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Chapter 1

Introduction

In the past decades, communication networks have grown from simple telephone
networks to networks which handle a large variety of traffic such as video streams,
Internet data, Internet of Things communication, and more. With the advent of
live streaming, video on demand, online games and many such applications, all
demanding very high bandwidths to ensure quality, we have entered an era where
the question is not "Will we need more capacity?" but rather "How will we tackle the
increasing demand?".

During the era of telephone networks, the complete communication network was
based on copper wire, but the current day communication network infrastructure is a
mesh of different technologies like copper wire, optical fiber, and wireless links. The
common perception is that the next addition to this infrastructure should be in the
form of wireless networks and optical networks. Broadly speaking, communication
networks can be divided into core networks and access networks. Optical fiber
already forms the majority of the core networks across the globe. Due to the variety
of benefits offered by them, they form the backbone to a communication network
and extend up to the buildings, where, depending on the application and the needs
wireless, copper or optical networks (fiber in the building) can be used.

In this thesis, we look at the modeling and performance study of one particular
component of optical networks, viz., the optical switch node. As beneficial as optical
networks are, they come with a set of constraints in their design and growth. One
of the most important constraints is the development of all-optical switching with
buffering. Hence, in order to lower fiber losses, the capacity of the nodes has to keep
up with the capacity of the links, which requires powerful optical nodes. Apart from
being a very challenging problem from the engineering perspective, optical switching
also gives rise to new problems in the study of its performance characteristics. In this
context, the present work contributes to the insight in optical switching technologies
in the domain of mathematical performance evaluation. The thesis initially studies
interesting stochastic problems based on the idea of an optical switch, next considers
an optimization problem based on cost analysis and finally studies an optical switch
based on current technology to be used in data centers. Before we start the perfor-
mance evaluation of these models, in this chapter we would like to provide a global
insight into optical networks and some literature on optical systems in Section 1.1. In
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2 Chapter 1. Introduction

Figure 1.1: Illustration of a basic fiber optic transmission system [85].

Section 1.2 we explain the need for performance studies and provide some literature
review on performance studies of communication systems. We outline the goals of
this thesis in Section 1.3 and finally provide an overview of our main results and the
organization of the thesis in Section 1.4.

1.1 Optical Communication

Optical communication is the technology for the transmission of enormous amounts
of data over long distances with low latency. It forms the basis of almost all modern
communication networks, especially long-distance networks. Optical communica-
tion networks primarily consist of an optical transceiver (LED, laser) converting
digital-electrical signals to light signals, which are sent through a medium (fibers)
to an optical receiver (photodetector), cf. Fig. 1.1. In its early stage of installation in
the 1970’s and 1980’s, optical fibers replaced copper wires and technological devel-
opments revolved around the conventional idea of increasing the bit rate through
the fiber, and on improving the transmission wavelength gradually from 800nm to
1550nm beyond which losses due to infrared scattering make the transmission highly
lossy [50]. The network also evolved from using multi-mode fiber to single-mode fiber
to reduce transmission losses and thus increase the bandwidth. The major change in
the 1990’s came with the development of wavelength-division multiplexing (WDM)
techniques. In WDM, a number of optical carrier signals are multiplexed into a single
optical fiber by using different wavelengths of laser light. This technique enables
multiplication of capacity of a single strand of fiber as well as allowing bi-directional
communications over the same strand of fiber. Within a decade of this development,
researchers could already demonstrate systems with 1 Tbps speeds [45], an increase
of 100 times provided just by WDM. By 2014, researchers [111] could demonstrate
systems with about 200 Tbps over 50 "super" channels each transmitting at 5.1 Tbps.

Although it has been shown that such high speeds are achievable in optical
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networks, the current infrastructure mostly operates at 10− 40 Gbps and at most
100 Gbps per channel. The reason for this is that to obtain such high speeds on the
same channel, very advanced electronic technologies are needed to encode the data,
and this encoding, which is at the limit of (today’s) technological capabilities, is not
ideal for actual networks outside the lab environment. Further, to transfer data from
a source to a destination, which are hundreds or thousands of kilometers apart and
share transmission lines with various other data packets, the simple setup shown
in Fig. 1.1 is not enough. The packets undergo dispersion and losses in the fiber,
they need to be routed over various links, and they might change wavelengths and
encoding schemes when changing channels. To account for many such issues, the
packets pass through a number of optical devices like switches, splitters, amplifiers,
optical-electronic-optical repeaters, and multiplexers. Each of these elements adds to
the complexity of the network and acts as a hindrance to the exploitation of the total
gross capacity of optical fibers.

This thesis is based on the mathematical modeling and performance study of
one part of the optical network, the switch node. In this section, we give a concise
overview of optical switching, followed by the state-of-the-art of this technology.

1.1.1 Optical switches

With the growth in traffic, the communication network infrastructure is becoming
larger, growing from basic interconnected rings to extremely high-capacity rings
interconnected to the network which can supply up to 50 nodes [58] in a dense area.
To handle such complexities, basic components like optical add/drop multiplexers
(OADM) are not sufficient. To this end, various optical switching technologies have
been developed.

Traditionally, the switching of optical data in the core networks has been quasi-
static. For dynamic switching, the general practice is to convert the data into the
electrical domain for switching purposes. There has been much research and devel-
opment to carry out switching as much as possible in the optical domain in order to
reduce latency and power consumption, and these techniques are broadly divided
into the following three categories.

(i) Optical Crossconnect (OXC)

OXCs are located in dense network junctions where hundreds of fibers carrying
tens of wavelength channels each are interconnected. At these junctions, OXCs
can dynamically insert, route and extract very high capacity lightpaths [58]. In an
OXC each incoming wavelength on each fiber is given a dedicated optical path to
the output via the wavelengths available in the switch, thereby offering a point to
point switching channel. Circuit-switched OXCs are the most widely used switching
elements because of their relative ease of control as the components used in it are slow,
i.e., their switching time is in the range of milliseconds. However, the comprehensive
network reconfiguration strategies imply that channels are infrequently reconfigured,
in the range of a few days. Moreover, the wavelength routing algorithms are quite
complex, the reconfiguration problem being an NP-hard problem [118]. Hence circuit-
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switched OXCs are not very effective in systems with high variation in traffic patterns.
Therefore techniques based on burst and packet switching are proposed.

(ii) Optical Burst Switching (OBS)

One of the major advantages of OBS over optical circuit switching is that it provides
an efficient solution to the use of bandwidth. Further, since most of the data traffic is
bursty it is a natural step from circuit-switched OXC, which has dedicated channels,
to packet switching technology. In the OBS technique, a burst of data packets traffic is
transmitted through an optical network by setting up the connection and creating an
end-to-end channel during the duration of the burst. In OBS, there is no contention
in the network as the channel is reserved for the duration of the burst and hence
buffering can be confined to the electrical domain at the ends (edge networks). OBS is
more complex to implement, as setting up the channel requires scheduling of traffic
flows, and has a higher latency than circuit-switched OXC networks but provides
better bandwidth as the channel is only reserved for the length of the burst.

(iii) Optical Packet Switching (OPS)

OPS is considered to be the equivalent of electronic packet switching in the optical
domain. The idea of all-optical packet switching with the benefit of the additional
wavelength dimension is expected to increase the throughput and efficiency of optical
networks [125]. The basic idea in OPS is that the payload of a packet is transferred
through the network without going to the time and energy consuming Optical-
Electronic-Optical conversion in the intermediate nodes. At the switching node only
the header of the packet is read and swapped to the next destination, meanwhile,
the payload stays unaltered in the optical domain. The label reading and switching
already increase the implementation complexity, but there are studies which show it
is feasible [64, 125]. The bigger problem in OPS is the risk of contention. Even though
the wavelength domain offers huge capacity, there will still be a need to buffer packets
in case of contention. Since the idea is to keep the payload in the optical domain, the
buffering needs to be done in the optical domain and this implementation is difficult.
In contrast to electronics, optics has only limited possibilities to store information, e.g.,
photos may be stored in (bulky) fiber recirculating loops which have only discrete
data release moments. Hence the low latency and high efficiency of the OPS networks
is accompanied by an implementation complexity which is much higher than that of
OBS and OXC.

The future optical networks will need OPS and OBS to solve the bottlenecks caused
by traffic routing in the networks. Yet, even to implement OBS, which is viewed as a
compromise between OXC and OPS, there is a need for buffering within the network
[91], unlike the main idea of OBS. The implementation of optical buffering can be
done using fiber delay lines (FDL) [75]. This topic has been heavily researched both
from a practical implementation and a performance point of view. In FDLs about
200m of fiber is required for a 1µs delay [94]. This makes the switches bulky even for
attaining very low buffer capacity. To overcome the implementation problem, there
is an interest to develop technology so that the buffering can be achieved without
having to use bulky FDLs [53, 71]. Another idea used in the implementation of
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all-optical buffers is using slow light [86, 110]. This helps, to a limited extent, to
increase the capacity of a buffer. Another strategy explored is to send packets in loops
through the existing network; however this consumes precious network resources.

Next, we will give a brief overview of the current state-of-the-art in optical net-
works.

1.1.2 State-of-the-art

In [6] the authors provide a detailed roadmap of the recent situation in optical
communications and how it is evolving. In the end, optical communication will
extend from core and access networks to include data centers, in-building networks
etc., using not only fibers but also optical wireless links. In this subsection, we will
give some insight into current technological questions which are being answered in
optical switching networks.

The parts of communication networks most affected by the huge increase in traffic
are the distribution networks, also known as metropolitan area networks (MANs).
They are the intermediate between core networks with highly aggregated traffic and
access networks with individualized traffic. As mentioned in the previous subsection,
OPS and OBS are supposed to solve the many issues faced by optical switching.
However technological immaturity, especially with respect to viable optical buffering,
has limited the capabilities of switching nodes. In [98] the authors show that a specific
OPS architecture, namely a packet optical add and drop multiplexing (POADM)
ring can achieve high multiplexing gain together with a quality of service (QoS)
similar to the one provided by electronic switching. In another study using optical
packet switching, Time-domain Wavelength Interleaved Network (TWIN) [120], the
authors [109] use the passive switching idea at intermediate nodes of the network to
avoid contention and hence the need of buffering. This is achieved by precomputing
the optical packet emission schedule. They show that TWIN outperforms the other
transport technologies in terms of the number of transmitters and receivers with a
high ability to cope with scalability issues for the growth in the near future.

In [119] the authors give an insight into the recent advances in optical switching
devices. They show that some of the losses incurred due to the lack of buffering
can be reduced by appropriate design of network architectures. They also present
advances in the concept of hybrid switches, i.e., optical switches with electronic
buffers. Opto-Electric hybrid switches operate on the idea of switching as many
packets as possible in the optical domain, converting and storing only those that
would have been lost to contention, in a shared electronic buffer. Such a concept of
switching has already existed for long [104], and recently it has been receiving more
attention in research. In [51] the authors propose the use of combined optical and
electronic buffers in a hybrid switch. The combined buffer uses only the fiber delay
line (FDL) buffers and hence avoids the optical-electrical-optical (O/E/O) conversion
when traffic volume is low. As the traffic volume increases, the combined buffer turns
its electronic devices on and accommodates the increased traffic. Such an architecture
helps limit the number of FDLs needed and also minimizes the power losses incurred
due to O/E/O conversions.

Data centers are one of the major hotspots of traffic these days. Here a large
amount of traffic is handled, most of which is intra-data center traffic [55]. Due to
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their various advantages, optical fibers act as the transfer medium within the data
center networks. Yet optical fibers just act as the point to point connections, while
the nodes/edges are made up of electrical packet switching components and storage
equipment. There is an incentive and push towards the use of optical switching to
handle the data flow optically. In [27] the authors provide an overview and a general
insight into the optical data center network architectures based on OPS or OBS that
have been recently proposed. It can be seen that most of the schemes use electronic
buffers placed at the edge side, either waiting for the command of the scheduler or
retransmitting the packet/burst in case of contention. Hence these act as a type of
hybrid switches. In [80] the authors show that such optical switches with shared
electronic buffers when used with appropriate algorithms, can significantly improve
the throughput in data center networks.

Finally, an interesting development which is dominantly expanding in networking
technology is Software-Defined Networking (SDN). SDN is a framework in which an
efficient control of network functions and protocols over several layers can be done
using programming. SDN allows an abstraction of the physical network into several
virtual entities which network services can use independently [66]. SDN can also
provide support to solve packet switching issues [14], which, as we have seen, are
a major hurdle in optical networks. In [29] the authors provide an introduction to
control and management using SDN in optical networks. In [105] the authors provide
a comprehensive survey explaining the multiple layers in an optical network in the
SDN setting, followed by describing the extent to which SDN can be used across
multiple network domains.

1.2 Performance analysis of communication systems

Performance analysis in our context is the process of studying or evaluating the
performance measures of a given communication system. A performance measure
of a communication system can mean any quantity which provides insight into the
functionality of the system; e.g., latency of the system, probability of packet loss, etc.
Due to the uncertain nature of traffic in these systems, probability and stochastic
theory form an important tool in this research field. Randomness is a major cause for
contention and packet loss, and hence it has to be taken into account when studying
the performance of a communication system. In this subsection, we will discuss the
motivation for performance analysis in detail, followed by the different methods to
carry out these analyses. Finally, we give a brief literature review on performance
analysis of communication systems.

1.2.1 Motivation

Depending upon the process and setting, a system can either be deterministic or
stochastic. In a deterministic system, the output process can be exactly determined
by giving the initial conditions and working of the system, while a stochastic system
does not always produce the same output for a given input, due to the elements in
it which behave stochastically. Almost all real-world systems are stochastic as the
interdependency of the innumerably many factors always leads to stochastic outputs.
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Communication systems come under the category of stochastic systems as even in
the most basic case, the traffic into a node at a given point of time is not precisely
known, which affects the output process of the system.

Quality of service (QoS) is an important performance measure in communica-
tion systems. It takes into account various performance measures like latency and
probability of loss in a system. Depending upon the type of data being transferred,
different requirements of QoS are demanded. For example, a file download is a
time-(latency-)insensitive job to some extent, while a live video streaming has very
high time sensitivity. On the other hand, a file download requires the lost data to be
re-transmitted and hence the system needs to have low loss probability, whereas a
packet lost in the live video streaming will not be re-transmitted so the acceptable
probability of loss might be higher. However, perceived QoS is very much user and
system dependent. For example, latency restricts the capacity of interactive systems,
as it increases the waiting time to respond. Therefore, a user playing an online game
might be more sensitive to QoS than a user streaming movies, and a system used to
transfer information to launch a satellite might be more sensitive than a system used
for informal messaging. With the increase in services which demand a higher QoS,
there is also an increase in demand for developing systems to be able to cater to this
increasing demand.

The goal of performance analysis as mentioned earlier is to study the performance
measures of the system, such as QoS. But this is only one of the reasons performance
analysis of communication systems is done. Performance analysis can also be done
to develop new analytical and/or methodological procedures; for e.g. creating a new
queueing system, or developing new simulation techniques, etc. These procedures
are usually based on detailed theoretical approaches to creating and evaluating
performance models.

From a more practical perspective, performance analysis is done to answer precise
questions with respect to particular communication systems. Finding where/what
are the bottlenecks of the system is one of the most studied questions. It helps the
system designer to realize the limitations of the system and work towards optimizing
the use of important resources. Further, these results help the network operator to
keep the quality levels as agreed with the customers within a certain price setting.
This brings us to another important aspect of performance analysis: Optimization.
Optimization can broadly be divided into two parts: cost optimization and perfor-
mance optimization. In cost optimization, the problem concentrates on minimizing
the cost of developing the system subject to achieving certain performance levels. In
performance optimization, the aim is to maximize the performance of a given system
while staying within cost or complexity boundaries. To this end, one can develop new
protocols or algorithms. Finally, performance analysis can help to find an optimal
balance between infrastructure cost and the desired performance measures.

1.2.2 Techniques

Modeling and performance analysis techniques for a communication system can
either be done analytically, by simulations, or by measurements from a prototype or
a real system [56]. Measurements are usually the last step of the study as it needs a
(near-)working system to perform measurements. They provide an important final
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check for the working of the system and the verification of the analytical or simulation
models used to describe the system. In this subsection, we provide some details
about modeling and performance using analytical and simulation techniques.

Analytical techniques

Analytical modeling is a method in which a system is defined using a set of math-
ematical concepts. Analytical models help to gain an understanding of the general
working of the system and can be analyzed to obtain performance measures. The
benefit of the analytical study is that a working model of the system is not needed,
instead, it can help steer the design of the system. We can develop an analytical model
with only very basic and general insights about the system. The performance mea-
sures obtained are in the form of mathematical formulas, which can help us obtain a
coarse insight into the impact of the various variables of the system. The shortcoming
of such analytical modeling is that it is usually simplified, with assumptions not
exactly corresponding to the real system and it may overlook the impact of certain
factors. Hence even though the results give reasonable insights into the performance
measures, they may not give a very accurate representation of the performance of a
real system. But even when an exact analysis is possible, the resulting expressions
might be complex and not insightful. One might try to use some approximations to
overcome these problems and to extend the results for more general model classes or
to obtain simpler but more insightful expressions. The shortcoming of approximate
solutions is that we need to justify the approximations and verify the approximate
results using simulations or other techniques. Further, we have to determine the
window in which the assumed parameters are adequate and the approximations
hold, and assess the sensitivity of parameter variations.

Many real-life systems are too large and complex to allow exact analysis or even a
verifiable approximation. Further, the events of interest, in these systems, occur with
a low probability and insight into the overall dependency on system parameters is
more informative than an accurate result for some fixed parameters. For studying
such events, we can use asymptotic analysis, i.e., analytical techniques applied to a
system in extreme regimes. For example, in the performance studies of algorithms, the
asymptotic running time of an algorithm concerns the running time when the system
becomes very large. Another example of asymptotics is the study of a queueing
system when its load approaches the critical load, i.e., when the arrival rate at a
queue approaches its transmission rate. These techniques not only provide valuable
qualitative insight into the performance characteristics of a complex system but also
often yield quite accurate approximations, even when the system is operating just
outside the relevant asymptotic regime.

Simulation techniques

Simulation in the context of performance evaluation is a technique by which we can
mimic the behavior of a given system on a computer. In a variety of scientific fields
simulation is the most used method to study the performance of systems. There are
two types of simulation with regard to the design of the model. First, is a deterministic
simulation, where all the details of a model are described and exact values are given.
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These simulations then give a single output. These simulations are typically used to
design systems whose output is defined by complex equations, which are difficult to
evaluate by solving mathematical equations exactly. The second type is stochastic
simulations. In these, the model is based on a set of random values. The simulation is
repeated a certain number of times, where the inputs are a new set of random values
each time and the corresponding outputs are recorded. The number of repetitions and
the time to run the simulation vary from experiment to experiment. After recording a
sufficient amount of output data, such that a sufficiently small confidence interval
has been obtained, the distribution of the output process is estimated using them.

Simulation models are comparatively flexible and can be adjusted according to
the variation in the environments of real-life systems. Also, by using simulation,
we can foresee the difficulties and bottlenecks that may arise due to the addition of
new elements to the system, without the need for mathematical analysis or actually
running the system. While these are some advantages, there are also limitations with
using simulation techniques. Simulation results are merely reliable approximations
involving statistical and design errors, they do not offer optimal solutions. The
number of trials needed in a stochastic simulation to get a reliable solution depends
on the probability of error, so for higher precision, the number of simulations needed
can be very high. Further, due to the complexity of real systems, it is not possible
to quantify all the variables which play a role in the system and in some cases it
might be very expensive, in time and computation power. Apart from these issues,
the simulation models and results also have to be tested thoroughly to verify their
validity. Finally, experimental validation in realistic systems and for realistic traffic
patterns is required.

1.2.3 Queueing theory

In communication systems data of various sizes has to be transferred over various
distances. This data is usually competing with other traffic for bandwidth in the
network. To maintain the QoS and stability of the system, traffic congestion needs to
be controlled, while packet losses are minimized. To model such systems, queueing
theory was developed in the early part of the twentieth century using tools and
techniques from the fields of probability theory to provide an approach to under-
standing systems where congestion occurs. In communication systems, one of the first
applications of queueing theory was the telephone congestion problem. The first
researcher to work on this problem was Erlang [40], who developed a formula for the
blocking probability of a system with a fixed number of servers and stochastic load.
Queueing theory has since been used to analyze various communication systems that
are affected by delays using a variety of queueing model. The book by Kleinrock
[62] is one of the first books to be dedicated to the study of queueing systems in the
context of computer and communication applications. It explains and provides analysis
to some important problems in communication networks like priority queueing and
processor sharing. More recently the books [114] and [49] respectively provide a study
into the mathematical tools and a variety of problems, with respect to performance
analysis of communication networks. In this subsection, we give a brief overview of
two types of queueing systems which are used in this thesis.
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Figure 1.2: A cyclic polling system

Polling systems

Polling systems are queueing models in which a single server, alternatingly, visits a
number of queues in some prescribed order, cf. Fig. 1.2. Between visits at two stations,
the server takes a configuration time, which is known as a "switchover" period. On
reaching a queue, depending upon the service discipline, the server can either serve
all the customers till the queue is empty (exhaustive), or only the customers present
at the arrival instant of the server (gated), or at most a fixed number of customers
(k-limited). Polling systems gained popularity in the 1980s when it was observed that
they can be used to model communication switching protocols. Polling systems have
been extensively studied in the literature, with different service disciplines, and both
models with and without switchover times have been studied. [102], [100] and [117]
provide some literature reviews on polling systems, while [18], [73] and [101] give
overviews of the applicability of polling systems.

Retrial queues

In an ordinary queue, depending on the system a customer who cannot get service
at arrival either joins a waiting line and waits for service or leaves the system. A
customer who leaves the system is lost and does not return for service. However,
queueing systems with retrials are characterized by the fact that arriving customers,
who find the server busy, do not wait in an ordinary queue, cf. Fig 1.3. Instead, they go
into an orbit, retrying to obtain service after some time. Depending on the application,
the time can be either deterministic, for example, a flight hovering around an airport
waiting for landing, or random, for example, a person trying to call someone and
finding the line busy; and the number of retrials could be limited. Because of the
retrials, there are two customer streams into a system: the new arrivals and the
retrying customers. Queueing systems with retrials have received considerable
attention in the literature, see e.g. the book [42], and more recently [12].
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1.2.4 Literature on performance studies of Optical Networks

Depending on the architecture and application, there are many studies related to the
performance analysis of optical networks. Some of the basic performance parameters
for optical networks are the same as for any communication system. For example,
in [9] the authors study the stochastic behavior of a queue, where bursty data arrive
from multiple sources. Since most of the data today is bursty, this work is still relevant.
Another classic work [52] studies buffering strategies in switches with fast packet
switching. It gives insight into the maximum throughput a cross-connect switch can
have. In this subsection, we provide a brief literature study into various performance
analysis issues being studied in the context of optical networks.

Due to the availability of the additional dimension of multiple wavelengths, rout-
ing in optical networks has been an interesting problem. In [126] the authors provide
a literature survey on various routing strategies in a wavelength division multiplexed
system (WDM). Later in [127] the authors provide a mechanism to update which
wavelengths are currently being used on each link of the WDM system, so that nodes
may make informed routing decisions. They review the control mechanisms proposed
in the literature and compare two different distributed control mechanisms for estab-
lishing all-optical connections in a wavelength-routed WDM network. More recently,
wavelength routing problems were studied in combination with optical spectrum
allocation problems in elastic optical networks. In [116] the authors model the routing
and spectrum allocation (RSA) problem and provide integer linear programming
(ILP) formulations of RSA. Further, in [115] the authors provide different methods to
solve such RSA problems using mathematical programming and heuristics.

Buffering in optical switches is different in comparison to general electronic
buffering and hence it gives rise to a set of different performance questions. For
example, fiber delay lines (FDL), unlike electronic buffers, do not provide arbitrary
time delays. The time delays in FDLs are discrete and depend on the size of the
lines. In [97], the author models different FDL setups, for packet switching and
burst switching, as queueing models, and evaluates the performance measures.
In [7] the authors develop a retrial queueing model to study the performance of
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multi-wavelength FDLs. Due to the discrete lengths of the FDLs, they also provide
interesting scheduling problems. In [112] the author studies various scheduling
algorithms in queueing models based on FDLs.

Polling systems have been used in a variety of performance analysis studies of
optical networks. In [65], [74] and [31], the authors propose polling-based bandwidth
allocation in Ethernet passive optical networks (EPON) for user access. In [89] and
[15] the authors study the delay in EPONs modeled as polling systems. Further, in
[83] the authors use a mean value analysis approach for the performance study of
EPON. Polling systems are also used to perform scheduling in long-reach PON [37],
while in [43] they are used for packet scheduling in optical FDLs. Apart from optical
networks, polling systems have been widely used to model various communication
systems. One such system is medium access control (MAC) protocols in wireless local
area networks. In [30] the authors propose randomly addressed polling as a strategy
for a base station to allocate service to users. They show that this strategy provides
good utilization of channel bandwidth. Similarly, the authors of [99] propose a polling
scheme for MAC protocols, wherein stations with packets can transmit continuously
in a Round Robin fashion, while simultaneously the stations without packets are
polled to find out if any of them received packets, and thus shall be included in the
transmission cycle.

Optimization is one of the most important goals of performance analysis and
hence a wide variety of optimization problems has been studied in the literature
within optical networks. In [21] the authors work towards algorithms for optimizing
the lightpath, for any given state in mesh optical networks, while in [90] the author
proposes a model and an algorithm to optimize the optical-signal-to-noise ratio
in networks. More recently there has been an interest in "energy optimization" in
optical networks, switches and data centers. In [113], the authors model the power
consumption of optical multilayer networks, with a goal to reduce this consumption
in the backbone telecommunication network. Further, in [38] the authors provide an
overview of energy-efficient bandwidth allocation in EPON. More recently, saving
energy in data centers has emerged as an important optimization problem. The
authors study the problem of data center placement in optical cloud networks in [123]
to minimize the energy consumption and in [48] the authors provide load balancing
algorithms for energy efficiency.

Finally, a recent development in the analysis of optical networks is the use of
machine learning. In conventional methods to solve a problem, one needs to design a
mathematical model of the system and work on this model to provide algorithms for
the solution. In machine learning, a ’black-box’ machine can be trained by providing
a large collection of inputs and corresponding output responses, without actually pro-
viding the model of the system. This can then be used to obtain output for a desired
input or problem. Due to the complex nature of communication networks and the
wide variety of data being produced, the classic performance analysis methods are
not always well-studied for larger networks. Machine learning provides an encour-
aging pathway for analysis of optical networks, and for developing self-monitored
and self-optimized networks, mainly for dynamic configuration and maintenance. In
[82] the authors provide a detailed introduction to machine learning and a review of
the literature on the application of machine learning in optical networks.
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1.3 Model descriptions

This thesis is divided into three parts each with an independent model and class of
goals. We name the three models as the polling system with retrials and glue periods,
the revenue optimization model and the data center model. In this section, we briefly
describe each of these three models.

1.3.1 Polling system with retrials and glue periods

The first part of the thesis comprises Chapters 2, 3 and 4. In these chapters, we study
polling systems with retrials and glue periods which is a theoretical model motivated
by the concept of buffering in optical switching nodes. The model has three main
elements: polling, retrials and glue periods. In this subsection, we describe them
briefly along with the motivation with respect to optical switching nodes.

In a communication network, packets are to be routed from source to destination,
over a medium-to-long distance, during the course of which they pass through a
series of routers and switching nodes. At these switching nodes, there is a need for
a protocol to decide upon the transfer of packets from various ports. This is often
modeled by a single server polling system. For this purpose, we use a cyclic polling
strategy, cyclic meaning that there is a fixed pattern for giving service to particular
ports/stations, cf. Fig. 1.2. Cyclic polling systems are well studied in the literature
[20], but we would like to add that non-cyclic, even probabilistic, polling strategies
may also arise naturally in some communication systems settings.

Unlike classic electronic buffering, photons are buffered by sending them locally
into fiber loops. These fiber loops or fiber delay lines (FDL) originate and end at
the head of the switching nodes. Performance analysis of optical switching nodes
forms an interesting class of problems due to the unconventional challenges posed
in the modeling of FDLs [97]. This FDL feature is modeled by a retrial queue in this
problem. We assume that photons in an FDL retry after an exponentially distributed
time. This is a mathematically convenient assumption. In reality, the FDLs have
multiple discrete lengths, which would give rise to a discrete set of lengths to choose
from, which would give rise to a discrete retrial time distribution. Therefore the
property of these retrial queues is that arriving customers (the terms customer and
packet will be used for the same entity depending on the context), who find the server
busy, do not wait in an ordinary queue and instead go into an orbit, retrying to obtain
service after an exponentially distributed time, cf. Fig. 1.4.

The final element of the model is the glue periods. It has been shown that the
speed of light can be varied by changing the refractive index of an element in the
fiber loop, cf. [86, 110]. Such an element may be a waveguide in a photonic integrated
circuit of which the refractive index can be tuned. By increasing the refractive index
in a small part of the loop we can achieve ‘slow light’, which implies slowing the
packets. We assume that when a port ‘knows’ that it will soon be served, it may start
the process of increasing the refractive index of the elements in the FDLs at the end of
fibers feeding the incoming packets. By doing this, it slows down the packets which
arrive at the station just before the visit period of the station begins. This feature is, in
our model, incorporated as glue periods immediately before the visit period of the
corresponding station.
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Figure 1.5: A cycle starting from the beginning of a glue period of station 1.

The server follows the following pattern: glue period at a station, visit period at a
station, switchover period to next station, cf. Fig 1.5. Packets (both new arrivals and
retrials) arriving at the station during its glue period "stick" and will be served in that
subsequent visit period. Packets arriving in any other period leave immediately and
enter an orbit, from where they will retry after an exponentially distributed time. The
concept of glue period is, to the best of our knowledge, new in polling systems. Also,
despite the enormous amount of literature on both retrial queues and polling systems,
there are hardly any papers having both these features. In fact, we are only aware of
a sequence of papers by Langaris [68–70] on this topic. In all these papers the author
determines the mean number of retrial customers in the different stations. In [68] the
author studies a model in which the server, upon polling a station, stays there for an
exponential period of time and if a customer asks for service before this time expires,
the customer is served and a new exponential stay period at the station begins. In
[69] the author studies a model with two types of customers: primary customers and
secondary customers. Primary customers are all customers present in the station at
the instant the server polls the station. Secondary customers are customers who arrive
during the sojourn time of the server in the station. The server, upon polling a station,
first serves all the primary customers present and after that stays an exponential
period of time to wait for and serve secondary customers. Finally, in [70] the author
considers a model with Markovian routing and stations that could be either of the
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type of [68] or of the type of [69].

In our analysis, we start by establishing a relation between multi-type branching
processes with immigrations, and a polling system with retrials and deterministic
glue periods. A multi-type branching process is a stochastic process describing the
life cycle of a set of multiple types of particles, which after a certain amount of time
give rise to a number of descendants of various types [13]. In our setting, customers
of various queues take the role of particles of various types, and arrivals during a
customers service time correspond to descendants of a particle. Immigrations here
are the arrivals in the system when the server is not serving any customer, i.e., during
non-visit periods. We exploit this relation between multi-type branching processes
with immigrations and the polling system, using results from the literature [96]. We
thus evaluate the joint generating function of the queue lengths, i.e., the number of
customers, glued and in orbit, at each station at various fixed epochs and at random
times. We can use this to derive the moments of the number of customers, but to
derive the joint queue length distribution from it is cumbersome. To this end, we
again exploit the relation established with branching processes and apply a heavy-
traffic (system close to overload) approximation. This will give us an approximate
joint queue length distribution of the number of customers, glued and in orbit, at each
station at various fixed epochs and at random times, when the system is in heavy
traffic. Next, we provide an algorithm to find the (joint) moments of the number of
customers, for a system with exponential glue periods. Finally, we present a procedure
to find the approximate mean waiting time of customers at each station for a polling
system with retrials and general glue periods.

1.3.2 Revenue optimization

In the second part of the thesis, we study a revenue maximization problem for optical
routing nodes. This work is covered in Chapters 5 and 6 of this thesis. The problem is
motivated by the limited availability of resources in a communication system and the
desire to optimize the system. We look at this problem in an optical node setting. The
optical node protocol is modeled by a cyclic polling system with deterministic visit
and switchover times and the optical buffers (FDLs) are modeled as retrial queues.
The motivation for making these modeling assumptions is the same as explained in
the previous subsection.

The customers retry during a visit period, cf. Fig. 1.4, at the station with some
probability which is non-decreasing in the length of the visit period. Similarly, the
customers are dropped from their orbit at the end of a visit period at their station
with some probability which is non-increasing in the length of the visit period. Every
customer who retries during the visit period is served immediately, i.e., we assume
that service is instantaneous. The system gets a reward for every customer served
and a penalty for every customer lost, hence the revenue of the system depends on
the number of customers served and dropped. From an application perspective, the
reward and penalty function can be a strategy used by the system operator to provide
pricing and quality assurance for its customers.
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Figure 1.6: A cycle starting from the beginning of a visit period of station 1.

For this system, we start by evaluating the revenue function in terms of the length
of a visit period under the assumption that the cycle time, i.e., the time it takes the
server to visit all the queues, is fixed, cf. Figure 1.6. Then we design an optimization
problem for the system to distribute the visit periods amongst all the stations within
the given cycle time so as to maximize the revenue of the system. The model is then
extended to an optical node where multiple wavelengths are available for switching.
For this model, we define an optimization problem to maximize the revenue of the
system. The problem is modeled to first obtain an allocation of a set of stations to
each available wavelength and then the allocation of visit periods to each station
within the allocated wavelengths, so as to optimize the revenue obtained from each
wavelength.

1.3.3 Data center

The third part of this thesis, Chapter 7, is concerned with the modeling and analysis of
a data center network architecture. The architecture chosen is an "all-optical flat data
center network" given in [79]. The goal of the study is to evaluate the performance
measures, the probability of packet loss and latency, of this network.

The network is made up of servers arranged in the form of multiple racks, con-
nected via control units called "Top Of the Rack" (TOR) units. These racks are arranged
in clusters and all the interconnected clusters together form the data center network.
The traffic in the system is generated in the servers and has to be transferred to other
servers, within the rack or in other racks of their cluster or in other clusters. The
network has three switching elements to carry the transfer: the servers are connected
directly to the TOR via two-way channels, the TORs within the cluster are connected
to each other via an intracluster switch, the corresponding TORs of all the clusters
are connected via an intercluster switch, cf. Fig 1.7. All these three connections are
modeled as independent systems. The connection between a server and the TOR
is modeled as a classic finite buffer single server queue with different wavelengths
being represented by different queueing systems. The intracluster and intercluster
switches have a more complex architecture, which we break down and model as head
of the line buffered cross-connect switches.

The system is studied for two traffic types: time slotted Bernoulli and continuous
ON-OFF. For each traffic type, we define the model of the queues along with the
arrival rates into the queue. Then the models are analyzed to calculate the probability
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Figure 1.7: Novel flat DCN architecture based on optical switch with fast flow control

of loss and mean waiting times under various load situations. These results are then
combined to get the performance measure for the whole system.

1.4 Contribution and organization of the thesis

In this section, we outline the main contributions of the thesis along with the orga-
nization of the remaining chapters. Each of the remaining chapters of this thesis
is based on papers published or submitted for publication. We divide this section
into three parts, similar to the division of the thesis and provide an overview of the
contributions of the remaining chapters chronologically.

Polling model with retrials and glue periods

Chapter 2 is based on [4] which is a joint paper with O.J. Boxma and J.A.C. Resing

In Chapter 2 we start with giving a motivation for the first part, i.e., how and
why we use polling models with retrials and glue periods to analyze the performance
of optical nodes. This part of the thesis considers that packets arrive according to
independent Poisson processes and the packet sizes are generally distributed. We
first study a single station vacation model with exponential retrials and deterministic
glue periods. Here vacation denotes that the server is unavailable for certain periods
of time, reflecting that it may actually be serving customers at other stations. For
this model, we evaluate the joint generating functions of the steady-state number of
customers "glued" and in the orbit, at the start of a glue period, a visit period and a
vacation period. We use these to evaluate the first and second moments of the number
of customers at the three time epochs. Then we evaluate the generating functions for
an arbitrary time point during a glue period, a visit period, a vacation period and the
whole cycle. From these arbitrary times, we evaluate the mean number of customers,
"glued" and in the orbit. It is then shown that the mean number of customers in the
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system is a convex function of the length of the glue periods. Hence we can choose
an optimal glue period length to minimize the number of customers in this model.

This study is then extended to an N station polling model with exponential retrials
and deterministic glue periods. Similar to the vacation model, we evaluate the joint
generating functions of the steady-state number of customers at each station, "glued"
and in the orbit, at the start of a glue period, a visit period and a switchover period
of any station i . Then we establish a relationship between a multitype branching
process and the number of customers of each type at the start of a glue period at
station 1. We calculate the first moment of the number of customers at each station for
these fixed time epochs and provide a method to calculate the higher moments. We
extend this work to provide the joint generating function at an arbitrary time instance
during the glue period, the visit period and the switchover period of any station i,
and then extend it to any arbitrary instance during the cycle. We also provide a
procedure to evaluate the mean number of customers at these various time instances.
We end Chapter 2 by illustrating that the mean number of customers at each station
is a convex function of the glue period of that station.

Chapter 3 is based on [5] and is a joint paper with J.L. Dorsman and J.A.C. Resing.

Chapter 3 is an extension of work on the same model, i.e, an N station polling
model with exponential retrials and deterministic glue periods. The goal of this chapter
is to derive an approximate steady-state joint queue length distribution of the number
of customers at each station, "glued" and in the orbit, at various fixed and arbitrary
time points, when the system is handling heavy traffic. To achieve this we exploit
the relationship between the model and multitype branching processes established
in the previous chapter. We start this chapter by introducing a theorem from [93] on
multitype branching processes with immigration. Next, we prove some lemmas along
the lines of [77], and derive the scaled heavy-traffic joint steady-state distribution
of the number of customers at all stations at the start of a glue period of station 1,
where the scaling is done by multiplying with 1− ρ where ρ is the load of the system.
The analysis is extended to evaluate the scaled joint steady state distribution at the
start of a visit period and the start of a switchover period of station 1, and we give a
procedure to extend these to the start of these fixed time epochs of all stations. The
analysis then is extended to find the heavy-traffic joint steady-state distribution of the
number of customers at all stations at arbitrary time instances during a glue period, a
visit period and a switchover period of any station i and subsequently at any arbitrary
time point.

The scaled distributions obtained in this manner are a product of a uniform ran-
dom variable which controls the traffic ratio in each station, and a gamma random
variable which dictates the workload of the whole system. We also evaluate the total
amount of work in the system and show that it satisfies the so-called heavy-traffic
averaging principle. Finally, we use these results to approximate the mean queue
lengths at each station, which are very easy to calculate in comparison with the exact
procedure given in the previous chapter. We evaluate the accuracy of the approximate
value and observe that for higher loads on the system the approximation is quite
accurate.
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Chapter 4 is based on [2] which is a joint paper with O.J. Boxma, B. Kim, J. Kim and
J.A.C. Resing

In Chapter 4 the polling model with exponential retrials is extended to the case of
non-deterministic glue periods. We start by defining the model for exponential glue
periods. For this, we evaluate generating functions of the steady-state number of
customers, "glued" and in orbit, at the beginnings of the glue period, visit period,
and switchover period of any station i. We use these generating functions to obtain
the means of the number of customers at each station and provide an approach to
calculate the higher moments. The work is then extended to evaluating the generating
functions at arbitrary time points, during the glue period, visit period and switchover
period of any station i and these are used to give the generating functions at an
arbitrary time point. Then an algorithm is provided to calculate the mean and higher
(cross) moments of the number of customers at arbitrary time points. Finally, for a
system with exponential glue periods we illustrate the relationship between the mean,
the squared coefficient of variation and the correlation coefficient of the number of
customers at different stations.

Next, in this chapter, we consider a polling system with exponential retrials
and generally distributed glue periods. For this system, we show that the workload
decomposition holds, i.e., the total workload in the system can be divided into the
workload of an M/G/1 system and the workload in the system when the server is idle
(glue period + switchover period). Once the workload decomposition is proven, we
apply the pseudo-conversation law given in [24] to calculate a weighted sum of mean
waiting times in the system, and use this to give an approximate formula to evaluate
the mean waiting time at each station. Using numerical examples we then show that
this approximation is reasonably accurate for different glue period distributions, by
comparing them with exact results (for exponential and deterministic glue periods) or
simulation results. Then we describe and solve an optimization problem to allocate
appropriate mean glue periods so as to minimize the workload in the system. We
conclude this chapter by giving suggestions for further research for the first part of
the thesis, i.e., polling models with retrials and glue periods.

Revenue optimization

Chapter 5 is based on [3] which is a joint paper with O.J. Boxma, A.M.J. Koonen and
J.A.C. Resing

Chapter 5 starts with a motivation to the second part of this thesis. We then
develop an optical node model based on a polling system with retrials which will be
used for analyzing the revenue of the system. For this model, we calculate the mean
queue lengths at the start and end of a visit period of any station i in steady state.
Using the queue lengths, we calculate the profit and loss made by the system per
cycle from a given system, which can be merged to give the revenue obtained from
a station in each cycle, for a given set of visit periods. Then the total revenue of the
system is evaluated, and an optimization problem to maximize this revenue, subject
to the constraint that the cycle time is fixed; is formulated. For this optimization
problem, we show that under obvious assumptions on probabilities of retrial and
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probabilities of loss, the objective, i.e., the revenue function, is convex separable with
respect to the length of visit periods of all stations. An algorithm "RANK" is given to
solve this optimization problem, and numerical results based on this are shown.

Chapter 6 is based on [1] which is a joint work with O.J. Boxma, C.A.J. Hurkens,
A.M.J. Koonen and J.A.C. Resing

In Chapter 6 we extend the model of the optical node to encompass multiple
wavelengths. With the addition of this new multi-wavelength element, we define an
optimization problem to distribute the stations among the wavelengths, and on each
wavelength, to distribute the visit periods to allocated stations, such that the revenue
of the system is maximized. This gives rise to a mixed integer linear programming
problem (MILP) which is NP-hard. To solve this fast and efficiently we provide
a three-step heuristic, which consists of solving a separable convex optimization
problem, followed by allocating the stations using a simple bin packing algorithm,
followed by a set of separable convex optimization problems. Next, in numerical
examples in which we compare the results obtained from the algorithm and by
simulations, we show that the algorithm provides near-to-optimal solutions. We
conclude this chapter and the second part of the thesis with suggestions for future
research.

Data center

A publication on Chapter 7 is in preparation

Chapter 7 starts with an introduction to the data center architecture under consid-
eration. We define each component of the network and postulate the breakdown of
the system into smaller components. Each of these components is then modeled as
independent queueing systems. The queueing systems are studied for two types of
traffic patterns: Bernoulli traffic (discrete time) and ON-OFF traffic (continuous time).
For time-slotted Bernoulli traffic we show that the combined input processes of all
the sources can be modeled as a Poisson process for the various queueing systems
we have modeled. Next, for the continuous ON-OFF traffic we use the reasoning of
[9] to model the combined input processes of all the sources as a set of independent
fluid sources. More precisely, each source alternates between ON periods, in which it
transmits at a constant speed, and OFF periods in which it does not transmit.

An important variable in our study is the output rate of the head of the line
buffering switch which we model as a component of the network. Hence we give
a procedure to calculate the output rate of this queueing model. Next, we evaluate
the probability of loss and waiting time for the system with time-slotted Bernoulli
traffic using various queueing methods. We also evaluate these measures for the
system with continuous ON-OFF traffic using fluid queue techniques. The results
obtained from these methods are numerically evaluated and compared to the results
obtained in [79] to validate our model. We conclude the work by providing insight
into the performance impact of some of the important components of the system and
suggestions for extensions and further research.



Part I :

Polling models with
retrials and glue periods
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Chapter 2

Analysis of system with deterministic
glue periods

Motivated by questions regarding the performance modeling of optical switching
nodes, in Chapters 2, 3 and 4, we consider a particular class of polling systems.
As described in Section 1.2.3, a polling system is a queueing system in which a
server cyclically visits several queues. We consider such a cyclic polling system with
the gated service policy and with two special features: (i) retrials, and (ii) glue or
reservation periods. Such glue periods immediately precede a visit period of the
server to a queue. When a type-i customer arrives during a glue period of queue i, it
will be served in the next visit period of the server to that queue. Customers arriving
in any other period leave immediately and retry after an exponentially distributed
time. The inclusion of retrial queues is motivated by fiber delay lines (FDL), which
are used to buffer packets in an optical switching nodes, and the addition of glue
periods is motivated by the concept of “slowlight” technology, cf. Section 1.1. In the
next section, we give a detailed motivation for the work in Chapters 2, 3 and 4.

2.1 Motivation

Optical networks are a very important part of current communication systems, cf.
Section 1.1. Performance analysis of optical networks is a challenging topic due to
the various constraints which do not arise in copper-based systems, cf. Section 1.2.4.
In a telecommunication network, packets must be routed from source to destination,
passing through a series of routers and switches. In copper-based transmission links,
packets from different sources are time-multiplexed. This is often modeled by a single
server polling system. In optical switches, too, one has the need for a protocol to
decide which packet may next be transmitted. One might again use a cyclic polling
strategy, cyclic meaning that there is a fixed pattern for giving service to particu-
lar ports/stations. Polling systems are queueing models in which a single server,
alternatingly, visits a number of queues in some prescribed order, cf. Section 1.2.3.

However, unlike electronics, buffering of optical packets is not easy, as photons
cannot be stopped. Whenever there is a need to buffer photons, they are made to
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move locally in fiber loops. These fiber loops or fiber delay lines (FDL) originate and
end at the head of a switching node. When a photon arrives at the switching node at
a time it cannot be served, it is sent into an FDL, thereby incurring a small delay to
its time of arrival without getting lost or displaced. Depending on the availability,
requirement, traffic, size of photon and other such factors, the length (delay produced)
of these FDLs can differ. Hence we assume that these FDLs delay the photons by
a random amount of time. Also, if a packet does not receive service after a cycle
through an FDL, then depending on the model it can go into either the same FDL or
a longer or a shorter one or randomly to any of the available FDLs. Hence we assume
that two consecutive retrials are independent of each other. This FDL feature can
be modeled by a retrial queue. Queueing systems with retrials are characterized by
the fact that arriving customers who find the server busy, do not wait in an ordinary
queue. Instead of that, they go into an orbit, retrying to obtain service after a random
amount of time, cf. Section 1.2.3.

A sophisticated technology that one might try to add to this is varying the speed
of light by changing the refractive index of the fiber loop, cf. [86, 110]. By increasing
the refractive index in a small part of the loop we can achieve ‘slow light’, which
implies slowing the packets. When a port ‘knows’ that it will soon be served, it may
start the process of increasing the refractive index at FDLs and at the end of fibers
of incoming packets. By doing this, it slows down the packets which arrive at the
station just before the visit period of the station begins. This feature is incorporated in
our model as glue periods immediately before the visit period of the corresponding
station. Packets arriving in this glue period can be served in that subsequent visit
period. Motivated by this technique we introduce the concept of glue periods in
polling systems with retrials. Just before the server arrives at a station there is a glue
period. Customers (both new arrivals and retrials) arriving at the station during
this glue period "stick" and will be served during the visit of the server. Customers
arriving in any other period leave immediately and will retry after an exponentially
distributed time.

The concept of glue period is, to the best of our knowledge, new in polling
systems. It may also be interpreted as a reservation period. We view a reservation
period as a period in which customers can make a reservation at a station for service
in the subsequent visit period of that station. The polling models with retrials and
reservation periods could be interesting objects of study in, e.g., healthcare. In our
case, such a reservation period occurs immediately before the visit period and could
be viewed as the last part, Gi, of a switchover period of length Si + Gi. Ordinary
gated polling could be viewed as a service discipline in which it is always possible to
make a reservation for the following visit period.

The main contributions of this chapter are the following. (i) For the case of a single
queue with vacations and glue periods, we provide a detailed queue-length analysis
at particular embedded epochs and at an arbitrary epoch. We also show how to
choose the length of the glue period that minimizes the mean number of customers in
the system. (ii) We provide a detailed queue-length analysis for the N-queue polling
case – again at particular embedded epochs and at an arbitrary epoch.

The remainder of this chapter is organized as follows. In Section 2.2 we consider
the case of a single queue with vacations and retrials; arrivals and retrials only "stick"
during a glue period. We study this case separately because (i) it is of interest in its



2.2. Queue length analysis for the single-queue case 25

own right, (ii) it allows us to explain the analytic approach as well as the probabilistic
meaning of the main components in considerable detail, (iii) it makes the analysis
of the multi-queue case more accessible, and (iv) results for the one-queue case may
serve as a first-order approximation for the behavior of a particular queue in the
N-queue case, switchover periods now also representing glue and visit periods at
other queues. In Section 2.3 the N-queue case is analyzed.

2.2 Queue length analysis for the single-queue case

2.2.1 Model description

In this section we consider a single queue Q in isolation. Customers arrive at Q
according to a Poisson process with rate λ. The service times of successive customers
are independent, identically distributed (i.i.d.) random variables (r.v.), with distribu-
tion B(·) and Laplace-Stieltjes transform (LST) B̃(·). A generic service time is denoted
by B. After a visit period of the server at Q it takes a vacation. Successive vacation
lengths are i.i.d. r.v., with S a generic vacation length, with distribution S(·) and
LST S̃(·). We make all the usual independence assumptions about interarrival times,
service times and vacation lengths at the queues. After the server’s vacation, a glue
period of deterministic (i.e., constant) length begins. Its significance stems from the
following assumption. Customers who arrive at Q do not receive service immediately.
When customers arrive at Q during a glue period G, they stick, joining the queue of
Q. When they arrive in any other period, they immediately leave and retry after a
retrial interval which is independent of everything else, and which is exponentially
distributed with rate ν. The glue period is immediately followed by a visit period of
the server at Q, cf. Fig. 2.1.

