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two-stage mixed suspension mixed product removal

crystallizer
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Abstract

This work is motivated by the renewed interest in continuous crystallization pro-

cesses as an alternative to batch crystallizers, and studies the simultaneous de-

sign and control of industrial two stage mixed suspension mixed product removal

crystallizers. To this end, we optimize concurrently process economics, product

quality criteria as well as process controllability, which are often conflicting ob-

jectives. The optimal configuration is found by solving a multi-objective, steady

state and constrained optimization problem that requires the knowledge of the

process model, capital costs as a function of the decision variables, and the

pairing of the control variables. Subsequently, various controllers are tailored

on the optimal configuration to guarantee consistent average crystal dimension

of the product under disturbances. Traditional feedback (proportional integral

PI) controllers result in sluggish closed loop performance with no offset. The

performance is improved by delay compensation control schemes or feedforward-

feedback combinations, which are able to cope with the inherent time delays of

the industrial process, and tested with noise-free and noisy measurements.

Keywords: Simultaneous design and control; Delay compensation;
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1. Introduction

Crystallization is an important purification and separation technology for

the production of high-value added chemicals in crystalline form. Quality of the

final product depends on the properties of the crystals (purity, morphology),

and properties of the crystal size distribution (CSD). Specifically, CSD is a5

key property to keep under control since it has an impact on multiple factors:

it influences product functionalities (e.g. bioavailability in the case of active

pharmaceutical ingredients, and product dissolution behaviour), and affects the

efficiency of downstream operations (drying, sieving, etc.).

Crystallization has been widely used in food and chemical industry, but10

perhaps it exploits its highest potential in the pharmaceutical industry. In

this highly regulated environment, crystallization has been mostly carried out

in batch mode under licensed recipes. So far, process innovations have been

discouraged by long approval periods required for a new procedure to become

operational [1]. However, technological developments of process analytical tech-15

nologies (PAT) for online crystal properties sensing could drive improvements

in the production efficiency. Despite their large use, batch operations suffer

from disadvantages such as lack of batch to batch reproducibility, long process-

ing times, scale-up issues, poor controllability, and observability [2, 3, 4]. These

limitations represent a challenge for the pharmaceutical industry, because of the20

competition with the generic market due to patent expiration of many drugs,

and the cost of development of new drugs [5]. In order to maintain production

profitability and respond to the growing demand for greener processes [6], new

regulatory incentives [1] have been introduced. This has stimulated a renewed

interest towards innovation via process intensification. An important applica-25

tion of process intensification is the switch from batch to continuous mode [1].

Continuous production offers many advantages such as higher quality, produc-

tion uniformity and process controllability [7, 8]. Hence, recent research efforts

have been directed towards developing continuous crystallisers [7, 9]. A number

of continuous crystallizer types and configurations have been implemented, such30

2



as single stage or multistage of mixed suspension mixed product removal crys-

tallisers (MSMPRC) [7, 10, 11, 12, 13], plug flow crystallizers (PFC), with [14],

or without [15] static mixers, and more recently, PFC with recycle [16], slug

flow crystallizers [17], and periodic flow crystallizers [18]. For a more complete

overview on the developments towards continuous crystallization, we refer the35

review paper [19].

Multistage MSMPRC is the most convenient route of transition from batch

to continuous operation, since current crystallizers in industry are of the stirred

tank type [20, 21], and existing equipment used for batch crystallization can

be reused [1]. The two-stage cascade system is the most common configuration40

because it guarantees a good trade off between operation complexity and per-

formance [22]. The steady state and dynamic operation of multistage MSMPR

crystallization have been widely studied in terms of modeling [23, 24, 25, 26],

and attainable CSD regions [12, 21]. Steady state optimization has been used

for optimal design of multistage MSMPRC. As an example, the maximization45

of the mean crystal size and minimization of the coefficient of variation of the

CSD is obtained taking temperatures and residence times as decision variables

for a lab-scale multistage MSMPRC [21]. The same decisions variables are con-

sidered for technoeconomics optimization of MSMPRC cascade configurations

and three different active pharmaceutical ingredients [27]. However, it is known50

that there is no guarantee that a process designed to satisfy economic objec-

tives will provide good dynamic performance. Consequently, such an optimized

process may not have the ability to operate under disturbances. Hence, con-

trollability conditions should be guaranteed at the design stage [28, 29, 30, 31].

The integrated process design and control of a single stage MSMPRC has been55

studied by Grosch and co-workers [32]. In this work, the production is max-

imised and stability and performance of the closed loop systems are guaranteed

by constraining the system eigenvalues. To the best of the authors’ knowledge,

no attempts to include controllability considerations at the design stage have

been done for multistage crystallization.60

It must be pointed out that the control problem of MSMPRC series has been
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little studied in general. Only a few papers deal with the control of CSD for

this configuration, mostly on the lab scale. Model-free [7, 33], and model-based

strategies have been explored [8]. Su and co-authors [7] recommend the use

of the (model-free) concentration (C-)control for operation and start-up con-65

trol to maintain antisolvent mass fraction and supersaturation at the steady

state setpoint. This is supported by concentration measurements from attenu-

ated total reflectance Fourier-transform (ATR-FTIR) spectroscopy [34], and in

situ laser backscattering measurement via focused beam reflectance ultraviolet-

visible (FBRM) probes able to measure the fine portion of the CSD. Yang and70

co-authors [33] have proved experimentally the benefits of using the direct nu-

cleation control and FBRM total (crystals) count measurements, for startup

and disturbance rejection. Yang and co-authors [8] have investigated model-

based strategies via simulations. They use a nonlinear model predictive control

(NMPC) to control yield and mean of the CSD by manipulating cooling and an-75

tisolvent addition, and they test it for servo and regulatory control. The NMPC

is able to satisfactorily control the CSD within the domain of attainable region

of CSD, outperforming proportional integral derivative (PID) control realiza-

tions. However, its greatest limitation is the long CPU time needed to solve the

optimization problem to compute the control actions.80

Conversely, more studies have been devoted to solve the control problem for

single stage MSMPRC. CSD measurements and fines solid fraction measure-

ments have been already used in 1987 for feedback control of nuclei density

[35]. PI controllers have been used by Grosh and co-workers [32] to control

moments of the CSD, for which an appropriate CSD sensor is required. Video85

microscopy for CSD measurement and discrepancy-based control was used by

Geyyer and co-workers to successfully control the third moment of the CSD,

in case of fouling of the concentration measurement probe [36]. Various model

predictive control (MPC) realizations have been studied: neural network mod-

els have been used to predict the control states [37] in an industrial scale sugar90

crystallizer; the self organizing map (SOM) is also used to update parameters

in the prediction model [38]. Some other studies have been devoted to the sup-
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pression of metastable oscillations [39, 40, 41].

Multiple papers report the inadequacy or performance deterioration of tradi-

tional PID controllers due to the system nonlinearities [8, 32, 36, 37]; Yang and95

co-authors [8] discourage the use of PID-type controllers due to the low capa-

bility of dealing with changing operating conditions.

This literature shows that the control of CSD attributes can be successfully

solved only by means of advanced process controllers (APC), able to incorpo-

rate kinetic crystallization information from measurements (PAT) [32, 35, 42]100

and/or a (first principle) process model [37, 38, 43, 44]. Intensification by adding

a second unit capable of automatically actuating on the CSD itself is another

viable control strategy [45]. It also emerges that control schemes for continuous

crystallization needs to be thoroughly designed [36], despite the fact that the

control problem for continuous units is currently considered much easier than105

its batch counterpart [1]. We direct the reader to the book chapters [46, 47] for

a general overview of control strategies and challenges for batch and continuous

crystallization.

