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Abstract

In this thesis, parabolic-pseudoparabolic equations are derived coupling
chemical reactions, diffusion, flow and mechanics using the framework
of mixture theory. The weak solvability in 1-D of the obtained models
is studied. Furthermore, it is numerically illustrated that approximate
solutions according to the Rothe method exhibit expected realistic be-
haviour. For a simpler model formulation, the periodic homogenization
in higher space dimensions is performed.

Keywords: Reaction-diffusion-mechanics model, parameter delimit-
ation, parabolic-pseudo-parabolic equations, weak solvability, Rothe
method, periodic homogenization
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4 Chapter 1. Introduction

Our understanding of the natural world is expressed in concepts and prop-
erties that are taylor-made for the observational length and time scales used
to probe the natural world. First philosophy, and later all of science, tries to
break this understanding down into simpler concepts and properties on often
different length or time scales. As Albert Einstein stated: “Everything must
be made as simple as possible. But not simpler.” This process of creating
simpler concepts and properties on different length or time scales, leads to
the natural question:

Can concepts and properties on a macroscopic length or time scale be de-
rived from concepts and properties on a microscopic length or time scale?

This question is often asked in science, because a positive answer gives a
consistency argument for accepting a new theory, since it does not conflict
with the old theory. Nowadays, this question is being asked by industry as
well. The development of new industrial products uses concepts such as com-
posites, multi-layers, and nanotechnology, indicating the use of microscopic
length scales to obtain desirable properties on the macroscopic length scales
of interest. It is, however, expensive to determine what the actual micro-
scopic behaviour must be to obtain the desirable macroscopic properties. It
is, therefore, beneficial if there exists a scientific theory that can guarantee
a priori that a certain microscopic mix of properties will lead to the desired
macroscopic properties. It turns out that homogenization theory is a good can-
didate for such a scientific theory. It states that under certain assumptions,
microscopic behaviour must give specific computable macroscopic behaviour.
For practical purposes, this statement of homogenization theory is excellent.
If the assumptions are satisfied, then one can calculate the macroscopic be-
haviour from known microscopic behaviour before any experimental test has
been undertaken. Homogenization theory can, thus, create a targeted search
in industrial innovation!

The research presented in this thesis, started because of a question we asked
in the context of the geothermal energy industry. The geothermal energy
industry exploits the size of the temperature gradient with respect to depth
in the Earth’s crust. After drilling two pipes to equal depths deep enough
into the ground, one can pump cold water into one pipe and hot water out
of the other pipe, if there is a water permeable layer at that depth. The net
gain in temperature with this cycle should easily compensate for the energy
required to pump the water in and out of the pipes, when the pipes are drilled
deep enough. While travelling from depths of the Earth to the surface, the
hot water comes into contact with colder environments, leading to heat-loss.
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The geothermal energy industry would like to quantify the energy-loss of such
processes and relate it to the structure of the wall of the pipes and to the struc-
ture of the soil or rock surrounding the pipes. If one succeeds in quantifying
the energy-loss, then the geothermal energy industry would be able to do tar-
geted research on the optimal pipe arrangements needed for each individual
geothermal energy location to decrease heat-loss to a minimum. It turned
out that this geothermal heat-loss minimization problem is too difficult to be
investigated in fully. That is why we simplified the problem. Our simpler for-
mulation turns out to be also relevant for waste-transportation management:
Is it possible to determine the corrosion rate of concrete sewer pipers from the
microscopic chemical reaction network responsible for corroding the concrete
by transforming it into gypsum? A positive answer would allow for innovation
in the design of concrete sewer pipe and would potentially reduce the societal
impact of sewer pipe corrosion with respect to both maintenance and damage.

In this thesis, periodic homogenization is used to upscale the microscopic
mechanics of sewer pipe corrosion into macroscopic mechanics. To this end,
we start-off in Chapter 2 with a derivation from first principles of systems
describing concrete corrosion. As the systems contain many parameters and
not all of the parameters are known at the microscopic level, it is important to
determine which parameters are significant and in what manner the significant
parameters influence the behaviour of the corrosion system. In Chapter 2, we
study which parameters significantly influence the time-interval for which the
solution has a physically realistic behaviour and in what manner this time-
interval depends on the significant parameters. We show in Chapter 3 that
the system representing corrosion is well-posed. To be precise, we show that
there exist solutions to a generalized version of the corrosion system, if certain
parameter conditions apply. Moreover, in Chapter 3 we show numerically that
these parameter conditions can be relaxed.
We point out that the microscopic mechanics of the corrosion system behaves
well, i.e. it has a solution in a range of numerical values for significant para-
meters. We show how the significant parameters influence this solution. In
particular, the conditions for applying homogenization theory are satisfied.
In Chapter 4, the actual upscaling of the corrosion mechanics to an effect-
ive macroscopic description is done by transforming the mechanical equations
of the corrosion system into a pseudo-parabolic equation structure. We use
the concept of two-scale convergence to upscale this pseudo-parabolic equa-
tion structure to obtain an equivalent macroscopic pseudo-parabolic structure
with explicit formulas for the effective transport coefficients. We conclude this
thesis with the discussions from Chapter 5.





Chapter 2

Modeling and Simulation

Based on: [1] A.J. Vromans, A. Muntean, and A.A.F. van de Ven, “Mixture
theory-based concrete corrosion model coupling chemical reactions, diffusion
and mechanics,” 2018, submitted.
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A 3-D continuum mixture model describing the corrosion of concrete with
sulfuric acid is built. Essentially, the chemical reaction transforms slaked lime
(calcium hydroxide) and sulfuric acid into gypsum releasing water. The model
incorporates the evolution of chemical reaction, diffusion of species within the
porous material and mechanical deformations. This model is applied to a 1-D
problem of a plate-layer between concrete and sewer air. The influx of slaked
lime from the concrete and sulfuric acid from the sewer air sustains a gypsum
creating chemical reaction (sulfatation or sulfate attack). The combination
of the influx of matter and the chemical reaction causes a net growth in the
thickness of the gypsum layer on top of the concrete base. The model allows
for the determination of the plate layer thickness h = h(t) as function of time,
which indicates both the amount of gypsum being created due to concrete
corrosion and the amount of slaked lime and sulfuric acid in the material. The
existence of a parameter regime for which the model yields a non-decreasing
plate layer thickness h(t) is identified numerically. The robustness of the
model with respect to changes in the model parameters is also investigated.
The validity of the numerical simulations is tested against plots of truncated
asymptotic expansion solutions to the model.

2.1 Introduction

Forecasting concrete corrosion is a major issue in engineering due to its po-
tential of drastically decreasing the lifespan of constructions such as sewers,
bridges and dams, see e.g. [2–4]. As an example, the differences in mech-
anical properties between gypsum and concrete result in volume expansion,
cracking, and decrease in load-bearing capacity of the concrete resulting in
compromised structural integrity followed by expensive repairs, construction
replacements or even accidents due to (partial) collapse [5,6] resulting in ma-
jor costs for society [7, 8].

We focus on three related topics: Firstly, we aim to construct a 3-D con-
tinuum mixture model describing concrete corrosion capable of exhibiting
realistic behaviour of the growth of a concrete layer due to the formation of
gypsum inside the concrete layer. Secondly, we apply the new model to a
specific 1-D situation of the concrete layer and investigate the validity of the
behaviour of this 1-D model with respect to physical constraints and expected
physical behaviour. Finally, we investigate the parameter dependence of both
the time span of realistic behaviour and growth of the concrete layer for the
1-D model.
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Even though concrete is a heterogeneous material, a lot of research has been
done relying on continuum models, where the heterogeneity details are av-
eraged out. In [9] the reader can find a short historical overview of the use
of continuum models in concrete research. Similar to the continuum mod-
els from [9], the authors of ref. [10] proposed a composite material model of
concrete with an explicit volume division into mortar and aggregate. These
models were mostly created to better describe the behaviour of concrete under
high stresses, and, hence, to predict the cracking behaviour observed in the ex-
periments reported in [9,10]. The mathematical community has addressed this
corrosion issue mainly from a single-scale or multiple-scale reaction-diffusion
perspective. Usually, the single scale approach involves one or two moving
sharp reaction interfaces [11–16], while the multiple scale setting prefers ex-
ploiting a better understanding of the porosity and tortuosity of the material
without involving free boundaries [17–19]. There are still a number of open is-
sues concerning on how poro-mechanics of the material couples with chemical
reactions, flow, diffusion and heat transfer hindering a successful forecast of
the durability of the concrete exposed to sulfate attack. In this chapter, we are
interested in understanding and, then, predicting eventual critical situations
occurring before cracking. Particularly, we want to describe the corrosion of
concrete by acid attack [20], which usually leads at a later stage to cracking
followed by erosion. The main inspiration source for our problem setting is the
basic scenario described in [21] which considers a simple reaction mechanism
producing gypsum, without involving the ettringite formation.

In [21] an isothermal acid attack continuum model for sulfuric acid corro-
sion was proposed with a similar sewer pipe geometry as in our model, but
including also the porosity of the gypsum. This model focussed solely on the
creation of hydrogen sulfide and sulfuric acid, which reacts at the boundary to
create gypsum. The model assumed that almost all the gypsum was created
at the boundary separating the uncorroded concrete causing a moving sharp
corrosion front penetrating irreversibly the material. We deviate from this
model by assuming that the gypsum reaction gradually takes place in the full
domain, and that the corrosion front is caused by the penetration of sulfuric
acid. In some sense our model can be seen as a description of the moving
corrosion front in [21] as a fixed bulk reaction domain, and can, therefore, be
idealized into a plate-layer model. To avoid describing the exact growth of
the involved phases of the material, we take a modeling route in the spirit of
the classical mixture theory.

Figure 2.1 shows the concrete geometry we have in mind. A concrete sewer
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pipe contains in the air phase acid droplets wanting to react with the con-
crete to form gypsum. When zooming in the pipe wall, the curvature vanishes,
which allows for the formulation of a plate layer model of the concrete pipe.
We neglect, therefore, the tangential directions and only focus on the normal
(z) direction. Hence, a 1-D model can be posed to approximate the concrete
corrosion in a simplistic 3-D sewer pipe.

Corrosion

Erosion

Corroded
Tidal region

0

h(t)

z
Acid air

Concrete

Mixture

Figure 2.1: A concrete sewer pipe is corroded by sulfuric acid containing air at the top and by the acidic
sewage at the tidal region of the sewage-air interface. The sulfuric acid is created by biodegradation
of bio-matter in sewage. Extended corrosion leads to erosion of the concrete and potentially to sewer
pipe collapse. Our model is meant to describe the beginning of corrosion, as shown in the small square,
allowing the simplifications from a pipe to a plate layer, as shown in the large square. This simplification
reduces a 3-D concrete corrosion model into a 1-D model only dependent on the spatial variable z. The
thickness, h(t), of the mixture layer changes over time due to both influx of material and the chemical
reaction in the mixture.

It is worth noting that most of the assumptions mentioned in [21] are taken
over here as well. For example, our model is supposed to reflect the entire cor-
rosion process with no other contributing chemical reactions and species than
those explicitly mentioned. Also, the external concentration and influx rates
of sulfuric acid and hydrogen sulfide are constant. Both these assumptions
are restrictive. For example, competing corrosion reactions and other react-
ing chemicals, such as nitrates, are present in an actual concrete corrosion
process according to [21]. Moreover, in [22] it is explained that experiments
show that external concentrations and influx rates are not even approximately
constant because flow changes (changing Reynolds number) have enormous
influences, which according to [21] could change rates and concentrations with
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many powers of 10. Hence, the assumptions of ref. [21] are necessary to reduce
the complexity of our model.

Our chapter is organized as follows. In Section 2.2, we construct several 3-D
continuum mixture models of chemical corrosion of concrete. We take into
account effective balance laws, diffusion processes, chemical reaction effects,
mechanical effects due to elastic and/or viscoelastic stresses, local interactions
due to for instance the Stokes drag, and influx from external reservoirs and
from domain growth due to a moving corrosion layer. In Section 2.3, we focus
on the normal (z) direction to obtain an effective 1-D model of the corroding
concrete for one of the constructed models. In Section 2.4, we briefly describe
the code used to simulate the model of Section 2.3. In Section 2.5, we in-
vestigate the validity of the numerical behaviour of the model of Section 2.3.
Moreover, we investigate the dependence of the realistic behaviour on specific
tuples of model parameters. In Section 2.6, we illustrate the typical beha-
viour of the model and relate it to the expected realistic behaviour. Finally,
we conclude the chapter with Section 2.7, in which we evaluate our construc-
ted concrete corrosion models with respect to exhibited realistic behaviours
and parameter dependence of these behaviours.

2.2 Derivation of a mixture-theory-based concrete
corrosion model

Preliminaries

Let the index α denote the different constituents of our mixture, α = 1 the
gypsum (solid), α = 2 the lime (solid) and α = 3 the acid (fluid). The
configuration G(t) indicates the domain occupied by the mixture body at time
t > 0 in R3, and x = x(t) ∈ G(t) is the momentary position of a material
point of the mixture body. Let g(t) ⊂ G(t) be a generic material volume
element. This partial material volume g(t) contains nα(g(t)) molecules of the
constituent α with molecular mass Mα. We assume that in our mixture model
every component is present in every g(t) ⊂ G(t). So, always nα > 0 for every
α and for every g(t). The mass mα(g(t)) of constituent α in g(t) is given by

mα(g(t)) = Mαnα(g(t)) =Mαnα(g(t))/NA, (2.1)
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whereNA denotes the Avogadro constant (i.e. 6.022×1023 molecules per mole)
and Mα denotes the molar mass of constituent α. The total mass m(g(t)) of
the mixture in g(t) is given by the sum of the masses of the constituents in
g(t),

m(g(t)) =
∑
α

mα(g(t)). (2.2)

A strictly positive integrable function ρα(x, t), called the partial density of
component α, is for arbitrary g(t) ⊂ G(t) defined by

mα(g(t)) =

∫
g(t)

ρα(x, t)dx. (2.3)

The density of the mixture in the point (x, t) is defined as the sum of the
partial densities in that point

ρ(x, t) =
∑
α

ρα(x, t). (2.4)

Let ρ̃α be the intrinsic density of component α (i.e. the density of the isolated
component) and let φα(x, t) be its volume fraction. Then it holds

ρα(x, t) = ρ̃αφα(x, t). (2.5)

We assume that the constituents of the mixture are incompressible. Hence,
the intrinsic densities ρ̃α are uniform constants. The volume fraction law
follows from its definition as∑

α

φα(x, t) = 1 for all (x, t) ∈ g(t). (2.6)

Balance laws

In analogy with [23] and [24], we describe the time evolution of our 3-component
mixture by means of two sets of global balance laws for each component of the
mixture: one for mass and one for momentum conservation. We assume that
the chemical reaction is an isothermal process; the conservation of energy is
then automatically satisfied.
Here, g(t) ⊂ G(t) is an arbitrary material volume element of the mixture body.
The conservation of the partial mass for component α is formulated as the
balance law for the partial density ρα = ρα(x, t) in the form:

d

dt
mα(g(t)) =

d

dt

∫
g(t)

ρα(x, t)dx =

∫
∂g(t)

δα∇ ρα(x, t) · ds +

∫
g(t)

Rα(x, t)dx.

(2.7)
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In this balance law, the outward flux is given by Fick’s law of diffusion, and
equals −δα∇ ρα, where δα is the diffusion coefficient of the α-th component.
The production term by chemical reaction Rα acts either as a source or a sink
depending on whether the constituent is being produced or consumed in the
chemical reaction. In Equation (2.7), summing up over α and using that g(t)
is a material volume element such that m(g(t)) is constant, we obtain

0 =
d

dt

∫
g(t)

ρ(x, t)dx =

∫
∂g(t)

∑
α

(δα∇ ρα) (x, t) · ds +

∫
g(t)

∑
α

Rα(x, t)dx.

(2.8)
This global mass conservation is satisfied if

∑
α δα∇ρα =

∑
α δαρ̃α∇φα = 0

and
∑
αRα = 0. The first of these conditions, which states that there is only

an internal flux between components, but no net flux in or out g(t), is satisfied
if, for instance, δα = δ/ρ̃α.
Conservation of linear momentum for the component α is formulated as

d

dt

∫
g(t)

(ραvα) (x, t)dx =

∫
∂g(t)

Tα(x, t) · ds +

∫
g(t)

Bα(x, t)dx, (2.9)

where ραvα is the linear momentum density of the component α, while the
outward flux is given by the partial stress tensor Tα and the production term
by the internal linear momentum production Bα. The latter two terms will be
specified in the next subsection. Since in our setting the mechanical processes
and flow dynamics are slow, we assume a quasi-static regime. This implies
that the inertia term in Equation (2.9) may be neglected. Hence, in this
regime, the term on the left-hand side of Equation (2.9) vanishes. Moreover,
the sum of the internal momentum-production terms Bα must be zero, i.e.∑
α Bα = 0, by Newton’s third law.

Local equations and jump conditions

The global balance equations can in the usual way be converted into local
balance equations in (x, t) for x ∈ G(t) and t > 0. If the body is intersected by
a singular surface Σ(t) this will then yield the structure of the jump conditions
across Σ(t). Thus, we obtain from Equation (2.7) the local partial mass
balance equations (or continuity equations):

∂ρα
∂t

+∇ · (ραvα)− δα∆ρα = Rα a.e. in g(t), (2.10)

together with the boundary condition

[[ρα(V · n− vα · n) + δα∇ρα · n]] = 0 a.e. at Σ(t), (2.11)
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where [[·]] denotes the outward jump across the surface Σ(t), V the velocity of
Σ(t), and n the outward unit normal on Σ(t). We rewrite the mass equations
by eliminating ρα in favour of φα by means of Equation (2.5) and by using
that the ρ̃α’s are constants. This procedure yields

∂φα
∂t

+∇ · (φαvα)− δα∆φα =
Rα
ρ̃α

a.e. in g(t). (2.12)

Summing up in Equation (2.12) over all α, we obtain the relation∑
α

∇ · (φαvα) =
∑
α

(
δα∆φα +

Rα
ρ̃α

)
=
∑
α

1

ρ̃α
(δ∆φα +Rα) (2.13)

a.e. in g(t), with use of δα = δ/ρ̃α. We refer to Equation (2.13) as the
incompressibility condition. Later we shall use Equation (2.13) to replace one
of the three mass equations (e.g. for α = 2, and then use φ2 = 1− φ1 − φ3).
Analogously, the quasi-static momentum balance yields

∇ · Tα + Bα = 0 a.e. in g(t) (2.14)

and
[[Tα · n]] = 0 a.e. at Σ(t). (2.15)

Summing Equation (2.14) over all α and using T =
∑
α Tα, the total stress

tensor, and
∑
α Bα = 0, we arrive at the local balance of momentum

∇ · T = 0 a.e. in g(t). (2.16)

Before we can evaluate the local momentum equations any further we have to
make constitutive assumptions concerning the structure of Tα and Bα.
The two solid components, α ∈ {1, 2} are modeled as linearly (visco)elastic
media, the stress-tensor Tα of which is given by

Tα = −φαpI + Tel
α + Tve

α , (2.17)

where p is the pressure (this pressure term is needed to compensate for the
incompressibility assumption), I the unit tensor, Tel

α is the linear elastic part
and Tve

α the linear viscoelastic part. The first one is given by Hooke’s law as

Tel
α = λαTr(Eα)I + 2µαEα for α ∈ {1, 2}, (2.18)

where Eα = (∇uα + (∇uα)>)/2 is the linear deformation tensor written in
terms of the displacement uα, Tr(A) means the trace of the matrix A, and
λα and µα are the corresponding Lamé parameters. The viscoelastic part is
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modeled such that Equation (2.17) follows the Kelvin-Voigt model, see [25,26],
and has the general structure

Tve
α =

2∑
β=1

γαβDβ for α ∈ {1, 2}, (2.19)

where Dα = (∇vα+(∇vα)>)/2 is the rate of deformation tensor based on the
velocity vα = ∂uα/∂t, while the coefficients γαβ are material constants that
will be further specified below. Note that we have discarded the viscoelastic
compression effect, proportional to Tr(Dα), because this effect is assumed to
be very small in this context1.
The internal linear momentum production represents the Stokes Drag [24, eq.
(92)], i.e.

B(SD)
α = −χα(vα − v3) for α ∈ {1, 2}, (2.20)

and

B
(SD)
3 =

2∑
β=1

χβ(vβ − v3), (2.21)

such that
∑
α B

(SD)
α = 0. For an explicit definition of the material parameter

χα, we refer to the footnote † in Table 2.4.

The fluid is modeled as an inviscid Newtonian fluid, possibly modified by
an extra linear viscoelastic term, which in general is zero, except for the first
of the four systems to be introduced next. The constitutive equation for the
fluid is

T3 = −φ3pI + Tve
3 . (2.22)

The specification of γαβ entering the structure of Tve
α (cf. Equation (2.19))

differs for the four systems we introduce now:

1. System A: This system corresponds best to the evolution systems stud-
ied in [27], where conditions for the existence of weak solutions was
proven. Here, the individual constituents are assumed to be viscoelastic,
such that the mixture as a whole remains purely elastic. For this, we
choose γαβ = γα if β = α ∈ {1, 2}, and γαβ = 0 if β 6= α, resulting in

Tve
α = γαDα for α ∈ {1, 2}. (2.23)

1Alternatively, the viscoelastic compression can be included in the pressure term p.



16 Chapter 2. Modeling and Simulation

Moreover, we take Tve
3 such that

Tve
3 = −

2∑
α=1

γαDα = −
2∑

α=1

Tve
α , (2.24)

providing that T =
∑3
α=1 Tve

α = 0.

2. System B: The system is purely elastic, i.e. γαβ = 0. The solid
components are thus purely elastic and the fluid inviscid.

3. System C: As in System A, the solid components are intrinsic vis-
coelastic, but the fluid is inviscid, so T3 = −φ3pI, implying that the
mixture as a whole is also viscoelastic. This has consequences on the
pressure term p, as can be seen in the 1-D problem described in Sec-
tion 2.3; see (2.43).

4. System D: In this case, we assume that the viscoelastic terms in the
stresses are proportional to the differences in shear rates of the two solids
so that these stresses are zero if the velocities, or displacements, of the
solids are equal. Moreover, we let the sum of the two stresses equal zero
and keep the fluid inviscid. Thus, the total stress is purely elastic. This
results in the following choice for γαβ

γ11 = γ22 = γ, and γ12 = γ21 = −γ. (2.25)

System A is well-posed mathematically (cf. [27]), but is possibly physically
incorrect as the sulfuric acid viscoelastic stress is defined by the viscoelastic
stress of the other components, see (2.24). System B is physically nice, but
mathematically it needs an additional viscoelastic term to ensure the existence
of weak solutions and FEM approximations. System C combines the strong
points of systems A and B. It is physically justified and mathematically sound.
However, the mixture is viscoelastic, which is a behaviour one would expect
on unnaturally large timescales. System D is both mathematically and physic-
ally sound, supporting an elastic mixture, which favors timescales compatible
with measurements.
The physical derivation of systems A, B, C and D indicate that only system D
has the right physical properties at the desired timescales. Hence, from here
on we will focus on system D from both analytical and numerical perspect-
ives, for example when we judge solutions to exhibit realistic behaviours. To
reduce complexity, we investigate a special situation leading effectively to a
1-D version of system D. Moreover, we make this 1-D version of system D
dimensionless.
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Chemical corrosion of concrete with sulphates

The concrete corrosion we discuss here refers to sulfuric acid reacting with
slaked lime to create gypsum. The reaction mechanism is very complex, lead-
ing to ettringite growth, e.g. see [20]. In this chapter, the chemical reaction
mechanism takes the simplified form (s: solid, f: fluid)

slaked lime (s) sulfuric acid (f) gypsum (s)

Ca(OH)2 + H2SO4 → CaSO4 · 2H2O.

