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A B S T R A C T

In the Coordinated Delivery Problem (CDP), we study the passive and proactive coordination
strategies that coordinate the delivery among urban retail stores. We formulate the CDP as mixed
integer programs and develop a matheuristic, the effectiveness of which is evaluated via newly
generated instances. Our numerical study shows that, when the stores prefer placing orders based
on their own inventory policies, the proactive coordination strategy is able to achieve similar
logistics and services performances to Vendor Managed Inventory (VMI), while respecting the
store order decisions as under Retailer Managed Inventory (RMI), and thus offers an excellent
combination of VMI and RMI.

1. Introduction

The urban population continues to grow. 54% of people live in cities worldwide in 2014, and this percentage is expected to reach
66% by 2050 (United Nations, 2014). Daily activities in a city involve a large volume of passenger and freight flows. As examples of
recent research on passenger flow coordination, Liu et al. (2017) study the morning commute problem with mixed (household and
individual) travelers and show that traffic congestion can be relieved by proper coordination between the work and school schedules;
Tong et al. (2017) design customized bus service to coordinate individual passengers’ commuting demands, to offer greater mobility
and accessibility to passengers, and to reduce the traffic congestion. Similarly, an effective and sustainable city logistics practice calls
for better coordination of the flows of goods, higher consolidation of the freight volumes, and multi-organization cooperation
(Savelsbergh and Van Woensel, 2016).

In urban retail, stores are becoming smaller in size and larger in number. In many cases, stores place orders individually based on
their own inventory policies and without coordination, generating a large volume of high frequency and small-sized orders, which
potentially posts negative impact on city traffic and transportation, such as congestion and pollution. To remain profitable and to
provide good services at a low cost while also reducing the environmental and societal impact, it becomes increasingly important for
the supplier to employ a better coordination of delivery and a trade-off needs to be made to incorporate both its transportation cost
and its service level to the stores.

In this paper, we address a delivery coordination problem, denoted as the Coordinated Delivery Problem (CDP). The coordination
focuses mainly on the time synchronization of the retail store delivery. Specifically, we study two strategies. The first is passive
coordination, where the delivery is triggered by the store order and the supplier is allowed to postpone the delivery, while the second
is proactive coordination, where a delivery in advance is also possible.

Our problem is inspired by many real-life situations as described in various papers. Based on an extensive empirical study with a
European retailer, Van Donselaar et al. (2010) show that retailers actively change the delivery time to non-peak days in the week
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(e.g., advancing from the end of the week to earlier to avoid stacking the shelves in the busy customer traffic). Similarly, Crama et al.
(2015) consider a two-period vehicle routing problem with deterministic orders. Orders in period 1 (or 2) can be partially postponed
(or delivered in advance) to the other period, leading to savings in the routing costs. Also here, a real-life supermarket example serves
as the problem setting. Secondly, we are inspired by the delivery to nanostores (independently owned small retail stores, Blanco and
Fransoo, 2013; Fransoo et al., 2017). Nanostores mostly sell Fast Moving Consumer Goods (FMCG) such as bottled water and bev-
erages, daily cleaning products, etc., which normally have long shelf lives and high turnover rates. In Latin America, nanostores
account for more than 50% of FMCG sales (Fransoo et al., 2017). In Beijing, it is estimated that there are more than 30,000 nanostores
in the core area (within the 5th ring). The densely distributed nanostores have limited shelf space and tight cash flow constraints, thus
they generate large amounts of orders, small in size and high in frequency. According to our interviews with nanostores and suppliers
as described in Huang et al. (2017), suppliers normally schedule the timing of delivery after receiving the orders from nanostores
(passive coordination). Some suppliers also employ a fleet of pre-sale representatives to visit nanostores regularly to stimulate sales
and to improve in-store presentation (proactive coordination). In recent years, driven by the omni-channel or O2O (Online-to-Offline)
initiatives, nanostores have been attracting the attention of e-commerce giants and logistics companies in China. Best Inc., a fast
growing smart supply chain service provider in China, launched Best Store+ in 2015, to provide B2B merchandise sourcing and
supply chain services for nanostores (Best Store, 2018). In April 2017, JD.com, the largest non-platform e-retailer in China, an-
nounced the plan to open one million JD convenience stores nationwide, to provide logistics and distribution services to nanostores
(China Daily, 2017). In August 2017, Alibaba began rolling out its retail-management platform (Ling Shou Tong, LST) to nanostores
in China for free, as long as the stores allow the Alibaba to use their storefronts as fulfillment-and-delivery centers and hand over data
on their customers shopping habits (Quartz, 2018). These interesting evolutions raise the problem of how to efficiently manage the
supply to these independently owned and operated nanostores.

In the Coordinated Delivery Problem (CDP), the retail stores (short as “stores”) would not give up the control of their inventory
replenishment to the supplier, but prefer placing orders based on their own inventory policies. Each store makes replenishment orders
based on a specific periodic review inventory policy. The inventory policy is known by the supplier, so the supplier can expect the
store orders and determine when to fulfill the orders and schedule its delivery routes accordingly. The objective of the supplier is to
minimize the total cost including transportation cost, inventory holding cost, and service-related costs (penalties on advance delivery,
postponed delivery, and lost sales). In this paper, we focus on a periodic review s Q( , ) inventory policy, where the store reviews its
inventory periodically and places a new order with a quantity Q when the on-hand inventory is less than or equal to the re-order point
s and there are no unfulfilled orders. Also, we focus on products (e.g., FMCG) with a relatively long shelf life and a high turnover rate
such that the influence of the product shelf life can be ignored.

We benchmark both passive and proactive CDP against the Retailer Managed Inventory (RMI) strategy and the Vendor Managed
Inventory (VMI) strategy. Under the RMI strategy, the store places orders based on its own inventory policy, and the supplier responds
to store orders. The supplier tries to immediately deliver as many orders as possible. However, due to the constraint on the delivery
capacity (vehicle capacity and maximum working time in each period), the supplier may have to postpone the delivery of some
orders, potentially leading to lost sales. The VMI strategy is a typical setting seen in the Inventory Routing Problem (IRP), first
introduced in industrial gas distribution by Bell et al. (1983). Under the VMI strategy, the supplier has full control over the delivery
timing, subject to the store inventory capacity constraint. The supplier decides the delivery plan to minimize the total transportation
cost of the deliveries, lost sales penalty at the stores, and inventory holding cost at the depot. Our coordination strategies lie in
between RMI and VMI, where the stores prefer placing replenishment orders based on their own periodic review inventory policies
(similar to RMI), and the supplier can decide upon the actual delivery timing (similar to VMI) but subject to advance and postponed
delivery penalties.

Our paper makes a number of contributions to the literature.

1. We propose and model the Coordinated Delivery Problem (CDP). We study two coordination strategies (passive coordination and
proactive coordination) of the CDP. The CDP extends the literature of both the Inventory Routing Problems and the Periodic
Vehicle Routing Problems, by including new features such as a periodic review s Q( , ) inventory policy at each store, multi-trips in
each delivery period, and the allowance of advance and postponed delivery to the retailer (with penalties).

2. We formulate mixed integer programming (MIP) models for the two strategies of the CDP and develop an efficient matheuristic,
inspired by Gulczynski et al. (2011), to solve a large testbed of CDP instances. Specifically, we develop a mixed integer program
based matheuristic (MIP-H), which iteratively improves the solution by a mixed integer program that jointly considers the
changes of the selected delivery plan and the resulting approximated routing costs. We show that this matheuristic provides
similar or better solution quality within a fraction of the computational time compared to a standard MIP solver.

3. We perform extensive numerical experiments to study the efficiency of the proposed solution algorithm as well as the impact of
the passive and proactive coordination strategies. We show that, when the retailers (stores) still prefer placing replenishment
orders based on their own inventory policies, the proactive coordination strategy is able to achieve similar logistics and services
performances to VMI (where the supplier is granted the full control of the store replenishment), while still respecting the store
order decisions as is the case of RMI, and thus offers an excellent combination of VMI and RMI.

The remainder of the paper is organized as follows. Section 2 presents a review of the related literature. The problem is described
in Section 3 and the MIP models are formulated in Section 4. Details of the proposed MIP-H matheuristic are explained in Section 5.
Newly generated instances and results of numerical experiments are given in Section 6. Finally, we provide our concluding remarks in
Section 7.
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2. Literature review

Our work is closely related to coordination in freight transportation, including the Inventory Routing Problem (IRP), and the
Periodic Vehicle Routing Problem (PVRP). In this section, we review the relevant literature and connect to our Coordinated Delivery
Problem.

2.1. Coordination in freight transportation

Burns et al. (1985) and Blumenfeld et al. (1985) present early studies on freight coordination and consolidation. Burns et al.
(1985) perform an analytical study on the trade-off between transportation and inventory costs and compare direct shipping and
peddling (i.e., delivering to more than one customer per vehicle trip) distribution strategies. Blumenfeld et al. (1985) study the trade-
off between transportation, inventory, and production setup costs and develop a simple optimization method that simultaneously
determines optimal routes and shipment sizes for networks with a consolidation terminal and concave cost functions. Koskosidis and
Powell (1992) study the capacitated clustering problem that consolidates customer orders into vehicle shipments with explicit
consideration of service time constraints. Niu et al. (2018) study a transit vehicle scheduling problem and focus on coordinating
vehicle-to-task assignment and task-performing routing decisions. Recently, the automated driving technology enables trucks to drive
very close as a platoon in order to reduce travel costs and emissions, which can be regarded as a new form of freight consolidation
(Bhoopalam et al., 2018; Luo et al., 2018).

Inventory Routing Problems (IRPs) coordinate inventory management with vehicle routing, both of which are well known pro-
blems. Normally, the supplier (or wholesaler, vendor) and stores (or retailers, customers) are two parties in the delivery system,
where the stores get replenishment from the supplier and then satisfy the demand of end consumers. The inventories are allocated at
both the supplier and stores. In general, the objective is to minimize the summation of transportation cost and inventory holding cost
from the perspective of the supplier, who makes three kinds of decisions simultaneously: when to deliver, how much to deliver, and
how to route. IRPs have been widely applied in petrochemical industry (Bell et al., 1983; Savelsbergh and Song, 2008; Popović et al.,
2012), industrial gas logistics (Campbell and Savelsbergh, 2004), maritime logistics (Christiansen et al., 2011; Engineer et al., 2012),
retailing (Gaur and Fisher, 2004; Laganà et al., 2015; Li et al., 2016; Crama et al., 2018), etc. We refer the interested readers to
several comprehensive reviews on the IRP: Bertazzi et al. (2008), Andersson et al. (2010), and Coelho et al. (2014).

IRPs often assume a Vendor Managed Inventory (VMI) system. In the VMI system, the supplier takes over the responsibility of
managing the inventory of stores as a central decision maker, who can push forward the inventory to the downstream and stagger
deliveries to improve the logistics performance. When allowed, VMI creates a win-win situation and reduces the distortion of demand
information, the occurrence of stockout, and the inventory holding costs (Waller et al., 1999; Çetinkaya and Lee, 2000). Significant
savings on the total cost using VMI compared to using the Retailer Managed Inventory (RMI) system have been observed by Archetti
and Speranza (2016).

