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TECHNISCHE UNIVERSITEIT EINDHOVEN

Abstract
Department of Mathematics and Computer Science

Master of Science

Turing Kernelization for finding long paths and cycles

by Rui Hu

In computer science, an NP-hard problem is regarded as ’so hard’ that no algorithm
can solve it quickly. In order to improve the efficiency, we would like to pre-process
the problem. If the preprocessing guarantees that it can reduce the size of the prob-
lem, as well as maintain the answer to the problem unchanged, then we call such
preprocessing as ’kernelization’ and we say such problem admits a ’kernel’. If the
answer to the problem has size k, we desire its size to be reduced to some polyno-
mial in k, after the kernelization.

As preprocessing, we want to create a smaller instance quickly without changing
its answer. However this seems impossible for some problems, since the existence
of these kernelizations violates some commonly believed complexity-theoretic as-
sumptions. As an alternative, we try a preprocessing in a different way: we first split
the instance of the hard problem into small pieces, with each piece of size poly(k).
We can solve each piece separately (and quickly), and solve the complete problem
from the combination of answers to all pieces. This is formalized in the notion of
Turing kernelization.

In this thesis we work on designing Turing Kernelization for two problems, namely
the k-cycle problem and the k-path problem. Following Jansen’s Decompose-Query-
Reduce framework, we achieve a polynomial Turing Kernel for the k-cycle problem
where every piece has size O(k2), as well as a polynomial Turing Kernel for the k-
path problem where every piece has size poly(k). We also show an idea that may
improve the size of pieces to O(k) for the k-cycle problem.

HTTP://WWW.TUE.NL
https://www.tue.nl/en/university/departments/mathematics-and-computer-science/
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Chapter 1

Introduction

1.1 Background

In computer science, a NP-hard problem means it is so hard that no algorithm can
solve it quickly. The difficulty of an instance of a NP-hard problem is not just deter-
mined by its total size n, but can also depend heavily on other aspects such as the
solution size or the amount of structure that is presents in the instance. To develop
exact algorithms that are probably efficient on inputs that are large but not difficult,
we use parameterized complexity. We call a decision problem as a parameterized problem
if a parameterization is chosen. That is, for every instance of the decision problem,
a non-negative integer called parameter is given, and such parameter determines the
complexity of the instance in some way.

A parameterized problem is formed by a question Q and a parameter k. Instead of
finding all elements satisfying the question Q, in parameterized problems we only
need to find whether there exist at least k elements that fulfillingQ. A parameterized
problem is indeed faster to be solved, as we can at least ’brute force’ try every set of
elements of size k and see whether this set satisfies Q, in O(nk) time, where n is the
total size of elements contained in Q1. Compared with the fact that a NP-hardness
problem has a superpolynomial running time in n, we can maintain an ’almost’ poly-
nomial running time to answer a parameterized problem, if we can maintain a small
value of k.

However, we want the problem to be solved even more efficiently. Therefore we con-
sider doing some preprocessing so as to reduce the size of input n of the problem.
If a preprocessing guarantees that it can reduce any input size n to some polyno-
mial in parameter k, meanwhile maintain the answer to the parameterized problem
unchanged, then we call this preprocessing as a polynomial kernelization, and we say
that the parameterized problem admits a polynomial kernel.

As preprocessing, we desire a kernelization creating smaller instances from parame-
terized problems without changing its answer as fast as polynomial time. However
this seems to be impossible for some problems, since the existence of these kerneliza-
tions violates some commonly believed complexity-theoretic assumptions.[23] As an
alternative, we try a preprocessing in a different way: we first split the instance of the
hard problem into small pieces whose size is in polynomial of k. We can solve each
piece separately (and quickly), and solve the complete problem from the combina-
tion of answers to all pieces. This is formalized in the notion of Turing kernelization.

1We also call n as the size of input of question Q
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1.2 Research questions

In this thesis we research on how to design Turing kernelizations for two parameter-
ized problems, the k-cycle problem and the k-path problem, as they are announced
not likely to admit regular polynomial kernelizations [26].

In the following we introduce these two problems:

• The k-cycle problem:

Input: A graph G with n vertices

Parameter: An integer k

Question: Does G contain a cycle of length at least k?

• The k-path problem:

Input: A graph G with n vertices

Parameter: An integer k

Question: Does G contain a path of length at least k?

Both of them are NP-complete problems [6]. As variations of the Hamiltonian cy-
cle problem, both problems are still hard even in planar graphs [10]. Besides, both
problems are known in fixed parameter tractable complex class [13].

1.3 Our contribution

In this thesis, we split an instance of the problems into pieces, by transforming an
input planar graph into its quasi-4-tree decomposition. As every piece is almost
quasi-4-connected, we use the fact that a quasi-4-connected graph is assured to con-
tain a long cycle, if it has too many vertices, so as to give an upper bound of the size
of each piece. We managed to achieve a polynomial Turing Kernel for the k-cycle
problem where every piece has size O(k2) with the help of a self-reduction algo-
rithm. It is noticeable that our results are only available on planar graphs, as several
theorems applied are only available on planar graphs.

We finally come to an idea that may improve the size of pieces to O(k) for the k-cycle
problem.

1.4 Related work

The first systematic work on parameterized problems is done by Downey and Fel-
lows in 1999[9]. Another widely accepted definition was given by Flum and Grohe
in 2006[12]. Along with that quite a lot of problems are found admit polynomial
kernelizations [19, 20, 21, 14, 22]. Meanwhile research also shows that, some other
problems admits a polynomial kernel, only if in complexity theory it satisfies NP ⊆
coNP/poly, which means these problems are impossible to have polynomial kernel-
iztions under current widely accepted assumptions[8, 4, 2]. Designing polynomial
kernels for these problems slowed down during years.
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People started to work on Turing kernelization since more than five year ago. In the
beginning, Bodlaender et al. asked that, what will happen if we are not restricted
to reduce the size by designing a kernel for the whole problem, but by dividing the
problem into pieces? [5] Fernau et.al soon showed such concept is available for de-
signing polynomial (Turing) kernels for the K-LEAF OUT-TREE problem while that
problem does not admit a polynomial kernel unless NP ⊆ coNP/poly [11].

As it is nature to ask whether the similar trick can be used to design polynomial Tur-
ing kernelizations for the k-cycle problem and the k-path problem, Jansen showed
polynomial Turing Kernelizations for both questions [18] in 2017. His research sug-
gests that we may design a Turing Kernelization of smaller size for both problems, if
we can split a (planar) graph into strongly-connected pieces. As he used the theorem
that, every graph has a tri-connected Tutte decomposition [24], he reached the result
that the k-cycle problem admits a Turing Kernel of size O(k2.58). It is noticeable that
such theorem has been developed over 40 years ago. After months of publication of
Jansen’s research, it published another research shows that every graph has a quasi-
4-tree decomposition in polynomial time [15]. As quasi-4-connected pieces are even
more strongly connected, we come to this thesis to find a better Turing Kernelization.

1.5 Organization

In Chapter 2 we give preliminaries on parameterized complexity, graph theory and
Turing Kernel. In Chapter 3 we present a polynomial Turing Kernel for the k-cycle
problem and the k-path problems in Chapter 4. In Chapter 5 we are going to give
a hopeful method in finding Turing Kernel for the k-cycle problem that which has
even smaller size pieces. We will give a short conclusion for this report as well.
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Chapter 2

Preliminaries

2.1 Parameterized complexity and kernels

Let X be a set and n be a non-negative integer. We use (X
n) denote the collection

of subsets of X of size n. Let Σ be a finite alphabet. A parameterized problem Q
is a language L ⊆ Σ∗ ×N. The second component k ∈ N is called the parameter.
A parameterized problem is fixed-parameter tractable if problem ’Is (x, k) ∈ Q?’ can
be determined in time O( f (k) · |x|O(1)), where f is a computable function that only
depends on k.

Definition 1. [1] A polynomial kernelization algorithm for a parameterized problem
Q is an algorithm A, that transforms inputs (x, k) of Q to inputs (x′, k′) of Q, such
that:

1. the algorithm uses time polynomial in |x|+ k;

2. the algorithm transforms inputs to equivalent inputs: (x, k) ∈ Q ⇐⇒ A(x, k) ∈
Q;

3. k′ ≤ k

4. |x′| ≤ f (k) for some function f: the value of the new parameter and the size of
the new input are bounded by a function of the value of the old parameter

When used without adjective, the term kernel used in this article refers to a regular
polynomial kernelization defined as Definition 1.

2.2 Turing kernelization

Now we are going to discuss about Turing Kernel. A Turing kernel is a kernel that
splits an instance of a problem into pieces of size poly(k), and solve every piece
with the help of an oracle that can gives YES/NO answer to some problem Q′ in
constant time. Furthermore, the answer to the complete problem can be obtained
from combining answers to these pieces. More formally,

Definition 2. Let Q be a parameterized problem and let f := N → N be a com-
putable function. A Turing Kernelization for Q of size f is an algorithm that decides
whether a given instance (x, k) ∈ Σ∗ ×N is contained in Q in time polynomial in
|x| + k, when given access to an oracle that decides membership in Q for any in-
stance (x′, k′) with |x′|, k′ ≤ f (k) in a single step.

Note that in the remaining part of this thesis we call the maximum value of |x′|,
i.e., the maximum size of instances that sent to the oracle, as the size of a Turing
Kernelization.
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2.3 Graphs

An undirected graph G is described by a vertex set V(G) and an edge set E(G),
where every edge consists of two different vertices from V(G). We use G[X] to ex-
press the induced subgraph obtained from G with the vertex set X ⊆ V(G), and we
write H ⊆ G, if G contains H as a subgraph. We use G− X to express the subgraph
induced by V(G) \ X. The neighborhood of a vertex v in graph G is the set of ver-
tices X, such that for every x ∈ X, {x, v} ∈ E(G), which is remarked as NG(v). We
write directly N(v) if there is only one graph in the context. The degree of a vertex is
deg(v) = |NG(v)|.

Graph H is a minor of graph G if H can be obtained from a subgraph of G by con-
tracting edges. H is a topological minor of G if it can be obtained from a subgraph of
G by recursively replacing a degree-2 vertex by an edge between its neighbors.

