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� A pragmatic and efficient poly-disperse method for bubbly flow simulation is presented.
� Closure is achieved using the log-normal presumed number density function.
� Good agreement is found with reference data for bubbly flow in the mono-dispersed limit.
� Poly-dispersity and poly-celerity are shown to play an important role in bubbly flow.
� Good agreement is found between our moment method and an accurate sectional approach.
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The bubble size distribution plays an important role in interfacial mass, momentum and energy transfer
between bubbles and their carrier liquid in bubbly flow. Accurate modeling of the size distribution is
therefore key. A Log-Normal presumed Number Density Function (LNpNDF) approach is proposed, which
is embedded into the two-fluid model. Two additional moment transport equations are formulated which
are shown to be consistent with the two-fluid model. From the moments, the size distribution can be
fully reconstructed using the assumption that its underlying shape is log-normal. This methodology
offers closure for the modeling of processes such as bubble coalescence, break-up and bubble poly-
celerity. Special attention is paid to the concept of poly-celerity, which is shown to play an important role
in the evolution of finite-width size distributions. A new average diameter, which is based on the fifth and
third moment of the size distribution, is proposed, and it is shown that this diameter is a more suitable
quadrature node for the modeling of bubble–liquid Stokes-like drag. The paper lays the mathematical
foundation for a pragmatic, computationally efficient and effective poly-dipsersed method for the mod-
eling of dispersed two-phase flow.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

In bubbly flow, the size of a bubble plays an important role on
the heat, mass and momentum transfer from bubble to carrier fluid
and vice versa. Usually, bubble size is not a uniform property; bub-
bles are often formed through a chaotic dynamic of break-up of
slugs and simultaneous coalescence of smaller structures. Rather
than a mono-dispersed size distribution, which can be conve-
niently modeled as a Dirac delta function with one bubble size, real
bubbly flows always contain a poly-dispersed collection of bubbles
with a corresponding finite bandwidth of the size distribution in
the size space. As the bubbles move through space, this size distri-
bution undergoes changes through mechanisms like bubble
compressibility, evaporation or boiling, bubble break-up or
bubble-bubble coalescence. These mechanisms should be modeled
accurately, in order to predict the evolution of the bubble size
distribution. In turn, the heat, mass and momentum transfer
between bubbles and carrier fluid can be better modeled once
the bubble size distribution is known.

To model the evolution of a bubble size distribution with finite
width, two main families of methods have been developed: sec-
tional methods (Gelbard and Seinfeld, 1980) and moment methods
(Friedlander, 1983). The first family of methods aims to capture the
size distribution by means of a discretization of the bubble size dis-
tribution in size space. This often leads to a set of bubble number
concentration fields each representing the frequency with which
a certain bubble size or size range is present as a function of time

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ces.2019.02.013&domain=pdf
https://doi.org/10.1016/j.ces.2019.02.013
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and position. The evolution of the size distribution is modeled by
solving transport equations for each concentration field. In spa-
tially inhomogeneous settings a fixed pivot technique (Kumar
and Ramkrishna, 1996a) in which representative sizes remain fixed
in time is convenient, but also moving pivot techniques (Kumar
and Ramkrishna, 1996b) exist. Applications of sectional methods
to bubbly flows can be found in (Krepper et al., 2005, 2008;
Hänsch et al., 2012;Liao et al., 2015, 2018). A major benefit of sec-
tional methods is that no a priori assumptions are imposed on the
shape of the bubble size distribution. Moreover, if each size con-
centration field is allowed to adhere to its own momentum equa-
tion, poly-celerity, i.e., the observation that bubble velocity is
size-dependent, is automatically accounted for. In particular in this
situation, but also in the situation of a single momentum equation
for all bubble sizes, sectional modeling can be computationally
expensive. The accuracy of sectional methods is directly propor-
tional to the number of sections, which, in turn, carries a propor-
tionality to the computational effort.

Alternative to this, the family of moment methods aims to
reduce the complexity of the description of the size distribution
by considering only integral moments of the distribution in size
space. Transport equations are developed for these moments,
accounting for the physical mechanisms which influence the distri-
bution and its corresponding moments. The size distribution can
then be reconstructed either directly using a presumed shape of
the size distribution (Lee et al., 1984) or indirectly using
quadrature-based methods (McGraw, 1997;Marchisio and Fox,
2005, 2013) in order to establish mathematical closure of terms
in the moment transport equations which depend on unknown
moments. Moment methods are attractive due to their more mod-
est computational requirements, but may fail to capture distinct
features of size distributions, such as multi-modal shapes, due to
the integral approach. In many practical cases, however, the pro-
cesses of interest are mostly dependent on just the integral
moments, like the total interfacial area (Ishii et al., 2005), and
not so much on the exact distribution of the underlying properties
in size space. This invites not only from a computational, but also
from a physical point of view, to adopt and investigate moment
methods in the modeling of bubbly flow.

The most straight-forward way of achieving the necessary clo-
sure for condensation, coalescence, break-up and poly-celerity pro-
cesses, is to use a presumed shape of the size distribution, i.e., a
presumed Number Density Function (pNDF). Examples are the
Rosin-Rammler, Nukiyama-Tanasawa, power law, exponential,
Khrgian-Mazin or gamma distribution (Hinds, 2012). Mainly in
aerosol science, another very common pNDF is the log-normal dis-
tribution. This distribution is defined only in positive space, which
is a convenient mathematical property as bubbles have positive
size. Moreover, the distribution fits observed size distributions rea-
sonably well, and has a mathematically convenient form for deal-
ing with moments of the distribution (Hinds, 2012).

