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Abstract 

Geometry Perception is one of the topics that are recently subject to research at IPO. 
The subject of this task is measuring threshold levels of geometrical deformations of 
straight lines. To find a mathematical description of these deformations, results have been 
used from Mr Beelen at Philips Components. The description is based on practical 
deformations being known from cathode ray tubes. The mathematical analysis is based 
on curve fitting, in which the deformation of a horizontal line is presented by a sixth 
order polynomial. This polynomial describes the so-called sea-gull distortion and the 
single curvature. These deformations have been translated into terms of possible basic 
primitives, being introduced by Foster [l] [2]. Foster's research has been limited to the 
single curvatures up to now. However, the primitives introduced by him can easily be 
derived from the polynomial description. The presented sixth order polynomial is an even 
function, hence why only three coefficients remain to describe the deformations. 
Functions have been derived to arrive at a representation with only one deformation level 
parameter and two shape parameters. 

The deformations mentioned above are being applied to computer images that are 
displayed on an adjusted monitor. The images consist of a raster, a teletext page, a 
graphical screen from a workstation and two pictures. The threshold levels of the 
deformations are being measured from every image. In these measurements we have two 
parameters that describe the shape of the deformation. This threshold level can be 
transformed into the basic primitives introduced by Foster. 

From the outcome of the measurements can be concluded that human sight is 
most sensitive for sea-gull distortions for which the maximum is located at 10 to 15% 
from the edge of the image. Of course, this conclusion only holds for the actual set of 
distortions that was applied. Most critical are computer graphics, because these images 
often contain many horizontal lines. In that case the threshold level is about the size of 
one pixel or even less. The threshold level of the photos is approximately ten times 
higher because photos do not contain any spots at which the deformation can easily be 
detected. The primitives introduced by Foster seem to be of less value in the case of sea
gull distortions, at least if they are generalised in the way it is done here. 
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1. Introduction 

The Vision Group at the Institute for Perception Research has visual perception and 
image technology as the two most important research themes. Part of this research talces 
place in the ADONIS project group. In this project, geometry perception of images is 
being examined. Straightness of lines and deviation of straightness are part of this 
research. 

1.1 Deviation from straightness 

In practice, this category of deformations can be found in cathode ray tubes (CRTs) in 
television sets and monitors. The cathode ray in such a CRT is controlled by two 
magnetic coils: one for horizontal and one for vertical deflection. Horizontal lines appear 
not to be perfectly straight, caused by non-linearity's in the magnetic field. In practice, 
deformations occur as shown in figures lA and lB. 

Figure lA: Single curvature of a horizantal line 

Figure lB: Examples of sea-gull distortion 

The distortion shown in figure lA is a single curvature. Figure lB shows two examples 
of sea-gull distortion. 

When these lines are displayed on the screen, the perception depends on the angle 
of vision. This is caused by the spherical shape of the CRT. This factor is not being 
examined. We have chosen for a fixed position of the subject, sitting in front of the 
screen with his or her eyes at the level of the centre of the screen. 
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1.2 Purpose of this task 

In this task, the sensitivity of the human sight for this type of deformations is examined. 
These deformations are applied to images displayed on an adjusted computer monitor. 
The correction of the monitor is based on the fixed position of the subject. The level of 
the distortion is proportional to its magnification in vertical direction. The minimum level 
at which the distortion can be distinguished is called the threshold level. The threshold 
level is measured for several shapes of the sea-gull. The lines shown in figure 1 are 
represented by polynomials and can be derived into primitives found in literature, by 
Foster for example. When it seems that one of his primitives has a constant threshold 
level under several conditions then this may be a possible primitive of the visual process. 
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2. Analysis of the deformations 

The way the stimuli are being deformed corresponds with the practice of CRTs. In this 
chapter a mathematical analysis is introduced. 

2.1 Construction of the stimuli 

7 

The image is described by a Cartesian co-ordinate system. The origin is located at the 
centre of the screen. The x-axis (horizontal) stretches from-1 to +1, the y-axis (vertical) 
also extends from -1 to + 1. Deformation of the images is always symmetrical with regard 
to the x-axis and anti-symmetrical with regard to the y-axis. That's why it's sufficient to 
analyse only one quadrant to generate the complete image. 

Deformation according to the sea-gull pattern takes place by shifting the pixels of 
the image up or down. The amount of shifting is called g and is dependent on the 
location in the co-ordinate system. A positive g means shifting upwards, a negative g 
shifting downwards. The new pixel co-ordinates can be calculated from the 
transformation 

{ 
x'=x 

y' = y+ g(x,y) 

The functiong(x,y) can be separated in two independent polynomials which will be 

calledfx(x) andfy(y). It holds that 

g(x,y) = fx(x) · fy(y) 

In the next two paragraphs the functionsfx(x) enf,.(y) will be considered more in detail. 
When locally pixels shift over each other, the average luminance is taken for that pixel. 
When holes arise these will be filled up by interpolation. For every pair (x', y') the 
corresponding ( x, y) pair is computed. In general, this will not be a spot on the sampled 
co-ordinate grid, in that case the value is calculated through bilinear interpolation of the 
surrounding pixels. The transformed image is determined by the transformation in 
combination with interpolation in the luminance domain. 

2.2 Dependence on the x co-ordinate 

2.2.1 Sea-gull polynomial to describe the functionfx(x) 

The drpendence of fx on x is represented by a sea-gull polynomial. See figure 2. 
\ 

I 
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fJx) 

x 

Figure 2: Dependence of fx on x. The shape parameters Xm and Xo are 
larger than 0 and Xo > Xm. 

