
 

Wavelet based reduced order models for microstructural
analyses
Citation for published version (APA):
van Tuijl, R. A., Harnish, C., Matouš, K., Remmers, J. J. C., & Geers, M. G. D. (2019). Wavelet based reduced
order models for microstructural analyses. Computational Mechanics, 63(3), 535-554.
https://doi.org/10.1007/s00466-018-1608-3

DOI:
10.1007/s00466-018-1608-3

Document status and date:
Published: 15/03/2019

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.1007/s00466-018-1608-3
https://doi.org/10.1007/s00466-018-1608-3
https://research.tue.nl/en/publications/5b65ead8-3ddd-45d6-b664-09b1b4620610


Computational Mechanics (2019) 63:535–554
https://doi.org/10.1007/s00466-018-1608-3

ORIG INAL PAPER

Wavelet based reduced order models for microstructural analyses

Rody A. van Tuijl1 · Cale Harnish2 · Karel Matouš2 · Joris J. C. Remmers1 ·Marc G. D. Geers1

Received: 15 November 2017 / Accepted: 16 July 2018 / Published online: 27 July 2018
© The Author(s) 2018

Abstract
This paper proposes a novel method to accurately and efficiently reduce a microstructural mechanical model using a wavelet
based discretisation. The model enriches a standard reduced order modelling (ROM) approach with a wavelet representation.
Although the ROM approach reduces the dimensionality of the system of equations, the computational complexity of the
integration of the weak form remains problematic. Using a sparse wavelet representation of the required integrands, the
computational cost of the assembly of the system of equations is reduced significantly. This wavelet-reduced order model
(W-ROM) is applied to the mechanical equilibrium of a microstructural volume as used in a computational homogenisation
framework. The reduction technique however is not limited to micro-scale models and can also be applied to macroscopic
problems to reduce the computational costs of the integration. For the sake of clarity, the W-ROMwill be demonstrated using
a one-dimensional example, providing full insight in the underlying steps taken.

Keywords Model reduction · Wavelets · Numerical integration · Micro-mechanics · Multi-scale analysis · Computational
homogenisation

1 Introduction

An increasing amount of engineering applications rely on
materials with complex microstructures to achieve desired
material properties that are tailored to the application [25].
Computational homogenisation provides an accurate and
efficient framework to investigate the macroscopic proper-
ties arising from the microstructure using the Hill–Mandel
conditions [22] to establish the scale transition. An overview
of recent advances in computational homogenisation is pre-
sented by Geers et al. [16].

B Marc G. D. Geers
m.g.d.geers@tue.nl

Rody A. van Tuijl
r.a.v.tuijl@tue.nl

Cale Harnish
charnish@nd.edu

Karel Matouš
kmatous@nd.edu

Joris J. C. Remmers
j.j.c.remmers@tue.nl

1 Eindhoven University of Technology, P.O. Box 513,
Eindhoven, The Netherlands

2 Department of Aerospace and Mechanical Engineering,
University of Notre Dame, Notre Dame, IN 46556, USA

Advanced microstructural models enable the analysis of
highly nonlinear materials, which are strongly path and his-
tory dependent. This naturally entails models necessitating
the computation and storage of internal variables, so-called
history variables. Suchmicrostructural models become com-
putationally demanding in terms of CPU-time and memory
usage due to the large number of degrees of freedom and his-
tory variables involved. The complexity propagates from the
array of microstructural models (to be solved repeatedly) to
the considered macroscopic problem. The term FE2, coined
by Feyel and Chaboche [13] for the nested solution of the
two resulting boundary value problems, illustrates the nature
of the complexity of a computational homogenisation frame-
work [29].

The Reduced Order Modelling (ROM) technique, pro-
posed by Almroth et al. [1] and Noor et al. [31], is applied to
reduce the dimensionality and computational costs of solving
the microstructural model, i.e. PDE. For nonlinear problems
however, the computational complexity of the constitutive
equations in the reduced problem remains unaffected, i.e.
ODE, as pointed out by Rathinam and Petzold [34], since
the integration scheme itself is not reduced. For the nonlin-
ear reduced order models, the achieved speed-up is marginal
compared to the reduction in number of degrees of freedom.
Furthermore, the use of constitutive equations that involve
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internal variables describing the constitutive behaviour of
the material on each integration point in the model imposes
strong requirements on the available memory.

To remedy this, several methods have been proposed
in the literature to reduce the computational costs of the
assembly, such as the Missing Point Estimation approach
(MPE) [2], the Discrete Empirical Interpolation Method
(DEIM) [5], hyper reduction with reduced internal variables
[35], TransformationFieldAnalysis (TFA) [11],Nonuniform
Transformation Field Analysis (NTFA) [28], potential-based
Reduced Basis Model Order Reduction (pRBMOR) [15],
High-Performance Reduced Order Modelling (HP-ROM)
[21], Energy-Conserving mesh Sampling and Weighting
(ECSW) [12] and the Empirical Cubature Method (ECM)
[20], among many others.

Following Hernández et al. [20], the hyper-reduction
methods can be divided into two classes. On the one hand
the nodal vector approximations that approximate the inte-
gral by introducing a global basis to represent the integrand.
This allows the basis to be evaluated only once (offline),
thereby reducing costs of the subsequent evaluations of the
integral. This basis is weighted using coefficients that min-
imise the interpolation error between the nonlinear integrand
and its modal approximation on a set of sampled points in
the least-squares sense. Examples of this class are DEIM
and MPE [2,5]. On the other hand the integral (quadra-
ture) approaches approximate the integral using a reduced
set of integration points which have empirically determined
weights in the methods ECM or ECSW [12,20]. A com-
parison of the Empirical Interpolation Method, in particular
High-Performance Reduced Order Modelling [21], and the
Empirical Cubature Method [20] for solving micromechan-
ical equilibrium problems is presented in [38].

Besides Reduced Order Models, the computational costs
have also been reduced using numerically efficient solvers,
e.g. the Fast Fourier Transform [30] or wavelet bases to
reduce the number of equations by projecting a fully discre-
tised multi-scale problem onto a lower dimensional space,
e.g. [3,9,17,19]. Some alternative wavelet-based reduction
methods can be found in literature. The wavelet-based MOR
[14] has been proposed to provide an alternative subspace,
for those problems where there is no time to build a POD
basis or when a global POD basis cannot adequately repre-
sent the local behaviour. However, this alternative approach
does not attain significant compression ratios that are char-
acteristic for POD. In this work, we will therefore still rely
on a POD for the first reduction.

In this paper, the dimensionality of the problem is
first tackled using the classical Reduced Order Modelling
approach. Next, a novel integration scheme is proposed
to limit the number of function evaluations by adaptively
selecting the quadrature points using a sparse wavelet rep-
resentation of the integrand. Due to the hierarchical nature

of the wavelet bases, local refinement comes naturally with a
wavelet representation. This approach can be considered as a
form ofmulti-resolution analysis (MRA) used to perform the
local refinement similar to Meyer [27] and Mallat [24]. The
multi-resolution analysis provides control over the approxi-
mation accuracy of local phenomena [3] using a pre-defined
tolerance.

