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Abstract

In industry packed bed reactors are widely employed for different processes. Comprehension of the
transfer of heat and mass to the reactive surfaces of catalysts in these reactors is of fundamental
important for improvement of efficiency and optimal design of equipment.

This thesis introduces a ghost-cell based immersed boundary method (IBM) for performing
direct numerical simulation (DNS) of mass and heat transfer problems in particulate flow. The
fluid-solid interactions are coupled through implicit incorporation of the boundary condition in the
discretized conservation equations of the fluid phase of momentum, species and thermal energy.
The unique feature of this ghost-cell IBM is that allows for the implementation of the mixed
general boundary condition, which is required for chemical reactions. Assuming that a first-order
irreversible chemical reaction occurs at the particle surface, the general mixed boundary condition
can be rewritten into the Damköhler number for surface reactions in fluid-particle systems.

The model was validated using two limiting cases where only mass transfer was considerd.
Unsteady diffusion to a particle and a particle under forced convection. The obtained results were
compared with established correlations and analytical solutions.

Afterwards, the result of the simulations of four fluid-particle systems are presented. Unsteady
diffusion of heat and mass to a single particle, a single particle under forced convection, a three-
bead reactor and finally a dense particle array.
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Preface

Working with Direct Numerical Simulation has been an interesting experience. When working
as intended, DNS basically allows you to compute whatever might peak your interest. But when
not working as intended, like I experienced with a decreasing temperature field in a dense particle
array, finding the exact cause of the problem can be problematic.

I would like to thank Jiangtao Lu for letting me use his model and explaining its implementation
to me, and also for his help in general. Finally, I would also like to thank Hans Kuipers and Frank
Peters for their input during our meetings.

Michael Tan, Eindhoven 2018
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cf Concentration of the fluid phase

[
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]
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kv Surface reaction rate coefficient, [m/s]
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p Pressure of the fluid phase, [Pa]
r Spherical coordinate, [m]
Rp Radius of the sphere, [m]
t Time, [s]
Tf Temperature of the fluid, K
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u0 Superficial fluid velocity, [m/s]
[Vp Volume of the sphere,

[
m3
]

x, y, z Relative coordinate directions, [m]
X Vandermonde matrix
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α Robin boundary condition coefficien
β Robin boundary condition coefficient
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µf Viscosity of the fluid, [Pa · s]
λthermax Axial conductivity coefficient, W/ (m ·K)
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Φh,f→s Rate of heat transfer from the fluid to the solid, [J/s]
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Chapter 1

Introduction

Packed bed reactors are encountered very often in industrial processes, like chemical, petrochemical
and energy industries. Reactions in packed bed reactors often take place on the reactive surface
of catalysts. Examples of industrial processes utilizing packed bed reactors for production of
chemicals, are the Fischer-Tropsch process and the production of Xylene. Packed bed reactors are
also used for the treatment of waste streams, like the catalytic converting of carbon monoxide in
carbon dioxide. In case of energy industries, packed bed reactors are often used for carbon capture
and sequestration. For example, Chemical Looping Combustion where oxygen is captured from
air by solid oxygen carrier, resulting in a separate waste stream after combustion. Comprehension
of the transfer of heat and mass to the particles is of crucial importance for the improvement of
performance and optimal design of equipment.

In classical chemical reactor design of a packed bed reactor, the gas phase is modeled using
a plug flow reactor with a source term to account for the transfer of mass from the gas to the
solid phase. The transfer of mass is estimated via transfer coefficients, which are determined
from empirical correlations, such as the Froessling correlation for mass transfer. However, the
correlations have been determined for ideal conditions and are not applicable to all situations of
gas-solid interaction and are not the most accurate [1]. Although this approach allows for the
quick estimation of required reactor parameters, it does not predict detailed local information,
such as spatial and temporal evolution, and does not predict the formation of hot-spots in the
reactor.

1.1 Multiscale-Modelling

Fluid-particle interactions can be modeled more accurately using a multi-scale modeling approach,
in which the behavior of flows is predicted on different length scales. In coarser models, the flow
between particles is not resolved but taken into account via transfer coefficients.

Direct Numerical Simulation (DNS) allows the resolution of fluid-particle interactions through
the boundary conditions at the surface of the particle and does not require empirical correlations for
the heat and mass transfer coefficients. While DNS allows the complete resolution of fluid-particle
interactions in fluid-particle systems, the simulation of even small section packed bed reactor can
take a few months to complete. However, DNS allows for the derivation of closure laws that are
required for more coarse models. Recently, Partopour and Dixon [2] demonstrated a workflow
for computational generation and meshing of resolved-particle randomly packed beds consisting of
arbitrary-shaped particles, which allows the studying of realistic industrial pellet shapes. Vascellari
et al. [3] presented a numerical simulation of pulverized coal MILD combustion by implementing
a submodel for char particle combustion and gasification, which results in an improved agreement
with experimental data. Kruggel-Emden et al. [4] presented an alternative approach to solving
the Navier-Stokes equations, by using the lattice Boltzmann Method, and reported an accuracy
competitive to DNS. Tavassoli et al. used DNS to simulate the transfer of heat in different fluid-
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CHAPTER 1. INTRODUCTION

particle systems. Regularize delta functions were used to link the Eulerian grid with the Lagrangian
points on the surface of the spherical particles. Next, they [5] researched spherocylinders instead
of spherical particles and showed that the Gunn correlation for heat transfer of spherical particles
could also be applied to spherocylinders. Buist et al. [6] compared the transfer of heat in different
fluid particle systems simulations with experiments, which allows for the validation of heat transfer
in DNS. Das et al. [7] first implemented an Immersed Boundary method for the simulation of
solid foams. Next, Das et all. [8] simulated packed bed reactors consisting porous non-spherical
particles by modelling the flow at two different length scales:, the flow around the particles is fully
resolved whereas the flow for the intra-particle micropores is taken into account via closure terms.

In the recent years, the immersed boundary method (IBM) has received much attention. It
allows the use of structured grids, which circumvents the problematic grid generation for unstruc-
tured grid and is CPU and memory efficient.

1.2 Immersed Boundary Method

The equations of mass, momentum, species and thermal energy are resolved on a Cartesian grid,
which does not conform with the shape of the immersed objects. To impose the boundary condi-
tions on the immersed object, two different approaches have been suggested.

The first approach, the continuous forcing method (CFM), was first developed by Peskin
[9] for the simulation of the flow of blood around the human heart. The flow simulations are
performed on a cartesian grid while the immersed boundary is represented by Lagrangian marker
points. A forcing term is introduced to the transport equation, whose magnitude is such that
the boundary conditions are imposed in an interpolated manner. To assign the source term to
the appropriate Eulerian cells surrounding a Lagrangian marker point, a regularized Dirac delta
function is employed. Since its introduction, many researchers have worked on the improvement
of the method [10, 11, 12]. The CFM approach is relatively easy to implement, and it has the
advantage of being flexible concerning rigidity of the bodies. However, it has the disadvantage of
explicit treatment of the fluid, which results in stability issues and requires appropriate values for
each particular class of problems [13].

The second approach, the discrete forcing method, was first introduced by Mohd-Yusof [14] and
further extended by Fadlun et al. [15], Tseng and Ferziger[16], Haugen and Kragset[17], and Xia
et al. [18]. The virtual variable value in the ghost cell, which resides in the immersed boundary,
is calculated by extrapolation of nearby fluid variables and the boundary condition at the surface
of the immersed object. The advantage of the DFM is the sharp treatment of the immersed
boundary and does not require the inclusion of forcing terms for the transport equations. Luo
et al.[19] employed the ghost cell approach to simulate the heat transfer of compressible flows.
Deen and Kuipers,[20] employed the DFM to simulate dense particle arrays, with coupled heat
and mass transfer in dense particle arrays in which an infinitely fast reaction occurs on the particle
surface. Building on their work, Lu et al.[21], extended the model to include the Robin boundary
condition which can more accurately describe the species boundary condition. This work is a
direct extension of their work by including the thermal energy equation and linking the mass and
heat transfer through the solid thermal energy equation.

1.3 Thesis Outline

The thesis is organized as follows. First the theoretical background of the model is shown, including
the governing equations, the numerical method, fluid-solid coupling, coupling of heat and mass
transfer, and the implementation of surface reactions.

Second, two verification cases are presented, unsteady diffusion to a single particle and single
particle under forced convection. The simulations results are compared to established correlations
and analytical solutions.

Third, the results of four simulations are considered and analyzed. Unsteady diffusion of heat
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and mass to a single particle, at which the influence of different Damköhler numbers is assessed.
A single particle under forced convection, the influence of different Damköhler numbers and the
influence of different flow patterns on the solid temperature is analyzed. A three bead reactor,
the influence of three different flow patterns on the individual particle temperature development
is analyzed. Dense particle array, the cup-average concentration and temperature profile are
compared with a 1D convection-dispersion model and the Sherwood and Nusselt number are
computed for individual spheres and on slice-basis. The Gunn correlation is also compared with
the values obtained from the simulation.

Finally, the conclusion of the project is discussed and recommendations for future work are
given.

Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
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Chapter 2

Theoretical Background

In this section, the governing equations that need to be solved by DNS, numerical details of the
finite difference scheme, fluid-solid coupling and the representation of the surface reactions through
the mixed boundary conditions will be described. For the model the following assumptions are
applied:

• The fluid phase is incompressible and Newtonian.

• The solid phase consist of spherical particles, which are nonporous so that only the external
surface of the particle is reactive.

• The intra-particle temperature gradient are assumed to be negligible, heat liberated by the
reaction is rapidly transported to the center of the particle. This assumption is valid as long
as the particle diameter is sufficiently small.

• The physical properties of both the fluid and solid phase are assumed to be constant.

2.1 Governing Equation of the Fluid Phase

The transport phenomena of the fluid phase are governed by the equations of continuity, mo-
mentum, species, and heat. Which are respectively given by:

(∇ · u) = 0 (2.1)

∂ρfu

∂t
+ (∇ · ρfuu) = −∇p+ µf∇2u + ρfg (2.2)

∂cf
∂t

+ (∇ · cfu) = Df∇2cf (2.3)

ρfCp,f

[
∂Tf
∂t

+ (∇ · Tfu)

]
= λf∇2Tf (2.4)

Where ρf is the fluid density, µf the fluid viscosity, Df the diffusion coefficient of the fluid, Cp,f
the heat capacity of the fluid and λf the thermal conductivity of the fluid.