Hence, the stoichiometric coefficients Nα are N1 = 1 and N2 = N3 = −1,
where the subscript α equals 1 for gypsum, 2 for slaked lime and 3 for sulfuric
acid.
A chemical reaction, as shown above, is only a post-processing description
showing the difference between starting situation and final situation. How-
ever, such a description is a simplification of all the intermediate steps even-
tually occurring in the overall chemical mechanism. No intermediate steps
are modelled here explicitly. However, their effect on the reaction speed for
the overall reaction mechanism has to be incorporated in the model. In our
case, the intermediate processes are: slaked lime dissolving into sulfuric acid,
an ionic equilibrium reaction of the dissolved lime, the actual reaction of lime
with acid and a precipitation reaction of the gypsum. A similar reaction as
above but with calcite, CaCO3, instead of slaked lime has been treated in [28].
Therefore, we assume a rate equation similar to the one in [28], i.e.

r = kF = kL ([H2SO4]− Ceq)L (Cmax − [gypsum]) , (2.26)

where we denote L(u) = uH(u) with H the Heaviside function, k is the
volumetric reaction rate (in [m3/mol·s]), [f ] the molar concentration of f ,
Ceq the dissolution equilibrium molar concentration of the sulfuric acid, and
Cmax the maximum precipitation molar concentration of gypsum.
The mass production term Rα = Rα(x, t) is given by

Rα(x, t) = NαMαr(x, t) for (x, t) ∈ g(t), (2.27)

which satisfies
∑
αRα = 0 due to the (local) conservation of mass. Moreover,

Equation (2.27) implies that the volume fraction production can be written
as

Rα(x, t)

ρ̃α
=
MαNα
ρ̃α

k̃
ρ̃1ρ̃3

M1M3
F(x, t) for (x, t) ∈ g(t), (2.28)

with
F = L (φ3 − φ3,thr)L (φ1,sat − φ1) , (2.29)
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In Equation (2.29), we have used that molar concentrations equal partial
densities over corresponding molar masses. Additionally, φ1,sat is the gypsum
saturation level, while φ3,thr represents the sulfuric acid dissolution threshold.

Initial and boundary conditions

We consider a mixture body, placed freely in space, and initially in a homo-
geneous, undeformed state, free of stress. This yields the initial conditions:

φα(x, 0) = φα0(x) and uα(x, 0) = 0 for (x, 0) ∈ g(0), (2.30)

where φα0 = ρα0/ρ̃α are prescribed initial concentration values.
We wish to point out here that, although u3(x, 0+) = 0, there is a jump in
the velocity v3, which is inherent to the quasi-static approximation we used.
We assume that for t < 0 an artificial static situation occurred with no influx
or movement, i.e. v3(x, 0−) = 0, while for t > 0 a quasi-static approxima-
tion is valid with v3(x, 0+) 6= 0. Note that the system of partial differential
equations and boundary conditions is only valid for t > 0. As the set does
not contain first derivatives with respect to t of v3(x, t), we cannot prescribe
an initial value for this velocity; its value, when needed, will follow from the
initial behaviour of the whole set.
Due to the influx of material (acid and/or gypsum) across the boundary
and the chemical reactions, the domain G will change as time elapses, i.e.
G = G(t). The boundary conditions at ∂G = ∂G(t) have to account for
this movement. These boundary conditions hold in principle on the deformed
boundary ∂G(t), but as we use here linear deformation theory, the difference
between the deformed and reference (undeformed) boundary is small, and
therefore the boundary conditions may be considered to hold on the reference
boundary. The space outside the domain can contain any of the constituents
with a concentration φ+

α . The influx is assumed to be proportional to the con-
centration difference [[φα]] across ∂G, provided this difference is positive. The
boundary is assumed to be semi-permeable for all constituents α, allowing only
one-sided transfer from outside the domain into the domain if φ+

α > φα|∂G.
This leads to the boundary condition (compare with Equation (2.11)), holding
for t > 0

φα(vα −V) · n + δα∇φα · n = Jα (L([[φα]])) at ∂G, (2.31)

where n denotes the outward normal on ∂G, V the velocity of the boundary,
[[φα]] = φ+

α − φα with φ+
α the volume fraction of α outside ∂G and φα just

inside it, while Jα is a material constant. If, on the other hand, for certain α,
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we have φ+
α < φα|∂G, then the influx is zero (due to the semi-permeability),

leading to the boundary condition2

∇φα · n = 0 at ∂G. (2.32)

If the outer space contains only one constituent, say β, then Equation (2.32)
holds for the two values α 6= β, but then

∑
α φα = 1 yields directly that also

∇φβ ·n = 0, and thus the second term on the left-hand side of Equation (2.31)
vanishes, so that this boundary condition for α→ β becomes

φβ(vβ −V) · n = JβL([[φβ ]]) at ∂G, (2.33)

the right-hand side of which is greater than zero if φ+
β > φβ .

For the free unloaded body that we will consider in this chapter, the boundary
is free of stress, which implies

T · n =
∑
α

Tα · n = 0 at ∂G. (2.34)

Whenever a boundary is clamped at a certain position we obtain

vα = uα = 0, where ∂G is clamped. (2.35)

If at ∂G an influx of, say, constituent β is prescribed, then (2.33) holds with
φ+
β > φβ , and the influx of constituent β into the body occurs. If, on the

other hand, for some α we have φ+
α < φα, then the flux is zero and hence,

the boundary condition reduces to

vα · n = V · n at ∂G. (2.36)

However, instead of Equation (2.31) a different boundary condition, particular
for the solid constituents (α = 1, 2) is used, namely

(∇xuα · n)> · n = Aα (uα −W) · n at ∂G. (2.37)

In Equation (2.37) W denotes the displacement vector of the boundary such
that V(t) = dW/dt. In [27] it was shown that a finite positive value of Aα
is useful to prove existence of a realistic numerical approximation of weak
solutions. Note that in the limit Aα → ∞ the boundary condition uα = W

2In principle the right-hand side of Equation (2.32) should be −φα(vα − V) instead
of 0. However, in our linear theory the value 0 is justified due to the scale separation
between displacement and the actual size of the domain. See Section 2.3 for the effect of
scale separation on the system in the dimension reduction process.
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is retrieved. On the other hand, in the opposite limit Aα → 0 the boundary
condition becomes the homogeneous Neumann boundary condition

(∇xuα · n)> · n = 0, (2.38)

which is equivalent to requiring that the partial normal stress of constituent
α is zero. Since this condition seems to us to be the most logical option from
a mechanical point of view, we use this boundary condition in this chapter
when realistic spatial-temporal behaviour of solutions are investigated. For
completeness, we take into account non-zero Aα for the dimensional reduction
to a 1-D model and the parameter dependence on the behaviour.

Summary of the model equations

Based on the discussion from the preceding sections, we are now able to
formulate complete 3-D systems of equations and boundary conditions for the
reacting, diffusing and deforming 3-component continuum mixture. From the
four systems presented before, we opt for System D. The internal unknowns
(6 in number, of which 3 scalar and 3 vectorial) are {φ1, φ3,u1,u2,v3, p}, with
φ2 = 1−φ1−φ3, for which we have a set of balance equations, following from
successively the local mass balances, the incompressibility condition and the
3 local momentum balances. Together with the constitutive equations for Tα
and Bα, given by Equations (2.17) to (2.22) and (2.25), we obtain for t > 0
and x ∈ G:

∂φα
∂t

+∇ · (φαvα)− δα∆φα =
Rα
ρ̃α

for α ∈ {1, 2, 3}, (2.39a)

∇ ·

(
3∑

α=1

φαvα

)
−

3∑
α=1

δα∆φα =

3∑
α=1

Rα
ρ̃α

, (2.39b)

∇(−φαp+[λα+µα]∇· uα)+µα∆uα = −
3∑

β=1

γαβ∆vβ

+ χα(vα−v3) for α ∈ {1, 2}, (2.39c)

∇(−φ3p) = −
3∑

β=1

γ3β∆vβ

+

2∑
β=1

χβ(vβ − v3), (2.39d)
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where vβ = ∂tuβ = ∂uβ/∂t for β ∈ {1, 2}. Combining the three momentum

equations, and using
∑3
α=1 φα = 1, we obtain the global momentum equation:

∇

(
−p+

2∑
α=1

(λα + µα)∇ · uα

)
+

2∑
α=1

µα∆uα +

3∑
α=1

3∑
β=1

γαβ∆vβ = 0, (2.40)

in which the γ-term is only non-zero for System C.
We can replace Equation (2.39d) describing the fluid motion by this global
equation, and then determine the pressure p from it with the aid of the stress
boundary condition.
The initial conditions are given in Equation (2.30) and the necessary boundary
conditions are Equations (2.31), (2.32), (2.34) and (2.37).

2.3 Dimension reduction: 1-D model of a concrete
plate-layer

We reduce the 3-D model of Section 2.2 to a simpler 1-D problem, namely
a flat plate-layer of concrete, which is exposed at its upper side to acidic air
due to the presence of droplets of sulfuric acid. The bottom of the plate
layer is fixed on a rigid ground space of non-reacting concrete having a fixed
concentration of lime. The material of the layer (concrete) is a mixture of
gypsum (α = 1), lime (α = 2) and sulfuric acid (α = 3). Initially, i.e. for
t < 0, the layer is in a homogeneous, undeformed, quiescent, and stress-free
state, where the sulfuric acid has penetrated the concrete and has already
partially reacted to create gypsum, such that φα0 > 0 for α = (1, 2, 3). The
external space both below and above the plate is free of stress. As the layer is
created in a homogeneous and uniform way, and the acid is in equilibrium, we
can forget about the tangential directions and only focus on the normal (z)
direction. Hence, a 1-D plate-layer model is sufficient to model a 3-D sewer
pipe as already explained in the Introduction.

From t > 0 onwards, the inflow of lime from below and acid from above
into the plate takes place and chemical reactions start; here it is assumed
that the concentrations φ−2 , of lime in the ground space, and φ+

3 , of acid in
the air above the plate, are greater than φ20 and φ30, respectively, resulting
in an inflow of lime and acid. The plate has an initial thickness H and is of
infinite extension in the plane directions. Due to the combination of inflow
and the chemical reactions, the plate grows, as this is experimentally observed
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for the gypsum producing chemical reaction [5,6], causing the thickness of the
plate to grow to a value h(t) > H = h(0) at time t > 0. Since we apply the
linear deformation theory, we consider only a time span from t = 0 to a final
time tf in which the growth remains small, i.e. such that (h(t)−H)/H � 1.
A direct consequence of this assumption is, among others, that we may apply
the boundary conditions at z = H instead of at z = h(t), where z is the
coordinate in the thickness direction of the plate such that 0 ≤ z ≤ h(t) ≈ H.
We assume that the behaviour of the mixture is independent of the in-plane
spatial coordinates, and that the displacements in these directions are zero (i.e.
1-D or line state of deformation). Hence, all field variables are only dependent
on z and t, and the only displacement components are uα = uα(z, t) = uα ·ez,
with ez the unit vector in the z-direction. This leads us to our 1-D model, valid
for all four systems. Before recapitulating the resulting set of equations, we
first use the global equation of equilibrium for the total stress Equation (2.40),
which in 1-D version reads

∂z(−p+ E1∂zu1 + E2∂zu2) = 0, (2.41)

where E1(2) = λ1(2) + 2µ1(2) is the Young’s modulus of the solid constituent.
Since the upper plane z = H is free of stress, we have, for the moment for
Systems A, B, and D only,

(−p+ E1∂zu1 + E2∂zu2)(H, t) = 0, (2.42)

which, in combination with the equation above, implies that the total stress
must be zero everywhere in the plate, yielding

p(z, t) = E1∂zu1(z, t) + E2∂zu2(z, t) for z ∈ [0, H] and t ≥ 0. (2.43)

This result holds for Systems A, B, and D, but for System C an extended
expression is found. This is because in System C the total stress contains a
viscoelastic part. Due to this, we get here

p = E1∂zu1 + E2∂zu2 + γ1∂z∂tu1 + γ2∂z∂tu2 for z ∈ [0, H] and t ≥ 0,
(2.44)

which further on leads to the expressions γ̃αβ ; see Equation (2.47). After
the elimination of p from Equations (2.39c) and (2.39d), the set of unknown
variables in the one-dimensional model reduced to

{φ1, φ3, u1, u2, v3}(z, t),

for z ∈ (0, H) and t ∈ (0, tf ). Reducing Equations (2.39a) to (2.39d) to their
1-D version, eliminating p, and inserting the volume fraction production Rα
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due to chemical reactions given by Equation (2.28), we obtain the following
1-D model, Equations (2.45a) to (2.45e), which holds for each system, except
for system C, which has to replace Equations (2.45d) and (2.45e) with ver-
sions that have a γ̃ which is a φ-dependent version γ:

Find the vector of solutions {φ1, φ3, u1, u2, v3}(z, t) for z ∈ (0, H) and t ∈
(0, tf ) satisfying

∂tφ1 + ∂z (φ1∂tu1)− δ1∂2
zφ1 =

N1ρ̃3

M3
kF(φ1, φ3), (2.45a)

∂tφ3 + ∂z (φ3v3)− δ3∂2
zφ3 =

N3ρ̃1

M1
kF(φ1, φ3), (2.45b)

∂z (φ1∂tu1 + φ2∂tu2 + φ3v3)−
∑
α

δα∂
2
zφα = SKKF(φ1, φ3), (2.45c)

χ1∂tu1 − E1∂
2
zu1 − γ11∂

2
z∂tu1 − γ12∂

2
z∂tu2 = χ1v3 (2.45d)

− ∂z (φ1E1∂zu1 + φ1E2∂zu2) ,

χ2∂tu2 − E2∂
2
zu2 − γ22∂

2
z∂tu2 − γ21∂

2
z∂tu1 = χ2v3 (2.45e)

− ∂z (φ2E1∂zu1 + φ2E2∂zu2) ,

where F(φ1, φ3) is given in Equation (2.29), δα = δ/ρ̃α, φ2 = 1−φ1−φ3, and

K =

(∑
α

NαMα

ρ̃α

)
ρ̃1ρ̃3

M1M3
k, SK = sgn

(∑
α

NαMα

ρ̃α

)
. (2.46)

Moreover, γ11 = γ1, γ22 = γ2, γ12 = γ21 = 0 for System A, γ11 = γ22 = γ12 =
γ21 = 0 for System B, and γ11 = γ22 = −γ12 = −γ21 = γ for System D. For
System C one has, due to the additional terms in p, the effective coefficients
γ̃ defined by

γ̃11 = (1− φ1)γ1, γ̃12 = −φ1γ2, γ̃21 = −φ2γ1, γ̃22 = (1− φ2)γ2, (2.47)

instead of γ in the momentum equations above, these equations keep the same
form. Since these effective coefficients depend on the volume fractions φ1,2

the (numerical) analysis of this system becomes more complicated than for
other systems.
The initial conditions at t = 0 are

φ1 = φ10, φ3 = φ30, u1 = u2 = 0. (2.48)

As boundary conditions we have for t > 0
at z = 0:

∂zφ1 = ∂zφ3 = u1 = v3 = 0, φ2∂tu2 = J2L([[φ2]]), (2.49)
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and at z = H:

∂zφ1 = ∂zφ3 = 0, φ3v3 = φ3∂th(t)− J3L([[φ3]]),

∂zu1 = A1(u1 − h(t) + h(t0)), ∂zu2 = A2(u2 − h(t) + h(t0)).
(2.50)

We notice that we need in total 9 boundary conditions (2 for each of φ1, φ2, u1, u2

and 1 for v3), as well as an extra condition to determine h(t), so in total 10
conditions.

Dimensionless formulation

We nondimensionalize the fundamental variables, unknowns and parameters
by dividing them by a reference constant to make them dimensionless and
O(1). The normalization constants are denoted as U for the displacement,
H for the position, V for the velocity, T for the time, and J for the flux.
Material coefficients χ1,2 and E1,2 are normalized with respect to the largest
value of all constituents, so χ = max{χ1, χ2}, E = max{E1, E2}. Moreover,
we introduce the small parameter ε as the ratio of U and H. This small
parameter recalls that our model uses linear deformation theory, in which
deformations are small with respect to the size of the domain. We note here
that this assumption holds as long as (h(t)−H)/H = O(ε). Concerning the
choice of the time scale T , we have three natural options: diffusion time scale
T = U/V , reaction time scale T = 1/K, and inflow time scale T = U/J . If
we opt for the diffusion time scale and nondimensionalize Equation (2.45c)
making all terms and coefficients of the same order, we obtain V = HK
and J = HK yielding T = U/V = U/J = (U/H)/K = ε/K, for both the
diffusion and the inflow time scale. Consequently, the diffusion time scale is
much smaller than the reaction time scale, implying that diffusion is much
faster than the reaction, and therefore we opt here for the normalization
constant T = U/V = ε/K. Analogously, we find from Equation (2.45d) or
Equation (2.45e) the relation EU/H2 = χV . All this leads to the definitions
of the following dimensionless numbers, viz:

V = HK, T = ε/K, U =
χH3K

E
, J = HK, and ε =

χH2K

E
. (2.51)
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Looking at the problem at the diffusion time scale regime, we obtain the
following nondimensionalized system equations:

∂tφ1 + ε∂z (φ1∂tu1)− εδ1∂2
zφ1 = εκ1F(φ1, φ3), (2.52a)

∂tφ3 + ε∂z (φ3v3)− εδ3∂2
zφ3 = −εκ3F(φ1, φ3), (2.52b)

∂z (φ1∂tu1 + φ2∂tu2 + φ3v3)−
∑
α

δα∂
2
zφα = SKF(φ1, φ3), (2.52c)

χ1∂tu1 − E1∂
2
zu1 − γ11∂

2
z∂tu1 − γ12∂

2
z∂tu2 = χ1v3 (2.52d)

− ∂z (φ1E1∂zu1 + φ1E2∂zu2) ,

χ2∂tu2 − E2∂
2
zu2 − γ22∂

2
z∂tu2 − γ21∂

2
z∂tu1 = χ2v3 (2.52e)

− ∂z (φ2E1∂zu1 + φ2E2∂zu2) ,

where

κα =
Mα

ρ̃α

ρ̃1

M1

ρ̃3

M3

k

K
. (2.53)

In these equations all material coefficients are made dimensionless in the usual
way and without changing their notation, meaning that:{
δα → δα/KH

2 = δ/KH2ρ̃α, χα → χα/χ, Eα → Eα/E, γα → γα/χH
2
}
.

(2.54)
Due to the nondimensionalization, the domain changes from (0, H) to (0, 1).
The initial conditions and most of the boundary conditions do not change
their structure. Only the nonzero boundary conditions at the upper boundary
(now at z = 1) change due to the introduction of the boundary displacement
function W(t) = (h(t)−H)/εH such that W = O(1). The non-homogeneous
boundary conditions at z = 1 become

φ3 (∂tW(t)− v3) = J3L ([[φ3]]) , (2.55a)

∂zu1 = A1(u1 −W(t)), (2.55b)

∂zu2 = A2(u2 −W(t)). (2.55c)

Integrating Equation (2.45c) from z = 0 to z = 1, and using (2.49) and (2.50),
we obtain a closed expression for W(t) for all t > 0 in terms of influxes, the
production term by the chemical reaction, and the mismatch of displacement
at the boundary, viz.

W(t) =

∫ t

0

1

φ3(1, s)
[J2L([[φ2(0, s)]]) + J3L([[φ3(1, s)]])]

+
1

φ3(1, s)

[
SK

∫ 1

0

F(φ1(z, s), φ3(z, s))dz −
2∑

α=1

φα(1, s)

Aα
∂t∂zuα(1, s)

]
ds. (2.56)



26 Chapter 2. Modeling and Simulation

We note here that in the limiting case A1,2 ↓ 0 as then also ∂zu1,2 → 0, the
last term of Equation (2.56) becomes undetermined. In this case, we have
to replace the last term of Equation (2.56), which results in the following
adapted relation for W(t) (derived in a way analogously to the derivation of
Equation (2.56))

W(t) =

∫ t

0

1

φ3(1, s)
[J2L([[φ2(0, s)]]) + J3L([[φ3(1, s)]])]

+
1

φ3(1, s)

[
SK

∫ 1

0

F(φ1(z, s), φ3(z, s))dz −
2∑

α=1

φα(1, s)∂tuα(1, s)

]
ds. (2.57)

From both these results we conclude that the first two terms, the influxes
with J2,3 being positive, yield a positive contribution to W(t) making the
layer increase in thickness. Whether or not the third term has an increasing
or decreasing effect depends on the sign of SK ; when, as in our case, SK = −1,
the chemical reaction does shrink the layer. At the moment, nothing specific
can be said for the last term. However, our numerical results reveal that the
effect of this term is always small. Thus, we can state that the domain of the
layer only grows if the magnitude of the first two terms is greater than the
third one. Hence, there is a competition effect here.

In the chapter appendix, a solution for System D is obtained as a formal
asymptotic expansion in ε, while the lowest order terms in ε are described in
converging sine series in z. The asymptotic expansion is formal as it is not a
priori known whether or not this expansion is converging in ε. The predictive
power of a formal asymptotic expansion should not be underestimated, be-
cause there exist formal asymptotic expansions, which are diverging, but can
be very accurate when only a truncated version of the expansion is used, see
the example in Section 1.4.2 on pages 13 and 14 of [29]. This motivated us in
the choice of the two J-parameters; see Table 2.4.

2.4 Numerical method

In this section, we solve numerically the systems A, C and D. We omit system
B, because a viscoelastic term is needed to obtain a coercive system, such as
in system A, for which we have proven the convergence of the time-discrete
evolutions to the corresponding weak solution; see [27]. We expect that sim-
ilar convergence results can be obtained for the systems C and D, as they have
a viscoelastic term similar to the one in system A. Also, when solving system
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D we exclude the Laplacian terms in Equation (2.39b), or stated in another
way: the numerical method uses δα = 0 for (2.39b).

