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Summary

The aim of the project of which this PhD work is part is to store energy in synthetic fuels.
Renewable energy is used to dissociate CO2, after which hydro-carbons are created by
the Fischer-Tropsch process. Efficiency of the dissociation step is key for this method
to be feasible, and the subject of many experimental and numerical studies. Vibrational
laddering is expected to provide an energy efficient path towards dissociation. Describing
the vibrational laddering mechanism is the main purpose of many reaction models of
CO2. The main focus of this thesis is the development and analysis of such a plasma
chemical reaction model. This work can be divided in four subjects.

The first is the numerical validation of Boltzmann solver results. Rate coefficients are
used to quantify reaction rates. Often they need to be determined from cross sections, for
which the electron energy distribution function (EEDF) is required. Typically, the EEDF
is not known analytically when inelastic collisions are present. In that case numerical
Boltzmann solvers are used to determine the EEDF. Only a limited number of analytical
solutions of the Boltzmann equation is available for cases in which inelastic processes
are present. This work shows analytical solutions for the two-term approximation of the
Boltzmann equation for a Dirac delta peak shaped excitation cross section, representing
the response to inelastic source terms. A comparison with results of the widely used
Boltzmann solver BOLSIG+ will be shown. Results are validated for constant momentum
energy transfer cross section and frequency.

The validity of Boltzmann solver results is essential for plasma chemical models,
such as Global Models. These spatially averaged models solve the species densities in
time only, hence the name Global Model. Various implementations of CO2 chemistries
are available in literature in text format, and used to study the vibrational laddering mech-
anism that should enhance dissociation. Therefore they consist of dozens of species that
are involved in thousands of reactions, describing vibrational laddering in detail. The
detail of these models make implementation challenging, and sensitive to flaws and plain
typos. This thesis presents a comprehensive Global Model of CO2 that has resulted from
carefully checked literature. The correctness of the model has been established by two
independent implementations in the Global Models of PLASIMO and ZDPlaskin. To
stimulate discussion about the implementation the PLASIMO input file has been pub-
lished digitally in plug-and-play format. This has resulted in various discussions and
private communications and an improved version of the input file.

The third part of this thesis is devoted to uncertainty analysis for large chemical mod-
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els. Cross sections and rate coefficients are input for Global Models. These contain
uncertainties that propagate into the model results, and knowledge about them is impor-
tant for interpretation of model results. For the uncertainty in plasma chemical models
various strategies have been presented during the last two decades. Sensitivity analysis
is suggested as a selection method for large chemical systems, to include only the rate
coefficient uncertainty of reactions that matter. However, this still is a very time consum-
ing method for chemical systems such as the CO2 Global Model. In this thesis pathway
analysis is presented as a fast alternative for sensitivity analysis. Analysis of the energy
balance of pathways is essential, due to the non-equilibrium nature of low-temperature
plasmas. Therefore an extention of the common pathway analysis implementations with
the analysis of the electron power density is presented. The performance of our sug-
gested method is shown using a small nitrogen chemical system. It is also shown that
this method is successful to determine the uncertainties in large chemical models such as
the CO2 Global Model. Only a small number of input uncertainties need to be taken into
account, and pathway analysis can be used to determine these indeed.

The last part of this thesis consists of a comparison study between two chemical re-
duction methods. The CO2 Global Model is developed to study the vibrational kinetics
and therefore contains many species and reactions. However, running density balance
equations for 72 species is costly, even for a spatially zero-dimensional model. Reduc-
tion of the chemical state space can reduce the computational cost significantly, without
significant loss of accuracy. Various methods exist for the reduction of the chemical
state space to speed up the calculations. Two reduction methods that find their origin in
the combustion community are the Intrinsic Low Dimensional Manifold (ILDM) method
and Principal Component Analysis (PCA). Applying these methods to low-temperature
plasma chemical models introduces an additional complexity. The electron temperature,
being out of equilibrium with the gas temperature, introduces one more non-linear pa-
rameter for the reaction kinetics. Here we present a comparison of these two methods for
a CO2 plasma.
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Chapter 1

Introduction

Civilizations depend on energy to ensure both primary and secondary needs. Tradition-
ally, energy was utilized from resources locally available, such as wood or water streams.
Energy transitions took place motivated by availability, convenience, cost, labor, and pol-
lution. These transitions were purely locally, and only local communities where affected.
The first large scale (global) energy transition was that of wood to fossil fuels. It was
driven by urbanization, commerce, innovation and the discovery of large coal reserves
[1]. This occurred during the early 1700 in Great Britain, and it took over 2 to 3 centuries
to be fully adopted [2]. Depending on the service (i.e. heating, power, transport and light-
ing) these transitions took between 30 to 300 years from invention to being dominantly
substituted in the energy network.

The present energy transition is from fossil to renewable energy sources, including
tide, biomass, geothermal, hydropower, wind and solar. It is motivated by the risks of
air pollution associated with the use of fossil fuels. Carbon dioxide (CO2) is emitted
when burning fossil fuels, which accumulate in the atmosphere. Solar radiation reaches
the earth surface almost completely un-hindered, heating up the surface. In turn the earth
emits infrared radiation that is absorbed by CO2 (and water vapor) in the atmosphere,
resulting in an increased atmosphere temperature. Due to the rate at which the CO2

concentration in the atmosphere increases, this energy transition needs to take place in a
few decades. This imposes a serious social challenge, besides technological challenges
in the development of renewable energy sources.

Renewable energy sources are commonly referred to as “green”, which is slightly
misplaced. Besides biomass, usage of these energy sources is free of CO2 emission, but
they are certainly not free of pollution. The production of solar cells is often accompanied
with serious pollution in the form of waste [3, 4]. Data about the pollution from discarded
solar cells has just recently been made available, but already indicates that solar energy
cannot be considered free of pollution [5, 6]. Construction and recycling of wind mills
is also accompanied with pollution [7, 8, 9], with the foundation having a significant
contribution [7]. Hydropower plans need reservoirs, impacting the surrounding habitat,
with potentially dramatic consequences [8, 10, 11]. Also the CO2 emission accompanied
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2 Chapter 1. Introduction

with the application of large amounts of concrete needed in the construction of dams is a
major contributor of pollution. However, excluding wind mills, these renewable energy
sources are a major improvement on the environmental impact compared to carbon based
energy sources. Carbon pay-back times for solar cells are 0.7-25 years (depending on the
pollutant) and approximately <1 year for hydropower [12].

From a health-perspective, renewable energy sources offer a major advantage too.
Pollution will be strongly concentrated at specific sites, allowing for efficient filtering
and regulation. Studies on the impact of pollution on the health care expenses show
they vary between 240 billion to 630 billion dollar due to pollution [13]. Relative to the
global investment of almost 280 billion dollar on solar energy research [14] this may be
considered impressive. The World Health Organization (WHO) estimated recently that 7
million people die annually due to pollution, of which 600.000 children under 15 [15].
That same report notes that about 93 % of all children live in health threatening conditions.

The advantage of the transition to renewable energy that resonates most, is the po-
tential to reduce CO2 emission. The potential danger of a global rising temperature on
daily life results in a growing call for an energy transition towards renewable energy
sources. Authors of the Intergovernmental Panel on Climate Change (IPCC) report on
Global Warming of 1.5°C [16] came to the conclusion that the average temperature on
earth will rise 1.5 °C in the coming years. They conclude that drastic changes in the
CO2 emissions are needed to avoid an even greater temperature rise with disastrous con-
sequences. CO2 carbon capture, utilization and storage are mentioned in the report as
important strategies to limit the concentration of carbon dioxide in air.

The transition towards renewable energy sources will have major impact on almost all
industries, not in the least on gas distributors. Alliander is one such company, distribut-
ing natural gas through big parts of The Netherlands. Following the transition towards
a sustainable energy market is one of their core activities. Together with the Dutch Ap-
plied and Engineering Sciences organization NWO, Alliander started funding research
projects on CO2 utilization. One of these is the project titled Fuel feedstock production
by a combined approach of controlled plasma conversion and membrane separation. It is
a combined project between the Dutch Institute For Fundamental Energy Research, Uni-
versity Twente and the Eindhoven University of Technology. The project aim is to store
(renewable) energy by decomposing CO2 into CO and O, and produce hydro-carbons
such as methane subsequently. Energy can be extracted by burning the hydrocarbons, re-
sulting in the formation of CO2 again, making this energy storage method CO2 neutral.
In this thesis the focus is on the energetically challenging part of the above process: the
decomposition of CO2 into CO and O.

1.1 Energy Storage

Energy storage is essential in avoiding waist of energy when the energy production ex-
ceeds the consumption. This can be done in various ways, as will be summarized below.
Electro chemical energy storage techniques are currently the most used energy storage
techniques, including the conventional lithium-ion batteries. These have a high efficiency
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of 85-90 % [17]. However, various other energy storage techniques are developed, which
can be categorized in three classes: Electricity Energy Storage (EES), Thermal Energy
Storage (TES) and Chemical Energy Storage (CES). Pumped hydro storage techniques
are classified as the most mature large scale EES techniques [17]. It is one of the most ap-
plied large scale energy storage techniques, in which water is pumped from a low reservoir
to a higher, with energy efficiencies up to 85 %. Other EES methods are based on super-
capacitors (95 %), superconductors (90 %), compressed air (95 %), flywheels (85 %), liq-
uidification of air (85 %), and thermal energy storage (up to 90 %) [18, 19, 17, 20, 21].
CES is the youngest category of energy storage methods. This method comes down to us-
ing power for conversion of species into energetically more valuable species: the energy
carriers. Practically there are two types of energy carriers studied: hydrogen and methane.
For the production of hydrogen (intermittent) energy sources are used for electrolysis. Ef-
ficiencies ranging from 40 % to 80 % are reported [22]. Hydrogen can be stored as gas
or liquid, or injected into the natural gas grid with concentrations of about 5 % [17]. The
efficiency for conversion of hydrogen to electricity is about 70 % in the case of hydrogen
storage, resulting in a cycle efficiency up to 51 % [23]. In the case of natural gas mixing,
the conversion efficiency to electricity goes down to 40 %, resulting in a cycle efficiency
of about 30 %, while increasing the energy output from 360 to 1200 kWh/m−3 [24]. To
produce methane, power is used to dissociate CO2 into CO and O, for which renewable
energy sources are suitable to be used. Via the Fischer-Tropsch process methane is pro-
duced, with total energy efficiencies up to 35 %. For the power to power energy efficiency,
this comes down to 25 %.

These energy efficiencies do not seem to be very promising compared to other energy
storage systems. However, a major advantage of these energy carriers is that they can store
energy for a long time, without degrading significantly. While the energy efficiencies are
higher for hydrogen as energy carrier, methane comes with significant advantages. It is
fully compatible with the existing natural gas infrastructure and can be used in all current
applications for natural gas. Another major advantage is the possibility to integrate this
method in CO2 rich exhaust systems, avoiding the release of CO2 and closing the CO2

cycle.

1.2 What is CO2 and how is it dissociated?

To understand the mechanisms behind energy storage by CO2 conversion, we will first
have a look at what CO2 actually is. CO2 is a linear molecule, consisting of two oxygen
atoms that flank a carbon atom. Linear means all atoms are along one axis in the energet-
ically most favorable configuration. These atoms are bonded by shared electrons, known
as covalent bonds, and allow for intramolecular motion. The bonds are represented by
springs in figure 1.1, and indicated with the spring constant k. Oxygen masses are rep-
resented by m1 and m3, and the mass of carbon by m2. The atoms can move along three
axis, of which one (the z-axis) is perpendicular to the paper and not shown. From a clas-
sical point of view one can already learn much about the molecular vibrational motions.
This will be shown below.
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m1 (O) m2 (C) m3 (O)
k k

x1 x2 x3

y1 y2 y3

Figure 1.1: Schematic of CO2 molecule

Using the Lagrangian L the motion of molecules can be described using:

L = T − V, (1.1)

with
∂

∂t

(
∂

∂q̇i
L
)

=
∂

∂qi
L, (1.2)

and T and V the kinetic and potential energy, and qi the canonical coordinates. Accord-
ingly, q̇i is its time derivative. The kinetic energy is given by

T =
∑
i

1

2
miẋ

2
i , (1.3)

with the scalar xi the position of particle i, relative to its equilibrium position. In the case
of CO2, it is rather straight forward to show that

r̈1 = − 1

m1

∂

∂r1
V +

1

m2

(
∂

∂r2
V − ∂

∂r1
V

)
, (1.4)

r̈2 = − 1

m3

∂

∂r2
V +

1

m2

(
∂

∂r1
V − ∂

∂r2
V

)
, (1.5)

where r1 − r1,eq = x2 − x1 and r2 − r2,eq = x3 − x2 and ri,eq the equilibrium distance
for ri (see figure 1.1). The acceleration in both directions depends on the gradient of the
potential in the direction of the other. For motion along the y- and z-axis, these equations
of motion are similar.

1.2.1 Harmonic oscillator

Approximation of the potential by the harmonic oscillator is widely applied for these kind
of systems. The potential energy for a mass spring system reads as:

V =
∑
i

1

2
ki(ri − ri,eq)2, (1.6)
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with ki being the spring constant and ri,eq being the equilibrium distance for ri. From
symmetry, we know that k1 = k2 ≡ k. Substitution in equations (1.4) and (1.5) yields:

r̈1 =− r1k

mO
− r1 − r2

mC
k, (1.7)

r̈2 =− r2k

mO
+
r1 − r2

mC
k. (1.8)

Two perpendicular modes are found:

r̈1 + r̈2 = − k

mO
(r1 + r2) = ω2

1 (r1 + r2) , (1.9)

r̈1 − r̈2 = −2mO +mC

mOmC
k(r1 − r2) = ω2

3 (r1 − r2) . (1.10)

with ω1 and ω3 the angular frequencies of the symmetric and asymmetric stretching
modes, respectively. In equation (1.9) both oxygen atoms accelerate in the same direction,
which is called the asymmetric stretching mode. In equation (1.10) both oxygen atoms
accelerate in the opposite direction, both away or towards the carbon atom. Hence, this
mode is called the symmetric stretching mode. The frequency ratio of both vibrational
modes is:

ω3

ω1
=

√(
2mO +mC

mC

)
≈ 1.91, (1.11)

which is close to experimental data: ω3

ω1
= ν3

ν1
= 2396.32 cm−1

1354.31 cm−1 ≈ 1.77. This shows that
the approximation of the harmonic oscillator is a reasonable approximation, but there is
room for improvement.

1.2.2 Quantum mechanical model

Solving Schrödingers equation, the vibrational motion can be determined too. Schrödingers
equation reads as:

− ~
2µ

∆Ψ + (Epot − E) Ψ = 0, (1.12)

with ~ being the Planck constant divided over 2π, µ being the reduced mass, ∆ = ∂2

∂x2 +
∂2

∂y2 + ∂2

∂z2 the Laplace operator, Epot is the potential energy, E =
(

1
2 + ν

)
~ω is the

(vibrational) energy of the system and Ψ the wave function. The question is what Epot
looks like. Assuming a spherically symmetric potential (i.e. Epot = 1

2k(x2 + y2 +
z2), this can be solved [25]. However, we will look at molecular motion taking into
account an-harmonicity instead, using numerical models. Within the Born-Oppenheimer
approximation [26], atoms can be treated as hard spheres to solve the potential of the
resulting electron configuration numerically. Within this approximation, we determine the
potential surface for CO2 using Dalton [27]. Figure 1.2a presents the potential for CO2,
with the intramolecular distances along the x- and y-axis in Angström. The potential is
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Figure 1.2: The potential energy surface for a linear CO2 molecule. Left: the potential is
shown in color as a function of the two oxygen distances with respect to the carbon atom.
The dark blue color represents 0 eV and red 10 eV. At the right, the potential is shown as
a function of only one O-CO distance, for the CO2 ground state and the 3Π excited state.

given in colors, from blue at 0 eV to red (10 eV). The black closed iso-line indicates the
energy of the 18th asymmetric stretching mode. The thick black line enclosed by the iso-
line represents the molecular motion corresponding to this stretching mode, according to
equation (1.9). Figure 1.2b presents the the potential of CO2 for one O-CO distance only.
The electronic states are presented here, the 1Σ+

g in black (ground state) and the 3Π state
in red.

From figure 1.2a we can see that the potential is symmetric along the diagonal of
increasing r1 and r2. For small intramolecular distances, the potential grows fast resulting
in a repulsive potential wall. For large r1 and r2, the potential seems to have a potential
wall like structure too. However, at large distances the potential will flatten as well, but
this requires much longer distances that are not included in this figure. For large r1 or
r2, the potential is showing potential channels, corresponding to a weaker interaction
between the separating oxygen atom and the rest of the molecule, which is visible from
the green color. These are the channels corresponding to dissociation of the molecule.

In the vicinity of the equilibrium point, the potential is symmetric along both diago-
nals. This corresponds to the potential of a harmonic oscillator, for which the solutions
of equations 1.9 and 1.10 hold. For increasing energy, the an-harmonicity starts to play
a role as can be seen in figures 1.2a and 1.2b from the asymmetry around the potential
well. This can be identified as small vibrational energies, but becomes more dominant for
increasing energy.

The dissociation energy resulting from this calculation is 6.2 eV. This is much larger
than the dissociation energy of CO2, being at 5.5 eV. This difference results from the
electronic state of CO2. For this calculation CO2 is assumed to be in the electronic
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ground state, being 1Σ+
g . The ground state for CO and O are 1Σ+ and 3P2, respectively.

This means that dissociation over this potential surface results in an electronically excited
state of O, which is certainly not the most energetically efficient way. Practically, the
oxygen atom will relax from its triplet to its singlet state. The electronic state transitions
are not part of the calculations, and both states are considered separately for that reason.

The difference in potential due to the electronic states is depicted in figure 1.2b. The
potential of the electronically excited state of CO2 is showing a lower potential already
from about 2 Å with respect to the ground state. From this distance, the potential is
repulsive again, driving the oxygen atom away from the molecule. Here we can see that,
when we allow the oxygen atom to relax to the 3P state, the molecule is dissociated
indeed. The energy corresponding to the dissociated molecule is approximately 5.6 eV.
This is already close to the actual dissociation energy of 5.5 eV and these differences are
attributed to the approximations in the Dalton calculations.

From the molecular trajectory depicted in figure 1.2a, we see that this is not purely
along the asymmetric stretch diagonal. Due to the an-harmonicity in the potential this
path is slightly bended. For the symmetric stretch mode, the trajectory is along the sym-
metric stretch diagonal (and through the potential well). This trajectory is not depicted in
this figure. The wave numbers resulting from these calculations are: ν1 = 1390.96 cm−1

and ν3 = 2405 cm−1. This results in a ratio of 2405
1390.96 = 1.73, already approximating the

experimentally measured values. This shows that, with some relatively simple calcula-
tions, we can already gain a very good understanding of the dynamics within a vibrating
CO2 molecule.

1.3 Microwave plasmas for CO2 dissociation

Molecular vibrations provide an energy efficient way to dissociation. Pumping energy
into vibrational modes is generally believed to lead to vibrational ladder climbing (step-
wise vibrational excitation), improving the dissociation energy efficiency. Vibrational
ladder climbing happens via the asymmetric stretch mode, since this mode has a suffi-
ciently long life time at low gas temperatures. When using microwave discharges, energy
is transferred mainly from the microwaves to the light electrons. These electrons become
energetic and transfer energy to the CO2 molecules by electron impact reactions. This
requires the CO2 gas to be in an ionized state, called a plasma. The main advantage of
plasmas is the possibility of the electrons being out of equilibrium with the gas. Electrons
can be energetic, doing all the work, with the heavy species at ambient temperature.

Studies dating from the USSR era showed promising results for CO2 dissociation us-
ing microwave plasmas [28]. With renewed interest, various plasma sources are studied
for CO2 dissociation nowadays. Microwave plasmas are ideal for excitation of the CO2

asymmetric vibrational states. The main challenge working with microwave discharges
is the high gas temperature, being dramatic for (energy) efficient conversion. Experimen-
tally, measures have to be taken to limit the gas temperature such as power modulation
[29], quenching [30] and water cooling of the reactor [31]. Only quenching the afterglow
is not sufficient, since experiments showed that Tg > 4000 K in the plasma (at 160 mbar),
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resulting in thermal dissociation [30]. Typical efficiencies for experiments close to atmo-
spheric pressure are 40-50 % for the conversion and 10-30 % for the energy efficiency
[29, 30, 31, 32, 33, 34]. Lately, promising improvements of the conversion and energy
efficiency have been presented by adding a catalyst [32].

In terms of modelling CO2 microwave plasmas, the challenge is in the complexity
of the reaction set. Self consistent models of CO2 microwave reactors are not available
and the focus is mainly on understanding of the chemistry [35, 36, 37] Recently, a 1D
spatially resolved model of a supersonic expansion was presented [38]. Another way of
solving spatially resolved models is by combining flow calculations with reaction kinetics
models [39], but non of these models include the microwave coupling to the plasma.

1.4 Plasma modelling

Studying a volume V with gas at a pressure P and gas temperature Tg, the number of
particles n in that volume can be calculated from the ideal gas law:

PV = nkBTg. (1.13)

For conditions at which CO2 plasmas are typically studied (i.e. P = 1× 104 Pa, V =
1× 10−5 m3, Tg = 1000 K, the particle density becomes 7.2× 1023 m−3. Modelling
the position of all these particles individually and interactions between them, is evidently
not feasible from a time wise point of view. Models are, by definition, simplifications of
nature, of which many are available. Kinetic and fluid models are two such examples,
which are used in this work. The kinetic model is used to describe the Electron Energy
Distribution Function, while the fluid description is used to model species densities.

Kinetic models calculate distribution functions fi(~x,~v, t) from the Boltzmann equa-
tion, where i refers to the species, and ~x, ~v and t are vectors of position, velocity and the
scalar time, respectively. The Boltzmann equation reads as:

∂

∂t
fi(~x,~v, t) + ~v · ∇~xfi(~x,~v, t) + ~a · ∇~vfi(~x,~v, t) =

(
∂

∂t
fi(~x,~v, t)

)
coll
, (1.14)

where ~a is an acceleration vector and
(
∂
∂tfi(~x,~v, t)

)
coll a source term due to collisions.

Integration of the distribution function over the velocity space yields:
� ∞
−∞

fi(~x,~v, t)d
3v = ni, (1.15)

with ni the density of species i.
To solve the energy distribution function for electrons, equation (1.14) is rewritten.

Both ~a and
(
∂
∂tf(~x,~v, t)

)
coll are limited to be spatially uniform. Expansion of f(~x,~v, t)

in Legendre polynomials of cos θ allows for significant computational reduction [40]. In
the studies of swarm experiments, where high precision is required, it is common to take
4-8 orders into account [41, 42, 43]. However, in the calculation of transport and rate
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coefficients for plasma chemical models it is widely excepted that the two-term approx-
imation is sufficient to be solved. In this approximation the electric field and diffusion
gradient are assumed to be sufficiently small [44]. For the distribution function this reads
as f(~x,~v, t) = f0(~x,~v, t) + f1(~x,~v, t) cos θ where f0 represents the isotropic and f1 the
anisotropic parts of f(~x,~v, t). It is shown that this results in the following expression for
the time independent two term approximation of the Boltzmann equation [40]:

− d

dε

(
4m

M
Q(ε)ε2f0(ε)−

(
2

3

e2

Q(ε)

(
E

N

)2

ε+
4m

M
Q(ε)ε2f0(ε)

)
d

dε
f0(ε)

)
= Scol.

(1.16)
We will make use of F0 = 2πγ3

n f0 with γ = (2e/m)1/2, e the electron charge, m and
M the electron and heavy species mass, E/N the reduced electric field, Q(ε) the elastic
momentum energy transfer cross section and Scol the source term for F0 from inelastic
collisions.

For the simulation of a plasma source, the fluid equations are used. Average quantities
are needed, and are determined from:

〈χi〉 =
1

ni

� ∞
0

χifi(~x,~v, t)d
3~v, (1.17)

for observable χi. Substitution of χi = mi, χi = mi~vi and χi = 1
2mi~v

2
i results in

the mass, momentum and energy balance equations [45]. When distinguishing between
heavy species and electrons for the energy balance equation, one ends up with the follow-
ing set of equations:

∂

∂t
ρi +∇ · (ρi~ui) = Si, (1.18)

∂

∂t
(ρi~ui) + ~ui · ∇ρi~ui = −∇pi + niqi

(
~E + ~ui × ~B

)
+∇ · τ i + Si,coll,

(1.19)

∂

∂t

(
3

2
nikBTg

)
+∇ ·

(
5

2
nikBTg~ui

)
= ~ui · ∇pg −∇ · ~qg +Qi,proc + τ i : ∇~ui,

(1.20)

∂

∂t

(
3

2
nekBTe

)
+∇ ·

(
5

2
nekBTe~u

)
= ~ui · ∇pe −∇ · ~qe +Qe,proc, (1.21)

with ~vi = ~c + ~ui and < ~c >= 0. Here, ρi is the mass density, ~ui the average velocity,
c the peculiar velocity, Si the species source, pi the pressure, ~E and ~B the electric and
magnetic field, τ i the stress tensor and qi the charge of species i, Te and Tg the electron
and gas temperature and Qe,proc and Qi,proc the energy source for electrons and heavy
species due to chemical processes. This set of equations forms the fluid equations. The
price of fluid models is the loss of locality, inherent to the integration of the Boltzmann
equation. Practically, this means that this approach is not valid when non-uniformity
starts to play a role (i.e. low densities, turbulence and plasma sheath, among others).
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Fluid equations are relatively cheap from a computational point of view. Nevertheless,
solving this coupled set of differential equations for many species becomes computation-
ally expensive. When studying the reaction scheme in chemically complex mixtures, it is
common to reduce equations (1.18)-(1.21) to a spatially averaged formulation. Assuming
the heavy species to be in equilibrium, these equations reduce to:

∂

∂t
ρi + Γiui = Si, (1.22)

∂

∂t

(
3

2
nekBTe

)
+Q~x = Qe,proc, (1.23)

with Γi a transport frequency and Q~x an electron energy source due to non-chemical
processes.

1.5 Project goals and thesis outline

Originally, the aim of this project was to gain active control over the CO2 dissociation
efficiency by shaping the electric field in space and time. However, during this project, the
focus has changed towards the challenges accompanied to large reaction sets. As a result,
the aim of the project has been reformulated: to systematically reduce the reaction
kinetics of CO2 and the analysis thereof. From this project goal, the following four
research questions have been formulated:

• Can the response of the Electron Energy Distribution Function on cross sections be
described analytically with a Dirac delta function shaped excitation cross section?

• How accurate are independent implementations of complex chemical models?

• Is Pathway Analysis a suitable method to determine important reactions for uncer-
tainty analysis?

• Are the Principal Component Analysis and the Intrinsic Low Dimensional Mani-
fold method suitable for chemical reduction of a pulsed CO2 plasma microwave
source?

These questions are answered in the following chapters. The organization of this thesis is
as follows:

Chapter 2 presents the theory of pathway analysis with the extension of the electron en-
ergy balance. This is followed by the design of the pathway analysis code and some
code snippets that present its implementation within the PLASIMO framework.

Chapter 3 is dedicated to answer the first research question. This chapter presents an-
alytical solutions to the two-term Boltzmann equation for a constant momentum
energy transfer cross section and a constant electron energy transfer frequency.
The solutions involve inelastic processes with a Dirac delta function shaped cross
section.
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Chapter 4 is devoted to the presentation of a comprehensive CO2 model. This model
forms the basis of chapter 5 and 6.

Chapter 5 presents the uncertainty analysis for the CO2 Global Model. Uncertainty
analysis for Global Models containing thousands of reactions are computationally
expensive due to the large number of possible variations. Pathway Analysis is
presented to be successful as an analysis method to identify critical reactions for
the uncertainty in species densities.

Chapter 6 contains a reduction study based on two low dimensional manifold methods:
Principal Component Analysis (PCA) and the Intrinsic Low Dimensional Manifold
(ILDM) method.

Chapter 7 concludes this thesis with the answers to the research questions and an out-
look that follows from this research.





Chapter 2

Pathway analysis

2.1 Introduction

Reaction kinetics models are powerful tools to study the chemistry in reactive systems.
Spatially averaged models, often called Global Models, are powerful tools to study the
composition evolution. The complexity of models is strongly dependent on the system
studied, and can vary from a hand full to hundreds of species, with thousands of reactions.
For Global Models the complexity does not pose significant challenges on the calcula-
tions, but from the perspective of analysis this is a whole different story. The myriad of
reactions and the non-linearity in them makes analysis of the reaction set challenging.

Various analysis methods are available, such as Principal Component Analysis (PCA),
the Intrinsic Low Dimensional Manifold (ILDM) method, Flux Balance Analysis (FBA),
Graph Theory (GT), Pathway Analysis (PWA) and Extreme Pathway Analysis (EPA).
Analysis with PCA is based on statistics within training data. With this method typical
behavior can be identified, and various examples show that systems behave essentially
on a much lower dimensional manifold than the species composition it consists of [46].
ILDM is an analysis method that identifies typical time scales in a system [47]. Sim-
ilar to PCA this method is based on the assumption of a composition evolving over a
low dimensional manifold (its in the name). However, both methods differ in the way
of construction of the manifolds. The ILDM manifold is constructed from the species
source terms, while it is constructed from the statistics in the species densities for PCA.
The FBA, GT, PWA and EPA methods are four strongly related methods, that analyze the
reactions in a simulation. Combinations of reactions are formed, exposing the connectiv-
ity of species and reactions. The essential difference between these four methods is the
design of the methods, each optimized for specific studies and needs.

A common element of the analysis methods above is that they are not designed for
the analysis of plasma-chemical systems. Typical for the analysis of biochemical or com-
bustion models is that they do not include energy reservoirs. The reaction kinetics is de-
termined by the gas temperature only, making the analysis of energy reservoirs obsolete.
Reaction kinetics in non-equilibrium plasma-chemical systems are, however, dictated by

13



14 Chapter 2. Pathway analysis

Ar

Ar + e + E → Ar∗ + e

Ar∗

Ar∗ + e→ Ar + e + E Ar∗ + e→ Ar + e + hν

Pa Pb

Figure 2.1: A system consisting of Ar, Ar∗ and e, that interplay in three reactions (given
in boxes). Species and reactions are connected with arrows indicating the direction of
dependencies. Arrows towards a species indicates production, and away represents de-
composition. Pathways Pa and Pb are formed by connecting reactions following the
arrows.

both the electron and gas temperature, which can differ strongly from each other. The
energy balance analysis is important for the reaction path analysis methods such as PWA,
which is demonstrated by the following example. Let us consider a simple system con-
sisting of argon (Ar), an excited state of argon (Ar∗) and an electron (e), communicating
via three reactions:

r1 Ar + e→ Ar∗ + e + E, (2.1)
r2 Ar∗ + e + E → Ar + e, (2.2)
r3 Ar∗ + E → Ar + hν. (2.3)

The electron energy is included explicitly by E, and the photon energy by hν. Two
pathways can be created from these: Pa = r1 + r2 and Pb = r1 + r3, which are also
indicated in figure 2.1. Based on the species involved these pathways are very similar:
excitation followed by de-excitation of argon. However, looking at the energy reservoirs,
Pa and Pb are essentially different. Pathway Pb acts as a loss channel for electron energy,
converted into radiation, while electron energy is conserved in pathway Pa.

In this chapter the PWA method will be presented, with the extention of the energy
reservoir analysis. The choice for the PWA design instead of the other three comparable
methods is the flexibility inherent to the method. This method allows to apply filters
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to pathways, which is essential for the analysis of a large number of reactions. The
theory and design will be presented in the following section. The implementation will
be discussed in section 2.3, followed by the application of this method to a small argon
system. This chapter concludes with a summary section.

2.2 Method

In the explanation of pathways and the method we will deviate slightly from the imple-
mentation of section 2.3, to make the explanation of the method less abstract. Pathway
Pk can be seen as a vector of reaction multiplicities; the multiplicity of each reaction in
the pathway, with k = 1, 2, ..., nP where nP is the number of pathways. The multiplic-
ity vector mk is nr long, with nr the number of reactions. The element mj,k indicates
the multiplicity of reaction j in the pathway Pk. The stoichiometry vector νk, resulting
from mk, contains the stoichiometric coefficient νi,k of species i, and is ns long, with
ns the number of species. The general rules of vector calculus apply, allowing addition,
subtraction and normalization of pathways. It is rather straight forward to see that:

νi,k =

nr∑
j=1

Si,jmj,k, (2.4)

where Si,j contains the number of species i produced in reaction j. Next to m and ν
there are also a rateRk and electron power densityQk denoted to each pathway. Although
the usage of vectors is very instructive for the introduction of the method, maps are used
for efficiency reasons. This will be discussed more elaborately in section 2.3.

2.2.1 Constraints

The essential constraints of the method are to conserve the net balance of species produc-
tion and destruction, as well as the electron power density. With the production pi and
destruction di rates of species i, the rate of concentration change δi is:

δi = pi − di, (2.5)

with (as constraint):
δi = Constant. (2.6)

Similarly, the second constraint results in:

Np∑
k=1

Qk = Constant, (2.7)

with

Qk =

nr∑
j=1

mj,kεj , (2.8)

and εj the reaction energy of reaction j.
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2.2.2 Design of method

The method is designed according to the flow chart below, similar to the design presented
in [48]. In the following of this section all steps of this flow chart will be explained.
Figure 2.2 presents the flow chart.

2.2.3 Initialization

Initially, each reaction is defined as a pathway. At this point we have

mj,k =

{
1 if j = k,

0 else,
(2.9)

νi,k = Si mk, (2.10)
Rk = Rj , (2.11)

Qk =

{
Qj if electron involved,
0 else.

(2.12)

Next to that a life time τi is determined for each species, defined as:

τi =
δi
di
. (2.13)

Here we deviate from the conventional implementations, where often a time averaged
concentration change is used. The reason not to follow the conventional implementations
is that this method is going to be used to identify pathways at various times. When
averaging time scales and reaction rates, one may loose effects that are only dominant
at short time scales. These are overshadowed by processes that happen over long time
scales. The species with the shortest life time is assigned as branching point. This species
is denoted to as sB.

2.2.4 Connecting pathways

Pathways producing sB are connected with pathways consuming sB, such that sB is recy-
cled in the newly formed pathway Pk: νsB,k = 0. Mathematically, this reads as:

mk =
1

C
(νsB,a mb + |νsB,b|ma) , (2.14)

for the connection of Pa (producing sB) with Pb (consuming sB) resulting in Pk. Here C
is the greatest common devisor of the elements of νsB,a mb + |νsB,b|ma.

In the formation of pathways the rates of all pathways Pa and Pb are redistributed
over the newly formed pathways. The rate calculation is based on the relative size of the
rate of each used pathway. The fraction of Rb with respect to all sB consuming pathways
is given by πb:

πb =
|νSB,b|Rb
DB

, (2.15)
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Input from Global Model:
species densities & reaction rate

Input from user:
Rmin & Qmin

Initialization: Initial pathways
are formed + calculation of τi

Choose sB

Connect: Create new
pathways by connecting old
ones. Calculate Ri, Qi and
filter based on thresholds

Elementary: Determine sub-pathways
are decompose the pathway into them.

