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a b s t r a c t
Porous materials like acoustic foams can be used for acoustic shielding, which is important
for high-tech systems and human comfort. In this paper, a homogenization model is pro-
posed to investigate the relation between the microstructure and the resulting macroscopic

thermal coupling between an elastic solid skeleton and a gaseous fluid in the associated
Representative Volume Element (RVE). The macro-to-micro relation is realized through the
boundary conditions of the microscopic RVE, which relies on the macroscopic solid defor-
mation and fluid pressure gradient. By assuming that the variation of the macroscopic
energy per unit volume equals the volume average of the variation of the microscopic
energy, the macroscopic solid stress and fluid displacement can be calculated from the
corresponding microscopic quantities. Making additional assumptions on this approach,
Biot's poroelastic theory is recovered. A case study is performed through the simulations of
sound absorption in three porous materials, one made from aluminum and two from dif-
ferent polyurethane foams. For simplicity, an idealized partially open cubic microstructure
is adopted. The homogenization results are evaluated by comparison with Direct Numerical
Simulations (DNS), revealing an adequate performance of the approach for the studied
porous material. By comparing the results of different solid materials, it is found that the
solid stiffness has a limited effect when resonance does not occur. Nevertheless, due to the
absence of the microscopic fluctuation, Biot's model with the parameters obtained from the
homogenization approach predicts a higher resonance frequency than the DNS, whereas a
full homogenization modification improves the prediction.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Passive sound absorbing porous materials, such as acoustic foams, can be used in acoustic shielding applications to
improve the sound absorption performance. Models of acoustic porous materials can be classified as equivalent fluid models
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for motionless solid skeletons or fluid–solid coupled models. In the equivalent fluid model, acoustic properties depend on
the effective density and the effective bulk modulus of the fluid in the porous material. Several models of this type have
been proposed. For example, Zwikker and Kosten derived an analytical model from studying the case of a cylindrical pore,
where viscous and thermal effects are both considered [1]. Another widely-accepted semi-phenomenological model is the
Johnson–Champoux–Allard–Lafarge (JCAL) model which combines the Johnson–Koplik–Dashen (JKD) model and the
Champoux–Allard–Lafarge (CAL) model. By introducing the concept of a viscous characteristic length, the JKD model gives
an analytical expression matching the low- and high-frequency limiting effective density involving the static permeability
and the tortuosity at infinite frequency [2]. Analogously, Champoux and Allard introduced a thermal characteristic length
and derived an analytical expression for the effective bulk modulus by assuming circular-cylindrical pores [3]. The Cham-
poux–Allard model was further developed for more general pores by introducing the static thermal permeability [4].
Conventionally, the above non-acoustical parameters are obtained from experiments [5–8], showing satisfactory results for
wool materials [9] and fibrous materials [10]. Besides, an idealized unit cell representing the microstructure of the porous
material can be constructed based on geometrical parameters obtained from microstructure characterization techniques
[11–14]. The non-acoustical parameters can be linked to the representative unit cell through these semi-phenomenological
models using (semi-)empirical relations [13] or calculated numerically by solving a steady Stokes problem, an electric
conduction problem and a thermal conduction problem of the unit cell [11,12]. Justifications of these computational
schemes can be obtained, clarified and developed by applying the asymptotic homogenization method to the fluid domain
in the porous material [15–18]. Following an electromagnetic-acoustic analogy and an ensemble-averaging concept, a
nonperturbative homogenization method was developed to allow for both temporal and spatial dispersion effects in fluid-
saturated rigid-framed porous media [19].

A limitation of the equivalent fluid models is the lack of solid motion, which is important in vibro-acoustic problems [20]
and which may be added as a refinement. Furthermore, although the sound absorbing behavior is often believed to be
mainly governed by the local visco-thermal dissipations of the fluid, in particular for some partially-reticulated foams, the
vibration of the pore membranes is observed to have a significant influence [21] and the consideration of the solid elastic
properties can improve the agreement with experimental measurements [22]. Therefore, a fluid–solid coupling model
should be considered when the solid motion is not negligible. The most famous coupling model is probably Biot's model,
based on Biot's poroelastic theory [23–26], describing the coupling between the macroscopic fluid and solid displacement
fields with effective parameters that are dependent on the corresponding microstructure. It can be easily expanded for
anisotropic materials [27,28] and implemented in a finite element context [29–33]. Biot's model includes the effects of the
microstructure implicitly through the effective parameters: the viscous coefficient and the added density are mainly
determined by the effective fluid density; the elastic coefficients are related to the effective bulk modulus of the solid
skeleton and the fluid through three gedanken experiments for isotropic porous materials [34]. A widely accepted method
for obtaining the effective fluid properties involved in Biot's model is a direct application of equivalent fluid models such as
the JCAL model [35–39]. There are also other analytical models to obtain Biot's parameters, such as Pride et al.'s model [40]
and Wilmanski's model [41]. On the other hand, many fluid–solid coupling models have also been studied by taking into
account the microstructure explicitly. For example, the asymptotic homogenization method has been applied to a porous
material including an elastic solid skeleton and a compressible viscous gaseous fluid, each with a linearized behavior [42–
45,15]. By considering the porous material as a mixture of a solid and a fluid, a set of macroscopic thermodynamically
consistent constitutive equations can be obtained, while applying volume integration on the microscopic mass and
momentum conservation equations [46–48].

Recently, the authors proposed a multiscale homogenization approach to obtain Biot's parameters from the corre-
sponding microstructure by adopting the computational homogenization framework [49]. The proposed homogenization
method is based on the scale separation principle that is also a fundamental assumption in the asymptotic homogenization
method. However, it does not require lots of mathematical derivations and assesses the macroscopic influence of the
complex microstructure straightforwardly. Furthermore, instead of a direct volume-averaging [40,46–48] or an ensemble-
averaging [19], the upscaling from the microscopic scale to the macroscopic scale is realized through energy consistency of
the two scales in the proposed method. It gives a good description of the viscous fluid–solid coupling effect in porous
materials under isothermal conditions for the microscopic RVE. However, to agree with Biot's theory, the microscopic solid
fluctuations were ignored in the approach, which may lead to an inaccurate description of the macroscopic properties.
Moreover, the thermal effect is also very important for acoustic porous materials, particularly at low frequencies [1,3,4].