In this work, we explore the Log-Normal pNDF (LNpNDF)
approach developed mainly for aerosol droplet distributions, in
order to achieve mathematical closure for the processes playing a
key role in bubbly flow instead. We investigate primarily mathe-
matically the integration of the log-normal distribution with the
two-fluid model, while leaving investigation of the physical rele-
vance of the log-normal assumption in bubbly flow for further
research. The feasibility and effectiveness of the LNpNDF approach
applied to bubbly flow is shown, and forms the main contribution
of this paper. Special attention is paid to the development of a log-
normal mathematical framework upon which further bubbly flow
modeling, such as coalescence and break-up, can be built. We focus
on the consistent derivation of three moment transport equations,
which are embedded inside the two-fluid model (Ishii and Hibiki,
2010), in order to mathematically close the LNpNDF approach.
The topic of poly-celerity is addressed by developing algebraic
relations for the unique transport velocity of each moment, along-
side the volume-average bubble velocity which follows from the
solution of the two-fluid model. It is shown that for bubble distri-
butions with a finite bandwidth, poly-celerity plays an important
role and can be captured accurately inside the LNpNDF approach.
We also focus on the derivation of the appropriate mean bubble
diameter which is used to compute the effective momentum trans-
fer between the bubble distribution and the carrier fluid, inside the
two-fluid model. Rather than the often-used Sauter mean diame-
ter, an alternative diameter is proposed, which is based on the fifth
and third moment of the bubble size distribution. The work will be
tested in the context of the bubbly pipe flow experiments of Liu
and Bankoff (1993a,b), using the Bubbly And Moderate void Frac-
tion (BAMF) model of Sugrue et al. (2017). Validation of our imple-
mentation of the model in OpenFOAM is achieved by cross-code
comparison using the results of Sugrue et al. (2017), showing good
agreement. Although more recent experimental results are avail-
able and several important effects are not included in the model,
the goals of the paper are to explore the consistent integration of
the log-normal size distribution with the two-fluid model, and to
study the role of the modeling of a poly-dispersed size distribution
in bubbly flow. The current paper lays the mathematical founda-
tion for a pragmatic, computationally efficient and effective poly-
dispersed method for the modeling of dispersed flow, with bubbly
flow in particular.

The layout of this paper is as follows. In Section 2 we discuss the
two-fluid model and the embedded LNpNDF approach. In Section 3
the LNpNDF approach is applied to the modeling of upward bubbly
pipe flow, in order to validate the method and to study the behav-
ior of the method in scenarios with non-zero width of the bubble
size distribution. Finally, in Section 4 we present our conclusions.

2. The two-fluid model and the method of moments

In this section, the mathematical framework of the method of
moments for the description of the bubble size distribution is pre-
sented. Special attention is paid to the derivation of additional
moment transport equations which are consistently related to
the standard two-fluid model through a bubble size distribution.
Closure is achieved using the log-normal size distribution function.

2.1. The two-fluid model

The two-fluid model (Ishii and Hibiki, 2010) is commonly used
for the description of a mixture with coexisting continuous carrier
fluid and dispersed fluid. A key property is that both phases are
treated separately, in terms of mass, momentum and energy. This
is particularly important in high void fraction situations, in which
the coupling between the two phases is highly dynamic, non-trivial
and well-pronounced.

For phase index k 2 g; ‘ð Þwith dispersed gas phase g and contin-
uous liquid phase ‘, the continuity equation can be written as

@t akqkð Þ þ r � akqkukð Þ ¼ Ck; ð1Þ
with void fraction ak, mass density qk, velocity uk and mass transfer
rate (e.g., due to phase transition) Ck, all for phase k. The product
akqk is the total mass of phase k per unit of volume and Eq. (1) is
therefore the k-phase mass transport equation.

The phase k momentum equation is given by

@t akqkukð Þ þ r � akqkukukð Þ ¼ �r akpkð Þ þ r � ak sk þ sturbk

� �� �
þ akqkgþMk; ð2Þ

with pressure pk, viscous stress tensor sk, turbulent stress tensor
sturbk , gravitational acceleration g and interfacial momentum
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transfer Mk, all for phase k. The turbulent stress tensor accounts for
unsteady turbulent motion and can be modeled using Reynolds-
Averaged Navier-Stokes models, either by standard single-phase
models such as the k� e or k�x model, or by specially developed
Bubble-Induced Turbulence (BIT) models (Lahey, 2005; Rzehak and
Krepper, 2013; Ma et al., 2017). Finally, the interfacial momentum
transfer Mk is modeled using the BAMF approach, which will be
detailed further in Section 3.

2.2. The number density function

The bubbly gas phase has a void fraction ag . More specifically,
we recognize the fact that the bubble volume can be distributed
among several bubble sizes. We introduce the independent
variable d as the bubble diameter, and let n d;x; tð Þ be the Number
Density Function (NDF), defined in such a way that n d;x; tð Þdd
gives the total number of bubbles per unit of volume of size in
the interval d; dþ dd½ � at position x and time t. For notational com-
pactness we let n dð Þ :¼ n d;x; tð Þ.

