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To solve the linear acoustic equations for room acoustic purposes, the performance of the time-

domain nodal discontinuous Galerkin (DG) method is evaluated. A nodal DG method is used for

the evaluation of the spatial derivatives, and for the time-integration an explicit multi-stage Runge-

Kutta method is adopted. The scheme supports a high order approximation on unstructured meshes.

To model frequency-independent real-valued impedance boundary conditions, a formulation based

on the plane wave reflection coefficient is proposed. Semi-discrete stability of the scheme is ana-

lyzed using the energy method. The performance of the DG method is evaluated for four three-

dimensional configurations. The first two cases concern sound propagations in free field and over a

flat impedance ground surface. Results show that the solution converges with increasing DG poly-

nomial order and the accuracy of the impedance boundary condition is independent on the inci-

dence angle. The third configuration is a cuboid room with rigid boundaries, for which an

analytical solution serves as the reference solution. Finally, DG results for a real room scenario are

compared with experimental results. For both room scenarios, results show good agreements.
VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5096154

[LS] Pages: 2650–2663

I. INTRODUCTION

Computer simulation of the sound field in indoor envi-

ronments has been investigated back in time since the publi-

cation of Manfred Robert Schroeder.1 After all these years,

prediction methods for room acoustic applications are still

under development trying to improve efficiency of the calcu-

lations and accuracy and realism of the results, hand in hand

with the advances in computer power. In acoustics, the com-

putational techniques are mainly separated between wave-

based, geometrical and diffuse field methods. Each of these

methodologies has been amply presented in literature.

Concepts, implementations and applications of room simula-

tion methods are reviewed by Vorl€ander,2 Savioja et al.,3

and Hamilton4 for geometrical and wave-based methods,

while diffuse field methods are described for instance by

Valeau5 or Navarro et al.6

In contrast with the high-frequency simplifications

assumed in the geometrical and diffuse field methods, wave-

based methodologies solve the governing physical equations,

implicitly including all wave effects such as diffraction and

interference. Among these methods, time-domain approaches

to model wave problems have attracted significant attention in

the last few decades, since they are favoured for auralization

purposes over frequency-domain methods. The main wave-

based time-domain numerical techniques employed in room

acoustics problems are the finite-differences time-domain

method (FDTD),7–10 finite-element (FEM)11 and finite-

volume (FVM) methods,12 and Fourier spectral methods such

as the adaptive rectangular decomposition method (ARD)13

and the pseudospectral time-domain method (PSTD).14–16

In the last few years, the discontinuous Galerkin time-

domain method (DG)17 is another approach gaining impor-

tance, mainly in the aero-acoustic community.18,19 DG

discretizes the spatial domain into non-overlapping mesh

elements, in which the governing equations are solved ele-

mentwise, and uses the so-called numerical flux at adjacent

elements interfaces to communicate the information between

them. DG combines the favourable properties of existing

wave-based time domain methods for room acoustics as it

preserves high order accuracy, allows for local refinement

by a variable polynomial order and element size, and there-

fore can deal with complex geometries. Also, because equa-

tions are solved elementwise, it allows for easy

parallelization and massive calculation acceleration opportu-

nities,20 like other methods such as FDTD and FVM. DG

can be seen as an extension to FV by using a polynomial

basis for evaluating the spatial derivatives, leading to a

higher order method. Also, DG can be seen as an extended

FEM version by decoupling the elements without imposing

continuity of the variables, thereby creating local matrices.

Therefore, DG is a very suitable numerical method for

acoustic propagation problems including, definitely, room

acoustics. However, some developments towards room

acoustic applications are still missing: although results for

impedance boundary conditions with the DG method have

been presented,21 a proper formulation of these boundary

conditions in the framework of DG have not been published.

In contrast, frequency-dependent impedance conditions have

been extensively developed in other methodologies (FDTD,

FVTD).12 In the present work, a frequency-independenta)Electronic mail: h.wang6@tue.nl
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real-valued impedance boundary formulation, based on the

plane wave reflection coefficient is proposed, following the

idea first presented by Fung and Ju.22

To the authors’ best knowledge, no reference is found in

the scientific literature about the application of DG to the

room acoustics problems. The aim of this work is to address

the positioning of DG as a wave-based method for room

acoustics. The accuracy of the method for these type of

applications is quantified and the developments needed to

arrive at a fully fledged DG method for room acoustics are

summarized as future work.

The paper is organized as follows. In Sec. II, the govern-

ing acoustic equations are introduced as well as the solution

by the time-domain DG method. The formulations of imped-

ance boundary conditions and its semi-discrete stability anal-

ysis are presented in Sec. III, and are in this work restricted

to locally reacting frequency independent conditions.

Section IV quantifies and discusses the accuracy of the

implemented DG method for sound propagation in several

scenarios: (1) free field propagation in a periodic domain;

(2) a single reflective plane; (3) a cuboid room with acousti-

cally rigid boundaries; (4) a real room. Finally, conclusions

and outlook can be found in Sec. V.

II. LINEAR ACOUSTIC EQUATIONS AND NODAL DG
TIME-DOMAIN METHOD

A. Linear acoustic equations

Acoustic wave propagation is governed by the linear-

ized Euler equations (LEE), which are derived from the gen-

eral conservation laws.23 For room acoustics applications,

we further assume that sound propagates in air that is

completely at rest and constant in temperature. Under these

assumptions, the LEE in primitive variables are simplified to

the following homogeneous coupled system of linear acous-

tic equations:

@v

@t
þ 1

q0

rp ¼ 0;

@p

@t
þ q0c2

0r � v ¼ 0; (1)

where v ¼ ½u; v;w�T is the particle velocity vector, p is the

sound pressure, q0 is the constant density of air, and c0 is the

constant adiabatic sound speed. The linear acoustic equa-

tions can be combined into one equation, the wave equation.

Equation (1), completed with initial values or a force fomu-

lation on the right side, as well as a formulation of boundary

conditions at all room boundaries, complete the problem def-

inition. In this study, the linear acoustic equations are solved

instead of the wave equation because it is beneficial for

implementing impedance boundary conditions.

