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Abstract

Cells require a large variety of particles to sustain themselves. In
order to acquire these particles, they are often relient on neighbouring
cells, when they themselves aren’t near a source of particles, like a blood
vessel. Also, when cells give their particles away to neighbouring cells,
they have to replenish these particles for themselves. In this article, a
probabilistic approach is used to try to answer two main questions: ‘How
far away from a blood vessel can a cell be and still sustain itself?’ and
‘How long does it take a cell near a source of particles to replenish it’s
particles?’. To answer these questions, a first model that arises is the
asymmetric simple inclusion process, which is a queueing systems model.
In terms of statistical physics, this is a model for unidirectional transport
with coagulation. This model does not account for particles also being
consumed, for example in order to maintain energy levels of the cell, so
an extension is made to include this phenomenon. Next to answering the
biological questions, mathematical results are derived from the model.
The main biological results of this report are a formula for the rate of
particles arriving at a cell that is a set number of cells removed from
a particle source, and a method to calculate the average time it takes
a cell to replenish its particles. The main mathematical results are the
distribution of particles in a cell near a particle source, and the probability
generating function of the time it takes a cell near the particle source to
replenish its with particles.
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1 Introduction

It is a well known fact that the cells we are made up of need certain particles to
sustain themselves. Some cells can get these particles from an adjacent source,
like a blood vessel or, in the case of plants, the xylem [White and Broadley, 2003].
A lot of cells, however, are not adjacent to a blood vessel. In order to sustain
themselves, these cells are reliant on their neighbours to pass the particles along.
The first main question of this report arises from this problem: “How far away
from a source of particles can a cell be, while still being sustained?”
Other kinds of particles are needed in cells to perform certain functions. If, due
to some accident, they all disappear, it is therefore important for the cell to be
able to resupply itself within a reasonable amount of time. This, in turn, leads
to the second main question: “How long does it take a cell adjacent to a source
of particles to resupply itself?”
To answer these questions, we introduce a stochastic model. The so-called
asymmetric simple inclusion process [Reuveni, 2014] seems like a good model,
containing both the arrival and ’passing along’ of particles. However, cells also
consume certain particles, breaking them down to release the energy contained in
the chemical bonds. To accommodate this consumption process, the asymmetric
simple inclusion process is extended.
While using the model to find an answer to the biological questions, we also
answer two mathematical questions: ‘What is the distribution mass function of
the number of particles in cell 1, according to the model?’ and ‘What is the
probability generating function of the time it takes a cell adjacent to a source
of particles to resupply itself, or how can this be calculated?’
The rest of this report is structured as follows: firstly, we take a look at the
biological background of particle transport through cells. Then in chapter 3, we
introduce the reader to the asymmetric simple inclusion process as a first step
towards the model used in this report, and we take a look at some results of
this model, which is a part of the literature study that was executed for this
project. These results have no further relevance for the rest of this report. Next,
in chapter 4, the model we will be using is introduced as an extension of the
asymmetric simple inclusion process. Lastly, in chapters 5 and 6, we use the
mathematical model to answer the main questions of this report. This report
is then finished with a conclusion and an outlook for future research.
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2 Biological Background

In this section, we will take a look at the way particles are transported from
cell to cell. Particle transport between cells can be classified into two systems:
active transport and passive transport. One difference between these transport
forms is that with passive transport, particles diffuse: they always move from a
region of higher concentration to a region of lower concentration. With active
transport, this is not always the case. They key difference, however, is that
passive transport occurs automatically, while active transport is assisted by the
cell in some way.

Figure 1: A simple illustration of some methods of active transport. This
illustration from the book ’Life: The Science of Biology’. [Purves et al., 1994]

Passive transport is possible because the wall of a cell is semi-permeable: par-
ticles like water, carbon dioxide and oxygen can cross it. Because of this, the
net movement of these particles is towards a region with lower concentration.
However, if this was the only form of transport, cells would not be able to exist:
there would not be a way to keep certain particles at concentrations within the
cell that differ from its environment. That way is active transport: for particles
that cannot move freely through the cell wall, homeostasis regulates the con-
centration inside the cell. Active transport can be further classified into two
methods: single-particle active transport and vesicle-mediated transport. In
single-particle active transport, a particle arrives at the cell wall and is trans-
ported in or out of the cell by using energy from an ATP molecule, or in a
complex manner by allowing another particle, that is moving in a favourable
direction, to enter the cell simultaneously. This favourable direction is most
often defined by the electrochemical gradient near the cell wall; the direction is
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favoured if the movement of the extra particle decreases the charge difference
over the cell wall. This single-particle active transport is summarized in figure
1. In vesicle-mediated transport, a vesicle first captures some particles and then
moves towards the cell wall. At the cell wall, it merges and allows the particles
to cross. For a more in-depth description of this process, the reader can refer
to [Bonifacino and Glick, 2004].

Now, let us zoom out. We know about the qualitative properties of transcellular
molecular transport, but this report is mainly interested in the quantitative
properties. In the next section, we are going to present an existing model
that is applicable to a row of cells taking particles from a common source and
passing them along unidirectionally, and we are going to take a look at some
prior results of this model. Then, in chapter 4, we will extend this model to also
accommodate cells themselves consuming particles to maintain homeostasis.
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3 The Asymmetric Simple Inclusion Process

In this section we will take a look at research that has been done before. This
chapter will summarize chapter 5 and 6 of S. Reuveni’s thesis [Reuveni, 2014].
For this report, this chapter is only partly relevant. The model of the asym-
metric simple inclusion process, which is described in the next subsection, is
important, as the model in chapter 4 extends it. However, the results of S.
Reuveni’s work are part of the literature study conducted prior to writing this
report, and are not relevant for the rest of this report.
In chapter 5, first steps are made in the analysis of the Asymmetric Simple
Inclusion Process. An iterative scheme is presented for computing the probabil-
ity generating function in steady state. Then explicit results are found for the
distribution of the load, which is the total number of particles in the system.
In chapter 6, Reuveni explores the asymptotic statistical behavior of the asym-
metric simple inclusion process. Three limiting regimes are considered: the
heavy-traffic regime, the large-system regime and the balanced-system regime.
In each regime, Reuveni finds stochastic limit laws in closed form for five ob-
servables of the asymmetric simple inclusion process: traversal time, load, busy
period, first occupied site and draining time. These observables are described
at the end of this chapter.
Now, we will first introduce the reader to the concept of an asymmetric simple
inclusion process.

