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Rapid Liquid Filling of a Pipe
With Venting Entrapped Gas:
Analytical and Numerical
Solutions
The motion of liquid filling a pipeline is impeded when the gas ahead of it cannot escape.
Entrapped gas will lead to a significant pressure build-up in front of the liquid column,
which slows down the column and eventually bounces it back. The pressure and tempera-
ture in the gas may become dangerously high, and for example, lead to fires and explo-
sions caused by auto-ignition. This paper considers the case where the trapped gas can
escape through a vent. One new element is that the pressure head of the liquid supply res-
ervoir is fluctuating instead of staying constant. The obtained analytical and numerical
solutions are utilized in parameter variation studies that give deeper insight in the sys-
tem’s behavior. [DOI: 10.1115/1.4043321]
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Introduction

The presence of gas in liquid-conveying pipelines may make
the system’s dynamic behavior unpredictable. Entrapped gas
pockets store and release energy in response to unsteady liquid
flow. In particular for rapid events, caused by fast valve maneu-
vers or by pump starting, the system pressures and temperatures
may rise to unacceptably high levels. The ancient Romans knew
the phenomenon’s destructive power and utilized it for gold
mining [1]. The subject has received much attention with pioneer-
ing work by Streeter and Wylie [2], Kitagawa et al. [3], Martin
[4–9], Hashimoto et al. [10], and Cabrera and co-workers [11–15],
although the first model of this kind is due to Bagnold, who stud-
ied the impact on rigid walls of breaking free-surface waves
[16–20]. The study of liquid columns and gas pockets is of impor-
tance for pipeline filling [21–29], surcharged sewers and geyser-
ing [30–34], water hammer [35–39], steam condensation [40–42],
and auto-ignition of combustible fluids due to rapid compression
[43,44]. Kitagawa et al. [3] observed burning oil droplets in the
compressed air pocket of their laboratory apparatus. Entrapped air
at a blind flange of a hydrocarbon line was considered as one of
the possible causes of the tragedy that happened to the offshore
platform Piper Alpha in 1988 [45]. Hydrogen fires in some notori-
ous nuclear power plants may be attributed to the same mecha-
nism [46–50]. Many relevant papers have appeared since those of
Kitagawa, Martin, Hashimoto, and Cabrera, up to the latest publi-
cations [51–63]. Martin’s seminal paper [4] is revisited herein,
with an improved model in which the liquid column length is vari-
able and in which the reservoir pressure fluctuates. The latter is of
significance in certain laboratory experiments [64,65]. Analytical
solutions for confined (nonventing) gas pockets are presented in
the Appendix.

C. S. Martin’s Test Problem

The test problem is a reservoir-pipe-orifice system where gas at
atmospheric pressure is trapped near the orifice. Figure 1 is a

simple sketch of the situation. Sudden opening of an upstream
valve connected to the reservoir (not shown in Fig. 1) makes the
liquid accelerate towards the gas pocket. Gas pressure builds up,
depending on the size of the orifice, and this will decelerate the
liquid column and possibly bounce it back. It is to be noted that
very slow valve opening or large orifices will not lead to pressures
higher than the driving reservoir pressure. The test data are taken
from the water–air system described in Ref. [4]. The initial length
of the water column is L0¼ 100 m and the diameter of the pipe is
D¼ 0.20 m with the corresponding circular flow area A. The air
occupies an initial length Lgas,0¼ 12.7 m with an initial absolute
pressure head Hgas,0¼Hatm¼ 10.4 m; the corresponding pipe
length is xL¼ L0þ Lgas,0¼ 112.7 m. The absolute pressure head of
the reservoir is HR,0¼ 31.1 m, so that HR,0/Hgas,0¼ 2.99. The spe-
cific gas constant for air is R¼ 287 m2/(s2 K) and the polytropic
coefficient n is either 1.2 or 1.4 herein. The skin friction coeffi-
cient for the liquid flow is f¼ 0.02, so that Martin’s number f
--Vgas,0/D3¼ 1. Upstream-valve resistance and entrance head losses
are ignored by setting Kv¼ 0 and Keþ 1¼ 0, where “1” represents
the reservoir head needed for the spatial acceleration of flow
towards the pipe entrance (also known as the velocity head).
The pipe is horizontal with h¼ 0. The orifice has the varied
diameter Dor with corresponding circular area Aor and discharge
coefficient Cd¼ 1. The liquid column and the air pocket have ini-
tial masses of 3142 kg and 0.48 kg, respectively. The gravitational
acceleration is g¼ 9.81 m/s2, the mass density of the water is
q¼ 1000 kg/m3, and the initial air density is taken equal to
qgas,0¼ 1.2 kg/m3 which relates to an initial temperature
Tgas,0¼ 296.2 K (these values were not specified in Ref. [4]).

