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Nomenclature

Symbol Description Units

a half of the tyre contact length m
A amplitude of sinusoidal yaw input rad
cc tyre lateral carcass stiffness per unit of the length N/m2

cv tyre lateral stiffness N/m
cβ tyre yaw stiffness Nm/rad
C contact centre between the tyre and road -
Cf α cornering stiffness N/rad
Cf φ turn slip stiffness of the lateral force Nm/rad
Cmα self-aligning stiffness Nm/rad
Cmφ turn slip stiffness of the aligning moment Nm2/rad
dby lateral damping of the tyre belt Ns/m
dbψ yaw damping of the tyre belt Nms/rad
dbγ camber damping of the tyre belt Nms/rad
dc lateral tyre carcass damping Ns/m
dcy residual lateral damping of the contact patch Ns/m
dcψ residual yaw damping of the contact patch Nms/rad
dy lateral suspension damping Ns/m
dψ yaw suspension damping Nms/rad
e mechanical trail m
Ek kinetic energy J
Fd driving force at wheel centre N
Ft tension force in the string N
Fy tyre lateral force N
Fya lateral force at axle centre from the wheel N
Fyc tyre lateral force at the contact patch N
Fr resulting lateral force at wheel centre N
Fz tyre vertical force N
Fzo nominal tyre vertical force N

v



Nomenclature

Hy,x (s) transfer function: input x , output y -
Hmn magnitude of the transfer function Hmn(s) -
Iaz rim moment of inertia about the vertical axis kgm2

Ibx tyre belt moment of inertia about the longitudinal axis kgm2

Iby tyre belt moment of inertia about the lateral axis kgm2

Ibz tyre belt moment of inertia about the vertical axis kgm2

Icz contact patch moment of inertia about the vertical axis kgm2

Isz suspension moment of inertia about the vertical axis kgm2

Iwz wheel moment of inertia about the vertical axis kgm2

Iz total yaw moment of inertia of the wheel and suspension kgm2

j complex variable, j2 = −1 -
kby lateral stiffness of the tyre belt N/m
kbψ yaw stiffness of the tyre belt Nm/rad
kbγ camber stiffness of the tyre belt Nm/rad
kc lateral tyre carcass stiffness N/m
kcy residual lateral stiffness of the contact patch N/m
kcψ residual yaw stiffness of the contact patch Nm/rad
ky lateral suspension stiffness N/m
kψ yaw suspension stiffness Nm/rad
m total mass of the wheel and suspension kg
ma mass of the rim including part of the tyre kg
mb mass of the tyre belt kg
mc mass of the contact patch kg
mw mass of the wheel kg
Mr resulting self-aligning at wheel centre Nm
Mz tyre self-aligning moment Nm
Mza self-aligning moment at axle from the wheel Nm
Mzc tyre self-aligning moment at the contact patch Nm
Mzr residual aligning moment Nm
Re effective rolling radius m
Rl loaded tyre radius m
R0 unloaded tyre radius m
Rφ path radius of turn slip m
s Laplace variable -
S imaginary slip point -
t time s
tp pneumatic trail m
t0 initial time of the integration s
T time period of vibrations, T = 1

f
s

U potential energy J
v lateral deformation of the tyre string m

vi



Nomenclature

v1 lateral deformation of the string leading contact point m
v2 lateral deformation of the string trailing contact point m
V forward velocity m/s
Vc velocity of the contact patch m/s
Vcx longitudinal velocity of the contact patch m/s
Vcy lateral velocity of the contact patch m/s
Vsx longitudinal sliding velocity m/s
Vsy lateral sliding velocity m/s
Vsyc lateral sliding velocity of the contact patch m/s
Vx longitudinal velocity at wheel centre m/s
Vy lateral velocity at wheel centre m/s
W the shimmy energy J
x longitudinal coordinate m
xw longitudinal position of wheel centre in the global frame m
y lateral position of the tyre string in the global frame m
yc lateral deformation of the tyre carcass m
yr
b

relative lateral displacement of the tyre belt with respect to
the rim

m

yrc relative lateral displacement of the contact patch with re-
spect to the belt

m

ys lateral displacement of the suspension hinge point m
yw lateral position of the wheel centre in the global frame m
y1 lateral position of the string leading contact point m
y2 lateral position of the string trailing contact point m

α side slip angle rad
α ′ transient side slip angle; string deformation angle rad
α ′c side slip angle at contact patch rad
α ′t transient side slip for the pneumatic trail rad
γ r
b

relative camber angle of the tyre belt with respect to the rim rad
ζs structural damping -
η amplitude ratio of sinusoidal input m/rad
θmn phase of the transfer function Hmn(s) rad
κ longitudinal slip -
λ path wavelength, λ = 2πV /ω m
µ friction coefficient -
ξ phase difference of sinusoidal input rad
σ relaxation length m
σc relaxation length of the contact patch m
σ(2,F 2,φ1,φ2) additional relaxation length for the rigid ring model m
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Nomenclature

φ turn slip rad/m
φ ′ transient turn slip rad/m
φ ′
F 2 additional transient turn slip for the lateral force rad/m

φ ′1, φ
′
2 additional transient turn slip for the aligning moment rad/m

φ ′F composite transient turn slip for the lateral force rad/m
φ ′M composite transient turn slip for the aligning moment rad/m
ψ yaw angle of the suspension or wheel rad
ψ r
b

relative yaw angle of the tyre belt with respect to the rim rad
ψc absolute yaw angle of the contact patch rad
ψ rc relative yaw angle of the contact patch with respect to the

tyre belt
rad

ω radius frequency, ω = 2π f rad/m
Ω wheel angular velocity rad/s

ẋ first time derivative of x
ẍ second time derivative of x
x (n) nth time derivative of x
|x | amplitude of limit cycles with variable x

A system matrix, state space representation
F vector of generalized force
H nonlinear damping and spring force
KL stiffness matrix of the linearised system
Ds structural damping matrix
M mass matrix
ML mass matrix of the linearised system
q vector of generalized coordinate
x state vector
Φ matrix of eigenvectors, column-wise

A−1 inverse of matrix A
AT transpose of matrix A

⊳ Pitchfork bifurcation
� Hopf bifurcation
^ Cyclic Fold bifurcation
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Summary

Tyre models for shimmy analysis: from linear to nonlinear

Shimmy is a self-excited lateral and yaw vibration of a wheel assembly, which is
caused by the interaction between the dynamic behaviour of the tyre and supporting
structure. It can be experienced on road vehicles, motorcycles and aircraft landing
gears. This undesired vibration can increase to a considerable amplitude producing
loss of control and may even result in severe damage to the wheel-suspension system.
Suitable tools and models are required in order to assess the stability properties of the
system and to understand the mechanisms governing shimmy.

This study focuses on the impact of different tyre modelling features on shimmy
stability. The approach followed in this thesis is to start with classical linear tyre
models to gain fundamental insight in shimmy and gradually increase the model com-
plexity to more detailed nonlinear dynamic tyre models. A trailing wheel suspension,
which possesses both yaw and lateral stiffness at the pivot point, will be used through-
out this thesis to evaluate the difference between tyre models. Structural damping in
the suspension is considered, while other characteristics such as dry friction and free-
play are excluded in order to focus on the tyre behaviour.

A fundamental knowledge of the shimmy phenomenon is gained by studying
the stability properties of the suspension with the stretched string tyre model and
its variations. Analytical expressions for shimmy stability are derived for relatively
simple systems using the Hurwitz criterion, and further numerical results are deter-
mined by an eigenvalue analysis. These stability analyses provide useful insights for
the investigation with nonlinear tyre models.

From an energy point of view, maintaining shimmy needs energy to be fed into
the lateral and yaw motion to drive the unstable vibration. Based on the energy flow
method, a physical explanation of the energy transfer during shimmy is given using
the Von Schlippe tyre model. The relative motion between the wheel centre and
the tyre contact line on the road is linked to an energy balance, which also indicates
that shimmy may only occur for certain combinations of lateral and yaw motion.
Furthermore the energy flow method can be used to compare and evaluate different

ix



Summary

tyre models, especially for the shimmy application.
Although tyre models with nonlinear steady-state characteristics and a constant

relaxation length have become state-of-the-art in current shimmy research, more ad-
vanced tyre models have been developed for vehicle dynamics analysis but they are
not commonly used to analyse shimmy. Within this thesis, additional nonlinear tyre
modelling features are considered and the complexity of tyre models is increased step
by step.

The Magic Formula is used to describe the steady-state lateral force Fy and self-
aligning momentMz characteristics. Only the vertical force dependency of the lateral
force and self-aligning moment is considered in this study. Nonlinear slip and vertical
force dependent behaviour of the relaxation length is implemented through a physical
approach by considering the contact patch dynamics. Turn slip, which is a result of
tyre yaw motion, is included with a Magic Formula extension based on the work
of Pacejka. The transient turn slip behaviour is described using the notion of the
relaxation length which is similar to the approach used for side slip. The vibration of
the tyre belt is approximated by a rigid ring, which includes the rigid body dynamics,
gyroscopic effect and mass redistribution. All these tyre models are incorporated into
the trailing wheel suspension for the shimmy analysis.

In this study the nonlinear shimmy analysis is conducted based on numerical
bifurcation analysis using the Matcont toolbox. The stability properties and the
behaviour of limit cycles are used to identify the differences between tyre models.
Because of the stepwise evolution of tyre models, the influence of each tyre modelling
feature can be identified from the bifurcation analysis. In general the results are com-
parable with the linear analysis, however, in some cases instability can be observed as
a result of the newly introduced tyre modelling features. These instabilities are not
present when using a simpler linear tyre model.

The study of tyre models for shimmy analysis in this thesis not only provides
a better understanding of the mechanism governing shimmy, but also clarifies the
impact of different tyre modelling features on shimmy stability. For future research,
a full scale experimental validation and detailed modelling of the suspension structure
are recommended. Further improvement of tyre models including other characteris-
tics, such as camber and velocity dependency, may also be required to obtain more
accurate prediction of shimmy.

x



Chapter1
Introduction

This chapter starts with an introduction of the wheel shimmy phenomenon, includ-
ing a short review of the models used to analyse shimmy. Next, the motivation and
objectives will be presented, and the research approaches and an outline of the thesis
will be given.

1.1 The wheel shimmy phenomenon

The history of the wheel shimmy phenomenon is almost as long as the existence of
pneumatic tyres. Generally speaking any wheel motion containing a yaw vibration
can be regarded as shimmy. This vibration is potentially dangerous and may result
in a failure of mechanical components or loss of control. Shimmy may be caused
by the gyroscopic coupling between the angular motions about the longitudinal axis
and the vertical axis in the case of a rigid axle, or the unbalanced mass distribution
in the wheel which acts as an external periodic excitation. However another sort of
shimmy, occurring both on aircraft landing gears and road vehicles equipped with
an independent front suspension, exhibits a yaw vibration about the steering axis.
Mostly it is combined with lateral motion of the wheel while the vehicle body or
aircraft fuselage still moves forward in a straight line. The latter type of shimmy
can be distinguished from the first one in terms of the underlying mechanism that is
closely related to the elasticity of the tyre. Within this study the term wheel shimmy
or shimmy is fully dedicated to this phenomenon.

Shimmy can be experienced on various transport systems, for example road vehi-
cles and aircraft. Figure 1.1a shows the investigation of an aircraft shimmy incident
during landing at Barcelona airport in 1999, in which the waving tracks of the right
side main landing gear tyre are clearly visible [CIAIAC, 1999]:

1



Chapter 1. Introduction

". . . total wave amplitudes of 9 cm were measured at the beginning and 15

cm at the end. The wavelength was 2.5 m at the beginning and 3 m at the
end."

Figure 1.1b illustrates the path of front wheels in road vehicle shimmy by Olley,
who is one of the pioneers in the research of shimmy [Milliken et al., 2002]. Both
examples of shimmy show the undulating tracks on the ground due to the lateral and
yaw vibration of the wheels.

Shimmy can be explained as a self-excited vibration, which is caused by the inter-
action of the dynamic behaviour of the tyre and supporting structure. The motion
typically has a frequency in the range of 10 to 30 Hz and can reach considerable
amplitudes. Unfortunately shimmy is often hard to predict in the design phase,
which probably is caused by a lack of knowledge on the phenomenon, relatively
low accuracy of analytical models and absence of suitable analysis tools. In order
to make a reliable prediction of shimmy, proper mathematical models are necessary.
Two models used to analyse shimmy in the literature are presented here as examples.
Thota et al. [2012] used the model shown in Figure 1.2a to study the influence of the
track width between the two wheels and the gyroscopic effects due to wheel inertia
on the shimmy of an aircraft. The nose landing gear has a dual-wheel configuration.
The torsional and lateral dynamics of the landing gear and a non-zero rake angle of
the strut are considered in the model. Moreover other characteristics in the structure
can also be incorporated in the shimmy analysis, such as free-play [Lu et al., 2015] and
dry friction [Gordon, 2002], which are known to have a major impact on shimmy
stability. However in some cases the model for analysing shimmy does not require
to have a high level of complexity. The simplified model used by Somieski [1997],
as shown in Figure 1.2b, only includes the torsional dynamics of the landing gear

(a) The tyre tracks of main landing gear dur-
ing aircraft shimmy, reported by CIA-
IAC [1999].

(b) Illustration of shimmy on a road vehicle
by Olley [Milliken et al., 2002].

Figure 1.1: Examples of shimmy on a aircraft landing gear and a road vehicle.

2



1.1. The wheel shimmy phenomenon

(a) Schematics of an aircraft nose landing
gear for shimmy analysis by Thota et al.
[2012].

(b) A simplified dynamical model used to
analyse shimmy by Somieski [1997].

Figure 1.2: Models for shimmy analysis.

structure and wheel. In spite of its low level of complexity, the simplified structure
model is representative and is often used to study shimmy stability, just like the single
track model for analysing vehicle handing and the quarter car model for ride comfort.

An essential ingredient in a shimmy analysis is the behaviour of the pneumatic
tyre. The motion of a suspension or a landing gear results in forces being produced
at the contact patch between the tyre and road. Conversely these forces affect the
dynamic behaviour of the structure. For certain configurations this interaction might
introduce a self-excited vibration to the system, which is regarded as shimmy. Tyre
characteristics, for example the relaxation length, cornering stiffness and pneumatic
trail, are considered as crucial parameters regarding shimmy stability.

Various tyre models have been developed for applications to the shimmy prob-
lem. Von Schlippe and Dietrich [1941] introduced the concept of a stretched string
with a finite contact length to describe the mechanics of a rolling tyre. Since then
the stretched string tyre model and its variations became popular and are widely
used in shimmy analyses. For a detailed discussion on the stretched string tyre
model, reference is made to [Pacejka, 1966]. Point contact tyre models, such as
Keldysh [Goncharenko, 1997] and Moreland [Moreland, 1954] tyre model, were also
used in shimmy studies. Smiley [1957] investigated different models from the early
days of shimmy analyses. A comprehensive comparison of the stretched string and
point contact tyre models can be found in [Besselink, 2000]. These classical tyre
models are used to describe transient tyre behaviour and are usually limited to linear
models. In more recent research the state-of-the-art tyre models for shimmy analysis
are extended with nonlinear characteristics for the steady-state forces and moments,

3



Chapter 1. Introduction

e.g. [Atabay and Ozkol, 2012; Li and Lin, 2006]. In this case the forces generated by
the tyre are expressed as a nonlinear function of the side slip angle.

1.2 Motivation and objectives

As already indicated by the short review, an important aspect of shimmy analyses
is modelling of the tyre characteristics. Several complex tyre models have become
standard in automotive applications. The Magic Formula is a generally accepted
method of describing the nonlinear steady-state tyre characteristics [Pacejka, 2012].
In order to cover the situation where the wavelength is short and the frequency
is relatively high, the swift model was developed. It includes the dynamic tyre
behaviour using a rigid ring approach [Zegelaar, 1998; Maurice, 2000]. Following
this modelling method, the gyroscopic effect due to the tyre belt and the reduction
of the relaxation length with increasing side slip are naturally incorporated. Another
commonly used tyre model is FTiretm. It is designed for vehicle comfort simulations
on road irregularities even with extremely short wavelengths [Gipser, 2007]. At the
same time, it serves as a physically-based, highly nonlinear, and dynamic tyre model
for handling characteristics under the above mentioned excitation conditions.

However most of the advanced tyre models are rarely employed in shimmy analy-
ses to date. This situation marks the starting point of this thesis. The aim is to analyse
the impact of the tyre behaviour on shimmy stability and gain a better understanding
of this phenomenon, which leads to the following research objectives:

• Insight to the mechanism governing shimmy

Shimmy is a complex phenomenon and is influenced by many factors. Most
research focuses on analysing the impact of design parameters on shimmy sta-
bility, but the mechanisms behind it are still ambiguous. There remains a need
for a theory that explains how the tyre interacts with other components in
the system to introduce instability. One objective of this thesis is to provide a
better understanding of the basic mechanism governing shimmy, focusing on
tyre behaviour.

• Impact of nonlinear tyre behaviour

Advanced tyre models have been developed, but are not commonly used in
shimmy analyses up till now. The impact of tyre model features on shimmy
stability remains unclear. Tyre models with nonlinear relaxation length, turn
slip and tyre belt dynamics, will be included in the shimmy analyses and their
impact will be analysed. The complexity of the tyre models is increased step by
step in this thesis in order to investigate the influence of different tyre model
features on shimmy stability.

4



1.3. Research approach

1.3 Research approach

Although shimmy originates from the dynamic interaction between the tyre and
supporting structure, the main focus in this thesis is on tyre behaviour. Therefore
the model of the structure is kept as simple as possible, but without losing generality.
A trailing wheel suspension, which resembles Somieski’s model shown in Figure 1.2b,
will be employed throughout the thesis to evaluate the differences between tyre mod-
els. Lateral flexibility at the swivel point and structural damping are considered,
while other characteristics such as dry friction and free-play are excluded. The trail-
ing wheel suspension is supposed to move on a flat and solid road surface. Camber
motion of the wheel is outside the scope of this thesis.

For the tyre models, the approach in this study is to increase their complexity
gradually, as illustrated in Figure 1.3. The height of each block roughly represents
the complexity of the corresponding tyre model feature. Each new tyre model is an
extension to the previous one, so the influence of additional model features can be
evaluated. The tyre models used in this thesis are based on the work of Pacejka with
some modifications and simplifications. The discussion and validation of these tyre
models can be found in [Pacejka, 2012] and references therein. A consistent set of tyre
parameters are adapted from the same book, which is representative for a passenger
car tyre.

Transient
Nonlinear Fy&Mz

Nonlinear σ
Turn slip

Belt dynamcis

Classical

State of

Ty
re

m
od

el
fe
at
ur
es

Within this thesis

an
d
co
m
pl
ex
it
y

the art

Figure 1.3: Tyre models for shimmy analysis. Classical, state-of-the-art and newly in-
troduced in this thesis with increasing complexity step by step. The height
of each block roughly represents the complexity of the corresponding tyre
modelling feature.
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Chapter 1. Introduction

The tyre models that are used in current shimmy research include features as:

• Transient behaviour

Probably the most popular classical tyre model for analysing shimmy is the
stretched string tyre model, which describes the tyre transient behaviour via a
kinematic approach. The stretched string tyre model and its variants will be
used in a linear analysis to provide a fundamental understanding.

• Nonlinear lateral force Fy and self-aligning momentMz

Tyre models with nonlinear steady-state characteristics, combined with tran-
sient behaviour, are state-of-the-art in current shimmy research. The Magic
Formula will be used in this thesis to describe the nonlinear tyre characteristics.

Both models will be used as baseline in the shimmy analysis. The additional tyre
model features that will be introduced are:

• Nonlinear relaxation length σ

It is known that the relaxation length σ is an important parameter in a shimmy
analysis and it is dependent on the side slip angle and tyre vertical force. How-
ever so far the nonlinear relaxation length behaviour is always ignored in shimmy
analyses without justification and will be investigated here. This feature is
incorporated in the tyre model by introducing the contact patch mass and the
carcass springs representing the tyre lateral compliance.

• Turn slip

Part of the lateral force and self-aligning moment originates from turn slip,
which is the tyre response due to the yaw motion. The extension of the tyre
model with turn slip is based on the Magic Formula [Pacejka, 2012] and will
be applied in the shimmy analysis.

• Tyre belt dynamics

Once shimmy occurs, the wheel will start to oscillate and the solid disk rep-
resentation of a tyre may not be accurate enough any more. The mass redis-
tribution of the tyre and the belt dynamics will be considered by a rigid ring
approach.

Shimmy is associated with the stability of a dynamic system and various tools and
techniques exist for stability analyses. For a detailed description of system stability
and dynamics, the following classical textbooks on this subject are recommended:
Nayfeh and Balachandran [2004]; Khalil [2000]; Strogatz [2008]; Meiss [2007]; Iooss
and Joseph [1980]. In the case of shimmy analysis in this thesis, the following meth-
ods are applied to evaluate the differences between the tyre models. The eigenvalue
method and the Hurwitz criterion will be used to perform the linear analyses. Using
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1.4. Contributions

the Hurwitz criterion it is possible to develop analytical expressions for shimmy
stability in the parameter space. In order to evaluate different tyre models, the energy
flow method proposed by Besselink [2000] will be employed and developed further,
which also provides more insight into the shimmy phenomenon. Regarding the influ-
ence of nonlinear tyre characteristics, bifurcation analyses are conducted to study the
shimmy stability and the behaviour of limit cycles. Numerically the implementation
of the bifurcation analysis requires continuation algorithms; detailed descriptions
of the numerical continuation methods can be found in Kuznetsov [1998]; Seydel
[2009]. In this thesis the bifurcation analyses are conducted by a matlabtm toolbox
called MatCont [Govaerts and Kuznetsov, 2015]. The approach of time domain sim-
ulation is only used for illustrative purposes, since it is less effective in a shimmy
analysis.