3.1 Asymmetric Simple Inclusion Process

In terms of queueing theory, the Asymmetric Simple Inclusion Process is a
queueing system consisting of a sequence of Markovian queues, each with un-
limited capacity and batch service. In terms of statistical physics, it is a model
for unidirectional transport with coagulation, which means that the particles
only travel in one direction and stick together. The formulation is as follows.
Consider a sequence of n sites, indexed k = 1...n, each followed by a gate. Par-
ticles arriving at the first site (k = 1) form a Poisson process with parameter λ,
and the openings of gate k (k = 1...n) are timed according to a Poisson process
with parameter µk. Furthermore, the n+ 1 Poisson processes are mutually in-
dependent. A defining feature of the asymmetric simple inclusion process is its
batch service: when gate k opens, all particles in site k instantaneously move
to site k + 1. The asymmetric simple inclusion process is illustrated in figure 2
below.
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Figure 2: A simple illustration of the asymmetric simple inclusion process model.
[Reuveni et al., 2012]

The reasoning in choosing the asymmetric simple inclusion process to model a
row of cells is as follows. Firstly, the Poissonian arrival process of particles at
the first cell is chosen as the particles coming in from a blood vessel have to
make contact with the cell. This kind of process is quite complex, and therefore
well suited to a probabilistic approach. It is also well suited to a memoryless
model, as there is no strong dependence on how long it has been since the last
particle arrived at the cell. Secondly, the opening of the cell walls, upon which all
particles move to the next cell, is based on vesicle-mediated transport, in which
a large number of particles leaves the cell at once. Lastly, the model is entirely
memoryless, which is a usefull attribute because it simplifies calculations.
Next, we will take a look at some results derived by S. Reuveni. These are not
important to the rest of the research presented in this report. We recommend
the reader to read it only if the reader is interested in stochastical analysis.

3.2 Chapter 5 results

In chapter 5, Reuveni analyses two random variables of the asymmetric simple
inclusion process: X(t) = (X1(t), . . . , Xn(t)), which is the occupation vector
(the vector containing the number of particles at each site) at time t, and its
discrete counterpart Y(s) = (Y1(s), . . . , Yn(s)), the occupation vector directly
after the sth Poissonian event (a Poissonian event is either the arrival of a
particle at site 1 or the opening of a gate).
By analysing the dynamics of the probability generating functions of the ran-
dom vectors X(t) and Y(s), he arrives at the following iterative scheme for
calculating the probability generating function in steady state. Steady state is
a term from the field of stochastics which means enough time has passed for
the probabilities of the system to become time-independent; when there is an
explicit expression for some stochastical quantity, its steady state value can be
found by letting the time t go to infinity.
Reuveni reaches an equation describing the probability generation function
G(z1, . . . , zn) = E[zX1

1 . . . zXnn ] = E[zY1
1 . . . zYnn ] of both X and Y (independent

of t or s) in steady state.
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[λ(1− z1) + µ1]G(z1, z2, z3, . . . , zn−1, zn),

=

n−1∑
i=1

µiG(z1, z2, . . . , zi−1, zi+1, zi+1, zi+2, . . . , zn−1, zn), (1)

+µnG(z1, z2, . . . , zn−1, 1).

Here z1, . . . , zn are the variables in which the probability generating function
is expressed, which have no physical interpretation themselves. However, in-
teresting properties like the expected value of Xi can be found by calculating(
d
dzi
G
)
(1, 1, . . . , 1). This follows from the definition of the probability gener-

ating function. That this equation holds for both X and Y in steady state is
derived by converting two different transient equations in Reuveni’s thesis to
steady state equations. Intuitively, it also makes sense when considering the
Poisson Arrivals See Time Average property, which is an important concept in
Queueing Theory. It states that the fraction of particles in any system with
Poissonian arrivals finding the system in some state S is exactly the same as
the fraction of time the system is in that state S. In the case of equation (1),
however, it says the state directly after any Poissonian event is equal in dis-
tribution to the state at a random time t. This makes sense, as every possible
event in the Asymmetric Simple Inclusion Process is memoryless, and the state
of the system directly after event s is the same as the state directly before event
s + 1. Then, using the fact that G(1, 1, . . . , 1, 1) = E[1] = 1 as a base case,
these equations can be solved iteratively by starting with equation (1) and sub-
stituting each of the G(. . .) on the right hand side into the left hand side and
then adjusting the numbers z1, . . . , zn accordingly, to gain a new equation. This
is then repeated until the base case is reached, after which you the process is
reversed: The solution of each equation is substituted in the previous, until the
first equation has been solved. Note that this takes an increasingly large amount
of time for large n, and because the random variables {X1(t), . . . , Xn(t)} are
correlated, the expression is intractable.
Next to this, Reuveni also took a look at the steady state distribution of the
load in the first k sites, which is the total number of particles in the first k sites:
X(k) = X1 +X2 + . . .+Xk. For this quantity, he found the following PGF:

Gk(z) = E[zX(k) ] =
p1

1− (1− p1)z
. . .

pk
1− (1− pk)z

. (2)

Here pi = µi
µi+λ

(i = 1, . . . , k). This is a product-form representation, implying

that X(k)(t) is equal in law to the total number of particles in k independent
and single gated asymmetric simple inclusion process systems with respective
parameters (λ, µ1), . . . , (λ, µk).