The current test problem concerns a theoretical case study.
Extensive experimental data on venting gas pockets have been
published by Martin and Lee [7–9], Hashimoto et al. [10], Zhou
et al. [66], and Li et al. [67].

Fig. 1 Sketch of analyzed system
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Fluctuating Reservoir Pressure Head

One new element is that the liquid reservoir head is allowed to
fluctuate, thereby satisfying volume conservation according to

ARvR tð Þ ¼ �AR
dHR

dt
tð Þ ¼ A

dL

dt
tð Þ ¼ A v tð Þ (1a)

or

DHR Lð Þ ¼ HR Lð Þ � HR;0 ¼ �a L� L0ð Þ with a :¼ A

AR
(1b)

where AR is the uniform area of the free surface of the supply res-
ervoir, HR is the liquid level above the pipe’s central axis, and vR

is the velocity with which this level drops. Because the inertia of
the liquid in the reservoir is ignored, the parameter a must not be
larger than, say, 0.1. The volume of the liquid in the reservoir is
taken larger than the volume occupied by the air column, AR

HR,0>A Lgas,0, so that a<HR,0/Lgas,0. The dimensionless parame-
ter DHR,max/HR,0¼ a (Lmax�L0)/HR,0 defines the significance of
the fluctuation. The upstream pressure head decreases when the
liquid column in the pipe advances and increases when it bounces
back, which is expected to give a retarding effect. When the reser-
voir head is kept constant, by a control device, we simply take
a¼ 0 herein.

Governing Equations

For liquid, supplied by an open reservoir with variable head HR

(L), flowing into a pipe which contains a perfect gas and a down-
stream vent (Fig. 1), the governing equations for velocity v and
length L of the rigid liquid column, and absolute pressure head
Hgas and mass mgas of the entrapped gas, are

dv

dt
tð Þ ¼

g HR;0 þ aL0 � Hgas tð Þ
� �

L tð Þ � g aþ g sin h

� f

2D
v tð Þ jv tð Þj � Kv

2L tð Þ v tð Þ jv tð Þj � Ke þ 1

2L tð Þ v2 tð ÞH v tð Þð Þ

(2)

dL

dt
tð Þ ¼ v tð Þ (3)

dHgas

dt
tð Þ ¼ n Hgas tð Þ v tð Þ

xL � L tð Þ þ
n Hgas tð Þ
mgas tð Þ

dmgas

dt
tð Þ (4)

dmgas

dt
tð Þ ¼

�Cd Aor Y Hgas tð Þ
� � ffiffiffiffiffiffiffiffi

2qg
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mgas tð Þ Hgas tð Þ�Hatm

� �
A xL�L tð Þð Þ

s

if
Hgas tð Þ
Hgas;0

� 1:89

�Cd Aor
ffiffiffiffiffiffi
qg
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

2

kþ 1

� �kþ1
k�1

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mgas tð ÞHgas tð Þ
A xL�L tð Þð Þ

s

if
Hgas tð Þ
Hgas;0

> 1:89

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

(5)

with

Y Hgasð Þ ¼

1 if Hgas ¼ Hgas;0

k

k � 1

Hgas;0

Hgas

� �2
k

1� Hgas;0

Hgas

� �k�1
k

1� Hgas;0

Hgas

2
66664

3
77775

1
2

otherwise

8>>>>>>><
>>>>>>>:

