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1
Introduction

1.1. Motivation

The majority of supply chain glitches occur due to lack of alignment between
demand and supply. Supply chain uncertainties make it almost impossible to
come up with a silver bullet for this problem. Uncertainties from both supply
and demand sides result in a mismatch between supply and demand. As a well-
known approach to overcome this mismatch, inventories are kept throughout the
supply chain network in different forms such as; raw materials, modules, and end-
products. Although inventories can serve to hedge against possible supply and
demand uncertainties, they can erode the profitability of the system by imposing
unnecessary costs. Hence, inventories may improve the responsiveness of the
system, on the one hand, they may deteriorate the cost-effectiveness of the system,
on the other. For instance, holding excess inventories imposes unnecessary inventory
holding costs to the system. These costs can be referred to as the opportunity cost
of capital tied up in inventory, costs of storage and material handling, labor, and
insurance costs. Particularly, in high-tech companies with technological products,
in addition to the above-mentioned inventory costs, inventory obsolescence cost
may be charged.

Moreover, lack of inventories can also causes products shortage and, in turn, can
result in late deliveries to the customers and customer dissatisfaction. In this case,
the firm has to pay a shortage penalty cost that can be referred to all the costs
associated with tardiness. Although calculating the shortage penalty costs is not a
straightforward task, it can be interpreted as penalties for the lateness in delivery,
loss of customers’ goodwill, profit, and even the business. In a shortage situation,
customers may tolerate and wait for the availability of the product or may not
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tolerate and find another source to get the product. Since in the former case demand
is backoredered and in the latter, it is lost, the associated shortage cost with each
case is called backordring cost and lost sale cost, respectively.

To date, scholars have contributed to the literature of inventory management by
proposing various approaches to find the trade-off between the holding inventory
and shortage penalty costs that are correlated negatively. Hence, keeping more
inventory increases the holding cost while decreases the shortage penalty cost and
vice versa. A trade-off between these two types of costs can guarantee an optimal
system performance in terms of cost-effectiveness and responsiveness.

One of the barriers that makes this trade-off more and more challenging is
customer demand information uncertainty. There is an increasing consensus
among researchers and practitioners that obtaining and sharing customer demand
information with all the partners of a supply chain enhances the coordination and
eventually the performance of the system. The role of sharing customer demand
information for supply chain performance is more magnified if this information
is shared ahead of time. This information is often referred to in the literature as
Advance Demand Information (ADI). ADI represents the customers’ information on
their future demand at the present time.

Consider a firm that sells a product to the customers. Sharing ADI with the firm
creates a win-win cooperation for both parties i.e., the firm and customers, under
which the supplier can use ADI to reduce its excess and stockout inventory risks
and the customers reduce the risk of the product unavailability. With the help of
advances in information technology such as Electronic Data Interchange (EDI), web-
based platforms and Internet-based communication tools business firms of all the
sizes can obtain ADI from their customers by implementing a preorder strategy, in
which the customers place their order ahead of time to share the information on
timing and sizes of their future order with the firm.

In today’s marketplace, providing a higher guarantee on the availability of the
product may not create enough incentive for the customers to follow the preorder
strategy. Instead, the business firms can entice the customers by giving them a
bonus or price reduction associated with the value of the ADI. We call the provided
ADI by the customer, commitment lead time. More specifically, the commitment lead
time refers to a time period from placing the order by the customer until the time
the customer needs the product (see Figure 1.1).

tt t

Agreed 
delivery

Actual 
delivery

Commitment lead time Customer waiting time

Time

Customer 
orderFirm

1 2 3
Replenishment lead time

∞ 

Inventory 

Figure 1.1: Agreed and actual delivery dates under the preorder strategy
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Since longer commitment lead time can be more beneficial to the firm, the firm pays
the bonus based on the length of the commitment lead time. Even though from the
customer’s perspective, the bonus is a kind of income, from the firm’s perspective
it is a kind of cost. We refer to the bonus from the firm’s perspective as commitment
cost. Although the commitment lead time plays an undeniable role in improving
profit of the firm by diminishing mismatches between demand and supply, it is not
trivial how adding commitment cost to the total cost of a conventional inventory
system including inventory holding and backordering costs should lead to a cost
reduction.

It might be an intuitive concept that the commitment lead time helps the business
firm to reduce the need for inventory or excess capacity, on the one hand, and
increase the availability of its products, on the other. As a result, the firm can
reduce the inventory holding and backordering costs. But, adding commitment
cost to the system total cost need to be addressed in an analytical framework.

From the literature of the stochastic inventory management, we know that in a
traditional stochastic inventory problem including holding and backordering costs,
the long-run average total cost is minimized when the inventory level is adjusted
such that both cost terms have the same magnitude. However, by adding the
commitment cost to the problem, this approach may not work. Figure 1.2 gives
a schematic representation of these three costs when the objective of the firm is
minimizing the long-run average total cost. In this situation, the firm’s control
policy is a combination of the inventory level and the length of the commitment
lead time. More specifically, the impact of each element of the control policy on
each cost term (i.e., holding, backordering, and commitment) can be viewed as a
three-pan weighing scale with two balancing screws.

Inventory Level

Replenishment Lead Time of the Firm

Commitment Lead Time

h p c

Long-run Average

Total Cost

0 ∞

M
in

Holding Backordering Commitment
Cost Cost Cost

Figure 1.2: Representation of the inventory management with three cost terms

Each pan represents one of the cost terms and each balancing screw represents one
element of the control policy. We aim to adjust the balancing screws such that
the pointer of the weighing scale shows the minimum total cost. As it is seen,
the inventory level effects the magnitude of the holding and backordering costs
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and the length of commitment lead time effects the magnitude of all the three cost
terms. In other words, more inventory level results in more holding cost and less
backordering cost and vice versa. Also, more commitment lead time results in more
commitment cost as well as less holding and backordering costs and vice versa. As
it is presented in Figure 1.2, when the magnitude of the holding and backordering
costs equals the magnitude of the commitment cost, the pointer of the weighing
scale does not show the minimum. Hence, the existing approach in the literature
cannot be applied to our problem.

In this thesis, we aim to investigate the pereorder strategy associated with
commitment cost from cost and service perspectives in different inventory systems.
First, we analyze a single-location inventory system. Then, we extend our analysis
by replacing the backordering cost with two time-based service measures. Finally,
an assemble-to-order (ATO) system with two components and a single end-product
is examined.

The remainder of this chapter is organized as follows: First, we provide an extensive
literature review on ADI in single-location and multi-location inventory systems.
In Section 1.2, we distinguish three inventory systems. Finally, we present the
overview and outlines of the thesis in Sections 1.3 and 1.4, respectively.

1.2. Inventory Systems

In this section, we establish the settings under which the profitability of the
preorder strategy is investigated. We mainly consider inventory systems with a
single end-product, Poisson demand, continuous review, base-stock policy, fixed
replenishment lead times, and backordered demand. By adding specific settings,
we distinguish three inventory systems. In what follows, we provide a short
introduction of inventory systems, each of which will be elaborated in a dedicated
chapter of this thesis.

1.2.1 System 1: A Single-location Inventory System

In this system, we consider a single-location inventory system that operates under
preorder strategy. We aim to find the optimal control policy as a combination of the
base-stock level and commitment lead time such that a long-run average total cost is
minimized. The total cost consists of holding, backordering and commitment costs.
We formulate the problem as an unconstraint mixed-integer nonlinear program to
answer the following research questions;

1. When and how should the firm use the preorder strategy?
2. What are the characteristics of the optimal control policy?
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3. Which factors have the largest impact on the benefits of the preorder strategy?

We present the related analysis and results in Chapter 3. The chapter is a slightly
modified version of Ahmadi et al. (2019b).

1.2.2 System 2: A Single-location Inventory System with Commit-
ment and Service Constraint

In this system, in addition to the settings of System 1, we take time-based service
measures into account. We aim to find the optimal control policy such that
the long-run average total cost consisting of holding and commitment costs is
minimized subject to a time-based service constraint. We study two time-based
service measures; average customer waiting time and individual customer waiting time.
For the first measure, we put a maximum waiting threshold on the average customer
waiting time. For the second, we form a chance constraint consisting of a service
level as well as the maximum waiting threshold. We formulate the problem as
a constraint mixed-integer nonlinear program to answer the following research
questions;

1. When should the firm use the preorder strategy?
2. How can the optimal control policy be obtained?
3. What is the impact of the commitment lead time on the customer waiting time and the

optimal cost value?
4. What is the impact of commitment lead time on the equivalent unit backordering cost

to maximum waiting threshold?

We present the related analysis and results in Chapter 4.

1.2.3 System 3: A Two-component, Single-end-product ATO Sys-
tem

In this system, we consider a two-component, single-end product ATO system that
operates under a preorder strategy. We aim to find the optimal control policy as a
combination of component base-stock levels and the optimal commitment lead time,
that minimizes the long-run average total cost consisting of components’ inventory
holding, backordering and commitment costs. We formulate the problem as an
unconstraint mixed-integer nonlinear program to answer the following research
questions;

1. When and how should the firm use the preorder strategy?
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2. What are the characteristics of the optimal control policy?

We present the related analysis and results in Chapter 5. The chapter is a slightly
modified version of Ahmadi et al. (2019a).

1.3. Overview and Contributions of the Thesis

In this section, we provide an overview of this thesis and describe our main
contributions. The content of this thesis is presented in six chapters. Chapter 2
represents the exposition of our research within the context of existing literature
on ADI in inventory systems. In Chapter 3, we study a single-location inventory
system with preorder strategy. We prove the optimality of bang-bang and all-
or-nothing policies for the commitment lead time and the base-stock policy,
respectively. We study the case where the commitment cost is linear in the length of
the commitment lead time in detail. We show that there exists a unit commitment
cost threshold which dictates the optimality of either a buy-to-order or a buy-
to-stock strategy. The unit commitment cost threshold is increasing in the unit
holding and backordering costs and decreasing in the mean lead time demand. For
a given base-stock level, we develop a simple and accurate approximation for the
corresponding optimal commitment lead time. Finally, we determine the conditions
on the unit commitment cost for profitability of the buy-to-order strategy.

In Chapter 4, we study a single-location inventory system with preorder strategy
and two time-based service constraints. We propose exact and heuristic opti-
mization algorithms for each constraint optimization model. Different from the
previous chapter, we observe that when commitment lead time and time-based
service measures are taken into account, the optimal commitment lead time is
not a bang-bang policy, anymore. We derive the exact distribution probability
of customer waiting time in terms of system parameters and control policy. We
show that the commitment lead time not only increases the service level (i.e., the
likelihood of meeting a customer demand up to a threshold) but also decreases the
possible maximum waiting time. Also, the optimal cost value is bounded and non-
increasing in the maximum waiting threshold. We find that when the firm wants to
provide a quicker response to a higher percentage of the customers, the value of the
commitment lead time in terms of cost reduction is more highlighted. Moreover,
we consider an unconstraint optimization model with backordering cost and its
equivalent constraint optimization model with the average waiting time constraint.
We calculate equivalent unit backordering cost such that both models have the same
optimal cost. We find a negative relationship between unit backordering cost and
maximum waiting threshold. When commitment lead time is taken into account,
the equivalent unit backordering cost is always bounded above.

In Chapter 5, we study a two-component, single-end product ATO system with
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preorder strategy. We find that the optimal commitment lead time is either zero or
equals the replenishment lead time of one of the components. When the optimal
commitment lead time is zero, the preorder strategy is not beneficial and the
optimal control strategy for both components is buy-to-stock. When the optimal
commitment lead time equals the lead time of the component with the shorter
lead time, the optimal control strategy for this component is buy-to-order and it
is buy-to-stock for the other component. On the other hand, when the optimal
commitment lead time equals the lead time of the component with the longer lead
time, the optimal control strategy is the buy-to-order strategy for both components.
We find the unit commitment cost thresholds which determine the conditions under
which one of these three cases holds.

In Chapter 6, we conclude the thesis and represent directions as extensions for
future work. We suggest that the preorder strategy can be studied in more complex
ATO systems with multiple end-products. Also, the commitment lead time concept
can be investigated in decentralized ATO systems with the help of game theory.

1.4. Outline of the Thesis

In this thesis, the profitability of the preorder strategy in three different inventory
system settings is investigated. For this purpose, in Chapter 2, a comprehensive
literature review on inventory systems with ADI is provided. In Chapter 3, we
consider a single-location inventory system. We extend our analysis in Chapter
4 by replacing the backordering cost with two time-based service measures. In
Chapter 5, the systems is extended to a two-component, single-end-product ATO
system. Eventually, the thesis is concluded in Chapter 6 and possible extensions
are provided. Table 1.1 gives an overview of the title and system structure of each
chapter.
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2
Literature Review

In this chapter, we review the relevant studies to specify the exposition of our
research in the body of literature. Our work is related to inventory control systems
with ADI. We organize the literature review based on the system structures in two
sections. First, in Section 2.1 we review single-location inventory systems with ADI.
Then, we cover multi-location inventory systems with ADI in Section 2.2. Finally,
Section 2.3 represents the exposition of our research.

2.1. Single-location Inventory Systems with ADI

There is a growing body of research that addresses the value of information in
managing supply chains. The literature on inventory control systems dealing
with ADI can be broadly categorized into two classes based on the accuracy of
information about future orders: perfect and imperfect ADI. In the first class, the
customers provide the firm with the exact information about the timing and the
size of their future orders. However, in the second class, customers provide the
firm with an estimate of timing or quantity of future orders which may then later
be modified or canceled. We review studies dealing with perfect and imperfect ADI
in Subsections 2.1.1 and 2.1.2, respectively.

2.1.1 Perfect ADI

One of the earliest and most influential works on perfect ADI is the work of
Hariharan and Zipkin (1995). They study a single-location inventory system that
uses a continuous-review order-base-stock replenishment policy to fulfill customer
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orders that arrive according to a Poisson process. Each customer orders a single
item where should be delivered after a fixed amount of time called demand lead
time. They construct an equivalent conventional model, i.e. one with no demand
lead times, in which the demand lead times are subtracted from replenishment
lead times. This implies that the impact of demand lead time on overall system
performance is the same as a system with corresponding replenishment lead time
reduction. Assuming similar demand lead times for all the customers, the authors
prove the optimality of a base-stock policy.

Gilbert and Ballou (1999) study a steel distributor that manages its capacity and
inventory by determining a portion of its demand as ADI. They model the problem
considering ordering, holding and lost-sale costs. The model provides a useful tool
for estimating the cost savings associated with various levels of ADI. Chen (2001)
considers a firm sells a single product in two periods. The firm offers a menu
of price-delay combinations, from which the customers can choose to provide the
firm with ADI or not. He shows how the firm can determine an optimal price-
delay schedule. Cattani and Souza (2002) investigate inventory-rationing policies
in a firm with a single product and two demand classes, where one class requests
faster delivery and pays a higher price. They study several rationing policies and
compare the performance of these rationing policies under various scenarios for
customer response to delay: lost sales, backlog, and a combination of lost sales and
backlog. Karaesmen et al. (2004) assess the value of using ADI under a variety of
assumptions and the delivery timing requirements. They, model a make-to-stock
queue. McCardle et al. (2004) study a situation, in which two retailers consider
launching an Advance Booking Discount (ABD) program. They analyze four
possible scenarios wherein each of the two retailers offer an ABD program or not,
and establish conditions under which the unique equilibrium calls for launching
the ABD program at both retailers.

Koçağa and Şen (2007) consider a spare-part inventory system that faces two classes
of demand arrivals such that class 1 demands are due immediately, whereas class
2 demands provide ADI. They conduct a case study with 64 representative parts
and show that significant savings are possible through incorporation of demand
lead times and rationing. Wijngaard and Karaesmen (2007) investigate order
aggregation in a capacitated production system with perfect ADI. They prove that
when customer order lead times are less than a threshold value, it is allowed to
aggregate the orders over time. Liberopoulos (2008) finds the trade-off between
finished goods inventory and ADI in an inventory system. He shows that the trade-
off is linear if the supply process can be modeled as an M/D/1 queue, and it is not
linear if the supply process can be modeled as an M/D/∞. Papier and Thonemann
(2010) consider a rental system with two customer classes; premium and classic
service. Just under the premium service, customers provide ADI. They propose an
ADI policy and analyze its performance by deriving upper and lower bounds on
the optimal expected profit. Using numerical experiments, they indicate that the
potential benefit of using ADI is significant and that our ADI policy performs close
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to optimal. Benbitour and Sahin (2015) use simulation to evaluate both type of ADI.
They observe that the imperfectness of demand information reduces the benefits
of ADI. More specifically, for imperfect ADI they realize that the imperfect due
dates deteriorate the systems performance more than imperfect demand quantities.
Bernstein and DeCroix (2014) analyze the impact of ADI on firm profit and on
the benefits of resource flexibility with multiple products. They consider two
different forms of imperfect ADI as demand volume across products and demand
mix between products. They find that commonality and volume information are
strategic complements, however, commonality and mix information are strategic
substitutes.

2.1.2 Imperfect ADI

Buzacott and Shanthikumar (1994) study the impact of the forecast accuracy on the
lead time and the safety stock in a material requirements planning (MRP) system.
They find that the safety time is usually only preferable to safety stock when it is
possible to make accurate forecasts of future required shipments; otherwise, safety
stock is more robust in confronting changes in customer requirements. Gallego and
Özer (2001) prove that for an inventory system state-dependent, base-stock policies
are optimal for with and without fixed costs. Also, they determine conditions under
which ADI has no operational value. The impact of imperfect ADI in a project-
based supply chain with two types of demand is studied by van Donselaar et al.
(2001). They find that imperfect ADI is particularly beneficial if it is applied in
project environments in which proposals have a high chance of turning into orders.
Iyer et al. (2003) asses a capacity planning problem with demand postponement
strategy in which a fraction of the demands from the regular period are postponed
and satisfied during a postponement period. They formulate the problem as a two-
stage capacity planning problem and analytically determine the optimal regular
and postponement period capacities.

Production planning with ADI and outsourcing is considered by Hu et al. (2003).
They find that the optimal policy is a state-dependent, double-threshold policy.
Özer and Wei (2004) address a capacitated production system with the ability to
obtain ADI. They establish optimal policies and characterize their behavior with
respect to capacity, fixed costs, ADI, and the planning horizon. They illustrate
how ADI can be a substitute for capacity and inventory. Zhu and Thonemann
(2004) consider an inventory system with ADI. They show that information cost
and demand correlation are important factors for determining the optimal extent
of ADI sharing. Tan et al. (2007) investigate an inventory system operating
under up-to-level policy with imperfect ADI. They show that the optimal ordering
policy is of state-dependent order-up-to type, where the optimal order level is
an increasing function of the ADI size. Liberopoulos and Koukoumialos (2008)
evaluate the impact of variability and uncertainty in ADI on the performance of
a capacitated/uncapacitated system with two customer classes; one class without
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ADI and the other with imperfect ADI. They model the system as four different
queuing systems.

Production control and inventory allocation in an integrated production-inventory
system with multiple customer classes and imperfect ADI is studied by Gayon
et al. (2009). They show that the optimal production and allocation policies are
state-dependent base-stock and multilevel rationing policies, respectively. Tan et al.
(2009) investigate the impact of ADI on ordering and rationing decisions in an
inventory system with two demand classes. They find that imperfect ADI and
rationing are two important characteristics that will improve system performance
under specific conditions. Huang and van Mieghem (2014) conduct a study on the
value of click tracking as a mechanism to obtain imperfect ADI. Using an empirical
study, they show that clickstream data provides the firm with ADI in terms of not
only purchasing probabilities and amount but also purchasing timing.

Benjaafar et al. (2011) model a capacitated system with imperfect ADI as a
continuous-time Markov decision process and prove the existence of an optimal
state-dependent base-stock policy. They find that while ADI is always beneficial
to the firm, this may not be the case for the customers who provide the ADI.
Iravani et al. (2007) consider a capacitated supplier with two classes of customers:
primary and secondary. The primary customer places a random order quantity
based on a predetermined time window; however, the secondary customer requests
a single item at a random time. If the supplier is not able to fulfill the primary
customer order a penalty should be paid to the customer and serving the secondary
customer results in an additional profit. They characterize the supplier’s optimal
production and stock reservation policies. They show that these policies are
threshold-type policies and thresholds are monotone with respect to the primary
customer’s order size. Altendorfer and Minner (2014) model a single-stage hybrid
production system in the form of either an MTO system with safety stocks or an
MTS production system with ADI. Under multi-product and variable customer due
dates setting, they find optimal conditions for safety stocks and safety lead times
that minimize holding and backordering costs. Benbitour and Sahin (2015) study
both perfect and imperfect ADI via simulation. They observe that the imperfectness
of demand information reduces the benefits of ADI. Specifically for imperfect ADI,
they realize that the imperfect due dates deteriorate the system performance more
than imperfect demand quantities. Bernstein and DeCroix (2014) explore the impact
of ADI on firm profit and on the benefits of resource flexibility with multiple
products. They consider two different forms of imperfect ADI as demand volume
across products and demand mix between products. They find that commonality
and volume information are strategic complements, however, commonality and
mix information are strategic substitutes. Papier (2016) evaluates supply allocation
under sequential ADI in a capacitated system that serves different markets. He
finds that ADI has the greatest value if the available supply is close to the initial
forecasts. Topan et al. (2018) use imperfect ADI in a single-item, single-location,
periodic-review inventory system with lost sale. Assuming that excess stock due
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to the imperfection of ADI can be returned to the upstream, they provide a partial
characterization of the optimal ordering and return policy. They show that the
benefit of sharing information increases considerably if the excess stock can be
returned.

Our work in Chapters 3 and 4 belongs to Subsection 2.1.1. We study single-location
inventory systems with the preorder strategy under which the customers provide
perfect ADI. Different from the literature, we assign a cost to ADI and refer to it as
commitment cost. In Chapter 3, we find the optimal replenishment and preorder
strategies such that the long-run total cost consists of holding, backordering, and
commitment costs is minimized. In Chapter 4, we replace the backordering cost
with a time-based service constraint. Although the systems in both chapters are
single location inventory system with perfect ADI, they don’t have the same optimal
control policies even for almost the same parameters setting.

2.2. Multi-echelon Inventory Systems with ADI

Hariharan and Zipkin (1995) study a serial system with ADI. They show that
demand lead time can be directly subtracted from supply lead time, so that having
a demand lead time of l is equivalent to shorten supply lead time by the same
amount. Bourland et al. (1996) investigate the value of timely demand information
provided by Electronic Data Interchange (EDI) technology in a two-stage serial
system. They find that more accurate demand information could reduce inventories
at the upstream stage, or improve the reliability of its deliveries to the downstream
stage, or both. The downstream stage, in turn, could reduce its inventories if its
supplier are more reliable. Lee et al. (2000) study the benefit of information sharing
in a two-stage supply chain consisting of a manufacturer and a retailer. They show
that their analysis suggests that the value of demand information sharing can be
quite high, especially when demands are significantly correlated over time.

Gallego and Özer (2003) consider a serial system with ADI under periodic review.
They prove the optimality of state-dependent, echelon base-stock policies for finite
and infinite horizon problems. Lu et al. (2003) study the impacts of ADI on
performance measures of a multi-component, multi-end-product ATO system with
batch Poisson arrivals. They find that ADI is more effective in improving order
fill rates than an equivalent reduction in component lead times. Özer (2003)
considers a centralized one-warehouse, multi-retailer distribution system with
ADI. He illustrates how ADI can be a substitute for lead times and inventory,
and how it enhances the outcome of delayed differentiation. Liberopoulos and
Koukoumialos (2005) investigate via simulation the trade-off between optimal base-
stock and hybrid base-stock/Kanban policies in single- and two-stage capacitated
production/inventory systems with ADI. They indicate that when ADI is available,
the echelon planned supply lead times and the number of Kanbans should be as
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small as possible.

Claudio and Krishnamurthy (2009) investigate the benefits of integrating ADI with
Kanban-based pull Production and Inventory Control Systems (PICS) in a multi-
stage production system. Using simulation experiments they show that integrating
ADI with Kanban-based pull systems provides more opportunities for performance
improvements compared to a pull system alone. Iida and Zipkin (2010) study
the benefits from sharing demand forecast in a supply chain with a supplier
and a retailer in both cooperative and competitive settings. They form a simple
transfer-payment scheme to align the players’ incentives with that of the overall
system. They find that unless the players’ incentives are aligned with the scheme,
sharing information makes little sense. Ha et al. (2011) assess vertical information
sharing in competing supply chains with production diseconomies. They consider
a model of two supply chains each consisting of one manufacturer and one retailer.
The retailers are engaging in Cournot or Bertrand competition. They show that
information sharing in one supply chain triggers a competitive reaction from the
other supply chain and this reaction is damaging to the first supply chain under
Cournot competition but may be beneficial under Bertrand competition.

Altendorfer and Minner (2011) study the simultaneous optimization of planned
lead time and capacity invested for a two-stage MTO manufacturing system with
random demands and random due dates. They show that when capacity is
predefined, the optimal planned lead times are independent of the distribution
of customer required lead time; however, they influences the optimal capacity to
invest into. Angelus and Özer (2016) model a multi-component, single end-product
assembly system with expediting of stock and ADI. Formally, they consider a
nonstationary, periodic review, finite horizon, assemble-to-stock model with ADI
and the option to expedite inventories of the components. They derive the structure
of the optimal policy and prove that ADI and expediting of stock both reduce the
amount of inventory optimally held in the system.

Nakade and Yokozawa (2016) present the theoretical analysis of a two-stage
production inventory system with ADI, where the processing time is assumed
deterministic and identical. They derive the optimal release lead time and optimal
base-stock levels. Chintapalli et al. (2017) study a two-stage supply chain consists
of a supplier and a manufacturer. They examine whether the supplier should
offer advance-order discounts to encourage the manufacturer to place a portion
of its order in advance, even though the manufacturer incurs some inventory
risk. They discover that if the supplier imposes a prespecified minimum order
quantity requirement as a qualifier for the manufacturer to receive the advance-
order discount, then such a combined contract can coordinate the supply chain.

Our work in Chapter 5 belongs to Section 2.2. We study a two-echelon ATO
system consisting of two components and a single end-product. Different from the
literature, we assign a cost to ADI and find the optimal replenishment and preorder
strategies such that the long-run total cost is minimized.
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2.3. Exposition of the Research

Although extensive research has been done on production/inventory management
with ADI in the last decades, we believe that allocating cost to ADI, i.e., commitment
cost, and studying its impact on the optimal control policies and the system
performance has not been addressed, yet. In this thesis, we consider inventory
systems with a single end-product, Poisson demand, continuous review, base-stock
policy, fixed replenishment lead times, and backordered demand. The closest
study to our research is by Hariharan and Zipkin (1995). The authors study
single- and multi-location inventory systems with continuous-review, single item,
Poisson demand, and perfect ADI. The authors prove the optimality of a base-
stock policy for the single-location inventory system. Different from Hariharan
and Zipkin (1995), we have an additional cost term, which is the commitment cost.
In addition to the base-stock level, we also optimize the commitment lead time.
Therefore, we investigate the impact of commitment cost on the optimal control
policies as a combination of base-stock level(s) and commitment lead time in (1) a
single-location inventory system, (2) a single-location inventory system with a time-
based service level constraint, and (3) a two-component, single-end-product ATO
system. We contribute to the body of inventory and service management literature
by answering the corresponding research questions to each inventory system and
providing managerial insights.





3
A Single-location Inventory System

with Commitment

3.1. Introduction

The consequences of demand and supply uncertainties and eventual mismatch
between demand and supply are well-known to many companies. The need for
designing company operations such that this mismatch is minimized or avoided has
motivated many researchers and resulted in a rich literature on demand and supply
management. Among the various methods, information sharing has received a lot
of attention. The benefits of acquiring and providing information about future
demand are undeniable. Having information on future customer demand helps
companies in reducing their inventory levels without sacrificing high service levels.
Customers, who provide information on the timing and quantity of their future
demand get a high quality service.

One way to obtain advance demand information (ADI) is implementing a preorder
strategy, in which customers place orders ahead of their actual need. The preorder
strategy is characterized by a commitment lead time which is defined as the time
that elapses between the moment an order is communicated by the customer and
the moment the order must be delivered to the customer. Although in today’s
competitive market firms cannot force their customers to place orders before their
actual need, they can tempt them to follow the preorder strategy by giving a bonus.
In order to make long commitment lead times acceptable and attractive, companies
should propose bonuses which increase with the length of commitment lead times.
The commitment lead time contracts reduce the companies’ demand uncertainty
risk and the customers’ inventory unavailability risk (Lutze and Özer, 2008). The
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form of ADI which is considered in this study is different from that of existing
literature. In the existing literature, ADI helps to make a better forecast of the
future customer demand. In our work, the demand distribution is known. ADI is
utilized operationally to reduce demand-supply mismatching by reducing the lead
time demand uncertainty. Under the optimal solution, lower lead time demand
uncertainty results in lower holding and backordering costs. This form of ADI
works for service and custom-production companies, where service customers can
make reservations and customers of custom products order in advance of their
needs (Hariharan and Zipkin, 1995).

In the Business-To-Business (B2B) environment this is typically the case when the
customer is planning production to efficiently exploit resources, whereby plans are
frozen a few weeks ahead of time. Thus the moment of need for materials with
short shipment lead times is known earlier and the supplier can be informed about
it. By doing so, the supplier can save on inventory holding cost and exploit the early
demand information to produce more efficiently. The latter impact is out of scope
of this study. Also in the Business-To-Consumer (B2C) environment many online
purchases are not time-critical, such as books and electronic devices, and a bonus
may seduce the customer to accept a later moment of delivery. Once identifying
the possible mutual benefit of early order placement, the question arises what
commitment lead time should be chosen. Thus, incentifying customers to inform
their supplier earlier than the point in time determined by the moment of need and
the shipment lead time may substantially reduce cost for the supplier, while hardly
having an impact on the customer cost. This study discusses both the potential
benefits of preordering and the optimal commitment lead time choice.

We study the preorder strategy of a firm in a single item, single location setting.
The firm faces random customer demand and uses a continuous-review base-
stock policy to replenish its inventory from an uncapacitated supplier with a
deterministic lead time. Under the aforementioned setting, the firm offers a
preorder strategy to its customers and consequently, they receive a bonus. From the
firm’s perspective, the bonus is kind of cost. We refer to this cost as a commitment
cost. The commitment cost function is strictly increasing and convex in the length
of the commitment lead time. Since a commitment lead time longer than the
replenishment lead time does not have any effect on reducing the lead time demand
uncertainty, the commitment lead time is bounded by zero and the length of the
replenishment lead time. The firm aims to evaluate this preorder strategy and find
the optimal length of the commitment lead time and the optimal base-stock level,
which minimize the total long-run average cost. This cost is the sum of long-run
average holding, backordering and commitment costs. We formulate the total long-
run average cost and answer the following questions:

1. When and how should the firm use the preorder strategy?
Based on the structure of the commitment cost, we find the sufficient
conditions under which the firm should offer the preorder strategy. More



3.1 Introduction 19

specifically, assuming a linear commitment cost per time unit, we find a unit
commitment cost threshold such that for any unit commitment cost below the
threshold it is better for the firm to offer the preorder strategy. The threshold
is a function of the mean lead time demand, holding and backordering unit
costs. By means of this unit commitment cost threshold the firm can decide
whether offering the preorder strategy is cost effective or not. When the
preorder strategy is beneficial to the firm, the firm should choose a strategy
that is similar in spirit to a make-to-order production strategy. In our context,
we call this a buy-to-order (BTO) strategy. When preordering is not beneficial,
the firm should a strategy that is similar in spirit to a pure make-to-stock
production strategy. In our context, we call this a buy-to-stock (BTS) strategy.