3.3 Chapter 6 results

In chapter 6, Reuveni considers the homogeneous asymmetric simple inclusion
process, meaning that µ1 = . . . = µn = 1/m. Then m is the average time it
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takes a particle to traverse a single site. He then finds asymptotic limit laws
for five observables of the homogeneous asymmetric simple inclusion process in
three limiting regimes. The observables are:

• Traversal Time: the total time it takes a particle to traverse the lattice,
from the moment it arrives at the first site.

• Overall Load: the total number of particles in the lattice in steady state.

• Busy Period: the random duration of time in which the lattice is non-
empty. That is, the time from the instant a particle arrives at an empty
lattice until the first moment thereafter when the lattice is empty again.

• First Occupied Site: the first site (cell, in the context of this report)
containing one or more particles.

• Draining Time: the time it takes for the lattice to become empty when
the inflow is blocked, starting in steady state.

These observables are analysed in three different limiting regimes. Firstly, there
is the Heavy-Traffic regime. In this regime the inflow rate tends to infinity:
λ → ∞. Secondly, the Large-System regime, in which the lattice size tends to
infinity: n → ∞. Lastly, there is the Balanced-System regime. In this regime,
the lattice size tends to infinity, the average time spent at a site by a particle
tends to 0, and their product tends to a positive limit: n → ∞, m → 0 and
nm→ τ ∈ (0,∞).
The table below summarizes his findings on the distributions of the observables
in two of the three limiting regimes:

Observable Heavy Traffic Large System

Traversal Time mΓn nm+
√
nmZ

Overal Load λmΓn nλm+
√
n
√
λm+ (λm)2Z

Busy Period λn−1mnε (1 + λm)n 1
λε

First Occupied Site 1 geo( λm
1+λm )

Draining Time mΓn nm+
√
nmZ

Table 1: table summarizing the results of chapter 6 of Reuveni’s thesis. This
table shows the random variables the observables converge to in two of the three
limiting regimes.

In this table, the following random variables are used: Γn is an Erlang dis-
tributed random variable with mean 1 and n degrees of freedom, ε is an expo-
nential variable with mean 1, 1 denotes the deterministic value 1, Z is a standard
normal Gaussian variable and geo( λm

1+λm ) is a geometric random variable with

parameter (succes probability) λm
1+λm .

Lastly, for the balanced-system regime, he found the following:
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• Traversal Time: The traversal time converges to the deterministic value
τ .

• Overall Load: This converges to a Poisson random variable with parameter
λτ .

• Busy Period: For the busy period, the Laplace Transform is given by
E[e−θB ] = λ+θ

λ+θeτ(λ+θ)
.

• First Occupied Site: Consider the scaled first occupied site I∗ = I/n. It
converges in distribution to P(I∗ ≤ x) = 1− e−τλx. This means the per-
centage of the lattice the particle has traversed is exponentially distributed
with parameter τλ.

• Draining Time: the distribution function of the draining time converges
to an amalgamation of the density function given by fd(x) = λe−λ(τ−x)

for 0 < x ≤ τ and 0 otherwise, and the mass function e−λτ at zero.

In the general (non-homogeneous) case, similar limit laws are found.
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4 Model Description

We studied the asymmetric simple inclusion process in the previous chapter.
In this chapter, we will introduce the model used in this report, which extends
the asymmetric simple inclusion process with a process that resembles parti-
cles being consumed. Physically, the model resembles a row of cells. These
cells need molecules to sustain themselves, which they get from a nearby blood
vessel. The particles arrive with a mean inflow rate of λ per unit of time at
the first cell. Inside a cell, a particle is consumed after a random time with
an average of 1

ν . However, the first cell is not the only one that needs these
particles. To supply the other cells as well, the model supplies each cell with a
mechanism to transport all particles in it to the next cell instantaneously. This
idea of moving all particles at once is an approximation for the vesicle-mediated
transport mechanism, made to simplify the analysis of this model. For cell i
(i = 1, . . . , n), it happens after a random time with an average of 1

µi
. When the

last cell uses this mechanism, all particles are lost. The model is schematically
represented in figure 3 below.

Pois(λ)

Exp(µ1) Exp(µ2) Exp(µn)

Exit

Exp(ν)

Figure 3: A simple illustration of the model.

This kind of figure is typical for a queueing systems model. It shows the stochas-
tic definition of the system. First, the leftmost arrow signifies the flow of par-
ticles into the first cell. This inflow is a Poisson Process with parameter λ,
which means interarrival times of particles are independent and exponentially
distributed and, as a result, the inflow is memoryless (the time until the next
particle arrives is independent of the time that already passed since the last
arrival). Then the particles are in the first cell (the first oval). Here, they are
either individually consumed after an exponentially distributed time with pa-
rameter ν, which is also memoryless. Particles also leave the first cell when the
wall opens up to let all particles in the cell move to the next cell. This happens
after an exponentially distributed time with parameter µ1. In the next cell,
the particles are consumed individually with the same intensity ν, but the wall
opening has a different parameter µ2. These processes continue up until the last
cell, at which the particles leave the system when its wall opens.
One very important aspect of this model is that it is entirely memoryless. In-
deed, when looking at this model with only one cell, it is more commonly referred
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to in queueing systems literature as an M/M/∞ queue with, as an additional
feature that is not common in the literature of infinite server queues, a disaster
scenario, where all waiting particles (the particles in the cell) immediately leave
the system. There are said to be infinite servers because each particle for itself
is, in case disaster doesn’t happen first in the form of the cell wall opening,
consumed after an exponentially distributed time, regardless of the amount of
particles already in the cell.

The remainder of this report is structured as follows. In the next chapter
(chapter 5) the number of particles in the first cell will be studied first, af-
ter which an approximation can be made for the inflow of particles into the ith

cell (i = 1, . . . , n). Then in chapter 6 we will take a look at the time it takes
for the first cell to renew its particles, after it loses all of them by, for example,
moving them all to the next cell. After that, the report will be finished with
the discussion and the conclusion.
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5 Probability Generating Function

5.1 Deducing the probability generating function

In this section, we start by studying the number of particles in cell 1. The reason
we do this is that the model discussed in chapter 4 is new in queueing systems
literature, and it is therefore mathematically interesting to study the number
of particles in the first cell. Some usable results, like the expectation value and
variance of the number of particles in cell 1, also arise from this study. Then, at
the end of this chapter, we take a look at the number of particles that reaches
cell i (i = 1, . . . , n) in steady state, per unit of time.