For any connected graph G, vertex set W ⊆ V(G) is called n-separator if G −W is
disconnected and |W| = n. A minimal separator in a connected graph G is a vertex set
W ⊆ V(G), such that G− S is disconnected and for any S′ ⊂ S, G− S′ is connected.
Graph G is 3-connected if it has more than 3 vertices, and is remaining connected if
less than 3 vertices are removed. G is essentially 4-connected1 if G is 3-connected, and
after removing any 3-separator W, one component of G −W is a single vertex. A
separation of a graph G is a pair (A, B) of subsets of V(G) such that A ∪ B = V(G)
there is no edge between A − A ∩ B and B − A ∩ B. The order of a separation is
|A ∩ B|.

A walk in graph G is a sequence of vertices v1, v2, .., vk where {vi, vi+1} ∈ E(G) for
every i ∈ [1, k− 1]. A path is a walk that in which every vertex is unique. An xy-walk
is a walk such that v1 = x, vk = y. Similarly, a xy-path is a path that v1 = x, vk = y.
Vertices x, y are endpoints of xy-walks/paths, and an x-path is a path that includes x
as an endpoint.

The length of a path is its number of edges. The interior vertices of a path v1, v2, ..., vk−1, vk
are v2, ..., vk−1. A cycle is a v1vk-path, where v1 = vk and its length is its number of
edges.

2.4 Tree Decompositions

In this thesis we split a graph G into small pieces based on its Quasi-4-tree decom-
position, therefore we need to briefly introduce the technique and some facts about
tree decompositions.

Definition 3 ([3]). A tree decomposition of G = (V, E) is a pair (T, {Xi | i ∈ I}),
where {Xi | i ∈ I} is a collection of subsets of V and T = (I, E) is a tree such that:

1.
⋃

i∈I Xi = V

2. for all {u, w} ∈ E, there exists an i ∈ I such that u, w ∈ Xi, and

3. for all i, j, k ∈ I with j on the path in T from i to k we have Xi ∩ Xk ⊆ Xj

1Also called quasi-4-connected
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The treewidth of a tree decomposition (X , T) is maxi∈I |Xi| − 1 and the treewidth of
a graph G is the minimal treewidth over all tree decompositions of it. A tree T is
a rooted tree if some node i ∈ V(T) does not have a parent. In a rooted tree T,
we write X (T[j]) as the bags of a subtree of T that rooted at Xj. The adhesion of a
tree decomposition is max{i,j}∈E(T)|Xi ∩ Xj| and if a tree T has no edges we regard
the adhesion of T as 0. In the remaining part of this thesis we use the phrase ’the
adhesion of Xi and Xj’ to express |Xi ∩ Xj|, when Xi and Xj are two connected bags
of a tree T. The torso of a bag Xi is a graph TORSO(G,Xi) obtained from G[Xi], by
adding an edge between every pair of vertices p, q ∈ Xi, if there is a pq-path in G,
whose internal vertices do not belong to Xi.

1

2

3

4 5

1

2

4

5

A

3

1

2

B

FIGURE 2.1: Consider a tree decomposition (T, {A, B})of a simple
graph with 5 vertices. Note that for both bag A and B, we need to add
an edge between vertex 1 and 2 in graph Torso(G, A) and Torso(G, B),
as {1, 2} is an adhesion and for each bag, there exists 12-path whose

interior vertices are not covered by that bag.

2.5 Quasi-4-tree decomposition

In the thesis we use the fact that every graph has a quasi-4-tree decomposition and
therefore we introduce the idea of quasi-4-decomposition.

Theorem 2.5.1 ( [15]). Every graph G has a tree decomposition (T,X ) of adhesion
at most 3 such that for all tree nodes Xi the torso TORSO(G,Xi) is a minor of G that
is either quasi-4-connected or a complete graph of order at most 4, and such that for
each edge i, j ∈ E(T) the set X(i) ∩ X(j) is a minimal separator in G.
Furthermore, this decomposition can be computed in cubic time.

By theorem 2.5.1 we can split a graph G into some quasi-4-connected pieces in poly-
nomial time. Specifically, if G is a planar quasi-4-connected graph, it preserves the
following theorem:

Theorem 2.5.2 ([16]). Let G be a quasi-4-connected planar graph on n ≥ 11 vertices
and C be a longest cycle of G, then |V(C)| ≥ 1

2 (n + 4).

Using theorem 2.5.2 we may find an upper bound of the size of every bag of the tree
decomposition of G, such that if any bag has more vertices than such upper bound
we can announce G has a k-cycle directly.
Finally, we also need the following lemmas in this thesis:

Lemma 2.5.3. Let (T,X ) be a tree decomposition of a graph G. Let node j be a child
of node i and X (i) ∩X (j) = {x, y, z}. If u ∈ X (T[j])\X (i), then the connected com-
ponent C of G− {x, y, z} that contains u satisfies V(C) ∩ X (i) = ∅.
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9

(a) An example of a
graph G

6

3

8

7

1

3
4

5

6

8

5

4

8

9

1 2

4

5

A

C

B

D

(b)Example of quasi-
4-tree decomposition

of G

FIGURE 2.4: (a) shows an example of a graph G. Such graph has
vertex set as {1, ..9} and an edge set. (b) shows a quasi-4-tree decom-
position of G. Edges in dashed lines are added in the torso. Observe
the torso is either a complete graph of order at most 5 (node b, c, d),

or is quasi-4-connected (node a).

Proof. We prove the claim by showing that for every v ∈ X (i), v 6∈ V(C). Let u
∈ X (T[j])\X (i), and pick an arbitrary vertex v ∈ X (i). If v ∈ {x, y, z} then it is triv-
ial that v 6∈ V(C) since C ⊆ G − {x, y, z}. Next we assume that v ∈ X (i)\{x, y, z},
note that v 6∈ X (T[j]) since it is not an element of the adhesion. Assume that both
u, v ∈ V(C), then there is a uv-path P in C since C is a connected component and
every edge in P must be covered by some node of the tree decomposition. Since the
two ends of P belong to X (i)\X (T[j]) and X (T[j])\X (i), then we can always find
two vertices p, q on P such that p is the last vertex on P belonging to X (T[j])\X (i),
and q is the successor of p on P . Apparently edge {p, q} cannot be covered by nei-
ther node i nor T[j], since if this is the case, either p or q will appear in both i and
j, i.e., is an adhesion of i and j and hence either p or q belongs to {x, y, z}, which
contradicts to C ⊆ G− {x, y, z}.

Therefore it shows that if v ∈ X (i)\{x, y, z}, v 6∈ V(C). SinceX (i) = (X (i)\{x, y, z})∪
{x, y, z}, then the claim is proved. �

Lemma 2.5.4. Let (T,X ) be a quasi-4-tree decomposition of a graph G, and let i, j ∈
V(T) satisfies that Xj is a child of Xi. Then we have:

1. If {x, y} is a minimal separator of G and X (i)∩X (j) = {x, y}, then edge {x, y}
contained in Torso(G,X (i)).

2. If {x, y, z} is a minimal separator of G and X (i) ∩ X (j) = {x, y, z} and if there
is a vertex u ∈ X (T[j])\X (i) then there exists a triangle 4xyz contained in
Torso(G,X (i)).

Proof. Jansen has given a proof for the first point in his research on a 3-connected
graph. [18] Fortunately, his proof still works in our case, since a quasi-4-connected
graph is at least three-connected. Here we give a short version of his proof for com-
pleteness.
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q

zx y

p

u

x y z

v

Xi

Xj

T [j]

FIGURE 2.5: Illustration of a contradiction introduced in lemma 2.5.3.
If a connected component passes through a vertex u ∈ X (T[j]) \ X (i)
and a vertex v ∈ X (i) then this component passes through these two
bags, and hence there must be an edge {p, q} that cannot be covered

by any bags correctly.

If {x, y} ∈ E(G) then the lemma is trivial. If this is not the case, and if {x, y} is a
minimal separator of G, then there exist at least two connected component C1 and
C2 of G− {x, y} that are adjacent to both x, y. Now assume v1 ∈ X (i) ∩ V(C1) and
v2 ∈ X (i) ∩ V(C2), since X (i) is quasi-4-connected, by Menger’s Theorem there
are three internally vertex-disjoint v1v2-paths in TORSO(G,X (i)), implies there is a
v1v2-path passes through neither x nor y. Besides, since torso is a topological minor
of G, we can restore a v1v2-path in G without passes through x, y as x, y is already in
Torso(G,X (i)), which contradicts that {x, y} is a minimal separator of G.

Since there exist an xy-path P1 whose interior vertices belong to C1 and an xy-path
P2 whose interior vertices belong to C2, and X (i) only contains vertex from one
component, edge {x, y} is contained in Torso(G,X (i)) by definition of torso.

Now we focus on the case of separator of three. We show such triangle exists by
showing edge {x, y}, {y, z}, {x, z} ∈Torso(G,X (i)).

First, if {x, y}, {y, z}, {x, z} ∈ E(G) then the lemma is trivial. Now we assume one
of them is missing, say edge {x, y}. Similarly, since {x, y, z} is a minimal separa-
tor there exist some (at least 2) connected components such that each component
is adjacent to x, y, z. Consequently, for every connected component, there exists
at least one xy-path whose interior vertices only belong to that component. Since
u ∈ X (T[j])\X (i) and u belongs to some connected component C in G \ {x, y, z},
then by lemma 2.5.3 V(C) ∩ X (i) = ∅.
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Hence there exist at least one component C has no intersections with Xi. Conse-
quently, there exists at least one xy-path whose interior vertices belong to C, and
hence, not belong to Xi, which shows by the definition of torso that Torso(G,X (i)
has edge {x, y}.

For a similar reason, if {x, z}, {y, z} 6∈ E(G), there is also a xz(yz)-path whose in-
terior vertices not in Xi and hences there exist edges {x, z}, {y, z} in Torso(G,X (i).
Therefore three edges {x, y}, {y, z}, {x, z} are in Torso(G,X (i) as4xyz exists, which
concludes the lemma. �
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Chapter 3

Turing Kernelization for finding
cycles

In this section we show a polynomial Turing kernelization, such that solves the k-
cycle problem with the help of an oracle that answers the existence of a k-cycle in
an instance (G, k), with k is a parameter. We guarantee that the size of the kernel is
bounded by O(k2). In section section 3.1 we discuss the properties of cycles and we
give the construction of the kernel in section 3.2.