2. What are the characteristics of the optimal control policy?
The optimal commitment lead time and the optimal base-stock level are not
independent from each other. We characterize the optimal base-stock level and
its corresponding optimal commitment lead time. We prove the optimality of
bang-bang and all-or-nothing policies for the commitment lead time and the
base-stock policy, respectively. We show that the optimal commitment lead
time is either zero or equal to the replenishment lead time. We show that
when the commitment lead time is zero, the corresponding base-stock level
is the solution of the well-known Newsvendor problem with deterministic
lead time and when the commitment lead time equals the replenishment lead
time, the corresponding optimal base-stock level is zero. Consistent with the
literature we call this policy as an all-or-nothing policy (Lutze and Özer, 2008).

3. Which factors have the largest impact on the benefits of the preorder strategy?
Through exact sensitivity analysis on the unit commitment cost threshold, we
provide insights on the benefits of the preorder strategy. We find that the
preorder strategy helps with high demand uncertainty, even when the unit
commitment cost is high. Similarly, the preorder strategy benefits the firm
when the unit holding and backordering costs increase, even when the unit
commitment cost is high. We also find that when demand uncertainty is low,
the unit commitment cost threshold is more robust to changes in the unit
holding and backordering costs.

Scholars have studied inventory management with ADI broadly from different
perspectives. They have considered several bonus conditions for providing ADI. We
study the impact of commitment cost as a function of the commitment lead time in
a firm with perfect ADI, continuous-review, deterministic replenishment lead time
and Poisson demand. A similar setting has only been studied in Hariharan and
Zipkin (1995) but the authors do not assign a cost to the commitment lead time.
Assuming a commitment cost strictly increasing and convex in the commitment
lead time, we contribute to the literature by characterizing the optimal preordering
strategy and the corresponding optimal replenishment strategy. The results of
this study can serve as a building block for characterizing the optimal preorder
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and replenishment strategies for more complicated assemble-to-order systems. In
addition, firms can use our results to evaluate the potential of preorder strategies
and can make decisions on rejecting or accepting a preorder strategy.

Our work belongs to the category of perfect ADI. The closest study to our research
is by Hariharan and Zipkin (1995). We consider the same setting as Hariharan and
Zipkin (1995). Different from them, we have an additional cost component, which
is the commitment cost. In addition to the base-stock level, we also optimize the
commitment lead time. We prove the optimality of a so-called bang-bang policy for
the commitment lead time, i.e. it is either 0 or equal to the replenishment lead time,
and we show that the corresponding optimal base-stock policy is an all-or-nothing
policy.

The rest of this chapter is organized as follows. In Section 3.2, we formulate the
problem. In Section 3.3, we find a lower bound for the minimum cost function
and characterize the optimal policies in terms of the optimal commitment lead time
and the corresponding optimal base-stock level. In Section 3.4, we study a linear
commitment cost and determine the conditions under which the preorder strategy
is optimal. Finally, in section 3.5, we conclude the chapter. We defer the proofs to
the Appendix 3.6.

3.2. Problem Formulation

We consider a firm managing the inventory of a single item. The firm uses a
continuous-review base-stock policy with base-stock level s ≥ 0 to replenish its
inventory from an uncapacitated supplier. The replenishment lead time, l, is
constant. Customer orders/demands describe a Poisson process with a rate λ. Each
customer orders a single unit. The firm uses a preorder strategy, which requires that
customers place their orders ψ time units before their actual need. We say that the
demand occurs ψ time units after the corresponding order. We call ψ the commitment
lead time. We assume that ψ is continuous. However, our results would still hold
for discrete ψ. If ψ > l, the firm can meet every demand without holding inventory
by placing a replenishment order ψ − l time units after a customer order occurs.
This results in zero holding and backordering costs. In this chapter, we analyze the
case with 0 ≤ ψ ≤ l.

The firm pays a commitment cost K(ψ) per customer order. We assume that
K(0) = 0 and K(ψ) is strictly increasing and convex in the length of commitment
lead time ψ. We assume that the commitment cost is increasing in time to show
that its value depends on the commitment lead time length. Convexity of the
commitment cost indicates that the commitment cost paid to the customer per time
unit is increased in the commitment lead time. In other words, the convexity of
commitment cost can be interpreted as a possibility to make the customer greedy
to provide longer commitment lead time. In addition to the commitment cost, the
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firm pays an inventory holding cost of h per unit per time unit. Moreover, there is
a commitment to deliver each customer order by the end of the commitment lead
time ψ, otherwise, demand is backordered and a backordering cost of p per unit per
time unit is paid to the customer. The customer does not accept a delivery before
the end of commitment lead time since the product is not needed before that. The
firm’s objective is to find the commitment lead time, ψ, and the base-stock level, s,
which minimize the total average cost.

To find out how the commitment lead time appears in the standard formulation of
the inventory management, we define the following notations.

D−(t1, t2]: cumulative customer orders from time t1 though time t2, t1 < t2,
D(t1, t2]: cumulative customer demand from time t1 though time t2, t1 < t2,
IO(t): number of outstanding orders at time t,
IN(t): net inventory level of the firm at time t,
IP(t): inventory position of the firm at time t,

For a standard single-location inventory system (i.e., without the commitment lead
time), the net inventory level follows the simple conservation-of-flow law;

IN(t + l) =IN(t) + IO(t)− D(t, t + l]
=IP(t)− D(t, t + l].

(3.1)

When the system operates under a base-stock policy with base-stock level s, IP(t)
has a stationary behavior over time (i.e., ∀t > 0, IP(t) = s). Then, IN(t + l) =
s−D(t+, t + l]. For an inventory system with commitment lead time ψ, the control
policy is an order-base-stock policy with base-stock level s, under which when a
customer order occurs, a replenishment order is placed. Under the order-base-
stock policy with base-stock level s, IP(t) = IN(t) + IO(t) is non-stationary over
time. It means that we can not write ∀t > 0, IP(t) = s. Let us define a modified
inventory position IP−(t) as IP−(t) = IP(t)− D(t, t + ψ]. The modified inventory
position depends on known demand during a time period with the length of the
commitment lead time. This implies that IP−(t) has a stationary behavior over time
(i.e., ∀t > 0, IP−(t) = s). If the system starts with IP−(0−) ≤ s, we immediately
order the difference, so that IP−(0) = s. If IP−(0−) > s, we order nothing until
demand reduces IP−(t) to s. Once IP−(t) hits s, it remains there from then on.
This gives a one-for-one replenishment. Based on this information, the Equation
(3.1) can be customized for an inventory system with commitment lead time ψ as
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follows.

IN(t + l) =IP(t)− D[t, t + l]
=IP(t)− (D(t, t + ψ] + D(t + ψ, t + l])
=(IP(t)− D(t, t + ψ])− D(t + ψ, t + l]

=IP−(t)− D(t + ψ, t + l]
=s− D(t + ψ, t + l].

(3.2)

Since each customer order after ψ time unites becomes a customer demand, for
0 ≤ ψ ≤ t1 < t2, we have D(t1, t2] = D−(t1 − ψ, t2 − ψ]. Therefor, IN(t + l) =
s − D−(t, t + l − ψ]. Actually, D−(t, t + l − ψ] presents the number of customer
orders during an interval of length l − ψ. Let IN and X(ψ) be the corresponding
steady-state variables to IN(t) and D−(t, t + l − ψ], respectively. Then, IN = s−
X(ψ), where X(ψ) has a Poisson distribution with mean µX(ψ) = λ(l − ψ). We use
PX(ψ)(x) to represent the probability mass function of X(ψ). The dependency on
ψ is made explicit since this helps in subsequent analysis. We define C(s, ψ) as the
total average cost as a function of the decision variables s and ψ. C(s, ψ) can be
written as follows;

C(s, ψ) =hE {max(0, IN)}+ pE {max(0,−IN)}+ λK(ψ)

=h
s

∑
x=0

(s− x)PX(ψ)(x) + p
∞

∑
x=s

(x− s)PX(ψ)(x) + λK(ψ).
(3.3)

The first term in (3.3) is the average holding cost, the second term is the average
backordering cost and the final term is the average commitment cost. Defining
FX(ψ)(x) as the cumulative distribution function of X(ψ) and doing some algebra
on Expression (3.3), we obtain the following alternative expression for C(s, ψ):

C(s, ψ) = (h + p)
(

sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)
)
+ p

(
µX(ψ) − s

)
+ λK(ψ). (3.4)

(3.5)

The firm aims to solve the optimization problem

min
s∈N0,ψ∈[0,l]

C(s, ψ),

to find the optimal commitment lead time, ψ∗ and the optimal base-stock level, s∗.

3.3. Analysis

In this section, we initially analyze the properties of C(s, ψ) and prove its convexity
with respect to the decision variables and construct a lower bound on it (Section
3.3.1). Then, we prove the structure of the optimal policy (Section 3.3.2).
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3.3.1 Analysis of the Cost Function

C(s, ψ) is a continuous function with respect to ψ and a discrete function with
respect to s. In this section, we investigate the properties of C(s, ψ), which help in
proving the structure of the optimal policy. In Lemma 3.1 and Lemma 3.2 we prove
the convexity of C(s, ψ) with respect to the commitment lead time and the base-
stock level, respectively. The corresponding proofs can be found in Appendices
3.6.1 and 3.6.2.

Lemma 3.1 For each s ∈N0, the cost function C(s, ψ) is convex in ψ.

Lemma 3.2 For each ψ ∈ [0, l], the cost function C(s, ψ) is convex in s.

These results imply that we can find the optimal value of each decision variable
by fixing the other one. Initially, for a given value of ψ, we minimize C(s, ψ) with
respect to s. Using the first order conditions, we find that the optimal base-stock
level for a given value of ψ ∈ [0, l] is the base-stock level s that satisfies the following
inequalities:

FX(ψ)(s− 1) <
p

h + p
≤ FX(ψ)(s). (3.6)

With the following theorem, we prove that the optimal base-stock level is non-
increasing in the length of the commitment lead time. Hence, the maximum value
of the optimal base-stock level can be found by setting the commitment lead time to
zero. Similarly, the minimum value of the optimal base-stock level, which is zero,
occurs when the commitment lead time is at its maximum value, i.e., l.

Theorem 3.1 The optimal base-stock level is non-increasing in ψ ∈ [0, l]. The set of
optimal base-stock levels can be written as S̄ = {s0, s0 − 1, ..., 2, 1, 0}, where s0 is the
optimal base-stock level corresponding to ψ = 0 and 0 is the optimal base-stock level
corresponding to ψ = l.

We refer to Appendix 3.6.3 for the proof. This result implies that the whole interval
[0, l] can be partitioned into s0 + 1 subintervals Ψs, where subinterval Ψs covers all
the commitment lead times for which the corresponding optimal base-stock level is
s.

Define C(sψ, ψ) as

C(sψ, ψ) = min
s∈N0

C(s, ψ).

According to Theorem 3.1, there is a finite sequence of continuous convex functions
C(s, ψ) each defined on ψ ∈ [0, l] for which
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C(sψ, ψ) = min
s=0,1,2,...,s0

C(s, ψ) for all ψ ∈ [0, l].

Hence, the real valued function C(sψ, ψ) is continuous piecewise-convex on [0, l]. In
fact, C(sψ, ψ) constitutes a tight lower bound for C(s, ψ) (refer to Figure 3.1 for an
example).
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Figure 3.1: Representation of C(sψ, ψ) = min
s=0,1,2,...,s0

C(s, ψ)

3.3.2 The Structure of the Optimal Policy

In this section, we prove the main result of this chapter. We assume a general
structure for the commitment cost, K(ψ), and under a very mild condition we show
the optimality of a so-called ”bang-bang policy” for the commitment lead time.
This policy implies that the optimal commitment lead time is either zero or the
maximum possible value, which is l. Hence, it is one of the endpoints of the interval
[0, l]. In addition, we show that the corresponding optimal base-stock policy is of
“all-or-nothing” type. When the optimal commitment lead time is zero, the optimal
base-stock level is at its maximum value s0 (refer to Theorem 3.1). Otherwise, the
optimal lead time is equal to the replenishment lead time l and the corresponding
optimal base-stock level is zero or nothing. Assuming that K(0) = 0 and K(ψ) is
twice differentiable with K′(ψ) > 0 and K”(ψ) ≥ 0, which implies that K(ψ) is
increasing and convex, we can formulate the following Theorem.
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Theorem 3.2 If K′(ψ) − C(s0,0)
µX(0)

does not change sign in (0, l), then the optimal com-

mitment lead time policy on [0, l] is a “bang-bang” policy and its corresponding optimal
base-stock policy is of “all-or-nothing” type.

We refer to Appendix 3.6.4 for the proof. The proof of Theorem 3.2 relies on
constructing a monotone lower bound for C(sψ, ψ) on [0, l]. Let CLB(ψ) be the lower
bound. We construct it so that the endpoints of C(sψ, ψ) and CLB(ψ) coincide, i.e.,
C(s0, 0) = CLB(0) and C(sl , l) = CLB(l). Therefore, the minimum of C(sψ, ψ) on
[0, l] is equal to the minimum of CLB(ψ) on [0, l]. Given that CLB(ψ) is a monotone
function on a closed interval [0, l], the minimum of C(sψ, ψ) always happens at
the endpoints of [0, l]. Hence, ψ∗ ∈ {0, l}, i.e., the optimal commitment lead time
policy is a bang-bang policy (refer to Appendix 3.6.4 for the details). In Figure 3.2,
we provide two examples for the monotone lower bounds; one where ψ∗ = 0 and
another where ψ∗ = l.
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Figure 3.2: Monotone lower bound CLB(ψ) and C(sψ, ψ) on [0, l]

With Corollary 3.1, we provide sufficient conditions for the optimality of buy-to-
stock and buy-to-order strategies.

Corollary 3.1 If K′(ψ) ≥ C(s0,0)
µX(0)

in (0, l), then the optimal strategy is the buy-to-stock

strategy and if K′(ψ) ≤ C(s0,0)
µX(0)

in (0, l), then it is the buy-to-order strategy.

This corollary implies that the firm either uses the standard base-stock policy
without any commitment lead time (buy-to-stock strategy) or holds no inventory
and uses a commitment lead time of l time units (buy-to-order strategy). For a
non-linear commitment cost if the condition in Theorem 3.2 does not hold, then the
result may or may not hold. Theorem 3.2 provides the sufficient condition but not a
necessary condition. We provide two numerical examples to clarify this further. We
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use the same parameters in both examples with different commitment costs (please
refer to Figure 3.3).
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Figure 3.3: Non-monotone lower bound CLB(ψ) and C(sψ, ψ) on [0, l]

For both examples, we have K′1(ψ) = ψ and K′2(ψ) = 2
5 ψ + C(s0,0)

5µX(0)
. Since C(s0,0)

µX(0)
=

12.69
4 = 3.17, there exist ψ1, ψ2 ∈ (0, l) such that for all ψ ∈ [0, ψ1], K′1(ψ1)− C(s0,0)

µX(0)
≤

0 and for all ψ ∈ [ψ1, l], K′1(ψ) −
C(s0,0)
µX(0)

≥ 0. Also, for all ψ ∈ [0, ψ2], K′2(ψ) −
C(s0,0)
µX(0)

≤ 0 and for all ψ ∈ [ψ2, l], K′2(ψ)−
C(s0,0)
µX(0)

≥ 0. Therefore, in both cases, for

all ψ ∈ (0, l), K′(ψ)− C(s0,0)
µX(0)

is not either non-negative or non-positive. It implies

that the sufficient condition does not hold. However, as it can be seen in Figure 3.3,
the bang-bang policy may or may not hold. It does not hold for the first example,
while it holds for the second one.

3.4. Linear Commitment Cost

In this section, we consider a linear commitment cost function. We define c as the
commitment cost per time unit and write K(ψ) = cψ. With the following corollary,
we prove that the sufficient condition in Theorem 3.2 is satisfied and, therefore, the
bang-bang policy is optimal under the linear commitment cost. In addition, we
show that there is a threshold value c0 such that if c > c0, the optimal strategy is
the buy-to-stock strategy and if c ≤ c0, it is the buy-to-order strategy.

Corollary 3.2 If the commitment cost function K(ψ) = cψ, then

1. The optimal commitment lead time policy on [0, l] is a ”bang-bang” policy and its
corresponding optimal base-stock policy is of ”all-or-nothing” type.
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2. There is a threshold c0 such that if c > c0, then ψ∗ = 0, otherwise, ψ∗ = l. The
expression for c0 is

c0 =
(h + p)

(
s0FX(0)(s0)− µX(0)FX(0)(s0 − 1)

)
+ p

(
µX(0) − s0

)
µX(0)

,

where s0 = min
{

s ∈N0 : FX(0)(s) ≥
p

p+h

}
.

The intuition behind this result is that, under the linear commitment cost structure,
when a firm has two decisions to make, one on the base-stock level and another
on the commitment lead time, it has to optimize the total cost by considering the
trade-off of having more/less inventory or longer/shorter commitment lead time.
If c ≥ c0, i.e., the unit commitment cost is higher than the threshold, it is cheaper to
hold inventory. This is why a solution with no investment on commitment cost
but highest investment on inventory is chosen. On the other hand, if c ≤ c0,
i.e., the unit commitment cost is lower than the threshold, it is cheaper to have
a long commitment lead time. This is why a solution with maximum investment
on commitment cost but no investment on inventory is chosen.

In the rest of this section, we perform sensitivity analysis on the unit commitment
cost threshold, and we illustrate the behavior of C(sψ, ψ) through numerical
examples. Next, we show how to calculate the optimal commitment lead time for a
fixed base-stock level. In addition, we develop a simple and accurate approximation
for the optimal commitment lead time. Finally, we consider the profit maximization
version of the problem and determine the conditions on the unit commitment cost
for profitability of the buy-to-order strategy.

3.4.1 Sensitivity Analysis on the Unit Commitment Cost Thresh-
old

The unit commitment cost threshold c0 plays a critical role in determination of the
optimal strategy. According to Corollary 3.2, c0 is a function of the unit holding
cost h, unit backordering cost p, the mean lead time demand µX(0) and distribution
function of the lead time demand FX(ψ)(x) for the following pairs of x and ψ;
(s0, 0) and (s0 − 1, 0). Since the values of FX(0)(s0) and FX(0)(s0 − 1) also depend
on h, p and µX(0) the effect of a change in one of these parameters on c0 is not
straightforward. In Lemma 3.3 we characterize the effect of each parameter on c0.

Lemma 3.3 The unit commitment cost threshold c0 is

1. increasing in the unit holding cost h,

2. increasing in the unit backordering cost p and
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3. decreasing in the mean lead time demand µX(0).

We refer to Appendix 3.6.7 for the proof. According to Lemma 3.3, the constraint
c < c0 is likely to hold more often when h and p increase and µX(0) decreases.
Hence, the buy-to-order strategy becomes preferable (refer to Corollary 3.2).
Inventory management is difficult under high demand uncertainty. Firms may keep
excess inventory to protect against a stock-out situation or they might keep low
inventory to prevent a surplus situation. Under Poisson demand a low mean lead
time demand µX(0) implies a high coefficient of variation ( 1√

µX(0)
) and, therefore,

high demand uncertainty. The buy-to-order, i.e., preorder, strategy becomes more
beneficial as the demand uncertainty increases. This holds even for high values
of the commitment cost. When the unit holding and backordering costs increase
the surplus and stock-out situations become more expensive compared to paying
a commitment cost. This is why the preorder strategy becomes more beneficial.
Figure 3.4 confirms this conclusion.
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Figure 3.4: Unit Commitment cost threshold as a function of cost factors

Figure 3.4 also illustrates that when the firm has less demand uncertainty, the
unit commitment cost threshold is more sensitive to changes in unit holding and
backordering costs. In addition, the unit commitment cost threshold is more
sensitive to changes in the unit holding cost compared to changes in the unit
backordering cost.

Consistent with Lemma 3.3, Figure 3.5 shows that the firm prefers the buy-to-
order strategy as demand uncertainty increases; inventory related costs outweigh
the commitment cost and the preorder strategy becomes preferable even for high
values of the unit commitment cost.
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Figure 3.5: The Unit commitment cost threshold as a function of mean lead time demand

3.4.2 Numerical Analysis on C(sψ, ψ)

Next, we conduct multiple numerical analyses to illustrate the behavior of the
function C(sψ, ψ) and the optimality of the bang-bang policy when the commitment
cost is linear in ψ. As a base case, we consider the following parameter values;
l = 10, λ = 1, h = 4, p = 20 and c = 2. In Figure 3.6, we keep the values of other
parameters at their base case values and vary the values of h, p and µX(0) one-
by-one to show the impact of these parameters on C(sψ, ψ). For each parameter,
we draw C(sψ, ψ) for three values. The values are chosen such that we observe a
change in the policy structure. More specifically, for each parameter, the values are
chosen such that we observe;

1. a single optimal solution (s∗, ψ∗) = (s0, 0) indicated by a dotted line,

2. two alternative optimal solutions (s∗1 , ψ∗1 ) = (s0, 0) and (s∗2 , ψ∗2 ) = (0, l)
indicated by a solid line and

3. a single optimal solution (s∗, ψ∗) = (0, l) indicated by a dashed plot.

In Figure 3.6, the behavior of C(sψ, ψ) with respect to its argument ψ for different
parameter values is depicted. For each parameter combination C(sψ, ψ) is a
continuous piecewise function of ψ. Each “piece” is for a specific base-stock level
and each piece is convex (Lemma 3.1). From Theorem 3.1, we know that the optimal
base-stock level is non-increasing in ψ. Since the base-stock levels take integer
values, by increasing ψ the corresponding optimal base-stock level may decrease
by one unit. This is why the optimal base-stock level remains the same for an
interval of ψ values and in each convex piece the optimal base-stock level is the
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Figure 3.6: Behavior of C(sψ, ψ) based on different values for the problem parameters

same. As soon as the optimal base-stock level decreases (as a response to increasing
ψ), another convex piece emerges.

Figure 3.6 suggests that for low values of h, ψ∗ is 0 and, hence, the firm follows
a buy-to-stock strategy. For sufficiently large h values ψ∗ becomes l and the firm
follows a buy-to-order strategy. This result does not only follow intuitively but also
directly from Corollary 3.2. Note that as h → 0, s0 → ∞ and c0 → 0. Hence, c > c0
holds and Corollary 3.2 implies the optimality of buy-to-stock strategy.

As the unit backordering cost p increases we observe a similar behavior, i.e., the
strategy changes from buy-to-stock to buy-to-order. In the classical inventory
theory, the effects of h and p are usually opposite. However, in our problem, their
effects are similar. The reason is that the optimality of a policy depends on the value
of c0. As p→ ∞, s0 → ∞ and c0 → ∞. Hence, c0 > c holds and Corollary 3.2 implies
the optimality of the buy-to-order strategy. Therefore, a buy-to-stock strategy is
optimal for low values of p and a buy-to-order strategy becomes optimal as p gets
sufficiently large. This implies the same trend in the optimal policy structure as h
changes. Figure 3.6 confirms this conclusion.

As the mean lead time demand µX(0) increases the strategy changes from buy-to-
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order to buy-to-stock. This is in line with what we observe in the classical inventory
theory. We also observe that as µX(0) increases C(sψ, ψ) becomes a smooth concave
function. As explained above, in each convex piece in C(sψ, ψ) the optimal base-
stock level is the same. When µX(0) increases, the optimal base-stock level becomes
more sensitive to ψ. Hence, the interval of ψ for which a base-stock level remains
optimal gets shorter, i.e., convex pieces become smaller. As observed in Figure 3.7,
when mean lead time demand increases the number of convex pieces increases and
for high mean lead time demand C(sψ, ψ) becomes a smooth concave function.
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Figure 3.7: Behavior of C(sψ, ψ) for different values of µX(0)

3.4.3 Optimal Commitment Lead Time for a Given Base-stock
Level

As we already noted the commitment lead time and base-stock level are dependent
decision variables. If the firm relies on a vendor-managed inventory policy, where
inventory is controlled by the supplier, the only decision variable that the firm can
optimize is the commitment lead time. In this section, we assume that the base-
stock level is already set and we determine the expression for the corresponding
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optimal commitment lead time. For this purpose we need to solve the equality
dC(s,ψ)

dψ = 0. We define t as t = µX(ψ) and after simple algebra the equality reduces
to

Γ(s, t) = (s− 1)!
(

p− c
p + h

)
. (3.7)

Here Γ(s, t) is the incomplete Gamma Function. Hence, for a given base-stock level
s, we find t∗ by solving the Equation (3.7) and then set ψ∗ to l − t∗

λ . Since Γ(s, t) is
continuous and differentiable in t we can use a variety of numerical methods to find
either the exact or an approximate value of ψ∗. After applying the bisection method
to find the optimal commitment lead time, we observe that for any parameter
setting, i.e., for all values of h, p, c and λ, the optimal commitment lead time ψ∗

can be approximated using a linear function of s. This is illustrated in Figure 3.8.
Hence, we can define ψ̃∗s = β− αs, where both α and β are constant and should be
determined in terms of the problem parameters.
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Figure 3.8: Linear approximation on ψ∗

To determine α and β, it is enough to find ψ∗ for two base-stock levels. As it is
found in the previous sections, ψ∗ = 0 when s = s0 and ψ∗ = l when s = 0.
Using these two points, we calculate α and β as l

s0 and l, respectively. Hence,

we have ψ̃∗s = l −
(

l
s0

)
s, ∀s ∈

{
0, 1, · · · , s0}. In other words, ∀s ∈ N0, we have

ψ̃∗s = l −
(

l
s0

)
min

{
s, s0}.

Next, we investigate the accuracy of this approximation. We fix l to 10 and use
the following distributions for the other model parameters; λ ∼ U[0.1, 30], p ∼
U[15, 50], h ∼ U[0.1, p− 10] and c ∼ U[0.1, h + 2], where x ∼ U[a, b] means that the
values of parameter x are chosen from a Uniform distribution in interval [a, b]. In
an iterative way, each time, we generate a random setting (including l, λ, p, h and
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c) and calculate ψ̃∗s and ψ∗s . We consider 8000 parameter combinations and for each
parameter combination i, we consider the base-stock values from 1 to s0

i − 1, where
s0

i is the the maximum value the base-stock level can take under the parameter
combination i. We define εi,s as the approximation percentage error for parameter
combination i and the base-stock level s ∈

{
1, 2, · · · , s0

i − 1
}

. We calculate εi,s as
follows:

εi,s =
C(s, ψ̃∗s )− C(s, ψ∗s )

C(s, ψ∗s )
× 100 s = 1, 2, · · · , s0

i − 1, i = 1, 2, · · · , 8000. (3.8)

We calculate the mean percentage error for each combination i as follows;

Ei =

 1
s0

i − 1

s0
i −1

∑
s=1

εi,s

 , i = 1, 2, · · · , 8000. (3.9)

In Figure 3.9, we plot the cumulative distribution of the mean percentage error. For
this purpose, we define E as a discrete uniform random variable such that P(E =

Ei) = 1
8000 , ∀i ∈ {1, 2, · · · , 8000}. The figure suggests that the mean percentage

error is below 5% in approximately 90% of the cases.
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Figure 3.9: The cumulative distribution function of the mean percentage error

3.4.4 Profitability of the Optimal Policy

In the previous sections, we study the cost minimization problem min
s∈N0,ψ∈[0,l]

C(s, ψ).

We prove that the optimal strategy is either buy-to-order or buy-to-stock. In
this section, we concentrate on the buy-to-order strategy and analyze the average
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total profit. If the firm follows the buy-to-order strategy, the only positive cost
component is the commitment cost cl. Define v as the unit selling price and Θ as
the average total profit of the firm per time unit. Then we formulate the long-run
average profit of the firm under the buy-to-order (BTO) strategy as follows;

ΘBTO = λv− λcl = λ(v− cl).

The long-run average profit of the firm is non-negative when c < v
l . In addition, the

optimality of the buy-to-order strategy requires c ≤ c0. Hence, the unit commitment
cost should satisfy the following inequality

c < min
{

c0,
v
l

}
.

In Figure 3.10, we consider the unit commitment cost and the mean lead time
demand and determine the region where the buy-to-order strategy is profitable.
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Figure 3.10: Optimal strategies

Figure 3.10 helps managers in making strategy decisions when, in addition to the
inventory-related and commitment costs, the revenue from selling the product is
considered. Figure 3.10 suggests that profitability of the buy-to-order strategy
depends on the value of c and, although it is cost optimal, the firm should not
follow this strategy for high values of c as it is non-profitable. When the optimal
strategy is the buy-to-stock strategy, the unit commitment cost does not play a role
in the total profit of the firm.

3.5. Conclusion

In this chapter, we investigated the impact of the commitment cost on the
replenishment strategy of a firm under continuous-review setting. The firm faces
a Poisson customer demand and uses a preorder strategy which requires that
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customers place their orders ahead of the actual need based on a pre-determined
time window called commitment lead time. The firm pays a commitment cost which
is strictly increasing and convex in the length of the commitment lead time. The
firm uses a base-stock replenishment policy with a deterministic lead time. The
firm’s objective is to find the commitment lead time and the base-stock level which
minimize the total average cost consisting of inventory holding, backordering and
commitment costs. This is a non-linear mixed-integer optimization problem. We
have a continuous commitment lead time and a discrete base-stock level as our
decision variables and they are dependent on each other.

We proved the convexity of the average cost function in each decision variable.
We showed that the optimal base-stock level is non-increasing in the length of the
commitment lead time. The average cost as a function of a commitment lead time
and the corresponding optimal base-stock level served as a continuous piecewise-
convex lower bound on the original average cost function. We constructed another
monotone lower bound on this piecewise-convex lower bound. This monotone
lower bound implied the optimality of the bang-bang policy for the commitment
lead time. Under this policy the commitment lead time is either zero or the
maximum possible value, which is the replenishment lead time. In addition, we
showed that the corresponding optimal base-stock policy is of all-or-nothing type.
Hence, the optimal base-stock level is either zero or the solution of the well-known
Newsvendor problem with complete replenishment lead time.

The optimality of the bang-bang policy holds for general commitment cost
structures under a very mild condition. As a specific case, we studied a linear
commitment cost. For this case, we found a unit commitment cost threshold which
dictates the optimality of either a buy-to-order or a buy-to-stock strategy. More
specifically, we showed that when the unit commitment cost is less than the unit
commitment cost threshold, the optimal ordering strategy is a buy-to-order strategy
(the optimal commitment lead time is equal to replenishment lead time and the
optimal base-stock level is zero) and when the unit commitment cost is more than
the unit commitment cost threshold, the optimal strategy is a pure buy-to-stock
strategy (the optimal commitment lead time is zero and optimal base-stock level
is non-zero). Moreover, we showed that the unit commitment cost threshold is
increasing in the unit holding and backordering costs and decreasing in the mean
lead time demand. For a given base-stock level, we developed a simple and accurate
approximation for the corresponding optimal commitment lead time. Finally, we
determined the conditions on the unit commitment cost for profitability of the buy-
to-order strategy.

In this chapter, we studied a system with a single location and a single item with
a cost minimization objective. A natural extension is to replace the backordering
cost with a service level and/or waiting time constraints and check whether the
optimality of a bang-bang policy remain. Another extension is to consider a system
where each customer places an order for a product which needs to be assembled
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from multiple components with different replenishment lead times. Then, the firm
needs to find the optimal replenishment policy for each component and also the
optimal commitment lead time. More general assembly structures can also be
analyzed.
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3.6. Appendix A: Proofs

3.6.1 Proof of Lemma 3.1

We show that for all s ∈ N0, the second derivative of C(s, ψ) with respect to ψ ∈
[0, l] is non-negative. To do so, we first calculate the derivatives of PX(ψ)(x) and

FX(ψ)(n) with respect to ψ. We define dG(z)
dz as the derivative of function G(z) with

respect to z. Knowing that PX(ψ)(x) = (µX(ψ))
x

x! e−µX(ψ) , x ∈ {0, 1, . . . }, then

dPX(ψ)(x)
dψ

=
d

dψ


(

µX(ψ)

)x

x!
e−µX(ψ)


=

 d
dψ


(

µX(ψ)

)x

x!


 e−µX(ψ) +

(
µX(ψ)

)x

x!