The x-position where the maximum will be reached is Xm. It holds thatfJxm) =a. The 
position wherefx(x) is 0 is x0• The function is even:fx(x) = fx(-x). The shape of the sea
gull is approximated by a sixth order polynomial. Because the function is even,fx(x) can 
be written as 

f x (x) = t · x 2 + u · x 4 + v · x 6 

The first order derivative is 

f;(x) = 2t ·x+4u · x 3 +6v · x5 

The coefficients t, u and v are calculated by curve-fitting. An approximating polynomial 
is calculated based on some known points of this polynomial. The sea-gull satisfies the 
following conditions: 

1. fx(xm) =a 
2. f x(x0 )=0 

3. f:Cxm) =0 

8 

With the expression forfx(x) and these three boundary conditions, the coefficients t, u 
and v can be expressed as functions of a, Xm and x0• After solving the system of equations 
we find 
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A more detailed calculation of the coefficients is given in appendix A. Now we havefx(x) 
as a function of x with a, x0 and Xm as parameters. One condition with these formulae is 
that x0 needs to be larger than Xm· 

2.2.2 Limitations of this approach 

In this model a sixth order polynomial is used. If we consider x to be positive,fx(x) has 
one, two or three possible zeros. Because x0 has to be positive (no parabola), 
polynomials with only two or three non-negative zeros apply. This is shown in figures 3A 
and 3B. 

x 

Figure 3A: Case A, two non-negative zeros 

x 

Figure 3B: Case B, three non-negative zeros 
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The shape of the polynomial determines whether case A or B applies. In case A clearly 
the right-hand zero is x0• In case B this is not immediately clear. See figure 3C. 

f (x) x 

0 Xm 1 

Figure 3C: One of the zeros is xo 

This problem happens because we didn't tell which zero was mentioned in boundary 
condition 2. The choice of course has influence on the shape of the polynomial. This 
clumsy choice of shape parameters is the main disadvantage of this model. 

10 

This problem can be avoided by substituting a combination of Xm and Xo and 
judging the resulting polynomial. Another solution is using conditions in the expressions 
of the coefficients. One condition would be 

This condition is derived in appendix A-2. 

2.2.3 Advantages of this approach 

A completely different way of solving the problem mentioned is redefining the shape 
parameters Xm and x0• The trouble that occurs when this is done illustrates the advantage 
of the approach used here. 

A different choice of the shape parameters will lead to instabilities in the 
expressions of the coefficients. There will be discontinuities in the formulae of t, u and v 
when x extends from -1 to + 1. This causes fx( x) to have an instable formulation. An 
example will make clear what's happening. Suppose we had chosen the following fx(x) : 
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with boundary conditions 

A: fx(l) = d 

B: f;(xm)=O 

Then we would have had a system of equations: 

A: 1 + a4 + a6 = d 

B: 2xm + 4a4 • x! + 6a6 • x~ = 0 

This can be solved for a4 and a6. 

3d . x 4 + 1 - 3 . x 4 
m m 

2d . x 2 + 1- 2 . x 2 
_ m m 

a6 - - 2 ( 2 ) xm. 3 · xm -2 

In both formulae the denominator becomes zero at xm = ~ = 0.816 . At this value for 
3 

Xm the coefficients don't exist and fx(x) doesn't either although this could be an 
interesting value for Xm. This is a serious problem, which does not occur for the current 
choice of Xm and x0• This is the reason for choosing the approach of substituting Xm and x0 

and checking the results before calculating the stimuli. 

2.3 Dependence on they co-ordinate 

The level of distortion g(x,y) is also dependent on they-position on the screen. During all 
experiments,fy(y) is used as shown in figure 4. 
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Figure 4: Dependence of fy on y 

fy(Y) 

1 r----------::::;;;--
V2 1-------~...;r..---l--~ 

0 y 2/3 1 

The function fy(y) is also a sea-gull polynomial, but here they-dependence is anti
symmetrical: fy (y) = - fy (-y). The finalfy(y) is obtained by multiplying the even sea-

gull polynomial by sign (y ). 
At 213 of the height of the image (with regard to the centre) the deformation is 

maximal and decreases to 50% at the upper edge of the image. The same holds for the 
lower edge. The sea-gull shape infers fy(O) = 0 and f;(O) = 0 . 
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Since these boundary conditions hold for all experiments, a numerical expression 
forfy(y) can be computed. The coefficients offy(y) are also calculated by curve-fitting. 
The function drawn in figure 4 is again represented by an even sixth order polynomial, 
multiplied by sign (y). The basic expression forfy(y) and its generalised derivative are 

f ;(y) = [6a6 • y5 + 4a4 • y3 + 2a2 • y l sign(y) 

By substituting the conditions fy(t)=l, /y(l)=t en f;(t)=O and solving the system 

of equations a6, a4 en a2 can be computed. In appendix B a detailed calculation is given, 
here only the result is presented. 

(

a
2

] ( 5.1793] 
a4 = -8.1205 

a 6 3.4413 

This fully specifies fy( y). This choice of parameters is made in consultation with Theo 
Beelen. 
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2.4 The transformation summarised 

The transformation of the images can be described as 

{ ;: : ;+ f,(x)· f,(y) 

For the polynomials holds 

f/x) = t · x 2 + u · x 4 + v · x 6 

fy(y) = [5,1793· /-8,1205· y4 + 3,4413· /]- sign(y) 

with coefficients 

where a, Xm and x0 are parameters, shown in figure 2. The position of xo needs to be 
checked. 

2.5 Connections with known primitives 

13 

Foster et al. [2] recently have examined the sensitivity of the human eye for curvature of 
lines. In his research he introduced several primitives at which perception of curvature 
could be based on. These primitives can easily be computed from single curvatures and 
higher order polynomials. In this paragraph three main primitives will be expressed in 
terms of the used polynomials. 