The NDF adheres to its own transport equation, the Population
Balance Equation (PBE), which is given by

@tn dð Þ þ r � v dð Þn dð Þ½ � þ @d Gn dð Þ½ � ¼ J dð Þ; ð3Þ

with bubble velocity distribution v dð Þ, bubble growth rate
G ¼ dd=dt and bubble source term J dð Þ. The bubble growth rate G
is associated here only with the compressibility of bubbles. Assum-

ing the ideal gas law, i.e., pV � pd3 ¼ const with pressure p and bub-
ble volume V, it can be shown that G is linearly proportional to d.
The bubble source term J dð Þ accounts for changes to the NDF due
to coalescence, break-up, nucleation, etc. The bubble velocity distri-
bution v dð Þ captures the poly-celeric nature of the bubbles. Using
the Stokes number defined as

St ¼ s dð ÞU
L

with s dð Þ ¼ d2qg

18l‘

; ð4Þ

liquid phase viscosity l‘, Stokes relaxation time s dð Þ, macroscopic
velocity scale U and length scale L, it can be generally said that small
bubbles with St < 1 follow the carrier liquid streamlines closely,
while large bubbles with St > 1 are more independent of the liquid
motion.

2.3. The method of moments

The cth moment of the NDF is defined as

Mc ¼
Z 1

0
dcn dð Þdd: ð5Þ

Some special moments carry a proportionality to relevant phys-
ical quantities, e.g., the total number concentration N ¼ M0, the

number mean diameter d ¼ M1, the interfacial area concentration
ai ¼ pM2 and the void fraction ag ¼ p=6M3. Defining
q0 ¼ 1; q1 ¼ 1; q2 ¼ p and q3 ¼ p=6 as the coefficient to go from
moment to relevant physical quantity, we derive the moment
transport equation by multiplying the PBE by qcd

c and taking the
integral on 0;1½ Þ, to find the Moment Transport Equation (MTE)

qc@tMc þ qcr � vcMc
� �þ qc

Z 1

0
dc@d Gn dð Þ½ �dd ¼ qcJc ð6Þ

with

vc ¼ 1
Mc

Z 1

0
v dð Þdcn dð Þdd ð7Þ

the cth moment transport velocity and
Jc ¼
Z 1

0
dcJ dð Þdd ð8Þ

the cth moment source term. By using (1) integration by parts, (2)
the assumption that n dð Þ tends to zero in the integration limits and
(3) the ideal gas law, the third term in the left-hand side of the MTE
can be further simplified, to find (see Ishii and Hibiki, 2010)

qc@tMc þ qcr � vcMc
� �þ c

1
3qg

dqg

dt
qcMc ¼ qcJc: ð9Þ

This is the general cth moment MTE for compressible bubbles.
In principle, the MTE can be solved for anymoment. However, in

practice two problems arise. The first is that the moment transport
velocity vc is based on the full bubble velocity distribution v dð Þ,
which is unknown. To overcome this, v dð Þ can be algebraically
approximated with a function of ug ;u‘ andmoments of the size dis-
tribution (this will be shown in Section 2.4). The second problem is
that in the case of coalescence or break-up, Jc may have a depen-
denceonhigher ordermoments too. Bothproblemsgive rise to a clo-
sure problem: in order to define theMTE formoment c, higher order
moments may need to be known. As discussed, we address this clo-
sure problem by introducing the LNpNDF approach. This will be
done in Section 2.5. Itwill be shown there that the LNpNDFhas three
degrees of freedomwhich can be related to any set of three indepen-
dentmoments. Therefore, in order to reconstruct the LNpNDF, three
independent MTEs should be solved. For this, we select the total
number concentrationN, interfacial area density ai and void fraction
ag . Using c ¼ 0;2;3 in (9) we find

@tN þr � v0Nð Þ ¼ J0 ð10Þ

@tai þr � v2aið Þ þ 2
3

ai
qg

dqg

dt
¼ pJ2 ð11Þ

@tag þr � v3ag
� �þ ag

qg

dqg

dt
¼ p

6
J3: ð12Þ

It can be seen that with Cg ¼ p
6 J3;dqg=dt :¼ @tqg þ v3 � rqg and

v3 ¼ ug , (12) reduces to (1) for k ¼ g, showing consistency between
the PBE, MTE and the two-fluid model. This also means that the
solution for ag can be readily taken from that of the two-fluid
model, so that only two additional MTEs (Eqs. (10) and (11)) are
required to be solved alongside the two-fluid model.

It is convenient to write the third term in the left-hand side of
(11) in terms of the rate of change of ag , as this is readily available
from the two-fluid model. This gives

@tai þr � v2aið Þ ¼ 2
3

ai
ag

@tag þr � ugag
� �� �þ pJ2; ð13Þ

which is equivalent to the Interfacial Area Transport Equation
(IATE) of Ishii et al. (2005).

