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Abstract

This work presents a new method for online fuel-efficiency optimization of Diesel engines, using constrained extremum-seeking. A
two-input optimization problem, which is suitable for extremum-seeking, is integrated into a tracking control system. As a result,
both air-path and fuel-path actuators are used for tracking and extremum-seeking. A key element of the proposed method is a
cost function based on real-time BSFC estimation. Moreover, an existing constrained extremum-seeking method is extended to
multiple output constraints. Experiments on a Euro-VI heavy-duty Diesel engine demonstrate the constraint handling, robustness
with respect to real-world disturbances, and the fuel saving potential of the control design.

Keywords: Extremum-seeking; constraint handling; multivariable control; real-time optimization; Diesel engine control;
fuel-efficiency optimization; real-world driving emissions.

1. Introduction

Nowadays, Diesel engines are subject to legislated maximum
CO2 emission levels (upcoming in the European Union) or fuel
consumption (already in place in the USA). This requires maxi-
mum efficiency, resulting in a minimal fuel consumption, while
at the same time legislated emission constraints of other pollu-
tants, such as nitrogen oxides (NOx: a mixture of NO and NO2),
need to be satisfied. This poses a challenging control problem,
especially because the emission constraints are subject to real-
world evaluation, in addition to existing laboratory test cycles.
This means that the control system needs to be robust for real-
world disturbances like varying ambient air conditions, vary-
ing fuel composition, production tolerances, component fouling
and wear. In addition, physical constraints on the engine need
to be satisfied, e.g., an in-cylinder pressure limit, maximum tur-
bocharger rotational speed, and actuator limitations.

A typical Diesel powertrain includes the engine itself and an
exhaust after-treatment system (EAS). The EAS is used to re-
duce the engine-out emission level of the pollutants within the
tailpipe-out level prescribed by legislation. However, reducing
emission of NOx in the EAS, requires the addition of urea in
the selective catalytic reduction (SCR) system, which is one
of the components of the EAS. This contributes to the opera-
tional cost of the powertrain. Therefore, a relevant engine con-
trol problem, and the problem considered in this paper, is to
deliver the requested power, using minimal fuel, while satis-
fying constraints on engine-out NOx and in-cylinder pressure.
Available mechanisms to suppress engine-out NOx emission are
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exhaust gas recirculation (EGR) and injection timing. Both are
limiting the achievable fuel-efficiency. As such, there exists a
BSFC-NOx trade-off, with the brake specific fuel consumption
(BSFC) [g/kWh].

The industrial standard in Diesel engine control comprises
look-up table based feedforward and feedback control. In the
literature, different combinations of control inputs and outputs
are suggested, see, e.g., Wahlstrom and Eriksson (2013); Criens
et al. (2015), where air-path (i.e. related to gas flow) control
variables are discussed. The availability of in-cylinder pressure
sensors (which are not yet standard in trucks) increases the po-
tential of feedback control. To be precise, the indicated mean
effective pressure (IMEP) (related to power) and combustion
phasing parameters such as CA50 can be derived online. In Luo
et al. (2018), an H2-optimal fuel-path (i.e. fuel injection) con-
troller is presented to control IMEP and CA50, while in Tschanz
et al. (2014); Zhao et al. (2014) a combination of fuel-path and
air-path control is proposed.

Although feedback control improves the robustness of the en-
gine control system in terms of disturbance rejection, the high-
level optimization problem of determining the related reference
signals is typically addressed by offline (manual) tuning in an
engine test cell. As a result, the obtained performance remains
sensitive to the earlier mentioned real-world disturbances.

Online engine performance optimization using extremum-
seeking (ES) is an interesting research area. ES is an adaptive
optimization technique, see, e.g., Tan et al. (2010), which aims
to optimize a measured cost, with the advantage that very little
knowledge about the system dynamics and disturbances is re-
quired. The main requirement is that, for steady-state operation,
the considered system has a (quasi-)convex mapping from the
input(s) to be tuned, to the performance output. For spark igni-
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tion engines, spark timing has been adjusted using ES, see Mo-
hammadi et al. (2014) and Hellström et al. (2013). For Diesel
engines, in Großbichler et al. (2016) the fuel injection profile
is adjusted, while in Lewander et al. (2012) the reference sig-
nal for closed-loop controlled CA50 is adjusted. In most cases a
BSFC equivalent cost function is optimized. Constraints, e.g.,
on emissions, are not considered in these works. An excep-
tion is Ramos et al. (2017) where constrained ES is applied for
spark timing tuning, accounting for a NOx constraint. Explicit
optimization of fuel-efficiency subject to emission and power
constraints by exploiting both fuel-path and air-path actuators
is explored in Broomhead et al. (2017). The economic model
predictive control (MPC) approach in Broomhead et al. (2017)
describes the fuel mass flow with an explicit model of the en-
gine. As such physical relations and disturbances, e.g., due to
real-world disturbances, that are not explicitly incorporated into
the model, can lead to a mismatch between the optimum of the
MPC cost function and the true optimal fuel-efficiency.

The main contribution of this paper is an ES based control
approach that deals with the engine control problem of deliver-
ing power, using minimal fuel, while satisfying constraints on
engine-out NOx emission and peak in-cylinder pressure. The
NOx and power objectives are addressed by a multivariable
tracking control system, that utilizes four actuators, both air-
path and fuel-path. A key element of the ES application is the
cost, which is a BSFC estimate, based on injector opening time,
see Kupper et al. (2018). By selecting as ES inputs, the track-
ing control reference signals for pumping loss dp, and CA50, a
convex problem is obtained. The peak in-cylinder pressure is
a constraint output. Additional constraint outputs are included
to maintain tracking of NOx. As such, a two-input optimization
problem that is suitable for ES, is integrated into a tracking con-
trol system, by which the ES affects all four actuators. A sec-
ond contribution of this paper is to extend the scalar handling
of output constraints in ES presented in Ramos et al. (2017) to
multiple output constraints. Finally, online fuel-efficiency opti-
mization is demonstrated in experiments on a production type
Euro-VI heavy-duty Diesel engine, with additional in-cylinder
pressure sensors and a high resolution crank angle (CA) en-
coder. Robustness of the ES is demonstrated by varying the
engine operating point, the NOx reference, and the type of fuel.

This paper significantly extends the preliminary results in
Van der Weijst et al. (2018), in particular by presenting: 1)
A detailed description of the engine and the low-level engine
control system; 2) incorporation of an in-cylinder pressure con-
straint; 3) application for several different engine operating
points; and 4) an extensive experimental section discussing the
constrained ES functionality and robustness, the potential fuel
saving, and practical applicability.

This paper is organized as follows. The considered engine
and the problem definition are addressed in Section 2. Section 3
discusses the online optimizing control approach, including the
low-level engine control system, the high-level optimization
problem, and the ES controller. The experimental results are
presented and discussed in Section 4. The conclusions and ac-
knowledgments are given in Sections 5 and 6, respectively.

2. System and problem description

In this section, the engine with the available actuators and
sensors is addressed. In addition, the high-level Diesel engine
control objective is introduced.

