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Abstract

In food production it is sometimes necessary that a certain fluid is heated. This is possible
with the Rotated Arc Mixer, which consists of a tube where the cold fluid flows through. The
boundary of the tube is at a higher temperature than the fluid itself. This heating process can
be sped up with a fluid flow inside the tube. This fluid flow can be generated with moving walls
in the boundary of the tube. However, the correct fluid flow should be created, such that the
fluid is heated faster towards the temperature of the tube.
Therefore, a controller is developed that activates the correct wall with the knowledge of the
current temperature field, leading to faster heating of the fluid. The goal of this thesis is to
develop a closed-loop control protocol for the Rotated Arc Mixer such that the fluid temperature
is heated as fast as possible to the temperature of the tube’s boundary.
By using the finite volume method a self-made numerical model of the Rotated Arc Mixer is
created. This numerical model is used to develop two closed-loop controllers. The first controller
is based on the assumption that the best control protocol exists when the walls are selected that
produce a temperature field that is closest to the end temperature field, when the walls have
been active for an activation time. The second closed-loop controller is based on the assumption
that the best control protocol is produced when the wall is selected with the highest value of
the convective flux at the beginning of an activation time. When convection is dominant in the
flow these controllers produced a control protocol for the walls, such that the temperature is
heated three times faster than without fluid flow.
The conclusion of this thesis is that with the developed closed-loop control protocols for the
Rotated Arc Mixer, the fluid temperature can be heated faster towards the tube temperature,
when convection is dominant. Further, it also shows that with smart mixing the temperature
enhancement of the Rotated Arc Mixer can be improved.
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Chapter 1

Introduction

1.1 Context

In food production (for example dairy industry and sugar making [12]) it is often necessary that
a certain fluid has a final temperature that is not equal to the initial temperature field. The
temperature of the fluid can increase when it is heated. This is for example possible when the
fluid goes through a tube and the boundary of the tube has a certain temperature, which is not
equal to the initial temperature field. If one waits long enough, the temperature of the fluid
will attain the temperature of the boundary of the tube. However, this takes too much time.
Therefore, the heating of the fluid can be improved with fluid flow. When an optimal fluid flow
is created the temperature field reaches a homogeneous temperature faster.

When it is assumed that fluid flow by definition improves the heating of the fluid, this flow
should be controlled. However, fluid flow does not always improve the heat transfer, it can also
slow down the heating process. In general it improves the heating process, therefore a controller
should be developed. Heating could happen through fluid flow (convection) or through molec-
ular motion (diffusion). There is a non-trivial connection between the flow and heat transfer in
a fluid, when convection and diffusion both contribute to heat transfer.

1.2 Problem

In order to be able to investigate the improvement of heat transfer with fluid flow, the Rotated
Arc Mixer model can be used. This model has a fluid inside a tube. The tube has a certain
temperature. The temperature of the fluid inside the tube will tend to the boundary temper-
ature. In this model fluid flow is generated by moving wall segments in the boundary of the
tube. However, at this moment current control strategies of the walls only focus on the fluid
flow [2]. Therefore, it is possible that preset, predetermined control strategies are ineffective.
A better approach would be to use a real time controller, which determines the next control
action based on the current temperature field. This leads probably to the best possible heat
transfer. The homogeneous state is then reached in a smaller period of time. Therefore, the
aim of this project is to find a real time control strategy of the walls (input) that improves heat
transfer in the Rotated Arc Mixer for a certain temperature measurement (output).

In this master thesis an answer to the following research question is sought: ”Which closed-
loop activation protocol for the moving wall segments of the Rotated Arc Mixer produces the
fastest heat transfer to the uniform temperature field?”.

To answer this research question an answer to the following sub-questions should be provided:

1. How does the mathematical model of the Rotated Arc Mixer look like? What is the
corresponding analytic solution?
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2. What is the state-space form / numerical model of the Rotated Arc Mixer?

3. How does the closed-loop control strategy for the Rotated Arc Mixer walls look like?

4. Is the developed closed-loop control strategy for the Rotated Arc Mixer optimal?

1.3 Outline report

In order to be able to answer the research question, a scientific research has been executed. The
results are presented in this master thesis.
In this report first the Rotated Arc Mixer model is introduced in Chapter 2. In this chapter
the theory that is used in this research is introduced.
Thereafter, in Chapter 3 the conservation laws that define the dynamics of the Rotated Arc
Mixer are solved analytically, for some simple configurations. These solutions are verified with
a COMSOL Multiphysics simulation.
In Chapter 4 a numerical model of the Rotated Arc Mixer is constructed by using the finite
volume method. This numerical model is verified with the analytic solutions of Chapter 3 and
a COMSOL Multiphysics simulation.
In Chapter 5 another numerical model of the Rotated Arc Mixer is constructed by using the
exponentially fitted scheme.
The numerical model as defined in Chapter 4, is used in Chapters 6 and 7 to construct two
closed-loop control protocols for the walls. The first controller is based on the temperature in
the future. The second closed-loop controller is based on the improvement of the convective
flux.
In Chapter 8 the results of the controllers are verified with the eigenvalues that define the control
protocols.
This thesis ends with Chapter 9. In this chapter, the conclusions of this research are presented.
Further, some recommendations for follow-up research are given.
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Chapter 2

Mathematical model and theory

In this chapter the problem of this master thesis is defined.
The problem definition consists of introducing the model that is used in this research, the Ro-
tated Arc Mixer. Further, the conservation laws that define the dynamics of the Rotated Arc
Mixer are presented.
After the problem is defined, some theory is provided that is used to solve the problem. Since,
the research question is to determine a controller for the Rotated Arc Mixer, an introduction
into control theory is given. After, that it is explained which numerical methods are used to
solve the research question and how these can be verified. The theory section ends with explain-
ing the dynamic mode decomposition algorithm. This algorithm determines the eigenvalues of
the numerical data, to verify that the constructed controller is stable.

2.1 Model description Rotated Arc Mixer

The aim of this research is to investigate the control of heat transfer enhancement. In order to
be able to do this, the Rotated Arc Mixer (RAM) is studied. This model is introduced in this
section.

The RAM is used to investigate advective-diffusive transport. The schematic representation
of the RAM is presented in Figure 2.1.

Figure 2.1: Schematic presentation of the Rotated Arc Mixer (RAM). The left figure shows the geometry
of the RAM with the rotating outer cylinder, stationary inner cylinder and the axial through flow. The
right figure shows the definition of the cylindrical coordinate system, the cylinder radius R, offset angle
Θ, aperture arc angle ∆ and the aperture length L. [9]

Figure 2.1 shows that the RAM consists of two concentric cylinders of radius R. The first
cylinder is a stationary inner cylinder. This cylinder has consecutive windows of size ∆ and
length L that are offset in angular direction. The offset between the windows is at angle Θ.
The second cylinder is an outer rotating cylinder that induces a transverse flow via viscous
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drag at the windows, as the flow progresses axially with a constant flow rate [1][11]. A window
in the cylinder is called a cell. Every cell generates the same flow field, however, the flow
field is rotated. The consecutive cells produce a rotated flow inside the tube. This flow field
downstream the tube, can also be seen as a velocity field in time [1][17]. Therefore, the 3D
RAM can be presented as a 2D RAM. This is because the spatial periodicity of the 3D steady
flow field in the RAM can be presented by temporal periodicity of a 2D piece-wise steady flow
field. For the simulation of the RAM this means that the flow can also be simulated by a 2D
cross sectional circular area. If the RAM is simulated in 2D, the simulation is less expensive.
This 2D representation is shown in Figure 2.2.

Figure 2.2: Schematic representation of the 2D Rotated Arc Mixer (RAM) with two walls including velocity
field. In the left figure the first wall is active. In the middle figure the second wall is active. The right
figure shows the temperature field distribution in the RAM.

The RAM in 2D is a circular domain with radius R.
Inside the RAM there is a moving fluid. This fluid has a kinematic viscosity of ν and a thermal
diffusivity of α. This fluid has an initial temperature C0(x). The boundary of the RAM is at
a constant temperature C∞. The temperature in the RAM is heated by the boundary temper-
ature, because C∞ > C0. [1]
To simulate the cells of the RAM, the 2D RAM consists of N moving wall segments. In Figure
2.2 it consists of two moving wall segments therefore N = 2. These two walls face each other,
therefore the offset angle is Θ = 180◦. The first wall is located at −90◦ and the second wall at
90◦. However, in the upcoming chapters in this master thesis the RAM is mainly investigated
for three walls. This leads to N = 3 walls and an offset angle of Θ = 120◦. These three walls
will be located at [0◦,−120◦, 120◦] for the first, second and third wall, respectively. Further,
in this research a RAM with four walls with an offset angle of Θ = 90◦ is investigated. These
four walls are located at the positions [−45◦,−135◦, 135◦, 45◦]. Finally, a single walled RAM is
investigated at position 0◦ with offset angle Θ = 360◦. Notice, that in general this means that
for N walls the offset angle is Θ = 360

N

◦
.

The moving wall segments in Figure 2.2 have an aperture of ∆ = 45◦. The wall segments are
not active at the same time. A wall is always active for an activation time Ta. However, it is
also possible that a wall is active multiple times in a sequence. Then the wall segment is active
for at least time Ta when moving.
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When a wall is active it moves in tangential direction with a velocity of U . The velocity field
that a wall produces is visible in Figure 2.2. These velocity streamlines are produced with a
simulation in COMSOL.

In conclusion, the RAM is a circular tube with a fluid inside. This fluid is heated by the
boundary temperature. The heating process can be improved with the moving walls.

2.2 Conservation laws describing the RAM

In the previous section, the model of the RAM is introduced. In this section, the conservation
laws that define the mathematical model are presented.

The mathematical model / dynamics of the Rotated Arc Mixer is generated by the mass,
momentum and energy (advection-diffusion) equations. The dimensionless dynamics of the
Rotated Arc Mixer with initial temperature field C0(x) ∈ [0, 1] is as follows [1] (see Appendix
A for the derivation of the dimensionless equations):

∇ · u = 0, (2.1a)

Sr
∂u

∂t∗
+ Reu · ∇u = −∇P +∇2u, (2.1b)

∂C

∂t
+ u · ∇C =

1

Pe
∇2C, (2.1c)

C(x, 0) = C0(x). (2.1d)

In these partial differential equations (PDE) u ∈ R2 is the dimensionless fluid velocity generated
by the walls of the RAM, P ∈ R the dimensionless pressure, C ∈ [0, 1] the dimensionless
temperature and t∗ > 0 and t > 0 dimensionless times. Time scale t∗ defines the establishment
of the velocity field. Further, t defines the temperature evolution.
Sr, Re and Pe are the Strouhal, Reynolds and Péclet number, respectively. These dimensionless
numbers are defined as follows:

Sr =
R2

νTa
, Re =

UR

ν
, Pe =

UR

α
, τ =

t

t∗
=
TaU

R
. (2.2)

In Equation (2.2) the dimensionless time τ is presented as well. This is the non-dimensional
period of switching from one wall to the other[1].

In the conservation laws, the dimensionless time is defined by two dimensionless parameters.
This is possible if one characteristic time is negligibly small. This is the case for the RAM if Sr
is very small (i.e. Sr � 1). This means that the acceleration stage of the velocity field can be
neglected (i.e. the velocity field exists immediately). Then the fluid flow is quasi-stationary and
the time dependency is dependent on the boundary conditions of the RAM. When the RAM is
quasi-stationary the equations read[1]:

∇ · u = 0, Reu · ∇u = −∇P +∇2u, (2.3a)

∂C

∂t
+ u · ∇C =

1

Pe
∇2C. (2.3b)

The velocity u is computed from the mass, momentum equation in Equation (2.3a). The
velocity field u depends on the number of moving walls that are activated. The solution to this
velocity field is presented in Reference [5]. Therefore, the velocity field is assumed to be known.
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Equation (2.3b) can be investigated more closely with the Lagrangian heat transfer for-
malism [16]. In this formalism the temperature C is determined from the conductive (C̃) and
convective (C ′) components, such that C = C̃ + C ′. If the Lagrangian heat transfer form is
applied to the advection-diffusion equation, the following equations arise:

∂C̃

∂t
− 1

Pe
∇2C̃ = 0,

∂C ′

∂t
+∇ ·

(
uC ′ − 1

Pe
∇C ′

)
= −u · ∇C̃.

The conductive temperature C̃ represents the temperature without flow (u = 0). The convective
temperature C ′ is the temperature with velocity. These temperatures are determined, such that
in the upcoming chapters the change in temperature due to the moving walls can be investigated.

In conclusion, the RAM is defined by the mass, momentum and advection-diffusion equa-
tions. The solution of the mass, momentum equation is already known. The advection-diffusion
equation is not yet solved, but it is possible to split the temperature that it defines in a con-
ductive and convective part.

2.3 Introduction to control theory

The aim of the research is to enhance the heating process of the fluid in the RAM by using a
controller. Therefore, in this section an introduction to control theory is given.
First, the RAM is defined as a system. After that, this system is written in a state-space form.
This introduction ends by explaining two types of controllers, a controller without and with
feedback.

2.3.1 Define input and output RAM

The first part of the introduction into control theory is about systems. In this section, it is
explained what a system is. After that this theory is applied to the RAM.

The RAM can be modelled as a system. A system is, with respect to its surroundings, an
independent object. Within this object is a certain structure, but the object also interacts with
its surrounding. Something is thus a system, if it is an independent object that influences its
surrounding (output). At the same time, the surrounding of the system influences the system
itself (input). Multiple outputs of the system can influence the surrounding, but also multiple
inputs can influence the system itself. Notice, that it is also possible that only one single input
and output influence the system. These inputs and outputs can be signals or certain variables.
In Figure 2.3 a system is schematically presented [7].

Figure 2.3: Schematic representation of a system.
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Figure 2.3 shows that for a certain input signal u(t) the system produces an output signal
y(t), with initial conditions y(t0). Further, the system is defined by the dynamics, which can
be written as a set of functions Y , such that the output y(t) is dependent on input u(t) and
initial condition y(t0)[7]. The dynamics of the system is thus a time dependent development of
the current state of the system.

The Rotated Arc Mixer can also be presented as a system. It is a system because the velocity
field that the moving walls produce and the boundary temperature (surrounding) influence the
temperature field in the RAM (system). Therefore, the output of the RAM is defined by the
complete temperature field. This temperature field is reached with the activation of a certain
wall for an activation time and the boundary temperature of the RAM (input). Therefore, the
input of the RAM is the position of the moving wall, the activation time of that particular
wall and the boundary temperature. Finally, the system Y is defined by the advection-diffusion
equation. In conclusion the RAM is written in a system form. The input, output and system
function have to collaborate with each other in the correct manner, such that the aim of the
controller can be reached (i.e. complete temperature field of the RAM reaches the boundary
temperature as fast as possible).

2.3.2 State-space form

In the previous subsection, it has been witnessed that the RAM could be described as a system,
which is defined by dynamics Y . In this section, this set of functions Y is considered, such that
it can be written in a state-space form.

In control theory it is desirable that the equations that describe the system, constitute a first
order ODE system. This ODE system could be obtained by using the knowledge of physical
principles or by linearising the system function. When the system is written as a system of first
order differential equations, it is written in a state-space form[6]:

ẋ1 = f1(t, x1, . . . , xn, u1, . . . , um)

ẋ2 = f2(t, x1, . . . , xn, u1, . . . , um)

...
...

ẋn = fn(t, x1, . . . , xn, u1, . . . , um).

In this ODE system ẋ is the derivative of x with respect to time t and u(t) = [u1(t), ..., um(t)]T is
the input variable. In this state-space form, x(t) = [x1(t), ..., xn(t)]T is the state of the system
at time t. The state represents the memory of the dynamical system in the past. It is also
possible that l outputs y(t) = [y1(t), ..., yl(t)]

T exist in the system. When these are combined,
the system Y is written as follows in state-space form[7][6]:

Y : ẋ(t) = f [x(t), u(t)], y(t) = g[x(t), u(t)]. (2.4)

In this state-space form, the input is defined by function f . The output y(t) is defined by state
x(t), input u(t) and function g. These functions f and g can be linear or non-linear. When the
system is linear, the state-space form has a special form:

Y : ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) +Du(t). (2.5)

In this equation A ∈ Cn×n is the system matrix, B ∈ Cn×m is the input matrix, C ∈ Cl×n is
the output matrix and D ∈ Cl×m is connection matrix of the linear system.
The system representation in the (non-)linear state-space form (see Equation (2.4)) is presented
in Figure 2.4.
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Figure 2.4: State-space representation of a system.

This figure shows that the system Y in Figure 2.3 is expanded with the state-space functions
of Equation (2.4).

When a system is linear (see Equation (2.5)), it may be possible to use linear control theory
to determine an input u, such that the desired output y is reached. When C = I and D = 0
in Equation (2.5), a controller u(t) = Wx(t) can be developed with matrix Wm×n such that
the eigenvalues of matrix A+BW have no positive real part. Then the dynamics of the linear
system will be stable. However, in this master thesis the state-space form of the RAM is not
written in a linear form, because the advection-diffusion equation is a PDE. From this section it
can be concluded that in order to be able to improve the heat transfer in the Rotated Arc Mixer
in a structured way, the advection-diffusion equation should be written in a state-space form
as shown in Equation (2.4). Also, the system should be stable. It is not necessary to write the
mass and momentum equations in a state-space form, since the velocity field is already known.

In Chapters 4 and 5 a state-space form for the RAM is determined by discretizing the
advection-diffusion equation, using the finite volume method and exponentially fitted scheme,
respectively. This finite volume method is explained in Section 2.4. However, the discretization
methods will not produce the same state-space form as Equation (2.5), but produces a state-
space form of the advection-diffusion equation in the following form:

Y :
dC

dt
= A(u)C + b(u), y = IC. (2.6)

This state-space form is not in a linear form, due to the changing velocity in the matrix A(u)
and vector b(u). These matrices depend on input u and state/output C. Further, the RAM
always converges towards the final temperature and is therefore stable, independent of velocity
u. Since, the dynamics of the RAM is a PDE and written as described in Equation (2.6), linear
control theory can not be used to determine a control protocol for the RAM.

In conclusion, it is desirable to write the system in a state-space form when a controller
is made. This state-space form can have a (non-)linear form (see Equation (2.4)) or a linear
form (see Equation (2.5)). When it is in a linear form linear control theory may be applied,
to stabilize the dynamics. However, the RAM is written in a non-linear state-space form (see
Equation (2.6)), such that it is not possible to use linear control theory.

2.3.3 Types of controllers

In the previous subsection, the desired form of the conservation laws / dynamics of the RAM
is explained. The next step is constructing the controller itself. In this section, two types of
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controllers will be explained [15].

The aim of a controller is that the output signal y(t) of a system follows a certain desired
path in time r(t) (i.e. reference). In order to be able to do this, two different controllers can be
built. The first controller is a controller without feedback, an open-loop controller. The second
type, is a controller with feedback, a closed-loop controller.

A schematic presentation of the open-loop controller is shown in Figure 2.5.

Figure 2.5: Schematic representation of an open-loop controller.

In this figure, the desired path that the system should follow, r (reference signal), is im-
plemented in controller Z. This controller determines the manipulable input u for process G.
However, besides the input also a disturbance w is implemented in the process, such that output
y is constructed. Figure 2.5 shows that an open-loop controller puts a reference signal through
the system, such that a certain output arises. This open-loop controller does not change the
input signal depending on the output of the system.
For this open-loop controller a controller Z should be developed, such that the reference signal
is the output signal (i.e. y(t) = r(t)). In theory this is possible when the controller Z is equal
to the inverse of process G and no disturbance w exists in the system. This is also called feed-
forward. However, the disturbance w is present in the system. This leads to an output y with
a disturbance. Therefore, the assumed reference signal r is not followed and the controller Z
does not produce the desired output. Since, the open-loop controller does not use the output of
the system, the disturbances in the output signal will only increase, because the controller does
not compensate for it. Therefore, it is really difficult to develop a good open-loop controller [15].

Since, the open-loop controller does not incorporate the output of the system, the desired
output y is difficult to reach. Therefore, a closed-loop controller is introduced. In this closed-
loop controller the reference signal and output signal are combined, such that the error is the
input of the controller. The schematic presentation of the closed-loop controller is visible in
Figure 2.6.
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Figure 2.6: Schematic representation of a closed-loop controller.

In this figure the output y is compared to reference r, such that error e = r−y appears. This
error is the input of controller Z. This controller determines the input u for process G. Just as
with the open-loop controller, also a disturbance w1 is put in the input which leads to output y.
However, this output is also communicated towards the reference signal with disturbance w2.
Therefore, the controller Z can be designed to minimize the error (i.e. e→ 0 and y follows r).
When the correct closed-loop controller Z is produced, the disturbance is suppressed and the
desired reference signal will be the output of the system [15].

In conclusion, there exists two types of controllers. A controller with and without feedback.
It is difficult to create a good open-loop controller, since the error in the output is not sup-
pressed, however it is not impossible. However, in this research a wall will be selected with
the knowledge of the temperature field in the RAM. Therefore, knowledge of the closed-loop
controller is used in the design of a controller for the RAM. The first controller that is designed
is a closed-loop controller based on the future temperature field, in Chapter 6. After that, a
second closed-loop controller based on the temperature enhancement over time is presented in
Chapter 7.

2.4 Numerical methods

In the previous section an introduction into control theory was given. It is explained that the
RAM should be written in a state-space form. In this section it is explained how this is done.

The state-space form of the RAM is determined with a numerical model of the advection-
diffusion equation. Two numerical models will be construed, one with the finite volume method
and one with exponentially fitted scheme. The finite volume method and exponentially fitted
scheme is a numerical discretization method for partial differential equations (PDE). The theory
of the finite volume method is presented in Appendix B. In Chapter 4 this theory is used to
determine a numerical model of the advection-diffusion equation of the Rotated Arc Mixer. In
Chapter 5 a numerical model with the exponentially fitted scheme is made. To be sure that the
numerical model is correctly constructed, it is verified with Richardson extrapolation. The the-
ory of Richardson extrapolation is explained in Appendix C. The numerical model made with
the finite volume method, together with simulations of the RAM in COMSOL Multiphysics will
be used to solve the research question of this master thesis.

2.5 Eigenvalue analysis with Dynamic Mode Decomposition algorithm

In the previous sections it is outlined how the numerical model of the RAM is constructed
and verified. The data that is obtained with this numerical model can be investigated in more
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detail with the Dynamic Mode Decomposition (DMD) algorithm. This algorithm can be used
to determine the eigenvalues and the eigenvectors of the system (see Chapter 8). By using these
eigenvalues and eigenvectors a new numerical model can be constructed or it can be verified if
the controller is stable.

The Dynamic Mode Decomposition (DMD) algorithm is now analyzed in more detail[13].
This DMD algorithm is used in order to determine the dominant dynamic modes φm and
eigenvalues µm ∈ C of the Rotated Arc Mixer. With these dynamic modes and eigenvalues the
temperature of the Rotated Arc Mixer at a fixed time can be determined with a finite sum of
these modes, as follows:

C(x, nTa) =
∞∑
m=0

γmφm(x)eµmnTa . (2.7)

In this equation γm are the expansion coefficients, n is the number of periods, Ta is the period
time and x is the position.

The Dynamic Mode Decomposition determines the eigenvalues µm and dynamic modes φm of
the RAM by a time-resolved sequence of temperature field measurements [13]. The measurement
data at a certain time is put in a vector vm of size n× 1. The measurement data vector vm+1

is at a time step ∆T further. The last measurement vector vN is when the temperature field
of the RAM is homogeneous and equal to the temperature field of the circular boundary. The
measurement data will therefore contain N temperature fields which are determined after every
time step. In order to obtain the dynamic modes and eigenvalues the time step ∆T between
the measurements should be small enough or the sample frequency fs should be sufficiently
high. The Nyquist criterion gives a lower bound for this sample frequency fs. This criterion
states that only processes can be identified that are sampled with at least twice their natural
frequency fn (fs > 2fn)[13]. In the RAM this means that the sample time should be of the
order of the characteristic time scale t = R

U . The temperature field measurements which are
∆T apart can be written columnwise in an n×N matrix as:

V N
1 = (v1,v2, ...,vN ). (2.8)

It is assumed that the dynamics of the RAM can be written as a linear mapping An×n that
connects the temperature field vm to vm+1. Therefore, the eigenvalues and eigenvectors that
define mapping A, define the temperature evolution over time in the RAM. It is assumed that
vm+1 can be written as:

vm+1 = Avm. (2.9)

The DMD algorithm claims that the dynamics of a certain system can be written as dv
dt = Mv,

with Mn×n a matrix that has the same eigenvalues and eigenvectors as determined with the
DMD algorithm (i.e. A ≈ eM∆T ). With this assumption the probably nonlinear dynamics of the
RAM is linearized. However, this linearized form dv

dt = Mv exists for every type of system. This
means that the linearized form exists regardless of the system being linear, non-linear, open-loop
or closed-loop. The temperature measurements can now be written in a vector-matrix notation
as a Krylov sequence:

V N
1 = (v1,Av1,A

2v1, ...,A
N−1v1). (2.10)

When the measurement data increases and the dominant features of the RAM are captured
by the temperature measurements, it can be assumed that the measurements become nearly
linearly dependent. This means that when more temperature measurements are added, a new
measurement vN could be expressed in terms of the previous measurements:

vN = a1v1 + a2v2 + ...+ aN−1vN−1 + r = V N−1
1 a+ r. (2.11)
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In this equation a(N−1)×1 = (a1, a2, ..., aN−1)T and rn×1 is the residual vector. When Equation
(2.11) is implemented in Equation (2.9), this leads to:

A(v1,v2, ...,vN−1) = (v2,v3, ...,vN ) = (v2,v3, ...,vN−1,V
N−1

1 a) + reTN−1. (2.12)

In this equation eN−1 is the (N − 1)-th unit vector. It is also possible to write this equation as:

AV N−1
1 = V N

2 = V N−1
1 S+reTN−1 with S(N−1)×(N−1) =


0 a1

1 0 a2

. . .
. . .

...
1 0 aN−2

1 aN−1

 . (2.13)

If it is assumed that the residual ||r|| → 0 for N →∞, then the eigenvalues of companion matrix
S will approximate the eigenvalues µA ofA. Notice, that the eigenvectors will be different. This
can be shown as follows by using Equation (2.13):

Ax = µAx,

AV N−1
1 y = µAV

N−1
1 y, x = V N−1

1 y

V N−1
1 Sy ≈ V N−1

1 (µAy), AV N−1
1 ≈ V N−1

1 S

Sy ≈ µAy.

The next step in determining the eigenvalues and dynamic modes of the RAM is by com-
puting the matrix S. For a full rank matrix V N−1

1 of size n × (N − 1), it is possible to write
this using QR-decomposition as V N−1

1 = QR, with orthogonal matrix Qn×n and upper trian-
gular matrix Rn×(N−1). When this is implemented in Equation (2.11) and it is assumed that
||r|| → 0, vector a in matrix S could be determined as:

a = R−1QHvN . (2.14)

However, a note should be made regarding determining a with the QR-decomposition. The
QR-decomposition is in many practical cases ill-conditioned. Therefore, when S is determined
only the first few eigenvalues will be determined correctly. The reason is that the data of an ex-
periment contains noise, such that the DMD algorithm does not produce the desired results[13].

Therefore, the eigenvalues and dynamic modes should be determined differently with a more
robust method, which is less sensitive for noise in the data. This is done by determining the sin-
gular value decomposition (SVD) of the data sequence V N−1

1 = UΣWH , with Un×n, Σn×(N−1)

and W (N−1)×(N−1) the left singular-vectors, singular-values and right singular-vectors, respec-
tively, of matrix V N−1

1 . When this SVD of V N−1
1 is implemented in Equation (2.13) it leads

to[13]:

AV N−1
1 = V N

2 ≈ V N−1
1 S,

AUΣWH = V N
2 ≈ UΣWHS,

UHAU = UHV N
2 WΣ−1 ≈ ΣWHSWΣ−1 ≡ S̃.

When Equation (2.13) is written as above, matrix UHAU still has the same eigenvalues as A.
Matrix S̃n×n approximates also these eigenvalues:

Ax = µAx,

AUy = µAUy, x = Uy,

UHAUy = µAU
HUy = µAy,

UHAUy = µAy ≈ ΣWHSWΣ−1y,

UHAUy = µAy ≈ S̃y.
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Now matrix S̃ = UHV N
2 WΣ−1 is defined, the eigenvalues and dynamic modes of the RAM

can be extracted. In the previous derivation, it was shown that the eigenmodes x of matrix A
are replaced by Uy. Therefore, the eigenvectors φm of matrix A are equal to Uy. This leads
to:

φm = Uym. (2.15)

In this equation ym is the m-th eigenvector of S̃ and U is the right singular-vector matrix of
V N−1

1 .
The final step is determining the eigenvalues µm of the RAM as follows[13]:

µm =
lnµS̃,m

∆T
, (2.16)

with µm the m-th eigenvalue of matrix A that define the RAM of the measurements, µS̃,m the

m-th eigenvalue of matrix S̃ and ∆T the sample time. A summary of the DMD algorithm is
presented in Appendix D. When the DMD algorithm is executed the eigenvalues and eigenvec-
tors of Equation (2.9) are determined.

In conclusion, by using the DMD algorithm, the eigenvalues and the eigenvectors of the
RAM can be determined. These can be used to verify the numerical model of the RAM and its
stability when it is written as described in Equation (2.6).

