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Summary

Polymers are an integral part of our modern world, with polymeric materials used in
a plethora of industrial products, such as: plastic packaging, fibers for clothing, coffee
cups, paints and other coating materials, solid parts for vehicles, composite materials
for construction. The unique mechanical properties of polymeric materials originate
from the molecular structure of polymers, and from the industrial processes they
undergo until the end product is formed. Due to their viscoelastic behavior, which is
in between that of ideal solid and ideal liquid, polymers are often termed “complex
fluids” and their mechanical properties are studied in Rheology, which studies the
flow behavior of matter under applied stress. The understanding of polymer rheology
and the prediction of rheological properties is crucial for polymer processing.

Polymers are usually processed as melts, where chains are flexible and have a high
molecular weight, such that they create entanglements. In order to predict the lin-
ear rheological behavior of various entangled polymer systems, several tube-based
models were recently developed. All of them are based on the physical framework of
the Doi-Edwards tube theory and include in the modeling three main processes: 1)
reptation, 2) contour length fluctuations and 3) constraint release. Nevertheless, dif-
ferent models use different theoretical assumptions, thus leading to variations in the
predicted data. Since models also include parameters, researchers try to get a better
fit of the numerical results with the experimental data by tuning these parameters.
Therefore, in the literature, model parameters are generally not agreed upon.

The present work attempts to provide a better understanding of the impact the various
modeling choices have on the numerically obtained rheological behaviour of polymer
melts. We focus on the similarities and discrepancies of the existing models and
the ways they predict the linear viscoelastic properties of well-defined polymers.
We concentrate, in particular, on developing a new version of the time-marching
algorithm (TMA), originally proposed by the group of van Ruymbeke, which is based
on statistical mechanics and defined in the time domain. Our main goal is to construct
a universal model for predicting the linear rheology of any polymer mixture with
the same parameters and without further adjustments. A large part of the present
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research involves analysis of the TMA versus other models, and their validation
against a wide range of experimental data. Based on the findings of our analysis,
several modifications are proposed. Furthermore, we provide an extensive discussion
regarding the input parameters of the models used for different types of molecular
architectures. To our knowledge, this type of analysis has not been performed in such
detail before. Our analysis focuses on the following five subjects.

First, we investigate the early and the late-time relaxation of symmetric stars by
evaluating the theoretical predictions of the dielectric and stress relaxation functions.
The failure of the TMA theory for shorter polymers is corrected by the introduction of
a renormalized coordinate system (Shchetnikava et al., 2014).

Second, we address the problem of the viscoelastic properties of binary blends com-
posed of linear chains (van Ruymbeke et al., 2014). A new relaxation process is
introduced, namely, CR-activated contour length fluctuations (CLF). It speeds up
the relaxation of the long chains in the binary blends of linear polymers with a wide
separation of the molecular weights.

Third, we study the effect of CLF on linear chains and find that most of the models
overestimate it, while the TMA underestimates it (Shchetnikava et al., 2019). For
that, we distinguish between the deep fluctuations of the chain and the CLF itself.
Moreover, it is explained why the reptation times of the Hierarchical model proposed
by the group of Larson and the BoB model of Das and Read are inconsistent with the
Doi-Edwards theory.

Fourth, taking asymmetric stars and H-polymers as example cases, we analyze the
relaxation of branched polymers (to be submitted to Macromolecules). The molecular
characterization of experimental data is done by temperature gradient interaction
chromatography (TGIC). Dynamics in these polymers is strongly influenced by the
presence of one or more branch points. The calculation of the diffusion constant
is different in each model and depends on the parameter p2, which corresponds to
the fraction of the tube over which the branch point hops on average. While for
the TMA p2 has a unit value, in accordance with the Doi-Edwards theory, for the
BoB and the Hierarchical models, it is estimated to be much less. We show that
this difference originates from the strong assumptions made in the derivation of the
relaxation modulus in the latter models.

Finally, we construct an algorithm for the prediction of linear viscoelasticity of low-
density polyethylene (LDPE). This polymeric material consists of various topologies
with a wide range of molecular weight sizes. Different topologies of polymers con-
tribute in the relaxation process of the system in different ways. Nevertheless, only
the outer segments of macromolecules play a significant role in the relaxation process.
We show this by seniority decomposition of representative sets of computationally
derived LDPE ensembles.



CHAPTER 1

Basic concepts of theoretical polymer rheology

Rheology is the study of the deformation and flow of matter. The name originates
from Heraclitus “πάντα ρεί ” translated as “everything flows”. The goal of rheology is
to provide quantitative estimations of material deformation as a function of force and
time. The rheological properties of materials are based on four aspects that vary in
time t: stress σ(t), strain ε(t), the ratio of stress to strain (elastic modulus λ for solid),
and the ratio of stress to rate of strain (viscosity is η for a liquid). Stress in rheology
is the ratio of force to the area over which the force is applied. The type of stress
depends on the direction of the force application. For example, shear stress is parallel
to the surface and elongation stress is perpendicular to the surface. Strain is a measure
of material deformation. The elastic modulus is a number which predicts how much a
material will deform elastically, when subjected to a stress, and viscosity is the similar
number that tells us how easily the material will flow. Most biological materials,
including polymers, are both viscous and elastic. Linear viscoelasticity (LVE) is the
simplest type of rheological behavior: it characterizes a material response to a small
and slow deformation. In case of polymers, it means that the deviation of the chain
from its equilibrium state is insignificant. Within the linear regime, the viscoelastic
response is independent of the kinematics of the deformation and is governed by
Boltzmann’s superposition principle (Boltzmann, 1876).

Solutions of polymers become entangled when the concentration of the chains exceeds
some threshold, and the chains are long enough to overlap. Chains cannot cross each
other, and the rheological properties of the polymer melt qualitatively change its
viscoelastic properties. Due to dynamic motion restrictions such a polymer melt is
unable to relax stress quickly. This idea is easy to grasp, but very difficult to convert
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2 Basic concepts of theoretical polymer rheology

into a mathematical model because a formal entanglement definition does not exist. In
general, the dynamics of long polymer chains determine the viscoelastic properties of
a melt, and form a complex and fascinating subject within polymer science. Different
time and space scales are involved in the dynamical motion of polymers. Fast dy-
namics corresponds to local motion of chemical bonds and depends on the chemical
structure of the material and occurs on the order of 10−15 seconds, while the slower
motion happens over larger spatial scales due to diversity in chain conformations.
This takes place on timescales from microseconds to minutes. Therefore, this unique
property of long polymers is independent of their chemical composition. The latter
fact allows scientists to coarse-grain chains in both spatial and time scale to find out
the physics underlying the slow dynamic motion. It is possible to compare behavior
of various types of polymers due to the power of universality, and this is a feature
of the melt rheology of flexible polymers. Universality is achieved by expressing all
molecular weights in terms of the entanglement molecular weight Me, which depends
only on temperature and the chemical nature of the polymer.

An actual polymer molecule is an extremely complex mechanical system with an
enormous number of degrees of freedom. To study the detailed motions of this com-
plicated system and their relation to the rheological properties would be prohibitively
difficult. As a result, polymer scientists began to develop mechanical models to
simulate the mechanical behavior of macromolecules. Rather realistic and complex
modeling of macromolecular configurations in polymer systems is a far more difficult
problem and computationally expensive task. Thus, it turns out to be necessary to use
considerably simpler models in order to handle the mathematics and the numerical
work.

The main goal of rheology is to develop constitutive equations that link the stress
within a material to the level of deformation. For polymers such a relationship can be
derived from the description of conformations of the coarse-grained representation of
the macromolecule. This section provides a general overview of the basic concepts
and principles in the theoretical rheology of entangled polymers.

1.1 Description of polymers

The term polymer has Greek origin and consists of two parts: poly (many) and meros
(part or portion). Indeed, a polymer is a macromolecule constructed of many repeated
units (monomers). For example, in Figure 1.1 ethylene is the monomer, and the
corresponding linear polymer is called high-density polyethylene (HDPE).

FIGURE 1.1: HDPE is made from the monomer ethylene.



1.2 Material functions for viscoelastic fluids 3

The processing behavior of a polymer, as well as its rheological behaviour, is deter-
mined by its molecular structure. Thus, the topology of polymer is a key factor to
control its viscoelastic properties. As an example, for improving the processability
of linear polymers one can add highly branched polymers. The branches will delay
the relaxation process while the mechanical properties of the original melt will be
preserved. Branches with 2-3 entanglements will already affect rheological behavior
(Jordan et al., 1989; Gell et al., 1997). Linear polymer molecules are the simplest
structures compared to the huge class of various branched polymer architectures. The
structure of branched polymers can be classified according to different characteristics:
number of branch points, regularity of branching, the molecular weight of strands
(part of the chain between branch points) and dangling arms (part of the chain with
one free end). Figure 1.2 shows the most typical branched structures used in rheo-
logical studies: ”star”, ”H-polymer”, ”comb”, ”dendrimers” and hyper-branched
structures.

FIGURE 1.2: Different polymer topologies.

1.2 Material functions for viscoelastic fluids

In an ideal elastic material, represented by a spring, the strain (deformation) is
proportional to the stress applied to it, so that the elastic modulus G is constant.
When the stress is removed the material returns to it initial shape. Forces applied to
the spring transfer energy to the material, which upon transferring that energy to its
surroundings, can recover its original shape. The energy is stored in the material by
changing the inter-atomic distances between nuclei, so that the elastic modulus is
often called the storage modulus. In an ideal viscous material, stress is proportional to
the strain rate over time. Viscosity is, essentially, fluid friction and transforms kinetic
energy of motion into heat. Therefore, one speaks of energy loss, whereby only the
loss relative to the original mechanical energy is considered. Thus, we can refer to the
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viscosity as a loss modulus. The difference between elastic and viscous behaviour
is basically whether the strain reaches a limit or continuously increases in response
to a constant stress. Materials have different mechanical response depending on the
time scale of the measurement. An important point to mention is that all liquids
show elastic behaviour, but at sufficiently small time scales. Differentiating elastic
from viscous response requires measurements at different time scales and is usually
done by performing oscillatory deformations at a frequency ω to determine the
storage modulus G′(ω) and the loss modulus G”(ω). If the storage and loss moduli
are known over a sufficiently broad range of frequencies, the rheological response
to any deformation in the linear viscoelastic regime can be predicted. However,
data at very low frequencies are rarely attainable within the experimental timescale
because of instrument limitations. To obtain data over the broadest possible range
of frequencies, time-temperature superposition of oscillatory shear data along with
creep experiments are usually required.

1.2.1 Microscopic definition of stress

Typically, in continuum mechanics, the mechanical stress σαβ which is developed in
homogeneous materials is determined by the local velocity gradient tensor (Malvern,
1969)

καβ(r, t) =
∂v̄α(r, t)

∂rβ
, (1.1)

with v̄(r, t) the fluid velocity field and r the position vector. The stress tensor can be
split in an isotropic part and an anisotropic one

σαβ = −Pδαβ + ταβ, P := −1
3

σαα, (1.2)

where P is the pressure, considered positive when the material is locally expanding1,
and for incompressible media it is a function of the external conditions, but irrelevant
for their deformation and flow.

For usual gases or liquids of small molecules, the stress defined above is attributed
to the momentum transfer occurring during intermolecular collisions. In polymeric
liquids, the stress is mainly due to the intermolecular force, and it is directly related to
the orientation of the bond vectors of the polymer (Doi and Edwards, 1986). For this
reason, polymer liquids exhibit non-linear hysteresis effects like thixotropy, rheopexy
and dilatancy, which challenge the traditional definition of stress and pose funda-
mental questions in rheology (Doi and Edwards, 1986). To provide answers, rheology
turns to the microscopic characteristics of these materials. Central to this investigation,
is the microscopic definition of stress. The basic theory for the microscopic definition
of stress was developed by Kirkwood, and according to Doi and Edwards (1986), three
elements are necessary: 1) to account for the random motion of polymeric molecules

1This is different than the definition of Doi and Edwards (1986), but it is the most established one.
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into account, 2) to include the effect of the macroscopic flow, and 3) to calculate the
resulting stress tensor.

In the rest of this chapter we closely follow Doi and Edwards (1986).

Random motion of molecules

The random changes in the shape and position of polymers are effectively described
by the concepts of Brownian motion. Specifically, in the rheology of polymers, the
theory of the dynamics of Brownian particles forms the basis to formulate a stochastic
equation for the dynamics of polymers. To this end, two equivalent formulations are
typically used: the Smoluchowski equation and the Langevin equation. The former is
often preferred, due to its relation to the underlying irreversible thermodynamics.

The primary scope of the Smoluchowski equation is to describe how the concentra-
tion of particles evolves in an external field U that exerts a force F = −∂U/∂x on
them. For non-interacting particles, replacing the concentration with the probability
distribution2 Ψ(x, t) of finding a particle at position x, at time t, the Smoluchowski
equation gives

∂Ψ
∂t

=
∂

∂x
1
ζ

(
kB T

∂Ψ
∂x

+
∂U
∂x

Ψ
)

, (1.3)

where kB is the Boltzmann constant, T is the temperature and the factor 1/ζ is termed
the mobility constant. It is used to relate of the particle velocity to the force via

v = −1
ζ

∂U
∂x

=
1
ζ

F. (1.4)

To model the dynamics of polymer solutions and suspensions, we consider a set
of interacting spherical Brownian particles, all of the same size, suspended in a
fluid. The set of the dynamical variables are the positions of the spherical particles
{R} ≡ R1, ..., RN and the forces F1, ..., FN acting on them. The velocities of the
particles are written as

Vm = ∑
n

HmnFn, (1.5)

where the set of proportionality constants {Hmn} now forms a, yet to be defined,
mobility tensor. Although for dilute suspensions it can be assumed that the velocity
of a particle is not influenced by the forces acting on the surrounding particles,
this assumption fails for denser suspensions. In these cases, the fluid velocity is
necessary for the calculation of particle velocities Vi, under the premise that the
particle velocity coincides with the local fluid velocity vi. Regarding the latter, the
closure relation is obtained from the assumption that the fluid flow is a Stokes flow,
that is: incompressible and with negligible inertial forces.

Thus, the flow is described by

∇ · v = 0, ηs∇2v +∇P = −∑
n

Fn δ(r− Rn). (1.6)

2The probability distribution is then simply the normalized concentration.
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The solution for the velocity field is

v(r) = ∑
n

H(r− Rn) · Fn, (1.7)

with the definition of the Oseen tensor

H(r) =
1

8πηs‖r‖
(I + r̂r̂), (1.8)

for r̂ the unit vector parallel to r, and I is the unit tensor (Iαβ = δαβ) . Notice that since
the particles move with the local velocity of the fluid

Vm = v(Rm) = ∑
n

H(Rm − Rn) · Fn, (1.9)

it follows that

Hmn = H(Rm − Rn). (1.10)

Nonetheless, to avoid singularities for m = n, the mobility tensor is usually approxi-
mated by

Hmm =
I
ζ

, Hmn = H(Rm − Rn), m 6= n, (1.11)

and the Smoluchowski equation becomes

∂Ψ
∂t

= ∑
m,n

∂

∂Rn
·Hmn ·

(
kB T

∂Ψ
∂Rm

+
∂U

∂Rm
Ψ
)

(1.12)

for interacting spherical Brownian particles, all of the same size, under quiescent
conditions.

Macroscopic flow effects

The theory of Kirkwood refers to the particles of the system described above as beads,
including their interactions. In order to incorporate the effects of the macroscopic
(fluid) velocity field to the stress applied on the beads it is, first, necessary to assume
that the corresponding velocity gradient is constant on the scale of the particles;
therefore, v̄(r, t) = κ(t) · r. From this ansatz, it becomes possible to derive the
microscopic velocity field v(r, t), considering that: 1) it is itself an incompressible flow
field, hence described by Eq. 1.6 and, 2) the average of v(r, t) is the macroscopic field

v(r, t) = 〈v(r, t)〉 ≡
∫

v(r, t)Ψ({R}; t)d{R}. (1.13)

Doi and Edwards (1986) write out the solution of this set of equations

v(r, t) = κ(t) · r + ∑
m

H(r− Rm) · Fm, (1.14)

which in turn gives the velocity of the beads

Vm = v(Rm, t) = κ(t) · Rm + ∑
n

Hmn · Fm, (1.15)
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and also, the Smoluchowski equation, that now includes the effects of macroscopic
flow

∂Ψ
∂t

= ∑
m,n

∂

∂Rn
·Hmn ·

(
kB T

∂Ψ
∂Rm

+
∂U

∂Rm
Ψ
)
−∑

m

∂

∂Rm
· κ(t) · Rm Ψ. (1.16)

Stress tensor

In the domain, where the polymer with its solvent are found, consider a finite-sized
box, split in two parts by a plane perpendicular to the z-axis at a height h and denote
by A, the surface area on that plane within the box.

FIGURE 1.3: Microscopic definition of the stress tensor. The bead n exerts force a Fmn on the bead m.

Due to the homogeneity of the solution, the stresses σxz = σyz ≡ σαz, are calculated
via

σαz =
1
A
〈Sα〉, (1.17)

with 〈Sα〉 the mean force on the plane.

The force contributed by the solvent fluid is given by

S(s)
α (h) =

∫
r∈V

[
ηs

(
καz + κzα

)
+ Pδαz

]
δ(rz − h)dr (1.18)

and the force that acts directly between beads by

S(p)
α (h) = ∑

m
∑
n

FmnαΘ(h− Rmz)Θ(Rnz − h), (1.19)

where

Θ(x) =

{
0, x < 0,
1, x > 0.

(1.20)
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is the Heaviside step function. In Eq. 1.19 this function ensures the confinement of
the n-th bead to the upper part of the box and the m-th bead to the lower one.

Since the stress is defined as the averaged force on the plane divided by the surface
A, it follows that

σαz =
1

AL

∫ L

0
〈Sα(h)〉dh =

1
AL

∫ L

0
〈S(s)

α (h) + Sp
α(h)〉dh = I(s)α + I(p)

α , (1.21)

where

I(s)α =
∫ L

0

∫
r∈V

[ηs

(∂〈vα〉
∂rz

+
∂〈vz〉
∂rα

)
+ 〈P〉δαz

]
δ(rz − h)dr dh =

=
∫

r∈V
[ηs

(∂〈vα〉
∂rz

+
∂〈vz〉
∂rα

)
+ 〈P〉δαz

]
dr,

(1.22)

and considering that for a homogeneous flow 〈vα〉 = καβrβ, the integral reduces to

I(s)α = V[ηs(καz + κzα) + 〈P〉δαz]. (1.23)

Furthermore,

I(p)
α =

〈 ∫ L

0
S(p)

α (h)dh
〉
= ∑

m,n

〈
Fmnα

∫ L

0
Θ(h− Rmz)Θ(Rnz − h)dh

〉
=

=
〈

∑
m,n

Fmnα(Rnz − Rmz Θ(Rnz − Rmz)
〉

. (1.24)

By splitting the last sum in two, exchanging m and n in one of the sums, and using
Newton’s third law, regarding action-reaction, Fmn = −Fnm, the previous equation is
transformed into

I(p)
α =

〈
− 1

2 ∑
m,n

Fmnα(Rnz − Rmz)
〉

, (1.25)

and introducing the force Fm = ∑n Fmn acting on the m-th bead to

I(p)
α = −

〈
∑
m

Fmα Rmz

〉
. (1.26)

Thus, the total (homogeneous) stress applied at any point in the box is

σαβ = ηs(καβ + κβα) + 〈P〉δαβ −
1
V ∑

m

〈
FmαRmβ

〉
, (1.27)

where the first term describes the hydrodynamic stress, while the second term pertains
to the stress due to the interaction of the beads.
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It is further possible to arrive to a continuous form of the equation above. To this end
it is necessary to derive the continuous form of the interaction term. Recalling that
this term can be written as

Fm = − ∂

∂Rm
(kB T ln Ψ + U), (1.28)

the whole stress term becomes

σ
(p)
αβ ≡ −

1
V ∑

m
〈FmαRmβ〉 = −

c
N

N

∑
m=1
〈Fmα Rmβ〉, (1.29)

with c/N the number of polymers per unit volume. Specifically for the Rouse model,
with the interaction potential defined by

U =
K
2

N

∑
m=2

(Rm − Rm−1)
2, (1.30)

with K = 3kBT/b2, and b the length of a segment in the polymeric chain, Doi and
Edwards (1986) derive the continuous form of Eq. 1.29

σ
(p)
αβ =

c
N

3kBT
b2

∫ N

0

〈∂Rnα

∂n
∂Rnβ

∂n

〉
dn. (1.31)

The last relation shows in a comprehensive manner the difference between the stress
in usual gases or liquids of small molecules versus the stress in polymeric liquids.
In polymeric liquids, the stress is mainly due to the intramolecular force, and it is
directly related to the orientation of the bond vectors of the polymer, as described by
the ∂Rn/∂n terms (Doi and Edwards, 1986).

1.2.2 Linear viscoelasticity

Linear viscoelastic properties are associated with near equilibrium states of the system,
that is originating from configurations of the polymers close to equilibrium. For small
deformations, the response of the system is linear, meaning that the response is
additive and is independent of strain. The relaxation of the molecules is described
by the relaxation modulus G. Consider a polymer melt that is initially stress-free. At
time t = 0, we apply an instantaneous shear strain γ0. The shear stress developed
then decays to zero in time and the shear relaxation modulus is given by

G(t, γ0) = σ(t)/γ0. (1.32)

In Figure 1.4, a sequence of small strains δγ(ti) is applied to the material at times ti,
i = [1, 4].
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FIGURE 1.4: Sequence of step strains in the Multiple Step Strain Experiment.

The Boltzmann Superposition Principle states that in the linear viscoelastic regime
the response of a material to a series of step strains is the sum of the responses of each
step. The total stress σ(t) at time t is the sum of the stresses generated at each time
step ti

σ(t) =
4

∑
i=1

G(t− ti)δγ(ti). (1.33)

For any smooth strain history we can generalize this to

σ(t) =
∫ t

0
G(t− t

′
)γ̇dt

′
. (1.34)

Initially, the viscoelastic properties of polymers were modeled by combining springs
and dashpots. A sequential combination of spring and a dashpot connected in series
is called a Maxwell model. In the stress relaxation experiment, the stress is measured
as a function of time, and the ratio of the stress to the applied strain defines the
relaxation modulus G(t). The simplest way to interpret this function is to consider a
single Maxwell element combining both elasticity and viscosity. The spring provides
the elastic or energetic component of the response, while the dash-pot represents
the conformational or entropic component. This model is the mechanical analog of
viscoelastic behavior, where the stress due the applied strain will decay exponentially
with time, as described by the relaxation modulus

G(t) = G0 exp(−t/τ0), (1.35)

with τ0 the relaxation time and G0 the instantaneous modulus. Basically, the stress
drops to 1/e of its initial value at the relaxation time τ0. A schematic diagram of the
stress relaxation is shown in Figure 1.5 on linear and logarithmic scales. Once again,
the response is highly elastic at small times, decays and becomes viscous at larger
times.
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(a) Linear (b) Logarithmic

FIGURE 1.5: Stress relaxation in response to step strain on linear and logarithmic scale.

A stress-relaxation test on a real material shows deviations from the behavior of a
simple Maxwell model. Indeed, for many systems the idea according to which there
is just a single relaxation time is too simple. Instead, there are several relaxation
processes with a wide range of relaxation times associated with different Maxwell
elements. The overall relaxation is the result of all these processes together.

This multiple Maxwell model is composed of n processes each with a ”relaxation
strength” Gj and a corresponding relaxation time τj. We can form the relaxation
function by adding all these modes together

G(t) =
n

∑
j=0

Gj exp(−t/τj). (1.36)

However, in practice the complex relaxation processes in a material require a continu-
ous representation. That is why the discrete Maxwell modes are usually replaced by a
continuous distribution of Maxwell modes, called the relaxation spectrum H(τ). The
sum over all modes is replaced by an integral over this spectrum. As a rheological
relaxation process tends to take such a long period of time, relaxation processes are
usually modeled using logarithmic time. Nevertheless, in the derivations further on
we will use time on a linear scale.

The relaxation function for a viscoelastic liquid is therefore described by

G(t) =
∫ +∞

0
H(τ) exp(−t/τ)dτ. (1.37)

The exponential function is called the kernel. The relaxation spectrum H(τ) is inde-
pendent of time and is the fundamental description of the system. It can be calculated
using the Alfrey approximation (Alfrey and Doty, 1945), where a set of exponents
is replaced by a set of step functions, i.e. exp(−t/τ) ≈ 0, for times t > τ and
exp(−t/τ) ≈ 1, for times t < τ. Equation 1.37 can than be rewritten as

G(t) ≈
∫ +∞

t
H(τ)dτ, (1.38)

so that

H(τ) ≈ −
[

dG(t)
dt

]
t=τ

. (1.39)
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An oscillatory shear experiment is used to characterize the linear viscoelastic proper-
ties of polymers. In such experiments the deformation is sinusoidal; provided that
the deformation is in the linear viscoelastic regime. The strain is thus given by

γ(t) = γ0 sin(ωt), (1.40)

where γ0 is the amplitude and ω is the frequency. The response, i.e. the shear stress,
can then be written in terms of the storage and loss moduli G

′
and G

′′
as functions of

frequency

σ(t) = γ0G
′
(ω) sin(ωt) + γ0G

′′
(ω) cos(ωt). (1.41)

In the experiment we measure G
′
(ω), which characterises to the elastic behaviour

(storage modulus), and G
′′
(ω), which describes the viscous behaviour (loss modulus).

For a purely elastic material G
′

is constant and G
′′
= 0. While, for a Newtonian fluid

one has G
′
= 0 and G

′′
= ηω.

It is sometimes useful in deriving equations to consider the storage and loss moduli
to be the real and imaginary components of the complex modulus, G∗(ω), which is
defined as follows

G∗(ω) = iω
∫ ∞

0
exp (−iωt)G(t)dt = G

′
(ω) + iG

′′
(ω), (1.42)

where

G
′
(ω) = ω

∫ ∞

0
sin(ωt)G(t)dt, (1.43)

G
′′
(ω) = ω

∫ ∞

0
cos(ωt)G(t)dt. (1.44)

If those moduli were known for the frequencies from zero to a frequency higher than
the reciprocal of the shortest relaxation time, we would have a complete characteriza-
tion of the linear viscoelastic behaviour of a polymer melt.

The typical response of a polymeric melt to an oscillatory deformation is shown in
Figure 1.6. At high frequencies the response is glassy. For intermediate frequencies
the storage modulus shows a plateau which corresponds to the rubbery regime in
high molecular weight polymers. The value of G′ in that region is known as the
plateau modulus G0

N . A single peak in the loss modulus G′′(ω) is associated with
the moment when reptation is completed. The concept of reptation is explained in
Section 1.5.2. Finally, the low frequency response is viscous. With the increase of the
molecular weight, the intersection of the two moduli is shifted to smaller ω.

1.3 Rheological influence of polymer chain topology

One of the basic challenges in polymer physics is to understand how the underlying
architectures – and in particular the topologies – of polymeric molecules affect their
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FIGURE 1.6: Regimes for the complex modulus obtained using oscillatory response of a polymer melt.

dynamic behavior. Long linear polymers have universal linear viscoelastic response
that depends on their chain length and chain length distribution, independent of the
chemical details. In the theory of linear viscoelasticity, the viscosity is independent
of shear rate and is called the zero-shear viscosity η0 and is obtained in the limit of
the shear rate tending to zero. This material parameter plays an important role in the
rheology, being an indicator for the value of the molecular weight of the chains in the
melt.

1.3.1 Effect of molecular weight

In an unentangled melt the zero-shear viscosity is proportional to the molecular
weight M. However, it is observed that with increase of the molecular weight above
a critical value Mc ≈ 2Me, the viscosity increases much more rapidly η0 = M3.4. This
change is one of the effects of the presence of entanglements, when the molecules
become constrained in their motion due to interaction with neighbouring chains. As
the molecular weight of the polymers in the melt increases, the number of chain
segments whose motion is correlated during deformation increases and the relaxation
time is also enlarged. Figure 1.7 shows the shapes of the relaxation moduli for
an unentangled polymer, a monodisperse entangled polymer and a polydisperse
entangled polymer. The behaviour of all three samples is the same at early times,

FIGURE 1.7: Stress relaxation modulus of linear polymers. A is monodisperse with Mw < Mc, B is
monodisperse with Mw � Mc, and C is polydisperse with Mw � Mc.
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as entanglements are not yet involved in the relaxation process. In the case of the
unentangled sample the stress decreases quite fast and enters a flow zone at the
moment the ”plateau modulus” G0

N is reached for the entangled sample. At that time
sample B is almost blocked from further relaxation, as the chains start to experience
the topological constraints from the surrounding chains. After some time, chains
are able to escape from their ”stressed” configurations via a process called reptation.
This leads to the terminal zone where the material can flow and completely relax its
stress. The broad molecular weight distribution of sample C leads to the loss of a
well-defined plateau, as the relaxation timescales of the chains in the system are also
very widely distributed.

1.3.2 Effect of chain branching

Changing the molecular architecture from linear to branched has a huge effect on the
viscosity that increases exponentially with increasing number of entanglements per
compound arm (branch-on-branch attached to the backbone). The main difference
with linear chains is the hierarchical nature of the relaxation. Due to the complex
topology of molecules with long chain branching (LCB), the G∗(ω) spectrum includes
a combination of many different relaxation mechanisms contributing to the overall re-
laxation of the material. The presence of LCB in the polymer improves the mechanical
properties of a material for melt processing operations. That is why understanding
the influence of LCB on the rheological behaviour is so important for the polymer
industry. However, it is difficult to compare quantitatively industrial data and model
predictions due to uncertainty in the branched structure of commercial polymers,
such as branch length, branch point location and number of branches. As an example,
if two materials of the same molecular weight have different topological features, the
effect of these differences on zero-shear viscosity is dramatic. For this reason, most
of the scientific research on the modeling of branched polymers is concentrated on
well-defined structures with a known topology, such as stars, H-polymers, combs,
etc.
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FIGURE 1.8: Storage and loss moduli for the star (a) and H polymers (b).
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Already for the simplest star-shaped polymer without hierarchy, we see in Figure
1.8 a very broad maximum in its rheological behaviour compared to a linear one
of the same molecular weight. This is due to the exponential dependence of the
arm relaxation time on the arm molecular weight. The reptation peak in the loss
modulus is absent for such a topology. For H-polymers we again see starlike behavior
at intermediate frequencies due to the relaxation of arm material, eventually giving
way at low frequencies to reptative motion of the backbone.

1.4 Ideal chains: Random walk, freely-jointed and the Gaussian
chain

The topology of a single polymeric chain depends on a plethora of parameters and
therefore, statistical methods are more apt for building simple models of polymeric
chains (Doi and Edwards, 1986, Ch.2). For this reason, since the pioneering work of
Orr (1949), the concept of random walk is employed to introduce models for polymeric
chains (de Gennes, 1971).

The random walk chain model concerns a single flexible polymeric chain, which com-
prises of N segments rn∈[1,N] of equal lengths ‖rn‖ = b0, such that rn = Rn − Rn−1.
The parameter b0 is typically referred to as the bond length and Rn is the position
vector of the joint. Assume that the chain is positioned on a Cartesian grid in two
spatial dimensions, like the one in Figure 1.9, and each chain segment coincides with
a segment on the grid. In this configuration, the way a single polymeric chain places

FIGURE 1.9: Freely jointed chain.

itself on the grid can be envisaged as the path covered by a tourist who wanders
around a city of fine block-structure. Starting from crossroad R0, the tourist arrives to
crossroad RN , having passed a number of N other crossroads. At each one of these
crossroads, say Rn∈[0,N], the tourist is faced with the choice of where to go next, since
there exist three neighboring crossroads to Rn. Assuming that there is no specific
reason to choose one crossroad over the other two, e.g. an interesting sight, a blocked
road or a nice window of a shop, the choice of Rn+1 is random.

Despite its simplicity, the model above delivers important results for the study of
polymeric chains in two or three spatial dimensions, exactly because it allows for
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independent orientations between neighboring segments. The end-to-end vector of
such a chain is

R = RN − R0 =
N

∑
n=1

rn. (1.45)

Given the randomness of the independent orientations, the average 〈rn〉 = 0 and
hence, the arithmetic mean

〈R〉 = 〈RN − R0〉 =
N

∑
n=1
〈rn〉 = 0. (1.46)

And the mean squared end-to-end distance is a measure of the chain size

〈R2〉 = 〈(RN − R0)
2〉 =

N

∑
n,m=1

〈rn · rm〉 =
N

∑
n=1
〈r2

n〉 = Nb2
0. (1.47)

The square root of 〈R2〉 is often used to characterize the size of the chain coil

R ≡ 〈R2〉1/2 ∼ N1/2, (1.48)

and thus, it is established that the mean end-to-end length of the chain grows with
the square root of the number of the chain’s segments.

Without further additions to the developed framework, it is possible to extend the
previous grid-based model to a model where chain segments are not constrained by
the Cartesian grid. Doi and Edwards (1986), Ch. 2, consider the freely jointed chain
model, where the polymeric chain consists of N segments, each of length b, and able
to point in any direction independently of each other. In that case, the distribution
function of the polymer conformation is described as

Ψ({rN}) = ∏
n

ψ(rn), (1.49)

with ψ(r) denoting the random orientation distribution

ψ(r) =
1

4πb2 δ(|r| − b), (1.50)

under the normalization condition
∫

ψ(r)dr = 1. The probability distribution func-
tion Φ(R, N) of a chain with N links having the end-to-end vector R, is described by

Φ(R, N) =
∫
· · ·

∫
δ
(

R−
N

∑
n=1

rn

)
Ψ({rN})dr1 dr2...drN . (1.51)

After using the identity

δ(r) =
1

(2π)3

∫
eik·rdk, (1.52)
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and further manipulations, 1.51 becomes

Φ(R, N) =
1

(2π)3

∫
eik·r

( sin kb
kb

)N
dk. (1.53)

The parameter b is an (appropriately defined and model-dependent) effective bond
length, which for the freely jointed chain is b = b0. For N large, (sin(kb)/kb)N is
negligible for large kb. For kb << 1, (sin(kb)/kb)N can be approximated by( sin(kb)

kb

)N
'
(

1− k2b2

6

)N
' exp

(
− Nk2b2

6

)
. (1.54)

Equation 1.53 therefore becomes

Φ(R, N) =
1

(2π)3

∫
eik·r exp

(
− 1

6
Nk2b2

)
dk. (1.55)

The latter Gaussian integral can be calculated exactly and gives

Φ(R, N) =
(3

2
πNb2

)3/2
exp

(
− 3R2

2Nb2

)
, (1.56)

which means that the end-to-end vector of freely-jointed chain models has a Gaussian
distribution. Note that for the distribution in Eq. 1.56, an end-to-end vector length
larger than the maximum extended length (|R| > Nb) is not ruled out. However,
these conformations are extreme and are considered to give a negligible contribution.

A suitable way to model a branched polymer is to replace a portion of the molecule
containing several hundred backbone atoms by a ”spring” and concentrate the masses
of the atoms in ”beads”. This leads to the freely jointed bead-spring structure or so
called general Gaussian structure. Each bead is presumed to experience a drag force
described by Stokes’ law. The springs are taken to be Hookean springs. This model has
been widely used in kinetic theory because it has a large number of internal degrees of
freedom and exhibits orientability and stretchability. These are all properties that are
significant in formulating a kinetic theory for the rheological behavior of a polymeric
liquid. The models above only require the effective bond length b to model the local
structure of the polymeric chain. Therefore, the global properties of polymers can be
described considering a chain with a Gaussian bond length distribution

ψ(r) =
( 3

2πb2

)3/2
exp

(
− 3r2

2b2

)
, (1.57)

such that

〈r2〉 = b2. (1.58)

This assumption leads to the conformational distribution function

Ψ({rN}) =
N

∏
n=1

ψ(rn) =
( 3

2πb2

)3/2
exp

(
−

N

∑
n=1

3(Rn − Rn−1)
2

2b2

)
, (1.59)
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and is called Gaussian chain model.

Although this model is unable to capture the exact local structure of the polymer, it
describes its properties on a larger length scale, while being a simpler mathematical
model compared to the freely jointed chain models (Doi and Edwards, 1986).

FIGURE 1.10: Gaussian chain.

The Gaussian chain can be represented by a mechanical analogue (Doi and Edwards,
1986), where N + 1 beads are connected by harmonic springs (see Figure 1.10). Equa-
tion 1.59 can then be written as a Boltzmann distribution

Ψ({RN}) ∼ exp
(
− U0({Rn})

kbT

)
, (1.60)

with potential energy

U0({RN}) =
3

2b2 kBT
N

∑
n=1

(Rn − Rn−1)
2. (1.61)

More importantly, for any two beads n and m, the distribution of the vector Rn − Rm
is Gaussian, with

〈(Rn − Rm)
2〉 = |n−m| b2. (1.62)

Finally, if only the large length scale structure of the chain is of interest, then n can be
treated as a continuous variable, and Rn − Rn−1 is replaced by ∂Rn/∂n, such that Eq.
1.59 can be written as a path integral

Ψ[RN ] = c exp
[
− 3

2b2

∫ N

0

(∂Rn

∂n

)2
dn
]
. (1.63)

1.5 Linear viscoelasticity - The dynamics of polymer melts

To predict the viscoelastic behaviour of polymers a model for polymer motion is
required. It should include the description of polymer with some parameters, which
are then inserted in the set of equations describing motion and interaction of polymer
chains. Such system of equations is very complex, as a lot of degrees of freedom are
involved. One can solve it numerically by Molecular Dynamics (MD), which is a
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computer simulation of the physical movements of molecules. However, this method
is enormously expensive and can be used only for the small polymeric systems. The
second approach will include some analytical model with strong approximations
which can reduce the amount of parameters involved in the dynamics.

In the case of melts of polymers with short chains in unentangled state, the Rouse
model (Rouse, 1953) can be solved directly. This model was developed for dilute
solutions, but was found to describe unentangled polymer melts very well. The
Rouse model predicts that the characteristic time of Rouse motion τR (Rouse time)
scales with molecular weight M as τR ∼ M2 and a scaling of the zero-shear viscosity
as η0 ∼ M. However, longer chains do not show the same scaling (Colby et al.,
1987). Instead, a much stronger dependency is observed η0 ∼ M3.4 for chains with
molecular weight M > Mc, where Mc is called the critical molecular weight. This
change in the behaviour is associated with an increasing overlap of chains that give
rise to topological constraints called entanglements that substantially slow down
chain motion .

Moving on from the rheology of solutions, the model of Doi and Edwards provides a
constitutive equation for entangled polymer melts. As we have mentioned above, the
characterization of the entanglement is very difficult. This question was addressed
by Edwards and, later, by Likhtman and Ponmurugan (2014). The answer is not
known yet. But even if we would have been able to characterize all the complexity
of entanglements, the question how it will affect the rheological properties will still
stay open, as the conformations of polymers are strongly influenced by geometrical
constraints arising from neighbouring chains. Thus, the Doi-Edwards model is based
on the assumption of how the molecules contribute to the stress and how they are
to be coarse-grained. The majority of the research in this field follows the accepted
theoretical picture of the dynamics of macromolecules. Originally, the tube model
was designed to describe the motion of a long polymer chain in a fixed cross-linked
rubber network. Further development of the reptation concept by Doi and Edwards
(1986) led to a full theoretical framework in the description of the linear rheology of
monodisperse linear entangled melts.

1.5.1 Rouse model for generalized Gaussian structure

The innovative ideas of Rouse to model linear flexible chains as bead-spring chains,
resulted in a basic approach that could be used to treat the dynamics of unentan-
gled polymers. This coarse-grained model was developed to study the dynamics
of polymers in solutions on scales larger than several monomers. In the Rouse
model a chain is represented by a sequence of beads connected by harmonic entropic
springs. The solvent into which the polymer is dissolved is implicitly modeled by
two forces that act on the beads. A viscous drag force and a random force due to
thermal motion. These forces are, however, not independent. They are related via
a ”fluctuation-dissipation” relationship (Einstein, 1905). The model contains three
adjustable parameters: a drag coefficient ζ, a length of the Kuhn segment b and
Hookean spring constant K. The bead mass m turns out to be unimportant since
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inertial affects are generally neglected.

As an example, we will consider here a Rouse model to describe a Generalized
Gaussian structure. The simplest way to describe a configuration of a branched
polymer structure is to specify the locations of all the beads by means of vectors Rn
with respect to the center of mass of the branched structure. Each individual bead n
is driven by the sum of four forces: Fe

n - an entropic elastic force due to neighboring
beads, F f r

n - a friction force, Fr
n - a fluctuating force and Fex

n - an external force. In the
absence of inertia, we can write the equation of motion for the n-th bead as

Fe
n + F f r

n + Fr
n + Fex

n = 0. (1.64)

Beads are connected by entropic harmonic springs with different elastic constants.
Thus, if the segment between beads with coordinates Rn and Rm consists of Nnm
Kuhn segments, each of bond length b, then this segment contributes to the potential
energy of the system

Unm =
K

2Nmn
[Rn − Rm]

2, (1.65)

where Rn(t) = (Xn(t), Yn(t), Zn(t)) and Rm(t) = (Xm(t), Ym(t), Zm(t)) are the posi-
tion vectors of the n-th and m-th beads, respectively and K = 3kBT/b2. The total
potential energy is obtained by summing over all segments, and can be written as

U =
K
2

N

∑
n=1

N

∑
m=1

AnmRn · Rm, (1.66)

where the connectivity matrix A can always chosen to be symmetric and real.

FIGURE 1.11: Gaussian H-structure with different segment lengths.

As an example, consider a Gaussian H-structure (see Figure 1.11). Let {Rn, n =
1, . . . , 6} be the position vectors of the beads and let the number of Kuhn segments
be given by N31 = 2, N32 = 3, N63 = 2, N64 = 4, N65 = 1. Taking all this into account,
we can easily find the matrix A for this particular case to be
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A =



1
2 0 − 1

2 0 0 0
0 1

3 − 1
3 0 0 0

− 1
2 − 1

3
4
3 0 0 − 1

2
0 0 0 1

4 0 − 1
4

0 0 0 0 1 −1
0 0 − 1

2 − 1
4 −1 7

4



The spring force on bead n therefore becomes

Fe
n = − ∂U

∂Rn
= −K

N

∑
m=1

AnmRm. (1.67)

The friction force is proportional to the bead velocity, thus,

F f r
n = −ζ

dRn

dt
. (1.68)

The random force due to thermal motion Fr
n on a bead n is described by a ”white

noise” force, satisfying

< Fr
n > = 0, (1.69)

< Fr
nα(t)Fr

mβ(t
′
) > = 2ζkBTδnmδαβδ(t− t′). (1.70)

Hence, Eq. 1.64 becomes a Langevin equation of motion for the n-th bead

ζ
dRn

dt
+ K

N

∑
m=1

AnmRm(t) = Fr
n(t) + Fex

n (t). (1.71)

Let us consider the influence of the presence of a flow field in the system. In terms
of the Langevin equation of motion we then have Fex

n (t) = ζVn(t), where Vn(t) is
the imposed velocity at the location of the n-th bead, given by the position vector
Rn(t). Focusing now on a simple shear flow, the velocity field can be written as
Vn(t) = (κ(t)Yn(t), 0, 0) by an appropriate choice of the coordinate frame, where
κ(t) is the velocity gradient. Inserting the external force imposed by the shear flow
into Eq. 1.71, we get the following set of equations for the Cartesian coordinates

ζ
(dXn(t)

dt
− κ(t)Yn(t)

)
+ K

N

∑
m=1

AnmXm(t) = Fr
nx(t), (1.72)

ζ
dYn(t)

dt
+ K

N

∑
m=1

AnmYm(t) = Fr
ny(t), (n = 1, . . . , N), (1.73)

ζ
dZn(t)

dt
+ K

N

∑
m=1

AnmZm(t) = Fr
nz(t). (1.74)

These equations represent the Brownian motion of a set of coupled oscillators. A
standard way of treating such a system is to find normal coordinates, each describing
a mode of independent motion. The transformation from Cartesian coordinates Rn to
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normal coordinates R̃n will diagonalize the connectivity matrix A. We can express
this transformation to the normal coordinates as

Xn =
N

∑
p=1

UnpX̃p, Yn =
N

∑
p=1

UnpỸp, Zn =
N

∑
p=1

UnpZ̃p.

