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a b s t r a c t

Volume conduction in the brain may influence the synchronization between EEG signals
considerably, as itmay lead to detection of spurious functional couplings among the record-
ing channels. It has been shown that the volume conduction effect can be approximated as
a linear mixing of the electrical fields of the brain regions. In this paper, we investigate the
reliability of various synchronization measures in the presence of the linear superposition
in EEG time series. For this purpose, we applied linear mixing to artificially generated EEG
times series using the Kuramoto model of coupled phase oscillators, which represents
the behavior of coupled systems with local interactions at the fundamental level. Our
simulation results showed that the phase-lag index and the synchronization measures
based on the visibility graph algorithms were less sensitive to the linear mixing effect
and could predict the coupling degree correctly even with strongly overlapping signals.
The results of our further data analyses demonstrated the effect of linear superposition
in time series on the behavior of various complex network measures. For each case,
we provide recommendations for proper choices of synchronization measures to obtain
complex network characteristics that are minimally sensitive to linear mixing.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

The human brain is the most complex system yet discovered, and understanding its function is one of the greatest
scientific challenges. A functional brain network , which is constructed through interconnections among brain regions
according to somemeasure of functional connectivity, is the statistical dependencies among the activity of brain regions [1,2].
In order to build a brain network and estimate its functional connectivity, electroencephalography (EEG) technology is
commonly used, due to its high temporal resolution (milliseconds), which helps to detect brief neuronal events [3]. For this
purpose, the locations of the EEG sensors serve as nodes and the link (or connection) between any two nodes represents the
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Fig. 1. Schematic effect of volume condition complication on EEG signal recording. The dashed arrows show the activity of each region (filled circles) that
is recorded by the EEG recording terminal and the thick lines represent the correlation among the regions.

magnitude of the correlation between the EEG time series associated with these nodes [1,4–6]. The properties of the brain’s
functional networks are linked to their functions and can be affected by neurological diseases; for example, Alzheimer’s
disease is often associated with a loss of local and global correlated activity among brain regions [7].

However, recorded EEG time series suffer from the volume conduction (VC) effect [8,9]. In EEG recording, electrodes are
used to record brain neuronal activity, i.e., electrical events generated several centimeters below the recording electrodes.
Hence, the recording electrode is not in direct contact with the desired brain region, and there is some medium separating
the two, including brain matter, cerebrospinal fluid, dura, skull, and scalp. Due to the conductivity of the separating
medium, electrical currents spread through different resistive layers, providing a distorted view of brain activity at the
scalp [8]; this phenomenon induces a blurring effect when recording at scalp level. Consequently, each EEG channel records
the instantaneous linear mixing of multiple brain source activities instead of the activity of just the brain source in its
vicinity [10,11] (see Fig. 1). As a result, the VC effect may lead to the detection of spurious functional correlations among
EEG time series, even if all the brain sources are independent [12,13].

In this paper, we study the effects of VC on synchronization and network measures. To achieve this goal, after the
generation of artificial EEG time series using the original Kuramoto model, the VC effect was implemented using a linear
superposition formula. By applying selected synchronization measures on the generated time series, the corresponding
functional networks (or weighted graphs) were constructed. Then, some complex network measures, including the clus-
tering coefficient, betweenness, eigenvalue centrality, and the largest eigenvalue, were studied to understand the effect of
the overlap on different patterns of the network.

The rest of this paper is organized as follows: The details of the method are presented in Section 2. In Section 3, we
present our simulation study demonstrating the sensitivity of the synchronization measures to the linear mixing effect and
the behavior of the complex network measures as a function of coupling strength. Discussion of the findings is presented in
Section 4, followed by concluding remarks in Section 5.

2. Methods

In this section, we first present themodel for EEG generation. Then, we present the construction of the functional network
from some selected synchronizationmeasures. Also, details of these selectedmeasures are briefly presented. And finally, we
present the details of the selected complex network measures.

2.1. Model for EEG Generation

We first present the mathematical formulation of the VC problem. Then, we introduce the classical Kuramoto model,
which was used as a method of generating EEG time series.

2.1.1. Volume conduction problem
In order to understand the relationship between EEG time series and the underlying primary source configuration, various

techniques (such as the concentric-spheres model [14]) can be used. The dipole approximation to cortical current sources
provides a basis for any realistic source model of EEG. It is based on the idea that at large distances, any complex current
distribution in a small region of the cortex canbe approximatedby adipolemoment per unit volume, P⃗(r⃗, t) [A.s/mm2],which
is a vector field and is also called the polarization density [15]. The strength of the dipole moment depends not only on the
strength of the individual sources, but also on their spatial distribution within the tissue mass. The relationship between the
scalar potential of the scalp,Φ(r⃗, t) and P⃗(r⃗, t), can be written in terms of the vector Green‚s function G⃗E(r⃗, r⃗ ′) that describes
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the head volume conductor. In other words, the scalp potential may be approximated by the following integral over the
cortical volume V :

Φ(r⃗, t) =

∫∫∫
V
G⃗E(r⃗, r⃗ ′) · P⃗(r⃗ ′, t)dV (r⃗ ′), (1)

where dV (r⃗ ′) represents the volume element. Here, the Green‚s function for concentric spheres [14] depends only on the
properties of VC in the head and expresses the relationship between a unit source at location r⃗ ′ [mm] and the measurement
point on the scalp surface r⃗ [mm]. The potential anywhere on the scalp surface is then expressed as an integral (or weighted
sum) of contributions from all sources in the brain. The weight given to each source within the volume of the brain depends
on the locations and conductivities of the different tissues in the head. However, if we assume all of the sources are in the
cortex, the sources can be reasonably assumed to be oriented normal to the cortical surface. In this case, the above equation
reduces to an integral over the surface of the brain, and the potential recorded by every EEG terminal on the scalp surface
can be approximated as a linear superposition of electric fields from all sources in brain. The linear superposition of electric
fields allows the assumption that each electrode records an EEG signal that is a linear mixture of all underlying sources of
electrical activity.

2.1.2. The Kuramoto model
Denoted by θi(t), the phase of oscillator i at discrete time t , the Kuramoto model obeys the following dynamical equation

for a large network ofM globally coupled oscillators [16]:

dθi(t)
dt

= ωi +
1
M

M∑
m=1

K sin(θm(t) − θi(t)), (2)

where ωi [Hz] is the natural frequency of oscillator i, and K [Hz] is the strength of the couplings between the oscillators. In
actuality, the ith oscillator adjusts its phase velocity according to input fromother oscillators through the coupling strengthK .

