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Abstract

Chemical Vapor Deposition (CVD) is a method to coat a very thin layer to a
substrate. One of the applications of CVD is coating of wafer carriers. A wafer
carrier is a graphite plate coated with a layer of silicon carbide (SiC) which is
used in machines which make computer chips. In this machine, the pressure and
temperature are very high, which makes the plate warp. The way it warps is
among others dependent on the SiC layer and the SiC structure in the pores of
the graphite plate. In this report, we will look into the CVD process on the pore
scale by describing the diffusion of reactants in the pore and the precipitation on
the pore boundaries using the classical Stefan problem. As numerical approach
for the concentration, we use the Finite Cell Method to capture the complex
geometries of the pores. To describe the boundaries, we use a smooth level
set function calculated using a CT-scan of the graphite pores. To solve the
movement of the boundary we use the level set equation and we use a staggered
coupling between the concentration in the pores and the change of the implicit
boundary. We also look into the results of different parameters using a two and
three dimensional model.
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Nomenclature

Abbreviations

ALE Arbirtrary Lagrangian Eulerian

CVD Chemical Vapor Depostition

FCM Finite Cell Method

FEM Finite Element Method

Chemicals

CH4 Methane

H2 Hydrogen

HCl Hydrogen chloride

SiCl4 Silicon tetrachloride

SiC Silicon carbide

Domains

Γ Boundary of Ω

Γb Boundary where the chemical reaction takes place

Γin Inlet boundary

Ω Domain describing the original pore of interest

Ωb Domain describing the SiC layer

Ωe Extended domain

Ωt Domain describing the pore immersed with gas

Functions

J·K Jump operator
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f Dirichlet boundary condition on Γin

h Level set function

Ni,k ith B-spline basis function of degree k

Mathematical symbols

∆ Laplacian

n Outward pointing normal

v Speed of the boundary

∇ Gradient

∂t Time derivative

Other symbols

Fhghost Ghost phase

T h Background mesh

T hΩe Partition of the extended domain

Parameters

β Precipitation rate

∆t Size of time steps

ρ Molar density

D Diffusion coefficient

h Gridsize

k Polynomial degree of basis functions

u Concentration of gas in the pore

Spaces

N k basis of kth order B-spline functions with support on the background
mesh

N k
Ωe

basis of kth order B-spline functions defined over Ωe

Sk span(N k)

SkΩe span(N k
Ωe

)

Hk Sobellev space where kth weak derivative is in L2(Ω)

V Space of test functions
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Chapter 1

Introduction

These days, a lot of computer chips are produced by companies. For those
companies, it is very important that the number of chips that have to be
discarded, due to low quality, is as low as possible. These chips are made by
machines and one of the parts of the chip making machine is the wafer carrier.
A wafer is a plate of which the chips are made and the wafer carrier is a kind of
a table, on top of which the wafers are placed in the machine (see Figure 1.1).
This wafer carrier is made of graphite, which is a very soft and porous material.
To strengthen it, the graphite is coated with a very thin layer of silicon carbide
(SiC). The coating is done using a process called chemical vapor deposition
(CVD). During the CVD process, the wafer carrier is placed in a reactor and
reactants are added to that reactor with a forced flow. At the wafer carrier
surface, a boundary layer forms where the reactants diffuse to the surface of
the wafer carrier, react with the graphite and deposit on the surface. Because
the graphite is very porous, the reactants also diffuse inside the pores of the
graphite and can also precipitate in the pore.

Figure 1.1: An image of a coated wafer carrier.
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Inside the pores, a SiC structure forms which changes the properties of the
plate. When there are pores with multiple openings to the surface, bridges
can be formed. This contributes to a change of stiffness along the plate, but
because the porosity of graphite is not homogeneous along the plate this stiffness
change is also not uniform. When the coated plates are used in the chip making
machines, they are exposed to, among others, high temperatures and pressure.
This causes warping of the plates and because of the in-homogeneous pore
structure of the SiC, every plate warps differently. Because of this intra-batch
variations, the chip making machine cannot be adjusted to the warping and the
machine is less accurate. That is why it is very important to understand the
penetration of SiC into the pores better, such that it can be predicted or even
regulated how the plates will behave when put into the machine. Therefore we
formulate the following goal for this master thesis:

The goal of this master thesis is to develop a mathematical model which
describes the precipitation inside the graphite pores during the CVD process
and develop an algorithm which solves the mathematical model numerically.

When looking at the pore scale of the graphite plate, we see a very complex
geometry. We do not know the exact geometry, because we only have CT-scans
of the pore structure of the graphite plate. Verhoosel et al. [7] did research on
how to approximate the pore geometry from voxel data in a smooth way. To
capture the problem on this complex geometry without being forced to make a
very complex mesh, the Finite Cell Method has been proposed by Parvizian et
al. [4]. This method can be very unstable, so stabilization methods are proposed
in different papers [4][5][6][7][13]. The geometry is described using a level set
function, which we can use to update the geometry in time, as described by
Persson [8].

In this report, we will use this prior research and apply it to the free
boundary problem describing the CVD process. In chapter 2, we start with
an introduction of the CVD process and the classical Stefan Problem used to
describe the free boundary problem. After that, we express the mathematical
model which describes, under some assumptions, the CVD process. In chapter
3, we state the numerical approach. First, we state our algorithm in pseudo
code and after that, we give a wider explanation what happens in every step. In
chapter 4, we treat the numerical results. We first start with a one dimensional
model where we compare our numerical approach with an ALE approach. Then
we do a convergence study and we check the stability of our model. Finally
we do a 3D case study using our numerical model. In chapter 5, we give some
conclusions and we provide some recommendations in chapter ??. Finally, ideas
for further research are presented in chapter 7.
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Chapter 2

Problem Statement

In this section, we determine the problem statement for this thesis. We start
with some theory to gain a better understanding of our problem. For that,
we give a short introduction of CVD. After this introduction, we describe the
classical Stefan problem and explain how we use this to describe the precipitation
in the pores during the CVD process with the mathematical model.

2.1 Chemical Vapor Deposition

Chemical Vapor Deposition (CVD) is a method used to add a very thin layer
to a substrate. We are looking at a graphite wafer carrier which is coated with
a thin layer of SiC. Before the CVD process, the graphite plate is milled in the
desired form. After that it is cleaned, polished and hanged in a gantry. The
gantry is shaped in such a way that the plates can be put in with very small
contact points. The plates are put in the gantry in a clean room to minimize
the amount of dust on the graphite plate. The gantry is put in the reactor and
that is where the CVD process begins.

The three most important chemicals that play a role in the process are silicon
tetrachloride (SiCl4), methane (CH4) and hydrogen (H2). In this case, SiCl4
and CH4 are the reactants in an H2 environment. The reactant gases enter the
reactor with a forced flow. The temperature in the reactor is about 1200 K. The
gases will diffuse into the boundary layer and when they are in contact with the
graphite, the deposition reaction will take place. The by-products will diffuse
back through the boundary layer in the flow and will leave the reactor. This
deposition reaction is very complex and a lot of by-products are produced, but
we will look at the most important reaction:

SiCl4(g) + CH4(g)
H2−−→ SiC(s) + 4 HCl (2.1)

In this process, the reactants will not only diffuse to the top of the substrate.
They will also diffuse into the pores of the substrate. The deposition reaction
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will also take place inside the pore.

2.2 The Classical Stefan Problem

As stated before, reactants will diffuse into the pore of the graphite and will
react at the boundary of the pore. Due to precipitation, the geometry inside
the pore changes in time and the pore gets smaller. Therefore, we describe
our mathematical model as a free boundary problem. A well known way to
formulate a free boundary problem is the Stefan problem.

