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a b s t r a c t

We consider a distributed axial-torsional drill-string model with a rate-independent bit-rock

interaction law to study the occurrence and non-local characteristics of axial and torsional

self-excited vibrations as caused by the regenerative effect. A first contribution of the paper is

the derivation of a non-dimensional version of the full non-linear distributed drill-string–bit-

rock interaction model and showing how it relates to the minimal set of characteristic quanti-

ties. Using this model the study shows how multiple axial modes of the drill-string are excited,

or attenuated, depending on the bit rotation rate. This indicates that a lumped drill-string

model approximation is insufficient for the general case. Then, a comprehensive simulation

study is performed to create a stability map for the occurrence of stick-slip oscillations. In

particular, the significance of the axial topside boundary condition, i.e., constant velocity vs.

constant hook-load, is evaluated. A central finding is that increasing the axial loop gain (deter-

mined by the bit-rock parameters) tends to both increase the area of stable torsional dynamics

and increase the rate of penetration for a constant imposed weight on bit. This also corre-

sponds to a more severe axial instability.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The performance of rotary drilling systems used to drill boreholes in the earth’s crust is often limited by the occurrence

of self-excited vibrations. Self-excited vibrations cause early fatigue of drill pipes and premature failure of bits and, there-

fore, should be avoided. Through a combination of damage to equipment, and increased downtime, drill-string vibrations have

been reported to account for 2–10% of well costs [1]. As fixed cutter bits (also known as PDC bits) are especially prone to self-

excited vibrations, drilling systems employing these bits have seen significant scrutiny and attempts at mitigation of these

vibrations.

The dynamics of axial and torsional drill-string vibrations are typically characterized by one or more dominating unstable

axial modes causing a standing axial limit-cycle [2–4]. Due to the high gain of the axial feedback loop (related to the interaction

of the drill-string dynamics and the rock-cutting process at the bit) causing this instability, removing the axial instability through

design or active control is unfeasible in many cases [5]. The most destructive part of the vibrations, however, is often the torsional

vibrations of the drill-string, which commonly manifests as a torsional stick-slip limit cycle. Consequently, an approach that has
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been taken up e.g. in Ref. [6] is to accept the axial instability and instead focus on removing (by the control) the torsional

instability or attenuate the severity of the resulting torsional limit cycle.

The stability of the local dynamics of a distributed drill-string (around nominal constant axial and torsional velocity) has been

analyzed in previous publications [5,7,8] using linearized models. This approach suffers from the limitation of only determining

stability properties of the nominal solution, without assessing the non-local dynamics in case of instability. For most practically

relevant drilling conditions the axial dynamics are unstable [2,5] and hence it is of significant practical interest to pursue such

a non-local analysis. Consequently, in the present work, we consider the full non-linear distributed dynamics of the system. A

particular focus is put on how the potential occurrence of torsional stick-slip oscillations is affected by an axial instability of

different severity level.

On the one hand, previous work on lumped-parameter models for drilling systems including a regenerative bit-rock-

interaction model has shown that axial instabilities lead to axial oscillations [3,9–11]. These axial oscillations induce, in an

averaged sense, a velocity-weakening effect of the torque-on-bit with respect to angular bit velocity. In turn, this effect is shown

to be the root cause for a torsional instability leading to torsional stick-slip limit cycling, which is highly undesired in practice.

On the other hand, it has been shown recently in Refs. [5,7,8], that the distributed dynamics of the drill-string can significantly

affect the local stability properties of the system. Given the fact that both the lumped-parameter and distributed models show

that an axial instability is unavoidable in most practical cases, a non-local analysis of both the axial dynamics and the cou-

pled axial-torsional dynamics is needed. Such an analysis should shed light on whether the mechanism wherein non-local axial

dynamics can induce a torsional instability in lumped-parameter models, also holds for the distributed model. This problem has

not been addressed in the literature and is the central focus of this paper.

In the present paper, we undertake a structured simulation study of the full non-linear distributed dynamics of drill-

string–bit-rock interaction system. We start the study by considering the axial dynamics, uncoupled from the torsional dynam-

ics, by assuming a constant angular velocity. This enables us to investigate, firstly, the axial quasi limit-cycle, resulting from

an axial instability, secondly, how it changes with different angular bit velocity and, thirdly, the severity of the axial insta-

bility. It also enables the evaluation of the ‘apparent velocity weakening effect’ in the torque-on-bit as influenced by the

axial limit cycle (as observed in Refs. [3,9] for lumped-parameter models). Next we consider the full, coupled axial–torsional,

dynamics and evaluate the impact of changing the system parameters on the occurrence of a torsional stick-slip limit-

cycle.

Contributions of this paper include, firstly, deriving a non-dimensional version of the full non-linear distributed drill-

string–bit-rock interaction model and show how it relates to the minimal set of characteristic quantities derived in Ref. [5].

Secondly, we present a simulation study of the axial limit-cycle of the distributed drill-string model which enables compari-

son with the results of lumped-parameter models in Refs. [3,4,9,10,12–14]. Thirdly, we investigate and map the occurrence of

torsional stick-slip vibration in the coupled, distributed, non-linear model as parametrized in the system parameters. Finally,

several conclusions are drawn based on this analysis, which significantly enhance the understanding of coupled self-excited

vibrations in a distributed drill string.

2. Model description

This section derives the mathematical description of the non-local dynamics of the drilling system depicted in Fig. 1. First, we

introduce the distributed axial–torsional drill-string dynamics in Section 2.1. Second, the axial–torsional dynamics are coupled

through a non-linear bit–rock interaction law described as a transport equation in Section 2.2.

2.1. Distributed drill-string model

We use the distributed drill-string model as derived in Refs. [2,5,7]. As in these previous models there is no axial-torsional

coupling along the drill string. This is an approximation required to facilitate the analysis performed in the paper. We denote

the axial velocity and force by v(t, x),w(t, x), respectively, where (t, x) ∈ [0,∞) × [0, L], with L the length of the drill-string. The

axial force can be found from the strain, given as the local relative compression w(t, x) = AE (𝜉(t, x) − 𝜉(t, x + dx)) ∕dx, where

𝜉(t, x) is the axial displacement such that
𝜕𝜉(t,x)
𝜕t

= v(t, x), and dx → 0 is an infinitesimal axial position increment, A is the cross-

sectional area of the element and E is the Young’s modulus. Further, 𝜌 is the pipe mass density and ka is a damping coefficient

accounting for viscous dissipation. Then, the axial motion is governed by the following partial differential equations:

𝜕w(t, x)
𝜕t

+ AE
𝜕v(t, x)
𝜕x

= 0 (1)

A𝜌
𝜕v(t, x)
𝜕t

+ 𝜕w(t, x)
𝜕x

= −ka𝜌Av(t, x). (2)

Equivalently, for the angular motion, we denote the angular velocity and torque as 𝜔(t, x), 𝜏(t, x), respectively, with

(t, x) ∈ [0,∞) × [0, L]. The torque is found from shear strain, given as twist per unit length, and letting 𝜙 denote the angular

displacement in the string such that
𝜕𝜙(t,x)
𝜕t

= 𝜔(t, x), we have 𝜏(t, x) = JG (𝜙(t, x) − 𝜙(t, x + dx)) ∕dx. Here J is the polar moment
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Fig. 1. Schematic of the drill-string system under consideration.

for inertia and G is the shear modulus. Hence, the angular motion is governed by the following partial differential equations:

𝜕𝜏(t, x)
𝜕t

+ JG
𝜕𝜔(t, x)

𝜕x
= 0 (3)

J𝜌
𝜕𝜔(t, x)

𝜕t
+ 𝜕𝜏(t, x)

𝜕x
= −kt𝜌J𝜔(t, x), (4)

where kt is a damping coefficient representing the shear stresses between the pipe and drilling mud.