2.2 Governing Equations of the Solid Phase

The temperature of the particle is governed by the following equation, assuming a uniform particle
temperature:

VsCp,s
dTs
dt

= Φh,f→s + Φm,f→s (−∆Hr) (2.5)

Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
Systems
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CHAPTER 2. THEORETICAL BACKGROUND

Where Φh,f→s is the fluid-solid heat transfer rate given by:

Φh,f→s =

∫ ∫
Ss

(−λf∇Tf · n)dS (2.6)

Φm,f→s is the fluid-solid mass transfer rate given by:

Φm,f→s =

∫ ∫
Ss

(−Df∇cf · n)dS (2.7)

With n being the normal pointing out of the solid and ∆Hr the heat of reaction. The coupling
between the fluid species and the fluid thermal equation is accomplished with the thermal energy
equation of the particle.

2.3 Numerical Solution Method

The governing equations are solved by a finite difference scheme for a staggered three-dimensional
Cartesian grid, with equal grid spacing for all three directions. In the following subsections, the
temporal and spatial discretization of the governing equations are described.

2.3.1 Momentum Equation

The momentum equation is discretized in time by a first order Euler scheme. The convective term
is temporally discretized using the Adams-Bashforth scheme and the diffusion term is discretized
temporally by fully implicit backward Euler scheme:

ρfu
n+1 = ρfu

n + ∆t

[
−∇pn+1 −

(
3

2
Cn
m −

1

2
Cn−1
m

)
+ Dn+1

m + ρfg

]
(2.8)

where n is the time index, Cm is the convective momentum flux given by:

Cm = ρf · (∇ · uu) (2.9)

Dm is the diffusive momentum given by:

Dm = µf∇2u (2.10)

The solution of equation 2.8 is obtained by two-step projection method where first a tentative
velocity field u∗∗ is computed by neglecting the pressure gradient:

ρfu
∗∗ = ρfu

n + ∆t

[
−
(

3

2
Cn
m −

1

2
Cn−1
m

)
+ Dn+1

m + ρfg

]
(2.11)

The velocity at the new time level un+1 is related to the tentative velocity field and the unknown
pressure gradient at the new time level:

un+1 = u∗∗ − ∆t

ρf
∇pn+1 (2.12)

Since the velocity at the new time step un+1 needs to fulfill the equation of mass, it is entered in
equation 2.1. By taking the divergence of equation 2.12 the Poisson equation is obtained:

1

ρf
∇2pn+1 =

1

∆t
(∇ · u∗∗) (2.13)

Equation 2.13 is solved to obtain the pressure at the new time level. By inserting the pressure
pn+1 in the correction step, given by equation 2.12, the velocity field at the new time level is
obtained. Spatially, the convective term of the momentum equation is discretized by a second-
order total variation diminishing scheme, while the diffusive term is discretized by a second-order
central differencing scheme.

6 Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
Systems



CHAPTER 2. THEORETICAL BACKGROUND

2.3.2 Species and Thermal Energy Equation

The species and thermal energy equation are discretized in time using the same manner as the
momentum equation. The Adams-Bashforth scheme is applied to the convection while the fully
implicit backward Euler scheme is applied to the diffusion term, which results in the following
discretized species and thermal energy equations respectively:

cn+1
f = cnf + ∆

[
−
(

3

2
Cnm −

1

2
Cn−1m

)
+Dn+1

m

]
(2.14)

Tn+1
f = Tnf +

∆t

ρfCp,f

[
−
(

3

2
Cnh −

1

2
Cn−1h

)
+Dn+1

h

]
(2.15)

Where the convective mass and heat flux are respectively given by:

Cm = ∇ · (cfu) (2.16)

Ch = ρfCp,f∇ · (Tfu) (2.17)

and, diffusive mass and heat flux are given by:

Df = Df∇2cf (2.18)

Dh = λf∇2Tf (2.19)

Spatially, the convective term of the species and thermal energy equations is discretized by a
second-order total variation diminishing scheme, while the diffusive term is discretized by a second-
order central differencing scheme. The discretized equations are solved using a sparse matrix solver
based on the ICCG method.

2.3.3 Solid Phase Equation

The solid phase equation is solved after the fluid phase equations. The trapezoidal rule is used for
time integration, which maintains second-order accuracy.

Tn+1
s = Tns +

∆t

VsCp,s

[
Φ
n+ 1

2

h,f→s + (−∆Hr) Φ
n+ 1

2

m,f→s

]
(2.20)

2.3.4 Fluid-Solid Coupling

To impose the boundary conditions in a sharp manner, a ghost-cell immersed boundary method
is implemented in the model. Discretization of the equations of momentum, species and thermal
energy results in the following generic algebraic equation:

acφc +

6∑
nb=1

anbφnb = bc (2.21)

Where φ is the generic fluid variable of velocity, concentration, and temperature for momentum,
species and thermal energy respectively. The equation provides the relationship between any fluid
variable and its six neighbors. Considering that the boundaries of immersed objects do no concur
with the boundaries of the mesh, special treatment of the nodes near the fluid-solid interface is
required. First all ghost cells are determined, which are defined as points inside the particle with
at least one neighbor in the fluid phase. Next, every fluid cell is checked whether any of its six
neighbor cells is a ghost cell. If this is the case, a boundary condition has to be applied.

In case of the boundary condition for the momentum equation, the directional quadratic inter-
polation scheme is applied (Figure 2.1 (a)). It has the advantage of being second-order accurate
and has a compact computational stencil. After imposing the boundary condition, the ghost cell
variable is eliminated from the stencil.

Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
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For the general mixed boundary condition, quadratic interpolation is required to describe the
gradient in the normal direction to the surface of the immersed object (Figure 2.1 (b)). When
quadratic interpolation is required, a generic fluid variable in the vicinity of the immersed object
could be expressed in terms of a second order polynomial:

φ =
2∑
i=0

2∑
j=0

2∑
k=0

cijkx
iyjzk, i+ j + k ≤ 2 (2.22)

Where x, y, z are coordinates relative to the location of the boundary point, which is the intercep-
tion of the normal direction and the immersed boundary surface.

x = X −XB (2.23)

y = Y − YB (2.24)

z = Z − ZB (2.25)

Equation 2.22 is the approximation of φ near the boundary point using the Taylor expansion near
the boundary point:

φ (x, y, z) = φB +
∂φB
∂x

x+
∂φB
∂y

y +
∂φB
∂z

z +
1

2

∂2φB
∂x2

x2 +
1

2

∂2φB
∂y2

y2 +
1

2

∂2φB
∂z2

z2 + ... (2.26)

Figure 2.1: Schematic representation of the interpolation schemes for directional quadratic inter-
polation (a) and quadratic interpolation (b). The filled circles indicate the solid points, the open
squares are the ghost points and the open circles indicate the fluid points (Taken from Lu et al
[21].

The number of coefficients for a second-order polynomial in 3D is ten. To determine these
coefficients cijk, values of φ from nine neighboring fluid points and one image point are required.
The image point is defined as the mirror point of the ghost point along the normal passing through
the boundary, which has the same distance to the boundary as the ghost point. Using the required
amount of data points, the resulting equation for the solving coefficients cijk can be written as a
matrix-vector multiplication:

φ = Xc (2.27)

Where φ and c are the vectors for the species concentrations and coefficients respectively, and X
is the Vandermonde matrix given by:

X =


1 x1 y1 z1 x21 y21 z21 x1y1 x1z1 y1z1
1 x2 y2 z2 x22 y22 z22 x2y2 x2z2 y2z2
...

...
...

...
...

...
...

...
...

...
1 x10 y10 z10 x210 y210 z210 x10y10 x10z10 y10z10

 (2.28)

8 Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
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CHAPTER 2. THEORETICAL BACKGROUND

To solve equation 2.27, the Vandermonde matrix is inversed by applying LU decomposition with
Crout algorithm. The coefficients cijk can be obtained by multiplication of the inversed Vander-
monde matrix X−1 and the concentration vector φ, which can be written as a linear combination
of φ values.

c000 = φB =
10∑
m=1

X−11mφm (2.29)

c100 =
∂φB
∂x

=
10∑
m=1

X−12mφm (2.30)

c100 =
∂φB
∂y

=
10∑
m=1

X−13mφm (2.31)

c100 =
∂φB
∂x

=
10∑
m=1

X−14mφm (2.32)

With a general Robin boundary condition at the particle surface:

αφ+ β
∂φ

∂n
= f (2.33)

where α, β and f are the coefficients of the boundary condition. The value of the image point can
be evaluated by satisfying the boundary condition at the boundary point.

αφ|B + β
∂φ

∂n

∣∣∣∣
B

= f (2.34)

α
10∑
m=1

X−11mφm + β

(
10∑
m=1

nxX
−1
2mφm +

10∑
m=1

nyX
−1
3mφm +

10∑
m=1

nzX
−1
4mφm

)
= f (2.35)

Which can be rewritten into an expression for the image value:

φI =

f −
10∑
m=2

Mmφm

M1
(2.36)

Mm is given by the following equation with the components of the normal unit vector indicated
as nx, ny and nz respectively:

Mm = αX−11m + β
(
nxX

−1
2m + nyX

−1
3m + nzX

−1
4m

)
(2.37)

The image point and ghost point are related by the following equations:

φB =
LIφG + LGφI

∆L
(2.38)

∂φB
∂n

=
φG − φI

∆L
(2.39)

Where ∆L is the mutual distance separating the ghost and image point, LI and LG are the distance
between the immersed boundary and image and ghost point respectively. Insert equations 2.38
and 2.39 into the Robin boundary equation 2.33:

α

(
LIφG + LGφI

∆L

)
+ β

(
φG − φI

∆L

)
= f (2.40)

φG =
f∆L− φI (−αLG + β)

αLI + β
(2.41)
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Inserting the equation for image point value yields:

φG =

f (M1∆L− αLG + β) + (αLG − β)
10∑
m=2

Mmφm

(αLI + β)M1
(2.42)

With the equation for the ghost point value, the matrix coefficients of equation 2.21 can be updated.
Altered coefficients of the original scheme are incorporated in the implicit scheme, the neighbors
outside of the original stencil are considered explicitly. This scheme has to be applied to all ghost
points, to ensure that the desired boundary condition applies to the complete immersed boundary.
In the current DNS model, the equations of state are solved over the complete computational
domain, so even within the immersed boundary.