Kuramoto [16] further introduced the order parameter r(t) as follows, which allows this model to be solved exactly when
M → ∞:

r(t)eiψ(t)
=

⏐⏐⏐ 1
M

M∑
m=1

eiθm(t)
⏐⏐⏐, (3)

whereψ(t) indicates the average phase. The order parameter r(t) captures the degree of phase coherence in the system. If the
phases are uniformly distributed in the range of [0, π] (i.e., have large circular variance), then r(t) ≈ 0, meaning that there is
no synchrony among the oscillators. On the other hand, if all the oscillators rotate grouped into a synchronous cluster with
the same average phaseψ(t), then r(t) → 1, meaning that the phases of all oscillators are perfectly locked, which describes
zero phase lag synchronization.

Eq. (2) can be rewritten as follows by multiplying both sides of Eq. (3) by eiθi and equating the imaginary parts:

dθi(t)
dt

= ωi + Kr sin(ψ − θi), (4)

where r and ψ are mean-field quantities. This formulation shows that the oscillators‚ equations are no longer explicitly
coupled, which means that the phases θi evolve independently from each other. However, the interaction is actually set
through r and ψ . Note that the effective coupling is now proportional to the order parameter r , creating a feedback relation
between coupling and synchronization. More specifically, small increments in the order parameter r end up increasing the
effective coupling in Eq. (4), thus attracting more oscillators to the synchronous group. From this process, a self-consistent
relation between the phases θi and the mean-field is found, i.e., r andψ will define the evolution of θi, but at the same time,
the phases θi self-consistently yield the mean-field through Eq. (3).

In the limitM → ∞, the relation between the order parameter r and coupling strength K is given by [16]{
if K < Kc : r = 0,
if K ≥ Kc : r =

√
1 − (Kc/K ).

(5)

Kuramoto showed that if the oscillators‚ natural frequencies ωi are distributed around a central frequency ω0 spread by
some value γ [Hz] according to a Lorentzian density:

g(ωi) =
γ

π [γ 2 + (ωi − ω0)2]
(6)

then the critical value reads Kc = 2γ . This value indicates that the oscillators are desynchronized completely, and r = 0
until the coupling strength K exceeds a critical value Kc . When K ≥ Kc , the population splits into a partially synchronized
state consisting of two groups of oscillators: a desynchronized group and a synchronized group that contributes to the order
parameter r . With further increase in K , more and more oscillators are recruited into the synchronized group, and r grows
accordingly.
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Fig. 2. Generated EEG signal from an identical oscillator with contribution of different sources when (a) K = 0 and (b) K = 8.

2.1.3. Generating EEG signals
Theoretically, an infinite number of oscillators (i.e.,M → ∞) are necessary for the analytical results to hold. However, it

has been shown that with only 64 oscillators, the model can explain various empirical results quite well [17]. Therefore, we
solved the Kuramoto model forM = 64 in our work. The time series corresponding to oscillator i at time t was obtained as

Oi(t) = A sin θi(t), (7)

where, for simplicity, a constant amplitude A = 1was set for all time series. Asmentioned earlier, the VC produces an instant
zero-lag correlation among the brain sources, and it is commonly represented as a linearmixture of the sources [18]. In order
to add the VC effect to the model, we generated 64 EEG time series with mean frequency 10 Hz (corresponding to the alpha
band) and different degrees of overlap. Also, for simplicity, we set γ = 1. Then, the voltage yi(t) of the ith EEG channel at
time t was defined as [19]

yi(t) =
1

2i0 + 1

m=i+i0∑
m=i−i0

Om(t), (8)

where the so-called overlapping parameter i0 = 0, 4, 8 determines the contribution ofmultiple sources to each EEG channel,
and 2i0 is the number of shared oscillators for consecutive EEG channels. Note that a periodic boundary condition is imposed
in Eq. (8), i.e., θi+M = θi and Oi+M = Oi.

Fig. 2 shows the EEG time series of an identical oscillator with i0 = 0 and 8 for weak and strong coupling strengths,
respectively. One can see that for vanishing coupling strength (i.e., K = 0), the generated signals show random behavior
due to the phase delay among oscillators. However, by increasing the coupling strength, the signals become similar and
synchronize quite well.

It is clear that Eq. (8) is a simple mixing formulation, as several time series are added together in a linear fashion to
represent the VC effect. According to the literature, there are various and more complex techniques to capture the VC effect
more realistically [20,21]. However, applying a linear mixing equation such as Eq. (8) is fairly reasonable to demonstrate the
VC effect at a fundamental level [19,22], which is the purpose of this work.

It isworthmentioning that in order to capture true brain activity and discover the complex patterns of relationship among
brain regions, it is necessary to record brain waves with a high resolution; otherwise, significant parts of the brain activity
may be lost. EEG techniques using high temporal resolution allow the capture of neural events on the order of milliseconds.
Fig. 3 shows a sample of EEG data recorded with two different time samplings, 1/128 and 1/32 s [23]. It is evident that EEG
recordings differ as a result of changes in resolution. Accordingly, the resultant brain network recorded by EEGs with low
resolution will be different from that of EEGs with high resolution. Therefore, in this work, the Kuramoto model (i.e., Eq. (2))
was numerically solved using the Euler integration method in timesteps of 2 ms, corresponding to a sample frequency
500 Hz. The simulations were performed with the generating model for 64 oscillators and K ranging from 0 to 8 in steps
of 0.5. In all simulations, time series with N = 10000 samples were generated using Eq. (8). However, the initial 5000
samples were discarded to eliminate transients. Then, the resulting time series were subjected to synchronization analysis
by applying different techniques (see Section 2.2). For each value of i0 and K , five trials were completed and the final value
of synchronization was calculated by averaging over all five trials. In this study, the software MATLAB Version R2017 was
used for programming purposes.
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Fig. 3. EEG recordings with two different temporal resolutions.

2.2. Construction of a functional network from synchronization measures

In order to create a functional network (or weighted graph), a matrix containing the oscillator pairwise correlations is
required. Thus, one needs to calculate the correlations among all pairs of time series and deduce the respective correlation
(or adjacency) matrix. A functional network is a mathematical representation of the brain and is defined by a collection of
nodes and links between pairs of nodes. Nodes in a functional brain network represent brain regions, while links represent
functional connections corresponding to the magnitude of the temporal correlation between node pairs. In this section, we
present some selected synchronization measures that were used to estimate correlations between all pairs of time series.
Each of the presented synchronizationmeasures results in the calculation of a correlationmatrix, which can also be regarded
as a weighted undirected graph.

2.2.1. Cross-correlation (CC)
The cross-correlation (CC) function measures the linear correlation between two time series as a function of their delay

time,which is of interest because such a time delaymay reflect a causal relationship between the time series. The CC between
two time series x(t) and y(t) with the same N samples length, where t denotes discrete time (t = 1, . . . ,N), is expressed
as [24]

CC = Cxy(h) =
1

N − h

N−h∑
t=1

x(t + h)y(t), (9)

where t = 1, . . . ,N denotes discrete time and h ∈ {−(N − 1), . . . , 0, . . . ,N − 1} denotes time lag. Here, CC = ±1 presents
the complete linear direct and inverse correlations, respectively, and CC = 0 indicates lack of linear correlation for a given
time lag.

