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Quick Estimation of Periodic Signal Parameters
From 1-Bit Measurements

Paolo Carbone , Fellow, IEEE, Johan Schoukens, Fellow, IEEE, and Antonio Moschitta, Member, IEEE

Abstract— Estimation of periodic signals, based on quantized
data, is a topic of general interest in the area of instrumentation
and measurement. Although several methods are available, new
applications require low-power, low-complexity, and adequate
estimation accuracy. In this paper, we consider the simplest
possible quantization, that is, binary quantization, and describe
a technique to estimate the parameters of a sampled periodic
signal, using a fast algorithm. By neglecting the possibility that
the sampling process is triggered by some signal-derived event,
sampling is assumed to be asynchronous, that is, the ratio
between the signal and the sampling periods is defined to be
an irrational number. To preserve enough information at the
quantizer output, additive Gaussian input noise is assumed as the
information encoding mechanism. With respect to the published
techniques addressing the same problem, the proposed approach
does not rely on the numerical estimation of the maximum
likelihood function but provides solutions that are very close to
this estimate. At the same time, since the main estimator is based
on matrix inversion, it proves to be less time-consuming than
the numerical maximization of the likelihood function, especially
when solving problems with a large number of parameters.
The estimation procedure is described in detail and validated
using both simulation and experimental results. The estimator
performance limitations are also highlighted.

Index Terms— Estimation, identification, nonlinear estimation
problems, nonlinear quantizers, quantization.

I. INTRODUCTION

ESTIMATING the characteristic parameters of a system
or a signal using quantized data is a central problem in

instrumentation and measurement. Conventional procedures,
such as least squares estimators, are shown to be subopti-
mal and perform increasingly worse when signals are more
coarsely quantized [1]. The challenge to recover input signal
information is maximum when a binary quantizer, for example,
a comparator, is used. On the other hand, binary quantization
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is attractive, mainly because of the ease in generating and
processing binary data, even at very large sampling rates.
Clearly, if suitable modulation of the input sequence is possi-
ble, 1-bit quantization may be performed to reduce information
loss, as in 1-bit �� analog-to-digital converters (ADCs) [2].
Conversely, if the input signal is not preprocessed and is
directly converted by a 1-bit quantizer, processing needed to
recover some or all of the signal parameters can only benefit
from the signal encoding properties of the additive noise
possibly affecting the comparator input. In fact, if the input
signal is consistently above or below the comparator threshold,
the output sequence can take only a single value, and any
estimator would fail in providing meaningful information.
In fact, if the input signal is unaffected by noise, the quantizer
output only produces information about signal zero-crossings,
possibly useful for estimating the signal frequency components
but insufficient to allow the estimation of the amplitudes of
these components. Thus, it is exactly the noise source at the
input that acts as a sequence randomizer and that encodes
information about the signal parameters so that it can be
extracted at the output of the 1-bit quantizer. As an example,
consider the quantization of a constant signal affected by white
Gaussian noise. Moschitta et al. [3] show that the amount of
information at the quantizer output vanishes when the noise
standard deviation tends to zero.

Importance for the Instrumentation and
Measurement Community

In general, advanced processing of signals based on com-
plexity reduction is of interest for the measurement commu-
nity [4]. Practical usage of the 1-bit quantization is the subject
of 1-bit measurements of sparse signals [5]–[7]. Similarly,
system identification based on binary quantized data [8]–[10]
is a technically challenging problem with applications in the
identification of both linear and nonlinear systems. At the
same time, both measurements of ADCs’ performance and
the impact ADC resolution has on the estimation of input
signals’ parameters play a central role in instrumentation and
measurement [11].

Applications in ADC Testing

In fact, when testing ADCs, test signals are sinu-
soidal or multitone signals [12]. The input signal parameters
are estimated through the same data record used to find
the ADC threshold levels. The accuracy with which these
parameters are known affects the ADC test results. Many
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published paper address this problem [13], [14]. A simple
estimator, like the one described in this paper, may ease this
task. Moreover, ADCs are among the first devices in the signal
chain of most modern instrumentation. This paper shows how
to process basic information such as binary data to estimate
the parameters of a periodic input signal.

High-Frequency Applications

By observing that binary quantization may be performed
using off-the-shelf high sample rate (5 GSa/s) compara-
tors [15] or experimental (20 GHz) comparators [16],
the analysis of techniques to estimate parameters of analog
signals using very coarsely quantized data can lead to the use
of simple instrumentation, also in that interval of frequencies
traditionally characterized by the use of complex instruments.

State of the Art

Previous research on this subject considered the estima-
tion of systems parameters when the input sequence is
known [17], [18] and when the input signal is synchronously
sampled, that is, when the ratio between the sampling sequence
period and the signal period is a rational number [19]. Several
other papers have addressed a wide class of similar problems
in the context of system identification [20]–[27]. In the areas of
signal processing and communications, several contributions
were made over the years to address signal and channel
estimation problems and threshold value optimization. For a
comprehensive list of these papers, see [28]. The topic of
1-bit quantization is the subject of extensive research cover-
ing the characteristics of scalar- and vector-signal parameter
estimation problems, under the assumptions of both known
and unknown noise distributions [29], [30]. In these papers,
general properties were derived, such as the Cramér–Rao
lower bound (CRLB) and the log-convexity of the likeli-
hood function. This latter property also applies to the case
considered in this paper. Noisy 1-bit quantization was also
considered in [31], where the observed signal is a single
sinusoid. Similarly, Gianelli et al. [32] describe the properties
of the maximum likelihood estimator (MLE) of the parameters
of a noisy single-sinusoidal signal after binary quantization.
The analysis is extended to the binary quantization of multiple
sinusoids in [33], where a nonlinear least squares estimator is
described to solve the problem. Finally, numerical methods
for the estimation of the likelihood function may resort to
iterative procedures such as the expectation–maximization
approach [34]–[36].

Case Considered in This Paper

This paper describes the properties of a quick estimator
based on the transformation of the considered estimation
problem into a linear problem enabling the usage of ordi-
nary matrix-inversion operations on the data. This approach
overcomes the time performance of the published estimators
resorting to the numerical maximization of the likelihood
function, under similar accuracy performance. Alternatively,
this procedure can be used to initialize the MLE in a starting

Fig. 1. (a) Signal chain considered in this paper and (b) its equivalent
version. The effect of the invertible nonlinear function is attributed to the
1-bit quantizer QT (x).

point that is very close to the final solution, in order to improve
the MLE convergence speed.

In fact, when severe quantization occurs, as in the
binary case, conventional estimation procedures, such as
least squares estimators, either fail to provide meaningful
results [1] or require substantial numerical processing when
the problem complexity increases, for example, when the
number of parameters to be estimated exceeds 50, as shown in
Section VII in the case of the MLE [37]. This allows the solu-
tion of very large estimation problems, for which the approach
based on the MLE would result in a larger computational
time. This setting of the problem, which is important for the
instrumentation and measurement community, is not covered
in the literature.