The drill-string is coupled with the bit-rock interaction at the boundary through the right-side (downhole) boundary condi-

tion

w(t, x = L) = wb, 𝜏(t, x = L) = 𝜏b (5)

with wb the weight (force) on bit and 𝜏b the torque on bit, while at the left boundary (topside) the torsional boundary condition

is given by a specified top drive velocity

𝜔(t, x = 0) = 𝜔0. (6)

For the axial topside boundary, we consider two different boundary conditions: using either constant axial velocity (7) or con-

stant hook-load (8), given, respectively, by

v(t, x = 0) = v0, (7)

w(t, x = 0) = w0. (8)

The bit–rock interaction determining wb and 𝜏b in (5) is described next.

2.2. Bit-rock interaction law

We use the bit-rock interaction law of [15], but in the equivalent reformulation as a transport equation description due to

Refs. [13,14]. This description is reiterated here concisely for completeness.

Let the independent variable 𝜃 ∈ [0, 1] denote the normalized angle between a point at the bit to a cutter at the bit, such

that 𝜃 = 0 is at a cutter and 𝜃 = 1 is at the next cutter blade, see Fig. 2. The variable 𝜆(t, 𝜃) then represents the depth of uncut

rock at position 𝜃 relative to the axial bit position. That is 𝜆(t, 0) = 0, at (after) a cutting blade, and consequently the depth of

d(t) at the following blade is given as d(t) = 𝜆(t, 1). The evolution of 𝜆 can be described by the transport equation

𝜕𝜆(t, 𝜃)
𝜕t

+ 𝜔b(t)
N

2𝜋
𝜕𝜆(t, 𝜃)
𝜕𝜃

= vb(t), (9)
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Fig. 2. Bit rock interaction.

where vb, 𝜔b are the axial and angular bit velocities, respectively, and N is the number of cutter blades. We refer to Refs. [13,14]

for the full derivation.

Following [15], the weight on bit is given as

wb = a𝜁𝜖Nd + wf g(vb), (10)

where the a𝜁𝜖Nd term is due to the cutting force with a the bit radius, 𝜁 is a cutter sharpness coefficient and 𝜖 the rock intrinsic

specific energy. The second term, wf g(vb), denotes the wearflat force component where wf is the normal force that must be

overcome before axial cutting is initiated, while non-linear function g(vb) (colloquially referred to as the g(·) non-linearity) is a

set-valued map described as (following the description of [9]):

g(vb) =
1 − Sign(vb)

2
=
⎧⎪⎨⎪⎩

0, vb < 0

[0, 1], vb = 0

1, vb > 0

, (11)

where Sign(·) is the set-valued sign function. Similarly for the torque on bit, we have

𝜏b = a2𝜖Nd + 𝜏f g̃(𝜔b), (12)

where g̃(𝜔b) enforce torsional stick if the torque applied to the bit by the drill-string can not overcome the torque induced by

the bit-rock interaction. If it is higher then that torque-on-bit, then the bit starts to slip torsionally. I.e.,

g̃(𝜔b) =
1 − Sign(𝜔b)

2
=

⎧⎪⎨⎪⎩
0, 𝜔b < 0

[0, g(vb)], 𝜔b = 0

1, 𝜔b > 0

. (13)

3. Dimensionless model formulation

To support the subsequent analysis and simulation study, we will non-dimensionalize the system model in such a way as to

express it in a small number of dimensionless parameters derived from the characteristic quantities of the physical system. The

associated detailed derivations are given in Appendix A.

3.1. Variables and parameters definitions

The independent variables of the model are rendered dimensionless as follows: t = t

tt
= t

ct

L
, x = x

L
, where ct is the torsional

wave velocity.

Dependent variables of the model are rendered dimensionless as follows: V = v

v∗
,W = w

w∗ ,Ω = 𝜔

𝜔∗ , T = 𝜏

𝜏∗
,Λ = 𝜆

d∗
.
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Characteristic quantities used for non-dimensionalization are given by

v∗ = d∗

tt

= 2𝜋JG

LNtt

= JG2𝜋

a2𝜖N2Ltt

(14)

w∗ = AEd∗

L
= JGAE2𝜋

a2𝜖N2L2
(15)

𝜔∗ = 2𝜋
Ntt

(16)

𝜏∗ = JG𝜔∗tt

L
= JG2𝜋

NL
(17)

d∗ = 𝜏∗

a2𝜖N
= JG2𝜋

a2𝜖N2L
. (18)

See Appendix A for a physical interpretation of these quantities.

Dimensionless parameters characterizing the model in Section 3.2 are then given by ka = katt, kt = kttt, c = ca

ct
, and

Ka = c
a𝜁𝜖L

EA
N, Kt =

v0

𝜔0

a2𝜖N
L

JG
. (19)

Here kt, ka determines the in-domain damping of the system, c the relative axial to torsional wave velocity, and Ka,Kt are the

axial and torsional nominal loop gains, respectively, as defined in Ref. [5].

3.2. Dimensionless PDE model

Expressed in the non-dimensional variables, the system dynamics are described as follows. The depth-of-cut, Λ, is described

by the transport equation

𝜕Λ(t, 𝜃)
𝜕t

+ Ωb(t)
𝜕Λ(t, 𝜃)
𝜕𝜃

= Vb(t), (20)

where

Λ(t, 𝜃 = 0) = 0, D(t) = Λ(t, 1). (21)

This is used to express the weight- and torque-on-bit as follows:

Wb(t) =
Ka

c
D(t) + Wf g(Vb), Wf ≔ wf

w∗ , (22)

Tb(t) = D(t) + 𝛽Wf g(Vb), 𝛽 ≔ 𝜏f

𝜏∗
w∗

wf

. (23)

Note the definition of 𝛽 in (23), which is called the bit-rock interaction number in Ref. [4]. 𝛽 relates the magnitude of changes

in the axial wearflat force to changes in the wearflat torque. That is, a large 𝛽 means that activation of the g(·) nonlinearity

has a large effect on the torque on bit. Consequently, it determines to what degree the wearflat forces influence the torsional

dynamics (and the potential occurrence of stick slip oscillations). The dimensionless axial drill-string dynamics are given by

𝜕W(t, x)
𝜕t

+ 𝜕V(t, x)
𝜕x

= 0 (24)

𝜕V(t, x)
𝜕t

+ c2 𝜕W(t, x)
𝜕x

= −kaV(t, x), (25)

with the downhole boundary condition

W(t, x = L) = wb(t)
L

AEd∗
= Wb(t), (26)

while at the topside we use either (27) or (28):

V(t, x = 0) = v0

tt

d∗
= V0 (27)

W(t, x = 0) = w0
L

AEd∗
= W0, (28)
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reflecting an imposed axial velocity (rate of penetration), or imposed axial force (hook-load), boundary condition, respectively.

The dimensionless torsional drill-string dynamics are given by

𝜕T(t, x)
𝜕t

+ 𝜕Ω(t, x)
𝜕x

= 0 (29)

𝜕Ω(t, x)
𝜕t

+ 𝜕T(t, x)
𝜕x

= −kt𝜔(t, x), (30)

with respectively topside and downhole boundary conditions given by

Ω(t, x = 0) = 𝜔0

Ntt

2𝜋
≔ Ω0 (31)

T(t, x = L) = 𝜏b(t)
LN

JG2𝜋
≔ Tb(t). (32)

3.3. Steady-state solution

Assuming Ω0 > 0 and V0 > 0 or W0 > Wf , the steady-state-solution is unique and is derived below. Denoting the steady-

state solution with an overbar symbol, we note that Ω(x) = Ω0,∀x ∈ [0, 1] and V(x) = V0,∀x ∈ [0, L] for the top-side boundary

condition in (27). For the case of the boundary condition in (28) V can be found from W0, as will be shown later. The steady-state

cuttings profile can be found from (20):

Λ(𝜃) = V

Ω
𝜃. (33)

Consequently, the steady-state depth of cut is given by D = Λ(1) = V

Ω
, and thus from (22), (23) we obtain the steady-state weight

and torque on bit:

Wb = Ka

c

V

Ω
+ Wf , (34)

Tb = V

Ω
+ 𝛽Wf . (35)

For the axial drill-string dynamics, we obtain from (25) the steady state axial force:

W(x) = Wb +
1

c2
kaV(1 − x), (36)

and similarly for the torsional drill-string dynamics the torque satisfies, from (30),

T(x) = Tb + ktΩ(1 − x). (37)

For the case of constant hook-load, i.e. when using the top-side boundary condition in (28), V must be computed from the

specified hook-load W0. We have from (34) and (36):

V = 1

ka

c2 + Ka

c

1

Ω

(
W0 − Wf

)
. (38)

3.4. Numerical implementation

In the numerical implementation of the model, the wave equations (24), (25) and (29), (30), are transformed into their

Riemann invariants [16] and all the five resulting transport equations of the system, including (20), are then solved with a first-

order upwind scheme [17]. This was done to avoid spurious oscillations, as it was found that higher-order schemes performed

poorly due to the temporal discontinuities introduced by the differential inclusion nature of the model induced by the bit rock

interaction model in Section 2.2. For reference, the algorithm runs at a speed of roughly 10 dimensionless time units per second.

In all simulations, a spatial grid of 2000 cells was used for the drill-string and the time-step was chosen so as to enforce a

Courant number of approximately 0.9, thus satisfying the Courant–Friedrichs–Lewy (CFL) condition [18]. The cell number for

(20) was then chosen such that the CFL condition was enforced for a bit angular velocity of five times the nominal, i.e.,Ωb < 5Ω0

was assumed.
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4. Linearized model description in the Laplace domain

In this section, we derive the model description in the Laplace domain from the dimensionless model formulation from

Section 3. This model description is pursued to show how the non-linear model relates to the linearized model studied in Refs.

[5,7]. The corresponding stability results therein will be used to interpret the simulation results presented in the following. To

obtain the Laplace domain model description we cast the model in perturbation variables, i.e., in deviations from the steady state

derived in Section 3.3, and derive the linearized version of the bit rock interaction law of Section 2.2. This model linearization can

also be found in Refs. [5,7]. We then perform the Laplace transform and show that the result conforms with existing descriptions

in the literature.

We let the superscripts ‘overbar’ and ‘tilde’ denote the steady-state solution and the deviation from this steady-state solution,

respectively, for a given variable.

4.1. Drill-string

As was derived in Refs. [5,7] and restated in Appendix C, we can characterize the linearized drill-string dynamics by transfer

functions. Using the Laplace variable s ∈ ℂ as the argument to indicate variables in the Laplace domain, we have, for the torsional

drill-string dynamics:

Ω̃b

T̃b

(s) = −gt(s), gt(s) =
tanh

(
s

√
1 + kt

s

)
√

1 + kt

s

, (39)

Note that the Laplace transform is performed from the time-domain to the s-domain. Similarly, for the axial dynamics,

Ṽb

W̃b

(s) = −cga(s), (40)

where the transfer function ga(s) depends on the topside boundary condition (BC):

ga(s) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

tanh

(
s

c

√
1 + ka

s

)
√

1 + ka

s

, for BC (27).

1√
1 + ka

s
tanh

(
s

c

√
1 + ka

s

) , for BC (28).

(41)

Here we recall that BC (27) corresponds to constant imposed topside axial velocity, while BC (28) corresponds to constant hook-

load.

4.2. Bit rock interaction law

We now show that the linearized version of (9) is equivalent to the linearized delay equations used in the RGD model [10] to

describe the depth-of-cut as a function of (delayed) axial motion.

Let the superscripts ‘overbar’ and ‘tilde’ denote the steady-state solution and the deviation from this steady-state solution,

respectively, for a given variable. E.g., for the depth of cut profile we have Λ̃(𝜃, t) = Λ(𝜃, t) − Λ(𝜃).
Linearizing (20) around the steady-state profile Λ(𝜃) we obtain

𝜕Λ̃(t, 𝜃)
𝜕t

+
(
Ω̃b(t)

𝜕Λ(𝜃)
𝜕𝜃

+Ω𝜕Λ̃(t, 𝜃)
𝜕𝜃

)
= Ṽb(t). (42)

The steady-state gradient of Λ(𝜃) is given by the steady-state velocities Ω,V from (33) as follows:

𝜕Λ(𝜃)
𝜕𝜃

= V

Ω
. (43)

Taking the Laplace Transform of (42) while using (43),

Λ̃(s, 𝜃)s +
(
Ω̃b(s)

V

Ω
+Ω𝜕Λ̃(s, 𝜃)

𝜕𝜃

)
= Ṽb(s). (44)
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Hence, we obtain

𝜕Λ̃(s, 𝜃)
𝜕𝜃

= 1

Ω

(
Ṽb(s) − Λ̃(s, 𝜃)s − Ω̃b(s)

V

Ω

)
, (45)

Λ̃(s, 0) = 0. (46)

Note that (45) is a linear ODE in 𝜃 with initial condition (46), which we can solve to obtain

Λ̃(s, 𝜃) = C1e−𝜃s∕Ω + 1

s

(
Ṽb(s) − Ω̃b(s)

V

Ω

)
, (47)

where C1 is an integration constant. Enforcing (46)

Λ̃(s, 0) = C1 + 1

s

(
Ṽb(s) − Ω̃b(s)

V

Ω

)
= 0 (48)

⟹ C1 = −1

s

(
Ṽb(s) − Ω̃b(s)

V

Ω

)
. (49)

Hence we find the Laplace transformed linearized depth of cut as

D̃(s) = Λ̃(s, 1) = 1

s

(
Ṽb(s) − Ω̃b(s)

V

Ω

)(
1 − e−s∕Ω

)
, (50)

and from (22), (23) (noting that the g(·) nonlinearities disappear in the linearized perturbation variables) we obtain:

W̃b(s) =
Ka

c
D̃(s), T̃b(s) = D̃(s), (51)

which is consistent with the expressions used in Refs. [7,10,12,19].

4.3. Characteristic function

Combining (39), (40) and (50), (51) we obtain the feedback loop generated by the regenerative effect of the rock-cutting

process interacting with the drill-string dynamics, the stability of which can be determined by applying the Nyquist criterion to

the characteristic equation [7]:

0 = G(s) + 1 (52)

G(s) = Ga(s) + Gt(s) (53)

Ga(s) = ga(s)
Ka

s

(
1 − e−s∕Ω0

)
(54)

Gt(s) = −gt(s)
Kt

s

(
1 − e−s∕Ω0

)
, (55)

where key quantities are the axial and torsional loop gain parameters, Ka,Kt , given as

Ka = c
a𝜁𝜖NL

EA
(56)

Kt =
V

Ω
. (57)

The Nyquist criterion predicts instability if the Nyquist contour of the characteristic function G(s) encircles −1. In the uncoupled

case considered in Section 5, Gt(s) = 0 and Nyquist criterion can be checked by considering the phase and magnitude of Ga(s).
We refer to Refs. [5,7] for details on this kind of analysis. Note that the torsional loop gain Kt is dependent on the steady-state

axial velocity V . For the case of imposed axial topside velocity, (27), we have Kt =
v0

𝜔0

tt

d∗
2𝜋

Ntt
= v0

𝜔0
a2𝜖N

L

JG
which can be shown to

be consistent with [5,7].

Remark 1. Note the appearance of the relative wave velocity, c, in the axial loop gain Ka in (56), which is due to the frequency

variable having been normalized with the torsional wave travel time, tt , and not with the axial one.
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Fig. 3. The frequency response function ga(j𝜔) of the input-output description of the axial dynamics of a distributed drill-string.