2.6 Conclusions

In this chapter, the Rotated Arc Mixer is introduced. This RAM consists of a circular tube
with a fluid inside. The boundary of the tube is the final temperature of the fluid. The heating
of the fluid could be improved, by the moving boundary walls. The dynamics of the RAM is
defined by the mass, momentum and advection-diffusion equations.
The optimal velocity field that the walls of the RAM produce, such that the aim of the controller
(i.e. temperature heats faster towards boundary temperature) can be reached, can be deter-
mined with control theory. The first step in control theory is rewriting the advection-diffusion
equation in a state-space form (i.e. a set of linear ODE equations). This numerical model
is constructed in the upcoming chapters with the finite volume method / exponentially fitted
scheme and verified with Richardson extrapolation.
Thereafter, a closed-loop controller can be made, that uses the current temperature to deter-
mine the best wall to activate. However, in linear control theory a controller is designed to
stabilize the system. The RAM is not a linear system and is already stable. Therefore, linear
control theory can not be used. However, the knowledge of linear control theory is used in the
upcoming sections to determine a controller.
Finally, in this chapter it is seen that the data of the numerical model can be investigated in
more detail with Dynamic Mode Decomposition. This algorithm determines the eigenvalues of
the RAM, to determine if the system is stable.
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Chapter 3

Temperature evolution of the
Rotated Arc Mixer

In this chapter the advection-diffusion equation is analyzed for various velocity fields u and
boundary conditions. At the end of this chapter, the analytic solutions are verified with a
COMSOL simulation. These analytic solutions are used to check the numerical model and an-
alyze the temperature fields of the RAM in the upcoming chapters.

3.1 Analytic temperature evolution RAM without velocity

In this section the advection-diffusion equation is solved analytically when the velocity field is
not present (u = 0). Notice, that this temperature is equal to the conductive temperature field
C̃ as presented in Section 2.2. This temperature is determined, because the aim of this thesis
is to determine a controller that makes sure that the temperature of the RAM tends faster
towards the boundary temperature than when no velocity is present in the RAM.

When no velocity is present, the (advection-)diffusion equation of the Rotated Arc Mixer
reads as follows:

∂C

∂t
=

1

Pe
∇2C, C(t = 0) = 0 and C(r = 1) = 1. (3.1)

In Appendix E the derivation of the analytic solution of Equation (3.1) is given. It is shown
that the solution of the diffusion equation is [4]:

C(r, t) = 1− 2
∞∑
m=1

J0(λ0,mr)

λ0,mJ1(λ0,m)
e−λ

2
0,mt

1
Pe . (3.2)

In this equation J0 is the zeroth order Bessel function of the first kind with λ0,m its corresponding
n-th zero. Further, J1 is the first order Bessel function of the first kind.

In conclusion, the temperature that the advection-diffusion equation without velocity con-
structs is as presented in Equation (3.2). This temperature field shows that it is only dependent
on the radial coordinate.

3.2 Analytic temperature evolution RAM with asymmetric boundary
condition

In this section the advection-diffusion equation is solved analytically when the boundary con-
dition is asymmetric and the velocity field in the RAM u = 0. This temperature field is
determined to show that it is dependent on the angular coordinate, in contrast to the previous
section.
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In this section the solution of the advection-diffusion equation is provided, when u = 0 and
the boundary conditions are any arbitrary asymmetric Fourier series. The following problem is
solved:

∂C

∂t
=

1

Pe

(
∂2C

∂r2
+

1

r

∂C

∂r
+

1

r2

∂2C

∂θ2

)
, C(r = 1, θ) =

∑
l

αle
ilθ ∈ [0, 1] and C(t = 0) = 0.

(3.3)
In this equation αl is a constant value.
In Appendix E, Equation (3.3) is solved analytically, by first determining the solution for

an asymmetric boundary C(r = 1, θ) = 1
2(sin θ + 1). According to this derivation the solution

of the asymmetric boundary condition temperature is given by:

C(r, θ, t) =
∞∑
n=0

∞∑
m=1

Jn(λn,mr)e
−λ2

n,mt
1

Pe (an,m cos(nθ) + bn,m sin(nθ)) + C∞(r, θ)

C∞(r, θ) =
∑
l

αle
ilθrl,

an,m = −
∫ 2π
θ=0

∫ 1
r=0C∞rJn(λn,mr) cos(nθ)drdθ∫ 1

r=0 rJ
2
n(λn,mr)dr

∫ 2π
θ=0 cos2(nθ)dθ

=


∫ 2π
θ=0

∫ 1
r=0−C∞rJn(λn,mr) cos(nθ)drdθ

1
2
J2
n+1(λn,m)π

, if n ≥ 1∫ 2π
θ=0

∫ 1
r=0−C∞rJn(λn,mr) cos(nθ)drdθ

1
2
J2
n+1(λn,m)2π

, if n = 0,

bn,m = −
∫ 2π
θ=0

∫ 0
r=1C∞rJn(λn,mr) sin(nθ)drdθ∫ 1

r=0 rJ
2
n(λn,mr)dr

∫ 2π
θ=0 sin2(nθ)dθ

=


∫ 2π
θ=0

∫ 0
r=1−C∞rJn(λn,mr) sin(nθ)drdθ

1
2
J2
n+1(λn,m)π

, if n ≥ 1

0, if n = 0.

In this equation Jn is the n-th Bessel function of the first kind, with λn,m its corresponding
m-th zero. Further, C∞(r, θ) is the stationary solution of Equation (3.3).

In conclusion, the temperature field of the RAM is dependent on the angular and radial
coordinate when the boundary temperature field is asymmetric. These temperature fields are
determined to show that the convergence time of the temperature towards the final temperature
field is faster when the symmetry is broken.
The symmetry is only broken with the boundary conditions and not with the velocity in the
RAM. However, with an asymmetric velocity it is very difficult to solve the advection-diffusion
equation.

3.3 Analytic temperature evolution RAM with solid body rotation velocity
field

In this section, the analytic solution of the advection-diffusion equation is provided in case the
velocity field is a solid body rotation (uθ = ωr). This solid body rotation is investigated be-
cause, it is the simplest axi-symmetric fluid flow where an analytic solution could be provided.
This analytic solution is used to verify the dynamics of the RAM in upcoming chapters.

In this section the advection-diffusion equation is analyzed with a realistic velocity field of
the RAM. This angular velocity field is equal to uθ = ωr with ω the angular velocity. With this
velocity field a solid body rotation occurs. The advection-diffusion equation in this case reads:

∂C

∂t
+ ω

∂C

∂θ
=

1

Pe

(
∂2C

∂r2
+

1

r

∂C

∂r
+

1

r2

∂2C

∂θ2

)
, C(r = 1) = 1 and C(t = 0) = 0. (3.4)

The solution of this advection-diffusion equation with a solid body rotation is as follows (see
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derivation in Appendix E):

C(r, t) = 1− 2

∞∑
m=1

J0(λ0,mr)e
−λ2

0,mt
1

Pe
1

λ0,mJ1(λ0,m)
. (3.5)

Notice, that this solution does not depend on θ and ω. Further, when the velocity in θ-direction
is ωr, the temperature field is exactly equal to the temperature field when there is no velocity
field u = 0. This is due to the fact that a solid body rotation takes place. The axi-symmetric
flow of the solid body rotation in combination with the uniform initial temperature and axi-
symmetric boundary condition does not influence the heat transfer, because u ·∇C = 0. There-
fore, it is necessary to have a non-axi-symmetric fluid flow to change the heat transfer inside
the RAM.

3.4 Verification analytic temperature evolution with COMSOL Multiphysics

In the previous sections, the analytic solution of the advection-diffusion equation is provided in
various cases. In this section, these results are verified and discussed by using the results of a
COMSOL Multiphysics simulation.
In COMSOL the two-dimensional RAM is implemented for Péclet number Pe = UR

α = 104 and
Reynolds number Re = UR

ν = 0.1.

3.4.1 Verification temperature field RAM without velocity

In this section, the analytic solution of the temperature C without velocity(u = 0) is verified
with a COMSOL simulation. The temperature field at the dimensionless times t ∈ [0, 500, 1000]
is visible in Figure 3.1.

(a) t = 0 (b) t = 500 (c) t = 1000

Figure 3.1: Temperature field RAM without velocity field and Pe = 104 at various times. This temperature
is blue when C = 0 and converges to red when C = 1.

The temperature field in Figure 3.1 shows axi-symmetry, which leads to a temperature field
that is independent of the angle θ. The overall temperature increases when the time increases.
This leads eventually to a homogeneous temperature field

When there is no velocity field present in the RAM, the temperature C(r, t) can be deter-
mined analytically with Equation (3.2). When this temperature is determined, it is not possible
to add an infinite number of terms. In this summation the Bessel functions of the first kind
appear. The zeros in this Bessel functions will eventually be almost infinity, therefore the Bessel
function is damped. The contribution of the higher terms will be very limited.
In order to be sure that not too many meaningless terms are included in the summation of
the analytic expression, the number of summands is determined. This is done by determining
the temperature C with finite n. The temperature until partial sum Cn is compared with tem-
perature Cn−1. When the absolute difference is smaller than ε = 10−6, it is assumed that the
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finite sum approaches the summation for infinite terms. This has been tested for every radius
r ∈ [0, 1] at a fixed time t = 50 (see Figure 3.2).

Figure 3.2: Number of Bessel functions needed such that the contribution of the last term is smaller than
10−6 at time t = 50, for Péclet number Pe = 104 and radius r ∈ [0, 1].

Figure 3.2 shows the minimum number of terms at every radius when t = 50 and Pe = 104.
Further, it shows that the minimum number of terms should be n = 16 when t = 50. Notice,
that this number is different for every t and Pe.

The temperature that is generated by the COMSOL simulation is compared to the ana-
lytic temperature in Equation (3.2), at t = 50. Figure 3.3 shows the temperature field that is
generated by the COMSOL simulation (left figure) and the temperature field according to the
Equation (3.2) (middle figure). Further, this figure shows the error between the numerical and
analytic temperature (right figure). It turns out that the maximum error is 0.0214 and the mean
error per grid point is 0.0050. In conclusion, the temperature field is estimated pretty accu-
rately by the analytic solution, relative to the COMSOL simulation, when no velocity is present.
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(a) COMSOL simulation (b) Analytic solution (c) Error COMSOL and analytic

Figure 3.3: COMSOL temperature field RAM with no velocity and Pe = 104 compared to analytic temper-
ature at t = 50. In these figures C = 1 is represented by red and C = 0 by blue. The same holds for the
error.

3.4.2 Verification temperature field RAM with an asymmetric
boundary condition

In this section, the analytic solution of the temperature field of an asymmetric boundary con-
dition is analyzed.

The asymmetric temperature field as defined in Section 3.2 is investigated. In Appendix
E, it is shown that the temperature field of a RAM without velocity field but with an asym-
metric boundary condition (C(r = 1) = 1/2 + 1/2 sin θ) and homogeneous initial temperature
(C(t = 0) = 0) is defined by Equation (E.20).

The temperature field that the asymmetric RAM generates is numerically determined with
a COMSOL simulation, where the dimensionless parameters are as defined at the beginning
of this section. The temperature field of the asymmetric RAM is visible in Figure 3.4 at time
t ∈ [0, 2500, 5000]. This figure shows that the temperature field goes to a state where half of
the RAM is at the minimum temperature and the other half is the maximum temperature of
the boundary.

(a) t = 0 (b) t = 2500 (c) t = 5000

Figure 3.4: Asymmetric RAM temperature field COMSOL simulation at various times when Pe = 104.
Temperature is red when C = 1 and goes to blue when C = 0.

The temperature field that the COMSOL simulation generates is compared to the temper-
ature field that Equation (E.20) generates at dimensionless time t = 2500 (see Figure 3.5).
Just as in the previous section, in the determination of the temperature field according to Equa-
tion (E.20) it is not possible to add an infinite summands. When the new term should at least
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add 10−6 in the value, 3 terms are added up when t = 2500.
The maximum error between the COMSOL temperature field and the analytic temperature field
is in this case 0.0397. The mean absolute error per grid point is 0.0158. Therefore, it is con-
cluded that the temperature field of Equation (E.20) predicts pretty accurately the temperature
field of the COMSOL simulation.

(a) Asymmetric temperature COMSOL (b) Analytic asymmetric temperature (c) Error asymmetric temperature

Figure 3.5: Asymmetric RAM temperature field with Pe = 104 according to COMSOL simulation and
analytic solution at t = 2500 with corresponding error. In these figures C = 1 is represented by red and
C = 0 by blue. The same holds for the error.

3.5 Conclusions

In conclusion, in this chapter the advection-diffusion equation is solved when no velocity field
is present. This solution showed that it is independent of the angular coordinate and therefore
axi-symmetric. The same temperature field is obtained when a solid body rotation takes place
in the RAM. The symmetry can be broken with a different velocity field, however then it is not
possible to solve the advection-diffusion equation analytically.
The symmetry can be broken with a different boundary temperature field and no velocity.
When the boundary temperature is defined by an arbitrary Fourier series, the temperature of
the RAM is dependent on the radial and angular coordinates. When the symmetry is broken
in the RAM the temperature is probably heated faster.
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Chapter 4

Numerical model RAM with finite
volume method

In Chapter 2 the procedure for designing a controller is explained. The first step is to determine
the state-space form. In order to determine the state-space form of the Rotated Arc Mixer, the
advection-diffusion equation is discretized with finite volume methods. In this chapter, first
the numerical model is determined. The robustness of the scheme and solution is then verified.
Finally, the numerical model is tested for various velocity fields.

4.1 Discretization advection-diffusion equation with finite volume method

In this section, it is explained how the dynamics of the RAM is discretized, by using the finite
volume method (see Appendix B). However, first the grid and control volumes needs to be
defined.

The RAM is defined with the mass, momentum equations and the advection-diffusion equa-
tions. The velocity field u that the mass, momentum equations define is known. Therefore,
only the advection-diffusion equation is discretized, which reads as follows:

∂C

∂t
+ ur

∂C

∂r
+ uθ

1

r

∂C

∂θ
=

1

Pe

(
1

r

∂

∂r

(
r
∂C

∂r

)
+

1

r2

∂2C

∂θ2

)
,

with

C(r = 1) = 1, C(θ = 2π) = C(θ = 0),
∂C

∂θ
(θ = 0) =

∂C

∂θ
(θ = 2π),

C(t = 0) = 0. (4.1)
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(a) Grid of discretization (b) Detail grid discretization

Figure 4.1: Grid as used during discretization (left figure) and detail of control volume (right figure).

Discretization of the RAM is possible when a grid is placed over the circular domain (see
left picture in Figure 4.1). This grid is constructed by Mr + 1 grid points in radial direction r,
with a distance of ∆r = 1

Mr
between grid point j and j + 1 with j = 0, . . . ,Mr. Further, the

grid is constructed by Mθ + 1 grid points in angular direction θ, with a distance of ∆θ = 2π
Mθ

between grid point k and k + 1, with k = 0, . . . ,Mθ.
An additional interface is placed in the middle of two points. For example, in the middle of
points j and j + 1, additional point j + 1

2 is placed (see right picture in Figure 4.1). These
additional points construct a control volume Ωj,k and boundary Γj,k (see blue shape in right
picture of Figure 4.1).
This grid determines a discretization of continuous C(r, θ, t) towards discrete C(j∆r, k∆θ, t) ≈
Cj,k(t). This grid is used to determine the discretization of the interior grid points in the up-
coming section.

4.1.1 Discretization interior grid points of RAM

In this section the finite volume method is applied to the grid points in the interior of the RAM
(j = 1, . . . ,Mr − 1, k = 0, . . . ,Mθ − 1) and the control volume Ωj,k as presented in Figure 4.1.

In order to do so, Equation (4.1) is translated to the original form:

∂C

∂t
= −∇ · (uC) +

1

Pe
∇ · (∇C). (4.2)

The advection-diffusion equation is integrated over each control volume Ωj,k. When possible,
the integrals over control volume Ωj,k are replaced by integrals over the control volume boundary
Γj,k, by using Gauss’ theorem[10]. This leads to:

d

dt

∫
Ωj,k

CdA = −
∫

Ωj,k

∇ · (uC)dA+
1

Pe

∫
Ωj,k

∇ · (∇C)dA

= −
∮

Γj,k

u · nCds+
1

Pe

∮
Γj,k

∂C

∂n
ds. (4.3)

The various terms in Equation (4.3) are discretized.
The first term is the integral with the time derivative:

d

dt

∫
Ωj,k

CdA =
d

dt

∫
Ωj,k

Crdrdθ ≈
(

dC

dt

)
j,k

∫ θk+1/2

θk−1/2

∫ rj+1/2

rj−1/2

rdrdθ =

(
dC

dt

)
j,k

rj∆θ∆r. (4.4)
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The term with velocity u is discretized as follows:

−
∮

Γj,k

u · nCds = −Cj+1/2,k

∫ θk+1/2

θk−1/2

ur(rj+1/2, θ)rj+1/2dθ − Cj,k+1/2

∫ rj+1/2

rj−1/2

uθ(r, θk+1/2)dr

− Cj−1/2,k

∫ θk+1/2

θk−1/2

−ur(rj−1/2, θ)rj−1/2dθ − Cj,k−1/2

∫ rj+1/2

rj−1/2

−uθ(r, θk+1/2)dr

≈ −Cj+1/2,kur,j+1/2,krj+1/2∆θ − Cj,k+1/2uθ,j,k+1/2∆r

+ Cj−1/2,kur,j−1/2,krj−1/2∆θ + Cj,k−1/2uθ,j,k−1/2∆r

= ∆θ[−Cj+1/2,kur,j+1/2,krj+1/2 + Cj−1/2,kur,j−1/2,krj−1/2]

+ ∆r[−Cj,k+1/2uθ,j,k+1/2 + Cj,k−1/2uθ,j,k−1/2]

= ∆θ[−1

2
(Cj,k + Cj+1,k)ur,j+1/2,krj+1/2 +

1

2
(Cj,k + Cj−1,k)ur,j−1/2,krj−1/2]

+ ∆r[−1

2
(Cj,k+1 + Cj,k)uθ,j,k+1/2 +

1

2
(Cj,k−1 + Cj,k)uθ,j,k−1/2].

By using central differences, the last term is discretized as follows:

1

Pe

∮
Γj,k

∂C

∂n
ds =

1

Pe

∫ rj+1/2

rj−1/2

1

r

(
∂C

∂θ

)
j,k+1/2

dr +
1

Pe

∫ θk+1/2

θk−1/2

(
∂C

∂r

)
j+1/2,k

rj+1/2dθ

− 1

Pe

∫ rj+1/2

rj−1/2

1

r

(
∂C

∂θ

)
j,k−1/2

dr − 1

Pe

∫ θk+1/2

θk−1/2

(
∂C

∂r

)
j−1/2,k

rj−1/2dθ

≈ 1

Pe

1

rj

Cj,k+1 − Cj,k
∆θ

∆r +
1

Pe

Cj+1,k − Cj,k
∆r

rj+1/2∆θ

− 1

Pe

1

rj

Cj,k − Cj,k−1

∆θ
∆r − 1

Pe

Cj,k − Cj−1,k

∆r
rj−1/2∆θ

=
1

Pe

∆θ

∆r
[rj+1/2(Cj+1,k − Cj,k)− rj−1/2(Cj,k − Cj−1,k)]

+
1

Pe

1

rj

∆r

∆θ
[Cj,k+1 − 2Cj,k + Cj,k−1].

When all separate terms are implemented in Equation (4.3) and the equation is simplified,
it leads to:

(
dC

dt

)
j,k

=
1

rj

1

∆r
[−1

2
(Cj,k + Cj+1,k)ur,j+1/2,krj+1/2 +

1

2
(Cj,k + Cj−1,k)ur,j−1/2,krj−1/2]

+
1

rj

1

∆θ
[−1

2
(Cj,k+1 + Cj,k)uθ,j,k+1/2 +

1

2
(Cj,k−1 + Cj,k)uθ,j,k−1/2]

+
1

Pe

1

rj

1

∆r2
[rj+1/2(Cj+1,k − Cj,k)− rj−1/2(Cj,k − Cj−1,k)]

+
1

Pe

1

r2
j

1

∆θ2
[Cj,k+1 − 2Cj,k + Cj,k−1]. (4.5)

In conclusion this scheme can be used to discretize the interior grid points of the RAM.
Notice, when k = 0, the boundary conditions in Section 4.1.3 are implemented.

4.1.2 Discretization origin grid point of RAM

The finite volume scheme for the origin also needs to be determined. The origin consists of one
single point. Therefore, the temperature at C0 should be determined differently then in Section
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4.1.1.
The finite difference scheme for the origin is determined also with a control volume approach.
This time the control volume Ω0 is a circle with radius ∆r

2 around the origin. This circle has
boundary Γ0. When this control volume is implemented in Equation (4.3) it leads to:

d

dt

∫
Ω0

CdA = −
∮

Γ0

u · nCds+
1

Pe

∮
Γ0

∂C

∂n
ds. (4.6)

The various terms of Equation (4.6) are discretized.
The first term is the time derivative:

d

dt

∫
Ω0

CdA ≈
(

dC

dt

)
0

∫ 2π

0

∫ ∆r
2

0
rdrdθ =

(
dC

dt

)
0

π
∆r2

4
. (4.7)

The next term that is discretized is the term with velocity u. By using the midpoint rule,
the approximation is as follows:

−
∮

Γ0

u · nCds = −
∮

Γ0

urCds

= −
∫ 2π

0
C(

∆r

2
, θ)ur(

∆r

2
, θ)

∆r

2
dθ

≈ −
Mθ−1∑
k=0

C1/2,kur,1/2,k
∆r

2
∆θ

= −
Mθ−1∑
k=0

1

2
(C0 + C1,k)ur,1/2,k

∆r

2
∆θ.

The last term is discretized now. The derivative in this term is discretized with the central
difference scheme. Then, the finite volume discretization is as follows:

1

Pe

∮
Γ0

∂C

∂n
ds =

1

Pe

∮
Γ0

(
∂C

∂r

)
ds =

1

Pe

∫ 2π

0

(
∂C

∂r

)
(
∆r

2
, θ)

∆r

2
dθ ≈ 1

Pe

Mθ−1∑
k=0

C1,k − C0

∆r

∆r

2
∆θ.

(4.8)
When all terms are combined in Equation (4.6) and the equation is simplified, the finite

volume difference scheme for the origin is as follows[19]:(
dC

dt

)
0

= −
Mθ−1∑
k=0

(C0 + C1,k)ur,1/2,k
1

∆r

∆θ

π
+

1

Pe

Mθ−1∑
k=0

C1,k − C0

∆r

2

∆r

∆θ

π
. (4.9)

In conclusion, the discretization schemes for all grid points of the RAM are now defined.

4.1.3 Known grid points of the discretized RAM by boundary and initial
conditions

The last part of this finite volume discretization is determining the values that are preset at the
boundary of the RAM and the initial state of the RAM.

The temperature at the boundary is the same temperature (C(r = 1) = 1). Therefore, for
j = Mr and k = 0, . . . ,Mθ − 1, the following holds:

CMr,k = 1. (4.10)
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Further, the RAM is a circular domain, therefore it holds that C(θ = 0) = C(θ = 2π) and
∂C
∂θ (θ = 0) = ∂C

∂θ (θ = 2π).
The first condition is translated to the finite volume scheme as Cj,0 = Cj,Mθ

[19]. With the

backward difference scheme the second condition is translated to specific grid points
Cj,0−Cj,−1

∆θ =
Cj,Mθ−Cj,Mθ−1

∆θ , which leads to Cj,−1 = Cj,Mθ−1. Notice, that Cj,−1 = Cj,Mθ−1 is the exact so-
lution. This is also intuitively obtained, because C(θ = −∆θ) = C(θ = 2π − ∆θ). In this
definition is Cj,−1 the imaginary point that lies a distance ∆θ in opposite direction, because
k ≥ 0.

Finally, in order to solve the temperature field, the initial temperature needs to be de-
termined (C(t = 0) = 0). This leads to the following value for j = 0, . . . ,Mr − 1 and
k = 0, . . . ,Mθ − 1:

Cj,k(t = 0) = 0. (4.11)

All elements for the finite volume scheme are known at this point. These elements are com-
bined and the numerical model is presented in Appendix F when Mr = 4 and Mθ = 4.

4.2 Oscillations in finite volume scheme RAM

The finite volume scheme as determined in the previous section should produce the correct tem-
perature field. This is the case if the scheme is non-oscillating. In this section, it is explained
when it is.

The finite volume scheme is based on the advection-diffusion equation as presented in Equa-
tion (4.2). This equation is solved in the finite volume method with a second order central
difference scheme in radial and angular direction. If the grid is too coarse, the temperature field
according to the finite volume scheme can show oscillations before it converges to its final state.
This is due to the roots of the central difference scheme[10]. Therefore, it should be determined
when the finite volume scheme of the RAM shows oscillations, such that the temperature of the
RAM is determined with enough grid points in radial and angular direction.

In Appendix G it is determined for a RAM with one wall of size ∆ = 45◦, velocity U = −1
and Péclet number Pe = 1000 when oscillations occur. This appendix showed that the tem-
perature that is determined with the numerical model shows oscillations when Mθ < 55 and
Mr < 35.
In this master thesis, mainly the grid sizes Mr = [50, 500] and Mθ = [320, 3200] are used.
Therefore, it can be concluded that the results in this research do not show oscillations.

From this investigation it could be concluded that, the finite volume scheme shows for certain
grid sizes oscillating temperature fields. This is due to discretization with the central difference
scheme. This problem could be solved with a different discretization scheme. An example is the
exponentially fitted scheme. This scheme is derived in Chapter 5 and verified in Appendix H.
However, in this master thesis the numerical model of the RAM that is derived with the finite
volume method is used.

4.3 Verification numerical model RAM

In the previous sections, a numerical model of the RAM is constructed. The minimal grid size
of the scheme is also verified. However, the temperature that the numerical model determines
is not yet tested. Therefore, in this section the numerical model is verified for various velocity
fields u.

The temperature field of the finite volume method is determined with the Matlab function
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ode45 and discrete with the first order implicit Euler scheme (C
n+1−Cn

∆t = A(un+1)Cn+1 +
b(un+1) with time step ∆t). In this simulation the grid points are arranged according to the
angular coordinates. This means that for a specific angle k every radial component is deter-
mined, which leads to the following arrangement of positions:
C = [C0, C1,0, . . . , Cj−1,k, Cj,k, Cj+1,k, . . . , CMr−2,Mθ−1, CMr−1,Mθ−1]T . In Figure 4.2, the struc-
ture of the discretization scheme is shown when Mr = 10 and Mθ = 10. The dynamics of the
RAM in state-space form is presented in Appendix F. The Matlab code of the numerical model
is presented in Appendix K.

Figure 4.2: Sparsity pattern of discretization matrix numerical model RAM when Mr = 10, Mθ = 10.

When Figure 4.2 is observed, it is visible that the finite volume bandwidth is large. This is
due to the periodicity of RAM in angular direction.

4.3.1 Verification numerical model for RAM without velocity field

In this section the temperature field according to the finite volume scheme is verified when no
velocity field is present.

When no velocity field is present (u = 0), the solution of the temperature C(r, θ, t) of
Equation (4.1) is as represented in Equation (3.2) [1].

Temperature C according to the finite volume scheme (see Section 4.1) is compared to the
analytic temperature field, when Pe = 104, Mr = 20, Mθ = 50, ∆t = 0.1 and t ∈ [0, 1000].
The absolute maximum error between the analytic solution and the finite volume scheme is
presented in Figures 4.3a and 4.3b.
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(a) Error ode45 (b) Error implicit Euler

Figure 4.3: Difference between analytic temperature solution and finite volume scheme temperature solution,
when u = 0, Pe = 104, Mr = 20, Mθ = 50, C0 = 0, ∆t = 0.1 and t ∈ [0, 1000].

Figures 4.3a and 4.3b show that the error converges towards 10−3 for the temperature de-
termined with ode45 and with the implicit Euler method. It is assumed that the temperature
is determined correctly if the error is smaller than 0.05. Therefore, the finite volume scheme
determines accurately the temperature field of the RAM when u = 0.

However, Figures 4.3a and 4.3b show a high peak when t = 0. The error at the beginning is
in both methods approximately 10−2. The reason for this peak, is that the analytic temperature
field is determined with an infinite summation (see Equation (3.2)). When the analytic and
finite volume temperature field are compared, it is not possible to have an infinite sum. There-
fore, the maximum number of terms during the comparison is 100. During this comparison it is
determined if a new terms contribution is bigger than 10−6. When the contribution is smaller
than 10−6, no more elements were added. When time increases, less terms will be needed. This
is because the temperature converges towards 1 in Equation (3.2). However, when t = 0 an
infinite number of terms are needed, but due to time limitations this is not possible. Therefore,
the maximum number of terms for the comparison with the finite volume scheme is too small
and the error increases.

The error between the analytic solution and the finite volume scheme will decrease when
∆r decreases. However, when no velocity is present, the solution only depends on the radial
coordinate r, therefore when ∆θ decreases it will not influence the precision of the finite volume
scheme. The finite volume scheme is of order 2 in radial direction. Therefore, it is assumed
that the error is 25% smaller, when the number of grid points in radial direction is doubled.
This assumption is tested by determining the error between the analytic solution and the finite
volume scheme at t = 1000 for Pe = 104, Mθ = 50 and Mr ∈ [10, 20]. In this determination it
is assumed that the error due to time discretization is small. The error plot is visible in Figure
4.4.
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Figure 4.4: Maximum absolute difference between analytic temperature solution and finite volume scheme
temperature solution, when u = 0, Pe = 104, Mr ∈ [10, 20], Mθ = 50, C0 = 0 and t = 1000. Solution
determined with ode45.

The error as visible in Figure 4.4 shows that the error of ∆r = 1
10 and ∆r = 1

20 is 0.0047
and 0.0012, respectively. Therefore, the error is 25% smaller when ∆r is halved. This confirms
the order of the finite volume scheme in radial direction.

When the finite volume scheme is discretized with an implicit Euler scheme, the order of
the scheme is 1 in time direction. Therefore, when ∆t is halved, the error is also halved.
This statement is verified for u = 0, Pe = 10, Mr = 50, Mθ = 50, C0 = 0, t = 1 and
∆t ∈ [0.01, 0.025, 0.05, 0.1, 0.25, 0.5, 1] (see Figure 4.5). In this determination it is assumed that
the error due to the radial direction is negligibly small.

