
 Eindhoven University of Technology

MASTER

Model selection for prediction in generalized linear mixed model

Wu, Q.

Award date:
2018

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/5d1f9997-58d2-4700-b99e-f2eea81a7dfd


Model selection for
prediction in Generalized

Linear Mixed Model

Master thesis

Qiong Wu

Department of Mathematics and Computer Science
Data Mining Group

Supervisors:
Prof. Dr. E. R. van den Heuvel

Prof. Dr. M. Pechenizkiy
Dr. Z. Zhan

Eindhoven, Monday 27th August, 2018





Contents

Contents ii

1 Introduction 2
1.1 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Problem of conventional approaches . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Generalized linear mixed model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Latest model selection techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4.1 Boosting technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4.2 Penalized regression technique . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.6 Research question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Literature Review 8
2.1 PQL-based Lasso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 ML-based Lasso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 PQL-based Boost . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.4 GEE-based Boost . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.5 Joint selection using regularized PQL . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.6 Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.7 Lambda sequence selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Simulation: Preliminaries 18
3.1 Settings for selected algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.1 Incorporation of categorical predictors . . . . . . . . . . . . . . . . . . . . . 18
3.1.2 Starting values of the algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.1.3 Problem of GEE-based Boost . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 The definition of summary statistics . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 Simulation: Method 21
4.1 Time-independent continuous variables (TIC) . . . . . . . . . . . . . . . . . . . . . 21
4.2 Time-dependent continuous variables (TDC) . . . . . . . . . . . . . . . . . . . . . 22
4.3 Time-independent categorical variables and continuous variables (TICC) . . . . . . 22

5 Result 23
5.1 The result of TIC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
5.2 The result of TDC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.3 The result of TICC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

6 Discussion 57
6.1 Variable selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.2 Bias of the estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
6.3 Prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.4 Overall summary statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

ii Model selection for prediction in Generalized Linear Mixed Model



CONTENTS

6.5 Simulation remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.6 Auxiliary remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

7 Conclusions and Recommendations 62

Bibliography 63

Appendix 65

A 66
A.1 Time-dependent categorical variable and continuous variables . . . . . . . . . . . . 66

Model selection for prediction in Generalized Linear Mixed Model iii



Abstract

Model selection is demanded in both high dimensional oversized dataset and low dimension com-
plex framework. The traditional approach, i.e., stepwise regression which includes forward selec-
tion and backward elimination is often used by the linear regression model and the generalized
linear model. However, stepwise regression faces multiple test issue and it is not recommended.
When we have repeat binary data, the outcomes within the same subject are correlated. Gener-
alized linear mixed model (GLMM) is the suitable model to analyze this type of data. However,
GLMM is restricted to few predictors, since the presence of many predictors leads to unstable
estimates. Therefore, the model selection is needed. The problem in model selection for GLMM is
much more complicated than generalized linear model since the selection on covariance matrix is
not straightforward. Furthermore, model selections for GLMM are relatively new with the limited
number of algorithms available in the literature and there are limited comparisons among those
model selection methods either theoretically or through simulation. Therefore, the objective of
this thesis is to systematically compare the currently available model selection methods for GLMM
in the literature using simulation studies. After the investigation, five algorithms, namely, pen-
alized quasi-likelihood (PQL) based Lasso, maximum likelihood (ML) based Lasso, PQL-based
Boost, generalized estimating equation (GEE) based Boost and PQL-based joint selection (rpql)
are selected. Only PQL-based rpql could perform both fixed effects and random effects selection,
while the rest only perform fixed effects selection and the random effects need to be chosen manu-
ally. Furthermore, PQL-based rqpl and GEE-based Boost are designed for low-dimensional data,
and ML-based Lasso is for high-dimensional data. PQL-based Lasso and PQL-based Boost can
be used for both low-dimensional and high-dimensional data. In order to compare the perform-
ance of the five algorithms, we simulate scenarios for the low-dimensional binary outcome with 3
repeats, namely, time-independent continuous variable, time-dependent continuous variable and
both time-independent continuous and categorical variables. Based on the simulation result, all
algorithms have different performances on identifying important prognostic factor, while their pre-
diction performance is very close to each other under the same scenario. The simulated result on
identifying important prognostic factor is worse than the result in the paper since we simulate 3
repeats instead of 10.

Keywords: Generalized linear mixed model; Model selection; Lasso; Boosting; Maximum
likelihood; Penalized quasi-likelihood; Generalized estimating equation; Prediction



Chapter 1

Introduction

In this chapter, the general explanation of the reason why model selection is important, followed
by two fundamental principles, i.e. the Ockhams razor principle and bias-variance tradeoff. The
limitation of conventional approaches of model selection is summarized. A brief introduction to
the generalized linear mixed model (GLMM) is provided with the reason why model selection for
GLMM is complicated. Two suitable model selection techniques for GLMM are proposed, namely,
boosting technique and penalized regression techniques. Finally, based on the motivation of the
project, the research questions are formulated.

1.1 Model selection

Nowadays, the scale of datasets has increased tremendously and the curse of dimensionality [3] has
been widely recognized. High-dimensional data refers to the situation when the number of variables
p collected is much larger than the number of units n. This has attracted research interests in the
field of both statistics and machine learning. One of the main issues of high dimensional data is the
selection of the most relevant variables either for the purposes of identifying important prognostic
factor or for the purpose of predicting future events based on new information. Meanwhile, an
amount of statistical literature [49] focus on low-dimensional data (i.e., p < n) within more complex
frameworks, such as correlated observations, missing data and so on. Hence, model selection is
still beneficial for low-dimensional data to improve inference. The model selection is to select the
variables which contribute to the outcome from the given dataset. For example, we have a dataset
which contains the patient’s conditions such as the blood pressure, age, gender and we would like
to know which variable causes the patient to be ill. If blood pressure is the reason cause the
patient to be ill, then it should be selected. Therefore, when we apply the model selection method
on the given dataset of the patient, the method should select the variable blood pressure. In this
thesis, the model is the generalized linear mixed model, and model selection methods need to be
applied to it.

During the process of a model selection, there are two general principles, namely the Ockham’s
razor principle [32] and bias-variance tradeoff [16]. Ockham’s razor describes the principle that
unnecessary assumption should be avoided in phenomenon explanation. One interpretation is
that in situation where competing theories explain the phenomena equally well, the simpler, more
austere, or more elegant theory is preferred. [13] Ockham’s razor has been widely used as a
scientific guideline to reduce redundant hypotheses and achieve a simpler solution. When it comes
to statistic studies, the law is often applicable. For example, when one parameter cannot be proven
to contribute to the model, the probability that it worsens the model is significantly higher [32].
Such a rule is the first principle in model selection approach.

There is the other equally important principle to help us perform a good selection, namely, bias-
variance tradeoff or bias-variance dilemma. It describes that a predictive model cannot achieve
lower bias and variance simultaneously. The expected prediction error can be decomposed in three
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CHAPTER 1. INTRODUCTION

terms, i.e. irreducible error, bias, and variance. The irreducible error is beyond our control, which
is the variance of the new test target. The error due to bias is the difference between the prediction
of our model and the true value of the sample. Bias measures how far the predicted value of the
model is off with regard to the correct value. The error due to variance describes the variability of
a model prediction for a given data point. It denotes how much the predictions by the model for a
given point vary. Low bias (often achieved by adding complexity in the model) causes the model to
accurately represent the training set but more likely to represent unwanted component, i.e. noise
in the training set, and thus a less accurate prediction. Low variance makes the model simpler
but makes the algorithm unable to capture the regularities. The dilemma requires compromise
between bias and variance to get an optimal performance instead of trying to minimize them at
the same time.

1.2 Problem of conventional approaches

In the field of machine learning, studies in variable and feature selection has explored domains with
more than hundreds of thousands of variables and features comparing to the starting ages where
only more than 40 features were treated [4] [31] in the last decades. In those cases, variables denote
the raw input variables while features denote the variables constructed for the input variables.
Due to the fact that the number of variables and features has exploded, many techniques have
been proposed to reduce irrelevant and redundant variables. Variable and feature selection helps
in many aspects such as facilitating data visualization and data understanding, reducing the
measurement and storage requirements, reducing training and utilization times, defying the curse
of dimensionality to improve prediction performance [25]. Among all variables selection algorithms,
variable ranking is often proposed as baseline due to its simplicity, scalability and good empirical
success [2, 10, 15, 48]. However, variable ranking is normally not necessary and has certain
limitations that it often leads to redundancy [25].

In statistics filed, the traditional model selection approach for linear regression is the stepwise
regression [27], which includes forward selection and backward elimination. Forward selection
procedure starts with an intercept-only model without any variables. During every iteration, each
unselected variable is put into the model together with the already selected ones from the previous
iteration until either all variables are selected, or a stopping criterion is satisfied. The rule for
variable inclusion in each step is to select the variable which results in the largest single degree
of freedom (d.f.) F-ratio from the candidates for inclusion. The variable i is added to the next
iteration if

Fi = max
i

(
RSSp −RSSp+i

σ̂2
p+i

) > Fin, (1.1)

where RSSp denotes the corresponding residual sum of squares (RSS) for a p-term subset model
and σ̂ represents the residual mean squares. The subscript (p+ i) denotes the amount of compu-
tation so far when variable i is included in the current p-term equation.

On the other hand, backward elimination begins with a full model including all variables and
one variable is removed at a time. The variable i is removed if

Fi = min
i

(
RSSp−i −RSSp

σ̂2
p

) < Fout. (1.2)

When Fin is sufficiently large for the forward selection, the computations will be terminated before
all variables are included. On the opposite, Fout is sufficiently small for the backward elimination,
avoiding elimination of all variables. Hence, schemes for choosing Fin and Fout are considered as
”stopping rules”. For instance, one might consider,

Fin = F (α, 1, n− p− 1) (1.3)

and
Fout = F (α, 1, n− p), (1.4)

Model selection for prediction in Generalized Linear Mixed Model 3
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where F (a, b, df) is the F-statistics with df degree of freedom. However, different users may choose
Fin and Fout from different perspectives. For example, Kennedy and Baneroft [30] recommended
α = 0.25 for the forward selection and α = 0.10 for the backward elimination in the univariate
-F procedures. Flom and Cassell [14] paraphrased the essential problems with stepwise methods
which have been summarized by Frank Harrell [40]. They state that the basic problem of stepwise
approach is one test versus many, i.e. multiple testing issue, which leads to standard errors and
p-values biased towards zero, and parameter estimates biased away from zero. Therefore, they
suggest not to use stepwise approach. The generalized linear model has the similar problem with
the stepwise approach with different stopping rule.

1.3 Generalized linear mixed model

A generalized linear mixed model (GLMM) [34] is an extension of the generalized linear model
(GLM). GLM uses only fixed effects for the linear predictor while GLMM would also include
random effects. Fixed effects are constant across individuals, and random effects vary. [21] More
specifically, GLMM considers the conditional expectation of the outcome y as E[yyy|UUU = uuu] =
XβXβXβ + ZuZuZu where XXX is a known design matrix for the fixed effect, βββ is the vector of fixed effects,
ZZZ is a known design matrix for the random effects, UUU are random variables and uuu is the realized
values of random variables. The response vector is typically, but not always, assumed to consist of
conditionally independent elements, each with identical distribution from the exponential family
[34]:

fYi|uuu(yi|uuu) = exp

{
yiγi − b(γi)

φ
+ c(yi, φ)

}
. (1.5)

where φ is the dispersion parameter, γi is associated with the conditional mean where γi = γi(µi),
b(γi) is a specific function corresponding to the type of exponential family and c(.) is the log
normalization constant. The transformation of the mean as a linear model in both the fixed and
random factor is needed as follow:

E[yi|uuu] = µi,

g(µi) = xxxTi βββ + zzzTi uuu,

var(yi) = var(E[yi|uuu]) + E[var(yi|uuu)],

(1.6)

where µi denotes the conditional mean of yi given uuu and g(.) is a link function. The conditional
mean can be written as E[yyy|uuu] = g−1(XβXβXβ +ZuZuZu).

When the data contains repeat measurements, the outcome within the same subject are cor-
related. Hence, the responses are dependent in GLMM while they are independent in GLM. This
dependence influences the model selection by reducing the sample size. Since GLMM has both
regression parameters and variance parameters, it is important to identify the relative importance
of those two when performing model selection. For example, when we want to evaluate the predic-
tion performance of the model, the importance of these two parameters might differ. For instance,
if we would like to predict the response of a new subject based on the given dataset, then it might
be more important to get regression parameters correct than variance parameters. On the other
hand, if we would like to predict the response of the given subject in the dataset for the new
time point measurement, then both parameters are equally important. Furthermore, it underlies
the familiar difficulty of assigning degrees of freedom in GLMM. It is also often the case that
regression parameters are unconstrained, whereas variance parameters are always constrained by
the requirement that variance matrices must be positive semi-definite. Therefore, model selection
for the GLM is different from the model selection for GLMM and not all model selections for the
GLM are suitable for GLMM. In the following section, it describes the possible model selection
techniques for GLMM. [36]
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1.4 Latest model selection techniques

Flom and Cassell [14] discussed several alternatives to stepwise methods, such as principal com-
ponents analysis (PCA), Lasso, Least Angle Regression. Although large amounts of literature
addressed various methods of variable selection, boosting and penalized regression techniques are
the two techniques that have been developed for GLMM. Therefore, we focus on those two tech-
niques.

1.4.1 Boosting technique

Boosting is a general method for improving the performance of any learning algorithm. Freund and
Schapire [17] mentioned that boosting works by repeatedly running a given weak learning algorithm
on various distributions over the training data, and then combining the classifiers produced by
the weak learner into a single composite classifier. AdaBoost algorithm proposed by Freund
and Schapire [18] is considered as the first successful attempt and it is classified as a gradient
descent optimization technique [6]. Friedman [19] and Buhlmann and Yu [8] extended boosting
method which includes the possibility of selecting predictors. Tutz and Groll [44] presented a
componentwise boosting method called PQL-based Boost for GLMM to perform variable selection
with the complexity of the resulting estimator being determined by information criteria.

In the past decade, attention has shifted towards seeking the possibilities to use estimating
equations in variable selection. Yang, Belin, and Boscardin [51] proposed to pre-process the data
before standard variable selection procedure can be applied. Fu [20], Johnson, Lin and Zeng [29]
illustrated that penalized estimating equation can be used in a large class of semi-parametric
models for variable selection. Fu [20] also proposed a ’shooting’ algorithm as a solution under
certain regularity conditions (Fu [20]). Johnson, Lin and Zeng [29] adapted this approach to solve
a system of penalized generalized estimating equations. In 2011, Wolfson [49] proposed GEE-based
Boost as a less computational demanded alternatives.

Both PQL-based and GEE-based boost algorithms can also be considered as stagewise regres-
sion. The stagewise regression iteratively includes variables into the model similar to the forward
stepwise regression, but it updates the coefficient by a small amount ε, where ε is within the range
of (0,1). The default ε of PQL-Boost is 0.1 while the default ε of GEE-based Boost is 0.01.

1.4.2 Penalized regression technique

In 1996, Tibshirani [42] proposed a new method called Lasso which uses L1-penalty for linear
regression model to minimize residual sum of squares. By doing this, some coefficients are set
precisely to zero. Therefore, irrelevant variables drop out. It attracted significant attention due to
its low demand in computation power, to solve a convex optimization problem. In the last decade,
several improvements have been made on Lasso to extend it to more general models. Park and
Hastie [38] introduced a path following algorithm for L1-regularized GLM. The algorithm uses the
predictor-corrector method of convex optimization. Recently, based on the approach of Goeman
[22], Groll and Tutz [24] proposed a new method PQL-based Lasso by combining gradient ascent
optimization with the Fisher scoring algorithm. In 2014, Schelldorfer, Meier, and Buhlmann [41]
proposed a Lasso-type approach for GLMM as a variable selection method to reduce the number
of variables in high dimension. This is called ML-based Lasso. Both PQL-based Lasso and ML-
based Lasso perform fixed effects selection only and we need to choose the random effects part
ourselves manually. In 2017, Hui, Mueller, and Welsh [28] proposed joint selection in GLMM using
regularized PQL which could perform both fixed effects and random effects selection, and then
substitute estimated fixed effect and random effects back into Laplace approximated log-likelihood
to obtain an estimate of covariance matrix.

In general, PQL-based Lasso and PQL-based joint selection (rpql) uses penalized quasi-likelihood
(PQL), while ML-based Lasso uses likelihood. The advantage of PQL is that it can generate highly
efficient estimators without assuming underlying distribution, while its disadvantage is that it is
not as accurate as maximum likelihood since it is an approximation of the likelihood function.