2.2.2. Coherence (Coh) & imaginary part of coherence (ImPC)
To compute the coherence, it is necessary to know the instantaneous phase and amplitude of the two time series involved.

For this purpose, either linear or nonlinear techniques can be used as two conceptually distinct methods to extract the phase
and amplitude of time series. Linear techniques, such as the Fourier transform, assumea constant phase and amplitudewithin
the estimationwindow.Nonlinear techniquesmeasure time-dependent instantaneous phase and amplitude,which illustrate
the moment-to-moment change in time series. The Hilbert transform is a well-known linear technique for obtaining the
instantaneous phase and amplitude of time series. The Hilbert transform of a real valued time series x(t) is obtained as

xh(t) =
1
π
PV

∫
∞

−∞

x(τ )
t − τ

dτ , (10)

where PV refers to the Cauchy principle value. The Hilbert transform is simply a π/2 shift in the phase of the original signal
and does not alter the spectral distribution. In other words, it can be computed by performing a Fourier transform, shifting
all the phases by π/2, then performing an inverse Fourier transform. Hence, we follow the analytical signal approach as
presented below to determine the instantaneous phase and amplitude of two time series x(t) and y(t) as [25]

zx(t) = x(t) + ixh(t) = Ax(t)eiφx(t) (11)

zy(t) = y(t) + iyh(t) = Ay(t)eiφy(t), (12)
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where i is the imaginary unit and yh(t) is theHilbert transformof time series y(t). The instantaneous phaseφ(t) and amplitude
A(t) of the time series is obtained as the argument and magnitude of the analytic extension as follows:

φx(t) = arctan
xh(t)
x(t)

, Ax(t) =

√
[x(t)]2 + [xh(t)]2, (13)

φy(t) = arctan
yh(t)
y(t)

, Ay(t) =

√
[y(t)]2 + [yh(t)]2. (14)

The complex-valued coherence between two time series x(t) and y(t) is defined as the cross spectrum divided by the product
of the two power spectra [26]. Its mean over all frequencies can alternatively be computed via the mean over time of the
corresponding analytical time series as

C =
zxz∗

y

|zx||zy|
=

⟨Ax(t)Ay(t)ei∆φ(t)⟩
|Ax||Ay|

= Coh + iImPC, (15)

where z∗
y = Ay(t)e−iφy(t) is the complex conjugate of zy, |·| denotes the absolute value, and ⟨·⟩ denotes averaging over time

with time interval∆t = 2 milliseconds. Also,

∆φ(t) = |φx(t) − φy(t)| (16)

is the instantaneous phase difference between the two time series at a specific frequency. The complex-valued coherence
(see Eq. (15)) can be split into real and imaginary parts. The real value, which is typically referred to as coherence (Coh), is
bounded between 0 and 1. For a given frequency, Coh = 0 indicates that the activities of the time series in this frequency are
linearly independent, whereas a value of Coh = 1 represents the maximum linear correlation for this frequency. When the
complex-valued coherence is projected onto the imaginary axis, we can obtain the imaginary part of coherence (ImPC). The
ImPC is only sensitive to synchronization of two oscillators which are time-lagged to each other. If volume conduction does
not cause a time-lag, the ImPC is insensitive to artifactual self-interaction. In fact, the ImPC is insensitive to zero-lag effects,
as it removes the contribution of the zero phase differences that, due to the complex exponentiation, gives real phase-locking
values [26].

2.2.3. Phase Coherence (PC)
The first step in phase synchronization is the extraction of instantaneous phases from the time series using the Hilbert

transform (see Eq. (13)). Next, the instantaneous phase difference is calculated by Eq. (16). In order to determine whether
this phase difference is bounded, the notation of phase coherence (PC) described byMormann et al. [27] is used. This notation
resembles the conventional statistics for circular or directional data. Hence, instantaneous phase differences are projected
on the unit circle, and the length R of the average resultant vector is calculated as

PC = R = ⟨ei∆φ(t)⟩ = |
1
N

N−1∑
t=0

ei∆φ(t)|, (17)

where ⟨·⟩ denotes averaging over all time samples, t denotes discrete time (t = 1, . . . ,N), and N is the number of time
samples. The value of R ranges from 0 to 1, where in the case of perfect phase locking we have R = 1, whereas in the case of
a random distribution of phases on the unit circle, Rwill tend to 0. By construction, R only depends upon the phase relations
between the time series and is not sensitive to the amplitude of the time series.

2.2.4. Phase lag index (PLI)
The phase lag index (PLI) is calculated as [19]

PLI = |⟨sign[∆φ(t)]⟩| (18)

If no phase coupling exists between two time series, then the phase difference distribution ∆φ(t) is expected to be flat.
Therefore, any deviation from this flat distribution indicates phase synchronization. The PLI ranges between 0 (i.e., no
coupling) and 1 (which means a perfect phase locking).

2.2.5. Synchronization likelihood (SL)
The synchronization likelihood (SL) measure computes the number of similar patterns in the time series that are repeated

simultaneously [28]. For each single time series x(t), a state vector is reconstructed as

X(t) = (x(t), x(t + l), x(t + 2l), . . . , x(t + (D − 1)l)), (19)

where (t = 1, . . . ,N) denotes discrete time, l is the time lag, and D is the embedding dimension. Here, the time lag is
chosen such that the highest frequency is sampled at least twice per cycle, and the embedding dimension such that at least
one whole cycle of the slowest oscillation is captured. More specifically, the l and D parameters are set to l = fs/3fh and
D = (3fh/fl) + 1, respectively, where fs is the sampling frequency, fl is the lowest frequency, and fh is the highest frequency
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of the content data [29,30]. Here, X(t) represents the state of the system in a time interval of length (D − 1)l, with t as the
beginning time instant.

For each time instant t , PεX (t)X(t) is defined as the probability that the state vectors are closer to each other than critical
distance εX (t)

PεX (t)X(t) =
1

2(w2 − w1)

[j=−w1∑
j=−w2

DX (t) +

j=w2∑
j=w1

DX (t)
]
, (20)

where

DX (t) = θ (εX (t) − |X(t) − X(t + j)|). (21)

Here θ is a Heaviside step function, θ (x) = 0 if x ≤ 0, θ (x) = 1 for x > 0, and the sign |·| indicates the Euclidean distance
between the state vectors, which is calculated by the Pythagorean formula. The w1 = 2(D − 1)l parameter establishes an
exclusion window around the time instant i and is used to set a lower band for time instant t , to give the system time to
evolve into a different state. On the other hand, the inclusive window parameterw2 is used to control the time resolution of
the synchronization measure by setting an upper band to the t values. These windows are chosen such that w1 ≤ w2 ≤ N .
Theoretically,w2 could be chosen as the length of the entire time series, whichmight not be feasible for large datasets, due to
the expensive computational cost. The combination ofw1 andw2 establishes the surrounding of t given by the subintervals
[t − w2, t − w1) and (t + w1, t + w2].

