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Summary

Road intersections are the place in which a high percentage of the traffic accidents
occur. The use of stop signs, traffic lights, and roundabouts diminishes such accidents
but reduces the overall traffic flow since a stream of vehicles is required to stand still
while a conflicting stream crosses the intersection. This behavior results in an exces-
sive fuel consumption (due to vehicle idling) and a limits the intersection throughput.
Therefore, the automation of a road intersection aims to increase the traffic safety
and to reduce the overall fuel consumption.

This thesis presents the so-called Cooperative Intersection Control (CIC) which
achieves the automation of a generic road intersection by means of virtual platoons.
Using the virtual platoon concept it is possible to transform the problem of coordi-
nating the relative motion of vehicles from a plane onto a line. This is achieved by
defining and regulating a virtual inter-vehicle distance between vehicles driving on
different lanes of the intersection. Vehicle-to-vehicle communication is essential for
the implementation of this concept.

For a set of vehicles to form a virtual platoon, they are required to follow a distinct
path through the intersection. Therefore, a novel path-following control strategy was
developed for a vehicle dynamics model that includes the behavior of the tires. The
(path-following capable) vehicles can then be assigned a platoon index that ensures
a safe and constant flow of vehicles through the intersection. The assignment of the
platoon index is then translated into the final crossing sequence when considering the
original intersection problem.

The CIC allows for a distributed or a centralized management of the intersection.
The distributed management relies on a first-come-first-served approach such that the
first vehicle to enter the intersection (for any pair of vehicles) crosses first. On the
other hand, the centralized management optimizes the crossing sequence by modeling
the intersection as a hybrid dynamical queuing system (where each queue represents
each intersection lane) and minimizing the queue lengths by means of Model Predictive
Control. The virtual spacing between vehicles (in the virtual platoon) is represented
as a distinct service time that constraints the dynamics of the hybrid system.

The benefit of the CIC is illustrated with extensive model-based simulation stud-
ies. Moreover, the functionality of the virtual platoon concept was demonstrated
during the Grand Cooperative Driving Challenge (GCDC) where several multi-brand
experiments were performed.

v





Chapter 1

Introduction

In this chapter, we introduce the Cooperative Intersection Control for Autonomous
Vehicles strategy. In Section 1.1, we describe the societal context of the intersection
management problem. The existing representations and solutions for such problem
are reviewed in Section 1.2. On this basis, in Section 1.3, we state the research
objectives taken on this thesis; the related main contributions of the thesis are stated
in Section 1.4. The project that supported this research is introduced in Section 1.5.
The outline of the thesis is presented in Section 1.6. Finally, the body of published
work behind this thesis is listed in Section 1.7.

1.1 Societal Context

Road intersections are conflict zones formed by two or more superimposing roads, each
one carrying a vehicular flow. For vehicles to cross these conflict zones safely the access
to the intersection has to be managed such that collisions (which obviously occur when
two vehicles occupy the same space at the same time) are avoided. Existing, mostly
passive, ways to manage road intersections (namely stop signs, roundabouts, and
traffic lights) stop one vehicular flow such that a conflicting flow can cross safely.
Stopping a vehicular flow has two principal outcomes: an increase in the traveling
time and an increase in the fuel consumption (which impacts emissions). Note that
a vehicle stands still while waiting for access to the intersection. This waiting time
adds to the total traveling time of the vehicle, and to the fuel consumption due to
its engine idling. Moreover, the process of acceleration/deceleration also adversely
impacts the fuel consumption.

Both the added traveling time and fuel consumption may be negligible for a low
vehicular flow, but these factors become substantial when the vehicular flow increases
to the point of congesting a part of the transportation network. Nowadays conges-
tion is an everyday phenomenon in urban areas (where intersections are one of its
driving factors [1]) since the common passive intersection managing strategies were
designed for a lower amount of vehicles. According to the United Nations, 66% of the
world’s population will reside in urban areas by 2050 [2]. Therefore, new intersection
managing strategies are necessary to alleviate the current congestion problems and

1



2 Chapter 1. Introduction

to prepare for the potential oversaturation of the transportation network in the near
future.

In recent years, efforts have been made to increase the efficiency of the most com-
mon intersection management strategy, namely, traffic lights. Measuring the traffic
flow is crucial to affect the efficiency of an intersection regulated by traffic lights. A
one time measurement can be used to calculate an optimal traffic light cycle for a
specific road intersection, as presented in [3]. Or, a continuous measurement, using
sensors on the ground, can be used to influence the behavior of the traffic lights, as
presented in [4]. The disadvantage of the former strategy is that the traffic lights
are optimized for certain time of the day an it does not account for variations in the
traffic flow. On the other hand, the disadvantage of the latter strategy is that sensors
have to be installed at the intersection which is costly.

Technological advances on sensing and automation allow to equip the vehicles
themselves which opens up new opportunities control strategies where vehicles are
regulated individually. Typical automation equipment include the steering mecha-
nism, acceleration/deceleration mechanisms, radar, and cameras. Examples of this
kind of vehicles are the autonomous vehicles developed by Google and Tesla which
have the ability to maneuver through traffic without a driver. Although impressive,
these vehicles are still reactive to the environment. In contrast, the addition of com-
munication capabilities, such as vehicle-to-vehicle (V2V) and vehicle-to-infrastructure
(V2I) communication, allows this new kind of vehicles, referred to as Cooperative Au-
tonomous Vehicles, to work together in order to perform intricate maneuvers which
are impossible for individual disconnected vehicles.

On this basis, we present the development of an intersection management strategy
for Cooperative Autonomous Vehicles referred to as Cooperative Intersection Control.
This strategy aims to achieve a smooth, safe and efficient flow of vehicles through a
generic road intersection.

1.2 Literature Review

The contents of this thesis consist of a compilation of research articles. Therefore,
each chapter is introduced with a review of the relevant literature of the topic of that
particular chapter. Consequently, in this section, we only give a concise overview of
the concepts used to define the intersection management problem.

A range of solutions for the intersection management problem fall under the Co-
operative Intersection Management category [5], which in turn is a branch of the
Intelligent Transportation Systems field [6]. All solutions have two aspects: the coor-
dination architecture, and the space-time representation of the intersection. There are
two types of coordination architecture, namely, centralized and distributed. In cen-
tralized approaches a unit collects the access-request messages, sent by vehicles which
intend to cross the intersection, and determines the maneuvers that each vehicle has
to execute in order to achieve a safe crossing. On the other hand, in the distributed
approaches, vehicles themselves decide which maneuvers are required. The works in
[7] and [8] are examples of centralized approaches; whereas the works in [9] and [10]
are examples of distributed approaches. Although the selection of a coordination
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Figure 1.1: Space-time representation of the intersection. (a) Space tiles, (b) Prede-
fined paths.

architecture is important to design a good solution for the intersection management
problem, the selection of the space-time representation is essential to specify the kind
of problem to be solved. The intersection can be considered as either a set of space
tiles (see Figure 1.1(a)) that will be occupied as a vehicle crosses the intersection, or
as a set of predefined paths (see Figure 1.1(b)). The kind of problem associated to
each space-time representation is discussed in the following subsections.

1.2.1 Intersection as a Set of Space Tiles

The space tile representation depicted in Figure 1.1(a) is used to define a space-
time scheduling problem. Note that every trajectory Ti, ∀ i = {1, 2, 3}, has a set
of space tiles associated with it. As a vehicle crosses the intersection, it occupies
a certain tile at a certain time instant. Therefore, the safe coordination of vehicles
is achieved by making sure that a pair of vehicles does not occupy the same space
tile at the same time. For instance, consider that three vehicles, one vehicle on each
lane, intend to cross the intersection depicted in Figure 1.1(a) with a velocity of one
space tile per unit of time t. Moreover, consider that the vehicle following trajectory
T1 and the vehicle following trajectory T2 enter the intersection at time t = 0, and
that the vehicle following trajectory T3 enters the intersection at time instant t = 1.
Figure 1.2 depicts a space-time graph that shows the tiles (in a highlighted color)
that each vehicle occupies as it crosses the intersection. Note that in the space-time
graph, the whole set of tiles, which are arranged from the black-headed arrow to the
white-headed arrow in Figure 1.1(a), are arranged from top to bottom for every time
instant. The vehicles following the trajectories T1 and T2 are an example of a safe
crossing since they do not occupy their conflicting space tiles at the same time as
they cross. On the other hand, the vehicles following the trajectories T2 and T3 are
example of an unsafe crossing since they occupy their conflicting space tiles at the
same time (this collision is signalized by the red ellipse).

In the solutions presented in [11], [12], [13], vehicles request access to the inter-
section to a centralized unit which either grants or denies said access. This unit uses
the directional intention and velocity of each vehicle to predict which tiles, and at
which times, will be occupied by the vehicle as it crosses the intersection. Using this
prediction, the unit determines the appropriate action for the requesting vehicle in
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Figure 1.2: Depiction of the space-time scheduling problem.

the form of instructions such that accelerate, decelerate, or go. If the outcome of
the prediction is an imminent collision, then the unit denies access to the requesting
vehicle. In that case, the vehicle keeps requesting access until it is granted by the
road unit. Note that, generally, the requests are taken in a First-Come-First-Served
basis such that a vehicle request is denied if the request conflicts with the vehicles
that have already been granted access.

1.2.2 Intersection as a Set of Predefined Paths

The predefined paths representation depicted in Figure 1.1(b) is used to define a
relative motion problem. In this representation, each trajectory Ti, ∀ i = {1, 2, 3},
has a curvilinear path coordinate si associated with it, which represents the position
of a vehicle on the path. This path coordinate increases monotonically as a vehicle
crosses the intersection. A pair of paths can be either crossing or non-crossing. A
pair of crossing paths has a collision region associated with them. Therefore, the
safe coordination of vehicles is achieved by controlling the relative motion of a pair
of vehicles which drive on crossing paths, such that these avoid the collision region
while crossing the intersection. For instance, consider that three vehicles, one vehicle
on each lane, intend to cross the intersection depicted in Figure 1.1(b) with the same
constant velocity. Moreover, consider that the vehicle following the path T1 and the
vehicle following the path T2 enter the intersection at the same time, and that the
vehicle following the path T3 enters the intersection when s2 = 1, which is the path
coordinate associated with T2. Note that T1 and T2 have a collision region around the
collision point X1,2. Similarly, T2 and T3 have a collision region around the collision
point X2,3. Figure 1.3(a) shows the relative motion map of the pair of vehicles
following T1 and T2. This map is an example of a safe crossing since the vehicles
avoid the collision region (depicted by the bicolored square). On the other hand, the
relative motion map in Figure 1.3(b) (corresponding to the pair of vehicles following
T2 and T3) exemplifies a collision between the vehicles.

In general, the solutions for the relative motion problem consider a simplified rep-
resentation of the longitudinal motion of a vehicle for which control laws are designed.
The works [14], [15] present a solution for merging vehicles from an on-ramp into a
main road, which is indeed an example of a simplified intersection. In [16], a full
intersection is considered for which optimal acceleration/deceleration rates are calcu-
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Figure 1.3: Depiction of the relative motion problem.

lated by solving an optimization problem. The work in [17] (which focuses on mobile
robots) uses the aforementioned relative motion maps to define an efficient crossing
order of vehicles.

1.2.3 Open Problems

The solutions of the intersection management problem aim to avoid collisions by
either allocating space-tile reservations, or by regulating the relative motion between
vehicles. The former solution, hereafter referred to as the allocating solution for
short, is presented in Section 1.2.1, and the latter solution, hereafter referred to as
the regulating solution for short, is presented in Section 1.2.2. Broadly speaking, the
allocating solution focuses on scheduling the access to the intersection paying little
attention to the implementation on the vehicle level; whereas the regulating solution
focuses on the vehicle implementation paying little attention to the determination
of the crossing sequence. Additionally, the allocating solution assumes that vehicles
execute their required actions and does not keep track of the position of the vehicles
as they cross the intersection.

Recall that the objective of this thesis is to develop an intersection management
strategy for cooperative autonomous vehicles. Therefore, we aim to address automa-
tion on 1) individual vehicle level, 2) the level of cooperation between vehicles, and
3) the level of the automated access management to the intersection. Since we aim
to design a solution from the ground up, the regulating solution offers a problem rep-
resentation that facilitates such design. With the relative motion representation we
can achieve a continuous regulation of the position of each vehicle which allows for a
smoother regulation of the vehicle dynamics. On this basis, we present a comprehen-
sive solution for the intersection management problem which includes three levels of
implementation. Namely, control strategies for the longitudinal and lateral motion of
a vehicle, an interaction protocol between vehicles, and an arbiter that determines an
efficient crossing sequence of vehicles.
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1.3 Research Objectives

The objective of this thesis is to develop a comprehensive solution to the intersection
management problem using Cooperative Autonomous Vehicles taking the perspective
of a relative motion problem as in Section 1.2.2. This solution is divided in three
levels of implementation: Namely,

• individual vehicle control, involving a lateral path-following control strategy for
a ground vehicle,

• an interaction protocol that defines the relative motion between vehicles and
regulates it by controlling the longitudinal motion of each vehicle, and

• a high-level intersection management strategy (arbiter) that determines an effi-
cient crossing sequence of vehicles.

1.4 Contributions of the Thesis

In this thesis we consider the motion control of the vehicle, the resource allocation
protocol, and the optimization of the crossing sequence as separate problems con-
nected by a set of assumptions. Each problem represents one of the levels of the
whole solution such that the output of a given level serves as an input of the next
level. Note that state-of-the-art solutions for the intersection problem focus just on
one of this levels The state-of-the-art solutions for the intersection problem combine
the motion control of the while considering a simplified behavior of the remaining
levels.

To achieve the objectives mentioned in the previous section, first we model the
motion and sensors of a Cooperative Autonomous Vehicle as follows. The planar mo-
tion of every vehicle is represented by a single track vehicle model [18] which describes
the dynamics of the yaw rate and lateral velocity for a given longitudinal velocity and
steering angle. To regulate the steering angle we consider a generic steering mecha-
nism represented by a second-order dynamic system with input delay which describes
the dynamics of the steering angle and steering velocity for a given reference steering
angle. To regulate the longitudinal velocity we consider a linearized model of the driv-
etrain dynamics [19], which describes the dynamics of the longitudinal velocity and
acceleration for a given reference longitudinal acceleration. Moreover, every vehicle is
considered to be equipped with a radar, a Real-Time Kinematic Global Positioning
System (RTK-GPS), and wireless communication unit. The radar, located at the
front of each vehicle, measures the inter-vehicle distance, and its rate of change in
time, between two vehicles driving in the same direction. The RTK-GPS measures
the position, the orientation, the longitudinal velocity, the yaw rate, and the lateral
velocity of the vehicle. The vehicle state, formed by all the variables mentioned above,
is transmitted by every vehicle through wireless communication. Note that the radar,
the RTK-GPS, and the wireless communication unit are assumed to be delay free.

This thesis presents a Cooperative Intersection Control strategy, which solves the
relative motion representation of the intersection management problem using the Co-
operative Autonomous Vehicle definition introduced above. The three main con-
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tributions behind this strategy, visualized in the three-level control architecture in
Figure 1.4, are the following:

• Firstly, the design and stability proof of a Path-Following Control (PFC) strat-
egy for the single track vehicle model with input delay in its steering mechanism
is presented in Chapter 3. The non-linear representation of the motion of a ve-
hicle (described by the single track model), with respect to a given path in
space, is transformed into a linear time-varying system using the chain form
transformation. Using proportional feedback, a control law is designed (using
closed-loop pole placement) that is proven to achieve the path-following objec-
tive for vehicles with any positive longitudinal velocity. A delay compensation
technique ensures that the control law designed for the delay-free case is also
applicable for the delay case.

• Secondly, the design of a Virtual Platoon Formation (VPF) strategy is pro-
posed in Chapter 4. Assuming that vehicles follow the path they are assigned
when they enter the intersection (using the control strategy developed in Chap-
ter 3), the two-dimensional coordination problem of vehicles on the plane is
transformed into a one-dimensional platooning problem. This transformation
is achieved by defining a virtual inter-vehicle distance between vehicles driving
on conflicting paths. This virtual inter-vehicle distances is then regulated by
a Cooperative Adaptive Cruise Controller. Note that the directional intention
of each vehicle is transmitted wirelessly and, though distinct for every vehicle,
cannot be changed while the vehicle crosses the intersection.

• Thirdly, the design of a Crossing Sequence Optimization (CSO) technique is
proposed in Chapter 5. Herein, we assume that the vehicles have the ability
to form a virtual platoon (guaranteed by using the virtual platoon strategy of
Chapter 4), and that the position in the virtual platoon is determined by an
imposed crossing sequence. The intersection is modeled as a hybrid dynamical
queuing system controlled by a single server. The control actions of the server,
which determined the crossing sequence, are determined by a Model Predictive
Control law which minimizes the time that vehicles take to cross the intersection.
The dynamics of each vehicle are used to define a set of constraints, which in turn
are used to define a Mixed Integer Linear Programming optimization problem.