This work examines the design and control aspects of an industrial two-stage110

cooling MSMPRC and aims at providing operational solutions to practitioners

in making the transition from batch to continuous operation mode. To this

end, we formulate a steady state multi-objective nonlinear optimization prob-

lem with cost minimization and mean CSD maximization as objective functions

and temperatures and residence times as the decision variables. We include115

constraints to exclude the saturation of manipulated variables and to guaran-

tee process flexibility to reject the disturbances. Various control designs, some

of which have been already presented in [48], have been considered depending

on the availability of the monitoring equipment (PAT). The dynamic perfor-

mance of the optimal configuration are then assessed by closed loop simulation.120

Central to this study is the delay compensation. Hence, we improve the closed-

loop performance with control schemes consisting of combinations of feedback

and prediction elements to address process delays. Moreover, the combination
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Figure 1: The two-stage MSMPR crystallizer and its control scheme.

of feedforward and feedback elements has the advantage to be an effective and

simple way to upgrade low level PID controllers to APCs that should not require125

highly skilled personnel for controller commissioning and maintenance [49, 50].

This paper is organized as follows. The case study is presented in section 2,

together with its mathematical description by means of the dynamic moment

model. In section 3 we formulate and solve the simultaneous design and control130

problem as a multi-objective, nonlinear, constrained, steady state optimization.

In section 4 the steady state and dynamic behaviour of the optimal configura-

tion is studied. In section 5 we elaborate on the control problem for the series

of industrial MSMPRCs. In section 6, the proposed control solutions are de-

scribed, as well as the control performance for the regulatory action in cases135

of disturbances in the feed concentration, noise free and noisy measurements.

Conclusions and recommendations are presented in section 7.

2. Two-stage MSMPRC: process description and dynamic model

We consider the cooling crystallization of paracetamol from an aqueous iso-

propanol mixture [21, 48]. Physical properties and kinetic parameters are listed140

in Table 1. The dominant crystallization kinetics are secondary nucleation and

growth (eqs. 4).
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Table 1: Physical properties, and kinetic parameters

Cp Specific heat of the liquid 4564 J/kg K

ρ Liquid density 970 kg/m3

kv Shape factor 0.866 -

ρc Crystal density 1332e+3 g/m3

kg0 Growth rate constant 3.34e−4 m/s

Ea Activation energy 1.44e+4 J/mol

kb Nucleation rate constant 295 #/kg s

g Growth order 1.08 -

b1 Nucleation order 2.14 -

b2 Secondary nucleation order 1.6 -

Table 2: Feed conditions, and cooling specifications

Cf Feed concentration 97.2 g/kg

Tf Feed temperature 40 ◦C

Ff Feed flow rate 100 kg/min

TJ0 Coolant inlet temperature -30 ◦C

TJF Coolant outlet temperature -15 ◦C

U Overall heat transfer coefficient 450 W/m2 K

CpJ Specific heat of the coolant 3263.52 J/kg K

The crystallization is carried out in a series of two MSMPR crystallizers

(Fig. 1), with feed condition, and specification of the cooling system as in Table

2. Differently from the settings of the paper [21] where crystallization is ex-145

perimentally carried out in a lab setup, we have built up a possible industrial

setting, with large production rates and hence larger equipment volumes. In

order to meet the cooling specifications for the given duty, the 50% ethylene

glycol (freezing point -38.4◦C, minimum temperature -30◦C, atmospheric boil-

ing point 100◦C) is chosen as a suitable coolant.150

The crystallization system can be modelled either with the population bal-
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ance approach [3, 51], or the moment model [51]. For the scope of this paper, it

suffices to adopt the moment model in which the CSD behaviour is described by

a finite number of its moments mj with ordinary differential equations (ODEs).155

The model of the equipment series consists of material and energy balances for

the liquid and solid phase, which are nonlinear and coupled. Under the as-

sumptions of constant volume, no agglomeration and breakage, small variations

between the inlet and outlet flow rates, the dynamic model amounts to the fol-

lowing set of equations.160

Solid phase.

dmj,i

dt
= 0jBi + jGimj−1,i +

1

τi
(mj,i−1 −mj,i);

j = 0, .., Nm; i = 1, ..., Nc

(1)

In eq. 1 the subscript j identifies the j-th moment. In this work, it is sufficient

to model up to the fourth moment (i.e., Nm = 4). In this way, the average

crystal dimension of the solid product can be expressed in terms of d43

d43 =
m4,2

m3,2
(2)

whose dynamics can be obtained by the product rule

d(d43)

dt
=
d

dt

(m4,2

m3,2

)
=

1

m3,2

d(m4,2)

dt
+m4,2

d

dt

( 1

m3,2

)
d(d43)

dt
=

1

m3,2

d(m4,2)

dt
− m4,2

(m3,2)2
d(m3,2)

dt

(3)

The subscript i identifies the i-th crystallizer. Nc is the number of crystallizers

in the series. mj,i−1 = 0 for i = 1, because crystal-free feed is considered. τi

is the residence time in the i-th crystallizer. Gi, and Bi are the crystal growth

and birth rate in the crystallizer i respectively, according to the kinetics laws

(eqs. 4) [21]

Gi = kg0 exp
(−Ea

R Ti

)(Ci − Csat,i(Ti)

Csat,i(Ti)

)g
(4a)

Bi = kb

(Ci − Csat,i(Ti)

Csat,i(Ti)

)b1
(kv ρc m3,i)

b2 (4b)
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where kg0 is the growth rate constant, Ea is the activation energy, kb is the

nucleation rate constant, g is the growth order, b1 is the nucleation order, b2

is the secondary nucleation order, kv is the crystal shape factor, and ρc is the

crystal density. Numerical values and units of the parameters are presented in

Table 1. R is the gas constant. The solubility Csat,i [g-solute/kg-solution] in

the stage i as function of the temperature Ti [◦C] is [21]

Csat,i = 0.0379 T 2
i + 0.377 Ti + 20.7 (5)

One can easily notice that birth and growth rates are nonlinear functions of the

temperature, concentration, and moments.

Liquid phase. The material balance in the liquid phase describes the dynamics

of the solute concentration Ci according to

dCi

dt
=

1

τi

(
Ci−1 − Ci

)
− 3ρc kv Gim2,i, i = 1, ..., Nc (6)

Ci−1 = Cf for i = 1

In case of negligible heat of crystallization, constant density ρ and specific heat

Cp, the temperature dynamics are

dTi
dt

=
1

τi
(Ti−1 − Ti)−

Qi

ρViCp
, Qi = mc,i CpJ (TJF − TJ0) (7)

where Cp and CpJ are respectively the specific heat of the liquid and the specific

heat of the coolant, ρ is the liquid density. Vi is the volume of the ith crystallizer.

Qi is the power absorbed by the jackets for the cooling. We assume that we are

able to supply instantaneously the exact amount of energy required to put the

crystallizer temperature at the desired temperature TSP
i . Then, the following

energy balance holds
dTi
dt

= 0 (8)

The process yield Y is defined as

Y =
Cf − C2

Cf
(9)
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The system has initial conditions:

mj,i(0) = mSS
j,i ; d43(0) = dSS

43 ; Ci(0) = CSS
i ; Ti(0) = TSS

i .

Here, CSS
i and TSS

i identify the steady state conditions for concentration and

temperature in the ith crystallizer. In compact notation, the model (eqs. 1-9)

can be written as eq. 10, 
ẋ = f(x, θ, u)

0 = g(x, θ, u)

y = h(x)

(10)

with states x ∈ <n, parameters θ ∈ <p, input u ∈ <q, and output y ∈ <m,165

where x = [Ci,mj,i, d43, Y ]T , u = [Ti], y = [d43, Y ]T . This model will be used

for process understanding, simulation and optimization, for control synthesis,

and performance testing.