3.1 Properties of cycles

We show some properties of k-cycles in this section. As a k-cycle passes through at
least k edges, the following lemma shows that when finding a k-cycle in a separation
of order three, we only need to maintain few maximum-length paths in one part of
the separation and safely remove other vertices from that part, meanwhile keeping
the existence of the k-cycle unchanged.

Lemma 3.1.1. Let A, B ⊆ V(G) be a separation of order three of a graph G with
A ∩ B = {x, y, z}. Let P1, ...P6 be subgraphs of G[A] such that:

1. P1 is a maximum-length xy-path in G[A]

2. P2 is a maximum-length xz-path in G[A]

3. P3 is a maximum-length yz-path in G[A]

4. P4 is a maximum-length xy-path in G[A]\{z}

5. P5 is a maximum-length xz-path in G[A]\{y}

6. P6 is a maximum-length yz-path in G[A]\{x}

If G has a k-cycle, then G[A] has a k-cycle or G[(
⋃6

i=1 V(Pi) ∪ B)] has a k-cycle.

Proof. Consider a k-cycle C in G. If V(C) ⊆ A, then we find such k-cycle in G[A]
and we are done. Similarly, if V(C) ⊆ B then the graph G[(

⋃6
i=1 V(Pi)∪ B)] contains

the k-cycle C and we are also done. Now we assume that C has at least one vertex
a ∈ A\B and one vertex b ∈ B\A. Let PB = E(C) ∩ E(G[B]), and let PA = E(C)\PB.
We prove the correctness by a case distinction on the value of V(PB) ∩ {x, y, z}.
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z

A
B

x
C

y

PA

PB

(a) Subpaths of C

z

A
B

x
C

y

PA

PBa

(b)Wrong if |V(PB)∩
{x, y, z}| = 3

FIGURE 3.3: In (a) C is divided into two paths by y, z. Both PA and
PB are yz-paths and their edges are only in one part of the separation.
In (b), if PB visits all three elements of the separator, then PA cannot

visit all of them, otherwise C is not a valid cycle.

1. |V(PB) ∩ {x, y, z}| = 0 or 1: Since C is assumed to have vertices in both A\B
and B\A, then these two cases are impossible.

2. |V(PB)∩ {x, y, z}| = 2: Let V(PB)∩ {x, y, z} = {p, q}, since PB ⊆ E(G[B]) and
p, q are two elements of the the separator, PB is a pq-path in G[B]. Besides, since
PA = E(C)\PB, by definition of separation, there does not exist an edge {m, n}
such that m ∈ A\B and n ∈ B\A, thenPA ⊆ E(G[A]) = E(G[A∪ B])\E(G[B]),
which means PA is a pq-path in G[A].
Let Pi be a maximum-length pq-path in G[A], if we replace PA by Pi we ob-
tain a new cycle. This cycle is a simple cycle because A and B are parts of
separation so any paths(and hence, cycles) across these two parts must visit
at least one element of the separator, since Pi has two ends p, q and Pi is a
simple path, then Pi visits p, q only once hence does not create a new path nor
a new cycle through p, q. Let r = {x, y, z}\{p, q}, since PB does not visit r
then edge (r, N(r)) 6∈ PB so adding any edge (m′, n′) with m′, n′ ∈ A to Pi
won’t create a path to PB through r, hence no new path nor cycle is created,
therefore PA ∪ PB is a simple cycle. Besides, since Pi has a maximum length,
this replacement does not decrease the length of the cycle, hence the resulting
cycle is still a k-cycle. Since there are three possible combinations of pq, we just
keep a maximum-length path between xy, yz, xz in G[A], namely P1,P2,P3,
and then we can obtain a k-cycle on G[(

⋃3
i=1 V(Pi)∪ B)] after the replacement.

3. |V(PB) ∩ {x, y, z}| = 3: In this case PB visits all three elements of the separator
then PA cannot visit all these three elements, i.e., there must be a r ∈ {x, y, z}
such that for every r′ ∈ N(r), edge {r, r′} ∩ PA = ∅, otherwise from the rest
two elements of the separator {p, q}, we can find at least one element p such
that there are two different cycles from p to p in PA ∪ PB, since C = PA ∪ PB
then C is not a simple cycle. Such fact means PA is a pq-path in G[A\{r}].
Then we can still find a maximum-length pq-path Pi in G[A\{r}] to replace
PA. Since Pi is a pq-path picked in the same graph of PA then the result-
ing cycle is a simple cycle; since Pi is a maximum-length path, then the re-
placed cycle is remaining a k-cycle. Consider there are also three combina-
tions of p, q, r, we just keep one maximum-length path between xy, yz, xz in
G[A]\{z}, G[A]\{x} and G[A]\{y}, namely P4,P5,P6, and then we can ob-
tain a k-cycle on G[(

⋃6
i=4 V(Pi) ∪ B)] after the replacement.

Since the separator can have at most three elements, it is impossible that |V(PR) ∩
{x, y, z}| > 3 hence the cases are exhaustive and conclude the proof of Lemma 1. �
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We also need the following lemma from Jansen’s research:

Lemma 3.1.2. [18] Let A, B ⊆ V(G) be a separation of order two of a graph G with
A ∩ B = {x, y}. Let V(PA) be the vertices on a maximum-length xy-path PA in
G[A], or ∅ if no such path exists. If G has a k-cycle, then G[A] has a k-cycle or
G[V(PA) ∪ B)] has a k-cycle.

Proof. Similar to Lemma 3.1.1, let C be a k-cycle in G[A ∪ B], if V(C) ⊆ A or
V(C) ⊆ B then we are done. If V(C) contains a vertex from A \ B and a vertex
from B \ A, then we can always use a maximum-length xy-path PA in G[A] to re-
place V(C) ∩ A, since |PA| ≥ |V(C) ∩ A|. �

We now show that if given an oracle that can answer YES/NO to the question ’Is
there a k-cycle in graph G?’, then we can use this oracle for finding a maximum-
length xy-path. The following lemma has been developed and proved by Jansen
[18] and we show it here for completeness.

Lemma 3.1.3. There is an algorithm that, given an n-vertex graph G with distinct
vertices x, y, and an integer k, either:

1. Determines whether there is a k-cycle in G

2. Determines the length of maximum-length xy-path and outputs its vertices

The algorithm runs in polynomial time if there is an oracle that able to decide the
k-cycle problem. The oracle is queried for instance (G′, k), where G′ is obtained from
G by adding a sequence of vertices and edges. G′ has order of at most |V(G)|+ k.

Proof. Given an input (G, k, x, y) we proceed as following: The algorithm first checks
whether {x, y} are in the same component. If this is not the case then the algorithm
returns an empty set and halts, otherwise the algorithm invokes the oracle with in-
stance (G, k). If the oracle answers YES then we achieve the first point and the al-
gorithm reports the result and halts. We now focus on the situation that G has an
xy-path but does not have a k-cycle.

Determining length: The algorithm determines the length of the longest xy-path in
the following way: We create a sequence of graphs G0, ..., Gk−2, for graph G0 we just
add an edge between x and y if such edge does not exist. For other l > 0, we create
l degree-2 vertices v1, ..., vl , and let edge {x, v1}, .., {vj, vj+1}, ..., {vl , y} ∈ E(Gl), for
every j < l− 1. Then we query the oracle in sequence with instance (G0, k), .., (Gl , k)
and find the smallest index l∗ such that the oracle answers YES. Since Gl∗−1 does not
have a k-cycle but Gl∗ does, and the circumference of Gl∗ is at most circumference
Gl∗−1 plus one, then Gl∗ has a cycle of length exactly k. Since in Gl∗ we add an xy-
path of length l + 1, then in G there is an xy-path of length at most k− (l + 1). Note
that this value is always positive, since value of l is bounded by k − 2. We choose
k− 2 as an upper bound, because these k− 2 vertices, together with x, y always form
a k-cycle.

Finding path: Now we can determine the vertex of the xy-path: Suppose l∗ is the
smallest index that a k-cycle is found, then for the n + l∗ vertices in Gl∗ , we give
them an index of u1, ..., un+l∗ . We first initialize H = Gl∗ , and for i ∈ [0, n + l∗] we
query the instance of (H − ui, k) to determine whether we can find a k-cycle avoid-
ing ui, and if this is the case we just set H = H − ui. Since the first H has a cycle
of length exactly k, and the algorithm preserves the existence of a k-cycle, then after
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all the vertices has been tested, the final graph H′ maintains a cycle of length k, and
every its vertex is necessary to this k-cycle. Let V(l∗) = V(Gl∗) \ V(G) be the set
of vertices that we add to Gl∗ , then the vertex set of the maximum-length xy-path is
obtained by subtracting V(l∗) from V(H′).

Finally consider the size of the instance sent to the oracle: As we send a sequence
of graphs G0, ..., Gk−2 to the oracle, note that a graph Gl is a graph obtained from G
by adding l vertices. Hence when determining length the oracle is queried by an
instance with at most |G|+ (k− 2) vertices. Besides, when finding the path we do
not add vertices to the graph of the instance. Therefore the oracle is queried by an
instance including a graph of at most |G|+ k vertices.

Hence we achieved the targets as claimed. Since the algorithm queries the oracle for
O(k) times when determining length and O(n + k) times when finding the path, the
algorithm indeed terminates in polynomial time. �

3.2 k-cycle in planar graphs

In this section we show a Turing Kernelization algorithm for determining a k-cycle
on planar graphs. To achieve such kernel, we first transform a planar graph G into
a quasi-4-tree decomposition. As introduced in theorem 2.5.1, every pair of adjacent
bags in the tree would have adhesion of at most 3. Consider the fact that a cycle is
2-connected, then we can never find a cycle that covers vertices from two bags that
have adhesion of size one. Therefore, we can avoid the existence of adhesion of size
1 by implementing the following technique:

Before the algorithm starts, we first decompose the graph into biconnected compo-
nents. Note that this can be done in linear time using a DFS algorithm [17]. If there
is a k-cycle in the graph, then it is contained entirely within one biconnected com-
ponent. Hence we run the Turing kernelization individually on each biconnected
component. In the next step we transform every biconnected components into quasi-
4-connected components. As we do this on a biconnected components, all adhesions
will have size at least 2 since there are no separators of size 1 in a biconnected graph.

In the following we only discuss about bags have adhesion of size 2 or 3: Approach
about bags of adhesion of size 2 mainly comes from Jansen’s research, since most
properties of Tutte decomposition(which is used in his research) are preserved by
Quasi-4-decomposition.
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Algorithm 1: Reduce-C(G, G′, A, B, F, k)
Precondition : G′ is an induced subgraph of G, (A, B) is a separator of G′ with

A ∩ B = F, and F is a minimal separator of G. F can be size 2
or 3.

