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Summary

Overactuated Magnetically Levitated Systems
Flexible modes and eddy current phenomena in

high-precision bearingless planar motors

The demands for positioning systems in the semiconductor lithography industry are
ever increasing regarding accuracy and acceleration. To obtain both a long-stroke
motion and a high positioning accuracy, these devices often consist of two stacked
actuation systems. As this leads to heavy actuation systems, and consequently to
high demands on the electrical power and cooling, the challenge is to design a light-
weight and single-stroke planar motor which can deliver a similar performance. For
this purpose, the Double-Layer Planar Motor (DLPM), able to move in six degrees-
of-freedom (DoF), was developed. This bearingless motor has a stator consisting of
two layers of coils, and a magnetically levitated translator containing a permanent
magnet array. To obtain the required level of accuracy and acceleration with a single-
stage planar motor, performance limiting phenomena need to be considered and are,
therefore, analyzed in this thesis.

During the design of the DLPM the performance of the machine has been optimized
using magneto-static models for the coil and magnet interaction. Dynamic electro-
magnetic effects were largely neglected. Because the time-varying magnetic fields
induce eddy currents in the electrically conducting materials that are present in the
motor, such as the permanent magnets on the translator and the cooling plates in the
coil arrangement, a parasitic force is created. This parasitic force produced by the
dynamic eddy current effect depends on the segmentation of the conducting materials
and the applied motion profile.

To calculate eddy current distributions in segmented conducting parts of planar or
linear motor-like structures, in the two- and three-dimensional Cartesian domain, the
semi-analytical harmonic (or Fourier) based method is extended. The novel modeling
method takes into account the shape of segmented conducting parts by incorporation
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of the spatial dependency of the conductivity in the modeling domain into the solu-
tion expressions of the electromagnetic field quantities following from the quasi-static
Maxwell equations. As a result, all spatial harmonics of the solutions are coupled.
By addition of a time harmonic series, transient force profiles due to induced eddy
currents can be calculated. The developed semi-analytical model is applied to an
electromagnetic configuration containing segmented conducting material, and is veri-
fied using the finite element method and an experimental setup. A similar method is
developed and validated to model electromagnetic fields in configurations where the
relative permeability varies as a function of position.

The eddy current distributions and related force in the conducting materials of a
moving-magnet planar motor, such as the magnets and cooling plates, are computed
with the developed semi-analytical modeling method. By simulation of a motion
profile on a 2D representation of a planar motor section, the contribution of each
conducting part to the total parasitic force is obtained. During the acceleration phase,
the largest contribution to the parasitic force results from eddy currents induced in
the aluminum translator plate. The largest parasitic force during the constant speed
phase of the motion profile is caused by eddy currents induced in the conducting
slitted and non-slitted (cooling) plates on the stator.

The direct wrench-current decoupling commutation algorithm of the DLPM is ap-
plied for feedback linearization and decoupling of the force and torque components.
The algorithm computes the necessary currents in the active coils to produce the de-
sired force and torque components, based on a magneto-static model that computes
coil-to-magnet relations. Since in the constructed machine the individual parts have
imperfections due to manufacturing tolerances, and offsets can exist in the position
reconstruction, errors are introduced between the modeled relation in the commuta-
tion and the actual electromagnetic relation in the motor, causing cross-coupling of
the force and torque components. As no physical measurement device can be connec-
ted to the levitated translator, the force and torque obtained from the controllers are
considered for the experimental analysis of the commutation algorithm. By standstill
levitation of the translator on a grid of positions, the static cross-coupling of force
and torque components is evaluated. The mean values of the cross-coupling terms
over the measured grid can be reduced to approximately zero by applying offsets in
the commutation in the x- and y-directions. In a second experimental methodology,
where one coil is excluded from the commutation, a dc current is applied during
standstill levitation at several positions. The dc current in the excluded coil causes a
force and torque on the translator that is compensated by the controllers. With this
method, individual coil current to force and torque relations are analyzed.

Due to the force that is exerted on the magnets on the translator and the flexible
behavior of its mechanical construction, the translator of the DLPM deforms during
levitation and actuation. This deformation, mainly in the direction perpendicular to
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the translation plane, will reduce the positing accuracy. The principle of overactuation
can be applied to use the available inputs of the system, 40 active coils, to not
only control the six DoFs (or rigid body modes) of the magnetically levitated mover,
but additionally its deformation. Therefore, an advanced commutation algorithm
for overactuation, that decouples the flexible modes from the rigid body modes, is
described. The mechanical model of the translator is coupled to the electromagnetic
model, to obtain the relation from coil current to modal force, which is required for the
extended commutation algorithm. To measure the deformation of the magnetically
levitated translator, a 25-axis interferometer system is designed, and implemented in
the DLPM prototype.

The coupled electromagnetic and mechanical model of the DLPM is validated using
two novel experimental methodologies. Firstly, the modeled relation from coil current
to modal displacement is compared to measurement data for the first four flexible
modes, by applying an ac disturbance current in a coil that is excluded from the
commutation. The disturbance current is injected at the resonance frequency of the
modeshape under consideration, thereby exciting this flexible mode, allowing for its
reconstruction using frequency domain data. Secondly, to validate the performance
of the advanced commutation algorithm for overactuation, a sinusoidal disturbance
in a coil is used to excite the system. This known disturbance is then compensated
using the commutation for overactuation. It is demonstrated that the disturbance is
reduced by more than 70 % for the first four modeshapes, during standstill levitation
at a specific location, exploiting this commutation algorithm.
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Chapter 1

Introduction

In the introduction chapter, the background of the research is presented. The
necessity of accurate and fast planar motion in the semiconductor manufacturing
industry is discussed. Afterwards, the challenges of the design and control of a

single-stage moving-magnet planar motor are described. Based on these challenges,
research objectives are formulated. An overview of the performed research is given
at the end of the chapter.



2 Chapter 1. Introduction

1.1 Background

The semiconductor industry produces integrated circuits, which are the basis of micro-
processors used in many modern-day devices, such as computers, smart-phones and
data storage solutions. As the demands on the speed and memory density of the semi-
conductor circuits are continuously growing, more electronic components need to be
realized on these circuits. The feature sizes of the transistors are, therefore, decreas-
ing to fit more transistors on an integrated circuit, to reduce the power dissipation
and raise the speed of the devices. Subsequently, increasingly accurate manufactur-
ing equipment is required for the semiconductor lithography process. To optimize
the production rate of the semiconductor manufacturing process, the motion systems
in this equipment do not only need to be very accurate, but additionally facilitate a
high throughput rate.

The fabrication process of a semiconductor integrated circuit is a repeated sequence
of photo-lithographic and chemical processing steps [83]. Multiple semiconductor
circuits are produced on a single silicon wafer (Fig. 1.1a), where one circuit on the
wafer is called a die. The process starts with the deposition of a photo-resistive
layer on the wafer. Next, during the exposure step, the pattern of a reticle mask
that contains the circuit arrangement of a layer, is projected onto each of the dies
separately. The light used for the projection, passes through a lens system between the
reticle mask and the wafer, which reduces the image to the required size. By applying
a developer, depending on the type of photo-resist, the exposed or unexposed resist is
dissolved. Afterwards, the material properties of the exposed regions are adjusted by
chemical processes, such as etching and doping. The process is repeated for multiple
layers on top of each other, thereby creating the semiconductor circuit. Finally, the
wafer is diced to acquire the individual circuits.

The exposure of a die to the light passing through a reticle mask, is performed in
either a standstill or scanning manner. For standstill exposure, also called wafer
stepping, the die is exposed to the full mask. The size of a die, however, is limited by
the diameter of the projection lens. To produce larger sized dies, with the same lens
system, the lithography industry is using a scanning method [28]. In this case, only a
part of the mask is projected through an exposure slit. The wafer is then moving at
constant speed while, simultaneously, the mask is traveling in the opposite direction,
thereby projecting the image in a scanning manner. Once the scanning phase is done,
the next die on the wafer is moved under the lens. During the constant speed phase of
the motion profile when the exposure takes place, the position accuracy of the device
moving the wafer and the reticle is crucial, since errors will reduce the contrast of
the image and may cause imperfections in the projected pattern. Furthermore, to
process all dies on a wafer as fast as possible it is important that the transition time
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(a) (b)

Figure 1.1: Semiconductor technology: a) A silicon wafer with integrated cir-
cuits. b) ASML lithography machine of the TWINSCAN NXT series [7] (ASML,
Veldhoven, The Netherlands). The red box indicates the moving-coil type planar
motors used to position the wafer.

from one die to another is minimal. Therefore, the devices used for the positioning
of wafers in the XY-plane should be able to produce high accelerations.

1.2 High-precision positioning systems

Devices for positioning in the XY-plane are utilized in a variety of applications, such
as pick-place machines, manufacturing tools, 3D printers and lithography equipment.
The positioning devices, that are used for the wafer scanning process, have developed
over the years as the demands on accuracy and acceleration have been growing con-
tinuously. Nowadays, the positioning system usually consist of two actuation systems
stacked on top of each other [71, 122], referred to as a dual-stage topology. One of
the actuators, typically a synchronous motor, performs a long-stroke motion in the
XY-plane. The second, short-stroke system, provides the nanometer accurate posi-
tioning of the wafer in 6 degrees-of-freedom (DoF). The short-stroke motion is usually
performed with a set of voice-coil actuators [71]. The types of machines that are used
for the long stroke are discussed in the remainder of this section.

1.2.1 Planar motion technology

For long-stroke XY-positioning systems, often an H-drive type construction consist-
ing of multiple interconnected linear motors is used. Also in the lithography industry
the H-drive systems serves for positioning tasks [79]. In this type of system, usually
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mechanical bearings or air bearings are utilized. The disadvantage of H-drive con-
structions is the high moving mass, and the limited stiffness of the system due to the
large construction and combination of motors.

To increase the performance of positioning devices, planar motors have been developed
over the years. The first moving-coil planar motors were still relying on conventional
bearings (mechanical or air) for stability, e.g. as described in [19, 59]. The magnets of
the magnet array in these devices are magnetized in the direction perpendicular to the
plane of motion, called a north-south configuration. To increase the magnetic loading
of the motor, the planar Halbach array [53, 60] can be used, which incorporates
magnets with in plane magnetization vectors between the north-south magnetized
magnets. As a result, the magnetic flux density is focused on one side of the magnet
array. A planar motor using the Halbach magnet array is presented in [20, 23].

One of the first bearingless magnetically levitated systems, which provide certain
advantages over systems relying on conventional bearings [104], is described in [73].
The translator in the device is stably levitated and propelled by means of electro-
magnetic fields. This planar motor is of the moving-magnet type, but has a limited
stroke of 50 mm × 50 mm. The first bearingless moving-coil type planar motor, with
long stroke capabilities is described in [22, 23]. In this motor, the mover consists of
four sets of 3-phase coils, rotated 45 degrees with respect to the magnet array on
the stator. The design and topology of this device is at the base of the long-stroke
positioning system of the ASML NXT line of wafer scanners [7], shown in Fig. 1.1b.

To supply power and cooling in case of a moving-coil arrangement, cable slabs have to
be connected to the moving part of the positioning system. These moving cable slabs
can have an unfavorable effect on the dynamics of the system, and often linear motors
are present in the system to move the slabs. Therefore, moving-magnet bearingless
planar motors, where no cable needs to be connected to the translator, have been
investigated as an alternative. Various moving-magnet planar motor topologies are
presented in [29, 40, 64, 133, 144]. Also, the potential of superconducting planar
motors is investigated [74], as this type of machine will allow for even higher force
production and acceleration.

The working principle of most bearingless planar motors presented in the literature
can be described by the Lorentz force, due to the highly linear force-to-current relation
of the designs [63]. The use of soft-magnetic material in these devices is limited or
has a negligible influence on the linearity of the fields. To calculate the Lorentz force
that is produced by the magneto-static fields in the motor, several numerical [39, 80]
and analytical techniques [65, 150] can be utilized.
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1.2.2 The Double-Layer Planar Motor

As mentioned, a disadvantage of a moving-coil planar motor is the fact that cables
have to be connected to the mover. Furthermore, a dual-stage topology leads to
a heavy and bulky moving structure, which is disadvantageous in terms of power
consumption and the amount of force that needs to be produced to reach high accel-
erations. The challenge is, therefore, to build a light-weight single-stage planar motor
that is capable of performing long-stroke positioning tasks with the same acceleration
and accuracy as state-of-the-art dual-stage positioning devices. To this purpose, the
Double-Layer Planar Motor (DLPM) has been developed at the Eindhoven Univer-
sity of Technology, the Netherlands [114, 119]. The DLPM is subject of the research
described in this thesis.

The double-layer planar motor is a bearingless 6-DOF moving-magnet planar motor,
designed to perform positioning tasks with high accuracy and a maximum acceleration
of 50 m/s2. The electromagnetic configuration of the DLPM, consisting of coils and
permanent magnets is depicted in Fig. 1.2. On the permanent magnet mover, a
quasi-Halbach configuration is used to focus the magnetic field on the bottom of the
aluminum carrier to which the magnets are glued [115]. The translator is designed
with low mechanical stiffness and the first eigenfrequency around 225 Hz. On the
stator side, no back iron is used to prevent an attractive force between the stator
and permanent magnet array. To obtain symmetrical behavior in both the x- and
y-directions, the coil arrangement consists of two layers. The racetrack shaped coils of
the bottom layer are aligned parallel to the y-axis, and mainly provide force in the x-
and z-directions. The top layer coils are oriented perpendicular to the bottom layer
coils, and mainly provide force in the y- and z-directions. The coils are designed in
such a way that both layers produce an equal amount of lift force (z-direction) per unit
of dissipated power. Because the corner elements cause parasitic force contributions,
the coils are shifted by a distance τn with respect to each other. In this way, the
harmonic content in the produced force due to the corner segments is minimized.
To remove the heat produced by the coils a cooling system is present. This system
consists of water cooled plates, placed on the top and bottom of the coil arrays.
The machine has been optimized with respect to force production (in combination
with minimal higher harmonic content) [116], power losses, coil temperatures [121]
and mechanical deformation [118] of the translator. All properties of the DLPM,
including the dimensions, cooling system, power electronics and measurement system
are presented in Appendix A.
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Figure 1.2: The Double-Layer Planar Motor (DLPM). a) Topology of the DLPM.
b) Prototype constructed at the TU Eindhoven (photo by Bart van Overbeeke).

1.3 Challenges of the research towards nanometer
accurate single-stage planar motors

The design and control of single-stage planar positioning systems face great challenges
because of the motion profiles with high acceleration that are employed in these
machines. Moreover, since no short-stroke stage with well-known force-to-current
relations is present, nanometer accuracy should be obtained with the long-stroke
synchronous motor. To obtain the required level of accuracy and acceleration with a
single-stage planar motor, performance limiting phenomena, need to be considered.

1.3.1 Eddy current phenomena

In electrical machines, where time-varying magnetic fields are produced, eddy currents
are induced in conducting materials. Eddy currents are typically induced in the
lamination stack [41, 56], the magnets [10, 93, 146], conducting sleeves [55, 69, 125]
or in the back-iron [110]. Especially in machines with high-frequent magnetic fields,
such as high-speed machines or pulse width modulated inverter fed machines, the
induced eddy currents can lead to significant power losses [148]. As a solution, the
eddy currents are often reduced by means of segmentation of the conducting parts [38,
89, 129]. Also, in wireless power transfer systems [70, 147] eddy current effects have to
be considered as they reduce the efficiency of the power transfer. In superconducting
systems, eddy currents are investigated [101] as they can cause a considerable load
on the cooling system or have an effect on critical currents [31, 50].
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Modeling of eddy currents

The underlying diffusion phenomenon of eddy current effects is very challenging to be
modeled in the three-dimensional space. Various formulations can be used to imple-
ment the quasi-static Maxwell equations that typically describe electromagnetic fields
and eddy current phenomena. Generally, the formulations that are applied in con-
ducting media are different from those in non-conducting media, which are coupled
by boundary conditions [16, 131]. To accurately model eddy currents in an elec-
tromagnetic configuration, the geometrical shape of the conducting parts should be
considered. For this purpose, often, numerical mesh-based methods [12, 24, 67, 84]
are utilized for discretization of the modeling domain and, hence, to describe the
conductivity as a function of position in this domain by assignment of the proper for-
mulation for each mesh element. Research of electromagnetic problems with a large
open-bounded structure, like planar motors, has shown that numerical mesh-based
methods such as the finite element method (FEM), put a large demand on the com-
putational memory and computation time. For verification purposes, however, results
are often compared to FEM as it is a more conventional and proven modeling method.
Although the outcome of FEM highly depends on the discretization of the domain, a
well designed mesh usually leads to trustworthy results. For problems where electro-
magnetic fields have to be described in complex geometries with permeable magnetic
materials or conducting material, a discrepancy of 5 % to 10 % in the calculated force
is generally obtained with respect to FEM [86, 87, 103, 106]. Therefore, for these type
of problems, typically an error of less than 10 % with respect to FEM is considered
accurate.

An additional challenge in the modeling of eddy current phenomena is to incorporate
the time dependent behavior. For single frequency or single speed simulations, the
complexity of the problem is reduced. However, in the simulation of the parasitic
force due to eddy currents in an electrical machine when a motion profile is performed,
multiple frequencies have to be considered. Alternatively, the problem can be solved
by time stepping, although this can be a time consuming process. To compute the
parasitic force due to eddy currents in segmented conducting materials in planar
motor structures, (semi-)analytical models, which can solve time and space dependent
electromagnetic problems, are investigated.

Parasitic force due to eddy currents in planar motors

In the conducting parts of a planar motor, such as the magnet array, cooling plates,
and translator plate, eddy currents are induced. These eddy current distributions will
effect both the accuracy, due to a parasitic force that is created, and the bandwidth
because of delays in the field built up, especially at periods of high acceleration
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and high jerk. When a single-stage planar motor is utilized for nanometer accurate
positioning, these parasitic effects can be a limiting factor. To minimize the parasitic
effect of the eddy currents, the cooling plates are constructed using titanium, which
has a low electrical conductivity. Furthermore, slits are made in the cooling plates
to restrict the flow of the currents. The magnet array is not a single conducting
body where eddy currents can flow freely, as it consists of separate magnets without
an electrical connection between them. However, the position dependency of the
parasitic force that is created by the segmentation of the conducting material in both
the stator and the translator, and the magnitude of the parasitic force have not been
investigated. In this thesis, the parasitic force created by eddy currents in a planar
motor is analyzed.

1.3.2 Commutation analysis of moving-magnet planar motors

Commutation algorithms in synchronous planar motors are employed for feedback
linearization and decoupling of the force and torque. The direct wrench-current com-
mutation algorithm [140, 141], has been developed for moving-magnet type planar
motors to translate the desired force and torque of the motor to currents that are
required in the coils to produce it. The algorithm is based on a magneto-static model,
relating the current in a coil to the force and torque that are produced on the perman-
ent magnet array of translator. In moving-coil planar motors, a more classical 3-phase
commutation method based on the dq0-transformation is typically used [22, 72] for
decoupling of the force components. As the 3-phase coil sets on the moving part
have a fixed position with respect to the center of mass, the torque components on
the moving body can be largely minimized by optimization of the topology, although
parasitic torque components can still exist [22]. As the arms of the force producing
coils towards the center of mass of the translator body in a moving-magnet planar
motor are continuously varying, the direct wrench-current commutation is developed
to actively control both the force and torque components.

Perturbations between the model and the actual electromagnetic interactions in the
machine cause commutation errors and, hence, cross-coupling of force and torque
components that reduce the positioning accuracy of the motor. These perturbations
can be caused by e.g. imperfections in the coils and magnets as they have manufac-
turing tolerances or by errors in the position reconstruction. The influence of these
manufacturing tolerances on the produced force and torque components are described
in e.g. [42] for a rotational machine and in e.g. [114, 117] for moving-magnet planar
motors. Typically, a magneto-static model is used in which the geometric properties
of the motor parts are varied, within the manufacturing tolerance, in e.g. a Monte
Carlo simulation [30]. Research on the force and torque components caused by man-
ufacturing tolerances or other mismatches between the model and physical behavior
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of the motor in actually realized moving-magnet planar devices is, however, limited.
To analyze the cross-coupling terms and the coil current to force and torque relations
in the DLPM, experimental methodologies are developed, since no physical measure-
ment device can be attached to the electromagnetically levitated moving body.

1.3.3 Mechanical deformation

Any mechanical body, exposed to force, will deform since it has a limited stiffness
[47, 132]. In many applications, the flexible body dynamics of a structure can be neg-
lected because they are relatively small, and the system is sufficiently characterized by
the rigid body modes. There are, however, applications where these dynamics have to
be considered in order to achieve the desired performance. An example is high-speed
machines, where vibrations and bending of the shaft can become a limiting factor
[15, 85, 90]. In positioning systems, where nanometer accuracy is required, the de-
formation of mechanical parts will reduce the positing accuracy [97, 143]. Therefore,
currently, these systems are constructed with a high mechanical stiffness to reduce
the deformations resulting from the aggressive motion profiles with high accelerations.
The design of the moving body should be designed such that the combination of mass
and stiffness provides an optimum with regard to the eigenfrequencies and the applied
controller [137]. In practice, however, adding stiffness in the mechanical construction
often goes with an increase of the mass. An increase of the mass means that a larger
force is demanded to reach the desired accelerations, which puts more extreme de-
mands on the motor, power amplifiers and cooling system. To break the vicious circle
of increasing mass leading to increase in required force production, light-weight trans-
lators are investigated. The flexible behavior of the structure should, in this case, be
managed by additional actuation and intelligent control design. Two main challenges
are distinguished for moving light-weight constructions. Firstly, the mechanical res-
onances that can be close or below the bandwidth of the controller. Secondly, the
fact that the geometrical transformation between the point of observation, i.e. the
sensor location, and the point of interest (POI) becomes more complex [58, 97, 112].
An example is depicted in Fig. 1.3, where the POI is in this case a location that is
being exposed in the lithographic process. Due to the flexible behavior, mainly in the
z-direction of the positioning structure moving in the x- and y-direction, the position
of the POI cannot be reconstructed from the sensor position by only considering rigid
body modes. The geometrical transformation between the points is, hence, described
by the flexible modes in addition to the rigid body modes, which is more elaborate
and strongly position dependent.

To manage the flexible behavior of the aforementioned applications, without increas-
ing the stiffness by means of mechanical constructions, the principle of overactuation
can be applied. Using additional actuators (or force inputs), the flexible modes of
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Figure 1.3: Graphic representation of a flexible translator, where the point of
interest (POI) is different than the sensing point.

a system can be controlled. An example for rotating devices is given in [68, 130],
where the rotor vibrations are attenuated. For 6-DoF systems, the principle of over-
actuation is described, among others, in [58, 124, 138, 143]. The challenge of over-
actuation in a moving-magnet planar motor, i.e. the DLPM, is the fact that there is
no physical attachment of actuators to the moving body. Therefore, the force that
is exerted by means of magnetic fields is distributed over the flexible mover and is
position dependent, which puts different constraints on the overactuation principle.
For moving-magnet planar devices, a method to perform overactuation considering
the position-dependent force on the translator body, is developed and described in
[65, 114] but has not been verified by measurements in any bearingless planar mo-
tor. In this thesis, the overaction principle is experimentally demonstrated using the
DLPM.
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1.4 Research objectives

In the previous section, challenges related to eddy current phenomena, commutation
and overactuation in planar motors, are discussed. Based on these challenges, the
following research objectives are formulated:

• The development of a semi-analytical modeling framework to describe
the quasi-static behavior of electromagnetic fields in two-dimensional
and three-dimensional segmented structures.

• The analysis of eddy current phenomena and related parasitic force in
a moving-magnet planar motor when a motion profile is performed.

• The development of an experimental methodology to study the force
and torque decoupling in moving-magnet planar motors.

• Experimental validation of the commutation method that minimizes
the deformation of the translator in moving-magnet planar motors
and the development of experimental methods for this purpose.

1.5 Thesis overview

Chapter 2 describes a 2D semi-analytical modeling technique to model electromag-
netic field quantities in segmented structures. The harmonic model is extended to in-
corporate position-dependent functions describing the magnetic permeability or elec-
trical conductivity of various materials in the modeling domain. The developed model
is verified on an electromagnetic configuration using the finite element method. Also
the transient force due to eddy currents in a linear motor, when a motion profile is
performed, is computed and validated.

In Chapter 3, the technique developed to consider spatially varying electromagnetic
properties is incorporated in the 3D harmonic model. In this way, also the mag-
netic fields and eddy currents in 3D configurations with segmented materials can be
modeled. The modeling technique is validated with results from the finite element
method and an experiment. Both Chapter 2 and Chapter 3 address the first research
objective.

The developed modeling methods are applied to a periodic section of a moving-magnet
planar motor in Chapter 4 to address the second research objective. In a 2D model of
a planar motor, the force resulting from the various eddy current phenomena is com-
puted. Using the 3D model, the magnitude and transient profile of the parasitic force
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due to eddy currents in both the translation and levitation direction are determined
for a moving-magnet planar motor, when a motion profile is performed.

The commutation algorithm of the DLPM, presented in Chapter 5, decouples the
force and torque components and computes the required coil currents to produce
them. The algorithm is based on a magneto-static model relating the current in coil
to the force and torque on the plate. Perturbations between the modeled relation and
the actual existing electromagnetic interactions in the DLPM cause cross-coupling of
the force and torque components. To research the third objective, two experimental
methods are developed, analyzing the cross-coupling terms and the coil current to
force and torque relations in the DLPM.

In Chapter 6, the final research objective is addressed. A mechanical model of the
translator, in which the flexible body dynamics of this structure are described, is
coupled to the magneto-static model of the motor. As a result, the relation between
a coil current and the excitation of the individual flexible modes is obtained. This
position-dependent relation is incorporated in the commutation algorithm, thereby
decoupling the flexible modes from the rigid body modes. To validate the coil current
to modal displacement relation, an experimental method is designed. The control and
minimization of flexible behavior of the translator using the commutation algorithm
for overactuation, is experimentally demonstrated at the end of this chapter.

Finally, in Chapter 7, the conclusions of the work and the main contributions are
summarized. Recommendations for future research are given.



Chapter 2

Harmonic modeling of
segmented structures in 2D

This chapter describes the harmonic modeling technique to model electro-
magnetic field quantities in two-dimensional (2D) structures. The classical
technique is extended to incorporate position-dependent magnetic proper-

ties, i.e. the magnetic permeability and electric conductivity. Consequently, the elec-
tromagnetic fields and resulting forces in segmented electromagnetic configurations
can be accurately modeled.

Part of the content of this chapter has been published in peer-reviewed journal(s):
C. H. H. M. Custers, J. W. Jansen, and E. A. Lomonova, “2D semi-analytical modeling
of Eddy currents in multiple non-connected conducting elements,” IEEE Transactions on
Magnetics, vol. 53, no. 11, 2017.

C. H. H. M. Custers, T. T. Overboom, J. W. Jansen, and E. A. Lomonova, “ 2D semi-
analytical modeling of eddy currents in segmented structures,” IEEE Transactions on Mag-
netics, vol. 51, no. 11, 2015.
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2.1 Introduction

To model magnetic field distributions and eddy current phenomena inside electrical
machines, several modeling techniques have been developed over the years. An elec-
tromagnetic model solves a system of second-order partial differential equations de-
rived from the Maxwell equations. The differential equations depend on variables of
space and time and the properties of the materials present in the modeling domain.
Often, the finite element method (FEM), [12, 24, 67, 84] or boundary element method
[95] are applied to electromagnetic problems, however, these techniques are compu-
tationally intensive since they are mesh based. The spectral element method [25] is
another mesh based method but employs fewer elements with higher-order expansions
leading to faster convergence of the solution and reducing, thereby, the computational
load. As an alternative to mesh based methods, (semi-)analytical models have been
subject of research because of advantages in terms of memory usage and computation
time. The semi-analytical techniques developed to model electromagnetic fields in
electrical machines are among others:

• the surface charge model, [3, 11, 136]

• the magnetic equivalent circuit model, [99, 113, 128]

• the harmonic model, [11, 18, 51, 52, 145]

• models with conformal or Schwarz-Christoffel mappings, [34, 57, 75]

or a combination of the above mentioned techniques, such as the hybrid analytical
model, [88, 100, 108]. Most of these techniques can be applied in multiple coordinate
systems, such as the Cartesian, polar or cylindrical coordinate system. One of the
challenges of the listed semi-analytical techniques is to accurately take into account
the geometry of complex structures, as no mesh is applied.

Beside the capability of a modeling technique to take into account complex geometry
aspects, the formulation that is needed to describe a problem should be implemented
by the same technique. Not all semi-analytical techniques mentioned are suitable to
solve the second order differential equations resulting from the quasi-static Maxwell
equations, which is the required formulation for e.g. eddy current problems. For
example, the surface charge model and magnetic equivalent circuit method can only
solve magneto-static problems. As a solution, in some studies, only the magneto-static
Maxwell equations are implemented and the eddy current distributions are estimated
based on the field strength and frequency, neglecting the reaction field of the eddy
currents. To correctly calculate eddy current distributions induced by high-frequency
fields, however, the reaction field of the eddy currents has to be included in the
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formulation. The harmonic model provides a basis that allows for the implementation
of quasi-static fields.

In the harmonic model, a Fourier basis is used for the solutions to the second-order
partial differential equations that describe the electromagnetic field behavior in one
or more directions. Using a Fourier series as basis makes the model periodic in that
direction. The modeling domain is divided into regions based on the electromagnetic
properties of a region in the non-periodic direction. For example, a part of the mod-
eling domain that contains an electromagnetic source, such as a coil or a magnet, will
be considered as a region. A visual representation of the division into regions of a
geometry is depicted in Fig. 2.1. In the ’classical’ Fourier model, material properties,
such as the magnetic permeability and the electrical conductivity, are not allowed
to vary inside a region in the periodic direction. This means that different mater-
ials or segmentation of material can only be considered in the non-periodic region
of the modeling domain. To compute the magnetic field influenced by finite-width
pieces of permeable or conductive material, the ’classical’ Fourier based model is not
suited. For example, eddy currents in a conducting plate spanning the total periodic
width can be modeled using the harmonic model [6, 18, 131], however, eddy currents
in a magnet array where the conducting magnets will have a finite width, cannot
be computed with the classical technique without making approximations [107]. An
approach for segmentation in the periodic direction of permeable material is the so
called mode-matching harmonic technique [1, 51], however, this technique can only be
applied for materials with an infinite relative permeability. To consider the shape of
segmented conducting or permeable parts in the harmonic model, the spatial depend-
ence of the conductivity or permeability of the geometry under consideration has to
be included in the solutions. A technique, referred to as the Rigorous Coupled Wave
Analysis (RCWA) [91, 139], includes position dependent region properties, such as
variable permittivity and permeability, in the solution of electromagnetic field quant-
ities. This technique is often applied in high-frequency electromagnetic problems,
such as the scattering of waves incident on periodic planar gratings [45, 105] and
Fourier scatterometry [76, 77]. In this thesis, the fundamentals of RCWA are ap-
plied to electromagnetic configurations such as linear motors and planar actuation
(or bearingless) systems to model e.g. eddy current effects and magnetic fields in
structures with a varying permeability.

In this chapter, first, the electromagnetic equations that form the basis of the model
are introduced. The properties of the 2D modeling technique, and the Fourier basis
of the solutions are described in Section 2.3 and Section 2.4, respectively. Then, a
formulation is presented in Section 2.5 and Section 2.6 to include a spatially varying
magnetic permeability and electric conductivity in the solutions expressions of elec-
tromagnetic field quantities of a 2D harmonic model. In Section 2.7 and Section 2.8,
respectively, the boundary conditions to connect all regions are described and the final
solutions in each region are obtained. The formulation for time-dependent problems
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Figure 2.1: Division into regions and boundary conditions of a geometry for the
harmonic model.

is presented in Section 2.9 and the force and power calculations are explained in Sec-
tion 2.10. The method is then applied to a periodic electromagnetic configuration,
containing a three-phase coil set and two finite pieces of permeable or conducting
material. The convergence of the obtained solution is analyzed and the results are
compared to finite element analysis to verify the model in Section 2.11. The time-
dependent model is verified on a linear motor configuration in Section 2.12.

2.2 The Maxwell equations

The solution expressions for the electromagnetic field quantities of the model are
obtained by solving the Maxwell equations. The Maxwell equations are given by

∇× ~E = −∂
~B

∂t
, (2.1)

∇× ~H = ∂ ~D

∂t
+ ~J, (2.2)

∇ · ~B = 0, (2.3)

∇ · ~D = ρ, (2.4)

where ~E is the electric field strength, ~D is the electric flux density, ~H the magnetic
field strength, ~B the magnetic flux density, and ~J the electric current density. The
electric charge density is denoted by ρ. The constitutive relations, which relate the
flux density and the field strength in a given medium to each other are given by

~B = µ0

(
~H + ~M

)
, (2.5)

~D = ε0 ~E + ~P , (2.6)
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where µ0 is the permeability and ε0 the permittivity of free space. The vector fields
~M and ~P are the magnetization and polarization of the material, respectively. The

total magnetization ~M is described by

~M = χ ~H + ~Mr, (2.7)

where χ is the magnetic susceptibility and ~Mr is the remanent magnetization. Sub-
stituting (2.7) in (2.5) gives

~B = µ0 (1 + χ) ~H + µ0 ~Mr = µ0µr ~H + µ0 ~Mr, (2.8)

where µr = (1 + χ) is the relative permeability. Both the relative permeability and
the electric conductivity can vary as a function of position, depending on the materials
in the model space.