B. Spatial discretization with the nodal DG method

To numerically solve Eq. (1), the nodal discontinuous

Galerkin method is used to discretize the spatial derivative

operators. First of all, Eq. (1) is rewritten into the following

linear hyperbolic system:

@q

@t
þr � FðqÞ ¼ @q

@t
þ Aj

@q

@xj
¼ 0; (2)

where qðx; tÞ ¼ ½u; v;w; p�T is the acoustic variable vector

and x ¼ ½x; y; z� is the spatial coordinate vector with index j
2 [x, y, z]. The flux is given as

F ¼ f x; f y; f z

� � ¼ Axq;Ayq;Azq½ �; (3)

where the constant flux Jacobian matrix Aj

Aj ¼

0 0 0
dxj

q0

0 0 0
dyj

q0

0 0 0
dzj

q0

q0c2
0dxj q0c2

0dyj q0c2
0dzj 0

2
66666666664

3
77777777775
; (4)

and dij denotes the Kronecker delta function.

Similar to the finite element method, the physical

domain X is approximated by a computational domain Xh,

which is further divided into a set of K non-overlapping ele-

ments Dk, i.e., Xh ¼ [K
k¼1Dk. In this work, the quadrature-

free approach24 is adopted and the nodal discontinuous

Galerkin algorithm as presented in Ref. 25 is followed. The

global solution is approximated by a direct sum of local

piecewise polynomial solutions as

qðx; tÞ � qhðx; tÞ ¼ �
K

k¼1
qk

hðx; tÞ: (5)

The local solution qk
hðx; tÞ in element Dk is expressed by

qk
hðx; tÞ ¼

XNp

i¼1

qk
hðxk

i ; tÞlk
i ðxÞ; (6)

where qk
hðxk

i ; tÞ are the unknown nodal values in element Dk

and lki ðxk
i Þ is the multi-dimensional Lagrange polynomial

basis of order N based on the nodes x 2 Dk, which satisfies

lk
i ðxk

j Þ ¼ dij. The number of local basis functions (or nodes)

Np is determined by both the dimensionality of the problem d
and the order of the polynomial basis N, which can be com-

puted as Np ¼ ðN þ dÞ!=N!d!. In this work, the a-optimized

nodes distribution26 for tetrahedron elements are used over a

wide range of polynomial order N. The locally defined basis

functions constitute a function space as Vk
h ¼ spanflk

i ðxÞg
Np

i¼1.

Then, the Galerkin projection is followed by choosing test

functions equal to the basis functions. The solution is found

by imposing an orthogonality condition: the local residual is

orthogonal to all the test functions in Vk
h ,

ð
Dk

@qk
h

@t
þr � Fk

h qk
h

� �� �
lk
i dx ¼ 0: (7)

Integration by parts and applying the divergence theorem

results in the local weak formulation,
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ð
Dk

@qk
h

@t
lk
i �Fk

h qk
h

� �
� rlk

i

� �
dx ¼ �

ð
@Dk

n � F�lk
i dx; (8)

where n ¼ ½nx; ny; nz� is the outward normal vector of the ele-

ment surface @Dk and F�ðq�h ; qþh Þ is the so-called numerical

flux from element Dk to its neighboring elements through their

intersection @Dk. In contrast to the classical continuous

Galerkin method, the discontinuous Galerkin method uses

local basis functions and test functions that are smooth within

each element and discontinuous across the element intersec-

tions. As a result, the solutions are multiply defined on the

intersections @Dk, where the numerical flux F�ðq�h ; qþh Þ
should be defined properly as a function of both the interior

and exterior (or neighboring) solution. In the remainder, the

solution value from the interior side of the intersection is

denoted by a superscript “�” and the exterior value by “þ.”

Applying integration by parts once again to the spatial deriva-

tive term in Eq. (8) yields the strong formulation

ð
Dk

@qk
h

@t
þr � Fk

h qk
h

� �� �
lk
i dx

¼
ð
@Dk

n � Fk
h qk

h

� �
� F�

� �
lk
i dx: (9)

In this study, the flux-splitting approach27 is followed and the

upwind numerical flux is derived as follows. Let us first con-

sider the case where the element Dk lies in the interior of the

computational domain. As is shown in Eq. (9), the formula-

tion of a flux along the surface normal direction n, i.e.,

n � F ¼ ðnxf x þ nyf y þ nzf zÞ is of interest. To derive the

upwind flux, we utilize the hyperbolic property of the system

and decompose the normal flux on the interface @Dk into out-

going and incoming waves. Mathematically, an eigendecom-

position applied to the normally projected flux Jacobian yields

An ¼ nxAx þ nyAy þ nzAzð Þ

¼

0 0 0
nx

q0

0 0 0
ny

q0

0 0 0
nz

q0

q0c2
0nx q0c2

0ny q0c2
0nz 0

2
6666666664

3
7777777775

¼ LKL�1; (10)

where

L ¼

�nz ny nx=2 �nx=2

nz �nx ny=2 �ny=2

�ny nx nz=2 �nz=2

0 0 q0c0=2 q0c0=2

2
66664

3
77775;

K ¼

0 0 0 0

0 0 0 0

0 0 c0 0

0 0 0 �c0

2
66664

3
77775: (11)

The upwind numerical flux is defined by considering the

direction of the characteristic speed, i.e.,

ðn � FÞ� ¼ LðKþL�1q�h þ K�L�1qþh Þ; (12)

where Kþ and K� contain the positive and negative entries

of K, respectively. Physically, Kþ (K�) corresponds to the

characteristic waves propagating along (opposite to) the nor-

mal direction n, which are referred to as outgoing waves out

of Dk (incoming waves into Dk). Therefore, the outgoing

waves are associated with the interior solution q�h whereas

the incoming waves are dependent on the exterior (neighbor-

ing) solution qþh . The expression of the numerical flux on the

impedance boundary will be discussed in Sec. III. Finally,

the semi-discrete formulation is obtained by substituting the

nodal basis expansion Eq. (6) and the upwind flux Eq. (12)

into the strong formulation Eq. (9), which can be further

recast into the following matrix form:

Mk @uk
h

@t
þ 1

q
Sk

xpk
h ¼

Xf

r¼1

MkrF̂
kr

u ; (13a)

Mk @v
k
h

@t
þ 1

q
Sk

ypk
h ¼

Xf

r¼1

MkrF̂
kr

v ; (13b)

Mk @wk
h

@t
þ 1

q
Sk

z pk
h ¼

Xf

r¼1

MkrF̂
kr

w ; (13c)

Mk @pk
h

@t
þ qc2Sk

xuk
h þ qc2Sk

yv
k
h þ qc2Sk

z wk
h ¼

Xf

r¼1

MkrF̂
kr

p ;

(13d)

where the second superscript r denotes the rth faces @Dkr of

the element Dk and f is the total number of faces of the ele-

ment Dk, which is equal to 4 for tetrahedra elements. For

brevity, the subscript 0 in q0 and c0 are omitted from here.