Several inventory replenishment polices are studied in the IRP (and VMI) literature. Under the order-up-to level (OU) policy, once
a store is visited, the delivery quantity is such that the maximum inventory level is reached (e.g., Bertazzi et al., 2002; Coelho et al.,
2012a). The maximum level (ML) policy relaxes the OU policy and allows the delivery quantity to be any positive value as long as the
maximum inventory level is not violated (e.g., Bell et al., 1983; Campbell and Savelsbergh, 2004; Cheng et al., 2017). Archetti et al.
(2007) consider a third replenishment policy that allows the delivery quantity to be any positive value (without the inventory
capacity constraint) and compare the above three policies. Note that in the above papers, the problem is deterministic and no
stockout is allowed. Only a few works under the deterministic setting allow the occurrence of stockout (Abdelmaguid and Dessouky,
2006; Park et al., 2016; Larrain et al., 2017). When considering stochastic demand, however, stockout has to be taken into account,
either as lost sales (Kleywegt et al., 2002, 2004; Huang and Lin, 2010; Bertazzi et al., 2013; Crama et al., 2018) or back-orders (Yu
et al., 2012; Rahimi et al., 2017).

Finding the optimal solution for an IRP is challenging due to the enormous decision space. Earlier approaches focus on simple
heuristics such as the fixed partition strategy by Anily and Federgruen (1990), where the stores are clustered as regions and if one
store in a region is delivered then all other stores in the same region will also be delivered. Later, metaheuristics are developed for
solving the IRP and its variations, including: adaptive large neighborhood search (Coelho et al., 2012b; Aksen et al., 2014), local
search (Bertazzi et al., 2002; Benoist et al., 2011), variable neighborhood search (Popović et al., 2012), tabu search (Li et al., 2014),
and genetic algorithms (Abdelmaguid and Dessouky, 2006; Park et al., 2016).

Exact algorithms have also been developed in the last decade. Archetti et al. (2007) solve a single vehicle IRP in a branch-and-cut
fashion. Coelho and Laporte (2013b) develop a unified branch-and-cut framework for IRPs with different features including con-
sistency, heterogeneous vehicles, and the transshipment option. Coelho and Laporte (2013a) extend the framework to IRPs with
multiple products and multiple vehicles. Recently, Desaulniers et al. (2015) develop a branch-price-and-cut algorithm.

There is another emerging stream of literature using matheuristics, defined as methods that exploit mathematical programming
techniques in heuristic (or metaheuristic) frameworks (Maniezzo et al., 2009). Campbell and Savelsbergh (2004) decompose an IRP
with a long time horizon into two phases. In the planning (first) phase, an integer programming model is solved to assign deliveries to
days and to decide the delivery quantity, and then in the scheduling (second) phase a shortened planning horizon is considered and
the routes are constructed by insertion heuristics. Archetti et al. (2012) develop a hybrid heuristic combining tabu search ingredients
and mixed integer programming models for the classical IRP. Cordeau et al. (2015) propose a three phase heuristic for a multi-
product multi-vehicle IRP: a Lagrangian relaxation method in the planning (first) phase, an insertion heuristic in the routing (second)
phase, and finally a mixed integer programming model in the reoptimization (third) phase. Archetti et al. (2017) present a
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matheuristic composed of three phases, where the first and third phases use mathematical programming models while the second
phase uses tabu search. Larrain et al. (2017) develop a variable MIP neighborhood descent algorithm. The algorithm alternates
between the branch-and-cut phase and the local search phase (performed by solving MIPs of constrained subproblems).

2.2. Periodic Vehicle Routing Problems

The PVRP is first introduced by Beltrami and Bodin (1974), and first provided a mathematical formulation by Christofides and
Beasley (1984). A recent comprehensive review can be found in Campbell and Wilson (2014).

In a classical PVRP, the stores require one or more visits in a planning horizon, and each store specifies a set of schemes (also
named as “day-combination”, “delivery pattern”, “visit option”, and “schedule”). For example, a store i with a visit frequency of three
times per week may have a scheme set: {{Monday, Wednesday, Friday}, {Tuesday, Thursday, Saturday}}. The supplier has to choose
one scheme in each store’s scheme set, and serve the stores in each period by a fleet of homogeneous vehicles. When the planning
horizon reduces to one period and each store requires one visit, a PVRP reduces to a Capacitated Vehicle Routing Problem (CVRP).

Exact methods in the PVRP literature are very scarce. Baldacci et al. (2011) provide a set-partitioning-like formulation and three
different relaxations which are used in generating strong lower bounds. Then the columns whose reduced costs are less than the gap
between known upper and lower bounds are added to the master integer program, as well as the valid inequalities generated in the
bounding procedure. Finally, the master integer program is solved exactly by a commercial solver. Francis et al. (2006) study a
variant of the PVRP where the delivery frequency is a service choice decision and develop an exact algorithm based on Lagrangian
relaxation and a heuristic variant for larger problem instances. Further, Francis and Smilowitz (2006) present a continuous ap-
proximation model for the same problem to facilitate strategic and tactical planning of periodic distribution systems and evaluate the
value of service choice. In recent years, metaheuristics and matheuristics are used extensively in solving the PVRP and its variants.
Cordeau et al. (1997) present the first tabu search algorithm for the PVRP. Later, Alonso et al. (2008) extend the tabu search
algorithm to the multi-trip site-dependent PVRP where multiple routes are available (multi-trip) and not every vehicle can visit every
store (site-dependent). Hemmelmayr et al. (2009) develop a variable neighborhood search for the classical PVRP. Gulczynski et al.
(2011) introduce two PVRP variants with reassignment or balance constraints, and solve the problems by a matheuristic that
combines integer programming and a record-to-record travel algorithm. Vidal et al. (2012) develop a genetic algorithm framework
which is competitive not only for the PVRP, but also for other VRPs such as the multi-depot VRP. Dong and Turnquist (2015) propose
a clustering-based formulation where the nodes in a cluster are visited by the same vehicle in the same frequency (similar idea can be
found in Bender et al., 2016). Then the problem is analogous to a single-source fixed-charge facility location problem which is solved
by a very large-scale neighborhood search algorithm.

2.3. The Coordinated Delivery Problem

Coelho et al. (2014) provide a comprehensive review on the extensive research efforts in classical IRPs, which are classified using
the criteria in Table 1. The row “structure” indicates the number of suppliers and stores. For example, “one-to-many” indicates one
supplier and multiple stores. “Direct” in the row “routing” means that only direct delivery can be done, which is a common setting in
early IRP research (Blumenfeld et al., 1985; Burns et al., 1985; Kleywegt et al., 2002). The most popular setting is that “multiple”
customers can be served by a route. “Continuous” routing allows the vehicle to load from multiple suppliers and execute delivery
tasks over periods, therefore a “many-to-many” structure is always assumed (Bard et al., 1998; Savelsbergh and Song, 2008; Benoist
et al., 2011). Following this classification method, we position our proposed Coordinated Delivery Problem in Table 1 (in the last
column). One important extension of the CDP is in inventory policy. While maximum level and order-up-to level policies are pre-
valent in the IRPs, we study a periodic review s Q( , ) inventory policy associated with each store. The periodic review s Q( , ) policy is
reasonable in a retail setting due to consumer units being sold in case packs.

Further, we summarize the differences between the CDP and the PVRP. In the CDP, stores do not have a predefined set of schemes
as in the PVRP. Since advance delivery, postponed delivery, and lost sales are permitted (with penalties) in the CDP, the time of order
placement is dependent on the fulfillment of historical orders. Under the passive coordination strategy, delivery in advance is
prohibited, so the earliest possible delivery time is restricted by the time of order placement. Consequently, the store ordering and
supplier delivering behaviors interact, which complicates the scheme set.

In summary, the CDP extends the literature of both the IRP and the PVRP. Unlike in the IRP, each store manages its own inventory

Table 1
Problem features of the IRP (Coelho et al., 2014).

Feature Characteristics Our paper

Time horizon Finite Infinite Finite
Structure One-to-one One-to-many Many-to-many One-to-many
Routing Direct Multiple Continuous Multiple
Inventory policy Maximum level (ML) Order-up-to level (OU) s Q( , )
Inventory decisions Lost sales Back-order Nonnegative Lost sales
Fleet composition Homogeneous Heterogeneous Homogeneous
Fleet size Single Multiple Unconstrained Single
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and places orders according to its own periodic review s Q( , ) inventory policy in the CDP. The supplier respects and reacts to store
orders, allowing for multi-trips in each delivery period as well as the flexibility of advancing and postponing the delivery with
penalties. Unlike in the PVRP where the delivery schemes are predefined, the store orders and supplier deliveries are intertwined in
the CDP.

3. Problem description

A supplier serves N stores that are geographically scattered in a surrounding region. We define the store set = … N{1, 2, , } and
node set = +N{0, 1}, where 0 stands for the depot of the supplier and +N 1 stands for its replicate. The arc set

= i j i j{( , ): , } represents the arcs connecting the nodes in . The distance of arc i j( , ) is denoted as cij, which is assumed
to be symmetric, i.e., =c cij ji.

The supplier plans its delivery to these stores over a finite planning horizon = … T{1, 2, , } (e.g., a week). The products (e.g.,
FMCG) to be delivered have a relatively long shelf life (compared to T) and a high turnover rate such that the influence of shelf life
can be ignored. Each store i faces a stable demand pattern (e.g., weekly demand pattern as in Van Donselaar et al., 2010). The
demand of store i in each period of the planning horizon d t,ti , is assumed to be known. Let I i0 denote the initial on-hand
inventory of store i at the beginning of and let Iti denote the on-hand inventory of store i at the end of period t . Each store
replenishes its inventory based on a periodic review s Q( , ) policy. That is, at the beginning of each period t, store i reviews its on-hand
inventory It i1, and places the order according to the inventory policy s Q( , )i i , where si is the re-order point and Qi is the fixed order
quantity. Each store i has a finite inventory capacity (shelf and storage space) Si allocated for the product, which constrains its on-
hand inventory at any moment in . In each period t, unmet demand leads to lost sales Lti, which incurs a penalty of pS per unit.

Upon receiving the store orders, the supplier decides when to deliver the orders and schedules the delivery to the stores in each
period. The supplier has a single vehicle with capacity K. In each period, the vehicle is allowed to travel multiple routes (trips) for
delivery within the maximum working time limit m. The working time consists of the vehicle travel time and the service (handling)
time at stores, where the service time at each store is denoted as h. The average travel speed of the vehicle is V and the vehicle
transportation cost is per unit distance. The supplier has an initial inventory at the depot I00 and receives a replenishment of Q0 at
the beginning of each period t . The inventory holding cost at the supplier is h0 per unit product per period.

In the status quo, the supplier immediately fulfills as many store orders as possible. However, due to the constraints on the
delivery capacity (vehicle capacity and maximum working time limit) and the on-hand inventory at the depot, it may have to
postpone the delivery to some stores. We refer to this strategy as the Retailer Managed Inventory (RMI) strategy. Under this strategy,
the delivery is contingent to the store orders that are independently placed by each individual store, which may aggregatively lead to
a large volume of high frequency, small-sized, uncoordinated deliveries. Consequently, it may result in congested orders in peak
demand periods and low vehicle utilization in low demand periods. Further, the uncoordinated deliveries normally result in in-
efficient routing of the vehicle and thus higher transportation cost.