New sB?

Output: list
of pathways

No

Yes

Figure 2.2: The design of pathway analysis in a flow chart.

whereDB = max (pB, dB). Lets assume the number of sB molecules φa,b produced in Pa
distributed evenly over all consuming pathways according to their fraction. In that case
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P1

P2

P3

P4

∆c

pi
di

δi

Figure 2.3: Graphical representation of connecting pathways, similar to the one in [48].
Pathways P1 and P2 are connected to P3 and P4, forming new ones. The height of the
boxes represent the magnitude of the rate. The height of the patterned boxes represent the
rate of the newly formed pathways. The electron power density is not represented by this
figure. Both pathways P1 and P2 contribute to the concentration change in the sB too,
indicated with ∆c.

we have:
φa,b = πbνSB,aRa. (2.16)

From Pk we also know that:
φk = νsB,a|νsB,b|Rk. (2.17)

Since φa,b = φk, and using equation (2.15), this results in:

Rk =
RaRb
DB

. (2.18)

Figure 2.3 gives a graphical representation of connecting pathways, and how rates are
calculated from that.

The electron power density in the sB producing pathways is distributed over the con-
suming pathways based on the relative sizes of the consuming pathways (equation (2.15).
The electron power density in Pk is the sum of relative contributions of both pathways it
is constructed from. From equation (2.15) the relative share of a pathway is known. The
power density of Pa contributing to Pk (Qa→k) is:

Qa→k = Qaπb. (2.19)

Evidently, we have also:
Qb→k = Qbπa. (2.20)

The sum of these two contributions is the electron power density in Pk:

Q(a,b)→k = Qaπb +Qbπa, (2.21)

= Qa
|νSB,b|Rb
DB

+Qb
|νSB,a|Ra
DB

. (2.22)
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Rewriting equation (2.22) and substitution of equation (2.8) results in:

Q(a,b)→k =

nr∑
q=1

mq,kεRk. (2.23)

If all pathways that have a net change in sB are connected, the used pathways are
removed. The number of pathways nP after this connection step is:

nP = nP,old + nanb − na − nb, (2.24)

where nP,old is the number of pathways before the connecting. It is evident that the number
of pathways can become large, if both na and nb are large too. Generally, the number of
pathways will decrease only if na = 1 or nb = 1. If both are much larger than 1, the
number of pathways can cause memory problems. To avoid memory problems pathway
Pk is deleted if Rk is below its threshold Rmin and Qk below Qmin.

2.2.5 Elementary pathways

Pathways can become over-complicated when they are created following the procedure
above. Pathways can be an agglomeration of other pathways, which is undesired from
an analysis point of view. In that case the so called sub-pathways are identified, and the
pathway is decomposed in those sub-pathways. Pathway Pk is thus a linear combination
of its sub-pathways P ′l :

mj,k =

np′∑
l=1

wlm
′
j,l (2.25)

with wl a non-negative weight and mj,k the multiplicity of reaction j in Pk. For each
pathway the sub-pathways have to be identified, and their weights must be determined.
This method is described below [49].

Each reaction participating in the pathway is initialized in a separate analysis as a
new pathway, and this set of pathways is denoted as P . These pathways are connected
following the strategy above, for each sB used before. The following steps are followed
for that:

1. An empty set of pathways P̂ is initialized.

2. Each pathway that does not produce or consume sB is copied to P̂ .

3. Each pathway P ′a producing sB is connected to each sB consuming pathway P ′b.
The resulting pathway P ′k is added to P̂ if:

r(P ′x) 6⊆ r(P ′a) ∪ r(P ′b) (2.26)

where r(P ′i ) are the reactions in P ′i and P ′x ⊂ P with x 6= a, b.

4. P is replaced by P̂ when all connections have been made for sB.
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When all sB have been treated this way, P represents the set of possible sub-pathways.
In general P contains a set of pathways that is not compatible in its whole as a set of
sub-pathways. For that reason the actual sub-pathways still need to be determined.

Weights are determined from the Simplex method [50], applied on the ordered set
of pathways. Pathways in P are ordered on the following criteria (the first as primary,
second as secondary and so on):

Electron power density, with the highest electron power density first.

Rate, with the highest rate on top.

Complexity, with pathways that consist of the least reactions on top.

Identity, with the lowest identity on top.

The GLPK simplex implementation [51] is used to determine the weights of these sub-
pathways. The rate and electron power density are redistributed over each sub-pathway
P ′n following:

R′n = wnRk, (2.27)
Q′n = wnQk. (2.28)

The rate and electron power density of the sub-pathways are added to its equivalent in
the main pathway list. It can happen that a pathway has been removed from the analysis
due to its rate and electron power density that is below the threshold values. If such a
pathway appears as a sub-pathway in this analysis, it is added to the list of pathways
again. Non of the pathways contain sub-pathways anymore, and are therefore called
elementary pathways.

2.3 Implementation

In this section the implementation of the method will be described. At this point a choice
is made for the language of implementation, which is C++ [52]. When writing code
object-oriented in C++, classes are the main building blocks. Classes are the equivalent
of a variable’s type, where the variable is an object in C++. Classes have data members,
representing properties of an object, that can be accessed or modified by member func-
tions. The choice for C++ is motivated by convenience: much of the needed infrastructure
is already available in the PLASIMO code [53].

Members of the pathway class are properties that belong to a pathway: the index, rate
and electron power density among many others. The class is designed such that these
properties cannot be accessed directly. Instead, member function are available to read or
modify the members. An impression of the pathway class is given in the code snippet
below:

class Pathway{
public:
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Pathway(...); // Constructor of this class
// providing multiplicity:
std::map<unsigned,unsigned> Multiplicity()
{

return m_multiplicity;
};

private:
unsigned m_id; // Index
double m_rate; // Rate
double m_energy; // Electron power density
// Multiplicity of the reactions in this pathway
std::map<unsigned,unsigned> m_multiplicity;

}

The class consists of two sections: public and private members (functions). Private
members are protected from actions outside an object of this class. The private mem-
bers can only be modified from within the object itself. One such example is the mem-
ber function Multiplicity(). The member m_multiplicity is private, and can-
not be accessed from outside a Pathway object. However, the public member func-
tion Multiplicity() can be used to obtain the content of m_multiplicity. The
std::map class is used to store reaction multiplicities. This is slightly different from
using the vector-structure as in the theory. By assigning the reaction ID to the key and
multiplicity in its value it is sufficient to keep track of non-zero multiplicities only.

The main step in pathway analysis is connecting pathways. In section 2.2.4 it is sug-
gested that connecting pathways comes down to adding the multiplicity vectors. Since we
work with a std::map class for the multiplicities, connecting works slightly different.
When connecting two pathways, a new one is created (by calling the pathway construc-
tor). An identifier is assigned to the pathway, and the multiplicities, rates, electron power
densities and net reaction of the pathways that are calculated. For the calculation of the
multiplicity this looks as follows:

// Multiplicities of the two connecting pathways
const Multmap& mm_pro = pw_pro.Multiplicity();
const Multmap& mm_con = pw_con.Multiplicity();
// Iterating over the reactions in the producing pathway
for (Pathway::Multmap::const_iterator

m_pro = mm_pro.begin();
m_pro != mm_pro.end();
++m_pro)

{
const unsigned reactionidx = (*m_pro).first;
const unsigned multiplicity = (*m_pro).second;
// Adds the multiplicities to m_multiplicity
AddMultiplicity(reactionidx, stoich_con*multiplicity);

}
// Iterating over the reactions in the consuming pathway
for (Pathway::Multmap::const_iterator
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m_con = mm_con.begin();
m_con != mm_con.end();
++m_con)

{
const unsigned reactionidx = (*m_con).first;
const unsigned multiplicity = (*m_con).second;
// Adds the multiplicity to m_multiplicit
AddMultiplicity(reactionidx, stoich_pro*multiplicity);

}

Here the advantage of using std::map is evident. Determining the reactions multi-
plicities in the newly formed pathway, the iteration is only over non-zero elements of the
connecting pathways. The only thing that needs to be done is to remove a key-value pair
if the multiplicity becomes 0. This is done in the member function
Pathway::AddMultiplicity(unsigned, unsigned). We do not have to worry
about ordering of the key values in std::map, since this is covered by the class itself.

Pathways are stored in the private member m_pathwaylist, which is of the class
std::map 1. The main steps of pathway analysis are part of the public member function
in this class, as is shown below.

Class PathwayList(){
public:

// Constructor
PathwayList(...);
// Add pathway
void Add(std::unique_prt<Pathway>);
// Connecting pathways
void Connect(unsigned s);
// Making pathways elementary
void Elementary();
// Reporting the results
void Result(std::ostream& os);

private:
// Map containing objects of Pathway class
std::map<unsigned,std::unique_ptr<Pathway> > m_pathwaylist;

}

The member function Connect(unsigned s) contains the connection of pathways
(of which a part is shown above) with s referring to the branching species. When the prop-
erties of the connected pathway are determined, the Add(std::unique_prt<Pathway>)
member function is called. The Add(std::unique_prt<Pathway>) member function
allows to add a pathway to m_pathwaylist. Removal of insignificant pathways is han-
dled in this member function.

The member function void PathwayList::Elementary() allows to make path-
ways elementary. It consists of three parts: first potential sub-pathways are identified

1Strictly speaking the pathways are not stored, but only a (unique) pointer is. Details about unique pointers
are, however, out of the scope of this text.
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by reconnecting the reactions of that pathway. The GLPK simplex method follows to
determine the weights of all possible sub-pathways stored in std::vector x. As last
step the pathway is made Elementary: i.e. the sub-pathway p is added as pathway to
m_pathwaylist if it does not exist yet, the rate of p is added to its equivalent pw in
m_pathwaylist otherwise. p is deleted at the end of this member function. The last
step is given in the piece of code below:

// If the sub-pathway weight is above 0
if (x.at(i)>0)
{

// If the sub-pathway does not exist in the list of pathways
if (!Exists)
{

// Add sub-pathway pathway to the list
Add(std::unique_ptr<Pathway>(new Pathway(...)));

}
else
{

// Add rate to pw
pw.AddRate(x.at(i)*p.Rate());

}
}
// Remove old pathway from m_pathwaylist
Delete(p.Id());

This member function is maybe not so much “making elementary” as it is “decomposing
into its elementary parts”.

To this point only classes are introduced; the building blocks of the pathway analy-
sis code. The code that combines all these building blocks to form the actual pathway
analysis code is presented in the following. In this code snippet, the actual code is again
reduced to the simplest form showing the iterative creation of pathways:

int main(int argc, char* argv[])
{

// Create object of class PathwayList
PathwayList pathways(...);
// Determine the first branching species
// (not shown above)
unsigned branch = slist.CurrentBranch();
// iteration over number of (branch) species
for (unsigned iter=0; iter<slist.size(); ++iter)
{

// Start connecting
pathways.Connect(branch);
/** Make pathways elementary*/
pathways.Elementary();
// Branching species for next iteration
branch = slist.GetNextBranch();
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}
/** Present the results*/
pathways.Result(std::cout);

}

First, the object pathways of the class PathwayList is constructed. At construction
this object consists of nr pathways, each pathways consisting of 1 reaction. An object
branch is made to determine the first branching species, which is used in the first con-
nection iteration (the initialization step, and with that the ordering of branching species,
of pathways is not part of this code snippet). A for-loop over the number of species is
used to iterate, allowing to use each species as branching species once. Within the for-
loop the pathways are connected and made elementary. At the end of the iterations the
results are printed.

2.4 Example

An example is shown here to illustrate the method. For this example some convenient
numbers are used, simplifying calculations by hand. For that reason this reaction set has
no physical meaning.

In this example we make use of a reaction set containing the following species (with
corresponding densities):

CO2 7× 10
18

m
−3
,

CO
∗
2 5× 10

18
m
−3
,

CO
∗∗
2 3× 10

17
m
−3
,

CO
+
2 1× 10

19
m
−3
,

e 1× 10
19

m
−3
.

These species interact in five reactions, to which pathways have been assigned in the set
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below:

P0 :1x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

−−−−−−−−−−−−−−−−−−−−−

Net: CO2 → CO
∗∗
2 R0 = 10m

−3
s
−1

Q0 = 6W/m
3

P1 :1x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

−−−−−−−−−−−−−−−−−−−−−

Net: CO2 + CO
∗∗
2 → 2CO

∗
2 R1 = 15m

−3
s
−1

Q1 = 0W/m
3

P2 :1x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

−−−−−−−−−−−−−−−−−−−−−

Net: CO
+
2 + e→ CO2 R2 = 20m

−3
s
−1

Q2 = −20W/m
3

P3 :1x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

−−−−−−−−−−−−−−−−−−−−−

Net: CO2 → e + CO
+
2 R3 = 10m

−3
s
−1

Q3 = 10W/m
3

P4 :1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: 4CO
∗
2 → 4CO2 R4 = 5m

−3
s
−1

Q4 = 0W/m
3

Using equation (2.13) the following species life times have been determined:

τCO2
= 1.00× 10

17
s,

τCO∗2
= 1.25× 10

17
s,

τCO∗∗2
= 1.00× 10

16
s,

τ
CO

+
2

= 2.50× 10
17

s,

τe = 2.50× 10
17

s.

From the species life times we can see CO∗∗2 is the first branching species. Connection
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of pathways based on this species results in the following set of pathways:

P2 :1x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

−−−−−−−−−−−−−−−−−−−−−

Net: CO
+
2 + e→ CO2 R2 = 20m

−3
s
−1

Q2 = −20W/m
3

P3 :1x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

−−−−−−−−−−−−−−−−−−−−−

Net: CO2 → e + CO
+
2 R3 = 10m

−3
s
−1

Q3 = 10W/m
3

P4 :1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: 4CO
∗
2 → 4CO2 R4 = 5m

−3
s
−1

Q4 = 0W/m
3

P5 :1x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

1x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

−−−−−−−−−−−−−−−−−−−−−

Net: 2CO2 → 2CO
∗
2 R5 = 10m

−3
s
−1

Q5 = 6W/m
3

The next branching species is CO2. Connecting pathways results in:

P6 :1x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

1x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R6 = 5m
−3

s
−1

Q6 = 0W/m
3

P7 :1x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

1x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

2x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

−−−−−−−−−−−−−−−−−−−−−

Net: 2CO
+
2 + 2e→ 2CO

∗
2 R7 = 5m

−3
s
−1

Q7 = −7W/m
3

P8 :4x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: 4CO
∗
2 → 4e + 4CO

+
2 R8 = 1.25m

−3
s
−1

Q8 = 5W/m
3

P9 :2x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

2x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R9 = 2.5m
−3

s
−1

Q9 = 3W/m
3

From this set of four pathways already two are Null pathways (i.e. pathways consuming
nor producing any species). The next branching species is CO∗2, with as new set of
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pathways:

P6 :1x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

1x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R6 = 5m
−3

s
−1

Q6 = 0W/m
3

P9 :2x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

2x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R9 = 2.5m
−3

s
−1

Q9 = 3W/m
3

P10 :2x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

2x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

4x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

4x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R10 = 1.25m
−3

s
−1

Q10 = 1.5W/m
3

Pathways in this set are not all elementary. Pathway P10 clearly consists of two sub-
pathways, which are P6 and P9. To determine the sub-pathways we thus want to minimize
the function f = Pa + Pb, subjected to

0r0 + 2r0 = 2r0

0r1 + 2r1 = 2r1

1r2 + 0r2 = 4r2

1r3 + 0r3 = 4r3

0r4 + 1r4 = 1r4

which results in 4Pa + 1Pb, with Pa = P6 and Pb = P9. For the set of elementary
pathways this results in:

P6 :1x Reaction 2 (CO
+
2 + e + e→ CO2 + e)

1x Reaction 3 (CO2 + e→ CO
+
2 + e + e)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R6 = 10m
−3

s
−1

Q6 = 0W/m
3

P9 :2x Reaction 0 (CO2 + e→ CO
∗∗
2 + e)

2x Reaction 1 (CO2 + CO
∗∗
2 → CO

∗
2 + CO

∗
2)

1x Reaction 4 (4CO
∗
2 → 4CO2)

−−−−−−−−−−−−−−−−−−−−−

Net: Null R9 = 3.75m
−3

s
−1

Q9 = 4.5W/m
3
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This example demonstrates the importance of adding the electron power density analysis
for plasma-chemical systems. Pathway P6 has the highest rate, but has no contribution to
the electron power density. On the other hand, P9 has a small rate, but a major contribu-
tion to the electron power density.

2.5 Summary

Non-equilibrium plasma-chemical systems are known for the difference in electron and
gas temperature. Chemical reactions involving electron are dictated by the electron tem-
perature. This makes the analysis of the electron power density in chemical pathways
important. Here we presented the addition of the electron power density to the pathway
analysis method, for which the method of Lehmann is used as basis. With a small example
the calculation steps in the method are presented.



Chapter 3

Solving the two-term Boltzmann
Equation including dominant inelastic
collisions analytically

Abstract

Analytical solutions of the two-term expansion for the Boltzmann equation for the elec-
tron energy distribution function with inelastic sources are presented. Exact solutions are
given for a constant momentum transfer cross section and a constant momentum transfer
frequency, in combination with a Dirac delta peaked excitation cross section. Expressions
for the EEDF due to multiple Dirac delta peaked cross sections and due to a single pro-
cess with several peaks are presented too. Results compared with BOLSIG+ show good
agreement.

29
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3.1 Introduction

Much literature is available about solving the Boltzmann equation numerically [54, 55,
56, 57, 58]. In particular the two-term approximation [59, 60, 40] of the Boltzmann
equation is much used for fluid models within the low temperature plasma community.
Transport and rate coefficients are accurate down to ∼ 10 % [43]. This is acceptable for
many plasma-chemical models, in which many input parameters have an accuracy of this
order. This in contrast to swarm experiments, where multi-term approximations or Monte
Carlo calculations are the standard [61, 41, 62] due to the much higher accuracy. Results
(approximate expressions and model results) have been presented for benchmarking of
these Monte Carlo models [63, 64, 65, 66, 67, 68]. Analytical solutions for the two-term
approximation are, however, not available for cases that involve dominant inelastic source
terms to the best of our knowledge. Various Boltzmann solvers are available [40, 59].
Analytical solutions including inelastic excitation processes are available for step function
cross sections [44]. In that work a constant elastic momentum transfer cross section is
assumed. In this work analytical solutions for the EEDF in the presence of dominant
inelastic source terms will be presented for peaked excitation cross section. To that end
the inelastic cross sections that are used have Dirac delta shaped peaks. This makes the
solutions less relevant for day to day plasma applications, but gives an unique insight in
the response of the EEDF to inelastic processes besides its value for validation purposes.

In the following section the general expressions for the solution of the two-term ap-
proximation of the Boltzmann equation are given. Analytical expressions of the homoge-
neous solution are given for a constant momentum transfer cross section and frequency.
This is followed by the analytical solutions for the inhomogeneous solution when assum-
ing Dirac delta peaked excitation cross sections, for three different cases: 1 process with
1 peak; 2 processes with 1 peak each; 1 process with 2 peaks. Section 5 presents a com-
parison of results with BOLSIG+, and a discussion of the results. This chapter is ended
with the conclusions.

3.2 Analytical expression

The time-independent two-term approximation of the Boltzmann equation in spherical
coordinates reads as:

∂

∂ε
Γ = Sin(ε), (3.1)

with

Γ(ε) = −4m

M
Q(ε)ε2f0(ε)−

(
2e2

3Q(ε)

(
E

N

)2

ε+
4m

M
Q(ε)ε2kBT

)
∂

∂ε
f0(ε), (3.2)

where ε is the electron energy, m
M the electron mass m over the heavy species mass M ,

e the electron charge, E
N the reduced electric field, Q(ε) the momentum energy cross

section, Sin the source due to inelastic processes, and f0(ε) the EEDF. For readability,
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equation (3.2) is rewritten to:

Γ(ε) = −α(ε)f0(ε)− (β(ε) + α(ε)kBTg)
d

dε
f0(ε), (3.3)

with α(ε) = 4m
M Q(ε)ε2 and β(ε) = 2e2

3Q(ε)

(
E
N

)2
ε. The product

√
εf0(ε) is the probabil-

ity function that, by definition, satisfies:
� ∞

0

√
εf0(ε)dε = 1. (3.4)

Integration of equation (3.1) over the energy space yields the electron flux in energy space:

Γ(ε) =

� ε

0

S(ε′)dε′. (3.5)

The homogeneous solution fH
0 of equation (3.3) is found by solving f0 with Γ(ε) = 0:

fH
0 = f0(εref) exp

(
−
� ε

εref

α(ε′)

β(ε′) + α(ε′)kBTg
dε′
)

(3.6)

with εref a reference energy and f0(εref) such that equation (3.4) is satisfied. From equa-
tion (3.6) can be seen that evaluating

� ε
0

α(ε′)
β(ε′)+α(ε′)kBTg

dε′ is sufficient to determine the
homogeneous solution. The advantage is that the range over which this integral varies
with ε is considerably smaller when the exponent of this integral is included. Numerical
accuracy is then much less of an issue.

Solutions of the Boltzmann equation can be written as:

f0(ε) = fH
0 (ε) (1 + g(ε)) . (3.7)

Substitution of equation (3.7) in equation (3.3) results in the relation:

− (β(ε) + α(ε)kBTg) fH
0

d

dε
g(ε) = Γ(ε), (3.8)

which has the solution:

g(ε) =

� E

ε

Γ(ε′)

2fH0 (ε′)
[β(ε′) + α(ε′)kBTg]

−1
dε′, (3.9)

with g(E) = 0 with E a typical energy.

3.3 Analytical solutions of the homogeneous equation

Analytical solutions of the homogeneous part of f0 are known when assuming a momen-
tum energy cross section of the form:

Q(ε) = Q(ε0)
(ε0

ε

)p
, (3.10)
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with ε0 as a reference energy, and p a constant value. Substituting equation (3.10) in (3.6)
results in the following two solutions for Tg = 0 K ∧ p 6= 1, and for p = 1/2:

fH
0 = f0(εref)

exp

(
− ε2

0

W 2

1

2(1− p)

[(
ε

ε0

)2(1−p)

−
(
εref

ε0

)2(1−p)
])

if Tg = 0 K ∧ p 6= 1

(3.11)

fH
0 = f0(εref) exp

(
−ε− εref

kBTeff

)
if p = 1/2, (3.12)

with Teff = Me2

6mε0kB

(
E/N
Q(ε0)

)2

+ kBTg, and W =
√

Me2

6m
E/N
Q(ε0) . The constant f0(εref) is

such that the solution satisfies equation (3.4). These are the classical textbook solutions
such as the Druyvesteyn (Tg = 0 K ∧ p = 0) and Maxwell-Boltzmann (E/N = 0 Td ∧
p = 1/2) solutions.

3.4 Cases with inhomogeneous solutions

In the presence of inelastic processes, the right hand side of equation (3.1) becomes non-
zero. We can write [40]:

Sin ≡
√

2mε

N

(
δ

δt
f0

)
exc
,

=

n∑
k=1

(−2εσk(ε)f0(ε) + 2(ε+ εreac,k)σk(ε+ εreac,k)f0(ε+ εreac,k)) , (3.13)

with n the number of inelastic processes, σk(ε) the cross section of the kth process and
εreac,k the corresponding reaction energy.

3.4.1 Single excitation cross section

Analytical solutions can be obtained for δ-shaped cross sections:

σ(ε) = σ0εδ (ε− (εreac,0 + ∆ε0)) , (3.14)

with δ(ε − x) the Dirac delta function and ∆ε0 > 0eV introducing shifted peak with
respect to εreac,0. For convenience, the substitution U0 = εreac,0 + ∆ε0 will be used
below. Figure 3.1 presents the cross sections that are used (left), and the resulting source
terms from them (right).

For such σ(ε) equation (3.14) can be integrated analytically. For Γ(ε) the result is:

Γ(ε) =

� ε

0

s(ε′)dε′ =


0 if ε < ∆ε0,

2U2
0σ0f0(U0) if ∆ε0 ≤ ε < U0,

0 otherwise.
(3.15)
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Figure 3.1: The used cross sections left and the source terms right. The black peak at the
left represents the Dirac delta peak from the excitation cross section. The red and green
dotted lines represent the momentum transfer cross sections for p = 0 (red) and p = 1/2
(green) with arbitrary ε0 and ε1. The black peaks in the source plot at two equally sized
Dirac delta peaks with opposite sign. The two source terms are εreac spaced from each
other.

The EEDF satisfies solution (3.6) for ε ≥ U0 and for ε < ∆ε0, while the inhomogeneous
solution still needs to be found for ∆ε0 < ε < U0. The inhomogeneous than reads as:

− (β(ε) + α(ε)kBTg) fH
0

d

dε
g(ε) = 2U2

0σ0f0(U0), (3.16)

which has the solution:

g(ε) = 2U2
0σ0

� U0

ε

f0(U0)

fH0 (ε′)
(β(ε′) + α(ε′)kBTg)

−1
dε′. (3.17)

From the fraction f0(U0)
fH
0 (ε′)

can be seen that it is convenient to choose the reference energy
of the homogeneous part of the solution to be εref = U0, which is done in the following.
Expressions for g(ε) can be found for specific choices for Q(ε). For the condition p =
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0 ∧ Tg = 0 K or p = 1/2 we get:

g(ε) =
M

4m

σ0

Q(ε0)

U2
0

W 2
exp

(
− U2

0

2W 2

)
(

Ei
(

ε2

2W 2

)
− Ei

(
U2

0

2W 2

))
if p = 0 ∧ Tg = 0 K,

(3.18)

g(ε) =
M

m

σ0

Q(ε0)

(
U0

kBTeff

)3/2

exp

(
− U0

kBTeff

)
(
√
π

[
erfi

(√
U0

kBTeff

)
− erfi

(√
ε

kBTeff

)]
−

√
kBTeff

U0
exp

(
U0

kBTeff

)
+

√
kBTeff

ε
exp

(
ε

kBTeff

))
if p = 1/2, (3.19)

setting ε0 = U0 and using Ei (x) = −
�∞
−x

exp(−t)
t dt =

� x
−∞

exp(t)
t dt for x > 0 which

is the exponential integral and erfi (x) the imaginary error function with erfi (ix) =
−ierf (−x) [69]. The EEDF is thus found by substituting equation (3.11) and (3.18)
in equation (3.7) for Tg = 0 K ∧ p = 0, and equation (3.12) and (3.19) for p = 1/2.

3.4.2 Two inelastic processes

Below the EEDF will be determined for a source that results from two excitation cross
sections. The analysis is limited to a constant momentum energy transfer cross section,
but the analysis is similar for a constant momentum energy transfer frequency. Assume
the following two excitation cross sections:

σ0(ε) = σ0εδ(ε− (εreac,0 + ∆ε0)), (3.20)
σ1(ε) = σ1εδ(ε− (εreac,1 + ∆ε1)). (3.21)

The reaction energies are chosen close together; 1 <
εreac,1
εreac,0

< 2, and ∆ε1 = ∆ε0 for
convenience. The definitions U0 = εreac,0 + ∆ε0 and U1 = εreac,1 + ∆ε1 are used.
Figure 3.2 gives a sketch of the cross sections and the source terms resulting from them.
Integration of the source over the energy results in:

Γ =

� ε

0

S(ε′)dε′

=


0 if 0 < ε < ∆ε0

2U2
0σ0f0(U0) + 2U2

1σ1f0(U1) if ∆ε0 ≤ ε < U0

2U2
1σ1f0(U1) if U0 ≤ ε < U1

0 otherwise.

(3.22)
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Figure 3.2: Left the cross sections and right the resulting source terms. The black peaks
at the left represent the Dirac delta peaks from the excitation cross sections, with different
reaction energies. The red dotted line represents the momentum transfer cross sections
for p = 0. The black peaks in the source plot result from the inelastic cross sections. The
positive source parts coincide at ε = ∆ε0, resulting in three effective source terms.

This problem is very similar to the one for a single Dirac delta peaked excitation cross
section. Again, the solution has the form of equation (3.7) with the homogeneous equation
of f0 written as (for p = 0 ∧ Tg = 0 K):

fH
0 (ε) = f0(U1) exp

(
−ε

2 − U2
1

2W 2

)
, (3.23)

where εref = U1 is used. Substitution of equation (3.22) in (3.9) yields:

� ε

0

S(ε′)dε′ = − (β(ε) + αkBTg) fH
0

d

dε
g(ε)

=


0 if 0 < ε < ∆ε0

2U2
0σ0f0(U0) + 2U2

1σ1f0(U1) if ∆ε0 ≤ ε < U0

2U2
1σ1f0(U1) if U0 ≤ ε < U1

0 otherwise.

(3.24)
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Continuity of g(ε) implies that g(ε ↑ ∆ε0) = g(ε ↓ ∆ε0), g(ε ↑ U0) = g(ε ↓ U0) and
g(ε ↑ U1) = g(ε ↓ U1). Solving for equation (3.24), g(ε) becomes:

g(ε) =



g1 if 0 < ε < ∆ε0,
M
2m

[
U2

0

W 2
σ0

Q(ε0)
f0(U0)
f0(U1) +

U2
1

W 2
σ1

Q(ε0)

]
exp

(
− U2

1

2W 2

)
×� U0

ε
1
ε′ exp

(
ε′2

2W 2

)
dε′ + g2 if ∆ε0 ≤ ε < U0,

M
2m

σ1

Q(ε0)
U2

1

W 2 exp
(
− U2

1

2W 2

) � U1

ε
1
ε′ exp

(
ε′2

2W 2

)
dε′ + g3 if U0 ≤ ε < U1,

g4 otherwise.
(3.25)

with g1, g2, g3 and g4 values that are chosen such that the function g(ε) is continuous for
all ε, and g(U1) = 0. Rewriting these integrals results in:

g(ε) =



g(∆ε0 if 0 < ε < ∆ε0

− M
4m

(
U2

0

W 2
σ0

Q(ε0)
f0(U0)
f0(U1) +

U2
1

W 2
σ1

Q(ε0)

)
exp

(
− U2

1

2W 2

)
×[

Ei
(
U2

0

2W 2

)
− Ei

(
ε2

2W 2

)]
+ g(U0) if ∆ε0 ≤ ε < U0,

− M
4m

σ1

Q(ε0)

(
U1

W

)2
exp

(
− U2

1

2W 2

)
×[

Ei
(
U2

1

2W 2

)
− Ei

(
ε2

2W 2

)]
if U0 ≤ ε < U1,

0 otherwise.
(3.26)

For the solution at ε ⊆ (∆ε0, U0) there is a dependence on the solution f0(U0)
f0(U1) , that can

be obtained from the solution of g(ε) for ε ⊆ (U0, U1). If σ1 = 0 this solution reduces to
the solution of equation (3.18) that corresponds to a single cross section as it should. The
full solution is found by substitution of equations (3.23)and (3.26) into (3.7).

3.4.3 One cross section with two peaks

The previous case considered the source that results from two excitation processes that
both consist of a Dirac delta peak. Below the source that results from a single cross
section consisting of two Dirac delta peaks will be treated. This cross section reads as:

σ(ε) = σ0,0εδ(ε− (εreac + ∆ε0)) + σ0,1εδ(ε− (a1εreac + ∆ε0)), (3.27)

where σ0,i denotes the “magnitude” of the ith peak of the 0th cross section. The second
part of this cross section introduces a source at ε = (a1 − 1)εreac + ∆ε0, while the first
at ε = ∆ε0, as can be seen by substituting equation (3.27) into (3.13). This introduces
the essential difference with the previous case, where both cross sections have a source
at ε = ∆ε0. For convenience we assume 1 < a < 2 and define U0 = εreac + ∆ε0 and
U1 = a1εreac + ∆ε0. Figure 3.3 presents the cross sections and the resulting sources.
Integration of the source over the energy space results in:
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Figure 3.3: Left the cross sections are presented, and right the resulting source terms. The
black peaks at the left represent the Dirac delta peaks from the excitation cross section.
The red dotted line represents the momentum transfer cross sections for p = 0. The black
peaks in the source plot result from the inelastic cross section.

Γ =

� ε

0

S(ε′)dε′

=



0 if ε < ∆ε0

2U2
0σ0f0(U0) if ∆ε0 ≤ ε < (U1 − U0)

2U2
0σ0f0(U0) + 2U2

1σ1f0(U1) if (U1 − U0) ≤ ε < U0

2U2
1σ1f0(U1) if U0 ≤ ε < U1

0 otherwise.

(3.28)

Using the solution of equation (3.7) with the homogeneous solution for p = 0

fH
0 = f0(U1) exp

(
−ε

2 − U2
1

2W 2

)
. (3.29)

the expression for g(ε) is of the form:
� ε

0

S(ε′)dε′ = − (β(ε) + α(ε)kBTg) fH
0

d

dε
g(ε) (3.30)

=



0 if ε < ∆ε0

2U2
0σ0f0(U0) if ∆ε0 ≤ ε < (U1 − U0)

2U2
0σ0f0(U0) + 2U2

1σ1f0(U1) if (U1 − U0) ≤ ε < U0

2U2
1σ1f0(U1) if U0 ≤ ε < U1

0 otherwise.

(3.31)

Continuity of g(ε) implies g(ε ↑ ∆ε0) = g(ε ↓ ∆ε0), g(ε ↑ (U1 − U0)) = g(ε ↓
(U1 − U0)), g(ε ↑ U0) = g(ε ↓ U0) and g(ε ↑ U1) = g(ε ↓ U1). Assuming Tg = 0 K
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and p = 0 the function g(ε) becomes:

g(ε) =



g(∆ε0) if ε < ∆ε0

M
4m

σ0

Q(ε0)

(
U0

W

)2 f0(U0)
f0(U1)×[

Ei
(

(U1−U0)2

2W 2

)
− Ei

(
ε2

2W 2

)]
+ g(U1 − U0) if ∆ε0 < ε < (U1 − U0),

M
4m

(
U2

0

W 2
σ0

Q(ε0)
f0(U0)
f0(U1) +

U2
1

W 2
σ1

Q(ε0)

)
×[

Ei
(
U2

0

2W 2

)
− Ei

(
ε2

2W 2

)]
+ g(U0) if (U1 − U0) ≤ ε < U0,

M
4m

σ1

Q(ε0)

(
U1

W

)2 [
Ei
(
U2

1

2W 2

)
− Ei

(
ε2

2W 2

)]
if U0 ≤ ε < U1,

0 otherwise.
(3.32)

The EEDF is found by substitution of equations (3.29) and (3.32) into equation (3.7).