5. Global dynamic analysis of the uncoupled axial dynamics

The rest of the paper is dedicated to dynamic analysis with the derived dimensionless model. To structure the analysis, we

start by considering the uncoupled axial dynamics. Such an approach has been pursued previously for lumped models [2,9] and

the goal is to enable the derivation of an averaged torque on bit for a given angular bit velocity. The uncoupling greatly reduces

the complexity of the dynamics which facilitates analysis. Furthermore, in the mentioned literature on lumped models, such a

decoupling is motivated by a time-scale separation between the axial and torsional limit-cycles. However, as we will see in the

following, this time-scale separation is not always valid for the distributed dynamics considered here.

Recall that the coupling between the axial and torsional drill-string dynamics are due to the bit rock interaction: the uncou-

pled axial model is obtained by setting the angular velocity of the bit in (20) to be fixed (i.e., Ωb = Ω0). Section 5 is not required

to follow Section 6, so the reader can choose to skip ahead. The main conclusions are summarized at the end of the section.

5.1. Axial distributed drill-string

The non-dimensional axial dynamics of the distributed drill-string, given by (24)–(25), can be described by the input-output

relation between the weight on bit, Wb, and bit velocity, Vb, as given by (40). This function is specified by the parameters c and

ka. The damping ka can also be specified by the pseudo reflection coefficient 𝜂a, given by

𝜂a =
⎧⎪⎨⎪⎩

e
−2

ka
c , for BC (27).

−e
−2

ka
c , for BC (28).

(58)

such that 𝜂a ∈ [−1, 1] and |𝜂a| = 1 indicates no damping, while a small |𝜂a| indicates high damping, see Ref. [5]. The effect of

these parameters is illustrated in the frequency domain in Fig. 3 and in the time domain in Fig. 4. In these figures we see that

the dimensionless drill-string response exhibits resonances with a period given by c and with a magnitude given by 𝜂a.

5.2. Axial limit cycle of the distributed axial system

The axial transfer function, ga(s), enters in the characteristic equation of the axial dynamics (54):

Ga(s) = ga(s)
Ka

s
(1 − e−s∕Ω0 ). (59)

Local stability properties of the axial dynamics can be determined from (59) according to the conditions derived in Ref. [7],

and a stability map parametrized in the characteristic quantities Ka, 𝜂a,Ω was presented in Ref. [5]. Recall from Ref. [5] that for
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Fig. 4. Step response of the linear infinite-dimensional axial drill string described by the frequency response function ga(s).

Fig. 5. Axial “limit cycles” (axial velocity Vb(t), depth of cut D(t) and the changes in the wear-flat force component 𝛽(g(t) − 1) to the weight on bit) for different rotation

rates Ω0 and axial gains Ka with constant axial top-drive velocity: V0 = 1, BC (7), c = 1.6 and pseudo reflection coefficient 𝜂a = 0.7. The rotation rates and axial gains are;

a) Ω0 = 1,Ka = 10, b) Ω0 = 2,Ka = 10, c) Ω0 = 4,Ka = 10, d) Ω0 = 1,Ka = 20, e) Ω0 = 2,Ka = 20, f) Ω0 = 4,Ka = 20, g) Ω0 = 1,Ka = 40, h) Ω0 = 2,Ka = 40,

i) Ω0 = 4,Ka = 40.



137U.J.F. Aarsnes and N. van de Wouw / Journal of Sound and Vibration 444 (2019) 127–151

Table 1

Table of unstable modes of parameter sets with constant axial top-drive velocity, simulated in Fig. 5.

Case Parameters Four most unstable modes

# Ω0 Ka 𝜂a KaMG,a freq. KaMG,a freq. KaMG,a freq. KaMG,a freq.

a) 1 10 0.7 5.81 0.58 4.66 2.82 3.09 3.66 1.92 6.82

b) 2 10 0.7 7.55 1.27 3.64 3.62 1.87 5.27 1.72 7.62

c) 4 10 0.7 4.76 2.84 2.26 3.61 1.97 6.84 1.24 10.8

d) 1 20 0.7 11.6 0.58 9.32 2.82 6.17 3.66 3.83 6.82

e) 2 20 0.7 15.1 1.27 7.29 3.62 3.74 5.27 3.44 7.62

f) 4 20 0.7 9.53 2.84 4.52 3.61 3.94 6.84 2.47 10.8

g) 1 40 0.7 23.3 0.85 18.6 2.82 12.3 3.66 7.67 6.82

h) 2 40 0.7 30.2 1.27 14.6 3.62 7.48 5.27 6.89 7.62

i) 4 40 0.7 19.1 2.84 9.05 3.61 7.88 6.84 4.94 10.8

given 𝜂a,Ω, a normalized inverse gain margin MG,a can be derived which indicates the loop gain Ka required to make the system

unstable: where KaMG,a > 1 (i.e. 0 dB) indicates instability of the uncoupled axial dynamics. In the following exposition, we

will use these quantities in the analysis to indicate the degree of instability. Moreover, we investigate the limit cycles (i.e., non-

local dynamics) that occur when the axial steady-state solution is unstable, which is typically the case for realistic parameter

sets.

Axial limit cycles for different rotation rates, Ω0, and axial loop gains, Ka, are show in Fig. 5. In these simulations, a constant

angular bit velocity is enforced, i.e., Ωb = Ω0, while the simulations run for 120 (nondimensional time units) to allow an axial

Fig. 6. Axial “limit cycles” (axial velocity Vb(t), depth of cut D(t) and the changes in the wear-flat force component 𝛽(g(t) − 1) to the weight on bit) for different rotation

rates Ω0 and axial gains Ka with constant hook-load: W0 − Wf = 5, BC (8), c = 1.6 and pseudo reflection coefficient 𝜂a = −0.7. The rotation rates and axial gains are; a)

Ω0 = 1,Ka = 10, b) Ω0 = 2,Ka = 10, c) Ω0 = 4,Ka = 10, d) Ω0 = 1,Ka = 20, e) Ω0 = 2,Ka = 20, f) Ω0 = 4,Ka = 20, g) Ω0 = 1,Ka = 40, h) Ω0 = 2,Ka = 40, i)

Ω0 = 4,Ka = 40.
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Table 2

Table of unstable modes for parameter sets with constant hook-load, simulated in Fig. 6.

Case Parameters Four most unstable modes

# Ω0 Ka 𝜂a KaMG,a freq. KaMG,a freq. KaMG,a freq. KaMG,a freq.

a) 1 10 −0.7 15.3 0.82 6.59 1.66 2.72 4.82 1.99 5.66

b) 2 10 −0.7 8.15 1.62 3.02 3.27 2.34 5.62 1.36 9.62

c) 4 10 −0.7 4.19 3.22 3.49 2.48 1.86 7.22 1.36 6.48

d) 1 20 −0.7 30.6 0.82 13.2 1.66 5.44 4.82 3.98 5.66

e) 2 20 −0.7 16.3 1.62 6.04 3.27 4.68 5.62 7.72 9.62

f) 4 20 −0.7 8.38 3.22 6.97 2.48 3.72 7.22 2.76 6.48

g) 1 40 −0.7 61.2 0.82 26.4 1.66 10.9 4.82 7.97 5.66

h) 2 40 −0.7 32.6 1.62 12.1 3.27 9.36 5.62 5.44 9.62

i) 4 40 −0.7 16.8 3.22 13.9 2.48 7.44 7.22 5.46 6.48

quasi limit-cycle to develop. For the topside boundary condition (27) of constant axial velocity, Fig. 5 shows the axial limit cycle

for t ∈ [118, 120] of these simulations for the different rotations rates Ω0 and gains Ka.

A summary of the magnitude and frequency location of the unstable axial modes is given in Table 1. By most unstable mode

we mean the value KaMG,a that is associated with the specific mode. Similarly, for the case of the constant hook-load boundary

condition, the simulation is shown in Fig. 6 and the unstable axial modes summarized in Table 2. These unstable modes are

associated with unstable pairs of eigenvalues of the linearized dynamics, while Figs. 5 and 6 show the non-local axial behavior

developing as a consequence of these unstable modes.

