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Abstract

We consider the Mn/Gn/1 queue with vacations and exhaustive service in which

the server takes (repeated) vacations whenever it becomes idle, the service time

distribution is queue length dependent, and the arrival rate varies both with

the queue length and with the status of the server, being busy or on vacation.

Using a rate balance principle, we derive recursive formulas for the conditional

distribution of residual service or vacation time given the number of the cus-

tomers in the system and the status of the server. We also derive a closed form

expression for the steady-state distribution as a function of the probability of

an empty system. As an application of the above, we provide a recursive com-

putation method for the Nash equilibrium joining strategies to the observable

M/G/1 queue with vacations.

Keywords: Queueing, Server vacations, Residual lifetime, Nash equilibrium,

Rate balance

1. Introduction

The remaining (or residual) service time is a key figure when assessing wait-

ing times in queueing models. In particular, when customers face the decision

whether or not to join an observable queue, the conditional distribution of this

remaining time, given the state of the system at their arrival, is essential for

them to valuate their utility from joining. Therefore, studying the conditional
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distribution of the remaining service time given the state of the system is an es-

sential step in the analysis of joining equilibrium behavior to observable queues

with non memoryless service times. In the standard M/G/1 model, the condi-

tional distribution of the remaining service time, given the queue length, has

been studied in [3, 10, 20, 23, 26]. In all these studies, the arrival rate is assumed

to be constant. However, as shown in [15] and [18], equilibrium behavior may

result in an arrival rate that varies with the state of the system, in that case,

the queue length. The conditional distribution of the remaining service time

in the Mn/G/1 model with queue length dependent arrival rates, is studied in

[17]. In particular, it is shown there that the Laplace-Stieltjes transforms (LST)

associated with the conditional distributions of these residuals can be derived

recursively. Moreover, the LST associated with queue length n is not a function

of arrival rates at queue lengths greater than n. The analysis there is based

on the method of supplementary variables [5]. A variant of this model, the

Mn/Gn/1 model, where the service time distribution is also state dependent

has been studied in [1] using the method of supplementary variables, and in [22]

using a rate balance principle method originated there. A related model of a

transportation system is studied in [21] using a probabilistic technique that is

further developed and used for the Mn/G/1 model in [9]. All three methods

can be applied for the Mn/Gn/1 model with vacations dealt with in this paper.

However, for the sake of brevity, we only use the rate balance principle which

we find to be elegant and efficient in the analysis of this type of models. For

transient analysis of the conditional remaining service time in M/G/1 queues

see [2, 4].

Queueing systems with server vacations have been extensively studies. De-

tailed surveys can be found in [7, 16, 24, 25]. However, it seems that none of these

studies considers a server vacations model with state dependent arrival rates,

which, as discussed above, arises in strategic environments. Strategic joining to

M/G/1 queue with vacations is studied in [8] where two information assump-

tions are considered. The first is the unobservable case where customers decide

whether to join without any information on the system state, and the second

is the partially observable case where customers observe the state of the server

(service or on vacation) prior to making their joining decision. In the first case,

the resulting effective arrival rate does not depend on the system state while in

the second case it varies with the server state but not with the queue length.

Studying the complementary fully observable case, where customers observe the

server state as well as the queue length, will requires analysis of the state de-
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pendent arrival rates model that we provide in this paper. In fact, we analyze

a more general case where the service time distribution is also state dependent.

For a comprehensive survey of queueing models with strategic behavior see [13]

and [11].

We consider a variation of the Mn/Gn/1 model, where the server takes

vacations whenever the queue is empty. We show that a recursive formula

exists for the conditional LSTs of the remaining service or vacation time, as

well as for the conditional expectations. More specifically, consider a generic

random variable Dλ;h that is defined as X − Y |X > Y , where Y is exponential

with rate λ, X has Probability Density Function (PDF) h, and Y and X are

independent. It is shown in [17, 22] that in the Mn/G/1 and Mn/Gn/1 models,

the conditional remaining service or vacation time has the form of a mixture of

two such random variables: one where h is the service time density, and the other

where h is the conditional density of the remaining service time at the previous

arrival. We show that for the Mn/Gn/1 model with vacations, the conditional

distributions have the same structure as in the regular Mn/G/1 and Mn/Gn/1,

but with different (and more complex) mixing probabilities. Moreover, we derive

expressions for the steady-state joint distribution of the queue length and the

state of the server in terms of the LSTs of the conditional remaining service or

vacation time and in terms of the steady-state probability of an empty system.

As in [22], the distributions are derived probabilistically by using a rate balance

principle, though in this case it is applied to two-dimensional (instead of one-

dimensional) sets.

We also show that the two conditional distributions associated with queue

length n, one when the server is on vacation and the other when it operates, are

not a function of arrival rates associated with queue lengths greater than n. This

phenomenon also coincides with a similar one for the Mn/G/1 and Mn/Gn/1

models. As an application of the above, we provide a recursive method for the

computation of the Nash equilibrium joining strategy, that is, a set of joining

probabilities for each state, for the observable M/G/1 queue with vacations,

which extends the results in [18] for the ordinary observable M/G/1 queue.