2.3.5 Incorporation of Solid Reaction

We assume that at the particle surface, a first-order irreversible surface reaction occurs, with the
following rate law:

− r = kvcf (2.43)

where kv is the surface reaction rate coefficient. During steady state, there is no accumulation at
the particle surface, so the diffusion flux towards the particle is equal to the rate of reaction:

Jn = (J · n) = Df
∂cf
∂n

= kvcf (2.44)

Where Df is the species diffusivity and n is the normal pointing out of the sphere. Equation 2.44
is in fact, the mixed boundary condition imposed on the species equation. With the following
Robin boundary condition coefficients:

α = kv (2.45)

β = Df (2.46)

f = 0 (2.47)

By focusing on a spherical particle, two dimensionless variables can be defined:

cf =
cf
cf,0

(2.48)

r =
r

Rp
(2.49)

where cf is the dimensionless concentration and r is the dimensionloess distance. Through which
equation 2.44 is non dimensionalized into:

Da =
kvRp
Df

(2.50)

which is the Damköhler number for surface reactions in fluid-particle systems. With this expression
for the Damköhler number, different Damköhler numbers can be implemented at the particle
surface by modification of the coefficients of the general mixed boundary condition.
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Chapter 3

Model Verification

In this part, the model is validated by two verification cases. For the two verification test cases,
only the mass transfer is considered. The first test case considers unsteady diffusion of mass to a
single sphere, the results are compared with the analytical solution. For the second test case, flow
is added to the system, the Sherwood particle number calculated by the simulation is compared
with the value obtained from the Froessling correlation.

3.1 Test Case 1: Unsteady Diffusion around a Single Particle

In this first test case, a single sphere is placed in the center of a quiescent fluid, so only molecular
diffusion towards the sphere is taking place. On the sphere surface, a first-order irreversible
infinitely fast chemical reaction is occuring. The governing equation is given by:

∂cf
∂t

= Df∇2cf (3.1)

with initial condition given by:

cf |r>Rp,t=0 = cf,0 (3.2)

where Rp is the radius of the sphere and cf,0 is the initial concentration. The boundary condition
at the walls is set as a constant value which is equal to the initial concentration:

cf |wall = cf,0 (3.3)

Considering that the reaction at the sphere surface is infinitely fast, the concentration at the
surface will be zero:

cf |r=Rp
= 0 (3.4)

The results of the simulation are compared with the analytical solution of the spherical symmetry
problem, which is given by:

∂cf
∂t

=
Df

r2
∂

∂r

(
r2
∂cf
∂r

)
(3.5)

The analytical solution is valid as long as the diffusion front has not yet reached the surrounding
walls, else equation 3.3 does not hold. Thus the difference between the simulation and analytical
result should be insignificant for short times. The instantaneous Sherwood number is given by:

Sh (t) = 2 +
2√
π

(
Df t

R2
p

)−0.5
(3.6)
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Table 3.1: Data used for the simulation of unsteady diffusion of mass to a single sphere where a
first-order irreversible reaction occurs.

Parameters Value Unit
Computational Domain 160× 160× 160 −
Mesh Size 2.5× 10−4 m
Timestep 1× 10−5 s
Sphere diameter 0.005 m
Species diffusivity 2× 105 m2/s
Initial concentration 1 mol/m3

The analytical concentration around the sphere as a function of time and distance from the sphere
surface is given by (full derivation is given in Appendix A):

cf = cf,0

(
1− Rp

r
(1− erf (η))

)
(3.7)

where η is:

η =
r −Rp√

4Df t
(3.8)

The dimensionless time, given by the Fourier number is defined as:

Fo =
Df

R2
p

t (3.9)

For the DNS simulation, a sphere was placed in a cubic box of 0.04 m. The parameters used in
the simulation are shown in Table 3.1.

In Table 3.2 the comparison between the analytical instantaneous and simulation Sherwood
number is shown. The relative difference between the analytical and simulation result decreases
with increasing Fourier number and shows good comparison. The significant deviation at the
initial timesteps can be explained by the extremely steep concentration profile close to the sphere
surface at low Fourier number, which the interpolation scheme is not able to fully capture. The
DNS Sherwood number is calculated by the following equation:

Shp =
Φm,f→s

4πR2
p (cf,0 − cs)

dp
Df

(3.10)

where Φm,f→s is the mass transfer rate, with the normal pointing out of the solid. The mass
transfer rate is calculated by integration of the concentration gradient over the whole sphere
surface:

Φm,f→s = −
∫∫

Sp

(−Df∇cf · n)dS (3.11)

The driving force of the Sherwood number calculation is defined as the difference between the
initial concentration and the sphere surface species concentration.

In Figure 3.1 the concentration of the fluid phase over increasing distance from the sphere can
be observed at different Fourier numbers, it shows good comparison with the analytical solution
(equation 3.6). The figure also shows that the diffusion front has not yet reached the walls, even
for higher Fo numbers. Most of the fluid still has the initial fluid concentration, even in this case
of an infinitely fast reaction.

In Figure 3.2 the concentration distribution around the sphere is shown. With an infinitely
fast reaction occurring at the particle surface, a very steep concentration gradient is observed.
The observed diffusion front is quite close to particle surface, even for this slightly higher Fourier
number.
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Table 3.2: Comparison between the analytical and simulation Sherwood number at different Fourier
numbers.

Fo Analytical DNS Relative Difference
0.0032 21.95 23.97 9.22 %
0.0064 16.10 17.36 7.82 %
0.0128 11.97 12.42 3.74 %
0.0192 10.14 10.36 2.09 %

Figure 3.1: Comparison of concentration profile for simulation and analytical results at different
Fourier numbers.

Figure 3.2: Concentration distribution around a sphere on which an infinitely fast surface reaction
occurs at Fo = 0.32.
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3.2 Test Case 2: A Single Particle under Forced Convection

In this second test case, we consider mass transfer to a sphere, where an irreversible infinitely fast
first-order chemical reaction is taking place. The sphere is located at the center of the domain
laterally, while it placed at a distance of 2 sphere diameters from the flow inlet. Fluid flows into
the system containing a single species at an inlet concentration of 1

[
mol/m3

]
. The equation of

heat and solid particle temperature are not considered for this test case. The parameters used for
the simulation can be observed in Table 3.3.

Free-slip conditions are applied to the boundaries of the system for the velocity field calculation,
while a Neumann boundary condition is applied to the species equation:

Df∇cf |Wall = 0 (3.12)

At the particle surface the Dirichlet boundary condition is imposed for the species equation:

cf |Particle = 0 (3.13)

Which corresponds to an infinitely fast reaction taking place at the particle surface, and mass
transfer limiting conditions. A uniform fluid velocity field is imposed at the inlet of the system,
while the pressure at the outlet is set at standard atmospheric pressure. For the species equation,
there is a zero slope condition at the outlet.

Nine different particle Reynolds numbers are used to determine the influence of the flow pattern
on the Sherwood particle number, and the results are compared with the Froessling correlation
[22], which is given by:

Shp = 2.0 + 0.6(Re)
1/2

(Sc)
1/3

(3.14)

The Reynolds and Schmidt number are respectively given by:

Re =
ρfu0dp
µf

(3.15)

Sc =
µf
ρfDf

(3.16)

A mesh convergence test was performed at Re = 200, where a resolution of 10,20 and 32 was
tested respectively. The mesh resolution is defined as the ratio of the particle diameter to the
grid size. The results of the mesh resolution test are given in Table 3.4 in which the steady state
Sherwood number is compared with the empirical Froessling correlation value. A resolution of
20 shows an excellent approximation of the mass transfer to a single sphere when accuracy and
computational time are considered.

Table 3.3: Data used for the simulation of unsteady diffusion of mass to a single sphere where an
infinitely fast reaction occurs.

Parameters Value Unit
Computational Domain 160× 160× 160 −
Mesh Size 2.5× 10−4 m
Timestep 1× 10−5 s
Sphere diameter 0.005 m
Fluid density 1 kg/m3

Fluid viscosity 2× 10−5 Pa · s
Species diffusivity 2× 105 m2/s
Initial concentration 1 mol/m3

Inlet concentration 1 mol/m3
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Table 3.4: Comparison of Sherwood number calculation between the Froessling correlation and
simulation results in mesh convergence tests.

Mesh Res DNS Froessling Relative Difference Amount of cells
10 9.02 1.05× 101 16.25 % 5.120× 105

20 1.05× 101 1.05× 101 0.22 % 4.096× 106

32 1.05× 101 1.05× 101 0.22 % 1.678× 107

Table 3.5: Comparison of Sherwood number calculation between the Froessling correlation and
simulation at different Reynolds numbers.

Re DNS Froessling Relative Difference
10 3.64 3.90 6.94 %
40 5.60 5.79 3.44 %
80 7.20 7.37 2.30 %
120 8.60 8.57 0.38 %
160 9.52 9.59 0.70 %
200 1.05× 101 1.05× 101 0.22 %
240 1.13× 101 1.13× 101 0.06 %
280 1.20× 101 1.20× 101 0.15 %
320 1.27× 101 1.27× 101 0.41 %

In Table 3.5 the comparison of the steady-state Sherwood particle number determined by the
DNS simulation, and the Froessling correlation is given. An increase in Sherwood particle number
is observed for higher particle Reynolds numbers, which indicates increased mass transfer from the
fluid to solid. Interesting is that the model appears to be able to predict the Sherwood number
with higher accuracy for higher Reynolds numbers.

The concentration distribution of each Reynolds number can be observed in Figure 3.3. Due to
the infinitely fast reaction occurring at the particle surface, a very distinct concentration change
can be observed. With increasing Reynolds number, the wake behind the sphere gets narrower,
while the boundary layer gets thinner. At Re = 320, circulation starts to appear in the wake
region.

Finally the drag coefficient Cd was compared with empirical value give by:

f =

(√
24

Re
+ 0.5407

)2

(3.17)

, the drag coefficient of the simulation was computed by:

Cd =
Fd(

1
2

)
ρu20Ap

(3.18)

where Ap is the reference area given by:

Ap =
πd2p
4

(3.19)

The results of the drag coefficient computation and comparison with the correlation is shown in
Table 3.6, from can be observed that with increasing inlet velocity the drag coefficient decreases.
Flow past a static sphere placed in an infinite domain, is considered to be a classical benchmark
problem. However in the current simulation the size of the system is quite small and cannot be
considered to be an infinite domain, which could explain the deviation from the drag coefficient
correlation.
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Figure 3.3: Concentration distribution around a sphere where a first-order irreversible reaction
occurs for nine different particle Reynolds numbers. First row, from left to right Re = 10,40 and
80. Second row from left to right Re = 120, 160 and 200. Third row, Re = 240, 280 and 320.

Table 3.6: Drag coefficient for flow past a sphere at different Reynolds particle numbers.