One of them is sag. The polynomial fx(x) is shown again in figure 5. 
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fJx) 

x 

Figure 5: fx(x) as afun~tion of x 

Sag is abbreviated by s and is defined in the case of a single curvature by the maximum 
of the absolute value off x(x). According to Foster sag would provide the visual system 
with an unbiased estimate of curvature. In this case we generalise the definition of sag for 
sea-gull deformation as follows 

Sag is not dependent on the vertical position y. 
A second primitive is taking the RMS-value (effective value) of s. Whenfx(x) is 

known, sRMs can easily be computed. It's defined as follows. 

I 

sRMs = f J f,2(x) dx 
- 1 

Mathematicians talk about the power offx(x), in electrical engineering it's called the 
effective value infx(x). In both cases it's the square root of the average square value of 
fx(x). 

A third primitive introduced by Foster is equivalent curvature. The maximum of 
this equivalent curvature is called maximum curvature and is abbreviated by c. 

In the case of fx(x) being a circular arc, c is a constant and is not dependent on x. 
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3. Experiments 

To measure the threshold levels of the deformations mentioned a procedure called 
transformed up-down method is used. 

3.1 Transformed up-down method 

15 

The subject is shown two stimuli shortly after each other. This pair consists of two 
stimuli of the same scene, but only one of them is deformed, the other one is not. The 
subject has to indicate the undistorted one. The level of distortion is being expressed by 
a, mentioned in the previous chapter. Therefore the threshold level is expressed in terms 
of a, with Xm, x0 and the scene as parameters. When the threshold level ao is found, it can 
be computed into common units of length such as millimetres or visual angle. 

The transformed up-down method is adaptive; the level a of the current stimulus 
is dependent on the answer to the previous one. The procedure starts with an a which is 
clearly above the threshold a0. If the undistorted stimulus is indicated correctly (positive 
response) then a of the next stimulus decreases. This goes on until the distorted image 
can't be distinguished any longer from the undistorted one. In that case the chance of 
getting a positive response is 50%. In case of a negative response a increases. By doing 
so a will be swinging around a0 after a few stimuli. An example of this process is shown 
in figure 6. 

0.05 
a 

0.04 

0.03 + 
+ 

0.02 + 
+ + 

0.01 + + + 
+ + 

0 5 10 15 

stimulusnumber 

Figure 6: Example of the level a changing during the experiment 

After having increased and decreased five times the experiment stops and ao can be 
estimated by taking the mid-points of all raising and falling lines on the curve and 
computing their average. This way of estimating a0 is known as a mid-run estimate [6]. 
In figure 6 this estimate is indicated with the dashed line. The collection of points 
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between every peak and valley is called a run. The example in figure 6 consists of 10 
runs. 

16 

In these experiments a decreases after one positive reply and increases after one 
negative reply. In this way the so-called 50%-threshold ao;so will be found. This is the 
level at which 50% of the stimulus pairs causes a positive response. The relation between 
the stimulus level and the percentage positive responses is called the psychometric 
function. A typical psychometric function is shown in figure 7. 

Percentage 
positive 
responses 100 
P(a) 

25 

0 

Figure 7: Typical psychometric function 

Stimuluslevel a 

A different proportion between positive and negative responses can be found by 
decreasing a at two positive replies and increasing a at one negative response for 
instance. By doing so the 71 %-threshold will be measured. In this task only the 50%
thresholds will be measured. 

3.2 Types of stimuli 

The stimuli consist of a raster, the main page of the Dutch NOS-teletekst, a cut-out of a 
graphical computer screen and two digitised photos. The figures 8 until 12 show the 
stimuli. In figure 8A the undistorted raster is displayed, in figure 8B is shown an example 
of a distorted raster. 

In the experiments the raster is displayed on the monitor as white lines on a black 
background, figure 8A and 8B are the inverse images. The monitor used is adjusted at 
this raster. Figures 9 and 10 show the main page (no. 100) of NOS-teletekst and a part 
of a Cantata workspace, a visual programming environment for UNIX workstations. 
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Figure SA: Undistorted stimulus 'raster' 

i..-- -- - --........ 

i..--- ------

..__ 
-----

--- -- ---
Figure SB: Example of a distorted version of 'raster', Xm=0.7 and x0=1.4 
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Figure 9: Stimulus 'teletekst', the main page of NOS-teletekst 

XTerm 
tscript/<version>/bin 

ilyph 

RUN 

RESET 

REDRAW 

ROUTINES 

I COPYRIGHT I 

Edit 

Workspace 

CANTATA Visual Pr 

PROGRAM UTILITIES I INPUT sou 

IPO programs 11 OUTPU" 

Main 

Figure 10: Stimulus 'region', part of a Cantata workspace 

18 
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These stimuli were selected because they contain many horizontal lines. This is common 
in computer graphics. Figures 11and12 show two digitised photos which don't contain 
many horizontal lines. These stimuli were used to examine the behaviour of more 
common scenes which is the case with tv-images. 

Figure 11: Stimulus 'dorpsstraat', photo without specific horizantal lines 



' ~. 
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Figure 12: Stimulus 'fruit', photo containing only a few specific horizantal lines 

'Dorpsstraat' and 'fruit' at first sight don't contain any obvious cues on which a subject 
can train. This is the same situation as watching a tv program. 'Teletekst' and especially 
'region' are images with lots of horizontal lines as they occur in many graphical 
environments (X-Windows, MS-Windows for instance). All stimuli were displayed in 
colour on the monitor except for the raster. In appendix C the figures 9 until 12 are 
displayed in colour. 

3.3 Series of stimuli used 

First of all the threshold for rasters is measured as a function of the shape parameters Xm 

and x0• Four subjects are shown four types of distorted rasters. The combinations of Xm 

and x0 are listed in table 1. 

Table 1: Shape parameters used with rasters 

Xm Xo smallest positive 
zero 

0.7 1.4 1.107 
0.8 1.0 Xo 
0.9 2.0 1.377 
1.0 5.0 1.430 
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The corresponding polynomialsfjx) are shown in figure 13. 