In this paper, extensions of the homogenization approach are proposed at both the macroscopic and the microscopic
scales. Instead of Biot's poroelastic theory, the general formulations of momentum conservation of the solid and mass
conservation of the fluid are adopted for the description of the macroscopic problem. Considering the linearity of the
problem, an enhanced homogenization is obtained and it is compatible with Biot's poroelastic theory only when the
microscopic fluctuations of the solid and the average of the microscopic fluid dilation are negligible. Through numerical
examples of a simple unit cell with several different solid materials, it is shown that the incorporation of the microscopic
fluctuations is crucial for a correct description of the effective solid density. A comparison with the results of Direct
Numerical Simulation (DNS) shows that this new model gives a more accurate result when resonance occurs. Besides, in the
microscopic RVE, the non-uniform thermal field is considered by applying the set of linearized Navier–Stokes–Fourier
equations in the fluid [50] and allowing the thermal diffusion in the solid. The classical description of the non-isothermal
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field in the microscopic RVE has been widely applied for porous materials [1,4,45,19] and it is an essential extension of the
proposed homogenization method, giving a more reasonable sound absorption performance at low frequencies.
2. Homogenization framework

The objective of this section is to present a homogenization framework for a general acoustic problem in porous
materials. In this paper, the problem is studied in the frequency domain and the time derivative ∂=∂t is replaced by jωwith ω
being the angular frequency and j the imaginary unit. The macroscopic quantities are indicated by the subscript M and the
microscopic ones are denoted by the subscript m. The double dot product between two 2nd-order tensors ab (a dyadic
product of vectors a and b) and cd (a dyadic product of vectors c and d) is defined as

ab: cd¼ a � dð Þ b � cð Þ: (1)

The fundamental assumption in the homogenization method is the scale separation principle, which requires that the
macroscopic characteristic length L�M is much larger than the microscopic characteristic length R. In this case, it is possible to
separate the multiscale problem for porous materials into a macroscopic problem and a microscopic one. Furthermore, the
microscopic characteristic length is assumed to be large enough to ensure that continuum mechanics is valid at the
microscopic scale. Taking R as the characteristic pore size for porous materials, the acoustic wavelength λ should not be
smaller than the macroscopic characteristic length. Together, the scale separation requirement in the problem leads to

λZL�M⪢R: (2)

For common acoustic porous materials, R is about 10�4 � 10�3 m. To ensure Eq. (2) is satisfied, the shortest wavelength
should be at least Oð10�1Þm. Therefore, the maximum frequency studied in this paper is restricted to 5000 Hz. The lowest
frequency studied in this paper is set as 100 Hz without loss of generality.

2.1. Macroscopic problem

In the macroscopic problem, two coupled phases are considered: a solid skeleton and a gaseous fluid. To describe the
deformability of the solid, the solid configuration in the static undeformed state is chosen as the initial configuration
denoted by xs0M and the current configuration is denoted by xsM . In this paper, a Lagrangian description is adopted. Assuming
that the deformations are small, the current configuration and the initial configuration are almost identical. The porosity ϕ,
defined as the volume fraction of the fluid, remains constant in this case. The density variations of the solid and the fluid are
ignored, since they are much smaller than the static densities ρs0 and ρf0 within the small deformation assumption. Given the
small deformation assumption and the low viscosity of a common gaseous fluid (the viscosity of air is around 10�5 Pa s), the
macroscopic viscous stress in the fluid is negligible compared to the macroscopic pressure and is therefore ignored in the
stress–strain relation. Nevertheless, the viscous dissipation is still accounted for through the permeability. In this case, the
fluid flow is a potential flow in which the potential is determined from the fluid pressure Pf

M and the solid displacement us
M .

On the other hand, due to the low thermal diffusivity (the thermal diffusivity of air is around 2� 10�5 m2=s), the mac-
roscopic work due to thermal diffusion of the fluid can be ignored compared to the macroscopic pressure work. Besides, by
assuming that there is no large temperature gradient and no heat source in the porous material, the macroscopic work due
to thermal diffusion in the solid is much smaller than the macroscopic mechanical work performed on the solid because of
the small temperature variations induced by the acoustic wave (in the order of 10�3 � 10�1 K when the sound pressure
level ranges from 100 dB to 140 dB). Since the macroscopic thermal diffusion can be ignored in both the fluid and the solid,
the sound propagation in the porous material is considered as an adiabatic process at the macroscopic scale. Consequently,
the solid displacement us

M and the fluid pressure Pf
M are the governing macroscopic field variables.

The macroscopic governing equations are given by

f sM ¼∇M � σsM
� �T

; and ϵfM�∇M � uf
M ¼ 0: (3)

Here the operator ∇M represents the spatial gradient at the macroscopic scale. The first equation in Eq. (3) represents the
momentum conservation of the solid, where σsM is the macroscopic Cauchy stress of the solid and f sM is the inertial force
exerted on the solid. The second equation represents the mass conservation of the fluid, where ϵfM is the macroscopic
volumetric change of the fluid and uf

M is the fluid displacement. The following step is to derive the macroscopic energy
variation in terms of the macroscopic field variables. Based on energy conservation and the adiabatic assumption, the
macroscopic energy variation per unit volume of a macroscopic point equals the external mechanical work applied on this
point. By following the same method in [49], the result is given as

δEM ¼ ð1�ϕÞ ∇M � ðσsMÞT
� �

� δus
Mþð1�ϕÞσsM: δ∇Mus

M�ϕuf
M � δð∇Mp

f
MÞ�ϕð∇M � uf

MÞδpfM : (4)

Here the pressure difference is pfM ¼ Pf
M�P0 with P0 being the constant ambient pressure. According to Eq. (3), Eq. (4) is

rewritten as

δEM ¼ ð1�ϕÞσsM: δð∇Mus
MÞ�ϕϵfMδp

f
Mþð1�ϕÞf sM � δus

M�ϕuf
M � δð∇Mp

f
MÞ: (5)
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In this expression, the first two terms involving the macroscopic solid deformation and the macroscopic fluid dilatation
together represent the variation of the potential energy per unit volume. The last two terms represent the variations of the
kinetic energy and the dissipation.