(
d

dψ

(
e−µX(ψ)

))

=
1
x!

(
d

dψ

(
µX(ψ)

)x
)

e−µX(ψ) +

(
µX(ψ)

)x

x!

(
d

dψ

(
e−µX(ψ)

))
=λ

(
PX(ψ)(x)− PX(ψ)(x− 1)

)
dFX(ψ)(n)

dψ is as follows:

dFX(ψ)(n)
dψ

=
d

dψ

(
n

∑
x=0

PX(ψ)(x)

)
=

n

∑
x=0

dPX(ψ)(x)
dψ

=
n

∑
x=0

λ
(

PX(ψ)(x)− PX(ψ)(x− 1)
)

=λ
(

FX(ψ)(n)− FX(ψ)(n− 1)
)
= λPX(ψ)(n)

Using these results, we obtain the first and second derivatives of C(s, ψ) with respect
to ψ:

dC(s, ψ)

dψ
=(h + p)

(
s

dFX(ψ)(s)
dψ

− d
dψ

(
µX(ψ)FX(ψ)(s− 1)

))
+ p

d
dψ

(
µX(ψ) − s

)
+ λ

dK(ψ)
dψ

=(h + p)
(

sλPX(ψ)(s)− λ(−FX(ψ)(s− 1) + µX(ψ)PX(ψ)(s− 1))
)
− pλ + λ

dK(ψ)
dψ

Using the fact that µX(ψ)PX(ψ)(s− 1) = sPX(ψ)(s), we write

dC(s, ψ)

dψ
=λ(h + p)FX(ψ)(s− 1)− pλ + λ

dK(ψ)
dψ

(3.10)
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and

d2C(s, ψ)

dψ2 =λ2(h + p)PX(ψ)(s− 1) + λ
d2K(ψ)

dψ2 (3.11)

Since ∀s ∈ N0 and ψ ∈ [0, l], we have d2K(ψ)
dψ2 ≥ 0 and PX(ψ)(s − 1) ≥ 0, then

d2C(s,ψ)
dψ2 ≥ 0. It means that for all s ∈N0, then C(s, ψ) is convex with respect to ψ.

3.6.2 Proof of Lemma 3.2

The concept of convexity for a real valued function on a discrete domain is not
common. According to van Houtum and Kranenburg (2015) this concept can be
defined as follows.

Definition 3.1 Let f(x) be a function on Z and x0 ∈ Z, then f(x) is convex for x ≥ x0
if

∆2 f (x) = ∆ f (x + 1)− ∆ f (x) ≥ 0, x ≥ x0

where ∆ f (x) = f (x + 1)− f (x).

The function C(s, ψ) is convex in s ∈ N0 if for all ψ ∈ [0, l] we have ∆2
s C(s, ψ) ≥ 0,

where ∆2
s C(s, ψ) is defined as follows:

∆2
s C(s, ψ) =∆sC(s + 1, ψ)− ∆sC(s, ψ)

= (C(s + 2, ψ)− C(s + 1, ψ))− (C(s + 1, ψ)− C(s, ψ))

=C(s + 2, ψ)− 2C(s + 1, ψ) + C(s, ψ).

Next, we determine the expressions for C(s + 1, ψ) and C(s + 2, ψ).

C(s + 1, ψ) =(h + p)((s + 1)FX(ψ)(s + 1)− µX(ψ)FX(ψ)(s)) + p(µX(ψ) − (s + 1)) + λK(ψ)

=(h + p)(sFX(ψ)(s + 1) + FX(ψ)(s + 1)− µX(ψ)FX(ψ)(s− 1)

− µX(ψ)PX(ψ)(s)) + p
(

µX(ψ) − s
)
− p + λK(ψ)

=(h + p)(sFX(ψ)(s) + sPX(ψ)(s + 1) + FX(ψ)(s + 1)− µX(ψ)FX(ψ)(s− 1)

− µX(ψ)PX(ψ)(s)) + p
(

µX(ψ) − s
)
− p + λK(ψ)

From the Poisson probability mass function we know µX(ψ)PX(ψ)(s) = (s +
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1)PX(ψ)(s + 1). Then,

C(s + 1, ψ) =(h + p)(sFX(ψ)(s) + sPX(ψ)(s + 1) + (PX(ψ)(s + 1) + FX(ψ)(s))

− µX(ψ)FX(ψ)(s− 1)− µX(ψ)PX(ψ)(s)) + p
(

µX(ψ) − s
)
− p + λK(ψ)

=(h + p)FX(ψ)(s)− p + (h + p)(sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1))

+ p
(

µX(ψ) − s
)
+ λK(ψ)

=(h + p)FX(ψ)(s)− p + C(s, ψ)

Using the last expression, we write C(s + 2, ψ) as

C(s + 2, ψ) =(h + p)FX(ψ)(s + 1)− p + C(s + 1, ψ)

=(h + p)FX(ψ)(s + 1)− p + (h + p)FX(ψ)(s)− p + C(s, ψ)

=(h + p)(FX(ψ)(s + 1) + FX(ψ)(s))− 2p + C(s, ψ)

Using these expressions, we write ∆2
s C(s, ψ) as

∆2
s C(s, ψ) =(h + p)(FX(ψ)(s + 1) + FX(ψ)(s))− 2p + C(s, ψ)

− 2((h + p)FX(ψ)(s)− p + C(s, ψ)) + C(s, ψ)

=(h + p)(FX(ψ)(s + 1)− FX(ψ)(s))

=(h + p)PX(ψ)(s + 1)

Since ∀s ∈ N0 and ψ ∈ [0, l], PX(ψ)(s + 1) ≥ 0, then ∆2
s C(s, ψ) ≥ 0. Hence, ∀ψ ∈

[0, l], C(s, ψ) is convex with respect to s.

3.6.3 Proof of Theorem 3.1

We use the following Lemma in proving the result.

Lemma 3.4 Let FX(ψ)(s) be the Poisson cumulative distribution function of X(ψ) with
mean µX(ψ), then,

1. for all s ∈N0 and λ ≥ 0, FX(ψ)(s) is increasing in ψ.

2. for all ψ ∈ [0, l], FX(ψ)(s) is increasing in s.

Proof: For all s ∈ N0, FX(ψ)(s) is a continuous and differentiable function with
respect to ψ, then from the proof of Lemma 3.1 in Appendix 3.6.1, we have
dFX(ψ)(s)

dψ = λPX(ψ)(s). For each s ∈ N0 and ψ ∈ [0, l], PX(ψ)(s) ≥ 0. Then, for
all λ ≥ 0, FX(ψ)(s) is increasing in ψ.



40 Chapter 3. A Single-location System

For all ψ ∈ [0, l], FX(ψ)(s) is a discrete function with respect to s, then by calculating
the first order forward difference, we have;

∆sFX(ψ)(s) = FX(ψ)(s)− FX(ψ)(s− 1) = PX(ψ)(s) ≥ 0.

Then, FX(ψ)(s) is increasing in s. Define S̄ as the set all optimal base-stock levels
∀ψ ∈ [0, l]. We have

S̄ =

{
s ∈N0 : FX(ψ)(s− 1) <

p
h + p

≤ FX(ψ)(s), ψ ∈ [0, l]
}

Let s0 be the base-stock level corresponding to ψ = 0. It means that

FX(0)(s
0 − 1) <

p
h + p

≤ FX(0)(s
0)

Since FX(ψ)(s) is increasing and continuous in ψ (Lemma 3.4), then by increasing
ψ, both functions FX(ψ)(s− 1) and FX(ψ)(s) increase until a ψs0,s0−1 > 0 such that
FX(ψs0,s0−1)

(s0 − 1) = p
h+p . Hence, for 0 ≤ ψ < ψs0,s0−1 and s∗ = s0, Inequality (3.6)

holds. Since FX(ψ)(s) is increasing in s (Lemma 3.4), we can write,

FX(ψs0,s0−1)
(s0 − 2) <

p
h + p

≤ FX(ψs0,s0−1)
(s0 − 1) (3.12)

In a similar way, by increasing ψ, we can find ψs0−1,s0−2 such that ψs0−1,s0−2 >

ψs0,s0−1 and FX(ψs0,s0−1)
(s0 − 2) = p

h+p . Hence, for ψs0,s0−1 ≤ ψ < ψs0−1,s0−2 and

s∗ = s0 − 1, Inequality (3.6) holds. Continuing this process, we find S̄ = {s0, s0 −
1, ..., 2, 1, 0} as corresponding to each s∗ ∈ S̄, there is a subinterval Ψs, Ψs ⊂ [0, l]
such that,

Ψs =


[0, ψs0,s0−1), if s∗ = s0

[ψs∗+1,s∗ , ψs∗ ,s∗−1), if s∗ = 1, 2, 3, ..., s0 − 1
[ψ1,0, l], if s∗ = 0

From the last expression, it is clear that s∗ depends on ψ and s∗ is non-increasing in
ψ.

3.6.4 Proof of Theorem 3.2

We need an additional result to prove this theorem. We define C̃(s, ψ) on [0, l] as
follows;

C̃(s, ψ) = C(s, ψ)− λK(ψ) (3.13)
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Lemma 3.5 Let C̃(sψ, ψ) be the lower bound of C̃(s, ψ) on [0, l], where for all ψ ∈ [0, l],

C̃(sψ, ψ) = min
s=0,1,2,...,s0

C̃(s, ψ), then the fraction of C̃(sψ ,ψ)
l−ψ is non-decreasing in ψ.

Proof. We need to show that ∀s ∈ S̄,
d
(

C̃(s,ψ)
l−ψ

)
dψ ≥ 0. C̃(s, ψ) is defined as C̃(s, ψ) =

C(s, ψ)− λK(ψ). Then, we have C̃(s, ψ) as

C̃(s, ψ) = (h + p)
(

sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)
)
+ p

(
µX(ψ) − s

)
Then, the derivative of C̃(s, ψ) with respect to ψ is

dC̃(s, ψ)

dψ
=(h + p)

(
s

dFX(ψ)(s)
dψ

− d
dψ

(
µX(ψ)FX(ψ)(s− 1)

))
+ p

d
dψ

(
µX(ψ) − s

)
=(h + p)

(
λsPX(ψ)(s)−

(
−λFX(ψ)(s− 1) + λµX(ψ)PX(ψ)(s− 1)

))
− pλ.

Using the fact that for Poisson distribution we have µX(ψ)PX(ψ)(s− 1) = sPX(ψ)(s),

we write dC̃(s,ψ)
dψ as

dC̃(s, ψ)

dψ
=λ(h + p)FX(ψ)(s− 1)− pλ

Then, we have

d
(

C̃(s,ψ)
l−ψ

)
dψ

=
1

(l − ψ)2

{
(l − ψ)

(
d

dψ
C̃(s, ψ)

)
−
(

d
dψ

(l − ψ)

)
C̃(s, ψ)

}
=

1
(l − ψ)2

{
(l − ψ)(λ(h + p)FX(ψ)(s− 1)− pλ) + C̃(s, ψ)

}
=

1
(l − ψ)2

{
(l − ψ)(λ(h + p)FX(ψ)(s− 1)− pλ)

}
+

1
(l − ψ)2

{
(h + p)(sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)) + p

(
µX(ψ) − s

)}
=

1
(l − ψ)2

{
(l − ψ)(λ(h + p)FX(ψ)(s− 1)− pλ)

}
+

1
(l − ψ)2

{
s(h + p)FX(ψ)(s)− ps

}
− 1

(l − ψ)2

{
(l − ψ)(λ(h + p)FX(ψ)(s− 1)− pλ)

}
=

1
(l − ψ)2

{
s(h + p)FX(ψ)(s)− ps

}
=

s(h + p)
(l − ψ)2

{
FX(ψ)(s)−

p
h + p

}
(3.14)
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d
(

C̃(s,ψ)
l−ψ

)
dψ

=
s(h + p)
(l − ψ)2

{
FX(ψ)(s)−

p
h + p

}
(3.15)

Since we subtract K(ψ) from C(s, ψ) and K(ψ) does not depend on s, we have the
same set S̄ as we had before for the lower bound of C(s, ψ). Also, from Inequality

(3.6) we know FX(ψ)(s) ≥
p

h+p . Then for all s ∈ S̄,
d
(

C̃(s,ψ)
l−ψ

)
dψ ≥ 0.

From Lemma 3.5 we know that C̃(sψ ,ψ)
l−ψ is non-decreasing in ψ on closed interval

[0, l]. Then, The fraction C̃(sψ ,ψ)
l−ψ has its minimum value at the beginning of the

interval [0, l]. Hence, for all ψ ∈ [0, l] we have C̃(sψ ,ψ)
l−ψ ≥ C̃(s0,0)

l−0 . Since for all
ψ ∈ [0, l], we have l − ψ ≥ 0, then,

C̃(sψ, ψ) ≥ C̃(s0, 0)
l

(l − ψ) (3.16)

By adding λK(ψ) to the both sides of (3.16), we have

C̃(sψ, ψ) + λK(ψ) ≥ C̃(s0, 0)
l

(l − ψ) + λK(ψ) (3.17)

We know that K(0) = 0. Also, from Expression (3.15), we have C̃(sψ, ψ) =

C(sψ, ψ)− λK(ψ). Then, C̃(s0, 0) = C(s0, 0) and we can rewrite Expression (3.17) as
follows.

C(sψ, ψ) ≥ C(s0, 0)
l

(l − ψ) + λK(ψ) (3.18)

Let CLB(ψ) = C(s0,0)
l (l − ψ) + λK(ψ). Then, CLB(ψ) is a lower bound for C(sψ, ψ)

on [0, l]. Since C(s0, 0) = CLB(0) and C(sl , l) = CLB(l), then C(sψ, ψ) and CLB(ψ)
coincide at the endpoints of the interval [0, l]. Now, we want to show that CLB(ψ) is
a monotone function on [0, l]. To do this, we show that for all ψ ∈ [0, l], dCLB(ψ)

dψ 6= 0.
By taking the first derivative of CLB(ψ) with respect to ψ we have

dCLB(ψ)

dψ
=

C(s0, 0)
l

d(l − ψ)

dψ
+ λ

dK(ψ)
dψ

= −C(s0, 0)
l

+ λK′(ψ) = λ

(
K′(ψ)− C(s0, 0)

µX(0)

)
(3.19)

For all ψ ∈ (0, l), we have either K′(ψ)− C(s0,0)
µX(0)

≥ 0, or K′(ψ)− C(s0,0)
µX(0)

≤ 0. It means

that CLB(ψ) is a monotone lower bound for C(sψ, ψ) on [0, l]. Then, the minimum
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of C(sψ, ψ) on [0, l] is equal to the minimum of CLB(ψ) on [0, l]. Since CLB(ψ) is
a monotone function on [0, l] and [0, l] is a closed interval, then the minimum of
C(sψ, ψ) always happens at the endpoints of [0, l]. Then, ψ∗ ∈ {0, l}. The optimality
of “all-or-nothing” base-stock policy follows directly from Theorem 3.1.

3.6.5 Proof of Corollary 3.1

From Expression (3.19), it is obvious that when K′(ψ) ≥ C(s0,0)
µX(0)

, then CLB(ψ) is a

non-decreasing function in ψ and its minimum occurs at zero, i.e., ψ∗ = 0. And

when K′(ψ)(ψ) ≤ C(s0,0)
µX(0)

, then CLB(ψ) is a non-increasing function in ψ and its

minimum occurs at l, i.e., ψ∗ = l.

3.6.6 Proof of Corollary 3.2

1. This part follows directly from Theorem 3.2. When K(ψ) = cψ, then CLB(ψ) =

C(s0, 0) +
(

cλ− C(s0,0)
l

)
ψ which is a straight line. Then, ∀ψ ∈ [0, l], CLB(ψ) is

a monotone function. Also, CLB(0) = C(s0, 0) and CLB(l) = C(sl , l). Then the
optimal ψ on [0, l] is either zero or l.

2. From CLB(ψ) = C(s0, 0)+
(

cλ− C(s0,0)
l

)
ψ, when cλ− C(s0,0)

l > 0, then CLB(ψ)

is increasing in ψ and CLB(0) is its minimum value on [0, l]. Otherwise, CLB(ψ)
is decreasing in ψ and CLB(l) is its minimum value on [0, l]. Also, when

cλ− C(s0,0)
l = 0, then CLB(ψ) = C(s0, 0). So, CLB(ψ) is a constant function on

[0, l] and the optimal commitment lead time is 0 and l.

3.6.7 Proof of Lemma 3.3

For each h, p and µX(0) 6= 0, c0 is continuous and differentiable.

1. The first derivative of c0 with respect to h is

∂c0

∂h
=

s0

µX(0)
FX(0)(s

0)− FX(0)(s
0 − 1) =

s0

µX(0)

(
FX(0)(s

0)−
µX(0)

s0 FX(0)(s
0 − 1)

)
(3.20)

Now we need to show that FX(0)(s0) ≥ µX(0)
s0 FX(0)(s0 − 1). For x = 0, 1, 2, , s0 −

1 and µX(0) ≥ 0, we can write s0 ≥ x + 1. Then, 1
s0 ≤ 1

x+1 . We can multiply
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both sides of the last inequality by (µX(0))
x+1

x! e−µX(0) ≥ 0, then

1
s0


(

µX(0)

)x+1

x!
e−µX(0)

 ≤ 1
x + 1


(

µX(0)

)x+1

x!
e−µX(0)

 =

(
µX(0)

)x+1

(x + 1)!
e−µX(0)

Using this inequality, we write

µX(0)

s0 FX(0)(s
0 − 1) =

µX(0)

s0

s0−1

∑
x=0

(
µX(0)

)x

x!
e−µX(0) =

s0−1

∑
x=0

(
µX(0)

)x+1

s0x!
e−µX(0)

≤
s0−1

∑
x=0

(
µX(0)

)x+1

(x + 1)x!
e−µX(0) =

s0−1

∑
x=0

(
µX(0)

)x+1

(x + 1)!
e−µX(0)

=
s0

∑
x=1

(
µX(0)

)x

x!
e−µX(0) =

s0

∑
x=0

(
µX(0)

)x

x!
e−µX(0) − PX(0)(0)

= FX(0)(s
0)− PX(0)(0) < FX(0)(s

0)

Hence,
µX(0)

s0 FX(0)(s0 − 1) < FX(0)(s0). Then, from Expression (3.20), we have
∂c0
∂h > 0. As a result, c0 is increasing in h.

2. The first derivative of c0 with respect to p is

∂c0

∂p
=

s0

µX(0)
FX(0)(s

0)− FX(0)(s
0 − 1) + 1− s0

µX(0)

=
s0

µX(0)
FX(0)(s

0 − 1) +
s0

µX(0)
PX(0)(s

0)− FX(0)(s
0 − 1) + 1− s0

µX(0)

=− s0

µX(0)
(1− FX(0)(s

0 − 1)) + (1− FX(0)(s
0 − 1)) +

s0

µX(0)
PX(0)(s

0)

=− s0

µX(0)

∞

∑
x=s0

(
µX(0)

)x

x!
e−µX(0) +

∞

∑
x=s0

(
µX(0)

)x

x!
e−µX(0) +

s0

µX(0)
PX(0)(s

0)

=− s0

µX(0)

 ∞

∑
x=s0

(
µX(0)

)x

x!
e−µX(0) − PX(0)(s

0)

+
∞

∑
x=s0

(
µX(0)

)x

x!
e−µX(0)

=
∞

∑
x=s0

(
µX(0)

)x

x!
e−µX(0)

(
1− s0

x + 1

)
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Since x ≥ s0 we have x + 1 > s0. Hence, s0

x+1 < 1. Thus,
(

1− s0

x+1

)
> 0. As a

result, we have ∂c0
∂p > 0, implying that c0 is increasing in p.

3. The first derivative of c0 with respect to µX(0) is

∂c0

∂µX(0)
=s0(h + p)

d
(

FX(0)(s
0)

µX(0)

)
dµX(0)

− (h + p)

(
dFX(0)(s0 − 1)

dµX(0)

)
−

d
(

ps0

µX(0)

)
dµX(0)

=s0(h + p)

µX(0)

(
dFX(0)(s

0)

dµX(0)

)
− FX(0)(s0)(

µX(0)

)2

− (h + p)
dFX(0)(s0 − 1)

dµX(0)

−

 −ps0(
µX(0)

)2


Using the equalities

dFX(0)(s
0)

dµX(0)
= −PX(0)(s0) and

dFX(0)(s
0−1)

dµX(0)
= −PX(0)(s0 − 1)

we write

= s0(h + p)

−µX(0)PX(0)(s0)− FX(0)(s0)(
µX(0)

)2

+ (h + p)PX(0)(s
0 − 1) +

ps0(
µX(0)

)2

=
s0(

µX(0)

)2

−µX(0)(h + p)PX(0)(s
0)− (h + p)FX(0)(s

0) +

(
µX(0)

)2

s0 (h + p)PX(0)(s
0 − 1) + p


=

s0(
µX(0)

)2

(
−µX(0)(h + p)PX(0)(s

0)− (h + p)FX(0)(s
0) + µX(0)(h + p)

(
µX(0)

s0 PX(0)(s
0 − 1)

)
+ p

)

For Poisson probability distribution we know that µX(0)PX(0)(s0 − 1) =

s0PX(0)(s0). Then, the last expression reduces to

∂c0

∂µX(0)
= − s0(h + p)(

µX(0)

)2

(
FX(0)(s

0)− p
p + h

)

Since s0 ∈ S̄, then FX(0)(s0) ≥ p
p+h and ∂c0

∂µX(0)
≤ 0. As a result, c0 is decreasing

in µX(0).
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3.7. Appendix B: Compound Poisson Demand

We extend our study by assuming compound Poisson customer demand. By
definition, compound Poisson demand means that the size of customer demand
X is also a stochastic variable. It is independent of other customer demands and
the distribution of the customer arrival process. Similar to our previous assumption,
we assume that the customer arrival process is a Poisson process with parameter λ.
Then the number of customersN (ψ) in a time interval of length l−ψ (i.e., lead time
demand) has a Poisson distribution with mean µN (ψ). We define PN (ψ)(n) as the
probability that the random variable N (ψ) takes the value n when the commitment
lead time is ψ. We have

PN (ψ)(n) =
(µN (ψ))

n

n!
e−µN (ψ) , n = 0, 1, 2, . . . (3.21)

Let fx be the probability that a customer demands x units, i.e., the probability that
X takes the value x = 1, 2, . . . units. Assume that the mean demand size is µ.
When f1 = 1, the demand process is a pure Poisson process. Then total demand
in a given interval is equal to the number of customer arrivals. For handling the
general case with varying demand sizes, we define f n

x as the probability that n =
1, 2, . . . customers demand x units. Since customer demand with the size of zero
is not rational, then without loss of generality we assume that f0 = 0 (Feeney
and Sherbrooke (1966)). Knowing that f0 = 0 and f 1

x = fx, f n
x can be calculated

recursively as follows (see page 79 in Axsäter (2006)):

f n
x =

x−1

∑
i=n−1

f n−1
i fx−i, n = 2, 3, . . . (3.22)

We define D(ψ) as a random variable representing the total demand in the time
interval l − ψ. In addition, we define PD(ψ)(x) as the probability that D(ψ) takes
the value x when the commitment lead time is ψ. Using Expressions (3.21) and
(3.22), we write PD(ψ)(x) as follows:

PD(ψ)(x) =

{
PN (ψ)(0) x = 0

∑x
n=1 f n

x PN (ψ)(n) x = 1, 2, . . . ,
(3.23)

Then, the cumulative distribution function of D(ψ) is calculated as FD(ψ)(s) =

∑s
x=0 PD(ψ)(x).

Based on these definitions, the long-run average total cost C(s, ψ) consisting of
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holding, backordering and commitment costs can be calculated as follows:

C(s, ψ) =hE
{
[s−D(ψ)]+

}
+ pE

{
[D(ψ)− s]+

}
+ µλK(ψ)

=h
s

∑
x=0

(s− x)PD(ψ)(x) + p
∞

∑
x=s+1

(x− s)PD(ψ)(x) + µλK(ψ)

=hs
s

∑
x=0

PD(ψ)(x)− h
s

∑
x=0

xPD(ψ)(x) + p
∞

∑
x=s+1

xPD(ψ)(x)

− ps
∞

∑
x=s+1

PD(ψ)(x) + µλK(ψ)

=hsFD(ψ)(s)− h
s

∑
x=0

xPD(ψ)(x) + p

(
E{D(ψ)} −

s

∑
x=0

xPD(ψ)(x)

)
− ps

(
1− FD(ψ)(s)

)
+ µλK(ψ)

=(h + p)

(
sFD(ψ)(s)−

s

∑
x=0

xPD(ψ)(x)

)
+ p

(
µD(ψ) − s

)
+ µλK(ψ)

Note that µD(ψ) can be calculated based on the the law of total expectation as
follows.

µD(ψ) =
∞

∑
n=0

E{D(ψ)|N (ψ) = n}PN (ψ)(n)

=
∞

∑
n=0

(
E

{N (ψ)

∑
i=1

Xi|N (ψ) = n

})
PN (ψ)(n)

=
∞

∑
n=0

nµPN (ψ)(n)

= µ
∞

∑
n=0

nPN (ψ)(n)

= µµN (ψ)

(3.24)

In Lemma 3.6 we prove the convexity of C(s, ψ) with respect to the base-stock level.

Lemma 3.6 For each ψ ∈ [0, l], the cost function C(s, ψ) is convex in s.

Proof. We show that ∆2
sC(s, ψ) = C(s + 2, ψ)− 2C(s + 1, ψ) + C(s, ψ) ≥ 0. Knowing

that C(s + 1, ψ) = (h + p)FD(s, ψ)− p + C(s, ψ) and C(s + 2, ψ) = (h + p)FD(ψ)(s +
1) − p + C(s + 1, ψ), then ∆2

sC(s, ψ) = (h + p)PD(ψ)(s + 1). Since ∀s ∈ N0 and
ψ ∈ [0, l], PD(ψ)(s + 1) ≥ 0, then ∆2

sC(s, ψ) ≥ 0. Hence, ∀ψ ∈ [0, l], C(s, ψ) is convex
in s.
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Lemma 3.6 implies that for a given value of ψ ∈ [0, l], C(s, ψ) can be minimized
with respect to s. For a given ψ ∈ [0, l] value, the optimal base-stock level satisfies
the following inequalities:

FD(ψ)(s− 1) <
p

p + h
≤ FD(ψ)(s). (3.25)

Similar to the case with the Poisson customer demand, the state space [0, l] is
divided into multiple subintervals with the optimal base-stock level being different
in each subinterval.

Next with Conjecture 3.1, we claim that the convexity result also holds with respect
to the commitment lead time.

Conjecture 3.1 For each s ∈N0, the cost function C(s, ψ) is convex in ψ.

Our proof on optimality of the bang-bang policy relies on constructing a monotone
lower bound with end points of the lower bound coinciding with the end points of
the cost function. We aim to do the same for the compound Poisson demand. We
define C̃(s, ψ) = C(s, ψ)− µλK(ψ). We have the following conjecture:

Conjecture 3.2 Let C̃(sψ, ψ) be a tight lower bound of C̃(s, ψ) on [0, l], where for all

ψ ∈ [0, l], C̃(sψ, ψ) = mins=0,1,2,..,s0 C̃(s, ψ). Then
d
(
C̃(sψ ,ψ)

l−ψ

)
dψ ≥ 0.

If Conjecture 3.2 holds, we can prove the optimality of the “bang-bang”. Next, we
show the steps we have taken in our effort to prove Conjecture 3.2. The expression
for C̃(s, ψ) is as follows:

C̃(s, ψ) = (h + p)

(
sFD(ψ)(s)−

s

∑
x=0

xPD(ψ)(x)

)
+ p

(
µD(ψ) − s

)
. (3.26)

Then we need to derive the expression for
d
(
C̃(s,ψ)
l−ψ

)
dψ . First, we calculate

dPD(ψ)(x)
dψ ,

dFD(ψ)(s)
dψ and dC̃(s,ψ)

dψ as follows:

dPD(ψ)(x)
dψ

=
∞

∑
n=0

f n
x

(
dPN (ψ)(n)

dψ

)
=

∞

∑
n=0

f n
x λ
(

PN (ψ)(n)− PN (ψ)(n− 1)
)

=λ

(
∞

∑
n=0

f n
x PN (ψ)(n)−

∞

∑
n=0

f n
x PN (ψ)(n− 1)

)
= λ

(
PD(ψ)(x)−

∞

∑
n=0

f n
x PN (ψ)(n− 1)

)
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dFD(ψ)(s)
dψ

=
s

∑
x=0

dPD(ψ)(x)
dψ

=
s

∑
x=0

λ

(
PD(ψ)(x)−

∞

∑
n=0

f n
x PN (ψ)(n− 1)

)

=λ

(
FD(ψ)(s)−

s

∑
x=0

∞

∑
n=0

f n
x PN (ψ)(n− 1)

)

dC̃(s, ψ)

dψ
=(h + p)

(
s

(
dFD(ψ)(s)

dψ

)
−

s

∑
x=0

x

(
dPD(ψ)(s)

dψ

))
+ p

dµD(ψ)
dψ

=(h + p)

(
sλ

(
FD(ψ)(s)−

s

∑
x=0

∞

∑
n=0

f n
x PN (ψ)(n− 1)

))

(h + p)

(
−

s

∑
x=0

xλ

(
PD(ψ)(x)−

∞

∑
n=0

f n
x PN (ψ)(n− 1)

))
+ p(−µλ)

=λ(h + p)

(
sFD(ψ)(s)− s

s

∑
x=0

∞

∑
n=0

f n
x PN (ψ)(n− 1)

)

λ(h + p)

(
−

s

∑
x=0

xPD(ψ)(x) +
s

∑
x=0

∞

∑
n=0

x f n
x PN (ψ)(n− 1)

)
− pµλ

=λ

(
(h + p)

(
sFD(ψ)(s)−

s

∑
x=0

xPD(ψ)(x)

)
− (h + p)

s

∑
x=0

∞

∑
n=0

(s− x) f n
x PN (ψ)(n− 1)− pµ

)

=λ

(
C̃(s, ψ)− p

(
µD(ψ) − s

)
− (h + p)

s

∑
x=0

∞

∑
n=0

(s− x) f n
x PN (ψ)(n− 1)− pµ

)

Hence, the expression for
d
(
C̃(s,ψ)
l−ψ

)
dψ becomes

=
1

(l − ψ)2

{
(l − ψ)

dC̃(s, ψ)

dψ
+ C̃(s, ψ)

}

=
1

(l − ψ)2

(
(l − ψ)λ

(
C̃(s, ψ)− p

(
µD(ψ) − s

)
− (h + p)

s

∑
x=0

∞

∑
n=0

(s− x) f n
x PN (ψ)(n− 1)− pµ

)
+ C̃(s, ψ)

)

=
1

(l − ψ)2

((
µN (ψ) + 1

)
C̃(s, ψ)− µN (ψ)

(
p
(

µD(ψ) − s
)
+ (h + p)

s

∑
x=0

∞

∑
n=0

(s− x) f n
x PN (ψ)(n− 1) + pµ

))

For all ψ ∈ [0, l] and corresponding s which satisfies (3.25), we need to show that
d
(
C̃(s,ψ)
l−ψ

)
dψ ≥ 0. However, we could not prove this analytically.
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3.7.1 Numerical Results

Next, we show that extensive numerical experimentation suggests the validity of
Conjectures 3.1 and 3.2. We assume that the demand size has a Poisson distribution.
Without loss of generality, we assume that the demand size X has a shifted Poisson
distribution by one unit, i.e. X = Y + 1, where Y ∼ Poisson(µY). Then, PD(ψ)(x)
can be written as follows:

PD(ψ)(0) =PN (ψ)(0)

PD(ψ)(x) =
x

∑
n=1

P (X1 + X2 + ... + Xn = x) PN (ψ)(n)

=
x

∑
n=1

P (Y1 + Y2 + ... + Yn = x− n) PN (ψ)(n)

since Yis are i.i.d. Poisson random variables, then Z =
x

∑
n=1

Yi ∼ Poiss(nλY)

=
x

∑
n=1

(
(nµ)x−n

(x− n)!
e−nµ

)
(

µN (ψ)

)n

n!
e−µN (ψ)

 , x = 1, 2, . . .