II. PROBLEM STATEMENT

The problem analyzed in this paper can be described accord-
ing to the following characteristics.

Measurement Setup

The signal chain considered in this paper is depicted
in Fig. 1(a), where Q(·) is a binary quantizer and η j is a
sequence of zero-mean independent random variables with
variance σ 2. The function f (·) is an invertible nonlinear
function possibly distorting the signal prior to its binary
quantization.

Signal

The sequence x j is obtained by sampling a periodic signal
x(·), asynchronously. Assuming that N samples are processed,
when j = 0, . . . , N − 1, we can write

x j = θ1 +
P�

m=1

[θ2m sin(2πλm j) + θ2m+1 cos(2πλm j)] (1)

where P is the known number of harmonic components in the
periodic signal, θm is the signal parameters to be estimated,
and λ is the normalized sampling rate. Since sampling is
asynchronous, λ is irrational with probability 1. In practice,
however, digital signal generators and clock sources have a
finite-frequency resolution that may result in a rational value of
λ, especially if the generators are synchronized. Under suitable
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conditions, this number can be treated as being close to an
irrational number, as shown in Section III-B. Thus, the case
when λ is a rational number is also included in the procedure
described in the following.

Noise Assumptions

The input noise is a zero-mean white Gaussian random
sequence.

Goal of This Paper

It is shown how to achieve a fast estimation of the amplitude
θm of each component in x j by processing the quantizer
output samples y j . The resulting estimator is called binary
quantile-based estimator (BQBE). In addition, a procedure is
proposed to validate the assumption about the noise probability
distribution.

III. ESTIMATION PROCEDURE

The description of the working principle of BQBE is based
on the mathematical modeling of the three major entities
involved in this problem which are as follows:

1) the signal chain;
2) the process of asynchronously sampling a periodic signal

with known frequency;
3) the actual parametric estimator.

A. Modeling the Signal Chain

The quantizer input–output characteristic can be
described as

Q(x) =
�

1, x ≥ T0

0, x < T0
(2)

where T0 is the quantizer threshold. Thus, Q(x) models the
behavior of a simple comparator. It can be observed that
the cascade of the nonlinear function f (x) and the binary
quantizer is equivalent to a new binary quantizer having a
possibly different threshold. In fact

Q( f (x)) =
�

1 f (x) ≥ T0

0 f (x) < T0
=
�

1 x ≥ f −1(T0)

0 x < f −1(T0)

=
�

1, x ≥ T

0, x < T
= QT (x) (3)

where f −1(·) is the inverse function of f (·) and T = f −1(T0).
Accordingly, the resulting signal chain is shown in Fig. 1(b).
Observing that without the noise source, information about
the input sequence would be poor and possibly insufficient to
completely identify the signal parameters [3].

B. Modeling the Asynchronous Sampling of a Periodic Signal

Data processing by the BQBE requires knowledge about
the structure and the density of time instants generated by the
irrational frequency λ multiplied by increasing time indices
in (1). In addition, it requires suitable reordering of the mea-
sured binary samples, according to their amplitudes, before
processing. To address both issues, this section contains a

description of the mathematical tools useful to describe and
predict the behavior of the sequence of generated samples.

We assume that the sequence x j in (1) is obtained by
sampling the periodic continuous time signal x(·), having
period TP with a constant sampling period TS .

Any real number α can be written as the sum �α� + �α�,
where �α� is the largest integer lower than or equal to α, and
�α� is its fractional part, we can write

x j = x( j TS) = x

��
j TS

TP

�
Tp +

�
j TS

TP

�
TP

	

= x

��
j

TS

TP

�
TP

	
, j = 0, . . . , N − 1 (4)

where the last equality follows since, being x(·) a periodic
signal, its value will not change when an integer number of
periods is added to its argument.

The properties of the sampled sequence depend on the
properties of the fractional map

u j = �λj�, j = 0, . . . , N − 1 (5)

where λ = TS/TP is assumed to be known. Two cases are of
interest: when λ is an irrational and a rational number.

1) Irrational λ: In this case, the map (5) produces the orbit
0, �λ�, �2λ�, . . . , �(N − 1)λ� of unique values that divides
the interval [0, 1) into N distinct intervals, whose magnitude
can take at most three possibly different values. This result is
known as the three gap theorem or the three distance theorem
[38]–[40]. These intervals can be evaluated by sorting the
elements in the sequence (5) and by calculating the distance δn

between neighboring values. By recalling that the Farey series
of order N is the sequence of increasing irreducible rationals
n/d such that both n and d are not greater than N [41], the three
gap theorem states that δn belongs to the three-element set

{λd1 − n1, n2 − λd2, n2 − n1 − λ(d2 − d1)} (6)

where the rationals n1/d1 and n2/d2 are the consecutive elements
of the Farey series of order N − 1, such that

n1

d1
< λ <

n2

d2
.

Moreover, each element in the set (6) occurs N − d2, N − d1,
and d1 + d2 − N times, respectively. Since λ is irrational,
at least two out of three elements in the set (6) always occur.

2) Rational λ: When λ is the ratio D/M in its lowest terms,
results presented in Section III-B1 still hold true provided that
N < M . When N ≥ M , values generated by (5) are no longer
distinct and the only possible gap is 1/M [42].

3) Sorting the Sequence: The application of the procedure
described in the following requires ordering of the samples
according to their amplitudes. Clearly, given the chaotic nature
of the map (5), ordering of u j requires a permutation of the
indices j . The set of indices p j , j = 0, . . . , N−1 producing an
increasingly sorted version u p j of the sequence u j is obtained
through the following algorithm [43]:

p0 = 0

p j+1 − p j =

⎧
⎪⎨

⎪⎩

d1, 0 ≤ p j < N − d1

d1 − d2, N − d1 ≤ p j < d2

−d2, d2 ≤ p j < N.

(7)
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Fig. 2. Circular representation of the truncated sequence u j in (8) by (5)
when λ = √

2/2 and N = 7 (outer circle) and of the corresponding distances
between neighboring samples, as calculated by (6) (inner circle). The entire
2π angle corresponds to the interval [0, 1).

It was also shown that [43]

min
0< j<N

u j = �λd1� max
0< j<N

u j = �λd2�.
The following example clarifies the usage of these expressions.
Assume N = 7 and λ = √

2/2. By examining the Farey series
of order 6, we obtain

2

3
<

√
2

2
<

3

4
so that d1 = 3 and d2 = 4. The following truncated sequence
is produced by (5):

0 0.7071 0.4142 0.1213 0.8284 0.5355 0.2426 (8)

with the sequence p j given by

0 3 6 2 5 1 4

so that the truncated sequence u p j is ordered as follows:

0 0.1213 0.2426 0.4142 0.5355 0.7071 0.8284

and the minimum and maximum are found at ud1 = 0.1213 . . .
and ud2 = 0.8284 . . ., respectively, whereas the truncated
sequence δn is {0.1213, 0.1213, 0.1716, 0.1213, 0.1716,
0.1213, 0.1716}. Thus, 0.1716 occurs N − d2 = 3 times,
0.1213 occurs N − d1 = 4 times, and the third value occurs
N − d1 − d2 = 0 times. A representation of the generated
sequence and of the corresponding intervals’ lengths is shown
in Fig. 2. In this figure, the circumference corresponds to the
interval [0, 1), u0 coincides with 0 and the other values in the
orbit are associated with anticlockwise rotations.