The rest of the paper is organized as follows. The model is formally defined

next in Section 2. The main results are stated and proved in Section 3. The

equilibrium joining probabilities are dealt with in Section 4. Section 5 contains

concluding remarks. The appendix comes with a full description of the recursive

algorithms.
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2. The model

Consider an Mn/Gn/1 queue with vacations and exhaustive service. Specif-

ically, upon service or vacation completion, the server begins a vacation if the

queue is empty. Otherwise, the server begins servicing the customer at the

head of the line. The distribution of a service time depends on the state of the

system upon service commencement. Specifically, the distribution of a service

time that commences with n ≥ 0 customers in the queue (not including the one

to be served) is with Gn, gn, G∗n and x̄n, being the corresponding Cumulative

Distribution Function (CDF), PDF, LST, and first moment, respectively. Vaca-

tion lengths are identically distributed with CDF, PDF, LST, and first moment

denoted by V , v, V ∗, and v̄, respectively. The (Markovian) state of the system

is denoted by (n, k, r), n ∈ N, k ∈ {0, 1}, and r ∈ R+, where n, k and r denote

respectively the number of customers in the queue, the number of customers

that are being served, and the remaining (residual) time of the current service

or vacation. Note that k indicates the server state, i.e., a vacation state if k = 0

or a service state if k = 1. The arrival process is as follows. Given that the

system is in state (n, k, r) at time t, the number of arrivals within the time

interval [t, t+ ∆] is independent of the past. The probability of a single arrival

within this time interval equals λn,k∆ + o(∆) and the probability of two or

more arrivals equals o(∆) where o(∆) is such that lim∆→0+
o(∆)

∆ = 0 . In other

words, while the system is in state (n, k, r), Poisson arrivals occur at rate λn,k.

Throughout the analysis in this paper we assume that the system is stable. The

necessary and sufficient stability condition for this model, as in other models

with state dependent arrival or service processes, involves the finiteness of an

infinite sum (see, e.g., [14] p. 121, for the stability condition for the Mn/Mn/1

model). Although such conditions cannot be verified, stability can be imposed

in such cases by making further assumptions on the model parameters. For ex-

ample, stability in our model is guaranteed by assuming that λn,k = 0, n ≥ N ,

for some arbitrary large N .

Figure 1 shows a flow diagram of the process described above. Each solid

dot corresponds to a state of the form (n, k, 0), n ∈ N, k ∈ {0, 1}, i.e., a state

with zero residual time, or in other words, a service or vacation completion.

Every point in the vertical (infinite) lines (marked with down-pointing arrows)

corresponds to a state of the form (n, k, r), n ∈ N, k ∈ {0, 1}, r > 0, where

the height of the point indicates the value of r. Each arrow indicates a possible

transition. A transition from states where r > 0 (associated with an arrival)
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is indicated with a horizontal arrow pointing to the right. In fact, each arrow

in the diagram represents a continuum of such horizontal arrows, one for each

value of r > 0, all with the same rate λn,k. A transition from states of the form

(n, k, 0) (associated with service or vacation completion) is indicated with an

arrow to a point whose height equals the length of the next service or vacation,

denoted by r. Each arrow in the diagram represents a continuum of such arrows,

one for each value of r > 0, with rate gn(r) in case of service or v(r) in case of

vacation.

•

•

•

•

•

•

•

•

0 1 2 3 · · ·
n

0

1

k

v(r)

λ0,0

λ0,1

g0(r)

λ1,0

λ1,1

g1(r)

λ2,0

λ2,1

g2(r)

Figure 1: Flow diagram of the process

3. Analysis

In this section we present the main results of this paper, stating recursions

for the conditional LSTs of the remaining service or vacation time at arbitrary

instants, given the queue length and the state of the server (service or vacation)

and expressions for the steady-state joint distribution of the queue length and

the state of the server. Recall that, conditional on n and k, arrivals are Poisson

with rate λn,k. Hence, the (conditional) PASTA property [6] implies that LSTs

are also valid for the conditional remaining time at arrival instances.

The two theorems in this section are proved in Section 3.3 using the Rate

Balance Principle (RBP) introduced in [22].

3.1. Notations and preliminaries

Let Pt(n, k, r), n ∈ N, r ≥ 0, and k ∈ {0, 1}, be the PDF of state (n, k, r)

at time t and let P (n, k, r) = limt→∞ Pt(n, k, r) be the limiting PDF of state
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(n, k, r). Denote by πn,k =
∫∞
r=0

P (n, k, r)dr the limiting probability of the

set {(n, k, r) : r ∈ R+}, i.e., the limiting probability that n customers are in

the system and k customers are being served. The limiting conditional density

function of the residual service or vacation time, given that the system is in the

set {(n, k, r) : r ∈ R+}, is denoted by fn,k(r) = P (n,k,r)
πn,k

. Likewise, F ∗n,k(s) =∫∞
r=0

e−srfn,k(r)dr and r̄n,k =
∫∞
r=0

rfn,k(r)dr are the Laplace Transform (LT)

and the expectation, respectively, associated with fn,k(r).

We also use the following. Let Yλ and X be two independent generic random

variables such that Yλ ∼ exp(λ) and X has PDF, LST, and mean h, H∗, and

x, respectively. The PDF of X − Yλ given that X > Yλ is denoted by dλ;h, and

straightforward algebra leads to

dλ;h(x) := fX−Yλ|X>Yλ(x) =
λeλx

∫∞
u=x

e−λuh(u) du

1−H∗(λ)
.