The Stefan problem is named after Josef Stefan, an Slovenian Physicist who
introduced this class of problems in 1890 [20]. He used this approach to model ice
formation. The Stefan problem consists of partial differential equation (in our
case the diffusion equation) [2.2a], boundary conditions at the moving boundary
[2.2b], initial condition [2.2d], initial domain [2.2e] and the Stefan condition
[2.2c]. The Stefan condition describes how the boundary is moving in time.
The general one phase Stefan problem reads,

Find u,Ω such that:

∂tu = ∆u x ∈ Ω(t), t > 0

au(x, t) + b∇u(x, t) = c x ∈ ∂Ω(t), t > 0

F(u,∇u,x, v(x)) = 0 x ∈ ∂Ω(t), t > 0

u(x, 0) = g(x) x ∈ ∂Ω(0)

Ω(0) = Ω0,

(2.2a)

(2.2b)

(2.2c)

(2.2d)

(2.2e)

where v(x) is the speed of the moving boundary, Ω0 the initial domain, F is a
function describing the speed of the boundary depending on the solution of u and
a, b and c are functions not depending on u but only space and time. The specific
choice of the functions specifies the dynamics of the moving boundary and the
coupling with the PDE. In the next section, we will specify these functions to
describe the CVD process.

2.3 Mathematical Model Describing the Pore-
Scale CVD Process

For the mathematical model, we treat a pore with arbitrary geometry. We first
introduce the different domains which we are going to use. After that, we define
some assumptions made for our model and finally we build the mathematical
model.
There are three domains we take into account (see Figure 2.1). Ω is the initial
pore structure and we embed this domain in a rectangular domain Ωe. Later
in the report, it becomes clear why we define this extended domain (see section
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3.2). Ω is divided in two pieces, Ωt and Ωb. Ωt is the domain in the pore
immersed with gas of SiCl4 and CH4 and Ωb is the layer of SiC. At t = 0 the
pore is immersed with H2 and no reactants are present. Also at t = 0, Ωt = Ω
and Ωb = ∅. When t > 0, Ωt ⊂ Ω, Ωt ∪ Ωb = Ω and Ωt ∩ Ωb = ∅. The
boundary of Ωt is divided in two parts: Γin and Γb. Γin is the inlet of the pore,
so this is the part of the boundary where no graphite is present. Therefore,
no precipitation reaction takes place and this part of the boundary does not
move (the surface of Γin gets smaller but stays in the same plane). Γb is the
boundary where the precipitation reactions take place. Note that all domains
and boundaries depend on time except Ωe.

Figure 2.1: Schematic representation of the problem
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2.3.1 Strong Formulation

To make our mathematical model, we make five assumptions:

1. At the top boundary of the pore, we have a Dirichlet boundary condition,
which represents the concentration of reactants outside the pore.

2. We only consider the main reaction as described before (see equation 2.1),
so we neglect all other reactions. This results in a precipitation reaction
where 1 molecule of SiCl4 and 1 molecule of CH4 can react and the ions
can precipitate to a solid SiC attached to the boundary.

3. When the main reaction takes place, two molecules react into one solid
molecule and four gaseous molecules. This results in a pressure build up in
the pore which causes a flow. We assume that the convection is negligible
in comparison with the diffusion of the molecules.

4. The temperature is constant during the CVD process.

5. The precipitation speed is only dependent on the concentration of CH4

and SiCl4 at Γb.

For the rest of the report we use ui for the molar concentration of the two
reactants in the pore (i = 1, 2).
We consider only diffusion, so the governing equation is:

∂tui = Di∆ui. (2.3)

We have a Dirichlet boundary condition on Γin:

ui = fi(x, t) on Γin. (2.4)

The total mass in Ω can be expressed as the sum of the number of molecules
of ui in Ωt and the number of molecules of ui in Ωb. The change of mass in
time in Ω is equal to the flux that comes in at Γin. This results in the following
equation:

∂

∂t

(ˆ
Ωt

uidΩ +

ˆ
Ωb

ρnidΩ

)
=

ˆ
Γin

Di
∂ui
∂n

dΓ, (2.5)

where ρ is the molar density of the SiC solid and ni the number of atoms Mi

needed for every molecule of the solid.
This balance also hold for every subset Ω′ ⊂ Ω. For that subset we call Ωt∩Ω′ =
Ω′t, Ω′∩Ωb = Ω′b, ∂Ω′t \Γb = Γ′in and ∂Ω′t∩∂Ω′b = Γ′b (see also Figure 2.1). This
results in

∂

∂t

(ˆ
Ω′t

uidΩ +

ˆ
Ω′b

ρnidΩ

)
=

ˆ
Γ′in

Di
∂ui
∂n

dΓ. (2.6)

We use Reynolds transport theorem [18] to obtain (note that ρ and ni do not
depend on t),
ˆ

Ω′t

∂ui
∂t

dΩ +

ˆ
∂Ω′t

(v · nΩ′t
)uidΓ +

ˆ
∂Ω′b

(v · nΩ′b
)ρnidΓ =

ˆ
Γ′in

Di
∂ui
∂n

dΓ. (2.7)
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Here, v is speed of the moving boundary and nΩ′t
and nΩ′b

the outward pointing
unit normal vectors of Ω′t and Ω′b respectively. On Γ′b, these normals are the
same except for the sign and because only Γ′b moves this reduces to

ˆ
Ω′t

∂ui
∂t

dΩ +

ˆ
Γ′b

(v · n)uidΓ−
ˆ

Γ′b

(v · n)ρnidΓ =

ˆ
Γ′in

Di
∂ui
∂n

dΓ. (2.8)

Now we use the governing equation 2.3 to get:

ˆ
Ω′t

Di∆uidΩ +

ˆ
Γ′b

(v · n)uidΓ−
ˆ

Γ′b

(v · n)ρnidΓ =

ˆ
Γ′in

Di
∂ui
∂n

dΓ. (2.9)

By Green’s first identity we obtain

ˆ
Ω′t

Di∆uidΩ =

ˆ
∂Ω′t

Di
∂ui
∂n

dΩ

=

ˆ
Γ′b

Di
∂ui
∂n

dΩ +

ˆ
Γ′in

Di
∂ui
∂n

dΩ.

(2.10a)

(2.10b)

When we substitute this in 2.9, we get

ˆ
Γ′b

Di
∂ui
∂n

+ (v · n)(ui − ρni)dΓ = 0. (2.11)

Because Ω′t is an arbitrary subset of Ωt and so is Γ′b of Γb this results in the
boundary condition at Γb,

∂ui
∂n

= −v · n
Di

(ui − ρni). (2.12)

For the Stefan condition, describing the speed of the moving boundary we use:

v · n = βuα1
1 uα2

2 on Γb, (2.13)

based on collision theory and β is a parameter based on the equation of Arrhenius
and depending on the temperature which we assumed to be constant [15].
We assume α1 = α2 = 1 because of the chemical reaction 2.1.
Combining equations [2.3], [2.4], [2.12], [2.13] and using the assumption that at
t = 0, the pore only is immersed with H2, we get,

find ui and Ωt such that:

∂tui = Di∆ui in Ωt, t > 0,

ui = fi(x, t) on Γin, t > 0,

∂ui
∂n

= −v · n
Di

(ui − ρni) on Γb, t > 0,

v · n = βu1u2 on Γb, t > 0,

ui(0) = 0 in Ωt = Ω, t = 0.

(2.14a)

(2.14b)

(2.14c)

(2.14d)

(2.14e)

(2.14f)
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When we relate this model to the Classical Stefan Problem, (see Equation 2.2)
we see, that a, b and c are defined by the concentration at the inlet boundary
and the conservation of mass in Ω. F is defined, as stated before, describing
the speed of the boundary.