Real symmetric matrices are diagonalizable by orthogonal matrices; i.e. given a real
symmetric matrix A, UT AU is diagonal for some orthogonal matrix U. Obviously,
we get the Langevin equations expressed in normal coordinates

ζ
(dX̃p(t)

dt
− κ(t)Ỹp(t)

)
+ KλpX̃p(t) = F̃r

xp(t), (1.75)

ζ
dỸp(t)

dt
+ KλpỸp(t) = F̃r

yp(t), (p = 1, . . . , N), (1.76)

ζ
dZ̃p(t)

ddt
+ KλpZ̃p(t) = F̃r

zp(t). (1.77)

Here λp are eigenvalues of the connectivity matrix A. As this matrix is symmetric,
the eigenvalues are always real. The transformed random force F̃r

p(t) again has mean
0, and a variance given by

< F̃r
pα(t)F̃r

qβ(t
′) >= 2ζkBTδpqδαβδ(t− t′). (1.78)

It is convenient to nondimensionalize this last set of equations. The stiffness K =
3kBT/b2 has units of mass/time2, the friction coefficient ζ has units of mass/time and
the length of a segment b has units of length. Therefore, we introduce new position,
time, force, velocity gradient and stress variables:

x̂ =
x̃
b

, t̂ = t
K
ζ

, F̂r
m(t̂) = F̃r

m(t)
1

Kb
, κ̂(t̂) = κ(t)

ζ

K
, σ̂αβ = σαβ

b
K

. (1.79)

Substituting these expressions into the Langevin equations in normal coordinates
yields

dX̂p(t̂)
dt̂

− κ̂(t̂)Ŷp(t̂) + λpX̂p(t̂) = F̂r
xp(t̂), (1.80)

dŶp(t̂)
dt̂

+ λpŶp(t̂) = F̂r
yp(t̂), (p = 1, . . . , N), (1.81)

dẐp(t̂)
dt̂

+ λpẐp(t̂) = F̂r
zp(t̂). (1.82)

For the variance of the random force we will get the following expression

< F̂r
pα(t̂)F̂r

qβ(t̂
′) >= 2δpqδαβδ(t̂− t̂′).

The macroscopic stress in the system is

σαβ = − 1
V ∑

n
< fnαRnβ > −Pδαβ. (1.83)
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where Fn is the force acting on bead n due to the other beads. As we use the bead-
spring model for the polymer, this force only acts between neighboring beads, and
thus is given by

Fnα = −K
N

∑
m=1

AnmRmα. (1.84)

Hence, Eq. 1.83 can be written as

σαβ =
K
V

N

∑
m,n=1

Anm < RmαRnβ > −Pδαβ. (1.85)

On the other hand, using normal coordinates this becomes

σαβ =
K
V ∑

m,n
∑
p,p′

Ump AnmUnp′ < R̃pαR̃p′β > −Pδαβ

=
K
V ∑

p
λp < R̃pαR̃pβ > −Pδαβ.

In the case of this shear flow the relevant component is

σxy =
K
V ∑

p
λp < X̃pỸp > .

After nondimensionalization of this expression we obtain

σ̂xy =
b3

V ∑
p

λpSpxy, (1.86)

where we introduced Spxy(t̂) ≡< X̂p(t̂)Ŷp(t̂) >. By simultaneously solving Eq. 1.80
and Eq. 1.81 this correlation function can be written as

Spxy(t̂) =
∫ t̂

−∞
τpe
− 2(t̂−t̂′)

τp κ̂(t̂′)dt̂′, τp = 1/λp. (1.87)

So that the shear stress expression becomes

σ̂xy(t̂) =
∫ t̂

−∞
Ĝ(t̂− t̂′)κ̂(t̂′)dt̂′, (1.88)

where Ĝ(t̂), the stress relaxation modulus, is given by the following expression:

Ĝ(t̂) =
b3

V ∑
p

λpτpe
− 2t̂

τp =
b3

V ∑
p

e
− 2t̂

τp . (1.89)

From this result we can then finally obtain the storage and loss moduli of this gener-
alised Rouse model

Ĝ′(ω̂) = ω̂
∫ ∞

0
Ĝ(t̂) sin(ω̂t̂)dt̂ =

b3

V

N

∑
p=1

(ω̂τp)2

1 + (ω̂τp)2 , (1.90)

Ĝ′′(ω̂) = ω̂
∫ ∞

0
Ĝ(t̂) cos(ω̂t̂)dt̂ =

b3

V

N

∑
p=1

ω̂τp

1 + (ω̂τp)2 . (1.91)
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1.5.2 Tube concept and reptation

Currently, the theory of de Gennes (1971) and Doi and Edwards (1986) is considered
to be the most advanced set of ideas in the physics of entangled polymers. It replaces
the complex system of linear polymer chains with a mean-field approach, employing
the concept of a tube. The entanglements between the polymers are supposed to
form a tube around each of them. Due to the simplifications it offers, the theory of
de Gennes, Doi and Edwards, provides a powerful tool for applying rheology as an
analytical method in industry. The majority of research within the field of rheology
follows the widely-accepted theoretical picture of the dynamics of macromolecules
(Milner and McLeish, 1997; Likhtman and McLeish, 2002; Ball and McLeish, 1989;
Larson, 2001; Das et al., 2006; van Ruymbeke et al., 2005). First, de Gennes (1971)
simplified the complex many-body problem of a large number of interacting polymer
chains diffusing in a melt. His strategy was to introduce a mean-field approach by
reducing the many-body problem (all chains) to a one-body problem (”test” chain) in
an average effective field. The topological constraints imposed by the surrounding
chains on the ”test” chain are assumed to be equivalent to the tube, where the ”test”
chain is prohibited to move in the direction perpendicular to the tube axis. In fact,
the tube is assumed to be a Gaussian random walk consisting of Z steps of length a
and average length L = Za (see Figure 1.12). Equivalently, one can define Z via the
molecular weight between entanglements Me, as Z = M/Me. The mean-square end-
to-end length of the primitive path is equal to the real polymer, such that Za2 = Nb2.

FIGURE 1.12: The presence of constraints on a test chain confine it to a tube-like region. It can be represented
as the primitive path (grey dashed line).

Note that the tube diameter a is not literally the diameter of the tube. Rather it is a
length scale along the tube axis defining the location of surrounding constraints.

When a rapid strain is imposed on the melt, the tube is deformed and is not a random
walk anymore. The following relaxation towards the equilibrium will happen via the
change in the configuration of the tube confining the ”test” chain. Then, by wriggling
back and forth, the chain vacates parts of the original deformed tube and the stress
linked to those portions becomes ”forgotten” (see Figure 1.13). In other words, the
chain is forced to relax its stress by reptation, that is curvilinear Brownian motion
along the tube axis. Therefore, the unreleased stress in the system G(t) is proportional
to Ψ(t), the fraction of the initial tube that remains occupied by the chain.
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FIGURE 1.13: Illustration of the reptation mechanism: a polymer moves out of its ”stressed” tube. The
tube is straightened out for simplicity. Note, in reality, the escaped ends will create new
entanglements immediately and will be confined in a new tube.

The dynamics of the primitive path (chain) can be easily calculated from the time
correlation function of the end-to-end vector P(t) = R(L, t)−R(0, t), where R(s, t) is
the position of the segment s at time t. The primitive chain moves back and forth along
itself with a diffusion constant Dc which results into the one-dimensional diffusion
equation for the probability Ψ(ξ, t, s), that the primitive chain moves the distance ξ
while its ends have not reached the segment s of the original tube (Doi and Edwards,
1986)

∂Ψ
∂t

= Dc
∂2Ψ
∂ξ2 . (1.92)

The solution of Eq.1.92 with the boundary conditions Ψ(ξ, t, s) = 0 at ξ = s and
ξ = s− L is

Ψ(ξ, t, s) =
inf

∑
p=1

2
L

sin(
pπs

L
) sin(

pπ(s− ξ)

L
) exp(−p2t/τd), (1.93)

where

τd =
L2

Dcπ2 . (1.94)

If ψ(s, t) is the probability of tube the segment to survive at time t, then the fraction
of the initial tube that remains occupied by the chain is equal to

ψ(t) =
1
L

∫ L

0
ψ(s, t)ds =

1
L

∫ L

0

∫ s

s−L
Ψ(ξ, t, s)dξds. (1.95)

Then, the correlation of the end-to-end vectors can be expressed as

〈P(t) · P(0)〉 = Laψ(t). (1.96)
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Therefore, the unreleased stress in the system G(t) is proportional to ψ(t) and using
the results from Eqs. 1.93, 1.95, 1.96 one can get the expression for the relaxation
function

G(t) = G0
N ∑

p,odd

8
p2π2 exp(− p2t

τd
), (1.97)

where τd is called the reptation time and Eq. 1.96 can be rewritten as

τd =
ζ0N3b2

π2kBT
(

a2

b2 ) ∼ 3ZτR, (1.98)

with ζ0 being the monomeric friction and τR is the Rouse time. The formula for the
Rouse time of the chain is derived from the Rouse model and is independent of the
tube model

τR =
ζ0N2b2

3π2kBT
. (1.99)

If we remove the molecular weight from the last formula, we obtain the Rouse time
of the segment of the length Me. It is called the relaxation time of the chain between
entanglements

τe =
ζ0a4

3π2kBTb2 . (1.100)

The plateau modulus in Doi-Edwards model is described as

G0
N =

4
5

ρRT
Me

. (1.101)

This expression is taken from the rubber elasticity theory developed for the cross-
linked systems. However, entanglements are not fixing the chain and allow longitudi-
nal motion along the tube, which leads to the prefactor 4/5 in the formula.

1.5.3 Primitive path fluctuations

To explain and fix some drawbacks in the predicted results several relaxation mech-
anisms were subsequently added to the reptation theory. For instance, the time it
takes for the chain to diffuse out of the initial stressed tube τd was predicted to be
proportional to the molecular mass M as M3, while experimental data showed an-
other dependency τd ∼ M3.4 (Ferry, 1980). The physical origin of this difference was
explained later as some subsidiary relaxation process, which is faster than reptation. It
is called primitive-path or contour-length fluctuations (CLF), where due to Brownian
motion, the ends of the chain can wrinkle quite some distance inside the tube, thereby
vacating part of the tube. When an end is pulled out back, it will occupy a new
random tube segment and part of the stress associated with the end of the original
tube will be lost (see Figure 1.14).
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FIGURE 1.14: Illustration of the retraction mechanism: the polymer ends move in the ”stressed” tube and
then move out in a new direction. The tube is straightened out for simplicity. Note, in reality
the escaped ends will create new entanglements immediately and will be confined in a new
tube.

Thus, the contour length of the chain L fluctuates around the value <L>. Doi (1983,
1981) performed the first calculation of CLF and analysed their effect upon reptation
(Doi, 1983, 1981). He used the Langevin equation of motion of the Rouse chain
stretched by the ends with the constant force f = 3kBT/a. The essential point of Doi’s
arguments was that CLF reduces the reptation time τd for the medium-sized chains
(number of entanglements Z < 100). His explanation is based upon the idea that
if the chain ends fluctuate rapidly over a distance ∆L, the chain needs to reptate its
center of mass only over a distance L− ∆L. As the result, the correction due to the
contour length fluctuation is of the order of 1/

√
Z. Obviously, the impact of the CLF

reduces as the chain length increases. Different estimates of the CLF effect where
done later by des Cloizeaux (1990), Milner and McLeish (1998) and Likhtman and
McLeish (2002).

A similar mechanism of relaxation is assumed to hold for branched polymers, but
with much deeper retractions of the chain end inside the tube. The simplest polymer
of this kind is the star-shaped molecule, where several arms are attached to one central
point, called a branch point. Similar to linear chains, arms of branched polymers are
confined to a tube and should only diffuse along the tube axis. However, because
of the branch point, which plays the role of being the anchor, stress will be relaxed
by fluctuations of the primitive path length La (CLF), where a star arm retracts its
dangling end inside the tube towards the branch point, thereby reducing tube length
on some distance s = 〈La〉 − La. After this retraction, a part of the chain pokes out in
a new direction. A portion of the old tube will be forgotten, so some stress will be
relaxed by renewing the configuration of the chain. At early times, when fluctuations
are shallowed, the segmental relaxation can be derived from the expression for the
mean-square displacement, and in particular,

〈x2〉 = 4Nb2

3π3/2

√
t

τR
. (1.102)

By inverting this expression, an estimate of the mean life time of segments close to
the chain ends is

τ(x) =
9π3

16
τe

x4

a4 . (1.103)
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However, deeper fluctuations of the primitive path from its equilibrium length 〈La〉
are entropically unfavorable and can be analyzed as a thermally activated process in
an effective potential U(s) ≡ F(La) (Rubinstein and Colby, 2003). First introduced by
Doi and Kuzuu (1980), it was used by Pearson and Helfand (1984) in the development
of their theory explaining relaxation dynamics of star-shaped molecules in a fixed
network of entanglements. Their conclusion was that the relaxation time of the star
is equal to the time it takes to completely retract the dangling end of the arm to the
branch point and, as a consequence, stress relaxation slows down exponentially with
the increasing molecular weight of the arm. This was in line with the observation
made before by Quack and Fetters (1977), who showed that the viscosity of star
molecules is mostly dependent on the molecular weight of the arm, rather than the
total molecular weight of the star molecule.

One way to construct this potential is to identify a value for the effective end-tension
which keeps the length of the primitive path equal to L. Each segment of the primitive
chain in its confining tube is effectively under a tension 3kBT/a. It originates from the
fact that each end segment of the primitive path is subjected to a random Brownian
motion and is free to choose from multiple possible paths into the surrounding melt.
One of the choices is to retract the chain end back inside the ”stressed” tube, but many
more choices correspond to extending the primitive path. This entropy gain can be
expressed as

Fent(La) = −3kBT
La

a
. (1.104)

Stretching an ideal chain along the primitive path of length L raises its free energy by
3kBTL2/(2Nb2). The total free energy of the chain in the tube is the sum of these two
effects

F(L) =
3kBTL2

2Nb2 −
3kBTL

a
≈ 3kBT

2Nb2 (La − L)2. (1.105)

Thus, the Brownian motion of the chain is not free, but under the influence of a
potential. The entropic barrier for the arm end to retract deep up to segment position
xi is given by Doi and Kuzuu (1980)

U(x) =
3kT

2Nb2 (Leqxi)
2 + constant, (1.106)

or equivalently, using Leq = ZaNb2,

U(xi) =
3kT

2
Zax2

i . (1.107)

In a fixed entanglement network, Ball and McLeish (1989) consider the relaxation
of the primitive path of an arm from segment xi to segment xi + ∆xi as an activated
process so that

τf (xi + ∆xi) = τf (xi) exp
(

U(xi + ∆xi)−U(xi)

kT

)
. (1.108)
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When ∆xi → 0 , Eq. 2.15 can also be written in the following form

d
dxi

ln τf (xi) =
1

kT
dU(xi)

dxi
= 3Zaxi. (1.109)

The solution of this differential equation can be easily obtained as

τlate(xi) = τ0 exp
(

U(xi)

kT

)
, (1.110)

where τ0 is a characteristic waiting time and differs from model to model.

Milner and McLeish (1997) went further and added several elements to the results
of Ball and McLeish (1989), such as the introduction of a Rouse relaxation process,
early-time fluctuations for the dangling end of the arm, the prefactor for activated
arm retraction and an expression for the dependence between the evolution of the
tube diameter and the volume fraction of unrelaxed material. Their prediction of the
relaxation modulus was in excellent agreement with the rheological data. However,
verification of the model was done for only two samples consisting of molecules
having 16 and 24 entanglements per arm. Later, Milner et al. (1998) improved the
dynamic dilation theory by introducing ”constraint release Rouse motion” of the
tube in order to avoid a rapid increase of the tube diameter. This tube evolution is
especially important for polydisperse mixtures, where relaxation of the shorter chains
leads to failure of the initial dynamic dilation picture.

1.5.4 Constraint release

The constraint release (CR) mechanism emerges from the mobility of the surrounding
chains and is also included in the original tube theory (Milner et al., 1998). Chains
that form the tube of the ”test” chain are moving as well in their own tubes. Thus,
the tube itself evolves in time by releasing the topological constraints on the ”test”
chain and allowing the latter one to move on a large scale perpendicular to the tube
axis. Marrucci (1985) assumed that the process of constraint release speeds up the
relaxation of the melt, since the relaxed portion of the chain behaves as solvent for
the unrelaxed part of the molecule. CR is modeled through ”dynamic tube dilution”
(DTD) (Ball and McLeish, 1989; Milner et al., 1998; Rubinstein and Colby, 1988), as
well as ”CR-Rouse motion” (Viovy et al., 1991; Milner et al., 1998). The latter is
especially important for polydisperse mixtures, where relaxation of the shorter chains
leads to failure of the initial dynamic dilation picture.

It is known that the dynamic dilution concept is an oversimplification even in math-
ematical modeling, nevertheless it leads to quite accurate predictions of linear vis-
coelastic relaxation for different types of polymers (McLeish, 2003). The relaxation
modulus is then given as G(t) = G0

NΨ(t)Φα(t), where Ψ(t) is the fraction of the ma-
terial not yet relaxed by reptation or retraction, and Φ(t) is the volume fraction which
corresponds to the tube diameter such that a(t) = a0Φα/2(t). Under the assumption
that an entanglement is formed by two chains, the dynamic dilution exponent α = 1.



30 Basic concepts of theoretical polymer rheology

Colby and Rubinstein (1990) suggest that α should equal 4/3 by considering that an
entanglement is formed by some fixed number of binary contacts between the chains.

1.5.5 Hierarchical relaxation of branched polymers

In the case of a linear polymer, two relaxation processes can be observed, namely the
reptation of the chain and CLF. Conversely, a branched polymer relaxation follows
a different pattern, as it includes branches and backbone. At higher frequencies,
branches relax via the primitive path fluctuations. After the relaxation of the branches
is finished, the relaxation process can proceed via the retraction and reptation of the
backbone, which occurs at lower frequencies. The retraction of the branches leads
to dynamic dilution, which reduces the entanglement network around the chain
backbone. This procedure is called hierarchical relaxation.

The effective friction coming from the fluctuating branches is concentrated at the
branch points. The stress is lost from the crossbar segments (between branch points)
via free independent diffusion of the branch point along the tube. When the dangling
arm fluctuates to the branch point at time scale τa, it can make a diffusive hop through
the melt which is characterized by the curvilinear diffusion constant

Dbp =
p2a2

c
2τa

. (1.111)

The parameter p is used in several models and is considered to be the fraction of the
current tube diameter ac, which a branch point jumpes on average at each time τa.

1.6 Time Marching Algorithm

Initially, the TMA model was developed for the prediction of linear viscoelasticity
for arbitrary mixtures of polydisperse star and linear molecules (van Ruymbeke
et al., 2005). This model is based on the same concepts as the other tube-based
models: reptation, fluctuations and constraint release. However, unlike most of the
models, there is no artificial time scale separation between these relaxation processes.
Instead they are treated simultaneously. Early fluctuations are based on thermal
energy threshold considerations. Unfortunately, the obtained equations cannot be
solved analytically, but one has to resort to a time-marching algorithm to predict the
relaxation modulus. Hence, its name ”Time Marching Algorithm”, abbreviated by
TMA.

The relaxation function F(t) calculates the fraction of chain segments still oriented at
time t. Linear chains are modeled as two-arm stars. The position of the chain segment
along the arm is represented by the normalized curvilinear variable xi, ranging from
0 at the end to 1 at the center or branching point (see Figure 1.15).
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FIGURE 1.15: The coordinate system for the TMA model. Here, M/2 is the molecular weight of the half of
the linear chain and M is the molecular weight for the arm of the branched polymer.

Taking into account all contributions from segments along all arms, the following
expression represents the relaxation modulus for the system:

G(t) = G0
N F(t) +

1
4

G0
N FRouse,longitudinal(t) +

5
4

G0
N FRouse, f ast(t), (1.112)

F(t) = ∑
i

∫ 1

0
(prept(xi, t)p f luc(xi, t)penvir(xi, t))dxi. (1.113)

A given segment will contribute to the modulus if it has not relaxed by any of the
three possible relaxation mechanisms: by reptation prept, by fluctuations p f luct and
by influence of the environment penvir. The reptation and fluctuations processes are
assumed to be independent. The environmental contribution represents the constraint
release, that is the probability that a segment is not relaxed by the environment. High-
frequency Rouse relaxation includes stress relaxation of segments of the test chain
both shorter than τe, the time at which the chain segments first feel the constraints
imposed by the surroundings, and longer than τe, during which only the longitudinal
Rouse modes along the tube are available (Likhtman and McLeish, 2002)

FRouse,longitudinal(t) =
Z−1

∑
p=1

exp
(
− p2t

τR(M)

)
, (1.114)

FRouse, f ast(t) =
n

∑
p=Z

exp
(
− 2p2t

τR(M)

)
. (1.115)

At any given time, the relaxed fraction of a polymer is acting as a solvent for the
relaxation of oriented segments, thereby modifying their characteristic reptation and
fluctuations times. Thus, survival probabilities for each segment are calculated at each
time step ti as exp(−t/τrelax(x, ti)). The relaxation time τf luct(x) for the fluctuation
process is split into the early fluctuation times for segments with potential barrier
less than thermal energy (U < kBT) and fluctuation times for deeper segments. The
transition between them happens at a transition segment xtr, for which the potential
is equal to the thermal energy, i.e. U(xtr) = kBT. The continuity of the fluctuation
times in the TMA model is guaranteed by

τf luct(x) = τearly(x), x < xtr (1.116)

τf luct(x) = τearly(xtr) exp
(U(x)−U(xtr)

kBT

)
, x > xtr, (1.117)
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where

τearly(x) =
9π3

16
τex4Z4, Z = M/Me, (1.118)

U(x) =
3kBT

2
Zx2. (1.119)

The probability that a given segment of a linear chain relaxes by reptation has been
determined by Doi and Edwards (1986)

prept(xi, t) = ∑
podd

4
pπ

sin
( pπxi

2

)
exp

(
−p2t

τd

)
, (1.120)

τd = 3τeZ3. (1.121)

Besides relaxation by reptation and fluctuations, accelerated or not by tube dilation,
a global constraint release mechanism must be considered. It is called “relaxation
by the environment”. The probability penvir is a conditional survival probability by
constraint release of a test segment that has not been relaxed by reptation nor by
fluctuations. As this constraint release mechanism is a global one and affects all
segments in the same way, the survival probability by the environment is equal to the
probability that an entanglement taken at random is still oriented. To calculate this
probability, the overall fraction of segments surviving by reptation and fluctuations
must be computed

penvir(xi, t) =
(

∑
k

∫ xk,trans

0
prept(xk, t)p f luct(xk, t)dxk +

∫ 1

xk,trans

prept(xk, t)dxk

)α
,

(1.122)

with xk,trans being the fractional distance of segments potential-wise equivalent to the
test segment xi.

A general methodology to predict the linear rheology of branched polymers was also
developed for the TMA model (van Ruymbeke et al., 2006). Whereas the molecular
physics behind this model is the well-established hierarchical tube-based motion,
the new element is a different macromolecular coordinate system to account for the
branch points diffusion. We describe the TMA model for branched polymers for the
example of the H-polymer.

FIGURE 1.16: Molecular weight definitions of branches and backbone (a) and the coordinate system for the
H-polymer (b).
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As illustrated in Figure 1.16, such polymers consist of a backbone and 2 branches at
each side. The inner part of the backbone has a molecular weight Mc and each branch
has a molecular weight Ma. Each molecular segment is defined by the normalized
variable x. For branches, xb goes from 0 at the free end to 1 at the branch point. The
backbone part has coordinates xbb = 0 starting at the free end of the branch and equal
to 1 at the middle of the backbone. Thus, the relaxation modulus F(t) of the polymer
is calculated by summing up all contributions from segments along the branches and
the backbone

F(t) = ϕbb

∫ 1

0
(prept(xbb, t)p f luc(xbb, t)penvir(xbb, t))dxbb+

ϕb

∫ 1

0
(p f luc(xb, t)penvir(xb, t))dxb,

(1.123)

where the volumetric fractions are

ϕbb =
Mb

Mb + 2Ma
, (1.124)

ϕb =
2Ma

Mb + 2Ma
. (1.125)

Segments along the entire backbone of an H-molecule can relax according to two
different modes: one is with respect to the branching point, which involves the normal
segmental friction, and another with respect to the middle of the molecule, which
takes into account the extra friction due to the relaxing branches, and thus hinders
the branch point motion. The former mode describes fluctuations of the equilibrium
length of the outer part of the backbone with respect to the branch point. It considers
only segments xbb localized beyond the branch point (in the branch region). These
fluctuations are described exactly as those of a star arm. The latter mode describes
fluctuations of the equilibrium length of the half molecule, i.e., from the end of the
extended backbone to the middle of the molecule. This fluctuations mode requires the
motion of the branch point, where the branches are covalently bonded, and which is
able to move only at the time scale of the fluctuations time of the branches, τbranch(1).
Because of this additional friction coming from the branches, the early fluctuation
times of the backbone segments are slowed down. This is taken into account by
adding a “delay” time, τdelay

τearly(xbb) =
9π3

16

(Mc/2 + Ma

Me

)2
(τR + τdelay)x4

bb, (1.126)

τdelay =
2

3π2 τbranch(1)
(Mc/2 + Ma

Me

)
. (1.127)

On the other hand, the activated (late) fluctuations times of the backbone are deter-
mined in the same way as for the branches.

While, in principle, segments localized beyond the branching point can move accord-
ing to the two fluctuations modes, the second one (with respect to the chain middle
point) is so slow in comparison to the first one (with respect to the branch point)
that we can neglect it: backbone segments localized beyond the branch point (outer
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part of backbone, branches region) will relax via the tube length fluctuations of the
outer part of the molecule (branches), with respect to the branch point. On the other
hand, segments localized on the inner part of the backbone will relax according to the
second fluctuations process with respect to the middle point. However, the transition
between the two modes leads to a discontinuity of the segments fluctuations times at
the branch point, the second mode assuming a value of τbackbone(xbr.point) > τbranch(1).
To account for the fact that a chain end will diffuse faster to its branch point than
expected from the second fluctuations mode only, we defined an “equivalent H
molecule” with shorter branch length M∗a , such as the second fluctuations mode
predicts that the chain ends reach the branching point after a time equal to τbranch(1).
This equivalent chain is illustrated in Figure 1.17 together with a new segment coordi-
nate x∗br ∈ [0, 1], ranging from the end of the new short branch to the middle of the
cross-bar.

FIGURE 1.17: Definition of an “equivalent” molecule used to calculate the fluctuation times of the segments
localized in the inner part of the backbone.

Therefore, in Eq. 1.126, the chain length is replaced by (M∗a + Mc/2)/Me and the
coordinate variable xbb becomes x∗br

x∗br =
xbb(Mc/2 + Ma)−Ma + M∗a

Mc/2 + M∗a
. (1.128)

The reptation time is determined by the time taken for the backbone with i additional
friction ”beads” to diffuse the curvilinear length L

τrept =
L2

π2Dt
=

L2

π2

( 1
Dr

+ ∑
i

1
Di

bp

)
, (1.129)

where Dbp is the diffusion constant of the branch point equal to p2a2/2τbranch(1), with
a being the undiluted tube diameter and p2 = 1.



CHAPTER 2

Tube model predictions of the linear viscoelastic
behavior of symmetric star polymer melts

In this chapter, a modified version of the time-marching algorithm (TMA) (van Ruym-
beke et al., 2005) for predicting the linear viscoelasticity of monodisperse symmetric
star polymer melts is studied in detail. This work has been already published in
Macromolecules (Shchetnikava et al., 2014). Several new elements were added to the
original TMA model. In particular, the remaining fraction of the initial tube segments
is considered as a function of time, while taking into account the past relaxation
history of each molecular segment. We validate the TMA model and, for the first time,
compare it with the so-called BoB model (Das et al., 2006). The predictions obtained
with the two models are compared to a large set of experimental data, which cover
a broad range of arm molecular weights (from 1.5 to 55 entanglements per arm) of
different chemistries (polystyrene, polybutadiene and polyisoprene). We indicate the
significant differences between the two approaches, which mainly affect the choice
of material parameters of the models. We then point out a systematic deviation of
the TMA model in accurately predicting the intermediate regime of relatively short
star chains, while the BoB model fails in correctly describing the plateau modulus
of these short chains. From our point of view, both disparities have the same origin
and, in the case of the TMA, can be solved by removing the high-frequency mode
contribution to the contour length fluctuation of the primitive path. An excellent
agreement between data and theory is then obtained for all molecular weights of the
arms, which indicates the capability of the TMA to provide a quantitative prediction
of the rheology of monodisperse star-shaped polymers. A very good agreement is
also obtained with the BoB model, despite the expected discrepancy observed with

35
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short star chains. This proves the fact that current tube-based models are successful
in quantitative predictions of linear rheology of monodisperse star-shaped polymers.

2.1 Introduction

Although polymer physics is a relatively new branch of science, significant progress
has been made in predicting the linear rheology of polymer melts consisting of
different molecular topologies. The importance of the developed theories and models
for polymer processing cannot be underestimated, but one should be aware that such
models have both advantages and disadvantages. As the precise microscopic physics
of polymer relaxation is still not fully understood, real polymer behavior is modeled
based on a series of assumptions which are believed to be true. Nevertheless, despite
these approximations, such an approach can help explain the correlation between the
rheological behavior of polymer melts and their molecular structure. But we should
always keep in mind that those models are a simplification of reality and, as is the
case with every model, they have their limitations which may inspire further research
and improvement in this area.

One of the tube-based models for predicting the linear rheological behavior of mix-
tures of branched polymers was developed by Larson (2001) and modified by Park
et al. (2005). This so-called ”hierarchical model” is based on the theories of Milner
and McLeish (1997). This model has been validated on a large set of different model
architectures and randomly branched resins. However, their specific validation on
symmetric stars was proposed only for three polybutadiene samples (Larson, 2001;
Park and Larson, 2003). Furthermore, the high-frequency response contribution was
not included in the model, making it difficult to see whether this tube model predicts
the rheological behavior of symmetric star-shaped polymers on the whole frequency
range well. The same holds true for the ”branch-on-branch”(BoB) model of Das et al.
(2006). The BoB model has been validated by applying it to very different architec-
tures, but only two polyisoprene samples of symmetric stars were tested. A detailed
comparison of these two models can be found in the work of Wang et al. (2010)
together with predictions of the linear viscoelastic properties of a set of representative
branched polymer samples. The relaxation behavior of the symmetric stars was only
tested on one sample with the conclusion that the arm retraction algorithms used by
the two models are nearly equivalent.

Another tube-based model, namely the time-marching algorithm (TMA), for predict-
ing the linear viscoelasticity (LVE) of branched polymers was proposed by van Ruym-
beke et al. (2005, 2006, 2007b), where predictions were made for well-characterized
branched samples like symmetric and asymmetric stars, star-linear blends, H-shaped
polymers and Cayley-trees. LVE of comb polymers was predicted by the TMA model
in the study of Ahmadi et al. (2011). In general, their objective was to introduce a
”unified” model, which would work for an arbitrary mixture of polymers with differ-
ent architectures. Our present intention is to continue the research in that direction,
but first we would like to validate the slightly improved initial model by testing it
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on well-defined star architectures and, if necessary, modify it. Indeed, as mentioned
before by van Ruymbeke et al. (2005), the model seems to overestimate the relaxation
time of star polymers with short arms if the dilution exponent is fixed to 1.

Thus, the aim of this chapter is to validate and correct the time-marching algorithm
for symmetric stars and to discuss the main differences between this approach and the
BoB model, as well as their consequences in the prediction of storage and loss moduli.
To this end, we use a large set of experimental data. To our knowledge, currently,
there is no study, which verifies tube-based models for the case of star polymers with
such a wide range of molecular weights and different chemistries synthesized and
measured by several research groups, as is proposed here. Furthermore, in comparing
all of this experimental data, we would like to discuss model’s consistency as well as
the relationship between the material parameters of the different polymers.

This chapter is organized as follows: first, in Section 2.2, we present the time-marching
algorithm (TMA) in the case of star molecules and based on the time-dependent
unrelaxed volume fraction. In Section 2.3, we introduce the characterization of the
experimental data. Results and discussions are then presented in Section 2.4. In
particular, we compare the theoretical predictions of the TMA and BoB with the
measurements and discuss the modification of the early fluctuations mechanism in
order to extend the molecular weight range in which the model can be applied.

2.2 Modeling

In this section, we present the time-marching algorithm for the prediction of LVE
properties of mixtures of symmetric stars polymers. Although we test our model for
the case of slightly polydisperse systems, it can theoretically be applied to an arbitrary
mixture of stars.

2.2.1 Relaxation modulus for mixtures of star polymers

After the application of a small step strain on the system of entangled polymers, each
chain within the ensemble will change its orientation in response to the flow and we
say that the polymer melt is under stress. In other words, the applied deformation
necessitates the chain to change its conformation. We should emphasize that such
changes in configurations occur continuously in a polymer melt because of thermal
motion. Thus, in order to relax the stress, each chain should withdraw its ”stressed”
configuration by escaping from the ”stressed” tube into a new tube. There are sev-
eral time-scales involved in this relaxation process. On a very short time scale, less
than the Rouse time of an entanglement segment τe, the chain does not know it is
surrounded by other chains and relaxes through Rouse motions. However, after τe, it
will start feeling the topological constraints due to its surroundings, which prevents
the polymer chain from moving perpendicular to the tube axis. As discussed before,
this type of interaction is modeled by introducing the concept of entanglements and
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consequently, by a mean-field approach, where each chain may be regarded as en-
closed within a virtual ”tube” made of obstacles from neighboring chains. Essentially,
this is a coarse-grained representation of the real situation.

Symmetric star-shaped molecules are unable to reptate so, when subjected to a
small amount of stress, the arm can only dissipate the stress through arm retraction.
During that process, the ”stressed” (initial) tube that confines the test chain will also
undergo changes. Because of the constraint release, only a fraction of the effective
topological constraints remains active. This mechanism is called ”tube dilation”
and it describes the time-dependent evolution of the entanglement spacing between
effective constraints Me and the corresponding diameter of the ”stressed” tube a.
Mathematically, if Φ(t) being an effective fraction of the initial constraints that survive
at time t, then the equilibrium tube length Leq, tube diameter a and the molecular
weight between effective entanglements Me are calculated in the following way

Leq(t) = Leq(0)Φ(t)α/2, (2.1)

a(t) =
a(0)

Φ(t)α/2 , (2.2)

Me(t) =
Me(0)
Φ(t)α

, (2.3)

where α is the dilution exponent. The complementary fraction 1−Φ(t) is usually
referred to as the ”solvent” because it dilutes the effective entanglement network.
Of course, the real molecular weight between entanglements does not change with
time. However, the molecular weight between effective entanglements, those that
play a role in the orientation of the chain, does increase with an increasing amount of
”solvent” (van Ruymbeke et al., 2005).

At first, the dynamic dilution theory made the assumption of a continuously dilated
tube for the more slowly relaxing part of the chain, which means that the unrelaxed
chain immediately feels the wider tube. The failure of this assumption was shown by
Milner et al. (1998) where, in some cases, the effective tube widening is faster than the
chain is able to explore. The proposed solution to that problem, called ”constraint-
release Rouse motion” (CRR) (Graessley, 1982), implies a limitation on the speed of
the tube dilation in a way that the ”stressed” tube undergoes Rouse motion in a wider
”supertube”. In order to make models applicable in all cases it is usually assumed that
the effective entangled volume fraction (corresponding to the tube diameter explored
on a given time scale) is given by the following scaling result

ΦCRR(t) = Φ(t′)
[

t′

t

]1/2α

, (2.4)

with t′ being the time when tube dilation fails.

The relaxation modulus of a star polymer melt is generally obtained by summing
the three terms representing the contribution of each of the different mechanisms
responsible for the relaxation of the polymer

G(t) = GR(t) + Gd(t), (2.5)
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Gd(t) = G0
N F(t) = G0

NΨ(t)Φ(t)α. (2.6)

In Eq. 2.6, G0
N denotes the plateau modulus, Ψ(t) is the contribution coming from the

primitive-path fluctuations and Φ(t)α is the number of entanglement segments per
dilated segment.

High-frequency Rouse relaxation includes stress relaxation of segments of the test
chain both shorter than τe, the time at which the chain segments first feel the con-
straints imposed by the surroundings, and longer than τe, during which only the
longitudinal Rouse modes along the tube are available (Likhtman and McLeish, 2002)

GR(t) = ∑
k

ϕkρRT
Mk

{
1
4

Zk

∑
p=1

exp
(
− p2t

τR(Mk)

)
+

n

∑
p=Zk+1

exp
(
− 2p2t

τR(Mk)

)}
. (2.7)

In Eq. 2.7, ρ, R, and T denote the polymer density, gas constant, and absolute
temperature, respectively. And, ϕk, Mk, and τR(Mk) represent the volume fraction,
molecular weight, and longest Rouse relaxation time of the component k.

It must be noted that in tube models, the branch point is considered as frozen. This
means that the reduction of the effective contour length due to the fluctuations of the
branch point, which depends on the DTD process, is not taken into account.

2.2.2 Time Marching Algorithm

According to the time-marching algorithm, the characteristic times corresponding to
relaxation by fluctuations are determined based on the unrelaxed polymer fraction
at each time step, and the survival probabilities of the segments have to be updated
in consequence. In this way, the relaxation modulus, G(t), is determined at each
time step without using an explicit analytical function. The dynamic storage and loss
moduli (G′ and G′′), can be derived from the relaxation modulus using the Schwarzl
(1971) approximation.

2.2.3 Relaxation by fluctuations

The relaxation function Ψ(t) represents the fraction of the initial (”stressed”) tube
that still remains occupied by the chain at time t. Since we are dealing with a mixture
of stars, we need to consider all arms present in the system. Thus, m is the number
of different types of arms, ϕi the volume fraction of arm i and Za,i = Ma,i/Me
the number of effective entanglement spacings of length Me in arm i of molecular
weight Ma,i. The function Ψ(t) is calculated by summing the contributions from
all segments along the chain primitive path that have survived by the fluctuation
relaxation mechanisms

Ψ(t) = ∑
k

ϕk

∫ 1

0
pk

f luc(xi, t)dxi, (2.8)
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where pk
f luc(xi, t) is the probability that segment xi survives from relaxation by fluctu-

ations at time t for arm k

pk
f luc(xi, t) = exp

(
−t

τk
f luc(xi, t)

)
. (2.9)

Another relaxation function Φ(t), determines the speed of the tube dilation and
should be used in Eq. 2.1 instead of Ψ(t). It calculates the effective entanglement
volume fraction used to define the tube diameter a(ti) and the CRR process controls
the maximum rate at which the entanglement density can decrease

ΦCRR(ti) = Φ(ti)

[
ti−1

ti

]1/2α

, (2.10)

Φ(ti) = max {Ψ(ti−1), ΦCRR(ti−1)} . (2.11)

As was mentioned before, star macromolecules relax their stress by arm retraction. In
other words, the arm must retract some distance along the tube towards the branch
point by forming unentangled loops and then poke its free end out in a new direction
forming a new tube, thus a section of the old tube is not inhabited anymore and hence
the related stress is relaxed.

The fluctuation times in the TMA are determined, following van Ruymbeke et al.
(2005). In order to relax all stress the arm must fully retract to the branch point.
However, for Za � 1, the arm retraction is unfavorable, due to the topological
constraints from the neighboring chains. Thus, in a real coordinate system with 0 at
the end of the chain and 1 at the branch point, arm retraction by distance x along the
contour of the tube can be analyzed as a thermally activated process in an effective
potential U(x) (Rubinstein and Colby, 2003). However, this activated relaxation is
accurate only for deep fluctuations. For shallow fluctuations where U(x)� kBT, the
potential U(x) is irrelevant, and the arm end will diffuse freely. The formula for these
early fluctuation modes is given by Milner and McLeish (1997)

τearly(xi) =
9π3

16
τeZ4

a x4
i , (2.12)

where τe is the Rouse time of an entanglement segment. On the other hand, the
entropic barrier for the deeper fluctuations is given by Doi and Kuzuu (1980)

U(xi) =
3kBT
2Nb2 (Leqxi)

2 + constant, (2.13)

or equivalently, using Leq = ZaNb2,

U(xi) =
3kBT

2
Zax2

i . (2.14)

In a fixed entanglement network, Ball and McLeish (1989) consider the relaxation
of the primitive path of an arm from segment xi to segment xi + ∆xi as an activated



2.2 Modeling 41

process so that

τf (xi + ∆xi) = τf (xi) exp
(

U(xi + ∆xi)−U(xi)

kBT

)
. (2.15)

When ∆xi → 0 , Eq. 2.15 can also be written in the following form

d
dxi

ln τf (xi) =
1

kBT
dU(xi)

dxi
= 3Zaxi. (2.16)

The solution of this differential equation can be easily obtained as

τlate(xi) = τ0 exp
(

U(xi)

kBT

)
, (2.17)

where τ0 is a characteristic waiting time.

In TMA, the transition between the two fluctuation processes happens at the tran-
sition segment xtr,i, for which the potential is of the order of the thermal energy
(U(xtr,i) ≈ kBT). This gives us a unique expression that guarantees the continuity of
the fluctuation times curve at the transition segment

τf luc(xi) = τearly(xi), xi ≤ xtr,i, (2.18)

τf luc(xi) = τearly(xtr,i) exp
(

U(xi)−U(xtr,i)

kBT

)
, xi > xtr,i (2.19)

2.2.4 Influence of dynamic tube dilation on the fluctuations process

As the time scale of relaxation by fluctuation increases exponentially with segmental
depth, external segments will be fully relaxed at times when internal ones still remain
unrelaxed. The dynamic tube dilution was modeled in the TMA according to the
assumption made by Ball and McLeish (1989), where the unrelaxed part of polymer
Φ(xi) = 1− xi for each segment xi is independent of time. Here, we introduce time
dependent tube dilation and calculate the amount of unrelaxed material in the system
at each time step. Also, we want to explicitly state that our modeling is based on the
frozen branch point. Thus, if the arm i has been relaxed at time t up to segment xi,
the presence of dynamic dilution leads to a new expression for the relaxation time of
unrelaxed segments

d
dx

ln τf (x, t) = 3ZaxΦ(t)α, x > xi, (2.20)

U(xi, t) = 3kTZ
(∫ xc(t)

0
ξΦ(τ(ξ))αdξ +

∫ xi

xc(t)
ξΦ(t)αdξ

)
, xi > xc(t). (2.21)

In the above equation, Φ(tξ) is the polymer fraction not relaxed at time tξ when
segment ξ was relaxed and xc(t) is the segment relaxing at the current time t, such
that t = τ(xc).
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2.3 Experiments

Three sets of rheological data for four- and six-arm monodisperse stars were ob-
tained from the literature. They are polybutadiene (PBD), polystyrene (PS) and
cis-polyisoprene (PI) samples with a large range of molecular weights and narrow
molecular weight distributions. The fourth set of data for well-defined four-arm
polystyrene stars was provided by Clarke et al. (2006).