3. Simultaneous design and control of series of MSMPRC170

When process design and control are considered separately in a sequential

manner, controllability limitations can arise, because controllability is a func-

tion of the design decision. To overcome this problem, in this section we deal

with the design and control problem together. Let the system be stable and de-

scribed in compact notation by the set of differential-algebraic equations (DAE)

(eq. 10). For the system we systematically set design parameters vd ∈ <d ⊂ <p

and operational parameters vo ∈ <r ⊂ <q via a steady state optimization ap-

proach. In the optimization, a set of steady state objectives are minimized or

maximized, while simultaneously guaranteeing key process-controllability indi-
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cators (eq. 11):

minimize
v=[vd,vo]

{F1(v), F2(v), ..., Fk(v)}

s.t. f(x, θ, u) = 0

g(x, θ, u) = 0

umin ≤ u ≤ umax

G(v) ≤ 0

KP =
∂y

∂u
≥ εKP

v ∈ S = [<d,<o]

(11)

In eq. 11, the objectives can consist of process outputs (Fi(v) = y), and (non-

linear) functions of inputs, outputs and parameters (Fj(v) = φj(x, θ, u), j =

1, ..., k; j 6= i).

Note that the design and control problem are coupled because: (i) inputs u

of the controlled systems can serve as decision variables vo in the optimization175

problem, (ii) controlled variables y may be included as objective functions, and

(iii) the relative input-output gain KP depends on the decision variables. Note

also that the control input-output (u − y) pair must be selected before solv-

ing the simultaneous design and control problem, while a subsequent step is

required for controllers design (C : u = µ(x, y, ySP )) and dynamic performance180

assessment.

The simultaneous design and control of the industrial two-stage MSMPRC

(eq. 1-9), with feed and cooling media specifications as in Table 2, is cast as

the multi-objective, steady state, nonlinear and constrained optimization prob-

lem (eq. 11). We want to find the decision variables v = [T1, T2, τ1, τ2] (optimal185

stage temperatures T1, T2, and the optimal residence times τ1, τ2), such that

minimum annual costs Cann, maximum steady state yield (Y , eq. 9), and max-

imum steady state average crystal dimension (d43, eq. 2) are achieved. More-

over, we want to control the d43 and the yield Y at their desired setpoints by

manipulating the crystallization temperatures (T1 and T2 respectively). These190

input-output pairs have been selected based on previous studies [48, 52]. At this
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early design stage, controllability considerations and saturation of the manip-

ulated variables load are included as nonlinear constraints. Consequently, the

optimization problem (eq. 11) takes the form:

195

• Objective functions {F1(v), F2(v), ..., Fk(v)}:

F1 = Cann (steady state economic criteria, to be minimised)

F2 = d43(tss) (steady state quality criteria, to be maximised)

F3 = Y (tss) (steady state quality criteria, to be maximised)

• Equality constraints (steady state counterpart of the model (eq. 10)):

f(x, θ, u) = 0, g(x, θ, u) = 0

• Inequality constraints (manipulated variables saturation limits, and con-

trollability indicators):

G1(v) =
V1
τ1
ρ Cp(Tf − T1)− UAJ1(T1 − TJ1,m) ≤ 0 (jacket contraints)

G2(v) =
V2
τ2
ρ Cp(T1 − T2)− UAJ2(T2 − TJ2,m) ≤ 0 (jacket contraints)

G3(v) = KP (v) =
∂y

∂u
> εKP

(relative I/O gain)

(12)

The constraints G1(v) and G2(v) are associated with the maximum cooling

capacity of the jackets, and bind the input variables T1, T2. Here, Vi is

the crystallization volume; AJi is the heat exchanging area equal to the

bath area of the ith crystallizer

AJi = π Di Li (13)

as a function of the diameter Di and level Li. TJi,m is the mean logarith-

mic temperature

TJi,m =
(Ti − TJ0)− (Ti − TJF )

log
(
(Ti − TJ0)/(Ti − TJF )

) (14)

12



These constraints imply that the jackets must be able to supply sufficient

duty (Qi = UAJi(Ti−TJi,m)) to cool down the flows entering the crystal-

lizers at the desired temperature Ti [21]. TJ0 and TJF are the inlet outlet

temperatures of the cooling medium.

The constraint G3(v) guarantees a large enough steady state gain between

the control input and output, which is an index of input-output (I/O)

controllability [53]. The relative gain between T1 and d43 is evaluated

by numerically computing KP = ∂d43/∂T1 using a centered difference

approximation with fourth order error

∂d43
∂T1

=
−d43(T1 + 2δT ) + 8d43(T1 + δT )− 8d43(T1 − δT ) + d43(T1 − 2δT )

12δT

+O(δT
4)

in which δT = 0.01 K.

• Feasibility constraints:

T2 < T1 < Tsol(Cf ) (lower and upper bound for T1)

T (TJF ) < T2 < T1 (lower and upper bound for T2)

1 min < τi < 150 min (lower and upper bound for τi)

(15)

Here, Tsol(Cf ) is the saturation temperature of a mixture having concen-

tration Cf . The lower bound T (TJF ) for the temperature of the second

crystallizer T2 is set to be larger than the outlet jacket temperature. Com-200

mon practice rules [54] recommend an approaching temperature difference

(i.e. the difference between the temperature of the crystallizer and the

jacket outlet) equal to 20◦C.

In the following subsections we address the following problems: reformula-205

tion of the multi-objective function; evaluation of the annual cost.
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3.1. Reformulation of the multi-objective function

Our optimization problem (eq. 11) has multiple and possibly conflicting goals

F1, F2, F3, meaning that its solution consists of a set of alternatives, known un-

der the names Pareto solution or Pareto front [55]. After the computation of the

Pareto front, engineering knowledge is required to select the preferred option.

Multiple methods have been developed to generate the set of Pareto solutions.

Commonly, the techniques involve the conversion of the multiple objective func-

tions problem into a single objective optimization one.

A popular method is the weighting method that transforms the term

{F1(v), F2(v), ..., Fk(v)} in eq. 11 into:

minimize
v

∑
αiFi(v) (16)

where αi are appropriate weights to be varied in order to find the Pareto front.

In this work we are interested in maximising the process yield (eq. 9) and the

average crystal dimension (d43, eq. 2), and minimizing the annual expenditure

Cann. Given that the solubility of the paracetamol monotonically decreases

with temperature (eq. 5), the maximum yield can be achieved in practice by

setting the temperature of the second stage at its lower bound [21]. Hence, we

set T2 = 5◦C, which implies a difference in the temperature of the crystallizer

and the jacket outlet equal to 20◦C, as prescribed by common practice rules

[54]. Consequently, the optimization problem reduces to the minimization of

the annual costs Cann and the maximization of the d43. This multi-objective

function can be finally formulated as∑
αiFi(v) = α

( Cann

CNOM
ann

)
+ (1− α)

(
− d43
dNOM
43

)
(17)

where CNOM
ann and dNOM

43 are used as scaling factors such that the relative magni-

tude between the two objective functions is similar. They are set to 9.467e+5$,

and 1038 µm respectively. The weighting factor α is varied between zero and210

one to find the set of Pareto solutions.

14



3.2. Evaluation of the annualized cost

In this work, the annualized cost Cann is evaluated as

Cann = r (Ceq Lf ) + Cut (18)

according to the guidelines provided in [54]. Ceq is the bare cost of the equip-

ment. The product (Ceq Lf ) is the total capital investment, and Lf is the Lang215

factor which takes into account direct and indirect plant costs, including work-

ing capital. A proper Lang factor for solid-liquid processes is 4.9 ([54], Tab.

16.16). r is the return of the investment. A reasonable value for it is 0.2 ([54]

Ch. 17).

3.2.1. Cost of the equipment Ceq220

To evaluate the cost of the equipment, some preliminary assumption on the

vessels geometry are required at this design step. The following assumptions

are considered:

- a crystallizer geometry which satisfies the proportions Li = 4/3Di is assumed.

Li and Di are the level and the diameter of the ith crystallizer respectively;

- the diameter of the vessel is calculated as a function of the operating volume

Vi, according to Vi = π D2
i /4 Li;

- the volume of the vessel Vc,i is taken 50% larger than the operating volume

Vi.