2.1. Engine system description
The engine considered throughout this paper is a state-of-the-

art, heavy-duty Euro-VI six-cylinder truck engine. Compared
to the production type engine, the test engine is equipped with
Kistler 6125 piezoelectric in-cylinder pressure sensors (one in
each cylinder), and with an AVL 365 CA encoder, which has
a resolution of 0.1 [◦CA]. Data from these sensors is acquired
with an AVL Indimodul. The in-cylinder pressure sensors and
the CA encoder are indicated in Figure 1, so are the engine
block, the air-path, the fuel-path, and additional (production
type) sensors. The sensors, as well as the air-path and fuel-path
actuation, are addressed in the following.

The air-path system consists of the components related to gas
flow: The turbocharger with variable geometry turbine (VGT)
and cooler, and the cooled, high pressure EGR system. The
compressor compresses the intake air, and thereby enables an
increased power output and is beneficial for thermal efficiency.
The turbocharger is driven by the VGT, which converts energy
from the exhaust gas. The purpose of the EGR system is to re-
duce NOx emission, by recirculating a part of the exhaust gas
into the intake manifold. By doing so, the intake gas mixture
is diluted with inert gas, which reduces the (local) combustion
temperature and air-to-fuel ratio, and thereby tempers the for-
mation of NOx. Application of EGR has, however, a negative
effect on fuel-efficiency because: 1) To create an EGR flow,
a pressure difference over the manifolds is required, see Fig-
ure 1, which is known as the pumping-loss of the engine, 2) less
heat is available for the VGT which reduces the available com-
pressor work of the turbocharger, and 3) EGR can reduce the
thermal efficiency of the combustion. Summarizing, suppress-
ing NOx emission using EGR results in a decreased BSFC, i.e.,
there exists a BSFC-NOx trade-off which is influenced by the
air-path system. The available air-path actuators are the VGT
and the EGR valve.

The fuel-path consists of a common rail system with six in-
jectors, see again Figure 1, which provides the fuel-path con-
trol inputs: Start of injection (SOI) and duration of cylinder-
individual injection pulses. These fuel-path inputs are updated
once per combustion cycle for each cylinder. This type of con-
trol is known as cycle-to-cycle control. The rail pressure input
is not used for control, it is kept at a desired reference value.

To discuss the effect of the fuel-path input, consider some
of the measured outputs. An important difference between the
considered engine, and the current state-of-the-art, is the avail-
ability of an in-cylinder pressure sensor in each cylinder and a
high resolution CA encoder, see Figure 1. Using the CA mea-
surement, which is directly related to the in-cylinder volume
Vcyl [m3], the in-cylinder pressure can be given as pcyl(Vcyl)
[bar], which is used to obtain the net IMEP [bar]

IMEPn :=
1

Vd

∮
pcyldVcyl, (1)
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Figure 1: Schematic outlay of the considered engine.

where the integral covers a complete four-stroke cycle of 720
[◦CA], see also Heywood (1988). In (1), Vd [m3] is the dis-
placement volume of one piston. The net IMEP is related to the
brake engine power Pe [kW] as

Pe = 10 · 9.81 (IMEPn − FMEP) Vd,tot
1
2

ne

60

with the engine speed ne [rpm], the total engine displacement
volume Vd,tot [m3], and the friction losses expressed by the fric-
tion mean effective pressure (FMEP) [bar]. In addition, using
pcyl, the accumulated heat-release of a combustion stroke can be
derived as a function of CA. Subsequently CA50 [◦CA] results,
which is the CA relative to top dead centre (TDC), at which half
of the total heat is released, see also Heywood (1988). Both the
BSFC and NOx emission are affected by CA50. For the consid-
ered engine, at high load operating points, the optimal CA50 is
lower constrained by the peak in-cylinder pressure ppeak [bar].
Due to physical limitations of the engine, ppeak, which is the
maximum value of pcyl over one cycle, should be smaller than a
certain value. Computationally efficient recursive calculation of
CA50 and IMEPn, using pcyl, is presented in Wilhelmsson et al.
(2006) and applied in Willems et al. (2010). The fuel-path input
SOI mainly affects CA50, while the injection duration mainly
affects IMEPn.

The production type NOx concentration [ppm] sensor is lo-
cated after the VGT, see Figure 1. Combined with an estimate
of the mass air flow and the engine power Pe, the NOx con-
centration sensor is used to obtain the specific engine-out NOx
mass flow [g/kWh].

Finally, pressure sensors are present to measure the intake
and exhaust manifold pressures, pin and pex [kPa], respectively.
These are used to obtain

dp := pex − pin ∼ −PMEP. (2)

The pumping mean effective pressure (PMEP) [bar] is the part
of the net IMEP resulting from the intake and exhaust stroke.
Typically, PMEP is negative, which is why it is referred to as
pumping-loss. As already mentioned, EGR requires dp > 0,
i.e., it induces a loss of work, which results in the BSFC-NOx
trade-off.

2.2. Control objective
The high-level objective of Diesel engine control considered

in this research is as follows. The engine should deliver the

requested amount of power, with a minimal BSFC, subject to
constrained ppeak and specific engine-out NOx emission, on av-
erage over time. Moreover the obtained performance should be
robust with respect to real-world disturbances, such as, varying
ambient air conditions and fuel composition, production toler-
ances, e.g., sensor bias, and component fouling and wear.

3. Online optimizing control approach

The proposed control system can be subdivided in the fol-
lowing parts:

1. A low-level control system that tracks IMEPn, CA50, NOx,
and dp reference signals.

2. An online implementable cost criterion, which is equiva-
lent to BSFC minimization under the given constraints.

3. An ES controller, which online converges to the minimal
cost, by adjusting the default CA50 and dp references.

The motivation for this structure is as follows. By tracking of
IMEPn, the engine power Pe can be realized. The NOx con-
straint is taken into account as a reference value for engine-out
NOx, which in practice is obtained from a supervisory con-
troller, e.g., the integrated emission management (IEM) strat-
egy proposed in Donkers et al. (2017). As explained, both CA50
and dp have an influence on the trade-off between low BSFC
and the considered constraints, and as such, are well suited as
optimization parameters.

Being a “model-free” approach, ES does not require explicit
knowledge of the real-world disturbances and the dependency
of the low-level control system on those disturbances. This is
a clear advantage for the application at hand. As a result of
interaction in the low-level control system, all four actuators
are affected by adjusting the CA50 and dp references. As such,
the problem of optimizing fuel-efficiency with four actuators, is
reduced to a 2-input optimization. Moreover, in Section 3.2 it is
shown that the resulting two-input problem is “quasi-convex”,
which is a requirement for ES.