The current density in (2.2) can be decomposed into two parts. The imposed current
density ~J imp, which is considered to be a source, such as a coil or a current conducting
wire and the induced current density ~J ind, which results from a time varying magnetic
field

~J = ~J imp + ~J ind. (2.9)

The induced current density is related to the electrical field strength through

~J = σ ~E, (2.10)

where σ is the electric conductivity.

It is assumed in this thesis that all fields are quasi-static, hence, the displacement
current ∂ ~D

∂t is neglected. For an ejωt time dependence of the fields and sources, the
time derivative can be replaced by jω, where ω is the angular frequency. The Maxwell
equations are then given by

∇× ~E = −jω ~B, (2.11)

∇× ~H = ~J, (2.12)

∇ · ~B = 0, (2.13)

∇ · ~D = ρ. (2.14)

To obtain the solutions for the magnetic field quantities in the two-dimensional do-
main, either the magnetic scalar potential or magnetic vector potential can be intro-
duced. In current-free regions ( ~J = ~0), the magnetic field strength ~H can be obtained
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from the scalar potential, ϕ, through

~H = −∇ϕ. (2.15)

By combination of (2.13), (2.8) and (2.15), the Poisson equation for the magnetic
scalar potential is obtained

∇2ϕ = 1
µr
∇ · ~Mr. (2.16)

In source-free regions, (2.16) reduces to the Laplace equation

∇2ϕ = 0. (2.17)

Because the divergence of the magnetic flux density is equal to zero, according to
(2.13), the magnetic vector potential ~A can be introduced as

~B = ∇× ~A. (2.18)

After applying the Coulomb gauge,

∇ · ~A = 0, (2.19)

and combining (2.12), (2.8), (2.9) and (2.18), and considering only imposed currents
and a constant µr in the modeled domain, the Poisson equation for the vector potential
is obtained

∇2 ~A = −µ0∇× ~Mr − µ0µr ~J
imp. (2.20)

For a region without sources, the Laplace equation is obtained

∇2 ~A = 0. (2.21)

If an electrically conducting material is exposed to a time-varying field, currents will
be induced in the material ( ~J ind). The induced current (or eddy currents) can be
calculated from the vector potential. An expression relating the currents to the vector
potential is derived using (2.1), (2.10), and (2.18)

~J ind = −σ∂
~A

∂t
= −jωσ ~A, (2.22)

where it is assumed that ∇ · ~J ind = 0, that there is no imposed current density
( ~J imp = 0), and that there is no free electric charge (ρ = 0) in the modeled domain.
Substituting (2.22) in (2.12) and using (2.9) and (2.18), yields the diffusion equation
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for source-free electrically conducting media given by

∇2 ~A = jωµ0µrσ ~A. (2.23)

2.3 2D harmonic model properties

Contrary to the ’classical’ harmonic model, electromagnetic properties, i.e. the mag-
netic permeability and electric conductivity, are allowed to vary inside a region in
the periodic direction. To incorporate material properties that are varying as a func-
tion of position in the solutions of the electromagnetic field quantities, a number of
assumptions is made.

• The modeled electromagnetic configuration is described in the 2D Cartesian
domain. In the z-direction, all properties and fields are invariant.

• The model is periodic in the x-direction.

• Each modeled electromagnetic configuration can be divided into a finite number
of regions in the y-direction.

• Electromagnetic properties in the modeling domain are considered to be linear
and isotropic.

• Electromagnetic material properties, the magnetic permeability and electric
conductivity, inside a region may vary as a function of x, but are constant
as a function of y.

• Imposed currents flow in the z-direction. For current conducting coils, it is
assumed that the imposed current density is homogeneously distributed inside
the coil volume and that no eddy currents are induced in the coil. In case
permanent magnets are considered, the magnetization can only be directed in
the x- and y-directions. As a result, only the z-component of the vector potential
is non-zero and has to be considered.

Although it is possible to develop the solutions for both properties varying inside a
region, the varying permeability and conductivity are treated as separate cases for
the sake of simplicity. Also no sources are considered in the regions with varying
material properties. In the model, the following types of regions are used:

• Regions with homogeneous magnetic properties. These regions can contain
sources, such as magnets and coils. It is assumed that the region is non-
conducting (σ=0).
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• Regions with a varying permeability as a function of position. It is assumed
that this type of region does not contain sources.

• Regions with a varying conductivity as a function of position. It is assumed
that this type of region does not contain sources.

2.4 Fourier-series based solutions

The differential equations, presented in Section 2.2, are solved by applying the method
of separation of variables. All functions depending on x are written as a complex
Fourier series because of periodicity in this direction

f(x) =
N/2∑

n=−N/2

f̃n e
jkxnx, (2.24)

where f̃n are the Fourier coefficients and N+1 is the number of harmonics considered
in the truncated Fourier series, where N must be an even number. The spatial
frequency kxn is given by

kxn = nπ

τx
, (2.25)

where τx is half of the periodic width of the model. To compute a quantity at a
certain time instant, for a quasi-static problem, the time dependency is incorporated,
and (2.24) is given as

f(x) =
N/2∑

n=−N/2

f̃n e
jkxnx ejωt. (2.26)

In this thesis, (2.24) is often represented by

f(x) =
N/2∑

n=−N/2

f
{
n+ N

2

}
ejkxnx, (2.27)

where f is a 0-based indexed column vector containing the Fourier coefficients of
the series. All column vectors are denoted with bold letters. The part in the curly
brackets selects the entry of the vector of coefficients, corresponding to the spatial
frequency kxn .
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2.5 Vector potential solution

For the 2D model, only the vector potential formulation will be applied in all types of
regions. In this section, an expression for the y-dependent solution part of the vector
potential that satisfies the partial differential equation of that region will be derived.

2.5.1 Region with homogeneous
properties (non-conducting)

For a region with homogeneous properties, which is assumed to be non-conducting,
the solution to the vector potential is derived from the Poisson equation (2.20). For
the 2D model, only the z-component of the vector potential has to be considered and
(2.20) can be written as

∂2Az
∂x2 + ∂2Az

∂y2 = µ0
∂Mx

∂y
− µ0

∂My

∂x
− µ0µrJ

imp
z , (2.28)

and the Laplace equation of (2.21) as

∂2Az
∂x2 + ∂2Az

∂y2 = 0. (2.29)

The solution for the vector potential can be split into a homogeneous solution and a
particular solution that depends on the source terms

Az(x, y) = hAz + pAz =
N/2∑

n=−N/2

(
h̃Az,n + p̃Az,n

)
ejkxnx. (2.30)

The coefficients of the particular solution are denoted by p̃Az,n and those of the
homogeneous solution by h̃Az,n, which are obtained by solving

∂2hAz
∂x2 + ∂2hAz

∂y2 = 0. (2.31)

The homogeneous solution has the following general expression

h̃Az,n = eλn(y−yT ) c+n + e−λn(y−yB) c−n . (2.32)

The homogeneous, y-dependent solution consists of two parts, which are exponential
functions increasing or decaying as a function of y. The variables yT and yB represent
the y-values of the top and bottom boundary of a region, respectively. By subtracting
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Figure 2.2: Functions describing the relative permeability in the x-direction.

yT or yB in the exponent, the result of this exponent is always scaled between 0 and 1,
which enhances the stability of the model. The propagation constant per harmonic,
λn, describes the propagation in the y-direction of the solution. For a region with no
varying magnetic properties the propagation constant is equal to

λ2
n = k2

xn . (2.33)

The unknowns per harmonic c+n and c−n in (2.32) are to be determined using boundary
conditions, which is discussed in Section 2.7 and Section 2.8.

The particular solution part pAz , where the source terms are incorporated in the
solution, is obtained by solving

∂2pAz
∂x2 +

∂2pAz
∂y2 = µ0

∂Mx

∂y
− µ0

∂My

∂x
− µ0µrJ

imp
z , (2.34)

and is for this type of region given by

p̃Az,n =

jµ0
1
kxn

m̃yn + µ0µr
1
k2
xn

j̃impzn for |n|> 0,

−µ0µr
1
2 j̃

imp
z0 y2 for n = 0,

(2.35)

where m̃yn are the Fourier coefficients describing the magnetization in the y-direction
and j̃impzn are the coefficients describing the imposed current density in the z-direction.

2.5.2 Region with varying permeability

In Fig. 2.2, an example is shown of how the permeability can vary inside a region as
a function of x. This varying permeability is described by two Fourier series. The
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coefficients of the series representing µr(x) and 1
µr(x) are denoted by µ̃rn and ν̃rn ,

respectively, i.e.

µr(x) =
N/2∑

n=−N/2

µ̃rn e
jkxnx, (2.36)

1
µr(x) = νr(x) =

N/2∑
n=−N/2

ν̃rn e
jkxnx. (2.37)

Writing the coefficients of Bx and By using the constitutive relation from (2.8), and
ignoring the magnetization terms (sources are not considered in this type of region)
results in a multiplication of two Fourier series, e.g. Hx(x) times µr(x). This product
is in fact a convolution in the spectral domain and can be written as a new Four-
ier series, using Laurent’s multiplication rule [48, 78, 81]. The new coefficients are
calculated through

Bxn =
N/2∑

n′=−N/2

µ0µ̃rn−n′Hxn′ , (2.38)

Byn =
N/2∑

n′=−N/2

µ0µ̃rn−n′Hyn′ . (2.39)

For implementation purposes, these two equations and other ones used in the deriva-
tion of the solution expressions, are written in matrix form. The Fourier coefficients
are collected in column vectors denoted by a bold symbol as introduced in (2.27), e.g.

bx =



b̃x−N
...
b̃x0
...
b̃xN


, (2.40)

where b̃xn are the Fourier coefficients of Bx. The matrix-form equation for (2.38) and
(2.39) is given by

bx =µ0MMM hx, (2.41)
by =µ0MMM hy, (2.42)

where MMM is a Toeplitz matrix, [46, Section 4.7]. A Toeplitz matrix performs the
convolution of coefficients in matrix form and the Fourier coefficients are arranged in
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the following way

MMM =

 µ̃r0 . . . µ̃r−N
...

. . .
...

µ̃rN . . . µ̃r0

 . (2.43)

In Fig. 2.2, discontinuities are present in the functions describing the permeability on
the edges of the permeable segments. At these edges, which are parallel to the y-axis,
also the components By (tangential component of ~B) and Hx (normal component
of ~H) will show discontinuities, which can be derived from the boundary conditions
(Section 2.7). For a multiplication of two discontinuous functions, the inverse rule [81]
should be applied to improve the convergence rate of the multiplication. This means
that Hx, which is discontinuous, should be multiplied by the inverse matrix of the
reciprocal of µr(x). The convergence of two Fourier series, that contain discontinuities
at the same location and that are multiplied, is slower than the convergence of the
multiplication of a continuous and discontinuous function. Not applying the inverse
rule can can result in an unstable solution for a large number of harmonics. The
constitutive relation of (2.41) is then given by

bx = µ0NNN −1hx, (2.44)

where NNN is the Toeplitz matrix containing the coefficients of νr(x). By multiplication
by the inverse of NNN , the relation between Bx and Hx is unchanged, however, improved
convergence of the solution is ensured.

The magnetic flux density can be derived from the vector potential according to (2.18)
and is for the x- and y-components given by

Bx =∂Az
∂y

, (2.45)

By =− ∂Az
∂x

. (2.46)

In matrix form, (2.45) and (2.46) are written as

bx = ∂

∂y
az, (2.47)

by = −jKxaz, (2.48)
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where Kx is

Kx = diag(kx) =


kx−N . . . 0

.. .
... kx0

...
. . .

0 . . . kxN

 , (2.49)

which is in fact a diagonal matrix with the spatial frequencies kxn . The mathematical
function ’diag()’ forms a diagonal matrix using the entries of the input vector. By
substituting (2.47) and (2.48) in (2.44) and (2.42) and by rewriting the obtained
expressions, the coefficients of Hx and Hy are obtained as

hx = ∂

∂y

1
µ0

NNN az, (2.50)

hy =− j 1
µ0

MMM −1 Kx az. (2.51)

Combining these equations with (2.12) and assuming that the region is source free
and non-conducting, the Laplace equation is obtained but in a different form

NNN −1KxMMM −1Kx az −
∂2

∂y2 az = 0. (2.52)

From this equation the homogeneous solution can be derived, which has the same
form as (2.32). In regions with homogeneous region properties, all harmonics are
uncoupled. For a region with varying permeability, the harmonics are coupled because
of the position-dependent permeability, which is represented by the Toeplitz matrices.
The coupling of the spatial harmonics is represented in the matrix NNN −1KxMMM −1Kx
that has non-zero off-diagonal entries. As a result, the propagation constant per
harmonic λn, has to be obtained through an eigenvalue decomposition of this matrix

QΛ2Q−1 = NNN −1KxMMM −1Kx, (2.53)

where Λ is a diagonal matrix, containing the eigenvalues λn on the diagonal and Q is a
matrix containing the corresponding eigenvectors. The matrix Λ is squared, because
in (2.52) a double derivative to y is performed. The solution to the vector potential
is now written in matrix form that also incorporates the matrix with eigenvectors

az = Q
(

Θ+ (λ, y) c+ + Θ−(λ, y) c−
)
, (2.54)
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Figure 2.3: Functions describing each conducting part separately as a function of
position

where

Θ+(λ, y) = diag
(
eλ(y−yT )

)
, (2.55)

Θ−(λ, y) = diag
(
e−λ(y−yB)

)
. (2.56)

2.5.3 Region with varying conductivity

In Section 2.2, the diffusion equation for the vector potential in a region with con-
ducting materials is derived. Since only the z-component of the vector potential is
considered, (2.23) can be written as

∂2Az
∂x2 + ∂2Az

∂y2 = jωµ0µr σ(x)Az. (2.57)

Using (2.57) as a basis for the solutions in the conducting region, the eddy current
distributions in separated conducting elements are calculated as if the segments are
electrically connected. Hence, the sum of currents over all elements equals zero,
however, the sum of currents in each element separately does not. Therefore, when
modeling segmented conducting materials, where currents are physically allowed to
flow in only one segment the induced current density is formulated differently. In
this way, the eddy currents are calculated without an electrical connection between
the separate elements. The induced current density is defined for each conducting
element separately as

J indzi = −jωσiυi(x)Az − υi(x)cυ,i, (2.58)
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where i denotes the number of the element, σi is the value of the electrical conductivity
and υi describes the spatial dependency of the conductivity of element i. The total
number of conducting elements is denoted by I. The functions υi(x) for separate
elements are shown in Fig. 2.3 as an example. An unknown, denoted by cυ,i, is added
for each element. The introduction of the extra unknown per conducting element,
makes it possible to put a restriction on the induced current density. The diffusion
equation of (2.57) is now changed with the new current density definition to

∂2Az
∂x2 + ∂2Az

∂y2 = jωµ0µr

I∑
i=1

σiυi(x)Az + µ0µr

I∑
i=1

υi(x)cυ,i. (2.59)

The functions υi that represent the spatial dependence of the conductivity, between
0 and 1, are written as a Fourier series

υi =
N∑

n=−N
υ̃in e

jknx, (2.60)

where υ̃in are the Fourier coefficients of element i. To obtain the propagation in-
formation, (2.60) and (2.30) are substituted in (2.59). Because of the Fourier series
description, the double derivative to x is equal to a multiplication by −k2

n. Then,
(2.59) can be written as

N/2∑
n=−N/2

∂2
(

h̃Az,n + p̃Az,n
)

∂y2 ejknx −
N/2∑

n=−N/2

k2
n

(
h̃Az,n + p̃Az,n

)
ejknx =

jωµ0µr

 I∑
i=1

N/2∑
n=−N/2

σi υ̃in e
jknx

 N/2∑
n=−N/2

(
h̃Az,n + p̃Az,n

)
ejknx

+µ0µr

I∑
i=1

N/2∑
n=−N/2

υ̃in cυ,i.

(2.61)

The multiplication of two series is handled in the same way as in the previous section,
using Laurent’s multiplication rule. Taking only the vector potential related terms
into account, the homogeneous solution part of the vector potential solution can be
derived. In the spectral domain, (2.61) is now equal to

∂2

∂y2 hhhAz =
(

Kx
2 + jωµ0µr

I∑
i=1

σi ΥΥΥi

)
hhhAz , (2.62)

where ΥΥΥi is the Toeplitz matrix containing the coefficients of the function υi. An
eigenvalue decomposition is applied to the right hand side of (2.62) to obtain the
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vector with the propagation constant λ

QΛ2Q−1 = Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi, (2.63)

where Λ is a diagonal matrix with the vector λ, and the matrix Q contains the
eigenvectors belonging to each eigenvalue.

In the particular solution the terms with cυ,i have to be taken into account. After
substituting ppp, the vector containing the Fourier coefficients of the particular solution,
in (2.59) the following is obtained

∂2

∂x2 p̃Az + ∂2

∂y2 p̃Az = µ0µr

I∑
i=1

σiυi(x) ∂
∂t

p̃Az + µ0µr

I∑
i=1

υi(x)cυ,i, (2.64)

which, in the spectral domain, leads to the matrix equation(
Kx

2 + jωµ0µr

I∑
i=1

σi ΥΥΥi

)
ppp
Az

= −µ0µr

I∑
i=1
υi cυ,i. (2.65)

From (2.65), the coefficients of the particular solution are equal to

ppp
Az

=
(

Kx
2 + jωµ0µr

I∑
i=1

σi ΥΥΥi

)−1(
− µ0µr

I∑
i=1
υi cυ,i

)
, (2.66)

and the solution expression for the vector potential coefficients is given by

az = Q
(
Θ+(λ, y) c+ + Θ−(λ, y) c−

)
+
(

Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi

)−1(
− µ0µr

I∑
i=1
υicυ,i

)
.

(2.67)

2.6 Magnetic field and induced currents solution

This section summarizes the expressions for the Fourier coefficients of the magnetic
flux density components bx and by, magnetic field strength hx and hy, and in-
duced current density jind

z , for the different types of regions. These expressions can
be derived from the vector potential solution expressions presented in the previous
sections.
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2.6.1 Region with homogeneous magnetic properties

The magnetic flux density components Bx and By can be expressed in terms of
the vector potential according to (2.45) and (2.46). In a region with homogeneous
properties, the Fourier coefficients are then given by

bx = Kx
2 (Θ+(λ, y) c+ −Θ−(λ, y) c−

)
, (2.68)

by = −jKx

((
Θ+(λ, y) c+ + Θ−(λ, y) c−

)
+ ppp

Az

)
, (2.69)

hx = 1
µ0µr

Kx
2 (Θ+(λ, y) c+ −Θ−(λ, y) c−

)
− 1
µr

mx, (2.70)

hy = −j 1
µ0µr

Kx

((
Θ+(λ, y) c+ + Θ−(λ, y) c−

)
+ ppp

Az

)
− 1
µr

my, (2.71)

where

diag(λ2) = Kx
2, (2.72)

and

ppp
Az

{
n+ N

2

}
= p̃Az,n =

jµ0
1
kxn

m̃yn + µ0µr
1
k2
xn

j̃impzn for |n|> 0,

−µ0µr
1
2 j̃

imp
z0 y2 for n = 0.

(2.73)

2.6.2 Region with varying permeability

The Fourier coefficients of the magnetic flux density components, in a region with
a varying permeability, are calculated through (2.45) and (2.46) from the vector
potential solution expression derived in Section 2.5.2

bx = QΛ
(
Θ+(λ, y) c+ −Θ−(λ, y) c−

)
, (2.74)

by = −jKx
(
Q
(
Θ+(λ, y) c+ + Θ−(λ, y) c−

))
, (2.75)

hx = NNN bx, (2.76)

hy = MMM −1by, (2.77)

where

QΛ2Q−1 = NNN −1KxMMM −1Kx. (2.78)
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2.6.3 Region with varying conductivity

For a region with a spatially dependent conductivity, the solution expressions for the
magnetic flux density components are again calculated through (2.45) and (2.46) and
for the induced current density through (2.58). The Fourier coefficients are given by

bx = QΛ
(
Θ+(λ, y) c+ −Θ−(λ, y) c−

)
, (2.79)

by = −jKx

(
Q
(
Θ+(λ, y) c+ + Θ−(λ, y) c−

)
+
(

Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi

)−1(
− µ0µr

I∑
i=1
υicυ,i

))
,

(2.80)

hx = 1
µ0µr

bx, (2.81)

hy = 1
µ0µr

by, (2.82)

jind
z i = −jωσiΥΥΥi

(
Q
(
Θ+(λ, y) c+ + Θ−(λ, y) c−

)
−
(

Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi

)−1
µ0µr

I∑
i=1
υicυ,i

)
− υicυ,i,

(2.83)

where

QΛ2Q−1 = Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi. (2.84)

Also a different expression can be obtained for the current density distribution in an
element in the conducting region. Because it is known on which range of positions
(in the x-direction) the induced current density exists, it can only be defined on this
range. As a result, the multiplication by the function υi(x), which is represented by
the Toeplitz matrix ΥΥΥi, can be removed. Consequently, the Gibbs effect [44] is not
introduced and the result is smoother. Now, (2.83) can be written as

jind
z i = −jωσi

(
Q
(
Θ+(λ, y) c+ + Θ−(λ, y) c−

)
−
(

Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi

)−1
µ0µr

I∑
i=1
υicυ,i

)
,

jind
z i

{
N

2

}
= −cυ,i,

(2.85)
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Figure 2.4: Conductivity and current density description of element 2 in Fig. 2.3.
The vertical red lines indicate the edges of the conducting element. Top: Fourier
series representation of function υ2. Middle: Current density distribution in the
center of element 2 of Fig. 2.3 computed with (2.83). Bottom: Current density
distribution calculated with (2.85).

where the index N
2 belongs to n = 0. An example of the results obtained by the

different expressions, for the eddy current distribution in element 2 of Fig. 2.3, is
shown in Fig. 2.4. The result obtained with (2.85) in Fig. 2.4 is obviously smoother
than the result obtained with (2.83) and the Gibbs effect is not present. However,
the distribution calculated with (2.85) may, evidently, only be defined on the valid
range, which is in this example from x = 0.098 m to x = 0.153 m. When the current
density is calculated with (2.83), the current value already reduces just before the
edge of the conducting element, due to the Gibbs effect in the function describing the
conductivity. By using (2.85) to compute the current density, the current can flow
near the edge.

2.7 Boundary conditions and current density re-
strictions

The different types of regions can be stacked, thereby representing a model of an
electromagnetic configuration. All types of regions can be combined. To calculate
the final solution for the vector potential and thus all other magnetic field quantities,
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the unknowns (c+, c− and cυ,i) per region have to be determined by solving a set
of equations. This set of equations is formed by applying boundary equations [61]
between the regions in the model.

For regions adjacent to infinitely permeable material (µ = ∞) at a certain height
yµ=∞, the tangential component of H is forced to zero on the boundary

Hx = 0 |y=yµ=∞ . (2.86)

A continuous boundary condition is applied to adjacent regions (e.g. I and II) at
a certain boundary height ycont. It ensures continuation of the normal B field and
tangential H field

Hx,I = Hx,II |y=ycont , (2.87)
By,I = By,II |y=ycont . (2.88)

The third boundary condition is the Dirichlet boundary condition that specifies the
solution to a certain value at a boundary. It is used to force all field components of
a certain region to zero if the region extends to infinity

~H = ~B = 0 |y=±∞. (2.89)

This boundary condition implies that one of the two unknowns (c+ or c−) in the
solution is equal to zero.

In Section 2.5.3 an extra unknown cυ,i is introduced for each element in the conducting
region. To construct a system of equations that is solvable, the number of equations
has to be equal to the number of unknowns. As a consequence, for each element an
additional condition has to be composed.

The induced current in one conducting element can only flow through the element
itself and not into another element. As a result, the total induced current in an
element should be zero when integrated over the surface of the element. Since the
induced current is described by a Fourier series in the x-direction, the only component
that can give a non-zero result after integration over x is the dc component (the
coefficient of the 0th spatial harmonic). Therefore, the expression of the 0th coefficient
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of the induced current of a conducting element is integrated over y and forced to zero

−jωσi ΥΥΥi

{
N

2

}
·(

Q Λ−1
((

Θ+(λ, yT )−Θ+(λ, yB)
)
c+−

(
Θ−(λ, yT )−Θ−(λ, yB)

)
c−
)
−

(yT − yB)
(

Kx
2 + jωµ0µr

I∑
i=1

σiΥΥΥi

)−1
µ0µr

I∑
i=1
υicυ,i

)

− (yT − yB)υi
{
N

2

}
cυ,i = 0.

(2.90)

where ΥΥΥi

{
N
2
}

is the center row of matrix ΥΥΥi.

2.8 Calculation of unknown coefficients

After substituting the obtained expressions for ~B and ~H into the boundary conditions
and adding the conditions described in the previous section, a system of equations can
be constructed. The coefficients for each region are obtained by solving the system
of equations,

Etot c = s, (2.91)

where,

Etot =



Θ+
1(λ1, y1) − Θ−

1 (λ1, y1) 0 · · ·

Θ+
1(λ1, y2) − Θ−

1 (λ1, y2) − Θ+
2 (λ2, y2) · · ·

Λ1 Θ+
1 (λ1, y2) Λ1 Θ−

1 (λ1, y2) −Λ2 Θ+
2 (λ2, y2) · · ·

0 0 Θ+
2(λ2, y2) · · ·

...
...

...
. . .


, (2.92)

and

c =
[
c+

1 c−1 c+
2 . . . c−R

]>
, (2.93)
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s =
[
s1 s2 − s1 . . . sR

]>
, (2.94)

and where s is the vector of the coefficients of the particular solutions and any other
additional source-related terms, which are known in advance. Because each region
has its own expressions and unknowns, a subscript denoting the region is added to
all variables and sub-matrices in the matrix and arrays of (2.91). The number of
regions depends on the geometry under consideration, so the total number of regions
is denoted by R. The height yr is the height of the boundary between Region r

and Region r + 1. The sub-matrix 0 contains only zeros. To numerically solve
(2.91), the command ’A\b’ of the Matlab software is used. The command chooses the
method of matrix factorization automatically and solves the linear system accordingly,
depending on the composition of the matrix Etot.

2.9 Periodic time-dependent behavior

To model movement of one of the regions (e.g. the coil array) and current excitation
profiles, the model is extended using a time-harmonic Fourier series. This means that
any quantity dependent on x and time is now written as

f(x, t) =
K/2∑

k=−K/2

N/2∑
n=−N/2

f̃n,ke
j(kxnx+ωkt), (2.95)

where

ωk = k2π
T

, (2.96)

where T is the time period and K is the number of time harmonics considered. The
time derivative changes now from jω to jωk per time harmonic k. In the source
term descriptions, time dependency and motion of motor parts can be included by
calculating the Fourier coefficients f̃n,k with respect to space and time.

Movement of conducting regions is not included in this thesis. Since a moving con-
ducting region would make the conductivity both space and time dependent, the
convolution in (2.61) would become a 2D convolution. As a result, the space and
time harmonics become coupled and should be solved in one system of equations. By
not considering movement of the conducting region, but moving the other regions in
the configuration, the time harmonics are not coupled to each other or the spatial
harmonics, and a system of equations can be formed and solved, as presented in the
previous sections, for each time harmonic component separately.
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2.10 Force and power

The force components acting on a body are calculated using the Maxwell stress tensor
[41, 61]. It is applied on the surfaces of a box, located in air, enclosing the object on
which the force ~F is considered. The surface integral

~F =
�

S

1
µ0µr

T · ~n dS, (2.97)

has to be evaluated on an outer surface S enclosing the volume in which the body
is located and where ~n is the outward pointing normal vector on the surface. The
tensor T is given by,

T =

B2
x − 1

2 | ~B|
2 BxBy BxBz

ByBx B2
y − 1

2 | ~B|
2 ByBz

BzBx BzBy B2
z − 1

2 | ~B|
2

 . (2.98)

In the 2D domain, the integral of (2.97) should be performed along a contour enclosing
the body for which the force is calculated and multiplied by the depth of the domain.
Because of periodicity and an infinite air region on at least one side of the problem,
the contour integral simplifies to an integral over a line in the x-direction in the air
gap for the 2D problems under consideration. The force calculation is then defined
by

Fx = D

µ0

2τx�

0

BxBy dx, (2.99)

Fy = D

2µ0

2τx�

0

BxBx −ByBy dx, (2.100)

where D is the depth of the domain in the z-direction. To obtain the forces, the in-
tegrals of(2.99) and (2.100) can either be evaluated numerically or it can be expressed
in terms of the Fourier coefficients of Bx and By in the air gap.

To calculate the power losses due to the induced eddy currents, the Poynting theorem
is used. Assuming no sources or other losses in in the conducting region, the Poynting
theorem in integral form is given by

Ploss = −1
2<
�

S

(
~E × ~H∗

)
· ~n dS = 1

2

�

V

σ ~E · ~E∗ dV, (2.101)
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Figure 2.5: Geometry for model verification.

where < denotes the real part. Using (2.101), the losses due to the eddy currents
can either be calculated by performing a volume integral on the conducting body
or a surface integral on a surface surrounding it. Logically, the surface integral is
preferred, as it is computationally less intensive. For the 2D eddy current problems
under consideration, such as shown in Fig. 2.5, the contour integral simplifies to an
integral over a line in the x-direction at the bottom of the conducting region, and the
losses can be calculated by

Ploss = −1
2D <

2τx�

0

EzH
∗
y dx. (2.102)

This integral can be evaluated in terms of Fourier coefficients of the conducting region.

2.11 Model verification using FEM

In this section, the results of the developed semi-analytical model (in figures denoted
by ANA) are compared to results obtained with finite element method (FEM). The
developed method is applied to the geometric model, depicted in Fig. 2.5. In Region
1, a 3-phase coil set creates a time-varying magnetic field. The surface below the coils
is assumed to be infinitely permeable and non-conductive. Regions 2 and 4 contain
air. Region 3 is the region where the permeability or conductivity varies as a function
of position. The dimensions of the model are given in Table 2.1. The geometric model
of Fig. 2.5 is implemented in the finite element method (FEM) software package Flux
2D [4]. In total 47408 second-order surface mesh elements are created and the mesh
size inside the conducting elements is equal to 0.3 mm. For accurate eddy current
simulations in FEM, three 2nd order mesh-elements per skin-depth are used, where
according to the manual [4] at least two 2nd order mesh-elements per skin-depth are
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Table 2.1: Dimensions of the geometry of Fig. 2.5.

Dimension Symbol Value Unit
Half periodic width τx 90.0 mm
Air gap height hg 2.0 mm
Width of element 1 we1 40.0 mm
Width of element 2 we2 55.0 mm
Offset of element 1 ∆e1 5.0 mm
Offset of element 2 ∆e2 98.0 mm
Height of elements he 5.0 mm
Coil width wc 60.0 mm
Conductor bundle width wcb 25 mm
Coil height hc 8.0 mm
Depth of the domain D 50.0 mm
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Figure 2.6: Current density distribution in Region 1 of Fig. 2.5 at t = 0 s.

required. At the highest considered frequency of 10 kHz, and for the conductivity
value that is used in Section 2.11.2 (25 · 106 S/m), the skin-depth is equal to 1 mm.

2.11.1 Verification of varying permeability

To compare the result for a model with a varying permeability region, the elements
in Region 3 of Fig. 2.5 are assigned a constant permeability value. Two values of the
permeability are considered, µr = 10 and µr = 1000. The current density distribution
in the coils is in this case constant, because magneto-static fields can be considered.
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The distribution throughout the coil conductors is shown in Fig. 2.6, where coil A is
conducting the maximum current density of 20 · 106 A/m2 and the current in coils B
and C is shifted in phase electrically by 120◦ and -120◦, respectively.

First, the convergence of the solution is analyzed. This means that the result for a cer-
tain number of harmonics is compared to the result for a large number of harmonics.
The relative error is obtained by calculating the root-mean-square (rms) difference of
a quantity and dividing it by the rms value of that quantity. For e.g. Bx, it is given
by

error =

√∑Np

p=1

(
N
Bx,p−

NmaxBx,p

)2

Np√∑Np

p=1

(
NmaxBx,p

)2

Np

· 100%, (2.103)

where p is a point along the line on which the fields are calculated and Np is the
number of points, which is equal to 361. The points are equidistantly distributed
over the line. The prescript denotes the number of harmonics that is considered to
obtain the result. The maximum number of harmonics used, Nmax + 1 is equal to
301. The convergence of the solutions is analyzed for µr = 1000. From the results
presented later in this section, it can be concluded that higher permeability values are
simulated less accurately, so the convergence is analyzed for the ’worst case’ scenario.
The convergence of the different field quantities are calculated for a line in the center
of the air gap (air gap reg.) and a line in the center of the varying permeability region
(var. perm. reg.). The result is shown in Fig. 2.7. The field components By and
Hx in the varying permeability region show slower convergence than the other field
components because of the discontinuities they contain. Logically, in the air gap, the
components of ~B and ~H converge at the same rate, as µr is constant as a function
of position in this region. At N = 100 the error with the result of N = 300 is less
than 10 % for all field components, except for By and Hx in the varying permeability
region.