It is clear from the simulations that increasing the RPM, Ω0, increases the frequency of the axial vibrations. This can be seen

in Table 1 where the most unstable mode is associated with the frequency 0.58 for Ω0 = 1, but frequencies 1.27 and 2.84 for

Ω0 = 2 and 4, respectively. Similarly for Table 2, the frequency of the most unstable mode increases from 0.82 to 1.62 and 3.22

when Ω0 is increased from 1 to 2 and 4. This is predicted by the linear stability analysis in Ref. [7] by the criterion that the delay

factor (which is given by the angular bit velocity Ωb) must have a negative phase contribution in the frequency range of an axial

instability.

Note the effect of the different boundary conditions, as reflected in differences in Figs. 5 and 6. For a constant imposed

axial velocity, the average depth of cut is inversely proportional to the angular velocity, through the relation D = V∕Ω. This

means that the average depth of cut reduces with increasing angular velocity in Fig. 5. For the case of constant hook-load,

however, increasing the angular velocity increases the corresponding axial velocity instead, while the average depth of cut

remains roughly constant, see Fig. 6. We also note that the constant hook-load BC (28) seems to lead to more violent (higher

amplitude) axial vibrations, see again Fig. 6 cf. Fig. 5.

The significance of D(t) and 𝛽(g(t) − 1), as shown in Figs. 5 and 6, comes from (23). These quantities indicate the cutting and

wearflat contributions, respectively, to the torque on bit. It holds that g(t) = 1 at steady-state, such that 𝛽(g(t) − 1) correspond

to changes in the wear-flat component. The total perturbed torque on bit equals the difference between these two plotted lines

of D(t) and 𝛽(g(t) − 1). The effect of the relative contributions of these components to the torque on bit will be investigated in

the next section.

5.3. Evaluating the apparent velocity weakening effect

We aim to investigate the existence of the apparent velocity-weakening effect in the torque on bit. That is, to characterize the

relation between the angular velocity of the bit (RPM) and the torque on bit. The term ‘apparent velocity-weakening’ is used in

the literature to describe the effect that torque decreases for higher RPMs even though a rate-independent bit-rock interaction

law is used [2,6,9,11,20]. Understanding this phenomenon is central to predicting and mitigating stick-slip oscillations. Previ-

ous studies on lumped-parameter models [6,9,11] have assumed a separation of time scales between the axial and torsional

dynamics, such that the angular bit velocity can be assumed constant over an axial quasi-limit-cycle. The torque on bit can then

be averaged to evaluate the occurrence of the apparent velocity-weakening effect. Although the assumption of time-scale sep-

aration does not necessarily hold for the distributed model in all parametric regimes, we will use a similar approach as it still

yields insight in how the torque on bit at changes with changing RPMs in an averaged sense.

5.3.1. Constant axial top drive velocity

Recall that the non-dimensional weight on bit with the g(·) non-linearity writes

Wb(t) =
Ka

c
D(t) + Wf g(t). (60)

and the non-dimensional torque on bit as

Tb(t) = D(t) + 𝛽Wf g(t). (61)
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Next, we note that averaged over an axial limit cycle, or when averaged over an extended amount of time, the ROP (i.e. at the bit)

must equal the velocity of the top-drive: otherwise, the strain in the drill-string would increase without bound. Consequently,

for the constant top-drive velocity (i.e. BC (7)), the averaged depth of cut D over a limit cycle with period tp satisfies

1

tp ∫
tp

0

D(t)dt = D = V0

Ω0

. (62)

Consequently,

1

tp ∫
tp

0

Tb(t)dt = V0

Ω0

+ 𝛽Wf
1

tp ∫
tp

0

g(t)dt, (63)

and for situations without axial stick, e.g., for stable axial dynamics, such that g(t) = 1, we obtain the (locally valid) velocity

weakening effect

Tb(Ωb) − 𝛽Wf ≈
V0

Ω0

. (64)

When the axial dynamics are unstable, however, the drilling system will typically tend to an axial limit-cycle activating the g(·)
non-linearity and reducing the torque on bit, see Fig. 5. If, as was indicated in Fig. 5, higher RPM is associated with less severe

axial limit cycles and less activation of the g(·) non-linearity, this should result in a velocity strengthening effect.

5.3.2. Constant hook-load

From the weight on bit relation (60) we can obtain the following expression for the g(·) non-linearity

Wf g(t) =
⎧⎪⎨⎪⎩

Wb(t) −
Ka

c
D(t), Unstable axial dynamics

Wf , Stable axial dynamics
(65)

Thus, for the case of stable axial dynamics we obtain with averaging

1

tp ∫
tp

0

Tb(t)dt = 1

tp ∫
tp

0

Wb(t)
Ka

c

dt (66)

while in the general case

Tb(t) = D(t) + Wf𝛽g(t) (67)

= D(t) + 𝛽

(
Wb(t) −

Ka

c
D(t)

)
(68)

= D(t)
(

1 − 𝛽
Ka

c

)
+ 𝛽Wb(t). (69)

Averaging over a period tp, and noting from (36) that at steady-state (and when averaged over time) Wb ≈ W0, we obtain

1

tp ∫
tp

0

Tb(t)dt = 1

tp ∫
tp

0

Vb

Ωb

dt

(
1 − 𝛽

Ka

c

)
+ 𝛽W0, (70)

which indicates that, for the averaged case, the axial instability can contribute to a velocity weakening or a velocity strength-

ening effect depending on whether 𝛽 Ka

c
> 1 or 𝛽 Ka

c
< 1. Having said this, we should be careful to make sweeping conclusions

based on such a simplified time-averaged analysis.

5.3.3. Averaging simulation study

To further analyze the averaged quantities, we consider the averaged “steady-state” wearflat and cutting contributions to

the torque on bit over a range of imposed angular bit velocities. This is shown in Fig. 8 for constant axial top-drive velocity, BC

(27), and Fig. 9 for constant hook-load, BC (28). Given the stability boundary

KaMG,a = 1, (71)

since Ka is a scaling of the axial term of the characteristic equation, Ga(s), plotting the normalized inverse gain margin, MG,a,

parametrized in Ωb and 𝜂a gives a complete parametrization of the stability of the axial loop. This is shown in Fig. 7, where the

location of the set of parameters used in Figs. 8 and 9 is also indicated.
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Fig. 7. Stability map of the axial uncoupled dynamics of the drill-string, following [5]. The map shows the inverse gain margin (in decibel), given as MG,a = max𝜔∈𝜔180

||| Ga (j𝜔)
Ka

|||,
such that instability occurs when Ka > MG,a , see Ref. [5] for details. The line of Ωb simulated in Figs. 8 and 9 are indicated by the red lines at 𝜂a = 0.7 and 𝜂a = −0.7,

respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

From Fig. 8, we note that higher Ka increases the impact of the wearflat forces (i.e. the g(·) nonlinearity) on the torque. This

contribution to the torque on bit is further scaled with the 𝛽 coefficient, which is set to 𝛽 = 0.1 for this simulation study.

Increasing 𝛽 will increase the impact of the g(·) nonlinearity on the torque on bit. Given this fact, no monotonous velocity weak-

ening or strengthening effect emerges from the wearflat force, but rather a potential alternating weakening and strengthening

effect (depending on the magnitude of 𝛽), which seems to be related to the severity of the axial instabilities as indicated by

Fig. 7.

Similarly, the averaged “steady-state” wearflat and cutting contributions to the total torque on bit over a range of imposed

angular bit velocities, for the case of constant hook-load is shown in Fig. 9. Again, the location of this set of parameters in the

stability map is indicated in Fig. 7. Also for this case we observe the alternating velocity strengthening and weakening effect of

the averaged wearflat torque. For the angular velocity around Ωb = 0.8 the wearflat torque and force contribution is constant

as the axial dynamics are stable at this RPM. This is consistent with the prediction of the stability map in Fig. 7. We note the

change that happens in the torque on bit between Ka = 10 and Ka = 20. For Ka = 10 we have 𝛽Ka∕ca = 0.625 < 1, meaning

that the axial instability (and activation of the g(·) nonlinearity) contributes with an increase in torque, while for Ka = 20, 40

the contribution is to that of a decrease in torque. This is consistent with the prediction from (70).