As outlined earlier, we study two coordination strategies of the supplier, namely, passive coordination and proactive coordina-
tion. Under the passive coordination strategy, the supplier may deliberately postpone the delivery of some store orders to achieve a
certain level of coordination among the deliveries to save the transportation cost, with the hope of causing no or few lost sales.
However, delivery postponement, even without causing lost sales, may still result in dissatisfaction of the store owners and therefore
incurs a penalty of +pT per unit product per period of postponement. Further, the supplier has the opportunity to convince the store
owners to accept delivery in advance (before the on-hand inventory reaches the re-order point) through the pre-sale effort. We refer
to this as the proactive coordination strategy, which may potentially benefit from the flexibility in either postponing or advancing the
deliveries. Again, there is a penalty of pT per unit product delivered in advance to account for the extra labor work of pre-sale
activities. Similar cost terms are referred to as “incremental cost” (the cost of serving a customer on a day rather than its optimal day)
in Bard et al. (1998), “cost of earliness/lateness” in Berman and Larson (2001), “service benefit” (customer’s willingness to pay for
better service) in Francis et al. (2006), “early/delay penalty cost” in Laganà et al. (2015). We assume that the supplier cannot do any
pre-sale activities if there exists an unfulfilled order of that store. The delivery quantity to each store i always equals to Qi, and the
store inventory capacity Si cannot be violated. Note that the timing of delivery may affect the timing of future store orders. Therefore,
the supplier’s delivery decisions and the store’s order decisions are intertwined.

4. Mathematical models

In this section, we formulate the two strategies of the Coordinated Delivery Problem (CDP) as mixed integer programs. We also
describe the two benchmark strategies (i.e., RMI and VMI). The complete notation is summarized in Table 2.

Note that under the periodic review s Q( , )i i inventory policy (with given parameters of the re-order point si and order quantity Qi)
for each store i, the timing of store orders within the planning horizon is still dependent on the inventory level at the beginning of
each period, which is jointly affected by the demand dti in each period t and the supplier’s delivery decisions in the previous periods.
Therefore, we still need binary variables to represent the store order (timing) decisions, which are defined as

=y i t1, if store places an order at the beginning of period ,
0, otherwise.ti

The supplier’s decisions are
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w i t

u i j t

m t

1, if store ’s order in period is delivered in period , where ,
0, otherwise.

1, if the supplier delivers to store in period ,
0, otherwise.
1, if the vehicle traverses the arc ( , ) in period ,
0, otherwise.
, the number of vehicle routes in period .

t ti

ti

tij

t

4.1. Passive CDP

The passive coordination strategy of the CDP is formulated in (1)–(26).

+ + ++

+
c u p t t Q x p L h Imin ( )

t i j
ij tij

T

t t T t t i
i t ti

S

t i
ti

t
t

( , ) , { 1},
0 0

(1)

s.t.

+ =I Q w d I L t i, , ,t i i ti ti ti ti1, (2)

I S z t i, , ,ti i ti (3)

L S z t i(1 ), , ,ti i ti (4)

+I Q w S t i, , ,t i i ti i1, (5)

+y f t i1, , ,ti t i1, (6)

Table 2
Notation in the CDP models.

Sets
Store set = … N{1, 2, , }, where N is the total number of stores.
Node set = +N{0, 1}, where 0 represents the depot and +N 1 represents its replicate.
Arc set = i j i j{( , ): , }.
Planning horizon = … T{1, 2, , }.

Data and parameters
cij Distance of arc i j( , ).
dti Demand of store i in period t.
h0 Inventory holding cost at the supplier.
I i0 Initial on-hand inventory of store i or the depot (if =i 0).
K Vehicle capacity.
pS Penalty for lost sales.

+pT Penalty for postponed delivery.

pT Penalty for advance delivery.
Q0 Replenishment quantity at the supplier in each period.
Qi Order/Delivery quantity of store i.
si Re-order point of store i.
Si Inventory capacity of store i.
V Average vehicle speed.

Unit transportation cost of the vehicle.
h Service (handling) time at each store.
m Maximum working time in each period.

Decision variables of the stores
fti {0, 1} =f 1ti if there exists an unfulfilled order in period t; 0 otherwise.
Iti 0 On-hand inventory of store i at the end of period t.
Lti 0 Lost sales of store i in period t.
yti {0, 1} =y 1ti if store i places an order in period t; 0 otherwise.
zti {0, 1} Indicator to ensure Lti and Iti cannot both be positive, > =L z0 0ti ti .

Decision variables of the supplier
mt Number of vehicle trips in period t.
rti {0, 1} =r 1ti if there is an advance delivery to store i in period t; 0 otherwise.
utij {0, 1} =u 1tij if arc i j( , ) is traversed in period t; 0 otherwise.
v v,tij tji 0 Volume of products/empty space on arc i j( , ) in period t.
wti {0, 1} =w 1ti if store i is delivered in period t; 0 otherwise.
xt ti {0, 1} =x 1t ti if store i’s order in period t is delivered in period t; 0 otherwise.
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+ +S f y I s S y t i( ) (1 ), , ,i t i ti t i i i ti1, 0 1, (7)

=
+

y x t i, , ,ti
t T t t

tt i
{ 1}, (8)

=f y x t i, , ,ti
t t t

t i
t t t t

t t i
, , (9)

=f i0, ,i0 (10)

=x w t i, , ,
t t t

t ti ti
, (11)

+ =I Q Q w I t, ,t
i

i ti t1,0 0 0
(12)

+ =
< >

u u w t i2 , , ,
k k i

tki
j j i

tij ti
, , (13)

=v v Q w t i( ) 2 , , ,
j

tji tij i ti
(14)

=v Q w t, ,
i

t i
i

i ti0
(15)

=v Km Q w t, ,
i

ti t
i

i ti0
(16)

=+v Km t, ,
i

t N i t, 1,
(17)

+ =v v Ku t i j, , ( , ) ,tij tji tij (18)

+
V

c u w t1 , ,
i j

ij tij
i

h
ti

m

( , ) (19)

I L t i, 0, , ,ti ti (20)

f y z t i, , {0, 1}, , ,ti ti ti (21)

w t i{0, 1}, , ,ti (22)

m t, ,t (23)

u t i j{0, 1}, , ( , ) ,tij (24)

v v t i j, 0, , ( , ) ,tij tji (25)

+x t t T t t i{0, 1}, , { 1}, , .t ti (26)

The objective function (1) includes the vehicle transportation cost, postponed delivery penalty, lost sales penalty, and inventory
holding cost at the supplier. Note that the postponed delivery penalty is accumulated over the postponement periods. Constraints
(2)–(10) account for the on-hand inventory, lost sales, and inventory policy of each store as well as their restrictions on the supplier’s
delivery timing decisions. Constraints (12)–(19) are the inventory and routing constraints of the supplier. Constraints (11) connect
these two parts.

Constraints (2) manage the store on-hand inventory or lost sales in each period. Constraints (3) and (4) enforce that the lost sales
in a period and the on-hand inventory at the end of that period cannot be positive simultaneously. Constraints (5) ensure that the on-
hand inventory upon delivery cannot violate each store’s inventory capacity. Constraints (6) ensure that an order cannot be placed if
there exists an unfulfilled order. Constraints (7) enforce the s Q( , )i i policy in store i, where the coefficient Si serves as a big M and 0 is
a very small number (e.g., = 0.10 ). More specifically, the first inequality in constraints (7) shows that, when I st i i1, , we must have

+f y 1t i ti1, . Together with constraints (6), i.e., +f y 1t i ti1, , we have + =f y 1t i ti1, . That is, the store must place an order
( =y 1ti ) if there is no unfulfilled orders ( =f 0t i1, ) and vice versa. The second inequality in constraints (7) indicates that, when store i
places an order in period t (i.e., =y 1ti ), we must have I st i i1, , and when >I st i i1, , we must have =y 0ti (i.e., no order can be
placed). Constraints (8) ensure that all the store orders must be delivered in +T{ 1}, where +T 1 is an artificially extended
period to collect the orders not fulfilled in . Constraints (9) define the fulfillment indicator variable fti which equals to 1 if there
exists an unfulfilled order in period t, that is, an order placed in t t at store i is still not delivered by period t. Following the
definition, we have =f i0,i0 in constraints (10).

Constraints (12) manage the on-hand inventory at the supplier. In the vehicle routing formulations, we extend the two-commodity
flow formulation (Baldacci et al., 2004) into the multi-period version. Constraints (13) ensure that the vehicle only visits the stores
that the supplier decides to deliver in period t (i.e., =w 1ti ). Constraints (14) specify that, if the supplier delivers to store i, the net
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inflows of the two commodities (i.e., the product and the empty space in the vehicle) into store i equal to Q2 i. Constraints (15) and
(16) define the outflow and inflow of the two commodities at the depot, respectively. Constraints (17) define the inflow of commodity
at the replicate of the depot ( +N 1). Constraints (18) enforce the summation of the two commodities on each traversed arc is the
vehicle capacity. Constraints (19) enforce the maximum time limit on the total vehicle travel time and service time at stores in each
period. Constraints (20)–(26) define the decision variables.

4.2. Proactive CDP

To formulate the proactive coordination strategy of the CDP, we introduce the supplier’s decision of advance delivery (via pre-sale
effort) as,

=r i t1, if the supplier advances a delivery to store in period ,
0, otherwise.ti

Note that in this paper, we focus on the delivery coordination problem where the timing of store order delivery can be adjusted
(postponed or delivered in advance) and the delivery quantity to store i is fixed as Qi under all delivery strategies.

We need to add a penalty (e.g., costs for the pre-sale efforts) for advance delivery into the objective function (1), which becomes

+ + + ++

+
c u p t t Q x p r Q p L h Imin ( ) .

t i j
ij tij

T

t t T t t i
i t ti

T

t i
ti i

S

t i
ti

t
t

( , ) , { 1},
0 0

(27)

Constraints (6) should be replaced by (28). If there exists an unfulfilled order, neither the supplier is allowed for advance delivery,
nor will the store place an additional order. Further, we replace constraints (11) with (29) by introducing the advance delivery
decision rti.

+ +r y f t i1, , ,ti ti t i1, (28)

+ =r x w t i, , ,ti
t t t

t ti ti
, (29)

r t i{0, 1}, , .ti (30)

From the passive CDP model (1)–(26), we replace the objective function (1) with (27), replace constraints (6) and (11) with (28)
and (29), respectively, and introduce the definition of decision variables rti as in (30), and thus complete the formulation of the
proactive CDP model. Note that, if we force all rti to be zero, the proactive CDP model becomes the passive CDP model. Therefore, the
passive CDP is a restricted problem of the proactive CDP. In Section 6, we numerically study the benefit of the flexibility in delivery
timing enabled by the advance delivery.

4.3. Benchmark strategies: RMI and VMI

We benchmark the passive and proactive coordination strategies with RMI and VMI. Basic assumptions and models of RMI and
VMI are introduced in this section and the details of the corresponding algorithms can be found in Appendix C.

Under the RMI strategy, orders are placed by stores based on the periodic review s Q( , ) inventory policy. In each period, the
supplier faces newly placed orders in the current period and unfulfilled orders in previous periods. The supplier tries to immediately
deliver as many orders as possible. However, due to the constraint on the delivery capacity (vehicle capacity and maximum working
time in each period), some orders may have to be postponed. In each period, the supplier solves a multi-objective capacitated vehicle
routing problem with three hierarchical objectives: (1) delivers as many orders as possible, (2) serves the orders that are more urgent
(costly to postpone), and (3) optimizes the routes. The mathematical model and the RMI heuristic are described in Appendix C.1.