uk
h; v

k
h; wk

h; and pk
h are vectors representing all the unknown

nodal values uk
hðxk

i ; tÞ; vk
hðxk

i ; tÞ; and pk
hðxk

i ; tÞ respectively,

e.g., uk
h ¼ ½uk

hðxk
1; tÞ; uk

hðxk
2; tÞ;…; uk

hðxk
Np
; tÞ�T . F̂

kr

u ; F̂
kr

v ; F̂
kr

w ;

and F̂
kr

p are flux terms associated with the integrand

n � ðFk
hðqk

hÞ � F�Þ over the element surface @Dkr in the strong

formulation Eq. (9). The element mass matrix Mk, the ele-

ment stiffness matrices Sk
j and the element face matrices Mkr

are defined as

Mk
mn ¼

ð
Dk

lk
mðxÞlknðxÞdx 2 RNp�Np ; (14a)

Sk
j

� 	
mn
¼
ð

Dk

lk
m xð Þ @lkn xð Þ

@xj
dx 2 RNp�Np ; (14b)

Mkr
mn ¼

ð
@Dkr

lkr
m ðxÞlkr

n ðxÞdx 2 RNp�Nf p ; (14c)

where j is the jth Cartesian coordinates and Nfp is the number

of nodes along one element face. When the upwind flux is

used, the flux terms for each acoustic variable read as

2652 J. Acoust. Soc. Am. 145 (4), April 2019 Wang et al.



F̂
kr

u ¼ �
cnkr2

x

2
½ukr

h � �
cnkr

x nkr
y

2
½vkr

h � �
cnkr

x nkr
z

2
½wkr

h �

þ nkr
x

2q
½pkr

h �; (15a)

F̂
kr

v ¼ �
cnkr2

y

2
½vkr

h � �
cnkr

x nkr
y

2
½ukr

h � �
cnkr

y nkr
z

2
½wkr

h �

þ
nkr

y

2q
½pkr

h �; (15b)

F̂
kr

w ¼ �
cnkr2

z

2
½wkr

h � �
cnkr

x nkr
z

2
½ukr

h � �
cnkr

y nkr
z

2
½vkr

h �

þ nkr
z

2q
½pkr

h �; (15c)

F̂
kr

p ¼
c2qnkr

x

2
½ukr

h � þ
c2qnkr

y

2
½vkr

h � þ
c2qnkr

z

2
½wkr

h � �
c

2
½pkr

h �;

(15d)

where ½ukr
h � :¼ ukr

h �uls; ½vkr
h � :¼ vkr

h �vls
h ; ½wkr

h � :¼wkr
h �wls

h ;

and ½pkr
h � :¼ pkr

h � pls
h are the jump differences across the

shared intersection face @Dkr or, equivalently, @Dls, between

neighboring elements Dk and Dl, ukr
h ; etc:, are the nodal

value vectors, over the element surface @Dkr.

In this work, flat-faced tetrahedra elements are used so

that each tetrahedron can be mapped into a reference tetrahe-

dron by a linear transformation with a constant Jacobian

matrix. As a consequence, the integrals in the above element

matrices, i.e., Mk; Sk
j ; and Mkr, need to be evaluated only

once. The reader is referred to Ref. 25 for more details on

how to compute the matrices locally and efficiently.

1. Numerical dissipation and dispersion properties

For a discontinuous Galerkin scheme that uses polyno-

mial basis up to order N, it is well known that generally the

rate of convergence in terms of the global L2 error is hNþ 1/2

(h being the element size).28 The dominant error comes from

the representations of the initial conditions, while the addi-

tional dispersive and dissipative errors from the wave propa-

gations are relatively small and only visible after a very long

time integration.25 The one-dimensional eigenvalue problem

for the spatially propagating waves is studied in Ref. 29

and it is reported that the dispersion relation is accurate to

(jh)2Nþ2 locally, where j is the wavenumber. Actually,

when the upwind flux is used, the dissipation error has been

proved to be of order (jh)2Nþ2 while the dispersion error is

of order (jh)2Nþ3.30 When the centered numerical flux is

used, the dissipation rate is exactly zero, but the discrete dis-

persion relation can only approximate the exact one for a

smaller range of the wavenumber.31 Extensions to the two-

dimensional hyperbolic system on triangle and quadrilateral

mesh are studied in Ref. 32 and the same numerical disper-

sion relation as the one-dimensional case are reported. In

Ref. 30, a rigorous mathematical proof of the above numeri-

cal dispersion relation and error behavior is provided for a

general multi-dimensional setting (including 3D).

C. Time integration with the optimal Runge-Kutta
method

After the spatial discretization by the nodal DG method,

the semi-discrete system can be expressed in a general form

of ordinary differential equations (ODE) as

dqh

dt
¼ LðqhðtÞ; tÞ; (16)

where qh is the vector of all discrete nodal solutions and L
the spatial discretization operator of DG. Here, a low-storage

explicit Runge-Kutta method is used to integrate Eq. (16),

which reads

q
ð0Þ
h ¼qn

h;

kðiÞ ¼aik
ði�1ÞþDtLðtnþciDt;q

ði�1Þ
h Þ;

q
ðiÞ
h ¼q

ði�1Þ
h þbik

ðiÞ;
for i¼1;…;s;

8<
:
qnþ1

h ¼q
ðsÞ
h ; (17)

where Dt¼ tnþ 1 � tn is the time step, qnþ1
h and qn

h are the

solution vectors at time tnþ1 and tn, respectively, s is

the number of stages of a particular scheme. In this work,

the coefficients ai, bi, and ci are chosen from the optimal

Runge-Kutta scheme reported in Ref. 33.

III. IMPEDANCE BOUNDARY CONDITIONS AND
NUMERICAL STABILITY

A. Numerical flux for frequency-independent
impedance boundary conditions

The numerical flux F� plays a key role in the DG

scheme. Apart from linking neighboring interior elements, it

serves to impose the boundary conditions and to guarantee

stability of the formulation. Boundary conditions can be

enforced weakly through the numerical flux either by refor-

mulating the flux subject to specific boundary conditions or

by providing the exterior solution qþh .34 In both cases, the

solutions from the interior side of the element face (equiva-

lent to boundary surface) q�h are readily used, whereas, for

the second case, the exterior solutions qþh need to be suitably

defined as a function of interior solution q�h based on the

imposed conditions. In the following, the impedance bound-

ary condition is prescribed by reformulating the numerical

flux. It should be noted that throughout this study, only

plane-shaped reflecting boundary surfaces are considered.