27



Figure 4.5: Maximum absolute difference between analytic temperature solution and finite volume scheme
temperature solution, when u = 0, Pe = 10, Mr = 50, Mθ = 50, C0 = 0, t = 1 and ∆t ∈
[0.01, 0.025, 0.05, 0.1, 0.25, 0.5, 1]

Figure 4.5 shows that the error at ∆t = 0.25 and ∆t = 0.5 is 0.04 and 0.077, respectively.
The error due to time is thus approximately halved when the time step ∆t is halved. This con-
firms the statement that the finite volume scheme with implicit Euler is order 1 in time direction.
It is assumed that it is acceptable if the maximum error of the finite volume scheme is 0.05.
Therefore, the time step should be at its maximum ∆t = 0.25. In order to be sure that the er-
ror due to the time step is not too big, the time step is set on ∆t = 0.1 during this master thesis.

The order of accuracy of the finite volume scheme in radial direction is also verified with
Richardson extrapolation (see Appendix C). With the Richardson extrapolation method the
temperature of the RAM is determined at position (r, θ) = (1

2 , 0) for Pe = 104, t = 1000, Mθ =
50 andMr ∈ [10, 20, 40]. The results of the temperature at (r, θ) = (1

2 , 0) is [0.3909, 0.3900, 0.3898]
when u = 0. These temperatures are implemented in Equation (C.1). This leads to (1

2)p =
0.2464, thus p = 2.

In conclusion, when the finite volume method is used for a RAM with no velocity it deter-
mines the temperature fields very accurately.

4.3.2 Verification numerical model for RAM with solid body rotation
velocity field

In this section, the finite volume scheme is verified when a solid body rotation takes place.

A solid body rotation takes place when the velocity in the RAM is uθ = ωr, with ω the
angular velocity. The temperature field of a solid body rotation is equal to the temperature
with no velocity field, as presented in Equation (3.5).
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The analytic temperature field is compared to the finite volume method temperature, when
Pe = 1000, ω = −1, Mr = 50, Mθ = 320, ∆t = 0.1 and t ∈ [0, 100]. The absolute maximum
error at every time is shown in a logarithmic plot in Figures 4.6a and 4.6b.

(a) Error ode45 (b) Error implicit Euler

Figure 4.6: Difference between analytic temperature solution and finite volume scheme temperature solution,
when uθ = ωr, Pe = 1000, ω = −1, Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1 and t ∈ [0, 100].

Figures 4.6a and 4.6b show that the error of the finite volume method converges towards
10−4 in the temperature determination with ode45 and implicit Euler, respectively.
Further, it is also visible in Figures 4.6a and 4.6b that at the beginning the error is pretty big.
The reason for this is the same as when no velocity is present (see Section 4.3.1). This shows
that the numerical model of the RAM predicts the temperature very accurately when a solid
body rotation takes place.

4.3.3 Verification numerical model for RAM with one active wall

In this section, the finite volume scheme is verified when one moving wall segment is active.

When one wall segment is active in the RAM, the velocity field is given as presented in
Reference [5]. This velocity field is determined with wall velocity U and wall size ∆. This
velocity field is implemented in the numerical model as shown in Section 4.1. The finite volume
solution is verified with a COMSOL simulation, because it is not possible to determine the
analytic solution of the temperature field with this velocity field.

The temperature field according to the finite volume scheme is determined for Pe = 1000,
Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1, U = −1, ∆ = 45◦ and t ∈ [0, 1000]. These values
are also used to determine the temperature field in COMSOL Multiphysics. However, it is
not possible to determine the COMSOL temperature with the same grid as the finite volume
scheme. Therefore, the COMSOL temperature field is determined with a grid that is extremely
fine. When the simulation is executed, the temperature field at the finite volume scheme grid
points positions is determined with the COMSOL function ”Cut Point 2D”.
The maximum absolute error between the numerical model and the COMSOL simulation at
every time step is visible in Figures 4.7a and 4.7b.
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(a) Error ode45 (b) Error implicit Euler

Figure 4.7: Maximum difference between COMSOL temperature field and finite volume scheme temperature
solution when one wall is active, with Pe = 1000, Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1, U = −1,
∆ = 45◦ and t ∈ [0, 1000].

Figure 4.7a shows that the maximum error between the COMSOL simulation and the finite
volume method with ode45 is 0.25 and at the end 0.09. When also the time is discretized with
implicit Euler the maximum absolute error between the COMSOL simulation and the finite
volume method is 0.1954 and at the end 0.09 (see Figure 4.7b). Notice, that the reason for this
error can also be produced by the COMSOL simulation, because two simulations are compared
with each other. When the mesh size of the COMSOL simulation is too big the error increases,
because the temperature field is not correctly determined.

However, a note should be made here. The error is determined with the maximum absolute
error in the temperature field. The absolute error between the COMSOL simulation and the
numerical model at every grid point is shown in the left picture of Figure 4.8.

(a) Error COMSOL and FVM (b) FVM temperature field

Figure 4.8: Difference between COMSOL temperature field and finite volume scheme temperature at t = 5
solution when one wall is active, with Pe = 1000, Mr = 50, Mθ = 320, ∆t = 0.1, C0 = 0, U = −1,
∆ = 45◦ and t ∈ [0, 1000].

The error plot of Figure 4.8 shows that the error occurs at the end of the moving wall. Due
to the flow that the moving wall produces in the RAM the error is dragged into the rest of the
temperature field. This error could be reduced by minimizing the grid around the moving wall
segment. However, the rest of the temperature field is determined correctly by the numerical
model. This is more clearly when the average error per grid point is determined (see Figures
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4.9a and 4.9b).

(a) Error ode45 (b) Error implicit Euler

Figure 4.9: Average difference per grid point between COMSOL temperature field and finite volume scheme
temperature solution when one wall is active, with Pe = 1000, Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1,
U = −1, ∆ = 45◦ and t ∈ [0, 1000].

Figure 4.9a shows that the average maximum error per grid point is 0.045 and at the end
0.009 when ode45 is used. When also the time is discretized, the average maximum error per
grid point is 0.045 and at the end 0.009. These errors are smaller than the absolute maximum
error and below the set error of 0.05. Therefore, it is concluded that the numerical model ap-
proaches the temperature of the RAM well.

The error of the finite volume scheme, as just presented, will decrease when the number of
grid points increases. When the number of grid points in angular direction θ is doubled, the
error decreases with a quarter (i.e. order is p = 2). When no velocity is present the temperature
in the RAM is independent of the angular direction θ. However, when one wall is active, the
temperature is dependent on θ. Therefore, now it is possible to verify the order in angular direc-
tion of the finite volume scheme. This order can be verified with the Richardson extrapolation
as presented in Equation (C.1). The temperature of the RAM is determined at (r, θ) = (1

2 , 0)
when t = 10, Pe = 10, Mr = 40, Mθ = [32, 64, 128], U = −1 and ∆ = 90◦. The temperature as
determined is [0.4273, 0.4265, 0.4263]. This is implemented in Equation (C.1), then it leads to
(1

2)p = 0.2449, thus p = 2.

In conclusion, when the temperature field of a single walled RAM is determined with the
finite volume method, the temperature is determined accurate enough. This is because the
average error between the numerical model and the COMSOL simulation is below 0.05.

4.3.4 Verification numerical model for RAM with two switching walls

In this section, the finite volume scheme is verified with the COMSOL simulation when two
walls are alternately active. This is necessary, because eventually the temperature should be
determined for different walls being active. Therefore, the solution of the numerical model when
two walls are active is determined. This is done as follows. At the beginning only the first wall
is active for an activation time Ta. The second wall starts when the first wall stops. The second
wall is active for the same activation time. Moreover, when the temperature for the second wall
is determined, the initial temperature is the temperature after activation time Ta of the first wall.

In this section, the temperature field is determined in the finite volume method for two walls
which are opposite of each other (positions is [90◦,−90◦]), with Pe = 1000, Mr = 50, Mθ = 320,
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∆t = 0.1, U = −1, ∆ = 45◦, Ta = 10 and t ∈ [0, 20]. The temperature field in the COMSOL
simulation is determined with an extremely fine grid.

The absolute maximum error between the finite volume solution and the COMSOL solution
when two walls are alternately active is shown in Figures 4.10a and 4.10b.

(a) Error ode45 (b) Error implicit Euler

Figure 4.10: Difference between COMSOL temperature field and finite volume scheme temperature solution
when two opposite walls are active, with Pe = 1000, Mr = 50, Mθ = 320, C0 = 0, t = 0.1, U = −1,
∆ = 45◦, Ta = 10 and t ∈ [0, 20].

Figures 4.10a and 4.10b show the error between the COMSOL simulation and the finite
volume scheme for the first wall (blue) and the second wall (red). In Figure 4.10a, the error
with ode45 is presented. This figure shows that when the first wall is active the error goes to
0.15. After that, the error decreases when the second wall becomes active. During the second
wall the error converges to 0.13.
In Figure 4.10b the temperature is determined with the numerical model and implicit Euler.
The maximum error of the first wall goes to 0.15 and the error of the second wall converges to
0.13.

The reason for these big errors, is visible in Figure 4.11.

(a) Error COMSOL and FVM (b) FVM temperature field

Figure 4.11: Difference between COMSOL temperature field and finite volume solution at t = 20 solution
when two opposite walls are active, with Pe = 1000, Mr = 50, Mθ = 320, ∆t = 0.1, C0 = 0, U = −1,
∆ = 45◦ and Ta = 10.

Figure 4.11 shows the absolute error between the COMSOL simulation and the finite volume
solution at time t = 20 (left figure). Further it also shows the temperature at t = 20 according
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to the finite volume scheme (right picture). From the error figure it is visible that in most parts
of the RAM the error is small enough (i.e. smaller than 0.05). However, the error is biggest at
the location where the moving wall stops. This error is also dragged into the rest of the RAM
due to the velocity field. This is also visible when one wall is active.

The difference of the COMSOL solution and the finite volume solution is also determined
with the absolute average error per grid point (see Figures 4.12a and 4.12b).

(a) Error ode45 (b) Error implicit Euler

Figure 4.12: Average difference per grid point between COMSOL temperature field and finite volume
scheme temperature solution when two opposite walls are active, with Pe = 1000, Mr = 50, Mθ = 320,
C0 = 0, ∆t = 0.1, U = −1, ∆ = 45◦, Ta = 10 and t ∈ [0, 20].

Figure 4.12a shows that the error per grid point is at its maximum 0.02 when the first wall
is active and ode45 is used. When the second wall is active the average error converges to
0.029 with a maximum error of 0.054. When the time is also discretized with implicit Euler (see
Figure 4.12b), the maximum average error of the first wall is 0.019. The average error converges
in the second wall to 0.026. The maximum average error of the second wall is 0.04. Therefore,
it is concluded that the numerical model determines the temperature of the RAM sufficiently
accurate with implicit Euler.

4.4 Conclusions

In conclusion, this chapter showed the determination of a numerical model for the RAM by
using finite volume methods. When the grid to compute the temperature is too coarse, the
numerical model can show oscillations in the solution. It is numerically determined when this
happens with the roots of the finite volume scheme. The grid sizes that are used in this research
are finer than the grids where oscillations occur. The oscillations can disappear when a different
discretization method is used.
Finally, the numerical model is verified for various velocity fields. It is assumed, that the
numerical model determines the temperature accurate enough when the absolute mean error
is below 0.05. The finite volume method has an error below this set threshold and therefore
determines the temperature field of the RAM accurate enough.
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Chapter 5

Numerical model RAM with
exponentially fitted scheme

In Chapter 4, it was witnessed that the finite volume method shows an oscillating tempera-
ture field for certain grids. This can be solved with a discretization of the advection-diffusion
equation with the exponentially fitted scheme. This discretization is executed in this chapter.
First, the conservation laws are defined and discretized. Then, the flux in radial and angular
direction is approximated. The exponentially fitted scheme is verified for various velocity fields
in Appendix H.

5.1 Advection-diffusion equation in terms of flux

The first step in determining a numerical model of the RAM with the exponentially fitted
scheme, is writing the advection-diffusion equation in terms of the flux. In this section, this is
done for the interior grid points and specifically the origin of the RAM.

5.1.1 Advection-diffusion equation interior grid points in terms of flux

In this section, the interior grid points of the advection-diffusion equation are discretized using
the exponentially fitted scheme.

The RAM is defined by the following advection-diffusion equation:

∂C

∂t
= −u · ∇C +

1

Pe
∇2C. (5.1)

This equation is rewritten to a form which contains the flux f [18]:

∇ · f = −∂C
∂t
,

f = uC − 1

Pe
∇C = frer + fθeθ. (5.2)

When this advection-diffusion equation with flux term f is integrated over the control volume
Ω with boundary Γ, as defined in the finite volume method (see Chapter 4 and Figure 4.1), the
following integral form is obtained when Gauss’ theorem is used:

− d

dt

∫
Ω
CdA =

∮
Γ
f · nds. (5.3)

In this equation, the integral with dC
dt is approximated as follows:

− d

dt

∫
Ω
CdA ≈ −

(dC

dt

)
j,k
rj∆θ∆r. (5.4)
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The flux term is approximated as follows:∮
Γ
f · nds =

∫ rj+1/2

rj−1/2

fθ(r, θk+1/2)dr −
∫ rj+1/2

rj−1/2

fθ(r, θk−1/2)dr

+

∫ θk+1/2

θk−1/2

fr(rj+1/2, θ)rj+1/2dθ −
∫ θk+1/2

θk−1/2

fr(rj−1/2, θ)rj−1/2dθ

≈ (Fθ,j,k+1/2 − Fθ,j,k−1/2)∆r + (Fr,j+1/2,krj+1/2 − Fr,j−1/2,krj−1/2)∆θ.

In this equation the fluxes fr and fθ are approximated by the numerical fluxes Fr and Fθ,
respectively. These numerical fluxes will be determined in the upcoming sections.

When all approximations are combined, the advection-diffusion equation, as described in
Equation (5.2), is numerically determined as follows:

− (
dC

dt
)j,krj∆θ∆r = (Fθ,j,k+1/2−Fθ,j,k−1/2)∆r+ (Fr,j+1/2,krj+1/2−Fr,j−1/2,krj−1/2)∆θ. (5.5)

5.1.2 Advection-diffusion equation origin in terms of flux

In this section, it is explained how the origin of Equation (5.2) is discretized.

Just as in the previous section, the control volume as defined in the finite volume method (see
Chapter 4 and Figure 4.1), is used to discretize the origin of the RAM. When the advection-
diffusion equation is integrated over the control volume Ω0 with boundary Γ0, the following
integral form is obtained when Gauss’ theorem is used:

− d

dt

∫
Ω0

CdA =

∮
Γ0

f · nds. (5.6)

The integral with dC
dt is approximated as follows:

− d

dt

∫
Ω0

CdA ≈ −
(dC

dt

)
0

∆r2

4
π. (5.7)

The flux is approximated as follows:∮
Γ0

f · nds =

∫ 2π

0
fr(r1/2, θ)

∆r

2
dθ ≈

Mθ−1∑
k=0

fr(r1/2, θk)
∆r

2
∆θ ≈

Mθ−1∑
k=0

Fr,1/2,k
∆r

2
∆θ. (5.8)

The flux Fr is determined in the upcoming section, such that the temperature field in the
origin of the RAM can be determined with the exponentially fitted scheme as:

−
(dC

dt

)
0
π

∆r2

4
=

Mθ−1∑
k=0

Fr,1/2,k
∆r

2
∆θ. (5.9)

5.2 Determination numerical fluxes

In the previous section the advection-diffusion equation is written in terms of the flux. These
numerical fluxes are determined in this section, such that the numerical model can be completed.
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5.2.1 Determination radial flux

In this section, the flux in radial direction, fr, is numerically approximated with the flux Fr. In
order to do this, the following one-dimensional boundary value problem is considered:

1

r

d

dr
(rfr) =

1

r

d

dr

(
r
(
urC −

1

Pe

dC

dr

))
= 0, rj < r < rj+1, θ = θk,

C(rj , θk) = Cj,k, C(rj+1, θk) = Cj+1,k. (5.10)

Due to this one-dimensional model the radial flux is:

fr = urC −
1

Pe

dC

dr
. (5.11)

For the fluid of the RAM on the interval rj < r < rj+1, θ = θk, the following is assumed
[18]:

rur = UF = constant, because ∇ · u = 0. (5.12)

In Equation (5.2) it is witnessed that no source term is present. Therefore, when Equation
(5.10) is integrated over [r, rj+1/2] and the homogeneous flux is considered, the following can be
concluded with the definition of the numerical flux:

rfr = constant = rj+1/2Fr,j+1/2,k. (5.13)

When the constant UF is implemented in Equation (5.10), the following equation should be
solved:

dC

dr
− UF,j+1/2,kPe

1

r
C = −1

r
Pe(rFr)j+1/2,k. (5.14)

When in this equation η = UF,j+1/2,kPe and F = (rFr)j+1/2,k is implemented, the numerical
flux in radial direction can be solved as follows:

dC

dr
− η

r
C = −1

r
PeF ,

r−η
dC

dr
− r−η η

r
C = −r−η 1

r
PeF ,

r−η
dC

dr
− ηr−(η+1)C = −r−(η+1)PeF ,

d

dr
(r−ηC) = −r−(η+1)PeF

r−ηj+1Cj+1,k − r−ηj Cj,k = −
∫ rj+1

rj

r−(η+1)drPeF ,

r−ηj+1Cj+1,k − r−ηj Cj,k = [
1

η
r−η]

rj+1
rj PeF ,

r−ηj+1Cj+1,k − r−ηj Cj,k =
1

η
(r−ηj+1 − r

−η
j )PeF .

From this derivation it can be concluded, that the flux in radial direction is:

(rFr)j+1/2,k = F =
η

Pe

r−ηj+1Cj+1,k − r−ηj Cj,k

r−ηj+1 − r
−η
j

= UF,j+1/2,k[
1

1−
(

rj
rj+1

)ηCj,k +
1

1−
(
rj+1

rj

)ηCj+1,k].

When function κ(z;K) = K
zK−1

is defined, the radial flux can also be written as:

(rFr)j+1/2,k = F = − 1

Pe
[

η(
rj
rj+1

)η
− 1

Cj+1,k −
−η(

rj+1

rj

)−η
− 1

Cj,k]

= − 1

Pe
[κ(

rj+1

rj
; η)Cj,k − κ(

rj+1

rj
;−η)Cj,k].
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5.2.2 Determination angular flux

In the previous section, the numerical flux in radial direction is determined. In this section, the
numerical flux in angular direction Fθ is determined. This is done, by using the following one
dimensional boundary value problem:

1

r

dfθ
dθ

=
1

r

d

dθ

(
uθC −

1

Pe

1

r

dC

dθ

)
= 0, θk < θ < θk+1, r = rj ,

C(rj , θk) = Cj,k, C(rj , θk+1) = Cj,k+1. (5.15)

It is assumed that on the interval of θk < θ < θk+1, r = rj the angular velocity is as follows:

uθ,j,k+1/2 = constant, because ∇ · u = 0. (5.16)

In angular direction the source term is not present. This is also witnessed in the radial direc-
tion. Therefore, when Equation (5.15) is integrated over [θ, θk+1/2], the numerical homogenous
flux can be defined as:

fθ = constant = Fθ,j,k+1/2. (5.17)

When this constant coefficient is implemented in Equation (5.15), the flux can be written
as follows:

fθ = Fθ,j,k+1/2 = uθC −
1

Pe

1

r

dC

dr
. (5.18)

When variable δ = −Peuθ,j+1/2,krj∆θ is defined and this equation is multiplied with e
∫
− δ

∆θ
dθ,

then the flux can be written in terms of the integrating factor. Now, the numerical flux can be
approximated as follows:

−PerjFθ,j,k+1/2 = − δ

∆θ
C +

dC

dθ
,

−PerjFθ,j,k+1/2e
∫
− δ

∆θ
dθ = − δ

∆θ
Ce

∫
− δ

∆θ
dθ +

dC

dθ
e
∫
− δ

∆θ
dθ,

−PerjFθ,j,k+1/2e
− δθ

∆θ =
d

dθ
(Ce−

δθ
∆θ ),

−PerjFθ,j,k+1/2

∫ θk+1

θk

e−
δθ
∆θ dθ = [e−

δθ
∆θC]

θk+1

θk
,

−PerjFθ,j,k+1/2[
−∆θ

δ
e−

δθ
∆θ ]

θk+1

θk
= [e−

δθ
∆θC]

θk+1

θk
.

Therefore, it can be concluded that the flux in angular direction can be approximated as
follows:

Fθ,j,k+1/2 = uθ,j,k+1/2
e−

δθk+1
∆θ Cj,k+1 − e−

δθk
∆θ Cj,k

e−
δθk+1

∆θ − e−
δθk
∆θ

= uθ,j,k+1/2
1

1− eδ
Cj,k+1 + uθ,j,k+1/2

1

1− e−δ
Cj,k.

When Bernoulli function B(K) = K
eK−1

is implemented in the angular flux, the following
equation appears:

Fθ,j,k+1/2 =
−1

Perj∆θ
(B(δ)Cj,k+1 −B(−δ)Cj,k). (5.19)
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5.3 Implementation exponentially fitted scheme in Matlab

In the previous sections the flux in radial and angular direction were determined. These fluxes
are implemented in the equations of Sections 5.1.1 and 5.1.2. Together, with the boundary
conditions (i.e. CMr,k = 1, Cj,0 = Cj,Mθ

and Cj,−1 = Cj,Mθ−1), the exponentially flux scheme
can be written in the form dC

dt = A(u)C + b(u). This was also witnessed in the finite volume
scheme. However, some terms should be approximated. The method is shown in this section.

When the radial flux is rewritten, such that the exponentially fitted scheme is in the form
dC
dt = A(u)C + b(u), among other things, the term 1

1−
(
rj+1
rj

)PeUF,j+1/2,k
will appear. When

(
rj+1

rj

)PeUF,j+1/2,k

→ 1, the denominator will become zero and the term is infinite. Therefore,

when 1−
(
rj+1

rj

)PeUF,j+1/2,k

→ 0, it should be approximated with a Taylor series, such that no

infinite terms arise in the A(u) matrix. This leads to the following approximation:

1−
(
rj+1

rj

)PeUF,j+1/2,k

= 1−
(
rj+1/2 − 1/2∆r

rj+1/2 + 1/2∆r

)PeUF,j+1/2,k

= PeUF,j+1/2,k
∆r

rj+1/2
+O(∆r2).

(5.20)
When the exponentially fitted scheme is written with function κ(z;K), this function should

be approximated with a Taylor series when |z − 1| � 1. For z =
rj+1

rj
it leads to, κ(

rj+1

rj
;K) =

K(
rj+1
rj

)K
−1

= − rj+1/2

∆r −
1
2K −

(K2−1) 1
2

∆r

rj+1/2
+O(∆r3).

Further, in the angular flux, among other things, the term 1

1−e−Peuθ,j,k+1/2rj∆θ will appear.

When the exponent of e goes to zero, the denominator becomes also zero. Then the term
1

1−e−Peuθ,j,k+1/2rj∆θ is infinite. If this happens, the term should be approximated with a Taylor

series. This will result in the following approximation:

1− e−Peuθ,j,k+1/2rj∆θ = Peuθ,j,k+1/2rj∆θ +O(∆θ2). (5.21)

When in the angular flux the Bernoulli function B(z) = z
ez−1 is implemented, the expo-

nentially flux should also work properly if |z| � 1. Therefore, the Bernoulli function is also
approximated with Taylor series B(z) = 1

e−1 −
z−1

(e−1)2 +O((z − 1)2).

With the knowledge of these approximations, the exponentially fitted scheme is implemented
in Matlab (see Appendix K). If possible the terms are simplified. The results of this Matlab
implementation will be discussed in Appendix H. From this verification, it could be concluded
that the exponentially fitted scheme also works as desired (i.e. error tolerance of 0.05 is reached
in steady state and no oscillations). However, the finite volume scheme as determined in Chap-
ter 4 is used in this thesis. Therefore, when a reference is to the numerical model the finite
volume scheme is used.

5.4 Conclusions

In conclusion, in this chapter a different numerical model for the RAM is constructed with
the exponentially fitted scheme. This numerical model is constructed, because the finite vol-
ume method showed oscillations when a coarse grid is used. When the temperature with the
exponentially fitted scheme is determined, no oscillations appear. The temperature that the
exponentially fitted scheme determines is accurate, because it converges towards the tolerance
error of 0.05. However, the error can also exceed this error, in the temperature evolution.
In order to be able to implement the exponentially fitted scheme sometimes a Taylor series
approximation is needed.
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Chapter 6

Closed-loop control by calculating
all-strategies

The goal of this master thesis is to optimize the wall activation protocol of the RAM, such
that the temperature in the RAM converges fastest toward the boundary temperature. When
a controller is developed this goal can be reached. In this chapter, the development of a first
closed-loop controller for the RAM is shown.
This first control strategy is based on evaluating all possibilities. This all-strategy controller
selects walls with the temperature field of the RAM at the end of the activation time Ta. In
order to determine the temperature fields, the numerical model determined with the finite vol-
ume method is used.
In this chapter, the control method is explained and it is shown that it is indeed a closed-loop
controller. Then, the controller is compared with other controllers for different types of fluids
and activation times Ta.

6.1 Closed-loop all-strategy control protocol and other control protocols

In this section, the closed-loop all-strategy control protocol is explained. This is done by first
explaining the control protocol. Thereafter, it is shown that it is indeed closed-loop. At the
end of this section, the control protocols are presented that are used to verify the performance
of the all-strategy control protocol.

6.1.1 Closed-loop control protocol algorithm

In this section, the closed-loop all-strategy control protocol is explained.
Assume that the RAM has a certain initial temperature field C0. The all-strategy control
protocol determines from the initial temperature C0 and the finite volume method in Chapter
4, the temperature Cend,N after wall N is active for time Ta, for every wall. The wall that
produces the temperature field that is closest to the final temperature field C∞ = 1 is selected

(i.e. select wall N such that
||Cend,N−C∞||1

nr grid points is minimal). The end temperature field Cend of the
wall that is selected, is the new temperature field in the next computation. The temperature is
determined by this control protocol, until the average error ||Cend−C∞||1nr grid points is below a certain value
ε. This control strategy can be described as follows:

1. The RAM has a certain initial temperature C0.

2. Determine for every wall N the temperature Cend,N after activation time Ta.

3. Select wall N such that (
||Cend,N−C∞||1

nr grid points ) is minimal.
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4. If min(
||Cend,N−C∞||1

nr grid points ) ≤ ε stop. If min(
||Cend,N−C∞||1

nr grid points ) > ε, Cend,N is the new initial
temperature and continue the all-strategy control protocol at step 2.

Notice, that this control strategy is pretty expensive. However, the main goal of this all-
strategy controller is to show that with smart selection of the walls the temperature field of the
RAM converges faster towards the desired temperature field.

6.1.2 Closed-loop all-strategy control protocol in closed-loop scheme

The all-strategy controller as just presented is a closed-loop controller. The reason for this is
explained in this section.

The all-strategy control protocol is implemented in the closed-loop scheme as presented
in Figure 2.6. The aim of the all-strategy control protocol is to minimize the error eN (t) =
C∞ − CN (t) between the final temperature C∞ and the temperature CN (t + Ta) of wall N
after an activation time Ta (i.e. minimize e(t + Ta)). Therefore, the reference signal is the
final temperature r = C∞. The all-strategy control protocol is in this closed-loop scheme the
controller Z. The controller gives input u, which is wall N that should be activated. Process G
are the advection-diffusion equations that define the RAM. The advection-diffusion equations
determine the output temperature y = C.

The all-strategy control protocol works as follows at time t with the knowledge of tempera-
ture C(t):

min
N

(C∞ − CN (t+ Ta)). (6.1)

When the definition of error e(t) is implemented in this equation, it leads to:

min
N

(C∞ − CN (t+ Ta)) = min
N

(eN (t+ Ta)). (6.2)

This shows that the error at time t + Ta is minimized. Since, the current temperature is used
in the determination of the control protocol, it is concluded that the all-strategy controller is a
closed-loop controller. The all-strategy controller in a closed-loop scheme is presented in Figure
6.1.

Figure 6.1: Schematic presentation closed-loop all-strategy control protocol.

6.1.3 Other control protocols

In the previous section, the all-strategy control protocol is explained. This control strategy is
compared to different control protocols. These other controllers are presented in this section.
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The first control protocol, is the fixed control strategy. This controller selects, when three
walls are present in the RAM, at time t

Ta
the wall at location ( t

Ta
mod 3)·−120◦ (i.e. select first

wall 2, then wall 3, followed by wall 1 and then wall 2 again etcetera). Walls are activated until
||Cend−C∞||1
nr grid points < ε. Notice, that this is an open-loop controller, because the current temperature
is not incorporated in the selection of walls.

The second control protocol is the random controller. This open-loop controller selects ran-
domly at the beginning of every activation time a wall. This wall is active for Ta. If the end
temperature Cend is close enough to the final temperature (i.e. ||Cend−C∞||1nr grid points < ε) the random
controller stops. Otherwise, it selects randomly a new wall to activate for activation time Ta.

Finally, the maximum control protocol that determines the maximum convergence time is
explained. This controller selects the wall that produces the biggest maximum error after the
activation time Ta. Thus in stead of minimizing ( ||Cend−C∞||1nr grid points ), as seen in the all-strategy con-
troller, the error is maximized. This leads to the slowest mixing protocol. This control protocol
is also determined, because it is possible that the random control protocol reaches this conver-
gence time.

In conclusion, the all-strategy control protocol is compared to the fixed, random and maxi-
mum control protocol.

6.2 Results all-strategy control protocol relative to other control protocols

In the previous section, the all-strategy controller is presented. In this section, the results that
the all-strategy control protocol produces are shown. These results are compared with the other
controllers for different types of fluids. This is done by determining the convergence time in
various situations. Also, the temperature field that the all-strategy controller produces is shown.

6.2.1 Convergence time all-strategy control protocol with respect to different
controllers

In this section, the results of the all-strategy controller is presented, with respect to different
control strategies. This is done for different types of fluids (i.e. Pe is altered).

