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Fatigue life prediction methods commonly used today, i.e. the total life ap-
proach and the damage tolerant method, are engineering tools or proce-
dures based on experimental data obtained under simple load condition 
tests which are known to sometimes provide inaccurate predictions when 
applied to realistic load conditions of actual structures. Physically based 
methods which involve the basic mechanisms in crack initiation, i.e. mi-
croscale plasticity, and in crack growth, i.e. the alternating plastic blunting 
and sharpening of the crack tip, are needed. In this research, a two scale 
fatigue damage model as well as a damage-embedded cohesive zone mod-
el with a modified damage function are used to predict fatigue crack initia-
tion and propagation periods, respectively. The fatigue prediction models 
are implemented in commercial finite element codes and the results are 
validated with experimental data. The two scale model gives satisfactory 
prediction results of the crack initiation life under constant and variable 
amplitude loads if the damage parameters are based on the micro stress 
ratio. A better prediction of crack initiation life under variable amplitude 
loads is observed compared to that of the Palmgren-Miner method. The 
damage-embedded cohesive zone model with a modified damage function 
gives a very good prediction of crack growth rate under constant amplitude 
loads which includes the load ratio induced crack closure and is able to 
predict the load sequence effect, i.e. crack growth retardation, of variable 
amplitude loads with reasonable precision.
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Summary

Fatigue is an important issue in civil engineering, transportation
and aviation structures. The methods to predict fatigue life com-
monly used today, namely, the total life approach and the damage

tolerant method, are limited to simple engineering tools or procedu-
res based on experimental data which involve a number of assumptions
and statistical variables. The experimental data that forms the basis of
the prediction methods is typically based on simple load condition tests
which are known to sometimes provide inaccurate predictions when ap-
plied to realistic load conditions of actual structures. A typical cyclic load
condition found in practice consists of fluctuating amplitudes, mean va-
lues and frequencies which results in additional or different effects on
fatigue behavior, e.g. plasticity-induced crack closure. There are approa-
ches or procedures available to take into account these effects. However,
limited physical background sometimes hampers the accuracy and/or
restricts the applicability of the approaches. Thus, in order to naturally
include these irregular effects and to obtain a better result, a physically
based fatigue prediction method is pursued. The research is aimed to
give a preliminary step in providing physically based fatigue damage mo-
dels for both crack initiation and crack growth periods.

Fatigue crack initiation in metals is a result of cyclic slip which occurs
due to moving dislocations in a small number of material grains. This
microplasticity process is strongly influenced by the surface condition
such as the surface roughness or the presence of a (sharp) notch. On
the other hand, fatigue crack propagation is a result of alternate blunting
and sharpening of the crack tip in tensile and compressive portions of
the loading cycle. Fatigue crack propagation strongly depends on the
material properties and the defect size.

An overview of fatigue damage models and computational strate-
gies to predict fatigue life is provided. Among all the damage models
to predict fatigue crack initiation, the two scale damage model offers the
most advantages in terms of its physical background, i.e. microplasti-
city, as well as other benefits such as complex loading and the different
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damage effect between tension and compression loads. Cohesive zone
model allows a direct access to the crack tip opening displacement where
the effect of alternate blunting and sharpening process can be described
through a damage mechanism. Moreover, the plasticity-induced crack
closure can be naturally captured using a good damage definition. Thus,
in this research, the fatigue crack initiation period is estimated using the
two scale damage model and the fatigue crack growth period is predicted
using a proposed damage-embedded cohesive zone model.

A series of mechanical tests were conducted on aluminum alloy
AA5083-H111. The tests are initiated with a set of standard tensile tests
to obtain the alloy mechanical properties which are required for the da-
mage models. A series of low cycle fatigue tests was also performed to
obtain the cyclic behavior of the alloy which is used to obtain the corre-
sponding cyclic plasticity parameters. In order to have a complete over-
view of the fatigue behavior of the alloy, fatigue tests (crack initiation as
well as crack growth) with various loading configurations, i.e. constant
and variable amplitude loads, are carried out. The experimental works
begin with constant amplitude load tests where three stress ratios are ap-
plied and are continued by variable amplitude load tests which include
overloads, constant/varied stress ratios multilevel blocks and random
loadings. The fatigue test results serve as verification data for the fati-
gue damage models predictions. The single edge notch tension (SENT)
specimens are used to determine the fatigue crack initiation behavior
of the alloy whereas the standard compact tension (CT) specimens are
used to obtain the fatigue crack growth rate behavior of the alloy. Due
to the development of shear lips during fatigue crack growth tests, a
change in crack growth rate (deceleration) is observed which produces
several different Paris exponent values. Thus, a generalized value of the
exponent which represents the full range of the Paris region is provi-
ded. In addition, the predictions of crack initiation and crack propa-
gation periods under variable amplitude loads are performed using the
Palmgren-Miner rule and the linear damage accumulation (LDA) met-
hod, respectively. The LDA method gives a poor prediction result as it is
unable to describe the effect of load sequence on the fatigue crack gro-
wth.

The implementation of the two scale model to predict fatigue crack
initiation is performed. Both the complete mathematical formulation
and numerical treatment of the model are first given followed by a des-
cription of the procedure on how to obtain the material parameters.
The finite element implementation of the model is executed using the
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commercial finite element code Abaqus through its material subrou-
tine UMAT where a special procedure to resolve the numerical scheme
can be applied. In addition, the application of an extrapolation method
(jump in cycle procedure) to avoid prohibitively expensive computati-
onal time at high cycle fatigue is also provided. The smallest computa-
tional time without compromising the result accuracy is achieved when
the optimal value of the allowed damage advancement is used during the
jump in cycle procedure.

The prediction of the crack initiation period using the two scale mo-
del is compared with the fatigue test results. Satisfactory prediction re-
sults of the crack initiation life under constant amplitude loads with
small stress ratios are achieved. However, for large stress ratios due to
large damage energy release rates which are resulted from large micros-
tress, good prediction results are obtained after the damage parameters
are set to be stress ratio dependent. Under variable amplitude load with
a constant stress ratio, a relatively good prediction of crack initiation pe-
riod is observed but the Palmgren-Miner method gave a similarly good
prediction for this case. Under variable amplitude load with a varied
stress ratio -as an identical applied stress ratio between two subsequent
blocks loading may produce a different micro stress ratio- a relatively
good prediction result is achieved when the damage parameters used
are based on the micro stress ratio of each sub-block instead of the app-
lied stress ratio. Under a random loading, due to an infinite number of
possible micro stress ratio values, the damage parameters must be assig-
ned to a particular range value of the micro stress ratio. This results in
a better prediction of the crack initiation period when compared to that
of the Palmgren-Miner method.

The implementation of the damage-embedded cohesive zone model
to predict fatigue crack growth is provided. It begins with a formulation
procedure of the cohesive zone model which includes the description of
the theory and basic concepts of the traction-separation laws, unloading
and reloading behavior as well as incorporation of the damage mecha-
nism. The effect of plasticity on the damage evolution is accounted for
through the cyclic plasticity model of the continuum elements. The da-
mage function is commonly defined as a function of variables in the co-
hesive zone, e.g. separation, thus, strongly influences the fatigue crack
growth behavior of a material. Several functions to describe fatigue da-
mage are presented. Among all the functions considered, the damage
function which includes a damage zone size, defined as a function of
the maximum crack tip opening displacement, gives the most satisfac-
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tory results. The damage function and the cohesive zone model require a
series of material parameters. The method on how to obtain these para-
meters and a study of their effects on the fatigue crack growth prediction
are provided. A jump in cycle procedure is also applied during the simu-
lation to minimize the computational time which includes a quadratic
interpolation method to improve the accuracy and to allow a minimum
number of jump in cycle in each integration point. The numerical proce-
dure of the model is implemented in finite element code Abaqus through
its user element subroutine UEL.

The prediction of the crack propagation period using the proposed
damage-embedded cohesive zone model is compared with the fatigue
test results. A very good prediction of crack growth rate under constant
amplitude loads is obtained which includes the load ratio induced crack
closure. However, the effect of the shear lips development on the redu-
ced crack growth rate cannot be described due to the two-dimensional
nature of the model. Under variable amplitude loads, the load sequence
effect (due to overloads) which manifests in a crack growth retardation
is predicted with reasonable precision, except for the case of shear lips.
The crack retardation in the model is produced by a significantly redu-
ced damage increment due to a smaller separation at the crack tip which
results from the crack tip plasticity of the continuum elements. Under a
random loading, the proposed fatigue model gives a good prediction of
the fatigue crack growth up to the initiation of the shear lips.
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Chapter 1

Introduction

Fatigue failure is an important mode of mechanical failure in the
field of engineering. On various occasions, catastrophic calamities
such as a blast of pressure vessel, a collapse of a bridge and aircraft

accidents were caused by fatigue [6, 7, 8]. In addition, non-catastrophic
fatigue failures have caused tremendous economic losses throughout the
history of engineering structures [9]. The undeniable significance of fa-
tigue problems in engineering has been a major driving force for engi-
neers and researchers to arrive at a better solution, procedure and design
against fatigue.

1.1 Historical overview
Fatigue of structures has been acknowledged since the first half of the
19th century. It came into recognition due to numerous accidents rela-
ted to railroad axles’ failures, in particular, the deadly accident on the
Paris-Versailles railroad in May 1842 [10]. Investigation into the acci-
dent by Rankine [11] has provided a significant improvement in under-
standing of fatigue. Based on the observation of the fracture surface, he
identified that the fracture is initiated with a regularly shaped fissure that
penetrates gradually from the surface towards the center of the axle and
concluded that the continuous decrease in load-carrying cross section
leads to failure of the axle [12]. In his paper, he also recognized the signi-
ficance of the stress concentration at the re-entrant corner of the axle and
presented an engineering solution by enlargement of the axle’s shoulder
curve.

A systematic mechanical study on fatigue including extensive expe-
rimental investigations was first introduced by Wöhler [13] in the period
between 1852 to 1869 [14, 15, 16, 13]. The experimental studies consist of
bending, torsion and axial loading including fatigue tests on full-scale
railway axles for which Wöhler himself carried out the strain measu-
rements during train journeys on a 5000-km reference route [17, 12].
Wöhler’s comprehensive works provided not only extensive data about
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the fatigue behavior of different steels, but also foundations for formu-
lation of certain generalizations, regularities and terminologies [18]. He
introduced the concept of load amplitude (half range), load ratio, fatigue
limit and the number of cycles to failure. Using these concepts, Wöhler
proposed the description of fatigue behavior in terms of stress ampli-
tude or the maximum stress and the number of load cycles (later known
as Wöhler curve) [18], which are nowadays still used in practice.

In spite of the promising results of Wöhler, the physical mechanisms
of fatigue were relatively unknown at the time. An exceptional work by
Bauschinger in 1886 shed light on the mechanical response of metals un-
der cyclic loading. He discovered that the elastic limit of metals in rever-
sed loading can be different from that found in monotonic loading [19].
His investigation essentially identified the occurrence of cyclic softening
and cyclic strain hardening in metals [20].

A new milestone on understanding of the fatigue mechanisms was
finally reached through the work of Ewing and Humfrey in 1903. They
conducted the first direct microscopic observations of microstructural
mechanisms during cyclic deformation of metals. During investigation
on Swedish iron specimens subjected to rotation bending, they discove-
red the formation and growth of slip bands in particular crystalline [21].
These slip bands widened with the development of fatigue deformation
and led to cracks formation [12]. They also showed that fracture of the
specimen was originated from the growth of a dominant crack [20].

A first step towards understanding of fatigue crack growth mecha-
nisms was obtained by the work of Zappfe and Worden in 1951 [22] and
followed by Forsyth and Ryder in 1960 [23], where they identified the
occurrence of striations on the surface of fractured metallic samples sub-
jected to cyclic loading [12]. The fact that the striations are formed by
plastic deformation (blunting) and sharpening of the crack tip which le-
ads to crack extension was first recognized by Laird [24]. Even though,
the fatigue crack mechanism is dominated by plasticity at the crack tip,
the theoretical approach used to describe crack growth processes is the
linear elastic fracture mechanics (LEFM) which was initiated by Irwin’s
introduction of the stress intensity factor in 1958 [25]. This concept was
later used by Paris in 1960 [26] to describe fatigue crack growth rate
which became the foundation of one of the most widely used fatigue
crack growth prediction methods up to this moment.
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1.2 Motivations for the study
Numerous structures in civil engineering, transportation and aviation
are subjected to cyclic loading. Fatigue is an issue in many of these struc-
tures. Fatigue life prediction methods commonly used today are limited
to simple engineering tools or procedures based on experimental data
which involve a number of assumptions and statistical variables. For in-
stance, the total life approach is based on the experimentally obtained
stress amplitude-life (S-N) or the strain amplitude-life (e-N) curve. This
method, however, cannot be applied to existing structures. An alterna-
tive/useful method to predict the remaining life of structures with initial
flaws is the damage tolerant method, which is a semi-empirical method
based on experimental data that describe the crack growth rate in a re-
lation to an analytically obtained stress intensity factor established by
LEFM.

The experimental data that form the basis of the methods listed above
are typically based on simple load condition tests, often with constant
amplitude. The methods are known to sometimes provide inaccurate
predictions when applied to realistic load conditions of actual struc-
tures. A typical loading configuration in structures, commonly, con-
sists of fluctuating amplitudes, mean values and frequencies which gi-
ves additional or different effects (e.g. crack closure) on fatigue behavior
when compared to the standardized constant amplitude loading tests on
which the prediction methods are based. Several approaches or proce-
dures have been developed over the years to take into account these ef-
fects [27, 28, 29, 30]. However, due to limited physical background, the
accuracy and/or applicability of the methods is sometimes limited. Thus,
a physically based approach should be pursued in order to naturally in-
clude these irregular effects on the fatigue life and to provide better re-
sults in predicting the fatigue behavior.

Physical understanding of the fatigue phenomena is crucial in de-
veloping a general and accurate method to predict the fatigue life. Alt-
hough the mechanism of fatigue crack initiation has been recognized
since the early 20th century, implementation of this knowledge into pre-
diction models still remains a challenge. The main problem lies in the
difficulty to formulate a bridge between the microstructural mechanism
of fatigue crack and the engineering scale of the structures subjected to
cyclic loading.

Fatigue crack growth mechanisms mainly involve the alternating
plastic blunting and sharpening of the crack tip during the loading and
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unloading portions of the cycle [24, 31, 32]. Instead of dealing with the
mechanisms, the prediction methods based on linear elastic fracture me-
chanics describe the mechanical behavior around the crack tip and de-
rive a representative parameter called stress intensity factor as a driving
force to crack fatigue growth. This leads to a difficulty when plasticity
is important, i.e. in the case of variable amplitude loads. A more direct
approach, which includes the processes involved during fatigue crack
growth, is needed in the prediction model.

1.3 Scope and objectives
The fatigue life estimation models pursued in this thesis cover both crack
initiation and crack propagation periods. The fatigue models are focused
on the prediction of the high cycle fatigue life of aluminum alloys. The
research is aimed to give an initial step in providing physically based
fatigue models. The main objectives of the thesis are:

• To estimate the fatigue crack initiation period using a damage mo-
del which includes microscale description of fatigue damage.

• To develop a numerical model based on a cohesive zone model
to estimate fatigue crack growth rate due to constant and variable
amplitude loading.

In this thesis, the developed numerical model is implemented in com-
mercial finite element codes and the results are validated with experi-
mental results.

1.4 Outline of the thesis
Chapter 2 of the thesis provides a literature review which starts with the
basics of material fatigue including the physical phenomena, termino-
logies and the current engineering approaches in fatigue design. Next,
damage modeling based on continuum damage mechanics (CDM) is ela-
borated. It consists of definitions, fundamental concepts and mathema-
tical formulations to represent the physical damage which is quantified
by experiments. The chapter continues with a review on existing fatigue
damage models to predict the crack initiation period based on CDM.
There are four damage models studied in this chapter, where each mo-
del contains a unique strategy to describe fatigue damage. A review on

4



a discontinuous damage model is also included. This damage model is
based on a cohesive zone model where the fatigue damage mechanism
is implemented into the cohesive law to describe fatigue crack growth.

In order to have a complete set of fatigue test results on specified
load configurations (constant and variable amplitude loads), initiation
and propagation tests, and high and low cycle fatigue on one batch of
aluminum material, which is unavailable in literature, a series of fatigue
tests were conducted during the research. Description and result of the
experimental works performed in the study are given in Chapter 3. This
chapter begins with a report on tensile tests which are performed to de-
termine the mechanical properties of aluminum alloy AA5083-H111 used
in the research. Afterward, details on fatigue crack initiation and propa-
gation tests on the aluminum alloy are presented. The tests results serve
as validation for the fatigue damage models of Chapter 4 and 5.

Chapter 4 provides the implementation of the most promising da-
mage model found in literature to estimate the fatigue crack initiation
period. First the complete mathematical formulation and numerical tre-
atment of the model are given followed by a summary of the procedures
on how to obtain the material parameters required for the model. Then,
a finite element implementation of the model together with a special pro-
cedure to resolve the numerical scheme are explained. In addition, an ex-
trapolation method to avoid prohibitively expensive computational time
at high cycle fatigue is reported.

A fatigue crack growth model based on a cohesive zone model is dis-
cussed in Chapter 5. The chapter begins with details on the mathematical
formulation and concept definition. In order to describe fatigue damage,
several proposed damage function modifications are presented and ba-
sed on physical considerations a new damage function is developed. A
discussion on the cohesive parameters and damage parameters required
for the model is provided. The chapter continues with finite element im-
plementation of the model to describe fatigue crack growth and similar
to the crack initiation model, an extrapolation strategy is developed to
avoid expensive computational time in high cycle fatigue.

The prediction results of the two scale damage model as well as the
proposed damage-embedded cohesive zone model are compared with
the fatigue tests results in Chapter 6. A difficulty faced during application
of two scale model for large stress ratio fatigue problem is explained and
the corresponding solution is proposed.

The thesis is completed by Chapter 7 which provides a summary of
the research conclusions and recommendations for future research.
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Chapter 2

A review on fatigue life
prediction methods

In order to obtain a better understanding of the fatigue mechanism
and existing prediction models, an overview of fatigue damage mo-
dels and computational strategies to predict fatigue life is provided.

Emphasis is on two relatively new and unknown -from the point of view
of the engineer -types of prediction models. Section 2.1 gives a review
of the basics of fatigue and the physical phenomena of fatigue damage.
This section also discusses the current fatigue design approaches used
in practice by engineers, namely the total life approach and the damage-
tolerant approach. Section 2.2 presents the fundamental concept and de-
finitions in continuum damage mechanics (CDM). In Section 2.3, a ge-
neral description of four CDM-based prediction models is given along
with their related physical backgrounds. Section 2.4 reviews the basic
concept of cohesive zone theory including the damage mechanism. The
chapter ends with a discussion and conclusions. This chapter is based on
the article: S. Silitonga, J. Maljaars, F. Soetens and H. H. Snijder. Survey
on damage mechanics models for fatigue life prediction. HERON Vol. 58
(2013) No. 1.

2.1 Fatigue
According to the American Society for Testing and Materials (ASTM)
definition, fatigue is a process of progressive localized permanent struc-
tural change occurring in a material subjected to conditions that pro-
duce fluctuating stresses and strains at a point or some points and that
may culminate in cracks or complete fracture after a sufficient number
of fluctuations [33]. The fluctuating stress and strain described above are
primarily due to mechanical loading which in turn governs the nuclea-
tion and propagation of the crack. However, several other factors such
as temperature and/or chemical environment can affect the behavior of
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these phenomena. These effects are not considered in this thesis. Furt-
hermore, the focus is on fatigue of metals and in particular of aluminum
alloys.

2.1.1 Fatigue mechanisms
The fatigue process is divided into three distinct stages. In the first stage,
a microcrack nucleates at one, or sometimes at several locations in the
material. Subsequently, a main crack (macrocrack) grows in a stable
manner during cyclic loading. Finally, when it has reached a critical size,
the crack becomes unstable and sudden fracture occurs, usually within
one or a few cycles. In most cases, these stages can be identified after-
wards on the fracture surface.

2.1.1.1 Cyclic characteristic

Cyclic loading is an idealization of the fluctuating loads that are app-
lied to structures. This can be a periodical stress or strain with a certain
frequency, mean value and amplitude together with the wave shape (si-
nusoidal, triangular etc.). Standard terminology used for constant am-
plitude fatigue loading is shown in Figure 2.1. Also an important defi-
nition often used in constant amplitude fatigue loading is the load ratio
(R = σmin/σmax).

0
T

σ

1

2

3

∆σ
σ a

σ a

σmax

σmin

σm

Figure 2.1: Terminology relating to cyclic loading: 1-stress peak; 2-stress valley; 3-stress
cycle; σmax-maximum stress; σmin-minimum stress; σm-mean stress; σa-
stress amplitude; ∆σ-stress range

Fatigue damage depends primarily on the stress amplitude. A high
stress amplitude leads to a short fatigue life and vice versa. Cycles with a
high mean stress lead to a shorter fatigue life than cycles with the same
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amplitude but with a lower mean stress. However, in welded connecti-
ons, the stress range is considered as most relevant since the effect of the
applied mean stress is locally compromised by the presence of residual
stresses.

Under laboratory conditions, the fatigue life of metals is fairly in-
dependent of the cycle shape and frequency. However, viscous effects
generated by hysteretic heating becomes important when very high loa-
ding frequencies are present.

The Wöhler curve or S-N curve presents the results of fatigue tests.
It plots the stress ranges, ∆σ (or stress amplitude (σa)) with certain load
ratio against the number of cycles at failure (fatigue life (N f )) in a semi
or double logarithmic scale. Figure 2.2 shows a typical S-N curve. At low
stress level, the curve shows an asymptotic behavior which describes a
fatigue property called the fatigue limit. The fatigue limit is the cyclic
stress level below which fatigue failure is not expected.

log N f

σ a

Figure 2.2: Typical presentation of S-N Curve: larger scatter with smaller applied loads

The short-life region of the S-N curve is referred to as the low cycle
fatigue (LCF) region. The region is identified by dominant plastic yiel-
ding in subsequent opposite direction on a macro level, which leads to
a (very) short fatigue life. The term high cycle fatigue (HCF) is used to
describe the long fatigue life of materials which is shown in the region
of stress levels that do not result in yielding in opposite direction on a
macro level. The difference in stress-strain response between LCF and
HCF is schematically illustrated in Figure 2.3.

In engineering practice, HCF corresponds to a number of cycles gre-
ater than 105 [1]. A physically based definition often used to refer to
high/low cycle fatigue is the amount of macroplastic strain compared to
the elastic strain. HCF corresponds to a very small macroplastic strain
and vice versa. The plastic deformation is not present in the graph of
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Figure 2.3(b). However, behavior similar to that in low cycle fatigue is
expected in microscale.

ε

σ

(a)

ε

σ

(b)

Figure 2.3: Schematic stress-strain response of cyclic loading: (a) Low cycle fatigue (b)
High cycle fatigue

At a very large number of cycles (approx. N > 108), the fatigue failure
mode changes from a surface crack to a subsurface crack. This manifests
as a change in the slope of the S-N curve for constant amplitude loading.
Note that the common consensus of a fatigue limit after a large-enough
number of cycles is enfeebled by tests in the giga-cycle range [34]. This
paper emphasizes on HCF of surface cracks, i.e. 105 < N < 108, which
covers most fatigue life problems in engineering practice.

In HCF, normal mean stresses have a significant effect on the fatigue
behavior of components except for welded structures where high resi-
dual stresses are present. Normal mean stresses are responsible for the
opening and closing state of micro-cracks. The opening of micro-cracks
accelerates the rate of crack propagation and micro-cracks closure de-
creases the growth of cracks. Thus, tensile normal mean stresses are de-
trimental and compressive normal mean stresses are less detrimental.
This explains the previously introduced dependency of the mean stress
on the fatigue life. The shear mean stress does not influence the opening
and closing state of micro-cracks, and therefore, has little effect on crack
propagation. There is very little or no effect of mean stress on fatigue
strength in the LCF region in which the large amount of plastic defor-
mation cancel out any beneficial or detrimental effect of a mean stress.

10



2.1.1.2 Crack initiation

Crack initiation is a consequence of cyclic slip, i.e. cyclic plastic deforma-
tion as a result of moving dislocations which is usually limited to a small
number of grains. This phenomenon, so-called microplasticity, prefera-
bly occurs in grains at the material surface where constraint on slip due
to the surrounding material exists on one side only. A general situation
in which nucleation occurs due to slip under cyclic loading is shown in
Figure 2.4. It shows progressive development of an extrusion/intrusion
pair, often called (persistent) slip band. The pairs of extrusion/intrusion
act as micro-notches that create stress concentrations which in turn pro-
mote additional slips growing deeper inside the material and eventually
develop into a (micro-)crack.

10µm 100µm

persistent slip band

intrusion
extrusion

Figure 2.4: Schematic presentation of crack initiation in persistent slip bands

Fatigue crack initiation is primarily a surface phenomenon. Howe-
ver, not all fatigue cracks nucleate along slip bands; fatigue cracks may
nucleate at or near material discontinuities or sometimes just below the
metal surface. These discontinuities include inclusions, second-phase
particles, corrosion pits, grain boundaries, twin boundaries, pores and
voids. Microcracks can also be present in metals prior to any cyclic lo-
ading due to manufacturing processes and treatments such as welding.
Thus, in some cases, the nucleation phase of fatigue can be non-existing
or very short.

In HCF, in an ideally smooth component, the crack initiation phase
occupies most of its fatigue life; it may constitute more than 80% of the
total fatigue life. This is not the case if geometrical imperfections are pre-
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sent. In many cases initial microcracks have already developed during
manufacturing (e.g. machining and welding). In such cases, the fatigue
life is dominated by the crack growth phase.

An accepted definition of the end of the crack initiation is non-
existing. In engineering practice, it is, sometimes, defined as the de-
tection threshold of a specific detection technique utilized. In this defi-
nition, the crack initiation phase depends on the accuracy of the method.
An alternative, more consistent definition of crack initiation is a micro-
crack that reaches the grain size of the material.

2.1.1.3 Crack propagation

Once microcracks are present and cyclic loading continues, fatigue
cracks tend to coalesce and grow along the plane of maximum tensile
stress. Fatigue crack growth usually consists of two subsequent stages,
being growth in a shear mode (stage I) followed by growth in a tension
mode (stage II) (Figure 2.5).

σ

σ

Stage I

Stage II

Figure 2.5: Schematic presentation of crack growth in mode I loading

The stage I growth is small, the crack is usually on the order of several
grains. Stage II crack growth in ductile materials often occupies a large
fraction of the fracture surface (Figure 2.7). In many metal alloys, stage
II crack growth is visible at the cracked surface by striations. They are
formed by alternate blunting and sharpening of the crack tip in the ten-
sile and compressive portions of the loading cycle (shown in Figure 2.6).
In many studies, at moderate to high load levels, each striation has been
shown to correspond to one load cycle.
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Figure 2.6: Schematic presentation of crack tip plastic blunting and sharpening

2.1.1.4 Fracture

After a sufficient number of cycles, the crack reaches a critical size at
which the crack becomes unstable. The remaining cross section is tra-
versed by dynamic fracture, usually within one or a few cycles. This criti-
cal condition in practice is commonly governed by a fracture mechanics
criterion. The corresponding fracture surface is usually rougher than
the crack surface caused by stage II fatigue (Figure 2.6). Its size in terms
of fracture area may vary from a small fraction of the cross section for
ductile materials at low stress levels to almost the entire area for brittle
materials at high stress levels. The specific fracture mode by which final
fracture occurs depends on the material ductility, stress state level and
frequency.

Fatigue cracks

Crack 
initiation 

Crack 
propagation 

lecture 11-03-08 7
Fracture 

Figure 2.7: Fracture surface of welded aluminum alloy specimen
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2.1.2 Engineering fatigue design
The fatigue failure criterion plays an important role in the design of many
structural applications. From the time of Wöhler, works to resolve fati-
gue have produced numerous strategies, diagram types, empirical rela-
tions, rules of thumb, etc., in designing against fatigue. The two most
popular strategies to predict fatigue life, i.e. total-life design and damage-
tolerant design, are subsequently elaborated in this subsection.

2.1.2.1 Total life approach

As the name suggests this approach makes no distinction between the
crack initiation and the propagation phase. The most common fatigue
design based on this approach is the stress-based method. Predicting
the fatigue life using this method is conducted by means of a ’similitude
concept’. It allows engineers to relate the behavior of small-scale test spe-
cimens defined under carefully controlled conditions with the likely per-
formance of real structures subjected to variable or constant amplitude
loads (VAL or CAL) under either simulated or actual service conditions.

The S-N curve, defined in the previous section, is the core of this met-
hod in designing structural components against fatigue. Many standards
use the concept of the S-N curve as fatigue design procedure. A typical
S-N curve plotted in log-log scale can be approximated, especially the
HCF region, by a linear relationship [35],

σa = ∆σ
2
= S′f (N f )b (2.1)

where S′f is the fatigue strength coefficient, b is known as the fatigue
strength exponent or Basquin exponent and N f is the number of cycles
at failure.

The S-N curve provides the baseline fatigue data for a given geome-
try, loading condition, and material processing. The data can be adjus-
ted, in many cases, to account for realistic component conditions such
as notches, size, global geometry, surface finish, surface treatments, tem-
perature, and various types of loading.

Figure 2.8 shows the typical S-N curve used in NEN-EN 1999-1-3
(Eurocode 9) for aluminum alloys [36]. The S-N curve derived from
standard specimens can be constructed as a piecewise-continuous curve
consisting of three distinct linear regions when plotted on log-log scales.
The reference fatigue strength (∆σC assumed to be at number of cycles
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Figure 2.8: Fatigue strength curve log-log coordinates: a-fatigue strength ; b-reference
fatigue strength; c-constant amplitude fatigue limit; d-cut-off limit; e-IIW
declining fatigue resistance (mIIW )

NC = 2 × 106), constant amplitude fatigue limit (∆σD assumed to be at
ND = 5× 106) and the cut-off limit or run-out (at NL = 108) are indicated
in the curve. A different definition is given by the International Institute
of Welding (IIW) for the constant amplitude fatigue limit (NCIIW = 107)
and IIW omits the constant amplitude fatigue limit allowing for decli-
ning of the fatigue resistance with a slope of mIIW = 22 [37].

2.1.2.2 Damage-tolerant approach

The main difference between damage-tolerant design and the total life
approach is the assumption of the existence of a crack at the start of the
analysis. The method focuses on the (stable) crack growth period des-
cribed in Section 2.1.1.3. In addition, different to the empirical S-N met-
hods, this approach is supported by the theory of LEFM.

The basis of the damage-tolerant method is the existence of a rela-
tionship between the crack growth rate da/dN and the stress intensity
range (∆K = Kmax − Kmin) which may be obtained from experiments.
Where a represents the crack size and the maximum and the minimum
stress intensity factors (Kmax , Kmin), based on LEFM, describe the stress
state at the crack tip under the far-field (mode I) stresses σmax and σmin,
respectively [38]. This material-dependent relationship (shown in Fi-
gure 2.9) shows an increase of crack growth rate with increasing stress
intensity range. For low values of ∆K, a steep decrease in crack growth
rate with decreasing ∆K is observed. No, or hardly any, crack growth
is expected at a certain value of ∆K, which is called the stress inten-
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sity range threshold value, ∆Kth. At the other extreme, a rapid increase
of da/dN with increasing ∆K is observed, when the maximum stress
intensity approaches the critical stress intensity factor, KIc or material
toughness, Kmat .

I II III
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∆K th log (∆K)

da
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Figure 2.9: Crack growth rate da/dN schematically plotted as a function of the stress
intensity factor range ∆K in a log-log scale

The prediction of (extended) fatigue life, in this case, entails a semi-
empirical crack propagation law based on fracture mechanics. This is an
approximation of the crack growth rate curve given in Figure 2.9 which
was introduced by Paris [39] (also known as Paris law),

da
dN
= C (∆K)m (2.2)

with C and m being the material constants. The fatigue life can be de-
termined by substituting the appropriate expression for ∆K (dependent
on dimension, local geometry and loading type) for a specific structu-
ral configuration and integrating the corresponding equation from the
initial crack (ai) to the critical crack size (a f ) as follows,

N f = ∫ a f

a i

1
C (∆K)m da (2.3)

A number of modifications to the Paris law have been proposed over
the years to also account for the stress ratio effect [27, 28], the thres-
hold limit [40], large-scale yielding [41], crack retardation [42, 43] and
plasticity-induced crack closure [29, 30, 44]. Despite the extensive use of
these models, the essential physical background of fatigue crack growth
is not completely described by the theory.