A combined approach of ROM and MRA reduces the
computational costs of both the assembly and solution of
the microstructural models. Furthermore, it requires only a
tolerance to indicate the required accuracy of the approxima-
tion, allowing to bound introduced errors. The introduction
of an a priori determined reduced integration scheme for the
high-dimensional parameter space is thereby omitted, greatly
reducing the dimensionality of the snapshot space.

This paper is outlined as follows. First, the mechani-
cal problem and the corresponding standard Reduced Order
Model are introduced in Sects. 2 and 3 respectively. In Sect. 4,
a one-dimensional mechanical model is introduced, aiming
for a comprehensive analysis of the proposed method. Evi-
dently, a 1Dproblemmaynot be as convincing in reproducing
a state not captured in the snapshot space as a 2D problem
might. Therefore, more convincing examples will be pro-
vided in 2D in forthcomingwork. The section shortly outlines
Reduced Order Modelling, after which the wavelet reduced
model usingMRA is introduced.As no assumptions aremade
with respect to the spatial dimensionality of the problem and
multi-dimensional adaptive wavelet transforms are available
in literature [32], the method can be readily extended to
two or three dimensional problems. The presentation in a
1D context however, allows the reader to fully comprehend
the underlying principles and added value of themethod. The
extension to a wavelet reducedmulti-dimensional model will
be discussed in a following publication. Section5 presents
the results of the wavelet reduced analysis of two one-
dimensional elasto-plastic microstructural models, whereby
the accuracy and the reduction in computational costs are
discussed. The paper closes with the conclusions in Sect. 6.

1.1 Notation

First the mechanical model is described in general context
using a tensorial notation. Vectors and tensors are typeset
using a boldface symbol, e.g. w, ε, σ etc. Spaces are noted
using a calligraphic font S and columns and matrices are
denoted by single and double underlined symbols, e.g. col-
umn vector c and matrix M .

Single and double contractions between vector or tensor
valued quantities are denoted with a dot or a double dot
respectively, e.g. a · b = s and ∇q(x) : σ = s where s
represents a scalar quantity.

Furthermore all basis functions N (x) and R(x) are
denoted in uppercase. The corresponding coefficients that
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εM

σM

σM

εM

εM σM

F

Fig. 1 Schematic outline of a two-scale mechanical model for a macroscopic cantilever beam loaded with force F composed of a material with
inclusions on the micro-scale

are not reduced are denoted with lowercase characters, e.g.
w. Their reduced equivalent coefficients are written in upper-
case, e.g. W.

Scaling function coefficients are denoted with s ji [ f (x)]
where i indicates the index and j the level of the scaling func-
tion. The shorthand notation f j

i is used to denote the scaling

function coefficient s ji [ f (x)]. The grid point of the corre-
sponding scaling function on a dyadicwavelet grid is denoted
by x j

i in the wavelet coefficients, the notation d j
i [ f (x)] is

introduced where i and j are the index and the level of the
wavelet function. The integrands occurring in the weak form
of the linear momentum balance are denoted using Greek
symbols, e.g. the force and stiffness integrands are denoted
by ϕ and κ respectively.

A short-hand notation is employed for time discretised
parameters, such as the history parameters. The time-step on
which the parameter is sampled is denoted by a superscript
t for the current time step and t + Δt for the next time step,
e.g. ξ t = ξ(t) and ξ t+Δt = ξ(t + Δt).

2 Mechanical model

To outline the principles of W-ROM, this work considers
a two-scale model similar to those presented in [13,16,29].
The model is comprised of a macro-mechanical model and
a micro-mechanical model representing the topological and
material information on the correspondingmacro- andmicro-
scale. The subscript M and m are introduced to distinguish

1

2

3
4

O

x(t)

x

V
S

Fig. 2 Outline of the micro-mechanical model

between macro- and micro-scale quantities respectively. The
loading in the macro-scale model is transferred to the micro-
scale model via periodic boundary conditions and the stress
state in the macro-scale model is given by the volume aver-
aged stress in the micro-scale model, conforming to the
Hill-Mandel condition [23]. This procedure is schematically
depicted in Fig. 1.

The reduced order approach is illustrated using a micro-
scalemechanicalmodel depicted inFig. 2,where aLagrangian
description is employed with x the position vector of a mate-
rial point x(t) at time t , V and S denote the microstructural
domain and its boundary respectively and O is the origin.
Neglecting the inertia and body-forces, the linear momen-
tum balance for this problem is given by

123



538 Computational Mechanics (2019) 63:535–554

∇ · σ (ε, ξ) = 0 in V (1)

where σ is the Cauchy stress tensor and ξ are the his-
tory parameters describing the local material state. The
model is formulated in a small strain framework. The local
micro-scale strain tensor ε consists of a contribution of the
macroscopic strain εM and the symmetric gradient of the
micro-fluctuations w(x). This leads to the following defini-
tion of the micro-scale strain ε(εM, x, t)

ε(εM, x, t) = εM(t) + ∇sw(x, t) in V (2)

2.1 Weak formulation

After multiplication of Eq. (1) with weighting function q(x)
and integration by parts, the standardBubnov–Galerkinweak
form is obtained
∫
V

∇q(x) · σ (ε, ξ) dV
︸ ︷︷ ︸

f int(w)

=
∫
S
q(x) · t(x) dS

︸ ︷︷ ︸
fext

(3)

where V is the domain of the microstructural model with
boundary S, on which an outward pointing unit normal n is
defined. The traction t is defined as t = n·σ . The internal and
external forces are denoted by f int(w) and fext respectively.

Themicro-fluctuation fieldw(x) is constrained using peri-
odic boundary conditions at the boundary S and the macro-
scopic strain εM(t) results from the macro-scale kinematics.
Using Hill–Mandel, the macroscopic stress is obtained by
volume averaging the microstructural stress σ (ε, ξ), i.e.

σM(εM) = 1

|V|
∫
V

σ (ε, ξ) dV (4)

where |V| denotes the volume of the microstructure.

2.2 Spatial discretisation

The microstructural model is discretised using a standard
Lagrangianfinite element basis. Theweighting and trial func-
tions q and w in the weak form of the linear momentum
balance (3) are approximated using the discretised weight-
ing and trial functions qh and wh respectively.

qh(x) =
∑
i

Ni (x)qi (5)

wh(x) =
∑
j

N j (x)w j (6)

where N (x) is a set of Lagrangian interpolation functions.
After substitution of the discretised weighting and trial func-
tions, the finite element problem can be solved for different

macroscopic strains εM(t) using the Newton–Raphson pro-
cedure.