The all-strategy controller is applied to a RAM with three walls with wall velocity U = −1
and size ∆ = 45◦. Further, Ta = 1, Pe = 15, Mr = 50, Mθ = 50, C0 = 0 and ε = 0.001. Such
that the temperature is heated for 99.9%
The all-strategy controller is compared to the random control strategy, the fixed control strat-
egy, the maximum time controller, activate only one wall control protocol and activate no walls
control protocol.
This is done to show that smart selection of the walls is very useful.

The error after every activation time Ta for every control strategy is presented in Figure
6.2a.
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(a) Error (b) Activation protocol

Figure 6.2: Error and activation protocol at end activation time Ta for three-walled all-strategy, random,
maximum, fixed, one walled and zero walled control strategy when Pe = 15, Mr = 50, Mθ = 50, C0 = 0
and ε = 0.001 and walls ∆ = 45◦ , Ta = 1 and U = −1.

Figure 6.2a shows that the random control strategy reaches the desired error ε after dimen-
sionless time t = 21.
Further, Figure 6.2a shows that the maximum time control protocol has not yet converged after
t = 40. Since, the random control strategy selects walls randomly, it is also possible that a
control protocol is selected that is similar to the maximum time control protocol. This means
that the random control protocol can also reach this maximum time or even further.
Figure 6.2a shows also that the fixed control strategy has converged after t = 19.
Further, this figure shows the convergence time when no velocity is present and when one wall
is active. The convergence times are t = [19, 17] for the zero and one walled RAM, respec-
tively. However, the all-strategy controller has converged at t = 17. This convergence time
is reached with the control protocol as presented in Figure 6.2b. The convergence time of the
one walled controller is equal to the all-strategy controller, because the all-strategy controller
follows almost the same convergence path. This means that the all-strategy controller is the
most optimal control strategy.

However, the simulation time of the all-strategy controller is not significantly lower than the
simulation time of the other control strategies. The reason for this is that the Péclet number
in the previous simulation is very low. Due to this low Péclet number the effect of the mixing
on the temperature enhancement is minimal.
To verify this statement and to become more convinced that smart mixing is useful, the simu-
lation time of the fixed, random and all-strategy controller is also determined with three walls
with wall velocity U = −1 and size ∆ = 45◦. Further, Ta = 1, Pe = 100, Mr = 50, Mθ = 320,
C0 = 0 and ε = 0.01 (see Figure 6.3a). To reduce computation time the convergence time is
thus determined until 99% is heated.
In Figure 6.3b also the simulation of the fixed, random and all-strategy controller is determined
for three walls with wall velocity U = −1 and size ∆ = 45◦. Further, Ta = 1, Pe = 1000,
Mr = 500, Mθ = 3200, ∆t = 0.1 and ε = 0.1. In this case the convergence time is determined
until 90% is heated.
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(a) Error Pe = 100, Mr = 50, Mθ = 320 and
ε = 0.01

(b) Error Pe = 1000, Mr = 500, Mθ = 3200
and ε = 0.1

(c) Activation protocol controller Pe = 100,
Mr = 50, Mθ = 320 and ε = 0.01

(d) Activation protocol controller Pe = 1000,
Mr = 500, Mθ = 3200 and ε = 0.1

Figure 6.3: Error at end activation time Ta for three-walled all-strategy, random, fixed, one wall and no
velocity control strategy with walls ∆ = 45◦ , Ta = 1, ∆t = 0.1 and U = −1. The initial temperature
field is C0 = 0.

Figure 6.3a shows that the simulation time of the all-strategy controller converged at dimen-
sionless time t = 43 by only activating wall 1 (see Figure 6.3c). This convergence time is also
shown by the only activating one wall control protocol. Further, the fixed and random control
strategy have converged at t = 66 and t = 59, respectively. When no velocity field is present,
the error has converged after t = 80.
Figure 6.3b shows that the simulation time of the all-strategy controller has converged towards
ε = 0.1 when t = 112 by activating a combination of walls (see Figure 6.3d). The fixed and
random strategy are for 90% heated at times t = 239 and t = 158, respectively. Further, this
figure shows that the RAM has converged to ε in t = [395, 149] for a no velocity and activate
only one wall control protocol, respectively.

These convergence times show that the all-strategy controller is the optimal control strat-
egy relative to the other controllers, with respect to convergence time. When Péclet num-
bers increase, the all-strategy controller is significantly faster, due to activating multiple walls.
Therefore, it can be concluded that smart mixing is very useful. These results are confirmed in
Appendix J for a four-walled RAM. Note, that it does not necessarily mean that the all-strategy
controller is optimal with respect to, for example, supplied energy.
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6.2.2 Temperature evolution during all-strategy and fixed control protocols

In this section, the temperature fields that the all-strategy controller and the fixed control strat-
egy produce are analyzed.

In Figure 6.4, the temperature evolution of the three-walled RAM is presented with Pe =
1000, Mr = 500, Mθ = 3200, C0 = 0, ε = 0.1 and ∆t = 0.1 with walls ∆ = 45◦ , Ta = 1 and
U = −1. This figure shows also the convective temperature C ′, in order to determine the effect
that the velocity of the walls has on the temperature field. This temperature is determined
with C ′ = C − C̃ and C̃ the temperature without velocity as determined in Equation (3.2).
Further, it shows as well the effect of the velocity field by presenting u · ∇C. Notice, that the
final temperature field that is shown is not the temperature field where the error is smaller than
ε.
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(a) A:C(t = 4) (b) A:C ′(t = 4) (c) A:u · ∇C(t = 4) (d) F:C(t = 4) (e) F:C ′(t = 4) (f) F:u · ∇C(t = 4)

(g) A:C(t = 8) (h) A:C ′(t = 8) (i) A:u · ∇C(t = 8) (j) F:C(t = 8) (k) F:C ′(t = 8) (l) F:u · ∇C(t = 8)

(m) A:C(t = 12) (n) A:C ′(t = 12) (o) A:u ·∇C(t = 12) (p) F:C(t = 12) (q) F:C ′(t = 12) (r) F:u · ∇C(t = 12)

(s) A:C(t = 16) (t) A:C ′(t = 16) (u) A:u ·∇C(t = 16) (v) F:C(t = 16) (w) F:C ′(t = 16) (x) F:u · ∇C(t = 16)

(y) A:C(t = 20) (z) A:C ′(t = 20)
(aa) A:u · ∇C(t =

20)
(ab) F:C(t = 20) (ac) F:C ′(t = 20)

(ad) F:u · ∇C(t =
20)

Figure 6.4: Temperature (C), convection temperature (C ′) and velocity contribution (u · ∇C) evolution
at various times (t ∈ [1, 20]) for all-strategy (A) and fixed (F) control strategy for three-walled RAM
with Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ε = 0.1 and ∆t = 0.1 with walls ∆ = 45◦ , Ta = 1
and U = −1. Temperature C is blue when C = 0 and transforms to red when C = 1. Convective
temperature C ′ is dark blue when C ′ = −1, white when C ′ = 0 and dark red when C ′ = 1. u · ∇C is
dark blue when u · ∇C ≤ −0.25, white if u · ∇C = 0 and dark red if u · ∇C ≥ 0.25.

Figure 6.4 shows in the fourth and fifth column that in the fixed control strategy the velocity
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field only produces a temperature field at the boundary of the RAM. This temperature field
consists of heating (red) and cooling (blue), which alternate each other. The heating and cooling
areas are almost equal in size. This leads to a symmetric temperature field. This temperature
field looks similar to the temperature field produced by the velocity field of three active walls
(see Figure 6.5). The similarities between the temperature fields according to the fixed control
protocol and three active walls is due to the fact that the activation time of the walls in the
fixed control protocol is very short. Therefore, only the average velocity field that the three
walls produce is measured by the fixed control protocol. The symmetric temperature field
shows that, just as with the solid body rotation in Chapter 3, the velocity contribution in the
advection-diffusion equation is very limited. In Figure 6.4 this is shown by the contribution of
the velocity to the temperature enhancement with u · ∇C in column six. These figures show
that the velocity field does not mix the temperature field. The temperature change due to the
mixing stays at the boundary of the RAM. Therefore, the contribution of the fluid flow in the
RAM is very small, which leads to a long convergence.

(a) C(t = 4) (b) C(t = 8) (c) C(t = 12) (d) C(t = 16) (e) C(t = 20)

Figure 6.5: Temperature (C) at various times (t ∈ [1, 20]) when three walls are simultaneously active for
Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1 with walls ∆ = 45◦ and U = −1. Temperature
C is blue when C = 0 and transforms to red when C = 1.

Figure 6.4 shows also the temperature field of the all-strategy controller in column one till
three. This temperature field shows that due to the velocity field of the controller (i.e. one wall
is active for a longer period of time), the symmetry is broken and the heating area is increased.
The cooling area increases as well, but it is not as big as the heating area. Then the second wall
is activated, such that the heating area and the asymmetry is increased even further. Further,
column three shows the effect of the velocity field on the temperature enhancement with u ·∇C.
This column shows that the controller produces more mixing than the fixed control strategy.
The walls are active long enough, such that the fluid flow can be sensed in the RAM and
u · ∇C is bigger than for the fixed control protocol. Therefore, the boundary temperature field
is reached in a shorter period of time with this control strategy. In Table 6.1 the value of u ·∇C
is determined at some switching times in the all-strategy control protocol. The underlined
value is the wall that the all-strategy control protocol has selected. This table shows that the
all-strategy controller sometimes does not select the smallest value of u · ∇C. This could be
improved.

Table 6.1: Velocity contribution u · ∇C during all-strategy control protocol with the three-walled RAM
when Pe = 1000, Mr = 500, Mθ = 3200, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and
U = −1. The underlined value is the selected wall.

Wall u · ∇C(t = 15) u · ∇C(t = 16) u · ∇C(t = 27) u · ∇C(t = 28)

1 -0.0109 -0.0106 -7.5352e-4 -5.0878e-4

2 -0.0043 -0.0058 -0.0091 -0.0097

3 0.0012 0.0016 0.0019 -7.8367e-4
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In conclusion, the all-strategy control protocol gives a better performance than the fixed con-
trol protocol, because the symmetry is broken. Therefore, the all-strategy controller is faster
than the fixed control protocol.

6.3 Results all-strategy control protocol for different activation times

In this section, the effect of the activation time Ta on the all-strategy controller is investigated.
This is done by determining the convergence time and analyzing the corresponding temperature
fields that the all-strategy controller produces.

6.3.1 Convergence time all-strategy control protocol with different activation
times

In the previous section, Figures 6.3a and 6.2a showed the error evolution of the all-strategy
controller. These errors are reached by only activating one wall. The reason for this is, that
probably the mixing after the activation time Ta has not a big impact. This is because the
activation time Ta is too small.
In this section, this statement is tested for a RAM with three walls with wall velocity U = −1 and
size ∆ = 45◦. The activation time of the walls is different in every simulation (Ta = [1, 2, 5, 10]).
Further, Pe = 200, Mr = 100, Mθ = 640, ∆t = 0.1 and ε = 0.01. In Figure 6.6a the error of
these simulations are visible.
The convergence time to ε of a three-walled RAM is also determined when Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ∆t = 0.1, ε = 0.1 and Ta = [1, 2, 5, 10] (see Figure 6.6b).
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(a) Error Pe = 200, Mr = 100, Mθ = 640 and
ε = 0.01

(b) Error Pe = 1000, Mr = 500, Mθ = 3200
and ε = 0.1

(c) Activation protocol Pe = 200, Mr = 100,
Mθ = 640 and ε = 0.01

(d) Activation protocol Pe = 1000, Mr = 500,
Mθ = 3200 and ε = 0.1

Figure 6.6: Error and corresponding activation protocol at end activation time Ta = [1, 2, 5, 10] for the
three-walled all-strategy, one wall and no velocity control protocol for walls ∆ = 45◦ and U = −1. The
initial temperature field is C0 = 0.

Figure 6.6a shows that the simulation of Pe = 200 with activation time Ta = 1 has converged
towards ε at t = 75. This convergence time also holds for the only activate one wall control
protocol. When no velocity is present in the RAM the convergence time is t = 159. Further, it
shows that ε is reached in t = 70, when Ta = [2, 5, 10] and Pe = 200. When the activation time
is longer, the desired temperature field is reached in a smaller period of time.
The reason for this is that a different activation protocol is used. When Ta = 1 and Pe = 200,
the all-strategy controller only activates wall 1. When Ta = [2, 5, 10] and Pe = 200, the multiple
wall activation protocol is visible in Figure 6.6c. This leads to a faster convergence time.
When Pe = 1000 (see Figure 6.6b), the convergence time to ε is t = [112, 106, 110, 110], for
Ta = [1, 2, 5, 10], respectively. These convergence times show that Ta = 2 is optimal. Further,
this figure shows that the convergence times for no velocity and only activate one wall is t = 395
and t = 149, respectively. The convergence times of the all-strategy controller are reached with
the activation protocols as displayed in Figure 6.6d. This figure shows that for different ac-
tivation times Ta, different activation protocols are used with multiple walls activated. These
convergence times show once again, that when multiple walls are used the temperature of the
RAM converges faster towards the boundary temperature.

In conclusion, when the all-strategy controller determines the optimal wall after a longer
activation time Ta, the velocity is sensed in the temperature field. Therefore, the controller
uses multiple walls, which leads to faster convergence towards C∞. However, the activation
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time should also be not too long, because otherwise the optimal control protocol can not be
determined. This conclusion is confirmed in Appendix J for a four-walled RAM.

6.3.2 Temperature evolution during all-strategy control protocol with
different activation times

In this section, the temperature evolution of the all-strategy controller with different activa-
tion times Ta is analyzed. This is done for a three-walled RAM with Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ε = 0.1 and ∆t = 0.1 with walls ∆ = 45◦ , U = −1. The activation time is
Ta = 2.

In Figure 6.7 the temperature evolution of the all-strategy controller is visible by showing
temperature C, convective temperature C ′ and velocity contribution u · ∇C. Notice, that the
final temperature field that is presented is not the converged temperature.

(a) C(t = 3Ta) (b) C(t = 6Ta) (c) C(t = 9Ta) (d) C(t = 12Ta) (e) C(t = 15Ta) (f) C(t = 18Ta)

(g) C ′(t = 3Ta) (h) C ′(t = 6Ta) (i) C ′(t = 9Ta) (j) C ′(t = 12Ta) (k) C ′(t = 15Ta) (l) C ′(t = 18Ta)

(m) u · ∇C(t = 3Ta) (n) u · ∇C(t = 6Ta) (o) u · ∇C(t = 9Ta) (p) u ·∇C(t = 12Ta) (q) u ·∇C(t = 15Ta) (r) u · ∇C(t = 18Ta)

Figure 6.7: Temperature (C), convection temperature (C ′) and velocity contribution (u · ∇C) evolution
at various times (t ∈ [1, 36]) for the three-walled all-strategy controller for Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ε = 0.1 and ∆t = 0.1 with walls ∆ = 45◦ , Ta = 2 and U = −1 . Temperature C
is blue when C = 0 and transforms to red when C = 1. Convective temperature C ′ is dark blue when
C ′ = −1, white when C ′ = 0 and dark red when C ′ = 1. u · ∇C is dark blue when u · ∇C ≤ −0.25,
white if u · ∇C = 0 and dark red if u · ∇C ≥ 0.25.

Figure 6.7 shows that the velocity field of the all-strategy controller first increases the heating
area in the RAM (see row two). Then the wall is switched, such that the heating area can
increase even further. The third row shows the temperature enhancement due to the velocity
field with u · ∇C. This row shows that u · ∇C will be more negative (blue) when more mixing
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takes place. When the advection-diffusion equation is considered this is a positive effect. When
u · ∇C is as negative and minimal as possible, ∂C

∂t is increased. Due to this, the conversion
time of the all-strategy controller is decreased, with respect to the conversion time of the fixed
controller. In Table 6.2, the value of u · ∇C is determined at some switching times in the all-
strategy control protocol. The underlined value is the wall that the all-strategy control protocol
has selected. This table shows that the all-strategy control protocol sometimes does not select
the smallest value of u · ∇C.

Table 6.2: Velocity contribution u · ∇C during all-strategy control protocol with the three-walled RAM
when Pe = 1000, Mr = 500, Mθ = 3200, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 2 and
U = −1. The underlined value is the selected wall.

Wall u · ∇C(t = 16) u · ∇C(t = 18) u · ∇C(t = 32) u · ∇C(t = 34)

1 -0.0106 -0.0101 8.3755e-4 0.0016

2 -0.0046 -0.0078 -0.0094 -0.0086

3 -0.0019 -0.0014 -0.0021 -0.0054

In Appendix I the temperature evolution that the all-strategy control protocol produces is
presented when Ta = [5, 10] by showing C, C ′ and u · ∇C. These temperature evolutions show
that the temperature field that the all-strategy control protocol with Ta = [5, 10] produces is
similar to the temperature field with Ta = 2. However, the temperature field of Ta = [5, 10] is
mixed less than the temperature field of Ta = 2.

In conclusion, by comparing the temperature evolutions of the all-strategy controller with
various activation times Ta, it becomes visible that when there is a lot of asymmetry, the tem-
perature is heated faster. When Ta = 2 and Pe = [200, 1000], the symmetry is broken most.
However, at the beginning of this chapter it was already mentioned that this all-strategy control
protocol is very expensive to compute. Therefore, a cheaper control protocol is designed in the
upcoming chapter.

6.4 Conclusions

In this chapter the closed-loop all-strategy control protocol is introduced. This controller is
based on the assumption that the best control protocol appears when the wall is selected that
produces the temperature closest to the final temperature, after a long enough activation time
Ta (i.e. Ta = O(10)). The convergence time of the temperature of the RAM with the all-
strategy, fixed and random control protocol is determined with a numerical simulation. From
the numerical simulation it is shown that when the Péclet number is big (i.e. Pe� 1), the all-
strategy controller uses multiple activated walls as control protocol. When the Péclet number
is smaller, only one wall is selected.
The temperature field that the all-strategy control protocol produces, according to the numer-
ical simulation when the activation time is long enough, shows that the symmetry is more
broken than with the fixed control protocol, because multiple walls are selected. Due to this the
all-strategy control protocol is one times faster than the fixed control protocol in the numerical
simulation when Pe � 1. When Pe � 1, the all-strategy control protocol is three times faster
than a control protocol without walls.
It can be concluded from the numerical simulation, that the all-strategy controller gives con-
vergence times that are faster than the fixed and random control protocol, when Pe � 1 and
Ta = O(10). Therefore, smart mixing is very useful. However, the all-strategy control protocol
is very expensive to compute, since all temperature fields are determined. Further, these results
are determined with a numerical simulation and therefore not yet proven analytically.
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Chapter 7

Closed-loop control by maximizing
convective flux

In this chapter, the results of a second closed-loop controller for the RAM are presented. This
closed-loop convective flux controller is based on the increase of temperature (i.e. ∂C

∂t is in-
creased). The temperature is determined with the finite volume numerical model. First, this
closed-loop control protocol is explained and it is shown that it is indeed a closed-loop con-
troller. Thereafter, the convergence time of the convective flux controller is determined for
different activation times. These activation times are compared with the activation times of the
other control protocols.
Finally, the robustness of the convective flux controller is tested in various ways. First, the
controller is tested with different initial temperature fields. Thereafter, the control protocol is
tested with disturbed initial and boundary conditions.

7.1 Convective flux control protocol

In this chapter, the convergence time of the RAM is analyzed in case the closed-loop convective
flux controller is used to determine the activation order of the walls. In this section, the
control protocol is explained. First, the convective flux controller is explained in an algorithmic
description. After that, it is shown how this algorithmic description of the convective flux
control protocol can be put in a closed-loop control system as described in Section 2.3.3.

7.1.1 Convective flux control protocol algorithm

The aim of this thesis is to determine a control protocol for the RAM, such that the temperature
of the RAM reaches the boundary temperature as fast as possible. In order to be able to do
this in the most efficient way, the control protocol should determine with the current temper-
ature field which moving wall segment should be activated. In the previous chapter, all new
temperature fields were determined, but this is not an efficient protocol in terms of numerical
computation. Therefore, the control effort (i.e. the effort to determine the wall) should be
reduced.
Therefore, in this section the closed-loop convective flux control protocol is determined for
the RAM. This control protocol is based on the advection-diffusion equation as described in
Equation (2.3b). It is assumed that Equation (2.3b) for Pe� 1 can be reduced to:

∂C

∂t
= −u · ∇C. (7.1)

From this equation it is assumed that the change of temperature C in the RAM only depends
on the convective term, because it mainly depends on the fluid flow u. The aim of the controller
is to speed up convergence towards the boundary temperature. It is assumed that this will be
the case when ∂C

∂t is maximized in Equation (7.1). Therefore, u ·∇C should be minimized. This
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statement will be used in the design of the controller.
The convective flux controller operates as follows. The Rotated Arc Mixer has a certain initial
temperature C0. The convective flux controller determines which moving wall should be active,
by determining the mean value of uN ·∇C0 with uN the velocity field of wall N . The wall that
has the minimum value is selected. The temperature field of the RAM is determined when the
wall has been active for a time Ta. The final temperature Cend after time Ta is the new initial
temperature field. For this new temperature field, again the wall with the smallest mean value
of uN · ∇Cend is selected. Walls are selected until the mean error of Cend with respect to the
final temperature C∞ is below a certain value ε (i.e. ||Cend−C∞||1nr grid points < ε). With this convective

flux control protocol it is assumed that the value of ∂C
∂t at the beginning of an activation step

is leading through the whole activation time Ta (i.e. ∂C
∂t is maximum in [t, t + Ta]). The wall

with on average the steepest slope of ∂C
∂t at the beginning of an activation step, will produce

the fastest transformation towards the boundary temperature. This control protocol can be
summarized as follows:

1. The RAM has a certain temperature field C0.

2. Determine for every wall N the convective flux uN · ∇C0.

3. Select the wall where the mean value of uN · ∇C0 is minimal.

4. Compute the temperature Cend after activation time Ta.

5. If ||Cend−C∞||1nr grid points < ε stop. Otherwise, Cend is the new initial temperature and continue the
control protocol from step 2.

7.1.2 Convective flux control protocol in closed-loop scheme

In Section 2.3.3 the closed-loop controller is explained. However, the closed-loop convective flux
controller as just explained, does not look like the closed-loop controller as presented in Figure
2.6. Therefore, it is explained that the convective flux control protocol is indeed a closed-loop
control protocol.

In Section 2.3.3 it was seen that in a closed-loop control scheme, a controller is developed
such that the error e between the output y and reference signal r is minimized. In the RAM
the output is the temperature, y = C. The reference signal in the RAM is the wall temperature
r = C∞. The error of the RAM is defined as e = C∞ − C. The process G is the advection-
diffusion equation.
The controller Z is the convective flux controller as explained in the previous section. For a
given temperature C0, ∂C0

∂t is maximized by selecting one wall from N walls. This is given the
following control criterion:

max
N

(∂C0

∂t

)
= max

N
(−uN · ∇C0) = −min

N
(uN · ∇C0). (7.2)

When the error e is implemented in the control criterion of Equation (7.2) and with the
knowledge that the end temperature C∞ is homogeneous, the error dynamics of the convective
flux control protocol of the RAM is as follows:

min
N

(∂e
∂t

)
= −max

N
(uN · ∇e). (7.3)

The error of the RAM is thus minimized by selecting the wall that maximizes ∂C
∂t . This

convective flux control protocol is presented in Figure 7.1. Therefore, it can be concluded that
this convective flux control protocol for the RAM is indeed a closed-loop control protocol.
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Figure 7.1: Closed-loop convective flux controller for the RAM.

7.2 Results convective flux control protocol for different activation times

In the previous section, the convective flux control protocol is explained. In this section, the
results of the convective flux controller for the RAM is presented when the activation time Ta
is changed for various Péclet numbers Pe.

The convective flux control protocol is tested for a three-walled RAM with Pe = 1000,
Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = [∆t, 1, 2, 5, 10]
and U = −1 (see Figures 7.2a and 7.2c).
Further, the convective flux control protocol is also tested for a three-walled RAM with Pe = 200,
Mr = 100, Mθ = 640, C0 = 0, ∆t = 0.1 and ε = 0.01 and walls ∆ = 45◦ , Ta = [∆t, 1, 2, 5, 10]
and U = −1 (see Figures 7.2b and 7.2d).

53



(a) Error Pe = 1000, Mr = 500, Mθ = 3200,
∆t = 0.1 and ε = 0.1

(b) Error Pe = 200, Mr = 100, Mθ = 640,
∆t = 0.1 and ε = 0.01

(c) Activation protocol Pe = 1000, Mr = 500,
Mθ = 3200, ∆t = 0.1 and ε = 0.1

(d) Activation protocol Pe = 200, Mr = 100,
Mθ = 640, ∆t = 0.1 and ε = 0.01

Figure 7.2: Error and activation protocol at end activation time Ta for three-walled convective flux controller
with walls ∆ = 45◦ , Ta = [∆t, 1, 2, 5, 10] and U = −1. The initial temperature field is C0 = 0.

Figure 7.2a shows that when Pe = 1000 the temperature is converged towards ε = 0.1 at
t = [98.9, 100, 100, 105, 110] for Ta = [∆t, 1, 2, 5, 10], respectively. These values show that the
temperature has converged faster towards the boundary temperature, when the wall activation
time is smaller. These convergence times are reached with the control protocol as shown in
Figure 7.2c.
In Chapter 6 it is shown that the convergence time towards ε = 0.1 for only activating one wall
is t = 149 and activating no walls is t = 395 when Ta = 1. These values show once again that
the closed-loop controllers are very useful. Further Chapter 6 showed that the convergence time
of the all-strategy controller is t = 112 and fixed controller is t = 239 when Ta = 1. In Chapter 6
it has been shown that the shortest period of time that the all-strategy control protocol reaches
ε = 0.1 without disturbance in case of Pe = 1000, is t = 106 for Ta = 2. This shows that
the convective flux control protocol is faster than the all-strategy control protocol. Probably,
the reason for this is that in the all-strategy control protocol the temperature field closest to
the final temperature is selected. However, this does not mean that this temperature field is a
good initial field to reach the final temperature faster. This means that the temperature rate
of change u ·∇C of the selected wall is not the smallest. The value of u ·∇C on some switching
times of the all-strategy controller is determined and presented in Tables 6.1 and 6.2. These
values show that not always the smallest value of u ·∇C is selected in the all-strategy controller,
which leads to a slower control protocol than the convective flux controller.
Figure 7.2a shows in the convergence plot of the numerical model some dips in the error when
a new wall is activated. The reason for this is probably due to the fact that with the numerical
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model immediately a new wall is activated. This leads to an error in the numerical computation.
In for example a COMSOL simulation the convergence is less direct (i.e. there is a little time
interval where two walls are active). This would probably lead to a smoother convergence plot.

In Figure 7.2b the error evolution of Pe = 200 is also presented. This figure shows that the
temperature is converged towards ε when t = [76.5, 77, 78, 80, 80] for Ta = [∆t, 1, 2, 5, 10]. This
convergence time is reached with the control protocol of only activating wall 3 (see Figure 7.2d).
When only wall 1 is activated Figure 7.2b shows that the convergence time is t = 76. When no
walls are active the convergence time is t = 159. These times show that the convergence time
is smallest, when Ta is smallest, but this is probably due to the fact that it could be witnessed
at an early time point that ε is reached. However, when the convergence time is compared
to the convergence time of the all-strategy controller in Chapter 6 (t = 70 for Pe = 200 and
Ta = [2, 5, 10]), the convective flux control protocol is slower. This is because in the convec-
tive flux control protocol only wall 3 is activated, which leads to less mixing in the RAM. The
reason for this is that the contribution of the velocity is too small when Pe = 200. Therefore,
the convective flux control protocol is slower than the all-strategy control protocol. However,
when Pe is bigger and the velocity contribution is bigger, the convective flux control protocol
is better than the all-strategy control protocol.
In Figure 7.3 the convergence time of the all-strategy controller, the convective flux controller
and the fixed control protocol is compared with each other for different Péclet numbers. This
is determined for a three-walled RAM with Pe ∈ [100, 1000], Mr = 50, Mθ = 320, C0 = 0,
∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1. From this figure, it could be wit-
nessed that the fixed control protocol is always slower than the all-strategy and convective flux
controller. When Ta = 1, the all-strategy controller is a little faster or equal to the convective
flux controller for Pe ≤ 500. The fluid flow in the convective flux control protocol has enough
impact when Pe > 500. A small remark should be made here. The all-strategy controller is a
controller that minimizes the future error, therefore it is very vulnerable for disturbances and
computationally expensive (i.e. high control effort).
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Figure 7.3: Convergence time for fixed, all-strategy and convective flux control protocol for different Péclet
numbers Pe ∈ [100, 1000] for a RAM three-walled with Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1 and
ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.

The results of the convective flux controller as just presented is only determined for a RAM
with three walls. Therefore, in Appendix J the results of the convective flux controller are also
verified for a RAM with four walls. From this it could be concluded that the convective flux
controller is still faster than the all-strategy controller, when Péclet numbers are high enough.

7.3 Verify convective flux control protocol with different initial
temperature fields

In the previous sections, the convective flux controller is tested when the initial temperature
field is equal to zero. However, the controller should produce the best control protocol for every
initial temperature field. Therefore, in this section the convective flux controller is verified for
different initial temperature fields.

In this section the convective flux control protocol is determined for a three-walled RAM
with Pe = 1000, Mr = 500, Mθ = 3200, ∆t = 0.1, ε = 0.1 and walls ∆ = 45◦, Ta = 1 and
U = −1. The initial temperature fields C0 are a half-zero-half-one temperature field (see Figure
7.4a), an exponential temperature field in radial direction (see Figure 7.4b) and an absolute
sinus in angular direction temperature field (see Figure 7.4c).
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(a) Initial temperature field half-
zero-half-one

(b) Initial exponential tempera-
ture field in radial direction

(c) Initial temperature field ab-
solute sinus in angular direc-
tion

Figure 7.4: Initial temperature fields for verification convective flux controller for a three-walled RAM with
Pe = 1000, Mr = 500, Mθ = 3200, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.
Temperature field is red when C = 1 and blue when C = 0.