Under the VMI strategy, the supplier has full control over the timing of inventory replenishment at the stores, while respecting the
store delivery quantity (Qi) and inventory capacity (Si) constraints. From the supplier’s perspective, there is no “order placement” by
the stores and thus no such notions as advance or postponed delivery (relative to store orders). Therefore, the penalty costs of
advance and postponed deliveries are not included in the objective function. The supplier tries to minimize the summation of
transportation cost, lost sales penalty at the stores, and inventory holding cost at the supplier.

However, when we evaluate the solutions (delivery plans and the corresponding routes) generated by the various delivery
strategies with explicit consideration of store orders (based on their inventory policies), we need to evaluate all strategies under the
same criterion or cost structure. For the CDP and RMI strategies, store orders are explicit. For the VMI strategy, the “store orders” are
generated by mimicking the same store inventory policies as under other delivery strategies, and advance and postponed deliveries
are identified accordingly. The details on the mathematical model of the VMI strategy, the exact and matheuristic solution ap-
proaches, and solution evaluation are described in Appendix C.2.

The RMI and VMI strategies represent two extreme situations of the supplier to manage its delivery to stores. Under the RMI
strategy, the stores place orders based on their own inventory policies and the supplier reacts to store orders, while under the VMI
strategy, the supplier takes the full control on delivery timing. Our two coordination strategies lie in between the RMI and VMI
strategies, by enabling a certain level of flexibility in delivery coordination (similar to VMI), while still respecting store order
decisions (similar to RMI).
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5. A mixed integer programing based matheuristic (MIP-H) for the CDP

The CDP models presented in Section 4 contain a routing subproblem. Once the instance size grows large, it is very challenging for
general purpose commercial solvers to solve them. In this section, we present a matheuristic algorithm for the CDP. Specifically, we
develop a mixed integer programing based matheuristic (MIP-H) that iteratively improves the cost performance by considering
changes in the delivery plan and the resulting delivery routes. The delivery plan indicates when to deliver to which store, which
serves as the basis to obtain the subsequent vehicle routes. The delivery plan is then gradually improved such that the total cost
reduces. Essentially, we decompose the problem into two stages: (Stage 1) update the delivery plan and (Stage 2) update the delivery
routes. We formalize this decomposition as follows.

A delivery plan for every period and for every store is denoted as = t i{ | , }ti , where = 1ti indicates that the supplier
delivers to store i in period t. For store i, the delivery plan i· (i.e., column i in ) corresponds to the selected feasible scheme i i
for store i, where i is the set of all feasible schemes for store i. A feasible scheme i is basically a vector indicating in which period(s)
t , store i is delivered. Given the initial on-hand inventory I i0 , the re-order point si, and the order quantity Qi, we can enumerate
all feasible schemes and store them within i. Note that the term “scheme” is similar to the notion of “day-combination” in the PVRP
literature. Further, we denote t· (i.e., row t in ) as a vector indicating the stores to be delivered in period t. The set of routes (trips)
in period t, denoted as t , depends on t·. Define = t{ | }t . These key concepts are illustrated in Fig. 1. The solution to the CDP
includes the delivery plan and the corresponding routes , that is, = { , }.

The pseudocode of the MIP-H is given in Algorithm 1, where we use superscript n as the iteration counter. Additional notation is
listed in Table 3.

In Step 1, we initialize the algorithm. We first generate the scheme set i for every store i (Step 1.1), based on which we
obtain a delivery plan 0 by selecting a specific scheme i from i for every store i (details are presented in Section 5.1). To obtain
the routes t

0 in each period t , we solve a single-period single-vehicle multi-trip capacitated vehicle routing problem (Mt-CVRP)
with t·

0 as the input. The mixed integer program of the Mt-CVRP is described in Appendix B. We solve the Mt-CVRP instance using

Fig. 1. Illustration of the delivery plan.

Table 3
Notation in the MIP-H.

Notation Explanation

Delivery plan to indicate when to deliver to which store, = t i{ | , }, {0, 1}ti ti .
t· Delivery plan in period t.
i· Delivery plan for store i in planning horizon .

F ( ) Objective function of solution , including the overtime penalty with coefficient pot .
f Objective function value of the best feasible solution F, ( ).
G ( )i Cost of scheme i .
H r( ) Total length of route r.
pot Overtime penalty for violating the maximum working time m.

Set of routes in the planning horizon = t, { | }t .
t Set of routes (trips) in period t.

Solution, = t{ , | }t t· .
Best feasible solution found.
Minimum improvement threshold.

i Scheme set of store i.
ik The kth scheme of store i.
( )t Total working time of solution in period t.

ikt = 1ikt if scheme ik has a delivery to store i in period t; 0 otherwise.
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Gurobi 7.5.1 with a time limit of MMt CVRP (specified in Table 6). Finally, by combining the delivery plan with these routes, we get the
initial solution = t{ , | }t t

0
·

0 0 . If the total working time ( )t
m0 in each period t , that is, 0 is feasible, update the best

solution as = 0 and its objective function value as =f F ( )0 .
In Step 2, we iteratively improve the current solution, by updating the delivery plan and the corresponding routes. In Step 2.1, the

solution n is given to the Improvement Integer Program (IIP). The IIP seeks to improve n by optimizing the combination of schemes
from different stores and uses simple removals or insertions on routes to approximate changes in the transportation cost (details of the
IIP are presented in Section 5.2). The resulting routes are again improved by solving a Mt-CVRP for each period. This step (Step 2.1)
terminates once the improvement in the objective function values is small enough, i.e., = +F F( ) ( )F

n n 1 , where is a
predefined parameter. Step 2.2 performs diversification to possibly jump out of a local optima. The perturbation is straightforward:
we randomly select stores with probability PPerturb, and for each selected store, randomly select a scheme from its scheme set with
equal probability.

In the following sections, we present more details of the MIP-H under the proactive coordination strategy. Note that only minor
modifications have to be made in the scheme set generation (Step 1.1) to adapt to the passive coordination strategy (Appendix A.1).

Algorithm 1. Pseudocode of the MIP-H

Step 1. Initialization phase.
Step 1.1 Scheme set generation.

For i : Generate the scheme set i.
Step 1.2 Initial solution generation.

+ +n m null f0, 0, , ,F .
Select i i

0 for store i to form the initial delivery plan 0.
For t : Obtain the routes t

0 by solving Mt-CVRPs.
Get initial solution = t{ , | }t t

0
·

0 0 .
If t( ) , :t m0 0 is feasible, f F, ( )0 0 . Else: Pass.

Step 2. Improvement phase.
While <m MPerturb:

Step 2.1 IIP.
While >F :

Solve the IIP based on n to obtain +n 1.
For t : Obtain the new routes +n 1 by solving Mt-CVRPs.

=+ + + t{ , | }n
t
n

t
n1

·
1 1 .

If + t( ) ,t n m1 and <+ + +F f f F( ) : , ( )n n n1 1 1 . Else: Pass.
= ++F F n n( ) ( ), 1F n n 1 .

Step 2.2 Diversification.
For i : Generate a random number X U [0, 1]i .
If <X Pi Perturb: Update n with a randomly selected scheme i i. Else: Pass.
The resulting delivery plan is +n 1.
For t : Obtain the new routes +

t
n 1 by solving Mt-CVRPs.

=+ + + t{ , | }n
t
n

t
n1

·
1 1 .

+ +n n m m1, 1.
Step 3. Return the best feasible solution.

Return and f .

5.1. Initialization phase

In Step 1.1, we generate and sort the set of feasible schemes for each store. For each scheme (of a store), we calculate the on-hand
inventory, lost sales, order placements, etc. During the process, the feasibility of the scheme is checked and feasible schemes are
added into the scheme set. A scheme is a vector of zeros and ones with the length of T, so there are 2T possible schemes for each store.
Usually, the supplier plans ahead for one week ( =T 7). It takes less than one millisecond for the generation of one store’s scheme set.
We present more details of the scheme set generation in Algorithm 2 in Appendix A.1.

We evaluate the scheme cost G ( )i as in Eq. (31), where L r f w, , , andti ti ti ti are the same as in the proactive CDP model and are fixed
for a given scheme i.

= + + ++G p L p Q r p Q f h T t Q w( ) [ ( 1) ].i
t

s
ti

T
i ti

T
i ti i ti0

(31)

The lost sales penalty and advance delivery penalty in Eq. (31) have the same definition as in the objective function (27). The third
term is an equivalent expression of the postponed delivery penalty. The last term is the contribution to the supplier inventory holding
cost, since we have the following Eq. (33) by substituting It0 according to (12),

= +

= + + +

h I h T I T t I I

h T I h T t Q h T t Q w

· ( 1)( )

· · ( 1) ( 1)
t

t
t

t t

t i t
i ti

0 0 0 00 1,0 0

0 00 0 0 0
(32)

R. Song, et al. Transportation Research Part E 126 (2019) 122–148

131



= +C h T t Q w( 1) .h

i t
i ti0

(33)

Note that the first two terms on the right hand side of Eq. (32) are constants and we use Ch to replace them in Eq. (33). After
decomposing the last term in Eq. (33) to each store, we get the last term in Eq. (31).

Next, we formally define the function F ( ) in Eq. (34), which is used to evaluate a solution .

= + + + +F H r G C p( ) ( ) ( ) [ ( ) ] .
t r i

i
h ot

t
t

m
·

t (34)

The first term on the right hand side of Eq. (34) is the total transportation cost, where H r( ) is the total length of route r. The second
term is the summation of the scheme cost of each store as defined in Eq. (31). The third term Ch is a constant introduced in Eq. (33) as
part of the supplier inventory holding cost. The last term is a penalty on the violation of maximum working time, where ( )t is the
total working time in period t of solution , m is the maximum working time in each period, and pot is the unit overtime penalty.
During the improvement of the solution, this overtime violation is temporarily accepted but penalized in solution evaluation. Note
that the vehicle capacity constraint is always maintained in the process.

After generating the scheme set i for each store i, we sort the schemes in i as a nondecreasing order in the scheme cost, i.e.,
…G G G( ) ( ) ( )i i i0 1 i , where = …{1, 2, , }i i is the index of scheme set i. We define {0, 1}ikt which equals to 1 if,

according to scheme ik, the supplier delivers to store i in period t, and 0 otherwise. The size of i determines the possibilities of
combinations, we have the following Proposition 5.1 to reduce its size.

Proposition 5.1. For ,ij ik i, if G G t( ) ( ), ,ij ik ijt ikt and <ijt ikt for some t , then ik is dominated by ij and
the solution will not be worse if ik is replaced by ij.

The proof of Proposition 5.1 is intuitive. Consider a current solution in which the delivery plan is i· , with ik replaced by ij.
Because there exists some t such that = =0, 1ijt ikt , at least one less delivery (to store i) is required in period t . Therefore, the
transportation cost decreases and the overtime penalty does not increase in period t . The transportation cost and overtime penalty
remain the same in all other periods where =ijt ikt . In addition, G G( ) ( )ij ik , so the total cost of the solution after replacement is
strictly smaller. It is straightforward to apply Proposition 5.1 to reduce the sizes of the scheme sets obtained from Algorithm 2 in
Appendix A.1, and the details are skipped.