Model selection for prediction in Generalized Linear Mixed Model 5
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1.5 Motivation

This thesis is motivated by a real-life clinical study which aims to build a prediction tool for
practical use by doctors using laboratory measured biomarkers to predict the quality of life (QoL)
of patients who underwent bariatric surgeries. During the study, in total 45 biomarkers were
measured at three different time points for each patient along with QoL-related data measured
by the RAND-36 questionnaire [45]. Because the questionnaire outcomes are categorical and the
outcomes within each patients are correlated due to repeated measurements, a GLMM can be used
to analyze the data. To identify a subset of biomarkers which can be used to predict the QoL of
the patients in replacement of the questionnaire instrument, model selection is needed. However,
model selections for GLMM are relatively new with limited number of algorithms available in
literature. Furthermore, there are limited comparisons among those model selection methods
either theoretically or through simulation. Since different papers treat the same model with
different notation and different simulation settings, it is difficult to access and evaluate the model
selection methods.

1.6 Research question

Based on our project motivation, the objective of the project can be summarized as to systemat-
ically compare the currently available model selection methods for GLMM in the literature using
simulation studies. Hence, our main research question is formulated as follow:

MRQMRQMRQ: How many model selection methods suitable for GLMM exist, and what are their per-
formance comparing to each other?

To answer the question, we start with literature search and we find five model selection meth-
ods, namely PQL-based Lasso, rpql, ML-based Lasso, PQL-based Boost and GEE-based Boost.
However, these five methods are relatively new techniques and they have not been extensively
reviewed or tested. To more accurately compare the performance of the methods, we address the
comparison by the following research questions:

RQ1RQ1RQ1: Can these five methods identify important prognostic factor?

The prognostics factors are the variables which contribute to the outcome. For example, when
we consider the condition of a patient to see whether he is ill or not. The blood pressure is the
main factor to cause the illness, then the variable blood pressure is the prognostics factor. In order
to identify important prognostic factors, we need simulation study since it is unknown which vari-
ables contribute to the outcome of the real dataset. Besides the accuracy of selecting important
prognostic factors, the bias of the estimates needs to be analyzed as well.

RQ2RQ2RQ2: What are the prediction performance among these five methods?

In this project, the prediction is on the marginal mean. To check the performance of the pre-
diction, we could use the simulated dataset first. If the prediction is sufficiently good such as above
85%, it is worth further investigating prediction performance on the real dataset. Otherwise, it is
not necessary to consider the real world situation. Since the starting point of the comparison is
based on the simulation study, one important question is formulated as follow:

RQ3RQ3RQ3: What is the setting of simulation scenario?

We start with the similar simulation scenario as defined in PQL-based Lasso, which only con-
siders time-independent continuous variables. In the clinical studies, time-dependent continuous
variables are often observed such as body weight which fluctuates around a certain value during a
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period. Thus, we include time-dependent continuous variables as our second simulation scenario.
Furthermore, none of the techniques has taken categorical variables in their simulation study. So
we extend our first scenario with categorical variables to be time-independent categorical variables
and continuous variables. As known, perfectly correlated variables introduce redundancy, which
influences the performance of variable selecting. It is also interesting to exam the result by cor-
relation. Hence, we consider correlated variables with the correlation coefficient of 0.5 for all the
mentioned scenarios. As mentioned in Section 1.5, the project is to predict the QoL of patients
based on the RAND-36 questionnaire which is categorical outcomes. The categorical outcomes
could be formulated as cumulative logit models which could be transformed into binary responses
[1]. However, none of the approaches can be directly applied to categorical outcomes except for
PQL-based Lasso. To keep the consistency, we start with simulations of binary outcome with
low-dimensional data to check the performance of the selected five methods.

Those five model selection methods are explained in details in Chapter 2. In Chapter 3,
preparation work before simulation is explained, for example how to correctly chose the setting
for each algorithm. Chapter 4 provides three different simulation scenarios followed by the results
shown in Chapter 5. Discussion can be found in Chapter 6. Finally, Chapter 7 provides conclusions
and recommendations for the future study and practical usage.

Model selection for prediction in Generalized Linear Mixed Model 7



Chapter 2

Literature Review

After a systematic scan of the literature, we find out five model selection methods for GLMM are
available. Therefore, we select all of them. In this chapter, we explain each algorithm in details
and compare them at the end. For penalized regression techniques, a sequence of λ is needed.
However, there is no explicit method to select the sequence of λ for PQL-based Lasso and ML-
based Lasso. The algorithms of PQL-based Lasso and ML-based Lasso are given by a specific λ
and how we choose the sequence of λ is introduced in Section 2.7.

2.1 PQL-based Lasso

Groll and Tutz [24] proposed a new method by combining gradient ascent optimization with the
Fisher scoring algorithm and is based on the approach of Goeman [22]. This algorithm uses PQL
with L1-penalty. The author use the approximation of log-likelihood which is derived by Breslow
and Clayton [7]:

lapp(βββ,uuu,γγγ) =

n∑
i=1

log(f(yyyi|βββ,uuu,γγγ))− 1

2
bbbTQQQ(%%%)−1bbb, (2.1)

where the penalty term uuuTQQQ(%%%)−1uuu is due to the approximation based on the Laplace method and
QQQ(%%%) is the corvariance matrix. The objective function of PQL-based Lasso is as follows:

lpen(βββ,uuu,γγγ) = lapp(βββ,uuu,γγγ)− λ
p∑
i=1

|βi| (2.2)

where lapp(βββ,uuu,γγγ) is the logarithm of PQL with γγγT = (φ,%%%)T , %%% is an unknown parameter vector,
φ is the dispersion parameter, βββ and uuu have the same definition as in Section 2.2. λ

∑p
i=1 |βi| is

the penalty term, p is the number of predictors and λ is the tuning parameter.
For given γ̂̂γ̂γ which includes parameters of the variance components, the optimization problem

reduces to

δ̂̂δ̂δ = arg max
δδδ

lpen(δδδ, γ̂̂γ̂γ) = arg max
δδδ

[lapp(δδδ, γ̂̂γ̂γ)− λ
p∑
i=1

|βi|], (2.3)

where δ̂δδ = (β̂ββ, ûuu).
In order to understand L1-penalty bound well, we can simply transfer maximization problem

to minimization problem by minimizing -lpen(δδδ, γ̂̂γ̂γ) and subjecting to
∑p
i=1 |βi| ≤ t. There is a

one-to-one correspondence between parameters t and λ. When considering only two predictor
variables, the L1-penalty bound can be viewed as follow.

As it is seen in Figure 2.1, the constraint region for Lasso regress is the diamond shape defined by
|β1|+ |β2| ≤ t which has four corners. The red ellipse is the counter of the approximation function.
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Figure 2.1: Estimation picture for the lasso[43]

The Lasso find the point that the ellipse encounters the constrain region at the first time. Since
Lasso has four corners, it is quite likely the ellipse could hit the corners. If it happens, one of the
two estimated parameters is set to zero. Especially when more predictor variables are involved,
the diamond becomes a rhomboid which has many corners. Hence, there are higher opportunities
for the estimated parameters becoming zero.

The algorithm is summarized in Algorithm 1. For step 1, the authors recommend to calculate the
starting values by fitting the intercept model with random effects and it can be done by using the
R-function glmmPQL [50] from the MASS library [46]. If no starting values are specified for the al-
gorithm, then the algorithm uses a full zero vector for fixed effects and 0.1 for variance components
of all random effects. Furthermore, the algorithm is capable of incorporating categorical predict-
ors. Normally, the categorical predictors are dummy-coded. It means one-dimensional variable
is transformed into a group of variables. However, the standard Lasso could only select distinct
dummy variables instead of the whole factors. One possible solution to this problem is to use the
Lasso penalty for groupwise selection and the ridge-type penalization within coefficient groups.
PQL-based Lasso incorporates the penalization adjustment of Meier et al. [35] into the algorithm
which uses a Lasso penalty at the factor level and a Ridge-type penalization within coefficients
groups. The PQL-based Lasso has already been implemented in R, namely, glmmLasso.

Algorithm 1 PQL-based Lasso

1. Initialize starting values for β̂̂β̂β(0), û̂ûu(0) and γ̂̂γ̂γ(0)

2. Iteration: For l = 1,2... until convergence

• Calculate log-likelihood gradient sss(δδδ) = ∂lapp(δδδ)/∂δδδ for given γ̂γγ(l−1)

With sss(δδδ) = ∂lappδδδ/∂δδδ derive:

spen0 (δ̂δδ
(l−1)

) = s0(δ̂δδ
(l−1)

), speni (δ̂δδ
(l−1)

) = si(δ̂δδ
(l−1)

), i = p+ 1, ..., p+ ns.

Furthermore, for i = 1, ...p derive:

speni (δ̂δδ
(l−1)

) =


si(δ̂δδ

(l−1)
)− λsign(β̂

(l−1)
i ) if β̂

(l−1)
i 6= 0

si(δ̂δδ
(l−1)

)− λsign(si(δ̂δδ
(l−1)

)) if β̂
(l−1)
i = 0 and |si(δ̂δδ

(l−1)
)| > λ

0 otherwise,

where

sign(x) =


1 if x > 0

0 if x = 0

− 1 if x < 0,

Model selection for prediction in Generalized Linear Mixed Model 9
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• Base on Taylor approximation used in Goeman (2010) [23], we drive:

topt =
||ssspen(δ̂δδ

(l−1)
)||2

l′′app(δ̂δδ
(l−1)

, ssspen(δ̂δδ
(l−1)

)
,

with ||.||2 denoting the L2 norm. However, the discontinuities of the gradient divide
the domain of lpen into multiple subdomains on which the gradient is continuous and
topt is only valid within each subdomian. Therefore, we have to compare topt with
tedge to see if topt would be outside the domain.

tedge = min
i

− δ̂(l−1)

speni (δ̂δδ
(l−1)

)
: sign(δ̂(l−1)) = sign[speni (δ̂δδ

(l−1)
)] 6= 0


• Based on topt and tedge, update

δ̂δδ
(l)

=


δ̂δδ
(l−1)

+ t
(l−1)
edge s

pen(δ̂δδ
(l−1)

) if t
(l−1)
opt ≥ t(l−1)edge

δ̂δδ
(l−1)
NR if t

(l−1)
opt < t

(l−1)
edge and sign(δ̂δδ

(l)

NR) = sign(δ̂δδ
(l−1)
NR )

δ̂δδ
(l−1)

+ t
(l−1)
opt spen(δ̂δδ

(l−1)
) otherwise.

When the second condition is satisfied, it indicates that the current subdomain contains
the true optimum. Therefore, we could use the Newton-Raphson algorithm to estimate

δ̂δδ
(l−1)

, which is denoted by δ̂δδ
(l)

NR, instead of gradient ascent since the efficiency of the
Newton-Raphson algorithm is higher.

• Compute variance components

3. Re-Estimation: In the final step a model that includes only the variables corresponding to
non-zero parameters of β̂̂β̂β is fitted. A simple Fisher scoring, resulting in the final estimates
δ̂̂δ̂δ, Q̂̂Q̂Q is used.

2.2 ML-based Lasso

In 2014, Schelldorfer, Meier, and Buhlmann [41] proposed a Lasso-type approach for GLMM
as variable selection method to reduce the number of predictors. The algorithm selects a set
of candidate active variables in the first step, in order to reduce dimensionality of the high-
dimensional GLMM. In the second step, the algorithm performs refitting by maximum likelihood
estimation to get accurate parameter estimates. The algorithm uses maximum likelihood with L1

penalty and the objective function:

Qλ(βββ,θθθ, φ) = −2logL(βββ,θθθ, φ) + λ‖βββ‖1, (2.4)

where λ ≥ 0 is a regularization parameter and L(βββ,θθθ, φ) is the full likelihood function of GLMM.
The goal is to estimate the fixed-effect βββ, the variance-covariance parameter θθθ and the dispersion
parameter φ, by

(β̂ββ, θ̂θθ, φ̂) = arg min
βββ,θθθ,φ

Qλ(βββ,θθθ, φ). (2.5)

Since the likelihood function comprises analytically intractable integrals, Laplace approximation
QLAλ (βββ,θθθ, φ) is used and the estimator is given by

(β̂ββ
LA
, θ̂θθ
LA
, φ̂LA) = arg min

βββ,θθθ,φ
QLAλ (βββ,θθθ, φ). (2.6)

In the Algorithm 2, we let

βββ(s) := (β
(s)
1 , ..., β(s)

p )T , θθθ(s) := (θ
(s)
1 , ..., θ(s)p )T , φ(s)

10 Model selection for prediction in Generalized Linear Mixed Model
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Algorithm 2 ML-based Lasso

Stage 1: Compute the GLMMLassoLA estimate (3.5) and set Ŝ which is the set of selected
predictors.

(0) Choose a starting value for βββ(0), θθθ(0) and φ(0)

RepeatRepeatRepeat for s = 1,2,...

(1) Fixed effects optimization

For k = 1, ..., p

(a) Calculate the Laplace approximation

(b) Quadratic approximation and inexact line search (exact)

(i) Approximate the second deviate

h
(s)
k =

∂2

∂β2
k

f(βββ(s,s−1,βk), θθθ(s−1), φ(s−1))|
βk=β

(s−1)
k

(ii) Calculate descent direction d
(s)
k

(iii) Choose a step size α
(s)
k > 0 and set βββ(s,s−1;k+1) = βββ(s,s−1;k) +α

(s)
k d

(s)
k eee such

that QLAλ (βββ(s,s−1;k+1), θθθ(s−1), φ(s−1)) ≤ QLAλ (βββ(s,s−1;k), θθθ(s−1), φ(s−1))

(2) Covariance and dispersion parameter optimization

For l = 1,...,d

θ
(s)
l = arg min

θl
QLAλ (βββ(s), θθθ(s,s−1;θl), φ(s−1))

φ(s) = arg min
φ
QLAλ (βββ(s), θθθ(s), φ)

untiluntiluntil convergence

Stage 2: Perform unpenalized ML estimation based on Ŝ.

Model selection for prediction in Generalized Linear Mixed Model 11
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be the estimates of βββ, θθθ and φ in the sth iteration. Using the notation

βββ(s,s−1,βk) := (β
(s)
1 , ..., β

(s)
k−1, βk, β

(s−1)
k+1 , ..., β(s−1)

p )T ,

θθθ(s,s−1,θl) := (θ
(s)
1 , ..., θ

(s)
l−1, θl, θ

(s−1)
l+1 , ..., θ(s−1)p )T ,

βββ(s,s−1,k) := (β
(s)
1 , ..., β

(s)
k−1, β

(s−1)
k , β

(s−1)
k+1 , ..., β(s−1)

p )T ,

the exact algorithm is summarized in Algorithm 2, where d is the dimensionality of parameter
vector θθθ. The starting value of βββ is estimated by fitting a GLM with Lasso, and the initial
values for θθθ and φ are calculated using step (2). There are two approaches, namely, exact and
approximated solutions for step (1b). The approximated solution considers the random effect
as fixed and not dependant on βk. This algorithm has already been implemented in R, namely,
package ’glmmixedlasso’. Furthermore, any fitted dataset is in the matrix format which codes
the categorical variables as dummy variables. However, it is unclear which group method could
be applied to the dummy variables. Hence, those dummy variables could not be considered as
the whole factors. In addition, due to the different scales of categorical and continuous variables,
normalization is needed, and the details can be found in Section 4.1.2.

2.3 PQL-based Boost

Tutz and Groll [44] presented a componentwise boosting method for GLMM to perform variable
selection with the complexity of the resulting estimator determined by information criteria, which
is called PQL-based Boost.

PQL-based Boost uses PQL lp(βββ,uuu,γγγ) with componentwise boosting to estimate corresponding
parameters. Componentwise boosting means the model only contains the intercept, and one linear
term xrβr in each iteration step. The algorithm could be summarized as follow with β̃̃β̃βTr = (β0, βr),

δTrδ
T
rδ
T
r = (β0, βr,uuu

T ) and ηηηr = XXX .rβ̃̃β̃βr +ZuZuZu in Algorithm 3. For step 1, the calculation of the starting
values is the same as PQL-base Lasso. Furthermore, no information is available on how PQL-
based Boost handles categorical variables. We use the given function as.factor() which codes the
categorical variables as dummy variables.