2.2. Microscopic boundary value problem

A microscopic RVE under isothermal conditions has been discussed in [49]. This paper focuses on the implementation of
a non-uniform thermal field. To understand the derivation easily, the following discussion first focuses on the time domain
and the result will be converted to the frequency domain by replacing the time derivative ∂=∂t with jω afterwards. For linear
acoustic problems, with small deformations, the microscopic pressure work is much more significant than the microscopic
viscous dissipation for air when the frequency is lower than 104 Hz. Hence, by ignoring the viscous dissipation term, energy
conservation of the fluid gives [50]

ρfm
∂
∂t

Cf
pT

f
m�Pf

m

ρfm

 !
¼ �Pf

m∇m � _u f
m�∇m � qf

m; (6)

where ρfm is the fluid density, Cf
p is the thermal capacity at constant pressure, Tf

m is the temperature, Pf
m is the pressure, uf

m is
the fluid displacement, τfm is the viscous stress and qf

m is the thermal flux. Here _u stands for the velocity. The left hand side of
Eq. (6) represents the rate of change of the internal energy of an ideal gas per unit volume and it can be further written as

ρfm
∂
∂t

Cf
pT

f
m�Pf

m

ρfm

 !
¼ ρfmC

f
p
∂Tf

m

∂t
� ∂Pf

m

∂t
þPf

m

ρfm
∇m � ρfm _uf

m

� �" #
; (7)

based on mass conservation of the fluid

∂ρfm
∂t

þ∇m � ρfm _u f
m

� �
¼ 0: (8)

Substituting Eq. (7) into Eq. (6) and ignoring the variation of the fluid density gives

ρf0C
f
p
∂Tf

m

∂t
¼ ∂Pf

m

∂t
�∇m � qf

m; (9)

with ρf0 being the static density. Introducing the temperature difference θfm ¼ Tf
m�T0 and the pressure difference

pfm ¼ Pf
m�P0, the above equation is rewritten as

ρf0C
f
p
∂θfm
∂t

¼ ∂pfm
∂t

�∇m � qf
m: (10)

Here T0 is the ambient temperature, which is constant. By assuming that θfm and pfm are harmonic with respect to the time,
Eq. (10) is converted to the frequency domain:

ρf0C
f
pjωθ

f
m ¼ jωpfm�∇m � qf

m; (11)

To relate the pressure, the density and the temperature, the ideal gas law is used:

P0þpfm
ðρf0þδfmÞðT0þθfmÞ

¼ P0

ρf0T0

; (12)

with the density difference δfm ¼ ρfm�ρf0. The ideal gas law can be rewritten as

pfm
P0

¼ θfm
T0

þδfm

ρf0
þδfmθ

f
m

ρf0T0

: (13)

By ignoring the last term (a second-order infinitesimal) and using a linearized mass conservation:

δfm

ρf0
þ∇m � uf

m ¼ 0; (14)

the state equation is simplified into

pfm
P0

¼ θfm
T0

�∇m � uf
m: (15)

For the solid, the thermal expansion is ignored because of the small temperature variation and the linear isotropic elastic
constitutive law of the isothermal case can be directly adopted [49]. The temperature difference in the solid θsm is only
governed by thermal diffusion:

ρs0C
s
pjωθ

s
m ¼ �∇m � qs

m; (16)

where Cs
p is the thermal capacity of the solid at constant pressure and qs

m is the thermal flux. The thermal flux of the fluid



Fig. 1. Illustration of the microscopic RVE.
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and the solid are both characterized by Fourier's law, i.e.

qf
m ¼ �kf∇mθ

f
m and qs

m ¼ �ks∇mθ
s
m (17)

with kf and ks being the thermal conductivity of the fluid and the solid respectively.
Analogous to the boundary conditions used under the isothermal condition in [49], as illustrated in Fig. 1, a periodic

boundary condition for the solid displacement is applied on the solid surface Sse (where ~us
m is zero for the corner points):

us
m ¼ us

Mþð∇Mus
MÞT � xsmþ ~us

m with ~usþ
m ¼ ~us�

m ; xsmASse (18)

and a prescribed traction is defined on the fluid surface Sfe by ignoring the viscous stress:

n � σfm ¼ �pfmn with pfm ¼ pfMþ∇Mp
f
M � xfm; xfmASfe: (19)

Here n is the outward unit normal vector on the surface; pfM is the macroscopic pressure difference and ~us
m is the micro-

scopic solid displacement fluctuation. The variables ~usþ
m and ~us�

m reflect the microscopic fluctuations on two opposite
boundaries Sþ and S� , which are geometrically equal in a periodic RVE. A fully continuous condition on the fluid–solid
interface is adopted, i.e.,

us
m ¼ uf

m; ni � σsm ¼ ni � σfm on Si; (20)

where ni is the unit normal vector on the interface and it is pointing from the fluid to the solid. Besides, the temperature and
the thermal flux are also continuous on the interface

θsm ¼ θfm; qs
m � ni ¼ qf

m � ni on Si: (21)

To comply with the macroscopic adiabatic assumption, the thermal boundary conditions of the fluid and the solid are given
as

qsþ
m � nþ ¼ �qs�

m � n� on Sse and qf þ
m � nþ ¼ �qf �

m � n� on Sfe; (22)

so that the total thermal flux leaving the RVE is zero, i.e.Z
Sse

qs
m � n dAþ

Z
Sfe

qf
m � n dA¼ 0: (23)

The next step is to obtain the expression of the microscopic energy variation. Satisfying energy conservation, the
microscopic energy variation has to equal the sum of the variation of the external mechanical work and the variation of the
heat: Z

V
δEm dV ¼

Z
∂Vs

n � σsm � δus
m� 1

jω
δqs

m

� �
dAþ

Z
∂Vf

n � δσfm � uf
m� 1

jω
δqf

m

� �
dA: (24)