The control protocols that the convective flux controller constructs for these initial temper-
ature fields and the corresponding error is visible in Figures 7.5b and 7.5a, respectively.

(a) Error (b) Activation protocol

Figure 7.5: Error and activation protocol at end activation time Ta for convective flux controller with
different initial temperature fields C0 for a three-walled RAM with Pe = 1000, Mr = 500, Mθ = 3200,
∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.

Figure 7.5a shows that the convergence time towards ε is t = [53, 98, 59, 100] for the half-
zero-half-one, exponential, absolute sinus and zero initial temperature fields, respectively. These
convergence times are reached with the control protocols as visible in Figure 7.5b. These con-
vergence times and convergence protocols do not say that much, because the initial temperature
field is different. However, it is possible to compare these convergence protocols with the slope
of the error plot. It is assumed that the slope for the different initial temperature fields is the
same. This is assumed, because the convective flux control protocol should convergence at the
same rate for every initial temperature field. When Figure 7.5a is considered, this statement
seems plausible. This statement is verified in greater detail in Figure 7.6.
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Figure 7.6: Error plot control protocol different initial temperature fields C0 with corresponding slope for a
three-walled RAM with Pe = 1000, Mr = 500, Mθ = 3200, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ ,
Ta = 1 and U = −1.

Figure 7.6 shows that the exponential slope (i.e. eslope) of the error convergence plot is
[−0.022,−0.023,−0.023,−0.023] for the half-zero-half-one, exponential, absolute sinus and zero
initial temperature field, respectively. This shows that the convective flux controller converges
at the same rate for different initial temperature fields. Notice, that the figure is a logarithmic
scale, but the slope is determined on an exponential scale. These values show once again that
the convective flux control protocol is a very robust control protocol.

Since, the RAM converges at the same rate for different initial temperatures, it is assumed
that the same amount of heat is pumped in the RAM per time step. This assumption is tested,
by determining the convergence time of the convective flux controller with initial temperature
fields with a zero mean. The initial temperature fields are presented in Figures 7.7a and 7.7b, for
a half-minus one-half-one and a sinus in angular direction initial temperature field, respectively.
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(a) Initial temperature field half-
minus one-half-one

(b) Initial temperature field sinus
in angular direction

Figure 7.7: Initial temperature fields with zero mean for verification convective flux controller for a three-
walled RAM with Pe = 1000, Mr = 500, Mθ = 3200, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1
and U = −1. Temperature field is red when C = 1 and blue when C = −1.

The error convergence plot of the different initial temperature fields with zero mean is shown
in Figure 7.8a, with corresponding control protocol in Figure 7.8b. This error plot shows that
the convergence time of the RAM with a half-minus one-half-one initial temperature field is
t = 90. Further, it shows that the sinus initial temperature is converged after t = 100. When
the initial temperature is only zero the convergence time is t = 100.
Therefore, it can be concluded that the assumption that the same amount of heat is pumped in
the RAM when the initial temperature has the same mean is not correct. The half-minus one-
half-one initial temperature field is at the beginning of the mixing more favorable (see Figures
7.8a and 7.8b). Therefore, the temperature of the half-minus one-half-one initial temperature
field has converged faster towards the boundary temperature field. However, the convergence
rate is almost equal.

(a) Error (b) Activation protocol

Figure 7.8: Error and activation protocol at end activation time Ta for convective flux controller with
different initial temperature fields with zero mean C0 for a three-walled RAM with Pe = 1000, Mr = 500,
Mθ = 3200, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.

7.4 Verification convective flux control protocol with noisy temperature
input

When the temperature is determined with the numerical model, the temperature field that the
finite volume method produces is the temperature field that is used in the determination of the
control protocol. In an experiment this means, that it is assumed that the real temperature field

59



is also the temperature field that is measured. This temperature is then used in the control
protocol. However, the measurement of the real temperature field has always some noise in
it. Therefore, in this section it is verified what control protocol the convective flux controller
produces with a disturbed temperature field.

In this section the convective flux control protocol is executed. However, the tempera-
ture that is used to determine the wall with the minimum value of u · ∇C0 is disturbed (i.e.
C0 = C0,undisturbed + disturbance). This is done with a uniform random distribution between
[0, ζ]. However, the undisturbed temperature C0,undisturbed is used to determine the temperature
field in the RAM with the numerical model.

The convective flux controller is applied to a three-walled RAM with Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ∆t = 0.1, ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1. Further, the
disturbance is ζ = [0, 0.001, 0.1]. The error convergence plot and the corresponding activation
protocol is shown in Figures 7.9a and 7.9b.

(a) Error (b) Activation protocol

Figure 7.9: Error and activation protocol at end activation time Ta for the convective flux controller with
disturbed temperature field between [0, ζ] with ζ = [0, 0.001, 0.1] for a three-walled RAM with Pe = 1000,
Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.

Figure 7.9a shows that for every ζ the convective flux controller reaches ε in t = 100. The
reason for the same convergence time is that the control protocol for every disturbance ζ is the
same (see Figure 7.9b).
Therefore, it can be concluded that the convective flux control protocol also works with noise
and therefore is still very robust.

7.5 Verification convective flux control protocol with disturbed boundary
condition

In the previous section, the convective flux controller is tested with a noisy temperature input.
However, the noise could also be present in the boundary temperature. Therefore, the con-
vective flux controller should also work properly if the boundary temperature contains a small
disturbance. This statement is tested in this section.
The convective flux control protocol is determined for a three-walled RAM with Pe = 1000,
Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1, ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.
Further, the wall temperature C∞ is not constant (i.e. C∞ 6= 1), but a sinusoidal temperature
C∞ = 0.05 sin(10θ) + 1. The error convergence plot of the convective flux controller with and
without the disturbed boundary conditions and corresponding control protocols are shown in
Figures 7.10a and 7.10b, respectively.
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(a) Error (b) Activation protocol

Figure 7.10: Error and activation protocol at end activation time Ta for the convective flux controller with
disturbed sinusoidal boundary condition for a three-walled RAM with Pe = 1000, Mr = 50, Mθ = 320,
C0 = 0, ∆t = 0.1 and ε = 0.1 and walls ∆ = 45◦ , Ta = 1 and U = −1.

Figure 7.10a shows that the convective flux control protocol reaches ε in t = 105 when
the boundary temperature is disturbed. Further, this figure show that without a disturbed
boundary temperature the convergence time of the convective flux controller is t = 102. These
convergence times are reached with the control protocols as presented in Figure 7.10b. This
shows that the convergence time of the convective flux controller is t = 3 apart when the bound-
ary temperature of the RAM contains a disturbance. This is a small difference. Therefore, it
can be concluded that the convective flux controller is very robust.

7.6 Conclusions

In this chapter, the convective flux controller for the RAM is presented. This controller is based
on the assumption that when Pe� 1, the value of ∂C

∂t stays the same over the activation time

Ta. Therefore, ∂C
∂t should be maximized by selecting a wall with velocity u that minimizes

u · ∇C.
The convergence time towards the homogenous temperature that the convective flux controller
produces is compared with the fixed and all-strategy control protocol in a numerical simulation.
It is shown, that when Péclet numbers are big enough (i.e. Pe > 500) the convective flux
controller uses multiple walls in the control protocol. Due to this the convergence time of
the convective flux and all-strategy control protocol are equal. However, when Pe < 500 the
convective part is too small in the RAM, which leads to a control protocol with only one wall. In
this case the all-strategy controller is faster. Therefore, when the conductive part is dominant
in the RAM, it is recommended to use the all-strategy controller. However, the computation of
the convective flux controller is less expensive than the all-strategy controller (i.e. control effort
is less).
The convergence time of the convective flux controller is also numerically tested by determining
the robustness of the controller. The control protocol stays the same when it is determined with
a noisy temperature field. Further, the convergence time is almost equal when the boundary
temperature is disturbed. From this it could be concluded that the convective flux controller
is numerically very robust. However, when the initial temperature is different than zero, there
exists initial temperature fields that are more favorable than others.

61



Chapter 8

Follow-up study: Eigenvalue analysis
data

In the previous chapters, control protocols were determined with a numerical model of the RAM.
This numerical model is the state-space form of the advection-diffusion equation. However, it is
also possible to determine a numerical model with the eigenvalues and eigenvectors of the RAM.
These values can be obtained with Dynamic Mode Decomposition (see Section 2.5). This shows
that the dynamics of the RAM can be defined in different ways. But all forms have one main
thing in common, the eigenvalues are the same, when the dynamics of the system are linear or
linearized. Therefore, these eigenvalues should be analyzed in more detail. In this chapter a
short introduction to the research of this topic is presented.
First, it is explained how the temperature of the RAM can be determined with the eigenval-
ues and eigenvectors. Thereafter, the eigenvalues for the DMD algorithm are verified with the
analytic eigenvalues and the eigenvalues from the finite volume scheme. The eigenvalues of the
different control protocols are determined with the DMD algorithm. At the end of this chapter,
these eigenvalues are found back in the results of the various control protocols.

8.1 Temperature field RAM determined with eigenvalues

In Section 2.5 the DMD algorithm was presented. This algorithm can be used to determine the
eigenvalues and eigenvectors of a certain system with the knowledge of that system over time (i.e.
some experimental or numerical snapshots of the system are known). When the eigenvalues and
the eigenvectors of the RAM are known it is possible to determine an expression that defines the
temperature evolution over time. The temperature C from Equation (2.3b) can be described as
follows with the knowledge of the eigenvalues µm and eigenvectors φm of the DMD algorithm[1]:

C(x, t) =
∑
M

γmφm(x)eµmt. (8.1)

In order to obtain this temperature C, M eigenvalues and dynamic modes are added. The value
of M is depended on the number of snapshots that is used in the DMD algorithm, such that the
complete temperature evolution is known. In this equation φm(x) is the m-th dynamic mode
at position x and µm is the m-th eigenvalue. Further, Equation (8.1) contains coefficient γm.
These coefficients are determined from the initial condition C(x, t = 0).

8.2 Verification DMD eigenvalues with analytic eigenvalues of RAM without
velocity

In the previous section, it was shown how the temperature evolution in the RAM can be
described with the eigenvalues and eigenvectors. These values can be determined with the DMD
algorithm. In this section, the eigenvalues according to the DMD algorithm are compared to
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analytic eigenvalues. The eigenvalues of the RAM are known when the RAM has no velocity field
(see Equation (3.2)). According to Equation (3.2) the eigenvalues of the RAM are µm = −λ2

m
1

Pe
with λm the m-th zero of the zeroth order Bessel function of the first kind. These eigenvalues
are compared to the DMD algorithm eigenvalues given in Equation (2.16) when Pe = 104. This
has been done for N = 5 snapshots which are ∆T = 500 apart and the mesh size is normal
in COMSOL. Table 8.1 shows these eigenvalues. Further, Table 8.1 shows the eigenvalues
according to Equation (3.2) and the error between the eigenvalues.

Table 8.1: Eigenvalues of RAM (Pe = 104) without velocity, according to the DMD algorithm (∆T = 500
and N = 5) and analytic expression.

DMD eigenvalue Analytic eigenvalue Absolute error

1 -1.6991e-09 0 1.6991e-09

2 -3.6547e-04 -5.7832e-04 2.1285e-04

3 -0.0030 -0.0030 5.0359e-05

4 -0.0097 -0.0075 0.0022

In Table 8.1 it is shown that the absolute error between the numerical eigenvalue of DMD
and analytic eigenvalues is pretty small, because the error is at most 0.0022.
Notice, that in case N = 5 only 4 eigenvalues are found. This is because with a value of N that
is bigger than 5, the input produced a matrix that has not full rank. Then it is not possible
to use the DMD algorithm. However, these eigenvalues determines the temperature evolution
from t ∈ [0, 2500].
In conclusion, the eigenvalues that the DMD algorithm produces when no velocity is present
are almost equal to the analytic eigenvalues, because the absolute error is of order 10−3.

8.3 Verification eigenvalues in finite volume model RAM

In the previous section, the DMD eigenvalues were verified with the knowledge of the analytic
eigenvalues. The eigenvalues and eigenvectors can also be found in the matrix of the numerical
model of the RAM. These eigenvalues are verified in this section, by using the eigenvalues of
the DMD algorithm.

In Chapter 4 a numerical model of the RAM was constructed. This numerical model consists
of a matrix with eigenvalues and eigenmodes. The eigenvalues and eigenmodes define the RAM,
but also the numerical model. Since the DMD algorithm and the numerical model define the
same type of RAM, in theory the eigenvalues of the numerical model and the eigenvalues of the
DMD algorithm should be the same. Notice, that this statement holds if the state-space form
of the DMD algorithm and the finite volume method is the same. In the DMD algorithm it is
assumed that the state-space dynamics is of the form dC

dt = AC. When one wall is active, the

finite volume method gives rise to dC
dt = AC + b. Therefore, the vector b should vanish in order

to have the same state-space. This is possible when the temperature C̄ = C − C∞ is defined,
with C∞ the final temperature (i.e. the boundary temperature). This leads to the same form
and therefore the same eigenvalues and eigenmodes.

The statement is tested for a RAM with one wall of size ∆ = 45◦ and velocity U = −1.
Further, the RAM is defined with Pe = 1000, Mr = 500 and Mθ = 3200. The eigenvalues in
the DMD computation are determined with N = 6 snapshots which are ∆T = 1 apart. The
snapshots are computed with a COMSOL simulation which determines the temperature with
an extremely fine mesh.

The eigenvalues as determined are presented in Table 8.2.
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Table 8.2: Eigenvalues DMD (N = 6 and ∆T = 1) and FVM (Mr = 500 and Mθ = 3200) with one walled
RAM Pe = 1000, ∆ = 45◦ and velocity U = −1.

DMD eigenvalue FVM eigenvalue Absolute error

1 -0.0190 -0.0134 0.0056

2 -0.4126 -0.0515 0.3611

3 -0.2247+0.9439i -0.1143 0.9503

4 -0.2247-0.9439i -0.1035−0.0653i 0.8869

Table 8.2 shows the eigenvalues as determined with the DMD algorithm, the eigenvalues of
the finite volume method and the absolute error. This table shows that the first eigenvalue of
the DMD algorithm and the eigenvalue of the finite volume method have a small error (i.e. error
is of order 10−3). The absolute error of the other values is pretty big, because the error is of
order 10−1. The reason for the difference in eigenvalues is probably that the finite volume model
shows all eigenvalues. This includes also eigenvalues which are not active for a certain initial
temperature field. Therefore, the wrong eigenvalues are compared with each other. Further, the
DMD algorithm uses six snapshots (N = 6), because otherwise the input is not full rank. Due to
this only five eigenvalues are determined, which define a small part of the temperature dynamics.

The eigenvalues of the finite volume method itself also need to be verified. This is possible
with the analytic eigenvalues of the RAM when the moving walls are inactive (see Section 8.2).
The eigenvalues of the RAM with no velocity field according to the finite volume method and
the analytic solution are shown in Table 8.3. Further, this table shows the error between these
eigenvalues.

Table 8.3: Eigenvalues of RAM (Pe = 104) without velocity, according to the FVM (Mr = 500 and
Mθ = 3200) and analytic expression.

FVM eigenvalue Analytic eigenvalue Absolute error

1 -0.0006 -5.7832e-04 1.3076e-09

2 -0.0015 -0.0030 0.0016

3 -0.0015 -0.0075 0.0060

4 -0.0026 -0.0139 0.0113

5 -0.0026 -0.0223 0.197

6 -0.0030 -0.0327 0.0296

In Table 8.3 it is shown that the finite volume method predicts the first eigenvalue very
accurately (i.e. error is of order 10−9). Then the eigenvalues are predicted a little less accurate.
However, this is probably due to the fact that the finite volume method shows a few additional
eigenvalues between the first and second analytic eigenvalues. The second analytic eigenvalue is
the sixth finite volume method eigenvalue, because the error is 3.1965e− 08. The finite volume
method shows more eigenvalues than the analytic solution. This is due to the fact that the
analytic solution only holds for C0 = 0. The finite volume method matrix holds for every initial
temperature field C0. The additional eigenvalues are inactive when C0 = 0. These eigenvalues
are disappeared in the determination of the analytic solution, because only the zeros of the
zeroth order Bessel function of the first kind remained in the solution. The DMD algorithm
does also not show these inactive eigenvalues when the DMD eigenvalues are compared with
the numerical model eigenvalues.

In conclusion, the eigenvalues of the finite volume method are approached by the DMD
algorithm. The reason for the difference is shown when the analytic eigenvalues are verified
with the finite volume eigenvalues. It is seen that the finite volume method gives eigenvalues
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which are inactive during the control protocol. Therefore, more eigenvalues are found than are
active. This leads to bigger errors in the comparison of the various eigenvalues. However, when
the correct eigenvalues are compared the error is of order 10−9.

8.4 Determination eigenvalues different control protocols RAM with DMD
algorithm

In Chapters 6 and 7 various control protocols were determined. The temperature evolution
during these control protocols was determined by the activation order of the walls. This tem-
perature evolution is defined by the eigenvalues. However, the eigenvalues differ when a different
activation protocol is executed. Therefore, the DMD algorithm can be used to determine the
eigenvalues of the control protocols as presented in Chapters 6 and 7. The eigenvalues as de-
termined with the DMD algorithm are shown in Table 8.4 by using the data of the numerical
model. These eigenvalues are verified in the upcoming section. Notice, that these eigenvalues
are mainly complex, this is also witnessed for the eigenvalues of the numerical model in Table
8.2.

Table 8.4: DMD eigenvalues order by the smallest absolute value for various control protocols of three-walled
RAM with Pe = 1000 and Ta = 1.

Fixed All-strategy Convective flux 4 walls convective flux
N = 59, ∆T = 2 N = 28, ∆T = 4 N = 33, ∆T = 3 N = 49, ∆T = 2

1 0± 1.0472i −0.0041± 0.4538i −0.0116 + 1.0472i −0.0007± 0.6441i

2 −3.4547e− 4 −0.0095± 0.5771i −0.01033± 0.8755i −0.0050± 0.3350i

3 −0.0095± 1.04721i −0.0170± 0.7566i −0.0167 −0.0068± 0.5955i

4 −0.0095 −0.0192± 0.5064i −0.0193± 0.7027i −0.0108 + 1.5708i

5 −0.0422± 0.9199i −0.0196 −0.0273± 0.5278i −0.0162± 0.2619i

6 −0.0457± 1.1662i −0.0196± 0.6921i −0.0347± 0.9580i −0.0174± 0.3859i

7 −0.0467± 0.1204i −0.0202± 0.3204i −0.0370± 0.7792i −0.0193± 0.8184i

8 −0.0591± 1.0473i −0.0208± 0.2437i −0.0372± 0.0386i −0.0236

9 −0.0597 −0.0235± 0.1202i −0.0393± 0.5985i −0.0279± 0.0811i

10 −0.0800± 1.3363i −0.0301± 0.3772i −0.0432± 0.4180i −0.0283± 0.9411i

8.5 Active eigenmodes during control protocol RAM

In the previous sections, the eigenvalues of the RAM were determined with various methods.
When the dynamics of the RAM is written as described in Equation (8.1), it is assumed that
these eigenvalues will appear in the results of the controllers. This assumption is verified in this
section.

In Chapters 6 and 7, the error convergence plots were shown. These errors were plotted in a
logarithmic figure. When these figures are considered, the error shows a linear behaviour. When
Equation (8.1) is analyzed, this can be explained. The temperature of the RAM is defined by
exponentials. When these exponentials are put in a logarithmic plot, it shows linear behavior.
From this it can be concluded, that the slope of an error plot of a control protocol is determined
by the dominant eigenvalues. It is desired that this downward slope is as steep as possible.
Notice, that the slope of the logarithmic figure is not equal to the exponential slope and the
eigenvalues of Equation (8.1). Therefore, the logarithmic slope should be translated to the
exponential slope.

In Figure 8.1, the slopes of the various control protocol errors as shown in Chapters 6 and
7 are determined.
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Figure 8.1: Slope determination of error fixed, all-strategy and convective flux control protocol for a RAM
with three, four, one or zero walls with Ta = 1 and Pe = 1000.

In Figure 8.1 the control protocol errors are presented when Pe = 1000. Figure 8.1 shows
that the exponential slope (i.e. eslope) is [−0.0094,−0.020,−0.023,−0.024,−0.015,−0.0057] for
the fixed, all-strategy, convective flux, four-walled convective flux, only activate one wall and
activate no wall control protocol, respectively.
When the exponential slope of the zero-walled RAM is compared to the eigenvalues as visible
in Table 8.1, it is visible that the value of the slope is located between the second and third
eigenvalue. This means that the dynamics of the RAM without walls and with C0 = 0 is dom-
inated by the second and third eigenvalue.
When Table 8.2 is considered and the slope of the one-walled RAM in Figure 8.1, it is shown
that the slope is located between the first and second eigenvalue of the finite volume method.
The slope is closer to the first eigenvalue than the second eigenvalue, therefore the dynamics of
the one-walled RAM is dominated by the first eigenvalue.
Further, Table 8.4 shows that the slope of the fixed control protocol is dominated by the third
and fourth eigenvalue. The all-strategy control protocol is dominated by the seventh eigenvalue.
The three-walled and four-walled convective flux control protocol is dominated by the fourth
and eighth eigenvalue, respectively.

The slopes in Figure 8.1 show that the convective flux control protocol is dominated by
eigenvalues with minimal real part. These slopes are constructed piecewise, with the error
between the final and current temperature that the dynamics of a single wall defines. The slope
is thus constructed with the eigenvalues corresponding to a single wall and the initial field. This
initial field is the temperature field of the RAM at the end of an activation time. When it is
assumed that the slopes are constructed in this manner, the eigenvalues and eigenvectors of
the single walls can be used in the determination of the slopes of the control protocols. Since,
the slope of the convective flux control protocol is steeper than the fixed control protocol, it is
assumed that the convective flux control protocol activates eigenvalues with the highest negative
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value.
This assumption is tested for the convective flux control protocol with three walls and the
fixed control protocol for Pe = 1000, ∆t = 0.1, Ta = 1, ∆ = 45◦ and U = −1 (see Figure
8.2). The eigenvalues and eigenvectors are determined with a finite volume scheme of Mr = 50
and Mθ = 320. A coarser grid is selected, because otherwise it is numerically not possible to
determine the eigenvalues and eigenvectors. It is assumed that an eigenvalue m is more active
than an other eigenvalue, if the expansion coefficient γm in Equation (8.1) is higher. These
coefficients are determined for the fixed and convective flux control protocol in Figure 8.2 at
t = 5, by determining C0 = φγ with γ a vector with coefficients γm and φ a matrix with all
eigenvectors φm.

Figure 8.2: Active eigenvalues of FVM by showing coefficients γm with m = 1500, Pe = 1000, Mr = 50
and Mθ = 320 at t = 5 for convective flux three-walled and fixed control protocol. Temperature fields
are determined with ∆t = 0.1 in a three-walled RAM of ∆ = 45◦ , Ta = 1 and U = −1.

In Figure 8.2, it is visible that the highest values of γm in the fixed control protocol are
located at the lower eigenvalues. The coefficients of the convective flux control protocol are
highest in the middle of the determined eigenvalues. Therefore, the real part of the dominant
eigenvalues of the convective flux control protocol are most minimal and negative than the
eigenvalues of the fixed control protocol. Therefore, it can be concluded that the assumption
is correct and more minimal and negative eigenvalues are activated by the convective flux con-
troller.

In conclusion, the eigenvalues which are active during the closed-loop all-strategy and con-
vective flux control protocol are more negative, than the active eigenvalues of the other control
protocols. Therefore, the convergence time is shorter.
It is also witnessed that therefore, eigenvalues with a higher number are activated. This knowl-
edge can be used to determine a controller in the future.
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8.6 Conclusions

This chapter has shown that with the DMD algorithm the eigenvalues of the RAM can be
predicted accurately. When the correct eigenvalues are compared with each other, the DMD
algorithm eigenvalues have an error of 10−3.
Further, it is shown that these eigenvalues also appear in the finite volume scheme. However,
this scheme shows also eigenvalues which are inactive. Therefore, it is possible that the FVM
predicts different eigenvalues than the DMD algorithm. However, when the FVM predicts the
correct eigenvalue the error is of order 10−9.
Finally, these eigenvalues are also found back in the results of the controllers. The active
eigenvalues define the slope of the error convergence plot. When the convergence time is faster,
eigenvalues which are most minimal and negative will be more active.
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Chapter 9

Conclusions and recommendations

In this chapter, the conclusions of this master thesis are presented. At the end of this chapter,
some suggestions for potential follow-up research are provided.

9.1 Conclusions

The aim of this research is to answer the research question: ”Which closed-loop activation pro-
tocol for the moving wall segments of the Rotated Arc Mixer produces the fastest heat transfer
to the uniform temperature field?”.

In order to answer this question, first the Rotated Arc Mixer (RAM) is defined with con-
servation laws / dynamics of the mass, momentum and advection-diffusion equations. These
conservation laws define the velocity and temperature field inside the Rotated Arc Mixer. The
temperature according to the advection-diffusion equation can be solved for some simple veloc-
ity fields. However, when the velocity fields inside the Rotated Arc Mixer are advanced this
is not possible. Therefore, a numerical model in state-space form of the Rotated Arc Mixer is
constructed in this thesis by using finite volume methods and the exponentially fitted scheme.
These numerical models are verified for various velocity fields. From this verification, it can
be concluded that both models predict the temperature in the RAM very accurate in various
situations, because the mean error is below the error tolerance of 0.05. However, the finite
volume model is used in the remainder of the research.

Thereafter, the finite volume numerical model of the Rotated Arc Mixer is used to develop
two closed-loop controllers. The first all-strategy controller, determines with the numerical
model all possible temperature fields that the RAM can have after all walls have been active
for a long enough activation time. It is assumed that the best control protocol will be con-
structed, when the wall that produces the temperature field closest to the final temperature
field is selected when it has been active for a long enough activation time (i.e. Ta = O(10)).
However, this is a numerically very expensive computation, therefore a second controller is de-
veloped. This convective flux controller selects at the beginning of every short activation time,
the wall that maximizes the temperature increase over time. It is assumed that when the flow
is dominated by convection (i.e. Péclet numbers are high enough) the best control protocol is
produced when dC

dt is maximized at the beginning of every activation time of the wall.

The performance of these controllers is verified by comparing the convergence time towards
the final temperature, with the convergence time of other open-loop control protocols. From
this comparison, it could be concluded that when the convection in the flow is dominant (i.e.
Pe � 1), the convergence time of the two closed-loop control protocols is three times faster
than when no velocity field is present in the RAM. With dominant convection, the convergence
time of the closed-loop control protocols are at least a half times faster than the convergence
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time of the open-loop controllers.
These convergence times are also reached in the convective flux controller, when the tempera-
ture fields in the RAM are disturbed by noise.
From this verification of the closed-loop controllers it can be concluded that closed-loop con-
trollers as determined are very effective in the determination of the optimal control protocol.
Further, the computational cheaper convective flux controller is also very robust.

In conclusion, the answer of the research question ”Which closed-loop activation protocol
for the moving wall segments of the Rotated Arc Mixer produces the fastest heat transfer to the
uniform temperature field?” is that the closed-loop all-strategy and convective flux controller
works very well, when Péclet numbers are high enough.

9.2 Recommendations

During this master thesis various subjects were investigated. However, a lot of questions could
not be answered, due to the limited time period. Therefore, in this section some recommenda-
tions for potential follow-up research are provided.

The numerical model of the RAM is developed with the finite volume method. In Chap-
ter 4 it is shown that this numerical model can show oscillations when the grid is too coarse.
This is determined in Appendix G by determining the roots of the finite volume method and
considering the final temperature field. In this determination the angular and radial direction
are considered separately. However, the radial and angular temperature are dependent on each
other. Therefore, it is not completely determined analytically, when oscillations occur. It is
recommended to investigate this in more detail.
However, it is also possible to solve the oscillations in the temperature by determining a differ-
ent model. For example, another model is developed in this thesis with the exponentially fitted
scheme. It is also possible to use other discretization methods, for example use upwind in the
finite volume method in stead of the central difference scheme. It is recommended to develop
and compare different models with different methods, such that the error in the temperature
determination is reduced.

However, when a new numerical model is developed with different discretization methods, it
should be taken in consideration that it takes still a lot of time to determine the temperature.
Therefore, it is also recommended to investigate the possibility of developing a different type
of model to determine the temperature. For example, the eigenvalues and eigenvectors of the
numerical models can be used to determine the temperature of the Rotated Arc Mixer.

The main results of this research are two closed-loop controllers. It is assumed that these
two controllers are closed-loop, because the controller determines with the current temperature
field the best wall to activate. Further, the controller can be written in a closed-loop scheme.
These controllers are developed such that the heating process is faster. However, an ordinary
closed-loop controller is usually developed to stabilize the system. In this research, it is assumed
that the Rotated Arc Mixer is already stable, but it is not proven. Therefore, it is recommended
to investigate the stability of these closed-loop controllers in more detail.
The first suggestion is to determine the total energy inside the RAM. When the energy remains
constant, it can be assumed that the system is stable. Thereafter, it can be proven that this
equilibrium is locally asymptotically stable by determining a Lyapunov function.
Other system properties, such as controllability and observability of the RAM, are also not
proven. It is recommended to do this as well.

A part of this master thesis, is an introduction into the investigation of the eigenvalues
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in the control protocol results. From this research, it could be concluded that in the fastest
control protocols the eigenvalues with the most minimal and negative values are active. This
knowledge can be used in the development of an even faster control protocol than already is
found. It is recommended to investigate if it is possible to develop a controller that activates
the most minimal and negative eigenvalues.

Something that is not investigated in this research is the development of an observer. When
the controllers are developed, it is assumed that the complete temperature field is known. How-
ever, this is not always the case. Therefore, an observer should be developed that can predict
the current temperature field of the RAM with some known temperature fields.

Finally, the results as obtained during this research are found with a numerical model and
simulations of the RAM. In these numerical models, some assumptions are made about the
performance of the RAM. However, in real life there exists a lot of variables that are not
incorporated in the model. Therefore, when the research in developing controllers for fast heat
transfer is progressed further, it is recommended also to test the controllers and observer in a
real life experiment.