12 Model selection for prediction in Generalized Linear Mixed Model
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Algorithm 3 PQL-based Boost

1. Initialize

starting value for µ̂̂µ̂µ(0),QQQ(0) and uuu(0).

2. Iteration

for l = 1, 2, ..., lmax

• For r ∈ {1, ..., p} derive penalized score function ssspr(δδδ) = ∂lp/∂δδδr and the penalized
pseudo Fisher matrix FFF pr(δδδ). Using one step in Fisher scoring with starting value δδδ = 000

to estimate fisher scoring for the r-th component: δ̂δδ
(l)

r = (FFF pr(δδδ
(l−1)))−1sssr(δ̂δδ

(l−1)
) with

variance components being replaced by their current estimates Q̂̂Q̂Q(l−1)

• Select from r ∈ {1, .., p} the component j that leads to the smallest AIC
(l)
r or BIC

(l)
r

and select the corresponding (δ̂δδ
(l)

j )T = (β̂∗0 , β̂∗j ,(û̂ûu∗)T )

• Update

set the intercept and random effect by

β̂
(l)
0 = β̂

(l−1)
0 + β̂∗0 , û̂ûu(l) = û̂ûu(l−1) + û̂ûu∗

and for r = 1, ..., p, set

β̂(0)
r =

{
β̂(l−1)
r if r 6= j,

β̂(l−1)
r + εβ̂∗r if r = j

(δ̂̂δ̂δ(l))T =
(
β̂
(l)
0 , β̂

(l)
1 , ..., β̂(l)

p , (û̂ûu(l))T
)

where ε is the weakness of the learner in the range [0,1]

• Computation of variance-corvariance components

In order to understand the algorithm of PQL-based Boost, a small example of how the al-
gorithm works is given. For simplicity, we only consider two predictors and one random effect
with the default starting value in the example, and we use Bayesian Information Criteria (BIC)
as the selection criteria.
The model is defined by

z = β0 + β1x1 + β2x2 + u1

with initial estimates β̂
(0)
0 = β̂

(0)
1 = β̂

(0)
2 = 0 and σ̂

(0)
u1 = 0.1

At the first iteration, we consider two models:

z(1a) = β̂
(1a)
0 + β̂

(1a)
1 x1 + û

(1a)
1

z(1b) = β̂
(1b)
0 + β̂

(1b)
2 x2 + û

(1b)
1

For both the models z(1a) and z(1b), the one step Fisher scoring (β̂1a∗
0 , β̂1a∗

1 , û
(1a∗)
1 ) and (β̂1b∗

0 , β̂1b∗
2 , û

(1b∗)
1 )

are calculated with BIC(1a) and BIC(1b), respectively. Suppose BIC(1a) is smaller than BIC(1b),
then we have our final model for the first iteration:

z(1) = β̂
(1)
0 + β̂

(1)
1 x1 + β̂

(1)
2 x2 + û

(1)
1

where β̂
(1)
0 = β̂

(0)
0 + β̂

(1a∗)
0 , β̂

(1)
1 = β̂

(0)
1 + εβ̂

(1a∗)
1 , β̂

(1)
2 = β̂

(0)
2 , û

(1)
1 = û

(0)
1 + û

(1a∗)
1 and BIC(1) =

BIC(1a). For the second iteration step, we consider two models:

z(2a) = β̂
(2a)
0 + β̂

(2a)
1 x1 + û

(2a)
1

z(2b) = β̂
(2b)
0 + β̂

(2b)
2 x2 + û

(2b)
1

where β̂
(2a)
0 = β̂

(2b)
0 = β̂

(1)
0 , β̂

(2a)
1 = β̂

(1)
1 , β̂

(2a)
2 = β̂

(0)
2 , û

(2a)
1 = û

(2b)
1 = û

(1)
1 . Since only one step

Fisher scoring is applied, the model z(2a) is not the same as model z(1a) after fitting. The updating
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of estimates and BIC are the same as first step. The algorithm continues to iterate following the
similar mechanism, until the maximum number iteration is reached. Then we select lopt from
L:=1,2, ..., lmax, where BIC(l) is the smallest, that is

lopt = arg min
l∈L

BIC(l)

The final estimates are δ̂δδ
lopt

, Q̂QQ
lopt

and µ̂µµlopt .

2.4 GEE-based Boost

GEE-based Boost[49] is updated from the basic boosting algorithm which iteratively updates
fixed effects in the current direction of the greatest decrease in loss function. Although estimating
equation may not correspond to the gradient of any loss function, it can be expected to behave
similarly [49]. Hence, the author substitutes the vector of estimating equation for the gradient of
the loss function in the basic boosting algorithm. GEE-based Boost is designed for low-dimensional
data and the algorithm is as follows.

Algorithm 4 GEE-based Boost

1. Set βββ(0) = 0

2. For t = 1:T ,

(a) compute the absolution value of estimating equation ∆∆∆ = |h(X,β)h(X,β)h(X,β)|βββ=βββ(t−1)

(b) identify jt = arg maxj ∆∆∆j

(c) set βββ
(t)
jt = βββ

(t−1)
jt − ε sign(∆∆∆jt)

In Algorithms 4, T is the maximum number of iterations and h(X,β)h(X,β)h(X,β) is the generalized estimating
equation, ∆∆∆j denotes the jth term of ∆∆∆ with the maximum value, and ∆∆∆jt denotes the jth term of
∆∆∆ with the maximum value at tth iteration. The algorithm starts with an initial value of βββ(0) and
only one element of βββ is updated at each iteration. This algorithm has already been implemented
in R, namely, package ’threeboost’. It requires the fitted dataset to be in the matrix format
which codes the categorical variables as dummy variables. However, the paper does not mention
any group method which could be applied to categorical variables. Hence, GEE-based Boost has
similar problem as ML-based Lasso in this aspect.

2.5 Joint selection using regularized PQL

In 2017, Hui, Mueller, and Welsh [28] proposed joint selection in GLMM using regularized1 PQL
with sparsity and a method to choose the associated tuning parameters. The sparsity is needed
to shrink all the coefficients for a random effect to zero simultaneously such that the random
effect is removed from the model. In this algorithm, authors unite the PQL with the adaptive
lasso (ADL) and the adaptive group lasso penalties to perform fixed and random effects selection.
The logarithm of PQL considered is lPQL(ΨΨΨ,uuu) where ΨΨΨ = (βββT , vech(DDD)T )T , vech(.) denotes the
half-vectorization operator and DDD is the random effect covariance matrix. The estimators of the
fixed and variance component of random effect are:

(β̂ββλ, ûuuλ) = arg max
βββ,uuu

lPQL(ΨΨΨ,uuu)− λ
pf∑
k=1

vk|βk| − λ
pr∑
l=1

wl||uuu...l|| (2.7)

1The authors combine PQL estimation on the fixed and random effect, they refer this approach as regularized
PQL.
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where uuu...l = (uil, ..., unl), vk = |β̃k|−K and wl = D̃DD
−K
ll are adaptive weights. D̃DDll is the l-th diagonal

element of D̃DD and K > 0 is a common power parameter. Furthermore, β̃ββ and D̃DD are the unpenalized
maximum likelihood estimates of fixed effects coefficients and random effect corvariance matrix
from fitting the full GLMM. The algorithm introduces a method to choose the associated tuning
parameter. It considers a sequence of λ’s within the range [λmin, λmax] where λmin leads to the
full model including all fixed and random effects and λmax is the smallest λ which leads to the
null model. The algorithm proposes to select the value of λ by minimizing the information criterion

IC(λ) = − 2

N
lPQL(Ψ̂ΨΨλ, ûuuλ) +

log(n)

N
dim(β̂ββλ) +

2

N
dim(ûuuλ) (2.8)

where ”log(n)” is a BIC-type penalty for fixed effects and ”2” is a AIC-type penalty for random
effects. The authors showed that using IC(λ) to choose the tuning parameter leads to selection
consistency in regularized PQL. This algorithm has already been implemented in R, namely, pack-
age ’rpql’. The function cov.groups() is available for rqpl; it could treat and penalize the selected
fixed effects as a group. Hence, it could be used for categorical variables. Besides standard lasso
(SL) and ADL, SCAD-P approach of Fan and Li [12] using the smoothly clipped absolute deviation
(SCAD) penalty and the minimax concave plus (MCP) penalty of Zhang [53] are implemented in
rpql as well. However, the original paper does not mention how those two methods are adapted
into the algorithm for GLMM. We assume they are replaced by λ

∑pf
k=1 vk|βk|. SCAD and MCP

penalty of βi can be found as follow

pSCADλ (βj) =



λ|βj | if |βj | ≤ λ

− (
|βj |2 − 2aλ|βj |+ λ2

2(a− 1)
) if λ < |βj | ≤ aλ

(a+ 1)λ2

2
if |βj | > aλ

(2.9)

pMCP
λ (βj) =


λ|βj | −

β2
j

2γ
if |βj | ≤ γλ

1

2
γλ2 if |βj | > γλ

(2.10)

For MCP and SCAD penalties, they have two tuning parameters a and λ for SCAD and γ and
λ for MCP to control the concavity of the penalty. The tuning parameters a and γ are used to
control how fast the penalization rate goes to zero in each algorithm, respectively. As a and γ go
to the infinity, both the MCP and SCAD penalties converge to the L1 penalty.

2.6 Comparison

In the previous sections, five approaches are introduced. They can be categorized into two groups,
namely, boosting and penalized regression techniques. For the selected penalized algorithms, there
are four different types of penalties, namely the regular lasso (SL), adaptive lasso (ADL), MCP
and SCAD. The solution paths with different penalties can be found in Figure 2.1 [5] and the
solution paths of SCAD with different values of γ are shown in Figure 2.2 [5]. The simulated
dataset for the solution paths has true coefficients β1 = 4, β2 = 2, β3 = −4 , β4 = −2 and 0 for
the remaining [5].

As shown in Figure 2.1, ADL, SCAD and MCP allow the estimated coefficients to reach large
values quicker than SL. Although all penalties shrink most coefficients to zero, ADL, SCAD and
MCP apply less shrinkage to the nonzero coefficients than SL. Further comparisons among those
approaches can be found in Table 2.1.

According to the simulation studies stated in each paper for the binary response, all approaches
consider ten repeats for the simulated dataset except for GEE-based Boost. Vonesh et al. [47]
has shown PQL estimates is consistent when the cluster size grows with the number of clusters.
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Figure 2.2: The solution paths for the simulated data with four penalties, namely, standard Lasso,
adaptive Lasso, MCP and SCAD

Figure 2.3: The solution paths of SCAD for the simulated data with varied γ

Hence, PQL estimates might be unstable when the cluster size is small. Both PQL-based Lasso
and PQL-based Boost claim that the variable selection performance deteriorates when predictors
increase from 5 to 50. Furthermore, PQL-based Boost needs to be improved for binary response
for low-dimensional settings as stated in the paper. On the other hand, rpql shows the simulation
result with the fixed number of predictors and the various numbers of observations and repeats.
The simulation result claims when either the number of observations or the number of repeats
increases, the percentage of datasets with correctly chosen fixed effects and random effects increases
as well. On the opposite, the simulation study on ML-based Lasso focuses on high-dimensional
settings with 500 predictors and 1500 predictors. The simulation result shows that ML-based Lasso
always correctly selects all fixed effect and the average of the total number of selected predictors
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Table 2.1: Estimation method and final model selection criteria for PQL-based Lasso, ML-based
Lasso, PQL-based Boost, GEE-based Boost and rpql

Approaches Estimation method final model selection criteria

PQL-based Lasso
maximize objective function using
PQL with L1 penalty

use smallest AICs or BICs

ML-based
Lasso

maximize objective function using
maximum likelihood with Laplace
approximation and L1 penalty

use smallest AICs or BICs

PQL-based
Boost

update fix and random effects using
PQL with boosting

use smallest AICs or BICs
within defined max iteration
step

GEE-based
Boost

only update fixed effects through
estimating equations

until the defined max iteration
step is reached

rpql

Combine PQL estimation with sparsity
including penalties on the fixed and
random coefficients (with SL, ADL,
SCAD and MCP penalties)

use author defined information
criterion IC(λ)

is smaller than 14. However, for GEE-based Boost the simulation study is only performed for
the multivariate normal distributed outcomes, the performance on binary outcomes is unknown.
None of the approaches have mentioned the prediction performance for the binary outcome, so
the investigations are needed for all approaches.

2.7 Lambda sequence selection

For PQL-based Lasso and ML-based Lasso, we introduce a binary search to find the maximum
lambda, which shrinks coefficients of all variables to zero. The sequence of lambda ranges from 0
to maximum lambda with step length of maximum lambda divided by 100.
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Chapter 3

Simulation: Preliminaries

In the previous section, we discussed the model selection algorithms for GLMM. Besides those five
algorithms, we use naive p-value selection based on the results of fitting an unpenalized GLMM
[33] as our benchmark which will be referred as glmer [33] thereafter.

3.1 Settings for selected algorithms

In Section 3.1.1, how each algorithm handles categorical variables is interpreted. For PQL-
based Lasso and PQL-based Boost, authors suggest calculating suitable starting values for the
algorithms. The details can be found in Section 3.1.2. Furthermore, PQL-based Lasso needs final
refit. The original 500 iteration steps of PQL-based Boost is not sufficient to ensure convergence
of the algorithm under majority of the simulation settings. Therefore, we have doubled the max-
imum iteration step to ensure convergence. Glmer uses the adaptive Gauss-Hermit method [37]
with bobyqa optimizer [39] using 10 quadrature points. We use a two-step approach to select
variables in glmer. The first step is to fit unpenalized GLMM with the full model. Then based on
the result, variables with p-values smaller than 0.05 are selected to refit the model. The refitted
result is the final result of glmer. This two-step approach is different from backward elimination
since the backward elimination is to eliminate variable one by one until the stopping rule is met.
For our two-step approach, we only eliminate all variables with p-values larger than 0.05 at one
time.

3.1.1 Incorporation of categorical predictors

For PQL-based Lasso and PQL-based Boost, they use as.factor() function to indicate categorical
variables. For algorithm rpql, it uses cov.groups to indicate categorical variables. Both ML Boost
and GEE Boost code the categorical variables as dummy variables. Since both ML Boost and
GEE Boost code the categorical variables as dummy variables and they have different scales with
continuous variables, the normalization on all variables is applied. We choose the standardiza-
tion approach to perform normalization. Each observation is subtracted with the average of the
corresponding predictor and divided by the standard deviation. Firstly, the normalized variables
are fitted by ML-based Lasso and GEE-based Boost, then a subset of selected variables is got-
ten. After that, the selected variables without normalization are fitted by ML-based Lasso and
GEE-based Boost without selection to obtain the original estimates of the coefficients.

3.1.2 Starting values of the algorithm

For PQL-based Lasso and PQL-based Boost, the authors suggest to compute the starting values
by glmmPQL [50]. To investigate the sensitivities of the algorithms with regards to its starting
value, we simulate both algorithms with starting value and with default starting value both given
in Section 2.1. According to the simulation scenario time-independent continuous variable (as
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shown in Section 5.1), 100 simulated datasets are generated. Based on the simulated datasets, the
result of both algorithms with suggested starting value and with default starting value for 3 and
10 repeats can be found in Table 3.1. The summary statistics MSE c and MSE rv are calculated
based on the definition in Table 3.2. When the repeat drops to 3, PQL-based Boost with the
computed starting value by glmmPQL shows unexpected performance, the mean squared error for
fixed and random effects get much larger than the one with the default starting value.

Table 3.1: The mean squared error for the linear predictor of the fixed effects and variance
component of random effects with 3 and 10 repeats by using PQL-based Lasso and PQL-based
Boost with different starting values.

Algorithms
repeat = 3 repeat = 10

MSE c MSE rv MSE c MSE rv
PQL Lasso start 91.4248 0.0523 49.1735 0.0459
PQL Lasso default start 91.1817 0.2819 - -
PQL Boost start 662.9385 70.5483 64.9413 1.7130
PQL Boost default start 140.7404 0.1235 62.6612 1.7372

Based on the result above, we decided to use suggested starting values for PQL-based Lasso
and use default starting values for PQL-based Boost as the settings for the simulation study.

3.1.3 Problem of GEE-based Boost

For the GEE-based Boost, the algorithm starts with a full zero vector of fixed effects. At each
iteration, only one fixed effect is updated by adding the value plus or minus ε which is a predefined
constant, to obtain a new vector of the fixed effects. The stopping rule of the GEE-based Boost is
defined as once the current updated vector of fixed effects is the same as the vector in the previous
iteration or the one before, the algorithm is stopped. The stopping rule can be met only if the
same fixed effect has been updated three times in a row with the added values being ε, −ε, ε or
−ε, ε, −ε. It is possible that the updating has oscillations. Hence, the algorithm stops most of the
time earlier than the algorithm is converged and the estimated coefficients are much smaller than
the true coefficients. Therefore, we decide not to include this algorithm in the simulation study.