Furthermore, only locally reacting surfaces are considered,

whose surface impedance is independent of the incident

angle. This assumption is in accordance with the nodal DG

scheme, since the unknown acoustic particle velocities on

the boundary surface nodes depend on the pressure at exactly

the same positions.

To reformulate the numerical flux at an impedance

boundary, we take advantage of the characteristics of the

underlying hyperbolic system and utilize the reflection coef-

ficient R for plane waves at normal incidence. First, the same

eigendecomposition procedure is performed for the projected

flux Jacobian on the boundary as is shown in Eq. (10).
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Second, by pre-multiplying the acoustic variables q with the

left eigenmatrix L�1, the characteristics corresponding to the

acoustic waves35,36 read

xo

xi


 �
¼ p=qcþ unx þ vny þ wnz

p=qc� unx � vny � wnz


 �
; (18)

where xo corresponds to the outgoing characteristic variable

that leaves the computational domain and xi is the incoming

characteristic variable.

The general principle for imposing boundary conditions

of hyperbolic systems is that the outgoing characteristic vari-

able should be computed with the upwind scheme using the

interior values, while the incoming characteristic variable

are specified conforming with the prescribed behaviour

across the boundary. The proposed real-valued impedance

boundary formulation is accomplished by setting the incom-

ing characteristic variable as the product of the reflection

coefficient and the outgoing characteristic variable, i.e.,

xi¼Rxo. Finally, the numerical flux on the impedance

boundary surface can be expressed in terms of the interior

values q�h as follows:

ðn � F�Þ ¼ LK

0

0

p�h =qcþ u�h nx þ v�h ny þ w�h nz

R � ðp�h =qcþ u�h nx þ v�h ny þ w�h nzÞ

2
66664

3
77775:

(19)

For given constant values of the normalized surface imped-

ance Zs, the reflection coefficient can be calculated from

R ¼ ðZs � 1Þ=ðZs þ 1Þ, which is consistent with the fact that

the numerical flux from the nodal DG scheme is always nor-

mal to the boundary surface. When the reflection coefficient

is set to zero it can be easily verified that the proposed for-

mulation reduces to the characteristic non-reflective bound-

ary condition, which is equivalent to the first-order

Engquist-Majda absorbing boundary condition.37

B. Numerical stability of the DG scheme

In this section, the stability properties of the DG scheme

are discussed. First, the semi-boundedness of the spatial DG

operator together with the proposed impedance boundary

conditions is analyzed using the energy method. Second, the

fully discrete stability is discussed and the criterion for

choosing the discrete time step is presented.

1. Stability of the semi-discrete formulation

Under a certain initial condition and impedance bound-

ary condition, the governing linear acoustic equations (1)

constitute a general initial-boundary value problem. For

real-valued impedance boundary conditions, the classical

von Neumann (or Fourier) stability analysis can no longer be

applied, because the necessary periodic boundary conditions

for the Fourier components do not exist. To analyze the sta-

bility or boundedness of the semi-discrete system, the energy

method38 is adopted here. The principle is to construct a

norm and to demonstrate it does not grow with increasing

time. This technique has also been applied in other acoustic

simulation methods,4,39 even in the fully discrete case.

For the numerical solution of the acoustic variables,

e.g., uhðx; tÞ, the local inner product and its associated L2

norm in function space Vk
h are defined as

ðuk
h; u

k
hÞDk ¼

ð
Dk

uk
hðx; tÞuk

hðx; tÞdx ¼ kuk
hk

2
Dk : (20)

Similarly, over the element surface @Dkr, define

ðukr
h ; u

kr
h Þ@Dkr ¼

ð
@Dkr

ukr
h ðx; tÞukr

h ðx; tÞdx ¼ kukr
h k

2
@Dkr ;

(21)

where ukr
h is the numerical solution on the element surface

@Dkr. Now, the discrete acoustic energy norm inside single

element Dk can be defined

Ek
h ¼

1

2
qkuk

hk
2
Dk þ

1

2
qkvk

hk
2
Dk þ

1

2
qkwk

hk
2
Dk

þ 1

2qc2
kpk

hk
2
Dk : (22)

This definition is in complete analogy with the continuous

acoustic energy, denoted as E, throughout the whole domain

X, i.e., E ¼
Ð
Xð1=2qc2Þp2 þ ðq=2Þjv2jdx.

By summing all the local discrete acoustic energies over

the volume and the boundaries, it can be proved in the

Appendix that the total discrete acoustic energy, which is

denoted as Eh ¼ RK
k¼1Ek

h, is governed by

d

dt
Eh ¼ �

X
@Dmt2FB

�
1� Rmt

2qc
kpmt

h k
2
@Dmt

þ qc

2
1þ Rmtð Þkvmt

hnk
2
@Dmt

�
� � �

�
X

@Dkr2F I

�
1

2qc
k½pkr

h � k
2
@Dkr þ

qc

2
knkr

x k½ukr
h �

þ nkr
y ½vkr

h � þ nkr
z ½wkr

h �k
2
@Dkr

�
; (23)

where F I and FB denote the union set of interior elements

and elements with at least one surface collocated with a

physical boundary. [�] denotes the jump differences across

the element surfaces. vmt
hn ¼ nmt

x umt
h þ nmt

y vmt
h þ nmt

z wmt
h denotes

the outward velocity component normal to the impedance

boundary. Rmt is the normal incidence plane-wave reflection

coefficient along the tth boundary surface of element @Dm.

@Dkr and @Dls refers to the same element intersection surface

between neighboring elements Dk and Dl. Since each norm

is non-negative and R 2 [�1, 1] holds for a passive imped-

ance boundary,40 it is proved that the semi-discrete acoustic

system resulting from the DG discretization is uncondition-

ally stable for passive boundary conditions with a real-

valued impedance.

It is worth mentioning that the second sum term of Eq.

(23) is related to the energy dissipation inside the
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computational domain due to the use of the upwind scheme.

This dissipation will converge to zero when the jump differ-

ences across the shared element interfaces converge to zero

at a rate corresponding to the approximation polynomial

order. The first sum of Eq. (23) is associated with the energy

flow through the impedance boundary. One advantage of

using the reflection coefficient to impose the impedance

boundary condition is that the following singular cases can

be considered without the need for exceptional treatments.

• Hard wall case. As Zs ! 1 or R ! 1, vhn ! 0, then the

boundary energy term converges to 0, meaning that the

energy is conserved.
• Pressure-release condition. As Zs ! 0 or R ! �1, ph !