The first cell is a queueing system where particles arrive according to a Poisson
process with intensity λ. Also, the cell wall opens after an exponentially dis-
tributed time with parameter µ1, and when it opens all particles leave the cell
to move to the next one. Lastly, each particle will be consumed by the cell for
energy after an exponentially distributed time with parameter ν. As a result,
when the cell holds k particles, the first particle to be used will be used after
an exponential time with parameter kν. These three processes give rise to the
following equations, where Pk denotes the probability that there are k particles
in the first cell in its steady state:

λP0 = νP1 + µ1

∞∑
i=1

Pi = νP1 + µ1(1− P0),

(λ+ µ1 + kν)Pk = (k + 1)νPk+1 + λPk−1, k = 1, 2, . . . . (3)

Using λ∗ := λ
ν and µ∗ := µ1

ν and rewriting these equations a bit yields

P1 = (λ∗ + µ∗)P0 − µ∗,

Pk+1 =
1

k + 1
((λ∗ + µ∗ + k)Pk − λ∗Pk−1), k = 1, 2, . . . . (4)

Using these steady state-equations, a differential equation involving the proba-
bility generating function L̃(z) =

∑∞
k=0 Pkz

k is derived. In this definition z is a
variable with no physical interpretation; it is there because that way the prob-
ability generating function carries a lot of information, as it’s definition implies
that L̃(k)(0) = k!Pk, where L̃(k)(0) is the kth derivative of L̃(z), evaluated in
z = 0. The details of the calculation leading to the differential equation can be
found in the appendix. The found equation is:

(λ∗(1− z) + µ∗)L̃(z)− (1− z)L̃′(z)− µ∗ = 0. (5)

Next, this equation will be solved to find the probability generating function.
By first solving the homogeneous equation, then using variation of constant and
lastly using the boundary coundition L̃(1) = 1 we find an expression for the
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probability generating function. Firstly, the homogeneous part of the equation
with its solution is:

L̃′(z) =
(
λ∗ +

µ∗

1− z

)
L̃(z),

L̃(z) = C(1− z)−µ
∗
eλ

∗z,

(6)

where 0 < C ∈ R is some constant. Now, to use variation of constants, suppose
that C = C(z) is a function of z. Inserting L̃(z) = C(z)(1 − z)−µ

∗
eλ

∗z in
equation (5) yields:

C ′(z)eλ
∗z(1− z)−µ

∗
= − µ∗

1− z

=⇒ C(z) = −µ∗
∫ z

0

e−λ
∗t(1− t)µ

∗−1dt+D.

(7)

Here D ∈ R is some constant. Now inserting this expression for C(z) in L̃(z)
and using the fact that limz→1 L̃(z) = 1, we find

1 = lim
z→1

L̃(z)

= lim
z→1

(
− µ∗

∫ z

0

e−λ
∗t(1− t)µ

∗−1dt+D
)

(1− z)−µ
∗
eλ

∗z

=⇒ D = µ∗
∫ 1

0

eλ
∗t(1− t)µ

∗−1dt.

(8)

This last conclusion is made because otherwise the limit would diverge to ±∞
due to the (1− z)−µ∗

term. Combining equations (6), (7) and (8), we arrive at
the following form for the probability generating function L̃(z):

L̃(z) = e−λ
∗(1−z)H(z), (9)

H(z) = µ∗
∫ 1

z

(1− t)µ∗−1

(1− z)µ∗ eλ
∗(1−t)dt. (10)

Note that e−λ
∗(1−z) is the probability generating function of the number of

particles in an M/M/∞ queue without a disaster scenario (all particles leaving
the cell), so H(z) is somehow responsible for that addition to the model. Instead
using the substitution y = 1−t

1−z in (10) and combining equations (9) and (10)
yields:

L̃(z) = µ∗
∫ 1

0

yµ
∗−1e−λ

∗(1−z)(1−y)dy. (11)

By writing the exponent as a power series, we can directly find the probability
distribution of L as follows:
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e−λ
∗(1−z)(1−y) = e−λ

∗(1−y)
∞∑
k=0

(λ∗(1− y)z)k

k!

=⇒ L̃(z) =

∞∑
k=0

zk
[ ∫ 1

0

µ∗yµ
∗−1 (λ∗(1− y))k

k!
e−λ

∗(1−y)dy
]
. (12)

The probability generating function was defined as L̃(z) :=
∑∞
k=0 Pkz

k, so we
find

Pk =

∫ 1

0

µ∗yµ
∗−1 (λ∗(1− y))k

k!
e−λ

∗(1−y)dy (13)

for the probability that there are k particles in the first cell in steady state. In
the next subsection, we will use this finding to derive the moments of L.

5.2 The Moments of L

In this section, we will deduce the expected number of particles in the first cell,
and its variance. These quantities are interesting, because they can be checked
against experiments. By using equation (13), an expression can be found for
the moments of L, that is, the expected value of every power of L:

E[Lm] =

m∑
k=1

[{m
k

} k∏
l=1

(
lλ∗

µ∗ + l
)
]
. (14)

The derivation of this calculation is contained in the appendix.
Now, we will take a look at the expected value and variance of L. By using
equations (45) and (14) we find that

E[L] =
λ∗

µ∗ + 1
=

λ

µ1 + ν
, (15)

V ar(L) = E[L2]− (E[L])2

=
λ∗(µ∗(λ∗ + µ∗ + 3) + 2)

(µ∗ + 1)2(µ∗ + 2)
(16)

=
λ(µ1(λ+ µ1 + 3ν) + 2ν2)

(µ1 + ν)2(µ1 + 2ν)
.