In Step 1.2, we apply an easy method to establish an initial delivery plan 0. For each store i, We select the scheme with the
smallest cost, i0. Then the delivery plan is = =i{ , | }i i i

0
·
0

·
0

0 . In this way, the algorithm starts from a solution with a
delivery plan with the minimum total scheme cost. However, the inventory at the supplier may be negative under this delivery plan.
We introduce a simple mixed integer program (details in Appendix A.2) to solve this infeasibility.

Given a feasible initial delivery plan 0, we solve a Mt-CVRP in each period t to obtain the set of routes 0. Finally, we
obtain an initial solution = { , }0 0 0 to proceed to Step 2 (the improvement phase).

5.2. The improvement integer program

To improve the current solution = { , }n n n , we use an Improvement Integer Program (IIP), inspired by the work of Gulczynski
et al. (2011). The IIP in Step 2.1 considers reassigning schemes for multiple stores simultaneously, and re-evaluates the corresponding
savings on the transportation cost, given the current solution n.

First, we introduce the decision variables. We denote binary variable ik which equals to 1 if the scheme ik is selected, ti equals
to 1 if store i is removed from its current position in t

n (i.e., it may be reinserted in another period t t , or moved to another
position in t

n), µtijl which equals to 1 if store i is inserted between arc j l( , ) in period t, and ti which equals to 1 if a direct trip (from
and to the depot) is built for store i. The last one ( ti) was not considered by Gulczynski et al. (2011). We provide a complete summary
of notation in Table 4.

Consider the current solution n, submitted to the IIP. Its delivery plan n consists of i,i
n
· , and after the IIP, may be

replaced by another +
i

n
·

1, which may result in scheme changes for some stores. The reassignments of schemes have impacts on total

Table 4
Notation in the IIP.

Data and parameters
i Index set of = …, {1, 2, , }i i i .

p i s i( ), ( ) Predecessor and successor of store i, respectively.
r Stores delivered in route r.
r( ) Residual capacity of route r.

Decision variables
µtijl {0, 1} =µ 1tijl if store i is inserted on arc j l( , ) in period t; 0 otherwise.

ti {0, 1} = 1ti if store i is removed from its current position in period t; 0 otherwise.
ik {0, 1} = 1ik if scheme ik is selected; 0 otherwise.
+
t 0 Overtime in period t.

ti {0, 1} = 1ti if store i is delivered by a direct trip; 0 otherwise.
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scheme cost, transportation cost, and overtime penalty. The change of total scheme cost is easy to calculate since we already know the
scheme cost of each candidate scheme in Step 1.1 (scheme set generation). However, evaluating the change in the transportation cost
and the overtime penalty is difficult. Because using a new delivery plan +

i
n
·

1, store i in the current routes n may be removed in some
periods and inserted in others in +n 1. We apply a simple removal and insertion mechanism to approximate the impacts of these
changes. Let p i( ) and s i( ) be the predecessor and successor of store i in period t in current routes t

n. If store i has to be removed in
period t, arcs p i i( ( ), ) and i s i( , ( )) are removed, and arc p i s i( ( ), ( )) is added. Conversely, if store i has to be inserted in period t, it could
be inserted onto an arc of a route in t

n, e.g., j l( , ). Then, arc j l( , ) will be removed and two new arcs j i( , ) and i l( , ) will be built. In
addition, store i could also be delivered by a direct trip (from and to the depot) in period t so that two arcs i(0, ) and i( , 0) have to be
added. With all the above manipulations on t

n in each period t, we can approximately evaluate their impacts on transportation cost
and overtime penalty. Note that the removal and insertion mechanism can only generate routes that comply with the delivery plan
(and the optimality of new routes is not guaranteed). The IIP formulation is presented in (35)–(51).

+ +
=

+

c c c c c c µ c

G G p

max ( ) ( ) 2

[ ( ) ( )]
t i

p i i i s i p i s i ti
t i r j l r

ji il jl tijl
t i

i ti

i k
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n t
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i (35)

s.t.

+ =I Q Q I t, ,t
i k

ik ikt i t1,0 0 0
i (36)

= i1, ,
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i (37)

= + =
= =
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(42)

+ =µ i t1, , , 1,ti
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t j p i i ti
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(43)
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t
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i0

(46)

µ t i r j l r{0, 1}, , , , ( , ) ,tijl t
n

(47)

=i t{0, 1}, , , 1,ti ti
n (48)

i k{0, 1}, , ,ik i (49)

t i{0, 1}, , ,ti (50)

+I t, 0, .t t0 (51)

Objective function (35) consists of five terms: the decrease in transportation cost after removals, the increase in transportation
cost after insertions, the increase in transportation cost after direct trips are inserted, the increase in total scheme cost, and the
penalty cost for overtime. The objective is to maximize the total improvement of the total cost to the current solution n.
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Before introducing the constraints, we define a few scheme index sets for notational simplicity. For store i in period
= =t k, { | 1, 0}i ikt ti

n denotes the insertion scheme set that consists of schemes requiring to insert store i in period
= =t k, { | 0, 1}i ikt ti

n denotes the removal scheme set that consists of schemes requiring to remove store i from period t, and
= =k{ | 1, 1}i ikt ti

n denotes the remaining scheme set that consists of schemes where store i remains in period t (but may be
repositioned in t

n). These three sets partition the full scheme index set i. Recall that, as defined in Section 5.1, ikt equals to 1 if
scheme ik i requires a delivery to store i in period t and 0 otherwise.

Constraints (36) maintain the inventory balance at the supplier. Constraints (37) ensure that exactly one scheme is selected for
each store. For store i in period t, constraints (38) ensure that if a scheme in the insertion scheme set is selected, the store is inserted
either onto an arc or by a direct trip. If a scheme in the removal scheme set is selected, constraints (39) ensure that store i must be
removed from period t and constraints (40) ensure that it is not reinserted anywhere else in t

n. Constraints (41) ensure that if a
scheme in the remaining scheme set is chosen, store i can be removed from its current position in t

n and reinserted somewhere else in
t
n. Constraints (42)–(44) restrict the changes on routes to ensure that the savings on transportation costs can be calculated correctly.

Particularly, constraints (42) and (43) stipulate that no store can be inserted to an arc with any one of the endpoints removed.
Constraints (44) stipulate that the adjacent two stores cannot be removed simultaneously. Constraints (45) enforce that the capacity
of the vehicle is not violated, where r is the set of stores delivered on route r and r( ) is the residual capacity of route r. Constraints
(46) bookkeep the overtime in each period t. The definitions of the variables are in constraints (47)–(51). The IIPs are solved by
Gurobi 7.5.1 with a time limit of MIIP (specified in Table 6).

5.3. Routes +n 1

Note that in the IIP, we use simple removals and insertions to approximate the impact of scheme changes on the transportation
cost. To improve the routes, we solve the Mt-CVRPs (by Gurobi 7.5.1) based on the +n 1 obtained from the IIP, as in the initialization
phase (Step 1.2), to obtain the improved routes +n 1. Further, we use the approximated routes in the IIP solution as the warm start
solution of the Mt-CVRPs to facilitate the solution process. Also, the resulting delivery plan +

t
n
·

1 and their corresponding routes +
t
n 1

for each period t are stored in the memory to avoid repetitive works in future iterations. That is, before solving Mt-CVRPs, we check if
the delivery plan in a certain period is already in the memory, and if so, we directly look up its corresponding routes.

The solution n is improved after each iteration in Step 2.1. This process will reiterate until the improvement
= +F F( ) ( )F

n n 1 is less than the predetermined parameter .

5.4. Diversification

In Step 2.2, to diversify the search, each store has a probability of being perturbed, denoted as PPerturb. Once the store is chosen, all
its schemes are equally likely to be selected.

Given the diversified delivery plan, the routes are improved via solving Mt-CVRPs. At last, Algorithm 1 terminates after we reach
MPerturb times of diversification and the best feasible solution is returned.

6. Numerical experiments

The aim of numerical experiments is threefold: (1) to test the efficiency of the proposed matheuristic MIP-H (Section 6.2), (2) to
compare the performance among various strategies (Section 6.3), and (3) to analyze the effect and sensitivity of some key parameters
(Section 6.3). Since there are no existing instances in the literature, we introduce a new testbed of generated instances in Section
6.1.1.1

6.1. Experimental design

We describe the design of test instances and the algorithm settings in this section.

6.1.1. Test instances
The construction of test instances is inspired by real life practice in delivery to small retail stores (“nanostores”) in urban area. The

detailed instance settings are given in Table 5. We first generate five instances of 60 stores (namely “N60-1, …, N60-5”) by randomly
selecting a subset of stores from the instance set R of Solomon (1987). We then generate N50-1 by selecting a subset of 50 stores from
N60-1, N40-1 as a subset of 40 stores from N50-1, and so forth. By doing so, we ensure that each smaller size instance is a subset of
the corresponding larger size instance, for the purpose of variance reduction in the result analysis. We only use the coordinates of the
stores from the instance set R, which are all multiplied by 0.25 (km) so that the stores are scattered in a 20 km × 20 km square.

For each store, we assume that the demand is stable, and the order quantity covers two days’ demand (then rounded up according
to the minimum batch size B). We set the re-order point si equals to di, where stands for Days of Supply (DoS) and is randomly set
as one or two with equal probability. This simulates the fact that stores can have different risk attitudes towards the uncertainty in
delivery time. The initial inventory of store i is randomly selected from + +s s Q s Q{ , /4 , /2 }i i i i i with equal probability. Note that

1 All instances can be downloaded from http://file.topslab.tech/cdp-instances/.
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only the store with an initial inventory less than or equal to its re-order point (si), that is, I si i0 , will place an order in the first period.
In this way, about 1/3 of the stores will place orders in the first period, while the first orders of the remaining stores are distributed
among the early periods in the planning horizon. This avoids the situation where all stores place orders in the same time period and
there is less room for coordination. We also try to avoid the situation where there is no or too few orders in the planning horizon due
to a very high level of initial inventory.

6.1.2. Algorithm settings
The MIP-H parameters consist of the maximum iterations of perturbation M( )Perturb , the time limit for the commercial solver to

solve the IIP M( )IIP and the Mt-CVRP M( )Mt CVRP , the scheme change probability P( )Perturb , and the overtime penalty p( )ot . We use
randomly generated instances with size from 10 to 50 as preliminary experiments to tune the parameters. The final selected settings
are in Table 6.

The experiments are performed on a computer with an Intel Core i7-8700 processor with 3.20 GHz CPU and 16 GB RAM. The MIP-
H algorithm is implemented in ++C . Gurobi 7.5.1 is used as the solver for the mixed integer programs. Except the time limit, other
parameters in Gurobi are set as their default values.

6.2. Performance of the MIP-H

We compare the performance of the MIP-H with a commercial solver (Gurobi). Both methods can be used under the passive
coordination, the proactive coordination, and the VMI strategies. For each instance, the MIP-H is repeated five times, while the time
limit of Gurobi is set as four hours (14,400s). We conduct a sensitivity analysis on the time limit (one, two, and four hours) and
summarize the results in Appendix D. Under the RMI strategy, we use the algorithm in Appendix C.1 which involves solving several
mixed integer programs separately and can be easily handled by Gurobi.

The comparisons between Gurobi and MIP-H are shown in Table 7. Columns (3) to (5) are the results of Gurobi. In column (3), the

Table 5
Instance settings.