Our code is called NewGypsum and it is based on a combination of MATLAB
routines. We start off with a Rothe time discretization of the systems A, C
and D, which linearizes the systems. Benefitting from the one-dimensional-in-
space formulation, solving the linear systems is done automatically by using
the built-in boundary value problem (BVP) solvers of MATLAB, see bvp4c

and bvp5c; [30] and [31]. These solvers take a grid, a guess for the solution,
and the BVP system as input. Then they automatically readjust the grid
and interpolate the guess solution to obtain a starting point for the numerical
scheme, controlling a certain error metric to determine the solution based on
user-defined-convergence criteria.
The solver bvp4c is an implicit Runge-Kutta method using the 3-stage Lobatto
IIIa formula with control on the residual [30]. The method is only applicable
to linear Lipschitz systems [30]. Fortunately, systems A, C, and D can be
shown to satisfy this condition within certain parameter constraints (which
we will explain more thoroughly in the next section). For an easy guide in
understanding and using bvp4c we recommend [32]. Moreover, [32] shows
that boundary layer effects are well resolved by the bvp4c solver.
The solver bvp5c is an implicit Runge-Kutta method using the 4-stage Lob-
atto IIIa formula with control on the true error [31]. The solver bvp5c is more
precise than bvp4c, but it is also less versatile [31]. This does not pose a prob-
lem as our three systems A, C and D still satisfy the applicability conditions
for bvp5c and bvp5c has similar capabilities in handling boundary layers as
bvp4c [31]. In our case, the choice was made to use bvp5c as it made our
simulations about 27 times faster than when using bvp4c.

NewGypsum has a two-step layout. In the first step the system performs an
initialisation phase. In this phase, the program checks whether the initial
conditions are physical, and whether the system parameters preserve the co-
ercivity of the elliptic system. Finally, it calculates the necessary initial velo-
city from a reduced version of the system, which is obtained by filling in the
initial conditions in the full system, leaving only the time-derivative terms in
the full system. This remaining system is called the initial velocity system.
NewGypsum checks whether this initial velocity is small enough. Moreover, the
initial volume fractions are checked to see if they are in a specific existence
region, which is defined in [27] as a region in which the existence of some
time interval with physical volume fractions could be shown. The size of this
physical time interval is not known a priori and can therefore be rather small
depending on the amount of iterations.
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The way of solving the initial velocity system depends highly on the vis-
coelastic terms in the momentum equations. For system A and C the initial
velocity system can be directly solved by the inbuilt solver of MATLAB, dif-
fering only in the constants of the linear initial velocity system. However,
for system D, the linear initial velocity system has a zero eigenvalue, which
prohibits the direct use of the inbuilt solver of MATLAB. Fortunately, the
zero eigenvalue implies the existence of an invariant quantity. Thus, after al-
gebraic manipulations one can obtain a smaller system and apply the inbuilt
MATLAB solver to this new small system.
The second step is the actual iterative integration part with data storage.
In each iteration, the previous iteration solution is used to update the lin-
ear system and its boundary conditions. Then bvp5c integrates this linear
system, while satisfying the boundary conditions. The solution obtained by
bvp5c is tested for realistic behaviour (more details in next section). If the
test is passed, then the solution is temporarily stored in the previous iteration
solution format and permanently stored in a matrix with the full space-time
solution. This procedure is repeated for all desired iterations or until a solu-
tion fails a validation test. If the test is failed by the approximate solution,
then the recursive integration loop is stopped and a last update is made to
the full solution matrix. When the recursive integration loop stops, the full
solution is stored automatically in an external .txt file.

2.5 Quest for realistic numerical behaviour

Even though our systems were derived based on first principles in terms of bal-
ance/conservation laws, this does not guarantee that all physical constraints
are automatically satisfied for large variations in the model parameters. A
solution is said to show realistic behaviour if the following three constraints
are satisfied within this framework:

1. The volume fractions should be nonnegative and less than one. From
the mathematical analysis point of view we expect that system A be-
haves poorly when volume fractions become very small. To outlaw this
unwanted behaviour a positive minimal value φmin is introduced, leading
to the constraint

0 < φmin ≤ φα(t, z) < 1 (2.58)

for all α ∈ {1, 2, 3}, for all z ∈ (0, 1), and for all t ∈ (0, tf ).

2. A second condition is a demand on the upper bound for the velocity.
Fast local deformations are allowed as long as the total contribution to
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the domain deformation is still small, the stresses remain low and the
quasi-static approximation is not violated. Hence, it is natural to cap
both the total velocity in the domain and the total spatial change of the
velocity in the domain. This is reflected in the condition

‖v3‖2L2(t0,t;H1(0,1)) =

∫ t

0

[∫ 1

0

(
v3(s, z)2 + (∂zv3(s, z))

2
)

dz

]
ds < V 2

(2.59)
for all t ∈ (0, tf ).

3. The concrete layer has two boundaries that allow influx. Even though
the chemical reaction itself is volume contractive, the combination of
influx and chemical reactions must be volume expansive due to the por-
ous nature of gypsum [33]. Hence, the height of the plate-layer must be
a nondecreasing function:

∂th(t) = ε∂tW(t) ≥ 0 for all t ∈ (0, tf ). (2.60)

Realistic behaviour is defined as satisfying all three Equations (2.58) to (2.60).
We immediately stop a simulation when one of the three inequalities is viol-
ated.
We need a benchmark of our numerical program to test the numerical solu-
tions for realistic behaviour. For this we introduce a reference set of material
constants. The values of these constants, and their dimensionless counter-
parts, dimensionalized with respect to the diffusion time scale, are listed in
Table 2.4. The numerical evaluations use a time step ∆t, the size of the time
interval tf , and a number of spatial subdivisions, 1/∆z. We choose fixed val-
ues ∆t = 0.001, tf = 0.500 and 1/∆z = 300 for these parameters. In the
remainder of this chapter we implicitly use the parameter values of Table 2.4,
whenever parameter values are not explicitly specified.

Parameter dependence of found realistic behaviour

We aim to determine how the size of the realistic time interval, given in
number of numerical iterations NR, depends on the system parameters. Our
definition of realistic behaviour contains three constraints, see the beginning
of Section 2.5, which can be numerically checked. We investigate the numer-
ical simulation applied to systems A, C and D for a large parameter range,
by changing specific parameters in Table 2.4. Out of the 20 parameters, we
will only change specific parameters chosen on basis of their influence on the
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analytical bounds in the existence proof in [27]. When a bound in this ex-
istence proof contains a product of two parameters, then this parameter pair
is chosen. All parameters are modified in a double exponential fashion such
that large parameter ranges are investigated. Finally, the initial condition
(φ10, φ20, φ30) is chosen, because they immediately determine whether chem-
ical reactions or influx do occur.
We have chosen to investigate the response of the model with respect to the
following parameters and parameter tuples, because these parameters or com-
binations of parameters are either crucial for System D from a physical per-
spective or dominant in mathematically derived upper bounds in the existence
proof in [27]:

(φ10, φ20, φ30), δ, ε, (J2, φ2,res) and (A1, γ1). (2.61)

The parameter pair (A2, γ2) should be investigated as well. However, we chose
to fix the ratios A1/A2 and γ1/γ2, because the dependence on (A2, γ2) is ex-
pected to be similar to the dependence on (A1, γ1). Similarly, we chose to fix
the ratios J2/J3 and φ2,res/φ3,res. Moreover, if parameters are not mentioned
to have special values, then these parameters are set to their standard values
as listed in Table 2.4.

The existence proof in [27] points out a dependence on the (κ1, κ3, φ1,sat)
parameter triple. However, the dependence on φ1sat, κ1 and κ3 is quite subtle:
only for φ1,sat > φ1 ≈ φ10 the chemical reaction is active and F > 0. This has
only a relevant effect on the incompressibility condition, because in the first
two diffusion equations Equations (2.52a) and (2.52b) the right-hand sides
are of O(ε). This implies that the effect of κ1 and κ3 on the simulations is
expected to be (negligibly) small. As we made not enough simulations for φ1

above the φ1,sat threshold value, we can not draw any conclusions concerning
its effect on realistic behaviour. However, we expect an increasing φ1,sat to
decrease the size of the realistic time interval, as increasing φ1,sat increases
the size of F and, hence, also the size of v3.

We investigate the triple (φ10, φ20, φ30) using a barycentric triangular grid
with grid size 0.1, as shown in Figure 2.2. The performance of the simulations
is measured in terms of the number of consecutive iterations yielding realistic
behaviour. Each number denotes that the first unrealistic behaviour occurs at
the next iteration, while 500 denotes that no unrealistic behaviour has been
encountered. This performance value is placed at the grid point of the initial
volume fraction values used for obtaining the result. We have added the ex-
istence region of [27] to the barycentric plots of Figure 2.2 as a shaded region.
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Figure 2.2: Barycentric grid with at each grid point the number of consecutive iterations yielding solutions
with realistic behaviour for Systems A, C and D , respectively. The volume fraction values of that grid
point were used as initial conditions. The shaded central triangle indicates the parameter region for
which the existence proof in [27] works for a finite time interval.

The three systems behave differently as one can see from the size of the para-
meter region with 500 iterations. The parametric region pointing at the high
acid concentration region is outperforming the other parameter regions in all
systems. A high concentration of acid implies that the reaction is slow (i.e. F
is small), and consequently, the velocity v3 remains small. Moreover, also the
influx of acid is low or even absent. This results in a relatively small increase
of the norm of v3, and, therefore, violating the velocity norm upper bound
(which is the most critical of the three conditions to violate) takes more time
for large values of φ3. This explains the good performance of this parameter
region.
For the determination of the dependence on other parameters the best choice
of initial conditions for each system is exactly in the transition region between
the regions of small (single digit) and high (500) amount of iterations. In
this transition region, the amount of iterations is expected about half way
in between 1 and 500 iterations. Any dependence yielding lower or higher
amounts of iterations is faithfully represented. Outside this transition region
the registration of the dependence is limited to a one-sided deviation of the ref-
erence level of amount of iterations, while in this transition region the registra-
tion allows for the full two-sided deviation of the reference level of the amount
of iterations. We have chosen (φ10, φ20, φ30) equal to (11/30, 11/30, 8/30),
(1/3, 1/3, 1/3), and (1/4, 1/4, 1/2) for System A, C, and D, respectively.

As for δ and ε, we modified their values in an exponential fashion. Again,
we recorded the amount of consecutive iterations, NR, for which the solutions
remained realistic. The amount NR for Systems A, C and D is recorded in
Table 2.1 for changes in δ.
For all systems, we see that δ is unimportant what concerns the realistic be-
haviour defined in this section. This makes sense because the diffusion terms
δ are all of O(ε) (with ε = 0.0014� 1) and, therefore, they have only a minor
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δ = 1.00× factor below

System 0.15 0.14 0.13 0.12 0.1 1 10 102 103 104 105

A 297 304 297 311 311 324 332 338 331 338 338

C 212 222 220 216 218 220 216 212 230 222 212

D 462 462 462 462 464 464 464 464 464 464 464

Table 2.1: Number of consecutive iterations yielding realistic behaviour for Systems A, C and D at
different values of δ in an exponential range centered around the value 1.00 of δ in Table 2.4.

effect on the simulation output.

In Figure 2.3, the values of NR are plotted for systems A, C and D for ε equal
to 1.4 times a factor equal to all powers of

√
10 between 10−2 and 103. Only

the unambiguous values of NR < 500, are plotted next to similar simulations
executed with the modified parameter values (φ10, φ20, φ30) = (0.2, 0.3, 0.5).
The effect of ε shows a different performance for ε ≥ 0.0014 and ε < 0.0014,
where in the former case the behaviour becomes worse for greater values of
ε. However, one should be aware that only small values of ε are acceptable
because our model is based on the assumption of linear (small) deformations
(ε � 1). The linear behaviour of system D in the log-log plot of Figure 2.3
is a clear power law signal. In Table 2.2, we have listed the power law expo-
nent estimate and its unbiased variance estimate for both initial value data
sets. The estimators are explained in detail in section 14.2 of [34]. Essentially,
Treal = NR∆t ∼ ε−0.5 is a reasonable hypothesis for System D and it indicates
how the validity of our model depends on physical scale separation.

System D: (φ10, φ30) (0.20,0.50) (0.25,0.50)

α̂0 −0.509 -0.487

sα̂0 0.00854 0.0121

# datapoints 7 7

Table 2.2: Unbiased estimators of α0 and their standard error for the relationship Treal ∼ εα0 describing
the dependence of the realistic time interval of System D on the parameter ε for two different initial
conditions.

The realistic behaviour is affected by changes in Jα, α ∈ {2, 3}, as they control
the rate of influx and so a major aspect of thickness growth. Increasing the
size of Jα gives a corresponding increase in the size of W(t) for large enough
Jα. However, for small Jα we cannot expect the same correspondence, be-
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Figure 2.3: Log-log plot of the number of consecutive iterations yielding realistic behaviour (NR) versus
the parameter value of ε for several systems and initial values. Since the duration of the simulation was
limited to 500 iterations, only the unambiguous values smaller than 500 iterations are chosen.

cause at some point the reaction becomes the dominant contributor. Hence,
for small Jα the growth of W(t) must be independent of Jα, while at large
Jα this growth must be in a one-to-one correspondence.
The size of W(t) correlates with the size of Jα, see Equation (2.56). How-
ever, Equations (2.49) and (2.50) show that ∂tu2 and v3 are related to Jα.
The incompressibility condition, i.e. Equation (2.52c), immediately gives that
the norm of v3 is, then, correlated with the size of Jα. Hence, from Equa-
tions (2.52c) and (2.56) we expect for small Jα no dependence between the
realistic time interval Treal and Jα. At large Jα, we expect an inverse de-
pendence of the realistic time interval Treal on Jα. In Figure 2.4 the expected
behaviour is shown. This figure also shows that the choice of the system (A,
C, or D) and the value of φα,res has only a minor influence on the realistic
behaviour.

The size of the viscoelastic parameter γα has a major effect on the realistic
behaviour: when γα is too small, the system loses coercivity and the numerical
program immediately terminates. This happens for all values of γα < 0.005.
For large enough values of γα the system preserves ellipticity, resulting in
stable realistic behaviour; see Table 2.3 for System A, C, and D.
The realistic behaviour depends also on Aα. When Aα takes large values, then
the coupling between W(t) and the displacements u1 and u2 becomes strong,
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Figure 2.4: Log-log plot of the number of consecutive iterations yielding realistic behaviour (NR) versus
the parameter value of J2 for all three systems at two different values for φ2,res, with J3/J = 5 ∗J2/J.
Notice the two regions with different performance as expected due to the influence of W(t) on v3.

leading to a larger value of v3, and thus smaller NR. On the other hand, when
Aα is small (say Aα < 1), then the boundary condition will behave more like
a Neumann boundary condition, having no effect whatsoever on the realistic
time interval. Again, we see these behaviours in Table 2.3 for Systems A, C,
and D. This behaviour agrees with the analytical results from [27] for System
A.

For System D, we have used the standard values for the parameters and
initial conditions, the dimensionless thickness growth W(t). In Figure 2.5,
the results for a set of ε-values are depicted. For ε ≥ 0.0014 the curve of
W(t) has a rotated S shape, whereas for ε < 0.0014 the behaviour is linear
and identically the same for all ε. This linear behaviour is clearly different
near t/T ≈ 0 and should not be confused with a windowing artifact applied
to an S-shaped curve as the linear behaviour occurs immediately and does
not show a characteristic decrease in slope as with ε ≥ 0.0014. Therefore, it
seems there exists a bifurcation value of ε at which the system changes the
qualitative behaviour in W(t) near t = 0. A deeper insight in this aspect
requires more numerical and theoretical investigations. Future investigations
are needed to shed light on this bifurcation behaviour.
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Figure 2.5: A plot of W(t) in System D at different parameter values of ε.

System A System C System D

2γ1 2γ1 2γ1

2A1 0.01 0.1 1 10 0.01 0.1 1 10 0.01 0.1 1 10

0.15 12 13 57 500 16 17 33 500 410 410 410 412

0.14 12 13 57 500 16 17 33 500 410 410 410 412

0.13 12 13 59 500 16 17 33 500 410 410 410 412

0.12 12 13 59 500 14 17 33 500 410 410 412 412

0.1 10 14 123 500 14 19 38 500 416 416 416 418

1 8 10 324 1 12 14 220 45 462 464 464 464

10 8 1 4 6 10 1 4 8 244 320 308 306

102 2 6 8 8 2 4 8 8 1 1 1 1

Table 2.3: Number of consecutive iterations yielding realistic behaviour (NR) for Systems A, C and D,

and a set of values for the parameter pair (A1, γ1). The values for 2γ1 ≤ 0.13 were omitted since the
system lost coercivity and therefore no simulation was performed. The values for γ1 = 50 have been
omitted for brevity since they are almost identical to the values for γ1 = 5.
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2.6 Realistic spatial-temporal behaviour of solutions

We start the simulations with the benchmark problem according to 2.4 applied
to System D. This simulation shows the following behaviour:

• The volume fractions φα change slowly, remaining constant in space and
changing marginally and linearly in time due to the almost constant rate
of the reaction, which is of the order of ε � 1; see Figure 2.6. This is
owing to the chosen diffusion time scale which is O(ε) smaller than the
reaction time scale. Hence, to see any effect of the chemical reaction
we need a much larger time interval than the one of maximal 500 it-
erations we used here. Note here that the real time for the diffusion
is in the order of seconds, whereas the gypsum reaction takes a time
span of weeks. Furthermore, the volume fractions φα have such small
deviations from constant values that the removal of the Laplacian term
in Equation (2.52c) is justified.
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Figure 2.6: Plots of the volume fractions of sulfuric acid, slaked lime and gypsum respectively vs. time
(φ3(0, t) and φ2(0, t) and φ1(0, t) vs. t respectively) in System D for initial conditions (φ30, φ20, φ10) =
(0.5, 0.3, 0.2). The volume fraction of gypsum increases linearly with time, while the volume fractions of
slaked lime and sulfuric acid decrease with time. This result is as expected from the gypsum producing
chemical reaction.
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• The displacements u1 and u2 are positive at the top of the plate, but
u1 is negative in a region near the bottom. Moreover, u2 is one order
of magnitude greater than u1 and has an offset from the average value
similar to u1, see Figure 2.7. The reason for this lies in the influx of lime
(α = 2) at the bottom of the layer, whereas u1 is zero there. Due to this
influx (amongst others) the layer expands and thus the displacements
of the solids at (and near) the top are positive.
Moreover, the boundary layers of u1 and u2 at z = 1 are expected to be
of size t/64 with a width of 1/64. This is so small, that it is not visible.
At z = 0 the boundary layers are expected to be of size t/5 (or half the
displacement value at z = 0) with a width of 1/64, when we neglect the
effect v3. This is not observed and could be due to neglecting v3 in the
analysis or due to the grid refinement of bvp5c.
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Figure 2.7: Gypsum (α = 1) and slaked lime (α = 2) displacement vs. height plot (uα(z, t) vs. z) in
System D at the times t = 0, 0.1, 0.2, 0.3, and 0.35.

• Initially the velocity of the acid fluid, v3, is governed by the chemical
reaction according to Equation (2.52c), which makes this velocity pos-
itive, see Figure 2.8. The small deformation around the initial velocity
profile is due to the non-uniform change of the displacements u1 and u2.
The deviation of u2(z, t) from the u2(0, t) value becomes increasingly
extremer, which immediately causes the visible decrease of v3, because
v3(z, t) is linearly related to ∂t(u2(z, t)− u2(0, t)).

• The thickness of the plate, h(t) = H(1+εW(t)) is increasing constantly,
but not at a uniform pace, see Figure 2.9. This figure shows a diminish-
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Figure 2.8: sulfuric acid velocity vs. height plot (v3(z, t) vs. z) in System D at the times t = 0, 0.1, 0.2,
0.3, and 0.35.

ing increase of the thickness at the beginning, but at later stages this is
reversed into an increasingly rapid increase of the thickness.

• The growth of the Bochner space norm of v3 is in a monotonous way,
without showing sudden extreme growths, which would indicate a sud-
den unexpected (because we are already looking at the smallest interest-
ing time scale) change of behaviour, see Figure 2.9. Moreover, the value
is far away from the simulation abort value indicating that the simu-
lation was stopped because the growth of W(t) showed a temporary
decrease. Additionally, one can just see in Figure 2.9 at t = 0.35 that
W(t) is behaving like a staircase, which would explain why the simula-
tion was stopped even though the large scale behaviour does not show
any reason for stopping: the onset of a possible numerical instability
regime with inaccurate and unreliable simulation values.

For different values of the influx parameters, the growth ofW(t) can turn from
increasing to decreasing due to SK < 0 or the last term in Equation (2.56),
leading to early termination of the simulation. This indicates that a volume
contractive chemical reaction can still be part of a system showing domain
expansion, because a large enough expansion due to the influx of new material
can overcome the domain contraction by the chemical reaction.
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vs. t) in System D.

2.7 Conclusion

We have derived, based on first principles, several models describing con-
crete corrosion by taking into account mixture theory, small deformations,
compressibility and viscoelastic effects, diffusion, chemical reactions, influx
of chemical species and an expanding domain. The most suitable model is
System D. For this system, we could obtain the best numerical results with
nice power law behaviours, which lead us to the hypothesis that the realistic
time interval Treal scales as 1/

√
ε. Moreover, we could interpret the spatial

behaviour of all variables by taking into account the physical effects of the
chemical reaction and of the influx of reacting materials.

Even though we have derived our systems from first principles, many ma-
terial constants (δα, γα, Aα) have either unknown values or are determined at
length scales orders of magnitude larger than our simulated domain (e.g. the
Young modulus cf. [35]). Consequently, many of our model parameters need
to be identified. Better insight in the model parameters is needed. This can
be obtained in at least three ways:

(i) By performing more specific measurements at the length scale of our
domain;
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(ii) By upscaling procedures, obtain effective material coefficients at length
scales compatible with the measurements;

(iii) By suitably combining (i) and (ii).

By performing simulations with intentionally large parameter ranges, we loc-
alized the uncertainties in the model parameters and probed simultaneously
the continuous dependence of the solution to our systems on the choice of
parameters. While probing the parameter dependence of our system on 20
different parameters, of which about 10 are indeterminate, we immediately
encounter the curse of dimensionality – sampling a high dimensional space3 is
a sparse operation. A more structured sampling was possible by targeting the
variables present in analytical upper bounds derived in [27]. An additional
complication is the nonlinear coupling of all unknowns involved concurrently
in several physical processes. Such a strong coupling prohibits a fast simula-
tion at a single parameter tuple and creates a complex nonlinear parameter
dependence of the solution behaviour.

What concerns System D, at least for a short transient time the realistic be-
haviour showed practically constant concentrations due to the slow reaction
with respect to the influx. The displacements and velocities seemed consist-
ent with the influx of material, while the thickness of the concrete layer was
growing steadily, as expected from real world observations.