0.010 
0.009 
0.008 

0.007 
0.006 
0.005 
0.004 
0.003 
0.002 
0.001 

Xm =0.7 
xo = 1.4 
a =0.003 

0.010 
0.009 
0.008 

0.007 
0.006 
0.005 
0.004 
0.003 
0.002 
0.001 

0.000 0.000 

Xm =0.8 
Xo = 1.0 
a =0.003 
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x x 

0.010 0.010 
0.009 0.009 
0.008 Xm =0.9 0.008 Xm = 1.0 
0.007 Xo =2.0 0.007 Xo =5.0 
0.006 a =0.003 0.006 a =0.003 
0.005 0.005 
0.004 0.004 
0.003 0.003 
0.002 0.002 

0.001 0.001 
0.000 0.000 L...--L..-'---'--=--"---==:1:-----'---'----'----' 

-1.00 -0.80 -0.60 -0.40 -0.20 0.00 0.20 0.40 0.60 0.80 1.00 -1.00 -0.80 -0.60 -0.40 -0.20 0.00 0.20 0.40 0.60 0.80 1.00 

x x 

Figure 13: Polynomialsfx(x) used with rasters 

Next, the same experiment will be executed with four different scenes, as mentioned in 
the previous paragraph. These are distorted with 2 different polynomials, with Xm=0.7; 
xo=l.4 and Xm=0.8; xo=l.O. 
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3.4 Situation of measurement 

The subject is located on a fixed position in front of the screen. 
See figure 14. 

mo nit.or 

A 138 cm 
v- -- - -------- ----- --

subject 

Figure 14: Side view of the situation 
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The subject is sitting in front of the monitor at 1,38 m distance. Its eyes are on the same 
height as the centre of the screen. The geometry of the monitor is calibrated outwardly 
on the raster by holding a ruler along the lines. The dimensions of the image are 482 x 
364 pixels. On the screen this corresponds with 260 mm x 186 mm. In this case the 
aspect ratio is 0.72, which is almost equal to 0.75 known from conventional tv-screens. 
When the image is displayed on the unity co-ordinate system (horizontal axis -1 ~ x ~ 1 
and vertical axis -1~y~1), the size of one pixel is 0.00549 x 0.00415. 

The refresh rate of the screen is 50 Hz interlaced. This is relatively low rate. In 
spite of it there isn't any flickering in the screen when displaying rasters, because all lines 
have a width of two pixels. Therefore every horizontal line contains at least two lines of 
the CRT raster. With the other images, the effect is also small, only with 'region' (figure 
10) a little flickering is visible. Because it's not disturbing the 50 Hz refresh rate will be 
maintained. 

3.5 Hardware and software applied 

To generate the stimuli, running the experiments and analysing the obtained data several 
kinds of hardware and software is needed. 

3.5.1 Hardware 

The monitor for displaying the stimuli is a Barco CCID 7351B. A graphical computer, a 
Gould, controls the monitor. This Gould is controlled by a VAX/VMS system with a 
VT220-terminal connected. Furthermore a SUN Spare Station is used to generate the 
stimuli and a PC is used to process to data. 
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3.5.2 Software 

On the VAX LIPS version 7 .0 VMS is used to control the Gould. The experiment is run 
by MERCI version 2.4. On the SUN, Khoros release 1.0 with graphical environment 
Cantata is used to compute the deformation of the images. 

To convert the data from the transformed up-down method into a threshold level 
it's been made use of the programs Process and Average. These are written in Turbo 
Pascal 5.5 and run under MS-DOS on a PC. Process and Average are described in the 
next chapter. The source of them is included in appendices D and E. 

To calculate the statistical data MS-Excel 5.0 for Windows is used. Furthermore 
PC-Matlab and Derive 1.14 are used to compute sag, sRMs and curvature. This report has 
been written using MS-Word 6.0 for Windows, the graphics have been made by 
SlideWrite and the drawings are from Designer 3.1. 
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4. Results 

4.1 Results with raster distortions 

The series of levels a that proceed from the transformed up-down method have been 
analysed by Process. This program counts the number of increasing and decreasing runs 
and computes for both of them the mid-point of every run. The program Average 
calculates the weighted average of these two values. Finally we have one threshold level 
ao for every stimulus and for every subject. They are shown in table 2. The four 
thresholds A, B, C and D correspond with the four subjects. From these 4 samples can 
be calculated the average, the standard deviation and the variance. This average ao can be 
converted into millimetres. Furthermore, sag, sRMs and curvature c are being computed. 
The unit '1' means that the quantity is related to the unity co-ordinate system. 

Table 2: Threshold levels measured with raster distortion 

Sym Xm=0.1 Xm=0.8 Xm=0.9 Xm=l.0 Unit 
bol xo=l.4 xo=l.O xo=2.0 xo=5.0 

subject A ao 0.00131 0.00181 0.00140 0.00217 1 
B ao 0.00204 0.00160 0.00338 0.00242 . 1 
c ao 0.00295 0.00301 0.00378 0.00268 1 
D ao 0.00140 0.00130 0.00276 0.00287 1 

average ao f!:.Q 0.001925 0.001930 0.002830 0.002535 1 
average ao f!:.Q 0.179 0.179 0.263 0.236 rmn 
average ao f!:.Q 0.45 0.45 0.66 0.59 arc min 
std. deviation O' 7.57·104 7.50·104 l.04·10-3 3.05·104 1 
variance ao cr2 5.73·10"7 5.62·10"7 1.08· 10"6 9.32·10"8 1 
sag s 0.179 0.179 0.263 0.236 rmn 
RMS-value SRMs 0.120 0.101 0.170 0.138 rmn 
Curvature c 0.0268 0.2017 0.0258 0.0195 1 

In figure 15 the results are drawn in a diagram. 