3.2 The definition of summary statistics

As mention in Section 1.6, we would like to compare the selected approaches through two aspects,
namely, whether those approaches could correctly identify important prognostic factors and the
performance of the prediction. We define the summary statistics in Table 3.2. Only when the
algorithm is converged, the simulated results are used to calculate the summary statistics. The
Area Under the Curve (AUC), sensitivity, specificity and acc overall are calculated based on the
testing datasets which is independently simulated besides the training dataset, and the rest is
calculated based on the training dataset. The Receiver Operating Characteristic (ROC) curve is
drawn at each time point for all algorithms.
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Table 3.2: The definition of summary statistics

Summary statistics Definition
Nr. converged The number of converged simulated dataset.

Mean squared error
(fixed effect)

MSEc = 1
n

∑n
i=1(µ− µ̂i + βββ − β̂ββ

i
)2

where µ̂i is the estimate of intercept at ith simulation

and β̂ββ
i

is the estimates of fixed effects at ith simulation

Mean squared error
(random effect)

MSEσu
= 1

n

∑n
i=1 ‖σu − σ̂iu‖2

where σ̂iu is the estimate of variance component of random effect
at ith simulation

Mean of estimates
(fixed effect)

MEFj = 1
n

∑n
i=1 β̂j

where β̂j is the estimates for variable j if j is selected

and β̂j = 0 if j is not selected

Mean of selected
estimates (fixed effect)

MSEFj = 1
k

∑
{j:β̂j 6=0}

β̂j

where k is the total number of β̂j such that β̂j 6= 0

Mean estimation
(random effect)

MSR = 1
n

∑n
i=1 σ̂

i
u

where σ̂iu is the estimate of variance component of random effect
at ith simulation

False negative (FN)
FN indicates the number of variables which are defined in the
model, but they have not been selected by the algorithm

False positive (FP)
FP indicates the number of variables which are not defined in the
model, but they have been selected by the algorithm

AUC
AUC is the area under the curve which is used to measure
the accuracy of the selected model.

Sensitivity Sensitivity =
number of true positives

number of true positives + number of false negatives

Specificity Specificity =
number of true negative

number of true negative + number of false positive

acc overall acc overall =
number of true positives + number of true negative

total number of predicitions
Nr. all selected cat The number of events which select all defined categorical variables.

%AC
The percentage of 100 simulated datasets with correctly chosen
overall models.

%AF
The percentage of 100 simulated datasets with correctly chosen
fixed effects.

Note: - n is the number of the datasets which are converged form 100 simulated datasets
- m is the total number of observations within each simulation (training dataset)
- The AUC and ACC is calculated based on the testing datasets which have 100 ids.
- For mean of selected estimates, if a variable is never selected then the mean of the
estimate is indicated by ”-”.
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Simulation: Method

The goal of the simulation study is to check whether the model selection methods for GLMM
could select the defined variable by using the simulated dataset.

Figure 4.1: The simulation model

As can be seen in Figure 4.1, we would like to apply the simulated dataset with 20 predictors as
the input. Inside the simulated dataset, there are four predictors are defined as the prognostic
factors. Then we apply selected model selection methods for GLMM on the simulated dataset
to perform variables selection. The subset of predictors which are selected by the mode selection
methods is returned as the output. Then we would like to check whether the selected variables by
the model selection methods are as the same as the predefined prognostic factors or not.

As mention in Section 1.6 of research question 3, we mentioned three simulation scenarios
and the reasons why they are chosen. In the following section, these three simulation scenarios
namely, time-independent continuous variable, time-dependent continuous variable and both time-
independent continuous and categorical variables are explained in the mathematical forms. For
each setting, we considered two cases. Case one is that all variables are independent, and the other
is that all variables are correlated. The mathematical model of each setting is explained below.
All variables with given none zero coefficients, we call them the signal variables and variables with
zero coefficient are called noise variables.

4.1 Time-independent continuous variables (TIC)

For the jth repeat of subject i, the linear predictor zij in TIC is calculated according to

zij = µ+

p=20∑
h=1

γhxih + ui, i = 1, ..., 100, j = 1, ..., 3, (4.1)

where µ = 0, γ1 = -10, γ2 = -5, γ3 = 5, γ4 = 10, γh = 0 for h = 4,...,20. The probability of event
πij is linked to zij via:

πij = E[yij |zij ] =
exp(zij)

1 + exp(zij)
. (4.2)
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The observed outcome yij is then simulated based on the Bernoulli distribution::

yij ∼ Bin(1, πij). (4.3)

Two cases are considered forXXXT
i = (xi1, ..., xip). Case one considersXXXT

i independently distributed
following a uniform distribution within the interval of [-0.1,0.1] [24] [44]. Case two considers
XXXT
i distributed following a uniform distribution within the interval of [-0.1,0.1] and all variables

in XXXT
i are correlated between each other with correlation coefficient of 0.5. The generation of

multivariate uniform distribution with correlation is based on cumulative distribution function
(cdf) of multivariate normal deviates [11]. Furthermore, the random effect is normally distributed
with ui∼N(0, 0.82).

4.2 Time-dependent continuous variables (TDC)

For TDC, the linear predictor zij is calculated according to

zijµ+

p=20∑
h=1

γh(xih + eijh) + ui, i = 1, ..., 100, j = 1, ..., 3, (4.4)

where time-varying parameter eeeTij = (eij1, ..., eijp) is independently distributed following a uniform
distribution within the interval of [-0.01,0.01] and the rest has the same setting as TIC.

4.3 Time-independent categorical variables and continuous
variables (TICC)

For TICC, the linear predictor zij is calculated according to

zij = µ+

l=3∑
k=1

βik ∗ 1{ci = k}+

p−1∑
h=1

γhxih + ui

ci =


1, xi21 ∈ [−0.1,−0.1/3];

2, xi21 ∈ (−0.1/3, 0.1/3];

3 xi21 ∈ (0.1/3, 0.1]

i = 1, ..., 100, j = 1, ..., 3,

(4.5)

where βββT = (0,−3, 3), p = 21 and the rest has the same setting as TIC.
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Result

In this chapter, we present the results of the simulation study. For all scenarios, the continuous
signal variables are x1, x2, x3 and x4 with coefficients -10, -5, 5 and 10 respectively. Besides, the
continuous signal variables under TICC, it has one categorical signal variable c which has three
levels c1, c2 and c3 with coefficients 0, -3 and 3 respectively. Since c1 is considered as the reference
level, there is no estimate for c1. For all the settings, the standard deviation of the defined random
effect is 0.8. The result of each simulation scenario is given in the same form. Firstly, the table
of the percentage of each variable is selected based on converged simulated datasets is shown,
followed by the mean of estimate and mean of selected estimate for each variable. Then, the
predefined summary statistics are shown. Furthermore, the box plot represents the squared error
of fixed effects and random effect. The sensitivity, specificity and overall accuracy with the cutoff
of 0.5 are given, while the ROC curves show the prediction performance at three time points with
various cutoff values.

5.1 The result of TIC

Table 5.1: The percentage of each variable is selected based on converged simulated datasets under
TIC

glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
ind cor ind cor ind cor ind cor ind cor ind cor ind cor ind cor

(Intercept) 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
x1 96 72 98 89 73 32 92 75 76 39 95 67 99 96 100 99
x2 48 31 48 28 25 6 23 16 34 10 42 21 63 60 80 80
x3 52 35 55 37 27 5 21 17 32 11 47 20 69 60 86 81
x4 93 75 97 86 74 22 91 70 74 38 92 62 99 93 100 96
x5 6 9 7 10 2 0 0 4 3 1 7 4 22 34 48 66
x6 12 7 8 11 4 2 1 2 8 4 9 8 24 30 49 56
x7 6 9 10 11 5 1 0 6 9 3 8 9 22 44 51 71
x8 15 12 18 11 9 1 4 3 17 1 13 8 33 41 55 61
x9 7 6 11 13 4 1 1 5 4 2 9 9 22 30 54 59
x10 6 7 10 14 2 1 3 4 5 2 7 10 17 35 47 59
x11 7 13 5 15 2 4 0 3 5 5 7 11 24 35 51 60
x12 7 5 9 9 4 1 1 2 5 2 7 5 19 31 47 60
x13 5 8 9 12 2 2 0 3 7 5 7 6 18 37 45 65
x14 3 5 2 10 2 0 0 3 5 1 3 9 10 34 45 63
x15 7 9 6 8 1 3 0 3 7 5 4 8 19 31 46 53
x16 10 8 12 9 4 1 2 4 6 4 9 5 20 35 46 66
x17 6 10 6 9 2 0 0 5 4 1 9 6 19 36 46 57
x18 9 11 13 12 2 1 2 4 7 1 11 6 22 34 47 58
x19 9 5 11 7 4 0 4 2 7 0 9 7 16 29 39 58
x20 7 7 13 8 1 1 2 2 5 1 12 5 16 25 53 55
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Table 5.1 shows the percentage of each variable is selected based on converged simulated
datasets under TIC. The frequency of selecting variables x1 and x4 is higher than selecting variables
x2 and x3 for most algorithms. For SCAD, the difference is in the range of 20 to 30, while for MCP
the difference drops to 20 or lower. Furthermore, the frequency of selecting x1 or x4 is close, while
selecting x2 or x3 shares the similar behaviour in general. For correlated variables, the frequency
of selecting signal variables decreases. However, the frequency of selecting noise variables does not
increase expect for SCAD and MCP.

Table 5.2: Mean of estimates under TIC for glmer, PQL Lasso, ML Lasso and PQL Boost

glmer PQL Lasso ML Lasso PQL Boost
ind cor ind cor ind cor ind cor

(Intercept) 0.0213 0.0304 0.0134 0.0269 0.0332 0.0277 0.0354 0.0268
x1 -9.9415 -8.1019 -9.2742 -8.8208 -4.0977 -1.8124 -3.2697 -2.1281
x2 -3.6339 -2.3199 -3.3241 -2.1044 -0.8864 -0.2489 -0.3711 -0.2340
x3 3.9279 2.3981 3.7300 2.3991 0.9335 0.2189 0.3950 0.3075
x4 10.1612 7.5853 9.6171 7.7737 4.4562 1.5271 3.5813 1.7224
x5 0.0140 0.2922 -0.0325 0.2813 -0.0350 0.0000 0.0000 0.0322
x6 -0.0185 0.0008 0.0111 0.1515 -0.0183 0.0021 -0.0176 0.0102
x7 0.0045 0.0294 -0.0239 0.1457 -0.0878 0.0104 0.0000 -0.0370
x8 -0.4939 -0.0486 -0.4581 0.0088 -0.1287 -0.0281 0.0059 -0.0074
x9 0.2251 -0.1721 0.2767 0.0934 0.0266 0.0206 -0.0111 0.0441
x10 0.1314 0.1534 -0.0023 -0.1561 0.0637 0.0319 0.0109 0.0394
x11 0.0570 0.0778 0.0664 0.0598 -0.0501 -0.0177 0.0000 -0.0153
x12 -0.0632 0.0805 0.0238 0.0166 -0.0093 0.0245 0.0106 0.0013
x13 0.2755 0.0622 -0.0108 0.1241 -0.0114 -0.0398 0.0000 0.0047
x14 -0.0813 -0.0358 -0.0310 -0.1843 -0.0436 0.0000 0.0000 0.0121
x15 0.1582 0.1782 0.1936 0.0209 0.0104 0.0292 0.0000 0.0010
x16 0.0579 0.2364 0.0272 0.1830 0.0001 -0.0320 -0.0125 0.0182
x17 0.0026 -0.3135 0.0076 -0.1335 0.0177 0.0000 0.0000 -0.0085
x18 -0.3285 -0.1077 -0.4216 -0.1389 -0.0058 -0.0512 -0.0168 -0.0415
x19 0.5245 0.1331 0.4538 0.2906 0.0663 0.0000 0.0521 0.0109
x20 0.1996 0.2388 0.3826 -0.0989 0.0264 -0.0152 0.0042 -0.0175

random est 0.5898 0.7132 0.6313 0.6504 0.5862 0.7622 0.4793 0.4881
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Table 5.3: Mean of selected estimates under TIC for glmer, PQL Lasso, ML Lasso and PQL Boost

glmer PQL Lasso ML Lasso PQL Boost
ind cor ind cor ind cor ind cor

(Intercept) 0.0213 0.0304 0.0134 0.0269 0.0332 0.0277 0.0354 0.0268
x1 -10.3557 -11.2526 -9.4634 -9.9110 -5.6133 -5.6638 -3.5540 -2.8374
x2 -7.5706 -7.4835 -6.9253 -7.5159 -3.5457 -4.1479 -1.6136 -1.4623
x3 7.5536 6.8518 6.7819 6.4840 3.4573 4.3783 1.8810 1.8090
x4 10.9260 10.1137 9.9145 9.0392 6.0219 6.9412 3.9355 2.4606
x5 0.2338 3.2462 -0.4645 2.8126 -1.7480 - - 0.8047
x6 -0.1544 0.0112 0.1392 1.3776 -0.4568 0.1026 -1.7587 0.5106
x7 0.0755 0.3266 -0.2391 1.3247 -1.7564 1.0357 - -0.6172
x8 -3.2926 -0.4049 -2.5452 0.0805 -1.4299 -2.8116 0.1465 -0.2467
x9 3.2153 -2.8684 2.5159 0.7186 0.6640 2.0580 -1.1051 0.8829
x10 2.1901 2.1917 -0.0233 -1.1152 3.1841 3.1851 0.3620 0.9844
x11 0.8139 0.5982 1.3289 0.3984 -2.5035 -0.4423 - -0.5087
x12 -0.9035 1.6093 0.2641 0.1845 -0.2317 2.4500 1.0637 0.0652
x13 5.5104 0.7780 -0.1203 1.0341 -0.5708 -1.9881 - 0.1575
x14 -2.7107 -0.7155 -1.5476 -1.8434 -2.1808 - - 0.4034
x15 2.2604 1.9804 3.2259 0.2611 1.0409 0.9749 - 0.0321
x16 0.5791 2.9550 0.2268 2.0334 0.0026 -3.1995 -0.6242 0.4540
x17 0.0425 -3.1348 0.1270 -1.4832 0.8863 - - -0.1708
x18 -3.6504 -0.9794 -3.2427 -1.1577 -0.2887 -5.1228 -0.8391 -1.0387
x19 5.8280 2.6615 4.1256 4.1519 1.6575 - 1.3022 0.5435
x20 2.8510 3.4116 2.9429 -1.2359 2.6373 -1.5154 0.2082 -0.8734

Table 5.4: Mean of estimates under TIC for rpql

SL ADL SCAD MCP
ind cor ind cor ind cor ind cor

(Intercept) 0.0239 0.0329 0.0191 0.0333 0.0205 0.0288 0.0165 0.0299
x1 -7.8753 -4.3835 -9.6440 -7.4551 -10.0623 -9.9655 -10.0957 -10.1152
x2 -2.4833 -0.6928 -3.2601 -1.6569 -4.2508 -4.3352 -4.8490 -4.8540
x3 2.3438 0.7278 3.5796 1.7135 4.7694 4.2601 5.3881 4.6869
x4 8.1752 4.0634 9.9516 6.8129 10.3581 9.4997 10.5907 9.6333
x5 -0.0584 -0.0311 -0.1061 0.0239 -0.2291 0.5710 -0.1467 0.4093
x6 0.0170 0.0548 -0.0020 0.1358 -0.1422 0.3432 -0.2348 0.2682
x7 -0.1728 -0.0864 -0.0076 0.1722 0.2305 -0.2053 0.2309 -0.1816
x8 -0.4109 -0.0447 -0.3958 -0.0303 -0.6630 0.1709 -0.5616 0.1278
x9 0.1107 0.1461 0.1693 -0.0579 0.1677 0.0096 -0.1130 0.2280
x10 0.0157 -0.0216 -0.0875 -0.1149 0.2093 0.1268 0.0428 0.3368
x11 -0.0706 0.1070 0.0900 -0.2900 -0.1465 -0.0328 -0.1195 0.0205
x12 0.0439 0.0083 -0.0052 0.0921 -0.0758 -0.2734 0.1161 -0.4906
x13 0.0731 0.1262 0.0429 0.2585 0.2430 0.0729 0.3238 -0.1556
x14 -0.1035 0.0593 -0.0477 -0.1832 0.1022 -0.7529 -0.0666 -0.8240
x15 0.0848 0.0646 -0.0080 0.1093 0.3304 0.0211 0.0509 0.0854
x16 -0.0157 0.1053 0.0189 -0.1559 0.2581 0.2912 0.3918 0.4920
x17 0.1279 -0.0762 0.2188 -0.0077 -0.0607 -0.3234 -0.1919 -0.2504
x18 -0.3465 -0.1018 -0.2198 0.1129 -0.3345 -0.0844 -0.2142 -0.2770
x19 0.2250 0.0000 0.2582 0.0496 0.4819 0.1750 0.5196 0.1761
x20 0.2712 0.0553 0.3047 0.1779 0.3313 0.1439 -0.0075 0.3186

random est 0.6197 0.7550 0.5410 0.6461 0.4064 0.4234 0.3149 0.3695
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Table 5.5: Mean of selected estimates under TIC for rpql

