyperbolic tan-
gent profile for the mass density modelling vapor to liquid transition (from left to right).
The interface is convected by a constant velocity field. The left and right PML conver-
gence fields are initialized with the constant saturated vapor and liquid mass densities.

When the interface comes close to the edge of the domain of interest and enters the
PML region, the convergence field is adapted to reconstruct the interface. The interface
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center is determined by the location of the mass density maximum gradient. The width of
the interface is computed using Eq. (2.17) and the temperature imposed in the far-field.
As the interface leaves the PML region, the location of the center is extrapolated using
the velocity imposed in the PML region. When the interface is far away from the PML
region, the value of the convergence field is set at the saturated vapor mass density.
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Chapter

3
Open boundary conditions

for the Diffuse Interface

Model in 2-D

This work has been submitted to J. Comput. Phys.

A
n existing 1-D method solving multi-phase flows on unbounded domains using the
Diffuse Interface Model is extended to 2-D. In regions far away from the inter-
face the method makes use of conventional open boundary conditions developed

for the Navier-Stokes equations. When the interface comes close to the edges, the first
approach is not possible. Instead, the computational domain is extended using the char-
acteristic formulation of the governing equations. The criterion controlling the domain
extension is based on defining a parabolic symmetrizer for the NS equations with the
Van der Waals equation of state. The new grid-points are efficiently computed using the
flexible data structure proposed. As an example, a saturated vapor bubble surrounded by
liquid and advected by a constant mean flow is considered. Compared to the direct use
of the conventional boundary conditions, the method proposed enables the simulation of
multi-phase flows in regions of the ρ-T diagram where the speed of sound is imaginary.
The error induced by the boundary treatment is mainly due to the reflections of the
conventional boundary conditions when the bubble is not at equilibrium. The procedure
presents good numerical stability properties: the error remains bounded when the ini-
tial conditions or the far-field values are perturbed. The workability of the method has
been shown with simple conventional boundary conditions. Its flexible approach makes it
possible to substitute these simple boundary conditions by more advanced non-reflecting
conditions for the NS equations. Non-linear characteristic methods or the penalty-based
procedures are potential candidates for improvements. Extension to 3-D can be made in
a similar way.
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3.1 Introduction

Phase-transitions in unit operations present a challenge for numerical simulations by their
inherent multi-scale nature: predicting heat transfer in large-scale realistic applications re-
quires a correct description of the micro-scale phenomena (bubble nucleation, coalescence,
wall interactions...), while a mesh capturing these effects for the whole system is numeri-
cally unaffordable. A multi-scale procedure is necessary where information computed on
fine grids capturing the interfacial regions is integrated in coarse-grid simulations.

The Diffuse Interface Model (DIM) is an attractive candidate to model the micro-scale
as it accurately describes multi-phase flows with only one set of governing equations for
both phases. These equations are very similar to the Navier-Stokes (NS) equations apart
from additional terms accounting for surface tension and the equation of state, which
should be valid for both phases (in this chapter the Van der Waals (VdW) equation of
state is adopted). Unlike the sharp-interface model, DIM creates a smooth transition
between the vapor and the liquid regions and resolves the interface profile. When DIM is
coupled to the macro-scale, open boundary conditions are imposed to mimic the presence
of the surrounding fluid by using variables from the coarse grid as far-field conditions.

The development of open boundary conditions originates from the simulation of wave
propagation on unbounded domains. It starts in the 1970s with the pioneering work by
Sommerfeld [138] describing the radiation boundary condition dissipating the wave en-
ergy at the edges. From the 1970s until the mid-1980s, new local non-reflecting boundary
conditions are introduced (see [52, 39] for comprehensive reviews), the most famous being
the ones by Enquist and Majda [43] and the Bayliss-Turkel conditions [10]. The bound-
ary operators are constructed by approximating an analytical dispersion relation in the
Fourier domain which only allows the propagation of outgoing waves. In the 1980s-mid
1990s exact operators are designed but they are no longer local in time or space. They
lead to high accuracy but are complex to be implemented [53]. In the mid-1990s, high-
order local non-reflecting operators are investigated. Following the method proposed by
Enquist and Majda, auxiliary variables are introduced to enable the computation of the
high-order terms for the approximation [54]. All these methods are based on the analysis
of the governing equations themselves. In the mid-1990s, a material-based method, the
Perfectly Matched Layer (PML) is invented by Berenger [12]. It introduces a dissipative
region at the edges of the computational domain that acts as a sponge layer to absorb
the travelling waves.

Extending the boundary operators designed for hyperbolic problems to the NS equa-
tion is challenging: the non-linearities in the NS equation and the introduction of the
parabolic terms modify the well-posedness properties. The pioneering theoretical work
by Kreiss [79] on well-posedness of initial boundary value problems for hyperbolic sys-
tems in multiple dimensions has been completed by Gustaffsson, Oliger, Sündstrom and
Strikwerda [57, 100, 142] for the NS equations. In particular, they derive the number
of viscous boundary conditions that have to be added to the ones already derived for
the Euler equations. Despite this theoretical progress, designing stable boundary oper-
ators for the NS equations remains complicated. Attempts to apply the PML method
are recent ([62, 63, 65, 64, 85]) and most literature relies on prescribing the boundary
conditions using the characteristic amplitudes (see the comprehensive review by Colonius
[29]). Two main approaches can be found: the non-linear characteristic (CBC) and the
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penalty (PBC) methods.
In the CBC approach, the contributions from the characteristic amplitudes are studied

by linearizing the system around the far-field state. By using the speed of propagation of
these waves, it is possible to differentiate between the incoming information at the far-field
and the outgoing information in the computational domain. The incoming part has to be
modelled while the outgoing component can be computed using one-side differentiation of
the solution at the interior grid-points. Hedstrom [61] proposed to set the rate of change of
the normal incoming information to zero to prevent the outside information from entering
the domain. Rudy and Strikwerda [124] introduced a relaxation term in the incoming
wave to take into account the pressure response in the far-field. Thompson [150, 151]
proposed to use the physical boundary conditions to relate the incoming information to
the outgoing in the normal direction. Poinsot and Lele [113] combined both approaches to
ensure that the open boundary conditions for the NS equations reduce to the ones for the
Euler equations at high Reynolds number. The relaxation term introduced by Rudy and
Strikwerda prevents drifting from the reference pressure. Extensions to multi-component
and reactive flows are also possible [9, 99, 144].

In all these methods, the incoming information is computed using only the normal
components at the boundary. In case of strong transverse flows, this procedure no longer
works: Yoo et al. [162, 161] showed that neglecting the contribution from the transverse
terms in the prescription of the normal incoming information may lead to boundary
conditions with drifted reference values. On the contrary, when the transverse terms are
added to the procedure, the reflections significantly decrease. The issues encountered at
the corners are further addressed by Lodato et al. [86]. They showed that prescribing the
incoming amplitudes in one direction cannot be done independently from the amplitude
in the perpendicular direction. This leads to a coupled system to solve for the incoming
information in both directions at the corners. More recently, Albin et al. [3] showed
that the sonic component is the most sensitive to reflection and they proposed a change
of coordinates at the boundary to provide information in this direction. This procedure
generalizes the method of Yoo and Lodato.

Unlike the CBC procedure, the PBC method relies on a stronger mathematical basis
to transpose the stability properties of the analytical initial boundary value problem
(IBVP) to a numerical implementation. In the analytical problem, the stability property
(bounded growth of the solution in time) is closely related to well-posedness [58]. For
non-linear problems such as the NS equations, analyzing the well-posedness of the full
problem is too complex. However, for smooth solutions, it has been shown by Kreiss and
Lorentz [78] and recalled by Nordström [94, 95] that the well-posedness of the constant
coefficient problem is related to well-posedness of the non-linear problem. So the analysis
of the constant coefficient problem, which is much simpler, can be relevant for the non-
linear problem. For linear problems, uniqueness follows more or less directly from the
derivation of an energy estimate and existence is determined by the minimum number of
boundary conditions [142, 57, 97]. Therefore, the penalty formulation aims at deriving an
energy estimate for the linearized problem with a minimum set of boundary conditions.
It is then translated into a numerical equivalent that will bound the error growth and so
ensures stability.

For the NS equations and systems of conservation laws in general, the derivation of
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the energy estimate is closely related to the ability to symmetrize the governing equations
as has been derived by Harten [59] and first used by Abarbanel and Gottlieb [1]. When an
estimate for the growth of the energy is derived, the contribution from the fluxes at the
edges becomes apparent while the parabolic terms in the interior only lead to dissipation
[95, 97, 146]. When the PBC method is applied, the extra terms that weakly impose the
boundary conditions are also found in the total energy growth. These relaxation terms
are tuned to counterbalance the other contributions and ensure that the growth of the
energy estimate is bounded. A similar analysis can be derived for the equivalent numerical
estimate if two properties are satisfied: the fluxes should be conserved between two grid-
points and the boundary conditions should be weakly imposed. The first property is found
in Finite Volume schemes and differentiation schemes retaining the Summation-By-Parts
property [80, 141, 88]. In literature, the Simultaneous-Approximation-Term is mainly
used to weakly impose the boundary conditions in a stable way [45, 23, 97, 146, 145, 17],
but other methods are possible [102].

Despite the similarities between the DIM and the NS equations, extending the existing
NS open boundary conditions to DIM is not straightforward because of two features. In
the simplest example where a bubble in the center of the computational domain expands,
it may finally fill the entire domain: as a consequence, the far-field boundary conditions
applied at the edges change during the simulation. What is more, the use of the Van
der Waals equation of state causes the speed of sound to become imaginary in the multi-
phase region: close to the interface, this property prevents the straightforward use of
characteristics-based methods. In a previous paper [34], the CBC and the PML methods
are adapted to the DIM equations in 1-D. The CBC method proposed exhibits better
performance but its implementation is more complex than the PML. It is an extension
of the conventional CBC method for the NS equations as it only modifies the procedure
in the multi-phase region: far away from the interface, the conventional NS boundary
conditions are used. When the interface comes close to the edge of the interior domain,
the computational domain is enlarged to prevent the interaction of the interface with
the boundary. Three new concepts are needed in this method: the buffer layer, which
designates the domain extension and the increasing and decreasing detectors that control
its size.

The goal of this chapter is to extend the concepts developed in 1-D to 2-D. The dy-
namic nature of the computational domain presents problems for the implementation as
the mesh is now enlarged in two directions. Furthermore, the conventional boundary con-
ditions originally designed for a square domain should now be extended to any geometry.
The Hedstrom method is adopted for the conventional boundary conditions. This should
be seen as a proof of concept as more advanced CBC approaches or the penalty method
can be substituted in the study of more complex flows with this method.

In Section 3.2, the non-dimensionalized formulation of the DIM governing equations
is recalled. The characteristic structure of the 1st-order spatial derivatives is emphasized
as it plays a key role in the derivation of the conventional boundary conditions in Section
3.3. The characteristic amplitudes and the parabolic symmetrizer are also presented
to facilitate future extension of the method to more advanced CBC or PBC methods.
The implementation of the domain extension is addressed in Section 3.5: the structure
of the buffer layer as well as the computation of the new grid-points are discussed. In
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Section 3.6, three domains are introduced for the error analysis: the entire computational
domain, DC, subdivided into the boundary points region, DB, and the domain of interest,
DI = DC \ DB. The error induced by the boundary conditions on the interior solution
is estimated by comparing two solutions on DI. The first solution is computed with the
use of the domain extension. The second is calculated on a larger domain where the
boundary conditions do not play a role. The case of a bubble advected by a constant
velocity field is used to evaluate the performance of the method proposed. The study
is completed by investigating the numerical stability of the method proposed: either the
initial conditions or the far-field values imposed at the edges are modified and the resulting
error is computed. Conclusions and suggestions for further developments are discussed in
Section 3.7.

3.2 Diffuse Interface Model equations

In this section, the governing equations of the Diffuse Interface Model (DIM) in their
non-dimensional form are recalled. These equations are similar to the Navier-Stokes (NS)
equations apart from additional terms accounting for surface tension and the equation of
state, which should be valid for both phases. Away from the interfacial regions the DIM
equations can be approximated by the Navier-Stokes Van der Waals (NS-VdW) system
of equations. Apart from a region close to the interface, the first-order terms in the
system of governing equations is hyperbolic and can be written in the characteristic form.
This formulation, once linearized, describes the general solution as a superposition of
uncoupled components propagating inside the domain and interacting at the boundaries.
This description is of particular interest when deriving non-reflecting boundary conditions
for our system. As we derive the characteristic form, it will become apparent that this
form is only valid in some parts of the state diagram: the VdW equation of state introduces
a multi-phase region where such an analysis cannot be performed. In the following, we
will identify these regions and propose a criterion to switch between conventional and
extended non-reflecting boundary conditions for the DIM.

3.2.1 DIM governing equations

The DIM consists of three conservation equations and two equations of state for the
pressure and the specific internal energy. We briefly recall the formulation presented
by Pecenko [107] and non-dimensionalized by Desmarais [34] using the following scaling
quantities.

The scales for mass density, temperature and pressure are chosen as the corresponding
quantities at the critical point for the Van der Waals equation of state:

ρc = M/(3b) Tc = 8a/(27Rb) Pc = a/(27b2) (3.1)

where M is the molar mass of the fluid, b the molar volume excluded by the molecules,
a a constant modeling the interactions between the molecules, and R is the universal gas
constant.
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The velocity scale is proportional to the sound speed evaluated at the critical point.
Providing the domain size, L, as a reference length, an associated characteristic time is
given by:

uc =
√

Pc/ρc tc = L/uc (3.2)

These scales are used to define the Reynolds, Prandtl, and Weber numbers, as well
as the reduced heat capacity:

Re = ρcucL/µ P r = µc∗
v/λ We = uc

2L2/(ρcK) cv = Mc∗
v/R (3.3)

where µ is the dynamic viscosity, c∗
v is the specific heat capacity at constant volume, λ

the thermal conductivity, and K the capillarity constant.
Using the scaling quantities defined above, the conservative form of the DIM equations

can be formulated in 2-D as:

vt + F x + Gy = 0 (3.4)

where v = (ρ, ρu, ρv, ρE) is the vector of non-dimensional conservative variables, and F

and G are the flux vectors in the x- and y-directions. We rewrite them to identify the
contributions of the inviscid, dissipation and capillarity components.

F = F I − ǫF V − ζF C

G = GI − ǫGV − ζGC
(3.5)

where ǫ and ζ are respectively the inverse of the Reynolds and the Weber numbers. The
F I and GI terms are the inviscid contributions and are responsible for wave propagation.
The contributions from the stress tensor and the dissipative Fourier heat flux are gathered
in F V and GV . The interfacial forces and the extra term in the energy equation modeling
the interfacial work, both specific to DIM, are contained in F C and GC . The expressions
for the different components of the fluxes are:

F I =







ρu
ρu2 + P

ρuv
(ρE + P ) u






, F V =







0
dxx

dxy

dxxu + dxyv − jFx







(3.6)

GI =







ρv
ρuv

ρv2 + P
(ρE + P ) v






, GV =







0
dyx

dyy

dyxu + dyyv − jFy







(3.7)

F C =







0
T xx

T xy

T xxu + T xyv − jEx







(3.8)
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GC =







0
T yx

T yy

T yxu + T yyv − jEy







(3.9)

where P is the pressure, d the viscous stress tensor, jF the dissipative heat flux, T the
tensor of interfacial forces and jE the interstitial working.

The viscous stress tensor, d, is computed under the Newtonian fluid assumption,
η/µ = −2/3 and the conduction flux, jF, is given by Fourier’s conduction law:

d =







(

2 +
η

µ

)

ux +
η

µ
vy uy + vx

uy + vx
η

µ
ux +

(

2 +
η

µ

)

vy







(3.10)

jF = − 1

P r
∇T eff (3.11)

where T eff is related to the temperature by T eff = 8cvT/3.
We use the simplified formulation introduced by Anderson and McFadden [5, 6] for

T and the expression derived by Dunn and Serrin [38] for jE

T =









ρ∆ρ +
1

2

(

−
(

∂ρ

∂x

)2

+

(
∂ρ

∂y

)2
)

− ∂ρ

∂x

∂ρ

∂y

− ∂ρ

∂x

∂ρ

∂y
ρ∆ρ +

1

2

((
∂ρ

∂x

)2

−
(

∂ρ

∂y

)2
)









(3.12)

jE =







ρ

(
∂u

∂x
+

∂v

∂y

)
∂ρ

∂x

ρ

(
∂u

∂x
+

∂v

∂y

)
∂ρ

∂y







(3.13)

The total energy density is defined to also take into account the energy induced by
the interfacial forces:

ρE =
1

2
ρ(u2 + v2) + ρe +

1

2We
|∇ρ|2 (3.14)

where e is the specific internal energy.
To close the system of equations, the equations of state for the Van der Waals fluid

are used:

P =
8T

3 − ρ
ρ − 3ρ2 (3.15)

e =
8

3
cvT − 3ρ (3.16)
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3.2.2 The NS-VdW approximation

In the previous subsection, we presented the DIM and the role of the different components
of the fluxes. In this subsection, we will focus on regions far away from the interface. In
these regions, the contribution from the capillary terms, F C and GC , becomes negligible
and it is possible to approximate the DIM equations by the NS-VdW equations. We
then present the characteristic form of these equations that clarify the wave propagation
structure.

The NS-VdW equations are obtained by neglecting the F C and GC terms in Eq.
(3.4):

vt + (F I − ǫF V )x + (GI − ǫGV )y = 0 (3.17)

We will rewrite this system of governing equations using the primitive variables. These
variables simplify the expression for the inviscid terms in the characteristic form. More-
over, they allow a direct comparison with the results for a perfect gas in the limit of high
temperature and low mass density. Under these assumptions, the VdW state equation
converges to the perfect gas law and the eigen-quantities can be compared to the ones
found in literature.

We denote by p = (ρ, u, v, P ) the vector of primitive variables (see Section 3.8.1).
The NS-VdW system of equations can be rewritten as:

∂p

∂t
+ A1px + A2py = B11pxx + B22pyy + B12pxy (3.18)

where the matrices Ai model the acoustic part, and Bij are the parabolic, dissipative,
contributions (see Section 3.8.3). The matrices A1 and A2 read:

A1 =







u ρ 0 0
0 u 0 1/ρ
0 0 u 0
0 ξ(ρ, P ) 0 u







A2 =







v 0 ρ 0
0 v 0 0
0 0 v 1/ρ
0 0 ξ(ρ, P ) v







(3.19)

where the function ξ is given by:

ξ(ρ, P ) =
3

cv (3 − ρ)

(
(1 + cv) P + ρ2 (3 + cv (−3 + 2ρ))

)
(3.20)

The function ξ is related to the speed of sound c by:

ξ(ρ, P ) = ρc2 (3.21)

This observation simplifies the notation when matrices A1 and A2 are diagonalized:

L1
p · A1 · R1

p = Λ
1 = diag(u, u, u − c, u + c)

L2
p · A2 · R2

p = Λ
2 = diag(v, v, v − c, v + c)

(3.22)

where the left eigenmatrices L1
p and L2

p and the right eigenmatrices R1
p and R2

p are given
by:

L1
p =







0 0 1 0
1 0 0 −1/c2

0 −ρc/2 0 1/2
0 ρc/2 0 1/2







R1
p =







0 1 1/c2 1/c2

0 0 −1/(ρc) 1/(ρc)
1 0 0 0
0 0 1 1







(3.23)
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L2
p =







0 1 0 0
1 0 0 −1/c2

0 0 −ρc/2 1/2
0 0 ρc/2 1/2







R2
p =







0 1 1/c2 1/c2

1 0 0 0
0 0 −1/(ρc) 1/(ρc)
0 0 1 1







(3.24)

When developing non-reflecting boundary conditions based on the CBC method,
quantities of special interest are the amplitudes of the characteristic waves associated
with each velocity. We denote them by L 1

i in the x-direction and L 2
i in the y-direction

(see Table 3.1). Because of the different ordering of the primitive variables, the indexing
of the Li’s differs from the paper by Thompson. Table 3.2 provides the relations between
the notations used in different papers for clarity purposes. Using these notations, the
NS-VdW system can be rewritten as:

pt +M 1
RL

1 +M 2
RL

2 = B11pxx + B22pyy + B12pxy (3.25)

whereM j
R = Rj

pdiag(1, 1/c2, 1/2, 1/2).

Amplitude x-direction (j = 1) y-direction (j = 2)

L
j
1 λ1

1

∂v

∂x
λ2

1

∂u

∂y

L
j
2 λ1

2

(

c2 ∂ρ

∂x
− ∂P

∂x

)

λ2
2

(

c2 ∂ρ

∂y
− ∂P

∂y

)

L
j
3 λ1

3

(
∂P

∂x
− ρc

∂u

∂x

)

λ2
3

(
∂P

∂y
− ρc

∂v

∂y

)

L
j
4 λ1

4

(
∂P

∂x
+ ρc

∂u

∂x

)

λ2
4

(
∂P

∂y
+ ρc

∂v

∂y

)

L
j
i diag(1, c2, 2, 2) · Λ

1 · L1
p · ∂p

∂x
diag(1, c2, 2, 2) · Λ

2 · L2
p · ∂p

∂y

Rj
p · Λ

j · Lj
p

∂p

∂xj

=M j
RL

j









1
c2

[
L 1

2 + 1
2

(
L 1

3 + L 1
4

)]

1
2ρc

(
L 1

4 − L 1
3

)

L 1
1

1
2

(
L 1

3 + L 1
4

)

















1
c2

[
L 2

2 + 1
2

(
L 2

3 + L 2
4

)]

L 2
1

1
2ρc

(
L 2

4 − L 2
3

)

1
2

(
L 2

3 + L 2
4

)









Table 3.1: LODI relations for the NS-VdW equations in 2-D: we denote by λ1
i and λ2

i the
eigenvalues of the matrices A1 and A2 (see Eq. (3.22)), i.e. Λ

1 = diag(λ1
1, λ1

2, λ1
3, λ1

4) and
Λ

2 = diag(λ2
1, λ2

2, λ2
3, λ2

4)

The relations shown in Table 3.1 can also be used to express the time derivatives of
all other quantities of interest (temperature, flow rate, entropy, stagnation enthalpy . . . ).
For example,

∂T

∂t
=

1

h(ρ, T )
L2 +

1

2

(
1

h(ρ, T )
− 3 − ρ

8ρ

)

(L3 + L4) (3.26)
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Notation Vorticity Entropy Acoustic

Desmarais L1 L2 L3 L4

Thompson [150, 151] L3 L2 L1 L5

Yoo [160, 162] L3 c2L2 2L1 2L5

Table 3.2: Relations between the notations for papers where open boundary conditions
are derived based on the characteristic formulation: the ordering of the eigenvalues in this
chapter is the same as in Nordström [95] and in Svärd [97, 146]. The notations chosen by
Thompson [150, 151] are also used by Poinsot [113], Sutherland [144], and Prosser [117].
Pre-multiplying the characteristic amplitudes was retained by Yoo [160, 162], Lodato [86],
Albin [3].

where the function h(ρ, T ) is given by:

h(ρ, T ) =
c2

(
3T

ρ(3 − ρ)
− 3(3 − ρ)

2

) (3.27)

3.2.3 The NS-VdW acoustic terms and the multi-phase region

We derived the characteristic form for the acoustic part of the NS-VdW system. How-
ever, the diagonalization process is only possible in regions where the speed of sound is
real. This will lead to a first criterion to switch between conventional and extended open
boundary conditions for DIM. Another criterion is obtained by studying the symmetrizer
of the acoustic part. Symmetrizers are often of interest when studying systems of conser-
vation laws as they lead to an energy estimate, i.e. an estimate that bounds the growth
of the solution in time [59]. We use these criteria to determine the regions in the state
diagram where the conventional open boundary procedures cannot be applied.

The diagonalization of the acoustic terms in the NS-VdW equations is only possible
in regions where the speed of sound is real. Using Eq. (3.21), this criterion is equivalent
to:

ξ(ρ, P ) > 0 (3.28)

In order of study the second criterion, we follow the procedure described by Gottlieb
and Abarbanel [1] for the NS equations to construct the parabolic symmetrizer S of the
NS-VdW equations: the symmetrizer diagonalizes the parabolic matrices (B11,B22 and
B12) and symmetrizes the hyperbolic components (A1 and A2): in Section 3.8.4, the
expressions for the symmetrized matrices as well as the perfect gas limit are given to
compare them with the results from Gottlieb and Abarbanel. The parabolic symmetrizer
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is given by:

S =







as

−1ρ/c 0 0 0
0 1 0 0
0 0 1 0

asρc 0 0 asbsρc







(3.29)

where the coefficients as and bs are given by:

as =
1

√

1 + bs
2

bs =

√

P + 3ρ2

cv (P + ρ2 (−3 + 2ρ))
(3.30)

Because of the square roots in the coefficients as and bs, the definition of the sym-
metrizer holds as long as:

P + ρ2(−3 + 2ρ) > 0 (3.31)

The criteria defined by inequalities (3.28) and (3.31) determine the limits of the regions
where the conventional open boundary conditions can be applied. These regions are
depicted on Fig. 3.1 in a ρ-T diagram. As the symmetrizer criterion is more conservative,
it will be used in the numerical applications.

The characteristic formulation of the NS-VdW equations will now be used to derive
the conventional open boundary conditions. These boundary conditions can only be
applied in regions where inequalities (3.28) and (3.31) are satisfied.

3.2.4 Space and time discretization

The DIM governing equations (see Eq. (3.4)) are discretized with a Finite Volume node-
centered scheme on a uniform Cartesian grid.

vt|i,j = −
F |i+ 1

2
,j − F |i− 1

2
,j

∆x
−

G|i,j+ 1

2

− G|i,j− 1

2

∆y
(3.32)

where ∆x and ∆y are the grid spacings in the x- and y- directions. The quantities
located at the edges of the cell are computed using the second-order accurate discretization
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Figure 3.1: Identification of the regions where the diagonalization procedure and the
definition of the symmetrizer in a ρ-T diagram cannot be applied: the saturated vapor
and liquid curves localize the multi-phase region. In region (1) the diagonalization cannot
be applied. It is depicted in light grey for cv = 3.05 (water) [34]. Note that region (2)
includes region (1). In the region (2) the symmetrizer does not exist. The second criterion
is more conservative than the one based on the imaginary speed of sound and will be used
in the numerical applications.
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scheme:

f |i− 1

2
,j =

1

2

(

f |i−1,j + f |i,j
)

∂f

∂x

∣
∣
∣
∣
i− 1

2
,j

=
1

∆x

(

− f |i−1,j + f |i,j
)

∂f

∂y

∣
∣
∣
∣
i− 1

2
,j

=
1

2∆y

(

− f |i− 1

2
,j−1 + f |i− 1

2
,j+1

)

∂2f

∂x2

∣
∣
∣
∣
i− 1

2
,j

=
1

2∆x2

(

f |i−2,j − f |i−1,j − f |i,j + f |i+1,j

)

∂2f

∂y2

∣
∣
∣
∣
i− 1

2
,j

=
1

∆y2

(

f |i− 1

2
,j−1 − 2 f |i− 1

2
,j + f |i− 1

2
,j+1

)

∂2f

∂x∂y

∣
∣
∣
∣
i− 1

2
,j

=
1

2∆y

(

− ∂f

∂x

∣
∣
∣
∣
i− 1

2
,j−1

+
∂f

∂x

∣
∣
∣
∣
i− 1

2
,j+1

)

(3.33)

where f is any function of the governing variables (ρ, ρu, ρv, ρE). The space discretiza-
tion in the y-direction is performed in a similar way. This space discretization scheme
requires two boundary grid-points. For the time integration, the third-order accurate
Total Variation Diminishing Runge-Kutta method, developed by Shu and Osher [133], is
used.

The grid size is chosen to ensure that the interface is captured with at least ten
grid-points. The maximum time step, ∆t, has to satisfy the following conditions:







max

(

|u0| ± c0

2∆x
+

√
ρ0√

4We∆x4
,

|v0| ± c0

2∆y
+

√
ρ0

√

4We∆y4

)

∆t ≤ 1.5Γ

max

(
1

∆x2
,

1

∆y2

)
4∆t

ρ0ReP r
≤ 2.5Γ

max

(
1

∆x2
,

1

∆y2

)
8∆t

3ρ0Re
≤ 2.5Γ

where ρ0, u0 and v0 are the reduced mass density and velocities of the point whose
equilibrium is studied and c0 is the reduced speed of sound evaluated at the same point.
The empirical constant, Γ, is a safety factor to remain inside the stability region of the
Runge-Kutta scheme. It has to be lower than one. These conditions are an extension of
the ones derived in 1-D [34].