16



It is important to note that the relation between da/dN and ∆K is
meaningful only if a linear elastic fracture mechanics description is sa-
tisfied, i.e. the size of the plastic zone near the crack tip should be much
smaller than any relevant length dimension for the crack problem of in-
terest. In this way, the stress intensity factor controls the plastic defor-
mation near the crack tip, which in turn, the fracture process near the
crack tip. Moreover, the Paris law is not suited to describe small crack
growth due to the fact that growth of these small flaws is dominated by
microstructural effects. Despite these shortcomings, the method is very
useful to determine the (residual) fatigue life in engineering practice.

2.1.2.3 Complex loading

Many typical structural components are subjected to cyclic loads du-
ring service lives. These loads are often multiaxial in nature with fluc-
tuating amplitudes, mean values and frequencies. Loads that are mul-
tiaxial in nature occur when a structural component is simultaneously
subjected to tensile (or bending) and torsion loads. If the frequencies of
these load types are in-phase, they are called proportional loading. Non-
proportional loading is referred loads that are multiaxial with out-of-
phase frequencies which lead to a shorter fatigue life. During crack gro-
wth, multiaxial loading leads to a mixed-mode state of stress (any com-
bination of the modes shown in Figure 2.10) at the crack tip which may
significantly influence the crack growth direction as well as the crack
growth rate.

ModeI ModeII ModeIII

Figure 2.10: The three modes of crack tip deformation

Varying load amplitudes can greatly affect the fatigue life of a com-
ponent. Application of (single/periodic) overloads during the crack ini-
tiation period may result in premature crack initiation which leads to
a shorter fatigue life. However, if the overloads are applied during the
crack propagation period, crack retardation is expected [29]. This crack
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retardation is related to the residual compressive stress field induced at
the vicinity of the crack tip after an overload. Following an overload, the
crack growth driving force is reduced due to the residual compressive
stress, thus retarding the crack propagation. After the crack tip exits the
compressive zone, the crack growth rate resumes its original value.

In engineering methods, VAL is usually translated into several blocks
of CALs using rain flow analysis. This translation process, however, can-
not naturally account for the complex loading effects described previ-
ously. A physically based approach should be pursued in order to in-
clude the VAL effects on the fatigue life and to provide better results in
predicting the fatigue behavior. Moreover, the crack initiation model
should involve microscale phenomena of plasticity and the crack gro-
wth model should incorporate crack-tip plasticity to better describe its
blunting and sharpening mechanisms during opening of a new crack
surface.

2.2 Continuum damage mechanics
The fatigue design methods described previously are, to a certain ex-
tent, lacking a theoretical or physical background. Thus, an alternative
approach based on damage mechanics is explored in this section. The
concept of damage was first introduced by Kachanov in 1958 to predict
creep failure of metals [45]. In 1978, Lemaitre and Chaboche [46], deve-
loped the concepts of material damage and established a new branch of
mechanics by means of the theory of continuum mechanics. This new
theory is called Continuum Damage Mechanics (CDM). This field has
developed significantly, especially in the last thirty years, to model other
various modes of failure in materials such as ductile damage [47, 48],
creep-fatigue interaction [49], LCF in metals [1, 50] and HCF [1, 51, 52].
This section provides a general description of CDM, Section 2.3 descri-
bes the application of CDM to fatigue.

CDM describes the development of cracks, voids or cavities in each
scale that lead to deterioration of the mechanical properties of the mate-
rials [46, 53, 54]. Damage in solid materials can be characterized by three
scales: the micro, the meso and the macro scale. The microscale is the
scale where microvoids, microcracks or decohesion in microstructures
are analyzed. Visible or near-visible discrete damage manifestations such
as the isolated cracks discussed in fracture mechanics, are treated as phe-
nomena on the macroscale. The mesoscale is a building block of CDM
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in which discrete phenomena can be smeared into average effects [55].
Models have been developed in recent years to formulate and repre-

sent damage on the mesoscale. The method discussed in this section is a
phenomenological approach, which treats a damaged material element
with certain properties as if it were in a homogeneous medium regardless
to how those properties physically are affected by damage.

2.2.1 Representative Volume Element
As mentioned previously, in the phenomenological approach, CDM di-
vides the material into small elements with homogeneous properties.
Such an element is called a representative volume element (RVE). An
RVE is the smallest volume of mesoscale in a body where the following
conditions are satisfied: the material structural discontinuities can be as-
sumed to be statistically homogeneous and the corresponding mechani-
cal state of the material can be represented by the statistical average of the
mechanical variables in that volume [56, 57]. Through the RVE, a mate-
rial with discontinuous microstructures can be idealized as a continuum
by means of the statistical average of the mechanical state in the material.
The mechanical state of the continuum is unique only if the RVE is large
enough to contain a sufficient number of discontinuities and at the same
time small enough so that the variation of the macroscopic variable is
insignificantly small [58].

The size requirement of an RVE depends on the microstructure of
the relevant material and on the mechanical phenomena to be consi-
dered. For metals, the appropriate RVE size is usually in the order of(0.1 mm)3 [59]. Among damage phenomena, brittle damage and fatigue
damage are much more localized than creep damage and ductile damage.
Thus, the required size of an RVE for brittle and fatigue damage is larger
than that for creep and ductile damage [58] such that the localized brittle
and fatigue damages can be sufficiently contained in the RVE.

In the phenomenological approach, the discrete entities of damage
are not described explicitly in the RVE, but their combined effects are
represented by means of macroscopic internal variables (e.g. plastic
strain), in such a way that the formulation of damage can be consistently
based on the thermodynamics principles.
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2.2.2 Damage variable
The damage variable represents the average material degradation within
the RVE. It reflects the various types of damage at the micro-scale level
such as nucleation and growth of voids, cracks, cavities, micro-cracks,
and other microlevel defects [60, 61, 62]. The choice of the damage va-
riables is an important step in the development of damage models in
order to efficiently describe the damage evolution. In most general three
dimensional problems, microcavities, interface debonds and microcrack
orientations are most often governed by the loading principle direction
and material status (anisotropic or isotropic). Hence, a tensorial vari-
able is more suitable to describe the directional nature of the damage.
The most general tensorial damage variable at any given state of dama-
ged material is the eighth-order damage tensor which provides a linear
relationship between the elastic moduli of damaged and undamaged ma-
terial. However, application of this damage tensor in a damage model is
difficult in practical situations.
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Figure 2.11: (a) Scalar damage representation (b) Deformation and damage in one-
dimension: (1) Undamaged state (2) Damaged state (3) Fictitious unda-
maged state (S̃ = (1 − D) S)

The scalar damage variable can be defined as the surface density
of microcracks and microcavities lying on the plane cutting the RVE
(shown in Figure 2.11(a)). The damage is thus defined as,

D = δSD
δS

(2.4)
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where δS is the area of the intersection of the plane in the RVE and δSD
is the effective area of the intersection of all microcracks or microvoids
in that plane in the RVE.

An important concept in CDM is the effective stress [45, 63]; it repre-
sents the increase of stress (σ) induced by the external loading (F) due
to a decrease in the load-carrying area (S̃) as illustrated in Figure 2.11(b).
The effective stress is defined as,

σ̃ = σ
1 − D (2.5)

Beside the effective area reduction, damage quantification can also be
based on the variation of the effective elastic modulus (E) of the mate-
rial. In order to do so, the concept of strain equivalence principle [64]
is introduced. The principle states that the strain of a damaged conti-
nuum (ε (σ , D)) is equivalent to a strain of the (fictitious) undamaged
continuum (ε (σ̃ , D ≡ 0)) with the usual stress replaced by the effective
stress (illustrated in Figure 2.11(b)). After a simple derivation using the
strain equivalence principle, the damage variable can be described as a
function of the effective elastic modulus written as follows,

D = 1 − Ẽ
E

(2.6)

where Ẽ is the elastic modulus of the damaged material which varies line-
arly with the damage variable D. The damage definition given in Eq. (2.6)
is the most common method to experimentally measure damage in a
material. Figure 2.12 shows the elastic modulus reduction during cyclic
loading as a result of damage growth.

The scalar damage definition (Eq. (2.4) and Eq. (2.6)), resulting in
isotropic damage, is the simplest approach of CDM and is sufficient to
describe material deterioration induced by microplasticity such as in
HCF [65, 1].

2.2.3 Critical damage criterion
From the definition of Eq. (2.4) and Eq. (2.6), the value of the damage
variable D is bound by 0 and 1 (0 ≤ D ≤ 1), where D = 0 for the un-
damaged RVE and D = 1 for the fully broken RVE. However, in many
cases failure of the RVE occurs for D < 1 due to a process where sudden
decohesion of atoms occurs in the remaining resisting area of the RVE.
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Figure 2.12: (a) Elastic moduli reduction due to damage in HCF (b) Stress-strain curve
of graphite/epoxy composite at various stages fatigue life (R = 0.1) [3]

The value of D at which this applies is called the critical damage (Dc). Its
value strongly depends on the material structure, the failure mechanism
and the condition of loading. The value may vary between Dc ≈ 0 for
pure brittle fracture to Dc ≈ 1 for pure ductile fracture. In most cases,
Dc ranges from 0.2 to 0.5 [59]. Mesocrack initiation occurs when the
damage reaches Dc for isotropic damage.

2.3 Continuum damage models for fatigue
life prediction

This section elaborates a number of existing fatigue damage models ba-
sed on CDM. Although some models given in this section have been
used to model fatigue crack growth, the summaries provided here re-
main solely focused on fatigue crack initiation.

2.3.1 Chaboche model
This phenomenological model, proposed by [66], is based on a generali-
zation of the model of [67] and the damage curve approach by [68]. It is a
simple engineering tool to predict the fatigue life of structures up to ma-
crocrack initiation. Similar to the total life approach using the S-N curve,
this model describes the damage evolution in each cycle as a function
of the maximum stress (σmax), the mean stress (σm) and the total da-
mage variable (D). However, the non-linearity of the damage evolution
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is taken into account using CDM which provides an indirect measure
of fatigue damage (degradation of modulus of elasticity as a function of
a fraction of the number of cycles). The damage evolution function is
written as [66, 69]:

dD = [1 − (1 − D)β+1]α [ σmax − σm
M (σm) (1 − D)]

β

dN (2.7)

with M (σm) = M0 (1 − bσm). The function M (σm) is introduced to des-
cribe the linear relationship between the mean stress and the fatigue li-
mit. The coefficient α is given as:

α = 1 − a ⟨σmax − σ f (σm)
σu − σmax

⟩ with σ f (σm) = σm + σ∞f (1 − bσm) (2.8)

The symbol ⟨ ⟩ defines as ⟨x⟩ = 0 if x < 0 and ⟨x⟩ = x if x > 0. The
parameters a, β, M0 and b are material dependent. The parameter σ∞f is
the fatigue limit for fully reversed loading conditions (R = −1), σu is the
ultimate stress, σ f (σm) is the fatigue limit for a non-zero mean-stress.

The damage (D) and the number of cycles to macrocrack initiation
(NF) are determined by integrating Eq. (2.7) for constant σmax and σm
between D = 0 and D = 1. Combined with Eq. (2.8), this gives:

D = 1 − [1 − ( N
NF
)1/1−α]1/(β+1)

NF = 1(β + 1) (1 − α) [σmax − σm
M (σm) ]

−β (2.9)

The material parameters and coefficients are easily determined from
conventional test data, including the S-N curve for crack initiation as
described in [69].

2.3.2 Peerlings model
The fatigue damage model by Peerlings [70] describes damage due to
HCF through deterioration of the stiffness moduli of the material. The
model assumes that the damage development does not introduce ani-
sotropic material behavior. Thus, a single scalar damage variable, D, is
sufficient to describe the local damage state of the material. The effect of
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the damage on stresses is given as [71],

σi j = (1 − D)Ci jkl εkl

Ci jkl = Eυ(1 + υ) (1 − 2υ)δi jδkl + E
2 (1 + υ) (δikδ jl + δi lδ jk) (2.10)

with σi j (i , j = 1, 2, 3) is the stress component, εkl (k, l = 1, 2, 3) is the
strain and δ is the Kronecker delta. The effective stiffness moduli (1 −
D)Ci jkl decrease as damage accumulates, which results in complete loss
of the mechanical integrity when the damage reaches the critical value
which is regarded as crack initiation.

As the material is continuously loaded, the damage variable which
affects the strain-stress relationship (Eq. (2.10)) will evolve. The damage
evolution is assumed to start only when a specified limit is exceeded.
The model defines this limit, which is also referred to as damage loading
surface (Figure 2.13), in terms of strain. The damage loading surface is
given as follows,

f (ε, κ) = ε̃ (ε) − κ (2.11)

where ε̃ is a scalar representing the equivalent measure of the strain state
or equivalent strain and κ is a threshold parameter. The damage loading
surface f = 0 corresponds to the fatigue limit of the material. For f < 0,
the strain state is within the damage loading surface, thus, there will be
no damage. If the equivalent strain equals or is greater than the thres-
hold κ, the damage loading function f ≥ 0 is reached and the damage
increases.
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Figure 2.4: Loading surface defined in strain space; in the region enclosed by the surface the
material responds elastically and damage can only start to grow when the surface is
reached.

2.2.3 Evolution of the loading surface

Once the damage criterion f = 0 has been met and the damage may thus start to evolve, the variable κ
is adapted such that the strain state never crosses the loading surface, i.e. such that always f ≤ 0. This
implies that for increasing ε̃ we always have f = 0 and ḟ = 0 and that the loading surface expands. If
at some stage of the loading process ε̃ decreases, κ will remain constant and thus f < 0 and ḟ < 0; the
loading surface thus remains constant. Mathematically, these conditions can be formulated as so-called
Kuhn–Tucker conditions:

f κ̇ = 0 f ≤ 0 κ̇ ≥ 0 (2.9)

More practically, these relations imply that κ always equals the maximum of ε̃ during the loading history
– hence the term history variable which is sometimes used for κ . As long as the elastic limit has not
been exceeded (yet), κ equals its initial value κ(Ex , 0) = κ0; the parameter κ0 thus sets the initial loading
surface or damage criterion.

The damage variable can evolve only if the loading surface expands, i.e. if f = 0 and ḟ = 0 or,
equivalently, if κ̇ ≥ 0. If these conditions are violated and κ thus remains constant, the damage variable
remains constant as well.

2.2.4 Damage evolution

Since the field variable κ represents the severest deformation the material has locally undergone, it is
natural to relate the damage directly to it via an evolution equation of the form

D = D(κ) (2.10)

We will discuss concrete expressions of this form in Section 2.4. Note that the conditions for damage
growth, as set out in the previous section, are satisfied automatically by this dependence on κ , since κ
only increases when these conditions are met.

Instead of the total form (2.10), the evolution of damage is sometimes formulated in a rate form:

Ḋ = g(D, κ) κ̇ (2.11)

14

Figure 2.13: Damage loading surface defined in strain space

The von Mises strain is selected to define the equivalent strain, which
is given as,

ε̃ = 1
1 + ν
√−3J2, where J2 = 1

6
I2

1 − 1
2
εi jεi j, I1 = εkk (2.12)
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Besides the condition f ≥ 0, the model assumes that the damage variable
can only increase for continued loading ḟ ≥ 0 and it remains constant
during unloading. The damage growth function during loading is given
as,

Ḋ = ⎧⎪⎪⎨⎪⎪⎩
g (D, ε̃) ˙̃ε if f ≥ 0 and ḟ ≥ 0 and D < 1
0 otherwise

with g (D, ε̃) = CeαD ε̃β
(2.13)

where ˙̃ε is the strain rate and C,α and β are material parameters.
The constitutive model given above together with the equilibrium

equations and boundary conditions are solved using the finite element
(FE) method. The loading history is divided into a finite number of
time increments and the damage growth is integrated within these in-
crements. The details of obtaining the linear system of equations along
with the method to integrate the damage in a large number of cycles
within each increment is given in [72].

One advantage of this model is that application of complex loading is
a straightforward procedure. In uniaxial, fully reversed constant ampli-
tude strain (εa), the damage growth and the fatigue life (Eq. (2.13)) can
be solved in closed form. It is assumed that the equivalent strain equals
the strain amplitude at both extremes (i.e. in tension and compression)
and that there is no fatigue limit (κ = 0). Integration of Eq.(2.13) over N
cycles, after substituting g (D, ε̃) and setting D = 1, gives the following
number of cycles to failure.

N f = β + 1
2αC

(1 − e−α) ε−(β+1)
a (2.14)

Material parameters C, α and β are determined by modification of
Eq. (2.14) to the high cycle part of the strain-based approach of [35] as
given in [72].

2.3.3 Chowmodel
The Chaboche model described previously faces two fundamental un-
resolved problems. The first problem is the definition of the multiaxial
stress parameters associated with the maximum stress and mean stress.
The second problem is the inadequate formulation in the case of complex
loading as described in Section 2.1.2.3. In order to tackle these problems,
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Chow developed a constitutive damage model of fatigue failure [73, 50].
This fatigue damage model offers an interesting combination between a
phenomenological approach and micromechanical modeling of material
degradation.

The model introduces a damage tensor that consists of two scalar
damage variables. These scalars are introduced to take into account
the Poisson’s ratio change (represented by the damage variable µ f ) du-
ring tension loading (experimentally observed in [74]) in addition to the
change in the elastic modulus (represented by the damage variable D f ).
The damage evolution function for the two damage variables are pos-
tulated within the framework of irreversible thermodynamics and are
described as follows,

dD f = −dw f
YD f

2Y 1/2
f d

dµ f = −dw f
γYµ f

2Y 1/2
f d

dw f = YD f dYD f + γYµ f dYµ f

2Y 1/2
f d K (w f )

(2.15)

with K(w f ) = K0(1 − (w f /wc)) and Yf d is given as,

Yf d = 1
2
(Y 2

D f + γY 2
µ f ) (2.16)

with

YD f = − 1
1 − D f

σT ∶ C−1 ∶ σ
Yµ f = − 1

1 − D f
σT ∶ A ∶ σ (2.17)

where σ , σT are stress and stress transpose; γ and K0 are material depen-
dent parameters; C(D f , µ f ) andA(D f , µ f ) are the damage effect tensors
described in [50]; w f and wc are the overall fatigue damage and the cri-
tical value of the overall fatigue damage, respectively.

The contribution of a tensile stress to the fatigue damage accumula-
tion is different from that of a compressive stress due to closure of some
micro-cracks. To take into account this phenomenon, the stress (σ) in
YD f and Yµ f is replaced with the active stress (σact). In the uniaxial case,
for reversed loading (stress ratio less than zero) condition σact = σ−ασmin
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and in full compression loading σact = α (σ − σmin), where α is the da-
mage efficiency factor (a material parameter between 0 and 1).

In the case of HCF, where overall plasticity is negligible, fatigue da-
mage accumulation per cycle is calculated using Eq. (2.15) and written
as,

∆D f

∆N
= ∫ σmax

σc
dD f

∆µ f

∆N
= ∫ σmax

σc
dµ f

∆w f

∆N
= ∫ σmax

σc
dw f

(2.18)

where σc is the stress tensor determined by the damage surface F f d (σc) =
Y 1/2
f d − B0 f = 0 with B0 f is a material dependent parameter related to the

fatigue endurance limit. Implementation of the model using FE can be
performed through a user material subroutine (usually available in com-
mercial FE codes) where for a given loading history, the overall fatigue
damage (w f ) is calculated by solving the constitutive model. If w f rea-
ches its critical value (wc), a material element is said to have broken and
a crack is initiated.

As in Peerlings model, this model also provides a straightforward
procedure for a complex loading condition with the advantage of diffe-
rent damage accumulation between tension and compression loading.

The material parameters (γ, K0, α, B0 f andwc) needed for this model
are determined from monotonic tensile and stress-controlled uniaxial
fatigue tests. The details of the procedures to obtain these parameters
are given in [73].

2.3.4 Lemaitre model
The two scale fatigue model by Lemaitre [52] offers the possibility to ac-
count for micro-plasticity and micro-damage which characterize HCF.
In HCF, damage and plasticity occur at the microscale and have no influ-
ence on the elastic macroscopic behavior except in the ’failure stage’ [52],
which, in this case, is crack initiation. This model thus describes the fa-
tigue process prior to macrocrack initiation.

The model considers a mesoscale element volume of RVE in a body
and it postulates that inside the RVE, a micoscale volume M is inclu-
ded (i.e. inclusion). The model is schematically described in Figure 2.14,
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where the superscripts µ, e and p refer to microscopic variables, elas-
tic properties and plastic properties, respectively. The matrix that sur-
rounds the inclusion has elastic properties E, ν of the RVE. The inclu-
sion (M) itself has the same elastic properties as the matrix but it un-
dergoes plastic deformation and is subjected to damage. The yield stress
of the inclusion is taken equal to the fatigue limit of the material σ∞f .
Thus, neither plasticity nor damage occur below this value. When the
damage variable reaches a critical value, the inclusion is broken which
corresponds to fatigue macrocrack initiation.

M

RVE

Elastic E ,ν
Plastic (σy )

Elastic E ,ν
Plastic σ µ

y = σ∞f
Damage D (t)

σ i j (t),εei j (t),εpi j (t)
σ µ
i j (t),εµei j (t),εµpi j (t)

Localization lawMESO micro

STRUCTURE CALCULATION

H

Figure 2.14: Micro-element embedded in elastic RVE [1]

At the mesoscale, the stress is denoted as σ and the total, elastic and
plastic strains are denoted as ε, εe and εp, respectively. Their values are
known from a FE computation. As for HCF, the plastic strain εp is con-
sidered zero.

In order to describe the damage development at microscale, the
stress and strain state of volume M have to be known. These entities
are evaluated using the Eshelby-Kröner localization law of micromecha-
nics [75, 76] which relates the strain at microscale to the mesoscopic
strain.

The model accounts not only for complex loading and micro-defects
closure, but also for microplasticity, which is an important physical fea-
ture of HCF. Moreover, HCF damage is influenced by the initial state of
the materials, i.e. the initial plastic strain and the initial damage which
are induced by the thermo-mechanical history of casting, metal forming,
welding, and also damages by accident. These initial conditions can be
introduced into the model as initial values εp = εp0 and D(t = 0) = D0.
This model is elaborated in more detail in Chapter 4.
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2.4 Cohesive zone model
In this section as opposed to the previous section, a discontinuous ap-
proach to fatigue damage is presented. Where the CDM is dedicated to
crack initiation, the cohesive zone model (CZM) given in this section is
aimed at describing crack propagation.

The concept of CZM was first introduced by Dugdale [77] and Ba-
renblatt [78]. A cohesive zone is placed in front of the physical crack tip
at a predefined crack path. Separation between two adjacent virtual sur-
faces is resisted by the presence of the cohesive traction. The cohesive
traction represents the inter-atomic forces and acts as the resistance to
crack propagation. During loading, the atomic structure changes and
this can be reflected by variations in the cohesive traction. A cohesive
law defines the traction as a function of the separation of the bounda-
ries of the cohesive zone. This describes the constitutive behavior of the
CZM.

There is a great variety in Traction-Separation Laws (TSLs) (sum-
marized in [79]) but they all exhibit the same global behavior. Upon the
application of external loads to a cracked body (Figure 2.15 shows TSL
in normal direction), the cohesive surfaces separate gradually leading to
an increase in traction (Tn) until a maximum value (σmax ,0) is reached.
This maximum is called the cohesive strength. The traction decreases to
approximately zero as the separation (∆n) reaches a critical value (δsep).

Mathematical
crack tip
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crack tip

δ0

material
crack tip

δse p

active
plastic
zone

plastic wake
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∆n
δ0
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u top

ubot
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Figure 2.15: (a) Cohesive process zone [4] (b) Traction-separation law

In a cohesive zone, the progressive deterioration of the material
strength in front of the crack tip is represented by the reduction of the
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cohesive traction.
Simulation of crack propagation under cyclic loading is conducted

by introducing a damage mechanism into the cohesive zone that descri-
bes the material degradation due to accumulated irreversible deforma-
tion. The amount of material degradation can be quantitatively repre-
sented by a damage variable (0 ≤ D ≤ 1). A value in between 0 and 1
results in a reduced cohesive stiffness and for D = 1, the stiffness is zero.

The cohesive traction function depends on the current state of da-
mage as well as the current separations which leads to an irreversible
and history dependent traction-separation equation. Using the effective
stress concept [59], the damage variable is incorporated into the TSL
by replacing the initial cohesive strength of the undeteriorated material
(σmax ,0) with the current cohesive strength of the deteriorated material
given as [80],

σmax = σmax ,0(1 − D) (2.19)
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Figure 2.16: Schematic representation of unloading and reloading behavior during cy-
clic loading; reduction of the cohesive strength due to accumulation of
damage

In order to properly describe fatigue crack propagation under cy-
clic loading, the paths of unloading and reloading need also to be con-
sidered for the irreversible CZM (illustrated in Figure 2.16). In [81], the
unloading-reloading path in normal and tangential loading direction are
given as,
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Tn = Tn,max + (Tn,max

∆n,max
)(∆n − ∆n,max)

Tt = Tt,max +√2e (σmax

δ0
) (∆t − ∆t,max)

(2.20)

where ∆n,max is the maximum value of normal separation before unlo-
ading and Tn,max is the corresponding normal traction with σmax ,0 re-
placed by σmax . A similar definition is also applied to the tangential di-
rection.

The cohesive parameters include the cohesive strength (σmax ,0), the
characteristic length (δ0), the cohesive energy (ϕ) and the cohesive zone
endurance limit (σ c

f ). The cohesive strength is related to the yield stress
of the bulk material (≈ 2σy to 3σy) [82]. The cohesive energy is equal to
the area under the TSL (Figure 2.15) and for an exponential TSL as given
previously, the cohesive energy is ϕ = σmax ,0eδ0. This energy is equal to
the fracture energy (Gc) of the material [82]. This model is elaborated in
more detail in Chapter 5.

2.5 Discussion and conclusions
The total fatigue life consists of the crack initiation and the crack propa-
gation periods. Crack initiation in metallic materials is caused by cyclic
slip and is greatly influenced by the surface condition such as the surface
roughness or the presence of a (sharp) notch. On the other hand, crack
propagation involves the alternate blunting and sharpening of the crack
tip and depends strongly on the material properties and the defect size.
The theoretical background of any method to predict crack initiation
and/or crack propagation periods should be based on the corresponding
mechanisms.

There are two engineering models widely used to predict the fati-
gue life of a structure or component. The model based on the S-N cur-
ves is strongly based on empirical data. The fatigue life prediction met-
hod based on linear elastic fracture mechanics (LEFM) has a physical
background. However, it utilizes an empirical law to describe the rela-
tion between ∆K and da/dN . Application of these models is difficult or
impossible in complex loading conditions such as multiaxial and non-
proportional loading. Sequences in loads in case of variable amplitude
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loading influence the fatigue life, but this is poorly covered by both mo-
dels.

Alternative models are summarized in this thesis based on conti-
nuum damage mechanics (CDM). Contrarily to the S-N curve model
and the LEFM model, these models consider the fatigue process on a
microlevel. The models can be implemented in numerical procedures,
such as a FE model, to determine the fatigue life. The phenomenological
CDM concept is shown to provide a good basis for crack initiation simu-
lation. This chapter has summarized four existing CDM based models
dedicated to fatigue crack initiation.

The Chaboche model describes the deterioration processes before
macrocrack initiation through a damage accumulation process which
is obtained from indirect damage measurement. It is a simple engineer-
ing tool which includes the non-linear damage behavior in high cycle
fatigue (HCF). Even though, this model offers no significant advantage
compared to the S-N curve approach, it provides a first and important
step towards more advanced models.

The fatigue damage model by Peerlings describes fatigue damage
accumulation based on the equivalent elastic strain. The physical pro-
cess involving microplasticity during crack initiation is not captured in
this model. In addition, the difference in damage effects due to loads in
tension and compression is not present. However, application of com-
plex loading is included.

The fatigue model by Chow takes into account the changes in elastic
modulus and Poisson’s ratio due to fatigue damage. Similar to the Peer-
lings model, the ability of the model to describe fatigue under multiaxial
loading, including shear is advantageous. Moreover, it also considers the
difference between tension and compression in fatigue damage accumu-
lation by introducing a damage efficiency factor.

Finally, the Lemaitre model includes an important physical feature
in HCF, i.e. microplasticity at the crack tip that promotes microinitia-
tion and micropropagation, as well as the other capabilities found in the
previous models. Based on its good physical background together with
several extra benefits as described previously, among all the models, the
Lemaitre model is expected to give the most accurate prediction of a fa-
tigue crack initiation period.

A cohesive zone model gives an alternative approach to model crack
propagation and/or fracture of materials. Application of the model is
relatively easy, which makes this approach attractive. The fatigue crack
growth is simulated by incorporating a constitutive law that describes the
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damage development during unloading and reloading at the crack tip.
The damage mechanism can be regarded as a representation of plastic-
induced deterioration at the crack tip during cyclic loading. With a good
damage mechanism definition, the effect of overloads on the crack gro-
wth behavior can be naturally captured, which is beneficial compared to
models based on LEFM where curve fitted parameters are required to
capture the effect of overloads.

In agreement with the objectives of the thesis, the crack initiation pe-
riod will be estimated using the Lemaitre’s two scale model and the crack
propagation period will be estimated using the cohesive zone model.
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Chapter 3

Experimental investigation
on mechanical and fatigue
properties of aluminum

alloy AA5083-H111

This chapter describes the details of the experimental works per-
formed during the research. The experiments are performed to
obtain a complete set of mechanical properties of aluminum al-

loy AA5083-H111 on one batch of material which is unavailable in lite-
rature. A series of mechanical tests are conducted on aluminum alloy
AA5083-H111. The works begin with a set of tensile tests to characterize
the mechanical properties of the alloy such as, the yield stress, the ulti-
mate strength and the modulus of elasticity. In order to obtain a complete
overview of the fatigue behavior of the alloy, fatigue tests with various lo-
ading configurations are carried out. It begins with constant amplitude
loads where three stress ratios are applied and is followed by variable
amplitude loads which includes overloads, constant/varied stress ratios
multilevel blocks loading as well as random loading. The fatigue test
results will serve as verification of the crack initiation and crack propa-
gation models of Chapters 4 and 5.

3.1 Tensile tests
Aluminum alloy AA5083-H111 is commonly used in civil structures es-
pecially in marine structures due to its excellent performance in extreme
environments such as seawater and industrial chemicals. A typical che-
mical composition of this alloy is given in Table 3.1.
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Table 3.1: Typical chemical composition of aluminum alloy AA5083-H111 (in wt. %)

Mg Mn Fe Si Cu Cr Zn Ti Al

4.90 1.00 0.40 0.40 0.10 0.25 0.10 0.25 92.6

All of the test coupons are manufactured from a product plate of di-
mension 2 m by 1 m with a thickness of 10 mm. The specimens are mil-
led into the desired dimensions as shown in Figure 3.1 and the required
thickness is achieved by milling the upper and lower surface of the plate.
In order to account for the rolling direction of the product plate, the
specimens are machined from three different directions (00, 450, 900)
with respect to the width direction of the plate. For each direction three
tensile tests are performed. The test procedures are in accordance with
Eurocode NEN-EN 10002-1 (NNI 1991).

50 12 71.5 12 50

49

4
25

Figure 3.1: Tensile test specimen (dimensions in mm)

The setup of a tensile test involves the installation of a test coupon in
the load frame of the 250kN Zwick Z020 test bench, where load is ap-
plied by displacement control. Installation of the specimen is carefully
performed to guarantee axial alignment of the test piece. The coupon is
clamped at its edges by hydraulic-powered wedge grips. Measurement of
the strains during loading is performed using a 10 mm strain gauge (SG)
which is mounted on the center of the gauge length of the specimens.
The strain gauge is able to measure up to 2% of strain with a measure-
ment accuracy of at least 0.004 mm/mm. An additional instrument to
measure extension is also applied due to the large amount of strain range.
A clip-on linear variable differential transformer (LVDT) is installed on
the specimens with an initial length of L0=50 mm. It consists of two
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transformers which gives two different measurement ranges, i.e. 2 mm
and 25 mm, the latter provides less accuracy.