1.4 Contributions

The main contributions presented in this thesis are:

• The energy flow method is analysed in detail to understand the link between
tyre motion and shimmy stability. An energy criterion is proposed to compare
tyre models for shimmy analysis.

• A mechanical explanation of shimmy occurrence is proposed based on the Von
Schlippe tyre model. A two-point follower is used to represent the tyre and
road contact line, and its relative motion with respect to the wheel centre is
related to the energy transfer.

• A nonlinear tyre model with contact patch dynamics is included to analyse
shimmy. The influences of nonlinear relaxation length and turn slip are inves-
tigated based on the bifurcation analyses.

• The impact of the tyre belt dynamics and mass redistribution on shimmy sta-
bility is studied via the rigid ring approach.

In short this study evaluates different tyre characteristics and provide guidelines
for tyre modelling for shimmy applications.

1.5 Outline of the thesis

This thesis discusses the application of linear and nonlinear tyre models for analysing
shimmy stability. The general approach is to start with the most simple tyre models
and gradually increase the complexity.
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Chapter 1. Introduction

In Chapter 2 the fundamentals of the shimmy phenomenon and tyre behaviour
will be introduced with literature references. Developments and trends of shimmy
research will be reviewed chronologically. Tyre models for vehicle dynamics analysis
will be discussed, including the modelling approaches and the sign convention used.
Finally the stretched string tyre model and its variations will be addressed in detail.
They will be combined with the trailing wheel suspension to perform linear stability
analyses. The results will provide basic knowledge and understanding for the further
study.

The link between tyre motion and shimmy stability will be studied in Chapter 3
from an energy point of view. Shimmy energy will be introduced and employed as an
indicator for energy transfer. Energy criteria will be proposed assuming that the tyre
moves with a prescribed sinusoidal motion. Due to its clear physical meaning, the
Von Schlippe tyre model will be used to illustrate the relation between tyre motion
and shimmy stability.

Nonlinear tyre characteristics and their modelling aspects will be described in
Chapter 4. Tyre models with the nonlinear lateral force and self-aligning moment
characteristics, vertical force and slip dependent relaxation length, turn slip and rigid
ring dynamics will be presented. Themodelling approach will be chosen such that the
complexity increases step by step, and a naming convention for the tyre models used
in this thesis will be defined. Next some baseline characteristics will be calculated be-
fore the analysing, both for the tyre models and trailing wheel suspension. A generic
method of introducing structural damping will be explained and the mathematical
models will be derived for the nonlinear shimmy analyses.

Tyre models with contact patch dynamics and turn slip will be incorporated
into the trailing wheel suspension to analyse shimmy in Chapter 5. Based on the
bifurcation analyses, the influence of nonlinear relaxation length and turn slip will
be investigated by comparing the performance of tyre models regarding stability.

In Chapter 6 the tyre models with and without rigid ring dynamics will be com-
pared by studying the frequency response and applying the energy flowmethod. The
impact of tyre belt dynamics and mass redistribution on shimmy stability is studied
via the vibration mode and the bifurcation analyses.

Finally conclusions and recommendations for future research are given in Chap-
ter 7.
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Chapter2
Fundamentals of shimmy

and tyre behaviour

The fundamentals and preliminaries with respect to the shimmy phenomenon are
presented in this chapter. The history of shimmy research is briefly reviewed in
Section 2.1, focusing on the research trends in this field over time. Modelling tyre
behaviour for vehicle dynamics analysis is summarized next. Different approaches
describing tyre characteristics as a component of the vehicle are classified, mainly
from three aspects: carcass, tread and tyre-road interaction.

Section 2.3 presents the tyre description based on the stretched string concept,
one of the first tyre models to analyse shimmy. Two variants, i.e. the Von Schlippe
and straight tangent approximations, are discussed. Furthermore, a shimmy stability
analysis is performed using a trailing wheel system. The analysis in this chapter is
limited to linear applications with the traditional methods of the Hurwitz criterion
and an eigenvalue analysis.

2.1 The history of shimmy research

The study of the shimmy phenomenon has a long history dating back to the 1920’s,
and initially dealt with automotive steerable front wheels. Later in the mid-thirties,
severe problems of aircraft nose landing gear shimmy attracted more and more atten-
tion, and the literature with aircraft applications started to dominate the research of
shimmy until present. Despite this, the development of shimmy theory in automo-
bile and in aircraft can boost each other to understand better the mechanism of the
shimmy phenomenon itself.

Due to the fact that a considerable amount of ancient literature has been published
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Chapter 2. Fundamentals of shimmy and tyre behaviour

in French, German and other languages, as well as the difficulties in availability of
those even if in English, the opportunity of glancing over the history of shimmy
research becomes slim. Fortunately thanks to the work of Dengler et al. [1951], a
comprehensive bibliographic survey of automobile and aircraft wheel shimmy up to
1950’s is available, even with a review of a large number of non-English publications.
The fundamental contributions of Broulhiet [1925], Becker et al. [1931], von Schlippe
and Dietrich [1941], Fromm [1941] and others are summarized and presented in this
survey. Their work are still instructive and valuable to current shimmy research,

Although multiple factors might be taken into account to initiate a self-excited
oscillation, such as the gyroscopic effect and mass unbalance, the influence of tyre
lateral compliance was introduced at the very beginning of analysing shimmy [Broul-
hiet, 1925]. A remarkably simple kinematic explanation is given to relate the tyre
deflection to the harmonic lateral force of a rolling tyre. The formulation of tyre
lateral elasticity and side slip leads to the possibility of an energy input to the system,
which can account for the appearance of self-exited shimmy.

When a rigid front axle was still common on automobiles, the tramp motion,
which is the rotation of the wheel-axle assembly around the longitudinal axis, is
coupled with the shimmy motion because of the gyroscopic effect. Shimmy then
can be explained as a resonance phenomenon due to this coupling, even considering
the tyre as a rigid body [Sensaud de Lavaud, 1927]. Gyroscopic coupling may result
in two shimmy modes at low and high speeds, as described by Den Hartog [1940,
Chapter 7] and Olley [1946]. In the technical notes of Olley, which are published
much later in [Milliken et al., 2002], shimmy is exclusively explained by the coupling
oscillation on a rigid front axle. It is supposed to be observed at high speeds and very
powerful. The independent suspension, according to Olley, can be rated as commer-
cially complete cure to this tramping motion. The lateral flexibility and relaxation
behaviour of the tyre are also considered to be essential factors that account for the
feed-in of energy. The vibration of the wheel about the kingpin is recognized as caster
wobble. The phase difference between the car lateral displacement and the wheel
wobble angle is described empirically to explain the existence of feeding energy for
suitable conditions. Olley concludes that the source of energy is the forward motion
of the car and the means of coupling is the aligning torque of the tyre.

A generalized concept of shimmy also includes the resonant vibration excited
by the road unevenness and mass unbalance of the tyre. It is clearly distinguished
from the self-excited vibration, probably for the first time, by Herrmann [1931, ref.
[Dengler et al., 1951]]. The resonance usually happens at a particular speed, while
the self-excited vibration may cover a broad range of speeds. The use of dampers to
prevent shimmy was suggested at an early state [White, 1925].

By employing an independent front suspension and increasing the usage of elastic
elements, such as bushings and shimmy dampers, the occurrence of shimmy was
reduced dramatically since the early thirties of the last century. Almost at the same
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2.1. The history of shimmy research

time, the severe problem of aircraft nose-wheel shimmy becomes important along
with the trend towards tricycle landing gears. Therefore the interest in shimmy was
transferred to this new field, especially during World War II. Unlike the past studies
focusing on observation, investigation and elimination of an existing hazard, the
philosophy of shimmy research moved gradually to dealing with shimmy in the early
stage of design. German researchers and engineers made considerable achievements at
that time and believed that an optimal design requires an early study of the shimmy
stability of the system. Impressive work becomes accessible from a technical memo-
randum of the National Advisory Committee for Aeronautics (NACA) of the United
States [NACA, 1954], which is a collection of translated German papers on shimmy
and rolling behaviour of landing gears presented at Stuttgart conference in 1941. The
classical stretched string tyre model proposed by Von Schlippe and Dietrich [1941]
was one of the accomplishments and it considered a finite contact length for the
first time. This concept and theory is employed and developed further by numerous
investigators, such as Smiley [1957], Segel [1966], Pacejka [1966] and Rogers [1972].
Even up till now, a great number of applications and research in aircraft ground
dynamics still follow the ideas of the string theory to model tyre dynamic behaviour.

Since the middle of the last century, the research of shimmy starts to include
the impact of nonlinear characteristics. Pacejka [1966] used nonlinear models for
both the tyre and suspension when analysing front wheel shimmy on a light truck.
Black [1976] conducted an experimental and analytical program for predicting air-
craft landing gear shimmy stability, in which the model includes friction and free-play
in the yaw motion. Shock absorbers characteristics are important in shimmy analysis
because they relate to the vertical force on the tyres and hence influence the tyre
performance. The compression of the strut affects the lateral and yaw stiffness of the
structure as well. Jenkins [1989] treated the shock absorber as highly nonlinear force-
stroke laws to analyse shimmy. The shimmy analysis methods of a nonlinear system
are more tricky compared to the linear analysis, and they are still interesting topics
nowadays. Numerical simulation can be used to determined the time history, phase
diagram and amplitude of limit cycles [Somieski, 1997]. Quasi-linear analysis, which
considers the amplitude dependency, can be used to determine the amplitudes by
eigenvectors and describing functions [Somieski, 2001]. Analytical methods, such as
the harmonic balance [Pacejka, 1966] and the perturbation method [Gordon, 2002],
are employed to deal with weak nonlinearities in the system.

Without listing lots of literature covering nonlinear studies on shimmy, it can
be concluded that the shimmy research tends towards a detailed and systematic ap-
proach. This might be due to the increasing capacity of computers and the appearance
of various new mathematical tools. Besides the classical stability analysis, simulation
methods even for large scale computations are readily available. Techniques from
multi-body dynamics, finite elements methods and control theory are applied to
shimmy analyses. References of the state-of-the-art research in this field at respective

11



Chapter 2. Fundamentals of shimmy and tyre behaviour

time are made to the work of Hitch [1981], Krüger et al. [1997], Pritchard [2001]
and Krüger and Morandini [2011].

In more recent research the rich dynamics of shimmy at large amplitudes start to
draw much attention. The study of a rigid wheel with Coulomb friction and a sim-
plified mechanical system shows the possibility of chaotic motions by Stépán [1991].
The delay effect of an elastic tyre is also investigated by the same author with exper-
imental validations to illustrate the quasi-periodic vibration during shimmy [Stépán,
1999; Takács and Stépán, 2009; Takács et al., 2009]. Besselink [2000] studies the
shimmy problem of an aircraft main landing gear. Various linear tyre models for
shimmy analysis are compared using transfer function, step response and energy con-
siderations. In addition the impact of the tyre models on shimmy stability is studied,
and a detailed simulation model is developed and validated. Analytical expressions
for shimmy stability are derived for relatively simple mechanical systems using the
Hurwitz criterion. TheNyquist criterion is applied to investigate shimmy stability in
the frequency domain by considering the landing gear structure and tyre as a feedback
system. A three degrees of freedom (DOFs) model of an independent suspension for
a truck is examined with bifurcation analysis and road tests in [Li and Lin, 2006].
The results confirm that shimmy is a self-excited vibration of the stable limit cycle
occurring after a Hopf bifurcation. A research group at the University of Bristol
conducts an extensive study of landing gear shimmy based on bifurcation theory.
The impact of landing gear configurations and tyre parameters are considered in a
batch of papers [Thota et al., 2009, 2010a,b; Knowles et al., 2011; Thota et al., 2012;
Howcroft et al., 2013]. Bifurcation theory and numerical continuation methods seem
to become the cornerstone of the modern shimmy research. Limit cycles emerge
from a Hopf bifurcation which is recognized as the onset of shimmy. The stability
diagrams and bifurcation diagrams are constructed by varying one or two parameters
to analyse their influence. Not only the unstable stationary motion, but also the
quasi-periodic and even chaotic motion at a large amplitude can be studied via this
approach.

Besides the applications in automobiles and aircraft, the oscillation of the front
wheel of a motorcycle or a bicycle, which is known as wobble and similar to shimmy,
has also attracted much attention, for example Sharp and Limebeer [2004]; Sharp
[2008]; Plöchl et al. [2012].

2.2 Tyre models for vehicle dynamics analysis

Obviously the pneumatic tyre is a crucial component of a vehicle. Not only do the
tyres support the vehicle weight and filter road unevenness, but they also generate
the forces required to accelerate or decelerate the vehicle, and to change the vehicle’s
direction of motion. From either a mechanical or a modelling point of view, the
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tyre is a complex system. It is made of complicated compounds of many different
materials, vulcanized together after an elaborate building procedure [Gipser, 2014].
Monographs of Clark [1971], Clark [1981], Gent and Walter [2006] present detailed
knowledge of the mechanical properties of pneumatic tyres. A tyre model is a math-
ematical description of tyre characteristics which may cover several physical areas,
such as structural mechanics, thermodynamics, fluid dynamics, chemistry, tribology
and heat transfer.

In the domain of vehicle dynamics analysis, including aircraft ground dynam-
ics, tyre models concentrate on the forces and moments generated at the interface
between tyre and road. The tyre acts as a force element connecting the spindle of
vehicle axle and the ground, and is a substantial component in the field of vehicle
dynamics. Generally speaking, the input quantities of a tyre model are the kinematics
of the wheel spindle centre, i.e. its position and orientation as well as the velocity and
acceleration, both in translation and rotation. The forces and moments acting at the
same point on the axle are considered as the output of the tyre model. Inside the tyre
model, roughly three essential parts need to be characterised: carcass structure, tread
and road-tyre interaction. Depending on the application, not all the three ingredients
have to be dealt with.

2.2.1 Approaches of tyre modelling

Since the very beginning of vehicle dynamics simulation and analysis, the tyre be-
haviour has been modelled in many different ways. The modelling approach can be
either empirical or physically oriented, or the combination of both. The empirical
models are based on experiments and the model structure normally consists of a
set of simple or complex functions, possibly without physically meaningful param-
eters. On the other hand, the physical ones rely on the computational mechanics
to describe detailed behaviour of each component of a tyre. Representative tyre
models can be found, for example, in the proceedings of four International Tyre Col-
loquiums on Tyre Models for Vehicle Dynamics Analysis held in Delft, Berlin, Vienna
and Guildford respectively [Pacejka, 1993; Böhm and Willumeit, 1997; Lugner and
Plöchl, 2005; Gruber and Sharp, 2015]. Additional sources on tyre properties and
modelling, especially concerning the physical aspect, are the journal of Tyre Science
and Technology and its meetings and conferences.

Modelling of the carcass

The inertia and deformation of the tyre belt are imperative for a high frequency
response. Modelling of the carcass is mostly based on a physical approach, such
as finite element (FE) methods using a general purpose software package [Shiraishi
et al., 2000]. This kind of modelling is favoured by tyre manufactures and is often
used for fundamental research. Usually it is applied to the simulation of an individual
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Chapter 2. Fundamentals of shimmy and tyre behaviour

tyre rather than vehicle dynamics analysis due to its inefficiency in computation and
difficulty in parameterization.

In contrast to generic FE packages, some dedicated software and solvers are de-
veloped to handle the deformation of the tyre carcass with a reduced complexity.
Commercially available tyre models following this approach include FTiretm [Gipser,
2007], CDTiretm [Gallrein and Bäcker, 2007] and RMOD-Ktm [Oertel, 2008]. The
structural part of each tyre model is treated as a flexible ring using a detailed descrip-
tion. The elements are connected to each other with nonlinear, pressure-dependent
spring, damper and friction elements. Although the representation of the elements,
approach of simplification and solving procedure differ from one model to the other,
they all provide interfaces to multi-body codes for vehicle dynamics simulation, as
well as parameterization tools. The computational burden is dramatically reduced,
however the accuracy is still reserved at a relatively high level compared to the FE
approach.

A more simplified approach neglects the elastic deformation of the tyre belt and
places a rigid body with six degrees of freedom between the structure’s elasticity and
the tread. Only the rigid-body modes of the tyre belt can be observed as vibrations
of such a model. The respective eigen-frequency can reach the order of magnitude
of 100 Hz. A well known tyre model with a rigid ring is the swift (Short Wave-
length Intermediated Frequency Tyre) model, which is developed by Zegelaar [1998]
and Maurice [2000] at the Delft University of Technology.

Other approaches do not even take the inertia of the carcass into account at all,
but focus on the stiffness and the deformation of the tyre structure. The spoke
model [Zhou et al., 1999] connects the rim and ground with a series of spring-damper
elements. The string-based tyre model [von Schlippe and Dietrich, 1941] consists of
a pre-tensioned string that is elastically supported by the rim in the lateral direction.
The string contacts the ground over a finite length and preserves its circular shape in
the free portion. The beam-based tyre model [Fiala, 1954] much resembles the string
model, but includes the bending stiffness of the carcass. Instead of the distributed
carcass stiffness in the stretched string or beam tyre model, a more abstract approach
is to use lumped coefficients of compliance in the translational, bending and twisting
motion to calculate the deformation of the carcass [Guo et al., 2005].

Modelling of the tread

In vehicle dynamics analyses, modelling of the tyre tread and its interaction with the
road are usually considered together. The tread modelling presented here only deals
with the interaction on a smooth, flat and undeformable road surface.

Most of the empirical tyre models, such as the Magic Formula [Pacejka, 2012],
are based on extensive observations of measurements. A set of nonlinear functions
are employed to describe the steady-state force and moment characteristics, while the
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2.2. Tyre models for vehicle dynamics analysis

transient behaviour is modelled by a set of first-order ordinary differential equations
(ODEs). The model parameters may be determined through regression techniques.
Generally speaking, empirical tyre models are efficient with a high level of accuracy
in vehicle dynamics analyses, especially on a flat and solid road and low frequency
response.

The physical modelling of the tread usually employs bristles or similar friction
elements. Due to the finite dimension of the contact patch, modelling of the tread of
a rolling tyre requires solving partial differential equations (PDEs). The flexible ring
models mentioned above adopt this approach to model the tread. The differences
exist in how to calculate the contact pressure distribution and the tangential friction
forces between different tyre models.

A brush model, which consists of a single row or several rows of elastic bristles,
has a lower level of complexity with respect to the finite element and flexible ring tyre
models. If certain simplifications are assumed, such as a constant friction coefficient
and a parabolic shape of vertical pressure distribution, a closed form solution can be
obtained for steady-state combined slip [Pacejka, 2012, Chapter 3]. For more generic
conditions with an arbitrary pressure distribution, velocity dependent friction, and
isotropic stiffness properties, the discretization of the contact zone is demanded.
The tread is divided into a certain number of bristle elements as in the case of the
TreadSim model [Pacejka, 2012, Chapter 3]. If the contact zone is updated with
rolling of the tyre, the discrete brush model is capable of studying the non-stationary
behaviour of a tyre [Berzeri, 1995]. Attention needs to be paid to the shift of the
position of bristle elements at each time step of a simulation. In the case of multiple
rows, each row is usually treated separately and the total force and moment are the
summation of each row’s contribution. To investigate the turn slip characteristics, it
is essential to consider at least two rows of bristles.

Many tyre models deal with the contact forces using both empirical and physical
consideration, such as TMeasy [Hirschberg et al., 2007] and UniTire [Guo and Lu,
2007]. They are usually called semi-empirical or semi-physical tyre models, and are
very similar to the Magic Formula in terms of model structure and performance. The
major step forward is that highly simplified physical models are developed to reduce
the number of parameters and link some parameters to physical properties of tyres.
In order to model the non-steady-state behaviour, the compliance of the carcass needs
to be included and first order or higher order ODEs are used to described the delay
effect. In theory the advantages include: fewer measurements are needed to identify
the parameters and a better extrapolation capability is available.

In the swiftmodel, the modelling of the tread is different [Pacejka, 2012, Chapter
10]. A contact patch mass is connected to the rigid ring with residual springs. The
external forces acting from the road to the contact patch are calculated using the
Magic Formula, with slight modifications.
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Chapter 2. Fundamentals of shimmy and tyre behaviour

Modelling of the tyre-road interaction

Modelling of the tyre-road interaction results in the contact forces of the tyre in-
teracting with the road surface. In the case of physical modelling of the tyre tread,
either for a detailed FE method or for the simplified brush model, a critical problem
needs to be solved: how to describe the friction at the contact interaction? Making
statements on friction requires the knowledge of micro relative motion at the contact
surface and is a complicated subject in the field of tribology.

However for the tyre models used for vehicle dynamics analysis, the friction
models are usually empirical functions giving the friction coefficient (µ ) with respect
to the sliding velocity. They can be as simple as Coulomb friction with a constant µ
or variations that exhibit a difference between a static (µs ) and a kinetic (µk ) friction
coefficient. A dynamic friction model also handles the stick-slip transitions around
zero sliding velocity. One of the examples used in tyre modelling is the LuGre
friction model [Canudas de Wit and Tsiotras, 1999; Deur et al., 2004]. Since rubber
friction differs from friction of most other solids, dedicated models are proposed to
deal with a rolling tyre, including the dependency of the friction coefficient µ with
respect to the inflation pressure and temperature [Savkoor, 1966; Dorsch et al., 2002;
van der Steen, 2010].

Another interesting topics in the tyre-road interaction are the impact of road
irregularities and the modelling of tyre enveloping properties. The elasticity of the
carcass is indispensable to include the road excitation and the FE approach is pre-
dominant in this area [Chang et al., 2004]. In the swift model, the reaction to road
unevenness is treated differently. A special nonlinear road filter is used to create an
effective road surface. This method makes a single contact point tyre model usable in
a simulation with a short wavelength road profile [Schmeitz, 2004].