3.5 Comparison with numerical solutions

The solutions are compared with results from the widely used Boltzmann solver BOL-
SIG+ in the following. This will be done for the following conditions where appropriate:

m/M = 2.5× 10−5, (3.33)
E/N = 10 Td, (3.34)
εexc,0 = 10 eV, (3.35)
εexc,1 = 15 eV, (3.36)

Q(εref) = 1× 10−19 m2, (3.37)
Tg = 300 K, (3.38)

∆ε0 → 0. (3.39)

For this comparison the Dirac delta peak in BOLSIG+ is approximated with a triangle
that has a surface of 1 and a support that can be controlled. Since the triangle is an
approximation of the Dirac delta peak, we want to investigate the deviations that can be
expected from its width. For that reason a comparison is made between the EEDF that
follows from one excitation cross section with one peak and a constant momentum energy
transfer cross section (equations (3.11) and (3.18) substituted in (3.7)), with the EEDF
that follows from BOLSIG+ for different widths of the excitation cross section. The
height of the cross sections are compensated such that the surfaces of the excitation cross
sections are equal for all cases. Figure 3.4 presents the results, with 3.4a the EEDFs for
the different BOLSIG+ cases in colors and the analytical result in black. The legend does
indicate the support (in eV). Figure 3.4b shows the relative difference of the BOLSIG+
results with the analytical expression, calculated from:

δ =
1

np

np−1∑
i=0

|f0,B(i)− f0,A(i)|
f0,A(i)

. (3.40)
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Figure 3.4: The EEDF that follows from BOLSIG+ and equations (3.11) and (3.18), to-
gether with the relative differences between them. The momentum energy transfer cross
section is the constant Q(ε) = Q(εref), and the excitation cross section is a Dirac delta
peak. For the BOLSIG+ results the excitation cross section is approximated with a trian-
gle of various widths, as indicated by the colored lines in figure 3.4a.

Here, np is the number of points on the energy grid, f0,B(i) is the EEDF that results from
BOLSIG+ and f0,A(i) the analytical EEDF, at the point ε = i. Here σ0 = 1× 10−19 m2.

From the analytical result in figure 3.4a we can see that the EEDF is peaked at ε →
0eV. The gradient for that electron energy is steep, caused by a strong population due to
inelastic collisions. For increasing electron energy the gradient becomes less steep due to
diffusion. When approaching the threshold energy of this processes, the EEDF reduces
strongly. While f0 is only populated for ε ≤ U0, it is also de-populated at ε > U0.
This causes diffusion of low energetic electrons towards higher energy, hence the strong
gradient for ε ≈ U0. This gradient is greatly influenced by the energy diffusion coefficient
(β in this case), and the size of σ0. Increasing σ0 or decreasing E/N or Q(ε0) results
in an more pronounce gradient (in log scale plots), since this decreases the diffusion
coefficient. This will be shown later in this section. For ε > U0 the EEDF is not affected
by the excitation cross section, and the EEDF is Druyvesteyn-like shaped. The analytical
solution is given by the homogeneous solution only. In this tail region the population
and depopulation cancel exactly. The BOLSIG+ results in figure 3.4a coincide with the
analytical solution for all peak widths. Around ε ≈ U0 the results of BOLSIG+ are
sensitive for grid sampling. Working with a manually defined grid resulted in significant
deviations in the results. For that reason the default grid settings are used.

Differences between the BOLSIG+ results and the analytical result are about 0.1 %
for a triangle with a width of 1× 10−2 eV, and decreases to approximately 0.04 % for a
peak width of 1× 10−4 eV. Decreasing the width even more does not change the results
further. This indicates that this difference does not result from the width of the triangle.
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Figure 3.5: The results from BOLSIG+ and the analytical solution for different number
of points for Q(ε) (left), together with the difference between the results (right). The
excitation cross section is a Dirac delta peak at ε = εexc, and the elastic momentum
energy cross section is Q = Q(εref)

√
(εexc/ε).

Differences can be caused by the internal grid in BOLSIG+, or by the approximation of
the Dirac delta peak by a triangle. Since the effect of the grid on the results cannot be
studied with the current BOLSIG+ version, we are not able to verify that the difference
in results can be explained by the grid. Nevertheless, we can conclude that the results are
in close agreement.

In the following the agreement in results will be studied for a constant elastic mo-
mentum energy transfer frequency: Q = Q(εref)

√
(εexc/ε). Results are given in figure

3.5a, with the analytical solution in black and the BOLSIG+ results in color, indicating
the number of points used to define Q(ε). Figure 3.5b presents the relative differences
between the methods, with the number of points in Q(ε) horizontally. Here we used
σ0 = 1× 10−20 m2.

For ε < U0 the EEDF is shaped very similar to the EEDF of figure 3.4. The analytical
solution shows a strongly peaked EEDF for ε→ 0, and the strong decrease in the EEDF
for ε → U0. This indicates that the EEDF is dominated by the excitation process in this
region, and not so much by elastic momentum energy reactions. The tail is again not
affected by the inelastic processes, this time showing a Maxwell-Boltzmann shape. In the
region between ε = 0 and ε = U0 the EEDF is Maxwell-Boltzmann like. The effective
temperature equals that of the tail, showing that the excitation cross section only affects
the EEDF at ε→ 0 and ε→ U0.

Results between BOLSIG+ and the analytical solution are again in good agreement.
In figure 3.5a the results do match within 0.2 % accuracy, and from figure 3.5b can be
seen that even for 100 points the total relative difference with the analytical solution is
just above 0.1 %. From the similar shaped cross section as figure 3.4a can be seen that
the EEDF for ε < U0 is completely dominated by the excitation cross section. For all
energies above U0 the effects of the excitation cross section cannot be noticed, and a
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Maxwell-Boltzmann like equilibrium is found with kBTeff = Me2

6mε0kB

(
E/N
Q(ε0)

)2

+ kBTg.
The increased relative difference of BOLSIG+ at 200 points is somewhat unexpected,
and we have not been able to explain this behavior. The hypothesis is that this is may be
caused by the internal grid, but we have not been able to verify this.

The change in the EEDF due to an increased reaction energy is shown in figure 3.6,
where all conditions are the same as for figure 3.5, except for U0 = 30 eV: The solid
black line presents the analytical solution, and the red dotted parallel lines are reference
lines of the electron temperature in the tail. From this figure we can see clearly that the
EEDF far from both ε = 0 and ε = U0 has one effective temperature (which we define
here as the gradient of f0). The EEDF is thus not significantly affected by the excitation
cross section far from those points, similar to the tail. This result can be understood from
the Taylor expansion of equation (3.18) around ε = a, which reads as:

g(ε)|ε=a ∼ exp

(
a2 − U2

0

2W 2

)
2(ε/a− 1) +O(ε2). (3.41)

If U0 � a the term exp
(
a2−U2

0

2W 2

)
will be small, and as a result there is no energy depen-

dence. Clearly this strongly depends on the size of U0, as well as on W . Increasing W
will result in a faster trend towards 0. In that case the EEDF is thus given by the homo-
geneous solution of the Boltzmann equation. Similarly, the Taylor expansion of equation
(3.19) results in:

g(ε)|ε=a ∼

(
2(
√
π − 1) a

kBTeff
−√π

)
exp

(
a−U0

kBTeff

)
(x− a)

√
π
(

2 a
kBTeff

)3/2
+O(ε2). (3.42)

Here the same analysis holds, showing that each point in the cross section affects the
EEDF only locally. From this Taylor expansion we can see that the range for which
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Figure 3.7: The EEDF following from double peaked cross section (black), and following
from two single peaked cross sections (red). The right figure presents the EEDF up to
30 eV, the left up to 10 eV.

the cross section does alter the EEDF depends inversely on Teff. For small effective
temperature the range over which the EEDF is Maxwell-Boltzmann-like is large. The
strong increase in EEDF close to ε = 0 results from the 1/ε dependence of g(ε) for both
cases.

Next we will see how the reaction energy affects the EEDF. Therefore we compare
the EEDF following from one double peaked cross section with that of two single peaked
cross sections. Results are depicted in figure 3.7. The black line represents the EEDF
for the double peaked cross section, one close to the reaction energy at 10 eV and one
at 15 eV. The red dotted line represents the EEDF following from 2 single peaked cross
sections, one at 10 eV and one at 15 eV. The peaks at 10 eV do have an amplitude of
1× 10−22 m2, and those at 15 eV are 1× 10−19 m2. The low energetic part of the EEDF
is presented in figure 3.7a, and the EEDF for a larger energy range at figure 3.7b. Both
EEDFs are in essence very alike, as can be seen from figure 3.7b. At 15 eV the EEDFs
have a strong gradient, due to the high energy peaks. Similarly, both EEDFs do have a
small dip at 10 eV due to the peaks at that energy. The essential differences are found
for ε < 10 eV. The EEDF resulting from the two cross sections is smooth in this energy
range, and simular to the trends that are observed for the single peaked cross sections.
This can be understood from equation 3.26. For the range in this figure the solution
of g(ε) is bounded by ∆ε0 and U0. In this range the EEDF is thus described by one
expression for g(ε), with the characteristic exponential integrals. This is different for the
EEDF following from the double peaked cross section (black line). That EEDF has a kink
at 5 eV, corresponding to the two cases for g(ε) in that range (see equation (3.32)). The
population of the EEDF at ∆ε0 < ε ≤ U1 − U0 is only due to the first peak, hence the
lower population at that range and the over population at . For ε > U1−U0 the source of
the EEDFs are similar, but due to normalization, the double peaked cross section EEDF
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is slightly higher than that due to the double cross section (red line).

3.6 Concluding remarks

Analytical solutions have been derived for the two-term Boltzmann equation with a Dirac
delta peaked inelastic cross section. For a constant momentum energy cross section and
constant momentum energy frequency the results are shown for an excitation cross sec-
tion with one Dirac delta peak. Peaked cross sections affect the EEDF strongly around
the peak energy. The EEDF is strongly de-populated just before the peak energy, result-
ing in strong gradients. Results are in good agreement with the widely used Boltzmann
solver BOLSIG+ when using a triangle shaped excitation cross section. Differences are
within 0.04 % when the triangle is narrow enough. Differences between BOLSIG+ and
the analytical solution are expected from the choice of cross sections. Dirac delta peaks
are purely mathematical, numerically these can only be approximated by other functions.

The peaked cross sections are shown to alter the EEDF mainly close to the energy
corresponding to the peak position, as well as close to ε = 0. For ε � U0 the EEDF
is only affected marginally. Elastic collisions do dominate in that region, similar to ε >
U0. From a Taylor expansion of the function g(ε) we learned that the range over which
the inelastic collisions dominate strongly depend on W and Teff, with an exponential
decaying dependence (in first order).

The EEDF is typically de-populated at the cross section peak energy, and slightly
over populated at energies εreac lower. This has been shown by the EEDF from a double
peaked cross section. We showed the EEDF next to that resulting from two cross sections
with the same peaks as a reference. The differences in EEDF at the low energetic side are
dictating the differences at the high energy side of the EEDF.

Realistic cross sections can be approximated by expanding the cross section with
multiple Dirac delta functions. For the doubled peaked cross section we showed that this
can be done analytically, and there is no limitation in the number of peaks that can be
taken into account. The resulting EEDF corresponds in that case to the EEDF following
from an ideally sampled cross section in a numerical solver. Greens functions will not
provide a solution since the Boltzmann equationis not time-invariant.





Chapter 4

A Comprehensive Chemical Model for
the Splitting of CO2 in
Non-Equilibrium Plasmas

1

Abstract

In this work an extensive chemical model is presented for a CO2 plasma that is rele-
vant for the production of ‘solar fuels’. It consists of 72 species and 5732 reactions.
It is based on species definitions and reaction rate coefficients from previous literature,
which have been rigorously reviewed, and is augmented with reaction rate coefficients
that are obtained from the application of scaling laws. The input data set, which is suit-
able for usage with the plasma simulation software Plasimo (see https://plasimo.
phys.tue.nl/), has been made available in human-readable electronic form on the
publisher’s website. The correctness of this implementation of the model has been es-
tablished by realizing an independent ZDPlasKin-compatible implementation (http:
//www.zdplaskin.laplace.univ-tlse.fr/), setting up equivalent physical
models and verifying that the results agree. Results of these ‘global models’ are presented
for a typical case study, a cylindrical DBD plasma reactor with pulsed power input.

1Published as: P.M.J. Koelman, S. Heijkers, S. Tadayon Mousavi, W.A.A.D. Graef, D.B. Mihailova, T.
Kozak, A. Bogaerts, J. van Dijk A comprehensive chemical model for the splitting of CO2 in nonequilibrium
Plasmas Plasma Processes and Polymers, 14, 4-5, 10.1002/ppap.201600155
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4.1 Introduction

Fossil fuels have the advantage of a high energy density and the fact that an extensive
transport infrastructure is available. These facts underly the more recent interest in solar
fuels, in which molecules such as CH4 are produced from CO2 using renewable energy
sources in an inverse combustion reaction.

In order to produce such fuels from CO2, the molecule first needs to be dissociated
to obtain CO [28, 70]. After dissociation, the next step can be to isolate CO from the
produced oxygen species using membranes [71, 72]. This way the backward reaction of
CO to CO2 is avoided. The isolated CO can then be transformed into fuels by combining
water gas shift and methanation.

The required energy for direct dissociation of CO2 from the ground state is 5.5 eV
per molecule. In [70] it is shown that this can be done with a maximum energy efficiency
of around 45 %. The CO2 molecule has, however, three vibrational modes which can
be used for a more energy efficient way of dissociation. In previous works it is shown
that these vibrational modes provide an energy efficient pathway to dissociation, with an
energy efficiency up to 80 % [28, 70, 73, 74]. The asymmetric vibrational mode is shown
to be the most important channel for dissociation [70, 75]. In the work of Aerts et al.
[73], an extensive CO2 chemistry set is presented, which contains 25 species and 205
reactions. The authors validated their results with experimental data obtained by Cenian
et al. [76]. Later that chemistry was extended by Kozak et al. [74, 35], mostly by adding
the vibrational levels of the asymmetric mode of CO2. Their chemistry consists of 72
species and several thousands of reactions.

The results in [74] are obtained using the simulation package Global kin [77], in
which spatial dimensions are not resolved, but only the variation of species densities
over time are calculated. In this work we will refer to this type of models as Global
Models. The results in [74] show that the high vibrational states of CO2 get significantly
populated in a microwave plasma, which is essential for energy efficient dissociation via
the vibrational states [70].

The chemistry which is presented in [74] is also at the base of other works [37, 78, 79].
Implementing such a large model can be challenging. First attempts to implement the
chemistry in our own model resulted in significantly different results. This indicates the
challenge to correctly implement a complex chemistry in a new model and stresses the
importance of input data verification.

For that reason a verification study is presented in the present paper. Firstly, the chem-
istry in [74] is subjected to an extensive review study. Secondly, the reviewed chemistry
is implemented independently in two Global Models: the Global Model [80] that is part
of the PLASIMO plasma modeling framework [53] and ZDPlaskin [81]. Firstly, the two
models have been subjected to a code-to-code verification using specially constructed
cases. After that the correctness of the input data sets has been established by a compari-
son of results.

In section 4.2 the mathematics behind Global Models is introduced. This is followed
by a discussion of the implementations of such models in PLASIMO and ZDPlaskin.
Next, various scaling laws will be introduced. These are used to obtain reaction data if
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vibrationally or electronically excited species are considered. In section 4.3 the species
that are considered in this work are presented. This is followed by an extensive review of
the literature data that are at the basis of the present model. Various mistakes, ambiguities
and inaccurate citations in previous works will be identified and discussed. Section 4.4
starts with results of basic correctness testing of the PLASIMO and ZDPlaskin codes.
That discussion is followed by results of these codes for a typical case study of the CO2

model, a cylindrical DBD plasma reactor with pulsed power input.

4.2 Model

Fluid models are based on solving moments of the Boltzmann equation. The mass balance
equation is the zeroth order moment of the Boltzmann equation, and reads

∂ns
∂t

+∇ · (ns ~vs) = Snet,s, (4.1)

where ns is the density of species, ~vs the velocity and Snet,s the net species source from
chemical reactions. Since Global Models are not spatially resolved, an assumption must
be made about the transport term in this equation. In the present work we will assume
that there is no transport. Then the evolution of the species densities is only due to local
source terms and equation (4.1) reduces to:

∂ns
∂t

= Snet,s. (4.2)

Consider a reaction i, which can be written as:

Σsαi,sXs → Σsβi,sXs. (4.3)

Here Xs represents species s, αi,s and βi,s the stoichiometric coefficients at the left and
right hand side of reaction i respectively. For that reaction the source term of equation
(4.2) is given by:

Snet,s =

j∑
i=1

(βi,s − αi,s)Ri, (4.4)

with j the total number of reactions and Ri the rate of reaction i, given by:

Ri = ki
∏
s

nαi,s
s , (4.5)

with ki the rate coefficient. Rate coefficients can be constants, but can also vary with
the gas temperature, electron temperature Te or the reduced electrical field E/N (the
electrical field E over the density of neutral species N ). Below we will elaborate on how
the rate coefficients are obtained in both models.
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PLASIMO

In PLASIMO the rate coefficients are regarded as functions of the electron energy density
Uε or the electron temperature. The electron energy density is calculated by solving the
electron energy balance, which is given by [80]:

dUε
dt

= P−Qelas −Qinelas, (4.6)

where P is the input power density,Qelas the sink of electron energy density due to elastic
collisions and Qinelas the net energy density sink due to inelastic processes. The sinks of
electron energy density are calculated as:

Qelas =
∑
i,elas

3

2
kB(Te − Tg)

2me

ms
Ri,

Qinelas =
∑

i,inelas

Uth,iRi,

(4.7a)

(4.7b)

with
∑
i,elas and

∑
i,inelas the summation over all elastic and inelastic reactions respec-

tively, Uth,i the threshold energy of the reaction i, Tg the gas temperature and me/ms

the ratio of electron mass over the mass of the colliding species. The electron tempera-
ture can be calculated from Te = 2Uε/(3kBne), with ne the electron density, and kB the
Boltzmann constant. For non-Maxwellian plasmas this is taken to be a definition of the
electron temperature.

In case a rate coefficient needs to be calculated from a cross section, we use the
relation

ki =

∞�

εth

σi(ε)v(ε)f(ε) dε, (4.8)

with ε the energy, v(ε) the velocity of the electrons, σ(ε)i the cross section of collision
i, f(ε) the electron energy distribution function (EEDF) and εth the threshold energy for
that specific reaction. For elastic collisions the rate coefficients are calculated following
[82]:

ki =

�∞
0
εσi(ε)v(ε)f(ε)dε�∞

0
εf(ε)dε

. (4.9)

The EEDF is a plasma specific parameter. For sufficiently high degrees of ionization the
EEDF can be assumed to be Maxwellian, more generally it has to be calculated with a
Boltzmann solver such as BOLSIG+ [40]. This tool calculates the EEDF for a set of cross
sections, the plasma composition and reduced electric field. The calculated EEDF is then
available in the form of a look-up table (LUT).

Equations 4.8 and 4.9 show that the product of the cross section and the EEDF is
needed in the rate coefficient integral. If both the EEDF and cross section are given in
the form of a LUT, the data of at least one LUT needs to be interpolated, assuming the
energy data of both LUTs do not match exactly. In such case the cross sectional data is
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interpolated to the energy grid of the EEDF LUT. This is done using a linear interpolation,
since cross sections do not obey a specific shape.

Extrapolation of cross section LUT data is not needed at low energy sides of the
LUTs. Data of cross sections is typically well described around the threshold value of the
reaction. At the high energy side of a cross section LUT the extrapolation is linear, with
the constraint that the cross section does not go below 0 m2, which would be un-physical.

For the numerical integration many efficient schemes are available. Some of these
schemes put additional constraints on the integrand as well, for example concerning its
smoothness. In this work the general-purpose trapezium method is used, since a wide
variety of integrand shapes can be expected.

To calculate the evolution of the species densities, the differential equations (4.2) and
(4.6) are solved. In PLASIMO’s Global Model various solvers are available. In this
work the ODE Pack LSODA (Livermore Solver for Ordinary Differential Equations) [83]
and DVODE (Double Variable-coefficient Ordinary Differential Equation solver) [84] are
used. The absolute and relative tolerances of the solvers are set to 1× 10−8.

ZDPlasKin

As in PLASIMO, equation (4.2) is solved in ZDPlasKin as well. ZDPlasKin provides the
option to calculate the rate coefficients from cross sections with an in-line version of the
Boltzmann solver BOLSIG. For that calculation the reduced electric field is required. As
a result, the energy balance of equation (4.6) does not need to be solved in ZDPlasKin.

Instead, a routine is used that calculates the reduced electric field from the plasma
parameters. Using the Local Field Approximation, the reduced electric field, is calculated
according to [85]:

E

N
=

√
2P
σ

n0
, (4.10)

with P the input power density, σ the plasma conductivity and n0 the initial electron
density. The plasma conductivity is initially calculated according to [85]:

σ =
e2ne
meνm

ν2
m

ν2
m + ω2

, (4.11)

where e is the elementary charge, ne the electron density, me the electron mass, νm the
collision frequency and ω the frequency of the electric field. During the simulation, the
plasma conductivity is calculated as [85]:

σ =
eνdne(
E
N

)
prev

n0

, (4.12)

with νd the electron drift velocity, which is calculated with the in-line Boltzmann solver
BOLSIG [40], and

(
E
N

)
prev

the reduced field at the previous time step. In ZDPlasKin the
DVODE solver is used with both the absolute and relative tolerances set to 1× 10−8.
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Scaling laws

Rate coefficient data is available for various charge exchange reactions but often only
for reactions in which an ionized species reacts with a ground state species. To have
an estimate for the rate coefficient for charge exchange with an electronically excited
species, it is suggested in [73], and later adopted in [74], to scale the rate coefficient
from the ground state species. The scaling they report is k = k0ε

2
i /ε

2
e, with k0 the rate

coefficient of the reaction which is used for scaling, εi the ionization potential of the
excited species and εe the electronic excitation threshold. However, later the authors of
[73] published an erratum in which they note that this scaling should be [86]:

k = k0
ε2i

(εi − εe)2
. (4.13)

This scaling is used in this work as well. The definition for εi is the ionization potential
of the species in the ground state, which is different from the definition in [73, 74].

Reactions of vibrational energy exchange between molecules is one of the additions
in [74] with respect to [73]. Since there is little rate coefficient data available for energy
exchange between vibrationally excited molecules a scaling law is needed for these re-
actions as well. The SSH (Schwartz, Slawsky, and Herzfeld) theory, which is applicable
to transfer of energy between an-harmonic oscillators [87] is used to that end. Here, this
theory will be summarized briefly.

For VT reactions (reactions in which a molecule loses vibrational energy which is
completely transferred to heat), the rate coefficient kn,n−1, with n the vibrational level of
the species, is obtained from scaling of the rate coefficient from the first vibrational level
to the ground level k1,0 according to:

kn,n−1 = k1,0Zn
F (γn)

F (γ1)
, (4.14)

with

Zn = n
1− xe

1− nxe
, (4.15)

F (γn) =
1

2

[
3− exp

(
−1

2
γn

)]
exp

(
−1

2
γn

)
, (4.16)

where xe is the an-harmonicity of the molecule. The parameter γ is defined as [87]

γn =

(
π2ω2

nµ

2α2kBT

)1/2

, (4.17)

with ωn = ∆E/~ = (En − En−1)/~ the energy over the reduced Planck constant, µ
represents the reduced mass, α a parameter of the exponential repulsive potential between
colliding species, kB the Boltzmann constant and T the gas temperature. In [70, 75] this
expression is rewritten in a form with practical units, as used in [74].
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For VV energy transfer reactions (reactions where vibrational energy is transferred
from one species to another) the scaling is slightly different. For a collision in which a
species in the nth vibrational state transfers energy to a species in the mth vibrational
state, the rate coefficient is scaled according to:

km−1,m
n,n−1 = k0,1

1,0ZnZm
F (γn,m)

F (γ11)
, (4.18)

where γn,m requires the difference in energy for the entire reaction: ∆E = En+Em+1−
En−1 − Em. In [74] the absolute value for the gain of energy is used, which is correct
but unnecessary since these scaling laws are only used for exothermic reactions [70].
Endothermic reactions are included via detailed balancing of the exothermic reactions.

Cross sections of electron impact excitation are scaled as well, to obtain a cross sec-
tion for reactions from vibrationally excited states to higher vibrationally excited states.
In literature work can be found on calculations of cross sections of electron-vibrational
processes of CO and CO2 [79, 88, 89, 70]. In this work the scaling is done via the Frid-
man approximation [70]. The cross section σnm for vibrational excitation from the nth

vibrational state to the mth vibrational state relates to the cross section for vibrational
excitation from the ground state to the first vibrational state σ01 as:

σnm(ε) = σ01(ε+ ∆ε) exp

(
−α(m− n− 1)

1 + βn

)
, (4.19)

with α a species dependent parameter, which is given in [70] to be 0.5 and 0.6 for CO2
2

and CO respectively, ∆ε = ε01− εmn the difference in energy which has to be overcome
in the reaction from vibrational state m to n with respect to the energy barrier which has
to be overcome for excitation from the ground state to the first vibrationally excited state.
The parameter β is presented in [74] to be 0, which is adopted in this work.

4.3 Detailed chemical model description

This section presents the input data used in the models. From equations (4.2) and (4.5) it
is clear that the species properties are required, completed with rate coefficients for each
reaction. It is also shown that scaling laws can be used to obtain input data for reactions
of which no reaction data is available. For these scaling laws the energy difference of the
species is required (see equations (4.13), (4.17) and (4.19)). In this section we present
that data. Firstly, the species that have been taken into account are listed with their corre-
sponding energy. Secondly, a detailed exposition and review of the chemistry is provided,
based on the chemistry presented in [74].

Species

The species used in this work are listed in table 4.1, using the notational convention that
also appears in [74]. The first column in table 4.1 contains all the species in their ground

2In [70] the authors report to use this scaling only for the asymmetric vibrational mode of CO2.
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Table 4.1: The species which are included in the model. For the electronically and vi-
brationally excited states the notation is used as in [74], followed by the corresponding
energy. In case the energy is not known, the energy position is marked by -. For vibra-
tionally excited species the energy is not explicitly given. Electronically excited species
(second column) are indicated with the addition of e. Vibrationally excited species (third
column) are indicted by the added v.

Xs ε(eV)
CO2 −4.08
CO −1.15
O2 0.00
C2O 2.97
C 7.43
C2 8.69
O 2.58
O3 1.48

Xs ε(eV)
CO2e1 2.92
CO2e2 6.42
COe1 5.07
COe2 6.75
COe3 9.95
COe4 11.75
O2e1 1.00
O2e2 1.60

Xs

CO2va..vd

CO2v1..v21

COv1..v10

O2v1

O2v2

O2v3

Xs ε(eV)
CO+

2 9.70
CO+

4 -
CO+ 12.86
C2O

+
2 -

C2O
+
3 -

C2O
+
4 -

C+ 18.69
C+

2 20.09
O+ 16.20
O+

2 12.07
O+

4 -

Xs ε(eV)
CO−2 −3.45
CO−3 −5.1
CO−4 −5.3
O− 1.1
O−2 −0.45
O−3 −0.63
O−4 −0.90
e− -

state with the corresponding energy obtained from [90]. The second column gives the
electronically excited species denoted by the symbol e, followed by a number indicating
the different states. The energies are again obtained from [90]. Some states represent,
however, the sum of various electronically excited states. For these species the energy is
obtained via the cross sectional data. For more details of the electronically excited species
we refer to [73].

Species in the electronic ground state but vibrationally excited are given in the third
column. The energy corresponding to the vibrational states are calculated via the anhar-
monic oscillator approximation, as given in various sources [74, 91, 92]. Vibrationally ex-
cited species are indicated with an additional v. In case of vibrational states of CO2 there
are three modes. The species which represent asymmetric vibrationally excited modes of
the CO2 molecule are indicated by CO2vi with i = 1, ..., 21. The species CO2vα with
α = a, ..., d represent collections of the two non-asymmetric vibrational modes. See [74]
for more details on the vibrational states. Analogously, the vibrational levels of CO and
O2 are given by COvi and O2vi with i = 1, ..., 10 for CO and i = 1, 2, 3 for O2, which
is in line with [74].

The fourth and fifth column give the positively and negatively charged ions, respec-
tively, together with the corresponding energies. For some species no energy data is
available, in the table this is indicated with the symbol −. Since those species are not used
in the scaling laws, the lack of energy data for these species has no impact on this work.

To be able to apply the VV and VT energy exchange scaling laws to this chemistry
(equations (4.14) and (4.18)), the species dependent parameter α is needed. To obtain this
parameter we follow the work of [74] and [93]. There α is given as α = 17.5/r0, with
r0 = 3.94 Å, 3.69 Å and 3.47 Å for CO2, CO and O2, respectively.
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Reaction reference study

The reactions and corresponding rate coefficients in this work are mostly obtained from
[74]. For clarity the reaction identities are unchanged where possible. For the verification
of the reactions and their reaction data, the references in [74] have been subjected to a
reference study. Reactions in which the data in this work differ from the data which is
presented in [74] are shortly discussed below. In tables A.1–A.5 the complete chemistry
is presented, with their ID number which is used for referencing in the reference study
below.

Electron impact ionization and excitation reactions

Table A.1 gives a list of the electron impact reactions, together with the corresponding
reference. The references refer to the cross sections used in this work, and are presented
in the form of a LUT.

• Reaction X6 in [74] describes the dissociative ionization reaction of CO2 to O+
2 .

In [74] this reaction is given with a reference to [94]. From that work we have,
however, not been able to find the cross section for this reaction, nor from other
sources. From [95] we obtained an expression for the rate coefficient for this re-
action, which is: 7.0× 10−19T

1/2
e (1 + 1.3× 10−5Te) exp(−1.5× 105/Te), with

the electron temperature in Kelvin. The typical electron temperatures in this work
are several eV, so this reaction has a significant rate coefficient. For that reason this
reaction is included with the rate coefficient instead of a cross section.

• The dissociation of CO in C and O is included in this work with reaction X20a
with a reference to [96]. In [74] this reaction is not reported. This reaction is scaled
by lowering the energy of the LUT with the threshold energy for the reaction in
case vibrationally excited CO species are considered.

• Reaction X25 is the vibrational excitation of CO. In this work this reaction is
scaled with the Fridman approximation (equation (4.19)), with α = 0.6. This note
is omitted in [74], although it was included in the model.

• Reaction X28 in [74] describes the elastic electron impact collision with C2. In that
work a reference is given to [97], which discusses cross sectional data for electron
impact collisions with CxHy for y > 0, x > 0, and not for C2. We have not been
able to obtain a cross section for the elastic electron impact reaction with C2 via
that work, nor via other work. Because this reaction is an elastic collision, it has
no direct impact on the species evolution. This reaction plays a role only as a sink
of electron energy and in the calculation of the EEDF. Since the fraction of C2 is
expected to be small, its role will be small as well. For that reason this reaction is
excluded in this work.

• Reactions X39 and X40 describe the electronic excitation of O2 by electrons. The
same cross sections are also used in the case that O2 is in a vibrationally excited
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state. This is the same as what is done in [74]. The note in that work which should
report this scaling, as it is added for the species CO2 and CO, is unintentionally
omitted.

Electron attachment and recombination reactions

Table A.2 lists the rate coefficients for electron attachment and electron-ion recombina-
tion. Again, the reactions and corresponding rate coefficients are the same as in [74].
Only those reactions for which we have remarks are listed below.

For reactions in which the third body M is presented, this body represents all possi-
ble neutral species in the plasma. In case the given rate coefficient is explicitly reported
for some specific species, only the reported species are considered, including their vibra-
tionally excited states.

• Reaction E1 is used in this work as e− + CO+
2 → COv1 + O, which differs from

[74] in the vibrational state of the CO species. In [74] a reference to [98] is given,
where the CO species is considered to be in the vibrational ground state. The
authors of [98], however, do not consider vibrationally excited species at all. In
their reference to [99] vibrationally excited species are considered, and this reaction
is given with COv1.

• Reaction E4 is adopted from [74] without verification. The authors refer to [100]
for the rate coefficient, which we could not use for verification, nor the references
therein.

• The rate coefficient of reaction E8 is adopted from [74], since we have not been
able to verify this rate coefficient. The impact of this reaction on the chemistry will
be small, since the population of C+

2 and the given rate coefficient are (expected to
be) small. Even if this value would be an over or under estimation, this would not
influence the validity of the model results.

• The three body reaction E9 considers the general third body M. In this work a
scaling parameter is used, which changes with M as given in [76]. The rate coef-
ficients in [76] are given with a reference to [101] for M = CO2 and O2 (which
are verified as well). For M = CO the rate coefficient is presented as an estimated
value. When omitting this scaling parameter, the rate coefficient of this reaction is
slightly overestimated for M = CO or O2.

• Reaction E10 has a constant rate coefficient which is independent of any plasma
parameter. In [74] this reaction has the same rate coefficient as used in this work,
but with an additional electron temperature dependence. We have not been able to
verify the additional temperature dependence. Since the given electron temperature
is in units of eV, and the typical electron temperatures are around 1 eV, the impact
of the temperature on the actual rate coefficient will be modest.
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From [102] a reference is found to [103], which neither reports an electron temper-
ature dependence. In [103] the rate coefficient is reported as k ≤5× 10−31 cm6/s.
In this work the upper boundary value for the rate coefficient is used.

• The rate coefficient of reaction E14 is adopted from [104]. From this reference
the rate coefficient is verified for M = O2, N2. In this work this rate coefficient is
used for all M. With 5.51× 10−46 m6/s the rate coefficient of this reaction differs
strongly from 1× 10−40 m6/s, which is presented in [74] and has not been verified
with the given reference.

Neutral interactions

Table A.3 lists the reactions and rate coefficients for 15 neutral-neutral reactions with
their references, adopted from [74]. With the following items the remarks are presented
regarding the reactions or rate coefficients in Table A.3. This list of reactions contains
three body collisions as well. If the third body M is presented, this body represents all
possible neutral species in the plasma. In case the rate coefficient is given for a specific
species M, only that species and its vibrationally and electronically excited states are
included.

• The rate coefficient of reaction N1 is verified based on [105] that is accessible from
the NIST database [106]. The heavy species temperature validity range for this rate
coefficient is with 2620 K to 4470 K far from the heavy species temperature in this
study (300 K). However, due to the lack of data for this reaction at 300 K, the rate
coefficient of [105] is used. Although the rate coefficient of [74] is different from
the rate coefficient used in this work, the rate coefficients are both in the same order
of magnitude if Tg = 300 K is substituted in the expression of the rate coefficients.
The rate coefficient in [74] is, however, not verified.

• The rate coefficient for reaction N3 is adopted from [102], which reports an upper
limit for the rate coefficient of this reaction as k ≤ 1× 10−21 m3/s. In this work
this value is used as rate coefficient, which is equal to what is done in [74].

• In reaction N4 a scaling parameter is included, which accounts for the third body
species M = CO2, CO and O2, as suggested in [76]. In [74] the scaling parameter
for the third body species M is not reported.

• The rate coefficient of reaction N6 is used as a constant value, as it is in [74].
However, in [95] this rate coefficient is reported as an upper limit of this reaction.