The tensile test begins with the measurement of the initial geome-
try to confirm that the dimensions are within the tolerance. The initial
gauge length (50 mm) is marked as reference to calculate the total elon-
gation after fracture. Next, the specimen surface, where the strain gauge
is to be attached, is cleaned with acetone to avoid any unwanted parti-
cles. After the stain gauge is bonded, the adhesive is cured at room tem-
perature for 24 hours. The specimen is carefully installed in the wedge
grips, special attention is required to assure axial alignment between lo-
wer and upper grips of the specimen. Afterward, the clip-on LVDT is
mounted in the gauge length of the specimen. Before the measurement
is started, all the recording charts are set to be zero. The measurement
is initiated by applying the displacement to the specimen with a velocity
of 0.03 mm/minute up to 2 mm of extension and then it is increased to
0.23 mm/minute until the specimen fractures.

3.1.1 Stress-strain behavior
During the tensile test, a series of data is recorded: the applied force (P),
the measured strains (εe) of the strain gauge and the displacements (∆L)
obtained by the LVDT. These data can be transformed into the standard
engineering stress-strain curves of the material as shown in Figure 3.2.
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Figure 3.2: Stress-strain results of a 00 specimen
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The engineering stress (σe) is attained by dividing P with the initial cross-
section area of the specimen gauge section (A0 = width×thickness) and
division of ∆L by the initial gauge length L0 results in the engineering
strain εe .

Measurement of strains for the large part of the plastic range is con-
ducted only using the LVDT1 due to limited displacement range of the
LVDT2 and the strain gauge. As the accuracy of the LVDT1 is poor com-
pared to the LVDT2 for small strains and the strain gauge is especially
accurate for low strain values (shown in Figure 3.3), the yield stress and
the modulus of elasticity are determined using the measurement data
obtained from the strain gauge.

0 0.001 0.002 0.003 0.004 0.0050

50

100

150

εe[-]

σ e
[M

Pa
]

LVDT 1
LVDT 2
SG

Figure 3.3: Engineering stress-strain results of a 00 specimen: strain measurement
accuracy

Aluminum alloy AA5083-H111 used in this test exhibits an irregular
plastic flow manifested in a serrated stress-strain curve as observed in
Figure 3.2. This phenomenon is also referred to as the Portevin-Le Cha-
telier (PLC) effect [83].

3.1.2 Modulus of elasticity
The modulus of elasticity (E) is commonly determined by drawing a
straight line through the elastic part of the material stress-strain curve
and measure its tangent. However, it is generally convenient to perform
a load cycle where the specimen is first unloaded at a point when the
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specimen starts to yield (decrease of the applied force increment) and
followed by reloading when the applied force reaches 10% of the unloa-
ded force. Figure 3.4 shows the engineering stress-strain behavior during
unloading/reloading of the specimen.
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Figure 3.4: Engineering stress-strain of a 00 specimen with unloading and reloading
to measure modulus of elasticity
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Figure 3.5: Determination of modulus of elasticity of a 00 specimen: E=72290MPa
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The modulus of elasticity is determined by extracting the unloading
and reloading data of the engineering stress-strain curve and performing
a linear regression on the corresponding data to obtain its gradient as
shown in Figure 3.5. Similar procedures are performed for the rest of
the specimens and the summary is given in Table 3.2.

Table 3.2: Summary of modulus of elasticity E, s̄ is the standard deviation

Specimen E [MPa] Mean [MPa] s̄ [MPa]

00
1 72290

72090.7 661.92 71352
3 72630

450
1 71352

70687 1143.22 71342
3 69367

900
1 72630

72032.3 712.42 72223
3 71244

3.1.3 Yield stress
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Figure 3.6: Yield stress determination of a 00 specimen: σy=130.4MPa
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The yield stress (σy) is determined by finding the intersection between
the engineering stress-strain curve with a line that is parallel to the elastic
stress-strain relationship with an offset of 0.002 (0.2% strain) as shown
in Figure 3.6. Similar procedures are performed for the rest of the spe-
cimens, the summary of the obtained yield stresses is given in Table 3.3.

Table 3.3: Summary of the yield stress σy obtained from all coupons

Specimen σy [MPa] Mean [MPa] s̄ [MPa]

00
1 130.34

128.93 1.622 130.40
3 128.56

450
1 127.16

128.93 1.622 129.73
3 126.45

900
1 129.28

129.02 1.842 126.94
3 130.58

3.1.4 Ultimate tensile strength
The true ultimate tensile strength (σu) is obtained from its engineering

Table 3.4: Maximum loading data for rectangular cross-section specimens

Specimen σeu [MPa] εeu σu [MPa] Mean [MPa] s̄ [MPa]

00
1 297.5 0.2012 357.36

354.01 3.232 297.2 0.1988 353.76
3 293.6 0.1952 350.91

450
1 291.3 0.1950 348.10

348.34 0.702 293.2 0.1903 349.12
3 294.2 0.1822 347.80

900
1 296.9 0.1739 348.53

351.24 4.532 294.6 0.1837 348.72
3 295.8 0.2051 356.47
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values, i.e. the engineering ultimate strength (σeu) and the correspon-
ding engineering strain εeu (σu = σeu (1 + εeu)). This relation is valid up
to the necking initiation of the specimen. The initiation of necking du-
ring test is commonly referred to the point when the maximum applied
load is reached. The measurement results are given in Table 3.4.

The results of the tensile tests presented in Table 3.2, Table 3.3 and
Table 3.4 show fairly consistent values for all three directions of the pro-
duct plate with slight larger values found for 00 and 900. This uniformity
indicates a very good manufacturing process (rolling) of the plate. Based
on these results, coupons for fatigue tests have been manufactured from
the plate in 900 direction.

3.2 Crack initiation fatigue tests
The fatigue tests are aimed to determine the high cycle crack initiation
life (Ni) under specified constant and variable amplitude loads. A test
program was performed which consists of specimens subjected to con-
stant amplitude loads (CALs) with varied stress ratios as well as variable
amplitude loads (VALs). The latter include overloads, constant/varied
stress ratios multilevel blocks loads and a random load generated using
the Rayleigh distribution. Table 3.5 shows the test program for fatigue
crack initiation.

Table 3.5: Summary of test program for fatigue crack initiation

Test Type R Pmax [kN] Number of Specimen

Cr
ac

k
in

iti
at

io
n

CAL

-1
7.2 3
7.8 3
10 3

0.1
13 3

13.2 3
17 3

0.5
17.5 3
18.8 3
20 3

VAL
-1 16.5 3

vary 18 3
vary 18 3

Total number of tests 36
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The fatigue test specimens are manufactured from the same product
plate used in the tensile tests described in Section 3.1, the coupons are
machined from the plate such that the loading axis aligns the 900 di-
rection. Single edge notch tension (SENT) specimens are used in all the
tests, the geometry of the coupons is presented in Figure 3.7. The notch
acts as stress concentrator to promote and locate crack initiation.

36 16 56 16 36

4

5

30

Figure 3.7: Dimensions of the SENT specimens (dimensions in mm)

The fatigue tests are conducted using the hydraulic powered MTS
60 kN fatigue machine. The machine is able to simulate cyclic loading
up to 100 Hz with maximum displacement rate of 400 mm/s. However,
during all the tests reported in this thesis, the frequency is maintained
to be 40 Hz. The fatigue machine includes a fully computerized control
system as well as a user friendly software interface. In order to detect
the crack initiation, two digital microscope cameras with magnification
up to 230 are installed on each side of the machine. During the test, the
camera will be focused on the root of the specimen notch. The camera
is also equipped with software interface which allows a direct measure-
ment of the crack length during the test.

The test begins with measurement of the initial geometry of the spe-
cimen to confirm if all the dimensions are within the tolerance. Next,
the surfaces around the notch are cleaned using acetone and a very thin
layer of coating made of a correction fluid is applied on the surfaces. The
coating serves as a detection tool by exposing the crack underneath as it
is disintegrated together with the cracked surface. The specimen is then
installed in the test bench as shown in Figure 3.8. Installation of the spe-
cimen is carefully performed to guarantee axial loading during test, the
hydraulic powered clamps are applied to specimen’s grip sections. Af-
terward, the digital cameras are adjusted and focused on the specimen’s
notch root to allow crack detection.
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Figure 3.8: Fatigue crack initiation test bench

During the test, the notch is checked through the camera for crack
initiation. If the crack is observable through the camera, the test is
paused and the crack length is measured. If the crack length equals to
0.1 mm, the corresponding number of cycles is recorded as the crack ini-
tiation period. Crack measurement using the user interface of the mi-
croscopic camera, an accuracy up to 0.01 mm can be achieved. If there
is no crack initiation, the test is stopped at a number of cycles equals to
2.0×106 and the specimens are identified as run-outs. After crack initi-
ation, the crack growth measurement is performed until the specimen
fails.

3.2.1 Crack initiation under constant amplitude
loading

The fatigue tests result in the applied force (P), the measured crack length
(a) and the corresponding number of cycles (N). These data are trans-
formed into the standard S-N curve which describes the fatigue life of
the material as a function of the applied stress amplitude (∆σ/2 = Sa).
The nominal stress is calculated based on the net cross-section area of
the test section of the specimen (Ans = (width − rnotch) × thickness).

The fatigue test results under constant amplitude loads with three
different stress ratios are shown in Figure 3.9. The S-N curve is described
in term of the stress amplitude (∆σ/2) and the number of cycles at crack
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initiation (Ni). The data plotted in Figure 3.9 show the effect of the stress
ratio on the fatigue behavior of materials: a larger stress ratio results in
a shorter crack initiation life.
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Figure 3.9: SN curve at crack initiation based on nominal stress range

The least squares method is employed to approximate the fit of the
experimental data without taking into account the run-outs. The fitting
is performed by representing the fatigue data with a regression line as
follows,

y = Â + B̂x (3.1)
where y = log (Ni), x = log (∆σ/2). The values of Â and B̂ are obtained
by minimizing the sum of the square of the deviations of the observed
values of y from those predicted and estimated as,

B̂ =
ns∑
i=1
(xi − x̄) (yi − ȳ)
ns∑
i=1
(xi − x̄)2 , Â = ȳ − B̂x̄ (3.2)

where x̄ and ȳ are the average values of x and y, i.e. x̄ = ∑ xi/ns and ȳ =∑ yi/ns with ns is the number of samples. The fatigue strength exponent
b is equal to the inverse of the linear regression constant B̂. For stress
ratio R = −1, the obtained S-N curve is described as [35],

∆σ
2
= S′f (Ni)b = 375.95 (Ni)−0.139 (3.3)
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An uniform value of the fatigue strength exponent (b) across all the
stress ratios is observed. This result is according to the general observa-
tion during fatigue tests where the slope of the S-N curve is independent
of the stress ratio.

Figure 3.9 shows a very low scatter band of the fatigue test data. It is
due to the high stress level at the root of the notch which promotes the
damage initiation. The standard of deviation (s̄) of the test data are as
following: s̄ (R = −1) = 0.2, s̄ (R = 0.1) = 0.15 and s̄ (R = 0.5) = 0.16. The
standard of deviation is calculated as follows [84],

s̄ =
¿ÁÁÀ∑ns

i=1 (xi − ŷi)2
ns − 2

(3.4)

with ŷi = Â + B̂xi .
A high scatter of fatigue data test is generally found on un-notched

specimens due to a high dependency of damage initiation on the surface
quality which results in a large difference of fatigue life between speci-
mens especially at a large number of cycles.
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Figure 3.10: The effect of the stress ratio on the crack initiation life

Figure 3.10 compares the experimental data with the Goodman met-
hod [85] on the effect of the stress ratio. All of the data points correspond
to a number of cycle of N =2×106. It can be observed that the Goodman
method predicts a less apparent effect of the stress ratio on the crack ini-
tiation life compared to experimental data.
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3.2.2 Crack initiation under variable amplitude loading
The first variable amplitude load configuration applied to the specimen
is the multilevel blocks loading with a constant stress ratio of R = −1, the
loading specification is presented in Figure 3.11.
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Figure 3.11: Multilevel blocks loading with constant stress ratio: a block is equal to
86400 cycles

The number of cycles at crack initiation, at fracture (N f ) and the pro-
pagation period (∆N) for each specimen are shown in Table 3.6. Though,
dependency of the crack initiation on surface quality exists, a remarkably
excellent consistency of the number of cycles at crack initiation between
specimens is observed.

Table 3.6: Crack initiation due to multilevel blocks loading with R = −1

Specimen Ni[-] ai[mm] N f [-] ∆N[-]

1 217806 0.10 297481 79675
2 214444 0.11 286495 72051
3 215154 0.10 295600 80446

The effect of multilevel blocks loading on the crack initiation beha-
vior depends on the damage contribution of each stress level in the block.
In engineering practice, this damage portion is usually calculated using
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the Palmgren-Miner linear damage accumulation method described as
follows, ∑D j =∑ n j

N j
≥ 1 (3.5)

where n j is the number of cycles related to the applied stress level and
N j is the corresponding number of cycles at crack initiation due to that
stress level. If the damage accumulation reaches a value equal to one,∑ n j gives the expected number of cycles at crack initiation due to the
blocks loading. The number of cycles at crack initiation due to each load
level can be estimated using the power function given in Eq. (3.3). The
details of the calculated damage portion are presented in Table 3.7.

Table 3.7: Damage portions due to a block of constant R multilevel loading

Pmax[kN] ∆σ/2[MPa] N j[-] n j[-] D j[-]

7.3 56.15 891429 50000 0.056
8.0 61.54 460828 20000 0.043
9.0 69.23 197220 9000 0.046
10.0 76.92 92308 4000 0.043
11.0 84.62 46449 1800 0.039
12.0 92.31 24813 1000 0.040
13.0 100 13938 600 0.043∑D j 0.31

Each stress level in the applied block loading contributes to an ap-
proximately same damage portion as shown in Table 3.7. The total da-
mage fraction in one block loading is equal to 0.31 which according to
Palmgren-Miner rule results in crack initiation after more than three re-
petitions of the block loading which is equal to Ni=297700. During ex-
periments, the crack initiation was observed on average at Ni=215801
cycles which is less than three repetitions of the block loading.

A relatively small difference between the Palmgren-Miner prediction
and the experimental data. However, it cannot be concluded immedia-
tely that the Palmgren-Miner method is inaccurate because the method
is based on a set of experimental data with a certain value of standard de-
viation. The standard deviation of the Palmgren-Miner prediction can
be compared to the standard deviation of the experimental data of CAL
with applied stress ratio of R = −1 as follows: ∣logNp − logNexp∣ /s̄ =
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∣log (297700) − log (215801)∣ /0.2 = 0.7 < 1. It can be seen that the
standard deviation of the Palmgren-Miner prediction is well within the
scatter band of the experiments under CAL with applied stress ratio of
R = −1. Figure 3.12 shows the Palmgren-Miner prediction based on the
lower scatter band of the experiments: the test data are located between
the predictions based on the average S-N curve (M) and the average mi-
nus the standard deviation S-N curve (M − s̄). This shows that the devi-
ation between the test results and Palmgren-Miner prediction can also
be due to the scatter that is inherent to fatigue.
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Figure 3.12: Damage behavior prediction using Palmgren-Miner rule under a VAL
with constant stress ratio with standard deviation considered

The second type of multilevel blocks loading applied to the fatigue
test specimen is shown in Figure 3.13. Different to the previous constant
stress ratio block loading, a loading block with varied stress ratios, i.e.
R = 0.45, R = −0.5, R = 0.1, R = −1 and R = 0.5 is applied.

The results of the fatigue tests due to the second type of the multi-
level block loading is given is Table 3.8. The observed crack initiation
and the corresponding number of cycles show an excellent consistency
especially for specimen 2 and 3. As for specimen 1, a difference in surface
quality compared to specimen 2 and 3 is suspected as the reason for the
deviation.

As in the previous multilevel loading case, the damage portion due
to each load level is calculated using the Palmgren-Miner linear damage
accumulation. As the fatigue test data are only available for stress ratios
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Figure 3.13: Multilevel blocks loading with varied stress ratio: a block is equal to 42200
cycles

Table 3.8: Test results for crack initiation due to multilevel loading

Specimen Ni[-] ai[mm] N f [-] ∆N[-]

1 660810 0.10 674292 13482
2 882140 0.10 912192 30052
3 885636 0.10 958292 72656

of R = −1, R = 0.1 and R = 0.5, the effect of stress ratio for R = 0.45 and
R = −0.5 are calculated using the Goodman method using the equivalent
stress amplitude (Seq) which is given by:

Seq = Sa
1 − σm

σu
(3.6)

where σm is the mean stress.
By solving the power function (Eq. (3.3)) after replacing ∆σ

2 with Seq,
the predicted number of cycles can be obtained. As for the rest of the
stress ratios, the power function obtained from experiments is used. The
calculated damage portion due to each load level is presented in Ta-
ble 3.9.

The total damage fraction of one block loading is found to be 0.0445
which according to Palmgren-Miner method results in 23 repetitions to
crack initiation. A different result was found from experiments: speci-

50



Table 3.9: Damage portion details

R[-] Pmax[kN] ∆σ/2[MPa] N j[-] n j[-] D j[-]

0.45 13.6 28.77 19057395 20000 0.001
-0.5 14.4 83.08 29281 200 0.0068
0.1 12.6 43.62 592589 20000 0.0338
-1 7.56 58.15 691396 1000 0.0014

0.5 18.8 36.15 640426 1000 0.0015∑D j 0.0445

men 1 with number of cycles of Ni=660810 results in 16 repetitions of the
block loading to crack initiation and specimen 2/3 with average number
of cycles of Ni=883888 results in 21 repetitions of the block loading to
crack initiation.

If the standard deviation of Palmgren-Miner prediction is compared
to that of the experiments as in the case of VAL under constant stress
ratio, a value of 0.48 is obtained which is well within the scatter band of
the experimental data with the smallest standard deviation (i.e. R = 0.1).
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Figure 3.14: Damage behavior prediction using Palmgren-Miner rule under a VAL
with varied stress ratio with standard deviation considered

Figure 3.14 shows the Palmgren-Miner prediction based on the lower
scatter band of the experiments. It can be seen that the test data are
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located between the predictions based on the average S-N curve (M)
and the average minus the standard deviation S-N curve (M − s̄).

The final variable amplitude loading simulated during the fatigue
crack initiation tests is random loading. The random loading is gene-
rated according to the Rayleigh distribution which has maximum and
minimum values of Smax = 188.8 MPa and Smin = 0.62 MPa, respective-
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Figure 3.15: A sample of programmed random loading applied to the specimens; for
convenience only the first 1000 cycles are shown
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Figure 3.16: Histogram of the random loading sample applied to the specimen
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ly. Based on this criteria, a sample of the random load points generated
for the tests is shown in Figure 3.15. The distributions and the frequencies
of the random sample after performing a rainflow counting method [86]
are presented in a histogram graph as shown in Figure 3.16.

The result of the fatigue tests under the specified Rayleigh distribu-
ted random loading is presented in Table 3.10. The number of cycles at
crack initiation for each specimen is found to vary. The surface quality
of the specimen is suspected to be the source of the scatter behavior. The
Palmgren-Miner method gives the number of cycles to crack initiation
equals to Ni=75289.

Table 3.10: Test results for crack initiation due to random loading

Specimen Ni[-] ai[mm] N f [-] ∆N[-]

1 110520 0.11 172727 62207
2 170200 0.12 221118 50918
3 146250 0.11 209217 62967
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Figure 3.17: Damage behavior prediction of the Palmgren-Miner rule under a random
loading with standard deviation considered

When the comparison of standard deviation of the Palmgren-Miner
prediction to the standard deviation of the experiments is conducted,
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a value of 1.8 is obtained which is outside the scatter band of the ex-
perimental data with the smallest standard deviation (i.e. R = 0.1). Fi-
gure 3.17 shows the Palmgren-Miner prediction based on the upper scat-
ter band of the experiments. It can be seen that the test data are not
well located between the predictions based on the average S-N curve
(M) and the average plus the standard deviation S-N curve (M + s̄).
For the random loading case, this shows that the deviation between the
test results and Palmgren-Miner prediction is due to inaccuracy of the
Palmgren-Miner rule.

3.3 Crack growth fatigue tests
A series of fatigue tests were performed to determine the fatigue crack
growth behavior of standard fatigue test specimens made of aluminum
alloy AA5083-H111. Several load configurations which consist of con-
stant and variable amplitude loads are applied to the specimens. Two
different load ratios, i.e. R = 0.1 and R = 0.5 constitute the specified con-
stant amplitude loads. In order to determine the effect of load sequences
on fatigue crack growth behavior, variable amplitude loads which consist
of overloads, constant/varied multilevel blocks loading and a random lo-
ading are applied. Table 3.11 shows the test program for the fatigue crack
propagation.

Table 3.11: Summary of fatigue crack growth test program

Test Type R Pmax [kN] Number of Specimen

Cr
ac

k
gr

ow
th CAL 0.1 4 2

0.5 7.5 2

VAL

0.01 12 2
vary 10 2
vary 8 2
vary 12 2

Total number of tests 12

As for the crack initiation specimens, the fatigue crack growth
coupons are obtained from the same product plate such that the loa-
ding axis aligns the 900 direction. A standard Compact Tension (CT)
specimen is chosen for the fatigue tests, the coupons have been machi-
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ned according to ASTM standard E647 [87] and the geometry is shown
in Figure 3.18.
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Figure 3.18: Crack growth CT specimen (dimensions in mm)

The fatigue test is performed using the same MTS 60 kN fatigue ma-
chine employed in the crack initiation test. Also, an identical frequency
of 40 Hz is utilized during the tests. Measurement of the crack length
is conducted using two microscope cameras which are focused on the
crack tip on each side of the specimen. The magnification power of the
camera used during the tests is reduced to 20× as it is considered suf-
ficient to measure a crack extension of approximately 0.25 mm for the
purpose of these tests.

The test begins with measurement of the initial geometry of the spe-
cimen to confirm if all the dimensions are within the tolerance. The pre-
paration of the specimen is continued with application of a thin layer of
coating on the surfaces in front of the sharp notch after they are clea-
ned with acetone. The coating serves as a detection tool as indicated in
Section 3.2. Next, the specimen is installed into the test bench using a
grip mechanism according to ASTM recommendation [87]. A clevis is
employed at the top and bottom of the specimen to allow in-plane rota-
tion during loading. Afterward, the end of the clevis is installed into the
test bench using its hydraulic-powered clamps. Installation of the speci-
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Figure 3.19: Fatigue crack growth test bench

men is carefully performed to guarantee axial loading during the test.
The digital cameras are adjusted and focused on the specimen’s sharp
notch to allow crack detection. The test bench prior to the test is shown
in Figure 3.19.

Before the actual crack growth is recorded, the pre-cracking pro-
cess to obtain the desired initial crack length is performed according to
a method recommended in ASTM E647. The pre-cracking is aimed to
obtain a sharp fatigue crack with an adequate size and alignment. Ac-
cording to ASTM E647, it is imperative to assure that the final Kmax du-
ring pre-cracking shall not exceed the initial Kmax for which test data
are to be obtained. A stepped-down method is applied during fatigue
pre-cracking where the first applied Kmax is higher than the data-to-be-
obtained Kmax and gradually decreases as the crack propagates to fulfill
the above Kmax requirement. It is suggested that reduction in Pmax for
any of these steps be no greater than 20% and that measurable crack ex-
tension occurs before proceeding to the next step. The pre-cracking is
aimed to obtain an initial crack ao = 25 mm measured from the center
of the holes.

During the test, a periodical measurement of the crack extension is
performed following the recommendation described in ASTM E647, the
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crack length and the corresponding number of cycles are recorded. A
millimeter paper is attached on the surface of the specimen as reference
during crack measurement using the microscopic camera. The test is
stopped when the specimen fails or the crack directionality deviates from
the accepted tolerance given in ASTM E647.

The fatigue tests give the applied force (P), the measured crack length
(a) and the corresponding number of cycles (N). As the results of fati-
gue crack growth tests are generally presented in a da/dNvs.∆K graph,
the obtained data need to be processed and transformed into the stress
intensity range (∆K) and the related crack growth rates (da/dN). The
stress intensity factor K represents the magnitude of the local stresses
around the crack tip [88]. This factor depends on the load, crack size,
crack shape, and geometry of the specimen. The stress intensity range
for CT specimen is calculated as [87],

∆K = ∆P
B
√
W

2 + α
(1 − α)3/2 (0.886 + 4.64α − 13.32α2 + 14.72α3 − 5.6α4)

(3.7)
where α = a/W , W is the specimen width (W = 100 mm), B is the spe-
cimen thickness (B = 10 mm), ∆P is the applied force range defined as
the maximum force (Pmax) minus the minimum force (Pmin) during lo-
ading. The crack growth rate is calculated based on the measured crack
length and the corresponding number of cycles. In this thesis, the secant
method based on ASTM E647 is used. The crack growth rate is obtained
by calculating the gradient of the straight line ((ai+1 − ai) / (Ni+1 − Ni))
connecting the two adjacent data points on a curve which plots the crack
length versus the number of cycles (a vs. N). As the da/dN is calcula-
ted based on the average rate over the (ai+1 − ai) increment, the average
crack size, ā = 1/2 (ai+1 − ai), is commonly used to determine ∆K.

3.3.1 Test results under constant amplitude loading
Constant amplitude fatigue tests are performed on seven CT specimens.
The specimens are divided into two sets based on the applied load: a
set of four and a set of three specimens are subjected to load ratios of
R = 0.1 and R = 0.5, respectively. The tests give the crack lengths and the
corresponding number of cycles from which the crack growth rates and
the corresponding stress intensity ranges are obtained.

The constant amplitude fatigue tests with two different load ratios
are shown in Figure 3.20. As expected, the effect of the load ratio on the
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crack growth rate behavior is apparent where a higher load ratio results
in a higher crack growth rate. This effect is a result of crack closure du-
ring unloading of the crack tip due to plastic deformation which follows
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Figure 3.20: Experimental results of the crack growth rate

the fatigue crack growth. At low load ratios, the stretched crack flanks are
in touch at load levels larger than the minimum load. This reduces the
effective stress intensity range, which is considered as the crack driving
force. At large load ratios, no such contact occurs, thus, a full range of
stress intensity drives the crack growth.
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Figure 3.20 shows a change of the crack growth curve slope along
the Paris law region which is found at a crack growth rate approximately
equal to 1.5×10−4 mm/cycle. This demarcation point divides the crack
growth data into two regions, i.e. the tensile mode and the growing shear
lips regions. The change of the gradient occurs due to the development
of the shear lips where flat crack surface becomes slant as schematically
described in Figure 3.21. Figure 3.22 shows the shear lips development

shear mode

tensile mode

transitio
n region

double shear

single shear

Figure 3.21: Shear lips

TMTRSM

Figure 3.22: Fracture surface of a specimen with shear lips development: TM=tensile
mode, TR=transition region and SM=shear mode

on the fracture surface of a specimen from the experiment. The shear
lip starts at the specimen surface and grows as the stress intensity range
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(and thus the crack growth rate) increases. The shear lip generally occurs
in case of the following conditions: a material texture with slip possibi-
lity near 450 with the plate surface, a plane stress condition and a high
da/dN or ∆K [89, 90].
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Figure 3.23: Paris law coefficients obtained from experiments: tensile and shear crack
growth

The occurrence of the shear lip influences the crack growth from
pure mode I to mixed mode (I+II+III) loading. This leads to a signifi-
cant reduction of KI , which is considered as the main crack driving force.
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According to literature [89], the loading frequency affects the morpho-
logy of the shear lips surfaces. At high loading frequency, a rough shear
lip (as shown in Figure 3.22) surface is found and vice versa. The crack
surface roughness strongly influences the crack growth rate due to the
roughness-induced crack closure. Thus, a significant reduction of the fa-
tigue crack growth rate (change of slope) after the initiation of the shear
lips is observed as shown in Figure 3.20.

The fatigue crack growth tests are used to determine the material-
dependent fatigue parameters, i.e. Paris’ law coefficients. The coefficients
are determined by plotting the fatigue test data, namely the crack gro-
wth rate against the stress intensity range in a logarithmic scale. The plot
results in a linear region as described in Section 2.1.2.2 where the fatigue
data is fitted using the least squares method to attain the Paris’ law coef-
ficients.

Fatigue test data with several load ratios require an extra step before
the curve fitting can be conducted. To include all the test data in the fit-
ting procedure, each of the da/dN vs. ∆K curves is shifted into a single
general curve of da/dN vs. ∆Ke f f . The effective stress intensity is calcu-
lated as follows: ∆Ke f f = U∆K, where U is called the closure function
and is a function of the load ratio R. The function U allows the curves
with different load ratios to coincide into a single curve. In this thesis, a
quadratic crack closure function proposed by Schijve [91] is used and is
written as follows: U = 0.55 + 0.35R + 0.1R2. The shifted da/dN vs. ∆K
curves are shown in Figure 3.23. The tensile mode and the shear lips regi-
ons are identified in Figure 3.23 together with their corresponding Paris’
law coefficients.

3.3.2 Test results under variable amplitude loading
The first type of variable amplitude loading applied during the test is
overload. Two overloads are applied to each specimen at a specified
number of cycles. The test load begins with a constant amplitude with
R = 0.1 and Pmax = 4 kN , at a number of cycles N = 190001, a single over-
load of POL,max = 8 kN is employed. The test continues with the constant
amplitude situation until N = 670002 where the second overload identi-
cal to the previous one is applied. The test resumes the previous constant
amplitude configuration until the specimen fractures. The behavior of
the crack growth and crack growth rate are presented in Figure 3.24 and
Figure 3.25, respectively. The crack retardation due to overloads as des-
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cribe in Section 2.1.2.3 is clearly observed. The test results show a good
consistency of crack retardation between the two specimens.
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Figure 3.24: Crack growth behavior due to two overloads at N=190001 and N=670002,
R = 0.1
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Figure 3.25: Crack growth rate behavior due to overloads, R = 0.1

The crack retardation due to these overloads are generally attributed
to plasticity induced crack closure (the Elber mechanism [29]). This phe-
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nomenon is a result of plastically stretched material left behind the crack
tip by the previously created crack tip plastic zone. The stretched mate-
rial causes contacting of the fatigue crack facets (crack closure) during
unloading at positive gross stress. The contact leads to a higher crack
tip opening stress level which results in a lower crack extension due to a
lower effective stress intensity range during the subsequent loading after
the overload. A larger overload level gives a longer crack retardation due
to a larger plastically stretched material in the wake of the crack.

Figure 3.24 also shows the prediction of the fatigue crack growth
behavior using solely the Paris’ law coefficient without considering the
effect of overloads. The method is called linear damage accumulation
(LDA) and is written as,

a = a0 + N j∑
j=1

f (∆K , R) = a0 + n∑
j=1

∆a j (3.8)

where N j is the number of cycles of a block of constant amplitude lo-
ading. The Paris’ law constant and exponent are selected based on the
stress ratio in question.

It can be observed that the linear damage accumulation fails to pre-
dict the existence of crack retardation due to overloads. The lack of phy-
sical attribute in the method, i.e. the effect of plasticity, contributes to
the inaccuracy of the prediction.
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Figure 3.26: Multilevel fatigue crack growth test loading: one period equal to 54500
cycles
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A multilevel blocks loading with constant load ratio of R = 0.01 is
the second load configuration employed during the test. The schematic
of the loading specification is presented in Figure 3.26.
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Figure 3.27: Crack growth behavior due to constant load ratio multilevel block loading

Figure 3.27 presents the crack extension versus the corresponding
number of cycles of the specimens under the specified multilevel load
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Figure 3.28: Crack growth rate behavior due to constant load ratio multilevel block
loading
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configuration. An excellent consistency of crack growth behavior be-
tween the two specimens is observed. The reduced crack growth rate
at each block during the test is shown in Figure 3.28. Significant crack
retardation is observed at the second half of each block loading which
becomes apparent from da/dN in Figure 3.28: da/dN drops to close to
zero after the largest stress ranges have passed. Retardation continues in
the successive block up to the point where the largest stress ranges are
applied again. The second specimen failed sooner than the first one due
to a combination of a high load level and a slightly longer crack.