3.1. Low-level control system
In this subsection, the main properties of the low-level con-

trol system are discussed. To summarize Section 2.1, from a
control perspective, the engine is a system with input u ∈ R14×1,
given by:

u =
[
u>dur u>S OI uEGR uVGT

]>
(3)

with vectors udur,uS OI ∈ R6×1, given by:

udur =
[
udur1 udur2 · · · udur6

]>
uS OI =

[
uS OI1 uS OI2 · · · uS OI6

]> (4)

(5)

containing the (main pulse) injection duration signals [ms], and
SOI [◦CA] relative to TDC, for each of the six cylinders. Sig-
nals uEGR, uVGT ∈ [0, 100] are the EGR valve opening, and
the VGT position, in [%], respectively. The measured output
y ∈ R14×1 is given by:

y =
[
y>IMEPn

y>CA50
yNOx ydp

]>
(6)
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with vectors yIMEPn
, yCA50

∈ R6×1, given by:

yIMEPn
=

[
yIMEPn1

yIMEPn2
· · · yIMEPn6

]>
yCA50

=
[
yCA501

yCA502
· · · yCA506

]> (7)

(8)

containing the cylinder-individual measurements of CA50
[◦CA] relative to TDC, and IMEPn [bar]. The units of
yNOx , ydp ∈ R are [g/kWh] and [kPa], respectively.

The low-level engine control system is schematically de-
picted in Figure 2. In this figure, P represents the engine with
input u in (3) and output y in (6). The dependency of the en-
gine on real-world disturbances is indicated by disturbance vec-
tor w ∈ Rnw×1, nw ∈ Z>0. The “cycle-to-cycle calculation”
block represents the online derivation of CA50 and IMEPn as
in Willems et al. (2010). Feedforward signal u f f ∈ R14×1 is
obtained from offline tuned look-up tables, as a function of the
engine operating point, and is provided by the default engine
control unit (ECU). C f b is a dynamic feedback controller with
output u f b ∈ R14×1 and as input the tracking error e ∈ R14×1,
which has the same structure as y in (6)-(8). The controller C f b

is a decoupled proportional-integral (PI) controller, see, e.g.,
Skogestad and Postlethwaite (2005). The corresponding static
decoupling matrix is scheduled as a function of engine speed
ne and the IMEPn reference signal rIMEPn , to compensate for
parameter-varying and nonlinear behavior. The dynamic PI part
of C f b is linear time-invariant (LTI). Finally, the reference sig-
nal results from the summation of a nominal reference signal
r ∈ R14×1, and a delta contribution, ∆r ∈ R14×1, such that we
have e = r+∆r−y. Signal ∆r is used to adjust CA50 and dp with
the ES controller. Reference signal r is based on offline tuned
look-up tables, which are parametrized by ne and rIMEPn . Note
that, by preserving the default value of r in the ES architecture,
essentially a feedforward contribution is obtained for the ES in-
puts, which is a function of ne and rIMEPn . Depending on the
available knowledge of the system, this can help to reduce the
convergence time of the ES optimization.

The control system has cylinder-individual control of CA50
and IMEPn, and as such, disturbances related to fuel injection
are suppressed. However, the reference signals are equal for all
cylinders, so r is given by:

r =
[[

rIMEPn rCA50

]
⊗ 11×6 rNOx rdp

]>
(9)

where ⊗ denotes the Kronecker product and 11×6 is a one by six
vector of ones. Accordingly, signal ∆r, which is used to adjust
the reference signals for CA50 and dp, is given by:

∆r =
[[

0 ∆rCA50

]
⊗ 11×6 0 ∆rdp

]>
. (10)

Note that, by defining ∆r as in (10), the possibility of cylinder-
individual CA50 optimization is not exploited. This can be an
interesting topic for further research.

For a constant operating point, i.e., constant engine speed
and torque, and operating conditions and input u close to nom-
inal conditions, the dynamics of the engine P can be character-
ized by its frequency response function (FRF). FRFs are non-
parametric frequency-domain LTI models, see, e.g., Pintelon

P(w(t))

yCA50

yIMEPn
cycle-to-cycle
calculation

yNOx

ydp

(pcyl,

Σ
ufbCfbΣ

−

e

y

u

uff∆r w

r

Σdyn

CA)

Figure 2: Low-level control system schematics. The dashed box indicates Σdyn:
The dynamic part of the system Σ considered for online optimization. In Section
3.2.2, Σ is introduced, see also Figure 8.

and Schoukens (2012). In Van Keulen et al. (2017), the applied
FRF measurement method is discussed, and demonstrated on
the engine considered in this paper. Using these FRFs, the oper-
ating point dependent static decoupling matrix is obtained, and
the LTI PI part of C f b is designed using frequency-domain loop-
shaping, see, e.g., Skogestad and Postlethwaite (2005). Using
that, the controller C f b is LTI for a stationary operating point,
and the FRF of the engine, a non-parametric model of the sensi-
tivity function S( jω) ∈ C4×4 is obtained. The sensitivity gives
an indication of the control system tracking performance and
satisfies 

ēIMEPn ( jω)
ēCA50 ( jω)
eNOx ( jω)
edp( jω)

 = S( jω)


rIMEPn ( jω)
rCA50 ( jω)
rNOx ( jω)
rdp( jω)

 (11)

where jω ∈ C is the complex frequency with ω = 2π f , the ( jω)
argument indicates the Fourier transform of the correspond-
ing time-domain signals, and ēIMEPn and ēCA50 are the average
tracking errors over the six cylinders. Figure 3 shows the Bode
magnitude plot of an FRF based estimate of S( jω) for a typi-
cal cruise control operating point, referred to as OP-A, see also
Figure 4. Observe that for f < 0.143 [Hz], the magnitude
of all elements of S( jω) is smaller than one. To be precise,
|SrNOx→eNOx

( jω)| = 1 at f = 0.143 [Hz]. This indicates that
reference signals up to 0.143 [Hz] are tracked, and that track-
ing of NOx is relatively slow, which is due to the NOx sensor
dynamics.

3.2. High-level optimization problem
The objective in this paper is to minimize the BSFC online,

during real-world application. Therefore, a BSFC equivalent
cost function is required, which uses online available inputs.
In addition, the considered constraint outputs are introduced
in this subsection, the optimization problem is formalized, and
corresponding measured steady-state maps are presented.

3.2.1. Cost and constraint outputs
To obtain the actual BSFC, measurements of the fuel mass

flow and the power are required. However, both are not avail-
able on the vehicle. To cope with this problem, the implemented
cost function is based on estimates instead, which are a func-
tion of online available signals. In Kupper et al. (2018) this
cost function is treated in detail, the essence is as follows. The

4



10
-1

10
0

m
ag

n
it
u
d
e
[d
B
]

-80

-60

-40

-20

0

|Sr→ēIMEPn
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engine power estimate P̃e is obtained from an estimate of the
engine torque Me, which is based on yIMEPn , and compensated
for the engine speed ne dependent FMEP. Likewise, the fuel
mass flow estimate ˜̇m f is primarily a function of the injector
opening time udur, and compensated for the rail pressure prail,
SOI uS OI , and the engine speed ne. The BSFC estimate is

˜BS FC =
˜̇m f

P̃e
.

Although this estimation is accurate, the essential property for
ES is that we minimize the average injector opening time ūdur

while yIMEPn is according to its reference. For ES, the absolute
value of the BSFC estimate is not important, only the location
of its minimum as a function of ∆rCA50 ,∆rdp .

The BSFC depends on the engine operating point. To avoid
large variations of the cost function value during a change in
engine operating point, the following normalization is applied:

J =
˜BS FC

˜BS FCECU
(12)

where ˜BS FCECU is the BSFC estimate based on the default
ECU settings. It holds that ˜BS FCECU ≈ ˜BS FC when ∆r = 0,
and consequently, J ≈ 1 when ∆r = 0 for all operating points.