C. Parametric Estimator

By considering the periodicity of the sine and cosine func-
tions, when j = 0, . . . , N − 1, (1) can be written as

x j = θ1 +
P�

m=1

[θ2m sin(2πmλ j ) + θ2m+1 cos(2πmλ j )] (9)

where on the basis of (4)

λ j = �λj� (10)

is the fractional part of λj .

The estimator working principle is based on the estimation
of the probability with which, for a given value of x j ,
the quantizer outputs a logical 0, that is [19],

p j = P(x j + η j ≤ T ) = �

�
T − x j

σ

	
(11)

where �(·) is the cumulative distribution function (CDF) of a
standard normal random variable. The estimation of p j in (11)
requires the percentage count of the binary quantizer output,
based on a possibly large number of samples, obtained under
the same given constant value x j . However, an incoherent
sampling of a periodic signal results in time samples that
neither remain constant over a varying time index nor repeat
themselves, as stated in Section III-B1. To overcome this lim-
itation, input samples are grouped by selecting close enough
time indices so that corresponding signal amplitudes provided
by (1) may be considered sufficiently close. Clearly, closeness
among time samples does not imply proximity among signal
amplitudes. A needed requirement is that the signal derivative
has a locally small magnitude.

1) Partitioning the Input Samples: In practice, measured
data can be partitioned in H sets such that the values provided
by x j in the same set are close together. This can be done,
for instance, by sorting, at first, λ j in increasing order and by
partitioning the corresponding indices in subsets Ih defined as

Ih = {i |h� ≤ λi < (h + 1)�} =
�

i

����

�
λi

�

�
= h

�

h = 0, . . . , H − 1 (13)

where � is a small interval length, H = �1/��, and because of
(10) h = ��λj�/��. Thus, if h and k are in Ih , |λh − λk | < �.
Accordingly, indices in Ih select amplitudes in the sequence
x j that are close enough to allow estimation of p j . The sorting
operation can be done as described in Section III-B3.

2) Estimating the Probability of the Quantizer Outcomes:
The probability p j refers to the input signal being approxi-
mately equal to x j . As described in Section III-C1, indices in
Ih select amplitudes in the sequence x j that are close enough
to allow estimation of p j . Consequently, the percentage count
over the indices in Ih can be written as

p̃h = 1

|Ih |
�

i∈Ih

[xi + ηi ≤ T ], h =
� �λj�

�

�
(14)

where |Ih | is the cardinality of Ih , and [E] is the indicator
function of the event E . Since each term in the summation
in (14) is a Bernoulli random variable with success probability
depending on i ,

�
i∈Ih

[xi + ηi ≤ T ] is a Poisson binomial
random variable with expected value

�
i∈Ih

pi , such that [44]

E( p̃h) = 1

|Ih |
�

i∈Ih

�

�
T − xi

σ

	

 �

�
T − xh

σ

	
(15)

where E(·) is the expectation operator, xh = 1/|Ih |�i∈Ih
xi

and where the right-most approximation is proven in
Appendix A, where also the Taylor series expansion of the
error term is described. The error in (15) is in the order of
1/|Ih |�i∈Ih

�2
i , where �i = xi − xh (Appendix A).
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⎡

⎢⎣

σ�−1 ( p̃0)

σ�−1 ( p̃1)

.

.

.

σ�−1 � p̃H−1
�

⎤

⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 − 1

|I0|
�

i∈I0

sin
�
2πλi

� − 1

|I0|
�

i∈I0

cos
�
2πλi

� · · · − 1

|I0|
�

i∈I0

sin
�
2π Pλi

� − 1

|I0|
�

i∈I0

cos
�
2π Pλi

�

1 − 1

|I1|
�

i∈I1

sin
�
2πλi

� − 1

|I1|
�

i∈I1

cos
�
2πλi

� · · · − 1

|I1|
�

i∈I1

sin
�
2π Pλi

� − 1

|I1|
�

i∈I1

cos
�
2π Pλi

�

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

1 − 1

|IH−1|
�

i∈IH−1

sin
�
2πλi

� − 1

|IH−1|
�

i∈IH−1

cos
�
2πλi

� · · · − 1

|IH−1|
�

i∈IH−1

sin
�
2π Pλi

� − 1

|IH−1|
�

i∈IH−1

cos
�
2π Pλi

�

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

T − θ1
θ2
θ3
.
.
.

θ2P
θ2P+1

⎤

⎥⎥⎥⎥⎦

(12)

Thus, p̃h can be considered as an estimator of the right-most
term in (15), so that σ�−1 ( p̃h) estimates T −xh . Appendix A
shows that

xh = θ1 +
P�

m=1

⎡

⎣ θ2m

|Ih |
�

i∈Ih

sin (2πmλi )

+θ2m+1

|Ih |
�

i∈Ih

cos(2πmλi )

⎤

⎦ (16)

from which the parameters embedded in xh can be linearly
related to σ�−1( p̃h) that, in turn, is obtained using measure-
ment results.

3) Building and Solving the Model: Using matrix notation,
we can write the observation model (12), shown at the top of
this page. This is in the form Y = A�, where

Y =

⎡

⎢⎢⎢⎣

σ�−1 ( p̃0)
σ�−1 ( p̃1)

...

σ�−1 ( p̃H−1)

⎤

⎥⎥⎥⎦, � =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

T − θ1
θ2
θ3
...

θ2P

θ2P+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(17)

and where Y is a H × 1 vector, A is a H × (2P + 1) matrix,
and � a (2P + 1) × 1 vector. For each h = 0, 1, . . . , H − 1,
the variance of p̃h can be calculated as [44]

σ 2
h = 1

|Ih |2
�

i∈Ih

pi(1 − pi). (18)

The variance of each component of Y can be approximated
using a Taylor series expansion of �−1( p̃h) about the mean
value of p̃h . In [19], it is shown that this calculation provides

σ 2
Yh

= var(σ�−1( p̃h)) 
 2πσ 2 p̃h(1 − p̃h)

|Ih | e(�−1( p̃h))2
. (19)

Finally, an estimate �̂ of � is obtained by using the weighted
least squares estimator [45]

�̂ = (AT W A)−1 AT WY (20)

where W is a H × H diagonal matrix that contains the recip-
rocal of the variance of each estimator, 1/σ 2

Yh
, on the principal

diagonal [45], estimated according to (19). An estimate of the
estimator covariance matrix is given by [45]

Ĉ = ̂Cov{�̂} = (AT W A)−1. (21)

D. Some Remarks

The following remarks can be made about the devised
estimator.