A prediction using LDA is also performed and is presented in Fi-
gure 3.27. Again, the method fails to predict the existence of crack retar-
dation observed during the experiments.

The third type of load configuration considered in the variable am-
plitude fatigue test program is the multilevel block loading with varied
load ratio. Each block consists of 4 different load ratios, i.e. R = 0.1,
R = 0.5, R = 0.2 and R = 0.6. The schematic presentation of the load
levels is shown in Figure 3.29.
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Figure 3.29: Multilevel fatigue crack growth test loading with varied load ratio: is equal
to 95000 cycles

The crack growth and crack growth rate behavior of the specimens
under the specified loading is presented in Figure 3.30 and Figure 3.31,
respectively. A similar crack retardation behavior in each block is obser-
ved between both specimens, a shorter crack growth life of the second
specimen occurred due to a slightly higher initial crack at the beginning
of the test.

The experimental data is also compared with the LDA prediction as
shown in Figure 3.30. At first glance, the prediction result shows a redu-
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ced crack growth rate at the number of cycles between N = 95000 and
N = 135000. However, it only occurs due to the different lower value of
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Figure 3.30: Crack growth behavior due to varied load ratio multilevel block loading

N[-]
0 75000 150000 225000 300000 375000 450000

30

40

50

60

a[
m

m
]

0

0.00029

0.00058

0.00087

0.00116

0.00145

da
/dN
[mm

/cyc
le
]

load step
Spec01
Spec02

Figure 3.31: Crack growth rate behavior due to varied load ratio multilevel block loa-
ding

Paris’ law coefficient C between the stress ratios. A larger stress ratio
gives a larger coefficient C, which results in a reduced crack growth rate
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if a block loading with a large stress ratio is followed by a block with a
smaller stress ratio.
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Figure 3.32: A sample of programmed random loading applied during the crack gro-
wth test; for convenience only the first 1000 cycles are shown
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Figure 3.33: Histogram of the random loading sample applied during the crack growth
test

The last variable amplitude loading simulated during the fatigue
crack growth tests is the random loading. The random loading is ge-
nerated according to the Rayleigh distribution which has maximum and
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minimum values of Pmax = 12.14 kN and Pmin = 0.13 kN , respectively.
Based on this criteria, a sample of the random load points generated for
the tests is shown in Figure 3.32. After performing the rainflow counting
method, the distributions and the frequencies of the random sample are
presented in a histogram graph as shown in Figure 3.33.

The crack growth behavior of the alloy under the simulated random
loading is given in Figure 3.34. A peculiar crack growth rate behavior was
encountered in specimen two where a higher growth rate was observed
at crack length a > 40 mm. This higher crack growth rate is attributed by
a large crack deflection angle (> 150) which is beyond the tolerated value
approved by ASTM. A high deflection angle invalidates the pure Mode I
test design, thus, the crack growth data at this angle and beyond will be
discarded.
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Figure 3.34: Crack growth rate behavior due to a Rayleigh distributed random loading

Notice that a pattern of crack growth retardation similar to that of the
VAL with overloads as well as block loading is not apparent. This occurs
due to the random alternation between high and low load level which
prevents the manifestation of the crack growth retardation observed in
the case of overloads and block loading.

The liner damage accumulation method, in term of number of cycle,
gives a relatively good prediction of the crack initiation period. However,
it can be seen that the method predicts a smaller crack growth rate at
small crack length and a much larger crack growth rate at large crack
length than that of the experiments.
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3.4 Low cycle fatigue tests
A series of low cycle fatigue tests is performed to obtain the cyclic plasti-
city behavior of the aluminum alloy AA5083-H111. The first cyclic plas-
ticity behavior, i.e. the stabilized hysteric loop, is required to determine
the parameters needed to model the cyclic material behavior in a finite
element simulation. In addition, several material-dependent parameters
used in the crack initiation as well as the propagation models are speci-
fied from the results of low cycle fatigue tests. The identification of these
parameters is described in Section 4.3 and Section 5.4.

Constant amplitude fatigue tests with fully reverse strain ratio R = −1
are performed on the alloy. A total of 13 fatigue tests are conducted which
cover strain ranges from 1% to 3.7%. The specimens are manufactured
from the same product plate used in the previous tests described in this
chapter. The coupons are milled from the product plate such that the
loading axis aligns the 900 direction. The geometry of the specimen is
presented in Figure 3.35.
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Figure 3.35: Low cycle fatigue test specimen (dimensions in mm)

The fatigue tests are conducted using a hydraulic powered 250kN
Zwick Z020 test bench with a loading frequency of f = 0.5 Hz. The con-
stant strain amplitude applied to the specimen is controlled by a clip-on
LVDT which is attached to the specimen test section. The LVDT acts as
an input control as well as a feedback to the control software such that a
constant displacement is guaranteed between the LVDT knife-edge clips.
The clip-on LVDT gives an initial distance of L0 = 11±0.04 mm between
the knife-edge clips and is able to measure displacement in the range of−1 mm to 1 mm.

The test starts with measurement of the initial geometry of the spe-
cimen to confirm if all the dimensions agree with the tolerance. Next,
the specimen is installed in the test bench as shown in Figure 3.36. The
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installation of the specimen is carefully performed to guarantee axial loa-
ding during test, the hydraulic powered clamps are applied to specimen’s
grip sections. Before the test is started, the clip-on LVDT is attached on
the specimen’s test section.

specimen

LVDT

hydraulic 
grip

Figure 3.36: Low cycle fatigue test bench

The fatigue tests give the history of the applied force (P), the measu-
red displacement (∆L). These data are transformed into the stress-strain
history which depicts the alloy hysteresis loops as well as its stabilized
loop. The strain history is calculated by dividing the displacement his-
tory by the initial length of the LVDT knife-edge clips (L0). The true
strain is calculated based on its engineering value as: ε = ln (1 + εe). The
stress history is determined based on the cross-section area of the speci-
men test section (Ats = 1

4 ×π×diameter2) and its true value is calculated
as described in Section 3.1.4. A stabilized loop is defined as the hystere-
sis loop at the number of cycles equal to half of the low cycle fatigue life.
Figure 3.37 shows all of the stabilized cycles obtained from the tests.

The low cycle fatigue tests also give the standard cyclic stress-strain
curve of the material. The curve is acquired first by plotting the strain
amplitude against the maximum stress of each stabilized cycle obtained
from the fatigue tests. All the data points (εa and σmax) are fitted to
approximate the standard cyclic stress-strain curve using the Ramberg-
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Osgood equation. The cyclic parameter K′ and n′ are determined by fit-
ting the data points (εp and σa) in log-log scale as shown in Figure 3.38.
The cyclic stress-strain curve of the alloy is presented in Figure 3.39, a
monotonic stress-strain curve described in Section 3.1 is also included
as comparison.
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Figure 3.37: Stabilized cycles obtained from the experiments
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Figure 3.38: Fitting of the data points from the stabilized loops
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Figure 3.39 shows a significantly higher cyclic stress-strain curve
compared to the monotonic strain-stress curve which indicates the cy-
clic strain hardening behavior of the alloy. The hardening and softening
phenomenon is believed to be associated with stability of the dislocation
substructure within the metal crystal lattice of a material [92]. For an
initially soft material the dislocation density is low which, due to plastic
strain cycling, increases rapidly and results in a significant strain harden-
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Figure 3.39: Cyclic stress-strain curve

0 0.0015 0.003 0.0045 0.006 0.00750

70

140

210

280

ε[-]

σ[
M

Pa
]

Cyclic stress-strain curve fit
0.2% offset line

Figure 3.40: Cyclic yield stress determination: σyc = 276.2 MPa
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ing. A rule of thumb according to Manson [93] is that the material will
harden if σu/σy > 1.4 and the material will soften if σu/σy < 1.2. For
ratios of σu/σy between 1.2 and 1.4, the material can exhibit hardening,
softening, or both.

Similar to the monotonic stress-strain curve, a material property cal-
led cyclic yield stress can be obtained from its cyclic stress-strain curve.
Identical to the procedure in tensile yield stress identification, the stress
at the intersection point between the cyclic stress-strain curve and the
0.2% strain offset (as shown in Figure 3.40) is the cyclic yield stress of
the alloy.
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Figure 3.41: Strain-life curve of AA5083-H111

The results of the low cycle fatigue tests is commonly presented on
the standard strain-life (ε − N) curve of the material. The curve plots
the strain amplitude against the number of cycles at fracture. Figure 3.41
shows the obtained ε −N curve of the material, the least square method
described in Section 3.2.1 is used to fit the data points.

3.5 Summary
A series of tensile tests has been performed to identify the stress-strain
behavior of aluminum alloy AA5083-H111. Several mechanical proper-
ties of the alloy are determined, i.e. the modulus of elasticity, the yield
stress and the ultimate strength. The test coupons are manufactured
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from a product plate in three different directions which results in ap-
proximately uniform mechanical properties especially in 00 and 900 di-
rections with respect to the plate width. In the following chapters, the
mechanical properties in direction of plate length (900), i.e. the modu-
lus of elasticity E = 72032±712 MPa, the yield stress σy = 129±1.84 MPa
and the ultimate strength σu = 351 ± 4.53 MPa are used.

Fatigue crack initiation behavior of the aluminum alloy has been de-
termined using fatigue tests on SENT specimens under constant and va-
riable amplitude loads. The effect of the stress ratio on the fatigue beha-
vior under constant amplitude load was observed as shown in the corre-
sponding S-N curve with value of the fatigue strength exponent equal to
b = −0.139. The scatter found in the initiation life (with maximum stan-
dard deviation of s̄ = 0.2 for R = −1) is acceptable when considering the
significant dependency of crack initiation on surface quality. The results
of the fatigue crack initiation tests under variable amplitude loads give a
good consistency between specimens.

Fatigue crack growth tests have been conducted on standard CT
specimens under constant and variable amplitude loads. The constant
amplitude test results show a good consistency between all specimens
in each loading configuration with a maximum standard deviation of
s̄ = 0.12 before the shear lips and a maximum standard deviation of
s̄ = 0.13 after the start of the shear lips, which are common values found
in fatigue crack growth tests [94, 90]. Due to the development of shear
lips, a change in crack growth rate is observed which produces several
different Paris exponent values. A generalized value of the exponent
which represents the full range of the Paris region is required. The ap-
proach to obtain this goal is described in this chapter using a procedure
proposed by Schijve [91]. The behavior of fatigue crack growth under
variable amplitude loads shows a significant sequence effect which ma-
nifests in crack retardation. Such effect is not apparent for test results
under random loading.

A series of low cycle fatigue tests have been performed to obtain the
cyclic behavior of aluminum alloy AA5083-H111. The stabilized hyste-
resis loops are determined by conducting several low cycle fatigue tests
with different strain ranges from which the standard cyclic stress-strain
curve is produced. The cyclic stress-strain curve gives a cyclic har-
dening coefficient of K′ = 505.63 MPa and a cyclic hardening expo-
nent of n′ = 0.097. The cyclic yield stress of the alloy is found to be
σyc = 276.2 MPa. The strain-life curve of the alloy is also constructed
which gives the fatigue ductility coefficient of ε′f = 0.08 and the fatigue
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ductility exponent of c = −0.37. The obtained cyclic behaviors are used
to obtain some of the material parameters and the cyclic plasticity para-
meters needed in the damage models, which are described in Chapters 4
and 5.
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Chapter 4

Fatigue crack initiation
model

The fatigue crack initiation model used in this thesis is based on
the two scale damage model proposed by Lemaitre [1]. The Le-
maitre model includes an important physical feature in high cycle

fatigue, i.e. microplasticity at the weakened surfaces which is responsi-
ble for promoting microinitiation and micropropagation of a crack. The
model possesses a strong theoretical background which in turn offers a
wide range of beneficial capabilities and robustness in application to a
complex problem such as variable amplitude loading.

The chapter begins with a description of the fundamental theory of
damage mechanics which includes the potential and dissipative functi-
ons in a thermodynamics framework from which the state and evolu-
tion laws are derived. The chapter continues with a detailed procedure
on how to determine the material parameters required in the model.
A systematic method incorporated with experimental data is presented.
The section is followed by a numerical strategy to solve the constitutive
equations and the subsequent finite element implementation. The next
section introduces a method to avoid a prohibitively expensive computa-
tional time for simulating high cycle fatigue problems. A simple example
of the model implementation is presented afterward. The chapter ends
with a discussion and conclusions.

4.1 Thermodynamics formulation of damage
Irreversible thermodynamics provides a general framework for the ma-
croscopic description of irreversible processes which allows a systematic
formulation of constitutive equations of damaged materials. According
to the method of local state [95], a thermodynamics state of a continuum
at a given point and time is defined by the values of a number of vari-
ables at that time, which only depend upon the point considered [71].
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These variables are called state variables which can be scalars, tensors,
n-vectors, etc.

The selected state variables which describe a physical phenomena
have to be in accordance with experimental results and must satisfy the
thermodynamics laws. A general description of a damaged metal must
include the description of elasticity, plasticity and damage. Thus, a da-
maged metal can be thermodynamically described at every instant of
time (within the hypothesis of small strains and isothermal behavior) by
the following state variables: the total strain tensor (ε), the elastic strain
tensor (εe), the plastic strain tensor (εp), the isotropic hardening variable
(r), the kinematic hardening strain tensor (α) and the damage variable
(D). These state variables are categorized as follows: the observable (ex-
ternal) variables consist of ε and the hidden (internal) variables consist
of εe , εp, r, α and D.

After the definition of the state variables, an existence of a thermody-
namics state function is postulated from which the state laws are derived.
The function chosen in this work is the Helmholtz specific free energy [1]
which depends on all of the state variables (ψ(ε, r, α, D)). Based on qua-
litative experimental results, the thermodynamics state function is the
sum of its elastic (ψe) and plastic (ψp) parts [1]. Due to convenience
in dealing with the elasticity law, a partial Legendre transformation has
been performed on the Helmholtz free energy (ψ) to obtain the Gibbs
specific free enthalpy (ψ∗) described as follows [1],

ψ∗ = sup
ε
[ 1
ρ
σi jεi j − ψ]

ψ∗ = sup
εe
[ 1
ρ
σi jεei j − ψe] + 1

2
σi jεpi j − ψp

ψ∗ = ψ∗e + 1
2
σi jεpi j − ψp

(4.1)

where ψp and ψ∗e are the plastic hardening and elastic contributions to
the Helmholtz free energy, respectively. The plastic hardening contribu-
tion is chosen as [1]: ψp = 1

ρ (R∞ [r + 1
b̄ exp (−b̄r)] + 1

3Cyαi jαi j), when
multiplied by the volumetric mass density (ρ) is the energy stored in the
RVE. The material parameters Cy, R∞ and b̄ account for the linear ki-
nematic hardening, the saturated isotropic hardening and the isotropic
hardening exponent, respectively.

After obtaining the thermodynamics state function, the state laws
are determined by the partial derivatives of the function with respect to

78



their associated variables, as follows [1]:

εi j = ρ ∂ψ∗
∂σi j
= ρ ∂ψ∗e

∂σi j
+ εpi j Ð→ εei j = ρ ∂ψ∗e

∂σi j

R̄ = −ρ ∂ψ∗
∂r
= R∞ [1 − exp (−b̄r)]

Xi j = −ρ ∂ψ∗
∂αi j
= 2

3
Cyαi j

−Y = −ρ ∂ψ∗
∂D

(4.2)

where R̄ is the isotropic hardening stress variable, Xi j is the kinematic
hardening stress tensor (or back stress) and Y is the energy density re-
lease rate. It can be seen that the state laws govern the relationships bet-
ween the state variables and their associated variables. The complete set
of thermodynamic variables is shown in Table 4.1.

Table 4.1: Thermodynamics variables

Variable Observable Internal

State ε εe εp r α D
Associated σ σ -σ R̄ X Y

A definition for the elastic part of the Helmholtz free energy from
which the elastic state law is derived after taking into account the hypot-
hesis of strain equivalence for isotropic damage is given as [1],

ψ∗e = 1
ρ
[1 + υ

2E
σi jσi j
1 − D − υ

2E
σ 2
kk

1 − D] . (4.3)

where E and υ are the modulus elasticity and the Poison’s ratio, respecti-
vely. The elasticity law after the derivation is written as,

εei j = ρ ∂ψ∗e
∂σi j
= 1 + υ

E
σi j

1 − D − υ
E

σkk
1 − D δi j (4.4)

The damage state law obtained from the derivation of the Helmholtz
free energy gives the energy density release rate (Y) written as [1],

Y = ρ ∂ψ∗
∂D
= σ 2

eqRυ

2E (1 − D)2 (4.5)
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with Rυ is the triaxiality function given as,

Rυ = 2
3
(1 + υ) + 3 (1 − 2υ)( σH

σeq
)2

(4.6)

where σH = 1
3 (σii + σ j j + σkk) is the hydrostatic stress, σeq = √ 3

2σD
i j σD

i j

is the von Mises equivalent stress and σD
i j = σi j − σHδi j is the deviatoric

stress.
For most materials under certain conditions of loading, the micro-

cracks may close during compression. This closure results in the in-
crease of the effective area that sustains the load in compression which
leads to partially or fully recovery of the stiffness during compression.
This phenomenon, known as quasi-unilateral conditions, must be im-
plemented in the damage state law. For a unidimensional state of stress,
the quasi-unilateral condition is accounted by a definition of an effective
stress such that: σ̃ = σ/ (1 − D) in tension with D = 1 − (Ẽ+/E) and
σ̃ = σ/ (1 − hD) in compression with hD is the scaled damage identified
by hD = 1 − (Ẽ−/E). The parameter h is called the microdefects clo-
sure [1] and is defined as h = (E − Ẽ−)/(E − Ẽ+) where Ẽ+ and Ẽ− are
the effective elasticity modulus in tension and compression, respectively.
The ratio generally has a constant value, approximately equal to 0.2 [1].

For a three-dimensional state of stress, compression and tension are
defined by making use of the positive and the negative parts of the stress
tensors in their principal values. A stress tensor can be written in its
three principal values as,

[σ] =
⎡⎢⎢⎢⎢⎢⎣
σ1 0 0
0 σ2 0
0 0 σ3

⎤⎥⎥⎥⎥⎥⎦ (4.7)

with definition of the MacAuley brackets: ⟨x⟩ = x if x > 0 and ⟨x⟩ = 0 if
x < 0, the stress tensor can be written as,

[σ] =
⎡⎢⎢⎢⎢⎢⎣
⟨σ1⟩ 0 0

0 ⟨σ2⟩ 0
0 0 ⟨σ3⟩

⎤⎥⎥⎥⎥⎥⎦ −
⎡⎢⎢⎢⎢⎢⎣
⟨−σ1⟩ 0 0

0 ⟨−σ2⟩ 0
0 0 ⟨−σ3⟩

⎤⎥⎥⎥⎥⎥⎦ (4.8)

which denotes σi j = ⟨σi j⟩ − ⟨−σi j⟩.
Using the property ⟨x⟩ . ⟨−x⟩ = 0, it is easy to demonstrate that σkk =⟨σkk⟩− ⟨−σkk⟩, σ 2

kk = ⟨σ 2
kk⟩+ ⟨−σ 2

kk⟩ and σi jσi j = ⟨σi j⟩ ⟨σi j⟩+ ⟨−σi j⟩ ⟨−σi j⟩.
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Furthermore, the following properties are also valid: ∂
∂σi j ( 1

2 ⟨σi j⟩ ⟨σi j⟩) =⟨σi j⟩ and ∂
∂σi j ( 1

2 ⟨σ 2
kk⟩) = ⟨σkk⟩ δi j.

The microdefects closure parameter h operates by (1 − hD)−1 on the
negative part of the principal stresses and by (1 − D)−1 on the positive
principal stresses. For convenience, the positive and negative parts are
written as ⟨σ⟩+i j and ⟨σ⟩−i j, respectively. The state potential (Eq. (4.3)) is
re-written as,

ρψ∗e = 1 + υ
2E

⎡⎢⎢⎢⎢⎣
⟨σ⟩+i j ⟨σ⟩+i j(1 − D) + h

⟨σ⟩−i j ⟨σ⟩−i j(1 − hD)
⎤⎥⎥⎥⎥⎦ −

υ
2E
[ ⟨σkk⟩2(1 − D) + ⟨−σkk⟩

2

(1 − hD)]
(4.9)

The energy density release rate is derived from the state potential
with respect to the damage: Y = ρ ∂ψ∗

∂D which now depends on h as,

Y = 1 + υ
2E

⎡⎢⎢⎢⎢⎣
⟨σ⟩+i j ⟨σ⟩+i j(1 − D)2 + h

⟨σ⟩−i j ⟨σ⟩−i j(1 − hD)2
⎤⎥⎥⎥⎥⎦ −

υ
2E
[ ⟨σkk⟩2(1 − D)2 + ⟨−σkk⟩

2

(1 − hD)2 ]
(4.10)

It has been shown that the thermodynamics state function allows the
writing of the definition of the associated variables with respect to their
observable variables. However, since a dissipation process also exists in a
damaged material which mainly consists of the evolution of the internal
variables, an additional formulation to describe the evolution is needed.
The evolution law function is derived from a dissipation potential. The
expression for a dissipation potential has to satisfy the second principle
of thermodynamics. The 2nd principle, known as the Clasius-Duhem
Inequality, is presented as follows [1],

σi j ε̇pi j − ẇs + YḊ ≥ 0. (4.11)

In order to satisfy the inequality of a positive dissipation, it is required
that the sum of dissipation due to plastic work (σi j ε̇pi j) minus the stored
energy density rate (ẇs = R̄ṙ+Xi jα̇i j) plus the dissipation due to damage
(YḊ) is always positive or zero. In order to satisfy this requirement, the
dissipation potential must be a convex function of the associated vari-
ables (F(σi j, R̄, Xi j, D)). Moreover, the dissipation potential, according
to quantitative experiments, can be decoupled into the sum of the plastic
criterion ( f ), the kinematic hardening term (FX) and the damage poten-
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tial (FD):

F = (σ̃i j − Xi j)eq − R̄ − σy´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
f

+ 3τ
4Cy

Xi jXi j

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
FX

+ S(s + 1) (1 − D) (YS )
s+1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
FD

(4.12)

where τ is a kinematic hardening parameter and s and S are material-
dependent damage parameters which are obtained from experiments.

After defining the dissipation potential, the evolution laws for all in-
ternal variables can be obtained by deriving the potential with respect to
the associated variables. The evolution of the plastic strain is written as,

ε̇pi j = λ̇ ∂F
∂σi j
= λ̇ ∂ f

∂σi j
= 3

2
(σ̃D

i j − Xi j)
(σ̃i j − Xi j)eq

λ̇
1 − D (4.13)

where λ̇ is the plastic multiplier which is determined using the consis-
tency condition ( f = 0 and ḟ = 0) and described as,

λ̇ = ∂ f
∂σi j σ̇i j

∂ f
∂R

∂F
∂R + 2

3
τ
Cy

∂ f
∂X i j

∂F
∂Xi j − ∂ f

∂D i j
∂F

∂Xi j

. (4.14)

This consistency condition describes the state of stress as follows: the
state of stress satisfies the actual yield condition for f = 0 and the se-
cond condition ( ḟ = 0) describes an increase of the yield stress due to
an increase of the state of stress. A decrease in the state of stress (elastic
unloading) is identified by conditions: f < 0 or ḟ < 0. During elastic un-
loading, the internal variables are kept constant (ε̇pi j = ṙ = α̇i j = Ḋ = 0).

The evolution law for isotropic hardening is obtained by deriving the
dissipation potential with respect to the isotropic hardening variable (R̄)
presented as,

ṙ = −λ̇ ∂F
∂R̄
= λ̇. (4.15)

Using the definition of accumulated plastic strain rate (ṗ = √ 2
3 ε̇

p
i j ε̇

p
i j)

obtained from the von Mises criterion, it can be shown that: λ̇ =
ṗ (1 − D). It can be seen that the isotropic hardening is equal to the accu-
mulated plastic strain if the damage equals zero. The evolution law in
terms of the associated isotropic hardening variable R̄ can be obtained
from the state law of Eq. (4.2) as follows,

˙̄R = R∞b exp (−br) ṙ = b (R∞ − R̄) λ̇. (4.16)
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The next evolution law is identified for kinematic hardening (α̇i j),
the derivation of the dissipation potential is presented as:

α̇i j = −λ̇ ∂F
∂Xi j

= ⎛⎝
∂ (σi j − Xi j)eq

∂Xi j
+ 3τ

2Cy
Xi j
⎞⎠ λ̇

α̇i j = ε̇pi j (1 − D) − 3τ
2Cy

Xi j λ̇
(4.17)

Using the relation obtained from the state law (Eq. (4.2)) and Eq. (4.17),
the evolution of the back stress (Xi j) is given as,

Ẋi j = 2
3
Cy α̇i j = 2

3
Cy ε̇pi j (1 − D) − τXi j λ̇. (4.18)

The last dissipation process is related to damage evolution. The da-
mage evolution function proposed by Lemaitre is based on the following
damage properties:

• Damage is always related to some irreversible strain. This pro-
perty is included in the damage function through the plastic mul-
tiplier λ̇ which is proportional to the accumulated plastic strain
(λ̇ = ṗ (1 − D)) and is written as follows,

Ḋ ∝ ṗ (1 − D) (4.19)

The variable ṗ, which governs the damage evolution, also gives the
irreversible nature of the damage, as ṗ is always positive or zero.

• As the accumulated plastic strain increases from zero, the damage
remains equal to zero during the nucleation of microcracks. This
corresponds to the accumulation of micro-stresses, or dislocati-
ons in metals, generating microcracks. The period of microcrack
nucleation is taken into account by introducing a threshold on the
variable p,

Ḋ > 0 if p > pD (4.20)

• An evolution potential is required from which the evolution of
state variable is described. The evolution of the state variable da-
mage is derived from the evolution potential (FD) with respect to
its associated variable. The associated variable for damage is the
energy density release rate (Y) written as,

Ḋ = λ̇∂FD
∂Y

(4.21)
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As the state variable damage is associated to the energy density
release rate, it is obvious that the damage evolution potential (FD)
must be a function of the energy density release rate (FD (Y)). The
chosen potential is a nonlinear function of Y written as,

FD = S(s + 1) (1 − D) (YS )
s+1

(4.22)

which results,

Ḋ = λ̇∂FD
∂Y
= (Y

S
)s λ̇

1 − D = (YS )
s
ṗ (4.23)

It is experimentally observed that fatigue damage starts when a cer-
tain value of accumulated plastic strain (pD) is reached [96, 59, 1]. This
threshold parameter depends on the material as well as the loading confi-
guration. The threshold definition is related to the amount of energy nee-
ded for incubation of defects (known as stored energy threshold (wD)).
The damage initiates when the stored energy reaches a threshold value.
The stored energy is described as [1],

ws = ∫ t

0
(R̄ (r) A

m
r 1−m

m ṙ + Xi jα̇i j) dt (4.24)

with A and m are material parameters. As isotropic hardening saturates
at the value of R̄ = R∞ for a large value of p and p = r if there is no
damage, the stored energy is written as,

ws ≈ AR∞p1/m + 3
4Cy

Xi jXi j. (4.25)

In monotonic loading, the contribution of kinematic hardening can
be considered as an additional isotropic hardening on the stored energy.
And before damage occurs, the accumulated plastic strain (p) is equal
to the plastic strain (εp). Thus, the threshold pD is set to be equal to the
plastic strain threshold (εpD) which is commonly defined as the plastic
strain attained at the ultimate stress (σu) of a material.

4.2 Fatigue damage implementation
This section describes the implementation of the general state and the
evolution laws, which are derived in Section 4.1, on the fatigue damage
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of metals. Due to a specific mechanism involved in fatigue damage, a
complementary formulation is added to best fit the physical phenomena.

In high cycle fatigue, the applied loading is mostly below the yield
stress of the material where a very small amount of or no plasticity is
expected on a macroscale. However, at a limited number of material
crystalline grains, microplasticity occurs in the form of accumulated slip
bands particularly on the surface of the material. The damage theory
described in Section 4.1, therefore, becomes irrelevant as it only concerns
with plasticity at macroscale.

As concluded in Section 2.5, Lemaitre’s two scale fatigue damage mo-
del is selected as the prediction model for the crack initiation. The mo-
del phenomenologically accounts for the main mechanism involved du-
ring a crack initiation, i.e. microplasticity which leads to a damage de-
velopment, in a scale smaller than the RVE scale. The two scale model
describes a body which consists of a mesoscale element volume of RVE
where the classical scale of continuum mechanics is considered. Inside
the RVE, it is postulated that a microscopic volume element, where mi-
croplasticity and damage are developed, is included. Thus, inside the
microscopic volume element, the elastic-plastic and the damage formu-
lations are allowed. The state variables in microscale are related to those
in macroscale using a homogenization procedure (or a scale transition
law). In the two scale model, the elastic and plastic behaviors of the RVE
as well as the microscopic volume element are governed by the state and
the evolution laws described in Section 4.1 except for the damage varia-
ble which only occurs inside the microscopic volume element.

The scale transition which relates the state variables in the two scales
is governed by the Eshelby-Kröner localization law written as [75, 76, 97],

εµi j = 1
1 − bD [εi j + (a − b)D3 (1 − aD) tr (εi j) Ī + b (1 − D) εµpi j − εpi j] (4.26)

where tr (.) is a tensor trace (e.g. tr (ci j) = c11 + c22 + c33) and Ī is a unit
tensor. The parameters a and b are called the Eshelby parameters which
for a spherical inclusion (the microscopic volume element) are written
as [75],

a = 1 + υ
3 (1 − υ) , b = 2

15
4 − 5υ
1 − υ . (4.27)
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The elastic behavior at microscale is governed by the elastic law
which -described previously in Section 4.1- is written as follows,

εµei j = 1 + υ
E

σ µ
i j

1 − D − υ
E

σ µ
kk

1 − D δi j (4.28)

the superscript µ identifies the state variables at microscale.
The plastic yield criterion which defines the onset of the microplas-

ticity is written as follows [1],

f µ = ⎛⎝
σ µ
i j

1 − D − Xµ
i j
⎞⎠
eq

− σ∞f . (4.29)

As a simplification, only linear kinematic hardening is considered. In
microscale, the yield stress is replaced with the asymptotic fatigue limit
(σ∞f ) of the material. Thus, microplasticity and damage can only be ex-
pected when the criterion is satisfied.

The evolution law for the microplastic strains as well as kinematic
hardening are described as follows [1]:

ε̇µpi j = 3
2

σ̃ µD
i j − Xµ

i j(σ̃ µ − Xµ)eq ṗµ
Ẋµ

i j = 2
3
Cy (1 − D) ε̇µpi j .

(4.30)

where σ̃ µ = σ µ/ (1 − D). The kinematic hardening modulus (Cy) is me-
asured at mesocale.

The damage evolution law is again a function of the micro-stress,
micro-energy release rate and micro-accumulated plastic strain written
as [1],

Ḋµ = (Y µ

S
)s ṗµ if pµ > pµD (4.31)

with

Y µ = 1 + υ
2E
[⟨σ µ⟩+ ⟨σ µ⟩+(1 − D)2 + h ⟨σ µ⟩− ⟨σ µ⟩−(1 − hD)2 ]− υ

2E

⎡⎢⎢⎢⎢⎣
⟨σ µ

kk⟩2(1 − D)2 + h ⟨−σ
µ
kk⟩2(1 − hD)2

⎤⎥⎥⎥⎥⎦ .

(4.32)
The damage evolution starts when the amount of plasticity exceeds a

certain threshold (pD) which is related to the stored energy as described
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in Eq. (4.24). By considering the fatigue limit as reference to the satura-
ted isotropic hardening (R∞ ≈ σu − σ∞f ), the stored energy threshold is
written as [1],

wD =
εpD∫

0

(σu − σ∞f ) Am (εp) 1−m
m dεp = A(σu − σ∞f ) (εp) 1

m . (4.33)

In cyclic loading, an approximation of perfect plasticity at the maxi-
mum stress (σmax) in tension and at the minimum stress (σmin) in com-
pression is considered so that the stored energy threshold can be written
as [1],

wD = 1
2

pD

∫
0

(σmax − σ∞f ) Am p 1−m
m dp + pD

∫
0

(∣σmin∣ − σ∞f ) Am p 1−m
m dp

= A(σmax + ∣σmin∣
2

− σ∞f ) p 1
m
D .