2.3.1 Materials

Polystyrene (PS)

A series of four- and six-arm polystyrene stars has been synthesized by Graessley
and Roovers (1979) and four-arm stars by Clarke et al. (2006). The characteristics
of the polystyrene stars are collected in Table 2.1. In case of Clarke’s data we keep
the molecular weight of the arm as Mw/4, rather than the reported precursor length.
This is done for consistency with other data sets where no information on precursor
is available.

Sample Narms Mw × 10−5 Ma × 10−5 PDI Z T◦C
Roovers

PS1 4 0.94 0.234 1.52 170.1
PS2a 4 1.54 0.385 2.50 170.5
PS3 4 3.51 0.878 5.72 170.5
PS4 6 5.90 0.983 6.40 169.5
PS5 4 5.21 1.303 8.48 170.1
PS6 6 10.90 1.817 11.83 169.5
PS7 4 8.97 2.242 14.60 170.5

Clarke
PS8 4 1.02 0.255 1.02 1.66 160.0
PS9 4 2.34 0.585 1.04 3.81 160.0
PS10 4 8.22 2.050 1.03 13.38 160.0
PS11 4 10.15 2.875 1.02 18.72 160.0

a The original paper did not include this sample. The information was
provided by J.Roovers.
bZ = Ma/Me, where values of Me are provided in Section 2.4.1.

TABLE 2.1: Characteristics of four- and six-arm polystyrene stars.

Polybutadiene (PBD)

A series of four-arm polybutadiene stars was prepared by Roovers (1985). Together
with the rheological measurements, a correction to the originally published molecular
weights of the arms for all samples was obtained from the author. Both molecular
weights and characteristic values for these samples are listed in Table 2.2.
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Sample Mw × 10−5 Ma × 10−5 Z T◦C
four-arm star old new old new old new

PBD1 0.452 0.429 0.113 0.107 6.72 6.39 27.0
PBD2 0.843 0.801 0.211 0.200 12.54 11.94 27.0
PBD3 1.210 1.149 0.302 0.287 18.00 17.10 27.0
PBD4 1.620 1.539 0.405 0.385 24.10 22.90 27.0
PBD5 3.950 3.750 0.988 0.938 58.80 55.80 27.0

TABLE 2.2: Characteristics of four-arm polybutadiene stars.

Polyisoprene (PI)

The dataset of the six-arm polyisoprene stars was taken from Watanabe et al. (2006).
The molecular characterization for these samples is shown in Table 2.3. Again, in
order to be consistent with the datasets from Roovers, the molecular weight of the
arm Ma = Mw/6.

Sample Mw × 10−3 Ma × 10−3 PDI Z T◦C
six-arm star

PI1 54.2 9.0 2.52 40.0
PI2 144.0 24.0 1.03 6.72 40.0
PI3 354.0 59.0 1.05 16.50 40.0
PI4 459.0 76.5 1.06 21.40 40.0

TABLE 2.3: Characteristics of six-arm polyisoprene stars.

2.3.2 Rheological measurements

The description of the rheological experiments for the datasets can be found in the
literature (Graessley and Roovers, 1979; Roovers, 1985; Watanabe et al., 2006), apart
from the samples provided by Clarke et al. For the measurements, they have used
two rheometers, a Rheometric Scientific SR5, and a TA Instruments AR2000 with an
environmental test chamber (ETC). All experiments were performed using parallel
plate geometries with 25 mm diameter plates and a gap of circa 1 mm. Storage G′

and loss G” moduli were obtained using fixed strains within the linear viscoelastic
regime (<5% determined from stress sweeps) over a wide range of frequencies and
over a temperature range of 403 to 473 K, all within an inert nitrogen atmosphere.
For each new sample the gap was zeroed at an intermediate temperature (433 K) and
corrections made for the expansion of the plates at other temperatures. Measurements
at the intermediate temperature were repeated several times during the series of
experiments and then finally after the highest temperature test in order to check for
inconsistencies due to thermal degradation or sample loss from between the plates.
In each case, at least 2 samples were tested for each molecular weight.
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2.4 Results and Discussion

The first objective of this section is to compare and discuss the predicted and the
experimental viscoelastic response of the samples described in Section 2.3. In parallel
to validating the model, we would like to discuss the consistency of the experimental
data, based on the comparison of their normalized curves. Since star polymers of
different nature were used, we will also be able to discuss the relationship between
the material parameters of these different polymers.

Our second objective is to examine and discuss the differences and similarities in the
results performed by the TMA and the BoB models (Das et al., 2006) in this specific
case of star molecules. The predictions of the BoB model were obtained by running
the bob-2.3 code1.

2.4.1 Material parameters

All tube-based theories depend on several parameters, viz. the plateau modulus (G0
N)

or the molecular weight between two entanglements (Me), the dilation coefficient α
and the Rouse time of an entanglement segment (τe). Although G0

N and Me should
be related through the G0

N = 4/5cRT/Me for any model, we choose Me, G0
N and τe

parameters from the best fit of both models to experimental data. We do this because
in order to determine this relationship, we need to know exactly the polymer density
c, which is not always the case. Also we need to be sure that the chosen value of G0

N
is correct. However, by fitting the parameters we are keeping in mind that the values
should be in agreement with those reported in the literature.

The summary of the models parameters for polybutadiene, polystyrene and polyiso-
prene can be found in Table 2.4. Note that τe slightly depends on the temperature. In
the case of the BoB model, the desired value of G0

N was obtained by tuning the poly-
mer density parameter c in the formula G0

N = 4/5cRT/Me, which is implemented
in the code. Furthermore, the dilution exponent α is fixed to 1. It must be noted
that while different values of Me have been used, the values obtained for the plateau
modulus and the Rouse time of an entanglement segment are identical for the two
models. Theoretically, value of Me should be independent of the model. One of our
objectives here is to show that presently it is not the case (see Section 2.4.3), which
can explain why the TMA and BoB models use slightly different values of Me.

In order to introduce the small polydispersity effect into the TMA, we use a Wesslau
(1956) distribution. We consider eight molecular weights in the distribution, where
each of them represents one-eighth of the overall distribution. For the BoB simulations,
we chose the lognormal distribution, which is part of the BoB code. However, a small
polydispersity has a negligible influence on the prediction of both models.

1Bob-2.3 code is available online http://sourceforge.net/projects/bob-rheology.
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Sample TMA BoB
G0

N (MPa) Me (g/m) τe (s) Me (g/m) τe (s)
PBD
27.0◦C 1.25 1680 2.5× 10−7 1890 2.5× 10−7

PS
160.0◦C 0.22 15350 1.5× 10−3 17270 1.5× 10−3

169.5◦C 0.20 1.1× 10−3 1.1× 10−3

170.1◦C 0.8× 10−3 0.8× 10−3

170.5◦C 0.5× 10−3 0.5× 10−3

PI
40.0◦C 0.48 3575 2.7× 10−6 4020 2.7× 10−6

TABLE 2.4: The TMA and BoB input parameters for PBD, PS and PI.

2.4.2 Experimental data: comparison and validation

In order to compare the experimental data of the different samples of any chemistry,
their storage and loss moduli have been normalized horizontally by a factor τe and
vertically by a factor equal to 1/GN

0 . In such a way, one can easily discuss and
compare the number of entanglement segments per chain in different samples, based
on the assumption that two chains which have the same number of entanglement
segments Z, have the same shape of G′ and G′′, as it has been postulated in literature
within experimental errors. The values of τe and GN

0 have been taken as indicated
in Table 2.4. The whole set of normalized data is presented in Figure 2.1. Covering
a very wide range of molecular weights, the number of entanglements of these star
polymers varies from approximately 1.5 to 55 per arm.
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FIGURE 2.1: Experimental storage modulus G′ and loss modulus G′′ normalized data for PS (red ◦), PBD
(blue �) and PI (green4) monodisperse star melts. Their molecular characteristics are listed
in Tables 2.1, 2.2 and 2.3.

According to the tube theory, experimental data should superimpose in the high-
frequency Rouse regime. Indeed, this was observed with all samples, except sample
PS10, where we have applied slight horizontal (1.55ω) and vertical (0.93GN

0 ) shifts
to become consistent. Small horizontal shifts can easily happen if the temperature
chosen for building the master curve is slightly different.
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By comparing the different curves in Figure 2.1, one can observe a good consistency
between their terminal flow and the number of entanglements per arm, given in Tables
2.1, 2.2 and 2.3. In particular, we observed that samples, which perform identical
linear viscoelastic behavior, have nearly the same number of entanglements. As an
example, the normalized rheological curves of some samples are compared in Figure
2.2(a) and 2.2(b). Samples PI2, PBD1, PS3 and PS4 show similar viscoelastic behavior
and have a very similar number of entanglements per arm, estimated to 6.71, 6.72
(6.39), 5.72 and 6.40 respectively (based on the values of Me used in TMA). The same
holds for samples PS2 and PI1 with 2.5 and 2.52 entanglements respectively. These
numbers are indeed in good agreement with their viscoelastic behavior.
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(a) PI2, PBD1, PS3, PS4
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FIGURE 2.2: Comparison of some experimental normalized moduli G′ and G′′ for PS (◦), PBD (�) and PI
(4) samples. Their molecular characteristics are listed in Tables 2.1, 2.2 and 2.3.

Thus, this good consistency between the terminal times of the samples and their
number of entanglement allows us to validate the correctness of the ratio between
the Me values of the PI, PS and PBD samples, which have been proposed in Table
2.4. In particular, these comparisons support the rather small value of Me, which
has been determined by a best-fitting procedure for the PI samples, compared to the
proposed values by Fetters et al. (1994). (of around 5000 g/mol). Also, it must be
noted that while these values slightly differ between the TMA and the BoB models,
their corresponding ratios stay very similar.

2.4.3 Validation of TMA and modification of the early fluctuations process

In Figure 2.3(a), TMA predictions of the storage modulus of samples PI 1-4 are
compared with the experimental results. The input parameters for the modeling are
taken from Table 2.4. There is a very good agreement between theory and experiments
for samples with high molecular weights, however the predictions for stars with a
low number of entanglements Za < 10 show a too fast relaxation. Furthermore, a
deviation of the plateau modulus at intermediate frequencies is observed. These kinds
of deviations were systematically observed for low molecular weight stars of any
chemistry. Similar deviations are, for example, also observed in Figure 2.3(b), where
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the BoB model has been used. We also noted that a difference between predictions
of the TMA and BoB model in the terminal zone can be explained by the diverse
prefactors in the expression for the deeper fluctuations. In the case of the TMA, Eq.
2.19 uses the prefactor obtained from the early fluctuation in Eq. 2.18. Whereas, the
late-time arm retraction is modeled in BoB by Kramers’s first passage time for an
activated process (Milner and McLeish, 1997) and doesn’t depend on the ”early-time”
fluctuations (see Section 2.4.4).
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FIGURE 2.3: Comparison of the TMA and BoB predictions(–) of G′ with experimental data(4) for samples
PI 1-4 (see Table 2.3).

The observed deviation at intermediate frequencies has already been pointed out in
the study by Liu et al. (2006a), showing a systematic discrepancy of the tube model
predictions for the plateau modulus of short linear chains. Recently, van Ruymbeke
et al. (2010b) have proposed a possible explanation to the origin of such a discrepancy
based on the overestimation of CLF. They noticed that by time τe, over 17% of the
shorter chains were relaxed by CLF, which is in contradiction with the tube theory
because, before τe, chains relax only by Rouse motion and do not feel any surrounding
chains. This problem arises due to the fact that the tube-based models consider that
relaxation by reptation and CLF starts immediately at t = 0, although, in reality, the
fast Rouse relaxation first needs to take place, which is important for shorter chains.
Therefore, in order to solve this issue, a new rescaled coordinate system was proposed
to describe CLF, allowing van Ruymbeke et al. (2010b) to obtain a good agreement
between experimental and predicted curve, also for short linear chains. Here, we
propose to investigate this problem further.

First, McLeish (2002) has mentioned in his work , that in the limit of high potential
barriers U(x), the form of p f luc(xi, t) becomes proportional to exp[−t/τf luc(xi, t)]
in an approximation that is asymptotically exact. Thus, this form of p f luc(xi, t) is
well approximated for highly entangled arms. Also, it was shown by Likhtman
and McLeish (2002) that the relaxation process at early times corresponding to one
particular tube segment is strongly nonexponential, and therefore the mean first
passage time is very different from the time estimated in Eq. 2.12. They proposed
another approach, which was recently tested by Hou et al. (2010) for short and long
linear chains. The authors concluded that, in order to obtain an excellent agreement
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x=1x=0

xeq=0

x=xstart

x =1eq

FIGURE 2.4: Illustration of the real and the equivalent coordinate systems for calculation of the relaxation
of a star molecule.

between experimental curves and the predictions based on the Likhtman-McLeish
theory, the contribution of the high-frequency modes to contour length fluctuations
of the primitive chain should be neglected, which is in qualitative agreement with
arguments put forward by van Ruymbeke et al. (2010b). Basically, the existing
discrepancy for the short chains comes from two sources: calculation of early-time
fluctuations in Eq. 2.12, where some segments near the end of the chain have a
relaxation time less than τe and calculation of the total relaxation function in Eq. 2.8,
where summing over small relaxation times close to each other will lead to relaxation
of the chain before τe. The solution proposed by van Ruymbeke et al. (2010b), where
a subchain of length 0.48Me is added to the chain end, will correct the results of this
modeling, but does not have a clear physical explanation. We would therefore like
to propose a similar way to solve this discrepancy, while being consistent within the
tube theory picture.

As was already mentioned, the tube theory doesn’t take into account the fact that, for
t < τe, the chain partially relaxes its stress according to a Rouse process. In fact, by
considering that the arm coordinate xi, which represents the normalized localization
of an arm segment ranging from 0 at the end of the arm to 1 at the branch point
(middle point in linear molecules), it is implicitly assumed that, at time t = τe, the
whole chain still needs to relax, either by reptation or CLF. But this assumption is not
correct, since at time t = τe, a small part of the dangling end of the chain has already
relaxed by the high-frequency Rouse motion. Consequently, the actual equilibrium
contour length Leq of an arm is slightly less than Zaa. This point has not been taken
into account in tube-based models up to now.

At first glance, that explanation looks insignificant for the tube theory and that is
true in the case of long chains. On the contrary, this assumption strongly affects
the relaxation of the short molecules, and especially star-shaped molecules since
segmental fluctuation times are exponentially dependent on the square of their depth
and the unrelaxed fraction. A similar argument was given in the paper by Pearson
and Helfand (1984), where the average fraction of a tube not visited by the chain end
for t > τe is calculated not from the actual end of the chain, but rather in respect to xe
the root-mean-squared fluctuations in the length of a tube containing an arm of length
Leq and τe = x2

e /D (formula I.14 in Pearson and Helfand (1984)). The reason of this
cutoff is different from the one discussed here, but in the end, their theory is based
on the assumption that all derived formulas work for t > τe. Therefore, following
the same reasoning, from a modeling point of view, we should use a new coordinate
system with the origin (x = 0) localized at the molecular segment xstart which has a
relaxation time τe. This is illustrated in Figure 2.4 and the definition of xstart will be
provided later.
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The derivation of Eq. 2.12 originates from the mean square displacement of a Rouse
segment along the tube when t > τe (Doi and Edwards, 1986). Therefore, it can be
valid only for segments relaxing after time τe, thus τearly(xstart) = τe. The solution
of that equation can also be represented as xstart = Lb

e /Ma, where the parameter Lb
e

represents the distance of the primitive path which has relaxed before τe. Imposing
that τearly(xstart) = τe, as proposed by van Ruymbeke et al. (2010b), leads to consider
that Lb

e = 0.48Me.

Based on the above arguments, the early fluctuations should be calculated in an
equivalent coordinate system. With the dimensionless position along the actual chain,
x, should be rescaled as follows

xeq =
x− xstart

1− xstart
. (2.22)

Similarly, the late-time fluctuations should take place along a shorter primitive path
with a new equilibrium length Ln

eq = Leq − 0.48Me.

Based on this new coordinate system, the short chains relaxation is now well described
and most of the chains are not relaxing before τe. This is confirmed by the results
shown in Figure 2.5. However, due to the fact even if the new coordinate system
is used, the segments located very close to the extremity are still relaxing at times
shorter than τe, around 1-2 % of the very short chains still relax before τe.
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FIGURE 2.5: Comparison of the TMA predictions(–) of G′ and G′′ with experimental data (4) for samples
PI 1-4, based on the new coordinate system (see Table 2.3).

2.4.4 Comparison of TMA and BoB models and consequence on the predictions

As explained in detail by Wang et al. (2010), although the BoB model and the hier-
archical model differ in certain computational aspects, they describe the relaxation
of symmetric monodisperse star chains in a similar way. Indeed, in this simple case,
these two models can be reduced to similar expressions for determining the retraction
potential U(x) and the late fluctuation time τlate(x). The hierarchical model employs
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these formulas analytically, while the BoB model estimates the values numerically,
based on the information from the previous time step. Obviously, as the correspond-
ing predicted moduli are found to be nearly identical when using the same material
parameters, this difference in the approach does not influence the result.

On the other hand, both models present significant differences when compared to the
TMA model described in Section 2.2.1, even though these three models are based on
the same relaxation mechanisms and on the same initial works.

One difference appears in the way the pre-factor τ0 is determined in the calculation of
τlate: in BoB this value is defined by solving a Kramer’s first passage problem , where

τlate(x) =
(

3π5Z5

2

) 1
2

τe

∫ x

0
exp

(
U(ξ)

kBT

)
dξ ≈

(
3π5Z5

2U′(x)

) 1
2

τe exp
(

U(x)
kBT

)
. (2.23)

Whereas in the TMA (see Eq. 2.19), the pre-factor in the late-time value τf luc(x)
is fixed and equal to the early fluctuation time of the transition segment xtr (with
U(xtr) = kBT).

Furthermore, the BoB and TMA approaches differ in the way the transition between
the late and the early fluctuations times is implemented. While BoB uses a specific
transition function (Milner and McLeish, 1997)

τf luct(x) =
τearly(x) exp

(
U(x)
kBT

)
1 + τearly(x) exp

(
U(x)
kBT

)
/τlate(x)

, (2.24)

TMA considers the transition to happen at xtr, as was explained above.

Another distinction between models arises from the calculation of the unrelaxed
volume fraction Ψ(t) of the system. Although, in both cases it is evaluated by adding
up the unrelaxed parts of all arms’ segments at time t. The determination of the
relaxed fraction ξ(t) of the arm is different. At any time t, the arm will have relaxed
from its free end to a point ξ(t) obtained in case of TMA by the following expression
ξ(t) = 1−

∫ 1
0 p f luc(xi, t)dxi, while in the BoB model it is determined by equating

τf luc(ξ) with time t.

All these differences are illustrated in Figure 2.6, where we compare the relaxation
spectrum of the arm obtained from Eq. 2.18-2.19 and Eq. 2.23-2.24 by using the TMA
parameters from Table 2.4 and keeping all other formulas the same.

Clearly, the fluctuation times obtained based on these two approaches are quite
similar. However, it can be observed that a larger discrepancy appears for deep
molecular segments, close to x = 1. This comes from the fact that the pre-factor τ0 in
the BoB and in the hierarchical models is, itself, a function of x (see Eq. 2.23), while it
is constant in the TMA. Also, a smaller discrepancy can be seen in the transition zone,
where the BoB crossover function smooths the transition between τearly and τlate. In
this case, the difference in calculation of the unrelaxed volume fraction does not play
a significant role.
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FIGURE 2.6: Fluctuation times of sample PBD4 (38500) calculated by the Eq. 2.18-2.19 (blue line) and
Eq. 2.23-2.24 (red dashed line) with the same parameters, together with the common early
fluctuation time for both models (green dashed-dotted line) and just late fluctuation time from
Eq. 2.23 (black dashed line).

Consequently, since the fluctuation times are thus slightly shorter with the TMA
approach, one can observe that slightly smaller values of Me are usually found
when compared to the two other models in order to get a good agreement with
the experimental data. This is illustrated in Figure 2.7, in which the same material
parameters have been used for the two approaches: one can clearly see that both the
curves predicted by BoB and TMA superimpose at high frequencies while, in the
terminal regime, the BoB model predicts a longer terminal time compared to the TMA
predictions.
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FIGURE 2.7: Comparison of the TMA (solid line) and BoB (dashed line) predictions of G′ and G′′ with
experimental data (�) for sample PBD4 (38500) (see Table 2.2). The same material TMA
parameters were used from Table 2.4.

If we use the appropriate input parameters for each model (see Table 2.4), the fluctua-
tion times become nearly the same, which can be seen in Figure 2.8.

Another difference between the approaches of the TMA and BoB models is related to
the expression of the stress relaxation modulus G(t). Both models consider the same
general form of G(t), namely G(t) = Gslow(t) + G f ast(t), but implement the Gslow(t)
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FIGURE 2.8: Fluctuation times of sample PBD4 (38500) determined from the Eq. 2.18-2.19 (solid line) and
Eq. 2.23-2.24 (dashed line) with the corresponding input parameters.

term differently. The BoB model uses the approach proposed by Larson (2001), where

Gslow(t) = G0
N

∫ ∞

0

[
− d

dt
[Ψ(t)Φ(t)]

]
τ

exp(−t/τ)dτ, (2.25)

while TMA is based on Eq. 2.5-2.8.

The BoB implementation of G(t) leads to a slightly broader relaxation times spectrum,
compared to the TMA implementation. While non-negligible, this difference can
easily be compensated by considering slightly different polydispersity in the two
models.

To conclude this section, in the specific case of star-like polymer melts, the main
difference between BoB (or the hierarchical model) and the TMA model lies in the
definition of the prefactor used to determine the activated fluctuation times τlate(x).
This difference, as well as the small effects coming from the transition between early
and late fluctuations or from the expression of G(t), are compensated by the use of
slightly different material parameters in the two approaches.

2.4.5 Comparison of theoretical and experimental LVE data

As was already mentioned, new average molecular weights have been received from
Roovers, for the PBD stars (PBD1 to PBD5), showing a difference of around 5% when
compared with the previous data (see Table 2.2). We use both measurements to find
out how sensitive the predictions of TMA and BoB are on the chosen Mw. As shown in
Figures 2.9 and 2.10, the TMA and BoB predictions with the old values of Mw agrees
fairly well with samples PBD1 and PBD2, but slightly overestimate the terminal times
for samples PBD3-5. And, the theoretical predictions of both models with the new
values of Mw slightly underpredicts the terminal time for samples PBD1 and PBD2,
while is in excellent agreement with samples PBD3-5. Hence, the variation of Mw by
5% does not produce huge difference in the theoretical predictions of both models
and we came to the conclusion that PBD1-2 should be modeled with the old values of
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molecular weights and PBD3-5 with the new. We also justify our choice, based on the
comparison of PBD1 sample with the other ones in Figure 2.2(a).
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FIGURE 2.9: Comparison of the TMA predictions of G′ and G′′ with experimental data (�) for samples
PBD 1-5 with the old (solid lines) and new (dashed lines) Mw values (see Table 2.2).
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FIGURE 2.10: Comparison of the BoB predictions of G′ and G′′ with experimental data (�) for samples
PBD 1-5 with the old (solid lines) and new (dashed lines) Mw values (see Table 2.2).

Figures 2.11 and 2.12 show the theoretical fits to the experimental data of the PS stars
from Table 2.1, using the TMA. Again, the model predictions properly capture the
behavior of a wide range of monodisperse PS stars. An interesting observation can
be made in this case: according to the experimental data, the rheological properties
of very low molecular weight samples PS1 (Z =1.54) and PS8 (Z =1.88) can still
be well captured with these two models, showing the rheological behavior of well
entangled polymer melts (G′ and G′′ intersections) rather than the Rouse dynamics
of a polymer molecule observed for non-entangled chains. A simple reason for this
is the fact that the span of the star molecule is longer than the critical molecular
weight for entanglement Mc. Although the length of the arm can be approximately 1
entanglement, the distance from the tip of one end of the molecule to the most distant
other tip will be around Mc. One can also observe that the relaxation process of the
short samples in the case of the TMA leads to a slight overestimation in predictions.
This is due to the fact that relaxation is almost completely governed by the early
fluctuation mechanism, which does not consider any ”tube dilation” influence.
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(a) PS1
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FIGURE 2.11: Comparison of the TMA predictions(–) of G′ and G′′ with experimental data (oo) for samples
PS 1-7 (see Table 2.1).
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FIGURE 2.12: Comparison of the TMA predictions(–) of G′ and G′′ with experimental data (oo) for samples
PS 8-11 (see Table 2.1).

On the other hand, the BoB results in Figures 2.13 and 2.14 have a very good agreement
with the experimental data for samples with relatively long arms, but failed in two
ways in the case of the short-arm stars. Firstly, the BoB predictions for samples
PS1 and PS8 look similar to the linear viscoelastic behavior of an unentangled melt
(no intersection between G′ and G′′), although the experimental data indicates the
entangled nature of such melts. Secondly, while the terminal regime is well captured,
a deviation in intermediate regime is observed with short chains samples PS2 and
PS9. It should be noted that without modification of the early fluctuation process
(see Section 2.4.3), TMA exhibits similar discrepancies as the one observed with the
BoB for the PS1-2 and PS8-9 samples. In order to make tube-based models applicable
to the melts of stars with a wide range of molecular weights, it is thus important to
account for this correction in the modeling of shallow fluctuations.

As a last point, it is important to mention that the same kinds of deviations are
often observed with the predictions of branched architectures. In line with the above
arguments, this is not surprising since branched molecules (such as comb or pompom
molecules) often contain a large fraction of relatively short branches and are, thus
very sensitive to early fluctuations.
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FIGURE 2.13: Comparison of the BoB predictions (–) of G′ and G′′ with experimental data (oo) for samples
PS 1-7 (see Table 2.1).
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FIGURE 2.14: Comparison of the BoB predictions (–) of G′ and G′′ with experimental data (oo) for samples
PS 8-11 (see Table 2.1).

2.5 Conclusions

In this chapter, we have modified and validated the time-marching algorithm for
the case of monodisperse star-shaped molecules. We have introduced several new
elements into the model, such as a new way to take into account the time-dependence
of the unrelaxed volume fraction Ψ(t) and the modification of the early fluctuation
process by introducing a new coordinate system. Indeed, by analyzing the influence
of the CLF process on relaxation, we have found that part of the outer segments of the
chain relax due to the Rouse motion should not be included in the early fluctuations
process. We therefore proposed a renormalization of the segment coordinates in order
to exclude the already relaxed parts of the molecule and thus, avoid double-counting
relaxation. This procedure helped us to improve the performance of the TMA model
and to eliminate the discrepancy of tube model predictions for describing the plateau
modulus for short chains.

The TMA model was tested on a wide range of nearly monodisperse polyisoprene,
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polybutadiene and polystyrene star melt samples, which were obtained from different
sources and which were, first, validated by comparing their normalized data. In most
cases, the predictions resulted in a very good agreement with the experimental data.
In particular, using the renormalization of segment coordinates helped to improve
the performance of the TMA model and get rid of the discrepancy of tube model
predictions for describing the plateau modulus for short chains.

Another computation model (BoB) for predicting the linear rheological properties
was tested on the same set of experimental data. The BoB model is also based on a
similar tube-theory framework as the TMA model, but differs in the methods and
numerical algorithms for the calculation of arm retraction. The BoB model predictions
are also in good agreement with the data, apart from the deviations in the case of
short chains. Most probably, this discrepancy could be solved in the same way as was
used for the TMA model.

Although the TMA model is based on the same physics as other tube-based models,
the algorithmic implementation of some of the physical processes is different. For
instance, the early fluctuations are treated in a simpler yet still effective way compare
to other models. Such an approach has a great advantage when we want to apply our
model to complex mixtures of molecules.

This work gives us a solid background to extend it to the comparison between the
TMA model, the hierarchical model and the BoB model, in the case of more complex
architectures.



CHAPTER 3

Dynamic dilution effect in binary blends of linear
polymers with well-separated molecular weights

This chapter has been already published in Macromolecules (van Ruymbeke et al.,
2014). We investigate and model the viscoelastic properties of binary blends composed
of linear chains. These systems are indeed very suitable to test the validity and the
limits of the constraint release (CR) process and the dynamic tube dilation, and to
determine the value of the dynamic dilution exponent α. We first focus on binary
blends containing barely entangled short chains. In such a case, we show that the
tension re-equilibration process previously observed by van Ruymbeke et al. (2012)
can be correctly described as a CR-activated contour length fluctuation (CLF) process,
which takes place along the fully dilated tube and is governed by the intrinsic Rouse
time of a long-long entanglement segment. In addition, reptation is considered to take
place along the fully dilated tube. We also show that this CR-activated CLF process
speeds up the relaxation of the long chains, which naturally leads to an effective
dilution exponent α equal to 4/3, despite the fact that the modeling is based on α
= 1. This result is in agreement with the experimental data. Then, we analyze the
rheological behavior of binary blends containing entangled short chains. In such
a case, we show that the CR-activated CLF also takes place, but with a delay time
being necessary for the long chain to explore the dilated tube. This approach is
tested for several binary blends, showing an improved quality of the predictions
compared to previous tube modeling on the same blends. Indeed, by considering
the chain motions on two different length scales, a larger fraction of the long chains
relaxes at intermediate frequencies (through the tension re-equilibration) before their
reptation, leading to an effective dilution exponent larger than 1 as determined from
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the low-frequency plateau modulus.

3.1 Introduction

These last years, a lot of progress has been made in order to understand and model
the linear viscoelastic response of linear or branched polymer melts. In this direction,
tube-based models serve as a powerful tool to predict the rheology of such systems
from their composition (Dealy and Larson, 2006; Watanabe, 1999; McLeish, 2002; van
Ruymbeke et al., 2013). Introduced by de Gennes (1971) and Doi and Edwards (1986)
, this coarse-grained model was initially based on two main relaxation mechanisms:
the reptation of the chain along its primitive path and the contour length fluctuation
(CLF) . Since then, this model has been more and more refined in order to also account
for the influence of the molecular environment on the relaxation of a specific chain.
Mechanisms such as the constraint release (CR), double reptation (des Cloizeaux, 1988;
Tsenoglou, 1987), and/or dynamic tube dilation (DTD)(Marrucci, 1985; Milner and
McLeish, 1997; Ball and McLeish, 1989) have been proposed, which allow reaching a
quantitative level of prediction for a variety of polymers.

Despite this large success, however, fundamental questions remain to be addressed.
In particular, the DTD/CR effect coming from fast motion of the short component on
the relaxation has not been fully understood (Struglinski and Graessley, 1985; Park
and Larson, 2004, 2006; Watanabe et al., 2004a,b; Read et al., 2012; Khaliullin and
Schieber, 2010; van Ruymbeke et al., 2012; Watanabe et al., 2014; Shivokhin et al.,
2014; Auhl et al., 2009). A major unsolved question is the exact value of the dynamic
dilution exponent α, ranging between 1 and 4/3, which is still not clear, despite its
importance in the tube theory (van Ruymbeke et al., 2012; Watanabe et al., 2014;
Milner, 2005). Indeed, within the tube picture, the normalized viscoelastic relaxation
function of a polymer melt, F(t), is defined as the product of the survival fraction of
the dilated tube defined in the initial state (as an envelope of entanglement segments
coarse-grained later at time t) Ψ(t) and the CR term, Φ(t)α, with Φ(t) being the an
effective fraction of the initial constraints that survive at time t, as summarized in
the expressions of F(t) and the effective tube diameter a(t) (Dealy and Larson, 2006;
McLeish, 2002; Larson, 2001; Wang et al., 2010; Das et al., 2006; van Ruymbeke et al.,
2006; Milner et al., 1998)

a(t) =
a(0)

Φ(t)α/2 , (3.1)

F(t) = Ψ(t)Φ(t)α. (3.2)

Here, a(0) indicates the initial, undiluted tube diameter at t = 0, and Φ(t)−α is
the number of entanglement segments per dilated segment. The value of this dilu-
tion exponent will therefore have large consequence on the relaxation function of
polydisperse polymers.

As shown for example in refs. Park and Larson (2004, 2006), Larson (2001), Wang
et al. (2010), Kapnistos et al. (2005), Ahmadi et al. (2011), Snijkers et al. (2011), van
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Ruymbeke et al. (2007b) for most of the branched architectures, tube-based models
have to use a value of α = 1 in order to correctly fit the experimental data. However,
several studies have shown that α is close to 4/3 for entangled polymers in solution
(Milner, 2005; Rubinstein and Colby, 2003; Colby and Rubinstein, 1990; Raju et al.,
1981). Colby and Rubinstein also proposed α = 4/3, based on the assumption that
an entanglement is created from a fixed number of binary contacts between the
chains (Rubinstein and Colby, 2003). They could therefore estimate the size of the
“blob” needed in order to contain one effective entanglement in a fully equilibrated
state, which was proportional to 1/ν2/3

2 , with ν2 being the volume fraction of the
polymer. On the other hand, for hierarchically-branched model polymers, several
studies revealed that the low-frequency plateau of the storage modulus does not show
unique dependence on the fraction of inner generations and scales as Ψ1+α with α
varying from 1 to 4/3 (Kapnistos et al., 2005). Therefore, the approach utilizing those
model polymers did not allow extracting a unique value for α. Results obtained with
multi-chain slip-link simulations (Masubuchi et al., 2001, 2008) were also surprising:
The simulation considered the entanglement as binary contacts of the chains , which
corresponds to α = 1. However, the resulting low-frequency plateau of binary blends
of linear chains scaled as Ψ7/3, which gives the effective α = 4/3.

Attempting to unify all these results, van Ruymbeke et al. (2012) and Watanabe et al.
(2014) have recently proposed that the dynamic dilution exponent should be, for all
systems, equal to 1: the fact that in specific cases, this exponent seems to be larger
than 1 is due to an additional relaxation process, which was not taken into account in
the current tube models, and which can lead to more significant relaxation of the slow
component, compared to the relaxation predicted by the tube models (van Ruymbeke
et al., 2012). Due to this extra relaxation process, the low-frequency plateau modulus
is lower than expected, leading to an experimentally observed effective α larger than
1. This larger dilution effect was attributed to the tension re-equilibration process
along the long chain, which was first proposed by Watanabe et al. (1994): for binary
blends with widely separated component relaxation times, the blinking feature of
release/reformation of the short-long entanglements between the short and long
chains leads to partial disorientation of the primitive path of the long chain within its
dilated tube. Therefore, this process loosens some initial long-long entanglements
only through the motion/relaxation of the short chains. This feature is not taken into
account in the present tube models giving Eq. 3.2. As shown by van Ruymbeke et al.
(2012), Watanabe et al. (2014), the tension re-equilibration time, τTE, is rather long
and in most of the cases, this mechanism is not effective thereby giving the effective α
equal to 1. However, in bidisperse blends of linear chains having widely separated
molecular weights, that mechanism strongly influences the viscoelastic response of
the long component and therefore, different values of the effective dynamic dilution
exponent can be observed, while keeping α = 1 as the unique value describing the
dilution of entanglements. In this study, we further investigate this idea and see
how the tension re-equilibration process could be modeled in a simple way to be
incorporated in the tube model.

In addition to its influence on the level of the low frequency plateau modulus, the
tension re-equilibration also affects the terminal relaxation time of the long chains
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and the survival fraction of initial tube segments Ψ(t) . Indeed, the blinking feature
of the release/formation of short-long entanglements will lead to new breathing
modes of the long chains along the dilated tube occurring at the rate of the short-long
entanglements release/formation, which will speed up the long chain relaxation. This
effect, which mainly affects the relaxation time of the long component in binary blends
with widely separated molecular weight (Watanabe et al., 2004a,b; Wang et al., 2003)
is usually taken into account in tube models by considering the “solvent effect” of the
short chains on relaxation of the long chains, in particular on their terminal relaxation
time (Marrucci, 1985; Struglinski and Graessley, 1985; Park and Larson, 2004, 2006).
According to the original DTD picture, the reptation time should therefore scale as
a(t)−2 ∼ Φ(t)α (Eq. 3.1). However, Struglinski and Graessley (1985) suggested that
this solvent effect emerges only when the long chains can “explore” their dilated
tube in time, i.e. only if the constraint release Rouse (CRR) time of the long chains,
τCCR(M1, M2), is shorter than their reptation time in the undilated (skinny) tube. In
the simplest case, this criterion is cast in a form

Gr =
3τeZ3

2
τCCR(M1, M2)

=
3τeZ3

2
τ1(M1)Z2

2
=

3τeZ3
2

(3τeZ3
1)Z2

2
=

Z2

Z3
1
> 1. (3.3)

Here, Z2 is the number of entanglement segments per long chain, τ1(∝ M3
1) , the

reptation time of the short chain, τe, the Rouse time of an entanglement segment. This
idea was tested by Park and Larson (2004, 2006) on several binary blends of linear
chains. They concluded that indeed, the short chains could not be considered as the
solvent immediately after their relaxation. They also concluded that the DTD picture
must be applied to the reptation of the long component as soon as its corresponding
Graessley number, Gr, was larger than 0.064, rather than the initially proposed value
of 1. Most of current tube models are based on a similar assumption: short chains
fully act as a solvent for the reptation of the long chains if the long chains had
enough time to explore their dilated tube. For bidisperse linear blends with widely
separated component molecular weights, this criterion allows speeding up the long
chain relaxation, thereby improving the agreement between the model predictions
and experimental viscoelastic data.

Nevertheless, several discrepancies still remain. These discrepancies were often
attributed to the fact that the above approach considers only two “extreme” cases
of reptation in a skinny tube or in a fully dilated tube (Park and Larson, 2004, 2006).
One could indeed easily expect that in most of the cases, reptation should happen
along a partially dilated tube of diameter a∗(t) with a(0) < a∗(t) < a(t), fully dilated
diameter. This goes along with the idea of Matsumiya et al. (2013) who recently
showed that the relaxation of monodisperse linear polymers occur along the partially
dilated tube that wriggles in the fully dilated tube of the diameter a(t), while on
the other hand, F(t) and Ψ(t) of those polymers obey the full-DTD relationship,
F(t) = Ψ(t)1+α (Ψ(t) = Φ(t) in Eq. 3.2. This result suggests that, in one hand, the
stress level is essentially determined by the local equilibration of the chains in the
direction perpendicular to their backbone multiplied by the tube survival fraction,
while in the other hand, the long chain relaxation in the (partially) dilated tube
requires firstly the chain tension along the whole tube axis to be re-equilibrated
through the CR mechanism.
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In this chapter, we adopt a similar approach considering two different length scales
(tube diameters) to describe two different quantities, the magnitude of the stress
decay due to DTD on one hand and on the other hand, the terminal relaxation time of
the long component that are related to the fully and partially dilated tube diameters,
a(t) and a∗(t), respectively. In a real solvent, a(t) and a∗(t) coincide.

Related to these two length scales, the molecular picture of partially dilated tube was
recently extended to binary blends by Watanabe et al. (2014), who have examined
the relaxation times of the components, considering that the mutually entangled
long chains in the blend exhibit reptation/CLF along the partially dilated tube only
after the CR-activated tension re-equilibration is completed. In the case of binary
blends having well-separated component molecular weights, they have shown that
the relaxation of the long component can indeed be well described by a solution
model, which treats the blend as an equivalent solution but with the retardation due
to this tension re-equilibration. In their work, the retardation factor was determined
from the relaxation time data of the monodisperse components and the CR time
data of the dilute long chain in the short chain matrix. This semi-empirical approach
allowed them to evaluate the main relaxation times of the components, but not the
relaxation mode distribution (i.e., the relaxation time spectrum). Here, we would like
to further investigate this idea, but remove this limitation, thereby incorporating the
idea in tube model calculation.

Thus, our first objective is to study how the tension re-equilibration process affects, in
a self-consistent way, the CR mechanisms (see Eq. 3.2) and/or the relaxation times of
the long chains. Contrary to the semi-empirical approach in ref. Watanabe et al. (2014),
we would like to look at the full relaxation time spectrum of the chains, not only its
terminal time. To this end, we use the tube model with the original TMA (without
additional modifications described in the previous chapter) to calculate the whole
relaxation function (equivalent to the full spectrum), and separate the contributions
from the reptation, contour length fluctuations (CLF), and CR mechanisms to the
rheological response of the blends. This allows us to discuss the influence of the CR-
activated tension re-equilibration process on each of these relaxation mechanisms, as
well as the cumulative effect of reptation and CLF processes on the terminal relaxation
time of the long component. As mentioned by Watanabe et al. (2014), the influence
of the tension re-equilibration process can be considered by taking into account a
fully/partially coarse-grained time scale and focusing on the terminal relaxation of
the components occurring in the fully/partially dilated tube. In this study, we would
like to describe the evolution of the surviving tube fraction in all time scales, from
the short chain relaxation time up to the terminal time of the long chain and discuss
the results with respect to the theoretical works proposed by Doi et al. (1987) and by
Viovy et al. (1991) regarding the constraint release mechanisms in the case of binary
blends of linear chains. While according to Doi et al., the relaxed short chains are
acting as a real solvent and the motion of the long chains along their fully dilated
tube is always considered as possible, Viovy et al. (1991) consider both the motions of
the chain within the initial tube and the motions of this initial tube within the dilated
tube, which take place at the rate of the short chains motions.

Our second objective is to incorporate the CR-activated tension re-equilibration
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process in the tube model. To this end, we propose to describe this process as an extra,
CR-activated CLF along the dilated tube, which takes place in addition to “intrinsic
CLF” along the skinny tube. This goes along with the observation of Wang et al.
(2003) who suggested, based on experimental data of a large series of bidisperse linear
samples, that the CLF process takes place depending on the proportion and length of
the short chains. This idea was also proposed by Read et al. (2012), van Ruymbeke
et al. (2007a). In particular, Read et al. (2012) proposed a new model, which accounts
for “enhanced CLF” in the case of bidisperse systems. However, the complexity of
their approach, as well as the use of two adjustable parameters, that includes the
dilution exponent α, do not allow us to easily see the consequence of these enhanced
CLF. Following the idea proposed by van Ruymbeke et al. (2012), we fix the value
of this exponent to α = 1 and examine if the extra CR-activated CLF process along
the (fully and/or partially) dilated tube leads to an enhanced effect of the relaxed
short chains on the relaxation of the long chains and to the loss of some long-long
entanglements before the reptation of the long chains.

For investigation of the CR/DTD effect(s) on the relaxation of the long chains, impor-
tant information can be drawn from comparison of experimental viscoelastic (F(t)
in Eq. 3.2) and dielectric (close to Ψ(t) in Eq. 3.2) relaxation functions of the blends,
as shown by Watanabe et al. (2004a,b, 2008, 2000, 2002, 2006) for a series of model
systems. Therefore, in this chapter we confront the results obtained with our tube
model to experimental viscoelastic data as well as these dielectric data. Differing
from the previous study in which the viscoelastic moduli were calculated from the
dielectric data, this study starts from a full model incorporating CR-activated CLF to
calculate both viscoelastic moduli and dielectric loss simultaneously.