Noticing the continuous interface conditions Eqs. (20) and (21), the integration boundaries reduce toZ
V
δEm dV ¼

Z
Sse

n � σsm � δus
m� 1

jω
δqs

m

� �
dAþ

Z
Sfe

n � δσfm � uf
m� 1

jω
δqf

m

� �
dA: (25)

Substituting the boundary conditions Eqs. (18), (19) and (22) into this expression givesZ
V
δEm dV ¼

Z
Sse

ðn � σsmÞ dA � δus
Mþ

Z
Sse

ðn � σsmÞxsm dA: δð∇Mus
MÞþ

Z
Sse

n � σsm � δ ~us
m dA�δpfM

Z
Sfe

n � uf
m dA�δ∇Mp

f
M �
Z
Sfe

xfmðn � uf
mÞ dA:

(26)

The integration involving the solid displacement fluctuation is zero because of the periodic boundary condition and the
constraints on the corner points. Therefore, the microscopic energy variation can be written asZ

V
δEm dV ¼

Z
Sse

ðn � σsmÞ dA � δus
Mþ

Z
Sse

ðn � σsmÞxsm dA: δð∇Mus
MÞ�δpfM

Z
Sfe

n � uf
m dA�δ∇Mp

f
M �
Z
Sfe

xfmðn � uf
mÞ dA: (27)
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2.3. Micro-to-macro relations

Energy consistency requires that the energy variation of a macroscopic point per unit of volume is the volume average of
the total microscopic energy variation of the associated RVE, i.e.

δEM ¼ 1
V

Z
V
δEm dV : (28)

Substituting Eqs. (5) and (27) into this equation results in the following micro-to-macro relations:

1�ϕð Þf sM ¼ 1
V

Z
Sse

n � σsm
� �

dA; 1�ϕð ÞσsM ¼ 1
V

Z
Sse

n � σsm
� �

xm dA

ϕϵfM ¼ 1
V

Z
Sfe

n � uf
m dA; ϕuf

M ¼ 1
V

Z
Sfe

n � uf
m

� �
xfm dA: (29)

Because of the periodic thermal flux condition, Eq. (22), the expressions in Eq. (29) are identical to those for isothermal
conditions [49]. However, the microscopic temperature field still affects the microscopic displacement fields.

Considering the linearity of the microscopic problem, the macroscopic quantities calculated from Eq. (29) can be linearly
expressed in terms of the macroscopic solid displacement, air pressure and their gradients. As shown in previous work [49],
the effects of ð∇Mus

M ; p
f
MÞ on ðð1�ϕÞf sM ;ϕuf

MÞ depend on the scale ratio R=L�M . When the scale separation principle of Eq. (2) is
satisfied, the solid displacement us

M and the pressure gradient ∇Mp
f
M are the dominant factors for the response of the RVE:

ð1�ϕÞf sM
ϕuf

M

" #
¼

�ω2ρs0K
s Ksf

ðKsf ÞT ðω2ρf0Þ�1K f

2
4

3
5 �

us
M

∇Mp
f
M

" #
; (30)

where the dimensionless coefficients Ks, K f and Ksf are 2nd-order tensors. Here, the diagonal terms should be the transpose
of each other because Eq. (5) gives

ð1�ϕÞδf sM
δ∇Mp

f
M

¼ δ2EM
δ∇Mp

f
Mδu

s
M

¼ δ2EM
δus

Mδ∇Mp
f
M

 !T

¼ ϕδuf
M

δus
M

 !T

; (31)

where the variation of a vector y with respect to a vector x and the second-order variation of a scalar E with respect to two
vectors a and b are written as

δy
δx

� �
ij
¼ δyi
δxj

and
δ2E
δaδb

 !
ij

¼ δ2E
δajδbi

: (32)

In this paper, for simplicity, it is assumed that the motion in i direction does not influence the motion in j direction (for ia j).
Then, the three tensors Ks, K f and Ksf are all diagonal. Similarly, the solid stress σsM and the fluid volumetric change ϵfM are
mainly affected by the solid deformation ∇Mus

M and the fluid pressure pfM [49]:

ð1�ϕÞσsM ¼ 4C
s
:∇Mus

M�Ψsf pfM
ϕϵfM ¼ �Ψsf :∇Mus

M�Sf pfM ; (33)

where the 4th-order tensor 4C
s
is the stiffness tensor of the solid skeleton and the scalar Sf is the compliance of the air. The

coupling term is a 2nd-order tensor Ψsf . In fact, substituting Eqs. (30) and (33) into Eq. (3) results in a closed set of dif-
ferential equations at the macroscopic scale with respect to us

M and pfM . The closed macroscopic problem requires the
effective parameters ðKs;K f ;Ksf Þ and ð4Cs

;Ψsf ; Sf Þ that are extracted from the associated microscopic problem.

2.4. Relation with Biot's poroelastic theory

In this part, the relation between the homogenization result and Biot's poroelastic theory is discussed. Firstly, by moving
uf
M to the right hand side and moving ∇Mp

f
M to the left hand side, Eq. (30) can be rewritten as

ð1�ϕÞf sM ¼ �ω2ρs0η
s � us

Mþω2ρc � uf
M�us

M

� �
�ϕ∇Mp

f
M ¼ �ω2ρc � uf

M�us
M

� �
�ω2ρf0η

f � uf
M ; (34)

with

ηs ¼Ks�ρf0
ρs0
Ksf � K f

� ��1
� ϕI�Ksf
� �

; ηf ¼ ϕ2I�ϕKsf
� �

� K f
� ��1

; ρc ¼ ϕρf0K
sf � K f
� ��1

: (35)

Since Ks, K f and Ksf are all diagonal, ðηs; ηf ; ρcÞ are diagonal 2nd-order tensors as well. Summing up the two equations gives

ð1�ϕÞf sM�ϕ∇Mp
f
M ¼ �ω2ρs0η

s � us
M�ω2ρf0η

f � uf
M : (36)
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It can also be shown that [49]