3.3 Conventional open boundary conditions for the NS-VdW

equations

In this section, the conventional Hedstrom boundary conditions are recalled. Even if they
are a crude approximation leading to an ill-posed problem for the NS equations, their
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simplicity makes them an attractive initial candidate to illustrate the method.
The Hedstrom boundary conditions modify the governing equations by only retaining

the 1st order derivatives. The primitive form of the NS-VdW equations (see Eq. (3.18))
is approximated by:

∂p

∂t
+ A1px + A2py = 0 (3.34)

For a boundary whose normal vector is along the x-axis, the time derivatives are
evaluated at the edges by:

∂p

∂t
+ R1

p







...
L

1
k
...







+ A2py = 0 (3.35)

where

L
1
k =







0 for incoming information

−λk
∂p

∂x
for outgoing information

(3.36)

and the gradient of the primitive variables is evaluated using a one-side stencil in the
x-direction:

∂p

∂x

∣
∣
∣
∣
i

=
−p|i + p|i+1

∆x
(left)

∂p

∂x

∣
∣
∣
∣
i

=
−p|i−1 + p|i

∆x
(right)

(3.37)

The type of information is evaluated using the sign of the eigenvalues, depending on
the orientation of the boundary, as follows:

incoming information ⇔
{

λi > 0 (left)

λi < 0 (right)

outgoing information ⇔
{

λi < 0 (left)

λi > 0 (right)

(3.38)

The evaluation of the time derivatives for a boundary in the y-direction can be deduced
in a similar way. For the corners, the acoustic terms in the x- and y-directions are both
computed using this procedure.
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3.4 Computation of new grid-points during the extension of

the domain

In the previous section, we derived open boundary conditions for the NS-VdW equations
by retaining only the acoustic terms and treating the x- and y- directions separately
using their characteristic form. Under these approximations, the contribution from the
outgoing characteristics can be separated from the information entering the domain. By
artificially forcing the incoming information to zero, non-reflecting boundary conditions
are obtained. This procedure can only be carried out in case the criteria specified in
Section 3.2.3 are satisfied.

In cases where the interface is so close to the boundary of the domain that inequalities
(3.28) and (3.31) are not satisfied, we propose to extend the domain until the interfacial
region has left the original computational domain. This is an extension of the procedure
developed in one spatial dimension [34]. In this subsection we will describe how the
extension of the domain is carried out.

While extending the domain the variables have to be defined in the new grid-points.
For this a similar approach is followed as in the application of the conventional open
boundary conditions. As an example, if the computational domain is enlarged in the
x-direction, we study the contribution of the characteristics in the same direction by
following their respective paths in (x, t)-space. The influence of the transverse terms
is then a posteriori approximated. The principal direction, the direction to evaluate
the contribution of the characteristics, is given in practice by the vector connecting the
new grid-point to the nearest existing cell in the computational domain. There are four
potential principal directions: the ones given by the unitary vectors ex and ey in the
Cartesian (x, y) frame and the diagonal directions en1 and en2 in the rotated (n1, n2)
frame (see Fig. 3.2). We now present the derivation of the variables in a new grid-point.
The numerical implementation is discussed in Section 3.5.5.

e
x

e
y

e
n

e
n

π/

Figure 3.2: Cartesian and rotated frame

The derivation of the variables in a new grid-point is based on the characteristic
form. In this form, the primitive variables p = (ρ, u, v, P ) are the natural quantities, so
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first these variables are computed in a new grid-point. The corresponding conservative
quantities are computed afterwards (see Eq. (3.57)).

We recall the inviscid part of the NS-VdW equations and linearize this around the
far-field state:

∂p

∂t
(x, y, t) + A

1

p · ∂p

∂x
(x, y, t) + A

2

p · ∂p

∂y
(x, y, t) = 0 (3.39)

where A
1

p and A
2

p are the matrices resulting from the linearization of the inviscid terms

A1
p and A2

p.
By multiplying with the left eigenvectors given in Eq. (3.23), we obtain:

L
1

p(i) · ∂p

∂t
(x, y, t) + λ

1

p(i)L
1

p(i) · ∂p

∂x
(x, y, t) + L

1

p(i) · A
2

p · ∂p

∂y
(x, y, t) = 0 (3.40)

where Lp(i) is the ith left eigenvector and λ
1

p(i) the corresponding eigenvalue, both eval-
uated using the far-field state or the boundary points.

We introduce the path x(t) = x1 + λ
1

i (t − t1) and integrate in time from t0 to t1:

∫ t1

t0

[

L
1

p(i) · Dp

Dt
(x(t), y, t) + L

1

p(i) · A
2

p · ∂p

∂y
(x(t), y, t)

]

dt = 0 (3.41)

where the material derivative D/Dt is used:

Dp

Dt
=

∂p

∂t
+ λ1

i

∂p

∂x
(3.42)

This leads to the evaluation of the primitive variable as

p(x1, y, t) = R
1

p ·









...

L
1

p(i) ·
(

p(x0(i), y, t0) −
∫ t1

t0

A
2

p · ∂p

∂y
(x(t), y, t)dt

)

...









(3.43)

where x0(i) = x1 + λi(t0 − t1). The term p(x0(i), y, t0) can be found by interpolation
between the closest grid-points in the x-direction or using the far-field state if (x0, y, t0)
is outside the computational domain.

For the time integral, the trapezoidal rule is used:

∫ t1

t0

f(x(t), y, t)dt =
f(x0, y, t0) + f(x1, y, t1)

2
(t1 − t0) (3.44)

The term f(x, y, t) = A
2

p · ∂p

∂y (x, y, t) can be evaluated at different x-positions at t0 and t1.

Then we perform linear interpolation to estimate A
2

p · ∂p

∂y (x0, y, t0) and A
2

p · ∂p

∂y (x1, y, t1).
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We presented the analysis by taking ex as the principal direction. The extension to
other directions is similar but for the (n1, n2) directions, there is a slight change. We
replace p in the analysis by:

pn =

(

ρ,

√
2

2
(u − v) ,

√
2

2
(u + v) , P

)

(3.45)

The eigenvalues and the eigenvectors can be deduced from Eqs. (3.22)-(3.24) by replacing
u and v respectively by

√
2/2(u − v) and

√
2/2(u + v). Using pn is required to preserve

symmetry when evaluating the transverse gradients.
In Sections 3.2.1-3.3 we presented the model used in the simulations, we recalled

the conventional non-reflecting boundary conditions and presented criteria to switch be-
tween the conventional and the extended boundary conditions. These extended boundary
conditions are based on enlarging the computational domain when regions where the con-
ventional approach cannot be applied are close to the edges of the computational domain.
Finally, the analysis to compute the new grid-points in the extended domain is provided
in this section. In the next section, we will focus on the implementation and the data
structure needed to efficiently compute the domain extension.

3.5 Domain extension

The conventional open boundary conditions can only be applied far away from the inter-
face: inside the multi-phase region the characteristic formulation cannot be applied (see
Fig. 3.1) and neglecting the capillarity terms is no longer a good approximation (see Eq.
(3.17)). Therefore, when the interface is transported close to the edges of the interior
domain, the domain is enlarged to prevent interactions between the interface and the
boundary. In 1-D, this procedure has successfully been implemented [34] and consist of
three main concepts: the buffer layer, the increasing and the decreasing detectors. The
buffer layer designates the domain extension used to prevent the interfacial regions from
reaching the edge where the conventional boundary conditions are applied. The increase
of the buffer layer is controlled by the increasing detectors. The decreasing detectors
determine when the buffer layer can be removed again. In the extension to 2-D (see Fig.
3.3), the dynamic nature of the computational domain provides a challenge for the imple-
mentation as the mesh is enlarged in both direction: a new data structure is developed
to efficiently compute the buffer layers. The adaptation of the computational domain is
still locally triggered by the increasing detectors but they are now organized in a closed
loop. For the decreasing detectors, the removal of a buffer layer is no longer determined
by one grid-point but by the entire overlapping region between the interior domain and
the buffer layer.

3.5.1 Data structure for the additional grid-points

In 2-D, it should be possible to extend the computational domain in both x- and y-
directions. However, simply reallocating the entire computational domain is too expensive
and inefficient (for an introduction on the mechanisms behind the reallocation process
see [101]). A distinction is made between the interior domain whose size is fixed during
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Initial conditions Creation of the
buffer layer

Inside the buffer
layer

Removal of the
buffer layer

Figure 3.3: Extension of the computational domain in 2-D: a vapor bubble (blue) sur-
rounded by saturated liquid (red) and subjected to a constant rise velocity is initialized
in the center of the domain. As the conventional boundary conditions cannot be applied
in the multi-phase region (green), the domain is extended as the bubble moves upwards.
Once the interfacial regions are entirely inside the buffer layer, the buffer layer is removed.

the simulation and the buffer layer, which is smaller and dynamically reallocated as the
domain increases. This main difference leads to the creation of two separate objects in
memory. However, the squared array structure is retained for the buffer layer to make
sure that the data remain close in memory for flux computation. This is a compromise
as not all grid-points allocated to the buffer layer are used in practice. The positions
of the grid-points that are not used are stored in an extra table to make sure they are
not computed. As a distinction is also made when computing boundary and normal
grid-points, this information is added to the same table. In this way, every grid-point
of the buffer layer has a specific identity (see Fig. 3.4 and Table 3.3). These different
requirements determine the main attributes of the buffer layer.

Color Grid-point ID Procedure

no pt The grid-point is not computed

bc pt Boundary conditions

bc interior pt Boundary conditions

interior pt Interior procedure

Table 3.3: Procedures associated to the buffer layer grid-points

3.5.2 Buffer layers and their interaction

To reduce memory costs, the computational domain is locally enlarged by the use of buffer
layers. The computation of the fluxes in each buffer layer is independent of its neighbors
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Physical continuous
domain

Two distinct
domains in memory

Grid-point
configuration in the

buffer layer

Figure 3.4: Domain decomposition in memory: the computational domain appears con-
tinuous for the system simulated although two distinct objects are created in memory
to reduce the reallocation costs. The squared array structure is retained for the buffer
layer and the grid-points are identified to associate the correct procedure for their time
integration (for the role of the grid-points, see Table 3.3)

(apart from the ghost cells synchronized with the interior and potentially with other
buffer layers), so each buffer layer should have its own dedicated memory. Furthermore,
the buffer layer should be allocated and deallocated depending on the needs. For these
two reasons we decided to gather the buffer layers in double chained lists. Each element,
so-called sub-layer, is a buffer layer augmented with two links: one to the previous and
one to the next element in the list. This flexible structure allows to easily remove or insert
elements. This would not be the case with an allocatable array of buffer layer objects:
when an element needs to be inserted in an array, the entire array needs to be reallocated.

Most of the grid-points of the buffer layer can be computed without using the neigh-
bours or the interior domain, except for the ghost cells. These particular grid-points are
located at the interface between the domains and need to be synchronized after each time
step. To better organize the overlap between the buffer layers, we split them in four main
layers, each corresponding to a cardinal direction (N,S,E,W). If the number of grid-points
of the interior domain is denoted by [nx, ny], the east and west buffer layers are attached
to the corresponding side. Their height is bounded by 1 and ny while their width is
unlimited. On the other hand, the north and south buffer layers have both their height
and width unlimited (see Fig. 3.5).

The buffer layers are gathered in four main layers, one per cardinal direction. As the
size of the buffer layer changes with allocation and reallocation operations, the address of
its pointer varies. However, we need to keep track of the buffer layers sharing grid-points
at the interface between main layers to correctly synchronize the ghost cells. If each buffer
layer would be responsible for keeping track of its neighbors, a considerable amount of
work would be required. Besides, only the links to the buffer layers overlapping two main
layers are needed. As an example, for the NE corner, we need to know which east buffer
layers can potentially share grid-points with the north buffer layers, and which north
buffer layers are overlapping the NE edge.
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Identification of the main layers Identification of the sub-layers

Figure 3.5: Buffer layer organization: four main layers located at the edges of the interior
domain encapsulate the buffer layers as elements of a double chained list

3.5.3 Increasing detectors

The bf interface structure contains the buffer layers and the intrinsic procedures to modify
their size. The role of the increasing detectors is to communicate to the bf interface
structure when the sizes of the buffer layers should be modified and to modify the behavior
of the surrounding grid-points.

The increasing detectors are organized in a closed loop, at a fixed distance from the
edges of the computational domain. After each integration step, they are analyzed to know
whether the domain should be locally extended using the criteria previously discussed in
Section 3.2.3. If activated, the increasing detector modifies the role of its surrounding
grid-points: cells belonging to the boundaries are turned into grid-points computed with
the large discretization stencil, and new grid-points are allocated to create a new boundary
further away.

The increasing detectors locally modify the behavior of the surrounding grid-points.
However, processing each detector independently would be inefficient: at each integration
step, several detectors could virtually trigger the reallocation of one buffer layer several
times. For this reason, as we process the detector list, we only determine which grid-points
of the boundary are modified and how this would affect the total size of the corresponding
buffer layer. As long as the detectors operate on the same buffer layer, we do not modify
the procedure. Only when the detector modifies another extension, we apply the changes
to the current buffer layer. The buffer layer is updated in two steps. First, the buffer layer
is reallocated to be able to host the new edge of the computational domain. Then the
grid-points activated by the detectors modify their surroundings such that they can be
computed with a large discretization stencil. This optimization ensures that each buffer
layer can be reallocated at most once per integration step. Furthermore, the closed path
structure of the detectors allows to simplify the update of surrounding grid-points: we
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take into account which grid-point was previously activated by the neighboring detector.

3.5.4 Decreasing detectors

We presented how the increasing detectors organized in a closed loop enlarge the compu-
tational domain. The removal of these domain extensions is discussed now.

In 1-D, one detector located upstream of the domain extension can trigger its removal.
This detector keeps track of the position of the interface region. If this region is no longer
located at the edge of the original domain, the buffer layer is removed. In 2-D, a similar
approach is adopted but the entire overlapping section between the interior domain and
the buffer layer is now checked by the decreasing detector (see Fig. 3.6). In order to
prevent unnecessary domain extensions, the removal of the buffer layer is checked before
the increasing detectors are processed. Once removed, the position of the increasing
detectors located inside the buffer layer is re-initialized at the edge of the interior domain.

The bubble is
confined inside the

buffer layer

The overlapping
section is checked

The buffer layer is
removed

Figure 3.6: Buffer layer decreasing detector

3.5.5 Interface between the solver and the interior domain including its

extension

In the previous section, we described the data structure containing the computational
domain as well as its update as the multi-phase regions are transported close to the
boundary. We will now address how a time integration step is performed on such a
domain and the numerical procedure for the computation of the new grid-points.

The time integration of the computational domain is split into five main tasks. First,
the grid-points computed by each sub-domain are identified. Then the location of the
boundary layers inside each sub-domain is determined. The time derivatives can be com-
puted and the grid-points are integrated in time. Finally, the ghosts cells are synchronized.
The boundary layers are identified using the information saved in a special array (see Fig.
3.7). They are saved as an ensemble of elementary sections. Each element contains its
position and the type of procedure attached. These elementary sections can be gathered
in three families: edges, corners and anti-corners (see Fig. 3.8). The procedure applied
to each family is presented in Fig. 3.9.

For the computation of the new grid-points, three types of procedures can be applied
depending on the configuration of the surrounding grid-points at the previous time step.
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Continuous
computational domain

Sub-domains and ghost cells Boundary layer
division for the east

buffer layer

Figure 3.7: Identification of the grid-points: as the geometry of the computational domain
is no longer fixed during the simulation, it is necessary to identify which grid-points are
computed using the normal discretization stencil and where the boundary is located. The
geometry of the physical domain simulated is depicted on the left figure : the normal
discretization stencil is applied to compute the interior grid-points ( ) and the boundary
is identified by two types of grid-points ( and ) depending on the distance to the
interior points. The continuous domain is split in memory into a fixed interior domain and
reallocatable sub-domain extensions (middle figure). The ghost-cells ( ) are exchanged
between the different domains to mimic the physical continuity. As the application of
the boundary conditions varies with the direction of the normal vector, the edge of the
computational domain is divided into elementary boundary sections where the normal
vector is constant (see Fig. 3.4).

Edge Corner Anti-corner

N

S

W

E

NW

NE

SW

SE

SW

SE

NE

NW

Figure 3.8: Elementary boundary sections: when sub-domains are added to the interior
domain, the resulting shape of the total computational domain is no longer a square. From
the configuration of the grid-points saved in a special array, it is possible to identify the
boundary ( and , see Fig. 3.7). This boundary is divided into elementary elements
where the normal vector pointing outside the domain is constant. For the edges, the
direction of the normal vector is either ex or ey. For the corners and anti-corners, the
direction is given by en1 or en2 (see Fig. 3.2). Distinction is made between the corners and
the anti-corners as the configuration of the grid-points close to the boundary is different.
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Grid-point configuration Numerical discretization
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(1, 1) computed as NE corner (1,1)

(2, 1) computed as N edge

(1, 2) computed as E edge

(2, 2) computed as NE corner (2,2)

Figure 3.9: Numerical discretization for the computation of the boundary layers. There
are three families of elementary boundary sections: edges, corners and anti-corners. For
the edges, the transverse fluxes are computed using a reduced discretization stencil while
the gradients in the outward direction are evaluated using one-side differentiation. In the
corners, only the contribution from the information leaving the domain is computed. For
the grid-points in an anti-corner, a hybrid procedure is used.
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We identify again three types of families for the elementary procedures: edges, corners or
anti-corners. For the edge procedures, we perform the computation in the Cartesian (x, y)
reference frame. For the corner and the anti-corner procedures, we choose the (n1, n2) ro-
tated frame. In Section 3.4, we show that the computation of the new grid-points requires
the evaluation of the primitive variables at a previous time step and the time integration of
the transverse derivatives. Both are interpolated and the grid-points used in this process
vary with the configuration of the grid-points (edge, corner or anti-corner). Furthermore,
when evaluating the transverse contributions, the spatial discretization stencil is adapted
depending on the available grid-points. Detailed explanations are provided in Fig. 3.10.

Direction Gradient evaluation

x
∂p

∂x
=







(p[i + 1, j] − p[i − 1, j]) /(2∆x) interior gradient

(p[i + 1, j] − p[i, j]) /∆x left one-sided

(p[i, j] − p[i − 1, j]) /∆x right one-sided

y
∂p

∂y
=







(p[i, j + 1] − p[i, j − 1]) /(2∆y) interior gradient

(p[i, j + 1] − p[i, j]) /∆y left one-sided

(p[i, j] − p[i, j − 1]) /∆y right one-sided

n1
∂p

∂n1
=

√
2

2

(
∂p

∂x
− ∂p

∂y

)

n2
∂p

∂n2
=

√
2

2

(
∂p

∂x
+

∂p

∂y

)

Table 3.4: Numerical discretization for the computation of the new grid-points: gradient
discretization
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Figure 3.10: Numerical discretization for the computation of the new grid-points. There
are three families of elementary situations: edges, corners and anti-corners. On the upper
figures, the position of the new grid-point at t1 is indicated by the circled cross symbol ( ).
The computation of this grid-point requires three quantities (see Eq. (3.43)): p(x0, y0, t0),

A
j

p· ∂p
∂τ (x0, y0, t0) and A

j

p· ∂p
∂τ (x1, y1, t1) (where τ is the transverse direction). The quantity

p(x0, y0, t0) is interpolated using the surrounding grid-points ( ) at the previous step (t0).
Two or three grid-points are respectively used for the linear and planar interpolations
depending on the configuration of the surrounding grid-points. For the evaluation of the

transverse gradients at t0 and t1, A
j

p · ∂p
∂τ (x0, y0, t0) and A

j

p · ∂p
∂τ (x1, y1, t1), the quantities

are first estimated at the interpolation points ( ). The gradients ∂p

∂x and ∂p

∂y are computed

depending on the grid-points available (see Table 3.4). For the edges, evaluating only one
of the two gradients is needed as the transverse direction is either the x-axis or the y-
axis. For the corners and the anti-corners, both gradients are evaluated to obtain the
gradients in the rotated frame (en1,en2). Similar to the estimation of p(x0, y0, t0), the

quantities A
j

p · ∂p

∂τ (x0, y0, t0) and A
j

p · ∂p

∂τ (x1, y1, t1) are computed using a linear or planar
interpolation depending on the configuration.
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3.6 Numerical examples

In this section, the case of a vapor bubble advected by a constant velocity field is used
to evaluate the performance of the method proposed. The initial conditions are first
discussed, and special emphasis is put on the parameters characterizing the reference do-
main. The method proposed is first compared to the conventional Hedstrom boundary
conditions in regions of the multi-phase diagram where the speed of sound is not imagi-
nary. Then the time dependency of the error over the domain is analyzed as the bubble
moves closer to the edges of the computational domain. The study is repeated at several
temperatures and mean flow velocities. As the temperature moves away from the critical
point, the initial bubble conditions do not match the physical equilibrium: the amplitude
of the initial perturbation waves created by the bubble increases. By considering different
velocities, the role of the parabolic and capillary terms in the wake of the moving bubble
is made clear. The influence of the criterion chosen to trigger the increase of the com-
putational domain is investigated with the introduction of a threshold. This threshold is
used to characterize in a ρ-T diagram the region where application of open boundary con-
ditions is not possible. By varying the threshold, this region can be gradually extended
from the domain delimited by the symmetrizer criterion (see Fig. 3.1) to fit on top of
the multi-phase domain. The distance separating the detectors from the boundary also
modifies how the computational domain is extended. Its influence on the interactions
between the interface and the edges is studied by varying the location of the detector and
computing the resulting error. The numerical stability of the method is then addressed:
perturbations are introduced in the initial conditions and in the far-field conditions. The
resulting error is analyzed. Its maximum over time remains bounded.

3.6.1 Description of the test case

3.6.1.1 Reference case

To quantify the influence of the open boundary conditions, the interior solution is com-
pared to the one obtained on a reference domain. The size of this reference domain is
designed to prevent the traveling perturbations from bouncing back into the domain of
interest. Hence, the size is constrained by the maximum speed of the traveling waves and
the simulation duration.

If vm is the velocity of the mean flow and c the speed of sound, the maximum speed of
the traveling perturbation is given by (|vm| + c). Denoting by LDI

the size of the domain
of interest and by td the simulation duration, the extent of the reference domain Lref

should satisfy:

Lref ≥ LDI
+ (|vm| + c)td (3.46)

3.6.1.2 Initial conditions

The test case considered is a saturated vapor bubble transported by a constant mean
flow. In the beginning of the simulation, for a defined constant temperature field, the
bubble is initialized in the center of the domain. Its radius is computed as two times
the equilibrium interface length and the total size of the interior domain is set to prevent
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interface-boundary interactions in the beginning. The characteristic parameters for the
initial conditions are gathered on Fig. 3.11.
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Figure 3.11: Initial conditions for the test case: for a defined constant temperature field,
a saturated vapor bubble of radius R is initialized in the center. The equilibrium interface
length and mass densities for the saturated liquid and vapor phases, respectively Li(T ),
ρl(T ), and ρv(T ), are approximated for water [34]. These approximations become less
accurate away from the critical temperature (T = 1). The characteristic length preventing
interface-boundary interactions in the beginning of the simulation is set as four times the
width of the interface. This length in combination with the radius of the bubble constrains
the total extent of the domain of interest LDI

. This test case is designed to study the
interface-boundary interactions as the bubble comes close to the edges of the domain of
interest. Thus, the simulation duration, td, is set to allow the bubble transported by a
constant mean flow, |vm|, to completely leave the domain. The maximum speed of the
traveling waves is determined for the liquid phase as the speed of sound is larger in this
phase than in the saturated vapor phase (see Eqs. (3.15), (3.20), and (3.21)). The extent
of the reference domain, Lref, is deduced from Eq. (3.46)

3.6.1.3 Error computation

The error induced by the method proposed is evaluated by comparing the mass density
field on the domain of interest DI to the one computed on the reference domain Dref.

error(t) = max
(x,y)∈DI

[ |ρ(x, y, t) − ρref(x, y, t)|
ρref(x, y, t)

]

(3.47)

where ρ and ρref are the mass densities computed on the domain of interest with the
method proposed and on the large reference domain.
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3.6.1.4 Criteria for domain extension

The extension of the computational domain is triggered by the symmetrizer criterion
defined in Section 3.2.3. In the numerical examples, the influence of this criterion on the
total error is studied by modifying an additional threshold parameter. This parameter
controls the region where the application of open boundary conditions is not possible:
this region can be enlarged from the original symmetrizer region to the entire multi-phase
domain (see Fig. 3.12).

A first threshold parameter τ is introduced in such a way that the regions defined by
τ = 0 and τ = 1 correspond respectively to the multi-phase curves and the symmetrizer
criterion in the ρ-T diagram and any region with τ ∈ [0, 1] is an extension of the domain
delimited by the symmetrizer criterion and included in the multi-phase region. By de-
noting ρl(T ) and ρv(T ) the saturated liquid and mass densities at temperature T and by
ρS

l (T ) and ρS
v (T ) the corresponding curves for the symmetrizer criterion (see Eq. (3.31)),

the region Aτ triggering the extension of the computational domain for a defined τ is
constructed using the following equations:

ρτ
v(T ) = (1 − τ)ρv(T ) + τρS

v (T )

ρτ
l (T ) = (1 − τ)ρl(T ) + τρS

l (T )
(3.48)

(ρ, T ) ∈ Aτ ⇔ ρ ∈ [ρτ
v(T ), ρτ

l (T )] (3.49)

On Fig. 3.12, the regions delimited for τ ∈ [0, 0.25, 0.5, 0.75, 1.0] are depicted from
dark to light grey.

A simpler criterion α is introduced by only using the mass densities of the saturated
vapor and liquid phases. The parameter α delimits regions in the ρ-T as follows:

ρα
v (T ) = ρv(T ) + α

(
ρl(T ) + ρv(T )

2
− ρv(T )

)

ρα
l (T ) = ρl(T ) − α

(

ρl(T ) − ρl(T ) + ρv(T )

2

) (3.50)

(ρ, T ) ∈ Aα ⇔ ρ ∈ [ρα
v (T ), ρα

l (T )] (3.51)

With this criterion, the regions delimited for τ ∈ [0, 0.25, 0.5, 0.75, 1.0] on Fig. 3.12
can be approximated by the ones defined by α ∈ [0, 0.1, 0.2, 0.3, 0.4]

3.6.1.5 Investigation of the numerical stability

To study the numerical stability of the boundary conditions, perturbations are introduced
in the initial conditions or the far-field values and the resulting maximum error over time
is computed.

The initial conditions are perturbed by adding smoothened Gaussian noise to the
mass density field in the beginning of the simulation. The Gaussian noise, ǫ(x, y), is
constructed by superposing a large number of sinusoidal waves with random phase angles
varying between 0 and 2π in both the x- and y-directions:

ǫ(x, y) = P x(x)P y(y) (3.52)
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Figure 3.12: Regions triggering the extension of the computational domain in the ρ-T
diagram depending on a threshold parameter: the influence of the criterion for the ex-
tension of the computational domain is studied by introducing a threshold parameter
(τ (see Eq. (3.49)) or α (see Eq. (3.51))). By varying this threshold, the correspond-
ing region in the ρ-T diagram is gradually extended from the domain delimited by the
symmetrizer criterion (see Eq. (3.31) and Fig. 3.1) to the boundary of the multi-phase
domain. The regions depicted from dark to light grey colors correspond to the domains
{Aτ , τ ∈ {0, 0.25, 0.5, 0.75, 1.0}} with the τ -parametrization. These regions are similar to
the domains defined by {Aα, α ∈ {0, 0.1, 0.2, 0.3, 0.4}} with the α-parametrization.
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P xi(xi) =

Ni

∑

n=1

(2Si
P (ki

n)∆ki)
1/2

cos
(
ki

nxi + φi
n

)

ki
n = n∆ki

(3.53)

The amplitudes of the sinusoidal waves are defined using a power spectral density
function Si

P (ki
n):

Si
P (k) =

2Ki

k2
exp

(

−2Ki

k

)

(3.54)

The smoothing function fS(x, y) ensures that the noise vanishes smoothly at the edges
of the interior domain and is given by:

px
S(x) = 1 −

(
2(x − xmin)

xmax − xmin

− 1

)2

py
S(y) = 1 −

(
2(y − ymin)

ymax − ymin

− 1

)2

fS(x, y) = A(ρl(T ) − ρv(T ))
px

S(x)py
S(y)

max{|ǫ(x, y)|, (x, y) ∈ DI}

(3.55)

where A is the perturbation amplitude relative to the difference between the saturated
liquid and vapor mass densities. The parameters used in the simulations are gathered in
Table 3.5.

x-direction (xi = x) y-direction (xi = y)

N i xmax − xmin

8∆x

ymax − ymin

8∆y

∆ki 2π

xmax − xmin

2π

ymax − ymin

Ki Nx∆kx

4

Ny∆ky

4

Table 3.5: Parameters for the random Gaussian noise in the x- and y-directions. Eight
grid-points are chosen to spatially resolve the smallest period of the sinusoidal wave. The
limits of the domain of interest are denoted by xmin and xmax in the x-direction and ymin

and ymax in the y-direction.