The chapter is organized as followed. At first, in Section 3.2, we briefly present the
Time Marching Algorithm used in this study (van Ruymbeke et al., 2006, 2005). Then,
in Section 3.3, the samples focused in this work are summarized. Section 3.4 presents
the results of comparison of the model and data. We first focus on the viscoelastic
response of bidisperse blends that contain barely entangled short chains, and then
examine the blends in which the short chains are entangled with the long chains.
Conclusions are drawn in Section 3.5.

3.2 Modeling

In order to model the relaxation in binary blends of linear chains, we use the Time
Marching Algorithm developed by van Ruymbeke et al. (2006, 2005), Shchetnikava
et al. (2014). It must be noted however that the conclusion obtained with this model
in the case of the bidisperse blends are not specific to the approach followed here, and
also holds for other tube models such as the Hierarchical model proposed by Larson
(2001) and the BoB model developed by Das et al. (2006).
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3.2.1 Basic modeling of relaxation modulus

The relaxation modulus G(t) of the entangled polymer at time t include both the
fast Rouse relaxation function GR(t) and the slow entanglement relaxation function
Gd(t), the latter describing the reptation, CLF and CR processes (Dealy and Larson,
2006; Watanabe, 1999; van Ruymbeke et al., 2007a; Likhtman and McLeish, 2002) and
already defined by Eq. 2.5, 2.6 and 2.7. The indices k = 1 and 2 stand for the short
and long chains, respectively. F(t) is due to the contribution from the long and short
components and given as an average for these components, as explained below for
Eq. 3.4.

The survival fraction of the initial tube appearing in Eq. 2.6, Ψ(t), is determined by
summing up, for all tube segments, the probability that the initial segment orientation
still survives at time t, even after the reptation and CLF process of the chain (van
Ruymbeke et al., 2006, 2010b)

Ψ(t) = ∑
k

νk

∫ 1

0
pk

rept(xi, t)pk
f luc(xi, t)dxi. (3.4)

Here, νk is the volume fraction of the component k. And, pk
rept(xi, t) and pk

f luc(xi, t),
respectively, indicate the survival probabilities of the initial tube segments at the
normalized position xi at time t defined for the reptation and CLF processes of
the chain component k. Similarly to the coordinate system used for describing the
relaxation of star polymers, xi runs from 0 at the chain extremity to 1 at the chain
center. From a modeling point of view, linear chains can be seen as two-arm star
chains, able to reptate. Equation 3.4 is later modified to incorporate the CR-activated
CLF in Eq. 3.12 .

As explained in details by van Ruymbeke et al. (2010b), the survival probabilities
pk

rept(xi, t) and pk
f luc(xi, t) decay with respective characteristic reptation time τrept(M)

and the early fluctuation time defined τearly(xi) as a function of x, as

pk
rept(xi, t) = ∑

q=odd

4
qπ

sin
( qπxi

2

)
exp

(
− q2t

τrept(Mk)
)

)
, (3.5)

with

τrept(M) = 3τeZ3{Φ∗}α, (3.6)

and

pk
f luc(xi, t) = exp

(
−t

τearly(xi)

)
, (3.7)

with

τearly(xi) =
1
2

9π3

16
τe(Z/2)4x4

i , (3.8)
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where τe is the Rouse relaxation time of the entanglement segment that serves as the
minimum unit time for the entanglement relaxation.

The early fluctuation time τearly(xi) (Eq. 3.8) is much shorter than the reptation time
τrept(Mk) (Eq. 3.6) for xi

∼= 0. Thus, the linear chains are assumed to relax at their
extremities by the early, shallow intrinsic-Rouse fluctuation and at the remaining
part, by reptation (with the intrinsic curvilinear diffusion coefficient), without the
CR-activated CLF process. In Eq. 3.8, a pre-factor 1/2 has been considered in order
to well describe the dielectric data, as discussed in Section 3.4.2. The parameter Φ∗

appearing in Eq. 3.6 determines the length Za0(Φ∗)α/2 of the (partially) dilated tube
along which the chain reptates, while considering that the short chains are acting
as a solvent. If the long chain reptates/fluctuates along the fully dilated tube, Φ∗ is
identical to the effective fraction of the initial constraints that survive at time t, Φ(t),
as mentioned in Introduction. However, in most of the cases, long chain needs some
time before effectively moving along the dilated tube. Therefore, in the conventional
tube model, Φ∗ for the long chain in the bidisperse blend is often assumed to be equal
to ν2 if the components therein have widely separated molecular weights (based on
the Struglinski and Graessley (1985) criterion); otherwise the model assumes Φ∗ = 1.
As discussed in Section 3.4.4., the approach developed here is different, and considers
that the reptation of the long chains in a (either fully or partially) dilated tube can
always take place, but at the rate of the release/reformation time of the short-long
entanglements.

The effective fraction of the initial constraints that survive at time t, Φ(t), being
related to the tube diameter determining the stress level (see Eq. 3.1, is - in most of the
cases – equal to the survival fraction of initial tube segments Ψ(t) (Dealy and Larson,
2006; Watanabe, 1999). However, if a large fraction of the polymer suddenly relaxes,
Φ(t) should be larger, depending on the local CR equilibration time of a long-long
entanglement segment, and specified as (Larson, 2001; Wang et al., 2010; Milner et al.,
1998)

Φ(t) = max

{
Ψ(t), Φ(t′)

[
t′

t

]1/2
}

(3.9)

Here, t′ represents a time just before t. The [t′/t]1/2 factor appearing in Eq. 3.9
represents a decrease of Φ for a case that the decay in the intervalMt from t′ to t occurs
only through the Constraint Release Rouse (CRR) mechanism, as fully explained in
the Appendix of van Ruymbeke et al. (2012).

As in Section 3.3, some of the bidisperse blends that we would like to study contain
barely entangling short matrix chains. Such short chains are regarded to relax through
the intrinsic Rouse mechanism, and their contribution to the relaxation modulus G(t)
is specified as (instead of Eq. 2.7)

Gk(t) =
υkρRT

Mk

n

∑
p=1

exp
(
− p2t

τR(Mk)

)
(3.10)
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3.2.2 Incorporation of CR-activated CLF of the long chains blended with barely
entangling short matrix chains

As mentioned in Introduction, we would like to incorporate in our tube model, in
addition to the reptation and intrinsic Rouse-CLF of the long chains, the effect of
the CR-activated tension re-equilibration process on the survival fraction of initial
tube segments. As illustrated in Figure 3.1, the skinny tube itself is able to move in
the dilated tube, due to the blinking feature of the release/reformation of short-long
entanglements (van Ruymbeke et al., 2012).

FIGURE 3.1: Illustration of the tension re-equilibration process along a long chain, and corresponding tube
pictures: a) A long chain constrained by the other long chains and short chains. b) The long
chain starts exploring its dilated tube on local CR due to the short chain motion. c) A long-
short entanglement is transiently reformed isotropically, which leads to tension imbalance
along the long chain thereby activating the tension re-equilibration through the monomer
transfer (sucking-in of monomers for the illustration here). At this stage, the equilibrium
length of the primitive path of the long chain is longer than the initial equilibrium length. d)
For end-free long chain, the tension re-equilibration results in some loss of initial long-long
entanglements.

Since the tension re-equilibration process is a Rouse process constrained by the long-
long entanglements, we propose to describe it in a way similar to that for the early
fluctuation (see Eq. 3.7). However, this process is now happening in a tube dilated by
the short chains: the skinny tube (and the long chains therein) is fluctuating at the
rate of the release/reformation of the short-long entanglements. We therefore refer to
this process as CR-activated fluctuation (CR-CLF).

In the extreme case of barely entangled short matrix chains having the longest relax-
ation time τ1 ∼ τe, the CR-CLF process of the long chains can be described by Eq. 3.7



66
Dynamic dilution effect in binary blends of linear polymers with well-separated

molecular weights

with τearly therein being replaced by

τCR−CLF(x) =
1
2

(
τeυ−2

2

) 9π3

16
(υ2Z/2)4x4. (3.11)

Here, the factor τeυ−2
2 represents the intrinsic Rouse equilibration time within long-

long entanglement segment. This Rouse time comes from the fact that the molecular
weight between two long-long entanglements, i.e., of the fully dilated tube segment, is
equal to Me0υ−1

2 . Correspondingly, the number of long-long entanglement segments
is equal to υ2Z, which leads to the (υ2Z/2)4 scaling in Eq. 3.11. The latter factor is
smaller than the (Z/2)4 factor appearing in Eq. 3.8 because the equilibrium length of
the primitive path wriggling in the dilated tube is shorter than the initial primitive
path defined along the skinny tube.

Thus, in this extreme case of barely entangling short matrix chains, Eq. 3.11 is
equivalent to an expression of early fluctuations along the primitive path of the
dilated tube, which leads to enhanced (CR-activated) fluctuations of the long chains
and thus, to an increased fraction of long chains relaxed before their terminal time
(see Section 3.4.3). On the contrary, for binary blends composed of well entangled
long and short linear chains, one expects that Eq. 3.11 is not valid anymore because
the equilibration time within a long-long entanglement segment (determined by the
motion of the short chains) becomes too large to be neglected. This point is further
discussed in Section 3.4.4.

In order to include the CR-activated CLF process in our tube model, the survival
fraction of initial tube segments (see Eq. 2.6) is now described as

Ψ(t) = ∑
k

υk

∫ 1

0
pk

rept(xi, t)pk
f luc(xi, t)pk

CR−CLF(xi, t)dxi. (3.12)

Here, pk
CR−CLF(xi, t) is the survival probability of the initial tube segments at the posi-

tion xi at time t defined for the CR-CLF process of the chain component k. For the short
chain, the CR-activated CLF process is negligible and thus we set p1

CR−CLF(xi, t) = 1.
In contrast, for the long chain, this process should be important, and the probability
for this chain is modelled in terms of the CR-CLF time (Eq. 3.11) as

p2
CR−CLF(xi, t) = exp {−t/τCR−CLF(xi)} . (3.13)

Because of the p2
CR−CLF(xi, t) term, Ψ(t) (Eq. 3.12) decays more significantly com-

pared to that in the earlier model (Eq. 3.4): the chain extremities can indeed relax
either by reptation, by the intrinsic-Rouse CLF, or by CR-CLF. We therefore expect
a larger proportion of long chains to relax before their terminal relaxation, which
should decrease the low frequency plateau of the storage modulus of the blends. This
point will be tested on experimental data in Section 3.4.

Furthermore, thanks to the CR-activated CLF process, the long chains start exploring
their dilated tube. Even if this process is not very rapid in the blends, one could expect
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that it shortens the terminal relaxation time of the long chain compared to the time in
the monodisperse case. Also, for this category of bidisperse blends characterized by
barely entangled short chains and a large Gr number, one can assume that the chains
have time to move in their fully dilated tube before reptation occurs. Therefore, their
reptation time is considered as proposed in Eq. 3.6, with Φ∗ = υ2. Indeed, following
a similar way as the one proposed in Eq. 3.11, the reptation time composed of Z2
initial entanglement segments is determined as (Marrucci, 1985)

τrept(M) = 3

(
τe

υ2
2

)
(υ2Z2)

3 = (3τeZ3
2)υ2. (3.14)

3.3 Experiments

3.3.1 Materials

Table 3.1 summarizes the linear polybutadiene (PBD) and cis-polyisoprene (PI) sam-
ples utilized in this study. The sample code number indicates the molar mass (Mw) in
g/mol. All of them were synthesized/characterized in previous studies. The blends
of those samples were made at various volume fractions ν2 of the long component.
The rheological data (and also the dielectric data for PI blends) have been reported in
the reference given in Table 3.1.

Sample Mw (g/mol) Z T◦C Reference
PBD3 3800 2.3 40.0 (Wang et al., 2003)
PBD410 411500 249.4 40.0
PBD20 20000 12.1 25.0 (Park and Larson, 2004)
PBD550 550000 333.3 25.0
PBD25 25000 15.2 28.0 (Lee and Archer, 2001)
PBD160 160000 97.0 28.0
PBD36 36800 22.3 25.0 (Struglinski and Graessley, 1985)
PBD168 168000 101.8 25.0

PI21 21400 5.6 40.0 (Watanabe et al., 2004a)
PI308 308000 81.1 40.0
PI14 14000 3.6 40.0 (Sawada et al., 2007)
PI329 329000 86.6 40.0

TABLE 3.1: Characteristics of the linear samples.

3.4 Results and Discussion

As described in Section 3.1, the main objective of this study is to investigate and model
the influence of the short chain motion on the relaxation time of the long chain as
well as on the height of the low frequency plateau of the storage modulus, i.e. on the
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effective value of the dilution exponent. To do so, both experimental viscoelastic and
dielectric data are used. In the following, we first validate our model by comparing
predicted and experimental dielectric and viscoelastic data of monodisperse linear
chains. Then, in Section 3.4.3, we study the viscoelastic response of linear bidisperse
blends in which the components have widely separated molecular weights and
the short component is barely entangled, while in Section 3.4.4, we investigate the
rheology of bidisperse blends in which the short chains are also well entangled. All
calculations are made for the fixed value of the dilution exponent, α = 1.

3.4.1 Material parameters

The tube model formulated above contains three material parameters: the molecular
weight between two entanglements Me0, the Rouse time of an entanglement segment
τe and the plateau modulus G0

N . These parameters have been fixed, for all blend
samples, as indicated in Table 3.2, and in agreement with the values used in previous
studies (van Ruymbeke et al., 2012, 2006, 2007a, 2005).

Sample TMA
G0

N (MPa) Me (g/m) τe (s)
PBD
25.0◦C 1.2 1650 3.0× 10−7

28.0◦C 2.5× 10−7

PI
40.0◦C 0.45 3800 4.5× 10−6

TABLE 3.2: Material parameters utilized in model.

3.4.2 Dielectric and viscoelastic behavior of monodisperse linear samples

As a first test, we analyze the viscoelastic and dielectric data of entangled linear
polymers. As described in details by Watanabe et al. (2004a,b), Matsumiya et al. (2013),
the high frequency Rouse dynamics (Eq. 2.7) ) and the DTD dynamics resulting from
accumulation of local CR process, with the latter being represented by the Φ(t)α factor
for the viscoelastic F(t) in Eq. 3.2, hardy affect the dielectric relaxation. Therefore,
in order to calculate the dielectric relaxation function ε(t), we can utilize the same
equations as those for predicting the viscoelastic behavior, expect Eq. 3.2 that must be
replaced by

ε(t) = εd(t) = ∆εΨ(t), (3.15)

with ∆ε being the dielectric relaxation intensity. In Eq. 3.15, we have neglected a minor
DTD contribution to εd(t) (due to the chain motion within the edges of surviving
portion of the dilated tube) and equate the normalized dielectric relaxation function,
εd(t)/∆ε, to the survival fraction of the dilated tube, Ψ(t). The normalized dielectric
loss, ε,,

norm(ω) = ε,,(ω)/∆ε, is given as the Fourier transformation of εd(t)/∆ε.
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Based on these equations and on the material parameters given in Table 3.2 for
polyisoprene samples, the predicted dielectric loss and viscoelastic moduli of five
different linear samples (with Mw equal to 21, 43, 99, 179 and 308 kg/mol) are
obtained and compared to experimental data in Figures 3.2 and 3.3. The agreement
is very good, which validates – in the case of monodisperse linear chain – the full
DTD picture with the dynamic dilution exponent α equal to 1, being in harmony
with the conclusion found by Matsumiya et al. (2013). It must be noted that the
slight discrepancy observed for the lowest molecular weight sample (Mw = 21
kg/mol, Z = 5.5 entanglements) is most probably due to the fact that our tube model
considers that CLF process takes place already at time t = 0, i.e. before the time the
chains need in order to reach their equilibrium state. In the case of poorly entangled
chains, this speeds up the relaxation of the outer molecular segments, as it has been
discussed in details by Shchetnikava et al. (2014) and van Ruymbeke et al. (2010b).
Also, it is interesting to observe, on the dielectric data, the transition between the
CLF modes (characterized by the characteristic slope proportional to ω−1/4) and the
reptation peak: while nearly absent for the lower MW samples (which considerably
relax by CLF), this transition is well pronounced for the high MW samples, both in
the predicted and experimental data. Indeed, in this last case, only a small fraction of
the chains are relaxing by CLF and the dominant relaxation process is the reptation.

FIGURE 3.2: Comparison between calculated (curves) and measured (symbols) normalized dielectric loss
for different monodisperse polyisoprene samples of average molecular weights (in weight)
equal to 21 kg/mol, 43 kg/mol, 99 kg/mol, 179 kg/mol and 308 kg/mol (from right side to left
side). The calculation was made with Φ∗ = 1 in Eq. 3.6 and without considering CR-activated
CLF. The early fluctuations times has been determined, following Eq. 3.8, with (thick - -) or
without (thin –) considering a pre-factor 1/2.

As mentioned in Section 3.2.1, a pre-factor 1/2 has been added in Eq. 3.8 in order to
correctly describe the dielectric loss data. Indeed, as illustrated in Figure 3.2, without
this pre-factor, a small discrepancy is systematically observed either in the location of
the reptation peak or in the fluctuations slope, independently from the value of the
dilution exponent (1 or 4/3). While the origin of this factor 1/2 is not clear and needs
to be further investigated, it could be related to the fact that early fluctuations times
have been determined, based on the rotational Rouse relaxation time τ

(rot)
R , rather

than on the shorter stress relaxation time (= τ
(rot)
R /2 ) (Larson et al., 2003). It must be

noted that this pre-factor cannot be due to the coordinate system used for describing
the linear chains (as two-arm star polymers) (Inkson et al., 2006).
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FIGURE 3.3: Comparison between calculated (curves) and measured (symbols) storage and loss moduli for
different monodisperse polyisoprene samples of average molecular weights (in weight) equal
to 21 kg/mol, 43 kg/mol, 99 kg/mol, 179 kg/mol and 308 kg/mol (from right side to left side).
The calculation was made with Φ∗ = 1 in Eq. 3.6 and without considering CR-activated CLF.

3.4.3 Linear bidisperse blends with well-separated molecular weights, containing
barely entangled short chains

In this specific case, the long and short chains have very widely separated molecular
weights and the latter is barely entangled to behave essentially as a real solvent.
For such blends, one might expect that tube model based on the full dynamic tube
dilution (full-DTD) picture should adequately describe the experimental data (thus,
using Eq. 3.11, 3.12 and 3.14). We first test this idea for bidisperse blends of PBD3 and
PB410 (Wang et al., 2003).

The barely entangling short component, PBD3 (having M∼=2.3Me0), is assumed here
to relax according to the Rouse dynamics (see Eq. 3.10). On the other hand, for the
long chain, different options to determine the relaxation time are tested and discussed.

First, if we assume that the long chain relaxes by reptation along the skinny tube
(Φ∗(t) = 1 in Eq. 3.6) and that the CR-activated CLF process is not involved (i.e.,
Eq. 3.4 is valid), the predicted relaxation of the long chains in the blend is too slow,
especially for the blends containing a small fraction of long chains (υ2 < 20%), as
demonstrated in Figure 3.4.

The discrepancy which is seen at small υ2 was already observed by Park and Larson
(2004, 2006) showing the importance of incorporation of the dilution effect of the
short chains on the reptation time of the long chain (for the cases satisfying the
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FIGURE 3.4: Comparison between calculated (curves) and measured (symbols) moduli for blends of PBD3
and PBD410 having various compositions,υ2(%) = 100 (bulk PBD410), 80, 60, 40, 20, 10, and 5.
The calculation was made with Φ∗ = 1 in Eq. 3.6 and without considering CR-activated CLF.

Struglinsky-Graessley criterion, Eq. 3.3). Therefore, we followed the usual model
treatment to rescale the initial reptation time by the factor of Φ∗ = υ2 (Eq. 3.6 or Eq.
3.14), described by Park and Larson (2004, 2006) and Lee and Archer (2001). Results
of this calculation, still utilizing Eq. 3.4, are shown in Figure 3.5: The discrepancy
becomes much smaller but still remains, as noted for the terminal regime and in
particular, for the low frequency plateau (too narrow mode distribution and too high
plateau level for the calculation). This discrepancy is not specific to the tube model
examined here but also found for the other versions of the model; see, for example,
refs. Park and Larson (2004, 2006). It must be noted that an increase of the dynamic
dilution exponent α only transposes the problem. For larger α, the low frequency
data become better described by the model but a larger discrepancy emerges at
intermediate frequencies (Lee and Archer, 2001).

FIGURE 3.5: Comparison between calculated (curves) and measured (symbols) moduli for blends of PBD3
and PBD410 having various compositions,υ2(%) = 100 (bulk PBD410), 80, 60, 40, 20, 10, and 5.
The calculation was made with Φ∗ = υ2 in Eq. 3.6 and without considering CR-activated CLF.

The above result is in harmony with the previous argument of van Ruymbeke et al.
(2005) that the classical relaxation processes are not enough for describing the blend
data and an extra relaxation process, allowing a smooth transition of the effective
α from 1 to 4/3 (determined based on the level of the second plateau modulus), is
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necessary. As explained in Section 3.1, this extra process is attributed to the CR-
induced tension re-equilibration along the long chains due to fast release/reformation
of the long-short entanglements (van Ruymbeke et al., 2012; Watanabe et al., 2014,
1994). This extra process, leading to loss of long-long entanglements near the chain
extremities, is described, in this study, as the CR-activated CLF process.

Since the barely entangled short chain (PBD3) can be regarded as a real solvent, we
approximate the CR-activated CLF process as the intrinsic Rouse process having the
long-long entanglement equilibration time as short as τeυ−2

2 ; this point is further
discussed later in Section 3.4.4. For this case, Eq. 3.11 and 3.12 can be used. The
early relaxation of the long chain can then occur through two different fluctuation
mechanisms, either the intrinsic CLF along the skinny tube or the CR-activated CLF
along the dilated tube. Based on the Struglinski-Graessley criterion (Eq. 3.3), long
chains are assumed to reptate along the dilated tube (sustained only by the long
chains) and we set Φ∗ = υ2 in Eq. 3.6, while the modulus is calculated by combining
Eq. 3.12 with Eq. 2.6 and 3.9. The results, shown in Figure 3.6, very well agree with
the data for all υ2 values, lending support to the mechanism of CR-activated CLF.
Specifically, it should be emphasized that the CR-activated CLF process accelerates
the relaxation at the long chain extremities to reproduce the smooth decrease of the
storage modulus to the low frequency plateau with the height being scaled as υ7/3

2 .
Namely, this process gives the effective dilution exponent > 1 being consistent with
experiments, despite the theoretical α = 1 was utilized in the calculation.

FIGURE 3.6: Comparison between calculated (curves) and measured (symbols) moduli for blends of PBD3
and PBD410 having various compositions,υ2(%) = 100 (bulk PBD410), 80, 60, 40, 20, 10, and 5.
The calculation was made with Φ∗ = υ2 in Eq. 3.6 by considering CR-activated CLF (Eqs 3.11
and 3.12 ).

The above results seem to support the idea that in the blends of barely entangled
short chains and much longer chains, the early relaxation of the long chain mainly
occurs through the CR-activated CLF (tension re-equilibration) process along the fully
dilated tube. This process significantly speeds up the relaxation at the long chain
extremities, in agreement with experimental data.
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3.4.4 Linear bidisperse blends with well-separated component molecular weights,
containing well-entangled short chains

Figure 3.6 has demonstrated that for binary blends with barely entangled short chains,
the time necessary for the relaxation within the long-long entanglement is close to
τeυ−2

2 and the tension re-equilibration process is well described by Eq. 3.11. However,
this is not the case for blends containing well entangled short chains. Indeed, in
such blends, the long chain should move along the dilated tube at the rate of the
release/creation of the short-long entanglements, and this characteristic time should
depend on the lifetime and concentration of these short-long entanglements, thereby
retarding the relaxation within the long-long entanglement (van Ruymbeke et al.,
2012; Watanabe et al., 2014).

In order to investigate this retardation, we first focus on the relaxation of the binary
blends of PI21 and PI308 (with M1

∼=5.6Me0; see Table 3.1) (Watanabe et al., 2004a).
The advantage of these blends is that both viscoelastic and dielectric data have been
measured and analyzed. This allows us to compare measured and predicted data
for both viscoelastic moduli and dielectric loss and thus to significantly minimize
the possible sources of error since, as mentioned in Section 3.4.2., dielectric data are
insensitive to the high frequency Rouse process and the DTD process.

Test of molecular picture of reptation along fully dilated tube for PI/PI blends

If we consider the reptation of the long component in a fully dilated tube as if the
long chains were diluted in a real solvent (i.e. Φ∗ = υ2 in Eq. 3.6), we should obtain a
too fast reptation process since the short chains considered here are entangled. This is
indeed demonstrated in Figure 3.7, which compares literature data of dielectric loss of
these blends to the loss of the long component in a real solvent (oligomeric butadiene)
(Watanabe et al., 2004a), both reduced at an iso-frictional state: The terminal time of
the long chain is much shorter in the real solvent than in the PI21 matrix.

FIGURE 3.7: Comparison between normalized dielectric loss data for blends of PI21 and PI308 (open
square) and PI308 diluted in real solvent (filled o), at various compositions, υ2(%) = 20, 10,
and 5.

Keeping this in mind, we compare, in Figure 3.8, the experimental and calculated
storage modulus and dielectric loss of these blends, the model calculation being
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performed with the assumption that the long chains reptate along the fully dilated
tube (i.e. Φ∗ = υ2 in Eq. 3.6) without being affected by the CR-activated CLF. This
assumption is similar to that in the calculation by Park and Larson (2004, 2006) and
by several other groups for the viscoelastic modulus.

FIGURE 3.8: Comparison between experimental data (storage modulus (a) or normalized dielectric loss data
(b)) and calculation for blends of PI21 and PI308 having various compositions, υ2(%) = 100,
50, 20, 10 and 5. The calculation was made with Φ∗ = υ2 in Eq. 3.6 and without considering
CR-activated CLF. For (b), the calculated curves only show the responses of the long chains.

In Figure 3.8b, the theoretical dielectric response only shows the contribution from
the long chains (not of the blend as a whole). One can see that the agreement is
not too bad, contrarily to our expectations from the comparison made in Figure
3.7. This is due to the fact that the too fast reptation of the long chains assumed
in the calculation is, in this specific case, compensated by the too slow (quenched)
CLF-CR process in the calculation, which leads to a too pronounced second plateau
observed in the storage modulus. Due to this underestimation of the reptation
time and overestimation of the CLF-CR process, one can see on Figure 3.8b that the
power law behavior ε,,

norm(ω)∝ ω−1/4 characteristic to the early fluctuation process
is experimentally observed at intermediate frequencies but not reproduced in the
predicted curves in the right range of frequency, especially at low concentrations of
long chains. In fact, this power-law behavior is calculated to emerge at much higher
frequencies, ω≥104 rad/s. As a consequence, the long chains are nearly not relaxing
at intermediate frequencies, leading to this too pronounced second plateau. Thus, the
calculation with the assumption of the long chains reptation along the fully dilated
tube (Φ∗ = υ2) not associated by the CR-activated CLF cannot reproduce the data at
intermediate frequencies, no matter what the reptation time considered for the long
chain is.
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Test of molecular picture of CR-activated CLF for PI/PI blends

The above results, together with the conclusion of Section 3.4.3, suggest the impor-
tance of the CR-activated CLF of the long chains in description of the blend data. The
relaxation of the short chains is indeed fast compared to the motion of the long chains,
and the motion of these short chains should lead to the tension re-equilibration along
the long chains in some time scale. As a first trial, one may assume that the tension
re-equilibration process is associated with the characteristic, intrinsic Rouse time
given by Eq. 3.11 and that the long chain entangled with the short chains reptate
along the fully dilated tube as considered in Eq. 3.14 (or, equivalently, with Φ∗ = υ2 in
Eq. 3.6). The calculation based on these two assumptions is shown in Figure 3.9: The
calculation excellently reproduces the shape of the curves. In particular, considering
the CR-activated CLF mechanism suppresses the transition zone in which a power
law behavior ε,,

norm(ω) ∝ ω−1/2 was observed. However, the relaxation time of the
calculated curve is clearly shorter than the data, and this difference becomes larger
with decreasing concentration of the long chains in the blend.

FIGURE 3.9: Comparison between calculation and data of normalized dielectric loss for PI21 and PI308
(see Table 3.1) mixed in different proportions: 100%, 50%, 20%, 10%, 5%, 3% and 2% of PI308.
The calculation was made with Φ∗ = υ2 in Eq. 3.6 and by considering the CR-activated CLF
(Eqs 3.11, 3.12). The calculated curves show only the contribution of the long chains.

From the results seen in Figure 3.9, one can conclude that long chains entangled with
much shorter chains largely relax through CR-activated CLF, as expected, but this
relaxation process takes place with a certain delay time that depends on the long
chain concentration (Watanabe et al., 2014). This delay naturally emerges because the
short but well entangled chains cannot behave as a solvent in the short time scale of
t = τe (the time scale introduced for barely entangled short chains; cf. Section 3.4.3).
Consequently, Eq. 3.11 needs to incorporate a time τlong−long eql necessary for one long-
long entanglement segment to be internally relaxed/equilibrated and achieve the
tension re-equilibration along the chain backbone. This time is equivalent to the onset
time of CR-activated CLF. Since the long-long entanglement segment contains υ1/υ2
short-long entanglements each having an average lifetime τshort−long, and since the
relaxation/equilibration within the long-long entanglement segment occurs through
the CR-Rouse type mechanism that can never be faster than the intrinsic Rouse
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equilibration occurring at the time τe/υ2
2, τlong−long eql can be expressed as

τlong−long eql = max
(

τeZ
′2
2 , τshort−longZ”2

2

)
, (3.16)

with

Z
′
2 = min

(
1
υ2

, Z2

)
, Z”

2 = min
(

υ1

υ2
, Z2

)
. (3.17)

Equation 3.17 has been introduced to include the extreme case of dilute long chain
entangled only with the short chain (1/υ2>Z2 and υ1/υ2>Z2 ). For mutually en-
tangled long chains having υ2 well above 1/Z2, Eq. 3.16 gives τlong−long eql =

τshort−long(υ1/υ2)
2, the Rouse-CR time for υ1/υ2 short-long entanglements. The

CR-activated CLF of a specific molecular segment x is therefore expressed as

τCR−CLF(x) = τlong−long eql
9π3

16
(υ2Z/2)4x4, (3.18)

which is then considered in Eq. 3.12 and 3.13. Similarly, the reptation time of the long
chains, which takes place after the CR-activated CLF and is the terminal relaxation
process of the long chains, needs to account for the fact that the short chains are too
long to behave as a real solvent and that a long-long entanglement segment needs
a time τlong−long eql to be equilibrated due to the release/formation of the short-long
entanglements (van Ruymbeke et al., 2012; Watanabe et al., 2014). Therefore, Eq. 3.14
is rescaled as

τrept(M, t) = min
(
(3τeZ3

2),
(

3τlong−long eql(υ2Z2)
3
))

. (3.19)

Equation 3.19 indicates that the chain reptates along the fully dilated tube if 3τeZ3
2

bigger than τlong−long eql(υ2Z2)
3, but reptation for this case is retarded due to the

tension equilibration (with the charcateristic time τlong−long eql and not governed by
the intrinsic curvilinear diffusion coefficient D0

c . This type of reptation is equivalent,
in time scale, to the reptation along a partially dilated tube being associated with D0

c ,
as considered in previous studies (Watanabe et al., 2014; Matsumiya et al., 2013).

As illustrated in Figure 3.10, by using Eq. 3.16–3.19, we are considering the chain
motions at two different length scales, defined by Me and Me/υ2. These two molecular
segments are associated to a different equilibration time, equal to τe and τlong−long eql ,
respectively. While the first case is characterized by a short equilibration time of
the segment unit, τe, but by a large number of segments, in the second case the
equilibration time τlong−long eql is much longer but the chains contain only few of these
long-long segments. Therefore, depending on the blend composition and component
molecular weights, the balance between the motions associated to these two length-
scales is changed and one or the other can become dominant.

It must be noted that while it contradicts the proposition of Doi et al. (1987) to describe
CR mechanisms in binary blends, considering the chain motions at these two different
length scales is in line with the proposition of Viovy et al. (1991), who define two



3.4 Results and Discussion 77

FIGURE 3.10: Illustration of the two length scales used for describing the motion of the long chains. Either
the long chains mainly relax in the undilated tube, i.e. following Eq. 3.6 with Φ∗ = 1, and
Eq. 3.8 (each entanglement segment is represented by a thin black line), or they mainly
relax in the dilated tube, at the rate of the release/formation of the short-long entanglement
segments, i.e. following Eq. 3.16–3.19 (each long-long entanglement segment is represented
by a thick blue line).

different types of motions, either of the chain along the undiluted tube, or of the
skinny tube along the dilated tube. Also, they consider that tube motions along the
dilated tube take place at the rate of the short chains motions and are therefore much
slower than the same long chains moving in a real solvent, as it is also proposed
here. We can then conclude that this work is in agreement with the constraint release
picture proposed by Viovy et al. (1991), even if differences appear in the way defining
the equilibration time τlong−long eql (which, for example, in our case, depends on υ1)
and by the fact that we account for CLF. On the other hand, Eq. 3.18 – 3.19 are also in
line with the work of Read et al. (2012), in which enhanced CLF are considered by
renormalized diffusion constants at the chain ends.

In this study, the average lifetime of the short-long entanglement, τshort−long appear-
ing in Eq. 3.16, was assumed to be independent of the long chain concentration
and its value is determined so as to best fit the data, as shown later in Figure 3.12.
The τshort−long eql value (= 1.5× 10−5 s) obtained from this best-fitting method was
satisfactorily close to that deduced from the data for the dielectric CR relaxation time
τε

CR of the dilute long PI chain entangled only with the short matrix PI chains (Watan-
abe et al., 2004a): τε

CR = 0.16 s for dilute PI308k in PI21k, based on the data of the
second-moment average relaxation time given in ref. Watanabe et al. (2004a), which
gives τshort−long

∼= τε
CR/Z2

2
∼= 2.4× 10−5 s being close to the value obtained from the

fitting. The best-fit value of τshort−long depends on the choice of the functional form
of pk

f luc(xi, t) in Eq. 3.7 and p2
CR−CLF(xi, t) in Eq. 3.13. If some mode distribution

is introduced for pk
f luc(xi, t) and p2

CR−CLF(xi, t), instead of the approximate single-
exponential form (Likhtman and McLeish, 2002) adopted in Eq. 3.7 and 3.13, the
best-fit value of τshort−long could become even closer to the value deduced from the
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τε
CR data.

Strictly speaking,τshort−long should increase with increasing concentration of the long
chain because of the retardation of the short chain motion (due to suppression of
CR/DTD for the short chain (Matsumiya et al., 2013)). However, this increase is just
moderate (within a factor of 2) (Watanabe et al., 2014), and incorporation of such
moderate increase hardly affected the calculation results shown later in Figure 3.12.
Thus, for simplicity and clarity of calculation, we assumed the constant τshort−long
value. The feature ofτshort−long is further discussed further.

While based on Eq. 3.16–3.19, a good agreement between the experimental and
calculated dielectric loss for the PI21/PI308 blends containing at least 5 wt % of long
chains (see below, Figure 3.12), these equations do not take into account the fact that
below a certain amount of long chains (defined as υ2Z2<2), the dilated tube does
not exist anymore and therefore, the CR-activated CLF process is not valid anymore,
becoming virtually faster that the intrinsic Rouse relaxation of the chains. In order to
account for this limitation, we impose that the long chains cannot relax through the
CR-activated CLF process before the long-long entanglement segment is internally
equilibrated, i.e. before the chain is able to relax in a dilated tube. To this end, in this
study, we follow ref. van Ruymbeke et al. (2010b) and describe the CR-activated CLF
in a new coordinate axis illustrated in Figure 3.11, which ensures that the CR-activated
CLF starts only afterτlong−long eql .

FIGURE 3.11: Illustration of the coordinate system y, which has been used to describe the CR-activated
CLF. The mass M+ is introduced in order to allow this CLF to start at a time τlong−long eql .

Within this new axis, the coordinate y is determined by accounting for an extra
(virtual) molecular segment of mass M+, which is cast in a relationship,

τCR−CLF(y = xend) = τCR−CLF(x = 0) = τlong−long eql . (3.20)

The coordinate of the extra segment in the new axis, y = xend, is determined so as to
allow the CR-activated CLF to start at τlong−long eql . Thus, for the long chain entangled
with the short matrix chains, the characteristic time of the CR-activated CLF process
appearing in Eq. 3.18, τCR−CLF, is determined with the aid of the proportionality
pCR−CLF(x) ∝ y4 characteristic to the Rouse-CR process in the early stage.

The use of the new coordinate axis has negligible influences on τCR−CLF for a large
volume fraction of the long chains, whereas the influence becomes significant for
small υ2 (< 0.05). Indeed, for such small υ2, the tube significantly dilates and the
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chains need a longer time before being able to fluctuate in this dilated tube (see Eq.
3.16), which can have repercussion on the CR-activated CLF on the deeper segments
at x ∼ 1. Indeed, for small υ2, the necessary time for internal equilibration of a long-
long entanglement segment becomes important, which delays the CR-activated CLF
process. This delay of the CR-activated CLF will also depend on the time τshort−long,
which is increased in the case of longer ”short chains matrix”.

For the PI308k/PI21k blends, the dielectric loss calculated with the aid of Eq. 3.16–3.19
are shown in Figure 3.12. The calculation agrees with the data very well in the entire
range of υ2, because it took into account the CR-CLF process and the essential fact
that this process does not start before the internal equilibration of the long-long
entanglement segment.

FIGURE 3.12: Comparison between normalized data of experimental and calculated dielectric loss for PI21
and PI308 (see Table 3.1) mixed in different proportions: 100%, 50%, 20%, 10%, 5%, 3% and
2% of PI308. The calculation was made by considering the intrinsic Rouse CLF (see Eq. 3.11),
CR-activated CLF in the coordinate axis y (see Eqs. 3.18 and 3.20) and reptation as described
in Eq. 3.19, with τshort−long = 1.5× 10−5 s. The calculated results are shown only for the
contribution of the long component (a) or the contribution of both components (b).

The dielectric data of the PI/PI blends are thus well described by our model consid-
ering the CR-activated CLF and reptation along the dilated tube that occurs with a
certain delay (compared to CLF in a real solvent) due to the non-negligible time of
the release/formation of the short-long entanglements (van Ruymbeke et al., 2012;
Watanabe et al., 2014, 1994).

As a next step, it is interesting to see if the same model can also describe the viscoelastic
data of the PI/PI blends. To do so, Eq. 2.6 (not Eq. 3.15) must be used together with Eq.
2.5 and 2.7. The calculated results are shown in Figure 3.13: the calculation is again
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in very good agreement with the data. In particular, the smooth transition observed
between the reptation of the short chains and of the long chains, which corresponds
to the transition between an effective dilution exponent α of 1 to an effective exponent
of 4/3, is now well described. The good agreement for both dielectric and viscoelastic
data also validates the (partial) DTD picture (see Eq. 2.6).

FIGURE 3.13: Comparison between experimental and calculated storage (a) and loss (b) moduli for PI21
and PI308 (see Table 3.1) mixed in different proportions: 100%, 50%, 20%, 10%, 5%, 3% and
2% of PI308. The calculation was made by considering the intrinsic Rouse CLF (see Eq. 3.11),
CR-activated CLF in the coordinate axis y (see 3.18 and 3.20) and reptation as described in
Eq. 3.19, with with τshort−long = 1.5× 10−5 s.

We now apply this model to predict the viscoelastic data of binary blends composed
of PI329 and PI14, the latter having M1

∼= 3.6Me0, i.e. at the limit of being entangled
(Sawada et al., 2007). Results are shown in Figure 3.14. Again, incorporation of
the CR-activated CLF (Eq. 3.12) having the characteristic time given by Eq. 3.16
gives a good agreement between the data in the dominant part of relaxation and the
calculated curve.

Test of model for PBD/PBD blends

Here, the model formulated/explained in the previous section is tested for the litera-
ture data for PBD/PBD blends containing the long components entangled with much
shorter matrix component. Three different series of PBD blends, corresponding to
three different values of the Graessley number (Eq. 3.3), are investigated, based on
the same material parameters (see Table 3.2).

In Figure 3.15, the calculated viscoelastic curves and the data are shown for PBD550/
PBD20 blends. By accounting for the tension re-equilibration process through the
CR-activated CLF (Eq. 3.16–3.19), the model again describes the data very well. In
particular, the level of the low-frequency plateau of G’ is now correctly described,
which was not the case in ref. Park and Larson (2004) based on usual assumption of
tube models.
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FIGURE 3.14: Comparison between calculated (curves) and measured (symbols) storage moduli for blends
of PI14 and PI329 having various compositions, υ2(%) = 100 (bulk PI329), 70, 40, 20, 10, 5, 2,
1 and 0 (bulk PI14). The calculation was made by considering the intrinsic Rouse CLF (see
Eq. 3.11), CR-activated CLF in the coordinate axis y (see Eqs. 3.18 and 3.20) and reptation as
described in Eq. 3.19, with τshort−long = 0.9× 10−5 s.

We now focus on PBD160/PBD25 blends. As mentioned by Park and Larson (2006),
these blends have Graessley number very close to the critical value of 0.064 (definition
by Park and Larson) above which the long chains are considered to reptate in a dilated
tube. They found a rather good agreement between their calculation and data by
considering reptation in a skinny tube. However, they also showed that the relaxation
times of the long chains becomes overestimated when the long chain concentration
decreases, arguing that in this case, one should probably consider an intermediate
stage of the tube dilution. The same data have also been examined by Lee and Archer
(2001), who concluded – contrary from Park and Larson - that the long chain reptates
along a dilated tube rather than a skinny tube. This difference between the two
conclusions was most probably due to the fact that Lee et al. used a different set of
material parameters and a dilution exponent α equal to 1.3 (van Ruymbeke et al.,
2007a).

Figure 3.16 compares our model calculation and the data for PBD160/PBD25 blends.
The agreement with the data is again very good even for the “problematic” blend
having the lowest content of long chains, υ2 = 0.2. In fact, the CR-activated CLF
incorporated in our model has a significant effect on the relaxation function only
for this 20% blend, and the effect becomes weaker and finally almost vanishes with
increasing υ2.

In Figure 3.17, our model is applied to bidisperse blends of PBD36 and PBD168.
Compared to the blends examined in Figures 3.15 and 3.16, M1 and M2 are much
closer to each other and the Graessley number is very small (Gr = 0.08) in the
PBD168/PBD36 blends. Because of this feature, the equilibrium time of a long-long
entanglement segments is too long to give any significant effect of the CR-activated
CLF on the relaxation of the long chain relaxation. For this reason, the results shown in
Figure 3.17 are equivalent to the results obtained without considering the CR-activated
CLF (tension re-equilibration), contrary to all the other blends presented above. One
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FIGURE 3.15: Comparison between experimental and calculated storage moduli for PBD20 and PBD550
(see Table 3.1) mixed in different proportions: 100%, 20%, 10%, 5%, 1% and 0% of PBD550.
The calculation was made by considering the intrinsic Rouse CLF (see Eq. 3.11), CR-activated
CLF in the coordinate axis y (see Eqs. 3.18 and 3.20) and reptation as described in Eq. 3.19,
with τshort−long = 1.4× 10−6 s.