2.4. Poly-celeric moment velocity modeling

The moment transport velocity vc depends on the full velocity
distribution v dð Þ, see Eq. (7). This velocity distribution is unknown.
However, it was shown that the third moment velocity is equal to
ug , which, in turn, is readily available from the two-fluid model.
Moreover, to first order in St, the velocity distribution can be
approximated as

v dð Þ ¼ u‘ þ _vs dð Þ; ð14Þ
in which _v is an unknown acceleration which is independent of size.
By eliminating v dð Þ from (7) using (14), we find

vc ¼ u‘ þ _v
s dð Þ
d2

Mcþ2

Mc
: ð15Þ
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By introducing the general moment-based diameter

dp;q ¼ Mp

Mq

� �1= p�qð Þ
; ð16Þ

this can be written as

vc ¼ u‘ þ _vs dcþ2;c
� �

: ð17Þ
This suggests that, to first order in St, the cth moment velocity

should be based on a Stokes relaxation time which is evaluated at
diameter dcþ2;c. This diameter can be seen as the appropriate
quadrature node at which the drag term is evaluated. More specif-
ically, for the void fraction ag (i.e., c ¼ 3), this diameter becomes
d5;3. This is most likely not equal to the Sauter mean diameter
d3;2, which is commonly used as quadrature node in the formula-
tion of Mk in the two-fluid model.

For c ¼ 3 we set v3 ¼ ug . This gives

_v ¼ ug � u‘

s d5;3ð Þ ; ð18Þ

which can be substituted back into (17), to find

vc ¼ ug þ f c � 1
� 	

ug � u‘

� � ð19Þ

with

f c ¼
Mcþ2M3

McM5
¼ dcþ2;c

d5;3

� �2

ð20Þ

By doing this, we have, essentially, chosen the acceleration _v in
such a way that the third moment of v dð Þ becomes equal to ug .
From (19) it becomes clear that a closure problem arises, through
the definition of f c which depends on higher order moments. It
can be seen for c ¼ 3 that (19) indeed reduces to ug . Relation
(19) is an algebraic relation between the moment, liquid and gas
velocities, based on a first order approximation in St of the bubble
behavior.

2.5. Closure using the LNpNDF

The LNpNDF, which is adopted for closure of the moment veloc-
ities and right-hand side moment source terms, is of the form

n dð Þ ¼ Nffiffiffiffiffiffiffi
2p

p
rd

exp � log2 d=dcmð Þ
2r2

" #
ð21Þ

with r ¼ logrg ;rg the geometric standard deviation and dcm the
count median diameter. It expresses that the logarithm of d is nor-
mally distributed. It has three degrees of freedom, i.e., the ‘height’ N,
‘width’ r and ‘displacement’ dcm. The cth moment of the LNpNDF is
given by

Mc ¼ Ndccm exp
1
2
c2r2

� �
ð22Þ

The N parameter is readily known from the N MTE, Eq. (10). In
order to determine r and dcm too, we must relate them to our
known moments N; ai and ag . For this, we introduce the Hatch-
Choate conversion relations (Hinds, 2012), which state for a log-
normal distribution that

dm ¼ dcm exp
3
2
r2

� �
ð23Þ

with the diameter of average mass dm conveniently given by

dm ¼
ffiffiffiffiffiffiffiffi
6ag

Np
3

r
: ð24Þ

Moreover, by using ai ¼ pM2, we find the closed expression
r2 ¼ � log
ai

pNd2
m

 !
; ð25Þ

which, in turn, can be used to eliminate r from (23) to find a closed
expression for dcm. Finally, using the log-normal expressions for Mc

and the definition of dp;q, we find

dp;q ¼ dcm exp
pþ q
2

r2
� 	

: ð26Þ

Replacing dcm and r by their respective closed expressions, this
gives a convenient relation for the moment-based diameter in
terms of the known moments, i.e.,

dp;q ¼ dm
ai

pNd2
m

 !� pþq�3ð Þ=2

: ð27Þ

In summary, a discrete time step solution of the LNpNDF model
is composed by the following ingredients:

� The standard two-fluid model is adopted and solved, with the
interfacial momentum transfer term Mk based on the d5;3 diam-
eter which can be explicitly evaluated using (27)

� The MTEs for ai and N are solved using their respective moment
velocities. These moment velocities are explicitly evaluated
using (19) and (27). Iteration between the solution of the ag-
equation from the two-fluid model on one hand, and the MTEs
for ai and N on the other, is necessary in order to iteratively and
explicitly update the moment velocities

� The full shape of the new LNpNDF can now be evaluated using
(21), by introducing the closed expressions for r, Eq. (25), and
dcm, Eq. (23). The LNpNDF can be used in the modeling of coales-
cence or break-up, in a separate fractional step

Finally, we note that the approach presented above may also be
carried out using alternative size distribution functions. Depending
on the number of degrees of freedom of such function, however,
the number of solved moments of the size distribution must be
adjusted accordingly.

This completes the description of the log-normal presumed
number density function model, for the simulation of poly-
dispersed and poly-celeric bubbly flow.