The investigations of the performance of tyres on the deformable road surface
[Shoop, 2001] and hydroplaning [Seta et al., 2000] usually employ a finite element
approach.

2.2.2 Slip and sign conventions in tyre modelling

Generally speaking, tyre models require the motion at wheel centre and the infor-
mation about road surface as input and produce forces and moments at the same
point as output. However when neglecting the dynamics of the carcass, the forces
and moments generated at the contact region of the tyre and road can be easily
transformed to the wheel centre. Relatively simply tyre models therefore employ
slip variables based on the relative motion between tyre and road, and assume that
the forces and moments are acting at a contact point.

A rigid disk tyre representation on a flat surface without an inclination angle
is shown in Figure 2.1: the forces and moments are assumed to act at the contact
centre C. A local axis system is defined to express the components of the forces and
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Figure 2.1: The disk representation of a tyre on a flat road surface, without inclination
angle

moments. The x−axis is parallel to the line of intersection of the road and wheel
plane; the y−axis is perpendicular to this line and parallel to the road plane; the
z−axis is normal to the road and points upwards. The distance Rl from the wheel
centre to the point C is known as the loaded radius. The slip velocities are defined by
introducing an imaginary point S which is below the wheel centre at a distance equal
to the effective rolling radius Re .

The effective rolling radius can be determined experimentally by letting the tyre
freely roll on a flat surface:

Re =
Vx

Ω
(2.1)

whereVx is the forward velocity of the wheel centre and Ω is the wheel angular veloc-
ity. A driving or braking torque will introduce a slip velocity at point S with respect
to the road, as indicated by the sliding velocity Vsx in Figure 2.1. The longitudinal
slip κ is defined by:

κ = −
Vsx

Vx
(2.2)
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and the longitudinal sliding velocity Vsx is:

Vsx = Vx − ΩRe (2.3)

In the lateral direction, the side slip angle α is defined by:

tan(α) = −
Vsy

Vx
(2.4)

Instead of the lateral sliding velocity Vsy it is also possible to use Vcy since the small
difference between the lateral component of the velocity at points S and C is usually
negligible.

If it is not tilted, the tyre can be reduced to a planar model, see Figure 2.2. The
left graph displays a tyre moving on a plane with pure side slip. The side slip angle
in this case is the angle between the wheel plane and direction of travel. For small
values of the yaw angleψ and lateral velocity of wheel centre in the ground frame ẏw ,
the side slip angle α of a tyre moving forward in the longitudinal direction equals:

α = ψ −
ẏw

V
(2.5)

Turn slip happens when the wheel travels with a circular path and it is part of the
tyre spin motion [Pacejka, 2005]. A tyre experiencing solely yaw motion is depicted
in the right graph of Figure 2.2 and the turn slip φ is defined by:

φ = −
ψ̇

V
= −

1
Rφ

(2.6)

where ψ̇ is the yaw velocity and Rφ is the radius of the path.

The steady-state lateral force Fy and self-aligning moment Mz are linear with

Fy

Mz

V

ψ α

yw

ψ
Fy

Mz

Rφ

V

φ < 0

Figure 2.2: Side slip (left) and turn slip (right) of a tyre moving on a plane (top view).
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respect to small values of side slip and turn slip:

Fy = CFαα +CFφφ

Mz = CMαα +CMφφ
(2.7)

In these equations CFα is the cornering stiffness, CMα is the aligning stiffness, CFφ
and CMφ represent the turn slip stiffness for the force and moment respectively.

With the adapted sign convention and slip definitions the C−coefficients, except
CMα will be positive for small values of slip. They are determined from the local
derivative of the nonlinear force and moment characteristics with respect to the
corresponding slip variables at zero. In the case of side slip, the pneumatic trail
tp can be defined by:

tp = −
Mz

Fy
= −

CMα

CFα
(2.8)

The pneumatic trail tp describes the backward offset of tyre lateral force Fy in the
longitudinal direction with respect to the wheel centre.

The slip definitions and sign convention are not always consistent, for example
a comparison of iso, sae and adapted sign conventions can be found in [Besselink,
2000]. Not all the slip variables, force and moment components are introduced since
they are out of the scope of this thesis.

In this study, the tyres are considered moving at a constant forward velocity on a
flat solid road without exhibiting an inclination angle. The lateral and yaw motion
at wheel centre, or alternatively the side slip and turn slip, act as the inputs to the
tyre models and the lateral force Fy and self-aligning moment Mz are produced as
output. Before analysing the impact of tyre belt dynamics, the planar tyre models are
sufficient to study the fundamentals of shimmy.

2.3 The stretched string tyre model

As mentioned already, the string-based tyre models are quite popular to analyse
shimmy. It was initially proposed by Von Schlippe in 1941 with the concept of a
stretched string to describe the transient and oscillatory dynamic tyre behaviour. For
a detailed discussion on the stretched string tyre model reference is made to [Pacejka,
1966]. A comprehensive comparison of the stretched string and point contact tyre
models with their variations can be found in [Besselink, 2000]. In this section a brief
introduction is presented to the mathematical description of the stretched string tyre
model and two approximate variants.

In the stretched string approach the tyre is considered as a massless string that
is uniformly supported elastically in the lateral direction and under a constant pre-
tension force. The string contacts the road surface over a finite length and exhibits
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Chapter 2. Fundamentals of shimmy and tyre behaviour

σ a a σ

Ft Ft

cc

string

ground contact

Figure 2.3: Lateral deflection of the stretched string when the tyre stands still (top view)

no sliding against the road. Although the assumption that the remaining free portion
of the string maintains its circular shape is more realistic, the model can be effectively
reduced to a planar model of a string with infinite length [Segel, 1966]. For a non-
rolling tyre, the deflection of the string when applying a lateral displacement is shown
in Figure 2.3. The region where the string is in contact with the road has a length
of 2a; for the free portion of the string the deformation can be approximated by an
exponential function. The constant σ relates to the lateral deflection and slope of the
string outside the contact region; according to [Besselink, 2000], it can be expressed
as:

σ =

√

Ft

cc
(2.9)

where Ft is the tension force in the string and cc is the lateral carcass stiffness per unit
of length.

Two important assumptions need to be clarified: (1) no sliding occurs in the
contact region of the string with respect to the road; (2) the deformations and angles
remain small.

When the tyre starts to roll forward together with lateral (yw ) and yaw (ψ ) mo-
tion, elements of the string will enter, travel through and leave the contact region
successively, see Figure 2.4. On entering of the contact region, the lateral deflection
of the string in the leading point with respect to the wheel plane equals v1, and the
location of the leading point in the inertial frame y1 is given by:

y1 = yw + aψ +v1 (2.10)

With the conditions of no sliding and small angles, the contact length at road sur-
face is assumed to remain 2a and the slope of the string deflection will be continuous
at the leading edge. The deflecting rate of the leading point with respect to the wheel
centre can be expressed as [Pacejka, 1966]:

v̇1 = V (ψ −
v1

σ
) − ẏw − aψ̇ (2.11)
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2.3. The stretched string tyre model

After differentiation of (2.10) with respect to time and substitution in (2.11), the
most important equation governing the stretched string tyre model can be obtained:

σ

V
ẏ1 + y1 = yw + (σ + a)ψ (2.12)

It describes the lateral position of the leading contact point y1 in the inertial frame
as time changes. Equation (2.12) specifies a path on the ground, which is determined
by the lateral and yaw motion of the wheel centre. Since no sliding occurs for all
the points in the contact region, they will all follow the same path, as illustrated
in Figure 2.4. Therefore the contact points on the string of a rolling tyre feature a
retarded behaviour and their lateral positions can be described by:

y(ι,t) = y1(t −
a − ι
V

), for ι ∈ [−a,a] (2.13)

On leaving of the contact zone, the lateral deflection of the string is exponentially
decaying towards zero. Because the string has no bending stiffness, a kink will occur
at the aft contact point. For the calculation of the force and moment originating from
the string deflection, an integration needs to be performed over both the contact and
free portion of the string. The exact transfer functions for the forces and moments in
response to the prescribed motions of the wheel centre were derived by Segel [1966]:

path

wheel
plane

yw y1

ψ

V

a
a

σ

string
v1

Figure 2.4: The stretched string model for a rolling tyre (top view).
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(2.14)

where s represents the complex Laplace variable and cc is the lateral carcass stiffness
per unit length. Considering steady-state side slip conditions, the ground contact line
will be straight, and the corning and self-aligning stiffness become:

CFα = 2cc (σ + a)2

CMα = −2cc

(

σ (σ + a) +
1
3
a2

) (2.15)

For lateral and yaw motion as input, the following relations are applicable:

H[Fy ;Mz ],yw (s) = −
s

V
H[Fy ;Mz ],α (s)

H[Fy ;Mz ],ψ (s) = H[Fy ;Mz ],α (s) −
s

V
H[Fy ;Mz ],φ (s)

(2.16)

The frequency response functions for the force and moment constitute the re-
sponse to sinusoidal motion of the wheel and can be easily obtained by replacing the
Laplace variable s with jω, where ω is the frequency of the wheel motion. Because
s and V always appear in pairs in the transfer functions, see Equations (2.14) and
(2.16), the path wavelength λ is introduced (λ = 2πV

ω ) such that the force and moment
responses become path dependent.

Higuchi [1997] determined piecewise analytical expressions for various step re-
sponses by applying the inverse Laplace transformation to the transfer functions.
The results are different when the travelling distance is smaller and larger than the
contact length.

To improve the accuracy of the stretched string model, multiple strings can be
connected together to study the effect of the width of the contact patch; brush-type
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2.3. The stretched string tyre model

tread elements may be attached to the string to include sliding in the contact region;
the tyre inertia effects and response to time-varying load can be also considered; a
detailed discussion of these enhanced models is given in [Pacejka, 2012].

The delay behaviour of the stretched string tyre model, see (2.13), poses undesired
mathematical difficulties in vehicle dynamics analyses, and especially in shimmy sta-
bility studies. Even integrated with the elementary stretched string tyre model, a
simple suspension system will become a PDE coupled with the integro-differential
equation (IDE) in mathematical form [Takács et al., 2009]. Therefore approxima-
tions of the deflection of the string were developed, aiming to simplify the stretched
string model and make it more easy, e.g. in an eigenvalue analysis. Two popular
approaches will now be discussed.

2.3.1 Von Schlippe/Kluiters

The Von Schlippe approximation considers the contact region of the string to be a
straight line connecting the leading and aft contact point, see Figure 2.5.

Due to the inherent delay behaviour from the stretched string tyre model, the
lateral position of the rear contact point will be identical to the leading point after
the tyre has moved a distance 2a forward. The equation describing the lateral position
of the aft contact point y2 becomes:

y2(t) = y1

(

t −
2a
V

)

(2.17)

V

wheel p
lane

path

str
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a
a
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cβ

X

Y

v1

ψ αv2

y1ywy2

Figure 2.5: The Von Schlippe approximation of the string deflection

23



Chapter 2. Fundamentals of shimmy and tyre behaviour

The lateral force and self-aligning moment can be determined from the deflection of
the contact line with respect the wheel plane:

Fy = cv

(

v1 +v2

2

)

= cv

(

y1 + y2

2
− yw

)

Mz = cβ

(

v1 − v2
2a

)

= cβ

(

y1 − y2
2a

−ψ
) (2.18)

In these equations cv and cβ represent the lateral and yaw stiffness of the contact line
with respect to the rim. The relation with the distributed stiffness carcass stiffness cc
of the stretched string is given by Besselink [2000]:

cv = 2cc (σ + a)

cβ = 2cc

(

σ (σ + a) +
1
3
a2

) (2.19)

The Von Schlippe model gives a concise physical interpretation of a tyre: a two-
point follower moves along a path which is defined by the wheel motion. Forces and
moments are a result from the relative motion of the contact line with respect to the
wheel plane. The transfer functions for the Von Schlippe tyre model read:
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(2.20)

The existence of the delay behaviour, i.e. the term of e−
2as
V in the transfer func-

tions (2.20), still makes the Von Schlippe tyre model inconvenient in an eigenvalue
analysis. Kluiters replaced the pure time delay of the aft contact point with a Padé
filter [Besselink, 2000], which has a better convergence properties compared to a
Taylor expansion. Kluiters also pointed out that for the Von Schlippe tyre model
a second order filter would be sufficient. Then the accompanying transfer function
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2.3. The stretched string tyre model

replacing ( 2.17) becomes:

Hy2,y1(s) = e
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V
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3 (
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V
)2

1 + as
V
+

1
3 (

as
V
)2

(2.21)

Substitution of (2.21) into (2.20) gives the transfer functions of Kluiters approxima-
tion, and the equations of the model can be transformed into [Maas, 2009]:

σa2

3V 3
q(3) +

σa + 1
3a

2

V 2
q̈ +

σ + a

V
q̇ + q = yw + (σ + a)ψ

Fy =
CFα

σ + a

(

q +
1
3

(

a

V

)2
q̈ − yw

)

Mz = −CMα (
1
V
q̇ −ψ )

(2.22)

where q is an internal state of the tyre model without physical interpretation.

2.3.2 Pacejka straight tangent

In the straight tangent approximation, the deflection of the contact line is solely
governed by the leading contact point, see Figure 2.6.

The orientation of the contact region is the same as the slope at the leading point.
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y1yw
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ψ

v1α ′

α

Figure 2.6: The straight tangent approximation of the string deflection
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Chapter 2. Fundamentals of shimmy and tyre behaviour

A deformation angle α ′ describing this slope is given by:

α ′ =
v1

σ
(2.23)

Combining (2.23) with the expression for the lateral deflection of the leading point
(2.11) yields:

σα̇ ′ +Vα ′ = Vψ − ẏw − aψ̇

Fy = CFαα
′

Mz = CMαα
′


(2.24)

In terms of transfer functions, it is equivalent to replacing the pure time delay in
(2.20) with a Taylor expansion of first order:

e−
2as
V ≈ 1 −

2as
V

(2.25)

The following transfer functions can be obtained for the straight tangent tyre model:

HFy,α (s) = CFα
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σ s
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(2.26)

2.3.3 Comparison of transfer functions

The frequency response functions of the lateral force Fy and self-aligning momentMz

are presented for side slip and turn slip excitation in Figure 2.7 and 2.8 respectively.
The frequency of excitation is normalized as a/λ in order to compare the path depen-
dent performance of different tyre models. The parameters for the stretched string
tyre model are listed in Appendix II.

For small frequencies the behaviour of all the tyre models is the same, except the
response of the self-aligning moment of the straight tangent model with respect to
turn slip. The response of the straight tangent tyre model starts to deviate gradu-
ally from others as the frequency increases, while the Von Schlippe tyre model still
matches the exact solution (Segel) excellently. Small discrepancies appear for the Von
Schlippe model at extremely high frequencies. It also can be confirmed that a second
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Figure 2.7: Transfer functions of Fy and Mz with respect to side slip
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Figure 2.8: Transfer functions of Fy and Mz with respect to turn slip
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Chapter 2. Fundamentals of shimmy and tyre behaviour

order Padé filter (Kluiters) is much more accurate compared to a first order Taylor
expansion (Straight Tangent).

When the path wavelength is relative short compared to the contact length, the
concept of the stretched string becomes invalid to describe the tyre dynamic be-
haviour. Nevertheless in practice shimmy usually occurs when the wavelength is
at least 25 times larger than the contact length, i.e. a/λ < 0.04. At this condition the
differences are comparatively small.

2.4 Linear stability analysis

In the design phase or when solving actual shimmy problems, dedicated structure
models of aircraft landing gears or automobiles with front suspension and steering
systems are necessary to describe various components of the structure. In order to
focus on the influence of tyre behaviour, a relatively simple structure model is used to
illustrate the shimmy instability and to evaluate the difference between tyre models.
The shimmy analysis of a trailing wheel system with the stretched string tyre models
is discussed in this section. Much of the content is based on the work of Besselink
[2000].

The trailing wheel model is depicted in Figure 2.9. The motion variables are the
yaw angle ψ of the wheel plane about the swivel axis and the lateral position yw
of the wheel centre in the inertial reference frame. The arm of the trailing wheel
system is provided with lateral and yaw flexibility at the pivot point: kψ and dψ are
the stiffness and damping constants of the rotational motion, while ky and dy are the
lateral stiffness and damping coefficients respectively. The lateral force Fy and self-

X

Y

O

−Fy

Mz

mw +ms

−ψ

e

V

kψ

dψ

ky dyIwz + Isz
yw

Figure 2.9: Model of the trailing wheel suspension (top view)
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2.4. Linear stability analysis

aligning moment Mz are generated at tyre contact point. The distance of the swivel
point and wheel centre is defined as the mechanical trail e; it is positive when the
wheel is positioned behind the swivel point.

For simplicity, the centre of mass is taken at the wheel centre. The wheel and
suspension are rigidly connected and the total mass m and moment of inertia Iz are
defined by:

m =mw +ms

Iz = Iwz + Isz

where mw and ms are the mass of wheel and suspension respectively, Iwz and Isz
are the moment of inertia of wheel and suspension with respect to the centre of
mass. The forward velocity V of the system is assumed to be constant, and the tyre
longitudinal slip is disregarded.

Although it may look like a simplified model for an aircraft landing gear, the real-
ization of a wheel with a mechanical trail is equivalent to an automotive independent
front suspension with a caster length rotating around the kingpin. The impact of tyre
models on shimmy stability will be investigated using the trailing wheel suspension
throughout the thesis.

2.4.1 Suspension with a yaw degree of freedom

The simplest system that shows shimmy may neglect the lateral motion of the pivot
point. The tyre lateral and yaw motion are then coupled (yw = −eψ ), and the
equation of motion becomes:

Itψ̈ + dψψ̇ + kψψ = −Fye +Mz (2.27)

where It = Iz +me2.
With the substitution of Fy and Mz from the Kluiters tyre model (2.22) or the

straight tangent tyre model (2.24), the system can be transformed into state-space
representation.

First the system with the straight tangent tyre model is studied. The equations of
motion for this system in state-space form (ẋ = Ax) read:


ψ̈

ψ̇

α̇ ′


=



−
dψ

It
−
kψ

It
−
CFα (e + tp )

It
1 0 0

e − a
σ

V

σ
−
V

σ




ψ̇

ψ

α ′


(2.28)

The system stability and dynamic properties are determined by the matrix A.
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mechanical trail e

0−(tp +
kψ
CFα

) (σ + a)−tp

stable stableoscillatory unstable
unstable
divergent

Figure 2.10: Stability boundaries of the straight tangent tyre model with the trailing
wheel suspension, dψ = 0, no lateral flexibility.

The Hurwitz criterion is used to obtain an analytical expression of stability. If
the damping coefficient is not present (dψ = 0), the system is stable if the following
conditions are met:

− (tp +
kψ

CFα
) < e < −tp or e > σ + a (2.29)

These stability boundaries are illustrated by Figure 2.10 with two kinds of unstable
modes. The interval of (−tp ,σ + a) that exhibits an oscillatory unstable mode is
regarded as shimmymotion. It appears to be independent of inertia, forward velocity,
cornering stiffness and yaw stiffness.

In principle the stability boundaries for the trailing wheel suspension with the
Kluiters tyre model can be determined using the Hurwitz criterion, however the
expression becomes tedious due to the increasing complexity of the system. So the
system stability is analysed by calculating the eigenvalues of the matrixA. The system
is stable if and only if the real parts of all the eigenvalues remain smaller than zero
and the system is unstable if there exists any eigenvalue with positive real part. The
stability chart in the plane of the mechanical trail and velocity is displayed in Fig-
ure 2.11, both for the straight tangent (left column) and Kluiters (right column) tyre
models. Figure 2.10 is consistent with the analytical results for the straight tangent
tyre model. The yaw stiffness influences the divergent instability boundary, but not
the boundaries of shimmy motion. The Kluiters tyre model performs similar to the
straight tangent, except for the low speed oscillatory boundaries.

2.4.2 Suspension with yaw and lateral degrees of freedom

Although the rigid lateral support in the trailing wheel model is sufficient to illus-
trate shimmy instability, it is more realistic to consider the lateral flexibility of the
structure. The following equations hold for the system with independent lateral and
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Figure 2.11: Stability as a function of mechanical trail and velocity, only yaw degree of
freedom, dψ = 0 (grey: unstable).

yaw degrees of freedom:

mÿw + dy(ẏw + eψ̇ ) + ky (yw + eψ ) = Fy

Izψ̈ + dyeẏw + (dye
2
+ dψ )ψ̇ + kyeyw + (kye

2
+ kψ )ψ = Mz

(2.30)

As stated before, the straight tangent and Kluiters tyre models can be combined
with the structure model to performance a shimmy analysis. When the damping
coefficients are equal to zero and physically relevant parameters are assumed to be
positive, Besselink [2000] derived the stable conditions as:

kψ > L

min(P1,P2) < kψ < max(P1,P2)
(2.31)
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with the additional requirement : Iz > mσtp . The stability boundaries are:

P1 = −kye2 + kye(σ + a) +
Iz (CFα − eky )

m(σ + a)
+

Izky

m
−CFα tp

P2 =
ky (e + tp )(Iz − emtp )

mtp

L = −CFα (e + tp )

(2.32)

It turns out P1 and P2 are two parabolas and L is a straight line when the bound-
aries are drawn in the e–kψ plane, see Figure 2.12. They divide the plane into several
regions regarding stability properties of the system. The grey area indicates the
physical constraint where kψ < 0.

