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1 Introduction

Nowadays, more and more products on the market require software to function properly.
These devices, ranging from small household appliances to mobile phones and vehicles such
as cars and airplanes, play a critical role in our current society. Failure of these products can
lead to minor inconveniences or catastrophic results, so it is of high importance to have as
few mistakes as possible in their software. To err is human, however, which makes the testing
phase a crucial part of the process of getting a product on the market. Several questions arise
during this phase. How many faults are still in the system? How long will it take to fix all or
most of them? Selling a defective product will lead to unsatisfied customers and a scar on
the reputation of the producing company, which results in a smaller revenue. Of course, one
cannot endlessly keep testing, as this will increase the development costs and will possibly
cause the product to be outdated on its release. This delicate balance is where the interest in
software reliability models comes from.

Software reliability models come in many forms, however their main purposes are the same,
namely to make an attempt at predicting the amount of faults in the system. This includes
both the total amount of faults, as well as the current amount after some testing has been
done. Besides just the amount of errors left, they also try to capture the amount of time
it will take to discover and fix these errors. Armed with this knowledge, the manufacturer
can decide when it is the right time to stop testing. Of course, different models will lead to
different results, and in certain situations some models are better fitted than others. This is
why many of these models focus on different assumptions, in order to apply the most suitable
model to the current circumstances. One of these assumptions, which will be focused on in
this report, is the assumption that all detected faults are fixed perfectly, and no new errors
are introduced during the testing phase. While many software reliability models are based
on this assumption, it may not be reasonable to make this supposition in complex situations.
The disadvantage of not using this assumption, is that models can become quite difficult to
analyze. However, this will not stop us from trying to do so in this report.

1.1 Problem Statement

For this report we are mainly focused on parameter estimation techniques for software relia-
bility growth models based on non-homogeneous Poisson Processes. Maximum Likelihood
Estimation had been analyzed before, and for some particular models certain necessary and
sufficient conditions for the existence of unique estimates have been provided. The first re-
search question we ask ourselves is whether or not more of these conditions can be found
for models that have not yet been analyzed. Then, since Maximum Likelihood Estimation is
not the only way of finding estimates for the parameters, nor is it necessarily the best, we
look into another widely used estimation technique, called Least Squares Estimation. The
second research questions asks whether or not this technique can also be applied to the type
of models we are interested in. Finally, the last research question we investigate is if there is
possibly another estimation technique that is based on neither of these two methods.
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1.2 Report Overview

In this report, we will take a look at software reliability models based on non-homogeneous
Poisson Processes as explained in Chapter 2. This is only a subgroup of all software reliability
models, however there is plenty of research to be done about this particular group of models.
The main focus of this report is to analyze parameter estimation techniques for the given
models, to most appropriately fit them to the software failure data. A widely used method to
estimating these parameters is the Maximum Likelihood Method. As we will see in Chapter 3,
this method basically comes down to solving a set of equations, called the maximum likelihood
equations. A solution to these equations does not always exist, however. In this report we will
derive the conditions for two models in particular which, if satisfied, assure a unique solution
of the maximum likelihood equations. These two models are the Pure Error Generation Model
(PEGM), discussed in Chapter 4, and the Delayed S-shaped PEGM, as seen in Chapter 5.
Afterwards we will look at alternative parameter estimation techniques. The Least Squares
method is often used in regression analysis. Multiple papers have already made an attempt
at applying this technique to NHPP software reliability models. Unfortunately, these reports
are not always easy to read and should not just be taken at face value. Therefore parts of
Kuhl et al. (1998) and El-Araoui and Lavergne (1996) will be rewritten and then criticized in
Chapter 6. Finally another method of parameter estimation will be proposed in Chapter 7,
based on hypothesis testing. This approach does not yet seem to be covered in literature,
and may prove to be a less extensive estimation technique than those discussed before.
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2 Model Description

Since the main topic of this report is parameter estimation, we first need to establish a model
which includes these parameters. Before the more detailed debugging models are discussed,
a more general model should be explained first. Afterwards, the notion of a debugging model
will be defined. Both the so-called Perfect and the Imperfect Debugging Models will be cov-
ered, giving some examples for both of these subgroups of models. Finally we will discuss
the form in which the data used to fit these models, can be given. The difference between
Ungrouped and Grouped Data will be explained, as well as the effect that this form has on the
chosen models.

2.1 NHPP Model

In this section, a general model will be discussed, which will lay the groundwork for debugging
models, which will be discussed in the following section. We want to model the number of
faults found until time t. Assuming that we start with 0 found faults and that no more than one
fault can be found at a given moment, this naturally leads us to a stochastic process known
as a birth counting process, (N(t))t≥0. The definition of this process in addition to some
properties are given here. Note that these are taken from Ross (2007)[Section 5.4] and Feller
(1968)[Chapter 6], respectively.

Definition 2.1. A stochastic process (N(t))t≥0 is said to be a pure birth counting process if
the following conditions hold:

1. N(0) = 0

2. N(t) is integer valued

3. If s < t, then N(s) ≤ N(t)

4. For s < t, N(t)−N(s) equals the number of events that occur in the interval (s, t]

If the number of events that occur in disjoint time intervals are independent, then the birth
counting process is said to possess independent increments. These increments are called
stationary if the distribution of the number of events that occur in any time interval depends
only on the length of the interval. For the well-known homogeneous Poisson process both
of these properties hold, where the distribution of the number of events in some interval with
length t is Poisson with parameter λt, where the constant λ > 0 is called the rate or intensity of
the process. However in modeling the number of faults, we expect that this rate is not constant
over time. This leads us to the more general non-homogeneous Poisson process, where the
increments are still independent, but the rate is no longer constant but instead a function of
time. A proper definition of a non-homogeneous Poisson process is given below.

Definition 2.2. A pure birth counting process (N(t))t≥0 is a non-homogeneous Poisson pro-
cess (NHPP) with intensity function λ(t), for all t ≥ 0, if it satisfies the following properties:
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1. N(0) = 0

2. (N(t))t≥0 has independent increments.This implies that for any ti < tj < tk < tl the
random variables N(tj)−N(ti) and N(tl)−N(tk) are independent

3. The random variable N(tj) −N(ti) has a Poisson distribution with mean Λ(tj) − Λ(ti),
for all 0 ≤ ti < tj . This implies that

P(N(tj)−N(ti) = k) = e−(Λ(tj)−Λ(ti))
(Λ(tj)− Λ(ti))

k

k!

for all k = 0, 1, ... , where Λ(t) =
∫ t

0
λ(x)dx is the mean-value function of the non-

homogeneous Poisson process [N(t), t ≥ 0]

A related function of interest for failure processes is given by

λ̃(t) = lim
δ→0

P(N(t+ δ)−N(t) ≥ 1)

δ

For this model, we assume that simultaneous failures do not occur. With this assumption,
Leadbetter (1970) has proved that λ(t) = λ̃(t), as long as both exist. Thompson Jr. (1981) has
pointed out that these functions are often confused in literature about software reliability, and
should therefore be treated carefully. Now, the number of faults found up to time t can now be
modeled using a birth counting process (N(t))t≥0 which follows a non-homogeneous Poisson
distribution. Note that this is only the amount of faults observed, not the total amount of faults
in the system. Since we will later see that faults are removed from the system, and new faults
can be introduced under certain assumptions, the actual number of faults can be modeled
using a birth-and-death counting process instead. The most important assumption made so
far, is that the number of failures in disjoint time intervals are independent. This model is still
fairly generic, however. With some added assumptions, we can specify an NHPP model into
what are known as Debugging models. For this report, these models are split into perfect and
imperfect debugging models. These are explained in more detail in the following sections.

2.2 Software Reliability Growth Models

The debugging models, or software reliability growth models (SRGM), examined in this report
are extensions of the NHPP. Assumptions on the total number of faults in the system and the
rate at which faults are detected add constraints to the mean-value function Λ(t). Before we
state these assumptions, we will first explain the difference between a system failure and a
fault, as these terms come up often in this report and cause some confusion in the litera-
ture regarding this topic. Here, we adopt the same terminology as Ramos (2009): ’when a
deviation of software behavior from user requirements is observed we say that a failure has
occurred. On the other hand, a fault (error, bug, etc.) in the software is defined as an erro-
neous piece of code that causes failure occurrence’. The main assumptions, some of which
have been discussed before but are given again for the sake of completeness, are listed here:

• Failure observations are modeled as an NHPP

• No faults occur at the start of the test

• A detected fault is immediately corrected

• Reliability is a function of the number of remaining faults

7 - Analyzing various estimation techniques for software reliability growth models
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These assumptions naturally lead to the following differential equation for the mean-value
function, as proposed by Pham (2006).

dΛ(t)

dt
= b(t)(a(t)− Λ(t)) (2.1)

Two new parameters are introduced here, which need some further explanation.

• a(t): Time-dependent fault content function. This represents the total number of faults
in the software, which consists of the initial faults and all faults introduced until time t.

• b(t): Time-dependent fault detection rate function. This function amounts to the number
of detected faults per time unit at time t.

Depending on any other assumptions applicable in the working situation, a(t) and b(t) can be
chosen to completely specify the model used, aside from some constant parameters that can
then be estimated. Choosing a(t) = a gives us the class of perfect debugging models, which
lends its name to the assumption that all faults that are found are perfectly removed, meaning
that no new faults are introduced during the testing process.