Glue Visit Vacation Glue Visit Vacation
Cycle time Cycle time

Figure 2.1: Vacation system with glue periods.

The service discipline at Q is gated: During the visit period at Q, the server serves
all "glued" customers in that queue, i.e., all customers waiting at the end of the glue
period (but none of those in orbit, and neither any new arrivals).

We are interested in the steady-state behaviour of this vacation model with retrials.
We hence make the assumption that ρ := λE[B] < 1; it may be verified that this is
indeed the condition for this steady-state behaviour to exist.

Some more notation:
Gn denotes the nth glue period of Q.
Vn denotes the nth visit period of Q (immediately following the nth glue period).
Sn denotes the nth vacation of the server (immediately following the nth visit period).
Xn denotes the number of customers in the system (hence in orbit) at the start of Gn.
Yn denotes the number of customers in the system at the start of Vn. Notice that here
we should distinguish between those who are queueing and those who are in orbit:
We write Yn = Y(q)

n + Y(o)
n , where q denotes queueing and o denotes in orbit.
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Finally,
Zn denotes the number of customers in the system (hence in orbit) at the start of Sn.

2.2.2 Queue length analysis at embedded time points

In this subsection, we study the steady-state distributions of the numbers of customers
at the beginning of (i) glue periods, (ii) visit periods, and (iii) vacation periods. Denote
by X a r.v. with as distribution the limiting distribution of Xn. Y and Z are similarly
defined, and Y = Y(q) + Y(o), the steady-state numbers of customers in queue and in
orbit at the beginning of a visit period (which coincides with the end of a glue period).
In the sequel, we shall introduce several generating functions, throughout assuming
that their argument |z| ≤ 1. For conciseness of notation, let β(z) := B̃(λ(1− z)) and
σ(z) := S̃(λ(1− z)). Then it is easily seen that

E[zX ] = σ(z)E[zZ], (2.2.1)

since X equals Z plus the new arrivals during the vacation;

E[zZ] = E[β(z)Y(q)
zY(o)

], (2.2.2)

since Z equals Y(o) plus the new arrivals during the Y(q) services; and

E[zY(q)

q zY(o)

o ] = e−λ(1−zq)GE[{(1− e−νG)zq + e−νGzo}X ]. (2.2.3)

The last equation follows since Y(q) is the sum of new arrivals during G and retrials
who return during G; each of the X customers which were in orbit at the beginning
of the glue period has a probability 1− e−νG of returning before the end of that glue
period.

Combining Eqs. (2.2.1)-(2.2.3), and introducing

f (z) := (1− e−νG)β(z) + e−νGz,

we obtain the following functional equation for E[zX ]:

E[zX ] = σ(z)e−λ(1−β(z))GE[ f (z)X ].

Introducing K(z) := σ(z)e−λ(1−β(z))G and X(z) := E[zX ], we have:

X(z) = K(z)X( f (z)). (2.2.4)

This is a functional equation that naturally occurs in the study of queueing models
which have a branching-type structure; see, e.g., [25] and [96]. Typically, one may
view customers who newly arrive into the system during a service as children of
the served customer ("branching"), and customers who newly arrive into the system
during a vacation or glue period as immigrants. Such a functional equation may
be solved by iteration, giving rise to an infinite product – where the jth term in
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the product typically corresponds to customers who descend from an ancestor of j
generations before. In this particular case we have after n iterations:

X(z) =
n

∏
j=0

K( f (j)(z))X( f (n+1)(z)),

where f (0)(z) := z and f (j)(z) := f ( f (j−1)(z)), j = 1, 2, . . . . Below we show that this
product converges for n→ ∞ iff ρ < 1, thus proving the following theorem:

Theorem 2.2.1. If ρ < 1 then the generating function X(z) = E[zX ] is given by

X(z) =
∞

∏
j=0

K( f (j)(z)).

Proof. Eq. (2.2.4) is an equation for a branching process with immigration, where
the number of immigrants has generating function K(z) and the number of children in
the branching process has generating function f (z). Clearly, K′(1) = λE[S] + λρG <
∞ and f ′(1) = e−νG +

(
1− e−νG) ρ < 1, if ρ < 1. The result of the theorem now

follows directly from the theory of branching processes with immigration (see e.g.,
Theorem 1 on page 263 in Athreya and Ney [13]).

Having obtained an expression for E[zX ] in Theorem 2.2.1, expressions for E[zZ]

and E[zY(q)
q zY(o)

o ] immediately follow from Eqs. (2.2.2) and (2.2.3). Moments of X may
be obtained from Theorem 2.2.1, but it is also straightforward to obtain E[X] from
Eqs. (2.2.1)-(2.2.3):

E[X] = λE[S] + E[Z],

E[Z] = ρE[Y(q)] + E[Y(o)],

E[Y(q)] = λG + (1− e−νG)E[X],

E[Y(o)] = e−νGE[X],

yielding

E[X] =
λE[S] + λρG

(1− ρ)(1− e−νG)
. (2.2.5)

Hence

E[Y(q)] = λG + (1− e−νG)
λE[S] + λρG

(1− ρ)(1− e−νG)
=

λE[S] + λG
1− ρ

, (2.2.6)

E[Y(o)] = e−νG λE[S] + λρG
(1− ρ)(1− e−νG)

, (2.2.7)

E[Z] =
λρG + λE[S]

(
ρ(1− e−νG) + e−νG)

(1− ρ)(1− e−νG)
. (2.2.8)
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Notice that the denominators of the above expressions equal 1− f ′(1). Also,
notice that it makes sense that the denominators contain both the factor 1− ρ and the
probability 1− e−νG that a retrial returns during a glue period.

In a similar way as the first moments of X, Y(q), Y(o) and Z have been obtained, we
can also obtain their second moment. For further use we here calculate E[X(X− 1)]:

E[X(X− 1)] =
K′′(1)

(1− ρ)(1− e−νG)(1 + ρ(1− e−νG) + e−νG)
(2.2.9)

+
K′(1)

[
2K′(1)(ρ(1− e−νG) + e−νG) + (1− e−νG)λ2E[B2]

]
(1− ρ)2(1− e−νG)2(1 + ρ(1− e−νG) + e−νG)

,

where K′(1) = λE[S] + λρG and K′′(1) = λ2E[S2] + 2ρλ2GE[S] + λ3GE[B2] +
(λGρ)2.

Remark 2.2.1. Special cases of the above analysis are, e.g.:
(i) Vacations of length zero. Simply take σ(z) ≡ 1 and E[S] = 0 in the above equations.
(ii) ν = ∞. Retrials now always return during a glue period. We then have f (z) = β(z),
which leads to minor simplifications.

Remark 2.2.2. It seems difficult to handle the case of non-constant glue periods, as it seems to
lead to a process with complicated dependencies. If G takes a few distinct values G1, . . . , GN
with different probabilities, then one might still be able to obtain a kind of multinomial
generalization of the infinite product featuring in Theorem 2.2.1. One would then have several
functions fi(z) := (1− e−νGi )β(z) + e−νGi z, and all possible combinations of iterations
fi( fh( fk(. . . (z)))) arising in functions Ki(z) := σ(z)e−λ(1−β(z))Gi , i = 1, 2, . . . , N. By
way of approximation, one might stop the iterations after a certain number of terms, the
number depending on the speed of convergence (hence on 1− ρ and on 1− e−νGi ).

2.2.3 Queue length analysis at arbitrary time points

Having found the generating functions of the number of customers at the beginning
of (i) glue periods (E[zX ]), (ii) visit periods (E[zY(q)

q zY(o)
o ]), and (iii) vacation periods

(E[zZ]), we can also obtain the generating function of the number of customers at
arbitrary time points.

Theorem 2.2.2. If ρ < 1, we have the following results:

a) The joint generating function, Rva(zq, zo), of the number of customers in the queue
and in the orbit at an arbitrary time point in a vacation period equals the generating
function Rva(zo) of the number of customers in orbit at an arbitrary time point in a
vacation period and is given by

Rva(zq, zo) = E[zZ
o ]

1− S̃(λ(1− zo))

λ(1− zo)E[S]
. (2.2.10)

b) The joint generating function, Rgl(zq, zo), of the number of customers in the queue and
in the orbit at an arbitrary time point in a glue period is given by

Rgl(zq, zo) =
∫ G

t=0
e−λ(1−zq)tE[{(1− e−νt)zq + e−νtzo}X ]

dt
G

.
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c) The joint generating function, Rvi(zq, zo), of the number of customers in the queue and
in the orbit at an arbitrary time point in a visit period is given by

Rvi(zq, zo) =
zq

(
E[zY(q)

q zY(o)
o ]−E[B̃(λ(1− zo))Y(q)

zY(o)
o ]

)
E[Y(q)]

(
zq − B̃(λ(1− zo))

) 1− B̃(λ(1− zo))

λ(1− zo)E[B]
.

d) The joint generating function, R(zq, zo), of the number of customers in the queue and
in the orbit at an arbitrary time point is given by

R(zq, zo) = ρRvi(zq, zo) + (1− ρ) G
G+E[S] Rgl(zq, zo) + (1− ρ) E[S]

G+E[S] Rva(zq, zo).

Proof.

a) Follows from the fact that during vacation periods there are no customers in
the queue, hence the right-hand side of Eq. (2.2.10) is independent of zq, and
the fact that the number of customers at an arbitrary time point in the orbit is
the sum of two independent terms: The number of customers at the beginning
of the vacation period and the number that arrived during the past part of the
vacation period. The generating function of the latter is given by

1− S̃(λ(1− zo))

λ(1− zo)E[S]
.

b) Follows from the fact that if the past part of the glue period is equal to t,
the generating function of the number of new arrivals in the queue during
this period is equal to e−λ(1−zq)t and each customer present in the orbit at the
beginning of the glue period is, independent of the others, still in orbit with
probability e−νt and has moved to the queue with probability 1− e−νt.

c) During an arbitrary point in time in a visit period the number of customers in
the system consists of two parts:

– the number of customers in the system at the beginning of the service time
of the customer currently in service, leading to the term (see Remark 2.2.3
below):

zq

(
E[zY(q)

q zY(o)
o ]−E[B̃(λ(1− zo))Y(q)

zY(o)
o ]

)
E[Y(q)]

(
zq − B̃(λ(1− zo))

) ; (2.2.11)

with gated service but

– the number of customers that arrived during the past part of the service of
the customer currently in service, leading to the term

1− B̃(λ(1− zo))

λ(1− zo)E[B]
.
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d) Follows from the fact that the fraction of time the server is visiting Q is equal
to ρ, and if the server is not visiting Q, with probability E[S]

G+E[S] the server is on

vacation and with probability G
G+E[S] the system is in a glue phase.

Remark 2.2.3. A straightforward way to prove Eq. (2.2.11) is to condition on the number of
customers, say, j, in queue at the end of a glue period, and to average the number of customers
in queue and in orbit over the beginnings of the j services. A more elegant proof of Eq. (2.2.11)
uses the observation that typically in vacation and polling systems each time a visit beginning
or a service completion occurs, this coincides with a service beginning or a visit completion.
This observation yields (see, e.g., Boxma, Kella and Kosinski [26])

γVb(zq, zo) + Sc(zq, zo) = Sb(zq, zo) + γVc(zq, zo).

Here, Vb(zq, zo) and Vc(zq, zo) are the joint generating functions of the number of customers
in the queue and in the orbit at visit beginnings and visit completions, respectively. Similarly,
Sb(zq, zo) and Sc(zq, zo) are the joint generating functions of the number of customers in
the queue and in the orbit at service beginnings and service completions, respectively. Finally,
γ is the reciprocal of the mean number of customers served per visit. Clearly,

γ =
1

E[Y(q)]
, Vb(zq, zo) = E[zY(q)

q zY(o)

o ], Vc(zq, zo) = E[B̃(λ(1− zo))
Y(q)

zY(o)

o ],

and

Sc(zq, zo) =
Sb(zq, zo)

zq
B̃(λ(1− zo)),

which yields that Sb(zq, zo) is given by (2.2.11).

From Theorem 2.2.2, we now can obtain the steady-state mean number of cus-
tomers in the system at arbitrary time points in vacation periods (E[Rva]), in glue
periods (E[Rgl ]), in visit periods (E[Rvi]) and in arbitrary periods (E[R]). These are
given by

E[Rva] = E[Z] + λ
E[S2]
2E[S] ,

E[Rgl ] = E[X] + λ G
2 ,

E[Rvi] = 1 + λ
E[B2]
2E[B] +

E[Y(q)Y(o) ]

E[Y(q) ]
+ (1+ρ)E[Y(q)(Y(q)−1)]

2E[Y(q) ]
,

E[R] = ρE[Rvi] + (1− ρ) G
G+E[S]E[Rgl ] + (1− ρ) E[S]

G+E[S]E[Rva]. (2.2.12)

Remark that the quantities E[Y(q)Y(o)] and E[Y(q)(Y(q) − 1)] can be obtained using
Eq. (2.2.3):

E[Y(q)Y(o)] = λGe−νGE[X] +
(

1− e−νG
)

e−νGE[X(X− 1)],

E[Y(q)(Y(q) − 1)] = (λG)2 +
(

1− e−νG
)2

E[X(X− 1)] + 2λG
(

1− e−νG
)

E[X].
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By combining these relations with Eqs. (2.2.5)- (2.2.9) and (2.2.12), we obtain – after
tedious calculations – the following relatively simple expression for the mean number
of customers E[R]:

E[R] =ρ +
λ2E[B2]

2(1− ρ)
+

λE[(G + S)2]

2E[G + S]
+

λρE[G + S]
1− ρ

+ λ(ρG + E[S])
e−νG

(1− ρ)(1− e−νG)
, (2.2.13)

which we rewrite for later purposes as

E[R] =ρ +
λ2E[B2]

2(1− ρ)
+ λ

E[S]
G + E[S]

E[S2]

2E[S]
+ λ

E[S]
G + E[S]

G + λ
G

G + E[S]
G
2

+
λρ(G + E[S])

1− ρ
+ λ(ρG + E[S])

e−νG

(1− ρ)(1− e−νG)
. (2.2.14)

Remark 2.2.4. (i). It should be noticed that the first two terms in the right-hand side of
Eq. (2.2.13) together represent the mean number of customers in the ordinary M/G/1 queue,
without vacations and glue periods. The third term represents the mean number of arrivals
during the residual part of a vacation plus glue period. The fourth term can be interpreted
as the mean number of arrivals during a visit period of the server (since the mean length of
one cycle, i.e., visit plus vacation plus glue period, is via a balance argument seen to equal
E[C] = G+E[S]

1−ρ , while a mean visit period equals ρE[C]). The fifth term is the only term
involving the retrial rate ν. In particular, that term disappears when ν → ∞. In the latter
case, our model reduces to an M/G/1 queue with gated vacations, with vacation lengths
G + S. The resulting expression for the mean number of customers coincides with Eq. (5.23)
of [103] (see also Eq. (3.2.6) of [106]).
(ii). A more interesting limiting operation is to simultaneously let ν→ ∞ and G ↓ 0, such
that νG remains constant. The resulting model is an M/G/1 queue with vacations and
binomially gated service; see, e.g., Levy [72]. Here, each customer who is present at the end of
a vacation will be served in the next visit period with probability p = 1− e−νG. In this case,
the mean number of customers in the system is given by

E[R] = ρ +
λ2E[B2]

2(1− ρ)
+

λE[S2]

2E[S]
+

λρE[S]
1− ρ

+
λE[S](1− p)

p(1− ρ)
. (2.2.15)

This equation coincides with the results obtained in [72] (see e.g., Eq. (7.1) with N = 1 in
[72] for the mean sojourn time of customers in this model). Observe that our equation, after
application of Little’s formula, does not fully agree with the mean delay expression (5.50b)
in [103] and with a similar equation on p. 90 of [106]. Those mean delay expressions for the
binomial gated model seem to refer to the case where customers who are not served during a
visit (w.p. 1− p) are lost; hence factors like 1

1−pρ in those mean delay expressions.
(iii). Eq. (2.2.14) immediately shows how the mean number of customers behaves for very
small and for very large values of the glue period length G:

E[R] ∼ λE[S]
Gν(1− ρ)

, G ↓ 0, (2.2.16)
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Figure 2.2: Mean number of customers vs length of glue period

and

E[R] ∼ λ(1 + ρ)

2(1− ρ)
G, G → ∞. (2.2.17)

We observe that the equations (2.2.16) and (2.2.17) do not involve E[B2] and E[S2]. Hence
the mean number of customers in the system is almost insensitive to the variance of the service
times and vacation times when G is either very small or very large. In Subsection 2.2.4 we
explore the effect of G on E[R] more deeply.

2.2.4 Optimizing the length of the glue period

One of the main reasons for studying mathematical models of optical networks is to
improve the performance of the system. In this model, the length of the glue period
is an important system design parameter. The results of the previous subsections
can, e.g., be used to determine the value of G which minimizes the mean number of
customers in the system at any arbitrary time point. The mean sojourn time of an
arbitrary customer follows from Little’s formula. Therefore we can find the value of
G which minimizes the mean sojourn time of an arbitrary customer.

Let us first present a sample of numerical results that we obtained for E[R] as a
function of G. We consider four cases: (i) the service time distribution and vacation
time distribution are exponential, (ii) the service time distribution is exponential and
the vacation time is constant, (iii) the service time is constant and the vacation time
distribution is exponential and (iv) the service time and vacation time are constant.
In Fig 2.2 we take λ = 0.9, ν = 0.5, and E[S] = 10, we plot G vs E[R], for E[B] = 1
and 1.1. Note that E[B] = 1.1 corresponds to the heavy traffic case ρ = 0.99.

From the examples in Fig 2.2 we observe the following results:
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• The mean number of customers at any arbitrary point seems to be convex
w.r.t. glue period length, i.e., there exists a glue period Gmin where the system
has minimum mean number of customers E[Rmin] and hence minimum mean
sojourn time.

• For a large G, E[R] increases linearly with G (as confirmed by Eq. (2.2.17)).

• For a very small G, E[R] behaves like 1/G (as confirmed by Eq.(2.2.16)).

• For different service time and vacation time distributions the mean number of
customers is changed but the difference in Gmin is insignificantly small.

• As ρ→ 1 , i.e., the system is in heavy traffic regime, the value of E[R] becomes
insensitive to the distribution of S.

Indeed, if G is very small, the number of customers joining the queue in each glue
period is very small and thereby the efficiency of the system is decreased. On the
other hand, a large G means the system stays in the glue period for a long time and
this decreases the efficiency of the system. Hence it is logical to have a Gmin which
optimizes the system.

We will now prove that E[R] is indeed convex in G. Twice differentiating the
expression for E[R] in Eq. (2.2.13) w.r.t. G gives

d2

dG2 E[R] =
λ

E[G + S]

(
E[(G + S)2]

E[G + S]2
− 1
)

(2.2.18)

+
λνe−νG

(1− ρ)(1− e−νG)2

(
ν(ρG + E[S])

(1 + e−νG)

(1− e−νG)
− 2ρ

)
.

Clearly, the first term in the right-hand side of Eq. (2.2.18) is nonnegative. Let

Q(G) := ν(ρG + E[S])
(1 + e−νG)

(1− e−νG)
− 2ρ.

We can see Q(G) −→ ∞ as G −→ 0 or G −→ ∞. Let Q(G) attain its minimum
at G = g. Hence calculating the first derivative of Q(G) and equating it to zero, at
G = g, gives

ρg + E[S] =
ρ

2νe−νg (1− e−2νg).

Therefore
Q(g) =

ρ

2
[eνg − 2 + e−νg] ≥ 0.

We observe that the minimum value of Q(G) is always nonnegative. Since both terms
of Eq. (2.2.18) are nonnegative, d2

dG2 E[R] ≥ 0.
Hence E[R], the mean number of customers at an arbitrary point of time in the

system, is convex in G. So the system can improve the quality of service by setting an
optimal value of G for the fixed glue period.

In Table 2.1 we analyze the behaviour of Gmin and E[Rmin] as we increase E[S] for
an exponential distribution B(·) with E[B] = 1, arrival rate λ = 0.5 and retrial rate
ν = 0.5.

Table 2.1 suggests that, in the case under consideration,
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E[S] Gmin for Gmin for E[Rmin] for E[Rmin] for
exponential S(·) constant S(·) exponential S(·) constant S(·)

0 ε, ε −→ 0 ε, ε −→ 0 ∼ 2 ∼ 2
0.1 0.608 0.606 2.476 2.473
0.5 1.334 1.320 3.419 3.385
1 1.846 1.801 4.259 4.170
5 3.694 3.508 9.276 8.549
10 4.785 4.495 14.778 13.070
50 7.783 7.225 56.027 45.156
100 9.167 8.521 106.606 83.634

Table 2.1: Optimal glue period length and corresponding minimum mean number of
customers

• Gmin and E[Rmin] increase when E[S] increases.

• Gmin and E[Rmin] increase when the variance of S becomes larger.

• When E[S] approaches 0, Gmin also approaches 0. When there is no customer in
the queue, the system will then have a series of very short glue periods, and
when a customer arrives or returns from orbit, it can almost instantaneously
be taken into service. In this case, the system reduces to an ordinary M/G/1

retrial queue; indeed, Eq. (2.2.13) reduces to E[R] = ρ + λ2E[B2]
2(1−ρ)

+ λρ
ν(1−ρ)

which
is in agreement with Eq. (1.37) of [42].

2.3 Queue length analysis for the N-queue case

2.3.1 Model description

In this section we consider a one-server polling model with multiple queues, Qi,
i = 1, · · · , N. Customers arrive at Qi according to a Poisson process with rate λi;
they are called type-i customers, i = 1, · · · , N. The service times at Qi are i.i.d.
r.v., with Bi denoting a generic service time, with distribution Bi(·) and LST B̃i(·),
i = 1, · · · , N. The server follows cyclic polling, thus after a visit of Qi, it switches to
Qi+1. Successive switchover times from Qi to Qi+1 are i.i.d. r.v., with Si a generic
switchover time, with distribution Si(·) and LST S̃i(·), i = 1, · · · , N. We make all
the usual independence assumptions about interarrival times, service times and
switchover times at the queues. After a switch of the server to Qi, there first is a
deterministic (i.e., constant) glue period Gi, before the visit of the server at Qi begins,
i = 1, · · · , N, cf. Fig 2.3. As in the one-queue case, the significance of the glue period
stems from the following assumption. Customers who arrive at Qi do not receive
service immediately. When customers arrive at Qi during a glue period Gi, they stick,
joining the queue of Qi. When they arrive in any other period, they immediately
leave and retry after a retrial interval which is independent of everything else, and
which is exponentially distributed with rate νi, i = 1, · · · , N.
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� A cycle -

G1 V1 S1 Gi Vi Si GN VN SN G1 V1 S1
q q q q q q q q q q q q

Gi: glue period of station i Vi: service period of station i Si: switchover from station i to station i + 1

Figure 2.3: A cycle starting from the beginning of a glue period of station 1.

The service discipline at all queues is gated: During the visit period at Qi, the
server serves all "glued" customers in that queue, i.e., all type-i customers waiting at
the end of the glue period – but none of those in orbit, and neither any new arrivals.

We are interested in the steady-state behaviour of this polling model with retrials.
We hence assume that the stability condition ∑N

i=1 ρi < 1 holds, where ρi := λiE[Bi].
Some more notation:

Gni denotes the nth glue period of Qi.
Vni denotes the nth visit period of Qi.
Sni denotes the nth switch period out of Qi, i = 1, · · · , N.
(X(i)

n1 , X(i)
n2 , · · · , X(i)

nN) denotes the vector of numbers of customers of type 1 to type N
in the system (hence in orbit) at the start of Gni, i = 1, · · · , N.
(Y(i)

n1 , Y(i)
n2 , · · · , Y(i)

nN) denotes the vector of numbers of customers of type 1 to type N
in the system at the start of Vni, i = 1, · · · , N. We distinguish between those who
are queueing in Qi and those who are in orbit for Qi: We write Y(i)

ni = Y(iq)
ni + Y(io)

ni ,
i = 1, · · · , N, where q denotes queueing and o denotes in orbit.
Finally,
(Z(i)

n1 , Z(i)
n2 , · · · , Z(i)

nN) denotes the vector of numbers of customers of type 1 to type N
in the system (hence in orbit) at the start of Sni, i = 1, · · · , N.

2.3.2 Queue length analysis

In this subsection, we study the steady-state joint distribution of the numbers of
customers in the system at beginnings of glue periods. This will also immediately
yield the steady-state joint distributions of the numbers of customers in the system at
the beginnings of visit periods and of switch periods. We follow a similar generat-
ing function approach as in the one-queue case, throughout making the following
assumption regarding the arguments of the generating functions: |zi| ≤ 1, |ziq| ≤ 1,
|zio| ≤ 1. Observe that the generating function of the vector of numbers of arrivals at
Q1 to QN during a type-i service time Bi is βi(z1, z2, · · · , zN) := B̃i(∑N

j=1 λj(1− zj)).
Similarly, the generating function of the vector of numbers of arrivals at Q1 to QN dur-
ing a type-i switchover time Si is σi(z1, z2, · · · , zN) := S̃i(∑N

j=1 λj(1− zj)). Since the
server serves Qi+1 after Qi we can successively express (in terms of generating func-
tions) (X(i+1)

n1 , X(i+1)
n2 , · · · , X(i+1)

nN ) into (Z(i)
n1 , Z(i)

n2 , · · · , Z(i)
nN), (Z(i)

n1 , Z(i)
n2 , · · · , Z(i)

nN) into

(Y(i)
n1 , Y(i)

n2 , · · · , Y(iq)
ni , Y(io)

ni , · · · , Y(i)
nN), and (Y(i)

n1 , Y(i)
n2 , · · · , Y(iq)

ni , Y(io)
ni , · · · , Y(i)

nN) into
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(X(i)
n1 , X(i)

n2 , · · · , X(i)
nN); etc. Denote by (X(i)

1 , X(i)
2 , · · · , X(i)

N ) the vector with as distri-

bution the limiting distribution of (X(i)
n1 , X(i)

n2 , · · · , X(i)
nN), i = 1, · · · , N, and similarly

introduce (Z(i)
1 , Z(i)

2 , · · · , Z(i)
N ) and (Y(i)

1 , Y(i)
2 , · · · , Y(i)

N ), with Y(i)
i = Y(iq)

i + Y(io)
i , for

i = 1, · · · , N. We have:

E

[
z

X(i+1)
1

1 zX(i+1)
2

2 · · · zX(i+1)
N

N

]
= σi(z1, z2, · · · , zN)E

[
z

Z(i)
1

1 zZ(i)
2

2 · · · zZ(i)
N

N

]
. (2.3.1)

E

[
z

Z(i)
1

1 zZ(i)
2

2 · · · zZ(i)
N

N |Y
(i)
1 = h1, Y(i)

2 = h2, · · · , Y(iq)
i = hiq, Y(io)

i = hio, · · · , Y(i)
N = hN

]
=

(
∏
j 6=i

z
hj
j

)
zhio

i [βi(z1, z2, · · · , zN)]
hiq ,

yielding

E

[
z

Z(i)
1

1 zZ(i)
2

2 · · · zZ(i)
N

N

]
= E

[
[βi(z1, z2, · · · , zN)]

Y(iq)
i z

Y(i)
1

1 zY(i)
2

2 · · · zY(io)
i

i · · · zY(i)
N

N

]
.

(2.3.2)

Furthermore,

E

[
z

Y(i)
1

1 zY(i)
2

2 · · · zY(iq)
i

iq z
Y(io)

i
io · · · zY(i)

N
N |X

(i)
1 = a1, X(i)

2 = a2, · · · , X(i)
N = aN

]
=(

∏
j 6=i

z
aj
j e−λj(1−zj)Gi

)
e−λi(1−ziq)Gi

[
(1− e−νiGi )ziq + e−νiGi zio

]ai
,

yielding

E

[
z

Y(i)
1

1 zY(i)
2

2 · · · zY(iq)
i

iq z
Y(io)

i
io · · · zY(i)

N
N

]
=(

∏
j 6=i

e−λj(1−zj)Gi

)
e−λi(1−ziq)Gi

×E

[(
∏
j 6=i

z
X(i)

j
j

) [
(1− e−νiGi )ziq + e−νiGi zio

]X(i)
i

]
. (2.3.3)

It follows from Eqs. (2.3.1), (2.3.2) and (2.3.3), with

fi(z1, z2, · · · , zN) := (1− e−νiGi )βi(z1, z2, · · · , zN) + e−νiGi zi,
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that

E

[
z

X(i+1)
1

1 zX(i+1)
2

2 · · · zX(i+1)
N

N

]
=

σi(z1, z2, · · · , zN)

(
∏
j 6=i

e−λj(1−zj)Gi

)
e−λi(1−βi(z1,z2,··· ,zN))Gi

×E

[(
∏
j 6=i

z
X(i)

j
j

)
[ fi(z1, z2, · · · , zN)]

X(i)
i

]
. (2.3.4)

Let z = (z1, z2, · · · , zN); further

hi(z) := fi(z1, · · · , zi, hi+1(z), · · · , hN(z)),
hN(z) := fN(z1, · · · , zN),

β(i)(z) := βi(z1, · · · , zi, hi+1(z), · · · , hN(z)),

β(N)(z) := βN(z1, · · · , zN),

σ(i)(z) := σi(z1, · · · , zi, hi+1(z), · · · , hN(z)),

σ(N)(z) := σN(z1, · · · , zN).

Since the server moves to Q1 after QN , substituting i = N in (2.3.4), we have

E

[
z

X(1)
1

1 zX(1)
2

2 · · · zX(1)
N

N

]
= σ(N)(z)

(
∏
j 6=N

e−λj(1−zj)GN

)
e−λN(1−β(N)(z))GN

× E

[(
∏
j 6=N

z
X(N)

j
j

)
[hN(z)]

X(N)
N

]
. (2.3.5)

From (2.3.4) we have

E

[(
∏
j 6=N

z
X(N)

j
j

)
[hN(z)]X

(N)
N

]
=σ(N−1)(z)

(
N−2

∏
j=1

e−λj(1−zj)GN−1

)

× e−λN−1(1−β(N−1)(z))GN−1e−λN(1−hN(z))GN−1

×E

[(
N−2

∏
j=1

z
X(N−1)

j
j

)
[hN−1(z)]

X(N−1)
N−1 [hN(z)]X

(N−1)
N

]
.

(2.3.6)
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From (2.3.5) and (2.3.6) we have

E
[
z

X(1)
1

1 zX(1)
2

2 · · · zX(1)
N

N

]
=

σ(N)(z)

(
∏
j 6=N

e−λj(1−zj)GN

)
e−λN(1−β(N)(z))GN

× σ(N−1)(z)

(
N−2

∏
j=1

e−λj(1−zj)GN−1

)
e−λN−1(1−β(N−1)(z))GN−1

× e−λN(1−hN(z))GN−1E

[(
N−2

∏
j=1

z
X(N−1)

j
j

)
[hN−1(z)]

X(N−1)
N−1 [hN(z)]X

(N−1)
N

]
.

=

(
N

∏
i=N−1

σ(i)(z)e−Gi Di(z)
)

E

[(
N−2

∏
j=1

z
X(N−1)

j
j

)
[hN−1(z)]

X(N−1)
N−1 [hN(z)]X

(N−1)
N

]
,

where

Di(z) =
i−1

∑
j=1

λj(1− zj) + λi

(
1− β(i)(z)

)
+

N

∑
j=i+1

λj(1− hj(z)).

By recursively substituting as above we get

E

[
z

X(1)
1

1 zX(1)
2

2 · · · zX(1)
N

N

]
=

N

∏
i=1

σ(i)(z)
N

∏
i=1

e−Gi Di(z)

×E

[
[h1(z)]X

(1)
1 [h2(z)]X

(1)
2 · · · [hN(z)]X

(1)
N

]
. (2.3.7)

Equation (2.3.7) can be divided into three factors, representing the switchover
period, glue period and visit period respectively. The first factor, for a particular
value of i, represents the arrivals during the switchover time after the visit of Qi. The
second factor represents the arrivals during the glue period before a visit of Qi. It is
further divided into three generating functions. First are the arrivals of type j < i;
these do not have any further effect on the system. Then the arrivals of type i, these
are served during the following visit and produce new children (i.e., arrivals during
their service) of each type. Finally, those of type j > i which may or may not be
served in future visits and if served produce new children of each type. These two
factors are taken for all i = 1, · · · , N. The third factor represents the descendants
(arrivals during services, arrivals during services of customers who arrived during
services, etc.) of (X(1)

1 , · · · , X(1)
N ).

Consider

X(z) = E

[(
N

∏
j=1

z
X(1)

j
j

)]
,

with an obvious definition of K(z), we can rewrite (2.3.7) into

X(z) = K(z)X(h(z)) (2.3.8)
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where

h(z) := (h1(z), · · · , hN(z)).

Define, for all i = 1, · · · , N,

h(0)i (z) = zi, h(n)i (z) = hi(h
(n−1)
1 (z), h(n−1)

2 (z), · · · , h(n−1)
N (z)).

Theorem 2.3.1. If ∑i ρi < 1, then the generating function X(z) is given by

X(z) =
∞

∏
m=0

K(h(m)
1 (z), h(m)

2 (z), · · · , h(m)
N (z)). (2.3.9)

Proof. Eq. (2.3.9) follows from Eq. (2.3.8) by iteration. We still need to prove that
the infinite product converges if ∑i ρi < 1. Eq. (2.3.8) is an equation for a multi-type
branching process with immigration, where the number of immigrants of different
types has generating function K(z) and the number of children of different types of a
type i individual in the branching process has generating function hi(z), i = 1, · · · , N.
An important role in the analysis of such a process is played by the mean matrix M
of the branching process,

M =

 m1,1 · · ·m1,N
...

. . .
...

mN,1 · · ·mN,N

 ,

where mi,j represents the mean number of children of type j of a type i individual.
The elements of the matrix M are the same as given in Section 5 of Resing [96], which
is

mi,j = fi,j · 1[j ≤ i] +
N

∑
k=i+1

fi,kmk,j,

where mi,j =
∂hi
∂zj

(1, 1, · · · , 1) and fi,j =
∂ fi
∂zj

(1, 1, · · · , 1).

We observe that the equation for mi,j is the sum of two terms. First the children
of type j ≤ i, who do not affect the system in the future. Next the children of type j
produced by the children of type k > i in the subsequent visits.

The theory of multi-type branching processes with immigration (see Quine [92]
and Resing [96]) now states that if (i) the expected total number of immigrants in
a generation is finite and (ii) the maximal eigenvalue λmax of the mean matrix M
satisfies λmax < 1, then the generating function of the steady state distribution of the
process is given by Eq. (2.3.9). To complete the proof of Theorem 2.3.1, we shall now
verify (i) and (ii).
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Ad (i): The expected total number of immigrants in a generation is

λ1

(
G1

(
∑

j
m1,j

)
+

N

∑
j=1

E[Sj] +
N

∑
j=2

Gj

)

+λ2

((
(G1 + E[S1])

(
1− e−ν2G2

)
+ G2

) (
∑

j
m2,j

)

+ (G1 + E[S1])e−ν2G2 +
N

∑
j=2

E[Sj] +
N

∑
j=3

Gj

)
+ · · ·

+λN

(((
N−1

∑
j=1

(Gj + E[Sj])

)(
1− e−νN GN

)
+ GN

)(
∑

j
mN,j

)

+
N−1

∑
j=1

(Gj + E[Sj])e−νN GN + E[SN ]

)

=
N

∑
i=1

λi

(((
i−1

∑
j=1

(Gj + E[Sj])

)(
1− e−νiGi

)
+ Gi

)(
∑

j
mi,j

)

+
i−1

∑
j=1

(Gj + E[Sj])e−νiGi +
N

∑
j=i

E[Sj] +
N

∑
j=i+1

Gj

)
. (2.3.10)

Since the above equation is a finite sum/product of finite terms it is indeed finite.
Here, the term λ1(G1(∑j m1,j)) corresponds to the type 1 customers arriving

during the glue period of Q1 and their subsequent children of all types. The term
λ1(∑N

j=1 E[Sj] + ∑N
j=2 Gj) corresponds to the type 1 customers arriving during the

glue periods of Qj, j = 2, · · · , N, and switchover periods after Qj, j = 1, · · · , N. These
customers arrive after the visit of Q1 and hence do not get served or produce chil-
dren. The term λ2(((G1 + E[S1])(1− e−ν2G2) + G2)(∑j m2,j) + (G1 + E[S1])e−ν2G2)
corresponds to the type 2 customers arriving during the glue period of Q1, Q2, the
switchover period after Q1 and their subsequent children. The term λ2(∑N

j=2 E[Sj] +

∑N
j=3 Gj) corresponds to the type 2 customers arriving during the glue periods of Qj,

j = 3, · · · , N, and switchover periods after Qj, j = 2, · · · , N. These customers do
not produce any children. Similarly the term λN(((∑N−1

j=1 (Gj +E[Sj]))(1− e−νN GN ) +

GN)(∑j mN,j)+∑N−1
j=1 (Gj +E[Sj])e−νN GN ) corresponds to the type N customers arriv-

ing during the glue period of Q1, · · · , QN , the switchover periods after Q1, · · · , QN−1
and their subsequent children. The term λNE[SN ] corresponds to the type N cus-
tomers arriving during the switchover period after QN , which do not produce any
children.
Ad (ii): Define the matrix

H =
(
hi,j
)

N×N

where the elements hi,j of the matrix H represent the mean number of type j customers
that replace a type i customer during a visit period of Qi (either new arrivals if the
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customer is served, or the customer itself if it is not served). Hence

hi,j =

{
e−νiGi +

(
1− e−νiGi

)
ρi, when i = j,(

1− e−νiGi
)

λjE[Bi], when i 6= j.

We have that

H


E[B1]
E[B2]

...
E[BN ]

 =



[
e−ν1G1 +

(
1− e−ν1G1

)
(∑j ρj)

]
E[B1][

e−ν2G2 +
(
1− e−ν2G2

)
(∑j ρj)

]
E[B2]

...[
e−νN GN +

(
1− e−νN GN

)
(∑j ρj)

]
E[BN ]

 <


E[B1]
E[B2]

...
E[BN ]

 (2.3.11)

if and only if ∑j ρj < 1. Using this result and following the same line of proof as in
Section 5 of Resing [96], we can show that the stability condition ∑j ρj < 1 implies
that also the maximal eigenvalue λmax of the mean matrix M satisfies λmax < 1. This
concludes the proof.

We can now obtain the moments, E[X(i+1)
j ], either from (2.3.9) or in a similar way

as in Section 2.2.2, in terms of E[X(i)
j ] and E[X(i)

i ] :

E[X(i+1)
j ] = λjE[Si] + E[Z(i)

j ].

When j 6= i,

E[Z(i)
j ] = λjE[Bi]E[Y(iq)

i ] + E[Y(i)
j ],

else
E[Z(i)

i ] = λiE[Bi]E[Y(iq)
i ] + E[Y(io)

i ].

Further

E[Y(i)
j ] = λjGi + E[X(i)

j ],

E[Y(iq)
i ] = λiGi + (1− e−νiGi )E[X(i)

i ],

E[Y(io)
i ] = e−νiGi E[X(i)

i ].

From the above equations we get, when j 6= i :

E[X(i+1)
j ] = λjE[Si] + λj(1 + ρi)Gi + λjE[Bi](1− e−νiGi )E[X(i)

i ] + E[X(i)
j ],

and
E[X(i+1)

i ] = λiE[Si] + λiρiGi + (ρi(1− e−νiGi ) + e−νiGi )E[X(i)
i ].
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Using flow balance arguments (mean number of customers of type i served per
cycle equals mean number of type i customers arriving per cycle) and the obvious
fact that the mean cycle time equals E[C] := ∑i(E[Si] + Gi)/(1− ρ) , we obtain

E[Y(iq)
i ] =

λi
1− ρ ∑

j
(E[Sj] + Gj). (2.3.12)

We can also use a similar argument for mean number of type i customers leaving the
orbit, (1− e−νiGi )E[X(i)

i ], to equal the mean number of type i customers entering it,
λi(E[C]− Gi), per cycle, yielding

E[X(i)
i ] =

λi

1− e−νiGi
[
∑j(E[Sj] + Gj)

1− ρ
− Gi]. (2.3.13)

We can observe that (2.3.12) and (2.3.13) satisfy the above relation between E[Y(iq)
i ]

and E[X(i)
i ]. Further for each i, cyclically substituting we get all E[X(i)

j ] and therefore

E[Y(i)
j ] and E[Z(i)

j ].

The second moments of X(1)
j and the various terms E[X(i)

j X(i)
k ] can be obtained by

solving a set of equations which is derived by twice differentiating (2.3.8) w.r.t. zj and
zk, j, k = 1, · · · , N, and calculating the value at z = (1, 1, · · · , 1). Since the system

is cyclic, once we obtain E[X(1)
j

2
], j = 1, · · · , N, we can similarly obtain E[X(i)

j

2
],

i = 1, · · · , N, by changing indices. It is not difficult to develop an efficient procedure
for determining higher moments in polling systems with a branching discipline,
cf. [96].

2.3.3 Queue length analysis at arbitrary time points

In the previous section we have given the procedure for finding the distribution of

the number of customers at the beginning of (i) glue periods (E[∏j z
X(i)

j
j ]), (ii) visit

periods (E[

(
∏j 6=i z

Y(i)
j

j

)
zY(iq)

iq zY(io)

io ]), and (iii) switchover periods (E[∏j z
Z(i)

j
j ]), for

i = 1, · · · , N. Similar to the vacation model, we now obtain the generating functions
of the numbers of customers in queue and in the orbit, at all the stations, at arbitrary
time points.

Theorem 2.3.2. If ∑i ρi < 1 and (zq, zo) := (z1q, z1o, · · · , zNq, zNo), we have the following
results:

a) The joint generating function, R(i)
sw(zq, zo), of the numbers of customers in the queue

and in the orbit at an arbitrary time point in a switchover period after Qi equals the
joint generating function, R(i)

sw(zo), of the numbers of customers in orbit at an arbitrary
time point in a switchover period after Qi and is given by

R(i)
sw(zq, zo) = E[∏

j
z

Z(i)
j

jo ]
1− S̃i(∑j λj(1− zjo))(

∑j λj(1− zjo)
)

E[Si]
.
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b) The joint generating function, R(i)
gl (zq, zo), of the numbers of customers in the queue

and in the orbit at an arbitrary time point in a glue period of Qi is given by

R(i)
gl (zq, zo) =

(
∏
j 6=i

E[z
X(i)

j
jo ]

) ∫ Gi

t=0

(
∏
j 6=i

e−λj(1−zjo)t

)
e−λi(1−ziq)t

×E[{(1− e−νit)ziq + e−νitzio}X(i)
i ]

dt
Gi

.

c) The joint generating function, R(i)
vi (zq, zo), of the numbers of customers in the queue

and in the orbit at an arbitrary time point in a visit period of Qi is given by

R(i)
vi (zq, zo)

=

ziq

(
E[z

Y(iq)
i

iq

(
∏j 6=i z

Y(i)
j

jo

)
z

Y(io)
i

io ]−E[B̃i(∑j λj(1− zjo))
Y(iq)

i

(
∏j 6=i z

Y(i)
j

jo

)
z

Y(io)
i

io ]

)
E[Y(iq)

i ]
(

ziq − B̃i(∑j λj(1− zjo))
)

×
1− B̃i(∑j λj(1− zjo))(

∑j λj(1− zjo)
)

E[Bi]
.

d) The joint generating function, R(zq, zo), of the numbers of customers in the queue and
in the orbit at an arbitrary time point is given by

R(zq, zo) =
N

∑
i=1

(
ρiR

(i)
vi (zq, zo) + (1− ρ)

Gi

∑j(Gj + E[Sj])
R(i)

gl (zq, zo)

+ (1− ρ)
E[Si]

∑j(Gj + E[Sj])
R(i)

sw(zq, zo)

)
.

Proof. The proof follows the same lines as the proof of Theorem 2.2.2, in particular
for parts a and d. We restrict ourselves here to an outline of the proof of parts b and c.

b) Follows from the fact that if the past part of the glue period is equal to t, the
generating function of the number of new arrivals of type i in the queue during
this period is equal to e−λi(1−ziq)t and each type i customer present in the orbit
at the beginning of the glue period is, independent of the others, still in orbit
with probability e−νit and has moved to the queue with probability 1− e−νit.
Further the generating function of the number of new arrivals of any type j 6= i
in the queue during this period is equal to e−λj(1−zjo)t.

c) During an arbitrary point in time in a visit period the number of customers in
the system consists of two parts:
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– the number of customers in the system at the beginning of the service time
of the customer currently in service, leading to the term

ziq

(
E[z

Y(iq)
i

iq

(
∏j 6=i z

Y(i)
j

jo

)
z

Y(io)
i

io ]−E[B̃i(∑j λj(1− zjo))
Y(iq)

i

(
∏j 6=i z

Y(i)
j

jo

)
z

Y(io)
i

io ]

)
E[Y(iq)

i ]
(

ziq − B̃i(∑j λj(1− zjo))
) ;

(see Remark 2.2.3).

– the number of customers that arrived during the past part of the service of
the customer currently in service, leading to the term

1− B̃i(∑j λj(1− zjo))(
∑j λj(1− zjo)

)
E[Bi]

.

From Theorem 2.3.2, we now can obtain the steady-state mean number of cus-
tomers in the system at arbitrary time points in switchover periods (E[R(i)

sw]) after Qi,
in glue periods (E[R(i)

gl ]) and in visit periods (E[R(i)
vi ]) of Qi , for i = 1, · · · , N, and at

any arbitrary time point (E[R]). These are given by

E[R(i)
sw] =∑

j

(
E[Z(i)

j ] + λj
E[S2

i ]

2E[Si ]

)
,

E[R(i)
gl ] =∑

j

(
E[X(i)

j ] + λj
Gi
2

)
,

E[R(i)
vi ] =1 + ∑

j
λj

E[B2
i ]

2E[Bi ]
+

E[Y(iq)
i Y(io)

i ]

E[Y(iq)
i ]

+ ∑
j 6=i

E[Y(iq)
i Y(i)

j ]

E[Y(iq)
i ]

+
(1+E[Bi ]∑j λj)E[Y(iq)

i (Y(iq)
i −1)]

2E[Y(iq)
i ]

,

E[R] =
N

∑
i=1

(
ρiE[R(i)

vi ] + (1− ρ) Gi
∑j(Gj+E[Sj ])

E[R(i)
gl ] + (1− ρ) E[Si ]

∑j(Gj+E[Sj ])
E[R(i)

sw]

)
.

(2.3.14)

The mean number of type k customers in the system at arbitrary time points in a
switchover period after Qi and a glue period before Qi are given by the values of the
k-th term of the sums in the formulas of E[R(i)

sw] and E[R(i)
gl ]. The mean number of

type i customers in the system at arbitrary time points in a visit period of Qi is given
by

1 + λi
E[B2

i ]

2E[Bi ]
+

E[Y(iq)
i Y(io)

i ]

E[Y(iq)
i ]

+
(1+ρi)E[Y(iq)

i (Y(iq)
i −1)]

2E[Y(iq)
i ]

.
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The quantities E[Y(iq)
i Y(io)

i ], E[Y(iq)
i Y(i)

j ] and E[Y(iq)
i (Y(iq)

i − 1)] can be obtained
using Eq. (2.3.3).

Remark 2.3.1. Using a similar approach as presented in [72] for a polling system with
binomial-gated service, we can also obtain the following expression for E[Ri], the steady-state
mean number of type-i customers in the system at arbitrary time points,

E[Ri] = ρi +
E[Y(iq)

i Y(io)
i ]

E[Y(iq)
i ]

+
(1+ρi)E[Y(iq)

i (Y(iq)
i −1)]

2E[Y(iq)
i ]

, (2.3.15)

which, after summing over i, leads to the alternative equation

E[R] = ρ +
N

∑
i=1

E[Y(iq)
i Y(io)

i ]

E[Y(iq)
i ]

+
N

∑
i=1

(1+ρi)E[Y(iq)
i (Y(iq)

i −1)]

2E[Y(iq)
i ]

. (2.3.16)

Remark 2.3.2. From Eq. (2.3.16), we can derive an explicit expression for the mean number of
customers in the system in the case of a completely symmetric system (λi = λ/N, ρi = ρ/N,
E[Bi] = E[B], E[B2

i ] = E[B2], E[Si] = E[S], E[S2
i ] = E[S2], Gi = G, νi = ν). In this

case we get

E[R] =ρ +
λ2E[B2]

2(1− ρ)
+

λN(G + E[S])
2

+
λVar(S)

2(G + E[S])

+
(N + 1)λρ(G + E[S])

2(1− ρ)
+

λe−νG

1− e−νG

[
N(G + E[S])

1− ρ
− G

]
. (2.3.17)

Remark 2.3.3. In [24] the following so-called pseudo conservation law – an explicit expres-
sion for ∑ ρiE[Wi], with E[Wi] the mean waiting time of a customer of type i until the start
of its service – has been proven for a large class of polling systems, which also contains the
present model:

∑
i

ρiE[Wi] = ρ
∑i λiE[B2

i ]

2(1− ρ)
+ ρ

E[(∑i(Si + Gi))
2]

2E[∑i(Si + Gi)]
+

E[∑i(Si + Gi)]

2(1− ρ)

[
ρ2 −∑

i
ρ2

i

]
+ ∑

i
E[Fi], (2.3.18)

where ∑i(Si + Gi) is the sum of all the idle periods of the server and Fi is the work left in Qi

at the start of a switchover from Qi. Hence, E[Fi] = E[Z(i)
i ]E[Bi]. Other than E[Fi], the

expression is independent of the service discipline. Using a fairly straightforward mean value
analysis we obtain

E[Fi] = ρ2
i E[C] +

ρi

eνiGi − 1
(E[C]− Gi) . (2.3.19)

From Eqs. (2.3.18) and (2.3.19), we obtain the following pseudo conservation law:

∑
i

ρiEWi =ρ

[
∑i λiE[B2

i ]

2(1− ρ)
+

E[(∑i(Si + Gi))
2]

2E[∑i(Si + Gi)]

]
+

E[∑i(Si + Gi)]

2(1− ρ)

[
ρ2 + ∑

i
ρ2

i

]

+ ∑
i

ρi

eνiGi − 1

[
E[∑i(Si + Gi)]

1− ρ
− Gi

]
. (2.3.20)



46 Chapter 2. Retrials and deterministic glue periods

The use of this pseudo conservation law seems to be the easiest way to derive Eq. (2.3.17).
Another useful aspect of this pseudo conservation law is that it allows us to study the effect of
the length of the glue period.
In a more general (not necessarily optical switching node related) setting, referred to in the
Introduction, the glue period may represent the only opportunity to make a reservation for
service. The glue or reservation period now is the last part of the switchover period to Qi; one
could view S∗i := Si + Gi as the total switchover period into Qi and Gi as the reservation
period. Eq. (2.3.20) allows us to study how the mean waiting times or mean queue lengths are
affected by having only a brief reservation period, instead of being able to make a reservation
at any time (which is the classical gated polling system). The only difference in ∑ ρiE[Wi]
between our reservation model and the classical gated polling model is the last term. If νiGi is
very small, that last term will be dominant. If it is not very small, e.g., the second moments of
the service times are large, then the extra term is relatively small – and the advantage for the
system operator of having to offer only very limited reservation opportunities may outweigh
the fact that waiting times and queue lengths become slightly larger.