For the perturbation of the boundary conditions, a discrepancy is introduced between
the initial conditions and the values imposed in the far-field (ρ, ρu, ρv, ρE). For the tem-
perature perturbation tests, the temperature used in the far-field, T0(1 + ǫT ), deviates
from the temperature used to initialize the field, T0. This deviation affects the compu-
tation of the mass densities for the liquid and the vapor phases, and consequently the
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other governing variables (ρu, ρv, ρE). The perturbation of the velocity in the y-direction
is performed in a similar way. The velocity v0(1 + ǫv) imposed in the far-field differs
from the initial mean flow v0. This deviation only affects the y-momentum and the total
energy (ρv, ρE).

3.6.2 Performance of conventional and extended boundary conditions

As the test cases are performed at temperatures T ∈ [0.95, 0.99, 0.995, 0.999] with water
cv = 3.05, the speed of sound is not imaginary in this region of the ρ-T diagram (see
Fig. 3.1). Thus, it is possible to directly use the conventional boundary conditions and
compare the results with the method proposed.

The conventional and the extended boundary conditions are compared using the
maximum of the error reached during the simulation and over the same domain of in-
terest DI. On Table 3.6 the maximum error is given for the temperature test cases
T ∈ {0.95, 0.99, 0.995, 0.999} and v = 0.1 and on Table 3.7 the simulations are compared
at T = 0.99 for various velocities v ∈ {0.05, 0.1, 0.25, 0.5}. Distinction is also made be-
tween two procedures to compute the eigen-quantities at the boundary. In the first case,
the values of the edge grid-points are used to estimate the eigenvalues and the eigen-
vectors needed for the boundary conditions (see Eq. (3.35)). In the second case, these
eigen-quantities are estimated using the far-field values which are fixed by the initial
conditions.

In the case of the conventional boundary conditions, the computational domain is
fixed. When the interface reaches the edge, the bubble is treated as a circular wave. The
conventional boundary conditions neglect the contribution from the capillary terms.

Compared to the conventional boundary conditions, the extended method is not un-
stable even when the boundary grid-points are used for the computation of the eigen-
quantities at the edge. With the fixed far-field values, the improvement in the error is
not significant as the major source of the perturbation is due to the reflections in the first
phase and not the extension of the computational domain itself. In the case of conven-
tional boundary conditions, the error produced by the distortion of the interface is not
large. Surprisingly, it seems that neglecting the contribution of the capillary terms at the
boundary results in creating a new equilibrium as if a 90◦ contact angle boundary was im-
posed. Distortion effects may become important with different topologies and especially
if the bubble does not have an equilibrium shape when crossing the edge. As for the
extended boundary conditions, the error profile over time and the major sources of per-
turbations are presented in the next part. In the following, the error graphs are presented
for the simulations where the far-field values are used to compute the eigen-quantities.
The qualitative analysis remains similar when the eigen-quantities are estimated with the
boundary grid-points.
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Error conventional b.c. Error extended b.c.

Temperature far-field bc values far-field bc values

0.95 9.6 × 10−1 unstable 5.0 × 10−2 5.6 × 10−2

0.99 1.5 × 10−1 unstable 4.8 × 10−3 3.8 × 10−3

0.995 4.3 × 10−2 unstable 1.5 × 10−3 6.3 × 10−4

0.999 2.9 × 10−3 unstable 4.5 × 10−4 4.5 × 10−4

Table 3.6: Comparison of the maximum error reached during the simulation and
over the domain of interest for a fixed computational domain using the conventional
boundary conditions or an adaptive domain at v = 0.1 and for temperatures T ∈
{0.95, 0.99, 0.995, 0.999}

Error conventional b.c. Error extended b.c.

Velocity far-field bc values far-field bc values

0.05 1.9 × 10−1 unstable 5.7 × 10−3 1.2 × 10−2

0.1 1.5 × 10−1 unstable 4.8 × 10−3 3.8 × 10−3

0.25 1.1 × 10−1 unstable 1.8 × 10−3 3.7 × 10−4

0.5 9.2 × 10−2 unstable 8.6 × 10−4 6.8 × 10−4

Table 3.7: Comparison of the maximum error reached during the simulation and over
the domain of interest for a fixed computational domain using the conventional boundary
conditions or an adaptive domain at T = 0.99 and for velocities v ∈ {0.05, 0.1, 0.25, 0.5}
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3.6.3 Main error characteristics

The perturbations induced by the method proposed on the solution in the interior domain
result in a characteristic evolution in time. Two test cases, at low and high temperatures,
are discussed in detail and the analysis is then extended to different temperatures and
velocities in the next part.

Away from the critical temperature, the functions used to approximate the mass
densities of the saturated liquid and vapor phases as well as the interface length deviate
from the physical equilibrium values. As a consequence, the bubble initialized with a
constant temperature field T = 0.95 will generate a perturbation wave with a larger
amplitude than the test case with the same mean flow but a higher temperature, e.g.
T = 0.999. The initial perturbation wave created by the bubble has a significant influence
on the error profile over time. For this reason, the error profiles are first presented for the
test cases [T, v] = [0.95, 0.1] and [T, v] = [0.999, 0.1].

3.6.3.1 Analysis of the low temperature test case

Fig. 3.13 depicts the maximum error over the domain of interest as a function of time
in combination with the y-position where the maximum is reached. Fig. 3.14 shows the
relative error in the domain at various time steps characteristic of the phases indicated in
Fig. 3.13. The linear scale is not constant over the pictures to facilitate the identification
of the location where the maximum error is reached. Moreover, these pictures are only
used for qualitative analysis.

The error profile can be divided in six main phases identified on Fig. 3.13:

1. Away from the critical temperature, the approximations of the mass densities for
the saturated liquid and vapor phases as well as the interface length deviate from
the equilibrium values. Therefore, in the beginning of the simulation, the capillary
terms in the DIM governing equations try to restore the real physical equilibrium
and create a circular perturbation wave. This wave travels to the edges of the
computational domain and as the conventional boundary conditions are not perfect
(especially for incident angles different from the normal direction), part of this per-
turbation is reflected inside the interior domain. As the mean flow is oriented along
the y-direction, the circular wave hits the upper boundary of the computational do-
main first, then the lateral boundaries, and finally the lower boundary. On picture
(1) of Fig. 3.14, the order in which the boundaries are reached by the perturbation
wave can be seen: the amplitude of the error is large at the bottom (the wave is not
reflected yet) and the penetration depth of the reflected wave is larger at the top
than at the sides.

2. The reflected part of the perturbation reaches the bubble interface and modifies the
equilibrium. As this equilibrium is very sensitive to the values across the interface,
the bubble contour becomes the location of the maximum error. As the bubble is
moving upwards the interaction between the interface front and the upper boundary
is stronger (the travelling perturbations are less dissipated by the parabolic terms
over a short distance). This can be seen on the picture (2) of Fig. 3.14 and on the
top figure the position of maximum error is travelling at constant speed (the mean
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flow velocity) toward the upper boundary of the computational domain.

3. As the perturbed interface is approaching the upper edge, the detectors trigger
the increase of the computational domain. The perturbations introduced when
creating the new grid-points travel inside the interior domain and influence the
bubble equilibrium.

4. As the bubble enters the buffer layer, the front where the maximum error is located
leaves the interior domain. The relative error decreases.

5. The increase of the buffer layer to contain the entire bubble perturbs its equilibrium.
The perturbations hitting the bubble front can also travel along the interface where
the maximum error is located. When the bubble is completely contained in the
buffer layer, the major source of error has left the interior domain leading to a
sudden drop in the maximum error.

6. When the buffer layer is removed, the gradients in the wake of the bubble create
additional perturbations when the conventional boundary conditions are applied
at the boundaries of the interior domain (the Hedstrom boundary conditions only
consider the information in the normal direction to compute the time derivatives).
These perturbations can also travel inside the computational domain and be re-
flected by the other boundaries. These last disturbances are very small compared
to the rest of the error profile.

3.6.3.2 Analysis of the high temperature test case

Fig. 3.15 depicts the maximum error over the domain of interest as a function of time
in combination with the y-position where the maximum is reached for the high temper-
ature test case. Fig. 3.16 shows the relative error in the domain at various time steps
characteristic of the phases identified in Fig. 3.15. The linear scale is not constant over
the pictures to facilitate the identification where the maximum error is reached.

The evolution of the error can be analyzed in four main phases:

1. The initial conditions are not the real physical equilibrium as the values used for
the saturated liquid and vapor mass densities as well as the interface length are
approximations. Thus the capillary terms create a circular perturbation wave that
travels towards the boundaries of the computational domain. This wave is reflected
because the Hedstrom boundary conditions are not perfect (see picture (1) in Fig.
3.16). The amplitude of this perturbation is much smaller than in the low tem-
perature simulation as the initial conditions approximate the real equilibrium more
accurately.

2. The perturbations reflected by the boundaries of the computational domain influ-
ence the bubble equilibrium. As the amplitude of the travelling perturbations is
small compared to the low temperature case, the interaction between the interface
and the boundary becomes significant (sudden increase) only when the bubble is
close to the boundary.
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(4) (5) (6)(3)(2)(1)

Figure 3.13: Maximum of the error and its location along the y-axis at T = 0.95 and
v = 0.1: the maximum error over space is indicated by the continuous black line ( ).
The y-location where the maximum error is reached is displayed with grey squares ( ).

(1) (2) (3)

(4) (5) (6)

Figure 3.14: Maximum of the error at T = 0.95 and v = 0.1 for time steps characteristic
of the phases (1)-(6) identified on Fig. 3.13: the linear scale is not constant over the
pictures to facilitate the identification of the regions where the maximum error is located
(in red) from the regions corresponding to low error (in blue).
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3. When the interface is close to the boundaries of the computational domain, the
domain is extended and the new grid-points introduce perturbations in the interior
domain. Unlike the low temperature case, the far-field values used to compute the
new grid-points approximate well the physical equilibrium and the amplitude of the
new perturbations is small. The increase of the buffer layer also ensures that a
constant distance is kept between the bubble and the boundaries : the interactions
do not strengthen and the error, previously increasing, is now bounded. The location
where the error is concentrated leaves the interior domain as the bubble moves inside
the buffer layer. The relative maximum error decreases.

4. When the buffer layer is removed, the gradients in the wake of the bubble create
additional perturbations when the conventional boundary conditions are applied
at the boundaries of the interior domain. Unlike the low temperature case, these
perturbations are visible as the maximum error in the interior domain is small before
the removal of the buffer layer.
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Figure 3.15: Maximum of the error and its location along the y-axis at T = 0.999 and
v = 0.1: the maximum error over space is indicated by the continuous black line ( ).
The y-location where the maximum error is reached is displayed with grey squares ( ).
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Figure 3.16: Maximum of the error at T = 0.999 and v = 0.1 for time steps characteristic
of the phases (1)-(4) identified on Fig. 3.15: the linear scale is not constant over the
pictures to facilitate the identification of the regions where the maximum error is located
(in red) from the regions corresponding to low error (in blue).
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Figure 3.17: Mass density contours at T = 0.95 and v = 0.1 (left) and T = 0.999 and
v = 0.1 (right): the mass density range is [ρmin, ρmax] = [0.5768, 1.460] at T = 0.95 and
[ρmin, ρmax] = [0.9295, 1.075] at T = 0.999. The mass density contours are depicted for
the last tenth of the range: [1.3806, 1.460] at T = 0.95 and [1.0619, 1.075] at T = 0.999

Figure 3.18: Mass density contours at T = 0.99 and v = 0.1 (left) and T = 0.99 and
v = 0.5 (right): the mass density range is [ρmin, ρmax] = [0.7845, 1.219] at v = 0.1 and
[ρmin, ρmax] = [0.7479, 1.245] at v = 0.5. The mass density contours are depicted for the
last tenth of the range: [1.17967, 1.219] at v = 0.1 and [1.2, 1.245] for v = 0.5.
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3.6.4 Influence of temperature and velocity on the error profile

In the previous part, three main sources of error are identified: in the first phase, when
the bubble is away from the edges of the computational domain, the main source of
error is due to the initial perturbations created by the non-equilibrium initial state of
the bubble that are reflected by the boundaries. Then, when the domain is extended,
the error is caused by the discrepancy between the values imposed in the far-field and
the real equilibrium values (especially the values for the mass densities in the saturated
phases). The final major source of error depends on the intensity of the gradients in the
bubble wake when the buffer layer is removed. These remaining transverse perturbations
are not taken into account by the conventional Hedstrom boundary conditions when they
are applied at the boundaries of the interior domain.

The influence of temperature on the maximum error profile is analyzed first. On Fig.
3.19, the maximum of the error is depicted for temperatures T ∈ {0.95, 0.99, 0.995, 0.999}.

For the first phase, it was emphasized in the previous part that the temperature has
an influence on the amplitude of the initial perturbations created by the bubble. Away
from the critical temperature (T = 1), the approximation of the mass densities for the
saturated liquid and vapor phases is less accurate. As a consequence, the amplitude of the
initial perturbation created by the bubble to reach the real equilibrium increases. From
T = 0.95 to T = 0.995, the maximum of the error decreases with increasing temperature.
At T = 0.999, the amplitude of the initial perturbation is not important and the interface-
boundary interaction is initially small.

In the second phase, most of the error is due to the discrepancy between the val-
ues imposed in the far-field and the real physical equilibrium. This difference introduces
perturbations when new grid-points are created. At T = 0.999, the error peak initially
created by the extension of the computational domain decreases as the additional pertur-
bations do not have a significant impact on the interface as it leaves the interior domain.
For the other temperatures, the maximum error first localized at the bubble front is still
significantly perturbed by the extension. The perturbations spread along the bubble in-
terface leading to two peaks in the error profile (the interface front leaves the interior
domain and then the maximum error is localized at the back of the bubble). If the values
for the mass densities of the saturated phases were more accurate for the temperatures T
∈ {0.95.0.99, 0.995}, their error profiles would exhibit a continuous decay as the bubble
leaves the interior domain.

When the buffer layer is removed, the wake of the bubble presents gradients whose
intensity depends on temperature (see Fig. 3.17). These transverse gradients lead to
additional perturbations when the conventional Hedstrom boundary conditions are ap-
plied at the boundaries of the interior domain. The use of Yoo and Lodato’s boundary
conditions [162, 161, 86] would improve the results, especially for the T = 0.999 case
where they play a significant role: information in the transverse direction is used for the
computation of the characteristic amplitudes in the normal direction.

The same phases can be observed on Fig. 3.20, where the error profile is depicted as a
function of time at T = 0.99 for velocities v ∈ {0.05, 0.1, 0.25, 0.5}. Unlike the simulations
at different temperatures presented earlier, the amplitudes of the initial perturbations
created by the bubble are of the same order of magnitude for all the test cases in Fig.
3.20. At higher mean flow velocities, the bubble is transported faster while the relative
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velocity between the moving bubble and the acoustic waves remains the same. Therefore,
at higher mean flow velocities, the residence time of the bubble in the interior domain
decreases and there is less interaction between the interface and the boundary. The
maximum error in the first phase decreases for faster mean flows.

In the second phase, the bubble triggers the domain extension and is later confined
inside the buffer layer. The maximum error is first localized at the front of the bubble.
The equilibrium perturbations encountered at the front are then spread over the entire
bubble interface by the parabolic and the capillary terms. The time characterizing the
response of these terms does not depend on the mean flow velocity. Therefore, at higher
mean flow velocity the non-hyperbolic terms have less time to perturb the entire interface
and the maximum error decreases.

The main source of error when the buffer layer is removed is caused by the gradients
in the wake of the bubble. At higher velocities, these gradients are stronger (see Fig.
3.18) and the perturbations created at the removal of the buffer layer increase with faster
mean flows.

The simulations for different temperatures and velocities put emphasis on the error
sources in the first and the third phases. With different velocities, the influence of the
gradients in the wake of the bubble can be seen. By varying the temperature, the am-
plitude of the initial perturbations is modified. These perturbations are caused by the
tendency of the bubble to reach the real physical equilibrium. In the following, one of the
parameters controlling the equilibrium, the interface width, is varied to further investigate
how the bubble and the reflected waves interact.

(1) (2) (3)

Figure 3.19: Maximum mass density error over space for the temperatures T ∈
{0.95, 0.99, 0.995, 0.999} at v = 0.1
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(1) (2) (3)

Figure 3.20: Maximum mass density error over space for the velocities v ∈
{0.05, 0.1, 0.25, 0.5} at T = 0.99

3.6.5 Influence of the initial interface width

When studying the influence of the temperature on the error, the role of the initial
reflections created by the bubble caused by its non-equilibrium initial condition. This
physical equilibrium is characterized by the mass densities of the saturated liquid and
vapor phases and the interface width. In this part, the interface width prescribed for the
initial mass density field is perturbed and the resulting error in time is computed. Unlike
the simulations studying the numerical stability, the reference simulation is re-computed
for each interface width so that the simulations on the small and large domains have the
same initial conditions. At T = 0.95, it was observed that the interface tends to shrink
as the bubble moves forward. Therefore, for this study the interface is perturbed by
decreasing its length by 30% to 50%.

The error profiles resulting from the modification of the interface length in the be-
ginning of the simulation are depicted on Figs. 3.21-3.24. Except for the simulation
at T = 0.95, the modification of the interface width does not significantly change the
influence of the reflections in the first phase of the error profile (see Fig. 3.21).

By reducing the initial interface width, the gradients in the vicinity of the bubble are
sharper and the region where the open boundary conditions cannot be applied is smaller.
However, the reduction of this region is too small to change the behavior of the detectors.

The sharper mass density gradients result in concentrating the free energy closer to
the interface and therefore increasing the apparent surface tension of the bubble. The time
characterizing the relaxation of the interface width is of the same order as the simulation
duration. As a consequence, the bubble moving upward in the interior domain and inside
the buffer layer behaves closer to a rigid body and is less influenced by the perturbations
if the latter are small enough. As the error is concentrated in the interface region, this
results in a smaller maximum error for the second phase of the error profile. This is the
case for the simulations at T ∈ {0.99, 0.995, 0.999} (see Figs. 3.22-3.24). At T = 0.95,
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the perturbations induced by the creation of the new grid-points seem to be too large
to be counterbalanced by the larger apparent surface tension: the bubble equilibrium is
influenced and the relative error is similar.

At T = 0.995 and T = 0.999, the sudden increase of the maximum error is modified
in the first phase: the slope is steeper and the increase is delayed with smaller interface
length. This may also be explained by the rigid body behavior. When the interface is
stiffer, a larger part of the waves reflected by the boundary is returned instead of being
absorbed by the bubble as it is moving upwards. Therefore, the bubble can come closer
to the boundary before the interactions become dominant. This results in a delay in the
first phase of the error profile. Furthermore, the bubble state has been less influenced
by the reflections when it comes close to the boundary. So when the interactions with
the boundary are finally dominant, they have a stronger impact on the bubble state: the
increase of the error is larger at the end of the first phase for smaller interface width. The
rigid body effect may also explain why the second peak in the second phase is damped for
smaller interface width. This peak corresponds to the back of the interface influenced by
the perturbations interacting with the front of the bubble. If the perturbations influence
less the bubble front, they are less transfered to the back. Finally, as a rigid body distorts
the wake of the flow more, the gradients are stronger when the buffer layer is removed
and the relative error increases in the third phase.

The previous parts focused on the interactions between the bubble and the boundary
while the extension of the domain was triggered at the same moment. In the next parts,
the criterion controlling the increase and removal of the buffer layer is varied and the
position of the detectors where the criterion is evaluated are modified. Attention is paid
to the interactions between the bubble and the buffer layer itself and consequently the
second and third phase of the error profile.

(3)(2)(1)

Figure 3.21: Maximum mass density error over space at T = 0.95 and v = 0.1 for interface
widths Li(1 + ǫL) with ǫL ∈ {−0.5, −0.4, −0.3, 0.0}



3.6 Numerical examples 91

(3)(2)(1)

Figure 3.22: Maximum mass density error over space at T = 0.99 and v = 0.1 for interface
widths Li(1 + ǫL) with ǫL ∈ {−0.5, −0.4, −0.3, 0.0}

(3)(2)(1)

Figure 3.23: Maximum mass density error over space at T = 0.995 and v = 0.1 for
interface widths Li(1 + ǫL) with ǫL ∈ {−0.5, −0.4, −0.3, 0.0}
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(3)(2)(1)

Figure 3.24: Maximum mass density error over space at T = 0.999 and v = 0.1 for
interface widths Li(1 + ǫL) with ǫL ∈ {−0.5, −0.4, −0.3, 0.0}

3.6.6 Influence of the criterion triggering the domain extension

To study the influence of the criterion chosen to trigger the extension of the computational
domain, the α-parameterization is used as it only relies on the mass densities of the
saturated phases (see Eq. (3.51)). The criterion α = 0.4 is similar to the symmetrizer
criterion used in the previous simulations as the regions delimited by both criteria almost
fit on top of each other in the ρ-T diagram. For this reason, the range of criteria α ∈
{0.05, 0.1, 0.2, 0.3} is investigated. The smaller the threshold is, the closer the region
where application of the open boundary conditions is impossible is to the multi-phase
domain (see Fig. 3.12).

Simulations have been performed for temperatures T ∈ {0.95, 0.99, 0.995, 0.999} at
mean flow velocity v = 0.1 (see Figs. 3.25-3.28) and at T = 0.99 for velocities v ∈ {0.05,
0.1, 0.25, 0.5} (see Figs. 3.29-3.31). The influence of the criterion on the error profile can
be analyzed in three phases:

1. As explained in Section 3.6.4 the main source of error during the first phase is
the reflected perturbations from the boundaries of the interior domain. As the
computational domain has not been extended yet, the criterion does not have an
influence on this phase of the error profile.

2. The second phase starts when the computational domain is extended. The creation
of the buffer layer is triggered by the criterion chosen. The smaller the threshold is,
the sooner the buffer layer is created and the further from the bubble the domain
is extended. In the second phase, the error is located at the bubble contour and its
equilibrium is very sensitive to the values across the interface. At high temperatures,
the perturbations introduced when adding new grid-points are small. Then it is
beneficial to decrease the threshold and keep the interface further away from the
boundaries (see Fig. 3.28). At low temperatures, the approximation in the far-field
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values causes the extension of the domain to create additional perturbations in the
domain. There is an optimum threshold to sufficiently increase the computational
domain and keep the interface away from the boundaries while keeping the number
of new grid-points to a minimum to prevent the mismatch between the far-field
values and the bubble equilibrium. This effect can be seen in the second half of the
second phase. The second peak corresponding to the back of the bubble leaving the
interior domain is affected by the choice of the threshold (see Fig. 3.26).

3. The criterion choice also modifies the time when the buffer layer is removed. With
larger thresholds, the conventional boundary conditions are applied sooner at the
edges of the interior domain. As the gradients are stronger close to the back of the
bubble, the maximum error is reduced for smaller threshold values.

In this part, the criterion controlling the extension of the computational domain was
studied with detectors localized at a fixed distance from the boundary. In the following,
this distance is varied to investigate how it influences the interactions between the interface
and the edges.

(3)(2)(1)

Figure 3.25: Maximum mass density error over space at T = 0.95 and v = 0.1 for different
criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}
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(3)(2)(1)

Figure 3.26: Maximum mass density error over space at T = 0.99 and v = 0.1 for different
criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}

(3)(2)(1)

Figure 3.27: Maximum mass density error over space at T = 0.995 and v = 0.1 for
different criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}
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(3)(2)(1)

Figure 3.28: Maximum mass density error over space at T = 0.999 and v = 0.1 for
different criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}

(3)(2)(1)

Figure 3.29: Maximum mass density error over space at T = 0.99 and v = 0.05 for
different criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}
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(3)(2)(1)

Figure 3.30: Maximum mass density error over space at T = 0.99 and v = 0.25 for
different criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}

(3)(2)(1)

Figure 3.31: Maximum mass density error over space at T = 0.99 and v = 0.5 for different
criteria triggering the domain extension α ∈ {0.05, 0.1, 0.2, 0.3}
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3.6.7 Influence of the distance between the detectors and the boundary

At high temperatures, T = 0.995 and T = 0.999, the amplitude of the initial circular
wave created by the bubble in order to reach its real physical equilibrium is very small
(see Fig. 3.19). In these cases, the increase of the error in the first phase is mainly caused
by interactions between the interface and the boundary when the bubble is moving very
close to the edges. In this part, the characteristic length separating the bubble from the
edge before the buffer layer is created is varied by modifying the distance between the
detectors and the boundaries of the computational domain.

Simulations have been performed for temperatures T ∈ {0.95, 0.99, 0.995, 0.999} at
mean flow velocity v = 0.1 (see Figs. 3.32-3.35). The distance separating the detectors
from the boundary is varied from two to sixteen grid-points. This range was chosen
as four grid-points are used for the other simulations in the chapter, two for the ghost
boundary points and ten to capture the mass density and pressure profiles perpendicular
to the interface.

When the detectors are placed further upstream, the bubble is detected earlier and
its removal is triggered when the bubble is further inside the buffer layer. Therefore, the
modification of the distance between the detectors and the boundary has only an influence
on the second and third phases in the error profile.

The further the detectors are located from the boundary, the further away the regions
where the capillary contribution is important are from the boundary. Therefore, the
error induced by neglecting the transverse capillary terms at the boundary is reduced.
Furthermore, the perturbations created by the new grid-points are damped on a larger
distance and the interactions between the interface and the boundary should also be
decreased. However, the increase of the distance between the detectors and the boundary
also results in a larger buffer layer. By introducing more grid-points, the number of
perturbation sources increases. Therefore, for simulations at low temperatures where the
far-field values do not perfectly match the real equilibrium, there may be an optimum
for the distance (see Figs. 3.32-3.33). At high temperatures, this effect is not present
as the perturbations induced by the new grid-points are very small. The error decreases
significantly with increased distances, but resulting in larger computational costs (see
Figs. 3.34-3.35).

In the previous parts, the influence of the initial temperature and velocity was studied.
The contribution of the reflected perturbations was then further investigated by varying
the initial interface width. Finally, the position of the detectors and the criterion control-
ling the extension of the computational domain were varied. The modification of these
different parameters enabled to identify the source of error for the three main phases. In
the following, the numerical stability of the method is addressed.
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(3)(2)(1)

Figure 3.32: Maximum mass density error over space at T = 0.95 and v = 0.1 for different
distances between the detectors and the boundaries d ∈ {2, 4, 8, 12, 16}

(3)(2)(1)

Figure 3.33: Maximum mass density error over space at T = 0.99 and v = 0.1 for different
distances between the detectors and the boundaries d ∈ {2, 4, 8, 12, 16}
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(3)(2)(1)

Figure 3.34: Maximum mass density error over space at T = 0.995 and v = 0.1 for
different distances between the detectors and the boundaries d ∈ {2, 4, 8, 12, 16}

(3)(2)(1)

Figure 3.35: Maximum mass density error over space at T = 0.999 and v = 0.1 for
different distances between the detectors and the boundaries d ∈ {2, 4, 8, 12, 16}
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3.6.8 Numerical stability

The stability of the extended boundary conditions is investigated by introducing per-
turbations either in the initial conditions or in the far-field values and computing the
resulting maximum error over time and space.

The simulations with perturbed initial conditions are all stable. The amplitude of
the perturbation applied is relative to the difference between the values of the saturated
liquid and vapor mass densities. Thus even with relative perturbation amplitudes of
50% creating new interfaces inside the bubble, the domain extension is able to identify
the non-equilibrium bubble and let it leave the interior domain. For the influence of a
discrepancy between the far-field temperature and the initial conditions, the amplitude
of the perturbation applied is limited by the critical point. For perturbations that lead
to temperatures equal or above the critical point (T = 1), the saturated liquid and vapor
mass densities are not defined (see equations in Fig. 3.11). On Fig. 3.37, for perturbations
larger than the points plotted, the perturbations generated by the discrepancy in the far-
field produce regions close to the boundary where the temperature is above the critical
temperature. This leads to instabilities. For the perturbation of the y-component of the
velocity in the far-field, disturbances larger than 1% cause the simulation to be unstable
in the anti-corner regions: recirculating flow regions appear.

For all types of perturbations, the analysis can be split in two parts with different
behavior depending on the magnitude of the disturbance introduced. For small distur-
bances, the error introduced can be neglected compared to the perturbations created by
the boundary conditions. This results in a horizontal line on Figs. 3.36-3.38. For larger
disturbances, the error introduced can no longer be neglected. The maximum error scales
linearly with the disturbance.

When the initial conditions are perturbed, the first two phases in the error profile are
mainly affected (see Fig. 3.39): the amplitudes of the reflected waves increase with larger
perturbation of the initial conditions. For the perturbation of the boundary values, as
the far-field values are only used during the domain extension, the second phase is mainly
affected: the disturbances introduced when creating the new grid-points modify the bub-
ble entering the buffer layer. The third phase is indirectly affected as the perturbations
introduced at the bubble also influence the gradients in the wake (see Figs. 3.40-3.41).