Hence the LT associated with dλ;h is given by

D∗λ;h(s) =
λ

λ− s
H∗(s)−H∗(λ)

1−H∗(λ)

and E(X − Yλ|X > Yλ) is denoted and given by

d̄λ;h =
x

1−H∗(λ)
− 1

λ
.

Before the formal presentation of our results, we formulate two propositions

regarding the conditional distribution of the residual time.

Proposition 1. The conditional distribution of the residual vacation time, given

that the server is vacationing and given queue length m, m ≥ 0, is not a function

of (λn,1)n≥0 and (λn,0)n>m.

Proof: Consider the process (also known as a processes under a taboo, see,

e.g., Chapter 5 in [19]) restricted to the states {(m, 0, r) : r ∈ R+} for some

given m ≥ 0. That is, the clock underlying the original process stops whenever

the process is not in states (m, 0, r), r ∈ R+. The limiting (unconditional)

distribution of the residual vacation under this restricted process coincides with

the conditional distribution we are after. The proof is based on the observation

that between consecutive visits in {(m, 0, r) : r ∈ R+}, the original process

“forgets” the history generated by the arrival rates (λn,1)n≥0 and (λn,0)n>m.
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Let Sm = {(n, k, r) : n ∈ N, k = 1, r ∈ R+ or n > m, k = 0, r ∈ R+}. Assume

that the original process just left the set of states {(m, 0, r) : r ∈ R+}. Observe

that before revisiting this set again the process needs to spend some time in

states Sm, where the last state visited there is (0, 1, 0). After visiting (0, 1, 0), it

moves to (0, 0, r), r ∈ R+ with probability-density v(r) regardless of the history

of the process in Sm since leaving {(m, 0, r) : r ∈ R+}. Hence, the limiting

distribution under the restricted process is not a function of transition rates

corresponding to states in Sm, i.e., (λn,1)n≥0 and (λn,0)n>m.

Proposition 2. The conditional distribution of the residual service time, given

that the server is servicing and given queue length of m, m ≥ 0, is not a function

of (λn,1)n>m and (λn,0)n>m.

Proof: As in the proof of Proposition 1, consider the process restricted to

{(m, 1, r) : r ∈ R+}. Again, the limiting distribution of the residual under this

restricted process coincides with the conditional distribution we are after. Let

S ′m = {(n, k, r) : n > m, k ∈ {0, 1}, r ∈ R+}. Observe that whenever the orig-

inal process visits S ′m, it must first visit state (m + 1, 1, 0) before visiting any

of the states (m, 1, r), r ∈ R+. After visiting (m+ 1, 1, 0), it moves to (m, 1, r),

r ∈ R+ with probability-density g(r) regardless of the history of the process

in S ′m. Hence, the limiting distribution under the restricted process is not a

function of transition rates corresponding to states in S ′m, i.e., (λn,1)n>m and

(λn,0)n>m.

3.2. Main results

The following theorem states the recursive relations of the conditional limit-

ing distributions of the residual service or vacation time, given the queue length

and the state of the server (vacation/service). Corollaries of this theorem are

recursive formulas for the conditional LSTs and means, presented in Section 3.5.

Relevant computational algorithms are included in Appendix Appendix A.

Theorem 1. The density fn,0(r) follows the recursion

fn,0(r) = dλn,0;fn−1,0
(r), n ≥ 1, r ≥ 0, (1)
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with the initial condition

f0,0(r) = dλ0,0;v(r), r ≥ 0. (2)

The density fn,1(r) follows the recursion

fn,1(r) = θndλn,1;gn(r) + (1− θn)dλn,1;fn−1,1(r), n ≥ 1, r ≥ 0, (3)

with the initial condition

f0,1(r) = dλ0,1;g0(r), r ≥ 0, (4)

where θn = (1−G∗n(λn,1))
λn,1πn,1+λn,0πn,0

λn,1πn,1
, which follows the recursion

θn = 1− G∗n(λn,1)

1 + [θn−1 − (1−G∗n−1(λn−1,1))]
1−G∗

n(λn,1)
1−G∗

n−1(λn−1,1)

1−F∗
n−1,0(λn,0)

1−F∗
n−1,1(λn,1)

, n ≥ 1,

(5)

with the initial condition

θ0 = 1. (6)

Remark 3.1 The ordinary Mn/Gn/1 can be treated as a model with deter-

ministic vacations of zero length. In that case, F ∗n,0(s) = 1 for all n ≥ 0, and

from (5) we get that the mixing probability θn equals 1 − G∗n(λn,1), which co-

incides (in the state-independent case where Gn = G, n ≥ 0) with the mixing

probability in Section 4 of [17].

Theorem 1 formulates recursions for the density functions fn,k(r). Below we

translate these results to recursions for the LSTs and for the first moments.