The cost of the following units is evaluated: cost of crystallizers (Ccry,i), and

cost of centrifuges (Csep) for solid-liquid separation [54]

Ccry,i = 32200 (Vc,i × 35.3147)0.41(CEatt/CEnom); (19)

Equation 19 is valid between 50< Vc,i <1000, and Vc,i in ft3.

Csep = (47000 S0.5)(CEatt/CEnom); (20)

being S the solid production in ton/hr. CEatt and CEnom are the actual and

nominal economic indicators (CE index). They are 576.1 (which is the CE index

for the year 2015) and 394 (index for the year in which the correlations have been

15



developed) respectively. It must be noticed that the cost of the crystallizer is

proportional to the volume of the vessel, while the cost of the separation system225

is proportional to the production.

3.2.2. Cost of the utilities Cut

The annual utility cost Cut is used in place of the annual production cost,

which is common practice at the earliest stages of the design [54]. The most

relevant utilities needed in this process are: the coolant, and the electricity for

agitation.

The cost of the chilling medium Ccool is calculated according to [54]

Ccool =
(Q1 +Q2)/1000

2
Fh Elcost; (21)

the duty of the ith jacket Qi is in J/sec, and calculated from the jacket design

equation

Qi = U AJi (Ti − TJi,m) (22)

where TJi,m is the mean logarithmic temperature (eq. 14). Elcost = 0.0718

$/KWH is the electricity cost. Fh (8000 hr/yr) are the hours of plant functioning

per year (i.e., availability). Ccool depends both on the size of the crystallizer

through the heat exchanging area AJi (eq. 13) and the temperatures in the

crystallizer Ti.

The cost for agitation CAgi is a function of the operating volume and can be

calculated as a function of the energy absorbed by the motors Emotor [KWH]

CAgi = Emotor Elcost; (23)

Emotor = (Pmotor,1 + Pmotor,2)/1000 Fh; (24)

The power absorbed by the impeller motors Pmotor,i [W] is calculated according

to the following relation [56]

Pmotor,i = Pimp,i/εmotor (25)

16



Pimp,i = ε Vi ρ (26)

Here, ε = 1 m2/s3 is the impeller specific power input, εmotor = 0.9 is the

efficiency of the motor. Note that we apply the criterion of the equivalent input

energy per unit volume as design procedure. A more detailed fluid dynamic230

computation would be needed to calculate the stirrer specifications for crystals

suspension and homogeneous mixing in the crystallizers. However, this is be-

yond the scope of this work.

3.3. Steady state optimization results235

In this section the results of the static optimization (eq. 11) are presented.

The optimization problem is solved with MATLAB R2016a. We have taken sev-

eral precautions againts local minima. The optimization routine ”patternsearch”

is used. It scans the function domain, and hence is robust to local minima. The

tolerances for the stop criteria are set as low as the machine precision. Var-240

ious initial guesses have been tested. The minimum of the objective function

(eq. 17) is calculated for the different values of the parameter α between 0 and 1.

Hence, a set of alternative optimal conditions, known as the Pareto optimal [55],

is found. For α = 0 the operating conditions that maximize the d43 are found.

On the other hand, α = 1 finds the operating conditions that minimize the245

annual cost Cann. Intermediate values of α guarantee a trade off between cost

and average dimension of the crystals. These results are presented in graphical

form in Fig. 2. The objective functions values are in Fig. 2.a (d43) and Fig. 2.b

(Cann). The optimal temperature T1 is in Fig. 2. Residence times τ1 (–•–)

and τ2 (–•–) in Fig. 2.d. Figure 2.e displays the corresponding operating slurry250

volumes (V1 –•–, V2 –•–), calculated as Vi = Ff τi /ρ. The inequality constrains

G1 and G2 corresponding to the jacket cooling capacities (eq. 12) are shown in

Fig. 2.f (G1 –•– and G2 –•–). Figure 2.g shows the relative input-output gain

KP (eq. 12).

255
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Figure 2: Results of the minimization of the objective function
∑
αiFi(v) (eq. 17) for the

values of α between 0 and 1: (a) maximum d43, and (b) minimum cost Cann. Optimal

(c) temperature in the first crystallizer T1, and (d) residence times τi (τ1 –•–, τ2 –•–). (e)

Operating volumes (V1 –•–, V2 –• –). (f) Jacket capacities Gi (G1 –•–, G2 –•–) (eq. 12). (g)

Relative input-output gain KP (eq. 12).
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Table 3: Set of Pareto solutions for the simultaneous design and control problem (eq. 11)

Configuration T1 [◦C] τ1 [s] τ2 [s] d43,2 Cann KP [µm/◦C]

C1 30.85 1984.2 6975.6 692.9 1.192E6 4.442

C2 13.99 4032 960 624.3 9.516E5 7.112

C3 13.99 4032 3007.8 624.3 1.13 E6 7.112

C4 24.48 960 4032 560 9.516E5 10.42

Four regions of solutions can be identified in Fig. 2. For these regions, the

numerical values of the optimal operating condition, objective functions, and

controllability are summarized in Table 3. The discussion of the results follows.

Configuration C1 (α = 0) The configuration that maximize the d43 is260

the most expensive one since it requires the highest volumes (V1 = 5.1, and

V2 = 18.0 m3). To achieve such big crystals, a high temperature in the first

crystallizer is needed (T1=30.9◦C). The combination of these operating condi-

tions allow to have a high growth rate in the first crystallizer compared to the

second one, while the nucleation rate is slightly slower in the second crystallizer,265

as reported in Table 4. The input-output gain is relatively low (a variation of

the T1 of 1◦C only causes a variation of 4.4 µm). Consequently, disturbances

that cause variations in d43 are hard to reject by manipulating T1. The jackets

are operated below their maximum capacity (G1 and G2 are abundantly below

the zero) meaning that if the flow rate of the cooling medium is used as ma-270

nipulated variable, it will be able to reject mild disturbances without saturation.

Configuration C2 (0 < α ≤ 0.325) This configuration allows to have

relatively big crystals with a lower economical expenditure compared to C1.

Here, the first crystallizer is larger than the second one, with operating volumes275

V1 = 10.4 m3, and V2 = 2.5 m3 respectively. On the other hand, the temper-

ature in the first crystallizer is lower (T1 = 14◦C). This operating conditions

result in a smaller growth rate compared to C1 (see Table 4), while the nucle-

ation rate is higher, suggesting that the crystal size distribution may also have
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a higher coefficient of variation. Despite the fact that the KP is higher than the280

configuration C1 indicating that a lower effort would be needed to restore the

d43 at the desired value in case of disturbances, this is not possible in practice

since the jacket of the second crystallizer is operating at its maximum capacity

(G2 ≈ 0), and it will not be able to cool down to 5◦C an inlet mixture warmer

than 14◦C. Hence the duty provided by the jacket of the second crystallizer has285

no modulation capability, making the configuration not feasible in practice.

Configuration C3 (0.35 ≤ α ≤ 0.375) The configuration C3 is similar to

C2, with same residence time τ1 and temperature T1 for the first crystallizer,

but with a larger second crystallizer. Hence, this configuration is more expen-290

sive than the previous one. C3 has smaller birth and growth rate in the second

crystallizer compared to C2 (Table 4). However, C2 and C3 return similar d43.

Given that C2 and C3 have their first crystallizer with the same properties, one

can conclude that the conditions of the first crystallizer mostly influence the d43.