It is interesting to note that none of the stability criteria are velocity dependent
when the straight tangent tyre model is used. This is confirmed by the numerical
eigenvalues analysis, see left column in Figure 2.13. The stability boundaries as a
function of mechanical trail and yaw stiffness can easily be identified as the parabolas
and straight line from the analytical results.

The trailing wheel suspension with the Kluiters tyre model is only studied through
an eigenvalue analysis. The stability chart is illustrated by the right column of Fig-

kψ = P1(e)

− Iz
m(σ+a)

kψ = L(e)

mechanical trail e

yaw stiffness
kψ

kψ = P2(e)

Iz
mtp

σ + a + CFα
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0

CFα tp
ky (σ+a+tp )

oscillatory
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stableunstable
divergent

unstable
oscillatory

physically
impossible
kψ < 0

Figure 2.12: Stability boundaries of the straight tangent tyre model with the trailing
wheel suspension, dψ = dy = 0, with lateral and yaw flexibility. The grey
area is physically impossible since kψ should be positive.
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Figure 2.13: Stability as a function of mechanical trail and yaw stiffness, yaw and lateral
degrees of freedom, dψ = dy = 0 (grey: unstable).

ure 2.13. It can be observed that for the Kluiters tyre model the stability boundaries
P2 and L stay intact compared to the straight tangent model, while the slope of the
boundary P1 varies with the velocity. The results also reveal the different perfor-
mance of the straight tangent and Kluiters tyre model at low speeds, as already seen
for the simple yaw degree of freedom case.

2.5 Discussion

The history of shimmy research and tyre models for vehicle dynamics analysis has
been reviewed in this chapter. The classical stretched string tyre model and two vari-
ants have been discussed in detail and applied to analyse shimmy with a trailing wheel
suspension. Although modern research starts to investigate the shimmy phenomenon
with a complex structure model of landing gears or automotive suspensions, most of
them still employ relatively simple tyre models based the stretched string theory, for
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Chapter 2. Fundamentals of shimmy and tyre behaviour

example the recent research in [Howcroft et al., 2014]. Advanced tyre models have
been developed in the study of vehicle dynamics, but only few of them can be found
in the research of shimmy. Some features of the tyre dynamic behaviour, such as turn
slip and carcass dynamics, remains excluded when analysing shimmy. The evaluation
of the performance and impact of advanced tyre models on shimmy stability becomes
necessary and beneficial, and this will be studied in the present thesis.
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Chapter3
Energy balance and

tyre motion during shimmy

As an example of self-excited vibrations in engineering, the shimmy phenomenon
can be considered as a feedback system: the tyre produces forces and moments, which
will result in lateral and yaw motion of the suspension. This again affects the side slip
angle that determines the forces and moments. As pointed out by Besselink [2000]
and Ding [2010], the instability can be explained by a positive feedback existing in
the closed-loop system, although the individual tyre and structure components do
not experience instability. Motions of the suspension and wheel, combined with the
tyre relaxation behaviour, will act as a negative damping component which extracts
energy from the forward motion and transforms it into lateral and yaw motion.

Regarding a tyre and its role in this mechanism, it is a passive element and would
never generate energy. However energy may be transferred through the tyre into
lateral and yaw motion of the suspension to drive unstable vibrations. Ultimately
the energy originates from the vehicle propulsion system.

In this chapter the Von Schlippe tyre model is selected and evaluated considering
the energy balance during vibrations, in order to understand the energy transfer
between forward and lateral/yaw motion.

3.1 Energy considerations for shimmy analyses

Methods considering an energy point of view have been applied to shimmy research.
Katayama and Nishimi [1990] used the concept of energy flow from acoustic engi-
neering to study the motorcycle wobble mode. The energy flowing into the steering
system was considered coming from different so-called external torque channels. Each
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Chapter 3. Energy balance and tyre motion during shimmy

component can be determined by numerical simulations or an eigenvector analysis.
The stability estimation shows that the vibrational energy is dissipated by the total
tyre torque which is one of the channels corresponding to tyre behaviour. Kovacs
[1998] generalized this method to analyse shimmy for a mid-size truck with the
software package ADAMS™. Two designs were developed with components that
effectively dissipate energy to suppress shimmy both in simulations and a test vehicle.
It should be noted that the tyre energy is considered to be only associated with the
self-aligning moment and the yaw vibration of a worn tyre adds energy to the system
due to the relaxation behaviour. The author also claimed that a new tyre generally
dissipates energy.

In fact even a new tyre may be responsible for introducing shimmy. Besselink
[2000] confirmed this by applying the energy flow method to an individual tyre.
The tyre moves with prescribed sinusoidal lateral and yaw motion with different
amplitudes and phases, and produces the lateral force and self-aligning moment as
a response. The work that is done by the force and moment in one time period
can be used to analyse if the tyres are responsible for the dissipation of energy, or
vice versa that energy is provided through the tyres to drive unstable vibration. The
comparison of various linear tyre models used in shimmy analyses shows that the
zero energy boundaries are circles in a polar plot with different centres and radii,
depending on the tyre models, parameters and path wavelength. The positive energy
area inside the cycle indicates that for this special input it is possible for the tyre to
drive unstable vibration. Guo and Liu [1999] applied a similar method based on an
energy balance to study the influences of non-steady-state tyre cornering properties
on automobile shimmy. The tyre model has been developed under the so-called
entry/adhesive condition, and translation, bending and twisting of the carcass were
considered. The energy was calculated using transfer functions, however, only the
yaw motion of the wheel was considered in their research.

3.2 Energy flow method

The energy flow method as proposed by Besselink [2000] will be elaborated and
extended to evaluate the performance of tyre models in a shimmy analysis.

It is shown in Section 2.3 that the Von Schlippe tyre model excellently matches
with the exact solution of the stretched string tyre model, as well as being easy to
use in vehicle dynamics simulations and having a clear physical interpretation of the
deformation at the contact line. Hence it is the tyre model of choice to evaluate the
energy flow method.
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3.2. Energy flow method

3.2.1 Energy transfer through tyre

The tyre is considered to roll freely, without driving or braking torques, and travels
at a constant velocity V . The forces and movements of the Von Schlippe tyre model
are presented in Figure 3.1, where Fy and Mz are the lateral force and self-aligning
moment at the contact line determined by (2.18); at the wheel centre Fd is the driving
force from the propulsion system and further Fr and Mr are the resulting force and
yaw moment exerted at the wheel centre.

Fy

Mz

ψ α

VFd

−Fr

−Mr

xw

yw

string
st

path

wheel
plane

Figure 3.1: Force and moment balance of the Von Schlippe tyre model between wheel
centre and contact line.

A basic assumption of the stretched string tyre model is that no sliding occurs
between the string and road, so no energy is lost between the leading and aft contact
points. The work that is done by the forces and moment at the wheel centre causes
the change of energy inside the tyre at a small time step ∆t :

Fr ẏw∆t + Fd ẋw∆t +Mrψ̇∆t = ∆U + ∆Ek (3.1)

Here ∆U is the change of potential energy due to the elastic deformation of the
carcass, and ∆Ek is the change of kinetic energy of the tyre.

Without considering the mass and inertia effects, the force and moment equilib-
rium reads:

Fr = −Fy cosψ

Mr = −Mz

(3.2)

Substituting (3.2) into (3.1) leads to:

Fd ẋw∆t = Fy cosψẏw∆t +Mzψ̇∆t + ∆U + ∆Ek (3.3)

Integration over one cycle of the periodic oscillation with a constant amplitude
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Chapter 3. Energy balance and tyre motion during shimmy

will eliminate both ∆U and ∆Ek due to the periodicity of the displacement and
velocity. Consequently the expression reduces to:

∫ t0+T

t0

Fd ẋwdt =
∫ t0+T

t0

(Fy cosψẏw +Mzψ̇ )dt (3.4)

whereT is the period of the vibration. Since the yaw angleψ is assumed to be small in
the Von Schlippe tyre model, it is set that cosψ ≈ 1 and the shimmy energy is defined
as:

W =

∫ t0+T

t0

(Fyẏw +Mzψ̇ )dt (3.5)

The shimmy energy essentially describes how much energy has been transferred
between the forward and the lateral/yaw motion through the tyre during one period
of oscillations. When it is positive, the tyre is responsible for transferring energy
to maintain the unstable vibration during shimmy. It should be mentioned that
the definition of the shimmy energyW is only valid for periodic oscillations with a
constant amplitude and can be calculated over one period of vibration T starting at
an arbitrary point in time t0.

3.2.2 Energy criterion with sinusoidal motion

The calculation of shimmy energy is apparent if the motion of the wheel is speci-
fied even further: not only periodic, but also sinusoidal, which is common for the
shimmy phenomenon.

Without considering the entire system with structure or suspension, the tyre is
presumed to undertake a prescribed sinusoidal lateral and yaw input with the same
radial frequency ω but different amplitudes and phases:

yw (t) = Aη sin(ωt + ξ )

ψ (t) = A sin(ωt)
(3.6)

In these equations, A is the amplitude of the yaw motion, η is the amplitude ratio. If
η is zero, only a yaw input is considered; with increasing η the relative magnitude of
the lateral motion increases. The relative phase angle ξ indicates the phase lead of the
lateral motion with respect to the yaw motion.

With this prescribed sinusoidal motion, analytic solutions ofW are constructed
using transfer functions of the lateral force and self-aligning moment with respect to
the lateral and yaw motion. They can be determined from Equations (2.20) by the
transforms (2.16): 

FY (s)

MZ (s)

 =

H11(s) H12(s)

H21(s) H22(s)



YC (s)

Ψ(s)

 (3.7)
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3.2. Energy flow method

and the transfer function matrix reads:

H11(s) = HFy,yw (s) = CFα

(

2σ s
V + 1 − e

− 2as
V

2(σ + a)(σ s
V
+ 1)

)

H12(s) = HFy,ψ (s) = CFα

(

1 + e−
2as
V

2(σ s
V + 1)

)

H21(s) = HMz ,yw (s) = CMα

(

1 − e−
2as
V

2a(σ s
V + 1)

)

H22(s) = HMz ,ψ (s) = CMα

(

2aσ s
V
− (σ − a) + (σ + a)e−

2as
V

2a(σ s
V + 1)

)

As stated already for the stretched string tyre models, the frequency responses are
functions of the path wavelength λ and tyre parameters. Their absolute values H and
phase angle θ are designated as:

Hmn = |Hmn(jω)|,θmn = ∠Hmn (jω); m,n = 1,2

The steady-state responses of the force and moment with the sinusoidal input in
(3.6) are also harmonic with the same frequency but different amplitude and phase.
As a result, the shimmy energy can be calculated as follows:

W =W11 +W12 +W21 +W22 (3.8)

where

W11 =

∫ T

0

(

AηH11 sin(ωt + ξ + θ11) · Aωη cos(ωt + ξ )
)

dt

= πη2A2H11 sinθ11

W12 =

∫ T

0

(

AH12 sin(ωt + θ12) · Aωη cos(ωt + ξ )
)

dt

= −πηA2H12 sin(ξ − θ12)

W21 =

∫ T

0

(

AηH21 sin(ωt + ξ + θ21) · Aω cos(ωt)
)

dt

= πηA2H21 sin(ξ + θ21)

W22 =

∫ T

0

(

AH22 sin(ωt + θ22) · Aω cos(ωt)
)

dt

= πA2H22 sinθ22
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Chapter 3. Energy balance and tyre motion during shimmy

are the components of the shimmy energy determined from the integration over one
time period of the product of the force or moment due to lateral or yaw input motion
and the corresponding velocity.

Case study: only yaw motion

If only yaw motion of the wheel is present, the sign of the shimmy energy

W =W22 = πA
2H22 sinθ22 (3.9)

only depends on the angle θ22 of the corresponding frequency response function
H22(jω), which is a function of the wavelength λ.

pure lateralW11

pure yawW22
forward→ lateral/yaw (W > 0)

lateral/yaw→ forward (W < 0)sh
im

m
y
en
er
gy

[J
]

normalized frequency a/λ[−]

λ0

10−2 10−1 100
−0.5

0

0.5

Figure 3.2: Frequency response of the shimmy energy for only yaw or lateral input: A =
1◦; Aη = 0.1 m.

Therefore the shimmy energy can be also expressed by the dimensionless fre-
quency a/λ as shown in Figure 3.2. The critical path wavelength λ0 is also depicted,
at which the shimmy energy passes through zero. This critical wavelength only exists
for the pure yaw input and the shimmy energy is positive at low frequencies or the
wavelength is larger than λ0. This indicates that the tyre is transferring energy from
forward motion into yaw motion. The shimmy energy changes quadratically with
the amplitude of the input motion, see (3.9); the larger the shimmy energy is, the
more tendency of shimmy will occur. The shimmy energy is negative at high fre-
quencies and short wavelengths, and the tyre is extracting energy from yaw motion.
It is concluded that for the Von Schlippe tyre model, shimmy can only occur at
relatively low frequencies for a only yaw input.
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3.2. Energy flow method

Case study: only lateral motion

In the case of only lateral input, all the energy components vanish exceptW11. The
shimmy energy as a function of the frequency is also depicted in Figure 3.2. It
persists to be negative over the practical frequency range. In this way it is shown
that according to the Von Schlippe tyre model, the tyre can never provoke shimmy
when only a lateral degree of freedom is present.

Case study: combined motion

When the wheel moves with a combined lateral and yaw motion, all the components
have to be taken into account to determine the total energy balance. Instead of
examining the individual energy components, it is more efficient to focus on the
zero energy boundary for different amplitude ratio η and phase difference ξ . If the
sinusoidal motion in (3.6) is presumed, Besselink [2000] proved that the zero energy
dissipation per cycle for the straight tangent tyre model is a circle in a polar plot. The
distance to the origin is η and the angle to the positive x-axis is represented as ξ in the
corresponding polar plot.

For the Von Schlippe tyre model, the zero energy boundary in the polar plot is
solved by settingW equal to zero which gives:

η =
H12 sin(ξ − θ12) −H21 sin(ξ + θ21) ±

√
∆

2H11 sinθ11
(3.10)

where

∆ =

(

H12 sin(ξ − θ12) − H21 sin(ξ + θ21)
)

2 − 4H11H22 sinθ11 sinθ22

For different wavelengths these boundaries are presented in Figure 3.3. Inside these
circles W is greater than zero and energy is fed into the lateral and yaw motion:
shimmy is possible to occur. The origin of the plot where η = 0 corresponds to
the case of a pure yaw input. For a large wavelength (λ = 40a) the origin is inside
the circle, and it moves outside when the wavelength becomes short (λ = 10a). The
critical path wavelength λ0 is approximately 20a and its circle almost passes the origin.
This is consistent with the observation of the critical wavelength in Figure 3.2 as the
transition point of stability.

The case of pure lateral input can be approximated by letting η go to infinity
which is always outside the zero energy circle. This is in agreement with the previous
case study showing the tyre is extracting energy from the lateral motion when only
the lateral input is considered.

Essentially each point on this polar plot represents a particular combination of
wheel motion input. By means of assessing the performance of the Von Schlippe tyre
model with all possible sinusoidal motions, the energy flowmethod demonstrates the
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Chapter 3. Energy balance and tyre motion during shimmy

energy transfer between the forward and lateral/yaw motion due the tyre dynamics.
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Figure 3.3: Zero energy dissipation in a polar plot for different wavelength λ, sinusoidal
excitation

3.3 Wheel motion during shimmy

As is evident from (3.8) the sign of each energy component depends on the phase of
the frequency response and phase difference of the input. In the case of pure lateral
or yaw input, i.e.W11 andW22, their signs are completely determined by the phase
responses of the lateral force and self-aligning moment. With the straight contact line
approximation in the Von Schlippe tyre model, the physical interpretation of force
and moment generation is dictated by the relative motion between the contact line
and wheel centre plane. The sign of the shimmy energy can also be explained by this
relative motion.
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3.3. Wheel motion during shimmy

3.3.1 Equivalent wheel motion

When the lateral and yaw motion of the wheel centre is prescribed, the path of the
contact line is uniquely governed by (2.12). For a pure lateral or yaw input, the path
can be considered as being identical with a scaling factor that equals σ+a, as illustrated
in Figure 3.4. The solid lines present the lateral and yaw motion of the wheel, which
are scaled such that they produce the same path of the contact line. Obviously the
response of the path has a first-order delay with respect to the input, as is clear from
(2.12). The phase delay will increase while the path wavelength reduces, i.e. the path
shifts horizontally to the right.

path of contact line
motion of wheel centre
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Figure 3.4: Normalized path of contact line generated by the equivalent pure lateral and
yaw motion.

Although both pure inputs generate the same path with a lag, it is only possible
for the aligning moment response to realise a phase lead with respect to the yaw input.
To understand this, a particular position of the wheel in the sinusoidal cycle (when
x = 0.5λ in Figure 3.4) is selected to illustrate the force and moment generation. The
path of the contact line for three different wavelengths is displayed in Figure 3.5. The
wheel moves with either lateral or yaw motion from left to right in the figure. With
the scaling applied between the lateral and yaw motion, the path for the leading con-
tact point of the contact line is identical at the same path wavelength, and therefore
so are the positions and orientations of the contact line.

Due to the delay effect of the leading point, the contact line also lags behind the
wheel centre motion in the case of a pure lateral input. This makes that the force is
always directed opposite to the motion. Negative work is done by the lateral force
and the energy is being dissipated by the lateral motion.

On the other hand, the aligning moment is determined by the difference of ori-
entations between the wheel and the contact line. As is evident from Figure 3.5, the
different positions of the trailing point also cause a different slope of the contact line.
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Chapter 3. Energy balance and tyre motion during shimmy

λ = 40a,20a&10a

Fy Mz

∆ψ
∆yc

path

λ = 40a,20a&10a

Figure 3.5: Path of contact line at different wavelengths when x = 0.5λ. Left: only lateral
motion; right: only yaw motion.

For a large wavelength, such as λ = 40a, the orientation of the contact line is in front
of the yaw motion of the wheel centre and the aligning moment will try to accelerate
the yaw motion. This is the point where the energy starts to be pumped into the
yaw direction. For a shorter wavelength, such as λ = 10a in Figure 3.5, the delayed
movement of the contact line tries to slow down the yaw motion of the wheel. In
the case of λ = 20a, which is almost the critical wavelength λ0, the contact line moves
parallel with the wheel centre and no moment will be generated, hence no energy is
exchanged in the yaw motion at such particular moment.

The motion of the wheel centre and contact line as shown in Figure 3.5 is illustra-
tive, but an entire vibration cycle has to be studied to assess the shimmy energy. Two
situations in the cycle cause the explanation of the energy transfer different from
Figure 3.5. When the wheel moves to the maximum or minimum position during
the sinusoidal motion, there will be a short period that is opposite to the situation in
Figure 3.5. The velocity of the wheel centre changes sign, and consequently so does
the work that has been done. However the contribution of energy will be minor
during the whole cycle. The other situation is caused by an extremely short path
wavelength. The curvature of the path takes the trailing point of the contact line to a
different side of the wheel centre. Usually such a short wavelength is not interesting
in shimmy research. Therefore the mechanism of energy transfer for a pure lateral
or yaw input still can be explained as illustrated by Figure 3.5 and the energy flow
method.

3.3.2 Motion and energy transfer

In general when the wheel undergoes a combined motion, the explanation with
the relation between energy transfer and tyre motion still holds. An example of
combined wheel motion is chosen with η = 1.5a and ξ = 150◦. The corresponding
position in the polar point is indicated as ⊗ in Figure 3.3. The tyre motion and
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3.4. Discussion

energy power with λ = 40a and 10a are reported in Figure 3.6 and 3.7 considering one
vibration cycle. In these two figures, the shimmy power of lateral and yaw motion
are also presented, which are defined as Py = Fyẏw and Pz = Mzψ̇ .

In these figures, the force and moment exerted on the wheel centre are also
depicted as arrows pointing to contact line. In the power plots, the positive and
negative areas are filled with red and green respectively. The shimmy energy requires
the integration over one period, which is equal to the net area enclosed by the power
curves.

Obviously for the large wavelength in Figure 3.6, both the energy in lateral and
yaw motion is positive, which indicates that the leading motion of the contact line
predominates in such case. On the contrary, the total shimmy energy when λ = 10a
is negative, even though the lateral contribution is positive. It is interesting to note
that unlike the pure input case, in general the lateral motion of the wheel also can be
responsible for the instability due to the coupling with the yaw motion.

As evidence for shimmy being caused by the tyre lateral force and self-aligning
moment, a positive shimmy power appears when the contact line moves ahead of
wheel centre such that the force or the moment is in the same direction with the
prescribed motion.

The study of wheel motion and power suggests a consistency with the energy
boundary in the polar plot: it is inside the circle when the path wavelength is large
and moves outsides for shorter wavelengths. The results for other combinations of
wheel motion confirm the same relation between the motion of contact line and
energy transfer.

3.4 Discussion

The idea of energy transfer in the study of the shimmy phenomenon can hardly be
considered as innovative. The pioneer researchers in this area, such as Sensaud de
Lavaud [1927] and Olley [1946], have already noticed based on their engineering
instinct that energy has to come from somewhere to maintain the vibration. But a
solid theory that explains the transfer of energy remained as a gap to my knowledge.
The elaboration of the energy flow method initially proposed by Besselink [2000]
provides a practical approach to study the energy balance and wheel motion during
shimmy. With the application to the Von Schlippe tyre model, the energy transfer
from the tyre in the shimmy phenomenon is interpreted in a mechanical way: the
relaxation behaviour may cause a leading motion of the contact line with respect
to the wheel centre, which consequentially extracts energy from forward motion to
sustain the lateral and yaw vibration during shimmy.