Now before we look into some examples of well-known perfect debugging models, we will first
derive the general solution of (2.1), using the technique of the integrating factor. First, note
that

dΛ(t)

dt
= b(t)(a(t)− Λ(t)) =⇒ dΛ(t)

dt
+ b(t)Λ(t) = a(t)b(t)

For this technique, we multiply both sides by a function c(t).

c(t)
dΛ(t)

dt
+ b(t)c(t)Λ(t) = a(t)b(t)c(t) (2.2)

Now note the following simplification.

d

dt
(c(t)Λ(t)) = c(t)

dΛ(t)

dt
+
dc(t)

dt
Λ(t)

This equals the left-hand side of (2.2), if we choose c(t) such that the following holds.

dc(t)

dt
= b(t)c(t) (2.3)

From (2.3) we can find an expression for c(t).

dc(t)

dt
= b(t)c(t) =⇒ 1

c(t)

dc(t)

dt
= b(t)

=⇒ d

dt
(ln(c(t))) = b(t)

=⇒ ln(c(t)) = D +

∫ t

t0

b(x)dx

=⇒ c(t) = eD+B(t) (2.4)

8 - Analyzing various estimation techniques for software reliability growth models
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where B(t) =
∫ t
t0
b(x)dx and t0 the starting time of the debugging. Note that we can choose

c(t), as long as it is of this form. Here, D is the constant of integration, so we can simply
choose that D = 0. Combining (2.2) and (2.4), we find the following.

d

dt
(c(t)Λ(t)) = a(t)b(t)c(t) =⇒ d

dt
(eB(t)Λ(t)) = a(t)b(t)eB(t)

=⇒ eB(t)Λ(t) = C +

∫ t

t0

a(x)b(x)eB(x)dx

=⇒ Λ(t) = e−B(t)

(
C +

∫ t

t0

a(x)b(x)eB(x)dx

)
(2.5)

Here, C is the constant of integration. Given the value of the mean-value function at time t0,
Λ(t0) = Λ0, we find from (2.5) that C = Λ0. So this finally gives the general solution of (2.1).
Do note that for this report we assume that t0 = Λ0 = 0.

Λ(t) = e−B(t)

∫ t

0

a(x)b(x)eB(x)dx (2.6)

Different assumptions, which are situational for each data analysis, will lead to different models
by choosing proper functions of a(t) and b(t). Many debugging models have been proposed
in the literature, but the most common ones are listed in Table 2.1. For these models the
assumed functions are shown, as well as the corresponding mean-value function Λ(t) that
follows from (2.6).

9 - Analyzing various estimation techniques for software reliability growth models
Chapter 2. Model Description



Technische Universiteit Eindhoven University of Technology

Perfect Debugging Models Imperfect Debugging Models

Goel-Okumoto Model Pure Error Generation (PEGM)
a(t) = a a(t) = a+ cΛ(t)
b(t) = b b(t) = b
Λ(t) = a(1− e−bt) Λ(t) = a

1−c (1− e
−b(1−c)t)

Yamada S-shaped Model Delayed S-shaped PEGM
a(t) = a a(t) = a+ cΛ(t)

b(t) = b2t
1+bt b(t) = b2t

1+bt

Λ(t) = a(1− (1 + bt)e−bt) Λ(t) = a
1−c (1− e

−(1−c)bt(bt+ 1)1−c)

Inflection S-shaped Model Yamada Imperfect Debugging Model 1
a(t) = a a(t) = aekt

b(t) = b
1+de−bt

b(t) = b

Λ(t) = a
1+de−bt

(1− e−bt) Λ(t) = ab
k+b (e

kt − e−bt)

Yamada Imperfect Debugging Model 2
a(t) = a(1 + ct)
b(t) = b
Λ(t) = a((1− e−bt)(1− c

b ) + ct)

PNZ Model
a(t) = a(1 + ct)
b(t) = b

1+de−bt

Λ(t) = a
1+de−bt

((1− e−bt)(1− c
b ) + ct)

Pham Exponential Imperfect Model
a(t) = aekt

b(t) = b
1+de−bt

Λ(t) = ab
k+b (

e(k+b)t−1
ebt+d

)

Table 2.1: A list of the most common debugging models

2.3 Data Presentation

Now that the general type of model used in this report has been discussed, we will take a more
detailed look into the data in this section. Since the number of detected faults are modeled
as a function of time, the data used should be related to time as well. There are two ways to
provide this test data, and it is important to distinguish between these methods. The data can
be either ungrouped or grouped. The differences will be explained further here.

2.3.1 Ungrouped Data

The most straightforward way of presenting the data is by giving the exact times at which
faults are detected. If this is the case, then ungrouped data is used, also known as exact
data or point-time data. Ungrouped data can be either time truncated or failure truncated.
For time truncated data, testing is done up to a certain, predetermined time t, whereas for
failure truncated data, testing is done until a certain, predetermined amount of faults n is
discovered. This implies that Tn < t for time truncated data, and Tn = t for failure truncated
data. Wherever ungrouped data is used in this report, failure truncated data will be used.

10 - Analyzing various estimation techniques for software reliability growth models
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2.3.2 Grouped Data

It might prove difficult to keep track of the exact times faults were detected. In this case,
grouped data can be used, also known as interval data or failure count data. Now the data
consists of an amount of faults detected during predetermined time intervals, that not neces-
sarily need to be of the same length. Note that grouped data is always time truncated, as
the intervals are determined before testing. Ungrouped data can be transformed into grouped
data, which is called interval censoring. It is impossible to convert grouped data into un-
grouped data, as the latter gives more information than the former.

11 - Analyzing various estimation techniques for software reliability growth models
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3 Maximum Likelihood Estimation

After a decision has been made on which model applies to the current situation, it is time
to use the data to fit this model by estimating the corresponding parameters. There is no
single best estimation procedure, as this also relies on certain assumptions. This section
explains and applies the method of Maximum Likelihood estimation (MLE) to the debugging
models defined in Section 2.2. Another well-known estimation procedure is the Least Squares
estimation (LSE) technique, which will be explored in Chapter 6. First, the general theory of
MLE will be explained. Afterwards, we will take a look at how it can be applied to our models of
interest, as well as finding criteria that guarantee the existence and uniqueness of the MLEs
for some models.

3.1 General Theory

The main idea behind the MLE method, is to maximize the likelihood function, which is a
function of the unknown, possibly multidimensional parameter θ which represents the prob-
ability of getting the observed data. More mathematically, consider an i.i.d. random sample
X1, X2, . . . , Xn with their corresponding probability density or mass functions f(xi; θ). Then
the likelihood function, L(θ), is given by the joint density or mass function of X1, X2, . . . , Xn.

L(θ) = f(x1, x2, . . . , xn; θ)
(∗)
= f(x1; θ) · f(x2; θ) · · · · · f(xn; θ) =

n∏
i=1

f(xi; θ) (3.1)

Note here that equality (∗) holds by the assumption that the elements of the random sample
are independent. A maximum likelihood estimator for θ, θ̂, is now defined as

θ̂ = arg max
θ∈Θ

L(θ) (3.2)

where Θ ⊆ Rp is called the parameter space, and where p is the number of parameters to be
estimated. Finding the maximum of a given function, under certain conditions, can be done
by finding the derivative and setting it equal to zero. For a function with multiple variables,
the partial derivatives are set to zero. In practice, it is more convenient to work with the
log-likelihood function, `(θ), which is simply given by

`(θ) = ln(L(θ)) (3.3)

Note that since the natural logarithm is a monotone increasing function, θ̂ also maximizes
`(θ), however solving the equations that follow from setting the (partial) derivative(s) of `(θ) to
zero are usually easier to compute algebraically. Of course, only solving these equations do
not guarantee a maximum, as it can also correspond with a minimum or an inflection point.
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3.2 Ungrouped Data

Now that the general theory behind maximum likelihood estimators has been discussed, we
can apply it to the debugging models, starting with the case of ungrouped data. The follow-
ing theorem from Rigdon and Basu (2000) helps us on our way by stating the log-likelihood
function, L. For the proof, we refer to Meyfroyt (2012)[Section 3.1.2]

Theorem 3.1. The log-likelihood function of a non-homogeneous Poisson process with mean-
value function Λ(t) and the observed event times 0 = t0 < t1 < · · · < tn, is given by

L =

n∑
i=1

[
ln(λ(ti))

]
− Λ(tn) (3.4)

Now it is often possible to factor out a from Λ(t) and λ(t) so that we get Λ(t) = aΛ̄(t) and
λ(t) = aλ̄(t). Note that all models found in Table 2.1 have this property. Substituting these
into (3.4), we rewrite the log-likelihood function as follows.

L = n ln(a) +

n∑
i=1

[
ln(λ̄(ti))

]
− aΛ̄(tn) (3.5)

Rewriting it this way enables us to find an easier expression for the derivative of L with respect
to a. We set this derivative equal to zero, as instructed in Section 3.1.

∂L

∂a
=
n

a
− Λ̄(tn) = 0 (3.6)

This can easily be solved for a, which gives the following expression.

a =
n

Λ̄(tn)
(3.7)

Note that function L still includes at least one more parameter, other than a. Finding the
derivative with respect to these other parameters, we get a similar expression for all of them.

∂L

∂b
=

n∑
i=1

[
∂
∂b λ̄(ti)

λ̄(ti)

]
− a ∂

∂b
Λ̄(tn) (3.8)

Here, b can represent any parameter in L except for a. Substituting the expression (3.7) and
setting the derivative equal to zero, we obtain

n∑
i=1

[
∂
∂b λ̄(ti)

λ̄(ti)
−

∂
∂b Λ̄(ti)

Λ̄(ti)

]
= 0 (3.9)

Note that the value of a can be computed easily with formula (3.7) when the values of the
other parameters have been found, so solving (3.9) is now the main objective of finding the
required maximum likelihood estimators. As the left-hand side of this expression will be used
extensively in this report, we will from now on refer to it as Φ(b).

Finding the root of Φ(b) is often done numerically. This does not mean there is nothing inter-
esting to say about this function, however. If we are able to prove that Φ(b) has only one root
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in the parameter’s domain, and this root corresponds to a maximum of the likelihood func-
tion, then this proves the existence of a unique set of maximum likelihood estimators. This
has been done in Meyfroyt (2012) for the Goel-Okumoto and Yamada S-shaped model and
partly for the Inflection S-shaped model, under certain conditions. In Jongerius (2017) simi-
lar conditions were found to prove existence and uniqueness of the MLEs for the Pure Error
Generation model. The following theorems state the conditions for each of these models. For
the proofs, we refer to Meyfroyt (2012)[Section 3.3.2], Meyfroyt (2012)[Section 3.4.2], Meyfroyt
(2012)[Section 3.5.2] and Jongerius (2017)[Section 5.4], respectively.