Postcondition: The existence of a k-cycle in G, or the graph G′ is updated by
removing all vertices in A\B except at most 6 necessary paths.
If G′ initially has a k-cycle, then the deletions preserves this
property.

1 Query the k-cycle oracle to determine whether G′[A] has a k-cycle
2 if F = {x, y, z} then
3 Find vertices S of the 6 maximum-length paths mentioned in lemma 3.1.1

on (G′[A])
4 else if F = {x, y} then
5 Find vertices S of the maximum-length path mentioned in lemma 3.1.2 on

(G′[A])
6 if oracle answer YES or line 3(line 5) reports paths of length ≥ k− 1 then
7 Report the existence of a k-cycle and halt
8 else
9 Remove vertices in A \ (S ∪ F) from A

10 end

Lemma 3.2.1. Algorithm 1 satisfies its specifications. It calls the k-cycle oracle on a
graph of at most |A|+ k vertices.

Proof. We first argue that the algorithm acts correctly if it reports a k-cycle. If the
oracle detects a k-cycle in G′[A], then clearly G′ has a k-cycle as it is a supergraph of
G′[A]. Besides, if the oracle detects a path of length at least k − 1 between vertices
from the separator F in G′[A], then its supergraph G′ has such k − 1 length path.
Note that both ends of such path is an element of a minimal separator, then by the
definition of minimal separator there must be at least one connected component C ′
such that is adjacent to both ends and none of its interior vertices is covered by A
and then we find a k-cycle. Therefore, line 6 reports a path of length ≥ k− 1 yields a
k-cycle.

We now consider the situation that no k-cycle is reported. Since S is a vertex set
of 6 maximum-length paths between vertices from the separator F if G has a sep-
arator of order three, and S contains vertices forms a maximum xy-path if G has a
separator of order two, then by lemma 3.1.1 and lemma 3.1.2, G′ has a k-cycle if and
only if G′[S ∪ B] has a k-cycle and hence the algorithm can safely delete vertices of
A \ (S ∪ T). Here with take the union with T to prevent T is removed. This is possi-
ble to happen in the case that S = ∅.

As S includes at most 6 maximum-length paths of length at most k− 1, then |S| ≤ 6k.
Hence after removing vertices from A \ (S∪ T) there will be at most |B|+ 6k vertices
in the resulting graph G′. Further more, lemma 3.1.3 preserves every instance sent
to the oracle has at most |A|+ k vertices. �

Lemma 3.2.1 shows a reduction rule to one part of a separation. This gives us the
insight to solve the planar k-cycle problem: A planar graph G either:
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FIGURE 3.4: Illustration of how an instance of the k-cycle problem can
be reduced based on a separation (A, B) of order three with A ∩ B =
{x, y, z}. As shown in the upper figure, if G[A] contains some vertices
that not belong to one of the 6 maximum-length paths, then these
vertices are removed by line 9 of algorithm 1, as shown by the lower

figure.

• has big bags in its quasi-4-decomposition so that we can announce it has a
k-cycle directly or,

• every its bag in its quasi-4-decomposition can be reduced to a small size and
queried by the oracle.

Theorem 3.2.2. The planar k-cycle problem has a polynomial Turing Kernel: it can
be solved in polynomial time using an oracle that decides planar k-cycle instances
with O(k2) vertices and parameter value k.

Proof. Such planar k-cycle kernel can be done by the following three steps:

Decompose. Let (G, k) be an input, we use the algorithm mentioned in theorem 2.5.1
to decompose G into a quasi-4-tree decomposition (T,X ). For each edge i, j ∈ E(T)
of the decomposition tree, the way of computing the decomposition ensures that
X (i) ∩ X (j) is a minimal separator in G. Note that the size of adhesion maybe at
most 3, but as discussed before, there exists a technique that prevent the existence of
adhesions of size 1, therefore only discuss bags that has adhesion of size 2 or 3.

Claim 1. If there is a node i ∈ V(T) such that |X (i)| ≥ 2k, then G has a k-cycle.

Proof. By the definition of quasi-4-tree decomposition, Torso(G,X (i)) is a minor
of G. Since planarity is preserved when taking minors, Torso(G,X (i)) is also pla-
nar. Suppose |X (i)| ≥ 2k then by theorem 2.5.2 the torso contains a cycle of length
1
2 (2k + 4) ≥ k. Consider the definition of torso: As torso is a minor of G, if torso
contains a k-cycle then G contains a minor that has a k-cycle. As we obtain a minor
by reducing vertices, edges and contracting vertices from an original graph. As all
these operations can only make a cycle shorter, if a minor of G contains a k-cycle,
then the original graph G must contain a cycle of length at least k. �

Claim 1 shows that we may safely output YES if (T,X ) has a width larger than 2k.
In the following we just assume the tree width is smaller than 2k. Then we are going
into the reduction phase. When doing the reduction, we make a copy G′ of G, as well
as a copied tree decomposition (T′,X ′) from (T,X ). We assign an arbitrary node as
the root of the tree and remove any leaf if it is a subset of its parent. In the progress of
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Algorithm 2: Kernelize-C(G, G′, (T′,X ′), i, k)
Precondition : G′ is an induced subgraph of G with a tree decomposition

(T′,X ′) of adhesion at most three, a node i of T′ is specified as
root.

Postcondition: The existence of a k-cycle is reported, or the graph G′ and the
tree decomposition (T′,X ′) are updated by removing vertices
of X ′(T′[i])\X ′(i), resulting in |X ′(T′[i])| ≤ O(k2). If G′

initially has a k-cycle, then the deletions preserves this
property.

1 for each child j of i in T′ do
2 Recursively execute Kernelize-C(G, G′, (T′,X ′), j, k)
3 Let F:= X ′(i) ∩ X ′(j)
4 Let A:= X ′(T[j]) and B:= (V(G′)\A) ∪ F
5 Reduce-C(G, G′, A, B, F, k)
6 end
7 for each pair (x, y) ∈ (X

′(i)
2 ) do

8 while there are distinct children j1, j2 of i in T′ such that
X ′(i) ∩ X ′(j1) = X ′(i) ∩ X ′(j2) = {x, y}) do

9 Let F:= {x, y} Let A:= X ′(T[j1]) ∪ X ′(T[j2]) and B:= (V(G′)\A) ∪ F
10 Reduce-C(G, G′, A, B, F, k)
11 end
12 end

the reduction, torso of nodes in (T′,X ′) are no longer necessarily quasi-4-connected,
but we preserve that their adhesion is as same as (T,X ).

Query and reduce. In this phase, we repeatedly query the oracle about the existence
of the k-cycle and reduce vertices if no such cycle is detected. We show the main
procedure of the reduction phase as algorithm 2. This algorithm is initially called
from the root of tree T′ and is expanded recursively. The algorithm runs from bot-
tom to up after fully expanded by first attacking a child node j of i. If j and i has an
adhesion of size three then the algorithm simply calls Reduce-C to detect the k-cycle
in X ′(T′[j]) and reduce vertices in that subtree. If their adhesion has size of 2 as
{x, y}, the algorithm first does the same attack before checking all children of i who
has same adhesion {x, y} and finally only maintains the child in which contains the
maximum-length xy-path. During the recursion, if any k-cycle is detected the algo-
rithm reports this and halts. If the algorithm terminates without report a k-cycle, we
just call the oracle for the final time with the remaining graph G′ and parameter k.
The output is the answer to the planar k-cycle problem.

Claim 2 Let i ∈ V(T) be a node of the tree. Let i has p pairs (m, n) such that every
pair is an adhesion of its children, and has q triples {x, y, z} such that every triple
is an adhesion of its children, then after the execution of line 11 of Algorithm 2,
Torso(G,X ′(i)) has at most:

• p subtrees of adhesion of size 2, with each subtree has at most k vertices, and

• 2q subtrees of adhesion of size 3, with each subtree has at most 6k vertices
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sion of size 3. Note
that {xp, yp, zp} can
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in normal and dashed
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FIGURE 3.7: Shows why any bag can have at most 2 children share an adhesion of size 3: If
this is not the case, then graph G must contain a minor that can be contracted to the graph
shown in (b). Such minor contains a K3,3, and hence the g contains a K3,3 as a minor, implies

that G is not planar.

Proof. We first show the part of adhesion of size 3. To prove the lemma, we first
claim that every bag i can have at most two children j1, j2, such that X (i) ∩ X (j1) =
X (i) ∩ X (j2) = {x, y, z}:

Suppose X ′(T′[jp]) contains only {x, y, z} then we are no longer interested in these
subtrees, as they will not increase the value of |X ′(T′[p])|. Suppose there is some
more vertices, consider that {x, y, z} is a 3-separator in a planar graph G and hence
fromX ′(T′[jp])] \X (i) we can always find a vertex cp, such that edges {x, cp}, {y, cp},
{z, cp} is covered by a minor of G. Now consider the case that if p > 2, then G has a
minor that contains a K3,3, which contradicts that G is a planar graph.

Now we have shown that every bag can have at most two children with common
adhesion {x, y, z}, which implies there exists at most two such subtrees. Consider
that in line 5 of algorithm 2 these subtrees has been invoked by Algorithm 1 and
contains 6 maximum-length paths according to lemma 3.1.1, then every subtree has
at most 6k vertices.