0, then the boundary energy term once again converges to

0, and the energy is conserved as well.

2. Stability of the fully discrete formulation and time
step choices

The above analysis is devoted to the stability analysis of the

semi-discrete formulation Eq. (16), which in matrix form reads

dqh

dt
¼ Lhqh; (24)

where Lh is the matrix representation of the spatial operator

L. Ideally, the fully discrete approximation should be stable,

at least under a reasonable upper bound on the time step

size. Unfortunately, the theoretical ground for stability of a

discretized PDE system is not very complete,38 particularly

for high order time integration methods. A commonly used

approach based on the von Neumann analysis is to choose

the time step size Dt small enough so that the product of Dt
with the full eigenvalue spectrum of Lh falls inside the sta-

bility region of the time integration scheme. It should be

noted that this is only a necessary condition for a general

initial-boundary value problem, with the sufficient condition

being more restrictive and complex.41,42 However, for real

world problems, this necessary condition serves as a useful

guideline.

It is computationally infeasible to compute the eigen-

value of Lh before the simulation is started for various

unstructured mesh, polynomial order and boundary condi-

tions. For the DG method, it is found that for the first order

system Eq. (16), the gradients of the normalized Nth order

polynomial basis are of order OðN2=hÞ near the boundary

part of the element,25 consequently the magnitude of the

maximum eigenvalue kN scales with the polynomial order N
as: max(kN) / N2, indicating that Dt / N�2. This severe

time step size restriction limits the computational efficiency

of high polynomial order approximations. In all the numeri-

cal experiments presented in this work, the temporal time

steps are determined in the following way:33

Dt ¼ CCFLmin rDð Þ
1

c
; (25)

where rD is the radius of the inscribed sphere of the tetrahe-

dral elements. As a reference, the tabulated maximum allow-

able Courant number CCFL of the current used RKF84

scheme for each polynomial order N can be found in Ref.

33. In each of the following numerical tests, the exact value

of CCFL are explicitly stated for completeness.

IV. APPLICATIONS

To investigate the applicability of the nodal DG time-

domain method as described in Sec. II and Sec. III for room

acoustics problems, various 3-D numerical tests are designed

and compared in this section. The first test is a free field propa-

gation of a single frequency plane wave under periodic bound-

ary conditions. In this case, the dissipation error in terms of the

wave amplitude and the dispersion error are investigated. The

second configuration is a sound source over an impedance

plane. The accuracy of the proposed DG formulation to simu-

late frequency-independent impedance boundary conditions is

verified. The third configuration is a sound source in a cuboid

room with rigid boundary conditions, embodying an approxi-

mation to a real room including multiple reflections. The modal

behaviour of the space is investigated for different polynomial

order N of the basis functions when compared with the analyti-

cal solution, together with an analysis of the sound energy con-

servation inside the room to quantify the numerical dissipation.

Finally, the fourth configuration is adopted to demonstrate the

applicability of the method to a real room. The configuration is

a room with complex geometry and a real-valued impedance

boundary condition. In this configuration, the pressure response

functions in the frequency domain are compared with the mea-

sured results at several receiver locations. For the acoustic

speed and the air density, c¼ 343 m/s and q¼ 1.2 kg/m3 are

used in all calculations. Due to the fact that there are duplicated

nodes along the element interfaces, in this work, the number of

degrees of freedom per wavelength k (DPW) is used to give a

practical indication of the computational cost. It is computed as

DPW ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Np � K

V

3

r
; (26)

where Np�K is the number of degrees of freedom for a sin-

gle physical variable in the computational domain, V is the

volume of the whole domain.

A. Free field propagation in periodic domain

To verify the accuracy of the free field propagation, we

consider a cubic computational domain of size [0, 1]3 in meters,

which is discretized with six congruent tetrahedral elements.

10� 10� 10 receivers are evenly spaced in all directions

throughout the domain. The domain is initialized with a single

frequency plane wave propagating in the x-direction only,

pðx; t ¼ 0Þ ¼ sinð�2pxÞ; (27a)

u x; t ¼ 0ð Þ ¼ 1

qc
sin �2pxð Þ; (27b)

vðx; t ¼ 0Þ ¼ 0; wðx; t ¼ 0Þ ¼ 0: (27c)

The wavelength k is chosen to be equal to 1 m such that peri-

odic boundary conditions can be applied in all directions. As

mentioned in Sec. II B, when an initial value problem is
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simulated, the approximation error associated with the repre-

sentations of the initial conditions is a dominant component.

In order to rule out this approximation error and to assess the

dissipation and dispersion error accumulated from the wave

propagation alone, the solution values at receiver locations

recorded during the first wave period T of propagation are

taken as the reference values. The solutions sampled during

later time period inverval t¼ [(n � 1)T, nT] are compared

with these reference values, where n¼ 10, 20, 30,…, 100.

The amplitude and phase values of the single frequency

wave at each of the receiver locations are obtained from a

Fourier transform of the recorded time signals without win-

dowing. The dissipation error �amp in dB and the phase error

�/ in % are calculated as follows:

�amp ¼ max 20 log10

jPref xð Þj
jPnT xð Þj

 !
; (28a)

�/ ¼ max
j/ PnT xð Þð Þ � / Pref xð Þ

� �
j

p
� 100%

� �
; (28b)

where Pref ðxÞ and PnTðxÞ are the Fourier transform of the

recorded pressure values at different locations, during the

first time period and the nth period, respectively. /(�)
extracts the phase angle of a complex number.

Simulations for N¼ 5, 6, 7 corresponding to

DPW¼ 6.9, 7.9, 8.9 have been carried out and a single time

step size Dt¼ T/100¼ 1/(100� 343) is used for all simula-

tions to make sure the time integration error is much smaller

than the spatial error.

The dissipation and the phase error from the explicit

Runge-Kutta time integration is calculated based on the

descriptions presented in Ref. 43 and shown as dashed lines

in Fig. 1. As can be seen, both the dissipation error and the

phase error grow linearly with respect to the propagation dis-

tance. For the 5th order polynomial basis (DPW¼ 6.9), the

averaged dissipation error is approximately 0.035 dB when

the wave travels one wavelength distance while the phase

error is 0.095%. Both error drop to 0.002 dB and 0.005%,

respectively, when the DPW increases to 8. When the DPW

is equal to 8.9, the dissipation error is 1.1� 10�4 dB per

wavelength of propagation and the phase error is less than

3� 10�4%.