FIGURE 3.16: Comparison between experimental and calculated storage moduli for PBD25 and PBD160
(see Table 3.1) mixed in different proportions: 100%, 60%, 40%, 20% and 0% of PBD160 (with
T=28◦C). The calculation was made by considering the intrinsic Rouse CLF (see Eq. 3.11),
CR-activated CLF in the coordinate axis y (see Eqs. 3.18 and 3.20) and reptation as described
in Eq. 3.19, with τshort−long = 2× 10−6 s.

can observe in Figure 3.17 that the calculation describes the data well, which lends
support to the conclusion that the CR-activated CLF significantly influences the
relaxation only for binary blends with well-separated molecular weights and a large
Gr. It must be also noted that Wang et al. (2010) predicted the rheology of these same
blends based on their hierarchical model and concluded that the model predictions
of the storage modulus for moderate fractions of long chains were lower than the
experimental data. This was most probably due to the fact that the dilution exponent
of 1.3 was used, enhancing the CR effect from the short chains.

Average lifetime of a short-long entanglement

As mentioned above, the average lifetime of a short-long entanglement, τshort−long,
has been fixed by best fitting of the data with Eq. 3.16, assuming that it is a constant for
each set of blends. Apart from the mixtures based on PBD36 and PBD168, for which
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FIGURE 3.17: Comparison between experimental and calculated storage moduli for PBD36 and PBD168
(see Table 3.1) mixed in different proportions: 100%, 70%, 50%, 30%, 10% and 0% of PBD160.
The calculation was made by considering the intrinsic Rouse CLF (see Eq. 3.11), CR-activated
CLF in the coordinate axis y (see Eqs. 3.18 and 3.20) and reptation as described in Eq. 3.19.
However, for these blends, the influence of CR-activated CLF was negligible.

the CR-activated CLF is not active, it appeared that for the blends analyzed here,
this lifetime is relatively short, corresponding to several times of τe for equilibration
of the entanglement segment. For the PI/PI blends, the τshort−long values utilized
in the best fitting were numerically close to the CR time data available for those
blends. Even closer agreement could be expected if we improve the approximate
single-exponential form (Likhtman and McLeish, 2002) adopted in Eq. 3.7 and 3.13
and re-evaluate τshort−long accordingly. Nevertheless, it is necessary to further analyze
the dynamics of short-long entanglement relaxation to derive τshort−long theoretically,
rather than utilizing it as a fitting parameter.

3.5 Conclusions

In this chapter, we have investigated and modeled the viscoelastic properties of binary
blends being composed of linear chains with well-separated molecular weights and
having various compositions. These systems are indeed very suitable to test the
validity and the limit of the constraint release and dynamic tube dilution processes,
to study how the solvent effect from the short chains affects the relaxation of long
chains, and to discuss the value of the dynamic dilution exponent α.

We first focused on binary blends composed of barely entangled short chains. In
such a case, we have shown that a very good agreement between the tube model
predictions and the experimental data is obtained if we account for the influence
of the tension equilibration process along the long chains, which is modeled as the
CR-activated CLF. In addition, in such a case, reptation is considered to take place
along a fully dilated tube, as if the long chains were diluted in a real solvent. This
allows us to show that this CR-activated CLF process speeds up the relaxation of the
long chains, which naturally leads to an effective dilution exponent α equal to 4/3,
despite the fact that the modeling is based on α = 1. This result is thus in agreement
with the idea recently proposed by van Ruymbeke et al. (2012), Watanabe et al. (2014).
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Then, we analyzed the rheological behavior of binary linear blends composed of
entangled short chains. In such a case, we have shown that the CR-activated CLF
also takes place during the relaxation of the long chains. However, it is necessary to
include a delay time in this relaxation process, which represents the necessary time
for the long chain to be able to fluctuate along their dilated tube, and which is thus
equal to the internal equilibration time of a long-long entanglement segment. In order
to ensure the CR-activated CLF do not start before this delay time, we have used a
new coordinate system, following van Ruymbeke et al. (2010b). On the other hand,
reptation is also considered in a fully dilated tube, but being retarded according to the
rate of the release/formation of the short-long entanglements. This type of retarded
reptation along the fully dilated tube is equivalent to the reptation with the intrinsic
curvilinear diffusivity (no retardation in this sense) but occurring along a partially
dilated tube, as considered in a recent study of Matsumiya et al. (2013).

This approach has been tested on several linear binary blends, showing an improved
quality of the predictions compared to results previously obtained with tube models
on the same blends. This allows us to conclude that with extreme binary blends
as proposed in this work, the fast motions of the short chains are speeding up the
relaxation of the long chains through the tension re-equilibration process, which
can be described as CR-activated CLF. This process suffices to explain why a larger
fraction of the long chains relaxes before their reptation, leading to an effective dilution
exponent larger than 1 noted for the level of the low-frequency plateau modulus.
Thus, this picture allows us to unify the different conclusions found about the exact
value of this exponent. As perspective, we would like to extend this work to the
relaxation of star polymers, blended or not with a shorter component.



CHAPTER 4

Comparative analysis of different approaches to linear
rheology of monodisperse linear entangled polymers

The aim of the present chapter is to analyse the differences between tube-based models
which are widely used for predicting the linear viscoelasticity of monodisperse linear
polymers, in comparison to a large set of experimental data. This work is submitted
for publication. The following models are examined: Milner-McLeish, Likhtman-
McLeish, the Hierarchical model proposed by the group of Larson, the BoB model
of Das and Read, and the TMA model proposed by the group of van Ruymbeke.
This comparison allows us to highlight and discuss important questions related
to the relaxation of entangled polymers, such as the importance of the contour-
length fluctuations (CLF) process and how it affects the reptation mechanism, or
the contribution of the constraint release (CR) process on the motion of the chains.
In particular, it allows us to point out important approximations, inherent in some
models, which result in an overestimation of the effect of CLF on the reptation time.
On the contrary, by validating the TMA model against experimental data, we show
that this effect is underestimated in TMA. Therefore, in order to obtain accurate
predictions, a novel modification to the TMA model is proposed.

4.1 Introduction

All tube-based computational models that predict the linear viscoelasticity (LVE) agree
that, in addition to the high frequency Rouse modes, the relaxation of linear polymer

85
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melts consists of the three main processes: reptation, contour length fluctuations and
constraint release. For example, these mechanisms form the basis of the quantitative
theory developed by Milner and McLeish (1998), abbreviated as MM theory, for
monodisperse linear polymers. In this model, a linear chain is represented as a two-
arm star polymer able to reptate. In this way, relaxation starts with contour length
fluctuations and retraction (activated CLF) of the chain ends, and at time t = τd is
followed by reptation along the unrelaxed part, as retraction is becoming slower than
reptation. The Hierarchical model of Larson (2001) incorporates the physics of the
MM theory and together with some additional features forms a model which can be
applied to linear polymers as well as to mixtures of branched polymer molecules.
This model was modified by Park et al. (2005), Park and Larson (2003, 2005) to include
the ”early-time” fluctuations and some other refinements. The BoB model, which also
uses the MM theory, was developed by Das et al. (2006) and incorporates modeling of
branch on branch structures.

While all models use a common theoretical approach for the LVE of linear entangled
polymers, they differ in some important assumptions (Wang et al., 2010). Notably,
the definition of CLF in models which are based on the MM theory, contradicts the
original idea developed by Doi and Edwards (1986), according to which only the fast
fluctuations at the end of the chain shorten the contour length of the tube. Therefore,
although theoretically it is based on Doi’s assumption (Doi, 1983), numerically the
amount of the material that is being subtracted from reptation time seems to be
overestimated. The effect of this assumption is discussed in detail in Section 4.4.2.
On the other hand, as it is discussed in Section 4.4.3, the MM theory neglects the
constraint release modes arising from reptation. In the present work, we investigate
the importance of this modeling choice and its impact on the predictions of LVE by
comparing the results obtained with the BoB model to a large set of experimental
data. It is important to note here that constraint release effects are also present in
monodisperse samples. Indeed, as it was recently shown by Matsumiya et al. (2013),
viscoelastic relaxation process in the monodisperse system is accelerated by CR, and
suppression of this mechanism is clearly observed if the chains are blended into a
very long linear matrix. Thus, even for monodisperse samples, a good description
of CR is needed in order to reach quantitative level of predictions. Tube models also
require the definition of an expression for the relaxation modulus. The BoB and the
Hierarchical models use the same expression as the one used in the MM theory. In
Section 4.4.3, we discuss the accuracy of this expression, and propose an alternative
derivation of this relaxation modulus.

Another LVE theory was proposed by Likhtman and McLeish (2002), abbreviated as
LM theory. It involves all the relevant mechanisms considered and does not include
any new physical processes. This theory solves the existing mathematical models
for the relaxation processes in a consistent and more accurate way. In particular, the
expression for the amount of unrelaxed material at early times is derived by solving
the one-chain problem combining analytical and stochastic approaches. The resulting
function slightly enforces the influence of early fluctuations, as compared to the one
used in the other models, and the transition between CLF and reptation regimes
always happens at time 3.6τR, where τR is the Rouse time. As discussed in Section
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4.4.3, this estimate is much closer to the original idea of CLF, than the estimates
employed in the BoB and Hierarchical models.

As a third approach, the time-marching algorithm (TMA), by van Ruymbeke et al.
(2005), for monodisperse linear polymers is also a tube-based model, but in fact, it is
quite different from the other models. For example, CLF and reptation processes act
simultaneously, while the MM, Hierarchical and BoB models consider reptation and
CLF as mutually exclusive processes with a transition time at t = τd. From cursory
analysis, there seems to be a substantial distinction between TMA and other models.
For instance, reptation is often a slower process in TMA, however arm fluctuation
can speed up the terminal relaxation indirectly through Ψ(t), which is the fraction of
material not yet relaxed by reptation or retraction. It must be noted that, in addition
to these relaxation processes, all above models consider the high frequency Rouse
relaxation in a similar way (Likhtman and McLeish, 2002).

Therefore, a first aim of this chapter is to discuss the main differences between TMA
approach and the models based on the MM theory, as well as the influence that each
assumption has on the relaxation process. In particular, we would like to understand
why all these models, despite their large differences, lead to similar predictions
in case of linear polymers. To this end, we collected a large set of experimental
data from literature, that we use, first, to discuss the material parameters of the
different polymers, then to validate the different approaches. This comparison allows
us to address two important questions: 1) what is the importance of CLF in the
relaxation process of a linear chain? 2) how does it affect the terminal relaxation time
of the chains? Based on our conclusions, we then propose to modify the TMA model.
Another purpose of this work is to draw attention to the differences observed between
the theory and the numerical implementation for the BoB and the Hierarchical models.

In a more general perspective, the objective of the present work is to revisit the existing
tube models and propose improvements in order to be able to extend them towards
a quantitative prediction of the viscoelastic properties of polydisperse polymers.
Indeed, while this work only focuses on monodisperse linear polymers, it allows
us to discuss in depth three issues which are intrinsic to the models, and which can
have very large consequences on the prediction of the relaxation of more complex
polymers.

The first question is related to the balance between reptation and fluctuation processes,
which is of primary importance if we want to be able to predict the viscoelastic
behavior of both linear and star-like polymers while keeping the same parameters
Shchetnikava et al. (2014). And this first step is of primary importance if we want
to be able to predict the relaxation behavior of binary blends composed of linear
and star-like polymers. As mentioned by Desai et al. (2016), today, most of the tube
models fail at doing so, which is probably the strongest limitation for applying such
models to polydisperse samples.

The second question that we would like to address here is the too fast relaxation
of very short polymer chains (Pattamaprom et al., 2000), which leads to a wrong
description of the plateau modulus (Hou et al., 2010; Liu et al., 2006b,a). This requires
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a careful description of the chain dynamics at short times, in order to prevent the pos-
sible disentanglement of the chains before the Rouse relaxation of their entanglement
segments.

The third question is related to the influence of constraint release (CR) process, and
how this one is taken into account in the models. As already mentioned, its effect
is quite large, even in the case of monodisperse linear polymers. By combining the
present results obtained for monodisperse linear polymers with the ones coming
from recent studies on the viscoelastic properties of binary blends of entangled linear
polymers (Ebrahimi et al., 2017; Shivokhin et al., 2014; Read et al., 2018; Watanabe
et al., 2014; van Ruymbeke et al., 2014), in which mechanisms such as the Constraint
Release Rouse process and the dynamic tube dilution have been studied in detail, we
believe all the ingredients will be there in order to extend these studies to the linear
viscoelastic properties of polydisperse samples.

This chapter is organized as follows. First, in Section 4.2, we present the time-
marching algorithm (TMA) for the case of linear macromolecules. Second, in Section
4.3, we present the experimental data together with the material parameters used
within the present study. In Section 4.4.2, we compare the theoretical predictions
of TMA with LVE data of polybutadiene, polyisoprene and polystyrene polymer
samples and propose a novel modification to the model. Then, in Section 4.4.3, we
discuss the main differences between the TMA and the BoB model, focusing on the
way CLF is treated, and on the way relaxation modulus is derived. Additionally, we
propose changes to the BoB model, so that the implementation is consistent with the
theory. Section 4.4.4 compares the results of the TMA and BoB predictions for the
various sets of experimental data, and finally conclusions are presented in Section 4.5.

4.2 Modeling

The TMA model for prediction of the LVE properties of linear polymers is described
in several publications (van Ruymbeke et al., 2005, 2014), however in slightly different
forms. In the current chapter, we present a new version of the TMA, which is
consistent in both definitions and notations with our earlier work (Shchetnikava et al.,
2014) on star-shaped polymer melts, as well as with tube theory for linear polymers.

4.2.1 Relaxation modulus for linear polymers

All tube-based models assume that a single polymer is represented by an ideal chain
(i.e. a random walk), which is trapped in a so-called tube. The tube concept is
relatively abstract, as there is no actual tube. The topological constraints imposed by
the surrounding chains on the ”test” chain are assumed to be equivalent to the tube, in
which the ”test” chain is confined since it cannot move in the direction perpendicular
to the tube axis. Such a polymeric system will always remain in equilibrium, unless it
is forced to change its state. If the system is subjected to a strain, the distribution of
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chains will be disturbed, and the polymer melt is under stress. The system should
readjust its ”stressed” configuration in order to reduce that stress. Each chain has
to move out of its original ”stressed” tube into a new tube, through a relaxation
mechanism such as reptation, CLF and retraction. Every time a portion of the tube
is vacated by the chain, the memory of the orientation is lost. This memory loss is
described by the survival function Ψ(t), defined as the unrelaxed fraction of initial
tube segments at time t.

There are several time-scales involved in the relaxation process. At a very short time
scale, less than the Rouse time of an entanglement segment τe, the chains are unaware
that they are surrounded by other chains and thus, they relax locally through Rouse
motion. The chain starts to feel the topological constraints due to its surroundings
only after τe. This prevents the polymer chain from moving perpendicular to the
tube axis. At this time, since we treat the linear chain as a two-arm star, the stress
starts to decrease through CLF and arm retraction. Nevertheless, it is not the only
possible relaxation processes taking place at time t > τe. Indeed, unlike other models,
the TMA assumes that the reptation and retraction processes are independent and
can occur simultaneously. Recall that, the ”test” chain is a statistical representation
of all polymers in the system. Furthermore, as discussed elsewhere (Shchetnikava
et al., 2014), the effect of constraint release must be taken into account via the concept
of ”dynamic tube dilation” (Milner and McLeish, 1998; Milner et al., 1998; Marrucci,
1985). According to this picture, the relaxed portion of the arm acts as a solvent for
the unrelaxed part, thereby reducing the entanglement density, i.e. increasing the
effective tube diameter, and finally speeding up stress relaxation. Nonetheless, since
in monodisperse linear melt all chains relax nearly simultaneously these last ones are
assumed to reptate in an undilated tube. All three relaxation mechanisms and their
relationships are discussed in detail below.

The relaxation of a polymer after a small step strain is usually described by the
relaxation modulus G(t), which is the ratio of the stress remaining at time t to the
applied step strain (Doi and Edwards, 1986). The stress relaxation modulus of any
polymer melt includes contributions of each relaxation mechanism is defined by Eq.
2.5, 2.6 and 2.7.

After the Rouse relaxation of the entanglement segments, the macromolecules are
coarse grained at the level of segments between neighbouring entanglements, and
they are represented by their primitive path. The location of a primitive chain segment
is represented by the normalized curvilinear variable x, ranging from 0 at the chain
end to 1 at the center of the chain. The segment survival probabilities are determined
for each time step ti. Let p f luct(x, ti) and prept(x, ti) be the probabilities that the
segment x of the primitive chain remains inside the initial tube at time ti and is not
yet relaxed by fluctuation or by reptation, respectively. As a result, the relaxation
function Ψ(t) is calculated by summing up the survival probabilities of all segments
along the chain:

Ψ(t) =
∫ 1

0
p f luct(x, t)prept(x, t)dx. (4.1)

Thus, the probability of the segment x to survive relaxation at time t is the joint
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probability of two separate events: surviving from the relaxation either by retraction
or by reptation. In contrast to the other models, we assume that the prevailing
relaxation process within the polymer system is defined implicitly via the probability
values. For example, we can observe a clear separation between retraction and
reptation only for a long chain. Basically, each chain in a melt has a possibility to relax
its segment x via one of the relaxation mechanisms to which a probability is assigned.

On the other hand, the dilution factor Φ(t) is usually equal to the fraction of the
survived initial entanglements Ψ(t). However, if a large fraction of the material is
relaxed in a very short time window, the tube widening becomes faster than the
rate at which chains are able to explore it at that time. Therefore, in such case, the
”constraint-release Rouse motion”(CRR) (Milner and McLeish, 1998) process controls
the limits of the tube diameter, in the following way:

ΦCRR(ti) = Φ(ti−1)

[
ti−1

ti

]1/2α

, (4.2)

Φ(ti) = max {Ψ(ti), ΦCRR(ti)} , (4.3)

where Ψ(ti) is the the unrelaxed volume fraction at time ti and ΨCRR(ti) defines the
diameter of the supertube that could be explored by the Rouse motion of the confining
tube at time ti. Out of the CRR regime, Φ(ti) = Ψ(ti).

4.2.2 Contour length fluctuations

As it is mentioned above, TMA considers reptation and fluctuations as independent
processes, which are never interrupted during the polymer relaxation and can occur
at the same time. Furthermore, in the TMA model, the CLF do not have an explicit
effect on the disentanglement time τd: there is no shortening of the distance along
which the chain must reptate. Nevertheless, for the chains which are not too long
(Z < 30), there is an implicit impact of the arm retraction on reptation via the product
of the survival probabilities (see Eq. 4.1). It must be noted that in such a case, the
segments close to the middle of the chain (0.5 < x < 1) have approximately equal
opportunity to be relaxed by retraction or by reptation (p f luct(x, t) ' prept(x, t) < 1).

In order to visualize the qualitative behaviour of TMA, one should consider that at
time t, the test chain represents the average behaviour of the whole system. Thus,
the relaxation state of a chain segment x reflects the statistical value of the segment
relaxation, which is determined from the probability distribution over all possible re-
laxation states of this molecular segment of all chains in the system. At the beginning,
most of the chains renew their outer segments via retraction as this is much faster
than reptation. Later, the diffusion (reptation) of the middle segments catches up with
the speed of retraction, such that p f luct(x, t) ≥ prept(x, t) for unrelaxed segments x.
Thus, the survival probabilities of these segments are p f luct(x, t) ' 1 for long chains,
and p f luct(x, t) ' prept(x, t) for shorter ones. Therefore, most of the chains with high
molecular weight end their relaxation only with reptation, while relatively smaller
chains have a possibility to release their final segments from the initial tube via both
reptation and retraction.
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The survival probability p f luct(xi, t) of a given segment xi decays with time and is
calculated by the formula

p f luc(xi, t) = exp

(
−t

τf luct(xi, t)

)
, (4.4)

where the characteristic fluctuation time τf luct(xi, t) is defined by

τf luc(xi, t) = τearly(xi), xi ≤ xtr,i, (4.5)

τf luc(xi, t) = τearly(xtr,i) exp
(

U(xi, t)−U(xtr,i, t)
kBT

)
, xi > xtr,i. (4.6)

The survival probability needs to be recalculated at every time step for all unrelaxed
segments xi, whereas the reptation time τrept remains constant.

In TMA, the transition between the two fluctuation processes happens at the transition
segment xtr,i, for which the potential is proportional to the thermal energy (U(xtr,i) ∝
kBT). The potential is irrelevant for the early fluctuations; the end of the chain can
move freely, and the relaxation time is estimated by

τearly(xi) =
9π3

16
τe

(
Z
2

)4
x4

i . (4.7)

Deep retractions are entropically unfavourable and are represented by the diffusion
of the chain end uphill in an effective potential

U(xi, t) =
3
2

kBTZ
(∫ xc(t)

0
ξΦ(τ(ξ))αdξ +

∫ xi

xc(t)
ξΦ(t)αdξ

)
, xi > xc(t). (4.8)

In the above equation, Φ(tξ) is the polymer fraction not relaxed at time tξ when
segment ξ was relaxed and xc(t) is the segment relaxing at the current time t, such
that t = τ(xc) (Shchetnikava et al., 2014).

As a remark, it should be noted that in the previous chapter the modeling of the arm
retraction excludes the ”deep” fluctuations, as we tried to follow the common under-
standing that reptation should be always faster than an exponentially suppressed
process and CLF includes only fast retraction. Definitely, at some point reptation takes
over from the slowing down fluctuations. However, there is no agreement yet on the
estimation of the transition zone between the two relaxation processes. Until now,
all theories, except LM, include slow retraction in their modeling of CLF. Moreover,
MM-based theories assume that deep fluctuations in the contour length of the linear
polymer along its tube will shorten the distance of reptation. Arguably, this seems to
be a too strong modeling assumption as discussed in Section 4.4.3.

4.2.3 Reptation

The probability that the segment x, going from one chain end (y = 0) to the other
extremity (y = 1), is not yet relaxed by reptation at time t was determined by Doi and
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Edwards (1986) to be

prept(y, t) = ∑
podd

4
pπ

sin
( pπy

2

)
exp

(
−p2t

τd

)
, (4.9)

where the reptation time is given by

τd = 3τeZ3{Φ∗}α. (4.10)

In the coordinate system used by TMA, we only calculate the relaxation times of the
segments for half of the chain (from x = 0 at the chain end, to 1 in the middle), so
that y = 1− x/2. The volume fraction Φ∗ defines the diameter of the tube in which
the chain reptates. In this work, since only monodisperse polymers are studied, we
assume that the polymer chain reptates in the undilated tube. This is equivalent to
Φ∗ = 1.

4.3 Experiments

In the subsequent discussion, we present and analyse the experimental linear vis-
coelastic response of thirteen sets of monodisperse linear polymer samples.

4.3.1 Materials

Polybutadiene

The molecular characteristics of polybutadiene (PBD) samples used in this work
are listed in Table 4.1. The number of entanglements Z has been obtained by using
the values of Me from Table 4.4. The first two sets of data were collected from
van Ruymbeke et al. (2010b) and Liu et al. (2006a), except for PBD165, which was
synthesized by Roovers (1986). The data of Baumgaertel et al. (1992) and Lee et al.
(2005a) has been used in the paper of Likhtman and McLeish (2002) to validate the
theoretical predictions based on their model. The authors concluded that different
values of Me and τe must be used for each set of data. At this point, it seems important
to underline that in the work of Likhtman and McLeish (2002), data referencing is
questionable. Indeed, the authors refer tot the data from the work of Juliani and
Archer (2001), while in reality, they used unpublished data from the group of Archer
(2018). Part of that data was reported later by Lee et al. (2005a). In this work we
compare all above mentioned literature data to examine the consistency between the
input parameter values (Me, τe) used for TMA and BoB predictions.
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Sample Mw(g/mol) Z PI T ◦C
Kapnistos

PBD8 9100 4.6 1.04 25.0
PBD21 22800 11.5 1.05 25.0
PBD37 38400 19.4 1.05 25.0
PBD47 51800 26.2 1.11 25.0
PBD75 78800 39.8 1.05 25.0
PBD165 155000 78.3 1.05 25.0
PBD326 365000 184.3 1.12 25.0

Liu
PBD22 22800 11.5 1.05 25.0
PBD39 38600 19.5 1.03 25.0
PBD98 98800 49.9 1.03 25.0
PBD163 163000 82.3 1.01 25.0

Baumgaertel
PBD20 20700 10.5 1.04 28.0
PBD44 44100 22.3 1.04 28.0
PBD97 97000 49.0 1.07 28.0
PBD201 201000 101.5 1.27 28.0

Lee
PBD25 26060 13.2 1.01 28.0
PBD161 163220 82.4 1.01 28.0
PBD395 402900 203.5 1.02 28.0

Juliani
PBD18 18540 9.3 1.03 26.0
PBD41 42230 21.3 1.03 26.0
PBD86 89960 45.4 1.04 26.0
PBD129 133180 67.2 1.03 26.0
PBD336 359520 181.6 1.07 26.0

TABLE 4.1: Characteristics of linear monodisperse PBD samples.

Polyisoprene

The viscoelastic measurements for polyisoprene (PI) samples were taken from Auhl
et al. (2008) and Sawada et al. (2007) (Watanabe data). The data is listed in Table 4.2.
It must be noted here that the reference temperatures for both data sets are different.

Sample Mw(g/mol) Z PI T ◦C
Auhl

PI33 33600 7.0 1.03 25.0
PI90 94900 19.7 1.03 25.0
PI200 226000 46.9 1.03 25.0
PI400 483000 100.2 1.03 25.0
PI1000 1131000 234.6 1.05 25.0

Watanabe
PI21 21400 6.0 1.04 40.0
PI43 43200 12.1 1.03 40.0
PI60 59900 16.8 1.05 40.0
PI179 179000 50.0 1.02 40.0

TABLE 4.2: Characteristics of linear monodisperse PI samples.
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Polystyrene

The sets of polystyrene (PS) viscoelastic data are coming from Huang et al. (2013),
Nielsen et al. (2006) and Shahid et al. (2017). In addition, we use experimental data
from Schausberger et al. (1985) and Graessley and Roovers (1979), which were also
analyzed in the work of Likhtman and McLeish (2002). To fit the data accurately, they
had to adjust the values of Me, τe and G0

N separately for each set. As it appears later,
this is not the case for TMA and BoB.

Sample Mw (g/mol) Z PI T ◦C
Nielsen

PS100 102800 6.7 1.02 130.0
PS200 200000 13.0 1.04 130.0
PS390 390000 25.4 1.06 130.0

Huang
PS285 285000 18.6 1.09 130.0
PS545 545000 35.5 1.12 130.0

Shahid
PS820 820000 53.4 1.02 130.0

Schausbereger
PS290 290000 18.9 1.07 180.0
PS750 750000 48.9 1.07 180.0
PS3000 3000000 195.4 1.05 180.0

Graessley
PS275 275000 17.9 169.5
PS860 860000 56.0 169.5

TABLE 4.3: Characteristics of linear monodisperse PS samples.

4.3.2 Material parameters

In order to test TMA and BoB against the experimental data, we need, first, to define
several tube parameters: the plateau modulus G0

N , the molecular weight between two
entanglements Me, the Rouse time of an entanglement segment τe and the dilution
coefficient α. It is considered by Larson et al. (2003), that the plateau modulus and
entanglement molecular weight are related to each other by G0

N = (4/5)(ρRT/Me),
with ρ being the density of polymer, R the universal gas constant, and T the absolute
temperature. While Me and τe are material and temperature dependent, the dilution
exponent α is expected to be independent and has been set to 1 for all predictions.

As a first point, we show that any molecular theory used for describing the linear
viscoelasticity of monodisperse polymers should be independent of the chemistry of
the samples. Under such assumption, we normalized the storage and loss moduli of
several sets of data by a horizontal shift factor τe, and by a vertical shift factor equal
to 1/G0

N (see Table 4.4). In Figure 4.1, we present the normalized data of specific PBD,
PS and PI polymers, which show good superposition at high and low frequencies.
With respect to the tube model, this means that these polymers have an identical
number of entanglements per molecule, Z, since they exhibit similar LVE behavior in
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the sense that the shape of the G′ and G′′ curves plotted against the angular frequency
ω is the same.

For convenience, we report the length of the chosen samples, as well as the number
of entanglement segments, using the Me values from Table 4.4.
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FIGURE 4.1: Comparison of normalized master curves between four sets of experimental data. On the left:
PBD98 (�, 49.9Z) and PBD97 (�, 49Z); PBD39 (�, 19.5Z) and PI90 (◦, 19.7Z); PS100 (�, 6.7Z)
and PI33 (◦, 7Z). On the right: PI43 (�, 12.1Z) and PBD22 (∗, 11.5Z); PBD47 (�, 26.2Z) and
PS390 (∗, 25.4Z).

Therefore, from the similarity of the curves, we can conclude that the pairs of polymers
in Figure 4.1 have identical ratio M/Me. Since their molar masses are known, this
allows us to take one chemical type of samples as a reference, for example PS, and
determine the relative values of Me for other samples (PBD, PI) by looking at the ratio
between their molar masses.

We fix Me = 15350 g/mol for PS samples for different reference temperatures, since
the same value was used in our previous work on star-shaped polymers (Shchetnikava
et al., 2014). Now, looking at the comparison of PS390 versus PBD47, it seems that the
ratio MPS

e /MPBD
e must be approximately 7.6. Thus, based on the value taken from

PS, the value of Me for PBD is expected to be close to 2000 g/mol. In case of Auhl’s
PI samples, by comparing (PS100-PI33) and (PI90-PBD39), we find that the ratios
are MPS

e /MPI
e = 3.1 and MPI

e /MPBD
e = 2.5. Therefore, MPI

e should be around 4900
g/mol, while MPBD

e again shows a value in the vicinity of 2000 g/mol. However,
comparing the data of Watanabe (PI43-PBD21) we get a different result, MPI

e /MPBD
e

slightly smaller than 1.9, which leads to MPI
e slightly shorter than 3800 g/mol. While

the origin of this difference is unclear, this last value of Me is consistent with the one
used in our previous paper (Shchetnikava et al., 2014). Based on this observation, two
different sets of material parameters are used for modeling the LVE of the PI samples.
The exact values of Me are found in Table 4.4. They were slightly adjusted, based on
the best fitting of storage and loss modulus for all samples.

In Figure 4.1 we also compare rheological data of polybutadiene chains coming from
two different sources: PBD97 from Baumgaertel et al. (1992) and PBD98 from Liu
et al. (2006a). Recently, this data has been analyzed by Park et al. (2015). The authors
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concluded that the data of Baumgaertel et al. (1992) do not follow the same relaxation
behaviour as the other linear PBD. However, as it can be seen from Figure 4.1, the
viscoelastic data of PBD98 and PBD97 coincides perfectly in the transition frequency.

Besides Me, the value of τe must be determined. The choice of τe is driven by the idea
to have the best fit between the data at high-frequencies, where the Rouse process
takes place. The same value of entanglement time should be used in both TMA
and BoB model, as the two approaches use the same description of longitudinal
relaxation and fast Rouse relaxation (Das et al., 2006). In general, τe should have a
universal value for samples at the same temperature and can be extracted from the
high-frequency data irrespective of the molecular weight or architecture. This holds
only when determination of the shift factors for the time-temperature superposition
is performed consistently and the glassy dynamics does not affect the experimental
measurements at those frequencies (not included in the modeling). Based on latter
statement, Park et al. (2015) found that the equilibration time for PBD should be
τe = (3.7 ± 0.93) × 10−7 s at 25◦C . In the present work all predictions for PBD
samples were performed by considering the Rouse time of an entanglement segment
as τe = 4.0× 10−7 at T =26± 2◦C. This is thus in good agreement with the work of
Park et al. (2015).

The third parameter to define is the plateau modulus. It should follow the definition
of Fetters et al. (1994) and be given by G0

N = (4/5)(ρRT/Me). In order to determine it,
we use the following densities of polymer melts: ρ = 0.91 g/cm3 (PI 25◦C ), ρ = 0.90
g/cm3 (PI 40◦C ), ρ = 0.9 g/cm3 (PBD) (Fetters et al., 1999), ρ = 1.01 g/cm3 (PS
130◦C) and ρ = 0.98 g/cm3 (PS 180◦C). Note that the temperature dependencies of
the density for PI and PS that we use are given by ρ(T) = 0.9283− 0.61× 10−3T
and ρ(T) = 1.2503− 6.05× 10−4(273.15 + T), respectively (Zoller and Walsh, 1995;
Kapnistos et al., 2005). The calculated values of G0

N can be found in Table 4.4. They
are generally quite low compared to the values usually used. If we compare them to
the values found by the best fitting, they are by ∼ 20% lower (except for Watanabe’s
and Baumgaertel data), i.e. closer to the definition proposed by Ferry (1980) for
Me, where the prefactor of 4/5 is omitted (see Table 4.4). In order to use the Fetters
definition, one would need to set α to 4/3, which would allow us to take smaller
values of Me (Park and Larson, 2003; Park et al., 2005; Wang et al., 2010; Lee et al.,
2005a). Alternatively, reducing the equilibration time τe by a factor 2 would also lead
to the choice of a smaller Me values. However, such choice requires corrections in
high-frequency predictions of Rouse process. This idea is discussed in a recent paper
of Park et al. (2015). Here, we accept the arguments of Auhl et al. (2008), that many
mechanisms can affect the prefactor in the definition of Me. Thus, the precise value
of G0

N is unknown, and we use the one obtained from the best fitting. Data from
Auhl et al. (2008) has been already modeled by LM theory, using the following input
parameters for PI: Me = 4820, G0

N = 0.47 and τe = 1.32× 10−5. Those values are
comparable with the ones used in the TMA model. Moreover, experimental data
available for PBD requires the parameters similar to the ones determined by Roovers
(1986) for PBD165 sample (G0

N = 1.07, τe = 2.56× 10−7, Me = 1980). PBD data
from Baumgaertel requires a higher value of G0

N as usually accepted, however it is
consistent with the values used for the same samples by Baumgaertel et al. (1992) and
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Likhtman and McLeish (2002).

The resulting model parameters are listed in Table 4.4.

Sample TMA and BoB
G0

N(used)(MPa) G0
N(calc) (MPa) Me(g/m) τe(s)

PBD
25.0◦C 1.15 0.9 1980 4.0× 10−7

26.0◦C 1.10
28.0◦C 1.45
PI
25.0◦C 0.46 0.38 4820 1.6× 10−5

40.0◦C 0.48 0.50 3575 2.7× 10−6

PS
130.0◦C 0.23 0.18 15350 7.5× 10−1

130.0◦Ca 0.21 7.5× 10−1

169.5◦C 0.19 9.2× 10−4

180.0◦C 0.19 3.4× 10−4

a Niels data

TABLE 4.4: The TMA and BoB input parameters for PBD and PI.

4.4 Results and Discussion

4.4.1 Renormalization of the coordinate system

In our previous study (Shchetnikava et al., 2014), we propose a renormalization of
the segment coordinates in order to improve LVE predictions of the TMA model for
short star-shaped polymers (arm length Z<20). Indeed, we noticed that by time τe,
a large portion (0.48Me) of the shorter chains has already been relaxed due to CLF.
A similar conclusion was made by van Ruymbeke et al. (2010b) while investigating
discrepancies in tube-model predictions regarding the plateau modulus of short
linear chains. This fast relaxation has also been reported in several works, such as
the work by Liu et al. (2006b,a) and by Hou et al. (2010) when comparing the LM
theory to molecular dynamics (MD) simulations of bead-spring polymer melts. The
early relaxation, observed at time smaller than τe, predicted by the tube-based models
contradicts the tube picture, since, at time t < τe , chains should only relax by Rouse
motion, and are unaware of the surrounding chains. However, classical tube-based
models consider that relaxation by CLF starts immediately at t = 0. This effect is
especially important for short chains, as observed by Bacova et al. (2013) in their MD
simulation data analyses of the entangled linear and star polymers. Furthermore, the
latter study reveals that the primitive path near chain ends is almost fully relaxed
by simple Rouse dynamics at t < τe, since the outer segments are weakly affected
by the topological constraints. Therefore, the decay of CLF at time earlier than τe
should be omitted, since it is already taken into account by the high-frequency Rouse
relaxation. Otherwise, the chain relaxation is underestimated and the level of the
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plateau modulus is predicted too low. This assumption strongly affects the relaxation
of short molecules, and especially star-shaped molecules since segmental fluctuation
times are exponentially dependent on the square of their depth and the unrelaxed
fraction (Shchetnikava et al., 2014).

In fact, many works on poorly entangled chains have shown that the dynamics of
outer segments should be treated differently than the dynamics of the middle part
of a chain due to the variant nature of entanglements. It seems that the chain tips
show a Rouse-like relaxation. Here, we briefly review these works, before discussing
how tube models can be corrected in order to avoid double counting of the relaxation
of the outer segments (i.e. by Rouse and CLF). This issue was well described by
Kavassalis and Noolandi (1987, 1988, 1989), who present a packing entanglement
theory, where the loose chain ends are not expected to contribute to the formation
of effective entanglements. High mobility of the chain ends prevents them from
forming long-living connections with other chains. According to their model, an
effective entanglement is defined by the presence of a certain number of non-tail
neighboring polymer segments; the concentration of the latter segments scales as
λ = 1− 1/Z. The average tail length is Mt ≈ 0.5Me. Thus, as chains get shorter,
more and more dangling ends are excluded from contributing to entanglements,
and the entanglement spacing Me varies with molecular weight M. To support this
assumption, Rathgeber et al. (1999) used neutron spin-echo spectroscopy (NSE) to
investigate on a microscopic length scale the influence of topological constraints on
the single-chain dynamics. To this end, they varied the mass fraction of long tracer
chains in a short-chain matrix. As a result, the authors found that the number of end
segments relative to the number of inner segments increases with decreasing tracer
fraction, thus weakening the topological constraints. Consequently, the value of Me
and the concentration of longer chains are directly proportional, since shorter chains
create fewer entanglements. Taking chain-end effects into account, Rathgeber et al.
(1999) obtained an excellent description of the NSE data.

In addition to rheology and NSE measurements, nuclear magnetic resonance (NMR)
T2 relaxation time studies (Kimmich and Fatkullin, 2004; Saalwachter, 2007) can pro-
vide information on the chain mobility. Most NMR experiments measure segmental
dynamics ultimately in terms of an orientation autocorrelation function (Chavez and
Saalwachter, 2011). Highly mobile polymer chain ends exhibit an isotropic motion
(fast reorientation), which shows a slow transverse relaxation with a long correspond-
ing relaxation time T2. At the same time, the entanglement network induces an
anisotropy of chain motion on the central segments. Segments located near chain
ends are expected to be subject to molecular motions different than those in the central
block, provided that the molecular mass of the chain is above the critical value Mc,
in order to ensure entangled dynamics. As far as NMR is concerned, Kimmich et al.
(1991) proposed that the outer entanglement lengths of a reptating chain behave in
a similar fashion to a Rouse chain not subjected to topological constraints. Indeed,
through analysis of bi-exponential fits to experimental data, they showed that the
effective molecular weight of the end performing Rouse motion is independent of
the molecular weight of the chain, and approximately equal to Me. This is consistent
with the fact that unentangled linear chains with a molecular weight approaching Mc,
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display Rouse dynamics.

Moreover, also based on NMR, Guillermo and Addad (2002) showed that it is possible
to represent a chain as two end-submolecules, independent of M, and one inner part
with clearly distinct dynamics. The idea that the end sections are undergoing fast
Rouse-like dynamics, whereas the central section is undergoing slower dynamics is
also confirmed by Rı́es et al. (1995) and by Chavez and Saalwachter (2011). The latter
research showed that during the constraint Rouse regime the chain is less restricted
than predicted by the tube model. Wang et al. (2012) argue that this conclusion reflects
the importance of ruling out the chain end contributions. Nevertheless, today, the
main problem is that the transition between isotropic and anisotropic parts cannot
be clearly defined (Saalwachter, 2007; Schillae et al., 2004). Furthermore, it is not
completely clear to which extent the constrained Rouse motion is observed by NMR
as isotropic or not. However, it is clear from the above that it is important to separate
contribution of end monomers to the relaxation mechanism and include it to the
current TMA model, even if quantitative description of chain-end effect still needs to
be refined by NMR experiments or computer simulations.

A first solution was proposed by van Ruymbeke et al. (2010b), in order to slow down
the CLF process: 1) adding to the chain an abstract sub-chain of length 0.48Me , thus
forming an ”equivalent” chain, and, 2) rescaling the coordinate system. As a result,
the fluctuation time of the original chain end is equal to τe in the new coordinate
system of the ”equivalent” molecule. The obtained result is in good agreement with
the experimental data for short linear chains. Nevertheless, this procedure is rather
a numerical technique for being consistent with the tube theory. Instead, to attain
consistency with our previous works, we propose here to account for the role of chain
ends in the relaxation process through three considerations: 1) effective entanglements
are only formed by the chain segments with relaxation time higher than τe, in other
words, chain ends are not part of the entanglement network due to their high mobility,
2) they relax via free Rouse-like motion, and therefore, 3) they are neglected in the
calculations of the relaxation of the chain by fluctuations or reptation. To this end, we
introduced (Shchetnikava et al., 2014) a new coordinate system with the origin x = 0
localized at the molecular segment x0, which has a relaxation time τe (see Figure 4.3).
This correction is in qualitative agreement with the approach of van Ruymbeke et al.
(2010b), while it includes the specific influence of chain ends on the entanglement
network as the chain length is shortened. In this way, the latter effect makes our
approach consistent with the tube theory.

The above mentioned discrepancies in tube-model predictions regarding the plateau
modulus of short linear chains are illustrated in Figure 4.2. In this figure, the orig-
inal TMA predictions (dash-dotted line) of the storage modulus are compared to
experimental results for short PBD polymers. The results are obtained with material
parameters from Table 4.4. Whereas the agreement between theory and experiments
is relatively good, the plateau modulus is poorly described for really short chains,
like PBD8 and PBD21, due to the fact that the chain starts to relax their tube before τe.
Hence, using the new coordinate system in order to prevent this too fast relaxation
seems important.
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FIGURE 4.2: Comparison of the original TMA ( ), TMA in a new coordinate system ( ) and TMA in
a new coordinate system and with fast CLF subtracted ( ) with experimental data: PBD8
(4.6Me), PBD21 (11.5Me) and PBD37 (19.4Me).

In our work on star-shaped polymers (Shchetnikava et al., 2014), we showed that part
of the tube end of length s0 = 0.48Me is relaxed by time τe via the free Rouse motion.
This means that the relaxation of the ends is already included in high-frequency Rouse
relaxation defined by Eq. 2.7 and must be excluded from the determination of the
relaxation function Ψ(t) in Eq. 4.1. Here, we use the same result, which is in good
agreement with the estimation provided by the theory of Kavassalis and Noolandi
(1987, 1988, 1989). This requires working in a new coordinate system, as already
mentioned.