(5a)

All symbols are specified in the Nomenclature. Equation (2) is
based on Newton’s second law with the term on the left represent-
ing liquid inertia, and the terms on the right stand for driving pres-
sure head, gravity, skin friction, valve loss, and entrance loss plus
velocity head, respectively. The Heaviside function H is intro-
duced to disable entrance losses when the flow is backward.
Equation (3) defines the velocity of the rigid liquid column. The
threshold constant 1.89 for choking flow in Eq. (5) is valid for dry
air at room temperature; for wet air and other gases, a different
value must be used. Equations (4) and (5) combine Eqs. (25)–(28)
in Ref. [4], with the auxiliary variables

--VgasðtÞ ¼ A ðxL � LðtÞÞ (5b)

qgas tð Þ ¼ mgas tð Þ
--Vgas tð Þ (5c)

Tgas tð Þ ¼ q g Hgas tð Þ
R qgas tð Þ (5d)

DPgasðtÞ ¼ q g ðHgasðtÞ � HatmÞ (5e)

The dynamic event starts by instantaneously opening an upstream
valve that separates liquid and gas. The volume of the gas pocket
--Vgas is determined by the length L(t) of the liquid column from
which gas density qgas and temperature Tgas follow. Of course, all
these quantities are coupled through the governing Eqs. (2)–(5).
The pressure difference across the orifice is DPgas and the back
flow of the gas is not allowed herein (Hgas>Hatm). Choking flow
(which may produce a horrible whistle [22,68]) is assumed to
occur for Hgas> 1.89 Hgas,0. The adiabatic gas expansion factor Y
is shown in Fig. 2 in its dependence of Hgas as defined by Eq. (5a)
with Hgas,0¼ 10.4 m.

It is noted that for small volumes, the gas pocket cannot be
regarded as a “reservoir” in the derivation of the orifice Eq. (5);
the kinetic energy of the upstream gas (with velocity vgas> 0) is
then to be included in the compressible Bernoulli equation
[69,70]. In addition, when the gas pocket becomes very small
(Lgas � D), the limit of the current model is reached. First of all,
unrealistically high temperatures may occur, with values accord-
ing to the ideal gas law

Tgas ¼
Pgas

R qgas

with
qgas

qgas;0

¼ Lgas;0

Lgas

(6a)

Second, when the stiffness of the gas pocket becomes of the order
of the stiffness of the liquid column, that is

n Pgas A

Lgas

� K� A

L0

or
q a2

qgas a2
gas

Lgas

L0

� 1 (6b)

water hammer will occur [11,17,35,36,39,71] depending on
different time and length scales. The effective bulk modulus K* of
the liquid includes the hoop elasticity of the pipe wall. Relation
(6b) corresponds to the dimensionless number d defined and
investigated in Ref. [35]. Third, the assumption of a relatively pla-
nar slug front (compared to L0 and Lgas) is violated when

Fig. 2 Adiabatic gas expansion factor
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W

Lgas

� 1 (6c)

where W is the width of the front. This is of particular importance
for breaking waves hitting a vertical wall [16]. Fourth, the com-
plex physics happening at the liquid–gas interface (including pos-
sible instabilities and phase transitions) is ignored. Fifth, the
validity of the ideal gas law itself becomes questionable if the gas
layer is tiny. Sixth, if the air column is long and the excitation is
rapid, then gas hammer [72] must be taken into account [36,73].

With Aor¼ 0 (closed end) in Eq. (5), dmgas/dt¼ 0, so that
Eq. (4) reduces to the confined gas-pocket relation

Ln
gasðtÞHgasðtÞ ¼ Ln

gasðt0ÞHgasðt0Þ (6d)

where LgasðtÞ ¼ xL � LðtÞ. This special case is considered in the
next paragraph.