Although the energy flow method has only been applied to a particular tyre
model in this chapter, it can actually be used as a criterion to compare and evaluate

45



Chapter 3. Energy balance and tyre motion during shimmy

Wz =

∫

Pzdt =
∫

Mzψ̇dt = 0.95175 J

normalized distance x/λ [-]

P
z
[w

at
t]

ψ
[d
eg
]

Wy =

∫

Pydt =
∫
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Figure 3.6: Motion and energy power for combined inputs. λ = 40a. Solid lines: wheel
centre motion; dashed lines: path of contact line; arrows: force or moment
exerted on the wheel centre. Red: energy from forward to lateral or yaw
motion; green: energy from lateral or yaw to forward motion.
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tyre models. The change of zero energy boundary, such as a shift of the position
and expansion or decrease in the area whereW > 0, will indirectly distinguish the
characteristics of various tyre models regarding shimmy stability. More advanced
tyre models can also be evaluated using this method. The effects of mass and inertia,
sliding at contact patch, nonlinear force and moment response, which are neglected
in this chapter in order to clarify the approach, can be taken into account. The
energy balance should be examined at wheel centre that is the interface connecting
the tyre and suspension, and the shimmy energy has to be determined numerically if
the transfer functions are not available.

Similar to experimental validation of tyre models through steady-state charac-
terises, step and frequency response, the energy flow method serves as an effective
complement to tyre modelling, especially for the shimmy application.
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Chapter4
Nonlinear tyre characteristics

and modelling

So far shimmy has been analysed using linear tyre models and a physical explanation
for the cause of shimmy has been given. However it is well known that the tyre
force and moment characteristics are nonlinear functions of the side slip angle. The
question now is how the nonlinear tyre behaviour will influence shimmy stability. A
natural step forward, but not an easy one.

In the current shimmy research, tyre models are sometimes extended with non-
linear steady-state characteristics, e.g. [Atabay and Ozkol, 2012; Li and Lin, 2006].
Advanced tyre models, such as the swift model including the tyre belt dynam-
ics [Zegelaar, 1998; Maurice, 2000], are developed but not commonly used to analyse
shimmy. The impact of nonlinear tyre characteristics regarding shimmy stability is
still unclear and will be studied in this chapter. The complexity of tyre models will
be increased step by step to identify the important tyre modelling features.

4.1 Nonlinear tyre models

The approach in this study is to gradually increase the complexity of the tyre models.
Starting with the nonlinear force and moment, which is sometimes used in shimmy
analyses, three aspects of tyre behaviour, i.e. a reduced relaxation length, turn slip
and tyre belt dynamics, will be considered.

4.1.1 Force and moment

Nonlinear force and moment characteristics result from partial sliding of the tyre
tread with respect to the road. The mechanism can be explained well by the brush
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Chapter 4. Nonlinear tyre characteristics and modelling

model [Pacejka, 2012]. In this study, only the lateral force Fy and self-aligning mo-
ment Mz are considered, and the effects of longitudinal slip, camber and inflation
pressure are neglected.

To describe the steady-state response of the lateral force Fy and self-aligning mo-
mentMz with respect to side slip, a simplified version of theMagic Formula from Pace-
jka [2012, Chapter 4] is employed. The equations and parameters used in this thesis
are listed in Appendix I and II respectively. The response of the tyre model is pre-
sented in Figure 4.1.

In the case of transient behaviour, a constant relaxation length σ and instanta-
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Figure 4.1: Magic Formula: nonlinear steady-state response of lateral force Fy and self-
aligning moment Mz against side slip α at different vertical force.
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4.1. Nonlinear tyre models

neous side slip α ′ are used:
σα̇ ′ +Vxα

′
= −Vsy (4.1)

whereVsy andVx are the lateral sliding velocity and longitudinal velocity respectively.
Compared to the stretched string tyre model, it is equivalent to taking the contact
length equal to zero in the straight tangent model.

Since tyre dynamics are essential to study the shimmy phenomenon, the instan-
taneous side slip α ′ is taken as the input slip quantity to the Magic Formula. For
simplicity, the entire model with nonlinear Fy and Mz and transient behaviour with
a constant relaxation length is referred to as the Magic Formula in the remainder of
this thesis.

Although the approaches to model the steady-state and transient tyre characteris-
tics may vary from one model to the other, this approach represents the state-of-the-
art nonlinear tyre models found in literature on shimmy.

4.1.2 Contact patch dynamics

From the linear stability analysis and energy flow method, it is clear that the relax-
ation behaviour of a tyre is crucial in the study of shimmy. The tyre models often
used in a shimmy analysis deal with this behaviour by using a constant relaxation
length. However Higuchi [1997] shows by experiments that the relaxation length is
dependent on the magnitude of the side slip angle and the vertical force. Usually the
tyre responds more quickly at a large side slip angle.

Of course the relaxation length σ can be modelled as a nonlinear function in
addition to (4.1), but a more elegant method to implement this vertical force and slip
dependent behaviour in the tyre model is to include the carcass compliance explicitly
through a physical approach. The tyre contact patch is assumed to be elastically
connected to the wheel plane, as schematically illustrated in Figure 4.2. The contact
patch is given small mass mc , and ma represents the remaining mass of the wheel.
The yaw degree of freedom of the contact patch is not considered, i.e. ψc = ψ . With
the lateral carcass stiffness kc and damping dc , the dynamics of the contact patch mass
are introduced:

mc (V̇cy +Vcxψ̇ ) + dcẏc + kcyc = Fyc (4.2)

Instead of using (4.1), the relaxation length is now defined at the contact patch.
The modified equation becomes:

σc α̇
′
c +Vcxα

′
c = −Vsyc = −Vcy (4.3)

where Vcx and Vcy are the longitudinal and lateral components of contact patch ve-
locity in the wheel fixed frame. Because the flexibility of carcass already accounts for
the major part of the overall relaxation effect, σc will be a small value, generally is
taken as equal to half the contact length [Pacejka, 2012]. Then the lateral force Fyc
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Figure 4.2: Contact patch tyre model: enhanced transient behaviour showing carcass
compliances and contact patch mass. The contact patch only experiences
lateral dynamics. (top view)

and self-aligning momentMzc at the tyre-road interaction are calculated by the Magic
Formula using α ′c as input slip.

Although (4.3) does not explicitly reflect the response of vertical force variations,
it will be automatically included due to the vertical force dependency of the Magic
Formula. The step response to a side slip angle α = 1◦ and 10◦ at two different vertical
forces is presented in Figure 4.3 with the contact patch tyre model. Identifying the
relaxation length from various step responses, the performance of the tyre model
with contact patch dynamics in Figure 4.4 is in agreement with the experiments of
Higuchi [1997], at least qualitatively.
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Figure 4.3: Contact patch tyre model: step response with α = 1◦ and 10◦.
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Figure 4.4: Contact patch tyre model: relaxation length at various vertical forces, decay-
ing with increasing side slip angle.

4.1.3 Turn slip

Turn slip is part of the tyre spin motion, together with camber. It results in forces and
moments due to the yaw motion and a finite contact width of the tyre. For normal
driving conditions of cornering, the turn slip contribution is fairly minor compared
to side slip and is usually excluded in tyre models for vehicle dynamics analysis.
Nevertheless the yaw vibration of the wheel appears all the time during shimmy
and consequently turn slip can not be neglected in a shimmy analysis. The effect of
tyre yaw motion is already noticed by previous researchers, such as Pacejka [1966]
and Somieski [1997]. They introduce a damping moment which is proportional to
the tyre yaw velocity to analyse shimmy.

In this study, turn slip is included with the Magic Formula extension developed
by Pacejka [2012]. It is based on the theoretical results from the TreadSim tyre model.
Figure 4.5 shows the turn slip response and its interaction with side slip. The force
and moment due to pure side slip and turn slip are presented as the black lines.

The turn slip transient behaviour can be described using the concept of a relax-
ation length, similar to (4.3):

σcφ̇
′
+Vcxφ

′
= Vcxφ = −Vcx

ψ̇c

Vc
(4.4)

where ψ̇c = ψ̇ since the yaw deformation of the contact patch with respect to the
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Figure 4.5: Magic Formula: nonlinear steady-state response of lateral force Fy and self-
aligning moment Mz as functions of side slip α and turn slip φ.

wheel is not taken into account yet.

4.1.4 Rigid ring dynamics

As shimmy is a vibrational phenomenon, the dynamics of the tyre itself also needs to
be considered. Due to the fact that shimmy occurs in a frequency range of 10 to 30
Hz, the rigid body modes of the tyre belt would be adequate in this study. The rigid
ring approach is accordingly adopted to describe tyre belt dynamics.

The rigid ring tyre model, based on the work of Maurice [2000] and Zegelaar
[1998], consists of three masses which correspond to a rim with part of the tyre, the
tyre belt and the contact patch. The belt is elastically suspended with respect to the
rim which represents the flexible carcass of the tyre. In general the belt should possess
six degrees of freedom in total, but only lateral, yaw and camber motion are consid-
ered in this study. The interface between the belt and the road surface is modelled
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4.1. Nonlinear tyre models

with residual stiffness at the contact patch, and consists of yaw and lateral degrees
of freedom. It has to be included to obtain correct static tyre deformations in the
corresponding directions. The relative displacements of the tyre belt and the contact
patch, and the corresponding damping and stiffness are indicated in Figure 4.6. The
relative displacements of the belt with respect to rim are listed as yr

b
, γ r

b
and ψ r

b
; the

motions of contact patch relative to the belt are yrc andψ
r
b
.

When the lateral displacement yw and yaw angleψ of the wheel centre are known
as input and relative displacements are considered as small, the dynamics of the belt
and contact patch become:

mb (ÿw + ÿ
r
b ) + dbyẏ

r
b + kbyy

r
b = dcyẏ

r
c + kcyy

r
c (4.5a)

Ibz (ψ̈ + ψ̈
r
b ) + dbψψ̇

r
b + kbψψ

r
b + dbψΩγ

r
b + IbyΩγ̇

r
b = dcψψ̇

r
c + kcψψ

r
c (4.5b)

Ibxγ̈
r
b + dbγ γ̇

r
b + kbγγ

r
b − dbγΩψ

r
b − IbyΩ(ψ̇a + ψ̇

r
b ) = dcyRlẏ

r
c + kcyRly

r
c (4.5c)

mc (ÿw + ÿ
r
b + ÿ

r
c + Rl γ̈

r
b ) + dcyẏ

r
c + kcyy

r
c = Fyc (4.5d)

Icz (ψ̈ + ψ̈
r
b + ψ̈

r
c ) + dcψψ̇

r
c + kcψψ

r
c = Mzc (4.5e)

where Ω is the angular velocity of the wheel and Rl is the loaded tyre radius. The
effects of gyroscopic and rotating radial dampers are included in the equations by the
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Figure 4.6: Rigid ring tyre model: relative motion of tyre belt and contact patch; includ-
ing mass, inertia, stiffness and damping.
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coupling terms with Ω. The equations of motion (4.5) are derived via the Lagrange
formulation and are similar to the results in [Maurice, 2000] and [Pacejka, 2012]
without the effects of the vertical force and overturning moment in the camber
dynamics.

The transient model at the contact path is extended to be more consistent with
the observations from experiments and the non-steady-state bush model [Pacejka,
2012]:

σc α̇
′
c +Vcxα

′
c = −Vsyc −Vcxψ

r
st (4.6a)

σ2α̇
′
t +Vcxα

′
t = Vcxα

′
c (4.6b)

σc φ̇
′
+Vcφ

′
= −ψ̇c (4.6c)

σ
F 2φ̇
′
F 2
+Vcφ

′
F 2
= −ψ̇c (4.6d)

σφ1φ̇
′
1 +Vcφ

′
1 = −ψ̇c (4.6e)

σφ2φ̇
′
2 +Vcφ

′
2 = −ψ̇c (4.6f)

where φ ′, φ ′
F 2, φ

′
1 and φ

′
2 are the components that are used to compose the transient

turn slip quantities. In these equations, the relation between various parameters of
the relaxation length is suggested as:

σc = 2σt = 2σ
F 2 = 2σφ1 = 1.5σφ2 (4.7)

If the relative motions remain small, the slip and yaw velocities at the contact patch
are:

Vsyc = ẏa + ẏ
r
b + ẏ

r
c −V (ψa +ψ

r
b +ψ

r
c ) + Rl γ̇

r
b (4.8)

ψ̇c = ψ̇a + ψ̇
r
b + ψ̇

r
c (4.9)

The term ψ rst corresponds to the static correction angle between the side slip angles
at the wheel centre and contact patch:

ψ rst = Mzc (
1
kbψ
+

1
kcψ

) (4.10)

To calculate the force and moment at the contact patch, the composite transient
slip quantities are required:

φ ′F = 2φ ′ − φ ′
F 2

(4.11)

φ ′M = φ
′
+ 4(φ ′1 − φ

′
2) (4.12)

56



4.2. Baseline characteristics

and these can be used as input for Magic Formula again:

Fyc = fMF (α
′
c ,φ
′
F ,Fz) (4.13)

Mzc = fMF (α
′
c ,α
′
t ,φ
′
M ,Fz) (4.14)

The Magic Formula equations including turn slip are described in Appendix I. Fur-
ther discussions about the rigid ring dynamics can be found in the description of
swiftmodel by Pacejka [2012].

4.1.5 Model naming convention

When referring to various tyre models, the following naming convention is applied:

m Magic Formula

c Contact patch dynamics

t Turn slip

r Rigid ring dynamics

The naming convention of tyre models is summarized in Table 4.1. The dashed lines
in the table clearly illustrate the stepwise increase in tyre model complexity.

Table 4.1: Naming convention of the tyre models and their characteristics.
(X: included; ×: excluded.)

model
characteristics

nonlinear relaxation patch turn rigid ring
Fy&Mz behaviour dynamics slip dynamics

m X X × × ×
mc X X X × ×
mct X X X X ×
mctr X X X X X

4.2 Baseline characteristics

Before executing a shimmy analysis with the tyre models described above, basic prop-
erties of the tyre and the configuration of the suspension need to be addressed. All
tyre models should have similar characteristics by all means to correctly evaluate their
influences on shimmy stability.
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Chapter 4. Nonlinear tyre characteristics and modelling

4.2.1 Tyre models

The parameters of tyre models will be kept fixed during the study, and all the tyre
parameters can be found in Appendix II.

Magic Formula

The Magic Formula is used to represent the saturation of the lateral force and self-
aligning moment. When turn slip is excluded, only the pure side slip responses of
the lateral force and self-aligning moment are taken into account. The influence of
vertical force is incorporated in the model, but not the effects of changing velocity
or inflation pressure. The anti-symmetric terms due to ply-steer and conicity are also
neglected to make sure the force and moment characteristics pass through the origin.
The relaxation length σ is constant for the transient behaviour.

Contact patch dynamics

The stiffness of the carcass is determined from the requirement that it has the same
step response to 1◦ side slip angle at 4000N vertical force as the Magic Formula with a
fixed relaxation length. Damping of the contact patch is not included. The relaxation
length of the contact patch is set to be equal to half of the contact length. Both the
lateral carcass stiffness kc and contact patch relaxation length σc are considered as
invariant during the investigation.

Turn slip

Turn slip is directly introduced within the Magic Formula extension based on the
work of Pacejka [2012], and will be added on top of the contact patch dynamics. The
relaxation length of turn slip is chosen equal to that of side slip.

Rigid ring dynamics

The rigid ring model has the most extensive features. The parameters are adapted
from a sample tyre property file of the swift model, which is representative for a
passenger car tyre.

The stiffness of the carcass ensures the natural frequencies of lateral, yaw and
camber modes, and the damper of the belt is selected such that the damping ratio of
each mode is 5%. The residual stiffness, similar to the case of contact patch dynamics,
is tuned to have an identical step response to side slip for all the tyre models.

4.2.2 Trailing wheel suspension

The model of the structure employed in this study is kept as simple as possible in
order to focus on the impact of tyre models on shimmy stability. The trailing wheel
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4.2. Baseline characteristics

suspension used in the linear analysis of Section 2.4 turns out to be representative
and adequate to analyse shimmy.

The suspension with and without lateral flexibility, as depicted in Figure 2.9, will
be investigated. When the lateral flexibility is neglected, the lateral support of the
hinge is rigid and it only exhibits a yaw motion.

Structural damping

Even if the suspension is not equipped with shock absorbers or dashpots, the struc-
ture still comprises damping due to the deformation of the material. In general it can
be determined from modal experiments and is referred to structural damping.

Regarding numerical aspects, the structural damping is preferred to be constant
against changes of the suspension configuration. It can be introduced to the equations
of motion in a generic way as follows.

The general form of equations of motion of the trailing wheel suspension read:

Mq̈ +H(q̇,q) = F (4.15)

where q is the vector of generalized coordinates, M represents the mass matrix, H
contains the nonlinear damping and spring forces and F is the vector of generalized
force. The dimension of q depends on the degrees of freedom of the system, i.e. in
the case of trailing wheel suspension it would be 1 when neglecting lateral flexibility
or 2 when including it.

Similar to modal experiments, a free undamped system can be obtained by lin-
earising around the equilibrium position qeq = 0 and q̇eq = 0:

MLq̈ +KLq = 0 (4.16)

where ML and KL are mass and stiffness matrices of the linearised system.
Let Φ be the matrix containing the eigenvectors (column-wise) of (4.16). Then

both ML and KL can be diagonalized as:

diaд(m1,m2) = Φ
TMLΦ

diaд(k1,k2) = Φ
TKLΦ

(4.17)

By assuming proportional damping and having the same damping ratio ζs for the
yaw and lateral modes, a diagonal matrix diaд(d1,d2) is determined:

di = 2ζs
√

miki i = 1,2 (4.18)

The diagonal elements can be transformed to a structural damping matrixDs as:

Ds = (ΦT )−1DLΦ
−1 (4.19)
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Chapter 4. Nonlinear tyre characteristics and modelling

Finally the equations of motion with structural damping become:

Mq̈ +H(q̇,q) +Dsq̇ = F (4.20)

Although the presence of damping will change the stability properties of the
system, and thus might suppress the effect of tyre behaviour, it still makes sense
to compare tyre model features at the same level of damping.

Parameters of configuration

The parameters of the tyre models will be considered as being constant. The study of
the shimmy stability then is conducted by varying the parameters of the suspension
to evaluate the impacts of various tyre model features. The baseline values of these
parameters are listed in Table 4.2. One or two of them will be varied in the stability
analyses; others parameters will remain at default values unless specified otherwise.

Table 4.2: Baseline values of the suspension parameters

parameter description value unit

ms mass of the suspension 20 kg
Isz inertia of the suspension 1 kgm2

e mechanical trail 0.2 m
ky lateral stiffness of the suspension 3 × 105 N/m
dy lateral damping coefficient 0 Ns/m
kψ yaw stiffness of the suspension 40 kNm/rad
dψ yaw damping coefficient 0 Nms/rad
V forward velocity 100 km/h
Fz vertical force of the tyre 4000 N
ζs structural damping ratio 0.02 -

4.2.3 Equations of motion

The tyre models mentioned in this chapter are coupled to the trailing wheel sus-
pension. The wheel-suspension system is modelled as a multi-body system. The
equations of motion are a set of second order ordinary differential equations, which
have been derived using Lagrange formulation following the procedures of van de
Wouw [2012] and de Kraker [2009]. Besides the nonlinear tyre force and moment in
the Magic Formula, the nonlinearities due to the geometry of the structure are also
included in the equations. The first order equations describing the transient response
of the tyre are added to the equations of motion. The Magic Formula is treated as a
force element and appears in the generalized force.
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4.2. Baseline characteristics

The trailing wheel suspension with the rigid ring tyre model represents the most
complex model in this thesis. As a result, its equations of motion become very
complex and will not be presented in order to keep the content compact. However an
example of equations of motion used in this study is listed in (4.21). It represents the
tyre model including contact patch dynamics and turn slip (mct) and the suspension
with lateral flexibility, which is depicted in Figure 4.7.

e

V

ky dy

dψ

kψ

−ψ
Y

XO

−Fy
Mz

kc
dc

−yc

ma
Iz

mc
ys

Figure 4.7: Contact patch tyre model and trailing wheel suspenion. (top view)

(Iz +me
2
+mce

2
+mcy

2
c )ψ̈ − emcÿc + dψψ̇ + kψψ + 2mcycẏcψ̇ (4.21a)

− (em cosψ + ycmc sinψ + emc cosψ )ÿs = Mzc − eFyc

(m +mc )ÿs +mc cosψÿc − (em cosψ + ycmc sinψ + emc cosψ )ψ̈ (4.21b)

+ dyẏs + kyys − 2mcẏcψ̇ sinψ + emψ̇ 2 sinψ

+mc (e sinψ − yc cosψ )ψ̇ 2
= Fyc cosψ

mcÿc +mc cosψÿs − emcψ̈ + dcẏc + kcyc −mcycψ̇
2
= Fyc (4.21c)

σc α̇
′
c + (V cosψ + ẏs sinψ − ycψ̇ )α ′c = V sinψ − ẏs sinψ − ẏc + eψ̇ (4.21d)

σc φ̇
′
+ (V cosψ + ẏs sinψ − ycψ̇ )φ ′ = −(V cosψ + ẏs sinψ − ycψ̇ )

ψ̇

Vc
(4.21e)

In these equations,ψ and ys are the yaw angle and lateral displacement of the suspen-
sion hinge, yc is the relative motion of the contact patch with respect to the wheel
centre. Equations (4.21a) to (4.21c) describe the corresponding dynamics. The mass
m is the mass of the suspension and wheel but without the contact patch. It can be
calculated bym = ms +ma , wherems is the mass the suspension andma is the mass
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Chapter 4. Nonlinear tyre characteristics and modelling

of the wheel excluding the contact patch. The total moment of inertia is represented
by Iz , which includes both suspension and wheel with respect to the centre of mass,
i.e. Iz = Isz + Iwz .