Indeed, once relaxation reaches τe, the original tube with equilibrium length L0
will already lose its ends up to segment x0, and the molecular weight between
entanglements needs to be renormalized as M∗e = Me/(1 − x0). The segmental
Rouse time is also rescaled as τ∗e = τe/(1− x0)

2 and the Rouse relaxation process
is postponed till τ∗e , such that segments up to x∗0 are relaxed. Thus, x∗0 represents
the deepest segment which relaxes by high-frequency Rouse relaxation. Segments
after x∗0 are relaxing in a tube. Therefore, after a time τ∗e , only the central part of the
chain with molecular weight of M(1− x∗0) is confined in the tube. This means that
the relaxation function Ψ(t) is calculated over the interval [x∗0 , 1]. Based on the above
arguments, following on previous work (Shchetnikava et al., 2014), retraction and
reptation should be calculated in a new coordinate system with the origin xeq = 0,
localized at the tube segment x∗0 , which has a relaxation time τ∗e in the original
coordinate system. However, to keep the calculations simple and due to negligible
difference in predictions made using x∗0 and x0, we start the new coordinate system
at x0 as indicated in Figure 4.3. The same holds for τ∗e , where τe is used instead.

Following the classical tube theory, early fluctuations are not influenced by dilution.
The relaxation time τearly is found for x ∈ [0, 1], but only values from x0 are valid for
the calculations. Thus, for the new coordinate system Eq. 4.7 should be rescaled as

x = x0 + xeq(1− x0), xeq ∈ [0, 1]. (4.11)

The above renormalization ensures that at time t = τe the tube in the new coordinate
system is yet to start relaxing. Additionally, it only affects the properties of the short
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FIGURE 4.3: Definition of the new coordinate system. Here, M/2 is the molecular weight of the chain and
L0/2 is its equilibrium tube length in the original system of coordinates. (M/2)(1− x0) and
Leq = L0(1− x0)

1/2 are the same parameters defined in the new coordinate system.

chains (Z<20). Results obtained with the new coordinate system are shown in Figure
4.2 (dashed line). The agreement between the experimental plateau modulus of short
linear chains and the theoretical one is certainly improved. It must be noted that in
our initial work on linear binary blends (van Ruymbeke et al., 2014) the prefactor
0.5 in the fluctuations process of TMA could have been avoided by considering the
coordinate transformation under discussion, along with considering the effects of
deep retraction process.

4.4.2 Comprehension of CLF in the tube models

Besides the importance of avoiding CLF before t = τe, another important question to
address is the transition between fluctuations and reptation processes, and how it is
taken into account in the different models. To this end, we first discuss the comparison
between the experimental and theoretical PBD viscoelastic data presented in Figure
4.2. For the theoretical predictions of G′ and G′′ calculated by the TMA model with
the coordinate renormalization as described in Section 4, we see that the modeling
results (dashed line) correctly predict the plateau modulus, but show a too slow
relaxation in the terminal zone for the shorter polymers.

This deviation can be attributed to the fact that the influence of CLF process on
reptation is neglected. Indeed, although the TMA model incorporates the retraction of
the chain ends, this effect is not accounted for as tube length fluctuations that speed up
reptation. This contradicts, the original idea behind CLF (Doi and Edwards, 1986; Doi,
1983, 1981), which states that only in the absence of fluctuations the disengagement
time is estimated as the time τd = L2/D necessary for the chain to move by distance
L. In case of fluctuations, the chain can disengage from the tube when it moves the
distance Le f f = L− ∆L. However, only under the condition that the chain ends are
fluctuating rapidly over the distance ∆L. Consequently, the disengagement time
should be τd = L2

e f f /D (Doi and Edwards, 1986). While, in TMA, the reptation time
in Eq. 4.10 involves the entire chain length L, most models consider a linear chain
being relaxed by reptation, when its center of mass diffuses along the tube over a
shorter distance Le f f = L− ∆L. In the case of MM-based theories, ∆L is designed as
the whole fraction of the tube that did not survive from the full arm retraction by that
time. On the other hand, the Likhtman-McLeish (LM) approach has a special scaling
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form for the effective tube length

Le f f

L
= 1− 1.69√

Z
+

2
Z
− 1.24

Z3/2 . (4.12)

Introducing CLF into reptation allowed explaining the experimentally observed
dependency τd ∼ M3.4 (Ferry, 1980). Doi (1983) suggested that the effective length,
1−∆L/L, decreases with the chain length as 1−X/

√
Z and X being a constant larger

than 1.47. Stephanou et al. (2011) predicted the value of X from the primitive path
analysis to be close to 1/

√
3.
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FIGURE 4.4: Average fluctuation of the tube contour length used in the currently existing models for
determining the reptation time. TMA estimations are presented for the non-normalized
(TMA1) and for normalized (TMA2) coordinate systems.

In Figure 4.4 we plot the estimations of the effective fraction of the tube 1− ∆L/L
participating in reptation versus Z for polymers with a molecular weight up to
400 entanglements. As expected, the Likhtman-McLeish results are close to Doi’s,
where the chain ends move quickly on the time scale of the Rouse time τR. On
the other hand, the primitive path (PP) simulations reveal a much weaker effect of
CLF. Similar observations were done by Likhtman and Ponmurugan (2014) in their
MD simulations of polymer melts: chains with the length of Z = [7, 15] had tube
shortening by only 13%, instead of 32− 42%, that we determined here, based on
the BoB model. Conversely, according to the predictions of BoB, CLF has a much
stronger impact on reptation than it was assumed initially. Prior to giving any details,
we note that the BoB model correctly estimates that part of the chain which relaxes
by retraction rather than by reptation (based on survival probabilities). However,
subtracting this length from the length to be relaxed by reptation is, to our opinion, a
too strong assumption.
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At the other extreme, TMA, by excluding completely the influence of the fluctuation
process on reptation time, misses a quite important fundamental concept in its mod-
eling. In order to include this effect, we need first to highlight an important point:
only the segments relaxing fast in comparison to the reptation should contribute to
the shortening of the tube during diffusion along the tube. Therefore, one should
answer the question: which portion of the linear chain is fluctuating rapidly enough
to be considered as candidate for relaxing by CLF? Similarly to the way we defined
a possible solvent effect in reptation process (van Ruymbeke et al., 2005), we argue
that it is estimated as the part of the tube which has relaxed due to fluctuations by
time t = τd/Z2 = 3Zτe. In the other words, a chain segment can take advantage of
the widened effective tube, if its constraint release characteristic time resulting from
CLF is on the same time scale as the reptation time. After calculating values of Le f f
for a wide range of Z we follow the approach of Likhtman and McLeish (2002) and
conclude that the effective length of the primitive path can be well approximated by
the empirical equation

Le f f

L
= 1− 0.46√

Z
+

0.3
Z
− 1.86

Z3/2 . (4.13)

In Figure 4.4, the corresponding results appear as TMA2 in the new coordinate
system and is very similar to the results obtained by Stephanou et al. (2011). Then
a new reptation time in the new coordinate system can be defined as τnew

d = τ0
d (1−

x0)
3(Le f f /L)2, where τ0

d is the initial reptation time calculated in the old coordinate
system according to Eq. 4.10. The amount of the material relaxed before τe can also
be included in CLF to be consistent with the other CLF calculations. Then in the old
coordinate system the tube is predicted to be shortened by CLF (TMA1 in Figure 4.4),
as

L∗e f f

L
= max(0.6, 1− 0.17√

Z
− 2.98

Z
+

1.9
Z3/2 ), (4.14)

with the reptation time τnew
d = τ0

d (1− x0)(L∗e f f /L)2. The lower limit 0.6 for CLF im-
pact is obtained empirically and is important only for very short chains. This formula
was added to the TMA model and used to predict linear viscoelastic behaviour of
linear polymers. The results can be seen in Figure 4.2, where PBD experimental data
is compared against the corresponding predictions. Now TMA properly captures
the behavior of linear polymers. Note that the effect of CLF on reptation time is
important only for polymers with molecular weight up to 50 entanglements. For
higher molecular weight it becomes negligible.

4.4.3 Comparison of TMA and BoB models

In this section, we discuss important differences between the TMA and BoB models.
This includes designing the expression used for describing the relaxation modu-
lus, the influence of retraction process, as well as the way reptation and CLF are
interconnected.
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Relaxation modulus

At first, we intend to show how the stress relaxation formula used in the BoB and the
Hierarchical models is derived from the continuous Maxwell model. This allows us,
in a second step, to show how CR process is taken into account in this expression.
The relaxation function for the viscoelastic fluid

G(t) =
∫ +∞

0
H(τ) exp(−t/τ)dτ (4.15)

is described by a continuous distribution of Maxwell modes, called the relaxation
spectrum H(τ).

Rheological relaxation processes tend to occur over so long periods of time that
relaxation processes are usually modeled using logarithmic time. Nevertheless, in
the derivations further on we use time in a linear scale. The exponential function is
called the kernel. The relaxation spectrum H(τ) is independent of time and is the
fundamental description of the system. It can be calculated from the Alfrey and Doty
(1945) approximation, where a set of exponents is replaced by a set of step functions.
Simply, exp(−t/τ) ≈ 0, at time t > τ and exp(−t/τ) ≈ 1, at time t < τ. Equation
4.15 is then rewritten as

G(t) ≈
∫ +∞

t
H(τ)dτ, (4.16)

so that

H(τ) ≈ −
[

dG(t)
dt

]
τ

. (4.17)

It should be highlighted, that the integral in Eq. 4.15, with the relaxation spectrum
from Eq. 4.17, represents the stress decay through time and is always defined in the
interval [0,+∞]. This means that a single Maxwell element is defined as an amount
of the stress decrease at relaxation time τ. Then H(τ)dτ defines the concentration of
Maxwell’s elements with relaxation times between τ and τ+dτ, namely, an amount
of stress relaxed within that time interval.

Using Eq. 4.17 with G(t) = G0
NΨ(t)Φα(t), together with Eq. 4.15, the BoB and the

Hierarchical models, define the relaxation modulus as

G(t)
G0

N
=
∫ τstop

τstart

[
−d[Ψ(t)Φα(t)]

dt

]
τ

exp(−t/τ)dτ, (4.18)

where Ψ(τ) is the amount of unrelaxed material at time τ and Φ(τ) is the volume
fraction which corresponds to the tube diameter (”supertube” fraction). Both models
start from τstart = 0 and at each computational step, they increase the time by dτ,
up to τstop = τd + dτ. Here, τd = m dτ is the reptation time, and m + 1 is the total
number of steps. This means that although simulation time is longer than τstop,
calculation of Ψ(t) and Φ(t) stops after m + 1 steps. Thus, this model step is based on
the assumption that reptation happens instantaneously at τ = τd and Ψ(t) becomes
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zero at the last computational step. Later, we show that this approximation leads to
an overestimation of the reptation time.

Since the modeling of BoB is applied in the discrete time domain, all variables are
calculated at each time step. The value of the integral in Eq. 4.18 is approximated
numerically by computing the product of the value of the integrand at the end-point
of the interval by the interval length. Given the values at each time step we can
approximate the integrand using a linear spline and α = 1 (Das et al., 2006). Applying
the numerical approximation of the derivative product rule, the integral over the
interval [τn, τn+1] becomes∫ τn+1

τn

[
−d[Ψ(t)Φα(t)]

dt

]
τ

exp(−t/τ)dτ = F(τn+1) exp(−t/τn+1), (4.19)

where

F(τn+1) = Φ(τn+1)(Ψ(τn)−Ψ(τn+1)) + Ψ(τn+1)(Φ(τn)−Φ(τn+1)). (4.20)

Thus, the numerical approximation of Eq. 4.18 for the BoB model becomes

G(t)
G0

N
=

m+1

∑
k=1

F(τk) exp(−t/τk). (4.21)

In order to separate contributions of retraction and reptation in the relaxation mod-
ulus, we rewrite Eq. 4.18 for the time interval [0,+∞] such that only the reptation
integrand from τd till +∞ is numerically approximated

G(t)
G0

N
=
∫ τd

0

[
−d[Ψ(t)Φ(t)]

dt

]
τ

exp(−t/τ)dτ +
∫ +∞

τd

[
−d[Ψ(t)Φ(t)]

dt

]
τ

exp(−t/τ)dτ

≈
∫ τd

0

[
−d[Ψ(t)Φ(t)]

dt

]
τ

exp(−t/τ)dτ +
+∞

∑
n=1

F(τd + ndτ) exp(−t/(τd + ndτ))

=
∫ τd

0

[
−d[Ψ(t)Φ(t)]

dt

]
τ

exp(−t/τ)dτ + Φ(τd + dτ)Ψ(τd) exp(−t/(τd + ndτ)

≈ Gretr(t) + G(τd) exp(−t/τd)

= Gretr(t) + Grept(t).
(4.22)

The reptation integrand has been simplified due to the above mentioned assumption,
which leads to Ψ(τd + ndτ) = 0 for n ∈ [2,+∞].

The resulting Eq. 4.22 is nothing more than the expression for the relaxation modulus
in the Milner-McLeish model. The first term is a portion of the stress relaxing by arm
retraction and has a form identical to the one used in other models, including the
TMA. However, the second term which is responsible for the reptation differs from
the one in TMA. In the Milner-McLeish theory, this has the following form

Grept(t) = G(τd) ∑
podd

(8/π2)p−2 exp(−p2t/τd) ' G(τd) exp(−t/τd), (4.23)
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where G(τd) is the fraction of the stress which remains after the relaxation by retraction
and is identical to Ψ(τd)Φ(τd) in Eq. 4.22. The sum over weighted relaxation times
in Eq. 4.23 is heavily dominated by the longest relaxation time τd, and thus, can be
simplified. Looking at Eq. 4.23, we see that it excludes the contribution of constraint
release to reptation, as it is explicitly stated by Milner and McLeish (1998). That is
why the exponent has the form exp(−t/τd), instead of exp(−2t/τd), when constraint
release is considered. While, the BoB and the Hierarchical models assume constraint
release always to be active, as suggested in Eq. 4.18, they remove its effect in the
derivation of Eq. 4.22 and use exp(−t/τd) for the reptation part.

In fact, the idea of reptation being an instantaneous process, i.e Ψ(τd + ndτ) = 0 for
n ∈ [2,+∞], appears to be a strong approximation. Indeed, at time τd, the stress of
the segments relaxing by reptation only drops to 1/e of its initial value, meaning that
Ψ(τd + ndτ) should not be 0. Since no CCR regime is considered for monodisperse
chains, Ψ(τd + ndτ) = 0 also means that Φ(τd + ndτ) = 0. Thus, Eq. 4.15 with the
relaxation spectrum from Eq. 4.17 can not be used, as the maximum relaxation time
of the chosen Maxwell elements should not be limited by τd and should be defined
over the time interval [0,+∞]. If instead of the integral form for the relaxation
modulus, one just uses the equivalent form G(t) = G0

NΨ(t)Φα(t), then the idea of
Ψ(τd + ndτ) = 0, simply leads to G(t) = 0, at t > τd + dτ. The latter conclusion is
incorrect, as stress relaxes exponentially over a long period of time.

In order to resolve this issue, the approximation Ψ(τd) = 0 can be used in a slightly
different context. With the introduction of constraint release to the tube model, it
is difficult to determine Maxwell elements for Eq. 4.16, such that the maximum
relaxation time is τd. Instead, we define Ψ∗(t) being the amount of material with
relaxation time larger than t. Then, Ψ∗(t) = Ψ(t), t ≤ τd and Ψ∗(t) = 0, t > τd. The
resulting expression for the relaxation modulus becomes

G(t)
G0

N
= Φ(t)

∫ +∞

0

[
−d[Ψ∗(t)]

dt

]
τ

exp(−t/τ)dτ

= Gretr(t) + Φ(t)Ψ(τd) exp(−t/τd), (4.24)

where the second term represents relaxation via reptation. Recall that Φ(t > τd) =
Ψ(τd) exp(−t/τd), if CCR is inactive and consequently,

G(t) = G0
N(Gretr(t) + Ψ2(τd) exp(−2t/τd)). (4.25)

This form of relaxation modulus includes the double reptation expression, where the
unrelaxed portion of the entanglements contributes to the modulus in proportion to
the square of the remaining fraction of entanglements.

Keeping Eq. 4.25 aside, we can now show that similar expression can be drown from
Eq. 4.15 and Eq. 4.17 assuming that a part of the tube Ψ f luc is relaxed mostly by
retraction up to time τ∗ and the remaining part Ψrept by reptation with the survival
function given by Ψrept(t) = Ψrept exp(−t/τd). Knowing that Ψ f luc + Ψrept = 1 and
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neglecting CCR (Φ(t) = Ψ(t)), Eq. 4.18 becomes

G(t)
G0

N
=
∫ τ∗

0

[
−

d[Ψ2
f luc(t)]

dt

]
τ

exp(−t/τ)dτ +
∫ ∞

τ∗

[
−

d[Ψ2
rept(t)]

dt

]
τ

exp(−t/τ)dτ.

(4.26)

Note that Ψrept(t) is constant for t < τ∗ and dΨrept(t)/dt = 0 in that interval. Al-
though the second integral is responsible for relaxation via reptation for t > τ∗,
integration can start from 0 rather than from τ∗. The second term of Eq. 4.26, can be
simplified to Ψ2

rept(t) = Ψ2
rept(τd) exp(−2t/τd), if we replace the exponential with a

step function. Similarly to the G(t) derived above, this expression reproduces the
concept of double reptation. In reality, reptation should start earlier than τd, when
Ψrept(t) ' 1. Empirical estimations show that τ∗ = τd/

√
Z and the segment with this

relaxation time is close to xd, as calculated by BoB.

Based on this analysis, our present concern is that the BoB model fails to properly
capture reptation behaviour. Due to the strong assumption, i.e. Ψ(τd + dτ) = 0, the
term G(τd) exp(−t/τd) in Eq. 4.22 misses a factor of 2 in the exponent compared to
Eq. 4.25 (simplified version), and consequently, the relaxation time in the BoB and the
Hierarchical models is smaller than the original τd by approximately a factor of 2.

Interestingly, the too slow reptation term seems to be well compensated by the too
strong effect of CLF (see Figure 4.4). There seems however to be no justification
regarding the hypothesis that deep fluctuations of chain ends speed up the reptation
process.

Arm retraction

If we deal with the linear chains as two-arm stars, then the contour-length fluctuations
of the ends is the same as the retracting motion of a star arm. The retraction dynamics
of the TMA and the BoB models is already compared by Shchetnikava et al. (2014),
where it was shown that both models successfully predict the linear viscoelastic data
of star-like molecules. However, the difference in the definition of the prefactor in
the first-passage time of the activated fluctuation τf luc(x), x > xtr together with some
small algorithmic discrepancies lead to slightly different material parameters for the
two models (MBoB

e > MTMA
e ). Here, the best fit to the experimental data was obtained

with the same entanglement spacing parameter Me for the TMA and BoB predictions
(see Table 4.4). It means that the deep fluctuations of linear chains in the TMA model
are slightly faster than in the BoB model. Due to that fact, we expect to see a slower
relaxation of shorter linear polymers (Z<15).

Cumulative effect of reptation and CLF

All models, except TMA, assume that at some time, retraction of the linear polymer
will be interrupted, and stress relaxation is completed by reptation using the theoreti-
cal framework developed by Doi and Edwards (1986). Similarly, the Hierarchical and
the BoB models consider retraction and reptation as mutually exclusive processes
with a transition around reptation time τBoB

d . On the other hand, the TMA model
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assumes both processes to take place simultaneously and only the long chains show
this obvious crossover behaviour. At first sight, it seems that these choices are the
cause of the alternative definitions of reptation time in each model. However, we
showed in the previous section that the reason is different. In the present work, TMA
shortens the contour length by excluding the part of the chain that has relaxed by
t = 3Zτe, whereas other models exclude much more — everything that has relaxed
by t = τBoB

d (see Figure 4.4).

Naturally, it is interesting to check the viscoelastic behavior when the long chains
(Z > 50) have this implicit transition between reptation and retraction in the TMA
model. At each time step we calculate the probabilities p f luc(x, t) and prep(x, t) that
the segment x survives from relaxation by fluctuation and by reptation. Furthermore,
at any time t we can determine the so called relaxation front, a segment xt, which sep-
arates relaxed and unrelaxed segments. This segment has a relaxation time τ(xt) = t
and the fraction of material not yet relaxed by reptation or retraction can be found as
Ψ(t) = 1− xt. Once the reptation time τTMA

d is reached, the relaxation front is at seg-
ment xd. In Figures 4.5 and 4.6, we plot the relaxation probabilities prept(x, τ(x)) and
p f luct(x, τ(x)) for segments x < xd at the time τ(x) they relaxed, and prept(x, τTMA

d )

and p f luct(x, τTMA
d ), for segments x > xd at the reptation time τTMA

d estimated by Eq.
4.10. Thus, the observed decrease of prept(x, τ(x)) with the depth of the segment, x,
is due to the fact that for x < xd, the time at which this probability is determined in-
creases with x. By comparing prept(x, τ(x)) to p f luct(x, τ(x)) one can notice that both
processes cross over around segment xs. This indicates that it is more probable that
segments x < xs are relaxed by fluctuations rather than by reptation, and segments
x > xs are relaxed primarily via reptation, as p f luct(x, τ(x)) ' 1. This estimation
of transition between relaxation process is identical to the one from the BoB model
(see Figure 4.4 ). Fluctuations stop at segment xs with relaxation time τf luc(xs) and
reptation takes over for segments x > xs.
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FIGURE 4.5: Comparison of survival probabilities p f luc(x, t) and prep(x, t) for samples with molecular
weight 200Z (left) and 100Z (right). For segments x < xd the probabilities are determined at
the relaxation time of each segment τ(x) and for segments x > xd at reptation time τTMA

d .

If we analyse the short chains (see Figure 4.7), there is no clear separation between
fluctuations and reptation because the probability of being relaxed by retraction < 1
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FIGURE 4.6: Comparison of survival probabilities p f luc(x, t) and prep(x, t) for sample with molecular
weight 47Z. For segments x < xd the probabilities are determined at the relaxation time of
each segment τ(x) and for segments x > xd at reptation time τTMA

d .

for all segments. However, for x < xs the chance to be relaxed by reptation is very
low, same as for the long chains. The rest of the segments are relaxed via reptation
and retraction, as prept(x, t) ' p f luct(x, t).
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FIGURE 4.7: Comparison of survival probabilities p f luc(x, t) and prep(x, t) for samples with molecular
weight 20Z (left) and 7Z (right). For segments x < xd the probabilities are determined at the
relaxation time of each segment τ(x) and for segments x > xd at reptation time τTMA

d .

In fact, it is easy to show the numerical equivalence of the TMA and the BoB models,
especially for long chains (Z > 50). To illustrate this conclusion, we add several
features from the BoB model to the TMA model and compare the results. First, we
modify the TMA algorithm (TMAexcl) in order to allow reptation to start only after
the arm fluctuation is finished. This transition from fluctuation process to reptation
takes place at segment xs. In other words, the joint survival probability becomes
p(x, t) = p f luc(x, t), if x < xs and p(x, t) = prept(x, t) ' exp(−t/τTMA

d ), if x > xs,
where τf luc(xs, t) = τBoB

d . It must be noted that G(t) in the TMA is calculated at each
time step, so we need to determine x(s) a priori. The TMA model which accounts for
this first modification is called TMAexcl . In addition, we examine how the choice of the
relaxation modulus equation used in the BoB model influences the relaxation process.
Therefore, we introduce one extra modification in our model, called TMAexcl−BoB,
where the reptation time τBoB

d and G(t) of TMAexcl are now determined according to
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BoB’s formulations, in addition to preventing fluctuations and reptation process to
take place simultaneously. This version of the TMA model is almost identical to the
BoB model, except for the transition between the early and the deep fluctuations and
calculation of the relaxation time for the latter one, as was explained before.
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FIGURE 4.8: Comparison of TMA ( ), TMAexcl ( ) and TMAexcl−BoB( ) predictions of G’ and G” with
the experimental data(◦) for PI33 (7Me), PI90 (19.7Me), PI200 (46.9Me), PI400 (100.2Me) and
PI1000 (234.6Me).

Figure 4.8 shows a comparison between TMA (solid line), TMAexcl (dotted line)
and TMAexcl−BoB (dashed line) predictions for Auhl’s PI samples from Table 4.2.
Both TMA and TMAexcl models predict nearly the same results for samples with
high number of entanglements. The explanation goes as follows: by using the joint
survival probability prept(x, t)p f luc(x, t), TMA introduces a smooth transition between
retraction and reptation processes. The domination of the arm retraction (prept(x, t) '
1 for all unrelaxed segments x) is followed by a period when reptation starts to
take over; namely prept(x, t) tends to p f luc(x, t) for segments of the relaxation front.
Finally, a chain will complete its relaxation by reptation, rather than by retraction,
since prept(x, t)� p f luc(x, t) ' 1 for unrelaxed segments. In general, this rule holds
for linear chains with a molecular weight of 50 entanglements or higher.

A different behavior is observed for shorter chains, where TMAexcl shows a slower
decay of G′ and G′′ in the terminal zone. Although both models have the same
reptation time, there is no actual transition between processes in the TMA model, as
in case of the long chains. Relaxation after τTMA

d /2 is also governed by those two
processes, rather than by pure reptation, because probabilities of being relaxed by
reptation or retraction are almost equivalent for those segments. This explains the
difference in the obtained results of the two models, as in TMAexcl relaxation ends
with pure reptation.

Interestingly, comparing these data with the TMAexcl−BoB model allows us to illustrate
how the two main approximations discussed above, i.e. a reptation process two times
slower and an overestimated influence of CLF on reptation, compensate each other in
the BoB model. Indeed, BoB can be viewed as the TMAexcl model with the reptation
time τTMA

d ≈ 2τBoB
d . Nevertheless, samples having a high molecular weight show

slightly slower terminal relaxation with BoB. Indeed, when τTMA
d /τBoB

d > 2 for short
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chains, TMA still has retraction, which implicitly reduces reptation time to the level
of τTMA

d = 2τBoB
d . For very long chains the reptation relaxation time ratio is slightly

less than 2 and leads to longer terminal relaxation in the BoB model.

In the BoB model, the missing constraint release in reptation is compensated by
choosing a smaller value for τd by excluding the part of the chain relaxed by deep
fluctuations, such that a relationship between TMA and BoB reptation times of
τTMA

d ≈ 2τBoB
d is found. Here, we argue against this hypothesis. Indeed, during

retraction, one end of the chain will be first dragged inside the tube over a maximum
distance ∆Lret by forming some big loops between entanglements. However, at the
same time, the other end will be pulled out of the tube by reptation over the same
distance ∆Lret and will first stretch those loops rather than translating them over the
distance ∆Lret, so that the fluctuating tip of the chain will stay fixed. Therefore, on
average, the equilibrium length of the chain stays constant. Only the fast fluctuations
(compared to the reptation time) should speed up reptation. Furthermore, deep
retraction cannot be considered as a fast process compared to reptation.

4.4.4 Comparison of theoretical and experimental LVE data

First, we summarize in Table 4.5 the important features of the TMA, the modified
TMA and the Bob which were discussed in this paper.

Polymer fraction CR effect Chain ends Separated
Models CLF acting as solvent in reptation treatment relaxation

for reptation processes

TMA Early No Yes No No
fluctuations
and retraction

Modified TMA Early Yes Yes Yes No
fluctuations
and retraction

BoB Early Yes No No Yes
fluctuations
and retraction

TABLE 4.5: Main differences between the TMA, the modified TMA and the BoB.

The modified TMA and the BoB models with the input parameters presented in Table
4.4 are used to compute G(ω). The comparison between experimental and theoretical
data for PI samples is shown in Figures 4.9-4.10.

The overall agreement between the Auhl’s PI data and the more advanced version
of the TMA model is remarkable. The BoB model exhibits a deviation from the
experimental plateau modulus for the short chains. This is explained by accounting
twice the effect of chain ends relaxation as discussed in Section 4.4.1. Also, the
predictions of BoB for short chains (Z<20) are relaxing a bit slower than the ones from
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FIGURE 4.9: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for Auhl’s PI samples.
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FIGURE 4.10: Comparison of the TMA predictions of G( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for Watanabe’s PI samples.

TMA. We identified the nature of this discrepancy previously: the largest part of the
chain is relaxed by retraction, and BoB would need larger Me to coincide with TMA
predictions (Shchetnikava et al., 2014). For middle range molecular weight samples,
the TMA and the BoB models are found to yield similar results when using the same
set of input parameters.

Now we consider the experimental data available for polybutadiene. Figures 4.11-4.15
shows the comparison of predictions made by the TMA and the BoB models for the
data from Table 4.1.

All the PBD data are predicted with the same values for the input parameters Me
and τe. Recall that Likhtman and McLeish (2002) had to set the corresponding values
differently for Baumgaertel et al. (1992) and Lee et al. (2005a) data. The results
in Figures 4.11-4.15 show the same quality of predictions as for PI samples. All
deviations between the experimental data and the BoB model are already explained
above.

Finally, in Figures 4.16-4.17 we compare our predictions for linear viscoelasticity with
the experimental data of linear PS samples coming from several research groups.
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FIGURE 4.11: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for Kapnistos’s PBD samples.
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FIGURE 4.12: Comparison of the TMA predictions of G’ ( ) and G” ( ) with experimental data (◦) and
BoB modeling ( ) for PBD Liu’s samples.
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FIGURE 4.17: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for PS (a) Graessley and (b) Schausbereger samples.

Again, the predictions made by the TMA model are in a good agreement with all data,
while the BoB model overpredicts the relaxation of really short chains together with
a clear deviation from the plateau modulus. The data from Graessley and Roovers
(1979) and Schausberger et al. (1985) is also considered in the work of Likhtman and
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FIGURE 4.13: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for PBD Baumgaertel’s samples.
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FIGURE 4.14: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for PBD Juliani’s samples.

McLeish (2002). To fit the data accurately, they had to adjust the values of Me, τe and
G0

N , separately for each set. On the contrary, we use the same value of Me and G0
N for

the calculations employing these samples.

There are several comments regarding the comparison of the data. First, the shape of
the relaxation spectra G′(ω) and G′′(ω) predicted by TMA is in good agreement with
the experimental data. Second, the agreement between TMA and BoB is quite reason-
able, but with some deviations. The most pronounced disagreement is observed for
the short-chain samples, where the BoB model overestimates the terminal relaxation
time, and predictions are slightly shifted downwards. Presumably, this effect can
be attributed to the difference in the coordinate systems used in both models, since
TMAexcl−BoB shows a better fit. As discussed in Section 4.4.1, the value of Z for short
chains is somewhat lower due to the renormalization. Note, that the BoB model
cannot predict linear and star polymers with the same Me value (Mstar

e > Mlinear
e ).

Thus, BoB predictions can lead to a better agreement for these chains, if the values
of Me for the star-shaped polymers are used. This fix is consistent with the fact that
the relaxation of the short linear polymers is mostly governed by fluctuations. Third,
the distinction between BoB and TMA is expected to be more pronounced for highly
entangled samples (Z > 400). Nonetheless, the lack of experimental data prevents
this comparison.
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FIGURE 4.15: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for PBD Lee samples.
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FIGURE 4.16: Comparison of the TMA predictions of G’( ) and G” ( ) with experimental data (◦) and BoB
modeling ( ) for PS Nielsen, Huang and Shahid samples.

4.5 Conclusions

Although most of tube-based models produce similar quantitative results for the
monodisperse linear viscoelastic behavior of linear macromolecules, there are some
crucial differences between the models; especially between TMA and the others. In
this chapter, we compared the theoretical frameworks for several well-known models:
Milner-McLeish, Likhtman-McLeish, the Hierarchical model, the BoB model and
the TMA model. Our comparison revealed that the most pronounced distinction
between the latter models is the way they determine the dynamic modulus G(t),
and as a consequence, the relaxation time τd. Additionally, the description of the
transition between relaxation processes also plays an important role in the predictions,
especially for shorter polymers.

Our analyses presented throughout this chapter indicate that the BoB and the Hier-
archical models use the same expression for the relaxation modulus as MM theory.
This contradicts the theoretical description of both models, since Milner and McLeish
deliberately excluded the effect of constraint release modes arising from reptation of
other chains and those models are supposed to include it. This assumption is com-
pensated in the MM theory, the BoB and the Hierarchical models by including slow



116
Comparative analysis of different approaches to linear rheology of monodisperse

linear entangled polymers

fluctuations into CLF and then removing them from reptation time. Two comments
are in place regarding this assumption. First, this inclusion is in contradiction with
one of the ingredients of tube theory, where only fast fluctuations of chain ends can
speed up reptation. Second, we provided some arguments why deep fluctuations
cannot speed up reptation.

The inconsistency between theory and numerics in the BoB and the Hierarchical mod-
els stems from an incorrect approximation applied in the derivation of the relaxation
modulus. We denoted that problem and offered several alternative ways to obtain the
correct expression for G(t) calculation. However, the crude assumption made in the
BoB model does not dramatically affect the quality of the results for linear chains. One
can, nevertheless, wonder what would be their impact in the case of binary blends or
for very polydisperse samples, as same assumptions are applied there. Furthermore,
modeling of branched polymers might also be affected.

We added several modifications to the time-marching algorithm (TMA) for the case of
monodisperse linear molecules, namely, a new coordinate system and the CLF concept
in reptation time. We extended the renormalization of the segment coordinates used
for the star-shaped molecules. In that way, we avoid using the segments relaxed before
τe in further calculations. This procedure helped us to improve the performance of the
TMA model and to eliminate the discrepancy of tube model predictions for describing
the plateau modulus for short chains. Furthermore, we included the influence of
the fluctuation process on reptation time in the modeling. This quite important
fundamental concept was missing in TMA. The amount of material excluded from the
reptation is consistent with the original CLF concept and agrees with values extracted
from MD simulations.

We validated the modified TMA model on a wide range of nearly monodisperse
polyisoprene, polystyrene and polybutadiene linear melt samples. All predictions
are in good agreement with the experimental data. Notably, we arrived to these
results by using the same entanglement molecular weight Me for each chemical
group, conversely to the work of Likhtman and McLeish (2002), who used different
values of Me within a chemical group. Furthermore, we were able to use the same
parameters as the ones used to describe the viscoelastic properties of start polymers.
Therefore, this gives us a solid base to extend tube models to polydisperse blends of
linear and star polymers. Validation of the BoB model was performed on the same set
of experimental data. The numerical predictions of the BoB model also fit the data
quite well, apart from the deviations in the case of short chains. The latter observation
can be attributed to the fact that in the BoB model, stress relaxation by contour length
fluctuations is calculated starting at time t = 0.



CHAPTER 5

Stress relaxation in branched polymers

In this chapter, we incorporate branch point motion into the TMA model in order
to investigate its influence on the stress relaxation behavior of branched polymers:
asymmetric stars and H-polymers. In contrast to linear polymers and structures with
symmetric architecture (star, Cayley-tree), the motion of the branch point plays an
important role during relaxation of complex macromolecules. In what follows, we
point out the crucial differences in the theories of all tube-based models developed for
predicting the rheological behavior of branched materials. Most of the discussion is
dedicated to the hopping parameter p2, which varies depending on the assumptions
made in the analytical models. In addition, we modify the TMA theory for structures
with branch points by including all new features coming from the analysis of linear
and star polymers. Upon that, to determine the quality of the model, we apply the
novel version of the TMA model to the case of asymmetric stars and H-polymers
characterized by size exclusion chromatography (SEC) and temperature gradient
interaction chromatography (TGIC). Moreover, we describe the predictions of the BoB
and the Hierarchical models for the same set of data.

5.1 Introduction

The dynamic and viscoelastic properties of polymer melts depend on the polymer
architecture. This connection is an important subject in polymer science due to the
explicit impact it has on the properties of industrial polymers. Most of the indus-
trially produced polymer materials consist of chains with branched or even hyper-
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branched architectures (e.g. LDPE). The main complication in that field comes from
the number of structural factors to be considered and the difficulty in synthesizing
well-characterized polymers for validation of the analytical models. The length of
the branches, the distribution of branches along the backbone, the distance between
neighboring branch points, structural composition of a polymer melt; all these specifi-
cations influence the rheological properties such as zero-shear viscosity and terminal
relaxation time.

The viscosity of linear polymers scales as a power law with the molecular weight
(Ferry, 1980). This observation is explained by the reptation theory of de Gennes (1971)
and Doi and Edwards (1986) with the addition of the contour-length fluctuations
(CLF) concept. A symmetric star-shaped polymer, instead of exhibiting reptation,
relaxes its stress by arm retraction, as a branch point behaves like an anchor point
(Doi and Kuzuu, 1980; Pearson and Helfand, 1984). As discussed in Chapter 2,
viscoelastic properties of symmetric star-shaped polymers derived using these ideas
are in good agreement with experimental data. How, then, should one model the
linear rheology of randomly branched polymer melts? Several recent studies reveal
that same concepts can also be applied to polymers with complex branched topologies,
including asymmetric stars (Chen and Larson, 2008; Lee et al., 2005b; Frischknecht
et al., 2002), H-polymers (McLeish, 1988; McLeish et al., 1999; Roovers, 1984; Chen
et al., 2012, 2011; Li et al., 2011), multi-armed “pom-pom” (McLeish and Larson, 1998;
Archer and Juliani, 2004), comb polymers (Daniels et al., 2001; Kapnistos et al., 2005;
Inkson et al., 2006; Kirkwood et al., 2009; Chambon et al., 2008; Ahmadi et al., 2011),
and other more complicated structures such as Cayley-tree polymers (van Ruymbeke
et al., 2007b; Lee et al., 2008; van Ruymbeke et al., 2010a). These polymers contain one
or more branch points, which are responsible for their complex viscoelastic properties
as compared to linear chains. Furthermore, these studies confirmed the main idea of
branched polymer theory. That is hierarchical relaxation: the model of arm retractions
followed by the reptative diffusion of linear-like backbone in the diluted tube. Along
with the studies for particular structures, several general models were developed
(Larson, 2001; Park et al., 2005; Park and Larson, 2003; Das et al., 2006; Lee et al.,
2005c; van Ruymbeke et al., 2005, 2006), which are applicable to a wide range of
polymer architectures. These models fit the measurements of experimental rheology
quite well, albeit it is unclear whether this is a merit of the fitting parameters or the
actual modeling. The following discussion tries to assess the relative importance
of modeling assumptions in most of the existing molecular theories for branched
architectures, which are based on earlier works of McLeish (1988), McLeish et al.
(1999), Frischknecht et al. (2002), Larson (2001), van Ruymbeke et al. (2006).

The inclusion of even one branch point slows down dramatically the relaxation
process. Therefore, a proper modeling of the branch point dynamics is essential for
accurate theoretical predictions of the rheological properties of branched materials.
The simplest structure that contains only one branch point and can reptate, is the
asymmetric three-arm star with one arm shorter than the other two. The dynamics
of such polymers lies somewhere in between the fast rheology of linear chains and
the slow rheology of symmetric stars, tending more to the latter one, as the length
of the short arm is growing. Following the idea of hierarchy of motions (McLeish
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et al., 1999), all models assume that the short arm relaxes first and then the backbone,
formed by the two longer arms, continues the relaxation similarly to a linear chain
with an extra friction bead in the middle. This bead is representing the branch point
of the polymer with the diffusion coefficient given by Db = p2a2

e f f /(2τa), where τa is

the relaxation time of the short arm, ae f f is the tube diameter at that time, and p2 is a
dimensionless hopping constant of the branch point. The diffusivity of the branch
point is formulated under the assumption that the branch point hops a distance pa in
the order of the tube’s diameter after each cycle of short arm retraction. When the
theory was first introduced, a value of p2 = 1 was assumed. However, after fitting
the experimental data of branched polymers by several models except the TMA, it
appeared that the value of p2 needed to be adjusted. The best fit to the asymmetric star
data (Frischknecht et al., 2002) was obtained with values p2 ∈ [1/4, 1/60], depending
on length of short arm. This means that the relaxed short arm caused much more drag
than expected. Lee et al. (2005b) tried to explain this fact by proposing a relationship,
p2 = 1/ZAR with ZAR being the number of unrelaxed entanglements of the backbone
at time τa. In the same context, general analytical models, like the Hierarchical and
BoB models, keep the value of p2 fixed to 1/40 and 1/12, respectively, for all branched
structures.

The slightly complex architecture of H-polymers is appealing for investigation of the
influence of multiple branch points on the stress relaxation behaviour. Such polymers
have four star-like arms connected by a backbone and in the linear regime, exhibits
an amalgam of properties of star and linear polymers. Due to a shortage of well-
characterized samples, the study of H-polymers is quite rare as compared to study
of comb polymers, for example. In all these studies (McLeish, 1988; McLeish et al.,
1999; Roovers, 1984; Chen et al., 2012, 2011; Li et al., 2011) the value of p2 = 1/12 was
taken, as first proposed in the work of McLeish et al. (1999). The same holds for the
expression suggested by Lee et al. (2005c), which was incorporated in the tube-based
model to predict stress relaxation dynamics of several branched polymers, e.g., H,
comb and pom-pom. The deduced value for p2 was also close to 1/12.

The Time Marching Algorithm (TMA) employs different assumptions in the modeling
and does not require the p2 parameter. The original TMA model gives excellent results
for a wide variety of branched architectures (van Ruymbeke et al., 2006). However,
there is an inconsistency in the first paper describing the TMA (van Ruymbeke
et al., 2005): in the derivation of the reptation time, the friction coefficient for the
branch point of asymmetric stars is different than the corresponding coefficient of
other more complex polymers. This inconsistency has a significant impact on the
theoretical predictions and will be discussed in Section 5.2.3. Furthermore, all recent
modifications discussed in the previous chapters, are incorporated into the model too.
To validate the modified model, we present a systematic investigation of the linear
rheology of six sets of data: PI, PBD and PS asymmetric stars, as well as PBD and PS
H-polymers.

All above mentioned values for p2 were determined from the predictions of the
experimental data, rather than by measuring the branch point motion directly. The
influence of the modeling assumptions makes the investigation of the nature of
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the hopping parameter p2 more difficult. It seems quite probable, that a wrong
modeling choice alters the rate of the branch point motion. Except the hopping
process itself, other modelling assumptions may influence the results, such as the way
reptation and fluctuations of the backbone are treated. A key step in understanding
the uncertainty of numerical values for p2, at least from the modeling point of view,
is to analyze the theoretical peculiarities of the TMA model with respect to the
BoB and the Hierarchical models. The universal parameters Me and τe obtained in
previous chapters for different chemistries can help to avoid speculations regarding
the fitting parameters. Given the wide range of assumptions to capture the branch
point behaviour, not all of them are consistently successful. Throughout this chapter,
we present a critical analysis of the TMA, the BoB and the Hierarchical models when
applied to predict the rheology of simple branched structures: asymmetric stars and
H-polymers. Using a big set of data, we show that the idea of branch point diffusivity
as the hopping process is not valid for very short side arms (Z < 5), but successfully
predicts the experimental data with the longer arms without adjusting the hopping
parameter p2. We discover that due to the major difference between the TMA and the
other models for linear chains: in the latter, p2 6= 1.

The values of p2 were also estimated from the large-scale molecular dynamics simula-
tions of different branched structures, including the asymmetric star melts with the
length of the short arm varying from one to three entanglements (Bacova et al., 2014).
The determined values of p2 from the simulation data are in the range of [1/10, 1/20],
which are in a good agreement with our findings for very short branched polymers.