2.3.4 Numerical example

In this subsection, we present some numerical results for the 2-queue case. We have
numerically evaluated the expressions for E[R1], E[R2] and E[R] using Eq. (2.3.14).
We have also verified that Eq. (2.3.15) gives exactly the same E[Ri] values, and
that the pseudo conservation law (2.3.20) is satisfied in the numerical examples.
In the numerical example in this section we consider a model with two stations.
We have chosen λ1 = 2, λ2 = 1, ν1 = 1 and ν2 = 0.2. The switchover times are
deterministic with E[S1] = 0.5 and E[S2] = 1. The service times are exponential with
E[B1] = E[B2] = 0.2.

First of all we look at the mean number of type-1 customers in the system, E[R1],
the mean number of type-2 customers in the system, E[R2], and the mean total
number of customers in the system, E[R] = E[R1] + E[R2], if we vary the length of
the glue period G in the case that G1 = G2 = G (see Fig 2.4).

Figure 2.4: Mean number of customers vs length of glue period in case G1 = G2 = G.
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Next, we look in Fig 2.5 at the case where the glue periods G1 and G2 are unequal.
In particular, we look at the mean number of customers in the system of type-1, type-2
and in total if we vary one of the glue periods while keeping the other glue period
constant.

(a) varying G1, with G2 = 2 (b) varying G2, with G1 = 2

Figure 2.5: Mean number of customers vs length of glue period in case G1 6= G2.

The plots suggest that there is again a unique value of the length of the glue period
that minimizes the mean total number of customers in the system. They also show
that the length of the glue period that is optimal for E[R] is different from the one
that is optimal for E[R1] and the one that is optimal for E[R2].

Summary

In this chapter, we have studied vacation queues and N-queue polling models with
the gated service discipline and with retrials. Motivated by optical communications,
we have introduced a glue period just before a server visit; during such a glue
period, new customers and retrials "stick" instead of immediately going into orbit.
For both the vacation queue and the N-queue polling model, we have established a
relationship between our system and branching processes. This helps us derive the
main result of the chapter, the generating functions of the joint steady-state queue
lengths at an arbitrary epoch and at various specific epochs. Finally, using numerical
results, we have observed that the queue length of each station and the total queue
length of the system are convex functions of the length of glue periods. In term of
optical switching nodes, it implies that we can minimize the number of packets being
buffered in the switching node by choosing appropriate glue periods.

In the next chapter, we will study the heavy traffic behaviour of this model. Since
the relation to multi-type branching processes has been established, we shall exploit
this relation, using a similar idea as that of [77], to compute the steady state joint
queue length distribution of different customer types in queue and orbit at the start of
a glue period, visit period and switchover period of any station, when the system is in
heavy traffic. We will subsequently extend this to the joint queue length distribution
at arbitrary epochs under heavy traffic.





Chapter 3

Heavy traffic analysis of system with
deterministic glue periods

Motivated by questions regarding the performance modeling and analysis of optical
switching nodes, the study of polling models with retrials and glue periods was
initiated in the previous chapter, cf. Section 2.1. There, the joint queue length process
is analyzed both at embedded time points (beginnings of glue periods, visit periods
and switchover periods) and at arbitrary time points, for the model with multiple
queues. However, no analytical expressions for the complete joint distributions
have been derived, which is something we do in this chapter. We will study the
polling system with retrials and deterministic glue periods in a heavy traffic regime.
The relation between our polling model and a multitype branching process with
immigration, as shown in Chapter 2, enables us to study the heavy traffic behaviour
of this process using an idea similar to that in [77]. Optical networks, as a result of
the huge bandwidth provided, are not heavily loaded at the core level, but at the
access level, the high volatility of traffic can lead to periods at which the system
operates under heavy load. The behaviour of networks in this heavily loaded period
is a motivation for the heavy traffic analysis of a polling model with retrials and glue
periods.

More concretely, we will regard the regime where each of the arrival rates is scaled
with the same constant, and subsequently the constant approaches from below that
value for which the system is critically loaded. Thus, the workload offered to the
server is scaled to such a proportion that the queues are on the verge of instability.

Many techniques have been used to obtain the heavy traffic behaviour of a variety
of different polling models. Initial studies of the heavy traffic behaviour of polling
systems can be found in Coffman, Puhalskii and Reiman [34, 35], where the occurrence
of a so-called heavy traffic averaging principle is established. This principle implies
that, although the total scaled workload in the system tends to a Bessel-type diffusion
in the heavy traffic regime, it may be considered as a constant during the course
of a polling cycle, while loads of the individual queues fluctuate like a fluid model.
It will turn out that this principle also holds true for this model. Furthermore, in
Van der Mei [76], several heavy traffic limits have been established by taking limits

49
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in known expressions for the Laplace-Stieltjes transform (LST) of the waiting-time
distribution. Alternately, Olsen and Van der Mei [87] provide similar results, by
studying the behaviour of the descendant set approach (a numerical computation
method, cf. Konheim, Levy and Srinivasan [63]) in the heavy traffic limit. For the
derivation of heavy traffic asymptotics for our model, however, we will use results
from branching theory, mainly those presented in Quine [93]. Earlier, these results
have resulted in heavy traffic asymptotics for conventional polling models, see Van
der Mei [77]. We will use the same method as presented in that paper, but for a
different class of polling systems that model the dynamics of optical networks. In
addition, for some steps of the analysis, we will present new and straightforward
proofs, while other steps require a different approach. Furthermore, we will derive
asymptotics for the joint queue length process at arbitrary time points, as opposed to
just the marginal processes as derived in [77]. Due to the intricacies of the model at
hand, we will need to overcome many arising complex difficulties, as will become
apparent later.

The rest of the chapter is organized as follows. In Section 3.1, we introduce some
notation and present a theorem from [93] on multitype branching processes with
immigration. In Section 3.2, we first describe in detail the polling model with retrials
and glue periods and recall from Chapter 2 how the joint queue length process at
some embedded time points in this model is related to multitype branching processes
with immigration. Next, we will derive heavy traffic lemmas for our model and use
them to derive the joint queue length distribution at the start of glue periods. In
Section 3.3, we look at the joint queue length process at the start of visit periods, the
start of switchover periods, and at arbitrary time points. In Section 3.4, we show
how the heavy traffic results, in combination with a light traffic result, can be used to
approximate performance measures for stable systems with arbitrary system loads.

3.1 Multitype branching processes with immigration

To derive heavy-traffic results for the model under study, we regard its queue length
process as a multitype branching process with immigration. To this end, before
introducing the actual model in detail, we will state an important general result from
[93] on multitype branching process with immigration in this section, which we will
make significant use of in the sequel of this chapter. To state this result, we will first
need some notation.

A multitype branching process with immigration has two kinds of individuals:
immigrants and offspring. The immigrants in the model are represented by the
generating function

g(z) = ∑
j1,...,jN≥0

q(j1, . . . , jN)z
j1
1 . . . zjN

N .

Here, z = (z1, z2, . . . , zN) and |zi| ≤ 1, for all i = 1, . . . , N, and q(j1, . . . , jN) is the prob-
ability that jk type-k individuals immigrate into the system in a given generation, for
all k = 1, . . . , N. We use this to define the mean immigration vector g = (g1, . . . , gn)T ,
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where gi =
∂g(z)

∂zi

∣∣∣
z=1

, for all i = 1, . . . , N, where 1 represents a vector of which each

of the entries equals one.
Similarly, the offspring in the model is represented by the vector of generating

functions h(z) = (h1(z), h2(z), . . . , hN(z)). Here,

hi(z) = ∑
j1,...,jN≥0

pi(j1, . . . , jN)z
j1
1 . . . zjN

N ,

where pi(j1, . . . , jN) is the probability that a type-i individual produces jk type-k
individuals, for all i = 1, . . . , N and k = 1, . . . , N. We use this to define the mean
matrix M = (mi,j), where mi,j =

∂hi(z)
∂zj

∣∣∣
z=1

, for all i, j = 1, . . . , N. The elements mi,j

represent the mean number of type-j children produced by a type-i individual per
generation. We also define the second-order derivative matrix K(i) =

(
k(i)j,k

)
where

k(i)j,k = ∂2hi(z)
∂zj∂zk

∣∣∣
z=1

, for all i, j, k = 1, . . . , N.

Define w = (w1, . . . , wN)
T as the normalized right eigenvector corresponding to

the maximal eigenvalue ξ of M. Then,

Mw = ξw and wT1 = 1.

Furthermore, we define v = (v1, . . . , vN)
T as the left eigenvector of M, corre-

sponding to the maximal eigenvalue ξ, normalized such that

vTw = 1.

Additionally we give the following general notation in order to state the result of
[93]. Any variable x which is dependent on ξ will be denoted by x̂ to indicate that it
is evaluated at ξ = 1. Further, for 0 < ξ < 1 let

π0(ξ) := 0 and πn(ξ) :=
n

∑
r=1

ξr−2, n = 1, 2, . . . . (3.1.1)

We denote with Γ(α, µ) a gamma-distributed random variable. For α, µ, x > 0, its
probability density function is given by

f (x) =
µα

Γ(α)
xα−1e−µx, where Γ(α) :=

∫ ∞

t=0
tα−1e−tdt.

Now that the required notation is defined, we state the following important result,
which we will make use of in the sequel to derive heavy-traffic asymptotics for the
polling model with retrials and glue periods. This result is given and proved in
[93, Theorem 4] and it implies that, under certain assumptions on the immigration
function g(z) and the offspring generating function h(z) (see (1.1) and (1.2) in [93]),

1
π(ξ)

 Z1
...

ZN

 −→
d

A

 v̂1
...

v̂N

 Γ(α, 1), when ξ ↑ 1. (3.1.2)
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Here −→
d

means convergence in distribution, π(ξ) := limn→∞ πn(ξ), α := 1
A ĝTŵ and

A := 1
2 ∑N

i=1 v̂i

(
ŵTK̂(i)ŵ

)
> 0. The vector (Z1, Z2, . . . , ZN) is defined such that Zi is

the steady-state number of individuals of type-i in the multitype branching process
with immigration, for all i = 1, . . . , N.

3.2 Polling model with retrials and glue periods

In this section, we first define the polling model with retrials and glue periods. Then,
we recall from Chapter 2 its property that the joint queue length process at the start
of glue periods of a certain queue is a multitype branching process with immigration.
We use this to derive some lemmas along the lines of [77], for a branching-type polling
system with retrials and glue periods and, finally use these lemmas to give the heavy
traffic asymptotics of the joint queue length process at certain embedded time points.

3.2.1 Model description

We consider a single server polling model with multiple queues, Qi, i = 1, . . . , N.
Customers arrive at Qi according to a Poisson process with rate λi; they are called
type-i customers. The service times at Qi are i.i.d., with Bi denoting a generic service
time of which the first three1 moments are finite, with distribution Bi(·) and Laplace-
Stieltjes transform (LST) B̃i(·). The server cyclically visits all the queues, thus after
a visit of Qi, it switches to Qi+1, i = 1, . . . , N. Successive switchover times from Qi
to Qi+1 are i.i.d., where Si denotes a generic switchover time of which the first two
moments are finite1, with distribution Si(·) and LST S̃i(·). We make all the usual
independence assumptions about interarrival times, service times and switchover
times at the queues. After a switch of the server to Qi, there first is a deterministic (i.e.,
constant) glue period Gi, before the visit of the server at Qi begins. The significance
of the glue period stems from the following assumption. Customers who arrive at
Qi do not receive service immediately. When customers arrive at Qi during a glue
period Gi, they stick, joining the queue of Qi. When they arrive in any other period,
they immediately leave and enter into an orbit from which they retry after retrial
intervals which are independent of everything else, and exponentially distributed
with parameter νi, i = 1, . . . , N.

1The assumptions of the first three service time moments and the first two switchover time moments
being finite are made for technical purposes. These assumptions are sufficient to satisfy the conditions
given in (1.1) and (1.2) of [93] which are used in the proof of Theorem 4 of [93], as will become apparent in
Lemma 3.2.6. As mentioned in Section 3.1, this theorem plays a key role in our analysis.
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� A cycle -

G1 V1 S1 Gi Vi Si GN VN SN G1 V1 S1
q q q q q q q q q q q q

Gi: glue period of station i Vi: service period of station i Si: switchover from station i to station i + 1

Figure 3.1: A cycle starting from the beginning of a glue period of station 1.

Since customers will only ‘stick’ during the glue period, the service discipline at
all queues can be interpreted as being gated. That is, during the visit period at Qi, the
server serves all ‘glued’ customers in that queue, i.e., all type-i customers waiting at
the end of the glue period, but none of those in orbit, and neither any new arrivals.
We are interested in the steady-state behaviour of this polling model with retrials. We
hence assume that the stability condition ρ = ∑N

i=1 ρi < 1 holds, where ρi := λiE[Bi].
Note that now the server has three different periods at each station, a determin-

istic glue period during which customers are glued for service, followed by a visit
period during which all the glued customers are served and a switchover period
during which the server moves to the next station. We denote, for i = 1, . . . , N,
by (X(i)

1 , X(i)
2 , . . . , X(i)

N ), (Y(i)
1 , Y(i)

2 , . . . , Y(i)
N ) and (Z(i)

1 , Z(i)
2 , . . . , Z(i)

N ) vectors with as
distribution the limiting distribution of the number of customers of the different
types in the system at the start of a glue period, a visit period and a switchover
period of station i, respectively. Furthermore, we denote, for i = 1, . . . , N, by
(V(i)

1 , V(i)
2 , . . . , V(i)

N ) the vector with as distribution the limiting distribution of the
number of customers of the different types in the system at an arbitrary point in time
during a visit period of station i. During glue and visit periods, we furthermore
distinguish between those customers who are queueing in Qi and those who are in
orbit for Qi. Therefore we write Y(i)

i = Y(iq)
i + Y(io)

i and V(i)
i = V(iq)

i + V(io)
i , for all

i = 1, . . . , N, where q represents queueing and o represents in orbit. Finally we de-
note by (L(1q), . . . , L(Nq), L(1o), . . . , L(No)) the vector with as distribution the limiting
distribution of the number of customers of the different types in the queue and in the
orbit at an arbitrary point in time.

The generating function of the vector of numbers of arrivals at Q1 to QN during
a type-i service time Bi is βi(z) := B̃i(∑N

j=1 λj(1 − zj)). Similarly, the generating
function of the vector of numbers of arrivals at Q1 to QN during a type-i switchover
time Si is σi(z) := S̃i(∑N

j=1 λj(1− zj)).

3.2.2 Relation with multitype branching processes

We now identify the relation of the polling model as defined in Section 3.2.1 with
a multitype branching process. In Chapter 2 it is shown that the number of cus-
tomers of different types in the system at the start of a glue period of station 1 in the
polling model with retrials and glue periods is a multitype branching process with
immigration. Here, type i individuals in the branching process represent customers
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of type i in orbit in the polling model. The different generations in the branching
process correspond to the successive cycles in the polling models. The immigration
in a certain generation represents new arrivals during switchover times and glue
periods in a certain cycle and/or descendants of these arrivals in the current cycle
(corresponding to customers arriving during the service time of these new arrivals)
if the new arrivals are served during the current cycle. In particular, it is derived
in Chapter 2, that the joint probability generating function (PGF) of X(1)

1 , . . . , X(1)
N

satisfies

E

[
z

X(1)
1

1 zX(1)
2

2 . . . z
X(1)

N
N

]
=

N

∏
i=1

σ(i)(z)
N

∏
i=1

e−Gi Di(z)

×E

[
[h1(z)]X

(1)
1 [h2(z)]X

(1)
2 . . . [hN(z)]X

(1)
N

]
, (3.2.1)

where σ(i)(z) := σi(z1, . . . , zi, hi+1(z), . . . , hN(z)),

Di(z) :=
i−1

∑
j=1

λj(1− zj) + λi

(
1− β(i)(z)

)
+

N

∑
j=i+1

λj(1− hj(z)),

β(i)(z) := βi(z1, . . . , zi, hi+1(z), . . . , hN(z)),
hi(z) := fi(z1, . . . , zi, hi+1(z), . . . , hN(z)),

and fi(z) := (1− e−νiGi )βi(z) + e−νiGi zi.

The first two factors in Eq. (3.2.1) represent the immigration part of the process.
Therefore we have the immigrant generating function given by

g(z) =
N

∏
i=1

σ(i)(z)
N

∏
i=1

e−Gi Di(z).

The third factor represents the branching part of the process. Recall that the vector of
offspring generating functions is given by

h(z) = (h1(z), h2(z), . . . , hN(z)) .

A customer of type-i present at the start of a glue period of station 1 is effectively
replaced by a population with joint PGF hi(z) in the next cycle.

As explained in detail in Chapter 2, Eq. (3.2.1) consists of the product of three
factors:

• ∏N
i=1 σ(i)(z) represents new arrivals during switchover times and descendants

of these arrivals in the current cycle.

• ∏N
i=1 e−Gi Di(z) represents new arrivals during glue periods and descendants of

these arrivals in the current cycle. The function Di(z) is itself a sum of three
terms:

– ∑i−1
j=1 λj(1− zj) represents the arrivals of type j < i; these arrivals are not

served in the current cycle.
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– λi

(
1− β(i)(z)

)
represents descendants of the arrivals of type i; these

arrivals are all served during the visit of station i in the current cycle.

– ∑N
j=i+1 λj(1− hj(z)) represents the arrivals or descendants of arrivals of

type j > i; these arrivals are either served (with probability 1− e−νiGi ) or
not served (with probability e−νiGi ) in the current cycle.

• E

[
[h1(z)]X

(1)
1 [h2(z)]X

(1)
2 . . . [hN(z)]X

(1)
N

]
represents descendants of

(X(1)
1 , . . . , X(1)

N ) generated in the current cycle.

We now proceed to further identify the branching process by finding its mean
matrix M and the mean immigration vector g.

Mean matrix of branching process:

The elements mi,j of the mean matrix M of the branching process are given by

mi,j = fi,j · 1[j ≤ i] +
N

∑
k=i+1

fi,kmk,j, (3.2.2)

where fi,j =
∂ fi(z)

∂zj

∣∣∣
z=1

, and hence

fi,j =

{
(1− e−νiGi )λjE[Bi], i 6= j,
(1− e−νiGi )ρi + e−νiGi , i = j.

(3.2.3)

In the heavy traffic analysis of this model, the following lemma will be useful.

Lemma 3.2.1.
M = M1 · · ·MN, (3.2.4)

where, for i = 1, 2, . . . , N, we have

Mi =



1 0 · · · 0 0 0 · · · · · · 0

0 1
. . .

... 0 0 · · · · · · 0
...

. . . . . . 0 0 0 · · · · · · 0
0 · · · 0 1 0 0 · · · · · · 0

fi,1 fi,2 · · · fi,i−1 fi,i fi,i+1
...

... fi,N
0 · · · · · · 0 0 1 0 · · · 0

0 · · · · · · 0 0 0 1
. . . 0

0 · · · · · · 0 0 0
. . . . . . 0

0 · · · · · · 0 0 0 · · · 0 1



, (3.2.5)
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Proof. First of all note that mN,j = fN,j for all j = 1, . . . , N. Therefore we have

MN =



1 0 · · · · · · 0

0 1
. . . · · · 0

...
. . . . . . · · · 0

0 · · · · · · . . . 0
0 · · · · · · 1 0

mN,1 mN,2 · · · mN,N−1 mN,N


.

Now using the fact that mN−1,j = fN−1,j + fN−1,NmN,j for all j ≤ N − 1 and further-
more mN−1,N = fN−1,NmN,N , we obtain that

MN−1MN =



1 0 · · · · · · · · · 0

0 1
. . . · · · · · · 0

...
. . . . . . · · · · · · 0

0 · · · · · · . . . . . . 0
0 · · · · · · 1 0 0

mN−1,1 mN−1,2 · · · · · · mN−1,N−1 mN−1,N
mN,1 mN,2 · · · · · · mN,N−1 mN,N


.

Continuing in this way we obtain

M1 · · ·MN =

 m1,1 · · ·m1,N
...

. . .
...

mN,1 · · ·mN,N

 = M.

Remark 3.2.1. (Intuition behind Lemma 1) The matrix Mi represents what happens with
customers during a visit period at station i. Customers at station i itself are either served
or not served, leading to the ith row with elements fi,j. Customers at all other stations are
not served leading to 1’s on the diagonal and 0’s outside the diagonal. We obtain the product
M1 · · ·MN because a cycle consists successively of visit periods of station 1, station 2, . . .,
up to station N.

Mean number of immigrants:

Next, we look at the immigration part of the process. Let gi be the mean number
of type i individuals which immigrate into the system in each generation. Equa-
tion (2.3.10) gives us

gi =
N

∑
k=1

λk

((
k−1

∑
j=1

(Gj + E[Sj])

)(
1− e−νkGk

)
+ Gk

)
mk,i

+ λi

(
i−1

∑
j=1

(Gj + E[Sj])e−νiGi +
N

∑
j=i

E[Sj] +
N

∑
j=i+1

Gj

)
. (3.2.6)
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The right-hand side of Eq. (3.2.6) is the sum of two terms. The term

∑N
k=1 λk

((
∑k−1

j=1 (Gj + E[Sj])
) (

1− e−νkGk
)
+ Gk

)
mk,i represents the mean number

of type i customers which are descendants of customers of type k, arriving during
glue periods and switchover periods before the visit period of station k and served
during the visit at station k, in the current cycle. The first part of the second term
λi ∑i−1

j=1(Gj + E[Sj])e−νiGi represents the mean number of customers of type i which
arrive during glue periods and switchover periods before the visit of the server at
station i and which are not served during the visit of station i in the current cycle.
The second part of the second term λi

(
∑N

j=i E[Sj] + ∑N
j=i+1 Gj

)
represents the mean

number of customers of type i which arrive during glue periods and switchover
periods after the visit period of station i in the current cycle. Note that each of the
terms mentioned above is non-negative and finite. Furthermore, for non-zero glue
periods and arrival rates, at least one of the terms is non-zero. Therefore we have
0 < gi < ∞.

Remark 3.2.2. Note that the branching part of the process only represents descendants of
customers which are present in the system at the start of a glue period of station 1. Customers
which arrive at stations during glue periods and switchover periods are not represented by
the branching part of the process. Instead, they and their descendants are represented by the
immigration part of the process. Both glue periods and switchover periods can be considered
as parts of the cycle during which the server is not working. This rather unexpected feature
explains why the polling model at hand is not part of the class of polling models considered by
[77], but requires an analysis on its own.

Now that we have successfully modeled the polling system as a multitype branch-
ing process with immigration, we derive the limiting scaled joint queue length
distribution in each station at the start of glue periods of station 1 by following the
same line of proof as that of [77]. In [77], the author first proves a couple of lemmas
for a conventional branching-type polling system without retrials and glue periods
and, afterward, uses these lemmas to give the heavy traffic asymptotics of the joint
queue length process at certain embedded time points. In the following subsection,
we will derive similar lemmas in order to derive a heavy traffic theorem for our
polling system with retrials and glue periods.

Note that when we scale our system such that ρ ↑ 1, we are effectively changing
the arrival rate at each station while keeping the service times and the ratios of the
arrival rates fixed. Let any variable x which is dependent on ρ be denoted by x̂
whenever it is evaluated at ρ = 1. Therefore we have for any system that, λi = ρλ̂i.

From Theorem 1 of [128], we know that if all elements of a matrix are continuous
in some variable, then the real eigenvalues of this matrix are also continuous in that
variable. As each element of M is a continuous function of ρ, the maximal eigenvalue
ξ is a continuous function of ρ as well. Furthermore, from Lemmas 3, 4 and 5 of [96]
we know that ξ < 1 when ρ < 1, ξ = 1 when ρ = 1 and ξ > 1 when ρ > 1. Therefore,
we have that ξ is a continuous function of ρ and

lim
ρ↑1

ξ(ρ) = ξ(1) = 1.
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3.2.3 Preliminary results and lemmas

Lemma 3.2.2. The normalized right and left eigenvectors of M̂, the mean matrix of the
system with ρ = 1, corresponding to the maximal eigenvalue ξ = 1, are respectively given by

ŵ =

 ŵ1
...

ŵN

 =
b
|b| and v̂ =

 v̂1
...

v̂N

 =
|b|
δ

û,

where

b =

 E[B1]
...

E[BN ]

 , u =

 u1
...

uN

 ,

|b| :=
N

∑
j=1

E[Bj], uj := λj

[
e−νjGj

1− e−νjGj
+

N

∑
k=j

ρk

]
and δ := ûTb.

Proof. First we look at the normalized right eigenvector ŵ. Using Eq. (3.2.5) we
evaluate the vector M̂iŵ. Let

(
M̂iŵ

)
j represent the jth element of M̂iŵ. By a series of

simple algebraic manipulations, it follows then that

(
M̂iŵ

)
j =

{
ŵj, j 6= i,

1
|b| ∑N

k=1 f̂i,kE[Bk], j = i.

However, it also holds that

N

∑
k=1

f̂i,kE[Bk] = e−νiGi E[Bi] +
N

∑
k=1

(1− e−νiGi )E[Bi]λ̂kE[Bk]

= e−νiGi E[Bi] + (1− e−νiGi )E[Bi]
N

∑
k=1

ρ̂k = E[Bi].

Therefore, we conclude that
(
M̂iŵ

)
i = ŵi. This implies that ŵ is the normalized right

eigenvector of M̂i for an eigenvalue ξ = 1, for all i = 1, . . . , N. Hence from Eq. (3.2.4),
we get the first part of the lemma. Next, we look at the left eigenvector v̂. Since û is a
multiple of v̂, it is enough to show that û is an eigenvector of M̂. Define

u(i) =


u(i)

1
...

u(i)
N

 , where u(i)
j =


λj

[
e−νjGj

1−e−νjGj
+ ∑N

k=j ρk + ∑i−1
k=1 ρk

]
, i ≤ j,

λj

[
e−νjGj

1−e−νjGj
+ ∑i−1

k=j ρk

]
, i > j.

(3.2.7)
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Note that u(1)
j = u(N+1)

j = uj, for all j = 1, . . . , N, and hence, u(1) = u(N+1) = u.
Furthermore, we have

û(1)T
M̂1 =


û1 f̂1,1

û1 f̂1,2 + û2
...

û1 f̂1,N + ûN


T

=


λ̂1

e−ν1G1

1−e−ν1G1
+ λ̂1ρ̂1

û2 + λ̂2ρ̂1
...

ûN + λ̂N ρ̂1


T

=


û(2)

1
û(2)

2
...

û(2)
N


T

= û(2)T
,

and, in a similar way, for all i = 1, . . . , N,

û(i)T
M̂i = û(i+1)T

. (3.2.8)

Therefore we have

ûTM = û(1)T
M̂1 · · · M̂N = û(N+1)T

= ûT .

Hence û and v̂ are the left eigenvectors of M̂, for eigenvalue ξ = 1.

Remark 3.2.3. Alternatively, we could have used lemma 4 from [77] to find the left and
normalized right eigenvectors. The normalized right eigenvector ŵ is the same as given in
[77]. To find the left eigenvector v̂ from [77], we first need to calculate the exhaustiveness
factor f j. In our model, this exhaustiveness factor is given by f j = (1− e−νjGj)(1− ρj). Each
customer of type j, present at the start of a glue period at station j, is served with probability
(1− e−νjGj) and during that service time on average ρj new type j customers will arrive.
Furthermore, with probability e−νjGj a customer of type j, present at the start of a glue period
at station j, is not served. Therefore we have 1− f j = (1− e−νjGj)ρj + e−νjGj , and hence the
exhaustiveness factor is given by f j = (1− e−νjGj)(1− ρj). Substituting this exhaustiveness
factor in lemma 4 of [77] we get

uj = λj

[
(1− ρj)(1− (1− e−νjGi )(1− ρj))

(1− e−νjGj)(1− ρj)
+

N

∑
k=j+1

ρk

]

= λj

[
e−νjGj + (1− e−νjGj)ρj

1− e−νjGj
+

N

∑
k=j+1

ρk

]

= λj

[
e−νjGj

1− e−νjGj
+

N

∑
k=j

ρk

]
,

which is in agreement with Lemma 3.2.2.

Remark 3.2.4. In Lemma 3.2.2 we have given the left and normalized right eigenvectors
for the mean matrix M̂ at eigenvalue ξ = 1. Note that this mean matrix is defined for the
branching process when we consider the beginning of a glue period of station 1 as the initial
point of the cycle. Instead, if we consider the beginning of a glue period of station i as the
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initial point of the cycle, we get, for eigenvalue ξ = 1, the same normalized right eigenvector
ŵ. However, the left eigenvector is now given by the vector v̂(i) defined by

v̂(i) =


v̂(i)1

...
v̂(i)N

 =
|b|
δ

û(i).

Note that δ = û(1)T
b = û(i)T

b. In this chapter we prove all the lemmas and theorems using
v̂ = v̂(1). However, we can instead use v̂(i) and prove the same by just changing the initial
point of the cycle from the beginning of a glue period of station 1 to the beginning of a glue
period of station i.

In Lemma 2 we have evaluated the normalized right, and left eigenvectors of M
at the maximal eigenvalue, when ρ ↑ 1. We will now use this to compute the value of
the derivative of this eigenvalue as ρ ↑ 1.

Lemma 3.2.3. For the maximal eigenvalue ξ = ξ(ρ) of the matrix M, the derivative of ξ(ρ)
w.r.t. ρ satisfies

ξ ′(1) =
1
δ

.

Proof. Since the maximal eigenvalue ξ of M is a simple eigenvalue and furthermore
M is continuous in ρ, Theorem 5 of Lancaster [67] states that

dξ

dρ

∣∣∣∣
ρ=1

=
v̂TM̂′ŵ

v̂Tŵ
, (3.2.9)

where M̂′ is the element wise derivative of M w.r.t. ρ evaluated at ρ = 1. Let Ui =(
∏i−1

k=1 Mk

)
M′i
(

∏N
k=i+1 Mk

)
. Then due to Eq. (3.2.4) we can write M′ = ∑N

i=1 Ui.
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From Eq. (3.2.5) we can see that

M′i =



0 · · · 0 · · · 0
...

. . . · · · . . .
...

d fi,1
dρ · · · d fi,i

dρ · · · d fi,N
dρ

...
. . . · · · ...

0 · · · 0 · · · 0



=



0 · · · 0
...

. . .
...

(1− e−νiGi )E[Bi]
dλ1
dρ · · · (1− e−νiGi )E[Bi]

dλN
dρ

...
. . .

...
0 · · · 0



=



0
...

(1− e−νiGi )E[Bi]
...
0


(

dλ1

dρ
· · · dλN

dρ

)
. (3.2.10)

From the definition of ρ, we know that ∑N
i=1 E[Bi]

dλi
dρ = 1, and hence

(
dλ1

dρ
· · · dλN

dρ

)
ŵ = |b|−1. (3.2.11)

Since ŵ is the normalized right eigenvector of any M̂i for eigenvalue ξ = 1, we have

N

∏
k=i+1

M̂kŵ = ŵ. (3.2.12)

Using Eqs. (3.2.10), (3.2.11) and (3.2.12) we get

M̂′i
N

∏
k=i+1

M̂kŵ =
1
|b|



0
...

(1− e−νiGi )E[Bi]
...
0

 . (3.2.13)
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From Eqs. (3.2.8) and (3.2.13) we get

ûTÛiŵ =

(
ûT

i−1

∏
k=1

M̂k

)
M̂′i

(
N

∏
k=i+1

M̂kŵ

)

=
1
|b|



û(i)
1
...

û(i)
i−1

û(i)
i

û(i)
i+1
...

û(i)
N



T 

0
...
0

(1− e−νiGi )E[Bi]
0
...
0



=
û(i)

i (1− e−νiGi )E[Bi]

|b| =
ρ̂i
|b| , (3.2.14)

where the last equality follows from the fact that û(i)
i = λ̂i/(1− e−νiGi ), see Eq. (3.2.7).

Multiplying both sides of Eq. (3.2.14) with |b|/δ and summing it over all i = 1, . . . , N,
we get that

v̂TM̂′ŵ =
N

∑
i=1

|b|
δ

ûTÛiŵ =
N

∑
i=1

ρ̂i
δ
=

1
δ

. (3.2.15)

Since v̂Tŵ = 1, we obtain from Eqs. (3.2.9) and (3.2.15) that ξ ′(1) = 1
δ .

For the result in (3.1.2), we need all the second-order derivatives δ2hi(z)
δzjδzk

of the

function hi(z). In Lemma 4, we first find δ2hi(z)
δzjδzk

, for all i, j and k, and then use them
to find the parameter A as defined in (3.1.2).

Lemma 3.2.4. For the second-order derivative matrix K(i) =
(

k(i)j,k

)
where k(i)j,k = ∂2hi(z)

∂zj∂zk

∣∣∣
z=1

,

for all i, j, k = 1, . . . , N, we have that

A :=
1
2

N

∑
i=1

v̂(1)i

(
ŵTK̂(i)ŵ

)
=

1
2δ|b|

b(2)

b(1)
,

where b(j) =
∑N

i=1 λiE[Bj
i ]

∑N
i=1 λi

, for j = 1, 2.

Proof. We know that

hi(z) = fi(z1, . . . , zi, hi+1(z), . . . , hN(z))

= (1− e−νiGi )βi(z1, . . . , zi, hi+1(z), . . . , hN(z)) + e−νiGi zi

= (1− e−νiGi )E
[
e−Bi(∑i

c=1(1−zc)λc+∑N
c=i+1(1−hc(z))λc)

]
+ e−νiGi zi.
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From this it follows that

∂hi(z)
∂zk

= e−νiGi 1[k = i] + (1− e−νiGi )E

[
Bi

(
λk1[k ≤ i] +

N

∑
c=i+1

λc
∂hc(z)

∂zk

)

× e−Bi(∑i
c=1(1−zc)λc+∑N

c=i+1(1−hc(z))λc)

]
,

and

∂2hi(z)
∂zj∂zk

=(1− e−νiGi )

×E

[(
B2

i

(
λk1[k ≤ i] +

N

∑
c=i+1

λc
∂hc(z)

∂zk

)(
λj1[j ≤ i] +

N

∑
c=i+1

λc
∂hc(z)

∂zj

)

+ Bi

N

∑
c=i+1

λc
∂2hc(z)
∂zj∂zk

)
e−Bi(∑i

c=1(1−zc)λc+∑N
c=i+1(1−hc(z))λc)

]
, (3.2.16)

where 1[E] = 1, when the event E is true and otherwise 1[E] = 0.

Because ∂2hi(z)
∂zj∂zk

∣∣∣
z=1

= k(i)j,k and (1− e−νiGi )E[Bi]
(

λk1[k ≤ i] + ∑N
c=i+1 λc

δhc
δzk

(1)
)
=

mi,k − 1[k = i]e−νiGi , we have

k(i)j,k =
E[B2

i ]

E[Bi]2(1− e−νiGi )
(mi,j − 1[j = i]e−νiGi )(mi,k − 1[k = i]e−νiGi )

+ (1− e−νiGi )E[Bi]
N

∑
c=i+1

λck(c)j,k

=
E[B2

i ]

E[Bi]2(1− e−νiGi )
(mi,jmi,k − (1[j = i]mi,k + 1[k = i]mi,j)e−νiGi

+ 1[i = j = k]e−2νiGi ) + (1− e−νiGi )E[Bi]
N

∑
c=i+1

λck(c)j,k . (3.2.17)

Let 1i be an N × N matrix, where the element in the i-th row and the i-th column
equals one, and all N2 − 1 other entries read zero. Then, based on Eq. (3.2.17), we can
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write

K(i) =
E[B2

i ]

E[Bi]2(1− e−νiGi )

×



 mi,1mi,1 · · ·mi,1mi,N
...

. . .
...

mi,Nmi,1 · · ·mi,Nmi,N

− e−νiGi



0 · · · mi,1 · · · 0
...

. . .
...

. . .
...

0 · · · mi,i−1 · · · 0
mi,1 · · · 2mi,i · · · mi,N

0 · · · mi,i+1 · · · 0
...

. . .
...

. . .
...

0 · · · mi,N · · · 0


+ e−2νiGi 1i


+ (1− e−νiGi )E[Bi]

N

∑
c=i+1

λcK(c)

=
E[B2

i ]

E[Bi]2(1− e−νiGi )

×



 mi,1
...

mi,N

( mi,1 · · ·mi,N
)
− e−νiGi



0 · · · mi,1 · · · 0
...

. . .
...

. . .
...

0 · · · mi,i−1 · · · 0
mi,1 · · · 2mi,i · · · mi,N

0 · · · mi,i+1 · · · 0
...

. . .
...

. . .
...

0 · · · miN · · · 0


+ e−2νiGi 1i


+ (1− e−νiGi )E[Bi]

N

∑
c=i+1

λcK(c).

This leads to

wTK(i)w =
E[B2

i ]

E[Bi]2(1− e−νiGi )
(Ω1 + Ω2 + Ω3)

+ (1− e−νiGi )E[Bi]
N

∑
c=i+1

λcwTK(c)w, (3.2.18)
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where

Ω1 = wT

 mi,1
...

mi,N

( mi,1 · · ·mi,N
)

w,

Ω2 = −e−νiGi wT



0 · · · mi,1 · · · 0
...

. . .
...

. . .
...

0 · · · mi,i−1 · · · 0
mi,1 · · · 2mi,i · · · mi,N

0 · · · mi,i+1 · · · 0
...

. . .
...

. . .
...

0 · · · mi,N · · · 0


w,

Ω3 = e−2νiGi wT1iw.

Note that from the definition of ŵ, we have that

ŵT

 m̂i,1
...

m̂i,N

 =
(

m̂i,1 · · · m̂i,N
)

ŵ =
E[Bi]

|b| . (3.2.19)

Now we evaluate

ŵT



0 · · · m̂i,1 · · · 0
...

. . .
...

. . .
...

0 · · · m̂i,i−1 · · · 0
m̂i,1 · · · 2m̂i,i · · · m̂i,N

0 · · · m̂i,i+1 · · · 0
...

. . .
...

. . .
...

0 · · · m̂i,N · · · 0


ŵ =

1
|b|



m̂i,1E[Bi]
...

m̂i,i−1E[Bi]
m̂i,iE[Bi] + ∑N

j=1 m̂i,jE[Bj]

m̂i,i+1E[Bi]
...

m̂i,NE[Bi]



T

ŵ

=
E[Bi]∑N

j=1 m̂i,jE[Bj] + E[Bi]∑N
j=1 m̂i,jE[Bj]

|b|2

=
2E[Bi]

2

|b|2 . (3.2.20)

Evaluating Eq. (3.2.18) for ρ ↑ 1, and substituting Eqs. (3.2.19) and (3.2.20) in it, we
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have

ŵTK̂(i)ŵ =
E[B2

i ]

E[Bi]2(1− e−νiGi )

[
E[Bi]

2

|b|2 − 2e−νiGi
E[Bi]

2

|b|2 + e−2νiGi
E[Bi]

2

|b|2
]

+ (1− e−νiGi )E[Bi]
N

∑
c=i+1

λ̂cŵTK̂(c)ŵ

= (1− e−νiGi )
E[B2

i ]

|b|2 + (1− e−νiGi )E[Bi]
N

∑
c=i+1

λ̂cŵTK̂(c)ŵ

= (1− e−νiGi )

(
E[B2

i ]

|b|2 + E[Bi]
N

∑
c=i+1

λ̂cŵTK̂(c)ŵ

)
. (3.2.21)

Multiplying both sides of Eq. (3.2.21) with v̂i and evaluating it for i = 1 we get

v̂1ŵTK̂(1)ŵ =
|b|λ̂1

δ

(
E[B2

1 ]

|b|2 + E[B1]
N

∑
c=2

λ̂cŵTK̂(c)ŵ

)

=
λ̂1E[B2

1 ]

δ|b| +
|b|ρ̂1λ̂2(1− e−ν2G2)

δ

(
E[B2

2 ]

|b|2 +
N

∑
c=3

λ̂cŵTK̂(c)ŵ

)

+ |b| ρ̂1

δ

N

∑
c=3

λ̂cŵTK̂(c)ŵ, (3.2.22)

where for the second equality we again used Eq. (3.2.21), but now for i = 2, to
substitute ŵTK̂(2)ŵ. Multiplying both sides of Eq. (3.2.21) with v̂i and evaluating it
for i = 2 we get

v̂2ŵTK̂(2)ŵ =
|b|λ̂2

δ

(
e−ν2G2 + (1− e−ν2G2)

N

∑
j=2

ρ̂j

)

×
(

E[B2
2 ]

|b|2 + E[B2]
N

∑
c=3

λ̂cŵTK̂(c)ŵ

)

=
|b|λ̂2

δ

(
e−ν2G2 + (1− e−ν2G2)(1− ρ̂1)

)
×
(

E[B2
2 ]

|b|2 + E[B2]
N

∑
c=3

λ̂cŵTK̂(c)ŵ

)

=
|b|λ̂2 − |b|ρ̂1λ̂2(1− e−ν2G2)

δ

(
E[B2

2 ]

|b|2 + E[B2]
N

∑
c=3

λ̂cŵTK̂(c)ŵ

)
.

(3.2.23)

Summing Eqs. (3.2.22) and (3.2.23) we get

2

∑
j=1

v̂jŵTK̂(j)ŵ =
2

∑
j=1

λ̂j

δ

E[B2
j ]

|b| +
|b|
δ

(
2

∑
j=1

ρ̂j

)
N

∑
c=3

λ̂cŵTK̂(c)ŵ.
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By repeating the above procedure, we end up with

N

∑
j=1

v̂jŵTK̂(j)ŵ =
N

∑
j=1

λ̂j

δ

E[B2
j ]

|b| =
1

δ|b|
b(2)

b(1)
.

Therefore we have

A :=
1
2

N

∑
j=1

v̂jŵTK̂(j)ŵ =
1

2δ|b|
b(2)

b(1)
.

At this point, we have determined all parameters required to deploy in (3.1.2),
except for the constant α. This parameter depends on the immigration part of our
process and is given by the following lemma.

Lemma 3.2.5. For g = (g1, . . . , gN)
T , we have that

α :=
1
A

ĝTŵ = 2rδ
b(1)

b(2)
, (3.2.24)

where r = ∑N
i=1 (E[Si] + Gi).

Proof. Multiplying both sides of Eq. (3.2.6) with E[Bi] and summing it over all i gives

N

∑
i=1

giE[Bi] =
N

∑
k=1

λk

(
N

∑
i=1

mk,iE[Bi]

)(
k−1

∑
j=1

(
Gj + E[Sj]

)
(1− e−νkGk ) + Gk

)

+
N

∑
i=1

ρi

(
i−1

∑
j=1

(
Gj + E[Sj]

)
e−νiGi +

N

∑
j=i

E[Sj] +
N

∑
j=i+1

Gj

)
.

Since ŵ is an eigenvector of M̂k, we have ∑N
i=1 m̂k,iE[Bi] = E[Bk]. Hence, taking ρ ↑ 1,

we get

N

∑
i=1

ĝiE[Bi] =
N

∑
i=1

ρ̂i

(
i−1

∑
j=1

(
Gj + E[Sj]

)
(1− e−νiGi ) + Gi +

i−1

∑
j=1

(Gj + E[Sj])e−νiGi

+
N

∑
j=i

E[Sj] +
N

∑
j=i+1

Gj

)

=
N

∑
i=1

ρ̂i

N

∑
j=1

(
E[Sj] + Gj

)
=

N

∑
i=1

(E[Si] + Gi). (3.2.25)

Substituting ŵ = |b|−1(E[B1] · · · E[BN ])
T and A = 1

2δ|b|
b(2)

b(1)
in Eq. (3.2.24) and using

Eq. (3.2.25) will give that α = 2rδ b(1)

b(2)
.

Now that we have determined all the parameters of (3.1.2), we give a final lemma
in which we show that the multitype branching process defined by our polling system
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with retrials and glue periods actually falls in the framework put forward in [93]. In
particular, we show that the offspring generating function h(z) falls in the class K as
defined in (1.1) of [93] and that the immigration generating function, g(z) falls in the
class J as defined by (1.2) of [93].

Lemma 3.2.6. The generating functions for offspring and immigration, h(z) and g(z) ,
respectively satisfy the conditions defined in (1.1) and (1.2) of [93].

Proof. First, we state (1.1) and (1.2) of [93] in our notation.

For some a1 > 0, a2 > 0, a3 < ∞ and a positive integer U, (1.1) in [93] entails the
following conditions:

(i) {MU}i,j ≥ a1, ∀i, j = 1, 2, . . . , N.

(ii) ∑i,j,k k(i)j,k ≥ a2, ∀i, j, k = 1, 2, . . . , N.

(iii) ∑i,j,k,l
∂3hi(z)

∂zj∂zk∂zl

∣∣∣
z=1
≤ a3 ∀i, j, k, l = 1, 2, . . . , N.

Furthermore, for some a4 > 0 and a5 < ∞, (1.2) in [93] entails the following
conditions:

(iv) g(1) = 1.

(v) ∑N
i=1 gi ≥ a4.

(vi) ∑i,j
∂2g(z)
∂zj∂zk

∣∣∣
z=1
≤ a5 ∀i, j = 1, 2, . . . , N.

Now we prove that each of the above statements hold for our model.
First, considering Eqs. (3.2.2) and (3.2.3), and assuming that arrival rates and

service times are positive (which is the case in a non-trivial model), we conclude that
mi,j > 0 for all i, j = 1, 2, . . . , N. Hence, (i) holds for U = 1 and a1 close enough to
zero.

Condition (ii) implies that the sum of second order joint moments of the number
of children of type j and k produced by a customer of type i should be positive. As
numbers of children cannot become negative, all these joint moments are clearly
non-negative. This can also be seen from (3.2.16). Furthermore, when i = N, (3.2.16)
reveals that

k(N)
j,k =

∂2hN(z)
∂zj∂zk

∣∣∣∣∣
z=1

= (1− e−νN GN )E
[

B2
Nλjλke−BN(∑N

c=1(1−zc)λc)
]∣∣∣

z=1
=λjλk(1− e−νN GN )E[B2

N ].

As each of the terms of the above equations are positive in a non-trivial model, so is
k(N)

j,k . Since all the values of k(i)j,k are non-negative and at least one is positive the value

of ∑i,j,k k(i)j,k is positive, and hence (ii) holds for a2 close to zero.
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For (iii), note that the arrival processes in our system are independent Poisson
processes with finite positive rate and the third moments of the service times are
finite. This implies the third order joint moments are finite and hence their sum is
finite. So (iii) holds for some finite value of a3.

Condition (iv) holds as g(z) is a generating function of a vector of finite random
variables.

Next, it is easy to verify that each term in (3.2.6) is positive for a non-trivial model.
Hence, so are g1, . . . , gN . Therefore, we conclude that (v) holds for a4 close enough to
zero.

The arrival processes in our system are independent Poisson processes with finite
positive rate. Further, the second moments of the switchover times are finite, and the
glue periods are finite and deterministic. It implies that the second moments of the
non-visit times are finite and hence the second order joint moments are finite and
therefore their sum is finite. So (vi) is satisfied for some finite value of a5.

3.2.4 The heavy traffic theorem

Similar to the procedure used in [77], we will now combine the preliminary work
in Section 3.2.3 with Theorem 4 in [93] in order to obtain the following heavy traffic
theorem for the complete queue length process at cycle starts.

Theorem 3.2.1. For the cyclic polling system with retrials and glue periods, the scaled
steady-state joint queue length vector at the start of glue periods at station 1 satisfies

(1− ρ)


X(1)

1
...

X(1)
N

 ρ↑1−−→
d

b(2)

2b(1)
1
δ


û(1)

1
...

û(1)
N

 Γ(α, 1), (3.2.26)

where α = 2rδ b(1)

b(2)
.

Proof. In Lemma 3.2.6, we have shown that the branching process underlying the
polling model with retrials and glue periods fits the framework of [93]. As a result, it
now follows from (3.1.2) that

1
π(ξ(ρ))


X(1)

1
...

X(1)
N

 −→d A


v̂(1)1

...
v̂(1)N

 Γ(α, 1), when ρ ↑ 1, (3.2.27)

where π(ξ(ρ)) := limn→∞ πn(ξ(ρ)), and A and v̂(1) and α = 1
A ĝTŵ, are as defined

in Lemmas 3.2.2, 3.2.4 and 3.2.5.
From Eq. (3.1.1) we can say that, for ρ < 1,

π(ξ(ρ)) =
1

ξ(ρ)(1− ξ(ρ))
.
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Using this, together with Lemma 3.2.3, gives

lim
ρ↑1

(1− ρ)π(ξ(ρ)) = lim
ρ↑1

1− ρ

ξ(ρ)(1− ξ(ρ))
= lim

ρ↑1
−1

ξ ′(ρ)(1− 2ξ(ρ))
= lim

ρ↑1
1

ξ ′(ρ)
= δ.