• For reaction N7 the rate coefficient is adopted from [107, 90]. This rate coefficient
is reported to be obtained at 300 K and 2× 104 Pa, which is lower than the pressure
considered in this work. In [74] a reference to [76] is given, with a slightly different
rate coefficient. This rate coefficient is reported in [76] as well, but not in the
references therein.
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• The used reference for reaction N9 is a modification on the rate coefficient pre-
sented in [95]. In that work the exponential behavior of the rate coefficient is re-
ported as exp(2114/Tg). However, we expect that this is a typographic mistake,
and that this should be exp(−2114/Tg). This is used in [74] as well.

• For reaction N10 the rate coefficient data is obtained from [108], which originates
from experiments. The rate coefficient is 9.51× 10−17 m3/s, which is in the same
order of magnitude as the rate coefficient reported in [74]: 5× 10−17 m3/s.

• The rate coefficient of reaction N12 is obtained from the review paper [109]. This
is different from the rate coefficient in [74], which originates from theory.

• The rate coefficient of reaction N14 is obtained from [110], which is reported to be
valid at 300 K and atmospheric pressure. This is different from [74], where [104]
is used as reference which we could not use to verify the rate coefficient. The rate
coefficients are, however, close to each other. For that reason we expect that this
difference in chemistry does not have a significant impact on the chemistry.

• For reaction N15 the rate coefficient reported in [111] is used. In [74] a reference
to [112] is given, which reports a rate coefficient which depends on M = O or
O2. The reported rate coefficient in [74] is, however, not verified with that work.
Substituting Tg = 300 K in the rate coefficient in [74] and the one of this work
we see that the rate coefficients do not agree exactly, but are in the same order of
magnitude.

Ion-Neutral interactions

Table A.4 lists the ion-neutral reactions. With the items below the notes on the reactions
in that table and their rate coefficients are given, which is based on [74]. Unless explicitly
stated, the species M is again applicable to all neutral species. In this list and Table A.4
the reactions have the same ID number as the corresponding reactions in [74]. Since a
few reactions are not included in this work, while they are present in [74] this results in
the appearance in missing numbers. This is, however, intended.

• The rate coefficients of reactions I2 and I3 are included in this work as 90 %
and 10 % of the total rate coefficient of the collision O+ + CO2, which is k =
9× 10−16 m3/s [113]. In that same work the reaction of I2 is presented with k =
9.4× 10−16 m3/s, which is approximately the same as the rate coefficient for the
combined rate coefficient of I2 and I3, reported in that work as well. From that we
concluded that the fraction of the rate coefficient which results in O+

2 is likely to
be significantly larger than the fraction which results in O+. This is different from
the assumption made in [95], where the rate coefficients have an equal share over
the total rate coefficient: 50-50. As a consequence the rate coefficient of reaction
I2 is close to the reported value in [74], but the rate coefficient of reaction I3 is one
order of magnitude lower in this work.
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• In this work reaction I4 is included with the reaction products CO+ and CO. In
[74] this reaction has two times the reaction product CO+, which is a typographic
mistake. This reaction was intended to be C+ + CO2→ CO+ + CO.

• The rate coefficient of reaction I6 scales with the third body M, as presented in
[76, 114, 101]. For M = CO2 or O2 the rate coefficients are reported explicitly. For
M = CO the rate coefficient is, however, presented in [101] as being an estimated
value. In [74] the scaling of the rate coefficient with M is not included.

• For Reaction I7 all M are possible. The rate coefficient is, however, only verified
for M=CO2 or O2 with references [76, 101]. For M=CO this rate coefficient is an
estimated value.

• For reactions I10, I16 and I17 the reactions are included for all possible third bodies
M. In [102] this reaction is, however, reported only for M=O2. The choice to apply
this reaction for all M is the same as what is done in [74].

• For reactions I26 and I27 the produced species CO2 is in the vibrationally excited
state CO2[vb], which is obtained from [99]. In [74] this reaction is reported with
CO2 in the vibrational ground state, as it is in [98]. In [98] a reference to [99]
is given too, but since vibrationally excited species are not included in [98], this
reaction is reported with CO2 in the vibrational ground state. The rate coefficients
are reported in [98] as estimated values.

• Reaction I28 is included in this work with COv1 as one of the resulting species,
as suggested in [99]. In [74] this vibrational state is omitted, with the same reason
as for reactions I26 and I27. Moreover, the stoichiometry is not correct for reac-
tion I28 in [74], which is a typographic mistake. That reaction was intended as a
collision between CO+

2 + O−2 .

• The rate coefficient of reaction I39 is used for all third body species M. In [102]
this rate coefficient is, however, reported for M=CO2. Using this reaction for all M
is in line with what is done in [74].

• In reactions I43 and I44 CO2vb is produced, which is adopted from [98]. In [74]
this reaction is included with the produced CO2 in the vibrational ground state, with
a reference to [102]. In that work [98] is used as reference, but since vibrationally
excited species of CO2 are not included in [102] the notation of the vibrational
state was omitted.

• The rate coefficients of reaction I53 and I54 include the gas temperature depen-
dence, which is found in [104]. In that work the third body is reported to be O2,
while it is used in this work for all M. In [74] this is done as well, but in that
work the temperature dependence is omitted. Omitting this temperature depen-
dence while working with Tg = 300 K does not influence the resulting rate coef-
ficient. For completeness we, however, report this gas temperature dependence as
well.
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• The rate coefficient for reaction I56 is verified by references [102, 115, 104]. In
references [115, 104], the M is presented as O2, but in [102] it is generalized to M.
For this rate coefficient the same reference is used as given in [74], with the general
species M.

• The rate coefficient of reaction I57 is included as 5.3× 10−16 m3/s. This is dif-
ferent from 8× 10−16 m3/s, which is reported in [74], although the reference to
[102] is used in [74], like it is in this work. Both rate coefficients are, however, in
the same order of magnitude, so the impact will on the chemistry is expected to be
small.

• The rate coefficient of reaction I59 is verified via [116], which is a different refer-
ence than used in [74]. The rate coefficient itself is equal in [74] and this work.

• The rate coefficient for reaction I62 is verified for M = O2. This reaction is, how-
ever, applied for all M. This is the same as what is done in [74].

• The rate coefficient for reaction I64 is obtained from [115]. However, in [74] a
reference is given to [117], but with that work we could not verify the reported rate
coefficient. Nevertheless, both rate coefficients are equal, so there is no change in
the chemistry.

• A general expression for three body ion-ion recombination is used for reaction I72,
which is obtained from [95] and originates from [118]. The rate coefficient for this
reaction in [74] is reported to be obtained from [117], for which we have not been
able to verify the rate coefficient. The reported rate coefficients are, however, close
to each other for Tg = 300 K.

• The rate coefficient of reactions I73 and I74 is gas temperature dependent based
on the reference [115]. In the work of [74], the rate coefficients are presented as
constants. These rate coefficients are only in agreement if we use Tg = 300 K. For
completeness we report the gas temperature dependence as well.

• For the rate coefficient of reaction I76 the general expression for three body ion-
ion collisions is used which is obtained from [95]. This is the same as for the rate
coefficient of reaction I72.

• The rate coefficient of reaction I77 is obtained from [95]. In that work this reaction
is explicitly reported as M = O2, which is generalized in this work for all M. If
Tg = 300 K is substituted in the rate coefficient of this reaction the rate coefficient
reported in [74] is obtained for reaction I77 with M = O2.

In [74] reaction I77 is covered by reaction I78 for M = O2. Reaction I78 in [74]
is the general expression which we use in reaction I77, with both the same rate
coefficient for Tg = 300 K. Reaction I77 appears in [74] unintentionally, and was
not included in the chemistry in [74].
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• The rate coefficients of reactions I79 and I80 are gas temperature dependent. This
gas temperature dependence is not reported in [74]. In that work a reference is
given to [117] from which we have not been able to verify the rate coefficients.
Nevertheless the rate coefficients are in the same order of magnitude as the rate
coefficients used in this work for both reactions.

• For reaction I81 a gas temperature dependent rate coefficient is used, which is ob-
tained from [95]. In [74] a constant rate coefficient is used equal to the rate coeffi-
cient reported in [95] for Tg = 300 K.

• The rate coefficient of reaction I82 is obtained from [95]. In that work only the
third body M = O2 is reported explicitly. In this work the rate coefficient is used
for all M.

In [74] this reaction is included with reaction I83 (referring to the reaction ID in
[74]), with the side note that at the right hand side of the reaction the general species
M is omitted. Reaction I82 in that work is covered by reaction I83 for M = O2, and
is included in the list of reactions by accident. This reaction was not included in
the models of [74].

• The rate coefficient of reaction I84 has a gas temperature dependence which is ob-
tained from [115]. This temperature dependence is not reported in [74]. The tem-
perature dependence is 300/Tg , and omitting this temperature dependence while
working with Tg = 300 K does not influence the resulting rate coefficient. For
completeness we, however, report this temperature dependence as well.

• Reaction I85 has a rate coefficient which is obtained from a general expression for
ion-ion recombination from [95]. This is different from the rate coefficient used in
[74], which we have not been able to verify, but lies in the same order of magnitude
if Tg = 300 K is assumed.

• The rate coefficient for reaction I86 is obtained from [115], which is a review paper.
In [74] a rate coefficient is used which is obtained from theory, and is one order of
magnitude larger than the rate coefficient which is used in this work.

• With reaction I87 a gas temperature dependence of the rate coefficient is given.
This temperature dependence is not included in [74], while [115] is the same refer-
ence as used in this work. This temperature dependence is 300/Tg . Omitting this
temperature dependence while working with Tg = 300 K does not influence the
resulting rate coefficient. For completeness we, however, report this temperature
dependence as well.

• In reaction I88 a gas temperature dependent rate coefficient is reported, which is
obtained from [95]. This is different from the constant rate coefficient which is
reported in [74]. In that work a reference to [117] is given, from which we have not
been able to verify this rate coefficient. For Tg = 300 K the two rate coefficients
are, however, in good agreement.
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• The rate coefficient of reaction I89 is verified for the case that M = CO2 based on
the reference [102]. However, in this study M is generalized, with the same rate
coefficient for all M. This is also done in [74].

• For reaction I90 the temperature dependent rate coefficient is obtained from [104].
This is different from the rate coefficient reported in [74], which we have not been
able to verify. At Tg = 300 K the two rate coefficients are, however, close together.

• For reaction I91 a temperature dependent rate coefficient is used, which is obtained
from [104]. In [74] this same reference is used, but with an other rate coefficient.
The rate coefficient in [74] is verified via [116]. In [104] the reaction is presented
as O+

4 + O2→ O+
2 + O2 + O2 which is generalized in this work with O2 = M as

reacting species.

Vibrational energy transfer

In Table A.5 the vibrational energy transfer reactions are listed for the reactions between
the ground state species and the first vibrationally excited states. To obtain the complete
set of reactions, scaling laws (4.14) and (4.18) are needed, as in [74].

• In this work only single quantum transitions are taken into account. Transitions
over multiple quantum numbers have rate coefficients which are several orders of
magnitude lower [119], which justifies this choice. This is in line with the work of
[74], and added for clarity.

• For VV and VT transitions between the symmetric mode vibrational levels again
only single quantum transitions are taken into account as in [74].

Microscopic reversibility

Since the EEDF is non-Maxwellian, reverse reactions of electron impact processes can
be included via microscopic reversibility, which is done in [74]. In this work the reverse
reactions are not included. For reverse reactions between neutral species, detailed balanc-
ing is used in this work. The neutral species energy distribution function is likely to be
Maxwellian, which justifies the use of detailed balancing. For vibrational excited species
the degeneracy is 1, except for CO2vb, CO2vc and CO2vd which have a degeneracy of
3, 3 and 6, respectively. This is the same as what is done in [74], although not explicitly
denoted.

Superelastic collisions

For palsmas with high electron temperatures superelastic collisions can be important for
decreasing the inelastic vibrational energy losses. In that way a lot of energy can be
pumped in the vibrationally excited levels of CO2. In this work we consider, however,
a DBD plasma. For thorse plasmas the electron temperature is low. For that reason
superelastic collisions are excluded in this work. For microwave discharges superelastic
collisions should be include, since the electron temperatures are significantly higher [88]
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4.4 Illustrative examples

This section contains illustrative examples regarding the verification of the chemistry in
PLASIMO and ZDPlasKin. Firstly, the implementation of the scaling laws of equations
(4.14) and (4.18) are verified, by comparing the rate coefficient data with the available
data which is presented in [74], followed by a code-to-code validation study. After pre-
senting the numerical set-up which is used in this study, a validation of the included
chemistry in the models is given, based on the results from PLASIMO and ZDPlasKin.
Lastly, the results are presented which are obtained by the completely independent mod-
els.

Validation of VV and VT reaction input data

The complexity of the scaling equations (4.13)–(4.19) can be challenging. In [74] the
rate coefficients are depicted for a set of VV and VT reactions, which we use to verify
that the rate coefficients are implemented correctly. For that reason the scaling laws
are implemented in the form as presented in section 4.2. The parameter γn is used as
presented in equation (4.17). For the calculations all parameters are included with the
precision as given in [74]. The energy is obtained from calculations, which happened
in double precision, and is included with the same precision in the calculations. The
resulting rate coefficients are presented in Figure 4.1, for the rate coefficients of reactions
V2a, V2b, V2c, V7a, V7b, and the reactions CO2v1 + CO2vn→ CO2 + CO2vn+1 and
CO2vn + CO2vn→ CO2vn−1 + CO2vn+1. A gas temperature of 300 K is used to obtain
these results. In this figure the rate coefficients as presented in [74] are depicted as well.

The figure shows that the rate coefficients which result from the scaling law for VV
and VT energy exchange reactions in this work are close to the rate coefficients which
are presented in [74], but not equal. The difference becomes larger for the rate coefficient
of reactions if the energy difference in the reaction is larger. To confirm the difference in
results can be explained by the value of the parameter γn, we did a sensitivity analysis.
From that analysis it turned out that rounding off the values of the parameters in γn
indeed explain the observed differences in the results. Since γn is used in an exponential
function to obtain the rate coefficients, small differences get magnified in the resulting
rate coefficient kn,n−1 or km−1,m

n,n−1 , which is seen best if γn is large (thus also for large
energy differences).

From this figure and the corresponding analysis we conclude that the scaling law
for VV and VT energy exchange reactions (equations (4.13) - (4.19)) are implemented
correctly in the chemistries in PLASIMO and ZDPlasKin. The differences in the results
due to accuracy of the parameters in the scaling laws show that numerical accuracy of
parameters is important for the verification of results.

Code-to-code validation

The importance of accuracy underlines that code-to-code validation of the models must
be performed, before results of these models can be used for analysis. Such a validation
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Figure 4.1: The rate coefficients resulting from the scaling law for VV and VT en-
ergy exchange reactions. In red the rate coefficients from this work are depicted.
In black the rate coefficients which are presented in [74] are depicted. With the
curves the reaction is given, with VTA, VTb, VTc, VV’a and VV’b representing
rate coefficients of reaction 2a, 2b, 2c, 7a and 7b, respectively. VV1 represents the
rate coefficient of reaction CO2v1 + CO2vn→ CO2 + CO2vn+1, and VVn represents
CO2vn + CO2vn→ CO2vn−1 + CO2vn+1. The rate coefficients are obtained for a gas
temperature of 300 K.

study is done, which includes the definition of universal constants in the models. The use
of universal constants in models is at first sight rather trivial, but as with the accuracy of
the parameters in the scaling laws this can impact the results significantly. To illustrate,
the impact of variations in the precision of the Boltzmann constant kB is considered. The
Boltzmann constant typically appears in an exponential function f of the form:

f = f(kB) = exp(−εth/(kBTe)) =⇒ kB

f

∂f

∂kB
=

εth
kBTe

. (4.20)

Here we see how ∂f/f , the relative change in f , changes with a relative change in kB.
This means that for a large εth/(kBTe) a small change in ∂kB/kB has a big impact on
the relative change in f . The impact on the absolute model results will be small (in
general), due to the high threshold energy with respect to the electron temperature. The
relevant constants used in the model are obtained from the NIST data-base [120], with
the accuracy which is given there.

The ultimate goal is to establish that the input data sets that were developed for
PLASIMO and ZDPlasKin are equivalent by setting up equal models and verifying that
the results agree. Before we undertook that effort we have carried out some basic correct-
ness tests of the codes themselves. To that end we have developed a two-particle test case
for which an analytical solution exists. Consider species densities ng and ni, with ng the
ground species density and ni = ne the ion density which equals the electron density ne
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due to quasi neutrality. These species densities vary due to one reaction, which has a time
dependent reaction rate coefficient k(t):

dng
dt

= −ne ng k(t), (4.21)

with
k(t) = −k0 cos(ωt), (4.22)

and k0 the amplitude of the rate coefficient and ω the angular frequency. Solving equation
(4.21) this results in the evolution of ng , which reads:

ng(t) =
Nn0

(N − n0) exp
(
Nk0
ω sin(ωt)

)
+ n0

, (4.23)

where n0 is the initial density of ng and N = ng +ni the sum of the ion and ground state
densities.

In Figure 4.2 the solution for this equation is shown with a black solid line for N =
1× 1025 m−3, n0 = 9× 1024 m−3, ω = 5000 s−1 and k0 = 1× 10−20 m3/s, together
with the results obtained with PLASIMO (red markers) and ZDPlasKin (blue markers).
The models have run for four full “cycles” of the rate coefficient. In this same figure the
relative difference between the results from the models and the analytical result is given
as well with the colored solid lines. The red line represents the difference between the
analytical result and the result from PLASIMO and the blue line the difference between
the analytical result and the result of ZDPlasKin. The relative difference of both models
during the first cycle (at 0.6 ms) is in the order of 1× 10−5 for PLASIMO and 1× 10−4

for ZDPlasKin. The relative errors accumulate over time to approximately 3× 10−4 and
4× 10−3 for PLASIMO and ZDPlasKin, respectively, during the fourth cycle. From
these results we conclude that the results obtained by PLASIMO and ZDPlasKin are
both in good agreement with the expected result. This justifies the comparison of results
between PLASIMO and ZDPlasKin later in this work.

Set-up & initial condition

The set-up in this work is the same as in [73] and [74], and presented in Figure 4.3. The
plasma shape is a cylindrical tube with an inner radius of r1 =11 mm and an outer radius
of r2 =13 mm. The length of the plasma is 90 mm. The outer wall of the reactor is
covered on the outside by an electrode which is powered by an external power source.
The inner wall of the reactor is defined as the grounded electrode. Initially, the electron
temperature is equal to the heavy particle temperature, 300 K. The species densities are
in Boltzmann equilibrium [45]:

nBq
gq

=
nBp
gp

exp

(
− Epq
kBTe

)
, (4.24)

where gp and gq are the degeneracy of species p and q, nBp and nBq are the densities of the
corresponding species, and Te is the electron temperature. The initial electron density is
obtained from quasi neutrality.
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Figure 4.2: The evolution of ng as a function of time for a cosine time dependent rate
constant. With the black solid line the result of the analytical expression is given. With
red and blue markers the result of PLASIMO and ZDPlasKin are presented, respectively.
The red and blue solid lines represent the relative difference with the analytical solution
for PLASIMO and ZDPlasKin, respectively.
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Figure 4.3: A schematic representation (out of scale) of the set-up as considered in this
work. The grounded electrode is positioned at r1 =11 mm and the powered electrode is
wrapped around a dielectric tube at r2 =13 mm.
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The input power density is a triangular shaped pulse in time, simulating one micro-
discharge of a dielectric barrier discharge. The pulse starts at 0 ns, and rises linearly to
2× 1011 W/m3 in 15 ns, to fall back to 0 W/m3 at 30 ns. Effectively, this results in a
power density deposition of 3000 W/m3 in one pulse.

Chemistry verification

To validate that both PLASIMO and ZDPlasKin contain the same chemistry, the input
data is cross checked for both models. This comparison started with a small chemistry,
containing two species and one reaction. Then, stepwise the chemistry was expanded
by adding species and reactions, comparing the results between the models at each step
and verifying the correct implementation. This resulted in a chemistry which contains 72
species and 5732 reactions. To be able to verify the chemistry based on the results of the
models, both models were temporarily modified such that they work exactly the same.
Both models solve the equations (4.2)–(4.5), with the rate coefficients calculated for an
imposed time dependent electron temperature. The results of the models are discussed
below for the models containing the complete chemistry.

Following Kozak et al. [74], we use the vibrational temperature in the presentation
and analysis of the model results. This is defined as:

Tν1 =
E0 − E1

kB log(n1/n0)
, (4.25)

where E1 is the energy of the first asymmetric vibrational level of CO2, E0 the energy of
the ground state CO2 species, and n1 and n0 the densities corresponding to CO2v1 and
CO2, respectively. The impact of rounding off is again clearly visible with the calculation
of the fraction (E0 − E1)/kB. In [74] this is reported as −3377 K, while our calculation
results in −3382.590 K. The impact on the analysis of the results will clearly be small,
but in line with the verification issues which have been discussed above we present this
result here.

In Figure 4.4 the evolution of the electron density is given as function of time for the
results of PLASIMO (red line) and ZDPlasKin (blue markers). The relative difference
between the two models is given with the gray line, given at the secondary y-axis. The
vibrational temperature is given in Figure 4.5, with the results from PLASIMO and ZD-
PlasKin in red and blue, respectively. The same figure contains a plot of the difference
between the two models with a gray line, again with the secondary y-axis. The depicted
results of both models are obtained with the DVODE solvers.

The results from both models are in close agreement, as can be seen from Figures 4.4
and 4.5. The difference in results for the electron density is in the order of 0.1 % during
the power pulse, when the electron density is high. After the power pulse the electron
density decreases strongly, resulting in a rising difference between the results of the two
models. Due to data underflow, comparison of the results after 8.28× 10−8 s is mean-
ingless. For that reason these results are not included in figure 4.4 for time exceeding
8.28× 10−8 s (the beginning of the underflow problems is still visible in the figure, indi-
cated by the strong change in relative difference). This same order of difference is also
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Figure 4.4: The evolution of the electron density over time for the results from ZDPlasKin
(in blue) and PLASIMO (in red). The models are driven by an imposed electron temper-
ature. This electron temperature simulates a power pulse, of which the end is indicated
with the vertical dotted line. The difference in results is depicted in gray at the secondary
axis of the figure. Both PLASIMO and ZDPlasKin use the DVODE solver, with a relative
accuracy of 1× 10−8. Since comparison of the results is meaningless for low densities
due to underflow problems, the results are only depicted up to 82.9 ns.

10−9 10−8 10−7 10−6 10−5 10−4

300

350

400

450

500

550

time ( s )

V
ib

ra
tio

na
lt

em
pe

ra
tu

re
(K

) Plasimo
ZDPlasKin

−1

−0.5

0

0.5

1

re
la

tiv
e

di
ff

er
en

ce
(%

)

Figure 4.5: The evolution of the vibrational temperature over time for the results from
ZDPlasKin (in blue) and PLASIMO (in red). The models are driven by an imposed
electron temperature. This electron temperature simulates a power pulse, of which the
end is indicated with the vertical dotted line. The difference in results is depicted in gray
at the secondary axis of the figure. Both models use the DVODE solver, with a relative
accuracy of 1× 10−8.
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observed when using the LSODA solver in PLASIMO, which indicates that the differ-
ence in solvers indeed can be expected from using different solvers3. The difference in
the vibrational temperature shows a cumulative behavior up to 1× 10−5 s. Around that
time the vibrational temperature gets close to the relaxation temperature of 300 K, and the
difference between the models starts to decrease again. Based on the relative difference
of less than 1 % we conclude that the results are in close agreement. The differences are
caused by the solvers, which we verified by changing the solver in PLASIMO. From the
results in Figures 4.4 and 4.5 we conclude that the validated chemistry is the same in both
models. With the strategy of stepwise including the chemistry we lowered the possibility
of introducing unintended input data.

Results from independent models

Until this point the models are forced to handle the chemistry equally, with an imposed
electron temperature evolution as driving input for the chemistry. Now both PLASIMO
and ZDPlasKin are used to calculate the evolution of the species as presented in section
4.2. The input power density is used as presented at the set-up description.

In Figure 4.6 the vibrational temperature is presented for both models as a function of
time, with a logarithmic time axis. In the same figure the electron temperature is depicted
at the secondary axis. The results obtained with PLASIMO are depicted in red, and the
results from ZDPlasKin in blue, with markers for the vibrational temperature and the
dotted lines for the electron temperature. The end of the power pulse is indicated with the
black dotted vertical line.

From figure 4.6 we see that the results of PLASIMO and ZDPlasKin are in close
agreement. Both models show a rise in vibrational temperature during the power pulse
to 530 K. From the start of the afterglow the population of CO2v1 decreases over time,
bringing the vibrational temperature down to 300 K in a timescale of the order 1× 10−5 s.
The results in electron temperature are also in good agreement. In both trend and mag-
nitude the models obtain the same results. Initially, the electron temperature is at 300 K,
and rises early in the pulse to 4.5 eV. This is strongly dependent on the initial conditions
of the ion densities, from which the electron density is obtained via detailed balancing. In
time scales of the order of 1× 10−8 s electrons are produced. With the rise of the number
of electrons the mean energy decreases, resulting in a lowering electron temperature. The
electron temperature is at gas temperature shortly after the end of the power pulse, when
most of the electron energy is already dissipated out of the system.

The vibrational distribution functions of the asymmetric mode vibrational levels of
CO2 are given in Figure 4.7 as obtained with PLASIMO (red), and ZDPlasKin (blue). In
these results we follow [74], with the results presented at 6 ns, 30 ns, 100 ns and 1000 ns.

The vibrational distribution functions show that the populations of the vibrational
levels are also in close agreement for the results of PLASIMO and ZDPlasKin. At 6 ns

3Although PLASIMO and ZDPlasKin both use the DVODE solver, the implementation of the solver is
different in both models. In ZDPlasKin the discriminant is calculated analytically for the solver, while for
PLASIMO this is implicitly done by the solver.
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Figure 4.6: At the primary y-axis the vibrational temperature is given as a function of
time, for the results obtained with PLASIMO (red markers) and ZDPlasKin (blue mark-
ers). The electron temperature is given at the secondary y-axis, again for PLASIMO (red
line) and ZDPlasKin (blue dotted line). The black dotted line indicates the end of the
power pulse in time, and the black arrows point to the appropriate axis for the nearest
curves.

the population of the vibrational levels is rising due to electron impact reactions from the
CO2 species in the vibrational ground state. At the end of the power pulse the population
of the vibrational levels is a result of both electron impact reactions and the VV and VT
reactions which are given in Table A.5.

During the early afterglow (at 100 ns), the electron impact reactions play no role
(since the electron temperature is at gas temperature, which we know from Figure 4.6).
The population of the first and second vibrational level is not significantly influenced.
The higher vibrational levels are significantly decreased, although the decrease is less
strong around the tenth vibrational level. This local increase in density for increasing vi-
brational level is interesting for the energy efficient dissociation of the CO2 molecule. At
1000 ns the depopulation of the vibrational levels is already significant. The vibrational
population is not yet completely relaxed (the vibrational temperature is not yet at gas
temperature, as is shown in Figure 4.6), but the local increase in density for increasing
vibrational level has already disappeared.
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Figure 4.7: The vibrational distribution function of the vibrational levels from the asym-
metric mode of CO2 at 6 ns, 30 ns, 100 ns and 1000 ns. The results from PLASIMO are
given in red, and the results from ZDPlasKin in blue.

4.5 Conclusion

In this work we have presented a verification study on the CO2 chemistry. The global
model of PLASIMO and ZDPlasKin have been subjected to a code-to-code verification
study. The chemistry which is presented in [74] has been subjected to an extensive review.
The reviewed chemistry has been stepwise implemented independently in the two models.
By comparison of results the correctness of the implementation of the input data sets has
been established. Both models are driven by an imposed electron temperature profile,
from which the rate coefficients are calculated in the models. Relative differences in the
order of 0.1 % between the models are observed, which are caused by the solvers that are
used by both models. Although underflow of the data limited the time scale for which
the results in the electron temperature have been compared, the results show that the
chemistry is equally included in both models.

The models of PLASIMO and ZDPlasKin are then used to solve the CO2 chemistry
set completely independently. From a DBD power pulse filament the models are used
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to calculate the rate coefficients, via the reduced field approximation in the case of ZD-
PlasKin and the near Maxwellian approximation for PLASIMO. The resulting electron
temperature, vibrational temperature, and the vibrational distribution functions of CO2

are presented. The results from both models are shown to be in close agreement with
each other. The differences between the models are within the differences which can be
expected from the models. From this we see that the difference in approximations of the
models has no impact on the resulting evolution of the species.

Implementing a chemistry set from well documented articles such as [74, 73] is hard.
As shown in this article, small implementation differences such as accuracy can influence
models. This can make verification of the implemented chemistry even subjective. For
that reason the input data-set is distributed in the form of a PLASIMO input file along
with this paper. This input file can be used directly to obtain the results presented in this
work, or to study more general problems. If using this data set, we kindly request users
to refer not only to this work but also to the work of Aerts et al. ([73]) and Kozak et al.
([74]).
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Chapter 5

Uncertainty analysis of a CO2
microwave plasma

Abstract

Pathway Analysis is used as a selection method to determine which reaction rate
coefficient uncertainties need to be included for the uncertainty analysis, as a fast al-
ternative for sensitivity analysis. This requires the Pathway Analysis implementation
to include the analysis of the electron power density. Results from Pathway Analy-
sis as a selection method are compared with results from sensitivity analysis. For a
nitrogen chemistry we show the agreement in results between Pathway Analysis and
sensitivity analysis, and additionally results of the uncertainty analysis. We also ap-
ply the method to a CO2 chemical system that involves vibrationally excited states to
demonstrate the excellent performance of this method for complex systems.
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5.1 Introduction

In any model, uncertainty in input data will propagate to an uncertainty in the results.
Due to the strong non-linearity in the chemical reaction set the uncertainty needs to be
determined numerically. The combustion community has a long standing history of un-
certainty analysis in models. Various works have been presented about using the Morris
method, Monte Carlo analysis, the (improved) Sobol method and multi-wavelet spectral
chaos techniques [121, 122, 123, 124, 125, 126]. Recently the Fourier Amplitude Sensi-
tivity Test method was presented to evaluate the uncertainty in large chemical sets using
a low number of samples, applied to a methane-air combustion model [127]. In the non-
equilibrium plasma-chemistry community uncertainty analysis is topic of discussion. The
need for accurate assessment of the uncertainty propagation is raised already more than
a decade ago [128]. Only since recently the plasma community has renewed interest in
this topic [129, 130, 131]. Input data is sampled from a probability function resulting
from the reported input data and its uncertainty. Repeating this for a sufficient number
of times, stochastically sampling input data distribution functions, the spread in results is
determined as the uncertainty. However, uncertainty analysis will become time consum-
ing when applied to large models since the number of required simulations will be large.
On top of that the models will likely become more stiff which increases the analysis time
even more. Reduction of the analysis will be needed in some way [130, 131, 132].

Earlier studies [123, 130, 133, 134] showed that sensitivity analysis is a successful
selection method to identify reactions that are dominant for the uncertainty in results.
Sensitivity analysis is used to study the variations in the model output, due to variation in
the input data. This is essentially a strong simplification of uncertainty analysis, where
repeatedly the variations in the input data are chosen stochastically.

Sensitivity analysis for large chemistries is time consuming, since each reaction needs
to be varied: nr + 1 simulations are required to determine the sensitivities of all the re-
actions, with nr the number of reactions. This work shows pathway analysis as is a fast
and successful method to identify the reactions that contribute most to the uncertainty of a
species density. Pathway analysis is essentially a completely different method from sensi-
tivity analysis, since pathway analysis is used to determine the connectivity of reactions,
by taking into account the interplay of species. Our hypothesis is that the sensitivities of
reactions cannot be seen separately from the connectivity of that reaction with the rest of
the chemistry. To be able to use pathway analysis to this end, it is necessary to adjust
the method with respect to established pathway analysis codes [48, 135], by including the
analysis of the energy conversion as well. The developed method will be used to identify
the set of reactions that are important for the uncertainty analysis. Only for this set of
reactions the uncertainties will be taken into account.

Two test cases are presented for which pathway analysis is used to determine impor-
tant reactions for the uncertainty analysis. The first is an 11 species nitrogen chemistry[81,
75] with 35 reactions. This chemistry is not expected to be particularly suitable for the
method, but it allows for a detailed stepwise illustration of the method. With the second
test case we apply the method to a more complex chemical system that is intensively
studied at this moment [74, 78, 136, 137, 138, 139, 140, 141]. We use the CO2 chem-
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istry set that was developed to study the vibrational kinetics in a non-equilibrium plasma
[142]. This chemistry consists of 73 species and 5724 reactions, and uncertainty analysis
without reduction is timewise not feasible.

In the following section the method that we use for uncertainty analysis is described.
In sections 5.3 and 5.4 we present the two cases for the reduced uncertainty analysis,
followed by conclusions in section 5.5.

5.2 Method

5.2.1 Sensitivity analysis

We apply sensitivity analysis to a global model (see [80]), so the input data consists of
rate coefficients and cross sections. When a perturbation is applied to one or more rate
coefficients this leads to a change in the output. Such analysis gives information about
the system response to variations in the input data. This method of analysis for the impact
of perturbations on output parameters is what is called sensitivity analysis. The Morris
method [133] is a widely used sensitivity analysis method, and used in this work as well.
The Elementary Effect (E

i,j
) is calculated from the variation in the ith input data element

on the jth observable:

Ei( x) =
∂ y( x)

∂xi
=

y(x1, ..., xi + δi, ..., xn)− y( x)

δi
, (5.1)

with E
i,j

the jth column of Ei, x is the vector of input data with n elements and y the
vector of outputs. The relative magnitude in the variation is given by δi.

A collection of perturbations δi will form a function f in
i . It represents the distribution

function of a parameter, with the average of that function the reported parameter value.
The width of that distribution function will then be a measure of the uncertainty. The
function describing the distribution function will depend on the method with which an
uncertainty is measured, as well as boundary conditions that the distribution function
must satisfy.

The question is how to choose the shape of f in
i . Reported uncertainties of rate co-

efficients do not suggest a specific distribution function. For the uncertainty analysis in
the reaction rate coefficients in global models the log-normal distribution function is gen-
erally used [128, 129, 131], as it is in this work. The log normal distribution function
Gµ,σ(x) is a suitable function for several reasons; it is positive for x > 0, it goes to
zero for small and large x and it is smooth. The disadvantage of Gµ,σ(x) is that it is not
zero for large x, meaning that it allows for un-physically large rate coefficients for which
compensation is needed. The log-normal distribution function reads as:

f in
i = Gµi,σi

(x), (5.2)

Gµ,σ(x) =
1

xσ
√

2π
exp

(
− (ln(x)− µ)2

2σ2

)
, (5.3)
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which depends on the mean and variance of x via the parameters µ and σ. These can be
obtained from the mean and variance following:

µ = ln

(
x̄2√

Var(x) + x̄2

)
, (5.4)

σ =

√
ln

(
1 +

Var(x)

x̄2

)
. (5.5)

Here x̄ denotes the mean of x and Var(x) its variance. For the calculation of the uncer-
tainty distribution functions we set x̄ to the reported rate coefficient, and Var(x) = (∆x)2,
with ∆x the uncertainty in the input data. Each simulation the rate coefficients are sam-
pled stochastically from the log-normal distributions, each coefficient independent from
the others. By sampling a number of times, f in

i
will form a log-normal distribution for

all i.