1�ϕð Þf sM�ϕ∇Mp
f
M ¼ �ω2ρs0

1
V

Z
Vs
us
m dV

� �
�ω2ρf0

1
V

Z
Vf
uf
m dV

� �
¼ �ω2ρs0 1�ϕð Þus

Mþ1
V

Z
Vs
~us
m dV

� 	

�ω2ρf0 ϕuf
M�1

V

Z
Vf

∇m � uf
m

� �
xfm dVþ1

V

Z
Si
xfm ni � uf

m

� �
dA

� 	
: (37)

Comparing the above two equations gives

ηs � us
M ¼ 1�ϕð Þus

Mþ1
V

Z
Vs
~us
m dV

ηf � uf
M ¼ ϕuf

M�1
V

Z
Vf

∇m � uf
m

� �
xfm dVþ1

V

Z
Si
xfm ni � uf

m

� �
dA: (38)

When the microscopic fluctuation ~us
m can be ignored and the volume-average fluid deformation is small enough, it is

reasonable to apply the following approximation:

ηs � ð1�ϕÞI and ηf � ϕI: (39)

Then, the static densities are used in the right hand side of Eq. (36). Note that Eq. (39) is only valid when the microscopic
fluctuation can be ignored and the average deformation remains small. When these two conditions are not satisfied, the
dynamic terms, i.e. ηs and ηf , should be used. In the following discussion on the numerical results, it will be shown that the
microscopic fluctuation can be significant in some cases. By using Eq. (39), Eq. (34) leads to the anisotropic Biot's poroelastic
equations [26]:

ð1�ϕÞf sM�ϕ∇Mp
f
M ¼ �ω2ð1�ϕÞρs0us

M�ω2ϕρf0u
f
M

�ϕ∇Mp
f
Mþω2ϕρf0u

f
M ¼ �ω2ρc � uf

M�us
M

� �
: (40)

The term jωρc=ϕ has the same physical meaning as the viscodynamic operator defined in [26]. Combining Eqs. (39) and (35)
gives the expression of this viscodynamic operator

jωρc
ϕ

¼ jωρf0 ϕI�K f
� �

� K f
� ��1

; (41)

where K f is determined from the microscopic RVE.
For the stress–strain relation, rewriting Eq. (33) gives

ð1�ϕÞσsM ¼ 4D:∇Mus
MþQϵfM

�ϕpfM ¼Q :∇Mus
MþRϵfM ; (42)

with

4D ¼ 4C
s þ 1

Sf
ΨsfΨsf ; Q ¼ ϕ

Sf
Ψsf ; R¼ ϕ2

Sf
: (43)

This is identical to the stress–strain relation in Biot's theory [25]. Instead of the macroscopic measurements required in
Biot's theory, the effective material parameters ð4D;Q ;RÞ can now be numerically calculated based on the associated
microscopic RVE.

To summarize, in the currently proposed homogenization approach, the effective tensorial parameters ðηs; ηf ; ρcÞ and
ð4D;Q ;RÞ are numerically calculated from the microscopic RVE and subsequently used in the closed-form macroscopic
equations i.e. Eqs. (3), (34) and (42). In the particular case when the solid displacement fluctuation can be ignored and the
volume average of the fluid deformation is small, the macroscopic governing equations reduce to Biot's poroelastic theory,
Solid domain (1352 elements) Fluid domain (4480 elements)

Fig. 2. Finite element model of a 1-mm cubic RVE with a porosity of 0.895 percent. The membrane thickness is 50 μm, i.e. the wall thickness in (a) is 25 μm.
The size of the face holes in the RVE is 0:5� 0:5 mm2. The parts of the boundaries of both domains indicated with a blue color represent the fluid–solid
interfaces. (a) Solid domain (1352 elements). (b) Fluid domain (4480 elements). (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this paper.)



Table 1
Material parameters of aluminum (Al) and two polyurethanes (PU) used in the simulations. The mechanical properties of PU are estimated from [51] and
the thermal properties are estimated from [52].

Material ρs0 (kg m�3) Ks (GPa) Gs (GPa) Cs
p (J kg�1 K�1) ks (W m�1 K�1)

Al 2700 76 26 910 205
PU A 1100 2.48 0.33 1800 0.022
PU B 1100 0.22 0.083 1800 0.022

Table 2

Loading conditions used to calculate ðηs; ηf ; ρcÞ. Here ex is the unit vector in x direction. The solid deformation ∇Mus
M and the fluid pressure pfM are both zero.

Set us
M (m) ∇MpfM (Pa/m)

1 10�4ex 0

2 0 104ex
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where the effective material parameters ð4D;Q ;RÞ and the viscodynamic operator jωρc=ϕ are numerically calculated. The full
set of closed-form macroscopic equations with parameters obtained from the microscopic RVE is referred to as the General-
Balance-Law-Computational-Homogenization (GBL-CH) model, whereas Biot's poroelastic model with parameters obtained
from the microscopic RVE is referred to as the Biot-Computational-Homogenization (Biot-CH) model. Clearly, the GBL-CH
model is expected to be more versatile for cases with significant microscopic fluctuations than the Biot-CH model.
3. Microscopic simulation results

In the previous section, two models have been presented: the GBL-CH model and the Biot-CH model. In this section, the
numerical results of a cubic RVE with idealized partially open membranes as shown in Fig. 2 are discussed. Attention is
focused on the influences of the non-isothermal condition and the microscopic fluctuation of the solid displacement. The
effective parameters are investigated: the first part focuses on the coefficients ðηs; ηf ; ρcÞ, whereas ðQ ;RÞ are studied in the
second part. The fluid considered is air whereas three different solid materials are used as shown in Table 1: aluminum (Al)
and two polyurethanes (PU) with a different stiffness. The effective parameters of the two models obtained with the
homogenization method are compared with the results of the Biot-JCAL model, where the JCAL model is adopted to
determine Biot's parameters. All simulations are conducted in COMSOL 4.3b by using quadratic elements in the weak form
PDE module.

