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Abstract

Understanding how the deformation history affects the retraction dynamics of viscoelastic
liquid films can provide a tool to design materials. In this paper, we investigate the stretching
and retraction of circular viscoelastic liquid films through finite element numerical simulations.
We consider a discoid domain made of a viscoelastic liquid. Its central hole is first ‘closed’ and
then released, being left free to open under the effect of inertial, surface, viscous, and elastic
forces. We perform a parametric study of film retraction, aiming at understanding the effects
of the physical and operating parameters on it. In particular, we consider different viscoelastic
constitutive equations, namely, Oldroyd-B, Giesekus (Gsk), and Phan Thien-Tanner (PTT)
models, and different values of the film initial thickness. For each liquid and geometry,
we investigate the effects of the film stretching rate and of liquid inertia, elasticity, and
flow-dependent viscosity on the dynamics of the hole opening.
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1. Introduction

Studying the retraction of liquid films is
important for both scientific and technologi-
cal purposes, e.g., magma bubbling, aerosol
formation, and foam production [1].

hole
formation retraction

Figure 1: Illustrative image of puncturing of an in-
flated liquid film (bubble) and consequent hole open-
ing (film retraction).

The first observations on film retraction
refer to soap bubbles and date back to the
nineteenth century [2, 3]. More than fifty
years later, it was reported that, when a soap
bubble is punctured, the hole widens, i.e., the
holed liquid film retracts, due to surface ten-
sion (see the illustrative image in Fig. 1). This
happens at an almost constant velocity and
the liquid accumulates in a rim surrounding
the opening hole [4]. After about a decade,
Taylor [5] and Culick [6] independently de-
rived a mathematical expression for such ve-
locity reading uTC =

√
2γ/(ρδ), where γ is

the surface tension between the liquid and the
ambient fluid, ρ is the liquid density, and δ is
the film thickness at puncturing. Notice that
viscosity does not play a role in the scenario
considered by Taylor and Culick. McEntee
and Mysels [7] and Keller [8] experimentally
validated Taylor-Culick theory.

At the end of the twentieth century,
Debrégeas et al. [9, 10] made experiments

on PDMS bubbles, finding that highly viscous
films retract much slower than soap films and
retraction occurs at non-constant velocity. In-
deed, the temporal trend of the hole radius
reads R(t) = R0 exp(γt/(ηδ)), with R0 the
hole radius at film punching and η the liquid
viscosity. In addition, no rim formation was
observed in the retraction of PDMS films.

Almost twenty years ago, Brenner and Gu-
effyier [11] studied by means of the lubrication
theory the widening dynamics of a hole in a
flat (namely, not inflated) liquid sheet, finding
that the rim formation depends on the relative
weight of viscosity, surface tension and iner-
tia. In particular, the rim is observed when
liquid viscosity is low with respect to inertia
and/or surface tension, whereas it does not
appear when viscous effects dominate. Ten
years later, Savva and Bush [12] investigated
the retraction of flat liquid sheets with planar
and circular shapes by the same method, vali-
dating the results from Taylor [5], Culick [6],
and Debrégeas et al..

All the above mentioned papers deal with
Newtonian liquid films, yet viscoelastic liquids
are important in many technological applica-
tions (for example, polymer foaming). Evers
et al. [13] observed that the retraction velocity
of flat thin viscoelastic films initially at rest is
much slower than the one of Newtonian films
due to the intrinsic liquid elasticity. Villone
at al. [14] studied the retraction of initially
stress-free circular viscoelastic films through
direct numerical simulations, explaining the
effects of the competition between inertial
and elastic forces on the phenomenon. With
reference to bubbles, the first experiments
showing an effect of liquid elasticity were car-
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ried out very recently by Sabadini et al. [15]
for very low-viscosity fluids, and evidenced a
hole opening velocity up to 30 times higher
than the Taylor-Culick limit. The observed
increase was attributed to an extra-force re-
lated to the fluid elasticity and acting like an
‘equivalent elastic surface tension’. Recently,
Tammaro et al. [16] experimentally investi-
gated the retraction of viscoelastic bubbles
after puncturing, showing that, depending on
the velocity at which the bubble is inflated, a
different amount of elastic energy is stored by
the liquid film enclosing the bubble that, in
turn, significantly influences the hole opening
velocity when the bubble is punctured. Nu-
merical simulations and a simple theoretical
argument support the experimental findings.