1) A requirement is that H ≥ (2P +1), that is, the number
of unknown parameters.

2) The observation model (12) shows that (20) estimates
T − θ1. Thus, either θ1 or T must be known if the other
parameter needs to be estimated.

3) When σ is unknown, both left-hand and right-hand
terms in (12) can be divided by σ ; in this case, a new
estimation problem can be setup if T is known and if
the reciprocal of σ is defined as a new parameter to be
estimated [19].

4) The observation model (12) assumes that 0 < p̃h < 1,
∀h. In practice, when σ is small compared to the input
signal span, p̃h may be 0 or 1 for several values of h.
The estimator still provides meaningful results provided
H ≥ (2P + 1). Clearly, the dimensions of the left-hand
vector and of the matrix in (12) scale accordingly.

IV. ESTIMATOR PROPERTIES

In this section, at first, the estimator bias is analyzed. Then,
an analysis is done to show how the BQBE can be seen as
the discrete Fourier transform (DFT) of preprocessed data.

A. BQBE Bias

Because of the approximation in (15), BQBE is a biased
estimator even when N is large. Using (15) and the approxi-
mation

E(�−1( p̃h)) 
 �−1(E( p̃h)) (23)

the bias vector is given by

B(�, σ ) = (AT W A)−1 AT W P(�, σ ) (24)

where an expression for P(�, σ ) is shown at the bottom of
this page and where it is assumed that H is the number of
rows in A. It will be shown in Section V that an estimate of
the bias vector is needed to find a value of � that optimizes
the estimator performance. To this aim, an estimate x̂i of the
i th sample in the input signal is first obtained by using the
estimated parameters in (9). Then, an estimate P̂(�, σ ) of
P(�, σ ) is provided by (25), by substituting each occurrence
of xi with x̂i . To appreciate the behavior both of B(�, σ )
and of its estimator with respect to �, consider the graphs
of �B(�, σ )� and ��B̂(�, σ )��, where �·� is the mean value
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operator and �·� is the Euclidean norm. Both norms, obtained
by Monte Carlo simulations, are graphed in Fig. 3 as a function
of �, for P = 1, 7 and N = 5 · 103. To guarantee that H is
always sufficiently large to allow estimation of all 2P + 1
parameters, � must be upper bounded by �B(P) = 1/2P + 1.
This is the value that normalizes the x-axis shown in Fig. 3.

Observe that, for a given value of � and N , the bias
norm increases with P . Conversely, for given values of
� and P , increasing N does not affect B(�, σ ) significantly.
Also, observe that the norm of the estimated vector provides a
reasonable approximation of �B(�, σ )� for most values of �.

B. Interpretation of BQBE as a DFT Processor

To better appreciate how the BQBE process data, in this
section, the properties of the unweighted estimator will be
analyzed by assuming N → ∞. This estimator has the
following expression:

� = (AT A)−1 AT Y . (26)

With respect to (26), (20) weighs the results by also including
the effects of the noise covariance. The simple interpretation
of the estimation properties of (26) will, however, provide
some insights also into the properties of (20). Because of
Kolmogorov’s strong law of large numbers, when N → ∞,
p̃h in (14) converges almost surely to E( p̃h) in (15). Because
of Weyl’s equidistribution theorem, λ j in (10) becomes an
equidistributed sequence modulo 1 when N → ∞. Thus,
Ih contains an infinite number of samples, equidistributed in

[h�, (h+1)�] and (15) becomes a Riemann sum such that [46]

ph,∞ = lim
N→∞

1

|Ih |
�

i∈Ih

�

�
T − xi

σ

	

= lim
N→∞

1

|Ih |
�

i∈Ih

�
� 1

σ

�
T − θ1

−
P�

m=1

�
θ2m sin

�
2πmλ j

�+ θ2m+1 cos
�
2πmλ j

����

= 1

�

� (h+1)�

h�
�
� 1

σ

�
T − θ1

−
P�

m=1

�
θ2m sin (2πmx) + θ2m+1 cos (2πmx)

���
dx

=
� 1

0
�
� 1

σ

�
T − θ1 −

P�

m=1

�
θ2m sin (2πm(x� + h))

+ θ2m+1 cos (2πm(x� + h))
���

dx . (27)

Similarly, when m = 1, . . . , P and h = 0, . . . , H − 1,
entries in A become

ah,m = lim
N→∞

⎛

⎝− 1

|Ih |
�

i∈Ih

sin(2πmλ j )

⎞

⎠

= −1

�

� (h+1)�

h�
sin(2πmx)dx

= 1

2πm�
[cos(2πm(h + 1)�) − cos(2πmh�)]

= − sin c(m�) sin (πm(2h + 1)�) (28)

where sin c(x) = limu→x sin(πu)/πu and

⎡

⎢⎢⎢⎢⎣

σ�−1( p̃0,∞)

σ�−1( p̃1,∞)

.

.

.

σ�−1( p̃H−1,∞)

⎤

⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1

2π�
[cos(2π�) − 1] − 1

2π�
sin(2π�) · · · 1

2π P�
[cos(2π P�) − 1] − 1

2π P�
sin(2π P�)

1
1

2π�
[cos(2π2�) − cos(2π�)] − 1

2π�
[sin(2π2�) − sin(2π�)] · · · 1

2π P�
[cos(2π2P�) − cos(2π P�)] − 1

2π P�
[sin(2π2P�) − sin(2π P�)]

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

1
1

2π�
[cos(2π H�)−cos(2π(H − 1)�)] − 1

2π�
[sin(2π H�)−sin(2π(H − 1)�)] · · · 1

2π P�
[cos(2π H P�)−cos(2π(H − 1)P�)] − 1

2π P�
[sin(2π H P�)−sin(2π(H − 1)P�)]

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T − θ1
θ2
θ3
.
.
.

θ2P
θ2P+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(22)

P(�, σ ) 


⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ�−1

⎛

⎝ 1

|I0|
�

i∈I0

�
�T − xi

σ

�
⎞

⎠− T + 1

|I0|
�

i∈I0

xi

σ�−1

⎛

⎝ 1

|I1|
�

i∈I1

�
�T − xi

σ

�
⎞

⎠− T + 1

|I1|
�

i∈I1

xi

...

σ�−1

⎛

⎝ 1

|IH−1|
�

i∈IH−1

�
�T − xi

σ

�
⎞

⎠− T + 1

|IH−1|
�

i∈IH−1

xi

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(25)
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Fig. 3. Behavior of the Euclidean norm of the bias vector B(�, σ ) and of its
estimator, �B̂(�, σ )�, based on R = 5 records, as a function of �, for P = 1, 7,
and N = 5 · 103. All curves are based on T = 0, σ = 0.5, λ = π/(450

√
2),

θ1 = 0.1, θ2m = Am cos(φm), θ2m+1 = Am sin(φm), where Am = 0.07 +
Um , with Um independent random variables uniformly distributed in [0, 0.03)
and φm , random variables uniformly distributed in [0, 2π). For given values
of P and �, norms of corresponding vectors have similar values.

bh,m = lim
N→∞

⎛

⎝− 1

|Ih |
�

i∈Ih

cos(2πmλ j )

⎞

⎠

= −1

�

� (h+1)�

h�
cos(2πmx)dx

= − 1

2πm�
[sin(2πm(h + 1)�) − sin(2πmh�)]

= − sin c(m�) cos (πm(2h + 1)�) . (29)

Thus, when N → ∞, the measurement model in (12) becomes
as shown in (22), shown at the bottom of the previous page.