71



Bibliography

[1] Baskan O., Speetjens M.F.M., Metcalfe G., Clercx H.J.H. (2015). Experimental and compu-
tational study of scalar modes in a periodic laminar flow. International Journal of Thermal
Sciences Volume 96, p. 102-118.

[2] Baskan O., Speetjens M.F.M., Metcalfe G., Clercx H.J.H. (2016). Experimental and Numer-
ical parametric analysis of a reoriented duct flow. European Journal of Mechanics B/Fluids
Volume 57, p. 1-14.

[3] Fan H.Y., Li C. (2004). Bessel equation as an operator identity’s matrix element in quantum
mechanics. Physics Letters A Volume 325, p. 188-193.
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Appendix A

Dimensionless Rotated Arc Mixer

The dynamics of the Rotated Arc Mixer is defined with the mass, momentum and energy
(advection-diffusion) equations as presented in Section 2.2. In this appendix, it is shown how
these dimensionless dynamics are obtained.

A.1 Dimensionless mass, momentum equation

In this section, the dimensionless form of the mass, momentum equation is determined.

The non-dimensionless mass, momentum equations reads as follows [8]:

∇̂ · û = 0, ρ
∂û

∂t̂
+ ρû · ∇̂û = −∇̂P̂ + ψ∇̂2û. (A.1)

In Equation (A.1) ρ is the density, û is the fluid velocity, t̂ is the time, P̂ is the pressure and
ψ = νρ is the dynamic viscosity.

In order to make Equations (A.1) dimensionless, the following dimensionless parameters are
defined:

u =
û

U
, t∗ =

t̂

Ta
,

1

R
∇ = ∇̂, P =

P̂

Pref
. (A.2)

In these parameters Pref is a reference pressure that should be determined. The dimensionless
parameters are implemented in Equation (A.1). This leads to the following:

U

Ta

∂u

∂t∗
+
U2

R
u · ∇u = −

Pref
ρR
∇P +

ψ

ρ

U

R2
∇2u,

R

TaU

∂u

∂t∗
+ u · ∇u = −

Pref
U2ρ
∇P +

ν

RU
∇2u,

R2

Taν

∂u

∂t∗
+
RU

ν
u · ∇u = −

PrefR

Uρν
∇P +∇2u.

Now reference pressure Pref could be determined as Pref = Uρν
R . This Pref is the charac-

teristic pressure and arises due to the balance of forces between the pressure force (∇P ) and

viscous forces (ψ ·∇u). When this reference pressure Pref , the Strouhal Sr = R2

Taν
and Reynolds

Re = RU
ν numbers are implemented in the dimensionless dynamics, the dimensionless mass,

momentum equation arises:

∇ · u = 0, Sr
∂u

∂t∗
+ Reu · ∇u = −∇P +∇2u. (A.3)
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A.2 Dimensionless advection-diffusion equation

In this section, the dimensionless advection-diffusion equation is determined.

The non-dimensionless advection-diffusion equation reads as follows [8]:

∂Ĉ

∂t̂
+ û · ∇̂Ĉ = α∇̂Ĉ, Ĉ(t = 0) = Ĉ0. (A.4)

In Equation (A.4) Ĉ is the temperature and α is the thermal diffusivity.

In order to make Equation (A.4) dimensionless the following dimensionless parameters are
defined:

C =
Ĉ −min(Ĉ0)

max(Ĉ0)−min(Ĉ0)
, u =

û

U
,

1

R
∇ = ∇̂, t =

t̂

tref
. (A.5)

In Equation (A.5) min(Ĉ0) and max(Ĉ0) are the minimum and maximum value, respectively,
of the temperature Ĉ at the initial time. The difference between the maximum and minimum
value is defined as ∆Ĉ = max(Ĉ0) − min(Ĉ0). Temperature C is, therefore, in the interval
0 ≤ C ≤ 1.
Further, tref is a characteristic time that still has to be determined. Notice that this dimension-
less time is not the same as the dimensionless time of the mass, momentum equations. These
dimensionless parameters are implemented in Equation (A.4):

∆Ĉ
1

tref

∂C

∂t
+
U

R
∆Ĉu · ∇C = α∆Ĉ

1

R2
∇2C,

1

tref

∂C

∂t
+
U

R
u · ∇C =

α

R2
∇2C,

1

tref

R

U

∂C

∂t
+ u · ∇C =

α

UR
∇2C.

Now it is possible to define characteristic time tref as tref = R
U . This characteristic time scale

defines the convective time scale. When tref and the Péclet number Pe = UR
α are implemented,

the dimensionless advection-diffusion equation arises:

∂C

∂t
+ u · ∇C =

1

Pe
∇2C, C(x, 0) = C0(x). (A.6)

In conclusion the dimensionless RAM dynamics is defined by the following dimensionless
numbers:

Sr =
R2

νTa
, Re =

UR

ν
, Pe =

UR

α
, τ =

t

t∗
=
TaU

R
. (A.7)

The dimensionless numbers is completed with the dimensionless time τ . In this thesis,
usually R = 1 and U = 1, therefore τ = O(Ta).
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Appendix B

Introduction finite volume method
theory

In this appendix, it is explained how the finite volume method can be used to perform a nu-
merical discretization. First, the method is explained for a one dimensional model. After
that, it is explained for a two dimensional model in cartesian coordinates. In Chapter 4 the
theory of the finite volume method is applied to the two dimensional RAM in polar coordinates.

B.1 Finite volume method for one dimensional problems

In this section, the finite volume method is applied to a one dimensional problem and is explained
by using the following ordinary differential equation (ODE)[10]:

df(ξ)

dx
= g(ξ). (B.1)

In this ODE is f(ξ) a function consisting of ξ and derivatives of ξ. Further, g(ξ) is a function
that only depends of ξ.
In the finite volume method Equation (B.1) is integrated over an arbitrary interval (β1, β2),
which leads to:

f(ξ(β2))− f(ξ(β1)) =

∫ β2

β1

g(ξ(x))dx. (B.2)

Note, that it is possible that function f(ξ) consists of derivatives of ξ. Therefore, in order to
solve Equation (B.1) these derivatives could be approximated by, for example, a finite difference
formula. Further, g(ξ(x)) is a function, thus Equation (B.2) is an approximation of ξ(x).
However, this approximation does not approximate the value at a certain grid point. Therefore,
function ξ(x) in Equation (B.1) can be approximated with a finite difference formula at the grid
x1, x2, ..., xM , with every grid point a distance ∆x from each other. In order to determine an
approximation of grid point xj , the integral of Equation (B.2) is determined over the interval
(β1, β2) = (xj−1/2, xj+1/2) =: Vj . In this interval is xj+1/2 a point, which is situated in the

middle of grid points xj and xj+1, such that xj+1/2 = 1
2(xj + xj+1). Further, Vj is called the

control volume. This method is called the cell-centred method. With the cell-centred method,
the integral in Equation (B.2) is approximated as follows:∫ xj+1/2

xj−1/2

g(ξ(x))dx = g(ξ(xj))∆x. (B.3)

The last step in the cell-centred method is to determine the approximation of f(ξ) at positions
xj±1. Depending on function f(ξ), this is possible with a combination of various finite difference
methods.
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By using the cell-centred method, it is possible to determine a finite volume approximation
of the one dimensional PDE as presented in Equation (B.1).

B.2 Finite volume method for two dimensional problems in cartesian
coordinates

In this section, the finite volume method is explained for a two dimensional cartesian PDE by
considering the following equation [10]:

∇ · f(ξ) = g(ξ). (B.4)

In this equation is f(ξ) = (fx(ξ), fy(ξ)) the function vector in x and y direction, which depends
on ξ and ∇ξ. Further, g(ξ) is still a function which depends only on ξ.
In this two dimensional case Equation (B.4) is integrated over an arbitrary domain Ω ∈ R2.
When also Gauss’s theorem is used (i.e.

∫
Ω∇ · f(ξ)dV =

∮
Γ f(ξ) ·ndS), the following equation

appears[10]: ∮
Γ
f(ξ) · ndS =

∫
Ω
g(ξ)dV. (B.5)

In this equation n is the unit outward normal on the boundary Γ of Ω.
Just as with the one dimensional cell-centred finite volume approximation, in this two dimen-
sional approximation a control volume VC should be defined. The control volume is shown in
Figure B.1.

Figure B.1: Two-dimensional control volume for a cell-centred finite volume method [10].

The finite volume method approximates the grid points, as presented by black dots in Figure
B.1. When the control volumes for these grid points are implemented in Equation (B.5), the
integral of function g(ξ) is solved as follows:∫

VC

g(ξ)dV = g(ξ(xC))∆x∆y. (B.6)

In this equation is xC the center of control volume VC . Further, ∆x and ∆y are the distance
between the grind points in x and y direction, respectively.
In order to approximate the grid points in Figure B.1, function f(ξ) should also be approxi-
mated. This will be done by splitting the boundary of the control volume ΓC in four parts as
visible in Figure B.1. This leads to the following approximation[10]:∮

ΓC

f(ξ)·ndS =

∫
Γe

fx(ξ(xe))dS+

∫
Γn

fy(ξ(yn))dS−
∫

Γw

fx(ξ(xw))dS−
∫

Γs

fy(ξ(ys))dS. (B.7)
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When these integrals are approximated with the midpoint rule, it leads to:∮
ΓC

f(ξ) · ndS = [fx(ξ(xe))− fx(ξ(xw))]∆y + [fy(ξ(xn))− fy(ξ(xs))]∆x. (B.8)

In this equation is xe, xn, xw and xs the centre of boundary Γe, Γn, Γw and Γs, respectively.
When the function f is numerically approximated with difference approximation F , Equation
(B.4) is approximated with the finite volume method as follows:

(Fx,e − Fx,w)∆y + (Fy,n − Fy,s)∆x = g(ξC)∆x∆y. (B.9)

Note, that the scheme as just determined is for a two dimensional cartesian partial differential
equation. The knowledge of this two dimensional cartesian finite volume method, is applied to
the two dimensional polar PDE of the RAM in Chapter 4.
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Appendix C

Verification order numerical
methods with Richardson
extrapolation

In Chapter 4, the finite volume method is used. This is a numerical discretization method. In
this appendix the Richardson extrapolation is explained. This is a method to verify the order
of a discretized system. This order determines the error and accuracy of a certain discretization
method. In Chapter 4, this Richardson extrapolation is used to verify the order of the finite
volume scheme of the RAM, such that one can be sure that the discretization is preformed well.

Richardson extrapolation determines the order of convergence of a certain discretization
scheme. For example, in the Rotated Arc Mixer the order in radial direction r, angular direction
θ and time t can be determined. If the order in the radial direction should be determined, the
temperature C is determined at a certain position in the RAM for various grid sizes ∆r in
radial direction (i.e. determine C for ∆r, ∆r/2 and ∆r/4). The position is thus the same for
all computations. If the order of the discretization scheme is p, the order in radial direction is
determined as follows with Richardson extrapolation[20]:

C∆r/4 − C∆r/2

C∆r/2 − C∆r
=

(
1

2

)p
. (C.1)

Notice, that with this Richardson extrapolation it is not necessary to determine the error.
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Appendix D

DMD algorithm

In Chapter 2 the DMD algorithm is explained. This DMD algorithm can be used to determine
the eigenvectors and eigenvalues of a system. These eigenvalues and eigenvectors can be used
to determine the temperature evolution in the RAM. In this appendix, the DMD algorithm is
presented.

In Section 2.5 the DMD algorithm is derived. This derivation could be summarized as
follows[14][13]:

1. Take from the numerical simulation N snapshots (v1,v2, ...,vN ) which are each a distance
∆T apart. This matrix should be a full matrix.

2. Define: V N−1
1 = (v1,v2, ...,vN−1).

3. Define: V N
2 = (v2,v3, ...,vN ).

4. Determine: [U,Σ,W ] = svd(V N−1
1 , 0).

5. Determine: S̃ = UHV N
2 WΣ−1.

6. Determine: [X,E] = eig(S̃).

7. Determine eigenvalues: µm = log(emm)/∆T (with emm element {m,m} of matrix E).

8. Determine dynamic modes: φm = Uxm with xm the m-th column of matrix X.
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Appendix E

Derivation solution temperature
evolution RAM

In this appendix, the derivation of the analytic solutions of the advection-diffusion equation as
seen in Chapter 3 is presented.

E.1 Derivation analytic temperature evolution RAM without velocity

In this section, the analytic solution of the advection-diffusion equation when u = 0 as presented
in Chapter 3 is derived.

The equation is as follows when no velocity is present:

∂C

∂t
=

1

Pe
∇2C, C(t = 0) = 0 and C(r = 1) = 1. (E.1)

The RAM is in a circular domain. Therefore, if the temperature C without velocity should
be solved analytically, it is determined in polar coordinates (r, θ) [4]. Therefore, the temperature
depends on the radial component r relative to the origin, the angular term θ and time t, with
0 < r ≤ 1, 2π ≤ θ < 0 and t > 0.
In order to find the analytic solution of the temperature C without velocity the following
temperature is defined C̄ = C − 1. When this is implemented in Equation (E.1) , the following
PDE arises:

∂2C̄

∂r2
+

1

r

∂C̄

∂r
+

1

r2

∂2C̄

∂θ2
= Pe

∂C̄

∂t
, C̄(r = 1, t) = 0 and C̄(r, t = 0) = −1. (E.2)

In order to solve this PDE separation of variables is applied to the equation. It is assumed
that the solution of C̄ has the form C̄(r, t) = R̄(r)Θ̄(θ)Γ̄(t). In this equation, is R̄ the radial
component, Θ̄ the angular component and Γ̄ the temporal component of the conductive temper-
ature. Due to this the new boundary condition is R̄(1) = 0. The new form of C̄ is implemented
in Equation (E.2):

∂C̄

∂t
=

1

Pe

(
∂2C̄

∂r2
+

1

r

∂C̄

∂r
+

1

r2

∂2C̄

∂θ2

)
,

∂R̄Θ̄Γ̄

∂t
=

1

Pe

(
∂2R̄Θ̄Γ̄

∂r2
+

1

r

∂R̄Θ̄Γ̄

∂r
+

1

r2

∂2R̄Θ̄Γ̄

∂θ2

)
,

R̄Θ̄
dΓ̄

dt
=

1

Pe

(
Γ̄Θ̄

d2R̄

dr2
+

Γ̄Θ̄

r

dR̄

dr
+
R̄Γ̄

r2

d2Θ̄

d2θ̄

)
,

Pe
1

Γ̄

dΓ̄

dt
=

1

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
+

1

r2

1

Θ̄

d2Θ̄

dθ2
= Λ.
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In this new equation Λ is a constant that should hold for both equations. This value
will be determined in the derivation. In this derivation the following cases are determined:
Λ = 0, λ2,−λ2 with λ ∈ R.

E.1.1 Solve separated odes advection-diffusion equation for Λ = 0

The separate ODEs as defined in the equations after separation of variables should be solved
when Λ = 0. First, the time component Γ̄(t) is solved as follows:

dΓ̄

dt
= 0,

Γ̄(t) = K1.

In this time component equation K1 is a constant value.

The next step is to solve the PDE with the radial component R̄(r) and the angular compo-
nent Θ̄(θ). In order to be able to solve this PDE, the radial and angular component have to be
split with separation of variables. This is done as follows:

1

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
+

1

r2

1

Θ̄

d2Θ̄

dθ2
= 0,

r2

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
= − 1

Θ̄

d2Θ̄

dθ2
= n2.

In these separated ODEs n ∈ R is a constant that should be solved.

The angular component is solved as follows[4]:

−1

Θ̄

d2Θ̄

dθ2
= n2,

Θ̄(θ) = K2 sin(nθ) +K3 cos(nθ).

In this angular component equation K2 and K3 are two constant values that need to be solved.
An initial condition with respect to the angular component, is that the position at θ = 0 is
equal to the position at θ = 2π (Θ̄(θ = 0) = Θ̄(θ = 2π) and Θ̄′(θ = 0) = Θ̄′(θ = 2π)). This
leads to n = 0, 1, 2, 3....

The radial component R̄(r) is solved as follows:

r2

R̄

(
d2R̄

dr2
+

1

r

dR̄

dr

)
= n2,

R̄(r) = K4 cosh(n ln(r)) + iK5 sinh(n ln(r)).

In the radial component equation ln(x) is the natural logarithm and K4 and K5 are two con-
stants.
The boundary condition that relates to the radius could be implemented in this radial compo-
nent equation (R̄(r = 1) = 0). Then it turns out that K4 = 0. Further, K5 = 0, because the
temperature C̄ should be finite when r → 0. Therefore, Λ = 0 has no solution.

E.1.2 Solve separated odes advection-diffusion equation for Λ = λ2 > 0

The first step in obtaining the solution for Λ = λ2 > 0 is determining the separate parts of
the PDE with the radial component R̄(r) and the angular component Θ̄(θ) with separation of
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variables. This is done as follows:

1

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
+

1

r2

1

Θ̄

d2Θ̄

dθ2
= λ2,

r2

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
− λ2r2 = − 1

Θ̄

d2Θ̄

dθ2
= n2.

The solution for the angular component Θ̄ is equal to the solution in Section E.1.1. Therefore,
it is known that n = 0, 1, 2, . . . .
Now, the radial component R̄(r) is solved as follows[3]:

1

R̄

(
d2R̄

dr2
+

1

r

dR̄

dr

)
− λ2r2 = n2,

1

R̄

(
d2R̄

dr2
+

1

r

dR̄

dr

)
− (λ2r2 + n2) = 0,

R̄(r) = K4Jn(−iλr) +K5Yn(−iλr).

In the radial component equation Jn(x) is the n-th order Bessel function of the first kind, Yn(x)
is the n-th order Bessel function of the second kind, i is the imaginary number and K4 and
K5 are two constants. The temperature without velocity is finite when r → 0, therefore K5 = 0.

One boundary condition is R̄(1) = 0. Therefore, R̄(1) = K4Jn(iλ) = 0. This boundary
condition could be solved if iλn are the zeros for the Bessel function Jn(x). However, this is
not possible, because Λ = λ2 > 0 does not hold anymore. Therefore K4 = 0. In conclusion, the
temperature does not have a nontrivial solution when Λ = λ2.

E.1.3 Solve separated odes advection-diffusion equation for Λ = −λ2

Finally, the separate ODE and PDE as defined in the equations after separation of variables
should be solved when Λ = −λ2. First, the time component Γ̄(t) is solved as follows:

dΓ̄

dt
= −λ2 1

Pe
Γ̄,

Γ̄(t) = K1e
−λ2t 1

Pe .

In this time component equation K1 is a constant.

The next step is again, determine the separate parts of the PDE with the radial component
R̄(r) and the angular component Θ̄(θ) by using separation of variables. This is done as follows:

1

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
+

1

r2

1

Θ̄

d2Θ̄

dθ2
= −λ2,

r2

R̄

(
d2R̄

d2r
+

1

r

dR̄

dr

)
+ λ2r2 = − 1

Θ̄

d2Θ̄

dθ2
= n2.

First, the solution of the angular component Θ̄ is the same as defined in Section E.1.1.
Therefore, it also can be concluded that n = 0, 1, 2, . . . .

The next step is solving the radial component R̄. The radial component R̄(r) can be solved
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as follows [3]:

r2 1

R̄

d2R̄

dr2
+ r

1

R̄

dR̄

dr
+ λ2r2 = n2,

r2 d2R̄

dr2
+ r

dR̄

dr
+ (λ2r2 − n2)R̄ = 0,

R̄(r) = K4Jn(λr) +K5Yn(λr).

In the radial component equation Jn(x) is the n-th order Bessel function of the first kind, Yn(x)
is the n-th order Bessel function of the second kind and K4 and K5 are two constants. The
temperature without velocity is finite when r → 0, therefore K5 = 0.

The boundary condition is R̄(1) = 0. Therefore, R̄(1) = K4Jn(λ) = 0. This boundary
condition is satisfied if λn,m with m = 1, 2, 3, ... are the zeros for the Bessel function Jn(x).

In order to satisfy the initial conditions the superposition principle is applied:

C̄(r, θ, t) =

∞∑
n=0

∞∑
m=1

Jn(λn,mr)e
−λ2

n,mt
1

Pe (an,m cos(nθ) + bn,m sin(nθ)). (E.3)

In Equation (E.3) are the constants an,m = K1K3K4 and bn,m = K1K2K4 defined. The constant
values an,m and bn,m should be solved with the last initial condition (C̄(r, θ, t = 0) = −1). When
this initial condition is implemented, it leads to:

Ĉ(r, θ, t = 0) =
∞∑
n=0

∞∑
m=1

Jn(λn,mr)(an,m cos(nθ) + bn,m sin(nθ)) = −1. (E.4)

In order to be able to solve the constants an,m and bn,m, Equation (E.4) is multiplied with
some smart functions. First, Equation (E.4) is multiplied with the Fourier-Bessel coefficient∫ 1
r=0 rJn(λn,lr)dr and

∫ 2π
θ=0 cos(pθ)dθ[4]. This leads to:∫ 2π

θ=0

∫ 1

r=0

∞∑
n=0

∞∑
m=1

Jn(λn,mr)(an,m cos(nθ) + bn,m sin(nθ))rJn(λn,lr) cos(pθ)drdθ

= −
∫ 2π

θ=0

∫ 1

r=0
rJn(λn,lr) cos(pθ)drdθ. (E.5)

In Equation (E.5), the following term arises:

an,m

∫ 1

r=0
rJ2

n(λn,mr)dr

∫ 2π

θ=0
cos2(nθ)dθ =

−
∫ 2π

θ=0

∫ 1

r=0
rJn(λn,mr) cos(nθ)drdθ.

This is because, for m 6= l and n 6= p, the terms disappear.
This can be summarized to constant an,m:

an,m = −
∫ 2π
θ=0

∫ 1
r=0 rJn(λn,mr) cos(nθ)drdθ∫ 1

r=0 rJ
2
n(λn,mr)dr

∫ 2π
θ=0 cos2(nθ)dθ

. (E.6)
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For n ≥ 1 this leads to an,m = 0. However, when n = 0 this leads to:

a0,m =
−
∫ 1
r=0 rJ0(λ0,mr)dr∫ 1

r=0 rJ
2
0 (λ0,mr)dr

,

=

−1
λ0,m

J1(λ0,m)

1
2(J2

0 (λ0,m) + J2
1 (λ0,m))

,

= − 2J1(λ0,m)

λ0,mJ2
1 (λ0,m)

= − 2

λ0,mJ1(λ0,m)
.

The constant a0,m could be found with the knowledge that J0(λ0,m) = 0.

Constant bn,m can be found by multiplying Equation (E.4) with the Fourier-Bessel coefficient∫ 1
r=0 rJn(λn,lr)dr and

∫ 2π
θ=0 sin(pθ)dθ[4]. Just as with the derivation of an,m the summation will

disappear for m 6= l and n 6= p. This leads to the following term for constant bn,m:

bn,m = −
∫ 2π
θ=0

∫ 1
r=0 rJn(λn,mr) sin(nθ)drdθ∫ 1

r=0 rJ
2
n(λn,mr)dr

∫ 2π
θ=0 sin2(nθ)dθ

. (E.7)

However, for n ≥ 0 this summation leads to bn,m = 0.

Now, the solution for Equation (E.1) can be determined. When constants an,m and bn,m are
implemented in Equation (E.3) and with the knowledge that C̄ = C − 1, it is possible to find
the analytic expression of the heat transfer without velocity C[4]:

C(r, t) = 1− 2

∞∑
m=1

J0(λ0,mr)

λ0,mJ1(λ0,m)
e−λ

2
0,mt

1
Pe . (E.8)

E.2 Derivation temperature evolution RAM with asymmetric boundary
condition

In this section, the analytic solution of the advection-diffusion equation is derived, when the
boundary condition is asymmetric and the velocity field in the RAM is u = 0.

E.2.1 Derivation analytic stationary temperature field for example
boundary condition

In this section, the stationary solution (∂C∂t = 0) of the advection-diffusion equation is determined
in case the boundary conditions are asymmetric (C|Γ = 1

2(sin θ+1)). This asymmetric boundary
is a specific example. Further, there is no velocity field (u = 0). The advection-diffusion
equation in this case, reads as follows:

0 =
1

Pe

(
∂2C

∂r2
+

1

r

∂C

∂r
+

1

r2

∂2C

∂θ2

)
, C|Γ =

1

2
(sin θ + 1). (E.9)

If the temperature C̄ = C − 1/2 is defined, the boundary condition of Equation (E.9) is
C̄(r = 1) = 1/2 sin θ.

The next step is solving the stationary solution of this PDE. It is assumed that the solution
is of the following form:

C̄(r, θ) = f(r)
1

2
sin θ. (E.10)

In this assumption is f(r) a function only depending on r and f(r = 1) = 1, because then
C̄(r = 1, θ) = 1

2 sin θ. It is assumed that f(r) = rl, with l a constant that should be determined.
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When Equation (E.10) and the assumption for f(r) is implemented in Equation (E.9) it
leads to:

1

2
r2 sin θ

d2f

dr2
+

1

2
r sin θ

df

dr
− 1

2
sin θf = 0,

r2 d2f

dr2
+ r

df

dr
− f = 0,

r2(l − 1)lrl−2 + rlrl−1 − rl = 0,

(l − 1)l + l − 1 = 0.

The constant value l = ±1. Thus f(r) = r±1. However, the temperature C̄ should be finite
when r → 0, thus l = 1. This leads to function f(r) = r.

When function f(r) is implemented in Equation (E.10) it leads to the stationary solution of
temperature C(r, θ) when the boundary conditions are asymmetric:

C(r, θ) =
1

2
r sin θ +

1

2
. (E.11)

E.2.2 Derivation analytic stationary temperature field for Fourier series
boundary condition

In the previous section, the stationary solution of the advection-diffusion equation is derived for
a specific asymmetric boundary. In this section the stationary solution for a general boundary
condition is presented. The boundary condition can be written as a Fourier series:

C(r = 1, θ) =
∑
l

αle
ilθ ∈ [0, 1], (E.12)

with αl constants.

In this section, the following problem is solved:

0 =
∂2C

∂r2
+

1

r

∂C

∂r
+

1

r2

∂2C

∂θ2
, C|Γ =

∑
l

αle
ilθ ∈ [0, 1]. (E.13)

It is assumed that the solution to this problem is:

C(r, θ) =
∑
l

Cl(r, θ) =
∑
l

fl(r)αle
ilθ, (E.14)

with f(r = 1) = 1.
For an arbitrary Cn(r, θ), the function fn(r) should be determined. It is assumed that

the function has the following form fn(r) = rl, with l a constant value. This Cn and fn are
implemented in Equation (E.13):

∂2Cn
∂r2

+
1

r

∂Cn
∂r

+
1

r2

∂2Cn
∂θ2

= 0,

∂2fn
∂r2

+
1

r

∂fn
∂r
− 1

r2
fn(r)n2 = 0,

r2(l − 1)lrl−2 + rlrl−1 − rln2 = 0,

(l − 1)l + l − n2 = 0.

From this it can be concluded that l = ±n. Temperature Cn should be finite when r → 0,
thus l = n. This leads to fn(r) = rn.
The general stationary solution is C(r, θ) =

∑
l αle

ilθrl.
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E.2.3 Derivation analytic solution time dependent temperature field RAM
with asymmetric boundary condition

In this section, the advection-diffusion equation is solved, when u = 0 and the boundary condi-
tions are asymmetric. The boundary conditions are the same as in the example of Section E.2.1.

The following problem is solved:

∂C

∂t
=

1

Pe

(
∂2C

∂r2
+

1

r

∂C

∂r
+

1

r2

∂2C

∂θ2

)
, C|Γ =

1

2
(sin θ + 1) and C(t = 0) = 0. (E.15)

In order to solve this equation, the temperature C is divided in the stationary part C∞(r, θ)
and the time dependent part C̄, such that C = C∞ + C̄. When these two temperature fields
are defined, the problem in Equation (E.15) can now be written as:

0 =
1

Pe

(
∂2C∞
∂r2

+
1

r

∂C∞
∂r

+
1

r2

∂2C∞
∂θ2

)
, C∞|Γ =

1

2
(sin θ + 1),

∂C̄

∂t
=

1

Pe

(
∂2C̄

∂r2
+

1

r

∂C̄

∂r
+

1

r2

∂2C̄

∂θ2

)
, C̄|Γ = 0 and C̄(t = 0) = −C∞(r, θ).

The stationary part C∞ is already solved in Section E.2.1 (C∞ = 1
2 + 1

2r sin θ). The next step
in solving Equation (E.15), is solving C̄. The solution of C̄ is already provided in Section E.1.

This leads to:

C̄(r, θ, t) =

∞∑
n=0

∞∑
m=1

Jn(λn,mr)e
−λ2

n,mt
1

Pe (an,m cos(nθ) + bn,m sin(nθ)). (E.16)

In Equation (E.16) are the constants an,m and bn,m defined.
When the initial condition (C̄(t = 0) = −C∞) is implemented in this equation, the constant

values an,m and bn,m could be solved:

C̄(r, θ, t = 0) =

∞∑
n=0

∞∑
m=1

Jn(λn,mr)(an,m cos(nθ) + bn,m sin(nθ)) = −C∞. (E.17)

When this equation is multiplied with
∫ 1
r=0 rJn(λn,lr)dr and

∫ 2π
θ=0 cos(lθ)dθ, then[4]:

an,m =

∫ 2π
θ=0

∫ 1
r=0−C∞(r, θ)rJn(λn,mr) cos(nθ)drdθ∫ 1
r=0 rJ

2
n(λn,mr)dr

∫ 2π
θ=0 cos2(nθ)dθ

. (E.18)

This constant is equal to 0 for n ≥ 1 and C∞ = 1
2 + 1

2r sin θ, but when n = 0 it leads to:

a0,m =

∫ 2π
θ=0

∫ 1
r=0−C∞(r, θ)rJ0(λ0,mr)drdθ∫ 1
r=0 rJ

2
0 (λ0,mr)dr

∫ 2π
θ=0 1dθ

=
−πJ1(λ0,m)/λ0,m

1/2J2
1 (λ0,m)2π

=
−1

λ0,mJ1(λ0,m)
.