SL ADL SCAD MCP
ind cor ind cor ind cor ind cor

(Intercept) 0.0239 0.0329 0.0191 0.0333 0.0205 0.0288 0.0165 0.0299
x1 -10.3622 -11.2397 -10.1516 -11.1271 -10.1639 -10.3807 -10.0957 -10.2174
x2 -7.3039 -6.9281 -7.7621 -7.8900 -6.7473 -7.2254 -6.0613 -6.0675
x3 7.3242 6.6166 7.6161 8.5675 6.9122 7.1002 6.2652 5.7863
x4 11.0476 10.6932 10.8169 10.9885 10.4627 10.2147 10.5907 10.0347
x5 -1.9462 -3.1085 -1.5153 0.5982 -1.0414 1.6793 -0.3057 0.6202
x6 0.2121 1.3692 -0.0220 1.6973 -0.5925 1.1440 -0.4792 0.4789
x7 -1.9201 -2.8796 -0.0954 1.9128 1.0476 -0.4666 0.4528 -0.2558
x8 -2.4173 -4.4659 -3.0445 -0.3782 -2.0092 0.4169 -1.0212 0.2095
x9 2.7674 7.3039 1.8807 -0.6433 0.7623 0.0318 -0.2093 0.3865
x10 0.3145 -1.0814 -1.2503 -1.1494 1.2314 0.3622 0.0911 0.5708
x11 -1.4128 2.1401 1.2859 -2.6364 -0.6105 -0.0938 -0.2344 0.0341
x12 0.8780 0.4169 -0.0740 1.8416 -0.3990 -0.8821 0.2470 -0.8176
x13 1.0443 2.5237 0.6133 4.3077 1.3502 0.1971 0.7196 -0.2394
x14 -2.0704 5.9320 -1.5899 -2.0352 1.0224 -2.2144 -0.1480 -1.3079
x15 1.2110 1.2914 -0.2003 1.3658 1.7392 0.0681 0.1107 0.1611
x16 -0.2615 2.6316 0.2105 -3.1186 1.2906 0.8321 0.8517 0.7454
x17 3.1971 -7.6178 2.4309 -0.1288 -0.3195 -0.8984 -0.4173 -0.4393
x18 -4.9498 -10.1849 -1.9983 1.8810 -1.5206 -0.2482 -0.4558 -0.4777
x19 3.2149 2.8693 0.7085 3.0116 0.6035 1.3322 0.3036
x20 5.4237 5.5287 2.5395 3.5575 2.0708 0.5757 -0.0141 0.5792

Table 5.2 and 5.4 show the results of MEF and Table 5.3 and 5.5 show the result of MSEF. Based
on results in Table 5.2 and Table 5.4, it clearly shows that the mean of estimates is underestimated
for all algorithms except for glmer, SCAD and MCP. The estimate of variance component of
random effect is always underestimated for all algorithms. The mean of signal variables is always
getting worse when all variables are correlated expect for SCAD and MCP. On the opposite, the
mean of the random effect estimate increases when all variables are correlated. On the other hand,
the mean of selected estimates shows different results in Table 5.3 and 5.5. The mean of signal
variables is always overestimated for algorithms, glmer, SL, ADL, SCAD and MCP whilst it is
always underestimated for ML-based Lasso and PQL-based Boost.

Table 5.6: The summary statistics under TIC (independent)

Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Nr. converged 100 100 100 100 100 100 100 100
MSE c 105.4463 91.4248 129.4266 140.7404 130.9588 102.0941 135.3365 173.8928
MSE rv 0.1755 0.0523 0.1709 0.1235 0.1327 0.1553 0.2490 0.3294
Mean f.n. 1.11 1.02 2.01 1.73 1.84 1.24 0.70 0.34
Mean f.p. 1.22 1.50 0.50 0.20 1.04 1.31 3.23 7.69
%AC 0.08 0.06 0.04 0.01 0.03 0.08 0.03 0.00
%AF 0.22 0.29 0.12 0.01 0.18 0.24 0.43 0.69

The summary statistics under TIC are shown in Table 5.6 for independent variables and in Table
5.7 for correlated variables. For correlated variables, all summary statistics are getting worse
in Table 5.7 than the result in Table 5.6. However, PQL-based Lasso always has the lowest
values of MSE c, MSE rv in both tables. The correlation does not affect the value of the false
negatives for SCAD and MCP. However, it almost doubles the value of MSE c for SCAD and
MCP. Furthermore, the box-plot of squared errors for each algorithm is shown in Figure 5.1.
As seen, the squared error of fixed effects does not have a huge difference among all algorithms
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Table 5.7: The summary statistics under TIC (correlated)

Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Nr. converged 100 100 100 100 100 100 100 100
MSE c 193.2809 150.5879 205.0015 184.2944 193.9674 196.2965 282.6072 326.6715
MSE rv 0.1009 0.0434 0.0818 0.1174 0.0587 0.0841 0.2158 0.2622
Mean f.n. 1.87 1.60 3.35 2.22 3.02 2.30 0.91 0.44
Mean f.p. 1.31 1.69 0.19 0.55 0.38 1.16 5.41 9.67
%AC 0.02 0.02 0.01 0.00 0.01 0.03 0.01 0.00
%AF 0.10 0.11 0.02 0.00 0.02 0.07 0.35 0.61

when variables are independent. PQL-based Lasso has the smallest median of fixed effect square
error, and its maximum squared error is smaller than most algorithms expect for ML-based Lasso.
When variables are correlated, the deviation of squared error becomes larger for all algorithms,
but PQL-based Lasso still has the smallest median among all algorithms. For the squared error of
random effects, PQL-based Lasso has the smallest median as well as the maximum square error
for both independent and correlated variables.

Table 5.8: The sensitivity, specificity and overall accuracy with cutoff 0.5 under TIC (independent)

Accuracy Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Specificity 0.6051 0.6098 0.5386 0.5650 0.5425 0.6023 0.6044 0.6002
Sensitivity 0.6389 0.6365 0.6561 0.6546 0.6570 0.6401 0.6311 0.6284
acc overall 0.6230 0.6240 0.5995 0.6111 0.6013 0.6223 0.6184 0.6150

Table 5.9: The sensitivity, specificity and overall accuracy with cutoff 0.5 under TIC (correlated)

Accuracy Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Specificity 0.5533 0.5559 0.4731 0.5017 0.5012 0.5320 0.5524 0.5510
Sensitivity 0.5782 0.5860 0.5668 0.5954 0.5627 0.5784 0.5872 0.5887
acc overall 0.5670 0.5714 0.5219 0.5501 0.5338 0.5556 0.5709 0.5707

Table 5.8 and 5.9 illustrate the sensitivity, specificity, and overall accuracy for each algorithm
under TIC with cutoff 0.5. In general, all algorithms do not show significant differences in overall
accuracy as shown in Table 5.8 and 5.9. The difference between each algorithm is less than 4%. The
sensitivity is higher than specificity for all algorithms with independent and correlated variables.
The values of sensitivity, specificity and overall accuracy decrease when variables are correlated.
Figure 5.2, 5.3, 5.4 and 5.5 show the ROC curves at each time point for all algorithms under TIC
with different cutoff values, it indicates similar behaviors at three different time points. The red
line illustrates the averaged ROC of 100 simulated testing datasets. Other lines with gradient
colours indicate the individual ROC per each simulation. The mean AUC among all algorithms
with independent variables is very close to each other except for ML-based Lasso and SL. For SL,
several individual ROC curves are even worse than randomly guessing which is indicated by the
black line. In Figure 5.4 and 5.5, the mean AUC declines comparing to Figure 5.2 and 5.3 for
all algorithms. Furthermore, for each algorithm, it is more frequent to have the individual ROC
curves below the black line when variables are correlated.
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Figure 5.1: The box-plot of fixed effects and random effect square errors under TIC (1=Glmer,
2=PQL Lasso, 3=ML Lasso, 4=PQL Boost, 5=SL, 6=ADL, 7=SCAD, 8=MCP)
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(a) glmer (b) PQL Boost

(c) PQL Lasso (d) ML Lasso

Figure 5.2: The ROC curves at three different time points under TIC for glmer, PQL Lasso, ML
Lasso and PQL Boost (independent)
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(a) rpql SL (b) adl

(c) scad (d) mcp

Figure 5.3: The ROC curves at three different time points under TIC for rpql (independent)
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(a) glmer (b) PQL Boost

(c) PQL Lasso (d) ML Lasso

Figure 5.4: The ROC curves at three different time points under TIC for glmer, PQL Lasso, ML
Lasso and PQL Boost (correlated)
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(a) rpql SL (b) adl

(c) scad (d) mcp

Figure 5.5: The ROC curves at three different time points under TIC for rpql (correlated)
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5.2 The result of TDC

Table 5.10 provides the number of simulations that each variables has been selected under TDC.
The frequency of selecting variable x1 and x4 is much higher than selecting variable x2 and x3
for most algorithms except for SCAD and MCP. For SCAD, the difference is in the range of 20
to 30, while for MCP the difference drops to 20 or lower. Furthermore, the frequency of selecting
x1 or x4 is close, while selecting x2 or x3 shares the similar behaviour in general. For correlated
variables, the frequency of selecting signal variables declines. However, the frequency of selecting
noise variables does not increase except for SCAD and MCP.

Table 5.10: The percentage of each variable is selected based on converged simulated datasets
under TDC

glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
ind cor ind cor ind cor ind cor ind cor ind cor ind cor ind cor

(Intercept) 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
x1 95 78 95 80 78 32 91 66 82 41 94 68 98 95 100 100
x2 44 27 52 32 27 6 28 16 39 18 41 24 63 61 84 81
x3 53 29 59 31 27 6 44 19 46 12 49 23 70 55 89 79
x4 89 74 95 77 76 34 77 69 82 38 87 67 96 94 100 97
x5 5 9 10 16 4 0 0 6 8 6 7 8 19 34 46 67
x6 7 8 14 11 1 1 5 6 7 2 14 8 30 32 53 61
x7 11 8 17 4 6 1 5 0 14 2 11 7 24 37 55 60
x8 6 9 10 11 1 0 2 0 6 0 7 9 23 35 52 69
x9 6 4 7 8 4 1 0 9 12 4 10 6 20 29 53 56
x10 6 10 15 14 0 0 0 16 2 1 8 9 16 37 46 70
x11 2 3 4 9 0 0 0 6 4 0 6 4 14 29 41 63
x12 7 7 11 21 5 2 0 3 13 3 10 10 20 32 53 65
x13 8 6 13 11 3 1 2 0 10 4 7 9 20 34 50 62
x14 8 10 13 12 2 1 0 9 7 1 10 4 17 34 52 55
x15 8 8 15 12 4 0 2 3 15 5 9 10 21 29 52 52
x16 8 8 8 8 4 0 0 3 6 6 8 9 19 30 45 59
x17 8 10 9 9 3 1 0 0 9 2 11 9 13 30 53 60
x18 6 6 12 15 3 0 2 3 8 2 9 8 17 38 45 63
x19 11 9 12 10 4 1 0 9 9 5 9 13 19 33 49 59
x20 10 10 20 11 3 2 0 12 12 4 13 13 20 38 55 68

The results of MEF under TDC can be found in Table 5.11 and 5.13, while the result of MSEF
can be found in Table 5.12 and 5.14. Based on the results in Table 5.11 and Table 5.13, it clearly
shows that the mean estimates is underestimated for all algorithms except for glmer, SCAD and
MCP. The estimate of variance component of random effect are always underestimated for all
algorithms. The mean estimates of signal variables is always getting worse when all variables are
correlated except for SCAD and MCP. On the opposite, the mean estimate of variance component
of random effect is getting better when all variables are correlated except for SCAD. On the other
hand, the mean estimates of selected variables shows different results in Table 5.12 and 5.14. The
mean estimate of signal variables is always overestimated for algorithms, glmer, SCAD and MCP
whilst it is always underestimated for ML-based Lasso and PQL-based Boost. There are multiple
times when no noise variables are selected for ML-based Lasso and PQL-based Boost.

Table 5.15 and 5.16 indicate the summary statistics under TDC for independent and correlated
variables respectively. For correlated variables, all summary statistics are getting worse in Table
5.16 than the result in Table 5.15. PQL-based Lasso always has the lowest values of MSE c,
MSE rv in both tables. However, the values of mean false negatives of glmer, PQL-based Lasso
and ADL are close to each other in both tables. The correlation does not affect the value of the
false negatives for SCAD and MCP. However, it almost doubles the values of MSE c for SCAD and
MCP. The value of MSE c for PQL-based Boost is 929.9430 since there is an outlier. Furthermore,
the box-plot of squared errors for each algorithm are shown in Figure 5.6. As seen, PQL-based
Lasso has the lowest median of the fixed effects squared error among all algorithm when variables
are independent and correlated.

Model selection for prediction in Generalized Linear Mixed Model 33



CHAPTER 5. RESULT

The maximum squared error of fixed effects squared error of PQL-based Boost is the smallest
when variables are independent and correlated. For correlated variables, the median of ML-based
Lasso is at the top of the boxplot since the algorithm does not select any variables most of the
time. When variables are correlated, the interquartile range of squared error becomes wider for
all algorithms. PQL-based Boost has an outlier with the fixed effect squared error more than
20000 when variables are correlated. For the squared error of random effects, PQL-based Lasso
has the smallest median as well as the smallest maximum square error for both independent and
correlated variables. PQL-based Boost has an outlier with the random effect squared error more
than 200 when variables are correlated.
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Table 5.11: Mean of estimates under TDC for glmer, PQL Lasso, ML Lasso and PQL Boost

glmer PQL Lasso ML Lasso PQL Boost
ind cor ind cor ind cor ind cor

(Intercept) -0.0129 0.0042 -0.0111 -0.0032 -0.0089 -0.0078 -0.0300 0.0228
x1 -10.0969 -8.8008 -9.1606 -8.1624 -4.1133 -1.9289 -3.5609 -1.6170
x2 -3.3967 -2.3712 -3.3889 -2.2689 -0.9682 -0.2406 -0.3339 0.5495
x3 4.1167 2.2693 3.9946 2.1388 0.9923 0.1947 0.8503 0.4452
x4 9.9969 8.3572 9.5230 7.8450 4.5100 1.9852 2.7427 1.9409
x5 0.1773 0.3296 0.1340 0.3032 -0.0294 0.0000 0.0000 0.1599
x6 0.0212 -0.1081 0.0294 -0.0944 -0.0427 -0.0497 0.0228 -0.0192
x7 -0.0968 0.0422 0.1367 0.0307 0.0082 -0.0228 0.0161 0.0000
x8 0.1000 -0.1141 0.0893 -0.0963 -0.0065 0.0000 0.0301 0.0000
x9 -0.1050 0.4124 -0.1036 0.1446 -0.0470 0.0583 0.0000 0.7099
x10 0.2062 -0.0007 0.2046 -0.2102 0.0000 0.0000 0.0000 0.9552
x11 0.1650 -0.0712 0.1457 0.0337 0.0000 0.0000 0.0000 -1.7143
x12 -0.0221 -0.0590 -0.1746 -0.1637 0.0274 -0.0298 0.0000 -1.0484
x13 0.1618 0.0703 -0.1216 0.0722 0.0182 0.0303 0.0255 0.0000
x14 -0.0238 -0.0125 0.0232 0.0538 -0.0600 -0.0215 0.0000 -1.0634
x15 0.1408 0.0576 0.1905 -0.0147 0.0881 0.0000 0.0094 -0.6338
x16 0.0383 0.1096 0.2589 0.0789 0.0836 0.0000 0.0000 0.0315
x17 0.1633 -0.0600 -0.0015 -0.0998 0.0426 -0.0244 0.0000 0.0000
x18 0.1575 -0.0167 0.2792 0.0460 0.0403 0.0000 0.0124 -1.4787
x19 0.0464 0.3687 0.0466 0.4839 0.0325 0.0578 0.0000 0.1287
x20 0.2140 -0.0539 -0.0132 -0.1231 0.0704 0.0527 0.0000 3.6675