The Systems A, C, and D showed strong dependence on several paramet-
ers. For all systems the number of consecutive iterations yielding realistic
behaviour (NR) is highly dependent on the choice of φ30, due to the in-
compressibility condition, while φ10 and φ20 seem unimportant, as long as
φ10 + φ20 = 1 − φ30. The diffusion coefficient δ > 0 had no effect on NR,
while the scale separation parameter ε greatly influenced NR for all systems,
especially for System D with an apparent power law dependence. The re-
action parameters κ1, κ3, φ1,sat had no influence on NR, because ε is small
and J3 > 1. The flux parameters J2 and J3 are unimportant at small values
(J2 < 1), while almost in one to one correspondence with NR at large val-
ues (J2 > 10) due to Equation (2.56). The external concentrations φres had
almost no influence on NR, what can be attributed to an under sampling of
large values (φres > 0.3). The viscoelastic parameters γ1 and γ2 are import-
ant for keeping coercivity. They show a high dependence on NR for Systems
A and C, but almost no dependence for System D. The boundary condition

3In our case, the dimensionality is linked to the space of simulations for all possible
combinations of parameter values.
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parameters A1 and A2 highly influence NR, but for Systems A and C the
behaviour seems erratic, except at small values due to the convergence to
Neumann boundary conditions. The thickness W(t) for System D becomes
larger for smaller values of ε, but changes behaviour for ε < 0.0014, for which
W(t) seems independent of ε. This behavioural change is unexpected and
advocates for additional research. Moreover, the thickness W(t) increases
continuously as expected from experiments.
Hence, the important parameters of Systems A, C, and D describing the be-
haviour of NR are φ30, ε, Jα, γβ and Aβ for α ∈ {2, 3} and β ∈ {1, 2}.
Moreover, the observed behaviour of the thicknessW(t) is largely as expected
from observations.

The behaviour of System D at the standard parameters as given in Table 2.4
was as expected with the decrease and increase with time of the volume frac-
tions according to the chemical reaction. Moreover, the displacements and
velocities were positive and growing at the z = 1 side of the domain, which is
another clear sign of an expanding domain next to the monotonically increas-
ing W(t) The behaviour of the displacements of System D with A1 = A2 = 0
were identical for both the MATLAB simulation and the Mathematica plot
of the truncated asymptotic expansion, even though the velocity v3 was in-
correctly determined by the MATLAB simulation. This indicates that the
MATLAB simulation is validated, except for the incorrect determination of
v3. Moreover, there was a striking result with W(t), which to a very good
approximation showed linear behaviour as expected from (2.70) and the prac-
tically linear growth in time of the displacements u1 and u2.

2.A. Asymptotic ε-small solutions to System D

The system (2.52a)-(2.52e) contains the small parameter ε, 0 < ε � 1, and
we assume that the solution of this system can be expanded as a Poincaré
series in ε, for instance:

φα(z, t; ε) = φ(0)
α (z, t) + εφ(1)

α (z, t) + . . . , (2.62)

and the same for uα(z, t; ε) and v3(z, t; ε).
We substitute these expansions into the equations of system (2.52a)-(2.52e)
and develop them with respect to ε. We start with (2.52a), which results in

∂tφ
(0)
1 +ε

(
∂tφ

(1)
1 + ∂z

(
φ

(0)
1 ∂tu

(0)
1

)
− δ1∂2

zφ
(0)
1 − κ1F(φ

(0)
1 , φ

(0)
3 )
)

+O(ε2) = 0 .

The ε0-term yields ∂tφ
(0)
1 = 0. Together with the initial condition φ

(0)
1 (z, 0) =

φ10, this gives φ
(0)
1 (z, t) = φ10 for all t > 0 and all z ∈ (0, 1). If needed, the
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following equation for the first-order perturbation of φ1 can be used

∂tφ
(1)
1 + φ10∂z∂tu

(0)
1 = κ1F(φ10, φ30) =: κ1F0 . (2.63)

In analogous way we obtain from (2.52b): φ
(0)
3 (z, t) = φ30, implying that also

φ
(0)
2 (z, t) = 1− φ10 − φ30 = φ20, and

∂tφ
(1)
3 + φ30∂zv

(0)
3 = −κ3F0 . (2.64)

For the remaining three equations,(2.52c), (2.52d), and (2.52e), we are only
interested in the zeroth-order approximation, meaning that we let ε → 0.

From here on, we denote u
(0)
1 , u

(0)
2 , v

(0)
3 simply by u1, u2, v3; moreover we use

here SK = −1. This reduces these equations to:

∂z (φ10∂tu1 + φ20∂tu2 + φ30v3) = −F0,

χ1∂tu1 − (1− φ10)E1∂
2
zu1 + φ10E2∂

2
zu2 − γ ∂2

z∂t(u1 − u2) = χ1v3,

χ2∂tu2 + φ20E1∂
2
zu1 − (1− φ20)E2∂

2
zu2 − γ ∂2

z∂t(u2 − u1) = χ2v3. (2.65)

Integrating the first equation to z and using the boundary condition at z =
0: φ20∂tu2(0, t) = J2 L(φ2,res − φ20) =: F1, we obtain

v3 =
1

φ30
(F1 − F0z − φ10∂tu1 − φ20∂tu2) . (2.66)

We eliminate v3 with use of this relation from the last two equations. After
some manipulations we can write these two equations as one matrix equation
of the form

A ∂tu− B ∂2
zu− C ∂2

z∂tu = r, (2.67)

with

u =

[
u1

u2

]
,

A =
1

φ30

[
(φ10 + φ30)χ1 φ20χ1

φ10χ2 (φ20 + φ30)χ2

]
,

B =

[
(φ20 + φ30)E1 −φ10E2

−φ20E1 (φ10 + φ30)E2

]
,

C =

[
γ −γ
−γ γ

]
,

r = r(z) =
F1 − F0z

φ30

[
χ1

χ2

]
. (2.68)
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This system is a linear pseudo-parabolic system with constant coefficients for
2 unknown variables: u1(z, t) and u2(z, t) and for z ∈ (0, 1) and t ∈ (0, tf ).
The initial and boundary conditions for this system are u(z, 0) = 0 and

at z = 0, u(0, t) = J = {0, F1/φ20},
at z = 1, ∂zu(1, t) = 0. (2.69)

Moreover, W(t) can be found from (2.57) as

W(t) = (F1 + φ30J3 − F0)t− φ10u1(1, t)− φ20u2(1, t), (2.70)

with φ30J3 := J3L(φ3,res − φ30).
For χ1χ2φ30 6= 0 and E1E2φ30 6= 0, we can rewrite the pseudo-parabolic
equation above as an initial-boundary-value problem by introducing

u(z, t) = U0(z) + Jt+ ũ(z, t), (2.71)

where the first two terms are chosen such that ũ satisfies the homogeneous
pseudo-parabolic equation

DPP{ũ} = ∂tũ(z, t)− B̂ ∂2
z ũ(z, t)− Ĉ ∂2

z∂tũ(z, t) = 0, (2.72)

together with the homogeneous boundary conditions

at z = 0, ũ(0, t) = 0,

at z = 1, ∂zũ(1, t) = 0, (2.73)

and the inhomogeneous initial condition

ũ(z, 0) = −U0(z), (2.74)

such that the original initial condition u(z, 0) = 0 is still satisfied. In (2.72)

B̂ = A−1B and Ĉ = A−1C, and , while U0(z) is given by

U0(z) = b1z + b2z
2 + b3z

3, (2.75)

with b1 = −2b2 − 3b3, 2b2 = B̂−1(J− r̂1) and 6b3 = −B̂−1r̂0, where r̂(z) =
A−1r(z) =: r̂1 + r̂0z. Note, A and B are invertible because χ1χ2φ30 6= 0 and
E1E2φ30 6= 0, respectively.
For γ 6= − χ1χ2

χ1+χ2

4
π2(2k−1)2 with k ≥ 1 integer, i.e. γ > 0 for χ1, χ2 > 0,

we write the solution of (2.72) with the homogeneous boundary conditions
as a series expansion in sine terms such that the boundary conditions are
automatically satisfied of the form

ũ(z, t) =

∞∑
k=1

Uk(t) sin(ζkz), (2.76)
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with ζk = (2k − 1)π/2, while the functions Uk(t) have to satisfy the ODE

∂tUk(t) + ζ2
k

(
B̂Uk(t) + Ĉ∂tUk(t)

)
= 0, (2.77)

or, because Ĉ + ζ−2
k I is invertible due to choice of γ, slightly rewritten as

∂tUk(t) + KkUk(t) = 0, (2.78)

with Kk =
(
Ĉ + ζ−2

k I
)−1

B̂ and I the 2-D unit matrix. This ODE has the fun-

damental solutions e−λ1kt and e−λ2kt, where λ1k and λ2k are the eigenvalues
of the 2x2-matrix Kk. Hence, Uk(t) must be of the form

Uk(t) = UkCk(t), (2.79)

where Uk is the matrix of the eigenvectors of Kk, i.e.

Uk = {{Kk12,Kk12}, {λ1k −Kk11, λ2k −Kk11}},

with Kkij the (i, j) entry of Kk, while

Ck(t) = {ck1e−λ1kt, ck2e−λ2kt},

with ck1 and ck2 two unknown constants that will be determined from the
condition that

ũ(z, 0) =

∞∑
k=1

Ukck sin(ζkz) = −U0(z), ck = Ck(0) = {ck1, ck2}.

Realizing that U0(z) can be expanded in the sine series

U0(z) = −(2z− z2)b2− (3z− z3)b3 = S1(z)b2 +S2(z)b3 =:

∞∑
k=1

Bk sin(ζkz),

(2.80)
with

S1(z) = −32

π3

∞∑
k=1

1

(2k − 1)3
sin(ζkz) , S2(z) =

192

π4

∞∑
k=1

(−1)k

(2k − 1)4
sin(ζkz) ,

(2.81)
we find

ck = −U−1
k Bk . (2.82)
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With this result, the solution for u(z, t) is complete. Recapitulating, we write
(2.71) as

u(z, t) = −(2z − z2)b2 − (3z − z3)b3 + Jt+

∞∑
k=1

UkCk(t) sin(ζkz) . (2.83)

Finally, we find v3(z, t) from (2.66) and W(t) from (2.70).

Simulating these results with both Mathematica and MATLAB gave near
identical results, except for an unphysical velocity v3(z, t) in the MATLAB
simulation yielding almost negligible small oscillations in time for u1(z, t),
u2(z, t), and W(z, t). Even though the MATLAB and Mathematica simula-
tions use different approaches, especially for determining the initial velocity
v3(z, 0+), we can conclude that both simulations are accurate with respect to
u1(z, t), u2(z, t), and W(z, t), while only the Mathematica simulation shows
accurate physical velocities of v3(z, t). The MATLAB simulations of u1(z, t),
u2(z, t) and W(t) for different fixed z or t values are shown in Figures 2.10
to 2.14, while the Mathematica plots of v3(z, t) for different fixed z or t are
shown in Figures 2.15 and 2.16, respectively.
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Figure 2.10: MATLAB simulation of u1(z, t) for z ∈ {0, 0.1, . . . , 0.9, 1} for A1 = A2 = 0 and the
other parameters with the values of Table 2.4. The oscillations in the graphs are due to an unphysical
alternating-in-time solution of v3(z, t) in the MATLAB simulation.
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Figure 2.11: MATLAB simulation of u2(z, t) for z ∈ {0, 0.1, . . . , 0.9, 1} for A1 = A2 = 0 and the
other parameters with the values of Table 2.4. The oscillations in the graphs are due to an unphysical
alternating-in-time solution of v3(z, t) in the MATLAB simulation.
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Figure 2.12: MATLAB simulation of W(t) for A1 = A2 = 0 and the other parameters with the values of
Table 2.4. The oscillations in the graphs are due to an unphysical alternating-in-time solution of v3(z, t)
in the MATLAB simulation.
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Figure 2.13: MATLAB simulation of u1(z, t) for t ∈ {0, 0.05, . . . , 0.45, 0.50} for A1 = A2 = 0 and the
other parameters with the values of Table 2.4. The oscillations in the graphs are due to an unphysical
alternating-in-time solution of v3(z, t) in the MATLAB simulation.
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Figure 2.14: MATLAB simulation of u2(z, t) for t ∈ {0, 0.05, . . . , 0.45, 0.50} for A1 = A2 = 0 and the
other parameters with the values of Table 2.4. The oscillations in the graphs are due to an unphysical
alternating-in-time solution of v3(z, t) in the MATLAB simulation.
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Figure 2.15: Mathematica simulation of v3(z, t) with from top to bottom t ∈ {0, 0.05, . . . , 0.45, 0.50},
respectively, for A1 = A2 = 0 and the other parameters with the values of Table 2.4. The oscillatons in
the t = 0 graph are artifacts of the unevitable truncation of the infinite sum in Equation (2.83).

Figure 2.16: Mathematica simulation of v3(z, t) for z ∈ {0, 0.1, . . . , 0.9, 1} with the order in the same
color scheme as in Figure 2.15 for A1 = A2 = 0 and the other parameters with the values of Table 2.4.
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Material Constants Dimensionless Parameters

value (MKS unit) reference value definition

E1 1.60·109 (kg/m s2) [35] E1 0.038 E1/E

E2 4.20·1010 (kg/m s2) [36] E2 1.00 E2/E

χ1 2.67·1010 (kg/m3s) † χ1 1.00 χ1/χ

χ2 2.67·1010 (kg/m3s) † χ2 1.00 χ2/χ

J2 0.326·10−5 (m/s) * J2 0.40 J2/J

J3 1.632·10−5 (m/s) * J3 2.00 J3/J

γ1 3.604·1010 (kg/ms) * γ1 0.50 γ1/γ

γ2 3.604·1010 (kg/ms) * γ2 0.50 γ2/γ

A1 0.821·10−3 (1/m) * A1 0.50 A1/A

A2 0.821·10−3 (1/m) * A2 0.50 A2/A

ρ̃1 2.32·103 (kg/m3) [37] φ1sat 1.00

ρ̃2 2.21·103 (kg/m3) [37] φ3thr 0.00

ρ̃3 1.84·103 (kg/m3) [37] φ2res 1.00

M1 0.172164 (kg/mol) [37] φ3res 1.00

M2 0.074093 (kg/mol) [37] κ1 23.00 (2.53)

M3 0.098079 (kg/mol) [37] κ3 13.50 (2.53)

δ 5.10 (kg/m s) * δ1 1.00 δ1/KH
2

δ1 2.20·10−3 (m2/s) ‡ δ2 1.05 δ2/KH
2

δ2 2.31·10−3 (m2/s) ‡ δ3 1.26 δ3/KH
2

δ3 2.77·10−3 (m2/s) ‡
k 1.00·10−6 (m3/mol s) [38]

Normalization Constants Numerical Parameters

value (MKS unit) definition value definition

H 1.643·100 (m) h(0) ∆t 0.001

K 0.816·10−3 (1/s) (2.46) tf 0.5 Tf/T

SK -1 (-) (2.46) 1/∆z 300

χ 2.67·1010 (kg/m3s) χ1 φmin 10−5

E 4.20·1010 (kg/m s2) E2 Vmax 106

T 1.716 (s) χH2/E

U 2.300·10−3 (m) χH3K/E

V 1.341·10−3 (m/s) HK

J 0.816·10−3 (m/s) HK

γ 7.208·1010 (kg/m s) χH2

ε 0.0014 (-) χH2K/E

Table 2.4: Table with numerical values of material constants, normalization constants, dimensionless
parameters, and numerical parameters.
* An experimental value of this parameter is unknown to us; we have chosen their values such that their
dimensional values are of order one of magnitude. Specifically, the values of J2 and J3 are so large that
they guarantee growth of the layer; see also remark just below Equation (2.57).
† We estimated the values of χα from the Darcy law with χα = µ/k0 with µ the dynamic viscosity of

sulfuric acid (value of 26.7 ·10−3 kg/ms, see [39, p. 304-305]) and k0 the average pore size or permeability

(about 1 µm2 = 10−12 m2); see [40,41].
‡ We used δα = δ/ρ̃α for α = 1, 2, 3.





Chapter 3

Weak Solvability

Based on: [27] A.J. Vromans, A.A.F. van de Ven, and A. Muntean, “Ex-
istence of weak solutions for a pseudo-parabolic system coupling chemical
reactions, diffusion and momentum equations,” 2018, submitted.
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The weak solvability of a nonlinearly coupled system of parabolic and pseudo-
parabolic equations describing the interplay between mechanics, chemical re-
actions, diffusion and flow modelled within a mixture theory framework is
studied. Our approach relies on suitable discrete-in-time energy-like estim-
ates and discrete Gronwall inequalities. In selected parameter regimes, these
estimates ensure the convergence of the Rothe method for the discretized-in-
time partial differential equations. The selected parameter regimes are tested
numerically in order to determine the accuracy of the analytically derived
parameter regimes. Additionally, the dependence of the temporal existence
domain on selected parameters is shown.

3.1 Introduction

We investigate the existence of weak solutions to a system of partial differential
equations coupling chemical reaction, momentum transfer and diffusion, cast
in the framework of mixture theory [23]. For simplicity, we restrict ourselves
to a model with a single non-reversible chemical reaction in a one-dimensional
bounded spatial domain [0, 1] enclosed by unlimited (or instantly replenished)
reservoirs of the reacting chemicals. The chemical reaction is of the N + 1-
to-1-type with the reacting chemicals consisting out of N solids and a single
fluid, while the produced chemical is a solid. New mathematical challenges
arise due to the strong nonlinear coupling between all unknowns and their
transport fluxes.
Evolution systems, in which chemical reactions, momentum transfer, diffusion
and stresses interplay, thereby satisfying the balances of masses and forces oc-
cur in physical systems or biological processes; see e.g. [19, 42–44]. Here, the
interest lies in capturing the interactions between flows, deformations, chem-
ical reactions and structures. Such a system is, for instance, used in biology
to better understand and eventually forecast plant growth and plant develop-
ment [44], and in structural engineering to describe ambiental corrosion, for
example sulfate attack in sewer pipes [19], in order to increase the durability
of an exposed concrete sample. Our initial interest in this topic originates
from mathematical descriptions of sulfate corrosion [21]. The mathematical
techniques used for a system describing sulfate attack - when within a porous
media (concrete) sulfuric acid reacts with slaked lime to produce gypsum -
could be equally well applied to systems sharing similar features (e.g. types
of flux couplings and nonlinearities).

At a general level, the system outlined in this chapter is a combination of
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parabolic equations of diffusion-drift type with production terms by chem-
ical reactions and pseudo-parabolic stress equations containing elastic and
viscoelastic terms. On their own, both parabolic equations, cf. [45–47], and
pseudo-parabolic equations, see [48–53], are well understood from mathem-
atical and numerical analysis perspectives. However, coupling these objects
leads to systems of equations with a less understood structure. Many systems
in the literature seem similar to ours at a first glance. A coupling resem-
bling our case appears in [54], but with different nonlinear terms due to the
combination of Navier-Stokes and Cahn-Hilliard systems. Other systems do
not use chemical reactions or diffusion like in [42], where multi-dimensional
Navier-Stokes-like stress equations are used; refer to a composite domain situ-
ation [43]; do not use stress equations [19]; or contain a hyperbolic stress
equation [44].

We investigate in this chapter the simplest case: a one-dimensional bounded
domain. The one-dimensional setting allows one to control the nonlinearities
by relying on the embedding H1 ↪→ L∞. In higher-dimensions, this embed-
ding does not hold, and hence, nonlinearities become difficult to control.
The main target here is to probe the parameter region for which the system
is weakly solvable. To this aim we search for explicit expressions of a priori
parameter-dependent bounds. These bounds delimit the parameter region
where the existence of our concept of weak solutions holds. Our numerical
simulations show that the existence region is actually larger.

In Section 3.2, we introduce our mathematical model together with a set
of assumptions based on which the existence of weak solutions can be proven.
In Section 3.3, we present two theorems: the main existence theorem for the
continuous-time system with certain physical constraints and an auxilliary ex-
istence theorem for the time-discretized version of the system. In Section 3.4,
we prove the auxilliary existence theorem and, then, in Section 3.5, we prove
the main existence theorem by using the auxilliary existence theorem. In Sec-
tion 3.6, we validate numerically the existence of solutions and, additionally,
we show numerically that the assumptions seem to be more restrictive than
necessary. Moreover, we show in what manner the existence of weak solutions
depends on certain crucial parameters.

3.2 Formulation of the model equations

Consider a 1-D body, modeled as a d-component (d ≥ 2) mixture of (d − 1)
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solid components and one fluid component. The body will deform under the
action of chemical reactions. This process is described by a system of partial
differential equations (PDEs) and initial and boundary conditions.
We define our system on a time-space domain [0, T ] × [0, 1], where T is the
not yet determined final time of the process. The unknowns of our system are
two vector functions, φ : ([t0, T ]× [0, 1])d → Rd and w : ([t0, T ]× [0, 1])d−1 →
Rd−1, and two scalar functions v : [0, T ]× [0, 1]→ R and W : [0, T ]→ R de-
noting respectively the volume fractions of the d chemical components active
in a target chemical reaction, the displacements of the solid mixture compon-
ents with respect to the initial domain as reference coordinate system, the
velocity of the fluid, and the domain size. We identify the different compon-
ents of the vectors with the different chemicals and use the following notation
convention: The subscript 1 is related to the produced chemical, the subscript
d is related to the fluid, all other subscripts are related to the remaining solid
chemicals.
The time evolution of the unknowns is described by the following system of
coupled partial differential equations: For l ∈ L = {1, . . . , d− 2, d}, the index
of the solid chemicals, and m ∈M = {1, . . . , d− 1}, the index of the reacting
chemicals, we have

∂tφl − δl∂2
zφl + Il(φ)∂z (Γ(φ)v)

+
∑
m∈M

1∑
i,j=0

∂iz

(
Blijm(φ)∂jtwm

)
= Gφ,l(φ), (3.1a)

∂z (Γ(φ)v) +
∑
m∈M

1∑
j=0

∂z

(
Hjm(φ)∂jtwm

)
= Gv(φ), (3.1b)

∂twm −Dm∂
2
zwm − γm∂2

z∂twm + Fm(φ)v

+
∑
j∈M

1∑
i+n=0
i,n≥0

∂z
(
Eminj(φ)∂iz∂

n
t wj

)
= Gw,m(φ), (3.1c)

with constants δl, Dm, γm ∈ R+ and functions Il, Γ, Blijm, Hjm, Fm, Eminj ,
Gφ,l, Gv, Gw,m that are actually products of functions fi(·) ∈ C1([0, 1]),
satisfying

f(φ) =

d∏
i=1

fi(φi). (3.2)

Furthermore, we abuse notation with ‖f(·)‖C1([0,1]d) ≤ f ∈ R+ for reducing
the amount of constants.
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Note that the system (3.1a) to (3.1c) must satisfy the constraint
∑d
l=1 φl = 1,

the fundamental equation of fractions, which allows for the elimination of
φd−1.
We assume the volume fractions are insulated at the boundary: ∂zφ = 0 at
z = 0 and z = 1. The boundary at z = 0 is assumed to be fixed, while the
boundary at z = 1 has a displacement W (t) = h(t) − 1, where h(t) is the
height of the reaction layer at the present time t and h(0) = 1. The Rankine-
Hugoniot relations, see e.g. [55], state that the velocity of a chemical at a
boundary is offset from V, the velocity of the boundary, by influx or outflux
of this chemical, i.e.{

φm (V − ∂twm) · n̂ = ĴmL (φm,res − φm)

φd (V − v) · n̂ = ĴdL (φd,res − φd)
(3.3)

with Ĵd, Ĵm ≥ 0 form ∈M, φd,res, φm,res ∈ [0, 1] form ∈M and
∑d
j=1 φl,res =

1. We assume L(·), the concentration jump across the boundary, to have the
semi-permeable form L(f) := f+, the positive part of f . Furthermore, we
assume all chemicals have only one reservoir. The fluid chemical reservoir is
assumed to be at z = 1: φd,res ≥ 0 at z = 1, φd,res = 0 at z = 0. The
solid chemical reservoirs are assumed to be at z = 0: φm,res = 0 at z = 1,
φm,res ≥ 0 at z = 0 for m ∈M. We generalize the Rankine-Hugoniot relations
by replacing φm with H1m(φ) and φd with Γ(φ) in Equation (3.3).
The influx due to the Rankine-Hugoniot relations shows that the displace-
ment wm|z=1 will not be equal to the boundary displacement W (t). This will
result in stresses, which we incorporate within a Robin boundary condition at
these locations [56, Section 5.3]. Collectively for all t ∈ [0, T ], these boundary
conditions are, for m ∈M, l ∈ L, given by{

∂zφl|z=0 = 0,

∂zφl|z=1 = 0,
(3.4a)

H1m(φ)∂twm|z=0 = ĴmL (φm,res − φm|z=0) ,

∂zwm|z=1 = Am (wm|z=1 −W (t)) ,

v|z=0 = 0,

Γ(φ) (∂tW (t)− v)|z=1 = ĴdL (φd,res − φd|z=1) ,

(3.4b)

where Am ∈ R. Additionally there are positive lower bounds for Γ(φ) and
all H1m: Γα := inf

φ∈Idα
Γ(φ) > 0 and Hα := min

m∈M
inf
φ∈Idα

H1m(φ) > 0, with Iα =

(α, 1 − (d − 1)α) for all 0 < α < 1/d. It is worth noting, that in the limit
|Am| → ∞ one formally obtains Dirichlet boundary conditions.
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The initial conditions describe a uniform and stationary equilibrium solution
at t = 0:

φl(0, z) = φl0 and wm(0, z) = 0 for all z ∈ [0, 1] and W (0) = 0. (3.5)

Note that v(0, z) ∈ H1(0, 1) needs not to be specified as v(0, z) follows from
Equations (3.1b), (3.1c) and (3.4a) on {0} × (0, 1).
The system of PDEs including initial and boundary conditions described
above is called the continuous-time system for later reference in this chapter.