3 Reduced order modelling

To reduce the dimensionality of the finite element discretisa-
tion, the microstructural model is reformulated using a set of
reduced basis functions. In the traditional FE discretisation,
the spatial accuracy of the model is proportional to h−p for
p > 0, where h and p are the element size and order respec-
tively. The number of physical deformation modes present in
themicrostructure is oftenmuch lower than the number of FE
shape functions required to accurately capture the deforma-
tion field. Therefore, the number of degrees of freedom can
be reduced using a set of global shape functions which are
sufficiently detailed to capture the local phenomena occur-
ring in the microstructural model. The number of degrees of
freedom required for the discretisation is thereby no longer
proportional to the spatial accuracy of the basis.

3.1 Proper orthogonal decomposition

The applied Reduced Order Modelling technique makes use
of the Proper Orthogonal Decomposition (POD) by Pearson
[33] and Schmidt [36] to extract essential physical modes
from a set of solutions constructed using the original dis-
cretisation. Snapshots of the discretised micro-fluctuation
coefficients w are collected in a snapshot-matrix X. The
snapshot matrix is then decomposed into proper orthogo-
nal modes and corresponding eigenvalues λ using the POD.
The normalised eigenvalues represent the contribution of the
corresponding mode to the snapshot matrix and are used to
truncate the reduced basis to V , consisting of the first nm

modeswith a contribution above the predetermined tolerance
δRB. This process is schematically depicted in Fig. 3.

3.2 Construction of the reduced basis

The snapshot matrix X is obtained by collecting snapshots
of the micro-fluctuation coefficients w under ns different
macroscopic strains εM as columns in a snapshot matrix

X =
[
w(ε1M),w(ε2M), . . . ,w(εn

s

M)
]
, after which the POD

yields the modal coefficients v j and corresponding eigenval-
uesλ j . The reducedbasis functions R(x) are then constructed
out of a linear combination of the Lagrangian basis

R j (x) =
∑
i

vi j Ni (x) (7)
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X = , ,

V = , ,

1

δRB

Reduced Basis with POD
λ

1

1

ns

nm

Fig. 3 Extraction of the reduced basis using POD

The weighting and trial functions are then discretised using
the reduced basis functions only.

qh(x) =
∑
i

Ri (x)Qi wh(x) =
∑
j

R j (x)Wj (8)

Substitution of the reduced weighting and trial functions (8)
into the weak form (3) yields the ROM [41]:

f̂
int

(W ) =
∫
V

∇sR(x) : σ (ε(W), ξ) dV (9)

From the equations it is clear that the integration can not

be performed a priori since the internal force f̂
int

(W ) is non-
linearly dependent on the reduced micro-fluctuations. The
integration scheme requires the stresses σ at every integra-
tion point in the microstructure. Therefore the integration
procedure is still proportional to the number of elements
used to discretise the microstructural problem and the reduc-
tion in memory usage and floating point operations (FLOPs)
required to assemble and solve the microstructural problem
is only marginal.

This problem can be resolved using, for example, hyper-
reduction techniques such as HP-ROM [21] or ECM [20]. In
the first approach, not only the displacement-field but also
the stress-field is projected onto a reduced basis. The modal
contributions are determined in a least-squares sense by sam-
pling the stresses in a reduced set of integration points. The
latter approach reduces the integration scheme itself directly
by choosing a subset of integration points and optimising
the quadrature weights based on snapshots of the integrands.
Both schemes rely on snapshots of either the stress-field or
the complete integrand to reduce the integration.

4 Wavelet-Reduced Order Model

The Wavelet-Reduced Order Modelling technique will be
demonstrated on a one-dimensional microstructural model.
The 1D setting provides a transparent view of all underly-
ing principles and implementation aspects, which assists the
reader in getting a full comprehensive view of the method
proposed. To obtain the 1D model, all previous equations
are simplified to scalar expressions, e.g x becomes x , ε

becomes ε, σ becomes σ etc. The homogenisation of the
1D micro-structural problem leads to a homogenised force
instead of a homogenised stress. This model with length 


and spatially varying cross-sectional area A(x) is schemat-
ically depicted in Fig. 4. An elasto-plastic model is used to
describe thematerial behaviour. Themicrostructure is loaded
with a macroscopic strain εM = Δ




with Δ
 the increase in

length of the microstructure.
To reduce the computational integration costs, the inte-

grands in the reduced order model are approximated using
wavelets. In this case, the approximation is performed
using Deslauriers–Dubuc interpolating wavelets [7,8,10].
This wavelet family was chosen because it yields a com-
pact interpolating scheme. Furthermore the basis functions
are smooth and therefore compatible with the smooth fields
often present in mechanical problems.

The W-ROM relies on several wavelet techniques, such
as wavelet synthesis, wavelet analysis, MRA and data com-
pression. These concepts are briefly explained in Appendix
A. The interested reader is also referred to the book by
Goedecker [18].

4.1 Wavelet representation of the integrand

The Reduced Order Model requires an integration step to

determine the reduced internal forces f̂
int

and the corre-

sponding tangent stiffness K̂ . To approximate these integrals
efficiently, the integrands are projected on the wavelet
grid using MRA. The MRA automatically determines the
sampling points for interpolation, and the integration is
performed on the wavelet approximation of the reduced inte-
grand.

0 xmax
A(x)

x

VS
n n

S

Fig. 4 Microstructure of length 
 with a varying cross-sectional area
A(x)
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Fig. 5 Schematically depicted
finite element grid and dyadic
wavelet grid used for the
integration of internal force and
stiffness. The integrand is
projected onto the dyadic grid
and expressed in terms of
coefficients s0i and d j

i using

basis functions φ0
i (x) and ψ

j
i (x)

on resolution levels j = 0 to
jmax

s0i

d0i

d1i

Finite Element Grid

Dyadic Wavelet Grid

d2i

Periodic Node

xi

Refine until jmax

f̂
int

(W ) =
∫
V

ϕ(ε, ξ) dV (10)

K̂
int

(W ) =
∫
V

κ(ε, ξ) dV (11)

The integrands ϕ(ε, ξ) and κ(ε, ξ) for the internal force and
stiffness are defined in (12) and (13) respectively.

ϕ(ε, ξ) = ∂x R(x)σ (ε, ξ) (12)

κ(ε, ξ) = ∂x R(x)
∂σ

∂ε
(ε, ξ)

(
∂x R(x)

)T (13)

For the present analysis, periodicity of the microstruc-
tural model is used to approximate the function values at the
boundary of the domain. Note, however, that wavelets are not
limited to periodic boundary conditions. For the treatment of
general boundary conditions using awavelet basis, the reader
is referred to Vasilyev et al. [40].