The expectation value has a very simple expression, which shows that it is
proportional to the inflow of particles λ, and is also inversely proportional to
the parameters that establish the rate at which particles leave the cell (or are
used by the cell), µ1 and ν. The variance has a more complicated expression,
but we see the following limiting behaviour for large values of the parameters:

15



λ� 1 : V ar(L) ≈ λ2µ1

(µ1 + ν)2(µ1 + 2ν)
, (17)

µ1 � 1 : V ar(L) ≈ λ

µ1
, (18)

ν � 1 : V ar(L) ≈ λ

ν
. (19)

So for large values of the parameters, the variance is proportional to λ2, 1
µ1

and
1
ν . An increase in the inflow will greatly increase the randomness, especially
when one takes the possibility of all particles leaving the cell at once into ac-
count. On the other hand, an increase in the ‘outflow’ will make it much more
likely for the cell to contain a small number of particles at any given moment,
thus decreasing the variance.
To end this chapter, we will take a look at the average number of particles
arriving at cell i (i = 1, . . . , n). For this, we will switch back to the notation µ1

for the rate at which the wall of cell 1 opens. First note that the probability that
a particle arriving at cell 1 moves to cell 2 before being consumed is simply the
probability that an exponential random variable with parameter µ1 is smaller
than another exponential random variable with parameter ν, and is thus given
by:

P(Particle moves to cell 2) =
µ1

µ1 + ν
. (20)

Let qi be the probability that any particle reaches cell i. In order to reach cell
i, the particle has to leave every cell before cell i before being consumed. The
independence of these events implies that qi is given by a product form:

qi = P(Particle reaches cell i) =

i−1∏
k=1

µk
µk + ν

. (21)

Now, we know that on average λ particles arrive at cell 1, and we know that
each of these reaches cell i with probability qi. This implies that λi, the average
amount of particles arriving at cell i per unit of time is given by

λi = λqi = λ

i−1∏
k=1

µk
µk + ν

. (22)

This allows us to answer our first biological question: ”How far away from a
source of particles can a cell be, while still being sustained?”. Say the minimal
number of particles a cell needs is λmin. Then imax, the corresponding maximal
distance (in cells) from the source of particles can be found, if the values of
µ1, . . . , µn and ν are known, by calculating λ1, λ2, . . . until the value of λi is
smaller than λmin. In a simpler case, where µ = µ1 = . . . = µn (the average
time until the cell wall opens is the same for each cell), equation (22) becomes:
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λi = λ
( µ

µ+ ν

)i−1

. (23)

In this case, equation (23) can be rewritten to find that imax is given by:

imax =
⌊

log µ
µ+ν

(λmin

λ

)⌋
. (24)

Where the expression on the right is floored to get an integer value for imax.

In the next chapter, we will take a look at how long it takes cell 1 to renew its
particles, after they move to the next cell.
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6 Renewal time

6.1 Concept

In this section, we will take a look at the renewal time Rj for the first cell, which
is the time until there are j particles, starting at the moment the cell is empty.
This marks a difference with chapter 5: in this chapter, we consider the cell in
a transient state, while in the previous chapter we considered the cell in steady
state. This can be thought of biologically in terms of the food process we are al-
ready familiar with, in which case we are interested in how long it takes the cell
to recollect enough food particles after it has passed all particles to the next cell.
of in terms of enzymes that catalyse certain reactions inside the cell. If these
also have to be transported to other cells, farther away from the blood vessel, we
can use the same model for this. However, enzymes are never consumed in reac-
tions. Therefore, in this chapter, we will first take a look at a simplified model
in which the cell does not consume particles, for which we set ν = 0. Note that
this means we are using the asymmetric simple inclusion process model. After
this, a method to calculate Rj with particle consumption will be demonstrated.

6.2 Renewal Time Without Consumption

If the cell wall does not open, the time until j particles have arrived is Aj ∼
Erlang(λ, j) (the ∼ here is a symbol from probability theory, meaning ‘is dis-
tributed as’). However, the cell wall will open after a time T ∼ Exp(µ). To
adjust for the cell wall opening, we write Rj as a geometric process. Let X
be a geometric random variable with success probability p := P(Aj < T ), the
probability that all i particles arrive before the cell wall opens. Then we can
write Rj as

Rj =

X−1∑
n=1

Hn + Y, (25)

where for n = 1, . . . , X − 1, Hn is the time until the cell wall opens, given that
this happens before j particles arrive, and Y is the opposite: the time until j
particles arrive, given that this happens before the cell wall opens. To continue,
we will first calculate p. Let fAj (t) denote the distribution function of Aj . Then
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p = P(Aj < T )

=

∫ ∞
0

P(T > t)fAj (t)dt

=

∫ ∞
0

e−µtfAj (t)dt

= E[e−µAj ]

=
( λ

λ+ µ

)i
.

(26)

In this calculation, the last step is done by recognizing E[e−µAj ] as the Laplace
Transform of Aj ∼ Erlang(λ, i) evaluated in s = µ.
To find the Laplace Transform of the renewal time Rj , we will first try to find
the Laplace Transform for the random variables H1 and Y . The calculation
involved in finding the Laplace Transforms of these variables is detailed in the
appendix. They are given by:

E[e−sH1 ] =
1

1− ( λ
λ+µ )j

µ

µ+ s

(
1− (

λ

λ+ µ+ s
)j
)
, (27)

E[e−sY ] =
( λ+ µ

λ+ µ+ s

)j
. (28)

By conditioning on the number of trials (times the cell wall opens before j
particles have arrived), the Laplace Transform of the renewal time Rj is then
calculated.

E[e−sRj ] =
( λ

λ+ µ+ s

)j 1

1− µ
µ+s

(
1− ( λ

λ+µ+s )j
) (29)

Now that we have the Laplace Transform of Rj , its expected value can be

calculated. Writing R̃j(s) := E[e−sRj ], we have

E[Rj ] = −R̃′j(0)

=
1

µ

[(λ+ µ

λ

)j
− 1
]
.