3.3 Main existence result

Introduce φmin ∈ (0, 1− C1,0(d− 1)/d]. Moreover, C1,0, the optimal Sobolev
constant of the embedding H1(0, 1) ⊂ C0[0, 1], is given by

(i) C1,0 = coth(1), see [57].

We assume that the following set of restrictions are satisfied.

Assumption 1.
We assume the parameters of the continuous-time system satisfy:

(ii)
∑
j∈M

Ej01m

2
√
γj

< 1,

(iii) |Am| < 1,

(iv) φj0 ≥ φmin and
∑
i 6=j φi0 <

1−φmin

C1,0
for all 1 ≤ j ≤ d, while

d∑
j=1

φj0 = 1.

Additionally, we assume the parameters are such that there exist ηm > 0 for
m ∈M satisfying

(v)
(d− 1

2 )(d+ 3)

Γ2
φmin

 ∑
m∈M

 F 2
m

1−
∑
j∈M

Ej01m

2
√
γj

+
ηm
2

×
×max
m∈M

 H2
1m

γm(1− |Am|)− γ2
m|Am|2
2ηm

− 1
2

∑
j∈M

(
Em01j(1 +

√
γm) + Ej01m

)
 < 1,
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and

(vi) min
m∈M

γm(1−|Am|)−
γ2
m|Am|2

2ηm
−
∑
j∈M

Em01j(1+
√
γm)+Ej01m

2

 > 0.

Note that assumptions (ii), (iii) and (iv) have a physical motivation, while
(v) and (vi) are pure technical restrictions.

Accepting Assumption 1, we can now formulate the main result of this chapter.

Theorem 1.
Let d ∈ {2, 3, 4} and let the parameters satisfy Assumption 1. Then there exist
constants T > 0 and V > 0 and functions

φl ∈ L2(0, T ;H2([0, 1])) ∩ L∞(0, T ;H1(0, 1)) ∩ C0([0, T ];C0[0, 1])

∩H1(0, T ;L2(0, 1)),

v ∈ L2(0, T ;H1(0, 1)),

wm ∈ L∞(0, T ;H2(0, 1)) ∩ C0([0, T ];C1[0, 1]) ∩H1(0, T ;H1(0, 1)),

W ∈ H1(0, T ),

for all l ∈ L, m ∈M such that (φ1, . . . , φd−2, φd, v, w1, . . . , wd−1,W ) satisfies
the weak version of the continuous system (3.1a) to (3.1c), (3.4a), (3.4b) and
(3.5), such that

(I) ‖v‖L2(0,T ;L2(0,1)) ≤ V ,

(II) ‖∂zv‖L2(0,T ;L2(0,1)) ≤ V ,

(III) min
1≤l≤d

min
t∈[0,T ]

min
z∈[0,1]

φl(t, z) ≥ φmin with φd−1 = 1−
∑
l∈L

φl.

The proof of this theorem is given in Section 3.5, and consists out of the
following three steps.

Step 1.
We discretise the continuous-time system in time with a regular grid of step
size ∆t, and apply a specific Euler scheme. This is the so-called Rothe method,
see [58, 59]. Our chosen discretization is such that the equations become
linear elliptic equations with respect to evaluation at time slice {t = tk}
and only contain evaluations at time slices {t = tk} and {t = tk−1}. The
time derivative ∂tu is replaced with the standard first order finite difference
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Dk∆t(u) := (uk − uk−1)/∆t, where we use the notation uk(z) := u(tk, z). The
discretised system has the form

Dk∆t(φl)− δl∂2
zφ

k
l + Il(φ

k−1)∂z
(
Γ(φk−1)vk−1

)
(3.7a)

+
∑
m∈M

1∑
i=0

∂iz
(
Bli0m(φk−1)wk−1

m +Bli1m(φk−1)Dk∆t(wm)
)

= Gφ,l(φ
k−1),∑

m∈M

∂z
(
H0m(φk−1)wk−1

m +H1m(φk−1)Dk∆t(wm)
)

(3.7b)

+∂z
(
Γ(φk−1)vk

)
= Gv(φ

k−1),

Dk∆t(wm)−Dm∂
2
zw

k
m − γm∂2

zDk∆t(wm) + Fm(φk−1)vk−1 (3.7c)

+
∑
j∈M

1∑
i=0

∂z
(
Emi0j(φ

k−1)∂izw
k−1
j + Em01j(φ

k−1)Dk∆t(wj)
)

= Gw,m(φk−1),

with initial conditions (3.5) and boundary conditions (3.3), (3.4a) and (3.4b)
become:{

∂zφ
k
l

∣∣
z=0

= 0,

∂zφ
k
l

∣∣
z=1

= 0,
(3.8a)

H1m(φk−1|z=0)Dk∆t(wm)
∣∣
z=0

= ĴmL
(
φm,res−φk−1

m

∣∣
z=0

)
∂zw

k
m

∣∣
z=1

= Am
(
wkm
∣∣
z=1
−W k

)
vk
∣∣
z=0

= 0

Γ
(
φk−1|z=1

) (
Dk∆t(W )−vk−1

)∣∣
z=1

= ĴdL
(
φd,res−φk−1

d

∣∣
z=1

)
,

(3.8b)

for l ∈ L and m ∈M, with the notation W k := W (tk).
For convenience, we refer to the discretised system (3.7a) to (3.7c), (3.8a) and
(3.8b) as the discrete-time system.
A powerful property of this discrete-time system is its sequential solvability
at time tk: the existence of a natural hierarchy in attacking this problem.
First, we obtain results for Equation (3.7c), then we use these results to ob-
tain results for both Equations (3.7a) and (3.7b). Moreover, the structure
of the discrete-time system is that of an elliptic system. Hence, the general
existence and uniqueness theory for elliptic systems can be extended directly
to cover our situation. One can either apply standard results for ordinary
differential equations (ODEs), cf. [60, p.130], or elliptic theory, cf. Chapter
6 in [45], since the discrete-time system at each time slice {t = tk} can be
put into the form A(uk, vk) = F k−1vk with A a continuous coercive bilinear
form and F k−1 a continuous operator depending on the previous time slice
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{t = tk−1}.

Step 2.
We prove Theorem 2, the discretized version of Theorem 1, in Section 3.4 by
testing the time-discrete system with specific test functions such that we ob-
tain quadratic inequalities, of which the details can be found in the appendix
of [61]. By application of Young’s inequality and using Gronwall-like lemmas
we obtain energy-like estimates, which are step size ∆t-independent upper
bounds of the Sobolev norms of the weak solutions. These bounds allow for
weakly convergent sequences in ∆t small parameter. Moreover, the upper
bounds of the energy-like estimates are monotonically increasing functions of
T and V that satisfy upper bounds (I), (II) and (III). Then the conditions
of Assumption 1 guarantee the existence of regions in (T, V )-space for which
Theorem 2 holds.

Theorem 2.
Let d ∈ {2, 3, 4} and let the parameters satisfy Assumption 1, then there exist
T > 0, V > 0, τ̂ > 0 and C > 0 independent of ∆t such that for all 0 < ∆t < τ̂
there exists a sequence of functions (φk1 , . . . , φ

k
d−2, φ

k
d, v

k, wk1 , . . . , w
k
d−1,W

k)
for 0 ≤ tk ≤ T satisfying the weak version of the discrete-time system given
by Equations (3.5), (3.7a) to (3.7c), (3.8a) and (3.8b) as well as the following
a priori bounds

k∑
j=0

∥∥∂zvj∥∥2

L2(0,1)
∆t,

k∑
j=0

∥∥vj∥∥2

L2(0,1)
∆t ≤ V 2,

min
1≤l≤d

min
z∈[0,1]

φkl (z) ≥ φmin,∥∥φk1∥∥H1(0,1)
, . . . ,

∥∥φkd∥∥H1(0,1)
≤ C,

k∑
j=1

∥∥∥φj1∥∥∥2

H2(0,1)
∆t, . . . ,

k∑
j=1

∥∥∥φjd∥∥∥2

H2(0,1)
∆t ≤ C,

k∑
j=1

∥∥∥Dk∆t(φj1)
∥∥∥2

L2(0,1)
∆t, . . . ,

k∑
j=1

∥∥∥Dk∆t(φjd)∥∥∥2

L2(0,1)
∆t ≤ C,∥∥wk1∥∥H2 , . . . ,

∥∥wkd−1

∥∥
H2(0,1)

≤ C,
k∑
j=1

∥∥∥Dk∆t(wj1)
∥∥∥2

H1(0,1)
∆t, . . . ,

k∑
j=1

∥∥∥Dk∆t(wjd−1)
∥∥∥2

H1(0,1)
∆t ≤ C,
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∣∣W k
∣∣ , k∑
j=1

∣∣Dk∆t(W )
∣∣2 ∆t ≤ C,

for all 0 ≤ tk ≤ T , where φkd−1 = 1−
∑
l∈L φ

k
l .

Step 3.
We introduce temporal interpolation functions û(t) = uk−1 +(t−tk−1)Dk∆t(u)
on [t0, T ] × [0, 1]. Then we use Theorem 2 to show that the interpolation
functions are measurable, bounded and converge weakly. With the Lions-
Aubin-Simon lemma, see [62,63], in combination with the Rellich-Kondrachov
theorem, see [64, p.143] and [65], we show strong convergence as well. The
proof concludes by showing that the weak solution of the time-discrete system
converges to a weak solution of the continuous-time system.

3.4 Proof of Theorem 2

The proof of Theorem 2 is done in three steps. First, energy bounds are
obtained by assuming there exist φmin > 0, V > 0 and T > 0 for which the
three inequalities of Theorem 2 hold. Second, we apply two discrete variants
of Gronwall’s inequality to the quadratic inequalities to obtain a-priori estim-
ates independent of ∆t. Lastly, we show that φmin > 0, V > 0 and T > 0 can
be chosen if Assumption 1 is satisfied by the parameters of the continuous-
time system.

We obtain the weak form of the discrete-in-time system by multiplying the
model equations with a function in H1(0, 1), integrating over (0, 1) and ap-
plying the boundary conditions where needed. We test Equation (3.7a) with
φkl and Dk∆t(φl), and Equation (3.7c) with wkm and Dk∆t(wm) to obtain the
quadratic inequalities below.

Dk∆t
(
‖φl‖2L2

)
+ b1l‖∂zφkl ‖2L2 + b2l (∆t)

∥∥Dk∆t(φl)∥∥2

L2

≤ b3l + b4l‖∂zvk−1‖2L2 + b5l‖φkl ‖2L2 +
∑
n∈L

[
b6ln‖∂zφk−1

n ‖2L2

]
+
∑
m∈M

1∑
i=0

[
b7lim

∥∥∂izwk−1
m

∥∥2

L2 + b8lim
∥∥Dk∆t(∂izwm)

∥∥2

L2

]
, (3.11)
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Dk∆t

(∑
l∈L

‖∂zφl‖2L2

)
+
∑
l∈L

[
c1l
∥∥Dk∆t(φl)∥∥2

L2 + c2l(∆t)
∥∥Dk∆t (∂zφl)

∥∥2

L2

]
≤ c3 + c4‖∂zvk−1‖2L2 +

∑
l∈L

[
c5l
∥∥Dk∆t(φl)∥∥2

L2 + c6l(tk−1, V )‖∂zφk−1
l ‖2L2

]

+
∑
m∈M

1∑
i=0

[
c7im

∥∥∂izwk−1
m

∥∥2

L2 + c8im
∥∥Dk∆t(∂izwm)

∥∥2

L2

]
, (3.12)

and

Dk∆t

(∑
m∈M

‖wm‖2L2 + aim‖∂zwm‖2L2

)
+
∑
m∈M

[
a2m(∆t)

∥∥Dk∆t(wm)
∥∥2

L2 + a3m(∆t)
∥∥Dk∆t (∂zwm)

∥∥2

L2

]
≤ a4(tk, V )+

∑
m∈M

[
a5m‖wkm‖2L2 +a6m‖∂zwkm‖2L2 +a7m‖wk−1

m ‖2L2 +a8m‖∂zwk−1
m ‖2L2

+a9m

∥∥Dk∆t(wm)
∥∥2

L2 +a10m

∥∥Dk∆t(∂zwm)
∥∥2

L2

]
+a11‖vk−1‖2L2+a12‖∂zvk−1‖2L2 .

(3.13)

The constants a2m, a3m, a4m, c2l, and c6l are seen here as continuous func-
tions of the parameters ∆t, tk, tk−1 and V .

Before we make use of the quadratic inequalities Equations (3.11) to (3.13),
we introduce two versions of the discrete Gronwall lemma, see [66] and The-
orem 4 in [67], which we modified slightly by using the inequalities 1/(1−a) ≤
ea+a2 ≤ e1.6838a for 0 ≤ a ≤ 0.6838.

Lemma 1 (1st Discrete Gronwall lemma).
Suppose h ∈ (0, H). Let (xk), (yk+1) and (zk) for k = 0, 1, . . . be sequences

in R+ satisfying

yk +
xk − xk−1

h
≤ A+ zk−1 +Bxk + Cxk−1 and

k−1∑
j=0

zjh ≤ Z

for all k = 1, . . . with constants A,B,C and Z independent of h satisfying

A > 0, Z > 0, B + C > 0, and BH ≤ 0.6838,
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then

xk ≤
(
x0 + Z +A

C + 1.6838B

C +B
kh

)
e(C+1.6838B)kh and

k∑
j=1

yjh ≤
(
x0 + Z +Ahk

)
e(C+1.6838B)kh.

Lemma 2 (2nd Discrete Gronwall lemma).
Let c > 0 and (yk), (gk) be sequences of positive numbers satisfying

yk ≤ c+
∑

0≤j<k

gjyj for k ≥ 0,

then

yk ≤ c exp

 ∑
0≤j<k

gj

 for k ≥ 0.

We are now able to apply Lemma 1 and Lemma 2 to the quadratic in-
equalities Equations (3.11) to (3.13). The result:

Lemma 3.
Let ∆t > 0 be small enough. If a9m < 1 and a10m < a3m(0) for all m ∈
M, then there exists positive constants ãindex, d̃index, ẽindex and parameter
functions a(T, V ), d0(T, V ), d1(T, V ), d2(T, V ), e1(T, V ), and e2(T, V ) such
that for all l ∈ L, for all m ∈M, and for all tk ∈ [0, T ] the following estimates
hold:

‖φkl ‖2L2 ≤
(
φ2
l0 + e2(T, V ) + e1(T, V )T

)
ee3T ,∑

l∈L

‖∂zφkl ‖2L2 ≤ d1(T, V )ed2(T,V ),

‖φkd−1‖2H1 ≤ φ2
d−1,0 +

∑
l∈L

(
‖φkl ‖2H1 − φ2

l0

)
,

k∑
j=1

∑
l∈L

∥∥∥Dj∆t(φl)∥∥∥2

L2
∆t ≤ d̃3d1(T, V )

(
1 + d2(T, V )ed2(T,V )

)
,

∑
m∈M

‖wkm‖2L2 ≤ d0(T, V ),

∑
m∈M

‖∂zwkm‖2L2 ≤
d0(T, V )

min
m∈M

a1m
,
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k∑
j=1

∑
m∈M

∥∥∥Dj∆t(wm)
∥∥∥2

L2
∆t ≤ (d̃01V

2 + a(T, V )T )ed̃03T ,

k∑
j=1

∑
m∈M

∥∥∥Dj∆t(∂zwm)
∥∥∥2

L2
∆t ≤ (d̃01V

2 + a(T, V )T )ed̃03T ,

k∑
j=1

∣∣∣Dj∆t(W )
∣∣∣2 ∆t ≤ 2V 2 + ã0T,

|W k|2 ≤ a(T, V )

with

a(T, V ) =
(
ã1 + ã2T + ã3V

√
T
)2

+ ã4 + ã5T,

d0(T, V ) =
(
d̃01V

2 + d̃02Ta4(T, V )
)
ed̃03T ,

d1(T, V ) = d̃11V
2 + d̃12T + d̃13Td0(T, V ),

d2(T, V ) = d̃21V
2 + d̃22d0(T, V ),

e1(T, V ) = ẽ11 + ẽ12d1(T, V )ed2(T,V ) + ẽ13d0(T, V ),

e2(T, V ) = ẽ21V
2 + ẽ22d0(T, V ).

Proof.
The conditions a9m < 1 and a10m < a3m(0) are needed to guarantee the el-
lipticity of the bilinear form for ∆t > 0 small enough. By applying Lemma 1
to Equation (3.13) we obtain all bounds on wk. Inserting these bounds
into Equations (3.11) and (3.12) and, then, applying Lemma 2, we obtain
all bounds on φk for the φkd−1 bound, which is a direct result from using

0 =
∑d
l=1Dk∆t(φl), an identity derived from the volume fraction identity

1 =
∑d
l=1 φ

k
l . The discrete Gronwall inequalities can only hold for ∆t > 0

small enough, e.g. ∆t ≤ H. ut

Remark: The a priori estimates in Lemma 3 depend on T > 0 and V > 0.
We need to prove that T > 0 and V > 0 can be chosen for ∆t > 0 small
enough. On closer inspection, we see that we can work with upper bounds
only.

Lemma 4.
Let 0 ≤ tk = k∆t ≤ T . Let Pd be the set of cyclic permutations of (1, . . . , d).
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The constraints φkl (z)∈ [φmin,1 − (d − 1)φmin] for 1 ≤ l ≤ d,
k∑
j=0

‖vj‖2L2∆t ≤

V 2, and
k∑
j=0

∥∥∂zvj∥∥2

L2 ∆t ≤ V 2 are implied by

∑
j∈M

∥∥∥φkαj∥∥∥
H1
≤ 1− φmin

C1,0
for all α ∈ Pd and

k∑
j=0

∥∥∂zvj∥∥2

L2 ∆t ≤ V 2,

with C1,0 given by (i) from Section 3.3.

Proof.
The boundary condition (3.8b) allows the application of the Poincaré inequal-
ity to vk, which gives the bound ‖vj‖L2 ≤ ‖∂zvj‖L2 .
For the constraints on φkl we pick arbitrarily an α ∈ Pd and start with the

inequality
∑
j∈M

∥∥∥φkαj∥∥∥
H1
≤ (1− φmin)/C1,0. This inequality is transformed

by the Sobolev embedding theorem on [0, 1] into
∑
j∈M

∥∥∥φkαj∥∥∥
C0
≤ 1− φmin.

Hence, we obtain infz∈(0,1) φ
k
αd
≥ φmin from the volume fraction identity

1 =
∑

1≤l≤d φ
k
l . Since α was chosen arbitrarily, we conclude that this result

holds for all α ∈ Pd. Hence, min
1≤l≤d

inf
z∈(0,1)

φkl (z) ≥ φmin. With the d infima

established it yields that the d suprema follow automatically from the same
volume fraction identity. ut

We prove the simultaneous validity of the two inequalities of Lemma 4 with
elementary arguments based on the Intermediate Value Theorem (IVT) for
the continuous functions given as upper bounds in the inequalities of Lemma 3
having parameters T , V as variables.

Lemma 5.
Let 1 ≤ d ≤ C1,0

C1,0−1 , 0 < φmin ≤ 1 − C1,0
d−1
d and let φ0 = (φ10, . . . , φd0) ∈

Φd(φmin,
1−φmin

C1,0
), where the set Φd(s, r) is defined as the non-empty set of

points (x1, . . . , xd) ∈ Rd satisfying

∑
j 6=i

xj < r for all 1 ≤ i ≤ d,

xi ≥ s for all 1 ≤ i ≤ d,
d∑
i=1

xi = 1.
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Then there exist an open simply connected region (0, 0) ∈ S ⊂ R2 such that

(T, V ) ∈ S ⇒ Pα(T, V ) <
1− φmin

C1,0
for all α ∈ Pd,

(T, V ) ∈ ∂S ⇒ Pα(T, V ) ≤ 1− φmin

C1,0
for all α ∈ Pd,

(T, V ) /∈ S ⇒ Pα(T, V ) >
1− φmin

C1,0
for at least one α ∈ Pd,

where Pα(T, V ) denotes the upper bound of
∑
j∈M ‖φkαj‖H1 obtained from the

a-priori estimates of Lemma 3.

Proof.
First, we note that the set Φd(φmin,

1−φmin

C1,0
) is non-empty if the following

inequalities are satisfied

0 < (d− 1)φmin ≤
d− 1

d
<

1− φmin

C1,0
.

This is because (d − 1)φmin and (d − 1)/d are the minimal and the max-
imal value of the sum

∑
j∈M xαj over all α ∈ Pd when minimizing over all

(x1, . . . , xd) satisfying min1≤i≤d xi ≥ φmin and
∑d
i=1 xi = 1. Hence, we obtain

the inequalities

0 < φmin < 1− C1,0
d− 1

d
≤ 1

d

for 1 ≤ d < C1,0

C1,0−1 integer.