(3.2.28)
Therefore, multiplying and dividing the LHS of Eq. (3.2.27) with 1− ρ, we get

1− ρ

(1− ρ)π(ξ(ρ))


X(1)

1
...

X(1)
N

 −→d A


v̂(1)1

...
v̂(1)N

 Γ(α, 1), when ρ ↑ 1.

Using Eq. (3.2.28), this gives

(1− ρ)


X(1)

1
...

X(1)
N

 −→d 1
2|b|

b(2)

b(1)


v̂(1)1

...
v̂(1)N

 Γ(α, 1), when ρ ↑ 1,

and hence

(1− ρ)


X(1)

1
...

X(1)
N

 −→d b(2)

2b(1)
1
δ


û(1)

1
...

û(1)
N

 Γ(α, 1), when ρ ↑ 1.

3.2.5 Discussion of results: connection with a binomially gated polling
model

It turns out that the heavy traffic results that we obtained in this section for the model
at hand, are similar to those of a binomially gated polling model (see e.g. [72]). The
dynamics of the binomially gated polling model are much like those of a conventional
gated polling model, except that after dropping a gate at Qi, the customers before
it will each be served in the corresponding visit period with probability pi in an
i.i.d. way, rather than with probability one as in the gated model. In particular,
the heavy traffic analysis of our model coincides with that of a binomially gated
polling model with the same interarrival time distributions, service time distributions
and switchover time distributions, and probability parameters pi = 1− e−νiGi . To
check this, we note that the binomially gated polling model with these probability
parameters falls within the framework of the seminal work of [77] when taking the
exhaustiveness parameters fi = (1− ρi)(1− e−νiGi ), after which it is easily verified
that Theorem 5 of [77] coincides with Theorem 3.2.1. Note, however, that although
we also exploit a branching framework in this chapter, the model considered in this
chapter does not fall directly in the class of polling models considered in [77], due to
the intricate dynamics of immigration.

The intuition behind this remarkable connection is as follows. First, we have that
a binomially gated polling model does not have the feature of glue periods. However,
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in a heavy-traffic regime, the server in our model will reside in a visit period for 100%
of the time, so that glue periods hardly occur in this regime either. Furthermore, in a
binomially gated polling model, each customer present at the start of a visit period
at Qi will be served within that visit period with probability pi = 1− e−νiGi in an
i.i.d. fashion. Note that something similar happens with the model at hand. There,
the start of a visit period coincides with the conclusion of a glue period. During this
glue period, all customers present in the orbit of the queue will, independently from
one another, queue up for the next visit period with probability 1− e−νiGi . These two
facts explain the analogy.

Do note that this analogy, remarkable though it is, does not help us in the further
analysis towards the asymptotics of the customer population at an arbitrary point
in time. While Theorem 3.2.1 is now aligned with Theorem 5 of [77], we cannot use
the subsequent analysis steps in that paper to get to results concerning the customer
population in heavy traffic at an arbitrary point in time. This is much due to the
fact that the strategy of [77] exploits a relation between the queue length of Q1 at a
cycle start and the virtual waiting time of that queue at an arbitrary point in time.
Since the type-i customers in our model are not served in the order of arrival, as is
usually assumed, such a relation is hard to derive and is essentially unknown. As
an alternative, we will extend the current heavy traffic asymptotics at cycle starts to
certain other embedded epochs in Section 3.3.1, and eventually to arbitrary points in
time in Section 3.3.2.

3.3 Joint distribution of number of customers

3.3.1 Number of customers at embedded time points

A cycle in the polling system with retrials and glue periods passes through three
different phases: glue periods, visit periods and switchover periods. In the previous
section, in Theorem 3.2.1, we studied the behaviour of the scaled steady-state joint
queue length vector at the start of glue periods at station 1. We will now extend this
result to the scaled steady-state joint queue length vector at the start of a visit period
and the start of a switchover period in Theorems 3.3.1 and 3.3.2.

Theorem 3.3.1. For the cyclic polling system with retrials and glue periods, the scaled
steady-state joint queue length vector at the start of visit periods at station 1 satisfies

(1− ρ)



Y(1q)
1

Y(1o)
1

Y(1)
2
...

Y(1)
N


−→
d

b(2)

2b(1)
1
δ



(1− e−ν1G1)û(1)
1

e−ν1G1 û(1)
1

û(1)
2
...

û(1)
N


Γ(α, 1), when ρ ↑ 1. (3.3.1)

Proof. The distribution of the number of new customers of type j entering the system
during a glue period of station i is stochastically smaller than that of the number of
events G(i)

j in a Poisson process with rate λ̂j during an interval of length Gi. This
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is due to the fact that the arrival rate λj = ρλ̂j does not exceed λ̂j. Since G(i)
j is

finite with probability 1, we have that (1− ρ)G(i)
j → 0 with probability 1, as ρ ↑ 1.

Therefore the limiting scaled joint queue length distribution, for all customers other
than type i, is the same at the start of a glue period and at the start of a visit period of
station i.

Furthermore, the X(i)
i customers of type i, present in the system at the start of a

glue period of station i, join the queue, independently of each other, with probability
1− e−νiGi during the glue period. Let {Ui, i ≥ 0} be a series of i.i.d. random variables
where Uk indicates whether the k-th customer joins the queue or stays in orbit, for
all k = 1, . . . , X(i)

i . More specifically, Uk = 1 if the customer joins the queue, with
probability 1− e−νiGi , and Uk = 0 if the customer stays in orbit, w.p. e−νiGi . Then the
number of customers of type i in the queue (Y(iq)

i ) and in the orbit (Y(io)
i ) at the start

of a visit period at station i are given by

Y(iq)
i =

X(i)
i

∑
k=1

Uk and Y(io)
i = X(i)

i −
X(i)

i

∑
k=1

Uk.

Since X(i)
i → ∞ with probability 1, as ρ ↑ 1, we have by virtue of the weak law of

large numbers that

Y(iq)
i

X(i)
i

=
∑

X(i)
i

k=1 Uk

X(i)
i

−→
P

1− e−νiGi , when ρ ↑ 1, (3.3.2)

where −→
P

means convergence in probability. Similarly we have

Y(io)
i

X(i)
i

=
X(i)

i −∑
X(i)

i
k=1 Uk

X(i)
i

−→
P

e−νiGi , when ρ ↑ 1. (3.3.3)

Therefore, using Slutsky’s convergence theorem [47], along with Eqs. (3.2.27), (3.3.2),
(3.3.3) and the arguments above, we get

(1− ρ)



Y(1q)
1

Y(1o)
1

Y(1)
2
...

Y(1)
N


−→
d

b(2)

2b(1)
1
δ



(1− e−ν1G1)û(1)
1

e−ν1G1 û(1)
1

û(1)
2
...

û(1)
N


Γ(α, 1), when ρ ↑ 1.

We end this section by considering the scaled steady-state joint queue length
vector at the start of a switchover period from station 1 to station 2.

Theorem 3.3.2. For the cyclic polling system with retrials and glue periods, the scaled
steady-state joint queue length vector at the start of a switchover period from station 1 to
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station 2, when ρ ↑ 1, satisfies

(1− ρ)


Z(1)

1
Z(1)

2
...

Z(1)
N

 −→d b(2)

2b(1)
1
δ


e−ν1G1 û(1)

1 +(1− e−ν1G1)û(1)
1 λ̂1E[B1]

û(1)
2 +(1− e−ν1G1)û(1)

1 λ̂2E[B1]
...

û(1)
N +(1− e−ν1G1)û(1)

1 λ̂NE[B1]

 Γ(α, 1).

(3.3.4)

Proof. The number of customers in the orbit of station j at the start of a switchover
period from station i to station i + 1 equals the number of customers in the orbit at the
start of the visit of station i plus the Poisson arrivals with rate λj, during the service

of customers in the queue of station i, say J(i)j . In other words, we have that

Z(i)
j =

{
Y(i)

j + J(i)j , j 6= i,

Y(io)
i + J(i)i , j = i.

(3.3.5)

Note that J(i)j is the sum of Poisson arrivals with rate λj during Y(iq)
i independent

service times with distribution Bi. Let Di,j,k be the number of Poisson arrivals with
rate λj during the kth service in the visit period of station i. Thus

J(i)j =
Y(iq)

i

∑
k=1

Di,j,k.

Since Y(iq)
i → ∞ as ρ ↑ 1, and E[Bi] is finite, we have by virtue of the weak law of

large numbers that
J(i)j

Y(iq)
i

−→
P

λ̂jE[Bi], when ρ ↑ 1. (3.3.6)

Therefore, using Slutsky’s convergence theorem along with Eqs. (3.3.1), (3.3.5) and
(3.3.6), when ρ ↑ 1 we get

(1− ρ)


Z(1)

1
Z(1)

2
...

Z(1)
N

 −→d b(2)

2b(1)
1
δ


e−ν1G1 û(1)

1 +(1− e−ν1G1)û(1)
1 λ̂1E[B1]

û(1)
2 +(1− e−ν1G1)û(1)

1 λ̂2E[B1]
...

û(1)
N +(1− e−ν1G1)û(1)

1 λ̂NE[B1]

 Γ(α, 1).

Remark 3.3.1. Alternatively, Theorems 3.3.1 and 3.3.2 can be obtained by exploiting known
relations between the joint PGFs of the vectors (X(1)

1 , . . . , X(1)
N ), (Y(1q)

1 , Y(1o)
1 , Y(1)

2 . . . , Y(1)
N )

and (Z(1)
1 , . . . , Z(1)

N ) given in Eqs (2.3.3) and (2.3.2). After replacing each parameter zj in

these functions by z(1−ρ)
j and taking the limit of ρ going to one from below, these expressions

give the relations between the joint PGFs of the heavy traffic distributions. Combining these
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results with Theorem 3.2.1 and subsequently invoking Levy’s continuity theorem (see e.g.
Section 18.1 of [121]) then readily imply the theorems.

Remark 3.3.2. Throughout this section, we have focused on the joint queue length process at
the start of a glue, visit or switchover period at Q1. However, similar results for the starts of
these periods at any Qi can be obtained by either simply reordering indices, or by exploiting
the relations obtained in Chapter 2 between (X(i)

1 , . . . , X(i)
N ), (Y(iq)

1 , Y(io)
1 , Y(i)

2 . . . , Y(i)
N ),

(Z(i)
1 , . . . , Z(i)

N ) and (X(i+1)
1 , . . . , X(i+1)

N ).

3.3.2 Number of customers at arbitrary time points

Now we look at the limiting scaled joint queue length distribution of the number
of customers at the different stations at an arbitrary time point. At such a point in
time, the system can be in the glue period, the visit period or the switchover period
of some station i, with probability (1−ρ)Gi

∑N
i=1(Gi+E[Si ])

, ρi and (1−ρ)E[Si ]

∑N
i=1(Gi+E[Si ])

respectively. As

ρ ↑ 1, the probabilities (1−ρ)Gi

∑N
i=1(Gi+E[Si ])

and (1−ρ)E[Si ]

∑N
i=1(Gi+E[Si ])

, both converge to 0. Therefore

we only need to study the scaled steady-state joint queue length vector at an arbitrary
time in each of the N visit periods.

Theorem 3.3.3. For the cyclic polling system with retrials and glue periods, the scaled
steady-state joint queue length vector at an arbitrary time point in a visit period of station 1,
when ρ ↑ 1, satisfies

(1− ρ)



V(1q)
1

V(1o)
1

V(1)
2
...

V(1)
N


−→
d

b(2)

2b(1)
1
δ





(1− e−ν1G1)û(1)
1

e−ν1G1 û(1)
1

û(1)
2
...

û(1)
N



+(1− e−ν1G1)û(1)
1 U


−1

λ̂1E[B1]
λ̂2E[B1]

...
λ̂N E[B1]



 Γ(α + 1, 1).

(3.3.7)

Proof. We will use Theorem 1.2.2 (c) to prove this. It states that the joint generating
function, R(i)

vi (zq, zo), of the numbers of customers in the queue and in the orbits at an
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arbitrary time point in a visit period of Qi is given by

R(i)
vi (zq, zo) =

ziq

(
E[z

Y(iq)
i

iq

(
∏j 6=i z

Y(i)
j

jo

)
z

Y(io)
i

io ]−E[B̃i(∑j λj(1− zjo))
Y(iq)

i

(
∏j 6=i z

Y(i)
j

jo

)
z

Y(io)
i

io ]

)
E[Y(iq)

i ]
(

ziq − B̃i(∑j λj(1− zjo))
)

×
1− B̃i(∑j λj(1− zjo))(

∑j λj(1− zjo)
)

E[Bi]
.

Evaluating the above generating function in the points z̃q = (z(1−ρ)
1q , . . . , z(1−ρ)

Nq ) and

z̃o = (z(1−ρ)
1o , . . . , z(1−ρ)

No ), we get

R(i)
vi (z̃q, z̃o) =

z(1−ρ)
iq Ω4

E[Y(iq)
i ]

(
z(1−ρ)

iq − B̃i(∑N
j=1 λj(1− z(1−ρ)

jo ))
)

×
1− B̃i(∑N

j=1 λj(1− z(1−ρ)
jo ))(

∑N
j=1 λj(1− z(1−ρ)

jo )
)

E[Bi]
, (3.3.8)

where

Ω4 =E[z
(1−ρ)Y(iq)

i
iq

(
N

∏
j=1,j 6=i

z
(1−ρ)Y(i)

j
jo

)
z
(1−ρ)Y(io)

i
io ]

−E[B̃i(
N

∑
j=1

λj(1− z(1−ρ)
jo ))Y(iq)

i

(
N

∏
j=1,j 6=i

z
(1−ρ)Y(i)

j
jo

)
z
(1−ρ)Y(io)

i
io ].

The equation (3.3.8) has two terms. The first term expresses the generating func-
tion of the number of customers in the system at the start of the service of the customer
who is currently in service. The second term is the generating function of the number
of customers that arrived during the past service period of the customer who is
currently in service. As ρ ↑ 1, this second term satisfies

lim
ρ↑1

1− B̃i(∑N
j=1 λj(1− z(1−ρ)

jo ))(
∑N

j=1 λj(1− z(1−ρ)
jo )

)
E[Bi]

= lim
ρ↑1

1−E[e−(∑
N
j=1 λj(1−z(1−ρ)

jo ))Bi ](
∑N

j=1 λj(1− z(1−ρ)
jo )

)
E[Bi]

= lim
ρ↑1

E[Bie
−(∑N

j=1 λj(1−z(1−ρ)
jo ))Bi ]

E[Bi]

=
E[Bi]

E[Bi]
= 1, (3.3.9)
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where the second equality follows from l’Hôpital’s rule. Equation (3.3.9) expresses
the fact that the scaled vector of the number of customers arriving at the different
stations during a past service time tends to 0, and hence its generating function tends
to 1, as ρ ↑ 1.

Before taking the limit ρ ↑ 1 in Eq. (3.3.8) we first look at

limρ↑1
(

B̃i

(
∑N

j=1 λj

(
1− z(1−ρ)

jo

))) 1
1−ρ . As we mentioned earlier, when we scale ρ ↑ 1

we scale the system such that only the arrival rates increase and the service times
remain the same. So we can write λj = ρλ̂j where λ̂j is fixed and independent of ρ,
for all j = 1, . . . , N. Therefore we have

lim
ρ↑1

(
B̃i

(
ρ

N

∑
j=1

λ̂j

(
1− z(1−ρ)

jo

))) 1
1−ρ

= elimρ↑1
ln
(

B̃i

(
ρ ∑N

j=1 λ̂j

(
1−z(1−ρ)

jo

)))
1−ρ

= e
limρ↑1

(
ρ ∑N

j=1 λ̂jz(1−ρ)
jo ln zjo+∑N

j=1 λ̂j

(
1−z(1−ρ)

jo

)
i
)

B̃i
′
(

ρ ∑N
j=1 λ̂j

(
1−z(1−ρ)

jo

))
−B̃i

(
ρ ∑N

j=1 λ̂j

(
1−z(1−ρ)

jo

))

= eE[Bi ]∑N
j=1 λ̂j ln zjo = e∑N

j=1 ln z
E[Bi ]λ̂j
jo =

N

∏
j=1

z
E[Bi ]λ̂j
jo , (3.3.10)

where the second equality follows from l’Hôpital’s rule.
Next we evaluate the following limit, which is related to the denominator of the

first term in Eq. (3.3.8)

lim
ρ↑1

z(1−ρ)
iq − B̃i(∑N

j=1 λj(1− z(1−ρ)
jo ))

1− ρ

= lim
ρ↑1

z(1−ρ)
iq − 1

1− ρ
+ lim

ρ↑1

1−E

[
e−ρ ∑N

j=1 λ̂j

(
1−z(1−ρ)

jo

)
Bi

]
1− ρ

= lim
ρ↑1

z(1−ρ)
iq ln ziq

− lim
ρ↑1

E

[(
ρBi

N

∑
j=1

λ̂jz
(1−ρ)
jo ln zjo + Bi

N

∑
j=1

λ̂j

(
1− z(1−ρ)

jo

))
e−ρ ∑N

j=1 λ̂j

(
1−z(1−ρ)

jo

)
Bi

]

= ln ziq −
N

∑
j=1

λ̂jE[Bi] ln zjo = ln

(
ziq

N

∏
j=1

z
−E[Bi ]λ̂j
jo

)
, (3.3.11)

where the first equality uses the fact that λj = ρλ̂j and the second equality follows
from l’Hôpital’s rule.

We know that limρ↑1 z(1−ρ)
iq = 1. Substituting this along with Eqs. (3.3.9), (3.3.10)
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and (3.3.11) in Eq. (3.3.8) while we take ρ ↑ 1, we get

lim
ρ↑1

R(i)
vi (z̃q, z̃o) = lim

ρ↑1
Ω5

E[(1− ρ)Y(iq)
i ] ln

(
ziq ∏N

j=1 z
−E[Bi ]λ̂j
jo

) , (3.3.12)

where

Ω5 =E[z
(1−ρ)Y(iq)

i
iq

(
N

∏
j=1,j 6=i

z
(1−ρ)Y(i)

j
jo

)
z
(1−ρ)Y(io)

i
io ]

−E[
N

∏
j=1

z
E[Bi ]λ̂j(1−ρ)Y(iq)

i
jo

(
N

∏
j=1,j 6=i

z
(1−ρ)Y(i)

j
jo

)
z
(1−ρ)Y(io)

i
io ].

Consider the following notation

κ :=
b(2)

2b(1)
1
δ
(1− e−ν1G1)û(1)

1 =
b(2)

2b(1)
λ̂1

δ

κ1 :=
b(2)

2b(1)
1
δ

e−ν1G1 û(1)
1

κi :=
b(2)

2b(1)
1
δ

û(1)
i , ∀i = 2, . . . , N.

Using the above notation in Eq. (3.3.1) and substituting it in Eq. (3.3.12) we have,

lim
ρ↑1

R(1)
vi (z̃q, z̃o) =

E[zκΓ(α,1)
1q ∏N

j=1 z
κjΓ(α,1)
jo ]−E[∏N

j=1 z
E[B1]λ̂jκΓ(α,1)
jo ∏N

j=1 z
κjΓ(α,1)
jo ]

E[κΓ(α, 1)] ln
(

z1q ∏N
j=1 z

−E[B1]λ̂j
jo

)

=

E[
(

zκ
1q ∏N

j=1 z
κj
jo

)Γ(α,1)
]−E[

(
∏N

j=1 z
E[B1]λ̂jκ+κj
jo

)Γ(α,1)
]

κα ln
(

z1q ∏N
j=1 z

−E[B1]λ̂j
jo

) .

Now we introduce the following notation to change our generating function into an
LST,

s := − ln z1q

si := − ln zio, ∀i = 1, . . . , N.

Then we have that the joint LST of the scaled steady-state joint queue length vector,
of the queue of station 1 and the orbits at all the stations, during an arbitrary time in
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the visit period of station 1 is

lim
ρ↑1

R(1)
vi (z̃q, z̃o) =

E[
(

e−sκ ∏N
j=1 e−sjκj

)Γ(α,1)
]−E[

(
∏N

j=1 e−sj(E[B1]λ̂jκ+κj)
)Γ(α,1)

]

ακ ln
(

e−s ∏N
j=1 esjE[B1]λ̂j

)
=

E[e−(sκ+∑j sjκj)Γ(α,1)]−E[e−∑N
j=1 sj(E[B1]λ̂jκ+κj)Γ(α,1)

]

ακ
(
−s + E[B1]∑j λ̂jsj

)

=

(
1

1+sκ+∑j sjκj

)α
−
(

1
1+∑N

j=1 sj(E[B1]λ̂jκ+κj)

)α

ακ
(
−s + E[B1]∑j λ̂jsj

)
= E[e−(sκ+∑j sjκj+(−sκ+∑j λ̂jE[B1]κsj)U)Γ(α+1,1)], (3.3.13)

where U is a standard uniform random variable and the last equality follows from
the expression

E[e−(a+bU)Γ(α+1,1)] =

(
1

1+a

)α
−
(

1
1+(a+b)

)α

αb
.

Now we substitute s = − ln z1q and si = − ln zio back in Eq. (3.3.13) to get for the
joint generating function

lim
ρ↑1

R(1)
vi (z̃q, z̃o) = E


zκ

1q

N

∏
j=1

z
κj
jo

(
z−1

1q

N

∏
j=1

z
λ̂jE[B1]

jo

)κU
Γ(α+1,1)

 . (3.3.14)

Let V(i)
iq and V(i)

io be the number of customers in the queue and orbit of station i, and

V(i)
j be the number of customers of type j 6= i, at an arbitrary point in time during a

visit period of station i, for all i = 1, . . . , N. Then from Eq. (3.3.14) we have,

(1− ρ)



V(1q)
1

V(1o)
1

V(1)
2
...

V(1)
N


−→
d




κ
κ1
κ2
...

κN

+ κU


−1

λ̂1E[B1]
λ̂2E[B1]

...
λ̂N E[B1]



 Γ(α + 1, 1), when ρ ↑ 1.

(3.3.15)
Therefore, the scaled steady-state joint queue length vector, in the queue of station 1
and the orbits of all stations, at an arbitrary time during a visit period of station 1, as
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ρ ↑ 1, satisfies

(1− ρ)



V(1q)
1

V(1o)
1

V(1)
2
...

V(1)
N


−→
d

b(2)

2b(1)
1
δ





(1− e−ν1G1)û(1)
1

e−ν1G1 û(1)
1

û(1)
2
...

û(1)
N


+ U


−λ̂1
λ̂1ρ̂1
λ̂2ρ̂1

...
λ̂N ρ̂1




Γ(α + 1, 1).

An intuitive argument for Theorem 3.3.3 can be given in the following way. Since,
under heavy traffic, the scaled number of customers which are in the queue of
station 1 at the start of an arbitrary visit period is gamma distributed, κΓ(α, 1), also
the scaled length of an arbitrary visit period is gamma distributed, κE[B1]Γ(α, 1).
Therefore if we choose an arbitrary time point in a visit period of station 1 the
scaled length of that special visit period is distributed as κE[B1]Γ(α + 1, 1), where
κ = b(2)

2b(1)
1
δ (1− e−ν1G1)û(1)

1 . Since this is a special interval which we are looking at, the
scaled steady-state joint queue length vector at the start of this visit period satisfies

(1− ρ)



Y̆(1q)
1

Y̆(1o)
1

Y̆(1)
2
...

Y̆(1)
N


−→
d

b(2)

2b(1)
1
δ



(1− e−ν1G1)û(1)
1

e−ν1G1 û(1)
1

û(1)
2
...

û(1)
N


Γ(α + 1, 1), when ρ ↑ 1.

(3.3.16)
At the arbitrary point in time, we have κUΓ(α + 1, 1) customers served, which means
that there are J(1)j = ∑

κUΓ(α+1,1)
k=1 (L(1)

j )k new customers of type j arriving during that

period. Note that as ρ ↑ 1, J(1)j → ∞ , therefore the new arrivals during the past
service time of the customer in service can be neglected. Using the same arguments as
in Theorem 3.3.2 we can say that the limiting scaled distribution of the new number
of customers of type j at an arbitrary point in time during the visit of station i can be
given as

J(1)j

UY̆(1q)
1

→ λjE[B1].

Therefore the scaled steady-state joint queue length vector at an arbitrary point in
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time during the visit of station 1 as ρ ↑ 1 satisfies

(1− ρ)



V(1q)
1

V(1o)
1

V(1)
2
...

V(1)
N


−→
d

b(2)

2b(1)
1
δ





0
e−ν1G1 û(1)

1
û(1)

2
...

û(1)
N



+(1− e−ν1G1)û(1)
1


1−U

Uλ̂1E[B1]
Uλ̂2E[B1]

...
Uλ̂N E[B1]



 Γ(α + 1, 1).

which is equivalent to Eq. (3.3.7).
In Eq. (3.3.7) we have given the scaled steady-state joint queue length vector of

customers of each type at an arbitrary point in time during the visit period of station 1
when ρ ↑ 1. Using Remark 3.2.4 we can extend this to an arbitrary point in time
during the visit period of a given station i. This, when ρ ↑ 1 can be written as

(1− ρ)



V(i)
1
...

V(i)
i−1

V(iq)
i

V(io)
i

V(i)
i+1
...

V(i)
N


−→
d

b(2)

2b(1)
1
δ





û(i)
1
...

û(i)
i−1

(1− e−νiGi )û(i)
i

e−νiGi û(i)
i

û(i)
i+1
...

û(i)
N


+ U



λ̂1ρ̂i
...

λ̂i−1ρ̂i
−λ̂i
λ̂i ρ̂i

λ̂i+1ρ̂i
...

λ̂N ρ̂i




Γ(α + 1, 1).

(3.3.17)
Due to the observation that in heavy traffic, the server resides in a visit period for
100% of the time, Eq. (3.3.17) leads to the following theorem.

Theorem 3.3.4. In a cyclic polling system with retrials and glue periods, the scaled steady-
state joint queue length vector at an arbitrary time point, with L(iq) and L(io) representing
the number in queue and in orbit at station i respectively for all i = 1, . . . , N, satisfies

(1− ρ)



L(1q)

...
L(Nq)

L(1o)

...
L(No)


−→
d

b(2)

2b(1)
1
δ

P Γ(α + 1, 1) when ρ ↑ 1, (3.3.18)
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where P = Pi with probability ρ̂i and

Pi =



0
...
0

(1− e−νiGi )û(i)
i

0
...
0

û(i)
1
...

û(i)
i−1

e−νiGi û(i)
i

û(i)
i+1
...

û(i)
N



+ U



0
...
0
−λ̂i

0
...
0

λ̂1ρ̂i
...

λ̂i−1ρ̂i
λ̂i ρ̂i

λ̂i+1ρ̂i
...

λ̂N ρ̂i



.

Proof. As mentioned at the beginning of this section, when ρ̂ ↑ 1 the system is in
the visit periods with probability 1. Therefore the limiting scaled joint queue length
distribution at an arbitrary point in time can be given as the limiting scaled joint
queue length distribution in the visit period of station i with probability ρ̂i. Now
consider that the number of customers of type j, at an arbitrary point in time during
the visit period of station i, in queue and orbit respectively is given by V(iq)

j and V(io)
j .
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Then using Eq. (3.3.17) we can write, when ρ ↑ 1

(1− ρ)



V(iq)
1
...

V(iq)
i−1

V(iq)
i

V(iq)
i+1
...

V(iq)
N

V(io)
1
...

V(io)
i−1

V(io)
i

V(io)
i+1
...

V(io)
N



−→
d

b(2)

2b(1)
1
δ





0
...
0

(1− e−νiGi )û(i)
i

0
...
0

û(i)
1
...

û(i)
i−1

e−νiGi û(i)
i

û(i)
i+1
...

û(i)
N



+ U



0
...
0
−λ̂i

0
...
0

λ̂1ρ̂i
...

λ̂i−1ρ̂i
λ̂i ρ̂i

λ̂i+1ρ̂i
...

λ̂N ρ̂i





Γ(α+ 1, 1).

(3.3.19)
This holds because V(io)

j = V(i)
j and V(iq)

j = 0 when i 6= j. Therefore we know that
the limiting scaled joint queue length distribution at an arbitrary point in time, with
probability ρ̂i, can be given as b(2)

2b(1)
1
δ PiΓ(α + 1, 1). Hence we have

(1− ρ)



L(1q)

...
L(Nq)

L(1o)

...
L(No)


−→
d

b(2)

2b(1)
1
δ

P Γ(α + 1, 1), when ρ ↑ 1, (3.3.20)

where P = Pi with probability ρ̂i.

Remark 3.3.3. Note that under heavy-traffic the total scaled workload in the system satisfies
the so-called heavy-traffic averaging principle. This principle, first found in [34, 35] for
a specific class of polling models, implies that the workload in each queue is emptied and
refilled at a rate that is much faster than the rate at which the total workload is changing.
As a consequence, the total workload can be considered constant during the course of a
cycle (represented by the gamma distribution), while the workloads in the individual queues
fluctuate like a fluid model. It is because of this that the queue length vector in Theorem 3.3.4
also features a state-space collapse (cf. [95]): the limiting distribution of the 2N-dimensional
scaled queue length vector is governed by just three distributions: the discrete distribution
governing P, the uniform distribution, and the gamma distribution.
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Therefore using Theorems 3.3.3 and 3.3.4, and the fact that δ = ∑i E[Bi]û
(j)
i for all

j = 1, . . . , N, the scaled workload in the system at an arbitrary point in time is given by

(1− ρ)
N

∑
i=1

E[Bi](L(iq) + L(io)) −→
d

b(2)

2b(1)
Γ(α + 1, 1), when ρ ↑ 1.

Since the above equation is independent of everything but the gamma distribution, the
workload is the same at any arbitrary point in time during the cycle. Hence the system agrees
with the heavy-traffic averaging principle. Note that in Theorems 3.2.1, 3.3.1 and 3.3.2
we have found the limiting distribution of the scaled number of customers at embedded time
points. Extending the heavy-traffic averaging principle along with these theorems, we can say
that the scaled workload in an arbitrarily chosen cycle can be given as

(1− ρ)
N

∑
i=1

E[Bi]X
(1)
i −→

d

b(2)

2b(1)
Γ(α, 1), when ρ ↑ 1.

We observe that the scaled workload in the two cases, arbitrary point in time and arbitrary
cycle, have Γ(α + 1, 1) and Γ(α, 1) distributions respectively. This is because of a bias
introduced in the selection of an arbitrary point in time, i.e., an arbitrarily chosen point in
time has a higher probability to be in a longer cycle than being in a shorter cycle. This bias
does not exist when we arbitrarily choose a cycle.

3.4 Approximations

In the previous section, we derived the heavy traffic limit of the scaled steady-state
joint queue length vector at an arbitrary point in time for the cyclic polling system
with retrials and glue periods. We now show that these results are not just valid for
the limiting heavy-traffic regime, but can, in fact, be used to obtain approximations
for arbitrary values of the system load. To achieve this, we deploy an interpolation
approximation between the heavy traffic result and a light traffic result, similar to
what is described in Boon et al. [19], in Section 3.4.1. Then we give a numerical
example in Section 3.4.2 to illustrate that the error of the approximation is small for
arbitrary values of the system load.

3.4.1 Approximate mean number of customers

Consider the following approximation for the mean number of customers of type i,

E[Li] ≈
c0 + ρc1

1− ρ
. (3.4.1)

The coefficients c0 and c1 are chosen in agreement with the light traffic and heavy
traffic behaviour of E[Li]. Clearly, when ρ ↓ 0, also E[Li] ↓ 0. Hence we choose c0 = 0.
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On the other hand, we have limρ↑1 E[(1− ρ)Li] = c1. Using Eq. (3.3.18), we get

lim
ρ↑1

E[(1− ρ)Li] = lim
ρ↑1

E[(1− ρ)(L(iq) + L(io))]

= E

[
b(2)

2b(1)
1
δ

(
N

∑
j=1

ρ̂j

(
û(j)

i + Uλ̂i ρ̂j

)
−Uλ̂i ρ̂i

)
Γ(α + 1, 1)

]

=
b(2)

2b(1)
1
δ

(
N

∑
j=1

ρ̂j

(
û(j)

i +
λ̂i ρ̂j

2

)
− λ̂i ρ̂i

2

)
(α + 1).

Hence we choose c1 = b(2)

2b(1)
(α+1)

δ

(
∑N

j=1 ρ̂j

(
û(j)

i +
λ̂i ρ̂j

2

)
− λ̂i ρ̂i

2

)
, and so the final

approximation for E[Li] becomes, for arbitrary ρ ∈ (0, 1),

E[Li] ≈
ρ

(1− ρ)

b(2)

2b(1)
(α + 1)

δ

(
N

∑
j=1

ρ̂j

(
û(j)

i +
λ̂i ρ̂j

2

)
− λ̂i ρ̂i

2

)
. (3.4.2)

3.4.2 Numerical example

In this section, we will compare the above approximation with exact results. The
exact results are obtained using the approach in Chapter 2.

Consider a five station polling system in which the service times are exponentially
distributed with mean E[Bi] = 1 for all i = 1, . . . , 5. The arrival processes are Poisson
processes with rates λ1 = ρ 1

10 , λ2 = ρ 2
10 , λ3 = ρ 3

10 , λ4 = ρ 1
10 , λ5 = ρ 3

10 . The
switchover times from station i are exponentially distributed with mean E[Si] =
2, 3, 1, 5, 2 for stations i = 1, . . . , 5. The durations of the deterministic glue periods
are Gi = 3, 1, 2, 1, 2, and the exponential retrial rates are νi = 5, 1, 3, 2, 1, for
stations i = 1 to 5 respectively. We plot the following for ρ ∈ (0, 1) and compare the
approximation given in Eq. (3.4.2) with the values obtained using exact analysis.
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In Figures 3.2 and 3.3 we respectively plot the percentage error calculated as
% error =

Approximate Value−Exact Value
Exact Value × 100, for the mean number of customers of

each type and the total mean number of customers in the system. The error percentage
is similar to that predicted in [19]. The error is non-negligible for lower values of
ρ, but it decreases quickly as ρ increases. Consequently, for larger values of ρ, the
approximation is accurate.

Based on this, we conclude that the heavy-traffic results as derived in this chapter
are very useful for deriving closed-form approximations for the queue length. Never-
theless, to obtain better performance for small values of ρ, the current approximation
as presented here can be refined by e.g. computing theoretical values of d

dρ ELi|ρ=0

and incorporating that information in Eq. (3.4.1) as explained in [19]. Furthermore,
approximations for the mean queue length as mentioned here can be extended to
approximations for the complete queue length distributions of the polling systems
with glue periods and retrials in the spirit of [39]. These extensions, however, are
beyond the scope of this chapter.

Summary

In this chapter, we have studied a polling model with retrials and glue periods under
heavy traffic. We have used the relation of this model with multi-type branching pro-
cesses to compute steady-state joint queue length distribution of different customer
types in queue and orbit at fixed and arbitrary time epochs. We have subsequently
used this to approximate the mean number of customers of each type at an arbitrary
point in time. For higher values to load ρ the approximation gives very accurate
values and is easier to compute than the exact values.

In the next chapter, we extend the work on polling models with retrials and glue
periods to non-deterministic glue periods. An algorithm is presented to obtain the
moments of the number of customers in each station for the model with exponentially
distributed glue periods. Furthermore, a workload decomposition for the model with
generally distributed glue periods is derived leading to a pseudo-conservation law.
The pseudo-conservation law is subsequently used to obtain an approximation of the
mean waiting times at each station.





Chapter 4

Analysis of systems with
non-deterministic periods

In this chapter, we extend the work on polling systems with retrials and glue peri-
ods, which was motivated by the performance study of optical switching nodes, cf.
Section 2.1. In Chapter 2 an N-station polling model with retrials and deterministic
glue periods is considered, for the case of gated service at all stations. Under the
gated service discipline, when the server visits a station, the server serves only the
customers that were present at that station upon its arrival. The generating function
of the steady-state joint station size (i.e., the number of customers in each station) was
derived both at an arbitrary epoch and at the beginnings of the switchover, glue, and
visit periods. Then in Chapter 3 a heavy traffic analysis of the system was done, and
the distribution of the steady-state joint station sizes, when the system is in heavy
traffic regime, was derived.

The main contributions in the present chapter are as follows. (i) When the glue
periods are exponentially distributed, we obtain equations for the joint generating
functions of the numbers of customers, both at embedded epochs and at arbitrary
epochs, as well as a system of linear equations for the moments of the station sizes.
Also, we present an algorithm to compute those moments. (ii) When the glue periods
are generally distributed, we derive a pseudo conservation law, i.e., an exact expres-
sion for a weighted sum of the mean waiting times at all stations, which subsequently
leads to accurate approximations of the individual mean waiting times. (iii) We also
investigate the problem of choosing the lengths of the glue periods, under a constraint
on the total glue period per cycle, so as to minimize a weighted sum of the mean
waiting times.

The rest of the chapter is organized as follows. In Section 4.1 we first describe
the model and then present a detailed analysis of the generating functions and the
moments of the station sizes at different time epochs when the glue periods are
exponentially distributed. We also present a numerical example, which in particular
provides insight into the behavior of the polling system in the case of long glue
periods. In Section 4.2 we derive a pseudo conservation law for a system with
generally distributed glue periods. Subsequently, we use this pseudo conservation

87



88 Chapter 4. Retrials and non-deterministic glue periods

law for deriving an approximation for the mean waiting times at all stations. This
approximation is used to minimize weighted sums of the mean waiting times by
optimally choosing the lengths of the glue periods, given the total glue period per
cycle. Finally, in Section 4.3 we conclude our work on polling systems with retrials
and glue periods and suggest some directions for future research.

4.1 The polling system with retrials and exponential glue periods

4.1.1 The model

We consider a single server cyclic polling system with retrials and glue periods.
Index the stations by i, i = 1, . . . , N, in the order of server movement. For ease
of presentation, all references to station indices greater than N or less than 1 are
implicitly assumed to be modulo N. Customers arrive at station i according to a
Poisson process with rate λi, and they are called type-i customers, i = 1, . . . , N. The
overall arrival rate is denoted by λ = λ1 + · · ·+ λN . The service times of customers at
station i are independent and identically distributed (i.i.d.) random variables with a
generic random variable Bi, i = 1, . . . , N. Let B̃i(s) = E[e−sBi ] be the Laplace-Stieltjes
transform (LST) of the service time distribution at station i. The switchover times from
station i to station i + 1 are i.i.d. random variables with a generic random variable
Si. Let S̃i(s) = E[e−sSi ] be the LST of the switchover time from station i to station
i + 1, i = 1, . . . , N. The interarrival times, the service times, and the switchover times
are assumed to be mutually independent. After the server switches to station i, a
glue period occurs, which is followed by the service period of station i. After the
service period, the server starts switching to the next station. See Figure 4.1. The glue
periods of station i are i.i.d. random variables with a generic random variable Gi. Let
G̃i(s) = E[e−sGi ] be the LST of the glue period distribution at station i.

� A cycle -

G1 V1 S1 Gi Vi Si GN VN SN G1 V1 S1
q q q q q q q q q q q q

Gi: glue period of station i Vi: service period of station i Si: switchover from station i to station i + 1

Figure 4.1: A cycle starting from the beginning of a glue period of station 1.

Each station consists of an orbit and a queue. During a glue period, arriving
customers (either new arrivals or retrying customers) at station i stick and wait in
the queue of station i to receive service during the visit of the server to station i. In
contrast, during any other period, arriving customers at station i join the orbit of
station i and will retry after a random amount of time. The inter-retrial time of each
customer in the orbit of station i is exponentially distributed with mean ν−1

i and is
independent of all other processes.
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A single server cyclically moves from one station to another serving the glued
customers at each of the stations. The service discipline at all stations is gated. During
the service period of station i, the server serves all glued customers in the queue of
station i, i.e., all type-i customers waiting at the end of the glue period (customers in
the orbit and newly arriving customers during the course of the service period will
not be served).

The utilization of the server at station i, ρi, is defined by ρi = λiE[Bi] and the total
utilization of the server ρ is given by ρ = ∑N

i=1 ρi. It can be routinely shown that a
necessary and sufficient condition for the stability of this polling system is ρ < 1. We,
therefore, assume that ρ < 1. The mean cycle length, E[C], is independent of the
station involved (and the service discipline) and is given by

E[C] = ∑N
i=1(E[Gi] + E[Si])

1− ρ
, (4.1.1)

which can be derived as follows: Since the probability of the server being idle (in

steady state) is 1− ρ, and this equals ∑N
i=1(E[Gi ]+E[Si ])

E[C] by the theory of regenerative
processes, we have Eq. (4.1.1).

Let (X(i)
1 , X(i)

2 , . . . , X(i)
N ) denote the vector of numbers of customers of type 1 to

type N in the system (hence in the orbit) at the start of a glue period of station i,
i = 1, . . . , N, in steady state. Further, let (Y(i)

1 , Y(i)
2 , . . . , Y(i)

N ) denote the vector of
numbers of customers of type 1 to type N in the system at the start of a service
period at station i, i = 1, . . . , N, in the steady state. We distinguish between those
who are queueing (glued) and those who are in the orbit of station i: We write
Y(i)

i = Y(iq)
i + Y(io)

i , i = 1, . . . , N, where q denotes in the queue and o denotes in the

orbit. Finally, let (Z(i)
1 , Z(i)

2 , . . . , Z(i)
N ) denote the vector of numbers of customers of

type 1 to type N in the system (hence in the orbit) at the start of a switchover from
station i to station i + 1, i = 1, . . . , N, in steady state.

In Chapter 2 we calculated the generating functions and the mean values of the
number of customers at different time epochs when the glue periods are deterministic.
In this section we assume that the glue periods are exponentially distributed with
mean E[Gi] = 1/γi, i = 1, . . . , N. We will derive a set of partial differential equations
for the joint generating function of the station size (i.e., the number of customers in
each station) and then obtain a system of linear equations for the first and the second
moments of the station size. We also provide an iterative algorithm for solving the
system of linear equations.

Observe that the generating function for the vector of numbers of arrivals at
station 1 to station N during the service time of a type-i customer, Bi, is βi(z) :=
B̃i(∑N

j=1 λj(1− zj)) for z = (z1, z2, . . . , zN). Similarly, the generating function for the
vector of numbers of arrivals at station 1 to station N during a switchover time from
station i to station i + 1, Si, is σi(z) := S̃i(∑N

j=1 λj(1− zj)).

4.1.2 Station size analysis at embedded time points

In this subsection, we study the steady-state joint distribution and the mean of the
numbers of customers in the system at the start of a glue period, service period



90 Chapter 4. Retrials and non-deterministic glue periods

and switchover period. Let us define the following joint generating functions of the
number of customers in each station at the start of a glue period, service period and
switchover period:

R̃(i)
g (z) = E[z

X(i)
1

1 zX(i)
2

2 · · · zX(i)
N

N ],

R̃(i)
v (z, w) = E[z

Y(i)
1

1 zY(i)
2

2 · · · zY(io)
i

i · · · zY(i)
N

N wY(iq)
i ],

R̃(i)
s (z) = E[z

Z(i)
1

1 zZ(i)
2

2 · · · zZ(i)
N

N ],

for z = (z1, z2, . . . , zN) with |zi| ≤ 1, i = 1, . . . , N, and |w| ≤ 1.
Let Mo

i (t) represent the number of customers in the orbit of station i, i = 1, · · · , N
and Υ(t) the number of glued customers, at time t. Further, let τj be the time at which

an arbitrary glue period starts at station j, j = 1, . . . , N. Note that Mo
i (τj) = X(j)

i . We
define

φi(z; w; t) = E[zMo
1(τi+t)

1 · · · zMo
N(τi+t)

N wΥ(τi+t)
1{Gi>t}],

φi(z, w) =
∫ ∞

0
φi(z; w; t)dt.

Then all the generating functions for the numbers of customers in the steady state
described above, can be expressed in terms of φi(z, w), as shown below in Proposition
4.1.1.

Proposition 4.1.1. The generating functions R̃(i)
v (z, w), R̃(i)

s (z) and R̃(i)
g (z) satisfy the

following:

R̃(i)
v (z, w) = γiφi(z, w), (4.1.2)

R̃(i)
s (z) = γiφi(z, βi(z)), (4.1.3)

R̃(i)
g (z) = γi−1σi−1(z)φi−1(z, βi−1(z)). (4.1.4)

Proof. Equation (4.1.2) is obtained according to the law of total expectation, as
follows:

R̃(i)
v (z, w) =

∫ ∞

0
E[zMo

1(τi+t)
1 · · · zMo

N(τi+t)
N wΥ(τi+t) | Gi > t]γie−γitdt

=
∫ ∞

0
E[zMo

1(τi+t)
1 · · · zMo

N(τi+t)
N wΥ(τi+t)

1{Gi>t}]γidt

= γiφi(z, w).

To obtain Eq. (4.1.3), observe that the customers at the end of a service period are the
customers in the orbit at the beginning of that visit plus the customers who arrive
during the service times of the glued customers at the beginning of that visit. Hence

R̃(i)
s (z) = E[z

Y(i)
1

1 zY(i)
2

2 · · · zY(io)
i

i · · · zY(i)
N

N [βi(z)]Y
(iq)
i ]

= R̃(i)
v (z, βi(z))

= γiφi(z, βi(z)).
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Also, to obtain Eq. (4.1.4), observe that the customers at the end of a switchover
from station i− 1 to station i are the customers in the orbit at the beginning of that
switchover plus the customers who arrived during that switchover period. Hence

R̃(i)
g (z) = R̃(i−1)

s (z)σi−1(z),

and merging it with Eq. (4.1.3) we get Eq. (4.1.4).
We have the following result for the generating functions φi(z, w), i = 1, . . . , N.

Theorem 4.1.1. The generating functions φi(z, w), i = 1, . . . , N, satisfy the following
equation:

νi(w− zi)
∂

∂zi
φi(z, w)−

( N

∑
j=1,j 6=i

(λj(1− zj)) + λi(1− w) + γi

)
φi(z, w)

+ γi−1φi−1(z, βi−1(z))σi−1(z) = 0. (4.1.5)

Proof. Note that

φi(z; w; t + ∆t)

= E
[
zMo

1(τi+t+∆t)
1 · · · zMo

N(τi+t+∆t)
N wΥ(τi+t+∆t)

1{Gi>t+∆t}
]

=
∞

∑
n1=0
· · ·

∞

∑
nN=0

∞

∑
k=0

P(Mo
1(τi + t) = n1, . . . , Mo

N(τi + t) = nN , Υ(τi + t) = k, Gi > t)

×E
[
zMo

1(τi+t+∆t)
1 · · · zMo

N(τi+t+∆t)
N wΥ(τi+t+∆t)

1{Gi>t+∆t}
∣∣Mo

1(τi + t) = n1, . . . ,

Mo
N(τi + t) = nN , Υ(τi + t) = k, Gi > t

]
=

∞

∑
n1=0
· · ·

∞

∑
nN=0

∞

∑
k=0

P(Mo
1(τi + t) = n1, . . . , Mo

N(τi + t) = nN , Υ(τi + t) = k, Gi > t)

× zn1
1 · · · z

ni−1
i−1 zni+1

i+1 · · · z
nN
N wk((1− e−νi∆t)w + e−νi∆tzi)

ni

× e−(∑
N
j=1,j 6=i(λj(1−zj))+λi(1−w))∆te−γi∆t

= e−
(

∑N
j=1,j 6=i(λj(1−zj))+λi(1−w)+γi

)
∆t

× φi(z1, . . . , zi−1, zi + (1− e−νi∆t)(w− zi), zi+1, . . . , zN ; w; t).

Thus, we have

∂

∂t
φi(z; w; t) =νi(w− zi)

∂

∂zi
φi(z; w; t)

−
( N

∑
j=1,j 6=i

(λj(1− zj)) + λi(1− w) + γi

)
φi(z; w; t).
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Since φi(z; w; 0) = E[z
X(i)

1
1 zX(i)

2
2 · · · zX(i)

N
N ] = R̃(i)

g (z) = γi−1σi−1(z)φi−1(z, βi−1(z)) and
φi(z; w; ∞) = 0, integrating the above equation with respect to t from 0 to ∞ yields

−γi−1σi−1(z)φi−1(z, βi−1(z)) =νi(w− zi)
∂

∂zi
φi(z, w)

−
( N

∑
j=1,j 6=i

λj(1− zj) + λi(1− w) + γi

)
φi(z, w).

This completes the proof.
We now calculate the mean number of customers of each type at embedded

time points using the differential equation (4.1.5). For an N-tuple l = (l1, . . . , lN) of
nonnegative integers, we define

|l| = l1 + · · ·+ lN , l! = l1!l2! · · · lN !,

and zl = zl1
1 zl2

2 · · · z
lN
N . With this notation, we define the following scaled moment:

Φ(l,m)
i =

1
l!m!

∂|l|+m

∂zl∂wm φi(z, w)
∣∣∣
z=1−,w=1−

,

where ∂zl = ∂zl1
1 · · · ∂zlN

N , and 1 is the N-dimensional row vector with all its com-
ponents equal to one. The first scaled moments of φi(z, w), i = 1, 2, . . . , N, can be
obtained from the following theorem.

Theorem 4.1.2. We have

(i) Φ(0,0)
i = 1

γi
, i = 1, . . . , N.