(30)

Note that the expected renewal time is equal to the average time until the cell
wall opens (E[T ] = 1

µ ) times 1
p −1, which equals E[X]−1, the expected number

of failed trials. This almost makes sense; it means Rj is on average equal to the
combined duration of the X − 1 failed trials. However, one would expect E[Rj ]
to equal the duration of the X − 1 failed trials plus E[Y ], the average time it
takes for j particles to arrive. However, note that 1

µ is indeed the average time
until the cell wall opens, but this does not consider that these X − 1 times,
the cell wall always opens before j particles arrive! Therefore, this average is a
bit larger than the conditional average E[H1] = E[T |T < Aj ] we are interested
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in, and this compensates for the lack of the succesfull trial. In terms of the
parameters, note that E[Rj ] tends to 0 for λ→∞ and tends to ∞ for µ→∞,
as one would expect. In the next subsection, a method will be introduced to
calculate the Laplace Transform of Rj in the case of particles that are consumed
by the cell.

6.3 Laplace Transform With Consumption

In order to find a way to calculate the Laplace Transform of Rj with particle
consumption, we will inspect the random variable Gk (1 ≤ k ≤ j), which is the
time it takes to go from k − 1 particles in the cell to k particles. When there
are k − 1 particles in the cell, three things can happen:

• A particle can arrive, in which case there are k particles.

• A particle can be consumed by the cell, leaving k − 2 particles.

• The cell wall can open to let all particles through, reducing the number
of particles to 0.

Note thatG1, the time from 0 until 1 particle, is simply exponentially distributed
with parameter λ, as the only way the number of particles can change while the
cell is empty is by a particle arriving. This will be used as a base case. Now,
let G̃k = E[e−sGk ] be the Laplace Transform of Gk. Using the three cases, we
can express G̃k in G̃1, . . . , G̃k−1 by conditioning on which it will be. Letting T ,
N and M denote the time until the wall opens, a particle arrives and a particle
is consumed, respectively, we find:

G̃k = E[e−s min(T,N,M)| min(T,N,M) = N ]P(min(T,N,M) = N)

+ E[e−s min(T,N,M)|min(T,N,M) = T ]P(min(T,N,M) = T )

k∏
i=1

G̃i

+ E[e−s min(T,N,M)|min(T,N,M) = M ]P(min(T,N,M) = M)G̃k−1G̃k.

(31)

Because when a particle arrives the level of k particles has been reached, when
the wall opens we have to start again from G1 all the way up to Gk and when
one particle is consumed, we have to wait for Gk−1 to then attempt Gk again.
Now, according to equation (48), we find that

E[e−s min(T,N,M)| min(T,N,M) = N ] =

E[e−s min(T,N,M)
1min(T,N,M)=N ]

P(min(T,N,M) = N)
,

(32)

and likewise for the other two, so the probabilities cancel out. We will now try
to find an expression for the expectation values in (31). All three of T,N and
M are exponentially distributed, so for each the density function is xe−xt and
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the probability of being larger than t is e−xt, where x is µ, λ or (j − 1)ν for
T,N and M respectively (remember that there are j − 1 particles in the cell,
so the time until one is consumed is a minimum of j − 1 exponential random
variables, each with parameter ν).
Using this, we can calculate the first of the three expectation values:

E[e−s min(T,N,M)
1min(T,N,M)=N ]

=

∫ ∞
0

λe−(λ+µ+(k−1)ν+s)tdt =
λ

λ+ µ+ (k − 1)ν + s
.

(33)

The other two integrals yield a similar result. This yields for Gk:

G̃k =
1

λ+ µ+ (k − 1)ν + s

(
λ+ µ

k∏
i=1

G̃i + (k − 1)νG̃k−1G̃k

)
. (34)

Rewriting this to isolate G̃k from the right hand side yields:

G̃k(s) =

λ
λ+µ+(k−1)ν+s

1− 1
λ+µ+(k−1)ν+s

(
µ
∏k−1
i=1 G̃i + (k − 1)νG̃k−1

)
=

λ

λ+ µ+ (k − 1)ν + s+ G̃k−1

(
µ
∏k−2
i=1 G̃i + (k − 1)ν

) .

(35)

To recapitulate: what we have found so far is an expression for the Laplace
Transform of Gk, the time it takes to go from k − 1 particles to k particles,
in terms of G1, . . . , Gk−1, considering both the consumption of particles by the
cell and the mechanism for transport of all particles to the next cell. We also
know that G1 ∼ Exp(λ). Now, we would like to know the time it takes to go
from 0 to j particles, which we will denote by Rj . To find it, we will add up
G1 until Gj . In terms of the Laplace Transform, this becomes multiplication.

Letting R̃j denote the Laplace Transform of Rj , we have:

R̃j(s) =

j∏
k=1

G̃k(s). (36)

Now that we have equation (36), we can calculate the Laplace Transform R̃j as
follows:

1. Starting with G̃1, use equation (35) to calculate G̃2, then multiply them
to get R̃2;

2. Use equation (35), G̃2 and R̃2 to calculate both G̃3 and R̃3;

3. Repeat this process until R̃j .

This is a method to calculate Rj in a reasonable amount of time. However, the

solution will be intractable, as it resembles a continued fraction: every G̃k has
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a term G̃k−1 in the denominator, which has a term G̃k−2 in the denominator,
and so on. However, it is still possible to calculate E[Rj ] numerically in a rea-
sonable amount of time, as each of the k steps only takes a constant amount of
polynomial operations like multiplications and divisions. Therefore, this scheme
allows us to answer the second biological question: “How long does it take a
cell, that is adjacent to a source of particles, to resupply itself?”. Numerically
using this scheme to calculate the Laplace Transform is left for future research.