For the comparison with FEM, the number of harmonics used in the semi-analytical
model can be set to a relatively large number of harmonics (e.g. N = 300 or more).
Using this large number of harmonics is, however, not efficient in terms of computa-
tional effort and memory that is required with respect to the quality of the obtained
solution. Since an error smaller than 10 % is obtained for N = 100, relative to the
result for N = 300, this number of harmonics is used to quantify the error between
the semi-analytical model and FEM. The magnetic flux density components in the
air gap (Region 2) and permeability region (Region 3) computed by both the semi-
analytical method for N = 100 and FEM is shown in Fig. 2.8 and Fig. 2.9. The rms
differences and relative error between the analytical model and FEM in Fig. 2.8 and
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Fig. 2.9 are listed in Table 2.2. The relative error with respect to FEM is calculated
by

rms(| ~BANA − ~BFEM |)
rms(| ~BFEM |)

× 100%, (2.104)

For µr = 1000, the results are less accurate than for the µr = 10 case. As expected
from the convergence in Fig. 2.7, the largest error occurs in By for µr = 1000 as
the convergence of this field component is relatively slow. When µr = 1000, the
field components show larger gradients at the transition of material (from air to
permeable element), which require more harmonics to model accurately. For N = 300,
the relative error of 44.8 % for By is reduced to 22.4 %. The error in the right
permeable segment in Fig. 2.9b is higher than the error in the left segment, which is
probably due to the field distribution that is produced by the coils, which contains
higher gradients at the location of the right segment. For µr = 10, the errors in the
airgap are below 4 %. In both Fig. 2.8 and Fig. 2.9, the largest discrepancies is found
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Figure 2.8: Magnetic flux density as a function of position in the center of the
airgap (Region 2), N = 100. a) Results for µr = 10. b) Results for µr = 1000.
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Figure 2.9: Magnetic flux density as a function of position in the center of the
varying permeability region (Region 3), N = 100. a) Results for µr = 10. b)
Results for µr = 1000.
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Table 2.2: rms difference between the semi-analytical model and FEM in Fig. 2.8
and Fig. 2.9, (N = 100).

µr = 10 µr = 1000
rms err. [T] rel. err. [%] rms err. [T] rel. err. [%]

Bx Reg 2 2.3 · 10−3 3.5 16.7 · 10−3 24.4
By Reg 2 2.4 · 10−3 2.2 17.5 · 10−3 10.8
Bx Reg 3 2.9 · 10−3 1.2 44.8 · 10−3 6.6
By Reg 3 12.1 · 10−3 16.2 40.1 · 10−3 44.8

Table 2.3: Force on the permeable segments in Region 3.
µr = 10 µr = 1000

Fx [N] Fy [N] Fx [N] Fy [N]
FEM -4.74 -26.47 -16.60 -77.81
ANA -4.55 -26.78 -16.43 -84.59
∆F [N] -0.20 0.31 -0.17 6.77
error [%] 4.14 -1.16 1.04 -8.70

near the edges of the permeable segments in the x-direction. This error is mainly
caused by the Gibbs effect. To further reduce this error, additional to application of
the inverse rule, the so called adaptive sampling technique [49] could be investigated.
For this technique, a non-uniform sampling in the space domain is applied (with
higher sampling around the material transitions), leading to a faster convergence of
the solution.

The calculated forces by the two methods is given in Table 2.3. The largest error is
observed in the y-direction for µr=1000, which is due to the significant error in By.
For µr = 10, both force components have an error smaller than 5 %.

2.11.2 Verification of varying conductivity

To validate the solutions obtained for a model with a region with a varying conduct-
ivity, the two elements in Region 3 in Fig. 2.5 are now assigned with a conductivity
of 25 · 106 S/m, while the permeability in this region is assumed constant (µr = 1).
The current density distribution in the coil set is again given in Fig. 2.6, where in
this case it is time-varying with a single frequency f . In this section the results are
analyzed for two frequencies of the coil currents, f = 100 Hz and f = 10 kHz. The
convergence of the components of ~B according to (2.104), in the air gap (Region 2)
and conducting region (Region 3) are given in Fig. 2.10. Since the permeability is
now constant in all regions, the convergence of ~H is not shown, because it is the same
as the convergence of ~B. Instead, the convergence of the eddy current distribution in
the two elements of the conducting region is analyzed. The convergence is computed



2.11 Model verification using FEM 43

N [-]

er
ro
r
[%

]

N [-]

er
ro
r
[%

]

0 50 100 150 200 250 300

0 50 100 150 200 250 300

0

100

200

300

0

20

40

60

80

Figure 2.10: Convergence of ~B and Jz in the air gap region and varying conduct-
ivity region for f = 10 kHz.

for a frequency of 10 kHz. Again, this is assumed as the ’worst case’ situation, as
the induced current density is higher and the reaction field of the eddy currents has
a larger influence. For N=100, all quantities in Fig. 2.10 have converged to an error
smaller than 12 %.

In Fig. 2.11 the magnetic flux density in the center of the air gap calculated by the
semi-analytical method and FEM is shown, for frequencies of 100 Hz and 10 kHz. For
the flux density in the conducting region, the results are depicted in Fig. 2.12. The
total number of harmonics used for this calculation is 101 (N = 100). The shielding
effect of the eddy currents is clearly visible in Fig. 2.12, where the magnetic field in
the center of the conducting plates is reduced to almost zero at f = 10 kHz. The
results are in good agreement with FEM, where the rms- and relative errors are given
in Table 2.4. The largest errors are found in the By distribution in Region 3 near
the edges of the conducting elements, which results from the slower convergence of
this component (Fig. 2.10). For all other field components, in both the airgap and
conducting region, the relative error is smaller than 1 %.
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Figure 2.11: Magnetic flux density as a function of position in the center of the
airgap (Region 2). a) Results for f = 100 Hz. b) Results for f = 10 kHz.
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Figure 2.12: Magnetic flux density as a function of position in the center of the
varying conductivity region (Region 3). a) Results for f = 100 Hz. b) Results for
f = 10 kHz.
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(a)

(b)

Figure 2.13: Current density in both conducting elements calculated by the semi-
analytical model and the absolute error compared to FEM. a) Results for f = 100
Hz. b) Results for f = 10 kHz.
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Table 2.4: rms difference between the semi-analytical model and FEM in Fig. 2.11
and Fig. 2.12.

f = 100 Hz f = 10 kHz
rms err. [T] rel. err. [%] rms err. [T] rel. err. [%]

Bx Reg 2 6.1 · 10−5 0.1 4.7 · 10−4 0.5
By Reg 2 6.9 · 10−5 0.1 4.8 · 10−4 0.8
Bx Reg 3 2.7 · 10−5 0.1 3.4 · 10−4 0.4
By Reg 3 5.5 · 10−4 0.7 5.5 · 10−3 9.0

Table 2.5: Calculated power losses of the conducting plates in Fig. 2.5

Ploss FEM [W] Ploss ANA [W] ∆Ploss [W] error [%]
f = 100 Hz 92.12 92.22 0.10 0.11
f = 10 kHz 2855.44 2921.25 66.08 2.30

The top figures of Fig. 2.13a and Fig. 2.13b show the current density in the two
conducting elements of the model for the two frequencies. Again the number of
harmonics used for the calculation is equal to 101. In the bottom figures, the absolute
error between the semi-analytical model and the FEM is shown on a logarithmic scale.
The rms error is 1.7 · 104 A/m2 and 6.2 · 106 A/m2, for f = 100 Hz and f = 10 kHz,
respectively. The current mainly accumulates at the bottom of the plates at 10 kHz,
due to the skin effect, in Fig. 2.13b. The calculated power loss due to the eddy
currents and the comparison with the FEM results is given in Table 2.5. For both
frequencies the relative error is below 3 %.

The force between the conducting elements and the coils, due to the induced eddy
currents, is calculated over a frequency range from 10 Hz to 10 kHz. In this way, the
frequency dependency of the induced currents is analyzed. The result is depicted in
Fig. 2.14. The force calculation is accurate over the whole range of frequencies with a
maximum error of 4.16 % for Fx and 0.25 % for Fy, respectively. Up to a frequency of
about 100 Hz, the eddy currents are mainly resistance limited. For higher frequencies,
the eddy currents become inductance limited, which is represented in the force curves
of Fig. 2.14 that flatten at these frequencies. This type of behavior is typical for
induction motors and is correctly taken into account with the developed model.

2.12 Verification of transient eddy current model

To analyze the parasitic eddy current force in a motor topology when a motion profile
is applied, a time dependent simulation should be performed. To validate the results
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Figure 2.15: 2D geometric model of a planar motor with cooling plates.

of the developed model for this type of simulations, the parasitic force due to eddy
currents in the cooling plates of a linear motor topology is calculated and compared
to FEM results. The geometric model shown in Fig. 2.15 is implemented. The coils of
the motor are cooled by a cooling plate, consisting of five separate sections (numbered
from left to right), separated from each other by a 1 mm distance. The conductivity
in the region of the cooling plate will thus vary as a function of position. The spacing
between the cooling plate sections represents the slits that are made in the cooling
plate to reduce the eddy current density. It is assumed that the cooling plate is made
of titanium with a conductivity of 1.8 MS/m. The permanent magnets (NdFeB) have
a remanent flux density of 1.3 T, a relative permeability equal to 1 and are, for this
simulation, assumed to be non-conducting. On top of the magnets and at the bottom
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Table 2.6: Dimensions of the planar motor of Fig. 2.15

Dimension Symbol Value Unit
Half periodic width τx 48.0 mm
Air gap height hg 1.0 mm
Width of cooling plate section 1,2 wcp1 ,wcp2 20.0 mm
Width of cooling plate section 3,5 wcp3 ,wcp5 18.0 mm
Width of cooling plate section 4 wcp4 16.0 mm
Width of cooling plates slits wsl 1.0 mm
Height of cooling plates hcp 1.0 mm
Coil width wc 32.0 mm
Conductor bundle width wcb 12.6 mm
Coil height hc 8.0 mm
Magnet width wm 18.0 mm
Magnet height hm 8.0 mm
Depth of the domain L 140.0 mm

of the coils, non-magnetic and non-conducting material is present (modeled as an air
region), and the weight of the moving part is considered to be 2 kg. Dimensions of
the geometric model are presented in Table 2.6.

The currents are commutated based on the position of the moving magnet array in
such a way that it is accelerated with 50 m/s2 in the x-direction. The motion profile
in the x-direction for the forward motion is shown in Fig. 2.16. Usually, linear motors
without an iron core in the coil array, have a permanent magnet array on both sides
of the coils. As a result, no force in the direction perpendicular to the motion (y-
direction) is produced. However, to mimic the working principle of a planar motor, in
this case, only the permanent magnet array on one side of the coil array is modeled.
In this way, also the force in the y-direction can be analyzed. Therefore, a constant
acceleration of 9.81 m/s2 in the y-direction, to overcome gravity and levitate the
mover, is assumed. The torque that is created around the z-axis is neglected. The
time period is equal to 0.1751 seconds and the number of time harmonics used for the
semi-analytical simulation is equal to 141 (K = 140). The Fourier coefficients for the
motion profile in terms of time harmonics, normalized to the maximum value, for the
motion profile of Fig. 2.16 is depicted in Fig. 2.17. For K=100, all contributions to
the acceleration profile, larger than 3 % compared to the largest coefficient are taken
into account. The number of spatial harmonics is set to 101 (N = 100) and it has
been verified that the obtained force profiles have converged to a relative rms error
smaller than 8 % between consecutive results when the number of spatial harmonics is
varied. The commutated currents, required to produce the desired force as a function
of time are shown in Fig. 2.18.

When the magnets are accelerated and moved according to the motion profile of
Fig. 2.16 and the commutated currents are active, the intended main force (coil and
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Figure 2.16: Motion profile of the forward motion used in the transient simulation,
with respectively acceleration, velocity and position.

magnet interaction) and a parasitic force, due to eddy currents in the cooling plate,
are produced. To obtain the force due to eddy currents in the cooling plate, the main
force, calculated by assuming no conductivity in the cooling plates, is subtracted from
the total produced force. The result is shown in Fig. 2.19, where it is compared to
the result obtained with FEM. To simulate the same transient behavior with FEM,
the geometric model is implemented in Flux 2D [4] with a sliding gap. The FEM
model is coupled to Matlab/Simulink, where the position of the mover and current is
determined. The number of second-order mesh elements for the of the FEM motor
model is equal to 249336 and the time step is set to 0.2 ms. The two force components
in Fig. 2.19 obtained with multiple time harmonics in the semi-analytical model, are
in good agreement. The rms error compared with FEM is equal to 4.2 % and 1.5 %
in the x- and y-directions, respectively.

The results for both of the compared modeling techniques are obtained on the same
hardware (quadcore Intel Core i7-4790 with 32GB RAM). The results of the developed
semi-analytical model for the transient simulation with the considered number of har-
monics, are obtained within less than 60 seconds. For the transient simulation using
FEM coupled to Matlab/Simulink and the properties as mentioned in the previous
paragraph, the simulation takes about 10 minutes, where the time to mesh the prob-
lem is included. For this 2D space- and time-dependent eddy current problem, the
developed model obtains the results, hence, in a shorter time period. It should, how-
ever, be mentioned that the created mesh and time-step in the FEM based simulation
have not been optimized with respect to computation time and in the semi-analytical
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model the same holds for the code implementation. It can, nonetheless, be concluded
that the developed semi-analytical technique for transient eddy current problems is a
suitable technique to compute the electromagnetic fields and the related force com-
ponents in the 2D domain in a time-efficient manner.

2.13 Conclusion

A two-dimensional, Fourier based, modeling technique has been described to calculate
electromagnetic field distributions in structures where the electromagnetic properties
do not span the entire periodic width. The spatial dependence of the magnetic per-
meability or electric conductivity is included in the magnetic field solution expressions,
which is an extension of the ’classical’ Fourier model. By describing the variation
of an electromagnetic property with a Fourier series, it can be incorporated in the
propagation information, which consists of a vector with propagation constants and
an accompanying matrix with eigenvectors, of the region. All spatial harmonics are
coupled due to the incorporation of a position dependent electromagnetic property,
which characterizes the RCWA method. For a model with electrically disconnected
conducting elements, an extra restriction on the induced current density ensures that
the current flows in each element separately. Due to the inclusion of time harmonics
it is possible to simulate periodic time dependent behavior of electromagnetic devices.
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Furthermore, the effects of tolerances on individual machine parts and their proper-
ties, could be simulated with the developed model. For example, size abnormalities
and different magnetization or permeability values can be assigned to each of the
magnets in a model, as this information can be incorporated in the source term and
region property description.

The developed method is applied to an electromagnetic configuration, consisting of
a 3-phase coil set and two slabs of permeable or conducting material for verification.
For both the model with a varying permeability and varying conductivity region the
result of the magnetic field computation convergences to an error of less than 12 % for
N = 100, with respect to the result for N = 300. To quantify the error between the
semi-analytical model and FEM, N is set to 100. It is considered that using a larger
number of harmonics is not efficient in terms of computational effort and memory
that is required. For both the model with a varying permeability region and with a
varying conductivity region, the results are in good agreement with FEM results. The
maximum error in the calculated force is equal to 8.7 % for the model with permeable
segments with a relative permeability of 1000 and the number of harmonics equal to
101. The analysis of the results shows that for higher µr the accuracy of the model
deteriorates. For the model with a varying conductivity region, the semi-analytical
model calculates the force components with an error smaller than 5 % compared to
FEM over a range of frequencies from 10 Hz to 10 kHz and the number of harmonics
set to 101. For transient eddy current simulations, the model of a coreless linear motor
with cooling plates is implemented in the semi-analytical model. The parasitic force
due to the eddy currents in the cooling plates, when the translator is accelerated, is
calculated and compared to transient FEM. For 101 spatial harmonics and 141 time
harmonics, the computed force profile has a discrepancy of maximum 4.2 % with
respect to FEM.

As discussed in Section 1.3.1 of Chapter 1, an error around 10 % with FEM is usually
pursued in research where semi-analytical techniques are investigated to compute the
force due to interacting electromagnetic fields in complex structures containing per-
meable or conducting material. In both the model considering a varying permeability
and the model with a varying conductivity region, all calculated force components
are computed with a discrepancy compared to FEM of less than 9 %. The developed
2D semi-analytical model to incorporate spatially dependent properties in the 2D
Cartesian domain is, therefore, considered accurate.





Chapter 3

Harmonic modeling of
segmented structures in 3D

This chapter describes the harmonic modeling technique to model electromag-
netic field quantities in three-dimensional (3D) structures. The technique
presented in the previous chapter is extended to model fields in the 3D do-

main. For conducting regions, a formulation based on the magnetic and electric field
is derived. Consequently, the electromagnetic fields, resulting force and power losses
in segmented electromagnetic configurations can be accurately modeled.

Part of the content of this chapter has been published in peer-reviewed journal(s):
C. H. H. M. Custers, J. W. Jansen, M. C. van Beurden and E. A. Lomonova, “3D harmonic
modeling of eddy currents in segmented conducting structures,” COMPEL: The Interna-
tional Journal for Computation and Mathematics in Electrical and Electronic Engineering,
vol. 38, no. 1, pp. 2–23, 2019.

C. H. H. M. Custers, J. W. Jansen, and E. A. Lomonova, “Validation of a harmonic model
for eddy currents in slitted conducting plates,” IEEJ Journal of Industry Applications, vol. 7,
no. 4, pp. 336–342, 2018.
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3.1 Introduction

To investigate the spatial distribution and harmonic content of the magnetic fields
and induced currents in structures that are segmented in multiple directions, such as
segmented conducting material in a planar motor, a two-dimensional (2D) model does
often not suffice. Segmentation in the third dimension will reduce the magnitude and
change the spatial distribution of the eddy currents. A three-dimensional model (3D)
is, therefore, necessary to accurately model the electromagnetic fields in configurations
containing segmented permeable or conducting parts.

To apply the harmonic modeling technique in the 3D domain, periodicity is assumed
in two directions and in the non-periodical direction a division into regions is made.
Segmentation in the periodic directions of permeable or conducting material inside a
region needs to be included in the solutions of the electromagnetic field components.
Analogous to the 2D model, this is done using principles of the RCWA technique. For
regions with a varying permeability, the discontinuities in the permeability description
and magnetic fields have to be considered in both periodic directions. This means
that a different inverse rule principle has to be applied depending on the direction
of the discontinuity, [82, 135]. Furthermore, for conducting regions, a formulation
using the tangential field components of the electric and magnetic field is developed.
Investigation of different vector potential formulations to solve the quasi-static Max-
well equations for segmented structures in the 3D harmonic model have shown that
these formulations do not suffice to correctly compute eddy current distributions and
the related electromagnetic fields. The formulation using the tangential field com-
ponents of the electric and magnetic field is often used to model the diffraction of
waves [45, 92, 94]. To couple this formulation with the potential formulation in non-
conducting regions, a set of boundary conditions is composed for the eddy current
problem under consideration.

First, in Section 3.2, the properties of the 3D modeling technique are described. The
Fourier basis of the solutions is described in Section 3.3. Then, in Section 3.4 and
Section 3.5 the solution expressions for the different types of regions in the 3D model
are derived and presented. Also the developed formulation for conducting regions is
described in Section 3.5. The boundary conditions to connect all regions are described
in Section 3.6 and the final solutions in each region are obtained in Section 3.7. The
formulation for time-dependent problems is presented in Section 3.8 and the force and
power calculations are explained in Section 3.9. For verification purposes, the model
is applied to an electromagnetic configuration and compared to FEM in Section 3.10.
Additionally, in section Section 3.11, the model is compared to measurement data
obtained with an experimental setup and the results are analyzed.
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3.2 3D harmonic model properties

To model the electromagnetic fields in 3D models, a number of assumptions is made.
Many of the assumptions are similar to those made for the 2D model in the previous
chapter.

• The model is set up in the 3D Cartesian domain and it is assumed periodic in
the x- and y-directions.

• Each modeled electromagnetic configuration can be divided into a finite number
of regions in the z-direction.

• Electromagnetic properties in the modeling domain are considered to be linear
and isotropic.

• Electromagnetic material properties, the magnetic permeability and electric
conductivity, inside a region may vary as a function of x and y, but are constant
as a function of z.

• Imposed currents flow in the x- and y-directions. For current conducting coils,
it is assumed that the imposed current density is homogeneously distributed
inside the coil volume and that no eddy currents are induced in the coil. In
case permanent magnets are considered, the magnetization can be directed in
the x-, y- and z-directions.

Also for the 3D model, the varying permeability and conductivity are treated as
separate cases and no sources are considered in the regions with varying material
properties. Subsequently, for the 3D case it is also possible to develop the solutions
for both properties varying inside a region and sources to be considered in these types
of regions. The same types of regions as in the 2D model are considered:

• Regions with homogeneous magnetic properties. These regions can contain
sources, such as magnets and coils. It is assumed that these regions are non-
conducting (σ=0).

• Regions with a varying permeability as a function of position. It is assumed
that this type of region does not contain sources.

• Regions with a varying conductivity as a function of position. It is assumed
that this type of region does not contain sources.
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3.3 Fourier-series based solutions

The electromagnetic field solutions and other position dependent quantities can be
written with a double (truncated) Fourier series as basis because of periodicity in the
x- and y-directions

f(x, y) =
M/2∑

m=−M/2

N/2∑
n=−N/2

f̃n,m ej(kx,nx+ky,my), (3.1)

where n andm are the harmonic numbers and kx,n and ky,m are the spatial frequencies
in the x- and y-directions, respectively. The spatial frequencies are given by

kx,n = nπ

τx
, (3.2)

ky,m = mπ

τy
, (3.3)

where τx and τy are half the periodic widths in the x- and y-directions, respectively.
The finite number of harmonics that are used, are equal to N +1 and M +1 in the x-
and y-directions, respectively. Both N and M have to be assigned an even number.
In matrix equation form (3.1) is given as

f(x, y) =
M/2∑

m=−M/2

N/2∑
n=−N/2

f
{(

n+ N

2

)
+
(
m+ M

2

)
(N + 1)

}
· ej(kx,nx+ky,my).

(3.4)

The column vector f , which index is zero-based, contains the Fourier coefficients of the
double series. The total number of harmonics is denoted by L and L = (N+1)·(M+1).
To use matrix equations in the 3D formulation, the spatial frequencies have to be
collected in a column vector in such a way, that each pair of spatial frequencies in
(3.1) is formed. The index of the coefficients

(
n+ N

2
)

+
(
m+ M

2
)

(N + 1) in (3.4)
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selects the correct entry when the spatial frequencies are arranged as

kx =





kx,−N/2
...

kx,0
...

kx,N/2




kx,−N/2
...

kx,0
...

kx,N/2


...
...

kx,−N/2
...

kx,0
...

kx,N/2







Size: L


Size: N + 1

ky =





ky,−M/2
...

ky,−M/2
...

ky,−M/2




ky,−M/2+1
...

ky,−M/2+1
...

ky,−M/2+1


...
...

ky,M/2
...

ky,M/2
...

ky,M/2







Size: L


Size: N + 1

(3.5)

From the vectors kx, ky, diagonal matrices can be constructed

Kx = diag(kx), (3.6)
Ky = diag(ky), (3.7)

which are used in the derivation of the solutions.

3.4 Scalar and vector potential solution

Both the scalar potential and vector potential formulation are used in the non-
conducting regions of the 3D model. For conducting regions, no potential formulation
is used, and the derivation of the solution for this type of region will be presented in
the next section. In this section, an expression for the z dependent solution part of the
potential that satisfies the partial differential equation of a region will be obtained.
For the 3D model, matrix equations will be used to derive the solution expressions of
the magnetic potential and electromagnetic field quantities.
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3.4.1 Region with homogeneous
magnetic properties (non-conducting)

In a region with homogeneous region properties, either the scalar or vector potential
is used. In case a current-carrying coil is present in the region, the vector potential is
introduced. A coil is placed in the model in such way that current is only flowing in
the x- and y-directions, as stated in Section 3.2. As a result, Az can be assumed equal
to zero and the vector potential will then only have non-zero x- and y- components.
The solution will have to satisfy the set of Poisson equations for the 3D case,

∂2Ax
∂x2 + ∂2Ax

∂y2 + ∂2Ax
∂z2 = µ0

∂My

∂z
− µ0

∂Mz

∂y
− µ0µrJx, (3.8)

∂2Ay
∂x2 + ∂2Ay

∂y2 + ∂2Ay
∂z2 = µ0

∂Mz

∂x
− µ0

∂Mx

∂z
− µ0µrJy, (3.9)

∂2Az
∂x2 + ∂2Az

∂y2 + ∂2Az
∂z2 = µ0

∂Mx

∂y
− µ0

∂My

∂x
− µ0µrJz = 0. (3.10)

The solution to these equations is given by

ax = µ0µrKyΛ−1 (Θ+(λ, z) c+ + Θ−(λ, z) c−
)

+ pax , (3.11)
ay = −µ0µrKxΛ−1 (Θ+(λ, z) c+ + Θ−(λ, z) c−

)
+ pay , (3.12)

az = 0, (3.13)

where pax and pay are the particular solutions. The vectors containing unknowns c+

and c− per harmonic pair n,m are of size (N + 1)(M + 1)× 1. The matrices Θ+,
Θ− of size (N + 1)(M + 1)× (N + 1)(M + 1) are, for the 3D case, given by

Θ+(λ, z) = diag
(
eλ(z−zT )

)
, (3.14)

Θ−(λ, z) = diag
(
e−λ(z−zB)

)
. (3.15)

Compared to the 2D case, the general form of the solution does not change, however,
y is replaced by z. The propagation constants are equal to

Λ2 = Kx
2 + Ky

2. (3.16)

In case no current-carrying coil is present in a region with homogeneous properties, a
scalar potential is introduced. From (2.16), the expression for the coefficients of the
scalar potential in matrix form are obtained

ϕ = j
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
+ pϕ, (3.17)

where λ is defined as in (3.16) and pϕ is the particular solution.
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The particular solutions, pϕ, pax and pay , depend on the source terms in (2.16) and
(2.20), i.e. the magnetization or imposed current density terms. For a source region
described by the scalar potential, the coefficients of the particular solution pϕ are
given by

pϕ = −j 1
µr

(
Kx

2 + Ky
2)−1 (Kxmx + Kymy) , (3.18)

where mx and my are vectors containing the Fourier coefficients describing the spa-
tially dependent magnetization in the x- and y-direction, respectively. The particular
solutions pax and pay for a source region with the vector potential formulation are
given by

pax = µ0µr
(
Kx

2 + Ky
2)−1 jimp

x , (3.19)

pay = µ0µr
(
Kx

2 + Ky
2)−1 jimp

y , (3.20)

where jimp
x and jimp

y are vectors containing the Fourier coefficients describing the im-
posed current density in the x- and y-direction, respectively. The Fourier coefficients
of the magnetization and imposed current density can be computed based on the geo-
metrical shape and physical parameters of the source. For non-cuboidal shapes of the
source or cuboidal shaped sources rotated around the z-axis, the Fourier coefficients
are calculated using the method presented in [109].

3.4.2 Region with varying permeability

To obtain the solution expressions for the magnetic field for the varying permeability
region in 3D, the permeability, which is now position dependent in two directions
(x- and y-directions), has to be incorporated in a stable manner. As explained in
the previous chapter, the multiplication of two Fourier series can be calculated using
Laurent’s multiplication rule [48, 78, 81], but stability has to be addressed in case
of discontinuous functions. When Laurent’s multiplication rule is applied to the
multiplication of double Fourier series (a 2D discrete convolution of the coefficients),
the inverse rule has to be formulated differently because certain field quantities can
contain a jump in either the x- or y-direction or both. Continuous field components
may be multiplied by a function containing a jump, discontinuous field components
may not. Figure 3.1 shows a top view of a rectangular plate of permeable material
in a periodic region. From the continuity boundary condition for magnetic fields it is
known that the tangential components of the magnetic field strength and the normal
component of the magnetic flux density are continuous on an interface between two
different materials. So, for example, on a line parallel to the x-axis intersecting both
air and permeable material in Fig. 3.1, the components Hy, Hz and Bx are continuous.
The continuous and discontinuous components in the x- and y-directions are all listed
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Πx(x)

0 x y

Πy(y)

Bx, Hy , Hz: continuous 
Hx, By , Bz: discontinuous

Hx, By , Hz: continuous 
Bx, Hy , Bz: discontinuous

τy

-τy
-τx τx 0

x

y

1

1

µr = 1

µr 6= 1

Figure 3.1: Top view of a plate of permeable material in air in a periodic region.
The continuous and discontinuous components of ~H and ~B in each direction are
listed.

in Fig. 3.1. Furthermore, in Fig. 3.1, the functions Πx and Πy are shown. In Fig. 3.2
the functions Πx and Πy are given in a 3D representation. Πx describes the variation
of the permeability in the x-direction, from 0 to 1, and is independent of y because
there is no variation in the y-direction. In the same way, Πy describes the variation
in y, from 0 to 1, and is independent of x. The multiplication of Πx by Πy gives
the complete description of the variation of the permeability. The functions Πx and
Πy are described using double Fourier series. With the description of the varying
permeability given in Fig. 3.1 and Fig. 3.2, the constitutive relation of (2.8), ignoring
the remanent magnetization part, is written as

µ0 ~H = (1 + χ̂ΠxΠy) ~B, (3.21)

where

χ̂ = − χ

1 + χ
, (3.22)

and where χ is equal to µrp − 1, with µrp being the relative permeability of the
plate. The formulation of the relative permeability and its inverse is expressed using
the functions describing the permeability from 0 to 1 (Πx and Πy), which is different
from the definition in the 2D case. Note that the same formulation can also be applied
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Figure 3.2: 3D representation of: a) Πx, b) Πy.

to the 2D varying permeability solution expressions.

From [135] it is obtained that, for a stable solution, and considering the continuous
field components in each direction, the constitutive relation per component should be
written as(

1− χ̂ΠxΠy (1 + χ̂Πx)−1
)
µ0Hx = Bx, (3.23)(

1− χ̂ΠxΠy (1 + χ̂Πy)−1
)
µ0Hy = By, (3.24)

(1 + χΠxΠy)µ0Hz = Bz. (3.25)

Furthermore, [135] states that Πx and Πy may be replaced by there spectral-domain
counterparts. These counterparts are the block-Toeplitz matrices [66] PxPxPx and PyPyPy,
which contain the coefficients of the functions Πx and Πy, respectively. In the 2D
modeling domain, a 1D convolution was performed with a Toeplitz matrix. In the 3D
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model, where a 2D convolution has to be performed a block-Toeplitz matrix is used,

PxPxPx =


P̂xPxPx0 . . . P̂xPxPx−M

...
. . .

...
P̂xPxPxM . . . P̂xPxPx0

 (3.26)

where P̂xPxPx are Toeplitz matrices, as given in (2.43). Using the block-Toeplitz matrices,
(3.23)-(3.25) is written as(

I− χ̂PxPxPxPyPyPy (I + χ̂PxPxPx)−1
)
µ0hx = bx, (3.27)(

I− χ̂PxPxPxPyPyPy (I + χ̂PyPyPy)−1
)
µ0hy = by, (3.28)

(I + χPxPxPxPyPyPy)µ0hz = bz, (3.29)

where I is the identity matrix. Writing (2.15) in the spectral domain, the following
is obtained

hx = −jKxϕ, (3.30)
hy = −jKyϕ, (3.31)

where the derivative to x of the scalar potential solution is equal to jKx, and the
derivative to y is equal to jKy, because of the double Fourier series solution descrip-
tion. The expressions from (3.30)-(3.31) are substituted in (3.27)-(3.29), which are
then substituted in (2.13). It is obtained that

Kx

((
I− χ̂PxPxPxPyPyPy (I + χ̂PxPxPx)−1

)
µ0Kxϕ

)
+Ky

((
I− χ̂PxPxPxPyPyPy (I + χ̂PyPyPy)−1

)
µ0Kyϕ

)
− (I + χPxPxPxPyPyPy)µ0

∂2

∂z2ϕ = 0.

(3.32)

To obtain the propagation information, (3.32) is rearranged and again an eigenvalue
decomposition is performed

QΛ2Q−1 = (I + χPxPxPxPyPyPy)−1

·

(
Kx

(
I− χ̂PxPxPxPyPyPy (I + χ̂PxPxPx)−1

)
Kx

+ Ky

(
I− χ̂PxPxPxPyPyPy (I + χ̂PyPyPy)−1

)
Ky

) (3.33)
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and the vector containing the Fourier coefficients of the scalar potential ϕ is then
given by

ϕ = jQ
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
. (3.34)

In (3.33) the formalism of the inverse rule from [135] is represented in the vector
of propagation constants. If this formalism would not have been considered, the
expressions (I − χ̂PxPxPxPyPyPy (I + χ̂PxPxPx)−1) and (I − χ̂PxPxPxPyPyPy (I + χ̂PyPyPy)−1) in (3.33) could
have been written as (I + χPxPxPxPyPyPy). In that case the stability issues of the solution are
not considered, and the solution is likely to converge slower [135].

In this section, the solution expressions for a varying permeability region have been
derived, where the position dependency of the permeability is described by one func-
tion in the x-direction and another in the y-direction. However, when multiple plates
are described that have different sizes or which are not aligned in a certain direction,
multiple functions in the x- and y-directions will be required to describe the per-
meability as a function of position. An example of a situation with multiple plates
is shown in Fig. 3.5 of Section 3.10. When multiple plates are modeled in a varying
permeability region, the technique described in this section is elaborated as presented
in [134].