While minimizing cost J, the corresponding ∆rCA50
,∆rdp can

result in a reduced tracking performance of rNOx . This is due to
the corresponding input u deviating significantly from its nom-
inal value, at which the FRF is measured that is used to design
the low-level control system. In particular, a reduction of dp
requires a higher value of uEGR, i.e. EGR valve opening per-
centage, to obtain the same amount of EGR. A high value of
uEGR, combined with a lower pressure difference dp, leads to a
reduced effectiveness of the EGR valve as a control input. Con-
sequently, a negative steady-state tracking error eNOx can result,
which implies that the desired NOx emission is exceeded. The
value of uEGR is easier to anticipate upon than eNOx , as will be

ne [rpm]

0 n
e,max

M
e
[N

m
]

0

M
e,max

time-varying OP

OP-A

OP-B OP-E

OP-C

OP-D

OP-A∗

Figure 4: Relative indication of the operating points. The transition from OP-A
to OP-A∗ is used as a time-varying operating point in Section 4.3.

clarified in Section 3.2.2. Therefore, constraint outputs are re-
lated to both eNOx and uEGR:

hNOx = −eNOx − δNOx

hEGR = uEGR − δEGR

(13)
(14)

with δNOx , δEGR ∈ R>0.
In addition, the peak in-cylinder pressure ppeak is affected by

∆rCA50
,∆rdp , thereby possibly violating the physical limitation of

the engine. As such, the following constraint output is included

hppeak = ppeak − δppeak (15)

with δppeak ∈ R>0.

3.2.2. Optimization problem
Define system Σ as the low-level controlled system, schemat-

ically depicted in Figure 2, with inputs ∆ := [∆rCA50
∆rdp ]>, w,

u f f , and r, and outputs J, hNOx , hEGR, and hppeak in (12)-(15).
Then the considered optimization problem is summarized by:

min
∆

(J) s.t. hNOx ≤ 0, hEGR ≤ 0, hppeak ≤ 0,

Σ : (∆,w,u f f , r)→ (J, hNOx , hEGR, hppeak ).

(16a)

(16b)

It is noted that, with the applied constrained ES approach,
which is introduced in Section 3.3, constraints in (16a) are dealt
with as soft constraints. Note that, (12)-(15) are static, and
hence the dynamics of the system Σ in (16b) are in Σdyn, in-
dicated by the dashed box in Figure 2.

Strictly seen, ES considers static optimization of time-
invariant systems. Therefore, we require static, or slowly vary-
ing w, u f f , and r. For a fixed operating point, this assumption
is valid and mapping Σ can be measured on a (∆rCA50

,∆rdp )-grid,
the results are given in Figures 5, 6, and 7, for four station-
ary operating points. An indication of the operating points is
given in Figure 4. The subscript st indicates that this are steady-
state measurements. The following constraint limits are used:
δNOx = 0.3 [g/kWh], δEGR = 20 [%], and δppeak = p̄peak [bar].
The value p̄peak and the exact specification of the operating
points are omitted due to confidentiality. Evidently, the grid
points where ppeak is (presumably) above the constraint limit
are not measured, as can be seen in Figure 6.

The measurements of Σ clearly show that, in steady-state,
the optimization problem (16) is quasi-convex for all operat-
ing points. In accordance with Section 2.1, a reduction of rdp
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leads to reduced cost Jst, and an increased uEGR,st, which ulti-
mately results in a steady-state NOx tracking error eNOx,st. For a
large part of the (∆rCA50

,∆rdp ) grid, hNOx,st ≈ −δNOx = −0.3, i.e.
eNOx ≈ 0, indicating that the low-level control system is able to
track rNOx . Observe that hEGR,st ≈ 0 only occurs in the vicinity
of hEGR,st = 0, while hNOx,st is close to zero (depending on the
value of δNOx ) in a large area where there is no violation of the
NOx constraint. This is the reason that hEGR is easier to antic-
ipate upon than hNOx . As such the EGR constraint is in place,
while motivated from the high-level Diesel engine control ob-
jective, only NOx and ppeak are the signals to constrain.

Consider Figures 5 and 6, and observe that the influence of
the ES input ∆ on ppeak, mentioned in Section 3.2.1, mainly
concerns the ∆rCA50

-direction. Moreover, note that for the pre-
sented operating points, ppeak is only an active constraint for the
high-load operating point OP-B.

3.3. Extremum-seeking controller

The applied ES method employs classical dither-based
derivative estimation, see Nešić et al. (2010), and Van der Wei-
jst et al. (2017) for the multivariable case. For the constraint
handling, the single constraint approach proposed in Ramos
et al. (2017) is extended such that it is applicable for multiple
constraints.

The ES system schematics are depicted in Figure 8. Inputs
∆rCA50 and ∆rdp are perturbed by the dither signals

di(t) = adi cos(ωdi t) (17)

with adi , ωdi ∈ R>0, i = 1, 2, the dither amplitude and dither fre-
quency, respectively. The dither signals are not restricted to be
sinusoidal. In fact, according to Tan et al. (2008), any periodic,
zero mean, persistently exciting signal with bounded magnitude
can be used. The motivation to use a sinusoidal dither signal is
to avoid excitation of higher-order dynamics.

The derivative estimator (DE) blocks estimate the derivatives
of the cost output J and the constraint outputs hNOx , hEGR, hppeak ,
with respect to the inputs ∆rCA50 and ∆rdp . The derivative es-
timates are denoted by g̃J , g̃hNOx

, g̃hEGR , g̃hppeak
∈ R2×1, respec-

tively. Consider for example an input signal q(t) ∈ R, then its
derivative estimate g̃q is obtained as follows:

DE :


ẋHP(t) = −ωHPxHP(t) + ωHPq(t)
yHP(t) = −xHP(t) + q(t)

g̃q(t) =
1

TMA

∫ t

t−TMA

[
2/ad1 cos(ωd1τ)yHP(τ)
2/ad2 cos(ωd2τ)yHP(τ)

]
dτ

(18a)
(18b)

(18c)

where xHP, yHP ∈ R, ωHP ∈ R>0, are the first-order high-pass
filter state, output, and pole frequency [rad/s], respectively.

The high-pass filter in (18a),(18b) removes the DC compo-
nent from the DE input q(t), and is common in ES, see Tan
et al. (2010). The integral in (18c) is a moving average (MA)-
filter, which has a low-pass characteristic. For TMA equal to the
smallest common period time of the dither signals d1, d2 in (17),
the MA-filter removes all content in the derivative estimate at
integer multiples of the dither frequencies ωd1 , ωd2 .

Figure 5: Measured steady-state values Jst , hNOx ,st , hppeak ,st and hEGR,st (black
circles) of J, hNOx , hppeak , and hEGR in (12)-(15), respectively, for cruise con-
trol operating point OP-A. The surfaces are obtained using a heuristic fitting
algorithm, the transparent planes indicate hNOx ,st , hEGR,st = 0.