Perception of geometrically deformed lines 

0.0040 

0.0030 

0.0020 

0.0010 

0.0000 

- average 

xm= 0.7 
xO = 1.4 

111111111111111111111 95% confidence 

xm=0.8 
xO = 1.0 

xm =0.9 
xO = 2.0 

Figure 15: Threshold levels with raster distortion 

xm= 1.0 
xO = 5.0 

25 

In figure 15 the four bars per stimulus apply to the four subjects. The problem that seems 
to appear is that the distortions may be smaller than the height of one pixel. This height is 
0.00549. The height of one physical pixel may indeed be larger than the measured a0, but 
since we have bilinear interpolation in the luminance domain it is possible to display 
deformations at sub-pixel size. One disadvantage is the unsharpness connected with 
interpolation. 

If we assume the samples to be normally distributed around an average with 
variance cr2, the 95%-confidence interval can be computed. The 95% is the confidence 
level and is marked by y. In figure 15 the 95%-confidence interval is indicated with the 
vertical line hatch. The width of this interval gives information about the distribution of 
the measured values. The assumption that the gaussian distribution is permissible is 
verified at the end of this chapter. In figure 16 a gaussian distribution function is drawn. 
Several variables will be introduced. 
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k k 
min mean max 

Figure 16: Gaussian distribution function 

mean = average threshold value a0 

k = distance from mean to the border of the interval 
2·k = width of the 95%-confidence interval 
min = lower bound of the 95%-confidence interval 
max = upper bound of the 95%-confidence interval 
(j = standard deviation 
cr2 = variance 
n = number of samples in the experiment 

When cr and n are known, k can be computed for a 95%-interval. From literature [8] [9] 
we have 

(j. c 
k=-
~ 

Here is c = 1,96 for a 95%-confidence interval. c is computed in [8]. For these 4 stimuli 
the fraction k of a0 can be calculated. This percentage will be called R. R tells something 
about the relative distribution of the measured values. In table 3 the values are given. 
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Table 3: Statistical data 

Sym Xm=0.7 Xm=0.8 Xm=0.9 Xm=l.0 Unit 
bol xo=l.4 xo=l.O xo=2.0 xo=5.0 

average ao f!Q 0.001925 0.001930 0.002830 0.002535 1 
std. dev. ao CJ 7.57·10-4 7.50·10-4 l.04·10-3 3.05·10-4 1 
variance a0 cr2 5.73·10-7 5.62·10-7 l.08· 10-6 9.32·10-8 1 
conf. level y 0.95 0.95 0.95 0.95 

c 1.96 1.96 1.96 1.96 
sample size n 4 4 4 4 
distance to k 0.00074 0.00073 0.00102 0.00030 1 
bound 
lower bound min 0.00118 0.00120 0.00181 0.00224 1 
upper bound max 0.00267 0.00266 0.00385 0.00283 1 
kl an R 38.52 % 38.07 % 36.07 % 11.80 % 

4.2 Results with computer graphics and photos 

For analysing the data the same procedure as in the case of rasters is used. Four different 
scenes are used, all of which are distorted by Xm=O. 7 xo= 1.4 and Xm=0.8 xo= 1.0. Each 
of the 8 images was judged by 6 subjects. However, in some cases the level a ran out of 
the available range of stimuli so in these cases it was impossible to determine a threshold. 
These ones are marked with an asterisk in table 4. 

Table 4: Measured thresholds with computer graphics and photos 

Sym- Do rps- Dorps- Fruit Fruit Tele- Tele- Region Region 
bol straat straat tekst tekst 

Xm=0.7 Xm=0.8 Xm=0.7 Xm=0.8 Xm=0.7 Xm=0.8 Xm=0.7 Xm=0.8 
xo=l.4 xo=l.O xo=l.4 xo=l.O xo=l.4 xo=l.O xo=l.4 xo=l.O 

subject A ao 0.02800 0.01150 0.01350 0.02400 0.00477 0.00371 0.00265 0.00279 

B ao 0.03910 0.01664 0.03767 0.02867 0.00416 0.00405 0.00299 0.00293 

c ao 0.02662 0.02520 0.01370 0.02207 0.00492 0.00388 0.00400 0.00412 

D ao 0.03243 0.01286 0.03390 * 0.00615 0.00424 0.00425 0.00411 

E ao 0.03610 * 0.03044 0.00983 0.00615 0.00483 0.00215 0.00410 

F ao 0.03877 0.02700 * 0.02829 0.00539 0.00416 0.00280 0.00339 

average ao fl.Q 0.03350 0.01864 0.02584 0.02257 0.00526 0.00415 0.00314 0.00357 

average ao fl.Q 3.12 1.73 2.40 2.10 0.489 0.386 0.292 0.332 

average ao fl.Q 7.8 4.3 6.0 5.2 1.2 0.96 0.73 0.83 

std dev. ao cr 5.38·10"3 7.09·10"3 1.15· 10"2 7.66· 10"3 7.96·10"4 3.87·10"4 8.16·10"4 6.21· 10-4 

var.ao cr2 2.89·10-S 5.03·10-S 1.31·10"4 5.86·10-S 6.33·10-7 1.49· 10"7 6.66·10"7 3.85·10"7 

sag s 3.12 1.73 2.40 2.10 0.489 0.386 0.292 0.332 

sag RMS SRMs 2.09 0.972 1.61 1.18 0.328 0.217 0.196 0.186 

Curvature c 0.4650 1.8014 0.3591 2.1052 0.0732 0.4323 0.0437 0.3723 

Unit 

1 

1 

1 

1 

1 

1 

1 

mm 

arc min 

1 

1 

mm 

mm 
1 
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Just like with rasters the 95%-confidence interval and the fraction k I f!Q can be 
determined. The statistical data is shown in table 5. 