Re DNS Correlation Relative Difference
20 2.89 2.68 8.00 %
40 1.88 1.73 8.93 %
60 1.55 1.38 8.72 %
100 1.14 1.06 7.48 %
200 0.816 0.79 3.71 %
300 0.679 0.68 0.05 %
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Chapter 4

Results

Following the results of the verification tests, the results of four case studies are presented. The
thermal energy equation is considered, and heat and mass transfer are coupled through the solid
temperature equation:

VsCp,s
dTs
dt

= Φh,f→s + Φm,f→s (−∆Hr) (4.1)

The transfer of mass is directly influencing the transfer of heat through the irreversible exothermic
reaction occuring at the particle surface, but not vice versa.

The first case, unsteady diffusion of mass to a single sphere. The particle temperature rise given
by the simulations are compared with the analytical and exact solutions for different Damköhler
numbers. The second case, Heat and mass transfer to a single sphere under forced convection.
The steady-state particle temperature rise result from the model is compared with the empirical
value, for different flow patterns and reaction rates. Third case, three-bead reactor. The difference
in particle temperature development is shown for different Reynolds numbers, and the adiabatic
temperature rise is compared with the theoretical value. The fourth case, dense particle array, the
cup-average concentration and temperature of the simulations are compared with a 1D convection-
dispersion mode. Also is the Sherwood and Nusselt particle number distribution presented.

4.1 Unsteady Diffusion of Heat and Mass around a Single
Particle

For this case, a single sphere is positioned at the center of a quiescent fluid. There are only thermal
and species diffusion occurring. At the surface of the sphere, a first-order reaction is taking place.
The governing equations for unsteady mass and thermal energy diffusion are given by:

∂cf
∂t

= Df∇2cf (4.2)

ρfCp,f
∂Tf
∂t

= λf∇2Tf (4.3)

The species and thermal energy equations are coupled through the solid particle temperature:

VsCp,s
dTs
dt

= Φh,f→s + Φm,f→s (−∆Hr) (4.4)

For the species equation, the boundary condition at the sphere surface is a special case of the
general mixed boundary condition whereas the diffusion rate is equal to the rate of reaction:

Df
∂cf
∂n

= kcf (4.5)
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Table 4.1: Data used for the simulation of unsteady diffusion of heat and mass around a single
particle where a first-order irreversible reaction occurs.

Parameters Value Unit
Computational Domain 160× 160× 160 −
Mesh Size 2.5× 10−4 m
Timestep 1× 10−5 s
Sphere diameter 0.005 m
Fluid density 1 kg/m3

Fluid thermal conductivity 2.5× 10−2 W/ (m ·K)
Fluid heat capacity 1× 103 J/(kg ·K)
Particle volumetric heat capacity 1 × 103 J

/(
m3 ·K

)
Reaction enthalpy −1× 105 J/mol
Initial concentration 1 mol/m3

Initial fluid temperature 293 K
Initial sphere temperature 293 K

While the boundary condition for the thermal energy equation at the sphere surface is given by
the Dirichlet boundary condition:

Tf = Ts (4.6)

The boundary condition at the confining walls is set to a constant value which corresponds to
the initial concentration and temperature respectively. Simulations are run for sufficiently short
times, such that the diffusion fronts have not yet reached the confining walls. The parameters used
for the simulations are listed in Table 4.1. Simulations are performed at five different Damköhler
numbers, corresponding to two mass transfer limited systems and two kinetic limited systems, and
a system with a equivalent rate of mass transfer and reaction.

For comparison with the model temperature values, a numerical solution of the model composed
in the spherical symmetric is solve by a standard second order finite difference technique. The
governing equations of heat and mass transfer are respectively given by:

∂cf
∂t

=
Df

r2
∂

∂r

(
r2
∂cf
∂r

)
(4.7)

ρfCp,f
∂Tf
∂t

=
λf
r2

∂

∂r

(
r2
∂Tf
∂r

)
(4.8)

The heat and mass transfer required in particle energy equation are redefined as:

Φh,f→s = λf
∂Tf
∂r

∣∣∣∣
r=Rp

4πR2
p (4.9)

Φm,f→s = Df
∂cf
∂r

∣∣∣∣
r=Rp

4πR2
p (4.10)

Using equation 4.4, the exact steady state temperature of the solid is given by:

Ts = Tf,0 +
(−∆Hr) cf,0
ρfCp,fLe

(4.11)

where the Lewis number is given by:

Le =
Sc

Pr
(4.12)

In Table 4.2 the steady state particle temperature rise can be observed for different Damköhler
numbers. In general, a trend can be observed, with increasing Damköhler number, the particle
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Table 4.2: Comparison of the particle temperature rise between the analytical solution, the exact
solution and simulation result.

Temperature Rise [K]
Da = 0.01 Da = 0.1 Da = 1 Da = 10 Da = 100

Analytical 0.67 6.24 36.66 71.54 79.07
2nd order Finite Difference 0.66 6.19 36.89 72.55 80.21
Simultion DNS 0.67 6.25 38.34 73.38 80.95

temperature rise increases. The table also shows that good comparison is achieved between the
analytical and exact value with the simulation result. The very small temperature rise occurring
for Da = 0.01, can be attributed to the fully kinetically limited conditions, there is hardly any
surface reaction taking place.

Figure 4.1: Species concentration distribution around a sphere for 5 different Damköhler numbers.
From left to right, Da = 0.01 , 0.1 , 1, 10 and 100.

Figure 4.2: Temperature distribution around a sphere for 5 different Damköhler numbers. From
left to right, Da = 0.01 , 0.1 , 1, 10 and 100.

In Figure 4.1 and Figure 4.2, the species concentration and temperature distribution around
the sphere are shown, the lack of any reaction taking place at Da = 0.01 is very evident from these
figures. An increasingly steep concentration gradient is observed with increasing Damköhler num-
ber, which also translates into the temperature distribution. The solid temperature development
is shown in Figure 4.3. Kinetically limited conditions results in steady state particle temperatures
which are relatively close, the same occurs for the mass transfer limited conditions of Da = 10 and
100. The initial steep temperature rise can be attributed to the initial fast reaction occuring at
the particle surface, over time the transfer of mass decreases while the transfer of heat increases
resulting. Over time the amount of heat liberated due to transfer of mass and the amount of heat
transferred reach the same value, and a steady state solid temperature is obtained.
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Figure 4.3: Comparison of solid temperature development between different Damköhler numbers.

4.2 Heat and Mass Transfer to a Particle under Forced Con-
vection

In this second case, we consider convective heat and mass transport to and from a single sphere
placed in an enclosure, where an irreversible first-order chemical reaction is taking place at the
particle surface. The governing equations of the system are given by:

(∇ · u) = 0 (4.13)

∂ρfu

∂t
+ (∇ · ρfuu) = −∇p+ µf∇2u + ρfg (4.14)

∂cf
∂t

+ (∇ · cfu) = Df∇2cf (4.15)

ρfCp,f

[
∂Tf
∂t

+ (∇ · Tfu)

]
= λf∇2Tf (4.16)

The sphere is located at the center of the domain laterally, while it placed at a distance of 2 sphere
diameters from the flow inlet. The parameter values used for the simulation are given in Table
4.3.

The boundary conditions of the walls are set as zero flux Neumann boundary conditions for
both the species and thermal energy equation:

Df∇cf |Wall = 0 (4.17)

λf∇Tf |Wall = 0 (4.18)

while free-slip boundaries are imposed for the momentum equation. A uniform velocity is imposed
at the inlet, while standard atmospheric pressure is set at the outlet of the system. For the species
and thermal energy equation, a non-slope boundary condition is defined at the outlet.

For this simulation of a single sphere under forced convection, the influence of the flow pro-
file and reaction rate on the particle temperature development are assessed. Considering the
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Table 4.3: Data used for coupled heat and mass transfer to a single sphere under forced convection
where a first-order irreversible exothermic reaction occurs at the sphere surface.

Parameters Value Unit
Computational Domain 160× 160× 160 −
Mesh Size 2.5× 10−4 m
Timestep 1× 10−5 s
Sphere diameter 0.005 m
Fluid density 1 kg/m3

Fluid viscosity 2× 10−5 Pa · s
Species diffusivity 2× 105 m2/s
Fluid thermal conductivity 2.5× 10−2 W/ (m ·K)
Fluid heat capacity 1× 103 J/(kg ·K)
Particle volumetric heat capacity 1 × 103 J

/(
m3 ·K

)
Reaction enthalpy −1× 105 J/mol
Initial concentration 1 mol/m3

Initial fluid temperature 293 K
Inlet concentration 1 mol/m3

Initial sphere temperature 293 K
Fluid inlet concentration 1 mol/m3

Fluid inlet temperature 293 K

flow profile, six different Reynolds numbers are used. While for the reaction rate three different
Damköhler numbers are imposed, corresponding to a mass transfer limited system and a kinetic
limited system, and a system with an equivalent rate of mass transfer and reaction.

The steady-state concentration and temperature distribution around the sphere for each Damköhler
number and Reynolds number are shown in Figure 4.4 and Figure 4.5 respectively. From left to
right, the Damköhler number is 0.1, 1.0 and 10 respectively and from up to down, the Reynolds
number is 20, 40, 60, 100, 200 and 300 respectively. At kinetically limited conditions of Da = 0.1,
a very slight concentration change is observed, consequently the temperature change observed is
also small. At intermediate reaction rate of Da = 1 and mass transfer limited conditions of Da
= 10, the change in concentration observed is more profound. Along with increasing Reynolds
number, a decrease in concentration change is observed, hence the largest temperature change is
observed at the lowest Reynolds number. Furthermore, the boundary layer around the spheres
becomes thinner for both concentration and temperature, while the wake region behind the sphere
narrows. In the wake region, a circulation appears at Reynolds of 200 and 300, which would
develop into vertices at increased Reynolds numbers.

Under steady state conditions the rate of heat generated by reaction equals the rate of heat
transfer:

− Φh,f→s = Φm,f→s (−∆Hr) (4.19)

,where Φh,f→s is the fluid to solid heat transfer rate and Φm,f→s the fluid to solid mass transfer
rate. From this formula the empirical steady-state particle temperature is derived (derivation is
given in Appendix B), which is given by:

Ts = Tf,in +
2Da

2Da+ Shp

Shp
Nup

(−∆Hr)

ρfCp,fLe
cf,in (4.20)

Where Shp, Nup and Le are the Sherwood, Nusselt and Lewis number, respectively given by:

Shp = 2.0 + 0.6(Re)
1/2

(Sc)
1/3

(4.21)

Nup = 2.0 + 0.6(Re)
1/2

(Pr)
1/3

(4.22)
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Figure 4.4: Comparison of the species concentration distribution around a sphere for different
Damköhler and Reynolds numbers. From left to right, Da = 0.1 , 1 and 10. Up to down, Re =
20, 40, 60, 100, 200 and 300.
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Figure 4.5: Comparison of the temperature distribution around a sphere for different Damköhler
and Reynolds numbers. From left to right, Da = 0.1 , 1 and 10. Up to down, Re = 20, 40, 60
,100, 200 and 300.
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Table 4.4: Comparison of the steady-state particle temperature between the empirical and simula-
tion result for different Damköhler and Reynolds numbers.