Consequently, the population of crystals passes through the second crystallizer295

without changing its mean value (while the yield increases). By virtue of the

large size of the second crystallizer, the heat exchanging area AJ2 is bigger than

the one of C2. Hence, the jacket of the second crystallizer can absorb the energy

of an inlet mixture entering at higher temperatures than 14◦C. Thus, in practice

a d43 controller could use T1 as manipulated variable.300

Configuration C4 (0.4 ≤ α ≤ 1) The results of the optimization with

this range of α define the cheapest configuration, but with low d43. C4 has

swapped residence times compared to C2, and a higher temperature in the first

crystallizer (T1 = 24.5◦C). The d43 is low because the combination of high T1305

and small τ1 causes a low growth rate, as one can see from Table 4. Despite

the highest KP , this configuration is poorly controllable in practice. This is

because the cooling capacity of the first crystallizer (eq.12) almost hits the con-

strain (G1 = −752.2 W).

310
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Table 4: Growth and birth rates in the first (G1, B1), and second (G2, B2) crystallizer for

the four optimal configurations

Configuration G1 µm/s B1 #/Kg s G2 µm/s B2 #/Kg s

C1 8.90× 10−2 2.97× 102 1.17× 10−2 2.22× 102

C2 3.87× 10−2 5.83× 102 2.41× 10−2 4.36× 102

C3 3.87× 10−2 5.82× 102 8.14× 10−3 0.51× 102

C4 1.43× 10−2 2.09× 102 1.80× 10−2 2.46× 102

Table 5: Optimal operating conditions

T1 Temperature in the 1st stage 14 ◦C

T2 Temperature in the 2nd stage 5 ◦C

τ1 Residence time in the 1st stage 67.2 min

τ2 Residence time in the 2nd stage 50.13 min

Selection of the configuration In this section we obtain and analyse the

set of Pareto solution. From the analysis of the constrains and the relative input-

output gain of the system it has been found that not all the options guarantee

operability of the plant. A conflict between steady state economics objectives

and dynamic operability has been detected, and operation performance under315

disturbances may not be guaranteed for all the configurations. This is in line

with the findings of other papers [30, 57]. The configuration with the better

trade-off between costs, crystal size and operability is C3; its optimal operating

conditions are summarized in Table 5.

4. Steady state and dynamic behaviour of the optimal configuration320

4.1. Steady state behaviour

The steady state simulation of the model (eqs. 1-9) allows us to gain knowl-

edge on the effect of the variation of crystallization temperature on the average

crystal dimension d43 and crystallization yield Y . Such an evaluation is sum-

marized in Table 6. It is apparent that while T2 affects the yield only, T1 affects325

the d43. The effect of T1 on yield is negligible.
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Table 6: Effect of temperature [◦C] to average CSD size d43 [µm] and crystallization yield Y

[-]. The first row denotes the selected optimal conditions.

T1 T2 d43 Y

14 5 624.5 0.754

11 5 603.8 0.755

14 2 624.5 0.773

17 5 647.0 0.751

14 8 624.4 0.728

One should note that this effect of the temperature on the CSD is not general

for every crystallization systems but it depends on the crystallization kinetics.

Specifically, by analysing the ratio between growth and nucleation rate, (in eq.

27 Si stands for the relative supersaturation):

Gi

Bi
=
kg0 exp

(−Ea

R Ti

)
kb (kv ρc m3,i)b2

S
(g−b1)
i for i = 1, 2 (27)

when T1 is increased, the difference between the temperature of the feed and

the crystallizer (Tf − T1) diminishes, which adversely affects the supersatura-

tion in the first crystallizer S1. Given that the supersaturation exponent of the

nucleation is greater than the one of the growth (b1 > g), if the supersaturation330

diminishes the ratio G1/B1 increases. By adding the effect of the temperature

on the growth term via the Arrhenius factor, it is clear that, for this specific

system, the result of increasing T1 favours larger crystals, and hence, larger d43

already at the outlet of the first crystallizer. On the other hand, the variation

of the temperature in the second crystallizer marginally contributes to the vari-335

ation of the d43 because the amount of solute is small and the crystal area is

relatively high.

To add generality to this analysis, it is interesting to recall that when birth

and growth rates are in the form of pure power law equations, systems with

supersaturation orders g and b1 have identical performance to those systems340

with orders g + 1 and b1 + 1 [26]. Hence, the conclusions of our study could be
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Figure 3: Reaction curve for identification of the process parameters. I order model plus delay

(eq. 28): method of the 63%.

extended (up to some degree of approximation) to crystallization systems for

which the above-mentioned similarity criterion holds.

4.2. Dynamic behaviour345

From a dynamic viewpoint, a stability analysis, performed via states per-

turbations, confirms that the system is stable under the considered operating

conditions and parameters. The analysis of the step response performed by

applying a step variation of the temperature T1 of magnitude -0.1◦C at time

t = 100 min leads to the d43 behaviour as reported in Fig. 3. If approximated

with a first order model plus delay [58], the parameters of the input-output

(T1 − d43) transfer function

GP =
KP

τP s+ 1
e−tds (28)

are: characteristic time τP = 235 min, process gain KP = 8 µm/◦C, time delay

td = 50 min. This response is slow with a large time delay, approximately as

large as the residence time of the second crystallizer (see Table 5). The tangent

method returns, however, τP = 190 min, and td = 160 min.

350

23



5. Control Problem

According to the methodology proposed in section 3, after the identification

of the configuration with acceptable steady state and operability properties, an

appropriate control law needs to be designed, and the closed loop performance

needs to be tested under disturbances. In the next sections, we address the prob-355

lem of the control of the series of MSMPRC to guarantee maximum production

while maintaining the average dimension (mean diameter) of the crystals at the

desired value.

Due to the distributed nature of the CSD, the control of the full CSD would

require a distributed actuation on the CSD itself. A way to achieve this could360

be the introduction of extra equipment such as wet milling [45], or fine removal

units. It is known, however, that the actuation on CSD could lead to unde-

sirable oscillatory behaviour, which requires special control efforts [39, 40, 41].

An alternative is the control of some CSD attributes such as average size via

manipulation of process variables. Any ratio between two successive moments365

dl+1,l =
ml+1

ml
is a valid metric of the average crystal dimension. For example,

the d10 =
m1

m0
is chosen in [8]. However, it has been reported that the mea-

surement of the zeroth moment is not very reliable [59]. The measurement of

the third and fourth moments are more accurate than the measurements of the

low order moments, consequently, among others, we prefer the d43 (eq. 2) also370

known as the De Brouckere mean diameter, for control applications. In our pre-

vious studies [48, 52], and within the simultaneous design and control problem

(eq. 11) we have proposed to use of the temperature of the first crystallizer to

control the CSD, while the temperature of the second crystallizer can be set

at the minimum allowed temperature (5◦C) to maximize the production. The375

analysis of the static and dynamic behaviour (sections 4.1 and 4.2) of the sys-

tem confirms the appropriateness of this control variable pairing. The resulting

d43 and yield control loops will be fully decoupled by virtue of the consider-

ations followed by the analysis of Table 6. Hence, the control of the d43 can

be treated as a single-input single-output (SISO) problem. It is here pointed380
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out that, at the nominal operating conditions (Table 5), the temperature in the

first crystallizer is not free to become lower than 10.95◦C in order to satisfy

the jacket constraints (eq. 12). A suitable control architecture is presented in

Fig. 1. For simplification, we assume perfect secondary temperatures control

(TC) by manipulating the coolant flow rates, and perfect levels control (LC)385

by manipulating the product flows. We finally assume perfect control of the

feed temperature (TC) and flow rate (FC). These loops are depicted in grey in

Fig. 1. Similar assumptions are adopted also in other simulation studies [8].

Despite the favourable gain KP between T1 and d43 (eq. 28), the large inher-

ent (transport) delay td poses limitation on the performance of traditional PID390

controllers for the control of the crystallization. For this reason, alternative

control schemes are studied. In the following sections we explore four different

control configurations. These are: PI, PI with delay compensation, feedforward

feedback, and nonlinear state feedback.