Notation Explanation Setting

T Length of the planning horizon (i.e., a week) 7
N Number of stores 20, 30, 40, 50, 60

X Y( , )i i Coordinates of each node i Transformed from instance set R (random) of Solomon (1987).
cij Length of arc i j( , ) +X X Y Y( ) ( )i j i j2 2 , and is rounded to two decimal places.
B Minimum batch size 20 (units)

dti Demand of store i in period t = … = =d d di Ti i1 . di is randomly generated as an integer in [5, 20].
Qi Order quantity of store i d B B2 /i
si Re-order point of store i d ,i is randomly selected from the set {1.0, 2.0}.
Si Inventory capacity of store i +s Q B B( )/i i
I i0 Initial on-hand inventory of store i Randomly selected from the set + +s s Q s Q{ , /4 , /2 }i i i i i .
V Vehicle speed 15 (km/h)
K Vehicle capacity 400 (units)
h Service (handling) time for each delivery 0.1 (h)
m Maximum working time each period 6 (h)

I00 Initial on-hand inventory at the supplier d B B/i i
Q0 Inventory replenishment at the supplier in each period d B B/i i

h0 Inventory holding cost at the supplier 0.05/unit/period
Unit transportation cost 1/km

pS Lost sales penalty 2/unit

pT Advance delivery penalty 0.05/unit
+pT Postponed delivery penalty 0.05/unit/period

Table 6
Parameter settings of the MIP-H.

Parameter Value

MPerturb 100

MIIP 60s

MMt CVRP 60s

PPerturb 0.3

pot 1000
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optimality gap is calculated as

= ×optimality gap best upper bound best lower bound
best upper bound

100%.

In columns (4) and (5), we report the total computational time and the time to obtain the best upper bound (in seconds), respectively.
Columns (6) to (9) are results of the MIP-H. Columns (6) and (7) are the best and average optimality gap, respectively. Note that the
MIP-H produces feasible solutions (upper bound) only, so the optimality gap is calculated upon the lower bound provided by Gurobi.
The smaller optimality gaps in column (3) and (6) are in bold. The gaps in column (7) are in bold if they are also smaller than column
(3). Column (8) is the ratio of (best upper bound)/(average upper bound) indicating the stability of the MIP-H (Ref. Zhan and Noon,
1998). Column (9) reports the average computational time of the MIP-H (in seconds).

On small instances ( =N 20), Gurobi finds the optimal solutions in less than 50 seconds. The MIP-H finds solutions with average
optimality gaps up to only 0.14% in less than 30 seconds. When =N 30, Gurobi finds the optimal solutions in about one hour, while
the MIP-H find solutions with average optimality gaps up to only 0.36% in less than 100 seconds. For larger instances
( =N 40, 50, 60), the MIP-H shows its advantages against Gurobi in both solution quality and computational time. In Column (6), the
best solutions among 5 replications have smaller optimality gaps than those of Gurobi (in Column (3)) under all strategies. The best-
mean ratios in Column (8) are all greater than 99% (with an average of 99.74%), which demonstrates the stability of the MIP-H.
Particularly, when =N 50 and =N 60, the optimality gaps of the MIP-H are significantly smaller than those of Gurobi (up to four
hours). The MIP-H finds the same or better solutions than Gurobi does when =N 40 and finds strictly better solutions than Gurobi
does when =N 50 and 60. Further, by comparing Columns (4) and (9), we observe that except the case when N is 20, the MIP-H
spends significantly less time than Gurobi does. This is also the case when we compare Columns (9) to Column (5), the time when
Gurobi obtains the best upper bound (i.e., the best feasible solution).

6.3. Comparison among the strategies

In this section, we first study the solutions of the 25 base instances (N20-1 to N60-5) to compare strategies. We then study the
effect of maximum working time and time-dependent demand (i.e., demand in different periods of the planning horizon can be
different and follows a typical retail demand pattern).

6.3.1. Base instances
For the passive coordination, proactive coordination, and VMI strategies, both Gurobi and MIP-H are used and the best solutions

are selected. RMI solutions are obtained by Algorithm 3 as described in Appendix C.1. Fig. 2 shows the total cost and the decomposed
cost components of each strategy, average over five instances. For each strategy, the left bar shows the transportation cost, advance
and postponed delivery penalties, and lost sales penalty (from bottom to top), while the right bar shows the inventory holding cost at
the supplier. We show the total cost of each strategy at the top of its two bars and show the percentages of the transportation cost and

Table 7
Comparing Gurobi (time limit: four hours) and MIP-H.

N Strategy Gurobi MIP-H

Opt. gap Time by Time to obtain Best opt. Avg. opt. Best-mean Avg.
termination (s) the best UB (s) gap gap ratio time (s)

(1) (2) (3) (4) (5) (6) (7) (8) (9)

20 Passive 0.00% 8 8 0.00% 0.02% 99.98% 21
Proactive 0.00% 47 14 0.05% 0.11% 99.93% 24

VMI 0.00% 48 27 0.03% 0.14% 99.90% 28

30 Passive 0.00% 758 61 0.04% 0.13% 99.92% 85
Proactive 0.00% 3331 2712 0.00% 0.08% 99.92% 99

VMI 0.00% 3624 771 0.26% 0.36% 99.89% 94

40 Passive 0.23% 5994 749 0.23% 0.34% 99.89% 115
Proactive 2.08% 14,400 1848 2.03% 2.11% 99.92% 144

VMI 2.36% 14,400 5492 2.24% 2.52% 99.71% 152

50 Passive 7.42% 14,400 9815 4.18% 4.31% 99.86% 393
Proactive 5.50% 14,400 9114 4.01% 4.20% 99.80% 437

VMI 7.88% 14,400 11,857 4.91% 5.18% 99.72% 451

60 Passive 20.89% 14,400 10,999 9.88% 11.01% 99.01% 918
Proactive 33.37% 14,400 13,184 8.57% 9.36% 99.35% 1141

VMI 32.20% 14,400 12,367 6.79% 7.97% 99.26% 1208

Average 7.46% 8601 5268 2.88% 3.19% 99.74% 354
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the inventory holding cost at the supplier in the corresponding bars.
We observe that, in all sizes of N, the total cost follows the same pattern: proactive coordination VMI passive coordination

RMI, where we use to indicate “outperform.” RMI aims to deliver as fast as possible, hence the transportation costs are higher, due
to its inefficiency in coordination. When =N 60, RMI fails to deliver many orders in time due to the limited transportation capacity
(vehicle capacity and maximum working time) in each period and poor coordination. Both passive coordination and proactive
coordination strategies allow more flexibility leading to lower total costs. These strategies are thus better for situations of very limited
transportation capacity. Passive coordination, while postponing more than RMI (higher postponed delivery penalty), incurs negli-
gible lost sales when =N 20, 30 and significantly reduces lost sales when =N 40, 50, 60. Further, the percentage of the transportation
cost relative to the total cost declines when N increases, and this effect is observed under all strategies. The stores are distributed in
the same area, hence an increasing number of stores means an increasing spatial density. As the spatial density of the stores increases,
there is an increasing possibility to coordinate deliveries to reduce transportation cost without incurring many lost sales, and thus the
potential benefit of the coordination strategies increases.

We also observe that, in all sizes of instances, the inventory holding cost under the proactive coordination strategy is smaller than
that under the passive coordination strategy. This is because the proactive coordination strategy introduces the additional flexibility
in advancing deliveries, as compared to the passive coordination strategy. The combination of the flexibility in advancing and
postponing deliveries helps further reduce transportation cost.

When the stores grant the full control of their inventory replenishment to the supplier, VMI achieves the best performance. This
observation aligns with the VMI literature. However, when the stores prefer placing orders based on their own inventory policies, the
penalties on advance and postponed delivery relative to store orders cannot be ignored and often offset the potential savings in
logistics (transportation and inventory) cost. Under such circumstances, the proactive coordination strategy is able to achieve a
similar cost reduction in the transportation cost, lost sales penalty, and inventory holding cost at the supplier, as compared to VMI,
while still respecting the store order decisions, and thus offers an excellent combination of RMI and VMI.

In Fig. 3, we plot time utilization and vehicle utilization under different strategies with = …N 20, 30, , 60. Time utilization is the
total time spent on delivery (vehicle travel time plus service time at the stores) divided by maximum working time in the whole
planning horizon, and vehicle utilization is the average delivery volume in each trip divided by the vehicle capacity.

The curve of RMI is to the upper left of curves of other three strategies. In other words, RMI spends the most of the working time
and utilizes the vehicle the worst. VMI is on the opposite side and performs the best. The curve of the proactive coordination is very
close to that of VMI. When =N 60, all strategies have a time utilization of almost 100%, indicating the current time capacity m (6 h)
is very tight for serving this large number of stores. The time capacity influences the cost structure as shown in Fig. 2. When it is
relatively tight as =N 50, 60, the transportation costs are very close among the strategies, and the benefit of the coordination
strategies is mainly on the reduction in lost sales. When =N 20, the time and vehicle utilization under all strategies are low. That is,
when the spatial density of the stores is low, the opportunity for the delivery coordination is low. In the next section, we will further
discuss the impact of time capacity (maximum working time).

To measure the delivery efficiency, we introduce the performance index volume per km, which is the total delivery volume (in
units) divided by total length traveled (in km). The results for all the strategies in all sizes of instances are presented in Table 8.
Further, we introduce another performance index for service level, i.e., the percentage of lost sales in total demand, which is shown in
Table 9. In each row in both tables, the best index is in bold, while the worst is in italic. We observe in Table 8 that VMI has the best

Fig. 2. Total cost decomposition: base instances.
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performance while RMI has the worst with a 14.5% gap on average, and the proactive coordination strategy is only 2.2% behind VMI
on average. In Table 9, we observe that all the strategies reach or close to 0% when there are a small number of stores ( =N 20, 30).
But when the store density increases, while RMI suffers from increasing lost sales, VMI and the proactive coordination strategy
maintain the level of lost sales well, due to delivery coordination.

In summary, when the stores grant the full control of their inventory replenishment to the supplier, VMI has the maximum
flexibility in delivery coordination and achieves the best performance with the lowest logistics cost, the best time and vehicle
utilization, and the lowest lost sales. However, when stores prefer placing replenishment orders based on their own inventory
policies, RMI, with the least level of delivery coordination, suffers. The proactive coordination strategy is able to achieve similar
logistics and service performances to VMI, and at the same time still respects store order decisions. The effect is more significant when
the store density increases.

6.3.2. Maximum working time
In the following experiments, we fix the instance size to be 40 and look into the impact of the maximum working time ( m), by

varying it from 4 to 8. The total cost and decomposed cost components are shown in Fig. 4 (same layout as in Fig. 2). Comparing the
total cost, we observe that proactive coordination VMI passive coordination RMI and = = =8 6 4m m m . When the
working time is tight ( = 4m ), the saving in the total cost of the two coordination strategies is mainly driven by the reduction in lost
sales penalty; while it is mainly driven by the transportation cost and inventory holding cost at the supplier when the working time is
less restrictive ( = 6, 8m ).

In Fig. 5, we plot the vehicle utilization and time utilization under different strategies with = 4, 6, 8m . Similar to Fig. 3, the
curves of passive coordination and proactive coordination lie between those of RMI and VMI, and the curve of proactive coordination
is very close to that of VMI. When = 4m , the time utilization under all strategies is close to 100%, while the vehicle utilization of
RMI is significantly lower than the two coordination strategies and VMI. When = 6, 8m , from RMI to VMI, vehicle utilization
increases and time utilization decreases.