2.3.2 Weak Formulation

Next, we express the weak formulation of the problem. We need this formulation
for the numerical approach later in the report.
We take a basis of test-functions

Vf := {v ∈ H1(Ωt)|v|Γin = f} (2.15)

and take v ∈ Vf . We multiply the governing equation with v and integrate over
the domain Ωt, ˆ

Ωt

v∂tu−D∆uidΩ = 0. (2.16a)

Using integration by parts and applying the robin boundary condition (see
Equation 2.14d) this results in,

ˆ
Ωt

v∂tu+D∇ui∇vdΩ =

ˆ
∂Ω

−v · n v (ui − ρ)dΓ. (2.16b)

Now the weak formulation reads
find ui ∈ Vf and Ωt(t) such that ∀v ∈ Vf :´

Ωt
∂tuiv +D∇ui∇vdΩ =

´
Γb
−v · n v (ui − ρ)dΓ and

v · n = βu1u2,

(2.17)

where v is the speed of the boundary of Ωt(t).
It is possible that at some point the pore closes, but not all the reactants inside
the pore are dissolved by the boundary. In that case Γin = ∅ and Γb = ∂Ωt.
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Chapter 3

Numerical Approach

In this chapter, we describe our numerical approach. In Algorithm 1, we shortly
describe the steps we take and refer to the sections of this chapter where we
explain it more thoroughly.

Data: Di, f(x, t), β, u0, CT-scan of the pore
Result: An implicit representation of the SiC structure using B-spline

level set functions.
1 Define geometry implicitly using B-spline approximation [3.1] ;
2 Initialization (building topology, weak formulation, Dirichlet boundary

and initial condition) [3.2] ;
3 Constraining basis function outside domain to 0 ;
4 Define ghost phase and add ghost penalty to the residual [3.2.1] ;
5 while t < endtime [3.4] do
6 Update ut [3.4.1] ;
7 Define velocity field v [3.19];
8 Update levelset using the level set equation [3.3] ;
9 if pore closed & speed of the boundary small enough then

10 output SiC structure ;
11 break ;

12 else
13 Update topology, weak formulation and time
14 end

15 end

Algorithm 1: The algorithm we use to solve equation 2.14

14



3.1 Scan-based Geometry Definition Using
B-Spline Approximation

To define a smooth geometry approximating the original pore geometry from
voxel data, we use the approach from Verhoosel et al [7]. In this section, we
explain how we can define a smooth geometry from a CT-scan of a graphite
plate. We explain it with the use of a 2D cross-section, but for 3D, the approach
is exactly the same. We zoom in on a really small part of the CT-scan and get
the image shown in Figure 3.1. This scan defines a domain Ωvox = [0, 0.00016]×
[0, 0.00024] ⊂ R2. All voxels are numbered from 1 to mvox from and Ωevox is the
2-dimensional position of voxel e ∈ {1, . . . ,mvox}.
The voxel gray scale function g : Ωscan → R, which describes the values for each
voxel, is defined as

g(x) =


c1 x ∈ Ω1

vox,

c2 x ∈ Ω2
vox,

...
...

cmvox
x ∈ Ωmvox

vox ,

(3.1)

where ci is the gray scale in voxel Ωivox.

Figure 3.1: Scan data of the pore structure zoomed in to a small part containing
one pore.

When we would extract our domain Ωt at t = 0 directly from the voxel data,
the boundary of Ωt would be non-smooth. To obtain a k times differentiable
boundary, we use a level set function h ∈ Ck(Ωscan). We use the spline level set
function, which results is a smooth approximation of the exact geometry,

h(x) =

n∑
i=1

Ni,k(x)

´
Ωscan

Ni,k(x)g(x)dx´
Ωscan

Ni,k(x)dx
. (3.2)
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Here {Ni,k : Ωscan → R}ni=1 are n basis function defined as the tensor product
functions of the univariate open B-splines generated by the knot vectors Ξd =
[0, . . . , 0,∆d, 2∆d, . . . , Ld, . . . , Ld] for d = 1, 2 (for some introduction about B-
splines, see Appendix A). The first and the last knot values are repeated k + 1
times. The level set function h is k− 1 times differentiable, so we get a smooth
surface when k ≥ 2. The level set function obtained using k = 2 is shown in
Figure 3.2a.

(a) (b)

Figure 3.2: (a)Level set function using the input shown in Figure 3.1 and h as
described in equation 3.2. (b)Approximation of the domain using hcrit = 70.

The domain Ω0 is described by

Ω0 = {x ∈ Ωscan|h(x) > hcrit}. (3.3)

This domain is shown in Figure 3.2b. When we relate this to the geometry
in Figure 2.1, this shows that there are two parts of the domain that are not
connected to the pore nor to the top of the boundary. Because the boundaries
of those two parts do not change and the solution in those parts is identically
zero, we remove them from our domain of computation by adjusting the level
set function to a value higher than hcrit like they did in [7]. We do this by
changing the values of the original voxel data to a value higher that hcrit and
calculating the level set function again. In Figure 3.3, the new level set function
and the new domain is shown.
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(a) (b)

Figure 3.3: (a) Adjusted level set function. (b) The domain without the obsolete
parts.

3.2 The Finite Cell Method

For the approximation of the concentration of the reactants, we are using an
extension of the Finite Element Method called the Finite Cell Method (FCM)[4].
The idea of FCM is to embed the original domain in a larger (fictitious) domain
(see Figure 3.4). The fictitious domain is chosen in a way that the mesh can
be generated easily, for example a rectangle. For the finite element method, we
need a mesh that follows the geometry of the domain. For an arbitrary complex
geometry, making a finite element mesh is most of the time a very complicated
task and we can omit this task when we use the finite cell method.
For the explanation of FCM, we assume Neumann boundary conditions ∂Ω.

Figure 3.4: Ω embedded in Ωe. Adapted from [4].

Suppose the weak form of the original problem looks like,

aΩ(u, v)dΩ = fΩ(v)dΩ + bΓN (v)dΓ. (3.4)

17



Here the subscripts are used to identify the domains of integration inside
these functions.
We define,

α(x) =

{
1 x ∈ Ω

0 x ∈ Ωe \ Ω
(3.5)

Now equation 3.4 is the same as

αaΩe(u, v)dΩ = αfΩe(v)dΩ + bΓN (v)dΓ. (3.6)

Next, the extended domain is discretized independently of the original domain
Ω, by dividing it in n cells. The union of all cells forms the extended domain,

Ωe = ∪ni=1Ki. (3.7)

Here, Ki is the domain represented by a cell.
We call this partition of the extended domain T hΩe , where h is the size of the

cells. Using T hΩe , we also define a background mesh as all cells with a nonempty
intersection with the physical domain:

T h := {K ∈ T hΩe : K ∩ Ω 6= ∅}, (3.8)

A visual representation of Ωe and the background mesh is shown in Figure
3.5(reproduced from [5]).

(a) (b)

Figure 3.5: representation of (a) the physical domain Ω embedded in Ωe, and
(b) the mesh T hΩe (covering the whole domain Ωe) and the background mesh

T h, marked by the yellow backgrounds [5].
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We use a B-spline basis of test function defined on the finite cells where we
align the knot vector with the extended domain. We denote the B-spline basis
by N k

Ωe
= {Ni,k : Ωe → R}nΩe

i=1 where nΩe = ⊗dδ=1{mδ + k − 1} is the total

number of basis functions with mδ is the number of unique knots in direction
δ. We discard the basis functions that do not have support on the background
mesh T h, which leaves us with the B-spline basis

N k := {N ∈ N k
Ωe |supp(N) ∩ T h 6= ∅} (3.9)

The basis functions are all k − 1 times differentiable.
Then, we approximate the solution using

u ≈ uh =

m∑
i=1

civi. (3.10)

Here vi ∈ N k, so uh ∈ span(N k), and because equation 3.6 has to hold for all
test functions, it also has to hold for all v ∈ N k

αaΩe(cvi, vj) = αΩef(vj) + bΓN (vj), (3.11)

for all i, j ∈ 1, . . . ,m.
When we have a Dirichlet condition which is coinciding with the boundary of
Ωe, like we have, we can impose those boundary conditions strongly, like in
the finite element method, by constraining the test functions at the boundary.
When this is not the case and the Dirichlet boundary does not coincide with
the boundary of Ωe we can use a Nitsche method. Because we do not need it,
we are not going to talk in detail about that but for more information you can
read the original paper of Nitsche [[9]] or the article of Juntunen [[10]].
When α is equal to zero outside the domain, the method is very unstable. When,
for example, a basis function has a large support outside the domain and only
a very small support inside the domain, the matrices which has to be inverted
can be ill-conditioned [13]. Therefore, we discuss methods to stabilize FCM in
the next section (3.2.1).