Table 5: Statistical data 

Sym- Do rps- Do rps- Fruit Fruit Tele- Tele- Region 
bol straat straat tekst tekst 

Xm=0.1 Xm=0.8 Xm=0.1 Xm=0.8 Xm=0.1 Xm=0.8 Xm=0.1 
xo=l.4 xo=l.O xo=l.4 xo=l.O xo=l.4 xn=l.O xn=l.4 

avg.a0 f!Q 0.03350 0.01864 0.02584 0.02257 0.00526 0.00415 0.00314 

std. dev ao (J 5.38·10"3 7.09· 10-3 1.15·10"2 7.66·10"3 7.96·104 3.87·104 8.16· 104 

var. ao cr2 2.89·10"5 5.03·10"5 1.31·104 5.86· 10-5 6.33·10"7 1.49·10"7 6.66·10"7 

conf. level y 0.95 0.95 0.95 0.95 0.95 0.95 0.95 

c 1.96 1.96 1.96 1.96 1.96 1.96 1.96 

sample size n 6 5 5 5 6 6 6 

distance to k 0.004303 0.00622 0.01005 0.00671 0.00064 0.00031 0.00065 

bound 
lower bound min 0.029200 0.012422 0.015793 0.015860 0.004620 0.003836 0.002487 

upper bound max 0.037807 0.024858 0.035891 0.029284 0.005893 0.004454 0.003793 

kl~ R 12.84 % 33.36 % 38.89 % 29.74 % 12.11 % 7.46% 20.80 % 
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Region 

Xm=0.8 
xo=l.O 

0.00357 

6.21 ·104 

3.85· 10-7 

0.95 

1.96 

6 

0.00050 

0.003077 

0.004070 

13 .90 % 

As previously mentioned taking the fraction k I f!Q is only allowed if a0 is gaussian 
distributed. This assumption will be verified in the next paragraph. The threshold values 
are drawn in a diagram in figure 17. 

Unit 

1 

1 

1 

1 

1 

1 
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~ Xm=0.8 
XO = 1.0 

Teletekst Region 

Figure 17: Average threshold with photos as a function of scene and polynomial 

The upper bound of the 95%-confidence interval is marked with the cross-hatched area. 

4.3 Verification of the assumption that ao is gaussian distributed 

Only under the condition of a gaussian distribution of a0 the computation of the relative 
distribution shown above is allowed. The gaussian distribution can't be derived from the 
psychometric curve in figure 7, but it can be made clear from the measured data. 

For every set of 5 or 6 samples the frequency distribution of the data can be 
calculated. This is done for all stimuli. The cumulative distribution of these frequencies 
has to correspond with the gaussian distribution function. If the cumulative frequency is 
drawn in a diagram with a gaussian vertical scale, this must be a straight line [9] [10] . Of 
course we only have 6 data points instead of a line, because we have 6 samples. With the 
method of least squares a line can be fitted through the data points. If this line coincides 
with the diagonal of the diagram then a gaussian distribution is reasonable. 

As an example, the diagram for one data set ('teletekst', xm=0.7) is shown in 
figure 18. 
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Figure 18: Cumulative frequency distribution. 
The vertical scale is inverse-gaussian 
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0.0060 

The bold line in figure 18 is the frequency distribution of the measured values. The 
horizontal parts indicate the frequency intervals. Per interval it is computed how many 
samples belong into it. The cumulative number of samples is drawn. This is in fact the 
cumulative distribution function of the data. By making the vertical scale inverse 
gaussian a gaussian distribution can be recognised by a straight line. Because the number 
of data points is small, the staircase is very coarse. A linear curve fit can indicate whether 
we have a gaussian distribution or not. The angle between the curve fit and the diagonal 
has to be small. 

From figure 18 it follows that the linear curve fit coincides with the ideal gaussian 
distribution. This also holds for the other 7 sets of stimuli. These diagrams have also 
been investigated too but haven't been included in this report. Their results correspond 
with figure 18 so it can be concluded that the assumption of a gaussian distribution is 
reasonable. 
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5. Conclusions 

5.1 Distortion of rasters 

The judgement of rasters distorted with Xm=O. 7 and Xm=0.8 is almost equal. In figure 15 it 
can be seen that not only the average is the same but also the ratio among the subjects is 
almost the same. 

The thresholds measured with xm=0.9 and Xm= 1.0 are higher. As a result of this, 
these stimuli are judged with higher precision. The quantity R ( = k I a0) decreases a little 
bit. The raster experiment seems to be more reliable with Xm=0.9 and Xm=l.0 than for 
values for which the human eye is less sensitive. 

Within the scope of these experiments it can be concluded that the human eye is 
most sensitive for distortions with Xm=0.7 and xm=0.8 in case of sea-gull deformation. 
The threshold is 0.179 mm at a viewing distance of 1.38 m. The wide 95%-confidence 
interval shown in figure 15 causes the threshold to be estimated between 0.1 mm and 
0.25 mm. This wide range is a result of the small number of data points, only 4. The 
consequence is a large value for R (> 30% ). Only at Xm= 1.0 R is relatively small: this has 
been a more precise measurement. That's why the according threshold ao=0.24 mm is 
more reliable than the others. Because of the large R it's possible that the average 
threshold at Xm=0.9 is estimated too high and that is to be expected between the 
thresholds of Xm=0.8 and Xm= 1.0. This follows from the wide 95%-confidence interval 
overlapping the interval at Xm=l.O: this is a less accurate measurement. More experiments 
of the same kind could reduce the 95%-interval. 

The thresholds smaller than the height of one pixel are visible because 
interpolation with grey levels is used (see page 7). The surrounding pixels determine the 
grey level of the centre pixel. In case of a sub-pixel distortion, the maximum of the grey 
levels has shifted a little so it looks as if the line has shifted. The main disadvantage is the 
blur due to the interpolation. 