Now we go back to the case of adhesion of size 2. First consider line 5 of Algo-
rithm 2: For every subtree rooted at child j of i, such that X (i) ∩ X (j) = {x, y}, the
algorithm invokes Algorithm 1 on it and the subtree only maintains a maximum-
length xy-path after algorithm 1 is executed. Then in line 8 of Algorithm 2, for
every two children j1, j2 that has adhesion {x, y}, the algorithm sets the union of
the subtree that rooted at j1, j2 as A and invokes Algorithm 1. Considering each
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FIGURE 3.8: Illustrates the behavior between line 8 and line 11 of
algorithm 2. Let j1, j2, j3 be children of i such that j2 and j3 shares the
same adhesion of size 2, as shown in the upper figure. Then in line 9,
algorithm 2 setsX (T[j2])∪X (T[j3]) as A. Consider the postcondition
of algorithm 1, and each the two subtrees in fact only contains an xy-
path, then after line 11 only the longer xy-path is left, which implies
one subtree is removed from the graph, as shown in the lower figure.

subtree only maintains an xy-path, and algorithm 1 only preserves a maximum-
length xy-path, then after the execution of Algorithm 1 there is only one maximum-
length xy-path left with length at most k − 2. Note that such path can be only
formed by vertices from one of the subtrees, otherwise there must exist some ver-
tex v ∈ X (T[j1]) ∩ X (T[j2]) \ {x, y}, implies that v ∈ X (i) and v is a member of
the adhesion, and shows a contradiction. Therefore, after the complete execution of
algorithm 2, for every adhesion {x, y}, it can only have one subtree that contains a
maximum-length xy-path of size ≤ k− 2. �

Claim 2 shows that every node can maintain limited number of subtrees, with the
total amount of vertices of the subtree is also limited, after a complete execution
of algorithm 2 on it. Furthermore, the execution of algorithm 2 does not break the
planarity, as we only remove vertices from the graph. Since the self-reduction al-
gorithm only removes vertices from A \ B in a separation (A, B), a minimal sep-
arator T is remaining kept after the execution of the algorithm. Thus, the oracle
is invoked correctly during the execution, and since the algorithm starts the self-
reduction bottom-up, we have the following claim as an upper bound of the size of
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the queried instances:

Claim 3. Algorithm 2 only queries the k-cycle oracle with parameter k on planar
graphs of order at most 78k2 + k.

Proof. As discussed, graph G preserves planarity during the execution of algorithm.
As a subgraph of G, any node i preserves the planarity in G′[X (i)] and its torso
is also planar. Recall that every quasi-4-connected torso has only limited number of
vertices, then graph Torso(G′,X ′(i)) is a planar graph with at most 2k vertices. Since
quasi-4-tree decomposition ensures the adhesion of two bags is a minimal separator
of graph G, by lemma 2.5.4, number of adhesion of size 2 is bounded by the num-
ber of edges in Torso(G′,X ′(i)) and number of adhesion of size 3 is bounded by the
number of triangle Torso(G′,X ′(i)).

Consider the fact that, in a planar graph of n vertices there are at most 3n edges [7]
and at most 3n triangles [25], they by Claim 3, a subtree rooted at node i have at
most k ∗ 3 ∗ (2k) + 6k ∗ 2 ∗ 3 ∗ (2k) + k = 78k2 + k vertices after all children of i have
been treated by algorithm 2 but before i itself is treated. Then, when node i is set
as A and Reduce-C is invoked in line 5, |A| ≤ 78k2 + k. Furthermore, if node i is
set as a part of A and in line 10, then i has an adhesion of size 2 with its parent and
therefore |X (T[i])| ≤ k, and |A| ≤ 2k, as the subtree rooted at i only contains a path
of length smaller than k.

We showed that the algorithm outputs correct answer and satisfies all requirement
of a Turing Kernelization, which proves theorem 3.2.2. �
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Chapter 4

Turing Kernelization for finding
paths

We now turn to the k-path problem. The main idea is same as the k-cycle problem
but is a bit more complicated. We use the same strategy as in chapter 3, that we first
introduce a self-reduce rule in section 4.1, and show the Turing Kernel in section 4.2.

4.1 Properties of paths

The self-reduction rule in k-path problem is a bit more complicated than the k-cycle
problem because the size of the adhesion, as well as the minimal separators, can now
be 1, 2 or 3. We first discuss the situation of minimal separators of size 3.

Lemma 4.1.1. Let A, B ⊆ V(G) be a separation of order three of a graph G with
A ∩ B = {x, y, z}. Let P1, ...,P27 be subgraphs of G[A] such that:

1. P1 to P3 are maximum length u-paths in G[A], for each u ∈ {x, y, z}.

2. P4 to P9 are maximum length u-paths in G[A] \ {v}, for each u ∈ {x, y, z}.

3. Each of P10 to P12 consists of two vertex-disjoint paths in G[A], one u-path and
one v-path, such that combined length of these paths is maximized, for each
choice of u, v ∈ {x, y, z} with u 6= v.

4. P13 to P15 are maximum length uv-paths in G[A], for each choice of u, v ∈
{x, y, z} with u 6= v.

5. Each of P16 to P18 consists of two vertex-disjoint paths in G[A], one uv-path
and one w-path, such that combined length of these paths is maximized, and
for each choice of u, v, w ∈ {x, y, z}, u, v, w are unique.

6. P19 to P21 are maximum length uw-paths in G[A] \ {v}, for each choice of
u, w ∈ {x, y, z} with u 6= w.

7. Each of P22 to P24 consists of two vertex-disjoint paths in G[A] \ {u}, one v-
path and one w-path, such that combined length of these paths is maximized,
and for each choice of u, v, w ∈ {x, y, z}, u, v, w are unique.

8. P25 to P27 are maximum length u-paths in G[A] \ {v, w}, and for each choice
of u, v, w ∈ {x, y, z}, u, v, w are unique.

If G has a k-path, then G[A] has a k-path or G[
⋃27

i=1 Pi ∪ B] has a k-path.
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Proof. Consider a k-path P in G. Observe the lemma is trivial if P ⊆ G[A] or
P ⊆ G[B], hence in the following we assume that P contains at least one edge in
E(A) and one edge in E(B). Let PB = E(P) ∩ E(G[B]) and PA = P \ PB, note that
both PA and PB are not necessarily to be a connected component. Then we can show
the correctness of the lemma by discussing how many elements of separator {x, y, z}
is occupied by V(PB).

1. If V(PB) ∩ {x, y, z} = {u}, for some u ∈ {x, y, z}, then PB is a u-path that does
not visit v and w andPA is a u-path in G[A]. Therefore, PA can be replaced by a
maximum-length u-path in G[A], namelyP1 to P3, meanwhile still maintaining
a k-path, proving the existence of a k-path in G[

⋃27
i=1 Pi ∪ B].

z

A
B

x

y

PB

PA

FIGURE 4.1: Displays case 1.1 when u = x. In this case, PB is a simple
x-path, hence PA can be replaced by a maximum length x-path in

G[A].

2. If V(PB) ∩ {x, y, z} = {u, v} for some u, v ∈ {x, y, z} and u 6= v, and let w =
{x, y, z} \ {u, v}, then we come to three cases:

2.1 If PB is connected, and PB has one end intersects with {x, y, z}: In this
case PB is a u-path that also occupies v and Pa is a u-path in G[A] \ {v}.
Therefore, PA can be replaced by a maximum-length u-path in G[A] \
{v}, namely P4 to P9, meanwhile still maintaining a K-path, proving the
existence of a k-path in G[

⋃27
i=1 Pi ∪ B].
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(a) Case 2.1, when
V(PB) ∩ {x, y, z} =
{x, y}, and u = y

z

A
B

x

y

PB

PA

(b) Case 2.1, when
V(PB) ∩ {x, y, z} =
{y, z}, and u = y

FIGURE 4.4: Displays case 2.1. In case 2.1, there are two possible PB
whose ends End(PB) that satisfies End(PB) ∩ {x, y, z} = {y}, there-

fore we need 6 paths to maintain a K-path.

2.2 If PB is connected, and PB has two ends intersect with {x, y, z}: In this
case PB is a uv-path and does not occupy w, hence PA consists of two
vertex-disjoint paths in G[A], one is a u-path and one is v-path. Therefore,
PA can be replaced by two vertex-disjoint paths in G[A], one u-path and
one v-path with maximized length in combination, namely P10 to P12,
meanwhile still maintaining a K-path, proving the existence of a k-path in
G[

⋃27
i=1 Pi ∪ B].

2.3 If PB is disconnected: In this case PB must be two vertex-disjoint paths,
one u-path and one v-path and any PA should be a connected uv-path
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FIGURE 4.5: Displays case 2.2 when u, v = x, y. In this case, PB is an
xy-path, hence PA can be replaced by two vertex disjoint u-path and

v-path in G[A] with a maximum combined length.

in G[A]. Therefore, PA can be replaced by a maximum-length uv-path in
G[A], namely P13 to P15, meanwhile still maintaining a K-path, proving
the existence of a k-path in G[

⋃27
i=1 Pi ∪ B].
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FIGURE 4.6: Displays case 2.3 when u = x and v = z. In this case,
PB consists of two disconnected x-path and z-path, hence PA can be

replaced by a maximum length xz-path in G[A].

3. If V(PB) ∩ {x, y, z} = {u, v, w}, where u, v, w are pairwise different. We first
claim that PB cannot be three disconnected components otherwise P = PA ∪
PB can never form a simple path no matter how PA is formed. In the remaining
we come to two cases based on whether PB is connected:

3.1 If PB is disconnected, then PB consists of a connected component that
passes through u, v, and a w-path. We remain need to discuss whether
u, v are both ends of the connected component:

3.1.1 If both u, v are ends of the connected component: In this case the
connected component is a uv-path and PB consists of two discon-
nected paths, one uv-path and one w-path, and PA is either a uw-
path in G[A] \ {v} or a vw-path in G[A] \ {u}. Therefore, PA can be
replaced by a maximum-length uv-path in G[A] \ {w}, namely P16 to
P18, meanwhile still maintaining a K-path, proving the existence of a
k-path in G[

⋃27
i=1 Pi ∪ B].
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FIGURE 4.7: Displays case 3.1. In this case, PB consists of two discon-
nected x-path and yz-path, hence PA can be either an xz-path(normal
line) or an xy-path(dashed line). Besides, PA can also have a y-path
(normal) or a z-path (dotted). Therefore we need to keep three combi-
nations of vertex disjoint uv-paths and w-paths to maintain a k-path.
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3.1.2 If only one vertex u is an end of the connected component: In this case
PB consists of two disconnected paths, one u-path and one w-path
and PA is a uw-path in G[A] \ {v}. Therefore, PA can be replaced by
a maximum-length uv-path in G[A] \ {w}, namely P19 to P21, mean-
while still maintaining a K-path, proving the existence of a k-path in
G[

⋃27
i=1 Pi ∪ B].

z

A
B

x

y

PB

PA

FIGURE 4.8: Displays case 3.1.2 when u = z and w = x. In this case,
PB consists of two disconnected x-path and z-path, hence PA can be

replaced by a maximum length xz-path in G[A] \ {y}.