5.2.2 Pathway analysis

Pathway analysis [48, 143, 144, 145] does not stand alone in the field of reaction kinetics
analysis. Methods as flux balance analysis [146, 147, 148], extreme pathway analysis
[149, 150, 151] and graph theory [152, 153] are used to identify reaction channels, for
which the analogy with Kirchhoff’s first law applies [154]. Pathway analysis can be seen
as an alternative to extreme pathway analysis. Here we analyze reaction paths with the
pathway analysis method as presented in [48]. Stepwise building up pathways; chains
of reactions, allows for introspection during the pathways formations. This is a great
advantage with respect to the other methods, when working with large systems. Below we
present the essentials of pathway analysis only, followed by the extension of the analysis
of the electron power density that we added to our implementation. The addition that we
present is on top of the pathway analysis method that is presented by Lehmann [48], and
for an extensive description that work should be consulted.

Conversion of species due to a collection of reactions can be analyzed by linking re-
actions together. This essence is depicted in figure 5.1 using a system of three species:
argon (Ar), its electronically excited state (Ar∗) and an electron (e). These species in-
terplay in three reactions: electronic excitation, electronic de-excitation and de-excitation
by photon emission. The arrows indicate how reactions affect species densities, with an
arrow towards a species indicating production, and consumption if pointing away from
the species. The energy that is required or released in a reaction is included in the reaction
format too, with electron energy indicated by E and photon energy by hν.

This figure already suggests two loops. Following the direction of the arrows, one
can loop through this figure via a path constructed by the electronic excitation and de-
excitation of argon, and a path constructed by the electronic excitation of argon followed
by de-excitation via photon emission. These paths represent the pathways of this system.

Mathematically, a pathway P is represented by an vector that contains the multiplic-
ities of reactions m, a vector ν that contains the stoichiometric coefficients of species,
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Ar

Ar + e + E → Ar∗ + e

Ar∗

Ar∗ + e→ Ar + e + E Ar∗ + e→ Ar + e + hν

Pa Pb

Figure 5.1: A system consisting of Ar, Ar∗ and e, that interplay in three reactions (given
in boxes). Species and reactions are connected with arrows indicating the direction of
dependencies. Arrows towards a species indicates production, and away represents de-
struction. Pathways Pa and Pb are formed by connecting reactions following the arrows.

and a rate R. Pathways are constructed by connecting each pathway that produces a spe-
cific species to each pathway that consumes that species. The species that is used for
connecting is called the branching species (SB), and will be recycled in Pi,j , from the
moment that it is used as branching species on. The subscripts that are used for pathways
indicate how that pathway is constructed. Pathway Pi,j suggests that it is constructed by
connecting Pi with Pj . The reaction multiplicities mi,j of pathway Pi,j one calculates
following:

mi,j =
(
ai,SB mj − aj,SB mi

)
/C, (5.6)

where ai,SB > 0 and aj,SB < 0 are the stoichiometric coefficients of SB in the net reac-
tions ofPi andPj , respectively, andC is the greatest common divisor in

(
aj mi − ai mj

)
.

As a result the branching species will not be present in the net reaction of the pathway,
though it is in individual reactions in the pathway. The stoichiometry of each species in
Pi,j is constructed according to:

νi,j =
(
ai,SB νj + aj,SB νi

)
/C. (5.7)

Consequently, pathways that internally recycle all species have νk = 0, meaning that
the pathway Pk does not result in any density change. The multiplicity vector will always
have non-zero elements: mx 6= 0.
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The pathway rate Ri,j is calculated as:

Ri,j = Ri,prod
Rj,cons

DB
, (5.8)

whereRi,prod is the ith pathway that produces SB, andRj,cons is the jth pathway consuming
SB. The factor DB denotes the relative contribution of Rj,cons to Ri,j , and is calculated
following:

DB = max (Rprod, Rcons); (5.9)

Rprod =
∑
j

Rj,cons +

{
R∆[SB], if R∆[SB] ≥ 0

0, otherwise
, (5.10)

Rcons =
∑
i

Ri,prod +

{
0, if R∆[SB] ≥ 0

|R∆[SB]|, otherwise
, (5.11)

with R∆[SB] the rate of density change in SB. This way of constructing pathways only
takes into account the rates, neglecting the electron energy reservoir. However, in figure
5.1 we can see that while the left loop conserves energy, the right does not. The right
pathway does alter the electron energy density, and with that the electron temperature.
This needs to be taken into account in the pathway construction and analysis.

Analysis of the electron power density is included in the method by calculating the
power densityQi,j in Pi,j . The constraint for the calculation of the electron power density
is that the electron power density in the whole system is conserved:

Np∑
k=0

Qk = Constant W/m3, (5.12)

withNp the number of pathways (here we used the subscript k instead of i, j to emphasize
that the newly formed pathway can be seen as an own identity). The electron power
density is now calculated from the electron power density of the connecting pathways,
multiplied with the fraction of which that connecting pathway is present in the newly
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Table 5.1: List of nitrogen species in the model.

N N2(A) N+ e-

N2 N2(a′) N+
2

N2(B) N+
3

N2(C) N+
4

formed pathway. The calculation of Qi,j is done following:

Q(i,j)→k = Qj,consai,SB

Ri,prod

DB
−Qi,prodaj,SB

Rj,cons

DB
,

=

nr−1∑
q=0

ai,SBmj,qεqRj,cons
Ri,prod

DB
−
nr−1∑
q=0

aj,SBmi,qεqRi,prod
Rj,cons

DB
,

=

nr−1∑
q=0

(ai,SBmj,q − aj,SBmi,q) εqRj,cons
Ri,prod

DB
,

=

nr−1∑
q=0

(ai,SBmj,q − aj,SBmi,q) εqRk,

=

nr−1∑
q=0

mk,qεqRk, (5.13)

with Qi,prod the power density of the SB producing pathway Pi, Qj,cons the power density
of the SB consuming pathway Pj , mi,q the multiplicity of reaction q in Pi, and mj,q the
multiplicity of that reaction in Pj . Finally, εq is the reaction energy of reaction q, where q
runs over all nr reactions. In this work only the electron energy is analyzed, and for that
reason only the reaction energy of electron impact reactions are taken to be non-zero.

5.3 Case study I: N2

To demonstrate the method and the full uncertainty analysis we apply this to a 11 species
and 35 reactions nitrogen chemistry. The list of species is given in table 5.1, adopted from
[81, 75]. Uncertainties in the rate coefficients of electron impact reactions are available
typically. The uncertainties in the rate coefficients of heavy species interactions are often
not. We estimate the uncertainty of all heavy species reaction rate coefficients at 20 %,
which is typical for this type of reactions in [155]. Table B.1 in appendix B lists the
reactions together with their rate coefficients and corresponding uncertainties that we use.
The uncertainties in the cross sections data are used as uncertainties in the rate coefficients
calculated from them. This is justified by the fact that these uncertainties are reported as
energy independent. The integration procedure that calculates rate coefficients from cross
sections does not change the relative uncertainties.
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We will model a plasma source for which the input power is provided by a 4 kHz,
sinusoidal wave form with peak power density of 10 MW/m3. During the negative period
of the sinusoidal function the power density is 0 W/m3.

5.3.1 Sensitivity analysis

First the elemental effects are determined, with δi the uncertainty in reaction i (equation
(5.1)). The results are presented in table 5.2. The rows correspond to the reactions and
the columns to the species. Large numbers indicate a big sensitivity of the species to
the rate coefficient of the corresponding reactions. Bold elemental effect values indicate
reactions that are identified with pathway analysis as important reactions for the given
species densities. This will be discussed in more detail in section 5.3.2. The density of
N2 appears to be insensitive to the rate coefficients, which results from the high density
of N2 in the simulations. Variations due to the modified rate coefficients are small due
to the relatively high density of N2, and therefore excluded from the analysis. The ion
densities are dominantly sensitive to the electron impact ionization of N2 and charge
exchange reactions. The densities of the electronically excited states are mainly sensitive
to the electron impact excitation reactions and de-excitation processes. In first instance
this may be not that surprising. However, looking at N+

3 and N+
4 we can see that they are

also sensitive to electron excitation reactions, which contain neither of the two species.
Clearly, this results from the connectivity of reactions (a pathway), and it illustrates the
importance of this kind of analysis.

5.3.2 Pathway analysis

We define Rmax,X and Qmax,X as the highest rate and electron power density at which
species X is recycled; the reference rate and electron power density of species X. Domi-
nant pathways are all pathways Pi for which the rate or electron power density are within
10 % of the references:

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1. Dominant pathways are determined at

various times since the pathway rates and electron power densities also change over time.
Reactions following from pathway analysis for N+

3 are marked in table 5.3 with
checks next to the reactions following from sensitivity analysis. In the right most col-
umn the reactions with an elemental effect within 5 % of that species highest elemental
effect are marked with a check as well.

Reactions identified with sensitivity analysis are clearly a subset of the reactions found
with pathway analysis. The list of reactions that come from pathway analysis is longer
than the list obtained with sensitivity analysis since those pathways are chains of “sen-
sitive” and “insensitive” reactions. That the list obtained with pathway analysis consists
of “insensitive” reactions too is inherent to the method, and has be be considered as a
price to pay for saving analysis time. Each GM calculation took approximately 20 s, and
the pathway analysis about 30 s on a commodity desktop computer. In this case the time
saving is thus minimal, but for a reaction set at which the number of reactions is a few
hundreds to thousands and a single simulation takes minutes, the advantages are evident.
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Table 5.3: The reactions that follow from pathway analysis, and sensitivity analysis for
N+

3 . The uncertainty in the rate coefficient of the reactions following from pathway anal-
ysis will be used for the uncertainty analysis, and are expected to contain the reactions
for which N+

3 is sensitive.

# Reaction Sensitivity Pathway

1 N2 + e→N2(A) + e X X
2 N2 + e→N2(B) + e X X
3 N2 + e→N2(a′) + e X X
4 N2 + e→N2(C) + e X X
5 N2 + e→N+

2 + 2e X X
10 N+

3 + e→N2 + N X
13 N+ + 2N2→N+

3 + N2 X
15 N+

2 + N2(A)→N+
3 + N X X

16 N+
2 + N2 + N→N+

3 + N2 X
17 N+

2 + 2N2→N+
4 + N2 X X

18 N+
3 + N→N+

2 + N2 X
19 N+

4 + N→N+ + 2N2 X
29 N2(B) + N2→N2(A) + N2 X
31 N2 + N2(a′)→N2 + N2(B) X
32 N2 + N2(C)→N2 + N2(a′) X

To see this also holds for all other species, we refer back to table 5.2. For each species
the reactions that are part of the dominant pathways are indicated by bold values. The
high values are typically found with pathway analysis too, as well as some reactions that
have low elemental effects. This is again in line with the observations that are made for
N+

3 (where we saw that “sensitive” reactions as well as some “insensitive” reactions are
part of the pathways). In table 5.2 the criterion of 5 % for the sensitivity analysis does not
result in agreement with pathway analysis for all species. However, this does not conflict
with the earlier statement that pathway analysis can be used to determine the sensitive
reactions. This only shows that the (arbitrary) criterion of 5 % does not hold universally.
It was only used to show the similarity in results from sensitivity and pathway analysis.
This will become visible in section 5.4 as well.

Analysis of the electron power density is essential in this context. Conventional im-
plementations focus on the analysis of the rates in pathways. That is sufficient when there
is only one energy reservoir. The system above does contain two energy reservoirs; that
of the electrons and the surroundings (the gas temperature is constant). For that reason
the novelty in this work (the analysis of the electron power density) is essential. Pathways
that have high rates are typically short pathways, consisting of two or three reactions, and
often not affecting the electron power density. Other pathways may have a much smaller
rate, while their influence on the electron energy balance is significant.
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Figure 5.2: The uncertainty in the N+
3 density over time. The red lines represent the first

and third quartile of the data from the full uncertainty analysis. The black those of the
reduced analysis that is based on the pathway analysis results.

5.3.3 Uncertainty in model results

Below we will compare the uncertainties that follow from the uncertainties in rate coeffi-
cients of reactions that are found with pathway analysis with the uncertainties that follow
from the complete model. Therefore, uncertainty analysis will be applied twice: once
with the uncertainty of all reaction rate coefficients (the full analysis), and once with only
the reaction rate coefficient uncertainties of the reactions following from pathway anal-
ysis (the reduced analysis). When including the results of 500 simulations more did not
change the uncertainties more than 1 %, the simulations are stopped. The full analysis
took approximately 3 hours in total, running 6 simulations simultaneously on a modern
desktop PC. The reduced analysis took approximately 20 minutes for each of the species.

Figure 5.2 presents the uncertainty in the N+
3 density. The grey shaded area represents

the uncertainty from the reduced analysis, and is bounded by the black lines. This region
represents the species densities that are in average closest to the mean species densities
over all simulations. The lower boundary indicates the first quartile of the data (the split
between the lowest 25 % and highest 75 % of the data), while the upper boundary repre-
sent the third quartile (the split between the lowest 75 % and highest 25 % of the data),
similar to [129]. The red lines represent the first and third quartile of the full calculations.
There is close agreement in results from full uncertainty analysis and the reduced analy-
sis. From the sensitivity analysis (table 5.2) it is clear that the density of N+

3 is sensitive
to all uncertainties to some extend, but it is sufficient to include only the most important
ones in the analysis, resulting from pathway analysis.

In figure 5.3 the results from the uncertainty analysis of the other species is presented
excluding N2, since the variation is only small as is evident from table 5.2. The uncer-
tainties in the species densities are captured with 6 to 17 rate coefficient uncertainties
(depending on the species), which is a significant reduction with respect to the 35 un-
certainties. The rate coefficient uncertainty of reactions involved in pathways satisfying
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Figure 5.3: Uncertainty in the species densities, with the red lines giving the upper and
lower quadrille that are determined by including all reaction uncertainties in the analysis,
and black the boundaries from the reduced uncertainty analysis. In brackets the number
of rate coefficient uncertainties in the reduced analysis is given.
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Table 5.4: The 73 species which are in the model. The species notation is used as in [74,
142]. Electronically excited species are indicated with the addition of ”e”. Vibrationally
excited species are indicted by the addition of ”v”.

CO2 CO2e1 CO2va..vd CO+
2 CO−2

CO CO2e2 CO2v1..v21 CO+
4 CO−3

O2 COe1 COv1..v10 CO+ CO−4
C2O COe2 O2v1 C2O

+
2 O−

C COe3 O2v2 C2O
+
3 O−2

C2 COe4 O2v3 C2O
+
4 O−3

O O2e1 C+ O−4
O3 O2e2 C+

2 e−

O+

O+
2

O+
4

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1 are included in the analysis, which is rather arbitrary. The size of

the limit is a trade-off between accuracy and speed which can be monitored here directly.
For larger systems, for which a full uncertainty analysis is timewise not feasible, this
trade-off cannot be made In that case he accuracy has to be tested by redoing the analysis
for a larger set of uncertainties. This will require extra time for the analysis, but at the
same time a more significant reduction is possible.

5.4 Case study II: CO2

Full stochastic uncertainty analysis of large stiff systems is time wise not feasible. One
such system is the CO2 plasma chemical model that we presented before [142], based on
[74, 73]. This system requires reduction of some kind to limit the computational time.
Previously, this has been done for a similar chemistry [131]. In that work the authors
limited the analysis to the uncertainties in the un-scaled rate coefficients only. Since the
majority of the rate coefficients in the reaction set originate from scaling laws, this is a
major reduction. However, this model is designed to study vibrational laddering of the
CO2 molecule. Therefore we improve the analysis by treating the uncertainties in the
scaled reactions independent from the base reaction. We believe this is needed due to the
non-linear nature of the model. Here pathway analysis is used successfully to reduce the
analysis significantly indeed.

The model consists of 73 species that are involved in 5724 reactions. In table 5.4 the
species are listed that are present in the model, and for the reaction set together with the
scaling laws we refer to [142].

We will determine the uncertainty in a pulsed input power system with a 1 µs pulse,
and a duty cycle of 10 ms at 160 mbar. The input power density is 50 MWm−3, cor-
responding to a 300 W input power in a plasma column of 30 mm diameter and 50 mm
length, similar to experimental dimensions [30]. At the start of the simulation, the elec-
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tron energy distribution function is calculated with Bolsig+ [40], and used to calculate
the rate coefficients from the cross sections for the electron impact reactions. Rate co-
efficients downloaded from the LXCat database [156] are used, from which we used the
Phelps [94, 157, 158] and Itikawa [159, 160] data bases, as discussed more elaborately in
[142]. The heavy species temperature is fixed at 300 K.

5.4.1 Analysis method

Pathways are constructed with the threshold for the pathway rate and electron power
density at 1× 1012 m−3s−1 and 1× 10−3 Wm−3, respectively. Without these threshold
values the number of pathways would become too large to be feasible memory-wise.
Since we are only interested in the most dominant pathways and not in a detailed analysis
of one reaction with all others these high threshold values are justified.

It is not possible to predict the number of reactions needed to determine the uncer-
tainty in parameters in advance. For that reason the uncertainty analysis is done repeat-
edly, each time expanding the number of uncertainties. If incorporating the uncertainty
of more reactions does not alter the analysis results by more than 1 %, it is concluded that
the uncertainty is determined.

Only the rate coefficient uncertainty of reactions in the dominant pathways are con-
sidered. Pathway Pi is dominant if

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1 and

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.01 in

the first and second analysis, respectively. In the third and fourth uncertainty analysis the
limits are set to 0.001 and 0.0001, respectively. In this study we will look at the uncer-
tainty in four variables that are typically of interest in current studies of CO2 plasmas:
the electron temperature and density, the vibrational temperature and the dissociation. We
will look at the uncertainty in the electron density and temperature first.

5.4.2 Uncertainty in electron density & temperature

Pathways containing only spectator electrons (i.e. electrons are not produced or con-
sumed in the reactions, only present to make the reaction happen) can be dominant path-
ways for the electron temperature as well. This in contrast to the uncertainty in all other
observable, where we only consider pathways that recycle the observable. The reason is
that spectator electrons do deliver or absorb the chemical energy of the reaction, chang-
ing the mean electron energy. The uncertainty in the electron density is presented in
figure 5.4a. The uncertainty due to the reactions in the most dominant pathways, with(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1 in black. The uncertainties due to the reactions present in the

pathways that with
(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.01 0.001 and 0.0001 in green, red and blue, re-

spectively. Figure 5.4b presents the uncertainty in the electron temperature, with the same
color code as in figure 5.4a. The time axis is given in logarithmic scale and the diagonally
shaded area up to 1 µs indicates the length of the input power pulse. Starting with the first
analysis (black lines), the uncertainty in both the electron density and temperature is not
sufficiently described. Expanding the limits to

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.01 is not sufficient for
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Figure 5.4: The uncertainty margins in the electron density (a) and temperature (b), with
horizontally the time in logarithmic scale. In black, green, red and blue for all pathways
with

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1, 0.01, 0.001 and 0.0001, respectively. The diagonally shaded

area represents the duration of the input power pulse.

the uncertainty in the electron density, but it is for the electron temperature. As figure 5.4b
reveals, expanding the limits for the pathways does not result in a changing uncertainty
margin as the green, red and blue lines coincide. The condition

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.01

results in 56 reactions for the electron temperature analysis. The electron density un-
certainty is correctly described when

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.001. This comes down to 79

reactions for which the uncertainty is included. The uncertainty of about 600 reactions are
included (for both uncertainties) with the limits

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.0001. We see that

the uncertainty margins do not change significantly, even while including the uncertainty
of many extra rate coefficients.

Initially the electron temperature is determined mainly by the electron density and
power input, and elastic collisions play no significant role. The uncertainty in the electron
temperature is governed by the variations in the electron densities. This analysis is valid at
time scales that are not directly visible in figure 5.4b, but explains the uncertainty at 10 ns.
The decreasing trend in the electron temperature is governed by elastic collisions, which
have a high electron power density. The electron temperature uncertainty decreases due
to the small uncertainty in the momentum energy transfer cross sections. When the power
input stops the electron temperature decreases to room temperature, and the uncertainty
consequently vanishes.

The uncertainty in ne grows during the power pulse, and decreases during the after-
glow. During the power pulse the uncertainty in the electron temperature plays a big
role.It has a significant effect on the rate coefficients of electron impact reactions, on
top of the uncertainty in rate coefficients themselves, resulting in a strongly increasing
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uncertainty. Electrons are at room temperature in the afterglow, resulting in small rate
coefficients for electron impact reactions. Therefor the uncertainty in the electron tem-
perature plays no role in the afterglow, and the uncertainty decreases again.

Using pathway analysis to systematically reduce the uncertainty analysis is very im-
portant. Some dominant pathways relevant for the uncertainty in ne and Te containing
reactions with complex ions, of which the following is an example:

1× e + CO2 → e + e + CO+
2

1× e + CO2 → e + CO2[va]

1× e + C2O+
4 → CO2 + CO2

1× CO+
2 + CO2[va] + M→ C2O+

4 + M

The first two reactions in this pathway are not surprising. It is expected that electron
impact excitation or ionization will affect the electron temperature. However, reactions
involving C2O+

4 may be unexpected. In [131] it is noted that adding more complexity by
adding rare species (such as C2O+

4 ) does not necessarily improve the predictive value of
the model, since their chemistry is often poorly known. Our suggestion is to be reserved
with excluding species based on this argumentation. Species may have a small density,
but still the throughput in a pathway can be significant.

5.4.3 Uncertainty in CO2 vibrational temperature and conversion

Next we will investigate the uncertainty in the vibrational temperature and the conver-
sion. The vibrational temperature indicates how the vibrational levels are populated. The
vibrational temperature is calculated following:

Tv = −ECO2[v01] − ECO2

kB ln
(
n1

n0

) , (5.14)

with n1 the density of CO2[v01] and n0 that of CO2. This is an important factor in this
model, since it is an indication of the population of the vibrational levels to stimulate
“vibrational laddering” which is the main focus point of this model. The population of
the vibrational levels should stimulate CO2 conversion, which we define as:

η =

∑
states nCO −

∑
states nCO|t=0∑

states nCO2
|t=0

, (5.15)

where the sums are over all states, and
∑

states nCO2
|t=0 and

∑
states nCO|t=0 denote the

initial densities.
Uncertainty in the vibrational temperature is determined from pathways involving the

CO2 ground state and the CO2[v01] vibrationally excited state. For that reason pathways
in which either CO2 or CO2[v01] are recycled, having a rate or electron power density
above the reference values, are included in the analysis. For dissociation, pathways recy-
cling either CO2 or CO are included. Figure 5.5a presents the results from the uncertainty
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Figure 5.5: The uncertainty in black, green, red and blue are obtained when including
the data uncertainties in the reactions of pathways with

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1, ≥ 0.01,

≥ 0.001 and ≥ 0.0001, respectively. The time axis are in logarithmic scale.

analysis for the four different analysis cases (again, the result in black, green, red and blue
with

(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.1, 0.01, 0.001 and 0.0001, respectively). Figure 5.5b shows the

uncertainty in the conversion with the same color coding.
Results for Tv indicate that the uncertainty is determined accurately when(
Ri

Rmax
∨ Qi

Qmax

)
≥ 0.01, corresponding to 61 input uncertainties. The green, red and blue

lines coincide, showing that results do not change if more uncertainties are included in
the analysis. The uncertainty is within 5 %, and the upper and lower boundaries show
the same trend. The main contribution to the uncertainty comes from vibrational de-
excitation reactions. During the power pulse the vibrational temperature relevant path-
ways (i.e. pathways recycling CO2[v01] or CO2) are typically of the form:

1× e + CO2 → e + CO2[v02],

4× CO2[va] + CO2 → CO2 + CO2,

2× CO2[vb] + CO2 → CO2[va] + CO2,

2× CO2[v01] + CO2 → CO2[vb] + CO2[va],

1× CO2 + CO2[v02]→ CO2[v01] + CO2[v01].

During the afterglow electrons are cold, hence the lack of electron impact reactions. At
these conditions, the relevant pathways for Tv look like:

1× CO2 + CO2[v02]→ CO2[v01] + CO2[v01],

1× CO2[v01] + CO2[v02]→ CO2 + CO2[v03],

1× CO2[v01] + CO2[v03]→ CO2[v02] + CO2[v02].
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These pathways show the uncertainty in Tv is mainly determined by the uncertainties in
the vibrational energy exchange reactions. Electron impact excitation reactions contribute
too, but evidently only during the power pulse. This illustrates the importance of treating
the uncertainty in each scaled reaction separate from the others. If not treating separately,
the uncertainty in Tv is determined from a set of correlated uncertainties, which is in
conflict with the method.

Reactions involving the lower vibrational levels are the main contributors in the un-
certainty analysis. CO2[v03] is the highest vibrationally excited level recycled in the
pathways. This is also expected from the chemistry set. Vibrational energy transfer re-
actions increasing the vibrational state over multiple quanta are not part of the reaction
set. Pathways in the afterglow cannot get more complicated than 4 vibrational energy
exchange reactions for that reason (inherent to making pathways elementary, see the end
of section 5.2).

Conversion is still very low in the initial pulse. During the power pulse the uncertainty
is growing, as is the conversion itself. At the end of the power pulse the conversion goes
down again, caused by recombination of CO towards CO2, as observed in earlier studies
too [161]. However, starting from 10 µs the conversion is growing again, caused by ion
dissociation:

C2O+
2 + M→ CO + CO+ + M, (5.16)

with spectator M representing all neutral species in the plasma. This reaction has a major
contribution to the conversion, adding two states of CO. Due to the shorter afterglow
in [161] we think that this observation does not conflict with observations in [161], but
simply results from the difference in study conditions.

Looking at the relevant pathways for η we observe some remarkable ones, of which
the following is a typical example:

1× CO+ + CO2 → CO+
2 + CO

1× CO+
2 + CO2 + M→ C2O+

4 + M

1× C2O+
4 + CO + M→ CO2 + C2O+

3 + M

1× C2O+
3 + CO + M→ CO2 + C2O+

2 + M

1× C2O+
2 + M→ CO+ + CO + M.

This pathway is one of the most dominant, showing recycling of ions by charge exchange,
3 body reactions and ion dissociation during the afterglow. The last reaction in this path-
way is the main contributor to the increasing η at the end of the afterglow, as we observed
earlier. At the end of the simulations the dominant pathways for CO related species all
have a similar nature. At this point in the simulation this is more dominant than recom-
bination pathways. This is also understood, since those pathways also need dissociation
reactions, which are very uncommon at this point in the simulation.
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5.5 Conclusions

We used pathway analysis as a fast method to identify the most important reactions for
uncertainty analysis. Essential for pathway analysis to be successful in this context is the
extension of the method with the electron power density analysis. Using a nitrogen chem-
ical model the extended pathway analysis method is shown to be successful in creating a
list of reactions that contains the reactions for which a species density is sensitive. This
allowed us to accurately determine the uncertainty in the species densities while using
only a small number of reaction rate coefficient uncertainties. For a CO2 chemical sys-
tem we reduced the number of reaction rate coefficient uncertainties to less than 2 % of
the 5724 reactions the model consists of.

Only species recycled in a pathway can be sensitive for the reactions in that pathway.
Only spectator electrons are affected by the electron power density in a pathway, since
they are the channel for energy reservoir conversion. Pathway analysis results are thus
always filtered on the presence of a specific species, which makes the uncertainty analysis
species-dependent. The method of pathway analysis itself is not species dependent and
does not need to be done separately for each species.

Pathway analysis is a fast method that only needs one simulation. It is a fast alternative
to sensitivity analysis, for which nr + 1 simulations are needed, with nr the number
of reactions. Especially when nr is large or the model is stiff, the advantages can be
large. As a disadvantage, reactions for which a species density is insensitive can be
part of the list that follows from pathway analysis too. This is the cost of saving time
in the determining the sensitive reactions, and as long as this does not cost time in the
uncertainty analysis this is acceptable.

Threshold values are used to limit the number of pathways that are generated to man-
ageable numbers. The number of pathways would be infeasible otherwise, due to the
limitations in memory capacity. If a species is present only in pathways that do have a
rate or electron power density that is below the threshold values this becomes an issue.
In such case it is not possible to determine the important reactions without lowering the
threshold values.

From pathway analysis results we saw that chemical reduction based on the analysis
of species densities will result in significant change of the analysis too. Exotic species
such as C2O+

2 , having a low density, are recycled in dominant pathways. Removing such
species from the chemistry based on their low density will result in significant changes in
the pathways, making some conversion channels impossible. In the analysis in this work
we showed that this ion contributes significantly to the CO density during the afterglow.
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Chapter 6

Investigation of Low Dimensional
Manifold methods for analysis and
computational reduction: Principal
Component Analysis and the Intrinsic
Low Dimensional Manifold method

Abstract

Plasma chemical models differ from the more common chemical models in the non-
uniqueness of temperature, apart from the species momentum, heavy species energy bal-
ance equations and electron energy balance equation. Due to the low mass electrons re-
spond quickly to small variations in external parameters (i.e. electric field). These quick
changes enhance low time scales, making the system stiff, often introducing non-linear
effects. This makes the application of analysis methods for chemical reduction rather
challenging. We apply two well established analysis methods on two stiff 0D plasma
chemical models: Manifold Generated local Principal Component Analysis and the In-
trinsic Low Dimensional Manifold method. We show that it is possible to determine the
species evolution accurately. Calculations of the electron energy balance are included
here for the first time. We analyze and reduce a pulsed plasma source model, providing
insights in the chemistry that have not been analyzed before to the best of our knowledge.
We show the species connectivity, convergence and stability, as well as providing a tool
to analyze when a system has reached equilibrium.
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6.1 Introduction

For quantitative understanding of complex plasmas, accurate theoretical descriptions of
the spatiotemporal evolutions of species are needed [162, 163, 164, 165, 166]. Com-
plex plasma chemical models have been developed over the last decade [167, 168, 169,
170, 171], that include up to hundreds of species and many more reactions. For systems
with such a large number of species simulations can become computationally expensive.
It is known that complex chemical models can be reduced drastically with a minimal
loss of accuracy when one is only interested in a few observable, such as species densi-
ties, the electric field or temperature(s). However, such reduced models may still be too
computationally expensive due to the complexity of the problem (i.e., the species and cor-
responding transport equations). Additional techniques to reduce the model complexity
are required to make calculations feasible. Over the years, and particularly in the com-
bustion and biochemical communities, tools have been developed to that end. Pathway
Analysis (PWA) [143, 145], Convex Analysis (CA) [150, 154], Metabolic Flux Analysis
(MFA) [172, 173] are reaction kinetics analysis methods that can be used for reduction.
These rely on analysis of the system using the models basis, and provide insight in the
connectivity of the system. On the other hand there are methods for reducing the number
of independent parameters necessary for the description of a given system. Examples of
these are the Quasi Steady State Assumption (QSSA) [174, 175, 176], Manifold Gen-
erated Principal Component Analysis (MG-PCA) [177, 178, 46] and the Intrinsic Low
Dimensional Manifold (ILDM) method [47, 179]. MG-PCA and ILDM have in common
that they rely on reduction of the parameter space by transformation/projection into a
lower dimensional space (i.e., manifold). For the ILDM method the manifold consists of
a linear combination of species densities only, while temperatures or other input parame-
ters can be part of the PCA manifold too.

Plasmas have the complexity of multiple temperatures, distinguishing between the
heavy species temperature and the electron temperature, in contrast to the more con-
ventional one-temperature chemical systems. This imposes an extra non-linear term on
the system. Additional constraints like quasi-neutrality or non-uniqueness of the system
steady state properties need to be considered. These can depend on external properties
(like an electric field) leading to strong non-equilibrium systems, introducing significant
challenges.

Using ILDM for reduction is new in plasma physics, and allows to analyze the re-
actions set purely on physical properties. In the combustion community it is used for
the reduction of thermal systems, being significantly different from the low (gas) tem-
peratures plasmas we apply it on. The QSSA method (to which the ILDM method is
closely related) has been applied successfully to a mercury plasma, reducing the number
of species from 19 to 6 with a very limited loss of accuracy [174, 176]. In [180] ILDM
was applied on molecular argon and hydrogen systems for the first time for low temper-
ature plasmas. Recently MG-PCA is applied on complex plasma chemical systems for
the first time, where vibrational kinetics of a CO2 Global Model has been studied. Re-
ducing 54 species to 2 independent parameters, called principal components [37]. Next
to that, MG-PCA has been used for chemical reduction of 1-D time independent shock
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wave tube simulations of argon [181] and nitrogen [182], with accurate reconstruction of
results. Due to the aforementioned non-linearity in plasma models a non-linear transfor-
mation seems promising [183]. In this work we use (linear) MG-PCA since it is fast and
potential problems due to non-linearity in the manifold are avoided by using MG-local-
PCA as will be shown in section 6.2.2.

In this chapter we make a detailed comparison of results from MG-PCA and ILDM.
Both methods are applied as chemical analysis and/or reduction techniques on two sys-
tems. First, we reduce an argon Global Model consisting of 78 species with both methods.
We make a detailed comparison of results, and use both methods for introspection of the
system. The second chemistry is a repetitively pulsed CO2 microwave plasma. This is the
first time pulsed plasma chemical models are reduced computationally. MG-PCA is used
for reduction and analysis of this chemistry. Constraints in the ILDM method prevent us
from doing reduced calculations on this CO2 system, and is therefore used for analysis
only.

The following section will present the mathematics behind the Global Model, as well
as the theory of MG-PCA and ILDM. That is followed by section 6.3, presenting the
results of the reduction of argon and CO2 Global Models. A discussion of the methods is
given in sections 6.4. Section 6.5 presents the conclusions from this work.

6.2 Model reduction

6.2.1 Global Model

The species evolution is described by:

∂ns
∂t

+∇ · (~vsns) = Ss, (6.1)

with ns the density of species s, ~vs the velocity of that species, and Ss the chemical
source terms for the species. The second term of equation (6.1) represents the transport
of species, and can be described as a spatially averaged transport frequency. Rewriting
equation (6.1) in vector form, and the spatially averaged transport frequency F as a ma-
trix, results in:

∂ n

∂t
+ F n = S, (6.2)

with n a vector containing the species densities, with each element representing the den-
sity of a species, and S the corresponding vector with the chemical source terms. Equa-
tion (6.2) is written in a spatially averaged form, known as a Global Model. Implemen-
tations of the Global Model are available under various platforms [184, 80, 185, 186]. In
this work we used the Global Model implemented in PLASIMO [80]. Each element Ss
of S is calculated from reaction rates and stoichiometric constants following:

Ss =

Nr−1∑
i=0

(βi,s − αi,s)Ri, (6.3)
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where the sum goes over all Nr reactions. The stoichiometric coefficients αi,s and βi,s
refer to the left and right hand side coefficients of species s in reaction i, and Ri to the
rate of that reaction. Ri can be calculated form the rate coefficient ki via:

Ri =

Ns−1∏
s=0

nαi,s
s ki, (6.4)

with Ns the number of species. Backward processes can be included via detailed bal-
ancing, resulting in an effective rate for a reaction. In this work reverse processes are
included as stand alone reactions. Rate coefficients of reactions between heavy species
are obtained from literature. For electron impact reactions the rate coefficients are calcu-
lated from the cross sections σi:

ki(Te) =

� ∞
εth

σi(ε)
√
εf(ε)dε, (6.5)

with Te = 2Uε/ (3kBne) the electron temperature, ε the electron energy, f(ε) is the elec-
tron energy distribution function and Uε the total electron energy in the system, kB the
Boltzmann constant, ne the electron density and εth the threshold energy of the process.
The function f(ε) follows from BOLSIG+ [40] calculations.