In the GBL-CH model, the coefficients ðηs; ηf ; ρcÞ are calculated through Eq. (35) with ðKs;K f ;Ksf Þ obtained inversely from
Eq. (30). The inverse calculation of ðKs;K f ;Ksf Þ is based on six simulations of the microscopic RVE, where Eqs. (18), (19) and
(22) are adopted by applying ∇Mus

M ¼ 0, pfM ¼ 0 and six different ðus
M ;∇Mp

f
MÞ. Considering the cubic symmetry, all tensor

components can be represented in terms of a set of scalars such as ðηs; ηf ; ρcÞ and only two simulations are necessary for the
cubic RVE in Fig. 2. The specific values of non-zero components of ðus

M ;∇Mp
f
MÞ in x direction used for the calculation in this

paper can be found in Table 2.
According to Eq. (34), the effective fluid density is expressed as ρfeff ¼ ρf0η

f þρc by letting us
M ¼ 0. Since the viscodynamic

operator in the Biot-CH model is obtained by Eq. (41), combined with Eq. (39), the effective fluid density of the Biot-CH
model is the same as the one of the GBL-CH model. In the Biot-JCAL model, the viscodynamic operator is expressed as [2]

ϕρf0þρc ¼ ϕρf0α1þϕ2μf

jωq0
1þ jωρf0

μf
2α1q0
Λϕ

� �2
" #1=2

: (44)

The required non-acoustical parameters are numerically calculated based on the RVE according to the method in [11]: the
tortuosity at infinite frequency α1 is 1.58, the static permeability q0 is 6:43� 10�9 m2 and the viscous characteristic length
Λ is 3:29� 10�4 m.

For the different solid properties considered, the maximum relative difference of the effective fluid densities is still
smaller than 0.01 percent in the GBL-CH model. Therefore, the result of Al is plotted in Fig. 3 to compare with the isothermal
results from previous work [49]. In this figure, the curves of the Biot-CH model and the GBL-CH model are exactly over-
lapping. Compared with the isothermal results (the gray curves), the non-isothermal results have smaller magnitudes.
Hence, the non-isothermal case will have a higher fluid velocity than the isothermal case for the same applied pressure
gradient. Besides, the magnitude in the GBL-CH model is larger than in the Biot-JCAL model, while these two models have
almost the same result at high frequencies. It also shows that the GBL-CH model predicts a slightly smaller phase around
100–200 Hz but a significantly larger phase after 500 Hz. According to Biot's theory, the phase of the viscodynamic operator



Fig. 3. Normalized effective fluid densities of various models with Al as the solid. (a) Magnitude. (b) Phase.

Fig. 4. Normalized effective solid densities of various models for PU B. (a) Magnitude. (b) Phase.
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represents the relaxation time associated with dissipative processes in porous materials [26] and a longer relaxation time
means more dissipation, leading to a better absorption performance, which will be shown in the next section.

Similarly, the effective solid density can be calculated as ρseff ¼ ρs0η
sþρc. When normalized by the static solid density, it is

close to 1�ϕ in both the Biot-JCAL model and the Biot-CH model because of the significant difference between the solid
density and the air density. Fig. 4(a) reveals that the magnitudes of the densities obtained by the Biot-JCAL and the Biot-CH
models are very close to 0.105. It decreases with increasing frequency, but the decrease is smaller than 0.5 percent from 100
to 5000 Hz. However, the GBL-CH model gives a different behavior: the density increases significantly (almost 5 percent
from 100 to 5000 Hz) when the frequency increases. Since the difference between the two homogenization models is the
ignorance of the microscopic solid fluctuations, it suggests that the microscopic fluctuations may be significant for materials
with a low stiffness at high frequencies. On the other hand, because the solid in the microscopic RVE is purely elastic, the
phase of the solid density reflects the relaxation time of the thermal dissipation in the solid and the time lag between the
fluid displacement and the solid displacement. Fig. 4(b) shows that the phase in the result of the GBL-CH model is much
smaller than for the other two models, suggesting that the heat and the momentum transfers between the fluid and the
solid described by the GBL-CH model are much faster than the other models. However, note that all three phases are small
and the effect on the difference between the phases is not as significant as on the magnitude.

Now, the effects of the solid stiffness on the effective solid density are studied. In the Biot-JCAL model, the normalized
effective solid density is expressed as ð1�ϕÞþρc=ρ

s
0 and it is not influenced by the solid stiffness. Because the solid stiffness

has only a small influence on ρc (as shown in the previous discussion on the effective fluid density), the influence of the solid
stiffness is negligible in the Biot-CH model. However, the GBL-CH model gives a different result: the solid stiffness may affect
the effective solid density through the microscopic fluctuations. When the solid changes from Al to PU A, the magnitude of
the effective solid density increases slightly as shown in Fig. 5(a) (around 0.3 percent). Although the relative difference
between PU A and PU B is smaller than 0.01 percent at low frequencies, it increases to 5 percent at 5000 Hz. It shows that
the solid stiffness effectively alters the magnitude of the effective solid density. Moreover, because PU A and PU B have



Fig. 5. Comparison of effective solid densities of the GBL-CH model for various solid materials. (a) Magnitude. (b) Phase.

Table 3

Loading conditions used to calculate ð4D ;Q ;RÞ. Here ex and ey are the unit vectors in x and y directions, respectively. The solid displacement us
M and the

fluid pressure gradient ∇Mp
f
M are both zero.

Set ∇Mus
M (�) pfM (Pa)

1 10�4exex 1

2 10�4eyey 1

3 10�4exey 1

4 0 1
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almost the same phases in Fig. 5(b), it means that the solid stiffness has very small influences on the relaxation time of
the solid.

The effective material parameters ð4D;Q ;RÞ are calculated through Eq. (43) with the coefficients ð4Cs
;Ψsf ; Sf Þ obtained

from the reverse calculation of Eq. (33). Analogously, the reverse calculation requires ten simulations with different loading
conditions of ð∇Mus

M ; p
f
MÞ. For the cubic RVE, there are only three independent parameters in 4C

s
. Since the origin is set in the

geometrical center, the shear deformation of the solid skeleton does not influence the volumetric change of the fluid.
Considering the cubic symmetry, Ψ¼Ψ I, making Q ¼QI with the scalar Q ¼ ϕΨ=Sf . Hence, only four simulations involving
at least one shear deformation, one expansion and one non-zero pressure loading are required to obtain ð4D;Q ;RÞ. The
specific values used for this are given in Table 3. Because both the Biot-CH model and the GBL-CH model use Eqs. (42) and
(43) in the stress–strain relation, only the result of the GBL-CH model is presented.