Analytical Solution

The analytical expression for v(L) for a closed system (Aor¼ 0),
derived in the Appendix for a constant reservoir head (a¼ 0), but
here with a variable reservoir head (a> 0), reads

v ¼ L�
Kþ1

2 e�C2L
ffiffiffiffiffi
2g

p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HR;0 þ aL0ð Þ

ðL

L0

L�Ke2C2L�dL� � C1

ðL

L0

L�Ke2C2L�

xL � L�ð Þn dL�

þ sin h� að Þ
ðL

L0

L�Kþ1e2C2L�dL�

vuuuuuuut
(7)

Fig. 3 C. S. Martin [4]: transient air pressure, water velocity,
and air volume for confined system

Fig. 4 Current paper: (a) transient air pressure, (b) water velocity, and (c) air volume, for confined system (Aor 5 0,
n 5 1.2, and a 5 0)

Table 1 Comparison of maximum velocities and pressures

vmax (m/s) tv,max (s) Hair,max (m) tHair,max (s)

Martin [4] 3.72 2.76 84.6 4.32
L0 (current) 3.72 2.76 84.5 4.32
L(t), a¼ 0 3.66 2.76 87.2 4.39
L(t), a¼ 0.1 3.62 2.74 83.7 4.41

Fig. 5 Water velocity versus column length: coinciding numer-
ical and analytical solutions for closed system (Aor 5 0, n 5 1.2,
and a 5 0.1)
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Fig. 6 Water velocity v (m/s), column length L (m), air pressure head Hgas (m), and air
mass mgas (kg), for Dor/D 5 0.03, HR,0/Hgas,0 5 4, Aor > 0, n 5 1.4, and a 5 0

Fig. 7 Water velocity versus column length for different orifice sizes and HR,0/Hgas,0 5 4: (a) Dor/D 5 0.03, end time
t 5 19.3 s; (b) Dor/D 5 0.05, end time t 5 7.3 s; (c) Dor/D 5 0.07, end time t 5 5.0 s; (d) Dor/D 5 0.09, end time t 5 3.4 s;
and (e) Dor/D 5 0.11, end time t 5 3.3 s
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where the flow is forward (v> 0) and C1:¼ Ln
gasðt0Þ

Hgasðt0Þ; C2 :¼ f
2D, K:¼KeþKv, and v(L0)¼ 0. Backward flow is

dealt with in the Appendix. Local losses are absent in the limit
case Kþ 1¼ 0. Fully symbolic solutions can be found for special
cases only, as elaborated in the Appendix. Approximate symbolic
solutions can be found—for example—by taking L*K¼L0

K and
(xL – L*)n¼ (xL – L0)n in the integrands.

Numerical Solution

The governing Eqs. (2)–(5), with Eq. (5) substituted in Eq. (4),
can be casted into the autonomous form

dy

dt
¼ f yð Þ; with y :¼

v
L

Hgas

mgas

0
BB@

1
CCA (8)

The explicit Euler method has been used to solve Eq. (8) with a
numerical time-step Dt¼ 1 ms for all simulations herein.

Computational Results

Constant Reservoir-Head and Closed End. The confined sys-
tem of Martin [4] is simulated to verify the numerical solutions
for the case Aor¼ 0, n¼ 1.2, and a¼ 0. Martin’s results in Fig. 3
and the current results in Fig. 4 are consistent. Maximum values
and their timings are compared in Table 1. Martin (unnecessarily)
used L0 instead of L(t) in the first term on the right-hand side of
Eq. (2), which explains the small differences. Another source of
discrepancy is numerical error. The maximum liquid column
length is Lmax¼ 110.5 m, which means a growth of 11% compared
to L0 and this gives rise to an increase of 3% in maximum pressure
compared to Martin’s results.