The identification of an explicit link be-
tween the inflation history and the retraction
dynamics of viscoelastic liquid films can pro-
vide a tool to design materials, as in the case of
the different morphologies arising in polymeric
foams [17, 18]. In light of that, in this paper
we carry out a parametric numerical study of
the stretching and retraction of circular vis-
coelastic films at varying the film stretching
rate and liquid inertia, elasticity, and flow-
dependent viscosity, aiming at understanding
the effects of the interplay of the physical and
operating parameters on the phenomenon.

2. Problem outline

The initial geometry of the system investi-
gated in this paper is sketched in Fig. 2a. We
consider a discoid viscoelastic liquid film of
radius L and initial thickness δ0 with a con-
centric hole of initial radius R0. Along the

𝑧 𝑧

𝑅#
𝛿#

𝐿

𝑟𝑟𝛿'

𝑅0

a) b)
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Figure 2: a) Geometry of a discoid viscoelastic film of
radius L and initial thickness δ0 with a concentric hole
of initial radius R0 and curvature radius δ0/2. The
red arrows schematically represent the constant value
−us of the film stretching velocity on Γi at z = 0. b)
Geometry of the film at the end of stretching, where
the thickness has reduced to δ1 and the hole radius
to R1.

film thickness, the hole radius goes from R0 at
the middle of the film to R0 + δ0/2 at the top
and the bottom of the film cross section. The
hole has a uniform initial curvature radius
δ0/2. A cylindrical coordinate system is set
with the origin at the center of the hole (and
the film), the r-axis oriented along the film
radius, and the z-axis oriented along the film
thickness. At r = L, the liquid film is in con-
tact with a cylindrical solid wall. A stretching
is imposed to the film making it ”close” (and
thin). When the film reaches the configura-
tion shown in Fig. 2b, where the hole radius
is equal to R1 and the sheet thickness is equal
to δ1, the imposed stretching is ceased, thus
the hole is left free to broaden under the effect
of inertial, surface, viscous, and elastic forces.

It is worth remarking that the stretching
dynamics considered in our numerical simula-
tions is simplified with respect to the actual
blowing of a bubble, thus, in principle, the dif-
ferences between the two stretching processes
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may affect the amount and distribution of elas-
tic energy stored in the film in the two cases.
For example, here the film is stretched pla-
nar with a constant radial velocity, whereas,
in the ‘real’ experiment, the bubble grows in
space under the action of an inflation pres-
sure. However, if the liquid film is thin with
respect to the bubble radius, in the first stages
after puncturing, the portion of the film in
the proximity of the hole does not ‘feel’ the
curvature of the bubble, from which the idea
of considering a ‘flat’ system. Indeed, our ap-
proach has proved to be able to quantitatively
describe the initial phase of the experimental
retraction of a viscoelastic film enclosing a
bubble, as reported in Fig. 2b of Ref. [16]
for a polyacrylamide film inflated at different
blowing rates. Therefore, our computational
model is suitable to perform in a relatively
easy way a parametric study yielding results
of practical applicability, while the numerical
simulation faithfully reproducing the inflation,
puncturing, and retraction of a bubble would
have been much more complicated to perform.

Assuming that the system is isothermal,
that the volume of the viscoelastic film is con-
stant, i.e., the liquid is incompressible, and
neglecting gravity, the film dynamics is gov-
erned by the mass and momentum balance
equations. We consider three different vis-
coelastic models for the rheological behavior
of the fluid constituting the film, namely, the
Oldroyd-B, Giesekus (Gsk), and exponential
Phan Thien-Tanner (PTT) constitutive equa-
tions [19]. The Oldroyd-B model can describe
viscoelastic liquids with a constant viscosity,
the Gsk constitutive equation commonly de-
scribes the rheological behavior of polymer

solutions, and the PTT model is typically
used for polymer melts. Both the Gsk and
the PTT model predict shear-thinning.

In the stretching phase, we impose a space-
and time-varying velocity field on the film
free surface Γi, i.e., the surface not in contact
with the bounding wall. We point out that,
since Γi deforms due to film stretching, such
velocity varies in space and time, but on the
circumference identified by the intersection
between Γi and the plane orthogonal to z at
z = 0 it only has a constant radial component
(schematically represented by the red arrows
in Fig. 2a) until film stretching ends. We
impose the adherence condition between the
liquid film and the solid wall at r = L in the r -
direction and the perfect slip condition in the
z -direction. When the film stretching ends,
thus the film has reached the configuration in
Fig. 2b, the boundary condition on the film
free surface is replaced by the Young-Laplace
boundary condition. Given the great differ-
ence between the viscosity of the viscoelastic
liquid and that of the surrounding air, the
latter is not considered in the domain, as it is
sufficient to account for its presence through
the surface tension between the two phases
[20]. At the beginning of the stretching phase,
we assume the liquid film to be at rest and
stress-free.