Most of the mentioned tube-based models, like the BoB or the Hierarchical, are able
to predict, up to a sufficient accuracy, the linear rheology of an arbitrary distribution
of branched polymers. Nevertheless, even an ”ideal” theoretical framework is unable
to guarantee the best predictions of the experimental data, especially for branched
macromolecules, as the polymer melt is not completely pure. In the experimental
process, all branched polymers are fractionated such that untreated arms and back-
bones are removed. However, this will not remove other by-products derived from
the chemical reaction. Thus, for accurate model predictions, it is essential to know
all other components of the melt and their characteristics. Size exclusion chromatog-
raphy (SEC) is known to be an inadequate characterization method to address this
problem. Fortunately, temperature gradient interaction chromatography (TGIC), as
described by Lee and Chang (1996), provides a powerful instrument in separation
of by-products in terms of their molecular weights. Although, unfortunately, the
structure of the components should still be guessed based on synthesis rules. Recently,
Chen et al. (2011) reported TGIC analyses and rheological measurements of H-shaped
polybutadiene samples, and showed that synthesis of such complex architectures
indeed ends up with a big amount of by-products which influence the rheological
predictions. In the present chapter, for some samples, we combine TGIC analysis with
the rheological modeling to obtain more accurate validation of the TMA model.
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5.2 Modeling

In the linear regime the relaxation behavior of branched polymers is typically de-
scribed via the hierarchy of relaxation processes within the tube model framework
including the dynamic tube dilution concept (Larson, 2001; Park et al., 2005; Park
and Larson, 2003; Das et al., 2006; Lee et al., 2005c; van Ruymbeke et al., 2006). Each
complex architecture consists of two different chain types: branches and cross-bar
segments. The former are dangling ends of polymer with one end attached to a
branch point, while the latter refer to part of the chain between two branch points.
The H-polymer is the simplest shape which consists of both chain types; the two
branches are attached to each end of the cross-bar. It is assumed that the motion of
the cross-bar is suppressed by the presence of the branches, and the relaxation is
slower as compared to a linear polymer with the same molecular weight. Thus, the
main idea of the hierarchical relaxation is that polymers relax in sequence: first, the
branches relax by arm retraction similarly to the arms of the star polymers, followed
by the motion of the branch points, which allow the cross-bar to relax via reptation in
the diluted tube.

The analysis starts with the definition of the coordinate system for the H-polymer
and the concept of the effective backbone. In what follows, the two branches of the
equal molecular mass Ma are attached to the cross-bar of the length Mc. In the study
of McLeish et al. (1999), the notion of backbone of the polymer exclusively referred to
the cross bar. However, in the TMA, the BoB and the Hierarchical models, that idea
is extended to the summation of the branches and the cross-bar, forming the inner
and the outer parts of the effective backbone. Basically, the effective backbone is the
longest end-to-end path of the polymer molecule, and in case of the symmetric H-
polymer, its length is Mb = Mc + 2Ma (see Figure 5.1). The way the effective backbone
is used is very important for the proper analysis of the cross-bar relaxation. Each
molecular segment is defined by the normalized variable x. The external segments of
the backbone together with the branches have the origin xb = 0 located at the tip of
the arm and xb = 1 at the branch point. Furthermore, the inner backbone coordinate
xbr runs from the branch point to the middle of the cross-bar, xbr = 1.

FIGURE 5.1: Molecular weight definitions of branches and backbone (a) and the coordinate system for the
H-polymer (b).

Similarly, the asymmetric star consists of a short branch of mass Ms and two longer
arms of the same molecular weight Ml . These arms can be seen as the outer segments
of the backbone from the previous case with the inner segments equal to zero. Thus,
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for such stars, the mass of their backbone is Mb = 2Ml and the coordinates of each
arm (short arm and half of the backbone) changes from 0 at the free end of the branch
to 1 at the branching point as depicted in Figure 5.2.

FIGURE 5.2: Molecular weight definitions of branches and backbone (a) and the coordinate system for the
asymmetric star (b).

For an appropriate scaling, we express the length of the chains in units of the entan-
glement spacing Me and use notation from the previous chapters, e.g. Za = Ma/Me.

5.2.1 Relaxation moduli for branched systems

In this section, we derive the relaxation modulus for a melt of branched polymers
using as examples asymmetric stars and H-polymers. According to the relaxation
processes the system undergoes on the different time scales, the relaxation modulus
can be decomposed. Following the idea of sequential relaxation, the TMA modeling
scheme for the branched polymers can be outlined in seven steps:

1. For time smaller than entanglement time τe, relaxation is dominated by the
Rouse motion of the dangling ends and the backbone. Similarly to star-shaped
and linear polymers, renormalization of the coordinate system for the branch is
required to exclude double counting of already relaxed material.

2. Redistribution of the chain segments via longitudinal Rouse motion should be
accounted for at any time larger than τe.

3. After the chain notices, it is confined within the tube, the branches start to relax
stress by thermal fluctuations, similarly to the arms of a star, while the cross-bar
stays immobile.

4. As the branches fluctuate on the time scale τa, it is assumed that the inner
backbone segments can only move along the tube when the arm completely
retracts to the branch point. The whole backbone is considered to be a linear
chain with two extra drag beads attached to it.

5. In case of a branched polymer with a cross-bar, the TMA model calculates the
fluctuation relaxation time of the inner part of the backbone including the drag
of the branch point. These chain segments fluctuate with respect to the middle
of the cross-bar. The probability of the cross-bar segment to survive relaxation
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by retraction will start to decrease from 1 around the relaxation time of the arm
τa. Long arms of the asymmetric star continue to fluctuate without the influence
of the branch point.

6. As reptation and retraction are two independent processes in the TMA model,
taking place at the same time, we determine the probability that a segment of
the backbone relaxes by reptation. We stress that, we consider that a linear chain
is relaxed by reptation when its center of mass diffused a distance equal to the
length of the chain minus the effect of CLF determined in the previous chapter.
Thus, the remaining stress is lost via reptation on the time scale τd.

7. Dynamic tube dilation enters the model via Graessley’s criterion (van Ruymbeke
et al., 2006) to ensure a time-scale separation between fluctuations of the arms
and reptation of the backbone.

The general form of the relaxation modulus G(t) is already described in Chapter 2.
The form of the relaxation function Ψ(t), is calculated by summing up the contribu-
tions from all segments along the branches and backbones that have survived from
the relaxation by reptation or fluctuations. The equation describing it is

Ψ(t) = ∑
i

[
ϕi

b

∫ 1

0
p f luct(xi

b, t)dxi
b + ϕi

br

∫ 1

0
p f luct(xi

br, t)prept(xi
br, t)dxi

br

]
, (5.1)

where for each molecule i, ϕi
b and ϕ

j
br are two distinct volumetric fractions. The

former is the volume fraction of the branches and the outer backbones of the polymer
with the cross-bars (H-polymer), while the latter is the volumetric fraction of the
cross-bars or/and branches of the polymer without the cross-bar (asymmetric star).
Dangling ends of molecules can relax only via arm retraction. Therefore, for each
branch segment xb the only probability to be determined is the probability that the
branch segment is not relaxed by fluctuations p f luct(xb, t).

5.2.2 Fluctuations of dangling ends

When branched polymers are subject to small strain changes, the dangling arm relaxes
according to the rules described in Chapter 2 for star molecules. The rules include cal-
culation of the early time fluctuations τearly, renormalization of the coordinate system
and, finally, calculation of the potential to estimate τlate for the deeper segments.

5.2.3 Branch point motion and backbone fluctuations

After the side arm gets fully relaxed (i.e., contour length fluctuates to zero), the branch
point gets the ability to move. The backbone of the asymmetric star can start reptation
and the inner segments of the H-polymer backbone start to fluctuate with respect
to the middle of the cross-bar. The central segments of the cross-bar will relax by
reptation. In this section, we discuss only the fluctuations of the segments along
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the H-polymer inner backbone. The long arms of the asymmetric star continue the
normal retraction after the collapse of the short arm.

FIGURE 5.3: The compound arm: after the side arm has relaxed at time τa it is replaced by the friction
”bead”. The length of such arm is Ma + Mc/2.

Once again, the outer backbone segments fluctuate with respect to the branch point
and only experience monomeric friction. The collapsed side chain brings an external
friction to the relaxation of the inner segments of the backbone, in turn slow down
significantly the fluctuations. We can visualize this effect by introducing the concept
of ”compound” arm (see Figure 5.3), where the relaxed arm is represented as a ”bead”
on the backbone with the curvilinear friction constant expressed by the Einstein
relation (Einstein, 1905)

ζbr =
2kBTτa

p2a2 , (5.2)

where a is the undiluted tube diameter and p2 = 1 for all the TMA model predictions.

If the above additional friction is added to the Rouse friction, and reexpressed in
terms of the diffusion constant, then the total diffusion constant of the chain with
length Z becomes

1
Dt

=
1

Dr
+

1
Dbp

=
3π2Zτe

a2 +
2τa

p2a2 . (5.3)

A similar idea is also used in the BoB and the Hierarchical models, albeit the modeling
of retraction of the compound arm is very different in all three models. In some
sense, TMA is using the same approach as proposed in the work of Park et al. (2005),
where the contribution of the branch point friction shows up in the prefactor for the
relaxation time τlate. In the TMA model, this is taken into account in the Rouse time,
so that the early time fluctuations is modified and, as a consequence, the activated
fluctuation time τlate of the inner backbone is also affected. The potential U(x)
responsible for retraction of the deep segments is calculated without extra friction,
same as for the star arm of length Z

τearly(x) =
9π3

16
τeZ2τ∗Rx4, (5.4)

τ∗R =
L2

3π2DtZ
= Z2τe +

2τaZ
3π2 p2 (5.5)
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Our initial idea was to use the entire length of the compound arm Z = (Ma +
Mc/2)/Me in Eq. 5.4 and extract the relaxation times only for the segments beyond
the branch point. However, this approach will lead to a discontinuity of the fluctuation
time at the branch point, as τ(xb = 1) < τ(xbr = 0). Moreover, this assumption
is unable to describe correctly the design of the ”compound” arm, because in that
situation, the collapsed arm is placed at the end of the backbone.

As discussed by van Ruymbeke et al. (2006) for the case of pom-pom polymers, in
order to overcome the discontinuity, an alternative H molecule should be introduced.
Its branch length M∗a is shorter, such that the chain end take a time equal to τ(xb = 1
to diffuse up to the branch point xbp = M∗a /(M∗a + Mc/2), while feeling the extra
friction from the side branch. This equivalent chain is illustrated in Figure 5.4 together
with a new segment coordinate x∗br ∈ [0, 1], ranging from the end of the new short
branch to the middle of the cross-bar. Computational analyses show that the length
of the short arm varies from 1 to 3 entanglements depending on the molecular weight
of the inner backbone.

FIGURE 5.4: Definition of an “equivalent” molecule used to calculate the fluctuation times of the segments
localized in the inner part of the backbone.

Therefore, in Eq. 5.4, the chain length Z is replaced by Z∗b = (M∗a + Mc/2)/Me and
the coordinate variable x becomes x∗b . For calculating the corresponding fluctuation
times for the segments after the branch point, the values of τ(xbr) must be interpolated
on the interval [xbp, 1] for points

{
x∗br = xbp +

xbr Mc

Mc + 2M∗a
| xbr ∈ [0, 1]

}
. (5.6)

This numerical trick helps in obtaining a continuous curve of fluctuation times for the
backbone. One of the possible explanations within the tube framework could be the
following idea: outer backbone segments in the vicinity of the branch point fluctuate
with respect to the middle of the molecule rather than towards the branch point.
The assumption of the immobile cross-bar before τa is too strong. Due to Brownian
motion, the inner backbone can create configurations, which drag the branch point
inside the tube over a small distance, while the branches are retracting in their tubes.
Thus, outer backbone segments close to the branch point relax via fluctuations with
respect to the middle of the cross-bar.
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5.2.4 Reptation of the backbone

Likewise for the case of simple linear chain, the probability of relaxation by reptation
for the backbone of the branch polymer is calculated by the Doi-Edwards equation
(Doi and Edwards, 1986)

prept(xi, t) = ∑
p odd

4
pπ

sin
( pπxi

2

)
exp

(−p2t
τrept

)
. (5.7)

The reptation time is determined by the time taken for the backbone with i additional
friction ”beads” to diffuse the curvilinear length L as

τrept =
L2

π2Dt
=

L2

π2

( 1
Dr

+ ∑
i

1
Di

bp

)
, (5.8)

where L is the original contour length of the backbone without taking into account
CLF and coordinate system transformation, as described in Chapter 3.

The characteristic reptation time of an asymmetric star has a contribution of only one
branch point, so that :

τrept = 3Z3
b τe +

2Z2
b τa

π2 p2 = τb
rept + τ

bp
rept. (5.9)

This expression disagrees in the second term with the one reported in the first paper on
the TMA model (van Ruymbeke et al., 2005). The friction coefficient of the small arm
was defined differently, Dbr = a2/(π2τa), assuming that the branch point reptates
distance a in τa time (similar to Eq. 5.8). However, instead of π2 one should use 2.
This finding is equivalent to Eq. 5.9, when p2 = 1/5. Furthermore, it seems that an
extra mistake in the derivation, results in p2 = 1/15. The hypothesis originates from
the misconception of the stress relaxation time and diffusion time. Diffusion time
relates to the diffusion coefficient and is in general different from reptation time. For
linear entangled polymers the difference is relatively small. When the chain escapes
its original tube, the center of mass moves a shorter distance than the chain size. This
explains the π2 factor in the denominator of Eq. 5.8.

The reptation time for H-polymer is determined by the time it takes for the whole
backbone to diffuse out of its tube

τrept = 3Z3
b τe +

4Z2
b τa

π2 p2 . (5.10)

And again, the second term differs by factor of two from the one reported by van
Ruymbeke et al. (2006), as they include only one branch point in the reptation. This
was correct to do for the determination of τearly in Eq. 5.4, but for reptation time it is
required to use total amount of branch points on the backbone.
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As explained in Chapter 3, we consider that a linear chain should reptate along its
equilibrium length L to renew its configuration completely with a correction made
for the shallow CLF effect and the coordinate system reorganization. Clearly, the
same holds for the asymmetric stars with only one branch point. Not so obvious,
but explainable, is the observation that branched polymers when reduced to a linear
chain after the side arms collapse, should behave similarly. If we look at each polymer
separately, the probability of the side chain and the outer part of the backbone
to retract simultaneously to the branch point is very small. Instead, each of the
branches, at any moment in time, plays the role either of a collapsed arm or a part of
the backbone. Therefore, it seems more reasonable that we use the long backbone,
including the outer branches. Thus, the backbone relaxes exactly as a linear chain
with extra friction. Note, that the BoB and the Hierarchical models follow the same
approach, but again overestimate the effect of CLF on the reptation time: primitive
path length is reduced to L(1− xc), where τf luct(xc) = τrept(xc).

Another important concept is dynamic dilution, which means that the relaxed side
chains act as solvent for the unrelaxed backbone. When there is a clear separation
in the characteristic times of the relaxation processes, for example, for a star arm,
the slower process can take advantage of the solvent from the relaxed material and
continue the relaxation in the dilated tube. Branched systems have different relaxation
times, but it is not clear whether they are well separated. The tube can be dilated
by the removal of the entanglements, but reptation becomes aware of it only when
the constraint release is fast compared to reptation time. Thus, reptation time is
not constant and the TMA model introduces a rate at which the backbone treats the
relaxed branches as a solvent

τrept(t) = τb
reptΦ

α
active(t) + τ

bp
reptΦ

2α
active(t), (5.11)

Φactive(t) = Φ
( t

Z2

)
. (5.12)

The value of Φactive(t) is derived from the Graessley criterion (Struglinski and Graess-
ley, 1985) used for binary blends of short and long linear chains: long molecules
will reptate in a tube widened by the fast relaxation of short molecules only if their
reptation time is long enough with respect to their constraint release Rouse time.
Therefore, in case of branched polymers, the volume fraction Φactive(t) defines the
diameter of the tube based on the amount of solvent at time t/Z2. Additionally, the
CR-Rouse regime is treated the same as in the linear case.

5.3 Experiments

Investigating the role of branching in rheological behaviour is a complicated task,
as rheological measurements alone are unable to characterize the architecture of a
polymer: the number of branch points, the length of branches and cross-bars. More
importantly, rheological measurements alone are also unable to reveal the volume
fraction of by-products from the synthesis. For the purposes of the present study, it
is necessary to have well characterized experimental data for validation of the TMA
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model and also for analyses of the results obtained from the BoB and the Hierarchical
model predictions. Temperature gradient interaction chromatography results can
specify the weight fractions of polymer impurities in the melt, but do not, however,
allow determination of the possible branching structure.

5.3.1 Materials

The investigated asymmetric stars and H-polymers range from slightly to well en-
tangled branches and backbones (cross-bar). The dimensionless number of entangle-
ments is defined as Z = Mw/Me and the values for Me for the different polymers
used, can be found in Table 5.7.

Asymmetric stars

Polyisoprene (PI)

There are two sets of data consisting of linear, symmetric and asymmetric 1,4-
polyisoprene (PI) star polymers. The first set was synthesized using anionic tech-
niques under high vacuum conditions and characterized using a Viscotek size ex-
clusion chromatograph (Lee et al., 2005b). The length of the short arms is fixed to

Molar mass of arms Molar mass of stars
(g/mol) (g/mol)

Sample Long arm Short arm
Mw Ne PDI Mw Z PDI Mw PDI

Asymmetric star
A2B73K 73400 15.22 1.05 33000 6.80 1.01 169000 1.06
A2B124K 124000 25.70 1.03 33000 6.80 1.01 277000 1.04
A2B182K 182000 37.70 1.06 33000 6.80 1.01 370300 1.02
Symmetric star
S33K 33000 6.80 1.01 − − − 96400 1.02
Linear
N250K 128450 26.65 1.01 − − − 256900 1.01

TABLE 5.1: Molar mass data obtained by SEC for the polyisoprene arms and the purified asymmetric and
symmetric three-arm stars (Lee et al., 2005b).

7 entanglements and number of entanglements per long arm varies from 15 to 38.
Although fractionation was repeated several times to remove possible by-products,
without the TGIC analyses, we cannot guarantee a homogeneous composition of the
sample. Unfortunately, this data is unavailable, and we rely on numbers reported
by the SEC (Table 5.1). The LVE data were obtained by amplitude oscillatory shear
measurements at temperatures ranging from −40 to +28◦C and superimposed on the
master curve at the reference temperature T = 28◦C.

The second set of PI asymmetric stars was prepared by the same techniques in a dif-
ferent research group (Frischknecht et al., 2002). Like in the previous case, molecular
weights of the arms were measured only by gel permeation chromatography(GPC)
(see Table 5.2), which is a type of SEC, and in several cases by light scattering (LS).
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However, the reported data are inconsistent. While long arms are supposed to have a
fixed length of 22 entanglements, the real data are quite scattered. The same holds for
short arms; the precursor molecular weight for sample A47 differs from the reported
one. The situation is even more confusing with the total weight of some of the samples
being 4Ma + Mc, clearly different than the GPC data. All aforementioned uncertain-
ties pose serious questions on the reliability of the data and its use for validation of
the tube-based models, which are sensitive to the input parameters, like the molecular
weight of the short arms. Nonetheless, these series of asymmetric stars is widely
used throughout the various studies and, possibly, can be the source of the observed
theoretical diversity. In every theoretical study using this rheological data, the hop-
ping parameter p2 should be adjusted. Rheological measurements were performed
at temperatures from −60 to +120◦C to cover the frequency range 10−4 − 107 rad/s.
The reference temperature for the master curve is 25◦C.

Molar mass of arms Molar mass of stars
(g/mol) (g/mol)

Sample Long arm Short arm
Mw Ne PDI Mw Z PDI Mw PDI

Asymmetric star
AS11 107000 22.20 1.02 11500 2.39 1.02 215000 1.02
AS17 116000 24.06 1.01 19000 3.94 1.01 218000 1.01
AS37 107000 22.20 1.01 39000 8.09 1.01 275300 1.01
AS47 114000 23.65 1.02 38000 7.88 1.02 244300 1.02
Symmetric star
S105 104000 21.60 1.01 − − − 346000 1.01
Linear
L210 112000 23.23 1.02 − − − 224000 1.02

TABLE 5.2: Molecular weights obtained by GPC for the PI arms and the purified linear, asymmetric and
symmetric three-arm stars (Frischknecht et al., 2002).

Polystyrene (PS)

Three PS samples were synthesized by anionic polymerization (Agostini and Hutch-
ings, 2013): a linear PS182L, a symmetric star PS90S and an asymmetric star PS20A
(see Table 5.3). The resulting melts were further purified by fractionation to remove
unreacted arms or partially coupled products. Structural homogeneity (purity) and
polydispersity of these samples were confirmed by SEC and TGIC data. The molecular
weight of the backbone of all polymers is the same and equal 12 entanglements. The
short arm of the asymmetric star is slightly entangled. The rheological measurements
were performed by Huang et al. (2016) at different temperatures and shifted to a
single master curve at the reference temperature T = 130◦C by time-temperature
superposition.

Polybutadienes (PBD)

In the study of Zamponi et al. (2010), three samples of polyethylenes(PE) have been
synthesized by anionic polymerization of PBD. The special labeling scheme was
applied to the segments around the branch point to visualize its motion during
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Molar mass of arms Molar mass of stars
(g/mol) (g/mol)

Sample Long arm Short arm
Mw Ne PDI Mw Z PDI Mw PDI

Asymmetric star
PS20A 92400 6.02 1.03 20500 1.34 1.05 208300 1.03
Symmetric star
PS90S 92400 6.02 1.03 − − − 289100 1.03
Linear
PS182L 93500 6.09 1.03 − − − 187000 1.02

TABLE 5.3: Molecular weights obtained by SEC for the PS arms and the purified linear, asymmetric and
symmetric three-arm stars (Agostini and Hutchings, 2013).

neutron scattering experiments. Due to the polyethylene crystallization properties,
the rheological measurements were performed on the parent PBD system, consisting
of: a long linear PBD56L, a symmetric star PBD28S with all arms well entangled, and
an asymmetric star PBD2A with a short arm of one entanglement length. The linear
viscoelastic properties were measured at temperatures varying from −65 to +40◦C
and shifted to the reference temperature T = 25◦C.

Molar mass of arms Molar mass of stars
(g/mol) (g/mol)

Sample Long arm Short arm
Mw Z PDI Mw Z PDI Mw PDI

Asymmetric star
PBD2A 28600 17.04 - 2100 1.25 - 55700 1.04
Symmetric star
PBD28S 26800 15.95 - − − − 74300 1.04
Linear
PBD56L 27550 16.40 - − − − 58300 1.03

TABLE 5.4: Molecular weights obtained by SEC for the PBD arms and the purified linear, asymmetric and
symmetric three-arm stars (Zamponi et al., 2010).

H-shaped polymers

Polystyrene(PS)

This set of data consist of six melts of PS H-polymers synthesized by anionic poly-
merization (Roovers and Toporowski, 1981). The precursors in each sample have
approximately identical molecular weights and were analyzed by SEC only. The
total molecular weight of each polymer were determined by light scattering and is
equal to 4Ma + Mc, which indicates a narrow polydispersity. The molecular weight
of the precursors and the final product is shown in Table 5.5. Melt properties of these
H-polymers were measured in the oscillatory mode for temperatures between 140
and 250◦C over the frequency range 10−2 to 102 rad/s (Roovers, 1984). Master curves
were constructed at 169.5◦C.
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Precursor H-polymer
(g/mol) (g/mol)

Sample Branch Cross-bar
Mw Z Mw Z Mw

PS1 22000 1.43 22000 1.43 111 000
PS2 46000 3.00 44000 2.90 237 000
PS3 103000 6.71 100000 6.51 483 000
PS4 132000 8.60 123000 8.01 674 000
PS5 205000 13.36 204000 13.29 1 400 000

TABLE 5.5: Molecular characterization for PS H-polymer melts from Roovers and Toporowski (1981).

Polybutadienes (PBD)

Four symmetric H-shaped polybutadienes (H-PBd) were prepared by an anionic
polymerization and have been described in detail in the work of Rahman et al. (2008).
Due to its low resolution, SEC indicated that all samples are almost monodisperse
H-polymers. However, TGIC analyses reveal a big number of by-products in the melt
and provide us with the molecular weight of each component in the sample. Knowing
the synthesis mechanism, we can interpret the possible structures of each peak: linear,
symmetric and asymmetric stars and H-polymer itself. The complete list of structures,
their molecular weights and volumetric fraction also published in several studies
(Chen et al., 2011; Li et al., 2011). We will also use the TGIC results for these samples,

Precursor Total polymer
(g/mol) (g/mol)

Sample Branch Cross-bar
Mw Z Mw Z Mw PDI wt % inferred structure

HA12B40
13000 7.73 26000 1.01 9 linear
11000 6.54 40 000 23.8 62000 1.01 36 asym. 3-arm star
11000 6.54 40 000 23.8 79000 1.01 55 H

HA12B100
17000 10.01 60000 36.0 103000 1.02 33 asym. 3-arm star (1/2 H)
17000 10.01 119000 71.0 187000 1.02 67 H

HA30B40
31000 18.45 21000 12.5 83000 1.01 18 asym. 3-arm star
31000 18.45 43000 25.6 108000 1.01 21 asym. 3-arm star(1/2 H)
31000 18.45 43000 25.6 167 000 1.00 61 H

HA40B40
41000 24.40 41000 24.4 123000 1.01 23 sym. 3-arm star(1/2 H)
41000 24.40 41000 24.4 205000 1.00 77 H

TABLE 5.6: Molecular weights and fractions of structures from TGIC data of H-PBDs.

but with some minor optimizations. Sensitivity analyses of input parameters for same
samples is done by Li et al. (2011) and they show that adding H-polymer missing one
arm to the melt has the least effect on the predictions. Therefore, we assume that the
biggest effect on predictions have structures with much lower molar masses than the
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pure H-polymer and substitute that structure with the pure H-polymer. The resulting
structures and their characterization are listed in Table 5.6.

Rheological measurements were done by two research groups. In the work of Li
et al. (2011), data for high-frequencies were obtained from the strain sweep tests
at T = 25◦C. For samples whose terminal time was not reached by the rheometer,
creep or creep/recovery experiments were performed. Chen et al. (2011) performed
similar dynamic strain measurements at the same temperature, and they claimed
that they reach terminal time for all samples. As a result, all linear viscoelastic data,
except for sample HA40B40, are identical. The difference for HA40B40 is observed
in the terminal zone, where the measurement by Li et al. (2011) shows faster stress
relaxation, and similar to HA30B40. This might cast some doubt on the quality of the
creep experiment, as the relaxation time of the side arm grows exponentially and a
more pronounced distinction is expected. Therefore, we use the data available from
Chen et al. (2011).

5.4 Results and Discussion

The BoB and the Hierarchical models were already evaluated for most of the simple
branched structures (Das et al., 2006; Wang et al., 2010; Chambon et al., 2008; Park and
Larson, 2003; Li et al., 2011). However, predictions were made for a limited number
of experimental cases and without using a systematic approach. This might lead to
misinterpretation of the predictions and, as a result, to wrong conclusions. When
analyzing data and drawing accurate conclusions, we need to look for patterns and
trends. This is possible only when a lot of data is collected from a variety of sources.
Moreover, it provides us with the ability to evaluate the quality of the experimental
data.

The tube hypothesis assumes that the input parameters should be the same for
each polymer chemistry, independent of architecture. A slight tuning of τe values is
possible, due to the uncertainty in determining the monomeric friction coefficient.
Otherwise, manipulating the adjustable parameters, or sometimes the molecular
weight of the sample, may conceal the wrong assumptions made in the modeling. It
was shown in Chapters 2 and 4, that, at least for the star and linear polymers, the TMA
model uses the same parameters, while the BoB and the Hierarchical model need
to have different values of Me, when α = 1. In the present study, when comparing
predictions with the experimental data, we keep the dilution exponent α = 1 , though
we discuss the impact of varying the value of α.

5.4.1 Material parameters

The input parameters for the three models, i.e. : 1) the plateau modulus GN
0 , 2)

the entanglement molecular weight Me, and 3) the Rouse time of an entanglement
segment τe, appear in Table 5.7. Although, Park and Larson (2003) suggest the use of
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α = 4/3 and determine Me values by fitting simulation results to the experimental
data, we are more interested in understanding how the theory has been extended to
the case of branched structures in the models, rather than tuning the parameters for
the best result. Thus, unlike other studies, we want to keep the same values of all
fitting parameters, apart from p2, for the Hierarchical and BoB models. Theoretical
models for branched polymers are very sensitive to the values of Me and τe, therefore
modelling choices need to be taken with great care. The values of τe were obtained by
fitting the TMA expression to the measured dynamic moduli G′ and G′′ in the high-
frequency Rouse regime. Note that some of the studies do not do this to get better
predictions in the terminal regime. To our experience, such choice drastically changes
the quality of the prediction results. As stress relaxation of branched polymers is
dominated by the retraction dynamics of the dangling arms, values used for Me for
PBD and PS are consistent with the ones for the star polymers, keeping the ratio of
1.125 between the BoB and the TMA models. However, for the PI materials, TMA
uses the parameters obtained for the linear melts. As we have seen before, this ratio
between the two Me’s turns into 1 in that situation. Therefore, the corresponding
values for the BoB and the Hierarchical models needs to be adjusted according to
the relationship for the star-shaped polymers. Since the theoretical model is not very
sensitive to the value of GN

0 , we are free to choose the best-fitting value.

Sample TMAa BoBb Hierarchicalc

G0
N (MPa) τe (s) Me (g/m) Me (g/m) Me (g/m)

PBD
25.0◦ 1.00 2.8× 10−7 1680 1890 1890
PS
130.0◦C 0.23 7.0× 10−1 15350 17270 17270
169.5◦C 0.23 0.8× 10−3 15350 17270 17270
PI
25.0◦C/28.0◦C 0.46 1.8× 10−5 4820 5400 5400

a α = 1 and p2 = 1
b α = 1 and p2 = 1/40
c α = 1 and p2 = 1/12

TABLE 5.7: The TMA, BoB and Hierarchical input parameters for PBD, PS and PI.

5.4.2 Comparison of theoretical and experimental LVE data: impact of modeling
assumptions

Here, we investigate the dissimilarities between the three models (TMA, BoB and
Hierarchial) when applied to the simple branched structures like asymmetric stars
and H-polymers. The star-linear theory is extended to the case of complex polymers
with branch points in a different manner in each model. Wang et al. (2010) made the
detailed overview of the comparison of the BoB and the Hierarchical models. We
focus mainly on discerning the use of the perplexing hopping parameter p2 in all
studies, except for the TMA. Prior to the discussion, most of the theories suspect
that the physics of branch point motion is the source of the disagreement between
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experiments and theory. Nonetheless, it seems that hypotheses made in different
theories affect the value of that factor, at least for the well entangled samples.

The numerical results for the Hierarchical model were performed with the executable
file compiled from the hierarchical-3.0 code 1. For BoB, the results were obtained
based on the bob2.5 code 2. The necessary input parameters for the BoB model, like
monomer mass M0, the number of monomers in one entangled segment Z and the
density ρ, are calculated according to the values of Me and G0

N from Table 5.7. As
already mentioned, the dilution exponent α = 1, unless specified differently in the
discussion. Most results refer to monodisperse melts. Identical input parameters
(difference in Me is kept to have the same arm retraction everywhere) guarantee that
any discrepancy in predictions is due to different theoretical approaches.

Asymmetric stars

The predictions of the theoretical models are compared against the corresponding
experiments by means of plots of relaxation moduli G′(ω) and G”(ω). As it is usual
practice in other studies, there is no need to quantify the accuracy of predictions,
rather to identify the closeness to the measured curves. For the first set of SEC data
(Table 5.1), linear and symmetric star samples are used to confirm the correctness of
the used input parameters and to show the consistency of each model. As shown in
Figure 5.5, the TMA model qualitatively captures the linear rheological behaviour of
all samples. The smoothed ”shoulder” of measured G′ and G′′ at low frequencies is
probably due to the presence of by-products or polydispersity effect.

To start with, we use the TMA input parameters for the BoB and the Hierarchical
model predictions with p2 = 1. It can be seen from Figure 5.6, that predictions are
nearly equivalent for both models. The terminal relaxation of the symmetric star
is overestimated, because of the smaller value chosen for Me, compared to the one
necessary for star polymers. Conversely, the prediction for the linear sample is in good
agreement with the data, as expected. Moreover, the chosen input parameters gives
a reasonable fit of simulations to the asymmetric star data without p2 adjustment.
This can be explained by the increase of the relaxation time τa of the side arm, as the
number of entanglements Za grows and the friction ”bead” on the backbone leads to
a higher friction.

Therefore, in order to keep the relaxation time τa at the same rate for all models, we
change the value of Me to 5400 for the BoB and the Hierarchical models. This step
requires an additional change in the hopping parameter p2, as it is reported in other
studies. Since the BoB model assumes that the branch point hops along the tube
with dilution corresponding to the timescale of arm retraction (Das et al., 2006), the
value of p2 = 1/40, which is smaller than the one used for the Hierarchical model,
p2 = 1/12, where the branch point hops in the undiluted tube. Now we have a much
better agreement with the experimental data both for symmetric and asymmetric
stars, but the stress moduli of the linear chain is very slightly underestimated, due to
the large value of Me (see Figure 5.7).

1http://cheresearch.engin.umich.edu/larson/research polymers.html.
2http://sourceforge.net/projects/bob-rheology.
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FIGURE 5.5: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the TMA
model of symmetric star SS33K (dashed line), linear N250K (dotted line) and asymmetric stars
A2B73K, A2B124K, A2B182K (solid lines). Input parameters can be found in Table 5.7.
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FIGURE 5.6: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the
BoB (blue dash-dot line) and the Hierarchical models (green + symbols) of symmetric star
SS33K, linear N250K and asymmetric stars A2B73K, A2B124K, A2B182K. The values of input
parameters Me = 4820 and p2 = 1.
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FIGURE 5.7: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the BoB
(blue dash-dot line) and the Hierarchical models (green + symbols) of symmetric star SS33K,
linear N250K and asymmetric stars A2B73K, A2B124K, A2B182K. Input parameters appear in
Table 5.7.



136 Stress relaxation in branched polymers

There is a way to make the BoB and the Hierarchical models to use the same Me
values for star and linear data. Simply, change the dilution exponent to α = 4/3
and set Me = 4820. Using these parameters, the results for the asymmetric stars are
very similar to those shown in Figure 5.7. However, our goal is not to use the same
input parameters for all sets of data for other models, except for TMA. Instead of
manipulations with α, it seems more important to have a closer examination of the
derivation of the expression for the arm retraction in the BoB and the Hierarchical
models. This might be the origin of different input parameters are used for the linear
and star polymers.

The models under study have the same arm retraction mechanism, albeit, they differ
in the evaluation of the contour length fluctuations and its impact on the reptation.
In Chapter 4, we show for linear polymers, that this distinction is due to strong
assumptions in the derivation of the stress relaxation modulus G(t), which lead
to the reptation contribution as exp(−t/τBoB

rept ), while in TMA, it has the form of
exp(−2t/τTMA

rept ). That is why the reptation time in the BoB and the Hierarchical
models is shortened by nearly half, by the CLF subtraction. Basically, the same holds
for the branched molecules when they become effectively linear. In all models, the
branch point hops along the tube on a time scale τa, so that the friction constant of the
”bead” is the same everywhere. However, the reptation time is drastically increased
by adding the effective drag caused by the short arm on the reptating backbone. This
means that in the BoB and the Hierarchical models, the crossover from fluctuations
to reptation τf luc(xd) = τBoB

rept (xd) is postponed and the fraction 1− xd of the long
arms, which is still unrelaxed, reduced, compared to a simple linear chain of the
same length. Thus, the ratio between relaxation times τTMA

rept /τBoB
rept ' 2 is not valid

anymore. As an example, let us consider sample A2B124K with the long arms of
25.7 entanglements, and the short one is around 7 entanglements. To compare the
reptation time calculated in the TMA and the Hierarchical models, we use Me = 4820
and Me = 5400, respectively. Although in TMA the reptation time changes constantly,
we report here the prevailing time, which defines the process. Without taking CLF
into account and with p2 = 1 in the Hierarchical model, reptation times are quite
comparable: τTMA

rept = 980 s and τH
rept = 700 s. The inequality originates from the

difference in the number of entanglements of the linear chain and the account for
tube dilation: Φα

tube(τrep) = 0.56 in Eq. 4.10 and Φα
active(t) = 0.7 in Eq. 5.11. If we add

the CLF effect to the reptation in the Hierarchical model, τH
rept = 84 s, as xd = 0.65.

The terminal time is underestimated, and we need to add the adjustable parameter
p2 = 1/12, so that τH

rept = 480 s, while xd = 0.76. Therefore, we restore the ratio
between τTMA

rept /τH
rept = 2. Same conclusions hold for the BoB model, just with the

different value for p2 because of the time-dependent friction constant.

Another series of samples consists of a linear PS182L, an asymmetric star PS20A,
and a symmetric star PS90S (Table 5.3). All samples have the same backbone of 12
entanglements. The shortest arm is just over Za = 1.34. In the case of the symmetric
star, we apply the corresponding polydispersity, which slightly improves the fitting
(see Figure 5.8). The TMA calculations for the asymmetric star with a value of p2 = 1
lead to a spectral width which is about a decade too small and coincides with the
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linear one. Removing tube dilation from the modeling is unable to reproduce the
experimental data. One way to improve the quality of the predictions, is to allow for
polydispersity of the dangling arms. Indeed, the branch point friction exponentially
depends on the molecular weight of the side arm, and due to the slight uncertainties
in the SEC measurements, not accounting for the effect of the polydispersity might
be an issue. The results from molecular dynamics simulations of melts of branched
polymers suggest that inconsistency originates from the description of the hopping
motion (Bacova et al., 2014; Bacova and Moreno, 2014). Same as in the present case,
the samples under consideration have the short arms weakly entangled (Z ∈ [1, 3]).
The analyses of the branch point trajectories discovered the existence of traps, where
the time spent by the branch point is much longer than the side arms relaxation. This
observation might question the usual interpretation of the branch point diffusivity D
in tube-based models. It might be that the branch point motion should be understood
as an effective description of friction associated with the drag of the side arms, and not
as the description of a hopping motion with a characteristic time scale. The residence
of the branch point in the trap for times longer than τa, at least for the polymers with
the short side arms, is compensated by the values of the hopping parameter p2. The
latter is found to be in the range 1/10− 1/20 for dilution exponent α = 1 (Bacova
et al., 2014). We thus repeat our calculations and adjust the value of p2 = 1/10 to fit
the rheological data of PS20A. Now, the agreement of the experimental data with the
TMA theory is relatively good (see Figure 5.8).

10
−4

10
−2

10
010

2

10
3

10
4

10
5

10
6

ω [rad/s]

G
’ (

ω
) 

[P
a]

10
−4

10
−2

10
010

3

10
4

10
5

10
6

ω [rad/s]

G
" 

(ω
) 

[P
a]

FIGURE 5.8: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the TMA
model of symmetric star PS90S (dashed line), linear PS182L (dotted line) and asymmetric
star PS20A (solid line with polydispersity 1.05 and dash-dotted line with p2 = 1/10). Input
parameters appear in Table 5.7.

As for the results shown in Figure 5.9, predictions of the BoB model are in good
agreement with the experimental data even for the linear sample. Based on the
results of Chapter 4, BoB simulations for the short linear chains are usually a bit
overestimated. Therefore, a big discrepancy is not established in the predictions with
Me = 17270, which is used by BoB for the star-shaped polymers. Polydispersity
seems to have no effect on the calculations for the asymmetric star and p2 = 1/40
gives a reasonably good fit to the data. In case of short chains, the additional friction
is quite small and has negligible contribution to the reptation time. Likewise, for
linear polymers, the predictions of the TMA and BoB are very close to each other. And
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in case BoB would not adjust p2 parameter, the predictions for the asymmetric star
could be equal to the TMA ones. However, the BoB model uses p2 = 1/40, and thus,
works better for the stars with a very short side arm. The results for the Hierarchical
model are identical to the BoB model and, thus, not reported here.
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FIGURE 5.9: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the BoB
(dash-dot line) of symmetric star PS90S, linear PS182L and asymmetric star PS20A. Input
parameters can be found in Table 5.7.

Note, the sample PS20A is similar to the asymmetric star PBD2A investigated by
Zamponi et al. (2010), where the Frischknecht theory (Frischknecht et al., 2002) was
applied with p2 set to 1/60. The comparison of the TMA theory with this PBD data
can be seen in Figure 5.10. The molecular weights of the long and short arms reported
in Table 5.4 are used in the calculations with the model parameters from Table 5.7. In
order to have a good fit with the asymmetric star, we need to use polydispersity or to
adjust the value of the parameter p2 = 1/10.
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FIGURE 5.10: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the
TMA model of symmetric star PBD28S (dashed line), linear PBD56L (dotted line) and
asymmetric star PBD2A (solid line with polydispersity and dash-dotted line with p2 = 1/10).
Input parameters appear in Table 5.7.

As discussed, predictions with Me = 1890 underestimate the PBD linear data for the
BoB model, and in the same way, fit the star-shaped G′(ω) and G”(ω) data. This
is once again confirmed in Figure 5.11, where small deviations are visible in the
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low-frequency regime. Applying the BoB model with p2 = 1/40 to the asymmetric
data gives a good description of the loss and storage modulus.
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FIGURE 5.11: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the
BoB model (blue dash-dot line) of symmetric star PBD28S, linear PBD56L and asymmetric
star PBD2A. Input parameters can be found in Table 5.7.

The last set of PI asymmetric data is represented by the following samples: linear L210,
symmetric star S105, and asymmetric stars AS1, AS17, AS37 and AS47. Molecular
weights of short and long arms are characterized in Table 5.2. To verify the correctness
of our choice of the input parameters, we first fit the data for the symmetric star and
the linear chains in Figure 5.12. For the BoB predictions we use two values Me = 4820
and Me = 5400. As expected, the BoB theory overpredicts the terminal time for S105
when Me = 4820 and provides a good agreement with the linear data. And vice versa,
using Me = 5400 underestimates relaxation time of the linear chain, while the star
polymer has a perfect fit. At the same time, the fit of the TMA model with standard
input parameters is consistent for both samples.
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FIGURE 5.12: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by TMA
(solid line), and the BoB model with Me = 5400 (dash-dot line) and Me = 4820 (dashed line)
of symmetric star S105 and linear L210.

In the original paper (Frischknecht et al., 2002), in order to fit all data with the
same parameters, it is assumed that the length of the symmetric star arm is smaller
Ma = 93300 than the GPC measurement. As mentioned above, one can overcome
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this problem by setting α = 4/3 and Me = 4500. However, if that is the case, shorter
samples require much larger value of Me = 4820.

For the asymmetric stars, we use two sets of input parameters for the BoB modeling:
{Me = 4820, p2 = 1} and {Me = 5400, p2 = 1/40}. It is evident from Figure 5.13 that
most features of the AS47 and AS37 samples are correctly captured by the TMA and
the BoB theories. Predictions based on the parameters from Table 5.7 are generally in
better agreement with the data in the terminal regime.
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FIGURE 5.13: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by TMA
(solid line), and BoB with Me = 5400, p2 = 1/40 ( dash-dot line) and Me = 4820, p2 = 1
(dashed line) of asymmetric stars A47 and A37.