Solid Temperature [K]
Re Da Empirical Simulation Relative Difference
20 0.1 296.42 296.65 0.08 %
20 1 317.97 319.73 0.56 %
20 10 360.60 363.59 0.83 %
40 0.1 295.80 295.99 0.07 %
40 1 314.54 315.74 0.38 %
40 10 358.08 360.60 0.70 %
60 0.1 295.46 295.57 0.04 %
60 1 312.48 313.39 0.29 %
60 10 356.21 358.25 0.57 %
100 0.1 295.06 295.14 0.03 %
100 1 309.91 310.52 0.20 %
100 10 353.39 354.67 0.36 %
200 0.1 294.59 294.62 0.01 %
200 1 306.60 306.89 0.09 %
200 10 348.72 348.80 0.02 %
300 0.1 294.35 294.38 0.01 %
300 1 304.83 305.01 0.06 %
300 10 345.55 344.91 -0.19 %

Le =
Sc

Pr
(4.23)

In table Table 4.4 the comparison of the empirical value of the solid temperature and the
DNS temperature is given. Good agreement is found for all Damköhler and Reynolds numbers.
Additionally, as observed in the temperature distribution, the highest particle temperature occurs
at the lowest Reynolds number, with particle temperature decreasing with increasing Reynolds
number and increasing with larger Damköhler number.

bn

4.3 Three-Bead Reactor

After analysis of the influence of the Damköhler and Reynolds number on the particle temperature
development, the system is extended to an in-line array of three spheres, the so-called three-bead
reactor. The first sphere is placed at a distance of two times the sphere diameter from the inlet,
while the subsequent spheres are placed in such a manner that the distance between sphere centers
is 1.5 times the diameter. Free-slip boundary conditions are enforced at the domain boundary
for the velocity calculation, while the Neumann boundary condition of non-penetrating walls is
imposed for the species and thermal energy calculation. In Table 4.5 the model parameters are
shown. For this case, the influence of the flow pattern on the difference of particle temperature
development of individual spheres is assessed under equivalent rate of reaction and diffusion, at
Da = 1. The adiabatic temperature rise will also be compared with the theoretical prediction.

The velocity distribution in the three-bead reactor is shown in Figure 4.6. A stagnant zone is
formed between consecutive spheres due to the presence of a sphere in the wake region of the prior
sphere. With increasing Reynolds number, the wake region behind the three spheres gets longer,
while the boundary layer around the three spheres gets narrower. The fluid passing between the
particle surface and the domain boundary has a higher velocity due to smaller area the flow has
to pass through, which will reduce the amount of mass transferred to the particle surface.
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Table 4.5: Data used for the simulation of coupled heat and mass transfer in a three-bead reactor.

Parameters Value Unit
Computational Domain 420× 40× 40 −
Mesh Size 2.5× 10−4 m
Timestep 1× 10−4 − 2× 10−5 s
Sphere diameter 0.005 m
Fluid density 1 kg/m3

Fluid viscosity 2× 10−5 Pa · s
Species diffusivity 2× 105 m2/s
Fluid thermal conductivity 2.5× 10−2 W/ (m ·K)
Fluid heat capacity 1× 103 J/(kg ·K)
Particle volumetric heat capacity 1 × 103 J

/(
m3 ·K

)
Reaction enthalpy −1× 105 J/mol
Inlet superficial velocity 0.24, 0.4 and 0.8 m/s
Initial concentration 1 mol/m3

Initial fluid temperature 293 K
Inlet concentration 1 mol/m3

Initial sphere temperature 293 K
Fluid inlet concentration 1 mol/m3

Fluid inlet temperature 293 K

In Figure 4.7 the concentration and temperature distribution at steady state are shown respect-
ively. From left to right, Reynolds = 60, 100 and 200. A thermal energy wave can be observed
moving through the three-bead reactor. Due to the exothermic reaction occurring at the surface
of the first sphere, it heats up. As a consequence, the fluid around the sphere is heated up. The
second sphere is heated up partially due to the partial conversion of the unreacted species at its
surface, but also due to the convective heat transfer originating from the first sphere. Consecut-
ively the third sphere is heated in the same manner. Since there is a stagnant zone in between
spheres, any transport of heat in this region solely happens due to diffusion, which explains the
built-up of heat in this zone.

In Figure 4.8, Figure 4.9 and Figure 4.10 the solid temperature development of each sphere
at three different Reynolds numbers is shown. The convective heat transfer from a sphere to the
consecutive sphere is observed, the first sphere reaches equilibrium quite quickly, with the second
and third sphere reaching equilibrium once the sphere prior has reached equilibrium. From the
graphs it can also be observed that the difference in temperature between the first and second
sphere is smaller than the difference between the second and third sphere. At the second sphere
and third sphere, the fluid is already heated by prior spheres. Thus there is a smaller driving
force for heat transfer. This can also be observed in the temperature distribution, with heated
fluid kind of shielding the second and third spheres. The reduced heat transfer of the second and
third spheres can also be observed by the dimensionless Nusselt number. In Table 12 the steady
state Nusselt number is shown for each particle under different flow patterns. Whereas the Nusselt
number is determined by the following expression:

Nu =
Φh,f→s

4πR2
p (Tf − Ts)

dp
λf

(4.24)
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Figure 4.6: Comparison of the normalized velocity distribution in a three-bead reactor for different
Reynolds numbers. From left to right, Re = 60, 100 and 200, the profiles are normalized using
their respective inlet velocity.

Figure 4.7: Comparison of the species and temperature distribution in a three-bead reactor for
different Reynolds numbers. From left to right, Re = 60, 100 and 200.
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Table 4.6: Comparison of the Nusselt number of individual spheres for different Reynolds numbers.

Re Sphere 1 Sphere 2 Sphere 3
60 6.40 4.33 3.78
100 7.66 5.08 4.43
200 9.77 6.42 5.69

The cup average concentration is defined as:

〈cf 〉 =

∫∫
Sf
u (x, y, z) cf (x, y, z) dydz∫∫

Sf
u (x, y, z) dydz

(4.25)

In case of constant fluid properties, the cup average temperature is defined as:

〈Tf 〉 =

∫∫
Sf
u (x, y, z)Tf (x, y, z) dydz∫∫

Sf
u (x, y, z) dydz

(4.26)

In figure Figure 4.11 the fluid phase cup average concentration and temperature are shown.
The observed conversion is quite low, which can be attributed to the intermediate reaction rate,
but also to relatively large space between the system walls and particle, in which the particle is
simply bypassed.

Figure 4.8: Comparison of particle temperature development over time for Re = 60.

The theoretical adiabatic temperature rise, given by Equation 4.27 is compared with the model
value in Table 4.7. Good similarity between the theoretical and model value is obtained.

∆Tadiabatic =
(−∆Hr) cf,inζf

ρfCp,f
(4.27)

Where ζ is the species conversion, obtained from the simulation.
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Figure 4.9: Comparison of particle temperature development over time for Re = 100.

Table 4.7: Comparison of the steady-state particle temperature between the empirical and simula-
tion result for different Damköhler and Reynolds numbers.

Adiabatic Temperature Rise[K]
Re Conversion Theoretical Simulation
60 5.55× 10−2 5.51 5.69
100 3.48× 10−2 3.48 3.59
200 1.91× 10−2 1.91 1.95

Figure 4.10: Comparison of particle temperature development over time for Re = 200.
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Figure 4.11: Comparison of the cup average fluid concentration and temperature over the reactor
length for different Reynolds numbers.
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4.4 Dense Particle Array

The particle array is created by the hard-sphere Monte-Carlo method and distributed in a random
configuration over the computational domain with a predefined solid phase packing density of
0.4. The first 60 cells and last 200 cells are used as inlet and outlet regions respectively, no
spheres are positioned in these regions to prevent problems with inlet flow development and outflow
recirculation. At the inlet, an uniform prescribed velocity field is imposed, corresponding to
Reynolds particle numbers of 60, 100, 200 and 600. The fluid entering the system has a uniform
species concentration of 1 mol/m3 and temperature of 293 K. Periodic boundary conditions are
imposed for the equations of momentum, species and thermal energy at the lateral boundaries of
the domain. While at the outlet the pressure is set at standard atmosphere pressure, and zero
gradient is imposed for both the species and thermal energy equation. The particle configuration
is shown in Figure 4.12.

Figure 4.12: Comparison of particle temperature development over time for Re = 200.

A mesh convergence test was performed for Rep = 200 and Rep = 600 conditions. The first
section of the full particle array was cut, the streamwise size was reduced by a factor of six,
while the lateral size was maintained. The average of the particle mass and heat transfer rate are
considered as a good quantitative indicator for the mesh convergence test. By extrapolating the
results of the performed simulations by a second order polynomial to the limiting case of infinite
mesh resolution, in which the grid size approaches zero.

The results of the mesh convergence test of Rep = 200 can be observed in Table 4.9, which
shows that the resolution of 20 when considering both accuracy and computational speed provides
an excellent approximation. So for the simulations of Reynolds particle numbers of 60, 100 and
200, a mesh resolution of 20 is used.

In Table 4.10 results of the mesh convergence test for particle Reynolds number of 600 is
shown, which shows that considering accuracy a mesh resolution of 32 is required to provide a good
approximation. In Figure 4.13 the velocity distribution for the central plane of the particle array
is shown. The preferred flow pathway in the particle array is identical for each inlet conditions.
However, the influence of the Reynolds particle number is observed in the outlet region after the
array. Where for Reynolds is 60 and 100 circulations are observed in the wake region, vortices
are developed for the Reynolds is 200 simulation and pseudo turbulent flow behaviour is observed
for the Reynolds is 600 simulation. The local flow velocity is very heavily influenced by the local
porosity of the bed, with higher velocities observed at regions of low porosity.
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Table 4.8: Data used for the simulation of a dense particle array for the simulations of particle
Reynolds number of 60, 100, 200 and 600.