From the simulation study of the decoupled axial dynamics, we draw the following main conclusions:

• There is no uniform velocity weakening effect.

• The 𝛽 parameter has an important qualitative effect on the torque on bit when the axial dynamics are unstable, as it relates

the changes in the wearflat force Wf to changes in torque on bit.

• For constant topside axial velocity BC (7), Fig. 8, there can be both angular velocities where the torque on bit is velocity

weakening and angular velocities where the torque is velocity strengthening. The velocity weakening effect seen is most

prominent at lower velocities, and is predominantly associated with the cutting torque.

• For constant hook-load BC (8), Fig. 9, the averaged velocity weakening effect due to the cutting is less prominent. However,

ROP increases with increased bit velocity Ωb and when the axial dynamics are unstable.

• The axial instability can be related to different resonance modes of the drill-string dynamics, which is a property that cannot

be replicated with a lumped-parameter model capturing a single axial mode. Typically, several axial modes are unstable, and

sometimes the first (low-frequency) mode, captured by lumped-parameter models, is stable, while higher frequency modes

are unstable. In this case the lumped-parameter model would erroneously predict stability.

6. Global dynamic analysis of the coupled axial-torsional dynamics

In this section, we perform a simulation study of the full coupled model given in Section 3.2.
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Fig. 8. The averaged torque (left) and forces (right) on bit resulting from simulating the uncoupled axial dynamics at a constant angular bit velocity Ωb , parametrized in

the angular bit velocity Ωb , with 𝛽 = 0.1. The positive 𝜂a = 0.7 corresponds to the imposed axial velocity topside boundary condition (27) with V0 = 1. Axial gains are a)

Ka = 10, b) Ka = 20, c) Ka = 40.

6.1. Characteristic quantities of the coupled system

The relative torsional wave velocity compared to the axial wave velocity is given by the square root of the relative magnitude

of the shear and Young’s modulus of the drill-string, i.e., for typical values of E and G

t∗
a
=
√

E

G
t∗ ≈

√
79 GPa

200 GPa
t∗ ≈ 1

1.6
t∗, (72)
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Fig. 9. The averaged torque (left) and forces (right) on bit resulting from simulating the uncoupled axial dynamics at a constant angular bit velocity Ωb , parametrized in

the angular bit velocity Ωb , with 𝛽 = 0.1. The negative 𝜂a = −0.7 corresponds to the hook-load topside boundary condition (28) with W0 − Wf = 5. Axial gains are a)

Ka = 10, b) Ka = 20, c) Ka = 40.

equating to

c = 1.6, (73)

and we will assume this as constant to limit the number of free parameters in the study below.

As the axial drill-string characteristic time is assumed fixed relative to the torsional time and the torsional time is used to

non-dimensionalize the independent variable of time, there are four remaining characteristic quantities for the torsional and

axial feedback loops:
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Fig. 10. Stability maps of the torsional uncoupled dynamics of the drill-string (i.e. Ka = 0), derived in the frequency domain (left) using the Nyquist criterion [7] where

yellow indicates torsional instability and dark blue indicates stability. The equivalent stability map by evaluating simulations (right), where yellow indicates MT = 1 and

dark blue indicates MT < 0.1, see (75). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

- Nominal axial velocity V0 or W0, for BC (27) and (28), respectively,

- Axial loop gain Ka,

- Pseudo reflection coefficients 𝜂a, 𝜂t .

Additionally, there are two characteristic quantities arising from the bit-rock interaction

- Angular top-drive velocity Ω0, which determines the nominal delay of the bit-rock interaction tN , through the relation:

tN = 1

Ω0
.

- 𝛽 appearing in the torsional bit-rock interaction law, giving the effect of the g(·) non-linearity on torque on bit, see (64).

Throughout this section, we fix the following parameters:

• 𝛽 = 0.1
• 𝜂t = 0.7.

• 𝜂a = ±0.7 for BC (27) and (28), respectively.

The three remaining characteristic quantities: Ω0,Ka, and V0 or W0, are considered within representative ranges.

6.2. Torsional stability, sticks slip occurrence

In the absence of the coupling to the axial dynamics, i.e. for Ka = 0, the stability of the torsional dynamics is determined by

the torsional part of the characteristic equation

Gt(s) = −gt(s)
1

s

V

Ω

(
1 − e−s∕Ω0

)
. (74)

We aim to gage the occurrence of stick-slip oscillations, and parametrize this occurrence in the key parameters of the system.

Towards this end, we perform simulations with the full coupled non-linear model initialized at the equilibrium and then subject

to a 15 second square wave added to the weight on bit to perturb the system away from the equilibrium. The simulation is run for

120 dimensionless time units, and then the existence and magnitude of the torsional limit cycles are evaluated by introducing

the following metric

MT =
Ω0 − min

t
Ωb(t)

Ω0

, (75)

where MT = 1 indicates a limit cycle that involves torsional stick, i.e., a stick-slip limit cycle and MT = 0 indicates a stable

steady-state (constant torsional velocity) solution.

6.2.1. Constant top-drive velocity

We initially study the case of constant imposed top-drive velocity, i.e., using the BC (27). We consider the case of Ka = 0,

which implies that the linear torsional dynamics are uncoupled from the axial ones. This also means that the characteristic
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equation reduces to the torsional term, i.e.,

G(s) = Gt(s). (76)

The corresponding stability map, for 𝜂t = 0.70 (i.e. BC (7)) and parametrized in imposed topside velocity V0, is shown in Fig. 10.

We expect the non-local torsional dynamics to be dominated by the (non)-occurrence of the torsional instability. This expec-

tation is confirmed in simulations, the result of which is illustrated in Fig. 10 which compares the result of the Nyquist criteria

evaluated in the frequency domain and the result of simulating the non-linear dynamics. The occurrence of stick-slip limit cycles

closely matches the existence of an unstable pole, as indicated by the Nyquist stability criterion by MG > 0 dB, for the case of

Ka = 0. This is a significant validation of the numerical implementation of the distributed, non-linear model, as it indicates that

the behavior is consistent with the stability results of [5,7].

Having established the coherence between the previous analytical stability results and the behavior of our simulation model,

and, furthermore, established a baseline for behavior of the uncoupled torsional dynamics, we now introduce the axial cou-

pling by setting Ka > 0 and evaluate the effect on the MT metric of (75). The effect that the axial loop gain Ka > 0 has on the

occurrence of stick-slip limit cycles is illustrated in Fig. 11. The main conclusion from this figure is that increasing the axial loop

gain has a stabilizing effect on the torsional dynamics. Furthermore, while some of the qualitative properties of the shape of the

unstable region are conserved (generally, increasing V0 has a destabilizing effect while increasing Ω0 has a stabilizing effect), the

local result alone is clearly insufficient to evaluate the occurrence of stick-slip oscillations: the greater Ka, the more dissimilar

are the local and the nonlocal stability maps. This is related to our final takeaway from this figure: the interaction between the

Fig. 11. The three plots above shows the effect of the axial loop gain, Ka , on the stability of the torsional dynamics, specifically for a) Ka = 10, b) Ka = 20, c) Ka = 40.