In order to approximate the integrand ϕ(ε, ξ) of the inter-
nal force using wavelets, the gradients of the reduced basis
functions ∂x R(x) are required on the points in the dyadic
wavelet grid. The gradients are found by sampling the finite
element discretised gradient at every dyadic grid point in the
wavelet basis using an inverse mapping of the physical to the
isoparametric coordinate. Both discretisations are schemati-
cally depicted in Fig. 5.

In this work, second order Lagrangian finite elements are
used to obtain the full-order finite element solution yield-
ing a piecewise linear approximation of the strain field. This
finite element basis is sufficiently smooth to be sampled
directly using the Deslauriers–Dubuc interpolating wavelets.
When discontinuous strain fields are required to capture the
homogenised behaviour accurately, a discontinuous wavelet
transform [39] could be used to interpolate the stress and
strain fields.

4.2 Multi-resolution wavelet approximation

The integrands ϕ(ε, ξ) and κ(ε, ξ) are projected onto
Deslauriers–Dubuc interpolating wavelet basis. The basis is
constructed out of multiple grid levels j = 0, 1, . . . , jmax.
Each level contains a set of scaling functions φ

j
i (x) and

wavelets ψ
j
i (x) with index i = 0, 1, . . . , 2 j n and grid level

j = 0, 1, . . . , jmax. The scaling functions and wavelets
are derived from the scaling function φ(x) and mother
wavelet ψ(x) by scaling their width by a factor 1/2 at
each increasing level and translating them with a step of
the grid size Δx j corresponding to the level j . The scaling
function and wavelet coefficients are found by project-
ing the integrands onto the corresponding scaling function
φ
j
i (x) or wavelet ψ

j
i (x). They are denoted by s ji [ f (x)]

and d j
i [ f (x)] respectively. Note that the Deslauriers–Dubuc

scaling functions are interpolating. Therefore, the scaling
function coefficient is given directly by the function val-
ues sampled on the wavelet grid point, i.e. s ji [ f (x)] =
f (x j

i ).

Using the reduced basis gradient ∂x R(x j
i ) sampled on

the dyadic wavelet grid, the local strain in each grid point
is computed using ε

j
i = εM + ∂x R(x j

i ) · W . The his-

tory coefficients ξ
j
i = ξ t (x j

i ) are discretised using the
same multi-resolution sparse wavelet grid. This allows
for the wavelet interpolation of the history parameters on
newly added grid points avoiding the need to store the
history coefficients of every dyadic wavelet grid point.
Using the strain ε

j
i and the history ξ

j
i , the stress σ

j
i =

σ(ε
j
i , ξ

j
i ), the internal force integrand ϕ

j
i = ϕ(ε

j
i , ξ

j
i )

and the tangent stiffness integrand κ j
i

= κ(ε
j
i , ξ

j
i ) are

computed on the wavelet grid. This enables a MRA of
the internal force integrand ϕ(ε, ξ) associated with the
reduced micro-fluctuations W on the wavelet-grid. Dur-
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ing the MRA, the analysis of the grid points is conducted
on each level in the hierarchy. The analysis of subse-
quent levels by evaluating and wavelet transforming the
neighbouring points of current level grid points enables
the error control, which other hyper-reduction methods
ignore.

s ji [ϕ(ε
j
i , ξ

j
i
)] = s ji

[
∂x R(x j

i )σ (ε
j
i , ξ

j
i
)
]

(14)

Note that for an accurate approximation of the internal force
and tangent stiffness integrands the initial wavelet grid needs
to be sufficiently fine such that the adaptive refinement
scheme detects regions requiring local refinement. In princi-
ple the initial grid should be as coarse as possible, yet still
resolving the presence of fine-scale features, e.g. in a het-
erogeneous microstructure there need to be grid points in
the neighbourhood of the microstructural features to pick up
their influence on the initial grid, even if this is still very
inaccurate.

4.3 Integration of the wavelet representation

The internal force and tangent stiffness matrix required
for the Newton–Raphson procedure result from integrat-
ing the wavelet representations of the internal force inte-
grand ϕ(ε

j
i , ξ

j
i ) and stiffness integrand κ(ε

j
i , ξ

j
i ). The MRA

approximation of an integrand approximation f̃ (x) is defined
using a set of coarse scaling coefficients and a sparse set
of wavelet coefficients, s0i [ f (x)] and d j

i [ f (x)] respectively.
The field f̃ (x) is then given by:

f̃ (x) =
n∑

i=0

s0i [ f (x)]φ0
i (x) +

jmax∑
j=0

∑
i

d j
i [ f (x)]ψ j

i (x) (15)

To evaluate the integral of the weak form the unit-integral
property of the Deslauriers–Dubuc interpolating wavelets is
used [37]. The integral of the mother scaling function φ(θ)

constructed on a dyadic wavelet grid with sufficient grid
points (≥ 2m − 1), coordinate θ and a grid spacing Δθ = 1
is given by [4].

∫ ∞

−∞
φ(θ) dθ = 1 (16)

Using the biorthogonal refinement relations [18] the mother
wavelet function is expressed as a function of the scaling
function.

ψ(θ) =
m∑

i=−m

giφ(2θ − i) (17)

For Deslauriers–Dubuc interpolating wavelets this simplifies
to the following expression.

ψ(θ) = −φ(2θ − 1) (18)

Mapping the coordinate θ onto the physical coordinate x ,
the integrals of the Deslauriers–Dubuc scaling functions and
wavelets on an equidistant dyadic grid, with Δx j the grid
spacing on level j , are given by:

∫
x
φ
j
i (x) dx = Δx j (19a)

∫
x
ψ

j
i (x) dx = − 1

2Δx j (19b)

Substitution yields the following simple summation of the
coefficients times the grid size at the coefficient level.

∫
V

f̃ (x) dV =
n∑

i=0

s0i [ f (x)A(x j
i )]Δx0

−
jmax∑
j=0

∑
i

1
2d

j
i [ f (x)A(x j

i )]Δx j (20)

Combining the wavelet approximation of the integrands
ϕ and κ and the integration and substitution into a Newton–
Raphson procedure to solve the linear momentum balance
leads to the W-ROM outlined in Algorithm 1. Note that
the integration grid is rebuilt within every iteration. When
the history coefficients from the previous increment or
iteration are required, the wavelet representation thereof
is stored. Upon refinement, the history variables need to
be interpolated between the available grid points when
the history is required on newly added grid points. The
Deslauriers–Dubuc basis functions used to discretise the
integrands are also used to interpolate the history vari-
ables.
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Algorithm 1 Wavelet Integration for Reduced Order Models
Require: The external force f ext , the macroscopic strain εM, the Newton-Raphson and MRA tolerances δNR and δw, the sampled strain modes