Note that we shifted Poisson distribution by one unit to avoid generating zero
demand size. Then the mean demand size per customer is µ = µY + 1. Hence,
we have µD(ψ) = µµN (ψ) = (µY + 1)µN (ψ). By considering linear commitment cost,
we can write

C(s, ψ) =(h + p)

(
sFD(ψ)(s)−

s

∑
x=0

xPD(ψ)(x)

)
+ p

(
µD(ψ) − s

)
+ cµλψ

=(h + p)

(
s

s

∑
n=0

FZ(s− n)PN (ψ)(n)−
s

∑
n=0

n(FZ(s− n) + µY FZ(s− n− 1))PN (ψ)(n)

)
+ p

(
(µY + 1)µN (ψ) − s

)
+ c(µY + 1)λψ

=(h + p)
s

∑
n=0

(
(s− n)FZ(s− n)− nµY FZ(s− n− 1))PN (ψ)(n)

)
+ p

(
(µY + 1)µN (ψ) − s

)
+ c(µY + 1)λψ
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The expressions for ∑s
x=0 xPD(ψ)(x) and FD(ψ)(s) rely on the following derivations:

s

∑
x=0

xPD(ψ)(x) =
s

∑
x=0

x
x

∑
n=0

(
(nµY)

x−n

(x− n)!
e−nµY

)
PN (ψ)(n)

=
s

∑
n=0

s

∑
x=n

x
(
(nµY)

x−n

(x− n)!
e−nµY

)
PN (ψ)(n)

=
s

∑
n=0
{nFZ(s− n) + nµY FZ(s− n− 1)}PN (ψ)(n)

and

FD(ψ)(s) =
s

∑
x=0

PD(ψ)(x) =
s

∑
x=0

x

∑
n=0

(
(nµY)

x−n

(x− n)!
e−nµY

)
PN (ψ)(n)

=
s

∑
n=0

PN (ψ)(n)
s

∑
x=n

(nµY)
x−n

(x− n)!
e−nµY

=
s

∑
n=0

PN (ψ)(n)
s−n

∑
x=0

(nµY)
x

x!
e−nµY

=
s

∑
n=0

FZ(s− n)PN (ψ)(n)

For proving the optimality of the ”bang-bang” policy we need to show that
d
(
C̃(sψ ,ψ)

l−ψ

)
dψ ≥ 0. First we need to calculate dC̃(s,ψ)

dψ . By defining Q(s, n) = (s −
n)FZ(s − n) − nµY FZ(s − n − 1), then C̃(s, ψ) = (h + p)∑s

n=0 Q(s, n)PN (ψ)(n) +

p
(
(µY + 1)µN (ψ) − s

)
.

dC̃(s, ψ)

dψ
=(h + p)

s

∑
n=0

Q(s, n)
dPN (ψ)(n)

dψ
− p(µY + 1)λ

(
dψ

dψ

)

knowing that
dPN (ψ)(n)

dψ
= λ

(
1− n

µN (ψ)

)
PN (ψ)(n), then

= (h + p)
s

∑
n=0

Q(s, n)λ

(
1− n

µN (ψ)

)
PN (ψ)(n)− p(µY + 1)λ
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Then,
d
(
C̃(s,ψ)
l−ψ

)
dψ equals

=
1

(l − ψ)2

{
(h + p)

s

∑
n=0

Q(s, n)
(

µN (ψ) − n
)

PN (ψ)(n)− p(µY + 1)µN (ψ) + C̃(s, ψ)

}
by expanding C̃(s, ψ), and omitting +p(µY + 1)µN (ψ) and −p(µY + 1)µN (ψ), then

=
1

(l − ψ)2

{
(h + p)

s

∑
n=0

Q(s, n)
(

µN (ψ) − n + 1
)

PN (ψ)(n)− ps

}

For a parameter setting shown in Figure 3.12, we can see that C(s, ψ) is convex
in ψ. We also observe that consistent with our previous analysis for pure Poisson
demand, the optimal base-stock is non-increasing in ψ.
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Figure 3.11: Representation of C̃(s, ψ) and C(ψ) for compound Poisson demand

In Figure 3.12, we observe that
d
(
C̃(sψ ,ψ)

l−ψ

)
dψ ≥ 0. We observe the same results for all
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Figure 3.12: Representation of
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dψ ≥ 0 for compound Poisson demand

the parameter settings we have tested. Therefore, we conjecture the optimality of
the “bang-bang” commitment lead time policy.



4
A Single-location Inventory System

with Commitment and Service
Constraint

4.1. Introduction

In a competitive market, customer service has become a game changer tool that
helps the business firms not only protect their market position but also increase
their market share (Stadtler and Kilger, 2008). In the literature of the inventory
and service management, scholars have often studied inventory-related service
measures. In other words, they have restricted themselves to some types of service
measures in terms of stock-out probability (e.g., replenishment cycle service level,
fill rate, and ready rate). We refer the reader to Silver et al. (2016) for detail
information on the inventory-related service measures.

In contrast, in management-oriented textbooks on supply chain management, the
time-based service measures are emphasized (Tempelmeier and Fischer (2010)). A
time-based service measure enables the firm decision-maker to control inventory
level such that the amount of investment is minimized and a response to customers’
demands within a desired time window is guaranteed. For example, the objective
might be responding to 97% of the customer orders within 2 days. We refer
to the length of the response-time window as maximum waiting threshold and the
percentage as service level. The maximum waiting threshold should be determined
based on customers’ waiting tolerance and the minimum service level can be
determined by the governmental rules or the benchmark from the other players
in the market. Shang and Liu (2011) indicate that the minimum service level
benchmarks for electronic, personal care, and pharmaceutical products as 91%,
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88.7%, and 90.2%, respectively. Under different parameters settings, scholars have
contributed to the literature of the time-based service management by finding either
the probability distribution of the customer waiting time or the optimal control
policies subject to a time-based service constraint. Kruse (1980) is the first to
derive the customer waiting time distribution for an inventory system with the
continuous review, constant lead time and demand process as compound renewal.
For (R, S) policies, van der Heijden and de Kok (1992) are the first to derive
exact expressions for compound Poisson demand. Tempelmeier and Fischer (2010)
present an approximation for the waiting time in an inventory system with (R, s, Q)
control policy. Kiesmüller and de Kok (2006) build on de Kok (1993) who formulates
the lead time shift theorem under very general condition. The lead time shift
theorem concept can be useful to analyze the preorder strategy.

Under the preorder strategy, in which the customers place their order ahead of their
actual need, they make an implicit agreement with the firm on on-time delivery
date. As it has been illustrated in Figure 4.1, the preorder strategy implies two
distinguished due dates; the agreed and actual delivery dates. The former indicates
on-time fulfillment date and the latter indicates the date when the customer actually
receives the product. The customer waiting starts if the firm is not able to fulfill
the order at the agreed delivery date. Bigger actual delivery date than the agreed
delivery date implies a late delivery. In this case, the customer waiting is equal
to the difference between the actual and agreed delivery dates. In Figure 4.1, the
customer waiting is t3 − t2. Notice that under the preorder strategy, the actual
delivery date can not be smaller than the agreed delivery date (t2 ≤ t3).

tt t 

Agreed delivery Actual delivery

Commitment lead time Customer waiting time

Time

Replenishment lead time
∞ 

Customer order

Firm
321

Figure 4.1: An illustration of agreed and actual delivery moments under the peorder
strategy

Reducing the mismatch between demand and supply helps the firm to reduce the
customers’ waiting time and increase customers’ satisfaction. Under the preorder
strategy, the firm can use commitment lead time not only to decrease the holding
cost but also to reduce customer waiting time. As an extension of Chapter 3, in
this chapter, the profitability of the preorder strategy in a single-location inventory
system with time-based service constraints is investigated. For this purpose, the
backordering cost term is replaced with a time-based service constraint. The firm
manager aims to determine the optimal control policy as a combination of the base-
stock level and the commitment lead time such that the long-run average total
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cost subject to a time-based service constraint is minimized. We distinguish two
time-based service measures as average customer waiting time and individual customer
waiting time. For the first measure, we define that the average customer waiting time
should be less than or equal to a maximum waiting threshold ω, (ω ≥ 0). We refer
to the corresponding constraint optimization as Average Constraint Optimization
(ACO) model. For the second, we define a time-based fill rate such that the fraction
of the customers who experience a waiting time less than or equal to ω, is greater
than or equal to a minimum service level η, (0 ≤ η ≤ 1). We formulate this
time-based measure as a chance constraint and refer to it as Chance Constraint
Optimization (CCO) model. Using the ACO and CCO models, we are going to
answer the following research questions:

1. When should the firm use preorder strategy?
We find that the commitment lead time plays a significant role in the
determination of the optimal control policy when either the maximum waiting
threshold is small enough (e.g., close to zero) or the minimum service level
is high enough (e.g., close to one). In other words, when the firm wants to
provide a quick response (i.e., ω → 0) to a high percentage of the customers
(i.e., η → 1), the value of the commitment lead time in terms of cost reduction
is more highlighted.

2. How can the optimal control policy be calculated?
When the commitment lead time and a time-based service measure are taken
into account, the optimal commitment lead time is not always a bang-bang
policy. Since for the above-mentioned settings, we are dealing with constraint
optimization problems, to the best of our knowledge, finding closed-form
solutions are very difficult and to some extent impossible. We develop exact
and heuristic optimization algorithms for solving the ACO and CCO models.

3. What is the impact of the commitment lead time on the customer waiting time and
optimal cost value?
We derive the exact probability distribution of the customer waiting time
in terms of the system parameters and control policy. We show that the
commitment lead time not only increases the service level (i.e., the fraction of
the customers who experience waiting up to a maximum waiting threshold),
but also decreases the possible maximum waiting time that each customer
might be faced. We find that for any arbitrary maximum waiting threshold
and minimum service level the optimal cost values of the both models are
bounded above.

4. What is the impact of commitment lead time on the equivalent unit backordering cost
to maximum waiting threshold?
We consider an unconstraint optimization model with backordering cost and
its equivalent constraint optimization model with the average waiting time
constraint. We find the equivalent unit backordering cost and maximum
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waiting threshold such that both models have the same optimal cost. We
find that the equivalent unit backordering cost is decreasing in maximum
waiting threshold. When the commitment lead time is taken into account, the
equivalent unit backordering cost is always bounded above.

The main contribution of this chapter is indicating that when the time-based service
measures are taken into account, in general, the optimal commitment lead time is
not bang-bang anymore. It might take any real values from zero to the length of the
replenishment lead time. Also, it is not possible to find the optimal commitment
lead time and its corresponding optimal base-stock level analytically. The rest of
the chapter is organized as follows. In Section 4.2, we describe the problem. We
present the formulation and analysis in Section 4.3. We propose two exact and two
heuristic algorithms in Section 4.4. In Section 4.5, we provide a comparison between
backordering cost model and ACO model as well as the value of commitment lead
time. Finally, we conclude the chapter in Section 4.6. We defer all the proofs to
Appendix 4.7.

4.2. Problem Formulation

We consider a firm managing the inventory of a single item. The firm uses a
base-stock policy with base-stock level s ≥ 0 to replenish its inventory from an
uncapacitated supplier. The replenishment lead time, l, is constant. Customer
orders come from a Poisson process with a rate λ. Each customer orders a single
unit. The firm uses a perorder strategy, which requires that customers place their
orders ψ time units before their actual need. We say that the customer demand occurs
ψ time units after the corresponding customer order. We assume that ψ is continuous.
As it is seen in Figure 4.2, the preorder strategy dictates two distinguished delivery
dates; agreed and actual delivery dates. The former indicates on-time fulfillment
date and the latter indicates the date when the customer actually receives the
product. Bigger actual delivery date than the agreed delivery date implies a late
delivery. In this case, the customer waiting is equal to the difference between the
actual and agreed delivery dates. Suppose the customer needs the product at time
t1, and receives it at the time t2, (t1 < t2). It means that the agreed delivery time
is t1 and the actual delivery time is t2. Then based on the preorder strategy, the
customer places the order at time t1 − ψ and experiences waiting from time t1 to t2.
In this case, the customer waiting time is equal to t2− t1. Notice that in general, we
have t1 ≤ t2.
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Figure 4.2: An illustration of the commitment lead time and customer waiting time

The firm pays a commitment cost K(ψ) per customer order. We assume that
K(0) = 0 and K(ψ) is strictly increasing and convex in the length of the commitment
lead time ψ. In addition to the commitment cost, the firm pays an inventory
holding cost of h per unit per time unit. The firm manager aims to find the
optimal control policy as a combination of the base-stock level and commitment
lead time such that the long-run average total cost consisting of holding and
commitment costs is minimized and a time-based service goal is achieved. We
distinguish two time-based service measures in terms of average customer waiting
time and individual customer waiting time. For the first measure, we define that
the average customer waiting time should be less than or equal to a maximum
waiting threshold, ω. We refer to the corresponding constraint optimization as
Average Constraint Optimization (ACO) model. For the second, we define that
the fraction of the customers experiences a waiting time less than or equal to ω
should be greater than or equal to a minimum service level, η. We refer to the
corresponding constraint optimization as Chance Constraint Optimization (CCO)
model. The customer waiting time is a non-negative random variable. It can be
driven as a function of the control policy. Let ω be maximum waiting threshold, η
be the minimum service level, and W(s, ψ) be the customer waiting time random
variable when the firm operates under control policy (s, ψ). Then, for each time-
based service measure we have the following service constraints;

1. The ACO model with the average waiting time constraint: W(s, ψ) ≤ ω.

2. The CCO model with the chance constraint: FW(s,ψ)(ω) > η.

where W(s, ψ) represents the average customer waiting time and FW(s,ψ)(ω)
represents the cumulative distribution function of the customer waiting time at ω
when the firm uses control policy (s, ψ). Notice that by putting ω = 0, the chance
constraint indicates fill rate.

4.3. Analysis

To formulate the conservation-of-flow law with the commitment lead time, we use
the same notations introduced in Chapter 3. When the system operates under a
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base-stock policy with base-stock level s, IP(t) has a stationary behavior over time
(i.e., ∀t > 0, IP(t) = s). Then, IN(t + l) = s− D(t+, t + l]. For an inventory system
with commitment lead time ψ, the control policy is an order-base-stock policy with
base-stock level s, under which when a customer order occurs, a replenishment
order is placed. Under the order-base-stock policy with base-stock level s, IP(t) =
IN(t) + IO(t) is non-stationary over time. It means that we can not write ∀t >
0, IP(t) = s. Let us define a modified inventory position IP−(t) as IP−(t) = IP(t)−
D(t, t + ψ]. The modified inventory position depends on known demand during a
time period with the length of the commitment lead time. This implies that IP−(t)
has a stationary behavior over time (i.e., ∀t > 0, IP−(t) = s). If the system starts
with IP−(0−) ≤ s, we immediately order the difference, so that IP−(0) = s. If
IP−(0−) > s, we order nothing until demand reduces IP−(t) to s. Once IP−(t) hits
s, it remains there from then on. This gives a one-for-one replenishment. Based on
this information, the Equation (3.1) can be customized for an inventory system with
commitment lead time ψ as follows.

IN(t + l) =IP(t)− D[t, t + l]
=IP(t)− (D(t, t + ψ] + D(t + ψ, t + l])
=(IP(t)− D(t, t + ψ])− D(t + ψ, t + l]

=IP−(t)− D(t + ψ, t + l]
=s− D(t + ψ, t + l].

(4.1)

Since each customer order after ψ time unites becomes a customer demand, for
0 ≤ ψ ≤ t1 < t2, we have D(t1, t2] = D−(t1 − ψ, t2 − ψ]. Then,

IN(t + l) = s− D−(t, t + l − ψ], (4.2)

where D−(t, t + l − ψ] presents the number of customer orders during an interval
of length l − ψ. Let IN and X(ψ) be the corresponding steady-state variables to
IN(t) and D−(t, t + l − ψ], respectively. Then, IN = s− X(ψ), where X(ψ) has a
Poisson distribution with mean µX(ψ) = λ[l − ψ]+. We use PX(ψ)(x) to represent
the probability mass function of X(ψ).

In what follows, we first derive the exact probability distribution of the customer
waiting time in terms of the control policy and system characteristics. The main
system characteristics are deterministic replenishment and commitment lead times,
Poisson customer demand, and continuous order-base-stock policy.

4.3.1 Probability Distribution of Waiting Time

Since the arrival of the customers at the system is not deterministic and the amount
of available inventory is limited, the firm cannot meet all the customer demand
immediately. If at the arrival time of a customer, the firm has no available inventory,
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the firm is not able to provide an immediate delivery to the corresponding customer.
Consequently, the customer has to wait until the replenishment order, which can
be used to satisfy the demand, arrives at the system. The waiting time of each
customer depends on the status of the system at the customer’s arrival time. Since
the status of the system is changing over time, the waiting time of the customer is
a random variable. In general, the customer waiting time depends on the system
characteristics such as demand rate, replenishment lead time, and control policy
(i.e., base-stock level and commitment lead time). Since the firm operates under the
preorder strategy, it receives ADI from the customers and it can use this information
to make more cost-efficient decisions while reducing the customer waiting time.

Notice that if ψ > l, the firm can provide on-time delivery without holding
inventory by placing a replenishment order ψ− l time units after a customer order
occurs. This results in zero holding and zero customer waiting time. In this
chapter, we analyze the case with 0 ≤ ψ ≤ l. It is obvious that in a stock-out
situation, the length of the customer waiting time varies from 0 to l − ψ. Hence,
W(s, ψ) ∈ [0, l − ψ]. For W(s, ψ), we derive the probability mass at zero PW(s,ψ)(0),
the probability density function fW(s,ψ)(τ) and cumulative distribution function
FW(s,ψ)(τ) in Theorem 4.1.

Theorem 4.1 In a single-location inventory system, for given s ∈N0, and ψ ∈ [0, l],

1. the probability mass of the customer waiting time at zero is given by

PW(s,ψ)(0) =
s−1

∑
k=0

µk
X(ψ)

k!
e−µX(ψ) ,

2. the probability density function of the customer waiting time is

fW(s,ψ)(τ) =

λ
(µX(ψ)−λτ)

s−1

(s−1)! e−(µX(ψ)−λτ) 0 < τ < l − ψ,

0 τ ≥ l − ψ,

3. the cumulative distribution function of the customer waiting time is

FW(s,ψ)(τ) =


s−1
∑

k=0

(µX(ψ)−λτ)
k

k! e−(µX(ψ)−λτ) 0 ≤ τ < l − ψ,

1 τ ≥ l − ψ,

where µX(ψ) = λ(l − ψ).

We refer to Appendix 4.7.1 for the proof. As it is seen from Theorem 4.1, the
commitment lead time decreases the possible maximum waiting time from l to l−ψ
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time units. Hence, the possible maximum waiting time is decreasing in the ADI. It is
obvious that with complete ADI (i.e., ψ = l), the customer waiting time is zero. With
the complete ADI, the firm can provide perfect service without keeping inventory.
However, with incomplete ADI (i.e., ψ < l), the analysis is no longer intuitive. In
our analysis, we explore the impact of the incomplete ADI on the total cost and
customer waiting time. Since in our analysis we use the cumulative distribution
function of customer waiting time, it is worth mentioning that FW(s,ψ)(τ) is a mixed
bivariate function. It means that FW(s,ψ)(τ) is a continuous and a discrete function
with respect to commitment lead time and base-stock level, respectively. In the
following lemma, we analyze the behavior of FW(s,ψ)(τ) with respect to these two
variables.

Lemma 4.1 For all s ∈N0, FW(s,ψ)(τ) is an increasing function in ψ and for all ψ ∈ [0, l],
FW(s,ψ)(τ) is an increasing function in s.

We refer to Appendix 4.7.2 for the proof. Lemma 4.1 states that the commitment
lead time not only decreases the possible maximum waiting time, but also increases
the service level (i.e., the likelihood of meeting a customer demand until a
maximum waiting threshold). Of course, the base-stock level is also an alternative
choice to increase the service level; however, it does not decrease the possible
maximum waiting time for certain. To understand the impact of commitment lead
time and base-stock level on customer service, let us consider an example with
this setting; λ = 2, l = 10 and ψ = 2. The behavior of FW(s,2)(τ) with respect to
different base-stock levels is illustrated in Figure 4.3a. As it is seen, the more base-
stock level provides a high service level but the domain of waiting time still equals
[0, l]. For instance, when the base-stock level is 10 and 15, the service levels for
meeting customer demand up to 3 time units are 45.79% and 91.65%, respectively,
i.e., FW(10,2)(3) = 0.4579 and FW(15,2)(3) = 0.9165.
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Furthermore, for a given base-stock level s = 3 and different values of the
commitment lead time ψ, the service levels are illustrated in Figure 4.3b. For
example, when the firm uses preorder strategies with ψ = 5 and ψ = 10 (complete
ADI), the service levels for meeting customer demand up to 3 time units are 23.81%
and 100%, respectively, i.e., FW(3,5)(3) = 0.2381 and FW(3,10)(3) = 1.

4.3.2 Cost Function

In this section, we derive an expression for the long-run average total cost function.
The cost function is comprised of inventory holding and commitment costs. From
Chapter 3, remember that IN = s− X(ψ), where X(ψ) is the cumulative demand
during l − ψ. Then, X(ψ) also has a Poisson distribution with mean µX(ψ) = λ(l −
ψ). Define C(s, ψ) as the long-run average total cost when a base-stock level s is
used and a commitment lead time ψ is provided. Similar to Chapter 3, C(s, ψ) can
be written as follows;

C(s, ψ) =hE {max(0, IN)}+ λK(ψ)

=h
(

sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)
)
+ λK(ψ),

(4.3)

where FX(ψ)(x) is the cumulative distribution function of X(ψ). It is worth
emphasizing that our analysis and results hold for any form of K(ψ) as long as
it is increasing and convex in ψ and K(0) = 0. In the rest of this chapter, for ease
of exposition, we restrict our analysis to a linear unit commitment cost c per time
unit. Therefore, for all s ∈ N0 and ψ ∈ [0, l], the cost function can be rewritten as
follows;

C(s, ψ) = h
(

sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)
)
+ cλψ. (4.4)

C(s, ψ) is a discrete function with respect to s and a continuous function with
respect to ψ. Based on Lemmas 3.1 and 3.2 in Chapter 3, we know that for all
s ∈ N, C(s, ψ) is strictly increasing and convex in ψ and for all ψ ∈ [0, l], C(s, ψ)
is increasing and convex in s. For a given commitment lead time ψ, increasing the
base-stock level s results in increasing average holding cost (intuitive). For a given
base-stock level s, increasing ψ results in an increase not only in the commitment
cost, but also in the holding cost (counter-intuitive). Logically, with more ADI, a
reduction in the average holding cost is expected. However, since the base-stock
is fixed, by increasing ψ, the firm actually keeps more inventory than the required
amount while the firm needs less inventory since ADI is available.



62 Chapter 4. A Single-location System with Service Constraint

4.3.3 Constraints on the Customer Waiting Time

In this section, the ACO and CCO models are analyzed. We use subscripts a and c
to refer to the ACO and CCO models, respectively.

4.3.3.1 The ACO Model

The commitment lead time is an agreement between the customers and the firm.
The customer waiting time starts after the duration of commitment lead time. As
it is shown in Figure 4.2, the customer order lead time is the summation of the
commitment lead time and the customer waiting time. Since the commitment lead
time is deterministic, the customer waiting time W(s, ψ) is a proper representative
of the customer order lead time. Using Theorem 4.1, we derive the average customer
waiting time in Proposition 4.1.

Proposition 4.1 In a single-location inventory system, for all s ∈ N0 and ψ ∈ [0, l], the
average customer waiting time W(s, ψ) is given by

W(s, ψ) =
1
λ

(
sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1) + µX(ψ) − s

)
.

See Appendix 4.7.3 for the proof. According to Proposition 4.1, W(s, ψ) is nonlinear
in the base-stock level s and the commitment lead time ψ. W(s, ψ) is a discrete
function in s and a continuous function in ψ. The following Lemma is useful to
understand the behavior of W(s, ψ) with respect to s and ψ.

Lemma 4.2 In a single-location inventory system,

1. for all s ∈N0, the average customer waiting time W(s, ψ) is non-increasing in ψ.

2. for all ψ ∈ [0, l], the average customer waiting time W(s, ψ) is non-increasing in s.

We defer the proofs to Appendices 4.7.4 and 4.7.8. According to Lemma 4.2, the
average waiting time can be reduced by increasing the base-stock level s and/or
increasing the commitment lead time ψ. The decision on which one of these two
is more beneficial and cost efficient depends on the cost parameters and amount of
reduction in the average waiting time. For the aforementioned parameter stetting
in Subsection 4.3.1, we plot W(s, ψ) with respect to commitment lead time ψ for
different base-stock levels. As seen in Figure 4.4, when s = 0, there is a linear
negative correlation between W(s, ψ) and ψ (i.e., W(s, ψ) = l − ψ). For positive
base-stock levels, this negative correlation is not linear anymore. For all s ∈N0, the
reduction in average waiting time is non-increasing in ψ.
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Figure 4.4: The behavior of W(s, ψ) with respect to commitment lead time ψ

Using Proposition 4.1 and Equation (4.4), we can formulate the ACO model as
follows;

(ACO) : min
s,ψ

C(s, ψ) = h
(

sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)
)
+ cλψ,

subject to: φa(s, ψ) ≤ 0,
s ∈N0, ψ ∈ [0, l],

(4.5)

where φa(s, ψ) = sFX(ψ)(s) − µX(ψ)FX(ψ)(s − 1) + µX(ψ) − s − λω. Since the ACO
model is a Constraint Mixed-integer Nonlinear Program (C-MINLP), to the best
of our knowledge, finding a closed-form solution to this problem is impossible.
To overcome this difficulty, we analyze φa(s, ψ) to determine the feasible region of
the optimization problem (4.5). The results of our analysis are presented in the
following Lemma.

Lemma 4.3 For all s ∈N0, φa(s, ψ) is non-increasing in ψ, and for all ψ ∈ [0, l], φa(s, ψ)
is non-increasing in s.

See Appendix 4.7.6 for the proof. For all ψ ∈ [0, l], minimizing C(s, ψ) over s ∈ N0
provides one-to-one relationship between s and ψ. Let us define sψ as the optimal
base-stock level for a given ψ. Then, we can obtain a tight lower bound Ca(sψ, ψ)
on [0, l] as follows;

Ca(sψ, ψ) = min
s∈N0

C(s, ψ) s.t. φa(s, ψ) ≤ 0. (4.6)

By solving optimization (4.6), the interval [0, l] as domain of univariate function
Ca(sψ, ψ), is divided into s0

a + 1 subintervals such that

[0, l] = [ψs0
a
, ψs0

a−1] ∪ [ψs0
a−1, ψs0

a−2] ∪ ...∪ [ψ2, ψ1] ∪ [ψ0, l],

where 0 = ψs0
a
< ψs0

a−1 < ... < ψ1 < ψ0 and s0
a = {s ∈ N0 : φa(s, 0) ≤ 0 < φa(s−

1, 0)}. Since for all s = 0, 1, 2, ..., s0
a − 1 the subinterval formed by beakpoints ψs+1
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and ψs corresponds to base-stock s, we refer to it as Ψs = [ψs+1, ψs]. In other words,
Ca(sψ, ψ) is a discontinuous piecewise-convex function with step sizes Ψs. Actually, Ψs
refers to a subinterval on [0, l] such that for all ψ ∈ Ψs, we have Ca(sψ, ψ) = C(s, ψ)
(see Figure 4.5). Let Θa be the set of all the breakpoints ψs of the ACO model.

Then, Θa =
⋃s0

a
s=0 {ψs}, where |Θa| = s0

a + 1. Notice that for all ψs ∈ Θa\{0}, we
have φa(s, ψs) = 0. Hence, solving φa(0, ψ0) = 0 yields ψ0 = l − ω. Then, ψs0

a
= 0

and ψ0 = l − ω are the smallest and largest elements of the breakpoint set Θa,
respectively.
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Figure 4.5: The discontinuous piecewise nonlinear function Ca(sψ, ψ) on [0, l]

Based on the properties of φa(s, ψ), we know that the smallest value of s corresponds
to the largest value of ψ (i.e., ψs0

a
< ψs0

a−1 < ... < ψ1 < ψ0). Since the cost function is
increasing in s and ψ, the smallest pair of (s, ψ) provides the minimum value of the
cost. Because the optimal values of s and ψ are dependent on each other, finding
the the best s and ψ that guarantees an optimal trade-off between the holding and
commitment costs is not a straightforward task.

Different values of the maximum waiting threshold ω provide different feasible
regions. It means that maximum waiting threshold ω can change the optimal
control policy. To illustrate the impact of ω on the behavior of Ca(sψ, ψ) and
optimal control policy, consider two settings with different values of ω and common
parameters as; λ = 3, h = 15, c = 2.2, and l = 10. As it is shown in Figure 4.6, when
the waiting time threshold ω is changed from 0.35 to 0.10, the optimal control
policy is changed from (32, 0.28) to (0, 9.90). In the setting with ω = 0.1, the role of
commitment lead time in the optimal control policy is more highlighted.
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Figure 4.6: Behavior of Ca(sψ, ψ) in terms of ψ for different values of ω

As shown in Figure 4.6, the optimal control policy and the corresponding average
cost depend on ω. The following proposition states the overall behavior of optimal
cost in terms of ω.

Proposition 4.2 In the ACO model, for all ψ ∈ [0, l], ω ∈ [0, l], and s ∈ N0, the optimal
cost Ca(s∗, ψ∗),

1. is non-increasing in the maximum waiting threshold ω.

2. is bounded above by cµX(ω).

We refer to Appendices 4.7.7 and 4.7.8 for the proofs. According to Proposition 4.2.1,
when the firm targets a bigger maximum waiting threshold on the average waiting
time, it needs less inventory or shorter commitment lead time. Consequently, it
results in less holding and commitment costs. Furthermore, Proposition 4.2.2 states
that the optimal cost subject to any value of the maximum waiting threshold is
bounded. In other words, for any value of the maximum waiting threshold, there
is a trade-off between commitment and holding costs. More specifically, when the
firm targets a very quick response (i.e., ω close to zero), the firm should entice
the customers to provide complete ADI (i.e., ψ = l − ω). In this situation, the
commitment cost is the only cost which is charged and equal to cµX(ω).