Figure 6: Measured steady-state values Jst , hNOx ,st , hppeak ,st and hEGR,st (black
circles) of J, hNOx , hppeak , and hEGR in (12)-(15), respectively, for high-load
operating point OP-B. The The surfaces are obtained using a heuristic fitting
algorithm, the transparent planes indicate hNOx ,st , hppeak ,st , hEGR,st = 0.

Estimating the derivatives with respect to ∆rCA50
and ∆rdp in-

dependently, with the DE in (18) and the dither signals d1, d2 in
(17), requires ωd1 , ωd2 . As proposed in Van der Weijst et al.
(2017), we select ωd1 = 2ωd2 resulting in TMA = 2π

ωd2
which is

the smallest possible value for TMA. As a result, the estimation
delay is minimized.

The Bode magnitude plots in Figure 3 show that
|SrCA50→ēCA50

| < |Srdp→edp |, i.e., the tracking control for rCA50 is
faster than for rdp. Therefore, ωd1 = 2ωd2 is selected instead of
ωd2 = 2ωd1 .

Remark 3.1. The MA-filter was first proposed in the context of
ES in Haring et al. (2013) and is favored over the usually ap-
plied low-pass filter (see Tan et al. (2010)) because: 1) It com-
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Figure 7: Fitted surfaces based on measured steady-state data Jst of cost J for
four different operating points. Constraint information is included: hppeak ,st = 0
(dotted black line), hEGR,st = 0 (dashed black line), and hNOx ,st = 0 (solid black
line).

pletely removes contributions at integer multiples of the dither
frequencies, thereby improving the quality of the derivative es-
timate, and 2) it offers a more transparent tuning as TMA is
directly related to the dither frequencies.

The constraint handling, adopted from Ramos et al. (2017),
is achieved by combining all individual derivative estimates
g̃J , g̃hNOx

, g̃hEGR , g̃hppeak
into a weighted combination g̃ ∈ R2×1,

based on the values of the corresponding constraint outputs
hNOx , hEGR, hppeak . This g̃ = [g̃CA50 g̃dp]> is the weighted deriva-
tive estimate, where g̃CA50 and g̃dp are estimates of the deriva-
tives with respect to ∆rCA50

and ∆rdp , respectively. The weighting
is done using the scheduling function

fcon : g̃ =


g̃>J

γNOx g̃>hNOx

γEGR g̃>hEGR

γppeak g̃>hppeak


>

(1− αNOx )(1− αEGR)(1− αppeak )
αNOx (1 − αEGR)(1 − αppeak )

αEGR(1 − αppeak )
αppeak

 (19)

where γNOx , γEGR, γppeak ∈ R>0 are scaling parameters and
αNOx , αEGR, αppeak ∈ (0, 1) are smooth scheduling parameters as
a function of hNOx , hEGR and hppeak , respectively. For example
αNOx (hNOx ) is given by:

αNOx (hNOx ) =
1

1 + exp
(
−

hNOx
κNOx

) (20)

with κNOx ∈ R>0 a constant that determines the smoothness.
Observe that for κNOx → 0, αNOx (hNOx ) approaches a discontin-
uous switch. Functions αEGR(hEGR) and αppeak (hppeak ) are defined
as (20) with κEGR and κppeak , respectively.

The output g̃ of the function fcon in (19) is used in the op-
timizer, indicated in Figure 8, to obtain ∆̂CA50 and ∆̂dp, with
c1, c2 ∈ R>0 the optimizer gains. As such, g̃ = 0 corresponds to
the, possibly constrained, optimum resulting from ES.

DE

DE

DE

hNOx

J

hEGR

g̃J

g̃hNOx

g̃hEGR

DE
hppeak

g̃hppeak

fconΣ

∆rdpd2
Σ

∆rCA50
d1

Σ

[r uff w]>

∆̂rdp

∆̂rCA50

g̃ = [g̃CA50 g̃dp]>

˙̂
∆rCA50

= −c1g̃
CA50

˙̂
∆rdp = −c2g̃

dp

optimizer

Figure 8: Extremum-seeking system schematics. The thick arrow indicate sig-
nals in R2×1.

Using the function fcon in (19), the value of g̃ in the vicinity
of a constraint, e.g. hNOx ≈ 0 where αNOx (hNOx ) ≈ 0.5, de-
pends on the ratio between the values of the individual deriva-
tive estimates, g̃J and g̃hNOx

in case of NOx. As a result, the
ES optimum, where g̃ = 0, may deviate from the actual con-
strained optimum where hNOx = 0. To better balance the ra-
tio between the individual derivative estimates, the scaling con-
stants γNOx , γEGR, γppeak are included in fcon in (19).

In Ramos et al. (2017) an integrator state as a function of
the constraint output is added to the argument of the schedul-
ing function in (20). Thereby, the balancing of the individ-
ual derivative estimates is included in the scheduling parame-
ter and does not rely on γNOx , γEGR, γppeak . A disadvantage of
this approach is windup of the integrator state, when the cor-
responding constraint is not active. To avoid the necessity of
anti-windup measures, the scaling parameters γNOx , γEGR, γppeak

are used instead.
As noted in Ramos et al. (2017), the ES approach also con-

verges without such an additional integrator state. Observe in
(19) that, the possibly resulting deviation of the ES optimum,
where g̃ = 0, from the actual constrained optimum, depends
on the balance of the individual derivative estimates, and the
smoothness of the scheduling parameters αNOx , αEGR, αppeak .

The extension of Ramos et al. (2017) towards multiple con-
straints consists of fcon in (19). Since system Σ is dynamic, the
order in which the elements of the vectors in fcon appear does
influence the solution ∆(t). To be precise, violation of hppeak is
given priority over violation of hEGR, and, in turn, over hNOx .

Remark 3.2. The applied DE approach is the classical ES
method. Note that alternative ES methods exist. For (16), with
corresponding steady-state mappings in Figure 7, the advan-
tage of such methods can for instance be faster convergence,
e.g. Moase and Manzie (2012) or Guay (2016). However, these
methods require (among others) high amplitude fast dither ex-
citation. This is not possible due to the cycle-to-cycle con-
trol induced discrete-time behavior of the system, and physi-
cal limitations on the actuators. Moreover, as a result of the
constraint-based scheduling between the individual gradients,
see Figure 8 and (19),(20), for a constrained optimum, the tran-
sient performance of the constrained ES is mainly limited by the
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dynamics of system Σ, not the DE. Application of estimation-
based approaches, e.g., Hunnekens et al. (2014) or Guay and
Dochain (2015), is an interesting topic for further research, as
such methods generally require less dither excitation, which is
favorable in practice.

Remark 3.3. The constraint handling of the ES approach re-
lies on feedback of the constraint outputs hNOx , hEGR, and hppeak .
While the system Σ in (16b) is dynamic, the constraint outputs
are prone to overshoot their limit. As such, constraints are dealt
with as soft constraints.

4. Heavy-duty Euro-VI engine experiments

This section discusses experimental results obtained on the
engine, which is introduced in Section 2.1. For experiments,
the engine is connected to a dynamo-meter, which dissipates the
engine power. First, the controller implementation is addressed,
followed by the tuning of the ES controller parameters, after
which the experimental results are presented.