The mean electron energy is calculated from the electron energy balance:

∂

∂t

(
3

2
nekBTe

)
= Pin −Qelastic −Qinelastic, (6.6)

with Pin the input power density, andQelastic andQinelastic the sinks from elastic and inelas-
tic processes. While the input power density is a model input parameter, the contribution
of reactions to the electron power density are calculated from the reactions. For the in-
elastic processes (with threshold energy εi,th) this reads as:

Qinelastic =

N−1∑
i=0

εi,thRi. (6.7)

The contribution of elastic processes to the electron power density is calculated from:

Qelastic =
3

2
nekB(Te − Tg)

2mems

(me +ms)
2 νes, (6.8)

with me, ms and νes the electron mass, species mass and average momentum transfer
frequency, respectively. Tg is the gas temperature which describes the temperature of all
heavy particle species.

6.2.2 Principal Component Analysis

PCA requires a training set to determine the principal components. A training set consists
of results from a Global Model, each time changing one parameter between the simula-
tions. Results from the models are stored in a matrix X

train
(n × Q), with Q variables
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and n observations. For MG-local-PCA this is simulation data only between two points
in time, while MG-PCA accepts the whole training set as input. Two important steps of
data pre-processing are done before carrying out PCA. Large numbers are to be avoided,
improving the accuracy of covariance matrix calculations, which will be shown later on.
Therefore, data is centered first by subtracting the mean of each variable from X

train
, and

scaling with matrix D which will be defined in a moment:

X = (X
train
− X̄

train
)D−1, (6.9)

with X̄
train

the mean of each variable and D−1 the inverse of D. X thus contains fluctua-
tions of dimensionless parameters [187]. In literature [188] a set of scaling methods can
be found that are typically used for chemical reduction. In this chapter the two scaling
methods “vast” and “level” are used, providing the best results:

Di,i =
s2
i

X̄train,i

Di,i = X̄train,i,

respectively, with si the standard deviation of the ith variable and X̄train,i the average of
that variable in the training set.

Next a short recap is given showing the origin of the Principal Components (PCs).
The variance in each PC is maximized under the constrain of normalization ( aT

i ai = 1)
and orthogonality ( ai · aj = 0 for i 6= j). This results in the following Lagrangian:

L( ai, λi) = ( aT
iC ai)−

∑
k

λi( a
T
i ai − 1)−

i−1∑
j=1

µij
(
aTi aj

)
, (6.10)

with C the covariance matric and aT the transpose of a. The first term at the right hand
side of equation (6.10) results from the variance of the ith PC, and the second follows
from the normalization constraint. The maximum of L( ai, λi) is found by setting its
derivative with respect to the elements of ai to zero. This results in:

(C − λiI) ai = 0, (6.11)

with I the identity matrix. This shows that PC coefficients are the eigenvectors of the
covariance matrix, and the variance is given by the eigenvalues.

The next step is to calculate the covariance matrix C following:

C =
1

n− 1
XTX. (6.12)

The covariance matrix is symmetric, hence it is orthogonally diagonalizable [189]:

C = AΛAT. (6.13)
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Here Λ is a diagonal matrix that contains the eigenvalues of the covariance matrix, sorted
in descending order. The columns of A contain the corresponding eigenvectors, or PCs.
Finally, the original dataset is projected onto the PC basis in order to obtain the PC scores:

Z = X A. (6.14)

A reduced version of X can be achieved by approximating the data using a truncated
version of Z: Z

q
(n× q), with q < Q the first q PCs:

X
q

= Z
q
AT

q
, (6.15)

with A
q
(Q× q) the truncated A.

In this chapter we limit ourselves to the chemical reduction of Global Models. Global
models are widely used to study complex chemical processes such as the vibrational
ladder excitation process for N2 or CO2 dissociation. Such models contain a stiff system
of equations making them computationally expensive, even though the species balance
equations are solved spatially averaged. The Global Model continuity equation for the
principal components reads as [37]

∂Zk
∂t

+ FkZk = SZk
, (6.16)

where SZk
=
∑
i ai,k

(
ni−ni

Di,i

)
is the effective source term of Z

k
=
∑
i ai,k

Sni

Di,i
. Fk

is the transport frequency of species k. Peerenboom et al. [37] found that applying a log
transformation prior to PCA significantly improved the performance of PCA. The Global
Model for the logarithms of the species densities is given by:

∂Zk
∂t

+
FkZk
nk

=
SZk

nk
. (6.17)

6.2.3 Intrinsic Low Dimensional Manifold method

Time scales of chemical processes can range over many orders of magnitude. Electron
impact processes are typically fast, ranging from 0.1 ns to µs time scales, while heavy
species interactions are typically taking place over longer time scales, up to seconds and
even longer. This can make models stiff, resulting in costly computations. When inter-
ested in the chemical evolution over long time scales, the short time scale processes may
be not important to know. This is the basis of the Intrinsic Low Dimensional Manifold
(ILDM) method. The species are parameterized based on the typical time scales in the
system, and the equilibrium composition is determined. The equilibrium composition is
the equilibrium point of any manifold on which the composition can be projected. Start-
ing from this point the manifold is determined. Slow processes are represented in this
method, while the fast processes are perpendicular to it. Below the mathematical basis of
the ILDM method is presented.
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Starting from equation (6.2) the source term is linearized:

S = S( n0) + J( n− n0) (6.18)

with J the Jacobian matrix. Diagonalization of J results in:

J = V ΛV −1, (6.19)

with V containing the eigenvectors of J and V −1 its inverse. Λ is a diagonal matrix with
the eigenvalues of J at the diagonal. However, numerical difficulties arise when degen-
erate eigenvalues are present in N . In that case eigenvectors may be linearly dependent,
resulting in the determinant of V being zero. We rewrite J using Schur decomposition:

J = QN Q−1, (6.20)

with Q containing the Schur vectors and N the eigenvalues λi at diagonal elements i.
Time scales (τi) can be determined from the absolute and real part of eigenvalues:

τi =
1

|Re(λi)|
. (6.21)

Separation of time scales allows for reduction. Defining a cutoff time τcutoff, one can
separate the Schur vectors in two groups:

QT =

(
QT

s
QT

f

)
, (6.22)

with the subscripts s and f referring to the slow and fast Schur vectors, respectively.
The trade-off between fast and slow processes determines the degree of reduction.

In this context reduction is not in the number of species or balance equations that are
reduced, but rather reduction in stiffness (i.e. computational time) that is accompanied
with eliminating fast processes. From equation (6.21) the choice is made which time
scales are of interest, and which are (infinitely) fast. The latter implies:

QT

f
S( n) = 0, (6.23)

which is referred to as the manifold equation.
Physical constrains are imposed on the ILDM method as well, which is an essential

difference with PCA. The total number of elements (i.e. number of each element as well
as quasi-neutrality in the presence of electrons) are conserved. Elemental conservation is
included with:

Φ n− Ce = 0 (6.24)

where Φ contains the number of elements for each species (row wise) and Ce a vector
containing the conserved quantities.
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The system of equations is completed with the so called parameter equation. The
parameter represents the processes over long time scales. Coupled with equations (6.23)
and (6.24) it represents the evolution of all species. The choice for the parameters is rather
arbitrary, without effecting the manifold. However, the choice for parameter needs to be
suitable in terms of sensitivity. When a marginal variation in a species density results
in significant variation in other densities, this species is unsuitable as parameter. The
parameter equations read as:

P n− Cp = 0, (6.25)

where P is a Np × Ns matrix, with Np the number of parameters. Each row contains
contains one element with the value 1, corresponding to the elements used as parameter.
All other elements are 0. Cp is the vector with the parameter values.

The equilibrium point of the system of equations is found by using Newton’s method.
Variation of Cp allows for the construction of the manifold. Those solutions are stored in
a lookup table, which is a function of parameter densities np. As a result the continuity
equation needs to be solved for the parameters only:

d np
dt

= Sp( n( np)). (6.26)

Densities of all other species besides the parameter(s) result from the lookup table. In this
chapter the number of parameters is always 1, meaning a 1D manifold varying over time.

Though both PCA and ILDM have a manifold, and the solution of both methods
is at the manifold, they are constructed from different points of views and for differ-
ent means. The ILDM manifold is used to determine the steady state conditions from
chemical source terms. Besides elemental constrains and initial conditions no a priori
knowledge of the chemical system is incorporated in the method, and the only restriction
imposed on the calculations is the dimensionality of the manifold [47]. The PCA mani-
fold results from statistics in a training set. Based on the variation in the training data a
new set of eigenvectors is determined. Low dimensional manifolds can be obtained by
eliminating eigenvectors from the system. Solutions of the training sets, as well as the
solution of the reduced calculation are mapped onto these manifolds.

6.3 Results

6.3.1 78 species argon chemistry

A Global Model with an extensive argon chemistry of 78 levels, developed by Graef [80]
is used for this comparative study between PCA and the ILDM method. It consists of two
types of reactions: radiative transitions and electron excitation. The chemistry consists
of two groups of species: individual levels of argon and species that represent grouped
levels of argon. In table 6.1 the species are given. Further details on the chemistry such
as the reaction set are presented in appendix C.

The plasma conditions are: Te = 0.9 eV, Tg = 600 K and Pinit = 0.67 Pa, with Pinit
the initial pressure. The initial densities of the electronically excited states are set to zero,



6.3. Results 99

Table 6.1: Species that are present in the argon model with 78 levels. The model also
contains Ar, Ar+ and e−. The number between brackets behind the individual levels
indicate the number of species that are in that level, accounting for the difference in
energy for the different electronic configurations possible.

Individual levels Grouped levels
(number of levels) Primed and un-primed

4s (2), 4s’ (2) 6s, 7s, 8s, 9s, 10s
5s (2), 5s’ (2) 6p, 7p, 8p, 9p
4p (6), 4p’ (4) 4d, 5d, 6d, 7d, 8d
5p (6), 5p’ (4) 4f, 5f, 6f, 7f
3d (8), 3d’ (4)

and those of the ions and neutrals such that the initial ionization degree is 1 %. The model
is solved using the LSODA solver [190], with the relative and absolute tolerances set to
10−10. This low value is necessary for accurate tabulations of source terms due to the
presence of slow processes. The PCA training set contains the results of two simulations,
one at Pinit = 0.44 Pa and one at Pinit = 1 Pa.

Figure 6.1 presents the results from the non-reduced model, the PCA reduced model
and the ILDM reduced model in blue, red and green, respectively. Global-PCA was used
for the PCA calculations, with only two PCs used for the reduced calculations. The figure
shows the evolution of Ar(4s[3/2]1), Ar[3d′[3/2]1], Ar[5f] and Ar[8d] excited states.
Similar trends are seen for all species.

The results of both reduction methods are in good agreement with the expected den-
sity evolution from the Global Model. The match in results for these species is represen-
tative for all other species in the model.

At small times large differences between PCA and Global Model results are more
apparent but still in reasonable agreement, given the fact that only 2 PCs are used for
these calculations. Nevertheless, there is room for improvement, mainly at small time
scales. Density changes occur slightly earlier in PCA results than in the Global Model.
This is observed in all species densities, and results from the curvature in the manifold
space. The lookup tables of the manifold that are used for interpolation are not dense
enough to circumvent these differences. Below, this will be discussed more elaborately.

The cutoff time in the ILDM method is just above t = 2× 10−5 s, which can be
recognized as the point from which the results coincide with the Global Model results in
figure 6.1. At times below the cutoff time the species evolutions are not resolved, hence
the constant densities. This is the power of this reduction method. This stiff system has
variation at time scales as small as 0.1 ns, as well as over 1 s. Being able to accurately
solve the system only for the long time scales without resolving the fast processes is a
major advantage if one is not interested in the small time scales.
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Figure 6.1: The evolution of the Ar(4s[3/2]2), Ar(3d′[3/2]1), Ar(5f) and Ar(8d) den-
sities, from the non-reduced model in blue, the PCA reduced model in red and the ILDM
reduced model in green.

Time scales

The cutoff time and the relaxation time can be explained from the time scales resulting
from the ILDM calculations. Figure 6.2 presents the local time scales of the Schur vectors.
Colors differentiate between the Schur vectors. The purpose of this figure is to present
the separation of time scales between the fast and slow Schur vectors, and for that reason
the time scales are not labeled.

This system contains two conserved quantities: the number of argon elements and
total charge. From those conserved quantities two infinite time scales are expected. Those
are visible in figure 6.2 from the cloud like structure for τ > 1× 105 s in figure 6.2. This
cloud consists of two colors; yellow and cyan at times lower than 9 s and cyan and blue at
the end of the simulation. The change in color results from an eigenvalue changing sign.
At early times the eigenvalue corresponding to the local time scale of 4 s is positive (blue
markers), indicating instability. Around 4 s this eigenvalue becomes negative, meaning
that the system relaxes towards a stable equilibrium. The decrease in the time scales
around 4 s are due to the change in densities. At early times such variations are also
present, but fade away in the large range of the y-axes. The variations in the cloud result
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Figure 6.2: Time scales for the argon model with 78 levels as a function of time. Both
axes are in logarithmic scale, and colors indicate the different eigenvalues from which the
time scales are calculated. The cloud like structure of two infinite time scales results from
the two eigenvalues that are practically 0, within machine precision.

from machine precision, and have no physical significance.
Figure 6.3 presents the species weights (vertically) to each Schur vector (horizon-

tally), with colors in logarithmic scale (with red high and blue low weights). The Species
are sorted by internal energy from argon ground state (top) to the argon ion (bottom). The
Schur vectors are sorted by local time scale corresponding to the equilibrium composi-
tion (right hand side of figure 6.2), with long time scales at the left and short at the right.
The weights in each column are normalized to the maximum weight in that column to
emphasize the relative contribution of each weight in a Schur vector.

Species weights in the Schur vectors of the conserved quantities are presented in the
two left most columns. These Schur vectors have high weights for Ar and Ar+. This
is within expectations, given the requirement that both the number of argon elements, as
well as the elemental charges are conserved. These two species do not have significant
weights in other Schur vectors. The third column corresponds to the Schur vector with
the highest finite eigenvalue. The electron weight contributes strongest, followed by the
first electronically excited state of argon (Ar[4s[3/2]2]). The weight of the electron is
expected, since their ionization degree is changing over this long time scale only. This in
contrast to other species, that show variations at both short and long time scales. From
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Figure 6.3: Species weights for each Schur vector, with the color indicating the weight
in logarithmic scale. The left Schur vectors correspond to slow processes with long time
scale, and the right to fast processes with short time scales. The Species are sorted by
internal energy from argon ground state (top) to the argon ion (bottom). C.1). The electron
weights are in the lowest row.

this result we understand why such large time span, starting from 10 µs, can be resolved
using only one parameter species. Extending the time span for the ILDM calculations
to smaller times is computationally expensive. Figure 6.2 shows local time scales of
all other Schur vectors being packed closely together. Including extra parameters in the
calculation would lower the cutoff time only a lightly, while increasing the computation
time substantially.

The chess board like appearance of weights in Schur vectors with short time scales
(right) indicates that species are not well mixed. This is caused by forbidden transitions
(due to nuclei spins), stimulating the coupling between specific species only. Species can
be categorized into two groups with different typical time scales, implying they behave
like two isolated systems (at these short time scales only). The latter results from electron
impact reactions, where selection rules due to the species spin state play a role. Only
at longer time scales the composition changes like one system, with a wider range of
species contributing with a significant weight to the Schur vectors. Species with low
internal energy mainly vary over the longer time scales, and therefore have no significant
weights in these short time scaled Schur vectors.
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The species with the lowest internal energy mostly have a significant weight in the
slow Schur vectors (the left most Schur vectors). For increasing internal energy the weight
in the fast Schur vectors typically increases, while the weights in the slow Schur vectors
decrease. These also have variations over longer time scales, but not as pronounced as
early in the simulation. Species with a lower internal energy are seen to have more domi-
nant changes over longer time scales.

PCA manifolds

To understand the PCA results, we will examine at the PCA manifold now. Figure 6.4
shows the PC scores for the training set in red, and the PCA calculations in black. Besides
the manifold from global-PCA (top), those of local-PCA (bottom) are presented too. Cor-
responding points in time between the three sub-figures are indicated with labels t0 = 0 s,
t1 ∼ 0.1 µs and t2 = 1× 103 s, from the start to the end of the simulations.

Figure 6.4a presents the manifold that is obtained with global-PCA (i.e. the mani-
fold resulting from the complete training set). The PC scores in the manifold increase
monotonically and are perpendicular to each other. From that perspective local-PCA is
not required. The PC scores in the manifold seem to be simple, with two parallel lines
that both have a small kink. The differences in results from PCA and the Global Model
in figure 6.1 cannot be explained from these trajectories. Therefore, we have to look at
the PC scores from global-PCA and local-PCA manifolds and the weight of species in the
PCs. Figure 6.4 presents the PC scores in the manifolds from global- and local-PCA. In
red the PC scores from the training sets are presented, and in black those from the reduced
calculations. The PC scores in the manifold from global-PCA is presented in figure 6.4a.
Figure 6.4b presents the local-PCA manifold at early times (from t0 to t1), and 6.4c at
later times (from t1 to t2). The PC scores in figure 6.4c are similar to those in the global-
PCA manifold. However, for early times (figure 6.4b) big differences are observed with
respect to those in figure 6.4a. The PCs at early times are very different for local-PCA,
resulting in different PC scores. This explains the differences between PCA results and
the full Global Model results at early times in figure 6.1. The number of PCs at that time
are not sufficient to correctly represent the Global Model results with the reduced calcula-
tions. Following the varimax PC analysis, similar to [181], the first PC from global-PCA
(figure 6.4a) consists of excited states, whereas the ground state and ion are dominantly
represented by the second. The PCs of local-PCA at later times (figure 6.4c) are almost
identical to those of global-PCA, with marginal differences in the weight of the species.
Hence the similar appearance of the PC scores in the manifolds. The PCs resulting from
local-PCA at early times (figure 6.4b) are very different. For those the weights of Ar,
Ar+ and some excited states are also significant in the first PC, with weights between 0.6
and 0.1 (weights are normalized such that the sum of the squared weights in each PC is
1). The second PC contains large weights for a wide range of species, including Ar, Ar+

and many excited states. It is thus expected that results from local-PCA will differ from
those of global-PCA.
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Figure 6.4: The manifold that results from the PCA method, with the PC scores from the
training set in red, and those of the reduced calculation in black. The labels t0, t1 and t2
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Comparison of results

Figure 6.5 shows that local-PCA results are indeed closer to the Global Model result than
those of global-PCA. The results from the Global Model (black), the global-PCA calcula-
tions (red) and the local-PCA calculations (cyan) are shown. This figure shows results for
the species densities of Ar(4s[3/2]2), Ar(3d′[3/2]1), Ar(5f) and Ar(8d) only, similar to
figure 6.1. With local-PCA the deviations in results that are found for PCA at steep gra-
dients and early times are vanished. The results from local-PCA coincide with the Global
Model results at all times. In order to make the comparison more quantitatively, the devi-
ation of PCA and ILDM reduced models with respect to the Global Model are compared
using the coefficient of determination: R2 = 1 −

∑
i(yi−fi)

2∑
i(yi−ȳ)2

. Here i is some data point,
yi its value of the reduced model, fi the expected value from the non-reduced model and
ȳ the reduced model average value [191]. Table 6.2 presents the R2 values for the species
Ar, Ar+, and the 4s[3/2]1 and 4s[3/2]2 excited states of Ar. This table contains the R2

value for PCA, local-PCA and ILDM results, relative to the Global Model results. The
ILDM results are also presented for times that are after the cut-off time.

Results from ILDM calculations are in very good agreement with the Global Model
for times that are above the cutoff time. The deviations are smaller than 10−5, hence
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Table 6.2: Values of R2 for the argon model with 78 levels. Results for PCA, local-PCA
and ILDM relative to the Global Model result.

Method Ar Ar+ 4s[3/2]2 3d′[3/2]1 5f 8d

Global-PCA 0.94170 0.97684 0.95811 0.97928 0.97586 0.97567
Local-PCA 0.99764 0.99823 0.99520 0.99849 0.99872 0.99881
ILDM (full range) 0.99998 0.99999 -1.58542 0.98377 0.38948 0.48970
ILDM (t > 10−4 s) 0.99995 0.99996 0.99997 0.99996 0.99998 0.99998

Table 6.3: Species that are present in the CO2 model. The same notation for the electron-
ically (e) and vibrationally (v) excited states is used as in [74].

Neutral ground states CO2, CO, O2, C2O, O, O3

Vibrational levels CO2[v01...v21], CO2[va...vd], CO[v01...v10], O2[v01...v03]
Electronic states CO2[e1, e2], CO[e1...e4], O2[e1, e2]
Charged species CO+

2 , e

the R2 is close to 1 for all species. For ILDM significant changes are observed when
analyzing the full temporal range. Negative values forR2 can be expected due to the non-
linearity of the system that is under analysis [192]. Only for Ar and Ar+ the agreement
is very good, since these species do not change in density for t < 1× 10−4 s. For PCA
we can see that the match with the Global Model calculations is good for all species, with
only small deviations. Results from local-PCA are slightly better than those of global-
PCA, which is in line with earlier observations.

6.3.2 Reduction of a pulsed CO2 source

The PCA and the ILDM method will be applied to a model of a pulsed CO2 plasma
source. Pulsing is believed to improve the energy efficiency of dissociation, [193, 194]
due to limitation of the temperature rise. From a computational point of view pulsing
introduces stiffness, introducing challenges for the reduced calculations as will be shown
below. The CO2 chemistry is adopted from our earlier work [142], which was based on
[73, 74]. For this study a number of ions is excluded from the model since they caused
stability issues at long time scales under present conditions. Therefore, the model con-
sists of 54 species and 2692 reactions. Details of this chemical model are presented in
appendix D. Chapter 4 discusses details about the scaling laws for reaction rate coeffi-
cients of vibrationally excited CO2 species with vibrational modes ν > 1. Appendix D.1
to D.4 list the set of reactions that are used in the model. Here, only a short discussion of
the chemistry is given, with table 6.3 presenting the species. For the species notation we
stick to the convention that was used earlier in [74], where X[vi] indicates that species X
is the ith vibrationally excited level. Likewise, X[ei] represents the electronically excited
state of that species. For details we refer to the appendix.
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Figure 6.6: The distribution of the asymmetric vibrationally excited states of CO2 during
twenty pulses, with gray scale distinguishing the different levels.

The power pulses have a duration of 1 µs with a power deposition of 3× 107 W/m3

during 0.1 µs. The gas temperature is used in this study as a PCA training parameter,
which we varied from 300 K to 900 K in steps of 200 K. Training parameters are chosen
such that the temperature range is large, without observing non-linear effects between PC
scores of the different training simulations (i.e. equidistant PC scores). Such a manifold
allows to use linear interpolation without introducing major errors. The gas temperature
for the conditions of interest is fixed at 400 K, which is right in-between two training
simulations. The initial conditions of the simulations satisfy Boltzmann equilibrium dis-
tributions, with Pinit = 10 kPa. The electron energy balance and the species density
balances are solved self-consistently.

Figure 6.6 presents the evolution of the vibrationally excited states of CO2 during the
first 20 pulses. Within the vibrational levels of CO2 there is a wide range of typical time
scales present. The CO2[v01] density is slowly building up with pulses, to grow towards a
saturation density of 2× 1021 m−3 in 20 pulses. The densities of higher vibrationally ex-
cited states show slightly different trends. During power peaks the densities increase sig-
nificantly, to fall back to lower levels immediately after the power peak. For the CO2[v02]
density the density rises to a few times 1× 1017 m−3 during the pulse. However, after
the pulses the the density is slowly building up in each after-glow period. The density of
CO2[v03] shows a similar trend, which is barely visible due to the relatively low density
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Figure 6.7: The electron temperature during two cycles, with horizontally the time and
vertically the electron temperature in electron volt. The solution from the non-reduced
Global Model in blue, and the PCA reduced result in red.

during the after-glow (almost 1× 1015 m−3 at the last pulse).
To construct the ILDM manifold a chemical composition needs to be determined that

is part of the manifold. The steady state conditions are typically used as mentioned in
section 6.2.3. Starting from that point the rest of the manifold is constructed. However,
the question is how to determine the first manifold point for this pulsed system in which a
steady state composition is never reached. More importantly, the time scales of the system
make the use of ILDM as a reduction method highly unsuitable, as will be shown later in
this text. For that reason the ILDM method is used as an analysis tool in the following,
rather than a reduction method. This model is reduced using local-PCA only, for which
the results are shown next.

Reduction results

Figure 6.7 presents the electron temperature (in eV) during the 18th and 19th pulses. The
red dotted line presents the results corresponding to the PCA calculations. The black solid
line represents the result from Global Model calculations for the same conditions (not
being part of the training set). The temperature rises in a short time to 1.9 eV when the
power is on, to fall back to room temperature as soon as the power is off. Both results are
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Figure 6.8: Global Model results (solid lines) and PCA results (markers) for the asymmet-
ric vibrationally excited states (left) and the conversion (right) for CO2. The asymmetric
vibrationally excited states are distinguished by gray scale, with dark the low and light
the high vibrationally excited states.

in good agreement with each other. PCA results coincide with that of the Global Model,
being only slightly ahead at strong temperature changes. This is not only happening for
the electron temperature, but also for the species densities. This is shown in figure 6.8,
presenting the asymmetric vibrationally excited states and the conversion of CO2. The
population of asymmetric vibrationally excited states of CO2 is presented in figure 6.8a
in logarithmic y-scale. Figure 6.8b presents the conversion of CO2 onto CO, defined as
η =

∑
states nCO−

∑
states nCO|(t=0)∑

states nCO2 |(t=0)
. The sum over states denotes all states of CO and CO2

that are part of the model, including the ground state. Solid lines represent results from
the Global Model calculation, and markers correspond to the PCA calculation.

Species densities of vibrationally excited states coincide for the two methods, shown
in figure 6.8a, which is not only an appearance of the y-axes logarithmic scale. Vari-
ations in the CO2[v01] density are barely visible due to the large range of the y-axes,
but from figure 6.6 can be seen that these vary indeed. The vibrational quanta of CO2

for 4 ≤ ν ≤ 15 are closely packet together. These species show population inversion.
The vibrational temperature between these levels is high, which is beneficial for the vi-
brational energy exchange between the different states [79]. It is debatable if this is real
physics, or resulting from shortcomings of the model. Radiation losses and super elastic
electron impact reactions are not part of this model, which most likely will have a sig-
nificant contribution to the depopulation of vibrational levels. The aim of this work is to
compare the performance of low dimensional manifold methods, and therefore we accept
this open question in the chemistry.

The conversion ratio η builds up with each pulse, visible in figure 6.8b. During the
power pulse electron impact dissociation is the main source for η, while vibrational energy
exchange is the main source during the afterglow. Recombination effects that may be
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Figure 6.9: The manifold following from 20 pulses. The color indicates time, with blue
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expected during the afterglow [131] are still limited due to the low CO density at this
stage. Vibrational laddering dominates recombination, hence a rising η. The difference in
η between PCA and the Global Model is slightly larger than observed for the asymmetric
vibrationally excited states of CO2. With the differences in results being below 0.1 % this
is still reasonable compared to a speedup of 100 times. However, deviations accumulate
with each pulse. The question is if this results in dramatic differences in results when
simulating many more pulses. To understand why the difference in PCA and Global
Model results are relatively high, we will look at the PCA manifolds.

PCA manifolds

Local-PCA is applied due to the pulsed nature of the plasma source. To understand why
global-PCA is not possible the manifold that results from global PCA is studied first.
Figure 6.9 presents the PC score of one training set. Color indicates time, with blue early
in the simulation, and red the end of the simulation. The first two PCs are on both axes.

The PC score of this training set shows the cyclic nature of the source. It is drifting
towards what appears to be a local equilibrium after a dozen pulses. Especially at after-
glow conditions, corresponding to the high (positive) Z2 values, the manifold appears to
be insensitive for its history. Here, only the first cycle can be distinguished clearly from
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the rest. This manifold is highly unsuitable to be used for PCA calculations. Interpola-
tion in this manifold will most likely result in false observations since manifold points do
not correspond to unique chemical conditions. This can be recognized from the crossing
PC scores, corresponding to multiple chemical compositions at one point. Clearly this
results from the projection of a 54 dimensional space (the number of species) onto a two
dimensional space (or two dimensional manifold). In a sufficiently higher dimensional
manifold the PC scores will not cross anymore, but one also loses the advantage of the
high degree of reduction.

Therefore we make use of local-PCA, in which a local manifold is determined for
each power pulse and each afterglow period. Four of the resulting 40 local manifolds
are presented in figure 6.10. Figure 6.10a shows the manifold that represents the plasma
during the 18th power pulse (18 to 18.1µs), and the chemistry in the its afterglow is rep-
resented by figure 6.10b. Likewise, figures 6.10c and 6.10d represent those of the 19th

pulse, respectively.

The red lines represent the PC scores of the training sets and the black those of the
reduced calculation at 400 K. The PC scores in the manifolds of figures 6.10a and 6.10c
are almost identical, corresponding to the power-on time in the plasma. Likewise, they
are almost similar in figures 6.10b and 6.10d, representing afterglow conditions. The fact
that these manifolds are almost similar, while the chemistry is not in equilibrium, can
be understood from the varimax rotated PCs [195], similar to the analysis as in [181].
The vibrational states of CO2 are the species with the biggest weight in the second PC
(vertical axes in figure 6.10). The weight of those of CO and O2, as well as the ground
state species, are the biggest in the first PC. The PC scores have large variations in Z2,
and vary only slightly in Z1. This is understood since the vibrationally excited states of
CO2 have a significant weight in Z2, and not in Z1. The main variations are found in
the vibrationally excited states of CO2 during these pulses, hence the large variation in
Z2. Relative variations in the densities of other species are still small, resulting in a small
variation in Z1. PC scores of the training data are close to equidistant. It means that
non-linear effects, resulting in curvature of the manifold, are small. This allows us to use
linear interpolation of the PC manifold, as well as the PC sources, without introducing
significant errors.

From the manifolds of figure 6.9 and 6.10 one could naively conclude that the com-
position has a saturated cyclic evolution (i.e. power-on effects are not visible anymore).
However, this would be false to conclude. Vibrationally excited species in figure 6.8a
show a cyclic species densities evolution indeed, but from figure 6.8b can be seen that
this is certainly not the case for η (i.e. the densities of all CO related species). The PCs
are constructed from the first 20 pulses only, and the densities of CO related species vary
over longer time scales. Effects that are ranging over longer time scales are thus play
a minor effect, and also barely visible. To determine how close the simulation is to the
cyclic limit, we use the time scale analysis of ILDM.
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Figure 6.10: The PCA manifolds for CO2 during two pulses. Part 1 and 3 are the man-
ifolds during the on-time of the power source, while 2 and 4 are for the off-time. Red
represents PC scores of the training data, black those of the reduced calculations. The
gas temperatures that correspond to the PC scores are added as labels in figure a, and
correspond in the same order to the other figures.
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Time scale analysis

ILDM time scale analysis is used to provide estimates for typical time scales, and how
species contribute to that. The chemistry in this pulsed plasma source does not evolve
towards an equilibrium composition, and for that reason we cannot determine a first man-
ifold point needed for the ILDM method. As approximations we determine the manifold
for Te = 400 K and Te = 1.9 eV, representing the conditions at the end of the power
pulses and the conditions during the afterglow. These two should be seen as the extremes
for this system. We use the local time scales as estimates for the local time scales of this
system. Figures 6.11 and 6.12 present this for the equilibrium conditions at Te = 400 K
and Te = 1.9 eV, respectively, both with Tg = 400 K.

Figure 6.11 presents the local time scales (in log scale) and species weights to the
Schur vectors for Te = 400 K, corresponding to afterglow conditions. The colors indicate
the weight in log scale, with red big and blue small weights (given by the color bar at the
top). Time scales following from the first three eigenvalues correspond to the conserved
quantities, and are virtually infinite. Figure 6.12 presents the local time scales and species
weights for Te = 1.9 eV, corresponding to conditions at the end of the power peak. At low
Te the local time scales are relatively large. Electron impact reactions barely contribute to
the chemical evolution, and species are purely communicating by heavy (neutral) species
interactions. Vibrationally excited states of species are strongly coupled due to vibrational
energy exchange reactions, hence the block-like structures. Electronically excited states
are similarly coupled, but typically include electron impact reactions, hence the large
time scales. At Te = 1.9 eV the species are stronger coupled due to the electron impact
reactions. Not only dissociation but also the more energetic reactions take place more
frequently.

Local time scales of the first 24 Schur vectors are larger than the 1 µs of a pulse.
This means that more than 24 parameters have to be taken into account to resolve species
evolutions within power pulses if we use the equilibrium point to construct the ILDM
manifold. This makes the ILDM method unsuitable for chemical reduction of this system.
The lookup table that is needed to reconstruct the species densities from the parameters
would have more than 24 dimensions, which is unfeasable when working with multiple
points in time.

From figure 6.6 it may appear that the system is close to a saturated state. From the
local time scale analysis we conclude that this not the case. Figure 6.12 shows that almost
all species have similar weights to the Schur vectors with large time scales, up to several
ms. Evolutions that are accompanied with these time scales may be not clearly visible at
short time scales, but are present non the less. This time scale analysis is decisive in that.

To see how a slightly elevated gas temperature changes the dynamics, we will look
at ILDM results for Te = Tg = 1000 K (figure 6.13). Time scales are significantly
reduced for most Schur vectors. The highest time scales are still in the same order as will
Te = Tg = 400 K. Those correspond to the electron impact reactions dominated species,
for which this temperature difference does not play a significant role. Vibrational energy
exchange reactions are, however, strongly affected by this change in gas temperature, as
can be seen by the change in weights for the vibrationally excited states. Not only the
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Figure 6.11: ILDM results for Tg = 400 K and Te = 400 K P = 0.67 Pa. The figure
presents time scales at the bottom and the species weights in each Schur vector at the top
(colors in log scale).
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Figure 6.12: ILDM results for Tg = 400 K and Te = 1.9 eV. The figure presents time
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coupling is enhanced between vibrationally excited species from a common ground state,
but also between different molecules. Rate coefficients of reactions between different
molecules are increased, improving the coupling.