5.2 Distortion of colour photos and computer graphics 

In these images there are hardly any cues present with which the subject can practice. 
These images contain only a few horizontal lines. This causes high threshold levels, in the 
order of mm instead of 0.1 mm. 

For 'dorpsstraat' the threshold values for Xm=O. 7 and Xm=0.8 curves differ a lot, 
while for 'fruit' they do not. A possible explanation for this is that the distortion of the 
house (in figures 11 and 19) with Xm=0.7 is less visible than with Xm=0.8, while this is not 
the case with 'fruit'. On inquiry afterwards it turned out that some subjects fixed 
themselves at the joints in the side-facade of the house, next to the window (see figure 
19). These are closer to Xm=0.8 than to Xm=0.7. 
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Figure 19: Cue for determining distortion with Xm=0.8 

For the scene 'fruit' the differences between Xm=0.7 and xm=0.8 are smaller. The only cue 
is the horizontal rim of the right hand side box. 

The relative spreading R is high for 'dorpsstraat' as well as for 'fruit': it's hard to 
see the distortion. The judgement varies over subjects which causes the results to vary 
too. 

For 'teletekst' and 'region' thresholds also slightly differ. The influence of Xm 
being 0.7 or 0.8 is not that large. R is small so this measurement is rather accurate, in 
spite of the very low threshold with 'region'. The threshold level is almost equal to the 
one for rasters: it's hardly more than the height of one pixel. R with 'teletekst' and 
'region' is relatively low: only a small distortion is sufficient to be distinguished easily. 
Computer monitors that display this kind of images have to be constructed accurately, 
even more than tv-CRTs. 
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5.3 Significance of sag, SRMS and curvature 

An additional purpose was to find a primitive which yields a constant threshold level 
while using different stimuli. In this respect the value of sag, SRMs and curvature is of 
limited value only. 

33 

If we have a look at the threshold levels of c with rasters, it appears from table 2 
that the thresholds of ao with Xm=0.7 and Xm=0.9 are within each other's vicinity. 
However, this is not the case with the threshold of curvature c. Sag is in these 
experiments equal to a0, so a separate consideration of sag is not necessary. We already 
know about a0 that the threshold is dependent on the scene so for sag the same holds. 

sRMs does correspond a little with a0• sRMs is fairly constant. Furthermore we see 
that if sRMs is high then R decreases. See table 6. 

Table 6: Correspondence between sRMs and R with raster distortion 

RASTERS Xm=0.7 Xm=0.8 Xm=0.9 Xm=l.0 Unit 
xo=l.4 xo=l.O xo=2.0 xo=5.0 

SRMS 0.120 0.101 0.170 0.138 1 
R 38.52 % 38.07 % 36.07 % 11.80 % 

The correspondence is only small: sRMs = 0.170 is out of tune. If we compare tables 4 and 
5 then it shows a little correspondence between 'dorpsstraat' and 'fruit', but with 
'teletekst' and 'region' sRMs deviates from R. 

It can be concluded that sRMs and curvature don't describe the threshold level 
uniquely; these are dependent on the scene just as sag and they differ among various 
subjects. It appears that other candidate primitives have to be examined. 
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6. Postscript 

During the last three months I was at IPO in the Vision Group there was a good 
atmosphere in co-operation, not only in relation to the contents of the work but also in 
informal situations. This has of course its effect on the progress of the work. Therefore I 
have to express my thanks to my companions. 

Furthermore I have to speak with appreciation about the computer facilities. For 
the real number crunching, a powerful SUN system is a relief. However, most convenient 
to get on with was the micro-VAX. In spite of the resticted user interface everything 
worked fine at the right moment. Truus and Johan, thanks a lot. 

All subjects, except for 3 of them in the raster experiments, were inexperienced 
and came from outside IPO. They rendered co-operation completely disinterested. They 
didn't have any experience about perception experiments. 

The subject 'Beeldverwerking' (5N120) of the Eindhoven University of 
Technology is a useful preparation for a task in the Vision Group of the IPO. This 
subject describes the foundation of television technique, video signals, hardware and 
appropriate terminology. 

In spite of the fact that the IPO is situated on the campus of the Eindhoven 
University of Technology this task gave me a new experience of working in a company. 

To yield a mathematically correct analysis of the stimuli the help from dr.ir. Theo 
Beelen was indispensable. His experience in the field of properties of CRTs makes this 
project correspond to what is going on in practice and not remains resticted to a pure 
theoretical study. 
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Appendix A 
Derivation of t, u and v of fx(x) 

The distortionfx(x) is defined as follows. 

The first derivative is 

f:(x) = 2t · x+4u· x 3 +6v · x5 

The sea-gull shape implies these boundary conditions 

• fx(xm)=a 

• f:(xm) =0 

• fx(x0 ) = 0 

We have a system of three equations 

1. t · x 2 + u · x4 + v · x 6 = a m m m 

2. 2t · x +4u·x3 +6v·x5 =0 m m m 

3. 

This can easily be solved. 

• t solving from 1 yields 

a - x! ( u + v · x!) 
t = -----'-------x2 

m 

(*) 

• t solving from 2 yields 

t = - x! ( 2u + 3v · x!) 

• Equating 

a - x! ( u + v · x!) 2 ( 2 ) 
-----'---~ = -x 2u + 3v · x 2 m m 

xm 
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and solving for u 

u= 
a+2v·x! 