The critical distance εX (t) is determined by setting PεX (t)X(t) = pref , where pref ≪ 1. The reference probability parameter,
pref , represents the fraction of state vectors inside the time subintervals [t −w2, t −w1) and (t +w1, t +w2], which are to
be considered closer than the critical distance to X(t). The value of pref is set at an arbitrarily low level and does not depend
on the properties of the time series, nor is it influenced by the embedding parameters [28]. In this work, we set pref = 0.01,
whichmeans that one percent of the vectors X(t + j) were considered recurrences of X(t). The relationship betweenw2, pref ,
and the number of recurrences, nrec , was obtained by nrec = (w2 − w1 + 1) × pref [29].

Next, the synchronization likelihood between the state vectors of two time series, i.e., X(t) and Y (t), is determined as

SXY (t) =
1

(w2 − w1 + 1) × pref

[j=−w1∑
j=−w2

DXY (t) +

j=w2∑
j=w1

DXY (t)
]
, (22)

where

DXY (t) = θ (εX (t) − |X(t) − X(t + j)|) · θ (εY (t) − |Y (t) − Y (t + j)|). (23)

The overall SL value is the average of SXY (t) values over the all-time instants. Values of the SL are between a small number
close to 0, when there is no coupling, and 1, in the case of a fully synchronized time series.

2.2.6. Visibility graph-based methods
The idea of mapping time series as graphs seems attractive because it lays a bridge between nonlinear signal analysis

and complex networks theory. Hence, the visibility graph (VG) algorithm has attracted attention as a technique capable of
being used for time series analysis due to its intrinsic non-locality, low computational cost, simple rules, and straightforward
implementation. Visibility algorithms are a family ofmethods thatmap time series as graphs nonlinearly. Therefore, the tools
of graph theory can be used for the characterization of time series. The VG-based algorithms are invariant under rescaling
of both horizontal and vertical axes, and it has been shown that many time series’ structural properties (e.g., periodicity,
fractality, etc.) are inherited by the resultant visibility graph [31–33]. For purposes of synchronization, the series of the
connectivity degree (i.e., the number of edges connected to a node) of the visibility graph nodes is considered a new time
series, which is called the degree sequence (DS) time series. The measure of the synchronization between two DSs is called
the VG similarity and can be presented as an alternative measure of synchronization between time series [31,32].

Let x(t) be a univariate time series of N discrete data (t = 1, 2, . . . ,N). The VG algorithm converts the time series
x(t) to a graph, as a data point x(t) is mapped into a node in the graph. The time point (i.e., a point on the time series)
represents a moment in which the data is recorded (see Fig. 4(a)). By applying the original/horizontal visibility graph
algorithm (OVG/HVG), an EEG time series of size N maps to a visibility graph with N nodes (see Figs. 4(b) and 4(c)).

The original visibility graph (OVG) algorithm [31] implies that two arbitrary data points [t∗, x(t∗)] and [t⋆, x(t⋆)] have
visibility, and consequently are two connected nodes of the associated graph, if any other data point [t, x(t)] placed between
them (t∗ < t < t⋆) satisfies

x(t) < x(t∗) +
[
x(t⋆) − x(t∗)

] t − t∗

t⋆ − t∗
for all t such that (t∗ < t < t⋆). (24)

The schematic of the above geometric criterion and its associated visibility graph are shown in Fig. 4(b). It is clear that two
arbitrary data nodes at t∗ and t⋆ in the graph are connected if one can draw a straight line in the time series joining x(t∗) and
x(t⋆) that does not intersect any intermediate data height.
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The so-called horizontal visibility graph (HVG), which is defined as a subgraph of the OVG, is obtained by restricting the
visibility criterion and imposing horizontal visibility instead [32]. In the HVG algorithm, two arbitrary data nodes t∗ and t⋆
in the graph are connected if:

x(t∗) > x(t) and x(t⋆) > x(t) for all t such that: (t∗ < t < t⋆). (25)

According to the HVG geometric criterion, two data points are connected if one can draw a horizontal line in the time
series joining them that does not intersect any intermediate data height (see Fig. 4(c)).

Therefore, by applying the OVG/HVG, a time series of size N maps to a graph with N nodes, as the first node in Figs. 4(b)
and 4(c) is associated with the first time point in Fig. 4(a). The second node corresponds to the second time point of the EEG
time series, and so on.

After constructing the visibility graphs, the degree of each node is determined. The degree of node t is the number of
links connected to node t . Therefore, by counting the number of links that have node t as an endpoint, we can determine
the degree of each node. Then, by considering the degrees of all nodes, a DS time series is obtained. The corresponding DSs
of the OVG and the HVG algorithms are shown in Fig. 4(d) as time series. Next, the synchronization of two time series x(t)
and y(t) is determined through computation of correlation of the DSs of the corresponding visibility graphs as

Sxy =

⏐⏐⏐ cov[DSx,DSy]
σDSx × σDSy

⏐⏐⏐, (26)

where DS(·) represents the degree sequence of a time series, cov[·] is the covariance of time series, and σ(·) is the standard
deviation. The correlation values range from 0 to 1, where Sxy = 0 means the time series are not synchronized, and Sxy = 1
means that the time series are identical [34,35].

2.3. Network measures for characterizing local and global connectivity

Functional brain networks are composed of many nodes and links, and as they rise in complexity, their comparison
becomes challenging. However, various network measures can be used to analyze the networks and characterize one or
more aspects of local or global brain connectivity. In this section, we describe some selected measures that can be used to
detect aspects of the network.

2.3.1. Clustering coefficient
The clustering coefficient assesses the degree to which nodes tend to cluster together. In brain network studies, the

clustering coefficient is considered to be a measure of the local connectivity of the functional brain network. Brain networks
are small ‘‘worlds" inwhich different functional units canwork independently but are connected to each other through hubs.
A high clustering coefficient indicates the presence of local cliques forming specialized functional units. Given a weighted
network G, the local clustering coefficient ci for node i is defined as [36]

ci =
2

di(di − 1)

∑
i,k

(w̃ij · w̃jk · w̃ki)1/3, (27)

where w̃ij = wij/max(wij) is the scaledweight. Here, di(di−1)/2 is themaximumpossible number of linkswhen the subgraph
of neighbors of node i is completely connected. The global clustering coefficient for the whole graph is the average of the
local values and is defined as [37]:

C =
1
N

N∑
i

ci, (28)

where N is the number of nodes in the graph. It is clear that 0 ≤ ci ≤ 1 and 0 ≤ C ≤ 1. Note that ci = 1 if node i is the center
of a fully interconnected cluster and ci = 0 if the neighbors of node i are not connected to each other.