The evaluation of the pseudoinverse of A in (26) requires
the calculation of the following summations:

S1(�, m, n) =
H−1�

h=0

cos(πm(2h + 1)�) sin(πn(2h + 1)�)

S2(�, m, n) =
H−1�

h=0

cos(πm(2h + 1)�) cos(πn(2h + 1)�)

S3(�, m, n) =
H−1�

h=0

sin(πm(2h + 1)�) sin(πn(2h + 1)�) (30)

where m, n are two integers in 1, . . . , P . In Appendix B, it is
shown that, when � → 0+, all summations approximately
vanish when m �= n and n = m

S1(�, m, m) 
 0, S2(�, m, m) 
 S3(�, m, m) 
 H

2
(31)

as expected on the basis of the orthogonality of the sine and
cosine functions. Under these approximations, that is, N → ∞
and � → 0+

AT A 
 H

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 · · · · · · · · · 0
0 sin c2(�) 0 · · · · · · 0
0 0 sin c2(�) · · · · · · 0
0 0 0 sin c2(2�) · · · 0
...

...
. . . · · · . . .

...

0 0
... · · · · · · sin c2(P�)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(32)

Consequently, when N → ∞, (AT A)−1 AT in (26)
becomes approximately equal to (33), shown at the top of
the next page. Observe that if � = 1/H , apart from a phase
and a scaling factor, (33) is a DFT matrix. In fact, by defining

Xm =
H−1�

h=0

xhe− jm 2π
H h , m = 0, . . . , H − 1 (34)

as the mth element of the DFT of the sequence xh , it can be
recognized that when m = 1, ..., P

θ̂1 
 Y0

H

θ̂2m 
 2

H sin c(m�)
�
#

e− j π
H mYm

$

θ̂2m+1 
 −2

H sin c(m�)
�
#

e− j π
H mYm

$
(35)

where Ym is the mth element of the DFT of Y , in (26).
Thus, apart from an amplitude and a phase factor, the asymp-
totic behavior of (26) is based on the DFT of the statistics
σ�−1( p̃h,∞) that is on data preprocessed by the CDF inverse
operation decoding the quantizer input signal. Since the cor-
recting factor removes the product by a sin c(·) function in
the frequency domain, we can conclude that the equivalent
amplitude domain effect is the convolution with a boxcar
function. This is coherent with the impact of 1-bit quantization
on input signals which is often modeled as the summation
of independent noise, having uniform probability density
function. A similar behavior was highlighted in [47] when
modeling the effect of jitter in waveform digitizers.

V. SELECTING THE ESTIMATOR’S PARAMETERS

Being based on matrix inversion, the practical implementa-
tion of BQBE is rather straightforward. It requires, however,
the choice of � and, if allowed by the adopted system setup,
the selection of a suitable value of σ . In fact, depending on the
application requirements, the noise magnitude may not be user
selectable, for example, when the noise is entirely due to self-
dithering sources inside the used circuits [48]. When this is
the case, σ can only be estimated beforehand. Alternatively,
the BQBE can be reparametrized to account for the joint
estimation of noise and signal parameters.

A. Selecting �

The user always needs to choose �. In this section, it is
shown how to select it by using two methods. Consider that
the optimal choice is a tradeoff choice. In fact, large values of
� allow for the inclusion of a large number of signal samples
in each interval Ih and thus reduce the estimation variance but
contribute to a larger value of the estimation bias and a reduced
number H = �1/�� of rows in the observation matrix. On the
contrary, when � is a small value, the bias is reduced, at the
expense of an increase in the estimation variance, possibly
counterbalanced by the increase of H .
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(AT A)−1 AT 
 − 2

H

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1

2
−1

2
−1

2
· · · −1

2
sin (π�)

sinc(�)

sin (3π�)

sinc(�)

sin (5π�)

sinc(�)
· · · sin (π(2H − 1)�)

sinc(�)
cos (π�)

sinc(�)

cos (3π�)

sinc(�)

cos (5π�)

sinc(�)
· · · cos (π(2H − 1)�)

sinc(�)
sin (2π�)

sinc(2�)

sin (6π�)

sinc(2�)

sin (10π�)

sinc(2�)
· · · sin (2π(2H − 1)�)

sinc(2�)

...
...

...
. . . · · ·

cos (π P�)

sinc(P�)

cos (3π P�)

sinc(P�)

cos (5π P�)

sinc(P�)
· · · cos (Pπ(2H − 1)�)

sinc(P�)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(33)

1) Selection Based on Minimum Mean Square Error:
To select the optimal value for �, an expression for the mean
square estimation error (MSE) is first derived. By recalling
that, in the scalar parameter case, the MSE is equivalent to
the summation of the estimator variance and squared bias,
an equivalent MSE vector can be defined in the vector para-
meter case. Accordingly, an estimate of the BQBE bias can be
obtained through (25). Moreover, by defining V̂ (�, σ ) as the
vector that contains the diagonal elements in Ĉ, the estimated
mean square error vector associated with the vector estimator
�̂ is given by M̂(�, σ ) = V̂ (�, σ ) + B̂(�, σ ) ◦ B̂(�, σ ),
where “◦” is the Hadamard product operator that provides
the entrywise multiplication of the elements in B̂(�, σ ). Thus,
the optimal value �opt of � can be found by solving the follow-
ing constrained minimization problem, where σ is given by

min
�

�M̂(�, σ )�

s.t. 0 < � < �B(P) = 1

2P + 1
. (36)

The solution to (36) can be found by a constrained numerical
minimization procedure. To appreciate the characteristics of
the minimization problem, consider the behavior of �M̂(�, σ )�
as a function of �, shown in Fig. 4 for several values of P and
N , obtained through Monte Carlo simulations. It can be recog-
nized that by increasing the number of samples, this function
has a smooth behavior and a single minimum resulting in
simple numerical processing aimed at the computation of the
minimum value.

2) Selection Based on Same Variance Factors: The value of
� influences the variances with which each component in the
observation vector and each parameter is estimated. In fact,
(19) shows that

var(σ�−1( p̃h)) ∝ 1

|Ih | 
 1

N�
. (37)

At the same time, (21) and (32) show that each estimator com-
ponent has a variance approximately proportional to 1/H 
 �.
By equating both factors, the information carried by the N
samples is distributed between two components. This occurs
when � = 1/

√
N . When this value is larger than �B(P), this

latter value is selected.