4 xm 

• Substituting (**) into (*) yields 

2a+v·x! 
t=--2-=-

xm 

• Substituting (**) en (***) into 3 and solving for v yields 

• Substituting(****) into(**) yields 

• Substituting(****) into(***) yields 

Now we have t, u en v with a, Xm and x0 being parameters. 
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(**) 

(***) 

(****) 
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Appendix A-2 
Derivation of the boundary condition 

Substituting t, u en v into fx(x0) yields 

Solving for x0 yields 

We take the smallest root that obeys x > 0. Introducing b = ~ and rearranging yields 
xm 

The square root in this expression is the discriminant of the solution. To have two roots 
this discriminant has to be greater than 0. This also holds for the left-hand part of the 
equation. For the smallest sollution for x0 it holds that 

b+2v · (x!-x~)>O 

We have v from appendix A-1. Substituting yields 

a·(x~ -2x!) 
x4 ·(x2 -x2 )2 

m 0 m 

a 
< 

2x4 · (x2 - x 2) m 0 m 

Now we have the boundary condition 
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Appendix B 
Derivation of the numerical coefficients of fy(y) 

The distortion fy(y) is defined as follows: 

The first derivative is 

The calculation of the coefficients runs as following: 

• The 3 boundary conditions are 

• f/%') = 1 

• fy(l) =Yi 
• f;C%)=0 

• We have a system of equations 

64 16 4 
-a +-a +-a =1 
729 6 81 4 9 2 

64 32 4 
-a +-a +-a =0 
81 6 27 4 3 2 

• This matrix can be computed 

[

0.4444 0.1975 

1 1 

1.3333 1.1852 

0.0:78] . [::] = [~] 
0.7901 a6 0 

• After solving numerically we find 
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[

a
2J [ 5.1793 J a4 = -8.1205 

a6 3.4413 

These are the coefficients offy(y). 
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Appendix C 
Coloor stimuli being used 

C-1 Stimulus 'teletekst' 
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C-2 Stimulus 'region' 
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C-3 Stimulus 'dorpsstraat' 
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C-4 Stimulus 'fruit' 
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AppendixD 
Program 'Process' 

PROGRAM process; 

Berekening van mid-run estimates 

USES crt; 

TYPE 

Copyright IPO, 1995 
R.F.M. Funken 
3 juni 1995 

arraytype = array [1. .50) of 
richtingtype (down, previous, 

VAR data arraytype; 
aantal, counter integer; 

richting, vorige richtingtype; 
sup, sdown real; 
nup, ndown integer; 

start, einde real; 

real; 
up); 

{-------------------------------------------------------------------------} 
PROCEDURE datainput (var data: arraytype; var aantal : integer); 

VAR 

BEGIN 

counter 
stop 

a 

integer; 
boolean; 
real; 

for counter := 1 to 50 do data [counter) := O; 
counter := 1; 
aantal := 1; 
stop := false; 

while (not stop) do begin 
write (counter, ' : '); 
readln (a); 
if (a <> 0) then data [counter) := a; 
counter := counter + 1; 
if (a = 0) or (counter > 50) then stop := true; 

end; 

aantal .- counter - 2; 

END; 

{-------------------------------------------------------------------------} 
{-------------------------------------------------------------------------} 
BEGIN 

SCHERM EN VARIABELEN INITIALISEREN } 

clrscr; 
writeln ('Mid-run estimation'); 
writeln ('-------------- - ---'); 
writeln; 
writeln ('Enter the data points, enter 0 to stop'); 
writeln; 
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start := O; 
einde := O; 
sup := O; 
sdown := O; 
nup := O; 
ndown := O; 

DATA INVOEREN 

datainput (data, aantal); 

MID RUN ESTIMATE BEREKENEN 

start :=data [1]; 
for counter := 2 to (aantal + 1) do begin 

richting := previous; 
if (counter< (aantal + 1)) then begin 

if (data [counter] >data [counter - 1]) then richting .- up; 
if (data [counter] <data [counter - 1]) then richting :=down; 

end; 
if counter = 2 then vorige := richting; 
if (richting <> vorige) and (vorige <> previous) then begin 

{ berekenen } 
einde :=data [counter - l]; 
if (einde > start) then begin 

nup : = nup + 1 ; 
sup:= sup+ 0.5*(start+einde); 

end; 
if (einde < start) then begin 

ndown .- ndown + 1; 
sdown := sdown + 0.5*(start+einde); 

end; 
start :=data [counter - 1]; 

end; 
vorige := richting; 

end; 

RESULTATEN AFDRUKKEN 

writeln; 
writeln ('#data-points aantal); 
writeln; 
writeln ('#increasing runs nup); 
write ('#mid-run up '); 
if (nup <> 0) then writeln (sup/nup:7:5) else writeln ('no average'); 
writeln; 
writeln ('#decreasing runs : ', ndown); 
write ('#mid-run down '); 
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if (ndown <> 0) then writeln (sdown/ndown:7:5) else writeln ('no average'); 

WACHT OP EEN TOETSAANSLAG 

writeln; 
writeln ('Press any key ..... '); 
repeat until keypressed; 

END . 

} 



Perception of geometrically deformed lines 

Appendix E 
Program 'Average' 

PROGRAM average; 

USES crt; 

VAR nup, ndn 
aOup, aOdn 

m 
ch 

integer; 
real; 
real; 
string [2]; 

{-------------------------------------------------------------------------} 
{-------------------------------------------------------------------------} 
BEGIN 

repeat 
clrscr; 
writeln ('Gewogen gemiddelde bepalen'); 
writeln ('--------------------------'); 
writeln; 
write ( 'n, up 
write ( 'aO,up 
write ('n, dn 
write ( 'aO,dn 
writeln; 

'); 
'); 
'); 
' ) ; 

readln 
readln 
readln 
readln 

m := (nup*aOup + ndn*aOdn) I (nup + ndn); 
writeln ('Mid-run estimate ', m:7:5); 
writeln; 
writeln ('Press any key .......... '); 
writeln; 
ch : = readkey; 
if ch = #0 then ch .- ch + readkey; 

until (ch= #27); 
END. 

(nup); 
(aOup); 
(ndn); 
(aOdn); 
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