2.3.2. Betweenness centrality
Centrality refers to the relative importance of a vertex within the network. Mostly, the vertices in a network with higher

centrality index values are perceived as being the more important vertices. Betweenness centrality quantifies the number
of times that a node acts as a bridge along the shortest path between two other nodes. In an undirected network, a path
between two nodes that has the minimum number of links is referred to as the shortest path between these two nodes. In
the context of brain network analysis, a brain region (or EEG recording site) has a high betweenness centrality index if it is
strategically located as a midpoint between several pairs of brain regions and, therefore, controls the flow of information
across the brain network.

Consider an undirected graph G = (V , E), where V and E denote its node and link set, respectively. For three distinct
nodes v1, v2, v3 ∈ V , let σv1,v3 ̸= 0 be the number of shortest paths between v1 and v3 in G, and let σv1,v3 (v2) be the number
of shortest paths between v1 and v3 that pass through v2. The betweenness centrality index of node v2 is defined as [38]

B(v2) =

∑
v1 ̸=v2 ̸=v3∈V

σv1,v3 (v2)
σv1,v3

. (29)
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Fig. 4. (a) An EEG time series (filled circles represent time points), (b) top: applying OVG criteria on time points, bottom: corresponding visibility graph,
(c) top: applying HVG criteria on time points, bottom: corresponding graph, and (d) corresponding degree sequences of the OVG and HVG for such time
points.

The average node betweenness centrality of the graph is defined as follows:

B̄(G) =
1
N

∑
v2∈V

B(v2). (30)

The betweenness centrality lies between zero and
(N−1

2

)
, where the value 0 is obtained if and only if all neighbors of vi induce

a maximal clique in G.
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2.3.3. Eigenvector centrality and largest eigenvalue
Eigenvector centrality is a global measure of centrality, as it does not focus on the immediate vicinity of nodes but instead

considers all possible indirect connections. It operates under the premise that connections to nodes that are themselves
well-connected should be given more weight than connections to less well-connected nodes. Eigenvector centrality for all
nodes in the network, then, is simply given by the eigenvector corresponding to the largest eigenvalue (also called the Perron
eigenvalue) [39]. In brain network studies, the eigenvector centrality is a measure that approximates the centrality or the
importance of a brain region to the corresponding functional network. Eigenvector centrality attributes a value to each voxel
in the brain, such that a voxel receives a large value if it is strongly correlated with many other nodes that are themselves
central within the network. A brain region has higher eigenvector centrality if its neighbors are also highly central. It has
been demonstrated that eigenvector centrality is a computationally efficient tool for capturing intrinsic neural architecture
on a voxel-wise level [40].

For a matrix A ∈ RN×N , a number λ is an eigenvalue if, for some vector c⃗ ̸= 0 [39],

Ac⃗ = λc⃗. (31)

Here, the centrality vector c⃗ is the eigenvector of the adjacency matrix A associated with the eigenvalue λ. In general,
eigenvectors give the direction of spread of data, while the eigenvalue is the intensity of spread in a particular direction or of
that respective eigenvector. Given the weighted adjacencymatrix A of network G, it is wise to choose the largest eigenvalue,
λmax, in the absolute value of matrix. By virtue of the Perron–Frobenius theorem [39], this choice implies that if the graph is
strongly connected, then the eigenvector solution c⃗ is both unique and positive.

3. Simulation results

3.1. Synchronization measures vs. linear mixing

Fig. 5 shows the mean synchronization (or coupling degree) obtained by various synchronization measures as a function
of coupling strength K and degree of overlap. Note that each mean value was calculated by averaging over all possible pairs
of 64 modeled EEG time series in the Kuramoto model.

Theoretically, the global coupling exhibits a critical value Kc , for which the network exhibits a synchronization transition
between an incoherent motion of the oscillators (K < Kc) and partial synchrony (K ≥ Kc). In the case of an infinite number
of oscillators, the network synchrony increases sharply from zero, below Kc , to a positive value. However, for finite-sized
networks, a similar but smoother transition is observed in the behavior of the coupling. As mentioned earlier, in this work
we set γ = 1 which resulted in Kc = 2. Hence, theoretically, we expected that the synchronization measures should start
with zero when K < 2, show a bifurcation or sharp peak at K = 2, and then ascend continuously for K > 2. As shown in
Fig. 5, the ascending behavior of synchronization as a function of K was observed for allmeasures. The non-zero values below
Kc merely reflect fluctuations in the simulation due to a finite number of oscillators. The relative increase in synchronization
started at Kc = 2 for the ImPC, PC, and PLI measures that were exactly the same as the theoretical value. For the rest of the
measures, the sharp increase started at lower values than the analytically expected value.

In the case in which i0 = 0, the linear CC measure (see Fig. 5(a)) started with a small value when K = 0 and stayed at
relatively low levels for K < 1. The CC approached full synchronization around K = 5. By switching on the linear mixing
among the time series, the entire curve of the CC was shifted toward a higher level for all K < 5. Also, increasing the level
of overlap among the channels from i0 = 4 to i0 = 8 led to larger values for the synchronization only when K < 2. The CC
showed full synchronization for the overlapping cases when K > 2. Therefore, we can conclude that the CC measure was
sensitive to true changes in coupling strength and correctly predicted a small value for K = 0. However, it did not conform
well to theory, as it showed a peak in the synchronization around K = 1 instead of the theoretically expected value Kc = 2.
Furthermore, the CC was quite sensitive to the VC effect that changed the predicted synchronization as a function of K .

The Coh measure overestimated the synchronization for cases with low coupling strength (i.e. K < 1, see Fig. 5(b)). The
overlap between the channels showed an upward displacement of the Coh curve, especially for K > 2. Similar to the CC, we
conclude that the Coh measure was sensitive to the spurious influence of common sources. Interpreting the results of the
SL measure (see Fig. 5(c)) is difficult due to the fluctuating behavior of the curve. However, the large fluctuations reflect the
fact that the measure cannot be sufficiently adopted to the broad frequency spectrum of the Kuramoto model. It can be seen
that with high overlap of the EEG signals (i.e., i0 = 8), an upward shift in the coupling degree was observed for K < 1.5.