Yellow indicates MT = 1, as given in (75), meaning a stick-slip limit cycle, and dark blue indicates MT < 0.1 meaning stable torsional dynamics. Somewhat surprisingly,

increasing Ka, and hence making the axial instability more severe, tends to have a stabilizing effect on the torsional dynamics. The more complicated map, compared to the

decoupled one in Fig. 10 is due to the interaction between the axial and torsional limit cycles. (For interpretation of the references to colour in this figure legend, the reader

is referred to the Web version of this article.)
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Fig. 12. The four plots give the occurrence of torsional stick-slip parametrized in angular velocity, Ω0 , and hook-load W0, i.e., for the case of using BC (28), with 𝛽 = 0.1

and for axial loop gain a) Ka = 10, b) Ka = 20, c) Ka = 40. Yellow indicates MT = 1, as given in (75), meaning a stick-slip limit cycle, and dark blue indicates MT < 0.1

meaning stable torsional dynamics. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

axial non-linear dynamics and the torsional ones results in a significantly more complex topology of the stability map than what

is seen in the linear case, the uncoupled case or in the lumped parameter case. In particular, we note the appearance of penin-

sulas of ‘stick-slip limit cycles’ along certain RPMs (Ω0), see Fig. 11. These peninsulas seem to roughly remain along the same

RPMs for changing Ka, and indicate the counter-intuitive results that in specific cases reducing the RPM will remove a stick-slip

limit cycle.

6.2.2. Constant hook-load

Next, we consider the case of constant imposed hook-load, i.e., using BC (28). For this case, the equilibrium velocity will be

dependent on the axial loop gain Ka, as indicated by (38). Furthermore, the average axial velocity depends on the nature of the

axial limit cycle, and is not necessarily equivalent to the equilibrium axial velocity V . The results for different Ka is shown in

Fig. 12.

To understand these stability maps, recall the torsional characteristic equation

Gt(s) = −gt(s)
1

s

V

Ω

(
1 − e−s∕Ω0

)
, (77)

where the torsional nominal loop gain, given by Kt =
V

Ω
, is key for stability. Inserting the expression for equilibrium ROP V , (38),

we have

Kt =
c

Ka

(
Wb − Wf

)
= 1

ka

c2 Ω0 +
Ka

c

(
W0 − Wf

)
(78)

≈ c

Ka

(
W0 − Wf

)
, (79)
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Fig. 13. The four plots give the occurrence of torsional stick-slip parametrized in angular velocity, Ω0, and calculated ROP averaged over 30 time units:
1

30
∫ 60

30
Vb(t)dt,

for the case of using BC (28) (i.e., equivalent to Fig. 12), with 𝛽 = 0.1 and axial loop gain a) Ka = 10, b) Ka = 20, c) Ka = 40. Yellow indicates MT = 1, as given in (75),

meaning a stick-slip limit cycle, and dark blue indicates MT < 0.1 meaning stable torsional dynamics. (For interpretation of the references to colour in this figure legend,

the reader is referred to the Web version of this article.)

where the last approximation comes from noting that typically ka ≪ Ka. That means that the nominal torsional loop gain might

be considered approximately independent of the top drive velocity, Ω0, while inversely proportional to the axial loop gain Ka,

and increasing with weight on bit Wb − Wf . Of course, these conclusions from (79), are only valid close to the equilibrium and

will not necessarily hold in a nonlocal sense if the axial dynamics are unstable.

Studying Fig. 12, we note that stability boundary roughly follows a horizontal line along a specific value of weight on bit

W0 − Wf . Furthermore, comparing the cases Ka = 10, 20, 40, given in a), b) and c), respectively, we find that this line approx-

imately lies at the values W0 − Wf = 10, 20, 40, and indeed changes with Ka. Given this simulation result, it is tempting to

propose the rough heuristic that the stability boundary lies around

W0 − Wf = Ka. (80)

The latter boundary, in the physical parameters, equates to

w0 − wf = Kaw∗ = c𝜁 JG2𝜋
aNL

. (81)

Beyond this main observation, we again find the existence of peninsulas of instability around certain RPMs, the location of

which seem to vary somewhat with Ka, and are expected to be due to the complex interaction between the axial and torsional

instability.

To give a more direct comparison with the result of the constant topside axial velocity BC of Fig. 11, the result of Fig. 12 is

also shown in Fig. 13 but here parametrized in the calculated averaged ROP= 1

30
∫ 60

30
Vb(t)dt. In this figure, we observe that the
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Fig. 14. Time-domain simulations of the coupled model, with 𝜂a = 𝜂t = 0.7 and a) V0 = 2.0,Ω0 = 1.0, b) V0 = 2.0,Ω0 = 1.8, c) V0 = 2.0,Ω0 = 3.2. d)

V0 = 10,Ω0 = 2.2, e) V0 = 10,Ω0 = 3.5, f) V0 = 10,Ω0 = 6.3.

general shape of Fig. 11 is retained also for the constant hook-load BC: that is, the general trend concerning the boundary of

stability goes along a diagonal between ROP and angular velocity, where increasing RPM (holding ROP constant) or decreasing

ROP (holding RPM constant) leads to stability. Again we also see that increasing the axial loop gain Ka has a stabilizing effect.

6.3. Illustrative time-domain simulations

To illustrated some of the features of the developed non-local torsional stability maps of Fig. 11, we next consider the time

series for a set of angular and axial velocities and with the axial loop gain Ka = 20. These time series are shown in Fig. 14,

Fig. 15. Time-domain simulations of the coupled model, with 𝜂a = −0.7, 𝜂t = 0.7 (i.e. constant hook-load BC) and a) W0 − Wf = 40,Ω0 = 0.6, b)

W0 − Wf = 40,Ω0 = 1.8, c) W0 − Wf = 40,Ω0 = 5.0. d) W0 − Wf = 64,Ω0 = 0.6, e) W0 − Wf = 64,Ω0 = 1.8, f) W0 − Wf = 64,Ω0 = 5.0.
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corresponding to Fig. 11 b), and Fig. 15, corresponding to Fig. 12 b). This set of time series examples give an impression of the

shape of the different limit-cycle dynamics that the system can exhibit. From these time-domain examples simulation results,

we make the following observations:

• The time-domain examples qualitatively illustrates the overview provided by the stability maps in Figs. 11 and 12.

• For the low RPMs used in Fig. 14, there is no significant time-scale separation between the axial and torsional dynamics. For

higher RPMs, however, one can argue for such a time-scale separation.

• Also from Fig. Fig. 14, note how increasing the RPM seems to increase the frequency of the axial, but not the torsional,

oscillations.

• For constant hook load, see Fig. 15, increasing the RPM decreases the axial cutting force and results in higher amplitude axial

vibrations.

7. Conclusions

In this paper, we have considered a distributed axial-torsional drill-string model with a rate-independent bit-rock interaction

law to study the occurrence of axial and torsional self-excited vibrations as caused by the regenerative effect induced by the bit-

rock interaction. The main conclusions from the paper are as follows:

• In Refs. [5,7] it was shown that, typically, multiple axial modes are simultaneously unstable. We find that, for severe

axial instabilities, several of these unstable modes are represented also in the axial quasi limit-cycle with the full non-

linear dynamics. A notable point is that sometimes the first (low-frequency) axial mode is stable, while higher frequency

modes are unstable. In this case, the lumped-parameter model would erroneously predict stability. This makes analysis with

a simplified lumped-parameter model less valid for these cases and a distributed description of the dynamics is indeed

needed.

• The frequency of the axial limit-cycles are determined by the top drive RPM. This fact has been suggested by Refs.

[5,7] and is confirmed in the simulation studies of the present paper. However, as is also shown in Refs. [5,7], the fre-

quency of the torsional oscillations will in most cases coincide with the first torsional resonant frequency of the drill-

string.

• The bit-rock interaction is nominally velocity weakening (as can be seen from the linearization), however, the effect

of the g(·) non-linearity (induced by the wearflat-rock contact) tends to be velocity strengthening. The result of the

combined effects is complex as it can exhibit alternating velocity weakening and strengthening effects at different

RPMs.

• The type of top-side axial boundary condition, constant top-drive velocity vs. constant hook load, has a crucial effect on the

stability of the torsional dynamics, and furthermore, changes the qualitative impact the characteristic quantities have on

stability.

For constant axial top-drive velocity:

– The occurrence of torsional stick-slip roughly matches the stability predictions of the linearized torsional loop.