6. Control Strategies - Description and Performance395

6.1. Conventional feedback control

In crystallization, advances in PAT have allowed the measurement of the

solid material attributes in-situ to be used in real time application such as

feedback control [1]. Traditional feedback control is realized with PID control

laws in the well known form

u(t) = uNOM +Kcε+KI

∫ t

0

εdτ +KD
dε

dt

where u and ε denote the manipulated variable and the error between the con-

trol variable and its setpoint. Kc, KI and KD are the tuning parameters for

the proportional, integral and derivative action respectively. PID controllers

are linear controllers that function well provided an appropriated tuning, and

when the (nonlinear) system operates around the operating point for which the

tuning parameters are identified.

In crystallization, where the input-output response is generally nonlinear, PID
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controllers tend to be outperformed by more advanced controllers [37]. PID

controllers are also expected to show performance deterioration when the op-

erating condition changes, leading to the need of a change-over of the control

pairing [8]. In our case, large crystallization volumes are considered to mimic

a realistic industrial situation which highlight another limitation to the use of

PIDs: the time delay. It is in fact well known that the time delay leads to

closed-loop instability for relatively small values of the controller gain.

In this work we test the PI controller

TSP
1 = TNOM

1 +M1KC

(
ε +

M2

τC

∫ t

0

ε(τ)dτ
)

(29)

that manipulates the temperature in the first crystallizer in order to maintain

the d43 at its setpoint. In eq. 29 ε = dSP
43 − d43(t) is the control error, KC =

τP
KP td

, and τC = 3.33td are the controller tuning parameters according to [60]

and [61]. M1 and M2 are multipliers for tuning refinement that are adjusted by400

means of an optimization procedure that minimizes the ITAE =
∫∞
0
t |dSP

43 −

d43(t)| dt.

6.2. Delay compensation (DC)

A way to improve the control performance in the case of time delay is the

use of a delay compensation (DC). For the linear case, a popular realization is

the Smith predictor [62]. In the Smith predictor, the model g(s)e−tds of the

linear process is used to calculate a signal δ = g(s)(1 − e−tds) which predicts

the behaviour of the system after the dead time. This signal is summed-up to

the output error such that the PID sees a modified error signals that accounts

for future deviations. In case of perfect model, the closed loop characteristic

equation no longer contains the time delay and the stability is improved. This

allows to tune the PID parameters more aggressively, improving the performance

[58].

In case of nonlinear dynamics the block scheme of the d43 controller and delay

compensation is presented in Fig. 4. One should notice that the cancellation of

the delay effect would be dependent on the degree of accuracy of the prediction
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Figure 4: Block diagram of the d43 controller. The block d43C is the linear PI controller with

modified error signal εS ; the block DC is the delay compensator, which may incorporate, if

available and the control model allows to, exogenous disturbance measurements d.

model used to compute the correction signal δ. The control law is denoted by

the following equations

TSP
1 = TNOM

1 +M1KC

(
εS +

M2

τC

∫ t

0

εS(τ)dτ
)

(30)

In eq. 30 KC , τC , M1 and M2 define the controller tuning as reported in section

6.1.

The feedback controller (eq.30) sees the error signal εS (see Fig. 4)

εS(t) = dSP
43 − (d43(t) + δ(t)) (31)

where d43 is the measurement signal, and the signal δ(t) is calculated by the

DC block by means of predictions of the average crystal dimension:

δ(t) = d̂43(t+ td)− d̂43(t) (32)

In what follows we propose three different prediction models.

6.2.1. First order model plus dead time (FO)405

In this version of the delay compensator, predictions of the future error δ

rely on the use of a first order model plus delay (eq. 28) which approximates

the input (T1) output (d43) relation. The advantage is that the computational

complexity is reduced, at the prize of reduction of the prediction accuracy. The

performance of this control realization is expected to be better then the PI, and410

worse than DC based on more accurate (i.e. nonlinear) models.
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6.2.2. Finite step response model (FSR)

Similarly to the previous case, the prediction relies on a single-input single-

output (SISO) response model. In this case, however, this SISO response rela-

tion is identified by the unit step response coefficients (Fig. 5). The prediction

coefficients ai, i = 1, ..., n, are arranged in the vector

a = [a1, a2, a3, ..., an]T (33)

n is the prediction horizon. The dynamic behaviour of the system for a given

input step of amplitude ∆u = u− uss can be reconstructed as

y = a∆u (34)

In order to take into account of the past moves of the input (uk−1), and include

an open loop correction of the prediction thanks to the output measurement

(ymk ) at the time k, a recursive update of the prediction yk+1 at the time k is

required, which can be written as

yk+1 = yk + a∆uk + dk (35)

Note that yk+1, yk, and dk are vectors of same dimension as a. ∆uk = uk−uk−1.

The elements dk,i of dk are equal and computed as dk,i = yk,1 − ymk .

When using this model, the additional signal δ in eq. 32 is computed with eq. 35415

and tunable prediction horizon n ≥ td.

This model results in a better prediction capability than the first order model

for nonlinear and high order systems.

6.2.3. Nonlinear model (NL)

The nonlinear model [48] consists of the process dynamic model (eqs. 1-420

9), and incorporates the actual control action (eq. 30) from the PI element.

Based on this information, the process model is run to estimate the current

value of the average crystal size d̂43(t), and the value of average dimension

of the crystals d̂43(t + td) after the time delay td. In other words, the model

runs with a time horizon (t + td), and the prediction d̂43(t + td) is compared425
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Figure 5: Final step response model.

with the estimation at the current time d̂43(t) to generate the differential signal

δ(t). It must be pointed out that the moment model is not computationally

expensive due to the order of the system, which is relatively low (11 dynamic

states), and the short time horizon. Hence, the proposed dynamic model can

be used online. If available, the nonlinear model can incorporate exogenous430

disturbance measurements, such as variations in the feed concentration. In this

way, the delay compensator acts as a feedforward controller without the need

to calculate the inverse of the process model. The incorporation of the model

in the control scheme also allows the monitoring of the control input constrains

(T1| Gi > 0 always) to avoid crystal dissolution. This DC realization can be435

seen as a nonlinear realization of the Smith Predictor [62], or can be classified

as an observer-based controller for delay systems [63]. This DC realization does

not consider model mismatches nor parameter mismatches. Hence, it returns

the best achievable performance with this type of scheme.
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6.3. Feedforward feedback (FF-FB)440

Feedforward-feedback (FF-FB) control strategies are considered the most

effective way to control processes susceptible to load disturbances [49, 64, 65].

Given a dynamic system  ẋ = f(x, u, d)

y = h(x)

(36)

for which we desire to control the output y with the input u, the design of the FF

controller consists of the derivation of a law u = µ(ẋ, x, ysp, d) such that y = ysp

for all time. Here, µ denotes the unique solution for u of eq. 36, also known as

the dynamic inverse of the model. The robust solvability of the dynamic FF

problem is ensured by the passivity of the input-output pair [66, 67, 68].

The dynamic inverse of the system is generally difficult to compute, so the static

version of eq. 36 is often employed for FF synthesis (u = µs(x, ysp, d)). This

static control law can be eventually precomputed with the model over a few

values of the load disturbance d, and fitted with polynomials [49], to get the FF

law in the form:

uFF =

n∑
i=0

ci d
i (37)

Given the approximated nature of the control law (eq. 37), the system output

y may manifest an off-set. This off-set can be rejected by the feedback control.

The combination of FF and FB results in the control law

u = uFF +Kcε+KI

∫ t

0

εdτ (38)

In our case u = TSP
1 . An important implication of augmenting the FB with the

FF controller is that the control action can be applied as the disturbance enters

the system, hence before the system is affected. This is beneficial to obtain

faster closed loop performance. Observe that the FF can only be used when the

disturbance d is measured, and a model of the effect of the disturbance d on the445

output y is available.
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6.4. Nonlinear state-feedback (NLSF)

Considering the nonlinear nature of our crystallization system, one could

decide to adopt nonlinear control strategies, such as nonlinear state-feedback

(NLSF) control.