The results for ImPC (see Fig. 5(d)) showed that in the absence of VC, ImPC started at a very small value for K = 0 and
almost remained at this low level for K < 2. By increasing the coupling strength to values higher than 2, synchronization
increased but never reached values higher than 0.22, even for a very high coupling strength K . Therefore, we can say that
the ImPC systematically underestimated the true coupling strength in the model. By switching on the linear superposition,
ImPC increased for K ≤ 2.5 and decreased for K > 2.5. Hence, the effects of linear mixing further decreased the modest
sensitivity of ImPC to the increase in coupling strength.

In the absence of overlap, the PC (see Fig. 5(e)) can capture the true amount of correlation, since it is directly linked to
the formulation of the Kuramoto model. Hence, this method can be chosen as a standard measure to validate other methods
only when i0 = 0. It can be seen that the PC stayed at relatively small values for K < 2 (see Fig. 5(d)), then showed a
bifurcation at the critical level of K = Kc = 2 and furthermore increased continuously for K > 2. The PC averaging at∼ 0.85
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Fig. 5. Mean synchronization (or coupling degree) averaged over all possible pairs of 64 modeled EEG channels as a function of coupling strength K in the
Kuramoto model for different overlapping between subsequent EEG channels using (a) the CC, (b) the Coh, (c) the SL, (d) the ImPC, (e) the PC, (f) the PLI,
(g) the OVG and (h) the HVG synchronization measures.

for K > 5 meant that a considerable number of oscillators were not yet synchronized. If the coupling strength increased
further (K > 8), clusters progressively merged to form bigger clusters, finally merging into a single cluster that resulted in
full synchronization. By changing the overlap between time series from i0 = 0 to i0 = 4, the entire PC curve was shifted
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Fig. 6. Averaged correlation (or adjacency) matrix for (a) i0 = 0, (b) i0 = 4, and (c) i0 = 8 when applying the HVG synchronization algorithm on the
Kuramoto model with K = 2.5.

towards a higher level for all values of coupling strength. Also, the relative increase in PC started at K < 2. Increasing the
level of overlap i0 = 4 to i0 = 8 showed an upward displacement of the curve, but only for values of K < 2.5. For i0 = 8, the
relative increase in PC started at even lower values of K compared to the case in which i0 = 4. Therefore, it can be concluded
that the PC was sensitive to true changes in coupling strength K and was quite sensitive to spurious influences of linear
mixing, which changed both the absolute values as well as the qualitative behavior of PC as a function of K .

The PLI (see Fig. 5(f)) showed lowvalues forK < 2 for i0 = 0 and increasing values for higherK . This behavior is consistent
with the theory. By adding the effect of VC, the PLI increased slightly for K < 2.5 and decreased for K > 2.5. It is clear that
the PLI underestimated the true level of synchronization for high values of K in cases with the effect of linear mixing. There
was no clear difference between cases i0 = 4 and i0 = 8. Thus, PLI showed the expected increase as a function of K , but
compared with PC or CC, it was less sensitive to the spurious influence of common sources.

In the case of no overlap, both the OVG and the HVG measures showed very good performance for K < Kc (see Figs. 5(g)
and 5(h)). Both measures predicted small values until K reached a critical value 1.5 < K < 2, and then rapidly increased
toward the asymptotic value of 1. By comparing the OVG and HVG results with the PC curve at i0 = 0, it is clear that the
OVG and HVG measures predicted full synchronization for K > 5 and K > 7, respectively, which means overestimated
correlations.

By adding the effect of linearmixing (i0 = 4), the OVG increased slightly for K ≤ 0.5 and for K ≥ 1.5 aswell. A decrease in
the level of synchronizationwas observedwhen 0.5 < K < 1.5. Increasing the level of overlap i0 = 4 to i0 = 8 showedmore
displacement of the OVG curve. The HVG showed good performance against the spurious influence of common sources, as
displacement in theHVG curvewas very small compared to the other schemes. Therefore,we can conclude that both theOVG
and the HVG synchronization measures had fairly good capability to predict the true synchronization between time series,
for a wide range of coupling strengths, affected by the linear mixing. However, the HVG had a better capability, was superior
to the other measures, and is very promising for estimating the synchronization among real EEG brain signals, especially
when the coupling among brain regions is weak.

Fig. 6 shows the correlation matrix between 64 pairs of oscillators for K = 2.5 and different overlapping parameters
when the HVG synchronization measure was applied. The values of this matrix describe the amount of synchronization (or
coupling degree) between oscillators. Each correlationmatrix is equivalent to a weighted graph (or network) that is used for
calculating network measures. It is worth mentioning that a weighted graph is visualized either as a correlation matrix or a
node-link diagram. In Fig. 6, the weighted graph is visualized as a correlationmatrix, as the weight of connections is mapped
to the color of the corresponding cell. In Fig. 7, the node-like diagram of the weighted graph corresponding to Fig. 6(b) is
shown. Again, the colors represent the weight of the connections.

3.2. Effect of linear mixing on network measures

The mean clustering coefficient of the network calculated by the selected synchronization measures is shown in Fig. 8(a)
to 8(h). Theoretically, for a weakly coupled network, the clustering coefficient is 0 or very close to 0. The value of the
clustering coefficient reaches 1 for a fully coupled network. Therefore, in our study, we expected to get a small value for
the clustering coefficient when K → 0 that was evident in the results calculated by all of the synchronization measures
except the Coh. By increasing coupling strength (i.e., for K > Kc), the time series became more and more synchronized as a
complete network is formed, in which each link had a weight equal to 1.

The trend of the clustering measure in the presence of the overlapping effect depends on the selected synchronization
measure. According to the results of Fig. 8,we can say that the clustering coefficientwas not sensitive to the overlap for awide
range of coupling strengths if the PLI or HVG were applied as the synchronization measures. For weakly coupled networks
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Fig. 7. The node-like diagram of the weighted graph corresponding to Fig. 6(b).

(i.e., for K < Kc), the clustering coefficients calculated by the SL, ImPC, and the OVG were not affected by the overlapping
effect either. Therefore, the clustering coefficient can be selected as ameasure to analyze a functional brain network affected
by the VC if one of the above-mentioned synchronization measures are applied, depending on the coupling strength.

The behavior of the betweenness centrality calculated by various synchronization measures is shown in Fig. 9. As
mentioned earlier, the betweenness centrality measures the extent to which a node lies on paths between other nodes.
Theoretically, for a weakly coupled network (i.e., K → 0) we should obtain a large value for the mean betweenness
centrality. The reason is that, due to the weak coupling, there is no direct link between some nodes, and as a result, some
other nodes may always lie on paths between many other pairs of vertices. Nodes with high betweenness usually have
significant influence within a network by virtue of their control over information passing between others; their removal
from the network will most likely disrupt communication between other vertices, because they lie on the largest number
of paths taken by messages. By increasing the coupling strength to larger values (i.e., K > Kc), the averaged betweenness
centrality approaches 0, because the network becomes a complete network in which all pairs of vertices are connected to
each other with a direct link or path. The betweenness values calculated by all of the selected synchronization measures,
except the Coh, show similar behavior, i.e., starting from a large value when K = 0 and approaching 0 by increasing the
coupling strength.