– Increasing the RPM, Ω0, has a major stabilizing effect.

– Increasing the axial loop gain, thus the severity of the axial instability, has a stabilizing effect on the tendency to develop

torsional stick-slip oscillations. A similar result was obtained with a lumped-parameter model in Ref. [21].

For constant axial hook-load:

– Increasing RPM has a less significant stabilizing effect.

– Increasing the nominal axial loop gain, will tend to reduced the steady-state ROP, thus reducing the torsional nominal

loop gain, which has a stabilizing effect.

– Based on the simulation results, we proposed the stability heuristic that the stick-slip instability occurs when the non-

dimensional weight on bit, subtracted the wearflat component, is greater than the axial loop gain.
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Appendix A. Derivation of the non-dimensional model formulation

We normalize all variables with characteristic quantities, denoted by the ∗ superscript, to be decided:

t = t

t∗
(A.1)

x = x

x∗
(A.2)

V = v

v∗
(A.3)

W = w

w∗ (A.4)

Ω = 𝜔

𝜔∗ (A.5)

T = 𝜏

𝜏∗
(A.6)

Λ = 𝜆
d∗

. (A.7)

The problem is now to decide on appropriate characteristic quantities in (A.1)–(A.7). As the independent variable of position

lives in the domain x ∈ [0, L], we use the drill-string length to normalize it, i.e. x∗ = L. This yields, based on (3), (4), (A.1)–(A.7),

the following torsional wave equation:

𝜕T(t, x)
𝜕t

𝜏∗

t∗
+ JG

𝜕Ω(t, x)
𝜕x

𝜔∗

L
= 0 (A.8)

J𝜌
𝜕Ω(t, x)

𝜕t

𝜔∗

t∗
+ 𝜕T(t, x)

𝜕x

𝜏∗

L
= −kt𝜌J𝜔∗Ω(t, x). (A.9)

We collect the coefficients in (A.8), (A.9) to obtain

𝜕T(t, x)
𝜕t

+ 𝜕Ω(t, x)
𝜕x

JG
𝜔∗

L

t∗

𝜏∗
= 0 (A.10)

𝜕Ω(t, x)
𝜕t

+ 𝜕T(t, x)
𝜕x

1

J𝜌
𝜏∗

L

t∗

𝜔∗ = −ktt
∗Ω(t, x). (A.11)

Now, define the characteristic torque

𝜏∗ = JG𝜔∗t∗

L
, (A.12)

with which (A.10), (A.11) reduces to

𝜕T(t, x)
𝜕t

+ 𝜕Ω(t, x)
𝜕x

= 0 (A.13)

𝜕Ω(t, x)
𝜕t

+ 𝜕T(t, x)
𝜕x

Gt∗2

𝜌L2
= −ktt

∗Ω(t, x). (A.14)

Given the above, we choose

t∗ = L

√
𝜌
G

= L

ct

≔ tt, (A.15)

which is the torsional wave travel time. (A.15) yields (29)–(30).

Similarly, for the axial wave equation, (1)–(2), we obtain

𝜕W(t, x)
𝜕t

+ 𝜕V(t, x)
𝜕x

v∗

L

tt

w∗ AE = 0 (A.16)

𝜕V(t, x)
𝜕t

+ 𝜕W(t, x)
𝜕x

w∗

L

tt

v∗
1

A𝜌
= −kattV(t, x). (A.17)

Hence, choosing w∗ = AEv∗tt

L
in (A.16), (A.17), gives
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𝜕W(t, x)
𝜕t

+ 𝜕V(t, x)
𝜕x

= 0 (A.18)

𝜕V(t, x)
𝜕t

+ 𝜕W(t, x)
𝜕x

t2
t

t2
a

= −kattV(t, x), (A.19)

where
t2
t

t2
a

= c2
a

c2
t

≔ c2, and ca =
√

E∕𝜌, ca =
√

G∕𝜌 is the axial and torsional, respectively, sound velocity of the drill-string.

Finally, we consider the bit rock interaction transport equation (9), using (A.7):

𝜕Λ(t, 𝜃)
𝜕t

d∗

tt

+Ωb(t)𝜔∗ N

2𝜋

𝜕Λ(t, 𝜃)
𝜕𝜃

d∗ = v∗Vb(t), (A.20)

and collecting coefficients

𝜕Λ(t, 𝜃)
𝜕t

+Ωb(t)
𝜕Λ(t, 𝜃)
𝜕𝜃

𝜔∗tt
N

2𝜋
= v∗tt

d∗
Vb(t), (A.21)

we find

𝜔∗ = 2𝜋
ttN

, v∗ = d∗

tt

. (A.22)

We choose to set the remaining scaling parameter, d∗, such that

Tb(t) = a2𝜖N
d∗

𝜏∗
D(t) + 𝛽Wf = D(t) + 𝛽Wf , (A.23)

i.e. d∗ = 𝜏∗

a2𝜖N
.

Appendix B. Interpretation of characteristic quantities

• t∗ = tt = L∕ct is the travel time of the torsional drill-string wave.

• x∗ = L is the length of the drill-string.

• v∗ = d∗∕tt =
1

a2𝜖N

JG

L

2𝜋

Ntt
is the velocity corresponding to the length of the characteristic depth of cut per drill-string wave

travel time.

• w∗ = AEv∗

ca
c = AE

L
d∗ is the (scaled by c) characteristic impedance of the drill-string multiplied with the characteristic axial

velocity v∗. It is also the axial force required to displace the bit by the length corresponding to the characteristic depth of cut

d∗.

• 𝜔∗ = 2𝜋

ttN
is the angle between two cutters, 2𝜋∕N, over the drill-string travel time tt , i.e. Ω0 = 1 entails that the steady-state

delay between two cutters equals the drill-string travel time.

• 𝜏∗ = JG𝜔∗t∗

L
= JG

L

2𝜋

N
is the torque required to rotate a semi-infinite drill-string with the characteristic angular velocity 𝜔∗,

which can be seen by noting that
JGt∗

L
is the torsional impedance of the drill-string, cf. [5]. It also corresponds to the torque

required to angularly displace the drill-string the angular distance between two blades.

• d∗ = 𝜏∗

a2𝜖N
= 1

a2𝜖N

JG

L

2𝜋

N
is the length corresponding to a depth of cut that create the characteristic torque 𝜏∗.

Appendix C. Derivation of drill string transfer functions

The drill string transfer functions used in this paper have been derived in Ref. [5] and are included here for completeness.

The following derivation uses the transmission line model formulation known as the transfer matrix approach [22–24].

The characteristic line impedances Zi, i ∈ {a, t}, and propagation operators,Γi, i ∈ {a, t}, for (24)–(25) and (29)–(30), respec-

tively, are given as

Za(s) =

(
1 + ka

s

)1∕2

, Γa(s) =
s

c

(
1 + ka

s

)1∕2

, (C.1)

Zt(s) =

(
1 + kt

s

)1∕2

, Γt(s) = s

(
1 + kt

s

)1∕2

, (C.2)
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Now the axial and torsional distributed systems both satisfy the well-known closed-form general solution of transmission lines

which can be given as a two-port configuration [25,26]:[
Wb(s)
Vb(s)

]
=
⎡⎢⎢⎣

coshΓa −Za sinhΓa

− 1

Za

sinhΓa coshΓa

⎤⎥⎥⎦
[

W0(s)
V0(s)

]
,

[
Tb(s)
Ωb(s)

]
=
⎡⎢⎢⎣

coshΓt −Zt sinhΓt

− 1

Zt

sinhΓt coshΓt

⎤⎥⎥⎦
[

T0(s)
Ω0(s)

]
, (C.3)

At the topside boundary, i.e. at x = 0, we have Ω̃0 = 0 and either W̃0 = 0 for BC (28), or Ṽ0 = 0 for (27). Combining this with

(C.3) we obtain the relations (39), (40).
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