Theorem 3.2. In case of estimating the parameters of the Goel-Okumoto model using un-
grouped data, the observed event times 0 = t0 < t1 < · · · < tn, a necessary and sufficient
condition for the existence of a unique, positive and finite solution of the maximum likelihood
equations is given by

tn >
2
∑n
i=1 ti
n

(3.10)

Theorem 3.3. In case of estimating the parameters of the Yamada S-shaped model using
ungrouped data, the observed event times 0 = t0 < t1 < · · · < tn, a necessary and sufficient
condition for the existence of a unique, positive and finite solution of the maximum likelihood
equations is given by

tn >
3
∑n
i=1 ti

2n
(3.11)

Theorem 3.4. In case of estimating the parameters a and b of the Inflection S-Shaped model
using ungrouped data, the observed event times 0 = t0 < t1 < · · · < tn and ψ < 1 known, a
sufficient condition for the existence of at least one, positive and finite solution of the maximum
likelihood equations is given by

tn >
2
∑n
i=1 ti
n

(3.12)

If ψ > 1, a sufficient condition is given by

tn <
2
∑n
i=1 ti
n

(3.13)

Theorem 3.5. In case of estimating the parameters of the Pure Error Generation model using
ungrouped data, the observed event times 0 = t0 < t1 < · · · < tn and with 0 < c < 1 known,
a necessary and sufficient condition for the existence of a unique, positive and finite solution
of the maximum likelihood equations is given by

tn >
2(1− c)

∑n
i=1 ti

n
(3.14)

3.3 Grouped Data

As with ungrouped data, we can find maximum likelihood equations for grouped data using
the same procedure. The following theorem and proof from Meyfroyt (2012)[Section 3.1.1]
states the log-likelihood function, L.
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Theorem 3.6. Let 0 = `0 < `1 < · · · < `k be fixed. Then the log-likelihood function of a non-
homogeneous Poisson process with mean-value function Λ(t) and yi events in the interval
[`i−1, `i), is given by

L =

k∑
i=1

[
yi ln(Λ(`i)− Λ(`i−1))− ln(yi!)

]
− Λ(`k) (3.15)

Again we can substitute Λ(t) = aΛ̄(t) in (3.15) to rewrite L as follows.

L =

k∑
i=1

[
yi ln(a) + yi ln(Λ̄(`i)− Λ̄(`i−1))− ln(yi!)

]
− aΛ̄(`k) (3.16)

This enables us to find the derivative with respect to the parameter a, and any other parameter
b. Setting these derivatives to zero, we find the following set of maximum likelihood equations.

∂L

∂a
=

∑k
i=1 yi
a

− Λ̄(`k) = 0 (3.17)

∂L

∂b
=

k∑
i=1

[
yi

∂
∂b (Λ̄(`i)− Λ̄(`i−1))

Λ̄(`i)− Λ̄(`i−1)

]
− a ∂

∂b
Λ̄(`k) = 0 (3.18)

Note that (3.17) can be solved for a explicitly. This yields

a =

∑k
i=1 yi

Λ̄(`k)
=

nk
Λ̄(`k)

(3.19)

where nk =
∑k
i=1 yi equals the total number of faults found in the interval [0, `k). After substi-

tuting this expression in (3.18) and rewriting the latter in a single sum, we find the formula of
Φ(b) for grouped data.

Φ(b) =

k∑
i=1

yi

[
∂
∂b (Λ̄(`i)− Λ̄(`i−1))

Λ̄(`i)− Λ̄(`i−1)
−

∂
∂b Λ̄(`k)

Λ̄(`k)

]
(3.20)

Now just as in the case of ungrouped data, some grouped data models have been analyzed
before. In particular, Meyfroyt (2012) found sufficient and necessary conditions for the exis-
tence of a unique solution to the maximum likelihood equations for the Goel-Okumoto and the
Yamada S-shaped model. Additionally, sufficient conditions for the existence of at least one
solution has been found for the Inflection S-shaped model. These conditions can be found
in the following theorems below. For the proofs, we refer to Meyfroyt (2012)[Section 3.3.1],
Meyfroyt (2012)[Section 3.4.1] and Meyfroyt (2012)[Section 3.5.1], respectively.

Theorem 3.7. In case of estimating the parameters of the Goel-Okumoto model using grouped
data, a necessary and sufficient condition for the existence of a unique, positive and finite so-
lution of the maximum likelihood equations is given by

`knk >

k∑
i=1

yi(`i + `i−1) (3.21)
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Theorem 3.8. In case of estimating the parameters of the Yamada S-shaped model using
grouped data, a necessary and sufficient condition for the existence of a unique, positive and
finite solution of the maximum likelihood equations is given by

`knk >

k∑
i=1

yi

[
`i +

`2i−1

`i + `i−1

]
(3.22)

Theorem 3.9. In case of estimating the parameters a and b of the Inflection S-Shaped model
using grouped data and ψ < 1 known, a sufficient condition for the existence of at least one,
positive and finite solution of the maximum likelihood equations is given by

`knk >

k∑
i=1

yi(`i + `i−1) (3.23)

If ψ < 1, the sufficient set of conditions is given by

`knk <

k∑
i=1

yi(`i + `i−1) (3.24)

and y2 > 0.
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4 Pure Error Generation Model

Various models as proposed in Table 2.1 have already been analyzed by Meyfroyt (2012) and
Jongerius (2017), the results of which are captured in the theorems at the end of Sections 3.2
and 3.3. One of these models, examined by Jongerius (2017), is the Pure Error Generation
Model (PEGM), however only the case for ungrouped data has been analyzed, therefore a
proper analysis of the grouped data case still remains. We will first describe the model in
detail in Section 4.1 and then take a deeper look at parameter estimation with grouped data
in Section 4.2.

4.1 Model Description

One of the main assumptions for all perfect debugging models, is that all faults that are found
will be perfectly removed, meaning that no new faults are introduced during the testing pro-
cess. In terms of the actual model, this assumption simply states that a(t) = a. However, the
actual complexity of the software testing process might be to high to reasonably make this
assumption, as stated by Ohba and Chou (1989). They suggested an extension of the simple
Goel-Okumoto perfect debugging model, to eliminate this assumption, which is the PEGM.
The extension is based on the assumption that more errors can only be introduced when
more errors are found. In other words, the fault generation rate at any time t is proportional to
the fault removal rate at that time.

Using the notation of Chapter 2, this model gives the following functions a(t) and b(t) for the
time-dependent fault content and error detection rate respectively.

a(t) = a+ cΛ(t) (4.1)

b(t) = b (4.2)

Here, the added parameter 0 < c < 1 denotes the error introduction rate and the parameter
a = a(0) is the initial number of faults in the system. The mean-value function Λ(t) and rate
function λ(t) corresponding with these functions are then given by

Λ(t) =
a

1− c
(1− e−b(1−c)t) (4.3)

λ(t) = abe−b(1−c)t (4.4)

Note that the parameter a can be factored out of these functions, so that Λ(t) = aΛ̄(t) and
λ(t) = aλ̄(t).
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4.2 Parameter Estimation

As already stated by Theorem 3.5, clear sufficient and necessary conditions for the existence
of a unique, positive and finite solution of the maximum likelihood equations are known for
ungrouped data, in the case that c is known. In this section we will look at the case for
grouped data instead, as this has not yet been analyzed. Recall that we are interested in
finding the roots of Φ(b), given by (3.20). First note that

∂

∂b
Λ̄(t) = te−b(1−c)t (4.5)

Substituting the function of Λ̄(t) and its derivative in (3.20) and simplifying the expression, we
obtain the function of Φ for the PEGM.

Φ(b) =

k∑
i=1

yi

[
(1− c)`ie−b(1−c)`i − (1− c)`i−1e

−b(1−c)`i−1

e−b(1−c)`i−1 − e−b(1−c)`i
− (1− c)`ke−b(1−c)`k

1− e−b(1−c)`k

]
(4.6)

Before stating the condition which has to hold for (4.6) to have a root, we first state two
lemmas. These lemmas will then be used to prove the correctness of this condition. Both of
these lemmas have been proposed and proved by Meyfroyt (2012).

Lemma 4.1. For all real a and b we have

lim
x↓0

b

ebx − 1
− a

eax − 1
=

1

2
(a− b)

Lemma 4.2. Let g(x) = x2ex

(ex−1)2 , then:

• g(x) is a strictly decreasing function for x > 0

• lim
x↓0

g(x) = 1

The function Φ(b) does not contain a and its root cannot be written in closed form. Thus, the
roots have to be found numerically. We will now state the condition which has to be satisfied
for Φ(b) to have at least one root, assuming that c is known.