The mathematical model of the system is
made dimensionless by choosing the difference
between the hole radius at the beginning and
at the end of stretching R0−R1 as the charac-
teristic length, the constant modulus us of the
stretching velocity on Γi at z = 0 as the char-
acteristic velocity, the ratio (R0 −R1)/us as
the characteristic time, and η0us/(R0−R1) as
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the characteristic stress, with η0 the zero-shear
viscosity of the liquid. Given these choices,
three dimensionless parameters can be defined:
the Reynolds number Re = ρ(R0 −R1)us/η0
(ρ being the liquid density), which measures
the relative importance of inertial and viscous
forces during film stretching, the Weissenberg
number Wi = λus/(R0 − R1) that gives the
ratio of the fluid relaxation time λ to the
stretching characteristic time, and the capil-
lary number Ca = η0us/γ, which compares
viscous and surface tension contributions (γ
being the surface tension between the liquid
and the ambient fluid). In addition, for Gsk
and PTT models, the viscosity ratio β = ηs/η0
is defined, measuring the relative weight of the
Newtonian, ηs, and non-Newtonian, ηp, con-
tributions to the viscosity of the liquid (with
η0 = ηs + ηp). Therefore, the dimensionless
mass and momentum balance equations read

∇ · u = 0, (1)

∂u

∂t
+ u ·∇u =

− 1

Re
(∇p+ β∇2u+∇ · τ ),

(2)

where u is the liquid velocity field, t is the
time, p is the pressure, and τ is the viscoelas-
tic contribution to the stress tensor. The di-
mensionless Oldroyd-B constitutive equation
reads

Wi
5
τ + τ = 2(1− β)D, (3)

with 5 denoting the upper-convected time
derivative [19] and D = 1

2
(∇u + ∇uT) the

rate-of-deformation tensor. The dimension-
less Gsk constitutive equation can be written

as

Wi
5
τ + τ +

αWi

1− β
τ 2 = 2(1− β)D, (4)

with α the shear-thinning parameter. Finally,
the dimensionless PTT constitutive equation
is

Wi
5
τ +τ +exp

(
εWi

1− β
tr(τ )

)
τ = 2(1−β)D,

(5)
with ε the shear-thinning parameter. The
dimensionless boundary and initial conditions
are

u = us on Γi during stretching, (6)

CaT · n = n∇ · n on Γi after stretching,
(7)

u · n = 0 on Γw, (8)

(I − nn) · (T · n) = 0 on Γw, (9)

u|t=0 = 0,

τ |t=0 = 0,
(10)

where T is the total stress tensor and n is the
outwardly directed unit vector normal to the
boundary. All the quantities appearing in the
following are dimensionless. For the sake of
simplicity, the usual superscript ∗ is omitted.

The equations presented above are solved
by means of a code implementing the finite
element method with an arbitrary Lagrangian
Eulerian formulation; further details can be
found in Refs. [14, 16].
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3. Results

A discoid viscoelastic liquid film with ra-
dius L and initial thickness δ0 has a concentric
hole with initial radius R0 and curvature ra-
dius δ0/2 (see Fig. 2a). The ratio R0/L is
equal to 3/4, whereas three values of the ratio
δ0/L are considered, namely, 0.03, 0.015, and
0.0075. The film is stretched in the negative
radial direction by applying a velocity field
us(r, z, t) on its free surface Γi that at z = 0
only has a constant radial component equal
to −us. The stretching ends when the hole
reaches a radius R1 such that R1/R0 is equal
to 0.02. At this point, the film is released
and retracts under the action of surface, iner-
tial, viscous, and elastic forces. At long times,
it will attain the geometrical configuration
that minimizes its external surface area, yet
with a dynamics depending on the interplay
of the aforementioned contributions, which is
elucidated in the following. All the results
reported in this Section are computed at a
viscosity ratio β = 0.4.

First of all, we investigate an inertialess film
(i.e., at Re = 0) with δ0/L = 0.03. The three
above-mentioned Oldroyd-B, Gsk, and PTT
constitutive equations are considered and for
the Gsk and PTT liquids three values of the
α- (or ε-) parameter are chosen, namely, 0.01,
0.1, and 0.4. For each of these films, three us-
values are considered, yielding Wi = 0.05, 0.6,
and 2.0, respectively. We remark that, since
the main objective of this paper is the study
of the effects of the stretching rate on the dy-
namics of film retraction, we refer to a Weis-
senberg number defined through the stretch-
ing velocity (see above). On the other hand,

another, ‘purely constitutive’, Weissenberg
number could be defined when stretching is
ceased, namely Wi′ = 2λγ/(η0δ1) [14]. For a
film with δ0/L = 0.03, Wi′ ' 200.