Second, from Lemma 3 we deduce that Pα(0, 0) =
∑
j∈M φαj0 and Pα(T, V )

are monotonic increasing continuous functions with respect to the product
ordering on R2

+ for all α ∈ Pd. Therefore, there exists a simply connected

open set Sα such that Pα(T, V ) < 1−φmin

C1,0
for all (T, V ) ∈ Sα. Thus take

S =
⋂
α∈Pd Sα. ut

Lemma 6.
There exist a τ > 0 such that for all 0 < ∆t < τ there exists an open simply
connected region R∆t ⊂ R2 with the properties

(T, V ) ∈ R∆t ⇒ Q∆t(T, V ) < V 2,

(T, V ) ∈ ∂R∆t ⇒ Q∆t(T, V ) = V 2,

(T, V ) /∈ R∆t ⇒ Q∆t(T, V ) > V 2,
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where Q∆t(T, V ) denotes the upper bound of
∑
tk∈[0,T ] ‖∂zvk‖2L2∆t obtained

from applying the a-priori estimates of Lemma 3 to Equation (3.7b) and is
given by

Q∆t(T, V ) = Q̃0∆t+ Q̃1d0(T, V ) + (Q̃2V
2 + Q̃3d0(T, V ))d1(t, V )ed2(T,V )

with Q̃0, Q̃1, Q̃2, Q̃3 > 0, if Q1 := Q̃1d̃01 < 1. Moreover, the limit lim∆t↓0R∆t

exists and is denoted by R0.

Proof.
By Lemma 3, we see

Q∆t(0, V ) = Q̃0∆t+ Q̃1d̃01V
2 + (Q̃2 + Q̃3d̃01)d̃11V

4e(d̃21+d̃22d̃01)V 2

=: Q0∆t+Q1V
2 +Q2V

4eQ3V
2

.

IfQ1 < 1, then by the Intermediate Value Theorem there is a V ∗ ∈
(

0, 4

√
1−Q1

Q2Q3

)
for all ∆t > 0 such that

∂Q∆t(0, V )

∂(V 2)

∣∣∣∣
V=V ∗

= 1 > Q1 =
∂Q∆t(0, V )

∂(V 2)

∣∣∣∣
V=0

,

because ∂Q∆t(0,V )
∂(V 2) = Q1 +Q2V

2(2 +Q3V
2)eQ3V

2 ≥ Q1 +Q2Q3V
4.

Immediately we see that Q∆t(0, V
∗) < (V ∗)2 for 0 < ∆t < τ if we choose

τ = min

{
Q2

Q0
(V ∗)4

(
1 +Q3(V ∗)2

)
eQ3(V ∗)2

, H

}
,

where H denotes the upper bound of ∆t > 0 one obtains from applying
Lemma 1 to Equation (3.13). Moreover, for 0 < ∆t < τ we have the inequal-
ities Q∆t(0, 0) > 0, Q∆t(0, V

∗) < (V ∗)2, and Q∆t(0, Ṽ ) > Ṽ 2 = (1−Q1)/Q2

due to Q∆t(0, V ) > Q1V
2 + Q2V

4 for V > 0. Hence, by the Intermediate
Value Theorem, there exist V1,∆t ∈ (0, V ∗) and V2,∆t ∈ (V ∗, Ṽ ) such that
Q∆t(0, V1,∆t) = V 2

1,∆t and Q∆t(0, V2,∆t) = V 2
2,∆t.

We see that Q∆t(T, V ) is a monotonic increasing continuous function with re-
spect to the product ordering on R2

+ for 0 < ∆t < τ . Therefore, there exists a
simply connected open set R∆t such that Q∆(T, V ) < V 2 for all (T, V ) ∈ R∆.
R0, the limit set ofR∆t, exists because on one hand the construction ofR∆t is
only dependent on ∆t when using the Intermediate Value Theorem to guar-
antee the existence of V1,∆t and V2,∆t and on the other hand the function
Q∆t(T, V ) is right-continuous for ∆t ∈ R+. ut
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Lemma 7.
Let 1 < d ≤ C1,0

C1,0−1 , 0 < ∆t < τ , 0 < φmin ≤ 1 − C1,0
d−1
d and φ0 ∈

Φd(φmin,
1−φmin

C1,0
), where the set Φd(s, r) is as defined in Lemma 5 and τ has

the value as determined in the proof of Lemma 6. Then there exists a τ∗ > 0
such that

S ∩R∆t 6= ∅ for all 0 ≤ ∆t < τ∗,

where S is the set as defined in Lemma 5 and R∆t is the set as defined in
Lemma 6.

Proof.
Due to the monotonicity of both S andR∆t with respect to T , we only have to
check for all α ∈ Pd that there exists a Vα > 0 such that Pα(0, Vα) < 1−φmin

C1,0
.

For T = 0 we obtain

Pα(0, V ) ≤ (d− 1 +
√
d− 1)V

√
ẽ21 + ẽ22d̃10 + d̃11 +

∑
j∈M

φαj0.

Thus there exists a V̂α > 0 such that Pα(0, V̂α) ≤ 1−φmin

C1,0
. Construct V̂ =

minα∈Pd V̂α.

Now we have two cases: either V̂ ≥ V1,τ or 0 < V̂ < V1,τ . In the first
case, we can choose τ∗ = τ . In the second case, the sequence V1,∆t, seen as a
function of ∆t, is a monotonically decreasing sequence to 0, because Q∆t(0, 0)
is monotonically increasing in ∆t for all (T, V ) ∈ R2

+ and Q0(0, 0) = 0.
Thus the Intermediate Value Theorem states there exists a τ∗ < τ such that
V̂ = V1,τ∗ . ut

In [61] it is shown that the conditions a9m < 1 and a10m < a3m(0) of
Lemma 3, φmin ≤ 1 − C1,0

d−1
d and φ0 ∈ Φd(φmin,

1−φmin

C1,0
) of Lemma 5, and

Q1 < 1 of Lemma 6 can be satisfied if Assumption 1 is satisfied. Moreover,
C1,0 = coth(1) implies that only d ∈ {2, 3, 4} satisfies 1 < d ≤ C1,0/(C1,0− 1)
for d integer.

We finish the proof of Theorem 2 with remarking that we can choose any
pair (T, V ) ∈ S ∩ int(R0) to satisfy the theorem as R∆t ⊂ R0 holds for
0 < ∆t < τ∗.

3.5 Proof of Theorem 1

The proof of Theorem 1 is straightforward. We use an interpolation function
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û∆t(t) := uk−1 + (t − tk−1)Dk∆t(u) on each interval [tk−1, tk] ⊂ [0, T ] for all
functions u ∈ {φl, v, wm,W} with l ∈ L and m ∈ M to extend the discrete-
time solutions of Theorem 2 to [0, T ] × [0, 1] and [0, T ]. We see that û∆t is
measurable on [0, T ] × [0, 1] for u ∈ {φl, v, wm} and [0, T ] for u = W , has
a time-derivative on [0, T ] × [0, 1] a.e. for u ∈ {φl, v, wm} and [0.T ] a.e. for
u = W , and has a ∆t-independent bound in an appropriate Bochner space
(cf. Theorem 2). Hence, we obtain the following weak convergence results

(1) φ̂l,∆t ⇀ φ̂l ∈ H1(0, T ;L2(0, 1)) ∩ L∞(0, T ;H1(0, 1)) ∩ L2(0, T ;H2(0, 1)),

(2) v̂∆t ⇀ v̂ ∈ L2(0, T ;H1(0, 1)),

(3) ŵm,∆t ⇀ ŵm ∈ H1(0, T ;H1(0, 1)) ∩ L∞(0, T ;H2(0, 1)), and

(4) Ŵ∆t ⇀ Ŵ ∈ H1(0, T )

for l ∈ L and m ∈M.
As the time-continuous system has non linear terms, we need strong conver-
gence of the φ̂l,∆t and ŵm,∆t terms in order to pass to the limit ∆t → 0.
The strong convergence is obtained here by combining two versions of the
Lions-Aubin-Simon lemma, see [62, Theorem 1] for the version for piecewise
constant functions and [68, Theorem 3] for the standard Lions-Aubin-Simon,
which is used for the piecewise linear functions.

Theorem 3 (Lions-Aubin-Simon lemma for piecewise constant functions).
Let X, B, and Y be Banach spaces such that the embedding X ↪→ B is

compact and the embedding B ↪→ Y is continuous. Furthermore, let either
1 ≤ p <∞, r = 1 or p =∞, r > 1, and let (u∆t) be a sequence of functions,
which are constant on each subinterval (tk−1, tk), satisfying

‖D∆t(u∆t)‖Lr(∆t,T ;Y ) + ‖u∆t‖Lp(0,T ;X) ≤ C0 for all ∆t ∈ (0, τ), (3.22)

where C0 > 0 is a constant which is independent of ∆t. If p <∞, then (u∆t)
is relatively compact in Lp(0, T ;B). If p = ∞, there exists a subsequence of
(u∆t) which converges in each space Lq(0, T ;B), 1 ≤ q <∞, to a limit which
belongs to C0([0, T ];B).

Theorem 4 (Lions-Aubin-Simon lemma).
Let X and B be Banach spaces, such that X ↪→ B is compact. Let f ∈ F ⊂
Lp(0, T ;B) where 1 ≤ p ≤ ∞, and assume

(A) F is bounded in L1
loc(0, T ;X),

(B) ‖f(t+ ∆t)− f(t)‖Lp(0,T−∆t;B) → 0 as ∆t→ 0, uniformly for f ∈ F.
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Then F is relatively compact in Lp(0, T ;B) (and in C(0, T ;B) if p =∞).

We apply Theorem 3 and Theorem 4 with the triples

(X,B, Y ) = (H2(0, 1), C1([0, 1]), L2(0, 1))

or

(X,B, Y ) = (H1(0, 1), C0([0, 1]), L2(0, 1)),

depending on the situation, together with the Rellich-Kondrachov theorem
on [0, 1], see [64, p.143] and [65], ensuing X ↪→ B compactly. We obtain the
existence of a subsequence ∆t ↓ 0 for which we also have strong convergence
next to the weak convergence:

φ̂l,∆t → φ̂l ∈ C0([0, T ];C0[0, 1]) for l ∈ L,

ŵm,∆t → ŵm ∈ C0([0, T ];C1[0, 1]) for m ∈M.

The limit functions φ̂l, v̂ and ŵm satisfy the weak formulation of the continuous-
time equations Equations (3.1a) to (3.1c).
Using the interpolation-trace inequality, ‖u‖C(Ω) ≤ C‖u‖1−θH1(Ω)‖u‖

θ
L2(Ω) (for

θ = 1/2, see [69, Example 21.62 on p.285]), the weak convergence for The-
orem 2 applies up to the boundary, which together with the smoothness of
the functions satisfying Equation (3.2) ensure the passage of the limit so that
the boundary conditions are recovered. The initial conditions are satisfied by
construction.
Hence, there exist φmin > 0, T > 0, V > 0 such that φl := φ̂l, v := v̂,
wm := ŵm and W := Ŵ satisfy Theorem 1.

3.6 Numerical exploration of allowed parameter sets

In this section we simulate numerically the model Equations (3.5), (3.7a)
to (3.7c), (3.8a) and (3.8b). This model is already in a format that allows
a straightforward numerical implementation next to allowing some analytical
evaluation of observed (numerical) behaviors. The chosen model has d = 3
and is determined by the following functions and constants, for all l ∈ L and
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m ∈M

δl = δ Γ(φ) = φd

I1(φ) = 0 I3(φ) = ε

Bl10l(φ) = εφl Blijm(φ) = 0 for (i, j,m) 6= (1, 0, l)

H1m(φ) = φm H0m(φ) = 0

Em10j(φ) = Djφm Eminj(φ) = 0 for (i, j) 6= (1, 0)

Fm(φ) = 1 γm = γ

Gφ,l(φ) = εκlGv(φ) Gv(φ) = L(φ1,sat − φ1)L(φ3 − φ3,thr)

Gw,m(φ) = 0 Am = A

The conditions of Assumption 1 are satisfied with these parameters by taking
ηm = γ|A| for m ∈M. This yields

• φmin ∈ (0, 1− 2 coth(1)/3) ≈ (0, 0.124643143),

• φj0≥φmin,
∑
i 6=j φi0<(1−φmin)/coth(1) and

d∑
i=1

φi0 =1 for all 1≤j≤d,

• |A| < 2/3 to satisfy γ(1− 3/2|A|) > 0,

• 30
2φ2

min
(2 + γ|A|) 1−2φmin

γ(1−3/2|A|) < 1.

In the limit |A| = ηm/γ ↓ 0 we obtain the condition

γ > γ∗ := 30
1− 2φmin

φ2
min

> 90
4 coth(1)− 3

9− 12 coth(1) + 4 coth2(1)
≈ 1450. (3.24)

For each γ that satisfies Equation (3.24) one can find an interval of positive

|A| for which Assumption 1 is satisfied: |A| ∈
[
0, 2 γ−γ∗

γ(γ∗+3)

)
. It indicates

|A| ∈
[
0, 2

γ∗+3

)
. [0, 2/1453) for γ → ∞, which is the maximal interval of

|A|.
A fixed set of reference parameter values have been chosen after a deliberate
numerical search for parameter values around which T changes significantly.
The reference parameter values are

A = 0.388 γ = 104 δ = 1 ε = 0.0014

D1 = 0.38 D2 = 1 κ1 = 23.0 κ3 = −13.5

Ĵ1 = 0 Ĵ2 = 0.4 Ĵ3 = 2.0 φmin = 0.1

φ1,sat = 1 φ3,thr = 0 φ2,res = 1 φ3,res = 1

φ10 = 0.3 φ30 = 0.4
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We solve the time-discrete system for the small time step ∆t = 0.001. This
value has been chosen arbitrarily, although it is large enough for the eye-ball
measure and small enough to keep the computational costs acceptable.
Following the concept of Rothe method, we only need to solve numerically
a 1D spatial problem at each time slice {t = tk}. At {t = 0} we still need
to solve a different 1D spatial problem in order to obtain v0. We implemen-
ted the time-discrete system in MATLAB using the BVP5c solver, although
one can also use the bvp4c solver. These solvers take a grid, a guess for the
solution, and the BVP system as input. Then they automatically readjust
the grid and interpolate the guess solution to obtain a starting point for the
numerical scheme, controlling a certain error metric to determine the solution
based on user-defined-convergence criteria. For an in depth description and
performance analysis of the solvers, see [30,32] for bvp4c and [31] for bvp5c.
Initially, we take a uniform grid of 300 intervals. As initial guess for the solu-
tion, we take the solution at time slice {t = tk−1} or the zero function.

Tests that check the conditions of Theorem 1 at each time slice, including
{t = 0}, are incorporated in the numerical method. For these conditions, we
use the value V = 106 and φmin = 0.1. At the start of our numerical method
additional tests are implemented to test the pseudo-parabolicity of the sys-
tem. Failure to pass any of these tests ends the simulation.
To guarantee the end of any simulation, we incorporate an end time Tend =
0.5, which coincides with the time slice {t = t500}.

The simulation of the time-discrete system for the reference parameter val-
ues gives interesting results. All volume fractions φl are practically spatially
constant functions at all time slices. Numerically, we expect a much larger
area in (γ,A)-space for which Theorem 1 holds. As (γ,A) = (104, 0.388) is
well outside the analytically obtained existence region, we conclude that the
conditions Assumption 1 are more restrictive than practically necessary. The
simulation ends at time slice {t = t194} due to a violation of one of the con-
dition of Theorem 1 with φ3 < 0.1 = φmin as shown in Figure 3.1.

Next to the volume fraction conditions, we have the conditions on the ve-
locity v as stated in Theorem 1. A clear supra-exponential growth of the
L2(0, t;H1

0 (0, 1)) norm of v is seen in Figure 3.2 in the region where in Fig-
ure 3.1 the volume fractions exhibited sudden drastic changes in value. Sur-
prisingly the supra-exponential growth was not large enough to breach the
V = 106 threshold of Theorem 1. Hence, the simulation was stopped only
because the volume fraction condition was breached. The graph of W (t) in
Figure 3.2 looks similar to the graph of the norm, which is due to Equa-
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tion (3.4b) and the logarithmic scale of the axis.
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Figure 3.1: The time evolution of the volume fractions of the simulation at the reference values. The
simulation automatically ended at time slice {t = t194} due to φ3(0, t194) < 0.1 = φmin. The other
volume fractions stayed between the two black-lines, which indicates a guaranteed breach of φl < φmin
by one of the volume fractions.
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Figure 3.2: The time evolution of W (t) and ‖v‖
L2(0,t;H1

0(0,1))
of the simulation at the reference values.

The simulation automatically ended at time slice {t = t194} due to φ3(0, t194) < 0.1 = φmin. The upper

bound V = 106 was not yet reached. Both graphs show supra-exponential growth in the region where
the volume fraction values changed dramatically.
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We conclude that the reference parameter values allow a discrete solution that
satisfies Theorem 2, even though the reference parameter values do not satisfy
Assumption 1.

This result showed us a method of probing the parameter space dependence
as the simulation was ended prematurely at t = t194. From now on, we de-
note t = t194 with NR = 194, while a completed simulation is denoted by
NR = 500. By tracking the value of NR at different parameter values, we
indicate the dependence of T on the parameters. We probed a grid in (γ,A)-
space, a grid in ε-space and a grid in (φ10, φ20, φ30)-space. We restricted our
attention to these parameters because ε should highly affect the volume frac-
tions φl, and we have specific existence restrictions given by Assumption 1 for
the other parameters.
It turns out that γ has a negligible effect on NR in our (γ,A)-space grid. We
choose the values γ ∈ {103.5, 104, 104.5, 105, 105.5, 106, 106.5, 107, 107.5, 108}
and A ∈ {0.376, 0.379, 0.382, 0.385, 0.388, 0.391, 0.394, 0.397, 0.400}.

0.37 0.38 0.39 0.4 0.41
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Figure 3.3: The dependence of NR with respect to A with the other parameters taking their reference
values. An approximately exponential dependence of NR on A can be discerned. Note that A can be
much larger than 2/1453 and still lead to a positive time T .

The dependence of A on NR with γ = 104 is shown in Figure 3.3. An approx-
imately exponential dependence of NR on A can be seen. Moreover, the values
of NR decrease rapidly to almost 0 for A approaching 0.4. This indicates that
the actual threshold of A is much larger than 2/1453.

Since condition (v) of Assumption 1 has been shown to be an underestim-
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ation of the actual existence region with respect to the parameter A, we
expect a similar effect to happen for the initial conditions (φ10, φ20, φ30). The
restriction φ10 + φ20 + φ30 = 1 hints at the use of barycentric coordinates
to represent the dependence of NR on the initial conditions in the best way.
In Figure 3.4 a grid, where the cells have edge size 0.1, has been placed on
the region of nonnegative initial volume fractions. Additionally, the central
gridpoint, where all volume fractions have the identical value 1/3, has been
added to the grid. At each gridpoint the actual value of NR is shown for the
simulation with that particular set of parameters. The inner shaded small
triangle represents the region where Assumption 1 holds, while the shaded
area between the two outer triangles represents the region where the initial
conditions violate condition (III) of Theorem 1.

φ10 = 1

φ20 = 1 φ30 = 1

1 1 1 177 500 500 500 0

1 1 1 185 500 500 0

1 1 1 194 500 0

1 1 1 204 0

1 1 1 0

1 1 0

1 0

0

1

Figure 3.4: The dependence of NR with respect to the initial conditions (φ10, φ20, φ30) with the other
parameters taking their reference values. The inner triangle represents the region where Assumption 1
holds, while the shaded area between the two outer triangles represents the region where the initial
conditions violate the condition of Theorem 1.

In Figure 3.4, the values of NR increase with larger values of φ30, which is
expected since φ3 is transformed in the reaction and can therefore decrease.
Moreover, v is sensitive to the values of φ3 and changes in v directly effect
φ3. Larger values of φ30 deminishes the influence of other terms on v and,
therefore, the change in φ3 itself. As it was shown in Figure 3.1 that φ3

crossed the lower threshold set by Theorem 1, we expect NR to increase with
larger φ30 due to both the stabilizing effect and the higher starting value of
the simulation.
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Again, we see that the simulation gives NR > 1 outside of the region defined
by Assumption 1 indicating that the analytical condition in Assumption 1 is
more restrictive than practically necessary. It is worth noting that the outer
triangle of NR values are on the boundary of the region where the condition
of Theorem 1 holds. Due to machine-precision inaccuracies some simulations
have NR = 0, what indicates an unlawful starting value, or NR > 0, what
indicates that the starting values satisfied all conditions of Theorem 1.

The parameter ε indicates how strong certain terms influence the time-derivative
of the volume fractions. In Figure 3.4, we see that there is a strong de-
pendence between φ3 and NR. Therefore, we expect ε to have a signi-
ficant effect on NR as well. To this end we took a set of ε values and
solved the time-discrete system for each of these values supplemented with
the reference values of the other parameters. The used ε values here are:
{1.4 · 10−5, 1.4 · 10−4.5, 1.4 · 10−4, . . . , 1.4 · 10−0.5, 1.4}. In Figure 3.5 a polyno-
mial relation between NR and ε can be discerned. This confirms our expect-
ation that ε has a significant effect on NR.
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Figure 3.5: The dependence of NR with respect to ε with the other parameters taking their reference
values. A polynomial relation between NR and ε can be discerned.
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3.7 Conclusion

We have employed Rothe’s method to prove Theorem 1, which essentially
states that there exists a weak solution on [0, T ] × (0, 1) of the continuous-
time system given by Equations (3.1a) to (3.1c), (3.4a), (3.4b) and (3.5) for
(T, V ) ∈ S ∩ int(R0) provided a suitable parameter regime is chosen (cf. As-
sumption 1).

Numerically, we have validated that the conditions of Theorem 1 can be viol-
ated for t large enough. Moreover, we have shown using numerical simulations
that the parameter region for the existence of weak solutions as given by As-
sumption 1 is restrictive. Both in (γ,A)-space as in (φ10, φ20, φ30)-space the
numerical simulations showed existence for points well outside the regions
given by Assumption 1. Additionally, we have shown that A, φ30 and ε have
a significant influence on T , as was expected. Moreover, we could indicate
that γ has no significant effect on T in the numerical simulations. This was
against the prediction of the shape of the existence region of Assumption 1.
This fact indicates that sharper inequality results probably hold, which would
finally lead to a relaxation of conditions (iv) and (v) in Assumption 1.
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In this chapter the periodic homogenization of a pseudo-parabolic equation is
extended from a form given in Ref. [71] to a more general version containing
drift terms. Similarly to Ref. [71], the pseudo-parabolic equation is written
as a a combination of an elliptic partial differential equation and an ordinary
differential equation. A derivation of our governing pseudo-parabolic equation
is given in order to emphasize the link to a reaction-diffusion-mechanics-flow
model of interest for both harvesting geothermal energy and durability of
concrete materials. This is followed by a short well-posedness proof showing
existence and uniqueness for the extended pseudo-parabolic equation. After
specifying how the pseudo-parabolic equation represents a microscopic system
based on multiple scales, the pseudo-parabolic equation is upscaled using a
periodic homogenization procedure based on two-scale convergence.

