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Summary

Bridging scales in the mechanics of engineering materials is one of the major
challenges in understanding and designing materials bottom-up. Various
classes of engineering problems exist in which the scales involved strongly
interact, naturally violating scale separation limits and hence compromis-
ing the applicability of conventional multiscale homogenization schemes.
This PhD thesis aims at lifting the existing limits in terms of scale separa-
tion through the development of a scale-dependent homogenization scheme
that incorporates the relative size of the microstructure. A novel homog-
enization strategy is developed based on detailed understanding of the
additional effects that appear at small scale separation. The major part of
the work focuses on a class of nonlinear metamaterials, which exhibit pattern
transformations, for which a micromorphic computational homogenization
framework is developed that can accurately predict the response even for
problems with extremely low scale separation.

As a precursor, linear elastic microstructures are first considered, for
which rigorous analysis can be made. It is observed that the classical homog-
enization techniques that are effective for materials with a large difference
between the size and spacing of the underlying heterogeneities and the
structural problem dimensions (i.e., large scale ratios), become inaccurate
at low scale separation even for linear problems. To remedy this, an asymp-
totic homogenization scheme is explored, since it naturally decomposes the
microstructural fluctuation fields in to higher orders. The scale separa-
tion limits are systematically assessed for periodic two-dimensional elastic
two-phase composite materials and compared against reference solutions
using full-scale numerical simulations (Chapter 2). It is shown that the
zeroth-order classical homogenization solution significantly deviates from the
exact solution below a certain scale ratio for a given microstructure. Below
this limit, the higher-order asymptotic homogenization solutions provide a
clear improvement, even for ratios which are close to unity, i.e. the limit
of no scale separation. As the separation of scales reduces, more and more
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higher-order terms must be taken into account to achieve the same accuracy.
The homogenization problem is then extended to a nonlinear case where

mechanical metamaterials, consisting of periodic microstructures with a
square grid of holes in an elastomeric matrix, are studied (Chapter 3).
These materials exhibit reversible microstructural pattern transformations
resulting from local buckling instabilities of the underlying microstructure.
Two distinct loading cases are explored: compression and bending, in which
the material exhibits pattern transformation in the whole structure or only
partially, respectively. In the compression case, the top and the bottom
edges of the specimens are fully constrained, which introduces boundary
layers with restricted pattern transformation. In the bending case, the
top and bottom edges are free boundaries resulting in compliant bound-
ary layers, whereas additional size effects emerge from the imposed strain
gradient. For comparison, the classical computational homogenization so-
lution is computed and shown to match well with the ensemble averaged
full-scale numerical solution for very large scale ratios. For smaller scale
ratios, where a size effect dominates, the classical homogenization no longer
applies, which stems mainly from the inability to capture long-range fluctu-
ations communicating across individual microstructural cells. In order to
reflect for this phenomenon in a homogenization scheme, a novel ansatz is
proposed that decomposes the kinematics into three parts, i.e. a smooth
mean displacement field, a long-range correlated fluctuating field, and a
local microfluctuation part (Chapter 4). With this decomposition, a ho-
mogenized solution is defined by ensemble averaging the solutions obtained
from a family of translated microstructural realizations. Minimizing the
resulting homogenized energy, a micromorphic continuum emerges in terms
of the average displacement and the amplitude of the patterned long-range
microstructural fluctuation fields. Since full integration of the ensemble
averaged global energy is computationally prohibitive, a more efficient ap-
proximative computational framework is developed. The framework relies
on local energy density approximations in the neighborhood of the consid-
ered Gauss integration points, while taking into account the smoothness
properties of the effective fields and periodicity of the microfluctuation
pattern. The potential of this framework is demonstrated by comparing its
predictions against full scale simulations and it is shown to capture the size
effects with a high degree of accuracy.

The performance of the micromorphic computational homogenization
framework is further evaluated for the case of metamaterials with hexagonally
stacked voided periodic microstructures, which have been shown to exhibit

ii



three distinct patterning modes under different loading conditions (Chapter
5). To this end, three long-range spatially correlated fluctuation fields are
introduced in the solution ansatz, in addition to the smooth field and the fast
fluctuating term. The homogenization framework is shown to capture all the
three patterning modes. Finally, mixed-mode loading cases are performed
and the results obtained from the homogenization framework are validated
against full-scale numerical simulations.
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Introduction

Homogenization methods fundamentally serve to bridge the scales in the
mechanics of engineering materials, which is one of the major challenges
in understanding and designing materials bottom-up. These methods link
the materials science community to the field of mechanics of materials. All
materials are heterogeneous at some scale, but for modeling at engineering
scales it is necessary to replace them by equivalent homogeneous materials.
This rather intricate process of obtaining analogous homogeneous material
properties based on the mechanics of the underlying microstructure, is
termed multiscale homogenization. Such methods have been used for several
decades to predict the averaged homogeneous response of materials ranging
from classical brick masonry to modern metamaterials with exotic properties.

1.1 Homogenization frameworks

Several classes of multiscale homogenization methods exist. They can be
broadly divided into two categories: closed-form homogenization methods
and computational homogenization methods.

One of the most rigorous closed-form homogenization approaches, among
the vast amount of homogenization methods available in the literature,
is asymptotic homogenization – also called as periodic or mathematical
homogenization, or mathematical averaging [6, 8, 9, 17, 20, 23, 38, 43, 55, 75,
84, 85, 93]. The mathematical theory of asymptotic homogenization makes
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use of asymptotic expansions of the field variables of the full-scale problem to
split it into separate microstructural and macrostructural problems. Solving
the former allows one to compute the effective properties of the equivalent
homogeneous medium, as required for the macroscale problem. This method
works well for periodic microstructures, for which closed-form solutions can
be obtained. The conventional “zeroth-order” asymptotic homogenization,
which considers only the first term in the asymptotic expansion, results in a
scale-independent macroscopic solution.

Computational homogenization methods [37, 42, 57, 58, 66, 68] entail the
solution of a microscale boundary value problem at every macroscopic point
to retrieve the averaged macroscopic constitutive response, which is used
in a concurrent macroscopic simulation. For non-periodic microstructures,
the smallest possible statistically representative volume element (RVE) is
generally considered. The conventional first-order computational homoge-
nization considers only the first gradient term in the Taylor expansion of the
deformation gradient and results in an RVE size-independent macroscopic
response.

1.2 Limitation: scale separation

The conventional homogenization methods typically assume the size of the
microstructure to be infinitely small compared to the macroscopic dimen-
sions, termed as separation of scales. It commonly reads as ` � L, where `
represents the typical length scale characteristic of the microstructural het-
erogeneity and L the length scale over which the macroscopic field variables
vary in space. However, there are various classes of engineering problems
in which the scales strongly interact, which naturally violates the scale
separation limits and hence compromises the applicability of the existing
multiscale analysis techniques in their classical forms. Some of the limiting
cases where this notion of separation of scales is violated are briefly described
below.

• Localization problems
For macroscopic localization problems, the width of the localization
band (Lloc) can be of the same order as the size of the RVE ` [1,
24, 95]. The ratio Lloc/` introduces a size effect, which conventional
homogenization schemes fail to capture.

• Wave propagation
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For high frequency wave propagation, the wavelength of the propagat-
ing waves (λ) can be of the same order as the characteristic length
scale of the microstructure `, i.e., the ratio λ/` violates the separation
of scales [4, 19].

• Patterning materials
Another relevant problem where this limitation is clearly observed is
the case of pattern transforming mechanical metamaterials [11, 12, 27,
32, 49, 61, 62, 69, 86, 90, 100], which are of interest for applications like
soft robotics [97]. These are usually cellular materials with periodic
microstructures, which upon compression exhibit local buckling of
the microstructural cell walls, resulting in a transformation of the
geometrical pattern. However, stiff or compliant boundary layers
develop to accommodate the applied boundary conditions. The ratio
of the thickness of these boundary layers (Lb) to the size of a single
unit cell, Lb/`, easily triggers a size effect.

The scale separation assumption constitutes one of the key limitations
of classical homogenization methods, as these neglect the long-range fluctu-
ation fields resulting from the kinematical interaction between neighboring
microstructural volume elements. Various higher-order homogenization
frameworks have been proposed in the literature, which help to capture
such non-local behavior. They generally result in some form of nonlocality
of the macroscopic, homogenized equations, either in integral form or as a
result of higher-order gradients of the field variables. At the same time, and
as a consequence, the microstructural length scale ` appears as an intrinsic
length scale in the macroscopic equations. Second-order computational
homogenization [7, 53, 54, 59, 60], for instance, incorporates the gradient
of the macroscopic deformation gradient tensor into the kinematic macro-
micro scale transition. It entails, however, additional complexity through
the solution of a higher-order equilibrium equation at the macroscale, for
which the length scale equals the size of the RVE. Similarly, higher-order
asymptotic homogenization methods [4, 15, 36] incorporate higher-order
terms in the asymptotic expansion of the solution ansatz. This also results
in a higher-order governing equation at the macroscale.

Another class of extended continua has been proposed via generalized mi-
cromorphic theories [30, 34]. Here, additional kinematic fields are introduced
in order to incorporate the underlying microfluctuation fields which are not
captured by standard kinematic variables. The Cosserat continuum [26] is
a well-known example, where the additional kinematic field corresponds to
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local rotations. However, these methods have not yet been explored for the
case of patterning mechanical metamaterials.

Mechanical metamaterials exhibiting complex geometric pattern trans-
formations pose a challenging problem in terms of homogenization. There
are very limited works available in the literature [72, 98], which actually
attempts to homogenize such materials.

1.3 Objectives and research questions

The research performed in this thesis attempts to clearly understand the
limitations of conventional homogenization methods in terms of scale separa-
tion and to propose improved frameworks that can rectify these limitations.
The ultimate goal of this research is the development of a computational
homogenization method for patterning microstructures in mechanical meta-
materials, which takes into account prior knowledge on the geometrical
patterns that the microstructure may assume. To this end, this thesis serves
to answer the following research questions:

• What are the scale separation limits of the classical and higher-order
asymptotic homogenization methods?

• Does ensemble averaging of a family of translated microstructures
provide a better definition of homogenization compared to the conven-
tional volume averaging of a single microstructure?

• What is the influence of the boundary layer thickness for the homog-
enization of patterning materials? How well does the conventional
homogenization methods perform for these materials?

• Can prior knowledge on the geometric patterns that a microstructure
may exhibit be used to develop an accurate homogenization scheme
for such materials?

• Is it possible to homogenize a patterning material with a microstructure
that exhibits multiple distinct geometrical pattern transformations
under different loading conditions?

1.4 Scope and Outline of the thesis

The thesis aims to provide in-depth answers to the research questions
formulated above. Therefore, the thesis is organized as follows:
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In Chapter 2, a quantitative assessment of the scale separation limit
for linear elastic materials is performed on a two-dimensional, two-phase
composite consisting of stiff circular particles in a softer matrix material and
subjected to anti-plane shear. First, reference solutions are created using full-
scale numerical simulations in which a family of translated microstructures
is considered and the ensemble average of their solutions is defined as the
reference solution. Then, asymptotic homogenization is performed using
a single unit cell to obtain the homogenized response and it is compared
with the numerical reference solution. This chapter provides a quantitative
assessment of the limits at which the classical homogenization breaks down
and how, and to which degree, the higher-order terms in the asymptotic
homogenization framework can rectify this for the particular case of elastic
periodic two-phase composites.

The study of size effects is extended to the case of nonlinear patterning
materials in Chapter 3. To this end, hyperelastic materials consisting of
periodic microstructures with a square packing of circular holes, are studied.
These materials exhibit reversible geometrical pattern transformations due
to local elastic buckling instabilities in their microstructure. In order to
investigate size effects in such materials, two distinct loading conditions are
considered in which the pattern transformation is triggered in the whole
structure or only partially. The effect of the boundary layer thickness is
also investigated using two different boundary conditions. The ensemble
averaged numerical reference solution obtained is compared with the classical
homogenization solution and the emerging size effect is detailed.

Chapter 4 presents a novel micromorphic homogenization framework
for the patterning metamaterials studied in Chapter 3. It is shown that
these materials exhibit long-range spatially correlated fluctuation fields. The
conventional “first-order” computational homogenization however cannot
capture the spatial correlations of these periodic long-range fluctuations.
Based on the results of the full-scale numerical simulations, a solution ansatz
is proposed that decomposes the kinematics in to a smooth mean displace-
ment field, a long-range spatially correlated fluctuation field and a local
microfluctuation part. This decomposition is used to define the ensemble
averaged homogenized energy. Upon minimization, it is shown to result in
an emerging micromorphic continuum in terms of the average displacement
and the amplitude of the patterning long-range microfluctuation field. The
results obtained using the micromorphic homogenization are rigorously
compared against the numerical reference solutions.

The performance of the developed micromorphic homogenization scheme

5



is demonstrated for the case of cellular materials exhibiting multiple distinct
pattern transformations in Chapter 5. Here, the patterning material consist
of a microstructure in which holes are stacked in a hexagonal packing in
an elastomeric matrix. Three distinct pattern transformations may be
triggered depending on the degree of biaxiality in the applied loading. To
capture them, three long-range spatially correlated fluctuation fields are
introduced in the solution ansatz, in addition to the smooth field and
the fast fluctuating term. The results for cases in which only one of the
three patterns is triggered, and for mixed-mode cases with multiple pattern
transformations, are discussed.

Finally, in Chapter 6 the main conclusions of the thesis are summarized.
Recommendations for future research exploiting and extending micromorphic
scale-dependent homogenization frameworks are discussed.
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Study of the scale separation limits of asymp-
totic homogenization method

Reproduced from:

Ameen, M.M., Peerlings, R.H.J. and Geers, M.G.D.
A quantitative assessment of the scale separation limits of classical and higher-order
asymptotic homogenization.
European Journal of Mechanics-A/Solids, 2018, 71:89-100.
doi: 10.1016/j.euromechsol.2018.02.011
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Abstract

Classical homogenization techniques are known to be effective for materials
with large scale separation between the size and spacing of their underlying
heterogeneities on the one hand and the structural problem dimensions
on the other. For low scale separation, however, they generally become
inaccurate. This chapter assesses the scale separation limit of classical
asymptotic homogenization applied to periodic linear elastic composite
materials and demonstrates the effectiveness of higher-order homogenization
in stretching this limit. A quantitative assessment is performed on a two-
dimensional elastic two-phase composite consisting of stiff circular particles
in a softer matrix material and subjected to anti-plane shear, as introduced
by Smyshlyaev and Cherednichecko (J. Mech. Phys. Solids 48:1325–1358,
2000). Reference solutions are created rigorously using full-scale numerical
simulations in which a family of translated microstructures is considered
and the ensemble average of their solutions is defined as the homogenized
solution. This solution is used as a reference, which is compared with
the periodic homogenization solution for a range of scale ratios. It is
shown that the zeroth-order classical homogenization solution significantly
deviates from the exact solution below a certain scale ratio for a given
microstructure. Below this limit, the higher-order solutions provide a clear
improvement of the match. Further, the performance of classical and higher-
order asymptotic homogenization solution are evaluated for varying stiffness
contrast ratio between the two phases of the microstructure and error
contours are presented by comparison with full-scale numerical simulations.
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2.1 Introduction

All matter is heterogeneous at some scale, but for modeling at engineering
scales it is convenient to replace it by an equivalent homogeneous material.
Some of the well-known examples are metal alloys, concrete, foams, fibrous
composites and filled polymers. The distinct phases (or orientations) of
their microstructures may respond quite differently to mechanical loading
and hence their deformation is heterogeneously distributed at the fine scale.
However, it is the combination of the different microstructural phases which
governs the overall response of the material to the loading.

Mathematical homogenization is a technique for studying partial differ-
ential equations with rapidly oscillating coefficients, which are typical of the
equations that govern the physics of heterogeneous materials. An important
aspect in the analysis of multi-phase materials is to deduce their effective
behavior (e.g. mechanical stiffness, thermal expansion properties, electri-
cal and magnetic properties, etc.) from the corresponding phase behavior
and the geometrical arrangement of the phases. This concept of rendering
“homogeneous” a heterogeneous material is generally called homogenization.

Among the vast amount of work on homogenization available in the lit-
erature, one of the most rigorous approaches is asymptotic homogenization –
also called as periodic or mathematical homogenization, or mathematical av-
eraging. It was introduced by Bensoussan et al. [9] and Sanchez-Palencia [84].
Other classical contributions have been made in References [6, 85]. Com-
prehensive reviews of its application in the mechanics of periodic materi-
als may be found in References [8, 23, 75]. The mathematical theory of
asymptotic homogenization makes use of asymptotic expansions of the field
variables of the full-scale problem to split it into separate microstructural
and macrostructural problems. Solving the former allows one to compute the
effective properties of the equivalent homogeneous medium, which appear
in the macroscale problem. The approach has had implications in various
applications. Some of the significant ones include the work of Ghosh et
al. [43] which combined asymptotic homogenization theory with the Voronoi
Cell finite element model to develop a multiple scale finite element model
for elastic-plastic analysis of heterogeneous materials. Yu and Tang [101]
developed the variational asymptotic method for unit cell homogenization
to predict the effective properties of periodically heterogeneous materials
and recover the local fields. Some of the other applications are given in
References [17, 20, 38, 55, 93].

Conventional homogenization methods are based on separation of scales,
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given by ` � L, where ` represents the typical length scale characteristic of
the microstructural heterogeneity and L the macroscopic length scale. If
scale separation holds, i.e. the microstructure consists of relatively small
heterogeneities, classical homogenization gives an adequate estimate of the
average macroscopic properties. However, if the size of the heterogeneities
is of the same order of magnitude as that of the macroscopic problem, most
of the classical homogenization schemes are expected to break down. The
requirement of scale separation constitutes one of the key limitations of
classical homogenization, including asymptotic homogenization in its most
common, “zeroth-order” form.

A number of methods have been suggested in the literature to alleviate
the above restriction on the separation of scales. They generally result in
some form of nonlocality of the macroscopic, homogenized equations, either
in integral form or as a result of higher-order gradients of the field variables.
At the same time, and as a consequence, the microstructural length scale
` appears as an intrinsic length scale in the macroscopic equations. The
response of such theories is thus scale-dependent, i.e. predictions depend on
the scale ratio L/`. Gambin and Kröner [36] applied the method of two-scale
asymptotic expansions to the displacement field in periodic elastic structures
and explored the nonlocal contributions in the macroscopic stress–strain
relation in the form of strain gradients up to infinite order. Boutin [15]
studied microstructural effects of periodic elastic composites. It was thereby
shown that the higher-order terms introduce successive gradients of macro-
scopic strain and tensors characteristic of the microstructure, which result
in nonlocal effects. Fish and Chen [31] studied higher-order homogenization
of one-dimensional initial and boundary value problems with oscillatory
coefficients. Smyshlyaev and Cherednichenko [91] proposed an extension
of the classical asymptotic homogenization to provide a rigorous link be-
tween the spatial scale of the heterogeneity and the intrinsic length scale
of a higher-order continuum. Higher-order homogenized equations were
rigorously derived for an infinitely extended periodic elastic medium via a
combination of variational and asymptotic techniques. The higher-order
effective constitutive relations are in agreement with those proposed by phe-
nomenological strain gradient theories. Peerlings and Fleck [79] extended
this method to three-dimensional elasticity and computed the coefficients
of the effective medium for an example problem. Drugan and Willis [29]
studied the homogenization of random linear elastic composite materials
and showed that for two-phase composites with a statistically uniform dis-
tribution of phases, the leading-order correction term to the macroscopically
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homogeneous constitutive equation is proportional to the second gradient
of the ensemble average of strain. This corrected nonlocal constitutive
equation was used to show that, for any volume fraction of the particles, the
minimum RVE size is at most twice the particle diameter for a maximum
error of 5% of the constant overall modulus tensor.

The present work critically investigates the scale separation limit of
classical homogenization and the effectiveness of higher-order asymptotic
homogenization in pushing this limit to smaller scale separations. The
mathematical literature provides rigorous error bounds for classical homog-
enization, as well as for the higher-order correctors – see e.g. [8, 91] and
references therein. Whereas the scaling of these bounds with the scale ratio
is universal, the constants featuring in them generally can only be computed
in closed form for simple microstructures such as laminates (e.g. [15]). This
does not necessarily give engineers a good idea of the magnitude of the effect
of scale ratio to be expected in a realistic setting, and of the ability of the
higher-order terms to better capture this effect. The present contribution
aims to address this question by applying the classical and higher-order
method to a two-phase microstructure and making a comparison with a
rigorous full-scale numerical solution. The authors are unaware of a similar
comparison against such full-scale simulations.

The material considered in this study is an elastic two-phase composite
consisting of stiff particles embedded in a softer matrix. The particle size
and spacing is varied, maintaining the same volume fraction. The particle
spacing defines the microstructural length scale `. Following Smyshlyaev
and Cherednichenko [91], an infinite volume of this composite is subjected
to a periodic body force, with a constant wave length L which represents
the macroscopic length scale. The accuracy of the homogenized equations
is analyzed as L approaches ` – or vice versa. For this purpose, reference
solutions are rigorously generated using full-scale numerical simulations, by
considering an entire family of translated microstructures and then applying
an ensemble average to define the homogenized solution. Such reference
homogenized solutions are created for scale ratios varying from 1 to 10 and
their peak displacement is plotted against the scale ratio. On the other hand,
classical and higher-order asymptotic homogenization are applied and their
predictions of the peak displacement are compared against the numerical
reference solutions. The limits of classical homogenization are analyzed and
the contribution of each higher-order term in addressing this limitation is
identified. The results provide a clear, quantitative understanding of when,
for the elastic two-phase composite considered, the classical homogenization
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breaks down and how, and to which degree, the higher-order terms in the
asymptotic homogenization framework can rectify this.

The chapter is divided into five sections. The next section defines the
problem to be studied, including the material properties, geometry and
applied loading. It also describes the methodology adopted for this work.
Section 2.3 details the reference solutions using full-scale numerical simula-
tions. Section 2.4 deals with the asymptotic homogenization procedure and
compares the predictions obtained using it with the numerically generated
reference solutions. Finally, the chapter closes with conclusions resulting
from the present analysis in Section 2.5.

2.2 Problem description

The problem which is considered here fits in the class of problems considered
by Smyshlyaev and Cherednichecko [91]: an infinite, periodic heterogenous
linear elastic medium in two dimensions which is loaded by a periodic body
force in anti-plane shear – see Fig. 2.1 for a sketch of the problem. The
period of the microstructure gives us the microstructural length scale ` and
the period of the body force, L, is identified as the macroscopic length scale;
hence it is generally expected that ` < L. If in addition it is assumed that
L is a multiple of `, i.e. L/` ∈ N, the present analysis can be limited to a
single period of the macro-problem. The microstructure considered here
is inspired by a two-phase composite consisting of isotropic stiff particles
embedded in a softer, isotropic matrix. However, the stiffness distribution
is regularized to be smooth in order to allow us to solve the problem on a
regular computational grid. The data and results are non-dimensionalized.

2.2.1 Governing equation

The partial differential equation which governs equilibrium of the material
can be written as

∇ ·
(
G (Lx/`+ ζ) ∇u

)
+ F (x) = 0 (2.1)

In this equation, x = (x1, x2) denotes Cartesian coordinates in the plane of
the problem; they have been normalized by the period L of the body force F .
This implies that the present analysis can be limited to x ∈ (0, 1)×(0, 1). The
unknown u(x) is the out-of-plane displacement, again non-dimensionalized by
a characteristic displacement which will be established later, in Section 2.2.3.
The function G(y) characterizes the shear modulus (i.e. stiffness) distribution
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Figure 2.1: Sketch of one period of the infinite two-dimensional problem considered: an
out-of-plane periodic body force, with period L, is applied to a two-dimensional periodic
microstructure with period `, resulting in anti-plane shear displacement. In the particular
case shown, the scale ratio equals L/` = 10.

in terms of normalized coordinates y = (y1, y2). The region Q = (0, 1)×(0, 1)
defines the periodic unit cell of the microstructure; beyond this unit cell
the function G(y) is periodically extended according to G(y1 + i, y2 + j) =
G(y1, y2) with i, j,∈ Z. The multiplication by L/` of its argument x in
(2.1) turns it into an `/L-periodic stiffness distribution in terms of x. The
constant vector ζ ∈ Q defines the position (or “phase”) of the microstructure
relative to the applied body force. This vector for now is arbitrary, but
it will be used below, in Section 2.2.4, to define the family of problems
that needs to be considered to arrive at the homogenized solution. The
gradient operator ∇ = (∂/∂x1, ∂/∂x2) implies differentiation with respect
to the normalized coordinates x; ∇· denotes the divergence. The solution
of (2.1) is made unique by requiring it to satisfy the periodicity conditions
u(x1, 1) = u(x1, 0) and u(1, x2) = u(0, x2) as well as to have mean zero in
the unit cell, cf. Reference [91].

Equation (2.1) immediately highlights the two-scale character of the
problem: the applied loading F varies at the macroscopic length scale unity
in terms of the normalized coordinates x (or L in the corresponding dimen-
sionful coordinates), whereas the stiffness G varies at the microstructural
scale `/L (or `), which is generally expected to be smaller than one. The
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displacement solution u(x) is expected to reflect both influences and hence
to have a “slow” variation induced by the body force and a superimposed
“fast” variation due to the microstructure. The ratio (L/`) will be referred
to as the scale ratio.

2.2.2 Microstructure considered

The microstructural stiffness distribution is inspired by a particle-reinforced
matrix, where the matrix has shear modulus Gm and the particle Gp.
Unless indicated otherwise, the particle is circular, with radius r in terms
of the normalized coordinates y. The transition between the two moduli is
regularized by a cubic interpolation on a thin interphase. Normalized by
the matrix modulus Gm, this renders a smooth stiffness distribution G(y),
which is defined on the unit cell Q as

G(y) =



Gp
Gm

if ρ < a

1 +
(
Gp
Gm

− 1
) [

1 − 3
(
ρ− a

b− a

)2
+ 2

(
ρ− a

b− a

)3
]

if a ≤ ρ ≤ b

1 if ρ > b

(2.2)
where

ρ =
√(

y1 − 1
2
)2 +

(
y2 − 1

2
)2 (2.3)

is the radial distance of the material point from the centre of the particle
and a and b represent the radial distances from the centre of the particle
to the inner and outer interphase boundaries respectively, such that the
thickness of the interphase is given by b−a. Fig. 2.2 shows the shear modulus
distribution for a microstructure with a stiffness contrast of Gp/Gm = 20,
r = 0.3, a = 0.25 and b = 0.35, in terms of a contour plot on the unit cell
(Fig. 2.2(a)) and as a function of the radial coordinate ρ (Fig. 2.2(b)). The
former clearly shows the regions of the stiff inclusion, matrix and the thin
interphase. The above values are the reference values used in all results
presented, unless stated otherwise.

2.2.3 Applied body force

The applied, non-dimensionalized, out-of-plane body force is taken to be

F (x) = sin
(
2πx1

)
sin

(
2πx2

)
(2.4)
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Figure 2.2: (a) Shear modulus distribution on the unit cell, representing a stiff particle
embedded in a soft matrix. (b) Shear modulus G(y) plotted against the radial distance ρ.

It is instructive to observe that for a homogeneous medium with (nor-
malized) shear modulus G(y) ≡ 1, the solution to the governing equation
(2.1) reads, for any value of the translation ζ,

u(x) = 1
8π2 sin

(
2πx1

)
sin

(
2πx2

)
(2.5)

Note that the normalizations adopted so far imply that u is normalized by
F0L

2/Gm, where F0 is the amplitude of the body force. It is expected that
the solutions to the full-scale problem (2.1) have a shape similar to (2.5),
albeit with a superimposed fast fluctuation due to the microstructure.

2.2.4 Homogenization by ensemble averaging

It remains to define the homogenized solution of the full-scale problem
given by Equation (2.1). For this purpose, the work of Smyshlyaev and
Cherednichecko [91] is followed in arguing that the precise position of the
microstructure relative to the macroscopic problem generally cannot be
controlled and that one should therefore consider an entire family of problems
which covers all possible translations of that microstructure. Each of these
realizations is assumed to have the same probability of occurrence. The
homogenized solution is then defined as the ensemble average of the solutions
to each of the translated problems.
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In the case of the double-periodic problem given by (2.1), it is the
position of the microstucture with respect to the period of the applied body
force which is undeterminate. This relative position is characterized by the
translation vector ζ in (2.1). An ensemble of full-scale problems may be
constructed by considering all possible translations ζ ∈ Q. The homogenized
solution can then be written as

ū(x) =
∫

Q
u(ζ)(x) dζ (2.6)

where u(ζ)(x) denotes the solution of Equation (2.1) for a given translation
vector ζ.

Note that the averaging in (2.6) is done pointwise, i.e. for fixed x. It
gives us a rigourously defined, continuous homogenized solution, which does
not depend on ad-hoc assumptions. In particular, it does not introduce any
additional length scale, as for instance a moving volume averaging would
do. This is a useful feature to have when the physical length scales of the
problem, ` and L, are not well separated – the case which is being focussed
in this contribution.

2.2.5 Methodology

In what follows, first reference solutions for the problem detailed above are
generated by numerically solving the full-scale partial differential equation
(2.1) for a finite, but large, number of translations of the microstructure and
averaging these numerical solutions in accordance with (2.6). The process is
repeated for a range of scale ratios L/`. This “brute force” computation of
reference solutions is schematically shown in the left part of Fig. 2.3; details
of the approach and results are given in the next section.

Subsequently, in Section 2.4, periodic homogenization is used to compute
the effective properties of the composite at the conventional, zeroth-order,
but also including higher-order corrections. The corresponding homoge-
nized macro-problems are subsequently solved analytically. This process
is illustrated in the right part of Fig. 2.3. It delivers predictions of the
homogenized solutions, as a function of L/`, which are expected to be
increasingly accurate as more higher-order terms are included – even at low
L/`. These predictions are compared against the numerically computed
reference solutions for the full range of scale ratios L/` considered.
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Figure 2.3: Sketch of the methodology: averaged numerical full-scale solutions (left) of
the full-scale problem (center) are used as a reference to compare the result of higher-order
periodic homogenization (right) against, for a range of scale ratios L/`.

2.3 Reference solutions

Reference solutions are created by performing full-scale numerical simula-
tions of a family of translated microstructures subjected to the periodic body
force (2.4). For each of the translations, the governing partial differential
equation (2.1) of the anti-plane shear problem is solved numerically using
the finite difference method. The family of numerical solutions thus obtained
is subsequently averaged pointwise.