Generally, by increasing the overlap, the betweenness centrality should decrease if the synchronization measure is
sensitive to linear superposition. Our study showed that the betweenness centrality remained almost completely insensitive
to the overlapping effect for all K values if the SL was chosen as the synchronization measure. Furthermore, the ImPC
is a good choice for calculating this network measure for low and moderate coupling strengths (i.e., K ≤ 2.5). For fully
coupled systems, the PLI method could be a suitable choice for calculating the betweenness centrality in the presence of the
overlapping effect.

The largest eigenvalue and the eigenvector centrality of the network versus the coupling strength are shown in Figs. 10
and 11, respectively. Generally, in the absence of themixing effect, by increasing the coupling strength, the network becomes
denser, and all nodes are connected to each otherwith strongweights. Therefore, the network approaches a 63-regular graph
that results in the largest eigenvalue being equal to 63 for large enough coupling strengths. This behaviorwas observed in the
results of Fig. 10 as the largest eigenvalues, calculated by all the synchronizationmeasures, increased as the coupling strength
increased, and finally approached 63 for high values of K . Again, the behavior of the largest eigenvalues was quite similar
to the coupling degrees for each synchronization measure. These results show that the largest eigenvalues computed with
the PLI and coupling degrees by the OVG and the HVG were not very sensitive to the effects of linear mixing. Furthermore,
for systems with weak coupling (i.e., K ≤ Kc), the largest eigenvalue calculated by the SL and the ImPC were insensitive
to the overlapping effect. In other methods, when the overlapping effect increased, the largest eigenvalues increased as a
result. As we pointed out earlier, the eigenvector centrality value of a d-regular graph is a constant vector. This is observed
in Fig. 11, demonstrating that in the absence of linear mixing, the eigenvector centrality approached ∼ 0.125 for all highly
coupled cases. By switching on the overlapping effect, the values of the eigenvector centrality in weakly coupled cases grew
and approached 0.125. It can be seen that the eigenvector centrality calculated by the Cohmethodwas constant for all values
of K , whereas the eigenvector centrality calculated by all other methods started from a lower value and then rose to its final
value by increasing the coupling strength.

As shown in Fig. 5(b), the Coh method overestimated the synchronization when K → 0. Hence, its corresponding largest
eigenvalue and the eigenvector centralitywere overestimated aswell. However, it can be seen that the eigenvector centrality
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Fig. 8. The clustering coefficient value of network as a function of coupling strength K in the Kuramoto model with 64 oscillators for different overlapping
between subsequent EEG channels using (a) the CC, (b) the Coh, (c) the SL, (d) the ImPC, (e) the PC, (f) the PLI, (g) the OVG, and (h) the HVG measure.

calculated by the Coh was not sensitive to the effects of linear mixing. A similar behavior was also observed for this network
measure if it was calculated by the OVG. Generally, the eigenvector centrality values calculated by all other synchronization
measures were not sensitive to the overlap in time series if K > Kc .
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Fig. 9. The mean betweenness centrality of the network as a function of coupling strength K in the Kuramoto model with 64 oscillators for difference
overlapping between subsequent EEG channels using (a) the CC, (b) the Coh, (c) the SL, (d) the ImPC, (e) the PC, (f) the PLI, (g) the OVG, and (h) the HVG
measure.

4. Discussion

We used the Kuramoto model of coupled phase oscillators to artificially generate EEG time series. Models of coupled
oscillators have been widely used to understand the behavior of various systems in neurology as well as other disciplines.
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Fig. 10. Largest eigenvalue of each brain network as a function of coupling strength K in the Kuramoto model with 64 oscillators as a function of overlap
between subsequent EEG channels using (a) the CC, (b) the Coh, (c) the SL, (d) the ImPC, (e) the PC, (f) the PLI, (g) the OVG, and (h) the HVG measure.

These systems have been observed to synchronize themselves to a common frequency when the coupling strength between
the oscillators is increased [16,41,42]. In order to figure out the collective phenomena when finite-range interactions are
considered, it is of fundamental importance to study and understand the case of nearest neighbor interactions, which is the
simplest form of local interactions. In this context, the original Kuramoto model with nearest neighbor coupling in a ring
topology is a reasonable method to describe the behavior of coupled systems with local interactions.
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Fig. 11. Themean eigenvector centrality of each brain network as a function of coupling strength K in the Kuramotomodel with 64 oscillators as a function
of overlap between subsequent EEG channels using (a) the CC, (b) the Coh, (c) the SL, (d) the ImPC, (e) the PC, (f) the PLI, (g) the OVG, and (h) the HVG
measure.

When using the Kuramoto model, one assumes that the activity of a local system (e.g., a neuron or cortical area) can be
sufficiently represented by its circular phase alone as long as the coupling is weak and the subsystems are nearly identical.
Although dynamics restricted to a scalar phase measure for each subsystem may seem highly restrictive, Kuramoto [16]
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showed that interactions among these entities, which collectively constitute a dynamical structure at the next-to-coarsest
spatial scale, are then introduced by a simple algebraic form that captures the essential characteristics of their exchanges,
such as post-synaptic transmembrane perturbation. This phase reduction approach has now become a standard technique in
computational neuroscience [43–47], which has offered a direct link between computational models of neurons andmodels
of weakly coupled phase oscillators, permitting a variety of insights into the relationship between the phase response curve
and the nature of synchronous activity at the neuronal level.

In the brain, the axons, or outputs, of the neurons connect via synapses to the dendrites, or inputs, of other neurons.
The synapses secrete electrochemical neurotransmitters to the dendrites; these neurotransmitters can have an excitatory
or an inhibitory influence on the firing of the neurons they connect to [48]. From this simple representation, we can see
that the Kuramoto model has some similarities and some differences to the observed behavior in the brain. The model
describes each oscillator as having a natural frequency, which could be seen as corresponding to the natural firing rate of
a neuron [49–51]. Therefore, the Kuramoto model could be a fair approximation of a small network of densely connected
neurons as a purely phenomenological model, which allows analytical studies of synchronization phenomena. However, it
is certainly not true for large populations of neurons distributed across the cortical sheet. In order to make the systemmore
neurobiologically reasonable, some less restrictive assumptions should be applied with regards to connection topology and
interaction functions. Breakspear et al. [47] reviewed this simplified model of coupled phase oscillators in the context of
models of complex neurobiological systems and found that it captured the core mechanisms of neuronal synchronization
and a broad repertoire of rich, nontrivial cortical dynamics.