∂x R(x j
i ) and the wavelet representation of the history variables s0i [ξ t ] and d j

i [ξ t ].
Initialise j ← 0, f int ← 0, r ← 1 and K ← 0

while ‖r‖2/‖ f ‖2 > δNR do
ε0i = εM + ∂x R(x0i ) · W � Compute local strain
ξ0
i

← ξ t (x0i ) � Retrieve the current material history

σ 0
i ← σ(ε0i , ξ

0
i
) � Compute stress, history ξ t+1 and tangent stiffness

s0i [ϕ] ← ϕ(ε0i , ξ
0
i
) � Store the internal force integrand

ϕmax ← max |s0i [ϕ]|
s0i [κ] ← κ(ε0i , ξ

t
i
) � Store the stiffness

s0i [ξ t+1] ← ξ t+1(x0i ) � Store the new history parameters

f int ← f int + ∑
i Δx0s0i [ϕA(x j

i )]
K ← K + ∑

i Δx0s0i [κA(x j
i )]

I ← [0, n] � Refine intermediate grid points
while I �= ∅ and j ≤ jmax do

I∗ = ∅
for i ∈ I do

ε
j
i = εM + ∂x R(x j

i ) · W � Compute local strain

ξ
j
i ← s ji [ξ t ] � Use wavelet synthesis to retrieve interpolated values

σ
j
i ← σ(ε

j
i , ξ

j
i ) � Compute stress, history ξ t+1 and tangent stiffness

ϕ
j
i ← ϕ(ε

j
i , ξ

j
i ) � Store the internal force integrand

Retrieve s ji [ϕ] and s ji [ξ t+1] using wavelet synthesis (25b) using d j−1
i [•] = 0.

if any |ϕ j
i − s ji [ϕ]|/ϕmax > δw then

d j−1
i [ϕ] ← s ji [ϕ] − ϕ

j
i � Store internal force integrand

d j−1
i [κ] ← s ji [K ] − κ(ε0i , ξ

t
i
) � Store the stiffness

d j−1
i [ξ t+1] ← s ji [ξ t+1] − ξ t+1 � Store the new history parameters

f int ← f int − 1
2Δx j d

j
i [ϕA(x j

i )]
K ← K − 1

2Δx j d
j
i [κA(x j

i )]

I∗ = {2i, 2i + 1} ∪ I∗ � Refine surrounding grid points
end if

end for
I ← I∗ � Next level
j ← j + 1

end while

r ← f ext − f int

ΔW ← K−1r
W ← W + ΔW

end while

5 Numerical examples

To evaluate the performance of the W-ROM, a one-
dimensional microstructure with elasto-plastic material
behaviour is modelled. The required integration points are
monitored to assess the computational costs. The accuracy
of the resulting macroscopic forces fM(εM) of the full order
model (FOM), the ROM and the W-ROM are compared.

The accuracy with respect to the standard ROM is evalu-
ated by comparing the micro-fluctuation coefficients W . To
demonstrate the flexibility of the wavelet integration a sec-
ond microstructure consisting of two domains with different
material parameters is modelled. The spatially dependent
cross-sectional area given by Eq. (21) is used for both mod-
els. An average cross-sectional area of Aavg = 0.1mm2 and
an area fluctuation of ΔA = 0.02mm2 are used for both
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examples. A wavelength of L = 0.5mm is selected for a
microstructure with length 
 = 1mm. The cross-sectional
area is then given by:

A(x) = Aavg + ΔA cos
(
2π

x

L

)
(21)

To homogenise the one-dimensional problem, the following
relation between the macroscopic strain εM and the macro-
scopic force fM is introduced.

fM(εM) = 1




∫ 


0
σ(x; εM)A(x) dx (22)

The full-order model is discretised with 1000 quadratic
Lagrangian elements and the weak form is integrated using 2
Gauss-Legendre quadrature points per element. The dyadic
wavelet grid has 9 points at level j = 0 such that the 4th
degree Deslauriers–Dubuc scaling functions and wavelets
are fully supported within the domain. Note however that
a finer initial grid may be used when this is required. Peri-
odic boundary conditions are employed for both the finite
element and the wavelet discretisations.

5.1 Example I: Micro-structural model with one
material

The first example consists of a unit-cell, schematically
depicted in Fig. 6, with an elasto-plastic material having a
Young’s modulus of E = 1.0GPa, a yield-stress of σy =
0.02GPa, and a hardening coefficient of K = 0.4GPa.

Themodel is loadedwith amacroscopic strain εM increas-
ing from 0 to 0.1 in 10 equidistant increments. Snapshots
of the resulting micro-fluctuation fields w(x) are stored in
the snapshot-matrix X to extract the modes constituting the
reduced basis R(x). Using the POD, the modes and their
corresponding eigenvalues required to formulate the reduced
basis R(x) are retrieved. The modes and singular values are
plotted in Fig. 7. In this example, 3 modes are used to capture
the micro-fluctuation field. After the derivation of a reduced
basis, it is projected onto the dyadic wavelet grid to complete
the W-ROM.

The accuracy of the reduced models is assessed by com-
paring the reduced micro-fluctuation coefficients and the
resulting integrated macroscopic force obtained using the
ROM and W-ROM (using Algorithm 1) with the results
obtainedusing theFOM.The relationbetween computational
cost and accuracy of the W-ROM is investigated by adopting
different tolerances and comparing the corresponding sparse
wavelet grids.

5.1.1 Accuracy

To assess the accuracy, themacroscopic strain εM is increased
from 0 to 0.1 in 20 equal increments. Note that the macro-
scopic strain is applied in twice the number of increments, i.e.
every odd strain increment lies in the middle of two strains
used to generate the snapshots X such that the ROM needs
to interpolate between the available modes. The resulting
micro-scale stress and strain fields obtained with the FOM,

Fig. 6 Example I:
microstructural domain with
length 
 and varying
cross-sectional area A(x)

xmin xmax
A(x)

x

VS
n
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n
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Fig. 7 Corresponding strains of micro-fluctuation modes and singular values extracted from the snapshots X for the microstructure loaded with a
macroscopic strain εM = 0.1 in 10 equivalent increments
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Fig. 8 Microscopic stress, strain and force fields for the FOM, ROM and W-ROM (δw = 10−2). A section of the force curve is enlarged 5× to
visualise the small deviations in the force equilibrium

ROM, and W-ROM are plotted in Fig. 8 for load increments
5, 7 and 20 (using a tolerance δw = 10−2).

Due to the limited number of snapshots and modes used,
theROM is not able to represent the force equilibrium exactly
close to the plastic deformation front. Small deviations of the
force equilibrium are visible between the ROM and FOM
results. Since the W-ROM relies on the same basis, these
small deviations are also present here. In order to obtain
a more accurate representation of the strain field close to
the plastic deformation front, more snapshots are required to
obtain the missing modes to construct the ROM. Moreover,
if the ROMproblemwould be solved with a wavelet approxi-
mation as well, this concern would be completely alleviated.
This will be explored in future work.