4.3.3.2 The CCO Model

Instead of looking at the average waiting time as a time-based service measure in the
ACO model, we now look at individual customer waiting time. For this purpose,
we introduce a time-based service measure in the form of a chance constraint.
In other words, we would like to find the optimal control policy such that a
desired percentage (i.e., η) of the customers receive service within a time frame
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(i.e., maximum waiting threshold ω). For instance, we aim to meet 95% of the
customers demand within 4 hours. This type of service measure is recommended
when customer waiting time variability is high. We refer to the optimization model
with this type of service measure as chance constraint optimization (CCO) model.
For given ω ∈ [0, l], η ∈ [0, 1] and using Theorem 4.1, the chance constraint can be
written in terms of the cumulative distribution function of Poisson distribution as
follows.

P(W(s, ψ) ≤ ω) = FW(s,ψ)(ω) =
s−1

∑
k=0

(
µX(ψ) −ωλ

)k

k!
e−(µX(ψ)−ωλ). (4.7)

As seen in Equation (4.7), FW(s,ψ)(ω) can be rewritten as the cumulative distribution
function of the Poisson random variable Y(ω, ψ) at s − 1 with mean µY(ω,ψ) =

µX(ψ) − ωλ. Hence, FW(s,ψ)(ω) = FY(ω,ψ)(s− 1). Therefore, the CCO model can be
formulated as follows:

(CCO) : min
s,ψ

C(s, ψ) = h
(

sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1)
)
+ cλ

subject to: φc(s, ψ) ≤ 0
s ∈N0, ψ ∈ [0, l],

(4.8)

where φc(s, ψ) = η − FY(ω,ψ)(s− 1). Recall that FX(ψ)(s) and FY(ω,ψ)(s− 1) are the
cumulative distribution function of the Poisson distribution with mean µX(ψ) =

λ(l − ψ) and µY(ω,ψ) = µX(ψ) − ωλ, respectively. Similar to the ACO model, the
CCO model is also C-MINLP and finding a closed-form solution to this problem is
difficult and to some extent impossible. To find the optimal solution, we analyze
φc(s, ψ) and determine the feasible region of 4.8. The results of our analysis are
presented in the following Lemma.

Lemma 4.4 For all s ∈N0, φc(s, ψ) is non-increasing in ψ and for all ψ ∈ [0, l], φc(s, ψ)
is non-increasing in s.

See Appendix 4.7.13 for the proof. Following the same approach as the ACO model,
we can get a tight lower bound Cc(sψ, ψ) by solving

Cc(sψ, ψ) = min
s∈N0

C(s, ψ), s.t. φc(s, ψ). (4.9)

By solving optimization (4.9), the interval [0, l] as domain of univariate function
Cc(sψ, ψ), is divided into s0

c subintervals such that

[0, l] = [ψs0
c
, ψs0

c−1] ∪ [ψs0
c−1, ψs0

c−2] ∪ ...∪ [ψ2, ψ1] ∪ [ψ1, l],

where 0 = ψs0
c
< ψs0

c−1 < ... < ψ1 and s0
c = {s ∈ N0 : φc(s, 0) ≤ 0 < φc(s− 1, 0)}.

Since for all s = 1, 2, ..., s0
c − 1 the subinterval formed by beakpoints ψs+1 and ψs
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corresponds to base-stock s, we refer to it as Ψs = [ψs+1, ψs]. In other words,
Cc(sψ, ψ) is a discontinuous piecewise-convex function with step sizes Ψs. Actually, Ψs
refers to a subinterval on [0, l] such that for all ψ ∈ Ψs, we have Cc(sψ, ψ) = C(s, ψ)
(see Figure 4.7). Let Θc be the set of all the breakpoints ψs of the CCO model.

Then, Θc =
⋃s0

c
s=1 {ψs}, where |Θc| = s0

c . Notice that for all ψs ∈ Θc\{0}, we have
φc(s, ψs) = 0. Hence, solving φc(1, ψ1) = 0 yields ψ1 = l − ω + lnη

λ . Then, ψs0
c
= 0

and ψ1 = l − ω + lnη
λ are the smallest and largest elements of the breakpoint set

Θc, respectively. For a parameter setting with λ = 0.5, h = 10, c = 2, ω = 2, and
η = 0.5, Cc(sψ, ψ) has been depicted in Figure 4.7.
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Figure 4.7: Lower bound Cc(sψ, ψ) in terms of ψ

As seen in Figure 4.7, Cc(sψ, ψ) consists of five segments. Each segment is convex
and increasing in ψ over Ψs. The number of segments depends on the system
parameters. As shown in Figures 4.7 and 4.8, when the demand rate increases,
Cc(sψ, ψ) is formed by more segments.
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When service level η is significantly high compared to the base-stock level,
commitment lead time plays a stronger role in forming the optimal control policy.
In Figure 4.8a, by changing η from 0.90 to 0.95, the optimal commitment lead time
is changed from 0.01 to 8.97. Moreover, when maximum waiting threshold ω is
significantly small, commitment lead time plays a stronger role in optimal control
policy. For instance, in Figure 4.8b, decreasing the value of ω from 2 to 1 results in
an increase in the optimal commitment lead time from 0.14 to 8.97.

As shown in Figure 4.8, the optimal control policy and the corresponding average
cost depend on both η and ω. The following proposition states the overall behavior
of optimal cost in terms of η and ω and other system parameters.

Proposition 4.3 In the CCO model, for all ψ ∈ [0, l], ω ∈ [0, l], η ∈ [0, 1], and s ∈ N0,
the optimal cost Cc(s∗, ψ∗), is bounded above by h

η e−µX(ω) + c
(

lnη + µX(ω)

)
.

We refer to Appendix 4.7.9 for the proof. Proposition 4.3 states that the optimal
cost subject to any value of the maximum waiting threshold ω and service level η
is bounded. In other words, for any value of the maximum waiting threshold, there
is a trade-off between commitment and holding costs. More specifically, when the
firm targets a very quick response (i.e., ω close to zero) or high service level (i.e.,
η close to one), the firm should entice the customers to provide complete ADI (i.e.,
ψ = l − ω + lnη

λ ). In this situation, the commitment cost is the only cost which is

charged and equal to h
η e−µX(ω) + c

(
lnη + µX(ω)

)
.

4.3.3.3 Immediate Fill Rate

Under the preorder strategy, the immediate fill rate refers to the fraction of the
customers who receive an on-time fulfillment. In other words, the fraction of the
customers who receives the product at the moment of the need. By setting ω = 0 in
the chance constraint, the immediate fill rate can be defined as FW(s,ψ)(0) ≥ η. Since
customer demand comes from a pure Poisson process and fulfillment of demand
is based on a First-Come, First-Served (FCFS) allocation rule, as an equivalence of
zero waiting time, we can write P(W(s, ψ) = 0) = P(IN > 0). Using this definition,
we conjecture the following result on the optimal commitment lead time.

Conjecture 4.1 The optimal commitment lead time and its corresponding base-
stock level of the single location inventory system with immediate fill rate
requirement happens either at ψs0

c
or ψ1.

Based on Conjecture 4.1, the optimal commitment lead time happens either at 0 or
l + lnη

λ . In other words, by changing the support of commitment lead time from
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[0, l] to [0, l + lnη
λ ], we can claim that the optimal commitment lead time is a bang-

bang policy on the new support. More specifically, when the service level is equal
to one (i.e., η = 1), then lnη = 0 and the optimal commitment lead time is similar
to the case when backordering cost is considered. We check Conjecture 4.1 using a
comprehensive numerical experiment designed in Subsection 4.4.3.

4.4. Solution Methodology

In this section, we develop exact and heuristic algorithms for each constraint
optimization model. Then, we evaluate the accuracy of the heuristic algorithms
using numerical experiments.

4.4.1 The Exact Optimization Algorithm

Recall that for all s ∈ N0, C(s, ψ) is strictly increasing in ψ over the interval [0, l].
It means that C(sψ, ψ) is strictly increasing in ψ over the subinterval Ψs. In this
case, we can claim that the global minimum happens at one of the breakpoints. The
number of breakpoints is finite and equal to |Θ|. To find these breakpoints we can
use a numerical method like the bisection method or Newton’s method. Eventually,
we can find all the breakpoints and evaluate the average cost at those breakpoints.
We use Newton’s method and bisection method for finding the breakpoints of
the ACO and the CCO models, respectively. We refer to Appendices 4.7.16 and
4.7.17 for these exact algorithms (i.e., procedures 3 and 4). We refer to these exact
algorithms as ACO and CCO exact algorithms. Notice that the cost function of
Chapter 3 is equivalent to the Lagrangian of the ACO model when ω = 0. In this
case, we can claim that the optimal solution of Chapter 3 and the ACO model are
the same (van Houtum and Zijm (2000)). However, when ω 6= 0, these two models
are not equivalent and they might have different optimal solutions.

4.4.2 The Heuristic Optimization Algorithm

The exact optimization procedure finds the global minimum of C(s, ψ). However, it
is a computationally intensive procedure since we need to find all the breakpoints
and evaluate the cost function at those points. This is why we propose a heuristic
optimization algorithm. A closer look at the ACO and CCO optimization problems
reveals the fact that the structure of average cost function at the breakpoints ψ ∈
Θ\{0} can have one of the following forms; concave (or linear), convex (or linear)
and concave-convex. These are shown in Figure 4.9.
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Figure 4.9: Different behaviors of Ca(sψ, ψ) for all ψs ∈ Θ\{0}

By running comprehensive numeral experiments, we observed that in most cases
for all ψ ∈ Θ\{0} and its corresponding optimal sψ, C(sψ, ψ) has a concave (on
linear) behavior in terms of ψ. It means that the minimum of C(sψ, ψ) occurs at
the end points. Instead of finding all the breakpoints of Θ\{0}, we just look at
the smallest and biggest elements of Θ\{0} as well as ψs0 = 0. Therefore, in total,
we need to evaluate cost function at three points. Based on the evaluation of these
three points, we propose two heuristic algorithms. We refer to Appendices 4.7.14
and 4.7.15 for these heuristic algorithms (i.e., procedures 1 and 2). We refer to these
heuristics as ACO and CCO heuristics.

4.4.3 Performance Evaluation of the Heuristic Algorithms

In this section, we rely on numerical examples for evaluating the accuracy of the
ACO and CCO heuristic algorithms. We evaluate 500000 parameter combinations.
The values of the parameters are randomly generated from uniform distributions
as follows; λ ∼ U[0.1, 10], h ∼ U[0.1, 50],c ∼ U[0, h], l ∼ U[0.5, 30], ω ∼ U[0, l], and
η ∼ U[0.01, 0.99], where x ∼ U[a, b] means that the values of parameter x are chosen
from a Uniform distribution in interval [a, b]. For both ACO and CCO models, for
each parameter combination, we calculate s∗ and ψ∗ using the exact optimization
algorithm and ŝ∗ and ψ̂∗ using the heuristic algorithm. Then, we calculate the
percentage gap between the optimal cost and heuristic cost values. We define Ei as
the percentage gap for parameter combination i. Then, we have

Ei =
C(s∗, ψ∗)− C(ŝ∗, ψ̂∗)

C(s∗, ψ∗)
× 100, i = 1, 2, ..., 500000. (4.10)

The CDF of Ei for the ACO and CCO heuristic algorithms are plotted in Figures
4.10a and 4.10b, respectively. These figures suggest that both heuristic algorithms
perform quite well. In fact, both heuristic algorithms provide the optimal solution
in 99.5% of the parameter combinations.
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Figure 4.10: The CDF of the error for the heuristic algorithms

We also run the above-mentioned numerical experiment for evaluating the accuracy
of Conjecture 4.1. Hence, we solved the CCO model with ω = 0 for 500000
samples. For each sample, we evaluated the cost value at 0 and l + lnη

λ (i.e., based on
Conjecture 4.1) and compared it with the cost value from the exact CCO algorithm.
For all the 500000 samples, no error was found.

4.5. Comparisons

In this section, we make two comparisons. First, by looking at the ACO model and
its equivalent unconstraint problem with backordering cost, we draw a comparison
between the maximum waiting threshold and its equivalent unit backordering cost.
Then, we compare the ACO model with and without commitment lead time to
address the value of considering commitment lead time with average waiting time
service measure.

4.5.1 The ACO Model vs. the CCO Model

The basic difference between the two models arises from the type of their time-
based service measure. In the ACO model, the service measure is defined based
on the average waiting time of all the customers, while in the CCO model, the
waiting time of each customer forms its corresponding service measure. Depending
on the characteristics of the firm, one of these two measures can be chosen. For
instance, when the variability of the customer waiting time is high, the CCO model
is recommended and when the variability is low, the ACO model is advised. Recall
that Ca(s∗, ψ∗) ≤ cµX(ω) and Cc(s∗, ψ∗) ≤ h

η e−µX(ω) + c
(

lnη + µX(ω)

)
. As it is seen,

in the ACO model, this upper bound is independent of the holding cost, while
in the CCO model it is dependent on both unit holding and commitment costs.
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Moreover, for given l, ω, the support of commitment lead time in the ACO model
is greater or equal to the support of commitment lead time in the ACO model (i.e.,
[0, l −ω + lnη

λ ] ⊆ [0, l −ω]).

4.5.2 Average Waiting Time vs. Backordering Cost

In this section, we consider two optimization models. We first consider an
unconstraint optimization (UCO) model with the average cost function consisting
of the holding, backordering, and commitment costs. We refer to this model as
UCO model and use Cu(su, ψu) to represent its average cost function.

(UCO) min
su∈N0,ψu∈[0,l]

Cu(su, ψu) =(h + p)
(

suFX(ψu)(su)− µX(ψu)FX(ψu)(su − 1)
)

+ p
(

µX(ψu) − su

)
+ cλψu,

(4.11)

where Cu(su, ψu) is the same as the cost function was derived in Chapter 3. Then, we
consider the equivalent ACO model, in which the backorder cost is replaced with
the average customer waiting time constraint with maximum waiting threshold ω.
We use Ca(sa, ψa) to represent the average cost function of the ACO model.

(ACO) : min
sa ,ψa

Ca(sa, ψa) = h
(

saFX(ψa)(sa)− µX(ψa)FX(ψa)(sa − 1)
)
+ cλψa,

subject to: φa(sa, ψa) ≤ 0,
sa ∈N0, ψa ∈ [0, l],

(4.12)

Using these two models, we find the unit backordering cost p ∈ R≥0, under
which both optimization problems have the same optimal average cost values. The
following proposition summarizes our findings.

Proposition 4.4 For an arbitrary maximum waiting threshold ω ∈ (0, l],

1. there exists a non-negative p such that Cu(s∗u, ψ∗u) = Ca(s∗a , ψ∗a ),

2. p is bounded and non-increasing in ω, and

3. p can be calculated as

p =
Ca(s∗a , ψ∗a )− hI(s0

u, 0)
λW(s0

u, 0)
,
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where I(s0
u, 0) and W(s0

u, 0) are the average inventory and customer waiting time
under control policy (s0

u, 0).

We refer to Appendices 4.7.10, 4.7.11, and 4.7.12 for the proofs. From Subsection
4.3.3.1, we know that when the maximum waiting threshold is small enough or
close to zero, then s∗a = 0 and ψ∗a = l −ω. Consequently, Ca(s∗a , ψ∗a ) = λc(l −ω). In
this case, there is a negative linear correlation between ω and p as follows.

p =
λc(l −ω)− hI(s0

u, 0)
λW(s0

u, 0)
(4.13)

According to Expression (4.13), p is linearly decreasing in ω. For two parameter
settings shown in Figure 4.11, we plot the behavior of p as a function of ω. As it has
been shown by two dotted vertical lines, in both cases there is a linear relationship
between p and ω.
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Figure 4.11: The equivalent unit backordering cost p to the waiting time threshold ω

Notice that by considering commitment lead time, it is always possible to find an
equivalent unit backoredering cost such that a desired maximum waiting threshold
on average customer waiting time is guaranteed.

4.5.3 The Value of the Commitment Lead Time

We investigate the value of considering or ignoring the commitment lead time when
average customer waiting time is considered as a service measure. For this purpose,
we study Ca(s, ψ) and Ca(s, 0). Both models are constraint optimization models. In
the latter case, commitment lead time is not a decision variable anymore. Since
in both models finding analytical results is difficult, for a fixed parameter setting,
we illustrate the optimal value of cost functions in terms of the maximum waiting
threshold ω.
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Figure 4.12: The optimal cost values with and without commitment lead time

As it is seen in Figure 4.12, considering commitment lead time always gives a lower
or equal optimal average cost compared to ignoring the commitment lead time
case (i.e., Ca(s∗, ψ∗) is a lower bound for Ca(s∗, 0)). Moreover, Ca(s∗, ψ∗) gives
significantly lower optimal average cost when the maximum waiting threshold ω is
small enough. Hence, when the firm expects negligible average customer waiting
time or very quick response, the commitment lead time plays a significant role in
the optimal control policy.

4.6. Conclusion

In this chapter, we considered a firm which faces a Poisson customer demand
and uses a base-stock policy to replenish its inventories from an outside source
with a deterministic lead time. The system operates under a preorder strategy,
in which customers place their order ahead of their actual need based on a
predetermined time window called commitment lead time. In turn, the firm pays
the customer a bonus based on the length of the commitment lead time, which is
called commitment cost. The firm manager aims to find the optimal control policy
as a combination of the base-stock level and commitment lead time such that a long-
run average total cost consisting of holding and commitment costs is minimized
subject to a time-based service constraint. We studied this problem with two time-
based service measures; average customer waiting time and individual customer
waiting time. For the first measure, we put a maximum waiting threshold on the
average customer waiting time. For the second, we formed a chance constraint
consisting of a service level as well as the maximum waiting threshold. Since we
dealt with two Constraint, Mixed-integer, Nonlinear Programs (C-MINLP), finding
closed-form solutions are not possible. Instead, we proposed exact and heuristic
optimization algorithms for each optimization model. Using a comprehensive
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numerical experiment we showed that the heuristic algorithms perform quite well.

We observed that when commitment lead time and time-based service measures
with positive maximum waiting threshold are taken into account, the optimal
commitment lead time is not a bang-bang policy, anymore. However, for η−service
level type of fill rate (i.e., on-time fulfillment), the optimal commitment lead time
takes a bang-bang form. In other words, it is either equal to zero or l + lnη

λ . We
derived the exact distribution probability of customer waiting time in terms of
system parameters and control policy. We show that the commitment lead time not
only increases the service level (i.e., the likelihood of meeting a customer demand
up to a maximum waiting threshold) but also decreases the possible maximum
waiting time. We showed that the optimal cost value is bounded and non-increasing
in the maximum waiting threshold. We found that the commitment lead time plays
a significant role in the determination of the optimal control policy when either
the maximum waiting threshold is small enough (e.g., close to zero) or the service
level is high enough (e.g., close to one). In other words, when the firm wants to
provide a quicker response to a higher percentage of the customers, the value of
commitment lead time in terms of cost reduction is more highlighted. Moreover,
we considered an unconstraint optimization model with backordering cost and its
equivalent constraint optimization model with the average waiting time constraint.
We calculated equivalent unit backordering cost such that both models have the
same optimal cost. We found a negative relationship between unit backordering
cost and maximum waiting threshold. When commitment lead time is taken into
account, the equivalent unit backordering cost is always bounded above.
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4.7. Appendix: Proofs

4.7.1 Proof of Theorem 4.1

We use the same approach presented in Kruse (1980). A customer who arrives at
time t will wait less than or equal to τ, if and only if he or she receives one of the
outstanding orders at t + τ − l. The customer gets an item from IP(t + τ − l) only
if the previous demands D[t + τ − l, t) are less than IP(t + τ − l). Then,

FW(s,ψ)(τ) =P(W(s, ψ) ≤ τ)

=P(IP(t + τ − l)− D[t + τ − l, t) > 0)
=P (IP(t + τ − l)− (D[t + τ − l, t + τ − l + ψ) + D[t + τ − l + ψ, t)) > 0)
=P ((IP(t + τ − l)− D[t + τ − l, t + τ − l + ψ))− D[t + τ − l + ψ, t) > 0)

=P
(

IP−(t + τ − l)− D[t + τ − l + ψ, t) > 0
)

Under the preorder strategy, we know that ∀t > 0, IP−(t) = s. Then, IP−(t + τ −
l) = s and

FW(s,ψ)(τ) =P (s− D[t + τ − l + ψ, t) > 0)

=P (D[t + τ − l + ψ, t) < s)
=P (D[t + τ − l + ψ, t) ≤ s− 1) .

Since each customer order after ψ time unites becomes a customer demand, then
D[t + τ − l + ψ, t) = D−[t + τ − l, t− ψ).

FW(s,ψ)(τ) =P
(

D−[t + τ − l, t− ψ) ≤ s− 1
)

=P
(
X′(ψ) ≤ s− 1

)
,

where X′(ψ) presents the number of customer orders during an interval of length
l − ψ− τ. Then, X′(ψ) has a Poisson distribution with mean µX′(ψ) = µX(ψ) − λτ.
Hence, for all ψ ∈ [0, l], τ ∈ [0, l − ψ],

FW(s,ψ)(τ) =
s−1

∑
k=0

(
µX(ψ) − λτ

)k

k!
e−(µX(ψ)−λτ)

and for τ ≤ l − ψ, FW(s,ψ)(τ) = 1. Therefore, the probability distribution function
of W(s, ψ) can be summarized as follows.

FW(s,ψ)(τ) =


s−1
∑

k=0

(µX(ψ)−λτ)
k

k! e−(µX(ψ)−λτ), 0 ≤ τ < l − ψ

1, τ ≥ l − ψ
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For the probability mass of the customer waiting time at zero, we can write

PW(s,ψ)(0) = FW(s,ψ)(0) =
s−1

∑
k=0

(
µX(ψ)

)k

k!
e−µX(ψ)

Let fW(s,ψ)(τ) be the probability density function of W(s, ψ). Then, for all 0 <

τ < l − ψ, fW(s,ψ)(τ) = d
dτ FW(s,ψ)(τ). for ease of calculation, let us introduce

Poisson random variable Y(τ, ψ) with mean µX(ψ) − λτ. Then, for all 0 < τ <

l − ψ, FW(s,ψ)(τ) = FY(τ,ψ)(s − 1). From Appendix 3.6.1, we know
dFY(τ,ψ)(s−1)

dτ =

λPY(τ,ψ)(s − 1). Hence, for all 0 < τ < l − ψ, fW(s,ψ)(τ) = λPY(τ,ψ)(s − 1);
otherwise, fW(s,ψ)(τ) = 0. Therefore, the probability density function of W(s, ψ)
can be summarized as follows.

fW(s,ψ)(τ) =

λ
(µX(ψ)−λτ)

s−1

(s−1)! e−(µX(ψ)−λτ), 0 < τ < l − ψ

0, otherwise

4.7.2 Proof of Lemma 4.1

We first show that for all s ∈ N0,
dFW(s,ψ)(τ)

dψ ≥ 0. Based on Appendix 4.7.1, for
all τ ∈ (0, l − ψ), FW(s,ψ)(τ) = FY(τ,ψ)(s− 1), where FY(τ,ψ)(s− 1) is the cumulative
distribution of Poisson at s− 1 with mean µY(τ,ψ) = µX(ψ)− λτ. Also, from Chapter

3, we know that
dFY(τ,ψ)(s−1)

dψ = λPY(τ,ψ)(s− 1) ≥ 0. Then, for all τ ∈ (0, L),

dFW(s,ψ)(τ)

dψ =
dFY(τ,ψ)(s−1)

dψ = λPY(τ,ψ)(s− 1) ≥ 0.

Then, for all ψ ∈ [0, l], we show that ∆sFW(s,ψ)(τ) ≥ 0. To do so, we show that
∆sFY(τ,ψ)(s− 1) ≥ 0. By calculating FY(τ,ψ)(s) = FY(τ,ψ)(s− 1) + PY(τ,ψ)(s), we can
write ∆sFW(s,ψ)(τ) = ∆sFY(τ,ψ)(s− 1) = FY(τ,ψ)(s)− FY(τ,ψ)(s− 1) = PY(τ,ψ)(s) ≥ 0.
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4.7.3 Proof of Proposition 4.1

Based on Theorem 4.1, the expected waiting time is calculated as follows.

W(s, ψ) = E{W(s, ψ)} =
∫ L

0
τ fW(s,ψ)(τ)dτ =

∫ l−ψ

0
τλ

(
µX(ψ) − λτ

)s−1

(s− 1)!
e−(µX(ψ)−λτ)dτ

=
∫ l−ψ

0
τλs (l − ψ− τ)s−1

(s− 1)!
e−λ(l−ψ−τ)dτ

=
λs

(s− 1)!

∫ l−ψ

0
τ(l − ψ− τ)s−1e−λ(l−ψ−τ)dτ

By substituting l − ψ− τ = x, then τ = l − ψ− x and dτ = −dx.

=
λs

(s− 1)!

∫ l−ψ

0
(l − ψ− x)xs−1e−λxdx.

By substituting λx = y, then x = 1
λ y and dx = 1

λ dy.

=
λs

(s− 1)!

∫ µX(ψ)

0

(
l − ψ− y

λ

) ( y
λ

)s−1
e−y 1

λ
dy =

1
λ(s− 1)!

∫ µX(ψ)

0

(
µX(ψ) − y

)
ys−1e−ydy

=
1

λ(s− 1)!

(
µX(ψ)

∫ µX(ψ)

0
ys−1e−ydy−

∫ µX(ψ)

0
yse−ydy

)
,

(4.14)

where µX(ψ) = λ(l − ψ). Based on the definition of the upper incomplete gamma
function Γ(s, µX(ψ)) for positive integer s;

Γ(s, µX(ψ)) = (s− 1)!e−µX(ψ)

s−1

∑
k=0

(
µX(ψ)

)k

k!
,

the lower incomplete gamma function γ(s, µX(ψ))

γ(s, µX(ψ)) =
∫ µX(ψ)

0
ys−1e−ydy,

the ordinary gamma function Γ(s) = (s− 1)!, and their relationship as γ(s, µX(ψ)) =

Γ(s)− Γ(s, µX(ψ)), we can write

∫ µX(ψ)

0
ys−1e−ydy = (s− 1)!

1− e−µX(ψ)

s−1

∑
k=0

(
µX(ψ)

)k

k!

 (4.15)
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Then, based on Equation (4.15), we can calculate Expression (4.14) as follows.

W(s, ψ) =
1

λ(s− 1)!

µX(ψ)(s− 1)!

1− e−µX(ψ)

s−1

∑
k=0

(
µX(ψ)

)k

k!

− s!

1− e−µX(ψ)

s

∑
k=0

(
µX(ψ)

)k

k!




=
1
λ

µX(ψ)

1−
s−1

∑
k=0

(
µX(ψ)

)k

k!
e−µX(ψ)

− s

1−
s

∑
k=0

(
µX(ψ)

)k

k!
e−µX(ψ)




=
1
λ

(
µX(ψ)

(
1− FX(ψ)(s− 1)

)
− s

(
1− FX(ψ)(s)

))
=

1
λ

(
sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1) + µX(ψ) − s

)
,

where FX(ψ)(s) is the cumulative distribution function of Poisson with mean µX(ψ).

4.7.4 Proof of Lemma 4.2.1

We show that the first derivative of W(s, ψ) with respect to ψ is non-positive. From
Proposition 4.1, we have W(s, ψ) = 1

λ

(
sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1) + µX(ψ) − s

)
.

Then

dW(s, ψ)

dψ
=

1
λ

(
s

(
dFX(ψ)(s)

dψ

)
−
((dµX(ψ)

dψ

)
FX(ψ)(s− 1) + µX(ψ)

(
dFX(ψ)(s− 1)

dψ

)))

+
1
λ

(dµX(ψ)

dψ

)

From Chapter 3, we know
dFX(ψ)(n)

dψ = λPX(ψ)(n) and
dµX(ψ)

dψ = −λ. Then,

dW(s, ψ)

dψ
=

1
λ

(
sλPX(ψ)(s)−

(
−λFX(ψ)(s− 1) + µX(ψ)PX(ψ)(s− 1)

)
− λ

)

From the probability mass function of Poisson, µX(ψ)PX(ψ)(s− 1) = sPX(ψ)(s). Then,
dW(s,ψ)

dψ = FX(ψ)(s− 1)− 1 ≤ 0.
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4.7.5 Proof of Lemma 4.2.2

We show that for all ψ ∈ [0, l], ∆sW(s, ψ) = W(s + 1, ψ)−W(s, ψ) ≤ 0. First, we
calculate W(s + 1, ψ) as follows.

W(s + 1, ψ) =
1
λ

(
(s + 1)FX(s + 1, ψ)− µX(ψ)FX(ψ)(s) + µX(ψ) − s− 1

)
=

1
λ

(
sFX(ψ)(s) + FX(ψ)(s) + (s + 1)PX(ψ)(s + 1)− µX(ψ)FX(ψ)(s− 1)

)
+

1
λ

(
−µX(ψ)PX(ψ)(s) + µX(ψ) − s− 1

)
=W(s, ψ) +

1
λ

(
FX(ψ)(s) + (s + 1)PX(ψ)(s + 1)− µX(ψ)PX(ψ)(s)− 1

)
From the probability mass function of Poisson, µX(ψ)PX(ψ)(s) = (s + 1)PX(ψ)(s +

1). Then, W(s + 1, ψ) = W(s, ψ) + 1
λ

(
FX(ψ)(s)− 1

)
. Hence, ∆sW(s, ψ) =

1
λ

(
FX(ψ)(s)− 1

)
≤ 0.

4.7.6 Proof of Lemma 4.3

First, we show that for all ψ ∈ [0, l], the first forward difference of φa(s, ψ) is non-
positive. By rewriting φa(s, ψ) as φa(s, ψ) = λ(W(s, ψ) − ω) and using proof of
Lemma 4.2.2, we have

∆sφa(s, ψ) = λ(∆sW(s, ψ)−ω) = λ

(
1
λ
(FX(ψ)(s)− 1)

)
= FX(ψ)(s)− 1

Since for all s ∈ N0 and ψ ∈ [0, l] we have ∆sφa(s, ψ) = FX(ψ)(s) − 1 ≤ 0, then
φa(s, ψ) is non-increasing in s.

Then, we show that for all s ∈ N0, the first derivative of φ(s, ψ) is non-positive.
Using proof of Lemma 4.2.1, we can write

d
dψ

φa(s, ψ) =λ

(
d

dψ
W(s, ψ)−ω

)
= λ(FX(ψ)(s− 1)− 1)

Since for all s ∈ N0, ψ ∈ [0, l] and λ > 0, we have d
dψ φa(s, ψ) ≤ 0, then φa(s, ψ) is

non-increasing in ψ.

4.7.7 Proof of Proposition 4.2.1

Let ω1, ω2 ∈ [0, l] and without loss of generality ω1 < ω2. Then, there exists
δ > 0 such that ω2 = ω1 + δ. Let φω1

a (s, ψ) and φω2
a (s, ψ) indicate constraints
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corresponding to ω1 and ω2, respectively. Knowing φa(s, ψ) = λ(W(s, ψ) − ω),
then

φω2
a (s, ψ) =λ(W(s, ψ)−ω2) = λ(W(s, ψ)− (ω1 + δ))

=λ(W(s, ψ)−ω1)− λδ = φω1
a (s, ψ)− λδ.

Hence, for a given s ∈N0 and ψ ∈ [0, l], φω2
a (s, ψ) < φω1

a (s, ψ). Since φa(s, ψ) is non-
increasing in s, then setting φω2

a (s, ψ) = 0 and φω1
a (s, ψ) = 0 result in |Θω2

a | ≤ |Θω1
a |.

Since φa(s, ψ) is non-increasing in ψ, for all s’s correspond to breakpoints belong
to Θω2

a , we have ψω2
s < ψω1

s . Also, Ca(s, ψ) is increasing in ψ. Then, Ca(s, ψω2
s ) <

Ca(s, ψω1
s ). Consequently,

min
s

Ca(s, ψω2
s ) < min

s
Ca(s, ψω1

s )

and
Cω2

a (s∗, ψ∗) < Cω1
a (s∗, ψ∗).