For the perturbation of the temperature, the non-linear behavior of the functions
approximating the saturated liquid and vapor mass densities results in larger errors for
the mass density in the far-field away from the critical temperature. A similar effect is
obtained when the velocity imposed in the far-field is modified. Away from the critical
point, the same disturbance in the velocity is amplified by the approximation in the mass
densities of the saturated phases. The resulting perturbations in the y-momentum and
the total energy is larger at low temperatures.

Some non-monotonic behaviors are observed for the temperature and velocity per-
turbations. For these ranges, it is suspected that the amplitude of the perturbation
counterbalances the approximation of the far-field values.



3.6 Numerical examples 101

Figure 3.36: Maximum mass density error over space and time at T ∈
{0.95, 0.99, 0.995, 0.999} and v = 0.1 for perturbations of the initial conditions

Figure 3.37: Maximum mass density error over space and time at T ∈
{0.95, 0.99, 0.995, 0.999} and v = 0.1 for perturbations of the temperature imposed in
the far-field



102 Open boundary conditions for the Diffuse Interface Model in 2-D

Figure 3.38: Maximum mass density error over space and time at T ∈
{0.95, 0.99, 0.995, 0.999} and v = 0.1 for perturbations of the y-component of the velocity
imposed in the far-field

(3)(2)(1)

Figure 3.39: Maximum mass density error in time for perturbed initial conditions at
T = 0.995 and v = 0.1. The amplitude of the initial conditions perturbation increases as
indicated by the arrow for A ∈ {1 × 10−4, 1 × 10−3, 1 × 10−2}
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(3)(2)(1)

Figure 3.40: Maximum mass density error in time for perturbed far-field temperature at
T = 0.995 and v = 0.1. The amplitude of the perturbation increases as indicated by the
arrow for ǫT ∈ {5 × 10−6, 5 × 10−5, 5 × 10−4}

(3)(2)(1)

Figure 3.41: Maximum mass density error in time for perturbed far-field y-velocity at
T = 0.995 and v = 0.1. The amplitude of the perturbation increases as indicated by the
arrow for ǫv ∈ {1 × 10−3, 5 × 10−3, 1 × 10−2}
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3.7 Conclusion

This chapter focused on extending the open boundary conditions originally designed for
the one-dimensional Diffuse Interface Model to two dimensions [34]. The original 1-D
method extends the computational domain when the interfacial regions come close to
the edges to minimize the interface-boundary interactions. For the extension to 2-D, new
reallocatable objects are introduced to handle the dynamic nature of the domain extension
in both directions. For the application of the boundary conditions, the procedures are
formalized for any geometry.

The method proposed is tested on the simple example of a saturated vapor bubble
surrounded by liquid and advected by a constant upward mean flow. The perturbations
introduced by the boundary are characterized by comparing the solution obtained with
the method proposed to results computed on a large domain. On this reference domain,
the boundary conditions do not play a role. Compared to the conventional boundary
conditions, the method is stable and enables the simulation of multi-phase flows in regions
of the ρ-T diagram where the speed of sound is imaginary. The method also reduces
the interface-boundary interactions when the bubble comes close to the edges of the
computational domain.

The numerical stability of the 2-D extension was tested by introducing perturbations
in the initial conditions and in the far-field values and computing the resulting maximum
error. The method remains stable for any perturbation of the initial conditions, even when
the unstable bubble thus created undergoes a merging process. For the perturbation of
the temperature and the velocity component of the mean flow, relative disturbances up
to 1% are allowed as long as the temperature imposed remains below the critical point.

When characterizing the perturbations introduced by the boundary conditions in
the interior domain, two main sources of error are identified. The perturbations initially
created by the bubble before the domain is extended can be significantly reflected and the
equilibrium is disturbed. More advanced CBC or PBC should be investigated to reduce
these reflections. Secondly, when the buffer layer is removed, the remaining transverse
gradients in the wake of the bubble are affected by the conventional boundary conditions.
The Hedstrom boundary conditions only make use of the gradients in the normal direction
to compute the characteristic amplitudes (see Eq. (3.35)). Boundary conditions such as
the ones developed by Yoo and Lodato [162, 161, 86] could be applied to reduce these
perturbations.

For the extension to 3-D, the main concepts developed here can be retained: splitting
the computational domain into sub-domains depending on their specific memory needs,
defining reallocatable sub-domains located at the edges, identifying the grid-points in a
separate array to track where the boundary conditions should be applied... However, the
new topologies arising in 3-D for the boundary sections are a challenge for the implemen-
tation.
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3.8 Appendix A: NS-VdW expressions

3.8.1 Primitive variables

The vector of primitive variables p = (ρ, u, v, P ) is related to the conservative quantities
by:







ρ = ρ

u = (ρu)/ρ

v = (ρv)/ρ

P =
3ρ

(3 − ρ)cv

(
ρE

ρ
− 1

2ρ2

(

(ρu)2 + (ρv)2
)

+ 3ρ

)

− 3ρ2

(3.56)

The conservative variables are computed from the primitive quantities by:







ρ = ρ

ρu = ρ ∗ u

ρv = ρ ∗ v

ρE =
1

2
ρ
(
u2 + v2

)
+

(3 − ρ)cv

3

(
P + 3ρ2

)
− 3ρ2

(3.57)

In the perfect gas limit, ρ ≪ 1 and T ≫ 1, the expression for the pressure becomes:

lim
ρ≪1
T ≫1

P =
3ρ

(3 − ✁ρ)cv

(
ρE

ρ
− 1

2ρ2

(

(ρu)
2

+ (ρv)
2
)

+ ��3ρ

)

− ✚✚3ρ2

=
1

cv

(

ρE − 1

2

(
u2 + v2

)
)

= (γ − 1)

(

ρE − 1

2

(
u2 + v2

)
)

(3.58)

where the non-dimensional expression for the heat capacity ratio in the perfect gas limit
is used:

γ =
1 + cv

cv
(3.59)

3.8.2 Jacobian matrices

The matrices A1 and A2 are related to the conservative acoustic fluxes F I and GI by:

A1 = Jp
v

∂F I

∂v
(Jp

v)−1
A2 = Jp

v

∂GI

∂v
(Jp

v)−1 (3.60)

where

Jp
v =

∂p

∂v
=

∂(ρ, u, v, P )

∂(ρ, ρu, ρv, ρE)
(3.61)
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The expressions for the Jacobian matrices, Jp
v and Jv

p, read:

Jv
p =







1 0 0 0
u ρ 0 0
v 0 ρ 0

1
2

(
u2 + v2

)
− 6ρ − 1

3 cv(P + 9(ρ − 2)ρ) ρu ρv cv

(
1 − ρ

3

)







(3.62)

Jp
v =








1 0 0 0
− u

ρ
1
ρ 0 0

− v
ρ 0 1

ρ 0

− 3(u2+v2+12ρ)+2cv(P +9(ρ−2)ρ)

2cv(−3+ρ)
3u

cv(−3+ρ)
3v

cv(−3+ρ) − 3
cv(−3+ρ)








(3.63)

We study the Jacobian matrices in the perfect gas limit, ρ ≪ 1 and T ≫ 1, where
the pressure and the kinetic energy are kept constant. Under these assumptions, the
contribution from the pressure can be neglected compared to (u2 + v2) that scales as 1/ρ.

Using Eq. (3.59), we obtain the following limits for the Jacobian matrices:

lim
ρ≪1
T ≫1

Jv
p =







1 0 0 0
u ρ 0 0
v 0 ρ 0

1
2

(
u2 + v2

)
ρu ρv cv







=







1 0 0 0
u ρ 0 0
v 0 ρ 0

1
2

(
u2 + v2

)
ρu ρv 1/(γ − 1)







(3.64)

lim
ρ≪1
T ≫1

Jp
v =








1 0 0 0
− u

ρ
1
ρ 0 0

− v
ρ 0 1

ρ 0
u2+v2

2cv
− u

cv
− v

cv

1
cv








=







1 0 0 0
−u/ρ 1/ρ 0 0
−v/ρ 0 1/ρ 0

(γ−1)
2 (u2 + v2) −(γ − 1)u −(γ − 1)v (γ − 1)







(3.65)

3.8.3 Primitives matrices

The non-dimensional NS-VdW governing equations in their primitive form read:

∂p

∂t
+ A1

p

∂p

∂x
+ A2

p

∂p

∂y
= B11

p

∂2p

∂x2
+ B22

p

∂2p

∂y2
+ B12

p

∂2p

∂x∂y
(3.66)
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where the hyperbolic and parabolic matrices are given by:

A1 =







u ρ 0 0
0 u 0 1/ρ
0 0 u 0
0 ρc2 0 u







(3.67)

A2 =







v 0 ρ 0
0 v 0 0
0 0 v 1/ρ
0 0 ρc2 v







(3.68)

B11 =







0 0 0 0
0 (2 + η

µ )/ρ 0 0

0 0 1/ρ 0
−a2

s
c2/(ρP r) 0 0 1/(ρP r)







(3.69)

B22 =







0 0 0 0
0 1/ρ 0 0
0 0 (2 + η

µ )/ρ 0

−a2
s
c2/(ρP r) 0 0 1/(ρP r)







(3.70)

B12 =







0 0 0 0
0 0 (1 + η

µ)/ρ 0

0 (1 + η
µ )/ρ 0 0

0 0 0 0







(3.71)

To estimate the primitive matrices in the perfect gas limit, ρ ≪ 1 and T ≫ 1, we first
derive the limits of the following quantities:

ρc2 =
3

cv(3 − ρ)

(
(1 + cv)P + ρ2(3 + cv(−3 + 2ρ))

)

bs =

√

P + 3ρ2

cv(P + ρ2(−3 + 2ρ))

as =
1

√

1 + b2
s

(3.72)
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lim
ρ≪1
T ≫1

ρc2 =
1 + cv

cv
P = γP

lim
ρ≪1
T ≫1

bs =

√
1

cv
=
√

γ − 1

lim
ρ≪1
T ≫1

as =
1√
γ

lim
ρ≪1
T ≫1

a2
s
c2 =

P

ρ

(3.73)

The limits of the primitive matrices are deduced:

lim
ρ≪1
T ≫1

A1 =







u ρ 0 0
0 u 0 1/ρ
0 0 u 0
0 γP 0 u







(3.74)

lim
ρ≪1
T ≫1

A2 =







v 0 ρ 0
0 v 0 0
0 0 v 1/ρ
0 0 γP v







(3.75)

lim
ρ≪1
T ≫1

B11 =







0 0 0 0
0 (2 + η

µ)/ρ 0 0

0 0 1/ρ 0
−P/(ρ2P r) 0 0 1/(ρP r)







(3.76)

lim
ρ≪1
T ≫1

B22 =







0 0 0 0
0 1/ρ 0 0
0 0 (2 + η

µ)/ρ 0

−P/(ρ2P r) 0 0 1/(ρP r)







(3.77)

lim
ρ≪1
T ≫1

B12 =







0 0 0 0
0 0 (1 + η

µ)/ρ 0

0 (1 + η
µ)/ρ 0 0

0 0 0 0







(3.78)

These expressions are the same as the ones found by Abarbanel and Gottlieb [1] (p.
3 - 5).
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3.8.4 Symmetrizer

We present the expressions for the parabolic symmetrizer, S and the symmetrized prim-
itive matrices:

S =







a−1
s ∗ ρ/c 0 0 0

0 1 0 0
0 0 1 0

as ∗ ρc 0 0 asbs ∗ ρc







(3.79)

S−1 =







as ∗ c/ρ 0 0 0
0 1 0 0
0 0 1 0

−as/bs ∗ c/ρ 0 0 1/(asbs) ∗ 1/(ρc)







(3.80)

S−1A1S =







u asc 0 0
asc u 0 asbsc
0 0 u 0
0 asbsc 0 u







(3.81)

S−1A2S =







v 0 asc 0
0 v 0 0

asc v 0 asbsc
0 asbsc 0 v







(3.82)

S−1B11S =







0 0 0 0
0 (2 + η

µ )/ρ 0 0

0 0 1/ρ 0
0 0 0 1/(ρP r)







(3.83)

S−1B22S =







0 0 0 0
0 1/ρ 0 0
0 0 (2 + η

µ )/ρ 0

0 0 0 1/(ρP r)







(3.84)

S−1B12S =







0 0 0 0
0 0 (1 + η

µ)/ρ 0

0 (1 + η
µ )/ρ 0 0

0 0 0 0







(3.85)

where we used the following identity derived from the definition of as (see Eq. (3.30)):

as =
1

√

1 + b2
s

⇔ (1 − a2
s
) = a2

s
b2
s

(3.86)
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Using the limits derived in Eq. (3.73), we can compute the limits for the matrices:

lim
ρ≪1
T ≫1

S =







√
γ ∗ ρ/c 0 0 0

0 1 0 0
0 0 1 0

1/
√

γ ∗ ρc 0 0
√

(γ − 1)/γ ∗ ρc







(3.87)

lim
ρ≪1
T ≫1

S−1 =







1/
√

γ ∗ c/ρ 0 0 0
0 1 0 0
0 0 1 0

−1/
√

γ(γ − 1) ∗ c/ρ 0 0
√

γ/(γ − 1) ∗ 1/(ρc)







(3.88)

lim
ρ≪1
T ≫1

S−1A1S =







u c/
√

γ 0 0

c/
√

γ u 0
√

(γ − 1)/γc
0 0 u 0

0
√

(γ − 1)/γc 0 u







(3.89)

lim
ρ≪1
T ≫1

S−1A2S =







v 0 c/
√

γ 0
0 v 0 0

c/
√

γ v 0
√

(γ − 1)/γc

0
√

(γ − 1)/γc 0 v







(3.90)

lim
ρ≪1
T ≫1

S−1B11S =







0 0 0 0
0 (2 + η

µ)/ρ 0 0

0 0 1/ρ 0
0 0 0 1/(ρP r)







(3.91)

lim
ρ≪1
T ≫1

S−1B22S =







0 0 0 0
0 1/ρ 0 0
0 0 (2 + η

µ)/ρ 0

0 0 0 1/(ρP r)







(3.92)

lim
ρ≪1
T ≫1

S−1B12S =







0 0 0 0
0 0 (1 + η

µ)/ρ 0

0 (1 + η
µ)/ρ 0 0

0 0 0 0







(3.93)

These expressions are identical to the ones found by Abarbanel and Gottlieb [1] (p. 9
- 12), except for the inverse of the symmetrizer: in our calculations, the component [4, 1]
of S−1 is multiplied by 1/ρ.
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3.9 Appendix B: Test case input parameters

variable value unit description

a 5.536 × 10−3 J.m3.mol−2 VdW pressure correction

b 3.049 × 10−5 m3.mol−1 VdW molar co-volume

M 18.0 × 10−3 kg.mol−1 molar mass

R 8.314 J.mol−1.K−1 universal gas constant

µ 5.525 × 10−5 Pa.s dynamic viscosity

η −3.683 × 10−5 Pa.s second dynamic viscosity

K 6.81 × 10−15 J.kg−2.m5 capillarity constant

c∗
v 1.410 × 103 J.K−1.kg−1 specific heat capacity

λ 0.6 J.s−1.K−1.m−1 thermal conductivity

ρc M/(3b) kg.m−3 critical mass density

Pc a/(27b2) Pa critical pressure

Tc 8a/(27bR) K critical temperature

uc

√

Pc/ρc m.s−1 velocity scale

L 1.0 × 10−6 m length scale

tc L/uc s time scale

η/µ −2/3 − viscous ratio

Re ρcucL/µ − Reynolds number

We (L2u2
c)/(ρcK) − Weber number

P r (µcv)/λ − Prandtl number

cv Mc∗
v/R − reduced heat capacity

Table 3.8: Test case inputs: water is used as the working fluid
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Chapter

4
Wall boundary conditions

for the Diffuse Interface

Model in 2-D

This work has been submitted to Int. J. Multiphase Flow

A
n existing wall boundary condition for the Diffuse Interface Model is extended to
model the nucleation of vapor bubbles on a solid substrate. It relies on assum-
ing a no-slip boundary condition and an instantaneous wall/fluid equilibrium.

By prescribing a wall interaction energy dependent on the mass density, it is possible to
impose a specific micro contact angle. This angle is made spatially dependent as this is
experimentally the case when a heater is located on a homogeneous wall. In combination
with conventional open boundary conditions, this enables to model vapor bubble nucle-
ation in a flowing liquid. The method is first validated on simpler test cases. First, the
retraction and spreading of vapor bubbles on both hydrophilic and hydrophobic surfaces
are investigated. Then, nucleation is studied on homogeneous substrates. The influence
of the inflow velocity on a vapor bubble initially attached to the wall helps to quantify
the sliding and the detachment regimes. Application is finally made to nucleation with an
incoming colder flow. The presence of a linear inflow profile induces a cooling rate: the
nucleation is delayed and the growth rate is reduced. After the early stages of nucleation,
the vapor bubble can experience different regimes depending on the dominant mecha-
nisms: the bubble can reach a steady state where the evaporation occurring near the wall
is balanced by the condensation at the top. Strong shear rates can lead to movement
(sliding/detachment) of the bubble and trigger a second nucleation. The additional heat
also tends to inhibit bubble detachment. In further research, relaxing the wall equilibrium
and no-slip boundary conditions will enable dynamic micro contact angles and modify the
regimes observed in this study as well as their transitions.
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4.1 Introduction

Despite its numerous applications, the description of moving contact lines (MCL) and
their numerical modeling remain challenging because of the strong multi-scale nature of
the problem [40, 48, 115, 15, 18, 137, 143]. The microscopic interactions between fluid and
substrate influence the contact line motion on the macro-scale and give rise to dynamical
transitions in the flow behavior.

Modeling the problem of forced wetting inside a tube already presents several chal-
lenges as singularities arise when the interface is described as a discontinuity between
the two fluids [66, 41, 132]. The velocity is multi-valued at the contact line: the wall is
stationary while the interface should move thus violating the no-slip boundary condition.
Furthermore, the viscous dissipation energy diverges logarithmically as the distance to
the contact line goes to zero or infinity [66, 41]. Therefore, to describe the hydrodynamics,
a cutoff at both small and large scales is necessary and four main approaches have been
proposed in literature to describe the MCL problem.

In the hydrodynamic approach, three distinct regions are defined depending on the
dominant forces (recently Sibley et al. show that only two regions are necessary [136]).
On the micro-scale, the singularities are alleviated using either a slip (Navier) boundary
condition [93, 66, 40] or a disjoining pressure approach [48, 126]. The disjoining pressure
arises from the attractive forces between the fluid and the substrate and creates a thin
film (precursor film) ahead of the contact line. This idea originating from experimental
observations with complete wetting [40] has also been reformulated to be applicable for
partial wetting [49, 28]. The choice of the micro-scale boundary conditions significantly
influences the velocity profile next to the contact line. However, it does not have a direct
impact on the flow on the macro-scale [40]. The equilibrium micro contact angle does
significantly influence the solution on the meso-scale. In this range, the viscous forces are
of the same order as the capillary forces and cause the interface to bend. This solution
is described by the Cox-Voinot law [156, 30] and is matched to the outer region with the
hydrodynamic flow. Therefore, in this approach, the dynamic contact angle is interpreted
as a consequence of the viscous bending occurring at the mesoscale, below the scale of
observation.

The molecular kinetic theory (MKT) or Frenkel-Eyring view does not distinguish
three regions but only two: the molecular and the macroscopic scales [15]. This method
focuses on the attachment/detachment of fluid particles to or from the substrate. The
dynamic contact angle is attributed to a disturbance of the absorption equilibrium thus
driving the motion of the contact line. Simulations based on MKT are a powerful tool to
unveil some critical mechanisms of the MCL problem and can be used to parametrize the
boundary conditions used in a hydrodynamic continuum model [152, 153, 74, 118, 119].

A third approach is the interface formation model by Shikhmurzaev [129–131] which
accounts for dissipation both through viscous hydrodynamic forces and the non-equilibrium
thermodynamic processes occurring in the interfacial regions. The motion of the contact
line is seen as a flux from the liquid-vapor interface to the liquid-solid interface. Because
the interface properties are different, the density distribution needs to be reorganized
from one interface to the other leading to a relaxation time. This is a diffusion-based
process and it is therefore influenced by viscosity. Shikhmurzaev introduces a surface
tension related to the difference between instantaneous and equilibrium interfacial densi-



4.1 Introduction 115

ties. Therefore, the variations of the micro contact angle are directly related to the details
of the flow.

The fourth approach, adopted in this chapter, is the Diffuse Interface Model (DIM),
also called phase field method. This model aims at describing both phases (fluid-1/fluid-
2 or liquid/vapor) with only one set of governing equations. For this purpose, an order
parameter is identified to distinguish the two phases: this is the concentration in the
case of two immiscible fluids and the mass density for phase-transitional flows. Similar to
single phase fluids, the free energy of this multi-phase system is computed by summing the
molecular interactions in a small mesoscopic volume. However, in a multi-phase system,
the variations of the order parameter can be large, especially in the interface region (fluid
volume next to the interface). Therefore, these contributions lead to an additional term in
the free energy. This non-local term modifies the governing equations: in particular, the
stress tensor contains capillary effects. These governing equations are the Cahn-Hilliard
(CH) equations when the order parameter is the concentration [22, 87], and the Navier-
Stokes-Korteweg (NSK) equations for phase-transitional flows [8, 6, 82]. The capillary
effects introduced are responsible for the finite thickness of the interface at equilibrium, in
agreement with experimental observations near the critical point [13]. The DIM predicts
the same results as the sharp interface model in the asymptotic limit except that the
singularities are now resolved in the interface region [128, 87, 135, 134]: even if a no-slip
boundary condition is prescribed on the substrate, the interface can move, as a result of
diffusive fluxes in the CH equations, or due to condensation and evaporation processes
occurring at the interface for the NSK equations.

The DIM can resolve the singularities of the MCL problem. Furthermore, when an
equation of state valid in both phases closes the governing equations, it can model the
nucleation process. These two features make the DIM an attractive candidate to model
bubble nucleation on a solid substrate. A variety of wall boundary conditions is found in
literature for DIM (see Table 4.1). These boundary conditions are used to analytically
study the flow profile next to the contact line [128, 111, 110, 135, 134] or to numerically
investigate bubble detachment induced by an incoming flow [139, 36, 37]. To the authors’
knowledge, the DIM has been used to study phase change on a substrate but only in closed
systems and for surfaces on which the temperature is imposed [103, 147, 148, 84, 159].
The approach adopted in this chapteris to assume an instantaneous equilibrium between
the wall and the fluids to determine the mass density while enforcing a no-slip condition
for the velocity and a temperature gradient at the wall. In this way, the micro contact
angle at the liquid-vapor interface is imposed by the substrate and the dynamic contact
angle observed away from the three-phase point is the result of a balance between the
viscous and the capillary effects. This should be seen as a first step to investigate how the
conditions imposed on the wall can influence the nucleation and the detachment of the
vapor bubble. Further complexity (non-equilibrium and slip) will be addressed in future
work to allow the inflow to disturb the micro contact angle.

In Section 4.2, the non-dimensionalized governing equations for the DIM are pre-
sented. Away from the interface, they reduce to the NS equations which can be approxi-
mated to derive the open boundary conditions presented in Section 4.3. The derivation of
the boundary conditions for the equilibrium between the fluid and the wall is addressed
in Section 4.4. When these two types of boundary conditions are combined, it is pos-
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sible to simulate the nucleation of a vapor bubble on a solid substrate in the presence
of an incoming flow. This is illustrated in Section 4.5 with several numerical examples.
Conclusions and suggestions for further developments are discussed in Section 4.6.
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Condition Description

Mass density

wall equilibrium Lw(ρ) = 0
Instantaneous equilibrium between the
wall and the fluid
[128, 68, 20, 21, 158]1 [135, 134]2

wall relaxation
Lw(ρ) =
−τw(ρt + u · ∇ρ)

Finite relaxation time τw
characterizing the wall/fluid
equilibrium convergence
[69, 118, 119, 164, 135]

precursor film ρ = ρpr

Film of constant thickness at the
boundary with a constant mass
density ρpr [111]

Velocity

no-slip ufl − uw = 0
The velocity of the fluid ufl matches
the velocity of the wall uw at the
boundary [128, 135, 134]

viscous stress
induced slip

(ufl − uw) · t =
−(t · d · n)/Lsl

The slip velocity in the direction
tangential to the wall t is proportional
to the viscous force, d, in the normal
direction n characterized by the slip
length Lsl [93, 69]

chemical potential
induced slip

(ufl − uw) · t =
Lw(ρ)(t ·∇ρ)/Lsl

The slip velocity in the direction
tangential to the wall t is induced by
the wall equilibrium condition for the
mass density (chemical potential) and
characterized by the slip length Lsl

[14, 69]

combined model
for slip

(ufl − uw) · t =
[Lw(ρ)(t · ∇ρ) −
(t · d · n)]/Lsl

The slip velocity in the direction
tangential to the wall t is both
induced by the wall equilibrium
condition for the mass density and the
viscous stress, d [118, 15, 119, 158]

Table 4.1: Wall boundary condition for DIM: the expression for Lw(ρ) is given in Eq.
(4.46). References 1 and 2 are distinguished as they do not use the same expressions for
the interaction energy between the wall and the fluid. More precisely, the order of the
polynomial function describing the energy is different between the two (this is discussed
in more detail in Section 4.4).
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4.2 Diffuse Interface Model equations

In this section, we recall the governing equations of the Diffuse Interface Model (DIM) in
their non-dimensional form. They are closed using the Van der Waals equation of state.
The DIM system of equations can describe the equilibrium of multi-phase regions. This
equilibrium is characterized by the mass densities of the saturated liquid and vapor phases,
the width of the interface and the surface tension. These quantities can be approximated
close to the critical temperature and are of special interest to impose wall boundary
conditions in the next section. Furthermore, the space and time discretization schemes
used in the numerical implementation are presented.

4.2.1 DIM governing equations

The governing equations of the Diffuse Interface Model (DIM) consist of three conser-
vation equations and two equations of state for the pressure and the specific internal
energy. These equations are similar to the Navier-Stokes (NS) equations apart from ad-
ditional terms accounting for surface tension and the equation of state, which should
be valid for both phases. We present here briefly the formulation by Pecenko [107] and
non-dimensionalized by Desmarais [34].

The scales for mass density, temperature and pressure, (ρ, T, P ), are chosen as the
corresponding quantities at the critical point for the Van der Waals equation of state:

ρc = M/(3b) Tc = 8a/(27Rb) Pc = a/(27b2) (4.1)

where ρc, Tc and Pc are the mass density, temperature and pressure at the critical point, M
is the molar mass of the fluid, b the molar volume excluded by the molecules, a a constant
modeling the interactions between the molecules, and R the universal gas constant.

The velocity scale is proportional to the speed of sound evaluated at the critical point.
This quantity in combination with the domain size, L, as a reference length, are used to
define a characteristic time. The velocity and time scales are thus defined by:

uc =
√

Pc/ρc tc = L/uc (4.2)

These scales are used to define the Reynolds, Prandtl, and Weber numbers, as well
as the reduced heat capacity:

Re = ρcucL/µ P r = µc∗
v/λ We = uc

2L2/(ρcK) cv = Mc∗
v/R (4.3)

where µ is the dynamic viscosity, c∗
v is the specific heat capacity at constant volume, λ

the thermal conductivity, and K the capillarity constant.
Using the scaling quantities defined above, the conservative form of the DIM equations

can be formulated in 2-D as:

vt + F x + Gy = 0 (4.4)

where the subscripts t, x and y refer to the partial derivatives with respect to time, and
the coordinates along the x- and y-directions, respectively. The vector of non-dimensional
conservative variables is denoted by v = (ρ, ρu, ρv, ρE), and F and G are the flux vectors
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in the x- and y-directions. We rewrite them to identify the contributions of the inviscid,
dissipative and capillary components.

F = F I − 1

Re
F V − 1

We
F C

G = GI − 1

Re
GV − 1

We
GC

(4.5)

where F I and GI are the inviscid contributions and are responsible for wave propagation.
The contributions from the stress tensor and the dissipative Fourier heat flux are gathered
in F V and GV . The interfacial forces and the extra term in the energy equation modeling
the interfacial work, both specific to DIM, are contained in F C and GC . The expressions
for the different components of the fluxes are:

F I =







ρu
ρu2 + P

ρuv
(ρE + P ) u






, F V =







0
dxx

dxy

dxxu + dxyv − jFx







(4.6)

GI =







ρv
ρuv

ρv2 + P
(ρE + P ) v






, GV =







0
dyx

dyy

dyxu + dyyv − jFy







(4.7)

F C =







0
T xx

T xy

T xxu + T xyv − jEx







(4.8)

GC =







0
T yx

T yy

T yxu + T yyv − jEy







(4.9)

where P is the pressure, d the viscous stress tensor, jF the dissipative heat flux, T the
tensor of interfacial stresses and jE the interstitial working.