3.5 Magnetic field and induced currents solution

The expressions for the Fourier coefficients of the magnetic flux density and magnetic
field strength components are derived from the vector potential or scalar potential
expressions, presented in the previous section. To find the expressions for ~H and ~B

for a region with a spatially varying conductivity, no potential is introduced. Instead,
the tangential components of ~E and ~H are used. The derivation of the solution
expressions is presented in Section 3.5.3.
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3.5.1 Region with homogeneous magnetic properties

To obtain the magnetic flux density from the vector potential, (2.18) is used, which
is for the different components

Bx = −∂Ay
∂z

, (3.35)

By = ∂Ax
∂z

, (3.36)

Bz = ∂Ay
∂x
− ∂Ax

∂y
, (3.37)

since Az = 0. The resulting expressions for the Fourier coefficients of the components
of ~B and ~H are then given by

bx =µ0µr Kx
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.38)

by =µ0µr Ky
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.39)

bz =− jµ0µr Λ
(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
+ jµ0µr

(
Kx

2 + Ky
2)−1 (Kxpay −Kypax

)
,

(3.40)

hx =Kx
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.41)

hy =Ky
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.42)

hz =− jΛ
(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
+ j

(
Kx

2 + Ky
2)−1 (Kxpay −Kypax

)
,

(3.43)

where

Λ =
√

Kx
2 + Ky

2. (3.44)

If the scalar potential formulation is used in this type of region, the solutions for the
Fourier coefficients of the components of ~B and ~H follow from (2.15) and (2.8) and
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are equal to

bx =µ0µrKx
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
− µ0Kx

(
Kx

2 + Ky
2)−1 (Kxmx + Kymy) + µ0mx,

(3.45)

by =µ0µrKy
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
− µ0Ky

(
Kx

2 + Ky
2)−1 (Kxmx + Kymy) + µ0my,

(3.46)

bz =− jµ0µrΛ
(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
+ µ0mz, (3.47)

hx =Kx
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
− 1
µr

Kx
(
Kx

2 + Ky
2)−1 (Kxmx + Kymy) ,

(3.48)

hy =Ky
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
− 1
µr

Ky
(
Kx

2 + Ky
2)−1 (Kxmx + Kymy) ,

(3.49)

hz =− jΛ
(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
, (3.50)

where

Λ =
√

Kx
2 + Ky

2. (3.51)

3.5.2 Region with varying permeability

The expressions for the Fourier coefficients of the magnetic field strength follow from
(2.15) and of the magnetic flux density from (2.8) and are equal to

bx = µ0

(
I− χ̂PxPxPxPyPyPy (I + χ̂PxPxPx)−1

)
KxQ

(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.52)

by = µ0

(
I− χ̂PxPxPxPyPyPy (I + χ̂PyPyPy)−1

)
KyQ

(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.53)

bz = −jµ0 (I + χPxPxPxPyPyPy) QΛ
(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
, (3.54)

hx = KxQ
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.55)

hy = KyQ
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.56)

hz = −jQΛ
(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
, (3.57)
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Figure 3.3: Fourier description of a conductivity function (from 0 to 1).

where

QΛ2Q−1 = (I + χPxPxPxPyPyPy)−1

·

(
Kx

(
I− χ̂PxPxPxPyPyPy (I + χ̂PxPxPx)−1

)
Kx

+ Ky

(
I− χ̂PxPxPxPyPyPy (I + χ̂PyPyPy)−1

)
Ky

)
.

(3.58)

3.5.3 Region with varying conductivity

To obtain solution expressions for the magnetic field and induced current in a con-
ducting region in the 3D case, a formulation based on the tangential components of
the ~H and ~E field is used. The induced current density ~J ind can be derived from
the electric field as given in (2.10). The conductivity σ in (2.10) is the position de-
pendent conductivity in the region, which is now described by a double Fourier series.
Because the conductivity is zero in the air outside the plates, the Fourier coefficients
of the conductivity are given by συ, where σ is the value of the conductivity of the
material of the plates and υ is the vector containing the Fourier coefficients of the
function describing the conductivity as one inside the plates and zero outside. A Four-
ier truncated version of an example function describing the conductivity is shown in
Fig. 3.3.
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(a) (b)

Figure 3.4: Truncated Fourier series description of a conductivity function (from
0 to 1). a) Fourier description without Lanczos sigma factor multiplication. b)
Fourier description with Lanczos sigma factor multiplication.

Lanczos sigma factor

To obtain a stable final solution for a large number of harmonics, the Fourier descrip-
tion of predefined functions, such as the source terms or conductivity function, can
be multiplied by the Lanczos sigma factor [54]

f(x, y) =
M/2∑

m=−M/2

N/2∑
n=−N/2

sinc |n|
N/2 + 1 sinc |m|

M/2 + 1

f
{(

n+ N

2

)
+
(
m+ M

2

)
(N + 1)

}
ej(kx,nx+ky,my).

(3.59)

The multiplication by the Lanczos sigma factor reduces the Gibbs effect [54] present
in a Fourier expanded function as shown in Fig. 3.4.

Equations (2.11) and (2.12) can be written separately for each Cartesian component
of ~E and ~H. Substituting the z-components

Ez = −σ−1(x, y) (∂xHy − ∂yHx) , (3.60)

Hz = (jωµ0)−1 (∂xEy − ∂yEx) , (3.61)
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in the remaining four equations gives

∂zEx = jωµ0Hy − ∂x
(
σ−1(x, y) (∂xHy − ∂yHx)

)
, (3.62)

∂zEy = −jωµ0Hx − ∂y
(
σ−1(x, y) (∂xHy − ∂yHx)

)
, (3.63)

∂zHx = −σ(x, y)Ey + (jωµ0)−1∂x ((∂xEy − ∂yEx)) , (3.64)
∂zHy = σ(x, y)Ex + (jωµ0)−1∂y ((∂xEy − ∂yEx)) . (3.65)

In (3.62)-(3.65) several multiplications of σ(x, y) (or its inverse) with one of the field
components appears. Again, from this point, the transition is made to the spectral do-
main where the multiplication of the series is a convolution of the Fourier coefficients.
For this purpose, the coefficients of σ(x, y), υ, are written in a block-Toeplitz matrix
[66, p. 110-122] denoted by ΥΥΥ. Expressing (3.62)-(3.65) in two matrix equations
results in

∂

∂z

[
ex
ey

]
=
[

−KxΥΥΥ−1Ky jωµ0I + KxΥΥΥ−1Kx
−jωµ0I−KyΥΥΥ−1Ky KyΥΥΥ−1Kx

] [
hx
hy

]
= F

[
hx
hy

]
,

(3.66)

∂

∂z

[
hx
hy

]
=
[

(jωµ0)−1KxKy −ΥΥΥ− (jωµ0)−1Kx
2

ΥΥΥ + (jωµ0)−1Ky
2 −(jωµ0)−1KyKx

] [
ex
ey

]
= G

[
ex
ey

]
,

(3.67)

where, ex, ey, hx and hy are the vectors containing the Fourier coefficients of Ex,
Ey, Hx, and Hy, respectively.

If the conductivity would have been constant throughout the region, the block-
Toeplitz matrix ΥΥΥ could have been replaced by σ in (3.66) and (3.67). One could
observe that in this case, because of diagonal sub-matrices throughout the matrix,
the solution to the coefficient of ∂

∂zex with index i would only depend on hx{i} and
hy{i}. The same analysis is valid for all components of ~E and ~H. However, the
incorporation of the spatial dependency of the conductivity in the form of the block-
Toeplitz (non-diagonal) matrix causes ∂

∂zex{i} to depend on all coefficients of hx and
hy.

It should be noted that the inverse of the matrix describing the spatially dependent
conductivity ΥΥΥ is mathematically not correct because it is zero at certain locations
(see Fig. 3.4). The block-Toeplitz matrix ΥΥΥ−1 is therefore not obtained by inversion of
ΥΥΥ but is formed from the coefficients of 1

συ. The use of a complex permittivity in the
formulation, which is also non-zero outside the conducting material, was investigated
but did not show a different result or increased stability.
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By substituting (3.66) in (3.67), it is obtained that

∂2

∂z2

[
hx
hy

]
= GF

[
hx
hy

]
. (3.68)

To obtain the vector with propagation constants for the region with varying conduct-
ivity, an eigenvalue decomposition is performed on the matrix GF, i.e.[

Qx
Qy

]
Λ2

[
Qx
Qy

]−1

= GF, (3.69)

where Λ is a matrix containing the vector λ with propagation constants on the di-
agonal and Qx and Qy are matrices containing the eigenvectors belonging to each
eigenvalue. The matrix Λ is squared in (3.69), because in (3.68) a double derivative
to z is performed. The vector of propagation constants for a region with conducting
materials has double the size of the vector in a non-conducting region. Also the size
of the vectors containing the unknowns (c+ and c−) will double as a result. With λ
obtained, the solution for hx and hy is found to be

hx = Qx
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.70)

hy = Qy
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
. (3.71)

The expression for the coefficients of the z-component of the magnetic field strength,
hz, is calculated from (2.13) and is equal to

hz = −j (KxQx + KyQy) Λ−1 (Θ+(λ, z) c+ + Θ−(λ, z) c−
)
. (3.72)

The magnetic flux density components are obtained using (2.8) and are given by

bx = µ0µrQx
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.73)

by = µ0µrQy
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.74)

bz = −jµ0µr (KxQx + KyQy) Λ−1 (Θ+(λ, z) c+ + Θ−(λ, z) c−
)
. (3.75)

The solution expressions for the induced current density components, jind
x , jind

y and
jind
z are determined from (2.12), i.e.

jind
x = Qy Λ

(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
− jKyhz, (3.76)

jind
y = −Qx Λ

(
Θ+(λ, z) c+ + Θ−(λ, z) c−

)
+ jKxhz, (3.77)

jind
z = jKyhx − jKxhy. (3.78)
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3.6 Boundary conditions

By applying boundary conditions between the various regions, the values of the un-
knowns (c+, c−) for each region can be obtained.

The continuity boundary condition forces continuation of the tangential ~H compon-
ents and the normal ~B component on a certain boundary. At the boundary at z-
position zcont, the continuous boundary condition between, e.g. Regions I and II, is
given by

Hx,I |z=zcont = Hx,II |z=zcont , (3.79)
Hy,I |z=zcont = Hy,II |z=zcont , (3.80)
Bz,I |z=zcont = Bz,II |z=zcont . (3.81)

The boundary condition in this form is applied between a conducting region (solu-
tions presented in Section 3.5.3) and a non-conducting region (solutions presented in
Section 3.5.1). However, if the continuous boundary condition is applied between two
non-conducting regions, an over-determined problem is constructed. The number of
equations is in this case larger than the number of unknowns. Therefore, instead of
the continuity of Hx and Hy the continuity of the scalar potential is forced on this
boundary, i.e.

ϕI |z=zcont = ϕII |z=zcont . (3.82)

With the continuity of Bz and ϕ forced on a boundary between two non-conducting
regions, the problem will no longer be over-determined.

For a source region with the vector potential formulation, i.e., a region with a current-
carrying coil, an expression for the scalar potential has to be obtained to be able to
apply the boundary condition of (3.82). This expression can be obtained from (2.15)
as

ϕ = −
�
Hx dx = −

�
Hy dy, (3.83)

as described in [126]. This means that for the region with homogeneous properties
with a coil, the scalar potential is, according to (3.83), defined as

ϕ = j
(
Θ+(λ, z) c+ −Θ−(λ, z) c−

)
, (3.84)

which is in fact the same as the scalar potential that was defined for this type of
region, without the magnetization terms.
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The second type of boundary condition that is used is the Dirichlet boundary condi-
tion. It forces any component of the magnetic field strength, magnetic flux density,
or scalar potential to a specific value at a certain z-coordinate. On a boundary with
infinite permeability the tangential components of the magnetic field strength are
forced to zero. For example, if the surface of Region I is infinitely permeable at
height zDir the boundary condition is given by

Hx,I |z=zDir = 0, (3.85)
Hy,I |z=zDir = 0. (3.86)

In case of a non-conducting region, (3.85) and (3.86) are also combined into one
boundary condition for the scalar potential, to avoid an over-determined problem,
i.e.

ϕI |z=zDir = 0. (3.87)

Furthermore, the Dirichlet condition can be applied to force the field components of
a region to zero if the region extends to infinity

~H|z=±∞ = ~B|z=±∞ = ~0. (3.88)

This boundary condition implies that one of the two unknowns (c+ or c−) in the
solution is set to zero.

3.7 Calculation of unknown coefficients

The unknowns, c+ and c−, are obtained in the same way as for the 2D model. This
is described in Section 2.8.

To obtain the unknowns in a model with a varying permeability region (and no con-
ducting region), in a more memory efficient manner, a different solving technique
can be applied. By implementing so called scattering matrices, the boundary con-
ditions are rewritten in such a way that the unknowns of a region are expressed in
the unknowns of the adjacent regions. In this way, the unknowns of a region can
be eliminated from the problem. By repeating this process for the subsequent re-
gions in the model, all unknowns, except those of the top and bottom region, can
be eliminated. The advantage of this method is the fact that during computations,
the maximum matrix size is independent of the number of regions in the model. Let
the total number of harmonics, in a 3D model, be denoted by L. In the scattering
matrix approach, only matrices of size 2L × 2L will be computed and inverted. In
the solving method of (2.91), the matrix size of Etot is equal or to 2RL×2RL, where
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R is number of regions. This means that the matrix size of Etot increases when a
region is added, so for models with a relatively large number of regions the scatter-
ing matrix approach can be extra beneficial in terms of memory consumption. The
scattering matrix approach for problems with a varying permeability region, where
sources are located inside the region has been developed by the author of this thesis
and is presented in [27].

The scattering matrix approach is not applicable for a model with a varying con-
ductivity region. In a region with a varying conductivity, the number of unknowns
is doubled because of the chosen formulation, as explained in Section 3.5.3. When
the scattering formulation is applied between a non-conducting region and a varying
conducting region, two vectors of unknowns of size 2L × 1 have to be expressed in
two vectors of unknowns of size L×1. As a result, the coupling matrices on this type
of boundary are non-square, while they have to be inverted. Future research should
focus on a solution to this problem, to be able to solve 3D eddy current problems in
a memory efficient way.

3.8 Periodic time-dependent behavior

When an excitation profile of the coil-current or movement of a machine part is
modeled, a time harmonic series is introduced, as was done for the 2D model. Quant-
ities dependent on x and y and time are written as

f(x, t) =
K/2∑

k=−K/2

M/2∑
m=−M/2

N/2∑
n=−N/2

f̃n,m,k e
j(kxnx+kymy+ωkt). (3.89)

As for the 2D model and for the same reasons, movement of the conducting region
is not considered. The matrix Etot in (2.91) would become large for even a small
number of considered harmonics, because of the coupling of the space harmonics (in
two directions) and time harmonics, which will lead to memory problems.

3.9 Force and power

To calculate the force exerted between objects in the 3D model, the Maxwell stress
tensor from (2.97) is used. On a surface parallel to the xy-plane where ẑ is the vector
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normal to the plane, in the air gap, using (2.97) and (2.98) the force is calculated as

Fx = 1
µ0

� τy

−τy

� τx

−τx
{BxBz} dx dy, (3.90)

Fy = 1
µ0

� τy

−τy

� τx

−τx
{ByBz} dx dy, (3.91)

Fz = 1
2µ0

� τy

−τy

� τx

−τx
BzBz −BxBx −ByBy dx dy. (3.92)

To calculate the power loss in a conducting segment for the 3D case, a volume integ-
ration over the volume of the conducting segment is performed, i.e.

Ploss =
�

V

~J · ~E dV (3.93)

The volume integral is performed numerically. It has been made sure that the spatial
discretization step in the z-direction is less than one fourth of the skin depth at a
certain frequency.

3.10 Model verification using FEM

To analyze the performance of the developed semi-analytical method (in figures de-
noted by ANA) for regions with a varying permeability or conductivity, results are
compared to the finite element method (FEM) for the geometric model of Fig. 3.5.
The electromagnetic configuration of Fig. 3.5 is implemented in the Flux 3D software
[4]. The configuration in Fig. 3.5, consists of a coil (located in Region 1) with above
it two material segments (located in Region 3). The segments are either considered
as permeable material or conducting material. At the bottom of Region 1, infinitely
permeable material is assumed. An airgap (Region 2) is present between the coil re-
gion and the region with the segments. Above the region with segments, an air region
that extends to infinity is located (Region 4). The dimensions and parameters of the
model are given in Fig. 3.6. For the coil the peak current is equal to 1 A and the
number of turns equal to 319, which results in a current density equal to 4.43 A/mm2.

In the FEM software [4], the geometry of Fig. 3.5 is implemented and a mesh is
created. The frequency at which eddy currents can be analyzed in the FEM model
depends on the mesh size. To obtain reliable results, 3 second-order mesh elements
per skin depth are used. With the memory available for the mesh, the maximum
frequency at which eddy currents can be accurately calculated is equal to 10 kHz. At
the top of the airgap (Region 2) and the bottom of the material segments (Region 3)
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Figure 3.5: Three-dimensional geometric model of two plates (gray), either con-
sidered as material with finite permeability or conductivity, placed above a (time-
varying) current carrying coil (yellow).

a meshsize of 0.2 mm is applied. In the other parts of the airgap and plates, the mesh
size varies from 0.2 to 1 mm. The number of second-order volume mesh-elements is
equal to 1087208 in the FEM model. The approximating functions for vector potential
formulations is set to edge finite elements. The applied boundary conditions and
periodicity are the same as in the semi-analytical model.

3.10.1 Verification of varying permeability

The relative permeability of the plates in Fig. 3.5 is assumed equal to 10 or 1000. For
the 2D model, the convergence of the field components in the different types of regions
is analyzed. As this analysis is quite elaborate for the 3D model, the convergence of
a global quantity, the z-component of the force is evaluated. For both values of the
relative permeability, the convergence of the z-component of the force is computed as
a function of the number of harmonics used in the x- and y-directions. The available
memory allows to calculate results up to a maximum number of harmonics equal
to N = M = 70. In Fig. 3.7, for each number of harmonics pair, the relative error
with respect to the result with the maximum number of harmonics (N = M = 70)
is obtained. For µr = 10 the error converges to a lower value, but for both values
of the permeability the relative error in Fz is less than 1 % for N = 30 and M = 50.
The convergence of the solution depends more on the number of harmonics in the
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Figure 3.6: Dimensions of the coil and plates in the modeled geometry. The red
lines represent surfaces used to depict results on in Section 3.10.2. a) xy-view. b)
xz-view.
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(a)

(b)

Figure 3.7: Convergence of Fz as a function of the number of harmonics. The
relative error with respect to the result at N = M = 70 is calculated for each
harmonic pair: a) convergence for µr = 10, b) convergence for µr = 1000.

y-direction than on the number of harmonics in the x-direction. This is due to
the fact that the spatial frequencies in y-direction are higher than those in the x-
direction, because of the small distance between the two plates. In Fig. 3.8 and
Fig. 3.9 the magnitude of the magnetic flux density in the varying permeability region
(Region 3) is depicted. The fields are calculated with the semi-analytical model for
N = 30 and M = 50, as the error in Fz has converged to an error of less than 1 %.
In the right-hand side figures, the difference with the FEM is calculated and shown
on a logarithmic scale. The discrepancies are mainly located near the edges of the
plate, where higher gradients of the fields are present. The rms differences between
the analytical model and FEM in are listed in Table 3.1, for both the air gap region
(Region 2) and the varying permeability region (Region 3). The error in the varying
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Figure 3.8: Absolute value of the magnetic flux density for µr = 10 on the xy-plane
in the center of the varying permeability region (z = 11.5 mm) for N = 30 and
M = 50. Left: The result obtained with the semi-analytical model (ANA). Right:
Absolute difference with the FEM result.

Figure 3.9: Absolute value of the magnetic flux density for µr = 1000 on the xy-
plane in the center of the varying permeability region (z = 11.5 mm) for N = 30
and M = 50. Left: The result obtained with the semi-analytical model (ANA).
Right: Absolute difference with the FEM result.
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Table 3.1: Difference between the semi-analytical method (N = 30 and M = 50)
and FEM for the magnitude of the magnetic flux density.

µr = 10 µr = 1000
rms err. [T] rel. err. [%] rms err. [T] rel. err. [%]

| ~B| Reg 2 2.1 · 10−4 2.0 7.0 · 10−4 5.6
| ~B| Reg 3 1.4 · 10−3 10.1 3.9 · 10−3 15.4

Table 3.2: Force of the model with a varying permeability region. For the semi-
analytical method, the force components are calculated for N = 30 and M = 50.

µr = 10
Fx [N] Fy [N] Fz [N]

FEM 4.29 · 10−4 −1.49 · 10−3 −1.55 · 10−1

ANA 4.63 · 10−4 −1.50 · 10−3 −1.55 · 10−1

∆F [N] 3.43 · 10−5 −4.96 · 10−6 −1.01 · 10−4

error [%] 8.0 0.33 0.06
µr = 1000

Fx [N] Fy [N] Fz [N]
FEM 4.24 · 10−3 7.19 · 10−4 −2.47 · 10−1

ANA 4.31 · 10−3 7.27 · 10−4 −2.51 · 10−1

∆F [N] 6.22 · 10−5 8.42 · 10−6 −3.98 · 10−3

error [%] 1.47 1.17 1.61

permeability region is higher than in the air gap, because the fields contain larger
gradients in this region. As expected from the results in case of the 2D model,
the method performs better for µr = 10 than for µr = 1000, although the relative
error with FEM in the magnetic flux density magnitude is less than 16 % for both
permeability values.

The calculated force by the semi-analytical method and FEM is given in Table 3.2.
An error of 8 % is obtained for Fx for µr=10. All other force components have a
relative error of less than 2 %, compared to FEM.
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(a)

(b)

Figure 3.10: Convergence as a function of the number of harmonics at a frequency
of 100 Hz. a) convergence of the force in the z-direction, b) convergence of the
power loss (in both conducting segments).

3.10.2 Verification of varying conductivity

For the verification of the 3D model with a varying conductivity region, the plates
in Region 3 of Fig. 3.5 are assumed to have a conductivity value equal to 25 MS/m.
The convergence of the harmonic model is analyzed at frequencies of 100 Hz and
10 kHz. Beside the force in the z-direction, also the convergence of the power losses
is calculated, as this represents whether the current density distribution computation
has converged. Therefore, both the force and power loss are calculated as a function
of the number of harmonics used in the x- and y-directions for 100 Hz and 10 kHz,
and are depicted in Fig. 3.10 and Fig. 3.11.

The solution for Fz converges to an error of less than 3% (w.r.t. the result for
N = M = 70) when N > 30 and M > 40, for both frequencies. As regards the
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(a)

(b)

Figure 3.11: Convergence as a function of the number of harmonics at a frequency
of 10 kHz. a) convergence of the force in the z-direction, b) convergence of the
power loss (in both conducting segments).

power loss calculation at 100 Hz, an error of less than 3 % is obtained when M > 50
and N > 40. The convergence of the power loss calculation at 10 kHz is more non-
monotonous and becomes less than 3 % when M > 60 and N > 60. It is concluded
that the power loss calculation needs more harmonics than the force calculation to
obtain an accurate result. This is due to the fact that the power loss calculation relies
heavily on the current distribution in the plate. As shown in the continuation of this
section, especially for higher frequencies, the current is mainly flowing near the edges
of the plates. To model this accurately, a high spatial resolution is necessary and,
therefore, a relatively large number of harmonics in both directions is required.

For both frequencies, the magnetic flux density in the center of the air gap (on a xy-
plane) between the coil and the conducting segments is calculated with the developed
harmonic modeling technique and compared to FEM. To calculate the field in the
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airgap, the number of harmonics taken into account is equal to N = 30, M = 40.
The results are shown in Fig. 3.12 and Fig. 3.13. The rms and relative differences
in the magnetic flux density between the semi-analytical model and FEM, computed

Figure 3.12: Absolute value of the magnetic flux density for f = 100 Hz on the
xy-plane in the center of the airgap (z = 8.5 mm in Fig. 3.5) for N = 30 and
M = 40. Left: The result obtained with the semi-analytical model (ANA). Right:
Absolute difference with the FEM result.

Figure 3.13: Absolute value of the magnetic flux density for f = 10 kHz on the
xy-plane in the center of the airgap (z = 8.5 mm in Fig. 3.5) for N = 30 and
M = 40. Left: The result obtained with the semi-analytical model (ANA). Right:
Absolute difference with the FEM result.
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Table 3.3: Difference between the semi-analytical method and FEM for the mag-
nitude of the magnetic flux density for N = 30 and M = 40.

f = 100 Hz f = 10 kHz
rms err. [T] rel. err. [%] rms err. [T] rel. err. [%]

| ~B| Region 2 2.7 · 10−4 2.1 5.6 · 10−4 3.9
| ~B| Region 3 9.9 · 10−5 1.2 1.2 · 10−3 20.9

Table 3.4: Relative rms error of the induced current density in Fig. 3.14. The
surfaces (or cut planes) on which the data is plotted in Fig. 3.14, denoted by cp,
are shown in Fig. 3.6.

Relative rms error on cut planes [%]
cpxy1 cpxy2 cpxz1 cpxz2 cpyz1 cpyz2

f = 100 Hz 13.7 14.0 13.3 7.5 9.8 9.9
f = 10 kHz 21.4 21.1 21.4 18.9 22.9 19.9

according to (2.104), are given in Table 3.3. For higher frequencies, the field cannot
penetrate the conducting regions because of the shielding effect. As a result, the rms
value of | ~B| is low with a value of 5.7 · 10−3 T, which explains the relatively large
error in Region 3 for f = 10 kHz.

The current density inside the conducting plates is obtained on several cut-planes,
which are shown in Fig. 3.6. To calculate the current density distribution, the max-
imum number of harmonics is used, so N = 70 and M = 70. In Fig. 3.14, the mag-
nitude of the current density in the cut-planes for two frequencies (100 Hz and 10 kHz)
is depicted. For the frequency of 10 kHz the currents are flowing mainly near the bot-
tom and edges of the plate, hence, the skin-effect is clearly visible. In Table 3.4 the
relative error with respect to the FEM, calculated according to (2.104), has been
listed for each cut-plane. In Fig. 3.14, it can be seen that the largest errors in the
current density distribution are located near the edges of the plate, where, especially
for higher frequencies, most of the current is flowing. Due to the Gibbs effect in
the description of the spatially dependent conductivity, the discrepancy between the
developed method and FEM is increased near the edges of the plate.

The developed model is verified by analyzing the force and power loss over a range
of frequencies (up to 10 kHz). To obtain the force, N and M were set to 30 and 40,
respectively, because it was shown that the error between results, when the number of
harmonics is increased, is less than 3 %. The comparison of the calculated forces with
the FEM results is depicted in Fig. 3.15a. The relative error in the force compared to
FEM, in the x- and z-direction is less than 5 % for frequencies above 100 Hz, where
the force is larger than 0.5 mN, which is considered accurate. The error in the force
in the y-direction is 60 %, because the force is close to zero over the full frequency
range.
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a. Results on the cut planes cpxy1 and cpxy2 for
f = 100 Hz.

b. Results on the cut planes cpxy1 and cpxy2 for
f = 10 kHz.

c. Results on the cut planes cpxz1 and cpxz2 for
f = 100 Hz.

d. Results on the cut planes cpxz1 and cpxz2 for
f = 10 kHz.

e. Results on the cut planes cpyz1 and cpyz2 for
f = 100 Hz.

f. Results on the cut planes cpyz1 and cpyz2 for
f = 10 kHz.

Figure 3.14: Obtained magnitude of the current density via the semi-analytical
(ANA) model for N = 70 and M = 70 (top figures) and the absolute error with
respect to FEM on a logarithmic scale (bottom figures).
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Figure 3.15: Comparison of force components and power losses obtained by the
semi-analytical model and FEM. a) Force components calculated with the de-
veloped semi-analytical (N = 30 and M = 40) model and FEM. b) Power loss
calculated with the developed semi-analytical (N = 70 and M = 70) model and
FEM.



3.11 Experimental eddy current model verification 87

Figure 3.16: Computation times of the compared methods.

Also the power loss over a range of frequencies is analyzed and is shown in Fig. 3.15b.
To calculate the results with the semi-analytical model, the maximum number of
harmonics is used in both directions (N = 70 and M = 70), because the power loss
calculation shows a relatively slow convergence at high frequencies. The relative error
with respect to the FEM is 13.5 % at 10 Hz and below 7.5 % for frequencies below
1 kHz.

Using the hardware available (quadcore Intel Core i7-4790 with 32GB RAM), the
computation times of semi-analytical methods is depicted as a function of the number
of considered harmonics in Fig. 3.16. As a reference, also the computation time of
FEM for the 10 kHz mesh is given in the figure. The computation times shown,
concern the total amount of time needed to calculate the force and power loss results.
Up till a total number of 3600 considered harmonic pairs, the developed method
computes the results faster than FEM. The mesh generation and solving time for
FEM depend on the implemented mesh and can be optimized, regarding the problem
at hand. Also for the semi-analytical model, code optimization and implementation
could improve the computation time. Therefore, it is concluded, that for a relatively
low number of harmonics (e.g. 41 × 41 harmonics) the semi-analytical model is faster
than 3D FEM.

3.11 Experimental eddy current model verification

To verify the results obtained with the developed 3D eddy current model not only
using FEM, an experimental setup is constructed to perform measurements. In the
experimental setup, field distributions above conducting plates with different slit pat-
terns are measured. As the planar motor under consideration contains slitted cooling
plates, which are conducting, the measurement results will indicate the performance



88 Chapter 3. Harmonic modeling of segmented structures in 3D

Figure 3.17: Geometric model of the measurement setup. Top: 3D representation.
Bottom: 2D side view.

of the developed method to model the eddy current effects in such constructions. To
be able to properly measure the field changes due to the induced currents, copper
plates are used in the experimental setup as these have a higher conductivity leading
to higher gradients in the magnetic field.

The electromagnetic configuration to which the harmonic model is applied and which
is used for verification is shown in Fig. 3.17. A race-track shaped coil is placed in
air with on top a rectangular copper plate. A 50 µm airgap is present between the
coil and the plate. On the top and bottom of the configuration there are air regions
extending to plus and minus infinity. An ac current in the coil will induce (eddy)
currents in the copper plate. In total, three rectangular plates, shown and numbered
in Fig. 3.18, are analyzed. The first plate does not contain any slits. The two other
rectangular plates (Plate 2 and Plate 3), contain a different slit pattern, which will
change the eddy current distribution. The slit pattern in Plate 2 has been chosen
such that the spatial frequency of the slits in the x-direction is higher than in the
y-direction. In Plate 3 the opposite is done. In this way, the effect of the spatial
frequency of the slits in relation to the number of harmonics in both directions is
investigated. Moreover, the patterns of the slits are typical for cooling plates in linear
and planar motors.
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Figure 3.18: The three copper plates that were used for the measurement. The
bottom side of the plates is covered with polyimide film for isolation purposes.

Because a harmonic (Fourier) basis is used for the solutions to the magnetic fields and
eddy current distributions, the geometric model of the electromagnetic configuration
of Fig. 3.5 is assumed to be periodic in both the x- and y-directions. However, as the
measurement setup will on consist of a ’single period’, and is not repeating in the x-
or y-direction, air is added on both sides of the periodical section. The periodic width
in both directions is almost double the coil width (see Table 3.5) in that direction.
In this way, the influence of the magnetic fields of adjacent periods is minimized. In
the z-direction, the model is again divided into regions, as can be seen in Fig. 3.17.
The source coil is located in Region 2, where Region 1, 3 and 5 are regions containing
only air. In the conducting region (Region 4), where the copper plate is located, the
conductivity will vary as a function of position.

3.11.1 Description of the experiment

The experimental setup is shown in Fig. 3.19. The race-track shaped coil is wound
from thin copper tape. Properties of the coil are given in Table 3.5. The pick-up
coil, which is measuring the field, is attached to an H-bridge to accurately place it
above the source coil. It has been made sure that the H-bridge does not influence the
measurement, and no additional conducting materials are present near the setup. The
pick-up coil is made of 30 µm diameter copper wire, wound around a non-magnetic
core with a diameter of 1.7 mm. The field is measured at 1 mm above the plates
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(a) (b)

Figure 3.19: The used measurement setup. a) Source coil (race-track shaped) with
above it a small pick-up coil, wound around a red non-magnetic core. b) A copper
plate is placed on top of the coil and the pick-up coil is located above.

on a grid of 120 mm × 50 mm with a resolution of 1 mm. The z-component of the
magnetic flux density is calculated from the measured voltage over the pick-up coil,
Vmeas, using

Bz,meas = Vmeas
Tmc Amc ω

, (3.94)

where Amc is the area of the measurement coil (2.3 mm2) and Tmc the number of
turns of the measurement coil, which is equal to 103 and ω the angular frequency of
the induced voltage. The three plates that are analyzed are shown in Fig. 3.18. The
copper plates are placed directly on top of the coil. Therefore, the bottom side of the
plates is covered with a polyimide film for isolation. The conductivity of the plates
during the measurement is assumed equal to 56 MS/m.