According to Eq. (42), ðQ ;RÞ are directly related to the fluid pressure. The relative difference between R for Al and R for PU
A is around 0.7 percent at 100 Hz and gradually decreases to around 0.2 percent at 5000 Hz. The corresponding R for PU A
and for PU B are the same. The maximum relative difference of Q for Al and for PU A (at 100 Hz) is around 0.7 percent and
the difference between the values for PU A and PU B is smaller than 0.01 percent (at 100 Hz). The difference between Al and
PU A being more significant than the difference between PU A and PU B suggests that the thermal properties of the solid are
much more important for ðQ ;RÞ than the solid stiffness and the influence of the thermal properties decreases with
increasing frequency.

First, the homogenization results are compared with the isothermal result. As the differences of ðQ ;RÞ between various
solid materials are small, the result for Al is compared with the isothermal result in Fig. 6. As shown by the gray curves
representing the isothermal result, R and Q are real-valued and almost constant at 0:90P0 and 0:73P0, respectively. In the
non-isothermal result (the black curves), the two parameters become complex and frequency-dependent functions whose
magnitudes are increasing with increasing frequency. The key change for the non-isothermal condition is the imaginary part
of the effective material parameters ðR;Q Þ, where the thermal dissipation is modifying in particular the low frequency
behavior.

Second, the difference between the GBL-CH model and the Biot-JCAL model is checked. In the Biot-JCAL model, ðQ ;RÞ are
expressed as:

R¼ ϕ2Kf
eff

ϕþðKf
eff=K

sÞð1�ϕ�Kb=K
sÞ

and Q ¼ ϕ� R

Kf
eff

 !
Ks: (45)



Fig. 6. Comparison of R and Q obtained from the Biot-JCAL model and the GBL-CH model for Al. (a) Magnitude. (b) Phase.

2-cm porous layer

rigid wallair

plane wave

x

Fig. 7. Macroscopic configuration for obtaining normal incident sound absorption coefficients. Symmetry boundary conditions are applied at the top and
bottom.
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Here Kb is the effective bulk modulus of the solid skeleton which is obtained according to Eq. (5-3) in [53]. The effective bulk
modulus of the fluid Kf

eff is calculated according to [3,4]

Kf
eff ¼ P0 1� 1�1

γ

� �
1þ ϕμf

jωq00ρ
f
0Pr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jωρf0Pr

μf

2q00
ϕΛ0

� �2
vuut

0
B@

1
CA

�12
64

3
75

�1

; (46)

where γ is the heat capacity ratio, Pr is the Prandtl number, the required thermal characteristic length Λ0 is 4:25� 10�4 m
and the static thermal permeability q00 is 1:95� 10�8 m2, both calculated based on [11]. As shown in Fig. 6, the two models
give almost the same behaviors for R especially in terms of the magnitude. For the phase, similar as for the effective fluid
densities in Fig. 3(b), the GBL-CH model predicts a shorter relaxation time at low frequencies but a longer time at high
frequencies. However, the magnitudes of Q are quite different: the GBL-CH model provides a considerably larger result than
the Biot-JCAL model. Because the ratio Kf

eff=K
s is very small, R is mainly determined by Kf

eff in Eq. (45). Nevertheless, Q is
affected by both Kf

eff and Kb. The small differences in R in Fig. 6 suggest that Kf
eff described by the homogenization model

and the Biot-JCAL model are very close. The large difference in Q shows that Kb obtained from the homogenization model is
considerably different from the empirical relation in Eq. (5-3) in [53]. Noting that the empirical relation is used for open-cell
foams, this large difference shows that the thin walls have significant influences on the mechanical properties.

As discussed above, the thermal effect is included through the incorporation of non-isothermal conditions. By including
the microscopic fluctuation field in the solid displacement, the GBL-CH model gives a different description of the effective
solid density compared with the Biot-CH model and the Biot-JCAL model. At low frequencies or for materials with high
stiffness, the GBL-CH model and the Biot-CH model behave quantitatively similarly. Nevertheless, the microscopic fluc-
tuation may be significant for some materials with low stiffness at high frequencies, particularly in cases where the effective
solid density plays an important role e.g. in the case of resonance.
4. Macroscopic sound absorption test

In the previous section, the effective parameters obtained from the microscopic RVE in Fig. 2 have been studied and
compared with semi-phenomenological models. The results partially agree qualitatively but a further investigation is still
required for evaluation. In this section, the homogenization models are evaluated by following the same method as in the
authors' previous work [49], where a macroscopic sound absorption set-up of a 2-cm porous layer shown in Fig. 7 was



Fig. 8. Sound absorption coefficients of Al and PU A.

Fig. 9. Sound absorption coefficients of the simulations for PU B.
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simulated and the result was compared with DNS containing the fully detailed microstructure corresponding to the RVE in
Fig. 2.

The normal incident sound absorption coefficient is calculated by

α¼ 1� pref
pinc

����
����
2

; (47)

with the incident wave pinc ¼ 1 Pa on the air–porous interface and the reflective wave pref ¼ p�pinc where p is the pressure
on the interface. The sound absorption coefficient in the DNS is the average over the air–solid and the air–fluid interface. The
results of Al and PU A are plotted in Fig. 8. Here, the isothermal result and the Biot-JCAL model are also included for
comparison. The stiffness tensors 4C

s
are the same between the GBL-CH model and the Biot-JCAL model, because the

difference between Fig. 8(a) and (b) is small: the relative difference between the DNS results is about 4 percent at 100 Hz
and decreases to 0.4 percent at 5000 Hz; the difference for the GBL-CH model is about 4 percent at 100 Hz and decreases to
around 0.2 percent at 5000 Hz. At low frequencies, due to the thermal dissipation, the non-isothermal results are higher
than the isothermal result (the gray curve). At high frequencies, the influences of the thermal properties of the solid are less
important and only the solid stiffness has an effect. The small difference at high frequencies between the results of two
materials implies that the solid stiffness has a limited influence on the sound absorption performance for both Al and PU A.