Throughout this section, the initial condition for ∆(t) is de-
noted by ∆0 = ∆(0), the obtained optimum, i.e., the approxi-
mate solution of (16) obtained by ES, by ∆∗, and the optimizer
output by ∆̂(t). Throughout all measurements, the ambient air
conditions are according to nominal lab conditions.

4.1. Controller implementation
The standard ECU is bypassed with a Speedgoat real-time

target machine, which has an Intel Core i3 3.3 GHz dual-core
CPU, and a programmable Xilinx FPGA (field-programmable
gate array). The FPGA is used for cycle-to-cycle calculation
of yIMEPn and yCA50 in (7), (8), according to Wilhelmsson et al.
(2006), based on the data obtained with the in-cylinder pressure
sensors and the crank angle encoder. The CPU, which runs at
a sample frequency of 10 [kHz], is used to implement the low-
level and ES controller, which are presented in Sections 3.1 and
3.3, respectively. Matlab/Simulink® is used for programming,
automatic code generation, and deployment.

4.2. Extremum-seeking controller parameter tuning
The main motivation for ES is to provide robustness in

achieving optimal fuel-efficiency against real-world distur-
bances. Therefore, the goal in tuning the parameters of the ES
controller is to obtain fast convergence of ∆(t), towards a rea-
sonably small neighborhood of ∆∗.

Convergence analysis of the applied classical ES, see Krstic
and Wang (2000), relies on time-scale separation between the
dither signal (slow) and the dynamics of system Σ (fast). The
Bode plots in Figure 3 are used to select ωd1 = 0.08 [Hz] and
ωd2 = 0.04 [Hz]. These are relatively high frequencies, to ob-
tain a small estimation delay, for which all elements of |S( jω)|
are well below 0 [dB]. Hence, the dither signals are tracked by
the low-level control system, which contains all the dynamics
of the system Σ in (16b). As such, for the selected dither fre-
quencies, the time-scale of Σ is faster than the dither signals.

The neighborhood of ∆∗ to which ∆(t) converges scales with
the dither amplitude, see Krstic and Wang (2000) and Haring

Parameter Value
ωd1 [rad/s] 0.16π
ωd2 [rad/s] 0.08π
ad1 [◦CA] 0.4
ad2 [kPa] 0.8
TMA [s] 25

ωHP [rad/s] 0.072π
c1 [-] 12
c2 [-] 120

δNOx [g/kWh] 0.3
δEGR [%] 20
δppeak [bar] p̄peak

γNOx [-] 0.005
γEGR [-] 0.0008
γppeak [-] 0.001
κNOx [-] 0.01
κEGR [-] 1
κppeak [-] 1

Table 1: Constrained extremum-seeking controller parameters.

et al. (2013). As such, small dither amplitudes are desired.
However, from a system identification perspective, the dither
amplitudes should be large enough to generate a sufficiently
high signal-to-noise ratio (SNR), at the dither frequencies, in
the input ∆ and the outputs J, hNOx , hEGR, hppeak of the system
Σ. The selected dither amplitudes, see Table 1, are obtained by
tuning on the engine setup.

Frequency ωHP is selected low enough to maintain the dither
contribution in J, hNOx , hEGR, and hppeak , and high enough to not
slow down the DE time-scale.

The choice of κEGR = κppeak = 1 results in a relatively smooth
scheduling between the derivatives g̃hEGR , g̃hppeak

and g̃J , which
appears to be beneficial during the experiments: Small κEGR

and κppeak result in a larger amplitude sawtooth-like oscillation
around constrained ∆∗.

Different from hppeak ,st and hEGR,st, which are close to zero
only in the vicinity of the constraints, hNOx,st is close to zero for
∆ ∈ D ∈ R2 where the constraint is satisfied, see Figures 5 and
6, and observe the set D. To be precise, eNOx ≈ 0 due to the
integral action in the low-level control system, which results
in hNOx ≈ −δNOx = −0.3. With κNOx = 1, for αNOx (hNOx ) in
(20), this yields αNOx (−0.3) ≈ 0.43 for ∆ ∈ D, i.e. the NOx
constraint remains active in the ES while it is satisfied. As such,
the smoothness of αNOx has to be limited, by taking a small
value for κNOx , e.g. κNOx = 0.01 as selected.

Finally, the optimizer gains c1, c2 are tuned such that ∆(t)
remains in a reasonable small (approximately the dither ampli-
tude) neighborhood of ∆∗, after convergence. The same tuning
of the parameters, see table 1, is used for all measurements.

4.3. Measurement results

The results of three measurements are discussed: Two at sta-
tionary engine operating points and one time-varying operating
point. An overview is given in Table 2. The stationary points
are OP-A and a high load point OP-E similar to OP-B, see Fig-
ure 4. Measured steady-state maps are depicted in Figures 5
and 6, respectively. To demonstrate the constraint handling,
rNOx ∈ {4, 6} [g/kWh] is varied during the OP-A measurement,
and δppeak ∈ {p̄peak − 20, p̄peak} [bar] during the OP-E measure-
ment. The steady-state measurements of Σ in Figure 5 are ob-
tained with rNOx = 5 [g/kWh]. The results of the measurement
in OP-A are depicted in Figures 9, 10, 11, and 12, and for the
measurement in OP-E in Figures 13, 14, 15, and 16. In the ac-
tuator plots, the average duration and SOI over the six cylinders
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Test Case 1 Case 2 Case 3
Operating point OP-A OP-E [OP-A, OP-A∗]
rNOx [g/kWh] {4, 6} 4.8 {4.8, 5.2}
δppeak [bar] p̄peak [p̄peak, p̄peak−20] p̄peak

∆>0 [◦CA], [kPa] [4 5] [0 0] [−2.3 − 3.6]
Fuel Diesel Diesel HVO

Table 2: Specification of the test cases.

is given, i.e. [
ūdur ūS OI

]
=

1
6
11×6

[
udur uS OI

]
with udur and uS OI in (4), (5).

The time-varying operating point consists of a linear transi-
tion from OP-A to OP-A∗, see Figure 4. Compared to OP-A, for
OP-A∗, Me is ±33 % lower and ne is ±21 % higher. Note that,
a different fuel is used during the time-varying operating point
measurement, being hydrotreated vegetable oil (HVO) which is
a renewable Diesel fuel. The results are in Figure 18.

MA filtering is applied to better visualize noisy signals, e.g.,
for J(t)

JMA(T )(t) =
1
T

∫ t+ 1
2 T

t− 1
2 T

J(τ)dτ,

where T = 25 [s] for all evaluated signals. Due the MA filter
in the DE in (18), the DE blocks require an initialization time
of TMA = 25 [s]. Therefore, the optimizer, see Figure 8, is
activated after 25 [s], i.e., c1 = c2 = 0 for t < 25 [s]. Observe
that the oscillatory behavior of ∆(t) (and all other signals) is
due to the dither excitation and the scheduling between different
derivatives in fcon in (19). These oscillations are necessary for
any type of ES which requires a persistence-of-excitation (PE)
condition. This type of convergence, i.e. convergence of ∆(t) to
a neighborhood of ∆∗, is known as practical stability, see also
Krstic and Wang (2000).