However, the measured data for AS17 and AS11 exhibit a ”star-like” behaviour more
quickly than anticipated by the TMA theory, as seen in Figure 5.14. The correction
for the effect of polydispersity in arm molecular mass contributes to the shift of
the relaxation time, nonetheless, it seems small to consider it as the source of the
discrepancy. Similar to the previous PS and PBD samples, tuning the value of p2 =
1/10 helps to fit only AS17 data, and p2 = 1/30 is required for AS11. This is also
reflected in results from BoB, which underpredict the terminal time for sample A11.
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FIGURE 5.14: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the
TMA (solid line), and the BoB models with Me = 5400, p2 = 1/40 ( dash-dot line) and
Me = 4820, p2 = 1 (dashed line) of asymmetric stars A17 and A11.
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Since the theory is quite sensitive to the lengths of the arms, the uncertainties in the
SEC measurements can lead to this result. It is suspected that in (Frischknecht et al.,
2002), the length of the short arm in AS11 is determined with an error, such that
the hopping parameter needs a smaller value. Based on the current analysis of the
asymmetric data, we are inclined to think that the short relaxed side arms (Z < 5)
cause much more drag than expected.

H-shaped polymers

In Figure 5.15, we present the comparison between the TMA and the BoB theories
with respect to the linear viscoelastic experimental data for a series of PS H-polymer
melts (PS1-PS5). As exhibited in Table 5.5, the number of entanglements along
the branches and the cross-bar are the same and vary from 1.4 to 13, covering a
wide range of molecular weights. Our calculations exclude the corrections due to
polydispersity. The storage and loss moduli G′(ω) and G”(ω) determined by the
TMA model describe quite accurately the experimental data, even for branches with
few entanglements, meaning the model is consistently successful. Certainly, the fits
for PS1 and PS2 can be improved by setting p2 = 1/10 or including the polydispersity
effect in the modeling.
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FIGURE 5.15: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the
TMA (solid line)and the BoB models ( dash-dot line) of monodisperse H-polymers PS1-PS5.
Input parameters appear in Table 5.7.

The predictions by BoB model show the diversity of behavior for the same samples. It
appears that the simulations for H-polymers with short arms exhibit a slower decay
at the low-frequencies passing to a faster decay for the chains with longer arms. The
relaxation process of an H-polymer can be described in a manner similar to that of
the asymmetric star. When the side arm has collapsed, the polymer continues the
relaxation as a linear chain with two compound arms of length Zca = Za + Zc/2. The
retraction of the H-polymer compound arm is slowed down due to the presence of
the friction bead as compared to the long arm of the asymmetric star. Reptation enters
into the picture last, as soon as τf luc(xd) becomes larger than τBoB

rept . The amount of the
unrelaxed material Φ(t) = 1− xd at reptation time is increased due to the diffusion
of the branch point. As shown above, setting the friction parameter p2 = 1/40 was
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enough to compensate the broken ratio τTMA
rept /τBoB

rept ' 2 for the asymmetric stars with
the short arms with the entanglement molecular weights Za ranging from 6 to 8. This
is still the case for H samples PS3 and PS4. However, as the arm length increase,
this value appears to be insufficient to keep up with the TMA results. Without the
low-frequency information for PS5, it is difficult to make a final conclusion on the
quality of the model predictions.

Note that in the BoB model, values of p2 have a significant impact not only on
reptation, but also on the evolution of the length Z̃ca(t) for the effective compound
arm. It is defined as the effective free-arm length for the free end visiting the currently
relaxing segment of the tube. The slower Z̃ca(t) approaches with time the total weight
of the compound arm Zca, the slower arm retraction is, as the frictional contribution
from the branch point is included in the potential Ue f f and not in the prefactor (see
the work of Das et al. (2006) for details). Dropping p2 from this estimation, leads to
faster relaxation due to fluctuation, and transition to reptation is postponed, so that
xd increases. However the value of p2 = 1/40 left in the reptation time is not enough
to fit the data accurately. Same holds for the simulations of the Hierarchical model in
Figure 5.16. The assumption of the compound arm fluctuating over its entire length
Zca with extra friction in the prefactor of τlate(ξ) and combined with the algorithm
for the increment of the arm coordinate ξ with time ξt+∆t = ξt + ∆t/(dτf luct/dξ),
results in a too fast compound arm retraction. The latter manipulation allows for
maintaining continuity of the relaxation time. As a matter of fact, manipulations with
the value of p2 leave the results unchanged for these samples. Since the derivative of
the relaxation time dτf luct remains unchanged - again, the value of xd also becomes
too high. The latter statement can be easily proven by rewriting the evaluation of ξ in
the logarithmic form and decompose the cross-over function τf luct

ξ(tn+1) = ξ(tn) + ln
( tn+1

tn

) dξ

d ln(τf luct)
, (5.13)

ln(τf luct) = Ue f f (ξ)− ln
[ 1

τearly(ξ)
+

1
τ∗late(ξ)

]
, (5.14)

where τlate(ξ) = τ∗late(ξ) exp(Ue f f (ξ)).

Rewriting τ∗late(ξ) = P2τ̃∗late(ξ), P2 ≡ 1/p2 and taking the derivative, we find

d ln(τf luct)

dξ
= U′e f f (ξ) +

dτ̃∗late(ξ)

τ̃∗late(ξ)
+

P2τ̃∗late(ξ)dτearly(ξ)

τ2
early(ξ)

1 + P2τ̃∗late(ξ)

τearly(ξ)

. (5.15)

If half of the cross-bar, Mc/2, is smaller than the molecular weight of the side arm
Ma, we end up to the following situation. The calculation of the compound arm
retraction starts from the deep segments ξ > 0.6, where the late fluctuation time
τ̃∗late(ξ) is very large, so that dτ̃∗late(ξ)/τ̃∗late(ξ) ≤ 1. Therefore, p2 is canceled out
from Eq. 5.15. We can conclude, that the Hierarchical model predicts faster terminal
relaxation for H-polymers, where Mc ≤ Ma, due to the assumptions made in the
retraction of the compound arm. As an example regarding the speculation on the
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input parameter in Figure 5.16, we show the result obtained for Me set to the lower
value 14350; agreement with experimental data is good.
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FIGURE 5.16: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω), predicted by the
Hierarchical model with Me = 17270, p2 = 1/12 (green + symbols) and Me = 14350, p2 =
1/12 (dashed line) of monodisperse H-polymers PS1-PS5.

We continue our analyses with the series of PBD H-polymers, which were character-
ized by TGIC and revalued the presence of by-products, such as linear, symmetric
and asymmetric stars. The mixture of the architectures is described in Table 5.6. To
determine the effects of impurities on the rheology, we report in Figures 5.17-5.19
the TMA predictions when employing pure H-polymer and when by-products are
included. The same is performed for the BoB model, albeit only for the sample
HA40B40, to avoid complications with simulations of the Y-shaped asymmetric star
(two short arms and one long). In the end, we intend to compare the modeling results
for a monodisperse H-polymer, rather than to check the fitting options of the models;
this is shown in Li et al. (2011). Sample HA12B40 is reported to have six components,
however as discussed above, we assume that the H-polymer without one arm has the
same relaxation as the pure H-polymer. Moreover, we represent the two stars with
the similar molecular weights as the Y asymmetric stars with two branches and one
cross-bar. The rheological TMA predictions corresponding to this optimization are
shown in Figure 5.17 and they have a very good fit with the experimental data. Note
that the impurities accelerate the terminal relaxation, nevertheless not significantly,
due to the low fraction of really short-weighted molecular structures. Furthermore,
the Hierarchical model has similar results for the pure H-polymer. In contrast to the
samples PS1-PS5 (xd = 0.88), cross-bar retraction starts from ξ = 0.35 and finishes at
ξ = xd = 0.68, such that p2 = 1/12 guarantees a good agreement with the rheological
data. The BoB predictions overestimate the moduli for HA12B40, and adding the
impurities seems unable to improve the result. Most probably, the hopping parameter
slows down the fluctuations too much, and the additional increase in the reptation
time is unnecessary.

A different situation is observed for the HA40B40 melt in Figure 5.17, where only
77% of melt consists of pure H-polymer. Unfortunately, the sample lacks data on
the terminal region to make a quantitative conclusion, though the tendency of the
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predictions is clear and similar to the PS H-polymers. Both, the Hierarchical and the
BoB models exhibit faster relaxation than the TMA, and as the length of the side arm
has increased in comparison with PS5, the difference becomes more pronounced.
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FIGURE 5.17: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω) for samples HA12B40
(on the right) and HA40B40. The predictions for pure H-polymer performed using the TMA
(red dashed solid line), the BoB (blue dash-dot line) and the Hierarchical models (green +
symbols). Predictions based on TGIC structural information come from the TMA (red solid
line) and the BoB models (blue dotted line). Input parameters appear in Table 5.7.

The possible structures in HA12B100 are identified as 67% of H and 33% of asymmetric
stars (1/2 H). The monodisperse predictions of the TMA show a slightly faster
relaxation than the experimental data. Thus, we include the effect of polydispersity
into the simulations of H-polymer to match the data better. The situation with the
theoretical predictions is very similar to sample HA12B40: the cross-bar is long
enough for the BoB modeling to have a slow retraction of the compound arm, and the
Hierarchical results are analogous to the TMA ones.
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FIGURE 5.18: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω) for sample HA12B100.
The predictions for pure H-polymer performed using the TMA (red dashed line), the BoB
(blue dash-dot line) and the Hierarchical models (green + symbols). Predictions based on
TGIC structural information comes from TMA (red solid line). Input parameters appear in
Table 5.7.
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The TMA predictions using the TGIC data for HA30B40 with 60% of uncontaminated
H-polymer give a fair agreement with the experimental data in Figure 5.19. However,
two other models would severely underestimate the data with impurities. It seems
that the BoB model can make fair predictions for the short H-polymer with the same
length of the cross-bar and the branches (Za < 10). While the Hierarchical model
underpredicts any polymer of this type.
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FIGURE 5.19: Comparison of experimental and theoretical moduli, G′(ω) and G′′(ω) for sample HA30B40.
The predictions for pure H-polymer performed using the TMA (red dashed line), the BoB
(blue dash-dot line) and the Hierarchical models (green + symbols). Predictions based on
TGIC structural information come from the TMA model (red solid line). Input parameters
appear in Table 5.7.

5.5 Conclusions

The new modified TMA model was evaluated here for the case of simple branched
structures: asymmetric stars and H-polymers. Together with the results regarding
the rheological data for linear and symmetric stars, one can conclude that the TMA
model is quite a consistent model which can make good quantitative predictions of
the linear viscoelasticity. We note, in particular, that, by observing a wide variety of
experimental data, we are able to perform a systematic study on the validity of the
concept of branch point motion and hierarchical relaxation in architecturally complex
macromolecules. All molecular parameters are determined self-consistently from
past and present rheological data. Our analyses suggest that the diffusivity of the
branch point corresponds to the relaxation time only for a well-entangled side arm
and requires some correction otherwise (p2 = 1/10). Moreover, we discussed the
nature of the parameter p2, which is related to the branch point friction in most of
the models. Strong assumptions in the derivation of the relaxation modulus G(t) are
compensated by the overestimation of the CLF effect on the reptation time. In case of
linear polymers, this is enough for a good fit of the rheological data, however, this
assumption fails for branched structures and the extra parameter p2 is necessary. The
constant value of this parameter is also a question. Our results from the comparison
of experimental data, and the BoB and the Hierarchical models show the necessity of
adjusting p2 to the particular type of the H-polymer. This is a vague statement, and
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most probably, the algorithm for the retraction of the compound arm should be also
reconsidered, especially for the Hierarchical model. There, the current way of dealing
with the transition between side arm to compound arm retraction is insufficient, as
the rate of diffusivity is canceled out in some cases. Additionally, we confirm that
using the same material parameters with α = 1 makes it impossible for the BoB model
to predict LVE of star and linear polymers at the same time. Setting α = 4/3 solves
the problem only for well-entangled polymers. Thus, more investigation is required
to understand this inconsistency.

Finally, taking into account the low molecular weight structures extracted from the
TGIC data is very important in the analyses of the performance of the models. Note
that most of the data used in our study are based on SEC structural information.



CHAPTER 6

Predicting LDPE rheology by decomposition of the melt
in seniorities

The subject of this chapter is the relationship between molecular structure and the
behavior of one of the most commercially successful polymers: low-density polyethylene
(LDPE). Considering the large difference in molecular size (molar-mass distribution)
and the highly branched structure of polymers, modeling polymer systems like
LDPE is very challenging. Due to the fact that it is impossible to experimentally
determine the (polymer) structures developed in a reactor one should rely on the
output of models for LDPE polymerization. These predictive schemes can determine
the topological structures in the LDPE polymer melt based on the chemical kinetics
of its formation. After that, to find the rheological properties of such a complex
melt, and in particular, to understand the effect of molecular architectures on the
relaxation dynamics of each polymer in the system that needs to be characterized. For
example, such an approach is used in the BoB model. Currently, it is the only model
which is capable of predicting the LVE properties of any branched structure. Here,
our intention is to introduce an alternative statistical representation of the molecular
ensemble by decomposing each branched structure into the ”seniority list”. This list
represents the seniority distribution of segments together with its weight fraction.
With time, the outer parts of the molecules relax and no longer participate in the
entangling of the deeper strands. At some point, after segments of several seniorities
have been relaxed, the residual topologies of molecules become unentangled and
continue the relaxation via the Rouse motion only. In that way, we will speed up
the computational time and will allow to extend the TMA model for calculations of
LDPE (not covered here). To support this idea, we use the Tobita model (Tobita, 2001,

147
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2015) to generate the molecular structures of some different industrial LDPE melts.
Consequently, we analyse them statistically and then, use the BoB model to show that
a limited number of seniorities is enough for the prediction of the linear rheology
over the experimental frequency range.

6.1 Introduction

The main benefit of synthetic polymers is that their properties can be adjusted to
meet specific needs. One of the oldest and widely used polymers is LDPE, made
from the monomers of ethylene in the high pressure autoclave or a tubular reac-
tor. The free-radical polymerization reaction is initiated by oxygen. And as result,
LDPE has two different kinds of branches attached to the ”backbone”: short-chained
and long-chained (molecular weight M > Me). The latter one defines the unique
properties of this polymer. Thus, the more controllable synthesis of highly-branched
polymers could lead to plastic products of the desired quality. The molecular weight
distribution and the branching frequency of the final product depends on several
input parameters: the reactor type and the reactor conditions. One of the challenges
in theoretical rheology is to link the internal branched molecular topology to its
dynamics. We successfully performed this exercise in the previous chapters, but
for the well-characterized materials of quite simple architectures (linears, stars and
H-polymers). Clearly, the presence of the branches has a big effect on the rheological
behaviour of the melt. However, the structural complexity of LDPE together with a
broad molecular distribution make it a challenge to extend any existing tube-based
theory for such a complicated case. Obviously, in order to control the properties of
polymers during processing, one needs to know the detailed molecular structures
of LDPE. The open question is: to which extend these details should be used in
the rheological predictions? One of the simplifications is to simulate the reaction
conditions, but to generate only the representative ensemble of complex branched
structures with the correct statistics. Given this, it is straightforward to predict the
linear rheology of each molecule following the hierarchical relaxation and keeping in
mind the weight fraction of each segment. This idea is computationally expensive,
nevertheless, it is successfully implemented in the BoB model. Although predictions
are in good agreement with the experimental data, in light of our findings in the
previous chapters, it might require some revision.

It would be computationally more profitable to represent LDPE as a set of seniorities
and their most probable topologies, and then allow them to relax hierarchically only
up to a certain seniority level, finishing up with the Rouse motion of the remaining
unrelaxed segments. From analyses further on, it appears that usually, five seniorities
are enough for that purpose. Such an approach, will dramatically simplify the
rheological calculations. To reach this goal, we use several commercial LDPE materials
produced in the tubular reactor and their data structures generated by the research
group of Daniel Read (Read et al., 2011). The LPDE polymerization process in a
batch reactor was modeled with the help of the Tobita algorithm (Tobita, 2001), which
uses Monte Carlo simulations to predict the molecular structures of these LDPE
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materials. First, the materials were characterized with GPC-MALLS (gel permeation
chromatography coupled with multi-angle laser-light scattering). As a result, the
molecular weight distribution of each polymer sample was represented by fractions:
molecular weight of the fraction M and the radius of gyration g(M). The latter is a
measure of the degree of branching. After several iterations of the Tobita model a
theoretical LDPE ensemble was found.

We derive the seniority and molecular weight distributions of entangled segments for
each molecule in the ensemble. Maximum seniority of all structures helps to evaluate
the degree of branching in the system. For each seniority N we find the fraction of
topologies, which includes strands with seniorities from 1 to N. The result is a sketch
of the structure of the LDPE sample, which can be used by the TMA model in the
future for the calculation of the relaxation modulus G(t). For now, we extract the ends
of molecules up to seniority N, or the complete structure if its maximum seniority
is less than N, and form star-like molecules to feed into the BoB model which can
predict the rheology of such an ensemble. The remaining part of the molecules, which
consist of segments with seniorities larger than N, is represented as one 3-arm star
with very long arms (Z = 2000). Using these structural data, we can see the impact of
each seniority on the the linear viscoelastic behaviour of LDPE.

6.2 Modeling of LDPE molecules

There are three main reactor types developed so far for modeling complex chemical
reactions: batch, continuous stirred-tank (CSTR), and plug-flow (PFR). A batch reactor
has no flow into or out of the reactor. It is a tank that is filled with the reactants before
the reaction starts and emptied after it has run to completion. In CSTR, the reactants
are fed in continuously at one location, and the reacted product is removed from
another location. The final material is assumed to be perfectly mixed and all molecules
are produced at the same conditions. This is achieved by controlling the reaction
parameters (temperature, concentration and reaction rate). Fluid going through a
plug flow reactor is modeled as flowing through the pipe as a series of infinitely thin
coherent “plugs”, each having a uniform composition. Lack of stirring in PFR reactor
prevents complete mixing of the material in the tube and the properties of the flowing
stream will vary from one point to another along the length of the reactor. The ideal
”plug flow” reactor is mixing in the radial direction, but does not mix at all in the
axial direction. Note, PFR is equivalent to a batch reactor, in which the length in a
PFR can be converted to time in a batch reactor (Tobita, 2015).

Industrial LDPE products are mostly produced in continuous mode by high-pressure
autoclaves or tubular reactors. The molecular weight and branching distribution of the
LDPE molecules is the composition of different chemical reactions and depends on the
type of reactor used for the polymerization process. The autoclave reactor resembles
a continuous stirred-tank reactor (CSTR) whereas the tubular reactor behaves like
a plug flow reactor. The two reactor types produce products with rather different
molecular structure as the result of the fundamental difference between the CSTR
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and the PFR model reactors, as well as the different conditions in the two reactors. As
a result, the autoclave reactor produces molecules with higher molecular weights and
more branches.

Figure 6.1 shows a schematic of the molecular structure of a typical LDPE molecule.
Two different kinds of branches can be seen on the backbone: short-chained and
long-chained. They are characterized by MWD and degree of branching. As a result,
the last two parameters are a central topic in all modeling efforts towards LDPE
production, as they significantly affect product properties. In addition to average
molecular weight and distribution of long chains, one needs to take into account the
topology of the molecules in order to understand the different rheological behaviour
of the samples.

FIGURE 6.1: Schematic and graphical representation of LDPE chain structure.

Usually, LDPE modeling is based on the well-known and widely accepted kinetic
Monte Carlo scheme for free radical polymerization of ethylene to polyethylene. The
Tobita algorithm, in particular, includes the reaction schemes such as initiation (rate
Ri), propagation (rate kp), scission (rate ks), branching (rate kb), and termination by
various mechanisms such as by combination (rate Rtc), by disproportion (rate Rtd), or
by chain transfer to small molecules (rate R f ). The resulting polymer architecture is
determined by five independent parameters: total conversion of monomer to polymer
x f , termination rate τ, combination β, branching Cb and scission Cs (Read et al., 2011)

τ = (Rtd + R f )/Rp,

β = Rtc/Rp,

Cb = kb/kp,

Cs = ks/kp.

In general, each parameter has a very distinctive effect on the prediction. Larger τ
or Cs leads to shorter chain strands, found from the low-molecular weight tail of
the MWD. Bigger values of β give the higher molecular weight and polydispersity,
but without increasing the branch density or molecular strands. Increasing Cb will
increase molecular weight and polydispersity, but also increase branching. It appears
that scission was taken out of the modeling, as Cs was very small and set deliberately
to zero.
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6.3 Materials

Four commercial LDPE samples (LDPE1, LDPE2, LDPE3 and LDPE6) produced in
the tubular reactor were analyzed with GPS-MALLS to get functions for molecular
weight distribution (MWD) and branching levels g(M). Several iterations of Tobita
algorithm were necessary to find the optimal reaction parameters of theoretical LDPE
ensemble consistent with both functions. The resulting LDPE resins are listed in Table
6.1.

Sample Density (g/cm3) Mw (g/mol) Mn (g/mol)

LDPE1 0.917 136000 11600
LDPE2 0.919 251100 15400
LDPE3 0.919 333600 19000
LDPE6 0.921 228000 26.000

TABLE 6.1: Characteristics of studied low-density polyethylens.

One extra theoretical LDPE ensemble, Batch1, is used in the current study. This set is
generated with the reaction parameters β = 8× 10−4, branching rate Cb = 2× 10−3,
termination rate parameter τ = 1× 10−3 and degree of conversion xs = 0.15.

The ”representative” set of molecules was selected on a weight-biased base. From
hundreds of thousands of generated molecules, only a small fraction was saved,
chosen equally across the range of logarithmic molecular weights. This was done to
save computational time. As a result, the well-defined topology of each molecules is
known: the number and positions of the branch points together with the molecular
weights of the strands. Thus, each molecule can be represented in terms of graph
theory. This graph has vertices corresponding to the branch points and dangling
ends, and edges symbolizing strands with the weight corresponding to the molecular
weight (see Figure 6.1).

6.4 Compositional analyses of LDPE melt

The development of structure-property relationship for long-chain branched poly-
mers requires some qualitative parameters that can describe polydisperse systems of
molecules with complex topology. Typical variables include the number of branch
points, their position, the molecular weight between branch points and the branch
length. The branching structure can be alternatively characterized by the concept
of segmental depth measured from the outer part of the molecule, which is called
the seniority. Also, a new parameter, the ”compactness” index C, describing the
compactness of the structure is introduced.
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6.4.1 Seniority

Seniority is a property of all segments and can be calculated by counting the number
of strands to the furthest chain ends in each direction, and then taking the smaller of
the value (Read and McLeish, 2001). Figure 6.2 illustrates an example. The generation
refers to a set of segments with the same seniority. The number of generations is Ng,
which is the maximum seniority.

FIGURE 6.2: The seniority distribution in a branched molecule with Ng = 7.

For entangled branched polymers, this concept plays a crucial role in the linear
viscoelasticity, where the segments are relaxed sequentially via retraction according
to the seniority. After the outer segments with seniority 1 relax similarly the arms of
star, segments with seniority 2 can begin relaxation in a similar way with extra drag
coming from the relaxed branches. In the BoB model, this algorithm is applied up to
the maximum seniority Ng. However, we think that it is not necessary, as the effective
tube diameter increases with seniority and, at some point, the inner deep segments
become unentangled. The amount of entanglements between deep segments will
be very small and can be neglected. To support this idea, we analyse the seniority
distribution and their weight fraction in all theoretically generated ensembles we
introduced before (Tables 6.2 and 6.3). All strands between branch points of same
seniority follow the Flory distribution in molecular weight according to the generation
rules.

Batch1 LDPE1 LDPE2

Max seniority 53 47 91
Weight fr. % Mn (g/mol) Weight fr. % Mn (g/mol) Weight fr. % Mn (g/mol)

Linears 14 6221 28.6 9797 21 12882
Seniority 1 56 6389 48 6025 48.8 5803
Seniority 2 13.8 6499 10.7 5437 12.5 5738
Seniority 3 6.4 6639 4.5 4418 5.9 4748
Seniority 4 3.6 6568 2.6 4208 3.8 5112
Seniority 5 2.19 6867 1.7 4190 2.2 4784

Total 96.17 96.9 94.6

TABLE 6.2: Seniority distribution and corresponding weight fraction of Batch1, LDPE1 and LDPE2 resins.
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LDPE3 LDPE6

Max seniority 99 83
Weight fr.% Mn (g/mol) Weight fr.% Mn (g/mol)

Linears 28.9 20607 12 5506
Seniority 1 46 10020 54 5475
Seniority 2 10.8 8960 14.2 5748
Seniority 3 5 6884 6.9 5845
Seniority 4 2.7 5967 4.1 5956
Seniority 5 1.9 6360 2.5 5953

Total 95.4 94.2

TABLE 6.3: Seniority distribution and corresponding weight fraction of LDPE3 and LDPE6 resins.

In all samples, we can show that segments with seniority up to five cover more than
95% of the material. Segments with the highest seniority are located in the high molec-
ular weight species while the lowest seniorities are the more numerous. Therefore,
our suggestion seems to be reasonable: most of the segments in the molecular system
have lower seniority and relax via retraction as the arm of a star with additional drag.
Also, the analysis shows sign of sparse highly branched molecules. They have a comb-
like architecture, where subgraphs of a certain size are attached to a long backbone,
as in Figure 6.2. This observation will be confirmed in the further discussion of the
compactness parameter C.

6.4.2 Analysis of topologies of each seniority

A simplification in the rheology calculation would be to split the MWD of each
seniority in several equivalent bins and consider only N molecular weights in the
distribution. Consequently, knowing the seniorities of segments in any subgraph on
the backbone one can determine the relaxation times of each kind of topology. For
example, seniority 2 has only one topology, where two segments with seniority 1
attached to the segment of seniority 2. Taking into account all variations of segmental
molecular weight, the amount of possible structures can be found from the number
of combination with repetition for segments with seniority 1, that is N(N + 1)/2
multiplied by the number of segments with seniority 2, i.e. N. The statistics of the
topologies will help us to finalize the calculations. This idea is not implemented in
the current study, rather we present the way of thinking when one wants to extend
models like TMA or Hierarchical to the case of LDPE, or optimize the exiting BoB
model.

The number of topologies c(n) for each seniority n can be found recursively via the
following pseudo code

a(2) = 1, c(2) = 1
for n← 3, N do

c(n)← c(n− 1)(a(n− 1) + 1) + c(n− 1)(c(n− 1)− 1)/2
a(n)← a(n− 1) + c(n)
n ++

end for
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In Table 6.4, the computed values for the above algorithm are listed. Obviously, we
can not use segments with seniority larger than five as c(n) increase dramatically.

Seniority 1 2 3 4 5 6 7
Number of topologies 1 1 2 7 56 2212 2447513

TABLE 6.4: Number of topologies per seniority.

As example, segments with seniority four in LDPE6 have the following topological
distribution (see Figure 6.3)

FIGURE 6.3: Schematic representation of topologies for seniority four and their statistical distribution.

6.4.3 Compactness

Branching can be quantitatively characterized using some topological indices derived
from a molecular graph. We introduce the C index, which measures the compactness
of branched polymer and increases with the degree of branching. The C index is
the ratio between the total number of segments in molecular graph Nseg and the
number of segments in the longest path of that graph Nlp, which represents the
backbone of a molecule. The variations of arbitrary branched polymers in LDPE melt
are literally infinite: linear chains, star polymers, combs, and many other molecules
with topological complexity laying somewhere between two extreme structures of
architecturally complex molecules: pure combs and Cayley trees. A regular Cayley
tree is symmetric with respect to a central branch point (see Figure 6.4) and is defined
by the number of generations Ng, and the mass of each generation Mi, considering
that all segments in one generation have the same mass.

FIGURE 6.4: Cayley tree.
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For theoretical rheology, combs and Cayley trees are the optimal structures for studies.
However, due to the random branching mechanism observed in the free radical
polymerization the existence of such molecules in LDPE melt is very improbable. The
lowest values of C index correspond to comb polymers Ccomb = Nseg/((Nseg − 1)/2+
1), while the highest values are expected for the regular Cayley tree Cct = Nseg/2Ng,
where Ng = log2(Nseg/3 + 1).
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FIGURE 6.5: Calculated C index distribution of molecules in Batch1 and LDPE1 as a measure of Nseg/Nlp.
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FIGURE 6.6: Calculated C index distribution for molecules in LDPE2 and LDPE3 as a measure of Nseg/Nlp.
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FIGURE 6.7: Calculated C index distribution for molecules in LDPE6 as a measure of number of Nseg/Nlp.

In Figures 6.5-6.7 the C indexes for LDPE melts under study are depicted, along with
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the theoretical measure that corresponds to the pure comb (lower curve) and regular
Cayley tree (upper curve). It can be seen that the compactness distribution is closer
to the lower curve, indicating that the branched polymer chains exhibit a structure
similar to that of a comb polymer chain rather than a Cayley tree. Even, at higher
molecular weights, the chains have topology of a comb-like type of polymer. It is
important to recall that the distributions of the different chain structures strongly
depend on the reactor design and operating conditions. Thus, all results listed here
are valid only for LDPE produced in tubular reactors.

6.4.4 The longest path problem on tree graphs

The longest path in the molecular graph was determined by another, not so well-
known variant of Dijkstra algorithm. The formal proof of the algorithm can be
found in Bulterman et al. (2002). However, it looks cumbersome because it requires
additional topological theorems. Here, we present another proof of this variant of
Dijkstra’s algorithm, which is more concise, clear and elegant.

The ”longest path problem” is a central problem in graph theory, where one seeks
the path of maximum length in a given graph. This problem is almost unsolvable
on general graphs because it is NP-hard. It is a generalization of the Hamiltonian
path problem, which is well known to be NP-complete for general graphs. However,
for the special case of tree-like graphs there are a few polynomial time algorithms
available for solving LPP. For instance, a linear time algorithm was invented by
Dijkstra in 1960 (Bulterman et al., 2002). It considers the problem of finding a simple
path of maximum length in undirected weighted acyclic graphs (weighted trees). A
path is called simple if it does not have any repeated vertices. In the case of such trees,
any two vertices are connected by a unique simple path. Thus, the length of any path
in a tree is the sum of the weights of its edges.

A weighted graph G = (V, E, W) consists of a finite set V of vertices and a collection
E of 2-element subsets of V called edges, where every edge is labeled with a weight
w ∈W. Every graph can be represented as an adjacency list, where every entry is a
pair of two nodes containing the two ends of the corresponding edge.

For G = (V, E, W), a sequence of distinct vertices v0, v1, . . . , vm is a path P, denoted
by (v0, v1, . . . , vm), where {vj, vj+1} ∈ E for each 0 6 j < m. The length of the path P
is the sum of the weights of the edges of P and is defined as

d(v0, vm) =
m−1

∑
i=0

w(vi, vi+1). (6.1)

The distance from a vertex v0 to a vertex vm in G, is the length of the shortest path
between vertices v0 and vm, if such a path exists. In the case of a tree graph without
cycles there is only one path P between vertices v0 and vm. Thus, the distance between
v0 and vm is equal to the length of that path P.
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Algorithm D-LP
Input: Graph G = (V, E, W)
Output: The longest path P in G
1. pick any vertex U ∈ V.
2. find a vertex X ∈ V such that d(U, X) is the largest.
3. find a vertex Y ∈ V such that d(X, Y) is the largest.
4. the longest path P is the longest path joining X and Y.

Theorem 6.1. Algorithm D-LP computes the length of the longest path in a tree-liked graph
G.

Proof. Schematically, our strategy can be represented as follows: for any arbitrary
chosen a vertex U ∈ V we can find vertex X ∈ V such that

d(U, v) 6 d(U, X) ∀v ∈ V. (6.2)

X U

FIGURE 6.8: The longest path from the vertex U

The next step is to find a vertex Y ∈ V for which

d(X, v) 6 d(X, Y) ∀v ∈ V. (6.3)

Figure 6.9 shows schematically how this can be done and illustrates the possible state

X U

Y

m

FIGURE 6.9: The longest path from the vertices U and X

of the XY path. It is obvious that a part of this path should coincide with the UX
path, because it is the longest path from the U vertex and cannot be extended further
than X. Vertex m is a cross point for paths XY and UX, and in some situations m = U.
Our claim is that

d(u, v) 6 d(X, Y) ∀u, v ∈ V. (6.4)

There are three possibilities how a path uv can go through a graph G:

1. It contains vertex m, and consequently,
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FIGURE 6.10: The path uv going through the vertex m.

d(u, U) 6 d(X, U) ∨ d(X, v) 6 d(X, Y) ⇒
d(u, m) + d(m, U) 6 d(X, m) + d(m, U) ∨

d(X, m) + d(m, v) 6 d(X, m) + d(m, Y) ⇒
d(u, m) 6 d(X, m) ∨ d(m, v) 6 d(m, Y) ⇒

d(u, m) + d(m, v) 6 d(X, m) + d(m, Y) ≡ d(u, v) 6 d(X, Y).

2. The whole path uv is situated to the right of a vertex m. It is, also, possible that
this path contains point U, but this possibility has no influence on the proof.
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FIGURE 6.11: The path uv is situated to the right of a vertex m.

We have the following

d(u, U) 6 d(X, U) ∨ d(X, v) 6 d(X, Y) ⇒
d(u, s) + d(s, U) 6 d(X, s) + d(s, U) ∨

d(X, m) + d(m, v) 6 d(X, m) + d(m, Y) ⇒
d(u, s) 6 d(X, s) ∨ d(m, v) 6 d(m, Y) ⇒

d(u, s) + d(m, s) + d(s, v) 6 d(X, m) + d(m, s) + d(m, Y) ⇒
d(u, s) + d(s, v) 6 d(X, m) + d(m, Y) ≡ d(u, v) 6 d(X, Y).

3. The last case of possible configuration of the path uv is to the left of a vertex m,
and thus,
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FIGURE 6.12: The path uv is located to the left of a vertex m.

d(u, U) 6 d(X, U) ∨ d(X, v) 6 d(X, Y) ⇒
d(u, s) + d(s, U) 6 d(X, s) + d(s, U) ∨

d(X, s) + d(s, v) 6 d(X, s) + d(s, Y) ⇒
d(u, s) 6 d(X, s) ∨ d(s, v) 6 d(s, Y) ⇒

d(u, s) + d(s, v) 6 d(X, s) + d(s, Y) ≡ d(u, v) 6 d(X, Y).

We have showed a success of Dijkstra’s algorithm in solving the longest path problem
on tree graphs. Our proof is based on consideration of all possible paths uv in a graph
G and comparing their lengths with the length of the longest path XY. The path
XY was found with the help of Dijkstra’s algorithm. In this way we use forward
inferences without any additional geometrical properties. Thus, the proof is concise
and elegant.

6.5 Impact of seniority distribution on dynamics of LDPE

The relaxation time of a segment with a given seniority i in a highly branched polymer
depends on the distance to the free end that eventually retracts and disentangles it.
Additionally, it depends on the dangling subgraphs of branches attached to this path
that slow down the retraction process. Therefore, in the BoB model, the prediction of
the linear stress-relaxation response of a complex melt reduces to the calculation of
the relaxation times of arm retraction for all the segments. Unlike the well-defined
polymers (linear, H polymer, comb and Cayley tree), where the plateau in G′(ω) is
associated with each generation in the structure, LDPE molecules are very sparse
and complex to establish relations between structure and rheology. Therefore, we
propose a computational algorithm to evaluate the effect of each generation on the
rheological response. Knowing the structural description of each macromolecule in
the polymer melt, we extract all linear polymers and for each seniority i all molecules
with the maximum seniority less than i. For more complex structures (max seniority
> i), we use ”scissors” and cut off (remove) all dangling subgraphs with a root
segment of seniority i or less, if it is part of a subgraph with a higher seniority. To



160 Predicting LDPE rheology by decomposition of the melt in seniorities

allow relaxation of these topologies only via retraction, each structure is duplicated
twice and attached to each other at the root vertices, forming a symmetric branched
polymer. We substitute the rest of the material with a star arm having very long arms
Z = 2000 that never relax.

The BoB software is used for the linear viscoelasticity predictions with the input
parameters: tube dilation exponent α = 1, hopping parameter p2 = 1/40, molecular
weight between entanglements Me = 1600 g/mol and τe = 5.8× 10−8 at T = 150◦C.
Along with the calculations for the whole LDPE melt, we provide the results of
seniority decomposition up to level nine.

Figures 6.13-6.17 show comparison of BoB predictions for the original sample and its
nine derivatives. The materials we are using here: LDPE1, LDPE2, LDPE3, LDPE6
and Batch1 melts. Each derived ensemble i consists of polymers with maximum
seniority i extracted from the original melt. Now, one can see features associated with
the molecular topology clearly.
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FIGURE 6.13: Comparison of theoretical moduli, G′(ω) and G′′(ω), for seniority decomposition up to level
nine of LDPE1 melt. Predictions using the BoB model with Me = 1600, p2 = 1/40. The solid
line is the overall BoB prediction for the current melt.
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FIGURE 6.14: Comparison of theoretical moduli, G′(ω) and G′′(ω), for seniority decomposition up to level
nine of LDPE2 melt. Predictions using the BoB model with Me = 1600, p2 = 1/40. The solid
line is the overall BoB prediction for the current melt.
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FIGURE 6.15: Comparison of theoretical moduli, G′(ω) and G′′(ω), for seniority decomposition up to level
nine of LDPE3 melt. Predictions using the BoB model with Me = 1600, p2 = 1/40. The solid
line is the overall BoB prediction for the current melt.
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FIGURE 6.16: Comparison of theoretical moduli, G′(ω) and G′′(ω), for seniority decomposition up to level
nine of LDPE6 melt. Predictions using the BoB model with Me = 1600, p2 = 1/40. The solid
line is the overall BoB prediction for the current melt.
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FIGURE 6.17: Comparison of theoretical moduli, G′(ω) and G′′(ω), for seniority decomposition up to level
nine of Batch1 melt. Predictions using the BoB model with Me = 1600, p2 = 1/40. The solid
line is the overall BoB prediction for the current melt.



162 Predicting LDPE rheology by decomposition of the melt in seniorities

The results are in a good agreement with our assumption. The experimental frequency
range is almost covered by relaxation of segments with lower seniority.

6.6 Conclusions

Undoubtedly, the accurate prediction of the topologies of complex branched poly-
mers is a key factor in determining the viscoelastic behaviour of LDPE. Thus, we
characterized highly branched LDPE melts using a combination of different parame-
ters. Obviously, one should know the exact topological distributions of the branched
polymer chains in order to fully assess the rheological behavior of LDPE. Such data
come from the Daniel Read’s group for a set of commercial LDPE melts synthesized
in a tubular reactor. First, we investigated the theoretically generated ensembles of
the branched molecules. We provide estimates of the maximum seniority of each set,
together with the seniority distribution. These estimates reveal that segments with
generation level up to 5 make up the biggest fraction of the material (> 95%). Intro-
ducing a new index C as a measure of molecular compactness, we may conclude that
macromolecules in the LDPE melts from tubular reactor have comb-like architecture.

It is clear that in order to accurately capture the relaxation dynamics of LDPE chains,
polymer chain architecture is the most important input to any rheological model.
However, we assume that the detailed variation of the LDPE chains is not a crucial
factor in such calculations. We propose an alternative statistical approach, which can
reduce the computational time and decrease the complexity of calculations. This idea
will be implemented in a future version of the TMA model in order to apply it to the
case of LDPE melts. To support this approach, and also to visualize the impact of each
seniority on the rheological response, we compare the predictions of BoB models for
moduli of the fractionated and original samples. The results give us some indications
about the presence of long chain branching in LDPE and its effect on their rheology.



Conclusions

The work presented in this thesis covers several key topics in tube-based modeling of
the linear viscoelastic behaviour of entangled polymer melts.

Starting with the case of monodisperse star-shaped molecules, where we analyzed
the influence of the CLF process on relaxation of immobile polymers, we noticed the
weakness of the TMA and the BoB models on providing good predictions for the
relaxation moduli of very short chains. Both models showed a deviation of the plateau
modulus at intermediate frequencies, and in addition, the TMA model showed a too
fast relaxation for samples with a low number of entanglements Z < 10. In order to
eliminate these discrepancies, we proposed a solution which slows down the CLF
process by excluding the chain ends form the entanglement definition. This leads to
the conclusion that the value of molecular weight between entanglements Me is not
fixed for a very long chains. This modification should be applied to all tube-based
models for any topological structures in the polymer melt. However, this assumption
can be further strengthened by additional molecular dynamics simulations or nuclear
magnetic resonance (NMR) research, where a clear separation between chain ends
motion and internal segments can be observed and quantitative validation can be
performed.

Although the TMA and the BoB model are based on a similar tube-theory framework,
they differ in several aspects. For example, the numerical algorithm for arm retraction,
where different prefactors are used for calculation of the deep fluctuations. From the
analyses of the BoB model for the linear and star-shaped samples of same chemistry,
we concluded that one cannot use the same value of Me for these topologies. This
finding suggests that further research is necessary to understand this divergence
better. From our side, we suspect that it originates from the prefactor used in the
fluctuations formula.
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Dynamic dilution effect in binary blends was studied with the old version of the
TMA, as well as using only early fluctuations for arm retraction. Definitely, the same
research should be performed with the modified version of TMA, used throughout
this thesis dissertation in Chapters 2, 4 and 5.

Additionally, we studied the balance between reptation and fluctuation processes in
linear polymers for the TMA and the BoB model. To this end, we included the effect
of CLF in the calculation of reptation time, which was missing in the original TMA
model. Also, we showed the importance of including the constraint release process
in the modeling of monodisperse linear polymers. Our analyses revealed that the
most pronounced distinction between the TMA and other tube-based models is the
way they determine the dynamic modulus G(t). An incorrect approximation applied
in the derivation of the relaxation modulus leads to overestimation of the effect of
CLF on reptation time in models like BoB and Hierarchical. Although this incorrect
assumption in the derivation of G(t) does not dramatically affect the quality of the
results for linear chains, one can, nevertheless, wonder what would its impact be in
the case of binary blends or for very polydisperse samples, as the same assumptions
are applied therein. We denoted that problem and offered several alternative ways
to obtain the correct expression for G(t) calculation. Thus, more efficient algorithms
should be designed for the BoB and the Hierarchical models.

Furthermore, we showed that the modeling of branched polymers is also affected
by the derivation of the relaxation modulus G(t). While the TMA model is quite
consistent in predictions of the linear viscoelasticity for branched structures, the BoB
and the Hierarchical models show the necessity of introducing and tuning an extra
parameter p2 to fit the data properly. The nature of this parameter is unknown and
quite vague. We believe that the above proposed improvements for those models
will lead to fair qualitative agreement with experimental data without using any
additional parameters, in a similar manner to the TMA model.

By combining results from Chapters 2-5 with the ones coming from recent studies on
the viscoelastic properties of binary blends of entangled linear polymers, we believe
that the new TMA model can be successfully extended to the linear viscoelastic
properties of polydisperse mixtures of polymers with different architectures. It will
allow us to tackle the problem of determining the rheological properties of complex
branched polymers, like LDPE.

Finally, in Chapter 6 we proposed an alternative statistical approach to character-
ized LDPE structure, which can reduce the computational time and decrease the
complexity of calculations. However, more work is required on filtering out the
unnecessary elements of theoretically generated ensembles of LDPE, such that they
become more coarse. As a side problem, we proved a not well-known version of the
Dijkstra algorithm for the longest path on tree graphs.
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