2.3.1 Numerical implementation

For the finite difference discretization the problem domain (0, 1) × (0, 1) is
covered by a square grid of spacing h = 1/n in the directions of x1 and x2.
Discrete grid coordinates (i, j), with i, j = 1, 2, . . . n, refer to the grid points
xij = (ih, jh). A second-order central difference scheme is used to discretize
the governing partial differential equation (2.1), resulting in

1
h

(
G(i+ 1

2 )j
u(i+1)j − uij

h
−G(i− 1

2 )j
uij − u(i−1)j

h

)
+ 1
h

(
Gi(j+ 1

2 )
ui(j+1) − uij

h
−Gi(j− 1

2 )
uij − ui(j−1)

h

)
+ Fij = 0 (2.7)
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for i, j = 1, 2, . . . n. In this equation uij denotes the numerical approximation
of u(x) in grid point xij = (ih, jh), the shear moduliGij are computed taking
into account the translation vector ζ according to Gij = G(Lxij/l + ζ) =
G(iLh/` + ζ1, jLh/` + ζ2), and Fij = F (xij) = F (ih, jh). Periodicity is
enforced by replacing i = 0 by i = n, i = n + 1 by i = 1 and making the
corresponding substitutions for j. To enforce the average to be zero, the
solution is first computed fixing an arbitrary degree of freedom to be zero,
and subsequently subtracting the average of the solution thus obtained.

The numerical solutions reported below are all based on a grid spacing
of 1/80 of the period of the microstructure, i.e. n = 80L/`. Note that this
corresponds with at least 5 grid points across the thickness b−a = 0.1 of the
interphase between particle and matrix. A convergence study, not shown
here, has established that this discretization gives an accuracy which is an
order of magnitude better than the trends which are observed.

The number of translated microstructures considered at each scale ratio
equals the number of grid points per microstructural unit cell, i.e. 80 × 80.
The reference homogenized solutions are thus based on 6400 numerical
solutions for each value of the scale ratio.

2.3.2 Illustration of full-scale numerical solutions obtained

Fig. 2.4 shows a few of the full-scale solutions computed, for a scale ratio
L/` = 10. As expected, each of the displacement solutions exhibits a slow
variation which follows that of the applied body force. The influence of the
microstructure is visible as a fluctuation with a wave length of (L/`)−1 = 0.1.
The positions of the circular particles can clearly be recognized as a relatively
flat region in the displacement solution, due to the higher stiffness of the
particles. Most of the deformation is generated in the bands of matrix
material in between the circular particles. For the case ζ = 0, in Fig. 2.4(a),
the boundaries of the problem domain coincide with such bands and exactly
10 × 10 complete unit cells of the microstructure fit in the problem domain.
In the other solutions shown, for ζ = (0, 0.25) and ζ = (0, 0.5) (Fig. 2.4(b)
and (c), respectively), the circular flat regions associated with the particles
are translated by the vector −`ζ/L.

2.3.3 Influence of the scale ratio L/`

Fig. 2.5 shows cross-sections of all numerical solutions along the line x2 = 1
4 ,

for the scale ratio L/` = 10 considered above, in Fig. 2.5(a), as well as
for smaller ratios of L/` = 3, and 1, in Fig. 2.5(b) and (c). The reference
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Figure 2.4: Full scale solutions computed for a scale ratio of L/` = 10 and different
positions ζ of the microstructure relative to the body force: (a) ζ = (0, 0), (b) ζ = (0, 0.25),
and (c) ζ = (0, 0.5).
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homogenized solutions, obtained by ensemble averaging, are also included for
each scale ratio, as dark solid curves. Note that the case L/` = 1 represents
a complete breakdown of scale separation, as the entire macrostructural
periodic cell (i.e. one wavelength of the body force) contains only a single,
large particle.

Figure 2.5: Cross-sections of all full-scale numerical solutions along the line x2 = 1
4 for

scale ratios equal to (a) L/` = 10, (b) L/` = 3 and (c) L/` = 1. The ensemble averaged
solutions are also shown as dark curves.

It can be observed in Fig. 2.5 that the ensemble averaged, homogenized
solutions are similar between the different scale ratios – a more quantitative
comparison follows below. The individual solutions for different realizations
of the microstructure fluctuate around these averaged solutions. Clearly,
and not surprisingly, the bandwidth of these fluctuations is larger as L/` is
smaller, i.e. as the size of the microstructure increases with respect to the
macroscopic length scale. Whereas for a scale ratio of L/` = 10 it is on the
order of 10% of the peak homogenized solution, it increases to approximately
100% for the case L/` = 1.
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2.3.4 Quantitative comparison of the reference solutions

For a more careful comparison of the homogenized reference solutions
obtained for the different scale ratios, the amplitudes of the ensemble
averaged displacement solutions have been plotted versus the length scale
ratio L/` in Fig. 2.6. The amplitude is defined here as the infinity norm of
the ensemble averaged solution, ||ū||∞, i.e. the maximum absolute value of
ū(x) on the domain. A range of scale ratios 1 ≤ L/` ≤ 10 has been explored.
Data is shown for the circular particles with stiffness contrast Gp/Gm = 20
considered in Fig. 2.4 and 2.5, as well as for circular particles with a lower
stiffness contrast Gp/Gm = 5 and for rectangular particles as indicated in
the diagram. The latter also have a stiffness contrast of 5; no regularization
of the stiffness distribution was used for them (see Section 2.2.2).

Figure 2.6: Amplitude (infinity norm) of the numerically determined homogenized
solutions as a function of scale ratio L/`, for the reference case of a circular particle with
Gp/Gm = 20, the same microstructure but with stiffness contrast Gp/Gm = 5 and a
rectangular particle with Gp/Gm = 5.

To make the trends more visible in Fig. 2.6, some data points have
been included at non-integer scale ratios. For these ratios the macroscopic
problem size has been extended to more than one period of the body force
to accommodate an integer number of microstructural periodic cells in each
direction. For example, the computations for L/` = 1.5 were done on a
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domain (0, 2) × (0, 2) containing 3 × 3 particles.
Let us first consider the result for the reference case of a circular particle

with stiffness contrast Gp/Gm = 20, given by the black markers in Fig. 2.6.
For large scale ratios, L/` ≥ 8 say, the peak homogenized displacement
becomes constant at approximately half of that one would find for the
homogeneous matrix material only, 1/(8π2) ≈ 0.013 – see Equation (2.5).
One indeed expects that in the limit L/` → ∞ the microstructure becomes
so fine relative to the macroscopic problem, that the material effectively
behaves as a homogeneous medium. This is the limit which conventional
homogenization methods are generally based on. As a result, they deliver
homogenized material models (and properties) which are scale-independent,
i.e. which are uninformed about the scale of the microstructure, because
the role of that very scale is neglected in setting up the homogenization.
The diagram shows that, for the linear elastic system studied here, this
may be quite an acceptable assumption for scale ratios as low as L/` = 8 –
depending, of course, on the desired accuracy.

As the scale ratio is reduced below 8, the homogenized response starts to
become scale-dependent. The microstructure interferes with the macroscopic
loading in such a way that even the homogenized solution (and its amplitude
||ū||∞) is affected. The peak homogenized displacement drops to a minimum
of approximately 90% of that for large L/` at L/` = 2. Upon further
reduction of L/`, towards unity, the effect is reduced again and the peak
displacement increases. This fluctuation of the homogenized response as
a function of the scale ratio would not be captured by conventional, scale-
independent, homogenization methods.

The data for circular, but softer particles, with Gp/Gm = 5, confirms
the trend, but shows that its magnitude depends on the stiffness contrast.
For this reduced contrast, the peak displacement at L/` = 2 is only 3.5%
lower than that at L/` = 10. At the same time the curve has shifted upward,
closer to the level which would be obtained for the homogeneous matrix,
because the softer particles result in an overall softer material and hence in
a larger displacement amplitude.

The microstructure with rectangular particles shows a similar trend too.
The smallest peak displacement is in this case found at L/` = 2.5. It is less
than 2% smaller than the value at L/` = 10. Because of the smaller volume
fraction of particles, the amplitude ||ū||∞ of the homogenized displacements
for this case is even larger than that for the same contrast but circular
particles.

The magnitude of the trends observed here and the scale ratios at

22



which they occur, match well with earlier observations in the literature. In
particular, Drugan and Willis [29], based on the leading order correction
term of a higher-order asymptotic expansion (see the next section), conclude
that conventional homogenization, based on only the leading-order term,
is accurate within 5% for scale ratios larger than 2. Based on the full,
numerically computed reference solutions employed here, a deviation which
is about twice as large (10%) at L/` = 2 is found for the larger stiffness
contrast (of 20), whereas at a contrast of 5 the error is indeed within 5%.

It is to be emphasized that, although these effects may be quite small –
perhaps too small to be practically significant – in the elastic regime, one
expects them to be more prominent for non-linear material behaviour of one
or both of the phases. This has for instance been shown recently by Biswas
and Poh [13], who observe a deviation of 16% at a scale ratio L/` = 5 for a
composite of soft elastic–ideally plastic particles in a harder elasto-plastic
matrix.

2.4 Asymptotic homogenization

Asymptotic homogenization is a rigorous method used to compute effec-
tive, homogenized properties for heterogeneous media, thereby yielding
simplified macroscopic models based on geometrically complex, but peri-
odic, microstructural models [8, 9, 84]. It employs a series expansion of
the unknown field to systematically separate the full-scale problem into
a series of microscale problems and a parallel series of macroscale prob-
lems. The microscale problems are formulated on the periodic unit cell
of the microstructure. They use only the geometry and properties of the
microstructure, and are thus independent of the loading and boundary
conditions. Once solved, they allow one to compute effective properties
of the microstructure. The macroscale problems are defined on the prob-
lem domain of the underlying full-scale problem and use its loading and
boundary conditions. However, the microstructure of the full-scale problem
is replaced by a homogenous medium which has the effective properties
obtained from the microscale problems. Solving the macroscale problems
results in an estimate of the homogenized solution of the full-scale problem,
i.e. of the “average”, slowly varying part of its solution.

Conventionally, the asymptotic series is truncated after the leading
terms. This results in a classical macroscopic continuum description at the
macroscale, which is scale-independent. The consequences of taking into
account additional terms of the expansion have been explored in the literature
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– see e.g. References [15, 91]. It results in additional homogenized equilibrium
equations, or a single higher-order equation, which deliver corrections to the
leading-order solution. These corrections are scale-dependent and should
hence, in theory, be able to predict the trends observed in the references
solutions of the previous section – in particular the dependence of the peak
displacement of the ensemble averaged solutions of the double-periodic
reference problem on the scale ratio L/`.

The objective in this section is to compute the effective properties of
the composite considered above – at the conventional, zeroth order as well
as at higher orders, and based on these properties solve the homogenized
macroscopic problems. The resulting homogenized solutions are subsequently
compared with the reference solutions which were obtained numerically in
the previous section. First, however, the construction of the unit cell
problems to be solved and of the corresponding homogenized macroscopic
equations for the double-periodic anti-plane shear problem considered here
are reviewed.

2.4.1 Construction of the microscale and macroscale
problems to be solved

Asymptotic homogenization is founded on the observation that for large
scale separation the inverse of the scale ratio L/` appearing in (2.1), η = `/L,
is a small parameter. Together with the expectation that the solution of this
equation has a fast variation, at scale η, superimposed on a slow variation,
at scale unity, this suggests searching for a solution of (2.1) in the form of a
series

u(x) = u0(x,x/η)+η u1(x,x/η)+η2 u2(x,x/η)+η3 u3(x,x/η)+ . . . (2.8)

where the functions uk(x,y) are periodic with period 1 in x1 and x2, as well
as in y1 and y2. The substitution of x/η for the second argument of each
uk in (2.8) introduces fast displacement fluctuations, at the microscale η,
while the dependence on x via the first argument is slow, at scale unity.

The method proceeds by substituting (2.8) in (2.1) while taking account
of the fact that the gradient operator (as well as the divergence) acts on
both arguments of uk(x,y) according to the chain rule

∇uk(x,x/η) = ∇xuk(x,x/η) + 1
η

∇yuk(x,x/η) (2.9)

where ∇x implies differentiation with respect to the first argument x of uk

and ∇y with respect to the second argument y. One subsequently collects
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terms of equal order of the small parameter η and requires each of these
terms to vanish for independent x and y. Hence, a hierarchy of problems
results, which need to be solved sequentially to compute the unknowns uk.
Details of this development are omitted here for conciseness; the reader is
referred to References [8, 91] for the derivation of the formal asymptotics as
well as its justification, including error bounds.

The procedure as outlined above allows one to establish that the series
expansion (2.8), for a given microstructure translation ζ, should actually
be of the following double-series form:

u(ζ)(x) = v(x) + ηN1(x/η + ζ) · ∇v(x) + η2 N2(x/η + ζ) : ∇∇v(x)T

+ η3 N3(x/η + ζ)
... ∇∇∇v(x)T + . . . (2.10)

where
v(x) = v0(x) + η v1(x) + η2 v2(x) + η3 v3(x) + . . . (2.11)

The leading-order term in (2.10) is a slowly varying function v(x), which itself
is given in terms of a series by (2.11). The remaining terms in (2.10) consist
of products of pth-order tensor-valued microfluctuation functions Np(y)
and (higher-order) gradients of v. They characterize the fast displacement
fluctuations due to interaction of the the applied loading (body force) and the
microstructure. Note that the slow function v in (2.10)–(2.11), as well as the
slow functions vq, are independent of the translation of the microstructure
as characterized by ζ. The fast variations, however, are translated along
with that microstructure by the appearance of ζ in the argument of the
microfluctuation functions in (2.10).

The microfluctuation functions Np(y) are defined as the Q-periodic,
zero-average functions which satisfy the following set of partial differential
equations defined on the microstructural unit cell Q:

∇y ·
[
G(y)

(
∇yN1 + I

)]
= 0 (2.12)

∇y ·
[
G(y)

(
∇yN2 + I N1

)]
+G(y)

(
∇yN1 + I

)
= C̄0 (2.13)

∇y ·
[
G(y)

(
∇yNp + I Np−1

)]
+G(y)

(
∇yNp−1 + I Np−2

)
= C̄p−2 for p ≥ 3

(2.14)

where I denotes the second-order identity tensor and the constant, (p+ 2)th-
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order tensors C̄p are defined as

C̄0 =
∫

Q
G(y)

(
∇yN1 + I

)
dy (2.15)

C̄p =
∫

Q
G(y)

(
∇yNp+1 + I Np

)
dy for p ≥ 1 (2.16)

Note that each of the problems (2.12)–(2.14) requires the solutions of the
two previous problems. These problems must thus be solved sequentially,
for increasing p.

The slow functions vq(x) which contribute to v(x) are the solutions to
the macroscopic partial differential equations

∇x ·
(
C̄0 ·∇xv0

)
+ F (x) = 0 (2.17)

∇x ·
(
C̄0 ·∇xv1 + C̄1 :∇x∇xv

T
0

)
= 0 (2.18)

∇x ·
(
C̄0 ·∇xv2 + C̄1 :∇x∇xv

T
1 + C̄2

... ∇x∇x∇xv
T
0

)
= 0 (2.19)

etc. For the double-periodic composite problem considered throughout this
chapter, they must furthermore be periodic, at the slow scale of unity, and
have average zero. These problems, too, must be solved for increasing
order, as the governing equation for vq features gradients of all vr for which
r < q. Note that the constant tensors C̄p according to (2.15)–(2.16) appear
in these equations as well – they carry the relevant information on the
microstructure to the macro-problems. This implies that in order to solve
for the macroscopic field vq, all C̄p with p ≤ q must be known, which in
turn implies that q + 1 micro-problems need to have been solved first.

The asymptotic expression (2.10)–(2.11) still contains the complete,
full-scale detail of the displacement field. In order to obtain only the coarse-
scale, overall response, the very same reasoning introduced in Section 2.2.4
is called up on and ensemble-average it by employing (2.6). As a result,
due to the fact that the microfluctuation functions have average zero, all
microfluctuation terms vanish and only the leading term remains in (2.10).
This allows us to identify the slow function v(x), given by (2.11), as the
exact homogenized solution: ū(x) = v(x).

In order to be of any practical use, the series (2.11) defining the homog-
enized solution, or, equivalently, the double series (2.10)–(2.11) defining the
underlying full-scale solution, must be truncated. Conventional periodic
homogenization truncates (2.10) after the second and (2.11) after the first
term. It thus requires solving only the leading microstructural problem
(2.12) and the leading macroscopic problem (2.17). The latter may be

26



interpreted as a simple, homogenous elastic problem, in which the tensor
C̄0 characterizes the homogenized elastic (shear) stiffness. Its solution, v0,
is referred to as the zeroth-order homogenized solution. It can be shown
to converge to ū as η → 0. But even for finite, but small η, i.e. η � 1, the
contribution of the higher-order terms in the series is negligible and the
conventional zeroth-order approximation hence is accurate. More precisely,
it can be stated (see e.g. [8] for details) that for a fixed microstructure and
body force there exists a constant C(0), which is independent of η, such that∫ (

v0(x) − ū(x)
)2dx ≤ C(0)η2 (2.20)

In this contribution the case of small scale separation is of specific
interest, for which one would typically have η < 1, but not necessarily η � 1.
In such cases the higher-order terms may cease to be negligible and the
zeroth-order approximation may no longer be accurate, i.e. the right-hand
side (2.20) may become unacceptably large. Higher-order homogenization
alleviates this limitation by including more terms of the series. In terms of
the smooth part v, the Kth-order homogenized solution to the truncated
expansion (cf. (2.11)) is given by

v(K)(x) = v0(x) + η v1(x) + η2 v2(x) + . . .+ ηK vK(x) (2.21)

To determine this higher-order approximation of ū, one needs to solve
K + 1 macro-problems akin to (2.17)–(2.19), each of which is referred
to as homogenized equation of order q. To determine the higher-order
homogenized stiffness tensors in them, K + 1 micro-problems need to be
solved, according to (2.12)–(2.14). Doing so allows one to reduce the error
to (cf. (2.20)) ∫ (

v(K)(x) − ū(x)
)2dx ≤ C(K)η2K+2 (2.22)

Note, finally, that the higher-order homogenized solutions v(K) thus
computed (for K > 0) are scale-dependent: they depend on the scale ratio
via η = `/L appearing in (2.21). This is not true for the conventional,
zeroth-order homogenized solution v(0) = v0, which is independent of η.

2.4.2 Microscale problem solutions and effective properties

The theory summarized above is now put to work on the two-scale problem
defined in Section 2.2. The first requirement is to obtain the microfluctuation
functions Np(y) by solving the unit-cell problems (2.12)–(2.14). For thisa
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finite difference discretization is employed which is fully analogous to that
for the full-scale numerical solutions of Section 2.3, cf. Equation (2.7). A
grid spacing of h = 1/80 is used unless otherwise indicated.

Fig. 2.7 shows one component of each of the first three (tensor-valued)
microfluctuation functions for the reference microstructure of circular parti-
cles with stiffness contrast Gp/Gm = 20. These functions may be thought
of as corrections to the smooth field v due to gradients of v – in particular
∂v/∂x1, ∂2v/∂x2

1 and ∂3v/∂x3
1, respectively.

Once the microfluctuation functions have been computed, the effective
constants of each order are obtained by numerically evaluating the integrals
in (2.15)–(2.16). The symmetric stiffness distribution in the unit cell, as
shown by Smyshlyaev and Cherednichenko [91], results in two simplifications:
(i) symmetry of the effective constants and (ii) all odd-ordered tensors of
effective constants vanish. Hence the effective material tensors of each order
are characterized by only a limited number of independent constants, as
shown in Table 2.1 up to the fourth order for the reference case of circular
particles with Gp/Gm = 20.

Table 2.1: Table of homogenized coefficients of different orders for the composite with
circular particles and Gp/Gm = 20. Components which follow by symmetry or are equal
to zero are not listed.

Zeroth order

C̄11 1.9206

Second order

C̄1111 6.7974 × 10−3

C̄1122 −3.0458 × 10−2

C̄1212 4.6782 × 10−2

C̄1221 −5.6072 × 10−2

Fourth order

C̄111111 2.1015 × 10−4

C̄111122 −7.4913 × 10−5

C̄111212 −3.2913 × 10−3

C̄111221 9.8509 × 10−4

C̄112112 −2.4730 × 10−4

C̄112121 −5.0744 × 10−4

C̄112211 8.9220 × 10−4

C̄112222 7.2381 × 10−5

Fourth order (cont’d)

C̄121112 −2.3508 × 10−3

C̄121121 4.2325 × 10−3

C̄121211 −8.8020 × 10−3

C̄121222 9.3843 × 10−3

C̄122111 −6.0165 × 10−3

C̄122122 6.7974 × 10−3

C̄122212 5.1940 × 10−3

C̄122221 −2.6388 × 10−3

2.4.3 Macroscale problem solutions

Once the homogenized moduli C̄p have been established, the macroscopic
problems (2.17), (2.18), (2.19), etc. may be solved. Given the fact that
these equations have constant coefficients and all odd-order terms in them
vanish (see above), they may easily be solved analytically for the problem
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Figure 2.7: Examples of microfluctuation functions of different orders for the microstruc-
ture with circular particles and Gp/Gm = 20: (a) (N1)1, (b) (N2)11 and (c) (N3)111.
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considered here. Their solutions all turn out to be of the form

vq(x) = Aq sin(2πx1) sin(2πx2) (2.23)

where in addition Aq = 0 for odd q. The computed amplitudes Aq for even
orders, up to an order of four, are tabulated in Table 2.2.

Table 2.2: Non-vanishing amplitudes Aq of the slow variation functions vq for the
reference microstructure with circular particles and Gp/Gm = 20.

A0 6.5944 × 10−3

A2 −4.4667 × 10−3

A4 5.9853 × 10−3

The homogenized solution of order K is now obtained by adding up the
individual vq according to (2.21), resulting in an expression of the form

v(K)(x) = A(K) sin(2πx1) sin(2πx2) (2.24)

with the amplitude A(K) given by

A(K) =
K∑

q=0
ηq Aq (2.25)

Note that this amplitude is scale-dependent, as a result of the fact that the
individual functions vq are multiplied by different orders of η in (2.21). For
K = 0, however, the conventional, scale-independent homogenized solution
v0 is recovered.

2.4.4 Comparison with the reference solutions

The periodic homogenization solutions at different orders as obtained above
are now compared to the reference solution which was computed numerically
in Section 2.3. Fig. 2.8 shows the maximum displacements determined for
each as a function of the scale ratio L/`. The black data points marked
“Reference solution” are the values computed by brute force for the mi-
crostructure with circular particles and a contrast ratio of 20. This data
was earlier reported in Fig. 2.6, but the displacement has now been nor-
malized by that predicted by conventional, zeroth-order homogenization,
||v0||∞ = A0, which is independent of L/`. The fact that the reference
solution approaches 1 as L/` becomes large shows that in this limit the
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conventional homogenization is indeed accurate: for L/` = 10 the difference
is on the order of 1%. As was already observed in Fig. 2.6, the reference
solution drops significantly below this level for scale ratios L/` < 8, reaching
a minimum of approximately 0.9 at L/` = 2.

Figure 2.8: Comparison of the normalized peak homogenized displacement predicted
by higher-order asymptotic homogenization and the numerically determined reference
solution as a function of the scale ratio L/`, for the reference case of a circular particle
with Gp/Gm = 20. The displacements have been normalized by that of the classical,
zeroth-order homogenized solution, ||v0||∞.

The higher-order asymptotic homogenization solutions capture this trend
with increasing accuracy as the order of the approximation is increased. The
second-order solution, in green, clearly predicts the decrease of ||ū|| as L/l
is reduced. This scale-dependent trend is the result of the negative value of
A2 (Table 2.2) combined with the quadratic dependence of the quadratic
corrector term on η = `/L. It however continues to decrease well beyond the
minimum exhibited by the reference solution as L/` → 1. The fourth-order
solution initially follows the same trend, until at L/` ≈ 4 the fourth-order
corrector term in (2.25) starts to become dominant. As a result, this trend
is reversed and a minimum occurs. This prediction, shown in red in the
diagram, is accurate to approximately 1% to a scale ratio as low as L/` = 2.
It is anticipated that the trend for such low scale ratios would be followed
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even more closely if more corrector terms were included in the asymptotic
expansion.

2.4.5 Influence of stiffness contrast

The effect of the stiffness contrast ratio on the classical and higher-order
asymptotic homogenization solutions is now explored, again by comparison
with numerically computed ensemble averaged solutions. Fig. 2.9 shows
the peak homogenized displacements obtained as a function of the contrast
ratio Gp/Gm. The data corresponds to the reference problem consisting of
a microstructure with circular particles at a scale ratio L/` = 2. On the
horizontal axis, the contrast ratio is increased from the homogeneous case
(Gp/Gm = 1) to Gp/Gm = 1000. Note that the latter value is unrealistically
high for most practical materials – it has been selected here merely to
illustrate the trends over a wide range of contrasts. The reference solution,
indicated with a black dashed line, is constructed out of full-scale simulations
followed by ensemble averaging; the computed data points are indicated
with black circles. The data has been normalized by the peak displacement
of the respective classical (zeroth-order) homogenized solution; note that
this normalization depends on Gp/Gm. The predictions made by the higher-
order homogenization of order two and four, also normalized by the classical
homogenized solution, are shown in green and red, respectively. To compute
these predictions, the numerical discretization of the unit cell had to be
substantially refined, down to h = 1/640, in order to ensure converged
higher-order microscale solutions for the highest contrast values.

The normalized reference solution equals 1 at Gp/Gm = 1, as expected.
As the contrast ratio increases, the reference solution decreases significantly
below the classical homogenization solution, reaching a constant value of
approximately 0.84 beyond Gp/Gm = 100. Beyond this value the particle
essentially behaves as rigid. The size effect observed in this limit is 50%
larger than at the reference stiffness contrast Gp/Gm = 20 considered above.
The higher-order homogenization solutions pick up the trend. Quantitatively,
however, they show an increasing error with respect to the reference solution
as the level of contrast is increased. In the rigid-particle limit, the fourth-
order homogenized solution nevertheless still has an error of less than 5%. It
is expected that this error would be further reduced if additional higher-order
terms were taken into account in the homogenization.
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Figure 2.9: Comparison of the peak homogenized displacement predicted by higher-
order asymptotic homogenization and the numerically determined reference solution as
a function of the contrast ratio Gp/Gm, for the reference case of a circular particle at a
scale ratio L/` = 2. The displacement amplitudes have been normalized by that of the
classical, zeroth-order homogenized solution, ||v0||∞.

2.4.6 Influence of inverse stiffness contrast

The case of an inverse stiffness contrast ratio is investigated next, where
the matrix is stiffer than the circular inclusions. The effect of the classical
and higher-order asymptotic homogenization solutions for this case is again
explored, by comparison with the numerically computed ensemble averaged
solution. Similar to the previous case, a finer discretization is adopted in this
case in order to accommodate the higher stiffness contrast between the matrix
and the inclusions. Fig. 2.10 shows the maximum displacements obtained
for each of these homogenized solutions as a function of the contrast ratio
Gp/Gm for the reference problem consisting of a microstructure with circular
particles at a scale ratio L/` = 2. On the horizontal axis, the contrast ratio
is decreased from the homogeneous case (Gp/Gm = 1) to a very low contrast
ratio of Gp/Gm = 0.001. On the vertical axis, the maximum displacements
normalized by the classical homogenization solution is shown. The black
dashed curve denotes the reference solution, i.e. full-scale simulation followed
by ensemble averaging, and the computed data points are indicated with
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black circles. The normalized reference solution equals 1 at Gp/Gm = 1, as
in the case of Fig. 2.9. As the contrast ratio decreases, the reference solution
increases rather slowly till a contrast ratio Gp/Gm = 0.1, after which it starts
to increase significantly above the classical homogenization solution, without
a horizontal asymptote as for the case of stiffer inclusions. This, however, is
due to the applied body force which induces very large deformations inside
the soft inclusions. Note that the stiffness of the matrix is kept a constant
(in all cases). The amplitude of the body force is always kept constant.
Hence, as the stiffness of the particles reduces, the deformation induced
by the body force inside these particles increases. This is reflected in the
trend shown by the reference solution. Even in the limit of an inclusion
becoming a void (i.e. at a very low stiffness), the effective shear modulus of
the homogenized material does not become a constant. This effect can be
potentially avoided by making use of a configuration-dependent body force
(cf. e.g. [63]). For each realization of the microstructure considered, a body
force with a very low magnitude inside the inclusions needs to be applied.
For example, it could be made a function of the shear modulus distribution
for each realization ζ. In general, the configuration-dependent body force
f (ζ)(x) for any given ζ can be given by

f (ζ)(x) = F (x) ∗ ρ (x/η + ζ) (2.26)

where F (x) can be the standard bisinusoidal function and ρ (x/η + ζ)
denotes the realization of the microstructure. F (x) is fixed in space and
varies slowly, while ρ (x/η + ζ) varies at the scale of the microstructure
and shifts with it, bringing in the configuration-dependence. This, however,
deviates from the main goal of this work and is not further investigated
here.

From Fig. 2.10, it can be observed that the classical homogenization
has an error as high as 1500% for Gp/Gm = 0.001. The higher-order
homogenization solutions captures the trend of the reference solution with
increasing accuracy. As the stiffness contrast ratio decreases the second
order solution, in green, predicts the increase of ||ū||∞, yet starts to deviate
from the solution beyond Gp/Gm = 0.01 reaching an error of about 15% at
Gp/Gm = 0.001. The fourth-order solution, in red, predicts the solution
trend rather accurately. Up to a contrast ratio of Gp/Gm = 0.01, the error
is less than 0.1%. Even at a stiffness contrast ratio of Gp/Gm = 0.001, the
error is still less than 2%.
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Figure 2.10: Comparison of the maximum homogenized displacement predicted by
higher-order asymptotic homogenization and the numerically determined reference solution
as a function of the contrast ratio Gp/Gm, for the reference case of circular particles at
a scale ratio L/` = 2. Note that the shear modulus of the matrix Gm is kept constant,
while that of the circular particles Gp is reduced gradually. The displacement amplitudes
have been normalized by the classical, zeroth-order homogenized solution, ||v0||∞.