Therefore, Ca(s∗, ψ∗) is decreasing in ω.

4.7.8 Proof of Proposition 4.2.2

Let Ca(s∗, ψ∗) be the optimal cost value of the ACO model. Then, for all the
breakpoints ψs ∈ Θa, we have Ca(s∗, ψ∗) ≤ Ca(s, ψs). Also, in the ACO model,
ψ0 = l −ω ∈ Θa. Then, Ca(s∗, ψ∗) ≤ Ca(0, l −ω) = cλ(l −ω) = cµX(ω).

4.7.9 Proof of Proposition 4.3

Let Cc(s∗, ψ∗) be the optimal cost value of the CCO model. Then, for all the
breakpoints ψs ∈ Θc, we have Cc(s∗, ψ∗) ≤ Cc(s, ψs). Also, in the CCO model,
ψ1 = l −ω + lnη

λ ∈ Θc. Then,

Cc(s∗, ψ∗) ≤ Ca(1, l −ω +
lnη

λ
) =

h
η

e−µX(ω) + c
(

lnη + µX(ω)

)
.

4.7.10 Proof of Proposition 4.4.1

In the UCO model, for p = 0, we have (s∗u, ψ∗u) = (0, 0) and Cu(s∗u, ψ∗u) = 0. Also,
for p > 0 we know from Chapter 3, there exists c0 such that for all c ∈ [0, c0] we
have (s∗u, ψ∗u) = (0, l) and for all c ∈ [c0,+∞) we have (s∗u, ψ∗u) = (s0

u, 0). Recall that
c0 is increasing in p. For a given c, by increasing p starting from zero, we reach a
p0 such that c0 = c and for all p ≤ p0 (i.e., c0 ≤ c) we have (s∗u, ψ∗u) = (s0

u, 0). This
implies that Cu(s0

u, 0) ≤ Cu(0, l) = cµX(0). Based on Proposition 4.2.2, we know that



82 Chapter 4. A Single-location System with Service Constraint

Ca(s∗a , ψ∗a ) ≤ cµX(ω). Hence, for all ω ∈ (0, l], Ca(s∗a , ψ∗a ) < cµX(0). Since Cu(s∗u, ψ∗u)
is a continuous function in p and both functions (i.e., Cu(s∗u, ψ∗u) and Ca(s∗a , ψ∗a ))
have the same range, for a given Ca(s∗a , ψ∗a ), there exists a p ∈ [0, p0] such that
Cu(s∗u, ψ∗u) = Ca(s∗a , ψ∗a ).

4.7.11 Proof of Proposition 4.4.2

Based on the proof of Proposition (4.4.1), the equivalent optimal cost value in the
UCO model always happens at (s0, 0). Then, Cu(s∗u, ψ∗u) = Cu(s0

u, 0) = hI(s0, 0) +
pλW(s0, 0) which is a strictly continuous function in p. Based on Proposition 4.2.2,
we know that Ca(s∗a , ψ∗a ) ≤ cλ(l − ω) = cµX(ω). Hence, by putting Cu(s∗u, ψ∗u) =

Ca(s∗a , ψ∗a ), we can conclude that Cu(s∗u, ψ∗u) ≤ cµX(ω) and

p ≤
cµX(ω) − hI(s0, 0)

λW(s0, 0)

Therefore, the equivalent p is bounded.
From Proposition (4.2.1), Ca(s∗a , ψ∗a ) is non-increasing in ω. Knowing that Cu(s0

u, 0) is
strictly increasing in p and Cu(s0

u, 0) = Ca(s∗a , ψ∗a ), then p should be non-increasing
in ω, and vice versa.

4.7.12 Proof of Proposition 4.4.3

Based on the proof of Proposition 4.4.1, the equivalent optimal cost value in the
UCO model always happens at (s0, 0). Then, Cu(s∗u, ψ∗u) = Cu(s0

u, 0) = hI(s0, 0) +
pλW(s0, 0) which is a continuous function in p. By putting Cu(s0

u, 0) = Ca(s∗a , ψ∗a ),
we have

p =
Ca(s0

a, ψ∗a )− hI(s0
u, 0)

λW(s0
u, 0)

.

4.7.13 Proof of Lemma 4.4

We first show that for all s ∈N0, dφc(s,ψ)
dψ ≤ 0. From φc(s, ψ) = η − F(ω,τ)(s− 1), we

can write
dφc(s, ψ)

dψ
=

dF(ω,τ)(s− 1)
dψ

= −λP(ω,τ)(s− 1) ≤ 0.

Then, for all ψ ∈ [0, l], we show that ∆sφc(s, ψ) ≤ 0. By calculating φc(s + 1, ψ) =
η − F(ω,τ)(s) = η − F(ω,τ)(s− 1)− F(ω,τ)(s) = φc(s + 1, ψ)− P(ω,τ)(s), we can write

∆sφc(s, ψ) = φc(s + 1, ψ)− φc(s, ψ) = −P(ω,τ)(s) ≤ 0.
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4.7.14 The Heuristic Algorithm for ACO Model

Procedure 1 The heuristic algorithm for ACO model

Input: λ, h, c, l ∈ R+, ω ∈ [0, l]
Output: Finding optimal control policy (s∗, ψ∗), and C(s∗, ψ∗)

1: Set s = 0, calculate ψ0 = l −ω, and compute C(0, ψ0) = cµX(ω)

2: Set ψs0 = 0, find s0 = inf{s ∈N0 : φa(s, 0) ≤ 0}, and compute

C(s0, 0) = hs0 − h
c

C(0, ψ0)

.
3: Find ψs0−1 = {ψ ∈ [0, l] : φa(s0 − 1, ψ) = 0} and compute

C(s0 − 1, ψs0−1) = C(s0, 0) + λ(h + c)ψs0−1 − h

.
4: Compare C(0, ψ0), C(s0, 0), and C(s0 − 1, ψs0−1) and consider the minimum

among them as optimal cost value and its corresponding (s, ψ) as the optimal
control policy.

4.7.15 The Heuristic Algorithm for CCO Model

Procedure 2 The heuristic algorithm for CCO model

Input: λ, h, c, l ∈ R+, ω ∈ [0, l], η ∈ (0, 1)
Output: Finding optimal control policy (s∗, ψ∗), and C(s∗, ψ∗)

1: Set s = 1, find ψ1 = l −ω + lnη
λ , and compute C(1, ψ1).

2: Set ψs0 = 0, calculate s0 = 1 + dF−1
Y(ω,0)(η)e, and compute C(s0, 0).

3: Find ψs0−1 = {ψ ∈ [0, l] : φc(s− 1, 0) = 0} and compute C(s0 − 1, ψs0−1).
4: Compare C(1, ψ1), C(s0, 0), and C(s0 − 1, ψs0−1) and consider the minimum

value among them as optimal cost value and its corresponding (s, ψ) as the
optimal control policy.
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4.7.16 The Exact Optimization Algorithm for ACO Model

Procedure 3 The exact optimization algorithm for ACO model

Input: ε > 0, λ, h, c, l ∈ R+, ω ∈ [0, l]
Output: Finding optimal control policy (s∗, ψ∗), and C(s∗, ψ∗)

1: s← 1, ψ← 0
2: φa(s, ψ) = sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1) + µX(ψ) − s− λω

3: Φa ← φa(s, ψ)
4: while Φa > 0 do {finding s0}
5: s← s + 1
6: φa(s, ψ) = sFX(ψ)(s)− µX(ψ)FX(ψ)(s− 1) + µX(ψ) − s− λω

7: Φa ← φa(s, ψ)
8: end while
9: s0 = s

10: C(s∗, ψ∗)← C(s0, ψ)
11: s∗ ← s0, ψ∗ ← ψ
12: Result(1, :) = [s0 ψ C(s∗, ψ∗)] {a matrix including all the breakpoints}
13: for s = s0 − 1 to 0 do
14: Stop← 0, n← 0
15: ψ(n) ← 0
16: while Stop = 0 do {finding ψs using Newton’s method}
17: µX(ψ) = λ

(
l − ψ(n)

)
18: ψ(n+1) = ψ(n) − φa(s,ψ(n))

λ

(
F

X(ψ(n))
(s−1)−1

)
19: if |ψ(n+1) − ψ(n)| < ε then
20: break
21: else
22: n← n + 1
23: end if
24: end while
25: ψs ← ψ(n+1)

26: Result(s0 − s + 1, :) = [s ψs C(s, ψs)]
27: if C(s, ψs) < C(s∗, ψ∗) then
28: C(s∗, ψ∗)← C(s, ψs)
29: s∗ ← s
30: ψ∗ ← ψs
31: end if
32: end for
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4.7.17 The Exact Optimization Algorithm for CCO Model

Procedure 4 The exact optimization algorithm for CCO model

Input: ε > 0, λ, h, c, l ∈ R+, ω ∈ [0, l], η ∈ (0, 1)
Output: Finding optimal control policy (s∗, ψ∗), and C(s∗, ψ∗)

1: s← 0, ψ← 0
2: φc(s, ψ) = η − FY(ω,ψ)(s− 1)
3: Φc = φc(s, ψ)
4: while Φc < 0 do {finding s0}
5: s← s + 1
6: φc(s, ψ) = η − FY(ω,ψ)(s− 1)
7: Φc = φc(s, ψ)
8: end while
9: s0 ← s

10: C(s∗, ψ∗)← C(s0, ψ)
11: s∗ ← s0, ψ∗ ← ψ
12: Result(1, :) = [s0 ψ C(s∗, ψ∗)] {a matrix including all the breakpoints}
13: for s0 − 1 to s = 0 do
14: stop← 0,
15: int← [0 l]
16: while stop = 0 do {finding ψs using bisection method}
17: Φ1

c = φc(s, int(1))
18: mid = Int(1)+Int(2)

2
19: Φmid

c = φc(s, mid)
20: if |Φmid

c | < ε then
21: break
22: else
23: if Φmid

c ∗Φ1
c > 0 then

24: int(1)← mid
25: else
26: int(2)← mid
27: end if
28: end if
29: end while
30: ψs ← mid
31: Result(s0 − s + 1, :) = [s ψs C(s, ψs)]
32: if C(s, ψs) < C(s∗, ψ∗) then
33: C(s∗, ψ∗)← C(s, ψs)
34: s∗ ← s
35: ψ∗ ← ψs
36: end if
37: end for





5
A Two-component, Single-end-product

ATO System with Commitment

5.1. Introduction

The companies in high-tech, car manufacturing and white goods industries aim
to benefit from the strategic advantages of mass customization and delayed
differentiation by attempting to delay the production of the end product until they
obtain better or complete demand information. Assemble-to-order (ATO) is a very
popular strategy that enables companies to reduce their customer response time by
keeping component inventories and delaying the final assembly of the end products
until the arrival of customer demand (Atan et al., 2017; Benjaafar and ElHafsi,
2006). An ATO system with long component supply lead times has high component
availability uncertainty. This implies high uncertainty in delivery time of the end
products. Having high component inventory levels can increase the responsiveness
of the system but results in high inventory holding cost. On the other hand, low
component inventory levels lower the inventory holding cost but can result in a
less responsive system. In order to achieve simultaneous improvement in both cost
and responsiveness, companies need to decrease the demand and supply mismatch.
Having more accurate information on future customer demand, i.e., advance demand
information (ADI), helps to reduce this mismatch.

In this study, we investigate the value of using the preorder strategy in managing
the assemble-to-order (ATO) systems. For this purpose, we consider a manu-
facturer, who operates an ATO system with two components and a single end
product. The manufacturer needs one unit of each component to assemble/produce
a unit of end product. The manufacturer keeps inventory of the components. The
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component inventories are replenished from two different uncapacitated suppliers.
Continuous-review base-stock policies with deterministic replenishment lead times
are used to replenish component inventories. The assembly time is negligible.
Customer demand occurs for the end product only and unsatisfied customer
demands are backordered. The manufacturer offers a preorder strategy to its
customers and consequently, they are paid a commitment cost. The commitment
cost function is strictly increasing in the length of the commitment lead time. The
manufacturer aims to find the optimal component base-stock levels and the optimal
length of the commitment lead time, which minimize the total long-run average
cost. This cost is the sum of the long-run average component inventory holding,
backordering and commitment costs. We formulate the total long-run average cost
and answer the following questions:

1. When and how should the manufacturer use the preorder strategy?
We find that the optimal commitment lead time is either zero or equals
the replenishment lead time of one of the components. When the optimal
commitment lead time is equal to zero, the preorder strategy is not beneficial.
The manufacturer should choose a strategy that is similar in spirit to a pure
make-to-stock procurement strategy. In our context, this strategy is called buy-
to-stock (BTS) strategy. When the optimal commitment lead time equals the
lead time of the component with the shorter lead time, the optimal strategy
for this component is buy-to-order (BTO) (similar in spirit to a make-to-order
strategy) and it is BTS for the other component. On the other hand, if
the optimal commitment lead time equals the lead time of the component
with the longer lead time, the optimal strategy is the BTO strategy for both
components. We determine the conditions under which one of these three
cases holds.

2. What are the characteristics of the optimal control policy?
We show that the optimal base-stock policies are of “all-or-nothing” type. This
means that when the commitment lead time is zero, the corresponding base-
stock levels are the solution of a well-known two-stage serial system with
deterministic lead times. This result follows from the fact that the assembly
system can be reduced to an equivalent serial system (Rosling, 1989). When
the commitment lead time is longer than or equal to the replenishment lead
time of a component, the corresponding optimal base-stock level is zero.

Scholars have studied inventory management with ADI broadly from different
perspectives. Hariharan and Zipkin (1995) study a single location system with
perfect ADI, continuous-review, deterministic replenishment lead time and Poisson
demand. Assuming that the commitment lead time is the same for all customers,
the authors prove the optimality of a base-stock policy. A similar setting has been
studied in Chapter 3. Assigning a cost to commitment lead time, we characterize the
optimal preorder strategy and the corresponding optimal replenishment strategy.
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More specifically, they prove the optimality of the bang-bang preorder and all-or-
nothing replenishment strategies. Both studies consider a single location system.
Our work uses these two studies as building blocks for characterizing the optimal
preorder and replenishment strategies for a more complicated assemble-to-order
system.

Our work belongs to the category of perfect ADI. We study the impact of
commitment cost as a function of the commitment lead time in a two-component,
single end product ATO system with perfect ADI. We consider continuous-review
base-stock policies, deterministic replenishment lead times and Poisson customer
demand. This study is most closely related to the study of Chapter 3. Different
from this study, in Chapter 3, we study a single-location inventory system. We
prove the optimality of bang-bang and all-or-nothing policies for the commitment
lead time and replenishment policy, respectively. Moreover, we introduce a unit
commitment cost threshold to make a decision on cost-effectiveness of ADI.

We contribute to the literature on ADI by providing the results for preorder
strategy in ATO systems with commitment cost. Song (1998) studies a preorder
strategy for a multi-component, multi-end-product ATO system. She investigates
the customer satisfaction by considering order-fill-rate defined as the probability
of satisfying an arbitrary demand within a predetermined time window. Different
form Song, we investigate the preorder strategy under the consideration of the
commitment cost. We identify the conditions under which having information
on future customer demand helps ATO systems in reducing component inventory
levels without sacrificing high service levels. Not only the manufacturers of these
systems but also their customers, who provide information on the timing and
quality of their future demand, benefit from the preorder strategy. Manufacturers of
ATO systems can reduce their inventory levels but still provide high-quality service
to their customers. Hence, many companies in high-tech, car manufacturing and
white good industry can benefit from the results of this study.

The remainder of this chapter is organized as follows. In Section 5.2, we formulate
and analyze the ATO system with commitment lead time and derive the expression
for the long-run average cost function. In Section 5.3, we determine the optimal
replenishment and preorder strategies. In Section 5.4, we provide numerical
examples. Finally, in section 5.5, we conclude the chapter. We defer the proofs
to the Appendix 5.6.

5.2. Problem Formulation

We consider a manufacturer managing an ATO system with two components and a
single end product. One unit of each component is needed to produce one unit
of the end product. We use index j = 1, 2 for the components. The assume
that the manufacturer uses continuous-review base-stock policies to replenish the
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component inventories from uncapacitated suppliers. To the best of our knowledge,
the form of the optimal policy for such a system with commitment lead time is
unknown. Therefore, we assume that the system operates in a centralized fashion
under a base-stock policy. We find the optimal policy under these assumptions.
The base-stock level and the deterministic replenishment lead time for component
j are sj and lj, respectively (l2 ≤ l1). Since the component replenishment lead
times are much longer than the assembly time, we neglect the assembly time and
assume that assembly is instantaneous. Customer orders occur for the end product
only and describe a stationary Poisson process with a rate λ. Each customer
orders a single unit. When a customer order occurs, supplier 1, with the longer
replenishment lead time, places a replenishment order. However, supplier 2, with
shorter replenishment lead time, synchronizes its net inventory with supplier 1.

The manufacturer aims to investigate the profitability of a preorder strategy, which
requires that customers place their orders ψ time units before their actual need.
We say that the demand occurs ψ time units after the corresponding order. We
call ψ commitment lead time and assume that ψ is continuous. The manufacturer
pays a commitment cost c per commitment time unit to each customer. Hence,
commitment cost per customer is cψ. In addition to the commitment cost, the
manufacturer pays an inventory holding cost of hj per unit of component j per
time unit. The preorder strategy implies that there is a commitment to deliver each
customer order by the end of the commitment lead time ψ, otherwise, demand
is backordered and a backordering cost of p per unit per time unit is paid to the
customer. The customer does not accept delivery before the end of commitment
lead time since the product is not needed before then. The manufacturer’s objective
is to find the commitment lead time, ψ, and the base-stock levels, s1 and s2, which
minimize the total long-run average cost.

In the rest of the chapter, without loss of generality, we name the component with
the longer replenishment lead time as component 1, i.e., j = 1 and the component
with the shorter replenishment lead time as component 2, i.e., j = 2. Refer to Figure
5.1 for the graphical representation of the ATO system with l1 ≥ l2.

∞

0

∞

0

1

2
l2

l1

D ∼Poisson(λ)

Figure 5.1: An ATO system with two components and a single end product

Next, we derive the expression for the total long-run average cost. This requires
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multiple preliminary derivations. First, we define the equivalent serial system.
Then, we derive the expression for the component net inventory levels and the
remnant inventory level. We defer the definition of the latter to Section 5.2.3.

5.2.1 Commitment Lead Time

The manufacturer uses the commitment lead time to improve the operational
efficiency of the system. As stated above, the commitment lead time is the time
difference between the customer order and the corresponding demand, i.e., the
customer places her order ψ time units before her arrival, i.e, demand. According
to Song (1998), and Hariharan and Zipkin (1995), the system under consideration
is equivalent to the system where the commitment lead time is subtracted from
component replenishment lead times. Different from them, we study find the
control policies under the consideration of the commitment cost as a new cost term.

We define intervals Ψ1 = [0, l2], Ψ2 = [l2, l1] and Ψ = Ψ1 ∪Ψ2 = [0, l1]. The lengths
of intervals Ψ2 and Ψ1 represent the replenishment lead times of components 1 and
2 in the equivalent serial system, respectively. By considering commitment lead
time and subtracting it from the replenishment lead time of each component, we
can find the updated replenishment lead times L1 and L2 in the equivalent serial
system as follows;

L1 = max
(
0, (l1 − l2)−max(0, ψ− l2)

)
,

and
L2 = max

(
0, l2 − ψ

)
.

ATO system

serial system

∞

0

∞

0

1

2

l1 − ψ ψ

ψl2 − ψ

2

∞

0 1

∞

0

ψL2L1

Figure 5.2: ATO system and its equivalent serial system

The ATO system and its corresponding equivalent serial system are shown in Figure
5.2. Notice that when ψ ≥ l1 ≥ l2, i.e., ψ /∈ Ψ, we have L1 = L2 = 0. This is an ideal
service situation with zero holding and backordering costs. On the other hand,
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when ψ ∈ Ψ, there are two options for the pair (L1, L2) depending on whether
ψ ∈ Ψ1 or ψ ∈ Ψ2. We have

(L1, L2) =


(l1 − l2, l2 − ψ) ψ ∈ Ψ1,
(l1 − ψ, 0) ψ ∈ Ψ2,
(0, 0) ψ /∈ Ψ.

From the first two options we observe that, depending on the length of commitment
lead time ψ ∈ Ψ, one of the component replenishment lead times depends on ψ. If
ψ ∈ Ψ1, L2 depends on ψ and if ψ ∈ Ψ2, L1 depends on ψ. Accordingly, we divide
our analysis into two cases; when ψ ∈ Ψ1 and ψ ∈ Ψ2. In the former case we have a
two-stage serial inventory system, while in the latter case we have a single-location
inventory system, i.e., L2 = 0. It is important to remember that ψ is a decision
variable. Hence, the optimal case depends on the system parameters.

5.2.2 Net Inventory Levels

The manufacturer manages the replenishment processes of both components.
Hence, the inventory system is managed centrally; the manufacturer has all the
information on component net inventory levels and can coordinate the replenish-
ment processes to avoid having excess inventory of one component and out-of-stock
situation for the other component. The manufacturer would like to avoid such
imbalances to the extent possible.

For an assembly system with two components, the component with the longer
lead time uses an ordinary base-stock policy. When a customer order occurs,
a replenishment order for component 1 is placed. In this case, the inventory
position of component 1, IP1(t) = IN1(t) + IO1(t) is not stationary. Let IP−1 (t) =
IP1(t)−D(t, t+ψ] be the modified inventory position of component 1. If the system
starts with IP−1 (0−) ≤ s1, we immediately order the difference, so that IP−1 (0) = s1.
If IP−1 (0−) > s1, we order nothing until demand reduces IP−1 (t) to s. Once IP−1 (t)
hits s1, it remains there from then on. This implies a one-for-one replenishment.

Let us define D(t1, t2] and D−(t1, t2] as the cumulative customer demand and
cumulative customer order from time t1 to t2, respectively. Since under the preorder
strategy each customer order becomes customer demand after ψ time units, we can
write D(t1, t2] = D−(t1 − ψ, t2 − ψ]. The conservation-of-flow law, implies that

IN1(t + l1) =IN1(t) + IO1(t)− D(t, t + l1]
=IP1(t)− D(t, t + l1]
=IP1(t)− (D(t, t + ψ] + D(t + ψ, t + l1])

=IP−1 (t)− D(t + ψ, t + l1]

=s1 − D−(t, t + l1 − ψ],

(5.1)
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where IP−1 (t) = IP1(t)− D(t, t + ψ] = s1 is stationary modified inventory position
and D−(t, t + l1 − ψ] is the cumulative customer order during interval of length
l1 − ψ. For all ψ ≤ l2, IN1(t + l1) can be rewritten in terms of the modified
replenishment lead times L1 and L2 as follows.

IN1(t + l1) =s− D−(t, t + l1 − ψ]

=s1 − (D−(t, t + l2 − ψ] + D−(t + l2 − ψ, t + l1 − ψ])

=s1 − (D−(t, t + L2 − ψ] + D−(t + L2 − ψ, t + L1 + L2 − ψ]).

(5.2)

Let Y and X be the corresponding steady-state variables to D−(t, t + L2 − ψ] and
D−(t + L2 − ψ, t + L1 + L2 − ψ], respectively. Then, the steady-state net inventory
of component 1, IN1, can be written as IN1 = s1 − X − Y, where X and Y are two
independent Poisson random variables with mean µ1 = λL1 and µ2 = λ(L2 − ψ),
respectively.

The net inventory of component 2 should be adjusted such that the net inventories
of both components are equal at time t + L2, i.e., IN1(t + L2) = IN2(t + L2).
This can be achieved by adjusting the inventory position for component 2 as
IP2(t) = min(IN2(t) + IO2(t), IN1(t) + IO+

1 (t)), where IO+
1 (t) is the portion of

the outstanding component 1 replenishment orders at time t that arrives before
time t + L2. We refer the reader to Zipkin (2000) for a detailed explanation on
adjusting component inventories for avoiding imbalances. Similar to Component
1, IN2(t) + IO2(t) is non-stationary over time. However, IN2(t) + IO2(t)− D(t, t +
ψ] = s2. As defined above, IO+

1 (t) is the portion of the outstanding component 1
replenishment orders at time t that arrives before time t + l2. Accordingly, IO−1 (t)
is the portion of the outstanding component 1 replenishment orders at time t that
has not arrived before time t + l2. Since the outside supplier has ample stock,
each outstanding replenishment order corresponds to a costumer order. Hence,
IO−1 (t) = D−(t− L1, t]. Refer to Figure 5.3 for a graphical representation of these
two portions. Since IO1(t) = IO+

1 (t) + IO−1 (t), then

D ∼Poisson(λ)
∞

∞

s1

s2

IO+
1IO−1

L2L1

Figure 5.3: Inventory-on-order for component 1; IO+
1 and IO−1

IN1(t) + IO+
1 (t) = IN1(t) + IO1(t)− IO−1 (t)

= IN1(t) + IO1(t)− D(t, t + ψ] + D(t, t + ψ]− IO−1 (t)

= IP−1 (t) + D(t, t + ψ]− IO−1 (t)

= s1 + D(t, t + ψ]− D−(t− L1, t].

(5.3)
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Also, for component 2, we have

IN2(t) + IO2(t) = IN2(t) + IO2(t)− D(t, t + ψ] + D(t, t + ψ]

= (IN2(t) + IO2(t)− D(t, t + ψ]) + D(t, t + ψ]

= IP−2 (t) + D(t, t + ψ]

= s2 + D(t, t + ψ].

(5.4)

Then, by expanding the conservation-of-flow law for component 2 using Equations
(5.3) and (5.4), we have

IN2(t + l2) = min
(

IN2(t) + IO2(t), IN1(t) + IO+
1 (t)

)
− D(t, t + l2]

= min
(
s2 + D(t, t + ψ], s1 + D(t, t + ψ]− D−(t− L1, t]

)
− D(t, t + l2]

= min
(
s2, s1 − D−(t− L1, t]

)
− D−(t, t + L2 − ψ]

Then, the steady-state inventory level of component 2, IN2, can be written in terms
of X and Y as IN2 = min(s2, s1 − X)−Y.

5.2.3 Remnant Inventory Levels

In an ATO system, when a customer order arrives, the ability of the manufacturer
to satisfy the corresponding demand depends on the net inventory levels of the
components. The manufacturer is able to meet the demand at a specific point of
time if the minimum of the net inventories of both components is positive, i.e.,
min(IN1, IN2) > 0; otherwise, the demand is backordered.

By definition of the base-stock policy, a customer order for the end product implies
orders for each individual component. If component inventory levels are positive,
one unit of each component is dedicated to the specific customer order. We call this
type of inventories remnant inventory and use ∆Ij to represent the remnant inventory
level of component j. In our setting, we have the remnant inventory only when one
component is available and another one is missing (de Kok, 2003). Hence, at any
point in time, there can be at most one component type in remnant inventory. The
steady-state remnant inventory level of each component can be calculated as

∆I1 = max(0, B2 − B1) = max(0, max(0,−IN2)−max(0,−IN1)),

and
∆I2 = max(0, B1 − B2) = max(0, max(0,−IN1)−max(0,−IN2)).

Here, B1 and B2 are steady-state backorder levels for components 1 and 2,
respectively. It is obvious that a delayed delivery of one component does not
only result in backordering cost of the end product but also can result in inventory
holding cost for the other component if it is already in stock as remnant inventory.
Next, we determine the expected remnant inventory levels for both components.
We define E{X} as the expectation of random variable X.
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Proposition 5.1 The expected remnant inventory levels for an ATO system with two
components and Poisson customer demand for the end product are

E{∆I1} =
s1−s2

∑
x=0

(
s1−x

∑
y=s2+1

(y− s2)P2(y) + (s1 − s2 − x)(1− F2(s1 − x))

)
P1(x),

E{∆I2} = 0.

Here, Fj(x) and Pj(x) are the cumulative distribution and probability mass functions
of a Poisson random variable with mean µj = λLj, respectively. According
to Proposition 5.1, when component inventories are controlled centrally by the
manufacturer, the orders for component 2 can be synchronized with the orders for
component 1 such that E{∆I2} = 0. In addition, if s1 ≤ s2, the expected remnant
inventory level of component 1 is zero, i.e., E{∆I1} = 0. Except for this case with
s1 ≤ s2, even under a centralized control, the expected remnant inventory level of
component 1 is positive. Under a decentralized control scheme both expectations
can be positive.

5.2.4 Long-run Average Cost

Having the expressions for the net inventory levels and the expected remnant
inventory levels, we are ready to derive the expression for the long-run average
cost. For that purpose, we define Ij as on-hand inventory level of component j
and B as the number of backorders of the end product. We use s to represent
the base-stock level pair (s1, s2). Then, for an arbitrary base-stock level pair s and
commitment lead time ψ we can write the long-run average cost Ca(s, ψ) as follows

Ca(s, ψ) = E

{
2

∑
j=1

hj
(

Ij + ∆I j
)
+ pB

}
+ cλψ.

Note that we append the subscript a to indicate that this is the conventional cost
of an ATO system. Ca(s, ψ) is the sum of long-run average holding, backordering
and commitment costs. Holding cost of each component is comprised of on hand
inventory holding cost and remnant inventory holding cost. The manufacturer
incurs backordering cost if a customer demand is satisfied more than ψ time
units after the corresponding order is given. Finally, the manufacturer incurs
commitment cost. It is important to note that the random variables Ij, ∆Ij and
B depend on s and ψ. Our purpose in the remainder of this section is to rewrite the
expression for Ca(s, ψ) such that these dependencies are made explicit.

Firstly, we rewrite Ca(s, ψ) by using the following equalities; Ij = [INj]
+, for

j = 1, 2, ∆I1 = max(0, [IN2]
− − [IN1]

−), ∆I2 = max(0, [IN1]
− − [IN2]

−) and
B = max([IN1]

−, [IN2]
−), where [x]+ = max(0, x) and [x]− = max(0,−x). We
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have

Ca(s, ψ) =h1
(
E
{
[IN1]

+
}
+ E

{
max

(
0, [IN2]

− − [IN1]
−)})

+ h2
(
E
{
[IN2]

+
}
+ E

{
max

(
0, [IN1]

− − [IN2]
−)})

+ pE
{

max([IN1]
−, [IN2]

−)
}
+ cλψ.

The first and second rows are expected holding costs for on-hand and remnant
inventory levels of components 1 and 2, respectively. The third row is the sum of
expected backordering and commitment costs. Next, we rely on simple algebra to
obtain the following equivalent expression for Ca(s, ψ). We refer the reader to the
Appendix 5.6.2 for the derivations.

Ca(s, ψ) =
2

∑
j=1

hjE{INj}+ (p + h1 + h2)E
{

max
(
[IN1]

−, [IN2]
−)}+ cλψ. (5.5)

Rosling (1989) and Chen and Zheng (1994) show that a two-component, single end
product ATO system can be reduced to an equivalent two-stage serial system with
modified replenishment lead times Li (refer to Figure 5.2). In the equivalent serial
system, the local holding costs for stages 1 and 2 are h1 and h1 + h2, respectively.
According to Shang and Song (2003) the long-run average cost of the serial system
can be written as

Cs(s, ψ) =
2

∑
j=1

hjE{INj}+ (p + h1 + h2)E
{
[IN2]

−}+ cλψ.