3.11.2 Harmonic model of experimental setup

In Region 2, where the coil is present, a Fourier description of the current density
distribution of the coil is needed as a source term for the harmonic model. Instead
of describing the geometry of the coil (and hence the current density distribution),
the field of the coil, without any conducting plate on top, is measured. From this
measurement, a backward transformation is performed to obtain the source terms of
Region 2. In this way, coil imperfections are already incorporated in the source terms,
which excludes this as a source of error between measurement and simulation.
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Table 3.5: Model and experimental setup properties

Description Value Unit
Half periodic width in x direction (τx) 80 mm
Half periodic width in y direction (τy) 50 mm
Coil length (in x direction) 107.8 mm
Coil width (in y direction) 37.0 mm
Coil height 1.7 mm
Bundle width 14.3 mm
Number of turns 60 -
Filling factor 0.8 -
Plate length (in x direction) 120.0 mm
Plate width (in y direction) 50.0 mm
Plate thickness 0.95 mm
Slit width 4 mm

Figure 3.20: Fourier representation of the conductivity function (from 0 to 1) in
the conducting region for the model with plate 2. The number of spatial harmonics
used is N=120 and M=42.

The Fourier representation of the conductivity in the conducting region, when plate
2 is present (Fig. 3.18) is shown in Fig. 3.20. It crucial that sufficient harmonics are
used to describe the conductivity distribution. If too few harmonics are used, the
conductivity in the slits will not be equal to zero, which results in a less accurate
result of the field computation. Especially for very thin slits, this means that the
required number of harmonics is relatively high.
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Figure 3.21: Convergence of the rms error of the harmonic model with respect to
the result of the FEM.

3.11.3 Results

To analyze the convergence of the developed harmonic model, it is first compared
to the results of a 3D FEM simulation (Flux 3D software). The conductivity of the
copper plates is considered to be 56 MS/m and the current through the source coil
has a rms value of 3.2 A and the frequency is equal to 2 kHz. In the FEM model
a second-order mesh is applied with a mesh-size of 0.5 mm in the conducting plate.
At a frequency of 2 kHz, the skin depth of the copper is equal to 1.5 mm. In total,
506408 volumetric mesh elements are created in the FEM model. The convergence of
the harmonic model is depicted in Fig. 3.21. The rms error with respect to the result
of the FEM has been calculated for a range of harmonic number pairs. To properly
visualize the result, for each plate a different y-axis is created. The result of Plate 1
has converged to a stable rms error as the result is fluctuating with approximately
0.04 mT around an average value of 0.4 mT. The rate of decay of the rms difference is
significantly higher for Plate 2 in comparison with Plate 3. Plate 3 has in comparison
with the other two plates a relatively large rms difference with the FEM, around
2.8 mT for the maximum number of harmonics. The high spatial variation in the
y-direction of the slit pattern of Plate 3 is causing the convergence of this plate to be
relatively slow.

For the calculation of eddy currents and related fields with the developed model, N
and M are set to 120 and 42 respectively. This is the maximum number of harmonics
that can be included with the computational memory available (32.0 GB; MATLAB
R2017a). The simulated induced current densities in the several plates are depicted in
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(a) (b)

(c)

Figure 3.22: Simulated current density in the conducting region (Region 4). The
red square indicates the position of the plate. a) Plate 1. b) Plate 2. c) Plate 3.
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Table 3.6: rms error in absolute Bz between the semi-analytical harmonic model
and the measurement

rms error rms value of measured Bz relative rms error
Plate 1 0.14 mT 2.0 mT 7.0 %
Plate 2 1.18 mT 3.7 mT 32.5 %
Plate 3 1.57 mT 4.8 mT 32.7 %

Fig. 3.22. For Plate 1 and Plate 2, the conductivity is correctly incorporated and no
current is flowing at the locations of the slits. For Plate 3, however, a small current is
flowing in the center slit and more harmonics should be added to get a more accurate
current density description. Furthermore, it is clear that the slits reduce the overall
current density, however, the peak current is increased. The current accumulates
around the edges of the slits, where the magnitude rises. Due to this effect, the rms
error in the field of the model of Plate 3 is relatively high and the convergence slow.

The measured magnetic flux densities at 2 kHz with the different plates placed on
top of the coil are shown in Fig. 3.23a, Fig. 3.23c and Fig. 3.23e. The absolute
difference between the model and the measurement is shown in Fig. 3.23b, Fig. 3.23d
and Fig. 3.23f. The rms value of the error for the three plates is given in Table 3.6.
It can be seen in Fig. 3.23b, that for Plate 1 the model and measurement are in good
agreement, with an rms absolute error of 0.14 mT equal to a relative error of 7.0 %.
For Plate 2 and Plate 3 the error is larger, 1.18 mT and 1.57 mT, respectively, which
is a relative error around 33 % for both plates. As there are no slit patterns in Plate 1,
the used number of harmonics is relatively high. The errors in the fields above Plate 2
and Plate 3 are due to the truncation of the harmonics in both directions as was
shown in the convergence analysis in the previous section. For higher frequencies,
the eddy current distributions are concentrated around the slits. To model these
distributions, the number of harmonics needs to be relatively high. Increasing the
number of harmonics would, therefore, better approximate the simulated magnetic
flux density. As mentioned in Section 2.11.1, an alternative would be to apply adaptive
sampling to the problem [49], increasing the sampling around the slits and obtain
faster convolution in this way.

3.12 Conclusion

A 3D semi-analytical harmonic modeling technique to calculate electromagnetic fields
in the Cartesian coordinate system is presented in this chapter. The theory presented
in Chapter 2 is elaborated for 3D problems. A spatially dependent permeability
or conductivity, which may now vary in two periodic directions, is included in the
solution of magnetic field and induced current density components.
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For a region with a varying magnetic permeability, the discontinuities in the two peri-
odic directions are considered and based upon this, a stable solution is formulated by
applying the inverse rule for the 3D case. Incorporation of a spatially dependent con-
ductivity is made possible by a field formulation using the tangential components of
the electric and magnetic field. In regions with homogeneous properties, the classical
3D harmonic model formulations have been applied. Because solutions for different
types of regions and their coupling have been described, electromagnetic fields and
force in almost any configuration, consisting of coils, magnets, permeable material
or conducting material can be analyzed by proper selection and composition of the
region types. The method can be further developed to model electromagnetic fields
and eddy current distributions in other coordinate systems.

The semi-analytical technique has been applied to a topology containing a coil and
two pieces of permeable or conducting material for validation purposes. For both
cases, the convergence of the force calculation is analyzed and based on this a suit-
able number of harmonics is chosen in the x- and y-directions to compare the obtained
results to FEM. In case the model has a varying permeability region, the force cal-
culation for N = 30 and M = 50 shows a maximum error with respect to FEM of
1.61 % for µr = 1000. As was observed for the 2D model, the semi-analytical method
shows less accurate results for µr = 1000 than for µr = 10. For the configuration with
conducting elements, the force calculation shows a relatively fast convergence, while
the convergence of the power loss calculation requires a higher number of harmonics.
The results on force and power loss have been compared to results obtained with
FEM for a range of frequencies (up to 10 kHz). For N = 30 and M = 40, the relative
error in the calculated force components is less than 5 % when the force is larger
than 0.5 mN. The power loss calculation, for N = 70 and M = 70, gives an error of
13.5 % at 10 kHz, but smaller than 7.5 % for frequencies below 1 kHz. The developed
3D model, either considering a varying permeability region or a varying conductivity
region, shows a similar performance as FEM with a discrepancy smaller than 10 %
for the computed force components.

On a different electromagnetic configuration, the semi-analytical method is compared
to measurements. The field distribution, due to three different copper plates, of
which two contained a slit pattern, placed on a source coil has been analyzed. For
higher frequencies, the eddy currents are flowing near the slits, which requires a high
number of harmonics to model. The convergence rate of the solution depends on the
slit pattern of a plate. The modeled magnetic flux density at 2 kHz has a larger
discrepancy with the measurement for the slit pattern with higher spatial frequencies
in the y-direction. For this plate an rms error of 1.57 mT is obtained, where for the
plate with the slit pattern with low spatial frequencies in the y-direction, an error of
0.14 mT is computed. The error is caused by measurement uncertainties and by the
limitation of the number of harmonics, which needs to be relatively high when the
slit pattern has a high spatial frequency.



Chapter 4

Harmonic eddy current model
applied to a planar motor

topology

In this chapter, the modeling method described in the previous two chapters is
applied to a periodic section of a planar motor topology to calculate the parasitic
force due to eddy currents. A motion profile with a high acceleration is applied

to the motor and the force due to eddy currents induced in the conducting parts is
calculated as a function of time. The simulation results, obtained with the developed
semi-analytical harmonic method, show that the force due to eddy currents depends
on the spatial distribution of the slits and that the parasitic force impairs the accuracy
for high-precision positioning systems.



98 Chapter 4. Harmonic eddy current model of a planar motor

4.1 Introduction

The semi-analytical harmonic method, presented in Chapter 2 and Chapter 3, has
shown its capabilities to model the eddy current distributions in segmented or slitted
conducting structures. By applying the method to a planar motor topology with
conducting parts, the parasitic force due to the eddy currents in these parts can
be calculated. The simulation results can be used to analyze the influence of the
segmentation of the conducting parts on the resulting force profile or as feed-forward
information.

In this chapter the modeling method developed in Chapter 2 is applied to a 2D
linear motor model, which is regarded as a 2D representation of a planar motor in
Section 4.2. The eddy current phenomena that are present in various conducting
parts of the 2D model are separated and analyzed. In Section 4.3, the method of
Chapter 3 is applied to a periodic 3D section of a moving-magnet planar motor. The
parasitic force due to eddy currents induced by the moving permanent magnet field
in the cooling plates is computed.

4.2 2D linear motor topology

To evaluate the force created by eddy currents in various parts of the planar motor,
first, these phenomena are analyzed in a 2D linear motor configuration. The model
used for this analysis is shown in Fig. 4.1 and the geometric variables in Table 4.1.
The model resembles the one used in Section 2.12, although some geometric para-
meters are changed to represent the planar motor section of Section 4.3, which is a
periodic 3D section of the DLPM. Furthermore, two conducting regions, which are
not segmented, are added to the modeled topology. The translator consists of an alu-
minum plate to which the permanent magnets are glued. In the DLPM, for insulation
and construction purposes, a titanium sheet covered with an electrically insulating
film is placed between the two coil layers. As in the 2D model only the top coil layer is
modeled, the titanium sheet is located underneath the coils and referred to as bottom
plate. The bottom layer of coils is not considered in the simulation, as current can
only flow in the z-direction (in Fig. 4.1) in the 2D model. Furthermore, the effect of
the currents in the bottom coil will have a similar effect on the parasitic force as the
current in the top layer coils, as they are designed to create an equal amount of lifting
force for a certain current value. Both the translator plate and bottom plate are con-
sidered to span the entire periodic width. The cooling plate on top of the coil array
is divided into five sections (numbered from left to right) in the x-direction to model
the effect of slits in the cooling plate. The sections are separated from each other
by a 1 mm distance. Also the permanent magnets, made of neodymium (NdFeB),
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Figure 4.1: 2D geometric model of a linear motor with segmented cooling plate.
The width of a cooling plate section is denoted by wcpi , where i denotes the number
of the cooling plate section. The cooling plate sections are numbered from left to
right.

are considered conducting in some of the simulations. They have a remanent flux
density of 1.3 T, relative permeability equal to 1 and a conductivity of 0.67 MS/m.
The properties of the conducting parts in the 2D simulation are given in Table 4.2.

For the transient simulations of the force due to eddy currents, the mover is ac-
celerated in the x-direction according to the motion profile depicted in Fig. 2.16 in
Section 2.12. The motion profile has a maximum acceleration of 50 m/s2, a maximum
speed of 1 m/s and moves the translator 47.5 mm. The depth of the domain is set
equal to the periodic width, creating a square part with an area roughly equal to
1/9 of the translator of the DLPM (see Appendix A). The weight of the translator is
equal to 10.1 kg. The weight of the translator part in the periodic model is, therefore,
assumed to be 10.1/9 = 1.12 kg. The currents are, as in Section 2.12, commutated
based on the position of the moving magnet array in such a way that it is acceler-
ated in the x-direction according to the motion profile. In the y-direction, a constant
acceleration of 9.81 m/s2 is assumed, to levitate the mover. For the levitation force,
only half of the weight is considered, as the second coil layer (which is not modeled)
should provide half of this force. The torque that is created around the z-axis is neg-
lected in the simulation. The commutated currents, required to produce the desired
force as function of time are, therefore, similar to the profiles shown in Fig. 2.18. The
amplitude of the current density is, however, changed because a different weight and
coil height are considered. The number of time harmonics used for the semi-analytical
simulation is equal to 141 (K = 140) and the number of spatial harmonics is set to
101 (N = 100).

The contributions of the different motor parts have been separated by performing a
number of simulations. To start with, the force due to eddy currents in the translator
are analyzed. For this simulation, the magnets are treated as conductors and the
magnetization of the magnets is not considered as this (standstill) magnetization
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Table 4.1: Dimensions of the linear motor of Fig. 4.1.

Dimension Symbol Value Unit
Half periodic width τx 46.5 mm
Air gap height hg 1.0 mm
Width of cooling plate section 1,2 wcp1 ,wcp2 20.0 mm
Width of cooling plate section 3 wcp3 18.0 mm
Width of cooling plate section 4 wcp4 16.0 mm
Width of cooling plate section 5 wcp5 14.0 mm
Width of cooling plates slits wsl 1.0 mm
Height of cooling plate hcp 1.0 mm
Coil width wc 31.0 mm
Conductor bundle width wcb 12.6 mm
Coil height hc 2.1 mm
Magnet width wm 18.0 mm
Magnet height hm 8.0 mm
Translator plate height htp 5.5 mm
Bottom plate height hbp 0.5 mm
Depth of the domain L 93.0 mm

Table 4.2: Properties of the conducting parts in the model of Fig. 4.1

Region Material Conductivity value [S/m]
Translator plate Aluminum 35·106

Magnets Neodymium (NdFeB) 0.67·106

Segmented cooling plate Titanium 1.8·106

Bottom plate Titanium 1.8·106

will not change the eddy current distribution in the translator parts. The cooling
plates are removed from the problem. Because the region with a position dependent
conductivity, in this case the magnet array, cannot be moved in the model, the coils
are moved in the negative x-direction according to the motion profile while they carry
the commutated currents. The resulting force is shown in Fig. 4.2. The blue lines
represent the force when both the translator plate is considered conducting and the
magnets are non-conducting, where the red lines show the force when the magnets
are conducting and the translator plate is considered non-conducting. It is verified
that when both the translator plate and the magnets are considered conducting,
the resulting force is a summation of the force profiles shown in Fig. 4.2. This is as
expected as the fields generated by the eddy currents in the different parts will hardly
influence each other as they are much smaller than the field made by the coils.

The force produced by the eddy currents in the magnets is around 70 times smaller in
the x-direction and around 55 times smaller in the y-direction than the force due to
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Figure 4.2: Force due to eddy currents in the translator. The blue lines show the
force when only the translator plate is considered conducting. The red lines show
the force when the magnets are conducting and the translator plate is considered
non-conducting. Top: Acceleration profile. Middle: Force in the x-direction.
Bottom: Force in the y-direction.

eddy currents in the translator plate. This can be explained by the around 50 times
lower conductivity value of the magnets (see Table 4.2) and the smaller conducting
surface. Force is mainly produced during the acceleration stages, when the currents
are high (see Fig. 2.18). Because of the high gradients in the current at the beginning
and end of the acceleration phase, a parasitic force in the levitation direction is
produced. During the center part of the acceleration phase, the damping force in
the x-direction is dominant, because the field due to eddy currents is 90◦ shifted
with respect to the coil field. The peak force due to eddy currents in the translator
plate is equal to 0.08 N and 0.2 N in the x- and y-direction, respectively. During the
constant-speed phase, the current density in the coils to provide the levitation force
is relatively small and the parasitic force due to eddy currents is close to zero for
both cases. Since the eddy currents in the translator plate are causing a significant
disturbance force during the acceleration phase, it should be considered to replace the
aluminum carrier by a different material with a lower conductivity, such as titanium.

A simulation where the magnets, translator plate, the cooling plate and bottom plate
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are conducting is not performed as one of the conducting regions should be moved in
the x-direction, which is not considered in the current semi-analytical implementation,
for the reasons stated in Section 2.9. It is expected, however, that the eddy currents in
the conducting cooling plate and bottom plate do not significantly change the results
of Fig. 4.2 as the delay they introduce in the field produced by the coils is relatively
small.

Also the force due to eddy currents in the segmented cooling plate and bottom plate
is computed. The conductivity of the magnets and translator plate is, therefore,
assumed equal to zero. Then the (magnetized) magnets are accelerated and moved
according to the motion profile of Fig. 2.16 and the commutated currents are active.
As also the intended main force (coil and magnet interaction) is produced in this
simulation, the main force, calculated by assuming no conductivity in any of the con-
ducting parts, is subtracted from the total produced force. The results, for both the
plates on the stator conducting and for only the segmented cooling plate conducting,
are shown in Fig. 4.3. The largest contribution to both force components is produced
by the eddy currents in the cooling plate segments. Even though the cooling plate
is segmented, it causes a larger parasitic force, because it is located closer to the
permanent magnet array and experiences, hence, a stronger field. The ripples in the
force profile, especially during the constant-speed phase, are caused by the cuts in
the cooling plate. As the bottom plate is not segmented, it provides an additional
parasitic force that only depends on the motion profile and not on position. During
constant speed, therefore, a constant damping force in the x-direction is caused by the
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eddy currents in the bottom plate. For the force in the y-direction, the eddy currents
in the bottom plate have no influence during constant speed, as they are resistive.
When the force due to eddy currents in the bottom plate and cooling plate is obtained
by modeling them individually and summing the results, the obtained force profiles
are within 3 % of the result when both plates are considered conducting. This means
that the influence of the eddy currents in one plate on the eddy currents in the other
plate are minimal. Due to the mainly low-frequency content of the moving-magnet
field and the low electric conductivity of titanium, the reaction field of the eddy cur-
rents is too small to change the eddy current distribution in another plate. As a result
it is possible to model the plates individually. The force components caused by the
eddy currents in the conducting plates on the stator during the constant-speed phase
are significantly larger than those caused by eddy currents in the translator parts.

The force due to eddy currents in the conducting plates on the stator can be further
separated regarding the time-varying fields causing them. Firstly, part of this force
will be created by the magnet field of the moving magnets. Secondly, eddy currents
will also be induced by the ac currents in the coil array, which will cause delay in the
field build-up of these coils, leading to a parasitic force. These two effects will have
an influence on each other and both effects are captured in the force profiles shown
in Fig. 4.3 and also in Fig. 4.4, where they are denoted by ’Coil currents on’. By
only simulating moving magnets, without providing any current in the coils, the force
profiles in Fig. 4.4 denoted with ’Coil currents off’ are obtained, thereby separating
the two effects. The largest part of the parasitic force, around 96 %, is caused by
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Table 4.3: Dimensions of the cooling plate sections for the different configurations.

Dimension Config. 1 Config. 2 Config. 3
Number of cooling plate sections 5 7 4
Width of cooling plates slits [mm] 1.0 1.0 1.0
Width of cooling plate section 1 [mm] 20.0 12.3 12.2
Width of cooling plate section 2 [mm] 20.0 12.3 12.2
Width of cooling plate section 3 [mm] 18.0 12.3 52.4
Width of cooling plate section 4 [mm] 16.0 12.3 12.2
Width of cooling plate section 5 [mm] 14.0 12.3 -
Width of cooling plate section 6 [mm] - 12.3 -
Width of cooling plate section 7 [mm] - 12.3 -

eddy currents induced by the magnetic field of the moving magnets, as this field is
stronger than the field produced by the coil currents. The effect caused by the active
coil currents creates small force contributions during the acceleration phase.

To analyze the influence of a different cooling plate segmentation pattern (or slit
distribution), several configurations of the cooling plate sections are simulated. The
details of these configurations are given in Table 4.3, where Configuration 1 is the
configuration that already has been analyzed and of which the results are shown in
Fig. 4.4. Configurations 2 and 3 correspond to segmentation of the cooling plate
as it is obtained when different cross-sections of the slitted cooling plate in the 3D
model (Fig. 4.7) are considered. The results for Configuration 2 and 3 are depicted
in Fig. 4.5, also with and without current in the coils. For Configuration 2 the
force is smaller and more smooth during constant speed, because the cooling plate
is segmented into seven equally wide sections. The force due to eddy currents in
the x-direction for Configuration 3 is larger than for Configuration 1, while in the y-
direction it is smaller. The force profiles for both Configuration 2 and 3 are different
from the profiles in Fig. 4.4 of Configuration 1, especially during constant speed. This
indicates that the force, due to eddy currents induced in the cooling plate, depends
on the cooling plate segmentation. The force due to eddy currents is, therefore, not
only a function of time (motion profile) but also of position.

It is concluded that the largest contribution to the force due to eddy currents, es-
pecially during constant speed, is resulting from the moving magnets inducing eddy
currents in the cooling plate and conducting plate on the stator. The peak force in
the x-direction due to this effect (Fig. 4.3), for the cooling plate sections as given in
Table 4.1, is around 1 N. With an acceleration of 50 m/s2 and a mover of 1.12 kg, the
motor produces 56 N main force. The parasitic force due to the eddy currents in the
cooling plates is, hence, approximately 1.8 % of the main force. In the y-direction,
where the main force is around 5.5 N, the peak parasitic force is also 1.8 % of the
main force.
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Figure 4.5: Force caused by various eddy current phenomena in the conducting
plates on the stator for different cooling plate segmentation configurations. a)
Force components for Configuration 2. b) Force components for Configuration 3.
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Table 4.4: Parasitic force contributions due to various eddy current phenomena in
the 2D planar motor representation of Fig. 4.1.

Source of time- Eddy currents Effect effects Peak force
varying magnetic induced in: (mainly) motion
field: profile phase: Fx [N] Fy [N]
Coils Magnets Acceleration 1.2 · 10−3 3.4 · 10−3

Coils Translator plate Acceleration 8.4 · 10−2 1.9 · 10−1

Moving magnets Segmented cooling Acceleration + 8.0 · 10−1 2.0 · 10−1

+ coils* plate** Constant-speed
Moving magnets Bottom plate Acceleration + 3.2 · 10−1 2.2 · 10−2

+ coils* Constant-speed
* The influence of the coils on the resulting force is limited for this eddy current
effect and only present in the acceleration phase.
** Resulting force depends on the dimension of the cooling plate sections (determ-
ined by the slit pattern of the cooling plate). Configuration 1 of Table 4.3 is used
as a reference.

The contributions of the several eddy current phenomena, present in the 2D motor
configuration, to the parasitic force are summarized in Table 4.4.

4.3 3D planar motor topology

In the previous section, the force due to eddy currents have been analyzed for a
linear motor that represented a 2D cross section of a moving-magnet planar motor.
However, segmentation of the cooling plate in the third dimension will have an effect
on the produced forces. Therefore, the force due to eddy currents in a 3D (periodic)
section of a planar motor (representing a section of the DLPM), depicted in Fig. 4.6,
is analyzed. The bottom layer coils are not depicted in Fig. 4.6. The geometric
properties of the model under consideration are given in Fig. 4.7 and Table 4.5. As
it was shown in the previous section that the parasitic force due to eddy currents
in conducting parts on the mover is significantly lower than the force due to eddy
currents in the stator parts during the constant-speed phase, the conductivity of the
aluminum carrier and magnets is neglected. The cooling plate and bottom plate are
again made of titanium, with the conductivity value as given in Table 4.2. The cooling
plate contains slits to reduce the flow of eddy currents as depicted in Fig. 4.7. Since
the main contribution to the force due to eddy currents is caused by eddy currents
induced in the stator plates by the moving permanent magnet field, only this effect
is modeled. This means that the coil region can be neglected and treated as an air
region, which reduces the number of regions and thus the required computational
memory of the semi-analytical implementation. Also the bottom layer coils (not
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Figure 4.6: 3D geometric model of a planar motor with a slitted cooling plate.
The section is assumed periodic in the x- and y-directions.
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Figure 4.7: Geometric properties of the 3D model.
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Table 4.5: Dimensions of the planar motor of Fig. 4.6

Dimension Symbol Value Unit
Half periodic width in x τx 46.5 mm
Half periodic width in y τy 46.5 mm
Air gap height hg 1.0 mm
Width of cooling plate wcp 89.0 mm
Height of cooling plate hcp 1.0 mm
Width of slits in cooling plate wsl 4.0 mm
Height of bottom plate hbp 0.5 mm
Coil width wc 30.5 mm
Conductor bundle width wcb 12.6 mm
Coil length lc 93.0 mm
Coil height hc 2.1 mm
Magnet width wm 18.0 mm
Halbach magnet width wm,hal 15.0 mm
Magnet height hm 8.0 mm

shown in Fig. 4.6) are neglected for this reason. Both conducting plates are modeled
separately, so that the model only consists of five regions for each simulation. The
permanent magnets are placed in a Halbach configuration and have a remanent flux
density of 1.3 T and a relative permeability of 1.

To obtain the force due to eddy currents in the 3D model, the number of time
harmonics used is 101 (K=100) and the number of spatial harmonics is given by
N=60 and M=60. The resulting force due to the eddy current effect in the slitted
cooling plate is depicted in Fig. 4.8 as a function of time. Three cases are shown in
the sub-figures. Firstly, the force due to eddy currents resulting from a movement
in the x-direction and with the starting position as shown in Fig. 4.7. Secondly, the
force due to a motion in the x-direction, but with the mover shifted 8.5 mm in x

before the start of the motion. This simulation is denoted with ’Movement in x, diff.
starting pos.’. Lastly, the result of a simulation where the mover is moved in the x-
and y-directions simultaneously (diagonal motion) according to the motion profile of
Fig. 2.16, is shown and denoted with ’Movement in x and y’.

For the motion in the x-direction only, the force in the x-direction is the largest.
Furthermore, the profile of Fx is rather symmetrical during constant speed, which is
probably due to the fact that the slits are equally spaced in the 3D case, contrary to
the 2D simulation for Configuration 1 and 3 (Section 4.2). The force profile obtained
from the simulation where the position of the mover is changed before it is accelerated,
is different as a function of time for all three force components. This again shows that
the force due to eddy currents is not only depending on the motion profile, but also
on position and, hence, the slit pattern that is applied in the conducting material.
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Figure 4.8: Transient force in the 3D planar motor section due to eddy currents
in the slitted cooling plate.

The peak force in all directions is approximately the same when the starting position
is changed.

In the case where the permanent magnet mover is accelerated in both the x- and
y-directions, the peak force in the x-direction due to the eddy currents is increased
by approximately 35 %. In the y-direction, a similar force profile as in the the x-
direction is now obtained with a peak force of 0.13 N because the magnet array also
moves in this direction. In the z-direction, the peak force is reduced by 47 % for the
diagonal motion.

In Fig. 4.9, the parasitic force due to eddy currents in both conducting plates of the
stator is shown. The eddy currents in the bottom plate add a force in the x- and
y-direction, proportional to the speed of the translator. In the z-direction, the eddy
currents in the bottom plate do not influence the force, as the frequencies are low and
thus resistive, creating only damping force.

The peak force in the x-direction in Fig. 4.9 for a motion in the x-direction is equal
to 0.33 N. The peak force in the levitation direction, Fz, is equal to 0.03 N. For a
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Figure 4.9: Transient force in the 3D planar motor section due to eddy currents
in the slitted cooling plate and bottom plate.

diagonal motion in the x- and y-directions, the peak force is equal to 0.36 N, 0.37 N
and 0.02 N in the x-, y- and z-directions, respectively. The parasitic force in the x-
and y-directions is around 0.6 % of the main force for both motion trajectories. A
force between 0.02 N and 0.03 N in the z-direction, is approximately 0.5 % of the
main force.

For nano-meter positioning applications, the parasitic force due to eddy currents in
the cooling plates is impairing the positioning performance as an accuracy of 99.99 %
is necessary for the applied feed-forward force [17]. The force due to eddy currents
should therefore be considered and be incorporated in the feed-forward force. An
alternative solution is to not apply a slit pattern in cooling plates. Although the
parasitic force due to eddy currents in the translation direction will be increased (by
a factor of 4), it is no longer position dependent and can be compensated by a speed
dependent force (i.e. a damping) in the feed-forward of the controller. Furthermore,
in the levitation direction, no force is created by the eddy currents in the cooling
plate if no segmentation is applied.
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4.4 Conclusion

In this chapter, the parasitic force due to eddy currents induced in conducting parts
of a moving-magnet planar motor have been analyzed by applying the 2D and 3D
semi-analytical harmonic model. From the analysis performed on a 2D representation
of a planar motor, it has been found that the main contribution to this parasitic force
during the constant-speed phase is originating from the eddy currents induced in the
slitted conducting cooling plate by the field of the moving permanent magnets. The
force due to eddy currents induced by the coils is contributing during the acceleration
phase and is significant for eddy currents in the aluminum translator plate, which has
a high conductivity.

As segmentation in the third dimension is not included in the 2D model, a 3D periodic
section of the planar motor has been analyzed with the 3D model. Both the 2D and 3D
model show that the force due to eddy currents is not only depending on the applied
motion profile, but also the spatial distribution of the slits in the cooling plate or
the segmentation patterns applied in conducting materials. Furthermore, during the
constant-speed phase, the parasitic force due to eddy currents is not constant.

From the 3D simulation of a motion in the x-direction, a peak force of 0.33 N and
0.03 N in the x- and z-directions, respectively, has been obtained. For a diagonal
motion in x- and y-directions, the peak force is equal to 0.36 N, 0.37 N and 0.02 N
in the x-, y- and z-directions, respectively. This peak force relates to the main force
as a relative parasitic force of 0.6 % in the translation directions and 0.5 % in the
levitation direction. In positioning systems, for nano-meter applications, this level of
parasitic force is impairing the performance and should be considered by means of
feed-forward control techniques.





Chapter 5

Rigid body commutation of
the Double-Layer Planar

Motor

The direct wrench-current decoupling commutation, decouples the three force
and three torque components in the double-layer planar motor and calcu-
lates the coil currents that are required to produce the desired force and

torque. This commutation algorithm is presented and analyzed by measurements in
this chapter. Two experimental methods are introduced to measure the decoupling of
force and torque in the motor and to validate the relation from coil current to force
and torque. In this way, the magneto-static model based commutation algorithm is
experimentally analyzed.

Part of the content of this chapter was presented at a conference under the title:
C. H. H. M. Custers, J. W. Jansen, and E. A. Lomonova, “Static decoupling of force and
torque components in a moving-magnet planar motor,” in 2017 IEEE International Electric
Machines and Drives Conference (IEMDC), Miami, USA, 2017.
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5.1 Introduction

To obtain stable levitation in the DLPM using a single-input single-output (SISO)
control scheme that controls each of the 6 DoF separately, the force and torque com-
ponents should be decoupled. A commutation algorithm, relating coil currents to
force and torque, achieves this decoupling. In the DLPM, the so called direct wrench-
current decoupling commutation is used [140, 141]. This commutation algorithm
assumes that the current in the active coils can be controlled independently and is
employed for feedback linearization and decoupling of the force and torque compon-
ents. In moving-coil type of planar motors where the mover consists of multiple
three-phase coil sets, placed orthogonally with respect to each other, the forcer-based
commutation is often used [22, 72]. Using a dq0-transformation (or Park’s transform-
ation) [102], the force components of each of the forcers can be decoupled. However,
as not all torque components on the individual coils are taken into account in this
decomposition, uncontrolled pitch torque effects can arise as described in [22]. These
torque disturbances can be minimized by optimization of the topology and geometry
of the motor. The advantage of the direct wrench-current decoupling commutation
is that all torque components on individual coils are considered and the total torque
on the translator can be fully controlled.

In [22] and [62], an XY-table was constructed over a moving-coil and a moving-magnet
planar motor, respectively, where the XY-table was fixed to the stator frame. In this
way in [62], a load-cell is connected between the XY-table and the translator to meas-
ure the developed force and torque. As the translator of the DLPM is magnetically
levitated during operation and no physical connection exists with the stator, a force
measurement using such a sensor system is impossible. The only feedback that can
be obtained from measurements in the DLPM is the 6-DoF position. In order to be
able to analyze the decoupling and performance of the commutation algorithm for
the DLPM, methods that do not rely on physical force or torque measurements have
to be developed.

In this chapter the commutation algorithm of the DLPM is presented and analyzed.
To be able to decouple the force and torque with the direct wrench-current decoup-
ling algorithm, the relation from coil current to force and torque on the translator is
computed. The magneto-static model at the basis of this relation and the decoupling
algorithm are described in Section 5.2. In Section 5.3 and Section 5.4, two methods
to analyze the commutation algorithm based on the SISO controller outputs are in-
vestigated. A set of assumptions that applies to the methods are described. Using
the measurement data, the perturbations between the modeled and actual electro-
magnetic interaction of the DLPM are estimated.
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Figure 5.1: Control architecture of the DLPM.

5.2 Direct wrench-current decoupling commutation

The control structure of the DLPM is shown in Fig. 5.1. The direct wrench-current
commutation decouples the three force and three torque components of the planar
motor. The algorithm computes the currents in the active coils that are required to
produce a particular wrench (wctr), which contains the force and torque components.
A SISO controller can then be used to control each of the 6 DoF separately. Ideally,
the relation in the commutation is the inverse of the electromagnetic relation that
exists in the machine. The currents in the coils of the machine, calculated in the
commutation, are provided by a set of amplifiers (not depicted in Fig. 5.1). For the
DLPM, it is assumed that the amplifiers are ideal and supply the desired current
setpoint.