3.2.1 Stabilization Methods

When we use FCM, the boundary of our physical domain does not necessarily
coincide with the cells of Ωe. A problem that can occur, is that a really
small part of a cell is cut off by the physical boundary. When this happens,
it is possible that the basis functions used to approximate the solution get,
numerically speaking, linearly dependent, resulting in an ill-conditioned matrix
system. There are several ways to solve this problem. A few of them are,

1. The approach used by Verhoosel et al. [7] is removing basis functions
which have very small support inside the physical domain.

2. The approach used by De Prenter et al. [13] which uses special preconditioning
techniques .
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3. The approach used by Hoang [5] to add a so called ghost penalty to the
cells which are cut by the physical boundary.

4. The approach used by Parvizian et al. [4] by inducing stiffness to the
domain outside the physical domain.

In the next subsection, we treat only the last two because we use both approaches
to compute the solutions in our 1D simulation. For higher dimensions, we only
use the ghost penalty.

FCMα

The first way to stabilize FCM, is choosing a very small value for α outside the
physical domain [4],

α(x, t) =

{
1 x ∈ Ωt

a x /∈ Ωt.
(3.12)

In the article about FCM from Parvizian et al.[4], they choose for a = 10−10 to
get the best results.
The problem of this choice is that the method is formally speaking inconsistent,
because the solution in Ωe\Ωt is influencing the solution in the physical domain.

Ghost Penalty

The second way to stabilize the Finite Cell Method is by using a ghost penalty
method [5][6]. For this approach, we add a penalty term at the cells which are
cut by the physical boundary to make sure we do not have an ill-conditioned
system.
First, we have to define the ghost phase. To define this ghost phase, we use the
background mesh T h as defined before (see equation 3.8). On this background
mesh, we define the ghost phase in two parts. The first part is the intersection
between the boundaries of all cells of T h, except the boundary faces of the mesh
T h. The second part is the boundaries of all cells in T h which are cut by the
boundary of Ω. Now the ghost face is defined as the intersection between the
two:

Fhghost := {∂K ∩ ∂K ′|K,K ′ ∈ T h,K 6= K ′}∩
{F ∈ ∂K|K ∈ T h,K ∩ ∂Ω 6= ∅}.

(3.13)

A graphical representation of the ghost phase is shown in Figure 3.6.

The second thing we need for the ghost method is the jump operator. The
jump operator is defined as follows:

JfK = f+ − f−, (3.14)

where (·)± refers to the trace of f on the opposite side of each face F ∈ Fhghost,
with arbitrary choice of + and −.
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Figure 3.6: Representation of the ghost phase [5].

Because our basis functions are Ck−1 in Fhghost, the jump in the normal derivative

up to order k − 1 vanishes for all functions in Sk := span(N k):

J∂infK = 0, 0 ≤ i ≤ k − 1, ∀f ∈ Sk. (3.15)

The ghost penalty term is defined as,

shghost(u
h, vh) :=

∑
F∈Fhghost

ˆ
F

γ̃Dh2k−1J∂knu
hK · J∂knvhKds, (3.16)

with vh, uh ∈ Sk.
To stabilize the FCM, we add this term to the equation 3.11, so we get

aΩ(cvi, vj) + sghost(cvi, vj) = fΩ(vj) + bΓN (vj)dΓ. (3.17)

The parameter γ̃ is a positive constant that is not dependent on h.
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3.3 The Level Set Equation

We are interested in the movement of the domain in time. For that, we need
to find a way to describe the movement of the domain. We define the geometry
implicitly by a level set function. The speed of that implicit boundary is
described by the Stefan condition and in the numerical procedure, we use that
for the time integration of the level set function. For describing the change of
the level set function in time, we use the level set equation [8]

∂tφ+ F (x)|∇φ| = 0. (3.18)

Note that we update the level set function on the whole domain Ωe and not only
on the boundary Γb. On the boundary, we know that the speed of the boundary
is defined as

v · n = βu1u2. (3.19)

Ten, we extend this velocity field over the whole extended domain using the
function F (x) where

F (x)|Γb = βu1u2. (3.20)

The weak formulation of the problem reads:{
Find φ ∈W such that ∀v ∈W :´

Ωe
v∂tφ+ F |∇φ|vdΩ = 0,

(3.21)

where we define

W := H1(Ωe) (3.22)

The Finite Element Formulation of this problem reads,{
Find φh ∈ SkΩe such that ∀v ∈ SkΩe :´

Ωe
v∂tφ

h + F |∇φh|vdΩ = 0,
(3.23)

where SkΩe := spanN k
Ωe

.
Because the level set equation is a non-linear convection equation, we stabilize
the weak formulation using the Streamline-upwind Petrov/Galerkin method
(SUPG) as described in Bazilevs et al. [11]. We define

b(φh, F ) =
1

2
F
∇φh

|∇φh|
,

τSUPG(φh, F ) =

(
4

∆t2
+G(b(φh, F ))2

)−1/2

,

rm(φh, F ) =
∂φh

∂t
+ b(φh, F )∇φh,

(3.24a)

(3.24b)

(3.24c)

where G = ∂ξ
∂x

T ∂ξ
∂x = 1

h2 .
We use these definitions in the stabilization term,

sSUPG(φh, F ) =

ˆ
Ωe

τSUPG(φh, F )rM (φh, F )dΩ. (3.25)
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Now we use the following weak formulation to solve the level set equation:{
Find φh ∈ SkΩe such that ∀v ∈ SkΩe :´

Ωe
v∂tφ

h + F |∇φh|v + sSUPG(φh, F )dΩ = 0.
(3.26)
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3.4 Time Integration

In this section, we first explain how we integrate the diffusion and the level
set equation in time. After that, we will describe how we couple those two
equations.

3.4.1 Time Integration of the Diffusion and Level Set
Equation.

We start with the time integration of the level set equation. We approximate
the solution using v ∈ N k,

φ(x, tn) ≈ φhn =

m∑
i=1

cni v
h
i . (3.27)

Here m is the number of basis functions and n is the time level of φ.
From the finite element formulation we saw before (see Equation 3.26), we get
the following system of equations

∂

∂t
a1Ωe(c

n
i vi, vj) + a2Ωe(c

n
i vi, vj) = 0, (3.28)

where

a1Ωe(c
n
i vi, vj) =

ˆ
Ωe

vjc
n
i vidΩ,

a2Ωe(c
n
i vi, vj) =

ˆ
Ωe

F |cni ∇vi|vj + sSUPG(cni vi, F )dΩ,

(3.29a)

(3.29b)

and i, j = 1, . . . ,m.
For that, we define r(cn) as

r(cn)j = a1Ωe(c
n
i vi, vj)/h+ a2Ωe(c

n
i vi, vj), (3.30)

We assume that we know cn and we want to calculate the next time step cn+1.
For time level n+ 1 we want to minimize

||r(cn+1)||. (3.31)

To find the vector which minimizes r, we will use Newtons method:

xk+1 = xk + J−1r(xk), (3.32)

where J is the Jacobian of r(c) and we take x0 = cn

Because the level set equation is a non-linear equation, we need a stopping
criterion. For a certain tolerance tol, we stop the newton iteration when

||r(xk+1)|| ≤ tol. (3.33)
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When the Newton method has converged after l iterations we get

cn+1 = xl. (3.34)

The time integration of the diffusion equation goes analogously to this approach.
The main difference is that the diffusion equation is linear. Because of that, we
do not need a stopping criteria and Newton’s method is exact after one iteration.