Note, however, that theW-ROMapproximates the reduced
order model accurately using only a reduced set of integra-
tion points. The strains of the W-ROM are compared to the
lossless integrated result of the ROM. Since both models
make use of the same basis (in the wavelet representation the
strains are sampled from the reduced basis directly), it suf-
fices to compare the reduced coefficients. The evolution of
the coefficients over the load increments is plotted in Fig. 9,
where the integration error in the coefficients of the W-ROM
model is defined with respect to the ROM model as follows.

εW = ‖WW−ROM − WROM‖2
‖WROM‖2

(23)

To investigate the influence of the wavelet representation
on the macroscopic force fM, the macroscopic force–strain
curve for the FOM, ROM and W-ROM is shown in Fig. 10.
The error ε fM in the approximation of the macroscopic force
fM using the ROM and W-ROM model with respect to the
FOM model is defined as

ε fM = | f ∗
M − f FOMM |
| f FOMM | (24)

where f ∗
M is the macroscopic force approximated with either

the fully integrated ROM or W-ROM model.
Even though the tolerance δw = 10−4 only applies to the

approximation of the internal force, the error in the wavelet
representation of the macroscopic force remains of approxi-
mately the same order. The ROM captures the macroscopic
force fM exactly up to numerical precision in the linear
regime and in the post-yielding regime up to the given tol-
erance. In this regime, the wavelet representation proves
sufficiently accurate to maintain the ROM accuracy.
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Fig. 9 The evolution of the reduced strain coefficients W of the ROM and W-ROM (δw = 10−4) and the integration error εW of the W-ROM
relative to the fully integrated ROM
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Fig. 10 The macroscopic force–strain curve of the FOM, ROM and W-ROM (δw = 10−4) of the microstructure and the relative error εσM using
ROM and W-ROM

Fig. 11 The error in the
macroscopic force–strain curves
approximated using W-ROM

The influence of the applied tolerance on the macro-
scopic force fM is investigated by approximating the internal
forces in the W-ROMmodel using different tolerances δw =
10−2, 10−3, . . . , 10−6. The resulting errors of the ROM and
W-ROMwith respect to the FOM case are plotted in Fig. 11.

A stricter tolerance consistently leads to a better force
approximation. The errors for the tolerances δw = 10−5 and
δw = 10−6 are plotted in dashed lines since thewavelet repre-
sentation reached the maximum level (here set to jmax = 12)
and accordingly the reduction in error stagnates. A larger

jmax would allow to capture more details, through which the
approximation of the internal force integrand ϕ(x0) becomes
even more accurate resulting in a more accurate force inte-
gral.

This becomes clear by considering the sparse wavelet
grids for the various tolerances δw, as depicted in Fig. 12.
At tolerance δw = 10−4 the maximum level is reached and
the grid starts to fill in. The accuracy of the approximation
can be enhanced using a higher maximum level jmax, or by
increasing the order of the bases.
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Fig. 12 Sparse dyadic grids used for the wavelet representation using various tolerances δw

5.1.2 Reduction

The sparsity of the wavelet representation allows the approx-
imation of the micro-scale stress and internal force integrand
fields using a limited number of sample points. Depending on
the tolerance, the algorithm automatically identifies points at
locationswhere refinement is needed, thereby eliminating the
need for an a priori determined set of integration points [20]
or modal reconstruction of the micro-scale stress field [21].
The wavelet basis enables an approximation up until a pre-
set tolerance picking up local phenomena in high detail while
using few sample points in regions without significant fluc-
tuations. When the maximum level is reached, the wavelet
coefficient gives an indication of the order of magnitude of
the remaining approximation error.

The number of points required for an approximation
with tolerance δw is depicted in Fig. 13. For a tolerance of
δw = 10−2 in the internal force integrand only 76 inte-
gration points are required, compared to the original FEM
problem with 2000 integration points. The method gains on
the full order model up to a tolerance δw = 10−5, which is
remarkable considering there are only limited regions with-
out strong fluctuations in the force integrand field in the
one-dimensional example model.

Note, that for a tolerance δw ≤ 10−5 the wavelet represen-
tation of the integrand requires more integration points than
the original Gauss scheme to project the integrand onto the
wavelet basis. The accuracy of the integrand in theFOMhow-
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Tolerance δw

101

102

103
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#
p
o
in
ts

Number of sparse grid points

W-ROM
FOM

Fig. 13 The number of points in the sparse wavelet grid for various
tolerances δw. The dashed line denotes the number of integration points
used in the FOM model

ever is also limited by the element size of order O (
10−3

)
.

When using a tolerance δw lower than the accuracy of the
FOM the wavelet representation will approximate the arte-
facts of the original Lagrangian discretisation of the finite
element problem. This locally requires extra sampling points
which do not yield extra accuracy of the physical solution,
but merely in the discretised solution. If a higher accuracy
is desired a finer finite element mesh discretisation for the
FOM needs to be employed first.

Evidently, this emphasises again that the tolerance used
in the wavelet reduction/approximation should be balanced
with respect to the underlying discretisation error of the
FOM. Note that this problem will no longer exist if wavelets
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Fig. 14 Example II: Two-phase microstructural composite rod with
length 
 and varying cross-sectional area A(x). The Young’s modulus
of the elasto-plastic material is E = 1GPa. The left side (red) has a

yield stress σy = 0.04GPa and hardening rate of K = 0.2GPa. The
right side (blue) has a yield stress of σy = 0.02GPa and hardening rate
of K = 0.4GPa
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Fig. 15 The evolution of the micro-scale strain (left-hand side), stress (middle) force (right-hand side) approximated with a FOM, ROM and
W-ROM model for increments 5, 7 and 20. A section of the force curve is enlarged × 5 to visualise the small deviations in the force equilibrium

are used to solve the BVP for the FOM/ROM as will be done
in future work.

5.2 Example II: Two-phasemicrostructural
composite rod

Next, a somewhat more complex microstructure is con-
sidered. Similar to the first case, this problem consists
of an expanding plastically deformed zone. However, this
microstructure consists of two phases of elasto-plastic mate-
rial which yield at different stress-levels with a different
hardening rate, resulting in adiscontinuousmicro-scale strain
field. Themicrostructure is schematically depicted in Fig. 14.

The resultingmicro-scale stresses and strains are plotted in
Fig. 15 for the load increments 5, 7 and 20. At increment 5 the
onset of plastic deformation is visible on the right hand side
of the microstructure, at increment 7 the right phase shows a
significant plastically deformed zone and at the final incre-
ment 20 both phases reveal plasticity. When both phases are
deforming plastically, a strain discontinuity originates due to
the difference in yield stress and hardening parameters. Here
one can see a small approximation error in the ROM and the
W-ROM stress, strain and force field. This error is however
localised due to the (automatically) refined wavelet grid near
the discontinuity and hardly influences the integrated macro-
scopic stress. As stated before, this problem can be solved by
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Fig. 16 The evolution of the reduced micro fluctuation coefficients W of the ROM and W-ROMmodel over the increments (left). Integration error
in the W-ROM model relative to the fully integrated ROM (right)
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Fig. 17 Macroscopic force resulting from the microstructure loaded with εM approximated using FOM, ROM and W-ROM. The error in the ROM
and W-ROM models with respect to the FOM model ε fM are plotted on the right

adopting a wavelet family which allows for discontinuities
[39].