The wrench-current decoupling commutation algorithm is based on a magneto-static
model, relating the current in a coil to the force and torque on the permanent magnets
of the translator. Since the coil to magnet interaction in the DLPM can be described
by the Lorentz force principle [116], the relation between the current in a coil and the
force or torque on the translator is linear. The total force on the translator can be
obtained by summation of all force and torque components produced by each of the
individual coils. The total force and torque per component at a certain position are
denoted by the wrench vector, w,

w(p) = ( Fx(p) Fy(p) Fz(p) Tx(p) Ty(p) Tz(p) )> . (5.1)

The wrench vector is obtained through

w(p) =



1kFx(p) 2kFx(p) · · · NckFx(p)
1kFy (p) 2kFy (p) · · · NckFy (p)
1kFz (p) 2kFz (p) · · · NckFz (p)
1kTx(p) 2kTx(p) · · · NckTx(p)
1kTy (p) 2kTy (p) · · · NckTy (p)
1kTz (p) 2kTz (p) · · · NckTz (p)





1i

2i

...
Nci

 = Γ(p) i, (5.2)
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Figure 5.2: Coordinate system definitions for the DLPM.

where k1
Fx

(p) is the coupling term from (selected) coil 1 to the magnet array for the
force in the x-direction at a certain position and orientation p, which is in fact the
force produced in the x-direction for 1 A. In the same way the other coupling factors
are defined for different coils and force or torque components. The number of active
coils is denoted by Nc. In the DLPM the number of active coils is equal to maximal
40. The coupling factors are collected in a matrix denoted by Γ(p). The position and
orientation vector p is given by

p = ( px py pz ψ θ φ )> , (5.3)

where ψ, θ and φ are the rotations around the x-, y- and z-axis, respectively. The
coordinate system and the rotations are depicted in Fig. 5.2 and p is defined in the
motor as shown in Fig. 5.8.

To obtain the necessary currents i for the desired wrench, the relation of (5.2) has
to be inverted. The system of equation of (5.2) is under-determined, as multiple
combinations of currents can create the desired force and torque. The currents are
calculated through

i = Γ−1(p) w, (5.4)

where Γ−1(p) is calculated through

Γ−1(p) = Γ>(p)
(
Γ(p) Γ>(p)

)−1
. (5.5)

In (5.5), the Moore–Penrose inverse is calculated [111], thereby automatically com-
puting the minimum norm least squares solution of the system of equations in (5.2).
If a matrix with resistance values is included in (5.5), the minimum ohmic power
loss solution can be obtained as described in [140, 141]. Other methods for inversion
can be applied to put constraints of e.g. the maximum current in an individual coil
or to actively limit the temperature of the coils as presented in [149] or [121]. The
advantage of the inverse in (5.5) is the fact that it is obtainable in a limited amount
of time, opposed to solutions that have to be optimized in an iterative way.
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Figure 5.3: Active coils at position x = 0.3005 m and y = 0.2645 m of the center of
the translator in the coordinate system. The coils which are not active are colored
in orange and the active coils have a green color. Coils which have a window value
smaller than 1 have a lighter shade of green (almost white for coils with a window
value close to 0). The red lines indicate the center of the coils at the edge of the
active coils region. a) Top layer coils. b) Bottom layer coils.

5.2.1 Coil switching

Because only 40 power amplifiers are used to deliver current to the 160 coils of the
DLPM, four coils are connected to one amplifier through a multiplexer system. Of the
four coils connected to the amplifier, only one can be active at the time. Therefore,
the four coils that are connected to an amplifier lie in a different quadrant of the
coil-bed. The 20 coils in the top layer and the 20 coils in the bottom layer, closest to
the center of the translator are selected and will actuate the magnet plate. To prevent
step-wise changing currents, a window is applied in the commutation algorithm. If a
coil near the edge of the translator would be switched off from one time instant to
another, while it is still carrying a considerable current, and a coil on the other side
of the translator is switched on, large current gradients will be produced in certain
coils which is not desired by the current amplifiers. The windowing function that is
applied to the coils is shown in Fig. 5.3, where the active coils for a certain position
are highlighted and the windowing functions are depicted. Coils near the edge of
the translator are gradually taken out of the commutation by increasingly penalizing
them, before the switch to another coil occurs. Raised cosine functions are used
to describe the window value on the sides of translator. The width of the raised
cosine function is equal to half of the coil pitch (15.7 mm) is the direction with a high
switching frequency (y-direction in Fig. 5.3a) and equal to the coil pitch (31.4 mm) for
the direction with a low switching frequency (x-direction in Fig. 5.3a). The window
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value of a coil in the x-direction is multiplied by the window value in the y-direction,
resulting in a total window value per selected coil denoted by ∆. The window values
for the 40 active coils are collected in a diagonal matrix denoted by ∆

∆(p) =

∆1(p) . . . 0
...

. . .
...

0 . . . ∆40(p)

 . (5.6)

To take this window into account when the currents are calculated, the inverse of
matrix Γ is now obtained through

Γ−1(p) = ∆(p) Γ>(p)
(
Γ(p) ∆(p) Γ>(p)

)−1
. (5.7)

By including the windowing matrix in the calculation of the inverse of Γ, switching
between coils without creating high gradients in the produced currents is guaranteed.

5.2.2 Force and torque between a coil and the permanent
magnet array

The direct wrench-current decoupling commutation is based on an electromagnetic
model relating a coil current to the force and torque on the permanent magnet array
of the translator. The force is computed by means of the Lorentz force theorem
[41, 61], as no iron is present in the coils of the planar motor. Furthermore, the force
on the magnets is opposed to the force on the coils. For the magneto-static case, the
force integral for a force on the magnet is given by

~F = −
�
Vcoil

~J × ~B dV, (5.8)

where ~B is the magnetic flux density produced by the permanent magnets. The
torque ~T = ~r × ~F acting on a magnet is then calculated through

~T = −
�
Vcoil

~r ×
(
~J × ~B

)
dV, (5.9)

where ~r is the arm originating from the point around which the torque is calculated.

The magnetic flux density of the permanent magnets in (5.8) is calculated by the
so called magnetic surface charge model [3, 11]. The permanent magnets in the
magnet array of the planar actuator have a cuboidal shape. Using the scalar magnetic
potential, the magnetic field of cuboidal magnets can be derived in three dimensions.
The magnetic field of the permanent magnet is derived from two magnetic surface
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Figure 5.4: A cuboidal magnet, magnetized in the positive z-direction. On the
right side the surface charges on the top and bottom side of the magnet are shown.

charges, on the sides of the permanent magnet, perpendicular to the magnetization
direction. The surface charges are equal to Br, the remanent flux density of the
permanent magnet. The model of a cuboidal magnet with surface charges, magnetized
in the positive z-direction is depicted in Fig. 5.4. The dimensions of the magnet are
2lm, 2wm, and 2hm in the x-, y-, and z-directions, respectively. The magnetic flux
density of a cuboidal magnet, magnetized in the positive z-direction is given by

Bx = Br
4π

1∑
i=0

1∑
j=0

1∑
k=0

(−1)i+j+k log (R− T ) , (5.10)

By = Br
4π

1∑
i=0

1∑
j=0

1∑
k=0

(−1)i+j+k log (R− S) , (5.11)

Bz = Br
4π

1∑
i=0

1∑
j=0

1∑
k=0

(−1)i+j+k atan2
(
ST

RU

)
, (5.12)

where atan2 is the four-quadrant arctangent function and

R =
√
S2 + T 2 + U2, (5.13)

S = x− (−1)i lm, (5.14)

T = y − (−1)j wm, (5.15)

U = z − (−1)k hm, (5.16)

where it is assumed that the center of the magnet is at the origin of the coordinate
system as presented in [3].

The permeability of the magnet is not considered in (5.10)-(5.12) in the computation
of the magnetic field. In the DLPM, sintered NdFeB permanent magnets are used
with a relative permeability between 1.03 and 1.05. There are several methods to
compute the field of magnets or a magnet array with the permeability of the ma-
terial incorporated, such as the harmonic model that is described in Chapter 2 and
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Chapter 3 of this thesis. For the charge model, the relative permeability can be taken
into account by using a non-uniform distribution of the charge ρs as described in
[136]. Alternatively, the method of images can be applied to the charge model [120].
In [120], it is shown that with a scaling of the magnetization, the error compared to
FEM of the magnetic flux density above a permanent magnet array is reduced from
4 % to 0.3 %, for an array as used in the DLPM. As this is a simple and effective
manner to incorporate the relative permeability in the charge model, it is applied to
the field computation in (5.10)-(5.12). According to [120], the remanent flux density
in (5.10)-(5.12) is scaled and given by

Br = 2
µr,mag + 1 Br,mag, (5.17)

where µr,mag and Br,mag are the relative permeability and the remanent flux density
of the magnet, respectively. For the computation of force and torque in the DLPM,
µr,mag and Br,mag are equal to 1.04 and 1.28 T, respectively.

To obtain the force and torque between the magnet array and a coil, the field of all
magnets can be summed after which the Lorentz integral is applied. However, as in-
put to the mechanical model of the translator, which will be presented in Chapter 6,
the force components on the individual magnets are required. Therefore, a different
approach is chosen, where first the force and torque on individual magnets is com-
puted, after which the total force and torque on the array is obtained by summing
up the proper terms. The force between a permanent magnet and a coil ~Fmag for a
certain position is then given by

~Fmag(p) = −
�
Vcoil

~J × ~Bmag(p) dV, (5.18)

and is calculated through a numerical integration of the magnetic field of the magnet
~Bmag over the volume of the race-track shaped coil with a cuboidal mesh. The mesh
elements have a size of 1 mm × 1 mm × 1 mm.

To compute the torque around the center of mass of the translator, due to the force
that is exerted between one coil and one magnet, two arms have to be considered
which are depicted in Fig. 5.5. To calculate the torque, the integral of (5.9), where ~r
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Figure 5.5: One coil layer with above it the permanent magnet array in a 2D
representation. The torque arms used for the calculation of the torque around the
center of mass of the permanent magnet array due to the interaction of one coil
and one magnet are shown.

is the arm from the center of mass to a volume element of the coil can be written as

~Tmag(p) = −
�
Vcoil

~r(p)×
(
~J × ~Bmag(p)

)
dV, (5.19)

= −
�
Vcoil

(
~d(p) + ~rm

)
×
(
~J × ~Bmag(p)

)
dV, (5.20)

= −
�
Vcoil

~d(p)×
(
~J × ~Bmag(p)

)
dV − ~rm ×

�
Vcoil

~J × ~Bmag(p) dV,

(5.21)

= −
�
Vcoil

~d(p)×
(
~J × ~Bmag(p)

)
dV − ~rm × ~Fmag(p), (5.22)

where ~d is the arm from the center of mass of the magnet to a volume element of
the coil and ~rm is the vector from the center of mass of the translator to the center
of mass of the magnet. The torque calculation is thus split up into two parts as
described in [114]. The first part described the torque of the magnet around its own
center of mass due to a coil current. The second part is calculated from the force on
the magnet and the arm of the center of mass of the translator towards the magnet.

The total force and torque acting on the magnet array for a certain position p due
to a single coil current is then given by

~F (p) =
Nmag∑
n=1

~Fmag,n(p), (5.23)

~T (p) =
Nmag∑
n=1

~Tmag,n(p), (5.24)

where Nmag is the number of magnets in the permanent magnet array of the trans-
lator.
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5.2.3 Control

For each of the six rigid body mode controllers, the same structure is used because
after the decoupling each DoF can be mechanically modeled as a moving mass or
inertia. The controllers consist of a lead-lag filter and a roll-off low-pass filter. After
start-up of the machine, integrative action is added to the controller to minimize
the steady-state error. The bandwidth of the controllers is around 16 Hz during
measurements. The complete controller design is described in [140].

5.2.4 Implementation of the commutation algorithm

Using the magneto-static model described in the previous subsection, the relation
between a coil current and the force and torque on the magnet array is calculated as
a function of the position of the array in the x- and y-directions. The data is saved
in a two dimensional look-up table (LUT), per force and torque component. In the
control hardware, the entries of matrix Γ are obtained from these look-up tables for
each sample for the corresponding position of the mover at that instant. This means
that for the decoupling of the force and torque components, a total of 6 × 40 look
up actions have to be performed at each sampling instant. The relation from coil
current to force or torque is different for a coil in the bottom or the top layer, because
they have different sizes and unequal distances to the mover. Therefore, 6 × 2 LUTs
are used by the commutation algorithm in the real-time application. The LUTs of
the force and torque components produced by a coil-current of 1 A in a top layer
coil are depicted in Fig. 5.6. The resolution of the LUTs is 1.675 mm × 1.675 mm
and during operation of the DLPM a value is obtained form the LUT by linear
interpolation between the four closest points.

The LUTs per force or torque component contain coupling factors as a function of x
and y, where the value for z is fixed. To be able to scale the LUTs depending on the
levitation height, they are multiplied by

e−λz∆ , (5.25)

where λ =
√

2π
τ and z∆ is the height the center of mass of the translator is levitated

above the nominal levitation height, which is equal to 1.575 mm, measured from the
top of the top layer coils to the bottom of the translator. The magnet pitch τ is equal
to 33.3 mm.

Rotations around any axis in the DLPM are restricted by the control algorithm. Any
rotation that will exist, will be small as the motor and the measurement system are
not build and designed to handle large rotations. To still take into account a small
rotation around the x- or y-axis in the commutation, for each of the coils an extra
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(a) (b)

Figure 5.6: The look-up tables that represent the relation from a coil current
to a force or torque component as a function of the position of the center of the
translator in x and y with respect to the center of the coil. a) Relation for the three
force components of a top layer coil. b) Relation for the three torque components
of a top layer coil.
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Figure 5.7: 2D representation of the planar motor, where the translator is rotated
around the y-axis. The effective height of the translator that is calculated for each
of the coils is indicated by the red lines on the mover.

height offset of the magnet plate is calculated. A visual representation is given in
Fig. 5.7, where the translator is slightly rotated around the y-axis. Based on the
distance in x from the center of mass of the translator till the center of the coil and
the rotational angle, the height offset for each coil, z∆c, is calculated and added to
z∆ in (5.25) which results in a scaling per coil

e−λ(z∆+z∆c), (5.26)

where z∆c is given by

z∆c = sin(ψ) yc − sin(θ) xc. (5.27)

In (5.27), xc and yc are the distances from the center of the coil to the center of
mass of the translator in the x- and y-direction, respectively. Because the rotations
of the translator around the x- and y-axis are small, the small angle approximation
is applied to (5.27), which results in

z∆c = ψ yc − θ xc. (5.28)

The heights calculated for each of the coils is indicated by the red lines in Fig. 5.7. Ro-
tations around the z-axis could be considered under a set of assumptions in the com-
mutation algorithm, but would require multiple look-up actions of force and torque
components. Therefore, rotations around the z-axis are handled only by the controller
and not by the commutation.

5.3 Static cross-coupling of force and torque

In the control diagram of Fig. 5.1 the commutation matrix is denoted by Γcom to
separate it from the actual electromagnetic relation between force and currents Γ
that exists in the DLPM. For example, the Lorentz force based model presented in
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Section 5.2.2 assumes ideal parameters, such as e.g. coil and magnet dimensions.
Mechanical tolerances that apply to the magnets and coils and not uniform magnet-
ization of the magnets are not considered. Any perturbations between the modeled
and actual electromagnetic relation will cause cross-coupling of force and torque com-
ponents in the motor as for a certain current vector not only the desired force and
torque will be produced but also other additional undesired terms. Also dynamic elec-
tromagnetic forces, which are not considered in the magneto-static model used in the
commutation will have this effect. In this section, the static decoupling, performed
by the commutation algorithm, is analyzed by experiments.

To measure the decoupling of force and torque components on the DLPM prototype,
the translator is levitated above the stator for a range of positions, without moving
it in the x- or y-direction. In a perfectly decoupled system, the only force that
should be produced by the motor in standstill levitation is a force in the z-direction
to counteract the gravitational force. This means that independent of the position,
during standstill levitation, the desired wrench is equal to

wdes = ( 0 0 99.4 0 0 0)> . (5.29)

Any other produced force or torque components are a result of the non perfect decoup-
ling. As no device, such as a load cell, can be physically connected to the translator,
the force on the translator is derived from the controller. The SISO controllers for
each of the 6 DoFs are proportional–integral–derivative (PID) controllers, as described
in Section 5.2.3. The steady-state force and torque that is then obtained from the
controller outputs is assumed to be acting on the translator, under the assumptions
that:

• The integral action present in the controller will regulate the position error in all
DoF to zero during standstill levitation. Ideally, for dc-signals, the controllers
have an infinite disturbance suppression.

• The current setpoints calculated in the commutation are provided by the current
amplifiers without offsets or gain errors.

The area that is analyzed using the presented method is indicated in Fig. 5.8 with
the blue rectangle. The measured cross-coupling in the planar motor, plotted as a
function of x and y applied in the commutation, are shown in Fig. 5.9. The resolution
of the measured grid is 2 mm × 2 mm. The force and torque components fluctuate
as a function of position in Fig. 5.9, which shows that the commutation does not
perfectly decouple the force and torque components. Properties of the measurement
data in Fig. 5.9, such as mean value and rms ripple are given in Table 5.1. For the
force in the y-direction, a relatively large mean value is noticeable.
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p

Figure 5.8: Measurement region (indicated with the blue rectangle) for the static
cross-coupling recording.

Part of the cross-coupling, present during standstill levitation, will be due to per-
turbations between the actual electromagnetic relation of the machine and the ideal
relation that is presumed in the commutation. A position offset in one or more dir-
ections will cause cross-coupling over the full measurement range and is therefore
considered as a global effect. A coil with imperfections or a position offset will cause
an error only when it is active and is therefore considered as a local effect. The
influence of position offsets on the static cross-coupling of force and torque compon-
ents has been investigated in [26]. By means of simulations, offsets in the x- and
y-direction are obtained that give the same mean values for Fx and Fy as in Table 5.1
over the measurement area (x offset=-68 µm and y offset=223 µm). By subtracting
these offsets in the commutation algorithm from the reconstructed position, the mean
values can be reduced. The measured force and torque components during standstill
levitation with the offsets applied in the commutation are shown in Fig. 5.10. The
properties of the measurement with the offsets applied in the commutation are given
in Table 5.2. The fluctuation of the force and torque components in Fig. 5.10, shows
that cross-coupling of the components is still position dependent and the subtraction
of offsets did hardly change the distribution. This can also be obtained from Table 5.1
and Table 5.2, where the difference in the rms ripple between the two measurement
is small for most components. The mean value of Fx and Fy is reduced to a value
around zero by inclusion of offsets in the commutation. The offsets mainly influence
the mean value of the force in a respective direction, and have small impact on the
other components. The reduction of the mean value of the static cross-coupling does,
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(a) (b)

Figure 5.9: Measured force and torque components on the DLPM during stand-
still levitation of the translator on a grid of positions. a) The measured force
components. b) The measured torque components.
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(a) (b)

Figure 5.10: Measured force and torque components on the DLPM during stand-
still levitation of the translator on a grid of positions, with offsets applied in the
commutation (x offset=-68 µm and y offset=223 µm). a) The measured force
components. b) The measured torque components.



5.4 Analysis of the coil current to force and torque relation 129

Table 5.1: Measured (initial) properties of force and torque components during
standstill levitation of the translator and no offsets applied in the commutation.

mean rms ripple min max
Fx [N] 0.40 0.25 -0.27 1.10
Fy [N] -1.54 0.41 -2.69 -0.59
Fz [N] 99.22 0.40 98.07 100.39
Tx [Nm] 0.01 0.06 -0.12 0.17
Ty [Nm] 0.01 0.03 -0.07 0.09
Tz [Nm] -0.05 0.03 -0.14 0.03

Table 5.2: Measured properties of force and torque components during standstill
levitation of the translator with offsets applied in the commutation.

mean rms ripple min max
Fx [N] -0.03 0.24 -0.70 0.63
Fy [N] -1·10−3 0.30 -0.82 0.91
Fz [N] 98.98 0.46 97.76 100.26
Tx [Nm] 0.02 0.06 -0.10 0.17
Ty [Nm] 0.01 0.03 -0.08 0.09
Tz [Nm] -0.05 0.02 -0.12 0.01

however, not increase the performance of the machine significantly. The position de-
pendent fluctuation of force an torque components is still present, which means the
controller still has to act on these perturbations when a motion is performed.

5.4 Analysis of the coil current to force and torque
relation

To analyze the coil current to force and torque relation of certain coils in the planar
motor setup, a different experiment is designed. To be able to examine a certain coil,
it is excluded from the commutation while it is located in the region with active coils
for a certain position of the translator. Consequently, for the control and actuation
of the translator during the measurement, only 39 coils are used. The commutation
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Figure 5.11: Control architecture of the DLPM for the experiment to measure coil
current to force and torque relations.

matrix for this experiment is denoted by Γcom′ , and defined by

Γcom′ =



1kFx(p) 2kFx(p) · · · 39kFx(p)
1kFy (p) 2kFy (p) · · · 39kFy (p)
1kFz (p) 2kFz (p) · · · 39kFz (p)
1kTx(p) 2kTx(p) · · · 39kTx(p)
1kTy (p) 2kTy (p) · · · 39kTy (p)
1kTz (p) 2kTz (p) · · · 39kTz (p)


, (5.30)

which is now a 6 × 39 matrix. In the active coil that is excluded from the commut-
ation algorithm, a ’disturbance’ current can be applied, as shown in Fig. 5.11. As
this current is not considered in the commutation, it will produce force and torque on
the translator that acts as a disturbance. The vector with currents i1:39 in Fig. 5.11,
contains the currents of the coils that are taken into account in the commutation and
idist is the disturbance current in the coil under consideration. The translator is lev-
itated at several positions with respect to the coil under consideration. By comparing
the force and torque output of the controller when there is no current in the selected
coil and when there is a dc current flowing, the ’disturbance’ in terms of force and
torque components exerted by the selected coil can be obtained

wctr(p)|idist 6=0(dc)−wctr(p)|idist=0 = −



distkFx(p)
distkFy (p)
distkFz (p)
distkTx(p)
distkTy (p)
distkTz (p)


·idist = Γ:,dist(p)·idist. (5.31)

The measured ’disturbance’ made by the coil is then the relation between coil current
and force and torque Γ:,dist. This relation, based on the model of the coil and magnet
plate, as a function of position is shown in Fig. 5.6.

With the experiment described, four coils of the top layer and one of the bottom
layer have been analyzed. The respective coils, the number which is used to indicate
them and the area that is measured for each of them, is depicted in Fig. 5.12. The
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(a)

(b)

Figure 5.12: Measurement region for each of the analyzed coils. The area indicated
with the dashed lines is the grid of positions on which the center of the translator
is positioned and levitated. a) The measured top layer coils. b) The measured
bottom layer coil.
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area indicated with the dashed lines in Fig. 5.12 is the grid of positions on which the
center of the translator is positioned. All coils are exposed to the same part of the
magnetic field of the permanent magnet array. The three measured force components
for coil 30 are shown in Fig. 5.13a. For the measurement, 0.1 A is applied in the
coil under consideration. The measured data is scaled to represent the force for
1 A (x 10). The resolution of the measurement grid is equal to 1.675 × 1.675 mm.

In Fig. 5.13b, the difference with the modeled relation from coil current to force
components is shown. For the relation from coil current to torque, the results are
depicted in Fig. 5.14. In the figures for the differences in Fy and Fz, a sinusoidal
function in the y-direction can be observed. This sinusoidal pattern can be caused
by, among others, an incorrect assessment of the z-height, in either the model or the
measurement, or an offset in the y-direction. However, other perturbations between
the model and the measurement in Fig. 5.13 and Fig. 5.14 can be the consequence
of multiple causes. The actual source of the perturbations is, therefore, difficult to
reconstruct from this measurement. The relative rms error, between the model and
the measurement is below 5 % for Fy and Fz and all torque components. Along the
area that is measured for the four top coils, the force in the x-direction is close to
zero. Because the values for both the measurement and the model are close to zero,
the relative error can not be determined properly. For the bottom coil (Coil 117), the
same applies to Fy. The relative rms error between the model and the measurement
for all measured coils is depicted in Fig. 5.15. Except for Tx of Coil 27 and Coil 28,
all relative errors are below 5 %.

In [114], the error due to magnet and coil imperfections in the DLPM has been
quantified by means of simulations. The non-uniformity of the magetic field of the
permanenet magnet array and standard deviations on the width and height of the coil
sides are considered and used to simulate the resulting force and torque perturbations.
The results obtained in [114] are given in Table 5.3. It is found that for the force
components the combined error, due to coil and magnet imperfections, should be
smaller than 250 mN and for the torque components smaller than 35 mNm at most.
The maximum error that is found in the relation from coil current to force or torque
from the five coil measurements, are given in Table 5.4. For the torque components the
estimation is close to the measurement result. The error found in the force components
of the measurement is larger than computed in [114], although the order of magnitude
is correctly predicted. Additional errors can be introduced in the measurement of coil
current to force and torque by, e.g. misalignment between the coil and the translator
because a rigid body is assumed in the position reconstruction or tolerances in the
coil placement.

Furthermore, the 39 coils responsible for the stable levitation of the translator when
one coil is excluded from the commutation, have an influence on the measurement
results as the relation from force and torque for these coils is also model based. In
simulation, the influence of perturbations on the 39 coil positions is analyzed. For
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(a) (b)

Figure 5.13: Coil current (1 A) to force relation for Coil 30 (Fig. 5.12). a) The
measured force components on the DLPM during standstill levitation of the trans-
lator on a grid of positions. b) Difference with the magneto-static model.
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(a) (b)

Figure 5.14: Coil current (1 A) to torque relation for Coil 30 (Fig. 5.12). a)
The measured torque components on the DLPM during standstill levitation of the
translator on a grid of positions. b) Difference with the magneto-static model.
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Figure 5.15: The relative rms error between the measurement and the model for
each of the analyzed coils. The locations of the analyzed coil are depicted in
Fig. 5.12

each of the coils, a randomly generated position offset of maximum ±200 µm, which
is the approximate tolerance by which the coils are placed in the stator, is applied
in the x- and y-directions. The randomly generated position offsets are uniformly
distributed. The coil under consideration is ideal during the simulation. From the
results, a relative rms error between 0.7 % and 2.1 % is obtained for all force and
torque components over the considered area, which is the same as the measured area
for the analyzed coils. To separate the contributions to the measurement result of the
coil under consideration and the other 39 coils in the commutation, and to update the
modeled relation from coil current to force and torque, calibration methods should
be developed in a simulation environment and validated on the planar motor setup.

5.5 Conclusion

The direct wrench-current decoupling commutation, used in the DLPM, is presented
in this chapter. The commutation algorithm is applied to decouple the 6 DoFs of the
machine, in order to control each DoF separately, and to calculate the coil currents
that are required to produce a certain force and torque on the translator. The com-
mutation matrix is based on coupling factors, obtained from a magneto-static model,
relating individual coil currents to developed force and torque components.
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Table 5.3: Estimated errors in the produced force and torque, due to imperfections
in the coils and magnets according to [114].

Component Errors due to Errors due to
magnet array imperfections coil imperfections

Fx < 100 mN < 50 mN
Fy < 100 mN < 100 mN
Fz < 150 mN < 100 mN
Tx < 25 mNm < 5 mNm
Ty < 25 mNm < 10 mNm
Tz < 10 mNm < 5 mNm

Table 5.4: Maximum measured error for each of the force and torque components
of the five analyzed coils.

Component Maximum measured error
Fx 393 mN
Fy 536 mN
Fz 280 mN
Tx 28 mNm
Ty 20 mNm
Tz 26 mNm

To analyze the performance of the commutation algorithm, experimental methods
have been utilized. Since no physical measurement device can be attached to the
magnetically levitated translator, the force and torque in the machine are obtained
from the controller outputs, which are assumed to have an infinite disturbance sup-
pression for low frequencies. The static cross-coupling of force and torque components
is evaluated by standstill levitation of the translator on a grid of positions, where only
a force in the z-direction should be produced. Maximum cross-coupling terms up to
2.7 N and 0.17 Nm for force and torque, respectively, are found with this measure-
ment. By applying offsets in the commutation in the x- and y-direction the mean
values of the cross-coupling terms Fx and Fy over the measured area can be reduced to
approximately zero. However, the position dependency that is found in the measure-
ment is not influenced by a global position offset and is caused by local perturbations,
such as coil imperfections. To quantify the error that occurs in the relation from coil
current to developed force and torque, this relation is measured on the DLPM for a
set of coils and compared to the model. To measure the individual coil current to
force and torque relations, a coil is excluded from the commutation in which a dc
disturbance is applied. The error between the model and the measurement for all
analyzed coils and for all force and torque components is less than 5 % except for
Tx of one coil (error equal to 6.8 %). Because the 39 coils that are considered in the



5.5 Conclusion 137

commutation during the experiment are also not ideal, they have an influence on this
error which should be further investigated.

Additionally to being identified, the perturbations in the relation from coil current
to force and torque between the model and the machine should be accounted for, to
optimize the commutation algorithm of the DLPM. The discrepancies found for the
static case in this chapter can be used to compensate this relation on an individual coil
level. By means of calibration based on measurement data the commutation matrix
could be refined, although smart implementations, like e.g. machine learning are pre-
ferred to handle the large amount of data and variables that is involved. Refinement
of the commutation matrix will lead to improved decoupling of the force and torque
components locally and, hence, improvement of the position accuracy. Furthermore,
the magnetic field of the mover can be analyzed through measurements in order to
separate the error that originates from the magnet array from the errors due to coil
imperfections. Also dynamic effects such as parasitic force due to eddy currents sim-
ulated in Chapter 4 can be added as feed-forward information in the commutation to
compensate for these effects depending on the motion profile.





Chapter 6

Overactuation of the
Double-Layer Planar Motor

By means of overactuation, the deformation of the translator body of the
DLPM can be minimized. To this purpose, a mechanical model of the
translator plate is constructed and coupled to the electromagnetic model

that relates coil currents to force on the permanent magnets. The relation from
coil current to the deformation amplitude of a flexible mode is obtained using these
coupled models, which is then added to the direct wrench-current decoupling commut-
ation matrix. Two experimental methods are introduced, to analyze both the relation
from coil current to the deformation amplitudes and the commutation algorithm to
minimize these amplitudes.

Part of the content of this chapter was presented at a conference under the title:
C. H. H. M. Custers, I. Proimadis, J. W. Jansen, H. Butler, R. Tóth, E. A. Lomonova and
P. M. J. Van den Hof, “Active compensation of the deformation of a magnetically levitated
mover of a planar motor,” in 2019 IEEE International Electric Machines and Drives Con-
ference (IEMDC), San Diego, USA, 2019.
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6.1 Introduction

Flexible body dynamics exist in every mechanical structure, but can often be neg-
lected because the motion of the structure is sufficiently described by the rigid body
dynamics, as the deformation resulting from flexible behavior is usually in the nano-
meter to micrometer range for stiff constructions. However, in positioning systems
for e.g. the semiconductor lithographic industry where nanometer accuracy is de-
manded, the flexible body dynamics can deteriorate the positioning accuracy. A thin,
square plate structure, such as the translator of the DLPM, will deform due to flexible
dynamics when a force is applied to it, primarily in the direction perpendicular to
the square surface. As a result, points outside the center of mass have a different
position in this direction and the geometrical relation between these points cannot be
described by the rigid body modes of the structure only. As explained in Chapter 1,
it is important to understand these flexible body dynamics, in order to obtain the
correct position for the point of interest.

To predict the deformation of mechanical parts in electrical machines, commonly,
an electromagnetic model is coupled to a mechanical model. For rotating machines,
in order to obtain rotor resonance frequencies, this is for example described in [37].
Deformations of structures can be controlled and reduced [9, 130, 142], which is often
referred to as overactuation [123]. Overactuation of a motion system means that the
system is actuated such that not only the rigid body dynamics are controlled, but also
partly the flexible dynamics. The principle of overactuation aims to control a finite a
number of low frequent modes, as these are often dominating the flexible behavior of
a structure. Methods for overactuation have been described in [96, 97, 124], where the
method is applied to a beam problem, and for a thin square plate problem in [112, 143].
The main difference between the systems described in these publications and the
DLPM is the manner of force transfer. In most research, a number of actuators is
mechanically connected to the structure at several positions. In planar motors, the
force is applied by means of electromagnetic fields. For moving-coil type of planar
motors, the coils have a fixed distance with respect to the center of mass. As a result,
the force is acting largely on the same location with respect to the center of mass of
the translator, independent of the position. For the moving-magnet planar motor,
however, the force is differently distributed over the moving body at each position,
which makes the concept of overactuation complex for this type of motor. Each of the
individual magnets on the translator is assumed as input to the mechanical model, to
make a coupling between the actuation part, described by the coil-magnet interaction,
and the flexible body dynamics. This method of coupling has been described in [114]
for a moving-magnet planar motor, but has not been experimentally verified.

In this chapter, first, the mechanical model that is used to describe the behavior
of the permanent magnet mover of the DLPM is discussed. This mechanical model
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is developed in a mechanical finite element software and transformed to a state-
space model. This state-space model is then used to obtain a relation between a coil
current and the deformation of a flexible mode as a function of position. Using this
relation, the direct wrench-current decoupling commutation algorithm is extended
to decouple the flexible modes from the rigid body modes. Finally, the relation
from coil current to flexible mode deformation and the performance of the updated
commutation algorithm are analyzed by means of two experiments.