B. Single reflective plane

To verify the performance of the proposed frequency-

independent impedance boundary condition, a single reflec-

tion scenario is considered and the reflection coefficient

obtained from the numerical tests is compared with the analyt-

ical one based on a locally reacting impedance. The experi-

ment consists of two simulations. In the first simulation, we

consider a cubic domain of size [�8, 8]3 in meters, where the

source is located at the center [0, 0, 0] m, and two receivers

are placed at xr1 ¼ ½0; 0;�1�m and xr2 ¼ ½0; 4;�1�m. In this

case, the free field propagation of a sound source is simulated,

and sound pressure signals are recorded at both receiver loca-

tions. In the second simulation, a plane reflecting surface is

placed 2 m away from the source at z¼�2 m. The measured

sound pressure signals not only contain the direct sound but

also the sound reflected from the impedance surface. In both

cases, initial pressure conditions are used to initiate the

simulations:

pðx; t ¼ 0Þ ¼ e�lnð2Þ=b2ððx�xsÞ2þðy�ysÞ2þðz�zsÞ2Þ; (29a)

vðx; t ¼ 0Þ ¼ 0; (29b)

which is a Gaussian pulse centered at the source coordinates

[xs, ys, zs]¼ [0, 0, 0] The half-bandwidth of this Gaussian

pulse is chosen as b¼ 0.25 m. Simulations are stopped at

around 0.0321 s in order to avoid the waves reflected from

the exterior boundaries of the whole domain. In order to

eliminate the effects of the unstructured mesh quality on the

accuracy, structured tetrahedra meshes are used for this

study, which are generated with the meshing software

GMSH.44 The whole cuboid domain is made up of structured

cubes of the same size, then each cube is split into six tetra-

hedra elements. The length of each cube is 0.5 m.

Let pd denote the direct sound signal measured from the

first simulation, then the reflected sound signal pr(t) is

FIG. 1. (Color online) Amplitude error �amp (a) and phase error �/ (b) for the periodic propagation of a single frequency plane wave Eq. (27).
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obtained by eliminating pd(t) from the solution of the second

simulation. Let R1 denote the distance between the source

and the receiver and R2 is the distance between the receiver

and the image source (located at [0, 0, �4] m) mirrored by

the reflecting impedance surface. The spectra of the direct

sound and the reflected sound, denoted as Pd(f) and Pr(f)
respectively, are obtained by Fourier transforming pd and pr

without windowing. The numerical reflection coefficient

Qnum is calculated as follows:

Qnumðf Þ ¼
Pr fð Þ � G jR1ð Þ
Pd fð Þ � G jR2ð Þ ; (30)

where

GðjRÞ ¼ eijR=R (31)

is the Green function in 3D free space. j is the wavenumber.

The analytical spherical wave reflection coefficient Q
reads45

Q ¼ 1� 2
jR2

ZseijR2

ð1
0

e�qj=Zs
e

ij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

pþ zþzsþiqð Þ2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

p þ zþ zs þ iqð Þ2
q dq;

(32)

where Zs is the normalized surface impedance, z¼ 1 is the

distance between the receiver and the reflecting surface,

zs¼ 2 is the distance between the source and the surface, rp

is the distance between the source and the receiver projected

on the reflecting surface.

Simulations with polynomial order N¼ 5 up to N¼ 8

are carried out with the corresponding CCFL and time step Dt
presented in Table I.

The results of the numerical tests for Zs¼ 3 are illus-

trated in Fig. 2. The DPW is calculated based on the fre-

quency of 500 Hz. The comparison of the magnitudes of the

spherical wave reflection coefficient for both the normal

incidence angle h¼ 0� and the oblique incidence (h¼ 53�)
are shown in Figs. 2(a) and 2(b), respectively. The phase

angle comparison is presented in Figs. 2(c) and 2(d). It can

be seen that with increasing polynomial order N (or DPW),

the numerical reflection coefficient converges to the analyti-

cal one in terms of the magnitude and the phase angle. Also,

the accuracy is rather independent on the two angles of inci-

dence h. In order to achieve a satisfactory accuracy, at least

12 DPW are needed. Many tests are performed with different

impedances (Zs 2 [1,1]) and receiver locations (h 2 [0�, 90�]),
the same conclusion can be reached.

C. Cuboid room with rigid boundaries

In this section, the nodal DG method is applied to sound

propagation in a 3-D room with rigid boundaries (R¼ 1). In

contrast to the previous applications, sound propagation

inside the room is characterized by multiple reflections and

sound energy is conserved. The domain of the room is

[0, Lx]� [0, Ly]� [0, Lz] m, with Lx¼ 1.8, Ly¼ 1.5, Lz¼ 2.

Initial conditions are given as in Eqs. (29), with b¼ 0.2 m.

The source is positioned at [0.9, 0.75, 1] m, and a receiver

is positioned at [1.7, 1.45, 1.9] m. Similar as in the previ-

ous test case, the room is discretized using structured tet-

rahedral elements of size 0.4 m. The analytical pressure

response in a cuboid domain can be obtained by the modal

summation method, and can in the 3-D Cartesian coordi-

nate system be written as46

pðx; tÞ ¼
X1
l¼0

X1
m¼0

X1
n¼0

p̂lmnðtÞwlmnðxÞ cos ðxlmntÞ; (33a)

wlmn xð Þ ¼ cos
lpx

Lx

� �
cos

mpy

Ly

� �
cos

npz

Lz

� �
; (33b)

xlmn ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lp
Lx

� �2

þ mp
Ly

� �2

þ np
Lz

� �2
s

; (33c)

with wlmn the modal shape function; p̂lmn the modal partici-

pation factor; xlmn the natural angular frequency; and l,
m, n the mode indices. Since reflections from the room

boundaries occur without energy loss, the modal participa-

tion factors are constant over time. To obtain p̂lmnð0Þ, the

initial pressure distribution is projected onto each modal

shape as

p̂lmn 0ð Þ ¼ 1

Klmn

ð
X

p x; t ¼ 0ð Þwlmn xð Þdx; (34a)

Klmn ¼
ð

X
w2

lmnðxÞdx: (34b)

The integration in Eq. (34a) can be calculated separately for

each coordinate. For example, in the x coordinate, the indefinite

integration can be expressed in terms of the error function asð
e �a0 x�xsð Þ2ð Þcos b0xð Þdx

¼
ffiffiffi
p
p

4
ffiffiffiffiffi
a0
p e �b2

0
=4a0ð Þ�ib0xsð Þ erf Bð Þþe i2b0xsð Þerf B�ð Þ

� �
þC;

(35)

with B¼ ffiffiffiffiffi
a0
p ðx�x0Þþ ib0=2

ffiffiffiffiffi
a0
p

; a0¼ lnð2Þ=b2; b0¼ lp=Lx,

and C is a constant. Equation (33a) is used as the reference

solution with modal frequencies up to 8 kHz. Furthermore,

to show the applicability of the nodal DG method for a long

time simulation, 10 s is taken as the simulation duration.