Parameters Value Unit
Computational Domain Mesh Resolution = 20 860 × 100× 100 −
Computational Domain Mesh Resolution = 32 1376 × 160× 160 −
Mesh Size Mesh Resolution = 20 2.5× 10−4 m
Mesh Size Mesh Resolution = 32 1.5625× 10−4 m
Timestep 2× 10−5 − 2× 10−6 s
Sphere diameter 0.005 m
Fluid density 1 kg/m3

Fluid viscosity 2× 10−5 Pa · s
Species diffusivity 2× 105 m2/s
Fluid thermal conductivity 2.5× 10−2 W/ (m ·K)
Fluid heat capacity 1× 103 J/(kg ·K)
Particle volumetric heat capacity 1 × 103 J

/(
m3 ·K

)
Reaction enthalpy −1× 105 J/mol
Inlet superficial velocity 0.24, 0.4 and 0.8 m/s
Initial concentration 1 mol/m3

Initial fluid temperature 293 K
Inlet concentration 1 mol/m3

Initial sphere temperature 293 K
Fluid inlet concentration 1 mol/m3

Fluid inlet temperature 293 K

Table 4.9: Results of the mesh convergence test for Reynolds particle number of 200.

Mesh
Resolution

∆x Average Mass
Transfer

Error Average Heat
Transfer

Error

20 2.5× 10−4 −5.18× 10−7 4.14 % −5.17× 10−2 3.98 %
32 1.5625×10−4 −5.31× 10−7 1.62 % −5.31× 10−2 1.56 %
Infite 0 −5.40× 10−7 - −5.39× 10−2 -

Table 4.10: Results of the mesh convergence test for Reynolds particle number of 600.

Mesh
Resolution

∆x Average Mass
Transfer

Error Average Heat
Transfer

Error

20 2.5× 10−4 −5.51× 10−7 5.73 % −5.50× 10−2 4.93 %
32 1.5625×10−4 −5.71× 10−7 1.62 % −5.68× 10−2 1.93 %
Infite 0 −5.84× 10−7 - −5.79× 10−2 -
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Figure 4.13: Normalized velocity distribution in the central plane of the array, from top to bottom
Re = 60, 100, 200 and 600. Each normalized with their respective inlet velocity.

In Figure 4.14 and Figure 4.15 the concentration and temperature distribution for the central
plane of the particle array at Rep = 60, 100,200 and 600 are shown. Inside the particle the
concentration is zero, due to the assumption of non-porous particles with reactions only taking
place on the particle surface, while the actual temperature is shown for each particle. In general,
an increase in Reynolds particle number results in a higher interstitial velocity, thus lowering the
residence time and conversion and also decreasing the amount of heat generated. The formation
of hot-spots is primarily observed in the last third of the array for Rep = 60 , but also in a smaller
extend in the last section of the array for Rep = 100 . The fluid temperature in the section past
the array, shows uniform an uniform profile for the lower Reynolds numbers, while the effect of
vortices on the temperature profile can be observed for the Rep = 200 simulation and the pseudo
turbulent flow for the Rep = 600 is simulation.

The cup average concentration and temperature profile are compared with the results of a
1D-model, which has the following model equations. The species equation in the fluid phase,

∂εbcf
∂t

+
∂

∂x
(u0cf ) =

∂

∂x

(
εbDax

∂cf
∂x

)
− 6 (1− εb)

ShpDf

d2p
(cf − cs) (4.28)

the species in the solid phase,

∂

∂t
(cs) = 6

ShpDf

d2p
(cf − cs)− 2

DaDf

dp

6

dp
cs (4.29)

the temperature of the fluid phase,

∂

∂t
(εbρfCp,fTf ) +

∂

∂x
(u0ρfCp,fTf ) =

∂

∂x

(
εbλ

therm
ax

∂Tf
∂x

)
− 6 (1− εb)

Nuλf
d2p

(Tf − Ts) (4.30)

the temperature of the solid phase,

∂

∂t
(ρsCp,sTs) = 6

Nuλf
d2p

(Tf − Ts) + kv
6

dp
cs (−∆Hr) (4.31)
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Figure 4.14: Distribution of the concentration profile along the central plane of the particle array,
from top to bottom Re = 60, 100, 200 and 600.

Figure 4.15: Distribution of the temperature profile along the central plane of the particle array.
From top to bottom Re = 60, 100, 200 and 600.
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Table 4.11: Comparison of the pressure drop predicted by the simulation and Ergun for different
Reynolds numbers.

Pressure Drop [Pa]
Re Ergun Simulation Relative Difference
60 8.80 9.67 8.97 %
100 20.89 20.97 0.40 %
200 72.89 65.71 -10.92 %
600 592.00 384.34 -54.03 %

Where cf is the concentration of the fluid phase, cs is the concentration at the particle surface,
Tf is the temperature of the fluid phase, Ts is the temperature of the particle, and εb is the
void fraction of the bed. Dax is the axial dispersion coefficient of the species and λthermax is the
axial thermal conductivity computed from the cell model of Zehner and Schlnder [23]. The full
derivation of the model equations and calculation of the dispersion and conductivity coefficient is
given in Appendix C. The dimensionless Nusselt and Sherwood numbers can be calculated using
the Gunn equation:

Shs =
(
7− 10εb + 5ε2b

) (
1 + 0.7 Re1/5p Sc1/3

)
+
(
1.33− 2.40εb + 1.20ε2b

)
Re7/10p Sc1/3 (4.32)

Nus =
(
7− 10εb + 5ε2b

) (
1 + 0.7 Re1/5p Pr1/3

)
+
(
1.33− 2.40εb + 1.20ε2b

)
Re7/10p

1/3

Pr (4.33)

or mass and heat transfer data from the DNS model can be used as input. The comparison of the
cup-average concentration and temperature with the 1D-model using the equation of Gunn are
shown in Figure 4.16 and Figure 4.17 respectively .

From the figures can be observed that the same trend of the development of the profiles is
present for both concentration and temperature profile. For the concentration profile, with in-
creasing Reynolds number, the deviation between the simulation results and 1D-model increases,
which can be explained by the non-uniform flow patterns occurring inside the array for higher
Reynolds numbers. Curious is the smaller difference between the simulation and the 1D-model
for the Reynolds is 600 simulation when compared with the Reynolds is 200 simulation. However,
this behaviour can be explained by the larger error occurring for the Reynolds is 200 simulation
compared to the Reynolds is 600 simulation. In Figure 4.18 is the solid phase temperature com-
puted by the 1D-model over the length of the array of shown. The decrease in concentration over
the length of the reaction results in heating of the solid phase, which can be observed in the figure.

Since the pressure drop over the dense particle array is also computed, it is interesting to
compare the computed value with the well-known Ergun equation:

− dp

dz
= 150

(1− εb)2

ε3b

µu0
d2p

+ 1.75
ρf
dp

(1− εb)u20
ε3b

(4.34)

The comparison of the pressure drop predicted by Ergun and the simulation is shown in Table
4.11, the comparison between them is quite reasonable for Reynolds is 60, 100 and 200, but poorly
for Reynolds is 600.

The spatial distribution of the local Sherwood is given by the local Sherwood number in each
slice:

Shslice =
∇cf · n
〈cf 〉 − cs

dp (4.35)
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Figure 4.16: Comparison of cup-average concentration profile with the 1D-model over the length
of the array for different particle Reynolds numbers. In the figure, solid lines are results of the
simulation and dashed lines are the result of the 1D-model using the equation of Gunn.

Figure 4.17: Comparison of the cup-average temperature profile with the 1D-model over the length
of the array for different particle Reynolds numbers. In the figure, solid lines are the result of the
simulation and dashed lines are the result of the 1D-model using the equations of Gunn.
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Table 4.12: Comparison of the average Sherwood and Nusselt number between the Gunn correlation
and the slice-based calculation.

Sherwood Nusselt
Re Gunn Simulation Gunn Simulation
60 12.99 11.53 12.18 11.99
100 15.81 13.99 14.88 14.76
200 21.59 17.54 20.25 18.98
600 38.20 27.73 35.66 30.00

Figure 4.18: Temperature of the solid phase by the 1D-model over the length of the array for
different particle Reynolds numbers. The Gunn correlation was used for the computation of the
transfer coefficients.

where∇cf · n is the averaged concentration gradient at the sphere surface and cs is the averaged
surface concentration for all particle sections located in the slice. The spatial distribution of the
local Nusselt number is given by:

Nuslice =
∇Tf · n
〈Tf 〉 − Ts

dp (4.36)

, ∇Tf · n is the averaged temperature gradient at the sphere surface, Ts is the averaged surface
temperature for all particle sections located in the slice. The slice-based Sherwood and Nusselt
number distributions for Rep = 60, 100, 200 and 600 are shown in Figure 4.19 respectively and
the average values are shown in Table 4.12. The slice-based Sherwood and Nusselt number are
oscillating over the whole particle array. With increased Reynolds number an upward shift is
observed while the amplitude of the oscillation increases slightly.

The average Sherwood value shows a relatively large deviation from the value predicted by
Gunn, which can be attributed to the intermediate rate of reaction at the particle surface resulting
in a lower driving force for mass transfer and the equation of Gunn not being highly accurate. The
observed deviation of the Nusselt number is smaller, for low Reynolds numbers the comparison
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between Gunn and average slice-based Nusselt number is quite good. The deviation of the Nusselt
number increases with increasing Reynolds number, but still gives a reasonable agreement for the
Reynolds is 200 and 600 simulations.

The slice-based Sherwood and Nusselt number were used as an input for the 1D-model next
and compared with the simulation cup-average concentration and temperature profile and 1D-
model using the equation of Gunn in Figure 4.20. Since the slice-based average Sherwood and
Nusselt number were lower than Gunn, the 1D-model with slice-based transfer coefficients results
in a worse approximation of the final concentration and temperature compared with the result
using Gunn.

Next, the Sherwood and Nusselt number of individual spheres are computed by:

Shp =
Φm,f→s

4πR2
p (cf − cs)

dp
Df

(4.37)

Nup =
Φh,f→s

4πR2
p (Tf − Ts)

dp
λf

(4.38)

Where the driving force for the Sherwood number calculation is defined as the difference
between the local cup-average concentration and the average concentration of each sphere. For
the Nusselt number calculation the driving force is defined as the difference between the local cup-
average temperature and the average sphere temperature. Since most cells are not positioned at
a grid point, the weighted average of two neighboring grid points is used. The distribution of the
Sherwood and Nusselt number distribution is shown in Figure 4.21 and Figure 4.22 respectively.
For the Sherwood number distribution, a similar distribution is observed which shifts to higher
Sherwood numbers with increasing Reynolds number. For the Nusselt number distribution, a
sharp peak is obtained for the low Reynolds numbers which gets wider as the Reynolds number
increases. From both figures can also be observed that there is an significant variation in the
local particle Sherwood and Nusselt numbers in the array, which can be attributed to irregular
flow pattern in the dense particle array. The mean value of the Sherwood number distribution is
12.76 15.36, 18.87 and 28.42 ,and the standard deviation is 6.85, 7.05, 6.64 and 5.35 respectively.
For the Nusselt number distribution the mean value is 13.49, 16.14, 20.11 and 30.61, and the
associated standard deviation is 6.52, 6.61, 6.42 and 5.86. Similar to the slice-based Sherwood
and Nusselt numbers, the average Nusselt particle number is higher than the average Sherwood
particle number.

Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
Systems

37



CHAPTER 4. RESULTS

Figure 4.19: Distribution of the slice-based Sherwood (top) and Nusselt (bottom) number along
with the flow direction for different Reynolds numbers. The solid lines represent the simulation
results, the dotted line represents the corresponding average value, and the dashed line represents
the value of the Gunn equation.

38 Direct Numerical Simulation of Coupled Heat and Mass Transfer in Reactive Fluid-Particle
Systems



CHAPTER 4. RESULTS

Figure 4.20: Concentration and temperature profile along the length of the array. The solid line is
the cup-average data from the simulation, the dashed line is the 1D-model with transfer coefficients
from Gunn, and the dotted line is the 1D-model with the transfer coefficients per slide from the
DNS simulations.
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Table 4.13: Comparison of the average Sherwood and Nusselt number between the Gunn correlation
and the slice-based calculation.

Temperature Rise [K]
Re Conversion Theoretical Simulation
60 0.91 90.76 88.40
100 0.80 79.55 77.19
200 0.62 62.00 59.52
600 0.32 32.25 27.39

Next, the adiabatic temperature rise of the system was calculated (equation 4.27), where
the required conversion is taken from the simulation results. The comparison of the theoretical
adiabatic temperature rise and the model temperature rise are shown in Table 4.13. It shows good
similarity between the theoretical and simulation temperature rise, with the deviation increasing
with increasing Reynolds particle number.

Finally, the local fluid properties can also be computed from the simulation by:

φ (rp) =

∫∫∫
Vf
g (|ry − rp|)φ (ry) dVy∫∫∫
Vf
g (|ry − rp|) dVy

(4.39)

φ is the desired fluid variable and g (r) is a monotonically decreasing function of r given by:

g (r) = exp

[
−
(
r

Rp

)]
(4.40)

Where the integration domain is limited to a cube with sides of length 2 (1 + β)Rp with β = 4 ,
which corresponds to a box around each sphere center of 1×106 cells in case of the mesh resolution
of 20 and 4.096 × 106 for the mesh resolution of 32. The local particle Reynolds, Sherwood and
Nusselt numbers are then calculated by:

Rep =
ρfufdp
µf

(4.41)

Shp =
Φm,f→s

4πR2
p (cf − cs)

dp
Df

(4.42)

Nup =
Φh,f→s

4πR2
p (Tf − Ts)

dp
λf

(4.43)

where uf , cf and Tf are the local fluid velocity, concentration, and temperature respectively. The
local Reynolds particle number distribution is shown in Figure 4.23, with increasing inlet velocity
the distribution peak gets wider. With a very wide distribution for the Re = 200 simulation,
corresponding with increasing inhomogeneous flow behaviour in the dense particle array.
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Figure 4.21: Distribution of the local particle Sherwood number for Reynolds = 60, 100, 200 and
600.

Figure 4.22: Distribution of the local particle Nusselt number for Reynolds = 60, 100, 200 and
600.
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Figure 4.23: Local particle Reynolds number distribution in the particle array for different Reynolds
numbers.

For comparison of the obtained average local particle Sherwood and Nusselt numbers, some
well-known correlations were computed and refitted with the obtained simulation data. Rewriting
the Froessling and Ranz-Marshall equation [24] to exclude the effect of the Schmidt and Prandtle
number:

Shp − 2.0

Sc1/3
= 0.6 Re1/2p (4.44)

Nup − 2.0

Pr1/3
= 0.6 Re1/2p (4.45)

Due to the analogy between mass and heat transfer, both were fitted simultaneously. Refitting
the correlations with the average local particle Reynolds, Sherwood and Nusselt number results
in the following expression for mass and heat:

NT = 2.0 + 3.4127 Re0.3356p MT
1/3 (4.46)

Where MT is the Schmidt number when NT is the Sherwood number and MT is the Prandtl
number when NT is the Nusselt number. While the Froessling and Ranz-Marshall correlations
were derived for a single sphere under forced convection, it is still interesting whether a refitted
correlation could predict the transfer of heat and mass in a dense particle array. The comparison
between the original and refitted correlations, and simulation data is show in figure Figure 28,
which shows that the refitted correlations shows quite good estimation of the simulation data.
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Figure 4.24: Comparison of the Froessling and Ranz-Marshall correlations and the refitted correl-
ations. The solid lines are the correlations and the crosses are the simulation data points. The
top figure shows the Sherwood number and the bottom figure shows the Nusselt number.
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Rewriting the equation of Gunn for mass and heat transfer respectively (equations 4.32 and
4.33) to exclude the influence of Prandtl and Schmidt:

Shs −
(
7− 10εb + 5ε2b

)
Sc1/3

=
(
7− 10εb + 5ε2b

)
0.7 Re1/5p +

(
1.33− 2.40εb + 1.20ε2b

)
Re7/10p (4.47)

Nus −
(
7− 10εb + 5ε2b

)
Pr1/3

=
(
7− 10εb + 5ε2b

)
0.7 Re1/5p +

(
1.33− 2.40εb + 1.20ε2b

)
Re7/10p (4.48)

Refitting the Gunn correlation based on the input particle Reynolds number and average local
particle Sherwood and Nusselt number results into:

NT =
(
7− 10εb + 5ε2b

) (
1 + 2.31 Re0.1342p MT

1/3
)

+
(
1.33− 2.40εb + 1.20ε2b

)
Re0.6342p MT

1/3

(4.49)
,results in a quite reasonable fit of the simulation data, shown in Figure 4.25. The blue line is the
original Gunn correlation for mass and heat transfer respectively, with the red line the correlation
with new coefficients, and the blue crosses are the simulation data. The new refitted correlation is
able to give a better prediction of the trend observed from the simulation compared to the original
correlation of Gunn. With more simulation data at different inlet Reynolds particle numbers and
packing densities a more accurate correlation can be derived.
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Figure 4.25: Comparison of the Gunn correlation and the refitted Gunn correlation. The solid
lines are the Gunn correlations, the crosses are the simulation data points. The top figure shows
the Sherwood number and the bottom figure shows the Nusselt number.
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Chapter 5

Conclusions

In this thesis a ghost-cell based immersed boundary method was presented for performing direct
numerical simulation of mass and heat transfer problems in fluid-particle systems. In this method
the boundary condition is implemented at the exact position on the particle surface and incor-
porated in the discretized governing equations implicitly. The unique feature of this ghost-cell
IBM is that allows for the implementation of the general mixed boundary condition required for
chemical reactions. Assuming a first order irreversible exothermic reaction occuring at the particle
surface, the general mixed boundary condition can be rewritten into the Damköhler number for
surface reactions in fluid-particle systems. By changing different reaction rate coefficients, different
Damköhler numbers were implemented.

The model has been verified by two verification cases, where the thermal energy equation was
not considered. First, unsteady diffusion of mass to a single sphere and second, a single sphere
under forced convection. For both cases an infinitely fast reaction occurring at the surface of
sphere was assumed. The concentration profile and instantaneous Sherwood number had a very
good agreement with the analytical values for the unsteady diffusion case. While for the single
sphere under forced convection a good match between the Froessling correlation and simulation
result was achieved.

After the two verification cases, four different fluid-particle systems were simulated. First,
unsteady diffusion of heat and mass to a single sphere with a first order irreversible reaction
occurring at the particle surface. The effect of the Damköhler number on the solid particle
temperature rise was compared with the analytical solution and the result of a second order
finite difference scheme. With increasing Damköhler number a decrease of the concentration on
the particle surface was observed, while the increase in reaction rate resulted in a higher particle
temperature rise. DNS results showed good agreement with the behavior observed in the analytical
and finite difference solution.

Second, the transfer of heat and mass to a single sphere under forced convection. Simulations
were performed with two changing parameters, the particle Reynolds number and the Damköhler
number. With increasing Damköhler number an increase in species conversion was observed,
consequently, the amount of heat liberated was also increased. With increasing Reynolds number
an decrease in species conversion was observed, resulting in lower particle temperature. The
empirical particle temperature rise was compared with the simulation results, which showed very
good agreement.

Third, a three-bead reactor was studied. The adiabatic temperature of the system had a very
good agreement with the theoretical value. With increasing Reynolds number a decrease in species
conversion was observed, which can be attributed to the smaller residence time. As a result of the
lower conversion with increased Reynolds number, the observed solid temperature was also lower.
Each consecutive sphere was partially heated by the transfer of heat from the previous sphere, but
also due to the heat liberated at the particle surface. Subsequently, each consecutive particle had
a higher temperature.

Fourth, a particle array consisting of 865 particles was considered, while the influence of differ-
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ent inlet velocities was tested. Identical preferred flow pathways were observed for each Reynolds
number. As a result of the increased superficial velocity at higher Reynolds numbers, the res-
idence time decreased, thus lowering the species conversion. With increasing Reynolds number
the amount of heat liberated due to chemical reactions was also reduced, but hot-spot formation
was observed for the Reynolds is 60 simulation. The cup-average concentration and temperature
were compared with a 1D convection-dispersion model and reached a reasonable agreement. The
slice-based Sherwood and Nusselt numbers were computed, which showed good agreement with
Gunn for the Nusselt number, and reasonable agreement in case of the Sherwood number. The
particle Sherwood and Nusselt number distribution were also computed, with increasing Reynolds
number the mean Sherwood and Nusselt number shifted to the right, corresponding with increased
mass and heat transfer. The local particle Reynolds, Sherwood and Nusselt numbers were also
computed and compared with the Gunn correlation. The Froessling, Ranz-Marshall and Gunn
correlations were refitted based on the simulation data to obtain a more accurate correlation for
closures of coarser scale models. However, more simulations with different packing densities are
required to obtain a more accurate refitted correlation.