6.2 Mechanical modeling

The flexible behavior of a mechanical structure, such as that of the translator of the
DLPM, is often described by a second-order structural model. The second-order linear
differential equations that are solved in such models can either be represented in terms
of nodal coordinates or modal coordinates [21, 33, 43]. The nodal representation,
characterized by the mass, stiffness and damping matrices, is used to describe a
system with a number of masses connected by springs and dampers. The motion
of the flexible structure is then represented by the second-order matrix differential
equation

Mq̈ + Dq̇ + Kq = u, (6.1)

where q is a vector containing the displacement of each of the nodes in the system
and u is the input vector, which is in this case the force on each of the nodes (f). A
dot above the variable denotes the first derivative to time (q̇ = dq

dt ) and a double dot
denotes the second derivative to time (q̈ = d2q

dt2 ). Furthermore, M is the mass matrix,
D the damping matrix and K the stiffness matrix. The mass matrix is positive
definite. The damping matrix and stiffness matrix are both positive semi-definite.

The undamped free vibrations of a system are considered to be vibrations due to
its own internal forces (clear of external forces), which do not experience damping.
When the concept of free vibration is applied to (6.1), the equation is transformed to

Mq̈ + Kq = 0. (6.2)

A solution to (6.2), dependent of time, is given by

q = φn e
jωnt, (6.3)
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where the second derivative of this equation is q̈ = −ω2
nφn e

jωnt. Substituting (6.3)
in (6.2) gives(

K− ω2
n

)
φn e

jωnt = 0, (6.4)

which is an eigenvalue problem. The square-root of each of the eigenvalues n corres-
ponds to a natural frequency ωn. Each of the eigenvectors φn belongs to the natural
frequency ωn. The number of eigenfrequencies and eigenvectors or flexible modes
Nflex that are a solution to (6.4) is equal to the degrees of freedom considered in
the system. Because of the properties of the matrices M and K, all natural frequen-
cies are real and non-negative. The eigenvectors φn are called modeshapes of the
mechanical structure.

The nodal models of mechanical structures can be transformed into modal coordin-
ates. The formulation in terms of modal coordinates decouples the typically coupled
differential equations in the nodal representation. Moreover, for complex structures
modeled with mechanical finite element methods, the modal representation reduces
the order of the system. The description of the mechanical system can be transformed
to modal coordinates, using the modeshapes or modal matrix Φ, which columns con-
sist of the eigenvectors or modeshapes φn

Φ =
(
φ1 φ2 . . . φNflex

)
. (6.5)

The displacement of the nodal coordinates is related to the modeshapes by

q = Φ η, (6.6)

where η is a vector containing the displacement of the modal coordinates. Substitut-
ing (6.6) in the equation of motion of a mechanical system of (6.1) and left-multiplying
it with the transposed modal matrix gives

Φ>MΦ η̈+ Φ>DΦ η̇+ Φ>KΦ η = Φ> f , (6.7)

where the input vector is the vector of forces. From (6.7), the modal mass matrix
Φ>MΦ and modal stiffness matrix Φ>KΦ are obtained. By the multiplication with
Φ> and Φ, these modal matrices become diagonal. The modal matrices are typically
obtained from mechanical FEM software. The modal damping matrix Φ>DΦ is
not necessarily obtained as a diagonal matrix from FEM, thereby creating coupling
between the modes. Since the damping matrix is difficult to be estimated by FEM,
it is replaced by a diagonal matrix with proportional damping, which can be tuned
based on measurements of the mechanical system.

The matrices of the system in (6.7) are normalized with respect to the modal mass
matrix, which can then be removed from the problem. The normalized damping and
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stiffness matrix are denoted by DM and KM, respectively, and given by

DM =
(
Φ>MΦ

)−1 (
Φ>DΦ

)
= Φ>M−1DΦ, (6.8)

KM =
(
Φ>MΦ

)−1 (
Φ>KΦ

)
= Φ>M−1KΦ. (6.9)

The equation of motion in terms of modal coordinates of (6.7), is written as

η̈+ DM η̇+ KM η = η̈+ 2ZΩ η̇+ Ω2 η = Φ> f , (6.10)

where Ω is a diagonal matrix containing the natural frequencies and

Ω2 =


ω2

1 0 . . . 0
0 ω2

2 . . . 0
...

...
. . .

...
0 0 . . . ω2

Nflex

 = KM. (6.11)

Furthermore, a new damping matrix Z is defined

Z =


ζ1 0 . . . 0
0 ζ2 . . . 0
...

...
. . .

...
0 0 . . . ζNflex

 = 1
2 DM Ω−1, (6.12)

where ζn is the proportional damping value for mode n. Since the matrices Ω and Z
in (6.10) are diagonal matrices, the states or modes of the system are uncoupled from
each other. The response of the system to a certain input can thus be described by
the sum of the modal responses.

The system described in (6.10) can be transformed to a state-space system(
η̇

η̈

)
=
(

0 I
−Ω2 −2ZΩ

)(
η

η̇

)
+
(

0
Φ>
)

f

q =
(
Φout 0

)(η
η̇

)
,

(6.13)

where the states are the modal displacements. The output of the system q is the
displacement of selected nodes. These displacements are related to the states by the
modal output matrix Φout, which can be obtained from the mechanical FEM.
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6.3 Mechanical model of the DLPM translator

The mechanical behavior of the translator, for both the rigid body and flexible body
modes, can be described by the following state-space model


[
ṗ
η̇

]
[
p̈
η̈

]
 =


[
0 0
0 0

] [
I 0
0 I

]
[
0 0
0 −Ω2

] [
0 0
0 −2ZΩ

]


[
p
η

]
[
ṗ
η̇

]
+


[
0 0
0 0

]
[
M−1

trans 0
0 Φ>

]

[

w
fmag

]

[
p

z∆out

]
=
([

I 0
0 Φout

] [
0 0
0 0

])
[
p
η

]
[
ṗ
η̇

]
 ,

(6.14)

where the motion of the rigid body modes is described by only a mass or inertia. The
states for the rigid body are the 6 DoF as given in (5.3) and the related mass matrix
by

M−1
trans = diag

(
1

mtrans

1
mtrans

1
mtrans

1
Ix,trans

1
Iy,trans

1
Iz,trans

)
, (6.15)

where mtrans, Ix,trans, Iy,trans, and Iz,trans are the mass and inertia around the x-
y- and z-axis of the translator respectively. The values of the mass and inertia of the
translator are denoted in Table 6.1. The inputs for the rigid body mode part of the
state-space system are the total force and torque on the translator collected in the
wrench vector w as given in (5.1). The outputs for the rigid body part is equal to
the states, hence, the 6 DoF position.

To model the flexible mechanical behavior of the translator of the DLPM using the
approach presented in the previous section, the modal matrices have to be estimated
by the finite element method. The geometry of the translator is to this purpose
implemented in the mechanical FEM software ANSYS 17.1 [5], which is shown in
Fig. 6.1. From the FEM software, the eigenfrequencies (Ω) and eigenmodes (Φ) are
obtained for Nflex flexible modes. The flexible states are denoted by

η =
(
η1 η2 . . . ηNflex

)>
. (6.16)

The eigenfrequencies from FEM are corrected based on frequency response measure-
ments. The damping values are based on the proportional damping principle [2] but
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Figure 6.1: Translator geometry implemented in ANSYS 17.1 [5].

Table 6.1: Mass and inertia of the DLPM translator.

Parameter Variable Value
mass [kg] mtrans 10.1
inertia around x-axis [kg/m2] Ix,trans 0.125
inertia around y-axis [kg/m2] Iy,trans 0.125
inertia around z-axis [kg/m2] Iz,trans 0.248

Table 6.2: Frequencies and damping coefficients of the first 7 flexible modes of the
translator.

Flexible mode number n
1 2 3 4 5 6 7

Frequency [Hz] 226.5 546.5 698.5 1050 1158 1460 1532
Damping coefficient [-] 0.011 0.027 0.010 0.015 0.015 0.018 0.018

are afterwards manually tuned, based on frequency response measurements. The fre-
quencies and damping coefficients of the flexible modes are given in Table 6.2. The
first four eigenmodes or modeshapes in the z-direction as a function of the x, y posi-
tion are shown in Fig. 6.2. Since 281 permanent magnets are glued to the aluminum
plate of the translator, it is assumed that each of the individual magnets acts as a
force on this plate. The force is applied on a node in the center a magnet on the top
side of the magnet, where it connects to the aluminum plate. In [114], it is stated
that the influence of torque of the individual magnets on the translator deformation
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Figure 6.2: First four modeshapes of the DLPM translator. The blue lines under-
neath the surface plot indicate the zero-crossings of the modeshape.

is less than 10 %. The torque on individual magnets is, therefore, neglected in the
input vector. The input vector for the flexible modes part in (6.14) is then given by

fmag =
(
Fxmag,1 Fymag,1 Fzmag,1 Fxmag,2 . . . Fzmag,281

)> (6.17)

where Fxmag,1 is the force on magnet number 1 in the x-direction. The vector with
magnet force fmag has a size of 3 · 281× 1. The output of the flexible modes part of
(6.14) are is a vector z∆out

, containing the displacements in the z-direction of selected
nodes.
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When it is assumed that the system input does not excite the high-frequent dynam-
ics, the quasi-static deformation of a structure can be computed. This means the
derivatives of the states are set to zero (η̈ = 0 and η̇ = 0). The modal displacements
are in this case found by

η(t) =
(
Ω2)−1 Φ>fmag(t), (6.18)

and the output for the flexible part of the state-space system is given by

z∆out
(t) = Φout

(
Ω2)−1 Φ>fmag(t). (6.19)

The quasi-static deformation of the translator can thus be computed with the force
on the individual magnets at a certain time instance. The quasi static deformation
due to a certain modeshape is computed by

z∆out
(t) = φout,n

(
ω2
n

)−1
φ>n fmag(t), (6.20)

for mode n.

6.4 Deformation minimization using the commuta-
tion

In the final paragraph of the previous section, the quasi-static deformation of the
translator was directly related to the force on the magnets. As this relation is ob-
tained, the deformation of the plate can be minimized by applying a deformation
minimizing force distribution. Since the commutation is only decoupling the 6 DoF
with 40 active coils, the flexible modes can be added to the decoupling algorithm in
order to be able to control them. This means however, that the relation from coil
current to modal force relation needs to be computed.

The modal force Fηn of mode n is the product of the transpose of the eigenvector and
the input forces

Fηn = φ>n fmag, (6.21)

and transforms the force on the individual magnets to a single value, representing the
force that creates a certain modehape. The force on each of the magnets for 1 A in a
coil and a certain orientation of the plate with respect to this coil can be computed
with the model described in Section 5.2.2. By applying this force in (6.21) gives the
relation between a coil current and the modal force, kFηn .
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The relation from coil current to modal force can now be included in the direct
wrench-current decoupling algorithm, to decouple the flexible modes from the rigid
body modes when actuating the planar motor. In this way, the active coils can be
used for overactuation of the system and, hence, to control the flexible modes. The
number of active coils has to be larger or equal to the degrees of freedom (rigid body
modes plus the number of controlled flexible modes). The commutation matrix for
overactuation is given by

Γoverac =



1kFx(p) 2kFx(p) · · · NckFx(p)
1kFy (p) 2kFy (p) · · · NckFy (p)
1kFz (p) 2kFz (p) · · · NckFz (p)
1kTx(p) 2kTx(p) · · · NckTx(p)
1kTy (p) 2kTy (p) · · · NckTy (p)
1kTz (p) 2kTz (p) · · · NckTz (p)

1kFηn (p) 2kFηn (p) · · · NckFηn (p)


, (6.22)

where the bottom row of the matrix decouples flexible mode ηn. Multiple rows can
be added for multiple flexible modes. For each row that is added in the commutation
matrix Γoverac, a corresponding wrench entry has to be created

woverac(p) = ( Fx(p) Fy(p) Fz(p) Tx(p) Ty(p) Tz(p) Fηn(p) )> . (6.23)

If the modeshape displacement of a flexible mode is set to zero in the wrench, the coil
currents should (ideally) not actuate that particular modeshape. The currents for
overactuation of the system with a certain wrench woverac and commutation matrix
Γoverac are again calculated through (5.7).

To reduce the number of look-up actions per coil, the relation from coil current to a
modal force is computed. The three force components on each of the 281 individual
magnets for a certain position between the coil and magnet array are looked up
and multiplied with the modeshape matrix. The coil current to modal force for the
first four flexible modes, as a function of the x- and y-position of the translator
with respect to the center of a top layer coil, are depicted in Fig. 6.3. The relation
between a coil current and the modal force is highly position dependent, as for various
positions between the coil and the translator, a different force is exerted on each of
the individual magnets by the coil and, hence, a different modal force is produced.
The relations in Fig. 6.3 show that, for example, a coil underneath the center of the
translator, where it produces a force in the z-direction, has a high coupling to flexible
mode 2, and a negligible coupling to flexible mode number 1. On the other hand,
a coil underneath a corner of the translator will have the opposite effect, hence, a
high coupling to flexible mode 1 and low coupling to flexible mode 2. In the real-
time application, for each flexible mode that is considered in the commutation and
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Figure 6.3: Coil current (top layer coil) to modal force relation for the first four
flexible modes.

40 active coils, an extra 40 look-up actions of the accompanying coil current to modal
force relation needs to be performed.

6.5 Measurement system for flexible modes estim-
ation

As explained in Appendix A, the 6 DoF position of the translator is reconstructed
from nine (3 × 3) laser interferometer measurements, under the assumption that the
translator is a rigid body. Since the flexible behavior is mainly exhibited by deforma-
tion in the z-direction, rather than by in plane deformation, additional measurements
are added on the top side of the translator to reconstruct the flexible modes. A 25-
axis laser interferometer system (Attocube IDS3010, [8]) is constructed above the
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(a)

(b) (c)

Figure 6.4: Overview of the measurement system to reconstruct flexible behavior
of the translator. a) Placement of the measurement axes in the stator frame
(translator center locates in x=203 mm, y=203 mm). The green dots indicate
the 25 laser interferometers used for flexible modes reconstruction. The red dots
indicate the three laser interferometers (z-direction) used for the rigid body modes
reconstruction. The purple dashed lines indicate where the cross-beam of the
metrology frame is located. b) Picture of the DLPM setup with the additional
measurment system. c) Picture of the 25 axis measurement system. The grid of
laser interferometer heads can be partially seen in the top mirror of the translator.
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translator as shown in Fig. 6.4. The laser interferometers are placed in a 5 × 5 grid
with 40.0 mm × 40.0 mm spacing between the measurement points, where the light
is reflected by the top mirror of the translator. The interferometer heads are placed
in an aluminum block with the first eigenfrequency above 2 kHz. In this way, the
influence of deformations of this block on the measurement of the first four mode-
shapes of the translator are minimized. With the configuration depicted in Fig. 6.4,
the translator can move 80.0 mm in both the x- and y-direction, without losing signal
on the 25 laser interferometers.

The data of the 25 laser interferometers is read by a dSPACE DS1202 MicroLabBox
[36], with a sampling frequency of 10 kHz. This system was not coupled to the
control hardware of the DLPM during the experiments described in this chapter. As
a consequence, the measurement data of the deformation measurement system could
not be used for feedback purposes.

6.6 Experimental validation of modal displacement
relations

To analyze the coil current to modal force of the DLPM, of which the modeled rela-
tion was shown for a grid of positions in Fig. 6.3, a similar experiment as described
in Section 5.4 is performed. A coil is excluded from commutation, as depicted in
Fig. 5.11, which is used to act as a disturbance on the translator during standstill
levitation for a range of positions. Since there is no feedback on the modal displace-
ment in the real-time application and no active control of the modal displacements,
there is no controller output for the flexible modes to be recorded in a similar manner
as in the experiment of Section 5.4. Instead, the displacement of the flexible modes
is reconstructed using the 25-axis measurement system presented in Section 6.5. The
relation from coil current to modal displacement is obtained on a grid of positions,
which shows the same position dependency as the coil current to modal force relation
depicted in Fig. 6.3.

6.6.1 Description of the experiment

When a dc current is injected in a coil while the translator is levitated, the trans-
lator will deform and, after the transients have diminished, show a static deformation
which is the summation of all modeshapes. The separation or reconstruction of these
modeshapes is a rather tedious task, as it depends on the mechanical model of the
translator and the number of modeshapes that are taken into account for the recon-
struction. Furthermore, as the position reconstruction from the 9-axis interferometer
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Figure 6.5: Coils used for the measurement of the coil current to modal force
relation. The red box indicates the area over which the center of the translator is
positioned and levitated and corresponds to the area highlighted in Fig. 6.6.

system assumes a rigid body, the deformation of the mirrors is reconstructed as a ro-
tation. The feedback controller acts on this reconstructed rotation. As an alternative,
a sinusoidal current is applied in the coil that is excluded from the commutation. By
applying a sinusoidal disturbance to the translator at the frequency of a flexible mode,
the magnet plate will dominantly resonate at this particular frequency and deform
due to the corresponding modeshape. The deformation of a certain modeshape can
then be reconstructed from deformation amplitudes obtained from frequency analysis
of the measurement data. Another advantage of the ac disturbance, is the fact that it
is applied outside the controller bandwidth (16 Hz), meaning the response of the con-
troller on position fluctuations, resulting from the rigid body position reconstruction
of the deforming translator, will be minimal.

For each flexible mode, a different coil is chosen to excite the translator. The dis-
turbance coil that is used for each flexible mode and the analyzed area is shown in
Fig. 6.5. In this way, a region where the modal force is relatively high and rapidly
varying as a function of position due to the coil current is selected. The measured
area for the relation from coil current to modal displacement amplitude is depicted in
Fig. 6.6 for the first four modeshapes. This is the displacement amplitude expected
from the model with a disturbance current of 0.3 A (peak) and the eigenfrequenties
and damping coefficients as given in Table 6.2. Note, this is an absolute and scaled
version (according to (6.26)) of the relation shown in Fig. 6.3. The translator is moved
in the highlighted area on a grid with spacing of 2.0 mm × 2.0 mm. At each position
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Figure 6.6: Measured area of the coil current to modal displacement amplitude
relation for the first four flexible modes. The coils and measured area are indicated
in Fig. 6.5. Top left: Measured area with Coil 9. Top right: Measured area with
Coil 26. Bottom left: Measured area with Coil 22. Bottom right: Measured area
with Coil 5.

in the grid, the translator is levitated and the sinusoidal current with an amplitude of
0.3 A and frequency of one of the first four flexible modes is applied in the disturbance
coil. When the system has reached a steady-state, the position read by each of the
25 interferometers is recorded for 5 seconds (50 ·103 samples).

The modal displacement amplitude that is produced when a sinusoidal current is
applied in the coil excluded from the commutation, can be calculated from the modal
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force amplitude. The steady-state deformation amplitude of a certain modeshape can
be calculated as described in [21], when a sinusoidal input (or harmonic loading) is
used. The solution of the modal displacement for mode n as a function of time is
given by ηn = η̂n cos(ωF t− φn), where ωF is the frequency of the applied force. The
steady-state deformation amplitude is then given by

η̂n = Fηn√
(ω2
n − ω2

F )2 + (2ζnωnωF )2
, (6.24)

and the phase shift with respect to the forcing cosine by

φn = tan−1
(

2ζnωnωF
ω2
n − ω2

F

)
. (6.25)

When the applied force has the same frequency, or the frequency is close to one of the
natural frequencies of the system, which is the case in the experiment, (6.24) reduces
to

η̂n ≈
Fηn

2ζnωnωF
≈ Fηn

2ζnω2
n

. (6.26)

Hence, the modal displacement is, for a sinusoidal input to the system, highly depend-
able on the damping coefficients of the modes. For this reason, the measurement data
and model data are, before comparison, normalized with respect to the rms value of
the data on the considered grid.

6.6.2 Data processing

In order to obtain the modal displacement of the flexible mode under consideration,
the data of each of the 25 interferometers is processed using the fast Fourier transform
(FFT). The average of time domain data is first subtracted from the data itself and
is then multiplied with a Hamming window [98], after which the FFT is applied.
The amplitudes at a certain position that are found from the FFT of each of the
25 interferometers at the eigenfrequency n under consideration are collected in the
column vector ẑ∆,n. An example for the amplitudes measured for excitation of flexible
mode 1 (226.5 Hz) is depicted in Fig. 6.7a on the grid they are measured. The shape
observed in Fig. 6.7a is the absolute valued modeshape of flexible mode 1 (Fig. 6.2),
since the amplitudes obtained from the FFT are all positive. Hence, the information
on the phase of the signal in the time domain is not considered, because only the
amplitude is of interest for this experiment. The phase of the deformation of a point
can be detected by comparing the phase of the interferometer signal with the phase
of the disturbance current in the time domain. The deformation at one time instant
in depicted in Fig. 6.7b.
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(a)

(b)

Figure 6.7: Flexible mode 1. a) Deformation amplitude obtained from the FFT
analysis for each of the 25 laser interferometers. The x- y- positions of the grid
points are the locations of the interferometers with respect to the center of the
translator. b) Measured deformation when flexible mode 1 is excited. The result
shown is the displacement data at one time instant with the average displacement
over time subtracted for each of the 25 interferometers.
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Table 6.3: Error between the measured and modeled coil current to modal dis-
placement amplitude. Both data sets are normalized to their respective rms value
over the measurement range before comparison.

Flexible mode number n
1 2 3 4

relative rms error [%] 19.6 14.2 7.8 14.6
maximum relative error [%] 52.3 65.1 20.8 46.1

To obtain the modal displacement amplitude η̂n is reconstructed using the corres-
ponding column from the output matrix

η̂n(x, y) = |φout,n|−1(x, y) ẑ∆,n(x, y). (6.27)

The vector φ−1
out,n(x, y) is a mapping from the z-displacement seen by the 25 lasers

(ẑ∆,n) to the modal displacement of mode n, for a certain x-, y-position. This vector
is obtained by interpolation of the output matrix based on the position of the laser
interferometer with respect to the center of the translator. The absolute value of
this vector is used to obtain the modal displacement amplitude, as the measured
deformation amplitudes are also positively valued.

6.6.3 Results

The measured coil current to modal displacement amplitude relation for the first four
modeshapes is depicted in Fig. 6.8. The position dependent function is varying as ex-
pected from Fig. 6.6. For the reason explained in Section 6.6.1, both the measurement
and model are normalized to there respective rms values over the considered area to
compare them. The obtained difference between model and measurement is shown
in Fig. 6.9. The relative rms error between the model and measurement over the
measured range is obtained by calculating the rms value of the normalized difference
shown in Fig. 6.9 and is given in Table 6.3. The discrepancy between the model and
the measurement is position dependent, and showing different patterns for the four
analyzed modes. For all first four modes, the relative rms error over the measured
area is less than 20 %, although locally larger errors are observed. The maximum
relative error is obtained for flexible mode number 2, where the local discrepancy is
approximately 65 %. The relative rms errors in Table 6.3 are for modes 1, 2 and 4
higher than the errors found for the coil current to force and torque components in
Section 5.4 (Fig. 5.15). To reduce one of the sources of error, the mechanical model
which provides the coupling from magnet force to modeshape and the decoupling of
the flexible modes, should be analyzed and updated based on measurements [143].
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Figure 6.8: Measured coil current to modal displacement amplitude. Top left:
Flexible mode 1. Top right: Flexible mode 2. Bottom left: Flexible mode 3.
Bottom right: Flexible mode 4.
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Figure 6.9: Difference between the model and measurement for the relation from
coil current to model displacement amplitude. The modeled values, normalized to
the rms value over the measured range are subtracted from the measured values,
normalized to the measured rms value. Top left: Flexible mode 1. Top right:
Flexible mode 2. Bottom left: Flexible mode 3. Bottom right: Flexible mode 4.
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6.7 Transient deformation compensation

To analyze the performance of the commutation method for overactuation, presented
in Section 6.4, again an experiment with a coil out of the commutation is performed.
A sinusoidal current is injected in the disturbance coil, which is compensated in the
commutation by the other 39 actively controlled coils. The first four modeshapes are
again taken into account in this experiment.

6.7.1 Disturbance compensation using the commutation

Let the wrench that results from the active coils, considered in the commutation,
be denoted by wcom and the wrench that is created by the disturbance coil (not
considered in the commutation) by wdist (Fig. 5.11). The total produced wrench in
the DLPM when one coil is used as a disturbance is then given by

w(p) = wcom(p) + wdist(p) = Γoverac′(p)i + Γ:,dist(p) · idist, (6.28)

where

w(p)



Fx(p)
Fy(p)
Fz(p)
Tx(p)
Ty(p)
Tz(p)
Fη1(p)
Fη2(p)
Fη3(p)
Fη4(p)


,Γoverac′(p) =
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...
39i



(6.29)
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and

Γ:,dist =



distkFx(p)
distkFy (p)
distkFz (p)
distkTx(p)
distkTy (p)
distkTz (p)
distkFη1

(p)
distkFη2

(p)
distkFη3

(p)
distkFη4

(p)


, (6.30)

where the prescript dist denotes the coupling terms from the disturbance coil to a
wrench component for 1 A. Hence, additional to the desired wrench that is considered
in the commutation (wdes = wcom), e.g. to levitate the mover at a certain position, a
disturbance is exerted on the translator. Since the disturbance wrench and current is
known at each sample, the information can be used in the commutation to compensate
for the disturbance that is added after the commutation. The currents to compensate
for the 39 controlled coils on a certain position are obtained by

icomp = Γ−1
overac′ (wdes −wdist) . (6.31)

In this way, the total produced wrench is equal to

w(p) = Γoverac′(p)icomp + Γ:,dist(p) · idist
= (wdes(p)−wdist(p)) + wdist(p) = wdes(p),

(6.32)

and the disturbance is rejected from the produced wrench by the 39 actively controlled
coils in the ideal case.

The wrench-components of the desired wrench (wdes) for the 6 DoF are the outputs
of the corresponding SISO controllers. For the flexible modes, the entries can be
set to zero. In this case, the steady-state deformation of a mode due to the applied
coil currents is demanded to be equal to zero. With respect to the commutation
where the flexible modes are not considered (5.2), this results in a redistribution of
the coil currents and, in some locations in high power consumption. An alternat-
ive way of setting the steady-state wrench values for the flexible modes is to first
apply the commutation not considering flexible modes (5.2). The currents setpoints
that are then found at a certain position can be used to calculate the flexible mode
displacement. These values can be put in the wrench entries for the flexible modes
when overactuation is switched on, which will preserve the current distribution and
power consumption. The currents needed to compensate the disturbance are only
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Figure 6.10: Coils used for the measurement of the disturbance compensation
in the commutation. The plus signs indicate the position of the center of the
translator where the experiment is performed.

small additions to the current setpoints. Both settings give the same result in terms
of disturbance reduction. In the experiment the alternative method is used, because
it has a lower power consumption.

The coils and translator positions used to perform the experiment for each of the
modes are depicted in Fig. 6.10. The coils and positions are chosen such that
the coupling from coil current to the mode under consideration is high, where the
coupling to the other modes is low, to separate the performance per mode more
clearly. The disturbance current is sinusoidal with a frequency of the flexible mode
that is under consideration. The amplitude of the disturbance current is equal to
0.3 A. The laser interferometer signals are in this experiment captured for 30 seconds
(300 ·103 samples).

6.7.2 Results

The measurements taken with the active disturbance compensation in the commuta-
tion are compared to the non-compensated case. All modes are compensated in the
commutation, although only one flexible mode is excited in separate experiments. In
Fig. 6.11, the difference between the maximum deformation measured in both cases
is shown, when flexible mode 1 is excited. Using the FFT, the amplitude of the laser
interferometer with the largest displacement at the frequency of the excited mode is
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Figure 6.11: Deformation measured by the grid of 25 laser interferometers for non-
compensated disturbance and compensated disturbance case, when flexible mode
1 is excited (226.5 Hz). The x- y- positions of the grid points are the locations of
the interferometers with respect to the center of the translator.

determined, because this laser has the highest signal-to-noise ratio. The difference
between the non-compensated and compensated measurement is given in Table 6.4
for the first four flexible modes. The obtained amplitude is the actual measured
displacement and not transformed to the modal displacement amplitude using the
output matrix. The relative amplitude reduction is calculated through

Rel. ampl. reduction = Abs. ampl. reduction
Deform. ampl., no comp. × 100 %. (6.33)

For the first two flexible modes, the reduction of the deformation amplitude due to
compensation in the commutation is almost 90 %. For flexible mode 3 and 4, the
compensation factor is reduced to 79.8 % and 74.4 %, respectively. However, for
flexible mode 4 at a frequency of 1050 Hz, a period of the sinus and the compensation
that is generated by the control hardware running at 8.3 kHz consists of only 8 samples
where for mode 1 the number of samples is equal to 36. The worse quantization of
the sinusoidal function will result in less effective excitation of this mode and the
excitation of higher modes. Furthermore, flexible mode 3 and 4 are less well excited
as they have a higher stiffness. The signal-to-noise ratio is, therefore, worse for the
higher modes which could influence the compensation result negatively.

The experiment is also performed with only the excited flexible mode compensated
in the commutation (other flexible modes are not considered) and these results are
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Table 6.4: Modal displacement when a flexible mode is excited and the first four
modes are compensated in the commutation.

Flexible mode number n
1 2 3 4

Deform. ampl. [m], no comp. 2.46 · 10−6 3.58 · 10−7 8.24 · 10−7 1.93 · 10−8

Deform. ampl. [m], comp. 2.67 · 10−7 3.81 · 10−8 1.66 · 10−7 4.94 · 10−9

Abs. ampl. reduction [m] 2.19 · 10−6 3.20 · 10−7 6.57 · 10−7 1.43 · 10−8

Rel. ampl. reduction [%] 89.1 89.4 79.8 74.4

Table 6.5: Modal displacement when a flexible mode is excited and this particular
flexible mode is compensated in the commutation.

Flexible mode number n
1 2 3 4

Deform. ampl. [m], no comp. 2.46 · 10−6 3.58 · 10−7 8.24 · 10−7 1.93 · 10−8

Deform. ampl. [m], comp. 6.71 · 10−8 2.64 · 10−8 2.87 · 10−7 5.42 · 10−9

Abs. ampl. reduction [m] 2.39 · 10−6 3.32 · 10−7 5.36 · 10−7 1.39 · 10−8

Rel. ampl. reduction [%] 97.3 92.6 65.1 71.9

given in Table 6.5. For the first two modes, the result is better when only the excited
mode is compensated, where for mode 3 and 4 the reduction has become less. This
shows that a coupling exists between the modes for this experiment, and that this
coupling has a different impact depending on the mode number. To further improve
the results, feedback on the flexible modes displacement should be added to the system
to be able to detect the phase of the disturbance, and to separate the flexible modes
in the position reconstruction. Secondly, an update of the mechanical model based
on measurements will improve the accuracy of the relation from coil current to modal
force and, as a consequence, the result of the disturbance compensation experiment.

6.8 Conclusion

In this chapter, the overactuation possibilities of the DLPM are exploited. A mech-
anical model of the translator of the planar motor is built in a mechanical FEM
software and transformed to a state-space system. From this mechanical model, the
eigenfrequencies and corresponding modeshapes of the flexible modes are identified.
The mechanical model is coupled to the electromagnetic model. It is assumed that
each of the permanent magnets acts as a force input to the translator. Using the
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coupled models, the relation from coil current to the deformation of a certain flexible
mode is computed. The incorporation of this relation in the commutation matrix,
decouples the flexible modes from the rigid body modes and opens possibilities for
the control of the flexible modes. A 25-axis measurement system is implemented in
the DLPM setup in order to measure the flexible body dynamics of the translator.

The relation from coil current to modal displacement, which is position dependent and
obtained from the model is compared to measurements for the first four flexible modes.
A sinusoidal disturbance is applied to the translator using a coil that is taken out of
the commutation. To analyze the relation from coil current to modal displacement
in the DLPM for a certain flexible mode, the frequency of the disturbance is set
to the natural frequency of this mode. Because the modal displacement amplitude
resulting from the disturbance current, highly depends on the damping of the mode
which is difficult to determine, the amplitudes of the model and measurement cannot
be directly compared. Both model and measurement are scaled to their respective
rms value over the considered area. The maximum error is found for flexible mode
1, where the relative error is equal to 19.6 %. For the other modeshapes, the relative
error is smaller than 15 %. From the error image it is concluded that the position
dependency of the relation is correctly captured by the model for the largest part.
Increasing the accuracy of the modeled coil current to modal displacement relation by
e.g. a mechanical model update based on measurements will, however, improve the
decoupling of the flexible modes and, hence, the performance when a SISO control
scheme is used for all modes of the system.

In a second experiment, a sinusoidal disturbance produced by one of the coils is
compensated in the commutation. Because the disturbance current is known, it can
be used as input to the commutation algorithm, without having active feedback on
the flexible mode. The disturbance is compensated for around 89 % for the first two
flexible modes and for 79.8 % and 74.4 % for flexible modes 3 and 4, respectively.
This shows that the validated coil current to modal displacement relation can be used
to decouple the flexible modes and that these modes can be controlled by means of
overactuation when a feedback mechanism in the system is realized.