3.4.2 Time Integration of the Coupled System

For time integration of the coupled system, we have chosen for a staggered
approach. This means that we first calculate the concentration of ui after the
first time step in the initial domain. That solution is used to update the level
set function. The zero level set of the new level set function describes the new
domain after the first time step. After that, we again calculate the solutions
ui and so on. We chose this approach, because when we use a time step which
is small enough, the movement of the domain is very slow and the difference
between two time steps is very little.
When it is desired to take bigger time steps, it is also possible to iterate a finite
number of times between the two equations within every time step. For that,
a partitioned iterative method can be used. Another way to solve the coupled
system is using a monolithic approach. For that method, the two equation are
solved in one system, but the Jacobian is needed. Because the boundary is
defined implicitly it is very hard to compute the Jacobian.
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Chapter 4

Results

In this chapter, we present the results of our numerical model as elaborated in
the previous chapter. We first start with some results from a 1D model. We
also solve this 1D problem using an Arbitrary Lagrangian Eulerian approach
(for theory about ALE see appendix B). We do this, because ALE is a well
known and widely used method to solve free boundary problems. Therefore we
can compare FCM with ALE.
Further, we look at the convergence of the methods we used to solve the model
and take a look at the stability of our model in 2D. Because for the ALE
method we use the FEM method with higher order B-splines, we will look at
the convergence of that. Finally, we do a case study with a CT-scan of a graphite
plate in 3D and give some results of the computation time.

4.1 1D: ALE vs FCM

For the 1D case, we solve a slightly different problem than mentioned before
(see 2.14). In 1D, we take a problem from literature representing a cut of a pore
[2]. For that problem there is no inlet boundary, so we use a non-zero initial
condition [4.1e](otherwise we have the 0 solution) and we assume we have a
symmetric ’pore’ [4.1b]. For simplicity we assume u2 = 1 and only solve it for
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u1 = u. This leaves us with the following model:

∂tu = D∂xxu for x ∈ [0, s(t)],

∂xu = 0 for x = 0,

∂xu =
s′(t)

D
(ρ− u), for x = s(t), t > 0,

s′(t) = βu, for x = s(t), t > 0,

u(x, 0) = (x/L)2 for 0 ≤ x ≤ s0, t = 0,

s(0) = s0 for t = 0,

(4.1a)

(4.1b)

(4.1c)

(4.1d)

(4.1e)

(4.1f)

4.1.1 Solution Behavior

We have calculated the solution of the free boundary problem 4.1 using ALE
and FCM. For FCM, we used the two stabilization methods mentioned before
(see section 3.2.1). When we write FCMGP , we mean the Finite Cell Method
stabilized with the ghost penalty method [3.2.1] and when we write FCMα

we mean the Finite Cell Method where we integrate over the whole extended
domain and α(x, t) = 10−10 for x outside the physical domain Ωt. Here we want
to compare FCMGP with the two other methods.

Figure 4.1 shows the position of the boundary plotted against time calculated
with the three methods as described before.

We use L = 1, D = 0.001, β = −0.01, ∆t = 0.05 and nelems = 50. Figure
4.1 shows that all three methods give approximately the same solution. In the
next sections, we are going to check the convergence and influence of different
parameters for the three methods.

27



Figure 4.1: s(t) plotted against time using ALE, FCMα and FCMGP .
Parameters of the problem are, L = 1, D = 0.001, β = −0.01, ∆t = 0.05
and nelems = 50

4.1.2 Convergence

In this section, we do a convergence study for FEM and FCM. We check the
FEM convergence, because for the ALE approach, we transform our equations
to a reference domain where we compute the solution using FEM. For both
methods, we define a test case from which we know the exact solution, to be
able to calculate the error between the approximations and the exact solution.

FEM with higher order B-spline basis

For the convergence of the ALE method, we look into the convergence of the
Finite Element Method. This is because for ALE, we map the physical domain
to a fixed reference domain. On this reference domain, we solve the problem
using the Finite Element Method using a B-spline basis and from there we can
map the solution back to physical domain. We consider the following system of
equations from which we know the exact solution.
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(a) Convergence in time (b) Convergence in space

Figure 4.2: Convergence of FEM using different polynomial degrees for the
B-spline basis


∂tu− ∂xxu = (cos(t) + sin(t)) sin(x) x ∈ (0, 1), t > 0,

u(0, t) = 0 t > 0,

u′(1, t) = sin(t) cos(1) t > 0,

u(x, 0) = 0 0 ≤ x ≤ 1,

(4.2)

with exact solution
u(x, t) = sin(t) sin(x). (4.3)

The weak formulation of this problem reads,find uh ∈ Sk[0,1] such that ∀v ∈ Sk[0,1] :

´ 1

0
(∂tu

hv + (uh)′v′)dx =
´ 1

0
(cos(t) + sin(t)) sin(x)dx+ sin(t) cos(1).

(4.4)

We look into convergence in space and time. We first fix the grid size and for
every step size we compute the H1-norm [12],

||u||H1(Ω) =

ˆ
Ω

(∇xu)2 + u2dx, (4.5)

of the difference between uh and uexact. Then, we fix the step size and take
different grid sizes. We calculate the error in the same way. Figure 4.2 shows
that the time convergence is first order in time for all polynomial degrees.
Because we want to approximate a smooth function, the error for a first order
B-spline approximation is worse than when we use higher order B-splines. Also,
when the time-step gets really small, the total error is controlled by the error
in space and not by the error in time. We see this happen for the 1st order
B-spline approximation. The convergence in the number of elements is 1st, 2nd
and 3rd order when we use a B-spline basis of degree 1, 2 and 3 respectively.
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FCM

For the Finite Cell Method we consider again FCMGP and FCMα.
We first test our method on the same equation as before to test our convergence,
but because we want to use FCM we take Ωe = [0, 1 + ε]. We then consider the
PDE we saw before (see equation 4.2). The weak form of this problem using
FCMα reads,

find u ∈ Sk([0, 1]) such that ∀v ∈ Sk([0, 1 + ε]) :

´ 1+ε

0
α(∂tu

hv + (uh)′v′)dx =
´ 1+ε

0
α(cos(t) + sin(t)) sin(x)dx+

sin(t) cos(1).

(4.6)

When α = 0, we add the ghost penalty term [3.16] to obtain,
find u ∈ Sku(0)([0, 1]) such that ∀v ∈ Sku(0)([0, 1 + ε]) :

´ 1

0
(∂tuv + u′v′)dx+ sghost(u, v) =´ 1

0
(cos(t) + sin(t)) sin(x)dx+ sin(t) cos(1).

(4.7)

Here
Su(0)(Ω) = {u ∈ SkΩ|u(0) = 0} (4.8)

We use the H1-norm (4.5), to calculate the error between u and uexact. We do
this for different degrees k and plotted it against ∆t and h. The plots can be
found in Figure 4.3. To make the plots in time, we took 400 elements for the
1st order B-splines and 40 for the higher order B-splines. For the convergence
in h, we took ∆t = 10−8 and endtime = 10−7. For ε, we chose 10−4. We can
clearly see that the convergence rate is the same as for ALE: 1st order in time
and 1st, 2nd and 3rd order for a B-spline basis of degree 1, 2 and 3 respectively
(see Figure 4.3).
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(a) Convergence in time using FCMα. (b) Convergence in time using FCMGP

(c) Convergence in space using
FCMα.