1.5 i-GAME Project and 2016 Grand Cooperative
Driving Challenge

The research in this thesis was supported by the European Union Seventh Framework
Programme [FP7-ICT-2013-10] under grant agreement no. 612035 on interoperable
GCDC (Grand Cooperative Driving Challenge) AutoMation Experience (i-GAME).

In pursuit of establishing a common ground for cooperative autonomous vehicles,
the i-GAME project was set up. The objective of this project was to set the basis
for the development of cooperative automated driving applications in an international
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PFC

VPF

CSO

Figure 1.4: Architecture of the three levels of the Cooperative Intersection Control
methodology. Namely, Path-Following Control (PFC), Virtual Platoon Formation
(VPF), and Crossing Sequence Optimization (CSO).
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context. Adopting a multi-brand approach, vehicles from different manufacturers were
able to cooperate using a minimum set of rules such as interaction and communication
protocols. A competition, referred to as the Grand Cooperative Driving Challenge
(GCDC) [20], gathered teams from universities across Europe which demonstrated
the efficiency of their cooperative autonomous vehicles by executing a highway and
an urban traffic scenarios. In the highway scenario, two platoons of vehicles were
required to merge into one. In the urban scenario, three vehicles were required to
cross a road intersection. This urban scenario is the inspiration for the research
presented in this thesis.

1.6 Outline

This thesis presents a compilation of research papers; one per chapter. Therefore,
each chapter is self contained and can be read independently.

Chapter 2: This chapter, based on [20], gives an overview of all the aspects of
the GCDC. Note that the urban scenario of the competition inspired the research
presented in this thesis.

Chapter 3: This chapter, based on [21], represents the Path-Following Control
level in Figure 1.4. It presents the design of a path-following lateral control law for
a ground vehicle with input delay in its steering mechanism. The single track vehicle
model is used to represent the vehicle dynamics.

Chapter 4: This chapter, based on [22], represents the Virtual Platoon Formation
level in Figure 1.4. It introduces the definitions needed to represent the intersection as
a relative motion regulation problem. The virtual platoon concept is introduced, the
regulation of which achieves a smooth flow of vehicles through the intersection. The
intersection is managed in a First-Come-First-Served basis. A preliminary version of
this work is presented in [23] and [24].

Chapter 5: This chapter, based on [25], represents the Crossing Sequence Op-
timization level in Figure 1.4. It discusses the assumptions needed to regard the
intersection problem as a queuing problem. The intersection is modeled as a hybrid
queuing dynamical system to which a Model Predictive Control law is applied. The
control law minimizes the average time that it takes a vehicle to cross the intersection.
A preliminary version of this work is presented in [26].

Finally, this thesis is concluded in Chapter 6 where the presented results are
summarized and recommendations for further research are presented.

1.7 Publications

The research leading to this thesis also led to the following publications.
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Journal Publications:

• J. Ploeg, E. Semsar-Kazerooni, A.I. Morales Medina, J.F.C.M. de Jong, J. van
de Sluis, A. Voronov, C. Englund, R.J. Bril, H. Salunkhe, Á. Arrú, A. Ruano,
L. Garćı-Sol, E. van Nunen, and N. van de Wouw, “Cooperative Automated
Maneuvering at the 2016 Grand Cooperative Driving Challenge,” IEEE Trans-
actions on Intelligent Transportation Systems, vol. 19, no. 4, pp. 1213–1226,
2018.

• A.I. Morales Medina, N. van de Wouw, and H. Nijmeijer, “Lateral Path-Following
Control of a Passenger Vehicle with Steering Input Delay,” IEEE Transactions
on Intelligent Transportation Systems, submitted.

• A.I. Morales Medina, N. van de Wouw, and H. Nijmeijer, “Cooperative Intersec-
tion Control Based on Virtual Platooning,” IEEE Transactions on Intelligent
Transportation Systems, vol. 19, no. 6, pp. 1727–1740, 2018.

• A.I. Morales Medina, F. Creemers, E. Lefeber, and N. van de Wouw, “Optimal
Access Management for Cooperative Intersection Control,” IEEE Transactions
on Intelligent Transportation Systems, submitted.

Conference Publications:

• A.I. Morales Medina, N. van de Wouw, and H. Nijmeijer, “Automation of a
T-intersection Using Virtual Platoons of Cooperative Autonomous Vehicles,”
in IEEE 18th International Conference on Intelligent Transportation Systems
(ITSC), 2015, pp. 1696–1701.

• A.I. Morales Medina, N. van de Wouw, and H. Nijmeijer, “Cooperative Intersec-
tion Automation Using Virtual Platoons,” in Proceedings of the 9th European
Nonlinear Oscillations Conference, Budapest, Hungary, 2017.

• F. Creemers, A.I. Morales Medina, E. Lefeber, and N. van de Wouw, “Design of a
supervisory controller for cooperative intersection control using model predictive
control,” in 5th IFAC Conference on Analysis and Control of Chaotic Systems,
2018, submitted.



Chapter 2

Grand Cooperative Driving
Challenge

ABSTRACT1- Cooperative adaptive cruise control and platooning are well-known
applications in the field of cooperative automated driving. However, extension to-
wards maneuvering is desired to accommodate common highway maneuvers, such as
merging, and to enable urban applications. To this end, a layered control architec-
ture is adopted. In this architecture, the tactical layer hosts the interaction protocols,
describing the wireless information exchange to initiate the vehicle maneuvers, sup-
ported by a novel wireless message set, whereas the operational layer involves the
vehicle controllers to realize the desired maneuvers. This hierarchical approach was
the basis for the Grand Cooperative Driving Challenge (GCDC), which was held in
May 2016 in The Netherlands. The GCDC provided the opportunity for participat-
ing teams to cooperatively execute a highway lane-reduction scenario and an urban
intersection-crossing scenario. The GCDC was set up as a competition and, hence,
also involving assessment of the teams’ individual performance in a cooperative set-
ting. As a result, the hierarchical architecture proved to be a viable approach, whereas
the GCDC appeared to be an effective instrument to advance the field of cooperative
automated driving.

2.1 Introduction

Cooperative driving is based on wireless communications between vehicles and be-
tween vehicles and roadside infrastructure, thereby providing the possibility to ex-
change information beyond the line-of-sight of individual vehicles, and to obtain in-
formation that cannot be retrieved via on-board sensors [27]. This, in turn, paves
the way to create self-organizing behavior within and between groups of vehicles,
aiming for increased traffic flow and traffic safety, while decreasing fuel consumption

1This chapter is based on [20]. Note that the topics related to the intersection-scenario in Section
2.3 are the specific contributions of the author of this thesis to this paper.

11
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and emissions, in particular when combined with automation of the individual vehi-
cle motion. Because of this potential, cooperative driving currently receives ample
attention on a global scale [28]. Focussing on combined cooperative and automated
driving, well-known applications in this field are truck platooning [29,30] and cooper-
ative adaptive cruise control (CACC) [31], both of which are aiming for short-distance
vehicle following at, e.g., 0.3 s time gap, employing longitudinal vehicle automation
to guarantee optimal and safe operation of the vehicles.

Platooning and CACC have been a focus for control-related research for many
years, see, e.g., [32] and the literature references contained therein. Current research
focusses on communication topologies [33], and on (the time-varying nature of) com-
munication delays [34], in the scope of which [35] presents a stochastic approach,
whereas [36] adopts recent results from the field of event-triggered control. In addition,
traffic-level analysis of CACC is performed in, e.g., [37], evaluating the disturbance
propagation properties of CACC in terms of traffic throughput and congestion.

While research into cooperative vehicle following is ongoing, it is to be expected
that at some point, this will be extended towards cooperative maneuvering, i.e., also
taking lateral vehicle motion into account. This expectation is based on two reasons.
First, a platoon or vehicle string needs to allow for cut-in or cut-through maneuvers of
other (cooperative and non-cooperative) vehicles. Second, more formations or traffic
situations exist than only strings of vehicles, in particular for non-highway driving.
This leads to new applications in the field of cooperative automated driving, which
may jointly be referred to as cooperative automated maneuvering. This paper focusses
on two such applications, being cooperative merging and cooperative intersection
crossing.

Regarding cooperative merging, two branches can be identified in the current
research, being individual vehicles either merging to a highway from an on-ramp or
merging into a platoon along the highway. As a representative example of on-ramp
merging, [38] defines vehicle slots that can be occupied by vehicles. The underlying
algorithm that manages the interaction between vehicles is based on the allocation
of these slots. Another approach is proposed in [39, 40], which involves a geometric
characterization of the highway lanes and the merging zones, and aims to coordinate
the time at which vehicles enter the merging zone. Regarding merging along the
highway, [41] focusses on the design of trajectories needed for a vehicle to merge into a
platoon; An algorithm to determine the merging location and the role of each vehicle
is also presented. Finally, in [42], the concept of virtual platooning is introduced,
having the advantage that the proposed merging approach is applicable for various
merging scenarios, such as on-ramp and on-the-highway merging; Here, the virtual
platooning concept is employed to design a speed trajectory for the merging vehicle
to align it with the gap, while taking into account velocity variations of the vehicles
in the target lane.

Intersection-control research also offers two branches, i.e., cooperative resource
reservation and trajectory planning. In cooperative resource reservation, the intersec-
tion space is separated into time-space tiles that are assigned to vehicles and scheduled
to achieve a safe crossing. The reservations can be managed by a centralized unit,
as in [12, 43], or in a distributed manner, as in [44, 45]. The trajectory-planning ap-
proaches focus on the movement of vehicles relative to a fixed point in the intersection
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(which resembles the on-ramp merging solutions) to achieve a safe crossing of vehi-
cles. In the centralized solution in [46], the information of the vehicles is used to
predict their trajectories through the intersection, upon which these predictions are
used to calculate the optimal crossing sequence. As a more practical approach, the
distributed solution in [47] establishes the crossing sequence based on road priorities.

The main contribution of this paper is to present an approach to cooperative
maneuvering, in particular merging of two strings of vehicles on a highway and in-
tersection crossing, which is based on extending the notion of platooning. Since
cooperative maneuvering not only involves control but also decision making, wireless
communication-based interaction protocols are presented and placed in a hierarchi-
cal automation architecture. This hierarchical approach was the basis for the Grand
Cooperative Driving Challenge (GCDC), which was held in May 2016 in The Nether-
lands. As a second objective, this paper aims to present the GCDC in more detail.

The GCDC 2016 was organized as part of the European Seventh Framework Pro-
gramme project i-GAME [48] and was actually a follow-up of the first GCDC in 2011
[49, 50], which exclusively focused on CACC. The main objective of the GCDC 2016
was to provide a basis for development of cooperative automated driving applica-
tions in an international context. To this end, a multi-brand approach was adopted,
where vehicles from different manufacturers can cooperate based on a minimum set
of common rules such as safety regulations and communication protocols [51]. In
particular, the GCDC aimed to involve multiple parties from academia and industry
to jointly develop and implement cooperative driving applications, while exploring
the required functionality regarding vehicle automation and interaction protocols. In
general, an important aspect in this development is the ITS-G5 wireless communi-
cation standard for mobile applications [52, 53]. The GCDC addressed the ITS-G5
communication standard by providing an environment to test this standard in prac-
tice, especially with respect to the suitability of the standardized message content
to perform advanced maneuvers. To this end, a competition was set up consisting of
two traffic scenarios, being highway merging of two lanes and an intersection crossing,
and teams were invited to participate; See Table 2.1 for an overview of the participat-
ing teams. In the close-to-reality context of the GCDC, these teams were given the
freedom to implement their own control solutions, as will also be the case in real-life
multi-brand cooperative maneuvering, provided that the common interaction protocol
is supported.

The outline of this paper is as follows. Section 2.2 presents the aforementioned
GCDC traffic scenarios in more detail. Next, Section 2.3 introduces a functional ar-
chitecture for cooperative automated maneuvering, providing the context for the in-
teraction protocols that are required to cooperatively execute these scenarios, which
are introduced thereafter. In addition, specific control solutions as developed by the
GCDC organization are presented. Subsequently, Section 2.4 focusses on the require-
ments imposed on the ITS-G5 communication system and presents a new message
set to support the interaction protocol, while also elaborating on a tool to test the
conformity to the defined interaction protocol. Section 2.5 and Section 2.6 are ded-
icated to the competition aspect of the GCDC, explaining the performance criteria
and the main safety aspects, respectively. Finally, Section 2.7 reflects on the GCDC
by presenting the lessons learned and the main conclusions.
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Table 2.1: GCDC 2016 participating teams

Team Institution

AnnieWAY Karlsruhe Institute of Technology, Karlsruhe, Germany

A-Team Eindhoven University of Technology / Fontys University
of Applied Sciences, Eindhoven, The Netherlands

Chalmers Car Chalmers University of Technology, Gothenburg, Sweden

Chalmers Truck Chalmers University of Technology, Gothenburg, Sweden

Drivertive University of Alcalá, Alcalá de Henares, Spain

Halmstad Halmstad University, Halmstad, Sweden

Heudiasyc University of Technology of Compiègne, Compiègne,
France

KTH Experimental
Car

KTH Royal Institute of Technology, Stockholm, Sweden

KTH Truck KTH Royal Institute of Technology, Stockholm, Sweden

Latvia University of Latvia, Riga, Latvia

2.2 Competition Scenarios

To show that cooperative automated maneuvering can be deployed in various envi-
ronments, two scenarios were selected by the GCDC organization, covering both a
highway and an urban environment.

The highway scenario, as illustrated in Fig. 2.1, involves a lane reduction from
two lanes to one lane due to, e.g., roadworks, causing the vehicles on the left lane
(labeled as Ai, i = 1, 2, . . . ,m) to merge with the vehicles on the right lane (labeled
as Bj , j = 1, 2, . . . , n). Consequently, the scenario execution involves maneuvers
such as vehicle following, gap making, and changing lanes, while maintaining a safe
distance throughout the entire merging procedure. As will be explained later, this
scenario was executed multiple times in the GCDC. Hence, to ensure reproducibility
of the scenario, organization pace cars (OPCs) at the head of the platoon on the
left and the right lane were included in the scenario, in Fig. 2.1 denoted as OPCA
and OPCB, respectively. These OPCs were responsible for adjusting the speed and
relative distance of the two platoons. Also, some of the organizational commands,
such as requests for a merge, were issued using these vehicles. The original speed
limits were assumed to be 60 and 80 km/h for the right and left lanes, respectively,
which was reduced to 40 km/h upon arrival to the construction site by means of a
wireless message from the roadside. This speed reduction and synchronization was
supported by the OPCs as well.

The urban scenario focuses on cooperative crossing of a T-intersection without
traffic lights, in which the approaching vehicles should coordinate their longitudinal
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motion to avoid collisions in the first place, but also to avoid coming to a full stop,
which would compromise throughput. Fig. 2.2 illustrates this intersection-crossing
scenario. Here, the vehicles enter the crossing at the same moment, such that, without
adaptation of their speed, a collision would occur. It is noted that this scenario also
includes an OPC, as indicated in Fig. 2.2, for reasons of reproducibility.

Both scenarios involve an interaction protocol, defining the messages to be ex-
changed between the vehicles, to allow for coordinated execution of the scenarios, as
further explained in the next section.

2.3 Control System Design

2.3.1 Functional Automation System Architecture

Being able to automatically control vehicles, which are collaborating in a particular
scenario, requires a common behavior enabled by a functional architecture and a
corresponding interaction protocol. To this end, a layered architecture is proposed,
inspired by [54], among others, to allow decentralized negotiation in the two scenarios.
The proposed architecture, as depicted in Fig. 2.3, consists of three layers, explained
below.

• The Strategic Layer is responsible for the high-level decision making regarding,
e.g., routing, optimization of fuel consumption, travel times, and, in case of
platooning, the scheduling of platoons based on vehicle compatibility, destina-
tion, and impact on highway traffic flow and infrastructure. To this end, the



16 Chapter 2. Grand Cooperative Driving Challenge
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Strategic Layer
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Figure 2.3: Functional architecture for cooperative automated maneuvering.

Strategic Layer may utilize cloud-based services.

• Driven by the Strategic Layer, the Tactical Layer coordinates cooperative ma-
neuvers, such as platoon forming, merging, intersection crossing, and also speed
synchronization between neighboring vehicles, to support lane changes in heavy
traffic. As such, this layer runs the aforementioned interaction protocol. De-
pending on the type of application, the Tactical Layer can be implemented in a
distributed or in a centralized manner.

• The Operational Layer involves the actual real-time vehicle control to execute
the required maneuvers, amongst which platooning and merging.

It should be noted that in the context of the GCDC, it was not feasible to apply an
architecture that supports formation-like controllers [55, 56] or even a more generic
approach based on consensus seeking [57], since this would require all vehicles to
implement exactly the same type of vehicle motion controller, whereas in the GCDC,
the control approach could be freely chosen by each participant. Nevertheless, the
presented architecture does assume all vehicles to be cooperative. In mixed traffic, i.e.,
consisting of both cooperative and non-cooperative vehicles, a degraded mode should
automatically come into operation, with corresponding decreased functionality. This
is, however, outside the scope of this research.

The remainder of this section introduces the interaction protocols, which were
developed for both scenarios, and describes the underlying real-time controllers to
realize the required maneuvers.