4.1 Introduction

In [71] a pseudo-parabolic system derived from a balance equation describing
flow through a partially saturated porous medium was homogenized under
different scaling regimes. The homogenization was done with two-scale con-
vergence. In the derivation of pseudo-parabolic systems a convective term had
to be dropped. In this framework, we retain this convective term. The spatio-
temporal decomposition of the pseudo-parabolic system in a coupled system
of a partial differential equation and an ordinary differential equation as in-
troduced in [71] showed how natural this decomposition is in the analysis of
pseudo-parabolic systems from both analysis and computation perspectives.
Such decomposition is natural for proving existence by using either Rothe’s
method, see [59] and [58], or Galerkin approximations, see [72], since these
methods already exhibit a spatio-temporal decomposition.

In this chapter, we show using the concept of two-scale convergence that
this spatio-temporal decomposition allows for a straightforward upscaling of
pseudo-parabolic equation structures by retaining the decomposition in the
upscaled limit. Of course, one unknown can be eliminated in favor of the other,
but this elimination would not always be beneficial. As was stated in [71]:
“Bensoussan et al. [73] briefly investigated the homogenization of pseudopara-
bolic equations as an example for which the limiting problem is of a different
type, and perhaps non-local, not even a partial differential equation (See [73]
Chapter II, Section 3.9, pp. 318, pp. 338). We shall see below that this occurs
when certain variables are eliminated or hidden. The limited regularity and
estimates for solutions of the corresponding pseudoparabolic equation makes
the homogenization more delicate. Only in special cases there is a purely up-



4.2. A derivation of pseudo-parabolic equation structures 81

scaled limit.”
Keeping in mind that purely upscaled limits can only be attained in special
situations, we will show several upscaled limits for the same pseudo-parabolic
system. By increasing the regularity (or choosing smooth microstructures),
we obtain a purely upscaled limit including a non-local term under certain
conditions.

We follow the structure as outlined in Ref. [71] by starting in Section 4.2
with a derivation of our pseudo-parabolic equation structures from first prin-
ciples. In our case, the pseudo-parabolic equation structures originate in the
momentum equations describing mechanics coupled to a reaction-diffusion
system.
In Section 4.3, we apply the spatio-temporal decomposition to our pseudo-
parabolic equation structures (including the convective term omitted in [71])
and define the system (P), our target evolution problem of interest here.
For simplification of the presentation, we introduce the technical prelimiaries
in Section 4.4. This section contains a brief introduction to the appropriate
domains and function spaces, the definition of and the compactness properties
of the two-scale convergence, and a list of working assumptions.
In Section 4.5, an existence and uniqueness result assuming weak solutions to
problem (P) is derived.
In Section 4.6, we apply the idea of two-scale convergence to a modified weak
version of problem (P) that contains the microscopic information at the ε-
level, denoted (Pε

w). In this section, an upscaled system of the weak version
of problem (P) is derived, and under certain conditions, an upscaled strong
system is obtained eliminating one unknown. This upscaled strong system
contains a non-local-in-time term.

4.2 A derivation of pseudo-parabolic equation
structures

We are interested in physical models combining chemical effects, diffusion
and stress-deformations. As a starting point, we use the mass balance law for
constituent α ∈ {1, . . . , N} stated in [24, eq: (5)]

D

Dt
ρα = τα, (4.1)

where D
Dt denotes the total derivative. In Equation (4.1), ρα denotes the dens-

ity and τα represents the mass production term. The mass production term
contains all the mass production sources and sinks. The diffusion component,
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τdiffusion
α , of this mass change term is given by Fick’s law of diffusion. By

taking into account Gauß’ law, the diffusion component becomes

τdiffusion
α = div (Dα∇ρα) , (4.2)

where Dα denotes the diffusion tensor of constituent α.
The chemical reaction component, τ chemical

α , of this mass production term is
given as Rα(ρδ), where ρδ indicates the dependence on all constituent dens-
ities. Due to the molecular mass balance laws of the chemical reaction with
the stoichiometric constants Nα, the chemical mass change term must satisfy

Rα(ρδ) = NαMαr(ρδ), (4.3)

whereMα denotes the molar mass of the constituent α and r(ρδ) the reaction
speed density in number of reactions occurring per time interval per volume.
As the chemical reaction itself is in (mass) balance, one immediately obtains
the identity

∑
αRα(ρδ) = 0.

Each of the constituents of the mixture is assumed to be uniform, e.g. ∇ρ̂α =
0 and incompressible, e.g. D

Dt ρ̂α = 0, where ρ̂α denotes the specific dens-
ity of the constituent α. In other words, under normal conditions, a pure
domain filled with a constituent α cannot be compressed further due to the
intrinsic properties of constituent α. For example, the intra-lattice forces of
a crystalline material are orders of magnitude larger than the external forces
of compression exerted on the crystal resulting in a constant specific density
under these conditions.
Based on these uniformity and incompressibility assumptions, we are allowed
to replace ρα with φα = ρα/ρ̂α, the volume fraction of constituent α (see [23]).
Do note that the volume fractions satisfy the identity

∑
α φα = 1. This iden-

tity yields the following incompressibility relation∑
α

div (φαvα − Dα∇φα) =
∑
α

NαMα

ρ̂α
r(φδ), (4.4)

where we have used the standard identity D
Dtφα = ∂tφα + div(φαvα).

The momentum balance equation It is a well-known fact, as proven
by the pitch-drop experiment, that materials can seem to behave like solids
when subjected to high stress on a short timescale, but can seem to behave
like fluids under low stresses on a long timescale, see [74].
To describe each material behavior, we introduce the momentum balance



4.2. A derivation of pseudo-parabolic equation structures 83

equations following [23, eq. (2.18)] and [24, eq. (12)] yielding

D

Dt
(ραvα) = divTα + ραbα +mα, (4.5)

where, for constituent α, vα denotes the Eulerian velocity, Tα denotes the
partial stress-tensor, bα denotes the partial external body force density, and
mα denotes the momentum supply or growth of linear momentum.
By dividing (4.5) with ρ̂α, we obtain (4.5) with ρα replaced by φα.

In this framework, we are considering situations for which the quasi-static
approximation is justified. Relying on this approximation, the left-hand side
of (4.5) is set to 0. For example, in the pitch-drop experiment mentioned
previously this approximation is justified.
Moreover, we assume all solid constituents of the mixture to behave as linear
viscoelastic media, while we assume all fluid components to behave as inviscid
Newtonian fluids, i.e. no viscous or elastic terms arise in the structure of the
partial stress tensor. These considerations lead to the following descriptions
of the partial stress tensor Tα:

Tβ = −φβp I, (4.6a)

Tγ = −φγp I + Telastic
γ + Tviscoelastic

γ , (4.6b)

with β ∈ {1, . . . , Nfl} and γ ∈ {Nfl+1, . . . , N}, where p denotes the pressure
(this pressure is needed to incorporate the incompressibility of the mixture), I
denotes the unit tensor, Telastic

γ denotes the linear elasticity tensor for solids,

and Tviscoelastic
γ denotes the linear viscoelasticity tensor for solids obeying the

Kelvin-Voigt model, see [25] and [26]. The linear elasticity tensor is given by
Hooke’s law as

Telastic
γ = λγTr (Eγ) I + 2µγEγ , (4.7)

where Eγ denotes the linear deformation tensor for solids written in terms of
the displacement uγ as Eγ =

(
∇uγ + (∇uγ)>

)
/2, Tr(Eγ) denotes the trace

of Eγ , and λγ and µγ are the corresponding Lamé parameters. Analogously,
the linear viscoelasticity tensor is defined by

Tviscoelastic
γ = κγTr

(
D̃γ
)
I + 2νγD̃γ , (4.8)

where D̃γ =
(
∇vγ + (∇vγ)>

)
/2.

Using the total balance law, it is possible to eliminate the pressure p. This
law reads, in the quasi-static approximation, as

0 =
∑
α

divTα + ραbα, (4.9)
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because no total momentum can be produced by the material itself.
Collectively, we obtain the following system of equations describing a reaction-
diffusion system of a mixture of inviscid fluids and linearly viscoelastic solids

∑
α

φα = 1, (4.10a)

∂tφα + div(φαvα − Dα∇φα)− NαMα

ρ̂α
r(φδ) = 0, (4.10b)∑

α

div (φαvα − Dα∇φα)−
∑
α

NαMα

ρ̂α
r(φδ) = 0, (4.10c)

∇ (−φβp) + φβbβ +mβ = 0, (4.10d)

∇
(
λγTr(Eγ) + κγTr(D̃γ)− φγp

)
+ 2div

(
µγEγ + νγD̃γ

)
+φγbγ +mγ = 0, (4.10e)

∇

(∑
γ

λγTr(Eγ)+ κγTr(D̃γ)− p

)
+ 2div

(∑
γ

µγEγ + νγD̃γ

)
+
∑
α

φαbα = 0. (4.10f)

In principle, one would like to solve this system by obtaining φα from (4.10b),
the velocities vα from (4.10c), (4.10d) and (4.10e), and p from (4.10f). How-
ever, (4.10d) hinders this by not containing any information on vβ terms,
while (4.10c) determines at most one missing velocity vβ .
A different strategy can be used instead to tackle the above system. For ex-
ample, obtain φβ from (4.10d) and vβ from (4.10b). Such a strategy looks
numerically unstable as p or φβ might become very small (essentially degen-
erating locally).
Thus the structures of mα and bα are influential in obtaining numerical sta-
bility. With the following structure for mα one can use (4.10b) to obtain φα
and (4.10d) to obtain vβ .

mβ =
∑
γ

χβγ(vβ − vγ),

mγ =
∑
β

χβγ(vγ − vβ).
(4.11)

Structure (4.11) satisfies the condition
∑
αmα = 0 for internal interaction

forces. Moreover, this structure represents a physical interaction between the
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solid and fluid components: Stokes Drag, see [24, Eq. (92)]. The solid particles
impose a drag on the fluid mixture in which they are embedded, while the
fluid mixture imposes a drag on the solid particles by Newton’s third law.
Together they attempt to force all constituents of the solid-fluid mixture to
move with the same velocity.

The system (4.10a) - (4.10f) with (4.11) is a particular case of the follow-
ing general system:

∑
α

cαφα = 1, (4.12a)

∂tφα + div

(∑
η

Aαη(φδ)uη + Bαη(φδ)vη − Dα∇φα

)
− fα(φδ) = 0, (4.12b)

∑
α

cα

[
div

(∑
η

Aαη(φδ)uη + Bαη(φδ)vη − Dα∇φα

)
− fα(φδ)

]
= 0, (4.12c)

∇ (−φβp) + bβ(φδ) +
∑
δ

Mβδvδ = 0, (4.12d)

div

∑
δ 6=β

Fγδi∇iuδ+Gγδi∇ivδ

−∇(φγp)+bγ(φδ)+
∑
δ

Mγδvδ = 0, (4.12e)

−∇p+
∑
γ

cγdiv

∑
δ 6=β

Fγδi∇iuδ + Gγδi∇ivδ

+
∑
α

cαbα(φδ) = 0.

(4.12f)

Taking into account the identity vα = ∂tuα, (4.12a)-(4.12f) exhibits a relat-
ively weak coupling between the volume fractions φα and the displacements
uα, in the sense that the volume fractions are only sporadically present in the
equations (4.12d) - (4.12f), but the displacements are dominant throughout
the system equations.
Inspired by dynamical systems theory, we expect a chemical steady state, i.e.
∂tφα = 0 and ∇φα = 0, to occur under suitable choices of parameters. In
what follows, we assume that such a steady state has already been reached.
Our numerical simulations in [1] indicate that such candidates for chemical
steady states are likely to happen at least in a small transient time frame at
the beginning of the system evolution. This allows one to insert (4.12f) into
(4.12d) and (4.12e). Introducing φ = (φα)>, c = (cα)> and b = (bα)>, then
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we can combine (4.12d) and (4.12e) with (4.12f) inserted into one equation

H · u = div (P(φ) · [F · (∇u) + G · (∇∂tu)]) + M · ∂tu = −P(φ) · b, (4.13)

where F, G and P(φ) are given by

Fi =

(
0 0

0 Fγδi

)
, Gi =

(
0 0

0 Gγδi

)
and P(φ) = I− φ⊗ c. (4.14)

Because of (4.12a), (4.14) and the fact that the internal momentum production
mα cannot have an effect on the total momentum production, we obtain the
constraints

P(φ)> · c = 0 and M> · c = 0. (4.15)

Consequently, (4.13) has a zero eigenvalue with left eigenvector c>. The right
eigenvector of the zero eigenvalue of P(φ) is known and equals φ. However, the
right eigenvector of the zero eigenvalue of M is not known. We can generalize
(4.13) to

M · ∂tu− Ã · u− div
(
B̃ · u+ D̃ · ∂tu+ Ẽ · ∇

(
F̃ · u+ G̃ · ∂tu

))
= H (4.16)

with the constraints

c> ·M = 0, c> · F̃ = 0, c> · G̃ = 0 and c> ·H = 0. (4.17)

In the rest of the chapter, we investigate the coupling of (4.16) (called the
pseudo-parabolic equation structure) and omit (4.17) for the discussion.

4.3 A spatio-temporal decomposition of momentum
equations

The pseudoparabolic equation (4.16),

M · ∂tu− A · u− div (B · u+ D · ∂tu+ E · ∇ (F · u+ G · ∂tu)) = H,

describing the momentum equations (4.10d) - (4.10f) of the physical system
(4.10a)-(4.10f), contains a coupling of spatial and temporal derivatives. The
temporal and spatial behavior of this equation can be decoupled under suit-
able assumptions. We follow here the working strategy from [71].

We assume that E is coercive and continuous and that G is invertible. Then
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we are allowed to introduce V , which transforms (4.16) into an elliptic partial
differential equation coupled with an ordinary differential equation{

MG−1 · V − div
(
E · ∇V + DG−1 · V

)
= h(u,∇u),

∂tu+L(u) = G−1 · V ,
(4.18)

where1

L(u) := G−1F · u
:= L · u, (4.19a)

h(u,∇u) := H +
[
div(B− DG−1F)− (A + MG−1F)

]
· u+

(
B− DG−1F

)
· ∇u

:= H + K · u+ J · ∇u, (4.19b)

with

J := B− DG−1F. (4.20a)

K := div(B− DG−1F)− (A + MG−1F), (4.20b)

L := G−1F, (4.20c)

Moreover, the tensor G−1 and the tensor products MG−1 and DG−1 are re-
named G, M and D respectively for brevity.
The decomposition (4.18) leads on Ω to a natural initial boundary value prob-
lem

(P)


M · V − div (E · ∇V +D · V ) = H + K · u+ J · ∇u on Ω,

∂tu+ L · u = G · V on Ω,

u(0,x) = u∗(x) on Ω,

V = 0 on ∂Ω,

for a.e. t ∈ (0, T ) denoted by (P).

4.4 Technical preliminaries

In the next sections several technical results and assumptions are employed.
For a better readability, we introduce these results here in three separate parts.
First, we introduce the geometry of the medium and the function spaces we
use. Second, we introduce the concept of two-scale convergence and show
several important results related to this convergence method. Third, we list
all the assumptions needed in the next sections.

1In principle, we can neglect the identities of (4.19b) and (4.19a) by demanding that
the functions h(u,∇u) and H(u) are linear in their arguments.
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Geometry of the medium and function spaces

We introduce the description of the geometry of the medium in question with
a variant of the construction found in [75]. Let (0, T ), with T > 0, be a
time-interval and Ω ⊂ Rd be a bounded domain. Take Y ⊂ Ω a simply
connected bounded domain, or more precisely there exists a diffeomorphism
γ : Rd → Rd such that γ([0, 1]d) = Y .
Let G0 be a discrete subgroup of Rd such that

⋃
g∈G0

g([0, 1]d) = Rd and

(0, 1)d ∩ g((0, 1)d) = ∅ for all g ∈ G0. Then G0 is a closed subset of the
translation group Td on Rd. Moreover, we demand that the diffeomorphism γ
allows Gγ := γ ◦G0 to be a discrete subgroup of Rd with the same properties
as G0, when [0, 1]d is replaced with Y and (0, 1)d with Int(Y ).
Assume that there exists a sequence (εh)h ⊂ (0, ε0) such that εh → 0 as
h → ∞ (we omit the subscript h when it is obvious from context that this
sequence is mentioned). Moreover, we assume that for all εh ∈ (0, ε0) there
is a set Gεhγ (Ω) ⊂ Gγ such that Ω =

⋃
g∈Gεhγ (Ω) εhg(Y ). Now we introduce

for all εh ∈ (0, ε0) the boundaries Γεhext and ∂Ω as Γεhext :=
⋃
g∈Gεhγ (Ω) εhg(∂Y ),

and ∂Ω = ∂
⋃
g∈Gεhγ (Ω) εhg(Y ). Hence, ∂Ω ⊂ Γεhext for all (εh)h ⊂ (0, ε0).

Having the domains specified, we focus now on defining the needed func-
tion spaces. We start by introducing C#(Y ), the space of continuous function
defined on Y and periodic with respect to Y . To be precise:

C#(Y ) = {f ∈ C(Rd)|f ◦ g = f for all g ∈ Gγ}.

With C#(Y ) at hand, we construct Bochner spaces like Lp(Ω;C#(Y )). For a
detailed explanation of Bochner spaces see section 2.19 of [76]. These type of
Bochner spaces exhibit properties that hint at two-scale convergence.

With C#(Y ) at hand, we construct Bochner spaces like Lp(Ω;C#(Y )).
For a detailed explanation of Bochner spaces see section 2.19 of [76]. These
type of Bochner spaces exhibit properties that hint at two-scale convergence.

Theorem 5 (‘First Oscillation Lemma’). Let Bp(Ω, Y ), 1 ≤ p < ∞, denote
any of the spaces Lp(Ω;C#(Y )), Lp#(Ω;C(Y )), C(Ω;C#(Y )). Then Bp(Ω, Y )
has the following properties:

1. Bp(Ω, Y ) is a separable Banach space.

2. Bp(Ω, Y ) is dense in Lp(Ω× Y ).

3. If f(x,y) ∈ Bp(Ω, Y ). Then f(x,x/ε) is a measurable function on Ω
such that ∥∥∥f (x, x

ε

)∥∥∥
Lp(Ω)

≤ ‖f (x,y)‖Bp(Ω,Y ) .
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4. For every f(x,y) ∈ Bp(Ω, Y ), one has

lim
ε→0

∫
Ω

f
(
x,
x

ε

)
dx =

1

|Y |

∫
Ω

∫
Y

f(x,y)dydx.

5. For every f(x,y) ∈ Bp(Ω, Y ), one has

lim
ε→0

∫
Ω

∣∣∣f (x, x
ε

)∣∣∣p dx =
1

|Y |

∫
Ω

∫
Y

|f(x,y)|pdydx.

See Theorems 2 and 4 in [77].

Two-scale convergence: definition and results

For each function c(t,x,y) on (0, T ) × Ω × Y , we introduce a corresponding
sequence of functions cε(t,x) on (0, T )× Ω by

cε(t,x) = c
(
t,x,

x

ε

)
(4.21)

for all ε ∈ (0, ε0), although two-scale convergence is valid for more general
bounded sequences of functions cε(t,x).
Introduce the notation ∇y for the gradient in the y-variable. Moreover, we

introduce the notations→, ⇀, and
2−→ to point out strong convergence, weak

convergence, and two-scale convergence, respectively.

The two-scale convergence was first introduced in [78] and popularized with
the seminal paper [79], in which the term two-scale convergence was actually
coined. For our explanation we use both the seminal paper [79] as the modern
exposition of two-scale convergence in [77]. From now on, p and q are real
numbers such that 1 < p <∞ and 1/p+ 1/q = 1.

Definition 1. Let (εh)h be a fixed sequence of positive real numbers2 conver-
ging to 0. A sequence (uε) of functions in Lp(Ω) is said to two-scale converge
to a limit u0 ∈ Lp(Ω× Y ) if∫

Ω

uε(x)φ
(
x,
x

ε

)
dx→ 1

|Y |

∫
Ω

∫
Y

u0(x,y)φ(x,y)dydx, (4.22)

for every φ ∈ Lq(Ω;C#(Y )).
See Definition 6 on page 41 of [77].

2when it is clear from the context we will omit the subscript h
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We now list several important results concerning the two-scale conver-
gence.

Proposition 1. Let (uε) be a bounded sequence in W 1,p(Ω) for 1 < p ≤ ∞
such that

uε ⇀ u0 in W 1,p(Ω).

Then uε
2−→ u0 and there exist a subsequence ε′ and a u1 ∈ Lp(Ω;W 1,p

# (Y )/R)
such that

∇uε′
2−→ ∇u0 +∇yu1.

Proposition 1 for 1 < p < ∞ is Theorem 20 in [77], while for p = 2 is
Proposition 1.14 (i) in [79]. On page 1492 of [79] it is mentioned that the
p =∞ case holds as well. The case of interest for us here is p = 2.

Proposition 2. Let (uε) and (ε∇uε) be two bounded sequence in L2(Ω).
Then there exists a function u0(x,y) in L2(Ω;H1

#(Y )) such that, up to a

subsequence, uε
2−→ u0(x,y) and ε∇uε

2−→ ∇yu0(x,y).
See Proposition 1.14 (ii) in [79].

Corollary 1. Let (uε) be a bounded sequence in Lp(Ω), with 1 < p ≤ ∞.
There exists a function u0(x,y) in Lp(Ω×Y ) such that, up to a subsequence,

uε
2−→ u0(x,y), i.e., for any function ψ(x,y) ∈ D(Ω;C∞# (Y )), we have

lim
ε→0

∫
Ω

uε(x)ψ
(
x,
x

ε

)
dx =

1

|Y |

∫
Ω

∫
Y

u0(x,y)ψ(x,y)dydx.

See Corollary 1.15 in [79].

Theorem 6. Let (uε) be a sequence in Lp(Ω) for 1 < p <∞, which two-scale
converges to u0 ∈ Lp(Ω× Y ) and assume that

lim
ε→0
‖uε‖Lp(Ω) = ‖u0‖Lp(Ω×Y ). (4.23)

Then, for any sequence (vε) in Lq(Ω) with 1
p+ 1

q = 1, which two-scale converges

to v0 ∈ Lq(Ω× Y ), we have that∫
Ω

uε(x)vε(x)τ
(
x,
x

ε

)
dx→

∫
Ω

∫
Y

u0(x,y)v0(x,y)τ(x,y)dydx,

for every τ in D(Ω, C∞# (Y )). Moreover, if the Y -periodic extension of u belong
to Lp(Ω;C#(Y )), then

lim
ε→0

∥∥∥uε(x)− u0

(
x,
x

ε

)∥∥∥
Lp(Ω)

= 0.