Given the passive (relative degree equal to one, stable zero dynamics) systemẋ = f(x) + g(x)u

y = h(x)

(39a)

prescribed closed loop dynamics ėy = −k ey can be ensured by the robust

nonlinear state-feedback controller

uSF = −k ey + f(x)hx
g(x)hx

(40)

The system (eqs. 1-9) has been tested to verify passivity conditions of the

input-output pair d43 − T1 with the following conclusions: the zero-dynamics

are stable (stable ZD), the relative-degree is equal to two (RD=2). Under these

conditions, the non-robust NLSF (eq. 41)

uSF,N = −
k ey + LN

f h

Lg(LN−1
f h)

(41)

would exist if the dynamics are control/input-affine, i.e. are in the form of

eq. 39. In eq. 41 N is the relative degree, Li
ba is the recursive ith Lie derivative

of the scalar field a(x) along the vector field b(x)

Li+1
b a = LbLi

ba, i ≥ 1, L0
ba = a, Lba = axb

Knowing that (i) measurements of the lower-order moments may not be accu-

rate, (ii) PAT for measuring CSD and concentration of feed and mixtures in

the first and second tank may not be available, (iii) the NLSF (eq. 41) controls450

a non-passive input-output system, and hence it is not robust, and considering

that (iv) our model (eqs. 1-9) cannot be rewritten in input-output affine form

(eq. 39), we conclude that the NLSF does not represent a solution for our control

problem.
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6.5. Performance455

In this subsection, we provide details on the control design decisions and

show the performance of the control strategies for the disturbance rejection

problem. We excite the system with step disturbances of the feed concentration

according to

Cf =



Cf t < 500 min

Cf − 10 500 < t ≤ 1500 min

Cf − 5 1500 < t ≤ 2500 min

Cf 2500 < t ≤ 3500 min

(42)

that would cause open loop offsets on the d43 of 0, 17.2, 8, 0 µm respectively

(see Fig. 6).

The tuning of the parameters M1 and M2 of the PI elements is done via opti-

mization of the ITAE and error free measurements, when the system is subject

to step variations in the feed concentration. In addition, we require tuning460

parameters such that cooling jacket capacity constraints (eq. 12) are always

satisfied. First, we test the controllers functioning for noise free measurements

(section 6.5.1); then, we explore the effect of noisy measurements on the control

performance as well (section 6.5.2).

In the next figures, open loop performance is depicted with blue line, PI with465

red line, DC realizations with yellow lines, and FF-FB with light blue line.

6.5.1. Noise free measurements

PI controller. According to the criteria of the minimum ITAE, the PI controller

has tuning parameters

M1 = 0.142; M2 = 1.429 (43)

PI controller’s performance is tested for the disturbance sequence (eq. 42). In

Fig. 6, one can notice that the PI controller alone is able to suppress the distur-

bance, however the closed loop performance is sluggish with slow settling time470

(≈ 4.2 τP , longer than 1000 min). This is in agreement with the findings of
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responses after disturbance in the feed concentration (eq. 42). Bottom: Corresponding ma-

nipulated variable (T1) loads. Free of measurements error.

previous studies on crystallization control [42].

Delay compensator with nonlinear model (DC-NL). In this realization of the

delay compensator, the nonlinear model of the plant without model-plant mis-475

matches has been used. The PI element has been tuned as in the previous case:

the ITAE minimization has returned parameters: M1 = 9.6538;M2 = 336. The

realization of the controller with delay compensation and NL model (continuous

yellow lines in Fig. 6) outperforms the PI alone (red lines) by immediately vary-

ing the manipulated variable (Fig. 6, bottom). One could notice, however, that480

the overshoot in the manipulated variable is high and could cause saturation in

case of larger feed disturbances. This control scheme allows to reduce the time

to the steady state more than 50% (≈ 1.7τp). This is because the PI plus NL
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Figure 7: Comparison between step responses of the plant and first order (FO) model with

and without dead time.

model-based delay compensator accepts a much more aggressive tuning without

the destabilization of the closed loop response. If feed concentration measure-485

ments are incorporated in the NL prediction model, the advanced controller

guarantees almost no perturbation of the d43 (dashed yellow lines in Fig. 6).

In this latter case, the predictor is in fact a feedforward element able to fully

and very quickly suppress the effect of the disturbance without the need of the

inverse of the model.490

Delay compensator with first order model plus dead-time (DC-FO). For the

realization of this controller we use the liner model with dead time (eq. 28)

with parameters KP = 8 µm/◦C, τP = 70 min, and td = 110 min. The

first order (FO) model GP =
KP

τP s+ 1
e−tds response and its delay free version

GP =
KP

τP s+ 1
compare to the plant response as shown in Fig. 7. These495

responses are obtained for a variation in the input T1 of 0.1◦C at time t=0.

The DC which relies on d43 predictions from the FO model is tuned according

to the minimum ITAE criterion (M1 = 15;M2 = 29.4). Its performance is

shown in Fig. 8 and it is in between the PI and DC-NL. In particular, the fast

response is guaranteed by a quick variation of the manipulated variable, which500

presents lower overshoots compared to the DC-NL (Fig. 6). With the current

optimal tuning settings, the d43 is maintained at the setpoint value by sustained
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oscillations in the manipulated variable. Detuning could be considered at the

expense of loosing performance.

Delay compensator with finite step response model (DC-FSR). The FSR model505

has been identified from the step response (Fig. 3). The coefficients of the FSR

model (eq. 33) have been recorded with sampling time equal to 1 min. It was

found sufficient to limit the vector a to a length of 400. In Fig. 9 (top) we

present the behaviour of the FSR model for two different inputs applied at time

t=0. For a variation in the input T1 equal to -0.1◦C at time t=0 the models510

and the plant compare as shown in Fig. 9 (bottom).

According to the criterion of the minimum ITAE, the tuning of the PI ele-

ment in the DC-FSR controller is M1 = 0.28, M2 = 1.14. Although the DC-FSR

is slower than the DC-OF and with larger overshoots in the manipulated vari-
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able, it outperforms the PI to a large extent (Fig. 10).515

Feedforward Feedback (FF-FB). The feedforward law (eq. 37) has been offline

fitted for different values of the exogenous disturbance d = Cf . The resulting

input-disturbance relation can be satisfactorily approximated with a first order

polynomial model, specifically:

uFF = 0.1862 Cf + 269.05 (44)

The previous law has been tested with the feedback element tuned according to

M1 = 0.142; M2 = 1.429, which are the tuning parameters applied for the PI

controller alone (eq. 43). One can notice the benefits of the FF law, which lead to

control actions (Fig. 11) before the variation in the concentration manifests itself

in errors in the d43. Compared with the DC realizations, the FF-FB is faster,520
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with smaller oscillations in the manipulated variable load as well. However, it

requires (possibly error free) online feed concentration measurements, and hence

the installation of an extra PAT next to the unit.

6.5.2. Noisy measurements525

The origin of the noise in light scattering-based instruments derives from

the solution of the inverse model required to obtain the CSD from the scattered

energy pattern. Indeed, the inverse problem is ill-conditioned because different

CSDs can give very similar scattering patterns; hence, small errors in the mea-

surements of the energy pattern can lead to large errors in CSD. In order to530

limit measurement errors, it is required to invest in a good chemometric model,

and appropriate quality of the sampling [69]. Modern laser diffraction instru-
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ments with accurate calibration model can return very low standard deviations

σ for the d43 measurements [70] (0.05µm ≤ σ ≤ 2µm ). Note that in the 90ties,

Jager and coworkers [59] have reported σ ≈ 13µm for d43 measurements via535

laser diffraction, which is a good metric to quantify the improvements in CSD

sensing in the latest 30 years. Furthermore, Kalbasenka in 2009 [71] has re-

ported that CSD measurements via laser diffraction are not able to distinguish

the dynamics of the classes below 18 µm from noise; Power and coworkers [21]

have gotten mean chord length distribution measurements using FBRM with540

standard deviation between 1 and 2.8 µm; FBRM-based measurements appear

to be very smooth also in other works [45, 47].