(ii) Φ
(1j ,0)
i and Φ(0,1)

i , 0 ≤ i, j ≤ N, are given by the following recursion: for j = 1, . . . , N,
and i = j− 1, j− 2, . . . , j− N + 1

Φ(0,1)
j =

λj

γj
E[C], (4.1.6)

Φ
(1j ,0)
j =

λj

νj

(
E[C]− 1

γj

)
, (4.1.7)

Φ
(1j ,0)
i =

γi+1

γi
Φ

(1j ,0)
i+1 +

λj

γi

(
(δi,j−1 − ρi)E[C]− 1

γi+1
−E[Si]

)
, (4.1.8)

where 0 is the N-dimensional row vector with all its elements equal to zero, 1j is the
N-dimensional row vector whose jth element is one and all other elements are zero,
and δij is the Kronecker delta. Note that if i is nonpositive in Eq. (4.1.8), then it is
interpreted as i + N.

Proof. Taking the partial derivative of Eq. (4.1.5) with respect to zj and putting
z = 1−, w = 1−, we have

−νiδijΦ
(1i ,0)
i +

(1− δij)λj

γi
− γiΦ

(1j ,0)
i + γi−1Φ

(1j ,0)
i−1

+γi−1λjE[Bi−1]Φ
(0,1)
i−1 + λjE[Si−1] = 0. (4.1.9)
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Taking the partial derivative of Eq. (4.1.5) with respect to w and putting z = 1−, w =
1− yields

νiΦ
(1i ,0)
i +

λi
γi
− γiΦ

(0,1)
i = 0. (4.1.10)

Summing Eq. (4.1.9) over i = 1, . . . , N, we have

−νjΦ
(1j ,0)
j + λj ∑

i 6=j

1
γi

+ λj

N

∑
i=1

γiE[Bi]Φ
(0,1)
i + λj

N

∑
i=1

E[Si] = 0. (4.1.11)

Adding Eqs. (4.1.10) and (4.1.11) and multiplying the resulting equation by E[Bj]
yields

ρj

N

∑
i=1

( 1
γi

+ E[Si]
)
− γjE[Bj]Φ

(0,1)
j + ρj

N

∑
i=1

γiE[Bi]Φ
(0,1)
i = 0,

and summing this over j = 1, . . . , N gives

N

∑
i=1

γiE[Bi]Φ
(0,1)
i = ρE[C], (4.1.12)

where we have used Eq. (4.1.1). Plugging Eq. (4.1.12) into Eq. (4.1.11) leads to

Φ
(1j ,0)
j =

λj

νj

(
E[C]− 1

γj

)
,

which is Eq. (4.1.7). Inserting this equation into Eq. (4.1.10) yields Eq. (4.1.6). When
i = j in Eq. (4.1.9), we have

Φ
(1j ,0)
j−1 =

γj

γj−1
Φ

(1j ,0)
j +

λj

γj−1

(
(1− ρj−1)E[C]− 1

γj
−E[Sj−1]

)
. (4.1.13)

On the other hand, when i 6= j, i.e., i = j− 1, j− 2, . . . , j− N + 1, in Eq. (4.1.9), we
have

Φ
(1j ,0)
i−1 =

γi
γi−1

Φ
(1j ,0)
i +

λj

γi−1

(
− ρi−1E[C]− 1

γi
−E[Si−1]

)
. (4.1.14)

Finally, Eq. (4.1.8) follows from Eqs. (4.1.13) and (4.1.14).

Next, we calculate Φ(l,m)
i for |l|+ m ≥ 2. Equation (4.1.5) can be written as

(
νi(w− 1)− νi(zi − 1)

) ∂

∂zi
φi(z, w) +

(
λi(w− 1) +

N

∑
j=1,j 6=i

λj(zj − 1)− γi

)
φi(z, w)

+ γi−1φi−1(z, βi−1(z))σi−1(z) = 0.
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From this we get

(γi + liνi)Φ
(l,m)
i =1{m≥1}(li + 1)νiΦ

(l+1i ,m−1)
i + 1{m≥1}λiΦ

(l,m−1)
i

+ ∑
j 6=i

1{lj≥1}λjΦ
(l−1j ,m)

i + 1{m=0}γi−1 ∑
l′≤l

|l−l′ |
∑
k=0

Φ(l′ ,k)
i−1 Γ(l−l′)

i−1,k ,

(4.1.15)

where Γ(l)
i,m = 1

l!
∂|l|
∂zl

(
(βi(z)− 1)mσi(z)

)∣∣
z=1− and the inequality l′ ≤ l is interpreted

componentwise. Therefore, from Eq. (4.1.15) we have the following proposition.

Proposition 4.1.2. For |l|+ m ≥ 2,

Φ(l,m)
i =

1{m≥1}λi

γi + liνi
Φ(l,m−1)

i + ∑
j 6=i

1{lj≥1}λj

γi + liνi
Φ

(l−1j ,m)

i

+
1{m=0}γi−1

γi + liνi
∑
l′≤l

|l−l′ |−1

∑
k=0

Φ(l′ ,k)
i−1 Γ(l−l′)

i−1,k +
1{m≥1}(li + 1)νi

γi + liνi
Φ(l+1i ,m−1)

i

+
1{m=0}γi−1

γi + liνi
∑
l′≤l

Φ(l′ ,|l−l′ |)
i−1 Γ(l−l′)

i−1,|l−l′ |. (4.1.16)

For each k ≥ 2, Eq. (4.1.16) is a system of linear equations for {Φ(l,m)
i : i =

1, . . . , N, l ∈ ZN
+ , m ∈ Z+, |l|+ m = k}, where Z+ denotes the set of nonnegative

integers. The system of equations (4.1.16) with |l|+ m = k can be written in a matrix
form as

X = AX + b, (4.1.17)

where X is a column vector with components Φ(l,m)
i (i = 1, . . . , N, l ∈ ZN

+ , m ∈
Z+, |l|+ m = k), A is a nonnegative square matrix and b is a positive column vector.
Since X is also a positive vector, Eq. (4.1.17) implies that the maximal eigenvalue
of A is strictly less than 1. Therefore, Eq. (4.1.17) uniquely determines Φ(l,m)

i (i =

1, . . . , N, l ∈ ZN
+ , m ∈ Z+, |l|+ m = k). Also, Eq. (4.1.16) uniquely determines Φ(l,m)

i
(i = 1, . . . , N, l ∈ ZN

+ , m ∈ Z+, |l|+ m ≥ 2).

By solving the system of linear equations (4.1.16), we can obtain Φ(l,m)
i (i =

1, . . . , N, l ∈ ZN
+ , m ∈ Z+, |l| + m ≥ 2). One can use the Gaussian elimination to

solve that system of equations. We will also use an iterative method, as shown
below in Theorem 4.1.3. This theorem can be easily proved by the fact that A is a
nonnegative square matrix with maximal eigenvalue less than 1 and b is a positive
column vector in Eq. (4.1.17).
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Theorem 4.1.3. For i, l, m, n with i = 1, . . . , N, |l|+ m = k, n ∈ Z+, define Φ(l,m)
i (n) as

follows:

Φ(l,m)
i (0) =0,

Φ(l,m)
i (n) =

1{m≥1}λi

γi + liνi
Φ(l,m−1)

i + ∑
j 6=i

1{lj≥1}λj

γi + liνi
Φ

(l−1j ,m)

i

+
1{m=0}γi−1

γi + liνi
∑
l′≤l

|l−l′ |−1

∑
k=0

Φ(l′ ,k)
i−1 Γ(l−l′)

i−1,k

+
1{m≥1}(li + 1)νi

γi + liνi
Φ(l+1i ,m−1)

i (n− 1)

+
1{m=0}γi−1

γi + liνi
∑
l′≤l

Φ(l′ ,|l−l′ |)
i−1 (n− 1)Γ(l−l′)

i−1,|l−l′ |, n ≥ 1.

Then we have that

(i) Φ(l,m)
i (n) is nondecreasing in n.

(ii) limn→∞ Φ(l,m)
i (n) = Φ(l,m)

i .

4.1.3 Station size analysis at arbitrary time points

In the previous subsection, we have found the generating functions of the number
of customers at the beginnings of the glue period, service period, and switchover
period in terms of φi(z, w). We now represent the generating function of the number
of customers at arbitrary time points in terms of φi(z, w), as shown below in Theorem
4.1.4. This will allow us to obtain the moments of the station size distribution at
arbitrary time points.

Theorem 4.1.4. (a) The joint generating function, R(i)
s (z), of the number of customers in

the orbit at an arbitrary time point in a switchover period from station i is given by

R(i)
s (z) =

γi
E[Si]

φi(z, βi(z))
1− σi(z)

∑N
j=1 λj(1− zj)

. (4.1.18)

(b) The joint generating function, R(i)
g (z, w), of the number of customers in the queue and

in the orbit at an arbitrary time point in a glue period of station i is given by

R(i)
g (z, w) = γiφi(z, w). (4.1.19)

(c) The joint generating function, R(i)
v (z, w), of the number of customers in the queue and

in the orbit at an arbitrary time point in a service period of station i is given by

R(i)
v (z, w) =

γi
ρiE[C]

φi(z, w)− φi(z, βi(z))
w− βi(z)

1− βi(z)

∑N
j=1 λj(1− zj)

. (4.1.20)
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Proof. (a) Notice that the number of customers in the orbit at an arbitrary time
point in a switchover period from station i is the sum of two independent terms:
the number of customers at the beginning of the switchover period and the number
of customers who arrived during the elapsed switchover period. The generating
function of the former is R̃(i)

s (z) and the generating function of the latter is given by
1−σi(z)

E[Si ]
(

∑N
j=1 λj(1−zj)

) . Thus

R(i)
s (z) = R̃(i)

s (z)
1− σi(z)

E[Si]
(

∑N
j=1 λj(1− zj)

) ,

and merging this with Eq. (4.1.3) we get Eq. (4.1.18).
(b) By the theory of Markov regenerative processes,

R(i)
g (z, w) = γi

∫ ∞

0
φi(z; w; t)dt.

This equation yields Eq. (4.1.19).
(c) Notice that the number of customers in the system at an arbitrary time point

in a service period consists of two parts: the number of customers in the system at
the beginning of the service of the customer currently in service and the number of
customers who arrived during the elapsed time of the current service. The generating
function of the former is given by (see Remark 2.2.3 of Chapter 2 for a detailed proof)

R̃(i)
v (z, w)− R̃(i)

v (z, βi(z))

E[Y(iq)
i ](w− βi(z))

=
γi

E[Y(iq)
i ]

φi(z, w)− φi(z, βi(z))
w− βi(z)

, (4.1.21)

and the generating function of the latter is given by

1− βi(z)

E[Bi]
(

∑N
j=1 λj(1− zj)

) . (4.1.22)

From Eqs. (4.1.21) and (4.1.22) we have

R(i)
v (z, w) =

γi

E[Y(iq)
i ]E[Bi]

φi(z, w)− φi(z, βi(z))
w− βi(z)

1− βi(z)

∑N
j=1 λj(1− zj)

.

Since ρi =
E[Y(iq)

i ]E[Bi ]

E[C] , Eq. (4.1.20) follows from the above equation.
We introduce the following scaled moments:

Ψ(l,m)
g,i =

1
l!m!

∂|l|+m

∂zl∂wm R(i)
g (z, w)

∣∣∣
z=1−,w=1−

,

Ψ(l,m)
v,i =

1
l!m!

∂|l|+m

∂zl∂wm R(i)
v (z, w)

∣∣∣
z=1−,w=1−

,

Ψ(l)
s,i =

1
l!

∂|l|

∂zl
R(i)

s (z)
∣∣∣
z=1−

.

These moments satisfy the following theorem, which can be derived by using Eqs. (4.1.18),
(4.1.19) and (4.1.20).
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Theorem 4.1.5. We have

(i) Ψ(l,m)
g,i = γiΦ

(l,m)
i .

(ii) Ψ(l,m)
v,i = γi

ρiE[C] ∑l′≤l ∑
|l−l′ |
k=0 Φ(l′ ,m+k+1)

i η
(l−l′)
i,k ,

where η
(l)
i,m = 1

l!
∂|l|
∂zl

(−(βi(z)−1)m+1

∑N
j=1 λj(1−zj)

)∣∣∣
z=1−

.

(iii) Ψ(l)
s,i = γi

E[Si ]
∑l′≤l Θ(l′)

i ζ
(l−l′)
i , where ζ

(l)
i = 1

l!
∂|l|
∂zl

(
1−σi(z)

∑N
j=1 λj(1−zj)

)∣∣∣
z=1−

and Θ(l)
i =

1
l!

∂|l|
∂zl φi(z, βi(z))

∣∣
z=1−. Moreover, Θ(l)

i is given by

Θ(l)
i = ∑

l′≤l

|l−l′ |
∑
k=0

Φ(l′ ,k)
i ∆(l−l′)

i,k ,

where ∆(l)
i,m = 1

l!
∂|l|
∂zl (βi(z)− 1)m

∣∣
z=1−.

From now on we obtain the first and second moments of the station sizes of
each type of customers in steady state. Let Mo

i and Υ be the steady state random
variables corresponding to Mo

i (t) and Υ(t), respectively. That is, Mo
i is the number of

customers in the orbit of station i in the steady state and Υ is the number of glued
customers in the steady state. Let Moq

i be the number of customers in the orbit of
station i plus the glued customers in the queue of station i in steady state, and Mi be
the number of customers in station i (including the customer in service at station i)
in steady state. Moreover, we define the following indicator random variables: for
i = 1, . . . , N,

Iv,i =

{
1 if the server is serving at station i in steady state,
0 otherwise,

Ig,i =

{
1 if the server is in the glue period of station i in steady state,
0 otherwise,

Is,i =

{
1 if the server is switching from station i to i + 1 in steady state,
0 otherwise.

Then we have that for i = 1, . . . , N,

Mo
i =

N

∑
k=1

Mo
i (Iv,k + Ig,k + Is,k),

Moq
i = Mo

i + Υ(Iv,i + Ig,i),

Mi = Moq
i + Iv,i.



98 Chapter 4. Retrials and non-deterministic glue periods

Therefore, the mean station sizes, E[Mo
i ], E[Moq

i ], and E[Mi], i = 1, . . . , N, are given
by

E[Mo
i ] =

N

∑
k=1

(
ρkΨ(1i ,0)

v,k +
E[Gk]

E[C]
Ψ(1i ,0)

g,k +
E[Sk]

E[C]
Ψ(1i)

s,k

)
, (4.1.23)

E[Moq
i ] = E[Mo

i ] + ρiΨ
(0,1)
v,i +

E[Gi]

E[C]
Ψ(0,1)

g,i , (4.1.24)

E[Mi] = E[Moq
i ] + ρi. (4.1.25)

Now, in order to obtain the second moments of the station sizes, E[Mo
i Mo

j ],

E[Moq
i Moq

j ], and E[Mi Mj], i, j = 1, . . . , N, note that

Mo
i Mo

j =
N

∑
k=1

Mo
i Mo

j (Iv,k + Ig,k + Is,k),

Moq
i Moq

j = Mo
i Mo

j + Mo
i Υ(Iv,j + Ig,j) + Mo

j Υ(Iv,i + Ig,i) + Υ2(Iv,i + Ig,i)1{i=j},

Mi Mj = Moq
i Moq

j + Moq
i Iv,j + Moq

j Iv,i + Iv,i1{i=j}.

Therefore, the second moments of the station sizes are given by

E[Mo
i Mo

j ] =

 ∑N
k=1

(
ρkΨ

(1i+1j ,0)
v,k + E[Gk ]

E[C] Ψ
(1i+1j ,0)
g,k + E[Sk ]

E[C] Ψ
(1i+1j)

s,k

)
if i 6= j,

2 ∑N
k=1

(
ρkΨ(21i ,0)

v,k + E[Gk ]
E[C] Ψ(21i ,0)

g,k + E[Sk ]
E[C] Ψ(21i)

s,k

)
if i = j,

(4.1.26)

E[Moq
i Moq

j ] =



E[Mo
i Mo

j ] + ρiΨ
(1j ,1)
v,i + ρjΨ

(1i ,1)
v,j

+E[Gi ]
E[C] Ψ

(1j ,1)
g,i +

E[Gj ]

E[C] Ψ(1i ,1)
g,j if i 6= j,

E[(Mo
i )

2] + 2
(

ρiΨ
(1i ,1)
v,i + E[Gi ]

E[C] Ψ(1i ,1)
g,i

+ρiΨ
(0,2)
v,i + E[Gi ]

E[C] Ψ(0,2)
g,i

)
if i = j,

(4.1.27)

E[Mi Mj] =

 E[Moq
i Moq

j ] + ρiΨ
(1j ,0)
v,i + ρjΨ

(1i ,0)
v,j if i 6= j,

E[(Moq
i )2] + 2ρiΨ

(1i ,0)
v,i + 2ρiΨ

(0,1)
v,i + ρi if i = j.

(4.1.28)

4.1.4 A numerical example

In this subsection, we present numerical results for the first and second moments
of the number of customers in each station. The expression for the mean number
of customers in each station is given by Eq. (4.1.25), together with Eqs. (4.1.23) and
(4.1.24). By using the Eqs. (4.1.26)-4.1.28, we can obtain an expression for the variance
of the number of customers in each station and an expression for the covariance of
the numbers of customers in two different stations. Note that these moments are
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Figure 4.2: The mean number of customers in station i, E[Mi], i = 1, . . . , 5, varying
E[G]
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Figure 4.3: The squared coefficient of variation for the number of customers in station
i, SCV[Mi], i = 1, . . . , 5, varying E[G]

expressed in terms of Φ(l,m)
i , as shown in Theorem 4.1.5. Therefore, these moments

can be obtained by using Theorems 4.1.2 and 4.1.3. In the following numerical
example, we consider a single server polling model with five stations (i.e., N = 5).
Example 1. We assume that the arrival rate of type-i customers is λi = 0.025 for all
i, i = 1, . . . , 5. The service times of type-i customers are exponentially distributed
with means E[B1] = 1, E[B2] = 2, E[B3] = 4, E[B4] = 8 and E[B5] = 16, respectively.
Hence the total utilization of the server is ρ = ∑5

i=1 ρi = 0.775 < 1. The switchover
times from station i to station i + 1 are deterministic with E[Si] = 1 for all i, i =
1, . . . , 5. The retrial rate of customers in the orbit of station i is νi = 1 for all i, i =
1, . . . , 5. The glue periods at station i are exponentially distributed with parameters
γi, i = 1, . . . , 5. We assume that γi is the same for all i, i.e., E[Gi] = E[G] for all i,
i = 1, . . . , 5.
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Figure 4.4: The correlation coefficient of the numbers of customers in station i and
station j, Cor(Mi, Mj), (i, j) = (1, 2), (i, j) = (1, 3), (i, j) = (1, 4) and (i, j) = (3, 5),

varying E[G]

In Figure 4.2 we plot the mean number of customers in station i, E[Mi], i = 1, . . . , 5,
varying the mean glue period E[G]. In Figure 4.3 we plot the squared coefficient
of variation (SCV) for the number of customers in station i, SCV[Mi], i = 1, . . . , 5,
varying E[G]. In Figure 4.4 we plot the correlation coefficient of the numbers of
customers in two different stations, Cor[M1, M2], Cor[M1, M3], Cor[M1, M4] and
Cor[M3, M5], varying E[G]. In Figures 4.2(a), 4.3(a) and 4.4(a) we vary E[G] from 0
to 10 in order to better reveal the behavior of the system for small E[G]. In Figures
4.2(b), 4.3(b) and 4.4(b) we vary E[G] from 0 to 1000 in order to examine the behavior
of the system for large E[G].

We can draw the following conclusions from these plots:

• If the glue period of a station is small, the chance for customers to retry in that
glue period is low, and therefore the mean number of customers in the station
is large.

• If the glue period of a station is large, customers face a long delay before getting
served in the station, so the mean number of customers in the station is large.

• There exists an optimal glue length at which each station has a minimum mean
station size.

• The figures suggest that, as E[G]→ ∞,

(i) the mean numbers of customers grow linearly,

(ii) the squared coefficient of variation tends to a limit,

(iii) the correlation coefficients between the numbers of customers in different
stations tend to some limit.

In [122] the author considers classical polling systems with a branching-type
service discipline like exhaustive or gated service, and without glue periods, for the
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case that the switchover times become large. It is readily seen that our polling model
starts to behave very similarly as such a polling model, when the glue periods grow
large; indeed, every type-i customer will now almost surely become glued during
the first glue period of station i that it experiences during its stay in the system, and
therefore it will be served during the first service period of station i after its arrival
to the system - just as in an ordinary gated polling system. However, we cannot
immediately apply the asymptotic results of [122] where the switchover times become
large, because it considers deterministic switchover times, while the focus is on the
waiting time distribution.

4.2 The polling system with retrials and general glue periods

In Chapter 2 and in Section 4.1 of the present chapter we have presented the distri-
bution and mean of the number of customers at different time epochs for a gated
polling model with retrials and glue periods, where the glue periods are deterministic
and exponentially distributed, respectively. In this section, we assume that the glue
periods have general distributions. We first consider the distribution of the total
workload in the system and present a workload decomposition. Next, we use this to
obtain a pseudo conservation law, i.e., an exact expression for a weighted sum of the
mean waiting times. The pseudo conservation law is subsequently used to obtain an
approximation for the mean waiting times of all customer types. We present numeri-
cal results that indicate that the approximation is very accurate. Finally, we use this
approximation to optimize a weighted sum of the mean waiting times, ∑N

i=1 ciE[Wi],
where ci, i = 1, . . . , N are positive constants and E[Wi] is the mean waiting time of
a type-i customer until the start of its service, by choosing the glue period lengths,
given the total glue period in a cycle.

4.2.1 Workload distribution and decomposition

Define V as the amount of work in the system in the steady state. Furthermore, let
B̃(s) = ∑N

i=1 λi(1− B̃i(s)). The LST of the amount of work at an arbitrary time can be
written as

E[e−sV ] =
1

E[C]

N

∑
i=1

(
E[Si]E[e−sV(S)

i ] + E[Gi]E[e−sV(G)
i ] + ρiE[C]E[e−sV(D)

i ]
)
,

(4.2.1)

where V(S)
i , V(G)

i and V(D)
i are the amount of work in the system during the switchover

time from station i, the glue period of station i, and the service period of station i,
respectively.

Let V(X)
i , V(Y)

i and V(Z)
i be the work in the system at the start of the glue period

of station i, the service period of station i, and the switchover period from station i,
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respectively. We know that

E[e−sV(S)
i ] = E[e−sV(Z)

i ]
1− S̃i(B̃(s))

E[Si]B̃(s)
,

E[e−sV(G)
i ] = E[e−sV(X)

i ]
1− G̃i(B̃(s))

E[Gi]B̃(s)
.

Therefore,

N

∑
i=1

(
E[e−sV(S)

i ]E[Si] + E[e−sV(G)
i ]E[Gi]

)
=

N

∑
i=1

(
E[e−sV(Z)

i ]
1− S̃i(B̃(s))

B̃(s)
+ E[e−sV(X)

i ]
1− G̃i(B̃(s))

B̃(s)

)

=
N

∑
i=1

(
E[e−sV(Z)

i ]−E[e−sV(Z)
i ]S̃i(B̃(s)) + E[e−sV(X)

i ]−E[e−sV(X)
i ]G̃i(B̃(s))

B̃(s)

)

=
N

∑
i=1

(
E[e−sV(Z)

i ]−E[e−sV(X)
i+1 ] + E[e−sV(X)

i ]−E[e−sV(Y)
i ]

B̃(s)

)

=
N

∑
i=1

(
E[e−sV(Z)

i ]−E[e−sV(Y)
i ]

B̃(s)

)
. (4.2.2)

Furthermore, using the last formula of the proof of Theorem 2 in Boxma et al. [26],
but with our notations, we have

ρiE[C]E[e−sV(D)
i ] =

E[e−sV(Y)
i ]−E[e−sV(Z)

i ]

B̃(s)− s
. (4.2.3)

Substituting Eqs. (4.2.2) and (4.2.3) in Eq. (4.2.1), we have

E[e−sV ] =
s

E[C](s− B̃(s))

N

∑
i=1

(
E[e−sV(Z)

i ]−E[e−sV(Y)
i ]

B̃(s)

)
. (4.2.4)

Define the idle time as the time the server is not serving customers (i.e., the sum of
all the switchover and glue periods). Let V(Idle) be the amount of work in the system
at an arbitrary moment in the idle time. We have, by Eqs. (4.2.2) and (4.1.1),

E[e−sV(Idle)
] =

1
E
[

∑N
i=1(Si + Gi)

] N

∑
i=1

(
E[e−sV(S)

i ]E[Si] + E[e−sV(G)
i ]E[Gi]

)

=
1

E
[

∑N
i=1(Si + Gi)

] N

∑
i=1

(
E[e−sV(Z)

i ]−E[e−sV(Y)
i ]

B̃(s)

)

=
1

(1− ρ)E[C]

N

∑
i=1

(
E[e−sV(Z)

i ]−E[e−sV(Y)
i ]

B̃(s)

)
. (4.2.5)
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It is known that the LST of the amount of work at the steady state, VM/G/1, in the
standard M/G/1 queue where the arrival rate is ∑N

i=1 λi and the LST of the service
time distribution is ∑N

i=1
λi

∑N
j=1 λj

B̃i(s), is given by

E[e−sVM/G/1 ] =
(1− ρ)s
s− B̃(s)

. (4.2.6)

From Eqs. (4.2.4), (4.2.5) and (4.2.6) we have

E[e−sV ] = E[e−sVM/G/1 ]E[e−sV(Idle)
].

In Theorem 2.1 of [24], a workload decomposition property has been proved for a
large class of single-server multi-class queueing systems with service interruptions
(like switchover periods or breakdowns). It amounts to the statement that, under
certain conditions, the steady-state workload is in distribution equal to the sum of two
independent quantities: (i) the steady-state workload in the corresponding queueing
model without those interruptions, and (ii) the steady-state workload at an arbitrary
interruption epoch. The gated polling model with glue periods and retrials of the
present chapter satisfies all the assumptions of Theorem 2.1 of [24], and therefore,
in agreement with what we have seen above, the workload decomposition indeed
holds.

4.2.2 Pseudo conservation law

By the workload decomposition, it is shown in [24] that

N

∑
i=1

ρiE[Wi] = ρ
∑N

i=1 λiE[B2
i ]

2(1− ρ)
+ ρ

E
[(

∑N
i=1(Si + Gi)

)2]
2E
[

∑N
i=1(Si + Gi)

]
+

E
[

∑N
i=1(Si + Gi)

]
2(1− ρ)

(
ρ2 −

N

∑
i=1

ρ2
i
)
+

N

∑
i=1

E[Fi], (4.2.7)

where Fi is the work left in station i at the end of a service period of station i (and hence
at the start of a switchover from station i). Other than E[Fi], Eq. (4.2.7) is independent
of the service discipline. Note that E[Fi] = E[Z(i)

i ]E[Bi]. To find E[Z(i)
i ] we will

derive a relation between E[Z(i)
i ] and E[Y(iq)

i ]. E[Y(iq)
i ] consists of the following three

parts:

(i) Mean number of type-i customers who were already present at the end of the
previous visit to station i and who are glued during the glue period just before
the current visit to station i.

(ii) Mean number of type-i customers who have arrived during the time interval
from the end of the previous visit to station i to the start of the glue period of
station i just before the visit to station i, and who are glued during that glue
period.
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(iii) Mean number of type-i customers who arrive during the glue period of station
i just before the visit to station i.

Note that (i) equals (1− G̃i(νi))E[Z(i)
i ] because the mean number of type-i customers

who were present at the end of the previous visit to station i is E[Z(i)
i ], and the

probability that a customer who was present at the end of the previous visit to station
i is glued during the glue period just before the current visit to station i, is 1− G̃i(νi).
(ii) equals (1− G̃i(νi))λi

(
(1− ρi)E[C]−E[Gi]

)
. Here λi

(
(1− ρi)E[C]−E[Gi]

)
is the

mean number of type-i customers who have arrived during the time interval from
the end of the previous visit to station i to the start of the glue period of station i just
before the visit to station i. Finally, (iii) equals λiE[Gi]. Therefore,

E[Y(iq)
i ] =(1− G̃i(νi))E[Z(i)

i ] + (1− G̃i(νi))(1− ρi)λiE[C] + G̃i(νi)E[Gi]λi. (4.2.8)

Since ρi =
E[Y(iq)

i ]E[Bi ]

E[C] , we have E[Y(iq)
i ] = λiE[C]. Hence, by Eq. (4.2.8), we get

E[Z(i)
i ] = λiρiE[C] +

λiG̃i(νi)

1− G̃i(νi)
(E[C]−E[Gi]) .

Therefore, E[Fi] is given by

E[Fi] = ρ2
i E[C] +

ρiG̃i(νi)

1− G̃i(νi)
(E[C]−E[Gi]) . (4.2.9)

The first term on the right-hand side equals the mean amount of work for type-i
customers who arrived at station i during a service period of station i. The second
term is interpreted as follows: Since λi(E[C]−E[Gi]) is the mean number of type-i
customers who arrive during one cycle excluding the glue period of station i in that
cycle, (G̃i(ν))

kρi(E[C] − E[Gi]) is the mean amount of work for type-i customers
who arrive during the kth previous cycle excluding the glue period of station i in
that cycle, and who are present at the end of the current service period of station
i. Therefore, the second term, which is ∑∞

k=1(G̃i(ν))
kρi(E[C]−E[Gi]), is the mean

amount of work for type-i customers who were present in the orbit of station i at the
beginning of the service period of station i.

From Eqs. (4.2.7) and (4.2.9) together with Eq. (4.1.1), we obtain the following
pseudo conservation law:

N

∑
i=1

ρiEWi =ρ

(
∑N

i=1 λiE[B2
i ]

2(1− ρ)
+

E
[(

∑N
i=1(Si + Gi)

)2]
2E
[

∑N
i=1(Si + Gi)

] )

+
(

ρ2 +
N

∑
i=1

ρ2
i

)E
[

∑N
i=1(Si + Gi)

]
2(1− ρ)

+
N

∑
i=1

ρiG̃i(νi)

1− G̃i(νi)

(
E
[

∑N
j=1(Sj + Gj)

]
1− ρ

−E[Gi]

)
. (4.2.10)
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4.2.3 Approximation of the mean waiting times

We now use the pseudo conservation law to find an approximation for the mean
waiting times of all customer types. Below we briefly sketch the idea behind the
approximation. Everitt [41] has developed a method to approximate the mean waiting
times in an ordinary gated polling system (without retrials and glue periods). The
idea in this approximation is that an arriving customer first has to wait for the residual
cycle time, until the server begins a new visit to its station. Subsequently, it has to
wait for the service times of all customers of the same type, who arrived before it,
in the elapsed cycle time. This leads to E[Wj] = (1 + ρj)E[Rcj ], where E[Rcj ] is the
mean of the residual time of a cycle starting with a visit to station j, which is the
same as the mean of the elapsed time of a cycle starting with a visit to station j. Next,
Everitt assumed that for all j, this mean residual cycle time is independent of j, i.e.,
E[Rcj ] ≈ E[Rc], leading to the approximation E[Wj] ≈ (1 + ρj)E[Rc] for the model
without retrials and glue periods.

In this chapter, we introduce a similar type of approximation, including one extra
term, for the mean waiting times in the model with retrials and glue periods. The
arrival of a type-i customer occurs either during a glue period of station i or during
any other period. At the start of the service period, the customers which will be
served in the current service period are fixed. The mean length of the service period is
now the same irrespective of the order in which these customers are served. Without
loss of generality, we will assume that the customers who arrive during a glue period
of station i are served first and then customers who retry are served.

Let W̄i and W̃i denote the waiting times of type-i customers who arrive during
a glue period of station i and any other period, respectively. Further, Gires denotes
the residual time of a glue period of station i. Finally, Cires denotes the residual time
of a non-glue period of station i. A type-i customer arriving during a glue period
of station i has to wait for the residual glue period. Further, it has to wait for all the
customers who arrived before it during the glue period. Therefore,

E[W̄i] = E[Gires ] + ρiE[Gires ] = (1 + ρi)E[Gires ].

A type-i customer arriving during a non-glue period of station i has to wait for
the residual non-glue period and the glue period. Then, it either gets in the queue for
service or it remains in the orbit. With probability G̃i(νi) it remains in the orbit and
has to wait until the next visit to get served, and this repeats. Therefore, on average,
it has to wait for G̃i(νi)/(1− G̃i(νi)) cycles before it gets into the queue for service.
When it gets in the queue it has to wait for all the type-i customers who have arrived
during the glue period to get served, and then the customers who arrived before
it and who will be served in the current service period (on average this number is
approximately equal to the number of customers who arrived during the residual
non-glue period before the arrival of the tagged customer). Therefore,

E[W̃i] ≈ E[Cires ] + E[Gi] +
G̃i(νi)

1− G̃i(νi)
E[C] + ρiE[Gi] + ρiE[Cires ]

= (1 + ρi) (E[Cires ] + E[Gi]) +
G̃i(νi)

1− G̃i(νi)
E[C].
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The probability that a type-i customer arrives during a glue period of station i is
E[Gi]/E[C], and the probability that it arrives during a non-glue period equals
1− (E[Gi]/E[C]). Therefore,

E[Wi] =
E[Gi]

E[C]
E[W̄i] +

E[C]−E[Gi]

E[C]
E[W̃i]

≈(1 + ρi)

(
E[Gi]

E[C]
E[Gires ] +

E[C]−E[Gi]

E[C]
(E[Cires ] + E[Gi])

)

+
G̃i(νi)

1− G̃i(νi)
(E[C]−E[Gi]) .

Let Rci be the residual cycle time of the system with respect to station i. Then,

E[Rci ] =
E[Gi]

E[C]
E[Gires ] +

E[C]−E[Gi]

E[C]
(E[Cires ] + E[Gi]) , i = 1, · · · , N.

We assume that E[Rci ] = E[Rc] for all i = 1, . . . , N. We thus obtain

E[Wi] ≈ (1 + ρi)E[Rc] +
G̃i(νi)

1− G̃i(νi)
(E[C]−E[Gi]) . (4.2.11)

The first term on the right-hand side of Eq. (4.2.11) is the same as the term in
[41]. The second term on the right-hand side is added because not every customer
who arrives in a particular cycle receives service in that cycle. The type-i customers
arriving during any period other than the glue period of station i receive service
in the following service period with probability 1− G̃i(νi). Furthermore, the type-i
customers arriving during any period other than a glue period of station i, have to
wait for a geometric number (with parameter 1− G̃i(νi)) of cycles before receiving
service. Since a type-i customer arrives during a period other than a glue period of
station i with probability E[C]−E[Gi ]

E[C] , the mean number of cycles until an arbitrary type-

j customer receives its service, is E[C]−E[Gi ]
E[C] × G̃i(νi)

1−G̃i(νi)
. The second term is obtained

by multiplying this mean number of cycles and the mean cycle time.
It should be noted that, in reality, the mean residual cycle times for station i and

station k (k 6= i) are not equal. A key element of our approximation is to assume that
they are equal. We can now use the pseudo conservation law to determine the one
unknown term E[Rc]: By substituting Eq. (4.2.11) in Eq. (4.2.10) and using Eq. (4.1.1),
we get

E[Rc] ≈
ρ

ρ + ∑N
j=1 ρ2

j

(
∑N

j=1 λjE[B2
j ]

2(1− ρ)
+

E
[(

∑N
j=1(Sj + Gj)

)2]
2E
[

∑N
j=1(Sj + Gj)

] + ρ
E
[

∑N
j=1(Sj + Gj)

]
2(1− ρ)

)

+
∑N

j=1 ρ2
j

ρ + ∑N
j=1 ρ2

j

E
[

∑N
j=1(Sj + Gj)

]
2(1− ρ)

. (4.2.12)
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Substitution of Eq. (4.2.12) into Eq. (4.2.11) yields an approximation for the mean
waiting times of all customer types: For i = 1, 2, . . . , N,

E[Wi] ≈
1 + ρi

ρ + ∑N
j=1 ρ2

j

{
ρ

(
∑N

j=1 λjE[B2
j ]

2(1− ρ)
+

E
[(

∑N
j=1(Sj + Gj)

)2]
2E
[

∑N
j=1(Sj + Gj)

]
+ ρ

E
[

∑N
j=1(Sj + Gj)

]
2(1− ρ)

)
+

N

∑
j=1

ρ2
j

(
E
[

∑N
j=1(Sj + Gj)

]
2(1− ρ)

)}

+
G̃i(νi)

1− G̃i(νi)

(
E
[

∑N
j=1(Sj + Gi)

]
1− ρ

−E[Gi]

)
. (4.2.13)

We now consider various examples to compare the above approximation results
with the exact analysis from Chapter 2 for deterministic glue periods and from Section
4.1 of the present chapter for exponentially distributed glue periods. Further, we will
compare the results of this approximation with the simulation results for the case that
the glue periods follow a gamma distribution.

Deterministic glue periods

In the numerical example of Table 4.1 we consider a two-station polling system.
The switchover times and service times are exponentially distributed. We keep the
parameters of station 1 fixed, λ1 = 1, E[B1] = 0.45, E[S1] = 1, G1 = 0.5, ν1 = 1, and
vary the parameters of station 2.

λ2 E[B2] E[S2] G2 ν2 Exact (E[W1], E[W2]) Approx (E[W1], E[W2])
1 0.45 1 0.5 1 (71.61, 71.61) (71.61, 71.61)

0.5 0.45 1 0.5 1 (21.44, 20.34) (21.49, 20.24)
0.5 0.2 1 0.5 1 (15.18, 13.96) (15.21, 13.83)
0.5 0.2 2 0.5 1 (20.52, 18.82) (20.55, 18.71)
0.5 0.2 2 1 1 (23.01, 11.48) (22.99, 11.67)
0.5 0.2 2 1 0.5 (22.97, 20.31) (22.99, 20.20)

Table 4.1: Comparison of the exact and approximate mean waiting times for a polling
system with deterministic glue periods.

Exponential glue periods

In the numerical example of Table 4.2 we consider a three-station polling system. The
switchover times are deterministic, and the service times are exponentially distributed.
We keep the parameters of station 1 fixed, λ1 = 1, E[B1] = 0.3, E[G1] = 0.5. Further,
the switchover times and the exponential retrial rates of all three stations are fixed,
S1 = S2 = S3 = 1 and ν1 = ν2 = ν3 = 1.

Gamma distributed glue periods

In the above two examples, we can get the exact mean waiting times using the method
in Chapter 2 and Section 4.1 of this chapter. In the numerical examples of Table 4.3
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λ2 E[B2] E[G2] λ3 E[B3] E[G3] Exact (E[W1], E[W2], E[W3]) Approx (E[W1], E[W2], E[W3])
1 0.3 0.5 1 0.3 0.5 (121.0, 121.0, 121.0) (121.0, 121.0, 121.0)
1 0.3 0.5 0.5 0.3 0.5 (47.59, 47.58, 46.74) (47.71, 47.71, 46.24)
1 0.3 0.5 0.5 0.1 0.5 (33.65, 33.64, 32.54) (33.69, 33.69, 31.97)
2 0.3 0.5 0.5 0.1 0.5 (246.8, 246.6, 242.3) (242.4, 257.1, 230.2)
2 0.15 0.5 0.5 0.1 0.5 (33.52, 33.51, 32.42) (33.56, 33.56, 31.86)
2 0.15 2 0.5 0.1 0.5 (44.88, 19.71, 43.64) (45.22, 19.50, 42.92)
2 0.15 2 0.5 0.1 1 (48.66, 21.42, 28.75) (49.03, 21.17, 27.98)

Table 4.2: Comparison of the exact and approximate mean waiting times for a polling
system with exponentially distributed glue periods.

we compare the approximate mean waiting times with the simulation results, for a
polling system where the lengths of the glue periods are gamma distributed.

We consider a five-station polling system in which the glue periods, switchover
times and service times are all gamma distributed. We simulate such a system to
find the mean waiting times. We also give a 95% confidence interval for the mean
waiting times obtained using simulations. We have generated one million cycles,
splitting this into ten periods of 105 cycles, and using the results of these ten periods
to obtain confidence intervals. Then we compare the simulation results with the
results obtained using the approximation formula. Here, k and θ are, respectively, the
shape and the scale parameters of the gamma distribution with probability density
function 1

Γ(k)θk xk−1e−
x
θ .

The values of the parameters are listed in Table 4.3(a). Table 4.3(b) shows the mean
waiting times by simulation, along with 95% lower and upper confidence bounds.
Table 4.3(c) shows the approximate mean waiting times.

The numerical results suggest that the approximations of the mean waiting times
are very accurate. In only two cases (the fourth case in Table 4.2 and case (iii) in Table
4.3) the error is in the order of 5%; in all other cases, we find errors that are typically
less than 2%. This is probably due to the fact that the pseudo conservation law is
exact, while the mean residual cycle times E[Rci ] typically do not differ too much
from queue to queue. We also would like to mention two facts, which emphasize that
our approximation Eq. (4.2.13) is quite simplistic, but which also suggest a certain
robustness of the polling system as well as our approximation.

(i) The approximate mean waiting times for the two totally symmetric stations are
the same, independent of their order in the system; but this is not quite true in reality.
Consider a five-station polling model with deterministic glue periods, and exponen-
tial service time and switchover time distributions. Let λ = (0.1, 0.05, 0.1, 0.38, 0.38),
E[B1] = E[B3] = E[B4] = E[B5] = 1, E[B2] = 0.2, E[Si] = 1 for all i, i =
1, . . . , 5, E[G1] = E[G2] = E[G3] = 1, E[G4] = E[G5] = 5, and (ν1, ν2, ν3, ν4, ν5) =
(2, 1, 2, 10, 10). We get the exact and the approximate mean waiting times as

Exact:
(E[W1], E[W2], E[W3], E[W4], E[W5]) = (456.146, 700.203, 456.126, 445.931, 445.956),
Approximate:
(E[W1], E[W2], E[W3], E[W4], E[W5]) = (452.478, 677.977, 452.478, 450.035, 450.035).
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We can see that even in a very asymmetric case, while the exact mean waiting times
are not the same for the symmetric stations 1 and 3, they are still very close and the
approximation is within 5% of them.

(ii) The approximate mean waiting time at one station is independent of the change
in the retrial rates of the other stations, which is also not true in reality. Consider a two-
station polling model with deterministic glue periods, and exponential service time
and switchover time distributions. Let λ1 = λ2 = 1, E[B1] = E[B2] = 0.45, E[S1] =
E[S2] = 1, E[G1] = E[G2] = 0.5, and ν1 = 1. For ν2 = 1/1000 we get the exact and
the approximate mean waiting times as (E[W1], E[W2]) = (68.0292, 59014.9628) and
Approx(E[W1], E[W2]) = (71.6074, 59011.3845). Further for ν2 = 1000 we get the
exact and the approximate mean waiting times as (E[W1], E[W2]) = (73.4677, 24.2730)
and Approx(E[W1], E[W2]) = (71.6074, 26.1333). We can see that in both cases even
though the exact mean waiting times are not the same for station 1, the approximation
is still within 5% of them.

4.2.4 Optimal choice of the glue period distributions

In this subsection we discuss an optimization problem for the choice of the distri-
butions of the glue periods, Gi, i = 1, . . . , N, to minimize the weighted sum of the
mean waiting times ∑N

i=1 ciE[Wi], subject to the constraint ∑N
i=1 E[Gi] = L, where ci,

i = 1, . . . , N, and L are positive constants. Because we do not have an explicit formula
for the mean waiting time, it is difficult to exactly solve the constrained minimiza-
tion problem. Instead of finding the exact solution of the constrained minimization
problem, we will find the optimal choice of the distributions of Gi, i = 1, . . . , N, to

minimize
N

∑
i=1

ciUi

subject to
N

∑
i=1

E[Gi] = L,

where Ui is the approximation of E[Wi] given by the right-hand side of Eq. (4.2.13).
Note that under the constraint ∑N

i=1 E[Gi] = L, the objective function of the minimiza-
tion problem becomes as follows:

N

∑
i=1

ciUi =
N

∑
i=1

ci(1 + ρi)

ρ + ∑N
j=1 ρ2

j

[
ρ

(
∑N

j=1 λjE[B2
j ]

2(1− ρ)
+

E[(∑N
j=1 Sj)

2] + 2L ∑N
j=1 E[Sj] + E[(∑N

j=1 Gj)
2]

2E[∑N
j=1 Sj + L]

)

+
E[∑N

j=1 Sj + L]

2(1− ρ)

(
ρ2 +

N

∑
j=1

ρ2
j

)]

+
N

∑
i=1

ciE[e−νiGi ]

1−E[e−νiGi ]

(
E
[

∑N
j=1 Sj + L

]
1− ρ

−E[Gi]

)
. (4.2.14)
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By Jensen’s inequality, it can be shown that if the nondeterministic glue period
distributions with means gi, are changed to the degenerate (deterministic) ones with
the same means gi, i = 1, . . . , N, then the right-hand side of Eq. (4.2.14) becomes
strictly smaller. Therefore, the above optimization problem becomes as follows:

minimize U(g1, . . . , gN)

subject to
gi > 0, i = 1, . . . , N, (4.2.15)

N

∑
i=1

gi = L, (4.2.16)

where

U(g1, . . . , gN)

=
N

∑
i=1

ci(1 + ρi)

ρ + ∑N
j=1 ρ2

j

[
ρ

(
∑N

j=1 λjE[B2
j ]

2(1− ρ)
+

E[(∑N
j=1 Sj)

2] + 2L ∑N
j=1 E[Sj] + L2]

2E[∑N
j=1 Sj + L]

)

+
∑N

j=1 E[Sj] + L

2(1− ρ)

(
ρ2 +

N

∑
j=1

ρ2
j

)]
+

N

∑
i=1

ci

(
− 1 +

1
1− e−νi gi

)(∑N
j=1 E[Sj] + L

1− ρ
− gi

)
.

(4.2.17)

Since U(g1, . . . , gN) is continuous on D ≡ {(g1, . . . , gN) : g1 > 0, . . . , gN > 0, g1 +
· · · + gN = L} and U(g1, . . . , gN) → ∞ as min{g1, . . . , gN} → 0+, U(g1, . . . , gN)
takes a minimum at a point in D. At a minimum point (g1, . . . , gN), there exists a
Lagrange multiplier κ satisfying

fi(gi) = κ, i = 1, . . . , N, (4.2.18)

where

fi(gi) ≡ ci −
ci

1− e−νi gi
− ciνie−νi gi

(1− e−νi gi )2

(
∑N

j=1 E[Sj] + L

1− ρ
− gi

)
, i = 1, . . . , N.

For each i = 1, . . . , N, the function fi : (0, L)→ (−∞, fi(L)) is bijective, continuous
and strictly increasing. Therefore, it has the inverse function hi : (−∞, fi(L))→ (0, L),
which is also continuous and strictly increasing. Therefore, Eq. (4.2.18) and the
constraints (4.2.15) and (4.2.16) can be written as

N

∑
j=1

hj(κ) = L, −∞ < κ < min{ f1(L), . . . , fN(L)}, (4.2.19)

gi = hi(κ), i = 1, . . . , N. (4.2.20)

Since limκ→−∞ ∑N
j=1 hj(κ) = 0, limκ→(min{ f1(L),..., fN(L)})− ∑N

j=1 hj(κ) > L and

∑N
j=1 hj(κ) is strictly increasing in κ, Eq. (4.2.19) has a unique solution, say κ∗. There-

fore, from Eq. (4.2.20), the optimal solution (g∗1 , . . . , g∗N) is given by

g∗i = hi(κ
∗), i = 1, . . . , N.
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We will now consider a few numerical examples to look at the dependency of
different system characteristics and the respective optimal glue periods. In Chapters 5
and 6 a similar system is studied with a focus on optical switching nodes, where the
revenue of the system depends on distributing glue periods optimally to each station.
In these examples we will look at the problem of minimizing ∑N

i=1 ciUi, that is the
weighted waiting cost of the system given that the sum of expected values of glue
periods is fixed. Since the optimization problem showed that the system performs
best when the glue periods are deterministic, we will only consider models with
deterministic glue periods.

We consider a three-station model and in each case vary one parameter to study
how the system performs under certain changes. In all the cases the sum of the
lengths of deterministic glue periods is fixed, L = 3, and the service times and the
switchover times are exponentially distributed. The switchover times are symmetric
and fixed for all three stations, i.e. E[Si] = 2 for all i = 1, 2, 3.

(i) Case 1: In this case we keep all system parameters symmetric except the arrival
rate λi of each station. Let νi = 1, E[Bi] = 1 and ci = 1 for all i = 1, 2, 3. In Table
4.4, we show the optimal values of g1, g2, g3 and ∑N

i=1 ciUi for different values
of λi.

(ii) Case 2: In this case, we keep all system parameters symmetric except the mean
service time E[Bi] of each station. Let λi = 1, νi = 1, and ci = 1 for all i = 1, 2, 3.
In Table 4.5, we show the optimal values of g1, g2, g3 and ∑N

i=1 ciUi for different
values of E[Bi].

(iii) Case 3: In this case we keep all system parameters symmetric except the retrial
rate νi of each station. Let λi = 0.25, E[Bi] = 1 and ci = ρi for all i = 1, 2, 3. In
Table 4.6, we show the optimal values of g1, g2, g3 and ∑N

i=1 ciUi for different
values of νi. Note that in this case ∑N

i=1 ciUi = ∑N
i=1 ρiE[Wi].

(iv) Case 4: In this case we keep all system parameters symmetric except the weight
ci of each station. Let λi = 0.25, E[Bi] = 1 and νi = 1 for all i = 1, 2, 3. In Table
4.7, we show the optimal values of g1, g2, g3 and ∑N

i=1 ciUi for different values
of ci.

We can draw the following conclusions about the optimal allocation of the glue
periods using the above method.

• The optimal allocation depends on the arrival rate or the mean service time
of a station only via the factor ρ. This is due to the fact that the second term
of Eq. (4.2.17) only involves ρ, while the first term on the right-hand side of
Eq. (4.2.17) is independent of gi. However, the exact optimal allocation might
depend on the arrival rate or the mean service time of a station.

• The higher the retrial rate, the shorter the length of the glue period assigned to
the station.