Fluctuating Reservoir-Head and Closed End. The reservoir
pressure head is fluctuating in the test case Aor¼ 0, n¼ 1.2, and
a¼ 0.1. Figure 5 shows that the analytical expression (7) (plotted
for forward flow twice and for backward flow once) and the
numerical solution give the same result (the curves overlap). The
dimensionless parameter a (Lmax� L0)/HR,0¼ 3.4%. The fluctua-
tion results in a 4% lower maximum pressure head, as listed in
Table 1.

Constant Reservoir-Head and Orifice End. The venting
system of Martin [4] is simulated for a maximum of 32 s to verify
the numerical solutions for the cases n¼ k¼ 1.4, a¼ 0, HR,0/
Hgas,0¼ 4, 3, or 2, and with varying Aor. The calculations stop
either after 32 s or when 5% of the initial air volume is left (when
Lgas¼ 0.64 m¼ 3.2 D). For small air pockets, the mathematical
model becomes invalid thereby leading to very high pressure
heads. The four-dimensional solution (v, L, Hgas, and mgas) is
shown in Fig. 6, where color represents the fourth dimension. The
curve starts on the right at the initial value (0 m/s, 100 m, 10.4 m,
and 0.48 kg) and spirals toward the left with an end (of the simula-
tion) value of (1.2 m/s, 112 m, 54 m, and 0.078 kg). The mass
decreases monotonically (indicated by color), the other variables
undergo a decaying nonlinear oscillation. Figure 7 shows the cal-
culated liquid column motions in terms of velocities and positions
for HR,0/Hgas,0¼ 4. The closed-system solution (dashes) is shown
as a reference. The water column bounces back at least once for
small orifices up to Dor/D¼ 0.07. For large orifices, there is a
smooth liquid movement toward the pipe’s end, although the
build-up of air pressure finally causes a deceleration. For a fully
open end, the liquid column slows down mainly due to skin fric-
tion thereby satisfying the analytical solution (Eq. (35) for h¼ 0
in Ref. [29])

v Lð Þ ¼ e�C2 L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 g HR;0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðL

L0

e2 C2 L�

L�
dL�

s
(9)

Fig. 8 Air pressure head versus air mass for different orifice sizes and HR,0/Hgas,0 5 4: (a) Dor/D 5 0.03, end time t 5 19.3 s;
(b) Dor/D 5 0.07, end time t 5 5.0 s; and (c) Dor/D 5 0.11, end time t 5 3.3 s
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By taking L*¼ L0 in the denominator, this function can be
approximated by (Eq. (5) in Ref. [74])

~v Lð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g HR;0

C2 L0

1� e2 C2 L0�Lð Þð Þ
r

(9a)

Figure 7(e) (dots) shows solution (9) with the maximum attainable
velocity v(xL)¼ 7.4 m/s (< ~vðxLÞ¼ 7.7 m/s). Figure 8 shows air
pressure heads as a function of the monotonously decreasing air
mass. The flow inside the orifice is choking most of the time,
when Hgas> 1.89 Hgas,0. All simulations stop when the air volume
is reduced to 5% of its initial value. The maximum pressure in
Fig. 8(c) is therefore a lower bound.

Martin’s [4] results for f --Vgas;0 ¼ D3 in Fig. 9 and the current
results in Fig. 10 are consistent, keeping in mind that the variable

L(t) (instead of constant L0) herein leads to higher air pressures
(Hgas,max) than those in Ref. [4], see Table 1. Other sources of dis-
crepancy include numerical error, and the possibly different val-
ues of Tgas,0, and hence qgas,0 and to a smaller extent q. The
arbitrary gas-volume threshold of 5% cuts off the maximum pres-
sures for the cases such as in Fig. 8(c). These cases are on the
drawn line in Fig. 10 and to the right of it. When all the air is
expelled and the water column hits the closed end, there is the
potential risk of a Joukowsky pressure rise of magnitude q c v(xL),
although the vent will relieve the severity of the generated water
hammer. Figure 11 confirms that the air temperature (Eq. 5d) may
become very high: 625 K or 352 �C for the considered case. This
means that the water front will boil.