Let us first show the morphology of the
liquid film during the retraction. In Fig. 3,
we report a sequence of snapshots, taken every
1.16 units of normalized time tγ/(η0δ1), of the
cross section of a retracting film with δ0/L =
0.03 at Re = 0 and Wi = 0.05. It is apparent
that almost no rim forms at the edge of the
opening hole during the retraction. In other
words, as the hole radius increases in time, the
height of the film increases almost uniformly
along the r-direction.

In Fig. 4, we display the color maps of the
normalized radial component of the liquid ve-
locity ur(η0δ1/(R1γ)) in the film cross-section
and the corresponding radial profiles on the
plane at z = 0 for an Oldroyd-B fluid at Wi
= 0.05 and 2.0 (left) and a PTT fluid with
ε = 0.4 at Wi = 0.05 and 2.0 (right). A
time value at the beginning of retraction is
considered, i.e., tγ/(η0δ1) = 0.1. In all the
four cases, ur is substantially constant in the
sheet section along the axial direction and it
decreases from the maximum to zero in the
radial direction from the hole towards the wall.
The velocity maximum in the Oldroyd-B liq-
uid at Wi = 2.0 is much larger (by about
two orders of magnitude) than the maximum
at Wi = 0.05, while in the PTT liquid with
ε = 0.4 there is only a very slight increase
in the ur-maximum when going from Wi =
0.05 to 2.0 (see the observations on elastic
energy storage below). For what concerns
the ur-profiles, it can be observed that, when
the retraction velocity is ‘low’ (namely, for the
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Figure 3: Time evolution of the cross-sectional shape of a retracting Oldroyd-B film with δ0/L = 0.03 at Re
= 0 and Wi = 0.05.
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Figure 4: First two rows: color maps of the normalized radial component of the liquid velocity ur(η0δ1/(R1γ))
in the film cross-section for a film with δ0/L = 0.03 at Re = 0 and normalized time tγ/(η0δ1) = 0.1. Left:
Oldroyd-B liquid at Wi = 0.05 (a) and 2.0 (b). Right: PTT liquid with ε = 0.4 at Wi = 0.05 (d) and 2.0 (e).
Third row: radial ur(η0δ1/(R1γ))-profiles at z = 0 for a film with δ0/L = 0.03 at Re = 0 and normalized
time tγ/(η0δ1) = 0.1 Left: Oldroyd-B liquid at Wi = 0.05 and 2.0 (c). Right: PTT liquid with ε = 0.4 at Wi
= 0.05 and 2.0 (f).

Oldroyd-B fluid at Wi = 0.05 and for the PTT
fluid), ur first steeply decreases with r, then

a quite abrupt slope change is observed and
it goes to zero with such new slope, whereas,
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when the retraction velocity is ‘high’ (for the
Oldroyd-B fluid at Wi = 2.0), ur decays with a
continuously decreasing slope. These velocity
profiles are qualitatively similar but quanti-
tatively different from the ones proportional
to 1/r reported in [10] for bare viscous bub-
bles. This can be ascribed to the presence of
elasticity in the system considered here.

In the top row of Fig. 5, the temporal
trends of the hole radius R normalized by
the hole radius at the end of film stretch-
ing R1 = 0.02R0 are shown. Results for an
Oldroyd-B liquid (red curve), a Gsk liquid at
increasing α (green curves), and a PTT liq-
uid at increasing ε (blue curves) are reported
for Wi = 0.05 (panel a), 0.6 (panel b), and
2.0 (panel c). In the bottom row, the tem-
poral trends of the hole opening velocity v,
namely, the radial velocity computed on the
film free surface Γi at z = 0, are displayed,
each of panels d-f referring to the same values
of the parameters as the overlying one. Since
inertia is neglected, the hole opening velocity
is normalized by R1γ/(η0δ1) that is the ini-
tial retracting velocity attained by a viscous
film with hole radius R1, surface tension γ,
viscosity η0, and thickness δ1 [9, 10].

The retraction dynamics shows significant
quantitative differences depending on Wi and
α (or ε). It is apparent from Fig. 5a that,
at low Wi = 0.05, the hole radius short-time
trends at varying the fluid and α (or ε) all
almost overlap and stay above the exponen-
tial prediction from Debrégeas et al. [9, 10]
for a viscous film with the same geometry
and viscosity of the viscoelastic liquids con-
sidered here and not subjected to stretching
prior to retraction. In other words, when

the film is stretched before retracting, even
if ‘slowly’, there is an appreciable storage of
elastic energy to be released during retrac-
tion. An intersection between the numerical
curves and the theoretical prediction is seen at
long time because of the presence of the solid
bounding wall in our simulations, whereas an
unbounded film is considered in the theory.
Such behavior is of course reflected in Fig. 5d,
where the hole opening velocity trends are
shown for the same parameters as in Fig. 5a.
It is worth remarking that the velocity trends
all start from a nonzero value as inertia is
neglected.