4.3.1. Extremum-seeking convergence and constraint handling
Consider Figures 9 and 13. For both measurements ∆(t)

converges to a constrained ∆∗, see also Figures 10 and 14.
For OP-A, ∆(t) is mainly constrained in the ∆rdp -direction
(Figure 9), while for OP-E it is mainly constrained in the
∆rCA50

-direction (Figure 13). Cost J(t) decreases accord-
ingly. The corresponding values of hNOx (t), hEGR(t), respec-
tively hppeak (t), are depicted in Figures 10 and 14.

Figures 13 and 14 show the functionality of the constraint
handling on ppeak: A different ∆∗ is obtained for δppeak = p̄peak −

20 [bar], such that hppeak (t) practically converges to zero again.
Figure 13 shows that changing CA50 clearly affects the BSFC.

For OP-A, see Figures 9 and 10, both the NOx and EGR con-
straint are active. To illustrate the functionality of the schedul-
ing function fcon in (19), the values of the scheduling parame-
ters αNOx (t), αEGR(t) and αppeak (t) and the MA of the, scaled, in-
dividual derivative estimates in the ∆rdp -direction are depicted
in Figure 10. Observe that αppeak ≈ 0, due to the fact that
hppeak << 0 for OP-A, see Figure 5. Therefore, the corre-
sponding derivative estimate g̃dp

ppeak is not depicted in Figure 10.

Figure 9: Measurement in OP-A. Extremum-seeking inputs ∆rCA50
(t),∆rdp (t),

measured cost J(t), and the difference in actual BSFC ∆BS FC(t). The yellow
surfaces indicate the time window where rNOx = 6 [g/kWh], rNOx = 4 [g/kWh]
outside this time window.

For OP-A, uEGR and eNOx are mainly constrained in the ∆rdp -
direction, see Figure 5. Correspondingly, g̃dp is, on average,
close to zero for t > ±130 [s], see the second plot in Figure 10.
The MA of yNOx (t), see Figure 10, shows that, on average, the
engine-out NOx level is according to the reference rNOx (t).

In Figure 9 the significant reduction of ∆BS FC(t) and J(t), for
the higher value of rNOx (t), confirms the BSFC-NOx trade-off

discussed in Section 2.1. Correspondingly, a reduced amount
of EGR is required, such that ∆rdp at ∆∗ can be lower, see again
Figure 9.

The ES convergence to different constrained ∆∗ is clear in
Figures 11 and 15, where ∆rdp (t) is plotted against ∆rCA50

(t).
In Figure 11, the corresponding measured steady-state map

depicted in the upper left plot in Figure 7 is plotted. The opti-
mum ∆∗ obtained by ES does not exactly match the expectation
from the steady-state map. This can be due to the fact that the
measurements are not performed at the same time instance and
the location of the optimum may have shifted, and as a result
of interpolation between the measured steady-state grid points.
Nevertheless, it can be seen that the ES result matches the con-
tours of Jst, and the shape of the constraints hNOx,st, hEGR,st = 0.

4.3.2. Robustness of the extremum-seeking optimization
The presented results show that ∆(t) converges to ∆∗, with the

same ES parameter tuning, for very different operating points
(see Figure 4). In addition, the controller copes with time-
varying rNOx (t) and δppeak (t), and a different fuel. Another im-
portant robustness requirement is the ability of the ES to deal
with a time-varying operating point. Observe that ∆∗ depends
on the engine operating point, see Figure 7 and the results
in this section. The required convergence rate to deal with
a time-varying operating point depends on the rate of change
of ∆∗, which is a result of the rate of change of the operat-
ing point, in combination with the corresponding mappings Σst,
see Figure 7. The convergence rate the ES controller is lim-
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Figure 10: Measurement in OP-A. Upper plot: Constraint outputs
hNOx (t), hEGR(t). Second plot: MA-filtered (γ-scaled) gradients in the
∆rdp -direction. Third plot: Scheduling parameters αNOx , αEGR, αppeak in (19).
Lower plot: Tracking result of rNOx . The yellow surface indicates the time
window where rNOx = 6 [g/kWh], rNOx = 4 [g/kWh] outside this time window.

ited by the gradients of Σst and the values c1, c2. As such, the
adaptation of the ES for fast variations of the operating point is
limited. However, in the measurement with a (relatively slow)
time-varying operating point, see Figure 18, ∆(t) converges ac-
cordingly. Being constrained in the ∆rdp -direction, a large NOx
tracking error occurs during the transition between OP-A and
OP-A∗ as a result of hEGR > 0 violation.

Observe that during OP-A (t < ±380 [s]) in the time-varying
operating point test, cost J(t) for ∆(t) ≈ ∆∗ is higher than, and
∆∗ is different from, the results of the stationary OP-A mea-
surement, compare Figures 9 and 18, respectively. Although a
slightly different value rNOx (t) = 5.2 [g/kWh] is used (instead
of rNOx (t) ∈ {4, 6} [g/kWh]), the difference is mainly due to the
different fuel, HVO instead of Diesel. This adds to the moti-
vation for an adaptive optimizing control approach in general,
such as ES.

4.3.3. Obtained fuel-efficiency optimum
The cost output J(t) relates well to the measured difference in

BSFC ∆BS FC(t), see Figures 9 and 13. As such, it is concluded
that ∆∗ according to J(t), is a good estimate of the value for ∆
which would yield optimal fuel-efficiency in practice. The aver-
age duration ūdur(t) varies accordingly, i.e. ūdur(t) ∼ ∆BS FC(t),
see Figures 12 and 16.

For the measurement in OP-A, see Figure 9, an offset ini-
tial point ∆>0 = [4 5] is used. This is done to accentuate the
ES functionality. Due to this offset, the corresponding reduc-
tion of ∆BS FC is not realistic. However, the ES consistently
results in ∆∗rdp

, 0, which implies, as a result of gradient de-
scent optimization in the ES, that cost J has a (local) minimum
at ∆∗> , [0 0]. Observe that both for the OP-A and OP-E
measurements, the obtained ∆∗ is close to the optimum in the
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Figure 11: Extremum-seeking input ∆(t) for the measurement in OP-A, plotted
over the corresponding interpolated steady-state measured map from Figure 7.

Figure 12: Actuator positions u(t) for the measurement in OP-A. The yellow
surfaces indicate the time window where rNOx = 6 [g/kWh], rNOx = 4 [g/kWh]
outside this time window.

steady-state measurements in Figures 5 and 6. Furthermore, the
ability to find the optimum ∆∗ might lead to a larger reduction
of ∆BS FC in a disturbed real-world case.

As already discussed in Section 4.3.1, the increased value
for rNOx (t) results in a significant reduction in ∆BS FC . This is
however only partly the result of ES, as the BSFC-NOx trade-
off plays a role.

In the OP-E measurement, ∆>0 = [0 0], i.e., initially the de-
fault tuning is used. As such, the observed decrease in ∆BS FC of
±1 [g/kWh] is realistic, and significant. This decrease is mainly
the result of the incorporation of the constraint on the maximum
in-cylinder pressure ppeak. By default, the tuning of rCA50 needs
to be conservative, to avoid violation of the ppeak constraint.