B. Selecting σ

Although σ may not always be user selectable, its value
affects the BQBE performance. The Fisher information matrix
associated with the estimation problem described in this paper
was derived in [30]

I =
N−1�

n=0

JT
n

e−�2
n

2πσ 2�(�n)[1 − �(�n)] Jn (38)

where Jn denotes the Jacobian of xn and �n = (T−xn)/σ . Note
that the magnitude of �n must not exceed 3–4 for the corre-
sponding sample xn to add significant information about the
searched parameter. When this does not occur, the probability
of xn + η to cross the threshold will vanish the information
associated with xn . In order to compare the behavior of
the BQBE and the MLE with respect to σ , Monte Carlo
simulations were carried out under the assumption of P = 1,
N = 104, T = 0, θ1 = 0.03, θ2 = 0.07, and θ3 = 0.05. The
normalized Euclidean norm of the estimator variance was
calculated using R = 103 records and plotted in Fig. 5 as a
function of σ , in the case of both the BQBE and the MLE.
The behavior of the estimator variances largely coincides for
the two estimation procedures. Fig. 5 also shows the graph
of the normalized Euclidean norm of the CRLB, obtained
using (38). The lack of superposition among the three curves
for small values of σ is due to the contribution of the
estimator bias.

Observe that, when σ is a small value and � is given,
the number of rows in A will be much lower than H = % 1

�

&
.

This will result in an overall increase in the estimator bias.
On the contrary, by allowing the noise to extend overall
input signal span, the triggering probability will never become
negligible for any of the considered input signal samples.
In fact, when σ increases, the number of rows in A will grow,
for a given value of σ and the maximum value H . This will
occur when the magnitude of �n does not exceed 3–4 for
every n. Beyond this value, the number of rows in A will not
grow, so that any increase in σ will increase the variance of
the estimator. Fig. 6(a) shows the Euclidean norm of the bias
vector as a function of σ , when P = 1, 3, 4, 7, 15, 20 and
assuming that N = 105, � = 0.01, and σ = 0.1. In Fig. 6(a),
overall decrease in the bias is noticed when σ increases. Also,
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Fig. 4. Monte Carlo. Euclidean norm of the estimated mean-square-error
vector, M̂(�, σ ), as a function of �, for P = 1, · · · , 7 and (a) N = 5 · 103

and (b) N = 5 · 104. All curves are based on a single record of data
with T = 0, σ = 0.5, λ = π/(450

√
2), θ1 = 0.1, θ2m = Am cos(φm ),

and θ2m+1 = Am sin(φm ), where Am = 0.07 + Um , with Um independent
random variables uniformly distributed in [0, 0.03) and φm random variables
uniformly distributed in [0, 2π).

Fig. 5. Monte Carlo simulations. Normalized Euclidean norm of the estimator
variance as a function of the noise standard deviation σ = 0.02, . . . , 0.2,
when using both the BQBE and the MLE, with P = 1, R = 103 records of
N = 104 sample each, T = 0, θ1 = 0.03, θ2 = 0.07, and θ3 = 0.05. Also,
the corresponding CRLB is shown, which is obtained using (38).

observe that increasing N does not significantly modify the
behavior of the graphs shown in Fig. 6(a). However, when N
increases, the optimal value of � will decrease resulting in an
overall decrease in the estimator bias.

The optimal value of σ can be determined by looking
at the behavior of the Euclidean norm of the root-mean-
square-error, graphed in Fig. 6(b) obtained using the same
simulation parameters. This figure shows that the normaliza-
tion of σ by the input signal span will result in a minimum
MSE that is almost insensitive to the number P of harmonics.
Thus, as a practical rule, 6/7σ should be comparable to the
signal voltage span to exploit the information associated with
every signal sample.

VI. ESTIMATING THE NOISE CDF AFTER

BINARY QUANTIZATION

This section shows how to validate the assumption about
the noise Gaussianity. The noise CDF can be estimated using

Fig. 6. Monte Carlo results. Euclidean norm of the (a) bias and (b) root-
mean-square-error vectors, as a function of σ normalized to the input span,
for P = 1, 3, 4, 7, 15, 20, N = 105, T = 0, and λ = π/(450

√
2). All curves

are based on a single record of data with θ1 = 0, θ2m = Am cos(φm ),
θ2m+1 = Am sin(φm), where Am = 0.1 + Um , with Um independent
random variables uniformly distributed in [0, 0.03) and φm random variables
uniformly distributed in [0, 2π).

a point estimator based on (11). In fact

p j = P(η j ≤ T − x j ) = Fη(T − x j ), j = 0, . . . , N − 1.

A very rough estimate of p j is y j , that is, the binary-valued
quantizer output. Thus,

p̂ j = F̂1η(T̂ − x̂ j ) = y j (39)

where x̂ j is obtained from (9), in which all occurrences of
the unknown parameters are substituted by the corresponding
estimates, obtained through (20). By sorting F̂1η(·) according
to increasing values of its argument T̂ − x̂ j , a 1-bit coded
version F̂1M (x j ) of the noise CDF results.

In order to obtain a higher resolution estimate of the noise
CDF, F̂1M (x j ) needs to be interpolated. This can be done by:

1) a parametric approach based on the mathematical
expression of the Gaussian CDF;

2) a nonparametric approach, based on zero-phase
numerical filtering [49].

After interpolation, a higher resolution estimate F̂η(x̂ j ) of
Fη(x j ) results. Observe that estimates are obtained at values
of their argument that are not uniformly spaced. Thus, F̂1η(·)
is the 1-bit unsorted CDF estimator, F̂1M (·) is its 1-bit sorted
version, and F̂η(·) is the higher resolution estimator obtained
after interpolation.

VII. SIMULATIONS

Monte Carlo simulations were done to validate the BQBE
and to compare its properties with those of the MLE, under
several different parameters’ values. Solution in the MLE
case is assured by the log-likelihood function being a convex
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TABLE I

MONTE CARLO SIMULATIONS. PERFORMANCE COMPARISON BETWEEN
THE BQBE AND THE MLE. THE NORMALIZED EUCLIDEAN NORMS

OF THE ERROR VECTORS Â− A, ϕ̂ −ϕ AND TOTAL ERROR VECTOR

Ŝ − S ARE SHOWN, OBTAINED BY AVERAGING 30 RECORDS OF
DATA CHARACTERIZED BY THE INDICATED PARAMETER

VALUES, WHEN ESTIMATING VECTORS A AND ϕ
DEFINED IN (41). A BINARY QUANTIZER WITH

T = 0 WAS ASSUMED. VALUES OF A AND ϕ
WERE CHOSEN ACCORDING TO (40).

function, under the made assumptions [30]. Assuming m =
1, . . . , P , the dc component θ1 and the amplitudes of the P
harmonics were chosen according to

θ1 = 0.05 + U1

θ2m = Am cos(φm)

θ2m+1 = Am sin(φm)

Am = 0.25 + U2m

φm = U3m (40)

where U1 and U2m are the outcomes of uniformly dis-
tributed random variables, respectively, in the intervals
(−0.025, 0.025), (0, 0.05), whereas U3m is an outcome of a
uniformly distributed random variable in the interval [0, 2π).
Simulations were performed using R = 30 records of data.
Each time, amplitudes and phases were generated according
to (40). All simulations assumed a normalized frequency
λ = π/(1250

√
2) and T = 0. Results, displayed in Table I,

were obtained by processing records of N samples, where
N = 5 · 103, 1 · 104, 5 · 104, 7 · 104, with P = 10, 20, 50, 80
and σ = 0.7, 1.0, 2.0, 2.4. Also, Table I reports the mean
value of the normalized Euclidean norm of the error vectors
when using both the BQBE with � chosen as described in
subsectionV-A2 and the MLE to estimate

A =

⎡

⎢⎢⎢⎢⎢⎣

θ1
A1
A2
...