Theorem 4.3. In case of estimating the parameters a and b of the Pure Error Generation
model using grouped data and c ∈ (0, 1) known, a sufficient condition for the existence of at
least one, positive and finite solution of the maximum likelihood equations is given by

`knk >

k∑
i=1

yi(`i + `i−1) (4.7)

Proof. The proof of this theorem very much follows the same steps as the proof of theorem
3.7, as shown by Meyfroyt (2012). Note that a is positive and finite if and only if b is positive
and finite. Therefore, we only need to show that condition (4.7) is the necessary and sufficient
condition for the existence of a suitable root of Φ(b). In order to show this, we will look at the
limits of Φ(b), where b goes to 0 and ∞, as well as the behavior of Φ(b) for b > 0. To make
calculating these limits easier, we first rewrite Φ(b).
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Φ(b) =

k∑
i=1

yi

[
(1− c)`ie−b(1−c)`i − (1− c)`i−1e

−b(1−c)`i−1

e−b(1−c)`i−1 − e−b(1−c)`i
− (1− c)`ke−b(1−c)`k

1− e−b(1−c)`k

]

=

k∑
i=1

yi

[
(1− c)`i − (1− c)`i−1e

b(1−c)(`i−`i−1)

eb(1−c)(`i−`i−1) − 1
− (1− c)`k
eb(1−c)`k − 1

]

=

k∑
i=1

yi

[
(1− c)`i

eb(1−c)(`i−`i−1) − 1
− (1− c)`i−1e

b(1−c)(`i−`i−1)

eb(1−c)(`i−`i−1) − 1
− (1− c)`k
eb(1−c)`k − 1

]

=

k∑
i=1

yi

[
(1− c)(`i − `i−1)

eb(1−c)(`i−`i−1) − 1
− (1− c)`i−1(eb(1−c)(`i−`i−1) − 1)

eb(1−c)(`i−`i−1) − 1
− (1− c)`k
eb(1−c)`k − 1

]

=

k∑
i=1

yi

[
(1− c)(`i − `i−1)

eb(1−c)(`i−`i−1) − 1
− (1− c)`k
eb(1−c)`k − 1

− (1− c)`i−1

]

From here we easily see that

lim
b→∞

Φ(b) = −(1− c)
k∑
i=1

yi`i−1 < 0

Before we find the limit for b to 0, we first show that Φ(b) is a decreasing function. This will be
done by showing that the derivative of Φ(b) is negative for b > 0. Note that

∂

∂b
Φ(b) = −

k∑
i=1

yi

[
(1− c)2(`i − `i−1)2eb(1−c)(`i−`i−1)

(eb(1−c)(`i−`i−1) − 1)2
− (1− c)2`2ke

b(1−c)`k

(eb(1−c)`k − 1)2

]

= −
k∑
i=1

yi
b2

[
(b(1− c)(`i − `i−1))2eb(1−c)(`i−`i−1)

(eb(1−c)(`i−`i−1) − 1)2
− (b(1− c)`k)2eb(1−c)`k

(eb(1−c)`k − 1)2

]

= −
k∑
i=1

yi
b2
[
g
(
b(1− c)(`i − `i−1)

)
− g
(
b(1− c)`k

)]
where g(x) = x2ex

(ex−1)2 . Note that by Lemma 4.2 function g is strictly decreasing. Also note that
for all b > 0, c ∈ (0, 1) and i = 1, 2, . . . , k

`k > `i − `i−1 =⇒ b(1− c)`k > b(1− c)(`i − `i−1)

Thus the expression between the square brackets must be strictly positive, which implies that
∂
∂bΦ(b) < 0. Therefore, Φ(b) is a strictly decreasing function for b > 0. In combination with
the fact that lim

b→∞
Φ(b) < 0, we find that Φ(b) has a unique, positive and finite root if and only if

lim
b↓0

Φ(b) > 0. We will now show that this is true if and only if condition (4.7) holds. For this we

use Lemma 4.1.
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lim
b↓0

Φ(b) = lim
b↓0

k∑
i=1

yi

[
(1− c)(`i − `i−1)

eb(1−c)(`i−`i−1) − 1
− (1− c)`k
eb(1−c)`k − 1

− (1− c)`i−1

]

=

k∑
i=1

yi

[
1

2

(
(1− c)`k − (1− c)(`i − `i−1)

)
− (1− c)`i−1

]

= (1− c)
k∑
i=1

yi

[
1

2
(`k − `i − `i−1)

]

=
1

2
(1− c)

(
nk`k −

k∑
i=1

yi(`i + `i−1)
)

Now note that this is only positive when nk`k >
∑k
i=1 yi(`i+`i−1), as stated by condition (4.7).

Interesting to note here is that condition (4.7) does not depend on the newly introduced pa-
rameter c at all. This was the case for ungrouped data however, as shown by Theorem 3.5. It
is difficult to exactly pinpoint why this is the case, and further research in either this particular
model, or ungrouped versus grouped data may be required to obtain a satisfactory conclusion.
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5 Delayed S-shaped PEGM

Various models as proposed in Table 2.1 have already been analyzed by Meyfroyt (2012) and
Jongerius (2017), the results of which are captured in the theorems at the end of Sections 3.2
and 3.3. There are still many more models to explore however. In this section the Delayed
S-shaped Pure Error Generation Model will be examined.

5.1 Model Description

When observing examples of software failure data, often an S-shaped curve is observed.
The basic Goel-Okumoto model is unable to reproduce this shape, which is why Yamada
et al. (1984) developed models that did fit the observed data better. The Delayed S-shaped
PEGM is an extension of the Yamada S-shaped Model, which adds an error introduction rate,
proposed by Kapur et al. (2005). This model stems from the following assumptions.

1. The fault generation rate at any time t is proportional to the fault removal rate at that time.

2. The error detection rate is a learning fault detection rate.

Using the notation of Chapter 2, this model gives the following functions a(t) and b(t) for the
time-dependent fault content and error detection rate respectively.

a(t) = a+ cΛ(t) (5.1)

b(t) =
b2t

1 + bt
(5.2)

Here, a = a(0) is the initial number of faults in the system, so before testing. The mean-value
function Λ(t) and rate function λ(t) corresponding with these functions are then given by

Λ(t) =
a

1− c
(1− e−(1−c)bt(bt+ 1)1−c) (5.3)

λ(t) = ab2te(c−1)bt(bt+ 1)−c (5.4)

Note that the parameter a can be factored out of these functions, so that Λ(t) = aΛ̄(t) and
λ(t) = aλ̄(t).
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5.2 Parameter Estimation

For this section we apply the theory of the maximum likelihood procedure for ungrouped data,
as described in Chapter 3, to give the conditions for at least one positive and finite solution of
the maximum likelihood equations, where c is known. Recall that we are interested in finding
the roots of Φ(b), given by

Φ(b) =

n∑
i=1

[
∂
∂b λ̄(ti)

λ̄(ti)
−

∂
∂b Λ̄(ti)

Λ̄(ti)

]
(5.5)

Note that for this model Λ(t) and λ(t) are given in the previous section, and their derivatives
with respect to b are as follows.

∂

∂b
Λ̄(t) = bt2e(c−1)bt(bt+ 1)−c (5.6)

∂

∂b
λ̄(t) = (bt+ 1)−c−1bte(c−1)bt((c− 1)b2t2 + bt+ 2) (5.7)

Substituting this is (5.5) and simplifying the expression, we obtain the function of Φ for the
Delayed S-Shaped PEGM.

Φ(b) =

n∑
i=1

[
(c− 1)ti +

2

b
− cti

1 + bti
− (1− c)bt2n
e(1−c)btn(btn + 1)c − (btn + 1)

]
(5.8)

Before stating the condition which has to hold for (5.8) to have a root, we first state a lemma.
This lemma will then be used to prove the correctness of this condition.

Lemma 5.1. Let g(x) = 2e(1−c)x(x+1)c−2(x+1)−(1−c)x2

xe(1−c)x(x+1)c−x(x+1)
. Then for all c ∈ (0, 1) we have that

lim
x↓0

g(x) =
2

3

Proof. To calculate this limit we use the following Taylor expansions.

• e(1−c)x = 1 + (1− c)x+ (1−c)2
2 x2 + (1−c)3

6 x3 +O(x4)

• (x+ 1)c = 1 + cx+ c(c−1)
2 x2 + c(c−1)(c−2)

6 x3 +O(x4)

Then note that by cherry-picking we find that

e(1−c)x(x+ 1)c = 1 + (1− c+ c)x+ (
(1− c)2

2
+ c(1− c) +

c(c− 1)

2
)x2

+ (
(1− c)3

6
+
c(1− c)2

2
+
c(c− 1)(1− c)

2
+
c(c− 1)(c− 2)

6
)x3 +O(x4)

= 1 + x+
1− c

2
x2 +

1− c
6

x3 +O(x4)
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Substituting this in the desired limit then gives us

lim
x↓0

g(x) = lim
x↓0

2e(1−c)x(x+ 1)c − 2(x+ 1)− (1− c)x2

xe(1−c)x(x+ 1)c − x(x+ 1)

= lim
x↓0

2(1 + x+ 1−c
2 x2 + 1−c

6 x3 +O(x4))− 2x− 2− (1− c)x2

x(1 + x+ 1−c
2 x2 + 1−c

6 x3 +O(x4))− x2 − x

= lim
x↓0

1−c
3 x3 +O(x4)

1−c
2 x3 +O(x4)

= lim
x↓0

1−c
3 +O(x)

1−c
2 +O(x)

=
1− c

3
∗ 2

1− c
=

2

3

The function Φ(b) does not contain a and cannot be written in closed form. Thus, the roots
have to be found numerically. We will now state the condition which has to be satisfied for
Φ(b) to have at least one root, assuming that c is known.

Theorem 5.2. In case of estimating the parameters a and b of the Delayed S-Shaped PEGM
using ungrouped data, the observed event times 0 = t0 < t1 < · · · < tn and c ∈ (0, 1)
known, a sufficient condition for the existence of at least one, positive and finite solution of the
maximum likelihood equations is given by

tn >
3
∑n
i=1 ti

2n
(5.9)

Proof. For this proof we use the same steps followed by Meyfroyt (2012). The general idea
is to look at the limits of Φ(b), where b goes to 0 or ∞. An analysis of the behavior of Φ(b) in
between these limits can then reveal that there must be at least one, or preferably exactly one
root of Φ(b), under certain conditions. Jongerius (2017) has already shown that

lim
b→∞

Φ(b) = −(1− c)
n∑
i=1

ti < 0

We will now find the limit as b approaches 0 from the right. To calculate this limit we first
rewrite Φ(b) slightly and then use Lemma 5.1

lim
b↓0

Φ(b) = lim
b↓0

n∑
i=1

[
(c− 1)ti +

2

b
− cti

1 + bti
− (1− c)bt2n
e(1−c)btn(btn + 1)c − (btn + 1)

]

= lim
b↓0

2e(1−c)btn(btn + 1)c − 2(btn + 1)− (1− c)(btn)2

btne(1−c)btn(btn + 1)c − btn(btn + 1)
ntn +

n∑
i=1

[
(c− 1)ti −

cti
1 + bti

]

=
2

3
ntn +

n∑
i=1

(c− 1)ti − cti =
2

3
ntn −

n∑
i=1

ti

Then note that tn >
3
∑n
i=1 ti
2n =⇒ lim

b↓0
Φ(b) > 0. Combining this with the facts that Φ(b) is

a continuous function for b > 0 and lim
b→∞

Φ(b) < 0, the intermediate value theorem tells us

that Φ(b) must take on the value 0 at some point in the interval (0,∞). Thus condition (5.9) is
sufficient to prove that Φ(b) must have at least one, positive and finite root.