Remark 4.1. The default tuning of the ES input, i.e., rCA50 and
rdp, is aimed at maximizing the fuel-efficiency of the considered
engine under nominal test conditions. The ES measurements in
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Figure 13: Measurement in OP-E. Extremum-seeking inputs ∆rCA50
(t),∆rdp (t),

measured cost J(t), and the difference in actual BSFC ∆BS FC(t). The yellow
surfaces indicate the time window where δppeak = p̄peak − 20 [bar], δppeak =

p̄peak [bar] outside this time window.

Figure 14: Constraint output hppeak (t) for the measurement in OP-E. The yellow
surface indicates the time window where δppeak = p̄peak − 20 [bar], δppeak =

p̄peak [bar] outside this time window.

OP-A and OP-E, see Figures 9 and 13, respectively, are con-
ducted under the same nominal test conditions. Hence, a sig-
nificantly increase of fuel-efficiency by ES cannot be expected.
Instead, the functionality of ES is of interest, as it indicates its
ability to optimize fuel-efficiency in a non-nominal situation,
e.g., for different ambient conditions.

The oscillation in ∆(t) around ∆∗ for OP-E is seen to affect
both the constraint output hppeak (t) in Figure 14 and in ∆BS FC(t)
in Figure 13. The soft limit δppeak needs to be reduced propor-
tionally to the oscillation in hppeak (t) to avoid violation of the
physical maximum of ppeak. Effectively, this increases the av-
erage optimal cost J at ∆∗ and thus reduces the increase in fuel-
efficiency. As noted in Section 4.2, the oscillations around ∆∗

scale with the dither amplitude. As such, it is important to select
ad1 , ad2 as small as possible.

For OP-A, the effect of oscillations in ∆(t) on ∆BS FC(t), see
Figure 9, is not so apparent. This is because in OP-A, the con-
strained optimum ∆∗ is close to the actual minimum of J, where
the derivative of J is much smaller than in the constrained opti-
mum for OP-E.

4.3.4. Low-level control system performance
The effect of the applied ES controller on the low-level con-

trol system is best evaluated by considering the actuator posi-

∆rCA50
[◦CA]

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

∆
r d

p
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P
a
]
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0

1

∆(t)

∆̂(t) while δppeak = p̄peak [bar]

∆̂(t) while δppeak = p̄peak − 20 [bar]

Figure 15: Extremum-seeking input ∆(t) for the measurement in OP-E.

Figure 16: Actuator positions u(t) for the measurement in OP-E. The yellow
surfaces indicate the time window where δppeak = p̄peak − 20 [bar], δppeak =

p̄peak [bar] outside this time window.

tions, depicted in Figures 12 and 16. The key observation is
that all four actuators respond, while the optimization is done
using only two variables in ∆(t). The actuators and hence the
low-level control system are clearly affected by the dither exci-
tation and the constraint scheduling. Note that, the oscillation
of uEGR(t) is stronger for OP-E (Figure 16) than for OP-A (Fig-
ure 12). This is due to the larger value of uEGR(t), at which the
EGR valve is less sensitive, as explained in Section 3.2.1.

The tracking of rNOx (t) suffers from ES induced oscillations,
specifically for large values of uEGR(t), see also Figure 12. This
is essentially why the value of δEGR in (14) is selected lower
than the actual saturation of the EGR valve. The MA of yNOx (t)
shows however that, on average, there is no violation of the
reference engine-out NOx level, which is in accordance with
the high-level Diesel engine control objective stated in Section
2.2. Regarding the power request, the cylinder-average tracking
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Figure 17: Cumulative PSD of cylinder-average IMEPn tracking errors ēIMEPn
for OP-A and OP-E with(out) ES based on three windows of length 81.92 [s].
The bottom plot shows the same results as in the top plot, zoomed in at f ≤ 0.25
[Hz]. Without ES corresponds to c1 = c2 = ad1 = ad2 = 0 and ∆0 = ∆ = [0 0]>.
For ES active, ēIMEPn (t) corresponding to the presented time-domain results are
used, for OP-A with t ∈ [206.66, 452.41] and for OP-E with t ∈ [31.34, 277.09].

error ēIMEPn is of interest. Figure 17 depicts the cumulative
PSDs of ēIMEPn (t) for OP-A and OP-E, with and without ES
active. For both operating points, ES induces no significant
difference in the PSD of ēIMEPn (t). In particular for f < ωd1 ,
which is the frequency band in which ES is active, there is no
difference observed.

In conclusion, ES does affect the low-level control system
performance, however, the influence is limited and not prob-
lematic with respect to the high level control objective stated in
Section 2.2.

4.3.5. Discussion: Practical applicability

The obtained results show that ∆∗ , [0 0]>, and that the
related cost J(t) corresponds well to the actual BSFC. Hence,
there is a potential to increase the fuel-efficiency of the consid-
ered engine. Therefore, applying online adaptive optimization,
such as ES, is useful. Especially in non-nominal real-world
conditions, where the default tuning does not necessarily yield
optimal fuel-efficiency, see also the effect of a different fuel:
HVO instead of Diesel.

The applied ES controller is capable of robustly finding the
(constrained) optimum ∆∗. However, because the convergence
rate of the considered gradient descent based ES is inherently
limited, the ES approach cannot reject fast disturbances, e.g., a
step in engine speed and load.

To further decrease ∆BS FC at a constrained optimum ∆∗

where gJ is relatively high, and to avoid actuator wear, it might
be interesting to apply estimation based ES methods which re-
quire less (or no) dither excitation, see Remark 3.2. As dis-
cussed in Section 4.3.4, the performance, in terms of average
engine-out NOx and IMEPn tracking, is however not affected
by the dither perturbation, and ES in general.

Figure 18: Signals ∆(t), J(t), JMA(25)(t), and NOx, with HVO fuel, for a time-
varying operating point: OP-A for t < ±380 [s] and OP-A∗ for t > ±400 [s],
see also Figure 4.

5. Conclusions

A two-input (quasi-)convex constrained optimization prob-
lem is proposed, which connects to the Diesel engine control
goal of delivering power, using a minimal amount of fuel, sub-
ject to constraints on specific engine-out NOx emission, in-
cylinder pressure, and exhaust gas recirculation (EGR) valve
position. The two inputs are reference signals of a low-level
feedback control system, related to pumping losses and com-
bustion phasing. As a result of interaction in the multivariable
low-level control system, all four air-path and fuel-path actu-
ators respond to the optimization of only two inputs. A con-
strained extremum-seeking (ES) approach is applied to obtain
optimal fuel-efficiency, potentially also under real-world distur-
bances, as no model and disturbances information are required.
Experiments are conducted on an advanced setup, based on a
Euro-VI heavy-duty truck engine, with additional in-cylinder
pressure sensors. The experiments demonstrate the functional-
ity and robustness of the proposed control approach, the equiv-
alence of the cost function to the actual brake specific fuel con-
sumption (BSFC), and a reduction of BSFC up to ±1 [g/kWh]
under nominal operating conditions.
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