AP

⎤

⎥⎥⎥⎥⎥⎦
, ϕ =

⎡

⎢⎢⎢⎣

φ1
φ2
...

φP

⎤

⎥⎥⎥⎦, S =
'

A
ϕ

(
(41)

and the mean processing times, as measured on a computer
having a 2.5-GHz dual core i7 processor. Processing of phase
errors included the wrapping operations to be applied when
calculating differences in phase angles, as suggested in [50].

TABLE II

MONTE CARLO SIMULATIONS. PERFORMANCE OF THE MLE WHEN
INITIALIZED BY THE BQBE. THE NORMALIZED EUCLIDEAN

NORMS OF THE ERROR VECTORS Â − A AND ϕ̂ − ϕ AND

TOTAL ERROR VECTOR Ŝ − S ARE SHOWN, OBTAINED
BY PROCESSING THE SAME DATA AS IN TABLE I.

Solutions, in the MLE case, were obtained using standard
numerical procedures for unconstrained optimization. The
function fminunc (MATLAB R2017b) was used to perform a
quasi-Newton numerical maximization. Each time the MLE
was initialized with a dc value equal to 0, with θ2m and
θ2m+1 in (40) as uniform random variables in the interval
(−0.5, 0.5). Derivatives of the likelihood function were sup-
plied to the numerical algorithm and vectorized operators were
used, whenever possible, to maximize its time performance.
The same data used to obtained results shown in Table I
were used to calculate data shown in Table II, where the
performance of the MLE, when initialized by the BQBE,
is shown.

A. Results and Discussion

Data show that both estimators are characterized by similar
accuracy performance. The BQBE outperforms the MLE in
terms of mean processing time, especially when the problem
complexity increases, and it is about 30 faster than the MLE
in the most complex case (P = 80) reported in Table I.
Also, observe that normalized error norm related to the entire
parameter vector S is always the lowest when using the MLE.

While careful optimization of the numerical maximization
procedure might result in improvements in the MLE process-
ing times, the iterative nature of this approach makes it
less appealing in case of problems with a large number of
parameters, for example, P = 80. The two right-most columns
in Table I report the mean number of function evaluations and
algorithm iterations. Moreover, if the MLE is used regardless
of its time performance, the BQBE can still provide accurate
initial estimates, very close to the optimal ones. In this case,
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Fig. 7. Circuital schematic of the experimental setup.

the MLE can be used as a postprocessing step starting from
BQBE estimates. In fact, by comparing the corresponding
data shown in Tables I and II, it can be appreciated that the
initialization by the BQBE still reduces by a factor of about
equal to 4–5 the processing time, in large-scale problems.

VIII. EXPERIMENTS

Using off-the-shelf components and measurement instru-
ments, experiments were performed to further validate the
BQBE, as described in the following.

A. Experimental Setup

The scheme of the realized measurement setup is shown
in Fig. 7. The signal measured by a commercial 1 GSa/s
8-bit digital storage oscilloscope (DSO) was generated through
the mixing of a two-tone signal generated by a Stanford
Research Systems DS360 signal generator and by a commer-
cial Gaussian noise source. The tone frequencies were set
to 1.839.07 and 3.678.14 Hz. The nominal values of their
maximum amplitudes were set to 0.4 V in both cases. The
DSO recorded an 8-bit sequence of N = 106 samples at
a rate of 100 MSa/s, in ac mode, to filter the contribution
of dc values in the input signal. The recorded sequence was
then requantized to provide the 1-bit stream of data and was
processed by the BQBE. As a consequence, (1) results in
P = 2, θ1 = 0 and

λ = D

M
= 183907

108

where the fraction D/M is already in an irreducible form.
Thus, the condition described in Section III-B2 applies with
M = 108 > N = 106 and distinct time indices are generated
by (5), when j = 0, . . . , N − 1. A noise-only record of
data was first collected by switching off the two-tone gen-
erator to allow the estimation of the noise standard deviation,
as σ̂ = 0.2359 · · · V. Results presented in Section VIII-B were
obtained by selecting � through the solution of (36).

B. Experimental Results

Obtained experimental results are shown in Fig. 8. The
8-bit data sequence collected from the DSO was first requan-
tized to provide the 1-bit sequence processed by the BQBE.
Automatic selection of � provided by the method described
in Section V-A1, resulted in � = 0.0031. The four estimated
signal components were used to reconstruct the input signal,

Fig. 8. Experimental results. Estimation of the amplitude of two equal-
amplitude harmonics using a binary-quantized sequence and σ̂ =
0.2359 · · · V. (a) Measured 8-bit noisy sequence (blue) and signal recon-
structed (white) by using signal components estimated from the binary
sequence (not shown) obtained by a 1-bit requantization of the noisy trace.
(b) Signal measured without the addition of noise (blue) and signal recon-
structed using signal components estimated from the binary sequence (white).
(c) Error sequence between traces in (b). (d) Estimation of the noise CDF
based on processed data. The estimated noise parameters contribute to the
validation of the noise assumption.

which is shown in white in Fig. 8(a) and (b). In Fig. 8(a),
the 8-bit noisy version of the recorded signal is also shown,
whereas in Fig. 8(b), the same 8-bit signal was obtained
by first turning off the noise generator. This sequence was
collected for validation purposes. The graph in Fig. 8(c) shows
the difference between the estimated signal, based on 1-bit
data not shown in Fig. 8(a), and the measured sequence
shown in Fig. 8(b). Finally, the estimated noise CDF is
graphed in Fig. 8(d), along with the superimposed interpolated
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Fig. 9. Experimental results. Same experimental conditions as in Fig. 8
but with harmonics in the input signal having larger amplitude and
σ̂ = 0.2169 · · · V. (a) Measured 8-bit noisy sequence (blue) and signal
reconstructed (white) by using signal components estimated from the binary
sequence (not shown) obtained by a 1-bit requantization of the blue trace.
(b) Error sequence between traces in (a).

Gaussian CDF. The error sequence in Fig. 8(c) highlights the
presence of some residual bias when the estimated input signal
is near the local maxima crossing the zero line. This might be
explained by limitations both in the BQBE and in circuital
changes when switching off the noise generator, to collect the
data shown in Fig. 8(b).