To solve for this configuration, the CCFL numbers and

time steps for the approximating polynomial orders of N¼ 3

up to N¼ 7 are presented in Table II.

The sound pressure level is computed as

TABLE I. CCFL number and time step Dt for single reflection case

(h¼ 0.5 m).

N CCFL Dt [s]

5 0.185 9.721� 10�5

6 0.144 7.550� 10�5

7 0.114 5.993� 10�5

8 0.094 4.908� 10�5
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Lp ¼ 20 log10

 P fð Þffiffiffi
2
p

P0

; (36)

with P0¼ 2� 10�5 Pa, and P(f) the spectrum of recorded

pressure time signal p(t) at the receiver location. The end of

the time signal is tapered using a Gaussian window with a

length of 3.5 s to avoid the Gibbs effect.

Figure 3 shows the sound pressure level at the receiver

location. The numerical solutions show an excellent agree-

ment with the reference solution, with the accuracy of the

numerical solution increasing as the approximating polyno-

mial order increases.

Figure 4 displays the results for f¼ 950–1000 Hz. From

this figure, we can see that the resonance frequencies are not

well represented for N	 5, for which DPW varies between

4.5 and 6.6 in this frequency range. On the other hand, the

resonance frequencies are correctly represented for N
 6,

where the minimum number of DPW is 7.2. The correct rep-

resentation of the room resonance frequencies indicates that

the numerical dispersion is low in the DG solution. The

numerical dispersion aspect is essential with regards to aur-

alization as shown by Saarelma et al.,47 where the audibility

of the numerical dispersion error from the finite difference

time domain simulation is investigated. Furthermore, Fig. 4

clearly shows that the DG results have reduced peak ampli-

tudes when the approximating polynomial orders are low.

D. Real room with real-valued impedance boundary
conditions

The final scenario is a comparison between experimen-

tal and numerical results of a real room. The room is located

in the Acoustics Laboratory building (ECHO building) at the

campus of the Eindhoven University of Technology.

Geometrical data of the room, including the dimensions and

FIG. 2. (Color online) Numerical reflection coefficient calculated by Eq. (30) with different polynomial orders, compared with the theoretical result according

to Eq. (32) (black dashed line): (a) magnitude for receiver 1, h¼ 0�, (b) magnitude for receiver 2, h¼ 53�, (c) phase angle for receiver 1, h¼ 0�, (d) phase

angle for receiver 2, h¼ 53�.

TABLE II. CCFL number and time step Dt for a rigid cuboid room

(h¼ 0.4 m).

N CCFL Dt [s]

3 0.355 1.400� 10�4

4 0.248 9.810� 10�5

5 0.185 7.322� 10�5

6 0.144 5.687� 10�5

7 0.114 4.514� 10�5
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the location of the source and microphone positions are pre-

sented in Fig. 5. The room has a volume of V¼ 89.54 m3

and a boundary surface area of S¼ 125.08 m2.

The source is located at [1.7, 2.92, 1.77] m and micro-

phones (M) are located at [3.8, 1.82, 1.66] m for M1 and

[4.75, 3.87, 1.63] m for M2. The height (z-coordinate) of the

sound source location is measured at the opening (highest

point) of the used sound source (B&K type 4295,

OmniSource Sound Source). The measurements were per-

formed using one free-field microphone B&K type 4189

connected to a Triton USB Audio Interface. The impulse

responses were acquired with a sampling frequency of 48

KHz with a laptop using the room acoustics software

DIRAC (B&K type 7841). The input channel is calibrated

before starting the measurements using a calibrator (B&K

type 4230). The sound signal used for the excitation of the

room is the DIRAC built-in e-Sweep signal with a duration

of 87.4 s connected to an Amphion measurement amplifier.

At each microphone position, three measurement repetitions

were performed. The results presented in this section for M1

and M2 represent the average of the three repetitions.

The room is discretized in 9524 tetrahedral elements by

using GMSH and the largest element size is 0.5 m. A detail of

the mesh is shown in Fig. 5(b). The same initial pressure

distribution as for the 3-D cuboid room of Sec. IV C is used.

The polynomial order used in the calculations is N¼ 4 with

a CFL number of CCFL¼ 0.25. The computed impulse

responses have a duration of 15 s. The model uses a DPW of

13 for the frequency of 400 Hz. All the boundaries of the

model are computed using a uniform real-valued reflection

coefficient of R¼ 0.991. The coefficient is calculated from

the experimental results at M1 by computing the Q-value of

the resonance at f0¼ 97.9 Hz, using R ¼ 1� dr8V=cS with,

dr ¼ 2pf0=2Q the decay constant of the room’s resonance.

Both impulse responses from the measurements and

simulations were transformed to the frequency domain by

using a forward Fourier transform. The end of the time sig-

nals is tapered by a single-sided Gaussian window with a

length of 500 samples (approximately, 5.6 ms) to avoid the

Gibbs effect. Furthermore, the time function of the numeri-

cal source is obtained from the following analytical expres-

sion: ps;anaðtÞ¼ ½ðrsr�ctÞ=2rsr�eð�lnð2Þ=b2Þðrsr�ctÞ2 þ½ðrsrþ ctÞ=
2rsr�eð�lnð2Þ=b2ÞðrsrþctÞ2 (with rsr the source-receiver distance).

This function is transformed to the frequency domain to nor-

malize the calculated impulse responses in DG by the source

power spectrum. Likewise, the experimental results have

been normalized by the B&K 4295 sound power spectra.

The source spectra of an equivalent source B&K 4295 has

FIG. 3. (Color online) Sound pressure

level at receiver position in the config-

uration of the 3-D rigid cuboid room.

FIG. 4. (Color online) Receiver sound

pressure response level between 950

and 1000 Hz.
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been obtained by measurements in the anechoic room of the

Department of Medical Physics and Acoustics at Carl von

Ossietzky Universit€at Oldenburg. The corrected results

should be taken with care at frequencies below 50Hz, due to

limitations of the anechoic field in the determination of the

power spectra of the source. The numerical and experimental

results have been normalized at 100Hz, using the results of

position M1.