6.4 Discussion of analysis

Analysis with the ILDM method allows to deduce physical data from models in a fast
and systematic way. Time scales can be obtained by the inverse of (absolute value and
real part of) eigenvalues for linear systems. Strictly speaking, this does not apply for non-
linear systems since eigenvalues are species densities dependent, as are the inverses. Still,
the inverse of the eigenvalues can be used to determine typical time scales relevant for the
current chemical composition. Such analysis can be used to analyze the system, which
can be valuable for design of plasma sources. In case of the CO2 plasma it was shown
that the CO2 vibrational species have large weights in Schur vectors having local time
scales below 1× 10−5 s for Te = 400 K = Tg (afterglow conditions). This local time
scale analysis is a motivation to use a cycle rate of 1 MHz. A parameter study is needed
to determine the ideal conditions, but we are able to make a good initial guess based on
this analysis.

Analysis of eigenvalues tells us more about the stability of the chemistry. Positive
eigenvalues indicate a composition is unstable, and complex conjugate eigenvalues are an
indication for oscillations. When all eigenvalues are negative and the local time scales are
below the actual time of the model, we can conclude the chemistry is in equilibrium. In
that case there are no processes acting over long time scales which are not visible yet. One
such practical example is in the analysis of figure 6.6. At 0.1 ms the species densities (as
well as the ones not visible in that figure) seem to arrive at saturated densities. Continuing
the calculation for a ten or hundred times longer does not result in noticeable density
changes. One could falsely conclude the composition is in equilibrium if no knowledge
about the local time scales is available.

Analysis of species weights in Schur vectors provides valuable data about connectiv-
ity. Sub-systems can be recognized by groups of species having a significant weight only
in specific Schur vectors, different from all other species. In that case species communi-
cation is limited to grouped species, not affecting the evolution of other species. Never-
theless, other species can still have a catalytic effect as spectator species in reactions, but
their temporal evolution (time scales) is not affected.

Essential for PCA is the training set on which it is applied, and the question is how
to design the training set for computational reduction. Inherent to our MG (-linear-) PCA
implementation it is important PC scores can be interpolated linearly. For the manifold
this means it should not be curved (i.e. the PC scores in the manifold should be equidis-
tant). Deviation from linearity in the manifold results in errors in the calculation of source
terms, and consequently in the species densities. If training parameters are too far apart,
non-linearity will become a dominant factor resulting in errors in the interpolated data.

One other important aspect is the data accuracy. Strict solver settings of 1× 10−10

for the absolute and relative tolerances are needed for the results presented here. This
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is due to the large chemical source and sink terms, that have the same magnitude in
equilibrium. Also the accuracy of output data is of importance, for which doubles with
maximum precision are used. High accuracy and strict solver settings are also essential
for the interpolation of PC source terms.

Interpolation of the data is a delicate operation since source terms can vary strongly
between the training samples. The interpolation strategy is an important parameter to
obtain good results. In this work we used an own implementation of the Delaunay trian-
gulation for interpolation. This implies that all calculations are always based on reduction
towards only two PCs. This is not a restriction of the method, but results from our choice.

Using two PCs is motivated by the analysis of the PC eigenvalues, and the interpo-
lation method results from that. Both systems in this work showed the magnitude of the
eigenvalues decreasing logarithmically with increasing PC number. About 99 % of the
variation is represented by the first two PCs, which explains why using two PCs is suffi-
cient for the reduced calculations. Results based on PCA reduced calculations fail if the
used PCs do not represent sufficiently the variation in results, as would be the case when
doing reduced calculations based on one PC (with almost 90 % of the variation). On the
other hand expanding the number of PCs to three did not result in more accurate results,
but depending on the application this may be needed.

The CO2 chemical data set is a reduced version of what we previously presented in
[142]. We want to stress that the reduction is not motivated by improvements in the accu-
racy of the data set for the source studied. The reduction was motivated by performance
of the ILDM analysis. Large time scales (τ > 1× 106 s) are present in the non-reduced
chemistry, with complex conjugate eigenvalues for which the analysis showed instability
of the system. This clearly shows improvements are needed in the chemical data set to
correctly capture processes playing over long time scales. However, here we do not aim
for understanding or improvements of the chemical data set, but to demonstrate the ILDM
and PCA as analysis and reduction methods. Therefore we accept possible incomplete-
ness of the model at this point.

6.5 Conclusions

Reduction results are compared for two methods: Manifold Generated Principal Compo-
nent Analysis (MG-PCA) and the Intrinsic Low Dimensional Manifold method (ILDM),
which are both relatively new in the field of plasma physics. Reduction with the ILDM
method allows to accurately determine the species densities profiles, for times that are
above the so called cut-off time. Significant reduction is possible, down to solving only
1 parameter representing 78 species densities. Comparison with Global Model results
showed that results from the ILDM method are in excellent agreement with Global Model
results, with a coefficient of determination R2 > 0.9999 for all species, which is due to
variations that exceed machine precision. Reduction by MG-local-PCA results in good
agreement too, with a coefficient of determination of R2 > 0.995 while solving for only
2 Principal Components.
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ILDM is shown to be an effective method for systems that have a long time scale
parameter, well separated from all other (shorter) time scales. The performance of this
method is limited by the separation of time scales. Lowering the cut-off time may be-
come computationally expensive when time scales are closely packed. ILDM is also not
suitable as a reduction method for pulsed systems having pulses shorter than the ILDM
cut-off time. For the pulsed CO2 plasma source we showed that the number of slow pa-
rameters needed to obtain sensible reduction results is large. Doing so would be senseless
due to the large number of required slow parameters. With that same plasma source we
showed MG-local-PCA to be a flexible method for chemical reduction. Over a range of
20 pulses the MG-local-PCA results are in close agreement with Global Model results,
accurately capturing the species evolutions over many orders of magnitude, as well as the
electron temperature (the gas temperature was used as training parameter).

Also in terms of analysis both methods are very valuable. From the eigenvalue anal-
ysis that results from ILDM one can determine whether a system is converging towards
an equilibrium, or whether it even is in equilibrium. Analysis of the Schur vectors allows
to determine which species contribute to given time scales. Connectivity of the species
under specific conditions can be determined, giving insight in the system dynamics. Sim-
ilarly, the Principal Components do show how species are connected, from a statistical
point of view. When using MG-local-PCA one can resolve the species connectivity in
time. From such an analysis one can learn how the species connectivity changes over
time, again improving the insight in the reaction dynamics.

Summarizing, we conclude that both MG-ILDM and PCA are valuable reduction as
well as analysis methods. Complementary use of these methods allows to obtain signif-
icant reduction of the chemistry, but also to obtain valuable physical information about
the plasma source.
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Chapter 7

General conclusions, discussion and
outlook

The research of this thesis has led to a better understanding of analysis methods for plasma
chemical systems. These methods provide insight in complex chemical systems. They are
used to expose important plasma processes, and the usage improves our understanding of
these strongly non-linear systems. The main conclusion following from this thesis is that
there is room for significant chemical reduction in Global Models for CO2 vibrational
laddering, as well as in the analysis of them, with only a minor cost of accuracy.

The four research questions defined in the introduction are answered in the following
sections, each section devoted to one research question. The last section does gives an
outlook for potential future research.

7.1 Solutions to the two-term approximation of the Boltzmann
equation

Analytical solutions for the two-term approximation of the Boltzmann equation do ex-
ist for inelastic processes with Dirac delta peaked cross sections. For constant elastic
momentum energy transfer cross sections and constant elastic momentum energy trans-
fer frequencies, results of the analytical solutions have been compared with those from
a Boltzmann solver. The results are within 0.02 %, which is reasonable given the uncer-
tainty margins of 10 % that are due to the two-term approximation.

• Exact agreement is not expected since Dirac delta functions are purely mathemati-
cal functions. Numerically these can only be approximated. In this thesis a triangle
with a variable support is used. However, it is shown the differences are not due
to the support of the function. The main cause for the difference in results is not
identified.

• The internal grid of the Boltzmann solver is a potential reason for the difference in
results between the analytical result and the Boltzmann solver. This is supported by
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the observation that variations in the internal grid results in significant variations in
results. It has not been possible to verify if differences are due to the internal grid,
since it was not possible to subject it to a sensitivity study.

• The analytical result of the two-term approximation of the Boltzmann equation al-
lows to gain more insight in the response of the Boltzmann equation on sources. It
is shown that the Electron Energy Distribution Function (EEDF) is affected mainly
at energies close to the reaction energy, and in the vicinity of 0 eV. Far from
these points the EEDF is dominated by relaxation terms, which is recognized by
Maxwell-Boltzmann-like and Druyvesteyn-like distributions.

7.2 The development of Global Models

Global Models require reaction rate coefficients as input data. Deficiencies in input data
due to unknowns, uncertainties, typos in literature, or plane mistakes are not unthinkable.
The risk of deficiencies increase with increasing model complexity. For the CO2 Global
Model presented in this work the quality of the model has been secured by a systematic
implementation procedure. Literature has been subjected to extensive source checking,
leading to an comprehensive model. The implementation of this model has been done
iteratively and in two-fold, independent from each other. Each iteration step the two
implementations have been cross-validated by comparison of results for predefined test
cases. This method minimized the risk of typos or plane mistakes in the implementation
of the model.

• Literature checking presented in this thesis shows that typos and conflicts in liter-
ature are common. From literature it is hard to tell if differences between sources
are due to typos in the papers, or plane mistakes in the model. The availability of
input files would be welcome to that end.

• Electronic versions of input data are available with the publication of the CO2

model to stimulate the discussion on the input data of the model. This resulted
in various discussions via private communications on the content with experts in
the field that have not been involved in the development of this model. These
discussions have led to improvements, that are made available electronically by a
second version of the Global Model input file.

7.3 Pathway analysis as a selection method

Pathway analysis is a powerful method to identify important reactions for uncertainty
analysis. This is motivated by the hypothesis that an observable can only be sensitive
for the rate coefficient of a reaction, if the throughput of elements or electron energy is
relatively high. It has been possible to significantly reduce the analysis by including the
uncertainty of rate coefficients only for those reactions identified by pathway analysis.
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• The performance of pathway analysis as a selection method has been shown by the
analysis of two chemistries. The first is a relatively small nitrogen chemistry that
allows to demonstrate the method. This system is ideal for comparison of results
with an un-reduced analysis. In the case of the large CO2 chemistry reduction of
the uncertainty analysis is essential, since a full analysis is time-wise not feasi-
ble. Pathway analysis allows to determine the important reactions systematically,
without making arbitrary choices for reduction.

• For this study a new implementation of the pathway analysis tool is made with the
addition of the electron energy balance analysis. This is motivated by the typical
non-equilibrium nature of low temperature plasmas, for which the electron tem-
perature may differ significantly from the heavy species temperature (for as far as
an electron temperature exists in plasmas). The electron temperature is the main
parameter that determines rate coefficients of electron impact reactions, and is im-
portant in the analysis for that reason. The electron power density is determined for
each pathway, in addition to its rate. Pathways with small rates may have a large
electron power density, meaning that considerable electron energy is converted into
other forms of energy (i.e. heat, radiation, chemical energy).

• From the addition of the electron power density to pathway analysis one can learn
which species and reactions play a key role in the electron energy balance. Drawing
such conclusions from inspection of reaction rates only, can be misleading. Species
can have a low density but high throughput (i.e. high production and destruction
rates or electron power density), and reactions can play a central role without hav-
ing a large rate or electron power density. With pathway analysis one is essentially
analyzing the greater picture.

7.4 Reduction with low dimensional manifold methods

Principal Component Analysis (PCA) is shown to be a successful method in reducing the
CO2 chemistry of a pulsed microwave plasma source. Results from PCA are shown to be
equally accurate with respect to un-reduced calculations. The ILDM method on the other
hand is limited by the time scales it can resolve. The source that is studied in this thesis
is pulsed too fast for the ILDM method to be applicable.

• In PCA the manifold is obtained from the statistics within training simulations. The
evolution of the composition is projected on a new basis, being a linear combination
of the original species densities basis. These basis vectors are called the Principal
Components (PCs), and the PC scores are the equivalent of the species densities.
PC source terms are determined from linear interpolation of the training data. This
way it is possible to accurately predict the species evolutions for conditions that are
within the range of the training data (and for that reason on the manifold).

• The accuracy of the PCA reduced calculations is sensitive for the manifold. The
manifold needs to be linear for PCA to work properly, meaning that linear interpo-
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lation of the manifold is appropriate. This can be recognized by the equidistant PC
scores in the manifold. Also the crossing of PC scores is problematic. These result
from the projection onto a low dimensional space, and can be circumvented by in-
creasing the dimensionality of the manifold. However, this will cost computational
power, from the number of balance equations that are increased as well as the di-
mensionality of lookup tables that are increased. In this thesis the MG-local-PCA
method is used instead. This is the equivalent of linearizing the problem locally,
which is an powerful solution. Alternatively, one could embrace the non-linearity
in the manifold and apply non-linear-PCA methods such as neural networks. These
demand significantly more computational power and are not suitable for the prob-
lems that are studied here. However, when using PCA for reduction of complex
systems (such as spatially resolved models) this may be required.

• The ILDM manifold is determined from linearization of species source terms, from
which the Jacobian is calculated. Time scales are determined from eigenvalue de-
composition of the Jacobian. This is an essential difference between the two meth-
ods, with the ILDM method analyzing the physics in the source terms and PCA
analyzing the statistics within training data. By discarding the evolution over short
time scales, the stiffness of the model can be decreased significantly. On top of that
the number of balance equations is lowered. The combination of these two effects
allows for significant reduction of the calculation time.

• One constraint in reduction with the ILDM method is that time scales larger than
the typical time scales of the plasma reactor cannot be discarded. A pulsed plasma
source is one such example that imposes a restriction on the degree of reduction.
When time scales corresponding to those of the power pulses are omitted, the whole
calculation becomes meaningless.

• The number of balance equations that are solved with the ILDM method are equal
to the number of time scales that are included in the analysis. These so called pa-
rameter species are representative for all other species densities, which can be read
from a lookup table. If the dimensionality of the manifold increases, the dimen-
sionality of the lookup tables increases as well. Numerical challenges will rise if
the dimensionality of the lookup tables becomes too large. This poses a restriction
on the number of time scales that can be solved by this method to approximately 4
or 5 for regular desktop computers.

7.5 General observation

Work in this thesis is mainly academically oriented. Practical considerations which are
interesting for industry are present only sporadically. One outstanding question is what
industry learns from the work in this thesis, given the fact that this project is financially
supported by Alliander. How does this thesis contribute to a table-top experiment that
demonstrates energy storage by conversion of CO2 into methane? As one may expect
such simple question has a complex answer.



7.6. Outlook 125

One of the maybe least satisfying conclusions is that, at this stage, we have to be re-
luctant with statements based on the Global Model results. We did not present a detailed
comparison with experiments showing agreement in results. Recent studies on vibrational
laddering show significant discrepancies in results from numerical and experimental stud-
ies, exceeding two orders of magnitude in [196]. This shows that significant improvement
in the vibrational energy exchange reactions is needed to obtain accurate models. Impor-
tant steps are made with the development of a comprehensive Global Model of a CO2

plasma. The development of such a complex model is challenging in its size, rather than
its complexity of input. The plug-and-play availability of such model is essential for
detailed discussions about input data.

7.6 Outlook

Solving the two-term approximation of the Boltzmann equation for Dirac delta peaked
excitation cross sections is valuable for understanding of the EEDF, but also important
for verification of Boltzmann solvers. In this thesis we did not present solutions of the
Boltzmann equation for more smooth functions that represent natural cross sections more
accurately. The solutions of the two-term approximation of the Boltzmann equation for
such excitation cross sections would also be very valuable for verification of numerical
results.

Reduction with PCA has been limited to fixed parameter studies in this thesis. Mani-
folds are created using the gas temperature as training parameter. It would be interesting
to see how accurate results are if this manifold is used to do reduced calculations with a
calculated gas temperature. This would comprise real dimension reduction, and would be
an major step towards spatially resolved models by PCA reduced calculations.

ILDM calculations are shown to be powerful for model analysis. These calculations
have been made for a constant electron temperature only. Adopting this method with the
calculation of the electron temperature too would be a major step towards more advanced
analysis. Next to that neural networks are most likely needed for this method in order to
run calculations for more than 4 parameters.





Appendix A

Chemistry CO2 Global Model

Table A.1: The electron impact ionization and excitation reactions in this model, with the
corresponding ID and reference from which the data originates. For the reaction ID is
unchanged with respect to [74]. For an added reaction the ID ends with an additional a.
Most, but not all, of the reactions are described by a cross section.

No. Reaction Ref.

X1 e− + CO2→ e− + CO2 [94] a

X2 e− + CO2→ e− + e− + CO+
2 [94] a

X3 e− + CO2→ e− + e− + CO+ + O [159] b

X4 e− + CO2→ e− + e− + C+ + O2 [159] b

X5 e− + CO2→ e− + e− + O+ + CO [159] b

X6 * e− + CO2→ e− + e− + O+
2 + C [95] d

X7 e− + CO2→ O− + CO [94] b

X8 e− + CO2→ e− + CO + O [159] b

X9 e− + CO2→ e− + CO2[e1] [94] a

X10 e− + CO2→ e− + CO2[e2] [94] a

X11 e− + CO2→ e− + CO2[va] [94]
X12 e− + CO2→ e− + CO2[vb] [94]
X13 e− + CO2→ e− + CO2[vc] [94]
X14 e− + CO2→ e− + CO2[vd] [94]
X15 e− + CO2→ e− + CO2[v1] [94] c

X16 e− + CO→ e− + CO [96] a

X17 e− + CO→ e− + e− + CO+ [197] a

X18 e− + CO→ e− + e− + C+ + O [197] b

X19 e− + CO→ e− + e− + O+ + C [197] b

X20 e− + CO→ O− + C [159] b

X20a * e− + CO→ e− + C + O [198] b

X21 e− + CO→ e− + CO[e1] [96] a
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No. Reaction Ref.

X22 e− + CO→ e− + CO[e2] [96] a

X23 e− + CO→ e− + CO[e3] [96] a

X24 e− + CO→ e− + CO[e4] [96] a

X25 * e− + CO→ e− + CO[v1] [96] c

X26 e− + C→ e− + C [199]
X27 e− + C→ e− +e + C+ [199]
X29 e− + C2→ e− + e− + C + C [97]
X30 e− + C2→ e− + e− + C+

2 [97]
X31 e− + O2→ e− + O2 [158] a

X32 e− + O2→ e− + O + O [159] b

X33 e− + O2→ e− + e− + O+
2 [158] a

X34 e− + O2→ e− + e− + O + O+ [200] b

X35 e− + O2→ O− + O [201] b

X36 e− + O2→ e− + O2[v1] [201]
X37 e− + O2→ e− + O2[v2] [201]
X38 e− + O2→ e− + O2[v3] [201]
X39 * e− + O2→ e− + O2[e1] [201] a

X40 * e− + O2→ e− + O2[e2] [201] a

X41 e− + O3→ e− + O3 [199]
X42 e− + O3→ e− + O2 + O [74]
X43 e− + O3→ e− + e− + O+

2 + O [74]
X44 e− + O3→ e− + O+ + O− + O [74]
X45 e− + O3→ O− + O2 [199]
X46 e− + O3→ O−2 + O [199]
X47 e− + O→ e− + O [199]
X48 e− + O→ e− + e− + O+ [199]

a The same cross section is used for the vibrationally excited species.
b The cross section is modified according to equation (4) of [74] for
vibrationally excited species. For electronically excited species the
energy data from the LUT is shifted with the difference in energy be-
tween the species in the ground state and the electronically excited
state. Concequently the threshold energy of the process equals the
threshold energy in the (modified) LUT.
c The cross section is modified according to equation (4) of [74] for
vibrationally excited species.
d For this reaction a rate coefficient is used, which reads:
7.0× 10−19Te(1 + 1.3× 10−5Te) exp(−1.5× 105/Te).
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Table A.2: Electron attachment and electron-ion recombination reactions. The reported
rate coefficients have the units m3/s or m6/s, with the gas temperature Tg in K and the
electron temperature Te in eV . For reactions which are followed by a star we refer to 4.3
for a discussion on that reaction or its rate coefficient.

No. Reaction Rate coefficient Ref
E1 * e− + CO+

2 → CO[v1] + O 2.00 · 10−11 T−0.5
e T−1

g [98, 99]
E2 e− + CO+

2 → C + O2 3.94 · 10−13 T−0.4
e [95]

E3 e− + CO+
4 → CO2 + O2 1.61 · 10−13 T−0.5

e [95]
E4 * e− + CO+→ C + O 3.68 · 10−14 T−0.55

e [74]
E5 e− + C2O+

2 → CO + CO 4.0 · 10−13 T−0.34
e [102]

E6 e− + C2O+
3 → CO2 + CO 5.4 · 10−14 T−0.7

e [102]
E7 e− + C2O+

4 → CO2 + CO2 2.0 · 10−11 T−0.5
e T−1

g [102]
E8 * e− + C2+ → C + C 1.79 · 10−14 T−0.5

e [74]
E9 * e− + O2 + M→ O−2 + M 3.0 · 10−42 ·A a [76, 99]
E10 * e− + O3 + M→ O−3 + M 5.0 · 10−43 [102]
E11 e− + O + M→ O− + M 1.0 · 10−43 [76]
E12 e− + O+

2 + M→ O2 + M 1.0 · 10−38 [101]
E13 e− + O+

2 → O + O 6.0 · 10−13 T−0.5
e T−0.5

g [98, 99]
E14 * e− + O+ + M→ O + M 2.49 · 10−41 T−1.5

e [104]
E15 e− + O+

4 → O2 + O2 2.25 · 10−13 T−0.5
e [104]

a A = 1, 2/3 and 2/3 for M = CO2, CO and O2 respectively.
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Table A.3: The neutral-neutral interactions with the rate coefficients as they are included
in the model, in units of m3/s and m6/s. The coefficient α originates from [35], where
the values are presented as estimates. For reactions which are followed by a star we refer
to 4.3 for a discussion on that reaction or rate coefficient.

No. Reaction rate α Ref
N1 * CO2 + M→ CO + O + M 1.81 · 10−16 exp(−49000/Tg) 0.8 [105, 106]
N2 CO2 + O→ CO + O2 2.8 · 10−17 exp(−26500/Tg) 0.5 [95, 106, 111]
N3 * CO2 + C→ CO + CO ≤ 1.0 · 10−21 [102]
N4 * O + CO + M→ CO2 + M 8.2 · 10−46 exp(−1510/Tg) ·A a 0.0 [76, 106]
N5 O2 + CO→ CO2 + O 4.2 · 10−18 exp(−24000/Tg) 0.5 [95, 106]
N6 * O3 + CO→ CO2 + O2 ≤ 4.0 · 10−31 [95, 106]
N7 * C + CO + M→ C2O + M 6.31 · 10−44 [107, 106]
N8 O2 + C→ CO + O 3.0 · 10−17 [76, 106]
N9 * O + C + M→ CO + M 2.14 · 10−41(Tg/300)−3.08×

exp(−2114/Tg) [95]
N10 * O + C2O→ CO + CO 9.51 · 10−17 [108]
N11 O2 + C2O→ CO2 + CO 3.3 · 10−19 [76]
N12 * O + O3→ O2 + O2 8.0 · 10−18 exp(−2056/Tg) [106, 109]
N13 O3 + M→ O2 + O + M 4.12 · 10−16 exp(−11430/Tg) [95]
N14 * O + O2 + M→ O3 + M 5.51 · 10−46(Tg/298)−2.6 [110]
N15 * O + O + M→ O2 + M 5.2 · 10−47 exp(900/Tg) [111]

a A = 2, 1, 1 for M = CO2, O2 and CO, respectively.
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Table A.4: The list of ion-neutral and ion-ion reactions and rate coefficients, with Tg the
gas temperature in K and Te the electron temperature in eV. The rate coefficients are in
units of m3/s and m6/s. The ID corresponding to the reactions is kept the same as in
[74]. For reactions which are followed by a star we refer to 4.3 for a discussion on that
reaction or rate coefficient.

No. Reaction Rate coefficient Ref
I1 O+

2 + CO2 + M→ CO+
4 + M 2.3 · 10−41 [95]

I2 * O+ + CO2→ O+
2 + CO 8.1 · 10−16 [95, 113]

I3 * O+ + CO2→ CO+
2 + O 9.0 · 10−17 [95, 113]

I4 * C+ + CO2→ CO+ + CO 1.1 · 10−15 [95, 113]
I5 CO+ + CO2→ CO+

2 + CO 1.0 · 10−15 [95, 113, 76, 101]
I6 * O− + CO2 + M→ CO−3 + M a 9.0 · 10−41 [76]
I7 * O−2 + CO2 + M→ CO−4 + M 1.0 · 10−41 [76]
I8 O−3 + CO2→ CO−3 + O2 5.5 · 10−16 [76, 101]
I9 O−4 + CO2→ CO−4 + O2 4.8 · 10−16 [102]
I10 * CO+

2 + CO2 + M→ C2O
+
4 + M 3.0 · 10−40 [102]

I11 O+ + CO→ CO+ + O 4.9 · 10−18(Tg/300)
0.5×

exp(−4580/Tg) [113]
I12 O− + CO→ CO2 + e− 5.5 · 10−16 [95, 113]
I13 CO−3 + CO→ CO2 +CO2 + e− 5.0 · 10−19 [98]
I14 C2O

+
3 + CO→ CO2 +C2O

+
2 1.1 · 10−15 [102]

I15 C2O
+
4 + CO→ CO2 +C2O

+
3 9.0 · 10−16 [102]

I16 * C2O
+
3 + CO + M→ CO2 +C2O

+
2 + M 2.6 · 10−38 [102]

I17 * C2O
+
4 + CO + M→ CO2 +C2O

+
3 + M 4.2 · 10−38 [102]

I18 C+ + CO→ C +CO+ 5.0 · 10−19 [95]
I19 CO+ + C→ CO +C+ 1.1 · 10−16 [202]
I20 O+

2 + C→ CO+ +O 5.2 · 10−17 [202]
I21 O+

2 + C→ C+ + O2 5.2 · 10−17 [202]
I22 C+

2 + C→ C2 + C+ 1.1 · 10−16 [202]
I23 CO+

2 + O→ O+
2 +CO 1.64 · 10−16 [202]

I24 CO+
2 + O→ O+ +CO2 9.62 · 10−17 [202]

I25 CO+
2 + O2→ O+

2 + CO2 5.3 · 10−17 [202]
I26 * CO−3 + CO+

2 → CO2[vb] + CO2[vb] + O 5.0 · 10−13 [99]
I27 * CO−4 + CO+

2 → CO2[vb] + CO2[vb] + O2 5.0 · 10−13 [99]
I28 * CO+

2 + O−2 → CO[v1] +O2 + O 6.0 · 10−13 [99]
I29 CO+ + O→ CO +O+ 1.4 · 10−16 [202]
I30 CO+ + O2→ CO +O+

2 1.2 · 10−16 [202]
I31 C2O

+
2 + O2→ CO + CO + O+

2 5.0 · 10−18 [102]
I32 C2O

+
2 + M→ CO+ + CO + M 1.0 · 10−18 [102]

I33 C2O
+
2 + CO−3 → CO2 +CO +CO + O 5.0 · 10−13 [102]

a Multiplied by 1,3.3,3.3 for M=CO2, CO, O2 respectively.
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Table A.4: Continued.

No. Reaction Rate coefficient Ref
I34 C2O

+
2 + CO−4 → CO2 +CO +CO + O2 5.0 · 10−13 [102]

I35 C2O
+
2 + O−2 → CO +CO + O2 6.0 · 10−13 [102]

I36 C2O
+
3 + CO+

3 → CO2 + CO2 + CO + O 5.0 · 10−13 [102]
I37 C2O

+
3 + CO−4 → CO2 + CO2 + CO + O2 5.0 · 10−13 [102]

I38 C2O
+
3 + O−2 → CO2 +CO + O2 6.0 · 10−13 [102]

I39 * C2O
+
4 + M→ CO+

2 +CO2 + M 1.0 · 10−20 [102]
I40 C2O

+
4 + CO−3 → CO2 +CO2 +CO2 +O 5.0 · 10−13 [102]

I41 C2O
+
4 + CO−4 → CO2 + CO2 + CO2 + O2 5.0 · 10−13 [102]

I42 C2O
+
4 + O−2 → CO2 + CO2 + O2 6.0 · 10−13 [102]

I43 * O+
2 + CO−3 → CO2[vb] +O2 +O 3.0 · 10−13 [98]

I44 * O+
2 + CO−4 → CO2[vb] + O2 + O2 3.0 · 10−13 [98]

I45 CO−3 + O→ CO2 + O−2 8.0 · 10−17 [98]
I46 CO−4 + O→ CO−3 + O2 1.1 · 10−16 [95]
I47 CO−4 + O→ CO2 + O2 + O− 1.4 · 10−17 [95]
I48 CO−4 + O→ CO2 +O−3 1.4 · 10−17 [95]
I49 CO−4 + O3→ CO2 + O−3 + O2 1.3 · 10−16 [95]
I50 C+ + O2→ CO + O+ 4.54 · 10−16 [202]
I51 C+ + O2→ CO+ + O 3.8 · 10−16 [95]
I52 O+ + O2→ O+

2 + O 1.9 · 10−17(300/Tg)
0.5 [95]

I53 * O+
2 + O2 + M→ O+

4 +M 2.4 · 10−42(300/Tg)
3.2 [104]

I54 * O−2 + O2 + M→ O−4 + M 3.5 · 10−43(300/Tg) [104]
I55 O− + O2→ O3 + e− 1.0 · 10−18 [102]
I56 * O− + O2 + M→ O−3 + M 1.1 · 10−42(300/Tg) [102, 115, 104]
I57 * O− + O3→ O + O−3 5.3 · 10−16 [102]
I58 O− + O3→ O2 + O2 + e− 3.0 · 10−16 [116]
I59 * O−2 + O3→ O2 + O−3 4.0 · 10−16 [116]
I60 O−3 + O3→ O2 + O2 + O2 + e− 3.0 · 10−16 [102]
I61 O+ + O3→ O+

2 + O2 1.0 · 10−16 [104]
I62 * O+ + O + M→ O+

2 + M 1.0 · 10−41 [104]
I63 * O− + O→ O2 +e− 2.3 · 10−16 [115]
I64 O−2 + O→ O2 + O− 3.31 · 10−16 [115, 104]
I65 O−2 + O→ O3 + e− 1.5 · 10−16 [115]
I66 O−3 + O→ O3 + O− 1.0 · 10−19 [116]
I67 O−3 + O→ O2 + O2 + e− 1.0 · 10−19 [102]
I68 O−3 + O→ O−2 + O2 2.5 · 10−16 [102, 103]
I69 O−4 + O→ O−3 + O2 4.0 · 10−16 [104]
I70 O−4 + O→ O− + O2 + O2 3.0 · 10−16 [104]
I71 O+

4 + O→ O+
2 + O3 3.0 · 10−16 [104]

I72 * O−2 + O+ + M→ O3 + M 1.0 · 10−37(300/Tg)
2.5 [95]
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Table A.4: Continued.

No. Reaction Rate coefficient Ref
I73 * O−2 + O+→ O2 +O 2.7 · 10−13(300/Tg)

0.5 [115]
I74 * O−2 + O+

2 → O2 + O2 2.01 · 10−13(300/Tg)
0.5 [115]

I75 O−2 + O+
2 → O2 + O + O 4.2 · 10−13 [98]

I76 * O−2 + O+
2 + M→ O2 + O2 + M 1.0 · 10−37(300/Tg)

2.5 [95]
I77 * O−2 + M→ O2 + M + e− 2.7 · 10−16(300/Tg)

−0.5 exp(−5590/Tg) [95]
I79 * O−3 + O+

2 → O3 + O2 2.0 · 10−13(300/Tg)
0.5 [115]

I80 * O−3 + O+
2 → O3 + O + O 1.0 · 10−13(300/Tg)

0.5 [115]
I81 * O−3 + O+→ O3 + O 1.0 · 10−13(300/Tg)

0.5 [95]
I82 * O−3 + M→ O3 + M + e− 2.3 · 10−17 [95]
I84 * O− + O+→ O + O 4.0 · 10−14(300/Tg)

0.43 [115]
I85 * O− + O+ + M→ O2 +M 1.0 · 10−37(300/Tg)

2.5 [95]
I86 * O− + O+

2 → O2 + O 2.6 · 10−14(300/Tg)
0.44 [115]

I87 * O− + O+
2 → O + O + O 4.2 · 10−13(300/Tg)

0.44 [115]
I88 * O− + O+

2 + M→ O3 + M 1.0 · 10−37(300/Tg)
2.5 [95]

I89 * O− + M→ O + M + e− 4.0 · 10−18 [102]
I90 * O−4 + M→ O−2 + O2 + M 1.0 · 10−16 exp(−1044/Tg) [104]
I91 * O+

4 + M→ O+
2 + O2 + M 3.3 · 10−12(300/Tg)

4 exp(−5030/Tg) [104]
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Table A.5: The VV and VT reactions of CO2, CO and O2, with the corresponding rate
coefficient, obtained from [74]. The anharmonicity parameter xe is required when apply-
ing the VV and VT rate coefficient scaling laws (equations (4.14) and (4.18)).

No. Rate coefficient (m3/s) xe(·10−3) Ref Note
V1 CO2va + M→ CO2 + M 0.0 [119] a

7.14× 10−14 exp(−177T−1/3
g + 451T

−2/3
g )

V2a CO2v1 + M→ CO2va + M 3.7 [119] b
4.25× 10−7 exp(−407T−1/3

g + 824T
−2/3
g )

V2b CO2v1 + M→ CO2vb + M 1.0 [119] b
8.57× 10−7 exp(−404T−1/3

g + 1096T
−2/3
g )

V2c CO2v1 + M→ CO2vc + M −15.6 [119] b
1.43× 10−11 exp(−252T−1/3

g + 685T
−2/3
g )

V3 COv1 + M→ CO + M 6.13 [75] c
1.0× 10−18 Tg exp(−150.7T−1/3

g )
V4 COv1 + O2→ CO + O2 6.13 [119]

3.19× 10−12 exp(−289T−1/3
g )

V5 O2v1 + M→ O2 + M 0.0 [119] d
1.30× 10−14 exp(−158T−1/3

g )
V6 O2v1 + O2→ O2 + O2 0.0 [75]

1.35× 10−18 Tg exp(−137.9T−1/3
g )[1− exp(−2273/Tg)]−1

V7a CO2v1 + CO2→ CO2vb + CO2va 2.8 [119]
1.06× 10−11 exp(−242T−1/3

g + 633T
−2/3
g )

V7b CO2v1 + CO2→ CO2va + CO2vb 17.6 [119]
1.06× 10−11 exp(−242T−1/3

g + 633T
−2/3
g )

V8 CO2v1 + CO2→ CO2 + CO2v1 5.25 [203]
1.32× 10−16(Tg/300)

0.5 250/Tg
V9 COv1 + CO→ CO + COv1 6.13 [75]

3.4× 10−16(Tg/300)
0.5 (1.64× 10−6 Tg + 1.61/Tg)

V10 CO2v1 + CO→ CO2 + CO2v1 5.25; 6.13 [119]
4.8× 10−18 exp(−153T−2/3

g )
a The rate coefficient is multiplied with 1.0, 0.7 and 0.7 for CO2, CO and O2, respectively.
b The rate coefficient is multiplied with 1.0, 0.3 and 0.4 for CO2, CO and O2, respectively.
c The same rate coefficient for M = CO2 and CO.
d The rate coefficient is multiplied with 0.3 and 1.0 for M = CO2 and CO, respectively.
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Table B.1: Reactions with the rate coefficients and uncertainties that are used in this case
study. The reaction set has been taken from [81]. The uncertainty in the input data is
assumed to be 20 % for heavy species interactions. For electron impact reactions they are
taken from [204]. The effective ion temperature Teff =

miTg+mgTi

mi+mg
+

mimg

3kB(mi+mg)v
2 [75].