3. Simulation of bubbly pipe flow

In order to test the new poly-dispersed methodology, we apply
it to the simulation of upward bubbly pipe flow. The experimental
setting of Liu and Bankoff (1993a,b) is selected, and in particular,
the closely related numerical datasets of Sugrue et al. (2017) are
used as a point of reference. The upward bubbly pipe flow setting
offers a non-trivial test platform as it is essentially two-
dimensional while not being too computationally expensive,
allowing for reasonably quick testing. We implement the LNpNDF
model alongside the two-fluid model from the standard
‘reactingMultiphaseEulerFoam’ solver from OpenFOAM version
6.0. The data of Sugrue et al. (2017), which was also generated
using OpenFOAM, is therefore a useful point of reference. The
approach is as follows:

1. Our implementation of the BAMF model of Sugrue et al. (2017)
is verified against the data of Sugrue et al. (2017) using a stan-
dard mono-dispersed diameter model

2. The LNpNDF approach is verified in its mono-dispersed limit
against the mono-dispersed diameter model results, in order
to establish confidence in the implementation of LNpNDF

3. The LNpNDF approach is applied using artificially imposed
finite inlet bubble size distribution widths, in order to study



Table 2
Mesh parameters with Nr1 the number of cells in the bulk of the mesh, Nr2 the number
of cells near the wall, G the geometric grading factor of cells near the wall and Nz the
number of cells in axial direction.

Mesh Nr1 Nr2 G Nz

Coarse 7 5 0.157 100
Medium 14 10 0.410 200
Fine 28 12 0.627 400
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the role which poly-dispersity plays in the modeling of bubbly
pipe flow

4. Finally, we look at a simplified one-dimensional setting, in
order to explore the relevance of the choice of mean diameter,
and poly-celeric modeling.

3.1. Bubbly pipe flow setting

In the experiments of Liu and Bankoff (1993a,b) bubbly upward
pipe flow is considered. In Sugrue et al. (2017) numerical simula-
tions are performed of the same setting. We follow closely the
numerical choices made in Sugrue et al. (2017). We restrict our
work to the three sets listed in Table 1. These three sets cover
the whole range of superficial gas and liquid velocities as studied
in Sugrue et al. (2017), from low velocities to high velocities, and
should be sufficient to form an adequate picture of the perfor-
mance of the LNpNDF method. The superficial velocities are
extracted from the data presented in Sugrue et al. (2017). The
diameters which are used in the assumed-diameter model of
Sugrue et al. (2017) are taken as the Sauter mean diameter (i.e.,
d3;2).

The modeling of the gas–liquid interfacial momentum transfer
term Mk is done using the BAMF model, with the Tomiyama drag
coefficient for slightly contaminated liquid (Tomiyama et al.,
1998), the Shaver & Podowski modified lift coefficient (Shaver
and Podowski, 2015) and the Burns turbulent dispersion force
(Burns et al., 2004), see (Sugrue et al., 2017) for more detail. When
using the LNpNDF model, each of these physical contributions to
Mk is based on the d5;3 average diameter for reasons outlined in
the previous Section. However, for a mono-dispersed distribution
(i.e., r! 0), this diameter reduces to the Sauter mean diameter.
It is therefore expected that the LNpNDF model should produce
results similar to those of Sugrue et al. (2017), in the mono-
dispersed limit.

A two-dimensional wedge mesh is used with a wedge angle of 5
degrees. The wedge radius is R ¼ 19 mm and length L ¼ 4 m. The
mesh is radially divided in two mesh blocks. The first block con-
tains radius 0 6 r 6 14 mm. The second block contains radius
r > 14 mm. The first block contains Nr1 uniformly distributed cells
in radial direction. The second block contains Nr2 cells in radial
direction which are geometrically graded in such a way that the
cell near the wall is a factor G smaller than the cell at r ¼ 14
mm. The mesh has Nz cells in axial direction. Table 2 shows the
parameters used to generate a coarse, medium and fine mesh.
The parameters are chosen such that the cell adjacent to the pipe
wall has a radial size of roughly 0:32 mm, which corresponds to
the meshes used in Sugrue et al. (2017).

The liquid phase is modeled as water with constant mass den-
sity q‘ ¼ 997 kg/m3 and constant viscosity l‘ ¼ 1:31� 10�3 Pa�s.
The gas phase is modeled as air with constant viscosity
lg ¼ 1:77� 10�5 Pa�s. The mass density of air is modeled either
as incompressible with qg ¼ 1:185 kg/m3, or as compressible using
the ideal gas law with a molar weight of 28.97 gram/mole. Model-
ing air as compressible allows to test the modeling of bubble ‘drift’
in size space. The use of either compressible or incompressible air
will be explicitly indicated. In the case of compressible air the inlet
superficial velocity is adjusted in order to have the proper superfi-
Table 1
Selected sets from the Liu & Bankoff experimental database.

Set J‘ [m/s] Jg [m/s] ag d3;2 [mm]

2 0.376 0.0752 0.1167 2.97
18 0.753 0.1993 0.1554 3.147
34 1.087 0.3223 0.1777 3.247
cial velocities (i.e., the ones from Table 1) at the height of measure-
ment, since the superficial velocity depends on the axial coordinate
due to expansion. As is done in Sugrue et al. (2017), turbulence of
the liquid phase is modeled using the standard k� e model
extended to multiphase flows. Turbulence of the gas phase is not
modeled.

We employ standard boundary conditions for the modeling of
pipe flow. At the inlet the superficial velocities are imposed by set-
ting the z-components of the velocity uk;z ¼ Jk=ak. Pressure is set to
atmospheric pressure at the outlet. No-slip boundary conditions
are applied for the two velocity fields, at the wall. At the inlet, ai

and N are set in such a way that the desired d3;2 and r are imposed.
Both moments are introduced into the pipe using the gas velocity
ug , implying mono-celeric conditions at the inlet.