2.3. Control System Design 17

B

A

Figure 2.4: Breakdown of a platoon merging into single-vehicle merging.

2.3.2 Interaction Protocols

Highway lane-reduction scenario

To be able to realize a lane reduction as illustrated in Fig. 2.1, the entire scenario is
first simplified by breaking down the two platoons into modules consisting of three
vehicles, as shown in Fig. 2.4. These paired triplets are chosen from the two platoons
and are going to interact for the sake of merging and gap making. Then, within each
of these triplets, a similar interaction protocol is implemented, see [58]. The decision
on who is going to be in each triplet, is mainly based on the relative position of the
vehicles. That is, a vehicle most probably prefers to merge in front of a car which
is the closest, with some exceptions such as merging in between two trucks. This
strategy enables all vehicles to decide for their appropriate pairs locally, without a
need for a supervisor (e.g., a platoon leader) to do the assignment. In the following,
a summary of the protocol, presented in [58], is given.

Let the merging platoon be denoted by A and its members are labeled as A1 to
Am. Similarly, the gap making platoon, driving on the right lane, and its members
are denoted by B and B1 to Bn, respectively. The first vehicle on each lane is the
OPC, which is meant for reproducibly tuning the initial relative positions of the two
platoons, see Fig. 2.5.

Some major challenges exist, specific to platoon merging, when compared to single
car merging, being:

1. Simultaneous gap making/merging of the entire platoon results in huge decel-
eration at the tail of platoon B which is not desirable.

2. Serial gap making/merging, i.e., one vehicle at a time, is not time-efficient.

3. Due to simultaneous merging requests, several vehicles might respond with a
safe-to-merge message. This can be a source of confusion for the merging cars.

Hence, to be able to address these challenges, the following multi-stage interaction
protocol was developed for the GCDC challenge. This protocol facilitates the im-
plementation of a combination of the serial and simultaneous merging strategies for
platoon merging:

i. Pace Making: It is assumed that the relative position of the two platoons is
at an approximately desired value before start of the competition, being in an
overlapping situation. Due to the speed difference between the two lanes, this
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situation will not last much unless that the speeds of both platoons are synchro-
nized. Therefore, at this stage, an intelligent roadside unit (RSU) informs all
vehicles in platoon A and B of the upcoming work site at the same time, i.e., a
broadcasted message. Afterwards, platoon A and B both decrease their speed
to an advised speed, being 40 km/h, as well as tune their relative positions. This
tuning is done such that the relative positions are at a desirable condition, e.g.,
such that OPCB is in front of A1, see Fig. 2.5.

Pace making thus serves the GCDC-specific purpose of creating adequate initial
conditions for the challenge. More importantly, the pace making phase also
guarantees that there are no large speed differences between the adjacent strings
of vehicles, which is desired for the Simultaneous Pair-up phase as described
next.

ii. Simultaneous Pair-up (B2A): When the relative position and velocity of the
two platoons are aligned, OPCA sends a merge request to platoon B. Upon
arrival of this merge request, platoon B starts to make gaps by simultaneous
pair-up with A, see the black arrows in Fig. 2.5 (Pair-up B2A). This stage is
meant to provide part of the gap needed for merging of platoon A into platoon
B. Since the required gaps between the vehicles in platoon B with respect to
those in platoon A are, in fact, created by changing the relative position of both
platoons, this stage of pair-up is not likely to result in large decelerations of the
vehicles in platoon B. Therefore, this pair-up can be performed by all vehicles
in platoon B simultaneously. Specifically, each vehicle Bi (i = 1, 2, . . . , n) in
platoon B takes the front car on the left lane with shortest relative distance
(from its front bumper to the target’s rear bumper) as the pairing partner. This
target should not be further ahead than the front car on the main lane. This
object is denoted as the forward most-important-object (MIO) on the left lane.
Note that, by definition, this MIO is unique. Therefore, there is no possibility
that multiple pairs are selected at the same time. The IDs of the paired vehicles
are communicated through the vehicle-to-vehicle (V2V) communication. If the
pair proposal is accepted by the pair candidate Aj in platoon A, Bi makes a
gap with respect to its pairing partner, Aj . This results in a large-enough gap
between the two paired vehicles.

iii. Sequential Pair-up (A2B): After platoon B is paired-up with platoon A,
the latter starts to pair-up with platoon B, see Fig. 2.5 (Pair-up A2B). At
this stage, the rest of the gap required for a merging action, is created. This
gap-making, however, potentially leads to accumulation of the subsequent gaps
towards the tail of both platoons A and B, which can readily be seen from the
final situation depicted in Fig. 2.5 (Gap ready). In other words, parallel gap
making in this stage can result in huge deceleration at platoon tails. Therefore,
this stage is executed by means of a sequential pair-up. The decision on when
the pairing should be initiated is based on certain criteria, e.g., a fixed time
after a merge request is sent by OPCA. The choice of a forward pair for Aj , is
done such that forward and backward pairing with two non-consecutive vehicles
is avoided. That is, each vehicle in platoon A chooses the direct predecessor of
its backward partner as its forward partner, e.g., if Bi is the backward partner
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of Aj , then Bi−1 becomes the forward partner of Aj . To enable Aj to decide
about its forward partner, Bi needs to send the ID of its direct predecessor
through a wireless message. In case that no backward pair exists, the forward
pair is selected to be the forward MIO on the right lane. This pairing stage is
done only once and is not updated during the scenario execution. Also, both
the pairing of platoon A to B as well as the gap-making are done in a sequential
manner. That is, this pairing is done one vehicle at a time, starting from the
lead vehicle, A1. The rest of the vehicles in platoon A should wait until the
pairing/gap making of the vehicle in front of them is finished. This is indicated
by broadcasting a “merging” status through the wireless link. Upon this, A1

hands over its role as the platoon lead vehicle to A2, i.e., the “lead flag” of A1

shifts to zero. Then, the car behind it becomes the new platoon lead vehicle.
As soon as Aj merges, all the pair flags of Aj and its partners shift to zero,
opening the room for its pairing partners to re-pair with other relevant vehicles
of platoon A.

iv. Gap-ready and STOM Generation: When the gap is ready, vehicle Bi
sends out a safe-to-merge (STOM) message, targeted at its paired partner in
platoon A, i.e., Aj . As soon as Aj receives the STOM message from its paired
partner, it will go to merging status (indicated by a merging flag). This opens
the room for the next vehicle Aj+1 in platoon A to start pairing and making a
gap while Aj is merging. As it can be deduced from the procedure, this stage
has also a sequential manner, i.e., no vehicle can start merging before the car
in front of it sets a merging flag.

Remark 1. Note that in design of the above interaction protocol, different criteria were
considered. To name some, driver acceptance, comfort, safety, and traffic efficiency
can be mentioned. Therefore, though quite important, the traffic flow optimization
was not the ultimate goal. ♦

Intersection-crossing scenario

To be able to execute the intersection crossing scenario as illustrated in Fig. 2.2, a
so-called Competition Zone (CZ) is defined, being a circular region with its center co-
inciding with the center of the T-intersection, in which vehicles are allowed to react to
each other. When all vehicles involved in the scenario enter the CZ at the same time,
which is ensured by a scenario start message issued by the RSU, the so-called target
vehicle assignment (TVA) subsystem is activated. This subsystem checks the lane,
intention and priority of each vehicle to form a virtual platoon, being a platoon of ve-
hicles that are actually driving on different lanes. To form such a virtual platoon, each
vehicle calculates a virtual inter-vehicle distance between the assigned target vehicle
and itself. Then, this distance is fed to the vehicle-following controller (i.e., CACC)
to realize a desired virtual inter-vehicle distance. The virtual inter-vehicle distance is
defined such that, if it equals its desired value, it ensures that vehicles (with crossing
trajectories at the intersection) travel through the intersection at a safe distance. It
is noted that the speed difference between the assigned target vehicle and the follower
vehicle at the moment of assignment should not be too large, thereby preventing
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high decelerations or accelerations of the follower; This requirement is similar to the
requirement for the simultaneous pair-up in the merging scenario regarding limited
speed difference between the adjacent strings of vehicles.

To avoid the trivial situation in which the vehicle from the crossroad (OPC in
Fig. 2.2) is positioned in the virtual platoon after the vehicles A and B on the main
road, the crossing vehicle is actually an OPC which has priority, meaning that it
is assigned as the platoon leader by the TVA. The TVA of vehicle A checks the
information of both the OPC and vehicle B, and determines that the trajectories of
vehicle A and B do not cross, but that the trajectories of vehicle A and the OPC
do cross; Hence, the OPC is assigned as the target vehicle of vehicle A in the virtual
platoon. In the same fashion, the TVA of vehicle B assigns the OPC as its target
vehicle since their trajectories cross, and ignores vehicle A since they have non-crossing
trajectories.

It is noted that the virtual platoon forming procedure can be generalized to other
vehicle trajectories, as well as to other road layouts [23].

2.3.3 Controller Design Approach

Highway lane-reduction scenario

Here, an example of a possible control approach to realize a lane-reduction scenario
is given. This method was implemented to the same vehicles as were used as OPC,
developed by the organizing consortium of the GCDC event. It should be noted that
although the details of this method were accessible to all participants, it was not
enforced to be implemented by the teams, thus illustrating the design freedom as
mentioned in Section 2.1.

Consider a vehicle in a platoon of m vehicles, see Fig. 2.1, being controlled by
a one-vehicle look-ahead cooperative adaptive cruise control (CACC), as described
in [59], to control the distance toward the preceding vehicle. Also, an additional
gap-making controller, as described in [60], is used to make the gap that is needed
to complete a merging scenario. In other words, this controller, referred to as the
obstacle avoidance (OA) controller (different from a collision avoidance controller),
‘sees’ the merging vehicle as an obstacle and tries to avoid it by making a gap. In
the controller implemented in the organization vehicles, the control effort from these
two controllers are added. The resulting closed-loop dynamics for vehicle i in the
platoon, with a third-order linear dynamic vehicle model, subject to the CACC as
well as the OA controller, is presented in the block diagram shown in Fig. 2.6. There,
qi, vi, and ui are the position, velocity, and longitudinal control input, and ei(t) =
di(t) − dr,i(t) is the distance error, where di = qi−1 − qi is the distance between
vehicle i and i − 1 (assuming zero vehicle length without loss of generality), and
dr,i = r + hvi is the (velocity-dependent) desired distance. Also, r and h denote the
standstill distance and the time gap between two vehicles. Here, ui represents the
entire external input (i.e., the desired acceleration) implemented to vehicle i, which
is equal to ui = uCACC,i + uOA,i, where uCACC,i and uOA,i are the CACC and OA
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Figure 2.6: Block diagram of a controlled vehicle in a platoon with active CACC and
OA controller agents.

control efforts, respectively. Moreover, in Fig. 2.6,

G(s) =
qi(s)

ui(s)
=

1

s2(τs+ 1)
,

H(s) = hs+ 1,

D(s) = e−θs,

(2.1)

with s ∈ C, whereas K(s) is the vehicle following controller (CACC). Here, qi(s), and
ui(s) are the Laplace transforms of qi(t) and ui(t), respectively, θ is the time delay
induced by the wireless communication network, and τ is the vehicle’s drive-line time
constant. Also, qobstacle is the obstacle’s position, e.g., the merging car, ũobstacle is
the deceleration of the obstacle, i.e., equal to uobstacle if uobstacle < 0 and equal to 0
if uobstacle ≥ 0, and OA is the nonlinear function representing the OA controller [60].
The parameters of the dynamical model (2.1) are given in Table 2.2.

In summary, the merging approach is based on feedback control by means of 1)
CACC with the directly preceding vehicle in the same lane as a target and 2) OA
with respect to the paired vehicle in the adjacent lane. This approach for gap making
and gap alignment has the advantage of being robust against velocity disturbances
caused by other traffic, either or not engaged in the merging procedure.

Intersection-crossing scenario

The safe crossing of the intersection is achieved using the virtual platooning concept,
with the same motivation as in the merging scenario, i.e., robustness against velocity



2.3. Control System Design 23

Table 2.2: Vehicle and controller parameters

Symbol Value Name

τ 0.1 s Engine time constant

θ 0.02 s Communication time delay

h 0.6 s Time gap

r 2.5 m Stand-still inter-vehicle distance

L 2.7 m Length of the vehicle

a1

a2

a3

b1,2

b1,3 C3
3,1

C2
2,1

C1
1,2

Figure 2.7: T-intersection with the possible paths.

disturbances caused by other traffic. The formation of the virtual platoon is the main
challenge and depends on coordinate transformations to translate the two-dimensional
intersection problem into a one-dimensional platooning problem. The implementation
of virtual platooning employs the aforementioned coordinate transformations and the
different vehicle control modes such as: Cruise Control (CC), Cooperative Adaptive
Cruise Control (CACC), and Virtual CACC (VCACC). The switching between modes
is implemented by a supervisory controller, which monitors the state of a vehicle in the
virtual platoon. The remainder of this section outlines the virtual platoon forming,
whereas the actual virtual platooning controller is described in [32].

Every vehicle i that enters the CZ of the intersection will follow a path Cik,η with
an associated curvilinear path coordinate si, where k is the enumerated input lane
and η is the vehicle intention (namely, straight (η = 1), left (η = 2), or right (η = 3));
See Fig. 2.7 for a path example, where k ∈ {1, 2, 3} and ak denotes the entry point of
lane k.

Consider the target vehicle Vn, which drives along a path Cnk,η, that is followed by
the host vehicle Vm, which drives along its path Cmk,η. Note that Cmk,η and Cnk,η have
associated curvilinear path coordinates sm and sn, respectively. Let Cmk,η and Cnk,η be
two trajectories that cross at the collision point bm,n, as shown in Fig. 2.7. Then,

Sm =
∫ bm,n
am

dσm, where dσm is a path coordinate differential measure of the path

Ckm,ηm , is the distance to collision for the host vehicle Vm. Similarly, Sn =
∫ bm,n
an

dσn,
where dσn is a path coordinate differential measure of Ckn,ηn , is the distance to
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collision for the target vehicle Vn. Then we can define the virtual inter-vehicle distance
δm between the host vehicle Vm (with length L) and the target vehicle Vn as

δm = s∗n − sm − L, (2.2)

where

s∗n =
Sm
Sn

sn (2.3)

is the scaled path coordinate of Vn. This scaling procedure allows the comparison
of the path coordinates of vehicles travelling on paths with different distances to
collision. Note that the scaling also applies to the velocity and acceleration of vehicle
Vn, such that v∗n = ṡ∗n, and a∗n = s̈∗n, respectively. The virtual inter-vehicle distance
in (2.2) is used to realize a virtual desired inter-vehicle distance δr = r + hvn, where
r is the standstill distance, h is the time gap, and vn is the host vehicle velocity. The
values of the relevant parameters are shown in Table 2.2. The CACC used to realize
this virtual inter-vehicle distance is presented in [32].

It is noted that aiming for a virtual inter-vehicle distance is only necessary until
the vehicles have crossed the collision point. Therefore, the VCACC is deactivated for
sm > Sm. After the VCACC is deactivated, the vehicle switches to CACC if a vehicle
is detected by its radar, and to CC if it has a free road in front. To combine the
different control modes, a control reconfiguration with mixing is performed. Consider
to this end a vehicle i with desired acceleration ui as input, and that each control
mode produces an individual input, namely u1,i, u2,i, and u3,i for the CC, CACC,
and VCACC control modes, respectively. Then, the input ui of vehicle i is the convex
combination of the control efforts of the individual control modes, given by

ui =

3∑
k=1

βkuk,i, (2.4)

where the mixing signals βk > 0,∀ k ∈ {1, 2, 3}, and
∑3
k=1 βk = 1. A detailed

explanation of the formation and execution of the virtual platoon is given in [23].
Having outlined the control approach for both traffic scenarios, while also indi-

cating the interaction protocols and the associated wireless information exchange,
the next section will provide more insight into the wireless communication standard
and, particularly, the required adaptations to support the interaction protocols for
the selected traffic scenarios.

2.4 Wireless Communications

2.4.1 Specification of Communications

In ITS, the availability of a protocol stack as well as a reference implementation for
it, are prerequisites. In i-GAME, a bottom-up approach is used for designing the
communication architecture and message sets. This is done using the experience
gained from the previous GCDC in 2011 [49,50] as starting point, as well as ongoing
C-ITS standardization efforts [61–63]. From the i-GAME project perspective, the
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following high-level requirements for the wireless communication protocol stack are
adopted:

• To maximize conformity to current standards;

• To support the GCDC interaction protocols;

• To be implementable by the participating teams considering computational re-
sources.

For the lowest layers in the stack, it was decided to use ITS-G5 [64] as access tech-
nology, and ETSI GeoNetworking [65] for network and transport. Detailed informa-
tion on the wireless communication architecture and basic specifications used for the
GCDC, are available at D3.1 in [66]. In addition, supporting tools to test and validate
the V2V communications were needed. For this, a low-cost reference communication
unit was developed. With operating system-specific adjustments to support ITS-G5
configurations and setting up ITS-G5-capable radios and drivers. This platform was
used to run an open-source ITS-G5 communication stack [67], supporting the mes-
sages sets as further explained below. This proved to be a flexible tool for setting up
V2V communications and testing interactions. The interoperability of the GCDC ref-
erence communication unit was successfully tested during the ETSI ITS Cooperative
Mobility Services Event 4 [68].