• The higher the weight allocated to a station, the longer the length of the glue
period assigned to the station. This helps us in scenarios when a waiting cost is
associated with the stations.
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λ1 λ2 λ3 g1 g2 g3 ∑N
i=1 ciUi

0.3 0.3 0.3 1 1 1 359.898
0.3 0.2 0.2 1 1 1 115.063
0.3 0.2 0.1 1 1 1 84.362

Table 4.4: Optimal lengths of the glue periods for different arrival rates.

E[B1] E[B2] E[B3] g1 g2 g3 ∑N
i=1 ciUi

0.3 0.3 0.3 1 1 1 422.888
0.3 0.2 0.2 1 1 1 137.887
0.3 0.2 0.1 1 1 1 101.876

Table 4.5: Optimal lengths of the glue periods for different mean service times.

ν1 ν2 ν3 g1 g2 g3 ∑N
i=1 ciUi

3 3 3 1.0000 1.0000 1.0000 84.001
3 2 2 0.8340 1.0830 1.0830 90.680
3 2 1 0.7134 0.9157 1.3710 101.679

Table 4.6: Optimal lengths of the glue periods for different retrial rates.

c1 c2 c3 g1 g2 g3 ∑N
i=1 ciUi

3 3 3 1.0000 1.0000 1.0000 418.823
3 2 2 1.1268 0.9366 0.9366 323.736
3 2 1 1.2311 1.0263 0.7426 271.086

Table 4.7: Optimal lengths of the glue periods for different weights.

4.3 Conclusions and suggestions for further research

In this section we conclude the first part of this thesis, i.e., Chapters 2, 3 and 4, and
provide some suggestions for extension of this work both from the perspective of
optical networks and from a mathematical perspective.

4.3.1 Conclusions

In this part of the thesis, we have studied N-queue single-server polling models with
the gated service discipline and with retrials. During a glue period, new customers
and retrials "stick" instead of immediately going into orbit, and only these "glued"
customers are served in the subsequent visit period. In Chapter 2 we started the
analysis of this model for N = 1 and deterministic glue periods. We derived the joint
generation functions for the number of customers glued and in the orbit at various
fixed and arbitrary time epochs. This work was extended to a general value of N. For
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a system with deterministic glue periods at each station, we started by establishing a
relationship between the steady state number of customers, "glued" and in the orbit,
at the start of a glue period and multitype branching processes with immigrations.
We then evaluated the joint generating functions for the number of customers at
various embedded and arbitrary time epochs. Next, a procedure to evaluate the
various (joint) moments was provided.

The evaluation of the exact (joint) distributions from the generating functions
obtained in Chapter 2 is infeasible. For this purpose, we have extended this work in
Chapter 3 to perform a heavy traffic analysis. We exploited the established relation-
ship between the polling system and multitype branching processes, and derived
the scaled joint queue length distribution of the steady state numbers of customers
at the start of a glue period when the system is in a heavy traffic regime. This work
was then extended to derive the scaled joint queue length distribution of the steady
state numbers of customers, "glued" and in orbit, at various fixed and arbitrary time
epochs. We then deployed an interpolation between the heavy traffic result and a
light traffic result to approximate the mean number of customers in such a system.

In Chapter 4 we extended this work to exponential and general glue period distri-
butions. For the case of exponentially distributed glue periods, we have presented
an algorithm to obtain queue length moments for each individual queue. For gen-
erally distributed glue periods, we have obtained an expression for the steady-state
distribution of the total workload in the system, and we have used it to derive a
pseudo conservation law for a weighted sum of the mean waiting times, which in
turn led us to an accurate approximation of the individual mean waiting times. Since
the introduction of the concept of glue period was motivated by the wish to obtain
insight into the performance of certain switching nodes in optical communication
systems, we have also considered the optimal choice of the glue period lengths, under
the constraint that the total glue period length per cycle is fixed. It was observed
that the total number of customers in the system is convex, in glue period lengths,
under that constraint. This implied that there exists a set of values for the mean glue
periods, whose sum is fixed, which minimizes the mean total workload in the system.

4.3.2 Further research

The work on polling systems with retrials and “glue” periods is a new addition to
the class of polling models. Apart from the work presented in this part of the thesis,
the only other work extension on this system is [60], where the authors extended
this work to derive the waiting time distribution of the system with deterministic glue
periods.

One obvious extension to the current work is to derive the moment generating
functions for various glue period distributions. Since the multitype branching process
relationship established in Chapter 2 cannot be directly extended to other glue period
distributions, the analysis for generating functions is not similar in the case of non-
deterministic glue periods. The work presented in Chapter 4, for exponentially
distributed glue periods, should be extendable to phase type distributions using a
similar procedure.

Another interesting extension is to derive the waiting time distribution for this
system for various glue period distributions. This is a difficult problem because the
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service order is not first come-first serve due to independent retrials. In [60] the
authors have evaluated the Laplace-Stieltjes transform of the waiting time distribu-
tion for deterministic glue periods. The next step can be to extend the procedure of
Chapter 4 to find the distribution for exponentially distributed glue periods and finally
derive a procedure for general glue periods.

Since performance analysis of optical communications is the motivation behind
this work, various optimization problems can be designed involving different aspects
of optical networks. In Chapter 4 we have minimized a weighted sum of mean
waiting times in the system under the constraint that the sum of all glue periods is
fixed. A first extension is the unconstrained counterpart to this optimization problem;
a complication one then faces is that the objective function for the optimization can
be nonconvex. In fact, it is possible that the Hessian of the objective function is not
positive semi-definite even for the two station system. However, intuitively it still
seems to be natural to expect that there exists a unique solution for the optimization
problem.

Now we suggest some extensions from an applied point of view. An important
advantage of optical fiber is: the wavelength of light. A fiber-based network node
may thus route incoming packets not only by switching in the time-domain, but also
by wavelength division multiplexing. In queueing terms, this gives rise to multiserver
polling models, each server representing a wavelength. Along these lines, in [11] the
authors provide a stability analysis of multiserver polling models, and in [10] a mean
field approximation of large passive optical networks.

The study of multiserver polling models, with the additional features of retrials
and glue periods, depending on the allocation of servers can broadly be done in two
ways. Firstly, the servers can be allocated to all stations and they follow a given path,
say cyclic, and serve the stations according to some service discipline. The service
offered by each server can either be dependent or independent of the other servers.
These give rise to an elaborate set of polling models. Secondly, the servers can be
allocated to a set of stations in order to have some system parameter optimized. This
allocation can either be fixed or can change dynamically depending on the parameters
of the system. These give rise to interesting scheduling and optimization problems in
the context of polling systems. One such problem is tackled in Chapter 6, albeit for a
system without glue period.

Another important field of study is to look at problems with limited buffers, or
finite retrial loops. Optical buffers are bulky and hence the study of buffering in these
systems is important. In our model, we can have two types of buffering limitations.
First is limiting the number of customers which enter the retrial loops. In this way,
only a certain number of customers can retry at a station at a given point of time and
that can be considered as buffer capacity. Second is limiting the number of customers
that can be glued in a glue period. This is equivalent to a K-limited polling system,
i.e., in a given visit period the server can serve at most K customers at each station.

Customer priority is an interesting issue in communication systems. Models
with multiple customer classes where one class has priority over another can be
another interesting extension. This would help to incorporate the real-life scenario
where some type of data packets, like video buffering, should have as low latency as
possible, whereas others, like a file transfer, can be delayed a bit longer.

Finally, not restricting the application of this model to optical communications,
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one can also interpret a glue period as a reservation period – a window of opportunity
for claiming service at the next visit of the server to a queue. One could think of
a repair person (or some other service provider) who takes in all the jobs which
arrive in the reservation slot and then starts service. It would be interesting to study
reservation periods in more detail, and in particular to consider the problem of
choosing reservation periods in such a way that some objective function is optimized.

Summary

In this chapter we have studied a gated polling model with retrials and non-deterministic
glue periods. For the case of exponentially distributed glue periods, we have pre-
sented an algorithm to obtain the moments of the number of customers in each
station.

For generally distributed glue periods, we have obtained an expression for the
steady-state distribution of the total workload in the system, and we have used it
to derive a pseudo conservation law for a weighted sum of the mean waiting times,
which in turn led us to an accurate approximation of the individual mean waiting
times. Finally, we concluded our work for this part of the thesis, i.e., polling systems
with retrials and glue period for the performance analysis of optical switching nodes,
along with suggestions for future research.
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Chapter 5

Single wavelength optical router node

Chapters 5 and 6 form the second part of the thesis. Motivated by the “Revenue
Maximization” problem of an optical node, we define optimization problems in these
chapters. As a communication system typically works in frame time, which is fixed,
we demand that the time it takes the server to complete one cycle of the N stations
in the polling model is a given constant, C. We want to assign fixed amounts of
time V1, . . . , VN to the visit periods (also called service windows) of stations 1, . . . , N,
such that ∑N

i=1 Vi = C − ∑N
i=1 Si, where Si denotes the time to switch to station i,

i = 1, 2, . . . , N. If, say, Vi is relatively small, then there is a relatively high probability
that a packet in a retrial loop for station i does not retry during the visit period. Such
packets may have to be dropped. We assume that each served packet generates a
profit, whereas each dropped packet incurs a loss. We allow at each station multiple
customer types with different revenue/cost characteristics. This forms the basic
model of our work in this part of the thesis. It should be noted that there are a few
significant differences with the model of Chapters 2-4. Firstly, we do not consider
glue periods in this chapter, secondly, service times are negligible, and thirdly, packets
dropping is allowed. Next, we provide a detailed motivation for this work.

5.1 Motivation

The traffic routing in telecommunication networks has undergone a dramatic shift
in the last decades due to the changing nature of telecommunication services: from
slowly-changing circuit-switched traffic routes for traditional voice telephony to
highly dynamic packet-switched traffic routes for internet traffic. Hence also the
demands on the nodes in the network have become much higher, not only regarding
sheer traffic volume but also regarding reconfiguration times. In fast bidirectional
interactive communication (such as machine-to-machine), it is important to minimize
latency, as any delay occurring in the network will reduce its throughput and deterio-
rate the Quality-of-Service experienced by the user, in particular for smaller-sized
packet communication. E.g., in a TCP/IP based link, the throughput is approximately
inversely proportional to the round-trip time in the link, and proportional to the TCP
window size (see e.g. Van Mieghem [114], Ch. 5).
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Figure 5.1: Two-dimensional routing
node (routing in time and in space)

Figure 5.2: Buffering packets in an
optical delay loop

In a telecommunication network, packets have to be routed from source to desti-
nation, passing through a sequence of links and nodes. Packets from different sources
are time-multiplexed and thus flow sequentially through the network’s links. When
arriving at a routing node, they need to be queued in a buffer, where they need to
wait before they can be forwarded to the appropriate outgoing port of the node and
travel further through the network; see Fig. 5.1. This store-and-forward procedure
can cause a serious increase in the latency, and increasingly so when the traffic load in
the network grows. Hence the buffering processes need to be designed as efficiently
as possible.

The performance analysis of optically-routed networks brings additional chal-
lenges with respect to the analysis of networks which deploy electronic routing,
cf. Section 1.2.4. One of those challenges is buffering, as in optical networks it is
difficult to store photons. Buffering in these networks is typically realized by sending
optical packets into fiber delay loops, i.e., letting them recirculate in a fiber loop and
extracting them after a certain number of circulations, as shown in Fig. 5.2. Packets
can be inserted into and extracted from the delay loop by means of e.g. a cross/bar
switch. This optical storage concept can be modeled by so-called retrial queues,
cf. 1.2.3.

In this part of the thesis, we report on the modeling of an optical routing node
as a queueing system, in which we aim to maximize its performance by a ‘revenue
maximization’ approach. We develop a strategy to optimize the server times for the
respective ports of the node while taking into account the various retrial (buffering)
times provided by the optical delay loop buffering concept.

We use a so-called polling model to study the performance of this routing node. In
this work, we define a revenue function based on the number of customers of multiple
priorities lost or served. The revenue function thus obtained can be perceived as a
weighted throughput function of the system, weighted in the sense that packets with
higher priority receive a higher weight. When we optimize this revenue function
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we can observe that the problem is solved such that the more packets with high
priority arrive at a station, the higher the allocated visit period to the station. Our
goal, in this chapter, is to maximize the system revenue, under the above constraint
regarding ∑N

i=1 Vi. Under reasonable assumptions on the probability pi(Vi) that a
packet in a retrial loop of station i actually retries during the visit period Vi, and on the
probability qi(Vi) that a packet is dropped when it fails to retry during Vi, the revenue
optimization problem turns out to be a so-called separable concave optimization
problem. This is a well-studied type of optimization problem, allowing for an efficient
and quite insightful algorithm that yields the optimal solution. We shall demonstrate
the algorithm for some small examples.

The organization of the remainder of this chapter is as follows. The model under
consideration is described in Section 5.2. In Section 5.3 we derive expressions for
the mean numbers of packets in the stations/retrial loops at various epochs, and
use these to determine an expression for the mean revenue at each station per cycle.
In Section 5.4 we formulate the revenue optimization problem, show that it indeed
becomes a separable concave optimization problem under reasonable assumptions,
and indicate how it can be solved. Section 5.5 presents three numerical examples.

5.2 Optical routing node model

Consider an optical routing node with N ports (stations) to route packets and retrial
loops to store packets. We represent it by a single server polling model, i.e., a
queueing model with a single server which cyclically visits N queues. Packets (also
called customers in queueing terminology) of type j, j = 1, · · · , M, arrive at station i
according to independent Poisson processes with rate λij. If at the time of arrival the
station is being served then the packet is instantaneously transmitted; else it enters
a retrial loop. In optical nodes, the retrial time is the delay produced by the fiber
delay loop. We assume the retrial time to be random, because delay loops of various
lengths may be used. If at the time of retrial, the station is not in service then the
packet again goes into a retrial loop and this process continues.

The server visits each station i for a fixed period of time Vi. During this period
there may be two types of arrivals: (i) newly arriving packets, and (ii) packets which
were in a retrial loop; we assume the latter retry during Vi with probability pi(Vi).
The server serves all these packets (new arrivals + retrials) instantaneously, i.e., the
service rate is assumed to be infinite. At the end of the visit of station i each packet
which still resides in a retrial loop of i is dropped with the same probability qi(Vi).
Then the server moves to station i + 1 mod N with a deterministic switchover time
Si+1 mod N . Hence the probability that a packet in a retrial loop of station i leaves the
system, either served during a visit at station i or dropped after a visit of station i, is
ri(Vi) := pi(Vi) + qi(Vi)− pi(Vi)qi(Vi). Summarizing,

• The customers of type j arrive at station i according to independent Poisson
processes with rate λij, i = 1, · · · , N and j = 1, · · · , M.

• The length of a visit period at each station i is Vi.

• The switchover time to station i is Si.
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• The packets at station i retry during the visit period with probability pi(Vi).

• After a visit at station i, the packets in their retrial loops are individually
dropped with probability qi(Vi).

• After a visit at station i, each packet which resided in a retrial loop at the start
of the visit has left the system with probability ri(Vi).

The motivation behind the model is as follows:

• Since an optical routing node has multiple input ports we assume N ports.

• Since the buffers used to store an optical packet are fiber delay loops we assume
retrial loops.

• We consider a single-wavelength system in which only one port can transmit at
a time, hence we assume a single server with cyclic service.

• Since there can be more than one type of data at each port we assume that there
are M types of arrivals which are independent of each other.

• Since the server needs a finite amount of time to change the service port we
assume that there is a switchover period.

In this chapter, we are interested in the revenue of the system. Every served
customer generates a profit and every lost customer incurs a loss. Assume that

• a customer of type j served at station i gives a profit γij.

• a customer of type j dropped at station i causes a penalty θij.

The motivation for the above assumptions is as follows:

• For every packet served the server gains a profit. This profit depends on both
the type of packet as well as the source of the packet. Hence the profit, γij,
depends on both i and j.

• Further the server has an obligation to meet the contract it has with each
source. If the server fails to meet this contract it incurs a penalty (loss of
packets/reputation/further contracts). This again depends on the type of
packet and the packet source. Hence the penalty, θij, depends on both i and j.

5.3 Performance Measures

In this section we derive expressions for the mean numbers of customers in the
stations/retrial loops at various epochs and use these to determine an expression for
the mean revenue at each station per cycle.
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Mean number of customers at different time epochs

We know that a communication system works in frame time, where each frame time
is fixed. We now assume that the total cycle time C is this fixed frame time. We
have C = ∑i(Si + Vi), and Xij and Yij represent the number of customers (packets) of
type j at station i at the start and end of a visit period of station i in steady state.

We have

E[Xij] = E[Yij] + λij(C−Vi),
E[Yij] = E[Xij](1− ri(Vi)).

By solving the above equations we get

E[Xij] =
λij(C−Vi)

ri(Vi)
,

E[Yij] = λij(C−Vi)
1− ri(Vi)

ri(Vi)
.

The customers of type j served during a visit of station i, Tij, are the newly arriving
customers and the customers in the retrial queues who retry during the visit; hence

E[Tij] = E[Xij]pi(Vi) + λijVi. (5.3.1)

The customers of type j lost at the end of the visit of station i, Lij, are the customers
in the retrial queues who did not retry and were dropped at the end of the visit. Their
mean number E[Lij] is given by:

E[Lij] = E[Xij](1− pi(Vi))qi(Vi). (5.3.2)

Revenue

We will now calculate the mean revenue, Ri(Vi), after each visit at station i. From Eqs.
(5.3.1), (5.3.2), and the assumption that a customer of type j served at station i gives a
profit γij and a customer of type j dropped at station i causes a penalty θij, we get,

Ri(Vi) = ∑
j
[γijE[Tij]− θijE[Lij]]. (5.3.3)

One can alternatively see this as follows. According to our model, all arrivals
during the visit time at station i, Vi, get served, yielding the profit Viλijγij. Further
the arrivals during the non-visit time at station i, (C−Vi), get served with probability
pi(Vi)/ri(Vi), which is the conditional probability of a retrial given that the customer
disappears during the cycle – either because of a retrial or because of being dropped.
The server also incurs a loss from the arrivals during the non-visit time at station i,
(C−Vi), who are lost with probability qi(Vi)/ri(Vi), which is the conditional proba-
bility of being dropped given that the customer disappears during the cycle – either
because of a retrial or because of being dropped. Hence we get,
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Ri(Vi) = ∑
j

λij(γij + θij)

[
(C−Vi)

pi(Vi)

ri(Vi)
+ Vi

]
− C ∑

j
λijθij. (5.3.4)

One can verify that Eqs. (5.3.3) and (5.3.4) are the same.
Equation (5.3.4) can be divided into the θij part and the γij + θij part. Hence from

the form of the equation, we can assume that the system incurs a cost θij for every
incoming packet irrespective of its final state (served or lost) and gains γij + θij for
every served packet.

5.4 Revenue optimization

The system administrator has a limited resource C (frame time) which has to be
divided among all the ports. We assume that the system aims to maximize revenue
under the condition of limited available resources, i.e., choose Vi such that ∑i Ri(Vi)
is maximized while C = ∑i(Vi + Si) is fixed.

Let Γi = ∑j λij(γij + θij) and Mi(Vi) = Ri(Vi) + C ∑j λijθij. We get

Mi(Vi) = Γi

[
(C−Vi)

pi(Vi)

ri(Vi)
+ Vi

]
. (5.4.1)

The maximization of ∑i Ri(Vi) w.r.t. Vi clearly is the same as the maximization
of ∑i Mi(Vi). Here Mi(Vi) can be interpreted as the gross profit of the system from
station i and Γi as the maximum gain per unit time. From here on, we shall also call
Mi(Vi) the revenue.

We now have the following optimization problem
REVENUE

max ∑
i

Mi(Vi)

subject to ∑
i

Vi = C−∑
i

Si

and Vi ≥ 0, ∀i.

Differentiating (5.4.1) w.r.t. Vi gives

M′i(Vi) = Γi

[
1− pi(Vi)

ri(Vi)
+ (C−Vi)

p′i(Vi)qi(Vi)− pi(Vi)(1− pi(Vi))q′i(Vi)

ri(Vi)2

]
. (5.4.2)

Further differentiating (5.4.2) w.r.t. Vi we get
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M′′i (Vi) = −2Γi

[
p′i(Vi)qi(Vi)− pi(Vi)(1− pi(Vi))q′i(Vi)

ri(Vi)2

+
C−Vi
ri(Vi)2

[
− pi(Vi)p′i(Vi)q′i(Vi) +

pi(Vi)(1− pi(Vi))q′′i (Vi)− p′′i (Vi)qi(Vi)

2

+
r′i(Vi)

ri(Vi)

[
p′i(Vi)qi(Vi)− pi(Vi)(1− pi(Vi))q′i(Vi)

]]]
. (5.4.3)

Here are some logical choices for pi(Vi) and qi(Vi).

• The longer the visit period the higher the chance a packet will retry. Hence
pi(Vi) can be assumed to be an increasing function in Vi.

• The longer the visit period the higher the chance a packet will get served. Hence
the packets might be still valuable at the next visit period, which suggests that
qi(Vi) is a decreasing function in Vi.

Under these assumptions the expression in Eq. (5.4.2) is readily seen to always be
positive which means the revenue obtained from station i increases with the increase
in the length of the visit time Vi. In the sequel we shall in addition assume that all
pi(Vi) are concave, all qi(Vi) are convex, and all ri(Vi) are increasing functions. These
are sufficient conditions for the expression in Eq. (5.4.3) to be negative, so for the
objective function to be concave in each of its N components. Remember that we
defined ri(Vi) as the probability that a customer in the retrial queue leaves the system
after the visit period. A reasonable choice for qi(Vi) is such that the overall traffic in
the buffer decreases with increasing Vi. Hence r′i(Vi) ≥ 0 is a reasonable assumption
in many practical situations. The above assumptions of concavity and convexity
are also quite reasonable, in view of the fact that we consider functions which are
converging to 1 (pi(Vi)) and 0 (qi(Vi)), respectively.

The resulting form of the optimization problem is widely studied in resource
allocation. It is a so-called separable concave optimization problem [54], Ch. 2; the
i-th term of the objective function only involves Vi, and no other Vj, j 6= i, and each
component is concave. Such a separable concave optimization problem can be solved
using existing algorithms from [54], like RANK. Without the concavity, one could
also solve such separable problems, but the optimization procedure then is much
more involved.

We now give a simple step-by-step guideline to follow the RANK procedure
outlined in Section 2.2 of [54]. Assuming that the functions Mi(Vi) are concave
increasing, we get that the functions M′i(Vi) are decreasing. Let Cs = C−∑i Si > 0
represent the total available time to be divided amongst the stations.

• Calculate all M′i(0) and sort them in decreasing order, say M′1(0) ≥ M′2(0) ≥
· · · ≥ M′N(0).

• Allocate total available time Cs to the station with the highest slope M′i(0) at
Vi = 0, in our case station 1.
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• Compute M′1(Cs).

– If M′1(Cs) ≥ M′2(0) then the procedure stops; optimal strategy is V1 = Cs
and Vi = 0, i = 2, 3, · · · , N.

– If M′1(Cs) < M′2(0), then solve for U1 and U2 such that M′1(U1) = M′2(U2)
and U1 + U2 = Cs, i.e., total time is divided between the two stations such
that if there is any small additional time available it can be given to either
station 1 or station 2, giving us the same revenue.

∗ If M′1(U1) ≥ M′3(0) then the procedure stops; the optimal strategy is
V1 = U1, V2 = U2 and Vi = 0, i = 3, · · · , N.

∗ If M′1(U1) < M′3(0), then solve for W1, W2 and W3 such that M′1(W1) =
M′2(W2) = M′3(W3) and W1 +W2 +W3 = Cs, i.e., total time is divided
between the three stations such that if there is any small additional
time available it can be given to either station 1 or station 2 or station 3,
giving us the same revenue.

∗ And so on.

• As seen above, the procedure may end with an allocation where some Vi are
zero; otherwise after N steps it ends when Cs is allocated amongst all stations.

5.5 Numerical examples

In this section we will give two examples of optimal choices of visit times for different
stations under some specific conditions on pi(Vi) and qi(Vi). In each example, we
assume that irrespective of Vi being positive or not, there is a switchover time Si. The
first, very simple, two-station example is included because it gives insight into the
structure of the solution; in this case, one not even needs to use the above-mentioned
RANK algorithm.

Example 1

This example is motivated by current state optical fiber delay loops. Usually, in a
simple routing node, the delay created by each fiber delay loop is of some fixed length,
say d. We assume that the probability of retrial changes linearly with the length of
the visit period, further, if the length of the visit period is greater than the length of
the delay then all the packets retry and are served:

pi(Vi) =

{
Vi/d, 0 ≤ Vi ≤ d,
1, Vi > d.

We further assume that all the packets that are not served in a visit are dropped at the
end of it. Hence qi(Vi) = 1. Now we have,

Mi(Vi) =

{
ΓiVi(C+d−Vi)

d , 0 ≤ Vi ≤ d,
ΓiC, Vi > d.
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We solve the above optimization problem REVENUE with this choice of Mi(·)
when N = 2. We have Cs = C− S1− S2. For the above setting, we get 7 different cases
under 3 different scenarios. The first 3 cases represent the scarce resource scenario,
i.e., 0 < Cs < d, the next three cases represent limited (but not scarce) scenarios, i.e.,
d ≤ Cs ≤ 2d, and the last case represents an abundant resource scenario, i.e., Cs > 2d.

1. When 0 < Cs < d and Γ1
Γ2
≤ d+2(S1+S2)−C

C+d :

V1 = 0,
V2 = Cs.

2. When 0 < Cs < d and Γ2
Γ1
≤ d+2(S1+S2)−C

C+d :

V1 = Cs,
V2 = 0.

3. When 0 < Cs < d, Γ1
Γ2

> d+2(S1+S2)−C
C+d and Γ2

Γ1
> d+2(S1+S2)−C

C+d :

V1 =
1
2

Γ1(Cs + d + S1 + S2) + Γ2(Cs − d− S1 − S2)

Γ1 + Γ2
,

V2 =
1
2

Γ1(Cs − d− S1 − S2) + Γ2(Cs + d + S1 + S2)

Γ1 + Γ2
.

4. When d ≤ Cs < 2d, Γ1
Γ2

< 3d+2(S1+S2)−C
C−d and Γ2

Γ1
< 3d+2(S1+S2)−C

C−d :

V1 =
1
2

Γ1(Cs + d + S1 + S2) + Γ2(Cs − d− S1 − S2)

Γ1 + Γ2
,

V2 =
1
2

Γ1(Cs − d− S1 − S2) + Γ2(Cs + d + S1 + S2)

Γ1 + Γ2
.

5. When d ≤ Cs < 2d and Γ1
Γ2
≥ 3d+2(S1+S2)−C

C−d :

V1 = d,
V2 = Cs − d.

6. When d ≤ Cs < 2d and Γ2
Γ1
≥ 3d+2(S1+S2)−C

C−d :

V1 = Cs − d,
V2 = d.

7. When Cs ≥ 2d:

V1 ≥ d,
V2 ≥ d.

Any such combination with V1 + V2 = Cs gives the same revenue.
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Figure 5.3: 0 < Cs < d Figure 5.4: d ≤ Cs ≤ 2d

For the cases (1)− (3) and the cases (4)− (6), Fig. 5.3 and Fig. 5.4 respectively
show the variation of V1 and V2 in different regions.

In this example the Γi clearly are the key factors which the system administrator
should use to make an optimal allocation.

Example 2

In this example we assume that the packets in the retrial loops of station i retry after
an exponentially distributed time, with mean 1/νi. Hence the probability of retrial
during Vi, pi(Vi) = 1− e−νiVi . Further all the packets which do not retry during Vi
are dropped independently with a fixed probability; qi(Vi) = ki.

Case 1: We consider a 3 station model where all parameters are symmetric except
Γi, i = 1, 2, 3. Let C = 14, Si = 2, νi = 1, ki = 0.5, ∀i = 1, 2, 3. In Table 5.1 we show the
optimal values of V1, V2, V3 and ∑i Mi(Vi) for different values of Γi, i = 1, 2, 3. Notice
that for Γ1 = Γ2 = 3, V3 becomes zero when Γ3 drops below 0.01.

Γ1 Γ2 Γ3 V1 V2 V3 ∑i Mi(Vi)
3 3 3 2.6666 2.6666 2.6666 122.3288
3 3 2 2.7837 2.7837 2.4326 108.7920
3 3 1 2.9809 2.9809 2.0382 95.4454
3 3 0.011 3.9949 3.9949 0.0102 83.4455
3 3 0.01 4.0000 4.0000 0.0000 83.4455
3 2 2 2.9024 2.5483 2.5483 95.1972
3 2 1 3.1022 2.7456 2.1522 81.7707
3 0.01 0.01 5.9308 1.0346 1.0346 42.1918

Table 5.1: Optimal visit length and corresponding maximum revenue for different Γi

Case 2: We consider a 3 station model where all parameters are symmetric except
νi, i = 1, 2, 3. Let C = 14, Si = 2, Γi = 3, ki = 0.5, ∀i = 1, 2, 3. In Table 5.2 we show the
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optimal values of V1, V2, V3 and ∑i Mi(Vi) for different values of νi, i = 1, 2, 3.

ν1 ν2 ν3 V1 V2 V3 ∑i Mi(Vi)
1 1 1 2.6666 2.6666 2.6666 122.3288
1 1 1.5 2.8959 2.8959 2.2082 123.4510
1 1 2 3.0552 3.0552 1.8896 123.9960
1 1.5 1.5 3.1836 2.4082 2.4082 124.3620
0 1.5 1.5 4.8316 1.5842 1.5842 94.8662

Table 5.2: Optimal visit length and corresponding maximum revenue for different νi

Case 3: We consider a 3 station model where all parameters are symmetric except
ki, i = 1, 2, 3. Let C = 14, Si = 2, νi = 1, Γi = 3, ∀i = 1, 2, 3. In Table 5.3 we show the
optimal values of V1, V2, V3 and ∑i Mi(Vi) for different values of ki, i = 1, 2, 3.

k1 k2 k3 V1 V2 V3 ∑i Mi(Vi)
0.5 0.5 0.5 2.6666 2.6666 2.6666 122.3288
0.5 0.5 0.75 2.5568 2.5568 2.8864 121.8160
0.5 0.5 1 2.4784 2.4784 3.0432 121.4070
0.5 1 1 2.3002 2.8500 2.8500 120.2780
0.01 0.5 0.5 0.8730 3.5635 3.5635 124.8190
0.01 1 1 0.6704 3.6648 3.6648 123.9980

Table 5.3: Optimal visit length and corresponding maximum revenue for different ki

The numerical results suggest that

• If the value of Γi increases at a station, then the visit time Vi should increase
(the server serves those stations longer at which it can make a higher profit).

• If the mean retrial time 1/νi decreases at a station, then the visit time Vi should
decrease (the server serves those stations for a shorter time where it can serve
many customers in a short span).

• If the dropping probability ki increases at a station, then the visit time Vi should
increase (the server serves the stations such that it has fewer lost customers).

• The optimal Vi not only depend on the parameters of station i but on parameters
of all the stations.

Generally speaking, the visit times are chosen such that the system gains higher
profit (case 1) and provides better quality (cases 2 and 3).

Summary

In this chapter, we have considered a revenue structure for an optical routing node,
with the aim of providing better Quality-of-Service to customers of various types.
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Modeling an optical routing node as a single server N-queue polling system, and
demanding that the cycle time of the server is constant, our goal was to maximize the
mean profit per cycle by appropriately choosing fixed lengths Vi of the visit periods
for queue i, i = 1, 2, . . . , N. We have shown that this optimization problem is a
separable resource allocation problem which, under natural assumptions regarding
the retrial probability and the dropping probability, becomes a separable concave
resource allocation problem – a well-studied problem which can be solved using
existing algorithms like RANK. We have demonstrated the use of the algorithm
RANK for several examples.

In the next chapter, we extend this work to model an optical node which has
multiple wavelengths that can be used for routing. We formulate an optimization
problem which considers multiple wavelengths, giving rise to multiple single-server
polling systems. This is a mixed integer non-linear programming problem and hence
extremely time-consuming to solve even for a small number of wavelengths. For this,
we propose a heuristic method to solve the problem efficiently.



Chapter 6

Multiple wavelengths optical router node

In Chapter 5 we modeled a single-wavelength optical routing node as a queueing
system with a single server (the wavelength) with retrials for buffering and N stations
– the N ports of the routing node. The server serves all the stations within a fixed
cycle time. For this model we formulated an optimization problem to allocate visit
periods such that the revenue per cycle is maximized. This revenue optimization
problem in Chapter 5 was shown to be a separable concave optimization problem – a
well-studied type of optimization problem that allows for an efficient and insightful
algorithm (RANK; cf. [54]) that yields the optimal solution. In this chapter we extend
that work to a multi-wavelength optical routing node, see Fig 6.1.

Figure 6.1: Optical node with multiple wavelengths

Our goals in the present chapter are (i) to investigate the advantages offered by
having multiple wavelengths, and (ii) to formulate and solve the revenue optimization
problem for an optical routing node with multiple wavelengths. We shall show that
the advantage, in terms of revenues, is very significant (in particular, to go from one
to two wavelengths). While solving the revenue optimization problem for multiple
wavelengths is an NP-hard problem, we develop a heuristic that works very well.
Our numerical results give insight into the sensitivity of various parameters and
modeling assumptions.

The chapter is organized as follows. Section 6.1 presents a detailed description of
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the optical routing node model. The revenue maximization problem, that amounts
to a resource allocation problem (assigning stations to wavelengths and assigning
visit times to stations), is discussed in Section 6.2. Numerical examples are shown
in Section 6.3. Section 6.4 concludes the second part of this thesis and contains
suggestions for further research.

6.1 Optical routing node model

Consider a K-wavelength optical routing node with N stations (ports) to route packets
and with fiber delay lines (retrial buffers) to store packets, cf. Fig 6.1. We represent
it by a queueing model with K servers which visit N queues. We shall assume that
there is a fixed assignment of stations to servers (how to do that assignment is part of
our optimization problem), in which each server always serves a fixed set of stations.
The packets: Packets of type j, j = 1, · · · , M, arrive at station i, i = 1, · · · , N,
according to independent Poisson processes with rate λij, for all i, j. We allow several
packet types because there can be several types of data at each port. If at the time of
packet arrival the station is being served (i.e., the station is being visited by a server
= wavelength) then the packet is instantaneously transmitted; else it enters a retrial
loop (FDL). We assume the retrial time to be random, because delay lines of various
lengths may be used. If, at the time of retrial, the station is not in service then the
packet again goes into a retrial loop and this process continues.
The servers: The servers go through cycles of fixed length C (the frame time). In each
cycle a server visits each of its assigned stations once, for a fixed period of time Vi for
station i. A visit to i is preceded by a deterministic switchover (setup) time Si of the
server. During Vi, there may be two types of arrivals: (i) newly arriving packets, and
(ii) packets which were in a retrial loop; we assume the latter retry during Vi with
some probability pi(Vi). We assume that the data transport capacity of a wavelength
is so large that within its visit period it can handle each incoming packet and retrial
packet entirely and instantaneously, so that these packets do not need to be buffered
or get lost, i.e., whenever a station is being served, any packet which arrives at it or
retries, is transmitted immediately. Hence for practical purposes the service times are
negligible. At the end of the visit of station i each packet which still resides in a retrial
loop of i is dropped with probability qi(Vi). Hence the probability that a packet in a
retrial loop of station i leaves the system, either served during a visit at station i or
dropped after a visit of station i, is ri(Vi) := pi(Vi) + qi(Vi)− pi(Vi)qi(Vi).
Revenue: Every served packet generates a profit and every dropped packet incurs a
loss. Our goal is to assign stations to servers, and subsequently visit times within a
frame time C to stations, such that the revenue of the system is maximized. Assume
that:

• a packet of type j served at station i gives a profit γij (depending both on the
type of packet and the type of source).

• a packet of type j dropped at station i causes a penalty θij. Indeed, the server
has an obligation to meet the contract it has with each source. If the server fails
to meet this contract it incurs a penalty: loss of packets/reputation/further
contracts. One could also view Θi := ∑j λijθij as contract costs of the service
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provider per time unit, and Γi := ∑j λij(γij + θij) as the maximum revenue that
can subsequently be earned back by successfully serving packets.

For K = 1 wavelength (cf. also Chapter 5 where that case was studied), the mean
earnings per cycle are

∑
j

λijγij

[
(C−Vi)

pi(Vi)

ri(Vi)
+ Vi

]
,

and the mean costs per cycle are

∑
j

λijθij

[
(C−Vi)(1−

pi(Vi)

ri(Vi)
)

]
,

yielding the following net revenue for station i per cycle:

Ri(Vi) = Mi(Vi)− CΘi,

where for all i = 1, . . . , N,

Mi(Vi) := Γi

[
(C−Vi)

pi(Vi)

ri(Vi)
+ Vi

]
. (6.1.1)

Note that Γi is the maximum available revenue that can be gained from station i
per time unit. Since the server only serves a station during its visit period, all the
arrivals during this period are served and hence we have the term Γi ∗ Vi. But the
packets which arrive during a non-visit period of a station are eventually served
with probability pi(Vi)

ri(Vi)
, and hence the revenue from this period is given as Γi ∗ (C−

Vi) ∗ pi(Vi)
ri(Vi)

. Further, Θi is the cost incurred per time unit by the service provider
to run the service. Choices of Γi and Θi can be varied depending upon the traffic
intensity, priorities, and available resources. These help the service provider to run,
expand and sell its services. More details regarding these terms depend on the type
of networks and nodes used, which is outside the scope of this chapter. Finally, in 5 it
was explained that since Θi is the fixed cost incurred irrespective of how the resource
is distributed, the maximization of ∑i Mi(Vi) subject to conditions on Vi is enough to
maximize the revenue ∑i Ri(Vi) of the system subject to conditions on Vi.

Even if there are no explicit profits and costs attached to packet transmissions, the
concept of using a revenue function for performance analysis of an optical switching
node may provide us with various useful insights. Firstly, the revenue function acts
as a substitute for the normalized throughput of the system. Hence it provides system
owners a methodology for allocating optimal bandwidths to the various subscribers,
and thus for optimizing their service (w.r.t. throughput). Secondly, the concept of
the reward function helps the system to prioritize subscribers; those with higher
priorities (higher time sensitivities) receive a higher reward and thus are assigned
more bandwidth. Finally, the penalty function for the dropped packets forces the
system to provide service even to the lowest priority packets, thereby maintaining
the fairness of the system.

In the next section we present an algorithm to allocate the stations to different
wavelengths such that each wavelength has a set of stations to serve; subsequently
the visit periods are chosen such that the revenue for each wavelength is maximized.
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6.2 Resource allocation

In this section we propose a procedure for solving the revenue maximization problem
that was globally described in Section 6.1. For each wavelength k, we have C =
∑i∈Pk

(Si + Vi) where Pk represents the set of all stations served by wavelength k.
Note that if there is only one station being served by a wavelength, then there is no
switchover involved. In that case, Vi = C where i is the only element of Pk. Further
we denote the set of stations which are each served by one complete wavelength as P
and the set of stations which are not served by any wavelength as Q.

We now define the optimization problem REVENUE which produces maximum
revenue via an optimal allocation of stations to wavelengths and visit periods to
stations.
REVENUE

max
N

∑
i=1

Mi(Vi)

subject to
N

∑
i=1

[(Si + Vi)xik + Viyik] = C, ∀ k = 1, 2, · · · , K,

K

∑
k=1

[xik + yik] ≤ 1, ∀ i = 1, 2, · · · , N,

N

∑
i=1

xik + N
N

∑
i=1

yik ≤ N, ∀ k,

xik, yik ∈ {0, 1} and 0 ≤ Vi ≤ C, ∀ i, k.

Here Mi(Vi) is given in Eq. (6.1.1). xik = 1 if station i is served by wavelength k,
but station i is not the only one being served by it, and is 0 otherwise, yik = 1 if
station i is the only station being served by wavelength k, and is 0 otherwise. This
is captured in the third condition: if for a wavelength k some yik = 1 then no other
station can be served on it. The second condition states that each station i can only be
served by at most one wavelength. The first and last conditions are system properties,
and they state that the allocation per wavelength should be equal to its capacity C
and the visit period cannot be negative or more than C. This problem is a non-linear
mixed integer programming problem. Under certain realistic assumptions regarding
the system parameters (see also 5), we can reduce the objective function of this
maximization problem to separable concave terms; however, the occurrence of the
integers xik, yik prevents us from using the RANK algorithm [54] that was used in
Chapter 5. The so-called BALANCE problem, which is NP-complete [44], is a special
case of REVENUE; hence REVENUE is an NP-hard problem.

Below we propose a heuristic to solve REVENUE. We argue that this heuristic
should produce results which are close to optimal, and we provide numerical results
in Section 6.3 to support that claim.

The idea behind our approach is the following. In Step 1 we act as if there is
only one wavelength, but a frame time of length KC instead of C. We use the RANK
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algorithm to get an optimal choice of the visit periods Ṽi for such a situation. That
should already give a quite good first estimate of the visit periods. In Step 2 we use
those Ṽi values to assign stations to wavelengths. This is done such that each of the
K wavelengths gets roughly the same ∑(Si + Ṽi) – which hence should be close to
C. Finally, in Step 3, with those K allocations we use RANK again, but now for K
separate single-wavelength problems. Below we provide the details of these three
steps.

Step 1

We first define the following optimization problem.

ONE

max ∑
i

Mi(Ṽi)

subject to ∑
i

Ṽi = KC−∑
i

Si,

and 0 ≤ Ṽi ≤ C− Si, ∀i.

The solution of this optimization problem gives us the values of Ṽi required by
each station to give the maximum revenue, subject to the condition that the maximum
amount of resource available is KC. The upper bound on Ṽi is included because a
station cannot be served by more than one wavelength. Note that Mi(Ṽi) is the same
as given in Eq. (6.1.1).

We solve the (separable, concave) optimization problem ONE using RANK, and
we thus obtain values of Ṽi. Every station i which has Si + Ṽi = C, is allocated to a
single wavelength. These stations belong to the set P and as described at the start
of this section, all stations belonging to this set have their visit periods equal to C.
Further, all the stations with Ṽi = 0 belong to the set Q. These stations will not be
allocated to any wavelength, and as mentioned earlier they will have zero visit period.
By renumbering, we may assume that the stations in Q are the highest numbered
stations, immediately preceded by the stations in P. Also assume that the latter N(P)
stations are assigned to the N(P) highest numbered wavelengths.

We now turn to our procedure for assigning stations to wavelengths (Step 2) and
subsequently determining the exact visit periods (Step 3).

Step 2

Take the values of Si + Ṽi for the first N − N(P + Q) stations (i.e., those not in
P or Q). Sort these values in descending order, say S1 + Ṽ1 ≥ S2 + Ṽ2 ≥ · · · ≥
SN−N(P+Q) + ṼN−N(P+Q). Then allocate those stations to the first K − N(P) wave-
lengths following the so-called Longest Processing Time first (LPT) rule. This amounts
to first assigning stations 1, . . . , K− N(P) to wavelengths 1, . . . , K− N(P); and subse-
quently assigning each of the remaining stations, one by one in descending order of
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their values, to that wavelength for which the sum of the already assigned values is
the smallest. This procedure is continued until all stations have been assigned.

Remark 6.2.1. The idea to use LPT comes from multiprocessor scheduling. Consider a set of
N tasks which have to be served on K parallel servers. The service of a task on a server, once
started, cannot be interrupted. In multiprocessor scheduling the goal often is to minimize
the makespan, i.e., the time until all tasks are completed. This is an NP-hard problem. The
makespan minimization problem can be reformulated in the terminology of bin-packing, where
it amounts to finding the smallest common capacity of the bins, sufficient to pack all N pieces.
Many heuristics have been developed for solving the bin-packing or makespan minimization
problem; see, e.g., [33]. LPT is a simple and accurate heuristic procedure. It is intuitively
clear that assigning tasks in decreasing order of size should work well when K and N are not
too small: because the smallest tasks are assigned last, it is likely that all makespans are close
to each other. See [88] for a probabilistic analysis of various bin-packing heuristics, and [23]
for a probabilistic analysis of LPT list scheduling.

Step 3

Now that we have assigned all stations to a wavelength, we still need to determine
the visit periods for those stations that use wavelengths 1, . . . , K − N(P), because
the extended visit periods Si + Ṽi of the stations that are assigned to a particular
wavelength do not exactly sum up to C. For this we solve optimization problem
TWO, for k = 1, . . . , K− N(P):

TWO

max ∑
i∈Pk

Mi(Vi)

subject to ∑
i∈Pk

Vi = C− ∑
i∈Pk

Si,

and Vi ≥ 0, ∀i ∈ Pk.

The solution of this optimization problem gives us the values of Vi required by
each station allocated to wavelength k, subject to the maximum amount of resource
available at that wavelength. We thus obtain new extended visit periods Si + Vi for
stations 1, . . . , N − N(P + Q).

Note: If, in Step 2, a station i∗ is the only one being assigned to a wavelength,
then we do not run TWO for it but take Vi∗ = C.

This concludes the description of the heuristic procedure. In the next section we
shall investigate its accuracy. Its computational complexity is low. The optimization
problems ONE and TWO are concave separable with linear constraints and can be
solved in polynomial time; and we use ONE once, TWO at most K times. We also use
LPT once. Further, we need to sort the extended visit periods in Step 2 once.
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6.3 Numerical examples

In this section we present a few numerical examples to illustrate various properties
of our system. For all the examples in this section we assume that the probability
of retrial and drop probability for a station i are given by pi(Vi) = 1− e−νiVi and
qi(Vi) = e−µiVi . Further, the revenue of station i is equal to Mi(Vi) as given in
Eq. (6.1.1).

Example 1:

We first consider a toy example with K = 2 wavelengths and either N = 3 or N = 4
stations, for which all possible assignments allocating all stations to a wavelength are
listed. For each station i, the parameters νi and µi are equal to 0.5. The switchover
times Si = 0.2 for each station i and frame time C = 2. Finally, Γi = i, for each
station i. The allocation of stations to different wavelengths is shown, along with the
corresponding visit period (obtained by using TWO) and the revenue obtained by
the system. Note that an allocation 0 implies that the station was not allocated to any
wavelength.

Table 6.1: 3 station system

Allocation Visit Period Revenue
[1 1 2] [0.48 1.12 2.00] 10.11
[1 2 1] [0.28 2.00 1.32] 9.81
[2 1 1] [2.00 0.61 0.99] 8.65

Table 6.2: 4 station system

Allocation Visit Period Revenue
[0 1 1 2] [0.00 0.61 0.99 2.00] 14.65
[1 2 2 1] [0.14 0.61 0.99 1.46] 14.25
[1 2 1 2] [0.28 0.48 1.32 1.12] 14.03
[1 1 2 2] [0.48 1.12 0.67 0.93] 13.34
[1 1 1 2] [0.00 0.61 0.99 2.00] 14.65
[1 1 2 1] [0.00 0.48 2.00 1.12] 14.22
[1 2 1 1] [0.00 2.00 0.67 0.93] 13.23
[2 1 1 1] [2.00 0.00 0.67 0.93] 11.23

In Tables 6.1 and 6.2 the values given by our procedure described in the previous
section are printed boldface. We observe that in both cases our procedure gives the
best allocation.

Example 2:

In this example we compare the results obtained using our procedure with the
results obtained by randomly allocating wavelengths to different stations and then
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optimizing the visit periods at each wavelength. We show numerical results for five
different cases for a system with N = 16 stations, K = 4 wavelengths and frame
time C = 8. In each of the first four cases, we vary one parameter while keeping all
the other constant and in the last case we use random system parameters; the Γi are
uniformly distributed on (0, 8); the νi and µi on (0, 1), and the Si on (0, 0.4).

We take 10000 independent allocations of wavelengths in two different ways, (i)
and (ii). In (i) we allocate stations in such a way that each wavelength gets at most 4
stations, whereas in (ii) there is no restriction on the number of stations allocated to a
wavelength. In both cases we subsequently use TWO. For both (i) and (ii) we show
the maximum, the average and the minimum obtained revenue among the 10000
cases and the percentage of allocations which generated a revenue above the value
generated using our algorithm.

Table 6.3: Revenue while varying Γi

Maximum Average Minimum Percent
(i) 475.72 468.89 454.24 1.46
(ii) 475.50 441.36 300.33 0.24

Algorithm 474.51
Γi = 0.5 ∗ i, νi = 0.5, µi = 0.5 and S = 0.2

Table 6.4: Revenue while varying νi

Maximum Average Minimum Percent
(i) 387.29 384.58 381.94 9.89
(ii) 387.14 358.36 224.93 0.87

Algorithm 385.65
Γi = 4, νi = 0.05 ∗ i, µi = 0.5 and S = 0.2

Table 6.5: Revenue while varying µi

Maximum Average Minimum Percent
(i) 413.19 413.15 412.98 0.00
(ii) 413.19 377.54 231.52 0.00

Algorithm 413.19
Γi = 4, νi = 0.5, µi = 0.05 ∗ i and S = 0.2

Table 6.6: Revenue while varying Si

Maximum Average Minimum Percent
(i) 398.81 398.06 395.60 0.05
(ii) 398.79 351.53 181.94 0.00

Algorithm 398.81
Γi = 4, νi = 0.5, µi = 0.5 and S = 0.05 ∗ i
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Table 6.7: Revenue using completely random allocation

Maximum Average Minimum Percent
(i) 360.85 355.23 338.07 4.56
(ii) 360.83 338.14 231.45 0.62

Algorithm 359.93
Γi ∼ U(0, 8), νi ∼ U(0, 1), µi ∼ U(0, 1), and Si ∼ U(0, 0.4)

Tables 6.3-6.7 suggest that a random assignment of stations to wavelengths, but
still using TWO to subsequently choose Vi, is much worse than the assignment
of our algorithm. However, the symmetric assignment, in which each of the four
wavelengths serves (at most) four out of the 16 stations, and for which the visit times
are calculated using TWO, yields results that are typically quite close to the values
obtained using our algorithm (and in a few cases even better).