(d) Convergence in space
using FCMGP .

Figure 4.3: Convergence of FCMGP and FCMα using different degrees for the
B-spline basis functions

Convergence of the free boundary

For the convergence of the free boundary, we use a Richardson kind of approach.
Again, we look at convergence in time and space. We use FCMGP for the
solution u and Implicit Euler as described before (see section 3.4.1). For this
convergence study, we solve the 1D free boundary problem (see equation 4.1)
and use the position of the free boundary to determine the convergence rate.
For the convergence in time, we look at the position of the free boundary at a
fixed time, t = 1 and nelems = 200. Then we take ∆t = 0.1, ∆t = 0.05 and
∆t = 0.025. To determine the order of convergence ptime, we solve

2ptime =
s0.05(1)− s0.1(1)

s0.025(1)− s0.05(1)
, (4.9)

where s∆t is the position of the free boundary calculated with time step ∆t.
Table 4.1 shows the outcome for ptime for the different B-spline bases are all
approximately 1 so orders of convergence are 1, what we also expect from the
Implicit Euler method.
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polynomial degree ptime

1 0.93
2 0.93
3 0.93

Table 4.1: Order of convergence in time for the free boundary using different
polynomial degrees

Now we do the same for the convergence in space and calculate pspace using

2pspace =
s20 − s10

s40 − s20
, (4.10)

where sn is the position of the free boundary calculated using n elements, ∆t =
0.1 and endtime = 1. Table 4.2 shows that pspace is approximately 1, 2 and 3
for the 1st, 2nd and 3rd polynomial orders of the B-spline basis respectively. So
the orders of for the different bases are as expected.

polynomial degree pspace

1 1.12
2 2.09
3 3.22

Table 4.2: Order of convergence in space for the free boundary using different
polynomial degrees
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4.1.3 Parameter Study

We want to know whether solving the complete free boundary problem (equation
4.1) is robust for different parameters.
To test this, we take different values of β and D. Again we look into ALE,
FCMGP and FCMα and take end time 10.
We try three different combination of β and D that can be found in Table 4.3.
We chose one combination that |β| is bigger than D, one the other way around
and one that |β| = D. We do it in two ways. First we fix D and vary β, and
second we do it the other way around.

run β D

1 −10−3 10−2, 10−3, 10−4

2 −10−2,−10−3,−10−4 10−3

Table 4.3: Parameters used to see whether the methods are robust

We compared the outcomes for the different parameters using FCMGP with the
other two methods. We saw that the outcomes are very similar for all three
methods. In Appendix C, the Figures can be found for the different parameters
and different methods which clearly show that all three methods are robust.
Because we want to see the influence of the different parameters on the behavior
of the boundary, we plot the different trajectories in one Figure (see Figure 4.4).
We plot the solutions using the FCMGP method, because this is the method
we are going to use further on. We let it run for a long time and see that both
D and β have a big influence on the trajectory. When we vary D (see Figure
4.4a), we see that at the start the trajectory is almost the same. But after a
little time, the trajectory is much steeper for a lower diffusion coefficient than
for a higher one. But as the time increases, the three trajectories approach each
other again. On the other hand, when we vary β we see that the speed of the
boundary is very different. All the speeds start linear and after some point the
slope decreases. What we see for β = −0.01 is that the slope even goes to zero.
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(a) β = 0.001 and different values for D. (b) D = 0.001 and different values of β.

Figure 4.4: Trajectory of the free boundary solving the 1D problem [4.1] using
different values of D and β.
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4.2 Convergence

In this section, we do a convergence study for our numerical method for the
FCM using a 2D problem. To be able to calculate the error, we define a test
case for which we know the exact solution.
We define Ω as a quarter of circle in the first quadrant with radius 0.75 (see
Figure 4.5). We divide ∂Ω in three parts, Γleft, Γbottom and Γcirc. At Γleft we
have x = 0. At Γbottom we have y = 0 and at Γcirc we have x2 + y2 = 0.752.

Figure 4.5: representation of the domain Ω

We look at the following problem:

∂tu = ∆u+ cos(t) sin(x) cosh(y) in Ω, t > 0,

∂nu = 0 on Γbottom, t > 0,

u = 0 on Γleft, t > 0,

∂nu = sin(t)

(
n ·

(
cos(x) cosh(y)

sin(x) sinh(y)

))
on Γcirc, t > 0,

u = 0 t = 0,

(4.11)

where n is the outward pointing normal at Γcirc.
For this problem we know the exact solution, namely

u(x, y, t) = sin(t) sin(x) cosh(y) (4.12)
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(a) Convergence in time (b) Convergence in number of elements

Figure 4.6: Convergence of the Finite Cell Method in 2D for time and space
using different polynomial orders for the space of B-spline basis functions

The weak formulation for this problem reads (making use of the ghost penalty
[3.16]),

Find u ∈ H1
u(0) such that ∀v ∈ N k :´

Ω
∂tuv +∇u∇vdΩ + sghost(u, v) =

´
Ω
gvdΩ +

´
Γcirc

sin(t)v

(
n ·

(
cos(x) cosh(y)

sin(x) sinh(y)

))
dΓ.

(4.13)

Here g(x, y) = cos(t) sin(x) cosh(y) and

H1
u(0) = {u ∈ H1(Ω)|u(0, y, t) = 0}. (4.14)

We check order of convergence for different polynomial orders k and for every k
we check the order of convergence in time and the order in number of elements.
When we check h-convergence, we fix the time step on 10−5 and take end time=
10−4. When we check time-convergence, we fix h = 1/200 for k = 1 and
h = 1/20 for k = 2, 3. The error plotted against h and ∆t is shown in Figure
4.6. The error is calculated using the H1 norm (see Equation 4.5).
The convergence we expect to see, is 1st order in time and 1st, 2nd and 3rd order
in space when we use basis functions of polynomial degree 1, 2 and 3 respectively.
Figure 4.6 shows the convergence of the FCM in time and space. For the 1st

order B-splines, we see that the convergence is almost but not entirely 1st order
when h is decreasing. This is because the approximation of a smooth function
with piece wise linear function has a large space discritization error. So when
h decreases, the discritization error will take over. We can conclude that the
orders of convergence fulfills our expectations.
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4.3 Parameter Study

In this section, we do a parameter study. This is to check the robustness of our
method for different parameters, but also to get a feeling what the influence of
the parameters is on the solution. The parameters we are interested in, are the
diffusion coefficients, the precipitation rate and the molar density. The molar
density is fixed because we can make a good assumption what the value is.
The molar mass of SiC is 40.1g/mol and the density of SiC is 3.16× 10−6g/m3

[14]. Then the molar density is 3.16×10−6

40.1
mol
m3 . In the 2D model we use ρ =(

3.16×10−6

40.1

) 2
3 ≈ 1.8× 10−5mol

m2

For the diffusion coefficients and for β, we take some different values. First we
fix Di and we take different values of β. After that we fix β and take different
values of Di, i = 1, 2. The values chosen are shown in Table 4.4. Because we
have two different gases, it is possible that both gases have a different diffusion
coefficient. Therefore, we look at some values where D1 = D2 and some where
D1 6= D2. For every run we plot the boundary of the initial pore, for some time
steps and the boundary of the pore when it is closed.