2.4.2 iCLCM Message Set Description

The scenario execution is heavily based on V2V communication; Communication with
infrastructure units is also used, but only for scenario management such as starting
the scenario, interrupting the scenario for safety reasons, monitoring the progress,
and data logging. Therefore, it was evaluated how existing standardized message sets
could support the GCDC.

During the project execution, the European Telecommunications Standards Insti-
tute (ETSI) published European norms related to the Cooperative Awareness Message
(CAM) [61] and the Decentralized Environmental Notification Message (DENM) [62].
CAM and DENM, in fact, constitute a particular message content, serving the pur-
pose of (time-triggered) cooperative awareness messages and (event-triggered) notifi-
cation messages, respectively. As such, these messages have an informative character.
In the GCDC, however, and particularly in the highway lane-reduction scenario, an
application-level handshaking mechanism is included to implement the pair-up pro-
cedures, which is not supported in either of the aforementioned message sets, nor
in the so-called Basic Safety Message (BSM) as adopted in the United States [69].
Hence, it was concluded that additional information is needed to support the GCDC
scenarios, resulting in a new message set, referred to as the i-GAME Cooperative
Lane Change Message (iCLCM). Note that this approach has also been adopted in
[70] for the same reasons. Where possible, the iCLCM is aligned with the available
Common Data Dictionary (CDD) technical specification [63].

The iCLCM message set for performing the i-GAME scenarios is designed using
the following procedure:
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1. First, the main stages of the execution of the GCDC scenarios are identified,
while constructing message flow diagrams;

2. From the message flows, the set of signals required by the in-vehicle control
system are determined;

3. This is subsequently mapped on the information available from the CAM and
DENM messages;

4. Finally, missing information is identified and mapped to a new message set, i.e.,
the iCLCM message set.

The design used for the iCLCM is comparable with the CAM message, i.e., a
periodical single-hop broadcasted message. The iCLCM is composed of a header and
multiple containers, which constitute the iCLCM payload. In particular, the iCLCM
payload consists of the following containers:

• High Frequency, with additional dynamic information about the vehicle;

• Low Frequency, with information (static, non-temporal) that does not need to
be updated at high frequency;

• MIO (Most Important Objects), containing information about the immediate
neighbor vehicles;

• Lane, being the identification number of the lane on which the vehicle enters
the Competition Zone;

• Pair ID, containing the station identification number of the pairing partner;

• Merge, being a container with all information needed to perform the actual
merging;

• Scenario, with additional information needed for scenario execution.

Further details on the methods used for designing the iCLCM and the final solution
created for the GCDC, are available at D3.2 in [66]. It should be noted that the
iCLCM is not put forward as a candidate for standardization, since that would re-
quire a more thorough investigation of communication message sets for cooperative
maneuvering scenarios in general. Nevertheless, the need for such a message set to
implement this type of scenarios is apparent.

At the facility layer, we use non-standard frequencies of 1 up to 25 Hz for iCLCM
(and also for CAM). Such a relatively high update rate is needed due to very strict
safety measures, taking into account that the automation system of vehicles involved
in the scenario are usually time-triggered, with asynchronous sampling time instances
among the vehicles. Consequently, this update rate enables practical scenario exe-
cution without large vehicle gap openings or slow maneuvering, which would deviate
from real-life vehicle behavior.

The CAM and DENM messages are defined in the Abstract Syntax Notation 1
(ASN.1) format. This notation describes the structure and contents of the messages.
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Figure 2.8: Interactive Test Tool architecture.

The data elements and frames available from the CDD can be used to construct the
CAM and DENM messages. The iCLCM definition was also provided as ASN.1 file
to the GCDC teams. Finally, Unaligned Packed Encoding Rules (UPER) as defined
in Recommendation ITU-T X.691 [71] is used for the message encoding and decoding.

Multiple tools are developed to be used for the GCDC and during preparation
activities for setting up communication, testing the V2V communication (conformance
testing) and for interaction testing, one of which is described hereafter.

2.4.3 Interactive Test Tool

To facilitate the preparation of the challenge, the project provided tools and infras-
tructure to build and test cooperative systems. To perform remote over-the-Internet
interoperability testing, the Interactive Test Tool (ITT) was introduced [72]. Fig. 2.8
shows the architecture of the ITT. Vehicles, either real or simulated, access the ITT
server for coordinating with each other to perform the scenario. For each vehicle,
there are two types of information exchanged with the server: the V2X information
and the Ground Truth (GT) information. V2X information is the wireless information
(CAM, DENM, and iCLCM) that will be broadcasted by the vehicles when driving
on the road, while the GT information represents the world model of the scenario,
i.e., the ground-truth position, velocity and acceleration of the participating vehicles.
The ITT server is responsible for broadcasting GT information to all vehicles and
also redistributing V2X information to related vehicles.

The ITT facilitates the distributed development of cooperative systems, where
teams can test their implementations together without revealing the internal algo-
rithms of any of the teams. The tool enables testing of the entire system, including
both the vehicle control system and the communication stack. In the GCDC, the ITT
allowed the teams to test their implementation of the interaction protocols for both
scenarios.
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2.5 Judging

2.5.1 Motivation and Background

The GCDC aimed to explore cooperative maneuvering scenarios through cooperation
of the participating teams (see Table 2.1). However, the additional element of compe-
tition was included to stimulate teams to perform at their best. This section describes
the associated judging criteria as developed in the i-GAME project and presents the
main judging results.

Judging criteria may be viewed to reflect quality requirements next to the func-
tional requirements, as expressed by means of the scenarios and interaction protocols.
The judging process deals with three dimensions of concerns:

1. multiple competition scenarios, as described in Section 2.2,

2. multiple levels of vehicle automation, and

3. multiple judging categories.

Compared to the GCDC in 2011, the latter two concerns were novel for the GCDC
in 2016.

Since basic cooperative platooning capabilities are a prerequisite for participation,
the automation level of the participating vehicles is required to be of SAE Level 1
[73], e.g., longitudinal control. Vehicles may, but need not, support higher levels of
automation, such as additional lateral control. These different levels of automation
gives rise to an additional challenge for judging. Note that teams having vehicles with
a higher automation level were neither penalized nor favored.

Cooperation and safety are crucial for the competition, which is why multiple
judging categories were defined. Next to technical performance, two non-technical
categories were devised, being assistance and support (A&S) and human-machine
interaction (HMI). Whereas the former focuses on how a team cooperates with other
teams, the latter focuses on safety aspects from an HMI-perspective for cooperative
and autonomous vehicles. From these three categories, technical performance received
the highest weight in judging.

In the remainder of this section, judging individual performance in a cooperative
setting is considered first, after which an overview of the judging criteria for the three
judging categories is provided. Finally, the main judging results are presented.

2.5.2 Judging Individual Performance in a Cooperative Set-
ting

Transparency of judging towards teams, and objectivity of judging is of utmost im-
portance, obviously. The former was accomplished through involvement of the teams
in the definition of the judging criteria, see D7.1 in [66], and the formalization of
the technical criteria. The latter was accomplished through automated judging of
technical criteria, which also enabled immediate feedback to teams of their perfor-
mance after a heat, as well as immediate visibility of performance of the teams to the
audience. Technical judging is based on data logged by three independent sources,
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Figure 2.9: Poles, intelligent roadside units, antennas, cameras, and RTK GPS trans-
mitter along the A270 test site, which is a freeway with corresponding (small) curva-
tures.

i.e., the OPCs, the participants’ vehicles, and the RSUs of the test site, see Fig. 2.9.
Such data logged by a participant’s vehicle could be viewed as a further extension
of the data recorded by a so-called Event Data Recorder (EDR)2, i.e., “a device or
function in a vehicle that records a vehicle’s dynamic time-series data just prior to
or during a crash, intended for retrieval after the crash” [75]. In 2012, the U.S. DoT
proposed a broader use of EDRs to help improve vehicle safety [76]. Extensions of
EDRs for active safety have been proposed in [77]. Further extension of EDRs with
communication data is considered crucial for future cooperative automated driving.

The two non-technical categories are inherently judging teams individually. For
the technical category, two types of judging are defined per competition scenario, i.e.,
individual and group judging, which ensures that teams are not only judged based on
individual performance but also on cooperative aspects. Examples of both types are
described below.

For the cooperative merging scenario, vehicles are required to keep a so-called
desired distance during platooning, balancing safety versus traffic throughput and
efficiency [59]. The desired distance dr,i(k) of the vehicle with index i sampled at the
kth discrete time instant, is given by

dr,i(k) = r + hvi(k), (2.5)

where r denotes the standstill distance (typically 2 to 3 meters), h the time gap
(typically less than 1 second), and vi(k) the velocity of vehicle i at discrete time

2According to [74], the National Highway Traffic Safety Administration (NHTSA) of the United
States Department of Transportation (U.S. DoT) estimates that approximately 96% of the passenger
cars of model year 2013 are already equipped with EDR capabilities.
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instance k. Desired distance is an example of an individual judging criterion, and
applies to both competition scenarios.

Comfort, which is based on a weighted average of measured acceleration values of
individual vehicles in a platoon, is an example of a group criterion. The average of
the scores of the vehicles of a platoon is taken as the group score.

2.5.3 Judging Criteria

The three judging categories are considered below.

Assistance and support (A&S)

Teams are judged based on their social interaction, willingness to cooperate with and
to provide feedback to other teams. Judging is performed by means of voting among
teams using an automated evaluation form. For each criterion, each team ranks all
the other teams by giving a distinct rank per team. The ranks for each team for all
criteria are subsequently accumulated, and a scoring function applied to determine
the final score.

Human-machine interaction (HMI)

The shift from human driving towards automated driving inherently comes with a
shift in decision making and control. For such a shift, the human-machine interaction
becomes vital. As an example, in case of a planned take-over of control from vehicle
to driver, the vehicle shall verify whether or not the driver is actually ready. Instead
of providing strict rules for HMI, all participants were provided guidelines to enable
designing and developing a human-machine interface by experts from both industry
and academia. These guidelines aim at a bi-directional communication process, i.e.,
both from vehicle to driver as well as from driver to vehicle. A judging panel consisting
of experts from academia performed the actual evaluation, based on criteria provided
to the participants, see D7.1 in [66]. Participants were requested to pitch their vision
on the HMI aspects of cooperative driving, supplemented with videos demonstrating
specific use cases.

Technical performance

To judge technical performance, a set 10 judging criteria were defined, 7 of type indi-
vidual and 3 of type group, see D7.1 in [66]. For judging, desired distance, maximum
speed, comfort (based on upper and lower acceleration limits), and conformance to
the interaction protocol were considered, amongst others. In this paper, technical
judging will only be illustrated by means of the example of desired distance. The
underlying idea is that the teams shall aim at an inter-vehicle distance close to the
desired distance throughout platooning, but at least maintain a safe distance. To
this end, the distance error ei(k) is defined as the difference between the measured
distance dm,i(k) and the desired distance dr,i(k) at time k, i.e.,

ei(k) = dm,i(k)− dr,i(k). (2.6)
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Figure 2.10: Scoring function Q1 for the desired distance criterion.
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Figure 2.11: Penalty-scoring function Q2 for the desired distance criterion.
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Table 2.3: Summary of judging results

Team A&S HMI Tech. Final

(10%) (20%) (70%)

6 7.9 7.4 8.7 8.4

5 8.7 4.2 9.4 8.3

1 3.9 4.2 8.3 7.1

9 9.2 5.4 7.0 6.9

3 10.0 7.4 6.0 6.7

7 6.3 6.8 6.0 6.2

4 4.9 7.8 5.8 6.1

2 8.2 4.2 5.6 5.6

10 6.3 5.4 0.0 1.7

8 – – – –

Furthermore, a threshold value ∆i(k) is defined, according to

∆i(k) = dr,i(k)− ds,i(k), (2.7)

where ds,i(k) is a safety distance [59]. Scoring is then based on a scoring function
Q1(ei(k)) and a penalty-scoring function Q2(ei(k)), as illustrated in Fig. 2.10 and
Fig. 2.11, respectively. The final score sv,i for vehicle i in heat v is subsequently given
by

sv,i = max

(
0,

∑
k∈Kv Q1(ei(k))

|Kv|
− max
k∈Kv

Q2(ei(k))

)
, (2.8)

where Kv is the set of time instances under consideration for heat v, and |Kv| denotes
the cardinality of Kv.

2.5.4 Experience and Results

Using formalized technical judging criteria to specify quality (and functional) require-
ments turned out to be an effective way to discuss these requirements between experts
on the one hand and between experts and participants on the other hand. Using data
logged by participants’ vehicles was only partially successful, however, due to lack-
ing logs and lacking, erroneous, or inaccurate data in the logs. Automated judging
was therefore complemented by visual inspection by experts through the Video-Based
Monitoring (VBM) system, i.e., a system using the cameras along the A270 test site
(Fig. 2.9), experts near the test track, and experts in the OPCs. A summary of the
judging results can be found in Table 2.33.

3Due to hardware-related problems, team 5 could not participate on the second day of the two-day
GCDC, whereas team 8 could not participate on both days. Therefore, both teams were decided to
be out-of-competition.
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2.6 Safety

Safety, and consequently a safe GCDC, has received a high priority throughout the
i-GAME project. However, due to the limited scope and duration of the project
itself, the full ISO 26262 standard on functional safety [78] could not be followed,
fully. Instead, a Hazard Assessment by Risk Analysis (HARA) was performed for the
GCDC scenarios to determine which hazardous situations should be addressed by the
developed systems, see D2.5 in [66].

Upon the detection of a hazard or threat by the system and/or the driver, a
response is required. Examples of hazards include communication degradation in
general, cut-in and emergency brake for the highway lane-reduction scenario, and a
front-to-side collision for the urban intersection crossing scenario. To mitigate the
consequences of failures leading to these hazards, roughly two approaches exist: Fail
safety and fault tolerance. A fail-safe approach guarantees that no or minimal harm
is caused to other vehicles, the environment and to people, whereas a fault-tolerant
approach enables a system to continue operating properly. Since, within the scope of
the GCDC, it was not considered feasible to implement fault-tolerant functionality, a
fail-safe approach for a specific set of hazardous situations, including failures of the
wireless communications due to, e.g., packet loss, was prescribed by the organiza-
tion, involving the human driver as a backup. It was therefore mandatory that the
driver should be ready to take over control throughout the competition (see D1.4 and
D2.5). Consequently, the manual override mechanisms were crucial, being 1) throt-
tle override, 2) brake override, 3) steering wheel override, and 4) emergency button
override.

To guarantee safety, the status of all vehicles from the registered teams was as-
sessed during a safety and performance workshop held at the IDIADA proving grounds
in April 2016, which was organized in three stages, see D4.1 in [66]:

1. Documentation: The teams had to provide a technical description of the vehicle
characteristics.

2. Inspection: A physical inspection was performed with a special focus on the
safety elements of the vehicle.

3. Dynamic validation: Proving ground tests were performed to assess vehicle
performance including dynamic maneuvering of the vehicle, brake tests, and
override mechanisms to return control to the driver.

The teams which did not pass the tests had to take corrective actions and were
subject to a re-assessment prior to the GCDC. All participating teams were able to
successfully pass all safety tests and, consequently, were allowed to compete in the
GCDC, see D4.6 in [66]. Moreover, no safety incidents occurred during the GCDC.

2.7 Conclusion

The GCDC was organized to further advance the field of cooperative automated
driving, extending platooning and CACC towards cooperative maneuvering. Here, a
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key aspect is the so-called interaction protocol, which defines the wireless vehicle-to-
vehicle messages to be exchanged between the vehicles involved in a certain traffic
scenario, allowing for coordinated execution of the desired vehicle maneuvers. How-
ever, it appeared that the current standardized message sets need to be extended to
support such cooperative maneuvering.

By means of two GCDC scenarios, being a highway lane reduction and an urban
intersection crossing, it was shown that the interaction protocol can be designed such
that a certain level of freedom is left for the design of the vehicle control system, which
is considered important to bring cooperative driving technologies closer to practical
deployment.

The control approach for both scenarios, as proposed by the GCDC organization,
was based on regulating inter-vehicle distances with vehicles on the adjacent lane
(lane reduction) or with virtual vehicles (intersection crossing) while driving as close
as possible to a set cruise speed. This is, in fact, common CACC functionality,
illustrating that the concept of CACC can be extended so as to also incorporate
maneuvering. This feedback-control approach has the advantage of being robust
against velocity disturbances induced by other traffic. In order for the pairing (lane
reduction) or target vehicle assignment (intersection crossing) prior to the actual
maneuvers to be successful, it is required that the vehicle speeds in different lanes are
close enough, however, without the need to control these speeds other than by means
of CACC.

Since the GCDC was set-up as a competition, it also involved assessment of the
teams’ individual performance in a cooperative setting, which nevertheless was shown
to be possible. Moreover, safety assessment of the team vehicles was an important
part of the competition, from which clearly appeared that technology-agnostic tests
for the safety validation are required to be able to accommodate a wide range of
automation system designs.