random est 0.6549 0.7139 0.6579 0.6629 0.6257 0.7539 0.4358 0.8832

Table 5.12: Mean of selected estimates under TDC for glmer, PQL Lasso, ML Lasso and PQL
Boost

glmer PQL Lasso ML Lasso PQL Boost
ind cor ind cor ind cor ind cor

(Intercept) -0.0129 0.0042 -0.0111 -0.0032 -0.0089 -0.0078 -0.0300 0.0228
x1 -10.6283 -11.2831 -9.6428 -10.2030 -5.2735 -6.0279 -3.9261 -2.4640
x2 -7.7197 -8.7821 -6.5172 -7.0904 -3.5859 -4.0107 -1.1964 3.5171
x3 7.7674 7.8252 6.7705 6.8993 3.6752 3.2453 1.9244 2.3743
x4 11.2324 11.2935 10.0242 10.1883 5.9342 5.8387 3.5738 2.8231
x5 3.5451 3.6623 1.3403 1.8947 -0.7356 - - 2.5586
x6 0.3023 -1.3517 0.2101 -0.8582 -4.2719 -4.9669 0.4894 -0.3070
x7 -0.8800 0.5271 0.8040 0.7687 0.1367 -2.2848 0.3471 -
x8 1.6669 -1.2674 0.8931 -0.8759 -0.6528 - 1.2948 -
x9 -1.7499 10.3091 -1.4803 1.8079 -1.1741 5.8259 - 7.5718
x10 3.4368 -0.0071 1.3641 -1.5011 - - - 6.1131
x11 8.2485 -2.3733 3.6418 0.3748 - - - -27.4295
x12 -0.3160 -0.8428 -1.5877 -0.7796 0.5487 -1.4909 - -33.5473
x13 2.0224 1.1720 -0.9351 0.6566 0.6082 3.0256 1.0983 -
x14 -0.2980 -0.1251 0.1781 0.4483 -3.0008 -2.1546 - -11.3435
x15 1.7595 0.7204 1.2703 -0.1228 2.2031 - 0.4036 -20.2809
x16 0.4792 1.3705 3.2363 0.9861 2.0888 - - 1.0075
x17 2.0407 -0.6002 -0.0170 -1.1086 1.4189 -2.4418 - -
x18 2.6249 -0.2786 2.3270 0.3066 1.3443 - 0.5331 -47.3176
x19 0.4220 4.0967 0.3885 4.8388 0.8130 5.7778 - 1.3728
x20 2.1399 -0.5386 -0.0661 -1.1195 2.3460 2.6355 - 29.3404
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Table 5.13: Mean of estimates under TDC for rpql

SL ADL SCAD MCP
ind cor ind cor ind cor ind cor

(Intercept) -0.0164 -0.0087 -0.0089 -0.0013 -0.0103 0.0003 -0.0084 0.0049
x1 -8.4501 -4.6939 -9.8264 -8.0606 -10.0502 -10.3638 -10.1741 -10.6015
x2 -2.8266 -1.3671 -3.1220 -2.3022 -4.3484 -4.4320 -5.1215 -4.9920
x3 3.3844 0.8543 3.8555 1.9341 4.8905 3.9838 5.5357 4.7364
x4 8.9667 4.8116 9.6986 7.8999 10.3853 10.3141 10.6493 10.4245
x5 0.0624 0.1588 0.0975 0.1423 0.1601 0.3242 -0.1363 0.2835
x6 0.0300 -0.0532 0.2247 -0.0378 0.2800 -0.2625 0.0273 -0.3219
x7 -0.1257 0.0304 -0.0909 0.0194 -0.1721 -0.2856 0.0491 -0.4219
x8 -0.1951 0.0000 0.0777 -0.1002 -0.0169 -0.4591 -0.0931 -0.1844
x9 -0.0595 0.1921 0.0340 -0.0112 0.1093 0.6540 -0.0175 0.9913
x10 0.1084 -0.0278 0.1812 -0.0747 0.1934 -0.2018 0.1829 0.1968
x11 0.1698 0.0000 0.0982 -0.0362 0.0691 -0.2240 0.2309 -0.5383
x12 -0.2425 -0.1131 -0.1072 -0.0616 -0.1086 0.1794 -0.2877 0.0520
x13 -0.1006 -0.0826 -0.1420 0.1560 -0.0200 0.5005 -0.1199 0.6223
x14 0.0634 -0.0546 0.0649 -0.0353 -0.1407 -0.1336 0.1890 -0.1959
x15 0.2837 -0.1580 0.3523 -0.0432 0.3131 -0.0047 0.4526 -0.0379
x16 0.1333 0.2355 0.1200 0.3835 0.1672 0.3305 0.1925 0.3602
x17 0.1976 -0.1205 0.0501 0.1351 0.1924 -0.3695 0.5621 -0.2864
x18 0.0809 -0.0580 0.3186 -0.1840 0.1249 0.2187 0.2530 0.0878
x19 0.1091 0.2276 0.0078 0.4265 0.2940 0.3548 -0.1128 0.3389
x20 0.2953 0.1901 0.0374 0.2835 0.0347 0.1314 0.0733 -0.2404

random est 0.6245 0.7473 0.5865 0.6247 0.4656 0.4291 0.3672 0.3725

Table 5.14: Mean of selected estimates under TDC for rpql

SL ADL SCAD MCP
ind cor ind cor ind cor ind cor

(Intercept) -0.0164 -0.0087 -0.0089 -0.0013 -0.0103 0.0003 -0.0084 0.0049
x1 -10.3051 -11.4485 -10.4536 -11.8538 -10.2553 -10.9092 -10.1741 -10.6015
x2 -7.2477 -7.5950 -7.6146 -9.5926 -6.9022 -7.2655 -6.0970 -6.1629
x3 7.3573 7.1195 7.8684 8.4090 6.9864 7.2433 6.2198 5.9954
x4 10.9350 12.6622 11.1479 11.7909 10.8180 10.9724 10.6493 10.7469
x5 0.7804 2.6459 1.3930 1.7792 0.8428 0.9535 -0.2963 0.4231
x6 0.4293 -2.6585 1.6048 -0.4729 0.9333 -0.8204 0.0516 -0.5277
x7 -0.8981 1.5219 -0.8268 0.2773 -0.7171 -0.7718 0.0893 -0.7031
x8 -3.2523 - 1.1100 -1.1135 -0.0734 -1.3117 -0.1790 -0.2673
x9 -0.4954 4.8028 0.3400 -0.1865 0.5466 2.2552 -0.0331 1.7702
x10 5.4187 -2.7797 2.2654 -0.8297 1.2089 -0.5453 0.3976 0.2812
x11 4.2449 - 1.6361 -0.9047 0.4934 -0.7725 0.5632 -0.8545
x12 -1.8652 -3.7705 -1.0724 -0.6163 -0.5428 0.5608 -0.5427 0.0801
x13 -1.0059 -2.0643 -2.0284 1.7331 -0.1000 1.4722 -0.2398 1.0038
x14 0.9051 -5.4637 0.6493 -0.8829 -0.8279 -0.3930 0.3634 -0.3562
x15 1.8910 -3.1590 3.9146 -0.4316 1.4908 -0.0162 0.8703 -0.0728
x16 2.2210 3.9243 1.5005 4.2616 0.8802 1.1016 0.4278 0.6105
x17 2.1950 -6.0231 0.4552 1.5012 1.4799 -1.2317 1.0606 -0.4773
x18 1.0112 -2.9002 3.5403 -2.2999 0.7346 0.5755 0.5621 0.1393
x19 1.2121 4.5512 0.0872 3.2810 1.5473 1.0751 -0.2303 0.5744
x20 2.4608 4.7537 0.2878 2.1807 0.1733 0.3457 0.1332 -0.3536
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Table 5.15: The summary statistics under TDC (independent)

Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Nr. converged 100 100 100 43 100 100 100 100
MSE c 116.2894 103.7511 125.2008 145.0979 124.6997 120.4244 148.6332 187.7866
MSE rv 0.1540 0.0472 0.1358 0.1512 0.1314 0.1292 0.2066 0.2896
Mean f.n. 1.19 0.99 1.92 1.60 1.51 1.29 0.73 0.27
Mean f.p. 1.17 1.90 0.47 0.19 1.42 1.49 3.12 8.00
%AC 0.06 0.03 0.04 0.02 0.04 0.04 0.00 0.00
%AF 0.18 0.28 0.11 0.02 0.22 0.23 0.40 0.74

Table 5.16: The summary statistics under TDC (correlated)

Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Nr. converged 100 100 100 32 100 100 100 100
MSE c 201.8013 174.6442 196.6874 929.9430 204.7983 209.1330 307.2665 345.4343
MSE rv 0.1316 0.0495 0.0963 6.6999 0.0711 0.1060 0.2186 0.2675
Mean f.n. 1.92 1.80 3.22 2.31 2.91 2.18 0.95 0.43
Mean f.p. 1.25 1.82 0.11 0.88 0.47 1.36 5.31 9.89
%AC 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00
%AF 0.03 0.10 0.00 0.03 0.02 0.05 0.33 0.61

Table 5.17: The sensitivity, specificity and overall accuracy with cutoff 0.5 (independent)

Accuracy Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Specificity 0.6173 0.6132 0.6181 0.6390 0.6088 0.6216 0.6144 0.6111
Sensitivity 0.6126 0.6179 0.5804 0.5628 0.5973 0.6070 0.6104 0.6090
acc overall 0.6152 0.6153 0.5988 0.6009 0.6039 0.6141 0.6126 0.6105

Table 5.18: The sensitivity, specificity and overall accuracy with cutoff 0.5 (correlated)

Accuracy Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Specificity 0.5641 0.5568 0.5021 0.5145 0.5313 0.5554 0.5679 0.5664
Sensitivity 0.5712 0.5745 0.5595 0.5775 0.5482 0.5698 0.5739 0.5751
acc overall 0.5698 0.5675 0.5298 0.5469 0.5389 0.5637 0.5725 0.5721

The sensitivity, specificity and overall accuracy for each algorithm under TDC with cutoff 0.5
can be found in Table 5.17 and 5.18. In general, the values of sensitivity, specificity and overall
accuracy for all algorithms are close to each other and they decrease when variables are correlated.
In Figure 5.7, 5.8, 5.9 and 5.10, it shows the ROC curves at each time point are similar for each
algorithm under TDC with different cutoff values. The mean AUC among all algorithms with
independent variables is very close to each other except for ML-based Lasso and SL. For SL,
several individual ROC curves are even worse than the random guess which is indicated by the
black line. In Figure 5.7 and 5.8, the mean AUC declines comparing to Figure 5.9 and 5.10 for all
algorithms. Furthermore, for each algorithm, it is more frequent to have individual ROC curves
below the black line.
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Figure 5.6: The boxplot of fixed effects and random effect square errors under TDC (1=Glmer,
2=PQL Lasso, 3=ML Lasso, 4=PQL Boost, 5=SL, 6=ADL, 7=SCAD, 8=MCP)
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(a) glmer (b) PQL Boost

(c) PQL Lasso (d) ML Lasso

Figure 5.7: The ROC curves at three different time points under TDC for glmer, PQL Lasso, ML
Lasso and PQL Boost (independent)
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(a) rpql SL (b) adl

(c) scad (d) mcp

Figure 5.8: The ROC curves at three different time points under TDC for rpql (independent)
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(a) glmer (b) PQL Boost

(c) PQL Lasso (d) ML Lasso

Figure 5.9: The ROC curves at three different time points under TDC for glmer, PQL Lasso, ML
Lasso and PQL Boost (correlated)
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(a) rpql SL (b) adl

(c) scad (d) mcp

Figure 5.10: The ROC curves at three different time points under TDC for rpql (correlated)
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5.3 The result of TICC

Table 5.19: The percentage of each variable is selected based on converged simulated datasets
under TICC

glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
ind cor ind cor ind cor ind cor ind cor ind cor ind cor ind cor

(Intercept) 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
c2 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
c3 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
x1 77 45 78 31 69 17 0 0 32 8 83 47 93 88 95 92
x2 33 18 24 11 20 4 0 0 9 1 33 21 63 66 77 81
x3 29 22 28 14 24 16 0 0 10 1 33 28 63 73 78 86
x4 79 52 76 34 70 34 0 0 33 6 83 64 94 93 98 96
x5 7 7 12 11 6 2 0 0 3 0 16 10 42 45 71 70
x6 15 7 11 7 10 4 0 0 0 0 17 6 36 51 66 70
x7 7 10 7 16 8 5 0 0 1 1 10 9 37 57 62 77
x8 8 8 10 7 6 3 0 0 1 1 8 7 37 64 64 82
x9 7 7 9 2 3 1 0 0 3 0 8 8 37 42 58 71
x10 11 6 10 9 8 3 0 0 3 0 11 6 47 41 72 67
x11 4 3 1 7 0 1 0 0 0 0 3 7 29 50 57 73
x12 11 6 10 6 5 1 0 0 3 0 10 8 31 61 59 80
x13 9 11 10 9 3 3 0 0 2 2 11 17 34 59 60 80
x14 3 6 10 6 7 2 0 0 0 0 8 9 32 50 64 70
x15 8 8 6 8 6 3 0 0 3 0 10 11 41 62 71 77
x16 9 10 9 6 5 0 0 0 2 0 12 8 40 54 67 68
x17 7 8 4 11 5 2 0 0 2 0 8 12 39 65 64 82
x18 2 9 4 7 6 3 0 0 3 0 5 10 28 60 65 74
x19 8 8 11 7 6 5 0 0 1 0 11 9 41 47 68 73
x20 8 7 9 5 3 4 0 0 1 2 8 10 36 55 61 74