The viscous stress tensor, d, is computed under the Newtonian fluid assumption,
η/µ = −2/3 and the conduction flux, jF, is given by Fourier’s conduction law:

d =







(

2 +
η

µ

)

ux +
η

µ
vy uy + vx

uy + vx
η

µ
ux +

(

2 +
η

µ

)

vy







(4.10)
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jF = − 1

P r
∇T eff (4.11)

where T eff is related to the temperature by T eff = 8cvT/3.
We use the simplified formulation introduced by Anderson and McFadden [5, 6] for

T and the expression derived by Dunn and Serrin [38] for jE.

T =









ρ∆ρ +
1

2

(

−
(

∂ρ

∂x

)2

+

(
∂ρ

∂y

)2
)

− ∂ρ

∂x

∂ρ

∂y

− ∂ρ

∂x

∂ρ

∂y
ρ∆ρ +

1

2

((
∂ρ

∂x

)2

−
(

∂ρ

∂y

)2
)









(4.12)

jE =







ρ

(
∂u

∂x
+

∂v

∂y

)
∂ρ

∂x

ρ

(
∂u

∂x
+

∂v

∂y

)
∂ρ

∂y







(4.13)

The total energy density is the sum of the kinetic and internal energy contributions:

ρE =
1

2
ρ(u2 + v2) + E (4.14)

where E is the internal energy density that incorporates the energy induced by the inter-
facial forces:

E = E
0 +

1

2We
|∇ρ|2 (4.15)

where E 0 is the local internal energy density.
To close the system of equations, the equations of state for a Van der Waals fluid are

used:

E
0 = ρ

(
8

3
cvT − 3ρ

)

(4.16)

P =
8T

3 − ρ
ρ − 3ρ2 (4.17)

4.2.2 Multi-phase quantities near the critical point

The governing equations recalled in the previous section can describe the equilibrium
in multi-phase regions. This equilibrium is characterized by the mass densities of the
saturated liquid and vapor phases, the width of the interface and the surface tension.
The energy needed for the phase transition from liquid to vapor is given by the latent
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heat. These quantities can be approximated close to the critical point as functions of
temperature. For the particular case of water (cv = 3.05), they are given by [34]:

ρl(T ) = 1.00 + 2.08
√

1 − T (4.18)

ρv(T ) = 1.00 − 1.86
√

1 − T (4.19)

Li(T ) =
2√
We

(

−0.19 + 1.65
√

1 − T
)

(4.20)

σ(T ) =
2
√

2

3
√

We

(

9.69(1 − T )3/2
)

(4.21)

lh(T ) = 15.08
√

1 − T (4.22)

4.2.3 Space and time discretization

The DIM governing equations (see Eq. (4.4)) are discretized with a Finite Volume node-
centered scheme on a uniform Cartesian grid. Integration of the conservation laws over a
cell yields:

vt|i,j = −
F |i+ 1

2
,j − F |i− 1

2
,j

∆x
−

G|i,j+ 1

2

− G|i,j− 1

2

∆y
(4.23)

where ∆x and ∆y are the grid spacings in the x- and y- directions. The quantities
located at the edges of the cell are computed using the second-order accurate discretization
scheme:

f |i− 1

2
,j =

1

2

(

f |i−1,j + f |i,j
)

∂f

∂x

∣
∣
∣
∣
i− 1

2
,j

=
1

∆x

(

− f |i−1,j + f |i,j
)

∂f

∂y

∣
∣
∣
∣
i− 1

2
,j

=
1

2∆y

(

− f |i− 1

2
,j−1 + f |i− 1

2
,j+1

)

∂2f

∂x2

∣
∣
∣
∣
i− 1

2
,j

=
1

2∆x2

(

f |i−2,j − f |i−1,j − f |i,j + f |i+1,j

)

∂2f

∂y2

∣
∣
∣
∣
i− 1

2
,j

=
1

∆y2

(

f |i− 1

2
,j−1 − 2 f |i− 1

2
,j + f |i− 1

2
,j+1

)

∂2f

∂x∂y

∣
∣
∣
∣
i− 1

2
,j

=
1

2∆y

(

− ∂f

∂x

∣
∣
∣
∣
i− 1

2
,j−1

+
∂f

∂x

∣
∣
∣
∣
i− 1

2
,j+1

)

(4.24)
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where f is any function of the dependent variables (ρ, ρu, ρv, ρE). The space discretization
in the y-direction is performed in a similar way. This space discretization scheme requires
two rows of boundary grid-points at each boundary. For time integration, the third-order
accurate Total Variation Diminishing Runge-Kutta method, developed by Shu and Osher
[133], is used.

The grid size is chosen to ensure that the interface is captured with at least ten grid-
points in the direction perpendicular to the interface. The maximum time step, ∆t, has
to satisfy the following conditions:







max

(

|u0| ± c0

2∆x
+

√
ρ0√

4We∆x4
,

|v0| ± c0

2∆y
+

√
ρ0

√

4We∆y4

)

∆t ≤ 1.5Γ

max

(
1

∆x2
,

1

∆y2

)
4∆t

ρ0ReP r
≤ 2.5Γ

max

(
1

∆x2
,

1

∆y2

)
8∆t

3ρ0Re
≤ 2.5Γ

where ρ0, u0 and v0 are the reduced mass density and velocity components of the point
under consideration and c0 is the speed of sound evaluated at the same point. The
empirical constant, Γ, is a safety factor to remain inside the stability region of the Runge-
Kutta scheme. It has to be lower than one and Γ = 0.1 is chosen. These conditions are
an extension of the ones derived in 1-D [34].

4.3 Open boundary conditions

The open boundary conditions are implemented using the method developed by Hedstrom
[61]. With this method, the contributions in the direction normal to the boundary are
approximated by the inviscid terms. Using a characteristic approach, these terms are
identified as waves interacting at the boundary and their amplitudes are estimated by
neglecting the fluctuations in the transverse direction. Despite these crude approximations
leading to an ill-posed problem for the NS equations, the simplicity of Hedstrom’s method
makes it in practice an attractive candidate to assess the performance of the wall boundary
conditions in combination with an incoming flow. The method is presented for a boundary
normal to the x-direction. This is then extended to the y-direction and the corners.

In the interior domain, the time derivatives are evaluated as the sum of the flux
contributions in the x- and y-directions:

vt + F x + Gy = 0 (4.25)

For a boundary normal to the x-direction, the contribution of the fluxes in the y-
direction is estimated using a discretization stencil which is modified for the partial
derivatives in the x-direction. This modification accounts for the limited number of
grid-points in the x-direction because of the boundary. Therefore, the derivatives along
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the x-direction for the computation of the fluxes in the y-direction are evaluated by:

∂f

∂x

∣
∣
∣
∣
i,j− 1

2

=
1

∆x

(

− f |i,j− 1

2

+ f |i+1,j− 1

2

)

∂2f

∂x2

∣
∣
∣
∣
i,j− 1

2

=
1

∆x2

(

f |i,j− 1

2

− 2 f |i+1,j− 1

2

+ f |i+2,j− 1

2

)

∂2f

∂x∂y

∣
∣
∣
∣
i,j− 1

2

=
1

∆x

(

− ∂f

∂y

∣
∣
∣
∣
i,j− 1

2

+
∂f

∂y

∣
∣
∣
∣
i+1,j− 1

2

)

(4.26)

for the left x-boundary, x = xl. For the right boundary, x = xr, these operators are
simply reflected.

The evaluation of the fluxes in the x-direction is replaced by the application of the
open boundary conditions which only retain the inviscid terms:

F x ∼ F I
x (4.27)

This term is reformulated using the primitives variables p = (ρ, u, v, P ):

F I
x = Jv

p

(
A1

ppx

)
(4.28)

where Jv
p is the Jacobian matrix from the conservative to the primitive variables and

A1
p the matrix multiplying the first order spatial derivatives in the x-direction when the

governing equations are written using the primitive variables. To clarify the structure of
waves interacting at the boundary, this formulation is rewritten with the eigen-quantities
of the matrix A1

p:

A1
p px = Rx

p







...
λx

i Lx
p,ipx
...







(4.29)

where Rx
p and Lx

p are the right and left eigenmatrices and {λx
i , i ∈ J1, 4K} the eigenvalues.

The quantity
(
Lx

p,ipx

)
can be interpreted as the amplitude of the characteristic wave

propagating at speed λx
i in the x-direction. Therefore, using the sign of λx

i , it is possible
to differentiate the incoming from the outgoing components at the boundary. In the
papers of Kreiss [79] and Enquist and Majda [43], the mathematical background of the
boundary conditions based on characteristic wave analysis is described in detail.

incoming wave ⇔
{

λx
i > 0 (left boundary)

λx
i < 0 (right boundary)

(4.30)

outgoing wave ⇔
{

λx
i < 0 (left boundary)

λx
i > 0 (right boundary)

(4.31)
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To model the behavior of open boundary conditions, the Hedstrom method sets the
incoming components to zero. The contribution of the fluxes in the x-direction is then
modeled by:

F x ∼ Jv
p Rx

p







...
L

x
i
...







(4.32)

where the wave contribution L
x
i is given by:

L
x
i =

{

λx
i Lx

p,ipx (outgoing)

0 (incoming)
(4.33)

and the gradient of the primitive variables is evaluated using one-side differentiation
because of the limited number of grid-points at the boundary:

px|i,j =







−p[i, j] + p[i + 1, j]

∆x
(left boundary)

−p[i − 1, j] + p[i, j]

∆x
(right boundary)

(4.34)

If the boundary is normal to the y-direction, the time derivatives are computed by:

vt + F x + Jv
pRy

p







...
L

y
i
...







= 0 (4.35)

where L
y
i is the wave contribution in the y-direction and is given by :

L
y
i =

{

λy
i L

y
p,ipy (outgoing)

0 (incoming)
(4.36)

where the differentiation between the incoming and outgoing components in the y-direction
is performed using the eigenvalues in the y-direction {λy

i , i ∈ J1, 4K}.
At the corners, the flux contribution are both modeled using the open boundary

conditions in the x- and y-directions:

vt + Jv
pRx

p







...
L

x
i
...







+ Jv
pRy

p







...
L

y
i
...







= 0 (4.37)

4.4 Wall boundary conditions

In this section, the wall boundary conditions are presented for the DIM. Four conditions
are needed to prescribe the dependent variables. The relation for the mass density is
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wall

multiphase fluid

n∂Ω

∂Ωw

Ωsystem

Figure 4.1: System considered for the derivation of the wall equilibrium condition: the
system Ω is bounded by a closed contour ∂Ω containing a multi-phase fluid in contact
with a wall. The vector normal to the contour is indicated by n and oriented to the
outside of the system. The contour in contact with the wall is denoted by ∂Ωw.

derived by assuming that the wall is instantaneously at equilibrium with the multi-phase
fluid. Using a Lagrangian approach and a specific form for the wall-fluid interaction
energy, the equilibrium assumption results in a non-linear equation for the mass density
at the wall. For the velocity vector, the transverse component is prescribed by the no-slip
condition and the normal element is imposed by a condition on the stress tensor. Details
of the implementation are presented in the following sections.

4.4.1 Wall equilibrium condition

Wall boundary conditions have already been derived for the DIM [70, 69, 134]. They are
all based on the instantaneous equilibrium assumption. The approach is here recalled
for non-isothermal fluids: the wall equilibrium condition is now equivalent to maximizing
the system entropy at fixed mass and internal energy. In the following, the Lagrangian
functional is defined using the entropy and the two constraints.

For the derivation of the wall equilibrium conditions, we first define the closed system
Ω. This system contains a liquid-vapor fluid in contact with a solid wall inside the closed
contour ∂Ω. This contour is divided into two parts, ∂Ωw which is the system boundary in
contact with the wall and ∂Ω\∂Ωw the contour inside the multi-phase region. While the
wall contour is fixed by the problem geometry, the second segment can still be arbitrarily
chosen. The vector normal to the contour is denoted by n and oriented to the outside of
the system. These notations are summarized on Fig. 4.1.

The entropy density of the system is denoted by S . By definition, it is related to the
internal energy density E and the Helmholtz free energy density F by:

S =
E − F

T
(4.38)

For the DIM, where the non-local contribution of the density fluctuations is included,
the expression for the free energy density is given by [6, 134]:

F = F
0 +

1

2We
|∇ρ|2 (4.39)
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where F 0 denotes the local contribution determined by the equation of state. The second
term arises from the second gradient approximation and causes the free energy to be non-
local: not only does the free energy at any given point depend on the temperature and
the density at that point, but also on the density in the neighboring regions [82].

The total mass of the system is given by:
∫

Ω

ρdV (4.40)

The total internal energy is the sum of the fluid internal energy and the energy of inter-
action between the fluid and the wall.

∫

Ω

E (S , ρ, ∇ρ)dV +

∫

∂Ωw

E
S
w (ρ)dA (4.41)

The wall equilibrium is obtained by maximizing the system entropy at fixed total
mass and internal energy. Using the Lagrangian functional approach, it is equivalent to
maximizing the following quantity:

∫

Ω

(S + L1ρ + L2E (S , ρ, ∇ρ)) dV +

∫

∂Ωw

L2 E
S
w (ρ) dA (4.42)

where the Lagrangian multipliers L1 and L2 enforce the two constraints of given total
mass and internal energy.

If the previous quantity corresponds to an extremum for the field (S , ρ, ∇ρ), its
perturbation around the equilibrium equals zero:

δ

(∫

Ω

(S + L1ρ + L2E (S , ρ, ∇ρ)) dV +

∫

∂Ωw

L2E
S
w (ρ) dA

)

= 0 (4.43)

The system contour ∂Ω\∂Ωw is now chosen to ensure that ∇ρ · n = 0. In this case, the
previous maximization is equivalent to:







∫

Ω

(

(1 + L2T ) δS +

(

L1 + L2(g0 − 1

We
∇2ρ)

)

δρ

)

dV = 0

∫

∂Ωw

(

L2

(
dE S

w

dρ
+

1

We
∇ρ · n

)

δρ

)

dA = 0

(4.44)

Therefore, the thermodynamic equilibrium is characterized by uniform temperature and
generalized chemical potential and the partial wetting boundary condition at the wall:







L1 =
χ

T
in Ω

L2 = − 1

T
in Ω

Lw(T, ρ) = 0 on ∂Ωw

(4.45)

where the generalized chemical potential is given by χ = g0 − 1
W e∇2ρ and g0 is the specific

local free enthalpy. The expression for the wall equilibrium function reads:

Lw(T, ρ) =
dE S

w

dρ
+

1

We
∇ρ · n (4.46)
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The derivation of Eqs. (4.44)-(4.45) from Eq. (4.43) is detailed in Section 4.8. In the
next section, a specific wall interaction energy is proposed and its relation with the wall
contact angle is shown.

4.4.2 Wall interaction energy

The expression for the wall-fluid interaction energy determines the affinity of the wall with
the saturated phases. Its simplest expression is a polynomial function. It was emphasized
by Sibley et al. [135, 134] that its degree should be at least of order three. In fact, the
wall interaction energy should have two minima in the liquid and vapor phases. Thus,
in case of mass density fluctuations at the wall but away from the contact line, there
is a clear tendency to converge to one of the two phases. Furthermore, the interaction
energies in the liquid and vapor phases should match the surface tensions σsv and σsl

used in Young’s law. In contrast, in the papers by Jacqmin, Jamet and Ding [69, 71, 35]
polynomial functions of order two are used.

The third order polynomial function for the wall interaction energy is constructed
using the following conditions:

dE S
w

dρ
(ρv) = 0,

dE S
w

dρ
(ρl) = 0, E S

w (ρv) = σsv, E S
w (ρl) = σsl (4.47)

where ρv and ρl are the mass densities of the saturated vapor and liquid phases. The
resulting expressions for the wall-fluid interaction energy and its first derivative read:

E
S
w (ρ) =

(ρ − ρl)
2(2ρ + ρl − 3ρv)σsv − (ρ − ρv)2(2ρ + ρv − 3ρl)σsl

(ρl − ρv)3
(4.48)

dE S
w

dρ
(ρ) =

6(ρ − ρl)(ρ − ρv)(σsv − σsl)

(ρl − ρv)3
(4.49)

Substituting Young’s law in the last expression shows the role of the contact angle:

dE S
w

dρ
(ρ) =

6(ρ − ρl)(ρ − ρv)

(ρl − ρv)3
σ cos θm (4.50)

where θm is the microscopic contact angle and σ is the fluid surface tension. Therefore,
by combining Eqs. (4.45) and (4.50), the partial wetting condition enforcing a specific
contact angle at the wall while preventing mass density fluctuations at the wall and away
from the contact line reads [135, 134]:

6(ρ − ρl)(ρ − ρv)

(ρl − ρv)3
σ cos θm +

1

We
∇ρ · n = 0 (4.51)
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4.4.3 Velocity and temperature conditions

Additional boundary conditions are needed to prescribe the velocity and the temperature.
For the transverse component of the velocity, the no-slip boundary condition is imposed:

t ·
(

u
v

)

= 0 (4.52)

where the vector tangential to the boundary is denoted by t.
Since there is no flow through the boundary, the fluxes at the wall are computed while

constraining:

n ·
(

u
v

)

= 0 (4.53)

where the vector normal to the boundary is denoted by n.
The flow is studied at low Mach numbers so compressibility effects can be neglected.

The incompressibility assumption results in:

div

(
u
v

)

= 0 ⇒ ∂un

∂n
= 0 (4.54)

since the velocity component tangential to the boundary vanishes at the wall (see Eq.
(4.52)) and the velocity component along the normal direction n is denoted by un.

A specific heat flux is imposed by prescribing the temperature gradient at the wall.

n · ∇T =
3ReP r

8cv
Qw (4.55)

4.4.4 Numerical implementation

Next, the numerical implementation is presented for a wall localized at the bottom of the
computational domain. The normal vector n oriented to the outside of the system Ω is
the opposite of the unit vector in the y-direction, n=−ey.

Using Eqs. (4.51)-(4.55), the wall fluxes in the y-direction (see Eqs. (4.7) and (4.9))
are computed by:

GI =







0
0
P
0






, GV =







0
uy

0
ReQw






, GC =







0
T yx

T yy

0







(4.56)

From the space discretization scheme (see Eq. (4.24)), the unknowns that should be
provided by the ghost cells are (see Fig. 4.2):

(ρi,1, ρi,2, ui,2, vi,2, Ti,2) for i ∈ J1, nxK (4.57)
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(ρ, u, v, T )

i1

(ρ)

i2

j = 2

j = 1

j = 3

j = 4

Figure 4.2: Ghost-cell grid-points needed for the computation of the fluxes at the wall:
the wall is located at j = 5/2, the ghost cells correspond to {(i, j) ∈ [1, nx] × [1, 2]} and
the interior domain is defined by {(i, j) ∈ [3, nx−2]× [3, ny−2]}. The continuous line ( )
encloses the grid-points needed for the computation of the fluxes at (i1, 3) while the dashed
line ( ) indicates the grid-points needed to compute the temperature at (i2, 3). Only the
mass density needs to be evaluated at j = 1 because of the evaluation of Korteweg tensor
T yy in the capillary y-flux while the mass density, the velocity and the temperature are
necessary at j = 2 for the fluxes in the x-direction.

Using Eqs. (4.52) and (4.54)-(4.55), the determination of the ghost cells for the
velocity and the temperature is straightforward:

ui,2 = −ui,3, vi,2 = vi,3, Ti,2 = Ti,3 − 3ReP r∆y

8cv
Qw (4.58)

The mass density (ρi,2) is determined by a non-linear equation:

1

We

−ρi,j + ρi,j+1

∆y
=

dE S
w (T |i,j+ 1

2

, ρ|i,j+ 1

2

)

dρ
, j = 2 (4.59)

This equation is solved using Ridder’s method [116]. This is an iterative method that
requires an initial guess. This guess is chosen as the mass density at the same location
at the previous time step. If there were wall corners, the mass density at these locations
would have to be solved using a non-linear system of equations with two unknowns.

The mass density in the lower ghost cells, ρi,1 is estimated by equalizing the gradients
of the mass density at the wall using two different space discretization schemes:

(
∂ρ

∂y

)2nd order

i,j+ 1

2

=

(
∂ρ

∂y

)4th order

i,j+ 1

2

⇔ −ρi,j + ρi,j+1

∆x
=

ρi,j−1 − 27ρi,j + 27ρi,j+1 − ρi,j+2

24∆x
⇔ ρi,j−1 = 3ρi,j − 3ρi,j+1 + ρi,j+2

(4.60)

The implementation of the wall boundary conditions has been presented. They are
applied both when fluxes are computed and during the estimation of the grid-points in
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Solution at time level k

Evaluation of the !uxes

in the x- and y- directions

Modi"cation of the !uxes at 

the wall

Computation of the time 

derivatives from the !uxes

Computation of the interior 

nodes with the RK step

Computation of the ghost 

cells for the nodes at k+1 

using the wall boundary 

conditions

Solution at time level k+1

Time derivatives
Nodes

Figure 4.3: Implementation of the wall boundary conditions in a Finite Volume solver: the
wall boundary conditions modify the computation of the fluxes and are needed to estimate
the ghost cells once the interior nodes have been integrated with the Runge-Kutta step.

the ghost cells. This is summarized in Fig. 4.3. In the next section, the method is tested
on several cases in order to investigate the modification of the steady state imposed by
the contact angle, vapor bubble nucleation and the bubble detachment by an incoming
velocity profile.

4.5 Numerical results

In this section, several test cases are presented to assess the performance of the wall
boundary conditions. The final goal is to study whether it is possible to model the
nucleation of a vapor bubble influenced by an incoming velocity profile. In this chapter,
gravity is not taken into account, since the vapor bubbles considered here are so small
that its effect is negligible (gravity could be artificially increased as proposed by Xu and
Qian [159] to study buoyancy effects, but this will be the focus of future work). Several
intermediate test cases are considered. First, the retraction of a vapor bubble to its
spherical cap shape is studied for varying uniform contact angles imposed at the wall.
Then the nucleation process is analyzed in the absence of an incoming flow to estimate
the heat flux needed to trigger phase transition. The influence of the incoming flow on the
shape of a spherical cap is examined and the detachment is analyzed for different contact
angles and inflow velocity profiles. In this way it is possible to study the consequences of
the contact angle, the heat flux and the inflow profile independently, before considering
the effects of their interaction on vapor bubble nucleation in the final test. In the following,
the initial conditions considered for each test case are detailed, as well as the procedure
used to estimate the position of the interface. This estimation procedure is then applied
to quantify the nucleation and detachment times.
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4.5.1 Description of the test cases

Steady state on a uniform surface This test case is designed to study how the
shape of a vapor bubble converges to its steady state on a uniform surface. The initial
temperature is uniformly equal to 0.95 inside the domain, and the mass density field is
initialized as a spherical cap that would be at equilibrium if the contact angle imposed was
90◦. The initial radius equals three times the equilibrium interface width. The complete
initial conditions are given by:

ρ(x, y) =
ρl + ρv

2
+

ρl − ρv

2
tanh

(

2(
√

x2 + y2 − 3Li)

Li

)

(4.61)

and

T (x, y) = 0.95, u(x, y) = 0, v(x, y) = 0 (4.62)

where Li is the interface width (see Eq. (4.20)).
The extent of the computational domain is chosen so large that interface-boundary

interactions are prevented until the end of the simulation. As the vapor bubble should
evolve to a spherical cap shape in the absence of gravity, it is possible to determine the
maximum extent of the vapor bubble along the x-direction for hydrophobic surfaces and
the maximum height in the case of a hydrophilic wall. A distance of four times the
equilibrium interface width is kept between these extreme positions and the edges of the
domain to prevent interactions with the boundaries.

As the problem is symmetric about the line x = 0, reflection boundary conditions
are used at the left boundary. The wall boundary conditions are applied at the bottom
boundary. The top and right boundaries are computed using Hedstrom open boundary
conditions. The characteristic parameters of this test case are summarized on Fig. 4.4.

Nucleation on a uniform surface The second test case investigates how a vapor
bubble nucleates on a uniform surface in the absence of gravity and incoming flow. The
computational domain is initialized with saturated liquid in a uniform temperature field.
As an external heat flux is prescribed at the bottom of the domain, the temperature
rises near the wall and the local mass density decreases until a vapor bubble nucleates.
The temperature rise at the wall constrains the value of the initial temperature: the wall
boundary conditions cannot be applied above the critical point and therefore a sufficiently
low initial temperature should be prescribed. At the same time, the width of the interface
is very small away from the critical point and therefore a smaller grid size is required to
capture the interface gradient. A compromise is reached for T = 0.95; it is possible
to apply a sufficiently large heat flux to trigger bubble nucleation within a reasonable
simulation duration while the temperature at the wall remains below the critical point.
The initial conditions can be written as:

T (x, y) = 0.95, ρ(x, y) = ρl, u(x, y) = 0, v(x, y) = 0 (4.63)

The heat flux imposed at the wall is implemented by modifying the computation of
the fluxes for the nodes next to the wall (see Figs. 4.2 and 4.3). Its value is computed
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4Li

4Li3Li

W

O

R

liq.

vap.

Figure 4.4: Initial conditions to study the steady state on a uniform surface: a saturated
vapor bubble is initialized as a quarter disk in saturated liquid with no velocity. The ini-
tial radius is 3Li and its contour is depicted with a continuous line. The temperature is
uniformly equal to T = 0.95. The extent of the computational domain prevents boundary-
interface interactions: the extreme equilibrium positions in the cases of hydrophilic and
hydrophobic surfaces are plotted as dashed lines. The distance between these extreme
positions and the edges of the computational domain is set to 4Li. Wall boundary condi-
tions (W ) are applied at the bottom with θm ∈ {22.5, 44.5, 90.0, 112.5, 135.0}. Reflection
boundary conditions ( R ) are used at the left boundary and open boundaries ( O ) are
imposed at the top and right edges.
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using a Gaussian profile centered at x = 0 to model the spatial extent of a heater at the
same location.

Qw(x) =
Qw, m

σw

√
2π

exp

(

− x2

2σ2
w

)

(4.64)

where Qw, m is the maximum heat flux and σw is the spatial extent set as twice the
equilibrium interface width at the initial temperature:

σw = 2Li (4.65)

Vapor bubbles with radius on the order of σw can be expected and interface-boundary
interactions should be prevented. The extent of the domain should also enable to study
the growth of the vapor bubble after its nucleation. For these three reasons, the domain
size is set as eight times the equilibrium interface width in both the x- and y-directions.

The wall is located at the bottom. The contact angle prescribed is constant in the
x-direction. As this test case is also symmetric about the line x = 0, reflection boundary
conditions are used at the left boundary. Open boundary conditions at the right and
top edges fix the pressure in the far-field and enable bubble nucleation. The parameters
characterizing the test case are gathered in Fig. 4.5.

4Li

2Li

liq.

2Li

W

O

R

Figure 4.5: Initial conditions to study the nucleation of a vapor bubble in saturated liq-
uid on a uniform surface: the temperature is initially uniform, T = 0.95, and there is no
initial velocity field. An external heat flux is imposed at the bottom using a Gaussian
profile. Its maximum is varied and σw is twice the equilibrium interface width at the
initial temperature (see Eq. (4.64)). The extent of the computational domain prevents
boundary-interface interactions for bubbles whose radius is smaller than 4Li. Wall bound-
ary conditions (W ) are applied at the bottom with θm ∈ {22.5, 44.5, 90.0, 112.5, 135.0}.
Reflection boundary conditions ( R ) are used at the left boundary and open boundaries
( O ) are imposed at the top and right edges.
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Flow induced vapor bubble detachment from a non-uniform surface In this
test case, the influence of an inflow velocity on the detachment of a vapor bubble is
studied. The temperature is initially uniform and equal to T = 0.95. The initial shape of
the vapor bubble is modeled using the spherical cap approximation and is constrained by
the contact angle imposed at the bubble location and its initial volume. In the absence
of an incoming flow, this vapor bubble should be at equilibrium. Preliminary simulations
show that the radius of the bubble should be large enough to prevent bubble retraction
and potentially its complete condensation. At T = 0.95, it was noticed that an initial
radius of three times the width of the interface leads to a condensation rate that can
be neglected for the time scale relevant for this study. The mass density field is thus
initialized by:

ρ(x, y) =
ρl + ρv

2
+

ρl − ρv

2
tanh

(

2(
√

x2 + (y − yc)2 − Ri)

Li

)

(4.66)

where the initial radius and height of the bubble center are given by:

yc = Ri cos(θm), Ri =

√

Vi

π − θm + cos(θm) sin(θm)
, Vi = π (3Li)

2 (4.67)

The velocity at the inflow boundary is imposed using a linear profile:







u(x, y) = um

(
y

Ly
DI

)

v(x, y) = 0

(4.68)

where Ly
DI

is the height of the domain.
Preliminary simulations with an incoming flow on uniform surfaces show that the

vapor bubble slides along the wall. However, bubble detachment is observed in these
simulations when the wall consists of two adjacent surfaces with different contact angles.
This is modeled by enforcing the following contact angle at the wall:







θm(x) =
θm,1 + θm,2

2
+ sign(x − xc)

θm,1 − θm,2

2
tanh

(
2(x − xb)

Lθ

)

xb = xc + sign(x − xc)
Lh

2

(4.69)

where Lθ is the characteristic length scale over which the contact angle varies, θm,1 and
θm,2 are the contact angles of the surfaces 1 (wall) and 2 (heater), xc is the center of surface
2 and Lh its length. The characteristic quantities for the contact angle are summarized
on Fig. 4.6.