Moving to the case at Wi = 0.6 shown in Fig.
5b, qualitative differences appear among the
different fluids, highlighting a fluid-property-
dependent effect of film stretching on its re-
traction. Indeed, the red curve representing
the hole radius trend of the Oldroyd-B film
stands above all the others, thus its retrac-
tion is the fastest, whereas, for both the Gsk
and the PTT liquid, it can be observed that
the lower α (or ε) the faster the retraction.
In other words, an increase in α (or ε) deter-
mines a hole opening slowdown. This could be
ascribed to the features of Gsk and PTT con-
stitutive equations, which both predict pro-
gressively more pronounced shear thinning
and strain hardening at increasing α or ε: as
the fluid flow during film retraction is essen-
tially extensional, the higher α (or ε), the
higher the viscosity actually ‘felt’ by the re-
tracting film, consequently the hole opening
can considerably slow down, yet always stay-
ing above the orange curve representing the
exponential prediction for viscous films with
a viscosity equal to the zero-shear viscosity
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Figure 5: Temporal evolution of the normalized hole radius R/R1 (top row) and of the normalized hole
opening velocity v(η0δ1/(R1γ)) (bottom row) of a film with δ0/L = 0.03 at Re = 0 and Wi = 0.05, Ca = 0.02
(a, d), Wi = 0.6, Ca = 0.24 (b, e), and Wi = 2.0, Ca = 0.84 (c, f). In each panel, results for an Oldroyd-B
fluid, a Gsk fluid (at 3 α-values), and a PTT fluid (at 3 ε-values) are shown. The orange line reports the
predictions from Debrégeas et al.. [9, 10]. On the horizontal axis, the time is made dimensionless through
η0δ1/γ. Bottom row: log scale on the horizontal axis.

of our Gsk and PTT fluids. Notice that the
strain-hardening, thus the hole opening slow-
down, of a PTT fluid with a certain ε-value is
stronger than the one of a Gsk fluid with the
same α-value. (In fact, α and ε have the same
physical meaning, but mathematically ‘act’ in
a different way, see Eqs. 4-5.) In addition, a
qualitative difference in the very initial trends

can be identified, since, for the Oldroyd-B liq-
uid, R has a nonzero slope at t = 0, whereas,
for the other liquids, it shows an horizontal
tangent at t = 0, as it is more clearly read-
able from Fig. 5e. By comparing the latter
with Fig. 5d, it is also apparent that, in the
Oldroyd-B fluid, a Wi-increase from 0.05 to
0.6 yields an increase of the initial value of the
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retraction velocity by about 8 times (while
the peak only increases by about 1.5 times
due to the presence of the solid wall arresting
film retraction). In the Gsk and PTT liquid,
such effect is less pronounced at low α and ε
and barely visible when α and ε increase.

Finally, in Fig. 5c, the hole radius trends at
Wi = 2.0 are reported. Analogous comments
as for the case at Wi = 0.6 can be made, but
the quantitative differences among the fluids
are enhanced. In terms of the hole opening
velocity, the behaviors of the Oldroyd-B, Gsk,
and PTT films are displayed in Fig. 5f: for
the Oldroyd-B liquid, a further appreciable
increase in the initial value of the retraction
velocity can be identified with respect to the
cases at lower Wi (see panels d and e). Also
for the Gsk fluid an increment can be de-
tected, yet progressively slighter at increasing
α, whereas the curves for the PTT fluid in
panels e and f appear almost the same. The
initial ‘non-horizontality’ of the v-curve for
the Oldroyd-B film is here more apparent than
at Wi = 0.6.

In summary, given an inertialess film sub-
jected to stretching and then left free to re-
tract, the stretching rate (correspondingly,
the Wi-value) has a considerable effect on
the retraction velocity of a film made of an
Oldroyd-B liquid, an appreciable (yet weaker)
effect on the retraction velocity of a Gsk or
PTT sheet with low α or ε, and an almost
negligible effect on the retraction velocity of
a Gsk or PTT liquid with high α or ε.