In fact, when the range of the input signal is much
larger than that shown in Fig. 8, the noise amplitude span
might not be sufficiently large to toggle the quantizer output.
Accordingly, these samples will contribute with a reduced
amount of the Fisher information. As an example, consider
the same signal as in Fig. 8, but having larger amplitudes
of both harmonics. In this case, the measured noise standard
deviation is σ̂ = 0.2169 · · · V, and the BQBE provides the
error sequence as shown in Fig. 9 with a selected value of
� = 0.0111. The estimation error is shown in Fig. 9(b).
It highlights a larger bias in the estimation of the signal
extreme values. This is not surprising because the CRLB in
the estimation of noisy dc amplitudes using binary information
increases significantly with the increasing distance between the
dc value and the quantizer threshold, for a given amount of
noise [19]. Thus, if the distance between the maximum signal
amplitude in (9) and the quantizer threshold increases, we may
expect worse results for a given amount of noise, as the
probability that the noise will toggle the binary quantizer, will
decrease accordingly. Improvements in the performance of the
BQBE or in the performance of any other estimator in this case
would require a larger amount of processed samples or a larger
noise span. Finally, Fig. 8(d) shows the noise CDF estimated
as described in Section VI, both by using the zero-phase
filter based on 1000 taps (discontinuous line) and through the

Gaussian parametric interpolation (smoothed line). All results
confirm the validity of the proposed approach.

IX. CONCLUSION

We proved in this paper that is possible to estimate the
parameters of an asynchronously and incoherently sampled
periodic signal with known frequency, based on its binary
quantized version. This is possible because of the information
encoding nature of the additive noise affecting the quantizer
input. Being based on matrix inversion, the described algo-
rithm is not computationally intensive and it is easy to code on
simple microprocessor-based platforms. Presented simulations
and experimental results were used to validate the properties
of the BQBE.

Given the ease both in generating wideband Gaussian noise
and in performing binary quantization using a comparator,
the BQBE can easily be applied even at high frequencies,
when accurately measuring the parameters of periodic signals
becomes increasingly more difficult.

APPENDIX A
APPROXIMATING THE PROBABILITY (14)

At first, let us highlight the dependance of xh on the
parameters in 

xh = 1

|Ih |
�

i∈Ih

xi

= θ1+ 1

|Ih |
�

i∈Ih

P�

m=1

[θ2m sin(2πmλi )+θ2m+1 cos(2πmλi )]

(A.1)

from which (16) results. Moreover, a first-order Taylor series
expansion of �

�
T −xi

σ

�
about xh provides

�

�
T −xi

σ

	

�

�
T −xh

σ

	
− 1

σ
fχ

�
T −xh

σ

	
�i , �i �σ

(A.2)

where fχ(·) is the probability density function of a standard
normal random variable and �i = xi − xh . Thus,

E( p̃h) = 1

|Ih |
�

i∈Ih

�

�
T − xi

σ

	

 1

|Ih |
�

i∈Ih

�

�
T − xh

σ

	

− 1

σ |Ih | fχ

�
T − xh

σ

	�

i∈Ih

�i . (A.3)

By observing that
�

i∈Ih

�i =
�

i∈Ih

xi − |Ih |xh = 0 (A.4)

it follows that the error contribution by the first-order terms
is zero and that the approximation holds up to the averaged
summation of �2

i . This approximation can be further refined by
recalling that the nth derivative of fχ(·) and f (n)

χ (·) is given
by [51]

f (n)
χ (x) = (−1)n He(n, x) fχ(x), (A.5)
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where He(n, x) is the nth Hermite polynomial. Thus, we have

E( p̃h)= 1

|Ih |
�

i∈Ih

�

�
T −xi

σ

	
= 1

|Ih |
�

i∈Ih

�

�
T −xh

σ

	
−e

(A.6)

where the development of the error using a Taylor series
expansion provides

e =
∞�

n=0

'
(−1)n

(n + 1)!|Ih |σ He

�
n,

T − xh

σ

	

× fχ

�
T − xh

σ

	�

i∈Ih

�n+1
i

(
. (A.7)

APPENDIX B
APPROXIMATING THE SUMMATIONS (30)

For given values of ω and φ, [52], [53], and [45] provide

H�

h=1

cos(ωh + φ)=

⎧
⎪⎨

⎪⎩

H cos(φ) ω = 0

sin
� H

2 ω
�

cos
� H+1

2 ω + φ
�

sin
�

ω
2

� ω �= 0.

(B.8)

By using (B.8), the Werner formulas, and by rearranging
terms, when m �= n and � > 0, we have

S1(�, m, n) =
H−1�

h=0

cos(πm(2h + 1)�) sin(πn(2h + 1)�)

= sin2
�
π�
% 1

�

&
(m+n)

�

2 sin(π�(m+n))
− sin2

�
π�
% 1

�

&
(m−n)

�

2 sin(π�(m−n))
.

(B.9)

By recalling that x = �x� + �x�, where �·� is the fractional
part operator, it follows that

g(�) = �

�
1

�

�
= �M,

1

M + 1
< � ≤ 1

M
(B.10)

where M is a positive integer value. Thus, when 0 < � < 1,
g(�) is a piecewise linear function such that 0.5 < g(�) < 1
and g(�) = 1 when � = 1/M . Moreover

lim
�→0+ g(�) = lim

�→0+(1 − ����) = 1 (B.11)

since the fractional part takes values in the interval [0, 1).
Moreover, by applying the definition of fractional part

sin(π��1/��(m ± n))

= − cos(π(m ± n)) sin(π��1/��(m ± n)) (B.12)

so that because of (B.11), when � → 0
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�
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&
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�
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and

lim
�→0+ S1(�, m, n) = 0. (B.14)

When m = n

S1(�, m, m) = 1

2
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h=0

sin(2π(2h + 1)m�) (B.15)

and again

lim
�→0+ S1(�, m, m) = 0. (B.16)

Similarly, when m �= n and � > 0
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Because of (B.12)

sin
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so that when � → 0, S2(�, m, n) becomes about equal to
−1/2�1/��. Thus, the limit of S2(�, m, n) when � → 0+ does
not exists, but when � = 1/M , with M as a large positive
integer, S2(�, m, n) = 0. Moreover, when n = m

S2(�, m, m) =
H−1�

h=0

cos2(πm(2h + 1)�)

=
H�

h=1

�
1

2
+ 1

2
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�
. (B.19)

Thus, when � > 0
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and because of (B.12), when � → 0+
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Finally, when m �= n and � > 0
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Moreover, when n = m and � > 0

S3(�, m, m)= H
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so that, because of (B.12), when � → 0+
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When � = 1/M , with M as a large positive integer, and
m �= n, S2(�, m, n) = S3(�, m, n) = 0, while S2(�, m, m) =
S3(�, m, m) = H/2 when n = m. When � → 0+, these
results approximately hold true by neglecting the fractional
parts in (B.21) and (B.24).
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