2.4.7 Error contours

Fig. 2.11 shows the contour plots of the error in the classical homogenization
and the higher-order asymptotic homogenization for a wide range of scale
ratios 1.5 ≤ L/` ≤ 10 and stiffness contrast ratios 1 ≤ Gp/Gm ≤ 1000. Note
that the limit case L/` = 1 is not included in these plots as it represents a
case when homogenization is no longer valid. The relative error, ε, defined
as the relative difference between the corresponding homogenization solution
and the reference solution, is plotted. It is given by

ε(K) = ||v(K)||∞ − ||ū||∞
||ū||∞

(2.27)

Note that a fine discretization is used for the solutions here to accommodate
the high contrast in geometric and material properties considered. A finite
grid spacing of 1/640 of the period of the microstructure is employed for all
the three plots.
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Figure 2.11: Relative error, ε, as a function of the scale ratio L/` and the stiffness
contrast ratio Gp/Gm for the three cases: (a) classical, zeroth order homogenization
solution (ε(0)), (b) second order homogenization solution (ε(2)) and (c) fourth order
homogenization solution (ε(4)).
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From Fig. 2.11(a), it can be observed that the error in the classical
homogenization solution (ε(0)) is negligible for scale ratios larger than L/` =
8 and for stiffness contrast ratios smaller than Gp/Gm = 2. ε(0) starts
to increase for increasing values of stiffness contrast ratio and decreasing
values of scale ratio. The highest error of about 20% is observed for
the range of scale ratios 1.5 ≤ L/` ≤ 2.1 and stiffness contrast ratios
100 ≤ Gp/Gm ≤ 1000. The second order homogenization solution predicts
the reference solution very accurately for all stiffness contrast ratios upto
scale ratio L/` = 2, as can be observed in Fig. 2.11(b). For scale ratios
less than L/` = 2, the error ε(2) grows rather rapidly and reaches a very
high value of about 25% close to L/` = 1.5 and stiffness contrast ratio in
the range of 100 ≤ Gp/Gm ≤ 1000. Note that this high error at low scale
ratios has previously been observed in Fig. 2.8. The fourth order asymptotic
homogenization solution further improves the solution as can be observed
in Fig. 2.11(c). The corresponding error ε(4) is negligibly small below scale
ratio L/` = 2 for any stiffness contrast ratio. Below this scale ratio, ε(4)

increases gradually reaching a maximum of about 10% at L/` = 1.5 and
100 ≤ Gp/Gm ≤ 1000.

2.5 Conclusions

The aim of this work was to investigate the scale separation limit for
homogenizing periodic linear elastic composite materials and demonstrate
the effectiveness of the higher-order asymptotic homogenization method.
A quantitative assessment was performed on a two-dimensional elastic
two-phase composite loaded in anti-plane shear. Reference solutions were
constructed using full-scale numerical simulations where the effective solution
was defined as the ensemble average of the solutions of the entire family
of translated microstructures. These reference solutions show a clear size
effect as the scale of the microstructure approaches the macroscopic scale.
Using the method of asymptotic homogenization, it is shown here that the
zeroth-order (classical) homogenization is independent of the scale ratio, as
expected. Higher-order solutions have been computed, which capture the
scale effect and which predict increasingly accurate solutions for smaller
scale ratios as more higher-order terms are included. The performance
of the classical and higher-order asymptotic homogenization method were
evaluated for varying stiffness contrast ratio between the two phases of
the microstructure. The results were again compared with the full-scale
numerical reference solution and relative error contours were extracted. The
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asymptotic homogenization method predicts the solutions with increasing
accuracy as more higher-order terms are added, for a wide range of stiffness
contrast, even at small scale ratios.

The results provide clear insights into the low scale separation regime
of an elastic periodic two-phase composite. The data presented shows
the limitation of classical homogenization methods and the effectiveness of
higher-order asymptotic homogenization in addressing this limitation. Some
key results from this work are:

1. The classical homogenization solution is accurate (with less than 1%
error for the reference stiffness contrast of 20) only for cases where
the spacing between the particles ` is at least one order of magnitude
smaller than the macroscale length L.

2. Higher-order periodic homogenization is an accurate method for tack-
ling problems in linear elasticity with low scale separation. The scale
separation can actually become as small as L/` = 2 before a significant
difference emerges. At such low scale ratios, higher-order periodic
homogenization solutions can be used to correct the classical solution
with an adequate accuracy.

3. The accuracy of classical and higher-order homogenized solutions
depends mildly on the amount of stiffness contrast. For the particle-
reinforced system considered here, the error increases with stiffness
contrast, until it becomes constant in the rigid-particle limit. For the
fourth-order solution, it remains within 5%, even at an unrealistic
stiffness contrast of 1000. For the inverse stiffness contrast case studied
here, the error increases rather rapidly with inverse stiffness contrast,
without a horizontal asymptote. However, the second-order and fourth-
order solutions still captures this trend accurately. The error in the
fourth-order homogenization solution remains within 2%, even at
Gp/Gm = 0.001.

4. Higher-order periodic homogenization is not constrained by the con-
ventional separation of scales. It enables a relaxed scale separation
constraint ` ≤ L.

Let us finally note that the quantitative results discussed here for a
specific microstructure and loading cannot be generalized rigorously. For
analyzing more complex microstructures, the methodology needs to be
extended for non-periodic microstructures [88]. The qualitative results,
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however, give a clear indication that higher order periodic homogenization
can be made use of in problems with a clear lack of scale separation.
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Abstract

This chapter focuses on size effects in periodic mechanical metamaterials
driven by reversible pattern transformations due to local elastic buckling
instabilities in their microstructure. Two distinct loading cases are studied:
compression and bending, in which the material exhibits pattern transfor-
mation in the whole structure or only partially. The ratio between the
height of the specimen and the size of a unit cell is defined as the scale
ratio. A family of shifted microstructures, corresponding to all possible
arrangements of the microstructure relative to the external boundary, is
considered in order to determine the ensemble averaged solution computed
for each scale ratio. In the compression case, the top and the bottom edges
of the specimens are fully constrained, which introduces boundary layers
with restricted pattern transformation. In the bending case, the top and
bottom edges are free boundaries resulting in compliant boundary layers,
whereas additional size effects emerge from imposed strain gradient. For
comparison, the classical homogenization solution is computed and shown
to match well with the ensemble averaged numerical solution only for very
large scale ratios. For smaller scale ratios, where a size effect dominates,
the classical homogenization no longer applies.

42



3.1 Introduction

Over the past decade, cellular materials have found widespread use in
thermal, mechanical, and acoustic applications. Their mechanical response
is largely influenced by the geometry at the scale of the microstructure. This
has inspired researchers to design microstructures which exhibit anomalous
behavior [see 32]. In particular, architectured cellular materials consisting of
periodically arranged circular holes in an elastomer base material exhibit a
pattern transformation, which is triggered when the applied compressive load
reaches a critical value. As a result of this transformation, the incremental
effective properties of the material change dramatically. Fig. 3.1 shows the
deformation pattern of such a material under combined compression and
shear.
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Figure 3.1: An elastomeric material containing periodically arranged holes is subjected
to a shear deformation along the two lateral edges and a uniform compression along the
horizontal direction. The undeformed geometry is shown on the left and the deformed
geometry on the right.

One of the earlier works on such porous elastomers is presented by [69],
where it is shown that pattern transformations are triggered by a reversible
elastic instability. The onset of instabilities in materials with arbitrary
microstructures for finitely strained, rate-independent solids can be modelled
through Bloch analysis (see [40]). This approach was later extended also
to periodic, microporous, elastoplastic coatings in the work of [89], where
the authors showed that periodic cross-linked microstructures provide the
ability to lock in the transformed pattern with complete relaxation of the
internal stresses.

Because transforming porous elastomers exhibit very different post-
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buckling behavior, they are categorized as mechanical metamaterials. Aux-
etic behavior of such materials is explored in more detail by [12]. Materials
with empty holes or holes filled with hydrogel have been studied by [49],
where the influence of the shapes and geometry of the holes on the mechani-
cal properties was demonstrated. Besides the mechanical properties, their
optical and acoustic properties in the post-bifurcation regime are active
areas of research. [11] studied the phononic behavior of periodic elastomeric
solids and showed that the pattern transformations can give rise to reversible
and repeatable phononic band gaps. [61] studied the optical properties of
2-D elastomeric photonic crystals to design strain-tunable optomechanical
materials for sensing and actuation. [90] reviewed the applications of buck-
ling instabilities in elastic solids, indicating their potential application in
stretchable electronics, phononic crystals, and tunable surfaces, whereas [62]
explored negative swelling behavior in soft architected materials.

Materials whose response to uniaxial compression can be programmed by
lateral confinement are called programmable mechanical materials, a notion
introduced by [32]. [86] explored the behavior of such elastomeric materials
consisting specifically of staggered arrays of holes. The authors showed that
multiple folding mechanisms arise, which can be used to tune the dynamic
properties in phononic crystals. [100] further utilized the nonlinear reversible
collapse behavior of an elastomeric structure consisting of elastic beams and
interconnected cavities to study various motions, which can be exploited
in soft robotics. [27] studied the case of elliptic holes and showed that the
material nonlinearity becomes large in the limit of large and near-circular
holes.

The mechanical behaviour exhibited by pattern transforming elastomers
is significantly influenced by applied boundary conditions. Recall Fig. 3.1,
where an example of a square specimen consisting of 10×10 holes, subjected
to uniform compression along the horizontal direction and a shear along the
vertical direction, is shown. The top and bottom boundaries are left free,
whereas both lateral edges are constrained in horizontal as well as vertical
direction. These constrained edges introduce boundary layers while a band
of pattern-transformed region localizes in one of the diagonal directions
due to applied load. These effects strongly depend on the size of the holes
relative to the size of the specimen, which is a typical size effect. In the
available literature, various kinds of size effects have been studied extensively.
For instance, [5] gives a comparative review of size effects in materials due to
dimensional constraints. [16] studied a reticulated vitreous carbon foam and
showed experimentally that the compressive and bending strength of such
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materials is inversely proportional to the cell size. [35] studied boundary
effects in 1-D bars subjected to uniaxial loads. [76] studied size effects
in metallic foams subjected to various mechanical loading triggered by
plastic buckling in the cell. They showed that for compression, the effective
macroscopic strength and stiffness of such foams decreases with decreasing
sample size. Such a behavior was attributed to the relative increase in
thickness of the weak boundary layers located at the stress-free edges. [18]
studied aluminum foams sandwiched between metallic substrates. They
showed that under constrained deformation, the yield strength increases by
almost a factor of two as the height to width ratio of the foam is decreased
from 20 to 3. It was also reported that regular hexagonal honeycomb foams
do not show this type of size effect.

In contrast to the above listed works focusing mainly on foams and
honeycombs, neither qualitative nor quantitative study of size effects in
transforming porous elastomers (and metamaterials based hereon) has been
provided in the literature. In order to fill this gap, a systematic study of
precisely those kinds of microstructures and their size effects is provided in
this chapter. In particular, a regular periodic mechanical metamaterial which
undergoes reversible pattern transformations is considered. Transformed
patterns induce a characteristic fluctuation in the deformation field, which is
responsible for its anomalous behavior. A hyperelastic material containing
periodically arranged circular holes is adopted. Two distinct loading cases
are studied under plane strain conditions: compression and bending, in
which the material exhibits pattern transformation in the whole structure
or part of the structure respectively. The effect of boundary conditions on
the size effect is explored in detail through fully constrained top and bottom
boundaries (in the case of compression) and free boundaries (in the case
of bending). The ratio between the height of the specimen L and the size
of a unit cell ` is defined as the scale ratio L/`. Since the exact position
of the microstructure relative to the specimen geometry cannot be fully
controlled in most practical applications, all possible translations of the
microstructure are considered for each scale ratio. The ensemble average of
this entire family of solutions is then used to define statistically representative
macroscopic response. For the compression case, the constrained boundaries
introduce boundary layers in which the pattern transformation is restricted.
As L/` approaches unity, the relative thickness of these boundary layers
increases, giving rise to a strong size effect. For the bending case, the
applied load induces a strain gradient resulting in a partial transformation
of the pattern, where the upper (tensile) half of the specimen remains
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untransformed. For comparison, the conventional RVE-based computational
homogenization solution (FE2) is reported. It is shown that good agreement
with the ensemble averaged full-scale numerical simulation is achieved only
for rather large scale ratios. For smaller values of L/`, significant deviations
occur, indicating strong size dependence. Extracting the ensemble averaged
solution as a function of the scale ratio allows to identify the scale separation
limit beyond which conventional homogenization starts to deviate from the
exact solution. A quantitative study on the size effect is also performed by
analyzing the role of the boundary layer thickness.

The contents of this chapter is divided into three sections. The first
one defines the problem to be studied, including its geometry, material
properties, and the boundary conditions used for the two loading cases. It
also details the ensemble averaging scheme used to define the homogenized
solution for a range of scale ratios, and the numerical implementation of the
model by finite element method. The next section, Section 3.3, reports the
detailed results obtained for the case of compression and bending. Finally,
this chapter closes with a summary and conclusions in Section 3.4. For
completeness, 3.A summarizes basic ideas of the first-order computational
homogenization.

Throughout this chapter, the following notation conventions are used:

– scalars: a

– vectors: ~a

– second-order tensors: A

– fourth-order tensors: A4

– matrices: A

– ~a ·~b = aibj

– A ·~b = Aijbj~ei

– conjugate: Ac, Ac
ij = Aji

– gradient operator: ∇~a = ∂aj

∂xi
~ei~ej

– divergence operator: ∇ · ~a = ∂ai

∂xi
.
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3.2 Problem description and methodology

In the following subsections, employed geometry, material properties, and
boundary conditions are detailed. The material and geometry used in both
examples are inspired by the experimental Specimen 1 reported in the work
of [11].

3.2.1 Geometry

The problem considered consists of a two-dimensional, infinitely wide, pe-
riodic, and heterogenous hyperelastic medium subjected to two distinct
loading conditions, see Fig. 3.2. The size of a single unit cell, `, gives the
microstructural length scale, whereas the specimen height, L, is identified
as the macroscopic length scale. In particular, according to [11], unit cell
size ` = 9.97 mm, diameter of holes d = 8.67 mm are chosen. In addition,
only integer number of unit cells per specimens’ height, i.e. L/` ∈ N are
considered here. In total 25 distinct scale ratios will be used, varied such
that 4 ≤ L/` ≤ 128. In all cases, the resulting deformation limits to a 2 × 2
repetitive pattern (cf. Fig. 3.1), allowing us to model only a periodic, 2`×L
large, part of otherwise infinitely wide domain. Throughout the chapter,
a Cartesian coordinate system is used with its origin at the midpoint of
the reduced model domain Ω = (−`, `) × (−L/2, L/2) with boundary ∂Ω,
whereas the actual problem domain is ΩP = (−∞,∞) × (−L/2, L/2) with
boundary ∂ΩP.

3.2.2 Material behavior

The elastomer base material is a hyperelastic material described by a two-
term Mooney-Rivlin model whose strain energy density function W is given
as

W (F ( ~X)) = m1(I1 − 3) +m2(I1 − 3)2 − 2m1 log J + 1
2K(J − 1)2. (3.1)

In this equation, ~X ∈ Ω, ~X = X1~e1 + X2~e2, is the position vector in the
plane of the problem for the undeformed geometry. F = (∇0~x)c defines
the deformation gradient where ~x gives the current position vector and ∇0
denotes the gradient operator with respect to the reference coordinate frame.
J denotes the determinant of F , and I1 and I2 are the invariants of the
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Figure 3.2: Sketch of the specimens subjected to the two loading conditions for (a)
uniaxial compression and (b) bending. Note that the problem domain is defined as ΩP =
(−∞, ∞) × (−L/2, L/2), whereas the model domain is limited only to Ω = (−`, `) ×
(−L/2, L/2) due to periodicity.

right Cauchy-Green deformation tensor C = F c · F , given as

I1 = tr C, (3.2)

I2 = 1
2

[
(tr C)2 − tr C2

]
. (3.3)

The adopted material parameters are given by m1 = 0.55 MPa, m2 =
0.3 MPa, and bulk modulus K = 55 MPa, following again the experimental
characterization by [11].

3.2.3 Boundary conditions

In Fig. 3.2, the applied boundary conditions are schematically shown. For
the compression case, the lateral edges AD and BC are subjected to standard
periodic boundary conditions to model the infinitely wide geometry. These
conditions can be expressed as

~xBC − ~xAD = ~XBC − ~XAD, (3.4)
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where ~XBC and ~xBC denote position vectors of corresponding material points
located on the edge BC in the reference and deformed configuration (similar
definition holds for the edge AD); for further details see e.g. [57]. The bot-
tom edge CD is fully constrained, i.e. fixed in both horizontal and vertical
directions. The top edge AB is fixed in the horizontal direction and is sub-
jected to a uniform (negative) displacement in the vertical direction. These
fixed boundaries first introduce compressive strain throughout the specimen
height L, and later also boundary layers in which pattern transformation
is restricted. The emergence of boundary layers and the influence of their
thicknesses with varying scale ratio is of critical interest in this work. The
vertical reaction force at the bottom edge CD is measured for the applied
compressive strain.

For the bending case, the lateral edges AD and BC are subjected to a
relative rotation θ, combined with periodic boundary conditions, as indicated
schematically in Fig. 2b. Mathematically, this can be written as

~xAD = R(θ) · ~xBC, (3.5)

where R(θ) is the rotation tensor. The material points in the deformed
configuration ~xAD and ~xBC are expressed relative to the center of rotation ~P ,
e.g. ~P = (0,−PX2)T. For implementation purposes, however, and in order
to eliminate the dependence on ~P , Eq. (3.5) is, after discretization, written
for each node located on the edges BC and AD, and subsequently expressed
relatively with respect to each other by pairwise subtraction. The top
and bottom edges, AB and CD, are traction free. To eliminate rigid body
displacements and for further analyses (see Section 3.3.2), two points located
at (±`, 0) are fixed in both directions. These constraints effectively fix the
vertical positioning of the neutral axis, resulting in bending combined with
normal force. The applied angle introduces partial patterning, where the
upper half of the specimen remains untransformed. Near the two free
boundaries, the effect of the compliant boundary layers can be observed.
For characterizing the mechanical response, the resulting bending moment
will be quantified.

3.2.4 Ensemble averaging

Because the exact position of the microstructure with respect to the macro-
scopic specimen cannot be fully controlled in most practical applications, all
possible translations of the microstructure are considered and averaged to
recover a statistically representative response. Whereas the microstructural
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morphology is fixed in space, its position can randomly vary in space accord-
ing to a uniform probability distribution. This is based on the definition
by [91], and demonstrated in the previous chapter (see [2]).

To describe the relative positioning of the microstructure with respect
to the specimen geometry, a constant translation vector ~ζ ∈ Ω is introduced,

~ζ = ζh `~e1 + ζv `~e2, −1 ≤ ζh < 1, −L/(2`) ≤ ζv < L/(2`), (3.6)

where ζh and ζv denote normalized shifts along the horizontal and vertical
directions relative to the unit cell size `. Since the two loading cases
considered are periodic in the horizontal direction, horizontally shifting the
microstructure has no effect other than shifting the solution correspondingly.
As a consequence, statistical ensemble average over all horizontal shifts can
effectively be obtained as a simple spatial average, i.e.

mean P ζv
11 (X2) = 1

2`

∫ `

−`
P ζv

11 (X1, X2) dX1, −L/2 ≤ X2 ≤ L/2, (3.7)

which is independent of the horizontal coordinate X1. In Eq. (3.7), the P11
component of the first Piola–Kirchhoff stress tensor P has been used as an
example. Regarding the vertical shifts ζv, it is sufficient to consider only 0 ≤
ζv < 1 due to the periodicity of the microstructure in the vertical direction
with the period `. The vertical shifts need to be, however, accounted for
computationally, and an example of three realizations out of the entire
family of vertical shifts considered for the scale ratio L/` = 5 is shown in
Fig. 3.3. The final ensemble averaged quantities, averaged over shifts along
both directions and associated with each scale ratio L/`, are obtained as

ensemble average P11(X2) =
∫ 1

0
mean P ζv

11 (X2) dζv, (3.8)

where the P11 stress component has been used as an example again.
All quantities reported below such as the first Piola–Kirchhoff stress P or

the deformation gradient F will be for better clarity provided for individual
vertical shifts ζv in terms of their horizontal averages defined in Eq. (3.7).
To this end, a fixed regular grid of (sampling) points is introduced in the
problem domain Ω with a spacing `/100 along both ~e1 and ~e2 directions, and
the corresponding integrals are always carried out numerically. Inside the
holes, a linear elastic material behavior is assumed, solely for the purpose of
computing the displacements and strains in these regions. Here, the stresses
equal zero, the displacements are interpolated using the linear elastic material
response, and strains are computed as displacement gradients. Note that the
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interpolation is performed as a post-processing step, and all DNS simulations
are carried out with the holes. This interpolation step allows to construct all
quantities in the entire model domain Ω, from which their averages can be
derived. The shift interval ζv ∈ [0, 1) is uniformly discretized into nζv (L/`)
points. For each scale ratio, the number of shifts considered is

nζv (L/`) = nint
[
200 − 180

128 − 4(L/`− 4)
]
, (3.9)

where nint[•] denotes the nearest integer to •. Note that ensemble averaging
does not introduce any new length scales, unlike methods like moving
volume averaging, which makes it an apt method especially for the cases
with relatively small L/` ratios.
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Figure 3.3: Specimens with scale ratio L/` = 5 and different positions of the microstruc-
ture relative to the top and bottom boundaries.

3.2.5 Numerical Implementation

The numerical simulations are carried out using a nonlinear finite element
code which makes use of the Total Lagrangian formulation, see e.g. [28]. The
finite element mesh is constructed out of six-noded, quadratic triangular
elements with three Gauss integration points. The finite element mesh
generator gmsh [see 39] is used for the discretization. A rigorous mesh
refinement study has been performed to establish an accurate discretization,
which resulted in a typical element size hFE = `/10. The model was
furthermore validated by the experimental results reported by [11]. All
full-scale numerical solutions are computed for the entire family of translated
microstructures considered, for the two loading cases, and for each scale
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ratio L/`. In all numerical simulations, a total of 200 load increments are
used.

Under compression, the microstructure exhibits local instabilities initi-
ated by internal buckling. These instabilities trigger the pattern transfor-
mation, upon which the material behavior changes from an approximately
linear initial response to a complex post-buckling response, depending on
the geometry and type of boundary conditions applied. The instability
is detected using pivot checking, see e.g. [99]. When a negative pivot is
encountered, the Newton solver is initialized towards the lowest mode by
adding a linear perturbation

∆~u = w `
~φ1

‖~φ1‖∞
(3.10)

to the current solution ~u. In Eq. (3.10), ~φ1 denotes the eigenmode corre-
sponding to the lowest eigenvalue of the current tangential stiffness matrix,
and w ∈ [1 · 10−4, 1 · 10−2] is the scaling factor that is changed adaptively.
The algorithm is further equipped with automatic restart and damping.
Path-following methods such as the arc-length method are not strictly re-
quired as no structural softening nor snap-back occur, cf. Section 3.3 below.
The above-described strategy allows for simple yet efficient tracking of the
mechanical response without introducing any artificial imperfections, that
could otherwise pollute the observed size effects.

3.3 Results

In this section, computed results are presented separately for the two loading
cases, uniaxial compression and bending. First, individual shifted solutions
are introduced and discussed, followed by ensemble averaged solutions and
their behavior across the scales L/`.

3.3.1 Uniaxial compression

The maximum nominal applied linear strain attains u/L = 0.1 (where u is
the applied vertical displacement), a value that is based on the experimental
results from the work of [11] and numerical simulations for various scale
ratios. This value ensures that specimens of all scale ratios of interest,
4 ≤ L/` ≤ 128, are subjected to pattern transformations without deforming
in a higher mode (destroying thus the patterns).
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A comparative study is first performed in order to assess two different
boundary conditions, one in which the horizontal displacement at the top
and bottom boundaries is fixed and another case where the two boundaries
are allowed to freely expand/contract in the horizontal direction. The
deformed shapes and corresponding stress–strain curves for the two cases
are shown in Fig. 3.4 for the scale ratio L/` = 5 and zero vertical shifts.
In Fig. 3.4b, the nominal stress is plotted against the applied nominal
strain. Here, the nominal stress F/(2`) is defined as the ratio between the
computed reaction force F per unit thickness and the width of the model
domain 2`, and the nominal strain u/L is defined as the ratio between
the vertical displacement u and the specimen height L. The initial overall
stiffness is higher for the fixed case, but it undergoes bifurcation at a lower
nominal strain than the case with unconstrained horizontal deformation.
The post-bifurcation stiffness is also higher for the former. The deformed
shapes for the two cases, however, are quite similar. In the case of free
horizontal displacements, local buckling of vertical ligaments in cases in
which holes cut through horizontal boundaries may occur, which can trigger
convergence issues. To prevent this, all further simulations for the case of
uniaxial compression are performed with horizontally constrained top and
bottom boundaries, i.e. the bottom edge is fully restrained in both directions
and the top edge is restrained in the horizontal direction. Note that these
boundary conditions differ from those used in experiments by [11], where
the finitely wide specimens were allowed to deform freely in the horizontal
direction at the top and bottom edges.

3.3.1.1 Full-scale numerical solutions

Fig. 3.5 shows the deformed shapes and the stress–strain curves for three
different realizations (corresponding to the specimens shown in Fig. 3.3) for
scale ratio L/` = 5. The influence of the vertical shift ζv of the microstructure
is clearly visible in the deformed shapes. Nevertheless, the stress–strain
responses do not differ substantially, as can be observed in Fig. 3.5d.

Figs 3.5a – 3.5c clearly show that the entire specimen has undergone a
pattern transformation, typical of such geometry. The circular holes are
transformed into ellipses, with their major axis alternating along the ~e1
and ~e2 directions. This pattern provides a state of deformation with a lower
free energy. Away from the top and bottom boundaries, the overall (average)
deformation is more or less uniform, whereas close to the boundaries the
circular holes do not transform into full ellipses, giving rise to boundary
layers.
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Figure 3.4: Comparison between free vs fixed horizontal displacement at the top and
bottom edges for a specimen with scale ratio L/` = 5 and ζv = 0, subjected to uniform
compression. The deformed shapes are shown on the left, whereas the nominal stress vs
the applied nominal strain is on the right.

3.3.1.2 Influence of the scale ratio L/`

Fig. 3.6 shows the deformed shapes for three different scale ratios for the
configuration ζv = 0. This shows the effect of boundary layers penetrating
into the bulk of the specimens. For a relatively large scale ratio, L/` = 20
shown in Fig. 3.6a, except for a few layers of holes close to the boundaries
all holes have transformed into ellipses. This in turn means that the bulk
of the material undergoes a uniform overall macroscopic deformation for
large scale ratios. For smaller scale ratios, L/` = 10 and L/` = 5 shown in
Figs 3.6b and 3.6c, the boundary layers dominate and only a smaller (or
zero) region in the bulk undergoes uniform (macroscopic) deformation.

3.3.1.3 Mean F ζv
22 and ensemble averaged solution

For each scale ratio and all realizations, the F22 component of the defor-
mation gradient tensor F (reflecting the strain in the vertical direction)
is computed on all the sampling points. These values are subsequently
averaged along horizontal sections (as a numerical counterpart to Eq. (3.7))
by taking the mean over all points lying in the corresponding horizontal
section. The blue curves in Fig. 3.7 show the mean F ζv

22 (X2) along the height
direction ~e2 for specimens with scale ratio L/` = 80, 20, 10, 5, and for zero
vertical shifts. All curves clearly display fast-scale fluctuations due to the
microstructure. The ensemble average solution, recall Eq. (3.8), is then
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Figure 3.5: Deformed shapes under compression for scale ratio L/` = 5 and different
positions of the microstructure relative to the top and bottom boundaries: (a) ζv = 0,
(b) ζv = 0.25 and (c) ζv = 0.5. The stress–strain curves for the three cases are shown
in (d).

obtained and plotted as the red curves in the figure. These are smooth
curves, as the ensemble averaging smoothens out the fast-scale fluctuations,
providing the average slow-scale solution. The ensemble averaged solution
indicates the region of uniform macroscopic strain, which corresponds to the
plateau in the center, and the boundary layers near the two surfaces. For
the scale ratio L/` = 20, about 70 % of the problem geometry experiences
uniform macroscopic strain. For L/` ≤ 7, boundary layers dominate.

3.3.1.4 Quantitative comparison

The boundary layer thickness b is next defined by making use of the points of
maximum curvature of a C2-continuous least squares fit of the F22 component
of the deformation gradient tensor F , see Fig. 3.8. For specimens showing

55



−
0.
05

0
0.
05

−
0.
1

−
0.
08

−
0.
06

−
0.
04

−
0.
02

0

0.
02

0.
04

0.
06

0.
08

(a) L/` = 20

−
0.
05

0
0.
05

−
0.
1

−
0.
08

−
0.
06

−
0.
04

−
0.
02

0

0.
02

0.
04

0.
06

0.
08

(b) L/` = 10

−
0.
05

0
0.
05

−
0.
1

−
0.
08

−
0.
06

−
0.
04

−
0.
02

0

0.
02

0.
04

0.
06

0.
08

(c) L/` = 5
Figure 3.6: Deformed shapes under compression (rotated 90° anticlockwise) for specimens
with zero vertical shift and three scale ratios.

two points of maximum curvature (cf. Fig. 3.8a), b is defined as the distance
from each of the specimen’s boundaries to the closer of the two points with
the maximum curvature (b is actually averaged over both instances to rectify
possible deviations from ideal symmetry). For smaller specimens, which
have only one point of maximum curvature at the center (cf. Fig. 8b), one
half of the specimen’s height L is considered as boundary layer thickness b.
The boundary layer thickness b is further normalized by the unit cell size ` in
order to extract the number of patterned unit cells composing the boundary
layers, and is plotted as a function of the scale ratio in Fig. 3.9. This
result shows that the number of unit cells in each boundary layer, b/(2`),
approaches the value of 3 for large scale ratios L/`, whereas it follows a linear
trend for L/` < 7. For small scale ratios this effectively means that the
boundary layer propagates throughout the entire height of the specimen L,
cf. also Fig. 3.8b.

The next quantity which is focussed is the nominal stress F/(2`), shown in
Fig. 3.10 for ten scale ratios and zero vertical shift. The figure shows that all
curves exhibit approximately bilinear behavior with almost identical initial
linear parts and collinear responses in the post-bifurcation regimes. Because
ideal geometries have been used, all bifurcation points are distinguished by
sharp kinks in the corresponding stress–strain curves, whose positioning
strongly depends on the scale ratio. Overall, the specimens with more unit
cells (a higher scale ratio L/`) bifurcate at a smaller strain compared to the
cases with fewer holes.