In summary, the GCDC event, including regular preparatory workshops, proved
to be a valuable instrument to further advance the field of cooperative automated
driving.
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Path-Following Control

ABSTRACT1- This chapter presents the design of a path-following control law
for the single track vehicle model in the presence of an input delay in the steering
dynamics. The control law is based on a transformation of the system dynamics to the
chained form. A stability analysis for the resulting nonlinear closed-loop dynamics is
presented. Moreover, the delay compensation of the steering input delay is achieved
by including a nonlinear model-based predictor in the feedback loop. The performance
of the control law is investigated by means of a simulation case study.

3.1 Introduction

The benefits of the automation of the vehiclular driving task include the decrease
of car crashes and resulting injuries and deaths (human error accounts for the vast
majority of crashes), the decrease of fuel consumption and emissions, the reduction
of congestion, and the improvement of land use [79]. Automated driving plays an
essential role in the development of autonomous vehicles [80], in cooperative driving
applications, such as platooning [81], [82], in vehicle following and lane keeping [83],
[84], and in intersection control [22], [85]. All these applications rely on the automa-
tion of the longitudinal and lateral dynamics of the vehicle (i.e., cruise and steering
control).

The work in [22], which motivated the work in the current paper, presents a
methodology to automate a four-way road intersection based on the regulation of the
relative motion of automated vehicles driving on distinct curved paths through the
intersection. To achieve this, a control law is designed which decouples the longitu-
dinal control from the lateral control by defining a lateral control law that achieves
path-following for any positive longitudinal velocity. The path-following control law is
designed for a car-like kinematic model that describes the motion of a car-like mobile
robot, as presented in [86].

The aim of the present work is to design a path-following control law for a passen-
ger vehicle, the dynamics of which can be modeled by the single-track vehicle model

1This chapter is based on [21].

35
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[18] for moderate lateral acceleration range (|ay| ≤ 0.4g ≈ 4 m/s2) on dry roads.
Note that the steering mechanism of passenger vehicles typically suffer from an input
delay, which will be taken into consideration for the control law design.

It is worth noting that an autonomous vehicle can either be desired to follow a
path or to track a trajectory [87]. The path-following task requires that the vehicle
stays on the path for any longitudinal velocity. On the other hand, if the path is
parameterized in time, then the problem is referred to as a trajectory-tracking task,
which is relevant for vehicle following [88].

Path-following control involves regulating certain error coordinates to zero, namely
the distance and orientation error coordinates with respect to the path. The distance
coordinate is defined by selecting a point on the vehicle which is then projected onto
a predefined path. Note that the point, along the path, on which the projection inter-
sects the path is referred to as the path coordinate. The orientation error coordinate
is defined as the difference between the orientation of the velocity vector of the vehicle
and the angle of the tangent of the path at the path coordinate. We can identify in
the literature two different approaches for the projection used to define the distance
coordinate. Hereafter, we will refer to these projections as perpendicular projection
and orthogonal projection. The perpendicular projection approach consists in defining
a look-ahead point along the vehicle longitudinal axis, and subsequently projecting
this point, perpendicular to the longitudinal axis, onto the path. On the other hand,
the orthogonal projection approach defines the distance coordinate as the smallest
distance between the path and a point on the vehicle.

The path-following control strategies, applied to the single-track model, mostly
implement a perpendicular projection since it models the sensing capabilities of an
on-board camera. In this category, model predictive control approaches have been
developed in [16], [89], [90], fuzzy logic is used in [91], [92], [93], Sliding Mode Control
in [94], [95], frequency-shaped linear quadratic control in [96], and a PD controller
aided by a Neural Network in [97].

The orthogonal projection approaches require a global positioning system. This
kind of projection is used in [98], together with composite nonlinear feedback control,
to achieve the path-following of the single-track model. Moreover, this kind of projec-
tion is also considered in the literature for the path-following control of non-holonomic
mobile robots (i.e. for the case of idealized tire models and while ignoring inertial
effects) [99], [100].

The transformation of a system with non-holonomic constraints into the so-called
canonical chained form [101] has been proven to achieve the path-following task for
kinematic mobile robots by transforming e.g. unicycle and car-like kinematic models
(as presented in [86]) into a linear time-varying system for which a time-varying
proportional feedback law can be easily designed. The aforementioned technique has
also been used in the trajectory-tracking task for non-holonomic systems in chained
form as presented in [102], [103].

The path-following control solutions mentioned above applied to the single track
model present some drawbacks, mainly 1) the computational complexity, in the case
of the model predictive control, 2) the use of heuristics, in the fuzzy logic case, 3) the
design complexity of the sliding mode control and the composite nonlinear feedback
control. Furthermore, the use of a perpendicular projection, which is useful for paths
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with low curvatures (e.g., a lane change path), can lead to losing track of a path with
high curvatures (e.g., a left- or right-turn path in an intersection), which is not the
case for an orthogonal projection.

In contrast, the chained form transformation technique applied to control mobile
robots achieves a less complex design of a control law which is computationally inex-
pensive to implement, and allows to influence the transient behavior since it is based
in closed-loop pole placement. For these reasons, in this paper, we pursue to develop
a controller, using an orthogonal projection approach, based on a chained-form trans-
formation, for a single-track vehicle model including tire behavior. Such approach
has not yet been developed in the literature.

The main contribution of this paper is the design of a path-following control
law based on the chained form transformation applied to the single-track vehicle
model. Moreover, this control strategy is further extended with a nonlinear model-
based predictor that compensates the input delay of the steering mechanism, using
a delay compensation approach as in [104]. Moreover, a formal stability analysis of
the resulting closed-loop system is provided. Finally, the effectiveness of the proposed
control strategy is evidenced by an illustrative case study.

The outline of this paper is as follows. Section 3.2 formalizes the problem defini-
tion. Section 3.3 presents the control design and the related stability analysis. The
results of the simulation study are shown in Section 3.4, and, finally, the concluding
remarks are discussed in Section 3.5.

3.2 Problem Definition

The problem to be solved is to develop a control strategy that allows an autonomous
vehicle, with lateral dynamics described by the single-track model and input delay
in the steering dynamics, to asymptotically follow a predefined path. This section
presents the definitions needed to state the problem in a system-theoretic manner.
Section 3.2.1 presents the path-following coordinates of a vehicle with respect of a
given path. Section 3.2.2 presents the dynamics of a vehicle using the single-track
model. The delayed dynamics of the steering mechanism is presented in Section 3.2.3.
Finally, the problem is stated in the form of a control objective in Section 3.2.4.

3.2.1 Path-Following Coordinates

Consider a point P, depicted in Figure 3.1, with position vector given by

~rP =
[
x y

]
~e 0, (3.1)

where ~e 0 =
[
~e 0

1 ~e 0
2

]T
is an earth-fixed frame with ~e 0

3 = ~e 0
1 ×~e 0

2 . Note that a rotation

about the ~e 0
3 is characterized by the direction cosine matrix

Az(θ) =

[
cos θ sin θ

− sin θ cos θ

]
, (3.2)
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Figure 3.1: Representation of the path following problem.

with θ defined in Figure 3.1.
The velocity vector of P is given by

~̇rP =
[
v 0

]
~e 1, (3.3)

where v := v(t) > 0, ∀t ≥ 0, is the magnitude of the translational velocity, and
~e 1 = Az(θ)~e

0.
By equating the time derivative of (3.1) with (3.3) we obtain the description of

the motion of P in Euclidean space, which is given by

ẋ = v cos θ, and ẏ = v sin θ. (3.4)

Now, consider the orthogonal projection of P to a path described by the curve C,
see Figure 3.1, which results in the point Ps, assumed to be uniquely defined (note
that this assumption implies mild assumptions on the curvature of C). The position
of P with respect to Ps is defined as

~rP/Ps =
[
0 d

]
~e 2, (3.5)

where d is the minimum distance from P to the curve C, and ~e 2 = Az(θs)~e
0, where

θs is the orientation of ~e 2
1 , with respect to ~e 0

1 , which is tangential to C at Ps.
The position vector of P can be rewritten as ~rP = ~rPs +~rP/Ps , the time derivative

of which is given by[
v 0

]
~e 1 =

[
ṡ 0

]
~e 2 +

[
0 ḋ

]
~e 2 +

[
0 d

]
~̇e 2,

=
[
ṡ 0

]
~e 2 +

[
0 ḋ

]
~e 2 +

[
0 d

] [ 0 θ̇s
−θ̇s 0

]
~e 2,

=
[
ṡ− dθ̇s ḋ

]
~e 2,

(3.6)

where s is the path coordinate associated to the curve C. Considering ~e 1 = Az(θe)~e
2

(where θe = θ − θs is defined as the orientation error) we can define the kinematics
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Figure 3.2: Schematic representation of the single track model.

of P with respect to the curve C, equating the left-hand and right-hand side of (3.6),
as

ṡ =
v cos θe

1− dc(s)
, ḋ = v sin θe, and θ̇e = θ̇ − c(s)ṡ, (3.7)

where c(s) is the curvature of C at s, and θ̇s = c(s)ṡ with c(s) = ∂θs/∂s. Hereafter, we
consider the distance d and the orientation error θe as the path-following coordinates.

3.2.2 Single Track Vehicle Model

The single track model is used to model the dynamics of vehicles for which the tire
behavior cannot be neglected. This model is a good approximation of the vehicle
dynamics for low lateral acceleration ay, namely |ay| ≤ 4 m/s2 [18]. Figure 3.2 depicts
the free-body diagram for the single track model. Under the small angle assumption
for the steering angle φ, the vehicle side slip angle β, and the tire side slip angles
α1 and α2, as defined in Figure 3.2, we employ the approximations sinx ≈ x and
cosx ≈ 1 for these variables. Then, the application of Newton’s second law yields

m(η̇ + ur) = Fy1 + Fy2, (3.8)

where m is the mass of the vehicle, η and u are, respectively, the lateral and longi-
tudinal velocities of the center of mass P, and r = θ̇ is the yaw rate. Moreover, in
(3.8) Fy1 and Fy2 are tire forces acting at the front and rear wheels, respectively, see
Figure 3.2. Additionally, the application of Euler’s law, about P, gives

Iṙ = LaFy1 − LbFy2, (3.9)

where I is the moment of inertia of the vehicle around its center of mass in P, and
La and Lb are the distances from the center of mass P to the front and rear axles,
respectively.

If we consider linear cornering characteristics for the tire force model, we can write
the lateral forces as

Fy1 = C1α1, and Fy2 = C2α2, (3.10)

where C1 and C2 are the cornering stiffnesses. Note that the tire slip angles are given
by

α1 = φ− 1

u
(η + Lar), and α2 = − 1

u
(η − Lbr), (3.11)



40 Chapter 3. Path-Following Control

where φ is the steering angle, and the vehicle side slip angle is given by β = −η/u.

By substituting (3.10) in (3.8) and (3.9), considering (3.11) and the fact that
u = v cosβ ≈ v (due to the small angle approximation of β), we obtain

ṙ = −ρ1r − ρ2η + ρ3φ,

η̇ = −ρ4r − ρ5η + ρ6φ,
(3.12)

where

ρ1 =
L2
aC1 + L2

bC2

Iv
, ρ4 = v +

LaC1 − LbC2

mv
,

ρ2 =
LaC1 − LbC2

Iv
, ρ5 =

C1 + C2

mv
,

ρ3 =
LaC1

I
, ρ6 =

C1

m
,

(3.13)

with

v ∈ V = {v(t)|0 < εv < v(t), ∀t ≥ 0}, (3.14)

for some 0 < εv � 1. Note that the values of the parameters in (3.13), which
correspond to a Toyota Prius, are introduced in Section 3.4

3.2.3 Steering Mechanism Model

For this work, we consider the steering mechanism of a Toyota Prius which has been
identified, in [105], as a second-order system with input delay. Envisioning a fu-
ture implementation on that specific vehicle, we consider generic steering mechanism
dynamics represented by the following second-order system with input delay

φ̈ = −κ1φ̇+ κ2(U(t−D)− φ), (3.15)

where φ is the steering angle, κ1, κ2 > 0 are parameters characterizing the steering
actuation mechanism. Moreover, U is the reference steering angle input, and D is
the input delay. In the case of the steering mechanism of the Toyota Prius, which
is controlled by a dedicated Electronic Control Unit (ECU), it takes 10 ms for the
mechanism to react to a sudden change in the reference steering angle.

3.2.4 Control Objective

Considering (3.4), (3.12), (3.15), and ψ = φ̇ we define the state vector

X =
[
x y θ r η φ ψ

]T
, (3.16)
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the dynamics of which describe the motion of a vehicle in Euclidean space by the
following nonlinear dynamical model

Ẋ =



v cos θ

v sin θ

r

−ρ1r − ρ2η + ρ3φ

−ρ4r − ρ5η + ρ6φ

ψ

−κ1ψ + κ2(U−D − φ)


, (3.17)

where U−D (t) := U(t−D).
Moreover, considering (3.7), (3.12), and (3.15), we define the state vector

S =
[
s d θe r η φ ψ

]T
, (3.18)

obtained by the the coordinate transformation

S = Ω(X), (3.19)

where X is defined as in (3.16). The system dynamics in terms of the state S in (3.18)
describe the motion of a vehicle with respect of a predefined path by the following
nonlinear dynamical model

Ṡ =



v cos θe
1− dc(s)
v sin θe

r − c(s) v cos θe
1− dc(s)

−ρ1r − ρ2η + ρ3φ

−ρ4r − ρ5η + ρ6φ

ψ

−κ1ψ + κ2(U−D − φ)


. (3.20)

For the sake of notation and convenience, consider the state decomposition of (3.18)

given by S :=
[
s STp STv

]T
, with Sp =

[
d θe

]T
defined as the vector of path-

following states and Sp =
[
r η φ ψ

]T
defined as the vector of cornering states.

Finally, we can define the path-following control objectives as follows. Given the
coordinate transformation in (3.19) and considering a forward velocity v ∈ V, with V
as in (3.14), design a control law such that

‖Sp(t)‖ ≤ cpe−λpt,
and

‖Sv(t)‖ ≤Mv,

(3.21)

for some bounded constants cp, λp,Mv > 0 and for all t > 0. In other words, the
vehicle should converge exponentially to the path C for any velocity v ∈ V while the
cornering states Sv remain bounded.
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3.3 Control Law Design

This section presents the path-following control law and a stability analysis showing
that the path-following control problem stated in Section 3.2.4 is solved by the pro-
posed controller. In Section 3.3.1, we present the delay compensation concept from
which it will be concluded that the control law can be designed for the delay free
case and subsequently can be combined with a model-based predictor. Additionally,
Section 3.3.2 presents the control law and the closed-loop system stability analysis.

3.3.1 Delay Compensation

Consider the system in (3.17) expressed in the general form

Ẋ(t) = f(X(t), U(t−D)), (3.22)

where D is the input delay. Assume that a continuous state-feedback control law
(Ψ ◦X)(t) is given such that

Ẋ(t) = f(X(t), (Ψ ◦X)(t)) (3.23)

achieves the control objectives in (3.21) for the system without delay (i.e., for D = 0).
Such a control law will be designed in Section 3.3.2.

To achieve path-following control for (3.22) including non-zero input delay D we
predict the state X for D seconds into the future (as described in [104]); in other
words, we introduce the prediction state

P (t) := X(t+D) = X(t) +

∫ t+D

t

f(X(σ), U(σ −D))dσ, (3.24)

which, considering a change in the time variable, can be rewritten as

P (t) = X(t) +

∫ t

t−D
f(X(σ +D), U(σ))dσ

= X(t) +

∫ t

t−D
f(P (σ), U(σ))dσ,

(3.25)

where the initial condition for P (t) is defined as

P (σ) = X(0) +

∫ σ

−D
f(P (τ), U(τ))dτ ∀σ ∈ [−D, 0]. (3.26)

Now we can formulate the state feedback control law, including the delay compensa-
tion, as follows:

U(t) = (Ψ ◦ P )(t) = (Ψ ◦X)(t+D), (3.27)

which, applied to the system in (3.22) yields

Ẋ = f(X(t), (Ψ ◦ P )(t−D))

= f(X(t), (Ψ ◦X)(t)),
(3.28)

which achieves the control objectives in (3.21).
Next, we focus on designing such control law Ψ ◦X for the delay-free system.
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3.3.2 Control Law and Stability Analysis

The design of a control law to achieve the control objectives in (3.21) is based on
the transformation of (3.20) into the chained form (described in [101] in the scope
of mobile robotics). This section presents a short summary of the chained form, the
control law, and the stability result in the form of Theorem 1.