The first order equations (4.21d) and (4.21e) account for the transient tyre be-
haviour of side slip and turn slip respectively. In addition the velocity of the contact
patch Vc is required for turn slip and can be determined by:

Vc =

√

V 2
cx +V

2
cy (4.22)

=

√

(V cosψ + ẏs sinψ − ycψ̇ )2 + (−V sinψ + ẏs sinψ + ẏc − eψ̇ )2

The lateral force Fyc and self-aligning momentMzc at the contact patch are calculated
by the Magic Formula:

Fyc = fMF (α
′
c ,φ
′
,Fz) (4.23)

Mzc = fMF (α
′
c ,α
′
t ,φ
′,Fz) (4.24)

with α ′t = α
′
c . Full equations of the Magic Formula used in this thesis can be found

in Appendix I.

4.3 Bifurcation analysis and MatCont toolbox

In order to study shimmy stability, the equations of motion will be transformed into
a generic form of a dynamic system:

ẋ = f (x;ν ) (4.25)

where x ∈ Rn are the states and ν ∈ Rm are the parameters of the system respectively.
The dot represent the time derivative, and the function f governs how the states
evolve with respect to time, which in general is a nonlinear function. The solution
of (4.25) requires the specification of initial conditions x0 at time t0. Then the future
states x(t) that are used to describe the behaviour of the system are solved by the
Initial Value Problem.

The equilibrium solution xeq is defined by vanishing the vector field f ; that is,

f (xeq ;ν ) = 0 (4.26)

Apparently xeq is a fixed point in the state space. For a nonlinear system, a solution
xT (t) may be periodic with least period T if xT (t +T ) = xT (t) and xT (t + τ ) , xT (t)
for 0 < τ < T . A periodic solution of (4.25) is called a limit cycle if there are no other
periodic solutions sufficiently close to it. In other words, a limit cycle is an isolated
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periodic solution.
The equilibria and limit cycles describe the asymptotic behaviour of the system.

Evaluating their local stability requires the analysis of initial disturbances. More
information on system stability can be found in [Nayfeh and Balachandran, 2004;
Khalil, 2000; Strogatz, 2008].

Mostly the dynamics of the system (4.25) depend on the parameters ν . If the
parameters change continuously and slightly, the solutions of (4.25) will also vary in
a similar continuous fashion, but the dynamic behaviour might change dramatically.
Such a dramatic change is reflected in qualitative behaviour, which normally means
the number and stability of the solutions. A bifurcation occurs when there is a
qualitative change in dynamics upon a small change in one or more parameters. The
value of parameter at which these changes occur is known as bifurcation value and the
parameter that is varied is known as the bifurcation parameter. The most frequently
encountered bifurcation in a shimmy analysis is the so-called Hopf bifurcation, which
creates limit cycles from an equilibrium point as a bifurcation parameter crosses a
critical value.

For the numerical analysis, a continuation algorithm is required to perform a
bifurcation analysis [Kuznetsov, 1998; Seydel, 2009]. Essentially the following func-
tionalities should be included in the continuation algorithms:

• continuation methods for tracing the asymptotic solutions with respect to the
change of a bifurcation parameter;

• devices for checking the stability of the asymptotic solutions and detecting the
occurrence of bifurcation;

• methods for switching from one solution branch to another;

• continuation methods for locating the bifurcation curves as two bifurcation
parameters are varied at the same time.

One of the available mathematical software for numerical continuation is MatCont,
which is developed under the supervision of W. Govaerts and Yu.A. Kuznetsov from
Ghent University and Utrecht University respectively [Govaerts and Kuznetsov,
2015]. MatCont is a toolbox compatible with matlab

tm and provides robust and
efficient numerical methods for continuation. The implementation with matlab

tm

programming language makes it easy to use and extend. MatCont can fully achieve
the above functions and cover all the bifurcations with one or two bifurcation param-
eters. As a result, the MatCont toolbox is selected to conduct the bifurcation analyses
in this thesis. A detailed description can be found in the software manual [Govaerts
and Kuznetsov, 2015].
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4.4 Conclusions

In this chapter, the tyre models are extended with nonlinear characteristics to analyse
shimmy. The nonlinear lateral force and self-aligning moment, a reduced relaxation
length with increasing the side slip angle, turn slip and tyre belt dynamics are in-
cluded in the tyre models. These tyre models are incorporated into the trailing wheel
suspension and the equations of motion are derived. The toolbox MatCont is selected
to perform the bifurcation analyses in order to study the impact of different tyre
models on shimmy stability, which will be presented in the following two chapters.
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Shimmy analysis with

contact patch dynamics

The linear analysis with the stretched string tyre model demonstrates that shimmy in-
stability originates from the dynamic interaction of the tyre and structure behaviour.
However the analysis may become inaccurate when the magnitude of vibration be-
comes larger, because the tyre lateral force and self-aligning moment are nonlinear
functions of the side slip angle. Moreover tyre parameters that determine the stabil-
ity, such as the cornering stiffness and the relaxation length, also exhibit the nonlinear
dependency on the vertical force and side slip angle. Turn slip introduces additional
lateral force and self-aligning moment due to the tyre yaw motion. These nonlinear
characteristics are not fully incorporated in the current shimmy investigation.

In this chapter, the Magic Formula, contact patch tyre model and turn slip char-
acteristics will be included in shimmy analyses. Their influence on shimmy stability
will be studied using bifurcation analyses. Due to the symmetry of the system con-
sidered, the configuration of zero yaw angle and lateral displacement at the hinge
point is always an equilibrium. The study will focus on the stability of this zero
equilibrium and the behaviour of the periodic solutions.

5.1 Influence of the relaxation length

In Section 2.4 it has already been shown that with the straight tangent tyre model
an analytical stability boundary can be obtained using the Hurwitz criterion. On
the other hand the Magic Formula employs a very similar approach as the straight
tangent tyre model to describe the transient behaviour by taking the contact length
equal to zero, see Equations (2.24) and (4.1). Although the steady-state response is
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Chapter 5. Shimmy analysis with contact patch dynamics

nonlinear in theMagic Formula, the local stability is still determined by linearisation.
Therefore the stability of the equilibrium of the suspension with the Magic Formula
should be comparable with the linear analysis.

5.1.1 Suspension with only yaw degree of freedom

When the system has only a yaw degree of freedom, the stability is uniquely governed
by the mechanical trail as illustrated in Figure 2.10. A bifurcation analysis of the
suspension with the Magic Formula and varying the mechanical trail confirms the
stability boundaries as a pitchfork bifurcation and a pair of Hopf bifurcations.

Pitchfork bifurcation

The bifurcation diagram of the pitchfork bifurcation is shown in Figure 5.1. The solid
lines represent the collection of stable equilibria and the dashed lines are the unstable
equilibria. It can be seen that with increasing the mechanical trail in the negative
direction, the zero equilibrium of the yaw angle loses its stability at a mechanical trail
of −(tp + kψ /Cf α ). At the same point, two branches of stable equilibria emerge from
the pitchfork bifurcation, and the values of the static solutions increase gradually
when the mechanical trail becomes more negative.

If the wheel is mounted in front of and far away from the suspension pivot
point (i.e. a large negative mechanical trail), the tyre lateral force and self-aligning
moment are balanced with respect to the restoring moment in the yaw spring of the
suspension. The suspension then moves forward at a fixed yaw angle and the sign of
the yaw angle depends on the initial disturbance.

A bifurcation analysis is also executed for the model with tyre contact patch
dynamics. The results demonstrate exactly the same behaviour as the model with
the Magic Formula, suggesting that a reduced relaxation length has no effect on the
pitchfork bifurcation.

Just like the divergent instability in the linear analysis, this pitchfork bifurca-
tion is not so relevant in a shimmy analysis as it creates static asymptotic solutions.
However it is sure that potential Hopf bifurcations also may occur along the new
branch of non-zero equilibrium which generate oscillatory solutions with varying
the mechanical trail towards more negative. But a suspension with a very large
negative mechanical trail is not common. Therefore in the remainder of this thesis
the pitchfork bifurcations will not be studied any further. The work will focus on
the stability of the zero equilibria and Hopf bifurcations which generate periodic
solutions.
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Figure 5.1: Pitchfork bifurcation (⊳) with varying mechanical trail. Solid for stable equi-
librium; dashed for unstable equilibrium. m: Magic Formula; mc: contact
patch tyre model; remaining parameters are kept as their default values ac-
cording to Appendix II and Table 4.2.

Hopf Bifurcation

Two stability boundaries in the linear analysis correspond to the Hopf bifurcations
for a mechanical trail of −tp and σ respectively. The latter one is a result of the fact
that half of the contact length a is set to be zero.

Figure 5.2 displays these two Hopf bifurcations without any structural damping
in the suspension. It should be mentioned that in the Hopf bifurcation diagram the
zeros are the equilibria, and non-zero branches represent the amplitude of the limit
cycle. Due to the symmetry of the entire system, these limit cycles are also symmetric
with respect to the zero initial configuration.

Both graphs suggest that the Hopf bifurcations occur at the same critical values
for the Magic Formula and contact patch tyre model. This is because at the baseline
characteristics the contact patch tyre model is tuned to possess the identical response
to a step side slip as the Magic Formula. The pneumatic trail tp and the relaxation
length σ are the same for both tyre models. A branch of stable limit cycles arises after
the zero equilibrium loses its stability. However unlike the pitchfork bifurcation the
asymptotic behaviour of the solution is periodic and can be regarded as shimmy.

In the left graph of Figure 5.2, the magnitude of the limit cycle gradually increases
after the Hopf bifurcation for both tyre models. Since the magnitude of the side
slip also grows with the yaw vibration of the suspension, the relaxation length will
decrease with the growth of the limit cycle amplitude for the model with contact
patch dynamics. It can be seen that a decaying relaxation length has a slight impact
on reducing the amplitude. There is however a dramatic difference between the
Magic Formula and the contact patch tyre model as shown in the right graph. The
amplitude of limit cycles with the Magic Formula is almost a vertical line, which
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Figure 5.2: Hopf bifurcation (�) with varying mechanical trail. Without lateral flexibil-
ity, ζs = 0, and |ψ | represents the amplitude of limit cycle. m: Magic Formula;
mc: contact patch tyre model; remaining parameters are kept as their default
values according to Appendix II and Table 4.2.

means it will jump to high magnitude with only a tiny change of the mechanical
trail. The suspension with the contact patch dynamics however exhibits a gradual
increase of the limit cycle amplitude. It appears that the decaying relaxation length is
the key factor for this behaviour.

The study so far has not included any damping at all. The critical values deter-
mining the bifurcation can be checked with the analytical stability boundary from
the linear analysis, such as the pneumatic trail tp and relaxation length σ . However
the absence of damping in the model introduces difficulties for the numerical con-
tinuation algorithm, especially near the bifurcation points. A small step variation
in the parameter results in a dramatic change of the amplitude, and the convergence
to the limit cycle is sometimes problematic. The Matcont toolbox [Govaerts and
Kuznetsov, 2015] may stop the continuation algorithm due to these numerical issues
for the system without damping.

The behaviour of periodic solutions over a large mechanical trail range can be
studied by introducing structural damping in the suspension as described in Sec-
tion 4.2.2. The bifurcation diagrams for 2% structural damping at three vertical
forces are depicted in Figure 5.3. In the case of 4000 N vertical force which is the
default value, the critical values of the Hopf bifurcation pair are the same for the
Magic Formula and contact patch tyre model. A closed curve that represents the am-
plitude of limit cycles connects the two Hopf bifurcations over the range of unstable
equilibria. The contact patch dynamics still make the magnitude of vibration smaller.

When the vertical force is lowered, the interval between the pair of Hopf bifur-
cations becomes shorter. At 2000 N the unstable area even vanishes for the model
with contact patch dynamics. Apparently structural damping does not have an equal
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Figure 5.3: Hopf bifurcation (�) and amplitude of limit cycles with varying mechanical
trail at various vertical loads. ζs = 0.02. m: Magic Formula; mc: contact patch
tyre model; remaining parameters are kept as their default values according to
Appendix II and Table 4.2.

influence on the different tyre models. Although the interval between the Hopf
bifurcations is usually smaller for the contact patch tyre model, it does not mean that
the unstable range is always inside that of the Magic Formula. The left critical value
where the Hopf bifurcation takes place with the contact patch tyre model is outside
the unstable equilibrium range of the Magic Formula, as illustrated in the middle
graph of Figure 5.3.

Bifurcation with two parameters

Without examining the amplitude of limit cycles, a more effective approach to study
the stability properties is to vary two parameters simultaneously. A collection of
bifurcations can be traced and drawn in the parameter plane, indicating stability
boundaries. Figure 5.4 presents the stability boundaries as a function of the mechan-
ical trail and vertical force. It turns out that all the boundaries are the collections
of Hopf bifurcations and the grey area represents the unstable equilibria. The solid
and dashed lines are the Hopf curves for the suspension with 0 and 2% structural
damping respectively.
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Figure 5.4: Stability as a function of the mechanical trail and vertical force. Solid lines:
ζs = 0; dashed lines: ζs = 0.02. Grey area for unstable equilibrium. m: Magic
Formula; mc: contact patch tyre model; remaining parameters are kept as
their default values according to Appendix II and Table 4.2.

In the upper graphs 5.4a and 5.4b, the results with the Magic Formula are shown.
When the structural damping is not present in the suspension, the stability bound-
aries are also consistent with the analytic solutions as indicated by −tp and σ in
the graph. The left boundary corresponding to the pneumatic trail tp seems like
a inclined straight line, however actually it is part of a quadratic curve with tiny
changes in the slope. The pneumatic trail is described by the cosine form of the
Magic Formula which reads:

tp = Dt cos[Ct arctan{Btαt − Et
�
Btαt − arctan (Btαt )

�
}] (5.1)
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5.1. Influence of the relaxation length

and

Dt = Ro (qDz1 + qDz2dfz)
Fz

Fzo
(5.2a)

dfz =
Fz − Fzo
Fzo

(5.2b)

where qDz1 and qDz2 are the parameters determined from experiments, Ro is the
unloaded tyre radius and dfz is the relative change of vertical force with respect to
the nominal vertical force Fzo . The linearisation neglects the cosine term and makes
tp ≈ Dt , which explains the quadratic vertical force dependency of the pneumatic
trail, and the same dependency of the Hopf bifurcation curve. On the other hand,
the right boundary stays at e = σ and invariant with respect to the vertical force
due to the fact that the relaxation length is constant in the Magic Formula. The
stability boundaries are not directly linked to the analytical solutions any more when
structural damping is considered in Figure 5.4b.

It should be mentioned that all the stability boundaries are the critical values at
which Hopf bifurcations occur. The grey areas represent the unstable equilibria and
according to the previous bifurcation analysis, limit cycles exist for these parameter
combinations. Introducing structural damping shrinks the unstable area, as indicated
in Figure 5.4c. In order to keep the content compact, the stability properties of the
system with and without structural damping will be combined and presented in one
graph in the remainder of this thesis. With this convention, Figure 5.4d displays the
stability of the system with contact patch tyre model in the mechanical trail and
vertical force plane. Although the grey area is drawn larger, instability only occurs
inside the dashed line when structural damping is present in the suspension.

When the tyre model includes contact patch dynamics, the Hopf bifurcation
curve that corresponds to the pneumatic trail does not change because tp is modelled
in the same way as in the Magic Formula. On the boundary of the relaxation length
it is not a straight line any more since the vertical force dependency of σ is implicitly
introduced by the contact patch dynamics. In general structural damping reduces the
unstable area to that encircled by the dashed lines. However it has different impact
on the boundaries for different tyre models. When the vertical force is low enough
there is no Hopf bifurcation any more when structural damping is present.

When comparing Figures 5.4 and 5.3 it can be seen that all information on the
Hopf bifurcation is present since the fixed vertical force diagrams are the horizontal
slices in the e − Fz plane.

5.1.2 Suspension with lateral flexibility

From the linear analysis it is found that stability can be expressed as a function of the
mechanical trail and yaw stiffness, as presented in Figure 2.12 and Equation (2.32).
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Chapter 5. Shimmy analysis with contact patch dynamics

A bifurcation analysis with varying the mechanical trail e and yaw stiffness kψ at
the same time confirms the two parabolas P1 and P2 as shown in Figure 5.5. As already
mentioned the grey area represents the unstable equilibria, and the solid and dashed
lines are the stability boundaries for the systems with structural damping ζs = 0 and
0.02 respectively.

It is interesting to notice that for the baseline configuration, where the tyre mod-
els have an identical side slip step response, the stability properties of the systems with
the Magic Formula and contact patch tyre model are also the same. Besides that, the
influence of structural damping is equal for both tyre models too. However from
the analysis with only the yaw degree of freedom, it is expected that the performance
will depend on the applied vertical forces.

The amplitude and frequency of limit cycles can be investigated by only varying
the mechanical trail. This is shown in Figure 5.6 where the yaw stiffness is equal
to 20 × 103 Nm/rad. Two separate intervals over the mechanical trail are found
with two pairs of Hopf bifurcations. In the upper graph the amplitudes of limit
cycles are shown as the closed curves connecting the Hopf bifurcations. The same
conclusion can be made that including contact patch dynamics lowers the magnitude
of the vibration. The frequency of the vibration is reported in the bottom graph,
which suggests that only slight variations exist between the tyre models. Although
the contact patch dynamics have been introduced in the tyre model, the small mass at
the contact patch and relatively high lateral stiffness of the carcass result in a vibration
mode with a fairly high frequency. The vibration is still determined by the suspen-
sion structure and tyre-road interaction but not the dynamics of the small mass at
contact patch. This also justifies the approach to introduce the vertical force and slip
dependency of the relaxation length by the means of contact patch dynamics. The
improved transient behaviour of a reduced relaxation length is included as wanted
without interfering the lateral and yaw vibration of the suspension.

5.2 Influence of turn slip

The study of the suspension with a yaw degree of freedom suggests that the stability
boundaries are related to the mechanical trail and the relaxation length. In the tyre
model including turn slip, both boundaries will be modified. In order to include turn
slip in the Magic Formula, additional equations are introduced that modify the tyre
lateral force and self-aligning moment with respect to a pure side slip condition. As
a result the pneumatic trail is not defined explicitly. Therefore the boundary will
be determined numerically as it is not possible to obtain an analytical expression.
Furthermore an additional relaxation equation (4.4) is used to describe the transient
turn slip behaviour.

The stability as a function of the mechanical trail and vertical force are shown in
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Figure 5.5: Stability as a function of the mechanical trail and yaw stiffness. Solid lines:
ζs = 0; dashed lines: ζs = 0.02. Grey area for unstable equilibrium. m: Magic
Formula; mc: contact patch tyre model; remaining parameters are kept as
their default values according to Appendix II and Table 4.2.

fr
eq
.
[H

z]

e [m]

mc

m

kψ = 20 [kNm/rad]

|ψ
|
[d
eg
]

−0.2 −0.1 0 0.1 0.2 0.3

−0.2 −0.1 0 0.1 0.2 0.3

10

20

30

0

5

10

Figure 5.6: Hopf bifurcation (�) with varying mechanical trail. Amplitude and frequency
of limit cycles are shown in the upper and lower plots respectively. m: Magic
Formula; mc: contact patch tyre model; remaining parameters are kept as
their default values according to Appendix II and Table 4.2.
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Figure 5.7: Stability as a function of the mechanical trail and vertical force. Solid lines:
ζs = 0; dashed lines: ζs = 0.02. grey area for unstable equilibrium. mc:
contact patch tyre model; mct: tyre model including turn slip; remaining
parameters are kept as their default values.

Figure 5.7. The stability boundaries of the model with contact patch dynamics are
also included as a reference with the grey lines, which are duplicated from Figure 5.4.
The left boundary becomes less directly related to the mechanical trail; the other
boundary appears to shift horizontally to the right. The effect of structural damping,
as found before, shrinks the unstable area as indicated by the dashed lines.

The amplitude of periodic solutions can be studied by only varying the mechani-
cal trail as illustrated in Figure 5.8. Limit cycles of the yaw angle at two vertical forces
are shown in the comparison to the Magic Formula and contact patch tyre model.
It can be seen that the amplitude of the periodic solutions and the unstable area are
generally reduced when including turn slip. Figure 5.9 illustrates the magnitude of
turn slip. The magnitude is relatively small and is almost in the linear region in terms
of a pure turn slip condition, as displayed Figure 4.5.

Inspecting the vibration frequency in Figure 5.10 indicates that, although the
stability boundaries change with respect to the vertical force, the frequency hardly
changes for the selected tyre models.

In practice shimmy normally occurs within a particular speed range. However
the results from the linear analysis indicate that the stability is independent of the
forward velocity for the system with the straight tangent tyre model and no damp-
ing. For other tyre models, such as the Von Schlippe tyre model, the stability is
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Figure 5.8: Hopf bifurcation (�) and amplitude of yaw angle with varying mechanical
trail at various vertical loads. ζs = 0.02. m: Magci Formula; mc: contact patch
tyre model; mct: tyre model including turn slip; remaining parameters are
kept as their default values.
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Figure 5.9: Hopf bifurcation (�) and turn slip amplitude with varying mechanical trail at
various vertical forces. ζs = 0.02. Tyre model including turn slip; remaining
parameters are kept as their default values.

velocity dependent especially at low speeds. The Magic Formula is expected to have
the same stability properties as the straight tangent tyre model when damping is not
included. When the contact patch dynamics are considered, the relaxation length
becomes dependent on the vertical force, nevertheless no evidence suggests that the
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Figure 5.10: Frequency of limit cycles with varying mechanical trail. ζs = 0.02. m: Magci
Formula; mc: contact patch tyre model; mct: tyre model including turn slip;
remaining parameters are kept as their default values.

velocity will influence the stability of the system. This is confirmed by the left graph
in Figure 5.11 where the stability boundaries of the system with Magic Formula and
contact patch dynamics are shown as a function of the mechanical trail and forward
velocity. Without structural damping the two boundaries are invariant to the changes
of velocity, and they are in agreement with the pneumatic trail and relaxation length
respectively as already shown by the analytical results.