In order to extract behavior of nominal stress as a function of the scale
ratio, two arbitrary strain levels before and beyond the bifurcation points
are considered and compared, namely u/L = 0.02 (early linear regime)
and u/L = 0.075 (deep post-bifurcation regime), cf. Fig. 3.10. The result is
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Figure 3.7: Mean F ζv

22 against X2 for the zero shift (in blue), and the ensemble averaged
solution for the entire family of shifted microstructures (in red) corresponding to four
scale ratios. In all cases, u/L = 0.075 (post-bifurcation regime).

shown in Fig. 3.11, where the ensemble averaged nominal stress F/(2`) at
both strain levels is plotted against the scale ratio L/` with solid black lines
with dots indicating the scale ratios at which the (full-scale) simulations
are carried out. The individual solutions for different realizations of the
microstructure fluctuate around this average solution. In order to quantify
the magnitude of this fluctuation, the maximum and minimum among all
realizations for each scale ratio are interconnected, spanning the two dashed
curves.

The presented results show that whereas the nominal stress observed in
the linear regime changes only mildly with the scale ratio (corresponding
change is less than 2 %), a strong dependence can be observed in the post-
bifurcation regime (where the effect achieves approximately 42 %).
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Figure 3.8: Boundary layer thickness: the ensemble averaged F22 and its C2-continuous
least squares fit corresponding to two scale ratios: (a) L/` = 20 and (b) L/` = 5. In both
cases, u/L = 0.075 (post-bifurcation regime).
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Figure 3.9: Number of patterned unit cells in each boundary layer, b/(2`), as a function
of the scale ratio L/` for applied nominal strain u/L = 0.075 (post-bifurcation regime).

For large scale ratios, i.e. L/` ≥ 50, the ensemble averaged stress ap-
proaches a constant value of about 44 kPa (for u/L = 0.075). This is in
accordance with the expectation that in the limit L/` → ∞, the material
effectively behaves as a homogeneous medium as the microstructure becomes
negligibly fine with respect to the structural length scale. This is also consid-
ered as the scale separation limit implicitly adopted in a scale-independent
classical first-order computational homogenization method, recalled for the
reader’s convenience in 3.A. For constructing the first-order computational
homogenization solution, the size of representative volume element (RVE)
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Figure 3.10: Stress–strain curves corresponding to the realization ζv = 0 and various
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the scale separation curves are plotted in Figures 3.11 and 3.12.
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Figure 3.11: Scale separation curves for the compression case showing the ensemble
averaged nominal stress F/(2`) as a function of the scale ratio L/`, its maximum and
minimum among all shifted realizations, and the first-order computational homogenization
solution for applied nominal strain (a) u/L = 0.05 (linear regime), and (b) u/L = 0.075
(post-bifurcation regime).

is chosen to be 2 × 2 unit cells, based on prior insights from full scale
simulations performed here, and also corroborated by experimental evidence
(see e.g. 11). Accordingly, the first-order computational homogenization
solutions, plotted as the red dash-dot lines in Fig. 3.11, clearly show a
good match with the ensemble averaged solutions for scale ratios L/` ≥ 50,
for which the observed deviations are less than 3 %. Solutions for larger
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scale ratios therefore behave as if the size of the microstructural features is
insignificant, not affecting the ensemble averaged stress.

For scale ratios L/` ≤ 50, a non-constant stress F/(2`) emerges, i.e. the
solution becomes scale-dependent. The microstructural features are now
large enough, relative to the structural length scale, to influence the mean
solution. The averaged solution increases and reaches its maximum at the
lowest scale ratio considered, L/` = 4. At this point, the mean stress is
about 42 % higher than its corresponding value within the scale-independent
limit. This deviation of the mean solution cannot be captured using the
scale-independent first-order computational homogenization method.

The bounding curves of the fluctuations in Fig. 3.11, representing the
maximum and minimum fluctuation of individual realizations, show that
the fluctuations are higher for smaller scale ratios. Note that these extremes
correspond to configurations with approximately ζv = 0 (minimum) and ζv =
0.5 (maximum). For scale ratios L/` ≥ 50, the peak-to-peak amplitude of
fluctuation reduces to a constant value of about 0.4 kPa (for u/L = 0.075).
This is less than 1 % of the constant mean nominal stress of 44 kPa. This
means that for L/` ≥ 50, the ensemble averaged solution is very close to the
solution of individual realizations, which also substantiates fewer number of
shifts used. For smaller scale ratios, however, the fluctuations are higher,
but the maximum bandwidth of fluctuations at a scale ratio L/` = 4 remains
less than 5 %, compared to the corresponding deviation of the mean value
which exceeds 40 %.

It is interesting to note that when the stress–strain curve of Fig. 3.11b is
plotted in the log-log scaling, an affine function with slope approximately −1
results. Such a behavior can be accurately captured by a simplified continu-
ous sandwich model when the thickness of the boundary layer is considered
as a known parameter, recall Fig. 3.9.

Fig. 3.12 shows the scale separation curves representing the tangent
modulus for the compression case, which is defined as d

d(u/L)F/(2`), and for
the two fixed levels of applied nominal strain. These curves display a very
similar qualitative as well as quantitative behavior to those of the nominal
stress. A change in the tangent modulus corresponding to the two nominal
strains 0.02 and 0.075 is approximately 1/3 due to pattern transformation.

3.3.2 Bending

Before presenting the results for the bending case, the normalization em-
ployed throughout this section is first clarified. Graphs of nominal stress and
strain will be presented, which follow from the standard theory of Bernoulli
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Figure 3.12: Scale separation curves for the compression case showing the ensemble
averaged tangent modulus as a function of the scale ratio L/`, its maximum and minimum
among all realizations, and the first-order computational homogenization solution for
applied nominal strain (a) u/L = 0.05 (linear regime), and (b) u/L = 0.075 (post-
bifurcation regime).

beams. As a rotation angle θ is prescribed to the modeled specimen (recall
Fig. 3.2(b)), the corresponding strain at a given vertical coordinate X2 reads
as

ε(X2) = κX2,
−L
2 ≤ X2 ≤ L

2 , (3.11)

where κ = θ/(2`) is the curvature. The “nominal” strain refers to the values
at the bottom or top edge, i.e. ε(±L/2) = ±θL/(4`). For all simulations,
the rotation angle θ is prescribed such that the bottom edge is subjected to a
maximum nominal compressive strain θL/(4`) = 0.15, i.e. 50 % higher than
the maximum uniform strain applied in the case of uniaxial compression.
As for the normal stress, one has

σ(X2) = MX2
IX3

+ N

A
,

−L
2 ≤ X2 ≤ L

2 , (3.12)

where M is the bending moment, IX3 is the second moment of area, N
the reaction normal force, and A the cross-sectional area. Assuming a
rectangular cross-section (of a unit width and height L due to the plane
strain condition), the top and bottom edges experience a stress σ(±L/2) =
±6M/L2 +N/L. “Nominal” stresses refer to the values 6M/L2 (bending),
or N/L (normal load), respectively.

61



To justify the boundary conditions used in Section 3.2.3, a comparative
study is made of two types of boundary conditions, complementing the
prescribed rotation angle θ and periodic boundary fluctuations:

(i) zero vertical displacements at points (±`, 0) and zero horizontal dis-
placement of the left point (−`, 0), inducing pure bending only

(ii) prescribed zero displacements at points (±`, 0) in both vertical as well
as horizontal directions, which effectively results in bending combined
with normal force.

Both cases are compared in terms of their deformed configurations and
nominal stress–strain diagrams in Fig. 3.13, and in terms of the mean
stress P ζv

11 (and the ensemble averaged solutions) in Fig. 3.14, for the scale
ratio L/` = 5. Note that in the case of pure bending the neutral axis
shifts in the vertical direction, and that the corresponding stress solutions
are practically rigidly-shifted copies of each other (Fig. 3.14a). This shift
introduces steps in the ensemble averaged solution (shown as the continuous
black line), suggesting that type (i) boundary conditions are not appropriate
for investigating size effects and boundary layers. On the contrary, the
presence of the horizontal constraint introduced in the second case results in
a tensile normal force (cf. the blue dash-dot line in Fig. 3.13b) that fixes the
vertical positioning of the neutral axis at X2 = 0. The mean stress P ζv

11 is
now shifted and scaled for individual configurations ζv. Ensemble averaging
effectively eliminates all fine-scale fluctuations, resulting in the black con-
tinuous line in Fig. 3.14b where no fast scale fluctuations can be observed.
In some of the results presented below, small oscillations will appear again.
These are, nevertheless, a result of the finite number of shifts used, as their
magnitude is vanishingly small and increases with increasing scale ratio for
which fewer shifts are available (cf. Fig. 3.17a for instance).

3.3.2.1 Full-scale numerical solutions

Fig. 3.15 shows three deformed configurations (corresponding to the spec-
imens shown in Fig. 3.3) for the scale ratio L/` = 5 and corresponding
nominal stress–strain diagrams. The deformed configurations indicate the
influence of the vertical shift ζv of the microstructure in the specimen. The
effect of the free top/bottom boundaries, as opposed to the fixed boundaries
used in the compression case, can also be observed. The gradient in the
macroscopic strain along the height direction results in a progressive pattern
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Figure 3.13: Comparison between horizontally free (case (i)) vs fixed (case (ii)) bending
for a specimen with scale ratio L/` = 5 and ζv = 0. The deformed shapes are shown on
the left, whereas the nominal stresses due to bending (6M/L2) and tension (N/L) vs the
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Figure 3.14: Mean stress P ζv

11 along X2 for five vertical shifts ζv and scale ratio L/` = 5.
(a) Horizontally unconstrained bending (case (i)), and (b) horizontally constrained bending
(case (ii)). The ensemble averaged solutions are shown as thick black lines. All results
correspond to θL/(4`) = 0.1125 (post-bifurcation regime).

transformation occurring in the lower part of the specimen, i.e. below the
neutral axis.

As opposed to the compression case, differences between individual
nominal stress–strain curves are more pronounced (see Fig. 3.15d), i.e.
the vertical positioning of the microstructure ζv has a larger influence.
Although all curves display approximately bilinear behavior, the slopes
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differ significantly, even in the linear regime. This is a direct consequence of
the fact that when holes are intersecting the top and bottom boundaries,
no normal stress can be transmitted through these regions (approximately
of size `). Moreover, these edges are far from the neutral axis, resulting in a
significant contribution to the nominal stress and stiffness. This effect is
expected to vanish for increasing scale ratio L/` as the microscopic length `
becomes negligible relative to the height of the specimen L. The contribution
of normal forces to the nominal stress in these specimens (dashed curves in
Fig. 3.15d) is significantly lower compared to that of the reaction moment.
Note that some of these curves show a negative post bifurcation stiffness (cf.
e.g. the green dashed curve corresponding to ζv = 0.25). This is due to local
instabilities and the auxetic nature of the considered microstructure. The
global response, however, remains stable throughout the entire loading path.
Furthermore, the bifurcation points, at which patterning initiates, cluster
around a nominal strain of approximately 0.05, and a nominal stress of
50 kPa. This is in close agreement with the values obtained for the uniform
compression case, see Fig. 3.4b.

3.3.2.2 Influence of the scale ratio L/`

In Fig. 3.16, the deformed shapes for three different scale ratios and zero
vertical shift in the microstructure are shown. For the large scale ratio L/` =
20, the effect of the strain gradient is clearly visible, and a similar pattern
to the one observed in the compression case develops below the neutral
axis (recall Fig. 3.6). For small scale ratios, especially for L/` = 5 shown
in Fig. 3.16c, a distorted shape results, as the strain gradient is too strong
compared to the microstructural length `.

3.3.2.3 Mean stress P ζv
11 and ensemble averaged solution

Let us now focus on the P11 component of the first Piola–Kirchhoff stress
tensor, and its distribution among and inside specimens, and how this
translates through ensemble averaging. Horizontally averaged solutions, as
defined in Eq. (3.7), are presented in Fig. 3.17 along the height coordinate X2
for specimens with scale ratios L/` = 80, 20, 10, and 5. The blue curves
show the mean stress for the realization with zero vertical shift. In all
cases, strong oscillations can be observed, peaking at the positions of the
horizontal ligaments, and dropping near to zero at the spatial positions of
holes. The ensemble averaged solutions, given by Eq. (3.8) and shown as
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(d) stress–strain diagram
Figure 3.15: Deformed shapes under bending for the scale ratio L/` = 5 and three
vertical shifts ζv of the microstructure: (a) ζv = 0, (b) ζv = 0.25, and (c) ζv = 0.5. The
stress–strain curves for all three cases are shown in (d), with contributions from the
reaction moment, 6M/L2, and normal force, N/L.

the red curves in the figure, are approximately bilinear, where the linear
stress profile is flattened in the bottom compressive region.

Close to the two free boundaries at the top and bottom of the model
domain Ω, emerging compliant boundary layers can be observed. Since
these are small, and fewer shifts are available for higher scale ratios, the
ensemble averaged solution becomes more oscillatory. As a result, the size
of the bottom boundary layer normalized by the unit cell size, blow/`, is
not a smooth curve in Fig. 3.18. Nonetheless, a clearly increasing trend
emerges, initiating at 0.5 and reaching again approximately 3 unit cells in
size. Note that the boundary layer thickness has been determined using the
same method as for the compression case, i.e. using the point of maximum
curvature of a C2-continuous cubic Least squares fit (recall Fig. 3.8).
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Figure 3.16: Deformed shapes under bending (rotated 90° anticlockwise) for specimens
with zero shifts in microstructure and for three scale ratios.

3.3.2.4 Quantitative comparison

Fig. 3.19 shows the nominal stress due to the bending moment plotted
against the nominal strain for ten scale ratios with zero vertical shift. In
contrast to the compression case, curves corresponding to various scale
ratios L/` take different shapes. Whereas for small scale ratios a quasi-
bilinear behavior is observed, for large scale ratios the transition from the
linear to the bifurcated state is more gradual, resulting in smooth curves.
This is a direct consequence of the presence of a strain gradient and the fact
that for high scale ratios the material almost behaves as a homogeneous
medium. Moreover, the initial bifurcation located closest to the bottom
horizontal boundary occurs sooner for high scale ratios. At fixed nominal
strain the curves with high scale ratios tend to the same nominal stress.

This is clearly visible in Fig. 3.20, where the ensemble averaged nominal
stress due to the bending moment, 6M/L2, is plotted as a function of the
scale ratio L/` for two levels of nominal strain θL/(4`). In analogy to the
compression case, the strain levels are taken as θL/(4`) = 0.02 (early linear
regime) and θL/(4`) = 3

4 · 0.15 = 0.1125 (deep post-bifurcation regime),
cf. Fig. 3.19. The ensemble averaged solution is again shown as the solid
black line, whereas fluctuations due to shifted microstructures are shown in
dashed lines and the first-order homogenized solution as the red horizontal
limit. The presented results reveal that for medium to large scale ratios,
the ensemble averaged solutions deviate from the homogenized limits only
mildly, the peak difference being less than 4 % in both the linear as well as
bifurcated regime. Naturally, extreme values occur for small scale ratios,
especially for L/` ≤ 10. For higher scale ratios, the ensemble averaged
stress approaches its homogenized asymptote from below, as opposed to the
compression case presented in Fig. 3.11. This behavior is a consequence of

66



 

 

single realizationensemble average

X
2
[m

]

F22

0.9 0.95 1
−0.1

−0.05

0

0.05

0.1

X
2
[m

]

P11 [kPa]

−200 −100 0 100 200 300 400
−0.4

−0.2

0

0.2

0.4

(a) L/` = 80

X
2
[m

]

P11 [kPa]

−200 −100 0 100 200 300 400

−0.05

0

0.05

(b) L/` = 20

 

 

X
2
[m

]

P11 [kPa]

−200 −100 0 100 200 300 400

−0.04

−0.02

0

0.02

0.04

(c) L/` = 10

 

 
X

2
[m

]

P11 [kPa]

−200 −100 0 100 200 300 400

−0.02

−0.01

0

0.01

0.02

(d) L/` = 5
Figure 3.17: Mean P ζv

11 along X2 for the zero vertical shift (in blue), and the ensemble
averaged solution for the entire family of microstructures (in red) corresponding to four
scale ratios. In all cases, θL/(4`) = 0.1125 (post-bifurcation regime).

the applied boundary conditions on the top and bottom edges, i.e. fixed
boundaries in the case of compression and free boundaries in the case of
bending, which induce the observed stiffening and softening effects.

The dashed curves in Fig. 3.20, representing again the maximum and
minimum over all realizations, reveal a significant influence of the mi-
crostructural shift ζv. Whereas for large scale ratios the scatter vanishes as
expected, for small scale ratios it exceeds 14 % (for θL/(4`) = 0.02) and 49 %
(for θL/(4`) = 0.1125) relative to the homogenized limits. The extreme
values correspond to shift factors of approximately ζv = 0.1 (minimum)
and ζv = 0.85 (maximum).

Finally, the tangent modulus for the bending case, defined as d
d(θL/(4`))

6M
`2 ,

is presented in Fig. 3.21 as a function of the scale ratio L/` for the two fixed
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Figure 3.19: Nominal stress due to the bending moment 6M/L2 plotted against the
nominal strain θL/(4`) for ten scale ratios L/`, corresponding to realizations with zero
vertical shifts. The dashed vertical lines indicate the levels of nominal strain at which the
scale separation curves are plotted in Figures 3.20 and 3.21.

levels of nominal strain. All curves reflect the trends observed in the stress–
strain curves. Note that the tangent modulus reduces to approximately 1/2
due to pattern transformation in the compressive part.

3.4 Summary and conclusions

This chapter analyzed size effects in mechanical metamaterials, consisting of
hyperelastic materials with periodically arranged circular holes, which exhibit
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Figure 3.20: Scale separation curves for bending showing the ensemble averaged solu-
tion, maximum and minimum among all realizations, and the first-order computational
homogenization solution for the nominal stress due to bending, 6M/L2, as a function
of the scale ratio L/` at an applied nominal strain (a) θL/(4`) = 0.02 (linear regime),
and (b) θL/(4`) = 0.1125 (post-bifurcation regime).

reversible pattern transformations under local or global compressive loading
and bending. The study was carried out on a problem with geometrical
and material properties based on the experimental Specimen 1 reported in
the work of [11]. Infinitely wide specimens with a varying number of holes
in the vertical direction ranging between 4 − 128 were studied, to obtain a
qualitative and quantitative understanding of the size effect. The obtained
solutions are largely influenced by the applied boundary conditions, for which
two distinct cases were studied. The first case imposed fully constrained
top and bottom edges subjected to uniform compression. This resulted in
a complete patterned transformation of the deformation field away from
the top and bottom boundaries. Here the constrained boundaries induce
boundary layers, the thickness of which is influenced by the scale ratio. For
specimens with fewer holes along the height direction, the ensemble averaged
nominal stresses are largely influenced by the boundary layers. For the cases
with a large scale ratio, the influence of the boundary layers was relatively
small. The second study involved top and bottom specimen boundaries
that are fully unconstrained, for which the lateral edges were rotated to
introduce bending deformation. This resulted in partial patterning of the
deformation field, where only the bottom half of the specimen transforms
(bifurcates). Here, the boundary effect is less prominent, whereas a gradient
effect emerges instead.
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Figure 3.21: Scale separation curves for bending showing the ensemble averaged tangent
modulus as a function of the scale ratio L/`, its maximum and minimum among all
realizations, and the first-order computational homogenization solution for applied nominal
strain (a) θL/(4`) = 0.02 (linear regime), and (b) θL/(4`) = 0.1125 (post-bifurcation
regime).

For the compression case, the nominal stress F/(2`) is used to quantify
the size effect. The thickness of the boundary layer relative to the height
of the specimen is studied across the full range of scale ratios. For the
bending case, the nominal stress at the top and bottom boundary 6M/L2 is
analyzed against the scale ratio. Decreasing the scale ratio in this nonlinear
problem has a much more significant influence compared to the linear elastic
case studied earlier (see [2]). The limitation of classical homogenization in
capturing the size effect is also demonstrated. The result shows that for
relatively large scale ratios the classical homogenization solution matches
well with the ensemble averaged numerical solution, but as the scale ratio
reduces, the scale independent classical homogenization solution starts to
deviate significantly.

Some key results from this work can be summarized as follows:

1. For the case of uniaxial compression with fully constrained top and
bottom boundaries, the ensemble averaged nominal stress depends
strongly on the scale ratio L/`. Quantified numerically, the maximum
deviation from its homogenized limit exceeds 40 %. Spatially position-
ing the microstructure is only of limited influence, not exceeding 5 %.

2. The boundary layer in the case of compression converges with increas-
ing scale ratio to a value of about 3 layers of holes close to either
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boundaries.

3. For the case of bending with unconstrained top and bottom edges, the
ensemble averaged nominal stress remains close to its homogenized
limit, the peak difference being less than 4 %. Spatially positioning the
microstructure has a much larger influence, reaching 50 % deviation
in terms of nominal stress relative to the corresponding homogenized
limit.

4. The flexible boundary layer in the bending case spans again approxi-
mately 3 layers of holes close to the bottom boundary.

The presented results constitute a rich basis for developing advanced
homogenization schemes, to be explored in future work.

3.A First-order computational homogenization

This section briefly recalls basics of the first-order computational homoge-
nization method, sketched in Fig. 3.22, details of which can be found, e.g.,
in [46, 57]. In general, computational homogenization is a multiscale method
that provides a local macroscopic constitutive relation between macroscopic
quantities for materials with arbitrary microstructures. That is, it provides
the relation

P M( ~XM) = f( ~XM,F M( ~XM)), ~XM ∈ ΩM, (3.13)

where F M( ~XM) and P M( ~XM) are the macroscopic deformation gradient and
the first Piola–Kirchhoff stress tensor respectively, and ΩM is the macroscopic
domain of size L (recall Section 3.2.1). The constitutive relation (3.13)
together with the macroscopic balance of linear momentum (in absence of
body forces),

∇0M · P c
M( ~XM) = ~0, ~XM ∈ ΩM, (3.14)

fully govern the evolution of a macroscopic system. Computational homoge-
nization applies especially in situations in which the macroscopic constitutive
relation (3.13) is not available in closed form due to, e.g., large deforma-
tions, nonconvexities, complex material behavior and history dependence, or
complicated microstructural morphology. It relies on the construction and
solution of an underlying micro-scale boundary value problem defined on a
Representative Volume Element (RVE), evolution of which is fully governed
by the microscopic balance of linear momentum,

∇0m · P c
m( ~Xm) = ~0, ~Xm ∈ Ωm. (3.15)
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In Eq. (3.15), P m( ~Xm) denotes the microscopic first Piloa–Kirchhoff stress
tensor, which depends on the microscopic deformation gradient F m( ~Xm),
and Ωm is the microscopic domain with typical microstructural features of
size `. Dirichlet boundary conditions applied on ∂Ωm derive from F M (cf.
e.g. 24, Table I) and are usually chosen to be periodic, implying an assump-
tion on local periodicity. The macroscopic quantities (including macroscopic
consistent constitutive tangent operator C4

M( ~XM)), are identified through
averaging of the resulting microscopic quantities, i.e. e.g.

P M( ~XM) = 1
|Ωm|

∫
Ωm

P m( ~Xm) d ~Xm,

F M( ~XM) = 1
|Ωm|

∫
Ωm

F m( ~Xm) d ~Xm,

~XM ∈ ΩM, (3.16)

which satisfy, along with the boundary conditions applied on ∂Ωm, the macro-
homogeneity Hill–Mandel condition . Constitutive models and morphology
at the microscale are assumed to be known, and can be a function of ~XM
(meaning effectively that different points can have different RVEs). When
both problems (3.13) and (3.15) are solved simultaneously, a fully nested
solution scheme results (sometimes also abbreviated FE2).

Since the method transfers across the scales only the deformation gradi-
ent F M, it implicitly implies strict separation of scales (i.e. L/` → ∞) and
the standard locality assumption

∆~xm( ~Xm) = F M( ~XM) · ∆ ~Xm + ~w( ~Xm), ~Xm ∈ Ωm, ~XM ∈ ΩM, (3.17)

where ~w( ~Xm) is the microscopic fluctuation field. Eq. (3.17) entails that
the method is unable to capture any direct interaction between individual
RVEs (i.e. between macroscopic material points ~XM) and hence, phenomena
such as localization, crack propagation, size effects, boundary layers, and
steep strain gradients cannot be accommodated. Extended versions of
computational homogenization alleviating some of these limitations involve
higher strain gradients or other quantities, see e.g. [24].

In the context of this chapter, the microscopic stress is obtained through
differentiation of the strain energy density W (recall Eq. (3.1)) with respect
to the microscopic deformation gradient F m( ~Xm), i.e.

Pm
ij ( ~Xm) = ∂W (F m( ~Xm))

∂Fm
ij

, ~Xm ∈ Ωm. (3.18)

In Eq. (3.18) the subscript “m” is raised to a superscript wherever the indi-
cial notation has been used. The RVE morphology is considered constant

72



~xm ~Xm

~e3m

~e2m~e1m

ωm

Deformed Reference

PM

Ωm

~φm( ~Xm)
∇0m · Pm = ~0

FM

~xM
~XM

~e3M

~e1M ~e2M

~φM( ~XM)
∇0M · PM = ~0

ωMΩM

DeformedReference

Figure 3.22: First-order computational homogenization. The macroscopic kinematic
quantities (deformation gradient F M( ~XM)) are transferred to the microscale prob-
lem defined on an RVE. Resulting microscopic quantities (the first Piola–Kirchhoff
stress P m( ~Xm)) are averaged to provide the macroscopic stress P M( ~XM), a quantity that
is transferred back to the macroscale.

in ~XM, chosen to be 2 × 2 unit cells large based on prior insights from full
scale simulations, although in general identification of the correct size is
a rather delicate problem on its own, cf. e.g. [83]. Boundary conditions
applied on ∂Ωm are chosen to be periodic. As a consequence of the separa-
tion of scales, the strain field obtained from the first-order computational
homogenization is constant in the case of compression (recall Section 3.3.1),
ignoring any boundary layers. This means that all macroscopic points ~XM
(and hence RVEs) experience the same state of deformation and only one
RVE suffices to carry out the simulation. In the case of bending the situ-
ation changes due to the presence of a strain gradient, cf. Fig. 3.23 and
Section 3.3.2, meaning that individual RVEs experience different states
of deformation. In order to avoid any bias due to discretization, a mesh
sensitivity study has been performed to identify the macroscopic element
size hM that yields accurate results (128 elements per specimen height L),
cf. also Fig. 3.23b.
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Figure 3.23: First-order computational homogenization in the case of bending. (a) De-
formed macrostructure and four RVEs, and (b) macroscopic mesh convergence study,
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elements L/hM = 4, . . . , 128.
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Abstract

This chapter presents a homogenization framework for elastomeric metama-
terials exhibiting long-range correlated fluctuation fields. Based on full-scale
numerical simulations on a class of such materials, an ansatz is proposed
that allows to decompose the kinematics into three parts, i.e. a smooth
mean displacement field, a long-range correlated fluctuating field, and a local
microfluctuation part. With this decomposition, a homogenized solution
is defined by ensemble averaging the solutions obtained from a family of
translated microstructural realizations. Minimizing the resulting homoge-
nized energy, a micromorphic continuum emerges in terms of the average
displacement and the amplitude of the patterning long-range microstructural
fluctuation fields. Since full integration of the ensemble averaged global
energy (and hence also the corresponding Euler–Lagrange equations) is
computationally prohibitive, a more efficient approximative computational
framework is developed. The framework relies on local energy density ap-
proximations in the neighbourhood of the considered Gauss integration
points, while taking into account the smoothness properties of the effective
fields and periodicity of the microfluctuation pattern. Finally, the implemen-
tation of the proposed methodology is briefly outlined and its performance
is demonstrated by comparing its predictions against full scale simulations
of a representative example.
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4.1 Introduction

Mechanical metamaterials exhibiting exotic mechanical properties, such
as auxetic behaviour, serve dedicated applications, most notably in soft
robotics [52, 64, 67, 97, 100, 102]. The development of advanced manu-
facturing techniques, like 3D printing, has enabled a significant increase
of the design space for making materials with certain specific architected
microstructures [81, 94, 96]. In this contribution, the particular focus is on
elastomeric materials with periodic microstructures consisting of a regular
grid of circular holes, which undergo a pattern transformation triggered by ex-
ternally applied compression upon reaching a critical compressive strain [12].
The pattern-transformed material has been shown to reveal a significantly
different effective behaviour compared to its initial untransformed state [11].

The overall effective response of this class of materials depends on
the number of holes (which may be intractable) as well as their relative
(unknown) position with respect to the specimen’s geometry. This is a chal-
lenging problem because depending on the loading and boundary conditions
applied to the specimen, the patterning may occur or it may be restricted.
Adjacent cells kinematically communicate in this respect and the effective
response is intrinsically non-local. A typical example is shown in Fig. 4.1a,
where an elastomeric sheet of size L × L with circular holes subjected to
combined compression and shear is depicted. The resulting deformation
exhibits a transformed pattern, a shear band, and stiff boundary layers.
The boundary layers are present due to the kinematic constraints close
to the physical boundaries (the two horizontal edges), where the regular
buckling pattern cannot fully develop. The non-transformed material in
such constrained boundaries has a higher stiffness, leading directly to stiff
boundary layers. These non-uniformities in the deformation pattern give
rise to a size effect in the overall mechanical behaviour of the considered
system, i.e. the overall response depends on the scale ratio. The scale
ratio is, in this particular case, defined as the total height or width of the
entire specimen L with respect to the size of one primitive cell ` (containing
only one hole), i.e. as L/`. In order to obtain the effective macroscopic
response, use can be made of the periodicity of the microstructure. For the
example shown, a microstructural periodic cell consisting of 2 × 2 holes can
be evaluated to obtain the homogenized response, as shown experimentally
by [11], and computationally by [3] using ensemble averaging.

A fruitful starting point for computing the effective response of a heteroge-
neous material is provided by computational homogenization. Conventional
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(a) displacement
field

(b) mean dis-
placement
field

(c) long-range
correlated
fluctuation
field

‖~u‖2/`

Figure 4.1: Kinematical decomposition of (a) the general displacement field into its
(b) effective (mean field) part and (c) long-range correlated fluctuating part for a square
specimen of a size L, having a scale ratio L/` = 4. The local microfluctuating uncorrelated
part is condensed out (not shown). The colour indicates the (pointwise) Euclidean norm
of the displacement field ~u relative to the primitive cell size `.

first order computational homogenization [57, 65, 66], can provide accurate
results for elastomeric metamaterials only for very large scale ratios [3].
Here, a microscale boundary value problem is solved at every macroscopic
point to retrieve the macroscopic constitutive response, which is used in
a concurrent macroscopic simulation. For smaller scale ratios, however,
the long-range fluctuation field, resulting from the kinematic interaction
between neighbouring microstructural periodic cells, needs to be captured
by the homogenization framework. Various higher-order homogenization
frameworks have been proposed in the literature, which help to capture the
non-local behaviour. Second-order computational homogenization [59], for
instance, incorporates the gradient of the macroscopic deformation gradient
tensor into the kinematic macro-micro scale transition. It entails, however,
additional complexity through the solution of a higher-order equilibrium
equation at the macroscale, for which the length scale equals the size of the
Representative Volume Element (RVE), see e.g [60] for further details.