3.2 Now we assume that PB is connected, then we still need to discuss how
many vertices of {u, v, w} is an end of PB

3.2.1 If two vertices u, v are two ends ofPB, thenPB is a connected uv-path,
and PA can only be two vertex-disconnected paths in G[A] \ {w}, one
is u-path and one is v-path. Therefore, PA can be replaced by two
vertex-disjoint paths in G[A] \ {w}, one u-path and one v-path with
maximized length in combination, namely P22 to P24, meanwhile still
maintaining a K-path, proving the existence of a k-path in G[

⋃27
i=1 Pi ∪

B].
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FIGURE 4.9: Displays case 3.2.1 when u = x and v = y. In this case,
PB is an xy-path that passes through z, hence PA can be replaced by
two vertex-disjoint x-path and y-path in G[A] \ {z} with a maximum

combined length.

3.2.2 If only one vertex u is an end of PB: In this case PB is a u-path and
PA is a u-path in G[A] \ {v, w}. Therefore, PA can be replaced by a
maximum-length u-path in G[A] \ {v, w}, namely P25 to P27, mean-
while still maintaining a K-path, proving the existence of a k-path in
G[

⋃27
i=1 Pi ∪ B].

As the cases are exhaustive, this concludes the proof of Lemma 4.1.1. �

This lemma shows that a separation of order three can be reduced to a subgraph
that containing at most 27 (sub)-paths, meanwhile keeping the existence of k-path
unchanged. Note that the length of each (sub)-path is smaller than k− 1, otherwise
we can announce the existence of k-path directly, due to the definition of minimal
separator.
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FIGURE 4.10: Displays case 3.2.2 when u = y. In this case, PB is a
y-path that passes through x, z, hence PA can be replaced by a maxi-

mum length y-path in G[A] \ {x, z}.

In the following we show reduction rule when minimal separators has size 1 and 2.
Such lemma is suggested and proved by Jansen.

Lemma 4.1.2. Let A, B ⊆ V(G) be a separation, then:

• If A, B is a a separation of order one with A ∩ B = {x}, let PA be a maximum-
length x-path in G[A]. If G has a k-path then G[A] has a k-path or G[V(PA)∪ B]
has a k-path.

• If A, B is a a separation of order two with A ∩ B = {x, y}. Let P1, ..,P6 be
subgraphs of G[A] such that:

1. P1 is a maximum-length x-path in G[A]− {y}.
2. P2 is a maximum-length y-path in G[A]− {x}.
3. P3 is a maximum-length x-path in G[A].

4. P4 is a maximum-length y-path in G[A].

5. P5 is a maximum-length xy-path in G[A], or ∅ if no such path exists.

6. P6 consists of two vertex-disjoint paths in G[A], one x-path and one y-
path, such that the combined length of these paths is maximized.

If G has a k-path, then G[A] has a k-path or G[
⋃6

i=1 V(Pi) ∪ B] has a k-path.

The proof of lemma 4.1.2 can be checked in Jansen’s research [18], which is similar
to the proof of lemma 4.1.1.

Now we focus on how to achieve these reduction rules by an oracle. In order to
maintain these paths, we need to know a maximum-length path with one end fixed,
a maximum-length path with two ends fixed and two disconnected components
with maximal combined length. Instead of constructing a new algorithm from a
k-path oracle, we show that it is possible to fetch the information we need from an
oracle that answers arbitrary NP-complete problem.

Definition 4. A 3-terminal graph is a tuple (G, x, y, z) where G is a graph and x, y, z
are terminal vertices in G. Note that x, y, z is not necessarily unique. A 3-terminal
edge property is a function Π : G× T → {Yes, No} such that takes a 3-terminal graph
G and a subset T ⊆ E(G) as input, and outputs either Yes or No. A 3-terminal edge
property is polynomial decidable if there is an algorithm that can answer instance
(Π(G, x, y, z), T) in polynomial time.

For example, in this thesis we need three 3-terminal edge properties, which are:

1. ’Does the edge set T form an x-path?’
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2. ’Does the edge set T form a xy-path?’

3. ’Does the edge set T form two vertex disjoint paths, one is an x-path and an-
other is a yz-path?’

We now show how to find a maximum edge set T such that satisfies a polynomial
decidable 3-terminal edge property Π((G, x, y, z), T) in polynomial time, with the
help of an oracle that answers arbitrary decision NP-complete problem Q.

Given a 3-terminal edge property Π((G, x, y, z), T), we first transform it to a param-
eterized decision problem LΠ: given a 3-terminal graph (G, x, y, z) and an integer k,
is there an edge set T of size exactly k that satisfies Π((G, x, y, z), T) = True?. This
decision problem is a NP problem since it can be solved by a non-deterministic Tur-
ing machine, by trying every T of size k and use polynomial time to check whether
T satisfies Π((G, x, y, z), T). Therefore, there must exist a polynomial computable
transform function f , such that for any instance s satisfies s ∈ LΠ if and only if
f (s) ∈ Q, where Q is some parameterized NP-complete problem. Furthermore,
since the transformation function f is in polynomial time, then the size of output of
the transformation f (s) is bounded by some polynomial of the size of s. Regard that
f (s) is also the instance that queried by an oracle that solves Q, then the queried
size of the oracle is also bounded by poly(|s|). As a parameter k is meaningful only
if its value is no larger than |s| hence the transformed value of k is still in polynomial.

Finding a maximum-satisfied set. Use these observations we may compute a max-
imum edge set T that satisfies a 3-terminal edge property Π: Let |E(G)| = m, for
each i ∈ [1, m] we consider it is an instance si = ((G, x, y, z), i) of a parameterized
problem LΠ. Next we transform every si into a corresponding instance of Q, and
query theQ-oracle. If the oracle only returns no then we regard no edge set satisfies
such property and output it. Otherwise we record the largest parameter k∗ such that
the oracle answers YES on f (sk∗). Obviously k∗ is the maximum size of the set that
satisfies Π.

We may use a self-reduction algorithm finding an edge set satisfying the property Π
from the value of k∗: For every edge in G we number them as e1, ...em. Let H := G
and for i ∈ [1, m], we query by sequence the instance ( f (H − {ei}, x, y, z), k∗). If the
oracle answers YES then we set H = H − {ei} since ei is not necessary for satisfies
the property Π. Since the algorithm ensures the remaining graph still satisfies the
property and preserves the value of k∗, by the end of the algorithm the resulting
graph H contains k∗ edges and satisfies Π. Hence edges remaining in H is the max-
imum edge set we are looking for. Note that we can also describe an edge property
problem which involves only one or two terminal vertices in the form of a 3-terminal
edge property, by setting two or three of the terminal vertices as the same vertex. It
is easy to see that the algorithm takes polynomial time and queries the oracle with
instance of size and parameter in polynomial of n.

4.2 k-path in planar graphs

Using the self-reduction algorithm presented in the previous section, we now give
a Turing kernel for a planar graph. The general idea is same as k-cycle problem:
We first split a planar graph G into its quasi-4-tree decomposition in polynomial
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time and then reduce each bag by removing vertices but only keeps few interesting
paths. If some bags keep paths that has same ends then we compare them and only
maintain maximum-length paths. We guarantee that during the kernelization the
oracle is queried by instances whose size is in polynomial of the parameter.

Algorithm 3: Reduce-P(G′, A, B, k)
Precondition : (A, B) is a separation of G′ of order at most three
Postcondition: The existence of a k-path is reported, or the graph G′ is

updated by removing all vertices in A\B except O(k) vertices.
After the algorithm terminates, the graph G′[A]− (A ∩ B)
maintains at most one connected component if |A ∩ B| = 1,
and at most 12 connected components if |A ∩ B| = 2. If G′

initially has a k-path, then the deletions preserves this
property.

1 Let F := A ∩ B
2 if The k-path oracle answers YES on instance (G′[A], k) then
3 Report the existence in G′ of k-path and halt
4 else if F = {x, y, z} then
5 Find vertices S of the 27 maximum-length paths mentioned in lemma 4.1.1

on (G′[A])
6 else if F = {x, y} then
7 Find vertices S of the 6 maximum-length paths mentioned in lemma 4.1.2

on (G′[A])
8 else if F = {x} then
9 Find vertices S of the maximum-length X-path mentioned in lemma 4.1.2

on (G′[A])
10 Remove vertices in A \ (S ∪ F) from A

Lemma 4.2.1. Algorithm 3 satisfies it specifications. It works in polynomial time
when access to an oracle that answers arbitrary parameterized problem Q whose
underlying a NP-complete problem. The oracle is queried for instances of size of
polynomial of |A|.

Proof. We first proof the correctness of the algorithm. If the oracle finds a k-path in
G′[A] then the algorithm reports this k-path hence it is obviously correct. If G′[A]
does not contain a k-path directly then between line 4 and line 9 the algorithm finds
the maximum-length path(s) according to the order of the separator. As discussed
in lemma 4.1.1 and lemma 4.1.2, removing vertices other than these paths from G[A]
preserves the existence of k-path hence the algorithm is remaining correct after exe-
cuting line 10. As line 10 ensures G′[A] has at most 27 path with each of length no
larger than O(k) then the size reduction we claimed in the postcondition is also true.

We now discuss the number of connected components in G′[A]− F upon termina-
tion. If |F| = 1 then the algorithm maintains the only maximum-length x-path and
such path is remaining connected in G′[A] − F, as F = {x} is an end of it. When
|F| = 2 then G′[A] maintains six types of maximum-length paths, with each may
yield two connected components after removing F = {x, y}, implies G′[A]− F has
at most 12 connected components. Here we are not interested in the number of com-
ponent when |F| = 3. The reason has been partly shown in Chapter 3, and will be
explained later.
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Observe that during a single execution of Algorithm 3 it needs to determine edge
sets of at most 27 3-terminal properties. As discussed, we need polynomial time for
determining a single set if given suitable access to the oracle hence the algorithm
terminates in polynomial time. Finally, as we only reduce edges when determining
the edge set, the oracle queries for instances of size no larger than |A|.

Algorithm 4: Kernelize-P(G, G′, (T′,X ′), i, k)
Precondition : G′ is an induced subgraph of G with a tree decomposition

(T′,X ′) of adhesion at most three, a node i of T′ is specified as
root.

Postcondition: The existence of a k-path is reported, or the graph G′ and the
tree decomposition (T′,X ′) are updated by removing vertices
of X ′(T′[i])\X ′(i), resulting in |X ′(T′[i])| ∈ O(k2). If G′

initially has a k-path, then the deletions preserves this
property.