As hinted above, the increase of the hole
opening velocity with the stretching rate can
be attributed to the increasing amount of
elastic energy stored by the liquid film dur-

tr(𝒄)
3 500 1000 1500 2000 2500 3000

Wi = 0.05

Wi = 0.6

Wi = 2.0

3 4 5 6 7 8 9 10 11 12 13

Wi = 2.0

Wi = 0.6

Wi = 0.05

b)
PTT, e = 0.4

a)
Oldroyd-B

tr(𝒄)

tr(𝒄)
3 40 60 80 100 120 170140

Figure 6: Color maps of the trace of the conformation
tensor tr(c) in the film cross section at the beginning
of the retraction of a film with δ0/L = 0.03 at Re =
0. a) Oldroyd-B liquid. b) PTT liquid with ε = 0.4.
In both panels, the top, middle, and bottom images
correspond to Wi = 0.05, 0.6, and 2.0, respectively.
In panel a, the top map has a different color scale.

ing the stretching phase, acting as a driving
force for film retraction [16]. A quantifica-
tion of such energy can be provided by com-
puting the trace of the conformation tensor
c = (λ/ηp)τ + I [19]. In Fig. 6, we show the
color maps of such quantity in the film cross-
section right at the end of the stretching phase
for Wi = 0.05 (top), 0.6 (middle), and 2.0 (bot-
tom) for the Oldroyd-B liquid (panel a) and
the PTT liquid at ε = 0.4 (panel b). For an
Oldroyd-B liquid, it readily appears by com-
paring the three maps that, as the stretching
rate (i.e., Wi) increases, the amount of elastic
energy stored by the liquid sheet increases by
an order of magnitude, which, in turn, results
in an increase of the initial hole opening ve-
locity by an order of magnitude. Notice that
the tr(c)-color scale in Fig. 6a ranges from 3
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(unloaded fluid) to 3000, but a different color
scale is used in the map at Wi = 0.05 in order
to highlight the tr(c)-distribution (that would
be totally ‘flattened’ if the ‘complete’ color
scale was used). On the other hand, from
Fig. 6b it is apparent that, for a PTT liquid
with ε = 0.4, increasing Wi has very weak
effect on the quantity of elastic energy stored
by the film at the end of stretching. More-
over, the comparison of the tr(c)-maps for the
two different fluids show that, given Wi, the
quantity of elastic energy stored by the PTT
fluid is almost negligible with respect to the
one stored by the Oldroyd-B fluid. Indeed,
the retraction of a PTT film at ε = 0.4 is
always slower than the one of an Oldroyd-B
film and almost independent of the stretching
rate (see Fig. 5). Such a significant difference
can be attributed to strain-hardening, which
affects the dynamics of the PTT film in two
ways, since it causes major viscous dissipation
of elastic energy during retraction, but also
during film stretching, as indicated by the
substantial invariance of the tr(c)-field at the
end of stretching with respect to Wi reported
in Fig. 6b.

Let us now consider the effect of the film
geometry on its retraction. In the top row
of Fig. 7, the trends of the normalized hole
radius R/R1 as a function of normalized time
tγ/(η0δ1) are shown for an Oldroyd-B liquid
(red curves) and a PTT liquid with ε = 0.4
(blue curves) at Re = 0 and Wi = 0.05
(panel a), 0.6 (panel b), and 2.0 (panel c).
In each panel, three δ0/L-values are consid-
ered, i.e., 0.03, 0.015, and 0.0075. Corre-
spondingly, in the bottom row, the temporal
trends of the normalized hole opening velocity

v(η0δ1/(γR1)) are displayed, each panel being
characterized by the same parameter values
as the overlying one.

It is apparent from Fig. 7 that changing the
geometrical parameter δ0/L does not alter the
qualitative behavior of film retraction shown
in Fig. 5 neither for the constant-viscosity
Oldroyd-B liquid nor for the strain-hardening
PTT liquid. From the quantitative point of
view, some differences arise in the retraction
of the Oldroyd-B film. Indeed, the thinner the
film the higher its retraction velocity (and the
earlier its interaction with the solid wall, as
indicated by the v-peak shifts in the bottom
row of Fig. 7). Such differences become in-
creasingly significant at increasing the stretch-
ing rate (thus, Wi). Therefore, it can be in-
ferred that, given all the other parameters, the
elastic energy stored per unit volume by an
Oldroyd-B film increases at decreasing δ0/L.
This is supported by the tr(c)-maps in the film
cross section at the beginning of hole opening
displayed in Fig. 8 for Re = 0, Wi = 2.0, and
δ0/L = 0.03 (top) and 0.0075 (bottom). On
the other hand, the retraction of a film made
of a PTT fluid at ε = 0.4 is almost invariant
with respect to film thickness (the blue curves
in Fig. 7 almost overlap regardless of Wi and
δ0/L).