Corollary 1. The LST F ∗n,0(s) follows the recursion

F ∗n,0(s) = D∗λn,0;fn−1,0
(s) =

λn,0
λn,0 − s

F ∗n−1,0(s)− F ∗n−1,0(λn,0)

1− F ∗n−1,0(λn,0)
, n ≥ 1 (7)
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with the initial condition

F ∗0,0(s) = D∗λ0,0;v(s) =
λ0,0

λ0,0 − s
V ∗(s)− V ∗(λ0,0)

1− V ∗(λ0,0)
(8)

and r̄n,0 follows the recursion

r̄n,0 = d̄λn,0;fn−1,0 =
r̄n−1,0

1− F ∗n−1,0(λn,0)
− 1

λn,0
, n ≥ 1 (9)

with the initial condition

r̄0,0 = d̄λ0,0;v =
v̄

1− V ∗(λ0,0)
− 1

λ0,0
. (10)

Remark 3.2 In case that vacations are exponential with rate 1/v̄, the residual

distribution given state (n, 0) is not a function of n and it remains exponential

due to the memoryless property. Indeed, in that case, one can verify (using

induction) that F ∗n,0(s) = V ∗(s) = 1/v̄
1/v̄+s for all n ≥ 0.

Corollary 2. The LST F ∗n,1(s) follows the recursion

F ∗n,1(s) = θnD
∗
λn,1;gn

(s) + (1− θn)D∗λn,1;fn−1,1
(s)

=
λn,1
λn,1−s

[
θn

G∗
n(s)−G∗

n(λn,1)
1−G∗

n(λn,1) + (1− θn)
F∗
n−1,1(s)−F∗

n−1,1(λn,1)

1−F∗
n−1,1(λn,1)

]
, n ≥ 1

(11)

with the initial condition

F ∗0,1(s) = D∗λ0,1;g0(s) =
λ0,1

λ0,1 − s
G∗0(s)−G∗0(λ0,1)

1−G∗0(λ0,1)
(12)

and r̄n,1 follows the recursion

r̄n,1 = θnd̄λn,1;gn + (1− θn)d̄λn,1;fn−1,1

= θn
x̄n

1−G∗
n(λn,1) + (1− θn)

r̄n−1,1

1−F∗
n−1,1(λn,1) −

1
λn,1

, n ≥ 1

(13)
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with the initial condition

r̄0,1 = d̄λ0,1;g0 =
x̄0

1−G∗0(λ0,1)
− 1

λ0,1
. (14)

The following theorem gives expressions for the steady-state probabilities in

terms of the conditional residual LSTs and π0,0. Its proof follows immediately

from Lemma 1 in the next section.

Theorem 2. Let

α(n) =

n∏
i=1

(
1− F ∗i−1,0(λi,0)

)
, n ≥ 1,

with α(0) = 1, and let

β(m,n) =

n∏
i=m

1− F ∗i−1,1(λi,1)

G∗i (λn,1)
, 1 ≤ m ≤ n,

with β(n+ 1, n) = 1, n ≥ 0. Then,

πn,0 = α(n)
λ0,0π0,0

λn,0
, n ≥ 1,

and

πn,1 =
λ0,0π0,0

λn,1

n∑
i=0

1−G∗i (λi,1)

G∗i (λi,1)
α(i)β(i+ 1, n), n ≥ 0.

3.3. Rate balance principle

In this section we prove Theorem 1 using the Rate Balance Principle (RBP)

introduced in [22]. This principle can be stated as follows. Consider a (not

necessarily Markovian) stochastic process with state space S. Partition S into

three sets: D,M, and U . An up-path segment is defined as a path segment which

commences in some state in D, ends in some state of U , and uses as intermediate

states (if any) only states in M. A down-path segment is defined in a similar

fashion. It is shown in [22] that in any (finite) time interval, the number of up

and down-path segments differ by at most one, which implies that their steady

state rates (if they exist) coincide. In the following we apply the RBP to the

(non-Markovian) process with state space S = {(n, k) : n ∈ N, k ∈ {0, 1}}

10



where n and k indicate the number of customers in the queue and the number

of customers that are being served, respectively.

Lemma 1. The steady state probabilities for the Mn/Gn/1 model with vacations

and exhaustive service satisfy the following equations,

λn,0πn,0 + λn−1,1πn−1,1(1− F ∗n−1,1(λn,1)) =

(λn,1πn,1 + λn,0πn,0)G∗n(λn,1), n ≥ 1,
(15)

λ0,0π0,0 = (λ0,1π0,1 + λ0,0π0,0)G∗0(λ0,1), (16)

and

λn,0πn,0 =
(
1− F ∗n−1,0(λn,0)

)
λn−1,0πn−1,0, n ≥ 1. (17)

Proof: For n ≥ 0, consider the partition of S into D = {(n, 0)}∪ {(m, k) : m <

n, k ∈ {0, 1}}, U = {(m, k) : m > n, k ∈ {0, 1}}, and M = {(n, 1)} (see Figure

2). Note that D = {(0, 0)} in case n = 0. The following argument shows, for

this partition, that the rates of up and down-path segments are the two sides of

(15) for n ≥ 1 and (16) for n = 0.

For n ≥ 1, an up-path segment takes one of the two following forms. The first

is an arrival who finds the system in state (n, 0), causing a transition, illustrated

in Figure 2 with dash-dotted arrow, from (n, 0) ∈ D to state (n+1, 0) ∈ U . The

rate of such arrivals is λn,0πn,0. The second is an arrival who finds the system

in state (n − 1, 1), and then, before the current service completion, another

customer arrives causing two consecutive transitions, illustrated in Figure 2

with dashed arrows: from state (n − 1, 1) ∈ D to (n, 1) ∈ M, and then to

state (n + 1, 1) ∈ U . This scenario occurs at a rate of arrivals who find the

system in state (n − 1, 1), which is λn−1,1πn−1,1, multiplied by the probability

that an exponential inter-arrival time with rate λn,1 is less than the conditional

residual service time, which is
∫∞

0
(1− e−λn,1x)fn−1,1(x) dx = 1−F ∗n−1,1(λn,1).