Conclusion

Entrapped air pockets with a vent have been simulated in a
pipe filling event. The obtained results are consistent with C. S.
Martin’s [4] diagrams. One new element herein is that the reser-
voir pressure head fluctuates in phase with the modeled oscillation
of the liquid column. For this situation, with a closed end, an ana-
lytical expression has been found for the liquid velocity as a func-
tion of column length. With the introduction of a vent or orifice,
one has to revert to numerical solutions. This work is of impor-
tance for predicting auto-ignition events and it can be extended to
situations with multiple gas pockets and vents.
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Nomenclature

a ¼ speed of sound in liquid (m/s)
A ¼ cross-sectional pipe area (m2)

AR ¼ reservoir area (m2)

Fig. 11 Air temperature as function of time (Dor/D 5 0.03, 0.07,
and 0.11; HR,0/Hgas,0 5 4; and n 5 1.4)

Fig. 10 Current paper: effect of orifice size on maximum air
pressure

Fig. 9 C. S. Martin [4]: effect of orifice size on maximum air
pressure
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agas ¼ speed of sound in gas (m/s)
Aor ¼ orifice area (m2)

c ¼ acoustic wave speed (m/s)
Cd ¼ orifice discharge coefficient

C1, C2 ¼ constants
D ¼ pipe diameter (m)

Dor ¼ orifice diameter (m)
e ¼ exponential function

Ei ¼ exponential integral
f ¼ Darcy–Weisbach friction coefficient
f ¼ vector function
g ¼ acceleration due to gravity (m/s2)
H ¼ Heaviside step function

HR ¼ reservoir absolute pressure head (m)
Hatm ¼ atmospheric absolute pressure head (m)
Hgas ¼ gas absolute pressure head (m)
Hva ¼ vacuum or vapor absolute pressure head (m)

k ¼ adiabatic constant, ratio of specific heats
K ¼ total loss coefficient

Ke ¼ entrance loss coefficient
Kv ¼ valve loss coefficient
K* ¼ effective bulk modulus of liquid (Pa)
L ¼ length of liquid column (m)

Lgas ¼ length of gas pocket (m)
L* ¼ dummy length in integral (m)
m ¼ mass of liquid column (kg)

mgas ¼ mass of gas pocket (kg)
n ¼ constant polytropic exponent

Pgas ¼ gas absolute pressure (Pa)
R ¼ specific gas constant (m2/(s2 K))
t ¼ time (s)

T ¼ absolute temperature (K)
v ¼ velocity of liquid column (m/s)

vR ¼ vertical velocity of reservoir free-surface (m/s)
--Vgas ¼ gas volume (m3)

~v ¼ approximate velocity (m/s)
w ¼ time derivative of L (m/s)
W ¼ width of water front (m)
x ¼ axial position (m)

xL ¼ pipe length (m)
Y ¼ adiabatic gas expansion factor
y ¼ vector of unknowns
a ¼ ratio A/AR

DHR ¼ reservoir head fluctuation (m)
DP ¼ pressure difference across orifice (Pa)

h ¼ angle of downward inclination of pipe (rad)
q ¼ mass density of liquid (kg/m3)

qgas ¼ mass density of gas (kg/m3)

Subscripts

max ¼ maximum value
r ¼ reversal
0 ¼ constant initial value

Appendix: Analytical Solutions for Closed End

The governing Eqs. (2)–(5) are solved analytically for the spe-
cial case where Aor¼ 0 and a¼ 0. The length of the liquid column
is a function of time herein; liquid slugs and pigs of constant
length L0 are considered in Refs. [77,78]. Analytical solutions are
first derived for the case that the flow is towards the gas pocket.
Define dL

dt :¼ wðLÞ > 0 and note that (Eq. (9) in Ref. [12])

d2L

dt2
¼ dw

dt
¼ dw

dL

dL

dt
¼ w

dw

dL
¼ 1

2

dw2

dL
(A1)