This ends the analytical part of this report. In the next chapter, a few options
for further research will be presented, after which the report will end with a
conclusion.
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7 Discussion

Three main directions in which further research on this topic can be conducted
will be discussed in this chapter: experiment, simulation and theory.
To start, experiments could be run to test the found equations. The model
discussed in this report is a very, very simple model when compared to the real
complexity of biological cells, and it would therefore be interesting to know how
its predictions compare with reality.
Secondly, simulation, especially Monte-Carlo simulation, could also be used to
test the model’s predictions. In particular, simulations could be used to estimate
the distribution of particles in cells other than the first one. Due to the nature
of the batch arrivals in all cells but the first one, this is probably better suited
to simulation.
Lastly, theory. In section 5, the average influx of particles to each cell was found.
However, this doesn’t tell us anything about the average number of particles in
each cell. This would be one interesting property of the model to study in
further research. We also found, in this section, the distribution of particles in
the first cell; this might also be done for the other cells, or, as in S. Reuveni’s
work on the asymmetric simple inclusion process, for the first k cells combined.
Next to that, in section 6, an expression for the average time until i particles
arrived in cell 1 was found (equation (30)). However, this expression has a very
curious form. It would be interesting to know what is behind this expression.
Now, we will wrap up this report with a conclusion.
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8 Conclusion

To conclude this report, we will briefly discuss the most important mathematical
and biological results.
Mathematically, there are three equations that form the most important results
of this report. Firstly, in chapter 5, equation (13) yields the mass function of
the number of particles in cell 1:

Pk =

∫ 1

0

µ∗yµ
∗−1 (λ∗(1− y))k

k!
e−λ

∗(1−y)dy. (37)

Secondly, in chapter 6, the probability generating function for the renewal time
Ri, in the case of particles that aren’t consumed, was found (equation (29)):

E[e−sRi ] =
( λ

λ+ µ+ s

)i 1

1− µ
µ+s

(
1− ( λ

λ+µ+s )i
) . (38)

Lastly, in the same section, another equation was derived that allows the calcu-
lation of the Laplace Transform of Ri for the case of particles that are consumed
(equation (35)):

G̃j =

λ
λ+µ+(j−1)ν+s

1− 1
λ+µ+(j−1)ν+s

(
µ
∏j−1
i=1 G̃i + (j − 1)νG̃j−1

)
=

λ

λ+ µ+ (j − 1)ν + s+ G̃j−1

(
µ
∏j−2
i=1 G̃i + (j − 1)ν

) . (39)

The most important biological results were averages derived from these mathe-
matical results. To start, the number of particles that reaches cell i per unit of
time was found to be given by equation (22):

λi = λqi = λ

i−1∏
k=1

µk
µk + ν

. (40)

This equation can used, when a minimal number of particles λmin that any
cell needs per unit of time is known, to find the maximal distance imax from a
particle source.
Then, in chapter 6, two important results were found: Firstly, the average
renewal time in case of particles that aren’t consumed, which is given by equation
(30):

E[Ri] =
1

µ

[(λ+ µ

λ

)i
− 1
]
. (41)

Lastly, a scheme was presented to calculate the Laplace Transform of Ri, in the
case of particles that are being consumed. This depends on equation (35), and
goes as follows:
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1. Starting with G̃1, use equation (35) to calculate G̃2, then multiply them
to get R̃2.

2. Use equation (35), G̃2 and R̃2 to calculate both G̃3 and R̃3

3. Keep going until you arrive at R̃i

In the next chapter, this report is concluded with an outlook for future research.
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9 Outlook

Three main directions in which further research on this topic can be conducted
will be discussed in this chapter: experiment, simulation and theory.
To start, experiments could be run to test the found equations. The model
discussed in this report is a very, very simple model when compared to the real
complexity of biological cells, and it would therefore be interesting to know how
its predictions compare with reality.
Secondly, simulation, especially Monte-Carlo simulation, could also be used to
test the model’s predictions. In particular, simulations could be used to estimate
the distribution of particles in cells other than the first one. Due to the nature
of the batch arrivals in all cells but the first one, this is probably better suited
to simulation.
Lastly, theory. In section 5, the average influx of particles to each cell was found.
However, this does not tell us anything about the average number of particles
in each cell. This would be one interesting property of the model to study in
further research. We also found, in this section, the distribution of particles in
the first cell; this might also be done for the other cells, or, as in S. Reuveni’s
work on the asymmetric simple inclusion process, for the first k cells combined.
Next to that, in section 6, an expression for the average time until j particles
arrived in cell 1 was found (equation (30)). However, this expression has a very
curious form, as it seems to be missing a part for the time it takes for j particles
to arrive during the succesfull trial. It would be interesting to know what causes
this part to be absent. The scheme for calculating the Laplace Transform of
the time until j particles arrive at cell 1, when taking into consideration that
these particles can be consumed by the cell, can also be copied to make a similar
scheme for the expectation value of that time. This would yield a more easily
applicable result.
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10 Appendix: Calculations

In this section, some calculations can be found that were omitted in chapters
5 and 6, in order to increase readability. The calculations will be structured
according to the equation they lead to, and this equation is used as a header
for each calculation. For example:

10.1 Equation (5)

This is the calculation that leads to a differential equation, which is solved to
find the probability generating function of the number of particles in cell 1. This
calculation uses equation (4) to rewrite the probability generating function, and
then absolute convergence of the series involved for z < 1 is used to manipulate
some expressions with integration and differentiation. This goes as follows:

L̃(z) = P0 + P1z +

∞∑
k=1

1

k + 1
((λ∗ + µ∗ + k)Pk − λ∗Pk−1)zk+1

= P0 + P1z +

∫ z

0

∞∑
k=1

((λ∗ + µ∗ + k)Pk − λ∗Pk−1)tkdt

= P0 + P1z +

∫ z

0

[
(λ∗ + µ∗)(L̃(t)− P0)− λ∗tL̃(t) +

∞∑
k=1

kPkt
k
]
dt

= P0 + ((λ∗ + µ∗)P0 − µ∗)z +

∫ z

0

[
(λ∗ + µ∗)(L̃(t)− P0)− λ∗tL̃(t)+

t
d

dt
(

∞∑
k=1

Pkt
k)
]
dt

= P0 − µ∗z +

∫ z

0

(λ∗(1− t) + µ∗)L̃(t) + tL̃′(t)dt

= P0 − µ∗z + (λ∗ + µ∗)

∫ z

0

L̃(t)dt+

∫ z

0

t(L̃′(t)− λ∗L̃(t))dt.