Figure16 shows the resulting micro-fluctuations resolved
with ROM and W-ROM. Comparing the W-ROM method
relative to the fully integrated ROM method, the errors in
the reduced micro-fluctuation parameters W are of the order
O (

10−4
)
, which is much smaller than the imposed tolerance

of δw = 10−3.
When looking at the macroscopic force–strain curve in

Fig. 17 of the FOM, ROM and W-ROM models, a similar
trend is observed. In the plastic regime, the error in the ROM
and W-ROMwith respect to the FOM are of orderO (

10−4
)

using approximately 300 integration points. This is consid-
erably smaller than the imposed tolerance.

The wavelet grid used for the W-ROM approximation
presented in Fig. 18 shows that the discontinuities at the
boundaries and centre of the domain are adequately picked
up by the automatic refinement strategy until the maximum
wavelet level jmax is used. The W-ROM model uses ∼ 300
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Fig. 18 The sparse wavelet grid used to approximate the micro-scale
variables in the microstructural problem

integration points to integrate the internal force vector, stiff-
ness matrix and macroscopic force. The FOM and ROM are
integrated using a Gaussian quadrature with 2000 integration
points.
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Due to the C0 kinks originating at the plastic front, the
refinement algorithm locally uses a lot of sampling points.
In this work it is shown that the local high accuracy can be
obtained. If a high reduction factor is favoured, the user has
several options to fine tune the compression: (i) choosing the
maximumwavelet level lower; (ii) a less strict tolerance; (iii)
using higher order bases. This implies that (i) the minimum
width of the wavelets increases or (ii) the approximation
does not refine that much in narrow regions around kinks
and discontinuities; (iii) fine scale details are approximated
using less sampling points. Options (i) and (ii) will give a
locally less accurate microscale solution. Note however, that
the error defined locally is quite strict when one is interested
in the homogenised stresses or forces, since the error made
in the homogenised result is often lower than the local error.

6 Conclusions

This paper presents a novel hyper-reduced method by intro-
ducing a wavelet basis and a MRA to integrate the weak
form up to a pre-set tolerance. The innovative aspects of the
proposed method are:

– The wavelet reduced integration does not require an
offline calibration step using a second set of (stress-
based) snapshots to construct the reduced integration
scheme. This reduces the input parameters required to
construct the integration scheme to the strain modes only
(projected on the dyadic wavelet grid) and a tolerance to
control the level of approximation.

– The reduced integration uses the wavelet-based MRA to
enable an adaptive and local refinement of the dyadic grid
used to integrate the stress, internal forces and stiffness.
Conversely, the adaptive dyadic grid will also coarsen
when smooth functions are to be approximated.

– The error in the integration is controlled using a pre-set
tolerance. This is verified by quantifying the microfluc-
tuation error of the W-ROM relative to the FOM. The
resulting error in micro-fluctuation coefficients is typi-
cally bounded by the imposed tolerance.

The reduction of the number of stress evaluations to
perform the integration with respect to the original Gauss
integration scheme used in the ROM is demonstrated and
the compression is shown to be inversely proportional to the
tolerance.

Hyper-reduced models such as Empirical Interpolation
Methods and Empirical Cubature Methods rely on offline
determined integration points, and sometimes a basis for
the integrand. This allows for a higher compression ratio,
but requires a detailed sampling of the high-dimensional
snapshot space including the history parameters for path

dependent materials, to ensure that no physical modes are
missing since the integration scheme is constructed a priori.
Many hyper-reduction techniques combine the sampling of
the non-linear terms, such as the stress field σ or the inter-
nal force integrand ϕ, with the sampling of the kinematics.
Therefore no additional computations are required for the
construction of the snapshots of the nonlinear term.The accu-
racy of the reduced integration of history dependent material
models however, requires extensive sampling of both the
kinetics and the kinematics present in the parameter space.

The Wavelet-Reduced Order Model, on the other hand,
adaptively determines the points required for accurate inte-
gration in-situ and only requires prior accurate sampling of
the kinematics. The sampled kinematics are required to con-
struct the symmetric gradient of the reduced basis ∇2R(x)
and is therefore less sensitive to the sampled snapshots, and
algorithmic choices to select integration points.

Note that there is no theoretical limitation to expand W-
ROM to two or three dimensional microstructural models.
This 1D model provides a transparent view of all underlying
principles and implementation aspects of the method pro-
posed. Expanding the method to multiple dimensions will
however require multi-dimensional adaptive wavelet trans-
forms as presented by Paolucci et al. in [32] and more
elaborate storage solutions for the internal variables and
modes by approximating each variable independently on a
separate wavelet grid to allow fast wavelet transforms while
still limiting the memory usage.
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A Wavelet analysis and synthesis

A.1 Multi resolution analysis using wavelets

Wavelet families are constructed using a mother wavelet
ψ(x) and scaling functionφ(x). Thewavelet basis is spanned
by scaling functions and wavelets formed by scaling and

translation the scaling function φ
j
i (x) = φ

(
2 j

Δx0
x − i

)
and

mother wavelet ψ
j
i (x) = ψ

(
2 j

Δx0
x − i

)
, respectively. This

process is illustrated for the Haar scaling functions and
wavelets in Fig. 19.
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Fig. 19 The scaled and
translated Haar scaling
functions and wavelets

Fig. 20 Schematically depicted
hierarchical relations between
the Haar scaling functions and
wavelets on level j and j + 1

φj
i ψj

i

φj+1
2i+1φj+1

2i+1φj+1
2i φj+1

2i

Vj+1

Vj

Vj+1

Wj

−+

⊕

==

= Vj+1

To approximate the integrands, a sequence of approxi-
mation spaces is used, V j containing the scaling functions
φ
j
i (x). The scaling function spaces in the sequence are sub-

spaces of their successors, i.e. V j ⊂ V j+1. The wavelet
spacesW j complement the scaling function spaces V j such
that the combination of both spaces V j ⊕ W j are spanning
the (more detailed) space V j+1. This hierarchical relation
between the wavelets and scaling functions on different lev-
els is schematically depicted in Fig. 20.