Now the constants an,m are known. In order to determine constant bn,m, Equation (E.17)

is multiplied with
∫ 1
r=0 rJn(λn,lr)dr and

∫ 2π
θ=0 sin(lθ)dθ[4]:

bn,m =

∫ 2π
θ=0

∫ 1
r=0−C∞(r, θ)rJn(λn,mr) sin(nθ)drdθ∫ 1
r=0 rJ

2
n(λn,mr)dr

∫ 2π
θ=0 sin2(nθ)dθ

. (E.19)

This leads to constant bn,m = 0 for n = 0 and n ≥ 2. However, when n = 1 it leads to:

b1,m =

∫ 2π
θ=0

∫ 1
r=0−(1/2 + 1/2r sin θ)rJ1(λ1,mr) sin(θ)drdθ∫ 1

r=0 rJ
2
1 (λ1,mr)dr

∫ 2π
θ=0 sin2(θ)dθ

=
−πJ2(λ1,m)/(2λ1,m)

1/2J2
0 (λ1,m)π

=
−J2(λ1,m)

J2
0 (λ1,m)λ1,m

.

87



When the constant values an,m and bn,m are implemented in Equation (E.16) it leads to:

C̄(r, θ, t) =
∞∑
m=1

J0(λ0,mr)e
−λ2

0,mt
1

Pe
−1

λ0,mJ1(λ0,m)
+
∞∑
m=1

J1(λ1,mr)e
−λ2

1,mt
1

Pe sin θ
−J2(λ1,m)

J2
0 (λ1,m)λ1,m

.

The complete solution of the asymmetric boundary condition temperature as presented in
Equation (E.15) is:

C(r, θ, t) =

∞∑
m=1

J0(λ0,mr)e
−λ2

0,mt
1

Pe
−1

λ0,mJ1(λ0,m)

+
∞∑
m=1

J1(λ1,mr)e
−λ2

1,mt
1

Pe sin θ
−J2(λ1,m)

J2
0 (λ1,m)λ1,m

+ 1/2 + 1/2r sin θ. (E.20)

This solution is an example asymmetric boundary condition. When the asymmetric bound-
ary condition is an arbitrary Fourier series as defined in Section E.2.2, the same procedure could
be followed. This leads to:

C(r, θ, t) =

∞∑
n=0

∞∑
m=1

Jn(λn,mr)e
−λ2

n,mt
1

Pe (an,m cos(nθ) + bn,m sin(nθ)) + C∞(r, θ)

with C∞(r, θ) =
∑
l

αle
ilθrl,

an,m =

∫ 2π
θ=0

∫ 1
r=0−C∞rJn(λn,mr) cos(nθ)drdθ∫ 1

r=0 rJ
2
n(λn,mr)dr

∫ 2π
θ=0 cos2(nθ)dθ

=


∫ 2π
θ=0

∫ 1
r=0−C∞rJn(λn,mr) cos(nθ)drdθ

1
2
J2
n+1(λn,m)π

, if n ≥ 1∫ 2π
θ=0

∫ 1
r=0−C∞rJn(λn,mr) cos(nθ)drdθ

1
2
J2
n+1(λn,m)2π

, if n = 0,

bn,m =

∫ 2π
θ=0

∫ 0
r=1−C∞rJn(λn,mr) sin(nθ)drdθ∫ 1

r=0 rJ
2
n(λn,mr)dr

∫ 2π
θ=0 sin2(nθ)dθ

=


∫ 2π
θ=0

∫ 0
r=1−C∞rJn(λn,mr) sin(nθ)drdθ

1
2
J2
n+1(λn,m)π

, if n ≥ 1

0, if n = 0.

E.3 Derivation analytic temperature evolution RAM with solid body
rotation velocity field

The advection-diffusion equation is solved when the angular velocity field is equal to uθ = ωr
with ω the angular velocity. With this velocity field a solid body rotation occurs. The advection-
diffusion equation in this case, reads as follows:

∂C

∂t
+ ω

∂C

∂θ
=

1

Pe

(
∂2C

∂r2
+

1

r

∂C

∂r
+

1

r2

∂2C

∂θ2

)
, C(r = 1) = 1 and C(t = 0) = 0. (E.21)

The derivation of this PDE is a little different than the other advection-diffusion equations,
because a solution of the PDE is assumed. The initial temperature is a zero temperature field.
This temperature field is heated by the boundary, which produces a symmetric temperature
field, as seen when no velocity is present. The heated fluid will only move in angular direction,
leading to no change in the symmetric temperature field. Therefore, it is assumed that the
solution of the advection-diffusion equation with a solid body rotation is equal to Equation
(E.8). Notice, that it will be independent of ω.
When this solution is implemented in the PDE, the solution holds. This is because the tem-
perature field is independent of θ, such that ω ∂C∂t disappears. Further, the initial condition
C(t = 0) = 0 also still holds, because it is the same value as when no velocity is present.

Therefore the solution of Equation (E.21) is:

C(r, t) = 1− 2
∞∑
m=1

J0(λ0,mr)e
−λ2

0,mt
1

Pe
1

λ0,mJ1(λ0,m)
. (E.22)
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Appendix F

State-space form RAM by using
finite volume method

In this appendix, the implementation of the finite volume scheme is analyzed in more detail.
The finite volume scheme is presented in Section 4.1. The aim of this finite volume scheme, is
to write the dynamics of the RAM in state-space form (dC

dt = A(u)C+ b(u)). The matrix A(u)
and vector b(u) are determined in this appendix for Mr = 4 and Mθ = 4.

The finite volume scheme of grid points j = 1, ...,Mr−1, k = 1, ...,Mθ−1 is shown in Section
4.1.1. In order to implement this scheme in the state-space form, the scheme is rewritten as
follows:(

dC

dt

)
j,k

= f j,k1 Cj,k + f j,k2 Cj+1,k + f j,k3 Cj−1,k + f j,k4 Cj,k+1 + f j,k5 Cj,k−1, with

f j,k1 =
1

rj

1

∆r
[−1

2
ur,j+1/2,krj+1/2 +

1

2
ur,j−1/2,krj−1/2] +

1

rj

1

∆θ
[−1

2
uθ,j,k+1/2 +

1

2
uθ,j,k−1/2]

+
1

Pe

1

rj

1

∆r2
[−rj+1/2 − rj−1/2]− 2

1

Pe

1

r2
j

1

∆θ2
,

f j,k2 = − 1

rj

1

∆r

1

2
ur,j+1/2,krj+1/2 +

1

Pe

1

rj

1

∆r2
rj+1/2,

f j,k3 =
1

rj

1

∆r

1

2
ur,j−1/2,krj−1/2 +

1

Pe

1

rj

1

∆r2
rj−1/2,

f j,k4 = − 1

rj

1

∆θ

1

2
uθ,j,k+1/2 +

1

Pe

1

r2
j

1

∆θ2
,

f j,k5 =
1

rj

1

∆θ

1

2
uθ,j,k−1/2 +

1

Pe

1

r2
j

1

∆θ2
.

The finite volume scheme of grid points j = 1, ...,Mr − 1, k = 0 is presented in Section
4.1.1, with the periodicity condition in Section 4.1.3. In order to implement this scheme in the
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state-space form, the scheme is rewritten as follows:(
dC

dt

)
j,0

= gj1Cj,0 + gj2Cj+1,0 + gj3Cj−1,0 + gj4Cj,1 + gj5Cj,Mθ−1, with

gj1 =
1

rj

1

∆r
[−1

2
ur,j+1/2,0rj+1/2 +

1

2
ur,j−1/2,0rj−1/2] +

1

rj

1

∆θ
[−1

2
uθ,j,1/2 +

1

2
uθ,j,−1/2]

+
1

Pe

1

rj

1

∆r2
[−rj+1/2 − rj−1/2]− 2

1

Pe

1

r2
j

1

∆θ2
,

gj2 = − 1

rj

1

∆r

1

2
ur,j+1/2,0rj+1/2 +

1

Pe

1

rj

1

∆r2
rj+1/2,

gj3 =
1

rj

1

∆r

1

2
ur,j−1/2,0rj−1/2 +

1

Pe

1

rj

1

∆r2
rj−1/2,

gj4 = − 1

rj

1

∆θ

1

2
uθ,j,1/2 +

1

Pe

1

r2
j

1

∆θ2
,

gj5 =
1

rj

1

∆θ

1

2
uθ,j,−1/2 +

1

Pe

1

r2
j

1

∆θ2
.

The finite volume scheme of the origin of the RAM (grid point j = 0) is derived in Section
4.1.2. In order to implement this scheme in the state-space form, the scheme is written as
follows: (

dC

dt

)
0

= h1C0 +

Mθ−1∑
k=0

hk2, with

h1 = − 1

∆r

∆θ

π

Mθ−1∑
k=0

ur,1/2,k −
1

Pe

2

∆r2

∆θ

π
MθC1,k,

hk2 = − 1

∆r

∆θ

π
ur,1/2,k +

1

Pe

2

∆r2

∆θ

π
.

When Mr = 4 and Mθ = 4, the state-space form is as follows:

d

dt



C0

C1,0

C2,0

C3,0

C1,1

C2,1

C3,1

C1,2

C2,2

C3,2

C1,3

C2,3

C3,3



=



h1 h0
2 0 0 h1

2 0 0 h2
2 0 0 h3

2 0 0
g1

3 g1
1 g1

2 0 g1
4 0 0 0 0 0 g1

5 0 0
0 g2

3 g2
1 g2

2 0 g2
4 0 0 0 0 0 g2

5 0
0 0 g3

3 g3
1 0 0 g3

4 0 0 0 0 0 g3
5

f1,1
3 f1,1

5 0 0 f1,1
1 f1,1

2 0 f1,1
4 0 0 0 0 0

0 0 f2,1
5 0 f2,1

3 f2,1
1 f2,1

2 0 f2,1
4 0 0 0 0

0 0 0 f3,1
5 0 f3,1

3 f3,1
1 0 0 f2,1

4 0 0 0

f1,2
3 0 0 0 f1,2

5 0 0 f1,2
1 f1,2

2 0 f1,2
4 0 0

0 0 0 0 0 f2,2
5 0 f2,2

3 f2,2
1 f2,2

2 0 f2,2
4 0

0 0 0 0 0 0 f3,2
5 0 f3,2

3 f3,2
1 0 0 f3,2

4

f1,3
3 f1,3

4 0 0 0 0 0 f1,3
5 0 0 f1,3

1 f1,3
2 0

0 0 f2,3
4 0 0 0 0 0 f2,3

5 0 f2,3
3 f2,3

1 f2,3
2

0 0 0 f3,3
4 0 0 0 0 0 f3,3

5 0 f3,3
3 f3,3

1





C0

C1,0

C2,0

C3,0

C1,1

C2,1

C3,1

C1,2

C2,2

C3,2

C1,3

C2,3

C3,3



+



0
0
0
g3

2

0
0

f3,1
2

0
0

f3,2
2

0
0

f3,3
2



.

Notice, that due to the boundary condition of CMr,k = 1 some terms end up in vector b(u)
of the state-space form. Further, matrix A(u) is nonsingular (i.e. the determinant of matrix
A(u) is not 0). This means that all eigenvalues are not equal to 0.
This is shown in Figure F.1, by showing the eigenvalues when Mr = 4, Mθ = 4, Pe = 1, U = −1
and ∆ = 45◦.
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Figure F.1: Eigenvalues A(u) when one wall is active, with Pe = 1, Mr = 4, Mθ = 4, U = −1 and
∆ = 45◦.

Figure F.1 shows that no eigenvalue is located at the origin. Therefore, matrix A(u) is
nonsingular. Further, it also shows that all eigenvalues are located in the left half plane. This
means that matrix A(u) is stable. This is also intuitively obtained, since the RAM converges
towards the boundary temperature.
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Appendix G

Oscillations finite volume model
RAM

In Chapter 4, a numerical model of the RAM was constructed with the finite volume method.
During the derivation of this model, the central difference scheme is used. Due to this scheme,
it is possible that oscillations appear in the results of the numerical model. In this appendix, it
is determined when oscillations appear.

To determine if the finite volume method shows oscillations, the scheme is considered in
stationary state (i.e. dC

dt = 0). Also, it is determined separately if the oscillations appear in the
radial or angular direction.

First, the oscillations in angular direction is determined. The discretized terms in angular
direction are extracted from Equation (4.5) (i.e. the terms from 1

r
∂
∂θ (uθC)− 1

Pe
1
r2
∂2C
∂θ2 = 0):

0 =
1

rj

1

∆θ
[−1

2
(Cj,k+1 + Cj,k)uθ,j,k+1/2 +

1

2
(Cj,k−1 + Cj,k)uθ,j,k−1/2]

+
1

Pe

1

r2
j

1

∆θ2
[Cj,k+1 − 2Cj,k + Cj,k−1].

This discretization scheme is rewritten to:

0 = (− 1

rj

1

∆θ

1

2
uθ,j,k+1/2 +

1

Pe

1

r2
j

1

∆θ2
)Cj,k+1

+ (
1

rj

1

∆θ

1

2
uθ,j,k−1/2 +

1

Pe

1

r2
j

1

∆θ2
)Cj,k−1

+ ((
1

rj

1

∆θ

1

2
)(−uθ,j,k+1/2 + uθ,j,k−1/2)− 2

1

Pe

1

r2
j

1

∆θ2
)Cj,k. (G.1)

It is assumed that the solution of the temperature in the angular direction is Cj,k = P kθ and
independent of r. When this assumption is implemented in Equation (G.1), it leads to:

0 = (− 1

rj

1

∆θ

1

2
uθ,j,k+1/2 +

1

Pe

1

r2
j

1

∆θ2
)P 2

θ

+ (
1

rj

1

∆θ

1

2
uθ,j,k−1/2 +

1

Pe

1

r2
j

1

∆θ2
)

+ ((
1

rj

1

∆θ

1

2
)(−uθ,j,k+1/2 + uθ,j,k−1/2)− 2

1

Pe

1

r2
j

1

∆θ2
)Pθ.
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The roots of this equation are:

Pθ,j,k,1,2 =
1

2(1− rj∆θPe1
2uθ,j,k+1/2)

[((rj∆θPe
1

2
)(uθ,j,k+1/2 − uθ,j,k−1/2) + 2)

± [((rj∆θPe
1

2
)(−uθ,j,k+1/2 + uθ,j,k−1/2)− 2)2

− 4(1− uθ,j,k+1/2rj∆θPe
1

2
)(1 + uθ,j,k−1/2rj∆θPe

1

2
)]1/2].

When Pθ < 0, the solution of Cj,k = P kθ is oscillatory. Roots Pθ,1,2 are determined for various
number of grid points in angular direction Mθ = [50, 320, 3200]. Further, Mr = 50, Pe = 1000
and one wall of size ∆ = 45◦ is active at velocity U = −1. The negative roots Pθ,1,2 are
presented in the first row of Figure G.1. The second row shows the final temperature field C∞
of that particular grid. The final temperature field is reached when the temperature does not
change over time anymore (i.e. 1

∆t |C(t)− C(t+ ∆t)| ≤ 10−5).

(a) Roots Mθ = 50 (b) Roots Mθ = 320 (c) Roots Mθ = 3200

(d) Final temperature Mθ = 50 (e) Final temperature Mθ = 320 (f) Final temperature Mθ = 3200

Figure G.1: Negative roots Pθ,1,2 and corresponding final temperature of a single walled RAM of size
∆ = 45◦ and U = −1. Further, Pe = 1000 and Mr = 50.

In Figure G.1c it is shown that when Mθ = 3200 no negative roots exist in radial direction.
Therefore, no oscillations are present in radial direction in the computation of the temperature.
The final temperature of Mθ = 3200 in Figure G.1f confirms this statement. However, when
the negative roots are determined for Mθ = 320 in Figure G.1b it is visible that in a few grid
points root Pθ,2 is not positive. However, root Pθ,1 is positive in all grid points. Therefore, it is
assumed that root Pθ,1 constructs the solution of Cj,k and no oscillations occur in the tempera-
ture determination. This statement is confirmed by the final temperature field in Figure G.1e,
because no oscillations are visible. Finally, the final temperature is determined when Mθ = 50
in Figure G.1d. This final temperature shows oscillations at the position of the wall. The
reason for this is visible in the roots Pθ,1,2 in Figure G.1a, because for some grid points both
solutions are negative. Therefore, oscillations occur in the solution of Cj,k in angular direction.
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This investigation is executed for various grid points. From this it could be concluded that
oscillations occur when Mθ < 55, therefore more grid points should be present than this.

The oscillations in radial direction is now investigated with the same procedure. In the
determination of the oscillations in the finite volume scheme, it is assumed that the temperature
in radial direction is Cj,k = P jr . This assumption is implemented in the radial terms of the finite
volume scheme and the roots Pr,1,2 are determined:

Pr,j,k,1,2 =
1

2(rj+1/2 − 1
2∆rPerj+1/2ur,j+1/2,k)

[(
1

2
∆rPe(rj+1/2ur,j+1/2,k − rj−1/2ur,j−1/2,k) + rj+1/2 + rj−1/2)

± [(−1

2
∆rPe(rj+1/2ur,j+1/2,k − rj−1/2ur,j−1/2,k)− rj+1/2 − rj−1/2)2

− 4(rj+1/2 −
1

2
∆rPerj+1/2ur,j+1/2,k)(rj−1/2 +

1

2
∆rPerj−1/2ur,j−1/2,k)]

1/2].

If these roots are negative, the temperature of the finite volume scheme will show oscillations
in radial direction. This is verified with the final temperature C∞ that the finite volume
method generates (i.e. temperature C such that 1

∆t |C(t) − C(t + ∆t)| ≤ 10−5). Roots Pr,1,2
are determined for various grid points in radial direction Mr = [15, 50, 500]. The roots are
determined for a RAM with one wall of size ∆ = 45◦ and U = −1. Further, Mθ = 320 and
Pe = 1000. The negative roots and the final temperature field C∞ for every mesh is visible in
row one and two of Figure G.2, respectively.

(a) Roots Mr = 15 (b) Roots Mr = 50 (c) Roots Mr = 500

(d) Final temperature Mr = 15 (e) Final temperature Mr = 50 (f) Final temperature Mr = 500

Figure G.2: Negative roots Pr,1,2 and corresponding final temperature of a single walled RAM of size
∆ = 45◦ and U = −1. Further, Pe = 1000 and Mθ = 320.

In Figure G.2c it is visible that when Mr = 500, no roots are negative. Therefore, the final
temperature field also shows no oscillations (see Figure G.2f). When Mr = 50 it is visible in
Figure G.2b that for some points one of the two roots is negative. However, there are no points
where both roots are negative. Therefore, it is assumed that no oscillations occur in the radial
direction. The final temperature in Figure G.2e confirms this statement. This is also witnessed
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during the determination of the roots in angular direction. Finally, when Mr = 15 it is visible
in Figure G.2a that for some points at the boundary of the RAM both roots are negative.
Therefore, it is assumed that the temperature will show oscillations. The final temperature
field in Figure G.2d confirms this statement. This investigation is executed for various grid
sizes in radial direction. From this it could be concluded, that the finite volume scheme shows
oscillations in radial direction when Mr < 35, therefore the number of grid points should be
more than this value.
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Appendix H

Verification numerical model RAM
with exponentially fitted scheme

In Chapter 5 a numerical model for the RAM is determined by using the exponentially fitted
scheme. In this appendix, the exponentially fitted scheme is verified for various velocity fields.
At the end of this appendix, the robustness of the exponentially fitted scheme is investigated
and it is tested if the coarser grids can be used to speed up the numerical computation.

H.1 Verification exponentially fitted scheme RAM

In this section, the exponentially fitted scheme is verified for various velocity fields. First the
scheme is verified, when no walls are active. Then when a solid body rotation takes place.
Followed by a verification when one wall is active. Finally the exponentially fitted scheme is
verified for two alternatingly active walls.

H.1.1 Verification numerical model RAM with no velocity

The first step in the verification of the exponentially fitted scheme is to determine the temper-
ature without velocity.

In this section, the temperature according to the exponentially fitted scheme is verified with
the analytic temperature solution when C0 = 0 (see Equation (3.2)). The exponentially fitted
scheme determines the temperature for a RAM with initial temperature C0 = 0, Pe = 104,
Mr = 50, Mθ = 320, ∆t = 0.1 and t ∈ [0, 100]. The error between the exponentially fitted
scheme and the analytic solution is shown in Figure H.1.
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Figure H.1: Mean difference per grid point between analytic temperature field and exponentially fitted
scheme temperature solution when no walls are active, with Pe = 104, Mr = 50, Mθ = 320, C0 = 0,
∆t = 0.1 and t ∈ [0, 100].

This figure shows that the error between the analytic solution and the exponentially fitted
scheme is 10−4 for the temperature with the implicit Euler scheme. This value shows that the
temperature of the RAM is determined very accurate by the exponentially fitted scheme when
no velocity is present, because the error is smaller than 0.05. However, notice that when no
velocity is present, only the Taylor series approximation as presented in Section 5.3 is used.

H.1.2 Verification numerical model RAM with solid body rotation

In this section, the temperature of the RAM according to the exponentially fitted scheme is
investigated when the velocity field is a solid body rotation.

When the velocity in the RAM is a solid body rotation and the initial temperature is
C0 = 0, the analytic temperature is the same as the temperature without velocity (see Equation
(3.2)). The exponentially fitted scheme is verified for a RAM with initial temperature C0 = 0,
Pe = 104, Mr = 50, Mθ = 320, ∆t = 0.1 and t ∈ [0, 100]. The velocity is defined as ur = 0 and
uθ = ωr, with ω = −1 the angular velocity. The error between the exponentially fitted scheme
temperature and the analytic solution is shown in Figure H.2.
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Figure H.2: Mean difference per grid point between analytic temperature field and exponentially fitted
scheme temperature solution when a solid body rotation takes place, with Pe = 104, Mr = 50, Mθ = 320,
C0 = 0, ∆t = 0.1, ur = 0, uθ = ωr, ω = −1 and t ∈ [0, 100].

This figure shows that the error between the temperature according to the exponentially
fitted scheme and the analytic solution when a solid body rotation takes place converges towards
10−4 when the implicit Euler scheme is used. This value show that the exponentially fitted
scheme also works well for a solid body rotation. However, also notice that in case of the solid
body rotation, just as with no velocity, the Taylor series approximation of Section 5.3 is used
in the radial direction.

H.1.3 Verification numerical model RAM with one wall

In this section, the exponentially fitted scheme is verified when one wall is active in the RAM.

The RAM with one wall of size ∆ = 45◦ located at 0◦ with velocity U = −1, initial
temperature C0 = 0 and Pe = 1000 is implemented in COMSOL. The temperature of this
COMSOL simulation is compared to the temperature field of the exponentially fitted scheme,
when Mr = 50, Mθ = 320 and ∆t = 0.1. The temperature of the exponentially fitted scheme is
determined with implicit Euler. The average error between the COMSOL simulation and the
exponentially fitted scheme is shown in Figure H.3.
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Figure H.3: Mean difference per grid point between COMSOL temperature field and exponentially fitted
scheme temperature solution when one wall is active, with Pe = 1000, Mr = 50, Mθ = 320, C0 = 0,
∆t = 0.1, U = −1, ∆ = 45◦ and t ∈ [0, 1000].

This figure shows that the error between the COMSOL simulation and the exponentially
fitted scheme converge towards 0.007 when the implicit Euler scheme is used. One reason for this
error is visible in Figure H.4. These figures show that the temperature of the RAM according
to the exponentially fitted scheme is determined overall pretty good. However, opposite the
moving wall the temperature is in a few points determined less accurately due to periodicity.
Another, reason for these errors is not due to the exponentially fitted scheme, but due to the
COMSOL simulation. It is possible that the COMSOL simulation determines the temperature
field of the RAM not accurately enough.
However, when the error of the exponentially fitted scheme is compared with the error of the
finite volume scheme when one wall is active, the error is reduced (i.e. 0.007 in stead of 0.009).
But, the maximum average error over the time interval of the exponentially fitted scheme is
bigger than the maximum error of the finite volume method.
In conclusion, when one wall is active in the RAM the exponentially fitted scheme determines
the temperature accurate enough for the determination of controllers, because the error is below
0.05. Further, it also determines the temperature with a smaller error than the finite volume
scheme
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(a) Error COMSOL and EFS (b) EFS temperature field

Figure H.4: Difference between COMSOL temperature field and exponentially fitted scheme temperature
at t = 1000 solution when one wall is active, with Pe = 1000, Mr = 50, Mθ = 320, ∆t = 0.1, C0 = 0,
U = −1, ∆ = 45◦ and t ∈ [0, 1000].

H.1.4 Verification numerical model RAM with two alternating active walls

In this section, the exponentially fitted scheme is verified for a RAM with two walls. However,
these walls are not active at the same time. The walls are active alternatingly.

During the determination of the control protocols the walls of the RAM are alternatingly
active. Therefore, the exponentially fitted scheme should also work properly when multiple
walls have been active. It is tested if the exponentially fitted scheme is able to do this by
first activating the moving wall of size ∆ = 45◦ and velocity U = −1 at −90◦ for activation
time Ta = 10. After that, the second moving wall of size ∆ = 45◦ and velocity U = −1
at location 90◦ is activated for the same activation time. The temperature fields that the
exponentially fitted scheme determines is compared with the temperature fields according to a
COMSOL simulation. The average absolute error per grid point is presented in Figure H.5, for
the temperatures determined with implicit Euler.
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Figure H.5: Mean difference per grid point between COMSOL temperature field and exponentially fitted
scheme temperature solution when two walls are alternatingly active located at [−90◦, 90◦], with Pe =
1000, Mr = 50, Mθ = 320, C0 = 0, ∆t = 0.1, U = −1, ∆ = 45◦ and t ∈ [0, 20].

These figures show that the error is increasing and is after one switch already 0.03 with
implicit Euler. However, the error stays equal when the second wall has been active for the
activation time. The error of the exponentially fitted scheme is small enough to determine the
temperature of the RAM. The reason for this error is presented in Figure H.6. This figure shows
that the overall temperature is determined pretty good. However, just as with the single moving
wall, the temperature in a few grid points opposite from the moving wall are determined less
accurately. However, just as with the single moving wall, the error could also be produced by
the COMSOL simulation. When the error is compared to the finite volume scheme error, it is
equal.
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(a) Error COMSOL and EFS (b) EFS temperature field

Figure H.6: Difference between COMSOL temperature field and exponentially fitted scheme temperature at
t = 20 solution when two walls are alternatingly active, with Pe = 1000, Mr = 50, Mθ = 320, ∆t = 0.1,
C0 = 0, U = −1, ∆ = 45◦ and t ∈ [0, 20].

H.2 Verification oscillations exponentially fitted scheme

In Chapter 4, it is explained that the finite volume scheme can show oscillations when the grid
is too coarse. Therefore, the exponentially fitted scheme is derived. However, it is not yet shown
that this numerical model contains no oscillations, where the finite volume scheme does. In this
section, the robustness of the exponentially fitted scheme is investigated. Further, it is tested
if these coarser grids are useful for speeding up the numerical computation.

In Appendix G it is investigated when the finite volume scheme shows oscillations. It is seen,
that this is the case when the temperature for a single-walled RAM of size ∆ = 45◦, velocity
U = −1 and Péclet number Pe = 1000, is determined with a grid size where Mr < 35 or
Mθ < 55. Therefore, in Figure H.7 the final temperature C∞ (i.e. 1

∆t |C(t)−C(t+ ∆t)| ≤ 10−5)
is determined with the finite volume scheme and exponentially fitted scheme. This temperature
field is determined for a single-walled RAM of wall size ∆ = 45◦ and wall velocity U = −1.
Further, Pe = 1000, Mr = 50 and Mθ = 50.

(a) Final temperature finite volume scheme (b) Final temperature exponentially fitted scheme

Figure H.7: Final temperature field according to numerical models of single-walled RAM of wall size ∆ = 45◦

and wall velocity U = −1. Further, Pe = 1000, Mr = 50 and Mθ = 50.

This figure shows, as witnessed in Appendix G, that the finite volume scheme shows oscilla-
tions at the position of the moving wall. However, when the final temperature of the exponen-
tially fitted scheme is observed, no oscillations are visible. Therefore, it can be concluded that
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the assumption that no oscillations occur in the exponentially fitted scheme is correct.

Since, the exponentially fitted scheme does not show oscillations in the temperature on
coarser grids, it can be a useful tool to speed up the computation time. When the temperature
is determined with a coarser grid, but the error is equal to a fine grid error, then it is a useful
tool. This statement is tested in this section by determining the absolute error between the
exponentially fitted scheme and a COMSOL simulation for a single-walled RAM of size ∆ = 45◦

and wall velocity U = −1. Further, C0 = 0, Pe = 1000, Mr = 50, Mθ = 50, ∆t = 0.1 and
t ∈ [0, 1000]. This error evolution is visible in Figure H.8b.

(a) Finite volume method Mr = 50 Mθ = 200,
(b) Exponentially fitted scheme with Mr = 50,

Mθ = 50,

Figure H.8: Mean difference per grid point between COMSOL temperature field and exponentially fitted
scheme or finite volume scheme temperature solution for a RAM with one wall of size ∆ = 45◦. Further,
C0 = 0, Pe = 1000, U = −1, ∆t = 0.1 and t ∈ [0, 1000].

In Figure H.8b it is visible that the absolute mean error between the exponentially fitted
scheme and COMSOL is 0.02. This error is below the set error of 0.05 and therefore sufficient.
This absolute mean error is reached with the finite volume scheme when Mr = 50 and Mθ = 200
(see Figure H.8a). Notice, that the maximum average error of the exponentially fitted scheme
in the time interval is bigger, than the finite volume method. This could be an advantage of
the finite volume method. However, the exponentially fitted scheme can determine for certain
types of RAMs the temperature faster and more accurate than the finite volume scheme.
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Appendix I

Temperature evolution during all
strategy control protocol

In Chapter 6 the all-strategy controller is presented. In this appendix the temperature evolution
during the all-strategy controller is presented for a RAM with Pe = 1000, Mr = 500, Mθ = 3200,
C0 = 0, ε = 0.1 and ∆t = 0.1 with three walls of size ∆ = 45◦ and velocity U = −1.