By using the Kuramoto model, we investigated the sensitivity of various selected synchronization measures to the linear
mixing effect. The CC measure is the oldest and most commonly used measure of synchronization of two time series. The
value of the time lag is taken as an estimation of the delay between the time series, under the implicit assumption that they
are linearly related. However, this delay cannot be directly regarded as a measure of the propagation time of the electrical
signal in the brain [52]. The CC has been effective to study neuronal systems containing dominant unidirectional interactions,
as the time-lagged maximal correlation and the magnitude of correlation can be informative to information flow between
brain areas [53]. Our results showed that the CC measure was sensitive to the linear mixing effect, which is in line with
findings that the presence of several kinds of artifacts might cause a loss of information and alteration in the results of CC
analysis [54]. However, the CC remains one of the most widely used measures to reveal the correlation among EEG time
series in brain studies.

The Coh quantifies linear correlations between two time series in the frequency domain. The Coh is sensitive to both phase
and amplitude relationships between the time series. Therefore, the relative importance of amplitude and phase covariance
in this index is not altogether clear [55,56]. It should be mentioned that by using the Coh measure alone, we could not
determine the directionality of the network interaction. Also, the exact amplitudes of the network interaction are not the
same as region-to-region coherence amplitudes. The Coh provides a global estimate of all important regions of network
activity regardless of source amplitudes. Thus, this measure is an appropriate choice for estimating correlation among long
time series that persist for extended durations [57].

The main weakness of the Coh measure is that it is strongly affected by VC. The ImPC is aimed at eliminating all sources
of extraneous coherence that are a consequence of instantaneous activity [26]. Hence, the ImPC captures true source
interactions at a given time lag. The ImPC has gained traction during the past years in EEG connectivity studies [58]. An
important property of the ImPC is that its non-vanishing finite value cannot be caused by a linear mixing of uncorrelated
sources and thus reflects true interactions of the sources underlying the two time series [19].

However, in some situations, the functional connectivity estimate based on ImPCbecomes negligible, even in the presence
of a significant true interaction, e.g., the phase difference between two time series is near 0 or π [19]. To overcome this
issue, the PLI was introduced by Stam et al. [19]. The PLI is an alternative measure of phase synchronization reflecting the
strength of the coupling by looking for consistent, non-zero phase lag between two time series. The PLI measures phase
synchronization based on the asymmetry of the distribution of instantaneous phase differences between two time series,
which is determined using the analytical signal based on the Hilbert transform. True interaction between two neural sources
results in a coherent phase relationship between their corresponding time series at a value different from 0 and π . The idea
behind the PLI is to discard phase differences that center around 0 mod π , which can be done by defining an asymmetry
index for the distribution of phase differences when the distribution is centered around a phase difference of 0 [59]. Our
simulations showed that the PLI was able to detect synchronization in the Kuramoto model with moderate K . With very
high values of coupling strength, the mean phase difference between all the oscillators vanishes, which might explain why
the PLI did not reach a value of one. Although the PLI was not insensitive to linear mixing, these effects were clearly smaller
than othermeasures. This readily suggests that the PLI could be amore reliablemeasure of true synchronization compared to
other measures such as CC, Coh, or ImPC. However, it is worth mentioning that the sensitivity of the PLI to noise is hindered
by the discontinuity in the measure, as small perturbations may turn phase lags into leads and vice versa. In other words,
in case of noisy time series, where phase difference values close to zero may change from leads to lags due to the presence
of noise, the PLI is biased and loses some ability to detect changes in phase synchronization, especially in cases of weak
coupling [60]. This problem can be solved by using the weighted formulation of PLI, in which not only the phase but also the
amplitude of the imaginary part of the cross spectrum is taken into account [60].

If one is only interested in the relationship between the phases without any influence of the amplitudes, then other
methods such as PC should be applied. It is well known that the instantaneous phases of two coupled time series may
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be strongly synchronized even if their amplitudes remain independent, a state referred to as phase coherence [61]. The PC
between two time series appearswhen time series are coupled in a broad range of structures. Hence, time frequency analysis
of phase synchronization is popular in research on brain network identification. The PC is better used for short duration
events where phase is used to determine how much the two recording sites are interacting within a very narrow time
window (milliseconds). However, our study showed that the PC was strongly affected by the overlapping effect, although
it still increased with increases in coupling strength. Hence, absolute values of PC cannot be interpreted in the context of
unknown effects of VC, while changes in PC between experimental conditions could still reflect changes in coupling [19].

The SLmeasure is a statistical likelihoodwith a logical decision-making process that determineswhether the patterns are
similar or not compared with a threshold, disregarding howmuch similarity there is in the patterns. However, the similarity
is not considered in the decision-making process, which may affect the reliability of the method. It has been shown that the
SL is robust to change in the sampling frequency of the data and tracks recurrence of complex patterns with broad frequency
content [29]. This measure can be computed in a time-dependent way, making it suitable for the analysis of non-stationary
data.

The synchronization measures based on the visibility graph were used as a new way to detect synchronization between
time series. By carrying out the VG algorithm, the data aremapped from the time domain to the graph domain, which allows
for the dynamics of the time series to be studied via the topology of the graph; subsequently, the structure of the time series
can be analyzed through the set of tools developed in the graph theory. Therefore, the information on time series is obtained
just by analyzing the characteristics of the corresponding visibility graph. This mapping gains some practical interest as it
opens the possibility of analyzing a time series from an alternative angle. In particular, it has been shown that both the
structure of complex, irregular time series and the nontrivial ingredients of its underlying dynamics are inherited in the
topology of the visibility graphs, and therefore simple topological properties of the graphs can be used as time series features
for description and automatic classification purposes [62]. Our results showed that the HVG and OVG algorithms had a fairly
good ability to predict true synchronization between the time series affected by linear mixing. It is worth mentioning that
the presented VG-based algorithms are computationally efficient to transform small-scale time series to visibility graphs,
but it may take too much time to deal with very large time series. To transform a time series of size N , it is necessary to
check all the N(N −1)/2 pairs of time series nodes to determine whether each pair of nodes can see each other based on the
defined geometrical criteria. Therefore, the total time complexity of the VG algorithm is O(N2). In other words, the algorithm
takes O(N2) time to execute to detect synchronization between two time series for the time duration N .

5. Conclusion

Volume conduction is an important complication that may lead to spurious synchronization among correlated signals
when attempting to find synchronization among EEG signals. In this paper, we examined the performance of various
synchronization measures against linear mixing as a way to model the VC effect. The EEG signals were generated based
on the Kuramoto model. Our study showed that the PLI, OVG, and HVG synchronization measures had good performance in
detecting the onset of synchronization. Thesemeasures, not being very sensitive to the VC effect for a wide range of coupling
strengths, can be used reliably for finding synchronization among real EEG signals for functional brain network studies.
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