An interesting thing to note is that the condition stated in (5.9) is the same as the one for
the Yamada S-shaped model as seen in Theorem 3.3. Since the Delayed S-shaped PEGM
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reduces to the Yamada S-shaped model when c = 0, the conditions agree with each other. It
is surprising, however, that condition (5.9) is not dependent on c at all, whereas this was the
case for the condition for the PEGM, as seen in Theorem 3.5, even though the parameter c
fulfills the same role in both models (a(t) = a+ cΛ(t)).

For the other models that found conditions for the existence of a unique set of MLEs, Meyfroyt
(2012) and Jongerius (2017) have shown that Φ(b) is a strictly decreasing function in those
cases. This would prove there is only one solution to the maximum likelihood equations,
provided that the condition has been met. However in trying to apply the same procedure
to the Delayed S-shaped PEGM, we actually discovered that Φ(b) is not necessarily strictly
decreasing. This means that we cannot take the same approach to this problem, and further
research is required.
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6 Least Squares Estimation

In Chapters 3 and 5 parameter estimation was handled using maximum likelihood estimation
techniques. This is not the only way to fit a model, however. In statistics, another commonly
used method is called Least Squares estimation (LSE). In this section we will discuss this
method and see if it can be applied to software reliability growth models. Specifically, we will
take a look at previous attempts of applying this estimation technique by Kuhl et al. (1998)
and El-Araoui and Lavergne (1996). In the following sections, we will simplify their findings, in
order to make their results more accessible. Sections 6.1 and 6.2 contain information coming
from Kuhl et al. (1998) and Section 6.4 is to clarify the report by El-Araoui and Lavergne
(1996). Furthermore, Sections 6.3 and 6.5 contain critical comments on the methods used
by Kuhl et al. (1998) and El-Araoui and Lavergne (1996) respectively.

6.1 Ordinary Least Squares

Recall from Section 2 that the number of detected faults in the system at time t, N(t), is mod-
eled by an NHPP characterized by its mean-value function Λ(t) which depends on parameters
θ. In the interval [0, S], let {τi : i = 1, 2, . . . , N(S)} denote the corresponding (random) arrival
times. Thus

τi = min{t : N(t) ≥ i}

If we assume an additive error term, ε, we get the following regression type presentation
proposed by Kuhl et al. (1998).

Λ(τi) = E[Λ(τi)] + εi for i = 1, 2, . . . (6.1)

The validity of the assumption of the additivity of the error term will be discussed more in
Section 6.3. Here, εi is the random error, i.e. the statistical variation around the mean. Note
that the expected value of the errors equals zero:

E[εi] = E[Λ(τi)− E[Λ(τi)]] = E[Λ(τi)]− E[Λ(τi)] = 0

An important distinction should be noted here. In Chapter 2 we saw that Λ(t) = E[N(t)],
so one might conclude that E[Λ(τi)] = E[E[N(τi)]] = E[N(τi)] = Λ(τi). However, this is not
the case here, as is obvious from the fact that the left-hand side is not random, while the
right-hand side is. The subtle difference is that in Chapter 2, the expectation is defined over
the random variable N(t), whereas in Model (6.1) the expectation is defined over the random
variable τi (and thus the last equality is false).

If the errors {εi : i = 1, 2, . . . } were independent and identically distributed, and assuming that
additivity of the error terms is a reasonable assumption, then we could calculate the Ordinary
Least Squares (OLS) of the parameters θ of Λ, denoted by θ̃, by minimizing the error sum of
squares
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SSE(θ) =

N(S)∑
i=1

ε2
i =

N(S)∑
i=1

(Λ(τi)− E[Λ(τi)])
2

over all values of θ. We then have that θ̃ = arg minθ∈Θ SSE(θ). However, in the case of
an NHPP, the error terms in (6.1) are neither independent nor identically distributed. To see
this, we take a look at a particular probabilistic structure of the NHPP. First, we define the
detrended arrival epochs as

τ∗i = Λ(τi)

for i = 1, 2, . . .. Now we have that {τ∗i : i = 1, 2, . . .} are the arrival times of a homogeneous
Poisson process with rate 1. This means that the detrended interarrival times

X∗i =

{
τ∗i if i = 1

τ∗i − τ∗i−1 if i = 2, 3, . . .
(6.2)

are i.i.d. exponentially distributed with mean 1. Note then that τ∗i =
∑i
k=1X

∗
k is Erlang

distributed with shape parameter i and rate 1, as it is the sum of i i.i.d. exponentially distributed
random variables with mean 1. Thus we easily find that

E[τ∗i ] = Var(τ∗i ) = i for i = 1, 2, . . . (6.3)

Furthermore, the covariance between τ∗i and τ∗j for i ≤ j is

Cov[τ∗i , τ
∗
j ] = Cov

[
i∑

k=1

X∗k ,

j∑
`=1

X∗`

]
=

i∑
k=1

Cov

[
X∗k ,

j∑
`=1

X∗`

]

=

i∑
k=1

Cov[X∗k , X
∗
k ] + Cov

[
X∗k ,

∑
`∈Lk

X∗`

]
=

i∑
k=1

Var(X∗K) + 0 =

i∑
k=1

1 = i, (6.4)

where Lk = {1, 2, . . . , j} \ {k}. We can now use (6.3) and (6.4) to find the covariance matrix
of the error terms εi in Model (6.1).

Cov[εi, εj ] = Cov[Λ(τi)− E[Λ(τi)],Λ(τj)− E[Λ(τj)]]

= Cov[τ∗i − E[τ∗i ], τ∗j − E[τ∗j ]] = Cov[τ∗i − i, τ∗j − j] = Cov[τ∗i , τ
∗
j ] = min{i, j} (6.5)

Thus the error terms are indeed not independent, nor are they identically distributed. There-
fore the method of ordinary least squares will not give satisfactory estimates for the parame-
ters.

Not all is lost however, as knowing the structure of the covariances of these error terms opens
up the possibility of using Generalized Least Squares (GLS) instead of OLS. This method is
studied in the following section.
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6.2 Generalized Least Squares

From Section 6.1, we know that for the model given in (6.1) the error terms have the covari-
ance matrix V , for fixed n given by

V =



1 1 1 1 . . . 1
1 2 2 2 . . . 2
1 2 3 3 . . . 3
1 2 3 4 . . . 4
...

...
...

...
. . .

...
1 2 3 4 . . . n


(6.6)

The method that will be used in this section is usually called Generalized Least Squares.
Note however that in Kuhl et al. (1998), it is wrongfully referred to as Weighted Least Squares
(WLS). The theory behind GLS was first described in Aitken (1934). The general idea behind
this procedure is that because of the covariances between the error terms, the effect of the
data points on the estimation of the parameters should not be considered as equal. However,
by performing a proper linear transformation on the data, ordinary least squares can be used
to find the best linear unbiased estimator (BLUE). For WLS this is simple, as then the error
terms have different variances, but are still independent of each other. Since this is not the
case here, we are dealing with the more general GLS. Now let X be the design matrix given
by

X =


1 t1
1 t2
1 t3
...

...
1 tn

 (6.7)

GLS then gives us an explicit formula for the BLUE θ̃:

θ̃ = (XTV −1X)−1XTV −1y (6.8)

where the vector y are the response values. Note that for this particular model, these are
always given by y = (1, 2, 3, . . . , n)T .

One can easily check that the inverse matrix of V is given by

V −1 =



2 −1 0 . . . 0 0 0
−1 2 −1 . . . 0 0 0

0 −1 2 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 2 −1 0
0 0 0 . . . −1 2 −1
0 0 0 . . . 0 −1 1


(6.9)

For this procedure the error sum of squares corresponding to faults observed on an interval
[0, S] can be represented as

SSE(θ) =

N(S)∑
i=1

u2
i (θ) (6.10)
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where u2
i (θ) is the i-th element of the vector u(θ) to be defined as follows. This vector is

obtained by performing the following linear transformation on the vector of error terms:

u(θ) = LT ε(θ) (6.11)

where V −1 = LLT using the Cholesky decomposition. For this model we obtain

L =



√
2 0 0 . . . 0 0 0

−
√

1/2
√

3/2 0 . . . 0 0 0

0 −
√

2/3
√

4/3 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . .
√

(n− 1)/(n− 2) 0 0

0 0 0 . . . −
√

(n− 2)/(n− 1)
√
n/(n− 1) 0

0 0 0 . . . 0 −
√

(n− 1)/n 1/
√
n


(6.12)

Using this and (6.11) we obtain a fairly easy expression for u(θ), given for i = 1, 2, . . . , n − 1
by

ui(θ) =

√
i+ 1

i
εi−

√
i

i+ 1
εi+1 =

√
i+ 1

i
(Λ(τi)−E[Λ(τi)])−

√
i

i+ 1
(Λ(τi+1)−E[Λ(τi+1)])

≈
√
i+ 1

i
(Λ(τi)−N(τi))−

√
i

i+ 1
(Λ(τi+1)−N(τi+1)) =

√
i+ 1

i
Λ(τi)−

√
i

i+ 1
Λ(τi+1)

(6.13)

assuming that Λ(t) = E(N(t)) is close to the actual values N(t). Note here the exact cancel-
lation occurring √

i+ 1

i
N(τi)−

√
i

i+ 1
N(τi+1) =

√
i(i+ 1)−

√
i(i+ 1) = 0

as N(τi) = i. Finally un(θ) is given by

un(θ) =
1√
n

(Λ(τi)− E[Λ(τi)]) ≈
1√
n

(Λ(τi)−N(τi)) (6.14)

This shows the problem with using GLS for this model. From (6.13) and (6.14) we can see that
the discrepancy between the empirical mean-value function N(t) and the fitted mean-value
function Λ(t) has been eliminated from all elements of u(θ), except for the last element. Thus
the objective function (6.10) actually gives very little information about how close the current
estimate of the mean-value function Λ(t) approximates the empirical mean-value function
N(t).