(4.34)

By combining of Eq. (4.33) and Eq. (4.34), the plastic accumulation thres-
hold (pD) can be written as a load-dependent function of the stress range
(∆σ µ) as follows,

pµD = εpD ⎛⎜⎝
σu − σ∞f(∆σ µ)eq
2 − σ∞f

⎞⎟⎠
m

(4.35)

In case of three-dimensional cyclic loading, the equivalent stress range
is defined as: (∆σ µ)eq = σeq max + σeq min.

After the accumulated plastic strain exceeds the threshold, the da-
mage will start to grow following its evolution law. The crack initiation
is defined when the damage accumulation reaches a critical damage va-
lue of Dc. The critical damage value is a material-dependent parameter
and is obtained from experiments. The identification procedure is pre-
sented in Section 4.3.

4.3 Identification of material parameters
Lemaitre two scale model requires several sets of material-dependent pa-
rameters. The first set is related to the damage evolution function which
governs the accumulation of damage during loading. The parameters
are as follows: the modulus of elasticity (E), the Poisson’s ratio (ε), the
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damage strength (S) and the damage exponent (s). The second set cor-
responds to the damage threshold which defines the onset of the damage
evolution. The following parameters are required: the plastic strain da-
mage threshold (εpD), the asymptotic fatigue limit (σ∞f ), the true ultimate
tensile strength (σu) and the damage threshold exponent (m). The next
parameter is the quasi-unilateral parameter (h) which describes the dif-
ferent damage effect between tension and compression stress. Finally,
the condition for a crack initiation requires a value of the critical damage
variable (Dc). An additional parameter which describes the kinematic
hardening of the material (Cy) is also identified in this section.

These parameters are determined using the data obtained from the
tensile and low cycle fatigue tests. A simple procedure called ’fast iden-
tification method’ was proposed by Lemaitre [1] to acquire the material
parameters by relating the usual properties resulted from tensile and low
cycle fatigue tests to a simplified damage law.

The tensile tests give the modulus of elasticity and the true ultimate
tensile strength which are presented in Section 3.1.2 and 3.1.4. For the
Poisson’s ratio, a generally accepted value of υ = 0.33 for aluminum alloys
is used. The quasi-unilateral parameter is commonly chosen to be h =
0.2 [59].

The asymptotic fatigue strength for aluminum alloy AA5083-H111 is
obtained from the S-N curve presented in Figure 3.7. Fitted into Eq. (2.1)
for R = −1, it gives the fatigue strength coefficient of S′f = 375.95 and the
fatigue strength exponent of b = −0.139. The asymptotic fatigue strength
is assumed to be the fatigue strength at the number of cycles equal to
N = 108 [36] which gives the value of σ f n = 29.17 MPa. As the fatigue
test data is obtained using notch specimens, the fatigue notch factor has
to be considered. The notch sensitivity q which relates the fatigue notch
factor (K f ) and the stress concentration factor (Kt) is written as [98],

q = K f − 1
Kt − 1

. (4.36)

The notch sensitivity q depends on the notch radius and the material. For
aluminum alloys, the value is approximately equal to q = 0.89 [99]. The
stress concentration factor of the specimen is equal to Kt = 2.14 which
gives the fatigue notch factor of K f = 2.01. Therefore, the asymptotic
fatigue strength is calculated as: σ∞f = K f σ f n = 58.76 MPa.

The critical damage variable is determined by measuring the re-
duction of the modulus elasticity during a tensile test with unloading
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and reloading of the specimen. The modulus of elasticity is specifically
identified during the unloading portion of the stress-strain curve. The
test procedures and specimens are identical to those in Section 3.1 except
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Figure 4.1: Determination of the critical damage through measurement of the modulus
of elasticity during repetitive unloading of the strain-stress curve
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Figure 4.2: Damage evolution during tensile test with unloading and reloading

for the displacement measurement where only a single LVDT is used.
The corresponding stress-strain curve of the specimen is shown in Fi-
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gure 4.1. The damage evolution during unloading and reloading is cal-
culated using Eq. (2.6) and is shown in Figure 4.2. The critical damage
is defined as the damage value at fracture of the specimen. The obtained
critical damage variable is equal to Dc = 0.227.

0 0.03 0.06 0.09 0.12 0.15 0.18
0

70

140

210

280

350

ε[-]

σ[
M

Pa
]

εpu

Figure 4.3: Definition of plastic strain at the ultimate tensile strength
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Figure 4.4: Reduction of the elasticity modulus corresponding to the damage initiation

According to the ’fast identification method’, the parameter εpD is
commonly obtained from the tensile test where it is assumed that the
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damage begins to accumulate when the plastic strain reaches the value
corresponding to the ultimate tensile strength (shown in Figure 4.3). Ho-
wever, according to the experimental results, damage initiates at a plas-
tic strain value much smaller than that suggested in the method. A re-
duction of the elasticity modulus during unloading of the strain-stress
curve is found at a value of plastic strain equals to εp = 0.002 or even
lower, as shown in Figure 4.4. In this thesis, the plastic strain threshold
is set to be equal to εpD = 0.002.

The kinematic hardening parameters can be obtained by relating the
yield stress and the ultimate tensile strength expressed as,

Cy = σu − σy
εpu

= 351 − 129
0.179

= 1240 MPa (4.37)

The remaining parameters can be obtained using a simplified da-
mage law and the results of low cycle fatigue tests as described in [1].
However, in order to use this method, an assumption regarding the ini-
tiation of damage under monotonic loading has to be made, i.e. damage
starts to grow at a value of plastic strain corresponding to the ultimate
tensile strength (εpu). This assumption cannot be applied to the alloy used
in this thesis due to an earlier damage initiation at a much lower plastic
strain as apparent in Figure 4.2. Thus, the parameter s and S are obtai-
ned by a trial and error procedure such that the simulation result fits the
experimental data (Figure 3.9) for stress ratio R = −1.

4.4 Numerical implementation
High cycle fatigue features a very localized damage development, a da-
maged material occupies a volume which is much smaller than the ma-
croscale of the structural component or even the scale of the RVE. A
locally coupled numerical scheme was proposed by Lemaitre [1, 100]
to solve the constitutive equations of the two scale model described in
Section 4.2. The procedure is shown schematically in Figure 4.5.

The numerical procedures begin with determination of the stress and
strain at mesoscale which are calculated from a elastoplastic finite ele-
ment computation (reference computation). At this stage, initial condi-
tions such as, damage or strain hardening can be included. The obtained
stress and strain at mesoscale are the inputs for the Euler implicit scheme
to obtain variables at microscale using time integration of the correspon-
ding constitutive equations together with the localization law.
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Figure 4.5: Locally-coupled approach to structural fatigue damage analysis

The reference computation from the FE analysis gives the history of
stresses, strains, and plastic strains on the mesoscale as discrete values
at every instant t = 0, ..., tn , tn+1, .... The numerical resolutions to obtain
the microscale variables at these instants are performed by the following
two steps procedure [1, 100]:

• Local elastic prediction
It assumes an elastic behavior with constant plastic strain εµpn+1 =
εµpn , constant kinematic hardening Xµ

n+1 = Xµ
n and constant da-

mage Dn+1 = Dn which can give the first estimation of the strains,
elastic strains and effective stresses on microscale at time tn+1:

εµ = 1
1 − bDn

[εn+1 + (a − b)Dn

3 (1 − aDn) tr (εn+1) Ī + b (1 − Dn) εµpn+1 − εpn+1]
εµe = εµ − εµpn
σ̃ µ = E ∶ εµe

(4.38)

where E is the Hooke’s tensor.
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• Local plastic correction
The previous step provides the estimate of the effective stress σ̃ µ

n+1
at time tn+1, with constant kinematic hardening Xµ

n+1 = Xµ
n which

allows the calculation of the yield criterion. If the criterion f µn+1 ≤ 0
is fulfilled, the procedure is completed and the followings are set:
εµpn+1 = εµpn , Xµ

n+1 = Xµ
n and Dn+1 = Dn. Otherwise, the elastic solu-

tion is corrected by ensuring the consistency condition of f µn+1 = 0.
The set of microplasticity coupled with damage equations which
are discretized by the Euler implicit scheme (ġ = gn+1 − gn = ∆g)
is given as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εµn+1 = εµen+1 + εµpn+1

εµen+1 = 1+υ
E σ̃ µ

n+1 − υ
E tr (σ̃ µ

n+1) Ī
∆εµp = 3

2
σ̃ µ
n+1−X µ

n+1(σ̃ µ
n+1−X µ

n+1)eq ∆pµ

∆Xµ = 2
3 ∆εµp (1 − Dn)

∆D = (Y µ
n+1

Sn+1
)s ∆pµ

(4.39)

The discretized set of constitutive equations together with the scale
transition law can be rewritten as:⎧⎪⎪⎨⎪⎪⎩

∆εµe + 1−b
1−bD∆εµe − 1

1−bD∆ε + b
1−bD∆εp − (a−b)Dn(1−bD)(1−aD) tr (∆ε)∆εĪ = 0

f µn+1 = (σ̃ µ
n+1 − Xµ

n+1)eq − σ∞f n+1 = 0
(4.40)

By re-writing these equations in the form of two residuals Rp and
Rs functions with the unknown accumulated plastic strain and the
unknown variable sµ = σ̃ µ

n+1 − Xµ
n+1, an explicit closed-form so-

lution can be obtained instead of resolution through the Newton
iterative method. The residual functions are expressed as follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Rs = sµn+1

E + Γ′ sµDn+1(sµn+1)eq ∆pµ +Qs = 0

Rp = (sµn+1)eq − σ∞f = 0
(4.41)

where,

Qs = Xµ
n

E
− σ̃ µ

n

E
− 1

1 − bD [EE ∶ ∆ε + K (a − b)Dn

1 − aDn
tr (∆ε) Ī − 2Gb∆εp

E
]

Γ′ = 1
E
(3G 1 − b

1 − bDn
+ Cy (1 − Dn))

(4.42)
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with G = E/2 (1 + υ) and K = E/3 (1 − 2υ). The exact solution of
Eq. (4.40) can be written as:

sµHn+1 = −EQsH

∆pµ = 1
Γ′ (Qs eq − σ∞f

E
)

sµDn+1 = − EQD
s

1 + (Γ′E/σ∞f )∆pµ

(4.43)

where Qs eq is the von Mises equivalent of tensor Qs with its de-
viatoric (QD

s ) and hydrostatic (QsH) parts. In the same way tensor
sµn+1 = sµDn+1 + sµHn+1 Ī.

Once the solutions for the local plastic correction are obtained, all the
variables at microscale are updated as follows:

• Normal: mµ = 3
2
sµDn+1
σ∞f

• Plastic strain: εµpn+1 = εµpn +mµ∆pµ

• Kinematic hardening: Xµ
n+1 = 2

3Cy (1 − Dn) εµpn+1

• Effective stress: σ̃ µ
n+1 = sµn+1 + Xµ

n+1

• Elastic strain: εµen+1 = E−1 ∶ σ̃ µ
n+1

• Damage: Dn+1 = Dn + (Y µ
n+1
S )s ∆pµ if p > pD with

Y µ
n+1 =1 + υ

2E

⎡⎢⎢⎢⎢⎣
⟨σ̃ µ

n+1⟩+ ∶ ⟨σ̃ µ
n+1⟩+(1 − Dn+1)2 + h ⟨σ̃ µ

n+1⟩− ∶ ⟨σ̃ µ
n+1⟩−(1 − hDn+1)2

⎤⎥⎥⎥⎥⎦
− υ

2E

⎡⎢⎢⎢⎢⎣
⟨tr (σ̃ µ

n+1)⟩2(1 − Dn+1)2 + h
⟨−tr (σ̃ µ

n+1)⟩2(1 − hDn+1)2
⎤⎥⎥⎥⎥⎦

• Stress tensor: σ µ
n+1 = (1 − Dn+1) σ̃ µ

n+1

The calculation can be continued to obtain variables at time tn+2. The
procedure is repeated until the damage reaches the critical value Dc
which defines the macroscale crack initiation.
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4.5 Jump in cycles procedure
In high cycle fatigue, time integration in the cycle by cycle (CBC) simu-
lation up to crack initiation becomes computationally expensive due to
the enormous number of cycles required. A simplified method is pro-
posed to obtain an estimation of the solution in a period or ’jump’ of
cycles (∆N). The time integration is performed over one cycle between
the blocks. The procedures are described as follows,

• Before any fatigue damage (pµ < pD). The time integration is con-
ducted over a cycle. The accumulated plastic strain increment over
this cycle is equal to δpµ

δN . It is assumed that during the next ∆N cy-
cles, pµ remains linear versus the number of cycles N . The number
of cycles to be advanced is written as,

∆N = ∆pµ

δpµ
δN

(4.44)

where ∆pµ is a given value which determines the accuracy of the
procedure. The value of ∆pµ = pD/50 appears to be a good com-
promise between the accuracy and the computational cost [1]. The
accumulated plastic strain is updated as,

pµ (N + ∆N) = pµ (N) + ∆pµ (4.45)

The procedure is repeated until fatigue damage occurs, i.e. pµ =
pD.

• After fatigue damage occurs (pµ > pD). The time integration is
continued with constant damage until a full cycle is completed.
The time integration is performed again to obtain the new accu-
mulated plastic strain increment ( δp

µ

δN ) and the fatigue damage in-
crement ( δD

δN ) in this cycle. It is assumed again that during the next
∆N cycles, pµ and D remain linear versus N and the number of
cycles can be advanced as,

∆N = min
⎧⎪⎪⎨⎪⎪⎩

∆pµ

δpµ
δN

, ∆Dµ

δD
δN

⎫⎪⎪⎬⎪⎪⎭ (4.46)
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where ∆Dµ is a given value which determines the accuracy. The
value of ∆Dµ = Dc/50 appears to be a good compromise bet-
ween accuracy and computational cost [1]. The increment ∆pµ =( S
Y µ
max
)s ∆Dµ with Y µ

max as the maximum value of Y µ in the cycle.
The accumulated plastic strain and the damage are finally updated
as,

pµ (N + ∆N) = pµ (N) + δpµ
δN

∆N (4.47)

D (N + ∆N) = D (N) + δD
δN

∆N (4.48)

The procedure is repeated until the damage reaches the critical va-
lue (Dc).

4.6 A single element example
A single element example of the implementation of the two scale mo-
del is performed to simulate fatigue crack initiation. A four node three
dimensional element (1 mm3) with eight integration points is used. The
boundary conditions applied on the element are shown in Figure 4.6.
The element is loaded with a cyclic displacement with a ratio of R =
uz,min/uz,max = −1 and a displacement range between uz,max = 0.002 mm
and uz,min = −0.002 mm.

y

x
uz

Figure 4.6: Single element model boundary conditions

The numerical implementation of the damage model is performed
in the commercial finite element code Abaqus through its user material
subroutine UMAT. The microscale material behavior, the damage accu-
mulation, the numerical strategy as well as the jump in cycle procedure
are described in this subroutine.
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Table 4.2: Mechanical properties of aluminum alloy AA2024-T3 [1]

σy[MPa] σu[MPa] E[MPa] σ∞f [MPa] υ[-]

300 500 72000 125 0.33

As one of the most common aluminum alloys, AA2024-T3 is selected
in this example. The mechanical and material parameters required for
the two scale model are taken from literature and are provided in Ta-
ble 4.2 and Table 4.3, respectively.

Table 4.3: Material parameters of the two scale damage model for AA2024-T3 [1]

εpD[-] m[-] S[MPa] s[-] h[-] Dc[-]

0.03 1 1.7 1 0.2 0.23

The prediction result of the damage accumulation versus the num-
ber of cycles is presented in Figure 4.7. It can be seen that the damage
initiates at a certain number of cycles corresponding to the accumulated
plastic strain threshold (pD) which represents the required energy for
incubation of defects as described in Section 4.1.
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(a) Damage
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µ [−]
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(b) Accumulated plastic strain

Figure 4.7: Internal variables evolution of the aluminum alloy AA2024-T3
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Figure 4.8 shows the material stress behavior obtained from the si-
mulation. The degradation of the material strength due to the accumula-
tion of damage is identified by the reduction of the micro stress (σ µ

33). It is
also apparent that the tension stress is more affected by the damage accu-
mulation than the compression stress due to the implementation of the
quasi-unilateral condition through the microdefects closure parameter
(h).
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Figure 4.8: Variables evolution of the aluminum alloy AA2024-T3
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Figure 4.9: Damage behavior sensitivity to the model damage parameters
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The material damage parameters, i.e. the damage exponent (s) and
the damage strength (S), directly control the damage behavior of a si-
mulation. Figure 4.9 shows the behavior of the damage with respect to
variation of the damage parameters s and S. The effect of the parameters
on the damage increment are proportional: a larger value of the parame-
ters leads to a larger crack initiation life and vice versa.

4.7 Discussion and conclusions
The Lemaitre’s two scale model is formulated according to the frame-
work of thermodynamics. The model includes microplasticity in des-
cribing the fatigue damage up to crack initiation. The state variables at
microscale are related to the state variables at macroscale through a lo-
calization law. A microplasticity based damage model is derived to des-
cribe the damage accumulation due to the plastic strain development at
microscale. It phenomenologically describes the following physical ob-
servation: high cycle fatigue damage initiates at a localized persistent slip
band which mainly begins with dislocations arrest. Fatigue damage only
initiates after a certain amount of slip band formations which is repre-
sented in the model through definition of the accumulated plastic strain
threshold.

The two scale model is able to describe a reduced damage develop-
ment during the compression part of the stress cycle. This simulates the
closure of microcracks which leads to partial or fully recovery of the stif-
fness during compression.

The method on how to determine the material parameters which in-
volves two standard mechanical tests, i.e. tensile tests, low cycle fatigue
tests and high cycle fatigue tests, cannot be applied to the alloy used in
this thesis due to the required assumption that the damage starts to grow
at a value of plastic strain corresponding to the ultimate tensile strength.

The most important parameters which control the behavior of the
damage accumulation are the damage strength (S) and the damage ex-
ponent s. Increasing the value of either of these parameters results in a
larger number of cycles to crack initiation.

99





Chapter 5

Fatigue crack propagation
model

The crack propagation in ductile metal mainly occurs through
a mechanism of plastic blunting and sharpening of the crack-
tip [24, 101]. In this stage, the fatigue life strongly depends on

the bulk properties of the material in contrast to the surface dependency
of crack initiation. In engineering practice, crack growth is often descri-
bed by linear elastic fracture mechanics where the fracture energy is the
criterion for crack extension. The prediction models based on fracture
mechanics focus on the energy release rate (G) to characterize the crack
growth behavior during loading of the material, i.e. the energy dissipa-
ted during opening of a new crack surface. However, this parameter is
only valid when the size of the plasticity around the crack tip is consi-
derably small, which may not be true in a certain loading configuration
such as a stress history containing overloads.

An alternative method to model fatigue crack propagation by means
of a finite element simulation is described in this chapter. The method
uses a cohesive zone model (CZM), firstly introduced by Dugdale [77]
and Barenblatt [78], and regards fracture as a gradual phenomenon
in which separation takes place between two adjacent virtual surfaces
across an extended crack tip (cohesive zone). Separation is resisted by
the presence of cohesive forces. A damage mechanism is included in
the cohesive zone model to describe the fatigue damage at the crack tip.
Damage accumulation due to loading deteriorates the cohesive element
stiffness and strength. Crack extension is defined by fully diminished
cohesive strength.

This chapter begins with a formulation procedure of the cohesive
zone model which includes the description of the theory and basic con-
cepts of the traction-separation laws, unloading and reloading beha-
vior as well as incorporation of the damage mechanism. The following
section describes the basic finite implementation procedures of the cohe-
sive zone model which includes the element technology, the description
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of the fundamental stiffness and force matrices and the corresponding
algorithms. The chapter continues with the description of damage for-
mulations. A number of damage formulations are presented and sub-
sequently modified to obtain the most adequate damage function. Im-
plementation examples of the damage formulations are also included.
The section is followed by a brief discussion on the cohesive and damage
parameters required for the modified model. The chapter is completed
with a short section that consists of discussion and conclusions.

5.1 Formulation
Ahead of the crack tip (in the potential crack path), a pair of virtual sur-
faces is assumed which can be subjected, upon loading, to a separation
force (cohesive traction). In the frame of principle of virtual work, con-
sidering the effect of the cohesive tractions (as shown in Figure 5.1), the
mechanical equilibrium is written as [102],

∫
V
σ ∶ δεdV − ∫

S int
T̄CZ ⋅ δ∆dS = ∫

Sex t
T̄e ⋅ δūdS (5.1)

where V is the specimens volume, Sint is the internal cohesive sur-
face and Sext is the external surface, σ is the Cauchy stress tensor, ε is
the strain tensor, ū is the displacement vector, T̄CZ denotes the cohe-
sive traction vector, T̄e is the external traction vector and ∆ is a vector

Te

Sex tS int
crack

Tcz

Vū

Figure 5.1: Schematic representation of mechanical equilibrium using CZM

representing the separation displacement across the two adjacent cohe-
sive surfaces. The cohesive tractions consist of normal and tangential
components: T̄CZ = Tnn̄ + Tt t̄. Symbols n̄ and t̄ denote the unit vectors
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normal and tangent to the cohesive surface, respectively. The separation
displacement vector, ∆ = ∆nn̄+∆t t̄, is calculated from the displacements
of the opposing cohesive surfaces, where ∆n and ∆t are the normal and
tangential separation displacements, respectively.

The cohesive zone law defines the relationship between the sepa-
rations and the corresponding tractions inside the cohesive zone. In
agreement with thermodynamics laws, the dependency of tractions
to separations is derived from a potential function (ϕ (∆)). The po-
tential function represents the free energy density function per unit
undeformed area and is also equal to the area under the traction-
separation function. The traction vector is derived from a defined po-
tential function as follows,

T̄CZ = ∂ϕ (∆)
∂∆

. (5.2)

The choice of the potential function defines the traction behavior in
the cohesive zone. There are several variations of cohesive traction-
separation laws that have been developed by researchers over the years:
the polynomial law [102], the trapezoidal law [103], the bilinear law [104]
and the exponential law [105, 106]. These laws are schematically presen-
ted in Figure 5.2. It can be seen that all of the laws exhibit a similar be-
havior: an increase of traction due to a gradual separation up to a max-
imum value and afterward a decrease of traction until a critical value
which represents fully separated surfaces.

The exponential traction-separation law proposed by Needle-
man [107] is commonly applied to ductile metals. The specific form of
the potential function which allows for tangential as well as normal de-
cohesion is expressed as follows,

ϕ = ϕn+ϕn exp(−∆n

δn
){[1 − r + ∆n

δn
] 1 − q
r − 1

− [q + ( r − q
r − 1
) ∆n

δn
] exp(−∆2

t
δ2
t
)}

(5.3)
with q = ϕt/ϕn and r = ∆∗n/δn, ∆∗n is the value of ∆n when a complete
shear separation occurs without resulting in normal tension (Tn = 0).
The parameters ϕn and ϕt represent the amount of work required for
a complete separation in normal and tangential directions, respectively.
The parameters δn and δt are the characteristic lengths, in such a way
that Tn (δn) = σmax ,0 and Tt (δt/√2) = τmax ,0. The parameters σmax ,0
and τmax ,0 are the maximum values of traction in normal and tangential
direction, respectively. The coupling between normal and tangential tra-
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(b) Bilinear law
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(c) Polynomial law
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(d) Trapezoidal law

Figure 5.2: Variation of the traction-separation law

ction is governed by parameters q and r, an uncoupled condition
is achieved by setting q = 1 and r = 0 and assuming that Tn =
Tn (∆n , ∆t = 0) and Tt = Tt (∆n = 0, ∆t). The uncoupled normal and
tangential works are expressed as follows,

ϕn = eσmax ,0δn , ϕt =√ e
2
τmax ,0δt (5.4)

where e = exp (1).
By assuming that the maximum normal traction is equal to maxi-

mum tangential traction (σmax ,0 = τmax ,0 which leads to q =√1/2e) and
setting r = 0, the expression for the normal and tangential tractions de-
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rived from the potential function of Eq. (5.3) are expressed as follows,

Tn =σmax ,0e exp(−∆n

δ0
){∆n

δ0
exp(−∆2

t
δ2

0
) + (1 − q) ∆n

δ0
[1 − exp(−∆2

t
δ2

0
)]}

Tt =2σmax ,0eq
∆t

δ0
(1 + ∆n

δ0
) exp(−∆n

δ0
) exp(−∆2

t
δ2

0
)

(5.5)

The traction-separation functions in normal and tangential direction are
presented in Figure 5.3. The traction in normal direction reaches the
maximum value when the separation equals δ0 and decreases to approx-
imately zero when the separation equals to δsep = 8δ0. As for the tangen-
tial direction, the traction peak is reached at ∆t = √2

2 δ0 and the traction
is fully diminished at ∆t = 3δ0.
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(b) Tangential traction

Figure 5.3: Traction-separation functions

Direct implementation of the cohesive zone model in describing cy-
clic loading, which mostly occurs at a very small separation (∆ << δsep),
according to the cohesive law (Eq. (5.5)) leads to an infinite fatigue
life despite of any type of unloading/reloading assumption. In order
to simulate fatigue crack growth, irreversible behavior due to unloa-
ding/reloading has to be considered. A damage mechanism is introdu-
ced into the cohesive zone representing the material deterioration at the
crack tip due to cyclic loading. As damage irreversibly accumulates in
each cycle, the load-bearing capacity of the material degrades gradually.
The material degradation at the crack tip is represented in the process
zone through deteriorated cohesive strength and stiffness.
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A damage variable is introduced to quantitatively describe the cur-
rent amount of material degradation. The damage variable ranges from
zero to one, where a value of zero represents the fully undamaged mate-
rial and a value of one represents complete failure of the material. The da-
mage accumulation is calculated through an evolution mechanism and
the cohesive zone constitutive equations are updated with the current da-
mage. The dependency of the cohesive traction on the current damage is
formulated using the effective stress concept described in Section 2.2.2.
The effective cohesive zone traction is defined as follows [80],

T̃CZ = T̄CZ

1 − D (5.6)

The damage accumulation is incorporated in the traction-separation law
by replacing the initial cohesive strength (σmax ,0) by the current cohesive
strength (σmax) as: σmax = σmax ,0 (1 − D).

In addition to the description of the damage effect on the traction-
separation behavior, a definition of the cohesive zone behavior during
unloading and reloading is required. In this thesis, the behavior during
unloading is chosen to occur linearly to the origin of the traction separa-
tion space as schematically shown in Figure 5.4 for the normal direction.
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Figure 5.4: Schematic representation of the process of damage accumulation during cyclic
loading

The unloading/reloading functions for normal and tangential tractions, re-
spectively, are given as follows,

Tn = Tn,max + (Tn,max

∆n,max
)(∆n − ∆n,max)

Tt = Tt,max +√2e (σmax

δ0
) (∆t − ∆t,max)

(5.7)

where ∆n,max is the maximum value of normal separation before unloading
and Tn,max is the corresponding normal traction with σmax ,0 replaced by σmax .
A similar definition is also applied to the tangential direction.

During unloading part of the normal traction-separation law for failed
cohesive elements (D = 1), the unloading path may reach separation ∆n ≤ 0
at Tn < 0 which describes the cohesive zone behavior under compression.
In order to prevent overlap of the adjacent solid elements, a contact condi-
tion is defined. The formulation is performed based on Eq. (5.5) expressed as
follows [79],

Tn,contact = α̃σmax ,0e exp(−∆n

δ0
) ∆n

δ0
, Tt = 0 (5.8)

with value of the stiffness penalty factor α̃ = 10.
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Figure 5.4: Schematic representation of the process of damage accumulation during
cyclic loading

The unloading/reloading functions for normal and tangential tractions,
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respectively, are given as follows,

Tn = Tn,max + (Tn,max

∆n,max
)(∆n − ∆n,max)

Tt = Tt,max +√2e (σmax

δ0
) (∆t − ∆t,max)

(5.7)

where ∆n,max is the maximum value of normal separation before unloa-
ding and Tn,max is the corresponding normal traction with σmax ,0 repla-
ced by σmax . A similar definition is applied to the tangential direction.

During unloading in the normal direction, the unloading path may
reach a separation ∆n ≤ 0 at Tn < 0, which describes the behavior under
compression. In order to prevent overlap of the adjacent bulk elements,
a contact condition is defined. The formulation is performed based on
Eq. (5.5) and expressed as follows [80],

Tn,contact = α̃σmax ,0e exp(−∆n

δ0
) ∆n

δ0
, Tt = 0 (5.8)

with the value of the stiffness penalty factor α̃ = 10.

5.2 Finite element implementation
The finite element implementation of the cohesive zone models perfor-
med in this thesis focuses on a two-dimensional geometry with quadra-
tic elements.

(a) Finite element mesh

continuum
element

continuum
element

(b) Initial state

continuum
element

continuum
element

cohesive
element

(c) Deformed shape

Figure 5.5: Two neighboring ordinary elements joined by a CZM element

In a finite element framework, a cohesive element can be regarded
as a ’spring’ with zero initial length positioned between two neighboring
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ordinary volume elements as shown in Figure 5.5. During loading, the
nodes are allowed to move relative to each other and at the same time
are subjected to tractions. At the initial state, the cohesive element has
zero width and the facing edges of the neighboring ordinary elements
occupy the same spatial position. In deformed condition, the cohesive
elements induce normal and tangential tractions between the neighbo-
ring ordinary elements.

A schematic representation of a quadratic element used in this thesis
is given in Figure 5.6, at undeformed state, the upper and lower surfaces
coincide. This cohesive element consists of 12 (2×6) degrees of freedom,
in the global coordinate system, the vector of the nodal displacements
(12 × 1) is given as,

u = (u1
x u1

y u2
x u2

y u3
x u3

y u4
x u4

y u5
x u5

y u6
x u6

y)T (5.9)

1 2 3

4 5 6

ip1 ip2 ip3 ξ

x

y

Figure 5.6: Quadratic cohesive element: x and y are the global coordinates, ξ is the
local coordinate, ip is the integration point

The opening of the interface element is defined as the difference in
displacement between the top and bottom nodes,

∆u = utop − ubot (5.10)

which leads to the following definition of the interface opening ∆u, in
terms of nodal displacements of paired nodes, written as,

∆u = Φu = [−I6x6 I6x6]u (5.11)

where I6x6 denotes a 6x6 unity matrix and ∆u is a 6x1 vector.
From the nodal positions, the cohesive element opening is interpo-

lated to the integration points with standard element shape functions.
The shape function is described as: Ni (ξ) for the node pair i (i = 1, 2, 3).
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The relative displacement between the nodes for each point within the
element is given as:

∆u (ξ) = (∆ux (ξ)
∆uy (ξ)) = H (ξ)∆u (5.12)

where H (ξ) is given as,

H (ξ) = (N1 (ξ) 0 N2 (ξ) 0 N3 (ξ) 0
0 N1 (ξ) 0 N2 (ξ) 0 N3 (ξ)) (5.13)

with N1 (ξ) = 1
2 (−ξ + ξ2), N2 (ξ) = 1

2 (ξ + ξ2) and N3 (ξ) = 1 − ξ2. The
relative displacement at integration points is

∆u (ξ) = H (ξ)∆u = H (ξ)Φu = B (ξ)u. (5.14)

At large deformations, a local coordinate system is required to com-
pute the local deformation in normal and tangential directions. In gene-
ral, this coordinate system is referenced by the middle points of the two
element faces. A reference coordinate (xR) is defined and calculated by
linear interpolation of the top and the bottom nodes in a deformed state,

xR = 1
2
[I6x6 I6x6] (x + u) (5.15)

with x is the coordinate of the initial configuration.
In order to obtain the local separation based on the global nodal dis-

placement, the global nodal displacement is transformed to the local no-
dal displacement by a rotational matrix (Θ),

∆uloc = ΘT∆u = [tt , tn]T∆u (5.16)

The components tt and tn represent the direction cosines of the local
coordinate system to that of the global where tt is perpendicular to tn
and is obtained by differentiating the global position vector with respect
to the local coordinates,

tt = 1
∣ ∂xR(ξ)∂ξ ∣ (

∂xR (ξ)
∂ξ

, ∂yR (ξ)
∂ξ

)T

tn = 1
∣ ∂xR(ξ)∂ξ ∣ (

−∂yR (ξ)
∂ξ

, ∂xR (ξ)
∂ξ

)T
(5.17)
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The derivatives are computed as follows,

∂xR
∂ξ
= ⎛⎝

∂xR(ξ)
∂ξ

∂yR(ξ)
∂ξ

⎞⎠ = ∂H (ξ)
∂ξ

xR = h (ξ) xR (5.18)

with,

h (ξ) = (N1,ξ (ξ) 0 N2,ξ (ξ) 0 N3,ξ (ξ) 0
0 N1,ξ (ξ) 0 N2,ξ (ξ) 0 N3,ξ (ξ))

(5.19)
with N1,ξ (ξ) = − 1

2 + ξ, N2,ξ (ξ) = 1
2 + ξ and N3,ξ (ξ) = −2ξ. The length of

the vector is given as follows,

∣∂xR (ξ)
∂ξ

∣ =
√
(∂xR

∂ξ
)2 + (∂yR

∂ξ
)2

(5.20)

Implementation of the cohesive zone model in a finite element envi-
ronment requires the definition of the cohesive element stiffness matrix
and the nodal force vector. The nodal force vector (12 × 1) is defined as,

f elcoh =W ∫ 1

−1
BTΘTCZ det Jdξ (5.21)

where W is the width of the interface element and det J is the Jacobian
defined by the transformation of the global coordinates (x , y) to the cur-
rent element coordinate (ξ) with an expression identical to the length of
the vector of Eq. (5.20). The vector TCZ represents the damage effected
cohesive traction.