(42)

By differentiating this last equation to z once, we arrive at equation (5):

(λ∗(1− z) + µ∗)L̃(z)− (1− z)L̃′(z)− µ∗ = 0. (43)

10.2 Equation (14)

In equation (13), the factor (λ∗(1−y))k

k! e−λ
∗(1−y) is exactly the probability that

a Poisson random variable Y with parameter λ∗(1− y) is equal to k. For such
a random variable we know that
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E[Y m] =

m∑
k=0

{
m

k

}
(λ∗(1− y))k, (44)

{
m

k

}
=

k∑
j=0

(−1)k−j
(
k

j

)
jm, (45)

where
{
m
k

}
is a Stirling number of the second kind, the number of ways to

partition a set of m objects into k non-empty subsets. For now, we will use
equation (44) to find:

E[Lm] =

∞∑
k=1

km
∫ 1

0

µ∗yµ
∗−1 (λ∗(1− y))k

k!
eλ

∗(1−y)dy

=

∫ 1

0

µ∗yµ
∗−1

m∑
k=1

{
m

k

}
(λ∗(1− y))kdy

= µ∗
m∑
k=1

{
m

k

}∫ 1

0

yµ
∗−1(λ∗(1− y))kdy.

(46)

This last integral can be solved by recognizing it as a beta function B(i, j) :=∫ 1

0
yi−1(1− y)j−1dy, with i = µ∗ and j = k + 1. We will then express this beta

function in terms of gamma functions by the identity B(i, j) = Γ(i)Γ(j)
Γ(i+j) . Using

all these tricks yields:

E[Lm] =

m∑
k=1

{
m

k

}
µ∗λ∗k

∫ 1

0

(1− y)kyµ
∗−1dy

=

m∑
k=1

{
m

k

}
µ∗λ∗kB(µ∗, k + 1)

=

m∑
k=1

{
m

k

}
µ∗λ∗k

Γ(µ∗)Γ(k + 1)

Γ(µ∗ + k + 1)

=

m∑
k=1

[{m
k

}
µ∗λ∗kk!

k∏
l=0

(
1

µ∗ + l
)
]

=

m∑
k=1

[{m
k

} k∏
l=1

(
lλ∗

µ∗ + l
)
]
.

(47)

In this computation, two identities regarding the gamma function were used,
namely that for integer k, Γ(k + 1) = k! and that for non-integer, (but real-
valued) x, Γ(x+ 1) = xΓ(x). This last one was used recursively on the Γ(µ∗ +
i + 1) in the denominator until it was divided out against the Γ(µ∗) in the

numerator, leaving the product
∏k
l=0( 1

µ∗+l ). In the last step, the l = 0 term
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of the product was first deleted against the µ∗, and then both k! and λ∗k were
inserted into the product.

10.3 equations (27), (28) and (29)

To find the Laplace Transform of the renewal time Ri, we will first try to find
the Laplace Transform for the random variables H1 and Y . Since both are con-
ditional random variables, we can use a definition for conditional expectation.
Let A and B be some random events with nonzero probability, and denote the
indicator function (the function that returns 1 if its input is true, and 0 other-
wise) for some random event X by 1X , then the conditional expectation of A
given B is given by

E[A|B] =
E[A1B ]

P(B)
(48)

Using this definition, the following Laplace Transforms are found for H1 and
Y . Starting with H1, which will be solved using partial integration and by
recognizing a Laplace Transform, similarly to equation (26). For the partial
integration, first note that

fAi(t) =
d

dt
P(Ai < t)

=
d

dt
(1− P(Ai > t))

= − d

dt
P(Ai > t).

.
Using this, H1 can be calculated:

E[e−sH1 ] = E[e−sT |T < Ai]

=
E[e−sT1T<Ai ]

P(T < Ai)

=
1

1− p

∫ ∞
0

e−stµe−µtP(Ai > t)dt

=
1

1− ( λ
λ+µ )i

(
− µ

µ+ s
e−(µ+s)tP(Ai > t)

∣∣∣t→∞
t=0

− µ

µ+ s

∫ ∞
0

e−(µ+s)tfAi(t)dt
)

=
1

1− ( λ
λ+µ )i

µ

µ+ s

(
1− (

λ

λ+ µ+ s
)i
)
.

(49)

The calculation for Y is similar, but without the need for partial integration:
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E[e−sY ] = E[e−sAi |T > Ai]

=
E[e−sAi1T>Ai ]

P(T > Ai)

=
1

p

∫ ∞
0

e−stP(T > t)fAi(t)dt

=
(λ+ µ

λ

)i ∫ ∞
0

e−(µ+s)tfAi(t)dt

=
(λ+ µ

λ

)i( λ

λ+ µ+ s

)i
=
( λ+ µ

λ+ µ+ s

)i
.

(50)

Now we are ready to calculate the Laplace Transform of Ri by conditioning on
X, the number of trials needed until i particles are reached. We will use the
distribution of X, given by P(X = k) = (1−p)k−1p (as X is a geometric random
variable of the number of trials including the success).

E[e−sRi ] = E[e−s(
∑X−1
i=1 Hi+Y )]

= E[e−sY ]

∞∑
k=1

E[e−s(
∑k−1
i=1 Hi)]P(X = k)

=
( λ+ µ

λ+ µ+ s

)i ∞∑
k=1

(E[e−sH1 ])k−1(1− p)k−1p

=
( λ+ µ

λ+ µ+ s

)i( λ

λ+ µ

)i ∞∑
k=1

[ µ

µ+ s

(
1− (

λ

λ+ µ+ s
)i
)]k−1

=
( λ

λ+ µ+ s

)i 1

1− µ
µ+s

(
1− ( λ

λ+µ+s )i
) .

(51)
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