6.3 Additional comments (OLS & GLS)

Now that the relevant work from Kuhl et al. (1998) has been rewritten, we will take a critical
look at the chosen model (6.1) and its implicit assumptions. We first consider the choice of an
additive error term. Note that we found that E[Λ(τi)] = i and thus εi = Λ(τi)− i. Therefore, for
a given mean-value function Λ(t), the error terms are always exactly equal to the difference
between a value on the mean-value function and a natural number, which is no surprise as the
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number of observed faults are always natural numbers. This strange constraint on the error
terms gives us reason to reconsider the additivity assumption. Furthermore, this structure also
clearly shows that the error terms are not normally distributed, which is a common assumption
for OLS and GLS.

In addition to just the error terms, the way Model (6.1) is chosen should be questioned as
well. Consider again the data points to which the given model should apply. Recall that they
are in the form (τi, N(τi)), where N(τi) = i. Going back to the roots of linear regression,
we usually model the relationship between a response variable and one or more exploratory
variables, where we are often able to observe the former and manipulate the latter. Here,
Model (6.1) suggests that Λ(τi) is the observation and E[Λ(τi)] = i the regressor. However,
note that Λ(τi) is not directly observed, as only the τi are given by the data points. This leaves
the parameters to be estimated on the left-hand side of the equation, within the mean-value
function Λ(t). The theory behind Least Squares estimation requires the parameters to be on
the right-hand side, with the exploratory variables. Thus, the way this model has been set up
is fundamentally flawed.

We could instead model the amount of detected failures, N(t). These are actually observed,
so we no longer run into the same problem as before. Recall that E[N(t)] = Λ(t), so that we
could consider the following model, where the parameters are included on the right-hand side
instead.

N(τi) = Λ(τi) + εi (6.15)

Note however, that this model still faces the same issue with the odd constraint on the error
terms as discussed above. Therefore, the additivity of the error terms should be questioned,
and an analysis involving the Least Squares method on Model (6.15) may not lead to good
estimates of the parameters θ of the mean-value function Λ.

Since all the mentioned models above face problems that make using the Least Squares
method questionable at best, or impossible at worst, we conclude that this analysis is not as
easy as Kuhl et al. (1998) would have made us think. In this regard, both Pham (2006)[Section
3.6] and Koh (2008) are fairly vague about the way they handle OLS and WLS as well. Thus
we will now take a more general approach in the next section.

6.4 Generalized Linear Models

In Section 6.1 we proposed a relationship in the form of a linear model (6.1) with additive
error terms. However since we later found that this does not make much sense in this case,
meaning we would like to get rid of this assumption. By doing so, we are letting go of Ordinary
linear regression and step into Generalized linear models (GLM). This allows for non-additive
and non-normally distributed error terms. An important distinction between this section and
the previous ones, is that here the interarrival times will be modelled rather than the number
of detected faults.

A GLM approach to software testing has been analyzed before by El-Araoui and Lavergne
(1996), however a somewhat different type of models were used rather than the NHPP model
described in Chapter 2. For this model, let {Xi}∞i=1 be a sequence of independent, but not
necessarily identically, exponentially distributed random variables. We construct a point pro-
cess by assigning these Xi’s successively as interarrival times. Models of this type will be
referred to as Number-of-Failure (NF) models. Let Xi denote these times between software
failures, so then Xi = τi − τi−1 for i = 1, 2, . . . , where τ0 = 0. Then the Xi are independent
and Xi ∼ Exp( 1

gλ(i) ), e.g.

fXi(x) = gλ(i)e−gλ(i)x,
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where λ is the Note here the choice of parameterization of the Exponential distribution. Exam-
ples of well-known NF models are the Jelinski-Moranda (JM) model and the Moranda geomet-
ric de-eutrophication (MGD) model, sometimes called the Deterministic Polynomial Model. As
stated before, we would like to apply a GLM approach to these models, so let us first explain
how GLM work.

Definition 6.1. A GLM is a parametric model defined by two properties:

1. The Xi as defined above are independent and their distributions are members of an
Exponential family, meaning a set of probability distributions of the following form:

fXi(x) = exp

(
αix− b(αi)

a(φ)
+ c(x, φ)

)
(6.16)

Here, a, b and c are real, known functions characterizing the distribution. αi is the un-
known canonical parameter of the exponential family, and finally φ is a real scale param-
eter.

Some important characteristics following from this family are

E[Xi] = b′(αi) and Var(Xi) = b′′(αi)a(φ) (6.17)

2. There is a known monotonic differentiable function h, the link function, relating the vector
of (E[Xi])i≥1 to a linear combination, η of the unknown parameters β. The coefficients of
the linear combination are represented as the matrix of independent variables R. Thus
we have that η = Rβ. So now for all i = 1, 2, . . . , this relation is given by E[Xi] = h(ηi).

Recall now that in general Xi ∼ Exp( 1
gλ(i) ) for a type of model defined in this section. Included

in the function gλ(i) is the rate function, λ(t), with the parameters that are to be estimated.
For now, we will assume that there are only two parameters, a and b. We also assume that
we can rewrite the rate function as follows

λ(t) = λ0(a+ bt)

where λ0 is a function that no longer contains the parameters a and b. Then we define the
function f0 as

f0(a+ bi) = fλ0
(a+ bi) = gλ(i) (6.18)

So nowXi ∼ Exp( 1
f0(a+bi) ). For this example, we will show that the GLM method is applicable,

by showing that both properties of a GLM model hold. The same order as in Definition 6.1 will
be used.

1. Note that the Xi as given were already established to be independent. Now consider
their probability density function, and the way these can be rewritten:

fXi(x) = f0(a+ bi)e−f0(a+bi)x = exp
(
− f0(a+ bi)x+ ln(f0(a+ bi))

)
(6.19)

This is now exactly in the form given by (6.16), where the canonical parameter αi and
the functions a, b and c are as follows.

• αi = −f0(a+ bi)

• a(φ) = 1
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• b(αi) = ln(−αi) = ln(f0(a+ bi))

• c(xi, φ) = 0

Thus the first property holds true.

2. Note that the expectation of Xi is given by

E[Xi] =
1

f0(a+ bi)

Now let β be the vector of parameters (a, b), and R the matrix given by

R =


1 1
1 2
1 3
...

...
1 n

 (6.20)

Then the vector η becomes η = Rβ = (a+ b, a+ 2b, . . . , a+ nb), with ηi = a+ bi for all
i = 1, 2, . . . , n. Also, let the function h be given by h(x) = 1

f0(x) . Then note that we now
have

E[Xi] = h(ηi)

Thus the second property also holds true, meaning that the GLM method is indeed
applicable in this case.

As an example, we can now look at the previously mentioned models. The first of which, the
JM model, is one of the earliest and most well-known software reliability models. It was first
proposed by Jelinski and Moranda (1972). The basic assumptions for this model are:

• At time t0 = 0, there are N faults in the system. N is unknown, and there are no new
faults introduced during testing.

• The rate function at time t, λ(t), is only dependent on the number of faults in the system
at that time.

• Each fault in the system contributes an equal amount, Ω, to λ(t).

Originally, Φ was used to denote the contribution by each fault, but to avoid confusion with
the function Φ(b) as used earlier in this report, Ω was chosen instead. These three as-
sumptions are equivalent to saying that gλ(i) = Ω(N − (i − 1)) which then implies that
Xi ∼ Exp( 1

Ω(N−(i−1)) ) for all i = 1, 2, . . . , n, where all Xi are independent. The parame-
ters to be estimated here are Ω and N . Note now that we can easily rewrite gλ(i) to the form
given by (6.18).

gλ(i) = Ω(N − (i− 1)) = ΩN + Ω− Ωi = f0(a+ bi)

where a = ΩN + Ω, b = −Ω and f0(x) = x. Thus a general GLM method can be applied to
estimate values for a and b as given here. These values can then easily be transformed to
estimates of Ω and N , since Ω = −b and N = −a+b

b . Note that since f0(x) = x, we now have
our link function h(x) = 1

x .

A similar procedure can be followed for the MGD model. We will refrain from listing the as-
sumptions for this model, and skip directly to the parameter estimation. For this model, the
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interarrival times follow again an exponential distribution, where now Xi ∼ Exp( 1
γ e
θ(i−1)).

Here, γ > 0 is a scale parameter, and θ ∈ R represents the quality of the debugging, where
reliability growth is modelled by θ > 0. Note that we can again rewrite gλ(i) as follows.

gλ(i) = γe−θ(i−1) = eln(γ)+θ−θi = f0(a+ bi)

where now a = − ln(γ) − θ, b = θ and f0(x) = e−x, from which follows that the link function
is given by h(x) = ex. Being able to rewrite gλ(i) this way again shows that a general GLM
method can be applied to estimate values for a and b. Then estimations for γ and θ are also
easy to find, as θ = b and γ = e−(a+b). Note that for any a and b, we have that γ > 0, as
desired.

6.5 Additional comments (GLM)

Now that the relevant work from El-Araoui and Lavergne (1996) has been rewritten, this sec-
tion will be used to answer a question that the attentive reader might have been asking them-
selves: Can we use the analysis from the previous section to estimate parameters from the
NHPP type of models that we are interested in? To find a relation, we take a closer look at the
Jelinski-Moranda model. This model is not only a model as defined in the last section, but it
is also a so-called General Order Statistics (GOS) model. For this type of models we can find
a relation between them and the NHPP models we are interested in. For this, we first need to
give a proper definition of order statistics.