The comparison between numerical and experimental

solutions is shown in Fig. 6 for narrow and 1/3 octave fre-

quency bands. The results are quite satisfactory considering

that only one uniform real-valued impedance has been used

for the whole frequency range of interest. The biggest devia-

tion, 3.6 dB, is found at position M2 in the 63 Hz 1/3 octave

band, while for position M1 the maximum deviation is

2.8 dB in the 250 Hz 1/3 octave band. The average deviation

for the 1/3 octave band spectra is 1.2 dB for M1 and 2.3 dB

for M2. Overall, the deviations shown in Fig. 6 are within a

reasonable range. Factors like the geometrical mismatches

between the real room and the model or the uncertainty in

the location of the source and microphone positions are

influencing the deviations.

V. CONCLUSIONS

In this paper, the time-domain nodal Discontinuous

Galerkin (DG) method has been evaluated as a method to

solve the linear acoustic equations for room acoustic pur-

poses. A nodal DG method is used for the evaluation of

the spatial derivatives, and for time-integration a low-

storage optimized eight-stage explicit Runge-Kutta

method is adopted. A new formulation of the impedance

boundary condition, which is based on the plane wave

reflection coefficient, is proposed to simulate the locally

reacting surfaces with frequency-independent real-valued

impedances and its stability is analyzed using the energy

method.

The time-domain nodal Discontinuous Galerkin (DG)

method is implemented for four configurations. The first

test case is a free field propagation, where the dissipation

error and the dispersion error are investigated using differ-

ent polynomial orders. Numerical dissipation exists due to

the upwind numerical flux. The benefits of using high-

order basis are demonstrated by the significant improve-

ment in accuracy. When DPW is around 9, the dissipation

error is 1.1� 10�4 dB and the phase error is less than

3� 10�4% under propagation of one wavelength. In the

second configuration, the validity and convergence of the

proposed impedance boundary formulation is demonstrated

by investigating the single reflection of a point source over

a planar impedance surface. It is found that the accuracy is

rather independent on the incidence angle. As a third sce-

nario, a cuboid room with rigid boundaries is used, for

which a long-time (10 s) simulation is run. By comparing

against the analytical solution, it can be concluded again

that with a sufficiently high polynomial order, the disper-

sion and dissipation error become very small. Finally, the

comparison between numerical and experimental solutions

shows that DG is a suitable tool for acoustic predictions in

rooms. Taking into account that only one uniform real-

valued impedance has been used for the whole frequency

range of interest, the results are quite satisfactory. In this

case, the implementation of frequency dependent boundary

conditions will clearly improve the precision of the numer-

ical results.

In this study, the performance of the time-domain nodal

DG method is investigated by comparing with analytical sol-

utions and experimental results, without comparing with

FIG. 5. (Color online) Graphical data of the room under investigation: (a) isometric view; (b) isometric view with surface elements; (c) plan view; (d) section

view; (e) picture during the measurements.
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other commonly used room acoustics modelling techniques

such as FDTD and FEM. The aim of this work is to demon-

strate the viability of the DG method to room acoustics

modelling, where high-order accuracy and geometrical flexi-

bility are of key importance. With the opportunity to mas-

sively parallelize the DG method, it has great potential as a

wave-based method for room acoustic purposes. Whereas

the results show that high accuracy can be achieved with

DG, some issues remain to be addressed. The improvements

in accuracy using high-order schemes come at a cost of

smaller time step size for the sake of stability. There is a

trade-off between a high-order scheme with a small time

step and fewer spatial points and low-order methods, where

a larger time step is allowed but a higher number of spatial

points are needed to achieve the same accuracy. Further

investigations are needed to find out the most cost-efficient

combination of the polynomial order and the mesh size

under a given accuracy requirement. Also, when the mesh

configuration is fixed by the geometry, the local adaptivity

of polynomial orders and time step sizes could be a feasible

approach to improve the computational efficiency of DG

for room acoustics applications. Furthermore, general

frequency-dependent impedance boundary conditions as

well as extended reacting boundary conditions are still to

be rigorously developed in DG.
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APPENDIX: DERIVATIONS OF THE TOTAL DISCRETE
ACOUSTIC ENERGY OF THE SEMI-DISCRETE
SYSTEM

It can be seen that the local energy can be recovered

from the product of the element mass matrix Mk and the

nodal vectors uk
h as follows:

FIG. 6. (Color online) Sound pressure

level Lp in the real room configuration

for the experimental and the DG

results in narrow frequency bands

(black broken line and red solid line,

respectively) and 1/3 octave bands

(black dot and red dot, respectively)

for the microphone positions (a) M1

and (b) M2.
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Furthermore, it can be verified that
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Now, the total discrete acoustic energy Eh of the semi-

discrete formulation Eq. (13) can be calculated. By pre-

multiplying Eq. (13a) with qðuk
hÞ

T
, pre-multiplying Eq. (13b)

with qðvk
hÞ

T
, pre-multiplying Eq. (13c) with qðwk

hÞ
T
, pre-

multiplying Eq. (13d) with ð1=qc2Þðpk
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T
and sum them

together, using the relations mentioned in Eqs. (A1), (A2),

yields
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where the divergence theorem is used to obtain the surface

integral term, that is
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Substitute the numerical flux Eqs. (15) into Eq. (A4) and use

Eq. (A3), after some simple algebraic manipulations, the

semi-discrete acoustic energy balance on element yields

d

dt
Ek

h ¼
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h ; (A6)

where
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is the discrete energy flux through the shared surface @Dkr or

equivalently @Dls between the neighboring elements Dk and

Dl in the interior of the computation domain. x0 and xi are

the characteristic waves defined in Eq. (18). By using the

condition that the outward normal vector of neighboring ele-

ments are opposite, the final form of energy contribution

from the coupling across one shared interface reads

Rkr
h þRls

h ¼ �
�
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2qc
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which is non-positive. This ends the discussion for the inte-

rior elements. Now, for elements that have at least one sur-

face lying on the real-valued impedance boundary, e.g.,

element Dm with surface @Dmt 2 @Xh, the numerical flux is

calculated using Eq. (19). After some algebraic operations,

the energy flux through the reflective boundary surface

becomes

Rmt
h ¼ �

1� Rmt

2qc
kpmt

h k
2
@Dmt þ

qc

2
1þ Rmtð Þkvmt

hnk
2
@Dmt

� �
:

(A9)

Finally, by summing the energy flux through all of the faces

of the mesh, we get the total acoustic energy of the whole

semi-discrete system as in Eq. (23).
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