Another class of extended continua has been proposed via generalized
micromorphic theories by [30] and [34]. Here, additional kinematic fields
are introduced in order to incorporate underlying microfluctuation fields
which are not captured by standard kinematic variables. The Cosserat
continuum [26] is a well-known example, where the additional kinematic
field corresponds to local rotations. [50] proposed a methodology for ho-
mogenization towards a fully micromorphic continuum and derived the
relevant generalized stresses. [13] proposed a computational homogenization
scheme for matrix-inclusion composites, in which an additional kinematic
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field characterizing the average strain in the inclusions is introduced, also
resulting in a micromorphic continuum. It was shown that this framework is
capable of capturing the homogenized response for such materials without a
clear separation of length scales. Other relevant contributions can be found
in [51] or [33], and in the references therein.

The present chapter proposes a novel computational homogenization
framework for materials exhibiting long-range correlated fluctuation fields.
Unlike the above-mentioned references, the adopted approach directly incor-
porates the dominant underlying microstructural kinematical fluctuations
through a characteristic fluctuation mode. This mode uniquely relates to
the morphology of the microstructure, and is not necessarily limited to
rotation or higher-order deformation only. Any relevant kinematical inter-
action between adjacent periodic cells can be captured. To this end, first
the displacement field is decomposed into three sub-fields: a mean effective
field, a long-range spatially correlated field, and a local microfluctuation
field, cf. Figs. 4.1b and 4.1c. In the next step, an entire family of trans-
lated microstructures relative to the specimen geometry is considered, the
average of which defines the effective behaviour. The entire problem is then
formulated variationally, which upon minimization yields the associated
Euler–Lagrange equations of the effective micromorphic continuum in terms
of the mean displacement and the amplitude of the correlated part of the
fluctuation, along with the associated boundary conditions. To avoid having
to solve for the microfluctuation field in the entire domain, which effectively
makes the solution computationally as expensive as full-scale simulations,
two approximations are considered. The first one neglects the uncorrelated
microfluctuation field completely. This works well in terms of kinematic
quantities, but it turns out that the conjugate quantities are very inaccu-
rate. A second approach is therefore elaborated, in which an approximate
microfluctuation field is computed only locally, inside a microstructural
periodic cell. To render the computation more efficient, approximations of
the local average energy density in the neighbourhood of the considered
macroscopic Gauss integration points are further considered (with respect to
the microstructural translations), while taking into account the smoothness
properties of the effective fields and periodicity of the microfluctuation field.
The performance of the proposed computational homogenization framework
is evaluated using a representative example, by comparing against the Direct
Numerical Simulations (DNS) published by [3]. The effective kinematic
quantities are thereby captured with adequate accuracy. Moreover, the ho-
mogenized nominal stresses now also closely predict the size effect exhibited
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by the DNS solution, achieving a maximum relative error of less than 10 %
for the smallest scale ratio considered.

This chapter is divided into five sections as follows. The next section,
Section 4.2, describes the full scale problem considered, its corresponding
DNS solution, and the methodology used to define the mean (reference) solu-
tion using ensemble averaging. Section 4.3 then presents the decomposition
of the kinematics into the three sub-fields and provides the derivation of the
full generalized homogenization framework, which leads to the emergence of
an effective micromorphic continuum. Because the resulting problem is still
computationally expensive, Section 4.4 introduces a simplified approach in
which the microfluctuation field is neglected and considered as a truncation
error. The results obtained with this approach suggest the need to incor-
porate the fast fluctuating field, since it contributes significantly in terms
of energy. Section 4.5 therefore elaborates on a computationally integrated
formulation, in which the microfluctuation field is computed only locally,
inside periodic cells associated with individual Gauss integration points.
This formulation is dual to the computational homogenization solution of the
micromorphic continuum. The performance of the proposed methodology
is compared against full-scale simulations in Section 4.6, and the chapter
closes with a summary and conclusions in Section 4.7.

Throughout the chapter, the following notational conventions will be
used

- scalars a,
- vectors ~a,
- second-order tensors A,
- fourth-order tensors 4-

¯
sC,

- matrices A and column matrices a,
- ~a ·~b = aibi,
- Euclidean norm ‖~a‖2 =

√
~a · ~a,

- A ·~b = Aijbj~ei,
- A · B = AikBkj~ei~ej ,
- A : B = AijBji,
- conjugate AT, AT

ij = Aji,

- gradient operator ~∇~a = ∂aj

∂Xi
~ei~ej ,
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- divergence operator ~∇ · ~a = ∂ai

∂Xi
,

- derivatives of scalar functions with respect to second-order tensors
δΨ(F ; δF ) = d

dhΨ(F + hδF )
∣∣∣∣
h=0

= ∂Ψ(F )
∂F

: δF .

4.2 Problem Statement

A representative example consisting of an elastomeric metamaterial ex-
hibiting a patterned deformation under compressive loading is described
in Section 4.2.1, which is used as the reference problem. Although the
developments made throughout this chapter are only demonstrated on this
simple example, the entire methodology proposed is equally applicable to
more complex cases. The full-scale problem for a low scale separation
regime, along with the DNS solutions are briefly discussed in Section 4.2.2.
Ensemble averaging and the adopted definition for the effective reference
solution are presented in Section 4.2.3.

4.2.1 Reference Problem Definition

The reference problem geometry is sketched in Fig. 4.2a. A semi-infinite
specimen ΩS = (−∞,∞)× [−L/2, L/2] is considered. Since the specimen ge-
ometry is infinitely wide (along the horizontal axis ~e1) and the applied defor-
mation is uniform in this direction, a model domain Ω = [−`, `]×[−L/2, L/2],
with Periodic Boundary Conditions (PBC) along the two vertical edges (i.e.
along AD and BC), is considered. This is justified experimentally and com-
putationally, since the deformation field typically exhibits a 2`×2` repetitive
pattern, see e.g. [10] or [3]. The specimen is subjected to uniaxial strain
compression by prescribing vertical displacements along the two horizontal
edges ΓD = AB ∪ CD ⊂ ∂Ω, as uD (on the top edge AB) and zero (on
the bottom edge CD), while constraining the horizontal displacements on
both these edges. The considered domain consists of a number of square
single-hole primitive cells, the size of which is the characteristic microstruc-
tural length `. The macroscopic length, on the other hand, is specified
by the height of the specimen L, giving rise to a scale ratio L/`. In what
follows, only positive integer scale ratios larger than 3 will be considered,
i.e. L/` ∈ N>3.
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Figure 4.2: A sketch of a semi-infinite specimen ΩS = (−∞, ∞) × [−L/2, L/2] subjected
to compression, and modelled as a finite domain Ω = [−`, `] × [−L/2, L/2] with Periodic
Boundary Conditions (PBC). (a) Geometry, (b) deformed configuration corresponding to
an overall strain of 7.5 %, and (c) compressive nominal stress as a function of compressive
nominal strain uD/L.

Table 4.1: Constitutive and geometrical parameters.

parameter c1 c2 K ` d
[MPa] [MPa] [MPa] [mm] [mm]

value 0.55 0.3 55 9.97 8.67

The constitutive behaviour of the elastomeric base material is assumed
to be hyperelastic, described by the strain energy density

ψ(F ( ~X)) = c1(I1 − 3) + c2(I1 − 3)2 − 2c1 log J + 1
2K(J − 1)2, (4.1)

whereas the individual holes are captured through the topology of the
microstructure. In Eq. (4.1), ~X ∈ Ω, ~X = X1~e1 + X2~e2 is the position
vector in the reference configuration, F = I + (~∇~u)T is the deformation
gradient tensor, ~∇ indicates the gradient with respect to the reference
configuration, ~u( ~X) is the displacement field, J = det F , I is the second-
order identity tensor, and I1 = tr C and I2 = 1

2

[
(tr C)2 − tr (C2)

]
are the

invariants of the right Cauchy-Green deformation tensor C = F T · F .
The constitutive and geometric parameters adopted throughout this con-

tribution are listed in Tab. 4.1, based on the experimental characterization
by [11]. Note that the same parameters have been used for generating the
full-scale DNS solutions reported in [3].
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4.2.2 Full-scale Problem

For the above hyperelastic problem, the solution (displacement field) ~u( ~X)
is obtained by minimizing the total potential energy of the entire system,
i.e.

~u( ~X) ∈ arg min
~̂u( ~X)∈U (Ω)

E(~̂u( ~X)),

E(~̂u) =
∫

Ω
Ψ̂( ~X,F (~̂u( ~X))) d ~X, Ψ̂( ~X,F ) = χ( ~X)ψ(F ),

(4.2)

where χ is the indicator function of the base material, i.e. χ = 0 inside holes
and χ = 1 outside (implying also that all internal holes remain stress-free),
and U (Ω) denotes the space of kinematically admissible displacement fields
over the domain Ω (i.e. the vector space of all vector functions that satisfy
the boundary conditions applied on the two horizontal edges, while being
periodic in the horizontal direction with the period 2`). In anticipation of
ensemble averaging in Section 4.2.3, where knowledge of the displacement
field ~u( ~X) at each position ~X ∈ Ω (including holes) is required, the entire
rectangle Ω = [−`, `]×[−L/2, L/2] is considered as the domain of ~u, i.e. ~u( ~X),
~X ∈ Ω. To this end, displacements and strains inside holes are interpolated
using an ultra-soft linear-elastic material, whereas all stress components are
set to zero there. As in Eq. (4.2), throughout this manuscript admissible
test functions are denoted with hats (•̂), whereas minimizers are free of hats.
The inclusion sign ∈ in Eq. (4.2) emphasizes the non-uniqueness resulting
from non-convexity of the total potential energy E , which allows for multiple
solutions, instabilities, and buckling.

The typical behaviour of the solutions for the considered problem is shown
in Fig. 4.2. Here, an approximately bi-linear nominal stress–strain response
is observed in Fig. 4.2c, the individual linear regimes being separated by a
critical strain of about 3 %. At this strain, the microstructure buckles and
nucleates a regular deformation pattern, as shown in Fig. 4.2b, which results
in a significant change of nominal stiffness. Due to kinematic constraints
close to the physical boundaries, the regular buckling pattern cannot fully
develop. This implies that such constrained boundaries directly lead to
more stiff boundary layers, as the non-transformed material has a higher
stiffness. Clearly, considering more complex loading scenarios would entail
more complicated mechanisms, including boundary layers, localization bands
(recall Fig. 4.1) and percolation paths. The presence of such non-uniformities
in the deformation pattern furthermore gives rise to a size effect in the
overall mechanical behaviour of the system, i.e. a dependence of this overall
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(a) vertical displ. (b) std. dev. (c) DNS mode (d) analytical mode

Figure 4.3: Components of displacement fields obtained for various translations of the
microstructure at X1 = −`/2, X2 ∈ [−L/2, L/2]: (a) vertical component, (b) standard
deviation of ~u − ~u, denoted σ( ~X). The effective solution ~u is shown in thick red, whereas
solutions for individual translations are shown in various colours. (c) Typical DNS buckling
mode ~ϕ1, estimated as [~u(~ζ, ~X) − ~u( ~X)]/σ( ~X), and (d) analytical approximation of the
mode ~ϕ1 through Eq. (4.7).

response on the scale ratio L/`—particularly for ratios L/` < 10. Because
most of these phenomena result from the non-linearities and kinematic
interactions between individual neighbouring periodic cells, the considered
problem is challenging from a homogenization point of view.

4.2.3 Ensemble Averaging

One might not be, in general, able to control the positioning of the boundary
relative to the microstructure—and the other way around. Hence, all possible
realizations are considered and the reference mean solution is defined as their
ensemble average. In order to establish an effective (homogenized) solution,
from which all the fluctuations due to the microstructure are eliminated, a
family of minimization problems with translated microstructures similar to
Eq. (4.2) are therefore considered. The translation of the microstructure
relative to the specimen’s boundaries is denoted by ~ζ ∈ Q, ~ζ = ζ1~e1 +
ζ2~e2, where Q = [−`, `] × [−`, `] is the corresponding 2 × 2 periodic cell.
The periodic cell should not be confused with the primitive cell (defined
as [0, `]× [0, `]), which reflects the geometrical periodicity in the undeformed
state. The periodic cell has the period of the fluctuating pattern, which is
important for the homogenization, and which relies on experimental and
numerical evidence. In general cases, Bloch analysis [cf. e.g. 40, 89] can be
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used to estimate the wavelength of the pattern. The minimization problems
associated with the individual translated microstructures are specified as

~u( ~X, ~ζ) ∈ arg min
~̂u(~ζ, ~X)∈U (Ω)

E(~ζ, ~̂u( ~X, ~ζ)),

E(~ζ, ~̂u( ~X, ~ζ)) =
∫

Ω
Ψ( ~X, ~ζ,F (~̂u( ~X, ~ζ))) d ~X,

Ψ( ~X, ~ζ,F ) = χ( ~X + ~ζ)ψ(F ),

∀~ζ ∈ Q. (4.3)

By considering a fixed point ~X in the energy density Ψ( ~X, ~ζ,F ) of Eq. (4.3)
it can be seen that this point is occupied by a different material points
for different translations ~ζ. Consequently, for certain translation of the
microstructure, ~X will be positioned inside a hole, whereas for some other
translation in the base material of the elastomeric matrix. Following the
argumentation of [91] and [21], the effective solution is obtained as

~u( ~X) = 1
|Q|

∫
Q
~u( ~X, ~ζ) d~ζ, (4.4)

which corresponds to pointwise ensemble averaging (i.e. for each fixed ~X ∈ Ω)
over all the translated microstructures with a uniform probability density
over Q.

The effective solution ~u can be obtained by considering brute force
calculations via DNS and discretisation of the integral in Eq. (4.4), as
reported in detail by [3] for various scale ratios L/`. Fig. 4.3a shows
only the components u2(X2) of the displacement fields ~u( ~X, ~ζ) for three
vertical translations ~ζ ∈ {~0, `

2 ~e2,
3`
4 ~e2}, and the corresponding component

of the effective field ~u. Due to ~e1-periodicity, the effective solution ~u is
constant along the horizontal direction in this particular case. Recall that
inside the holes, an ultra-soft linear-elastic material has been considered for
interpolation purposes.

The local magnitude of the fluctuations for the ensemble ~u( ~X, ~ζ) can be
estimated pointwise as

σ( ~X) = 1
|Q|

∫
Q

‖~u( ~X, ~ζ) − ~u( ~X)‖2 d~ζ, (4.5)

a quantity which will be referred to as standard deviation in what follows,
shown as the red smooth curve in Fig. 4.3b. This field is again constant
along the ~e1 direction. The fluctuating part, approximately determined
as [~u( ~X, ~ζ) − ~u( ~X)]/σ( ~X) for each translation ~ζ, is plotted in Fig. 4.3c
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for ~ζ = ~0, and essentially corresponds to a microstructural buckling mode.
The irregularities in the vicinity of the two horizontal edges originate from
the fact that the individual fields ~u( ~X, ~ζ) − ~u( ~X) as well as corresponding
standard deviation σ( ~X) are close to zero there, resulting in numerical
inaccuracies when dividing them. Since individual periodic as well as
primitive cells of the microstructure mutually interact through the pattern,
the amplitude of the mode (estimated as σ( ~X)) and its spatial gradient are
important for the effective behaviour of the system. Accordingly, this mode
magnitude will be considered as part of the effective solution in addition
to ~u( ~X) in the homogenization method developed in what follows.

4.3 Homogenization Towards a Micromorphic
Continuum

Based on the insights obtained from the DNS results presented, a homoge-
nization approach is developed in this section, which consists of three steps.
First, a suitable ansatz that accurately decomposes the kinematic fields
corresponding to all translated microstructures is developed in Section 4.3.1.
It serves as a basis to build an approximation space over which the effec-
tive solutions are sought. In the next step, in Section 4.3.2, the ensemble
averaged energy is introduced, the minimum of which corresponds to the
average over all energies with translated microstructures considered at their
solutions ~u( ~X, ~ζ), i.e. at their minima. This average energy functional can
be minimized directly with respect to the kinematic ansatz introduced in
the first step, providing the closest possible approximation to the effective
solution ~u( ~X) within the kinematic subspace considered. Using the standard
arguments of the calculus of variations, a set of governing Euler–Lagrange
equations along with the associated boundary conditions are finally derived
and discussed in the third step in Section 4.3.3.

4.3.1 Kinematic Ansatz

The displacement field, common to all translated microstructures according
to the definition in Eq. (4.3), can be generally decomposed as

~u( ~X, ~ζ) = ~v0( ~X) +
n∑

i=1
vi( ~X)~ϕi( ~X, ~ζ) + ~w( ~X, ~ζ). (4.6)

Here, for fixed ~ζ, ~u( ~X, ~ζ) is the displacement field corresponding to a
particular microstructure translated by ~ζ (i.e. the minimizer of the energy E

86



in Eq. (4.3)). For a fixed position in the specimen ~X, one may similarly
interpret ~u( ~X, ~ζ) as the displacement at that particular point as a function
of the translation vector ~ζ. The vector fields ~ϕi( ~X, ~ζ), i = 1, . . . , n, are long-
range spatially correlated modes characteristic of the problem morphology
and deformed underlying microstructural pattern (translated by ~ζ), which
are in addition scaled by their magnitudes vi. Individual modes ~ϕi( ~X, ~ζ)
are periodic and translate along with the microstructure, i.e. ~ϕi( ~X, ~ζ) =
~ϕi( ~X + ~ζ,~0), and have zero mean. As a result of this, and of the zero mean
of ~w( ~X, ~ζ) (see below), ~v0( ~X) corresponds to the mean effective displacement
field. This decomposition enables the fields vi to ‘switch off’ individual
modes near the boundaries, for example, and thus serve as ‘amplitude
modulators’ for the individual modes ~ϕi( ~X, ~ζ). For a motivation of such a
general decomposition see for instance [74], where multiple bifurcations in
foams have been studied.

For the reference problem considered in this manuscript, only one spa-
tially correlated mode is adopted, i.e. n = 1, which is defined as

~ϕ1( ~X, ~ζ) = 1
C1

[
− sin π

`
(X1 + ζ1 +X2 + ζ2) − sin π

`
(−X1 − ζ1 +X2 + ζ2)

]
~e1

+ 1
C1

[
sin π

`
(X1 + ζ1 +X2 + ζ2) − sin π

`
(−X1 − ζ1 +X2 + ζ2)

]
~e2,

(4.7)
see Fig. 4.3d. In Eq. (4.7), C1 = 1

|Q|
∫

Q ‖~ϕ1( ~X,~0)‖2 d ~X is a normalizing
constant ensuring that the standard deviation of ~ϕ1( ~X, ~ζ) equals one, recall
Eq. (4.5). One then expects v1 to approximately recover the shape of the
standard deviation shown in Fig. 4.3b, while ~v0 is assumed to capture the
trend of the mean, as depicted by the thick red line in Fig. 4.3a. The
component v1~ϕ1 essentially establishes the kinematical interactions between
individual neighbouring periodic cells through the mode ~ϕ1. For the present
case these can be interpreted as a micro rotation fields, cf. Figs. 4.3c
and 4.3d. The mode amplitude is therefore the highest in the bulk of the
specimen and due to the imposed constraints equals zero at the top and
bottom boundaries. The mode is moreover active only after the specimen
undergoes instability, whereas in the pre-bifurcation regime it is expected
to be inactive (i.e. v1 vanishes).

Finally, ~w( ~X, ~ζ) is the fast and local microfluctuation field comple-
mentary to the sum of the smooth and spatially correlated parts ~v0( ~X) +
v1( ~X)~ϕ1( ~X, ~ζ). The ~w component is expected to capture fluctuations in the
linear regime (in which v1 vanishes), and to compensate any inaccuracies of
the mode ~ϕ1 in the non-linear post-bifurcation regime. Because the split in
Eq. (4.6) is not unique, additional conditions are required. Considering a
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fixed point in space ~X, both effective fields ~v0( ~X) and v1( ~X) are constant
as a function of ~ζ in Eq. (4.6), meaning that ~w should be orthogonal to a
constant function in ~ζ (represented by ~v0), and to ~ϕ1 (which is multiplied by
a constant arbitrary magnitude v1). Expressed mathematically, this means
that

〈~w( ~X, ~ζ), ~ϕ1( ~X, ~ζ)〉2 =
∫

Q
~w( ~X, ~ζ) · ~ϕ1( ~X, ~ζ) d~ζ = 0,

〈~w( ~X, ~ζ),~1〉2 =
∫

Q
~w( ~X, ~ζ) ·~1 d~ζ = 0,

∀ ~X ∈ Ω, (4.8)

where ~1 = ~e1 + ~e2 is a constant vector in ~ζ. An extension to multiple
modes ~ϕi, i = 1, . . . , n > 1, requires orthogonality with respect to the entire
vector space spanned by the considered modes.

4.3.2 Energy considerations

The energy associated with one fixed realization ~ζ ∈ Q of the translated
microstructure reads

E(~ζ, ~u( ~X, ~ζ)) = min
~̂u( ~X,~ζ)∈U (Ω)

E(~ζ, ~̂u( ~X, ~ζ)), (4.9)

whereas the ensemble averaged energy may be written as [see also 21, 79, 91]

1
|Q|

∫
Q

E(~ζ, ~u( ~X, ~ζ)) d~ζ = 1
|Q|

∫
Q

min
~̂u( ~X,~ζ)∈U (Ω)

E(~ζ, ~̂u( ~X, ~ζ)) d~ζ

= min
~̂u( ~X,~ζ)∈U (Ω)

E(~̂u( ~X, ~ζ)).
(4.10)

Note that in Eq. (4.10), the minimization with respect to ~̂u( ~X, ~ζ) in the first
equality is considered for all ~X and only one particular fixed ~ζ, whereas in
the second equality ~ζ is considered as a continuous variable equally to ~X; this
means effectively that ~̂u( ~X, ~ζ) is a vector function over a four-dimensional
space (in the case of Ω ⊂ R2 and Q ⊂ R2 as considered here). In the
second equality of Eq. (4.10), the average energy functional has also been
introduced as

E(~̂u( ~X, ~ζ)) = 1
|Q|

∫
Q

∫
Ω

Ψ( ~X, ~ζ,F (~̂u( ~X, ~ζ))) d ~Xd~ζ. (4.11)

The decomposition introduced in Eq. (4.6) is next used as a basis for
the minimization of the variational homogenization problem by considering
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the set of admissible functions in the form

~̂u( ~X, ~ζ) = ~̂v0( ~X) + v̂1( ~X)~ϕ1( ~X, ~ζ) + ~̂w( ~X, ~ζ), (4.12)

where the present problem is limited to one mode (n = 1) only. The problem
in Eq. (4.10) is then effectively replaced with

min
~̂u( ~X,~ζ)∈U (Ω)

E(~̂u( ~X, ~ζ)), (4.13)

from which the kinematical functions ~v0( ~X), v1( ~X), and microfluctuation
functions ~w( ~X, ~ζ) can readily be obtained as minimizers, i.e.

(~v0( ~X), v1( ~X), ~w( ~X, ~ζ)) ∈ arg min
~̂u( ~X,~ζ)∈U (Ω)

E(~̂u( ~X, ~ζ)). (4.14)

The minimizer ~v0 results in as close approximation to ~u as possible within
the test space U (Ω) considered, i.e. within the decomposition according to
Eq. (4.12). So far the exact solution for all ~ζ can be represented because ~w
still allows to cover the entire space U (Ω). Later, however, this space will
be restricted by adopting certain constraints on ~w, which introduces an
approximation.

4.3.3 Euler–Lagrange Equations

Following the standard argumentation of variational calculus, in the next
step the Gâteaux derivative of E is taken and required to vanish, which
provides

δE(~v0, v1, ~w; δ~v0, δv1, δ ~w) = d
dhE(~v0 + hδ~v0 + (v1 + hδv1)~ϕ1 + ~w + hδ ~w)

∣∣∣∣
h=0

= 1
|Q|

∫
Q

∫
Ω

∂Ψ( ~X, ~ζ,F )
∂F T︸ ︷︷ ︸

P ( ~X,~ζ)

: δF T(~u( ~X, ~ζ)) d ~Xd~ζ

= 1
|Q|

∫
Ω

∫
Q

P ( ~X, ~ζ) : ~∇δ~u( ~X, ~ζ) d~ζd ~X = 0,

(4.15)
where the fully-expanded definition of the displacement gradient for the
considered kinematic field of Eq. (4.12) reads

~∇~u( ~X, ~ζ) = ~∇~v0( ~X) + ~∇v1( ~X)~ϕ1( ~X, ~ζ) + v1( ~X)~∇~ϕ1( ~X, ~ζ) + ~∇~w( ~X, ~ζ), (4.16)
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and, accordingly,

~∇δ~u( ~X, ~ζ) = ~∇δ~v0( ~X) + ~∇δv1( ~X)~ϕ1( ~X, ~ζ) + δv1( ~X)~∇~ϕ1( ~X, ~ζ) + ~∇δ ~w( ~X, ~ζ).
(4.17)

Before proceeding, let us note that one could, at this stage, make use of the
divergence theorem in the last row of Eq. (4.15) to obtain

1
|Q|

∫
Ω

∫
Q

(−~∇ · P T) · δ~u d~ζd ~X + boundary terms = 0, (4.18)

which requires that the balance law ~∇ · P T = ~0 holds for each realization ~ζ.
This condition is satisfied only if ~w is unconstrained (i.e. the decomposition of
Eq. (4.12) covers the entire kinematic space U (Ω)), meaning that Eqs. (4.15)
and (4.18) reduce to a classical continuum. This would require computing
the exact solution everywhere in Ω for each translation ~ζ. Below, the space in
which ~w is considered will be restricted and required only that the ensemble
average vanishes, meaning that only the ensemble average of the last row in
Eq. (4.15) is zero and that individual realizations may not be in equilibrium
under constraints on ~w imposed.

In order to establish ensemble average balance laws for the homogenized
quantities, i.e. stress quantities averaged over Q and tested by variations of
the effective fields δ~v0 and δv1, the last row of Eq. (4.15) is rewritten as

1
|Q|

∫
Ω

∫
Q

P ( ~X, ~ζ) : ~∇δ~v0( ~X) + P ( ~X, ~ζ) : [~∇δv1( ~X)~ϕ1( ~X, ~ζ) + δv1( ~X)~∇~ϕ1( ~X, ~ζ)]

+ P ( ~X, ~ζ) : ~∇~w( ~X, ~ζ) d~ζd ~X

=
∫

Ω

{
1

|Q|

∫
Q

P ( ~X, ~ζ) d~ζ︸ ︷︷ ︸
P 1( ~X)

: ~∇δ~v0( ~X) + 1
|Q|

∫
Ω

P T( ~X, ~ζ) · ~ϕ1( ~X, ~ζ) d~ζ︸ ︷︷ ︸
~P3( ~X)

·~∇δv1( ~X)+

1
|Q|

∫
Ω

P ( ~X, ~ζ) : ~∇~ϕ1( ~X, ~ζ) d~ζ︸ ︷︷ ︸
P2( ~X)

δv1( ~X) + 1
|Q|

∫
Q

P ( ~X, ~ζ) : ~∇~w( ~X, ~ζ) d~ζ
}

d ~X = 0.

(4.19)
In compact form, Eq. (4.19) reads

∫
Ω

{
P 1( ~X) : ~∇δ~v0( ~X) + ~P3( ~X) · ~∇δv1( ~X) + P2( ~X)δv1( ~X)

+ 1
|Q|

∫
Q

P ( ~X, ~ζ) : ~∇~w( ~X, ~ζ) d~ζ
}

d ~X = 0,
(4.20)
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which, with the help of the divergence theorem applied to ~∇δ~v0, ~∇δv1,
and ~∇δ ~w, can be rewritten as∫

Ω

{
[−~∇ · P T

1 ( ~X)] · δ~v0( ~X) + [P2( ~X) − ~∇ · ~P3( ~X)]δv1( ~X)

+ 1
|Q|

∫
Q

[−~∇ · P T( ~X, ~ζ)] · δ ~w( ~X, ~ζ) d~ζ
}

d ~X +
∫

ΓN

δ~v0( ~X) · P 1( ~X) · ~N( ~X) d ~X+∫
ΓN

δv1( ~X)~P3( ~X) · ~N( ~X) d ~X + 1
|Q|

∫
ΓN

∫
Q

δ ~w( ~X, ~ζ) · P ( ~X, ~ζ) · ~N( ~X) d~ζd ~X = 0,

(4.21)
where ΓN denotes the free part of the domain boundary ∂Ω, and ~N the unit
outer normal to ∂Ω in the reference configuration. Recall, however, that
prescribed tractions have been omitted in the definition of the ensemble
averaged energy of Eq. (4.11), and that only essential boundary conditions
on the ΓD part of the boundary along with periodic boundary conditions
have been considered.

Making use of the localization argument in space as well as in translations
(because ~w is a space-translation quantity), Eq. (4.21) gives the following
set of governing Euler–Lagrange equations

δ~v0 :

~∇ · P T
1 = ~0, in Ω,

P 1 · ~N = ~0, on ΓN,
δv1 :

~∇ · ~P3 − P2 = 0, in Ω,
~P3 · ~N = ~0, on ΓN,

(4.22)

δ ~w :

~∇ · P T = ~0, in Ω,
P · ~N = ~0, on ΓN,

∀~ζ ∈ Q, (4.23)

where the averaged stress quantities P 1( ~X), P2( ~X), and ~P3( ~X), have been
introduced as

P 1( ~X) = 1
|Q|

∫
Q

P ( ~X, ~ζ) d~ζ, P2( ~X) = 1
|Q|

∫
Q

P ( ~X, ~ζ) : ~∇~ϕ1( ~X, ~ζ) d~ζ,

~P3( ~X) = 1
|Q|

∫
Q

P T( ~X, ~ζ) · ~ϕ1( ~X, ~ζ) d~ζ.

(4.24)
Although the stress quantity P 1 is a simple ensemble average and its balance
law in Eq. (4.22a) has the standard form, the balance law is not standard
as P 1 depends also on v1 and ~∇~v1. Through these two terms the balance law
in Eq. (4.22a) couples to the non-standard equilibrium Eq. (4.22b), expressed
in terms of the two non-standard stress quantities P2 and ~P3. Since all
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homogenized stresses depend on (gradients) of ~v0 and v1, a micromorphic
continuum emerges. So far, all stresses depend on ~∇~w as well.