The results start to change when turn slip is considered, as illustrated in the right
graph. Shimmy will only occur when the vehicle exceeds a certain forward velocity.
Even without structural damping the results become velocity dependent.

In all the cases stability will become velocity dependent if structural damping
is present. As depicted by the dashed lines, adding structural damping reduces the
unstable area.

Instability due to turn slip

So far the tyre model with turn slip is incorporated in the suspension model with
the yaw degree of freedom only. The study suggests that turn slip will clearly change
the stability properties. In most of the time it suppresses shimmy at certain con-
figurations and makes stability properties dependent on the forward velocity, which
is similar to the effect of damping. However when comparing the performance of
different tyre models in Figure 5.7 and 5.11 for some conditions, instability may only
be present for the model with turn slip. This occurs for larger mechanical trail values
close to the relaxation length.

To demonstrate this, a configuration having a mechanical trail of 0.41 m and
velocity of 200 km/h is selected; all other parameters remain as their default values.
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Figure 5.11: Stability as a function of the mechanical trail and forward velocity. Solid
lines: ζs = 0; dashed lines: ζs = 0.02. Grey area for unstable equilibrium.m:
Magci Formula; mc: contact patch tyre model; mct: tyre model including
turn slip; remaining parameters are kept as their default values.

Figure 5.12 provides the time history for an initial value of 1 degree yaw angle. It is
clear that the disturbance dies out as time goes by for the suspension with contact
patch tyre model (mc). For the model with turn slip (mct), solutions oscillate with
increasing amplitude and approach to a limit cycle. The time simulation also confirms
that the frequencies are almost equal.
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Figure 5.12: Time history of vibration with model of contact patch dynamics and turn
slip. Same initial disturbance as ψ0 = 1◦ and e = 0.41 m; V = 200 km/h. mc:
contact patch tyre model; mct: tyre model including turn slip; remaining
parameters are kept as their default values.
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Bistable scenario

The Hopf bifurcation creates limits cycles and the critical values where bifurcation
occurs can be regarded as the stability boundary. However the stability of the new
periodic solutions has not been addressed yet.

Examining the Hopf bifurcation for the tyre model with turn slip on the left side
in Figure 5.9, it seems that at the beginning the branch of limit cycles goes to the left
towards to the stable equilibria. After a slight decrease of the mechanical trail, the
limit cycle branch turns back to the right and connects to the other Hopf bifurcation.
This simply suggests that for the small interval of the mechanical trail between the
Hopf bifurcation and the turning point of the limit cycles, there are three attractors
and it is not possible for all of them to be stable.

The local behaviour of the solutions near this Hopf bifurcation is replicated in
the left graph of Figure 5.13 with a limited mechanical trail range. It turns out that
such a bifurcation generates unstable limit cycles, which is referred to as a subcritical
Hopf bifurcation, in contrast to the supercritical Hopf bifurcation. The unstable
periodic solutions also increase their amplitude gradually and become stable after a
Cyclic Fold bifurcation as the turning point. As a result the unstable branch of limit
cycles separates the asymptotic solution depending on the magnitude of the initial
disturbance.

In the right graph of Figure 5.13 the time history is presented for the bistable
scenario with e = 0.1855 m, starting from two initial yaw angles. Without demon-
strating the vibration, only the positive peak values of the time history are drawn.

positive peaks

ψ
[d
eg
]

time [s]

bifurcations

|ψ
|
[d
eg
]

e [m]
0 20 40 60 800.18 0.185 0.19

0

5

10

0

5

10

Figure 5.13: Left: Hopf bifurcation (�) and Cyclic Fold bifurcation (^) with varying the
mechanical trail;Fz = 5000 N and ζs = 0.02.
Right: positive peak value of time history with e = 0.1855 m; starting from
different initial values with ψ0 = 5.6◦ (N) and ψ0 = 2.2◦ (H).
Tyre model with turn slip; remaining parameters are kept as their default
values.

78



5.2. Influence of turn slip

If the initial disturbance is larger than the separatrix, as indicated by the upper tri-
angle in the bifurcation diagram, the vibration continues as a periodic solution. The
disturbance damps out to a equilibrium when the initial disturbance is small.

The results indicate that for a very specific configuration, shimmymay only occur
when the disturbance is large enough, which is similar to the shimmy analysis with
dry friction in the suspension [Pacejka, 2012]. The bistable scenario does not only
exist for the tyre model with turn slip. In fact a bifurcation analysis confirms that the
Magic Formula is sufficient to produce the subcritical Hopf bifurcation, as shown
in Figure 5.14. It should be noted that the bistable scenario only appears for an
extremely narrow range of the mechanical trail in this study. Nevertheless, at least in
theory the boundary should be the critical parameter value at which the Cyclic Fold
bifurcation occurs, since a sufficiently strong disturbance may get shimmy started.
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Figure 5.14: Hopf bifurcation (�) and Cyclic Fold bifurcation (^) with varying the
mechanical trail. Magic Formula at Fz = 2 kN and ζs = 2%; remaining
parameters are kept as their default values.

Suspension with lateral flexibility

The effects of turn slip are demonstrated by the bifurcation analysis of the suspension
with lateral and yaw flexibility. Figure 5.15 shows the stability as a function of
the mechanical trail and yaw stiffness at three different forward velocities. On the
left column for the tyre model without turn slip, it can be seen that the stability
is independent of forward velocity when structural damping is not present in the
suspension. These stability boundaries are identical as the two parabolas from the
analytical stability expressions in Equation (2.32). For the suspension with structural
damping, the stability becomes velocity dependent and the unstable areas start to
decrease. It is clear that one of the boundaries is more sensitive to the changes of
velocity. In general including structural damping reduces the unstable area.
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Figure 5.15: Stability as function of the mechanical trail and yaw stiffness. Solid lines:
ζs = 0; dashed lines: ζs = 0.02. Grey area for unstable equilibrium. mc:
contact patch tyre model; mct: turn slip; remaining parameters are kept as
their default values according to Appendix II and Table 4.2.
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5.3. Discussion

From the right column of Figure 5.15, it can be found that the stability of the
tyre model with turn slip turns out to be velocity dependent even without structural
damping in the suspension. The major impact of turn slip happens at low speed:
stability is quickly achieved when the yaw stiffness is sufficiently high. At higher
velocities for a small and negative mechanical trail, the unstable areas increase. How-
ever turn slip in general reduces the unstable area in the parameter space, similar to
the effect of structural damping.

5.3 Discussion

In this chapter nonlinear and transient tyre models, which aim to accurately describe
tyre behaviour, are studied with respect to shimmy stability.

The stability analysis with the Magic Formula demonstrates a clear consistency
with the straight tangent tyre model. The tyre parameters, such as the pneumatic trail
and relaxation length, are still linked to the stability boundaries as the critical values
of the Hopf bifurcation. The saturation of the lateral force and self-aligning moment
limits the amplitude of vibration and results in a sustained periodic oscillation. The
vertical force dependency of the steady-state response of the Magic Formula is also
reflected in the stability boundary.

The tyre model with contact patch dynamics, which includes the decaying re-
laxation length with respect to the increase of side slip, possesses the same steady-
state characteristics as the Magic Formula. The stability properties concerning the
relaxation length will become dependent on the vertical force. When there is no
structural damping in the suspension, the results from the bifurcation analyses match
the analytic boundaries. However low levels of damping usually introduce unrealistic
predictions of the periodic solution and difficulties in the numerical algorithms. The
amplitude of limit cycles increases dramatically for a small change in a parameter. The
study of the periodic solutions is performed with 2% structural damping. It turns out
that the model with contact patch dynamics has the same stability properties for the
baseline characteristics, but will reduce the magnitude of the vibration. Although an
additional vibration mode has been introduced by the elastically suspended contact
patch mass, the eigenfrequency is much higher than the shimmy frequency, and will
not interfere the vibration of the suspension.

Another important tyre characteristic is turn slip, which results in the lateral
force and self-aligning moment due to the tyre yaw motion. Even though its mag-
nitude may be relatively small, turn slip has great impact on the shimmy stability.
To some extend turn slip is similar to damping in a shimmy analysis. It makes the
stability boundaries dependent on the velocity, lowers the amplitude of oscillations
and generally reduces the unstable area. However an instability may be introduced
by turn slip itself.
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Chapter 5. Shimmy analysis with contact patch dynamics

A bistable scenario exists for nonlinear tyre models, as the evidence of subcritical
Hopf and Cycle Fold bifurcations. It indicates new critical parameters values for a
shimmy analysis, which can not be obtained from the linear study.
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Chapter6
Shimmy analysis with

rigid ring dynamics

The analyses with contact patch dynamics and turn slip suggest that the tyre char-
acteristics are of great importance in a shimmy analysis. Not only the stability, but
also the amplitude and frequency of limit cycles are influenced by the tyre models.
However except the contact patch dynamics, the remaining part of a wheel is consid-
ered as a rigid disk so far, which may not be accurate for high frequency excitations
(approximately > 10 Hz [Pacejka, 2012]). The vibration of the tyre belt starts to
influence the tyre dynamic behaviour at high frequencies. The dynamics of the tyre
belt can be modelled by a rigid ring approach, which includes the rigid body motion,
gyroscopic effect and mass redistribution. The tyre models with and without rigid
ring dynamics, i.e. model mctr and mct, will be used in this chapter. They are
depicted in Figure 6.1 and a detailed description of the tyre models can be found in
Chapter 4. The main difference of these tyre models is the separation of the tyre belt
mass that is elastically suspended between the rim and contact patch.

The impact of tyre belt dynamics on shimmy stability will be investigated in this
chapter. First, two tyre models are compared by studying their frequency response
functions and applying the energy flow method. Next, the tyre models are incorpo-
rated into the trailing wheel suspension to analyse shimmy stability. The vibration
modes are studied and bifurcation analyses are conducted to investigate the influence
of tyre belt dynamics.
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Figure 6.1: Tyre models without belt dynamics (mct) and with belt dynamics (mctr),
rear view. yw and ψ are the lateral displacement and yaw angle of the wheel
centre. Lateral force Fya and self-aligning momentMza are the outputs of tyre
models acting from the wheel at the axle spindle.

6.1 Dynamics of the tyre belt

As shown in Figure 6.1, three out-of-plane rigid body modes of the tyre belt are
considered, i.e. lateral, yaw and camber. For the tyre not in contact with the road
and a fixed rim (Fz = 0,Ω = 0), the corresponding natural frequencies are:

fy = 42.41 Hz, (6.1)

fψ = fγ = 53.49 Hz. (6.2)

The subscripts y, ψ and γ represent the lateral, yaw, and camber motion of the tyre
belt respectively. The damping ratio for each mode is selected as 5%. The full list of
tyre parameters can be found in Appendix II.

6.1.1 Frequency response

The frequency response functions of the tyre models with and without rigid ring
dynamics are compared in Figure 6.2 and 6.3. The response of the lateral force Fya and
self-aligning momentMza at the wheel centre are given for a pure lateral displacement
yw and yaw angle ψ excitation respectively at two levels of forward velocity.

From the graphs it can be observed that when the velocity and excitation fre-
quency are relatively low, i.e. the solid lines with V = 50 km/h up to 10 Hz, all the
responses of both tyre models are almost identical. For high speeds but low frequen-
cies, only small deviations can be found except the phase response of Mza , which
is evident from the dashed lines in the lower right graph in Figure 6.3. Although
it is clear that the quantitative difference is not that dramatic if the phase is plotted

84



6.1. Dynamics of the tyre belt

V = 50 [km/h]
V = 150 [km/h]

mct

mctr

ph
as
e
M
z
[d
eg
]

frequency [Hz]

m
ag
.M

z
[N

m
/m

]

ph
as
e
F
y
[d
eg
]

frequency [Hz]

m
ag
.
F
y
[N

/m
]

100 101 102

100 101 102

100 101 102

100 101 102

−180

−90

0

90

180

102

103

104

105

106

−180

−90

0

90

180

103

104

105

106

107

Figure 6.2: Comparison of frequency response of Fya and Mza with respect to pure a
lateral displacement yw at wheel centre. Tyre model naming convention see
Table 4.1; parameters according to Appendix II and Table 4.2.
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parameters according to Appendix II and Table 4.2.
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Chapter 6. Shimmy analysis with rigid ring dynamics

between 0 and 360 degrees instead, the models with and without rigid ring dynamics
exhibit a difference in terms of phase lag or leading in the response of Mza against
a yaw excitation. According to the energy flow method and previous analyses, the
phase response is critical for the potential instability. The different responses at the
low frequency range are regarded as the gyroscopic effect of the tyre belt.

When increasing the excitation frequency, much more dynamic behaviour can
be observed in the rigid ring model (the black lines for model mctr) near 50 − 80
Hz. The frequency range is close to the natural frequencies of the rigid ring tyre
model when it is in contact with the road. However this frequency range of the belt
dynamics is usually beyond the frequency of shimmy. Now the question is how belt
dynamics will influence the shimmy stability and its vibration.

6.1.2 The shimmy energy

In Chapter 3 the energy flow method is applied to a single tyre. Sinusoidal variation
of the lateral and yaw motion were considered for a tyre experiencing a constant
forward velocity. The results suggest that the potential instability is a function of the
amplitude ratio η and phase angle ξ between lateral and yaw motion of the tyre, as
well as the wavelength λ of the sinusoidal motion. For linear tyre models, such as
the Von Schlippe tyre model, the shimmy energy can be easily obtained using the
transfer functions.

This technique can also be used to identify the difference between various tyre
models, even for nonlinear tyre models and large amplitudes. In this section, three
frequencies and two levels of forward velocity are considered: f = 5,10 and 20 Hz;
V = 50 and 100 km/h. Excitations with an amplitude of 1 and 8 degrees are also
included. In order to obtain the shimmy energy, time domain simulations with
different combinations of η and ξ have been performed. The simulation time is
sufficiently long such that the transient response dies out and a periodic vibration
with a constant amplitude is achieved. The lateral force Fya and self-aligning moment
Mza and velocities at wheel centre within one time period are attained from the
time histories. The shimmy energyW can be calculated by solving the integration
numerically:

W =

∫ t0+T

t0

(Fya cosψẏw +Mzaψ̇ )dt (6.3)

where yw and ψ are the lateral displacement and yaw angle at wheel centre; the dot
represents the time derivative; t0 is an arbitrary initial time as long as the transient
response has disappeared and T is the time period of the vibration. The lateral force
Fya , self-aligning momentMza are the outputs of the rigid ring tyre model, which act
at the axle spindle from the tyre. The results of zero energy boundary at different
frequencies are displayed in Figures 6.4, 6.5 and 6.6 respectively. The area inside the
boundary (W > 0) indicates potential instability.
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6.1. Dynamics of the tyre belt

In general as the frequency is increased, the areas of positive shimmy energy start
to shrink and the differences of the boundaries between the tyre models become more
noticeable, which can be found by comparing the black and grey lines in each figure.
For the low forward velocity (the solid lines), the effect of the rigid ring dynamics
can barely be observed at 5 Hz in Figure 6.4. When the frequency is increased up
to 20 Hz, the positive energy area at low forward velocity only exists for the tyre
model excluding the rigid ring with a large amplitude of excitation, as can be seen
in Figure 6.6. The performance of tyre models at 150 km/h forward velocity is
depicted by the dashed line in each figure. It can be observed that the areas inside
the boundary are larger than those at the low forward velocity and the difference
between tyre models become more apparent for higher frequencies. It is also very
interesting to note that for large amplitude excitations that are represented by the
thick lines in all the plots, the shape of the boundary becomes less circular and the
area with positive energy is reduced.
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Figure 6.4: Polar plot showing zero energy dissipation for tyre models with (mctr) and
without (mct) rigid ring dynamics, sinusoidal excitation with frequency of 5
Hz.
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Figure 6.5: Polar plot showing zero energy dissipation for tyre models with (mctr) and
without (mct) rigid ring dynamics, sinusoidal excitation with frequency of 10
Hz.
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Figure 6.6: Polar plot showing zero energy dissipation for tyre models with (mctr) and
without (mct) rigid ring dynamics, sinusoidal excitation with frequency of
20 Hz.
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6.2. Shimmy analysis

6.2 Shimmy analysis

From the previous comparison of the tyre models with and without rigid ring dynam-
ics, it can be concluded that the presence of tyre belt dynamics can hardly be noticed
at low velocities and frequencies. Even at high forward velocities, the vibration of the
belt is expected at a frequency which is higher than that of the shimmy vibration. The
performance of a tyre model including belt dynamics will be studied with the trailing
wheel suspension. The suspension with both lateral and yaw degrees of freedom is
considered.

6.2.1 Vibration modes

The vibration modes of the trailing wheel suspension with the rigid ring tyre model
are presented as a function of the mechanical trail in Figures 6.7 and 6.8 at forward
velocity of 50 and 150 km/h respectively. Only the modes with frequencies that are
below 100 Hz are shown by their frequency and damping ratio.

As evident from the graphs, one extra mode exists at the low velocity, which is
marked as pentagrams and is highly damped. It is also interesting to notice that only
the modes with the two lowest frequencies are sensitive with respect to the variation
of the mechanical trail; the other modes just change slightly. Instability occurs within
a certain range of the mechanical trail and only at the high velocity. The frequency
of the unstable mode is lower than 20 Hz, as shown in Figure 6.8.

For comparison, the modes of the suspension without the rigid ring tyre model
are also displayed in Figure 6.9. When the tyre belt dynamics are not considered, only
two vibration modes exist, which are similar to the modes of two lowest frequencies
with rigid ring dynamics at the low velocity, as shown in the upper graph. In the
bottom graph when V = 150 km/h, the difference of the higher frequency mode
becomes more notable: the damping ratio increases when the rigid ring dynamics is
included.

The vibration modes can also be plotted as a function of the forward velocity, as
presented in Figure 6.10. The particular mode that is marked by pentagrams is shown
separately in the lower graphs. It clarifies why this mode disappears in Figure 6.8 as
its frequency increases dramatically when the forward velocity is varied. However
its damping ratio is still relatively large even at high velocity. The other five modes
are shown in the upper plots. Instability only occurs for the mode with the lowest
frequency beyond a certain forward velocity. The comparison for the tyre models
with and without rigid ring dynamics is also made as a function of the forward
velocity in Figure 6.11. A slight discrepancy can be found between the tyre models
regarding the frequency, while the damping ratio is more sensitive with respect to
the forward velocity when the rigid ring is included. It is interesting to notice that
despite the difference in complexity of the tyre models, the critical values of the
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kNm/rad, V = 50 km/h. Only modes with frequency lower then 100 Hz
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rigid ring tyre model.

forward velocity when instability occurs are almost the same.
The analysis of the vibration modes suggests that even though the vibration of the

belt is incorporated, it hardly affects the shimmy stability at low velocities. However
the motion of the belt may influence the vibration during shimmy, especially at a
high forward velocity. This conclusion will be justified by the following bifurcation
analysis.
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mct

mctr

da
m
pi
ng

ra
ti
o
[%

]

V [kmh]

fr
eq
ue
nc
y
[H

z]

V [km/h]
50 100 150 20050 100 150 200

−5

0

5

10

15

20

10

15

20

25

30

Figure 6.11: Frequency and damping ratio as a function of forward velocity for the tyre
models with and without rigid ring dynamics, Kψ = 20 kNm/rad , e = 0.2
m. Only modes with two lowest frequencies are shown. mct: tyre model
with turn slip; mctr: rigid ring tyre model.

92



6.2. Shimmy analysis

6.2.2 Bifurcation analysis

From the linear analysis with the straight tangent tyre model in Section 2.4, it is
known that for the suspension with lateral and yaw flexibility but without damping,
the stability can be expressed by two parabolas and a straight line in the plane of the
mechanical trail and yaw stiffness. With a small amount of structural damping or
turn slip, most of unstable area will diminish. However the remaining unstable area
is not sensitive to damping any more, which indicates shimmy may not be eliminated
simply by adding damping to the system.

The bifurcation analysis of the suspension with lateral and yaw flexibility is
shown in Figure 6.12. The results are obtained at three different forward velocities, i.e.
V = 50,100 and 150 km/h. In the same figure, the analytical boundaries that are inde-
pendent of the forward velocity are also drawn as a reference. The Hopf bifurcation
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Figure 6.12: Stability as a fucntion of the mechanical trail and yaw stiffness. ζs = 0.02;
grey area for unstable equilibrium. Dashed lines are the analytical boundaries
for the straight tangent tyre model when ζs = 0. mct: tyre model with turn
slip; mctr: rigid ring tyre model; remaining parameters are kept as default
values.
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curves can still be recognized as reduced from the parabola. The performance of both
tyre models regarding stability is almost the same at the low velocity. Although tyre
damping is included in the rigid ring tyre model, it results in an increased unstable
area at high velocities.

The stability as a function of the mechanical trail and forward velocity are shown
in Figure 6.13. It should be mentioned that only the unstable area with the rigid ring
tyre model is filled with grey. So very few areas which are enclosed by the boundaries
of the tyre model with turn slip are still white in the graphs, but they do represent the
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Figure 6.13: Stability as a fucntion of the mechanical trail and forward velocity. ζs = 0.02;
grey area for unstable equilibrium. mct: tyre model with turn slip; mctr:
rigid ring tyre model; remaining parameters are kept as default values.
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unstable equilibrium. There are only minor differences in the stability boundaries,
especially at low forward velocity. As the speed increases, the effect of rigid ring
dynamics starts to become visible and in general it causes the unstable area to grow.