ID reaction rate coefficient uncertainty source
0 N2 + e→ N2 + e LUT 13 [204]
1 N2 + e→ N2(A) + e LUT 6.3 [204]
3 N2 + e→ N2(B) + e LUT 2.7 [204]
2 N2 + e→ N2(a′) + e LUT 1.6 [204]
4 N2 + e→ N2(C) + e LUT 1.7 [204]
5 N2 + e→ N+

2 + 2e LUT 1.0 [204]
6 N2(A) + N2(a′)→ N+

4 + e 4.0× 10−18 20 [75]
7 N2(a′) + N2(a′)→ N+

4 + e 4.0× 10−17 20 [75]
8 N+ + e + N2 → N+N2 6.0× 10−39· (300/Te)

3/2 20 [75]
9 N+

2 + e→ N+N 1.8× 10−13· (300/Te)
0.39 20 [75]

10 N+
3 + e→ N2 +N 2.0× 10−13· (300/Te)

0.5 20 [75]
11 N+

4 + e→ N2 +N2 2.3× 10−12· (300/Te)
0.53 20 [75]

12 N+ +N+N2 → N+
2 +N2 1.0× 10−41 20 [75]

13 N+ +N2 +N2 → N+
3 +N2 1.7× 10−41· (300/Teff) 20 [75]

14 N+
2 +N→ N+ +N2 7.2× 10−19· (300/Teff)

−1 20 [75]
15 N+

2 +N2(A)→ N+
3 +N 3.0× 10−16 20 [75]

16 N+
2 +N2 +N→ N+

3 +N2 9.0× 10−42exp (400/Teff) 20 [75]
17 N+

2 +N2 +N2 → N+
4 +N2 5.2× 10−41(300/Teff)

2.2 20 [75]
18 N+

3 +N→ N+
2 +N2 6.6× 10−17 20 [75]

19 N+
4 +N→ N+ +N2 +N2 1.0× 10−17 20 [75]

20 N+
4 +N2 → N+

2 +N2 +N2 2.1× 10−22· exp (121/Teff)
−1 20 [75]

21 N2(A)→ N2 5.0× 10−1 20 [75]
22 N2(B)→ N2(A) 1.3× 105 20 [75]
23 N2(a′)→ N2 1.0× 102 20 [75]
24 N2(C)→ N2(B) 2.5× 107 20 [75]
25 N2(A) + N→ N2 +N 2.0× 10−18 20 [75]
26 N2(A) + N2 → N2 +N2 3.0× 10−22 20 [75]
27 N2(A) + N2(A)→ N2 +N2(B) 3.0× 10−16 20 [75]
28 N2(A) + N2(A)→ N2 +N2(C) 1.5× 10−16 20 [75]
29 N2(B) + N2 → N2 +N2 2.0× 10−18 20 [75]
30 N2(B) + N2 → N2(A) + N2 3.0× 10−17 20 [75]
31 N2(a′) + N2 → N2 +N2(B) 1.9× 10−19 20 [75]
32 N2(C) + N2 → N2 +N2(a′) 1.0× 10−17 20 [75]
33 N+N+N2 → N2(A) + N2 1.7× 10−45 20 [75]
34 N+N+N2 → N2(B) + N2 2.4× 10−45 20 [75]
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Chemistry of argon model

This appendix presents the data for the argon model with 78 levels, used in section 6.3.1.
The second model that is used for the comparison is a global argon model with 78 levels,
developed by Graef [80]. The list of species included in the model (apart from the ground
states of Ar and Ar+) is given in table 6.1. Two groups of species are formed based
on the total angular momentum quantum number of the core of the Ar atom: jc = 3/2
(un-primed) and jc = 1/2 (primed). Most of the levels with high energies are described
by combined levels, also called level blocks [80]. The blocks consist of all levels with
the same principal and orbital quantum number and core configuration. Only the 4s, 5s,
4p, 5p and 3d levels (both primed and un-primed) with the same principal and orbital
quantum numbers and core configuration are modeled as individual levels. Figure C.1
shows an energy diagram of the levels included in this model. The thin lines represent
individual levels, whereas thick lines represent level blocks. The energies of the level
blocks are calculated as the weighted average of the energies [80]:

Eblock =

∑
l glEl∑
l gl

, (C.1)

where El is the energy and gl the statistical weight of level l, used in the block.
Two types of reactions are included in the model: radiative transitions and electron

excitation. First, the radiative transitions will be treated. The Einstein coefficients for
spontaneous emission were taken from the online NIST database [106]. Due to the use of
blocks, special attention needs to be paid for transitions that originate from a level block
(bu) [80]:

A(bu, l) =

∑
j gjA(uj , l)∑

i gi
. (C.2)

where in the numerator the summation is done over all levels uj in block bu with a tran-
sition to level l. If both levels of a transition are part of a block, then another summation
is required over k [80]:

A(bu, bl) =
∑
k

∑
j gjA(uj , lk)∑

i gi
. (C.3)
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Figure C.1: An energy diagram of all the levels of the Ar model, which was taken from
Graef [80]. Two configurations of the core are used: jc = 3/2 (un-primed) and jc = 1/2
(primed). The 4s, 5s, 4p, 5p and 3d levels are modeled as individual levels (thin lines),
whereas the other levels are combined in blocks (thick lines). The energy of Ar+ is
15.78 eV for the un-primed case and 15.94 eV for the primed case.

The electron excitation reactions are described by cross sections. The cross sections
for excitation from the ground state are given by Yanguas-Gil et al. [205] and used as
lookup tables. The cross sections were determined experimentally for excitation to the
4s, 4p, 3d, 5s and 5p levels. For some species the cross sections are given for blocks,
whereas Graef models these levels individually. The cross section of a block σB can be
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split into cross section for individual levels σi using [80]:

σj =
gj∑
n
gn
σB (C.4)

where the summation is done over all the levels used in the block.
The electron excitation processes to higher levels are reported by Vlček [206] as semi-

empirical cross sections, through fit parameters for Drawin cross sections. Vlček gives
fit parameters for transitions to levels 4d, 5d, 6d (only unprimed), 6s, 7s and 8s (only
un-primed). Details about the Drawin cross sections are given by Graef. Zatsarinny et
al. [207] report cross sections for excitation from 4s levels, which were used as lookup
tables. The transitions from the four individual 4s levels to the 4s, 3d and 5s levels are
given. The cross sections for the remaining transitions were taken from Kimura et al.
[208], who list fit parameters for Drawin cross sections. Some cross sections needed
to be split into separate cross sections according to equation (C.4). Ionization from the
ground state is described by a cross section reported by Yanguas-Gil et al., which was
taken from experiments, performed by Rapp et al. [209]. Cross sections for ionization
from the other levels are given by Vlček as fit parameters for the Drawin cross sections.

Table C.1: A list of all the levels that were included in the argon model with 78 levels,
used in section 6.3.1, together with their energy and statistical weight.

name energy weight name energy weight

ground 0.000000 1

4s[3/2]2 11.548354 5 4s[3/2]1 11.623592 3
4s’[1/2]0 11.723160 1 4s’[1/2]1 11.828071 3

4p[1/2]1 12.907015 3 4p[5/2]3 13.075715 7
4p[5/2]2 13.094872 5 4p[3/2]1 13.153143 3
4p[3/2]2 13.171777 5 4p[1/2]0 13.273038 1
4p’[3/2]1 13.282638 3 4p’[3/2]2 13.302227 5
4p’[1/2]1 13.327856 3 4p’[1/2]0 13.479886 1

3d[1/2]0 13.845038 1 3d[1/2]1 13.863668 3
3d[3/2]2 13.903454 5 3d[7/2]4 13.979237 9
3d[7/2]3 14.012738 7 3d[5/2]2 14.063027 5
3d[5/2]3 14.099055 7 3d[3/2]1 14.152514 3
3d’[5/2]2 14.213671 5 3d’[3/2]2 14.234022 5
3d’[5/2]3 14.236105 7 3d’[3/2]1 14.303668 3

5s[3/2]2 14.068297 5 5s[3/2]1 14.089968 3
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name energy weight name energy weight

5s’[1/2]0 14.241027 1 5s’[1/2]1 14.255085 3

5p[1/2]1 14.463995 3 5p[5/2]3 14.499053 7
5p[5/2]2 14.506067 5 5p[3/2]1 14.524913 3
5p[3/2]2 14.528913 5 5p[1/2]0 14.575948 1
5p’[3/2]1 14.680650 3 5p’[1/2]1 14.687118 3
5p’[3/2]2 14.688290 5 5p’[1/2]0 14.738115 1

6s 14.842395 8 6s’ 15.020082 4
7s 15.182461 8 7s’ 15.359150 4
8s 15.363559 8 8s’ 15.541244 4
9s 15.470217 8 9s’ 15.647963 4
10s 15.539020 8 10s’ 15.716050 4

6p 15.027492 24 6p’ 15.204578 12
7p 15.285607 24 7p’ 15.441823 12
8p 15.418657 24 8p’ 15.595913 12
9p 15.505837 24 9p’ 15.687000 12

4d 14.780255 40 4d’ 14.967431 20
5d 15.146943 40 5d’ 15.316640 20
6d 15.343672 40 6d’ 15.515428 20
7d 15.454865 40 7d’ 15.632548 20
8d 15.530544 40 8d’ 15.713471 20

4f 14.905574 56 4f’ 15.083141 28
5f 15.213270 56 5f’ 15.390949 28
6f 15.380265 56 6f’ 15.557897 28
7f 15.481085 56 7f’ 15.658571 28

ion 15.75961 6
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Table C.2: A list of the radiative transitions that were used for the argon model with 78
levels in section 6.3.1. For each transition the wavelength and transition probability is
given.

upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

4s[3/2]1 ground 106.7 119 4s’[1/2]1 ground 104.8 510

4p[1/2]1 4s’[1/2]0 1047.3 0.98 4p[1/2]1 4s’[1/2]1 1149.1 0.19
4p[1/2]1 4s[3/2]1 966.0 5.43 4p[1/2]1 4s[3/2]2 912.5 18.9
4p[5/2]3 4s[3/2]2 811.8 33.1 4p[5/2]2 4s’[1/2]1 978.7 1.47
4p[5/2]2 4s[3/2]1 842.7 21.5 4p[5/2]2 4s[3/2]2 801.7 9.28
4p[3/2]2 4s’[1/2]1 922.4 5.03 4p[3/2]2 4s[3/2]1 800.6 4.9
4p[3/2]2 4s[3/2]2 763.5 24.5 4p[3/2]1 4s’[1/2]0 867.0 2.43
4p[3/2]1 4s’[1/2]1 935.4 1.06 4p[3/2]1 4s[3/2]1 810.4 25.0
4p[3/2]1 4s[3/2]2 772.4 5.18 4p[1/2]0 4s[3/2]1 751.7 40.2

4p’[3/2]1 4s’[1/2]0 795.0 18.6 4p’[3/2]1 4s’[1/2]1 852.4 13.9
4p’[3/2]1 4s[3/2]1 747.3 0.022 4p’[3/2]1 4s[3/2]2 714.9 0.625
4p’[3/2]2 4s’[1/2]1 841.1 22.3 4p’[3/2]2 4s[3/2]1 738.6 8.47
4p’[3/2]2 4s[3/2]2 706.9 3.8 4p’[1/2]1 4s’[1/2]0 772.6 11.7
4p’[1/2]1 4s’[1/2]1 826.7 15.3 4p’[1/2]1 4s[3/2]1 727.5 1.83
4p’[1/2]1 4s[3/2]2 696.7 6.39 4p’[1/2]0 4s’[1/2]1 750.6 44.5
4p’[1/2]0 4s[3/2]1 667.9 0.236

3d[1/2]0 4p[1/2]1 1321.8 8.1 3d[1/2]0 4p’[1/2]1 2397.3 0.36
3d[1/2]0 4p’[3/2]1 2204.6 0.12 3d[1/2]1 4p[1/2]1 1296.0 7.4
3d[1/2]1 4p’[1/2]1 2314.0 0.17 3d[1/2]1 4p’[3/2]1 2133.9 0.032
3d[1/2]1 4p’[3/2]2 2208.3 0.14 3d[1/2]1 4p[5/2]2 1612.7 0.039
3d[3/2]2 4p[1/2]1 1244.3 4.9 3d[3/2]2 4p’[1/2]1 2154.0 0.11
3d[3/2]2 4p[3/2]1 1694.5 0.26 3d[3/2]2 4p[3/2]2 1652.4 2.5
3d[3/2]2 4p’[3/2]2 2062.2 0.39 3d[3/2]2 4p[5/2]2 1533.4 0.12
3d[7/2]3 4p[3/2]2 1442.4 0.088 3d[7/2]3 4p[5/2]2 1350.8 11
3d[5/2]2 4p[3/2]1 1391.1 7.3 3d[5/2]2 4p[5/2]2 1280.6 5.7
3d[5/2]2 4p[5/2]3 1255.8 0.12 3d[5/2]3 4p’[3/2]2 1556.0 0.0098
3d[5/2]3 4p[5/2]2 1234.7 2 3d[5/2]3 4p[5/2]3 1211.6 3.1
3d[3/2]1 4p[1/2]0 1409.7 4.3 3d[3/2]1 4p[3/2]1 1264.2 11
3d[3/2]1 4p[5/2]2 1172.3 0.952 3d[3/2]1 ground 87.6 270

3d’[5/2]2 4p’[3/2]1 1331.7 13 3d’[5/2]2 4p’[3/2]2 1360.3 2.2
3d’[5/2]2 4p[5/2]2 1108.2 0.83 3d’[3/2]2 4p’[1/2]1 1368.2 6.2
3d’[3/2]2 4p[3/2]1 1167.2 0.369 3d’[3/2]2 4p[3/2]2 1147.1 3.76
3d’[5/2]3 4p’[3/2]2 1327.6 15 3d’[3/2]1 4p[1/2]0 1203.0 0.42
3d’[3/2]1 4p’[1/2]0 1505.1 5.2 3d’[3/2]1 4p’[1/2]1 1270.6 7.1
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

3d’[3/2]1 4p’[3/2]1 1214.3 4.5 3d’[3/2]1 4p[3/2]2 1077.6 0.396
3d’[3/2]1 ground 86.7 313

5s[3/2]2 4p[1/2]1 1067.6 4.9 5s[3/2]2 4p’[1/2]1 1674.5 0.31
5s[3/2]2 4p[3/2]1 1382.9 0.46 5s[3/2]2 4p’[3/2]1 1578.1 0.059
5s[3/2]2 4p[3/2]2 1354.8 3.3 5s[3/2]2 4p’[3/2]2 1618.4 0.12
5s[3/2]2 4p[5/2]2 1273.7 1.1 5s[3/2]2 4p[5/2]3 1249.1 11
5s[3/2]1 4p[1/2]0 1517.7 1.3 5s[3/2]1 4p’[1/2]0 2032.3 0.16
5s[3/2]1 4p[1/2]1 1048.1 2.44 5s[3/2]1 4p’[1/2]1 1626.9 0.03
5s[3/2]1 4p[3/2]1 1350.3 4.6 5s[3/2]1 4p’[3/2]1 1535.7 0.45
5s[3/2]1 4p[3/2]2 1323.5 2.7 5s[3/2]1 4p’[3/2]2 1573.9 0.029
5s[3/2]1 4p[5/2]2 1246.0 8.9 5s[3/2]1 ground 88.0 77

5s’[1/2]0 4p’[1/2]1 1357.7 5.1 5s’[1/2]0 4p[1/2]1 929.4 3.26
5s’[1/2]0 4p[3/2]1 1159.5 2.22 5s’[1/2]0 4p’[3/2]1 1293.7 10
5s’[1/2]1 4p[1/2]0 1262.5 0.38 5s’[1/2]1 4p’[1/2]0 1599.4 1.9
5s’[1/2]1 4p’[1/2]1 1337.1 3.4 5s’[1/2]1 4p[1/2]1 919.7 1.76
5s’[1/2]1 4p[3/2]1 1144.5 0.28 5s’[1/2]1 4p’[3/2]1 1275.0 2.0
5s’[1/2]1 4p[3/2]2 1125.1 1.39 5s’[1/2]1 4p’[3/2]2 1301.2 8.9
5s’[1/2]1 4p[5/2]2 1068.6 0.21 5s’[1/2]1 ground 87.0 35

5p[1/2]1 4s’[1/2]0 452.4 0.0898 5p[1/2]1 4s’[1/2]1 470.4 0.109
5p[1/2]1 4s[3/2]1 436.5 0.012 5p[1/2]1 4s[3/2]2 425.2 0.111
5p[5/2]3 3d[3/2]2 2081.7 0.076 5p[5/2]3 3d[7/2]4 2385.2 1.1
5p[5/2]3 4s[3/2]2 420.2 0.967 5p[5/2]2 4s’[1/2]1 463.0 0.0383
5p[5/2]2 4s[3/2]1 430.1 0.377 5p[5/2]2 4s[3/2]2 419.2 0.28
5p[3/2]1 4s’[1/2]0 442.5 0.0073 5p[3/2]1 4s’[1/2]1 459.7 0.0947
5p[3/2]1 4s[3/2]1 427.3 0.797 5p[3/2]1 4s[3/2]2 416.5 0.288
5p[3/2]2 4s’[1/2]1 459.1 0.0062 5p[3/2]2 4s[3/2]1 426.7 0.312
5p[3/2]2 4s[3/2]2 416.0 1.4 5p[1/2]0 4s’[1/2]1 451.2 1.18
5p[1/2]0 4s[3/2]1 419.9 2.57 5p’[3/2]1 4s’[1/2]0 419.2 0.539

5p’[3/2]1 4s’[1/2]1 434.6 0.297 5p’[3/2]1 4s[3/2]1 405.6 0.027
5p’[1/2]1 3d[3/2]2 1582.1 0.087 5p’[1/2]1 4s’[1/2]0 418.3 0.561
5p’[1/2]1 4s’[1/2]1 433.7 0.387 5p’[1/2]1 4s[3/2]1 404.7 0.041
5p’[1/2]1 4s[3/2]2 395.0 0.455 5p’[3/2]2 4s’[1/2]1 433.5 0.568
5p’[3/2]2 4s[3/2]1 404.6 0.333 5p’[3/2]2 4s[3/2]2 394.9 0.056
5p’[1/2]0 4s’[1/2]1 426.1 3.98

4d 4p[1/2]0 822.6 0.069 4d 4p[1/2]1 661.9 0.53
4d 4p’[1/2]1 853.7 0.16 4d 4p[3/2]1 770.8 0.094
4d 4p’[3/2]1 827.9 0.018 4d 4p[3/2]2 762.0 0.19
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

4d 4p’[3/2]2 838.8 0.21 4d 4p[5/2]2 735.6 0.20
4d 4p[5/2]3 727.4 0.48

6s 4p[1/2]0 790.0 0.13 6s 4p’[1/2]0 910.0 0.036
6s 4p[1/2]1 640.6 0.88 6s 4p’[1/2]1 818.6 0.11
6s 4p[3/2]1 742.1 0.77 6s 4p’[3/2]1 794.9 0.066
6s 4p[3/2]2 734.0 0.83 6s 4p’[3/2]2 805.0 0.089
6s 4p[5/2]2 709.5 1.03 6s 4p[5/2]3 701.8 1.67

6s’ 4p[1/2]0 709.7 0.11 6s’ 4p’[1/2]0 805.0 0.27
6s’ 4p[1/2]1 586.7 0.52 6s’ 4p’[1/2]1 732.7 1.02
6s’ 4p[3/2]1 670.8 0.23 6s’ 4p’[3/2]1 713.6 0.98
6s’ 4p[3/2]2 664.1 0.12 6s’ 4p’[3/2]2 721.7 1.86
6s’ 4p[5/2]2 644.0 0.038

7s 4p[1/2]0 649.3 0.035 7s 4p[1/2]1 544.9 0.37
7s 4p[3/2]1 616.6 0.22 7s 4p’[3/2]1 652.6 0.020
7s 4p[3/2]2 611.0 0.50 7s 4p’[3/2]2 659.4 0.023
7s 4p[5/2]2 593.9 0.53 7s 4p[5/2]3 588.5 0.81

7s’ 4p[1/2]0 594.3 0.09 7s’ 4p[1/2]1 505.6 0.48
7s’ 4p’[1/2]1 610.4 0.33 7s’ 4p[3/2]1 566.8 0.25
7s’ 4p’[3/2]1 597.1 0.41 7s’ 4p’[3/2]2 602.8 0.68
7s’ 4p[5/2]2 547.6 0.15

8s 4p[1/2]1 504.7 0.29 8s 4p’[1/2]1 609.0 0.028
8s 4p’[3/2]1 595.8 0.056 8s 4p[3/2]2 560.9 0.21
8s 4p’[3/2]2 601.5 0.052 8s 4p[5/2]2 546.5 0.18
8s 4p[5/2]3 541.9 0.38 8s’ 4p[3/2]1 523.3 0.20

8s’ 4p’[3/2]1 548.9 0.14 8s’ 4p’[3/2]2 553.7 0.20

9s 4p[1/2]0 564.3 0.079 9s 4p[1/2]1 483.7 0.064
9s 4p[3/2]2 535.1 0.060 9s 4p[5/2]2 522.0 0.049
9s 4p[5/2]3 517.8 0.15

10s 4p[5/2]2 507.3 0.098 10s 4p[5/2]3 503.3 0.051

6p 4s’[1/2]0 375.2 0.0088 6p 4s’[1/2]1 387.5 0.038
6p 4s[3/2]1 364.2 0.072 6p 4s[3/2]2 356.4 0.088

6p’ 4s’[1/2]0 356.1 0.030 6p’ 4s’[1/2]1 367.2 0.092
6p’ 4s[3/2]1 346.2 0.028
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

7p 4s’[1/2]1 358.6 0.021 7p’ 4s’[1/2]1 343.1 0.033

4d’ 4p[1/2]0 731.7 0.0087 4d’ 4p[1/2]1 601.7 0.31
4d’ 4p’[1/2]1 756.2 0.15 4d’ 4p[3/2]1 690.5 0.11
4d’ 4p’[3/2]1 735.9 0.11 4d’ 4p[3/2]2 683.4 0.22
4d’ 4p’[3/2]2 744.6 0.24 4d’ 4p[5/2]2 662.1 0.047
4d’ 4p[5/2]3 655.4 0.11

5d 4p[1/2]0 661.6 0.029 5d 4p[1/2]1 553.5 0.42
5d 4p’[1/2]1 681.6 0.038 5d 4p[3/2]1 627.7 0.11
5d 4p’[3/2]1 665.0 0.026 5d 4p[3/2]2 621.8 0.18
5d 4p’[3/2]2 672.1 0.069 5d 4p[5/2]2 604.2 0.29
5d 4p[5/2]3 598.6 0.60 5d’ 4p[1/2]0 606.7 0.012

5d’ 4p[1/2]1 514.5 0.37 5d’ 4p’[1/2]1 623.4 0.23
5d’ 4p[3/2]1 578.1 0.24 5d’ 4p’[3/2]1 609.6 0.30
5d’ 4p[3/2]2 573.1 0.21 5d’ 4p’[3/2]2 615.5 0.43
5d’ 4p[5/2]2 558.0 0.27 5d’ 4p[5/2]3 553.3 0.084

6d 4p[1/2]0 598.8 0.023 6d 4p’[1/2]0 665.2 0.0091
6d 4p[1/2]1 508.8 0.21 6d 4p’[1/2]1 615.1 0.016
6d 4p[3/2]1 570.9 0.023 6d 4p’[3/2]1 601.6 0.015
6d 4p[3/2]2 566.0 0.19 6d 4p’[3/2]2 607.3 0.015
6d 4p[5/2]2 551.3 0.074 6d 4p[5/2]3 546.7 0.40

6d’ 4p[1/2]1 475.3 0.22 6d’ 4p[3/2]1 529.0 0.090
6d’ 4p’[3/2]1 555.3 0.067 6d’ 4p[3/2]2 524.8 0.064
6d’ 4p’[3/2]2 560.2 0.18 6d’ 4p[5/2]2 512.2 0.10
6d’ 4p[5/2]3 508.2 0.016

7d 4p[1/2]0 568.3 0.013 7d 4p[1/2]1 486.6 0.24
7d 4p’[1/2]1 582.9 0.0041 7d 4p[3/2]1 543.1 0.034
7d 4p[3/2]2 538.7 0.035 7d 4p’[3/2]2 576.0 0.016
7d 4p[5/2]2 525.4 0.13 7d 4p[5/2]3 521.1 0.22

7d’ 4p[1/2]1 454.9 0.0095 7d’ 4p’[3/2]2 532.0 0.091

8d 4p[1/2]0 549.2 0.0090 8d 4p[1/2]1 472.6 0.043
8d 4p’[3/2]1 551.6 0.0059 8d 4p[3/2]2 521.5 0.038
8d 4p[5/2]2 509.0 0.028 8d 4p[5/2]3 505.1 0.083

4f 3d[1/2]0 1169.1 0.036 4f 3d[1/2]1 1190.0 0.66
4f 3d[3/2]1 1646.4 0.76 4f 3d[3/2]2 1237.2 0.75
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upper lower λ A upper lower λ A
level level [nm] [106 s−1] level level [nm] [106 s−1]

4f 3d’[5/2]2 1791.9 0.11 4f 3d[5/2]3 1537.3 1.77
4f 3d[7/2]4 1338.4 2.3 4f 5s[3/2]2 1480.8 0.053

4f’ 3d’[3/2]1 1590.6 1.38 4f’ 3d[3/2]2 1051.0 0.68
4f’ 3d’[3/2]2 1460.2 2.3 4f’ 3d’[5/2]3 1463.7 5.1
4f’ 3d[7/2]3 1158.3 0.20





Appendix D

Reduced CO2 chemistry

D.1 Electron impact ionization and excitation reactions

Electron impact ionization and excitation reactions for the CO2 microwave model. This
table was taken from the work by Koelman et al. [142]. All ionic species except CO+

2

were removed as well as the C and C2 species. The reaction numbers were not changed.

Table D.1: The electron impact ionization and excitation reactions in this model, with the
corresponding ID and reference from which the data originates. For the reaction ID is
unchanged with respect to [74]. For an added reaction the ID ends with an additional a.
Most, but not all, of the reactions are described by a cross section.

No. Reaction Ref.

X1 e− + CO2→ e− + CO2 [94] a

X2 e− + CO2→ e− + e− + CO+
2 [94] a

X4 e− + CO2→ e− + e− + C+ + O2 [159] b

X8 e− + CO2→ e− + CO + O [159] b

X9 e− + CO2→ e− + CO2[e1] [94] a

X10 e− + CO2→ e− + CO2[e2] [94] a

X11 e− + CO2→ e− + CO2[va] [94]
X12 e− + CO2→ e− + CO2[vb] [94]
X13 e− + CO2→ e− + CO2[vc] [94]
X14 e− + CO2→ e− + CO2[vd] [94]
X15 e− + CO2→ e− + CO2[v1] [94] c

X16 e− + CO→ e− + CO [96] a

X21 e− + CO→ e− + CO[e1] [96] a

X22 e− + CO→ e− + CO[e2] [96] a

X23 e− + CO→ e− + CO[e3] [96] a

X24 e− + CO→ e− + CO[e4] [96] a

X25 e− + CO→ e− + CO[v1] [96] c

147
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No. Reaction Ref.

X31 e− + O2→ e− + O2 [158] a

X32 e− + O2→ e− + O + O [159] b

X36 e− + O2→ e− + O2[v1] [201]
X37 e− + O2→ e− + O2[v2] [201]
X38 e− + O2→ e− + O2[v3] [201]
X39 e− + O2→ e− + O2[e1] [201] a

X40 e− + O2→ e− + O2[e2] [201] a

X41 e− + O3→ e− + O3 [199]
X42 e− + O3→ e− + O2 + O [74]
X47 e− + O→ e− + O [199]

a The same cross section is used for the vibrationally excited
species.
b The cross section is modified according to equation (4) of [74] for
vibrationally excited species. For electronically excited species the
energy data from the LUT is shifted with the difference in energy
between the species in the ground state and the electronically ex-
cited state. Concequently the threshold energy of the process equals
the threshold energy in the (modified) LUT.
c The cross section is modified according to equation (4) of [74] for
vibrationally excited species.

D.2 Electron attachment and electron-ion recombination reactions.

Electron attachment and electron-ion recombination reactions for the CO2 microwave
model [142]. All ionic species except CO+

2 were removed as well as the C and C2

species. The reaction numbers were not changed.

Table D.2: Electron attachment and electron-ion recombination reactions. The reported
rate coefficients have the units m3 s−1 or m6/s, with the gas temperature Tg in K and the
electron temperature Te in eV.

No. Reaction Rate coefficient Ref

E1 e− + CO+
2 → CO[v1] + O 2.00 · 10−11 T−0.5

e T−1
g [98, 99]

D.3 Neutral-neutral interactions

Neutral-neutral interactions for the CO2 microwave model, developed by Koelman et al.
[142]. All ionic species except CO+

2 were removed as well as the C and C2 species. The
reaction numbers were not changed.
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Table D.3: The neutral-neutral interactions with the rate coefficients as they are included
in the model, in units of m3 s−1 and m3 s−1. The coefficient α originates from [35],
where the values are presented as estimates. The reactions and rate coefficients that are
followed by an asterisk are discussed in more detail in [142].

No. Reaction rate α Ref

N1 CO2 + M→ CO + O + M 1.81 · 10−16 exp(−49000/Tg) 0.8 [105, 106]
N2 CO2 + O→ CO + O2 2.8 · 10−17 exp(−26500/Tg) 0.5 [95, 106, 111]
N4 O + CO + M→ CO2 + M 8.2 · 10−46 exp(−1510/Tg) ·A a 0.0 [76, 106]
N5 O2 + CO→ CO2 + O 4.2 · 10−18 exp(−24000/Tg) 0.5 [95, 106]
N6 O3 + CO→ CO2 + O2 ≤ 4.0 · 10−31 [95, 106]
N10 O + C2O→ CO + CO 9.51 · 10−17 [108]
N11 O2 + C2O→ CO2 + CO 3.3 · 10−19 [76]
N12 O + O3→ O2 + O2 8.0 · 10−18 exp(−2056/Tg) [106, 109]
N13 O3 + M→ O2 + O + M 4.12 · 10−16 exp(−11430/Tg) [95]
N14 O + O2 + M→ O3 + M 5.51 · 10−46(Tg/298)−2.6 [110]
N15 O + O + M→ O2 + M 5.2 · 10−47 exp(900/Tg) [111]

a A = 2, 1, 1 for M = CO2, O2 and CO, respectively.

D.4 VV and VT reactions

VV energy transfer reactions (vibrational energy is exchanged between two species) and
VT reactions (vibrational energy is transferred to heat) as were given in [142].
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Table D.4: The VV and VT reactions of CO2, CO and O2, with the corresponding rate
coefficient, obtained from [74]. The anharmonicity parameter xe is required when apply-
ing the VV and VT rate coefficient scaling laws, see [142].

No. Rate coefficient (m3 s−1) xe(·10−3) Ref Note

V1 CO2va + M→ CO2 + M 0.0 [119] a
7.14 · 10−14 exp(−177T

−1/3
g + 451T

−2/3
g )

V2a CO2v1 + M→ CO2va + M 3.7 [119] b
4.25 · 10−7 exp(−407T

−1/3
g + 824T

−2/3
g )

V2b CO2v1 + M→ CO2vb + M 1.0 [119] b
8.57 · 10−7 exp(−404T

−1/3
g + 1096T

−2/3
g )

V2c CO2v1 + M→ CO2vc + M −15.6 [119] b
1.43 · 10−11 exp(−252T

−1/3
g + 685T

−2/3
g )

V3 COv1 + M→ CO + M 6.13 [75] c
1.0 · 10−18 Tg exp(−150.7T

−1/3
g )

V4 COv1 + O2 → CO + O2 6.13 [119]
3.19 · 10−12 exp(−289T

−1/3
g )

V5 O2v1 + M→ O2 + M 0.0 [119] d
1.30 · 10−14 exp(−158T

−1/3
g )

V6 O2v1 + O2→ O2 + O2 0.0 [75]
1.35 · 10−18 Tg exp(−137.9T

−1/3
g )[1− exp(−2273/Tg)]−1

V7a CO2v1 + CO2→ CO2vb + CO2va 2.8 [119]
1.06 · 10−11 exp(−242T

−1/3
g + 633T

−2/3
g )

V7b CO2v1 + CO2→ CO2va + CO2vb 17.6 [119]
1.06 · 10−11 exp(−242T

−1/3
g + 633T

−2/3
g )

V8 CO2v1 + CO2→ CO2 + CO2v1 5.25 [203]
1.32 · 10−16(Tg/300)0.5 250/Tg

V9 COv1 + CO→ CO + COv1 6.13 [75]
3.4 · 10−16(Tg/300)0.5 (1.64 · 10−6 Tg + 1.61/Tg)

V10 CO2v1 + CO→ CO2 + CO2v1 5.25; 6.13 [119]
4.8 · 10−18 exp(−153T

−2/3
g )

a The rate coefficient is multiplied with 1.0, 0.7 and 0.7 for CO2, CO and O2, respectively.
b The rate coefficient is multiplied with 1.0, 0.3 and 0.4 for CO2, CO and O2, respectively.
c The same rate coefficient for M = CO2 and CO.
d The rate coefficient is multiplied with 0.3 and 1.0 for M = CO2 and CO, respectively.
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[11] M. Pehl, A. Arvesen, F. Humpenöder, A. Popp, E. G. Hertwich, and G. Luderer.
Understanding future emissions from low-carbon power systems by integration of
life-cycle assessment and integrated energy modelling. Nature Energy, 2(12):939,
2017.

[12] John Gallagher, David Styles, Aonghus McNabola, and A. Prysor Williams. Life
cycle environmental balance and greenhouse gas mitigation potential of micro-
hydropower energy recovery in the water industry. Journal of Cleaner Production,
99:152 – 159, 2015.

[13] A. S. Preker, O. O. Adeyi, M. G. Lapetra, D. C. Simon, and E. Keuffel. Health care
expenditures associated with pollution: Exploratory methods and findings. Annals
of Global Health, 82(5):711 – 721, 2016. Current Topics in Global Health.

[14] A. McCrone, U. Moslener, F. d´Estais, and C. Grüning. Global trends in renew-
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