Chained form transformation

Consider the state space S ∈ Rn, with n = 7, and with dynamics as in (3.20), to
which we apply a coordinate transformation

Z = Φ(S), (3.29)

where Z =
[
z1 . . . zn

]T
, the dynamics of which defines the chained form as follows:

ż1 = v1,

żi−1 = v1zi, ∀i ∈ {3, · · · ,m},
żm = v2,

(3.30)

where m ≤ n, and v2 = v2(S,U). Note that if m < n then n−m additional states have
to be defined such that (3.29) is a diffeomorphism. As is the case for the single-track
model for which m = 6. From (3.30), we can define the coordinate transformation
Z = Φ(S) as

z1 = s,

z2 = d,

zi = n1żi−1, ∀i ∈ {3, . . . ,m},
(3.31)

where n1 = v−1
1 = ṡ−1 = v−1(1− dc(s)) sec θe.

Control law

To define the path-following control law let us consider Z̃ =
[
z2 z3 z4 z5 z6

]T
such

that, based on (3.30), the dynamics of Z̃ satisfies

˙̃Z = v1(t)


0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

 Z̃ +


0

0

0

0

1

 v2,

=: v1(t)AZ̃ +Bv2.

(3.32)

Then, the linear time-varying feedback law is given by

v2(t) = −v1(t)KZ̃(t), (3.33)
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where K =
[
k2 k3 k4 k5 k6

]
. Applying (3.33) to (3.32) yields the closed-loop

system given by

˙̃Z = v1(t)


0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

−k2 −k3 −k4 −k5 −k6

 Z̃,
=: v1(t)ΞZ̃.

(3.34)

From the fact that v2 = ż6, see (3.30) for m = 6, we can obtain an expression for
v2 of the following form: v2 = ż6 =: α(S) + β(S)U . Expressions for the functions
α(·) and β(·) will be made explicit in the proof of Theorem 1. Now, the (reference
steering angle) control input for (3.20) is defined as

U = −v1KZ̃ + α

β
. (3.35)

Note that the state z1 = s is not regulated and it evolves independent of the path-
following task.

Stability analysis

The closed-loop stability properties induced by the control in (3.35) are summarized
in the following theorem.

Theorem 1. Consider the vehicle dynamics in (3.20) with velocity v ∈ V, with
V as in (3.14). Then, for initial conditions S(0) such that Sp(0) and Sv(0) are
sufficiently small, the control law in (3.35) achieves the control objectives in (3.21) if
the eigenvalues of the matrix Ξ in (3.34) lie in the open left-half of the complex plane.

Proof. First, let us construct the coordinate transformation Z = Φ(S) that it is
obtained by applying (3.31) to (3.20) which yields

z1 = s,

z2 = d,

z3 = (1− dc(s)) tan θe,

z4 = (z3,s + z3,dz3 − z3,θec(s)) + n1z3,θer,

=: ζ4(s, d, θe) + ξ4(s, d, θe)r,

z5 = n1(ζ̇4 + (ξ̇4 − ξ4ρ1)r)− n1ξ4ρ2η + n1ξ4ρ3φ,

=: ζ5(s, d, θe, r) + γ5(s, d, θe)η + ξ5(s, d, θe)φ,

z6 = n1(ζ̇5 + γ̇5η + γ5η̇ + ξ̇5φ) + n1ξ5ψ,

=: ζ6(s, d, θe, r, η, φ) + ξ6(s, d, θe)ψ,

(3.36)
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with n1(s, d, θe) = v−1(1− dc(s)) sec θe, and

ż6(S,U) = (ζ̇6 + (ξ̇6 − ξ6κ1)ψ − ξ6κ2φ) + ξ6κ2U,

=: α(S) + β(S)U =: v2(S,U),
(3.37)

such that m = 6, and where zi,x := ∂zi/∂x. For (3.29) to be a diffeomorphism its
Jacobian matrix has to be invertible, i.e., we require that

det
dΦ

dS
6= 0. (3.38)

Therefore, let us consider z7(S) such that

dΦ

dS
=



1 0 0 0 0 0 0

0 1 0 0 0 0 0

z3,s z3,d z3,θe 0 0 0 0

z4,s z4,d z4,θe z4,r 0 0 0

z5,s z5,d z5,θe z5,r z5,η z5,φ 0

z6,s z6,d z6,θe z6,r z6,η z6,φ z6,ψ

z7,s z7,d z7,θe z7,r z7,η z7,φ z7,ψ


, (3.39)

the determinant of which is given by

det
dΦ

dS
= z3,θez4,rz5,η[z6,φz7,ψ − z6,ψz7,φ]

+ z3,θez4,rz5,φ[z6,ψz7,η − z6,ηz7,ψ].
(3.40)

If we define
z7(S) = η, (3.41)

then (3.40) yields

det
dΦ

dS
= z3,θez4,rz5,φz6,ψ, (3.42)

where
z3,θe = (1− dc(s)) sec2 θe,

z4,r = ξ4 = n1∂θe(z3) = v−1(1− dc(s))2 sec3 θe,

z5,φ = ξ5 = n1ρ3ξ4 = ρ3v
−2(1− dc(s))3 sec4 θe,

z6,ψ = ξ6 = n1ξ5 = v−3(1− dc(s))4 sec5 θe.

(3.43)

Therefore, the condition in (3.38) is met for

Sp ∈ S =

{[
d

θe

]
:
|dc(s)| < 1− εd,
θe ∈

[
−π2 + εe,

π
2 − εe

] } , (3.44)

with 0 < εd � 1, 0 < εe � 1, and v ∈ V. Note that v ∈ V is part of the assumptions.
From (3.37) we know that α(S) and β(S) are functions of n1, ζ4, ξ4 and their time
derivatives, all of which are, ultimately, functions of tan θe and/or sec θe which are
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continuous and bounded for Sp ∈ S with S as in (3.44). Consequently, α(S) and β(S)
are continuous and bounded in S.

Now, if ż1 = v1 = v cos θe/(1 − dc(s)) is considered to be bounded and strictly
positive (which is true if the conditions in (3.44) are met, and v ∈ V), such that there
exist a v̂1 satisfying 0 < v̂1 ≤ v1(t), for all t, then

z1(t) =

∫ t

0

v1(σ)dσ ≥ v̂1t, for z1(0) = 0, (3.45)

will increase monotonically in time. Therefore, z1 can be considered as a new inde-
pendent variable. As a consequence, we can rewrite (3.32) as

Z̃,z1 = AZ̃ +Bw2, (3.46)

where Z̃,z1 = ∂Z̃/∂z1, and w2 := v2/v1. Consider the linear feedback law in (3.33)
which can be written as

w2 = −KZ̃, (3.47)

such that
eig(Ξ) ∈ C−, (3.48)

where Ξ = A−BK. Note in this respect, that (A,B) is controllable and hence such
K can always be found.

Consequently, the solution of the closed-loop system given by Z̃,z1 = ΞZ̃, satisfies

Z̃(z1) = exp(Ξz1)Z̃(0), (3.49)

such that the solution of (3.34) satisfies

||Z̃(t)|| ≤ ce−az1(t) ≤ ce−av̂1t (3.50)

due to (3.45) and (3.48), for some a, c > 0. Then, we can conclude that the closed-
loop system obtained by applying the time-varying control law in (3.33) to the system
in (3.32), is exponentially stable.

With the above analysis we have shown that the states in Z̃ converge to zero
exponentially. Now, let us analyze the internal dynamics, associated with the state-
variable z7. Consider the inverse mapping of (3.29) given by S = Φ−1(Z) such that

s = z1,

d = z2,

θe = arctan

(
z3

1− c(z1)z2

)
,

r =
z4 − ζ4(z1, z2, z3)

ξ4(z1, z2, z3)
,

η = z7,

φ =
z5 − ζ5(z1, z2, z3, z4)− γ5(z1, z2, z3)z7

ξ5(z1, z2, z3)
,

ψ =
z6 − ζ6(z1, z2, z3, z4, z5, z7)

ξ6(z1, z2, z3)
.

(3.51)
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Considering (3.20), (3.41), and (3.51) we can write

ż7 = −ρ5z7 −
ρ4(z4 − ζ4)

ξ4
+
ρ6(z5 − ζ5 − γ5z7)

ξ5
,

=: −ρ̄z7 + ζ7(z1, Z̃),

(3.52)

where

ρ̄ := ρ5 −
ρ2ρ6

ρ3
=
C2

mv

(
1 +

Lb
La

)
> 0 (3.53)

due to (3.13), v ∈ V, and the fact that γ5/ξ5 = −ρ2/ρ3. Moreover,

ζ7(z1, Z̃) :=
ρ4(ζ4 − z4)

ξ4
+
ρ6(z5 − ζ5)

ξ5
. (3.54)

By considering (3.43) and (3.51), (3.54) we have that

ζ7(z1, Z̃) = (1− c(z1)z2)

(
ρ4(ζ4 − z4)

v−1ξ3
7

+
ρ6(z5 − ζ5)

v−2ξ4
7

)
, (3.55)

where

ξ7(z1, z2, z3) =
√

(1− c(z1)z2)2 + z2
3 6= 0, (3.56)

for |c(z1)z2| < 1− εd with 0 < εd � 1, since s = z1 and d = z2, and Sp ∈ S.
Consider the Lyapunov function V = 1

2z
2
7 > 0, ∀z7 6= 0, the time derivative of

which, given by V̇ = z7ż7, can be rewritten, considering (3.52), as

V̇ = −ρ̄z2
7 + z7ζ7(z1, Z̃),

= − 1
2 ρ̄z

2
7 − 1

2 ρ̄z
2
7 + z7ζ7(z1, Z̃),

≤ − 1
2 ρ̄z

2
7 ∀|z7| ≥

2|ζ7(z1, Z̃)|
ρ̄

.

(3.57)

Therefore, the ż7-dynamics is input-to-state stable [107], [108], with respect to the
input ζ7(z1, Z̃). The input ζ7(z1, Z̃) is bounded if the conditions in (3.44) hold.
To prove the latter claim consider that, from (3.55), ζ7 is a function of ζ4 and ζ5.
Additionally, from (3.36), we know that ζ5 is a function of ζ4, ξ4, and n1; which, in
turn, are all functions of tan θe and/or sec θe which are bounded under the conditions
in (3.44).

Now let us show that the state evolution indeed resides in the set S in (3.44) as is
used in several places in the proof. Given the exponential stability of the Z̃ dynamics,
see (3.50), there exists a neighborhood of the origin of these dynamics for which it
holds that the state evolution in forward time stays in the set in (3.44). Note in this
respect that z2, z3 small implies that d and θe is small, see (3.36).

To summarize, the control law in (3.33) achieves exponential stability of the system
in (3.32), which is proved in (3.50). Moreover, we have shown input-to-state stability
of the internal (z7) dynamics in (3.52), which, in turn, guarantees the feasibility of the
linearizing (and stabilizing) feedback in (3.35). Therefore, we can conclude that the
control law in (3.35), applied to the system in (3.20), will achieve the control objectives
in (3.21). Namely, all states in (3.20) (except s) remain bounded in forward time,
and d and θe converge to zero exponentially. �
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3.4 Simulation Results

In this section, we present a simulation-based case study to illustrate the effectiveness
of the control law introduced in Section 3.3. First, using a circular path scenario,
we explore the impact of the tuning parameters on closed-loop performance for the
delay-free case, and after choosing a suitable set of gains, the effectiveness of the
delay compensation technique is presented. Moreover, by means of a sinusoidal path
scenario, we show the ability of the proposed control law to follow a time-varying
curvature path. Keep in mind that we can define a complex path as set of path
segments with constant curvature (e.g. circular arcs and straight lines) and path
segments with continuous curvature (e.g. splines and polar polynomials).

For this study, we consider the vehicle parameters of a Toyota Prius which are
La = 1.1082 m, Lb = 1.5918 m, C1 = 98389 N/rad, C2 = 198142 N/rad, m = 1625
kg, I = 2865.61 kg·m2, κ1 = 24.5 s−1, and κ2 = 306.25 s−2. The initial condition is

X(0) =
[
0 0 0 0 0 0 0

]T
, and the constant longitudinal velocity is v = 8 m/s.

3.4.1 Circular Path Scenario

A representation of the circular path C, with constant curvature, is depicted in Fig-
ure 3.3, the parameters of which are Rc = 25 m, Hc = 9 m, and Kc = 26 m. Consider
the position vector, of the circular path C in Figure 3.3, given by ~rC = ~rO1 + ~rC/O1 ,

with ~rO1 =
[
Hc Kc

]
~e 0 and ~rC/O1(γ) =

[
Rc cos γ Rc sin γ

]
~e 1, where Rc is the ra-

dius of the circular path, and ~e 1 = Az(−π2 )~e 0. Keeping Figure 3.1 in mind, we know
that the vectors ~rC/O1(γ) and ~rP/O1 are parallel when ~rP/C(γ) is minimum, which is
the case for ~rP/Ps := ~rP/C(γ̂) = ~rP/O1 − ~rC/O1(γ̂) with

γ̂ = arctan

(
~rP/O1 · ~e 1

2

~rP/O1 · ~e 1
1

)
. (3.58)

Finally, we can define the relevant path-following coordinates as

d = ~rP/C(γ̂) · ~e 1
2 , θe = θ − γ̂, c = R−1

c , (3.59)

which are, respectively, the distance, the orientation error, and the curvature. Note
that ~e 1 = Az(γ̂)~e 0.

The control law, presented in Section 3.3, yields an stable behavior (for the delay

free system) if the gain vector K =
[
k2 k3 k4 k5 k6

]
in (3.33) satisfy the eigenval-

ues condition in (3.48). The characteristic polynomial P (λ) of Ξ is given by

P (λ) = k2 + k3λ+ k4λ
2 + k5λ

3 + k6λ
4 + λ5. (3.60)

Given the closed-loop poles λi, ∀i ∈ I = {1, · · · , 5}, such that P (λ) =
∏
i∈I(λ−λi) :=∑

i∈I(piλ
i−1), we have that the elements of the gain vector K are given by

ki+1 = pi, ∀i ∈ I. (3.61)
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Figure 3.3: Representation of the circular path scenario.

To achieve a decaying exponential response without oscillations, we place the closed-
loop poles only on the real axis. Moreover, we opt for λi = λ̄, ∀i ∈ I, such that
λ̄ < 0.

Next, we discuss the results of several simulations, in which the lateral control
is activated after one second of simulation. Figure 3.4 shows the norm of the path-
following and the cornering vectors, ‖Sp‖ and ‖Sv‖, respectively, for three different
designs of the closed-loop poles. Namely, λ̄1 = −0.2 rad/s, λ̄2 = −0.3 rad/s, and
λ̄3 = −0.4 rad/s. We observe that all responses achieve the control objectives in
(3.21). Figure 3.5 shows the trail of a vehicle following the circular path for the
different placements of the closed-loop poles (note that the black circle represents the
initial position). To discern which is the best tuning for this scenario we analyze the
lateral acceleration ay shown in Figure 3.6, which has to be in the range |ay| ≤ 4
m/s2, such that the single track vehicle model remains an accurate representation of
the lateral dynamics of a passenger vehicle (according to [18]). Therefore, we select
the case in which all the closed-loop poles are located at λ̄ = −0.3 rad/s. Note that
the value of the lateral acceleration scales with the initial error (a larger initial error
typically yields a response with larger lateral acceleration). In case of of scenarios
with even larger initial errors, it is wise to include a transient in the desired path
leading to the circular path.

Let us now investigate the performance of the proposed controller in the presence
of steering-input delay. Figure 3.7 shows the norm of the path-following and the
cornering vectors, ‖Sp‖ and ‖Sv‖, respectively, for different values of the input delay;
however without delay compensation. Let us analyze the response for D1 = 0 ms,
D2 = 20 ms, and D3 = 40 ms, which represent a range of values going from zero
delay to a delay value for which the response is almost unbounded. We can notice
that the input delay induces oscillation in the response of the system, as depicted in
Figures 3.7 and 3.8, where, in the latter figure, the black circle represents the initial
position. These results further emphasize the need for a delay-compensation approach
as proposed in this paper.

Figure 3.9 shows ‖Sp‖ and ‖Sv‖ for the delay compensated case. This figure
shows that the delay compensation now avoids the unwanted oscillations as observed
in Figures 3.7 and 3.8 and indeed ensures convergence to the path, see also Figure 3.10.

Finally, Figure 3.11 shows the values of all the components of the path-following
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Figure 3.4: Norm of the path-following and cornering vectors for different closed-loop
pole placements.
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Figure 3.5: Trail of a vehicle following a circular path for different closed-loop pole
placements.
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Figure 3.6: Lateral acceleration for different closed-loop pole placements.
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Figure 3.7: Norm of the path-following and cornering vectors for different values of
the input delay without delay compensation.
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Figure 3.8: Trail of a vehicle following a circular path for different values of the input
delay without delay compensation.



52 Chapter 3. Path-Following Control

0 2 4 6 8 10 12
0

0.2
0.4
0.6
0.8

1

Time [s]

‖S
v
‖

0 2 4 6 8 10 12
0

1

2

3

‖S
p
‖

D1 D2 D3

Figure 3.9: Norm of the path-following and cornering vectors for different values of
the input delay with delay compensation.
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Figure 3.10: Trail of a vehicle following a circular path for different values of the input
delay with delay compensation.
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Figure 3.11: Components of the path-following and cornering vectors, Sp and Sv
respectively, for a compensated input delay D = 20 ms and closed-loop poles at
λ̄ = −0.3 rad/s.

states vector Sp and cornering states vector Sv for a vehicle with input delay D = 20
ms, and a controller with closed-loop poles located at λ̄ = −0.3 rad/s.