As Eqs. (4.22) have been derived for the ensemble averaged quantities ~v0
and v1, they depend on the coordinate vector ~X only. In contrast to
that, ~w and its variation δ ~w are also functions of ~ζ, and hence δ ~w cannot
be taken outside the integral over Q in the derivation of Eq. (4.21). This
effectively means that ~w needs to be solved in Eq. (4.23) for each translation ~ζ
separately.

Unlike the natural boundary conditions expressed in terms of P 1, ~P2, and
obtained from the minimization procedure of the ensemble averaged energy
(cf. Eqs. (4.21) and (4.22)), the essential boundary conditions for all coarse
fields ~v0 and, in general, vi can be derived directly from the considerations of
individual translations, recall Section 4.2.2 and Fig. 4.3. This may generally
not be as straightforward for other homogenization techniques based on, e.g.,
volume averaging. In the case of the developed micromorphic homogenization
technique it is clear, however, that when the displacement field is prescribed
on a part of the domain boundary ΓD ⊂ ∂Ω, i.e. ~u( ~X, ~ζ) = ~uD( ~X) on ΓD,
all fluctuations vi( ~X)~ϕi( ~X, ~ζ) need to vanish there for all translations ~ζ ∈ Q.
This effectively means that all coarse modulating functions vanish at this
part of the boundary, i.e. vi( ~X) = 0 on ΓD, whereas ~v0( ~X) = ~uD( ~X) on ΓD
captures any prescribed displacements.

In total three unknown fields are considered in Eqs. (4.22) – (4.23),
namely ~v0( ~X), v1( ~X), and ~w( ~X, ~ζ), which will be discretised using the
finite element method. Assuming that ~v0( ~X) and v1( ~X) are slowly varying
effective fields, their spatial approximation or discretisation may be relatively
coarse, considered at the level of the entire specimen L. On the contrary,
~w( ~X, ~ζ) is a rapidly oscillating field, which needs to be resolved finely at
the microstructural level ` for each translation ~ζ ∈ Q. In order not to solve
for ~w( ~X, ~ζ) globally inside the entire domain Ω (which would effectively
correspond to the DNS solutions for all translated microstructures), two
approaches are presented below:

• First, ~w( ~X, ~ζ) is neglected and considered as a truncation error in the
closed-form homogenization approach detailed in Section 4.4. This
is only a reasonable assumption if a high approximation quality can
be achieved with the decomposition ~v0 + v1~ϕ1, i.e. when ~ϕ1 captures
most of the significant fluctuations present.

• Second, ~w( ~X, ~ζ) is computed only locally inside a periodic cell as-
sociated with each coarse-scale Gauss integration point for only one
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translation, reducing to a computational homogenization approach.
This is discussed in more detail in Section 4.5.

4.4 Closed-Form Homogenization Approach

The first approach adopted neglects the microfluctuation field ~w (i.e. ~w is
constrained to ~w( ~X, ~ζ) ≡ ~0), assuming that the leading terms ~v0 + v1~ϕ in
Eq. (4.12) approximate the macro- as well as micro-kinematics sufficiently
accurately. Upon such a simplification, the governing Eqs. (4.22) – (4.23)
effectively reduce to Eq. (4.22) for the homogenized quantities only, along
with the definitions of the corresponding conjugate stresses in Eq. (4.24).
Consequently, the resulting problem can readily be discretised and solved
as follows.

4.4.1 Discretisation of the Governing Equations

A macroscopic discretisation is introduced, and both effective fields are
expressed in terms of shape functions as

~v0( ~X) ≈ N0( ~X)v0, v1( ~X) ≈ N1( ~X)v1, (4.25)

where v0 and v1 are columns storing nodal values of the respective fields,
and N0( ~X), N1( ~X), are matrices storing the individual shape functions.
Spatial derivatives are then expressed as

~∇~v0( ~X) ≈ B0( ~X)v0, ~∇v1( ~X) ≈ B1( ~X)v1, (4.26)

where B0( ~X) and B1( ~X) are standard matrices of the shape functions’
spatial derivatives. The variations δ~v0, δv1, and their spatial derivatives are
approximated in the same way.

Making use of the first variation of the average energy functional E in
Eq. (4.20) and the definitions of homogenized stresses in Eq. (4.24), one can
write for the column matrix of internal forces

0 = f =
[
f0
f1

]
,where


f0 = Ane

e=1

∫
Ωe

BT
0 ( ~X)P 1( ~X) d ~X,

f1 = Ane
e=1

∫
Ωe

BT
1 ( ~X)P 3( ~X) + NT

1 ( ~X)P2( ~X) d ~X,
(4.27)
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where A denotes the assembly operator over ne elements with spatial subdo-
mains Ωe. For the average energy itself, one can write

E ≈
ne∑

e=1

∫
Ωe

Ψ( ~X) d ~X ≈
ng∑

ig=1
wigJigΨig . (4.28)

In both Eqs. (4.27) – (4.28), the integrals over individual elements Ωe are
carried out numerically in the standard way using a Gauss integration rule,
as indicated in Eq. (4.28). Here, the total average energy is computed as a
sum over all integration points, where wig is the integration weight, Jig is
associated Jacobian, and Ψig denotes the average energy density associated
with the considered integration point ig.

Note that when the microfluctuation field ~w is not present, all average
conjugate quantities P 1, P2, ~P3, and the average energy density Ψ, can
be computed by simply sampling the corresponding constitutive law (no
solution at the ‘microscale’ is required). Let us consider a fixed Gauss
integration point ig, in which the coarse fields ~∇~v0, v1, and ~∇v1 are known.
Because also a fixed position is assumed, no further function dependencies
on ~X need to be considered. As a consequence, the deformation gradient
becomes an explicit function of ~ζ only, i.e.

F T(~ζ) = I + ~∇~v0 + ~∇v1~ϕ1(~ζ) + v1~∇~ϕ1(~ζ), (4.29)

where ~ϕ1(~ζ) is an a priori known vector field, recall Eq. (4.7). The deforma-
tion gradient Eq. (4.29) can thus directly be substituted into the adopted
constitutive law and integrated over Q, i.e.

Ψ = 1
|Q|

∫
Q

Ψ(~0, ~ζ,F (~ζ)) d~ζ, P 1 = 1
|Q|

∫
Q

P (~0, ~ζ,F (~ζ)) d~ζ. (4.30)

Similar expressions also hold for the remaining homogenized quantities P2
and ~P3. In Eq. (4.30), without any loss of generality, the position of the
Gauss integration point has been considered as ~X = ~0.

For the numerical results presented below in Section 4.4.2, piece-wise
linear shape functions have been used with a one-point integration scheme,
for both effective fields ~v0 and v1. Because the example considered is periodic
in ~e1 direction, the effective problem reduces to be one-dimensional only, in
which all averaged quantities are constant along the ~e1 direction. Although
a standard numerical Newton solver can be used to minimize E , or in other
words to equilibrate f , for convenience and for brevity a quasi-Newton solver
has been used instead. This minimization technique does not require any
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evaluations of the Hessian of the average energy E (or in other words the
tangent stiffness matrix associated with f), but more iterations are usually
required.

4.4.2 Results

The effective solutions ~v0(X2) and v1(X2) obtained for two scale ratios L/` =
5 and L/` = 12 and for applied nominal strains of uD/L = 0.02 and 0.075
are compared against the corresponding characteristics of the respective
DNS solutions in Fig. 4.4. Here it can be seen that the achieved accuracy
in terms of kinematics is encouraging, especially in the post-bifurcation
regime (Figs. 4.4b and 4.4d). The boundary layers are captured accurately,
scaling well with the adopted scale ratio L/`. The plateau of v1 in the bulk
region, especially for the scale ratio 12, is also well reflected. The small
differences between v1 and the standard deviation σ are explained by the fact
that the two quantities are not directly comparable (recall that whereas σ
includes the effect of ~w, v1 does not). For both homogenized solutions in
the pre-bifurcation regime, the term v1~ϕ1 tries to represent the effect of ~w,
mimicking a buckled state in which v1 6= 0 (Figs. 4.4a and 4.4c); this is a
result of the overly stiff (over-constrained) representation, as explained in
the next paragraph.

Although the kinematic fields are relatively acceptable, especially in the
post-bifurcation regime, the corresponding conjugate quantities are severely
inaccurate, see Fig. 4.5 where a logarithmic scale has been adopted on
the vertical axis to allow for comparison. Here, the (mean) vertical stress
component (P1)22 which results from the applied deformation as a function
of the scale ratio L/` is shown. In the homogenized solution this quantity is
simply the outcome of the numerical analysis, whereas in the DNS case it has
been obtained by brute force averaging over all realizations. The dependence
of the results on the scale ratio L/` originates from restricting the pattern
transformation in a boundary layer (thickness of which scales with `) close
to the top and bottom horizontal boundaries. In the limit L/` → ∞ this
influence becomes negligible and a scale-independent limit is reached. The
closed-form homogenized solution is able to qualitatively capture this trend
in the post-bifurcation regime, although the values differ by a factor of 15
(Fig. 4.5b). Pre-buckling, however, the size effect exhibited by the closed-
form homogenized solution is artificial (and wrong), as almost no dependence
on the scale ratio is observed for the DNS results, see Fig. 4.5a. This is due to
the fact that actually almost all homogenized solutions buckle already even
for applied strains as small as uD/L = 0.01. As mentioned above, premature
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(a) L/` = 5,
uD/L = 0.02

(b) L/` = 5,
uD/L = 0.075

(c) L/` = 12,
uD/L = 0.02

(d) L/` = 12,
uD/L = 0.075

Figure 4.4: The effective fields ~v0 (vertical component) and v1 obtained from the closed-
form homogenization approach in comparison with the DNS results for scale ratio L/` = 5
in (a) and (b), and 12 in (c) and (d). Two levels of nominal strain, corresponding to the
linear (uD/L = 0.02) and post-bifurcation (uD/L = 0.075) regimes, are shown.

(a) uD/L = 0.02 (b) uD/L = 0.075
Figure 4.5: Nominal stress (P1)22 as a function of scale ratio L/` as obtained from the
closed-form homogenization and the DNS for two applied nominal strain levels of (a)
uD/L = 0.02 (in the linear regime) and (b) uD/L = 0.075 (post-bifurcation regime).

bifurcation occurs to relax the energy through the long-range correlated
field v1~ϕ1 to compensate for the neglected microfluctuation field ~w. This
is the result of overconstraining ~w, which leads to an overly stiff system
compared to the DNS. Note that one option to improve on this is to consider
more modes ~ϕi with shorter wavelengths, capable of approximating the
vector field ~w in a better way. This approach is not considered in what
follows, and a computational scheme is adopted instead.
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4.5 Computational Homogenization Approach

In spite of the reasonable effective post-bifurcation kinematic fields obtained
under the constraint ~w ≡ ~0, Section 4.4.2 convincingly showed that the
microfluctuation field ~w needs to be accounted for. As briefly mentioned at
the end of Section 4.3, the difficulty with ~w is twofold: (i) it is defined on
the entire (full-scale) problem domain Ω, meaning that one has to basically
solve the full-scale problem to obtain it, and (ii) one needs to do this for
every realization (translation of the microstructure). Hence, in order to
avoid resorting to DNS type of simulations, additional approximations on ~w
need to be made to simplify the multi-scale ansatz.

A first approximation which is proposed here is to compute (for each
translation) the microfluctuation field ~w on a 2`× 2` periodic cell around
the point of interest (e.g. a macroscopic integration point) instead of on
the full scale problem domain Ω. This means that boundary conditions
have to be applied on the boundary of that periodic cell instead of on the
outer boundary of the problem domain. (Note that near the specimen
boundary ∂Ω, part of this periodic cell may be outside of the problem
domain Ω.) To achieve this, two assumptions are made:

• On the periodic cell, the effective fields ~v0 and v1 vary only slowly
and hence they can be approximated by a linear expansion around
the point of interest (i.e. the centre of the periodic cell);

• The remainder ~w is periodic over the periodic cell.

These conditions, together, allow us to estimate the energy density at a
point ~X for every translation ~ζ.

A second approximation is made in order to avoid the computation of ~w
for every translation ~ζ. Hereto, the energy density at a point ~X for all
the translations are estimated from the energy density distribution in the
neighbourhood of that point in one realization only.

All considered assumptions are elaborated formally in Section 4.5.1.
Approximations of the average energy along with its minimization leading
to the governing equations are further discussed in Section 4.5.2, whereas
the overall computational framework is summarized in Section 4.5.3. The
results obtained with this framework are given in Section 4.6.
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4.5.1 Assumptions and Approximations

Using a Taylor series expansion and assuming that the ~v0 and v1 fields vary
spatially at a much coarser scale than ~ϕ1 and ~w, the first assumption implies
that the effective fields can be approximated in a small neighbourhood of a
point ~X (spanned by ∆ ~X) as

~v0( ~X + ∆ ~X) = ~v0( ~X) + ∆ ~X · ~∇~v0( ~X) + O(‖∆ ~X‖2),
v1( ~X + ∆ ~X) = v1( ~X) + ∆ ~X · ~∇v1( ~X) + O(‖∆ ~X‖2).

(4.31)

The microstructural components of the ansatz Eq. (4.6), on the other hand,
fluctuate at a fine scale compared to ~v0 and v1 and hence, they need to be
evaluated exactly as

~ϕ1( ~X + ∆ ~X, ~ζ), and ~w( ~X + ∆ ~X, ~ζ). (4.32)

Substituting Eqs. (4.31) and (4.32) into Eq. (4.12) provides an expression
for the approximate displacement field in the form

~u( ~X + ∆ ~X, ~ζ) ≈ ~̃u( ~X,∆ ~X, ~ζ) = ~v0( ~X) + ∆ ~X · ~∇~v0( ~X)
+ [v1( ~X) + ∆ ~X · ~∇v1( ~X)]~ϕ1( ~X + ∆ ~X, ~ζ)
+ ~w( ~X + ∆ ~X, ~ζ),

(4.33)
with corresponding deformation gradient

F T(~̃u( ~X,∆ ~X, ~ζ)) − I = ~∇m~̃u( ~X,∆ ~X, ~ζ) = ~∇~v0( ~X) + ~∇v1( ~X)~ϕ1( ~X + ∆ ~X, ~ζ)
+ [v1( ~X) + ∆ ~X · ~∇v1( ~X)]~∇m~ϕ1( ~X + ∆ ~X, ~ζ) + ~∇m ~w( ~X + ∆ ~X, ~ζ).

(4.34)
The differentiation with respect to a (fine scale) variable ∆ ~X in Eq. (4.34),
i.e. ~∇m = ∂/∂∆Xi, is valid because within the small neighbourhood consid-
ered, the global position ~X is kept fixed.

In the second step, two realizations as sketched in Fig. 4.6 are considered.
The reference microstructure is defined as ~ζ = ~0 (in black), whereas the
translated microstructure is defined as ~ζ 6= ~0 (in blue). A point ~X in the
microstructure translated by ~ζ has exactly the same relative microstructural
position as the point ~X+~ζ in the reference microstructure, as indicated in the
right part of Fig. 4.6. This means that these two points are microstructurally
(or pattern-wise) identical, although they are experiencing slightly different
underlying effective fields ~v0 and v1. Using this second assumption, the
constitutive law of a point ~X in a translated realization exactly corresponds
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~e1

~e2
~X

~ζ
Ω ~X

~X + ~ζ

~ζ

Figure 4.6: A sketch showing a point ~X in the reference microstructure ~ζ = ~0 (in
black) and a microstructure translated by ~ζ (in blue). The point ~X in the translated
microstructure is microstructurally (or pattern-wise) at the same position as the point ~X+~ζ
in the reference microstructure, although these two points experience slightly different
effective fields ~v0 and v1.

to that of a point ~X + ~ζ in the reference realization, i.e.

Ψ( ~X, ~ζ, F̂ ) = Ψ( ~X + ~ζ,~0, F̂ ), (4.35)

where an arbitrary deformation gradient F̂ has been considered. Next, a
similar procedure is applied to the deformation gradient at a point ~X for
the translated microstructure, i.e. F (~u( ~X, ~ζ)), which is approximated by
the deformation gradient in the corresponding position ~X + ~ζ of the refer-
ence microstructure. To this end, use of the Taylor-expanded deformation
gradient in Eq. (4.34) is made, which provides

F (~u( ~X, ~ζ)) ≈ F (~̃u( ~X,~0, ~ζ)) ≈ F (~̃u( ~X, ~ζ,~0)). (4.36)

In the first approximation of Eq. (4.36), the exact deformation gradient
at a position ~X and microstructure translated by ~ζ has been replaced by
the Taylor-expanded one from Eq. (4.34) (as the point ~X is considered,
∆ ~X = ~0 while ~ζ 6= ~0), whereas in the second approximation of Eq. (4.36) the
corresponding point ~X + ~ζ in the reference microstructure is used (i.e. the
translation vector ~ζ effectively becomes a position vector relative to ~X,
replacing ∆ ~X in Eq. (4.34)). Translating the constitutive law (Eq. (4.35))
while employing the kinematic approximation of the deformation gradient
(Eqs. (4.34) and (4.36)), one can finally estimate the energy density at a
point ~X in the microstructure translated by ~ζ as

Ψ( ~X, ~ζ,F (~u( ~X, ~ζ))) = Ψ( ~X + ~ζ,~0,F (~u( ~X, ~ζ))) ≈ Ψ( ~X + ~ζ,~0,F (~̃u( ~X, ~ζ,~0))).
(4.37)

The rightmost form of the energy density in Eq. (4.37) clearly needs to
be evaluated for the reference microstructure only (i.e. ~ζ = ~0), over a small
spatial neighbourhood of a point ~X (in fact, over the periodic cell Q).
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The assumption of periodicity of the microfluctuation component requires
that ~w is periodic, superposed on the approximated ~v0 + v1~ϕ1 field (recall
Eq. (4.33)), meaning that

~w(Γ3) = ~w(Γ1), and ~w(Γ2) = ~w(Γ4), (4.38)

holds, whereas the four corner points Pi of the periodic cell Q are fixed,
i.e. ~w(Pi) = ~0, i = 1, . . . , 4. In Eq. (4.38), Γi, i = 1, . . . , 4, denote boundary
segments of the periodic cell Q, cf. Fig. 4.7. In order to alleviate uniqueness
concerns (recall Eq. (4.8) and the discussion therein), the orthogonality con-
dition 〈~∇~w, ~ϕ1〉2 = 0 still needs to be enforced in addition to the periodicity
of ~w, although it is now considered in space rather than in translations.

4.5.2 Euler–Lagrange Equations

It is important to realize at this point that by the three assumptions
made above, the integration over all translations ~ζ effectively reduces to a
spatial integration over some local neighbourhood in space in one particular
realization. To indicate this more clearly, a change of variables ~Xm = ~ζ
is employed hereafter. The integration over Q then reduces to a spatial
integration over Ωm, which again spans the 2`× 2` periodic cell, and the
differentiation ~∇m with respect to the local variable ∆ ~X in Eq. (4.34) reduces
to ~∇m = ∂/∂Xm,i. For further convenience, and in order to establish a link
to computational homogenization, Ωm will be referred to as RVE, which is
translated such that its centre point is located at a ‘macroscopic’ position ~X.
Furthermore, ~Xm will be referred to as the ‘microscopic’ coordinate.

Taking all considerations into account, the approximate average energy
takes the form

Ẽ(~̂̃u( ~X, ~Xm,~0)) = 1
|Ωm|

∫
Ω

∫
Ωm

Ψ( ~X + ~Xm,~0,F (~̂̃u( ~X, ~Xm,~0))) d ~Xmd ~X,

(4.39)
in analogy to the exact average energy functional defined in Eq. (4.11).
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Setting the first variation of Ẽ equal to zero provides

0 = δẼ(~v0, v1, ~w; δ~v0, δv1, δ ~w)

= d
dh Ẽ

(
~v0 + hδ~v0 +

[
v1 + hδv1 + ~Xm · (~∇v1 + h~∇δv1)

]
~ϕ1 + ~w + hδ ~w

)∣∣∣∣
h=0

= 1
|Ωm|

∫
Ω

∫
Ωm

∂Ψ( ~X + ~Xm,~0,F )
∂F T︸ ︷︷ ︸

P m( ~X, ~Xm)

:
{
~∇δ~v0( ~X) + ~∇δv1( ~X)~ϕ1( ~X + ~Xm,~0)

+
[
δv1( ~X) + ~Xm · ~∇δv1( ~X)

]
~∇m~ϕ1( ~X + ~Xm,~0) + ~∇mδ ~w( ~X + ~Xm,~0)

}
d ~Xmd ~X,

(4.40)
which differs from the variation of the exact average energy functional in
Eq. (4.15) – (4.16) in only one term, namely in ~Xm · ~∇δv1~∇m~ϕ1, and in the
fact that δ ~w is periodic. Following therefore exactly the same procedure as
in Section 4.3.3, the set of governing equations for ~v0 and v1 is derived, cf.
Eq. (4.22), where the definitions of the homogenized stresses now read

P 1( ~X) = 1
|Ωm|

∫
Ωm

P m( ~X, ~Xm) d ~Xm,

P2( ~X) = 1
|Ωm|

∫
Ωm

P m( ~X, ~Xm) : ~∇m~ϕ1( ~Xm,~0) d ~Xm,

~P3( ~X) = 1
|Ωm|

∫
Ωm

P T
m( ~X, ~Xm) · ~ϕ1( ~Xm,~0) + ~Xm[P m( ~X, ~Xm) : ~∇m~ϕ1( ~Xm,~0)] d ~Xm.

(4.41)
In Eq. (4.41), the stress quantities P 1 and P2 are analogous to their exact
counterparts in Eq. (4.24), whereas ~P3 has an extra term due to the extra
contribution ~Xm · ~∇δv1~∇m~ϕ1 in δE , cf. Eq. (4.40). The spatial dependence
of individual quantities in Eq. (4.41) is to be understood as follows. Each
macroscopic point ~X has assigned its own RVE, Ωm, over which the local
stress P m( ~X, ~Xm) is defined; hence the dependence of P m on both vari-
ables ~X and ~Xm. On the other hand, the fluctuation field ~ϕ1 is considered
relative to the RVE’s centre point, which is assumed to be ~0 for convenience
(recall that all RVEs are translated in space such that their centre points
coincide with ~X); hence ~ϕ1 eventually only depends on ~Xm. The same
explanation also holds for ~w. Note that the adopted approach may reflect
situations in which individual RVEs (and hence also their fields ~ϕ1 and ~w),
corresponding to a pair of closely positioned macroscopic points, overlap.

At the microscale, the following equation holds

δ ~w : ~∇m · P T
m = ~0, in Ωm, (4.42)
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where the orthogonality constraint 〈~w, ~ϕ1〉2 = 0 and periodicity of ~w over Ωm
need to be enforced in addition (recall Eqs. (4.8) and (4.38), and the
discussions therein). The orthogonality condition is now considered in space
over Ωm instead of in translations ~ζ, as microstructural translations ~ζ have
been reduced to changes in spatial position ~Xm relative to ~X in Section 4.5.1.
The periodicity of ~w and δ ~w further entails that the boundary term, similar
to the one in Eq. (4.23) and now expressed as P m · ~Nm = ~0 on Γm, disappears.
From Eq. (4.42) it is furthermore clear that all microscopic quantities are
considered for one realization only.

4.5.3 Computational Homogenization Framework

The outline of the solution scheme adopted for the multiscale computational
homogenization is given in Algorithm 4.1 and the overall procedure is
sketched in Fig. 4.7. At each macroscopic Gauss integration point, three
quantities are sampled at the macroscale and prescribed to the microscale,
namely ~∇~v0, v1, and ~∇v1 (note that ~v0 is irrelevant as it does not affect
the energy). At the microscale, i.e. inside Ωm, the mode ~ϕ1 is introduced,
and the underlying smooth field constructed. Considering the necessary
orthogonality conditions, the microfluctuation field ~w is computed, which
allows for computation of local stresses P m. The homogenized stresses
are subsequently evaluated according to Eq. (4.41), and passed on to the
macroscale. Here, the global governing equations are assembled and solved.

Note that exactly the same set of multiscale governing equations can be
obtained by using arguments of computational homogenization, see e.g. [59].
Starting directly from a two-scale decomposition of the form

~u( ~Xm, ~X) ≈ ~v0( ~X) + ~Xm · ~∇~v0( ~X) +
[
v1( ~X) + ~Xm · ~∇v1( ~X)

]
~ϕ1( ~Xm,~0) + ~w( ~Xm,~0),

(4.43)
where ~∇~v0, v1, and ~∇v1 are macroscopic quantities assumed to be constant
within each RVE, one can arrive to Eqs. (4.22), (4.41), and (4.42), by
following standard procedures of computational homogenization. It is
remarked, however, that the derivation based on microstructural translations
adopted in this chapter is (until making approximations on ~w) more rigorous,
and that alternative assumptions may lead to implementations which are
not comparable with computational homogenization and thus leave room
for improvement. Such considerations are, nevertheless, outside the scope
of this contribution.
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Algorithm 4.1: Nested solution scheme for the Computational Homogenization Ap-
proach.

1: Initialization:

(i): Initialize a macroscopic model, ~u0(t = 0) = ~0, v1(t = 0) = ε, ε a
small perturbation.

(ii): To each Gauss integration point of the macro-model, assign an
RVE.

2: for k = 1, . . . , nT (loop over all time steps)

(i): Apply macroscopic boundary conditions at time step k.
(ii): while ε > TOL (macroscopic solver, iteration l)

(a): From ~v l
0, vl

1 compute for each macroscopic Gauss point ig its
deformation gradient I + (~∇~v ig

0 )T, modal magnitude vig
1 , and

modal gradient ~∇vig
1 .

(b): For each macroscopic Gauss point perform RVE analysis:
- Apply underlying deformation dictated by I + (~∇~v ig

0 )T,
v

ig
1 , ~∇vig

1 , and ~ϕ1.
- Assemble and solve RVE problem.a

- Average resulting microscopic quantities to obtain P
ig
1 ,

P
ig
2 , and ~P

ig
3 .

(c): Assemble the macroscopic gradient gl and approximate Hes-
sian Bl (using, e.g., the BFGS method) from contributions of
all macroscopic Gauss points (i.e. from all RVEs).

(d): Update the macroscopic displacements ul+1 = ul +αlpl, where
the step length αl is computed by an inexact line search
method along the search direction pl = −(Bl)−1gl.

(e): Update the iteration error ε = ‖gl‖2.
(iii): end while

3: end for
aSolution of the RVE problem requires an independent (Newton, or other path-

following algorithmic) loop with assembly of the microscopic gradients g
m

(and Hes-
sians Hm), a result of contributions from all microscopic Gauss integration points. In
addition, orthogonality (i.e. 〈~w, ~ϕ1〉2 = 0) and periodicity constraints over Ωm are enforced
for ~w.
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Figure 4.7: A sketch of the micromorphic computational homogenization scheme.
Underlying kinematic quantities ~∇~v0, v1, and ~∇v1, are prescribed to a representative
volume element Ωm considered at each macroscopic Gauss integration point ig, where
the microfluctuation field ~w is computed and condensed out. Homogenized properties
(i.e. stresses) are transferred back to the macroscale.

4.6 Results and Comparison with Full Scale
Simulations

Following the same procedure as the one outlined in Section 4.4.1, both
coarse quantities ~v0 and v1 are discretised by one-dimensional piecewise
affine elements in order to implement the computational homogenization
approach. Two discretisation schemes along the specimen height are adopted,
as sketched in Fig. 4.8. The first one is uniform, with element size ` for
scale ratios larger than 10, whereas 10 elements are used for all scale ratios
smaller than 10 (cf. Fig. 4.8a). Such a discretisation is certainly excessively
fine, and hence serves as a reference solution. The second discretisation,
referred to as coarse, uses prior knowledge on the thickness and location of
the two boundary layers, while keeping the size of the smallest macroscopic
element to be 2` (except for small odd scale ratios), see Fig. 4.8b. Finally,
in Fig. 4.8c, the RVE discretisation of the 2` × 2` periodic cell Ωm is
shown, which makes use of quadratic iso-parametric triangular elements.
This discretisation has the same typical element size as the one used to
obtain the DNS results discussed in Section 4.2.2. All constraints for ~w,
i.e. periodicity in Eq. (4.38) and orthogonality 〈~w, ~ϕ1〉2 = 0, are treated as
classical equality constraints. All microfluctuation fields ~w are condensed out
for each macroscopic integration point ig by means of an equality constrained
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Newton-based minimization algorithm, cf. e.g. [14] or [71], whereas the
macroscopic governing equations are solved using again a quasi-Newton
solver.

Figure 4.8: Macroscopic discretisation (black dots denote individual nodes), uniform (a)
and coarse (b), along with microscopic discretisation of the RVE domain Ωm in (c).

(a) L/` = 5,
uD/L = 0.02

(b) L/` = 5,
uD/L = 0.075

(c) L/` = 12,
uD/L = 0.02

(d) L/` = 12,
uD/L = 0.075

Figure 4.9: The effective fields ~v0 (vertical component) and v1 obtained through com-
putational homogenization in comparison with the DNS results for scale ratios L/` = 5
in (a) and (b), and 12 in (c) and (d). Two levels of nominal strain, corresponding to the
linear (uD/L = 0.02) and post-bifurcation (uD/L = 0.075) regime are shown.

Computed results in terms of the coarse quantities ~v0 and v1 are compared
against the DNS data ~u and σ in Fig. 4.9. An adequate approximation is now
achieved in both the linear and in the post-bifurcation regime. The boundary
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(a) L/` = 5 (b) L/` = 12
Figure 4.10: The effective fields ~v0 and v1 at uD/L = 0.075, along with corresponding
deformed RVEs associated with several Gauss integration points, for scale ratios L/` = 5
and 12.

layers are captured properly, even for the coarse discretisation. In the linear
regime, σ 6= 0 again as a consequence of the discrepancy in its definition
compared to that of v1. The homogenized field v1 does vanish here as
expected, but unlike in the closed-form homogenized solutions of Section 4.4.
The computed responses of the two uniform discretisations corresponding
to scale ratios L/` = 5 and 12 and an applied strain of uD/L = 0.075
are further shown with the corresponding deformed RVEs in a couple of
integration points in Fig. 4.10. At the centre, where v1 is constant, the cells
deform practically periodically, according to the pattern given by ~ϕ1. But
closer to the boundaries v1 approaches zero and hence the pattern becomes
less prominent. Since v1 varies significantly on the size of the RVE, 2`, the
RVE deforms non-periodically.