We use the first order implicit Euler scheme for time integra-
tion, which is sufficient as a steady-state solution is obtained. In
agreement with (Sugrue et al., 2017), first order upwind is used
in the discretization of the convective term of the void fraction
equations, in order to have a stable solution. The grid convergence
study of the next Section shows that at the chosen meshes the
solution is sufficiently mesh-independent, despite the diffusive
upwind scheme. All other convective terms are discretized using
the ‘limitedLinear 1’ scheme of OpenFOAM version 6.0, which is
a central scheme reducing to upwind in areas of rapidly changing
gradient. Laplacians are discretized using the ‘linear’ scheme. Sol-
ver tolerance levels are set to 10�8 and in the ‘PIMPLE’ algorithm,
which can be seen as a linearized PISO algorithm embedded in
an additional outer iteration loop, 2 outer iterations and 3 inner
iterations are performed. Just like in Sugrue et al. (2017), the
‘faceMomentum’ option is enabled. This option adds the
dispersed-continuous momentum exchange term to the cell faces,
rather than the cell centers, in order to have additional stability
and smoothness of the solution.

3.2. Mono-dispersed results

We start with testing our implementation of the BAMF model,
using a mono-dispersed diameter model. The goal is to test the
influence of the chosen mesh and equation of state for air. In the
case of incompressible air, the diameter of the bubbles is kept con-
stant at the value indicated in Table 1. In the case of compressible
air, the diameter of the bubbles is set using the relation

d ¼ d0
p0

p

� �1=3

; ð28Þ

which accounts algebraically for the expansion of bubbles due to
pressure change, assuming that p � 1=V with volume V. Since bub-
bles are mono-dispersed, all average diameters reduce to d, i.e.,
d5;3 ¼ d3;2 ¼ d, etc. The values for d0 and p0 are chosen such that
at the height of measurement the diameter is the one given in
Table 1.

Fig. 1 shows radial profiles for ag and upward velocity compo-
nents u‘;z and u‘;g , alongside the data of Sugrue et al. (2017), for
the three meshes and for compressible and incompressible air.
The radial profile is taken at z ¼ L=2 ¼ 2 m. At this height, the



Fig. 1. Mono-dispersed simulation results, taken at a distance of 2 m from the inlet, for incompressible (j) and compressible (N), coarse (blue), medium (red) and fine (green)
meshes and the data of Sugrue et al. (2017) (�). The compressible data is vertically offset by +0.05 for ag , +0.3 m/s for u‘;z and +0.4 m/s for ug;z , for be.tter visibility. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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mono-dispersed diameter of compressible air matches the con-
stant incompressible one, and is equal to the diameter given in
Table 1. The following observations are made:

� The results are quite mesh-independent. Some small differences
are notable between the coarse and medium mesh for the ag

profile for sets 18 and 34. This suggests that the relatively dis-
sipative first order upwind scheme and ‘faceMomentum’ option
play no role in terms of accuracy, from the medium mesh
onwards. It can be concluded that the medium mesh produces
sufficiently mesh-independent results for the shown quantities.

� Very close agreement between the data of Sugrue et al. (2017)
and our results is generally observed. However, for set 18, and
set 34 to a larger extent, our void fraction profile near the wall
is slightly lower than the result of Sugrue et al. (2017). Upon
closer inspection it can also be seen that both our gas and liquid
velocity profiles are slightly higher at the pipe core and slightly
lower towards the wall, making the slope with which the veloc-
ity decays towards the wall less steep. Potential reasons for this
could be a difference in turbulence modeling or an effect of the
two-dimensional wedge geometry (the data of Sugrue et al.
(2017) is computed on a three-dimensional mesh). The less
steep velocity profiles produce lower vorticity and from this it
can be understood that the lift force, pushing air towards the
wall, is also reduced.

� There is very little difference between modeling air as com-
pressible or incompressible.

From these observations we conclude that our implementation
of the BAMF model and the chosen numerical configuration is suf-
ficiently adequate and reproduces faithfully the results of Sugrue
et al. (2017). We designate the medium mesh compressible air
simulations as the reference case, for further comparison.

3.3. Poly-dispersed results

The BAMF model terms (drag, lift and turbulent dispersion) are
based on the diameter d5;3, as this is the relevant quadrature node
for the drag term. Using (26), it can be seen that in the LNpNDF the
Sauter mean diameter d3;2 is related to d5;3 as