Finally, let us investigate the effects of iner-
tia. As in the literature theoretical predictions
are available for the retraction of a liquid sheet
in the presence of inertia [5, 6], a different nor-
malization of our results is possible when Re
is nonzero. In Fig. 9, we plot the normalized
hole radius R/R1 (top row) and the retrac-
tion velocity normalized by the Taylor-Culick
velocity v/uTC (bottom row) as a function of
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Figure 7: Temporal evolution of the normalized hole radius R/R1 (top row) and of the normalized hole opening
velocity v(η0δ1/(R1γ)) (bottom row) of a film at Re = 0 and Wi = 0.05 (a, d), 0.6 (b, e), and 2.0 (c, f). In
each panel, results for an Oldroyd-B fluid and a PTT fluid at ε = 0.4 are shown for δ0/L = 0.03, 0.015, 0.0075.
On the horizontal axis, the time is made dimensionless through η0δ1/γ. Bottom row: log scale on the
horizontal axis.

time normalized by the inertial characteristic
time (ρδ31/(2γ))1/2 for an Oldroyd-B film and
a PTT film with ε = 0.4 at Re = 1 (left col-
umn) and 5 (right column). The ratio δ0/L is
equal to 0.03 and, in each panel, three values
of the Weissenberg number Wi are considered,
namely, 0.05, 0.6, and 2.0.

At Re = 1, for both the Oldroyd-B and
the PTT liquid, the R/R1-trend at low Wi =

0.05 starts slightly below the Taylor-Culick
prediction for a circular film not subjected
to stretching prior to retraction (Fig. 9a).
This can be explained by taking into account
that, even if the film considered in our sim-
ulations is subjected to stretching making it
store elastic energy that, in turn, accelerates
retraction, there is also viscous damping that
hinders hole opening. Therefore, as at Wi
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𝛿"/𝐿 = 0.03

𝛿"/𝐿 = 0.0075

tr(𝒄)
3 150002000 4000 6000 8000 10000 12000

Figure 8: Color maps of the trace of the conformation
tensor tr(c) in the film cross section at the beginning
of the retraction of a film made of an Oldroyd-B liquid
at Re = 0 and Wi = 2.0. Top: δ0/L = 0.03, bottom:
δ0/L = 0.0075.

= 0.05 the elastic energy storage is modest,
the overall effect yields a retraction slower
than the one predicted by Taylor and Culick
for an inviscid liquid, thus not subjected to
viscous damping. At ‘long’ time, when Wi
is low, for both the Oldroyd-B and the PTT
liquid the hole opening trends become non-
monotonic. More specifically, at Wi = 0.05,
R/R1 has an overshoot, followed by a couple
of small damped oscillations, thus, when iner-
tia is non-negligible, a viscoelastic liquid film
can ‘bounce’ while opening. (Of course, the
presence of the solid wall at r = L is a nec-
essary condition for the rebounds to appear.)
On the other hand, for both the Oldroyd-B
and the PTT liquid, increasing Wi make film
retraction accelerate (as expected) and make
rebounds disappear. A qualitative change of
the retraction velocity profile with respect to
the case at Re = 0 is apparent by comparing
Figs. 9 and 5. Indeed, while in the case with
negligible inertia v starts from a nonzero value
and steeply increases to a maximum, when
Re is nonzero, v starts from zero and progres-
sively increases. At Wi = 0.05, for both the
Oldroyd-B and the PTT fluid, v attains an al-
most constant value slightly below the Taylor-
Culick velocity, which is held until the hole

does not feel the wall, where the retraction
velocity decays to zero and can also become
negative because of film rebounds. When Wi
increases, an interesting qualitative difference
between the behaviors of the Oldroyd-B and
the PTT film can be caught from Fig. 9. The
retraction velocity of the PTT film monoton-
ically increases from zero to an asymptotic
level and then decays because of the interac-
tion with the bounding wall. On the other
hand, the retraction velocity of the Oldroyd-B
film first reaches a maximum, then it decays
and rises again to another (lower) maximum,
and finally decays to zero. By the way, for
both the constitutive equations it can be ob-
served that, when film stretching is sufficiently
fast, i.e., Wi is sufficiently high, the hole open-
ing velocity of a viscoelastic film can largely
overcome the Taylor-Culick velocity, which
is, on the contrary, the limiting value for the
retraction velocity of a film not subjected to
preliminary stretching [14]

Moving to Re = 5, no significant qualitative
differences can be observed with respect to
the case at Re = 1, so analogous comments
can be made. From the quantitative point of
view, wider damped oscillations are visible at
low Wi and a slight acceleration in the retrac-
tion is seen at any given Wi. In this regard, it
can be observed that the ‘constitutive’ ratio
of the inertial to viscous effects during relax-
ation, which could be measured by evaluating
ργδ1/η

2
0, is five times larger at Re = 5.0 than

at Re 1.0, thus increasing the contribution to
the retraction velocity due to fluid inertia.