Note that we use subscript s to indicate the long-run average cost of the equivalent
serial system. Under a centralized control scheme, the expression for E {B}, as
derived in the Appendix 5.6.3, is as follows:

E {B} = E
{

max
(
[IN1]

−, [IN2]
−)} = E

{
[IN2]

−} . (5.6)

Although all the terms of Cs(s, ψ) and Ca(s, ψ) look exactly the same, there is a small
difference that results from the fact that in the ATO system there is no holding cost
for in-transit inventory, while in the serial system the holding cost for items in-
transit to stage 2 is included. Hence, the total cost of the serial system exceeds the
total cost of the assembly system by h1λL2 (Zhang, 2006). Then, for an arbitrary
ψ ∈ Ψ, we have Ca(s, ψ) = Cs(s, ψ)− h1λL2. It is a well-known result that, for an
arbitrary ψ ∈ Ψ, the total cost of the equivalent serial system Cs(s, ψ) can be derived
using the recursive method proposed by Shang and Song (2003). By subtracting
h1λL2 and applying some simple algebra we can rewrite the expression for Ca(s, ψ)
in terms of system parameters and decision variables. See Appendix 5.6.4 for the
details.
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Ca(s, ψ) = µ1

(
p−

(
(p + h1)F1(s1 − s2 − 1) + (p + h1 + h2)

s1−1

∑
t=s1−s2

F2(s1 − t− 1)P1(t)

))

+ s1

(
−p +

(
(p + h1)F1(s1 − s2) + (p + h1 + h2)

s1

∑
t=s1−s2+1

F2(s1 − t)P1(t)

))

+ µ2

(
p− (p + h1 + h2)

(
F2(s2 − 1)F1(s1 − s2 − 1) +

s1−1

∑
t=s1−s2

F2(s1 − t− 1)P1(t)

))

+ s2(p + h1 + h2)F1(s1 − s2)

(
F2(s2)−

p + h1
p + h1 + h2

)
+ cλψ.

(5.7)

Recall that Fj(x) and Pj(x) are the cumulative distribution function and mass
probability functions of Poisson distribution with mean µj. When ψ ∈ Ψ1, then
µ1 = λ(l1 − l2) and µ2 = λ(l2 − ψ). When ψ ∈ Ψ2, µ1 = λ(l1 − ψ) and µ2 = 0. As a
result, when ψ ∈ Ψj, Fj(x) and Pj(x) are independent of ψ.

5.3. Characterization of the Optimal Control Policies

In this section, we analyze the properties of the cost function Ca(s, ψ) and
characterize the optimal control policies.

5.3.1 Optimization of the Component Base-stock Levels

For an arbitrary ψ ∈ Ψ, determining the base-stock levels which minimize Ca(s, ψ)
is a well-known optimization problem in the multi-echelon inventory theory
literature. We have

Ca(sψ, ψ) = min
s

Ca(s, ψ),

where Ca(sψ, ψ) is a tight lower bound for Ca(s, ψ) over Ψ. sψ represents the optimal
pair (sψ

1 , sψ
2 ) corresponding to a ψ ∈ Ψ. To compute the optimal echelon base-stock

levels, two nested convex functions should be minimized. More specifically, for a
given ψ ∈ Ψ, we need to solve recursive optimization equations which have been
proposed by Shang and Song (2003). Knowing that the optimal base-stock levels
of a two-component ATO system are equal to the optimal echelon base-stock levels
of the equivalent serial system, we can formulate the following theorem, which
states the inequalities that need to be satisfied by the optimal base-stock levels. The
similar results for a two-echelon divergent system under discrete demand can be
found in Doğru et al. (2009).
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Theorem 5.1 In a two-component ATO system with a given commitment lead time ψ ∈ Ψ,
the optimal base-stock levels of components 1 and 2 are two non-negative integers sψ

1 and
sψ

2 , which satisfy the inequalities

F2(s
ψ
2 − 1) <

p + h1

p + h1 + h2
≤ F2(s

ψ
2 ),

and
Π1(s

ψ
1 − 1, sψ

2 ) <
p

p + h1 + h2
≤ Π1(s

ψ
1 , sψ

2 ),

where Fj(x) and Pj(x) are the cumulative distribution and probability mass functions of a
Poisson random variable with mean µj = λLj and

Π1(x, y) =
(

p + h1

p + h1 + h2

)
F1(x− y) +

x

∑
n=x−y+1

F2(x− n)P1(n).

We refer the reader to Appendix 5.6.5 for the proof. Theorem 5.1 states that the
optimal component base-stock levels depend on the commitment lead time. For
each value of ψ, obtaining the optimal base-stock levels needs two consecutive steps.
First, the optimal base-stock level of component 2, sψ

2 should be calculated, and
then by using this value in the second inequality, the optimal base-stock level of
component 1, sψ

1 is calculated.

We would like to note that, when ψ ∈ Ψ2, we have µ2 = 0 and sψ
2 = 0. Hence, when

ψ ∈ Ψ2 the manufacturer relies on a buy-to-order (BTO) strategy for component 2.
In this case, Expression (5.7) reduces to

Ca((s1, 0), ψ) =µ1(p− (p + h1)F1(s1 − 1)) + s1(−p + (p + h1)F1(s1)) + cλψ.

Ca((s1, 0), ψ) represents the long-run average cost of a single-location inventory
system. We refer to Chapter 3 for detailed analysis of the single-location system
with commitment lead time.

With the next result, we prove the behavior of the optimal base-stock levels with
respect to the commitment lead time.

Theorem 5.2 The optimal base-stock level of component j, sψ
j , is a piecewise-constant and

non-increasing function of ψ ∈ Ψ for j = 1, 2.

According to Theorem 5.2, the manufacturer can operate with less inventory if
commitment lead time gets longer. In fact, for a sufficiently long commitment lead,
the manufacturer can optimize his long-run average cost by setting both component
base-stock levels to zero. This would imply using a buy-to-order (BTO) policy. In
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Figure 5.4: An illustration of the optimal base-stock levels in terms of commitment lead
time

Figure 5.4, we illustrate how the optimal component base-stock levels change with
respect to the commitment lead time.

Next, we are interested in the behavior of the average cost function with respect
to the commitment lead time. In Figure 5.5, for a specific parameter setting with
λ = 0.4, h = [5, 7], p = 20, l = [8, 5] and c = 6, we draw the average cost function for
multiple base-stock level pairs. We also indicate the tight lower bound of these cost
functions. This tight lower bound is Ca(sψ, ψ). This is the function that needs to
minimized for obtaining the optimal commitment lead time. Note that the function
Ca(sψ, ψ) does not have a well-defined behavior. This is why finding the optimal
commitment lead time requires a different approach.
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Figure 5.5: The behavior of Ca(s, ψ) and Ca(sψ, ψ) with respect to ψ
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5.3.2 Unit Commitment Cost Thresholds

In the previous section, we analyzed the properties of the average cost function and
the optimal base-stock levels when the commitment lead time is fixed to a certain
value. In this section, we define unit commitment cost thresholds which are used
to identify the optimal commitment lead time.

First, we define two sets. These definitions help us with providing a better
explanation for the subsequent analysis. The first set is related to the end points of
the sub-domains of Ψ. The second set uses the result in Theorem 5.2. According
to this theorem, the highest component base-stock levels are achieved when the
commitment lead time is set to zero. Hence, s0

j is an upper bound for the optimal
component j base-stock level, i.e., the optimal base-stock level corresponding to the
optimal commitment lead time. Note that the base-stock levels are integer. Hence,
the base-stock level might remain the same for an interval of ψ values. The second
set consists of ψ values at which the base-stock levels change.

Definition 5.1 Let Ψ1 = [0, l2] and Ψ2 = [l2, l1] be the sub-domains of the
commitment lead time in a two-component ATO system, then define a terminal
set T as T = {0, l2, l1}.

Using the terminal set, we define three unit commitment cost thresholds. Each
definition uses two elements of the set T . We use cik, i < k, to represent the
threshold that uses ith and kth elements of the set T . We have

c12 =
Ca(s0, 0)− Ca(sl2 , l2)

λl2
+ c,

c13 =
Ca(s0, 0)− Ca(sl1 , l1)

λl1
+ c,

c23 =
Ca(sl2 , l2)− Ca(sl1 , l1)

λ(l1 − l2)
+ c.

Remember that sψ is the optimal base-stock level vector for commitment lead
time ψ. Note that we have defined a unit commitment cost threshold for each
pair of points in the terminal set. We call these points “boundary points”. The
unit commitment cost thresholds ensure the equality of the long-run average costs
when the commitment lead time is set to the corresponding boundary points.
For example, when c = c12, we have Ca(s0, 0) = Ca(sl2 , l2). In Figure 5.6, we
provide three numerical examples with the same parameter settings where the unit
commitment costs are set to c12, c13 and c23. For each setting, the corresponding
boundary points with the same cost value have been highlighted by two black dots
on Ca(sψ, ψ).

With the following lemma, we define multiple different relationships among unit
commitment cost thresholds.
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Figure 5.6: Unit commitment cost thresholds

Lemma 5.1 Consider a two-component ATO system and unit commitment cost thresholds
c12, c13 and c23. Then, the following results hold:

1. (l1 − l2)c23 = l1c13 − l2c12,

2. c12 ≤ c13 ≤ c23 or c23 < c13 < c12.

Remark 5.1 When the component replenishment lead times are the same, i.e., l1 =
l2, we have c12 = c13 and c23 = ∞. In this case, there is a unique unit commitment
cost threshold c0 = c12 = c13 which is exactly the same as the unit commitment cost
threshold in the single-location problem.

Next, using the unit commitment cost thresholds, we define lower bounds. These
bounds are used for obtaining the optimal commitment lead time.

Definition 5.2 For all ti, tj ∈ T and ti < tj, define CLBij(ψ) as

CLBij(ψ) = Ca(sti , ti)− λ(cij − c)(ψ− ti),
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where CLBij(ψ) is a linear function which connects the points
(
ti, Ca(sti , ti)

)
and(

tj, Ca(stj , tj)
)

. We call this function a linear lower bound.

Based on this definition, in a two-component ATO system, there exists three linear
lower bounds; CLB12(ψ), CLB23(ψ), and CLB13(ψ). The slope of each linear lower
bound depends on the corresponding unit commitment cost thresholds. In a two-
component ATO system, the lower bounds form a triangle. From Lemma 5.1, we
know that either c12 ≤ c13 ≤ c23 or c23 < c13 < c12 holds. When c12 < c13 < c23
holds the triangle points up and when c23 < c13 < c12 holds the triangle points
down. Refer to Figure 5.7 for examples. Since in the former case there are two
potential minimum points and in the latter case there are three potential minimum
points we call them Case 2 and Case 3, respectively. Note that when c12 = c13 = c23,
we have a straight line with two potential minimum points.
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Figure 5.7: An illustration of Case 2 and Case 3

Given an ATO system with a specific parameter setting, we can determine the
Case number by calculating two of the three unit commitment cost thresholds only.
Suppose that c12 and c13 are calculated. Then we know that if c12 ≤ c13 holds, we
have Case 2; otherwise, we have Case 3.

5.3.3 Optimization of the Commitment Lead Time

In this section we characterize the optimal preordering strategy. First, we formulate
a conjecture which identifies a lower bound on Ca(sψ, ψ). If the lower bound is
known, we can also indicate which ψ values are candidates for being optimal. Then,
it is enough to evaluate the cost Ca(sψ, ψ) only at these points.

Conjecture 5.1 In a two-component ATO system with commitment lead time ψ

and lower bounds CLBij(ψ) that connect the points (ti, Ca(sti , ti)) and (tj, Ca(stj , tj)),
where ti, tj ∈ T such that ti < tj, for all ψ ∈ Ψ1 we have
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1. CLB13(ψ) ≤ Ca(sψ, ψ) if c12 ≤ c13 ≤ c23 or

2. CLB12(ψ) ≤ Ca(sψ, ψ) if c23 < c13 < c12.

Based on Conjecture 5.1, there exits a lower bound for Ca(sψ, ψ) on the subinterval
Ψ1. When Case 2 happens, then CLB13 is the lower bound; otherwise CLB12 is the
lower bound. Depending on the case number, Figure 5.8 presents the linear lower
bounds of Ca(sψ, ψ) on Ψ1 = [0, 5].
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Figure 5.8: An illustration of Conjecture 5.1 for Case 2 and Case 3

We present the above result as a conjecture since we do not have a proof for it.
We test the correctness of the conjecture by generating random instances. Our
numerical results confirm the conjecture. We provide more detail on our numerical
setup and results in Section 5.4.

Theorem 5.3 In a two-component ATO system with commitment lead time ψ with
CLB13(ψ) ≤ Ca(sψ, ψ) when c12 ≤ c13 ≤ c23 and CLB12(ψ) ≤ Ca(sψ, ψ) when
c23 < c13 < c12, the optimal commitment lead time ψ∗ is either zero or equal to the
replenishment lead time of one of the components, i.e., ψ∗ ∈ {0, l2, l1}.

Theorem 5.3 characterizes the optimal commitment lead time. When the optimal
commitment lead time is equal to zero, the preorder strategy is not beneficial
to the ATO system and the optimal component ordering strategy is a buy-to-
stock (BTS) strategy. When the optimal commitment lead time is equal to l2, the
optimal strategy of components 1 and 2 are BTS and buy-to-order (BTO) strategies,
respectively. When the optimal commitment lead time is equal to l1, the optimal
strategy for both components is an BTO strategy.

Next, we use the unit commitment cost thresholds to provide a guideline on when
to set the commitment lead time to 0, l2 or l1. For an arbitrary parameter setting,
the optimal commitment lead time can be determined using the results in Theorem
5.4.
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Theorem 5.4 In a two-component ATO system with commitment lead time ψ and unit
commitment cost c, with CLB13(ψ) ≤ Ca(sψ, ψ) when c12 ≤ c13 ≤ c23 and CLB12(ψ) ≤
Ca(sψ, ψ) when c23 ≤ c13 ≤ c12, the optimal commitment lead time ψ∗ is

ψ∗ =


0 if Case 2, c ≥ c13 or Case 3, c ≥ c12,
l1 if Case 2, c ≤ c13 or Case3, c ≤ c23,
l2 if Case 3, c23 ≤ c ≤ c12,

where, we have Case 2 if c12 ≤ c13 ≤ c23 and Case 3 if c23 < c13 < c12.

Recall that for any parameter setting we end up with either Case 2 or Case 3. In
Cases 2 and 3 there are two and three potential optimal solutions, respectively.
In addition to indicating the optimal commitment lead time, Theorem 5.4 tells us
when the preordering strategy is beneficial or not. The preordering strategy is not
beneficial if ψ∗ = 0. Hence, if c ≥ c13 in Case 2, the preordering strategy is not
beneficial. In Case 3, if c ≥ c12, the preordering strategy should not be preferred.

Theorem 5.4 specifies the optimal component ordering strategy for different values
of the unit commitment cost. In Figure 5.9 we provide a visual representation
of the results in Theorem 5.4. More specifically, we identify the values of unit
commitment cost for which BTO or BTS strategy is optimal. In Case 2, for any value
of unit commitment cost the manufacturer should use the same strategy for both
components, i.e., the switch from BTO to BTS happen at the same threshold value
c13. In Case 3, based on the value of unit commitment cost, the manufacturer may
use the same or different strategies for the components. For example, when c23 <
c < c12, the optimal strategy is BTS and BTO for component 1 and 2, respectively.
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BTO BTS

BTO BTS

(a) Case 2

0 c23 c12c13
c

Component 1

Component 2

BTO BTS

BTO BTS
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Figure 5.9: Optimal strategies for the components in terms of the unit commitment cost

5.4. Numerical Results

In this section, we conduct a numerical experiment to confirm the correctness of
Conjecture 5.1. A sample of examples is randomly generated with parameter values
drawn from uniform distributions as follows; λ ∼ U[0.1, 10.1], h1 ∼ U[0.1, 10],h2 ∼
U[0.1, 10], p ∼ U[15, 50], l1 ∼ U[.5, 20], l2 ∼ U[0.1, ll ], and c ∼ U[0.1, h + 3], where
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x ∼ U[a, b] means that the values of parameter x are chosen from a Uniform
distribution in interval [a, b]. We consider 8000 different instances by generating
different combinations of parameters λ, h1, h2, p, l1, l2 and c.

We rely on enumeration for calculating sψ∗

1 , sψ∗

2 and ψ∗. We choose a step size of 0.01
for ψ. We change the value of ψ and calculate sψ

1 , sψ
2 and C(sψ, ψ). We use Theorem

5.1 for calculating the base-stock levels. The enumeration stops when both sψ
1 and

sψ
2 equal zero. We choose the solution that gives the lowest cost. The enumeration

results and the results obtained through our analytical derivations are exactly the
same. Hence, the correctness of the the conjecture is confirmed.

We report multiple results, in case other researchers would like to reproduce them.
Based on the Case number and the optimal commitment lead time, we organize the
results in five main categories. The first two categories are Case 2 with ψ∗ ∈ {0, l1}
and the other three categories are Case 3 with ψ∗ ∈ {0, l2, l1}. Three samples of
each category are presented in Table 5.1. For each sample, parameter values, three
unit commitment cost thresholds, Case number, cost value at each boundary point,
optimal base-stock levels, optimal commitment lead time and minimum cost are
reported.

At the bottom of Table 5.1, we add two special cases when the replenishment lead
times of both components are equal, l1 = l2 = l and ψ∗ ∈ {0, l}. For each special
cases two samples are reported. Note that when l1 = l2 = l, the problem could be
presented as a single-location problem with replenishment lead time l.

5.5. Conclusion

We consider a manufacturer who operates a two-component single end product
ATO system. We investigate a centralized control scheme with a preorder strategy.
The time from a customer’s order until the date the end product is actually needed
is called the commitment lead time. Under the preorder strategy, a commitment
cost should be paid to the customer. This cost is increasing in the length of the
commitment lead time. The manufacturer uses a base-stock policy to replenish
component inventories.

The manufacturer aims to find the optimal component base-stock levels and the
optimal commitment lead time such that the long-run average cost consisting of
component inventory holding cost, backordering cost and commitment cost is
minimized. For an arbitrary commitment lead time, we determined the optimal
base-stock levels through optimizing two nested convex functions recursively. We
find that the optimal base-stocks are piecewise constant and non-increasing in the
commitment lead time.

We characterize the structure of the optimal preorder strategy and show that the
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(λ, h1, h2, p, c) (l1, l2) (c12, c23, c13) C
as

e

C
( s0 ,0

)
C
( sl 2

,l
2)

C
( sl 1

,l
1)

(sψ∗ , ψ∗)

C
( sψ

∗
,ψ
∗)

(2.7, 13.2, 22.7, 48.6, 13.5) (5.0, 3.8) (8.4, 10.9, 9.0) 2 119.7 170.6 178.9 (14, 12, 0) 119.7
(6.6, 25.4, 6.0, 41.8, 20.6) (10.3, 4.6) (2.6, 4.2, 3.5) 2 235.7 780.1 1394.8 (69, 38, 0) 235.7
(10.1, 12.0, 2.1, 23.0, 1.7) (17.1, 9.3) (0.8, 1.5, 1.1) 2 185.4 271.1 287.6 (176, 109, 0) 185.4
(0.9, 21.8, 12.3, 44.9, 6.4) (10.8, 4.4) (9.2, 10.5, 10.0) 2 92.9 82.4 59.8 (0, 0, 10.8) 59.8
(3.6, 8.9, 28.1, 44.4, 6.6) (5.4, 5.1) (6.9, 13.8, 7.3) 2 142.3 136.4 128.7 (0, 0, 5.4) 128.7

(10.0, 26.3, 22.0, 47.5, 0.5) (16.9, 14.9) (2.5, 6.2, 2.9) 2 496.3 201.4 87.0 (0, 0, 16.9) 87.0
(1.2, 11.0, 7.6, 32.2, 11.4) (18.6, 6.9) (4.1, 3.8, 3.9) 3 87.9 148.7 256.7 (25, 11, 0) 87.9

(5.8, 3.8, 5.5, 16.9, 4.5) (19.2, 2.5) (1.8, 0.6, 0.7) 3 80.5 119.2 497.3 (119, 17, 0) 80.5
(9.2, 3.3, 2.2, 18.0, 1.6) (16.6, 7.2) (0.6, 0.5, 0.5) 3 85.4 156.6 251.0 (163, 77, 0) 85.4

(1.6, 26.4, 28.4, 39.5, 8.6) (11.5, 1.6) (13.7, 6.5, 7.5) 3 137.0 123.8 157.1 (17, 0, 1.6) 123.8
(3.1, 8.6, 10.2, 24.2, 4.7) (5.0, 0.6) (8.1,3.0, 3.6) 3 55.3 49.0 72.1 (16, 0, 0.6) 49.0
(8.6, 4.3, 11.2, 32.3, 8.4) (3.5, 0.2) (10.9, 1.4, 1.9) 3 58.8 54.5 254.1 (35, 0, 0.2) 54.5

(0.8, 19.7, 17.7, 32.0, 2.5) (15.2, 0.8) (18.0, 5.7, 6.4) 3 80.4 70.2 31.6 (0, 0, 15.2) 31.6
(4.6, 16.0, 17.8, 36.9, 5.5) (1.5 , 0.6) (11.6, 9.2, 10.2) 3 70.4 53.6 38.2 (0, 0, 1.5) 38.2
(9.0, 28.4, 20.3, 45.1, 1.4) (4.2, 1.1) (6.8, 5.4, 5.7) 3 216.0 162.8 52.7 (0, 0, 4.2) 52.7
(3.6, 13.1, 2.2, 35.4, 16.1) (14.9, 14.9) (2.4, NaN, 2.4) 2* 131.7 877.2 877.2 (58, 67, 0) 131.7
(8.1, 10.9, 17.7, 38.1, 16.0) (1.0, 1.0) (9.3, NaN, 9.3) 2* 75.4 129.4 129.4 (8, 10, 0) 75.4

(3.4, 2.6, 3.9, 18.3, 2.5) (2.6, 2.6) (2.8, NaN, 2.8) 2* 24.8 22.6 22.6 (0, 0, 2.6) 22.6
(1.8, 8.0, 11.7, 37.0, 2.1) (0.9, 0.9) (16.5, NaN, 16.5) 2* 26.4 3.3 3.3 (0, 0, 0.9) 3.3

Table 5.1: Optimal results

optimal commitment lead time is either zero or equal to one of the components
lead times. When the optimal commitment lead time is zero, the preorder strategy
is not beneficial. The manufacturer should choose a strategy that is similar in spirit
to a make-to-stock procurement strategy. In our context, this strategy is called buy-
to-stock (BTS) strategy. When the optimal commitment lead time equals the lead
time of the component with the shorter lead time, the optimal strategy for this
component is buy-to-order (BTO) and it is buy-to-stock for the other component.
On the other hand, if the optimal commitment lead time equals the lead time
of the component with the longer lead time, the optimal strategy is the BTO
strategy for both components. We determine the conditions under which one of
these three cases holds. We define three unit commitment cost thresholds. These
thresholds enable the manufacturer to evaluate the benefit of the preorder strategy
under different unit commitment costs. By calculating these thresholds once for
an arbitrary parameter setting, we can find the optimal solutions under different
commitment unit commitment costs without solving the optimization problem
again.

Our work can be extended in multiple different ways. An obvious extension is
to consider an ATO system with more than two components. Our result that the
optimal commitment lead time is either zero or equal to one of the components
lead times will still hold. Another extension can consider serial systems with
commitment lead times among all stages. Analyzing the effect of commitment lead
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time on the customer waiting time and the optimization of commitment lead time
under service level constraints are other possible research directions.
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5.6. Appendix: Proofs

We use the following concise mathematical notations: [x]+ =max(x, 0), [x]− =max(−x, 0),
x ∨ y =max(x, y) and x ∧ y =min(x, y).

5.6.1 Proof of Proposition 5.1

Under centralized control scheme, the component net inventory levels are IN1 =
s1 − (X + Y) and IN2 = (s2 ∧ (s1 − X))− Y, where X and Y are two independent
Poisson random variables with mean λL1 and λL2, respectively. The remnant
inventory levels for components 1 and 2 are defined as ∆I1 = [[IN2]

− − [IN1]
−]

+

and ∆I2 = [[IN1]
− − [IN2]

−]
+, respectively. We have

[IN1]
− = [s1 − X−Y]− =

{
X + Y− s1, X + Y > s1,
0, X + Y ≤ s1.

(5.8)

[IN2]
− = [(s2 ∧ (s1 − X))−Y]− =


Y− s2, X ≤ s1 − s2, Y > s2,
X + Y− s1, X > s1 − s2, X + Y > s1,
0, X ≤ s1 − s2, Y ≤ s2,
0, X > s1 − s2, X + Y ≤ s1.

(5.9)

Then, the component 1 remnant inventory level is

∆I1 =
[
[IN2]

− − [IN1]
−]+ =


s1 − s2 − X, X ≤ s1 − s2, X + Y > s1, Y > s2

Y− s2, X ≤ s1 − s2, Y > s2, X + Y ≤ s1

0, otherwise
(5.10)
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Based on Equation (5.10), the expected component 1 remnant inventory level can
be calculated as

E{∆I1} =
s1−s2

∑
x=0

s1−x

∑
y=s2+1

(y− s2)P2(y)P1(x) +
s1−s2

∑
x=0

∞

∑
y=s1−x+1

(s1 − s2 − x)P2(y)P1(x)

=
s1−s2

∑
x=0

(
s1−x

∑
y=s2+1

(y− s2)P2(y) +
∞

∑
y=s1−x+1

(s1 − s2 − x)P2(y)

)
P1(x)

=
s1−s2

∑
x=0

(
s1−x

∑
y=s2+1

(y− s2)P2(y) + (s1 − s2 − x)(1− F2(s1 − x))

)
P1(x)

Similarly, using Equations (5.8) and (5.9), we get ∆I2 = [[IN1]
− − [IN2]

−]
+

= 0.
Hence, the expected component 2 remnant inventory level is E{∆I2} = 0.

5.6.2 Simplification of Equation (5.2.4)

First, we rewrite Equation (5.2.4) using the aforementioned concise notations. We
obtain the following expression:

Ca(s, ψ) =h1

(
E
{
[IN1]

+
}
+ E

{[
[IN2]

− − [IN1]
−
]+})

+ h2

(
E
{
[IN2]

+
}
+ E

{[
[IN1]

− − [IN2]
−
]+})

+ pE
{
[IN1]

− ∨ [IN2]
−}+ cλψ

By adding h1 (E {[IN1]
−} −E {[IN1]

−}) and h2 (E {[IN2]
−} −E {[IN2]

−}) to the
first and second rows, respectively, we obtain

Ca(s, ψ) =h1

(
E
{
[IN1]

+ − [IN1]
−}+ E

{[
[IN2]

− − [IN1]
−]+ + [IN1]

−
})

+ h2

(
E
{
[IN2]

+ − [IN2]
−}+ E

{[
[IN1]

− − [IN2]
−]+ + [IN2]

−
})

+ pE
{
[IN1]

− ∨ [IN2]
−}+ cλψ

For all x, y ∈ R, [x]+ − [x]− = x and [x− y]+ + y = x ∨ y (Szekli, 2012). Then the
last expression can be rewritten as follows:

Ca(s, ψ) =h1
(
E {IN1}+ E

{
[IN1]

− ∨ [IN2]
−})+ h2

(
E {IN2}+ E

{
[IN1]

− ∨ [IN2]
−})

+ pE
{
[IN1]

− ∨ [IN2]
−}+ cλψ

=h1E {IN1}+ h2E {IN2}+ (p + h1 + h2)E
{
[IN1]

− ∨ [IN2]
−}+ cλψ
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5.6.3 Derivation of Equation (5.6)

The number of backorders is dependent on the component stock-out levels, (i.e.,
[IN1]

− and [IN2]
−). We have

B = [IN1]
− ∨ [IN2]

−.

From Equations (5.8) and (5.9), [IN1]
− ∨ [IN2]

− can be derived as follows:

[IN1]
− ∨ [IN2]

− =


Y− s2, X ≤ s1 − s2, Y > s2

X + Y− s1, X > s1 − s2, X + Y > s1

0, otherwise
(5.11)

By comparing Equations (5.9) and (5.11), we obtain [IN1]
− ∨ [IN2]

− = [IN2]
−. As a

result, B = [IN2]
−.

5.6.4 Derivation of Expression (5.7)

In this derivation, we rely on the recursive procedure proposed by Shang and
Song (2003) for serial systems. We use their expression for Cs(s, ψ) and given
that Ca(s, ψ) = Cs(s, ψ)− h1µ2, after some straightforwards algebra, we can write
Ca(s, ψ) in terms of µ1, s1, µ2, and s2 as follows.

Ca(s, ψ) =µ1

(
p−

(
(p + h1)F1(s1 − s2 − 1) + (p + h1 + h2)

s1−1

∑
n=s1−s2

F2(s1 − n− 1)P1(n)

))

+ s1

(
−p +

(
(p + h1)F1(s1 − s2) + (p + h1 + h2)

s1

∑
n=s1−s2+1

F2(s1 − n)P1(n)

))

+ µ2

(
p− (p + h1 + h2)

(
F2(s2 − 1)F1(s1 − s2 − 1) +

s1−1

∑
n=s1−s2

F2(s1 − n− 1)P1(n)

))

+ s2(p + h1 + h2)F1(s1 − s2)

(
F2(s2)−

p + h1
p + h1 + h2

)
+ cλψ

5.6.5 Proof of Theorem 5.1

For an arbitrary ψ ∈ Ψ1, a two-component ATO system can be reduced to a two-
stage serial system with modified lead times (Rosling, 1989). In the two-stage serial
system, the lead times are Lj and the installation holding costs for stages 1 and 2 are
h′1 = h1 and h′2 = h1 + h2, respectively. Since in the assembly system, there is no in-
transit inventory cost for the components, the total cost of the serial system exceeds
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the total cost of the ATO system by h1µ2, where µ2 is mean lead time demand of
stage 2. Note that for any ψ ∈ Ψ1, h1µ2 is a constant with respect to s, it has
no impact on optimization of base-stock levels. To find optimal base-stock levels
corresponding to an arbitrary ψ ∈ Ψ1, we use the recursive optimization equations
proposed by Shang and Song (2003).

Set C3(x) = (p + h′2)[x]
−. For j = 2, 1, given Cj+1(x), compute

Ĉj(x) = hjx + Cj+1(x).

Then, use Ĉj(x) to calculate Cj(y):

Cj(y) = E
{

Ĉj(y− Dj)
}

.

Using Cj(y), we can find sψ
j as follows:

sψ
j = argmin

{
Cj(y)

}
Afterwards, Cj(x) can be calculated using Cj(y) and sψ

j .

Cj(x) = Cj

(
sψ

j ∧ x
)

Each Cj(y) is a convex function with respect to y and has a finite minimum point.
Let j = 2, then

Ĉ2(x) = h2x + C3(x) = h2x + (p + h′2)[x]
−

C2(y) =E
{

Ĉ2(y− D2)
}
= E

{
h2(y− D2) + (p + h′2)[y− D2]

−}
=h2(y− µ2) + (p + h′2)E

{
[D2 − y]+

}
=h2(y− µ2)− (p + h′2)

∞

∑
x=y

(x− y)P2(x) = h2(y− µ2) + (p + h′2)H2(y)

where Hj(y) = ∑∞
x=y(x− y)Pj(x). Then, we can calculate C2(y + 1) as follows.

C2(y + 1) =h2(y + 1− µ2)− (p + h′2)H2(y + 1)

=h2 + h2(y− µ2) + (p + h′2)(H2(y) + F2(y)− 1)

=C2(y) + h2 + (p + h′2)(F2(y)− 1)

Since C2(y) is convex with respect to y, we find the optimal value of y by calculating
the difference function ∆yC2(y). The optimal y is the smallest y that satisfies the
inequality ∆yC2(y) ≥ 0. Hence, we have

∆yC2(y) = C2(y + 1)− C2(y) = h2 + (p + h′2)(F2(y)− 1) ≥ 0
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The optimal y is the smallest non-negative integer number that satisfies

F2(y) ≥
p + h′2 − h2

p + h′2
=

p + h1

p + h1 + h2
.