1 for each children j of i in T′ do
2 Recursively execute Kernelize-P(G, G′, (T′,X ′), j, k)
3 Let F:= X ′(i) ∩ X ′(j)
4 Let A:= X ′(T[j]) and B:= (V(G′)\A) ∪ F
5 Reduce-P(G′, A, B, k)
6 end
7 for each vertex x ∈ X ′(i) do
8 while there are distinct children j1, j2 of i in T′ such that

X ′(i) ∩ X ′(j1) = X ′(i) ∩ X ′(j2) = {x}) do
9 Let A:= X ′(T[j1]) ∪ X ′(T[j2]) and B:= (V(G′)\A) ∪ {x}

10 Reduce-P(G′, A, B, k)
11 end
12 end
13 for each pair (x, y) ∈ (X

′(i)
2 ) do

14 while there are 13 distinct children j1, ..., j13 of i in T′ such that
X ′(i) ∩ X ′(jl) = X ′(i) = {x, y} for l ∈ [1, 13]) do

15 Let F:= {x, y} Let A:=
⋃13

l=1 X ′(T[jl ]) and B:= (V(G′)\A) ∪ F
16 Reduce-P(G′, A, B, k)
17 end
18 end

We can achieve a Turing Kernel on the planar k-path problem if we use Algorithm 3
in a bottom-top structure. The main procedure is shown as Algorithm 4.

Lemma 4.2.2. The planar k-path problem has a polynomial Turing kernel, with each
instance sent to the oracle has order of poly(k). Such poly(k) can be bounded as
O(k2) if we are not restricted to use a YES/NO oracle.

Proof. We first show that, a planar graph G can solve a k-path problem in polyno-
mial time when given access to a constant-time oracle that gives YES/NO answer
on k-path problem, with every instance that queried by the oracle has size bounded
by polynomial in the parameter.

Decompose. We compute a quasi-4-tree decomposition (T,X ) of G. Observe that if
a graph contains a cycle of length k + 1 then it contains a k-cycle, therefore we can
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use the conclusion of lemma 2.5.2 as well as claim 1: if the width of (T,X ) is larger
than 2k then we may report YES directly. If not, we make a copy G′ of G and a copy
(T′,X ′) of the decomposition. We assign an arbitrarily node i ∈ V(T) as the root of
the tree.

Query and reduce. We use the same strategy as we used in the cycle problem: Al-
gorithm 4 is invoked from the root of the tree, it then expends itself to the leaf of the
tree and invokes Algorithm 3 from bottom to top. If a k-path is reported then we are
done. If the algorithm terminates without reporting a k-path, we just transform the
present graph G′ to an instance of the oracle and invoke the oracle for a final time.
The result of this invoke is the answer to the k-path problem.

The algorithm reduces the order of a subtree T′[X′(i)] in two phases: it first attacks
every child j of i and removes every vertices other than at most 27 paths with each
length is smaller than k. Afterwards it reduces the number of children j: For those
children that has same adhesion {x}, then algorithm compares the length of the x-
path they contain in line 7 and removes every children except the one contains the
maximum-length x-path after line 11. For those children has same adhesion {x, y},
since algorithm 3 removes all vertices except 12 connected components, if there are
13 subtrees share the same adhesion, at least one subtree is surely to be removed
after the reduction step. For children share adhesion {x, y, z}, as we discussed in
Claim 2, every bag can have at most two children that have the same adhesion of
size 3 so as to maintain the planarity. Furthermore, as every subtree rooted at one of
these children has been treated in algorithm 3, each subtree has order of at most 27k.
Note that since algorithm 3 preserves the existence of a k-path, and the property of
quasi 4-tree decomposition guarantees every adhesion is a minimal separator, i.e.,
every separation (A, B) is defined correctly, then Algorithm 4 achieves its correct-
ness by induction.

We still need to show the size of a subtree rooted at node i, after execution on it has
terminated.

Lemma 4.2.3. As the execution of algorithm 4 on node i terminates, |T′[X ′(i)]| =
O(k2)

Proof. Upon termination, Torso(G,X (i)) has at most:

• 2k vertices, such that every vertex can be an adhesion of size one that connect
to at most one child. This is preserved by line 7 of algorithm 4, as the algorithm
removes all but one child for every adhesion of size one. Consider every child
contains a path of size less than k, these size-1 adhesions imply O(k ∗ 2K) =
O(k2) vertices.

• 6k edges, such that every pair of vertices connected by the edge can be an
adhesion of size two that connect to at most 12 children. This is preserved
by line 14. Consider the situation that there are 13 children share the same
adhesion, then by line 14, algorithm 3 is invoked and after its execution at most
12 children are left, as argued. Since these 12 children in fact contains 6 paths
with each length is smaller than k, these size-2 adhesion imply O(6k ∗ 3k) =
O(k2) vertices.

• 6k triangles, such that every triple of vertices is an adhesion of size 3. Consider
that for a single triple of vertices, at most 2 children can share it as adhesion,
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with each subtree rooted at these children contains at most 27k vertices, these
size-3 adhesion implies O(6k ∗ 2 ∗ 27k) = O(k2) vertices.

Therefore, any subtree rooted at node i has O(k2) +O(k2) +O(k2) + 2k = O(k2) ver-
tices after the execution of algorithm 4 terminates on it. �

Unfortunately we cannot announce that we achieved a polynomial Turing Kernel-
ization for the k-path problem which has a size of O(k2). This is because we are
restricted to use a YES/NO oracle and hence we need do a polynomial-time trans-
formation from the instances in our graph to some other instances that can be an-
swered by the oracle, hence the instance queried by the oracle is bounded by poly(k).
It might be less interesting that our result seems be the same as Jansen’s work, but
in fact it shows little improvement. In the algorithm above we use a YES/NO oracle
so as to follow the strict definition of Turing Kernelization. However, if we cheat
a bit and are allowed to use a ’smarter’ oracle such that can output the maximum
edge set that satisfies an edge property directly, then we do not need to transform
our instances anymore and we can announce the size of the kernelization is O(k2).
As a comparison, Jansen’s work has a size of O(klog23+1), even if a smarter oracle is
given.
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Chapter 5

Extensions and future research

In this chapter we discuss some possible improvements on the Turing Kernel. In
section 5.1 we show an approach that enable the k-cycle problem on a planar graph
G admits a smaller polynomial kernelization of size O(k), under the condition that
G has quasi-4-tree decomposition (T,X ) with adhesion only of size of 2, along with
given access to an oracle that answers k-weight cycle problem. In section 5.2 we
show the difficulty of applying such approach on the general planar graph G′. Fi-
nally, we represent the primary conclusions in section 5.3.

5.1 Kernel of smaller instances

In this section we show that there exists a polynomial Turing Kernelization for the
planar k-cycle problem with each of instances queried by the oracle has size no larger
than O(k), if G is strictly defined.

Before showing the approach, we need to clarify the following definitions first.

Definition 5. A weighted graph Gw is described as a triple (V, E, W), where V(Gw) is
a vertex set and E(Gw) is an edge set. W(Gw) is a function w : w(e) → N, for every
e ∈ E(Gw).
Similar to a regular graph, we use Gw[X] denote a sub-weighted-graph obtained by
the vertex set X ⊆ V(Gw). A k-weight cycle is a cycle that the total weight of its edges
is at least k.

Definition 6. Let G = (V, E) be a graph and Gw = (V ′, E′, W) be a weighted graph.
If V = V ′, E = E′ and for every edge e ∈ E′, w(e) = 1, then we call Gw is a heavy
graph of G, and G is a light graph of Gw.

As a base of the approach, we first argue that a graph G has a k-cycle, if and only if
its heavy graph Gw has a k-weight cycle.

Lemma 5.1.1. Let G = (V, E) be a graph and let GW = (V, E, W) be its heavy graph,
then G has a k-cycle, if and only if GW has a k-weight cycle.

Proof. If G has a k-cycle, then there are k edges form a cycle in G. Since GW has the
same edge set as G, then these k edges still forms a cycle in GW ; Since every edge has
weight of 1, these edges forms a k-weight cycle.

If GW has a k-weight cycle, then there is a cycle with weight k in GW , since every
edge has weight of 1 then there are k edges forms such cycle hence we can find these
k edges in G such that forms a k-cycle. �
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Lemma 5.1.1 shows the equality of a k-cycle and a k-weight cycle. Now we can try
to find a k-weight cycle in a weighted graph instead of finding a k-cycle in a regular
graph. We have the following observation similar to Chapter 3:

Observation. Let A, B be a separation of order two in a weighted graph Gw, with
A ∩ B = {x, y}. Let PA be the maximum-weight xy-path in G[A]. If Gw has a k-
weight cycle, then either G[A] has a k-weight cycle, or G[V(PA) ∪ B] has a k-weight
cycle.

The observation above shows again, that we can maintain a maximum-weight xy-
path in one part of the separation and safely remove other vertices in that part. Now
we come to how to find a maximum-weight path that has fixed ends.

Lemma 5.1.2. There is an algorithm that, given an n-vertex weighted graph Gw with
distinct vertex x, y, and an integer k, either:

1. Determine whether there is a cycle of weight at least k in Gw, or

2. Determine the weight of the maximum-weight xy-path.

The algorithm runs in polynomial time if there is an oracle that is able to determine
a k-weight cycle. The oracle is queried for instance (G′w, k), where G′w is a graph
obtained from Gw that contains x, y.

Proof. Proof here is quite similar to lemma 3.1.3, but is a bit easier:

Determine k-weight cycle. We call the oracle with instance (G, k), if the oracle answers
YES they we output this and halt.