Substitute v from Eq. (3) and Hgas from Eq. (6d) into Eq. (2) and
use Eq. (A1) to arrive at the following linear first-order ordinary
differential equation for w2:

dw2

dL
þ K þ 1

L
þ f

D

� �
w2 ¼ 2g

HR

L
� C1

L xL � Lð Þn þ sin h
� �

(A2)

with C1 :¼ Ln
gasðt0ÞHgasðt0Þ and K:¼KeþKv. Equation (A2) is

multiplied with the integrating factor L
Kþ1

e 2 C2 L, so that the semi-
analytical solution for the initial conditions vðt0Þ:¼ v0 ¼ 0 [or
wðL0Þ ¼ 0] and Lðt0Þ :¼ L0 > 0 becomes

v ¼ L�
Kþ1

2 e�C2 L
ffiffiffiffiffiffiffiffi
2 g

p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HR

ðL

L0

L�K e2 C2 L� dL� � C1

ðL

L0

L�K e2 C2 L�

xL � L�ð Þ n dL�

þ sin h
ðL

L0

L�Kþ1 e2 C2 L� dL�

vuuuuuuut
(A3)

with C2 :¼ f
2D. It is not possible to obtain v as a function of time

analytically. The integrals do not contain singularities for
L0 � L < xL, and therefore, can be integrated numerically with
great accuracy. Symbolic solutions can be derived partly for the
special cases K¼ 0 (no entrance and valve losses), Kþ 1¼ 0 (no
entrance and valve losses, and velocity head excluded), C2¼ 0
(no skin friction), n¼ 1 (isothermal process), and n¼ 0 (column
separation). For large local voids occurring in vapor column-
separations [79] or under vacuum conditions [80,81], HgasðtÞ ¼
Hva for all t, which can be modeled by taking n¼ 0. Equation
(A3) can be solved numerically for v(L)¼ 0 to find Lmax and then
Hgas,max from the law of Boyle–Gay Lussac.

The special case K¼ 0 gives the solution

v ¼ L�
1
2 e�C2 L

ffiffiffiffiffiffiffiffi
2 g

p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HR

2 C2

e2 C2 L � e2 C2 L0ð Þ � C1

ðL

L0

e2 C2 L�

xL � L�ð Þ n dL�

þ sin h
4 C2

2

ð1� 2C2L0Þ e2 C2 L0 � ð1� 2C2LÞ e2 C2 L
� �

vuuuuuut
(A4)

where for n¼ 1 the exponential integral is

ðL

L0

e2 C2 L�

xL � L�
dL� ¼ e2 C2 xL Ei½2C2 L0 � xLð Þ

� �
� Ei½2C2 L� xLð Þ
g

(A5)

The special case Kþ 1¼ 0 gives the solution

v ¼ e�C2 L
ffiffiffiffiffiffiffiffi
2 g

p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HR

ðL

L0

e2 C2 L�

L�
dL� � C1

ðL

L0

e2 C2 L�

L� xL � L�ð Þ n dL�

þ sin h
2 C2

e2 C2 L � e2 C2 L0ð Þ

vuuuuuut (A6)

where the exponential integral is

ðL

L0

e2 C2 L�

L�
dL� ¼ Ei 2C2Lð Þ � Ei 2C2L0ð Þ (A7)

The special case C2¼ 0 or f¼ 0 (also considered in Ref. [12])
gives the solution
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v ¼
ffiffiffiffiffiffiffi
2 g

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HR

K þ 1
1� L0

L

� �Kþ1
 !

� C1

LKþ1

ðL

L0

L�K

xL � L�ð Þ n dL�

þ sin h
K þ 2

L 1� L0

L

� �Kþ2
 !

vuuuuuuut
(A8)

where the remaining integral can be expressed in terms of hyper-
geometric functions for any value of K and n.

For K¼ 0 and n 6¼ 1 (and C2¼ 0), it is

ðL

L0

1

xL � L�ð Þn dL� ¼ 1

n� 1

1

xL � Lð Þn�1
� 1

xL � L0ð Þn�1

 !