In Fig. 10, we show the color maps of tr(c)
in the film cross section, the color maps of
the normalized radial component of the liquid
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Figure 9: Temporal evolution of the normalized hole radius R/R1 (top row) and of hole opening velocity
normalized by the Taylor-Culick velocity v/uTC (bottom row) of a film with δ0/L = 0.03 at Re = 1 (a, c)
and 5 (b, d). In each panel, results for an Oldroyd-B fluid and a PTT fluid with ε = 0.4 are shown at Wi =
0.05, 0.6, and 2.0. The green line reports the predictions from Taylor [5] and Culick [6]. On the horizontal
axis, the time is made dimensionless through (ρδ31/(2γ))1/2.

velocity ur/uTC in the film cross-section, and
the corresponding ur/uTC(r)-profiles on the
plane at z = 0 for a film with δ0/L = 0.03 at
Re = 5. Results are shown for an Oldroyd-B
liquid and a PTT liquid with ε = 0.4 at Wi

= 0.05 and 2.0.

First of all, a qualitative difference is read-
ily observed in the retracting film morphology
with respect to the inertialess case (see Figs. 6-
4), namely, the formation of a rim at the edge
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Figure 10: Color maps of the of the trace of the conformation tensor tr(c) in the film cross section, color maps
of the normalized radial component of the liquid velocity ur/uTC in the film cross-section, and radial ur/uTC-
profiles at z = 0 for a film with δ0/L = 0.03 at Re = 5. For Wi = 0.05, snapshots are taken at normalized
time t(2γ/(ρδ31))1/2 = 7; for Wi = 2.0, snapshots are taken at normalized time t(2γ/(ρδ31))1/2 = 1.5.

of the liquid film (as already reported in the
literature dealing with the retraction of New-
tonian and viscoelastic films in the presence of
inertia [12, 14]). The rim shape is influenced
by the Wi-value, as at low Wi = 0.05 its cross
section is ‘more circular’, whereas at high Wi
= 2.0 the rim connects ‘more smoothly’ with
the flat portion of the film. The ur/uTC color
scales show that, for all the parameter sets
considered in Fig. 10, the liquid velocity is
significantly different from zero only in the
rim, yet with a qualitative difference between
the low- and the high-Wi case. Indeed, at
Wi = 0.05, ur varies along both the radial
and the axial direction in the rim, whereas,

at Wi = 2.0, ur is substantially constant in
the rim along the axial direction (especially
in the PTT liquid), this being more similar to
the inertialess case discussed above. At equal
values of the other parameters, like in the iner-
tialess case, the velocity level in an Oldroyd-B
film is always higher than in a PTT film with
ε = 0.4, which can be connected to the tr(c)-
maps showing that the elastic energy storage
in an Oldroyd-B liquid is much higher than
in a PTT liquid.

4. Conclusions

In this paper, we investigate through finite
element numerical simulations the stretching
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and retraction of a discoid viscoelastic liquid
film with a hole in its center. A paramet-
ric study is carried out at varying the film
stretching rate and liquid inertia, elasticity,
and flow-dependent viscosity, aiming at un-
derstanding the effects of the interplay of the
physical and operating parameters on the phe-
nomenon. Variations in the film geometry are
also considered.

Given a viscoelastic film subjected to
stretching and then left free to retract, in-
creasing the stretching rate yields an increas-
ing retraction velocity. Such effect is conspic-
uous in films made of a constant-viscosity
Oldroyd-B liquid, slighter in Giesekus or
Phan Thien-Tanner sheets with weak strain-
hardening, and almost negligible in non-
constant-viscosity films with strong strain-
hardening. These findings can be explained
in terms of the different features of such flu-
ids with respect to storage and dissipation of
elastic energy during film stretching.

In Oldroyd-B films, reducing the ratio of
the film initial thickness to its radius enhances
the retraction velocity.

When inertia is relevant, for both the
constant-viscosity and the strain-hardening
viscoelastic fluids it can be observed that,
when film stretching is sufficiently fast, the
retraction velocity can largely overcome the
Taylor-Culick velocity, which is, on the con-
trary, the limiting value for the retraction of a
film not subjected to preliminary stretching.
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