Determine maximum-weight xy-path. We make a sequence of weighted graphs Gw0, .., Gwk−2,
where Gwl is a heavy graph of Gl mentioned in the proof of lemma 3.1.3. We invoke
the oracle by sequence with instance (Gw0, k), .., (Gwk−2, k). Similarly the smallest
index l∗ that the oracle answers YES contains a cycle that passes through x, y with
weight of exactly k. As we add an xy-path of weight l∗ − 1 then the maximum-
weight xy-path in G has weight of exactly k − (l∗ − 1) ≥ 1. We may only use the
length to achieve a Turing Kernel. �

With the access to a k-weight cycle oracle, we can give a Turing Kernel that every
instance sent to oracle has size smaller than O(k) in restricted graphs:

Lemma 5.1.3. The planar k-cycle problem has a polynomial Turing Kernel on some
specified graph G: it can be solved in polynomial time using an oracle that decides
planar k-weight cycle on instances with at most 2k vertices and a parameter value k.
G should satisfies the following condition: For every edge in its quasi-4-tree decom-
position (T,X ), the size of it’s adhesion is no larger than 2.
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Proof. Here we simply ignore the case of size-1 adhesions, as usual. We now show
the proof on size-2 adhesions by a similar structure as what we did in chapter 3:

Algorithm 5: Reduce-weight(Gw, G′w, A, B, x, y, k)
Precondition : G′w is an induced weighted subgraph of Gw, (A, B) is a

separator of G′w with A ∩ B = {x, y}, and F is a minimal
separator of G. F can be size 2

Postcondition: The existence of a k - weight cycle is reported, or the graph G′w
is updated by removing all vertices in A\B but an . If G′w
initially has a k-weight cycle, then the deletions preserves this
property.

1 Query the k-weight cycle oracle to determine whether G′w[A] has a k-weight
cycle

2 Find the value of l, where l is the length of the maximum-weight xy-path on
(G′w[A])

3 if oracle answer YES or line2 reports l has value ≥ k− 1 then
4 Report the existence of a k-weight cycle and halt
5 else
6 Remove vertices in A \ {x, y} from A
7 Add an edge e = {x, y} with We = l. If this edge already exists, set We = l

if l is larger than the existed weight.
8 end

Transform and Decompose. For a planar graph G We first transform it into its
heavy graph Gw. As argued, finding a k-cycle in a regular graph is equal to find-
ing a k-weight cycle in its heavy graph. Then in the following we are trying to find a
k-weight cycle in Gw instead of finding a k-cycle in G.

Given a weighted graph Gw we first split into its quasi-4-tree decomposition. Note
this is always possible since Gw has the same vertex and edge set as G. The resulting
tree (T,X (i)) has the same structure as we discussed in Chapter 3 and hence every
adhesion is a minimal separator. Then we show the reduction algorithm as Algo-
rithm 5 so as to remove every vertex but only keeps two vertices in the child j of a
node i ∈ V(T′), as we make a copy G′w of Gw and a copy T′ of T.

Lemma 5.1.4. Algorithm 5 satisfies its specifications. It calls the k-weight cycle oracle
on a graph of at most |A|+ k vertices.

Proof. We first show the correctness of the algorithm. Same as what we done in
Chapter, if G′w[A] contains a k-weight cycle or an xy-path of weight at least k − 1
then we report the existence of k-(weight)cycle directly. If this is not the case, in line
6 and 7 we remove every vertices in G′w[A] and record the weight of the maximum-
length xy-path in the weight of edge {x, y}. As the maximum weight is maintained
after line 7 in Gw[A], we know from the observation that the existence of a k-weight
cycle is preserved. Since only x, y are kept after line 7, therefore |Gw[A]| = 2 after
line 7 terminates.

Since we use a similar technique for finding a maximum-weight path, we query the
oracle with instances of order no more than |A|+ k. �

Algorithm 6 shows the main self-reduction procedure. Since it is totally same as al-
gorithm 2 we skip the proof of its correctness. The only point we need to argue is
the size of instances that it sends to the oracle.
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Algorithm 6: Kernelize-weight(Gw, G′w, (T′,X ′), i, k)
Precondition : G′w is an induced weighted subgraph of Gw with a tree

decomposition (T′,X ′) of adhesion f size 2, a node i of T′ is
specified as root.

Postcondition: The existence of a k-weight cycle is reported, or the graph G′w
and the tree decomposition (T′,X ′) are updated by removing
vertices of X ′(T′[i])\X ′(i), resulting in |X ′(T′[i])| ≤ O(k). If
G′w initially has a k - weight cycle, then the deletions preserves
this property.

1 for each child j of i in T′ do
2 Recursively execute kernelize-weight(Gw, G′w, (T′,X ′), j, k)
3 Let {x, y} := X ′(i) ∩ X ′(j)
4 Let A:= X ′(T[j]) and B:= (V(G′)\A) ∪ F
5 Reduce-weight(Gw, G′w, A, B, x, y, k)
6 end
7 for each pair (x, y) ∈ (X

′(i)
2 ) do

8 while there are distinct children j1, j2 of i in T′ such that
X ′(i) ∩ X ′(j1) = X ′(i) ∩ X ′(j2) = {x, y}) do

9 Let A:= X ′(T[j1]) ∪ X ′(T[j2]) and B:= (V(G′)\A) ∪ {x, y}
10 Reduce-weight(Gw, G′w, A, B, x, y, k)
11 end
12 end

Note that algorithm 6 invokes the oracle by line 5 and line 10. As discussed, for ev-
ery edge in a node i ∈ V(T′) it can be an adhesion of size 2 which connects to one
child. Since each of these children has been invoked by algorithm 5 in line 5, each
child only contains at most two vertices and hence |X ′(T′[i])| ≤ 3k ∗ 2 + k = O(k).
As every subtree invoked in line 10 has size of O(k) then by lemma 5.1.4, in line 5
the oracle queries instances of order O(k) + k = O(k), which completes the proof. �

5.2 Difficulties on general planar graph

We now show that the technique used in chapter 5.1 is not applicable when some
edges of the quasi 4-tree decomposition of a graph G has adhesions of size 3.

As shown in lemma 3.1.1, when the decomposition has some edges that have adhe-
sion of size 3, we need to maintain 6 maximum-length paths. Saving the weight of
maximum-length paths leads to problems, as paths may share the same ends.
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FIGURE 5.1: An example showing why errors may occur when a
graph has adhesion of size 3.

Consider the example shown in Fig. 5.1. Let (A, B) be a separation of Gw. Suppose
in A we need to maintain a maximum-weight xz-path in G[A]− y (1, dashed) and a
maximum-weight xy-path in G[A] (2). Note that path (2) consists 2 sub-paths: its xz
sub-path has less weight than path (1) and its zy sub-path intersects with path (1).
Now consider how to save the weight of path (2): If we simply save it by adding
an xy-edge (shown by case 1) then we miss the information that such path passes
through z and the oracle may pick it with a path in B that also passes through z,
which is wrong. If we save it by adding an xz-edge(3) and a zy-edge(4), since we
can only save path (1) by adding an xz-edge (5, dashed in case 2), then the oracle
will combine edge (4) and edge (5) as an xz-path, regardless that the yz-subpath of
(2) and path (1) are intersected, which is also wrong.

One simple observation is: Let P1 be an ab-maximum-length in planar graph G and
P2 be a cd-maximum-length in G, if P1 ∩P1 = {e, f } then we can replace the e f -path
in P1 by P2, and vice versa, without changing the length of the two paths. Note that
if we replace one sub-path by the other then it equals to we remove one sub-path,
as the other sub-path has already exist in the graph. Such observation leads to a
natural question that, when facing intersected maximum-length paths in G[A], can
we replace(and hence) remove some intersected sub-paths, so as to only keep a con-
stant number of vertices of degree larger than 2, remove other verices, and finally
we can maintain a Turing kernel with invoke the oracle with instance of order O(k)?
Unfortunately the answer is also no.

We disprove the idea, by showing that there exist two maximum-length paths P1
and P2 in G, with |P1| = |P2| = O(n), such that |P1 ∩ P2| = O(n) and none of their
sub-paths can be replaced safely.

In order to explain why some sub-paths cannot be replaced by others, we first estab-
lish the following necessary condition for the replacement:
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Lemma 5.2.1. Let Let P1 be an maximum-length ab-path in planar graph G and P2
be a maximum-length cd-path in G, let V = V(P1) ∩ V(P2). Let P ′1 ⊆ P1 be a vivj

sub-path of P1 and P ′2 ⊆ P2 be a vivj sub-path of P2. Then we can safely 1 replace
P ′1 and P ′2 by each other, only if V(P ′1) ∩V = V(P ′2) ∩V.

Proof. Suppose this is not the case, then consider a vertex vk ∈ V with vk ∈ P ′1 and
vk 6∈ P ′2. Suppose now we replace P ′2 by P ′1, as vk ∈ V(P2) \ V(P ′2), and P ′2 visits
vk after the replacement then P2 visits vk twice after the replacement, hence the new
P2 is no longer a cycle.

Similarly, if we replace P ′1 by P ′2, then the new P1 no longer passes through vk after
the replacement. Since P1 is now a path in graph G− vk, it does not preserve that it
is still a maximum-length ab-path in G− vk, as the lemma concludes. �
Now we can show the two paths as promised:

a b1 2 3 4

5

6 P1

P2

c
d

FIGURE 5.2: An example that every such-path in the two paths cannot
be replace, and hence no vertices can be folded.

First consider the upper paths in fig 5.2: P1 passes through vertices {1, 2, 3, 4, 5, 6}
and P2 passes through vertices {1, 6, 4, 5, 2, 3}. Observe that only 4, 5 sub-paths sat-
isfies the condition in lemma 5.2.1. However they are coincided already and hence
nothing can be placed in such a graph. If we call this structure as a ’unit’, then a pla-
nar graph can contain infinitely many these units so that no sub-paths can replaced
(shown as the lower graph), which implies that the idea we raised above is not valid.
�

As such idea is proved not valid, the idea of finding a k-cycle via a weighted graph
is still interesting. As some information in a regular graph can be compressed in
the weight of a weighted graph, we can expect finding a Turing Kernel with even
smaller instance sizes by working on weighted graphs in the future.

1Here ’safely’ means after the replacement, P1 and P2 are still simply maximum-length paths
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5.3 Conclusion

In this thesis report we go over the designing of Turing Kernelization. We achieved
a polynomial Turing Kernel on the planar k-cycle problem with the help of an oracle
answers k-cycle decision problem. Using the property of quasi 4-connected graph,
we ensure that every instance sent to the oracle has size no larger than O(k2) which
is slightly improved from Jansen’s work. We get a same result from his work in pla-
nar k-path problem, since we use a NP-completeness transform algorithm in finding
a maximum-length paths.

We finally raise a method to achieve a polynomial Turing Kernel of even smaller size
by transforming the k-cycle problem into the k-weight cycle problem. Though such
kernel is only available for very restricted graphs, we believe the idea of solving a
problem in regular graph by solving an equal problem in weighted graph, can be
helpful for designing Turing Kernelizations of smaller sizes.
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