The characteristic length for the variation of the contact angle is set to the equilibrium
interface width at the initial temperature. Since the spherical cap should initially be at
equilibrium in the absence of flow, the length of the heater should be adapted depending
on the contact angle of the heater. In this way the distance between the interface and the
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θm,1

θm,2

xc

wall wallheater

Lh/2Lθ

Figure 4.6: Profile of the contact angle imposed for test cases with a non-uniform surface:
two surfaces with different contact angles are placed adjacent to model a heater at the
wall. The heater surface is assumed to be more hydrophobic than the wall and their
respective contact angles are indicated by θm,2 and θm,1. The center of the heater and
its length are respectively denoted by xc and Lh and the characteristic length for the
variation of the contact angle is given by Lθ.

Leq

vap.
liq.

θm,2 < 90◦

Lh = Leq(1.0 + 0. )52

Leq

Lh = Leq(1.0 + 0. )52

θm,2 > 90◦

Figure 4.7: Adaptation of the heater length depending on the contact angle imposed: the
distance between the liquid-vapor interface and the heater edge remains constant. The
initial contact length of the spherical cap on the wall is denoted by Leq. Using notations
from Eq. (4.67), it is related to the radius and the contact angle by Leq = Ri sin(θm,2)



136 Wall boundary conditions for the Diffuse Interface Model in 2-D

edge of the heater remains constant in all the simulations and it is possible to compare
the detachment time between the different cases (see Fig. 4.7):

Lh = 1.25Ri sin(θm,2) (4.70)

Because of the imposed velocity profile, the test case is no longer symmetric about
the line x = 0. For this reason, open boundary conditions are imposed on the left, right
and top of the computational domain. Wall boundary conditions with a variable contact
angle are applied on the bottom. The extent of the computational domain is so large that
interface-boundary interactions are prevented during the simulation (t ≤ 10.0) while the
bubble is deformed by the inflow.

[xmin, xmax] × [ymin, ymax] =

{

[−8Li, 24Li] × [0, 14Li] for u ≤ 0.3

[−16Li, 44Li] × [0, 14Li] for u > 0.3
(4.71)

Despite the fact that the word ”heater” is used to designate the small part of the wall
with a different contact angle, no heat is supplied in this test. The main characteristics
of the test case are summarized on Fig. 4.8.

Nucleation on a non-uniform surface influenced by the inflow This test case is
designed to investigate the influence of an incoming flow on vapor bubble nucleation on a
non-uniform surface. This is a combination of the set-up used in the previous test cases
with some properties specific to the nucleation study. The main set-up for the previous
test case is retained except that the initial mass density is now uniform and equal to the
mass density of the saturated liquid phase at the initial temperature.

T (x, y) = 0.95, ρ(x, y) = ρl (4.72)

The inflow velocity profile is linear (see Eq. (4.68)). The contact angle imposed
at the heater is 22.5◦ and the heater length is set according to Eq. (4.70). The heat
flux imposed by the heater is evaluated using the Gaussian profile from Eq. (4.64). The
standard deviation of its length, σw, is set as half the length of the heater and its maximum
is varied in the simulations. Because there is no initial vapor bubble and its deformation
is limited with θm,2 = 22.5◦, the extent of the computational domain is given by the setup
for small deformations in the previous test case.

[xmin, xmax] × [ymin, ymax] = [−8Li, 24Li] × [0, 14Li] (4.73)

The main characteristics of the test case are summarized on Fig. 4.9.
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Figure 4.8: Initial conditions to study the detachment of a bubble with a spherical cap
shape from a non-uniform surface (wall+heater): the temperature is initially uniform,
T = 0.95 and the inflow velocity is given by a linear profile. A spherical vapor bubble
is initialized at the center of the heater whose length depends on the contact angle θm,2

to keep the same distance between the bubble interface and the edge of the heater. The
extent of the computational domain prevents boundary-interface interactions for the whole
simulation duration. Wall boundary conditions (W ) are applied at the bottom with θm,1 =
0.0 and θm,2 ∈ {22.5, 44.5, 90.0, 112.5, 135.0}. Open boundaries ( O ) are imposed at the
left, right and top edges.
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Li24
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Lh = 1.25Ri sin(θm,2) W
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Figure 4.9: Initial conditions to study the nucleation of a vapor bubble influenced by
an incoming flow on a non-uniform surface (wall+heater): the temperature is initially
uniform, T = 0.95, and the inflow velocity is given by a linear profile. The mass density
field is uniform and equal to the mass density of the saturated liquid phase at the initial
temperature. The contact angle imposed on the heater is 22.5◦ and its length is given
by Eq. (4.70). A heat flux is imposed on the heater using a Gaussian profile (see Eq.
(4.64)) whose standard deviation of its length is half the heater length. The extent of
the computational domain prevents boundary-interface interactions for the simulation
duration. Wall boundary conditions (W ) are applied at the bottom with θm,1 = 0.0.
Open boundaries ( O ) are imposed at the left, right and top edges.
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4.5.2 Description of the post-processing

In this section, the post-processing of the results is discussed. The extraction of the inter-
face position as well as the computation of quantities characterizing the bubble nucleation
and detachment are discussed.

4.5.2.1 Extraction of the interface position

Two methods are implemented to extract the position of the interface depending on
the test case. They both rely on estimating where the maximum gradient of the mass
density is attained. Only the grid-points considered to search the maximum gradient vary
between the methods. In the first method, the bubble is assumed to be attached to the
wall and the position of the maximum gradient is only investigated for the grid-points of
the interior computational domain next to the wall. In the second method, the maximum
of the mass density gradient is searched inside the entire interior domain. In both cases,
the quantities located at the bubble interface are checked to determine whether the mass
density contour corresponds effectively to an interface between two phases. Otherwise,
for bubble nucleation test cases, the contour could simply be an isocontour of the mass
density field while the bubble did not nucleate yet.

The interface extraction based on the maximum gradient is performed with the fol-
lowing steps:

1. The index (im, jm) corresponding to the position of max (|∇ρ|) is determined for
the interior grid-points.

2. The quantities (T, ρ, |∇ρ|) are extracted at (i, j) = (im, jm)

3. The mass densities of the saturated vapor and liquid phases, ρv and ρl, as well as the
equilibrium interface width Li are computed for T (im, jm) using Eqs. (4.18)-(4.20).
The average mass density and the theoretical maximum gradient are computed by:

ρmd =
1

2
(ρv + ρl), |∇ρ|th =

ρl − ρv

Li
(4.74)

4. The isocontour determined by ρ = ρ(im, jm) is identified as a liquid-vapor interface
if the following conditions are satisfied:







ρ − ρmd

ρl − ρv
< 0.4

|∇ρ| ≥ 0.9|∇ρ|th
(4.75)

4.5.2.2 Determination of the contact length, the detachment time and the detachment
abscissa

Once the interface is estimated using the previous procedure, it is possible to estimate
the contact length of the vapor bubble attached to the wall. The x-coordinates of the
intersection points between the interface and the wall are found by interpolation and
denoted by (x1, x2). The contact length is then estimated as |x2 − x1|. In this way, the
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contact length can be computed for each time step before the detachment and the first time
step where the method is undermined corresponds to the detachment time. Furthermore,
in order to characterize how the bubble slides before detaching, the abscissa of the lowest
y-coordinate grid-point at the detachment time is also estimated and denoted by xd.

4.5.2.3 Determination of the vapor mass and nucleation time

The vapor mass in the domain is estimated using:

mv =

∫∫

ρv,e(x, y) dx dy (4.76)

where ρv,e is defined by:

ρv,e(x, y) =

{

ρ(x, y) if ρ < ρi

0 otherwise
(4.77)

and ρi is the mass density used to define the isodensity contour of the vapor bubble
interface.

It is possible to compute the vapor mass in the computational domain for every time
step. Then, the first time step where this vapor mass is not equal to zero is the nucleation
time.

4.5.3 Steady state computations

In this test case, a half circular vapor bubble is initialized on a uniform wall with a fixed
contact angle. If the contact angle imposed is different from 90◦, the bubble is initially not
at equilibrium and evolves to a spherical cap shape. Figs. 4.10a-4.11c depict the interface
contours at different times. It can be noticed that even for θm = 90◦ the initial spherical
cap is not exactly at equilibrium in the beginning of the simulation (see Fig. 4.11a). The
bubble condenses partially to reach its final equilibrium and the volume of vapor is not
exactly conserved over the entire simulation. Therefore, the volume of the vapor bubble in
the last simulation step is used to estimate the theoretical spherical cap equilibrium. This
theoretical equilibrium is compared to the last simulation step by depicting the contours
on Figs. 4.12a-4.13c. The theoretical and numerical equilibria both fit on on top of each
other for all the contact angles tested, θm ∈ {22.5, 45.0, 67.5, 90.0, 112.5, 135.0}. In Table
4.2, the theoretical equilibrium lengths are compared with the numerical results and the
maximum normalized difference is 5.2%.
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(a) θm = 22.5
◦

(b) θm = 45.0
◦

(c) θm = 67.5
◦

Figure 4.10: Mass density contours on a hydrophilic surface plotted at t ∈ {0.0, 0.42,
2.1, 6.72, 15.54, 30.24, 52.08}: the initial position of the interface is displayed by the half
circular shape as the dashed line. It evolves to reach the steady state imposed by the
micro contact angle imposed at the wall
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(a) θm = 90.0
◦

(b) θm = 112.5
◦

(c) θm = 135.0
◦

Figure 4.11: Mass density contours on a hydrophobic surface plotted at t ∈ {0.0, 0.42,
2.1, 6.72, 15.54, 30.24, 52.08}: the initial position of the interface is displayed by the half
circular shape as the dashed line. It evolves to reach the steady state imposed by the
micro contact angle imposed at the wall
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(a) θm = 22.5
◦

(b) θm = 45.0
◦

(c) θm = 67.5
◦

Figure 4.12: Comparison of the mass density contours on a hydrophilic surface for the
last simulation time t = 31.08 (continuous black line) with the interface computed using
a spherical cap approximation enforcing the wall contact angle (red dashed line)
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(a) θm = 90.0
◦

(b) θm = 112.5
◦

(c) θm = 135.0
◦

Figure 4.13: Comparison of the mass density contours on a hydrophobic surface for the
last simulation time t = 31.08 (continuous black line) with the interface computed using
a spherical cap approximation enforcing the wall contact angle (red dashed line)
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θm 22.5◦ 45.0◦ 67.5◦ 90.0◦ 112.5◦ 135.0◦

|∆L|/Lth 5.20% 0.06% 0.16% 0.34% 0.47% 1.10%

Table 4.2: Comparison of the simulation contact length for the last time step (t = 31.08)
with the theoretical value for a spherical cap, Lth. This spherical cap approximation is
determined by the bubble volume at the last time step and the contact angle imposed at
the wall (see Eq. (4.51)). The difference is normalized by the theoretical value.

4.5.4 Nucleation on uniform surface

The nucleation of vapor bubbles on a uniform surface is studied for different heat fluxes
and wall contact angles. The nucleation process itself is first studied in detail by analyzing
the temperature and pressure fields when the vapor bubble appears. Then the heat flux is
varied while keeping the contact angle constant. A 90◦ contact angle is chosen to prevent
any preferential interaction between the wall and one of the phases. Finally the influence
of the contact angle is investigated for a fixed heat flux. In both cases, the initial vapor
bubble is characterized by its mass (nucleation mass) and the time at which it nucleates
(nucleation time). This is illustrated by the interface depicting the growth of the vapor
bubble for the different configurations as well as by the evolution of the total vapor mass
in the computational domain.

4.5.4.1 Temperature and pressure fields at nucleation time

In this paragraph, attention is focused on the evolution of the temperature and pressure
field when the bubble nucleates. As heat is provided by the wall to the liquid, the
temperature increases next to the substrate and its gradient is fixed by the amplitude of
the energy flux (see left picture of Fig. 4.14). This results in lower mass density and high
pressure next to the wall (see left pictures of Figs. 4.15 and 4.16). In the phase diagram,
the thermodynamic state of the fluid next to the wall is close to the spinoidal region of the
Van der Waals equation of state and is unstable. Once the energy accumulated close to
the wall overcomes the energy barrier for the nucleation, the vapor bubble appears. The
nucleation of the bubble absorbs the heat in its surroundings: the high temperature next
to the wall drops (see central picture in Fig. 4.14). Part of the energy is converted into
interface energy: the mass density gradients resulting from the heat conduction in the
beginning evolves rapidly into sharper gradient profiles (see central picture in Fig. 4.15).
The energy left is used by the liquid/vapor phase transition. In the phase diagram, this
thermodynamic state corresponds to the high pressure in the spinoidal region (see central
picture in Fig. 4.16). Once the initial bubble has nucleated, the temperature field next to
the interface is uniform as the excess heat is used to enable its growth (see right picture
in Fig. 4.14). The mass density field is characterized by a diffuse transition between
the vapor and liquid phases exhibiting large mass density gradients, i.e. large interfacial
energy (see right picture of Fig. 4.15). The pressure is not constant across the interface
in accordance with the pressure variations along an isotherm in the Van der Waals phase
diagram. The pressure is higher in the bubble than in the surrounding liquid as predicted
by the Young-Laplace equation (see right picture in Fig. 4.16).
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Figure 4.14: Vapor bubble nucleation at T = 0.95 on a uniform substrate (θm = 22.5◦)
with constant heat flux ((Qw, m, σw) = (0.02, 0.0036)): temperature fields at
t ∈ {9.93, 10.91, 11.75} (left to right) with a linear scale T ∈ [0.95, 0.966]

Figure 4.15: Vapor bubble nucleation at T = 0.95 on a uniform substrate (θm = 22.5◦)
with constant heat flux ((Qw, m, σw) = (0.02, 0.0036)): mass density fields at
t ∈ {9.93, 10.91, 11.75} (left to right) with a linear scale ρ ∈ [0.6108, 1.461]

Figure 4.16: Vapor bubble nucleation at T = 0.95 on a uniform substrate
(θm = 22.5◦) with constant heat flux ((Qw, m, σw) = (0.02, 0.0036)): pressure fields at
t ∈ {9.93, 10.91, 11.75} (left to right) with a linear scale P ∈ [0.7582, 0.8698]
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4.5.4.2 Nucleation for different heat fluxes

In this test case, the nucleation of vapor bubbles on a uniform surface is studied for differ-
ent heat fluxes. In Table 4.3, the first vapor bubble nucleating at the wall is characterized
by its mass and the time at which it appears while its mass growth rate is approximated
by the slope of the vapor mass in the computational domain as a function of time. For
larger heat fluxes, the initial bubble nucleates faster as more energy is provided for the
phase change. The temperature distribution next to the wall is also modified by the mag-
nitude of the heat flux: for high heat fluxes, the temperature gradient is larger next to
the wall, resulting in small regions where the temperature is higher. These regions have
smaller surface tension and allow the bubble to nucleate with a smaller initial radius, i.e.
smaller initial mass. It is, however, difficult to observe this quantitatively. The error in
the nucleation time can be approximated as the time difference between two time steps.
As the heat flux increases, the approximation in the nucleation time results in larger
discrepancies in the nucleation mass.

On Fig. 4.17, the total vapor mass in the computational domain is depicted as a
function of time. Two main stages are identified for low heat fluxes, Qw, m ∈ [0.02, 0.04].
The early stages of the bubble growth are characterized by a steep increase of the vapor
mass: the heat accumulated next to the wall accelerates the phase transition process just
after the nucleation. Compared to Qw, m = 0.02, the initial slope for Qw, m = 0.04 is
larger as the accumulated heat is larger next to the wall. At a later stage, i.e. once the
accumulated heat has been consumed, the increase of the vapor mass in the computational
domain is smaller. This increase is limited by the heat provided by the wall and the heat
diffusion in the vapor bubble. For high heat fluxes, Qw, m ∈ [0.06, 0.1], the distinction
between the two stages is not obvious. For these fluxes, the heat does accumulate in
the beginning to overcome the nucleation energy barrier. However, after the nucleation,
the heat flux is so large that the temperature distribution is weakly perturbed by the
nucleation (in particular, at temperatures close to the critical point, the latent heat is
small, see Eq. (4.22)). Therefore, the temperature gradient is imposed by the wall at
the interface position and this fixes the bubble growth rate. High heat fluxes also result
in high temperature regions next to the wall as heat conduction does not have time to
diffuse the additional heat. If the maximum amplitude of the heat flux is larger than
Qw, m = 0.04, the wall temperature exceeds the critical point after some time and the
simulation is stopped as the wall boundary conditions can no longer be applied. At larger
heat flux, this occurs sooner.

The bubble growth rate for high heat fluxes (Qw, m ∈ [0.06, 0.1]) and low heat fluxes
in the second stage (Qw, m ∈ [0.02, 0.04]) is determined by the heat conduction: the mass
growth rate is relatively constant for a given wall heat flux, Qw, m, and therefore, the
bubble radius may be approximated by a square root function of time. This is typical
for a diffusion controlled process [112]. Thus, it is possible to estimate the average heat
needed by the bubble to grow. The temperature is evaluated at the position of the
interface as it moves and the latent heat is computed using Eq. (4.22). Therefore, the
energy rate to turn the liquid into vapor is determined and compared to the total heat
supplied by the wall. The results are gathered in Table 4.4. This shows that most of the
heat provided by the wall is used to increase the internal energy of the fluid. The resulting
temperature gradient then fixes the growth rate of the bubble: for high heat flux at the
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wall, the heat flux at the interface is larger and accelerates the phase transition (see Fig.
4.18).

Qw, m Nucleation time Nucleation mass (×10−4) Mass growth rate (×10−4)

0.02 6.7 ± 0.1 6.4 ± 0.6 4.5 (2)

0.04 1.8 ± 0.1 5.7 ± 1.1 9.8 (2)

0.06 0.1 ± 0.1 5.5 ± 1.6 15.3

0.08 0.7 ± 0.1 7.0 ± 1.7 22.2

0.10 0.6 ± 0.1 8.4 ± 2.0 27.7

Table 4.3: Time when the first vapor bubble nucleates, its initial mass and the growth
rate of the vapor bubble for various magnitudes of heat flux applied at the wall (see Eq.
(4.64)). The spatial extent of the heat source is kept constant, σw = 0.036, and the wall
uniform micro contact angle θm = 90◦ ensures no preferential interaction between the wall
and one of the phases. The numbers next to the growth rate indicates the corresponding
stage in Fig. 4.17.

4.5.4.3 Nucleation for different contact angles

The influence of the surface properties on the nucleation of a vapor bubble is investigated
by varying the contact angle imposed on the bottom wall while keeping the intensity
of the heat flux constant. To prevent the wall temperature from exceeding the critical
point, the maximum heat flux is set to Qw, m = 0.02. The characteristics of the first
vapor bubble are gathered in Table 4.5, and the evolution of the total vapor mass in the
computational domain is depicted on Fig. 4.19 for varying contact angle. For a bubble
to nucleate, the energy accumulated near a wall should be larger than the nucleation en-
ergy barrier. This barrier is the sum of the latent heat for the phase change, the surface
energy for a given bubble size, and the energy required to increase the vapor pressure
in the bubble to reach the Laplace pressure difference. In case of hydrophobic surfaces
(θm > 90◦), for a given mass, the spherical cap approximation exhibits a smaller interface
contour than for hydrophilic surfaces (θm < 90◦). Therefore, the vapor bubbles nucleate
faster on hydrophobic surfaces (θm > 90◦) and their initial vapor masses are smaller.
Unlike the study at varying heat fluxes, the mass growth rates are of the same order
of magnitude for the different contact angles. Consequently, the error in the nucleation
time results relatively in the same error in the nucleation mass for all the contact angles
and the variation in the nucleation mass can be observed quantitatively. The surface
contact angle modifies the shape of the initial bubble nucleating on the substrate, and
consequently the contact length between the substrate and the vapor bubble. The inter-
faces depicting the evolution of the vapor bubble are presented on Figs. 4.21a-4.22c. The
contact length between the vapor bubble and the substrate influences the temperature
field and therefore the heat flux near the interface (see Fig. 4.23). Large contact lengths
in case of hydrophobic surfaces result in large temperature gradients at the interface: the
resulting bubble growth rate is large. For small contact lengths, the temperature field
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(1)

(2)

(1)

(2)
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(2)

(2)

Figure 4.17: Vapor mass in the computational domain as a function of time for various
magnitudes of heat flux applied at the wall (see Eq. (4.64)). The spatial extent of
the heat source and the contact angle are kept constant, {σw, θm} = {0.036, 90◦}. The
numbers into brackets correspond to the stages identified depending on the growth rate.
The circles ( ) indicate the time when the wall temperature exceeds the critical point.
The square ( ) denotes the time just before the interface of the growing vapor bubble
interacts with the upper boundary. The upper left rectangle is a zoom on the masses
around the nucleation times indicated by the arrows ( ). The crosses ( ) emphasize the
time resolution of the simulations.

Qw, m 0.02 0.04 0.06 0.08 0.1

Growth rate (ṁ, ×10−4) 4.5 9.8 15.3 22.2 27.7

Average latent heat (lh) 3.3 3.3 3.3 3.3 3.3

Heat rate (ṁlh, ×10−3) 1.5 3.3 5.1 7.3 9.3

Ratio (ṁlh/Qw, m) 7.5% 8.1% 8.4% 9.1% 9.1%

Table 4.4: Determination of the heat contributing to the bubble growth: from the growth
rate of the bubble mass (ṁ), the temperature at the interface, and the corresponding
latent heat (lh(T ), see Eq. (4.22)), it is possible to estimate the energy rate for the
second stage of the bubble growth (see Fig. 4.17). This is then compared to the total
heat supplied by the wall (Qw, m).
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Figure 4.18: Norm of the temperature gradient for two simulations where the amplitude
of the wall heat flux is varied. The simulation times are chosen to have the interface in
a similar position in both fields. Its position is depicted with a white dashed line. The
temperature gradient field is presented using a linear scale, ‖∇T ‖ ∈ [0.0, 0.5]. Only the
magnitude of the heat flux provided by the wall differs between the two simulations. The
left figure corresponds to a maximum heat flux of Qw, m = 0.02 depicted at time t = 30.1.
The right field is generated with Qw, m = 0.04 and is presented for time t = 13.02. The
larger temperature gradient at the interface for Qw, m = 0.04 promotes the bubble growth.

does not match the bubble profile. The growth rate decreases. The amount of heat used
by the phase transition process can be assessed similarly as in the previous section. The
results are gathered in Table 4.6. It confirms the previous observations: the distortion of
the temperature gradient field in case of hydrophilic surfaces decreases the heat transfer
at the interface and the amount of heat used for the phase transition. Only 6.4% of the
heat provided by the wall contributes to the phase transition for θm = 22.5◦ while 9.3%
is used for θm = 135.0◦.

This section focused on the influence of the wall energy flux and the substrate contact
angle on the nucleation and growth of a vapor bubble. In the next part, the detachment
of an existing vapor bubble with the shape of a spherical cap is investigated depending
on the profile and the maximum velocity of the incoming flow.



4.5 Numerical results 151

θm Nucleation time Nucleation mass (×10−4) Mass growth rate (×10−4)

22.5◦ 10.9 ± 0.1 9.4 ± 0.3 4.0

45.0◦ 10.2 ± 0.1 7.7 ± 0.1 4.1

67.5◦ 8.8 ± 0.1 6.9 ± 0.3 4.3

90.0◦ 6.7 ± 0.1 6.4 ± 0.6 4.6

112.5◦ 4.3 ± 0.1 5.0 ± 0.5 4.9

135.0◦ 2.5 ± 0.2 4.5 ± 0.6 5.5

Table 4.5: Time when the first vapor bubble nucleates and its initial mass for various
values of micro contact angle θm. The heat flux is kept constant using the following
parameters {Qw, m, σw} = {0.02, 0.036} (see Eq. (4.64))
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Figure 4.19: Vapor mass in the computational domain as a function of time when a
fixed maximum Gaussian heat flux ({Qw, m, σw} = {0.02, 0.036}) is applied at the wall
and different contact angles are enforced, θm ∈ {22.5, 45.0, 67.5, 90.0, 112.5, 135.0}. The
upper rectangle is a zoom on the nucleation times. The simulation points are displayed
with crosses ( ) to emphasize the time resolution, and the nucleation times are indicated
by the arrows ( ). The square ( ) denotes the simulation time just before the interface
of the growing vapor bubble interacts with the upper boundary at the next time step.
The oscillations in the evolution of the total vapor mass are due to the postprocessing
process (see Fig. 4.20)
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A B

Figure 4.20: Uncertainties in the estimation of the interface front result in approximations
of the total vapor mass in the computational domain: the left and right pictures represent
a growing bubble at two different times. The interface front (continuous red line) is
moving to the right. On the left picture, since the interface is not captured by the
mesh, the numerical maximum mass density gradient is localized at point A. This results
in assuming that the approximated interface front (dashed black line) is also localized
at the same point. The vapor phase (grey area) is therefore underestimated. On the
right picture, the numerical maximum gradient is localized at point B and results in
overestimated vapor mass.
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(a) θm = 22.5
◦

(b) θm = 45.0
◦

(c) θm = 67.5
◦

Figure 4.21: Mass density contours on a hydrophilic surface plotted for equally spaced
time intervals between the nucleation time and t = 30.0 depicting the nucleation of a
vapor bubble on a wall. The first and the final times are shown with dashed black lines
and the intermediate steps using continuous gray-scale contours. A constant contact angle
and a Gaussian heat flux ({Qw, m, σw} = {0.02, 0.036}) are imposed (see Eq. (4.64)).
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(a) θm = 90.0
◦

(b) θm = 112.5
◦

(c) θm = 135.0
◦

Figure 4.22: Mass density contours on a hydrophobic surface plotted for equally spaced
time intervals between the nucleation time and t = 30.0 depicting the nucleation of a
vapor bubble on a wall. The first and the final times are shown with dashed black lines
and the intermediate steps using continuous gray-scale contours. A constant contact angle
and a Gaussian heat flux ({Qw, m, σw} = {0.02, 0.036}) are imposed (see Eq. (4.64)).
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Figure 4.23: Norm of the temperature gradient for two simulations where the magnitude
of the heat flux provided by the wall is kept constant (Qw, m = 0.02) and the contact angle
is varied. The simulation times are chosen such that the total vapor mass is the same. Its
interface is depicted with a dashed white line. The temperature gradient field is depicted
with a linear scale ‖∇T ‖ ∈ [0.0, 0.5]. Only the contact angle imposed on the surface
differs between the two simulations. The left figure corresponds to a micro contact angle
θm = 22.5◦ depicted at time t = 23.09. The right field is generated with θm = 135.0◦

and is presented for time t = 12.50. The larger contact length for θm = 135.0◦ distords
less the temperature field and the larger heat flux at the interface promotes the bubble
growth

θm 22.5◦ 45.0◦ 67.5◦ 90.0◦ 112.5◦ 135.0◦

Growth rate (ṁ, ×10−4) 4.0 4.1 4.3 4.6 4.9 5.5

Average latent heat (lh) 3.2 3.2 3.2 3.3 3.3 3.4

Heat rate (ṁlh, ×10−3) 1.3 1.3 1.4 1.5 1.6 1.9

Ratio (ṁlh/Qw, m) 6.4% 6.6% 7.0% 7.6% 8.2% 9.3%

Table 4.6: Determination of the heat contributing to the bubble growth: from the growth
rate of the bubble mass (ṁ), the temperature at the interface, and the corresponding
latent heat (lh(T ), see Eq. (4.22)), it is possible to estimate the energy rate for the
second phase of the bubble growth (see Fig. 4.19). This is then compared to the total
heat supplied by the wall (Qw, m = 0.02).
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4.5.5 Detachment induced by inflow on a non-homogeneous surface

The influence of the inflow velocity profile and the surface contact angle on the detachment
of a vapor bubble is studied for a linear profile. The bubble detachment is characterized
by the time at which it takes place. This is further illustrated by the evolution of the
bubble interface which emphasizes its deformation during the simulation.