(a) C(t = Ta) (b) C(t = 2Ta) (c) C(t = 3Ta) (d) C(t = 4Ta) (e) C(t = 5Ta) (f) C(t = 6Ta)

(g) C ′(t = Ta) (h) C ′(t = 2Ta) (i) C ′(t = 3Ta) (j) C ′(t = 4Ta) (k) C ′(t = 5Ta) (l) C ′(t = 6Ta)

(m) u · ∇C(t = Ta) (n) u · ∇C(t = 2Ta) (o) u · ∇C(t = 3Ta) (p) u · ∇C(t = 4Ta) (q) u · ∇C(t = 5Ta) (r) u · ∇C(t = 6Ta)

Figure I.1: Temperature (C), convection temperature (C ′) and velocity contribution (u · ∇C) evolution
at various times (t ∈ [1, 30]) for the three-walled all-strategy controller for Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ε = 0.1 and ∆t = 0.1 with walls ∆ = 45◦ , Ta = 5 and U = −1.Temperature C
is blue when C = 0 and transforms to red when C = 1. Convective temperature C ′ is dark blue when
C ′ = −1, white when C ′ = 0 and dark red when C ′ = 1.u · ∇C is dark blue when u · ∇C ≤ −0.25,
white if u · ∇C = 0 and dark red if u · ∇C ≥ 0.25.
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In Figure I.1 the temperature evolution that the all-strategy control protocol produces when
Ta = 5 is presented by showing temperature C, convective temperature C ′ and velocity con-
tribution u · ∇C. This figure shows that the temperature field that the all-strategy control
protocol of Ta = 5 produces is similar to the temperature field of Ta = 2. Further, the third
row shows the temperature enhancement of the velocity with u · ∇C. These figures show that
the temperature field of Ta = 5 is mixed less than the temperature field of Ta = 2.

In Figure I.2 the temperature evolution that the all-strategy control protocol produces when
Ta = 10 is also presented by showing C, C ′ and u · ∇C.

(a) C(t = Ta) (b) C(t = 2Ta) (c) C(t = 3Ta) (d) C(t = 4Ta) (e) C(t = 5Ta) (f) C(t = 6Ta)

(g) C ′(t = Ta) (h) C ′(t = 2Ta) (i) C ′(t = 3Ta) (j) C ′(t = 4Ta) (k) C ′(t = 5Ta) (l) C ′(t = 6Ta)

(m) u · ∇C(t = Ta) (n) u · ∇C(t = 2Ta) (o) u · ∇C(t = 3Ta) (p) u · ∇C(t = 4Ta) (q) u · ∇C(t = 5Ta) (r) u · ∇C(t = 6Ta)

Figure I.2: Temperature (C), convection temperature (C ′) and velocity contribution (u · ∇C) evolution
at various times (t ∈ [1, 60]) for the three-walled all-strategy controller for Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ε = 0.1 and ∆t = 0.1 with walls ∆ = 45◦ , Ta = 10 and U = −1. Temperature C
is blue when C = 0 and transforms to red when C = 1. Convective temperature C ′ is dark blue when
C ′ = −1, white when C ′ = 0 and dark red when C ′ = 1. u · ∇C is dark blue when u · ∇C ≤ −0.25,
white if u · ∇C = 0 and dark red if u · ∇C ≥ 0.25.

The temperature field that the all-strategy control protocol of Ta = 10 produces is similar to
the temperature field of Ta = [2, 5]. Further, the temperature enhancement due to the velocity
field (u · ∇C) as presented in row three, is similar to the figures of Ta = 5.
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Appendix J

Results closed-loop controllers with
a four-walled RAM

In Chapter 7, it is witnessed that the convective flux controller has almost the same convergence
time as the closed-loop all-strategy controller, when Pe = 1000. However, the convective flux
control protocol is numerically cheaper to compute than the all-strategy control protocol due
to only calculating one temperature each activation time (i.e. less effort to compute the wall).
Therefore, the convective flux control protocol is more desirable. This statement is made by
only determining the convergence time of a RAM with three walls. Therefore, in this appendix
the convergence time for the all-strategy controller and convective flux controller is determined
for a RAM with four walls.

J.1 Results all-strategy control protocol RAM with four walls

In Chapter 6 the convergence time of the closed-loop all-strategy controller is determined. This
convergence time is compared to the convergence time of a fixed control protocol. The conclu-
sion in Chapter 6 was that the convergence time towards ε of the all-strategy control protocol
is faster than the fixed control protocol. In order to verify these results, the fixed control pro-
tocol and the all-strategy control protocol are also determined for a RAM with four walls of
size ∆ = 45◦, velocity U = −1 and activation time Ta = 1. Further, Pe = 1000, Mr = 500,
Mθ = 3200, C0 = 0, ∆t = 0.1 and ε = 0.1. The fixed control protocol in this case is for a
certain activation time t

Ta
the wall at position (( t

Ta
mod 4) + 1) ·−90◦) +45◦ is active (i.e. first

activate wall 2, then wall 3, followed by wall 4 and finally activate wall 1 etcetera).
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(a) Error (b) Activation protocol

Figure J.1: Error and activation protocol at end activation time Ta for closed-loop all-strategy and fixed
controller with four-walled RAM Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1, ε = 0.1 and
walls ∆ = 45◦, Ta = 1 and U = −1.

In Figure J.1a the error after every activation time is plotted. This figure shows that the
fixed control protocol converges to ε at t = 268. The all-strategy controller reaches ε in t = 112.
This time is reached with a control protocol that activates all walls for different activation
times (see Figure J.1b). Further, this figure shows that the convergence time is t = [149, 395]
for one wall activation and no walls activation protocol, respectively. These values show that
the all-strategy control protocol is significantly faster than the fixed control protocol. This is
also witnessed with a RAM with three walls (see Figure 6.3b). When the four-walled RAM
is compared to the RAM with three walls, it is also witnessed that the fixed control protocol
of the three-walled RAM (t = 239) is faster than the four-walled RAM (t = 268). The fluid
flow that the four-walled fixed control protocol produces is therefore less desirable than the
three-walled fixed control protocol fluid flow. However, the convergence time towards ε of the
all-strategy controller is equal in the four and three-walled RAM. In conclusion, this four-walled
RAM confirms once again that the all-strategy controller without disturbance is faster than the
fixed control protocol. It shows as well that smart mixing is very useful.

In Chapter 6 the convergence time of the all-strategy control protocol was also determined
for various activation times Ta. The conclusion in Chapter 6 for these different activation
times was that the convergence time is different for various activation times. The convergence
times of every activation time Ta, is very close to each other. However, for a particular Ta the
convergence time is the smallest. In Chapter 6 this is the case for Ta = 2. In order to verify the
results of the closed-loop all-strategy controller for different activation times Ta, the controller
is also applied to a RAM with four walls of size ∆ = 45◦, velocity U = −1 and activation time
Ta = [1, 2, 5, 10]. Further, Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1 and ε = 0.1.
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(a) Error (b) Activation protocol

Figure J.2: Error and activation protocol at end activation time Ta for closed-loop all-strategy controller
with four-walled RAM Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1, ε = 0.1 and walls
∆ = 45◦ , Ta = [1, 2, 5, 10] and U = −1.

In Figure J.2a it is visible that the all-strategy controller converges towards ε in t =
[112, 104, 100, 110] for Ta = [1, 2, 5, 10], respectively. These convergence times are reached by
activating all walls for various activation times (see Figure J.2b). Further, Figure J.2a shows
that the convergence time is t = [149, 395] for the one wall activation and no walls activation
protocols, respectively.
When the convergence times of a RAM with four walls is compared to a RAM with three walls
(see Figure 6.6b) it is visible that the convergence times are almost equal. However, with four
walls the convergence time to ε is a little bit faster (i.e. t = 100 in stead of t = 106). Further,
this fastest convergence time is also reached with a higher activation time (i.e. Ta = 5 in stead
of Ta = 2). Concluded, when more walls are used in the RAM the convergence time to ε is a
little bit faster, but it is still of the same order.

In conclusion, when four walls are present in the RAM the all-strategy control protocol is
still faster than the fixed control protocol. However, the best activation time of the walls during
the all-strategy control protocol is different for four and three walls.

J.2 Results convective flux control protocol for RAM with four walls

In the previous section, the results of the all-strategy control protocol are verified with a four-
walled RAM. In this section, the results of the four-walled convective flux control protocol are
verified. In Chapter 7, the controller is verified for a RAM with three walls. The conclusion from
this investigation is that the convective flux control protocol and all-strategy control protocol
have almost the same convergence time. However, the convective flux controller has a smaller
control effort.

In order to verify this statement, the convective flux control protocol is determined for a
RAM with four walls of size ∆ = 45◦, velocity U = −1 and activation time Ta = [∆t, 1, 2, 5, 10].
Further, Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1 and ε = 0.1.
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(a) Error (b) Activation protocol

Figure J.3: Error and activation protocol at end activation time Ta for convective flux controller with
four-walled RAM Pe = 1000, Mr = 500, Mθ = 3200, C0 = 0, ∆t = 0.1, ε = 0.1 and walls ∆ = 45◦ ,
Ta = [∆t, 1, 2, 5, 10] and U = −1.

Figure J.3a shows that the convective flux activation protocol reaches ε in t = [95.8, 98, 98, 100, 100]
for Ta = [∆t, 1, 2, 5, 10], respectively. These convergence times are reached with a control proto-
col of activating every wall for various times (see Figure J.3b). When these convergence times
are compared to the convergence times of a three-walled RAM in Figure 7.2a, it is visible that
the four-walled RAM is a little bit faster than the three-walled RAM. However, the difference
is not that big. The reason that the four-walled RAM is faster than the three-walled RAM, is
that the mixing could be executed more accurately when more walls are present in the RAM.
When the convergence time of the four-walled RAM with the convective flux controller is com-
pared to the convergence time of the closed-loop all-strategy controller (see Figure J.2a), it is
visible that the convective flux controller is still faster than the all-strategy controller. However,
the difference is not significantly big.

In conclusion, the convective flux controller produces a control protocol that converges the
RAM temperature to the boundary temperature in a smaller period of time than the all-strategy
controller. This has been witnessed for the three- and four-walled RAM, thus the convective
flux controller is also very robust. Further, when more walls are present in the RAM the con-
vergence time is faster.
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Appendix K

Matlab scripts numerical model
Rotated Arc Mixer

In this appendix the self-made numerical models of the RAM, as used during this master thesis,
are presented. The numerical model is written and solved in Matlab. First, the general script is
presented. The input depends on the discretization method. Therefore, first the finite volume
method and then the exponentially fitted scheme equations are presented.

K.1 Basic script numerical model RAM

1 clear all; close all; clc;
2 %% Numerical model RAM
3 syms u r u theta j k beta alpha Ohm
4 %% Constants discretization and fluid
5 M theta = 3200;
6 M r = 500;
7 ∆ r = 1/(M r);
8 r matrix = 0:∆ r:1;
9 ∆ theta = (2*pi)/(M theta);

10 theta matrix = 0:∆ theta:2*pi;
11 Pe = 1000;
12
13 %% Grid points
14 j points = [0;repmat(1:M r-1,[1 M theta])'];
15 k points = [0;repelem(0:M theta-1,M r-1)'];
16 cor r = ∆ r*j points;
17 cor theta = ∆ theta*k points;
18
19 cor xy = [cor r.*cos(cor theta)...
20 ,cor r.*sin(cor theta)];
21
22 %% Initial condition
23 C 0 = zeros(size(cor theta))';
24
25 %% Define velocity field
26 define velocity field
27
28 %% Define position moving wall
29 Ohm = -1; % Define Ohm = U
30 beta= 1/8*pi;
31 alpha = -1/8*pi;
32
33 %% Functions in matrix A(u)
34 discretization functions
35
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36 %% Determine matrix A(u) and vector b(u) (dC/dt = A(u)C+b(u))
37 construct A matrix
38
39 %% Impliciet Euler 1/∆t*(cn+1-cn) = Acn+1+b
40
41 ∆ t = 0.1;
42 C save = C 0';
43 An = -A*∆ t+speye(size(A));
44
45 for Ta = 1:1/∆ t
46 C save = An\(C save+∆ t*b);
47 end

1 % define velocity field
2 %% RAM moving walls
3 Xu = (j*∆ r)*cos(k*∆ theta);
4 Yu = (j*∆ r)*sin(k*∆ theta);
5
6 [u x,u y] = TransverseFlowFAST(Xu,Yu,alpha,beta,Ohm);
7
8 u x = matlabFunction(u x);
9 u y = matlabFunction(u y);

10
11 u r = cos(k.*∆ theta).*u x+sin(k.*∆ theta).*u y;
12 u r = matlabFunction(u r);
13 u theta = cos(∆ theta.*k).*u y-sin(∆ theta.*k)*u x;
14 u theta = matlabFunction(u theta);
15
16 %% Solid body rotation
17
18 % u r = @(Ohm,alpha,beta,j,k) 0;
19 % u theta = @(Ohm,alpha,beta,j,k) Ohm*(j*∆ r);

1 % TransverseFlowFAST from M.F.M. Speetjens
2 function [Ux,Uy] = TransverseFlowFAST(X,Y,Alpha,Beta,Omega)
3
4 %R = sqrt(X.ˆ2 + Y.ˆ2);
5 X2 = X.ˆ2;Y2 = Y.ˆ2;
6 R2 = X2 + Y2;
7 %ID = find(R≤1 | isnan(R)==0);
8 I = ones(size(X));
9

10 A = (1 + R2 + 2*X);
11 B = (I - R2);
12 B2 = B.ˆ2;
13 Ca = (A*tan(Beta/2) - 2*Y);
14 Cb = (A*tan(Alpha/2) - 2*Y);
15 Ca2 = Ca.ˆ2;
16 Cb2 = Cb.ˆ2;
17 D = 2*Y.*(I + X);
18 E = X2 - Y2 - I;
19 F = (X2 - Y2 + 2*X + I);
20 G = 2*X.*Y;
21
22 %arg1 = ((1 + R.ˆ2 + 2*X)*tan(Beta/2) - 2*Y)./(1 - R.ˆ2);
23 %arg2 = ((1 + R.ˆ2 + 2*X)*tan(Alpha/2) - 2*Y)./(1 - R.ˆ2);
24 arg1 = Ca./(1 - R2);
25 arg2 = Cb./(1 - R2);
26
27 Ux1 = atan(arg1) - atan(arg2);
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28 Ux1 = -Ux1.*Y*Omega/pi;
29
30 c1 = D*tan(Beta/2) + E;
31 c2 = D*tan(Alpha/2) + E;
32 %c3 = (I - R.ˆ2).ˆ2 + ((I + R.ˆ2 + 2*X)*tan(Beta/2) - 2*Y).ˆ2;
33 %c4 = (I - R.ˆ2).ˆ2 + ((I + R.ˆ2 + 2*X)*tan(Alpha/2) - 2*Y).ˆ2;
34 c3 = B2 + Ca2;
35 c4 = B2 + Cb2;
36
37 arg1 = c1./c3;
38 arg2 = c2./c4;
39
40 Ux2 = arg1 - arg2;
41 %Ux2 = Ux2.*(I - R.ˆ2)*Omega/pi;
42 Ux2 = Ux2.*B*Omega/pi;
43
44 Ux = Ux1 + Ux2;
45
46 %arg1 = ((I + R.ˆ2 + 2*X)*tan(Beta/2) - 2*Y)./(I - R.ˆ2);
47 %arg2 = ((I + R.ˆ2 + 2*X)*tan(Alpha/2) - 2*Y)./(I - R.ˆ2);
48 arg1 = Ca./B;
49 arg2 = Cb./B;
50
51 Uy1 = atan(arg1) - atan(arg2);
52 Uy1 = Uy1.*X*Omega/pi;
53
54 %c1 = (X.ˆ2 - Y.ˆ2 + 2*X + I)*tan(Beta/2) - 2*X.*Y;
55 %c2 = (X.ˆ2 - Y.ˆ2 + 2*X + I)*tan(Alpha/2) - 2*X.*Y;
56 c1 = F*tan(Beta/2) - G;
57 c2 = F*tan(Alpha/2) - G;
58
59 arg1 = c1./c3;
60 arg2 = c2./c4;
61
62 Uy2 = arg1 - arg2;
63 %Uy2 = -Uy2.*(I - R.ˆ2)*Omega/pi;
64 Uy2 = -Uy2.*B*Omega/pi;
65
66 Uy = Uy1 + Uy2;

1 % construct A matrix
2 %% Determine matrix A(u) and vector b(u) (dC/dt = A(u)C)
3 j A145 = [repmat([1:M r-1],[1 M theta-1])']; % points f145
4 k A145 = [repelem([1:M theta-1],[M r-1])']; % points f145
5
6 j A3 = [repmat([2:M r-1],[1 M theta-1])']; % points f3
7 k A3 = [repelem([1:M theta-1],[M r-2])']; % points f3
8
9 j A2 = [repmat([1:M r-2],[1 M theta-1])']; % points f2

10 k A2 = [repelem([1:M theta-1],[M r-2])']; % points f2
11
12 % Origin
13 k = 0:M theta-1;
14 H(1+k*(M r-1))=h2(k);
15 H = sparse([h1,H,zeros(1,M r-2)]);
16
17 % Functions 1
18 G1 = g1([1:M r-1])';
19 F1 = f1(j A145,k A145);
20 A1 = sparse([G1;F1]);
21
22 % Functions 2
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23 G2 = g2([1:M r-2])';
24 F2 = f2(j A2,k A2);
25 F2 = reshape([reshape(F2,[M r-2],[]);zeros(1,M theta-1)],[],1);
26 A2 = [G2;0;F2];
27 A2 = sparse(A2(1:end-1));
28
29 % Functions 3
30 G3 = g3([2:M r-1])';
31 F3 = f3(j A3,k A3);
32 F3 = reshape([reshape(F3,[M r-2],[]);zeros(1,M theta-1)],[],1);
33 A3 = [G3;0;F3];
34 A3 = sparse(A3(1:end-1));
35
36 % Functions 4
37 G4 = g4([1:M r-1])';
38 F4 = f4(j A145,k A145);
39 A4 = sparse([G4;F4(1:end-(M r-1))]);
40 A F4 = sparse(F4(end-(M r-2):end));
41
42 % Functions 5
43 G5 = g5([1:M r-1])';
44 F5 = f5(j A145,k A145);
45 A G5 = sparse([G5]);
46 A5 = sparse([F5]);
47
48 % Periodicity
49 F = g3(1);
50 k=1:M theta-1;
51 F(1+k*(M r-1))=f3(1,k);
52 F = sparse([F';zeros(M r-2,1)]);
53
54 % b(u) vector
55 G b(M r-1) = g2(M r-1);
56 k = 1:M theta-1;
57 F b(k*(M r-1)) = f2(M r-1,k);
58 b = sparse([0;G b';F b']);
59
60
61 % Construct matrix A(u)
62 A = diag(A1,0)+diag(A2,1)+diag(A3,-1)...
63 +diag(A4,M r-1)+diag(A5,-(M r-1))...
64 +diag(A G5,(M r-1)*(M theta-1))+diag(A F4,-((M r-1)*(M theta-1)));
65
66 A = sparse([H;F,A]);

K.1.1 Finite volume scheme

1 % discretization functions
2 %% Functions discretization
3 % rj functie
4 rj = @(j) j.*∆ r;
5
6 % j=1,...,M r-1, k=1,...,M theta-1
7 f1 = @(j,k) -1./(rj(j).*∆ r.*2).*(u r(Ohm,alpha,beta,j+1/2,k)).*rj(j+1/2)...
8 +1./(rj(j).*∆ r.*2).*(u r(Ohm,alpha,beta,j-1/2,k)).*rj(j-1/2)...
9 -1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,k+1/2))...

10 +1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,k-1/2))...
11 -1./(rj(j).*∆ rˆ2.*Pe).*rj(j+1/2)-1./(rj(j).*∆ rˆ2.*Pe).*rj(j-1/2)...
12 -2./(rj(j).ˆ2*∆ theta.ˆ2.*Pe);
13 f2 = @(j,k) -1./(rj(j).*∆ r.*2).*(u r(Ohm,alpha,beta,j+1/2,k)).*rj(j+1/2)+...
14 +1./(rj(j).*∆ rˆ2.*Pe).*rj(j+1/2);
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15 f3 = @(j,k) 1./(rj(j).*∆ r.*2).*(u r(Ohm,alpha,beta,j-1/2,k)).*rj(j-1/2)+...
16 +1./(rj(j).*∆ rˆ2.*Pe).*rj(j-1/2);
17 f4 = @(j,k) -1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,k+1/2))+...
18 1./(Pe.*rj(j).ˆ2.*∆ theta.ˆ2);
19 f5 = @(j,k) 1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,k-1/2))+...
20 +1./(Pe.*rj(j).ˆ2.*∆ theta.ˆ2);
21
22 % k=0, j=1,...,M r-1
23 g1 = @(j) -1./(rj(j).*2.*∆ r).*(u r(Ohm,alpha,beta,j+1/2,0)).*rj(j+1/2)+...
24 1./(rj(j).*∆ r.*2).*(u r(Ohm,alpha,beta,j-1/2,0)).*rj(j-1/2)...
25 -1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,1/2))...
26 +1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,M theta-1/2))...
27 -1./(Pe.*rj(j).*∆ rˆ2).*rj(j+1/2)-1./(Pe.*rj(j).*∆ rˆ2).*rj(j-1/2)...
28 -2./(Pe.*rj(j).ˆ2.*∆ thetaˆ2);
29 g2 = @(j) -1./(2.*rj(j).*∆ r).*(u r(Ohm,alpha,beta,j+1/2,0)).*rj(j+1/2)+...
30 1./(Pe.*rj(j).*∆ r.ˆ2).*rj(j+1/2);
31 g3 = @(j) 1./(rj(j).*∆ r.*2).*(u r(Ohm,alpha,beta,j-1/2,0)).*rj(j-1/2)+...
32 1./(Pe.*rj(j).*∆ r.ˆ2).*rj(j-1/2);
33 g4 = @(j) -1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,1/2))...
34 +1./(Pe.*rj(j).ˆ2.*∆ theta.ˆ2);
35 g5 = @(j) 1./(rj(j).*∆ theta.*2).*(u theta(Ohm,alpha,beta,j,-1/2))...
36 +1./(Pe.*rj(j).ˆ2.*∆ theta.ˆ2);
37
38 % j=0
39 h1 = -∆ theta./(∆ r.*pi).*sum(u r(Ohm,alpha,beta,1/2,[0:M theta-1]))...
40 -(2.*∆ theta)./(Pe.*∆ r.ˆ2.*pi).*M theta;
41 h2 = @(k) -∆ theta./(∆ r.*pi).*(u r(Ohm,alpha,beta,1/2,k))...
42 +(2.*∆ theta)./(Pe.*∆ r.ˆ2.*pi);

K.1.2 Exponentially fitted scheme

1 % discretization functions
2 %% Functions discretization
3 % rj function
4 rj = @(j) j.*∆ r;
5
6 % U F = r*ur
7 U F = @(j,k) rj(j).*u r(Ohm,alpha,beta,j,k);
8
9 % Taylor series

10 if u theta(Ohm,alpha,beta,1,1) 6=0
11 exp k kp1 = @(j,k) (1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k+1/2).*rj(j).*(-∆...

theta))6=0).*u theta(Ohm,alpha,beta,j,k+1/2)./(1-exp(-Pe.*u theta(Ohm,...
alpha,beta,j,k+1/2).*rj(j).*(-∆ theta)))...

12 +(1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k+1/2).*rj(j).*(-∆ theta))==0)...
.*1./((Pe.*rj(j).*(-∆ theta)));

13 exp kp1 k = @(j,k) (1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k+1/2).*rj(j).*(∆...
theta))6=0).*u theta(Ohm,alpha,beta,j,k+1/2)./(1-exp(-Pe.*u theta(Ohm,...
alpha,beta,j,k+1/2).*rj(j).*(∆ theta)))...

14 +(1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k+1/2).*rj(j).*(∆ theta))==0)...
.*1./((Pe.*rj(j).*(∆ theta)));

15 exp k km1 = @(j,k) (1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k-1/2).*rj(j).*(∆...
theta))6=0).*u theta(Ohm,alpha,beta,j,k-1/2)./(1-exp(-Pe.*u theta(Ohm,...
alpha,beta,j,k-1/2).*rj(j).*(∆ theta)))...

16 +(1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k+1/2).*rj(j).*(∆ theta))==0)...
.*1./((Pe.*rj(j).*(∆ theta)));

17 exp km1 k = @(j,k) (1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k-1/2).*rj(j).*(-∆...
theta))6=0).*u theta(Ohm,alpha,beta,j,k-1/2)./(1-exp(-Pe.*u theta(Ohm,...
alpha,beta,j,k-1/2).*rj(j).*(-∆ theta)))...

18 +(1-exp(-Pe.*u theta(Ohm,alpha,beta,j,k-1/2).*rj(j).*(-∆ theta))==0)...
.*1./((Pe.*rj(j).*(thetak(k-1)-thetak(k))));
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19 else
20 exp k kp1 = @(j,k) 1./((Pe.*rj(j).*(-∆ theta)));
21 exp kp1 k = @(j,k) 1./((Pe.*rj(j).*(∆ theta)));
22 exp k km1 = @(j,k) 1./((Pe.*rj(j).*(∆ theta)));
23 exp km1 k = @(j,k) 1./((Pe.*rj(j).*(-∆ theta)));
24 end
25
26 % j=1,...,M r-1, k=1,...,M theta-1
27 f1 = @(j,k) (-1./(rj(j).*∆ theta)).*exp kp1 k(j,k)...
28 + (1./(rj(j).*∆ theta)).*exp km1 k(j,k)...
29 + (-1./(rj(j).*∆ r)).*((r j rjp1(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)))...

...
30 + (1./(rj(j).*∆ r)).*((r j rjm1(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)));
31 f2 = @(j,k) (-1./(rj(j).*∆ r)).*((r jp1 rj(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,...

beta)));
32 f3 = @(j,k) (1./(rj(j).*∆ r)).*((r jm1 rj(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,...

beta)));
33 f4 = @(j,k) (-1./(rj(j).*∆ theta)).*exp k kp1(j,k);
34 f5 = @(j,k) (1./(rj(j).*∆ theta)).*exp k km1(j,k);
35
36
37 % k=0, j=1,...,M r-1
38 g1 = @(j) (-1./(rj(j).*∆ theta)).*exp kp1 k(j,0)...
39 + (1./(rj(j).*∆ theta)).*exp km1 k(j,0)...
40 + (-1./(rj(j).*∆ r)).*((r j rjp1(j,0,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)))...

...
41 + (1./(rj(j).*∆ r)).*((r j rjm1(j,0,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)));
42 g2 = @(j) (-1./(rj(j).*∆ r)).*((r jp1 rj(j,0,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta...

)));
43 g3 = @(j) (1./(rj(j).*∆ r)).*((r jm1 rj(j,0,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)...

));
44 g4 = @(j) (-1./(rj(j).*∆ theta)).*exp k kp1(j,0);
45 g5 = @(j) (1./(rj(j).*∆ theta)).*exp k km1(j,0);
46
47
48
49 % j=0 exp scheme
50 h1 = (-4./(pi.*∆ r.ˆ2)).*(∆ theta).*sum(U F(1/2,[0:M theta-1]));
51 h2 = @(k) (-4./(pi.*∆ r.ˆ2)).*∆ theta.*(U F(1/2,k));

1 % r j rjp1
2 function solution = r j rjp1(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)
3
4 not 0 = (1-(rj(j)./rj(j+1)).ˆ(Pe.*U F(j+1/2,k))6=0);
5 is 0 = ¬not 0;
6 solution not = U F(j+1/2,k)./((1-(rj(j)./rj(j+1)).ˆ(Pe.*U F(j+1/2,k))));
7 solution not(is 0) = 0;
8 solution is = 1./((-(-Pe).*∆ r.*(1./rj(j+1/2))));
9 solution is(not 0) = 0;

10 solution = solution is+solution not;
11 end

1 % r jp1 rj
2 function solution = r jp1 rj(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)
3
4 not 0 = (1-(rj(j+1)./rj(j)).ˆ(Pe.*U F(j+1/2,k))6=0);
5 is 0 = ¬not 0;
6 solution not = U F(j+1/2,k)./((1-(rj(j+1)./rj(j)).ˆ(Pe.*U F(j+1/2,k))));
7 solution not(is 0) = 0;
8 solution is = 1./((-(Pe).*∆ r.*(1./rj(j+1/2))));
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9 solution is(not 0) = 0;
10 solution = solution is +solution not;
11 end

1 % r j rjm1
2 function solution = r j rjm1(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)
3
4 not 0 = (1-(rj(j)./rj(j-1)).ˆ(Pe.*U F(j-1/2,k))6=0);
5 is 0 = ¬not 0;
6 solution not = U F(j-1/2,k)./((1-(rj(j)./rj(j-1)).ˆ(Pe.*U F(j-1/2,k))));
7 solution not(is 0) = 0;
8 solution is=1./((-(Pe).*∆ r.*(1./rj(j-1/2))));
9 solution is(not 0) = 0;

10 solution = solution is+solution not;
11 end

1 % r jm1 rj
2 function solution = r jm1 rj(j,k,∆ r,rj,Pe,U F,u r,Ohm,alpha,beta)
3
4 not 0 = (1-(rj(j-1)./rj(j)).ˆ(Pe.*U F(j-1/2,k))6=0);
5 is 0 = ¬not 0;
6 solution not = U F(j-1/2,k)./((1-(rj(j-1)./rj(j)).ˆ(Pe.*U F(j-1/2,k))));
7 solution not(is 0) = 0;
8 solution is=1./((-(-Pe).*∆ r.*(1./rj(j-1/2))));
9 solution is(not 0) = 0;

10 solution = solution not+solution is;
11 end
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