In Table 5.19, it shows the number of each variable being selected under TICC. When variables
are independent, the frequency of selecting variable x1 and x4 are two to three times higher than
selecting x2 and x3 for algorithm glmer, PQL-based Lasso, ML-based Lasso and ADL. When
variables are correlated, the number of selected signal variables decreases, especially for ML-based
Lasso and SL. For PQL-based Lasso, it only selects categorical variables. ML-based Lasso only
selects intercept 99 times for the independent variables and 96 times for the correlated variables,
due to the convergence issues and the details of the convergence can be found in Table 5.24 and
5.25. For all algorithms, they always select categorical variables.
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Table 5.20: Mean of estimates under TICC for glmer, PQL Lasso, ML Lasso and PQL Boost

glmer PQL Lasso ML Lasso PQL Boost
ind cor ind cor ind cor ind cor

(Intercept) -0.0347 -0.0264 -0.0291 -0.0240 -0.0133 0.0863 -0.0181 -0.0217
c2 -3.0464 -3.0425 -2.8784 -2.7565 -3.1332 -3.2694 -1.5342 -1.5867
c3 3.1033 3.1981 2.9364 2.8766 3.1299 3.0849 1.5570 1.6455
x1 -9.1352 -6.4021 -8.5787 -4.5488 -8.1389 -2.8791 0.0000 0.0000
x2 -2.9203 -2.1236 -2.0210 -1.2202 -1.8829 -0.5110 0.0000 0.0000
x3 2.7087 1.9112 2.5907 1.5557 2.2107 1.3322 0.0000 0.0000
x4 9.6248 6.5013 8.8257 4.1469 8.7077 4.0616 0.0000 0.0000
x5 -0.4463 -0.3639 -0.3497 -0.2175 -0.3747 -0.3002 0.0000 0.0000
x6 -0.4577 -0.0134 0.0487 0.1724 -0.2073 0.3313 0.0000 0.0000
x7 0.1944 -0.5360 0.1185 0.2907 0.2124 0.1615 0.0000 0.0000
x8 -0.3202 0.0005 -0.1907 0.2716 0.1226 0.2586 0.0000 0.0000
x9 -0.0188 -0.2678 -0.3096 0.0199 -0.1954 0.0305 0.0000 0.0000
x10 0.0562 -0.1511 0.0302 0.1580 0.1030 0.0584 0.0000 0.0000
x11 -0.0500 0.0115 0.0457 0.0889 0.0000 0.0504 0.0000 0.0000
x12 -0.0424 0.3744 0.1058 -0.1169 0.2523 0.0877 0.0000 0.0000
x13 0.5159 -0.6801 0.2797 -0.4731 0.1221 -0.0144 0.0000 0.0000
x14 0.2772 0.0969 0.4050 -0.1470 0.1616 -0.0325 0.0000 0.0000
x15 0.0783 0.1164 -0.0192 -0.3186 -0.0158 0.2833 0.0000 0.0000
x16 0.3681 0.1458 0.5497 0.0461 0.2531 0.0000 0.0000 0.0000
x17 0.3941 0.1964 0.1725 -0.2718 0.0543 -0.0572 0.0000 0.0000
x18 0.1841 0.2031 0.1439 0.3276 0.1156 0.2214 0.0000 0.0000
x19 -0.2027 0.0272 0.0338 0.2042 0.0951 0.1096 0.0000 0.0000
x20 0.2252 0.3462 0.0115 0.3038 0.1790 0.3226 0.0000 0.0000

random est 0.4724 0.6317 0.7917 0.8235 0.6221 0.8759 0.4542 0.4228
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Table 5.21: Mean of selected estimates under TICC for glmer, PQL Lasso, ML Lasso and PQL
Boost

glmer PQL Lasso ML Lasso PQL Boost
ind cor ind cor ind cor ind cor

(Intercept) -0.0347 -0.0264 -0.0291 -0.0240 -0.0133 0.0863 -0.0181 -0.0217
c2 -3.0464 -3.0425 -2.8784 -2.7565 -3.1332 -3.2694 -1.5342 -1.5867
c3 3.1033 3.1981 2.9364 2.8766 3.1299 3.0849 1.5570 1.6455
x1 -11.8639 -14.2269 -10.9983 -14.6736 -11.8493 -17.2748 - -
x2 -8.8495 -11.7976 -8.4206 -11.0927 -9.3206 -12.2638 - -
x3 9.3403 8.6874 9.2524 11.1123 9.1193 8.5260 - -
x4 12.1833 12.5025 11.6127 12.1969 12.4937 11.8157 - -
x5 -6.3763 -5.1993 -2.9138 -1.9775 -6.1821 -14.4109 - -
x6 -3.0511 -0.1916 0.4423 2.4635 -2.0520 7.9517 - -
x7 2.7773 -5.3597 1.6930 1.8166 2.6283 3.1001 - -
x8 -4.0028 0.0064 -1.9070 3.8796 2.0234 8.2753 - -
x9 -0.2686 -3.8259 -3.4404 0.9943 -6.4494 2.9256 - -
x10 0.5111 -2.5181 0.3020 1.7553 1.2747 1.8692 - -
x11 -1.2509 0.3847 4.5696 1.2694 - 4.8373 - -
x12 -0.3856 6.2402 1.0581 -1.9492 4.9964 8.4208 - -
x13 5.7324 -6.1826 2.7967 -5.2563 4.0303 -0.4596 - -
x14 9.2387 1.6154 4.0499 -2.4494 2.2855 -1.5585 - -
x15 0.9788 1.4550 -0.3207 -3.9825 -0.2600 9.0647 - -
x16 4.0903 1.4583 6.1082 0.7688 5.0115 - - -
x17 5.6297 2.4553 4.3126 -2.4706 1.0756 -2.7457 - -
x18 9.2061 2.2572 3.5970 4.6796 1.9077 7.0850 - -
x19 -2.5334 0.3399 0.3072 2.9170 1.5693 2.1036 - -
x20 2.8153 4.9454 0.1276 6.0767 5.9063 7.7419 - -
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Table 5.22: Mean of estimates under TICC for rpql

SL ADL SCAD MCP
ind cor ind cor ind cor ind cor

(Intercept) -0.0216 -0.0411 -0.0268 -0.0020 -0.0340 -0.0304 -0.0361 -0.0370
c2 -3.0511 -2.9964 -3.0534 -3.0647 -3.2071 -3.2724 -3.2478 -3.2959
c3 3.0488 3.2130 3.1133 3.1161 3.2431 3.3769 3.3028 3.4137
x1 -4.2444 -1.4048 -9.5737 -6.8152 -10.7792 -11.0885 -11.2045 -11.2090
x2 -0.8545 -0.1504 -3.1141 -2.4364 -4.9664 -5.4375 -5.3784 -5.5926
x3 0.8378 0.0591 3.0409 2.8644 4.5647 5.2894 4.9261 5.4563
x4 4.5781 0.8548 10.0625 7.4796 11.3970 10.7305 11.6928 10.8751
x5 -0.1546 0.0000 -0.1927 -0.1318 -0.0520 -0.6577 -0.1120 -0.6747
x6 0.0000 0.0000 -0.4357 0.2376 -0.0471 0.1800 -0.0997 0.3094
x7 0.0478 0.1225 0.1662 -0.1809 0.5108 -0.7691 0.5680 -0.8964
x8 0.0497 0.0759 -0.2167 -0.0077 -0.6341 -0.4209 -0.4414 -0.1272
x9 -0.0368 0.0000 0.0887 -0.1751 0.1348 -0.3424 0.0814 -0.4606
x10 0.0506 0.0000 0.2053 0.1909 -0.1455 0.2314 -0.0348 0.3728
x11 0.0000 0.0000 0.1335 0.0507 0.0783 -0.1696 0.0399 -0.2642
x12 -0.1122 0.0000 -0.2242 -0.1893 0.1993 -0.7294 0.1200 -0.7350
x13 0.0493 -0.0264 0.6615 -0.7759 0.3093 -0.0591 0.2346 -0.5110
x14 0.0000 0.0000 0.3816 -0.0697 0.7109 0.8184 0.7910 0.9396
x15 0.1909 0.0000 0.2361 0.1640 -0.2257 0.4582 -0.2050 0.4902
x16 -0.0072 0.0000 0.4587 -0.2115 0.1436 0.0111 0.0822 0.0173
x17 0.0340 0.0000 0.3256 0.0042 0.1128 -0.1264 0.2685 -0.0787
x18 0.1698 0.0000 0.1695 0.4700 0.3800 0.7726 0.3009 0.9543
x19 -0.0655 0.0000 -0.2353 0.0414 -0.0420 -0.1651 -0.1572 -0.3442
x20 0.0410 0.0894 0.3444 0.1917 0.3761 0.4539 0.3330 0.3959

random est 0.8846 0.9605 0.4123 0.5385 0.1723 0.1615 0.1270 0.1550
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Table 5.23: Mean of selected estimates under TICC for rpql

SL ADL SCAD MCP
ind cor ind cor ind cor ind cor

(Intercept) -0.0216 -0.0411 -0.0268 -0.0020 -0.0340 -0.0304 -0.0361 -0.0370
c2 -3.0511 -2.9964 -3.0534 -3.0647 -3.2071 -3.2724 -3.2478 -3.2959
c3 3.0488 3.2130 3.1133 3.1161 3.2431 3.3769 3.3028 3.4137
x1 -13.2637 -17.5605 -11.5346 -14.5004 -11.5905 -12.6005 -11.7943 -12.1837
x2 -9.4939 -15.0419 -9.4366 -11.6021 -7.8831 -8.2387 -6.9849 -6.9044
x3 8.3777 5.9136 9.2148 10.2300 7.2455 7.2458 6.3155 6.3445
x4 13.8732 14.2467 12.1235 11.6869 12.1244 11.5382 11.9314 11.3282
x5 -5.1522 - -1.2044 -1.3182 -0.1238 -1.4615 -0.1577 -0.9638
x6 - - -2.5628 3.9598 -0.1309 0.3530 -0.1510 0.4419
x7 4.7808 12.2494 1.6618 -2.0094 1.3806 -1.3493 0.9161 -1.1641
x8 4.9680 7.5885 -2.7091 -0.1105 -1.7138 -0.6577 -0.6896 -0.1552
x9 -1.2266 - 1.1086 -2.1888 0.3645 -0.8151 0.1403 -0.6487
x10 1.6855 - 1.8661 3.1822 -0.3095 0.5644 -0.0483 0.5564
x11 - - 4.4513 0.7243 0.2699 -0.3393 0.0700 -0.3620
x12 -3.7383 - -2.2418 -2.3662 0.6430 -1.1957 0.2034 -0.9188
x13 2.4671 -1.3219 6.0134 -4.5643 0.9097 -0.1002 0.3910 -0.6388
x14 - - 4.7699 -0.7749 2.2214 1.6367 1.2360 1.3423
x15 6.3650 - 2.3610 1.4909 -0.5506 0.7391 -0.2887 0.6367
x16 -0.3609 - 3.8221 -2.6440 0.3591 0.0206 0.1227 0.0255
x17 1.7020 - 4.0698 0.0353 0.2893 -0.1944 0.4195 -0.0960
x18 5.6614 - 3.3907 4.6998 1.3571 1.2877 0.4629 1.2895
x19 -6.5467 - -2.1392 0.4595 -0.1025 -0.3513 -0.2312 -0.4715
x20 4.1003 4.4692 4.3048 1.9167 1.0448 0.8253 0.5459 0.5350

Table 5.20, 5.22 and Table 5.21, 5.23 illustrate the results of MEF and MSEF under TICC
respectively. Based on the results, categorical variables are always underestimated for PQL-based
Lasso and PQL-based Boost while they are overestimated for the rest. As shown in Table 5.21 and
5.23, the signal variables are always overestimated for all algorithms except for PQL-based Boost.
Some noise variables even have higher estimates than signal variables in Table 5.21 and 5.23. For
the estimate of random effect, SL is always overestimated, and the rest are always underestimated
except for PQL-based Lasso and ML-based Lasso.
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Table 5.24: The summary statistics under TICC (independent)

Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Nr. converged 100 100 99 100 100 100 100 100
MSE c 215.3432 191.5595 201.1506 254.4117 218.5822 234.8524 396.4333 451.9597
MSE rv 0.3001 0.0244 0.5173 0.1259 0.2329 0.3194 0.4778 0.5192
Mean f.n. 1.82 1.94 2.17 4.00 3.16 1.68 0.87 0.52
Mean f.p. 1.24 1.33 0.88 0.00 0.28 1.56 5.87 10.29
Nr. all selected cat 100 100 99 100 100 100 100 100
%AC 3 1 1 0 1 3 0 0
%AF 6 6 7 0 2 9 35 56

Table 5.25: The summary statistics under TICC (correlated)

Glmer PQL Lasso ML Lasso PQL Boost SL adl scad mcp
Nr. converged 100 100 96 100 100 100 100 100
MSE c 319.8477 304.2950 258.2892 253.9865 251.7636 349.7249 815.6664 871.7365
MSE rv 0.2289 0.0249 0.4847 0.1465 0.2160 0.2732 0.4933 0.4991
Mean f.n. 2.63 3.10 3.29 4.00 3.84 2.40 0.80 0.45
Mean f.p. 1.21 1.24 0.44 0.00 0.06 1.47 8.63 11.88
Nr. all selected cat 100 100 96 100 100 100 100 100
%AC 0 0 0 0 0 0 0 0
%AF 0 2 0 0 0 4 42 64

Table 5.26: The sensitivity, specificity and overall accuracy with cutoff 0.5 under TICC (inde-
pendent)

Accuracy Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Specificity 0.8091 0.8113 0.8046 0.7912 0.7935 0.8088 0.8108 0.8070
Sensitivity 0.8108 0.8079 0.8113 0.7709 0.7960 0.8087 0.8039 0.7958
acc overall 0.8109 0.8109 0.8085 0.7834 0.7958 0.8100 0.8085 0.8025

Table 5.27: The sensitivity, specificity and overall accuracy with cutoff 0.5 under TICC (correlated)

Accuracy Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
Specificity 0.7968 0.8083 0.8025 0.7880 0.7876 0.7965 0.7883 0.7884
Sensitivity 0.7979 0.7787 0.7824 0.7854 0.7821 0.8038 0.7879 0.7847
acc overall 0.7984 0.7947 0.7929 0.7872 0.7824 0.8006 0.7891 0.7875

The summary statistics under TICC can be found in Table 5.24 and 5.25. It shows that not
all simulated dataset are converged by using ML-based Lasso. 99 out of 100 simulations for the
independent variable and 96 out of 100 simulations for the correlated variable have no convergence
issue. Once no convergence issue exists, all algorithms always select all categorical variables.
Besides, SCAD and MCP, ALD has the smallest false negatives in both tables. Furthermore, the
box-plot of square errors for each algorithm under TICC are shown in Figure 5.11. When variables
are independent, the medians of fixed effect square error are almost at the same level for glmer,
PQL-based Lasso, ML-based Lasso and ADL. For correlated variables, fixed effect square error
stays at the same level for all algorithms except for SCAD and MCP. The medians of fixed effect
square error for SCAD and MCP are much higher than the rest when variables are correlated.
For random effect, ML-based Lasso and SL have more outliers than the rest when variables are
independent and correlated. Furthermore, the medians of SCAD and MCP are almost at the
same level, and they are higher than the rest. In Figure 5.12, it clearly shows the squared error
of PQL-based Lasso has the smallest median, and most squared errors are below 0.2 for both
correlated and independent variables.
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In Table 5.26 and 5.27, it shows the values of sensitivity, specificity and overall accuracy under
TICC wih cutoff 0.5. In general, the values of sensitivity, specificity and overall accuracy for
all algorithms are close to each other and they decrease with at most 3% when variables are
correlated. All values are above 77% in both tables. In Figure 5.13, 5.14, 5.15 and 5.16, it shows
the ROC curves at each time point for all algorithms under TIIC with different cutoff values. For
each algorithm, the ROC curves at each time point behave similarly. The mean AUC among all
algorithms with independent variables is very close to each other. For correlated variables, the
mean AUC of SCAD and MCP is between 2% to 3% lower than the rest. In Figure 5.13 and 5.15,
the mean ROC curve of PQL-based Lasso is not as smooth as the others, since it always selects
the same variables and the selected variables are categorical variables. Therefore, for each testing
dataset, there are three different probabilities, which leads to the sudden change in the curve.
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Figure 5.11: The boxplot of fixed effects and random effect square errors under TICC (1=Glmer,
2=PQL Lasso, 3=ML Lasso, 4=PQL Boost, 5=SL, 6=ADL, 7=SCAD, 8=MCP)

50 Model selection for prediction in Generalized Linear Mixed Model



CHAPTER 5. RESULT

Figure 5.12: The boxplot of zoomed random effect square errors under TICC (1=Glmer, 2=PQL
Lasso, 3=ML Lasso, 4=PQL Boost, 5=SL, 6=ADL, 7=SCAD, 8=MCP)
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(a) glmer (b) PQL Boost

(c) PQL Lasso (d) ML Lasso

Figure 5.13: The ROC curves at three different time points under TICC for glmer, PQL Lasso,
ML Lasso and PQL Boost (independent)
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(a) rpql SL (b) adl

(c) scad (d) mcp

Figure 5.14: The ROC curves at three different time points under TICC for rpql (independent)
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(a) glmer (b) PQL Boost

(c) PQL Lasso (d) ML Lasso

Figure 5.15: The ROC curves at three different time points under TICC for glmer, PQL Lasso,
ML Lasso and PQL Boost (correlated)
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(a) rpql SL (b) adl

(c) scad (d) mcp

Figure 5.16: The ROC curves at three different time points under TICC for rpql (correlated)
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According to ROC plots (Figure 5.2, 5.3, 5.4, 5.5, 5.7, 5.8, 5.9, 5.10, 5.13, 5.14, 5.15, 5.16), we
find out the prediction of the same algorithm at different time points is similar to each other. The
average AUC of three different time points of each algorithm is summarized in the following table.

Table 5.28: The overall auc of all algorithms under different settings

Settings Glmer PQL Lasso ML Lasso PQL Boost SL ADL SCAD MCP
TIC IND 0.67 0.67 0.65 0.67 0.64 0.67 0.67 0.66
TIC COR 0.60 0.61 0.53 0.59 0.55 0.58 0.61 0.60
TDC IND 0.67 0.67 0.64 0.65 0.65 0.66 0.66 0.66
TDC COR 0.60 0.60 0.54 0.57 0.56 0.59 0.60 0.60
TICC IND 0.89 0.89 0.89 0.87 0.88 0.89 0.89 0.88
TICC COR 0.89 0.89 0.89 0.88 0.87 0.88 0.87 0.87

It is clear that the prediction performance over different algorithms is very close to each other
under the same setting. Correlated variables influence the AUC of TIC and TDC since AUC
decrease at least 6% when variables are correlated. However, the correlation does not influence
the AUC for TICC since the difference is within 2% between independent and correlated variables.
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Chapter 6

Discussion

In the previous chapters, we explored four different algorithms for model selection of repeated
binary outcomes using simulation study with three different scenarios. In this chapter, the analysis
of the simulation results over different scenarios is provided from different aspects, namely, variable
selection, bias estimation and prediction. In the end, the overall summary statistics with the best
performance among all algorithms is given.