Summing the rates of the two forms yields the left hand side of (15). For n = 0

there is only one form of an up-path segment. This is an arrival who finds the

system in state (0, 0), causing a transition from (0, 0) ∈ D to (1, 0) ∈ U . The

rate of such arrivals is λ0,0π0,0 as stated in the left hand side of (16).

For n ≥ 0, a down-path segment may be initiated whenever the process exits
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the set U , illustrated in Figure 2 by solid thick arrows. This occurs at the same

rate at which the process enters U , which is λn,1πn,1 + λn,0πn,0. After exiting

U (either by a service completion while in state (n + 1, 1) or by a vacation

completion while in state (n+ 1, 0)), the process enters state (n, 1) ∈M. Then,

in order to complete a down-path segment for n ≥ 1, there must be a transition

from (n, 1) ∈ M to (n − 1, 1) ∈ D, illustrated in Figure 2 by dotted arrow,

and for n = 0, there must be a transition from (0, 1) ∈ M to (0, 0) ∈ D.

For that to happen, the next service time, with CDF Gn, needs to be less

than an exponential inter-arrival time with rate λn,1, an event with probability∫∞
0
e−λn,1x dGn(x) = G∗n(λn,1). Hence, the right hand side of (15) for n ≥ 1 or

(16) for n = 0, is the rate of down-path segments.

D M U

n− 2 n− 1 n n+ 1 n+ 2

· · ·

· · ·

· · ·

· · ·

k = 0

k = 1

Figure 2: Partition of S used to prove (15) and (16).

Finally, in order to prove (17), we use an RBP argument by partitioning S
into D = {(n − 1, 0)}, U = {(n + 1, 0)}, and M = S \ (D ∪ U). An up-path

segment is initiated by an arrival who finds the system in state (n−1, 0). Then,

if the current vacation ends before the next arrival, the process must revisit state

(n−1, 0) before entering state (n+1, 0). Hence, in order to complete the up-path

segment, there must be another arrival before the current vacation completion.

In other words, there needs to be a transition from (n−1, 0) ∈ D to (n, 0) ∈M,

and then to (n + 1, 0) ∈ U . This scenario occurs at the rate of arrivals who

find the system in state (n − 1, 0), which is λn−1,0πn−1,0, multiplied by the

probability that an exponential inter-arrival time with rate λn,0 is less than the

residual vacation time, which is
∫∞

0
(1− e−λn,0x)fn−1,0(x) dx = 1−F ∗n−1,0(λn,0).

Hence, the right hand side of (17) is the rate of up-path segments. A down-

path segment is initiated whenever the process visits (n + 1, 0). To see this,

observe that after a visit in (n+1, 0), the process exits this state sooner or later

and moves to a state in M, and then it must visit (n − 1, 0) before reentering

(n+ 1, 0) again. The rate at which the process visits (n+ 1, 0) equals the rate

of arrivals finding the process in (n, 0) and hence, the left hand side of (17) is

12



the rate of down-path segments.

Lemma 2. Let φn be the probability that an arrival who finds the system in

state (n, 1), n ≥ 1, is the first to arrive during the current service. Then,

λn,0πn,0 + λn,1πn,1(1− φn) = (λn,1πn,1 + λn,0πn,0)G∗n(λn,1). (18)

In particular,

φn = (1−G∗n(λn,1))
λn,1πn,1 + λn,0πn,0

λn,1πn,1
= θn. (19)

Proof: Consider the partition of S used to prove (15) and (16), where D =

{(n, 0)} ∪ {(m, k) : m < n, k ∈ {0, 1}}, U = {(m, k) : m > n, k ∈ {0, 1}}, and

M = {(n, 1)} (see Figure 2). In the proof of Lemma 1, we argued that the

rate of down-path segments equals the right hand side of (18). We now argue

that the rate of up-path segments equals its left hand side. An up-path segment

takes one of the two following forms. The first is an arrival who finds the system

in state (n, 0), causing a transition from (n, 0) ∈ D to (n+ 1, 0) ∈ U . The rate

of such arrivals is λn,0πn,0. The second is an arrival who finds the system in

state (n, 1), and who is not the first to arrive during the current service. This

scenario occurs at the rate of arrivals finding the system in state (n, 1), which is

λn−1,1πn−1,1, multiplied by the probability that an arrival who finds the system

in state (n, 1), is not the first to arrive during the current service which in

the notation defined above is 1 − φn. Summing the rates of the two forms of

transitions yields the left hand side of (18).

3.4. Proof of Theorem 1

Consider an arrival who finds the system in state (0, 1). Observe that this

customer is the first to arrive during the current service, implying that f0,1(r) is

the probability-density of the difference between a service time with density g0

and an exponential inter-arrival time with rate λ0,1, given that this difference

is non-negative. Hence, f0,1(r) is given by (4). Now, consider an arrival who

finds the system in state (n, 1), n ≥ 1. This customer is either the first to arrive

during the current service or not. In the first case, the current service is with

distribution gn, and hence the probability density of the residual service time is

dλn,1;gn . In the second case, the previous arrival initiated a residual service time

13



with distribution fn−1,1, and the current arrival is the first to arrive during this

residual service time. Hence, in this case, the probability-density of the residual

service time is dλn,1;fn−1,1 . Lemma 2 implies that the probability of the first

scenario is θn = (1−G∗n(λn,1))
λn,1πn,1+λn,0πn,0

λn,1πn,1
, and (3) follows by law of total

probability.