Next, we categorize the stores by their re-order points, low ( =s di i) or high ( =s d2i i), and study the supplier’s delivery to these
stores. In Table 10, we show the percentage of lost sales relative to the total demand when = 4m . Note that the lost sales are
negligible under all strategies when = 6, 8m .

Fig. 3. Vehicle utilization and time utilization under different strategies: base instances.

Table 8
Volume per km (unit/km): base instances.

N RMI Passive coordination Proactive coordination VMI

20 6.02 7.00 7.68 7.82
30 6.95 7.73 8.46 8.83
40 8.17 8.74 9.59 9.85
50 9.57 9.92 10.45 10.67
60 11.39 11.14 11.98 12.07

Avg. 8.42 8.91 9.63 9.85
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We observe that stores with low re-order points experience more lost sales in general, which is our intuition. We also observe that,
under RMI, the percentages of lost sales in both store categories are very high and the difference between the two categories is only
0.08%. However, all other strategies (proactive coordination in particular) can better distinguish these two categories of stores. On

Table 9
Percentage of lost sales in total demand: base instances.

N RMI Passive coordination Proactive coordination VMI

20 0.00% 0.02% 0.02% 0.00%
30 0.00% 0.03% 0.01% 0.02%
40 0.21% 0.02% 0.02% 0.01%
50 1.39% 0.15% 0.04% 0.04%
60 4.26% 0.96% 0.40% 0.33%

Avg. 1.17% 0.24% 0.10% 0.08%

Fig. 4. Total cost decomposition for different m: =N 40.

Fig. 5. Vehicle utilization vs. time utilization under different strategies: = 4, 6, 8m .
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one hand, stores with high re-order point place less urgent orders, which leave larger flexibility for coordination and the lost sales are
more likely to be avoided. On the other hand, the stores with low re-order points also benefit from the coordination.

6.3.3. Time-dependent demand
Next, we study a typical weekly demand pattern where the demands (of each store) on weekdays are stable and those on weekend

are higher. dti denotes the demand in period t in the new instances. Let = = … = +d d t d d, 1, , 4, (1 )·ti i i i5 , and
= = +d d d(1 )·i i i6 7 , where and represent the percentage of demand increase on Friday ( =t 5) and weekend ( =t 6, 7) relative to

the weekdays. Set = + +d d ·7/(7 2 )i i , where di is defined in Table 5. By doing so, we ensure that the total demand (of each store)
over the planning horizon (week) in the new test instances remains the same as that in the base instances. We experiment on the
( , ) settings of (0.1, 0.2) and (0.2, 0.4). In the following, we present the results and analysis based on instances of size =N 40.

We show the total cost and decomposed cost components in Fig. 6 (same layout as in Fig. 2). We observe that the overall
comparative pattern among the strategies remains similar to that under the stable demand. As more demand appears toward the end
of the planning horizon, the inventory holding cost at the supplier increases under all strategies. The lost sales penalty increases
dramatically under the RMI strategy, but increases marginally under other strategies, which is also shown in Table 11.

7. Conclusions

In urban retail, independently owned and operated small retail stores (nanostores) collectively generate a large amount of un-
coordinated orders, which bring challenges to the supply chain that reaches these stores. In this paper, we study the Coordinated
Delivery Problem (CDP), in which the supplier can coordinate its delivery of the store orders to make a better trade-off between its
logistics (transportation and inventory) cost and service level to the stores. More specifically, we develop and study two coordination
strategies: passive coordination and proactive coordination. The passive coordination strategy has the flexibility on postponing the
delivery with penalty, while the proactive coordination strategy has the additional flexibility on advancing the delivery via pre-sale
effort. We formulate mixed integer programming models for the two strategies of the CDP incorporating the periodic review s Q( , )
policy, which is a commonly employed inventory policy in the grocery retail industry due to the existence of case packs. The model
hence reflects key characteristics of the retail industry.

Table 10
Percentage of lost sales in total demand for stores with low/high re-order point: = 4m .

Re-order point RMI Passive coordination Proactive coordination VMI

Low 8.39% 4.90% 3.72% 3.25%
High 8.31% 2.80% 1.19% 1.52%

Difference 0.08% 2.10% 2.53% 1.73%

Fig. 6. Total cost decomposition: stable and time-dependent demand.
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We develop a mixed integer programming based matheuristic (MIP-H) as a solution method. To evaluate the effectiveness of the
MIP-H, we develop a new set of instances for this novel problem. The MIP-H performs very well, both in solution quality and in
computational time. As such, it is able to handle the large instance sizes as in real-life settings.

The two proposed coordination strategies are compared and benchmarked against two conventional strategies, RMI (Retailer
Managed Inventory) and VMI (Vendor Managed Inventory). RMI is the status quo in urban retail, where the supplier reacts to store
orders and tries to fulfill as many orders and as early as possible, subject to its vehicle capacity and delivery time constraints in each
period. When the stores grant the full control of their inventory replenishment to the supplier, allowing the supplier to manage their
inventory and delivery on behalf of the stores, VMI enjoys the maximum flexibility in delivery coordination and achieves the best
performance with the lowest logistics cost, the best time and vehicle utilization, and the lowest lost sales. These observations are in
line with the VMI literature. However, when the stores prefer placing orders based on their own inventory policies, the penalties on
advance and postponed delivery relative to store orders cannot be ignored and often offset the potential savings in logistics
(transportation and inventory) cost. Under such circumstances, RMI passively reacts to store orders and suffers from poor logistics
and services performances due to lack of delivery coordination. The proactive coordination strategy is able to achieve similar per-
formances to VMI while still respecting store order decisions, and thus offers an excellent combination of RMI and VMI. The effect is
more significant when the store density increases. The CDP is developed within the framework of the Inventory Routing Problems in
the transportation literature. Our results and insights offer opportunities to deploy these findings in the retail operations literature
and practice, forming a basis for more hybrid ordering policies making use of efficiencies in the transportation system.

While this paper is inspired by applications in urban retail, the CDP can be extended to applications where the store orders are
generated under certain periodic review inventory policy by individual stores, and the supplier has the flexibility to postpone and/or
advance the delivery with penalties. In this paper, we assume that the products have a relatively long shelf life (compared to the
planning horizon) and a high turnover rate such that the influence of the product shelf life can be ignored. An interesting future
research is an extension to other products such as perishable products or pharmaceutical products. For perishable products, we need
additional constraints to handle and bookkeep the relatively short shelf lives of the products in inventory, a more explicit first-in-first-
out (FIFO) rule, and perhaps a more sophisticated inventory policy. For pharmaceutical products, the cost structure can be different
where a higher penalty for postponed delivery may apply, due to the potentially higher stockout penalty at the pharmacies, which in
effect reduces the flexibility in delivery coordination. Also, an important extension is to further investigate the delivery coordination
strategies under the stochastic setting.
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Appendix A. Initialization algorithms

In this section, we describe the scheme set generation and scheme selection procedures in the initialization phase (Step 1) in
Algorithm 1.

A.1. Scheme set generation

The scheme set generation under the proactive coordination strategy is shown in Algorithm 2. A scheme indicates whether a store
is delivered or not in each period, so there are 2T possibilities at most. For each possibility, we calculate the on-hand inventory and
lost sales in Step 1 and 2. In Step 3, we check the inventory capacity constraint and skip the violating scheme. Note that S di ti is the
upper bound of Iti (on-hand inventory at the end of period t) under the proactive coordination strategy. In Step 4, we bookkeep the
rest of variable vectors. Finally, in Step 5 the scheme cost is calculated and the scheme is added to the scheme set.

Table 11
Percentage of lost sales in total demand: =N 40.

Demand type RMI Passive coordination Proactive coordination VMI

Stable ( = =0, 0) 0.21% 0.02% 0.02% 0.01%
Time-dependent ( = =0.1, 0.2) 0.42% 0.03% 0.00% 0.01%
Time-dependent ( = =0.2, 0.4) 0.44% 0.03% 0.03% 0.03%

Avg. 0.36% 0.03% 0.01% 0.02%
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Algorithm 2. Scheme set generation for the proactive coordination strategy

For i :
Set the scheme set to be empty. i .
Initialization. f i0,i0 .

Enumerate all the 2T possibilities.
For :

Step 1. Set scheme i and delivery decision variable wti.
For t :

If t w: 1, 1ti ti . Else: w 0, 0ti ti .
i i· .

Step 2. Calculate the on-hand inventory Iti and lost sales Lti.
For t :

+ +I I w Q d L I w Q dmax { , 0}, max { , 0}ti t i ti i ti ti t i ti i ti1, 1, .
Step 3. Check the feasibility of the on-hand inventory Iti.

For t :
If >I S dti i ti: Goto Step 6.

Step 4. Bookkeep the vectors of fti (fulfillment), rti (advance delivery), and yti (order placement).
For t :

If >I s f y: 0, 0t i i ti ti1, .
If ==w r1: 1ti ti . Else: r 0ti .

Else if ==f r y0: 0, 1t i ti ti1, .
If ==w f1: 0ti ti . Else: f 1ti .

Else: r y0, 0ti ti .
If ==w f1: 0ti ti . Else: f 1ti .

Step 5. Obtain the cost of i and add it to i.
= + + ++G p L p Q r p Q f T t h Q w( ) [ ( 1 ) ]i t

s ti T i ti T i ti i ti0 .
{ }i i i .

Step 6. Go to next possibility.
Return i,i .

Minor modifications have to be made on Algorithm 2 to adapt to the passive coordination strategy. First, “If >I S dti i ti” in Step 3
should be replaced by “If > +I s Q dti i i ti”, since every delivery should be after an order which is placed by s Q( , ) policy. Second, the
“r 1ti ” in Step 4 should be followed by “Goto Step 6”. Because advancing delivery is not allowed under the passive coordination
strategy. Finally, the term p Q rT

i ti in Step 5 should be eliminated.

A.2. Scheme selection

We use the mixed integer program as in (A.1)–(A.5) to reconstruct the delivery plan in case of infeasibility caused by on-hand
inventory at the supplier. The objective function (A.1) minimizes the total scheme cost. Constraints (A.2) maintain the inventory
balance at the supplier. Constraints (A.3) enforce that exactly one scheme is assigned to each store. ik as defined in (A.4) is a binary
variable indicating whether scheme ik is selected. Nonnegativity of I t,t0 , is ensured in (A.5).

Gmin ( )
i k

ik ik
i (A.1)

s.t.

+ =I Q Q I t, ,t
i k

ikt i ik t1,0 0 0
i (A.2)

= i1, ,
k

ik
i (A.3)

i k{0, 1}, , ,ik i (A.4)

I t0, .t0 (A.5)

Appendix B. The model of single-period single-vehicle multi-trip capacitated vehicle routing problem (Mt-CVRP)

The mixed integer program of the Mt-CVRP is as follows. The objective is to minimize transportation cost only in (B.1). Con-
straints (B.2) and (B.3) indicate the stores to be visited or not according to delivery plan t

n
·. Constraints (B.4)–(B.9) are almost the

same as (13)–(18) in the passive CDP model, except that the subscript t is eliminated. Variables are defined in (B.10)–(B.12). But the
maximum working time constraints (19) are not included in the Mt-CVRP, which means the resulted routes t

n may be infeasible. The
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Mt-CVRP is solved by a commercial solver (Gurobi 7.5.1) within a time limit of MMt CVRP.

c umin
i j

ij ij
( , ) (B.1)

s.t.