The tangent stiffness matrix is obtained by differentiating the nodal
forces with respect to the displacements. In this thesis, to simplify the
problem, coupling between normal and tangential directions is ignored.
The matrix is written as follows,

Kel
coh =W ∫ 1

−1
BTΘDΘTBdet Jdξ (5.22)

where the stiffness matrix D is expressed as follows:

D = ∂TCZ

∂∆uloc
= [Dtt 0

0 Dnn
] = [ ∂Tt

∂∆t
0

0 ∂Tn
∂∆n

] (5.23)
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The components of the stiffness matrix upon loading are given as:

∂Tn

∂∆n
=σmaxe exp(−∆n

δ0
){( 1

δ0
− ∆n

δ2
0
) exp(−∆2

t
δ2

0
)

− (1 − q)(1 − exp(−∆2
t

δ2
0
))(∆n

δ2
0
− 1
δ0
)}

∂Tn

∂∆t
=σmaxe exp(−∆n

δ0
){−2 ∆n

δ0

∆t

δ2
0

exp(−∆2
t

δ2
0
)

+2 (1 − q) ∆t

δ2
0

∆n

δ0
exp(−∆2

t
δ2

0
)}

( ∂Tn

∂∆n
)
ur
=Tn,max

∆n,max

( ∂Tt

∂∆t
)
ur
=√2e σmax

δ0

( ∂Tn

∂∆n
)
ct
=α̃σmax ,0e

∆n + 1
δ0

exp(−∆n

δ0
)

(5.24)

where subscripts ur and ct correspond to unloding/reloading and con-
tact condition, respectively.

The implementation of the cohesive zone constitutive equations is
performed in the commercial finite element code Abaqus through its

Algorithm 1 General UEL description (Tn , Tt , Dtt , Dnn , D)
1: procedure Normal direction(n)
2: if (∆n)T+∆T > (∆n)T then ▷ loading
3: Tn = Tn (∆n , ∆t)
4: Dnn = ∂Tn

∂∆n
5: end if
6: if ((∆n)T+∆T < (∆n)T and (∆n)T+∆T < ∆n,max) or ▷ unloading
7: ((∆n)T+∆T > (∆n)T and (∆n)T+∆T < ∆n,max) then ▷ reload
8: Tn = Tn (Tn,max , ∆n,max , ∆n)
9: Dnn = ( ∂Tn

∂∆n
)
ur

10: if ∆n < 0 then ▷ contact
11: Tn = Tn (α̃, ∆n)
12: Dnn = ( ∂Tn

∂∆n
)
ct

13: end if
14: end if
15: end procedure
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16: procedure Tangential direction(t)
17: if (∆t)T+∆T > (∆t)T then ▷ loading
18: Tt = Tt (∆n , ∆t)
19: Dtt = ∂Tt

∂∆t
20: end if
21: if ((∆t)T+∆T < (∆t)T and (∆t)T+∆T < ∆t,max) or ▷ unloading
22: ((∆t)T+∆T > (∆t)T and (∆t)T+∆T < ∆t,max) then▷ reloading
23: Tt = Tt (Tt,max , ∆t,max , ∆t)
24: Dtt = ( ∂Tt

∂∆t
)
ur

25: if ∆n < 0 then ▷ contact
26: Tt = 0
27: Dtt = ( ∂Tt

∂∆t
)
ct

28: end if
29: end if
30: end procedure
31: procedure Damage mechanism(D)
32: if state variabl es > threshold and D < 1 then
33: ∆D = Ḋ (T̄CZ , ∆, D)
34: DT+∆T = DT + ∆D
35: end if
36: end procedure
37: return(Tn , Tt , Dtt , Dnn , D)

user subroutine UEL where all the formulations described previously
(Eq. (5.9) upto Eq. (5.24)) and the damage mechanism are implemen-
ted. A general algorithm applied in the UEL subroutine is presented in
Algorithm 1.

5.3 Damage mechanisms
As described in Section 5.1, a definition of the damage law should be in-
corporated into the constitutive equations of the cohesive zone model in
order to model material degradation in the cohesive zone near the crack
tip due to sub-critical cyclic loading. The following requirements apply
to the damage law: the damage increment must depend on the variables
in the cohesive zone, i.e. separations and tractions, and damage shall not
initiate before a certain threshold which represents the fatigue crack gro-
wth threshold (described in Section 2.1.2.2) as observed in experiments.
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Several damage definitions are presented in this section and a damage
description which is deemed to be the most appropriate definition is gi-
ven at the end of the section.

5.3.1 Damage mechanism based on traction-separation
The first damage mechanism embedded in the cohesive zone is the da-
mage evolution based on the tractions and separations in the process
zone proposed by Siegmund and co-workers [80, 81]. The function sa-
tisfies the general characteristics of damage evolution laws: the damage
accumulation begins when an accumulated deformation is greater than
a critical value, the damage increment is related to the increment of se-
paration and to the current load level, and a loading threshold value
where a lower loading level produces an infinite fatigue life. The damage
function is defined as follows,

Ḋ = ∣ ˙̄∆∣
δsep
[ T̄
σmax

− C f ]H (∆̄acc − δ0) and Ḋ ≥ 0 (5.25)

where H is the Heaviside function and ∆̄acc = ∫ ∣ ˙̄∆∣ dt. The rate of the

displacement resultant ˙̄∆ is defined as: ˙̄∆ = ∆̄T − ∆̄T+∆T where subscript
T and T + ∆T are the previous and current time increment, respectively.
The loading threshold parameter is defined as C f = σ c

f /σmax ,0 with 0 <
C f < 1 and parameter σ c

f is the cohesive zone endurance limit which is
related to the fatigue threshold. The parameters ∆̄ and T̄ are given as
follows,

∆̄ =√∆2
n + ∆2

t

T̄ =√T2
n + T2

t
2eq2

(5.26)

The damage evolution function is implemented in damage mecha-
nism procedure as shown in Algorithm 2.

The material parameters required in implementation of the model
are derived from well-known material properties, being the modulus of
elasticity and the fracture energy. The cohesive strength (σmax ,0) is assu-
med to be equal to E/100 and the cohesive energy is equal to the fracture
energy of the material (ϕn = Gc = K2

c/E). The characteristic length is
obtained from Eq. 5.4 for normal direction (δ0 = ϕn/eσmax ,0) [80]. The
maximum separation, as described previously, is equal to 8δ0.
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Algorithm 2 Damage mechanism
1: procedure Damage function(D)
2: if H (∆̄acc − δ0) > 0 and T̄

σmax
> C f then

3: ∆D = ∣ ˙̄∆∣δse p [ T̄
σmax
− C f ]

4: DT+∆T = DT + ∆D
5: end if
6: end procedure
7: return(D)

Implementation of the cohesive zone model to simulate fatigue crack
propagation with the damage mechanism described previously is per-
formed on a Single Edge Notched Tension (SENT) specimen made of
AA2024-T81. The details on its mechanical and geometry properties are
given in Table 5.1 and Figure 5.7, respectively. Using linear fracture mech-

Table 5.1: SENT specimen details [2]

E [MPa] ν [-] σy [MPa] Kc [MPa
√
m]

72400 0.33 450 50.22

S S
10

20

40 40

2.54

Figure 5.7: SENT specimens details (dimensions in mm)

anics, the mode I stress intensity factor for the SENT specimen can be
determined using the following expression,

KI = σ√πaF (a/W) (5.27)

with F (a/W) is given by [108]
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F (a/W) = 0.265(1 − a
W
)4 + 0.857 + 0.265 ( a

W )(1 − a
W )3/2 (5.28)

A constant amplitude load with stress ratio of R = 0.1 is applied. The
cyclic loading ranges between σmin = 3.5 MPa and σmin = 35 MPa.

Step: SENT
Increment     10: Step Time =    1.000

X

Y

Z

S. Silitonga, J. Maljaars, F. Soetens and H. H. Snijder

approximately the minimum damage that can be obtained when the specimen loaded to produce
stress intensity close to fatigue threshold. The values of γ, ω are, at the moment, chosen such
that the model simulation of crack growth rate fits the experimental results. In future work,
these parameters may be determined based on material properties such as hardening exponent.
The complete set of the cohesive parameters is given in Table 2

Table 2: Cohesive law parameters

σmax,0 δ0 δsep Cf rp γ ω
[MPa] [µm] [µm] [-] [mm] [-] [-]

585 22 176 0.175 3.96 0.001 1

3.3 Finite element simulation

The SENT specimen is modeled in Abaqus with plane stress elements CPS8, which are 8-
node elements with 3x3 integration points. In front of the initial crack tip, 155 cohesive elements
are placed, each having a length of 0.02 mm. The cohesive zone model described in Section 2
has been implemented through the user element subroutine UEL. Simulations are conducted to
produce a crack extension of 3 mm. Due to geometrical symmetry of the SENT, only half of
the geometry is simulated. A detail of the mesh is given in Figure 8.

a A B

A B

Figure 8: Half of SENT mesh configuration; 155 cohesive element (A-B) in front of the initial crack tip (a)

In Figure 9 the crack extension (a) is plotted as function of the number of cycles (N ). The
results of the simulation are compared to the crack growth rate data (da/dN ) obtained from
experiments, mentioned in the technical report of Federal Aviation Administration (FAA) [8]
in Figure 10. The results of the model simulation are in excellent agreement with experimental
results.

4 CONCLUSIONS

A damage-based cohesive zone is used to describe crack extension due to cyclic loading
by decreasing of the cohesive strength with the number of cycles. Inclusion of the damage

10

A Ba

Figure 5.8: Mesh configuration of the SENT specimen: cohesive elements are placed
in front of the crack tip (A-B)

The SENT specimen is modeled in Abaqus with plane stress elements
CPS8. This is an 8-node element with 9 integration points. Figure 5.8
shows the mesh configuration of the SENT specimen. In front of the
initial crack tip, 100 cohesive elements are placed with a length of 0.05
mm each. The simulation is conducted to produce a crack extension of
3.2 mm.

Due to geometrical symmetry of the SENT, only half of the geome-
try is simulated. For this half geometry simulation, the adjustment of
the cohesive parameters is conducted by reducing half of the cohesive
energy. The characteristic length is calculated as: δ0 = ϕn/eσmax ,0. The
maximum separation is equal to 8δ0. The constitutive relationship attri-
buted to the ordinary continuum elements which surround the cohesive
elements is a standard elastic-plastic stress-strain relationship with pro-
perties according to Table 5.1.

During the finite element simulation, the constitutive equations and
the damage mechanism of the cohesive zone model are solved for each
time increment. A load cycle is divided into a minimum of 40 time in-
crements. This procedure is applied in each cycle until the required crack
extension is reached.
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Figure 0.1: Damage behavior prediction of the Two scale model under a VAL with constant
stress ratio
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Figure 0.1: Damage behavior prediction of the Two scale model under a VAL with constant
stress ratio
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(d) a = 12.45 mm

Figure 5.9: Accumulated plastic strain contour obtained from the simulation

Figure 5.9 shows the accumulated plastic strain at a number of crack
lengths. At the crack length a = 10.8 mm, the crack tip plasticity is no-
nexisting due to a large cohesive stiffness reduction caused by the deve-
lopment of damage which has started at a crack length significantly far
ahead of the current crack tip. This occurs due to the definition of the
damage function given in Eq. (5.25) which through the term [ T̄

σmax
− C f ]
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allows a large number of elements to be damaged. The damaging ele-
ments can be reduced by increasing the value of damage parameter C f ,
however, this leads to a non-propagating crack tip at cyclic loads that
produce low stress intensity ranges, especially close to fatigue threshold
(∆Kth). These cyclic loads create insufficient traction resultants (T̄) to
produce non-negative values of the term [ T̄

σmax
− C f ]. The crack tip plas-

ticity is observed again at the crack length of a = 11.6 mm due to a high
stress intensity resulted from a large crack length, though, the amount
of plasticity is smaller than that of the initial crack length. At the crack
length of a = 12.45 mm, the crack tip plasticity is large due a substantially
higher stress intensity at the crack tip.

It is also observed in Figure 5.9 that the maximum value of the accu-
mulated plastic strain is not located at the vicinity of the current crack
tip. This behavior is again contributed by large reduction of the cohesive
stiffness in front of the crack tip. The stress intensity at crack length of
a = 11.6 mm and a = 12.45 mm are large enough to produce plasticity in
front of the crack tip, however, only in the elements at a distance from
the crack tip where damage is still small.
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(a) Crack growth rate curve

0 1000 200010

11

12

13

N[-]

a[
m

m
]

NASGRO
CZM

(b) Crack size versus the number of cycles

Figure 5.10: Crack growth behavior of the AA2024-T81

The result of the simulation is compared to crack growth data
(da/dN vs. ∆K) obtained from a technical report of the Federal Avi-
ation Administration (FAA) [2] for AA2024-T81. The model prediction
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and the measured crack growth rate and the crack size versus the number
of cycles are presented in Figure 5.10(a) and Figure 5.10(b), respectively.

The results of the simulations show a deviation of the gradient of
the da/dN vs. ∆K curve when compared to that of the experimental
data. A decreasing relation between log ∆K and log da/dN is observed
for the model prediction, while a linear relation is experimentally obser-
ved in the region examined. In addition, a peculiar crack growth beha-
vior is observed for the model at a low number of cycles as shown in Fi-
gure 5.10(b). A large number of cycles is required to fail the first cohesive
element followed by a shorter number of cycles for the subsequent co-
hesive elements. This behavior seems to imitate a crack initiation which
is incorrect when compared to the experimental observation for a pre-
crack specimen with a sharp crack-tip. An attempt to solve this problem
is described in the following sections.

A few important points to remember regarding the cohesive zone
model described in this section are: the cohesive strength is related to the
elastic modulus of the material (σmax ,0 = E/100) and the continuum ele-
ments are modeled according to the standard (monotonic) elastic-plastic
stress-strain relationship.

5.3.2 Damage mechanism based on material plasticity
The energy supplied to the crack tip is commonly expressed by the so-
called J integral. This parameter is often used as fracture criterion for
a failure under an elastic-plastic or fully plastic condition. The cohesive
energy described in the previous section covers only the elastic part (Jel)
of the J integral. In this section, the plastic part of the fracture energy
is also included. This results in a physically more correct model, which
is especially relevant for ductile metals. Inclusion of the plastic energy
results in an increase of the total energy. Hence, the total energy is:

Γtotal = Jel + Jpl = Gc + Jpl . (5.29)

The plastic energy considered in this thesis is defined as,

Jpl = rpΦp (5.30)

where Φp is the dissipation of plastic energy and rp is the plastic zone
based on Irwin [109] given as,

rp = EGc

βπσ 2
y

(5.31)
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where β = 1 for plane stress and β = 3 (1 − υ2) for plane strain.
The dissipation of plastic energy (Φp) is defined by relating the co-

hesive strength to the stress-strain curve of the material as schematically
presented in Figure 5.11 [110].

Tn

∆n

σmax ,0

Gc Φp

σ

ε

Figure 5.11: The energy dissipated during crack growth: the sum of the cohesive energy
and the plastic work in the plastic zone

Using the stress-strain curve definition which is commonly approx-
imated by the Ramberg-Osgood relationship [111]:

ε
ε0
= σ
σy
+ ( σ

ησy
)n (5.32)

where ε0=σy/E, and where η and n are material parameters. The plastic
work can thus be written as,

Φp = σyε0
σmax ,0(1/n + 1) σy (σmax ,0

ησy
)n (5.33)

And finally the total energy dissipated during opening of a new crack
surface can be expressed as follows,

Γtotal = Gc (1 + σmax ,0

βπ (1/n + 1) σy (σmax ,0

ησy
)n) (5.34)

This total energy (Γtotal) is to be dissipated during cyclic loading
through the damage mechanism. It is natural to define two damage me-
chanisms corresponding to each energy: one for the original cohesive
energy (De) and the other for damage induced plasticity at the crack tip
(Dp). The two damage variables need to be combined to form a single
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damage variable. In this work, the proposed method is to combine the
damage variables proportional to their energy,

Dtot = χDe + (1 − χ)Dp, χ = Gc

Γtotal
(5.35)

The definition of elastic damage (De) remains as given in Eq. (5.25). The
plastic damage function is defined as,

Ḋp = γ ⎛⎝
˙̄∆

δCTODp

⎞⎠
ω

H (∆̄ − δth) (5.36)

where γ and ω are material parameters, δth is plastic displacement thres-
hold as described in Figure 5.12 and δCTODp is the plastic crack tip ope-
ning displacement based on ASTM [112],

Tn

∆n
δth

σy

Figure 5.12: Definition of plastic displacement threshold on cohesive law

δCTODp = 1
m̄σy
(Γplas) (5.37)

where m̄ is a material hardening parameter defined as,

m̄ = 1.705 + 2.6851 (1/n) (5.38)
The plastic-induced damage given in Eq. (5.36) is chosen to phe-

nomenologically fit the fatigue crack growth behavior. A fatigue crack
grows faster with increase of the crack length. The plastic damage
function reproduces this condition. The separation rate ( ˙̄∆) is scaled
with the plastic crack tip opening displacement (δCTODp).

A larger separation increases the plastic damage increment
(Eq. (5.36)) which in turn decreases the tractions, and thus further
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increases the separation. However, the increase in ∆̇ alone is not
sufficient to mimic the increase of damage needed to produce the crack
growth rate behavior mentioned earlier. Thus, a coefficient ω is added
to the function such that the required amount of damage increment in
a growing crack can be achieved. The coefficient γ is incorporated into
the function to scale the amount of damage increment during the simu-
lation in a such way that the experimental data can be reproduced. The
damage evolution function is implemented in the damage mechanism
procedure as shown in Algorithm 3.

Algorithm 3 Damage mechanism
1: procedure Damage function(D)
2: if H (∆̄acc − δ0) > 0 and H (∆̄ − δth) > 0 then

3: ∆De = ∣ ˙̄∆∣δse p [ T̄
σmax
− C f ]

4: DeT+∆T = DeT + ∆De

5: ∆Dp = γ ( ˙̄∆
δCTODp

)ω
6: DpT+∆T = DpT + ∆Dp

7: Γtotal = Gc (1 + σmax ,0
βπ(1/n+1)σy ( σmax ,0

ησy )n)
8: χ = Gc

Γtotal
9: ∆D = χDeT+∆T + (1 − χ)DpT+∆T

10: DT+∆T = DT + ∆D
11: end if
12: end procedure
13: return(D)

With this model, a simulation is conducted on the same SENT speci-
men made of AA2024-T81 as described in Section 5.3.1. The cohesive pa-
rameters are identical to those in Section 5.3.1, the remaining parameters
required in the damage function are given in Table 5.2. The Ramberg-
Osgood coefficients for this material are obtained from [94].

Table 5.2: Damage function parameters

δCTODp[mm] δth[mm] γ[-] ω[-] n[-] η[-] Γtotal[kJ/m2]

0.5667 0.00462 50 2 17 1.1 509.9
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As plasticity based damage is already defined in the model, the bulk
elements around the cohesive elements are modeled only according to
the standard elastic material behavior.
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Figure 5.13: Accumulated plastic strain contour obtained from the simulation with
plastic damage definition

A similar configuration of cyclic loading and mesh as in Section 5.3.1
is proposed. The simulations are conducted to produce a crack extension
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of 3.2 mm. Figure 5.13 shows the accumulated plastic strain at a number
of crack lengths. A similar behavior of crack tip plasticity as in Figure 5.9
is observed due to the same term, i.e. [ T̄

σmax
− C f ], which controls the

damaging cohesive elements ahead of the crack tip.
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Figure 5.14: Prediction of the crack growth behavior of the AA2024-T81 using a plastic
damage definition

The result of the model predictions compared to the experimental
crack growth and crack growth rate behavior are given in Figure 5.14(a)
and Figure 5.14(b), respectively.

The prediction results of the new damage function show an impro-
vement of the slope of the da/dN vs. ∆K curve, i.e. a better alignment
of the simulation with the experimental data is obtained. However, the
’crack initiation’ behavior described in Section 5.3.1 is still apparent. A
solution to this problem is presented in the following section.

A few important points to remember regarding the cohesive zone
model described in this section are: the cohesive strength is related to
the elastic modulus of the material (σmax ,0 = E/100) and the continuum
elements are only modeled according to the standard elastic stress-strain
relationship. The effect of plasticity on the damage behavior is described
in the damage function.
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5.3.3 Damage mechanisms: modified damage zone size
This section gives the solution to the ’crack initiation’ problem resulted
from the definition of the damage functions as described in Section 5.3.1
and Section 5.3.2. First, let us consider the reason for the observed initi-
ation period. At time zero, i.e. before any loading, the damage variable
D is zero in all cohesive zone elements. During loading, damage deve-
lops and the cohesive strength gradually decreases in the first element(s).
As a consequence, the separations increase and the subsequent cohesive
elements also experience damage. Hence, when the first element(s) fails
and the crack advances, the damage in the following elements is already
greater than zero. This results in a much shorter number of cycles for the
following crack advancements. In other words, the crack tip in the mo-
del is ’smeared’ over a certain length and it is no longer a discrete point
as in reality.

Table 2
The results obtained from the fatigue experiment

Specimen Total number of load cycles Distance from origin (mm) Critical crack length (mm)

Aluminum 1 50,250 3.8 32
Aluminum 2 35,875 0 27
Steel 1 59,381 0.67 29
Steel 2 97,752 1.63 33

Fig. 4. Typical fracture surface of an aluminum sample and measurement lines.

Fig. 5. Typical fracture surface of a steel sample. One measurement line is shown.

24 E. Hershko et al. / Engineering Failure Analysis 15 (2008) 20–27

Figure 5.15: Striations on a CT specimen fractured surface made of aluminum alloy
AA2024-T3 [5]

In order to avoid the ’smeared’ crack tip, a new definition to limit the
damaging element(s) at the crack tip is proposed. The cohesive elements
subjected to damage development are together called the damage zone
size. The damage zone size is defined to be related to the current maxi-
mum crack tip opening displacement. The motivation for this definition
is that the maximum opening displacement of the crack tip directly in-
fluences the plastic blunting mechanism at the crack tip during crack
growth. A larger crack tip opening results in a larger plastic blunting
which leads to a longer extension of the crack after re-sharpening of the
crack tip. The crack tip extension is the distance between the subsequent
crack tip plastic blunting and re-sharpening as shown in Figure 2.6. This
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distance is observed on the fracture surface of fatigued materials and is
commonly known as the striations distance as presented in Figure 5.15.
The striation distance depends on the crack tip opening displacement
which in turn depends on the stress intensity. A larger crack tip opening
displacement leads to a larger striations distance.

Figure 5.16 shows the definition of the damage zone size applied in
this section. In order to simulate the process zone defined by the stri-
ation distance, the damage zone size is formulated as a function of the
maximum displacement at the current crack tip (∆̄max). Following this
criteria, damage only occurs at cohesive elements which displace more
than the crack tip maximum displacement multiplied by a parameter κ.

∆̄max

κ∆̄max

crack tip

damage zone

Figure 5.16: Damage zone size based on the maximum crack tip opening displacement

In addition, a modification of the damage function is proposed in
this section in which the definition and the differentiation between the
elastic and the plastic damages of Section 5.3.2 are abandoned because of
these following reasons: The fatigue damage presented in Section 5.3.2 is
described mainly through the dissipation of the available energy at the
crack tip (cohesive and plastic energies). The most important variable,
which dissipates the total energy, is the separation rate which depends
on the selected cohesive and bulk elements properties. The separation
behavior of the cohesive zone is strongly influenced by the plasticity be-
havior of the bulk elements. Since the separation rate is already included
in the elastic damage definition, an additional damage definition to des-
cribe the effect of plasticity becomes redundant.

A single damage mechanism is proposed which indirectly takes into
account the effects of both elastic and plastic contributions to damage
accumulation. The damage function definition is written as,

Ḋ = γ ∣ ˙̄∆∣
δsep
( Γi
Gc
)ω H (∆̄ − κ∆̄max) (5.39)
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with Γi is the amount of dissipated cohesive energy described in Fi-
gure 5.17, and γ and ω are material parameters. The damage zone size
is described by the Heaviside function where κ is a parameter that go-
verns the size of the damage zone (0 < κ < 1). As the crack grows, the
maximum crack tip displacement increases which results in a larger da-
mage zone size. This damage zone enlargement represents the increase
of striation distance commonly observed in experiments [113, 114].

Tn

∆n

1

2

3

4

Γi

Figure 5.17: Schematic representation of dissipated cohesive energy during unloading
and reloading of the cohesive zone

The contribution of the elastic and plastic damages is accounted for
through the displacement in the cohesive zone. This displacement is in-
fluenced by the elastic and plastic material behavior of the continuum
elements which surround the cohesive elements. A cyclic plasticity mo-
del is used for the constitutive relation of the continuum elements that re-
present the bulk material. Typical cyclic plastic deformation phenomena
may include the Bauschinger effect, cyclic hardening/softening, nonpro-
portional hardening and cyclic strain ratcheting deformation. Abaqus
offers a built-in cyclic plasticity model based on the work of Chabo-
che [115]. The model requires several parameters which can be obtai-
ned from the stabilized hysteresis loops of the material as identified in
Figure 3.37.

An implementation example of the new damage zone and the da-
mage function is developed. The finite element simulation is based on

126



existing experimental works described in [116]. The example simulates
crack growth due to constant amplitude loading as well as due to an over-
load. The finite element model is performed on a CT specimen made of
of AA7075-T651 with dimension details presented in Figure 5.18.

60.96

⊘12.7

50.8

13.25

5

Figure 5.18: CT Specimen made of AA7075-T651 (dimensions in mm)

The CT specimen is modeled in Abaqus with plane stress elements
CPS8, which are elements with 8 nodes and 3x3 integration points. In
front of the initial crack tip, 80 cohesive elements are placed, each ha-
ving a length of 0.1 mm. Simulations are conducted to produce a crack
extension of 7.25 mm. Due to geometrical symmetry of the CT, only half
of the geometry is simulated. Figure 5.19 shows the mesh configuration
of the specimen.

X

Y

Z
X

Y

Z
Figure 5.19: Mesh configuration of the CT Specimen made of AA7075-T651
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The mechanical properties of the material are given in Table 5.3 and
the cohesive zone parameters are given in Table 5.4. The parameters κ
and γ are chosen such that the simulation results fit the experimental
(da/dN vs. ∆K) data. The remote force applied to the specimen is equal
to Pmax = 3 kN with a load ratio equal to R = 0.1. In order to evaluate the
ability of the damage model to describe fatigue crack growth behavior
under variable amplitude load, an overload of P = 2Pmax (100% overload
(OL)) is applied to the specimen.

Table 5.3: Mechanical properties of AA7075-T651

E [MPa] υ [-] σy [MPa] Kc [MPa
√
m] ∆Kth [MPa

√
m]

71200 0.33 420.3 45.7 2 (R=0.1)

Table 5.4: Cohesive law parameters for AA7075-T651

σmax ,0 [MPa] δ0 [µm] δsep [µm] κ [-] γ [-] ω [-]
712 23.69 189.52 0.7 4.5 1

Figure 5.20 shows the accumulated plastic strain at a number of crack
lengths. An improved crack tip plasticity development is observed du-
ring crack growth compared to the results obtained in Section 5.3.1 and
Section 5.3.2. Figure 5.20 describes a gradual progression of crack tip
plasticity: the amount of plasticity increases as the crack length increa-
ses. This result is in agreement with the general understanding of crack
tip plasticity [88].

The irregularity of the crack tip plasticity presented in Figure 5.9 and
Figure 5.13 is avoided by definition of a damage zone size which gradually
limits and controls the damaging cohesive elements as the crack tip pro-
gresses. The limitation ensures that the undamaged cohesive elements,
i.e. elements with maximum cohesive strength, in front of the crack tip
experience the largest stress intensity which results in a larger plasticity
compared to the previous crack tips.

The behavior of crack tip plasticity before and after the overload is
presented in Figure 5.21. As expected, the plastic zone size increases after
the application of the overload. A regular crack tip plasticity is resumed
after the crack tip passes the enlarged plastic zone.
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Figure 5.20: Accumulated plastic strain contour obtained from the simulation without
overload using a damage zone size definition

Note that the rate of the initial growth is tuned using parameters γ
and ω, but the crack growth rate development as the crack progresses,
and the crack retardation (described in Section 3.3.2), are a direct result
of the model without additional tuning.

The results of the simulation are compared to the measured crack
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growth rate data (da/dN vs. ∆K) obtained from [116] as shown in Fi-
gure 5.22(a). The results of the model simulation are in a good agreement
with experimental results.
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Figure 5.21: Accumulated plastic strain contour obtained from the simulation with
overload at a = 16.15 mm using a damage zone size definition

Figure 5.22(b) shows that the ’crack initiation’ phenomena found in
previous damage definitions has been solved, a regular crack extension
versus number of cycles as in experiments is observed.

The crack retardation in this model is caused by a reduced separation
in the cohesive zone due to a residual compression stress produced in the
continuum elements around the crack tip after the overload. The redu-
ced separation leads to a smaller damage increment which in turn results
in a larger number of cycles to reach the critical damage (D = 1). The re-
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duced separation after the overload, at an integration point in a cohesive
element in front of the material crack tip, is shown in Figure 5.23.
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Figure 5.22: Crack growth behavior of AA7075-T651 with an overload

these elements is a standard elastic-plastic stress-strain relationship. The active plastic zone and the

plastic wake shown in Fig. 1(a) are described in the model through the continuum elements which

surround the cohesive elements.

In front of the initial crack tip, 150 cohesive elements are placed, each having a length of 0.05

mm. The cohesive zone model described in the second section has been implemented through the user

element subroutine UEL. Simulations are conducted to produce a crack extension of 7.25 mm. Due to

geometrical symmetry of the CT, only half of the geometry is simulated.

The results of the simulation are compared to the crack growth rate data (da/dN ) obtained from

[12] in Figure 7. The crack growth behavior due to overload is also shown in Fig. 6. The results of

the model simulation are in a good agreement with experimental results. Note that the rate of the

initial growth is tuned using parameters γ and κ, but the crack growth rate development as the crack
progresses, and the overload effect, are a direct result of the model without additional tuning. The

crack retardation in this model is caused by a reduced separation in cohesive zone due to residual

compression stress produced in the continuum elements around the crack tip after the overload. The

reduced separation leads to a smaller damage increment (Eq. 5) which in turn results in a larger number

of cycles to reach the critical damage (D = 1). The reduced separation after the overload, at an

integration point in a cohesive element in front of the material crack tip, is shown in Fig. 5.
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Fig. 5: Reduced separation in a cohesive element after a 100% overload

Conclusions

A damage-based cohesive zone is used to describe crack extension due to cyclic loading by decreasing

of the cohesive strength with the number of cycles. The dissipative mechanisms through the deteri-

oration of the cohesive strength during unloading-reloading can be used to phenomenologically rep-

resent the accumulated damage that leads to complete decohesion and crack extension in materials.