As shown in Fig. 8, the sound absorption coefficients predicted by the GBL-CH model and the Biot-CH model are almost
identical (the maximum relative difference is smaller than 0.002 percent for Al and 0.1 percent for PU A). Moreover, the
results are lower than the DNS when the frequency is lower than 3000 Hz. For a frequency between 800 Hz and 3000 Hz,
the prediction of the GBL-CH model is closer to the DNS than the Biot-JCAL model and improves with increasing frequency.
When the frequency becomes higher than 3000 Hz, the sound absorption coefficients are decreasing and the peaks of the
GBL-CH model and the Biot-JCAL model both occur at higher frequencies than the DNS. The difference between the GBL-CH
model and the Biot-JCAL model can be explained by the differences of the effective parameters discussed in the previous



Fig. 10. Local deviation of the solid displacement in the DNS normalized by the characteristic macroscopic solid deformation ϵ�M .

Fig. 11. Sound absorption coefficients of the 2-cm porous layer obtained from the DNS and the GBL-CH model for PU B, when the RVE is scaled down to
0.5 mm.
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section: the Biot-JCAL model provides a smaller magnitude and a shorter relaxation time for the effective fluid density and R
when the frequency is higher than around 1500 Hz. This suggests that there is less dissipation in the Biot-JCAL model than in
the GBL-CH model in this frequency range.

As discussed above, for materials with a high stiffness such as Al and PU A, the solid properties have a limited influence
and the effective fluid properties determine the sound absorption performance. In this case, the behavior of the GBL-CH
model is quite close to the Biot-CH model. Fig. 9 plots the sound absorption coefficients for PU B, showing that the resonance
frequencies predicted by the two models are different: compared with the DNS, the GBL-CH model improves the resonance
behavior relative to the Biot-CH model. This is because the microscopic fluctuation of the solid that is ignored in the Biot-CH
model influences the resonance behavior. As shown in Fig. 4(a), the microscopic fluctuation of the solid increases the
dynamic mass which reduces the resonance frequency. Note that the coefficient calculated by Eq. (47) cannot describe the
absorbed energy correctly when resonance occurs, because the energy is mainly absorbed by the solid skeleton at the
resonance frequency.

The difference between the DNS and the GBL-CH model is due to the boundary conditions adopted in the homo-
genization approach, which has been investigated by studying the boundary viscous stress and the scale separation prin-
ciple in [49]. Particularly, the scale separation principle becomes less satisfied at increasing frequencies. Furthermore, Fig. 9
shows that the difference around the resonance frequency is large. Therefore, the scale separation principle is further
analysed by following the method in [49]. The 2nd-derivative of the solid displacement that is averaged over the cross
section perpendicular to the x direction can be used to describe how the solid displacement in the DNS deviates from the
periodicity assumption. This quantity is referred to as the local deviation and is plotted in Fig. 10. Here, it is normalized by
the characteristic macroscopic solid deformation ϵ�M ¼ jpincj=Efr (the estimated Young's modulus of the porous material Efr is
calculated by Eq. (5-3) in [53]). The local deviation around the resonance frequency is considerably larger than at other
frequencies, showing that periodicity is not well satisfied around the resonance frequency compared to other frequencies.
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Furthermore, when the size of the RVE is scaled down to 0.5 mm, the local deviation becomes smaller and an improved
performance of the GBL-CH model can be found in Fig. 11.
5. Conclusions

Acoustic problems of porous materials were investigated by using an extended homogenization method proposed in this
paper. Based on the scale separation principle, the multiscale problem was divided into two separate problems at different
scales: the scale of the macroscopic problem is controlled by the macroscopic solid displacement and fluid pressure; the
scale of the microscopic RVE is described by linearized equilibrium equations and linear constitutive laws. The homo-
genization framework was built by applying a periodic solid displacement, a prescribed fluid traction and a periodic thermal
flux on the boundary of the microscopic RVE. The micro-to-macro scale transition relations are obtained based on two-scale
energy consistency.

The GBL-CH model was obtained by considering the linearity of the microscopic problem: the solid external force and the
fluid displacement can be linearly expressed in terms of the solid displacement and fluid pressure gradient; the solid stress
and the fluid volumetric change are related to the solid deformation and the fluid pressure. In this homogenization model,
the required effective parameters are obtained through numerical simulations of the microscopic RVE. By ignoring the
microscopic fluctuation terms, the Biot-CH model corresponding to Biot's poroelastic theory can be recovered from the GBL-
CH model. By simplifying the dynamic densities to being equal to the corresponding volume fractions, the GBL-CH model
reduces to the Biot-CH model.

The effective parameters in the two models were discussed based on the simulations of an idealized cubic RVE. By
considering the non-uniform temperature field, the thermal dissipation is involved in the effective modulus of the fluid and
determines the sound absorption performance at low frequencies. It was found that the solid properties have limited effects
on the effective fluid properties in the two models. However, the GBL-CH model shows that the solid can have a significant
influence on the effective solid density, particularly in the high frequency range. This effect cannot be captured by the Biot-
CH model because it is mainly governed by the microscopic solid fluctuation field. Furthermore, a numerical simulation of a
macroscopic sound absorption experiment on a porous material with the idealized cubic microstructure was simulated by
using both models. A DNS result was used as a reference and the Biot-JCAL model was used for comparison purposes. By
comparing the sound absorption coefficients, the GBL-CH model and the Biot-CH model outperform the Biot-JCAL model for
the studied porous materials. It is also shown that the GBL-CH model gives a better prediction of the resonance frequency,
which is affected by the microscopic fluctuation of the solid.

To summarize, the proposed novel homogenization approach has been successfully applied to acoustic porous materials.
This new homogenization model can be considered as an extension of Biot's poroelastic theory, with incorporation of
microscopic viscous-thermal effects. At low frequencies or for materials with a high stiffness, the performance of this model
is almost the same as that of Biot's model. However, by comparing with the DNS, this new model gives a better prediction of
the dynamic density of the solid affected by the microscopic fluctuation of the solid displacement.
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