In this work, the wavelets are translated along grid points
on level j spaced Δx j apart. At each level the wavelet is
scaled down using a factor 1

2 in width for each subsequent
level forming a dyadic wavelet grid. The basis consisting
of coarse scaling functions and increasingly fine wavelet
functions living on multiple levels is formed. In each sub-
sequent level j , the wavelet functions ψ

j
i (x) ∈ W j and

scaling functions φ
j
i ∈ V j are respectively scaled by a factor

1
2 in width and translated, allowing each new level to capture
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Wavelet approximation: each level adds detail to the approximation

sisehtnyS
sisy lan

A

Fig. 21 A schematic representation of the multi-resolution analysis of function f (x) using Haar scaling functions and wavelets

higher frequency components in the field. The union of all the
approximation spaces ∪∞

k=1V j spans the complete Lebesgue
space L2(R).

To perform a MRA on a function f (x), without con-
sidering the computational efficiency, the function can be
projected onto the fine level scaling functions φ

jmax
i (x). The

scaling function representation can be decomposed into a
combination of scaling functions and wavelets at the lower
level jmax − 1. The projection of the function f (x) on the
scaling functions φ

jmax−1
i (x) can be analysed again using

the wavelet analysis to obtain a representation in terms
of level j = jmax − 2 scaling functions φ

jmax−2
i (x) and

wavelets ψ
jmax−2
i (x). In the multi-resolution analysis the

wavelet transform is applied hierarchically to decompose
the different frequency components in the function f (x).
The multi-resolution analysis is schematically shown for the
Haar wavelet family in Fig. 21.

On a dyadic wavelet grid the wavelet analysis and synthe-
sis canbeperformeddiscretely using a set of filter coefficients
hierarchically relating the scaling function coefficients and
wavelet coefficients. The level j scaling function andwavelet

coefficients are related to the level j+1 scaling function coef-
ficients via the analysis filter coefficients denoted by h̃k and
g̃k . The synthesis of the level j scaling function and wavelet
coefficients to the level j + 1 scaling function coefficients is
performed using the synthesis filter coefficients hk and gk .
For a more detailed explanation of multi-resolution analysis
the reader is referred to the books [6,26].

A.1.1 Wavelet synthesis

Starting from a coarse representation of the function f (x)
comprising of 0th level scaling functions φ0

i (x), an increas-

Table 1 The wavelet coefficients used to generate the 4th degree inter-
polating Deslauriers–Dubuc wavelet and scaling functions

k −5 −4 −3 −2 −1 0 1 2 3 4 5

hk 0 0 − 1
16 0 9

16 1 9
16 0 − 1

16 0 0

h̃k 0 0 0 0 0 1 0 0 0 0 0

gk 0 0 0 0 0 0 −1 0 0 0 0

g̃k 0 0 0 − 1
16 0 9

16 −1 9
16 0 − 1

16 0
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Fig. 22 The 4th degree Deslauriers–Dubuc interpolating scaling functions and wavelets forming the basis on level j = 0

Fig. 23 Interpolation using the
MRA for the 4th degree
interpolating Deslauriers–Dubuc
wavelet

sj
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j
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dj
0 dj

1 dj
2

ingly detailed reconstruction of the function f (x) is obtained
by adding higher level wavelets. This reconstruction relies
on the wavelet synthesis relations to interpolate intermediate
points on finer grid levels j + 1. The synthesis of the dis-
cretised field is performed using the synthesis relations for
bi-orthogonal wavelets (25).

s j+1
2i =

m
2∑

k=−m
2

h2ks
j
i−k + g2kd

j
i−k (25a)

s j+1
2i+1 =

m
2∑

k=−m
2

h2k+1s
j
i−k + g2k+1d

j
i−k (25b)

Here,m is the degree of the current filter, and hk and gk are the
synthesis filter coefficients listed in Table 1 used to perform
the synthesis. The analysis filter coefficients are denoted by
h̃k and g̃k .

The 4th degree Deslauriers–Dubuc level j = 0 scal-
ing functions φ0

i (x) and wavelets ψ0
i (x) are depicted in

Fig. 22. When using these Deslauriers–Dubuc interpolating
wavelets, the wavelet coefficients d j+1

i on the fine level are
given directly by the difference between the level j wavelet
interpolation and the sampled function value f (x j

i )1. This

1 Note that this property is specific for the Deslauriers–Dubuc interpo-
lating wavelet family.

is shown for wavelet synthesis on a dyadic grid using the
4th degree (m = 4) bi-orthogonal Deslauriers–Dubuc scal-
ing function coefficients hk and wavelet coefficients gk . A
schematic overview of the synthesis is depicted in Fig. 23.

The interpolated (or approximated) values on the inter-
mediate grid points can be found by interpolating wavelets
assuming that the wavelet coefficients d j

k = 0. This yields
the relation for the approximated function value f̃ (x2i+1) =
s j+1
2i+1, i.e.

f̃ (x2i+1) =
m
2∑

k=−m
2

h2k+1 f
j
i−k (26)

For Deslauriers–Dubuc wavelets the filter coefficient gk is
described using the Kronecker-delta function −δ1k . There-

fore the only value d j
i−k contributing to approximation f̃ j+1

2i+1
is k = 0. This coefficient represents the error between the
interpolated function value f̃ j+1

2i+1 and the exact function value
f (x2i+1)

d j
i =

m
2∑

k=−m
2

h2k+1 f
j
i−k − f (x2i+1) (27)

Note that relation (27) is specific for the Deslauriers–Dubuc
interpolating wavelet. For other wavelets the general synthe-
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sis relations for bi-orthogonal wavelets (25) can be applied
to find the wavelet coefficients.

A.2 Data compression

Using the Deslauriers–Dubuc wavelet family allows the
wavelet representation of the function f (x) to be constructed
from the coarse level up. By hierarchically applying equation
(27) over each level, the correcting wavelet coefficients d j

i
are computed.

Only the points for which the error |d j
i |/| favg| ≥ δw, in

which δw is the tolerance on the approximation error rel-
ative to the absolute average of the function values on the

initial grid | favg|, are marked for further refinement. When

a point x j
i is marked for further refinement the surrounding

grid points on level j + 1, x j+1
2i and x j+1

2i+1 are approximated
in the next level, providing a systematic refinement scheme.
The MRA approximation f̃ (x/
) is proven to converge to
the function f (x/
) as the number of levels tends to infinity
[6].

The process of truncating wavelets is schematically
depicted for theDeslauriers–Dubucwavelet family inFig. 24.
In this example several wavelets have coefficients d j

i that are
below the imposed tolerance at level j = 3. These wavelets
are no longer considered for further refinement in higher lev-

Fig. 24 Schematically depicted
compression by truncating the
MRA with 4th order
Deslauriers–Dubuc (DD4)
wavelets using a tolerance
δw = 10−5, where f (x/
) is the
exact solution and f̃ (x/
) is the
wavelet representation

123



554 Computational Mechanics (2019) 63:535–554

els. At level j = 4 all coefficients are below the imposed
tolerance δw. The wavelet representation is sufficiently accu-
rate and all contributions of higher level wavelets can be
neglected.
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