Digital image processing, on the other hand, do not suffer from the ill- condition-

ing of the inference technique. Instead, noise sources can derive from nonuniform

illumination, for example; techniques such as spatial filtering, Fourier transform,545

or wavelet transform methods, have been developed for noise cancellation [57].

In this section, we investigate the performance of the proposed control algo-

rithms in case of noisy CSD measurements.

The benefits of using DC methods with systematic measurements errors have

been proved already elsewhere [48], and the analysis will not be repeated here.550

One should also note that it is easy to compensate for systematic errors if the

39



0 500 1000 1500 2000 2500 3000 3500

Time [min]

6.1

6.15

6.2

6.25

6.3

6.35

6.4

6.45

d
4
3
 [

m
]

10
-4

PI, M
1
=0.14, M

2
=1.43, ITAE=8.2

0 500 1000 1500 2000 2500 3000 3500

Time [min]

11.5

12

12.5

13

13.5

14

14.5

15

T
1
 [
°
C

]

PI

Figure 13: PI performance for noisy measurements after disturbances in the feed concentra-

tion (eq. 42). Top: d43. Bottom: manipulated variable load.

value of the bias is known and constant.

For the test of the controllers with measurements affected by random (white)

noise, we apply a Gaussian noise of zero mean and standard deviation 2.2 µm to

the d43 signal computed with the model (eqs. 1-9), which meets the expectation555

for an instrument whose inference performance could be further improved. Such

a noise corrupts the d43 signal as shown in Fig. 12. The performance of the PI

controller alone (see Fig. 13) are little deteriorated because of the measurement

noise, with ITAE increasing from 7.8 to 8.2 (+5%).

The DC realizations suffer from performance deterioration as well, but, pro-560

vided the filtering of the output signal and a detuning, they are still better than

the PI controller.

The performance of the various controller realizations is summarized in Table 7.

The table compares, in terms of ITAE, the case of noise free measurements, and
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Table 7: Comparison of the control performance for the different controller realizations. Noise

free and noisy measurements.

ITAE

Noise Noise Noise

free with output filtering without filter

PI 7.8 (M1=0.14;M2=1.43) 8.5 (M1=0.14;M2=1.43) 8.2 (M1=0.14;M2=1.43)

PI+DC-FSR 6.5 (M1=0.28;M2=1.14) 7.25 (M1=0.28;M2=1.14) 8.5 (M1=0.28;M2=1.14)

PI+DC-FO 4.83 (M1=14;M2=29.4) 6.10 (M1=0.65;M2=2.14) 10.9 (M1=0.14;M2=1.43)

PI+DC-NL 2.05 (M1=8.69;M2=336) 5.40 (M1=0.78;M2=1.14) 9.7 (M1=0.14;M2=1.43)

FF-FB 1.5 (M1=0.14;M2=1.43) - 2.3 (M1=0.14;M2=1.43)

the case of noise with and without the filtering of the controller output. The565

controller output signal is filtered with a moving-average filter with window size

equal to 5 minutes.

The best performance in case of noisy measurements is by far achieved by the

FF-FB controller. The FF-FB control functioning is presented in Fig. 14.

570

6.6. Selection of the controller

In this section we have addressed the control of the d43 in case of feed concen-

tration disturbances for the optimal configuration C3 of the MSMPRC series.

Several controllers have been proposed and tested. The PI controller is slow in

rejecting the disturbances due to the inherent process delay. Much better per-575

formance can be achieved by applying delay compensation algorithms. These

realizations outperform the PI controller also in case of noisy CSD measure-

ments provided that the control output signal is filtered out, and a less aggres-

sive tuning is applied. The delay compensation can be computed by means

of reduced-models, but best performance is achieved with prediction from the580

dynamic nonlinear model.

If measurements of the disturbance are available, the FF-FB controller is a good

control option: it returns the lowest ITAE among all the controllers being the

fastest in rejecting the disturbance; it is robust to CSD measurement noise; it
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is simple to design and implement.585

7. Conclusions

In this work, we have addressed the problem of the simultaneous design

and control of series of industrial continuous crystallizers. The approach fol-

lowed consists of casting and solving an optimization problem in which both

steady state quality and economic criteria, together with dynamic performance590

indicators are considered. This optimization requires: the process model, the

evaluation of the capital cost, and the selection of the control variables pairing,

but not the implementation of the control law.

The solution of the optimization is a Pareto front, which have revealed a con-

flict among the various objectives. The crystallizers configuration with the best595

trade off between costs, average dimension of crystals and operability has been

selected and analysed, assessing the operability with dynamic simulations.

We concluded the simultaneous design and control by tailoring a controller on

the optimal configuration. In our specific case, the offset-free control of the

average CSD under feed concentration disturbances can be achieved by tradi-600

tional (FB) feedback controllers, as expected from the results of the optimization

which guaranteed controllability and sufficient cooling duty. However, the time

to steady state is unacceptable (more than 16 hrs). This is due to inherent time

delays, so far observed only in this paper, and introduced with the high vessel

capacities chosen to mimic industrial settings.605

The problem of the unsatisfactory performance caused by the time delay has

been addressed with delay compensation strategies based on different predic-

tion models, and feedforward-feedback (FF-FB) control strategies. The FF-FB

controller has demonstrated its superiority returning the fastest responses, ro-

bustness to measurement noise, and simplicity of design and implementation of610

the static and precomputed feedforward model. However, it requires measure-

ments of the disturbance (i.e. feed concentration measurements). The delay

compensation strategies do not make use of the extra-measurements and the
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performance depends on the accuracy of the prediction model. The expense of

obtaining a detailed and dynamic model is compensated by a tight control of615

the average crystal dimension. At the prize of performance loss, one could adopt

simple input-output models. Delay compensation strategies have demonstrated

to be less robust than FF-FB controllers in case of noisy measurements, but

they are still better than the PI controller alone, provided a detuning and the

implementation of a filter to smooth the controller output signal.620

In the understanding that in an industrial setting the exogenous disturbances

adversely affect the product quality consistency unless a well designed control

system is in place, we believe that the study of multiple control strategies is of

interest for novel developments in the field of continuous crystallization since

it gives an insight on performance, hardware and software requirements for the625

correct operation of the controller. Considering that different controllers have

different costs (namely (i) purchase and maintenance of hardware analysers for

the online count of the crystals, (ii) purchase and maintenance of solute concen-

tration analysers, (iii) development and maintenance of reliable chemometrics

techniques, (iv) development and maintenance of nonlinear rigorous process630

models for soft sensing, control, process understanding, ..., (v) process variable

sensors, (vi) computer platforms for data acquisition, storage, manipulation and

transmission with sufficient computational power to allow online control of the

plant, such as modelling and control software, OPC clients, and (vii) dedicated

control engineers), and guarantee larger or smaller profit associated with a more635

consistent production, a future development on this study can be towards the

addition of the control performance and controller costs in the (possibly dy-

namic) optimization problem.

8. Nomenclature640

APC advanced process control

ATR-FTIR attenuated total reflectance Fourier-transform
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CSD crystal size distribution

CV coefficient of variation

DAE differential-algebraical equations

DC delay compensator

DC-FO first order plus dead time model-based delay compensator

DC-FSR finite step response model-based delay compensator

DC-NL nonlinear model-based delay compensator

DMC dynamic matrix control

FBRM focused beam reflectance ultraviolet-visible

FB feedback

FF feedforward

FF-FB feedforward-feedback

FSR finite step response

FO first order plus dead time

I/O input-output

MIMO multi-input multi-output

MSMPRC mixed suspension mixed product removal crystallizer

NL nonlinear

NLSF nonlinear state-feedback

NMPC nonlinear model predictive control

ODE ordinary differential equations

PAT process analytical technologies

PID proportional integral derivative controller

SISO single-input single-output
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