In this test case the behavior of vapor bubbles with the shape of a spherical cap
initially attached to the substrate is studied by gradually increasing the shear stress near
the wall. Depending on the balance between the viscous forces induced by the surrounding
fluid and the fluid/wall interactions, several regimes are observed. A simple diagram is
given on Fig. 4.24. The fluid/wall interaction energy is determined by the surface contact
angle and the contact length between the fluid and the substrate. For hydrophilic surfaces
(θm < 90◦), these interactions are weak and the initial contact length between the wall
and the spherical cap is small. The opposite behavior is exhibited by hydrophobic surfaces
(θm > 90◦).

For low fluid/wall interactions (θm < 90◦), the viscous forces near the wall can trigger
bubble detachment. As the magnitude of the interactions increases with larger contact
angles, the minimum stress near the wall required to overcome the detachment barrier
increases as well. Therefore, with increasing contact angle, the critical velocity at which
the detachment is observed increases. This is confirmed by the numerical examples gath-
ered in Table 4.7 where the detachment times are given for varying contact angles and
magnitudes of the inflow velocity profile: for example, for θm = 22.5◦, the bubble de-
tachment is already observed at um = 0.1 while for θm = 90.0◦, the critical velocity is
strictly larger than 0.2. Furthermore, for a given contact angle, the increase of the maxi-
mum inflow velocity leads to a larger shear stress near the wall at the contact line: more
energy is provided by the inflow velocity to detach the bubble and the time at which the
detachment occurs decreases. The deformation of the bubble interface by the incoming
flow is depicted on Figs. 4.25-4.27 for low fluid/wall interactions (θm ∈ [22.5, 67.5]). As
the velocity increases linearly away from the wall, the top of the bubble experiences large
velocities than the lower part, which leads to bubble deformation. The evolution of the
bubble shape and its pinning also perturb the flow and lead to its asymmetric shape. It
was already emphasized that with increasing contact angle the detachment is delayed.
Therefore, as the bubble remains pinned longer, the deformation and the asymmetry of
the bubble are intensified before its detachment. This is particularly observed at um = 0.5
for θm ∈ [22.5, 67.5] (see Figs. 4.25-4.27).

For strong fluid/wall interactions (θm ≥ 90◦), the shear stress does not always lead to
detachment of the vapor bubble. For low velocities (um ∈ [0.1, 0.2]), the vapor bubble is
simply deformed by the incoming flow: this is the steady state regime. Its shape exhibits
two different apparent contact angles for the upstream and the downstream regions. The
magnitude of the difference between the apparent and the static micro contact angle
imposed increases with the inflow shear stress (see Figs. 4.28-4.30). For higher inflow
velocity, the shear stress near the wall can overcome the fluid/wall interactions: the
bubble detaches for θm = 90◦ and um ≥ 0.3. However, unlike for hydrophilic surfaces
(θm < 90◦), the strong fluid/wall interactions lead to another regime as the velocity
increases: away from the wall, as the velocity increases linearly, its higher magnitude
leads to strong deformation of the top of the bubble while the shear stress is not large
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enough to move the upstream pinning point of the bubble with the same velocity. The
difference in velocity between the upstream contact line and the top of the bubble creates
the filament structure. This filament shape gets thinner for larger fluid/wall interactions
as the detachment is delayed and the difference in velocity between the contact line and
the top of the bubble is larger (see θm ∈ [90.0◦, 112.5◦] for um ∈ [0.4, 0.5]). This filament
may detach or break up into satellite bubbles (see θm ∈ [90◦, 112.5◦] and um = 0.4).

There is a smooth regime transition between the conventional detachment regime
and the break-up regime observed only for high fluid/wall interactions (θm = 135.0◦).
This is illustrated at um = 0.4 for θm ∈ [22.5◦, 135.0◦]. For low fluid/wall interactions
(θm ∈ [22.5◦, 67.5◦]), the bubble detaches from the substrate. As the fluid/wall inter-
actions increase, the detachment is delayed and the bubble is more deformed before its
detachment. For θm = 90.0◦, the bubble deformation leads to the filament structure that
detaches from the substrate. However, the filament is so thin that it is split into two
satellite bubbles. A similar process happens at θm = 112.5◦. For θm = 135.0◦, the vapor
bubble no longer detaches from the substrate and this is the break-up regime. In this
regime, the upstream contact line moves so slowly compared to the top of the bubble that
the top deforms and separates from the main part: a bubble is ejected and the remaining
part still attached to the wall flattens. The contact area between the incoming flow and
the vapor bubble attached to the wall decreases. This leads to a new steady state for
um = 0.4. For um = 0.5, the velocity at the top of the remaining bubble is still large after
the first break-up: the bubble starts to deform again and this may lead to the ejection
of a second bubble to reduce the contact area between the incoming flow and the vapor
bubble. Furthermore, it can be noticed that, for a given contact angle, the downstream
pinning point remains the same even if the vapor bubble is first allowed to slide because
of the non-zero length characterizing the contact angle variation.

In this section, several regimes were identified for the detachment of a vapor bubble
from the solid substrate for varying micro contact angles and incoming flow profiles. In
the next section the vapor bubble is no longer initially present on the substrate. Its
nucleation is induced by a heater located on the wall and its consequences on the regimes
are investigated.
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Figure 4.24: Simple regime diagram of the perturbation of an initially spherical cap for
varying magnitude of the wall shear stress and fluid/wall interaction energy
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Figure 4.25: Evolution of bubble interface for the deformation of a spherical cap (θm =
22.5) induced by a linear inflow profile (um ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, top to bottom). The
interface contours are depicted for t ∈ [0, td + 0.28] where td is the detachment time. The
first and last times plotted are depicted with a dashed line.
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Figure 4.26: Evolution of bubble interface for the deformation of a spherical cap (θm =
45.0) induced by a linear inflow profile (um ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, top to bottom).
When detachment occurs, the interface contours are depicted for t ∈ [0, td + 0.28] where
td is the detachment time. Otherwise, the contours correspond to time-steps equally
spaced for t ∈ [0.0, 10.0]. The first and last times plotted are depicted with a dashed line.
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Figure 4.27: Evolution of bubble interface for the deformation of a spherical cap (θm =
67.5) induced by a linear inflow profile (um ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, top to bottom).
When detachment occurs, the interface contours are depicted for t ∈ [0, td + 0.28] where
td is the detachment time. Otherwise, the contours correspond to time-steps equally
spaced for t ∈ [0.0, 10.0]. The first and last times plotted are depicted with a dashed line.
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Figure 4.28: Evolution of bubble interface for the deformation of a spherical cap (θm =
90.0) induced by a linear inflow profile (um ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, top to bottom).
When detachment occurs, the interface contours are depicted for t ∈ [0, td + 0.28] where
td is the detachment time. Otherwise, the contours correspond to time-steps equally
spaced for t ∈ [0.0, 10.0]. The first and last times plotted are depicted with a dashed line.



4.5 Numerical results 163

Figure 4.29: Evolution of bubble interface for the deformation of a spherical cap (θm =
112.5) induced by a linear inflow profile (um ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, top to bottom).
When detachment occurs, the interface contours are depicted for t ∈ [0, td + 0.28] where
td is the detachment time. Otherwise, the contours correspond to time-steps equally
spaced for t ∈ [0.0, 10.0]. The first and last times plotted are depicted with a dashed line.



164 Wall boundary conditions for the Diffuse Interface Model in 2-D

Figure 4.30: Evolution of bubble interface for the deformation of a spherical cap (θm =
135.0) induced by a linear inflow profile (um ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, top to bottom).
The contours correspond to time-steps equally spaced for t ∈ [0.0, 10.0]. The first and
last times plotted are depicted with a dashed line.
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θm 22.5◦ 45.0◦ 67.5◦ 90.0◦ 112.5◦ 135.0◦

um = 0.1 3.80 − − − − −
um = 0.2 2.16 3.80 6.68 − − −
um = 0.3 1.68 2.76 4.24 6.31 − −
um = 0.4 1.40 2.37 3.42 5.98 9.63 +

um = 0.5 1.20 1.98 3.10 ∗ ∗ +

Table 4.7: Detachment times of vapor bubbles with the shape of a spherical cap initially
attached to the substrate for varying magnitude of the incoming linear velocity profile,
um, and micro contact angle, θm (see Fig. 4.8). The simulations where detachment is not
observed are indicated by the symbol −. When the vapor bubble is deformed and split
into smaller bubbles, the simulation is indicated by +. Simulations where the deformed
bubbles reach the domain edges are denoted by ∗.

4.5.6 Nucleation on heterogeneous surface influenced by a flow

In this section, the nucleation of vapor bubbles on a heterogeneous surface in the presence
of an incoming flow is studied (see Fig. 4.9). The bubble tends to nucleate due to the
heat supplied at the wall while the flow cools its surroundings and deforms its shape.
The influence of the flow on the nucleation is first studied by varying its maximum speed
while the heater characteristics are kept constant. In this way, several regimes of bubble
growth are identified. Then, the energy supplied by the heater is modified to study its
impact on the regime transitions for um = 0.4.

4.5.6.1 Study with constant heat flux and varying maximum inflow velocity

As explained in Section 4.5.4, the nucleation of a vapor bubble on a solid substrate occurs
when the energy accumulated near the wall overcomes the nucleation barrier. In the
absence of an incoming flow, the heat accumulation near the wall is only slowed down by
heat conduction. When the incoming flow velocity is not zero, the heat provided by the
wall is also transported away from the nucleation site by convection by the flow. This can
have a significant impact on the bubble nucleation if the cooling induced by the inflow
becomes important compared to the heat supplied, i.e. if the flow velocity near the wall
is significant. In Table 4.8, the first vapor bubble nucleating at the wall is characterized
by its mass and the time at which it appears while its mass growth rate is approximated
by the slope of the vapor mass in the computational domain. For larger incoming flow
velocity, it takes longer for the heat to accumulate: the time when the bubble appears
increases and the growth rate of the bubble decreases. At um = 0.5, the heat provided
by the wall can no longer accumulate near the wall and vapor bubbles do not nucleate.

Once the bubble has nucleated, two stages can be identified as in Section 4.5.4 in the
absence of flow: in the first stage, the bubble growth is enhanced by the heat accumulated
near the wall, while in the second stage, its increase is determined by the magnitude of the
heat flux at the interface. This heat flux is determined by the energy supplied at the wall,
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the heat conduction inside the bubble and the incoming flow velocity which convects
the heat away from the bubble. As the bubble grows, the top of the bubble reaches
regions where the velocity is larger: the difference in velocity between the top and the
bottom of the bubble increases. When this difference of velocity is beyond a critical
limit, the bubble starts moving. Therefore, with increasing inflow maximum velocity, the
characteristic height of the bubble triggering its movement decreases. Because of the non-
zero length characterizing the contact angle variation on the substrate, the bubble can
slide before its downstream contact line is pinned to the wall. As the bubble moves away
from the heat source, the heat transfer is less efficient and the bubble growth is slowed
down. With increasing inflow velocity, the bubble moves faster away from the heater.
This effect can be seen on Fig. 4.31, where the total vapor mass in the computational
domain is depicted as a function of time. In the absence of incoming flow, the growth of
the bubble is only limited by the heat conduction: the mass growth rate is relatively linear.
For small inflow velocity um = 0.1, the characteristic height of the bubble triggering its
movement is large. Therefore, the size of the bubble before it starts sliding is relatively
large. However, since the velocity of the upstream contact line is small, the mass growth
rate is only weakly influenced by the bubble displacement. On Fig. 4.31, the mass growth
rate for um = 0.1 decreases slightly. The influence of the inflow for um = 0.1 is clearer on
Fig. 4.32 where the evolution of the liquid/vapor interface is depicted for varying inflow
velocity, um ∈ [0.1, 0.4]: the bubble shape is asymmetric because of the incoming flow
and the upstream contact line moves faster as the bubble grows.

For moderate and high inflow velocities (um ∈ [0.2, 0.4]), the vapor bubble slides
faster over the heater. As it moves away from the heat source, the heat transfer is less
efficient and the bubble growth is slowed down. This characterizes stage (3) on Fig.
4.31. Since the upstream contact line moves fast for um ∈ [0.2, 0.4], the bubble detaches.
For increasing incoming flow velocity, the height of the bubble triggering its detachment
is smaller. Therefore, the size of the bubble that detaches from the wall is smaller for
larger maximum flow velocity. This should be compared to Section 4.5.5 where bubble
detachment was already observed at um = 0.1 for a vapor bubble with the shape of a
spherical cap. This difference will be further investigated in the next section. Unlike the
case where the bubble slides over the heater, the contact surface between the detached
vapor bubble and the surrounding cooler liquid is large. This results in faster condensation
of the bubble. The beginning of stage (4) corresponds to the bubble detachment. Then,
as the bubble is convected away from the heater, heat starts to accumulate again near the
wall and leads to the nucleation of a second bubble, which corresponds to the beginning of
stage (5). For high cooling rate (um = 0.4), the first bubble is entirely condensed before
the second bubble appears. This is not the case for smaller incoming flow velocities
(um ∈ [0.2, 0.3]): the first bubble is still present while the second bubble nucleates.

It can be noticed that the total vapor mass is increasing at the end of stage (4)
before the nucleation of the second bubble for um ∈ [0.2, 0.3]. This is a post processing
artifact: the vapor mass of the nucleating bubble is added to the total vapor mass in the
computational domain while the mass density gradient in this region does not correspond
to an interface yet. Therefore, instead of a smooth decrease due to the condensation of
the detached bubble at the end of stage (4) followed by a discontinuity corresponding
to the nucleation of the second bubble in the beginning of stage (5), there is a smooth
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increase of vapor mass at the end of stage (4). Then, in stage (5), the condensation rate of
the vapor bubble away from the wall is larger than the growth rate of the second bubble
nucleating at the heater. Therefore, the total vapor mass decreases in this stage.

um Nucleation time Nucleation mass (×10−4) Mass growth rate (×10−4)

0.0 3.2 ± 0.02 6.1 ± 0.1 7.3

0.1 3.4 ± 0.02 3.9 ± 0.1 6.1

0.2 3.5 ± 0.02 3.4 ± 0.4 5.9

0.3 4.0 ± 0.02 3.5 ± 0.3 5.3

0.4 4.9 ± 0.02 3.9 ± 0.1 4.3

Table 4.8: Time when the first vapor bubble nucleates and its initial mass for varying
maximum velocity of the incoming flow. The spatial extent of the heat source as well as its
intensity are kept constant, {Qw, m, σw} = {0.04, 0.036}, and the contact angle imposed
at the heater is θm = 22.5◦.
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(2) (3) (4)
(5)

Figure 4.31: Vapor mass in the computational domain as a function of time when a
fixed maximum Gaussian heat flux ({Qw, m, σw} = {0.04, 0.036}) is applied at the wall
and a constant contact angle is enforced θm = 22.5. The maximum of the imposed
velocity profile varies as um ∈ {0.0, 0.1, 0.2, 0.3, 0.4}. The upper rectangle is a zoom on
the nucleation times. The simulation points are displayed with crosses ( ) to emphasize
the time resolution, and the nucleation times are indicated by the arrows ( ).
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Figure 4.32: Evolution of vapor bubble shape for the nucleation on a heterogeneous surface
((θw,1, θw,2) = (0.0◦, 22.5◦), see Fig. 4.9) with a linear inflow profile whose maximum
velocity varies as um ∈ {0.1, 0.2, 0.3, 0.4} (top to bottom). The shapes of the vapor
bubbles correspond to equally spaced time intervals from the nucleation time to 12.64
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4.5.6.2 Study with varying heat flux and constant maximum inflow velocity

When studying the nucleation of a vapor bubble for varying velocity profiles of the in-
coming flow, two different regimes were identified: the sliding of the droplet and its
detachment from the substrate. For lower velocity profiles, another regime may be ex-
pected, the steady state: the heat provided by the wall promoting the bubble growth is
balanced by the cooling at the top due to the higher inflow velocities away from the wall.
The sliding and the detachment regimes are observed for moderate and high velocities
when the shear stress near the contact line overcomes the wall/fluid interactions and sets
the bubble into motion. Compared to the detachment study with vapor bubbles with the
shape of a spherical cap, it was noticed that the detachment is delayed. In this section,
this is further investigated by studying the flow behavior for varying wall heat flux while
keeping the maximum inflow velocity constant. The magnitude of the maximum inflow
velocity is set to um = 0.4 as the detachment and sliding regimes were observed for this
value in the previous section.

As previously explained in the study of the nucleation on a uniform surface (see
Section 4.5.4), an increase of the heat flux provided by the wall results in a smaller
nucleation time, a smaller nucleation mass and a larger mass growth rate (see Table
4.9). The evolution of the total vapor mass in the computational domain is depicted on
Fig. 4.33 for varying maximum heat flux (Qw, m ∈ {0.04, 0.05, 0.06, 0.08}). No higher
heat fluxes have been considered, since they rapidly result in temperatures higher than
the critical temperature close to the wall. The corresponding vapor bubble shapes are
presented on Fig. 4.34. The four stages of bubble growth identified in the previous
section, {um, Qw, m} = {0.4, 0.04}, are included in the figure to facilitate comparison.
While the evolution of the total vapor mass exhibits the same trend for all cases, the
corresponding contours are quite different: the regimes are different. To better explain
this regime transition, the sliding of the vapor bubble over the heater is explained in more
detail.

In the absence of heat supplied by the wall, the significant shear stress near the up-
stream contact line sets the vapor bubble into motion. As the velocity near the upstream
contact line can be larger than the one downstream (in the wake of the bubble), this
velocity difference will eventually lead to bubble detachment. When heat is provided by
the wall as the contact line moves, evaporation occurs at the interface (see Fig. 4.35).
This evaporation results in an apparent slower displacement of the upstream contact line
and the contact length between the bubble and the substrate increases. These two as-
pects delay the detachment of the vapor bubble, i.e. the moment when the upstream
and downstream contact lines connect. To further explain the difference in detachment
behavior between a bubble with the shape of a spherical cap and a nucleating bubble,
the influence of the bubble shape should be taken into account. In Section 4.5.5, the
detachment is studied for a spherical cap whose shape is constrained by the contact angle
imposed on the substrate. In case of θm = 22.5◦, the flow distortion induced by the spher-
ical shape is large and the contact length between the vapor bubble and the wall is very
small. These two situations are very favorable for detachment. In contrast, the shape of
a bubble with the same mass but resulting from nucleation in an incoming flow presents
a shape which distorts the original flow less and exhibits a larger contact length (see Fig.
4.36). Therefore, higher velocities are needed to detach the second type of bubbles from
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the substrate.
These considerations on the influence of the heat flux on bubble detachment explain

why, for a given vapor mass, the bottom of the bubble tends to remain attached to the
substrate for increasing heat flux. Furthermore, as the growth rate of the bubble increases
with larger heat flux, the top of the bubble reaches regions where the velocity is large
at an earlier moment in time: the difference in velocity between the top and the bottom
of the bubble increases at larger heat flux. For small heat flux, Qw, m ∈ [0.04, 0.05], the
velocity difference between the bottom and the top is moderate. The contact line moves
slowly but the top of the bubble is not strongly deformed: the bubble detaches from the
substrate (see Fig. 4.34). For Qw, m = 0.05, the growth rate of the bubble is larger than
for Qw, m = 0.04 and the velocities of the contact lines are smaller. This results in a larger
bubble at the moment it detaches from the substrate. Once detached, the vapor bubble is
surrounded by cooler liquid causing its rapid condensation. The time difference between
the detachment of the vapor bubble and the nucleation of the second one is smaller with
increasing heat flux: the heat accumulates faster near the wall for larger heat flux and the
second bubble nucleates rapidly. For high heat flux, Qw, m ∈ [0.06, 0.08], the difference in
velocity between the top and the bottom of the vapor bubble is large: the contact line
moves very slowly while the top of the bubble is strongly deformed by the large velocity.
Therefore, the top of the bubble separates from the main part which remains attached to
the substrate. The satellite bubble resulting from the break-up has an elongated shape.
The area in contact with the surrounding cooler liquid is important and results in a
condensation rate which is larger than for Qw, m ∈ [0.04, 0.05].
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Qw, m Nucleation time Nucleation mass (×10−4) Mass growth rate (×10−4)

0.04 4.3 ± 0.02 4.7 ± 0.1 4.1

0.05 2.0 ± 0.02 3.9 ± 0.1 6.4

0.06 1.3 ± 0.02 4.3 ± 0.1 8.4

0.08 0.7 ± 0.02 3.7 ± 0.1 12.0

Table 4.9: Time when the first vapor bubble nucleates and its initial mass depending on
the maximum heat flux at the wall Qw, m ∈ {0.04, 0.05, 0.06, 0.08, 0.1} while its extent is
kept constant σw = 0.036. The maximum inflow velocity is set to um = 0.4. The contact
angle imposed at the heater is θm = 25◦.

(2) (3) (4)

Figure 4.33: Vapor mass in the computational domain as function of time for varying
maximum heat flux (Qw, m ∈ [0.04, 0.1]). A constant contact angle is enforced θm = 22.5.
The maximum inflow velocity is set to um = 0.4. The upper rectangle is a zoom on the
nucleation times. The simulation points are displayed with crosses ( ) to emphasize the
time resolution, and the nucleation times are indicated by the arrows ( ).The circle ( )
indicates the simulation time when the temperature next to the wall is above the critical
point.
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Figure 4.34: Mass contours for the nucleation of a vapor bubble on an heterogeneous
surface ((θw,1, θw,2) = (0.0◦, 22.5◦), see Fig. 4.9) with a linear inflow profile (um =
0.4) and varying maximum heat flux at the wall, Qw, m ∈ {0.04, 0.05, 0.06, 0.08} (top to
bottom). The shapes of the vapor bubbles correspond to equally spaced time intervals
from the nucleation time to 12.64 (except for Qw, m = 0.08 whose last time step is 9.22).



174 Wall boundary conditions for the Diffuse Interface Model in 2-D

A C B

Figure 4.35: Sliding and evaporation of a vapor bubble on a heater. The vapor bubble
is initially located on a solid substrate ( ). Its position is depicted by the dashed black
line and the location of the upstream contact line is denoted by A. Because of the shear
rate from the incoming flow, the bubble is set into motion and slides over the heater ( ).
If no heat would be provided by the substrate, the position of the bubble is indicated by
the continuous black line and its upstream contact line would be at position B. However,
the heat provided by the substrate causes the surrounding liquid of the vapor bubble
to evaporate ( ) resulting in position C of the upstream contact line. Therefore, the
apparent speed of the upstream contact line is slower in case of nucleation.

lsph lnucl

Ssph

Snucl
(1)

(2)

Figure 4.36: Comparison of the shapes for a spherical cap bubble (1) and a bubble
resulting from nucleation in an incoming flow (2). For a given mass, the flow distortion
induced by the spherical cap shape is larger than for the bubble (2), and its contact length
is smaller than for (2), lsph < lnucl. These two aspects favors the detachment of bubble
(1) over (2).
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4.6 Conclusion

This chapter describes a numerical study of the nucleation of vapor bubbles on a solid
substrate in the presence of cooling by an incoming flow. By using the Diffuse Interface
Model, the singularities encountered at the contact line position with the sharp inter-
face model are alleviated and the nucleation process can be modeled within the same
physical model. Special boundary conditions are needed for the solid substrate and the
inflow/outflow boundaries. In order to take the heat transfer at the wall into account,
solid wall boundary conditions derived in literature have been extended. Furthermore,
unlike in previous applications, the wall interaction energy prevents the formation of a
precursor film ahead of the interface as recently highlighted by Sibley [135]. These bound-
ary conditions necessitate the solution of a non-linear equation for the mass density. It
is possible to model heterogeneous surfaces by allowing spatial variations of the contact
angle. In this way, two adjacent surfaces with different properties have been successfully
implemented to distinguish the heater from the wall. No-slip boundary conditions are
enforced for the velocity. To model the influence of the inflow and outflow boundaries,
conventional open boundary conditions are applied.

Before studying the nucleation of a vapor bubble in an incoming flow, several in-
termediate test cases are carried out. In the first test, the contact angle is assessed by
studying the retraction and spreading of an initial half circular bubble on a solid sub-
strate. Secondly, nucleation of a vapor bubble on a homogeneous surface is investigated
by the application of a heat flux at the wall. The influence of the incoming flow is then
quantified by studying the deformation of an existing bubble with the shape of a spheri-
cal cap. Depending on the contact angle imposed and the inflow profile, the bubble can
detach from the wall, or slide along it. Finally, the effect of the interaction between the
incoming flow and the nucleation process is studied.

In the case of a linear velocity profile, the incoming flow induces an important cooling
effect. In this case, the growth rate of the vapor bubble can be decreased by up to
17%. The influence of the incoming flow on the deformation and movement of the vapor
bubble on the wall (sliding and potential detachment) is also different when external
heat is provided at the wall. While bubble detachment was observed for a spherical
cap at any flow velocity, this phenomenon is only observed for low heat flux at high
velocities. However, the bubble shape remains qualitatively the same after detachment.
When additional heat is provided, the vapor bubble is stretched by the flow and a small
bubble is ejected but the main part does not detach. This behavior is similar to what is
observed for a spherical cap on an hydrophobic surface.

In this chapter, the wall boundary conditions assume an instantaneous equilibrium
between the solid substrate and the fluid as well as no-slip between the two. Gravity is
neglected. This should be seen as a first step when studying nucleation since both condi-
tions can be relaxed as proposed in literature. In this way, the micro contact angle at the
wall will no longer be fixed by the type of surface and its more complex dynamic behavior
can be investigated. Furthermore, gravity can be artificially increased, as proposed by
Xu and Qian [159], to study the effects of buoyancy forces.
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4.7 Appendix A: Test case input parameters

variable value unit description

a 5.536 × 10−3 J.m3.mol−2 VdW pressure correction

b 3.049 × 10−5 m3.mol−1 VdW molar co-volume

M 18.0 × 10−3 kg.mol−1 molar mass

R 8.314 J.mol−1.K−1 universal gas constant

µ 5.525 × 10−5 Pa.s dynamic viscosity

η −3.683 × 10−5 Pa.s second dynamic viscosity

K 6.81 × 10−15 J.kg−2.m5 capillarity constant

c∗
v 1.410 × 103 J.K−1.kg−1 specific heat capacity

λ 0.6 J.s−1.K−1.m−1 thermal conductivity

ρc M/(3b) kg.m−3 critical mass density

Pc a/(27b2) Pa critical pressure

Tc 8a/(27bR) K critical temperature

uc

√

Pc/ρc m.s−1 velocity scale

L 1.0 × 10−6 m length scale

tc L/uc s time scale

η/µ −2/3 − viscous ratio

Re ρcucL/µ − Reynolds number

We (L2u2
c)/(ρcK) − Weber number

P r (µcv)/λ − Prandtl number

cv Mc∗
v/R − reduced heat capacity

Table 4.10: Test case input parameters: water is used as the working fluid
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4.8 Appendix B: Derivation of the wall boundary conditions

Proof for the derivation of Eqs. (4.44)-(4.45) from Eq. (4.43). The following thermody-
namic identities are used to compute the perturbation of the quantity inside the volume
integral in Eq. (4.43).







E = F + TS

dF = −S dT + g0 dρ +
1

We
∇ρ · d(∇ρ)

where g0 is the specific local free enthalpy. After substitution in Eq. (4.43), the maxi-
mization problem reads:

∫

Ω

(

(1 + L2T )δS + (L1 + L2g0)δρ + L2
1

We
∇ρ · δ(∇ρ)

)

dV +

∫

∂Ωw

(

L2
dE S

w

dρ
δρ

)

dA = 0

Defining Φ = 1
W e ∇ρ, the term related to the perturbation of the mass density gradient

is rewritten to clarify its contribution in the surface integral at the wall.
∫

Ω

(Φ · δ(∇ρ)) dV =

∫

Ω

(Φ · ∇(δρ)) dV

=

∫

Ω

(∇ · (Φ δρ) − (∇ · Φ)δρ) dV

=

∫

∂Ω

((Φ δρ) · n) dA −
∫

Ω

((∇ · Φ)δρ) dV

=

∫

∂Ωw

((Φ δρ) · n) dA −
∫

Ω

((∇ · Φ)δρ) dV

where the Green-Ostrogradsky theorem is used from step 2 to 3 to convert the volume
integral into a surface integral and the contour ∂Ω\∂Ωw is chosen to ensure that ∇ρ·n = 0
on this surface from step 3 to 4. Therefore, the maximization problem results in the
following equation:

∫

Ω

(

(1 + L2T )δS + (L1 + L2(g0 − 1

We
∇2ρ))δρ

)

dV +

∫

∂Ωw

(

L2

(
dE S

w

dρ
+

1

We
∇ρ · n

)

δρ

)

dA = 0

The quantities in the integrals should equal zero for any perturbations. Therefore,






1 + L2T = 0 in Ω

L1 + L2χ = 0 in Ω

L2

(
dE S

w

dρ
+ Φ · n

)

= 0 on ∂Ωw
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Chapter

5
Conclusions

T
he goal of this thesis is to develop special boundary conditions for the Diffuse
Interface Model (DIM) that recreate on the micro-scale the conditions obtained
from the macro-scale. In this way, it will be possible to use Direct Numerical

Simulation (DNS) to compute relevant information closing the large-scale model and
simulate phase transitional flows. As explained in more detail in Chapter 1, two situations
arising from the macro-scale should be reproduced on the micro-scale. When the bubble
is far away from the wall, the micro-scale is computed as if its surroundings are infinite:
the macro-scale conditions are far-field values and its contributions are modeled using the
so-called open boundary conditions discussed in Chapters 2 and 3. When the bubble is
close to a wall, the surface properties of the substrate as well as the heat flux imposed
are represented using the wall boundary conditions discussed in Chapter 4.