3.4.2 Sinusoidal Path Scenario

A representation of the sinusoidal path C, with time-varying curvature, is depicted
in Figure 3.12. The path needs to be designed such that the conditions in (3.44) are
satisfied and then the same controller can also deal with the case of time-varying cur-
vature paths. In this scenario we achieve these conditions by choosing the parameters
of the sinusoidal path as follows: Hs = 6 m, and Ls = 100 m. The position vector

of this path is given by ~rC(xs) =
[
xs ys(xs)

]
~e 0 where ys(xs) = Hs sin(2πL−1

s xs).

Keeping Figure 3.1 in mind, we know that ~rP/Ps := ~rP/C(x̂s) = ~rP − ~rC(x̂s), where

x̂s = min

(
arg min

xs≥0
~rP/C(xs)

)
. (3.62)

Therefore, the path-following coordinates are

d = ~rP/C(x̂s) · ~e 0
2 , θe = θ − arctan y′s(x̂s), (3.63)

which are the distance, and the orientation error, respectively. Moreover, the curva-
ture is given by

c = y′′s (x̂s)
(
1− y′(x̂s)

)−3/2
. (3.64)

Note that y′s := ∂ys/∂xs, and y′′s := ∂2ys/∂x
2
s. From the mapping in (3.36), we infer

that we need to calculate the derivatives of the curvature with respect of the path
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Figure 3.12: Representation of the sinusoidal path scenario.
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Figure 3.13: Trail of a vehicle following a sinusoidal path.

coordinate s. Therefore, consider c(i) := ∂ic/∂si such that

c(i+1) =
∂c(i)

∂xs
· ∂xs
∂s

, ∀i ∈ {0, · · · , 4}, (3.65)

with ∂xs/∂s = (1 + (y′s)
2)−1/2 calculated form the definition of a path coordinate

differential.

For this scenario, we consider an input delay D = 10 ms, and closed-loop poles
placed at λ̄ = −0.3 rad/s. Note that D = 10 ms is the input delay of the steering
mechanism of the Toyota Prius, see Section 3.2.3. Figure 3.13 shows the trail of the
position of the vehicle as it follows the sinusoidal path (the red circle represents the
initial position). The vehicle maintains a lateral acceleration ay below the limit for
which the single-track vehicle model is valid (namely |ay| ≤ 4 m/s2), as shown in
Figure 3.14. In Figure 3.15, we can observe how the elements of the vector of path-
following coordinates Sp is regulated to zero even when the curvature of the path is
not constant.Moreover, the path-following task is achieved with a bounded response
of the cornering states vector Sv, the elements of which are also shown in Figure 3.15.

We can conclude that the control strategy presented in Section 3.3 achieves the
path-following objectives in (3.21) also for paths with non-constant curvature and for
non-zero steering input delay.
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Figure 3.14: Lateral acceleration for a sinusoidal path.
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Figure 3.15: Components of the path-following and cornering vectors, Sp and Sv
respectively, for a sinusoidal path.
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3.5 Conclusions

This paper presents a novel path-following control law for a vehicle with dynamics
described by the single-track model including steering input delay. The delay com-
pensation is achieved by employing a nonlinear model-based predictor. A stability
result is presented that shows that the controller indeed achieves path-following in
the presence of steering input delay. An illustrative simulation case study shows the
effectiveness of the proposed control approach.



Chapter 4

Virtual Platoon Formation

ABSTRACT1- This chapter proposes a cooperative intersection control strategy
which aims to decrease the number of accidents and to increase the traffic flow at
intersections. Existing high-level automation methodologies mainly focus on the de-
termination of a safe crossing sequence of the involved vehicles, typically ignoring
realistic vehicle dynamics aspects. The solution proposed in this work, referred to as
Cooperative Intersection Control (CIC), takes into account the dynamics of the vehi-
cles and is based on the novel concept of virtual platooning. Virtual platooning allows
to form platoons of vehicles that are in different lanes of the intersection and have
different directional intentions. Herewith, both safe passage of the vehicles through
the intersection and a high intersection throughput (due to close ‘virtual’ vehicle fol-
lowing) can be achieved. The performance of the proposed strategy is assessed and
a comparison between the CIC and an intersection controlled with traffic lights is
presented.

4.1 Introduction

Road intersections are prone to traffic accidents since they are the places in which in-
dividual vehicle trajectories cross. In 2016, accidents in road intersections accounted
for 20% of all the traffic accidents in the European Union [109], which is a relatively
high percentage for such small part of the road system. Traffic lights, roundabouts
and stop signs are existing preventive measures that were devised to ensure safety of
intersections. Still, a high percentage of accidents at intersections regulated by traffic
lights are caused by human error. The recent development of automated vehicles aims
to achieve a better performance of the driving task using sensing and behavioral pro-
tocols. The addition of Vehicle-to-vehicle (V2V) communication to such automated
vehicles, has allowed to develop behavioral protocols that include cooperation between
vehicles (distributed protocols), and between vehicles and infrastructure (centralized
protocols). Both approaches aim to determine a safe and efficient crossing sequence of
vehicles through an intersection. Centralized approaches [7,8], allow to optimize cer-

1This chapter is based on [22].
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tain measures, such as average delay or the overall flow of vehicles, while distributed
approaches [9, 10], rely on road priority to assign a suitable crossing sequence.

The existing solutions to manage an automated intersection can be categorized as
Cooperative Resource Reservation approaches and Trajectory Planning approaches
(as categorized in [5]). Cooperative Resource Reservation approaches [11, 13], focus
on scheduling space tiles and time slots requested by vehicles intending to cross the
intersection, and the Trajectory Planning approaches [14, 15], focus on the relative
motion between vehicles to determine a safe crossing sequence.

In Cooperative Resource Reservation approaches, the intersection space is dis-
cretized into space tiles. When a vehicle requests to cross the intersection, a predic-
tion of its motion is performed based on its dynamics. This prediction determines on
which space tiles the vehicle would drive, and at which time, if it is granted access
to the intersection. If the space tiles and time slots are free, meaning that there is
no other vehicle that conflicts in time and space, then the reservation is granted. A
new request has to be made if the reservation is rejected. In centralized solutions,
presented in [12,43], the predictions and reservations are managed by an intersection
agent, that receives the vehicles requests and determines the crossing sequence by
solving an optimization problem. In distributed solutions, presented in [44, 45], the
space and time reservation is made by means of tokens, which are assigned to each
conflict point. A vehicle that intends to cross the intersection communicates with
surrounding vehicles to determine if a token is taken or not, if the token is free then
the vehicle crosses the intersection, if not, the vehicle waits until the token is released.

The Trajectory Planning approaches focus on the calculation of the exact point
of intersection between trajectories to define projections of vehicles driving on other
lanes, or virtual vehicles, and to design time based velocity or acceleration profiles.
The projection and profiles are used to generate a safe relative motion between vehi-
cles. In the centralized solution presented in [16], an intersection agent uses the vehicle
information to predict the trajectories through the intersection, the prediction is used
to calculate the optimal crossing sequence. Once the sequence is defined, certain vehi-
cles are commanded to decelerate to achieve safe crossing. In decentralized solutions,
presented in [9, 47], the road priorities are used to determine the crossing sequence
which is executed by maintaining a safe relative motion between vehicles. The work
in [110] focuses on determining optimal control policies, for a fixed crossing order, by
decomposing the intersection problem into an upper level time-slot allocation prob-
lem and multiple vehicle-level optimal control problems. In [111], a hybrid solution
is presented, where a leader vehicle is selected to optimize the crossing sequence and
communicate it to the other vehicles.

All the aforementioned works focus on the determination of the crossing sequence
and pay little to no attention, to the execution of the crossing sequence on a vehicle
level. The vehicles are expected to execute the predicted trajectories that are cal-
culated considering a free road, which is not always possible because other vehicles
may be waiting in the same lane to cross the intersection. The desired vehicle dy-
namics are just implied and no formal control laws are presented. To account for the
gap between the determination and the execution of the crossing sequence we have
developed the Cooperative Intersection Control (CIC) methodology. Note that the
development of this methodology was part of the Grand Cooperative Driving Chal-
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lenge [51]. In fact, safe passage of the vehicles through the intersection is not (only)
achieved by scheduling, but mainly by direct dynamic cooperation between vehicles.
Such dynamic cooperation is achieved by the introduction of the virtual platooning
concept, in which platoons of vehicles (in different lanes and with different directional
intentions) are formed. Doing so, a robust (to the actual dynamic behavior of the
vehicles) way of providing both safe passage through the intersection and a high in-
tersection throughput (due to close ‘virtual’ vehicle following) is obtained. One of
the outcomes of this dynamic cooperation is that the vehicles are not required to
stand-still which reduces the fuel consumption since the vehicles do not idle while
waiting to cross the intersection. The CIC methodology differs from the Trajectory
Planning approaches (as in [10, 14, 16]) in that it focuses on the coordination of the
relative motions between vehicles disregarding time. This allows for a simplification of
the two-dimensional intersection problem into a one-dimensional (virtual) platooning
problem. In this context, the determination of the crossing sequence is transformed
into the determination of a platoon index. When the platoon index is assigned the
proper (safe) spacing is realized by the vehicle controllers. Therefore, the determi-
nation of crossing sequence does not rely on the prediction of the trajectories of the
vehicles, and the subsequent scheduling of time-space tiles, as in the Cooperative
Resource Reservation approaches in [12, 13, 44]. A preliminary version of CIC was
presented in [23].

In comparison with the work in [23], this paper presents, firstly, a generalization
of CIC to generic intersection geometries, secondly, stability proofs for the proposed
control laws, thirdly, the analysis of the performance of the proposed strategy, and, fi-
nally, a simulation comparison between the proposed CIC strategy and an intersection
controlled with traffic lights.

The proposed CIC methodology (which assumes that all vehicles have both wire-
less communication capabilities and an accurate on-board GPS) comprises two hier-
archical control levels: an execution level which deals with the control of the vehicle
dynamics and a supervisory level that manages the access to the intersection (i.e.,
it determines the crossing sequence of the vehicles entering the intersection). The
selected control strategies, used in the execution level, allow the decoupling of the
control of the lateral and longitudinal dynamics of the vehicle, which is instrumen-
tal for the formation of the virtual platoons. The subsystems that constitute the
supervisory level allow for a distributed assignment of the crossing sequence.

The rest of the paper is organized as follows; Section 4.2 presents the problem
statement and the proposed solution. The details on the low-level execution part of
the control strategy, i.e. the longitudinal and lateral vehicular motion controllers,
are presented in Section 4.3. The high-level part of the control strategy, i.e. the
determination of the crossing sequence and the cancellation of the virtual platooning,
is described in 4.4. A simulation study is presented in Section 4.5. And finally, the
paper is concluded in Section 4.6.
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4.2 Problem Statement and Proposed Solution

In this section, first the problem of cooperative intersection control will be described
and preliminary notational conventions will be introduced in Section 4.2.1. More-
over, in Section 4.2.2 the main idea behind the proposed control solution is described
concisely.

4.2.1 Problem Statement

We define a generic intersection, with K ∈ N lanes and radius r, as the set IK,r =
{F 0,L}, where F 0 is referred to as the Intersection Reference Frame (IRF), and
L = {Lk|k ∈ K} (where K = {1, 2, . . . ,K}) is the set of all lanes, Figure 4.1 depicts
an intersection with K = 4 lanes. The IRF is defined as F 0 = {Q,~e 0}, where Q is
the center of the intersection and the center of the circle of radius r that encloses
the intersection—this circle is hereafter referred to as the Cooperation Zone (CZ)—

and ~e 0 =
[
~e 0

1 ~e 0
2

]T
is the orthonormal basis of the IRF, where ~e 0

1 and ~e 0
2 are unit

vectors spanning the frame ~e 0. Note that the vector ~e 0
3 = ~e 0

1 × ~e 0
2 points out of

the page, and that ~e 0
1 is parallel to the middle line of lane L1. A lane is defined

as Lk = {wk, ψk, Ik, Ok, F k} where wk is the width of the lane, ψk is the angle
between the middle line of L1 and Lk, Ik is the entry point, Ok is the exit point, and
F k = {Ik,~e k} is the Lane Frame (LF). The orthonormal basis of the LF is given by

~e k = Ak0(Ψk)~e 0, (4.1)

where Ψk = π + ψk, and

Ak0(Ψk) =

[
cos Ψk sin Ψk

− sin Ψk cos Ψk

]
(4.2)

is the direction cosine matrix associated with a rotation about ~e 0
3 . The position of the

entry point of each lane with respect to the IRF is given by the vector ~rIk = r0T

Ik~e
0,

the coordinates of which are given by

r0T

Ik =
[
r 1

4wk

]
Ak0(ψk). (4.3)

Similarly, the position of the exit point of each lane with respect to the IRF is given

by the vector ~rOk = r0T

Ok~e
0 which coordinates are given by

r0T

Ok =
[
r − 1

4wk

]
Ak0(ψk). (4.4)

A vehicle that intends to cross the intersection entering on lane Lη and exiting
on lane Lω (η, ω ∈ K), will drive the trajectory Cη,ω. The trajectories of two vehicles
driving through the intersection can be either non-crossing or crossing trajectories.
Figure 4.1 shows an example of non-crossing trajectories (C4,2 and C3,4) and crossing
trajectories (C4,2 and C1,3). If two vehicles have non-crossing trajectories, then these
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Figure 4.1: Intersection with four (K = 4) lanes, and several possible trajectories.

can cross the intersection at the same time in a safe manner. A coordination problem
arises when two vehicles have crossing trajectories making a collision possible.

The Intersection Vehicle Counter (IVC) is a label that identifies every vehicle that
enters the CZ and is defined as i ∈ [ i, ī ], where i ∈ N0 and ī ∈ N0 are the minimum
and maximum value of the IVC of the vehicles inside the CZ, respectively. Note that
ī increases by one every time a vehicle enters the CZ (if there are no vehicles inside
the CZ then i = ī = 0), and that i = 0 for all vehicles outside the CZ. Therefore, the
vehicle Vi will follow the trajectory Ti ≡ Cηi,ωi .

Consider two vehicles that intend to cross the intersection; the vehicle Vm, where
m = ī, which is the last vehicle to enter the CZ, and a vehicle Vn, where n ∈ [ i, ī ),
which is already inside the CZ. For instance, in Figure 4.1; Vm will drive along Tm ≡
C4,2 with an associated curvilinear path coordinate defined as sm, and Vn will drive
along Tn ≡ C1,3 with an associated curvilinear path coordinate defined as sn. These
trajectories intersect in the collision point Xm,n (note that the point Xm,n is undefined
if the trajectories are non-crossing). Since the vehicles are not considered as particles,
but rather vehicles with certain dimension, there is a collision region Wm,n around
the collision point Xm,n which is determined by the geometry of the vehicles. Figure
4.2 shows the collision region as a function of the path coordinates sm and sn (note
that the path coordinates refer to the back bumper of the vehicles). For the sake of
simplicity, the collision regionWm,n is represented as a square with the collision point
Xm,n as one of its vertices. Note that this representation can be applied to any pair
of trajectories even if they are curved.
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Figure 4.2: Collision point and region of two crossing trajectories.

Figure 4.2, which is inspired by the work in [17], shows three instances of relative
motions of the vehicles. The relative motion Rm=n depicts an unsafe scenario in
which the two vehicles would collide; this is true for any relative motion that crosses
Wm,n. The relative motion Rm>n exemplifies a safe crossing in which vehicle Vn
crosses the intersection before Vm. Similarly, the relative motion Rm<n exemplifies a
safe crossing in which vehicle Vm crosses the intersection before Vn.

Therefore, the problem to be solved is to design a control strategy such that, for
any pair of trajectories Tm and Tn for which the collision point Xm,n is defined, the
relative motion between the host vehicle Vm and the target vehicle Vn is of the class
Rm>n. Moreover, the relative motion has to be such that it is as close as possible to
the collision region (which is achieved by virtual platooning) for the throughput to
be increased.

4.2.2 Proposed Solution

The proposed solution is referred to as Cooperative Intersection Control (CIC) that
relies on Vehicle to Vehicle (V2V) communication to achieve an efficient, smooth
and safe crossing of vehicles through an intersection. The three key control concepts
underlying CIC are, firstly, virtual platooning for longitudinal control, path following
for lateral control, and a First-Come-First-Serve (FCFS) crossing sequence governing
the access of vehicles to the intersection.