Chapter 7

Conclusions and
recommendations

The final chapter of this thesis summarizes the conclusions of the research into
planar positioning devices used for high-precision applications and related
performance limiting phenomena. The scientific contributions of the work

are listed and recommendations for future research are given.
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7.1 Conclusions

The research in this thesis concerns bearingless planar positioning devices for high-
precision applications. In this type of devices, often a dual-stage topology is used,
where one motor performs long-stroke motion and a second short-stroke system
provides accurate positioning. As this dual-stage system leads to heavy and bulky
moving structures, which is disadvantageous in terms of power consumption, a single-
stage lightweight planar motor is researched as an alternative. The design and control
of a bearingless single-stage planar motor is challenging as it has to perform 6-DOF
positioning tasks, with aggressive motion profiles, at nanometer accuracy. Therefore,
performance limiting effects in both the electromagnetic and the mechanical domain
are investigated.

7.1.1 Modeling of parasitic electromagnetic effects

For many applications, dynamic electromagnetic effects such as eddy currents or hys-
teresis effects are only considered as steady-state (iron) losses, as their impact on the
performance can be ignored, while the computational effort is significantly decreased
by not considering these dynamic effects. In planar positioning devices, used for
applications in the semiconductor lithography industry, parasitic force components
influence the performance even if they are small compared to the main force, since
nanometer accuracy is required. For this reason, the induced eddy currents in various
parts of a planar motor, and the parasitic force they produce, are considered in this
research.

To accurately compute electromagnetic fields in magnetic or conducting materials,
the geometry of these materials has to be considered in the model. In Chapter 2,
the harmonic model is extended to incorporate the position-dependent relative per-
meability and electrical conductivity of a region. In this way, a 2D harmonic mod-
eling technique is developed to accurately model electromagnetic field distributions
in segmented structures. The spatially varying relative permeability and electrical
conductivity are taken into account in the solution expression of the magnetic vector
potential and other electromagnetic field quantities in the developed semi-analytical
model. As a result of the incorporation of the position-dependent electromagnetic
properties, the spatial harmonics are coupled. The number of harmonics that should
be considered in the model depends on the spatial frequencies in the function describ-
ing the permeability or conductivity. For example, materials containing small gaps
with respect to the periodic width, require a relatively large number of harmonics
to obtain convergence of the solution. Also the value of the relative permeability
or conductivity in the modeled materials determines the gradients in the magnetic
field and induced current at the transition of materials, which has an influence on
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the convergence and, hence, the number of harmonics that should be considered. For
validation purposes, the method is applied to an electromagnetic configuration, con-
sisting of a 3-phase coil set and two slabs of permeable or conducting material and
compared to the finite element method (FEM). Based on a convergence analysis, the
number of spatial harmonics that is considered for the calculation is set to 101. The
maximum error in the calculated force is equal to 8.7 % for the model with permeable
segments with a relative permeability of 1000. For the model with two conducting
segments with a conductivity value of 25 · 106 S/m, the developed model calculates
the force components with an error less than 5 % compared to FEM over a range of
frequencies from 10 Hz to 10 kHz.

To analyze the transient parasitic force resulting from the eddy currents in the segmen-
ted cooling plate of a linear motor when a motion profile is performed, the displace-
ment and coil currents are described by a time-harmonic sum in the 2D semi-analytical
model. Eddy currents are induced in the cooling plate by both the time-varying coil
currents and the moving permanent magnets. The result are compared to a transient
FEM simulation. The computed force profile has an error of maximum 4.2 % with
respect to FEM, for 101 spatial harmonics and 141 time harmonics.

One of the assumptions of a 2D model, is that properties and electromagnetic fields
are invariant in one direction of the Cartesian domain. For the modeling of electro-
magnetic fields in planar motors, this assumption is inaccurate, as the geometry and
magnetic fields change in all three dimensions of space. Therefore, in Chapter 3, the
techniques developed for the 2D model are elaborated in the 3D harmonic model.
As a result, also for 3D geometries, the position dependent permeability and con-
ductivity are incorporated in the solutions of the electromagnetic field quantities.
For regions in the modeling domain with conducting material, the magnetic vector
potential formulation does not suffice to accurately describe the fields. Therefore, a
methodology based on the tangential components of the electrical and magnetic field
strength to compute eddy current distributions is proposed. The semi-analytical 3D
modeling technique has been applied to a topology containing a coil and two pieces
of permeable or conducting material for validation purposes. In case of permeable
material, the force calculation shows a maximum error with respect to FEM of 1.61 %
for µr = 1000, and 30 and 50 spatial harmonics considered in the x- and y-direction,
respectively. For the configuration with conducting elements (σ = 25 · 106 S/m),
and 30 and 40 spatial harmonics considered in the x- and y-direction, respectively,
the relative error in the force components calculations is less than 5 % when the
force is larger than 0.5 mN. The 3D model is computationally faster than FEM for
a relatively low number of harmonics (e.g. 41 × 41 harmonics) and shows a similar
performance in terms of accuracy, as a discrepancy less than 10 % on the calculated
force components is obtained. Additionally, the 3D semi-analytical method is com-
pared to measurements of the field distribution above three different copper plates, of
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which two contain a slit pattern, placed on a coil. Eddy currents induced in the cop-
per plates change the field distribution produced by the coil. For the plate without
slits, at 2 kHz, the discrepancy between the modeled and measured magnetic flux
density is equal to 7 %. For the plates containing slits, the modeled flux density has
a larger discrepancy with the measurement as the slit patterns require a relatively
high number of harmonics to model the field. For these plates a relative rms error of
approximately 33 % is obtained.

The eddy current distributions and related force in the conducting materials of a
moving-magnet planar motor topology, such as the magnets and cooling plates, are
computed with the developed semi-analytical modeling method in Chapter 4. By
simulation of a motion profile on a 2D representation of a planar motor section, the
contribution of each conducting part to the total parasitic force is obtained. The
motion profile has a maximum acceleration of 50 m/s2 and maximum speed of 1 m/s.
During the acceleration phase, when the currents in the coils are high, eddy currents
are induced in the magnets and the aluminum translator plate. As the conductivity
of the magnets is low, and their volume is small, the parasitic force due to the induced
eddy currents is negligible. The peak force during acceleration, due to eddy currents
in the aluminum translator plate is equal to approximately 0.08 N and 0.2 N in the
translation and levitation direction, respectively.

Eddy currents induced in the slitted conducting cooling plate (made of titanium)
placed on top of the coils and a conducting plate underneath the coils by the elec-
tromagnetic field of the moving permanent magnets, have the largest contribution
during the constant speed phase. Due to the slits in the cooling plate, the force does
not only depend on the motion-speed (damping force), but also on the position of
the translator with respect to the cooling plate. In a 3D simulation, the motion in
the x-direction of the translator with an acceleration of 50 m/s2 is simulated, with
the developed harmonic model. A peak force of 0.33 N and 0.03 N in the x- and
z-directions, respectively, has been obtained, which relates to the main force as a
relative force of 0.6 % and 0.5 %, respectively. These force components, created
by the eddy current distributions impair the performance when nanometer accurate
positioning is required.

7.1.2 Analysis of a commutation algorithm for planar motors

A magnetic-static model is used to calculate the force that is produced between a coil
and the permanent magnet array of the Double-Layer Planar Motor (DLPM). This
magnetic-static model, described in Chapter 5, is the basis for the direct wrench-
current decoupling commutation that is applied in the DLPM for feedback linear-
ization and decoupling of the force and torque components. In the relation from
coil current to force and torque, the properties of the coils and magnets, such as
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dimensions and magnetization vector, are assumed ideal. Since in the constructed
machine the individual parts have imperfections due to manufacturing tolerances,
and offsets can exist in the position reconstruction, errors are introduced between
the modeled relation in the commutation and the actual electromagnetic relation in
the motor, causing cross-coupling of the force and torque components. As no phys-
ical measurement device can be connected to the levitated translator, the force and
torque obtained from the controllers are considered for the experimental analysis of
the commutation algorithm. By standstill levitation of the translator on a grid of
positions, the static cross-coupling of force and torque components is evaluated. The
mean values of the cross-coupling terms over the measured grid can be reduced to
approximately zero by applying offsets in the commutation, to compensate for off-
sets existing in the position reconstruction. This does not influence the spatially
dependent contributions, which are caused by local perturbations. A second set of
experiments is performed to analyze the coil current to force and torque relations.
For this experimental methodology, one coil is excluded from the commutation. In
this coil, a dc current is applied during standstill levitation at several positions, which
causes a force and torque on the translator that is compensated by the controllers.
The maximum perturbation between the model and measurement for five analyzed
coils of the DLPM is typically less than 5 %. Additional to imperfections in the
analyzed coils, perturbations between the model and the measurement are caused by
the other 39 coils that are active in the commutation algorithm. The contributions
of each of the individual coils to the obtained error should be further investigated.

7.1.3 Analysis of an overactuation method for magnetically
levitated structures

The mechanical structure of the translator of the DLPM deforms during levitation
and actuation, due to the force that is exerted on the permanent magnet array. The
principle of overactuation can be applied to use the available inputs of the system,
40 active coils, to not only control the 6 DoFs of the magnetically levitated mover,
but additionally its deformation. A commutation algorithm to decouple the flexible
body modes from the rigid body modes and to perform overactuation is described in
Chapter 6. The mechanical model of the translator is coupled to the electromagnetic
model, to obtain the relation from coil current to modal displacement, which is re-
quired for the extended commutation algorithm. To couple the models, each of the
magnets in the permanent magnet array of the mover is assumed as an individual
force input. To measure the deformation of the magnetically levitated translator, a
25-axis interferometer system is designed and implemented in the DLPM prototype.
The modeled relation from coil current to modal displacement is compared to meas-
urement data for the first four flexible modes, by applying an ac disturbance current
in a coil that is excluded from the commutation. The disturbance current is injected
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at the frequency of the modeshape under consideration, thereby exciting this flexible
mode, allowing for its reconstruction using frequency-domain data. The maximum
error is found for flexible mode 1, where the relative rms error over the measured area
is equal to 19.6 %, while for the other flexible modes, this relative error is smaller than
15 %. To validate the performance of the commutation algorithm for overactuation, a
sinusoidal disturbance in a coil is used to excite the system. This known disturbance is
then compensated using the extended commutation. The disturbance is compensated
between 65 % and 97 % for the first four flexible modes, which demonstrates that the
commutation method is suited for overactuation in a moving-magnet planar motor.

7.2 Scientific contributions

In this thesis, performance limiting effects, in both the electromagnetic and mech-
anical domain, in a planar motor topology are investigated. To this purpose, new
methodologies to model the parasitic force due to eddy currents and to experiment-
ally analyze commutation methods are researched. The scientific contributions of the
research can be summarized as:

• An extension of the two-dimensional and three-dimensional harmonic modeling
technique, to incorporate a position-dependent permeability and conductivity
in the modeling domain into the solutions of electromagnetic field quantities.

• The evaluation of the time- and position-dependent parasitic force due to eddy
currents in the various conducting parts of a planar motor topology with the
developed harmonic model.

• The development of experimental methods to measure the errors in the pro-
duced force and torque components of a planar motor, due to the perturbations
between the magneto-static model used in the commutation of the motor and
the actual electromagnetic relation in a constructed prototype.

• The experimental analysis of the coil current to flexible mode displacement
relation in a planar motor and the validation of a deformation minimizing com-
mutation algorithm by measurements.

7.3 Recommendations

Based on the analysis of a moving-magnet planar motor in this thesis, towards op-
timized positioning accuracy, recommendations are given for future research.
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7.3.1 Eddy current modeling for real-time compensation

To account for the parasitic force components that are produced by eddy currents in
a planar motor, to e.g. decrease the tracking error during constant speed, these force
profiles should be considered and compensated in the machine. For this purpose,
the information has to be available in real-time. For repeating motion paths and
profiles, the force profiles due to eddy currents as a function of space and time could
be computed offline and implemented in terms of look-up tables in a feed-forward
manner. If the motion profiles are of a more random nature, the problem becomes
more complex as a real-time implementation of an eddy current model requires a
large computational effort in a limited amount of time. The use of model reduction
methods can be a possible solution to this problem.

7.3.2 Improvement and extension of the harmonic eddy
current model

To improve the results of the harmonic model, techniques such as adaptive sampling
should be researched [49]. This method allows a local increase of the sampling in
the space domain around the material transitions, leading to faster convergence of
the solution. The technique is beneficial for high-frequent eddy current problems,
where currents flow mainly near the edges of the conducting material. Also the
scattering method, which is used to obtain the unknown coefficients of the magnetic
field solutions in each region, can be adapted to solve 3D harmonic eddy current
problems, thereby reducing the computational time and computational memory that
is used by the model.

The 2D and 3D semi-analytical method to incorporate position-dependent electro-
magnetic quantities in the solutions of a harmonic model is set up in the Cartesian
domain, in this thesis. The method could also be exploited in different coordinate
systems by adapting the formulations for application to, for example, rotating elec-
trical machines. For a varying permeability inside a region of a model described in
the polar coordinate system, this is presented in e.g. [32, 127]. For a varying con-
ductivity, the formulations should be investigated for the polar and the cylindrical
coordinate systems.

7.3.3 Calibration of the commutation

Perturbations between the modeled coil to magnet plate relations and the actual
relation in a machine cause cross-coupling of force and torque components, as shown
in Chapter 5. The imperfections in the decoupling of force and torque components
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have an unfavorable effect on the performance of the machine. To refine the relations
from coil to magnet plate, calibrations techniques should be researched. The origin
of errors in the relation from coil current to force and torque is created by two causes.
Firstly, by imperfections in the manufactured coils and, secondly, by the non-uniform
magnetization of magnets in the assembled permanent magnet array. The magnetic
field of the magnet array is observed by each of the coils and could, therefore, be
removed from the problem by measurements of this magnetic field or calibration using
a reference coil. Furthermore, the coil to magnet array relation can be optimized for
each of the individual coils, based on locally measured perturbations. When the
position-dependent relations from coil current to force and torque components for
each of the individual coils is measured with a high spatial resolution and used in the
decoupling, this will result in an enormous amount of data that needs to be processed
by the control hardware. Therefore, intelligent calibration methods, e.g. based on
identified manufacturing flaws, or machine-learning techniques are possible subjects
of investigation.

7.3.4 Feedback control of flexible translator behavior

The capabilities of the double-layer planar motor towards minimization of the trans-
lator deformation, have been demonstrated in Chapter 6 of this thesis. To optimize
the overactuation performance of the machine, a feedback loop on the flexible be-
havior should be realized. To be able to perform active feedback compensation on
the flexible modes, several steps have to be undertaken. A position reconstruction
algorithm to estimate the displacement of each of the flexible modes has to be imple-
mented and a controller needs to be designed. Additionally, by fitting the mechanical
model of the translator body to identification measurements, the decoupling of the
modeshapes can be improved.
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Appendix A

Properties of the
Double-Layer Planar Motor

prototype

A.1 Planar motor
A.1.1 Coils and magnets

The DLPM [119] consists of a stationary coil arrangement and a mover with perman-
ent magnets in a checkerboard pattern, as shown in Fig. A.1a. The stator (Fig. A.4b)
comprises of two coil layers and a cooling system, where in each coil layer 80 coils
are present. The coils of the top layer consist of one layer of copper foil, where the
bottom layer coils have two layers of rectangular copper wire. The size of the stator
is 684 mm × 684 mm.

The translator consists of a total of 281 magnets, which are glued to an aluminum
plate. The main magnets have a square shape and are magnetized in the z-direction.
In between these main magnets, rectangular magnets with an in-plane magnetization,
are placed according to a Halbach topology as shown in Fig. A.2. The rectangular
magnets are referred to as Halbach magnets. On top of the translator, mirrors are
placed to reflect the beams of the laser interferometer system. A bottom view of
the mover is shown in Fig. A.4a. The size of the aluminum plate of the translator is
415 mm × 415 mm and the stroke of the device is approximately 260 mm × 260 mm.
The dimensions of the coils and magnets, indicated in Fig. A.1 and Fig. A.2, are
presented in Table A.1. The constructed prototype, based on the design depicted in
Fig. A.1a, is shown in Fig. A.3.
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Figure A.1: Topology of the DLPM [114]: a) Top view. b) Side view with cooling
configuration.
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Figure A.2: Magnet array topology of the DLPM [114].

Figure A.3: Picture of the DLPM prototype.
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Table A.1: Specifications of the Double-Layer Planar Motor [114].

Parameter Symbol Value Unit
Magnets magnet pitch τ 33.3 mm

magnet pitch
(
τ/

√
2
)

τn 23.5 mm
main magnet width wm 18.04 mm
Halbach magnet width (short side) wm,hal 15.04 mm
magnet height hm 8.0 mm
remanent flux density Brem 1.28 T
relative permeability µr 1.04 -

Top layer coils coil length lc 156.0 mm
coil width wc 30.0 mm
bundle width wb 12.1 mm
coil height hc,top 2.1 mm
resistance R 2.9 Ω
inductance L 1.0 mH
number of turns - 95 -

Bottom layer coils coil length lc 154.5 mm
coil width wc 28.5 mm
bundle width wb 11.4 mm
coil height hc,bottom 7.8 mm
resistance R 1.3 Ω
inductance L 1.4 mH
number of turns - 130 -

Translator plate plate height htp 5.0 mm
Stator plates top cooling plate height hcp,top 0.9 mm

bottom plate height hbp 0.5 mm
bottom cooling plate height hcp,bottom 10.0 mm
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(a) (b)

Figure A.4: DLPM prototype [114]: a) The magnet array at the bottom of the
translator. b) Stationary coils with cooling plates.

A.1.2 Power amplifiers

The coils are powered by 40 power amplifiers (Prodrive Technologies PADC130/27)
in combination with 40 Prodrive Power Amplifier Multiplexers. Each power amplifier
is connected to four coils, located in different quadrants of the stator, of which only
one can be excited at the time. The maximum number of simultaneously active coils
is equal to 40.

A.1.3 Cooling system

To remove the produced heat by the coils, a cooling system is installed on the stator.
The bottom layer coils are placed on a water-cooled plate made of non-magnetic
stainless steel. The top layer coils have a 0.9 mm thick water-cooled system on the
top side made of titanium. Slits have been made in this cooling plate to reduce eddy
current effects. In between the coil layers a 0.5 mm thick titanium plate, covered with
electrically insulating film, is placed for insulation and construction purposes. This
plate is referred to as bottom plate. The cooling topology is shown in Fig. A.1b.

A.1.4 Control hardware

For real-time control and data acquisition a dSPACE 1006 [35] (two quad-core pro-
cessors) system is used with a sampling frequency of 8.3 kHz.
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A.2 Measurement system

The position of the translator of the DLPM is reconstructed using the data of various
sensor systems. The geometrical configuration of the different measurement systems
and reconstruction procedure are discussed.

To reject high-frequent disturbances that might be injected into the stator part by
floor vibrations or the reaction forces during acceleration of the translator, a metrology
frame is placed around the stator and is supported by four air-mounts (Newport S-
2000 Stabilizer) as depicted in A.5b, whereas the stator base is mounted to the floor.
Four position measurement systems are present in the DLPM and shown in Fig. A.5
and Fig. A.6.

1. Six eddy current sensors (ECSst), located on the stator, measure the absolute
distance from the stator to the translator. From these six measurements, the
absolute 6 DoF position of the translator with respect to the stator can be
reconstructed and is used during the start-up of the machine. This position
vector is denoted by pst and depicted in Fig. A.5a. The eddy current sensors are
of the Lion Precision ECL100 series, which have an accuracy of approximately
0.1 µm and can measure an absolute maximum distance of 2 mm.

2. Six eddy current sensors (ECSms), located on the stator, measure the absolute
distance from the stator to the metrology frame. From these six measurements,
the absolute 6 DoF position of the stator with respect to the metrology frame
can be reconstructed. This position vector is denoted by pms and depicted in
Fig. A.5a. The eddy current sensors are of the Lion Precision ECL100 series,
which have an accuracy of approximately 0.1 µm and can measure an absolute
maximum distance of 2 mm.

3. A 3 × 3-axis dual-pass laser interferometer (LIFM9) system (Agilent 10735A),
which has a resolution of 0.16 nm, located on the metrology frame. The laser
beams of this systems point at the mirrors attached to the translator which
reflect the light. From these nine measurements, the relative 6 DoF position of
the translator with respect to the metrology frame can be reconstructed. The
initial position for the relative position reconstruction of the LIFM9 system is
obtained from the ECSst system. This position vector is denoted by pmt and
depicted in Fig. A.5a.

4. A 25-axis laser interferometer (LIFM25) system (Attocube IDS3010), which
has a specified resolution of 1 pm, is positioned above the translator. This
measurement system is used to measure the flexible behavior of the translator
and is described in detail in Section 6.5.
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Figure A.5: Position reconstruction of the DLPM. a) Coordinate system defini-
tions. b) Depiction of several position measurement systems.

In the position reconstruction algorithm of the first three sensor systems, the trans-
lator is assumed to be a rigid body.

At start-up of the DLPM, the position vector pst, reconstructed by ECSst is used
as input for the controllers and commutation of the system. When stable levitation
of the translator is obtained, the sensor system is switched, as the ECSst can only
measure a maximum distance of 2 mm. The controller uses the position pmt recon-
structed from the LIFM9, after the switching. This means that the translator will
follow the metrology frame from this instant onward. As the metrology is suppor-
ted by four air-mounts, it can have a small displacement (< 100µm) and rotation
(< 1mrad), which result in small displacements and rotations of the translator. As
the commutation is based on the position vector from coils to the translator, it uses
a differently reconstructed position after the switching instant. The position vector
in the commutation is obtained by pmt − pms, hence, the position reconstructed by
the LIFM9 system, corrected for the movement of the metrology frame (since the
switching instant), measured by the ECSms system.
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Figure A.6: Technical drawing of the various measurement systems of the DLPM.
The eddy current sensors that are used to relate the metrology frame position to
the stator are not shown in the drawing.

A.3 Commutation and control

The direct wrench-current decoupling commutation is applied in the DLPM for de-
coupling of the force and torque components and feedback linearization. This com-
mutation algorithm is described in Chapter 5. Based on the error between the refer-
ence and the measured position, each rigid body mode is separately controlled by a
single-input single-output (SISO) controller. Mass feed-forward based on the accel-
eration of the motion profile is applied. The position used for the feedback control is
reconstructed under the assumption of a rigid body translator.

The controller design, used for the experiments described in this thesis, is presented
in [140] and consists of a lead-lag filter and a roll-off low-pass filter. During the start-
up phase of the machine, integrative action is added to the controller to minimize
the steady-state error. During the experiments, the bandwidth of the controllers is
around 16 Hz, and the position error less than 200 nm when the controllers have
reached the steady state.

With an alternative controller, developed using the data from frequency response
measurements and described in [13, 14] the performance of the machine is increased.
For a motion profile with an acceleration of 10 m/s2 and speed of 0.4 m/s, the moving
average position error during the constant speed phase is approximately 100 nm,
100 nm and 500 nm in the x-, y- and z-direction, respectively. During stand-still, for
this controller, the moving standard deviation is equal to 1.6 nm, 1.6 nm and 6.0 nm
in the x-, y- and z-direction, respectively.



Appendix B

Definitions

Physical constants

Symbol Description Value Unit
ε0 Electrical permittivity of vacuum 8.8542·10−12 [F/m]
µ0 Magnetic permeability of vacuum 4π · 10−7 [H/m]

Notations

Notation Description
a Column vector
ã Fourier coefficient
A Matrix
â Peak value / amplitude
AAA Toeplitz matrix
~a Vector

Subscripts

Notation Description
x The Cartesian x-direction
y The Cartesian y-direction
z The Cartesian z-direction
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Symbols in Chapters 2, 3, 4

Symbol Description Unit
a Acceleration [m/s2]
~A Magnetic vector potential [Wb/m]
a Vector with Fourier coefficients of the

magnetic vector potential
[Wb/m]

Amc Area of the measurement coil [m2]
~B Magnetic flux density [T]
b Vector with Fourier coefficients of the

magnetic flux density
[T]

Bz,meas Measured magnetic flux density in the z-direction [T]
c+ A-priori unknown coefficients in the

positive propagation direction
[-]

c+ Vector with a-priori unknown coefficients
in the positive propagation direction

[-]

c− A-priori unknown coefficients in the
positive propagation direction

[-]

c− Vector with a-priori unknown coefficients
in the negative propagation direction

[-]

cυ Extra unknown coefficient for a conducting element [-]
c Vector with all a-priori unknown coefficients

in the modeling domain
[-]

~D Electric flux density [C/m2]
~E Electric field strength [V/m]
e Vector with Fourier coefficients of the

electric field strength
[V/m]

Etot Boundary condition matrix [-]
~F Force [N]
~H Magnetic field strength [A/m]
h Vector with Fourier coefficients of the

magnetic field strength
[A/m]

h Homogeneous solution [-]
hhh Vector with Fourier coefficients of the

homogeneous solution
[-]

i Counter for the number of conducting elements
in the 2D harmonic model

[-]

I Number of conducting elements in the 2D
harmonic model

[-]

I Identity matrix [-]
j Imaginary unit [-]
~J Current density [A/m2]
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Symbol Description Unit
~J imp Imposed current density [A/m2]
jimp Vector with Fourier coefficients of the

imposed current density
[A/m2]

~J ind Induced current density [A/m2]
jind Vector with Fourier coefficients of the

induced current density
[A/m2]

k Harmonic number of the time dependent Fourier series [-]
K Number of harmonics of the time dependent Fourier series [-]
kx Spatial frequencies in the x-direction [1/m]
kx Vector of spatial frequencies in the x-direction [1/m]
Kx Diagonal matrix with spatial frequencies in the x-direction [1/m]
ky Spatial frequencies in the y-direction [1/m]
ky Vector of spatial frequencies in the y-direction [1/m]
Ky Diagonal matrix with spatial frequencies in the y-direction [1/m]
~M Magnetization [A/m]
m Vector with Fourier coefficients of the

magnetization
[A/m]

~Mr Remanent magnetization [A/m]
MMM Toeplitz matrix of the Fourier coefficients describing

the relative permeability as function of position
[-]

m Harmonic number in the y-direction [-]
M Number of harmonics in the y-direction [-]
NNN Toeplitz matrix of the Fourier coefficients describing

the relative reluctivity as function of position
[-]

n Harmonic number in the x-direction [-]
N Number of harmonics in the x-direction [-]
~n Outward pointing normal vector on a surface [-]
px Displacement in the x-direction [m]
~P Polarization [C/m2]
Ploss Power loss [W]
p Particular solution [-]
ppp Vector with Fourier coefficients of the particular solution [-]
pϕ Vector with Fourier coefficients of the particular solution

of the magnetic scalar potential
[A]

pa Vector with Fourier coefficients of the particular solution
of the magnetic vector potential

[Wb/m]

PxPxPx Toeplitz matrix with the Fourier coefficients describing the
relative permeability from 0 to 1 as function of x

[-]

PyPyPy Toeplitz matrix with the Fourier coefficients describing the
relative permeability from 0 to 1 as function of y

[-]

Q Matrix with eigenvectors [-]
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Symbol Description Unit
r Counter for the number of regions in the harmonic model [-]
R Number of regions in the harmonic model [-]
s Vector with all source terms in the modeling domain [-]
S Surface area [m2]
t Time [s]
T Time period [s]
Tmc Number of turns of the measurement coil [-]
v Velocity [m/s]
V Volume [m3]
Vmeas Measured voltage [V]
x Cartesian x-coordinate [m]
y Cartesian y-coordinate [m]
yT Height of the top boundary of a region

in the 2D harmonic model
[m]

yB Height of the bottom boundary of a region
in the 2D harmonic model

[m]

z Cartesian z-coordinate [m]
zT Height of the top boundary of a region

in the 3D harmonic model
[m]

zB Height of the bottom boundary of a region
in the 3D harmonic model

[m]

Θ+ Matrix describing the propagation in the positive
propagation direction

[-]

Θ− Matrix describing the propagation in the negative
propagation direction

[-]

λ Propagation variables [1/m]
λ Vector with propagation variables [1/m]
Λ Diagonal matrix with propagation variables [1/m]
µr Relative magnetic permeability [-]
νr Relative magnetic reluctivity [-]
Πx Function describing the relative permeability from 0 to 1

as function of x
[-]

Πy Function describing the relative permeability from 0 to 1
as function of y

[-]

ρ Electrical charge density [C/m3]
σ Electric conductivity [S/m]
τx Half of the periodic width in the x-direction [m]
τy Half of the periodic width in the y-direction [m]
υ Function describing the conductivity from 0 to 1

as function of position
[-]
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Symbol Description Unit
υ Vector with Fourier the coefficients describing

the electrical conductivity from 0 to 1 as function of position
[-]

ΥΥΥ Toeplitz matrix with the Fourier coefficients describing
the electrical conductivity from 0 to 1 as function of position

[-]

ϕ Magnetic scalar potential [A]
ϕ Vector with Fourier coefficients of the magnetic scalar

potential
[A]

χ Magnetic susceptibility [-]
ω Angular frequency [rad/s]

Symbols in Chapters 5, 6

Symbol Description Unit
Br Remanent flux density [T]
~d Arm [m]
D Damping matrix [N s/m]
DM Mass normalized damping matrix [-]
F Force [N]
Fη Modal force [N/

√
kg]

f Vector of input forces [N]
i Current [A]
idist Disturbance current [A]
I Inertia [kg m2]
i Vector with coil currents [A]
~J Current density [A/m2]
kF Coupling factor from current to force [N/A]
kT Coupling factor from current to torque [Nm/A]
kFη Coupling factor from current to modal force [N/

√
kg A]

K Stiffness matrix [N/m]
KM Mass normalized stiffness matrix [-]
m Mass [kg]
M Mass and inertia matrix [kg], [kg m2]
n Flexible mode number [-]
Nc Number of active coils [-]
Nflex Number of flexible modes [-]
Nmag Number of magnets [-]
p Position [m]
p Position and orientation vector [m], [rad]
q Nodal displacement vector [m]
~r Arm [m]
t Time [s]
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Symbol Description Unit
T Torque [Nm]
u Input vector [-]
V Volume [m3]
w Wrench vector [N], [Nm],

[N/
√

kg]
wcom Wrench vector considered in the commutation [N], [Nm],

[N/
√

kg]
wctr Wrench vector containing the controller outputs [N], [Nm],

[N/
√

kg]
wdes Desired wrench vector [N], [Nm],

[N/
√

kg]
x Cartesian x-coordinate [m]
y Cartesian y-coordinate [m]
z Cartesian z-coordinate [m]
z∆ Height that the center of mass is levitated

above the nominal levitation height
[m]

z∆c Height correction per coil [m]
z∆out

Vector containing the displacement in
the z-direction of selected outputs

[m]

Z Diagonal matrix containing the damping coefficients [-]
Γ Commutation matrix [N/A], [Nm/A],

[N/
√

kg A]
Γcom′ Commutation matrix with one coil taken out [N/A], [Nm/A],

[N/
√

kg A]
Γoverac Commutation matrix for overactuation [N/A], [Nm/A],

[N/
√

kg A]
Γoverac′ Commutation matrix for overactuation with

one coil taken out
[N/A], [Nm/A],
[N/
√

kg A]
Γ:,dist Vector with coupling factors of the

coil taken out of commutation
[N/A], [Nm/A],
[N/
√

kg A]
∆ Window value (between 0 and 1) [-]
∆ Diagonal matrix containing the window values [-]
ζ Damping coefficient [-]
η Modal displacement [m/

√
kg]

η Modal displacement vector [m/
√

kg]
θ Rotation around the y-axis [rad]
λ Height scaling factor [1/m]
µr Relative permeability [-]
ρs Electrical surface charge density [C/m2]
τ Pitch [m]
φ Rotation around the z-axis [rad]
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Symbol Description Unit
φn Phase shift with respect to forcing cosine [rad]
φ Modeshape [1/

√
kg]

Φ Modeshape matrix [1/
√

kg]
Φout Modeshape matrix for selected outputs [1/

√
kg]

ψ Rotation around the x-axis [rad]
ωF Forcing frequency [rad/s]
ωn Natural frequency [rad/s]
Ω Diagonal matrix containing the natural frequencies [rad/s]

Abbreviations

Abbreviation Description
2D Two-dimensional
3D Three-dimensional
ac Alternating current
ANA (semi-)analytical
dc Direct current
DLPM Double layer planar motor
DoF Degree of freedom
FEM Finite element method
LIFM Laser interferometer
LUT Look-up table
POI Point of interest
rms Root mean square
SISO Single-input single-output
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Dankwoord

Eindelijk! Na iets meer dan vier jaar komt er met het schrijven van dit dankwoord
een einde aan mijn onderzoek en dit proefschrift. Eerlijkheid gebiedt mij te zeggen
dat ik blij ben dat dit moment is aangebroken, aangezien de laatste maanden waarin
ik dit boekje moest afronden mij veel energie hebben gekost. Gelukkig heb ik tijdens
mijn promotietraject vooral veel leuke dingen mee mogen maken. Een zeldzaam
onderzoek doen met unieke apparatuur en reizen naar mooie landen om de resultaten
te presenteren. Het beste van alles is echter de samenwerking en omgang die er is
geweest met alle mensen in mijn omgeving. In dit dankwoord wil ik graag iedereen
bedanken die er op wat voor manier dan ook voor mij is geweest.

Als eerste bedank ik mijn promotor prof. Lomonova. Elena, vanaf ons eerste gesprek
voor een stage stuurde jij al aan op een langer verblijf voor mij in de EPE groep.
Waar dat vandaan kwam heb ik nooit helemaal begrepen, ik was immers niet de
meest briljante student van mijn tijd. Toch zag jij een onderzoeker in mij, en nu
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