d5;3 ¼ d3;2 exp
3
2
r2

� �
: ð29Þ
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By imposing a poly-dispersed bubble distribution at the inlet of
the pipe, i.e., r > 0, we have d5;3 > d3;2. For fixed Sauter mean
diameter at the inlet, but with non-zero r, it can therefore be
expected that the behavior of bubbles changes due to a finite dis-
tribution width. We test the dependence of the solution on r, by
simulating bubbly upward pipe flow using a range of r, for com-
pressible air on the medium mesh using the LNpNDF model.
Fig. 2 (top row) shows the radial void fraction profiles for the three
sets, using r ¼ 0:1;0:25;0:5;0:75;1ð Þ. The mono-dispersed refer-
ence case is also shown. It can be seen that for r ¼ 0:1 the profile
is very close to the mono-dispersed one, which is as expected since
d5;3=d3;2 � 1:015 according to (29). This confirms that in the mono-
dispersed limit, the LNpNDF model reduces to the mono-dispersed
diameter model which was used in the previous Section. Note,
however, that nowhere in the LNpNDF model the diameter is alge-
braically imposed. It merely follows from the solution of the MTEs
subject to the appropriate boundary conditions. For larger values of
r the void fraction profile deviates from the mono-dispersed one.
The wall void peak is shown to flatten, while the bulk void fraction
is elevated for sets 18 and 34. The flattening of the wall void peak
Fig. 2. Poly-dispersed simulation results for r ¼ 0:1 (blue), r ¼ 0:25 (cyan), r ¼ 0:5 (yel
profiles are taken at a distance of 2 m from the inlet and the axial profiles are taken at th
reader is referred to the web version of this article.)
can be explained by looking more closely at the lift force model.
The Shaver & Podowski modified lift force model contains a wall
reduction factor which limits the lift force towards the wall. The
typical ‘reach’ of this reduction factor is a function of the bubble
diameter. Since the bubble diameter d5;3 is increased as r becomes
larger, the reduction factor has an effect deeper inside the domain,
resulting in a flattened wall void peak.

Fig. 2 also shows the pipe centerline axial profile of d3;2 and d5;3,
scaled by the inlet Sauter mean diameter di. From these graphs, the
following observations can be made:

� All three moments are injected into the pipe with the same
superficial velocity Jg . However, the moment velocity vc as
given by (19) is, for non-zero r, unequal to ug . Therefore, the
moment inlet velocities are not at equilibrium with the inlet
bubble size distribution, and a ‘re-organization’ of the distribu-
tion is expected. This can be clearly observed at the inlet for
approximately 0 6 z 6 L=4, in which both diameters show
non-monotonic behavior. Beyond approximately L=4, the
monotonic compressible bubble expansion behavior is
low), r ¼ 0:75 (green), r ¼ 1 (red) and the mono-dispersed reference (�). The radial
e pipe axis. (For interpretation of the references to colour in this figure legend, the



Fig. 4. Surface plots of the Sauter mean diameter d3;2 for three values of r,
computed for set 2 using compressible LNpNDF on the medium mesh.
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recovered. This is best seen in the d3;2 graphs, in which the
slopes of all the curves eventually move towards the mono-
dispersed one.

� With respect to the mono-dispersed limit, the Sauter mean
diameter is shown to decrease significantly (in particular for
set 2), solely due to the fact that the distribution has non-zero
r. However, apart from bubble expansion, no right-hand side
PBE terms such as coalescence or break-up are considered. This
implies that poly-celerity and the modeling of each moment
velocity independently, can play an important role in bubbly
flow.

The influence of r and the concept of poly-celerity can be better
understood by looking more closely at the modeling of the
moment velocity vc. Inspecting Eq. (19), we see that for f c ¼ 0
the moment velocity equals u‘ and for f c ¼ 1 the moment velocity
equals ug . Fig. 3 shows the poly-celerity function f c for several val-
ues of c, as a function of r. For c ¼ 3 the moment velocity should
always equal the two-fluid gas velocity ug , which is indeed true
for f c ¼ 1. For lower order moments, it can be seen that f c moves
towards zero as r increases, implying that the velocity of lower
order moments remains closer to the two-fluid liquid velocity u‘.
The spread in f c for different values of c leads to a deformation
of the bubble size distribution. This is reflected by the axial change
of d3;2 as shown in Fig. 2. Additionally, Fig. 4 shows three axial cross
sectional surface plots of the Sauter mean diameter, for
r ¼ 0:1;0:25;0:5ð Þ. For r ¼ 0:1, it can be seen in Fig. 3 that f c for
all shown c is close to unity; the moments are expected to be con-
vected with very similar velocities which lay closely to ug . This is
reflected in Fig. 4, in which the Sauter mean diameter increases
smoothly and radially uniformly, only due to compressible air
expansion. For larger values of r, however, the behavior of the Sau-
ter mean diameter is no longer monotonic, due to the influence of
the poly-celerity function which shifts towards zero for the lower
order moments.

The relevance of poly-celerity, and the influence of the choice of
diameter upon which the models underlying the interfacial
momentum transfer term are based, can be better studied in a sim-
plified setting. We reduce the previous situation to a one-
dimensional one, by neglecting the radial coordinate. We disable
turbulent dispersion and lift, and model drag using the Stokes drag
law, i.e., CD ¼ 24=Reb with Reb the bubble Reynolds number. In that

case, the acceleration due to drag is proportional to 1=d2, so that
the average diameter d5;3 becomes the exact quadrature node for
the moment velocity. At the inlet of the one-dimensional domain
we set j‘ ¼ 0:5 m/s, jg ¼ 0:1 m/s and ag ¼ 0:1. The inlet Sauter
mean diameter d3;2 is set such that at measurement height (which
is 2 m from the inlet) we have d3;2 ¼ 1:75 mm. In addition to the
Fig. 3. Poly-celerity function f c for four values of c.
LNpNDF model, we simulate this one-dimensional setting using a
sectional approach. In the sectional approach, we introduce P sep-
arate phases of air, each phase modeled using the compressible
mono-dispersed diameter model in which the diameter is alge-
braically determined using (28). Each air phase has its own unique
representative size. For section 0 6 s 6 P � 1, the representative
diameter is set as