See Theorem 18 in [77].
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Assumptions

(A0) Let G be invertible, and let the matrices M and E be in diagonal form
allowing for a strictly positive lower bound.3

(A1) Let mα and ei denote the diagonal elements of M and E respectively.
Then

‖Diβα‖2L∞((0,T )×Ω) <
4

dN2‖1/mα‖L∞(0,T )‖1/ei‖L∞(0,T )
(4.24)

holds for all α, β ∈ {1, . . . , N} and for all i ∈ {1, . . . , d}

(A2) Assume

M,K ∈ L∞((0, T )× Ω)N×N , E ∈ L∞((0, T )× Ω)d×d,

G, L ∈ L∞((0, T );W 1,∞(Ω))N×N , D, J ∈ L∞((0, T )× Ω)d×N×N ,

H ∈ L∞((0, T )× Ω)N , u∗ ∈ C1(Ω)N .

(A3) Assume

M,K ∈ L∞((0, T )× Ω;C#(Y ))N×N ,

E ∈ L∞((0, T )× Ω;C#(Y ))d×d,

G, L ∈ L∞((0, T );W 2,∞(Ω;C2
#(Y )))N×N ,

D, J ∈ L∞((0, T )× Ω;C#(Y ))d×N×N ,

H ∈ L∞((0, T )× Ω;C#(Y ))N ,

u∗ ∈ C1(Ω)N .

(A4) Let (4.21) hold forMε, Kε, Eε, Gε, Lε, Dε, Jε, and Hε for all ε ∈ (0, ε0),
ε0 > 0.

(A5) The tensor L(t,x,0) is an infinitesimal generator of a strongly continu-
ous group S(x)(t) in t ∈ R for all x ∈ Ω, such that S(x)(t) · w ∈

3Due to the Theorem of Jacobi about quadratic forms (cf. [80]) in combination with
the coercivity of both M and E, there exist functions 0 < 1/mα(t) ∈ L∞(0, T ) and 0 <
1/ei(t) ∈ L∞(0, T ) such that they form the coefficients of the diagonal form of the quadratic
forms related to M and E, respectively. We are allowed to assume the diagonal forms
as the orthogonal transformations necessary to put the quadratic forms in diagonal form
modify both the domain Ω and the coefficients of G, D and h(u,∇u) without changing their
regularity or linearity.
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C1([0, T ] × Ω)N for all t ∈ [0, T ] and for all w ∈ C1([0, T ] × Ω)N , and
such that the solution to{

∂tu(t,x,y) = L(t,x,0)u(t,x,y) + f(t,x,y),

u(0,x,y) = 0

is given by

u(t,x,y) =

∫ t

0

S(x)(t− s) · f(s,x,y)ds.

See chapters 10 and 14 of [81].

4.5 Existence and uniqueness of weak solutions to (Pw)

In this section, we show the existence and uniqueness of a weak solution (u,V )
to (P). We define a weak solution to (Pw) as a pair (u,V ) ∈ H1((0, T ) ×
Ω)N × L∞((0, T ), H1

0 (Ω))N satisfying

(Pw)



∫
Ω

φ> · [M · V −H − K · u− J · ∇u]

+(∇φ)> · (E · ∇V +D · V ) dx = 0,∫
Ω

ψ> · [∂tu+ L · u− G · V ] dx = 0,

u(0,x) = u∗(x) for all x ∈ Ω,

for a.e. t ∈ (0, T ), for all test-functions φ ∈ H1
0 (Ω)N and ψ ∈ L2(Ω)N .

The existence and uniqueness can only hold when the parameters are bal-
anced. The next lemma provides this balance.

Lemma 8. Assume assumptions (A0), (A1) and (A2) hold, then there exist
positive constants m̃α, ẽi, h̃, h̃α, h̃iα for α ∈ {1, . . . , N} and i ∈ {1, . . . , d}
such that the a-priori estimate

N∑
α=1

m̃α‖V α‖2L2(Ω) +

d∑
i=1

N∑
α=1

ẽi‖∂xiV α‖2L2(Ω)

≤ h̃+

N∑
α=1

h̃α‖uα‖2L2(Ω) +

d∑
i=1

N∑
α=1

h̃iα‖∂xiuα‖2L2(Ω) (4.27)

holds for a.e t ∈ (0, T ).
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Proof. We test the first equation of (Pw) with φ = V for almost every t ∈
(0, T ) and apply Young’s inequality wherever a product is not a square. Only
the D product contains V or its derivative twice. Hence, Young’s inequality
allows all other product terms to have a negligible effect on the coercivity
constants mα and ei, while being the only products affecting h̃, h̃α, h̃iα.
Therefore, we only need to prove two inequalities to prove the lemma by
guaranteeing coercivity, i.e. for a.e. t ∈ (0, T )

ei(t)−
N∑
α=1

ηiβα(t)

2
‖Diβα‖L∞(Ω)(t) > 0 for all β ∈ {1, . . . , N}, i ∈ {1, . . . , d},

mα(t)−
d∑
i=1

N∑
β=1

‖Diβα‖L∞(Ω)(t)

2ηiβα(t)
> 0 for all α ∈ {1, . . . , N}.

We can choose ηiβα(t) > 0 for a.e. t ∈ (0, T ), satisfying

dN‖1/mα‖L∞(0,T )Diβα

2
< ηiβα <

2

N‖1/ei‖L∞(0,T )Diβα
,

where Diβα = ‖Diβα‖L∞((0,T )×Ω), if (4.24) is satisfied. ut

Theorem 7. Assume assumptions (A0), (A1) and (A2) hold, then there
exists a unique pair (u,V ) ∈ H1((0, T ) × Ω)N × L∞((0, T ), H1

0 (Ω))N such
that (u,V ) is a weak solution to (Pw).

Proof. By (A2), there exist strictly positive numbers LG, LN , GG, and GN ,
such that

1

2
∂t‖u‖2L2(Ω)N ≤ LN‖u‖

2
L2(Ω)N +GN‖V ‖2L2(Ω)N ,

1

2
∂t‖∇u‖2L2(Ω)d×N ≤ LG‖u‖

2
L2(Ω)N + LN‖∇u‖2L2(Ω)d×N

+GG‖V ‖2L2(Ω)N +GN‖∇V ‖2L2(Ω)d×N

hold for a.e. t ∈ (0, T ), when we test the second equation of (Pw) with ψ = u
and ψ = div(∇u), respectively, and use partial integration. Using (4.27), we
obtain a positive constant I and a vector J ∈ RN

+ such that

∂t‖u‖2H1(Ω)N ≤ J + I‖u‖2H1(Ω)N . (4.30)

Applying Gronwall’s inequality, see [82, Thm. 1], to (4.30) and taking an
essential supremum over (0, T ), we obtain u ∈ L∞((0, T );H1(Ω))N . Then,
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from (4.27) in Lemma 8, we obtain V ∈ L∞((0, T );H1
0 (Ω))N . Again, testing

the second equation of (Pw) with ψ = ∂tu and ψ = div(∂t∇u), respectively,
and apply partial integration, we obtain, by applying Young’s inequality,

(
1− η1

2

)
‖∂tu‖2L2(Ω)N ≤

LN
2
∂t‖u‖2L2(Ω)N +

G2
N

2η1
‖V ‖2L2(Ω)N ,(

1− η2 + η3

2

)
∂t‖∇u‖2L2(Ω)d×N ≤

LG
2
∂t‖∇u‖2L2(Ω)d×N

+
G2
G

2η2
‖V ‖2L2(Ω)N +

G2
N

2η3
‖∇V ‖2L2(Ω)d×N

for a.e. t ∈ (0, T ) with η1, η2, η3 > 0. As the right sides of the inequalities
above are bounded, we obtain u ∈ H1((0, T )× Ω)N .
Since (4.16) is linear, the uniqueness of solutions can be proven in a straight-
forward way. ut

It is worth to note that the (0, T ) × Ω-measurability of u and V can be
proven easily. Based on the Rothe-method (discretization in time) in combin-
ation with the convergence of piecewise linear functions to any function in the
spaces H1((0, T ) × Ω) or L∞((0, T );H1

0 (Ω)), one can easily prove that both
u and V are measurable and are in fact weak solutions to (Pw).

Furthermore, note that we are allowed to test the second equation of (Pw)
with ψ = div(∇u) and ψ = div(∂t∇u) as G is invertible and lies in the space
L∞((0, T );W 1,∞(Ω))N×N and V lies in L∞((0, T ), H1

0 (Ω))N . Conversely, we
are not allowed to apply a time derivative to the first equation of (Pw) as all
tensors are in L∞((0, T )×Ω)N×N and K and Ji for i ∈ {1, . . . , d} are a-priori
not invertible.

Moreover, note that in order to be able to solve (Pw), J = 0 must hold,
when either G ∈ L∞((0, T )× Ω)N×N or L ∈ L∞((0, T )× Ω)N×N is satisfied.
Consequently, Theorem 7 holds with u ∈ H1((0, T );L2(Ω)) and (0,T) = 0
under the additional relaxed regularity assumption L ∈ L∞((0, T )× Ω)N×N .
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4.6 Upscaling the system (Pε
w) via two-scale

convergence

Introduce the following definition of the ε dependent matrices and vectors:

Gε(t,x) = G(t,x), Lε(t,x) = L(t,x),

Mε(t,x) =M
(
t,x,

x

ε

)
, Eε(t,x) = E

(
t,x,

x

ε

)
,

Dε(t,x) = D
(
t,x,

x

ε

)
, Hε(t,x) = H

(
t,x,

x

ε

)
,

Jε(t,x) = J
(
t,x,

x

ε

)
, Kε(t,x) = K

(
t,x,

x

ε

)
.

Naturally, the invertibility and coercivity properties from the assumptions
(A0) and (A1) are still assumed to hold independently on the choice of ε.

We define the system (Pε) as an ε-dependent version of (P), viz.

(Pε)


Mε · V ε − div (Eε · ∇V ε +Dε · V ε) = Hε + Kε · uε + Jε · ∇uε on Ω,

∂tu
ε + Lε · uε = Gε · V ε on Ω,

uε(0,x) = u∗(x) on Ω,

V ε = 0 on ∂Ω,

for a.e. t ∈ (0, T ) denoted by (Pε). Moreover, we define a weak solution
to (Pε) for ε ∈ (0, ε0) as a pair of sequences (uε,V ε) ∈ H1((0, T ) × Ω)N ×
L∞((0, T ), H1

0 (Ω))N satisfying

(Pε
w)



∫
Ω

φ> · [Mε · V ε −Hε − Kε · uε − Jε · ∇uε]

+(∇φ)> · (Eε · ∇V ε +Dε · V ε) dx = 0,∫
Ω

ψ> · [∂tuε + Lε · uε − Gε · V ε] dx = 0,

uε(0,x) = u∗(x) for all x ∈ Ω,

(4.33)

for a.e. t ∈ (0, T ), for all test-functions φ ∈ H1
0 (Ω)N and ψ ∈ L2(Ω)N .

Based on two-scale convergence, we obtain the following Lemma ensuring
the existence of weak solution to problem (Pε

w).

Lemma 9. Assume assumptions (A0), (A1), (A3), (A4) to hold. For each
ε ∈ (0, ε0), let the pair of sequences (uε,V ε) ∈ H1((0, T )×Ω)×L∞((0, T );H1

0 (Ω))
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be the unique weak solution to (P ε
w). Then this sequence of weak solutions

satisfy the estimates

‖uε‖H1((0,T )×Ω)N + ‖V ε‖L∞((0,T ),H1
0 (Ω))N ≤ C, (4.34)

for all ε ∈ (0, ε0) and there exist vector functions

U in H1((0, T )× Ω)N ,

U in H1((0, T );L2(Ω;H1
#(Y )/R))N ,

ν in L∞((0, T );H1
0 (Ω))N ,

V in L∞((0, T )× Ω;H1
#(Y )/R)N ,

and a subsequence ε′ ⊂ ε, for which the following two-scale convergences

uε
′ 2−→ U(t,x), (4.36a)

∂tu
ε′ 2−→ ∂tU(t,x), (4.36b)

∇uε
′ 2−→ ∇U(t,x) +∇yU(t,x,y). (4.36c)

∂t∇uε
′ 2−→ ∂t∇U(t,x) + ∂t∇yU(t,x,y). (4.36d)

V ε′ 2−→ ν(t,x), (4.36e)

∇V ε′ 2−→ ∇ν(t,x) +∇yV(t,x,y) (4.36f)

hold for a.e. t ∈ (0, T ).

Proof. For all ε > 0, Theorem 7 gives the bounds (4.34) independent of
the choice of ε. Hence, uε ⇀ U in H1((0, T ) × Ω)N and V ε ⇀ ν in
L∞((0, T );H1

0 (Ω))N as ε → 0. By Proposition 1, we obtain a subsequence
ε′ ⊂ ε and functions U ∈ H1((0, T ) × Ω)N , ν ∈ L2((0, T );H1

0 (Ω))N , U ,V ∈
L2((0, T ) × Ω;H1

#(Y )/R)N such that (4.36a), (4.36b), (4.36c), (4.36e), and
(4.36f) hold for a.e. t ∈ (0, T ). Moreover, there exists a vector function
Ũ ∈ L2((0, T )×Ω;H1

#(Y )/R)N such that the following two-scale convergence

∂t∇uε
′ 2−→ ∇U(t,x) +∇yŨ(t,x,y)

holds for the same subsequence ε′. Using two-scale convergence, Fubini’s
Theorem and partial integration in time, we obtain an increased regularity
for U , i.e. U ∈ H1((0, T );L2(Ω;H1

#(Y )/R))N , with ∂t∇yU = ∇yŨ . ut

By Lemma 9, we obtain the macroscopic version of (Pε
w), which we denote

by (P0
w). A weak solution to (P0

w) is a triple (U ,U ,ν) ∈ H1((0, T )×Ω)N ×
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H1((0, T );L2(Ω;H1
#(Y )/R))N × L∞((0, T );H1

0 (Ω))N satisfying

(P0
w)



∫
Ω

φ> ·
[
M∗ · ν −H∗ − K∗ ·U − J∗ · ∇U −

∫
Y

Q · ∇yUdy

]
+(∇φ)> · (E∗ · ∇ν +D∗ · ν) dx = 0,∫

Ω

ψ> · [∂tU + L∗ ·U − G∗ · ν] dx = 0,∫
Y

ξ> · ∇y

[
∂tU + L∗ · U − δ̃ · ν − ω̃ · ∇ν −Q

]
dy = 0,

U(0,x) = u∗(x) on Ω,

∇yU(0,x,y) = 0 on Ω× Y,

for a.e. t ∈ (0, T ), for all test-functions φ ∈ H1
0 (Ω)N , ψ ∈ L2(Ω)N , and

ξ ∈ H1
#(Y )d×N . The starred tensors and vectors are now macroscopic versions

of the ε-dependent tensors and vectors. Moreover, the tensors Q, ω̃ and δ̃ and
the vector Q are not yet defined tensors and vectors that follow naturally
from the two-scale convergence method in combination with existence and
uniqueness arguments.

Theorem 8. Assume the conditions of Lemma 9 are met. Then the two-
scale limits U ∈ H1((0, T ) × Ω)N , U ∈ H1((0, T );L2(Ω;H1

#(Y )/R))N and

ν ∈ L∞((0, T );H1
0 (Ω))N introduced in Lemma 9 form the weak solution triple

to (P 0
w), where

E∗ =

∫
Y

E · (1 +∇yW )dy, D∗ =

∫
Y

D + E · ∇yδdy,

L∗ = L(t,x,0), G∗ = G(t,x,0),

M∗ =

∫
Y

Mdy, H∗ =

∫
Y

Hdy,

K∗ =

∫
Y

Kdy, J∗ =

∫
Y

Jdy,

Q = J, ∇yQ = 0,

δ̃ = G · ∇yδ, ω̃ = ∇yW ⊗ G,

are the effective coefficients. Furthermore, the auxiliary tensors δ ∈ L∞((0, T )×
Ω;H1

#(Y )/R))N×N and W ∈ L∞((0, T ) × Ω;H1
#(Y )/R))d satisfy the cell
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problems

0 =

∫
Y

Φ> ·
[
Ê · (1 +∇yW )

]
dy, (4.38a)

0 =

∫
Y

Ψ> ·
[
D̂ + Ê · ∇yδ

]
dy (4.38b)

for all Φ ∈ C#(Y )d, Ψ ∈ C#(Y )N .

Proof. In (Pε
w), we choose φ = φε = Φ

(
t,x, xε

)
for the test-function Φ ∈

L2((0, T );D(Ω;C∞# (Y )))N , ψ = ψε = Ψ(t,x) + εϕ
(
t,x, xε

)
for the test-

function Ψ ∈ L2((0, T );C∞0 (Ω))N and for ϕ ∈ L2((0, T );D(Ω;C∞# (Y )))N . By

Proposition 1 and Theorem 6 in combination with (4.21), we have Lε
2−→ L,

∇Lε 2−→ ∇L, Gε 2−→ G, ∇Gε 2−→ ∇G. By Corollary 1 and Theorem 6 in

combination with (4.21) leads to Mε 2−→ M, where Mε is an arbitrary tensor
in (Pεw) other than Lε and Gε. Moreover, by Corollary 1 and Propositions 1

and 2 we have φε
2−→ Φ(t,x,y), ψε

2−→ Ψ(t,x), and ∇φε 2−→ ∇Ψ(t,x) +
∇yϕ(t,x,y). By Corollary 1 and Theorem 6, there is a two-scale limit of
(Pε

w), i.e.∫
Ω

∫
Y

Ψ> · [M · ν −H − K · ν − J · (∇U +∇yU)]

+ (∇Ψ +∇yϕ)> · [E · (∇ν +∇yV) +D · ν]

+ Φ> · [∂tU + L ·U − G · ν] dydx = 0.

The boundary condition ν = 0 on ∂Ω is automatically satisfied. Similarly,
the initial condition

U(0,x) = u∗(x)

is satisfied by U as ∇yU = 0 holds.

For Φ = Ψ = 0, we can take V = W · ∇ν + δν + Ṽ, where W and δ
satisfy the cell problems (4.38a) and (4.38b), respectively, and ∇yṼ = 0. For
Φ = divy(ξ), while Ψ = ϕ = 0, we obtain∫

Y

ξ> · ∇y [∂tU + L · U − GV] dy = 0

after partial integration. Inserting V = W ·∇ν+δν+ Ṽ leads to the structure
of ω̃, δ̃ and Q. ut
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Even though (P0
w) has been determined, it is still unfortunate that a

dummy unknown ∇yU has to be used. Under assumption (A5), we are able
to remove ∇yU from the structure of the upscaled equation. Assumption (A5)
allows one to explicitly determine ∇yU from∫

Y

ξ> · ∇y

[
∂tU + L∗ · U − δ̃ · ν − ω̃ · ∇ν −Q

]
dy = 0

by solving the strong form of this identity. This yields the representation

∇yU(t,x,y) =

∫ t

0

S(x)(t− s) · G(s,x,0) · [∇yδ(s,x,y) · ν(s,x)

+∇yW (s,x,y) · ∇ν(s,x)] ds. (4.39)

Inserting (4.39) into (P0
w) and taking the strong form, we obtain (P0

s) on Ω,
i.e. there exist solutions U ∈ C1([0, T ] × Ω)N and ν ∈ C0([0, T ];C1

0 (Ω))N

satisfying

(P0
s)



M∗ · ν − div (E∗ · ∇ν +D∗ · ν)

= H∗ + K∗ ·U + J∗ · ∇U +N (t,x,ν,∇ν),

N (t,x,ν,∇ν) =

∫
Y

J ·
∫ t

0

S(x)(t− s) · G(s,x,0)·

[∇yδ(s,x,y) · ν(s,x) +∇yW (s,x,y) · ∇ν(s,x)] dsdy,

∂tU + L∗ ·U − G∗ · ν = 0,

U(0,x) = u∗(x) for x ∈ Ω,

where N is a non-local term in time. However, this non-local term vanishes
for J = 0.

4.7 Conclusion

Our main goal of this chapter was to show that the spatio-temporal decom-
position, as introduced by [71], allows for the upscaling of pseudo-parabolic
equation structures by retaining the decomposition in the upscaled limit. We
showed via two-scale convergence in Section 4.6 that the upscaled limit is
obtained straightforwardly with the spatio-temporal decoupling, and this de-
coupling can even be retained in the upscaled limit. Unsurprisingly, a non-
local-in-time term arose in one of the upscaled limits, because of the elimin-
ation of an auxiliary unknown. It became clear from the use of the spatio-
temporal decoupling why this non-local term has to be non-local in time.





Chapter 5

Summary and discussion

In this thesis, we derived well-posed parabolic-pseudo-parabolic equations
coupling chemical reactions, diffusion, flow and mechanics in a heterogeneous
medium using the framework of mixture theory. Moreover, as an example, we
showed how to upscale the microscopic mechanics of sewer pipe corrosion into
macroscopic mechanics. As many different microscopic behaviors can lead
to the same upscaled macroscopic behavior, upscaling the microscopic mech-
anics of a sewer pipe hints at a central problem of homogenization: What
are correct microscopic behaviors to upscale? We answered this question in
Chapter 2 and Chapter 3.
Since our focus is on sewer pipe corrosion, we showed in Chapter 2 how to
derive sewer pipe corrosion models from first principles. We validated these
models both analytically and computationally by showing that they behave
as expected for a corrosion model. Moreover, we illustrated computationally
that this behavior holds for a large range of parameter values, for which ex-
perimental values are either unknown or are allowed to vary significantly. In
Chapter 3, we showed that more general models, than the ones derived in
Chapter 2, are weakly solvable. Moreover, we showed that there exist time-
intervals and parameter regions such that the solutions of these models do
not violate elementary physical constraints, such as the positivity of volume
fractions.
We upscaled, in Chapter 4, this microscopic model of sewer pipe corrosion
for the situation that an equilibrium in the corrosion reaction has arisen. We
showed that a spatio-temporal decomposition introduced in [71] allows for a
straightforward upscaling of pseudo-parabolic equation structures, the class
of systems to which our sewer pipe corrosion model belongs. We pointed out
that the upscaling limit can be obtained by using the concept of two-scale
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convergence, and that under certain conditions even non-local-in-time terms
arise in the upscaled limit.

The research presented in this thesis allows for several natural continuations.
We have shown that the spatio-temporal decomposition allows for a straight-
forward upscaling of pseudo-parabolic equation structures. It is, however,
not clear how much the behavior at the ε-sized microstructure level deviates
from the upscaled limit. This leads to the natural question: Does the spatio-
temporal decomposition help in deriving corrector estimate as well? Ref. [71]
does not look into this aspect, indicating that new and interesting results may
by found in this research direction.
Another direction could be the investigation of the effects of ε-dependence of
the different terms and parameters in order to explore what kind of other up-
scaled models can be obtained in this context. As third option, we could look
at domain dependent descriptions of the parameters in the pseudo-parabolic
equation structure, like in, for example, high-contrast porous media or peri-
odic composites. Both the second and third option are discussed in [71],
showing promising results for the application of the decoupling methodology
to more complex pseudo-parabolic problems.
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