In other words,

sψ
2 =

{
y ∈N0 : F2(y− 1) <

p + h1

p + h1 + h2
≤ F2(y)

}
In addition, we have

C2(x) = C2(s
ψ
2 ∧ x) = E

{
Ĉ2

(
(sψ

2 ∧ x)− D2

)}
= E

{
h2

(
(sψ

2 ∧ x)− D2

)
+ (p + h′2)

[
(sψ

2 ∧ x)− D2

]−}
= h2

(
(sψ

2 ∧ x)− µ2

)
+ (p + h′2)E

{[
D2 − (sψ

2 ∧ x)
]+}

= h2

(
(sψ

2 ∧ x)− µ2

)
+ (p + h′2)H2

(
sψ

2 ∧ x
)

We derive a similar expression for j = 1.

Ĉ1(x) = h1x + C2(x) = h1x + h2

(
(sψ

2 ∧ x)− µ2

)
+ (p + h′2)H2

(
sψ

2 ∧ x
)

C1(y) =E
{

Ĉ1(y− D1)
}

=E
{

h1(y− D1) + h2

(
(sψ

2 ∧ (y− D1))− µ2

)
+ (p + h′2)H2(s

ψ
2 ∧ (y− D1))

}
=h1(y− µ1) + h2E

{
(sψ

2 ∧ (y− D1))− µ2

}
+ (p + h′2)E

{
H2

(
sψ

2 ∧ (y− D1)
)}

=h1(y− µ1) + h2

(
sψ

2 −H1

(
y− sψ

2 + 1
)
+ F1

(
y− sψ

2

)
− 1− µ2

)
+ (p + h′2)

H2(s
ψ
2 )F1

(
y− sψ

2

)
+

∞

∑
n=y−sψ

2 +1

H2(y− n)P1(n)


Then, we have

C1(y + 1) =h1(y + 1− µ1) + h2

(
sψ

2 −H1

(
y + 1− sψ

2 + 1
)
+ F1

(
y + 1− sψ

2

)
− 1− µ2

)
+ (p + h′2)

H2(s
ψ
2 )F1

(
y + 1− sψ

2

)
+

∞

∑
n=y+1−sψ

2 +1

H2(y + 1− n)P1(n)


=C1(y) + h1 + h2

(
1− F1(y− sψ

2 )
)

+ (p + h′2)

 ∞

∑
n=y−sψ

2 +1

F2(y− n)P1(n)−
(

1− F1(y− sψ
2 )
)
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Similar to ∆yC2(y), we calculate the difference function ∆yC1(y) as

=C1(y + 1)− C1(y)

=h1 + h2

(
1− F1(y− sψ

2 )
)
+ (p + h′2)

 ∞

∑
n=y−sψ

2 +1

F2(y− n)P1(n)−
(

1− F1(y− sψ
2 )
)

=h1 + h2

(
1− F1(y− sψ

2 )
)

+ (p + h2 + h1)

 ∞

∑
n=y−sψ

2 +1

F2(y− n)P1(n)−
(

1− F1(y− sψ
2 )
)

=− p + (p + h1)F1(y− sψ
2 ) + (p + h1 + h2)

∞

∑
n=y−sψ

2 +1

F2(y− n)P1(n)

=− p + (p + h1)F1(y− sψ
2 ) + (p + h1 + h2)

y

∑
n=y−sψ

2 +1

F2(y− n)P1(n)

The optimal y is the smallest integer to satisfy the inequality ∆yC1(y) ≥ 0. Hence,
the optimal y satisfies(

p + h1

p + h1 + h2

)
F1(y− sψ

2 ) +
y

∑
n=y−sψ

2 +1

F2(y− n)P1(n) ≥
p

p + h1 + h2
.

Define Π1(y, sψ
2 ) as

Π1(y, sψ
2 ) =

(
p + h2

p + h1 + h2

)
F1(y− sψ

2 ) +
y

∑
n=y−sψ

2 +1

F2(y− n)P1(n).

Hence, we have

sψ
1 =

{
y ∈N0 : Π1(y− 1, sψ

2 ) <
p

p + h1 + h2
≤ Π1(y, sψ

2 )

}
.

5.6.6 Proof of Theorem 5.2

We need to show that for all y ∈N0, ψ ∈ Ψ, F2(y) is non-decreasing in y and ψ, and
for all x ∈N0, ψ ∈ Ψ, Π1(y, sψ

2 ) is non-decreasing in y and ψ.

For all ψ ∈ Ψ, the optimal component 2 base-stock level is

sψ
2 =

{
y ∈N0 : F2(y− 1) <

p + h1

p + h1 + h2
≤ F2(y)

}
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Note that F2(y) is the cumulative distribution function of a Poisson random variable
with mean µ2 = λL2, where L2 = l2 − ψ depends on ψ. Hence, although F2(y)
seems to be a function of y only, it is also a function of ψ by definition. In Chapter
3, for a single location system we prove that F2(y) is non-decreasing in y and ψ.
This result is sufficient to conclude that sψ

2 is non-increasing in ψ.

Next, we prove the result for sψ
1 . We use the following lemma.

Lemma 5.2 Π1(y, sψ
2 ) is non-decreasing in y and ψ for all y ∈N0, ψ ∈ Ψ.

Proof. We show that the first order difference function of Π1(y, sψ
2 ) with respect to

y, defined as ∆yΠ1(y, sψ
2 ), and the first derivative of Π1(y, sψ

2 ) with respect to ψ are
non-negative. We start with ∆yΠ1(y, sψ

2 ). For all ψ ∈ Ψ, we have

Π1(y + 1, sψ
2 ) =

(
p + h1

p + h1 + h2

)
F1(y + 1− sψ

2 ) +
y+1

∑
n=y+1−sψ

2 +1

F2(y + 1− n)P1(n)

=

(
p + h1

p + h1 + h2

)
(F1(y− sψ

2 ) + P1(y− sψ
2 + 1))

+
y+1

∑
n=y−sψ

2 +2

(F2(y− n) + P2(y− n + 1))P1(n)

=Π(y, sψ
2 ) +

(
p + h1

p + h1 + h2

)
P1(y− sψ

2 + 1)− F2(s
ψ
2 − 1)P1(y− sψ

2 + 1)

+
y+1

∑
n=y−sψ

2 +2

P2(y− n + 1)P1(n)

=Π(y, sψ
2 ) + P1(y− sψ

2 + 1)
(

h1 + p
p + h1 + h2

− F2(s
ψ
2 − 1)

)
+

y+1

∑
n=y−sψ

2 +2

P2(y− n + 1)P1(n)

Hence,

∆yΠ1(y, sψ
2 ) = Π1(y + 1, sψ

2 )−Π1(y, sψ
2 )

= P1(y− sψ
2 + 1)

(
h1 + p

p + h1 + h2
− F2(s

ψ
2 − 1)

)
+

y+1

∑
n=y−sψ

2 +2

P2(y− n + 1)P1(n).

For all sψ
2 , we have F2(s

ψ
2 − 1) < h1+p

p+h1+h2
. Hence, ∆yΠ1(y, sψ

2 ) ≥ 0. Therefore, for all

ψ ∈ Ψ, Π1(y, sψ
2 ) is non-decreasing in y.
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Next, we derive an expression for d
dψ Π1(y, sψ

2 ). We consider the regions Ψ1 and Ψ2,

separately. For all ψ ∈ Ψ1, F1(.) and P1(.) do not depend on ψ. Then for all sψ
2 ∈N0

and ψ ∈ Ψ1 we have;

d
dψ

Π1(y, sψ
2 ) =(p + h1 + h2)

y

∑
n=y−sψ

2 +1

(
d

dψ
F2(y− n)

)
P1(n)

=λ(p + h1 + h2)
x

∑
n=y−sψ

2 +1

P2(y− n)P1(n) ≥ 0

For all ψ ∈ Ψ2, F2(.) and P2(.) do not depend on ψ, and sψ
2 = 0. Then, for all ψ ∈ Ψ2

we have;

Π1(y, 0) =
(

p + h1

p + h1 + h2

)
F1(y + 1) + (p + h1 + h2)

y

∑
n=y+1

F2(y− n)P1(n)

=

(
p + h1

p + h1 + h2

)
F1(y + 1)

Hence,

d
dψ

Π1(y, 0) =
(

p + h1

p + h1 + h2

)(
d

dψ
F1(y + 1)

)
= λ

(
p + h1

p + h1 + h2

)
P1(y + 1) ≥ 0

So, for all x ∈N0 and ψ ∈ Ψ, Π1(y, sψ
2 ) is non-decreasing in ψ. 2

For all ψ ∈ Ψ, the optimal component 1 base-stock level is

sψ
1 =

{
y ∈N0 : Π1(y− 1, sψ

2 ) <
p

p + h1 + h2
≤ Π1(y, sψ

2 )

}

From Lemma 5.2, we know that for all y ∈ N0, ψ ∈ Ψ, Π1(y, sψ
2 ) is non-decreasing

in y and ψ. As shown in Chapter 3, Π1(y, sψ
2 ) being non-decreasing in both y and ψ

implies that sψ
1 is non-increasing in ψ.
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5.6.7 Proof of Lemma 5.1

We show that (l1 − l2)c23 − l1c13 + l2c12 = 0. By replacing the value of the
thresholds, ci j, based on their definition, then

(l1 − l2)

(
Ca(sl2 , l2)− Ca(sl1 , l1)

λ(l1 − l2)
+ c

)
− l1

(
Ca(s0, 0)− Ca(sl1 , l1)

λ(l1 − 0)
+ c

)

+ l2

(
Ca(s0, 0)− Ca(sl2 , l2)

λ(l2 − 0)
+ c

)

=(l1 − l2)

(
Ca(sl2 , l2)− Ca(sl1 , l1)

λ(l1 − l2)

)
− l1

(
Ca(s0, 0)− Ca(sl1 , l1)

λ(l1 − 0)

)

+ l2

(
Ca(s0, 0)− Ca(sl2 , l2)

λ(l2 − 0)

)

=
1
λ
(Ca(sl2 , l2)− Ca(sl1 , l1)− Ca(s0, 0) + Ca(sl1 , l1) + Ca(s0, 0)− Ca(sl2 , l2)) = 0

As a result, (l1 − l2)c23 − l1c13 + l2c12 = 0.

Next, we prove the second result. Suppose c23 ≥ c12 and define ε = c23 − c12 ≥ 0.
Then, using (l1 − l2)c23 = l1c13 − l2c12, we obtain

c13 =

(
1− l2

l1

)
c23 +

l2
l1

c12 =

(
1− l2

l1

)
(c12 + ε) +

l2
l1

c12 = c12 +

(
1− l2

l1

)
ε

Since l2 ≤ l1 and ε ≥ 0, we have
(

1− l2
l1

)
ε ≤ ε. Hence,

c13 = c12 +

(
1− l2

l1

)
ε ≤ c12 + ε = c23.

Considering this inequality with c12 ≤ c13, implies that c12 ≤ c13 ≤ c23.

Next, suppose c23 < c12 and define ε = c12 − c23 > 0. Then, using (l1 − l2)c23 =
l1c13 − l2c12, we calculate c13 as follows:

c13 =

(
1− l2

l1

)
c23 +

l2
l1

c12 =

(
1− l2

l1

)
(c12 − ε) +

l2
l1

c12 = c12 +

(
l2
l1
− 1
)

ε

Since l2 < l1 and ε > 0, we have
(

l2
l1
− 1
)

ε > −ε. Hence,

c13 = c12 +

(
l2
l1
− 1
)

ε > c12 − ε = c23.

Considering this inequality with c12 > c13 implies that c23 < c13 < c12.

As a result, either c12 ≤ c13 ≤ c23 or c23 < c13 < c12 holds.
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5.6.8 Proof of Theorem 5.3

To prove this theorem, we consider each case separately.

Case 2: For all ψ ∈ Ψ2, the problem is equivalent to a single-location problem.
Based on Chapter 3, CLB23(ψ) is a tight linear lower bound for Ca(sψ, ψ) over Ψ2

(i.e., CLB23(l2) = Ca(sl2 , l2) and CLB23(l1) = Ca(sl1 , l1)). Also, we know that for all
ψ ∈ Ψ2, CLB13(ψ) ≤ CLB23(ψ) (since in Case 2 we have c13 ≤ c23 and the slope
of CLBij(ψ) is equal to its corresponding cij). Then, for all ψ ∈ Ψ2, we can write
CLB13(ψ) ≤ Ca(sψ, ψ). Moreover, for all ψ ∈ Ψ1, based on Conjecture 5.1 we have
CLB13(ψ) ≤ Ca(sψ, ψ). As a result, for all ψ ∈ Ψ, CLB13(ψ) ≤ Ca(sψ, ψ). Since,
CLB13(ψ) is a tight linear lower bound for Ca(sψ, ψ) over Ψ (i.e., CLB13(0) = Ca(s0, 0)
and CLB13(l1) = Ca(sl1 , l1)) then ψ∗ ∈ {0, l1}.
Case 3: For all ψ ∈ Ψ1, based on Conjecture 5.1, CLB12(ψ) is a tight linear lower
bound for Ca(sψ, ψ) over Ψ1 (i.e., CLB12(0) = Ca(s0, 0) and CLB12(l2) = Ca(sl2 , l2)).
Then, for all ψ ∈ Ψ1, ψ∗ ∈ {0, l2}. Also, For all ψ ∈ Ψ2, the problem is equivalent
to a single-location problem. Based on Chapter 3, CLB23(ψ) is a tight linear lower
bound for Ca(sψ, ψ) over Ψ2 (i.e., CLB23(l2) = Ca(sl2 , l2) and CLB23(l1) = Ca(sl1 , l1)).
Hence, for all ψ ∈ Ψ1, ψ∗ ∈ {l2, l1}. As a result, for all ψ ∈ Ψ1 ∪ Ψ2, ψ∗ ∈ {0, l2} ∪
{l2, l1}. Therefore, for all ψ ∈ Ψ, ψ∗ ∈ {0, l2, l1}.

5.6.9 Proof of Theorem 5.4

We need the following lemma to prove the theorem.

Lemma 5.3 In a two-component ATO system with three unit commitment cost thresholds
cij and three terminal points such that ti < tj, i, j ∈ {1, 2, 3}, if c > cij, then ψ∗ 6= tj and
if c < cij, then ψ∗ 6= ti.

Proof. We define cost function Ĉa(sψ, ψ) with unit commitment cost c = cij + ε,
where ε > 0. Based on the definition of cij’s, Ca(sψ, ψ) has the same value at the ti
and tj. Hence

Ca(sti , ti) = Ca(stj , tj) (5.12)

Also, Ĉa(sψ, ψ) can be rewritten in terms of Ca(sψ, ψ) as Ĉa(sψ, ψ) = Ca(sψ, ψ) +
ελψ. Then

Ĉa(sti , ti) = Ca(sti , ti) + ελti,

Ĉa(stj , tj) = Ca(stj , tj) + ελtj,
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From Equation (5.12) and ti < tj, we can conclude that Ĉa(stj , tj) > Ĉa(sti , ti). Since
Ĉa(sψ, ψ) at tj has higher value, then tj can not be a candidate for optimal solution
and ψ∗ 6= tj.

Similarly, when c = cij − ε, we can show that Ĉa(stj , tj) < Ĉa(sti , ti) and then ti can
not be a candidate for optimal solution and ψ∗ 6= ti. 2

We prove Case 2 and Case 3 separately.

1. Case 2 (c12 ≤ c13 ≤ c23):
From Theorem 5.3, we know that the possible set for ψ∗ is {t1, t2, t3}. We
consider all possible values for c and update the possible set using Lemma
5.3.

• if c < c12, then c < c12, c < c13, and c < c23. So, ψ∗ /∈ {t1, t2} and ψ∗ = t3,

• if c = c12, then c < c13, and c < c23. So, ψ∗ /∈ {t1, t2} and ψ∗ = t3,

• if c12 < c < c13, then c > c12, c < c13 and c < c23. So, ψ∗ /∈ {t1, t2} and
ψ∗ = t3,

• if c12 < c = c13, then c > c12, and c < c23. So, ψ∗ 6= t2 and ψ∗ ∈ {t1, t3},
• if c13 < c < c23, then c > c12, c > c13, and c < c23. So, ψ∗ /∈ {t2, t3} and

ψ∗ = t1,

• if c13 < c = c23, then c > c12, and c > c13. So, ψ∗ /∈ {t2, t3} and ψ∗ = t1,

• if c > c23, then c > c12, c > c13 and c > c23. So, ψ∗ /∈ {t2, t3} and ψ∗ = t1.

We know t1 = 0, t2 = l2, t3 = l3. Hence, when c12 ≤ c13 ≤ c23 we have

ψ∗ =

{
l1, c ≤ c13

0, c ≥ c13.

2. Case 3 (c23 < c13 < c12):

• if c < c23, then c < c23, c < c13, and c < c12. So, ψ∗ /∈ {t1, t2} and ψ∗ = t3,

• if c = c23, then c < c13, and c < c12. So, ψ∗ 6= t1 and ψ∗ ∈ {t2, t3},
• if c23 < c < c13, then c > c23, c < c13 and c < c12. So, ψ∗ /∈ {t1, t3} and

ψ∗ = t2,

• if c23 < c = c13, then c > c23, and c < c12. So, ψ∗ /∈ {t1, t3} and ψ∗ = t2,

• if c13 < c < c12, then c > c23, c > c13, and c < c12. So, ψ∗ /∈ {t1, t3} and
ψ∗ = t2,

• if c13 < c = c12, then c > c23, and c > c13. So, ψ∗ 6= t3 and ψ∗ ∈ {t1, t2},
• if c > c12, then c > c23, c > c13 and c > c12. So, ψ∗ /∈ {t2, t3} and ψ∗ = t1.
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We know t1 = 0, t2 = l2, t3 = l3. Hence, when c23 < c13 < c12 we have

ψ∗ =


l1, c ≤ c23

l2, c23 ≤ c ≤ c12

0, c ≥ c12.





6
Conclusions

In this thesis, we examined the preorder strategy in the context of inventory
and service management. Under the preorder strategy, customers place their
orders ahead of their actual need based on a pre-determined time window called
commitment lead time and, in turn, they receive a bonus based on the length of
the commitment lead time, which is a called commitment cost from the system
manager’s perspective. To investigate the impact of the commitment lead time on
the replenishment policy and customer service, we considered inventory systems
with different settings. These inventory systems face Poisson customer demand and
replenish their inventory based on continuous base-stock policies with deterministic
replenishment lead times. Also, unmet demands are backorered. The systems
managers’ objective is to find the optimal control policy as a combination of the
base-stock levels and commitment lead time such that the long-run average total
cost is minimized. Since the base-stock levels are discrete and the commitment
lead time is continuous, we were dealing with Mixed-integer, Nonlinear Programs
(MINLP). In an inventory system with commitment lead time, customer provide
the ADI to the system. In this case, the inventory position of the system depends
on the known demand. This leads to the nice result that we can just subtract the
commitment lead time from the replenishment lead time.

With the above-mentioned settings, in Chapter 3, we studied a single-location in-
ventory system with preorder strategy. By replacing backordering cost with a time-
based service constraint, a single-location inventory system with preorder strategy
and service constraint was formed and analyzed in Chapter 4. Furthermore, a more
complex inventory system with ATO structure and preorder strategy was analyzed
in Chapter 5.

In the following, we first reiterate the main findings of this thesis, and then, we
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provide some possible extensions of the commitment lead time that can contribute
to the literature of inventory and service management.

6.1. Results and Findings

In Chapter 2, a comprehensive review of the recent literature on inventory
management with ADI was provided. In this chapter, we identified the research
gaps and represented the exposition of our research within the body of existing
literature.

In Chapter 3, we studied a single-location inventory system with commitment lead
time. We aimed to find the optimal control policy such that the long-run average
total cost consisting of holding, backordering, and commitment costs is minimized.
We proved the convexity of the cost function in each decision variable. We showed
that the optimal base-stock level is non-increasing in the length of the commitment
lead time. The long-run average cost as a function of a commitment lead time
and the corresponding optimal base-stock level served as a continuous piecewise-
convex lower bound on the original average cost function. We constructed another
monotone lower bound on this piecewise-convex lower bound. This monotone
lower bound implied the optimality of the bang-bang policy for the commitment
lead time. Under this policy, the commitment lead time is either zero or the
maximum possible value, which is the replenishment lead time. In addition,
we showed that the corresponding optimal base-stock policy is of all-or-nothing
type. Hence, the optimal base-stock level is either zero or the solution of the well-
known Newsvendor problem with zero commitment lead time. The optimality
of the bang-bang policy holds for general commitment cost structures under a
very mild condition. As a specific case, we studied a linear commitment cost.
For this case, we found a unit commitment cost threshold which dictates the
optimality of either a buy-to-order (BTO) or a buy-to-stock (BTS) strategy. More
specifically, we showed that when the unit commitment cost is less than the unit
commitment cost threshold, the optimal ordering strategy is BTO strategy (i.e.,
the optimal commitment lead time is equal to replenishment lead time and the
optimal base-stock level is zero) and when the unit commitment cost is more than
the unit commitment cost threshold, the optimal strategy is a BTS strategy (i.e., the
optimal commitment lead time is zero and optimal base-stock level is non-zero).
Moreover, we showed that the unit commitment cost threshold is increasing in the
unit holding and backordering costs and decreasing in the mean lead time demand.
For a given base-stock level, we developed a simple and accurate approximation
for the corresponding optimal commitment lead time. Finally, we determined the
conditions on the unit commitment cost for the profitability of the BTO strategy (see
Figure 6.1).
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Figure 6.1: Optimal strategies

In Chapter 4, we extend our problem in Chapter 3 by replacing the backordering
cost term with a time-based service constraint. The firm manager aims to find the
optimal control policy such that a long-run average total cost consisting of holding
and commitment costs is minimized subject to a time-based service constraint.
We studied this problem with two time-based service measures; average customer
waiting time and individual customer waiting time. For the first measure, we put
a maximum waiting threshold on the average customer waiting time (see Figure
6.2). For the second, we formed a chance constraint consisting of a service level
as well as the maximum waiting threshold. Since we deal with two constraint,
mixed-integer, nonlinear programs (C-MINP), finding closed-form solutions are not
possible. Instead, we proposed exact and heuristic optimization algorithms for each
optimization model. Using a comprehensive numerical experiment we showed that
the heuristic algorithms performs quite well.
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Figure 6.2: An illustration of the commitment lead time and customer waiting time

We observed that when commitment lead time and time-based service measures
with positive maximum waiting threshold are taken into account, the optimal
commitment lead time is not a bang-bang policy, anymore. However, for β−service
level type (i.e., the chance constraint with zero maximum waiting threshold), the
optimal commitment lead time takes a bang-bang form, under which the optimal
commitment lead time is either zero or l + lnβ

λ . We derived the exact distribution
probability of customer waiting time in terms of system parameters and control
policy. We showed that the commitment lead time not only increases the service
level but also decreases the possible maximum waiting time. We found that the
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commitment lead time plays a significant role in the determination of the optimal
control policy when either the maximum waiting threshold is small enough (e.g.,
close to zero) or the service level is high enough (e.g., close to one). In other
words, when the firm wants to provide a quicker response to a higher percentage
of the customers, the value of commitment lead time in terms of cost reduction is
more highlighted. We showed that for any arbitrary maximum waiting threshold,
the optimal cost value is bounded and non-increasing in the maximum waiting
threshold. Moreover, we considered an unconstraint optimization model with
backordering cost and its equivalent constraint optimization model with the average
waiting time constraint. We calculated equivalent unit backordering cost such that
both models have the same optimal cost. We found a negative relationship between
unit backordering cost and maximum waiting threshold. When commitment lead
time is taken into account, the equivalent unit backordering cost is always bounded
above.

In Chapter 5, we considered a manufacturer who operates a two-component, single-
end-product ATO system under preorder strategy and centralized control scheme.
The manufacturer uses base-stock policies to replenish components inventories.
The manufacturer aims to find the optimal component base-stock levels and the
optimal commitment lead time such that the long-run average total cost consisting
of component inventory holding cost, backordering cost and commitment cost is
minimized. For an arbitrary commitment lead time, we determined the optimal
base-stock levels by optimizing two nested convex functions recursively. We found
that the optimal base-stocks are piecewise constant and non-increasing in the
commitment lead time. We defined three unit commitment cost thresholds, cij.
Based on the order of these thresholds, we proved that we face either Case 2 or
Case 3 (see Figure 6.3 for the order of the thresholds associated with each case).

0 c12 c23c13
c

Component 1

Component 2

BTO BTS

BTO BTS

(a) Case 2

0 c23 c12c13
c

Component 1

Component 2

BTO BTS

BTO BTS

(b) Case 3

Figure 6.3: Optimal strategies for the components in terms of the unit commitment cost

These thresholds enable the manufacturer to evaluate the benefit of the preorder
strategy under different unit commitment costs. We characterized the structure of
the optimal preorder strategy and showed that the optimal commitment lead time
is either zero or equal to one of the components lead times. When the optimal
commitment lead time is zero, the preorder strategy is not beneficial. Hence, the
manufacturer should choose a BTS strategy. When the optimal commitment lead
time equals the lead time of the component with the shorter lead time, the optimal
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strategy for this component is BTO and it is BTS for the other component. On
the other hand, if the optimal commitment lead time equals the lead time of the
component with the longer lead time, the optimal strategy is the BTO strategy for
both components. We determined the conditions, under which one of these three
cases holds.

6.2. Further Research

The framework developed in this thesis allows us to understand the role of
commitment lead time in enhancing performance (i.e, operational costs reduction)
and profitability of the inventory systems in different settings. Although we
investigated the impact of commitment lead time in basic inventory systems
structures, our analysis can be used as a building block to compose more complex
supply chain structures. For instance, providing a rigorous proof for a single-
location inventory system with compound Poisson can serve as an interesting
extension to what we have carried out for the single-location inventory system with
pure Poisson customer demand.

Another interesting case for future research can be a multi-component, multi-end-
product ATO system, in which each end-product has a dedicated commitment
lead time. In such a system, studying the impact of the commitment lead times
on the system performance and profitability will help the system manager to
improve the cost efficiency and responsiveness of the system, simultaneously. It
is worth mentioning that each of the above-mentioned extensions adds sufficient
complexity and makes the problem less tractable. For instance, considering a
dedicated commitment lead time for each end-product increases the dimension of
the problem in terms of decision variables. Since optimal control policies for general
multi-component, multi-end-product ATO systems are unknown, finding heuristic
policies will be a notable achievement.

Considering supply uncertainty in the form of supply disruptions (see Atan and
Snyder (2012b), Atan and Snyder (2012a), Atan and Rousseau (2016), and Atan and
Snyder (2014)) with commitment lead time can be another possible extension of this
research. It would be interesting to see how this form of supply uncertainty affects
the optimal preordering strategy.
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A. Angelus and Ö. Özer. Knowledge you can act on: optimal policies for assembly
systems with expediting and advance demand information. Operations Research,
64(6):1338–1371, 2016.

Z. Atan and M. Rousseau. Inventory optimization for perishables subject to supply
disruptions. Optimization Letters, 10(1):89–108, 2016.

Z. Atan and L. V. Snyder. Disruptions in one-warehouse multiple-retailer systems.
2012a.

Z. Atan and L. V. Snyder. Inventory strategies to manage supply disruptions. In
Supply Chain Disruptions, pages 115–139. Springer, 2012b.

Z. Atan and L. V. Snyder. EOQ models with supply disruptions. In Handbook of
EOQ inventory problems, pages 43–55. Springer, 2014.

Z. Atan, T. Ahmadi, C. Stegehuis, T. de Kok, and I. Adan. Assemble-to-order
systems: A review. European Journal of Operational Research, 261(3):866–879, 2017.
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Summary

Inventory Control Systems with Commitment Lead Time

In this thesis, we investigate the profitability of a preorder strategy in the context of
inventory and service management. For this purpose, we frame the thesis into
six chapters. Chapter 1 represents our research motivations and contributions.
Chapter 2 provides a comprehensive review of the recent literature on inventory
management with the preorder strategy, under which customers provide advance
demand information (ADI), and in turn, they receive a bonus. In this setting,
customers provide ADI based on a predetermined time window called commitment
lead time and receive the bonus based on the length of the commitment lead
time. We refer to the bonus from a supplier’s perspective as commitment cost.
We consider three inventory systems with preorder strategy. We aim to find the
optimal control policy as a combination of the optimal inventory replenishment
and preorder strategies such that the system total cost is minimized. In these
three inventory systems, we mainly deal with single end-product, Poisson demand,
continuous base-stock policy, fixed replenishment lead times, and backordered
demand. Each of these three systems is studied in a dedicated chapter as follows.

In Chapter 3, we consider a single-location inventory system with preorder
strategy. We prove the optimality of bang-bang and all-or-nothing policies for the
commitment lead time and the base-stock policy, respectively. We study the case
where the commitment cost is linear in the length of the commitment lead time in
detail. We show that there exists a unit commitment cost threshold which dictates
the optimality of either a buy-to-order (BTO) or a buy-to-stock (BTS) strategy. The
unit commitment cost threshold is increasing in the unit holding and backordering
costs and decreasing in the mean lead time demand. For a given base-stock level,
we develop a simple and accurate approximation for the corresponding optimal
commitment lead time. Also, we determine the conditions on the unit commitment
cost for the profitability of the BTO strategy. Finally, using numerical analysis, we
show that the optimality condition for the bang-bang policy holds for a case where
the customers’ order comes from a compound Poisson process.

In Chapter 4, we extend our studies in Chapter 3 by replacing the backordering
cost with time-based service measures. We study the system with two time-based
service measures; average customer waiting time and individual customer waiting
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time. For the former, we put a maximum waiting threshold on the average customer
waiting time. For the latter, we form a chance constraint consisting of a service level
as well as the maximum waiting threshold. Since finding closed-form solutions
are not possible, we propose exact and heuristic optimization algorithms for each
optimization model. We observe that when commitment lead time and time-
based service measures with positive maximum waiting threshold are considered,
the optimal commitment lead time is not always a bang-bang policy. We derive
the exact distribution probability of customer waiting time in terms of system
parameters and control policy. We show that the commitment lead time not only
increases the service level but also decreases the possible maximum waiting time.
Also, the commitment lead time provides optimal cost values bounded above for
any service level and maximum waiting threshold. We find that when the firm
wants to provide a quicker response to a higher percentage of the customers, the
value of commitment lead time in terms of cost reduction is more highlighted.

In Chapter 5, we consider a two-component, single-end product ATO system with
preorder strategy. We find that the optimal commitment lead time is either zero
or equals to the replenishment lead time of one of the components. When the
optimal commitment lead time is zero, the preorder strategy is not beneficial and
the optimal control strategy for both components is the BTS strategy. When the
optimal commitment lead time is equal to the replenishment lead time of the
component with the shorter replenishment lead time, the optimal control strategy
for this component is BTO and it is BTS for the other component. On the other
hand, when the optimal commitment lead time is equal to the replenishment lead
time of the component with the longer replenishment lead time, the optimal control
strategy is the BTO strategy for both components. We find the unit commitment
cost thresholds which determine the conditions under which one of these three
cases holds.

Conclusions are drawn in Chapter 6. The main aim of the thesis has been reached.
The authors suggest that the commitment lead time concept can be applied to more
general ATO systems with multiple end-products in which each end-product has
a dedicated commitment lead time. Although the complexity of the system is
increased, it can provide a considerable improvement in terms of responsiveness
and product diversification of the system.
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