The model introduces a damage mechanism as a function of the separation resultant and the dissipated

cohesive energy in the cohesive zone.

The developed theoretical cohesive zone model is used to simulate fatigue crack growth of a CT

specimen using Abaqus through the user element subroutine UEL. The model is used to simulate crack

retardation due to an overload.

Figure 5.23: Reduced separation in a cohesive element after a 100% overload

The new definition of the damage function together with the defini-
tion of damage zone size based on the crack tip displacement is able to
simulate the crack retardation due to an overload.

A few important points to remember regarding the cohesive zone
model described in this section are: the cohesive strength is related to
the elastic modulus of the material (σmax ,0 = E/100), the continuum ele-
ments are modeled according to the Chaboche cyclic plasticity model
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and the plastic damage is indirectly accounted through the separation
behavior of the cohesive elements which is affected by the plasticity mo-
del of the continuum elements.

5.4 Material parameters
The material parameters for a cohesive zone law are generally easy to
obtain. The cohesive parameters include the cohesive strength (σmax ,0),
the characteristic length (δ0), the cohesive energy (ϕ) and the damage
parameters (γ, ω and κ). The cohesive energy is obtained from experi-
ments and is often considered to be equal to the fracture energy (Gc) of
the material. The same assumption has been applied here, i.e. ϕ = Gc.
In literature, the choice of the cohesive strength is related to the yield
strength of the material (≈ 2σy to 3σy) [82]. However, the cohesive
strength values implemented in this chapter have been related to the elas-
tic modulus of the material. A linear relationship between the cohesive
strength and the elastic modulus is used, e.g. σmax ,0 = E/100. This pro-
cedure is motivated by an engineering practice which relates the elastic
modulus to the Paris’ parameter C [117].

The characteristic length follows directly from the cohesive strength
and the cohesive energy and is calculated as: δ0 = ϕ/(eσmax ,0). The da-
mage parameter κ controls the damage zone size, i.e. a larger parameter
κ gives a smaller damage zone size, and ranges from between 0 and 1.
In this thesis, through a trial and error procedure, the parameter κ is se-
lected to be equal to 0.7. The damage parameter ω affects the acceleration
(or gradient of da/dN vs. ∆K curve) as well as the crack growth rate. On
the other hand, the damage parameter γ only influences the crack gro-
wth rate behavior. Therefore, the damage parameter ω is initially tuned
by trial and error to fit the gradient of the experimental curve and after-
ward the parameter γ is adjusted to best fit the experimental curve. The
fitting procedure is only performed for the constant amplitude loading
curve, no further fitting is required to predict crack retardation in case
of variable amplitude loading.

The cyclic plasticity model used for the continuum elements is de-
fined through an Abaqus built-in cyclic plasticity model which is based
on the work of Chaboche [115]. The model is able to describe the nonli-
nearity of stress-strain loops, the Bauschinger effect and the cyclic har-
dening/softening of materials with asymptotic plastic shakedown. The
built-in cyclic plasticity model requires only the data points (σ and εp)
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of the stabilized hysteresis loop of the material. The loops are determined
by experiments which are described in Section 3.4.

Figure 5.24 shows the effect of the cohesive energy on the behavior
of the crack growth rate prediction. The simulation is performed on the
material as well as the specimen given in Section 5.3.3. Unless otherwise
specified, the cohesive and the damage parameter provided above are
used. During simulation, the cohesive energy is varied while the cohe-
sive strength and the damage parameters (κ, γ and ω) are kept constant.
Figure 5.24 shows that an increase in cohesive energy results in a slo-
wer crack growth rate prediction and vice versa. A slower crack growth
rate occurs due to a larger number of cycles required to dissipate a large
cohesive energy. This variable does not influence the slope of the crack
growth curve.
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Figure 5.24: Crack growth rate sensitivity resulting from the variation of the cohesive
energy

Figure 5.25 shows the sensitivity of the crack growth rate prediction
to the cohesive strength. The effect of the cohesive strength on the beha-
vior of the crack growth rate prediction is similar to that of the cohesive
energy, i.e. a larger cohesive strength results in a slower crack growth
rate prediction and vice versa. The simulations are performed at con-
stant cohesive energy and damage parameters.

As mentioned before, the damage parameters are chosen by trial and
error in such a way that the model prediction fits the experimental data.

133



The sensitivity analysis of the damage parameters is given in Figure 5.26
and Figure 5.27. As parameter γ directly controls the amount of damage
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Figure 5.25: Crack growth rate sensitivity of AA7075-T651 on variation of the cohesive
strength
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Figure 5.26: Crack growth rate sensitivity of AA7075-T651 on variation of the parame-
ter γ

increment, a larger value of γ gives a faster crack growth and vice versa.
Again, there is no effect on the slope of the crack growth curve. The
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effect of parameter ω is opposite to that of parameter γ: a larger value
of ω results in a slower crack growth rate prediction and vice versa. In
addition, it affects the slope of the da/dN vs. ∆K curve prediction: a
larger value of ω increases the curve slope and vice versa.
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Figure 5.27: Crack growth rate sensitivity of AA7075-T651 on variation of the parame-
ter ω
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Figure 5.28: Crack growth rate sensitivity of AA7075-T651 on variation of the parame-
ter κ
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Figure 5.28 shows the effects of the damage parameter κ on the crack
growth behavior of the alloy. In order to reduce the computational time,
the simulations are performed using a large value of parameter γ, i.e.
γ = 18.5. The parameter κ affects not only the crack growth rate but also
the gradient of da/dN vs. ∆K curve: a larger value of parameter κ gives a
smaller crack growth rate as well as a smaller crack growth acceleration.

The influence of the parameter κ on the crack growth behavior due
to overload is presented in Figure 5.29. In order to isolate the influence
of parameter κ on the crack retardation, a similar crack growth rate for
both set of data is maintained by adjusting the ∆K of the simulation for
κ = 0.6. It can seen that a larger value of parameter κ leads to a larger
crack retardation and vice versa.
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Figure 5.29: Crack growth rate sensitivity of AA7075-T651 on variation of the parame-
ter κ during an overload

Figure 5.30 shows the effects of cohesive zone parameters on the Pa-
ris’ law constants. The Paris’ law constant C is linearly depending on the
parameters σmax ,0 and γ. Similar behavior is also observed for Paris’ law
exponent m on the parameter ω. However, the effect of cohesive energy
on the Paris’ law constant C shows a non-linear dependency. The linear
dependency of Paris’ law constant C on cohesive strength justifies the
selection of σmax ,0 based on the modulus of elasticity of the material as
stated in the beginning of this section.
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Figure 5.30: Effects of cohesive zone parameters on the Paris’ law constants

5.5 Jump in cycles procedure
The prediction results described in Section 5.3.1 up to Section 5.3.3 are
obtained by solving the constitutive equations and the damage mecha-
nism of the cohesive zone model in each time increment for every cycle.
Finite element simulation of fatigue crack growth with a low number of
cycles may require a short computational time (CTIME). However, fa-
tigue crack growth simulation with a large number of cycles, e.g. in the
order of hundred thousand to millions, leads to a prohibitively expensive
CTIME.

In order to avoid a large CTIME, a jump in cycles procedure (JIC)
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is introduced. The procedure involves an approximation of the damage
advancement (∆D) in a certain period (or block) of constant amplitude
loading. The damage value after a JIC is approximated by a linear extra-
polation written as,

D = D0 + ∆D = D0 + ∂D
∂N

∆N (5.40)

where D0 is the value of damage before JIC, ∂D
∂N is the damage increment

per cycle and ∆N is the selected advancement of number of cycles as
illustrated in Figure 5.31. The damage increment per cycle is determined
by simply averaging the damage accumulation obtained from the time
increment procedure for, according to de Andrés [118], ten cycles.

D

N

Dc

∂D
∂N

D0

∆N

∆D

Figure 5.31: Illustration of the jump in cycles procedure for linear extrapolation

The selected value of ∆N affects the accuracy as well as the compu-
tational cost of the simulation. Figure 5.32 shows the effect of the chosen
value of ∆N on the prediction of the crack growth rate: a larger value
of ∆N results in a poorer accuracy. The method offers an excellent time
reduction during calculation, however, due to linear extrapolation na-
ture of the approach on the damage accumulation, a strong dependency
between the choice of the advancement of the number of cycles and the
prediction result in terms of crack growth rate is observed. In addition,
a variation in the value of ∆N gives a change in the gradient of the crack
growth rate curve. The change in gradient occurs due to a nonuniform
number of JIC in the integration points at different crack lengths during
the simulation. At a small crack length, due to a small damage accu-
mulation, a greater number of JIC is required compared to that of the
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large crack length. This results in an overestimated number of cycles at
a large crack length and therefore a lower slope of the crack growth rate
prediction curve.
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Figure 5.32: The effect of the chosen value of ∆N on the prediction of the crack growth
rate using the linear extrapolation JIC
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Figure 5.33: Dependency of the crack growth rate prediction on the allowed damage
advancement
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In order to avoid the issue regarding the slope change described in
the previous paragraph, a non-fixed value for ∆N in each integration
point is predefined by restricting the amount of damage advancement
after each JIC. The allowed damage advancement is based on the critical
damage value (Dc). For an allowed damage advancement of ∆D = Dc/3,
there will be three sets of ten cycle by cycle calculations (at D ≈ 0,
D = 1

3Dc and D = 2
3Dc) followed by a JIC procedure after each set. Fi-

gure 5.33 shows the results of the simulation using a fixed number of JIC.
The figure shows a consistent gradient of the crack growth rate curve in-
dependent of the allowed damage advancement. It can be observed that
a smaller damage advancement gives a better accuracy due to a shorter
linear extrapolation step between damage accumulations. Although a
small damage advancement is preferred for reason of accuracy, the re-
quired computational time can still be unacceptably large.

In order to achieve a good accuracy without a large computational
time, the linear interpolation method is replaced with a quadratic extra-
polation between the allowed damage advancement. The extrapolation
is based on the average value of the damage per cycle at the onset and at
the end of the damage advancement. Figure 5.34 illustrates the jump in
cycle procedure based on a quadratic extrapolation of damage per cycle.
The average damage increment ( ∂D

∂N ) is calculated based on its correspon-
ding values before and after the JIC written as,

∂D
∂N
= 1

2
[(∂D

∂N
)
n
+ (∂D

∂N
)
n+1
] (5.41)

The subscript n and n + 1 represent the succession of two cycle by cy-
cle calculations from which the average damage increment is calculated.
The procedure starts with a set of cycle by cycle calculations at D = 0
to obtain the first average damage increment per cycle. Next, the JIC is
performed with a certain value of ∆N such that the damage advance-
ment reaches a pre-defined value, e.g. ∆D = Dc/3.3 (see Figure 5.34).
The second average damage increment per cycle is then determined by
conducting the second set of cycle by cycle calculations at D = Dc/3.3.
Afterward, the new average damage increment per cycle is calculated
using Eq. (5.41) from which the new value of ∆N can be obtained. The
procedure is repeated for the next two damage advancements, i.e. bet-
ween D = Dc/3.3 and D = 2Dc/3.3 and between D = 2Dc/3.3 and D = Dc.
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Figure 5.34: Illustration of the jump in cycles procedure for quadratic extrapolation
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Figure 5.35: Dependency of the prediction of crack growth rate on the location of the
cycle by cycle calculation during the quadratic jump in cycle procedure

The smallest computational time is (see Figure 5.33), by definition,
achieved at a minimum number of cycle by cycle sets, i.e. two cycle by
cycle calculation alternately followed by two jump in cycles procedures.
The quadratic extrapolation method will only be applied to this case. Fi-
gure 5.35 describes the crack growth rate prediction using the quadratic
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interpolation method. It is found that the location of the cycle by cycle
procedure influences the accuracy of the jump in cycles prediction. A
constant allowed damage advancement of ∆D = Dc/2 with two sets of
cycle by cycle calculation at D ≈ 0 and D = Dc/2 still gives a poor result in
term of accuracy. Simulations with different location of the cycle by cy-
cle calculation are performed which lead to an optimum location of the
cycle by cycle calculation, i.e. at D ≈ 0 and D = Dc/3.3 with the allowed
damage advancements of ∆D = Dc/3.3 and ∆D = Dc − Dc/3.3. In order
to obtain a good accuracy, a smaller damage advancement is required at
the first JIC to that of the second JIC procedure. A large value of damage
advancement (∆D = Dc/2) at the first JIC will underestimate the num-
ber of cycles after the JIC which in turn increases the crack growth rate
prediction as shown in Figure 5.35. However, the damage advancement
cannot be too small (e.g. ∆D = Dc/5), as it leads to a poor accuracy due
to overestimation of the number of cycles and therefore a smaller crack
growth rate prediction.

The optimum value of damage advancement has to be determined
first, a trial and error procedure is recommended. In order to reduce the
computational time, a cycle by cycle simulation should only be perfor-
med to obtain a small crack extension.

5.6 Discussion and conclusions
A damage based cohesive zone model has been applied to predict the
fatigue crack growth behavior of aluminum alloys. The material deteri-
oration at the crack tip is described by a diminished cohesive strength
as a result of the accumulation of damage. The damage accumulation
is commonly defined as a function of variables in the cohesive zone, i.e.
separation, traction, etc. In particular, dealing directly with separation
(crack opening displacement) gives the damage model a good physical
background in describing crack extension which is mainly controlled by
the crack tip opening displacement during plastic blunting and sharpe-
ning of the crack tip.

The definition of the damage function strongly influences the fati-
gue crack growth behavior of a material. Section 5.3.1 presents the im-
plementation of a damage function obtained from literature [80]. The
damage function is unable to describe correctly the crack tip plasticity
during the crack propagation due to the definition of the damage zone,
i.e. through the term [ T̄

σmax
− C f ], which leads to a premature reduction
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of the stiffness at cohesive elements in front of the crack tip.
In terms of the crack growth behavior, the damage function in

Section 5.3.1 fails to produce the slope of the da/dN vs. ∆K curve obtai-
ned from the experiments, i.e. a decreasing instead of a constant slope
of da/dN vs. ∆K curve. The crack growth rate is controlled by the da-
mage increment which depends on the separation as well as the term
T̄

σmax
. These variables monotonically increase as the crack propagates, ho-

wever, their combination is insufficient to produce the required damage
increment.

The damage function of Section 5.3.2 is proposed to avoid the crack
growth problem resulting from the small damage increment. In addi-
tion, a plastic damage function is formulated as an attempt to describe
the plasticity-induced damage mechanism at the crack tip. This plastic
damage function is combined with the damage function of Section 5.3.1
to form a total damage variable which dissipates the cohesive strength.
Due to the definition of the damage partition, i.e. parameter χ, the plas-
tic damage (Eq. (5.36)) is always significantly larger than the elastic da-
mage function of Eq. (5.25). The proposed damage function is able to
reproduce the crack growth rate based on experiments. A larger damage
increment arises from the inclusion of the parameter ω in the damage
function. However, as the proposed damage function uses the damage
zone definition of Eq. (5.25), the irregularity of crack tip plasticity during
crack growth is still apparent.

A ’crack initiation’ phenomenon is observed when the damage
functions Eq. (5.36) and/or Eq. (5.25) are used. The ’crack initiation’ is
avoided by defining a new damage zone size (Section 5.3.3). The damage
zone size is defined as a function of the maximum crack tip opening
displacement (Figure 5.16). The proposed damage zone definition (Fi-
gure 5.16) also solves the irregularity of the crack tip plasticity obtained
from simulations and produces a gradual increase of the amount of crack
tip plasticity as the crack grows.

In Section 5.3.3, a new damage function is proposed to replace the
combined elastic-plastic damage function of Eq. (5.35). In the new da-
mage function, the effect of plasticity on the damage evolution is accoun-
ted for through the cyclic plasticity model of the continuum elements.
The crack tip plasticity directly influences the behavior of the separa-
tion, and therefore, the damage increment. The crack tip plasticity effect
on the separation is clearly observed when an overload is applied: the
stretched continuum elements greatly reduce the separation in the da-
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mage zone. A crack retardation is produced by a significantly reduced
damage increment due to this smaller separation.

The cohesive zone model and the damage function require a series of
material parameters. Each parameter affects the prediction result of the
crack growth behavior. Most of the parameters influence the behavior
by increasing or decreasing the crack growth rate and only parameter
ω and κ contribute to the crack growth rate as well as the crack growth
acceleration. Moreover, the parameter κ also influences the crack growth
retardation behavior due to overloads, i.e. a smaller parameter κ leads
to a smaller crack growth retardation. Except for the cohesive energy, all
parameters are linearly effecting the corresponding Paris’ law constants.

A jump in cycle (JIC) procedure is required to achieve an accepta-
ble computational time during the fatigue crack growth simulation. A
quadratic interpolation method is introduced, which improves the accu-
racy and allows for the minimum number of JIC in each integration
point. The minimum number of JIC procedure without compromising
the accuracy of the results is achieved by finding an optimal value of the
damage advancement.
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Chapter 6

Verification of the models
with experimental data

This chapter gives the results of the model predictions on the crack
initiation as well as the crack propagation periods of the alumi-
num alloy AA5083-H111 and compares them with experimental

results. The prediction results of the crack initiation using the two scale
model are presented first and followed by the crack growth model pre-
dictions based on the cohesive zone. The model predictions are applied
for all type of loading configurations specified in Chapter 3.

6.1 Crack initiation model results and
comparison with tests

The crack initiation period is predicted using the two scale model imple-
mented in finite element software Abaqus through its user material su-
broutine UMAT. The subroutine consists of a numerical implementation
of the model constitutive equations (Section 4.2) as well as the post pro-
cessing and the jump in cycles procedures (Section 4.4 and Section 4.5).
The finite element simulations are performed on the SENT specimen
with identical geometry and material properties of that of the specimens
used in the experiments. The details of the geometry and the mechanical
properties are presented in Chapter 3.

The prediction of the crack initiation period of the SENT specimen
is conducted in a three-dimensions finite element analysis. The model
is constructed using linear brick elements (C3D8) and linear triangular
prism elements (C3D6) which have eight and six integration points, re-
spectively. Due to the symmetrical geometry, only half of the specimen
is simulated. There are 2937 elements which together construct the spe-
cimen with only brick elements with a small size around the notch. The
mesh configuration of the simulation is presented in Figure 6.1.
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Figure 6.1: Mesh configuration of the SENT specimen

The numerical simulation provides the damage distribution as well
as the corresponding number of cycles. A result of the simulation is gi-
ven in Figure 6.2 where the colors indicate the amount of damage. As
expected, the damage distribution is concentrated around the center of
the specimen notch due to the nature of plasticity development as a result
of the high stress concentration at this notch.

Figure 6.2: Damage contour under cyclic load of σmax = 76 MPa and stress ratio R =−1

As described in Section 4.5, the jump in cycle procedure is required
to significantly accelerate the computational time which becomes pro-
hibitively expensive otherwise. The computational time depends on the
choice of the damage advancement per ’jump’ (∆D); a greater damage
advancement results in a shorter computational time and vice versa. Ho-
wever, the damage accumulation behavior (in particular the damage rate
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(dD/dN)) is also affected by the choice of the damage advancement. A
series of simulations is performed to evaluate the sensitivity of the da-
mage accumulation behavior to the variation of the damage advance-
ment. The results of the simulations are given in Figure 6.3.
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Figure 6.3: Damage behavior using cycle by cycle (CBC) and jump in cycle (JIC) pro-
cedures with different values of ∆p and ∆D

As shown in Figure 6.3 when compared to the cycle by cycle calcu-
lation, a decrease in accuracy is observed as the damage advancement
increases and vice versa. However, Figure 6.4 indicates that the num-
ber of cycles at a certain damage -and thus the accuracy- hardly further
changes for damage advancements greater or equal to ∆D = Dc/500. Ba-
sed on this observation, a damage advancement equal to ∆D = Dc/25 is
regarded as a good choice for future simulation in this thesis.

Some of the material parameters, i.e. εpD, σ∞f , h and Dc, required for
the model are presented in Section 4.3. The damage parameters (S and
s) are determined by a trial and error procedure such that the model
prediction fits that of the experimental data for stress ratio R = −1. For
convenience, the value of the material parameter m is set to be 1. In ge-
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Figure 6.4: Dependency of the number of cycles on the damage advancement
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Figure 6.5: The effect of the material parameter m on the prediction of the crack initi-
ation period

neral, the values of this parameter found in literature vary from 1 to 3 [1].
The effect of this material parameter values (1 to 3) on the prediction of
the crack initiation period is insignificant as presented in Figure 6.5. The
complete set of parameters is given in Table 6.1.
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Table 6.1: Material parameters of the two scale damage model for AA5083-H111

εpD[-] σ∞f [MPa] m[-] S[MPa] s[-] h[-] Dc[-]

0.002 58.76 1.0 0.28 5 0.2 0.227

Several simulations are performed at various stress levels and stress
ratios corresponding to the experimental conditions. The number of cy-
cles at the critical damage obtained from the contour are collected and
plotted together with the experimental results in a standard S-N curve
format as presented in Figure 6.6.
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Figure 6.6: Two scale model predictions of the crack initiation of AA5083-H111

The two scale model fails to predict correctly the effect of the stress
range and the stress ratio on the number of cycles to crack initiation for
the stress ratio of R = 0.5, a shorter crack initiation period is observed
when compared to that of the experiments. This occurs due to a signifi-
cantly large damage increment (Ḋ) during simulation which is directly
produced by the large damage energy release rate (Y µ). This energy re-
lease rate is a function of microstress (σ µ) as presented in Section 4.4.

Figure 6.7 shows a sample of damage increment behavior during mo-
del simulation. The simulation is performed for all three stress ratios
with an identical maximum load of Smax = 99.7 MPa. A larger damage
increment leads to a shorter crack initiation period. However, notice
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that the damage increment for a stress ratio R = 0.5 is only slightly smal-
ler than that of the stress ratio R = 0.1 for which the model produces a
similar number of cycles to crack initiation as observed in Figure 6.6.
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Figure 6.7: A sample of damage increment (Ḋ) behavior for all stress ratios with a max-
imum load of Smax = 99.7 MPa
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Figure 6.8: A sample of damage energy release rate (Y µ) behavior for all stress ratios
with maximum load of Smax = 99.7 MPa
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The damage energy release rate directly influences the behavior of
the damage increment. A sample of damage energy release rate behavior
related to the sample in Figure 6.7 is shown in Figure 6.8. It can be seen
that a similar behavior of damage energy release rate is found for stress
ratios R = 0.1 and R = 0.5 which leads to a similar damage increment as
described in Figure 6.7.
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Figure 6.9: A sample of microstress behavior for all stress ratios with maximum load
of Smax = 99.7 MPa

The value of the damage energy release rate strongly depends on the
value of the microstress. Figure 6.9 shows a sample of the microstress
obtained from a simulation under identical load configuration as that of
Figure 6.7 and Figure 6.8. Due to their insignificant values, the behavior
of the other two directional microstresses are not presented. It can be
seen that, particularly for positive stress ratios, the maximum value of
the microstress is independent of the stress ratio. This behavior leads
to a similar value of the damage energy release rate for stress ratios of
R = 0.1 and R = 0.5 under the same applied maximum stress.

It has been shown that the effect of the positive applied stress ratio on
the damage energy release rate is insignificant. However, though small in
value, the applied stress ratio still influences the behavior of the damage
increment as shown in Figure 6.7. This effect results from the different
values of the plastic accumulation rate (ṗ) between the applied stress
ratios of R = 0.1 and R = 0.5 as presented in Figure 6.10. As expected,
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the plastic accumulation for R = 0.1 is larger than that of R = 0.5 which is
confirmed by a smaller cyclic loop of R = 0.5 compared to that of R = 0.1
as shown in Figure 6.9.
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Figure 6.10: A sample of plastic accumulation rate (ṗ) behavior for R = 0.1 and R = 0.5
with maximum load of Smax = 99.7 MPa

The damage evolution function depends on the damage energy re-
lease rate, the plastic accumulation as well as the damage parameters.
However, the damage parameters only influence the damage function
through the damage energy release rate. Thus, the problem regarding
the short crack initiation life for the applied stress ratio of R = 0.5 can be
solved by adjusting the value of the damage parameters.

A new set of damage parameters (S and s) can be identified such
that the prediction of crack initiation period for stress ratios of R = 0.1
and R = 0.5 exactly fits that of the experiments. The damage parame-
ters affect the prediction of the crack initiation period as following: the
damage strength (S) only influences horizontally the position of the S-
N curve; the damage exponent (s) influences not only the position but
also the gradient of the S-N curve. In order to obtain an accurate set of
damage parameters for each stress ratio, a trial and error procedure is
performed which begins with finding the correct gradient by changing
the value of damage exponent and is followed by correcting the position
of the S-N curve through modification of the damage strength to match
the experimental data.
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Figure 6.11 presents the obtained damage parameters which shows
that, for large stress ratio (R = 0.5), a smaller damage exponent gives a
larger S-N curve gradient.
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Figure 6.11: Prediction of the crack initiation period with stress ratio dependent da-
mage parameters

Implementation of the two scale model is also performed to predict
the crack initiation periods of the specimens under variable amplitude
loads (VALs). First, block loading with a constant stress ratio of R =−1 is considered (Section 3.2.2). Application of each load level on the
specimen during the simulation is identical to that in the experiments
as described in Figure 3.11. Due to changes of load levels based on the
number of cycles during a simulation, the amplitude of each load level
is specified manually in the Abaqus input file to allow manipulation of
the load configuration to fit that of the experiment. The jump in cycles
procedure is applied during the simulation.

A comparison between the simulation result and the result obtained
using the Palmgren-Miner rule is shown in Figure 6.12. For convenience,
the damage values are scaled by their corresponding critical damage va-
lues. A crack is initiated when D/Dc = 1. Note that Dc = 0.227 for the
two scale model and Dc = 1 for the Palmgren-Miner rule. Acceleration
and deceleration of the crack growth rate due to increase and decrease of
the load levels in each block are observed. A relatively good agreement
between the model prediction and the experimental data is observed.
The number of cycles to crack initiation for both the two scale model
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and the Palmgren-Miner method are almost equal. However, the two
scale model is able to predict an increase in damage accumulation (da-
mage gradient) between subsequent blocks where it remains constant for
Palmgren-Miner method. This increase in damage accumulation arises
from the fact that damage value affects (i.e. increases) the damage energy
release rate which in turn increases the damage increment. Table 6.2 gi-
ves details of the prediction result and the experimental data.
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Figure 6.12: Damage behavior prediction of the two scale model under a VAL with
constant stress ratio

Table 6.2: Prediction result and experimental data of the crack initiation under a VAL
with constant stress ratio

Specimen Ni[-]
Experiments Palmgren-Miner two scale model

1 217806
297700 3030002 214444

3 215154

The ability of the two scale model to predict the crack initiation
period of the specimen under block loading with varied stress ratio
(Section 3.2.2) is presented next. The prediction of the crack initia-
tion period is performed using the damage parameters presented in Fi-
gure 6.11. The sub-blocks with stress ratios of R = −0.5 and R = 0.45 use
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the damage parameters for R = −1 and R = 0.5, respectively. The load
configuration is set to be identical to that in the experiment as shown in
Figure 3.13. The load level during simulation is configured manually in
the Abaqus input file as previously applied in the simulation for the con-
stant stress ratio VAL. A jump in cycles procedure is also applied during
the simulation.
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Figure 6.13: Damage behavior prediction of the two scale model under a VAL with
varied stress ratio

Figure 6.13 shows the result of the simulation of the damage behavior
due to block loading with varied stress ratio and the damage behavior
according to the Palmgren-Miner rule. As in Figure 6.12, the damage
value for the Palmgren-Miner rule is scaled by the critical damage value
of the two scale model. The acceleration and deceleration of the crack
growth rate due to the increase and decrease of the load levels are ob-
served. The model prediction is in disagreement with the test results
and the Palmgren-Miner rule. The predicted crack initiation period is
significantly shorter than that of the experimental data as shown in Fi-
gure 6.13. When observing the first two load blocks, Figure 6.14, it ap-
pears that the damage accumulation of the second block is much larger
than that of the first block, which is obviously incorrect.

The damage accumulation is a direct consequence of the damage in-
crement during simulation. Figure 6.15 shows the damage increment be-
havior during simulation for each stress ratio. This figure shows that the
damage increment for the stress ratio of R = 0.1 at the second block (i.e.
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at number of cycles between N = 62400 and N = 82400) is significantly
larger compared to that of the first block (i.e. at number of cycles bet-
ween N = 20200 and N = 40200), which is believed to be erroneous.
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Figure 6.14: Prediction of damage behavior using stress ratio dependent damage para-
meters

0 15000 30000 45000 60000 750000

2

4

6

⋅10−6

N[−]

Ḋ
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Figure 6.15: Damage increment behavior using stress ratio dependent damage para-
meters
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The damage increment directly depends on the value of the damage
energy release rate. Figure 6.16 shows the behavior of the damage energy
release rate corresponding to the damage increment described in Fi-
gure 6.15. A similar behavior is observed where the damage energy re-
lease rate for stress ratio of R = 0.1 at the second block is significantly
larger than that of the first block.
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Figure 6.16: Damage energy release rate behavior using stress ratio dependent damage
parameters

The large value of variable Y µ for the stress ratio of R = 0.1 at the
second block occurs due to hardening which is imposed by a large load
at the sub-block with stress ratio of R = 0.5 as presented in Figure 6.17.
It can be seen that the maximum stress is larger at the second sub-block
of stress ratio R = 0.1 compared to that of the first one. Indeed, the
stress value for other stress ratios (R = 0.45 and R = −0.5) after sub-
block loading with R = 0.5 shows an increase value as well, however, it
only produces a small increase in damage increment values (Figure 6.15).
This results from a large value of the damage strength parameter (S) for
stress ratio of R = 0.45 (see Figure 6.11). A large damage strength results
in a small damage increment. For a stress ratio of R = −0.5, though the
parameter s is large (identical to that of R = −1), its contribution to the
total damage (Figure 6.14) is small due to a small number of cycles with
this stress range (N = 200).

The previous discussion implies that, due to material hardening, the
stress ratio at microscale is different from the applied stress ratio during
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the fatigue tests. Figure 6.18 shows the behavior of the microstress and
the corresponding micro stress ratio (Rµ) under VAL with varied load
ratios. The simulation is performed up to four blocks loading where a
set of three to four cycles is simulated in a sub-block. It can be observed
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Figure 6.17: Stress-strain curve behavior using stress ratio dependent damage parame-
ters
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that the micro stress ratio is always lower than the applied stress ratio.
Furthermore, an increase of micro stress ratio between the first block
and the rest of the blocks is apparent.

It seems that after the first block, as seen in Figure 6.18, the micro
stress ratios between blocks are constant. However, due to the accumu-
lation of damage, the micro stress ratio tends to decrease. Figure 6.19
shows the evolution of the micro stress ratio during simulation for each
sub-block of applied stress ratio.
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Figure 6.19: The evolution of the micro stress ratio during simulation (each block con-
sists of 5 sub-blocks)

It is obvious that the damage parameters should be based on the mi-
cro stress ratio instead of the applied stress ratio. Due to the change in
micro stress ratio after the first block, the damage parameters for the se-
cond block and onwards have to be adjusted to its corresponding micro
stress ratio. Because the damage parameters are calibrated based on the
applied stress ratio (Figure 6.11), the micro stress ratio to which a set of
damage parameters belongs needs to be analyzed. It is discovered that,
under constant amplitude load, the applied stress ratios of R = −1 and
R = 0.1 produce micro stress ratios of Rµ ≈ −1 and Rµ ≈ −0.53, respecti-
vely, independent of the stress range. As a matter of fact, this behavior is
also observed for all applied stress ratios less than R = 0.1. However, for
the applied stress ratio of R = 0.5, a stress range dependent micro stress
ratio is found. For the applied stress ratio of R = 0.5 with applied max-
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imum stress from Smax = 123.23 MPa to Smax = 186.92 MPa, the micro
stress ratio ranges from Rµ ≈ −0.12 to Rµ ≈ 0.33, respectively.

It is worth mentioning that under VAL with constant stress of R = −1
(Figure 6.12), due to fully reverse loading condition, the micro stress ra-
tio similar to that of the applied stress ratio in each sub-block is always
maintained. Thus, a change of damage parameters based on the micro
stress ratio in each sub-block is unnecessary for a crack initiation pro-
blem under VAL with fully reverse loading condition.