Run D1 D2 β

1 10−5 10−5 −1
2 10−5 10−5 −0.5
3 10−5 10−5 −0.1
4 10−5 10−5 −0.01
5 10−4 10−6 −0.1
6 10−3 10−3 −0.1
7 10−4 10−4 −0.1
8 10−6 10−6 −0.1

Table 4.4: Values of D1, D2 and β chosen for the different runs
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When we keep the diffusion coefficients constant and change β, we expect
that the pore closes faster or slower depending on β. Because β is negative
but also influences the speed, we look at |β|. We expect that the pore-closing
time decreases for increasing |β|. Figure 4.7 shows the outcome of the model
for different values of β. Every sub-figure shows the boundary of Ωt on different
time levels. In every sub-figure, the red line is the original pore and the blue
lines represents the pore that is still left after the original pore is closed. All the
yellow lines between the red and blue lines are the boundaries of Ωt at certain
time levels which can be found in the legend. The space between the red and
the blue boundary is the SiC layer.
Figure 4.7 shows that for the biggest |β| the pore closes much faster than for
small |β|. When |β| is large enough, the speed of the boundary differs a lot
between the top and the bottom of the pore. But at some point the speed of
the boundary is approximately the same throughout the pore. When we look
at the time scales, we see that they are inversely proportional to β. When β is
divided by 10, we see that the time it takes for the pore to close is 10 times larger.
So we can conclude that the time that the pore needs to close, is highly dependent
on the size of β.

(a) β = −1 (b) β = −0.5

(c) β = −0.1 (d) β = −0.01

Figure 4.7: Parameter study for D1 = D2 = 10−5 and different values of β.
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The inlet of the pore always has approximately the same concentration,
because we have a Dirichlet boundary at that side. So when we fix β, we expect
that the time until the pore is closed is approximately the same, but the pore
structure varies.
Figure 4.8 also shows the outcome of the model, but now for different values of
D. The sub-figures show the same as for Figure 4.7.
When we look at Figure 4.8 we see that the time it takes the pore to close is
approximately the same for all four simulations. We also see in Figure 4.8 that
when the diffusion coefficients gets higher, the SiC layer is getting thicker. When
we compare Figure 4.8b and 4.8c, we see that the structure of the SiC layer is
approximately the same. It is possible that with a high diffusion coefficient,
the pore fills up with gas really fast, causing an almost constant concentration
throughout the pore, so the speed of the boundary is everywhere approximately
the same.

(a) D1 = 10−4 and D2 = 10−6 (b) D1 = D2 = 10−3

(c) D1 = D2 = 10−4 (d) D1 = D2 = 10−6

Figure 4.8: Parameter study for β = −0.1 and different values of D1 and D2.
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4.4 Approximation of Pore Structure Using
Constant Solution

Before we used different parameters to solve the free boundary problem (Equation
2.14). We are interested in whether we can approximate one of the two solution
with a constant solution. This means solving Equation 2.14 only for u1 and
taking u2 constant. This could be possible when the pore fills fast enough that
the concentration in the whole pore can be approximated with the Dirichlet
boundary condition. When taking u2 constant we do not need to solve the
diffusion equation for u2 what means that we can reduce the computation time.
To test this, we choose D1, β and the Dirichlet conditions constant and change
the values of D2. On the other hand, we solve only u1 and take u2 constant and
compare the results.
The choices for the different parameters are shown in Table 4.5.
Figure 4.9 shows four sub-figures. The first one (4.9a) show the outcome from
the model where we only calculate u1 and take u2 constant along the pore. The
other sub-figures (4.9b, 4.9c and 4.9d) show the outcome for different values of
D2. The meaning of the Figures is the same as for Figure 4.7.
Figure 4.9 shows that whenD2 is big enough, the pore structures are very similar
to the one calculated using a constant solution for u2 (see Figure 4.9a). On the
other hand, the pore structure in Figure 4.9b differs a bit from the constant
approximation. So when the diffusion coefficient is large enough, it is possible
to approximate the solution of u2 with a constant solution.

D1 10−3

D2 10−1 10−2 10−3

β −0.1

f(x, t) 1

Table 4.5: parameters used to see whether we can approximate one of the
concentration with a constant solution.
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(a) solution taken u2 = 1 constant (b) D1 = 10−3, D2 = 10−1

(c) D1 = 10−3, D2 = 10−2 (d) D1 = D2 = 10−3

Figure 4.9: Parameter study to see whether we can approximate u2 with a
constant solution using parameters from Table 4.5.
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4.5 3D Results

In this section, the results of our 3D model are presented. The numerical
approach is the same as in 2D, but the input is a three dimensional domain
of computation. We treat two cases. For the first case, we choose a part of a
torus as initial domain to model an artificial pore and for the second case, we
take a real pore as input data.

4.5.1 Artificial Pore

For the artificial pore, we take

Ωe = [0, 5.2e−4]× [0, 3.6e−4]× [5e−5, 1.7e−4]. (4.15)

As level set function, we take a 3D torus where we cut off the top to introduce
the inlet boundary. The equation reads:

F(x) = −(
√

(x− 0.00024)2 + (y − 0.0001)2 − 0.00018)2+

(z − 0.0001)2 − 0.000052)/10−8.
(4.16)

When we select the zero level set as the boundary, we get the domain of
computation shown in Figure 4.10. Now we choose

Ω0 = {x ∈ Rn|F(x) ≥ 0}
Γi = {x ∈ Ωt|y = 0}
Γb = {x ∈ Ωt|y 6= 0}

(4.17a)

(4.17b)

(4.17c)

Now we solve the system of equations 2.14 and we stop when the speed of the
boundary is 1−15. Figure 4.11 shows a cross section of the core at different
times. The blue part is the original pore and we printed the pore for every 5
time steps using ∆t = 10−3 and h = 4× 10−5.
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Figure 4.10: 3D domain representing the artificial pore.

Figure 4.11: Cross section of the pore using initial domains as described in 4.17
using D1 = D2 = 10−5, f(x, t) = 0.1, β = −0.25, ∆t = 10−3, printed every 5
time steps
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4.5.2 3D Test Case Using Real Pore Data

In this section, we consider a pore coming from a CT-scan of a graphite plate.
The structure of the pore can be found in Figure 4.12. The domain is approximated
by the approach described in section 3.1. The value of hcrit is calculated such
that 20% of all the voxels of the CT-scan are considered part of a pore. The
result of this is hcrit = 19629. In Figure 4.13, we show a cross-section of the pore
at different time levels. The light blue part is the original pore and we show
the cross-section every ten time steps. As parameters, we chose ∆t = 10−3,
D1 = D2 = 10−4 and β = −1. Figure 4.13 clearly shows that the upper part of
the pore fills up a lot faster than the bottom of the pore.

Figure 4.12: Initial domain using the date from a CT-scan of a graphite plate.
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Figure 4.13: Cross section of the pore from Figure 4.12 shown for every ten time
steps with ∆t = 10−3, D1 = D2 = 10−4 and β = −1, printed every 10 time
steps

4.5.3 Computation Time

When we run our 3D model we encounter a large computation time. By profiling
the code using snakeviz, we found that some causes of this long computation
time are the integration, evaluation of integration points and trimming Ωe to
get Ω. In Table 4.6 the cumulative times and percentages are shown of these
operations.

operation cumulative time cumulative percentage

integration 877s 27%
evaluation of integrals 797s 24%

trim domain 739s 23%

Table 4.6: Cumulative computation times and percentages of some operations.
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Chapter 5

Conclusion

In this report, we looked at the chemical vapor deposition process of a graphite
wafer carrier coated with a layer of SiC using CH4 and SiCl4. We built a model
which needs, as input, the diffusion coefficients of CH4 and SiCL4 in an H2

environment, the function f(x, t) as Dirichlet condition at the inlet boundary of
the pore and the precipitation constant β. The last input needed is a definition
of Ω0. This can given as a level set function or using a CT-scan of real pores.
The output of our model is the SiC structure at the end of the coating process.
We showed that the FCM converged in time and space and that our model is
robust for different parameters of β and D.
From the results, we saw that the two most important parameters D and β had
big influences on the time that it takes the pore to close and the structure inside
the pore after the closure. D had a big influence in the thickness of the SiC
layer throughout the pore, because when the diffusion coefficient increases, the
pore fills up with gas faster. On the other hand, β has the main control over
the time the pore needs to close. When the precipitation speed is higher, the
pore closes faster than when that speed is low.
We also saw that for D large enough, we can approximate the solution u with a
constant solution and get approximately the same pore structure. This means
that we can reduce the time of the computation because we do not need to solve
the diffusion equation for that u.
Finally, we also tested our method on a real 3D pore and we showed that our
method also works for those 3D pores. What we encountered in the 3D model,
is a long computation time. Because our model contains a lot of detail, this is
not a big problem, when the goal is to gain a better understanding of the pore
structure.
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Chapter 6

Recommendations

In our research we developed a very detailed model on pore scale for the CVD
process. In this section some recommendations are presented to improve the
model.