Consider an arrival who finds the system in state (0, 0). This customer is the

first to arrive during the current vacation. Hence, the residual vacation time

is the difference between a vacation time with density v and an exponential

inter-arrival time with rate λ0,0, given that this difference is non-negative. So

f0,0(r) is given by (2). The residual vacation time seen by an arrival who finds

the system in state (n, 0), n ≥ 1, is the difference between the residual seen by

the previous arrival, distributed as fn−1,0, and an exponential inter-arrival time

with rate λn,0, given that this difference is non-negative. Hence, fn,0(r) is given

by (1).

Finally, (5) and (6) follow from (18), (15), (16), and (17) using straightfor-

ward algebra, which completes the proof of the theorem.

3.5. Numerical examples

In Figure 3 we present numerical examples for the computation of the con-

ditional mean residual service times, r̄n,1. Throughout the examples we assume

exponential vacation times with mean v̄. The curves represent r̄n,1 as a func-

tion of n where the solid lines correspond to the case v̄ = 10−3, the dashed

lines correspond to v̄ = 1, and for v̄ = 103 we use dotted lines. These three

cases represent very short, moderate, and very long vacations, respectively. For

simplicity we assume that arrival rates are only a function of the queue length

and not of the state of the server, i.e., λn,1 = λn,0 = λn, n ≥ 0. We con-

sider two cases: (1) λn = 0.5 + 0.05n, 0 ≤ n ≤ 10, and (2) λn = 1 − 0.05n,

0 ≤ n ≤ 10. Recall by Proposition 1 and 2 that other rates do not play any role

here. The corresponding graphs for case (1) are in the left column, the ones

for case (2) are in the right column. Finally, again for simplicity, we assume

that service times are not state dependent, i.e., Gn = G, n ≥ 0. We consider

three service time distributions with the same mean of one but with different

failure rate functions. The first comes with Increasing Failure Rate (IFR), the

second comes with Decreasing Failure Rate (DFR), and the third comes with

non monotone failure rate. They are: (1) Erlang distribution Erlang(2, 2), (2)

Hyperexponential distribution H2(0.5, 0.5; 2/3, 2), and (3) a mixture of (1) and
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λn = 0.5 + 0.05n λn = 1− 0.05nV = Exp(1/v̄)

v̄ = 10−3

v̄ = 1

v̄ = 103

G = Erlang(2, 2)

G =
H2(0.5, 0.5; 2/3, 2)

G =
0.85 · Erlang(2, 2)+
0.15 ·H2(0.5, 0.5; 2/3, 2)

n
0 2 4 6 8 10

r̄n,1

1.182

1.309

n
0 2 4 6 8 10

r̄n,1

1.143

1.339

n
0 2 4 6 8 10

r̄n,1

0.715

0.778

n
0 2 4 6 8 10

r̄n,1

0.699

0.8

n
0 2 4 6 8 10

r̄n,1

0.807

0.841

n
0 2 4 6 8 10

r̄n,1

0.815

0.862

Figure 3: Numerical examples of the conditional mean residual service times

(2) with probabilities 0.85 and 0.15, respectively. The corresponding graphs for

each case are in the first, second, and third row, respectively.

The results show that, depending on the arrival rate patterns and service

time distributions, any behavior of r̄n,1 as a function of n is possible; it could

be monotone increasing, monotone decreasing, unimodal, or non of the above.

Another observation which can be learned from the results is that the effect of
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the presence of vacations and their length on the expected conditional remaining

service time is substantial, and its direction appears to depend on the failure

rate function. In the case of IFR service, longer vacations cause longer expected

conditional remaining service times; where in the DFR case we observe the

opposite relation. In the third case of non monotone failure rate, any direction

of the effect is possible.

4. Application: Equilibrium joining strategies

In this section we use the results on the stationary conditional distribution of

the residual service or vacation times to derive the equilibrium joining strategies

to a M/G/1 queue with repeated vacations.

4.1. The model

Consider a single server who serves a Poisson stream of arrivals with rate λ

and generally distributed service times with CDF, LTS, and mean G, G∗, and

x̄, respectively. Upon service completion, the server takes a vacation of random

length with CDF, LST, and mean, V , V ∗, and v̄, respectively. If the queue is

empty at the end of a vacation the server takes another vacation with the same

distribution. Service is granted on a First Come First Served basis.

Customers are homogeneous and value service by R and their cost of waiting

is C per unit time in the system (service included). Upon arrival, customers

observe the queue length and the state of the server and then decide whether

to join. Reneging is not allowed so that once a customer joins, she never leaves

before her service completion. The utility from not joining is zero, which is

assumed without loss of generality. A mixed strategy here is a set of probabilities

p = (pn,k)n∈N,k∈{0,1} where pn,k ∈ [0, 1] is the joining probability of a customer

who observes n customers waiting and k customers being served, n ∈ N, k ∈
{0, 1}. If all arrivals use strategy p, then an arriving customer faces a Mn/G/1

queue with vacations and with state dependent arrival rates λn,k = λpn,k, n ∈ N,

k ∈ {0, 1}. Let Zp be the set of all non transient states in this underling model.