Finally, the homogenized stresses are reported in Fig. 4.11, where a
significant improvement compared to the closed-form homogenization ap-
proach presented in Section 4.4 can be observed. In the linear regime, the
modulation function v1 = 0, whereas ~w is periodic on top of an underlying
affine deformation ~v0. This effectively results in an FE2 type of approxi-
mation, with a relative error below 2 %, and practically no size effect, cf.
Fig. 4.11a. In the post-bifurcation regime, v1 6= 0, and individual RVEs
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(a) uD/L = 0.02 (b) uD/L = 0.075
Figure 4.11: Nominal stress (P1)22 versus scale ratio L/` at two applied strain levels of (a)
uD/L = 0.02 and (b) uD/L = 0.075. Note that in the linear regime, all homogenization
approaches coincide (the blue horizontal line).

buckle in a synchronized manner coordinated through the term v1~ϕ1. The
microfluctuation field ~w still compensates any local fluctuations on top of
the approximate quantity ~v0 + v1~ϕ1, significantly relaxing the system. This
results in nominal stresses (P1)22 that are within 10 % of relative error in
the case of the regular macroscopic discretisation, which is systematically
more compliant compared to the DNS results. Note further that the largest
error occurs for the smallest scale ratio considered, i.e. L/` = 4. The coarse
discretisation is, on the other hand, somewhat stiffer, and provides in this
particular case a slightly more accurate result, cf. Fig. 4.11b.

4.7 Summary and Conclusions

This chapter presented a micromorphic homogenization framework, capable
of capturing long-range correlated fluctuation fields emerging in elastomeric
mechanical metamaterials due to local buckling of their microstructure. The
ensemble averaging based homogenization framework, the emergent Euler–
Lagrange equations and the numerical approximation schemes have been
elaborated and commented. Results have been compared against averaged
full scale numerical simulations reported by [3].

The key developments and results can be summarized as follows:

1. A kinematic decomposition of the underlying displacement field con-
sidered for an entire family of translated microstructures has been
proposed.
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2. The proposed pattern-based decomposition, upon making use of the
variational homogenization framework and ensemble averaging, has
provided an effective micromorphic continuum enriched with the mag-
nitude of the underlying long-range correlated fluctuation field. The
additional micromorphic field establishes kinematic interactions be-
tween individual cells, which is essential for accurate homogenization
and capturing quantitative size effects.

3. A computational homogenization scheme has been developed, making
use of assumptions on the local energy density, smoothness properties
of the effective kinematic fields, and the periodicity of the microfluc-
tuation field. This allowed for an efficient and accurate solution of the
macroscopic governing equations.

4. The key aspects of the implementation of the proposed framework have
been discussed, focusing in particular on the application of the effective
fields ~v0 and v1, along with the appropriate boundary conditions and
orthogonality constraints.

5. Using a representative example, the ability of the proposed method-
ology to capture accurate solutions has been demonstrated in terms
of kinematics as well as stress quantities. Homogenized stresses were
always within 10 % relative error compared to the direct numerical
simulations, capturing relevant size effects.

The proposed methodology, although presented on a specific case, can
easily be extended to more complex systems, containing multiple long-range
correlated fluctuation fields and exhibiting complex size effects.
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Abstract

Honeycomb-like microstructures have been shown to exhibit local elastic
buckling under compression, with three possible geometric pattern transfor-
mations. Individual pattern transformations, and consequently also spatially
distributed patterns, can be induced by controlling applied compression
along two orthogonal directions. Exploitation of this property holds great
potential in, e.g., energy harvesting or soft robotics applications. For fast
and optimal design, efficient numerical tools are required, capable of bridging
the gap between the microstructural and engineering scale, while capturing
all relevant pattern transformations. A micromorphic homogenization frame-
work for materials exhibiting multiple pattern transformations is therefore
presented in this chapter, which extends the micromorphic scheme intro-
duced in Chapter 4 for elastomeric metamaterials exhibiting a single pattern
transformation. The methodology is based on a suitable kinematic ansatz
consisting of a smooth part, a set of spatially correlated fluctuating fields,
and a remaining, spatially uncorrelated microfluctuation field. Whereas the
latter field is neglected or condensed out at the level of each macroscopic
material point, the magnitudes of the spatially correlated fluctuating fields
emerge at the macroscale as micromorphic fields. The balance equations
which these micromorphic fields must satisfy, as well as a computational
homogenization approach to compute the generalized stresses featuring in
these equations are developed. To demonstrate the potential of the method,
size effects due to constrained boundary layers as well as loading cases
resulting in mixed modes in both space and time are studied and compared
against full-scale numerical simulations. An adequate accuracy is achieved
with the proposed scheme. The inherent multiplicity of solutions, however,
entails some sensitivity to the initial guess.
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(a) square pattern (b) hexagonal pattern I

(c) hexagonal pat-
tern II

(d) hexagonal pattern III

Figure 5.1: Typical geometric pattern transformations exhibited by voided elastomeric
materials. (a) Single pattern transformation for a square packing of holes (uniaxial or
biaxial compression). Multiple pattern transformations exhibited by microstructures
with hexagonal packing of holes: (b) pattern I or shear pattern (uniaxial compression),
(c) pattern II or butterfly-like pattern (biaxial compression with a higher compression along
the horizontal axis), and (d) pattern III or flower-like pattern (equi-biaxial compression).

5.1 Introduction

Elastomeric materials with specific microstructures, typically consisting of
periodically arranged holes, have been shown to reveal geometric pattern
transformations under compression [see Fig. 5.1a as well as e.g. 12, 32, 69].
The pattern transformation is a result of ordered local buckling of the
elastomeric cell walls, resulting in a distinct post-bifurcation behaviour,
which characterizes such materials as mechanical metamaterials. The post-
bifurcation compliance has been shown to make these materials especially
suitable for soft robotics applications [see e.g. 97].

Of particular interest in this contribution are elastomeric materials
exhibiting multiple pattern transformations, dependending on the loading
conditions. Honeycomb microstructures, for instance, show three distinct
patterns under biaxial compression, as depicted in Figs. 5.1b – 5.1d, where
a periodic cell with 8 × 8 holes is shown. Such patterns have been observed
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both experimentally and numerically [cf. 22, 25, 44, 45, 47, 48, 56, 72, 77,
78, 86]. In particular, [72] studied symmetric bifurcations in honeycomb
microstructures and showed that it is the multiplicity of the bifurcation
(double and triple) that leads to complex patterned modes. This implies the
existence of multiple independent buckling modes, any linear combination
of which can result in an admissible pattern in an infinite medium. [73]
furthermore studied the post-bifurcation behaviour of these microstructures,
under equi-biaxial loading conditions, to understand which of the possible
microscopic buckling mode combinations are preferential based on the
associated elastically stored energies.

For finite specimens, boundary layers are formed where kinematic con-
straints exerted by essential boundary conditions restrict the pattern trans-
formations. As shown by [3], the relative size of the boundary layers with
respect to the overall size of the specimen introduces a size effect, which
may significantly influence the overall behaviour of the specimen. This
effect is strong especially for small ratios of the typical macroscopic size L
(e.g. specimen size) relative to the size of typical microstructural features `
(e.g. hole spacing), which is generally called the scale ratio. Figs. 5.2a – 5.2c
show several examples of typical boundary layers formed in the vicinity of
kinematically restricted boundaries. They comprise approximately 3 layers
of unit cells close to the top and bottom edges in the case of square-packed
microstructure (Fig. 5.2a), whereas in the case of an hexagonally-packed
microstructure the observed thicknesses are smaller (Figs. 5.2b and 5.2c). As
a consequence of the external loading, individual patterns may in addition
alter and switch in time, or mix in space, as shown in Fig. 5.2d. Such
a behaviour clearly poses a challenging problem from a homogenization
perspective.

In the limit of large scale separation, conventional computational ho-
mogenization methods provide accurate predictions even for very complex
microstructural behaviour [cf. e.g. 57, 66]. Yet, they fail in the regime
of low scale separation, where individual cells are strongly kinematically
coupled. To capture mutual interaction and ensuing non-locality, several
higher-order homogenization schemes that incorporate long-range fluctua-
tion fields have been proposed in the literature [e.g. 59]. Such frameworks
typically result in a higher-order macroscopic continuum. Another class
consists of the generalized micromorphic theories, resulting in an extended
continuum at the macroscale, such as micromorphic homogenization schemes
proposed by [50] or [13]. A micromorphic computational homogenization
scheme specifically targeting mechanical metamaterials exhibiting a single
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(a) square pattern (b) hexagonal pattern I

(c) hexagonal pattern II (d) mixing of patterns
Figure 5.2: Boundary layers exhibited by finite specimens for various patterns. (a) A
square specimen with an 8 × 8 square grid of holes subjected to uniaxial vertical compres-
sion of 10 % with clamped top and bottom edges, whereas lateral edges are unconstrained.
(b) Uniaxial 5 % vertical compression of hexagonally stacked microstructure with 8 holes
along horizontal and vertical directions, and with clamped top and bottom edges, and
unconstrained vertical edges. (c) Biaxial compression of hexagonally stacked microstruc-
ture subjected to 2.5 % vertical and 5 % horizontal strain. (d) A case of spatial mixing
of patterns, showing all the three patterns I, II, and III, under complex loading and
boundary conditions.

pattern transformation (see Fig. 5.1a) has been recently proposed in [82].
A unique decomposition of the underlying kinematic field is proposed to
incorporate the spatially correlated microfluctuating component in addition
to the mean displacement field and the uncorrelated local microfluctuation
field. This long-range correlated field directly relates to the microstruc-
tural morphology, and accounts for the kinematical interaction between
individual microstructural periodic cells. It has been shown that such a
single-pattern computational scheme is able to capture the ensemble average
of the full-scale results and the size effects exhibited by them.

It is the objective of this chapter to formulate a homogenization frame-
work that captures multiple pattern transformations, including their spatial
and temporal mixing as well as associated boundary layers. To this end,
the micromorphic homogenization scheme of [82] is extended to the case of
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multiple pattern transformations in honeycomb-like microstructures. This
is not a trivial extension, given that multiplicity of bifurcation modes can
occur, and these modes may mutually interact, and evolve. First, the fun-
damental bifurcation modes of the microstructure considered are identified
and computed [based on 72], which are later used to define the long-range
spatially correlated fields. The amplitudes of these fields are controlled by
scalar and slowly varying micromorphic fields, which quantify the presence
of the patterns as a consequence of external loading. By using variational
principles, the corresponding macroscopic governing equations are derived.
The locally uncorrelated microfluctuation field is localized using a periodicity
assumption and is condensed out at the level of each macroscopic Gauss
integration point. The resulting micromorphic homogenization scheme is
then employed to predict pattern transformations for various loading condi-
tions. Size effects resulting from finite specimens are studied and compared
against full-scale numerical simulations, as well as the temporal and spatial
mixing of patterns.

The chapter is organized as follows: Section 5.2 introduces the considered
microstructure, corresponding periodic cell, individual bifurcation modes,
and the resulting geometric pattern transformations. Section 5.3 extends
the micromorphic homogenization framework to the case of multiple pattern
transformations and provides the resulting macroscopic governing equations
along with their numerical implementation. Section 5.4 then compares the
homogenization results against full-scale numerical simulations for a variety
of loading scenarios. The chapter closes with a summary and conclusions in
Section 5.5.

The following notation conventions are used throughout this chapter

- scalars a,

- vectors ~a,

- second-order tensors A,

- matrices A and column matrices a,

- ~a ·~b = aibj ,

- A ·~b = Aijbj~ei,

- A · B = AikBkj~ei~ej ,

- A : B = AijBji,

- transpose AT, AT
ij = Aji,
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- gradient operator ~∇~a = ∂aj

∂Xi
~ei~ej ,

- divergence operator ~∇ · ~a = ∂ai

∂Xi
.

- derivatives of scalar functions with respect to second-order tensors
δΨ(F ; δF ) = d

dhΨ(F + hδF )
∣∣∣∣
h=0

= ∂Ψ(F )
∂F

: δF .

5.2 Problem Description

Constitutive properties of the elastomeric base material [based on 11], the
microstructural geometry considered, and the resulting geometrical patterns
along with corresponding modes are detailed in this section.

5.2.1 Material Properties, Microstructural Geometry, and
Periodic Cell

The constitutive behaviour of the elastomeric base material is assumed to
be hyperelastic, described by the following strain energy density

ψ (F ) = a1(I1 − 3) + a2(I1 − 3)2 − 2a1 log J + 1
2K(J − 1)2, (5.1)

where F = I + (~∇~u)T is the deformation gradient tensor, ~∇~u is the gradient
of the displacement field with respect to the reference configuration, I is the
second-order identity tensor, J is the determinant of F , and I1 = tr C is the
first invariant of the right Cauchy–Green deformation tensor C = F T · F .
The adopted material parameters are given by a1 = 0.55 MPa, a2 = 0.3 MPa,
and K = 55 MPa [cf. 11].

A hexagonal stacking of circular holes with diameter d = 1.28 mm and
a centre-to-centre spacing of ` = 1.386 mm is adopted, representing the
microstructural morphology. The periodic cell Q, consisting of 2 holes in
each direction of the cell walls, is based on the periodicity of the observed
patterns [see e.g. 3, 11, 72, 77, 78]. The periodic cell is fully symmetric with
respect to the adopted Cartesian coordinate frame. Periodicity is enforced
by tying conditions highlighted by colour coding, and the cell’s macroscopic
deformation is controlled through a set of three points, as shown in Fig. 5.3a.
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(a) periodic cell Q (b) pattern I

(c) pattern II (d) pattern III
Figure 5.3: (a) Adopted periodic cell Q for the elastomeric microstructure with a
hexagonal stacking of holes. Three sets of boundary edges are periodically tied according
to their colour coding (green, blue, and red). The overall strain is imposed through a
set of three control points, namely P1, P2, and P3 (black dots). Pattern transformations
corresponding to (b) pattern I, uniaxial pattern, or shear pattern, ~ϕ1 (computed for γ = ∞),
(b) pattern II, biaxial pattern, or butterfly-like pattern, ~ϕ2 (computed for γ = 1

2 ), and (c)
pattern III, equi-biaxial pattern, or butterfly-like pattern, ~ϕ3 (computed for γ = 1).

5.2.2 Pattern Transformations and Bifurcation Modes

Various overall biaxial compressive strains are applied using biaxiality ratio γ,
defined as

γ = ε22
ε11

= 1 − F 22

1 − F 11
∈ [0,∞], (5.2)

where εii = 1 − F ii are the compressive normal strains along the X1 and
X2 directions, F 12 = F 21 = 0, and F ij denotes the components of the
overall deformation gradient tensor F . Depending on the value of γ, various
patterns can be triggered in the adopted elastomeric microstructure. The
three directions of the cell walls (denoted as θ = ±30◦ and 90◦, where θ is
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defined with respect to the horizontal axis at the intersection of the cell
walls, cf. Fig. 5.3a), are used to distinguish individual patterns as follows:

(i) Pattern I, also called uniaxial pattern, or shear pattern, is observed for
the loading cases in which the cell walls along θ = 90◦ take a higher
compressive load compared to the remaining cell walls (i.e. γ > 1), and
a single bifurcation point occurs. The displacement field associated
with this pattern is denoted ~ϕ1( ~X), and corresponds to alternating
horizontal layers of holes buckled towards the right and left with no
auxetic effect, cf. Figs. 5.1b and 5.3b.

(ii) Pattern II, a biaxial pattern, or butterfly-like pattern, is observed when
the cell walls along θ = ±30◦ take a higher compressive load than
those along θ = 90◦ (i.e. γ < 1), and a double bifurcation point
occurs. This pattern is denoted ~ϕ2( ~X), and corresponds to one layer of
holes flattened alternately along the horizontal and vertical directions,
whereas the adjacent layers of holes buckle alternately towards the left
and right, forming a butterfly-like pattern, cf. Figs. 5.1c and 5.3c.

(iii) Pattern III, an equi-biaxial pattern, or flower-like pattern, emerges
when all three cell walls are subjected to an equal compressive load,
occurring only for the case of equi-biaxial compression (i.e. γ = 1), in
which a triple bifurcation point occurs. This pattern is denoted ~ϕ3( ~X),
and corresponds to a virtually undeformed hole surrounded by ellipses
with their major axes positioned tangentially to that hole, cf. Figs. 5.1d
and 5.3d.

5.3 Homogenization Framework

This section describes the homogenization approach for pattern transforming
materials, whereby the number of modes n is kept arbitrary; for the mi-
crostructure detailed in Section 5.2, i.e. n = 3. First, an ensemble averaging
scheme based on full numerical simulations is described in Section 5.3.1,
which provides the reference homogenized solution. Thereafter, the mi-
cromorphic computational homogenization scheme, originally introduced
in [82], is extended to account for multiple pattern transformations. Finally,
the numerical implementation is detailed.

5.3.1 Ensemble Averaging

One of the classical methods to obtain the homogenized mechanical response
for microstructured materials is ensemble averaging [cf. e.g. 3, 29, 82, 91]. It
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is based on the idea that it may be impossible to control the exact positioning
of the microstructure relative to the macrostructure. An entire family of
translated microstructural realizations is therefore considered, from which
the ensemble average of all solutions, ~u( ~X), is obtained as

~u( ~X) = 1
|Q|

∫
Q
~u( ~X, ~ζ) d~ζ. (5.3)

In Eq. (5.3), individual solutions ~u( ~X, ~ζ), corresponding to a translation
of the microstructure ~ζ ∈ Q, ~ζ = ζ1~e1 + ζ2~e2, make up the full-scale
description. Note that a translation vector beyond the unit cell Q results in
a microstructure which is identical to one for which ~ζ ∈ Q. The translations
considered in the averaging may thus be limited to Q, as implied in Eq. (5.3).
The individual solutions ~u( ~X, ~ζ) are obtained by minimizing the total
potential energy for each microstructural translation ~ζ, i.e.

~u( ~X, ~ζ) ∈ arg min
~̂u( ~X,~ζ)∈U (Ω)

E(~ζ, ~̂u( ~X, ~ζ)),

E(~ζ, ~̂u( ~X, ~ζ)) =
∫

Ω
Ψ( ~X, ~ζ,F (~̂u( ~X, ~ζ))) d ~X,

Ψ( ~X, ~ζ,F ) = χ( ~X + ~ζ)ψ(F ),

∀~ζ ∈ Q, (5.4)

where χ is an indicator function of the material, i.e. χ = 0 inside holes
and χ = 1 outside. U (Ω) denotes the space of all kinematically admissi-
ble displacement fields over the macroscopic domain Ω. For convenience,
displacements and strains are interpolated using a very soft linear elastic
material inside holes before averaging, whereas all the stress components
are set to zero. Due to local instabilities, non-convex energies E may result,
with multiple local minima; the inclusion sign ∈ in Eq. (5.4) is used to
reflect this explicitly.

Although ensemble averaging constitutes a good reference solution, it is
computationally excessively expensive. A computational homogenization
scheme is thus elaborated in what follows.

5.3.2 Extended Micromorphic Homogenization

The extended micromorphic computational homogenization scheme is based
on the decomposition of the kinematic field ~u( ~X, ~ζ), valid for each mi-
crostructural translation ~ζ. It is given by

~u( ~X, ~ζ) = ~v0( ~X) +
n∑

i=1
vi( ~X)~ϕi( ~X, ~ζ) + ~w( ~X, ~ζ), (5.5)
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where ~ϕi( ~X, ~ζ) are periodic deformation modes which are characteristic of
the microstructure considered, and translate along with the microstructure,
i.e. ~ϕi( ~X, ~ζ) = ~ϕi( ~X + ~ζ,~0). For the case of hexagonally stacked voided
microstructures, the patterns ~ϕi( ~X, ~ζ) are chosen as bifurcation modes,
i.e. n = 3, recall Section 5.2.2 and Fig. 5.3. Individual modes, ~ϕi( ~X, ~ζ), are
periodic over Q with zero mean, and their amplitudes at the macroscale are
governed by the scalar fields vi( ~X), acting as amplitude modulators. The
modes are expected to be active when the corresponding loading triggers an
instability in the cell walls, capturing thereby the long-range fluctuations of
the microstructure. Multiple modes can be activated through non-zero vi( ~X)
fields at the same time, but they are expected to be inactive until bifurcation
occurs (i.e., pre-bifurcation, vi( ~X) = 0). Further, ~v0( ~X) corresponds to the
mean of the total displacement field ~u( ~X, ~ζ), whereas the last term of the
ansatz, i.e. ~w( ~X, ~ζ), is the conventional local microfluctuation field. This
component addresses all kinematics not incorporated in the mean and the
individual modes ~ϕi( ~X, ~ζ) in the post-bifurcation regime, as well as all fast
fluctuations in the linear pre-bifurcation regime. The uniqueness of the de-
composition is ensured through additional orthogonality conditions imposed
on ~w( ~X, ~ζ), namely 〈wk( ~X, ~ζ), ϕi,k( ~X, ~ζ)〉2 = 0, and 〈wk( ~X, ~ζ), 1〉2 = 0, for
each component k = 1, 2, where

〈u( ~X, ~ζ), v( ~X, ~ζ)〉2 =
∫

Q
u( ~X, ~ζ)v( ~X, ~ζ) d~ζ = 0. (5.6)

Later in this section, these constraints are shown to translate to orthogonality
of ~w with respect to all three modes ~ϕi in the spatial (micro-) coordinate
instead of ~ζ.

The energy associated with one particular realization ~ζ ∈ Q of the
translated microstructure, evaluated at its corresponding minimizer ~u( ~X, ~ζ),
reads

E(~ζ, ~u( ~X, ~ζ)) = min
~̂u( ~X,~ζ)∈U (Ω)

E(~ζ, ~̂u( ~X, ~ζ)). (5.7)

The ensemble averaged energy can then be derived as [see also 21, 79, 91,
for more details]

1
|Q|

∫
Q

E(~ζ, ~u( ~X, ~ζ)) d~ζ = 1
|Q|

∫
Q

min
~̂u( ~X,~ζ)∈U (Ω)

E(~ζ, ~̂u( ~X, ~ζ)) d~ζ

= min
~̂u( ~X,~ζ)∈U (Ω)

E(~̂u( ~X, ~ζ)),
(5.8)

where the minimization with respect to ~̂u( ~X, ~ζ) in the first equality is to
be understood for one particular fixed ~ζ and all ~X, while in the second
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equality both ~ζ and ~X are considered as continuous variables (making
effectively ~̂u( ~X, ~ζ) a vector function over a four-dimensional space for the
case of Ω ⊂ R2 and Q ⊂ R2 considered here). In addition, the averaged
energy has been introduced as

E(~̂u( ~X, ~ζ)) = 1
|Q|

∫
Q

∫
Ω

Ψ( ~X, ~ζ,F (~̂u( ~X, ~ζ))) d ~Xd~ζ. (5.9)

Substituting the ansatz Eq. (5.5) and subsequently minimizing E provides
all unknown kinematical quantities of the decomposition, namely ~v0( ~X),
vi( ~X), and ~w( ~X, ~ζ), i.e.

(~v0( ~X), v1( ~X), . . . , vn( ~X), ~w( ~X, ~ζ)) ∈ arg min
~̂u( ~X,~ζ)∈U (Ω)

E(~̂u( ~X, ~ζ)). (5.10)

Within the adopted decomposition of Eq. (5.5), the obtained minimizer ~v0
provides the best possible approximation to ~u, as the contributions of all
the modes ~ϕi and the microfluctuation field ~w do not survive the averaging.
Because all translations ~ζ have been considered for ~w, which is also computed
over the entire domain Ω in Eq. (5.10), the entire space U (Ω) is covered.

In order to limit the computational effort associated with the minimiza-
tion problem given by Eq. (5.10), localization and smoothness assumptions
for ~w, ~v0, and vi, need to be adopted. Following the reasoning of [82,
Section 5], the following approximation steps are performed:

(i) The microfluctuation field ~w is computed on the periodic cell Q, and
for the reference translation only, i.e. ~ζ = ~0. The periodic cell is
localized around the point of interest, e.g. a macroscopic integration
point instead of the full-scale problem domain Ω. This also requires
specification of boundary conditions for ~w on the boundaries of that
periodic cell, which are assumed to be periodic.

(ii) Over each periodic cell, the effective fields ~v0 and vi vary slowly
compared to ~w and ~ϕi, and hence they can be approximated in a small
neighbourhood spanned by (a microscopic coordinate) ~Xm ∈ Q around
the point of interest ~X (i.e. around the centre of each periodic cell)
through a Taylor series expansion as

~v0( ~X + ~Xm) = ~v0( ~X) + ~Xm · ~∇~v0( ~X) + O(‖ ~Xm‖2),
vi( ~X + ~Xm) = vi( ~X) + ~Xm · ~∇vi( ~X) + O(‖ ~Xm‖2).

(5.11)
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All fast-fluctuating fields, on the other hand, need to be evaluated
exactly, i.e.

~ϕi( ~X + ~Xm, ~ζ), and ~w( ~X + ~Xm, ~ζ), (5.12)

which provides, upon substituting Eqs. (5.11) and (5.12) into Eq. (5.5),
the following expression for the approximate displacement field

~u( ~X + ~Xm, ~ζ) ≈ ~̃u( ~X, ~Xm, ~ζ) = ~v0( ~X) + ~Xm · ~∇~v0( ~X)

+
n∑

i=1
[vi( ~X) + ~Xm · ~∇vi( ~X)]~ϕi( ~X + ~Xm, ~ζ)

+ ~w( ~X + ~Xm, ~ζ).
(5.13)

The corresponding deformation gradient is obtained by applying the
microscopic gradient operator ~∇m = ∂/∂Xm,i to ~̃u, while assuming
the macroscopic position vector ~X fixed, i.e.

F T(~̃u( ~X, ~Xm, ~ζ)) − I = ~∇m~̃u( ~X, ~Xm, ~ζ) = ~∇~v0( ~X)

+
n∑

i=1

~∇vi( ~X)~ϕi( ~X + ~Xm, ~ζ)

+
n∑

i=1
[vi( ~X) + ~Xm · ~∇vi( ~X)]~∇m~ϕi( ~X + ~Xm, ~ζ)

+ ~∇m ~w( ~X + ~Xm, ~ζ).
(5.14)

(iii) Finally, the energy density at a point ~X for all the translations is
approximated by the energy density distribution in the neighbourhood
of that point based on a single realization, i.e.

Ψ( ~X, ~ζ,F (~u( ~X, ~ζ))) = Ψ( ~X + ~ζ,~0,F (~u( ~X, ~ζ)))
≈ Ψ( ~X + ~ζ,~0,F (~̃u( ~X, ~ζ,~0))),

(5.15)

where also the approximate deformation gradient of Eq. (5.14) has been
used. In the rightmost approximation of Eq. (5.15), the translation
variable ~ζ effectively becomes a position vector relative to the centre
of the periodic cell, ~X, spanning the same domain as ~Xm ∈ Q, and
entailing eventually that the energy density needs to be evaluated for
the reference translation only (i.e. for ~ζ = ~0).
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Introducing assumptions (i) – (iii) into Eq. (5.9), the ensemble averaged
energy can be estimated as

Ẽ(~̂̃u( ~X, ~Xm,~0)) = 1
|Q|

∫
Ω

∫
Q

Ψ( ~X + ~Xm,~0,F (~̂̃u( ~X, ~Xm,~0))) d ~Xmd ~X.

(5.16)
This result can be minimized with respect to ~v0, vi, and ~w, by requiring the
Gâteaux derivative of Ẽ to be zero, i.e.

δẼ(~v0, v1, . . . , vn, ~w; δ~v0, δv1, . . . , δvn, δ ~w) =
1

|Q|

∫
Q

∫
Ω

∂Ψ( ~X + ~Xm,~0,F )
∂F T︸ ︷︷ ︸

P ( ~X, ~Xm)

: δF T(~̃u( ~X, ~Xm,~0))︸ ︷︷ ︸
~∇mδ~̃u( ~X, ~Xm,~0)

d ~Xd ~Xm,

(5.17)
where ~∇mδ~̃u( ~X, ~Xm,~0), upon taking into account the second approximation
(of Eq. (5.13)), is given by

~∇mδ~̃u( ~X, ~Xm,~0) = ~∇δ~v0( ~X)

+
n∑

i=1

~∇δvi( ~X)~ϕi( ~X + ~Xm,~0)

+
n∑

i=1
[δvi( ~X) + ~Xm · ~∇δvi( ~X)]~∇m~ϕi( ~X + ~Xm,~0)

+ ~∇mδ ~w( ~X + ~Xm,~0).

(5.18)

Substituting Eq. (5.18) into Eq. (5.17), making use of the divergence theorem,
and assuming only essential boundary conditions applied to ~v0 on ΓD ⊂ ∂Ω
for simplicity, provides the following set of Euler–Lagrange equations

δ~v0 :

~∇ · ΘT = ~0, in Ω,
Θ · ~N = ~0, on ΓN,

δvi :

~∇ · ~Λi − Πi = 0, in Ω,
~Λi · ~N = 0, on ΓN,

i = 1, . . . , n,

(5.19)
δ ~w : ~∇m · P T = ~0, in Q, (5.20)

where ΓN ⊂ ∂Ω, ΓN ∩ ΓD = ∅, denotes the part of the macroscopic bound-
ary ∂Ω along which zero tractions are applied, and ~N is corresponding unit
outer normal. In Eqs. (5.19) and (5.20), the averaged macroscopic stress
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quantities Θ( ~X), Πi( ~X), and ~Λi( ~X), have been introduced as

Θ( ~X) = 1
|Q|

∫
Q

P ( ~X, ~Xm) d ~Xm,

Πi( ~X) = 1
|Q|

∫
Q

P ( ~X, ~Xm) : ~∇m~ϕi( ~Xm,~0) d ~Xm,

~Λi( ~X) = 1
|Q|

∫
Q

P T( ~X, ~Xm) · ~ϕi( ~Xm,~0) + ~Xm[P ( ~X, ~Xm) : ~∇m~ϕi( ~Xm,~0)] d ~Xm.

(5.21)
In Eq. (5.21), each macroscopic point ~X has its own periodic cell Q (or,
equivalently RVE), over which the local ‘microscopic’ stress P ( ~X, ~Xm) =
∂Ψ( ~X+ ~Xm,~0,F (~̃u( ~X, ~Xm,~0)))/∂F T is defined, recall Eq. (5.17). Note that
the orthogonality of the microfluctuation field ~w with respect to the long-
range modes ~ϕi needs to be enforced in terms of volume integrals (unlike
Eq. (5.6), in which orthogonality with respect to the translation variable ~ζ
has been considered), i.e. 〈wk( ~X, ~Xm), ϕi,k( ~X, ~Xm)〉2 = 0, in addition to
periodicity of ~w over Q. From Eq. (5.19), it can further be observed that
all the homogenized stresses depend on the gradients of ~v0 and vi, and
hence a micromorphic continuum emerges. The overall computational
homogenization procedure is summarized in Fig. 5.4.