6.1 Variable selection

To evaluate variable selection performance among all algorithms, we consider three aspects which
are false negatives, false positives and the frequency of each variable selection. False negatives
indicate the number of signal variables that are not selected. For scenario TIC and TDC, the dif-
ference of false negatives among glmer, PQL-based Lasso and ADL are very small and PQL-based
Lasso is slightly better than the others. These three algorithms miss one defined fixed effect on
average when variables are independent. However, when variables are correlated, the number of
false negative increases which is as expected. The reason which leads the correlation influencing
variable selecting can be summarized below. Under the circumstances that two variables with a
perfect linear relationship, for example with a correlation coefficient value of 1, the two variables
can be treated as the same and it makes no differences which one is selected. While the correlation
coefficient decreases, there is still some underlying relationship between the two variables. Espe-
cially when one of the two variables is the signal variable and the other one is the noise variable,
it makes the algorithms more difficult to identify the signal variable. Furthermore, the difference
between the false negatives of the same algorithm is within 0.25 for TIC and TDC. When compar-
ing the false negatives of TIC and TDC with the simulated results from the corresponding paper,
we find that the false negatives increase. One possible reason is that PQL-based algorithms are
not consistent when the number of repeats drops. To be surprised, the performance of identifying
signal variables based on our simulated dataset is much worse than the performance stated in the
paper. In the paper, the simulation study is done for high-dimensional data. All defined signal
variables are selected by ML-based Lasoo, while only half of the signal variables are selected under
our low-dimensional data. It might be that the number of repeats influences the performance of
the algorithm. For scenario TICC, glmer, PQL-based Lasso and ADL have the similar number of
false negatives for both independent variables and correlated variables. But ADL has a slightly
lower value of false negatives than others. When a categorical variable is added to the model, the
false negatives of each algorithm increase.

The second aspect is false positives which indicate the number of noise variables that are
selected. We expect that the false positives increase when variables are correlated. However, only
the false positives of SCAD and MCP increase under all three simulated scenarios. One notable
remark is that PQL-based Boost has a false positive that equals to zero for TICC under both
independent and correlated situations. But its false negative equals to four which means it selects
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neither the continuous signal variables nor the noise variables. Although SCAD and MCP have
lower false negative than all the rest, their false positives are about three to ten times higher than
the rest. By combining false negatives and false positives, we could get a better indication of
which algorithm having better performance on variable selection. The less the number of false
negatives and false positives, the better the performance of the algorithms is. This can be shown
by %AC which indicates when both false negatives and false positives equal to zero. However,
none of the algorithms have the value of %AC higher than 8%. In some cases, lower false negatives
might be more important than lower false positives. When the number of false negatives is low,
we could guarantee the signal variables are selected. Even if the number of false positives is very
high, we still could search for other suitable algorithms to reduce the false positives. On the other
hand, if the number of false negatives is high, whatever the value of false positives is, we could not
improve any more from statistical inference point of view. Therefore, in such case false negatives
is preferred over false positives.

To find out whether other issues influence the variable selection, we consider the last aspect
which is the frequency of each variable being selected. The result can be found in Table 5.1, 5.10
and 5.19 for each simulation scenario. It shows that variable x1 and x4 are selected more often
than x2 and x3 for all simulation scenarios. This indicates that the variable selection might be
coefficient related since the defined coefficients of x2 and x3 are halved compared to x1 and x4.

As observed from the simulation study, the correlated variables have less impact on PQL-based
Boost comparing to Lasso-based algorithms. The observation is according to our expectation since
PQL-based Boost considers the fixed effects one by one into the model. The correlated variables
influence more on Lasso-based algorithms than PQL-based Boost. However, how correlation influ-
ences to Lasso-based algorithms is not so clear and not many literature researches on this besides
Hebiri and Lederer. [26] They found that the tuning parameter has to be chosen suitable to the
correlations. Both the theoretical results and the simulations strongly indicate that the larger the
correlations is, the smaller the optimal tuning parameter. [26] Although this research is done for
the linear regression model with Lasso, it is an indication for us that we need to consider different
tuning parameter selection methods when variables are correlated so that it might improve the
performance of model selection.

6.2 Bias of the estimates

The estimation bias is influenced by variable selection and estimation for the selected variables.
As shown in the previous section, none of the algorithms could always correctly select all signal
variables. Some signal variables are selected more often than the others. For signal variables, we
can look into the mean estimates of the selected variables to find out whether the signal variables
are underestimated or overestimated when they are selected. For noise variables, we investigate
both the mean estimates of all variables and the mean estimates of selected variables. The low
value of the MEF is caused by two different situations: if the MSEF of noise variables is very
low, the MEF is low no matter how frequent noise variables are selected; on the other hand, if the
frequency of selecting noise variables is very low, even if they have higher values of the MSEF, the
MEF is low. Therefore, if the first case is true, then noise variables have less impact on introducing
bias. For the second situation, it indicates that noise variables have an impact on introducing bias
once they have been selected by the algorithm. For extreme cases, if any noise variables’ MSEF is
higher than true coefficients of all signal variables, then it indicates that the algorithm misclassifies
the noise variable as the signal variable.

Firstly, we investigate the signal variables. For all simulation scenarios, the coefficients of all
signal variables are always overestimated by glmer, SL, ADL, SCAD and MCP. This meets our ex-
pectation since the final refit for SL, ADL, SCAD and MCP is using glmer. However, the estimates
seem larger than expected. One possible reason is the package issue. Although glmer in R package
uses Gauss-Hermite quadrature, simulations [9] indicated that for binary data, glmer did not enjoy
the same performance as that of their SAS counterpart PROC NLMIXED which has similar res-
ults as SAS GLMMIX. [9] Furthermore, simulations indicate that the performance demonstrated
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by SAS NLMIXED confirms the theoretical behavior of the estimates. [52] Therefore, the further
investigation on package issue needs to be done. The coefficients of all signal variables are always
underestimated by PQL-based Boost for all simulation scenarios. Once the categorical variables
are involved, PQL-based Boost has no values for all continuous signal variables and noise variables.
We expect that the estimates of PQL-based algorithms to be biased, since the PQL approach has
been shown to produce biased estimates especially for binary clustered data with small clusters
sizes. [9] One possible solution is to re-estimate the final submodel of PQL-based Boost by using
more accurate estimation such as adaptive Gaussian quadrature.

As mentioned in Chapter 3, rpql can perform random effect selection. We only include one
random effect for all simulation settings and rqpl, with different penalties, always selects the
random effect. Therefore, there is no MSEF for random effect and we only need to investigate the
mean estimate of random effect to see if a bias exists. As it is found, for independent cases of TIC
and TDC, the variance component of random effect is underestimated by all algorithms. When
variables are correlated, the estimates of variance component of random effect increase, which are
closer to the true value. For TICC, the estimates of variance component of random effect differ for
different algorithms. The variance component of random effect are underestimated by PQL-based
Lasso and ML-based Lasso when variables are independent and are overestimated when variables
are correlated.

In general, the mean estimates of noise variables are smaller than one under different settings
except for PQL-based Boost. However, some MSEF of noise variables are biased for all algorithms
under all simulation scenarios. The reason causes that may be that the number of simulation is
not large enough.

6.3 Prediction

We investigate the prediction performance from accuracy tables (5.8, 5.9, 5.17, 5.18, 5.26 and
5.27) and the ROC plots. The accuracy tables give an overview of prediction performance among
all algorithms with a cutoff value of 0.5. While the ROC plots give more detailed prediction
performance for each testing dataset with different cutoff values as well as the overall accuracy
which is indicated by the value of the AUC. For TIC, the value of sensitivity is always higher
than specificity for all algorithms and the overall accuracy of all algorithms is less than 63%.
The values of sensitivity, specificity and overall accuracy of different algorithms are very close
to each other, and the difference is within 5% except for ML-based Lasso. PQL-based Lasso
has the highest overall accuracy. All values decrease when variables switch from independent to
correlated. For TDC, the overall accuracy is below 62% for all algorithms with both independent
and correlated variables. For TICC, the values of sensitivity, specificity, and overall accuracy
increase, and they are all above 78%. For the same algorithm, the values of sensitivity, specificity,
and overall accuracy decrease when variables are correlated.

As found in Table 5.28, for TIC and TDC, the AUC with independent variables is higher than
the AUC with correlated variables for all algorithms, due to the fact that false negatives increase
when variables are correlated. When it comes to TICC, the AUC for all algorithms are higher than
the AUC of any algorithms under TIC and TDC. One possible explanation could be that there is
a categorical variable introduced to TICC. Based on the linear predictor, as defined in Equation
4.5, the true coefficients of each level of the categorical variable can contribute either -3 or 3 to
the linear predictor. For each continuous variable, the true coefficients are -10, -5, 5, 10, which
has to be multiplied by a predictor with a range of -0.1 to 0.1. It leads the continuous variables
to contribute either in the range of -0.5 to 0.5 or the range of -1 to 1 to the linear predictor.
Therefore, the influence of the categorical variable is more significant than any of the continuous
variables. Additionally, the categorical variable is always selected by all algorithms except for
PQL-based Boost, and the estimate is close to the true coefficient, which might cause the AUC of
TICC to be better than that of TIC and TDC.
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6.4 Overall summary statistics

Based on the simulation results, we get an overall performance on summary statistics. For each
summary statistic, we include the smallest or the biggest values over algorithms of all settings
together with the name of the algorithm. The overview can be found in Table 6.1. Based on the
frequency of the algorithms’ names, we could get an overview on which algorithm performs better
than the others under different settings. As shown in Table 6.1, SCAD and MCP have lower
values of false negatives, while they have higher values of false positives especially for MCP. When
the number of predictors increases, it is highly likely that MCP will select too many predictors.
Therefore, MCP are not the suitable models for model selection, especially when the number of
predictors is large. Nevertheless, PQL-based Lasso in general has better performance than other
algorithms for TIC and TDC. To identify important prognostic factor, ADL performs better than
others under TICC since it has a lower value in false negatives.

Table 6.1: Overall summary statistics

Summary
statistics

TIC TDC TICC
Ind Cor Ind Cor Ind Cor

Mse c
PQL Lasso
91.4248

PQL Lasso
105.5897

PQL Lasso
103.7511

PQL Lasso
174.6442

PQL Lasso
191.5595

Lasso
251.7636

Mse rv
PQL Lasso
0.0523

PQL Lasso
0.0434

PQL Lasso
0.0472

PQL Lasso
0.0495

PQL Lasso
0.0244

PQL Lasso
0.0249

Mean f.n
PQL Lasso 1.02
SCAD 0.70
MCP 0.34

PQL Lasso 1.60
SCAD 0.91
MCP 0.44

PQL Lasso 0.
SCAD 0.73
MCP 0.27

PQL Lasso 1.80
SCAD 0.95
MCP 0.43

ADL 1.68
SCAD 0.87
MCP 0.52

ADL 2.40
SCAD 0.80
MCP 0.45

Mean f.p
PQL Boost
0.20

ML Lasso
0.10

PQL Boost
0.19

ML Lasso
0.10

PQL Boost
0

PQL Boost
0

%AC
ADL
8

ADL
3

Glmer
6

PQL Lasso
2

Glmer/ADL
3

All zero

%AF
PQL Lasso 29
SCAD 43
MCP 69

PQL Lasso 11
SCAD 35
MCP 61

PQL Lasso 28
SCAD 40
MCP 74

PQL Lasso 10
SCAD 33
MCP 61

ML Lasso 7
SCAD 35
MCP 56

ADL 4
SCAD 42
MCP 64

6.5 Simulation remarks

After comparing the simulation results, we find that the performance of the same algorithm on
variable selection, the bias of estimates and prediction are similar for both TIC and TDC. It
is because that the range of the time-varying parameter is set too small, then the difference
between continuous time-independent variables and continuous time-dependent variables are not so
significant. In order to identify whether time-independent variables and time-dependent variables
have the different impact on the performance of each algorithm, the simulation scenario on TDC
could be improved. For example, we could increase the range of time-varying parameter or add
an increasing or decreasing trend around the baseline.

6.6 Auxiliary remarks

Besides the above mentioned characteristics, we also find additional remarks. Firstly, PQL-based
Boost encounters a convergence issue for TDC model. As it can be seen in Table 5.15 and 5.16,
there are 43 out of 100 datasets without convergence issue under the independent condition, while
the number of converged simulation reduces to 32 under the correlated condition. ML-based Lasso
also encounters the convergence issue, but it is not considered severe enough because only 2 out
of 100 does not converge. There is no convergence issue for all the other algorithms. Secondly,
we find the computation time for rpql is much faster than other algorithms among all different
settings. For TIC under the independent condition, rpql only takes around 5 minutes to finish
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100 simulations with all four penalties. PQL-based Lasso takes about 15 minutes, while ML-based
Lasso takes about 30 minutes and PQL-based Boost takes more than 1.5 hours. Last but not
the least, we find PQL-based Lasso having the problem of estimating random effect when the
dataset has time-dependent categorical variables. As long as the dataset contains time-dependent
categorical variables, the mean estimate of variance component of random effect is close to zero.
We tried three different ways to handle the categorical variables, using as.factor() function which
is recommended by original authors, coding the categorical variables as the dummy variables and
further applying normalization on the dummy variables. However, none of those three methods
could fix the problem. The detailed simulation model and results can be found in Appendix A.
Furthermore, we find out if responses are only zeros or ones at certain time point, then PQL-based
Lasso could not estimate time-dependent categorical variables correctly.

Model selection for prediction in Generalized Linear Mixed Model 61



Chapter 7

Conclusions and
Recommendations

Three simulation scenarios have been done for comparing the performance of four model selection
algorithms for GLMM. Although all algorithms have different performances in selecting signal
variables, their prediction performance is very close to each other under the same scenario. Besides
the scenario where both time-independent continuous and categorical variables are considered, the
prediction performance is very poor for all algorithms. To identify important prognostic factor,
the algorithm from rpql with penalties SCAD and MCP are better than the rest, since they have
a lower value of false negatives.

There is no algorithm that has the best performance all the time, different algorithms can be
used for different simulation scenarios. For the scenarios of time-independent and time-dependent
continuous variables, PQL-based Lasso is preferred, since it has the lowest false negatives and
the lowest mean squared errors for both fixed effects and variance component of random effects.
Furthermore, its AUCs are slightly better than the others’ for both independent and correlated
variables. For the setting of both time-independent continuous and categorical variables, different
algorithms can be used based on different purposes. For predictions, glmer, PQL-based Lasso and
ML-based Lasso share the same performance. To identify important prognostic factor, rqpl ADL
can be a better choice, since it has the lowest false negatives among all algorithms.

In this project, we have only analyzed the performance of selected algorithms under the low-
dimensional data. The simulation on the high-dimensional data is recommended for the future
research. Since SCAD has a lower value of false negatives, it is suggested to be used as the initial
screening step to select signal variable candidates to reduce the total number of variables, then
apply suitable model selection algorithms as the next step. This two-step approach model selection
is of interests for the future investigation. As discussed in Section 6.5, to improve the significance
of the difference between time-independent continuous variable and time-dependent continuous
variable we could increase the range of time-varying parameter or add an increasing or decreasing
trend around the baseline for the future investigation.
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Appendix A

A.1 Time-dependent categorical variable and continuous vari-
ables

Bernoulli link:

zij = µ+ βj +

p∑
h=1

γhxijh + ui, i = 1, ..., 100, j = 1, ..., 3

πij = E[yij ] =
exp(zij)

1 + exp(zij)
, yij ∼ Bin(1, πij)

(A.1)

where µ = 0, βββT = (0,-3,3), γ1 = -10, γ2 = -5, γ3 = 5, γ4 = 10, γh = 0 for h = 4,...,p and
p = 20. For h = 1,...,p the XXXT

ij = (xij1, ..., xijp) independently distributed following a uniform
distribution within the interval [-0.1,0.1]. Furthermore, the random effect is normally distributed
with ui∼N(0, 0.82).
The mean estimation of random effect is as follow.

Table A.1: The mean estimation of PQL

PQL Lasso factor PQL Lasso dummy PQL Lasso dummy normal
random est 0.0005 0.0001 0.0217
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