Denote by r̄n,k(p) and F ∗n,k(·, p), (n, k) ∈ Zp, the resulting mean and LST,

respectively, of the conditional residual service or vacation time when all use

strategy p.

Customers are risk neutral and wish to minimize their expected utility. The

expected waiting time in this model consists of the mean residual service or

vacation time, plus the expected service time of those in the queue, including
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herself. The expected utility of a joining customer who observes state (n, k) ∈ Zp

when all others use strategy p is therefore

Un,k(p) = R− C(r̄n,k(p) + (n+ 1)x̄).

A Nash equilibrium strategy, denoted by pe = (pen,k)n∈N,k∈{0,1}, is a strategy

that maximizes the utility of a tagged customers, given that others use it as

well. In our case, pe is such that

pen,kUn,k(pe) = max{Un,k(pe), 0}, (n, k) ∈ Zpe . (20)

In particular, pen,k is zero, between zero and one, or one, if Un,k(pe) is negative,

zero, or positive, respectively. The existence of a solution for (20) is guaranteed

by the intermediate value theorem and the continuity of r̄n,k(p) (and hence of

Un,k(p)) with respect to pn,k, (n, k) ∈ Zp.

The condition in (20) is stated in a way that does not restrict the values of

pen,k, (n, k) /∈ Zpe and they can be set to be equal to, e.g., zero. The reason

behind this is that transient states will not be observed by any arriving customer

when pe is used by all. Nevertheless, additional conditions need to be set on

actions used when transient states are observed if the subgame perfect solution

concept is considered. See [12] for a comprehensive discussion on this issue.

4.2. Equilibrium

Recalling Propositions 1 and 2 (see also Algorithms 2 and 4 in Section Ap-

pendix A), r̄n,1(p) and hence also Un,1(p), n ≥ 0, are functions of arrival rates

associated with queue lengths shorter than or equal to n. Similarly, r̄n,0(p)

and Un,0(p), n ≥ 0, are functions of arrival rates associated with a vacationing

server and queue lengths shorter than or equal to n. To emphasise this struc-

ture we redefine the above notation by r̄n,0(pn,0, pn−1,0) and Un,0(pn,0, pn−1,0),

where pn−1,0 = (pm,0)m≤n−1, and by r̄n,1(pn,1, pn−1,1) and Un,1(pn,1, pn−1,1),

where pn−1,1 = ((pm,k)m≤n−1,k∈{0,1}, pn,0). This structure enables recursive

computation of pe in the same fashion of [18] as detailed next.

We begin with the equilibrium joining probabilities when the server is on

vacation. First, recalling (10) and (20),

U0,0(p0,0) = R− C( v̄
1−V ∗(λp0,0) −

1
λp0,0

+ x̄)
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and pe0,0 is a solution in 0 ≤ p ≤ 1 of

pU0,0(p) = max{0, U0,0(p)},

where multiple solutions imply multiple equilibria. Then, assuming that pen−1,0

are in hand and are all strictly positive (as otherwise (n − 1, 0) is transient),

r̄n,0(pn,0, p
e
n−1,0) and Un,0(pn,0, p

e
n−1,0) can be computed (as a function of pn,0)

using the recursion in Corollary 1. Then, pen,0 is a solution in 0 ≤ p ≤ 1 of

pUn,0(p, pen−1,0) = max{0, Un,0(p, pen−1,0)}.

Here as well, multiple solutions mean multiple equilibria.

We now continue with the equilibrium joining probabilities when the server

is servicing. First, recalling (14),

U0,1(p0,1) = R− C( x̄
1−G∗(λp0,1) −

1
λp0,1

+ x̄)

and pe0,1 is a solution in 0 ≤ p ≤ 1 of

pU0,1(p) = max{0, U0,1(p)}.

Then, assuming that pen−1,1 are in hand, r̄n,1(pn,1, p
e
n−1,1) and Un,1(pn,1, p

e
n−1,1)

can be computed (as a function of pn,1) using the recursion in Corollary 2 and

pen,1 is then a solution in 0 ≤ p ≤ 1 of

pUn,1(p, pen−1,1) = max{0, Un,1(p, pen−1,1)}.

Note that in this step the condition needed for state (n, 1) not to be transient

is that (pem,0)m≤n are all strictly positive or that there exists j ≤ n such that

all ((pem,0)m≤j , (p
e
m,1)j<m≤n) are strictly positive. Also note that, as in the

previous steps, multiple solutions imply multiple equilibria as well.

5. Summary

In this paper we study the Mn/Gn/1 queueing model with vacations and

exhaustive service. In particular, we use the Rate Balance Principle to derive

recursions on the conditional distribution of the remaining service or vacation

time given the number of customers in the queue and the state of the system.

We show that these recursions have the similar structure to the case of the
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ordinary Mn/Gn/1 queue but without vacations. Specifically, the conditional

distribution of the residual service time is a mixture between two distributions,

both in the form of excess over exponential random variable, one of the corre-

sponding service time and the second of the conditional remaining service time

associated with the previous queue length. The first corresponds to the case

where the arrival who sees n customers in the queue is the first to arrive during

the current ongoing service and the second corresponds to the complementary

event. However, while the probability of this event in the ordinary Mn/Gn/1

model has a simple form (see Remark 3.1), in the case with vacations this prob-

ability is a function of the steady-state probabilities (see (19)). Nevertheless, we

derive a recursion for these probabilities, which uses the LSTs of the conditional

remaining of service and vacation times associated with shorter queue lengths.