Example 3:

In this example we study which effect increasing the number K of wavelengths has
on the revenue of the system. We take the allocation obtained using the procedure of
Section 6.2. For each K we take N = 16 stations, Si = µi = νi = 0.05 ∗ i, Γi = 0.5 ∗ i
and C = 8.

Table 6.8: Varying the number of wavelengths

K Revenue # of stations served
1 170.54 3
2 322.62 8
3 400.97 11
4 452.88 13
5 480.40 14
6 499.60 14
7 517.23 15
8 525.21 15

16 544.00 16

We observe that increasing the number of wavelengths increases the revenue
obtained and also the number of stations served. However, the marginal increment
decreases with an addition of each wavelength. In this example the change from
K = 1 to K = 2 almost doubles the revenue and more than doubles the number of
stations served, whereas the change from K = 7 to K = 8 increases the revenue by
less than two percent (and the number of stations served does not change). In the
case of K = 16, the revenue equals C ∗∑16

i=1 Γi = 544. The system operator can choose
an optimal number of wavelengths, by deducting from the revenue the cost of each
wavelength used, so as to maximize its utility. This observation may be of interest in
networks where traffic is highly variable and the cost of running extra resources is
high.
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Example 4:

In this example we consider a system with N = 16 stations, K = 4 wavelengths, frame
time C = 8 and switchover period from each station Si = 0.2, for all i = 1, . . . , N.
We show three different cases, each of which has one of Γi, νi, and µi different for all
stations, the other two parameters being equal for all stations. In these numerical
experiments we study how the procedure described in Section 6.2 allocates resources
depending on each factor, and develop insight into the influence of these factors on
the system performance. In Table 6.9, we mention the wavelength to which each
station is assigned, the visit period each station receives and the revenue each station
gives, for the three cases.

Table 6.9: Γi = 0.5 ∗ i, νi = 0.5 and µi = 0.5

Station Allocation Visit Revenue
1 0 0.00 0.00
2 0 0.00 0.00
3 3 0.93 6.54
4 4 1.22 10.68
5 4 1.45 14.89
6 3 1.67 19.27
7 2 2.16 24.96
8 1 2.25 28.90
9 1 2.34 32.89
10 2 2.46 37.00
11 3 2.20 39.45
12 4 2.23 43.23
13 4 2.30 47.24
14 3 2.40 51.49
15 2 2.78 57.03
16 1 2.81 60.94

Total 29.20 474.51

From Table 6.9 we see that in general Γi > Γj does not imply Vi > Vj, but when i
and j are allocated to the same wavelength this implication appears to be true. Also,
if the value of Γi is very low, then – even though our procedure allocates that station
to a wavelength – it may not receive any service (equivalent to not being allocated).

In Table 6.10 we see that in general, within a wavelength, stations with lower
νi receive higher Vi. This happens because the system tries to allocate longer visit
periods to stations with low retrial rates so as to maximize the number of packets it
can serve. However, if νi is very low (see station 1), then the system, subject to limited
resources, might not allocate any resource to that station.

From Table 6.11 one can generally observe that the stations with higher drop
probability, i.e., lower µi, receive longer visit periods to have fewer losses. Also, like
in the previous case the difference in revenue generated from each station is not big.

Three final observations: 1. The spread in visit periods is small in 6.11 compared
to those in 6.9 and 6.10. This suggests that the factor µi is less important than the
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Table 6.10: Γi = 4, νi = 0.05 ∗ i and µi = 0.5

Station Allocation Visit Revenue
1 0 0.00 0.00
2 1 3.35 26.05
3 2 2.33 22.33
4 3 2.18 23.09
5 4 2.07 23.83
6 4 1.97 24.37
7 3 1.88 24.80
8 2 1.83 25.30
9 1 2.16 28.02
10 4 1.69 25.85
11 3 1.64 26.09
12 2 1.60 26.42
13 1 1.89 28.59
14 3 1.50 26.76
15 4 1.47 26.96
16 2 1.44 27.19

Total 29.00 385.65

Table 6.11: Γi = 4, νi = 0.5 and µi = 0.05 ∗ i

Stations Allocation Visit Revenue
1 3 1.85 22.76
2 4 1.86 23.36
3 2 1.87 23.94
4 1 1.87 24.48
5 3 1.86 24.90
6 4 1.85 25.29
7 2 1.84 25.66
8 1 1.83 26.01
9 1 1.82 26.32

10 3 1.80 26.56
11 2 1.78 26.81
12 4 1.76 27.03
13 4 1.73 27.23
14 2 1.71 27.43
15 3 1.69 27.62
16 1 1.68 27.79

Total 28.80 413.19

factors νi and Γi in the solution of this problem. 2. Our procedure often results in a
more or less even spread of revenues among stations if Γi are equal. This suggests
that the procedure makes the system reasonably fair, i.e., tries to provide the best
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service to each station. 3. Even though the revenues obtained from stations with
different retrial rates and drop probabilities are similar, the resources required by
these stations are different. For a lower retrial rate and/or higher drop probability,
a longer visit period is required to give similar revenue. This is a techno-economic
trade-off to consider while designing the router.

6.4 Conclusions and suggestions for further research

In this section we conclude the second part of this thesis, i.e., Chapters 5 and 6. We
also provide some suggestions, both from the perspective of optical networks and
from a mathematical perspective, for extending this work.

6.4.1 Conclusions

In this part of the thesis, we considered a revenue structure for an optical routing
node, with the aim of providing better Quality-of-Service to customers of various
types. We started, in Chapter 5, by modeling a single wavelength optical routing
node as a single server N-queue polling system and the fiber delay lines as retrial
queues. The server successively visits each station and any packet arriving or retrying
at a station during its visit period receives instantaneous service. At the end of the
visit period of a station, all the packets in the retrial queues of this station are dropped
independently. Using these model assumptions, and demanding that the cycle time
of the server is constant, our goal was to maximize the mean profit per cycle by
appropriately choosing fixed lengths Vi of the visit periods for queue i, i = 1, 2, . . . , N.
Under some realistic assumptions for the probability of retrial and the probability
of drop of a real system, we have shown that this optimization problem, a resource
allocation problem, becomes a separable concave resource allocation problem – a
well-studied problem which can be solved using existing algorithms like RANK. We
have demonstrated the use of the algorithm RANK for several examples.

In Chapter 6, we extended this work to model an optical node which uses wave-
length division multiplexing (WDM), i.e., routing can be done via multiple wave-
lengths. We assumed the architecture of the switching node is such that each port
can use at most one wavelength, i.e., the routing at a port can be done via only one
wavelength. This assumption, along with assumptions which were also made in
Chapter 5, gave rise to a model with multiple single-server polling systems. We then
redefined the revenue maximization problem to include two questions: which port
gets allocated to which wavelength and how are visit periods per cycle distributed
among these ports. This optimization problem is a mixed integer non-linear pro-
gramming problem and hence extremely time-consuming to solve even for a small
number of wavelengths. Therefore, we proposed a heuristic method to solve the
problem efficiently. Using numerical examples and simulations we have shown that
the heuristic provides a quite good approximation.

6.4.2 Suggestions for further research

The idea of using a revenue function for performance analysis of an optical switch-
ing node provides us with various insights. Firstly, the revenue function acts as a
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substitute for the normalized throughput of the system. Hence it provides a method-
ology for system owners on how to maximize their service by allocating optimal
bandwidths to the various subscribers. Next, the concept of the reward function
can be used to enhance that subscribers with higher priorities get more bandwidth.
This provides an insight into the allocation of bandwidth with a variety of services
available in modern communication systems, some of which have a much higher
delay sensitivity than the others. Also, the penalty function for the dropped packets
enforces the system to provide service, even to the lowest priority customers thereby
maintaining the fairness of the system.

For the model in Chapter 6, there are a few research extensions which suggest
themselves. Firstly, one might consider variants of the proposed heuristic procedure,
for example, a consequence of the use of LPT is that, for each wavelength, one has a
sum of assigned Si + Vi that is not exactly equal to C. We subsequently used TWO
to make final choices for the visit periods Vi. Instead, one could simply scale all
Vi, that belong to one and the same wavelength, by the same factor α such that
∑(Si + αVi) = C. Secondly, for the same model, one could consider completely
different ways of assigning stations to wavelengths, allowing for example that the
same station uses more than one wavelength. Thirdly, it would be worthwhile
to study the trade-off between using more wavelengths and investing in a higher
number of fiber loop buffers - which can be translated into a cost problem where for
a given probability of loss one can investigate what should be the optimal number of
wavelengths and buffers so as to minimize cost.

It will be interesting to relax some modeling assumptions. First, the FDLs are of
discrete lengths and hence, the finiteness of FDLs should be included more explicitly,
i.e., define the retrial and loss probability in more detail, based on the packet arrival
times and length of FDL. This makes the problem more complex as the system will
have to take into consideration the time stamp of every entering packet. This will
also help develop a more realistic function for drop probabilities. Next, remove the
assumption that the capacity of a wavelength is very much larger than the load by a
packet. This is a more practical setting and it will limit the number of customers that
can be served in every visit period, thereby adding another restriction on the capacity
of the system. This not only makes the optimization more complicated but also gives
rise to interesting modeling questions.

There are some more extensions which are important from a system point of view
and will be interesting to study in further extensions of this work. The system with
finite buffer capacity is one of these. Since the optical buffering is a complicated
issue and has some physical restrictions like energy consumption and size of delay
lines, the question of optimal buffer size is important. What are the effects of buffer
size on the system performance and how is buffer size related to the capacity of
the system are interesting questions to answer, e.g., larger buffers would reduce the
packet rejection rate, so reduce the losses, but also require extra costs for installing
and operating such larger buffers. Finally, the question of priorities is of ever growing
significance. The model of the system should be such that packets of higher-priority
data receive more bandwidth and thereby the quality-of-service is based on the type
of priority. This will help provide a better quality-of-service to applications with
high delay sensitivity like video streaming, on-line conferencing, and gaming. The
modeling of this though, needs much more detail on the architecture of the switching
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node and information on how the priorities are handled.

Summary

To understand the behaviour and study the performance of future optical networks,
in this chapter, we have considered a revenue optimization problem for a multiple
wavelength optical routing node. We showed that this revenue optimization problem
is a mixed integer non-linear programming problem and hence extremely time-
consuming to solve even for a small number of wavelengths. Since one would like
to solve this revenue optimization problem quite frequently, we have developed an
efficient and near-optimal heuristic procedure for (i) assigning stations to wavelengths
and subsequently (ii) assigning visit times to stations within a fixed frame time. We
then gave numerical examples to show that the solutions obtained using the heuristic
are near-optimal, and provided some other insights, e.g., how the introduction of
multiple wavelengths improves the revenue performance of a routing node.
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Chapter 7

Flat data center network based on
optical packet switches

This chapter is devoted to the mathematical modeling and performance analysis of
a data center architecture proposed in [79]. Due to the growing needs for higher
data throughput inside the center, increasing complexity, size, power consumption
and costs of data centers, there has been a tendency to use optical switches and
interconnect links in their architecture. The data center architecture proposed in [79]
is based on transparent optical packet switches. For this architecture, we start by
describing a queueing model consisting of several stations. We then study these
stations separately in order to provide performance measures like the mean delay
(latency) of a packet and the probability of packet loss. Next, these results are
combined to provide the performance measures of the total system.

7.1 Introduction

We start by providing an introduction to data center networks (DCNs) based on [79].
Data centers, due to emerging number of applications, experience a strong annual
increase of over 25% in the amount of traffic [55]. More than 75% of this traffic is
processed within the data center [55]. This huge increase of intra data center traffic
demands architectural and technological changes to the underlying interconnect
networks in order to meet the growth while decreasing the costs and the energy
consumption. The predominant DCNs have evolved into either fat-tree or leaf-spine
topologies, both of which have a multi-tier structure as schematically shown in
Fig. 7.1. In a fat-tree topology, the network follows a hierarchical organization of
network switches in access, aggregate, and core layers. Therefore to transfer a packet
between two servers the packet needs to reach the layer at which both the source and
the destination have a common parent. In a leaf-spine topology, the source and the
destination are not directly connected to each other, and hence packets might have to
take redundant steps between layers to reach their destination. Accompanying the
fast development of the electrical switching technology, 40 Gbps per port Ethernet
switches are already being deployed in commercial data centers, while 100 Gbps
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(a) Fat-tree (b) Leaf-spine

Figure 7.1: Current data center topologies

and beyond are under development. Therefore, building data centers with a large
number of servers (>10,000) each operating at a high data rate (>40 Gbps), requires
electrical switches with an extremely high radix, to avoid hierarchical multi-layer
architectures and the resulting bandwidth bottleneck, high server-to-server latency,
and poor cost-efficiency [8]. Multi-stage switching architectures could be used to
build up electrical switches with high radix at the expense of a large number of
interconnect modules leading to higher cost, power consumption, and latency. In
particular, the optical to electrical to optical conversions account for more than 50% of
the power consumption of the network infrastructure. To overcome these problems,
transparent optical switching technologies can be used. Such technologies switch
data packets fully in the optical domain, without requiring intermediate translations
from the optical to the electronic domain and vice-versa. This will not only save costs
and energy, but also results in a lower latency and a possible future-proof architecture
w.r.t. fluctuations in traffic and energy cost.

Transparent optical switching technologies can switch high data rate signals
while achieving high aggregation bandwidth and avoiding power-consuming optical-
electrical-optical conversions. Optical switching schemes mainly based on optical
circuit switching (OCS), and optical packet switching (OPS) have been comprehen-
sively discussed for DCN applications [57, 59]. Despite the technical maturity of OCS,
the slow configuration time introduces large latency and prevents the efficient statis-
tical multiplexing of data packets, cf. Section 1.1.1. As the alternative solution, OPS
could flexibly switch packetized data within nanoseconds time scale, exploiting ar-
rayed waveguide grating router (AWGR) and semiconductor optical amplifier (SOA)
for optical gating and/or wavelength conversion [28, 78] and hence low-latency and
on-demand connectivity can be provided. Although many DCN architectures are
proposed based on this, the large latency caused by the reconfiguration time and
multi-hop connection as well as the issue of optical buffering for fast optical switches
have limited the practical implementations. It, therefore, necessitated the innova-
tion of flat data center networking solutions providing high-capacity, low-latency,
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and scalable switching capabilities. In [79], the authors propose a novel flat DCN
architecture based on fast buffer-less OPS that scales as the square of the OPS port
count (OPSquare). The architecture consists of two parallel intra- and inter-cluster
switching networks allowing the flat DCN to be realized with moderate-radix OPS.
Single-hop direct interconnection is provided for racks within the same cluster, while
at most a two-hops interconnection is sufficient for inter-cluster communication. Ex-
ploiting the fast switching and optical flow control, no optical buffers are required.
Packets are stored in the electronic buffers at the top of the racks (ToRs) and fast
optical flow control is implemented for solving packet contention that may occur at
the buffer-less optical switches. The authors provide scalability of the DCN and the
system performance in terms of average latency, packet loss and throughput by using
numerical simulations using the OMNeT++.

In this chapter we provide an analytical study for the DCN architecture provided
in [79], using mathematical modeling and queueing theory techniques. Since the
number of servers in a DCN is high and the traffic can be of the ON-OFF type, a
prominent queueing system, known as the fluid queue, is used in some parts of our
work. In this approach, a queue is considered to be a reservoir, an input source is
considered to be a pipe which pours fluid into this reservoir and the service rate
defines the rate at which the fluid leaves the reservoir. In [9], the authors show that
such an approach can be used to model switches with multiple ON-OFF inputs. The
buffer where data is temporarily stored and then forwarded is represented by a fluid
queue. Depending on the service discipline, the queue may have constant or variable
output rates. The many input sources, each of which alternates between ON and
OFF periods, are represented by independent flows varying between busy and idle
periods. During the busy periods, a source transmits data/fluid at some rate and
during the idle periods it does not transmit anything. The total input to the queue
is the sum of the inputs from all these sources, which are in their busy states. In
[22], the authors provide a review of various developments in fluid models used in
performance analysis.

We will be using the standard four factor Kendall’s notation to describe the various
proprieties of queueing systems studied in this chapter. The notation, A/S/c/K + c,
can be interpreted as follows: A is the arrival process at the queue, S is the service
time distribution of each customer, c is the number of servers in the system and K + c
is the buffer capacity of the system including c positions for the customers in service.
The abbreviations used for arrival processes and service time distributions in this
chapter are: M for Markovian or exponential, G for general, Geo for geometric and D
for deterministic.

In Section 7.2 we describe the architecture of the OPSquare DCN. Next, in Sec-
tion 7.3 we translate the network into a queueing model and describe the various
input processes. Section 7.4 presents a detailed mathematical analysis of the various
components of the model, for different traffic patterns, which are combined to give
the system performance measures. In Section 7.5 we provide various numerical exam-
ples to verify our assumptions and approximations, and to illustrate the performance
measures of the system. We conclude this work in Section 7.6 and provide directions
for further research.
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Figure 7.2: Novel flat DCN architecture based on optical switch with fast flow control

Remark 7.1.1. In this chapter we consider an extremely complicated network, with many
queues and complex protocols for handling the traffic. This is a pioneering attempt to provide
an analytical study of the performance of this network. We assume independence between
the queues we model and study them in isolation, ignoring possible intricate dependencies
between the nodes. One can hardly expect such an approach to yield accurate results for a
wide range of traffic types and parameters. However, we aim to suggest a promising approach
to come up with quantitative and qualitative performance results for a DCN.

7.2 Data center architecture

In this section, we will describe the model in [79], an ’Optical Packet Square flat Data
Center Network’ (OPSquare DCN) as shown in Fig. 7.2. It is a distributed data center
network, connected using optical links and divided into three layers: the inter-cluster
network, the intra-cluster network and the intra-rack network.

The servers in the data center are arranged in racks, so the intra-rack network
connects all the K servers in a rack. Each server communicates with all the other
parts of the data center via the ’Top of the Rack’ (ToR) switch, which is connected to
it via the intra-rack network. All the servers of a rack are connected directly to the
ToR via two independent channels; one for input and another for output. The ToR
can be considered as the processing unit and it is present at each rack. The ToR as
shown in Fig. 7.3 provides input, via transmitters, and receives output, via receivers,
to/from the inter-cluster switches (Extra-cluster Switch ES), and the intra-cluster
switches (Intra-cluster Switch IS). It also consists of K buffers each connected to one
server within the rack (Intra-Rack IR). The ES, IS and IR form the major switching
components of the DCN.

A group of M such racks is called a cluster. The racks in a cluster are numbered
from 1 to M. All the ToR’s in a cluster are connected to each other via the IS switch.
It is an M×M cross-connect switch which works with P wavelengths. The complete
data center is divided into N such clusters. The clusters are connected via N×N cross-



7.2. Data center architecture 151

Figure 7.3: ToR schematic diagram equipped with WDM transceivers and fast flow
control

connect switches which work with Q wavelengths. The inter-cluster connections are
such that the racks with the same number, 1, . . . , M, in all the clusters are connected
by the same N × N cross-connect switches. Hence the number of IS in the system is
N and the number of ES in the system is M.

In Fig. 7.4, the design of an IS is shown. The M ToRs are connected by dividing
them into P groups, each with F = M/P racks. All the packets from one ToR, a,
which have to be transferred to a ToR in some group, U, are transferred on the same
wavelength, say λaU . Further, the wavelength from each ToR is different for each
different destination group. Hence the number of groups is limited by P. The input
of each destination has P AWGs each with F inputs. Each AWG receives packets from
all the ToRs from the same group. Since all the inputs in the AWG can accept packets
only at different wavelengths, we note that if ToR a and ToR b belong to the same
group, then λaU and λbU cannot be the same. A packet from the destination is passed
through an 1× F optical switch and then received by an AWG with F inputs. Only
when the destination AWG of a packet is not serving another packet, this packet can
pass through the switch. The design of an ES is the same as the design of an IS with
N ToRs and Q wavelengths.

A packet produced in a server which has to go to another server within the same
rack is sent to the ToR from where it is redirected to the destination server via the
corresponding IR. A packet produced at a server which has to go to a server in
another rack of the same cluster has to go through two steps. First the ToR of the
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Figure 7.4: Wave division multiplexed optical cross connect

source rack transfers it to the ToR of the destination rack via the IS. Then the ToR
of the destination rack redirects it to the destination server via the corresponding
IR. In the IS switching, the packets have to be transmitted on a specific wavelength,
depending on their destination. Then they pass through an 1× F optical switch and
reach the corresponding ‘Arrayed Waveguide Gratings’ (AWG). A packet produced
at a server which has to go to a server in another cluster has to go through three steps.
First the ToR of the source rack transfers it to the ToR of the same number in the
destination cluster via the ES. Then this ToR transfers it to the ToR of the destination
rack via the IS. Then the ToR of the destination rack redirects it to the corresponding
IR of the destination server. The routing at ES is similar to the routing at IS, via an
1× G optical switch and an AWG.

Consider a packet labeled as (x, y, z), where the x coordinate represents the cluster
number, the y coordinate represents the rack number and the z coordinate represents
the server number. Then we can summarize the packet flow as follows.

• If (A, B, C)→ (A, B, D), then (A, B, C) IR−→ (A, B, D).

• If (A, B, C)→ (A, E, D), then (A, B, C) IS−→ (A, E, C) IR−→ (A, E, D).

• If (A, B, C)→ (F, E, D), then (A, B, C) ES−→ (F, B, C) IS−→ (F, E, C) IR−→ (F, E, D).
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Figure 7.5: Schematic of packet flow

Note that the IS and ES steps can be interchanged depending on how busy the
switch is. In our setting ES is followed by IS.

7.3 Queueing model and parameters

In this section, we translate the data center architecture into a mathematical model
for each of the three layers IR, IS and ES, and explain each component separately
as queueing models. The whole system is completely connected and dependent,
but we assume each input to have independent arrivals and separate buffers. All
the components put together exhibit in reality a complicated dependency, but based
on queueing studies related to dependencies in large systems (see, e.g., [61]), we
suggest that studying them as independent parts might result in quite accurate
approximations of the key performance measures (the rationale being that the more
complicated the network is, the less strong the effect of individual dependencies
may become). In Fig. 7.5 a block diagram of the system flow is shown. The three
important performance measures of the system which we would like to evaluate
are the probability of loss of a random packet generated in the system, the mean
end to end delay, i.e., average latency, of a successfully transmitted packet and the
throughput of the system.

In a data center, the traffic arises due to packet transfer between servers. The
load ρ of a server is defined as the fraction of time a server is producing packets on
average. We consider a completely symmetric system with independent servers, i.e.,
the load at each station is the same with the destinations being inter-cluster, intra-
cluster and intra-rack with fixed probabilities. Furthermore, the destination within
these three is chosen symmetrically and different servers do not affect each other’s
traffic pattern. The traffic produced in the servers can be of different types depending
on the applications and usage of the servers. In the study of performance analysis
of switches, the arrival process is generally considered to be time slotted Bernoulli,
cf. [16, 52]. However, it is well known that in DCNs the traffic arrives in bursts of
different lengths, cf. [17]. Hence, in this work we consider two types of traffic: time
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Figure 7.6: Schematic of packet flow in the analysis

slotted Bernoulli and continuous ON-OFF. If the traffic is time slotted Bernoulli, then
the probability that a server produces a packet in a given time slot is equal to the load
of the system ρ and is independent of packet generation in all the other time slots. If
the traffic is continuous ON-OFF type traffic, then the load ρ of a server is equal to the
fraction of time a server is in the ON state, i.e., ρ = E[ON time]

E[ON time]+E[OFF time] . During each
ON period packets of different lengths are produced and all these packets have the
same destination. As mentioned in Section 7.2, the transfer of packets can be between
servers of the same rack or servers from different racks of the same cluster or servers
in different clusters. We assume that the traffic generated is intra-rack traffic w.p.
(with probability) r1 , intra-cluster w.p. r2 and inter-cluster w.p. r3 = 1− r1 − r2.

In case of a system with Bernoulli traffic, all the servers produce a packet with
Bernoulli probability ρ. Since each rack has K servers, the number of packets entering
the ToR from these racks per time slot is a binomially distributed random variable
with parameters K and ρ. Denote by λa and λb the combined arrival rate into a ToR
from its IS and ES respectively. Since the number of traffic sources is high, we may
assume that all these three inputs are Poisson; therefore we have the total input into
the ToR as

• Input from servers - Poisson(Kρ)

• Input from IS - Poisson(λa)

• Input from ES - Poisson(λb)

In case of a system with ON-OFF type traffic, we model the lengths of ON periods
as exponentially distributed with rate µ, and all the packets in a given ON period
have the same destination. Since the outputs of the ES and IS act as various ON-OFF
sources, we define them in detail later. For now let us define a term “flow” which is
the total traffic rate into the ToR from various sources. The flow from the servers into
the ToR is given as f1 = Kρ, and from the IS and ES is given as f2 and f3 respectively.

In order to make the problem less complex, we assume that all the traffic arriving
from ES goes into IS. Since a very small fraction of traffic directly goes from ES to IR,
we can use this approximation, and if needed it can easily be adapted to the exact
situation. The new schematic is shown in Fig. 7.6.

We now describe each of the three components of the data center in detail and
create mathematical blocks which will be analyzed in the next section. We also
describe the arrival process of each of these components for both the time slotted
traffic and continuous ON-OFF traffic types and the analysis is done for both of these
traffic types.
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Intra-Rack IR:

In each ToR there are K buffers each with capacity B1. Each of these buffers is
connected to a corresponding server with an optical channel. There are two types of
traffic entering the IR: the traffic from the servers which has the destination within the
same rack and the traffic arriving from the IS. Both these streams send packets to the
buffers symmetrically. We model each combination of a buffer and the channel as a
queueing system. It has a single queue and a single server operating First-In-First-Out
and we represent this by a FIFO queue.

If the traffic pattern of the servers is Bernoulli, then the input process to this queue
is approximated by a single Poisson process. The K FIFO queues receive a fraction r1
of the traffic from the servers and all the traffic from the IS. Therefore the total Poisson
arrival rate into the IR is given by r1Kρ + λa. Since the load is symmetrically divided
amongst the FIFO queue inputs, the Poisson arrival rate at an individual FIFO queue
is λ1 = r1ρ + λa

K . The output rate of the FIFO queue is also the throughput of the
system.

If the traffic pattern of the servers is continuous ON-OFF type, then the input
process of this queue is considered to be a superposition of multiple ON-OFF streams.
The K servers produce ON-OFF traffic with a load r1ρ/K since only a fraction r1 goes
to the IR and it has to be divided among K FIFO queues. Further there is traffic
coming in from the IS with net flow f2. To account for this flow, we assume that there
are J = dK f2

r1ρ e additional ON-OFF sources each producing traffic at a load r1ρ/K.
Note that the net flow produced by J sources with load r1ρ/K is marginally higher
than f2, but since the number of sources is high, this increase is marginal. Hence the
input of the system is delivered by K + J ON-OFF sources producing traffic with load
r1ρ/K.

Intra-Cluster IS:

From Fig. 7.4 we can observe that AWG 1 of each ToR in group 1, is receiving traffic
from all the different ToRs of group 1. Hence the set of wavelengths from group
1, which are routed to group 1 are our different input streams, and the AWGs 1 of
all ToRs in group 1, are our servers. We call the combination of these wavelengths
and AWGs a sub-switch. This sub-switch can be seen as an F× F switch. Each of
the wavelength streams has a buffer with capacity B2 in which packets of different
destinations are stored. The packets at the head of all these F buffers compete for
service at the AWGs. This can cause blocking and retrials when the AWG is serving a
packet from other input. Henceforth we refer to such a sub-switch as HOL (Head-Of-
Line) system and the AWG can be considered as a server of the queueing system.

If the traffic pattern of the servers is Bernoulli, then the input process to each input
of this F× F switch is approximated by a single Poisson process. The P wavelengths
receive a fraction r2 of the traffic from the servers and all the traffic from the ES.
Therefore the total Poisson arrival rate into the IS is given by r2Kρ + λb. Since each
wavelength of the IS is equivalent to an input of the F× F HOL system, and the load
is distributed symmetrically, the Poisson arrival rate of each input of the HOL system
is λ2 = r2ρK+λb

P .
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If the traffic pattern of the servers is ON-OFF type, then the input process of this
queue is considered to be ON-OFF type with multiple sources. The K servers produce
ON-OFF traffic with a load r2ρ/P since only a fraction r2 goes to the IS and it has to
be divided among P wavelengths. Further there is traffic coming in from the ES with
net flow f1. To account for this flow, we assume that there are I = d P f1

r2ρ e additional
ON-OFF sources each producing traffic at a load r2ρ/P. Similar to the previous case,
the marginal increase in flow does not affect the performance measures. Hence the
input of the system is delivered by K + I ON-OFF sources producing traffic with load
r2ρ/P.

Inter-Cluster ES:

The design of an ES is the same as the design of an IS with N ports and Q wavelengths.
Therefore it can be divided into Q G× G HOL systems where G = N/Q. Each input
port of this HOL system is a transmitter working on one wavelength (see TX in
Fig. 7.3) and has a buffer B3.

If the traffic pattern of the servers is Bernoulli then the input process to each
input buffer of this G× G switch is approximated by a single Poisson process. The Q
wavelengths receive a fraction r3 of the traffic from the servers, which is distributed
symmetrically. Hence the Poisson arrival rate of each input of the HOL system is
λ3 = r3ρK

P .
If the traffic pattern of the servers is ON-OFF type, then the input process of this

queue is considered to be ON-OFF type with multiple sources. The K servers produce
ON-OFF traffic with a load r3ρ/Q since only a fraction r3 goes to the ES and it has to
be divided among P wavelengths. Hence the input of the system is delivered by K
ON-OFF sources producing traffic with load r3ρ/Q.

7.4 Analysis

In the previous section we have shown that the different switches of the data center
can be modeled by two basic components, the HOL system and FIFO queues. Figs.
7.7 and 7.8 show the schematic diagrams of a HOL system and FIFO queue. Observe
that in the HOL system the inputs compete for the output whereas in the FIFO queue
each input has a dedicated server. In this section we analyse these components in
detail.

This section consists of four parts. In the first part, Section 7.4.1, we approximate
the output rate of the HOL system. To study the various performance measures
of the system, we first need to evaluate the output rate of the HOL system. Since
multiple buffers are competing for the output, the output rate is not a fixed value and
varies depending on the arrival rate. The output process of such switches is studied
in the literature under different assumptions [52], [16]. This is needed to carry out
the analysis of the system in both time slotted Bernoulli, say Case 1, and continuous
ON-OFF, say Case 2, traffic types. Once we have the output rate, each port of the
HOL system will be studied as an independent queue. We assume that we can use
the same output rate obtained for both cases. In Section 7.4.2 and Section 7.4.3 we
present the methods that will be used to study the performance measures of the FIFO
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Figure 7.9: Schematic of packet flow in the analysis

queue and each port of the HOL system, for Case 1 and Case 2, i.e., a time slotted
system with Bernoulli arrival process and a continuous-time system with ON-OFF
type traffic respectively.

In Section 7.3 it is shown that the path taken by a packet through an ES is equiv-
alent to the path taken by this packet through an G× G HOL system, and the path
through an IS is equivalent to the path through an F× F HOL system. Similarly, the
path through an IR is equivalent to the path through a FIFO queue. The schematic
diagram in Fig. 7.6 can be translated to the schematic diagram in Fig. 7.9 for studying
the performance measures of the system. Finally in Section 7.4.4 we combine these
analyses to evaluate the performance of each switch and eventually of the overall
system. The analysis of Section 7.4.4 is valid for both traffic cases.

7.4.1 Output process of a HOL system

In an N input N output HOL system, the packets from an input can be routed to
any of the N outputs. There is no buffer at the output, hence only one packet can be
served at a time and in case of contention, one packet is chosen uniformly at random
and the other packets have to wait for service. In [52] the saturation behaviour and
throughput of a HOL system for Bernoulli input traffic was studied. In [16] the
authors consider Bernoulli input traffic and design it as a M/Geo/1 system.

For this evaluation, we assume that the system is slotted and at each time slot
all the servers produce a packet independently with Bernoulli probability ρ. In
Section 7.3 we have shown the different input processes of each component of the
data center. Here we will consider the N × N HOL system, with a Poisson arrival
process with rate λ. Using a method similar to the one in [16] we will give an
approximation to convert this switch into independent M/Geo/1/C + 1 switches.
We propose a heavy traffic - light traffic approximation to tackle this problem. We
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consider the service to be geometrically distributed and find an approximate rate (or
transmission success probability), q(λ), of this geometric distribution.

Approximation for the geometric rate

We start with the heavy traffic scenario. It is well known in literature [52], [16] that
as the arrival rate, λ, of the switch increases, q(λ) decreases till the saturation point.
At the saturation point, q(λsat) is equal to the arrival rate, λsat. When the arrival rate
is higher than the saturation rate, the value of q(λ) is equal to the saturation rate,
q(λsat) which is equal to λsat. Hence we have

q(λ) = λsat for λ ≥ λsat. (7.4.1)

Further we know that when λ ↓ 0, any arriving packet gets service immediately,
as the system is empty. Therefore we also have

lim
λ↓0

q(λ) = 1. (7.4.2)

We now have the heavy and light traffic value for q. To have a quadratic interpo-
lation, we will now find limλ↓0 q′(λ). Consider an arbitrary tagged packet arriving at
the switch in an arbitrary time slot. The following situations can happen:

• Suppose that at the arrival of the tagged packet, the system is not empty. This
implies that there is at least one packet from the previous time slot which is
left over. This means that in one of the previous timeslots there were two or
more simultaneous arrivals. The probability of such an event happening is of
the order λ2. Since we are looking at λ ↓ 0, we can assume that this probability
is negligible.

• Now we consider that the tagged packet arrives at an empty system. The tagged
packet is always switched instantaneously unless at least one of the following
happens.

1. More packets arrive at the same port in the same time slot.
2. More packets arrive at different ports, having the same destination as the

tagged packet.

Consider the first scenario. Let Y be the number of packets arriving in the port,
during the same time slot as the tagged packet. Then we have

P(Y = i|Y ≥ 1) =
e−λλi/i!
1− e−λ

=
λi−1

i!
− λi

2(i!)
+ O(λi+1), λ ↓ 0.

Note that this term is of order λ2 for i ≥ 3, and hence as λ ↓ 0 we can neglect
them. Therefore we have only two situations,

P(Y = 1|Y ≥ 1) =1− λ

2
+ O(λ2),

P(Y = 2|Y ≥ 1) =
λ

2
− λ2

4
+ O(λ3) =

λ

2
+ O(λ2).
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In the second scenario, the probability that more than one packet arrives at
different stations is of order λ2 and hence negligible. Now consider that another
packet arrives in the same time slot at some station having the same destination as
the tagged packet. The probability of such an arrival is N−1

N × e−λλ which can be

written as (N−1)λ
N + O(λ2). Here N − 1 is the remaining number of ports where a

packet can arrive and 1/N is the probability of the arriving packet having the same
destination as the tagged packet.

Finally, the probability that the first and second scenario happen simultaneously
is of the order of λ2 and hence it can be neglected.

Now we have the following three cases:

• There is only the tagged packet arriving in the time slot w.p.(
1− λ

2 + O(λ2)
) (

1− (N−1)λ
N + O(λ2)

)
= 1− λ

(
1
2 + N−1

N

)
+ O(λ2).

• There is another packet arriving in the same port as the tagged packet w.p.(
λ
2 + O(λ2)

) (
1− (N−1)λ

N + O(λ2)
)
= λ

2 + O(λ2).

• There is a packet arriving at a different port and has the same destination as the
tagged packet w.p.

(
1− λ

2 + O(λ2)
) (

(N−1)λ
N + O(λ2)

)
= (N−1)λ

N + O(λ2).

In the first case the tagged packets gets served immediately. In the second and
third cases, with a probability 0.5, the packet gets served immediately or waits till the
next time slot with probability 0.5. If this packet remains in the system the probability
of a new packet arriving in the next time slot with the same destination is negligible
(the probability of packets arriving in consecutive time slots is of order λ2). Therefore
the service time, B, can be given as

B =

1 w.p. 1− λ
2

[
1
2 + N−1

N

]
+ O(λ2),

2 w.p. λ
2

[
1
2 + N−1

N

]
+ O(λ2).

Therefore

E[B] =1− λ

2

[
1
2
+

N − 1
N

]
+ O(λ2) + 2

(
λ

2

[
1
2
+

(N − 1)
N

]
+ O(λ2)

)
=1 +

λ

2

[
1
2
+

(N − 1)
N

]
+ O(λ2),

and

lim
λ↓0

q′(λ) = lim
λ↓0

d
dλ

1
E[B]

= lim
λ↓0

d
dλ

1

1 + λ
2

[
1
2 + (N−1)

N

]
+ O(λ2)

= lim
λ↓0
−

1
2

[
1
2 + (N−1)

N

]
+ O(λ)(

1 + λ
2

[
1
2 + (N−1)

N

]
+ O(λ2)

)2

= −1
2

[
1
2
+

(N − 1)
N

]
. (7.4.3)
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Finally using (7.4.1), (7.4.2) and (7.4.3) we get a quadratic approximation for the
geometric service rate as

q(λ) ≈
{

1− λ
2

[
1
2 + (N−1)

N

]
+
[[

1 + 1
2

[
1
2 + (N−1)

N

]]
λsat − 1

]
λ2

λ2
sat

, 0 ≤ λ < λsat,

λsat, λ ≥ λsat.
(7.4.4)

Now that we have derived the output rate of each port of a HOL system, we will
use this to study the various queueing systems we had defined earlier. In Section 7.3
we have mentioned that each of the components of the system can be described either
by using the discrete setting or using the continuous setting. In this section, we divide
the analysis in two parts depending on the system setting. For both situations we use
the result obtained in Eq. (7.4.4) to evaluate the output of an individual port of the
HOL system. Note that the analysis of Eq. (7.4.4) is done for a time slotted system,
but we also use it for the continuous ON-OFF setting to obtain the output rate. For
the ON-OFF setting, the values of λsat depend on the mean ON period length; we
will evaluate λsat in Section 7.5.2.

7.4.2 Time slotted Bernoulli traffic

In this subsection, we study the performance measures, probability of loss and mean
waiting time, for a system in which the traffic at the servers in each time slot is
produced according to independent Bernoulli distributions with probability ρ. For
this system in Section 7.3 we have described the model for IR, IS and ES as systems
with Poisson arrivals in each time slot with rates λ1, λ2 and λ3, and buffer capacities
B1, B2 and B3 respectively.

The IR can be modeled as a FIFO queue and as shown in Fig. 7.8 each FIFO
queue gets a dedicated server. Therefore the IR can be modeled as an M/D/1/C + 1
queue where the Poisson arrival rate is λ1, D = 1 and C = B1. To evaluate the
performance measures for this, we can directly use the procedure given in [107] to
find the probability of loss and mean waiting time for this model.

The IS and ES can be modeled as HOL systems. As shown in Fig. 7.7 the ports
compete for the server. In Section 7.4.1 we have stated that the output of the HOL
system can be approximated as a geometric process with the rate as given in Eq. (7.4.4).
Hence an independent port of the HOL system can be modeled as an M/Geo/1/C
queue with respective arrival rates, service rates and buffer sizes for IS and ES. In
Fig. 7.10 we show a schematic view of the data center system in this setting.

Inter-Cluster ES Intra-Cluster IS Intra-Rack IR
M/Geo/1/C+1 M/Geo/1/C+1 M/D/1/C+1

Arrival: Poisson(λ3) Arrival: Poisson(λ2) Arrival: Poisson(λ1)
Geometric Rate: q(λ3) Geometric Rate: q(λ2) D = 1

C = B3 C = B2 C = B1

Figure 7.10: Schematic view for the performance evaluation of the data center with
Bernoulli time slotted traffic
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In the next part of this section we show the analysis for evaluating the performance
measures of an M/Geo/1/C + 1 system.

M/Geo/1/C+1

In our model we know that the Poisson arrival rate λ affects the geometric service
rate q(λ) . Further, we know that for a system with geometric service rate q, the first
moment, second moment, third moment and coefficient of variation, of the service
time are respectively given as

E[B] =
1
q

,

E[B2] =
2− q

q2 ,

E[B3] =
6− 6q + q2

q2 ,

CB =
√

1− q.

We divide the analysis in two parts. In the first part we evaluate the performance
measure for a queue where the arrival rate is less than the service rate and in the
second part for the reverse case.

Probability of loss and mean waiting time when λ < q(λ)

We will use the first three moments of the service time to find the probability generat-
ing function of the queue length, H(z), along the lines of the reasoning given in [108].
We know that for an M/G/1 queue with infinite buffer capacity it is given by

H(z) =
(1− ρ)(1− z) f ∗(λ(1− z))

f ∗(λ(1− z))− z
, (7.4.5)

where f ∗(s) is the Laplace Stieltjes transform of the service time.
From [52], we know that 2−

√
2 ≤ λsat ≤ q < 1. Since for a geometric distribution

C2
B = 1− q, we have 0 < C2

B <
√

2− 1 < 1/2. Hence we can use the method given
in [84] to obtain the approximation

f ∗(s) ≈ γαs + β

s2 + 2γs + β
. (7.4.6)

Using the above and matching it with the first, second and third moments of B
we get

γ =
E[B3]− 3E[B2]E[B]

2E[B3]E[B]− 3E[B2]2
,

α = 2
[

1− 2E[B]2

E[B2]
+

E[B]
γE[B2]

]
,

β = γ
2− α

E[B]
.
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Substituting (7.4.6) in (7.4.5) we have

H(z) =
(1− ρ)(1− z)(γαλ(1− z) + β)

γαλ(1− z) + β− z(λ2(1− z)2 + 2γλ(1− z) + β)

=
(1− ρ)(γαλ(1− z) + β)

z2λ2 − z(λ2 + 2γλ) + γλα + β
.

The poles of the above expression are given by

(z1, z2) =
(λ + 2γ)±

√
(λ + 2γ)2 − 4(λγα + β)

2λ
.

Hence we have

H(z) =
a(z1, z2)

z− z1
+

a(z2, z1)

z− z2
,

where, for all i, j = 1, 2,

a(zi, zj) =
(1− ρ)(γαλ(1− zi) + β)

λ2(zi − zj)
.

We know that for an M/G/1 queue with infinite buffer capacity we have the
following queue length distribution:

pk = −a(z1, z2)z
−(k+1)
1 − a(z2, z1)z

−(k+1)
2 , k = 0, 1, . . . .

Therefore, from Eq. (9.8.1) of [108] the approximate probability for a M/G/1/C +
1 queue is given as

papp
i = Kpi, i = 0, 1, . . . , C,

where K = (1− λ
q (1−∑C

j=0 pj))
−1.

Further

papp
C+1 = 1−

C

∑
i=0

papp
i =

(q− λ)(1−∑C
i=0 pi)

q− λ(1−∑C
i=0 pi)

.

Note that a packet is lost, when on arrival it finds the system to be full. Therefore

PM/G/1
Loss = papp

C+1 =
(q− λ)(1−∑C

i=0 pi)

q− λ(1−∑C
i=0 pi)

.

Now that we have the queue length probabilities we can write the mean delay of
a customer who successfully obtains service as

E[WM/G/1] =
∑C

k=0 papp
k (k + 1)E[B]

∑C
k=0 papp

k

.
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Probability of loss and mean waiting time when λ > q(λ)

The above procedure can be used when λ < q. When λ > q we will use the procedure
given in [46] for evaluating the loss probability using the dual queue. In [46] the
author creates a dual queue, G/M/1/C + 1, the service time distribution of which
is the inter arrival time distribution of the initial queue and the inter arrival time
distribution is the service time distribution of the initial queue. We denote all the
values of this queue with a ˜ superscript. We have q = λ̃ < q̃ = λ and hence the
performance measures can be obtained from the literature on the steady-state G/M/1
queue. We know (Chapter II.3, [36]) that for such a queue with infinite buffer capacity

p̃0 = 1− λ̃

q̃
and p̃k = (1− s)sk−1 λ̃

q̃
for k = 1, 2, 3, ...,

where s is the root of s =
∫ ∞

0 e−q̃(1−s)tdG(t) and G is the distribution of the inter
arrival times of the dual queue.

Since we have assumed G is geometrically distributed with rate q and the service
rate is λ, using (7.4.6) we have

s =
∫ ∞

0
e−λ(1−s)tdG(t)

=
γαλ(1− s) + β

λ2(1− s)2 + 2γλ(1− s) + β
, (7.4.7)

where γ, α and β are as defined earlier. Solving this we get

s =
λ + 2γ−

√
(λ + 2γ)2 − 4(β + γαλ)

2λ
.

Using this we get p̃k for all k = 0, 1, 2, .... Using a procedure similar to that in the
previous subsection we get for a G/M/1/C + 1 queue,

p̃app
i = K̃ p̃i, i = 0, 1, . . . , C,

where K̃ = (1− q
λ (1−∑C

j=0 p̃j))
−1 =

(
1−

( q
λ

)2 sC
)−1

. Further in [46] the authors
show, using the state probabilities of the dual queue, that

p̃app
i = papp

C+1−i for i = 0, 1, 2, . . . , C + 1.

Now that we have the probabilities of each state of our initial queue, we can write

PM/G/1
Loss = papp

C+1 = K̃(1− q
λ
)

and

E[WM/G/1] =
∑C

k=0 papp
k (k + 1)E[B]

∑C
k=0 papp

k

.
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7.4.3 Continuous time ON-OFF traffic

In this subsection, we study the performance measures, the probability of loss and
mean waiting time, for a system in which the traffic at the servers is of ON-OFF type,
with exponentially distributed ON and OFF periods. The load ρ is defined as the
fraction of time the system is in the ON state, and the exponential rate of the ON
periods is equal to µ. For this system in Section 7.3 we have described the model for
IR, IS and ES as systems with multiple ON-OFF sources delivering the input. In [9]
the authors have shown that queues with multiple ON-OFF sources as input can be
effectively modeled as fluid queues to study their performance measures. For the
study of this system, we also assume that the queues can be modeled as fluid queues.

In Section 7.3 we have shown that an IR can be modeled as a FIFO queue with
K+ J input sources each producing traffic at load r1ρ/K and exponentially distributed
ON periods with rate µ. Since each queue here is served by a single server, the output
rate is equal to the output rate of this server, c. Further, the IS and the ES can be
modeled as HOL system, with each input port also modeled with multiple ON-
OFF sources as input and a given load. To study the performance of each port
independently we also need to know the output rates of each port. In the case of HOL
system, because of contention, the output rates achieved at each port are less than
the actual output rates of the port. To calculate this effective rate, we use the method
given in Section 7.4.1. Note that the geometric service rate derived in Eq. (7.4.4) is for
time slotted Bernoulli traffic, but we assume that the same equation with the value
of λsat obtained for ON-OFF traffic, cf. Sec. 7.5.2, gives a reasonable approximation.
Hence the effective output rate of each port of the HOL system can be considered as a
fraction of the actual output rate of a server, c, where the fraction is equal to the mean
service rate derived in Eq. (7.4.4). In Fig. 7.11 we show the schematic view of the
data center system to be analyzed under ON-OFF traffic. Further, in this section, we
study the performance measure of a general queue with multiple ON-OFF sources
and finite buffer capacity using a fluid model. The solution of this model can be used
to obtain the performance measures of our system by substituting the corresponding
parameters.

Inter-Cluster ES Intra-Cluster IS Intra-Rack IR
Fluid Queue Fluid Queue Fluid Queue

K sources K + I sources K + J sources
Source load: r3ρ/K Source load: r2ρ/K Source load: r1ρ/K
Output Rate: q(λ1)c Output Rate: q(λ2)c Output Rate: c

Buffer: B3 Buffer: B2 Buffer: B1

Figure 7.11: Schematic view for the performance evaluation of the data center with
continuous ON-OFF type traffic

Analysis of the fluid queue

In queueing theory fluid models are a prominent approach for analyzing bursty traffic
behaviour. As mentioned earlier, in [9] a queue fed by a superposition of several
ON-OFF sources with exponentially distributed activity and inactivity periods is
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studied as a fluid queue. The idea is that several ON-OFF sources, each alternating
between active periods (bursts) and inactive periods can be modeled as multiple
streams of fluid. When active, each stream generates traffic at some constant rate. In
this section we will use [9] and [110] to analyse a queue with finite buffer capacity
and multiple ON-OFF sources, using the idea of a fluid queue.

For this part of the system we consider that K servers are producing ON-OFF type
traffic with the length of ON periods exponentially distributed with rate µ and the
load of the system given as ρ = E[ON]

E[ON]+E[OFF] . These sources have exponential ON

and OFF periods with rates µ and λ respectively, hence λ = µ
ρ

1−ρ . The input rate
from each server is r and the output rate is given by c = Rr, where R is the ratio of
the effective output rate of the port to the input rate of each source. The maximum
capacity of the system is given by B.

We say that the fluid system is in state i, if i servers are in the ON state. For each
state we define the rate ri = ir as the rate at which work enters the system and drift
di = ri − c, which is the rate at which work is increasing (or decreasing, if negative).
Further, let R = diag[ri] and D = diag[di]. The dynamics of the rate process of the
system are described by an irreducible Markov chain with generator matrix MT ,
where

M =



−Kλ µ 0 · · · 0
Kλ −((K− 1)λ + µ) 2µ · · · 0
0 (K− 1)λ −((K− 2)λ + 2µ) · · · 0
0 0 (K− 2)λ · · · 0
...

...
...

...
...

0 0 0 · · · Kµ
0 0 0 · · · −Kµ


.

Let X(t) be the buffer content of the system at a given time t, 0 ≤ X(t) ≤ B. From
[9], we know that the stationary distribution F̄(x) = (F0(x), F1(x), F2(x), . . . , FK(x))
where element Fi(x) is the probability that the system is in state i and the buffer
content is less than x, is the solution of the system of differential equations given by,

D
d

dx
F̄(x) = MF̄(x).

From [110] we know that this solution can be written as

F̄(x) = ∑
i

aiφ̄i exp(zix),

where φ̄i are the right eigenvectors of D−1M and zi the corresponding eigenvalues.
Further we can find the values of ai using the following boundary conditions.