Designing open boundary conditions remains an active research field. It was initiated
by studying governing equations that describe propagating waves such as the Maxwell
or the Euler equations. Different approaches were developed (see Sections 2.1 and 3.1).
They either rely on defining an operator at the boundary which prevents waves from
entering the domain or adding an artificial absorbing material at the edges which damps
the amplitude of the waves leaving the computational domain. These approaches have
been extended in literature to the Navier-Stokes equations (NS), despite the parabolic
terms which modify the properties of the governing equations. For the Diffuse Interface
Model, two major features prevent a straightforward application of the same approach.
In the simplest example where a fluid experiences phase transition from liquid to vapor,
a constant velocity field will cause a moving interface, and the liquid will replace the
vapor: therefore, the far-field boundary conditions applied at the edges change during
the simulation. Moreover, close to the interface, the speed of sound becomes imaginary:
the equations exhibit elliptic properties. The wave-structure description is invalid and
the conventional approach can not be applied. The method adopted in this thesis is
to describe the DIM governing equations as a perturbation of the NS equations: the
additional capillary terms are only dominant in regions close to the interface and can be
neglected away from the multi-phase regions. Therefore, the open boundary conditions
for DIM are designed as a combination of two strategies: away from the interface regions,
the conventional approach for the NS equations is adopted and when the multi-phase
region is close to the edges, another method is proposed.

In Chapter 2, two approaches are investigated in 1-D. In the first approach, when
the interface comes close to the edge, the computational domain is enlarged. This buffer
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region ensures that the interface region is always surrounded by two bulk phases that are
effectively computed. As these bulk phases exhibit hyperbolic properties, it is possible
to apply conventional open boundary conditions at all boundaries of the computational
domain. As the interface moves, it enters the buffer region. Once the multi-phase region
is entirely inside the buffer region, the bulk phase is again present at the boundary
of the original domain. The buffer region is then removed and conventional boundary
conditions can again be applied. In the second approach, an artificial absorbing layer
is added at the edges. This layer damps the amplitude of the traveling waves with
respect to a reference state. As long as the interface is away from the boundary, the
reference state is given by the bulk phase imposed at the far-field. When the multi-phase
region comes close to the boundary, the location of the interface is estimated from the
shape of the solution and the reference state is approximated by the equilibrium profile
between the two phases. Once the interface has left the absorbing layer, the reference
state imposed is again the bulk phase. Both approaches work well as long as the moving
interface is at equilibrium. When phase change (condensation/evaporation) or topological
modifications (break-up/coalescence) occur in the multi-phase region, the second method
cannot accurately determine the interface position. The reference state is not correctly
estimated and this leads to severe perturbations in the computational domain. For this
reason, only the first approach is extended to 2-D.

The open boundary conditions developed in 1-D are extended to 2-D in Chapter 3.
Unlike in 1-D, the computational domain is enlarged in both directions. This should be
only locally allowed to reduce the computational costs. A new data structure is proposed:
the main computational domain is complemented with separate grids to handle the buffer
regions. These separate grids can be allocated and deallocated depending on the necessity
of domain extensions. Furthermore, the geometry of the domain is no longer a single rect-
angle. For this reason, the boundaries are tracked and the application of the conventional
boundary conditions depends on the local vector normal to the boundary. The method
has been successfully tested with simple conventional open boundary conditions in the
case of a uniform mean flow.

The second situation arising from the large scale simulations is a bubble interacting
with a substrate. Wall boundary conditions are proposed in Chapter 4 to model the micro
contact angle and the heat transfer between the substrate and the fluid. No-slip velocity
boundary conditions are imposed and instantaneous wall/fluid equilibrium is assumed.
Therefore, the micro contact angle is fixed and the apparent contact angle away from the
substrate results from the balance between viscous and capillary forces. Unlike the sharp
interface model, the DIM alleviates the velocity singularity encountered at the contact
line. The boundary conditions are tested on multiple test cases: steady state of a vapor
bubble on a uniform substrate for varying contact angle, bubble nucleation on a uniform
substrate without initial flow for varying heat flux and contact angle, detachment of a
vapor bubble from the substrate for varying contact angle and incoming flow velocity,
and finally nucleation of a vapor bubble influenced by an incoming flow. Several regimes
are observed depending on the balance between the capillary and the viscous forces and
the fluid/wall interactions. To model a dynamic contact angle, the no-slip and instanta-
neous equilibrium assumptions could be relaxed. The generalized Navier slip boundary
conditions proposed by Qian et al. [119] are an attractive candidate to investigate this
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further (see also Tab. 4.1).

Outlook and recommendations

The Diffuse Interface Model implemented in this thesis makes use of the Van der Waals
equation of state as it is valid in both the liquid and the vapor phases. This equation of
state is only accurate very close to the critical point. For most real applications, other
equations of state should be used depending on the fluid studied.

The open boundary conditions proposed in Chapter 3 work well in case of a uniform
flow. If the contribution of the transverse derivatives can not be neglected, the simple
conventional boundary conditions implemented as a proof of concept should be modified.
In fact, the current boundary conditions only consider the normal contribution of the
waves to estimate the outgoing characteristic components. The more complex boundary
conditions developed by Yoo et al. [161] and extended by Lodato et al. [86] are an
attractive candidate. They prevent any drift from the mean flow imposed and their
implementation is similar to the non-linear characteristic boundary conditions available
in the code. Another possibility is the boundary condition developed by Svärd et al. [145].
The formalism developed in this paper allows to define a numerical energy estimate similar
to the continuous case (the extension from the NS to the NSK equations has been carried
out but not published and integrated to this thesis). In this way, the stability of the
procedure is ensured in the linear case. Furthermore, this formalism has also been used
to derive a stable procedure to connect two grids with different spacings [24, 96]. This
feature could be used to upscale the current model.

The procedures derived in this thesis allow to compute relevant information on the
micro-scale that can be used to close the equations in large-scale simulations. The current
model could first be upscaled for DNS using different grids: a coarse grid with the Navier-
Stokes equations in the bulk phases, and a fine grid with the Diffuse Interface Model in
the multi-phase regions. Because of the difference in scales, the ratio between the two
grid spacings is large. The far-field conditions developed in this thesis should be tested
to connect both grids: the far-field values to be imposed at the boundaries of the fine
grid are directly given by the grid-points at the corresponding boundaries of the coarse
grid. The relaxation coefficients given by Yoo and Lodato to introduce the contributions
from the far-field may have to be adapted since they have been optimized to reduce the
contribution of the waves entering the computational domain. Other potential numerical
issues have been addressed in literature to connect two grids with varying spacings and
hyperbolic governing equations [96, 24, 56, 4, 19].

Another attractive upscaling approach originates from the combustion field: the
Flamelet Generated Manifold (FGM) method [98]. In this formulation, the large scale
simulation is solved on a coarse grid. The flame front is captured by separate markers
in a Lagrangian framework. A database is first constructed by running 1-D simulations
of the flame front. After these preliminary computations, the database gives a corre-
spondence between the states present on both sides of the flame front and its position at
the next time step. In this way, the flame front in the large scale simulation is locally
approximated by a plane and its position at the next time step is interpolated using the
database. A similar approach could be used to simulate phase-transitional flows in which
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the flame front is replaced by the liquid/vapor interface. Similar as in FGM, in addition
to the states on both sides, other parameters such as the local curvature may be needed to
accurately reproduce the solution of a detailed simulation with this database approach.



Appendix

A
Thermodynamics of a Van

der Waals fluid

A.1 Equation of state

The non-dimensionalized equation of state for a Van der Waals fluid is given by:

P (T, ρ) =
8ρT

3 − ρ
− 3ρ2 (A.1)

where P is the pressure, ρ the mass density, and T the temperature. The quantities are
non-dimensionalized using the corresponding value at the critical point.

A.2 Internal energy

The non-dimensionalized internal energy of a Van der Waals fluid is given by:

e0(T, ρ) =
8

3
cvT − 3ρ (A.2)

where the reference internal energy is set to zero at vanishing temperature and mass den-
sity, and the specific heat capacity cv is chosen to be a constant function of temperature.

Proof. Using the definition of the non-dimensionalized heat capacity at constant volume,
the following thermodynamic identify holds for the internal energy:

de0 =
8

3
cvdT +

(
∂e0

∂ρ

)

T

dρ

where the 8/3 factor in front of the non-dimensionalized specific heat capacity is the
result of the non-dimensionalization process (see Section 2.2). Using the thermodynamic
identities for the internal energy and the Helmholtz free energy, we have:

{

de0 = T ds0 − P dv

df0 = −s0dT − P dv
⇒







(
∂e0

∂ρ

)

T

= T

(
∂s0

∂ρ

)

T

− P

(
∂v

∂ρ

)

T

−
(

∂s0

∂v

)

T

= −
(

∂P

∂T

)

v
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Therefore:
(

∂e0

∂ρ

)

T

=

(
∂v

∂ρ

)

T

(

T

(
∂s0

∂v

)

T

− P

)

= − 1

ρ2

(

T

(
∂P

∂T

)

v

− P

)

= −3

A.3 Enthalpy

The specific enthalpy for a Van der Waals fluid using non-dimensional quantities is given
by:

h0(T, ρ) =
8

3

(

cv +
3

3 − ρ

)

T − 6ρ (A.3)

Proof. For a general fluid, the specific enthalpy is related to the specific internal energy
by:

h0 = e0 + P v

where v is the specific volume, related to the mass density by v = 1/ρ. Using the equation
of state for the Van der Waals fluid (see Eq. (A.1)) and the expression for the internal
energy (see Eq. (A.2)), the expression for the enthalpy is obtained.

A.4 Entropy

The specific entropy for a Van der Waals fluid expressed with the non-dimensional vari-
ables is:

s0(T, ρ) =
8

3
cv ln(T ) +

8

3
ln

(
3 − ρ

ρ

)

(A.4)

Proof. Using the thermodynamic identities for the internal energy and the Helmholtz free
energy, we have:

{

df0 = −s0dT − P dv

de0 = T ds0 − P dv
⇒







−
(
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∂v

)

T
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∂T

)

v
(

∂e0

∂T

)

ρ

= T

(
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ρ

⇔
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)

T

= − 1

ρ2

(
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∂T

)

v
(

∂s0

∂T

)

ρ

=
1

T

(
∂e0

∂T

)

ρ

The expressions for the partial derivatives of the specific entropy are obtained using the
equation of state (see Eq. (A.1)).







(
∂s0

∂v

)

T

= − 8

ρ(3 − ρ)
(

∂s0

∂T

)

ρ

=
8cv

3T
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After integration, the expression for the specific entropy reads:

s0(T, ρ) =
8

3
cv ln(T ) +

8

3
ln

(
3 − ρ

ρ

)

where the constant of integration is set to zero as reference.

A.5 Helmholtz-free energy

The specific Helmholtz-free energy for a Van der Waals fluid with the non-dimensional
variables reads:

f0(T, ρ) =
8

3
cvT (1 − ln T ) +

8

3
T ln

(
ρ

3 − ρ

)

− 3ρ (A.5)

Proof. The specific Helmholtz-free energy is related to the specific internal energy and
the specific entropy by:

f0 = e0 − T s0

The expression for the Helmholtz-free energy is then obtained by combining Eq. (A.2)
and Eq. (A.4).

A.6 Gibbs-free energy

The specific Gibbs-free enthalpy for a Van der Waals fluid with the non-dimensional
variables reads:

g0(T, ρ) =
8

3
T

[

cv(1 − ln T ) +
3

3 − ρ

]

+
8

3
T ln

(
ρ

3 − ρ

)

− 6ρ (A.6)

Proof. The specific Gibbs-free energy is related to the specific enthalpy and the specific
entropy by:

g0 = h0 − T s0

The expression for the specific Gibbs-free enthalpy is then obtained by combining Eqs.
(A.3) and (A.4).

A.7 Mass densities of the saturated liquid and vapor phases

If a mixture of liquid and vapor is at equilibrium, the chemical potential, the pressure
and the temperature are the same in the liquid and the vapor phases:

{

P (T, ρv) = P (T, ρl)

g(T, ρv) = g(T, ρl)
(A.7)
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For temperatures below the critical point, T < 1, this system of equations leads to two
solutions. The mass densities for the saturated liquid and vapor phases are interpolated
as functions of the temperature close to the critical point (see Figs. A.1-A.2), T ∈
[0.95, 0.999]:

{

ρv(T ) = 1.0 − 1.91
√

1 − T

ρl(T ) = 1.0 + 2.06
√

1 − T
(A.8)
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Figure A.1: Interpolation of the mass density for the saturated vapor phase as a function
of temperature. The solid line denotes the relation given in Eq. (A.8) and the dot points
are the interpolation points computed using the equation of state.
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Figure A.2: Interpolation of the mass density for the saturated liquid phase as a function
of temperature. The solid line denotes the relation given in Eq. (A.8) and the dot points
are the interpolation points computed using the equation of state.



188 Thermodynamics of a Van der Waals fluid



Appendix

B
Equilibrium of a planar

interface

B.1 Helmholtz-free energy per unit volume

The expression for the non-dimensionalized Helmholtz-free energy augmented with non-
local variations of the mass density is:

F (T, ρ, ∇ρ) = F
0(T, ρ) +

1

2We
|∇ρ|2 (B.1)

The thermodynamic identity for the Helmholtz-free energy per unit volume is:

dF = −S
0dT + g0dρ +

1

We
∇ρ · d(∇ρ) (B.2)

Proof. The thermodynamic identity for the specific Helmholtz-free energy is:

df0 = −s0dT − P dv

The expression relating the pressure to the partial derivative of the Helmholtz-free energy
is deduced:

(
∂f0

∂v

)

T,∇ρ

= −P ⇒
(

∂F 0

∂ρ

)

T,∇ρ

=
F 0 + P

ρ
=

G 0

ρ
= g0 (B.3)

where g0 is the specific Gibbs-free enthalpy for a fluid without the non-local contributions
of the mass density gradient.

B.2 Equilibrium conditions

The thermodynamic equilibrium of a fluid confined in the volume Ω corresponds to the
maximization of the entropy for a given total mass and internal energy. The corresponding
Lagrangian functional L is constructed as:

L = S + L1ρ + L2E (B.4)
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where L1 and L2 are the Lagrangian multipliers constraining the conservation of mass
and total internal energy, such that the equilibrium corresponds to maximization of the
quantity:

∫

Ω

L(x, T, ρ, ∇T, ∇ρ)dx

The Lagrangian functional is rewritten to elucidate the role of the Helmholtz-free energy
and the internal energy:

L =
1

T
(E − F ) + L1ρ + L2E

The Euler-Lagrange equations corresponding to this problem are:







(
∂L
∂T

)

ρ,∇T,∇ρ

= ∇ ·
((

∂L
∂∇T

)

ρ,∇ρ

)

(
∂L
∂ρ

)

T,∇T,∇ρ

= ∇ ·
((

∂L
∂∇ρ

)

ρ,∇ρ

) (B.5)

In the case of a Van der Waals fluid, the partial derivatives of the Lagrangian functional
are given by:







(
∂L
∂T

)

ρ,∇T,∇ρ
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(
1

T
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)
8ρcv

3
(

∂L
∂∇T

)

T,ρ,∇ρ

= 0

(
∂L
∂ρ

)

T,∇T,∇ρ
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T
+ L1 +

(
1

T
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)(
8

3
cvT − 6ρ

)

(
∂L

∂∇ρ

)

T,ρ,∇T

= − 1

T

1

We
∇ρ

(B.6)

Proof.
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)

ρ,∇T,∇ρ

= − 1

T 2
(E − F ) +

1

T

(
∂(E − F )

∂T
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Using Eq. (B.6), the Euler-Lagrange equations (see Eq. (B.5)) are rewritten as:







(
1

T
+ L2

)
8ρcv

3
= 0

(

−g0

T
+ L1

)

+

(
1

T
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)(
8

3
cvT − 6ρ
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− 1
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1
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) (B.7)

which is equivalent to







L2 = − 1

T

L1 =
1

T

(

g0 − 1

We
∇2ρ

)

=
χ

T

(B.8)

Therefore, the thermodynamic equilibrium corresponds to a uniform temperature field
and constant generalized chemical potential χ.

B.3 Profile of a planar interface

The profile of a planar interface is derived, i.e. the mass density profile corresponding to
the thermodynamic equilibrium. The coordinate system is aligned to the normal direction
of the planar interface. In this coordinate system, the interface is located at z = zi.
The bulk phases corresponding to the saturated vapor and liquid phases are respectively
located at z = −∞ and z = +∞. Along this profile, the thermodynamic equilibrium is
given by:

g0(T, ρ(z)) − 1

We

d2ρ

dz2
= g0

eq(T ) (B.9)
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where the specific Gibbs-free enthalpy characterizing the equilibrium is denoted by g0
eq(T ).

This free enthalpy is equal to the one evaluated in the bulk phases where the gradient of
the mass density vanishes:

g0
eq(T ) = g0(T, ρv(T )) = g0(T, ρl(T )) (B.10)

where ρv(T ) and ρl(T ) respectively denote the mass densities of the saturated vapor and
liquid phases. After integrating once, the thermodynamic equilibrium from Eq. (B.9) can
be reformulated as:

∆F
0 =

1

2We

(
dρ

dz

)2

(B.11)

where ∆F 0 is the excess of Helmholtz free energy per unit volume and is defined by:

∆F
0(T, ρ) = F

0(T, ρ) − F
0
tgt(T, ρ) (B.12)

and F 0
tgt(T, ρ) is the equation of the double tangent for the Helmholtz free energy:

F
0
tgt(T, ρ) = F

0(T, ρv) + g0
eq(T )(ρ − ρv) = F

0(T, ρl) + g0
eq(T )(ρ − ρl) (B.13)

Proof. By multiplying Eq. (B.9) with the gradient of the mass density, it is possible to
integrate once:
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(B.14)

We still need to prove that the quantity F 0
tgt(T, ρ) effectively corresponds to the double

tangent equation of the conventional Helmholtz free energy.
At thermodynamic equilibrium, the specific Gibbs-free enthalpy is the same in the

bulk phases (see Eq. (B.10)):

g0(T, ρv(T )) = g0(T, ρl(T ))

As the specific Gibbs-free energy is related to the derivative of the Helmholtz-free
energy (see Eq. (B.3)), this equation can be interpreted as equalizing the tangent slopes
of F 0(T, ρ) at ρ = ρl and ρ = ρv for a given temperature.
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At thermodynamic equilibrium, the pressure is also the same in the bulk phases so:

P (T, ρv(T )) = P (T, ρl(T ))

⇔ G
0(T, ρv(T )) − F

0(T, ρv(T )) = G
0(T, ρl(T )) − F

0(T, ρl(T ))

⇔ ρvg0(T, ρv(T )) − F
0(T, ρv(T )) = ρlg

0(T, ρl(T )) − F
0(T, ρl(T ))

This last equation can be interpreted as equalizing the y-intercept of the tangents.
Therefore, for a given temperature, the two tangents equations at ρ = ρv and ρ = ρl of
the function F 0(T, ρ) are the same.

Close to the critical temperature, the function ∆F 0 is approximated by the double
well-potential function:

∆F
0(T, ρ) =

24∆F 0
max(T )

(ρl − ρv)
4 (ρ − ρl)

2
(ρ − ρv)

2
(B.15)

Proof. Close to the critical temperature, the mass densities for the saturated liquid and
vapor phases can be approximated using a Taylor expansion (they are numerically com-
puted using the EOS as in Section A.7 and interpolated):







ρl = 1 + 2τ +
2

5
τ2 − 1

2
τ3 +

1

10
τ4 + o(τ4)

ρv = 1 − 2τ +
2

5
τ2 +

1

2
τ3 +

2

10
τ4 + o(τ4)

where τ is the perturbation from the critical temperature defined by:

τ =
√

1 − T

The definition for the excess of Helmholtz free energy is given by Eq. (B.12). Its expression
for the Van der Waals EOS is estimated using Eqs. (A.5)) and (A.6):

∆F
0(T, ρ) = F

0(T, ρ) −
[
F

0(T, ρl) + g0(T, ρl)(ρ − ρl))
]

=
8T (ρl − ρ)

3 − ρl
− 3(ρl − ρ)2 +

8

3
ρT

(

ln

(
ρ

3 − ρ

)

− ln

(
ρl

3 − ρl

))
(B.16)

We would like to estimate the asymptotic behavior of ∆F 0
max(T ) close to the critical

temperature. For this purpose, we estimate the asymptotic behavior of ρmax such that
the derivative of ∆F 0(T, ρ) with respect to ρ is zero. The Taylor expansion of ρmax thus
obtained is then substituted in the expression of ∆F 0(T, ρ) to get ∆F 0

max(T ).
The expression for the derivative of ∆F 0 is:

(
∂∆F 0

∂ρ

)

T

= 6(ρl − ρ) +
8

3
T
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1 +
ρ
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)
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(
ρl

3 − ρl
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Close to the critical temperature, this expression can be approximated by:

(
∂∆F 0

∂ρ

)

T

=



−
ρ
(

−6ρ + 20 + 8 ln(2)
3

)

3 − ρ
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3
ln
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ρ
3−ρ

)

− 3 + 6 ln(2)
)

3(3 − ρ)
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6

5
τ4 + o

(
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)

The value ρmax for which the derivative is zero is numerically estimated by truncating the
series beyond the fourth order term. Close to the critical temperature, its approximation
is given by:

ρmax(T ) = 1 +
1

5
τ2 +

1

500
τ4 + o

(
τ4
)

The expression for ρmax is substituted in the definition of ∆F 0(T, ρ) together with the
expression for the mass density of the saturated liquid phase and the temperature. The
approximation of the excess Helmholtz free energy close to the critical temperature reads:

∆F
0
max(T ) = 6τ4 + o

(
τ4
)

Therefore, close to the critical temperature, the following approximation holds:

24∆F 0
max(T )

(ρl − ρv)4
(ρl − ρ)4(ρ − ρv)4 =

3

8
(1 − ρ)4 + o(1)

Since we would like to approximate this function close to the critical point for mass
densities in the range [ρv, ρl], the previous expression can be estimated by:

24∆F 0
max(T )

(ρl − ρv)4
(ρl − ρ)4(ρ − ρv)4 =

3

8
̺4 + oτ (1) + o̺(̺4)

where ̺ is the perturbation from the critical mass density defined by:

̺ = 1 − ρ

The expression for the excess of Helmholtz free energy from Eq. (B.16) can also be
approximated near the critical temperature and for mass densities in the range [ρv, ρl].
The expression of the mass density for the saturated liquid phase, the expansions for the
temperature and the mass densities are substituted to obtain:

∆F
0(T, ρ) =

3

8
̺4 + o̺(̺4) + oτ (1)

Therefore, the function ∆F 0(T, ρ) can be approximated by
24∆F

0

max
(T )

(ρl−ρv)4 (ρl − ρ)4(ρ −
ρv)4 near the critical point for mass densities in the range [ρv, ρl].
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Therefore, close to the critical temperature, the interface profile is given by:

ρ(z) =
ρl + ρv

2
+

ρl − ρv

2
tanh

(
2(z − zi)

Li

)

(B.17)

where the width of the interface is:

Li =
1√

2We

ρl − ρv
√

∆F 0
max

(B.18)

The width of the interface can be interpolated as a function of temperature by expressing
the quantity (ρl − ρv) /

√

∆F 0
max as a linear function of 1/

√
1 − T . This quantity is

depicted on Fig. B.1 for T ∈ [0.95, 0.999]. Therefore, close to the critical temperature,
the interface width can be approximated by:

Li(T ) =
1√

2We

(

1.63 × 1√
1 − T

)

(B.19)
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Figure B.1: Interpolation of the interface width as a function of temperature

Proof. Close to the critical temperature, the thermodynamic equilibrium is determined
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by substitution of Eq. (B.15) in Eq. (B.11):

24∆F 0
max(T )

(ρl − ρv)
4 (ρ − ρl)

2
(ρ − ρv)

2
=

1

2We

(
dρ

dz

)2

⇔ dρ

(ρl − ρ) (ρ − ρv)
=

22
√

2We ∆F 0
max(T )

(ρl − ρv)2 dz

⇔ 1

ρl − ρv

(
1

ρl − ρ
+

1

ρ − ρv

)

dρ =
4
√

2We ∆F 0
max(T )

(ρl − ρv)
2 dz

⇔
(

1

ρl − ρ
+

1

ρ − ρv

)

dρ =
4

Li
dz

where the quantity Li is defined by Eq. (B.18). After integration, this gives:

ln

(
ρ − ρv

ρl − ρ

)

=
4

Li
(z − zi)

where the interface located at z = zi determines the constant of integration: ρ(zi) =
(ρl + ρv)/2. We introduce Z = 2(z − zi)/Li to simplify the following steps. Continuing
the previous equation, we have:

ρ − ρv

ρl − ρ
= e2Z

⇔ρ
(
e2Z + 1

)
= ρl e2Z + ρv

⇔ρ
(
e2Z + 1

)
=

ρl + ρv

2

(
e2Z + 1

)
+

ρl − ρv

2

(
e2Z − 1

)

⇔ρ =
ρl + ρv

2
+

ρl − ρv

2

e2Z − 1

e2Z + 1

⇔ρ =
ρl + ρv

2
+

ρl − ρv

2
tanh (Z)

B.4 Surface tension

The surface tension between the liquid and the vapor saturated phases “is by definition the
difference per unit area of interface between the actual Helmholtz-free energy of the system
and that which it would have if the properties of the phases were continuous throughout”
[22]. We recall the simple example of the previous section, a planar interface between
saturated liquid and vapor phases. The coordinate system is also oriented normal to the
plane of the interface and we denote by z the abscissa along this direction. Therefore,
the surface tension is computed by:

σ =

∫ +∞

−∞

(F (z) − FC(z)) dz (B.20)
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The free energy of the system “that it would have if the properties of the phases were
continuous throughout” is given by:

FC(T, ρ) = F
0(T, ρv) + geq(T ) (ρ − ρv) (B.21)

This is the equation of the double tangent of the conventional free energy derived in the
previous section (see Eq. (B.13)). Therefore, the expression for the surface tension is
given by:

σ =

∫ +∞

−∞

(
F (z) − F

0
tgt(z)

)
dz

=

∫ +∞

−∞

(
F (z) − F

0(z)
)

dz +

∫ +∞

−∞

∆Fdz

(B.22)

At thermodynamic equilibrium, the excess of free energy is given by Eq. (B.12) and the
surface tension reads:

σ =

√

2

We

∫ ρl

ρv

√
∆F dρ (B.23)

Proof.

σ =

∫ +∞

−∞

(
F (z) − F

0(z)
)

dz +

∫ +∞

−∞

∆Fdz

=

∫ +∞

−∞

(

1

2We

(
∂ρ

∂z

)2
)

dz +

∫ +∞

−∞

(

1

2We

(
∂ρ

∂z

)2
)

dz

=
1

We

∫ +∞

−∞

(
∂ρ

∂z

)2

dz

=
1

We

∫ ρl

ρv

∇ρ dρ

=

√

2

We

∫ ρl

ρv

√
∆F dρ

Close to the critical temperature, the expression for the excess of free energy can be
approximated by the double-well potential (see Eq. (B.15)) and the surface tension reads:

σ =
2
√

2

3
√

We
(ρl − ρv)

√

∆F 0
max (B.24)
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Proof.

σ =

√

2

We

∫ ρl

ρv

√
∆F dρ

=
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2
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4
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2
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4
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(ρl − ρv)
2

(ρl − ρv)
3

6

=
2
√

2

3
√

We
(ρl − ρv)

√

∆F 0
max

Close to the critical temperature, the surface tension can be interpolated as a function
of temperature by using an estimation for the quantity (ρl − ρv)

√

∆F 0
max (see Fig. B.2)

for T ∈ [0.95, 0.999]:

σ(T ) =
2
√

2

3
√

We

(

9.69 (1 − T )3/2
)

(B.25)
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Figure B.2: Interpolation of the surface tension as a function of temperature
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