= =w i1, , 1,i ti
n (B.2)

= =w i0, , 0,i ti
n (B.3)

+ =
< >

u u w i2 , ,
k k i

ki
j j i

ij i
, , (B.4)

=v v Q w i( ) 2 , ,
j

ji ij i i
(B.5)

=v Q w ,
i

i
i

i i0
(B.6)

=v Km Q w ,
i

i
i

i i0
(B.7)

=+v Km,
i

N i1,
(B.8)

+ =v v Ku i j, ( , ) ,ij ji ij (B.9)

w i{0, 1}, ,i (B.10)

m , (B.11)

v v u i j, 0, {0, 1}, ( , ) .ij ji ij (B.12)

Appendix C. Benchmark strategies

In this section, we describe the implementation details of the two benchmark delivery strategies, that is, Retailer Managed
Inventory (RMI) and Vendor Managed Inventory (VMI).

C.1. Retailer Managed Inventory

Under the RMI strategy, the supplier tries to immediately deliver as many orders received from the stores as possible. However,
due to the constraint on the delivery capacity (vehicle constraint and maximum working time in each period), the supplier may have
to postpone the delivery of some orders. The implementation of the RMI strategy is described in Algorithm 3.

At the beginning of period t, store i , generates the order based on the s Q( , )i i policy. The candidate delivery set t is updated
with these orders (Step 1). In Step 2, the weight (urgency) i of an order in t is evaluated in (C.4) based on the potential incremental
cost of the order if it is delayed, which includes the penalty for postponed delivery, lost sales penalty, and the inventory holding cost
at the supplier.

In Step 3, we solve a single-period multi-objective vehicle routing problem (C.1)–(C.3) with constraints (13)–(19) and (22)–(25),
where is replaced with ,t is replaced with current period t{ }, is replaced with +N{0, 1}, and is replaced with

+i j i j N{( , ): , {0, 1}}t . There are three hierarchical objectives: the first objective (C.1) is to deliver as many orders as possible;
the second objective (C.2) is to serve the orders with higher weights i when the supplier has to postpone some orders; the third
objective (C.3) is to optimize the routes. We use the Gurobi function GRBModel.setObjectiveN() with the hierarchical priority setting
to solve this single-period multi-objective vehicle routing problem. The corresponding output is the delivery plan t· and the cor-
responding route set t in period t.

=Z wmax
i

i1
t (C.1)

=Z wmax
i

i i2
t (C.2)

=
+

Z c umin
i j N

ij ij3
, {0, 1}t (C.3)

The on-hand inventory at the stores and the supplier are updated based on the delivery plan t·. The unfulfilled orders are
updated in +t 1, to be reconsidered for delivery in period +t 1 (Step 4).
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Algorithm 3. RMI heuristic

Initialization. Candidate delivery set .1
For t :

Step 1. Update the candidate delivery set based on store orders.
For i and i t :

If I s i: { }t i i t1, .
Step 2. Calculate the weight (urgency) of each order.

For i t :

+ ++ +p Q p d I h Q[ ] .i
T i s ti t i i1, 0 (C.4)

Step 3. Solve the single-period multi-objective vehicle routing problem to obtain t· and t .
Step 4. Update on-hand inventories and the set of unfulfilled orders.

For +i I I Q d: max{ , 0}t ti t i i ti· 1, .
For i I I d: max{ , 0}t ti t i ti· 1, .

+I I Q Qt t i t i0 1,0 0 · .

+t t t1 ·.
Return = t{ , | }t t· .

C.2. Vendor Managed Inventory

Under the Vendor Managed Inventory (VMI) strategy, the supplier has full control over the delivery timing, subject to the store
inventory capacity constraint. That is, the supplier decides the delivery plan to minimize the total transportation cost of the de-
liveries, lost sales penalty at the stores, and inventory holding cost at the depot.

The VMI strategy can be modeled with minor modifications to the passive CDP model (1)–(26). In the objective function (1), we
remove the item for postponed delivery penalty. We then remove the decision variables associated with store orders, namely, x y,t ti ti,
and fti, and the corresponding constraints (6)–(11). In addition, by ignoring the two items on advance and postponed delivery
penalties in G ( )i (Step 5 of Algorithm 2), we can solve VMI using the MIP-H algorithm in Section 5.

However, when we compare VMI with other strategies in Section 6, we need to be able to evaluate the delivery plan of a VMI
solution, considering the advance and postponed delivery with respect to store orders under the same s Q( , )i i policy, i . The
evaluation of the scheme i· of a single store i is described in Algorithm 4, which is similar to Algorithm 2 without the necessity for
feasibility check.

Algorithm 4. Evaluation of G ( )i· of a VMI solution.

Initialization. f 0i0 .
For t :

Step 1. Set delivery decision variable w.
If == w1: 1ti ti . Else: w 0ti .

Step 2. Calculate on-hand inventory Iti and lost sales Lti.
+ +I I w Q d L I w Q dmax{ , 0}, max{ , 0}ti t i ti i ti ti t i ti i ti1, 1, .

Step 3. Make up vectors of fti (fulfillment), rti advance delivery, and yti (order placement).
If >I s f y: 0, 0t i i ti ti1, .

If ==w r1: 1ti ti . Else: r 0ti .
Else if ==f r y0: 0, 1t i ti ti1, .

If ==w f1: 0ti ti . Else: f 1ti .
Else: r y0, 0ti ti .

If ==w f1: 0ti ti . Else: f 1ti .

Return = + + ++G p L p Q r p Q f T t h Q w( ) [ ( 1 ) ]i t
S ti T i ti T i ti i ti· 0 .

Appendix D. Sensitivity analysis on the time limit of the exact solver

In this section, we perform a numerical study on the time limit setting of the exact solver (Gurobi 7.5.1). We set the time limit as
one, two, and four hours. We show the optimality gaps in Columns (3)–(5) of Table D.12. Further, we calculate the improvement of
the optimality gap per additional hour (%/h) in columns (6) and (7). We provide more detailed information on the computational
time by termination and that to obtain the best upper bound in Table D.13.

We observe that, all instances are solved to optimality in less than 50 seconds when =N 20 (Column (4) in Table D.13) and all
instances are solved to optimality within about one hour when =N 30 (Column (10) in Table D.13). Gurobi is unable to solve larger
instances to optimality within four hours and especially, the average optimality gaps remain large in four hours when =N 60.
Overall, we observe that the average optimality gap drops 0.66% (from 9.16% to 8.50%) when the time limit increases from one hour
to two hours and it further drops 1.04% (from 8.50% to 7.46%) when the time limit increases from two to four hours.
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To further investigate the impact of the time limit, we set the time limit as 24 hours and observe the convergence of the optimality
gap. We observe that Gurobi suffers from slow convergence of the upper and/or lower bounds. As an example, Fig. D.7 shows the
convergence plot of the upper and lower bounds of instance N40-1 under the VMI strategy. Gurobi finds the optimal solution with the
total cost of 570.27 already in one hour (3600 seconds). However, the lower bound (565.70) is loose and the corresponding op-
timality gap is 0.80%. So the optimality solution is not recognized. It then takes Gurobi until 7.34 hours (26,440 seconds) to improve
the lower bound to 570.19 so that the optimality gap falls below 0.01% (the default tolerance of Gurobi 7.5.1) and the optimal
solution is recognized. As another example, Fig. D.8 shows the convergence plot of the upper and lower bounds of instance N60-1
under the proactive coordination strategy. We observe that the upper bound drops “rapidly” (to 1218.17) in two hours. The

Table D.12
Comparison on the optimality gaps.

N Strategy Opt. Gap Improvement (%/h)

1 h 2 h 4 h 1–2 h 2–4 h
(1) (2) (3) (4) (5) (6) (7)

20 Passive CDP 0.00% 0.00% 0.00% – –
Proactive CDP 0.00% 0.00% 0.00% – –

VMI 0.00% 0.00% 0.00% – –

30 Passive CDP 0.00% 0.00% 0.00% – –
Proactive CDP 0.22% 0.15% 0.00% 0.07 0.07

VMI 0.31% 0.21% 0.00% 0.10 0.10

40 Passive CDP 0.42% 0.32% 0.23% 0.11 0.04
Proactive CDP 2.47% 2.27% 2.08% 0.21 0.09

VMI 3.03% 2.60% 2.36% 0.43 0.12

50 Passive CDP 9.82% 9.39% 7.42% 0.43 0.99
Proactive CDP 8.38% 6.30% 5.50% 2.08 0.40

VMI 12.30% 9.55% 7.88% 2.75 0.83

60 Passive CDP 25.30% 24.50% 20.89% 0.80 1.80
Proactive CDP 38.01% 35.70% 33.37% 2.31 1.17

VMI 37.16% 36.52% 32.20% 0.63 2.16

Average 9.16% 8.50% 7.46% 0.90 0.71

Table D.13
Time limit: one, two, and four hours.

N Strategy 1 h 2 h 4 h Improvement (%/h)

Opt. gap TTa (s) TUb (s) Opt. gap TT (s) TU (s) Opt. gap TT (s) TU (s) 1-2 h 2-4 h
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13)

20 Passive CDP 0.00% 8 8 0.00% 8 8 0.00% 8 8 – –
Proactive CDP 0.00% 47 14 0.00% 47 14 0.00% 47 14 – –

VMI 0.00% 48 27 0.00% 48 27 0.00% 48 27 – –

30 Passive CDP 0.00% 758 61 0.00% 758 61 0.00% 758 61 – –
Proactive CDP 0.22% 1172 254 0.15% 1892 255 0.00% 3331 2712 0.07 0.07

VMI 0.31% 1491 771 0.21% 2211 771 0.00% 3624 771 0.10 0.10

40 Passive CDP 0.42% 1674 728 0.32% 3114 760 0.23% 5994 749 0.11 0.04
Proactive CDP 2.47% 3600 1055 2.27% 7200 1859 2.08% 14,400 1848 0.21 0.09

VMI 3.03% 3600 1914 2.60% 7200 3772 2.36% 14,400 5492 0.43 0.12

50 Passive CDP 9.82% 3600 2803 9.39% 7200 3585 7.42% 14,400 9815 0.43 0.99
Proactive CDP 8.38% 3600 1652 6.30% 7200 5827 5.50% 14,400 9114 2.08 0.40

VMI 12.30% 3600 3066 9.55% 7200 5460 7.88% 14,400 11,857 2.75 0.83

60 Passive CDP 25.30% 3600 3094 24.50% 7200 5770 20.89% 14,400 10,999 0.80 1.80
Proactive CDP 38.01% 3600 2893 35.70% 7200 5325 33.37% 14,400 13,184 2.31 1.17

VMI 37.16% 3600 3221 36.52% 7200 5921 32.20% 14,400 12,367 0.63 2.16

Average 9.16% 2267 1437 8.50% 4379 2628 7.46% 8601 5268 0.90 0.71

a TT: Time by termination.
b TU: Time to obtain the best UB.
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corresponding lower bound is 808.75 and optimality gap is 33.60%. In four hours, the upper and bounds improve to 1199.87 and
816.09, respectively, resulting an optimality gap of 32.00%. Until 24 hours, the upper bound and lower bounds further improves to
1060.64 and 819.63, respectively, with an optimality gap of 22.70%. From four hours to 24 hours, the upper bound improves
13.13%, but the lower bound only improves 0.43%. In Section 6, we set the time limit of the Gurobi as four hours to ensure
reasonable solution quality within sufficiently long computational time.
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