We know that when the drift of a state, di, is negative, the system can never be full.
We call these states underloaded states and represent them by a set Su. Further we
know that when the drift of a state, di, is positive then the system can never be empty.
We call these states overloaded states and represent them by a set So. Therefore the
boundary conditions are

Fi(B) = πi, i ∈ Su and Fi(0) = 0, i ∈ So,



166 Chapter 7. Data center network

where π̄ = (π0, π1, . . . , πK) is the stationary probability distribution of the Markov
chain with the generator matrix MT .

Probability of loss

Now that we have π̄ and F̄i(x), we can use this to find the probability of loss of the
system. Note that, as mentioned earlier, the system can never be full when it is in Su.
Therefore we will concentrate only on the loss in states So. The probability that the
system is in a state i is given by πi. Further we know that the probability that the
system is full in state i is given by πi − Fi(B−) . Let ū = (u0, u1, . . . , uK), where ui is
the probability that the buffer is full when the system is in state i, then we have

ui = 0, i ∈ Su and ui = πi − Fi(B−), i ∈ So.

We know that losses occur only when the instantaneous input rate of the system
is higher the output rate of the system, i.e., di > 0. During these periods, the amount
of fluid lost is equal to di. Therefore we have the probability of loss as

Ploss =
∑i uidi

∑i πiri
.

Mean delay

The delay in the system is defined as the time a drop of fluid that enters the system
takes to leave the system. We first evaluate the expected amount of work in the
system when the system is in state i and not full. This can be given as

E[Work 1{In state i and not full}] =
∫ B−

0+
xdFi(x) =

∫ B−

0+
(Fi(B−)− Fi(x))dx.

(7.4.8)
Now we evaluate the expected amount of work in the system when the system is

full and in state i.
E[Work 1{In state i and full}] = Bui.

Therefore the total work in the system is given as

E[Work] = ∑
i

[∫ B−

0+
(Fi(B−)− Fi(x))dx + Bui

]
.

By Little’s law we know that

E[W f luid] = E[Delay|Enters the system] =
E[Work]

Throughput

=
∑i

[∫ B−
0+ (Fi(B−)− Fi(x))dx + Bui

]
(1− Ploss)∑i πiri

. (7.4.9)
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7.4.4 Performance of the system

Now that we have studied the analysis for the various parts of the system, in this sec-
tion we define a procedure to evaluate the performance of each part step by step and
finally the performance of the whole system. We denote the mean delay of a packet
successfully transmitted in the inter-cluster network, the intra-cluster network and
intra-rack network as E[WES], E[W IS] and E[W IR] respectively. Further we denote
the probability of loss and throughput of each part respectively as PES

loss, PIS
loss, PIR

loss
and ρES

output, ρIS
output, ρIR

output.

First evaluate E[WES], PES
loss using the procedure as given in Section 7.4.1 followed

by the procedure given in Section 7.4.2 or Section 7.4.3 depending on the arrival
process. Once we obtain this, we can evaluate λb = f3 = r3Kρ(1− PES

loss). Now
using the same approach we can evaluate E[W IS], PIS

loss and we also get λa = f2 =

(r2 + r3(1− PES
loss))Kρ(1− PIS

loss). Finally using the procedure given in Section 7.4.2 or
Section 7.4.3 depending on the arrival process, we can evaluate E[W IR], PIR

loss. Once
we have these terms, we determine the probability of loss Ploss, mean delay E[W],
and the throughput ρ′ of the system.

Probability of Loss Ploss:

Ploss is the probability of a random packet to be lost at any point of its transmission.
This happens when the buffer in one of the input paths taken by a packet is full. As
mentioned in Remark 7.1.1, we treat each queue as a queue in isolation, ignoring
possible dependencies. Hence we can divide the packet transmission in 3 parts:

• A fraction r1 of packets only get served in the IR and their probability of
successful transmission is 1− PIR

loss.

• A fraction r2 of packets get served in the IS and then in the IR.Their probability
of successful transmission is (1− PIS

loss)(1− PIR
loss).

• A fraction r3 of packets get served in the ES followed by the IS and the IR.
Their probability of successful transmission is (1− PES

loss)(1− PIS
loss)(1− PIR

loss).

A packet which fails transmission in any of these steps is said to be lost. Therefore
we have

Ploss = 1− P(Successful Transmission)

= 1− r1(1− PIR
loss)− r2(1− PIS

loss)(1− PIR
loss)

−r3(1− PES
loss)(1− PIS

loss)(1− PIR
loss). (7.4.10)

Mean Latency W:

W is the mean delay of a random packet to reach its destination. The delay of a
successfully transmitted packet is evaluated by averaging it over the different parts
of the system it passes through, weighted with the probability of being successfully
transmitted from it. Similar to PLoss, we divide this in 3 parts:
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• A fraction r1 of packets only get served in the FIFO queue. Their mean de-
lay, if successfully transmitted, is E[W IR] and their probability of successful
transmission is 1− PIR

loss.

• A fraction r2 of packets get served in the IS switch and then the FIFO queue.
Their mean delay, if successfully transmitted, is E[W IS] + E[W IR] and their
probability of successful transmission is (1− PIS

loss)(1− PIR
loss).

• A fraction r3 of packets get served in the ES, switch then the IS switch and
then the FIFO queue. Their mean delay, if successfully transmitted, is E[WES] +
E[W IS]+E[W IR] and their probability of successful transmission is (1− PES

loss)(1−
PIS

loss)(1− PIR
loss).

Therefore the mean delay of a successfully transmitted packet in the system is
given as weighted sum of the three cases divided by the probability that the packet is
transmitted.

E[W] =
1

1− Ploss

×
(

r1(1− PIR
loss)E[W IR] + r2(1− PIS

loss)(1− PIR
loss)(E[W IS] + E[W IR])

+ r3(1− PES
loss)(1− PIS

loss)(1− PIR
loss)(E[WES] + E[W IS] + E[W IR])

)
.

(7.4.11)

Throughput ρ′:

Since the traffic is transferred from servers to servers, ρ′ is defined as the load entering
the servers per time unit. For each part of the network, it can be defined as the product
of load and the probability of successful transmission through that part of the network.
Therefore we can say that the throughput of the system is given as

ρ′ = ρ ∗ (1− Ploss). (7.4.12)

7.5 Numerical Analysis

In this section we show some numerical examples to get insight into the behaviour of
an N × N HOL system and our analysis of the data center network. In Section 7.5.1,
we start by showing the mean delay and probability of loss in an N× N HOL system
under different traffic patterns using simulations. Next, in Section 7.5.2 we evaluate
the saturation throughput of the N × N HOL system, for various values of N and
traffic patterns. Finally, in Section 7.5.3 we compare the results obtained using our
analysis and OMNeT++ simulations for some particular system parameters.

7.5.1 Simulation results for different arrival processes

In this subsection, we show the effect of different arrival processes on the mean
waiting time and probability of loss for an N × N switch. We run simulations in a
time slotted system for N = 4, 32 switches with the following arrival processes.
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Figure 7.12: Mean delay vs Load
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Figure 7.13: Probability of Loss vs Load

1. Bernoulli traffic: In each time slot packets arrive with a fixed probability and a
destination independent of the destinations of packets in other time slots

2. Geometric ON-OFF traffic: The traffic arrives in a geometric number of consec-
utive time slots all having the same destination

3. Pareto ON-OFF traffic: The traffic arrives in consecutive time slots whose num-
ber is Pareto distributed and packets in these slots have the same destination

For the Geometric and Pareto arrivals, the ON period is assumed to have a mean of 25,
further the shape parameter of the Pareto ON period α = 2. All the OFF periods are
geometric with corresponding rates depending on the load of the system ρ (fraction
of time slots in which packets are generated at the input). The value of ρ is varied
from 0.01− 1.00 in intervals of 0.01, and the system, with the buffer capacity B = 250,
is run for 200000 time slots.
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From Fig. 7.12 we can observe that the mean delay of a system with ON-OFF
traffic types is higher than that of a system with Bernoulli traffic. This implies that
the saturation throughput for ON-OFF type traffic is lower, as discussed in detail in
Section 7.5.2. Further we can observe that mean delay and the increase in mean delay
are higher for the arrival types with higher variance.

Similar to the mean delay, from Fig. 7.13 we can observe that the probability of
loss for time slotted Bernoulli traffic is lower than that for ON-OFF traffic types. Also
the probability of loss is marginally higher for systems with higher variance of the
arrival process.

Note that the jerky behaviour of the plots in Fig. 7.13 is due to the fact that the
probability of loss is very small for low loads, giving rise to too large confidence
intervals in the simulation. One could remedy this by running (much) longer simula-
tions; however, in this figure our main goal was only to compare the trends of the
probability of loss for various packet size distributions and not the precise values of
these probabilities.

7.5.2 Saturation throughput

Since we observed that the saturation throughput can vary for different traffic types,
in this section we evaluate it using simulations for slotted Bernoulli and continuous
ON-OFF type traffic. From [9] it is known that the saturation throughput for N → ∞
is equal to 2−

√
2; for lower values of N we obtain Table 7.1 using simulations.

Table 7.1: Time slotted Bernoulli traffic

N Saturation throughput
2 0.750
4 0.655
8 0.618
16 0.602
24 0.596
32 0.594

For ON-OFF traffic, where all the traffic in an ON period has the same destination,
we obtain Table 7.2. The ON and OFF periods are geometrically distributed and we
vary the geometric rate of ON periods, q, to see its effect on saturation throughput.

Table 7.2: ON-OFF traffic with geometrically distributed ON and OFF periods

N q = 1 q = 0.1 q = 0.01
2 0.750 0.675 0.664
4 0.655 0.580 0.568
8 0.618 0.543 0.534

16 0.602 0.527 0.515
24 0.596 0.521 0.511
32 0.594 0.518 0.508
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From Tables 7.1 and 7.2 we can observe that, as concluded previously, the sat-
uration throughput is indeed lower for ON-OFF type traffic. This is because, in a
Bernoulli system if the packets from two tagged ports try to transmit to the same
output port in a given time slot, the probability of this happening again in the next
time slot is equal to 1/N. Whereas in a system with ON-OFF type traffic if packets
from two tagged ports try to transmit to the same output port in a given time slot, the
probability of this happening again in the next time slot is almost equal to 1. Therefore
in case of contention, the time taken for contention to resolve is higher in the system
with ON-OFF traffic than with Bernoulli traffic. Hence the saturation throughput
obtained in Table 7.1 is higher than in Table 7.2. In Table 7.2 we can observe that the
saturation throughput when ON periods have geometric rate q = 1 is equivalent
to that of Bernoulli traffic and furthermore for longer ON periods, the saturation
throughput decreases. The latter happens because all the packets in an ON period
have the same destination and hence the probability of contention in the next time
slot, given there is a contention in this time slot, increases as the mean ON period
increases.

7.5.3 System Performance

In this section we provide some numerical results for the DCN architecture proposed
in [79], using the analysis provided in Section 7.4.3 for the ON-OFF traffic type. The
ON-OFF type model is as represented in Fig. 7.11, and this is chosen for the numerical
study as it is the most common traffic type in real world DCNs [17]. We then compare
these results with the OMNeT++ simulations presented in [79] to compare the results
of our analysis and the simulations.

The model parameters assumed in both the simulations and the analysis are as
follows:

1. Number of servers in each rack K = 40

2. Number of racks in each cluster M = 16

3. Number of clusters in the DCN N = 16

4. Number of wavelength in an IS switch p = 4

5. Number of wavelength in an ES switch q = 1

6. Input rate from/to servers to/from a ToR r = 10Gbps

7. Output rate from/to ToRs to/from each port of an IS/ES switch c = 50Gbps

8. Buffer capacity at each individual input to a server is B = 25KB

9. Buffer capacity at each individual input port of an IS/ES switch is B = 50KB

10. The ON and OFF periods are exponentially distributed with mean ON period
1
µ = 102400B.
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Additionally, there is a delay caused by the optical network links while transfer-
ring the packets (not buffering) which is equal to 25ns between server and ToR in
each direction and 250ns in each direction between an IS/ES and ToR. Further there
is a delay in the switch for reading and swapping labels, which is equal to 80ns in
switches between the ToR and the server, and 20ns in an IS/ES.

Now we provide the mean waiting time and probability of loss, for each compo-
nent of the DCN, i.e., ES, IS and IR, and for the overall system for the above setting in
Figs. 7.14 - 7.21. In Fig. 7.22, we provide the results for the throughput of the system.

We start by giving intuition into the values obtained for the mean waiting time
and probability of loss, of ES, IS and IR, when ρ→ 1.

ES:

Each port of the ES switch has a buffer of 50KB = 4× 10−4Gb. This is a 16× 16
switch and for the selected packet lengths we have a saturation throughput of 0.519.
Therefore the effective output rate of an ES port is 50 × 0.519Gbps = 25.95Gbps.
Further, we know about 1

8 of the servers traffic passes through this switch. Hence the
effective input in such case can be considered as 1

8 × 10Gbps× 40 = 50Gbps, where
40 represents the number of input servers. Since the average input rate is higher than
the average output rate of the system when ρ → 1, we can assume that the system
is always full. Then the approximate mean waiting time is the sum of the time to
empty the buffer which is 4×10−4

25.95 s = 15.41µs, and the overhead time, i.e., time to pass
through the optical links and the time for label switching, which is 0.52µs. Therefore
the approximate mean waiting time is 15.93µs, which is close to the value 15.14µs
shown in Fig. 7.14. Further the probability of loss is approximately the excess input
per unit time which is 50−25.95

50 = 0.48 which is also close to the value 0.50 obtained in
Fig. 7.15.

IS:

As in the previous case, each port of the IS switch has a buffer of 50KB = 4 ×
10−4Gb. But this is a 4× 4 switch, since the 16 ports are symmetrically allocated to 4
wavelengths, and for the selected packets lengths we have a saturation throughput of
0.574. Hence the effective output rate of an ES port is 50× 0.574Gbps = 28.70Gbps.
The traffic entering IS has two components: 1) a fraction 3

8 of the total traffic of the
servers directly passes through; 2) the output of the ES, which is a fraction 0.50× 1

8
of the total server traffic, where 0.50 is the probability that the traffic is not lost in ES.
Hence the total input into the each port of IS, which is passed to one wavelength is
3.50

8 ×10×40
4 = 43.75Gbps. Similar to the previous case the average input rate is higher

than the average output rate of the system when ρ→ 1, and hence the approximate
mean waiting time is 4×10−4

28.70 s + 0.52µs = 14.46µs and approximate probability of
loss is 43.75−28.7

43.75 = 0.34. These values are again not far from the values obtained in
Figs. 7.16 and 7.17, which are 12.74µs and 0.39.
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Figure: Variation of performance measures as the load of each server is increased
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Figure 7.14: Mean waiting time (µs) in
ES switch
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Figure 7.15: Probability of Loss in
ES switch
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Figure 7.16: Mean waiting time (µs) in
IS switch
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Figure 7.17: Probability of Loss in
IS switch
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Figure 7.18: Mean waiting time (µs) in
IR switch
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Figure 7.19: Probability of loss in
IR switch
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Figure 7.20: Mean end to end delay (µs) of
the system
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Figure 7.21: Probability of loss of the
system
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Figure 7.22: Throughput of the system

IR:

This is a single output switch with output rate 10Gbps and buffer 25KB = 2× 10−4Gb.
Half of all the traffic produced by the servers is directly transferred to these switches
and furthermore the output of the IS, which is 0.66× 3.50

8 = 0.288. Hence a fraction
0.788 of traffic from 40 servers producing at the rate of 10Gbps is divided among
40 servers, which gives an average input rate of 7.88Gbps. A rough calculation for
the mean waiting time and probability of loss, under simple assumptions, gives
approximate values near 3µs and 0.15 respectively. On the other hand, the mean
waiting time and probability of loss obtained in Figs. 7.8 and 7.19 respectively are
11µs and 0.29.

From the above explanations we can observe that while our results match the
theoretically expected values for ES and IS, they are significantly different for IR.
To reduce the effect of the huge difference on the overall results of the system, in
Figs. 7.23, 7.24 and 7.25 we plot the values for simulation and analytical results, where
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Figure 7.23: Mean end to end delay (µs) of
the system
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Figure 7.24: Probability of loss of the
system
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Figure 7.25: Throughput of the system

the analytical results of IR are replaced with the values obtained in the simulation.
We can observe that this change has significantly reduced the differences between the
two results.

The goal of this numerical section is to compare the performance results obtained
using the model proposed in this chapter and the simulation results obtained using
OMNeT++. Two major differences which we can observe are: 1) the loss probabilities
obtained using the analytic technique are significantly higher than those obtained
using simulations; 2) for the IR system the results obtained using the fluid queuing
techniques do not provide the theoretically expected results. The former can be
explained using the argument given in [32], where the authors show for sources more
bursty than Poisson, that the blocking probabilities obtained via a performance analy-
sis can overestimate the actual blocking probabilities by many orders of magnitudes.
For the latter we think that an M/G/1/C + 1 system might provide better results, as
IR are just a set of FIFO queues and perhaps the multiple source fluid approximation
is not the best approach to tackle this problem.
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We can observe from the plots that the behaviour of the mean waiting times is
similar for the analytic approach and the simulation. When we replace the values of
IR, from Fig. 7.23 we can observe that till ρ = 0.7 the mean waiting time obtained
using both methods is reasonably similar. Even though individual values for ES
and IS are not very close, when the approximate results of various components in a
large network are put together they result in quite accurate approximations of the
key performance measures (as we had suggested citing [61]). Also the values of
throughput obtained using both methods, cf. Fig. 7.25, are very close.

There might be a number of reasons for the differences in results obtained. Apart
from the underlying differences which can occur due to the assumptions taken in the
calculation of numerical results and simulations, there are various approximations
introduced in this work which might contribute to the errors in these results. We will
conclude this section by providing a list of approximations we had introduced to
obtain the analytical results.

• Our model assumed independence of various queues, whereas in the DCN all
the queues are connected and there are intrinsic dependencies.

• We assumed continuous ON-OFF traffic, whereas data center traffic is bursty
traffic and the packet lengths in a burst have a distribution as suggested in [17].

• The traffic distribution to each port is assumed to be ON-OFF with exponentially
distributed ON and OFF periods with a load equivalent to the value that this
particular input should receive; however, the exponentiality of ON and OFF
periods might not hold.

• We assumed that the output process of intermediate queues form ON-OFF
sources for the subsequent queue, with exponential ON and OFF periods. Also
the number of these sources was chosen arbitrarily just to keep the load entering
a particular queue constant.

• The traffic flow is defined in a fixed pattern from ES to IS to IR. However, there
is actually some traffic which directly flows from ES to IR.

• The traffic is assumed to remain ON-OFF throughout the system, while in the
architecture proposed in [79], the traffic is bundled into packets while sending
them to IS or ES.

• The effect of delay induced by the optical fiber connection is just considered to
be a constant additional time delay, while in the system architecture the delay
in these optical fiber connections influence the rate at which a packet is retrying
in a HOL system.

7.6 Conclusions and suggestions for further research

In this section, we conclude the final part of this thesis which comprises only this
chapter. We then provide suggestions for extensions of this work and further research
based on data center architectures.
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7.6.1 Conclusions

In this part of the thesis, we started by introducing the latest developments in data
center technologies. We then selected one particular architecture, described in [79],
based on optical packet switching. For this architecture, we developed a mathematical
model to study the performance analysis. For this purpose the system was divided
into three independent blocks, ES, IS and IR. It was assumed that, while the traffic
produced by the servers is not independent for these three blocks and the output of
some blocks forms the input of the other, in an approximate analysis the performance
of these blocks can be studied independently. These blocks were built of two basic
elements, the N × N switch which we called the HOL system and a simple first-in-
first-out switch which we called the FIFO queue.

We studied these blocks within the queueing theory framework for two different
traffic patterns, i.e. time slotted Bernoulli and continuous ON-OFF traffic, being
produced at the servers. For both of these traffic types, we started by describing the
approximate input process into each block. Since the number of input sources, i.e., the
servers producing traffic, is high we approximated the cumulative traffic produced
in the time slotted Bernoulli case as Poisson batch arrivals and in the continuous
ON-OFF case as a combination of multiple fluid sources.

We then provided the analysis of our model which was divided into four parts. In
the first part, we evaluated the output rate of a HOL system. Since there is contention
when two input ports have packets which have to be transferred at the same time
to the same output port, we observe that the effective output rate of this switch is
less than the actual output capacity of the switch. In the second and third part, we
provided a mechanism to evaluate the mean waiting time and probability of loss of
the HOL system and FIFO queue for Bernoulli and ON-OFF traffic respectively. In the
second part, the HOL system was considered as an M/Geo/1/C + 1 system, where
the geometric output rate was evaluated using the results of the first part while the
FIFO queue was considered to be an M/D/1/C+ 1 queue. In the third part, the HOL
system was further divided into independent queues each having an output evaluated
using the result of the first part, and an input which is a superposition of input from
multiple fluid sources. These independent queues of the HOL system and the FIFO
queue were then studied using available techniques for fluid queueing systems.
Finally, in the fourth part, we provided an analysis to combine the performance
results obtained for each of the three blocks to generate the performance results of
the DCN.

Finally, we showed a few numerical results, firstly to illustrate the behaviour of
the HOL system under various traffic patterns. Then we evaluated the saturation
throughput of the HOL system as this is required for our analysis. Finally, we
compared the performance results obtained using our method and using OMNeT++
simulations to look at the strengths and shortcomings of our model.

7.6.2 Suggestions for further research

Simulation studies are the predominant method used for obtaining performance
measures of fast-growing technologies like DCNs. This work is a first step towards
the analytical modeling and performance analysis of DCN architectures. It helps us
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understand the design and working of these networks in more detail and provides
information about the importance of various elements involved in the design. The
structure presented in this chapter can be extended to other DCN architectures as it
developed independent building blocks for modeling and thereby removes the incon-
venient dependencies - which even though prevalent - do not play a significant role
in the performance studies. This can help in comparing parts of various architectures.

The first extension needed for this work is to provide a better analytical method
to evaluate the probability of losses in various switches. Communications have a
very limited tolerance towards packet loss, in the range of 1− 5%, and hence the
packet loss probability forms an important performance measure. Jitter, i.e., variation
in packet delay, is another significant, and usually undesired, factor in the design of
communication networks. This can be another interesting performance measure to
evaluate.

This work can be used to study the performance of various DCNs based on a
similar structure as in [79]; see e.g., [124]. Without the need for a complete simulation,
just by tweaking our current model, we can predict the global working of similar
DCN architectures. This also helps in providing an insight into new architectures and
suggestions for further development.

Another extension of this work can be to design a control layer to the DCN. Since
we know the performance of each part of the network independently, we can provide
a central controller which helps in the load balancing of the system. Recently there
has been a lot of interest in developing load balancing algorithms, cf. [81]. These
works provide algorithms for large networks in general. We can use our model and
apply various algorithms to evaluate the performance of the system in a particular
network setting.

Summary

This chapter formed the last part of this thesis. In this chapter, we have studied a
particular data center network architecture which is based on optical packet switching.
We started by explaining the architecture of this DCN, which consists of three main
switches, the inter-cluster, intra-cluster, and intra-rack. We then modeled each of
these switches as an independent queueing system. These queuing systems were
of two types, an N × N cross-connect switch with head-of-line blocking and a first-
in-first-out queue with a single server. For two traffic types, time slotted Bernoulli
and continuous ON-OFF, we provided an analysis to evaluate the mean waiting
time and probability of loss of these queues. These results were then combined to
evaluate the corresponding performance measures of the DCN. In the numerical
section, some results were obtained for the important components of the analysis.
Finally, we evaluated the performance parameters of the DCN using our analytical
method and compared it to the values obtained using OMNeT++ simulations.
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The infrastructure of modern communication networks is composed of different
transmission media like copper wire, optical fiber, and wireless. The common per-
ception is that the most utilitarian of these are optical fiber and wireless, and hence
the growth of the communication infrastructure nowadays is predominantly via
optical or wireless networks. Optical fibers are the dominant transport medium in
wired communication networks because they offer major advantages over copper
cables: huge bandwidth, extremely low losses, and an extra dimension, viz., a choice
of wavelengths (wavelength division multiplexing). In this thesis, we study the
modeling and performance of one component of optical networks, viz., the optical
switching node.

In Chapter 1 of the thesis, we provide a global introduction to optical networks
and literature on the performance analysis of communication systems. Broadly,
the remainder of the thesis is divided into three parts. The first part of the thesis
(Chapters 2, 3 and 4) is devoted to deriving joint queue length distributions and
joint workload distribution in an optical node. The second part (Chapters 5 and 6)
focuses on an optimization problem based on revenue analysis of an optical node,
and the third part (Chapter 7) studies an architecture of a data center network based
on current optical packet switching technology.

Polling systems with retrials and glue periods constitute the principal model of
study in Chapters 2, 3 and 4. A polling system is a queueing model in which a single
server, alternatingly, visits a number of stations in some prescribed order. Just before
the server arrives at a station in the polling system, there is a glue period. Customers
(both new arrivals and retrials) arriving at the station during this glue period will
be served during the subsequent visit of the server. Customers arriving in any other
period leave immediately and will retry after an exponentially distributed time. The
model is motivated by questions regarding the performance modeling of optical
switching nodes. A polling system provides a protocol, in this case cyclic, which
is followed to distribute the service among all ports of the switch. The inclusion of
retrial queues is motivated by fiber delay lines (FDL), which are used to buffer packets
in an optical switching node, and the addition of glue periods is motivated by the
concept of ”slowlight” technology where just before a visit period, a packet is slowed
down by changing the refractive index of a certain part of the FDL. Our main focus is

179



180 Summary

on queue length analysis, both at embedded time points (beginnings of glue periods,
visit periods and switchover periods) and at arbitrary time points. In Chapters 2 and 3,
we consider the system with deterministic glue periods. In Chapter 2, we establish a
relation of this system with multi-type branching processes. This relation is then used
to evaluate the generating functions of the joint queue length distribution at various
time points, at all stations of the system. In Chapter 3, we exploit the branching
relation to find the explicit joint queue length distribution of the system under heavy
traffic conditions. In Chapter 4 the system with non-deterministic glue periods is
considered. For the case of exponentially distributed glue periods, we present an
algorithm to obtain the moments of the numbers of customers in each station. Finally,
for generally distributed glue periods, we obtain an accurate approximation of the
mean waiting times at each queue.

Chapters 5 and 6 study a revenue maximization problem for optical routing nodes.
We model a routing node as a single server polling model with retrials. The aim is
to assign visit periods (service windows) to the different stations (ports) such that
the mean profit per cycle is maximized. The cycle times of these polling systems
are equivalent to frame times in communication systems and are fixed. The packets
retry with a given probability during the visit periods and are dropped at the end
of each visit period with some probability. In Chapter 5 we consider a router with a
single wavelength available for routing. We evaluate the revenue function for this
system; under reasonable assumptions regarding retrial and dropping probabilities of
packets, this becomes a separable concave resource allocation problem, which can be
solved using existing algorithms. In Chapter 6 we extend this work to a router with
multiple wavelengths. We present an efficient and accurate heuristic procedure for
solving the NP- hard revenue maximization problem and investigate the advantages
offered by having multiple wavelengths in the node.

Finally in Chapter 7 we analyze a particular data center network architecture based
on state-of-the-art optical packet switching technology. We develop mathematical
models for the various components of this network by designing them as queueing
systems which are assumed to be independent. These models are subsequently
analyzed for a discrete-time system with Bernoulli traffic and a continuous-time
system with ON-OFF type traffic, to obtain key performance measures (mean latency
and loss probability in the system) using techniques from queueing theory. These
results are then combined to evaluate the corresponding performance measures of
the complete data center network. We conclude by comparing the results obtained
using analytical techniques with the values obtained using OMNeT++ simulations
and suggesting further steps to be taken to improve this model.
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polling systems”. Operations Research Letters, vol. 39, no. 6 (2011), pp. 401–405.

[27] N. Calabretta and W. Miao. “Optical switching in data centers: Architectures
based on optical packet/burst switching”. Optical Switching in Next Generation
Data Centers. Springer, 2018, pp. 45–69.

[28] Z. Cao, R. Proietti, M. Clements and S.J.B. Yoo. “Experimental demonstration
of flexible bandwidth optical data center core network with all-to-all inter-
connectivity”. Journal of Lightwave Technology, vol. 33, no. 8 (2015), pp. 1578–
1585.

[29] R. Casellas, R. Martınez, R. Vilalta and R. Muñoz. “Control, management and
orchestration of optical networks: An introduction, challenges and current
trends”. European Conference on Optical Communication (ECOC). IEEE. 2017,
pp. 1–3.

[30] K. Chen and C. Lee. “RAP-a novel medium access control protocol for wireless
data networks”. Global Telecommunications Conference (GLOBECOM). IEEE,
pp. 1713–1717.

[31] S. Choi. “Cyclic polling-based dynamic bandwidth allocation for differentiated
classes of service in Ethernet passive optical networks”. Photonic Network
Communications, vol. 7, no. 1 (2004), pp. 87–96.

[32] G.L. Choudhury, D.M. Lucantoni and W. Whitt. “Squeezing the most out of
ATM”. IEEE Transactions on Communications, vol. 44, no. 2 (1996), pp. 203–217.

[33] E.G. Coffman Jr, M.R. Garey and D.S. Johnson. “Approximation algorithms
for bin packing: a survey”. Approximation Algorithms for NP-hard Problems
(1996), pp. 46–93.

[34] E.G. Coffman Jr, A.A. Puhalskii and M.I. Reiman. “Polling systems in heavy
traffic: A Bessel process limit”. Mathematics of Operations Research, vol. 23, no. 2
(1998), pp. 257–304.

[35] E.G. Coffman Jr, A.A. Puhalskii and M.I. Reiman. “Polling systems with zero
switchover times: a heavy-traffic averaging principle”. The Annals of Applied
Probability (1995), pp. 681–719.

[36] J. W. Cohen. The single server queue. Vol. 8. North-Holland Amsterdam, 1982.

[37] A. Dixit, G. Das, B. Lannoo, D. Colle, M. Pickavet and P. Demeester. “Adaptive
multi-gate polling with void filling for long-reach passive optical networks”.
International Conference on Transparent Optical Networks (ICTON). IEEE. 2011.

[38] A. Dixit, B. Lannoo, D. Colle, M. Pickavet and P. Demeester. “Energy effi-
cient dynamic bandwidth allocation for Ethernet passive optical networks:
Overview, challenges, and solutions”. Optical Switching and Networking, vol. 18
(2015), pp. 169–179.

[39] J.L. Dorsman, R.D. van der Mei and E.M.M. Winands. “A new method
for deriving waiting-time approximations in polling systems with renewal
arrivals”. Stochastic Models, vol. 27, no. 2 (2011), pp. 318–332.



184 Bibliography

[40] A.K. Erlang. “Solution of some problems in the theory of probabilities of
significance in automatic telephone exchanges”. Post Office Electrical Engineer’s
Journal, vol. 10 (1917), pp. 189–197.

[41] D. Everitt. “Simple approximations for token rings”. IEEE Transactions on
Communications, vol. 34, no. 7 (1986), pp. 719–721.

[42] G. Falin and J.G.C. Templeton. Retrial queues. CRC Press, 1997.

[43] D. Fiems, J.L. Dorsman and W. Rogiest. “Analysing queueing behaviour in
void-avoiding fibre-loop optical buffers”. Performance Evaluation, vol. 103
(2016), pp. 23–40.

[44] M.R. Garey. “Computers and Intractability: A Guide to the Theory of NP-
completeness”. Fundamental (1997).

[45] A.H. Gnauck, R.W. Tkach, A.R. Chraplyvy and T. Li. “High-capacity optical
transmission systems”. Journal of Lightwave Technology, vol. 26, no. 9 (2008),
pp. 1032–1045.

[46] F.N. Gouweleeuw. “The loss probability in an overloaded queue using the
dual queue”. Operations Research Letters, vol. 21, no. 2 (1997), pp. 101–106.

[47] G. Grimmett and D. Stirzaker. Probability and random processes. Oxford Univer-
sity Press, 2001.

[48] M. Guzek, D. Kliazovich and P. Bouvry. “HEROS: Energy-efficient load
balancing for heterogeneous data centers”. International Conference on Cloud
Computing (CLOUD). IEEE. 2015, pp. 742–749.

[49] M. Harchol-Balter. Performance modeling and design of computer systems: queueing
theory in action. Cambridge University Press, 2013.

[50] J. Hecht. Understanding fiber optics. Laser Light Press, 2015.

[51] T. Hirayama, T. Miyazawa, H. Furukawa and H. Harai. “Optical and electronic
combined buffer architecture for optical packet switches”. Journal of Optical
Communications and Networking, vol. 7, no. 8 (2015), pp. 776–784.

[52] M.G. Hluchyj and M.J. Karol. “Queueing in high-performance packet switch-
ing”. IEEE Journal on Selected Areas in Communications, vol. 6, no. 9 (1988),
pp. 1587–1597.

[53] M. Hosseini, B.M. Sparkes, G. Campbell, P.K. Lam and B.C. Buchler. “High
efficiency coherent optical memory with warm rubidium vapour”. Nature
Communications, vol. 2 (2011), p. 174.

[54] T. Ibaraki and N. Katoh. Resource allocation problems: algorithmic approaches.
MIT Press, 1988.

[55] Cisco Global Cloud Index. “Forecast and methodology, 2015-2020 white paper”
(2016).

[56] R. Jain. The art of computer systems performance analysis: techniques for experimen-
tal design, measurement, simulation, and modeling. John Wiley & Sons, 1990.

[57] C. Kachris, K. Bergman and I. Tomkos. Optical interconnects for future data
center networks. Springer Science & Business Media, 2012.



Bibliography 185

[58] G. Keiser. Optical fiber communications. McGraw-Hill, 2014.

[59] S.U. Khan and A.Y. Zomaya. Handbook on data centers. Springer, 2015.

[60] B. Kim and J. Kim. “Analysis of the waiting time distribution for polling
systems with retrials and glue periods”. Annals of Operations Research (2018),
pp. 1–16.

[61] L. Kleinrock. Communication nets: Stochastic message flow and delay. Courier
Corporation, 2007.

[62] L. Kleinrock. Queueing systems, volume 2: Computer applications. Wiley New
York, 1976.

[63] A.G. Konheim, H. Levy and M.M. Srinivasan. “Descendant set: an efficient
approach for the analysis of polling systems”. IEEE Transactions on Communi-
cations, vol. 42, no. 234 (1994), pp. 1245–1253.

[64] A.M.J. Koonen, N. Yan, J.J.V. Olmos, I.T. Monroy, C. Peucheret, E. van Breusegem
and E. Zouganeli. “Label-controlled optical packet routing technologies and
applications”. IEEE Journal of Selected Topics in Quantum Electronics, vol. 13,
no. 5 (2007), pp. 1540–1550.

[65] G. Kramer, B. Mukherjee and G. Pesavento. “Interleaved polling with adaptive
cycle time (IPACT): a dynamic bandwidth distribution scheme in an optical
access network”. Photonic Network Communications, vol. 4, no. 1 (2002), pp. 89–
107.

[66] D. Kreutz, F.M.V. Ramos, P.E. Verissimo, C.E. Rothenberg, S. Azodolmolky
and S. Uhlig. “Software-defined networking: A comprehensive survey”. Pro-
ceedings of the IEEE, vol. 103, no. 1 (2015), pp. 14–76.

[67] P. Lancaster. “On eigenvalues of matrices dependent on a parameter”. Nu-
merische Mathematik, vol. 6, no. 1 (1964), pp. 377–387.

[68] C. Langaris. “A polling model with retrial customers”. Journal of the Operations
Research Society of Japan, vol. 40, no. 4 (1997), pp. 489–508.

[69] C. Langaris. “Gated polling models with customers in orbit”. Mathematical
and Computer Modelling, vol. 30, no. 3-4 (1999), pp. 171–187.

[70] C. Langaris. “Markovian polling systems with mixed service disciplines and
retrial customers”. Top, vol. 7, no. 2 (1999), pp. 305–322.

[71] F. Leo, S. Coen, P. Kockaert, S. Gorza, P. Emplit and M. Haelterman. “Temporal
cavity solitons in one-dimensional Kerr media as bits in an all-optical buffer”.
Nature Photonics, vol. 4, no. 7 (2010), p. 471.

[72] H. Levy. “Binomial-gated service: A method for effective operation and
optimization of polling systems”. IEEE Transactions on Communications, vol. 39,
no. 9 (1991), pp. 1341–1350.

[73] H. Levy and M. Sidi. “Polling systems: applications, modeling, and optimiza-
tion”. IEEE Transactions on Communications, vol. 38, no. 10 (1990), pp. 1750–
1760.



186 Bibliography

[74] M. Ma, Y. Zhu and T.H. Cheng. “A bandwidth guaranteed polling MAC
protocol for Ethernet passive optical networks”. Annual Joint Conference of the
IEEE Computer and Communications (INFOCOM). Vol. 1. IEEE. 2003, pp. 22–31.

[75] F. Masetti, P. Gavignet-Morin, D. Chiaroni and G. Da Loura. “Fiber delay
lines optical buffer for ATM photonic switching applications”. Joint Conference
of the IEEE Computer and Communications Societies (INFOCOM). IEEE. 1993,
pp. 935–942.

[76] R.D. van der Mei. “Distribution of the delay in polling systems in heavy
traffic”. Performance Evaluation, vol. 38, no. 2 (1999), pp. 133–148.

[77] R.D. van der Mei. “Towards a unifying theory on branching-type polling
systems in heavy traffic”. Queueing Systems, vol. 57, no. 1 (2007), pp. 29–46.

[78] W. Miao, J. Luo, S. Di Lucente, H. Dorren and N. Calabretta. “Novel flat
datacenter network architecture based on scalable and flow-controlled optical
switch system”. Optics Express, vol. 22, no. 3 (2014), pp. 2465–2472.

[79] W. Miao, F. Yan and N. Calabretta. “Towards petabit/s all-optical flat data
center networks based on WDM optical cross-connect switches with flow
control”. Journal of Lightwave Technology, vol. 34, no. 17 (2016), pp. 4066–4075.

[80] A. Minakhmetov, C. Ware and L. Iannone. “Optical networks throughput
enhancement via TCP stop-and-wait on hybrid switches”. Optical Fiber Com-
munications Conference and Exposition (OFC). IEEE. 2018, pp. 1–3.

[81] D. Mukherjee. “Scalable load balancing algorithms in networked systems”.
PhD thesis. Eindhoven University of Technology, 2018.

[82] F. Musumeci, C. Rottondi, A. Nag, I. Macaluso, D. Zibar, M. Ruffini and M.
Tornatore. “A Survey on Application of Machine Learning Techniques in
Optical Networks”. arXiv preprint arXiv:1803.07976 (2018).

[83] M.T. Ngo, A. Gravey and D. Bhadauria. “A mean value analysis approach
for evaluating the performance of EPON with gated IPACT”. International
Conference on Optical Network Design and Modeling (ONDM). IEEE. 2008, pp. 1–
6.

[84] S. Nojo and H. Watanabe. “A new stage method getting arbitrary coefficient
of variation by two stages”. IEICE TRANSACTIONS (1976-1990), vol. 70, no. 1
(1987), pp. 33–36.

[85] FS Official. The advantages and disadvantages of fiber optic transmission. 2018. URL:
https://www.fs.com/the-advantages-and-disadvantages-of-
fiber-optic-transmission-aid-431.html (visited on 08/14/2018).

[86] Y. Okawachi, M.S. Bigelow, J.E. Sharping, Z. Zhu, A. Schweinsberg, D.J. Gau-
thier, R.W. Boyd and A.L. Gaeta. “Tunable all-optical delays via Brillouin
slow light in an optical fiber”. Physical Review Letters, vol. 94, no. 15 (2005),
p. 153902.

[87] T.L. Olsen and R.D. van der Mei. “Polling systems with periodic server routing
in heavy traffic: renewal arrivals”. Operations Research Letters, vol. 33, no. 1
(2005), pp. 17–25.

https://www.fs.com/the-advantages-and-disadvantages-of-fiber-optic-transmission-aid-431.html
https://www.fs.com/the-advantages-and-disadvantages-of-fiber-optic-transmission-aid-431.html


Bibliography 187

[88] H.L. Ong, M.J. Magazine and T.S. Wee. “Probabilistic analysis of bin packing
heuristics”. Operations Research, vol. 32, no. 5 (1984), pp. 983–998.

[89] C.G. Park, D.H. Han and K.W. Rim. “Packet delay analysis of symmetric gated
polling system for DBA scheme in an EPON”. Telecommunication Systems,
vol. 30, no. 1-3 (2005), pp. 13–34.

[90] L. Pavel. “OSNR optimization in optical networks: Modeling and distributed
algorithms via a central cost approach”. IEEE Journal on Selected Areas in
Communications, vol. 24, no. 4 (2006), pp. 54–65.

[91] P. Pavon-Marino and F. Neri. “On the myths of optical burst switching”. IEEE
Transactions on Communications, vol. 59, no. 9 (2011), pp. 2574–2584.

[92] M.P. Quine. “The multi-type Galton-Watson process with immigration”. Jour-
nal of Applied Probability, vol. 7, no. 2 (1970), pp. 411–422.

[93] M.P. Quine. “The multitype Galton-Watson process with ρ near 1”. Advances
in Applied Probability, vol. 4, no. 3 (1972), pp. 429–452.

[94] R. Ramaswami, K. Sivarajan and G. Sasaki. Optical networks: a practical perspec-
tive. Morgan Kaufmann, 2009.

[95] M.I. Reiman. “Some diffusion approximations with state space collapse”.
Modelling and Performance Evaluation Methodology. Springer, 1984, pp. 207–240.

[96] J.A.C. Resing. “Polling systems and multitype branching processes”. Queueing
Systems, vol. 13, no. 4 (1993), pp. 409–426.

[97] W. Rogiest. “Stochastic modeling of optical buffers”. PhD thesis. Ghent
University, 2008.

[98] L. Sadeghioon, A. Gravey, B. Uscumlic, P. Gravey and M. Morvan. “Full
featured and lightweight control for optical packet metro networks”. Journal
of Optical Communications and Networking, vol. 7, no. 2 (2015), A235–A248.

[99] O. Sharon and E. Altman. “An efficient polling MAC for wireless LANs”.
IEEE/ACM Transactions on Networking, vol. 9, no. 4 (2001), pp. 439–451.

[100] H. Takagi. “Analysis and application of polling models”. Performance Evalua-
tion: Origins and Directions. Springer, 2000, pp. 423–442.

[101] H. Takagi. “Application of polling models to computer networks”. Computer
Networks and ISDN systems, vol. 22, no. 3 (1991), pp. 193–211.

[102] H. Takagi. “Queueing analysis of polling models: progress in 1990-1994”.
Frontiers in Queueing: Models, Methods and Problems (1997), pp. 119–146.

[103] H. Takagi. “Queueing Analysis: A Foundation of Performance Evaluation”.
Vacation and Priority Systems, vol. 1 (1991).

[104] R. Takahashi, T. Nakahara, K. Takahata, H. Takenouchi, T. Yasui, N. Kondo
and H. Suzuki. “Ultrafast optoelectronic packet processing for asynchronous,
optical-packet-switched networks”. Journal of Optical Networking, vol. 3, no. 12
(2004), pp. 914–930.

[105] A.S. Thyagaturu, A. Mercian, M.P. McGarry, M. Reisslein and W. Kellerer.
“Software defined optical networks (SDONs): A comprehensive survey”. IEEE
Communications Surveys & Tutorials, vol. 18, no. 4 (2016), pp. 2738–2786.



188 Bibliography

[106] N. Tian and Z.G. Zhang. Vacation queueing models: Theory and applications.
Springer Science & Business Media, 2006.

[107] H. Tijms and K. Staats. “Negative probabilities at work in the M/D/1 queue”.
Probability in the Engineering and Informational Sciences, vol. 21, no. 1 (2007),
pp. 67–76.

[108] H.C. Tijms. A first course in stochastic models. John Wiley and Sons, 2003.

[109] A. Triki, I. Popescu, A. Gravey, X. Cao, T. Tsuritani and P. Gravey. “TWIN as a
future-proof optical transport technology for next generation metro networks”.
International Conference on High Performance Switching and Routing (HPSR).
IEEE. 2016, pp. 87–92.

[110] R.S. Tucker, P. Ku and C.J. Chang-Hasnain. “Slow-light optical buffers: capa-
bilities and fundamental limitations”. Journal of Lightwave Technology, vol. 23,
no. 12 (2005), pp. 4046–4066.

[111] R.G.H. van Uden, R.A. Correa, E.A. Lopez, F.M. Huijskens, C. Xia, G. Li, A.
Schülzgen, H. De Waardt, A.M.J. Koonen and C.M. Okonkwo. “Ultra-high-
density spatial division multiplexing with a few-mode multicore fibre”. Nature
Photonics, vol. 8, no. 11 (2014), p. 865.

[112] K. Van Hautegem. “Scheduling algorithms for optical packet and burst
switched networks”. PhD thesis. Ghent University, 2018.

[113] W. Van Heddeghem, F. Idzikowski, W. Vereecken, D. Colle, M. Pickavet and
P. Demeester. “Power consumption modeling in optical multilayer networks”.
Photonic Network Communications, vol. 24, no. 2 (2012), pp. 86–102.

[114] P. Van Mieghem. Performance analysis of communications networks and systems.
Cambridge University Press, 2009.

[115] L. Velasco, A. Castro, M. Ruiz and G. Junyent. “Solving routing and spectrum
allocation related optimization problems: From off-line to in-operation flexgrid
network planning”. Journal of Lightwave Technology, vol. 32, no. 16 (2014),
pp. 2780–2795.

[116] L. Velasco, M. Klinkowski, M. Ruiz and J. Comellas. “Modeling the routing
and spectrum allocation problem for flexgrid optical networks”. Photonic
Network Communications, vol. 24, no. 3 (2012), pp. 177–186.

[117] V.M. Vishnevskii and O.V. Semenova. “Mathematical methods to study the
polling systems”. Automation and Remote Control, vol. 67, no. 2 (2006), pp. 173–
220.

[118] Y. Wang, X. Cao and Q. Hu. “Routing and spectrum allocation in spectrum-
sliced elastic optical path networks”. International Conference on Communica-
tions (ICC). IEEE. 2011, pp. 1–5.

[119] C. Ware, W. Samoud, P. Gravey and M. Lourdiane. “Recent advances in optical
and hybrid packet switching”. International Conference on Transparent Optical
Networks (ICTON). IEEE. 2016, pp. 1–4.

[120] I. Widjaja, I. Saniee, R. Giles and D. Mitra. “Light core and intelligent edge for
a flexible, thin-layered, and cost-effective optical transport network”. IEEE
Communications Magazine, vol. 41, no. 5 (2003), S30–S36.



Bibliography 189

[121] D. Williams. Probability with martingales. Cambridge University Press, 1991.

[122] E.M.M. Winands. “Branching-type polling systems with large setups”. OR
Spectrum, vol. 33, no. 1 (2011), pp. 77–97.

[123] Y. Wu, M. Tornatore, S. Ferdousi and B. Mukherjee. “Green data center place-
ment in optical cloud networks”. IEEE Transactions on Green Communications
and Networking, vol. 1, no. 3 (2017), pp. 347–357.

[124] X. Xue, F. Yan, B. Pan and N. Calabretta. “Performance assessment of OP-
Square data center network with elastic allocation of WDM transceivers”.
International Conference on Transparent Optical Networks (ICTON). IEEE. 2018,
pp. 1–4.

[125] S.J.B. Yoo. “Optical packet and burst switching technologies for the future
photonic internet”. Journal of Lightwave Technology, vol. 24, no. 12 (2006),
pp. 4468–4492.

[126] H. Zang, J.P. Jue and B. Mukherjee. “A review of routing and wavelength as-
signment approaches for wavelength-routed optical WDM networks”. Optical
Networks Magazine, vol. 1, no. 1 (2000), pp. 47–60.

[127] H. Zang, J.P. Jue, L. Sahasrabuddhe, R. Ramamurthy and B. Mukherjee. “Dy-
namic lightpath establishment in wavelength routed WDM networks”. IEEE
Communications Magazine, vol. 39, no. 9 (2001), pp. 100–108.

[128] M. Zedek. “Continuity and location of zeros of linear combinations of polyno-
mials”. Proceedings of the American Mathematical Society, vol. 16, no. 1 (1965),
pp. 78–84.


	Acknowledgments
	Contents
	1 Introduction
	1.1 Optical Communication
	1.2 Performance analysis of communication systems
	1.3 Model descriptions
	1.4 Contribution and organization of the thesis

	I : Polling models with retrials and glue periods
	2 Analysis of system with deterministic glue periods
	2.1 Motivation
	2.2 Queue length analysis for the single-queue case
	2.3 Queue length analysis for the N-queue case

	3 Heavy traffic analysis of system with deterministic glue periods
	3.1 Multitype branching processes with immigration
	3.2 Polling model with retrials and glue periods
	3.3 Joint distribution of number of customers
	3.4 Approximations

	4 Analysis of systems with non-deterministic periods
	4.1 The polling system with retrials and exponential glue periods
	4.2 The polling system with retrials and general glue periods
	4.3 Conclusions and suggestions for further research


	II : Revenue maximization in an optical router node
	5 Single wavelength optical router node
	5.1 Motivation
	5.2 Optical routing node model
	5.3 Performance Measures
	5.4 Revenue optimization
	5.5 Numerical examples

	6 Multiple wavelengths optical router node
	6.1 Optical routing node model
	6.2 Resource allocation
	6.3 Numerical examples
	6.4 Conclusions and suggestions for further research


	III : Data center modeling and analysis
	7 Flat data center network based on optical packet switches
	7.1 Introduction
	7.2 Data center architecture
	7.3 Queueing model and parameters
	7.4 Analysis
	7.5 Numerical Analysis
	7.6 Conclusions and suggestions for further research

	Summary
	Bibliography