5.3.3 Numerical Implementation

Using the standard finite element procedures, all the macroscopic fields ~v0
and vi in Eq. (5.19) are discretized at the macroscale level. The field
variables (as well as their spatial derivatives and variations) are expressed
in terms of the finite element shape functions as

~v0( ~X) ≈ N0( ~X)v0, vi( ~X) ≈ Ni( ~X)vi, (5.22)

~∇~v0( ~X) ≈ B0( ~X)v0, ~∇vi( ~X) ≈ Bi( ~X)vi, (5.23)

where v0 and vi are columns of nodal values of the individual fields, N0( ~X)
and Ni( ~X) are matrices of their shape functions, and B0( ~X) and Bi( ~X)
are matrices of the corresponding spatial derivatives. Employing the first
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Figure 5.4: Sketch of the micromorphic computational homogenization framework. At
each macroscopic Gauss integration point ig, macroscopic kinematic quantities ~∇~v0, vi,
and ~∇vi, i = 1, . . . , n, are prescribed to a periodic cell, or representative volume element,
Q, where the microfluctuation field ~w is computed and condensed out. Homogenized
properties (i.e. stresses Θ, Πi, and ~Λi) are transferred back to the macroscale, where they
are equilibrated.

variation of Ẽ in Eq. (5.17), macroscopic forces are obtained as follows

0 = f =


f0
f1...
f

n

 ,

where


f0 = Ane

e=1

∫
Ωe

BT
0 ( ~X)Θ( ~X) d ~X,

f
i

= Ane
e=1

∫
Ωe

BT
i ( ~X)Λi( ~X) + NT

i ( ~X)Πi( ~X) d ~X, i = 1, . . . , n.
(5.24)

In Eq. (5.24), contributions over all ne macroscopic elements with spatial
subdomains Ωe are assembled through the assembly operator A, acting on Θ,
Πi, and Λi, which are matrix representations of the homogenized stresses.
The discretized ensemble averaged energy is then integrated as

Ẽ ≈
ne∑

e=1

∫
Ωe

Ψ( ~X) d ~X ≈
ng∑

ig=1
wigJigΨig , (5.25)
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where wig is the integration point weight, Jig is the associated Jacobian,
and Ψig denotes the average energy density associated with the considered
integration point ig, and where Ψ = 1

|Q|
∫

Q Ψ( ~X + ~Xm,~0,F )) d ~Xm. For
the numerical results presented in Section 5.4 below, 4-noded quadrilateral
elements with a four-point Gauss integration rule have been used for all
effective fields ~v0 and vi. For convenience, a quasi-Newton solver has been
employed to minimize E (i.e. to equilibrate f). Although such a minimization
technique does not require any evaluations of the Hessian of the average
energy E , it requires more iterations than a full Newton solver and does not
allow for macroscopic bifurcation analysis.

Note that when the microfluctuation field ~w is neglected (i.e. when ~w =
~0), all averaged conjugate quantities Θ, ~Λi, Πi, and the averaged energy Ẽ ,
can be computed by simply sampling the corresponding constitutive law (no
solution at the ‘microscale’ is required), and the above-introduced scheme
can directly be used. Although inaccurate in conjugate quantities [see 82],
this option is later used in some of the numerical examples to provide initial
guesses for the full multiscale scheme.

In order to compute ~w, a microfluctuation field is computed from the
microscopic balance Eq. (5.20). Additional constraints, such as periodicity
of ~w over ∂Q and orthogonality constraints 〈wk, ϕi,k〉2 = 0, k = 1, 2, are
enforced. ~w is approximated through standard finite element procedures by
discretizing the microscopic periodic cell Q using quadratic isoparametric
triangular elements with a three-point Gauss integration rule, whereas the
periodicity and orthogonality constraints are enforced through Lagrange
multipliers and equality-constrained Newton-based minimization solver [see
e.g. 14, 71, for more details].

5.4 Computational Assessment

This section details the results obtained using the micromorphic compu-
tational homogenization scheme of Section 5.3.2 for the honeycomb mi-
crostructure (i.e. for n = 3) and various loading conditions. First, periodic
cells representing infinite geometries are loaded such that only one of the
three possible patterns is triggered. Next, the evolution of a hexagonal
honeycomb for a biaxiality ratio γ triggering temporal switching between
individual modes is studied. In this case, the individual micromorphic
fields vi are evaluated at two different applied strain levels at which different
patterns are expected. The uniaxial compression of a finite specimen is then
studied and compared with the corresponding full-scale Direct Numerical

125



Simulation (DNS). Finally, a finite specimen exhibiting spatially mixed
patterns is studied.

5.4.1 Uniform Loading Case

Infinite periodic patterns are first considered to evaluate appearance of the
distinct patterns ~ϕi, and to validate the developed framework. In all three
cases reported below, the adopted domain spans 40×40 mm (i.e. 20×24 unit
cells), whereas periodic boundary conditions in horizontal as well as vertical
direction mimic an infinite medium. Because the macroscopic solutions ~v0
and vi are expected to be uniform, coarse macroscopic elements are used, cf.
Fig. 5.5a.

For the uniaxial compression with a vertical overall strain of 5 % applied
along the X2 direction (i.e. γ = ∞), pattern I, ~ϕ1, occurs. As can be
observed in Fig. 5.5, a linear deformation ~v0 results, and hence a constant
macroscopic strain. The individual micromorphic fields are constant as well,
with v1 6= 0, v2 = v3 = 0. The homogenized model thus correctly predicts
pattern I to be triggered, whereas the other patterns remain inactive. Under
biaxial compression, with 5 % overall strain along X1 and 2.5 % along X2
direction (i.e. γ = 1/2), pattern II, ~ϕ2, should result, which is indeed
observed in Fig. 5.6. Here we again see a linear dependence of ~v0 on the
spatial variable, whereas the individual micromorphic fields are constant,
i.e. v2 6= 0, v1 = v3 = 0. Finally, equi-biaxial compression corresponding
to 5 % of overall strain in both directions (i.e. γ = 1) triggers pattern III,
~ϕ3, as can be verified in Fig. 5.7, in which only v3 is nonzero while v1 and v2
vanish.

5.4.2 Temporal Switching of Patterns

[73] identified two load-cases, with biaxiality ratios of γ = 3/2 and 3/4,
for which infinite microstructures with a hexagonal stacking of holes lead
to two sequentially occurring bifurcation points. Here, we demonstrate
this phenomenon for γ = 0.95. Note that a different biaxiality ratio γ is
necessary compared to the values of [73] because of the different honeycomb
geometry considered here (circular inclusions instead of hexagonal ones).
The DNS result is shown in Fig. 5.8, where the reference and two deformed
configurations at different levels of applied strain are shown. The initial
pattern emerging at the first bifurcation point is shown at overall applied
strains ε11 = 1 % and ε22 = 0.95 %, cf. Fig. 5.8b. Beyond the second
bifurcation point, at overall strains ε11 = 10 % and ε22 = 9.5 %, distorted
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Figure 5.5: Uniaxial compression of an infinite circular honeycomb, modeled using
periodic boundary conditions, with ε22 = 5 % (γ = ∞). (a) Modeled macroscopic
geometry, showing the macroscopic mesh and periodic boundary conditions applied on
all 4 boundaries. The two components of the macroscopic displacement field (b) v0,1
and (c) v0,2, and the distribution of the three micromorphic fields (d) v1, (e) v2, and (f)
v3, corresponding to the amplitudes of the modes ~ϕi, clearly show that only pattern I
emerges.

pattern III emerges, cf. Fig. 5.8c. The results obtained by the micromorphic
homogenization framework are shown in Figs. 5.9 and 5.10, where we observe
that at the first bifurcation point v2 � v1 and v2 � v3, corresponding
qualitatively to the prediction from DNS, i.e. distorted patter II, cf. Fig. 5.9.
Similarly, beyond the second bifurcation point v3 � v1 and v3 � v2,
corresponding effectively to a distorted patter III, cf. Fig. 5.10.

5.4.3 Compression of a Finite Specimen

In the next example, the ability of the framework to capture boundary layers
present in a finite specimen is demonstrated. To this end, a square specimen
with edge size L = 20 mm (i.e. 10 × 12 unit cells) is subjected to a uniaxial
strain of 5 % along the X2 direction, see Fig. 5.11a where its geometry is
shown. The bottom and top edges are fully constrained, whereas the two
lateral edges are considered as free surfaces. The macroscopic discretization
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(a) ~X1 component
of ~v0

(b) ~X2 component
of ~v0

(c) v1 (d) v2 (e) v3

Figure 5.6: Biaxial compression of an infinite honeycomb, modeled using periodic
boundary conditions, with overall applied compressive strains of ε11 = 5 % and ε22 = 2.5 %.
The two components of the macroscopic displacement field (a) v0,1 and (b) v0,2, and the
distribution of the three micromorphic fields (c) v1, (d) v2, and (e) v3, corresponding to
the amplitudes of the modes ~ϕi, clearly show that only pattern II emerges.

is chosen as shown in Fig. 5.11a, whereas obtained results are summarized in
Fig. 5.11b – 5.11f. Here we notice that pattern I is triggered with relatively
sharp boundary layers in the close vicinity of the two constrained boundaries,
where pattern transformation is restricted. The remaining two micromorphic
fields are no longer exactly equal to zero, but are small in their magnitudes
compared to v1, cf. Figs. 5.11d – 5.11f. A small asymmetry also arises,
most notably in v2 and v3 due to asymmetry of the pattern I. The two (free)
lateral edges mildly bulge out (unlike the auxetic effect observed for square
packing of holes), as can be interpreted from Fig. 5.11b (and later also
shown in Fig. 5.12a). The corresponding DNS solution, indeed exhibiting
pattern I, is shown in Fig. 5.12a. Nominal stress components are captured in
Fig. 5.12b, where the P22 stress component of the ensemble averaged DNS
solution is compared against the vertical stress component Θ22 obtained
from the micromorphic homogenization framework as a function of applied
overall strain ε22. Here we notice that the micromorphic homogenization
can capture the constitutive response accurately, especially in the linear
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(a) ~X1 component
of ~v0

(b) ~X2 component of ~v0

(c) v1 (d) v2 (e) v3

Figure 5.7: Equi-biaxial compression of an infinite honeycomb, modeled using periodic
boundary conditions, with ε11 = ε22 = 5 %. The two components of the macroscopic
displacement field (a) v0,1 and (b) v0,2, and the distribution of the three micromorphic
fields (c) v1, (d) v2, and (e) v3, corresponding to the amplitudes of the modes ~ϕi, clearly
show that only pattern III emerges.

(a) reference configura-
tion

(b) initial pattern II (c) final pattern III

Figure 5.8: DNS solution for γ = 0.95. (a) Undeformed configuration of an infinite
circular honeycomb modeled with periodic boundary conditions. (b) Deformed config-
uration for ε11 = 1 % (and ε22 = 0.95 %), showing a distorted pattern II. (c) Deformed
configuration for ε11 = 10 % (and ε22 = 9.5 %), showing a distorted pattern III.
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(a) ~X1 component
of ~v0

(b) ~X2 component of ~v0

(c) v1 (d) v2 (e) v3

Figure 5.9: Temporal switching of patterns exhibited in the case of biaxial compression
with γ = 0.95 at the first bifurcation point (overall applied strain ε11 = 1 % and ε22 =
0.95 %). The two components of the macroscopic displacement field are shown in (a) v0,1
and (b) v0,2, whereas distributions of individual micromorphic fields corresponding to the
amplitudes of the modes ~ϕi are shown in (c) v1, (d) v2, and (e) v3.

pre-bifrucation regime. The buckling strain and post-buckling stiffness
predicted by the micromorphic homogenization framework are, however,
slightly lower compared to DNS. From Figs. 5.12a and 5.11d, it may also be
observed that the boundary layer thickness is restricted to about two layers
of holes close to the top and bottom boundaries.

5.4.4 Spatial Mixing of Patterns

As shown in Fig. 5.2d, complex boundary conditions may lead to spatial
mixing of patterns. To test the ability of the proposed homogenization
scheme to reproduce such a behaviour, in the next example a cruciform
geometry with circular honeycomb microstructure is subjected to equi-biaxial
compression with ε11 = ε22 = 5 % by means of the four straight edges, cf.
Fig. 5.13a. The DNS solution, shown in Fig. 5.13b, suggests that all the
three patterns are triggered in this case. Pattern I can be observed in the
top and bottom legs of the cruciform, while pattern II is triggered mostly
in the bulk of the geometry and extends towards either of the horizontal

130



(a) ~X1 component
of ~v0

(b) ~X2 component
of ~v0

(c) v1 (d) v2 (e) v3

Figure 5.10: Temporal switching of patterns exhibited in the case of biaxial compression
with γ = 0.95 at the second bifurcation point (overall strain ε11 = 10 % and ε22 = 9.5 %).
The two components of the macroscopic displacement field are shown in (a) v0,1 and (b) v0,2,
whereas distributions of individual micromorphic fields corresponding to the amplitudes
of the modes ~ϕi are shown in (c) v1, (d) v2, and (e) v3.

legs. The flower-like pattern III is triggered, slightly above and below the
centre of the cruciform (cf. zoomed-in images of Fig. 5.13b).

The corresponding results obtained for the micromorphic homogeniza-
tion framework, employing quadratic isoparametric triangular elements
instead of quadrilaterals, are summarized in Fig. 5.14. Here we notice
slight asymmetry shown by individual solution components, explained by
irregularities in the employed mesh. As can be seen in Figs. 5.14c – 5.14e,
the micromorphic field v2 corresponding to pattern II is largely observed,
whereas the magnitudes of v1 and v3 are relatively small. The two sets of
localization bands shown by v1 close to the straight edges are also observed
in the DNS solution. Such complex loading cases involving the formation of
multiple patterns with boundary layers and localization prove, however, to
be very difficult to capture accurately by the homogenization scheme, as for
instance pattern III is not formed in the central region by the v3 field.
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u/2

u/2

L

(a) specimen’s geometry and
mesh

(b) ~X1 component
of ~v0

(c) ~X2 component of ~v0

(d) v1 (e) v2 (f) v3

Figure 5.11: Uniaxial compression with ε22 = 5 % (γ = ∞) applied to a finite specimen
of an edge length L = 20 mm with fully constrained horizontal and free vertical edges. (a)
Modeled macroscopic geometry, showing the macroscopic mesh and the applied boundary
conditions, where applied displacements at the top and bottom boundaries are given
by u/2 and the strain is computed as ε22 = u/L. (b) – (c) The two components of
the macroscopic displacement field ~v0, and (d) – (f) the distribution of the fields vi

corresponding to the amplitudes of the modes ~ϕi. The boundary layers close to the top
and bottom edges can clearly be seen in v1.

5.5 Summary and Conclusions

In this chapter, an extended micromorphic homogenization framework
has been presented, capable of capturing multiple pattern transformations
emerging in elastomeric mechanical metamaterials. Based on the ensemble
averaged global energy governing the evolution of the multiscale system,
the associated Euler–Lagrange equations have been derived and discretized.
The resulting system of partial differential equations solves the equilibrium
of a micromorphic continuum with multiple micromorphic fields representing
the magnitudes of long-range correlated patterning fields.

The main results of this paper can be summarized as follows:

1. An overview of pattern transformations emerging in elastomeric hon-
eycombs have been provided, and an appropriate choice of modes have
been incorporated into the proposed kinematic decomposition ansatz.
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(a) deformed DNS configuration (b) nominal stress-strain
curve

Figure 5.12: Compression of a finite specimen, cf. Fig. 5.11a. (a) Deformed configuration
of the DNS solution at ε22 = 5 %. (b) Comparison of the nominal stress component Θ22
for the micromorphic homogenization and the P22 component of the ensemble averaged
DNS solution as a function of applied nominal strain ε22.

(a) reference configuration

1

2

3

1

2

3

(b) deformed configuration
Figure 5.13: Equi-biaxial compression with ε11 = ε22 = 5 % of a cruciform geometry
showing (a) the reference geometry and mesh, and (b) the deformed configuration also
showing the various patterns formed in different regions (see the zoomed-in images).
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(a) ~X1 component
of ~v0

(b) ~X2 component of ~v0

(c) v1 (d) v2 (e) v3

Figure 5.14: Results corresponding to the micromorphic homogenization obtained for
the cruciform example of Fig. 5.13a subjected to ε11 = ε22 = 5 % (γ = ∞). The two
components of the macroscopic displacement field ~v0 are shown in (a) and (b), whereas
the distribution of the micromorphic fields vi are shown in (c) – (e).

2. Upon making use of the variational homogenization framework and
ensemble averaging, effective governing equations enriched with the
magnitudes of the underlying patterning fluctuation fields have been
derived. The additional micromorphic fields reveal the magnitudes
of the individual modes, reflecting the kinematic interaction between
adjacent cells, essential for capturing size effects.

3. It has been shown that the proposed methodology is capable of cap-
turing the three distinct pattern transformations shown by the studied
honeycomb-like microstructure.

4. A case of temporal switching of pattern, where a periodic unit cell
shows two bifurcation points at two applied strain levels, was elab-
orated. It was shown that the proposed homogenization framework
captures the switch between these two pattern transformations in
time.

5. The boundary layer, corresponding to pattern I, in the case of uniaxial
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compression of a finite specimen with free lateral edges shows about
two layers of holes close to the top and bottom boundaries.

6. To investigate the case of spatial mixing of patterns, a cruciform-
geometry subjected to equi-biaxial compression was studied. It was
shown qualitatively that the proposed homogenization framework can
capture the spatial mixing adequately.

The presented micromorphic computational scheme thus holds promise
for the efficient prediction of the overall mechanical behaviour of elastomeric
microstructures.
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Conclusions and Outlook

6.1 Summary of the main results

The main goal of this thesis was to develop a computational homogenization
method for patterning mechanical metamaterials, that can rectify the limi-
tations of conventional homogenization methods in terms of scale separation
limits. To this end, first, a detailed quantitative assessment of the scale
separation limit of the asymptotic homogenization method was performed
for a linear elastic composite material. The considered material consisted
of stiff circular inclusions periodically arranged in a soft matrix, modeled
as an infinite medium that was loaded in anti-plane shear using a periodic
body force. The ratio of the period of the body force to the size of the
microstructural unit cell was used to define the scale ratio. It has been
shown that the classical “zeroth-order” asymptotic homogenization is quite
accurate (with less than 1% error) if the period of the body force is at least
one order of magnitude larger than that of the microstructure. For smaller
scale ratios, including higher-order terms in the homogenization effectively
corrects the classical solution to an adequate accuracy. The influence of the
stiffness contrast of the inclusion relative to the matrix was also studied,
whereby it has been shown that the accuracy of the classical and higher-order
homogenized solutions at low scale separation are only mildly dependent on
the contrast of the microstructural phases. Based on this study, it can be
concluded that higher-order asymptotic homogenization accurately captures
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size effects in elastic media down to scale ratios on the order of unity.
This simple problem studied in the first part of the thesis has been

mainly used to demonstrate the relevance of homogenization at small scale
ratios, and the existence of homogenization frameworks that can deal with
size effects for such cases. In addition, the concept of ensemble averaging of
translated microstructures has been shown to work well, even at small scale
ratios, and was hence adopted for all further studies where homogenization
of materials with much more complicated microstructures were investigated.

The study of size effects was next extended to the case of non-linear pat-
terning mechanical metamaterials. For this purpose, finite-element models
of semi-infinite specimens of a hyperelastic material containing periodically
arranged holes were subjected to two different loading and boundary con-
ditions. For the case of uniaxial compression with fully constrained top
and bottom boundaries, it has been shown that the ensemble averaged
quantities like nominal stress depend strongly on the scale ratio. The quan-
titative results showed that the deviations of the overall solutions from the
homogenized limits of the first-order computational homogenization solution
exceed 40% and that the effect of the microstructural positioning was only of
limited influence, i.e., within 5% of the homogenized limit. The constrained
boundaries introduce stiff boundary layers, spanning maximum 3 layers of
holes at each boundary. For the case of bending with unconstrained top and
bottom boundaries, it has been shown that the ensemble averaged nominal
stress is only mildly influenced by the scale ratio, the peak difference not
exceeding 4%. However, the spatial positioning of the microstructure has a
significant influence on the homogenized response for bending, the deviation
reaching about 50% relative to the corresponding homogenized limit. The
compliant boundary layers developed in this case span again up to 3 layers
of holes close to the boundary in compression.

In order to better capture the homogenized response of such pattern-
ing mechanical metamaterials, a micromorphic homogenization method
was formulated that captures the emerging long-range spatially correlated
fluctuation fields triggered through local buckling phenomenon in the mi-
crostructure. To this end, a kinematic decomposition of the underlying
displacement field was proposed, which consists of the smooth mean displace-
ment field, a long-range correlated fluctuation field and the local uncorrelated
microfluctuation field as a degree of freedom. Upon making use of a varia-
tional homogenization framework and ensemble averaging, this results in
an effective micromorphic continuum enriched with the magnitude of the
spatially correlated fluctuation field. This additional micromorphic field

138



establishes the kinematic coupling between neighboring unit cells, which is
essential for accurately capturing the size-dependent homogenized response.

A computational scheme was next developed based on the Euler–
Lagrange equations for the emergent micromorphic continuum at the
macroscale a the classical continuum at the microscale. In order to obtain
an efficient and accurate solution of the macroscopic governing equations,
adequate assumptions were made on the local energy density, smoothness
properties of the effective kinematic fields and the periodicity of the mi-
crofluctuation field. It was demonstrated that the proposed micromorphic
homogenization framework accurately captures the size-dependent homoge-
nized response in terms of kinematic as well as stress quantities. For the case
of uniaxial compression, the homogenized stresses were computed with less
than 10% error relative to the computationally expensive ensemble-averaged
direct numerical simulations.

The performance of the developed micromorphic homogenization scheme
was then demonstrated for the case of a mechanical metamaterial exhibiting
multiple distinct geometric pattern transformations under different loading
conditions. The microstructure of the metamaterial consists of circular
holes hexagonally stacked in an elastomeric matrix, which under various
compression biaxiality ratios shows three possible pattern transformations.
To capture them, three corresponding correlated fluctuation fields were in-
corporated into the solution ansatz, resulting in three enriched micromorphic
fields. It has been shown that this enriched computational homogenization
framework is able to capture the three distinct pattern transformations for
the case of uniaxial, biaxial, and equi-biaxial compression. The boundary
layer thickness of a finite specimen subjected to uniaxial compression with
confined top and bottom boundaries has also been studied and validated
against full-scale numerical simulation results. Finally, example problems
resulting in temporal switching and spatial mixing of patterns have been
investigated and the ability of the homogenization framework to capture
the mixing and switching of pattern transformations has been discussed.

6.2 Highlights

Based on the results obtained in this thesis, the key insights can be summa-
rized as follows:

• Higher-order asymptotic homogenization. For linear elastic materials
with small scale ratios, higher-order asymptotic homogenization can
rectify the scale separation limit of the classical zeroth-order solution
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and provide accurate microstructural size-dependent solutions. This,
however, involves solving a number of higher-order boundary value
problems at the macroscale. For non-linear problems, the applicability
of this method, in its classical form, is limited. To eliminate this
limitation, Cherednichenko and Smyshlyaev [21] provide an extension
of the asymptotic homogenization framework for quasi-linear problems.

• Ensemble averaging. Ensemble averaging provides an alternative
definition for homogenization. On the one hand, it provides a smooth
macroscopic solution by filtering out the fluctuations at the level of the
unit cell. On the other hand, it provides statistical data with which
the influence of the relative spatial positioning of the microstructure
on the homogenized response can be evaluated. Volume averaging,
however, presumes a given microstructural positioning (relative to
the macrostructural geometry) and the spatial positioning of the
microstructure is discarded. Volume averaging becomes erroneous
near boundaries; at small scale ratios this error is further aggravated
due to the relative size of the boundary layers. Ensemble averaging,
since done point-wise, evades this problem.

• Size effects in patterning elastomeric metamaterials. The homogenized
response of mechanical metamaterials exhibiting geometrical pattern
transformations is largely influenced by the applied boundary condi-
tions. Constrained boundaries restrict the pattern transformations
resulting in stiff boundary layers at such boundaries. Unconstrained
boundaries, on the other hand, result in compliant boundary layers.
The thickness of these boundary layers relative to the macroscopic
size of the specimen dictates the extent of the size effect. The typical
applications of such mechanical metamaterials, in soft robotics, for
example, are for small scale ratios and hence it is important to consider
size-dependent homogenization frameworks to obtain a homogenized
response.

• Long-range correlations of the fluctuation field. The limitations of a
conventional homogenization framework in capturing size effects is
attributed to the scale separation principle, which essentially neglects
the spatial correlations of long-range microfluctuation fields. The
conventional ‘spatially uncorrelated’ microfluctuation cannot capture
the kinematical coupling between neighboring microstructural volume
elements. This has been demonstrated by studying the performance of
the conventional first-order computational homogenization method for
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the case of a mechanical metamaterial exhibiting a geometric pattern
transformation. For relatively large scale separation, for which the
relative effect of the spatial correlation of the patterning mode is small,
it provides a reasonable estimate of the homogenized response. For
smaller scale ratios, however, spatial correlation starts to be significant
causing the first-order computational homogenization predictions to
deviate significantly from the numerical reference solution.

• Fluctuation-enriched homogenization framework. The proposed mi-
cromorphic computational homogenization is a fluctuation-enriched
homogenization framework. It relies on prior knowledge of the un-
derlying kinematics, in particular the spatially correlated part, of the
microstructure. For the case of patterning mechanical metamaterials
analysed in this thesis, the patterning mode(s) ~ϕi, i = 1, . . . , n, ob-
tained through a buckling analysis combined with direct numerical
simulations were used to enrich the kinematics. This, however, is
typically done offline (beforehand) and is hence not computationally
expensive. Such a framework picks up the occurrence of the pattern,
boundary layers in which it is restricted, and, as a result, also the size
effects due to these boundary layers.

6.3 Further developments and Outlook

Although the main research questions formulated in the introduction chapter
of this thesis have been successfully addressed, certain questions still remain
unresolved and a few new issues arose in the course of this research work.
This subsection is dedicated to outlining these new research questions:

• Implementation of a Full Newton solver for the developed homog-
enization framework. The present framework, based on a quasi-
Newton solver, does not allow for a proper bifurcation analysis at
the macroscale. Knowledge of the macroscopic stiffness allows to
remove (up to a certain extent) the observed sensitivity to the initial
guess. Such an extension would, in addition, allow for the investigation
of macroscopic versus microscopic buckling, while speeding up the
computations substantially.

• Extension to 3-D. The developed homogenization framework can be
extended to 3-D problems. This extension should be rather straight-
forward.
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• Comparison of the proposed micromorphic homogenization framework
against existing homogenization schemes. A comparative study of
the developed micromorphic homogenization framework with exist-
ing homogenization frameworks, such as second-order computational
homogenization, can yield useful information in terms of the computa-
tional gain or relative accuracy. This can be used to further improve
and streamline the applications of the developed micromorphic homog-
enization framework. Ongoing research [92] compares the performance
of the developed micromorphic homogenization, first-order as well
as second-order computational homogenization schemes applied to
auxetic mechanical metamaterials, which are subjected to various
loading scenarios.

• Experimental identification of the modes ~ϕi. The present framework
can be coupled with experiments. Measurement of displacement fields
can yield the relevant modes ~ϕi. Individual modes can be identi-
fied, for example, through Digital Image Correlation (DIC) combined
with a suitable kinematical decomposition method. The developed
homogenization framework can then yield an integrated computational-
experimental homogenization scheme.

• Estimation of the local microfluctuation field ~w using DNS solutions.
The solution ansatz used for the developed homogenization framework
is based on prior insights from DNS solutions corresponding to a family
of shifted microstructures (cf. Chapter 4). The local microfluctuation
field ~w( ~X, ~ζ) can, in principle, be expressed as a sum of all higher-
frequency modes which are not captured by the buckling modes ~ϕi.
That is, ~w( ~X, ~ζ) can be approximated by considering a large number
of high-frequency modes, that can bring the solution ~u( ~X, ~ζ) closer
to the exact displacement solution. This may not be as accurate as
the presented computational homogenization scheme, but can provide
valuable insights on improving the solution ansatz and speeding up
the computations.

• Generalization to include internal pressure for actuation application in
soft robotics. The mechanical metamaterials consisting of a microstruc-
ture with a square packing of circular holes (investigated in Chapters.
3 and 4) have been shown to be suited for actuation application in
soft robotics (cf. [100]). For this purpose, an internal pressure should
be applicable. The current implementation, however, does not include
this and hence needs to be extended accordingly.

142



• Extension of the micromorphic homogenization framework for non-
periodic microstructures. There have been some recent development
in the field of mechanical metamaterials consisting of non-periodic
microstructures, such as modular metamaterials (cf. e.g. [70]) and
non-periodic metamaterials (cf. e.g. [87]). Because the micromorphic
homogenization scheme developed in this thesis is limited to periodic
microstructures, one of the envisioned fundamental extensions aims
at its generalization to non-periodic microstructures. The key step in
such an extension is to compute the fundamental modes ~ϕi that would
capture the major spatially-correlated microstructural fields. This
could be achieved using, for instance, direct numerical simulations.

• Extension to dissipative systems. It has been shown in the litera-
ture [80] that mechanical metamaterials with a dissipative constitutive
behaviour, in particular plasticity, are of high importance in impact
protection and energy dissipation. For such applications, metallic
metamaterials hold great potential. Here, the challenge lies in the
optimal design of the microstructural geometry and material such
that the microstructure starts to buckle at a slightly smaller strain
compared to the first occurrence of plastic strains. The current works
are limited to microstructures with geometries perturbed towards the
buckling pattern (cf. e.g. [41]). Extensions of the proposed homoge-
nization framework towards dissipative metamaterials would allow for
efficient modeling and design for engineering applications.

• Topology optimization using micromorphic homogenization. The
present framework can be used to build optimization algorithms that
seek for optimal micro- and macrostructures tailored to engineering
applications, such as soft robotics.

• Experimental validation of the proposed micromorphic framework for
specimens of elastomeric metamaterials. Another extension could be
made through an experimental validation study. Ideally, a multiscale
experimental study with measurements at both the macroscale and at
the level of the unit cell, can be used to validate the predictions made
by the proposed computational model for the geometries considered.
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boundary conditions in second-order computational homogenization. International
Journal for Numerical Methods in Engineering, 74(3):506–522, 2008.

148



[54]  L. Kaczmarczyk, C. J. Pearce, and N. Bićanić. Studies of microstructural size
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