ds ¼ dmingsþ1=2; ð30Þ

with g chosen such that dP�1 ¼ dmaxg�0:5. This forms a logarithmi-
cally distributed set of representative diameters which covers the
size range dmin 6 d < dmax. Each air phase is now introduced at the
inlet using a volume fraction which is representative of the amount
with which bubbles are present in the size range
dsg�0:5 6 d < dsg0:5. In this way, the log-normal distribution can be
approximated. Each air phase adheres to its own momentum equa-
tion. The interfacial momentum transfer term is based on the diam-
eter ds. This makes the sectional approach poly-celeric, by
construction. Although computationally very expensive (P � 1 addi-
tional mass and P � 1 additional momentum equations must be
solved), the sectional approach offers a very accurate validation
platform.

We set P ¼ 25; dmin ¼ dcm= 2rð Þ and dmax ¼ dcm2r. In this way, at
least 99% of the volume of bubbles is captured. For four different
values of r, we compute the evolution of the size distribution using
LNpNDF with the drag force based on either d3;2 or d5;3, and with
poly-celerity modeling switched on or off. Fig. 5 shows the results,
alongside those of the sectional simulation. The inlet distribution is
shown, as well as the sampled distributions at a distance of 2 m
from the inlet. The following observations are made:



Fig. 5. Size distributions computed using four variations of the LNpNDF and the sectional model, taken at a distance of 2 m from the inlet.
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� For r ¼ 0:2 the distribution is still reasonably mono-dispersed,
and the distribution does not change much in shape. Neverthe-
less, the poly-celeric approach shows much better agreement
with the sectional approach.

� For intermediate values of r, it is clearly shown by the sectional
results that the distribution shifts in the size domain, and that
this shift is very accurately reflected in the poly-celeric LNpNDF
model using average diameter d5;3 in the drag force. The poly-
celeric LNpNDF result for diameter d3;2 used in the drag force
shows lesser agreement. The mono-celeric approach is shown
to fail for both diameters.

� For r ¼ 0:8, the poly-celeric LNpNDF approach with d5;3 also
starts to deviate form the sectional one. This is due to the fact
that the LNpNDF approach assumes that the distribution is
always symmetric in log d-space, which is not necessarily true
for large r due to the quadratic dependence on d of the Stokes
drag acceleration. Nevertheless, the poly-celeric LNpNDF
approach based on diameter d5;3 gives the best agreement with
the accurate sectional result.

These observations suggest that the diameter d5;3 is the correct
diameter upon which the interfacial momentum transfer term, in
the case of pure Stokes drag, should be based. Moreover, it is
shown that poly-celerity can play an important role in the evolu-
tion of the size distribution, and that the LNpNDF model is able
to accurately capture this with minimal computational overhead.
4. Conclusions

In this paper, a Log-Normal presumed Number Density Function
(LNpNDF) approach was proposed, which was embedded inside
the two-fluid model, for the modeling of two-phase bubbly flow.
Two additional moment transport equations were proposed. The
LNpNDF offers a mathematically convenient way of achieving clo-
sure in the modeling of processes such as bubble coalescence,
break-up and poly-celerity. Special attention was paid to poly-
celerity, by deriving algebraic expressions for the moment trans-
port velocities which relate the transport velocity of moment c to
the two-fluid bubble and liquid velocities ug and u‘, respectively.

In the modeling of the interfacial momentum transfer between
bubbles and liquid, the drag term is usually based on the Sauter
mean diameter of the bubble size distribution. However, it was
shown that the appropriate quadrature node for the Stokes-based
drag force term should be the average diameter which is based
on the ratio of the fifth and third moment of the size distribution.
It was shown that this diameter produces better predictions of the
evolution of the size distribution, in comparison to a very accurate
sectional approach.

For the modeling of upward bubbly pipe flow, we adopted the
BAMFmodel. Good agreement was established between our results
and those of Sugrue et al. (2017) for mono-dispersed distributions,
verifying our implementation. Next, the LNpNDF approach was
applied to the modeling of bubbly pipe flow with non-zero bubble
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size distribution widths. It was shown that, even though no pro-
cesses such as coalescence or break-up were considered, the size
distribution changed shape merely due to the poly-celeric model-
ing. This suggests that poly-celerity may play an important role
in bubbly flow for mixtures with non-zero bubble size distribution
widths. We also showed that the LNpNDF approach, with minimal
computational overhead (only two additional scalar transport
equations must be solved) is able to capture the poly-celeric nature
of the bubbly flow very accurately. Only for very large size distri-
bution widths, the LNpNDF was shown to deviate from the more
accurate sectional approach (which is computationally much heav-
ier) due to the underlying assumptions which constitute the
LNpNDF approach.

This paper established the LNpNDF approach for the modeling
of bubbly two-phase flow, and presented the mathematical foun-
dation for a pragmatic, computationally efficient and effective
poly-dipsersed method for the modeling of dispersed two-phase
flow. Within this framework, it is now conveniently possible to
incorporate additional size distribution-modifying processes such
as bubble coalescence and break-up.
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