(A9a)

for K¼ 0 and n¼ 1 (and C2¼ 0), it is

ðL

L0

1

xL � L�
dL� ¼ ln

xL � L0

xL � L

� �
(A9b)

for K¼ 1 and n¼ 1 (and C2¼ 0), it is

ðL

L0

L�

xL � L�
dL� ¼ L0 � Lþ xL ln

xL � L0

xL � L

� �
(A9c)

The pressure along the liquid column for h¼ 0 and in the gas is

P x; tð Þ ¼ P2 tð Þ þ x� x2

L tð Þ P2 tð Þ � K þ 1

2
q v2 tð Þ � Pgas tð Þ

� �
if 0 � x � L tð Þ and Pgas tð Þ if xL > x > L tð Þ

8><
>:

(A10a)

With

Pgas tð Þ ¼ xL � L t0ð Þ
xL � L tð Þ

� �n

Pgas t0ð Þ (A10b)

The corresponding absolute temperature is

Tgas tð Þ ¼ Pgas tð Þ
Pgas t0ð Þ

 !1�1
n

Tgas t0ð Þ ¼
xL � L t0ð Þ
xL � L tð Þ

� �n�1

Tgas t0ð Þ

(A10c)

Equation (A10c) is valid for a closed end only; Eq. (5d) is to be
used when the gas can escape.

The travel time of the liquid–gas interface is

t� t0 ¼
ðL

L0

1

w L�ð Þ
dL� (A11)

It is difficult to calculate this integral very accurately (if needed),
because the integrand is singular for t¼ t0 and t¼ tr, but it gives a
good estimate of the time of flow reversal tr for L¼ Lmax.

Reverse flow occurs when w¼ dL/dt¼ v¼ 0 (or w2¼ 0);
w(L) is then not a function anymore in the sense that it becomes
multivalued. Also, because of the absolute values and the
Heaviside function in Eq. (2), Eq. (A2) changes shape

dw2

dL
� Kv

L
þ f

D

� �
w2 ¼ 2g

HR

L
� C1

L xL � Lð Þn þ sin h
� �

(A12)

Here, dL
dt :¼ wðLÞ < 0. The analytical solution satisfying

Eq. (A12) starts at t¼ tr with the updated initial values: v(tr)¼ 0,
L(tr) :¼ Lr0¼Lmax, C1r :¼ Ln

gasðtrÞHgasðtrÞ ¼ C1, and Keþ 1¼ 0.

The closed-form expression is

v ¼ �L
Kv
2 eC2 L

ffiffiffiffiffiffiffiffi
2 g

p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HR

ðL

Lr0

e�2 C2 L�

L�Kvþ1
dL� � C1

ðL

Lr0

e�2 C2 L�

L�Kvþ1 xL � L�ð Þ n dL�

þ sin h
ðL

Lr0

e�2 C2 L�

L�Kv
dL�

vuuuuuut
(A13)

which permits symbolic solutions if Kv¼ 1 and n¼ 1. The veloc-
ity of the liquid column is negative until the next flow reversal
occurs after which Eq. (A3) is valid again with an updated value
of L0.

The solution of Eqs. (2) and (3) for L and v and Eq. (6d) for
Hgas describes a nonlinear oscillation around the equilibrium state

L1 ¼ xL �
C1

HR

� � 1
n

; v1 ¼ 0 ; Hgas;1 ¼ HR (A14)

The initial acceleration at t0 and the deceleration at the first flow
reversal at tr are

dv

dt
t0ð Þ ¼

g

L0

HR � Hgas;0ð Þ and
dv

dt
trð Þ ¼

g

Lmax

HR � Hgas;maxð Þ

(A15)

Noninstantaneous valve opening can be included in the analytical
solution by prescribing the reservoir head by

HR Lð Þ ¼ Hgas;0 þ HR;0 � Hgas;0ð Þ 1� e�
L�L0
Lsu

� �
� a L� L0ð Þ

(A16)

where Lsu is the start-up distance.
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