The micro stress ratios under large applied stress ratios (R = 0.45 and
R = 0.5) are ranging between Rµ ≈ −0.08 and Rµ ≈ 0.11 as shown in Fi-
gure 6.19, thus, the damage parameters of applied stress ratio of R = 0.5
are assigned to these sub-blocks. On the other hand, for sub-blocks un-
der negative applied stress ratios (R = −0.5 and R = −1), the damage
parameters of applied stress ratio of R = −1 is used. Notice that, alt-
hough, the micro stress ratios under negative applied stress ratios are
decreasing between blocks, adjusting the damage parameters according
to the corresponding micro stress ratio is unnecessary. Under large ne-
gative applied stress ratios, the damage parameters are independent of
the applied stress ratio as shown in Figure 6.20.
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Figure 6.20: Prediction of the crack initiation period under several different applied
stress ratios

The applied stress ratio of R = 0.1 after the first block, as shown in
Figure 6.18, produces a micro stress ratio of approximately Rµ ≈ −0.39
which is out of the range of the micro stress ratio described in the previ-
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ous paragraph (i.e. Rµ ≈ −0.53). After a set of simulations, it is found that
the applied stress ratio of R = 0.3 with applied maximum stress ranging
from Smax = 96.34 MPa to Smax = 137.88 MPa produces micro stress ra-
tios which range from Rµ ≈ −0.43 to Rµ ≈ −0.19. Due to decrease of mi-
cro stress ratio, in sub-blocks greater and equal to 48 with applied stress
ratio of R = 0.1 (Figure 6.19), the value of micro stress ratios are smal-
ler (Rµ ≤ −0.44) than the range of micro stress ratios found in applied
stress ratio of R = 0.3. After a set of simulations, the applied stress ratio
of R = 0.2 produces a good range of micro stress ratios which include
the value of micro stress ratios found in sub-blocks greater and equal to
48. Under maximum stress of Smax = 88.13 MPa and Smax = 129.67 MPa,
the applied stress ratio of R = 0.2 produces the micro stress ratios of
Rµ ≈ −0.49 to Rµ ≈ −0.387.

It is important to note that both the applied stress ratios of R = 0.2
and R = 0.3 are able to produce a micro stress ratio of Rµ ≈ −0.39.
However, under an applied stress ratio of R = 0.2, a micro stress ra-
tio of Rµ ≈ −0.39 can only be obtained under an applied maximum
stress of Smax = 129.32 MPa which produces a maximum micro stress
of σ µ

22 = 140 MPa. This maximum micro stress is larger than that of the
sub-block under the applied stress of R = 0.1, i.e. σ µ

22 = 126.3 MPa (see Fi-
gure 6.18). The applied stress ratio of R = 0.3 with an applied maximum
stress of Smax = 87 MPa produces a micro stress ratio of Rµ ≈ −0.39 as
well as a maximum micro stress of σ µ

22 = 126.4 MPa.
In order to obtain the calibrated damage parameters for the stress

ratio of R = 0.3, an initial pair of maximum stress and its corresponding
number of cycles (Smax ,Ni) has to be known. This data is obtained from
the stress ratio effect graph in Figure 3.10 (experimentally obtained). The
value of the stress range (which corresponds to Ni =2×106) for an applied
stress ratio ofR = 0.3-for convenience a linear relationship is considered-
is found to be ∆S = 67.44 MPa. After a set of simulations, the damage
parameters for this stress ratio are as follows: S = 1.44 and s = 2.9. The
S-N curve for the applied stress ratio of R = 0.3 is shown in Figure 6.20.

Based on the micro stress ratio ranges for each applied stress ratio,
the damage parameters used to predict the crack initiation period under
VAL with varied stress ratios are described in Table 6.3.

Figure 6.21 shows the result of the simulation using the damage pa-
rameters based on the micro stress ratio of each sub-block. A signifi-
cant improvement of the prediction of crack initiation is achieved, even
though, when compared to the experimental data (average value of the
three specimens), the Palmgren-Miner method gives a better prediction
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Table 6.3: Specification of damage parameters for crack initiation prediction under
VAL with varied stress ratios

Block R[-] Rµ[-] S[MPa] s[-] RP[-] Rµ
CA[-]

1st

0.45 -0.28 60 1.45 0.5 -0.12 to 0.33
-0.5 -0.94 0.28 5.0 -1 -1
0.1 -0.53 0.24 6.0 0.1 -0.53
-1 -1.36 0.28 5.0 -1 -1

0.5 0.089 60 1.45 0.5 -0.12 to 0.33

2nd − 47th

0.45 -0.08 to 0.11 60 1.45 0.5 -0.12 to 0.33
-0.5 -0.82 to -0.95 0.28 5.0 -1 -1
0.1 -0.39 to -0.43 1.44 2.9 0.3 -0.43 to -0.19
-1 -1.30 to -1.68 0.28 5.0 -1 -1

0.5 -0.08 to 0.11 60 1.45 0.5 -0.12 to 0.33

≥ 48nd

0.45 -0.08 to 0.11 60 1.45 0.5 -0.12 to 0.33
-0.5 -0.82 to -0.95 0.28 5.0 -1 -1
0.1 -0.44 to -0.47 0.45 4.35 0.2 -0.49 to -0.39
-1 -1.30 to -1.68 0.28 5.0 -1 -1

0.5 -0.08 to 0.11 60 1.45 0.5 -0.12 to 0.33
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Figure 6.21: Damage behavior prediction of the two scale model under a VAL with
varied stress ratio

162



accuracy. However, the two scale model prediction is considered, in term
of structural design safety, a better result due to a shorter crack initiation
period than that of the Palmgren-Miner method as shown in Table 6.4.

Table 6.4: Prediction result and experimental data of the crack initiation under a VAL
with varied stress ratio

Specimen Ni[-]
Experiments Palmgren-Miner two scale model

1 660810
954600 5688002 882140

3 885636

The last implementation of the two scale model is conducted on the
specimen under a Rayleigh distributed random loading. The spectrum
of the loading is described in Figure 3.15. The load configuration is ma-
nually applied in the Abaqus input file by specifying the load points and
the corresponding time of applications. Due to random irregularity of
the load levels, the implementation of the jump in cycle procedure can-
not be applied.

Table 6.5: Several applied stress ratios with their corresponding micro stress ratio ran-
ges

R[-] 0.4 0.6

Smax[MPa] 145.62 187.16 107.29 148.83

Rµ[-] -0.33 0.004 0.17 0.4

A random loading configuration as presented in Figure 3.15 results
in a set of random micro stress ratios as well. Due to the irregularity of
the micro stress ratio, it is impossible to obtain a perfect set of damage
parameters for each micro stress ratio in every cycle. For convenience,
only one set of damage parameters is assigned to a specific range of mi-
cro stress ratio. It is important to mention that, due to the positive value
of the applied stress ratios, the micro stress ratios obtained during the
simulation are generally greater than Rµ ≈ −0.2. Moreover, a few ad-
ditional sets of damage parameters are calibrated, i.e. for applied stress

163



ratios of R = 0.4 and R = 0.6, to obtain a better accuracy of the result.
For these applied stress ratios, the applied maximum stresses and their
corresponding micro stress ratio ranges are shown in Table 6.5.

Table 6.6 shows the assigned damage parameters to predict the crack
initiation life under the random loading. It is important to mention that
the micro stress ranges of the applied stress ratios fromR = 0.2 to R = 0.6
are overlapped, e.g. the applied stress ratios of R = 0.5 and R = 0.6 pro-
duce the micro stress ratios of -0.12≤ Rµ ≤0.33 and 0.17≤ Rµ ≤0.4, re-
spectively. For overlapping micro stress ratio ranges, due to the positive
value of the applied stress ratios of the random loading, the damage pa-
rameters which belong to a larger applied stress ratio are prioritized, e.g.
the damage increment for a micro stress ratio of Rµ = 0.17 is calcula-
ted using the damage parameters of the applied stress ratio of R = 0.6,
though, the damage parameters of the applied stress ratio of R = 0.5 is
also qualified.

Table 6.6: Specification of damage parameters based on the range of the micro stress
ratio

Rµ[-] range RP[-] S[MPa] s[-]

-1.5≤ Rµ ≤-0.8 -1 0.28 5.0
-0.8< Rµ ≤-0.49 0.1 0.24 6.0
-0.49< Rµ ≤-0.43 0.2 0.45 4.35
-0.43< Rµ ≤-0.33 0.3 1.44 2.9
-0.33< Rµ ≤-0.12 0.4 7.7 1.97
-0.12< Rµ ≤0.17 0.5 60 1.45

Rµ ≥0.17 0.6 275 1.25

The prediction of the damage behavior of the specimen is shown in
Figure 6.22. It can be seen that the model with damage parameters accor-
ding to Table 6.6 is able to give a good prediction of the crack initiation
life. When compared to the Palmgren-Miner rule, the two scale model
gives a better prediction of the crack initiation period as shown in Ta-
ble 6.7.

Notice that the two scale model predicts a non-linear damage
accumulation, which is a good representation of reality, whereas the
Palmgren-Miner rule shows a linear damage accumulation. The non-
linear behavior of the damage accumulation occurs due to the occasio-
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nal large damage increments, e.g. at N = 32700 (Figure 6.22), which are
resulted from the large damage energy release rates. As a function of mi-
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Figure 6.22: Damage behavior prediction of the two scale model under a Rayleigh dis-
tributed random loading

crostress, the large damage energy release rates are caused by the occa-
sional large applied stresses, i.e. stresses that are larger than 80% of the
maximum applied stress of the random load configuration. This large
applied stress coupled with damage parameters for small micro stress
ratio resulted from the previous load cycle (e.g. Rµ = −0.5) leads to a
larger damage increment.

Table 6.7: Prediction result and experimental data of the crack initiation under a Ray-
leigh distributed random loading

Specimen Ni[-]
Experiments Palmgren-Miner two scale model

1 110520
74987 1030002 170200

3 146250
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6.2 Crack propagation model results and
comparison with tests

This section presents the prediction results of the experimental data
given in Section 3.3 using the cohesive zone model described in
Section 5.3.3. The numerical simulation of the model is performed in
Abaqus through its user element subroutine UEL where the cohesive
zone constitutive equations, the proposed damage mechanism and the
jump in cycle procedure are implemented.

The cohesive and the damage law parameters are obtained using the
method specified in Section 5.4, the corresponding parameters are pre-
sented in Table 6.8.

Table 6.8: Cohesive law parameters for AA5083-H111

σmax ,0[MPa] δ0[µm] δsep[µm] κ[-] ω[-] γ[-]

580 25.2 201.6 0.7 2.8 6700

The model prediction of the fatigue crack growth is performed in
a two-dimensional finite element analysis. The continuum elements
which constitute the CT specimen are quadratic quad (CPS8) and tri-
angle (CPS6) plane stress elements, having 9 and 3 integration points,
respectively. Only half of the geometry of the CT specimen is modeled
due to a symmetrical condition. Figure 6.23 shows the mesh configu-
ration used in the simulations. A total of 1060 elements is used which
includes 141 cohesive elements placed in front of the pre-defined crack
path.
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Figure 6.23: Mesh configuration of the CT specimen
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The crack propagation during a specified cyclic load is described
through the degradation of the cohesive strength due to damage accu-
mulation in the damage zone in front of the crack tip as presented in
Section 5.3.3. The damage accumulation strongly depends on the beha-
vior of the separation in the cohesive zone which is a result of interaction
between the cohesive law and the material model of the continuum ele-
ments. The material model must include the plasticity response of a ma-
terial subjected to a cyclic load. In this thesis, an Abaqus built-in cyclic
plasticity model which consists of non-linear isotropic and kinematic
hardening is used. Implementation of the material model only requires
a series of data which can be extracted from a stabilized cyclic stress-
strain curve given in Section 3.4.

The results of the finite element analysis of the CT specimen at vari-
ous crack lengths during a simulation is shown in Figure 6.24 where the
contour of the accumulated plastic strains (p) is given. The figure shows
the trace of the plastic wake where the previous damaged cohesive ele-
ments trail the crack tip. A similar plastic wake is commonly observed in
experiments where plastic blunting and sharpening occurs as described
in Section 2.1.1.3 [32]. In addition, as expected, the amount of plasticity
increases as the crack length increases due to a higher stress intensity at
the crack tip.
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Figure 6.24: Crack tip extensions and accumulated plastic strain contours for a cyclic
load of Pmax = 4 kN and R = 0.1

Constant amplitude tests are first simulated with the model des-
cribed in Section 5.3.3 using the jump in cycles procedure given in
Section 5.5. As in the experiments, the load configurations are as fol-
lows: a maximum force of Pmax = 4 kN with load ratio of R = 0.1 and a
maximum force of Pmax = 5 kN with load ratio of R = 0.5. Figure 6.25
presents the prediction results of the model in a standard da/dN vs. ∆K
graph.

Figure 6.25 shows a good agreement between the model predictions
and the experimental data. The model is thus able to predict the effect
of the load ratio and the stress intensity factor range on the fatigue crack
growth rate behavior. The model is only able to predict the tensile mode
of the fatigue crack growth due to the two-dimensional nature of the mo-
del. The shear mode prediction of the fatigue crack growth requires an
extension of the model to a three-dimensional analysis which is beyond
the scope of this thesis.

The model is also used to predict the fatigue crack growth rate under
VAL. This type of load configuration significantly affects the crack gro-
wth rate behavior of a material which may manifest in crack retardation
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as described in Section 2.1.2.3. A clear evidence of the crack retardation
can be observed by subjecting the specimen to overloads as explained in
Section 3.3.2.
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Figure 6.25: Model prediction results of the crack growth rate behavior of aluminum
alloy AA5083-H111

Figure 6.26 shows the accumulated plastic strain at several crack
lengths before and after application of the overloads. An increase of plas-
tic zone size after the overloads is observed. The enlarged plastic zone
size due to the first overload is smaller than that of the second overload
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Figure 6.26: Crack tip extensions and accumulated plastic strain contours for a cyclic
load of Pmax = 4 kN and R = 0.1 with two overloads
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because of a larger stress intensity resulting from a larger crack length.
The model prediction of the crack growth rate and the crack growth

behavior under overloads are presented in Figure 6.27 and Figure 6.28,
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Figure 6.27: Simulation results of fatigue crack growth rate with two overloads at a =
32.5 mm and a = 47.5 mm

0 300000 600000 900000

30

40

50

60

70

80

N[-]

a[
m

m
]

Experiments
CZM
LDA

Figure 6.28: Model prediction of the crack retardation due to two 100% overloads at
a = 32.5 mm and a = 47.5 mm
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respectively. In the FE simulation, the application of two 100% overloads
is applied at crack lengths which correspond with the experiments. The
first overload is applied at crack length a = 32.5 mm and the second
overload is applied at crack length a = 47.5 mm.

Figure 6.27 shows the ability of the model to predict the crack retar-
dation due to overloads. A relatively good agreement is observed bet-
ween the experiments and the prediction results. There is a difference
between tests and predictions on the total crack propagation period as
shown in Figure 6.28. This mainly occurs due to inability of the model
to capture the decrease of crack growth rate which is produced by shear
lips development after application of the first overload.

The next type of VAL simulated using the model is the multilevel
block loading with constant load ratio of R = 0.01. Similar to the previ-
ous simulation on the effect of the overloads, the application of the load
levels is based on the crack length obtained from the experiments. Due
to the change in loading configuration during the simulation, the ampli-
tude specification is configured manually in Abaqus input file.
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Figure 6.29: Model prediction of the crack growth behavior due to constant load ratio
multilevel blocks loading

Figure 6.29 gives the simulation result of the fatigue crack growth be-
havior of the specimen under block loading with a constant load ratio. A
similar behavior is observed between the experiment and the simulation
results: a lower block load level is always followed by crack retardation.
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However, a faster crack growth rate is observed at every increasing sub-
block load level. Due to the large load levels, even though at small crack
lengths, the crack growth occurs in shear mode which leads to a faster
prediction of the crack growth rate compared to that of the experimen-
tal data. The crack growth rate behavior of the model prediction and the
simulation results is presented in Figure 6.30.
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Figure 6.30: Model prediction of the crack growth rate behavior due to constant load
ratio multilevel blocks loading

A simulation is also performed to predict the fatigue crack growth
behavior of the specimens under multilevel block loading with varied
load ratios. The application of the load configuration, as in the previous
simulation, is conducted based on the crack length obtained from the
experiment. Based on the information of the crack length in subroutine
UEL, the load level and load ratio are adjusted in subroutine DLOAD to
follow the correct load specification applied during the experiment.

The result of the model prediction of the fatigue crack growth under
multilevel block loading with varied load ratios is shown in Figure 6.31.
It can be seen that the crack retardation is evidence at crack length where
a higher load level block (N = 129000) is followed by a lower load level
block (N = 166000). Most of the crack extension occurs in shear mode
due to large load levels in the sub-blocks. This leads to a higher crack
growth rate prediction compared to that of the experimental data. Fi-
gure 6.32 shows the crack growth rate behavior of the results. At a small
crack length, the crack growth prediction is in a close agreement with
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that of the experimental data. However, as the load level changes to a
higher value in the following sub-block, the shear lips start to appear
and produce a slower crack growth rate which cannot be predicted by
the model.
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Figure 6.31: Crack growth behavior due to varied load ratio multilevel blocks loading
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Figure 6.32: Model prediction of the crack growth rate behavior due to varied load
ratio multilevel blocks loading
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The last simulation performed on the specimen is the implementa-
tion of the model to predict fatigue crack growth behavior under a Ray-
leigh distributed random loading. The characteristics of the loading is
described in Figure 3.32 and Figure 3.33. The load configuration is ma-
nually applied in the Abaqus input file by specifying the load points and
the corresponding time of applications. The jump in cycle procedure
cannot be applied for this type of loading due to the random change of
amplitudes during simulation which will invalidate the linear interpola-
tion between the selected damage advancements.
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Figure 6.33: Crack growth rate behavior due to a Rayleigh distributed random loading

The result of a cycle by cycle computation of the model to predict the
fatigue crack growth behavior of the alloy under the specified random
loading is shown in Figure 6.33. At a small crack length (a < 35 mm), the
simulation result shows a good agreement with the experimental data as
shown in Figure 6.34. In particular, the model shows a good accuracy
in predicting a slight acceleration at small crack length (a < 28 mm)
whereas the LDA predicts a much slower crack growth rate. As the crack
grows, the crack growth rate prediction increasingly deviates from that
of the experiments. This occurs due to the development of the shear lips
which reduces the crack growth rate during experiments.

In term of the total number of cycle to fracture of the specimen, the
linear damage accumulation method gives a good prediction of the crack
growth period. However, the method is unable to predict the crack gro-
wth rate behavior of the specimen: a smaller crack growth rate at small
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crack length and a much larger crack growth rate at a large crack length
are observed.
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Figure 6.34: Model prediction of the crack growth rate behavior due to a Rayleigh dis-
tributed random loading

6.3 Discussion and conclusions
Finite element simulations of fatigue damage to describe the crack ini-
tiation of a SENT specimen is conducted. A jump in cycle procedure is
applied to significantly reduce the computational time of the model si-
mulation. The computational cost depends on the choice of the damage
advancement value. An analysis can be performed to determine the opti-
mal value of the damage advancement without compromising the result
accuracy.

The two scale model gives a good prediction of crack initiation un-
der constant amplitude loads with stress ratios of R = −1 and R = 0.1.
However, for stress ratio of R = 0.5, a poor accuracy of crack initiation
prediction (a shorter crack initiation life) is observed. A large damage
increment due to a large damage energy release rate (which is a function
of the microstress) contributes to the prediction error.

Under a similar maximum stress, the effect of a positive applied stress
ratio on the damage energy release rate is minimal which leads to a small
difference in damage increment and, in turn, results in a relatively simi-
lar crack initiation period. The small difference in damage increment is
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attributed to a larger plastic accumulation rate of a smaller applied stress
ratio. The effect of damage energy release rate on the crack initiation pe-
riod is significantly stronger than that of the plastic accumulation rate.

Especially for a large positive value of applied stress ratio, the damage
parameters (S and s) required to predict the crack initiation period are
stress ratio dependent. The damage strength (S) only influences hori-
zontally the position of the S-N curve, i.e. a smaller damage strength
leads to a smaller number of cycles, whereas the damage exponent (s)
influences not only the position but also the gradient of the S-N curve,
i.e. a smaller damage exponent gives a larger S-N curve gradient.

A relatively good prediction of crack initiation under VAL with a
constant stress ratio of R = −1 is observed. Both the two scale model
and the Palmgren-Miner method show a similar result in terms of the
number of cycles at crack initiation. Although, the two scale model is
able to predict an increase in damage accumulation between subsequent
blocks, the accuracy of the two scale model prediction when compared
to the experimental data shows no improvement compared to that of the
Palmgren-Miner method.

The two scale model, though it includes the damage parameters ba-
sed on the applied stress ratio, is unable to correctly predict the crack
initiation period under a variable amplitude load with varied stress ra-
tios. Under VAL with varied stress ratio, due to material hardening, an
identical applied stress ratio between two subsequent blocks loading may
result in a different micro stress ratio which leads to a significantly diffe-
rent damage behavior. In addition, material hardening produces a lower
value of the micro stress ratio than the applied stress ratio. It also causes
the micro stress ratio at large applied stress ratios (R > 0.1) to be depen-
dent on the applied maximum stress, i.e. a larger maximum stress results
in a larger micro stress ratio.

In order to better predict the crack initiation period under VAL with
varied stress ratio, the damage parameters should be based on the mi-
cro stress ratio of each sub-block instead of the applied stress ratio. Fol-
lowing this method, a better prediction of the crack initiation period
is observed, though, it is poorer in term of accuracy than that of the
Palmgren-Miner method. However, the two scale model prediction is
considered to be a better result in terms of structural design safety due
to a shorter crack initiation period.

Under a random loading, the damage parameters must be assigned
to a particular range of values of micro stress ratio during the simulation
due to an infinite number of possible micro stress ratio values.

177



The two scale model gives a good prediction of the crack initiation
life under a Rayleigh distributed random loading. The model gives a bet-
ter accuracy compared to the prediction of the Palmgren-Miner method.

The two scale model prediction shows a better representation of the
reality, i.e. a non-linear damage accumulation, for all type of VAL confi-
gurations.

The damage-embedded cohesive zone model with the proposed da-
mage zone size is able to predict the fatigue crack growth behavior of
an aluminum alloy. The model predictions of crack growth rate under
constant amplitude loads are in a good agreement with the experimen-
tal data. The crack closure effect of the load ratio observed in experi-
ments is correctly described by the model. The effect of the shear lips
development, however, cannot be predicted by the model due to its two-
dimensional analysis limitation. This leads to a larger crack growth rate
prediction compared to that of the experimental data during the shear
mode crack propagation.

The effect of overload is correctly described by the model which ma-
nifests through a crack retardation. A good agreement between model
prediction and that of the experimental data is observed. The model is
able to describe the behavior of the crack tip plasticity due to overloads.

The model is generally able to describe the fatigue crack growth be-
havior under a variable amplitude load with a constant as well as varied
load ratios. However, the model always gives a shorter crack growth pe-
riod compared to that of the experimental data due to its inability to take
into account a smaller crack growth rate effect caused by shear lips de-
velopment.

The model gives a significantly better prediction of the fatigue crack
growth behavior to that of the linear damage accumulation method.

A large computational cost is involved in applying the two scale mo-
del as well as the damage-embedded cohesive zone on fatigue problems
with irregular (random) amplitude loading where a jump in cycle pro-
cedure cannot be applied.
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Chapter 7

Conclusions and
Recommendations

This chapter presents the summary of the conclusions obtained from this
research project as well as recommendations for future works. The last
section of each chapter gives a detailed conclusion of each chapter.

7.1 Conclusions
The aim of this research project was to give an initial step in providing
physically based fatigue models. Lemaitre’s two scale damage model is
chosen to describe the crack initiation and is succeeded in providing a
reasonably good prediction results. A cohesive zone model with a new
definition of the damage zone is proposed to describe the fatigue crack
growth which gives a reasonable prediction results. The models are im-
plemented in finite element code Abaqus through its subroutines UMAT
and UEL. The research is divided into the following parts: literature re-
view on the fatigue prediction methods; experimental work on alumi-
num alloys AA5083-H111; implementation of the two scale model to pre-
dict the crack initiation life; development of the modified cohesive zone
model to predict the crack propagation life; and verification of the mo-
dels with experimental data.

Experimental works on aluminum alloys AA5083-H111

The experimental results indicate that the crack initiation life of the tes-
ted alloy depends on the stress range and on the stress ratio, which is
also observed in SN curves for the total fatigue life in literature. The pre-
diction of crack initiation life under variable amplitude load with con-
stant and varied stress ratios using the Palmgren-Miner rule, which is
based on the constant amplitude load experiments, gives a longer crack
initiation life than that of the tests. However, it cannot be concluded that
the Palmgren-Miner rule is inaccurate as the deviation can also be due
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to the scatter that is inherent to fatigue except for the case of random
loading.

The fatigue crack growth rate depends on the stress ratio. Shear lips
result in a decrease of the crack growth rate and produce a larger scatter
of fatigue crack growth rate test data above a certain crack size corre-
sponding to a crack growth rate equals to 1.5×10−4 mm/cycle. Variable
amplitude loads where a block of a large load level or overloads is fol-
lowed by a block with a smaller load level results in crack growth retar-
dation. An obvious crack growth retardation such that of the variable
amplitude load is not observable in the case of the random loading. The
linear damage accumulation (LDA) method is unable to describe the ef-
fect of load sequence on the fatigue crack growth.

Low cycle fatigue life strongly depends on the range of plastic strain,
i.e. a larger plastic strain leads to a shorter fatigue life. For this alloy, cy-
clic strain hardening occurs which results in a significantly higher cyclic
stress-strain curve compared to the monotonic strain-stress curve.

Crack initiation life prediction using the Lemaitre’s two scale model

The suggested method in literature on how to determine the material
parameters cannot be applied to an alloy where damage starts to grow at
plastic strain value smaller than that corresponds to the ultimate tensile
strength.

Finite element simulations of Lemaitre’s two scale model include a
jump in cycle procedure to significantly reduce the computational time.
An optimal value of the damage advancement gives the smallest com-
putational cost without compromising the result accuracy. The largest
jump in cycle allowed is the number of cycles which produces a damage
advancement equals to 4% of the critical damage.

The two scale model gives satisfactory prediction results of the crack
initiation life under constant amplitude loads with stress ratios of R = −1
and R = 0.1. However, for a stress ratio of R = 0.5, the model predicts
a significantly shorter crack initiation period. It is confirmed that the
large damage increment is resulted from a large damage energy release
rate for R = 0.5. This large damage energy release rate occurs due to a
large microstress which is naturally induced by the material hardening.

The effect of a positive applied stress ratio, under a similar maximum
stress, on crack initiation period is small due to an insignificant effect of
the damage energy release rate on the applied stress ratio. However, the
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effect of a damage energy release rate on the crack initiation period is
significantly stronger than that of the plastic accumulation rate.

In order to obtain a good crack initiation prediction, the damage pa-
rameters must be stress ratio dependent. The damage strength (S) only
influences horizontally the position of the S-N curve, i.e. a smaller da-
mage strength leads to a smaller number of cycles to crack initiation,
whereas the damage exponent (s) influences not only the position but
also the gradient of the S-N curve, i.e. a smaller damage exponent gives
a larger S-N curve gradient.

A relatively good prediction of crack initiation under VAL with a
constant stress ratio of R = −1 is observed. Although, the two scale
model is able to predict an increase in damage accumulation between
subsequent blocks, the accuracy of the two scale model prediction when
compared to the experimental data shows no improvement compared to
that of the Palmgren-Miner method.

Under VAL with varied stress ratio, due to material hardening, an
identical applied stress ratio between two subsequent blocks loading may
result in a different micro stress ratio which leads to a significantly diffe-
rent damage behavior. Material hardening produces a lower value of the
micro stress ratio than the applied stress ratio. It also causes the micro
stress ratio at large applied stress ratio (R > 0.1) to be dependent on the
applied maximum stress, i.e. a larger maximum stress results in a larger
micro stress ratio.

A good prediction of the crack initiation period under VAL with va-
ried stress ratios is obtained if the damage parameters used are based on
the micro stress ratio of each sub-block instead of the applied stress ra-
tio. In terms of structural design safety, due to a shorter crack initiation
period, the two scale model prediction (NTS/Ntest = 0.7) is considered
better than that of the Palmgren-Miner method (NPM/Ntest = 1.18).

Under a random loading, due to an infinite number of possible micro
stress ratio values, the damage parameters must be assigned to a particu-
lar range value of the micro stress ratio. A good prediction of the crack
initiation period is obtained and is better than that of the Palmgren-
Miner method.

Crack propagation life prediction using a cohesive zone model

The damage embedded cohesive zone model provides a good representa-
tion of the plastic-induced deterioration during unloading and reloading
at the crack tip. This thesis demonstrates that crack growth retardation
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following an overload can be simulated with a cohesive zone model, but
that a proper definition of the damage function is a crucial factor for a
correct description of reality.

The definition of the damage function of a cohesive zone model
strongly influences the fatigue crack growth behavior of a material. The
proposed damage zone definition within the damage function removes
the ’crack initiation’ phenomena and the irregularity of the crack tip plas-
ticity obtained from simulations which arise from a large damage zone
size defined previously in literature. The proposed damage zone is defi-
ned as a function of the maximum crack tip opening displacement.

The influence of plasticity on the damage development does not need
to be defined in the damage function of a cohesive zone model, but can be
included through the cyclic plasticity model of the continuum elements
which directly affects the separation behavior. A plasticity model which
includes the kinematic as well as isotropic hardening must be applied in
the material definition. Crack retardation occurs due to a decrease in
the separation of the damage zone which arises from the cyclic plasticity
model of the continuum elements.

The cohesive zone model and the damage function require a series
of material dependent parameters. The damage parameters ω, γ and κ
influence the crack growth rate as well as the crack growth acceleration.
These parameters are obtained by a trial and error procedure.

A jump in cycle (JIC) procedure is required to achieve an accepta-
ble computational time during the fatigue crack growth simulation. A
quadratic interpolation method improves the accuracy and allows for
the minimum number of JIC in each integration point. The minimum
number of JIC procedure is achieved by finding an optimal value of the
damage advancement.

The damage-embedded cohesive zone model with the proposed da-
mage zone size definition gives a very good prediction of crack growth
rate under constant amplitude loads. The model correctly describes the
crack closure effect of the load ratio. However, a reduced crack growth
rate due to shear lips development cannot be predicted because the two-
dimensional nature of the model.

The damage-embedded cohesive zone model is able to predict the
load sequence effect of variable amplitude loads with reasonable preci-
sion. However, the accuracy of the prediction results diminishes if the
shear lips initiate.

The Lemaitre’s two scale model and the damage-embedded cohesive
zone still require a large computational time for fatigue problems with ir-
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regular (random) amplitude loads where a jump in cycle procedure can-
not be applied.

7.2 Recommendations
Based on the knowledge obtained during this research, the following re-
commendations are proposed for future research in this area.

Regarding the two scale model, a better procedure should be propo-
sed on how to assign a set of damage parameters to its corresponding
micro stress ratio. A function based on the micro stress ratio as well
as the maximum microstress should be developed to relate the range of
micro stress ratios to the required damage parameters.

The damage parameters required for the cohesive zone model are
obtained by a trial and error procedure. A further research on obtaining
these parameters is needed. A formulation which relates a material para-
meter and a damage parameter, e.g. the Ramberg-Osgood parameter n
with damage parameter ω, should be developed. An experimental inves-
tigation on the exact size of the damage zone using a high magnification
camera should be conducted, thus, an experimental value of κ can be
obtained.

The damage-embedded cohesive zone model proposed in this thesis
is limited to two-dimensional problems. Thus, a three-dimensional for-
mulation of the model shall be pursued to solve crack growth problems
involving shear lips. This will broaden the applicability of the model to
complex loading conditions, such as: multiaxial and non-proportional
loading, and, in general, to real-world engineering practices.

A procedure should be developed to connect Lemaitre’s two scale and
damage-embedded cohesive zone model resulting in a total fatigue life
prediction of metal structures.
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