Definition 6.2. Suppose that Z1, . . . , Zm are m independent and identically distributed ran-
dom variables. Then, the random variable

Z(1) = min{Z1, . . . , Zm}

is called the first order statistic, the random variable

Z(m) = max{Z1, . . . , Zm}

is called the mth order statistic and the random variable

Z(i) = min{{Z1, . . . , Zm} \ {Z(1), . . . , Z(i−1)}},

for all i = 2, . . . ,m− 1, is called the ith order statistic.

For a GOS type of software reliability growth models, the most important assumption is that
the interarrival times between the failures can be modelled as order statistics. Then a relation
between GOS models and NHPP models has been given by Rigdon and Basu (2000)[Theo-
rem 25], which states the following.

Theorem 6.1. Conditional on the event {Tn = tn}, the failure times of an NHPP
T1 < T2 < . . . < Tn−1 are distributed as n − 1 order statistics from a distribution with cu-
mulative distribution function

F (y) =


0, y ≤ 0

Λ(y)/Λ(tn), 0 < y ≤ tn
1, y > tn

(6.21)

Thus, we now have the distribution of the order statistics for the failure times. However, in
Section 6.4 the interarrival times, X1, X2, . . . , Xn, were modelled, not the actual failure times,
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T1, T2, . . . , Tn. Therefore we first need to find a way to obtain the distribution of these Xi,
where i = 1, 2, . . . , n. To do this, we first look at the individual distribution of the order statistics
Ti. This distribution is given by the following theorem, the proof of which is given by David and
Nagaraja (2003)[Chapter 2].

Theorem 6.2. Let Z1, . . . , Zn be i.i.d. continuous random variables with common distribution
function F (z) and density function f(z). The density of Z(i) is given by

f(i)(z) =
n!

(i− 1)!(n− i)!
f(z)(F (z))i−1(1− F (z))n−i (6.22)

For now, we are more interested in a result that follows from this theorem, which is given by
David and Nagaraja (2003)[Chapter 2] as well.

Corollary 6.3. Let Z1, . . . , Zn be i.i.d. continuous random variables with common density
function f(z). Then, the joint distribution density function of Z(1), Z(2), . . . , Z(n) is given by

f(1,...,n)(z1, . . . , zn) = n!f(z1) . . . f(zn) (6.23)

In order to use this result, we first note that the density function following from (6.21) is given
by

f(y) =

{
λ(y)/Λ(tn), 0 < y ≤ tn
0, y ≤ 0 ∨ y > tn

(6.24)

Thus, following from Corollary 6.3 we find the joint distribution function of T1, . . . , Tn−1, condi-
tioned on {Tn = tn}.

fT1,...,Tn−1|Tn(t1, . . . , tn−1) =
(n− 1)!

(Λ(tn))n−1
λ(t1) . . . λ(tn−1)

Recall that the times between failures are given by Xi = Ti − Ti−1, for all i = 1, . . . , n, and
that T0 = 0. Note that the Jacobian determinant for this change of variables is equal to 1. It
then follows that

fX1,...,Xn−1|Tn(x1, . . . , xn−1) = fT1,...,Tn−1|Tn(x1, . . . , x1 + · · ·+ xn−1) (6.25)

Finally, the marginal density function ofXi can be obtained by integrating fX1,...,Xn−1|Tn(x1, . . . , xn−1)
with respect to Xj , for all j 6= i. This density can then be used to possibly estimate the pa-
rameters by using a GLM approach as discussed in Section 6.4. This, however, is exactly
where the analysis for most NHPP software reliability growth models stops. Taking the Goel-
Okumoto model as an example, the joint distribution of the Xi, conditioned on {Tn = tn}, is
given by

fX1,...,Xn−1|Tn(x1, . . . , xn−1) = (n− 1)! bn−1 exp(−b
∑n−1
i=1 (n− i)xi)

(1− exp(−btn))n−1

From this expression, the marginal distribution of the interarrival times Xi can be obtained by
integrating fX1,...,Xn−1|Tn(x1, . . . , xn−1) with respect to Xj , for all j 6= i. This density is then
given by

fXi(xi) = (n− i)b exp(−b(n− i)xi
(1− exp(−btn))n−1

33 - Analyzing various estimation techniques for software reliability growth models
Chapter 6. Least Squares Estimation



Technische Universiteit Eindhoven University of Technology

Note that when tn tends to infinity, this expression reduces to

fXi(xi) = (n− i)be−b(n−i)xi

This shows that then the interarrival times are exponentially distributed, and we obtain the
Jelinski-Moranda model defined in Section 6.4, only with a slightly different parametrization.
Thus the parameters for the Goel-Okumoto model, conditioned on Tn, can be estimated using
a GLM approach. Another interesting note is that this process can also be reversed. Ramos
(2009)[Section 2.7] shows that when N is considered to follow a Poisson distribution with finite
mean θ, we find that for the JM model

E[N(t)] = θ(1− e−λt)

which corresponds to the mean-value function of the Goel-Okumoto model. However, not all
NF models are also GOS models, and then this technique cannot be used to link those who
do not to an NHPP model. Therefore we do not know whether they meet the requirements
of the GLM approach, as given in Definition 6.1. Thus, while a GLM approach does seem
doable for certain NF models where the interarrival times follow a “nice” distribution, it does
not seem possible to use this technique to estimate the parameters for the kind of models
we are interested in. We are not quite ready to give up however, as certain results found in
this chapter can lead us to one alternative way of estimating the parameters of interest. This
method will be discussed in the following chapter.
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7 Parameter Estimation using Hypothesis
Testing

During the analysis of the Least Squares Estimation techniques discussed in Chapter 6, some
interesting theorems and results were used to give more insight in the behavior of either the
failure times or the interarrival times obtained from a software reliability growth model. These
results may not have led to desirable results, however when looked at from a different angle,
they may still be of use. In this chapter we will explore what other interesting consequences
these results may have, including a final method of parameter estimation based on hypothesis
testing, which does not seem to be covered in any literature regarding software reliability.

7.1 Thought Process Behind the Estimation Technique

Recall from Section 6.1 the detrended arrival epochs, τ∗i = Λ(τi), as well as the detrended
interarrival times, X∗i , given by (6.2). In this section we used the fact that {τ∗i : i = 1, 2, . . .}
are the arrival times of a homogeneous Poisson process with rate 1, to show that the error
terms of Model (6.1) were not independent, nor identically distributed. This fact has more
consequences, however. One reason which makes analyzing NHPP software reliability growth
models difficult is that the interarrival times do not follow an explicit distribution. This is why a
GLM approach generally fails for this kind of models, as seen in Section 6.5. Note then that we
know the exact distribution of the detrended interarrival times, as X∗i ∼ Exp(1), assuming that
the data is a sample from the chosen model with mean-value function Λ(t). There is of course
still one problem that arises here, namely that the X∗i are not actually observed. Since Λ(t)
still contains the parameters that we want to estimate, the X∗i also still contain these same
parameters. Thus we find ourselves in an interesting situation. Usually, one has an observed
set of data points, and uses these to estimate the parameters of a distribution that they might
belong to. Now it is the other way around, where the parameters are found in the data set
{X∗1 , . . . , X∗n}, and the distribution this data set comes from is fully known. However, we can
still consider the "most likely" parameters for which these data points actually come from this
distribution. This is where the theory behind hypothesis testing may help out, in particular
goodness-of-fit tests. These tests give an impression of whether a certain data set can come
from a given distribution or not. These tests usually state a null hypothesis where the data
set does indeed come from the given distribution. After a certain procedure, the test gives
an output in the form of a p-value, between 0 and 1. For low p-values, the null hypothesis is
rejected as there is enough evidence that shows that the data set is very unlikely to come from
the given distribution. In this case, since we know that the data comes from the distribution,
we expect a high p-value from these tests. Thus we can try to find values for the parameters
which result in the highest p-value, and use these values as our estimates. This procedure
will be analyzed more mathematically in the following section.
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7.2 Data Transformation

It is first important to note that there are many different goodness-of-fit tests proposed and
analyzed in literature. Some tests are more powerful than others, but they may not always be
easy to execute or are bound to strict assumptions. There is no single best goodness-of-fit
test, and using different tests will lead to different parameter estimates. This should be kept
in mind when proceeding with this method. Furthermore, since the data points in this setting
depend on the parameters, not all tests can be used to find estimates, as optimizing the p-
value can prove to be quite difficult. For example, some of the first tests that might come to
mind are the one-sample Kolmogorov-Smirnov test and the Anderson-Darling test. Both of
these tests require an ordered data set, which is usually no problem, however is generally
not doable in our setting. For given values of the parameters, real values for the X∗i can be
calculated and then put into increasing order. We do not know the values of these parameters
however, and therefore ordering them is not possible. Thus we can only perform these tests
by continuously guessing values for the parameters, and trying to find the optimal p-value this
way, which might prove numerically difficult and unstable. Luckily, D’Agostino and Stephens
(1986)[Chapter 10] provides us with some more options. They propose a transformation of our
data which is particularly useful, which is referred to as the J transformation from Exponentials
to Uniforms. Before we continue however, first note that

X∗i = τ∗i − τ∗i−1 = Λ(τi)− Λ(τi−1) = a(Λ̄(τi)− Λ̄(τi−1))

Let Yi = Λ̄(τi) − Λ̄(τi−1) for all i = 1, . . . , n. Then since X∗i ∼ Exp(1), we also know that
Yi ∼ Exp(1/a). Note that the parameter a can now no longer be found in the data points
{Y1, . . . , Yn}. We can now perform the J transformation on these Yi. This procedure is fairly
straightforward.

1. Let Tj =
∑j
i=1 Yi =

∑j
i=1 Λ̄(τi)− Λ̄(τi−1) = Λ̄(τj), j = 1, . . . , n.