� One of the main drawbacks of our model is the computation time. For
the 3D model, one time step takes approximately 40 minutes (including
initializing the domain). When we profile our code we see that the integration
the evaluation of integration points and trimming the domain are some
of the bottle necks. To improve model it can be tried to speed up these
parts. At this moment, research is done for a faster integration scheme for
the Finite Cell Method, where less integration points are needed, which
could speed up our model.

� In our research we chose a staggered approach to couple the solutions of the
level set equation and of ui. Two other ways of solving the free boundary
problem are monolithic and iterative. For the monolithic approach, the
two solutions are updated simultaneously. On the other hand for iterative
methods, a finite number of iterations are done every time step between
the level set update and the update of ui. It is possible that using one of
these approaches makes our model more accurate.

� In our research we developed a model which can only model one pore at
the same time. When we would model multiple pores, the support of a
basis function can have a non-empty intersection with both of the pores.
When this happens, the solution in the two pores can influence each other,
while the pores are independent in reality.

� Inside the pore, we only looked at diffusion. When we give a better look
at the chemical reaction that takes place (see equation 2.1), we see that
when 1 mole of CH4 and 1 mole of SiCl4 go in the pore and react with the
boundary, 4 mole of HCl forms. This causes a pressure build-up inside the
pore. Taking this into account makes the mathematical model describing
the process a lot more complicated, but more realistic.
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� The values taken for Di, β and f(x, t) were chosen in such a way that the
solution looked reasonable and we did not take any realistic values. The
realistic values should be determined experimentally and used as input for
the model to get a more realistic prediction of the SiC structure.

� From Xycarb, we only got a CT-scan from a non-coated piece of graphite.
Therefore and because of the lack of data (see previous item) we could not
validate our model. To use this model for practical use it is important to
validate the model.
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Chapter 7

Further Research

Our research provided a model to get a better understanding of the pore structure
after the CVD process of a wafer carrier. In this chapter we will present some
ideas for further research as extensions on this research.

1. Our model is based on the pore scale of the graphite. The computation
time of our model is quite high, especially when the pore structure of the
whole wafer carrier is of interest. Our model can mainly be used, to get
a better understanding of the pore structure but not for practical use.
Therefore, research can be done on up scaling this model and developing
a multi-scale approach, to get a model which can be used in practice.

2. When we have a better understanding and when we know the pore structure
in the graphite plate, research can be done how the wafer carrier will
behave in the machine. A model can be developed, using the pore structure,
to do stiffness calculations and simulate the behavior of the carrier in the
machine.

3. In our research we focused on a wafer carrier made of graphite. At Xycarb,
they are doing experiments using fiber-based materials to make the wafer
carriers instead of using graphite. Research can be done, on how to use
my research for the wafer carrier of fiber-based materials.
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Appendix A

B-Splines

As a basis for approximating the solution we use a B-spline basis. A B-spline
basis of degree p is defined using a sequence of knots, called the knot vector,

Ξ = [ξ1, ξ2, . . . , ξn+p+1], (A.1)

where p is the polynomial order and n the number of basis-function formed
using the knot vector Ξ. The knot vector is chosen in such a way that ξi ≤ xi+1

for i = 1, 2, . . . , n+p. When the knots are equally spaced we call them uniform.
When they are not, we call them non-uniform. Knots can appear more than
once at the same coordinate. These are called repeated knots. When the first
and last knot are repeated p+1 times we call the knot vector open. The B-spline
basis is defined recursively, starting with a piece wise constant function (k = 0):

Ni,0(ξ) =

{
1 if ξi ≤ ξ < ξi+1,

0 otherwise.
(A.2)

For k = 1, 2, 3, . . . the B-spline basis function are defined by

Ni,k(ξ) =
ξ − ξi

ξi+k − ξi
Ni,k−1(ξ) +

ξi+k+1 − ξ
ξi+k+1 − ξi+1

Ni+1,k−1(ξ). (A.3)

To do our analysis in this report we use a single patch open B-spline basis over
the extended domain mesh, defined by a non-decreasing open knot vector in all
spatial dimensions δ = 1, . . . , d like they did in [5],

Ξδ = [ ξδ1 , . . . , ξ
δ
1︸ ︷︷ ︸

(k+1)−time

, ξδ2 , . . . , ξmδ−1, ξmδ , . . . , ξmδ︸ ︷︷ ︸
(k+1)−times

]. (A.4)

Here k is the polynomial degree of the basis.
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Appendix B

ALE Theory

The Arbitrary Lagrangian Eularian (ALE) method is a method to solve PDE
systems on moving domains. Instead of changing the domain of computation
every time-step the ALE method solves the systems of equations on a reference
domain. What means that the problem needs to be transformed from the
physical to a reference domain. We first introduce the reference domain Ωr
and the physical domain Ωt, which is dependent on the time. We will write x
for elements of Ωt and x̄ for elements in Ωr. We will define a map

Ψt : Ωr → Ωt. (B.1)

When Ωt = (0, d(t)), Ψt solves,
−∂

2Ψt
∂x̄2 = 0 in Ωr,

Ψt = 0 at 0,

Ψt = d(t) at 1.

(B.2)

To show how to get the ALE formulation of a problem we use the heat equation,

∂tu−∇ · (D∇u) = 0. (B.3)

We first integrate the first part of the equation over Ωt. Than we use the
Reynolds transport theorem [18], transform the domain to the reference domain
and than take the derivative into the integral (this is allowed because the
reference domain does not depend on t).

ˆ
Ωt

∂tudx =
d

dt

ˆ
Ωt

udx−
ˆ

Ωt

∇ · (uw)dx

=
d

dt

ˆ
Ωr

u ◦ΨtJtdx−
ˆ

Ωr

∇ · (uw) ◦ ψtJtdx̄

=

ˆ
Ωr

∂t(u ◦ΨtJt)−∇ · (uw) ◦ΨtJtdx̄,

(B.4a)

(B.4b)

(B.4c)
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where Jt is the determinant of the Jacobian of Ψt and w = ∂
∂tΨt(x̄), the speed

of the moving domain.
Now we do the same to the second part of the equation and get,

ˆ
Ωt

∇ · (D∇u)dx =

ˆ
Ωr

∇ · (D∇u) ◦ΨtJtdx̄. (B.5)

When we get those two together and use that when an integral is zero the
integrand has to be zero we get,

∂tu ◦ΨtJt − (∇ · (D∇u) +∇ · (uw)) ◦ΨtJtdx = 0 (B.6)

Now we can solve this problem using the Finite Element Method on Ωr and
transform the solution back to Ωt.
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Appendix C

Plots for parameter study
1D

(a) β = −10−2 (b) β = −10−3

(c) β = −10−4

Figure C.1: Numerical solution of problem 4.1 for end-time = 10 using D =
0.001 and different values of β which can be found in Table 4.3.
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(a) D = 10−2 (b) D = 10−3

(c) β = 10−4

Figure C.2: Numerical solution of problem 4.1 for end-time = 10 using β = 0.001
and different values of D which can be found in Table 4.3.
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