The comparison between the tyre models with the influence of lateral stiffness
are illustrated in Figure 6.14. The rigid ring dynamics appear to have very little
effect on the stability; differences are expected at higher velocity according to the
results of Figure 6.13. It is also interesting to notice that increasing the yaw stiffness
or lowering the lateral stiffness of the suspension seems to be favourable to reduce
shimmy instability.

The amplitude and frequency of the limit cycle for different tyre models are
shown in Figure 6.15. Similar to the stability boundaries, the effect of rigid ring
dynamics increases the unstable range of the mechanical trail, and the effect becomes
more visible at high forward velocities. A limited growth in amplitude can be ob-
served when the belt dynamics are considered, while the frequencies are slightly
reduced. Although it is clear from the shape of the limit cycle amplitude that a
bistable scenario occurs with the subcritical Hopf and Cyclic Fold bifurcations, it is
not exclusively introduced by the rigid ring dynamics. Simple tyre models may also
result in such a phenomenon, therefore the unstable limit cycles are not particularly
paid attention here.

Even though the vibration of the suspension during shimmy is similar for the tyre
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Figure 6.16: Hopf bifurcation (�) with varying mechanical trail and the vibration of the
belt. V = 150 km/h; ζs = 0.02; kψ = 20 kNm/rad. Remaining parameters
are kept as default values.
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models with and without rigid ring dynamics, the relative motion of the belt with
respect to the rim may not be small, as illustrated in Figure 6.16. The limit cycles
in Figure 6.15 and 6.16 are presented by their magnitude, i.e. the maximum value
of the periodic oscillation. However the vibration can be quite different due to the
belt dynamics. The time histories of a shimmy simulation with rigid ring dynamics
are depicted in Figure 6.17. All the vibrations start from the same time ts with two
periods. It is observed that the motion of the suspension, no matter in lateral or yaw
degree of freedom, is close to a harmonic vibration; while the belt can move in a
more complex fashion. Nevertheless the vibrations are still periodic. Quasi-periodic
and chaotic solutions have never been encountered in this study.
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Figure 6.17: Vibration of the suspension and rigid ring within two periods, T = 0.0719 s
and f = 13.91 Hz. e = 0.1 m;V = 150 km/h; kψ = 20 kNm/rad. Remaining
parameters are kept as default values.

6.3 Discussion

The impact of tyre belt dynamics on shimmy stability has been studied in this chap-
ter. The comparison of the tyre models with and without rigid ring dynamics sug-
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gests that the dynamic behaviour of the tyre belt will become more noticeable when
the frequencies and forward velocities are relatively high. Regarding the shimmy
stability, the tyre belt dynamics have slight influence at low velocities, while it starts
to change the stability boundaries more when the forward velocity is increased. In
general, the rigid ring tyre model causes the unstable area to slightly expand at high
velocities.

Although only minor differences of suspension vibration exist for the tyre models
with and without belt dynamics, the relative belt motion with respective to the rim
may become large and more complex than a harmonic vibration.
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Chapter7
Conclusions and

recommendations

7.1 Conclusions

The shimmy phenomenon on automotive suspensions or aircraft landing gears is
potentially dangerous. Suitable tools and models are required in order to assess
the stability properties of the system and to understand the mechanisms govern-
ing shimmy. Shimmy stability is a function of many factors that involve both the
dynamic behaviour of the tyre and the supporting structure. This study focuses
on the impact of different tyre characteristics on shimmy stability. The approach
followed in this thesis is to start with classical linear tyre models to gain fundamental
insight on the phenomenon and gradually increase the model complexity to more
detailed nonlinear dynamic tyre models. A trailing wheel suspension, which may
also exhibit lateral flexibility at the hinge pivot, is employed to evaluate shimmy
stability. Based on bifurcation analyses and other techniques, comparisons between
tyre models with different characteristics have been made in terms of stability and
limit cycle amplitude.

The stretched string tyre models can be used in linear shimmy analyses. The
lateral compliance of the tyre carcass is included to describe the transient behaviour,
which is essential to introduce shimmy instability. Different approximations have
been made to consider the deformation of the string, such as the Von Schlippe and
straight tangent tyre models. The linear analysis with the trailing wheel suspension
suggests that tyre parameters, such as the relaxation length, cornering stiffness and
pneumatic trail, are crucial regarding shimmy stability.

One of the factors that can give rise to shimmy is the delayed response of the
contact patch with respect to wheel motion. This can be justified by considering the
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energy balance for the Von Schlippe tyre model with prescribed sinusoidal lateral
and yaw motion. A physical explanation of the energy transfer to maintain the
vibration is given based on the relative motion between the wheel centre and the tyre
contact line on the road. The energy flow method suggests that shimmy will only
occur for certain combinations of lateral and yaw input. The zero energy dissipation
boundaries in the polar plot are also useful for the comparison of tyre models.

Next the tyre models are extended withmore features, and their impact on shimmy
stability and the magnitude of limit cycles has been investigated in this thesis. The
trailing wheel suspension with a structural damping extension is again used to evalu-
ated the tyre models.

Nonlinear steady-state force and moment

The Magic Formula is used to describe the steady-state tyre behaviour. Only the
lateral force Fy and self-aligning moment Mz with vertical force dependency are con-
sidered in this study. The stability properties are similar to the straight tangent tyre
model for small amplitudes. When structural damping is not present, the bifurcation
analysis matches the analytical expression for the shimmy stability. The vertical force
dependency of the pneumatic trail inherited from the Magic Formula is also reflected
in the stability boundary. The saturation of the tyre lateral force and self-aligning
moment results in limit cycles which are regarded as a self-excited vibration.

Contact patch dynamics

A small contact patch mass and lateral compliance of the carcass are included in order
to incorporate the slip and vertical force dependency of the relaxation length. The
stability boundary related to the relaxation length becomes a function of the vertical
force. The decaying relaxation length as increasing side slip will reduce the amplitude
of limit cycles, however the frequency remains almost unchanged.

Turn slip

The Magic Formula is extended with turn slip as an additional input using the work
of Pacejka [2012]. The transient turn slip behaviour is included analogously to the
approach of side slip. As a result, turn slip causes shimmy stability to be dependent
on the forward velocity, and reduces the unstable area and the magnitude of the
vibration. Although having similar impact as structural damping, turn slip may
also introduce instability at certain conditions. It is concluded that turn slip is an
important component in shimmy analyses, and is unfortunately not included in the
available literature.

100



7.2. Recommendations

Rigid ring dynamics

The vibration of the tyre belt is approximated by a rigid ring, which includes the
rigid body dynamics, gyroscopic effect and mass redistribution. The comparison
of the tyre models with and without rigid ring dynamics is performed by studying
the frequency response functions of the lateral force and self-aligning moment with
respect to tyre lateral and yaw motion, and applying the energy flow method. The
results imply that the tyre belt dynamics become more visible at high frequencies
and forward velocities. This is confirmed by the bifurcation analysis applied to the
wheel-suspension system. A clear difference of stability properties is present at high
forward velocities when the tyre belt dynamics are considered. In general the rigid
ring tyre model causes a limited increase of instability and a slight growth of the
amplitude of limit cycles.

7.2 Recommendations

Though important characteristics have been identified for the tyre modelling to con-
duct shimmy analyses, various items require further attention.

• Turn slip and camber dynamics

Although turn slip has already been incorporated in this thesis, the parameters
are derived from simulations of the TreadSim model by Pacejka [2012]. Full-
scale validation is a top priority, since its importance in shimmy analysis has
been illustrated in this thesis.

Camber thrust of a tyre and its dynamics may also influence shimmy stability.
Tyre models that can accurately describe the transient camber response do not
exit yet.

• Experimental validation of shimmy stability

The study in this thesis is focused on the theoretical research with validated
tyre models and a relatively simple suspension structure. The validation of the
shimmy stability results in a real test set-up has not been performed. During
this study, efforts have been made to create shimmy on a drum test rig using
a road vehicle. The self-sustained vibrations were only present at very specific
conditions and a full validation could not be successfully conducted. Never-
theless experimental validation will be required to gain more confidence in the
theoretical work.

• Tyre test rig allowing arbitrary combinations of lateral and yaw inpt

A test rig can be envisaged that is able to excite the tyre lateral and yaw motion
with an arbitrary combination of the amplitude ratio and phase difference.
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Chapter 7. Conclusions and recommendations

Though the yaw oscillation and pendulum tyre experimental set-ups were avail-
able at the Delft University of Technology [Zegelaar, 1998; Maurice, 2000],
they could only excite either lateral or yaw dynamics. A test rig that allows
arbitrary combinations of tyre lateral and yaw motion will be useful for the
validation of tyre models and energy flow method.

• Suspension structure

The structure of the suspension in this theoretical study is only considered in
a very simple representation, i.e. the trailing wheel suspension. However a
higher level of complexity will be required depending on the real problem that
needs to be analysed. Characteristics such as free-play and friction are necessary
to make trustworthy predictions, as already indicated by various sources in
literature.

• Enhanced tyre modelling

The tyre modelling features, which have a major influence on shimmy stability,
are included in this thesis. However other tyre force and moment characteris-
tics, such as the interaction with longitudinal slip, are also interesting to be
incorporated in future work.

The aim of this thesis is to study the impact of tyre model features on shimmy
stability and to gain a better understanding of the shimmy phenomenon. To this
purpose, theoretical research on tyre models for shimmy analysis has been presented
in detail. The previously described research directions should be further investigated
to solve practical shimmy problems and achieve a shimmy-free design.
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AppendixI
Simplified Magic Formula

The nonlinear steady-state tyre force and moment characteristics as a response to side
slip and turn slip are based on the Magic Formula. Only the lateral force and self-
aligning moment are considered and the asymmetric components, such as ply steering
and conicity, are completely eliminated. A full description of Magic Formula can be
found in [Pacejka, 2012, Chapter 4].

The contribution of vertical force is introduced by a normalized vertical force
increment:

dfz =
Fz − Fzo
Fzo

(I.1)

where Fzo is the rated tyre vertical force.
In general the lateral force Fy and self-aligning moment Mz can be expressed in a

set of nonlinear functions:

Fy = fMF (αF ,φF ,Fz ) (I.2)

Mz = fMF (αF ,αt ,φM ,Fz ) (I.3)

In these equations, αF ,αt ,φF and φM are the transient quantities of side slip and turn
slip that originate from the transient tyre model. The different transient behaviour of
the lateral force and self-aligning moment is often ignored in the simple tyre models.
In advanced tyre models, such the rigid ring tyre model, this is taken into account,
see for example Equation (4.6).

Lateral force

Fy = Dy sin[Cy arctan{Byαy − Ey
(

Byαy − arctan
(

Byαy
)

)

}] (I.4a)
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Appendix I. Simplified Magic Formula

αy = αF + ζ4 − 1 (I.4b)

Cy = pCy1 (I.4c)

Dy = µyFz · ζ2 (I.4d)

µy = pDy1 + pDy2dfz (I.4e)

Ey = pEy1 + pEy2dfz (I.4f)

Kyα = pKy1Fzo sin[pKy4 arctan(
Fz

pKy2Fzo
)]ζ3 (I.4g)

By =
Kyα

CyDy
(I.4h)

Self aligning moment

Mz = Mz0 +Mzr (I.5a)

Mzr = Dr cos[Cr arctan(Brαr )] (I.5b)

αr = αF + ζ4 − 1 (I.5c)

Br = (qBz9 + qBz10ByCy ) · ζ6 (I.5d)

Cr = ζ7 (I.5e)

Dr = FzR0[(qDz6 + qDz7dfz ) · ζ2] + ζ8 − 1 (I.5f)

Mz0 = −t0Fy0 (I.5g)

t0 = Dt cos[Ct arctan{Btαt − Et
�
Btαt − arctan (Btαt )

�
}] (I.5h)

Bt = qBz1 + qBz2dfz + qBz3df 2z (I.5i)

Ct = qCz1 (I.5j)

Dt0 = R0(qDz1 + qDz2dfz )
Fz

Fzo
(I.5k)

Dt = Dt0 · ζ5 (I.5l)

Et = (qEz1 + qEz2dfz + qEz3df 2z )(1 +
2
π qEz4 arctan(BtCtαt )) (I.5m)

Extension of turn slip

The coefficients ζi (i = 2 . . . 8) in the above equations are employed to describe the
influence of turn slip on the lateral force and self-aligning moment. When turn
slip doesn’t exist, i.e. φ = 0, all the ζ -coefficients are equal to one and the model
reduces to the situation of pure side slip. The coefficients ζ2 and ζ4 are present in the
equations for the lateral force (I.4) and self-aligning moment (I.5). As a result when
the difference in the transient responses of the lateral force and self-aligning moment
is considered, ζ2 and ζ4 need to be calculated twice using φF and φM respectively.
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ζ2 = cos[arctan
{

Byφ (R0|φ| + pDyφ4

√

R0|φ|)

}

]

where (φ = φF or φ = φM ) (I.6a)

Byφ = pDyφ1(1 + pDyφdfz ) cos[arctan(pDyφ3 tanαF )] (I.6b)

ζ3 = cos[arctan(pKyφ1R20φ
2
F )] (I.7)

ζ4 = 1 + SHyφ (I.8a)

SHyφ = DHyφ sin
[
CHyφ arctan

{
BHyφR0φ − EHyφ (BHyφR0φ − arctan(BHyφR0φ))

}]
where (φ = φF or φ = φM ) (I.8b)

CHyφ = pHyφ1 (I.8c)

DHyφ = pHyφ2 + pHyφ3dfz (I.8d)

EHyφ = pHyφ4 (I.8e)

BHyφ =
KyRφ0

CHyφDHyφKyα
(I.8f)

KyRφ0 =
Kyγ

1 − εγ
(I.8g)

Kyγ = Fz (pKy6 + pKy7dfz ) (I.8h)

εγ = pεγφ1(1 + pεγφ2dfz) (I.8i)

ζ5 = cos[arctan(qDtφ1R0φM )] (I.9)

ζ6 = cos[arctan(qBrφ1R0φM )] (I.10)

ζ7 =
2
π
arctan(

Mzφ90

|Drφ | + εγ
) (I.11a)

Mzφ90 =
2
π
Mzφ∞ arctan(qCrφ2R0|φM |) (I.11b)
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Appendix I. Simplified Magic Formula

Mzφ∞ = qCrφ1µyR0Fz

√

Fz
Fzo

(I.11c)

ζ8 = 1 + Drφ (I.12a)

Drφ = DDrφ sin
[
CDrφ arctan

{
BDrφR0φM − EDrφ (BDrφR0φM − arctan(BDrφR0φM ))

}]
(I.12b)

CDrφ = qDrφ1 (I.12c)

EDrφ = qDrφ2 (I.12d)

DDrφ =
Mzφ∞

sin(0.5πCDrφ )
(I.12e)

BDrφ =
Kzγ r0

CDrφDDrφ (1 − εγ ) + εr
(I.12f)

Kzγ r0 = FzR0(qDz8 + qDz9dfz ) (I.12g)

In these equations, Fy0 is the lateral force with zero turn slip; R0 denotes the
unloaded tyre radius; εr is a small value to avoid singularity. Some results of the
simplified Magic Formula are presented in Figure 4.1 and 4.5.
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AppendixII
Parameters for tyre models

The parameters for the tyre models employed in this thesis are listed in this appendix.
Baseline characteristics of the suspension are presented in Table 4.2.

wheel mass and inertia

The total mass and inertia about the vertical axis of the wheel including the rim are
as follows:

Table II.1: Mass & inertia of the wheel

parameter description value unit

mw mass of the wheel including rim 17.65 kg
Iwz inertia about the wheel centre 0.66 kgm2

The stretched string tyre model

Table II.2: Parameters for the stretched string tyre model

parameter description value unit

a half of the contact length 0.05 m
σ the relaxation length 0.448 m
cc the lateral stiffness per unit of length 1.2 × 105 N/m2
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Appendix II. Parameters for tyre models

Magic Formula including turn slip

Table II.3: Parameters for Magic Formula

R0 = 0.3135 [m] Fzo = 4000 [N]

Lateral force coefficients
pCy1 = 1.338 pDy1 = 0.8785 pDy2 = −0.06452 pEy1 = −1.8057
pEy2 = 0.6046 pKy1 = 15.324 pKy2 = 1.715 pKy4 = 2
pKy6 = 2.5 pKy7 = 0

Self aligning moment coefficients
qBz1 = 8.035 qBz2 = −1.33 qBz3 = 0.6 qBz9 = 0
qBz10 = 0.7 qCz1 = 1.05 qDz1 = 0.12 qDz2 = −0.03
qDz6 = 0 qDz7 = 0 qDz8 = 0.6 qDz9 = 0.2
qEz1 = −10 qEz2 = 0 qEz3 = 0 qEz4 = 0

Turn slip coefficients
pKyφ1 = 1 pDyφ1 = 0.7 pDyφ2 = 0 pDyφ3 = 0
pDyφ4 = 0 pHyφ1 = 1 pHyφ2 = 0.15 pHyφ3 = 0
pHyφ4 = −4 pεyφ1 = 0 pεyφ2 = 0
qDtφ1 = 10 qCrφ1 = 0.1 qCrφ2 = 0.1 qBrφ1 = 3
qDrφ1 = 1 qDrφ2 = −1.5

For transient behaviour, the relaxation length σ has the same value as that of the
stretched string tyre model, i.e. σ = 0.483 m.

Contact patch dynamics

Extra parameters are required for the contact patch tyre model. The lateral carcass
stiffness is tuned such that all the tyre models exhibit the same step response for 1
degree of side slip.

Table II.4: Parameters for the contact patch

parameter description value unit

σc relaxation length of the contact patch 0.05 m
mc mass of the contact patch 0.01 kg
kc lateral stiffness of the carcass 1.225 × 105 N/m
dc lateral damping of the carcass 0 Ns/m

As a result the mass of the rest part of the wheel are:

ma =mw −mc = 17.65 [kд] (II.1)
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Rigid ring dynamics

The stiffness of the belt with respect to the rim are determined from the natural
frequency of the free tyre with a fixed rim at zero rotational velocity:

kby = 4π 2mb f
2
y (II.2)

kbψ = 4π 2Ibz f
2
ψ (II.3)

kbγ = 4π 2Ibx f
2
γ (II.4)

The damping coefficients are chosen such that each mode of the tyre belt has 5%
damping ratio ζb :

dby = 2ζb
√

mbkby (II.5)

dbψ = 2ζb
√

Ibzkbψ (II.6)

dbγ = 2ζb
√

Ibxkbγ (II.7)

In these equations obviously kbψ = kbγ and dbψ = dbγ . Similar to the case of
contact patch dynamics, the lateral residual stiffness kcy is tuned to have the same
step response to 1 degree side slip angle. The yaw stiffness of the contact patch with
respect to the tyre belt is obtained to achieve to total yaw compliance of the tyre:

1
kψ
=

1
kbψ
+

1
kcψ

(II.8)

The total yaw stiffness kψ can be obtained from measurements. Combined with the
mass and inertia, the parameters for the rigid ring model are in the TableII.5:
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Appendix II. Parameters for tyre models

Table II.5: Parameters for the rigid ring model

parameter description value unit

ma mass of the rim including part of the tyre 10 kg
mb mass of the tyre belt 7.64 kg
mc mass of the contact patch 0.01 kg
Iaz inertia of the rim about vertical axis 0.32 kgm2

Ibx inertia of the tyre belt about longitudinal axis 0.33 kgm2

Iby inertia of the tyre belt about lateral axis 0.66 kgm2

Ibz inertia of the tyre belt about vertical axis 0.33 kgm2

Icz inertia of the contact path about vertical axis 0.01 kgm2

kby lateral stiffness of the tyre belt 5.43 × 105 N/m
kbψ yaw stiffness of the tyre belt 3.73 × 104 Nm/rad
kbγ camber stiffness of the tyre belt 3.73 × 104 Nm/rad
kcy lateral stiffness of the contact patch 2.11 × 105 N/m
kcψ yaw stiffness of the contact patch 5.51 × 103 Nm/rad
kφ yaw stiffness of the tyre 4795 Nm/rad

dby lateral damping of the tyre belt 203.58 Ns/m
dbψ yaw damping of the tyre belt 11.09 Nms/rad
dbγ camber damping of the belt 11.09 Nms/rad
dcy lateral damping of the contact patch 10 Ns/m
dcψ yaw damping of the contact patch 3 Nms/rad

σc relaxation length of contact patch 0.05 m
Rl loaded tyre radius 0.28 m
Re effective rolling radius 0.305 m
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Societal summary

Tyre models for shimmy analysis: from linear to nonlinear

Shimmy is a vibrational phenomenon of a wheel assembly, which may be experienced
on motorcycles, road vehicles and aircraft landing gears. The undesired vibration
can reach a considerable amplitude and may even result in loss of control or severe
damage to wheel-suspension systems. Shimmy is caused by the dynamic interaction
of the supporting structure and tyres. Experience has shown that it is difficult to
rigorously prove the shimmy stability from laboratory or field tests. For that reason
much effort has to be put in the development of simulation and analysis tools to
make reliable stability predictions. Among the various components in a suspension
system, the tyre is probably the least well understood part.

In this thesis the focus lies on tyre behaviour and its modelling for the purpose
of analysing shimmy. Different tyre model variations are studied in order to un-
derstand their influence on shimmy stability. The approach followed is to increase
the complexity of tyre models gradually and keep the suspension model relatively
simple. Three tyre modelling features are introduced to analyse shimmy beyond the
current state-of-the-art, namely nonlinear dynamic tyre behaviour, damping originat-
ing from turn slip and inertia effects of the rotating carcass. The impact on shimmy
stability has been investigated using simulation models. The results provide not only
improved tools for analysing shimmy, but also a better understanding of the basic
mechanisms.
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