2. Define U(j) = Tj/Tn = Λ̄(τj)/Λ̄(τn), j = 1, . . . , n− 1.

Now, the U(j) as defined above are distributed as the order statistics of a random sample U ,
of size n − 1, from Unif(0, 1). We can actually find the same result if we take another look at
Theorem 6.1. Note that we now have a homogeneous Poisson Process with rate 1/a. Thus
we have that the rate function is given by λ(t) = 1/a, and the mean-value function is then
Λ =

∫ t
0
λ(x)dx = t/a. Then by applying Theorem 6.1, we find that conditional on the event

{Tn = tn}, the failure times T1 < T2 < . . . < Tn−1 are distributed as n− 1 order statistics from
a distribution with cumulative distribution function

F (y) =


0, y ≤ 0

y/tn, 0 < y ≤ tn
1, y > tn

which is exactly the cdf of a random variable from a Uniform distribution on (0, tn). Note that
these failure times are the same as those defined by Tj =

∑j
i=1 Yi. Then we know that the

random variables U(j) = Tj/Tn are indeed distributed as n− 1 order statistics from a Uniform
distribution on (0, 1). Also note that by performing this transformation, the distribution of the
new random variables U(j) do no longer depend on the parameter a. Therefore we can no
longer estimate it continuing with these random variables. However, after we find estimates
for the other parameters, we can simply use the maximum likelihood estimator for a, given by
(3.7). This makes finding estimates for the remaining parameters easier.
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7.3 Parameter Estimation

Following from last section, we now have a data set {U(1), U(2), . . . , U(n−1)}, where all data
points are dependent on at least one parameter. Assuming the chosen model fits the original
data set, we know that these data points are the order statistics from a Uniform distribution on
(0, 1). From here we will again consider some goodness-of-fit tests, however this time to test
for a uniform distribution instead of an exponential distribution. Again, we can find inspiration
from D’Agostino and Stephens (1986)[Chapter 10], who propose three different kinds of tests.

1. EDF tests. The previously mentioned one-sample Kolmogorov-Smirnov test is an ex-
ample of an EDF test, which are tests based on the Empirical Distribution Function of
the data. To find this function, we need to order the data, however this is no issue as
{U(1), U(2), . . . , U(n−1)} is already ordered. The proper definition of the EDF of this set
is then

Fn−1(u) =


0, u < U(1)
i

n−1 , U(i) ≤ u < U(i+1), i = 1, . . . , n− 2

1, u ≥ U(n−1)

Thus, Fn−1(u) is a step function, calculated from the data. Of course, this step function
can take on many different forms for different values of the parameters of U(j). This fact
is what makes tests based on this function difficult to perform. Many test statistics using
the EDF have been proposed, and most of them are some sort of comparison between
the EDF and the cumulative distribution function of the distribution that is tested against.
These are mostly divided into two classes, the supremum class and the quadratic class.
An example of the former is the Kolmogorov-Smirnov statistic, which looks at the max-
imum absolute difference between the EDF and this cdf. Since it is hard to optimize
a maximum value, using this statistic to find estimates for the parameters can prove to
be numerically difficult or unstable. Some more useful test statistics for this particular
situation come from the quadratic class. A wide class of measurements of discrepancy
is given by the Cramér-von Mises family

Q = (n− 1)

∫ ∞
−∞

(Fn−1(u)− F (u))2ψ(u)dF (u)

where F (u) is the cdf of the distribution that is tested against, and ψ(u) is a suitable
function which gives weights to the squared difference found in the integral. Two widely
used test statistics come from a particular choice of ψ(u). The Cramér-von Mises statis-
tic, W 2, is found when ψ(u) = 1. The aforementioned Anderson-Darling statistic, A2,
is found when ψ(u) = [F (u)(1 − F (u))]−1 instead. Since the cdf of the uniform distri-
bution on (0, 1) is simply given by F (u) = u, where 0 < u ≤ 1, we obtain a fairly easy
expression for both of these statistics.

W 2 =

n−1∑
i=1

(
U(i) −

2i− 1

2(n− 1)

)2

+
1

12(n− 1)

A2 = −(n− 1)− 1

n− 1

n−1∑
i=1

(2i− 1)(ln(U(i)) + ln(1− U(n−i)))

To find the highest p-value for tests using these statistics, their value should be min-
imized. Thus setting the derivative of these statistics with respect to the remaining
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parameters equal to 0, and solving the equations that follow, give estimates for these
parameters.

2. The statistic Ū . A simple statistic for testing uniformity is given by the mean of the data
set. This mean is given by

Ū =

n−1∑
i=1

U(i)

n− 1
=

1

(n− 1)Λ̄(τn)

n−1∑
i=1

Λ̄(τi)

Since for a uniformly distributed random variable on (0, 1), we know that its expectation
is 1/2 and its variance is 1/12, the central limit theorem tells us that the statistic given
by P = (Ū − 1/2)

√
12(n− 1) is approximately standard normally distributed. A simple

two-sided test gives the p-value p = 2P(Z > |P |), where Z ∼ N (0, 1). Note that this
p-value is optimized when P = 0, so when Ū = 1/2, which is not so surprising as this is
exactly its expected value. Thus to get the maximum p-value possible, we want to solve
the following equation

Ū =
1

2
=⇒ 2

n−1∑
i=1

[
Λ̄(τi)

]
− (n− 1)Λ̄(τn) = 0

This is fine whenever there is only one more parameter to be estimated, however it is not
possible to estimate more than one parameter with only one equation. Therefore one
can consider the sample variance S = 1

n−2

∑n−1
i=1

(
U(i) − 1

2

)2. We can then use that the
expected variance is 1/12, and obtain a second equation S = 1/12, which allows us to
estimate one more parameter. This way, we can get as many equations as desired, as
we can simply take a Method of Moments approach, were we set the first m sample mo-
ments equal to the first m expected moments, where m is the amount of parameters that
should be estimated. Note that this approach gives a fairly straightforward expression
for only one parameter, however quickly gets less nice expressions for higher moments.

3. Statistics based on U(j). Since the order statistics U(j) come from a common Uniform
distribution on (0, 1), the distribution of these statistics themselves are easy to find too.
We can use Theorem 6.2 to find their cumulative density function. Note that for a uni-
formly distributed random variable on (0, 1), we have that F (u) = u and f(u) = 1 for
0 < u ≤ 1. Thus by applying Theorem 6.2 we get the density of U(j) given by

f(j)(u) =
(n− 1)!

(j − 1)!(n− 1− j)!
uj−1(1− u)n−1−j

which is exactly the density of a Beta distributed random variable with parameters j and
n− j. Then the statistics given by

Zj =
(n− j)U(j)

j(1− U(j))

are known to have an Fp,q distribution with p = 2j and q = 2(n− j) degrees of freedom.
In particular the median Ũ , where j = n/2 for n even, or j = (n + 1)/2 for n odd,
has been proposed as a test statistic for uniformity. Now while tests based on only the
median usually show a bad performance compared to other tests, it might be useful in a
numerical setting, as to find a starting value for the parameter to be estimated.
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Note however that there are more goodness-of-fit tests that can be applied in this situation,
as well as other transformations just like the one from Section 7.2. All of the tests mentioned
above come with their own advantages and disadvantages. The goal of this chapter is mainly
to propose this way of estimating parameters to oppose the Maximum Likelihood Estimation
method, which seems to be the only other reliably used technique for NHPP software reliability
growth models. Further research in this type of estimating should reveal whether it is useful
to apply in practice or not. Do note that one should be careful with performing a goodness-
of-fit test on the used model after estimating parameters this way, as the result may be highly
biased.
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8 Conclusions

In this report we studied three different methods to estimate parameters of NHPP software
reliability growth models. These methods are Maximum Likelihood Estimation, Least Squares
Estimation and an estimation technique based on hypothesis testing. Therefore, we will divide
this chapter into these three estimation methods.

8.1 Maximum Likelihood Estimation

The basic theory behind Maximum Likelihood Estimation has been discussed in Chapter 3.
This theory was applied in the following Chapters 4 and 5, where conditions for the existence
of maximum likelihood estimators were given for the grouped PEGM and the ungrouped De-
layed S-shaped PEGM respectively. For the former, this condition was necessary and suffi-
cient for a unique, finite and positive set of estimators, and this condition is given by

`knk >

k∑
i=1

yi(`i + `i−1)

For the ungrouped Delayed S-shaped PEGM, the condition found was only sufficient for at
least one unique, finite and positive set of estimators. This condition is given by

tn >
3
∑n
i=1 ti

2n

Both of these conditions do not depend on the parameter introduced for the imperfectness of
the model, in contrary to the condition for the ungrouped PEGM.

8.2 Least Squares Estimation

In Chapter 6, we took a critical look at the research that has been done, regarding Least
Squares Estimation techniques for the NHPP software reliability growth models. We con-
cluded that Kuhl et al. (1998) has made some assumptions in setting up his model, that were
at least highly questionable. Trying to apply an OLS or GLS method to this type of models
seems to give unsatisfactory results, mainly because a reasonable model is no longer linear in
its parameters. Therefore, we looked at the work of El-Araoui and Lavergne (1996), who stud-
ied a GLM approach to a somewhat different kind of software reliability growth models. We
found that, though more successful in those particular situations, this method does generally
not work for NHPP models.
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8.3 Parameter Estimation using Hypothesis Testing

Finally, an alternative approach to parameter estimation was proposed in Chapter 7. The data
was transformed in such a way that the parameters were now hidden in the data set, whereas
the distribution of this data set was fully specified. This led us to use goodness-of-fit tests
in an interesting way, where they were used to estimate the parameters of the data so that
they would best fit the distribution. To perform these tests, it proved useful to first transform
the data once more, as to remove the parameter a, denoting the initial amount of faults from
the system, as well as ordering the data set which is needed to perform some goodness-of-
fit tests. We concluded that this technique seems promising as many different tests can be
used, all of which have their own advantages and disadvantages. However more research is
definitely required to compare the usefulness of this technique with the Maximum Likelihood
Estimation method.
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