Due to the computational cost for resolving of fluid-particle interactions in dense particle
arrays, simulations of smaller scaled periodic systems are of high interest. Such systems would
allow the transfer of heat and mass in dense particle systems to be studied at significant less
computational cost. The influence of intra-particle temperature gradients could be added to the
model, since particles are generally larger when a fluidized bed instead of a packed bed reactor is
used. The effect of different Damköhler numbers on the development of temperature in the dense
particle array could be investigated. In the current model, the kinetics are not dependent on
temperature, implementation of Arrhenius would allow the effect of temperature to be assessed in
a more realistic manner. Furthermore, the system could be expanded in a multicomponent species
system, where the effect of multiple species on the reaction rate could be checked. Finally, the
kinetics from experimental data could also be implemented. Combined with a multicomponent
species system, DNS could directly be compared with experimental research.
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Appendix A

Analytical Solution of Unsteady
Diffusion of Mass to a Sphere

The unsteady diffusion of species in a quiescent fluid towards a sphere is given by:

∂cf
∂t

=
Df

r2
∂

∂r

(
r2
∂cf
∂r

)
(A.1)

The initial condition is given by:
cf |r>Rp,t=0 = cf,0 (A.2)

The boundary conditions are given by:

cf |r=∞,t>0 = cf,0 (A.3)

cf |r=Rp,t>0 = 0 (A.4)

Put

c =
cf,0 − cf
cf,0

, the governing equation becomes:

∂c

∂t
=
Df

r2
∂

∂r

(
r2
∂c

∂r

)
(A.5)

With initial and boundary conditions:

c|r>Rp,t=0 = 0 (A.6)

c|r=∞,t>0 = 0 (A.7)

c|r=Rp,t>0 = 1 (A.8)

Put c = f
r the governing equation is simplified to:

∂f

∂t
= Df

∂2f

∂r2
(A.9)

With initial and boundary conditions:

f |r>Rp,t=0 = 0 (A.10)

f |r=∞,t>0 = 0 (A.11)
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APPENDIX A. ANALYTICAL SOLUTION OF UNSTEADY DIFFUSION OF MASS TO A
SPHERE

f |r=Rp,t>0 = Rp (A.12)

Introduce a distance relative to the sphere surface y = r −Rp:

∂f

∂t
= Df

∂2f

∂y2
(A.13)

Assume that f is a function of η given by:

η =
y√

4Df t
(A.14)

Left-hand side:
df

dt
=
df

dη

dη

dt
= −1

2

y√
4Df t

1

t

df

dη
(A.15)

df

dt
= −1

2

η

t

df

dη
(A.16)

Right-hand side:
df

dy
=
df

dη

dη

dy
=

1√
4Df t

df

dη
(A.17)

Df
d2f

dy2
= Df

d

dy

(
1√

4Df t

df

dη

)
(A.18)

Df
d2f

dy2
=

Df√
4Df t

d

dy

(
df

dη

)
=

1

4t

d2f

dη2
(A.19)

Combining both halves of the equation yields:

− 1

2

η

t

df

dη
=

1

4t

d2f

dη2
(A.20)

d2f

dη2
+ 2

df

dη
= 0 (A.21)

Initial and boundary conditions are given by:

η = 0, f = Rp (A.22)

η =∞, f = 0 (A.23)

When we choose Ψ = df
dη and solve it, which results in:

Ψ =
df

dη
= C1 exp

(
−η2

)
(A.24)

Integrating second-time yields:

f = C1

η∫
0

exp
(
−η2

)
dη + C2 (A.25)

Using the first condition yields:
C2 = Rp (A.26)

f = C1

η∫
0

exp
(
−η2

)
dη +Rp (A.27)
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SPHERE

Using the second condition yields:

C1 = − Rp
∞∫
0

exp (−η2) dη

(A.28)

Combining both constants yields:

f = Rp −Rp

η∫
0

exp
(
−η2

)
dη

∞∫
0

exp (−η2) dη

= Rp (1− erf (η)) (A.29)

Finally yields the analytical concentration profile:

cf = cf,0

(
1− Rp

r
(1− erf (η))

)
(A.30)
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Appendix B

Steady-state Solid Temperature

Single sphere in fluid flow, the reaction rate is governed by the Damkhler number, given by:

Da =
kvRp
Df

(B.1)

Consider the solid particle temperature:

VsCp,s
dTs
dt

= Φh,f→s + Φm,f→s (−∆Hr) (B.2)

During steady state:
− Φh,f→s = Φm,f→s (−∆Hr) (B.3)

αhas (Ts − Tf ) = kmas (cf − cs) (−∆Hr) (B.4)

Ts = Tf +
km (cf − cs)

αh
(−∆Hr) (B.5)

The mass and heat transfer coefficient can be calculated by the Froessling and Franz-Marshall
correlation respectively given by:

Shp =
kmdp
Df

= 2.0 + 0.6(Rep)
1/2

(Sc)
1/3

(B.6)

Nup =
αhdp
λf

= 2.0 + 0.6(Rep)
1/2

(Pr)
1/3

(B.7)

By inserting the expression for the mass and heat transfer coefficient into equation B.5:

Ts = Tf +
ShpDf

Nupλf
(cf − cs) (−∆Hr) (B.8)

Ts = Tf +
Shp
Nup

(cf − cs) (−∆Hr)

ρfCp,fLe
(B.9)

Where the Lewis number defined as the ratio of thermal and mass diffusivity given by:

Le =

λf

ρfCp,f

Df
=
Sc

Pr
(B.10)

During steady state, there is no species accumulation on the particle surface, so the rate of reaction
is equal to the rate of mass transfer to the sphere:

kmas (cf − cs) = kvascs (B.11)
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ShpDf (cf − cs) = 2DaDfcs (B.12)

cs (2DaDf + ShpDf ) = ShpDfcf (B.13)

cs =
Shp

2Da+ Shp
cf (B.14)

Insert equation B.14 in equation B.9:

Ts = Tf +
Shp
Nup

(
1− Shp

2Da+Shp

)
(−∆Hr)

ρfCp,fLe
cf (B.15)

Finally yields the steady state particle temperature as a function of Damkhler, Nusselt, and
Sherwood:

Ts = Tf +
2Da

2Da+ Shp

Shs
Nus

(−∆Hr)

ρfCp,fLe
cf (B.16)
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Appendix C

1D-Model Equations

C.1 Fluid Phase Species Equation

The fluid phase species equation for the 1D model is given by:

∂εbcf
∂t

+
∂

∂x
(εbvcf ) =

∂

∂x

(
εbDax

∂cf
∂x

)
− kmas (cf − cs) (C.1)

Where v is the interstitial velocity given by:

v =
u0
εb

(C.2)

and is the axial dispersion coefficient calculated by:

Dax =
Df

τ
+

1

2
vdp =

Df

τ
+

1

2

u0
εb
dp (C.3)

Dm is the molar diffusion coefficient. The mass transfer coefficient km and the sphere contact area

as

are respectively given by:

Shp =
kmdp
Df

(C.4)

as =
6 (1− εb)

dp
(C.5)

Using the equations above, equation C.1 can be rewritten into:

∂εbcf
∂t

+
∂

∂x
(u0cf ) =

∂

∂x

(
εbDax

∂cf
∂x

)
− 6 (1− εb)

ShpDf

d2p
(cf − cs) (C.6)

C.2 Solid Phase Species Equation

The species accumulation on the sphere surface is given by:

∂

∂t
((1− εb) cs) = kmas (cf − cs)− kvascs (C.7)

Inserting the expression for mass transfer yields:

∂

∂t
(cs (1− εb)) = 6 (1− εb)

ShpDf

d2p
(cf − cs)− kv (1− εb)

6

dp
cs (C.8)
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The Damkhler number is given by:

Da =
kvRp
Df

(C.9)

Inserting the Damkhler number in equation C.8 results into:

∂

∂t
(cs) = 6

ShpDf

d2p
(cf − cs)− 2

DaDf

dp

6

dp
cs (C.10)

C.3 Fluid Phase Thermal Energy Equation

∂

∂t
(εbρfCp,fTf ) +

∂

∂x
(u0ρfCp,fTf ) =

∂

∂x

(
εbD

therm
ax

∂Tf
∂x

)
− αhas (Tf − Ts) (C.11)

The heat transfer coefficient αh is given by:

Nu =
αhdp
λf

(C.12)

Inserting the expression for the heat transfer coefficient yields:

∂

∂t
(εbρfCp,fTf ) +

∂

∂x
(u0ρfCp,fTf ) =

∂

∂x

(
εbD

therm
ax

∂Tf
∂x

)
− 6 (1− εb)

Nuλf
d2p

(Tf − Ts) (C.13)

Where the thermal axial dispersion coefficient Dax is given by:

Dtherm
ax = λax,eff (C.14)

The total effective thermal conductivity consists of static and dynamic contributions:

λax,eff = λstat + λax,dyn (C.15)

The static contribution is due to conduction through the fluid and solid. Using the cell model of
Zehner and Schlnder:

λstat
λf

=
(
1−
√

1− εb
)

+
√

1− εb {ωA+ (1− ω) Γ} (C.16)

With:

Γ =
2(

1− B
A

) { (A− 1)(
1− B

A

)2 BA ln

(
A

B

)
− (B − 1)(

1− B
A

) − 1

2
(B + 1)

}
(C.17)

A =
λs
λf

(C.18)

B = 1.25

[
1− εb
εb

]10/9
, ω = 0.00726 (C.19)

λf , λs are the microscopic conductivity of the fluid and the solid phase respectively. The dynamic
contribution to the thermal conductivity is mainly due to dispersion:

λax,dyn
λf

=
1

2
Pethermm =

1

2

Rep Pr

εb
(C.20)

C.4 Solid Phase Thermal Energy Equation

∂

∂t
((1− εb) ρsCp,sTs) = αhas (Tf − Ts) + kvascs (−∆Hr) (C.21)

Inserting the Damkhler and Nusselt number results into:

∂

∂t
(ρsCp,sTs) = 6

Nuλf
d2p

(Tf − Ts) + kv
6

dp
cs (−∆Hr) (C.22)
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1D-Model Parameters
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Table D.1: Data used for the 1D convection-dispersion model.

Parameters Value Unit
Amount of cells 10000 -
Timestep 1× 10−4 s
Sphere diameter 0.005 m
Fluid density 1 kg/m3

Fluid viscosity 2× 10−5 Pa · s
Species diffusivity 2× 105 m2/s
Fluid microscopic conductivity 2.5× 10−2 W/ (m ·K)
Fluid heat capacity 1× 103 J/(kg ·K)
Particle volumetric heat capacity 1 × 103 J

/(
m3 ·K

)
Reaction enthalpy −1× 105 J/mol
Inlet superficial velocity 0.24, 0.4, 0.8 and 2.4 m/s
Initial concentration 1 mol/m3

Initial fluid temperature 293 K
Inlet concentration 1 mol/m3

Initial sphere temperature 293 K
Fluid inlet concentration 1 mol/m3

Fluid inlet temperature 293 K
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