Finally, as demonstrated in the algorithms provided in Appendix Appendix A,

the LSTs and the means associated with the conditional remaining service or

vacation time distributions can be computed by using all three recursions (re-

maining service times, remaining vacation times, and the mixing probabilities)

consecutively.
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Algorithm 1 Calculates F ∗n,0(s) for n ≥ 0

Input: {s, V ∗(s), (λj,0, V ∗(λj,0))nj=0}
Output: F ∗n,0(s)

1: if n = 0 then

2: return
λ0,0

λ0,0−s
V ∗(s)−V ∗(λ0,0)

1−V ∗(λ0,0)

3: else

4: Use Algorithm 1 to compute F ∗n−1,0(λn,0) using input:

{λn,0, V ∗(λn,0), (λj,0, V
∗(λj,0))n−1

j=0 }
5: Use Algorithm 1 to compute F ∗n−1,0(s) using input:

{s, V ∗(s), (λj,0, V ∗(λj,0))n−1
j=0 }

6: return
λn,0
λn,0−s

F∗
n−1,0(s)−F∗

n−1,0(λn,0)

1−F∗
n−1,0(λn,0)

7: end if

Algorithm 2 Calculates r̄n,0 for n ≥ 0

Input: {v̄, λn,0, (λj,0, V ∗(λj,0))n−1
j=0 }

Output: r̄n,0

1: if n = 0 then

2: return v̄
1−V ∗(λ0,0) −

1
λ0,0

3: else

4: Use Algorithm 1 to compute F ∗n−1,0(λn,0) using input:

{λn,0, V ∗(λn,0), (λj,0, V
∗(λj,0))n−1

j=0 }
5: Use Algorithm 2 to compute r̄n−1,0 using input:

{v̄, λn−1,0, (λj,0, V
∗(λj,0))n−2

j=0 }
6: return

r̄n−1,0

1−F∗
n−1,0(λn,0) −

1
λn,0

7: end if
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Algorithm 3 Calculates F ∗n,1(s) and θn for n ≥ 0

Input: {s, (G∗j (s), λj,1, (G∗i (λj,1))ni=0, λj,0, V
∗(λj,0))nj=0}

Output: (F ∗n,1(s), θn)

1: if n = 0 then

2: return (
λ0,1

λ0,1−s
G∗

0(s)−G∗
0(λ0,1)

1−G∗
0(λ0,1) , 1)

3: else

4: Use Algorithm 1 to compute F ∗n−1,0(λn,0) using input:

{λn,0, V ∗(λn,0), (λj,0, V
∗(λj,0))n−1

j=0 }
5: Use Algorithm 3 to compute (F ∗n−1,1(λn,1), θn−1) using input:

{λn,1, (G∗j (λn,1), λj,1, (G
∗
i (λj,1))n−1

i=0 , λj,0, V
∗(λj,0))n−1

j=0 }
6: Use Algorithm 3 to compute (F ∗n−1,1(s), θn−1) using input:

{s, (G∗j (s), λj,1, (G∗i (λj,1))n−1
i=0 , λj,0, V

∗(λj,0))n−1
j=0 }

7: θn ← 1− G∗
n(λn,1)

1+[θn−1−(1−G∗
n−1(λn−1,1))]

1−G∗
n(λn,1)

1−G∗
n−1

(λn−1,1)

1−F∗
n−1,0

(λn,0)

1−F∗
n−1,1

(λn,1)

8: return
λn,1
λn,1−s

[
θn

G∗
n(s)−G∗

n(λn,1)
1−G∗

n(λn,1) + (1− θn)
F∗
n−1,1(s)−F∗

n−1,1(λn,1)

1−F∗
n−1,0(λn,0)

]
, θn)

9: end if

Algorithm 4 Calculates r̄n,1 for n ≥ 0

Input: {x̄, (λj,1, (G∗i (λj,1))ni=0, λj,0, V
∗(λj,0))nj=0}

Output: r̄n,1

1: if n = 0 then

2: return x̄
1−G∗

0(λ0,1) −
1
λ0,1

3: else

4: Use Algorithm 1 to compute F ∗n−1,0(λn,0) using input:

{λn,0, V ∗(λn,0), (λj,0, V
∗(λj,0))n−1

j=0 }
5: Use Algorithm 3 to compute θn using input:

{λn,1, (G∗j (λn,1), λj,1, (G
∗
i (λj,1))ni=0, λj,0, V

∗(λj,0))nj=0}
6: Use Algorithm 3 to compute F ∗n−1,1(λn,1) using input:

{λn,1, (G∗j (λn,1), λj,1, (G
∗
i (λj,1))n−1

i=0 , λj,0, V
∗(λj,0))n−1

j=0 }
7: Use Algorithm 4 to compute r̄n−1,1 using input:

{x̄, (λj,1, (G∗i (λj,1))n−1
i=0 , λj,0, V

∗(λj,0))n−1
j=0 }

8: return θn
x̄

1−G∗
n(λn,1) + (1− θn)

r̄n−1,1

1−F∗
n−1,1(λn,1) −

1
λn,1

9: end if
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