The architecture of the CIC methodology is depicted in Figure 4.3. The execution
level, as described in Section 4.3, takes care of the lateral and longitudinal control
of the vehicle. The lateral path following control ensures that the vehicle follows a
predefined path, while the longitudinal control (based on virtual platooning) mod-
ifies the velocity of the vehicles to ensure safe passage of the vehicles through the
intersection. The supervision level, as described in detail in Section 4.4, governs the
access of vehicles to the intersection (based on the FCFS protocol) and assigns a safe
crossing sequence for the vehicles. The supervision level of control also contains a
Target Vehicle Assignment (TVA) protocol and a Control Reconfiguration protocol.
The TVA system checks whether, for a vehicle gaining access to the intersection, a



4.3. Execution Control Level 63

Vehicle
Longitudinal Control

CC

CACC

VCACC

Mix

Target Vehicle
Assignment

Control
Reconfiguration

Path Following
Control

Supervison Level
Execution Level

Figure 4.3: System architecture.

vehicle with crossing trajectory is present in the intersection and, if so, assigns it as
the target vehicle that should be followed by the longitudinal (virtual platooning)
controller. The Control Reconfiguration system realizes a smooth transition between
control modes when the suitable control mode to achieve a specific control objective
is determined, see Section 4.4 for more details.

It is worth noting that no disturbances are considered in the development of this
solution, it is assumed that the vehicle controllers do not malfunction and that that
the wireless communication between vehicles never drops. Therefore, we can state
that the scope of this work is to lay the theoretical foundation of the solution, the
performance of which can be investigated in future work.

4.3 Execution Control Level

In Section 4.3.1, the lateral path-following controller will be designed, in Section 4.3.2,
the concept of virtual platooning will be introduced as a basis for longitudinal control,
and in Section 4.3.3 the relation between the lateral and longitudinal controllers is
described.
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Figure 4.4: Representation of the car-like configuration.

4.3.1 Path-Following Control

Model for lateral vehicle dynamics

Consider the car-like kinematic model, defined in [112] and depicted in Figure 4.4,
given by 

ẋ = v cos θ

ẏ = v sin θ

θ̇ =
v

L
tanφ

φ̇ = σ(uy − φ)

(4.5)

where
[
x, y
]T

are the coordinates of the point P with respect to the frame F = {I,~e},
θ is the orientation of the vehicle with respect to the frame ~e, L is the length between
the rear and front axles, φ is the steering angle, σ is a time constant related to the
actuation of the steering wheel, and uy is the reference steering angle. Moreover,
note that, due to a no side slip condition on the tyres, θ is also the orientation of the
forward velocity vector, of magnitude v, of point P.

Now, consider a path C in space as shown in Figure 4.5. By projecting orthogonally
the point P, see Figure 4.5 for its meaning, on the curve C we obtain three variables,
namely the path coordinate s, the distance d, and the orientation error θe = θ −
θs, which is the difference between the orientation of the velocity vector and the
orientation of the tangent to the curve C at point s. We can define the Frénet frame
T = {Ps,~b} such that ~b = Abe(θs)~e, note that Abe(θs) has the same structure as (4.2).

The position vector of P is given by ~rP =
[
x y

]
~e and its time derivative, accord-

ing to (4.5) and ~e = Abe
T

(θs)~b, is given by

~̇rP =
[
v cos θ v sin θ

]
~e

=
[
v cos θe v sin θe

]
~b.

(4.6)
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Figure 4.5: Coordinate representation in a Frénet frame.

The position vector of P can also be written as ~rP = ~rPs + ~rP/Ps where ~rP/Ps =[
0 d

]
~b; hence, its time derivative satisfies

~̇rP = ~̇rPs + ~̇rP/Ps

=
[
ṡ 0

]
~b+

[
0 ḋ

]
~b+

[
0 d

]
~̇b

=
[
ṡ ḋ

]
~b+

[
0 dθ̇s

] [− sin θs cos θs
− cos θs − sin θs

]
~e

=
[
ṡ ḋ

]
~b+

[
−dθ̇s 0

]
~b

=
[
ṡ− dθ̇s ḋ

]
~b

(4.7)

where θ̇s can be rewritten as θ̇s =
∂θs
∂s

ṡ or θ̇s = κ(s)ṡ, where κ(s) is referred to as

the curvature of C at s.

By comparing (4.6) with (4.7) and considering the car-like model in (4.5) we obtain
the kinematic model in terms of the path coordinates given by

ṡ =
v cos θe

1− dκ(s)

ḋ = v sin θe

θ̇e =
v

L
tanφ− κ(s)ṡ

φ̇ = σ(uy − φ).

(4.8)

Trajectory description

To define the path-following coordinates in the context of the intersection consider a
vehicle entering in an arbitrary input lane Lη and exiting through the lane Lω, with
η, ω ∈ K. Figure 4.6 shows the possible trajectories (in a four lane intersection). Note
that it is straight-forward to generalize to more complex intersection geometries.
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Figure 4.6: Possible trajectories for a vehicle in lane Lη.

Consider the intention function

ι(η, ω) =


0, if |ξ(ψω − ψη)| = π,

1, if 0 > ξ(ψω − ψη) > −π,
−1, if 0 < ξ(ψω − ψη) < π,

(4.9)

where ξ(ψ) = ψ − 2π

⌊
ψ + π

2π

⌋
(note that ξ(ψ) ∈ [−π, π], ∀ψ ∈ R), which uses the

obtuse angle between the output lane and the input lane (given by ξ(ψω − ψη)) to
differentiate between a left turn trajectory (ι(η, ω1) = 1), a right turn trajectory
(ι(η, ω2) = −1), and a straight trajectory (ι(η, ω3) = 0), see also the lane numbering
as introduced in Figure 4.1. Both left- and right-turn trajectories consist of three
segments: a straight line at the entry lane, a circular arc that connects the entry lane
with the exit lane and a straight line at the exit lane. If the entry and exit lanes are
parallel the arc segment disappears and a straight trajectory results. Therefore, we
can define three regions: Z1 for the entry line, Z2 for the arc, and Z3 for the exit line;
note that in the case of the straight trajectory the region Z1 extends from the entry
lane to the exit lane.

To define these regions consider the position vector of a point P given by

~rP/Iη =
[
xη yη

]
~e η, (4.10)

where Iη ∈ Lη is the entry point, {xη, yη} are the coordinates and ~e η ∈ F η is the
orthonormal basis of the entry lane frame. Moreover, consider the position vector of
the center of the circular arc Qω (see Figure 4.6) given by

~rQω/Iη =
[
xR(η, ω) yR(η, ω)

]
~e η (4.11)
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where

xR(η, ω) = r −R+ 1
4 ι(η, ω)wω and, yR(η, ω) = ι(η, ω)R, (4.12)

where r is the radius of the intersection, R is the radius of the circular arc, and
wω ∈ Lω is the width of the exit lane. Note that the value of R is calculated using the
maximum desired lateral acceleration ay such that R = v2

R/ay (note that a uniform
circular motion is considered to calculate the radius), where vR is the maximum
longitudinal velocity during the turn.

Using (4.9), (4.10), and (4.11) we can define the regions as

Z1 ≡

{
(xη ≤ xR), if ι 6= 0,

(0 ≤ xη ≤ 2r ∧ |yη| ≤ r), if ι = 0,

Z2 ≡ (xη > xR ∧ ιyη ≤ ιyR), if ι 6= 0,

Z3 ≡ (ιyη > ιyR), if ι 6= 0.x

(4.13)

To define the path-following coordinates, it is necessary to calculate the smallest
distance from a point to a curve, the proximal point of the involved projection, and
the curvature at that proximal point. This is straightforward for the straight lines
in the regions Z1 and Z3. For the circular arc in zone Z2, consider the equation
parametrizing the line segment that connects P and Qω given by

x = xR + ∆xη,Rν and, y = yR + ∆yη,Rν, (4.14)

where ν > 0, ∆xη,R = xη − xR and ∆yη,R = yη − yR, and consider the equation of a
circle

(x− xR)2 + (y − yR)2 = R2. (4.15)

By substituting (4.14) in (4.15), solving for ν and, subsequently, substituting the
result in (4.14), we obtain that the coordinates of the proximal point are given by

xC = xR +
∆xη,RR

d̄η,R
and, yC = yR +

∆yη,RR

d̄η,R
, (4.16)

where

d̄η,R =
√

∆x2
η,R + ∆y2

η,R. (4.17)

With this point we can calculate the angle

γ = arccos

(
ι(yR − yC)

R

)
(4.18)

depicted in Figure 4.6, which is used to calculate the arc length from the entry point
to the calculated proximal point in the region Z2.

Finally, we can define the path following coordinates for all possible trajectories
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through the intersection as

s =


xη, for (xη, yη) ∈ Z1,

xR + γR, for (xη, yη) ∈ Z2,

xR + π
2R+ ιyη −R, for (xη, yη) ∈ Z3,

d =


yη, for (xη, yη) ∈ Z1,

ι(R− d̄η,R), for (xη, yη) ∈ Z2,
1
4wω + ι(r − xη), for (xη, yη) ∈ Z3,

θe =


θη, for (xη, yη) ∈ Z1,

θη − ιγ, for (xη, yη) ∈ Z2,

θη − ιπ2 , for (xη, yη) ∈ Z3,

κ =


0, for (xη, yη) ∈ Z1,

ι/R, for (xη, yη) ∈ Z2,

0, for (xη, yη) ∈ Z3.

(4.19)

Lateral controller design

Next, we design a path-following control law with the following objective:

lim
t→∞
{d, θe} = {0, 0}. (4.20)

Hereto, we apply the coordinate transformation

(s, d, θe, φ, v, uy) 7→ (z1, z2, z3, z4, v1, v2) (4.21)

to (4.8) to transform the dynamics into the chain form system defined as

ż1 = v1,

ż2 = v1z3,

ż3 = v1z4,

ż4 = v2.

(4.22)

The transformation, as presented in [112], is as follows:

z1 = s,

z2 = d,

z3 = (1− dκ) tan θe,

z4 = 1
L (1− dκ)2 sec3 θe tanφ− κ(1− dκ)(1 + 2 tan2 θe),

v1 = ż1,

v2 = ż4,

(4.23)

where κ is piece-wise constant.
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If we consider the term v1 in (4.22) as a time-varying parameter, then (4.22) can
be rewritten as

˙̃z1 = 0,ż2

ż3

ż4

 =

0 v1(t) 0

0 0 v1(t)

0 0 0


z2

z3

z4

+

0

0

1

 v2,
(4.24)

with

z̃1 = z1 −
∫ t

0

v1(τ)dτ. (4.25)

If v1(t) is considered to be continuous, bounded and strictly positive, i.e., 0 < v̂1 ≤
v1(t), then z1 will vary monotonically with time with

lim
t→∞

z1(t) =∞. (4.26)

Thus z1 can be taken as a new transformed time variable. This change of variable,
presented in [101], is referred to as the v1-time-scaling procedure.

Therefore, we can rewrite the second part of (4.24) asz
[1]
2

z
[1]
3

z
[1]
4

 =

0 1 0

0 0 1

0 0 0


z2

z3

z4

+

0

0

1

w2, (4.27)

where z
[1]
i ≡ ∂zi/∂z1 ∀i = 2, 3, 4, and w2 ≡ v2/v1(t). This system is linear and v1-

invariant and can be stabilized with a static feedback control law. To include integral
action to the control law, with the purpose of rejecting steady-state errors, define the
control state z0 as

ż0 = v1z2 or z0 =

∫ t

0

v1(τ)z2dτ. (4.28)

Including the z0 dynamics in (4.27) we obtain

Z [1] =


0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

Z +


0

0

0

1

w2, (4.29)

where Z =
[
z0 z2 z3 z4

]T
.

We design the linear feedback for w2 in (4.29) given by

w2 = −
[
k0 k2 k3 k4

]
Z. (4.30)

Note that the mapping w2 7→ uy is given by

uy =
(v1(t)w2 + ζ4 − ζ5)L cosφ

σζ2
1ζ

3
2

+ φ, (4.31)
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where
ζ1 = 1− dκ, ζ̇1 = −κḋ,
ζ2 = sec θe, ζ̇2 = θ̇e sec θe tan θe,

ζ3 = tan θe, ζ̇3 = θ̇e sec2 θe,

ζ4 = κ(ζ̇1(1 + 2ζ2
3 ) + 4ζ1ζ3ζ̇3),

ζ5 = L−1ζ1(2ζ̇1ζ
3
2 + 3ζ1ζ2ζ̇2) tanφ,

(4.32)

with ḋ, and θ̇e as in (4.8).
Applying the control law in (4.30) to (4.29) gives the closed-loop dynamics

Z [1] = ΞZ (4.33)

where

Ξ =


0 1 0 0

0 0 1 0

0 0 0 1

−k0 −k2 −k3 −k4

 . (4.34)

Given the fact that the system in (4.29) is controllable, we can perform pole-
placement using the feedback law in (4.30) to ensure that the poles λi, ∀i = {1, 2, 3, 4},
of (4.33) satisfy <(λi) < 0 ∀i = {1, 2, 3, 4}. As a consequence, we have that

lim
z1→∞

Z(z1) = 0, (4.35)

which together with (4.26) implies that

lim
t→∞

Z(t) = 0, (4.36)

which, in turn, implies that the objective in (4.20) is met since z2 = d, and z3 =
(1− dκ) tan θe converge to zero.

We can conclude that we can achieve the stabilization of the time-varying system
in (4.24) with the time-varying control law given by

v2 = v1(t)w2

= −v1(t)
[
k0 k2 k3 k4

]
Z.

(4.37)

Therefore, the result of substituting (4.37) in (4.31) will ensure the path-following of
the system in (4.8).

4.3.2 Virtual Platooning for Longitudinal Control

Before defining the virtual platooning concept, we introduce the longitudinal vehicle
dynamics model, and different longitudinal control modes, such as CC which is a
velocity control, CACC which is an inter-vehicle distance control, and VCACC which
expands the CACC functionality to two dimensions. Additionally, we assume that
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the vehicles are on their desired paths (i.e. the lateral controllers, designed in the
previous section, are functioning properly).

We employ the linearized longitudinal vehicle dynamics model, presented in [19],
given by 

δ̇ = vt − v
v̇ = a

ȧ = −1

τ
a+

1

τ
ux

(4.38)

where δ is the inter-vehicle distance, vt is the velocity of the target vehicle, v is the
velocity of the host vehicle, a is the acceleration, τ is a time constant related to the
drive line of the vehicle, and ux is the reference acceleration input.

Cruise Control (CC)

The objective of this control mode is to realize a reference velocity vref . Consider the
error state e = v − vref with time derivative ė = a− aref , where aref = v̇ref . Define
e1 = e and e2 = ė such that ė1 = e2 and ė2 = ë = ȧ (note that we consider ȧref = 0).
Using (4.38), we obtain

ė2 =
1

τ
(−a+ ux) =

1

τ
(−e2 − aref + ux). (4.39)

Consider the control law given by

ux = −kcce1 + aref , (4.40)

which yields the following closed-loop error dynamics:[
ė1

ė2

]
=

 0 1

−kcc
τ
−1

τ

[e1

e2

]
, (4.41)

which is exponentially stable for kcc, τ > 0. Therefore, the CC control input ux,1
given by

ux,1 = −kcc(v − vref ) + aref , (4.42)

exponentially stabilizes the dynamics in (4.38) at a reference velocity vref , with time
derivative aref , for kcc > 0.

Cooperative Adaptive Cruise Control (CACC)

The objective of this control mode is to realize a reference inter-vehicle distance
δref = r + hv where r is the stand-still distance, h is the headway time, and v is the
velocity of the host vehicle. The inter-vehicle distance between the target vehicle,
represented by Pt in Figure 4.7, and the host vehicle represented by P is defined as

δ = st − s− L, (4.43)
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Figure 4.7: Platooning and virtual platooning.

where L is the length of the host vehicle, s is the path coordinate of the host vehicle,
and st is the path coordinate of the target vehicle. Note that both s and st are
referenced to the frame F .

Consider the CACC control input ux,2 given by

u̇x,2 =
1

h
(ux,t − ux,2 + kp(δ − (r + hv)) + kd(δ̇ − ha)) (4.44)

where ux,t, which is the reference acceleration of the target vehicle, is obtained through
V2V communication. This control law ensures that a vehicle, modeled by (4.38),
exponentially stabilizes a reference inter-vehicle distance δref , for h > 0, and kd > τkp;
the reader is referred to [19], and [32] for the details of the stability analysis of the
control law in (4.44).

Virtual CACC (VCACC)

The objective of this control mode is to expand the CACC functionality into two
dimensions using coordinate transformations. In other words, we aim to achieve vir-
tual platooning of (two) vehicles driving two distinct (potentially curved) trajectories
through the intersection. Consider the target vehicle, represented in Figure 4.7 by Pt
with path coordinate st referenced to the frame F , and the host vehicle represented
by P̃ with path coordinate s̃ referenced to the frame F̃ . Note that now Pt and P̃ are
not necessarily following the same straight path, as in the case of CACC, but may
follow distinct (possibly curved) paths associated with distinct routes through the
intersection from different lanes. Still, we can define the so-called virtual inter-vehicle
distance as

δ̃ = st − s̃− L− St + S̃, (4.45)

where st is the path coordinate of the target vehicle along its path Tn, s̃ is the path
coordinate of the host vehicle along its path Tm, St is the traveled distance from I
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to the collision point Xm,n (defined in Section 4.2.1), and S̃ is the traveled distance

from Ĩ to Xm,n. These traveled distances St and S̃ are, hereafter, referred to as the
distances to collision and are constants that represent the path lengths from the entry
point, either I or Ĩ in this case, to the collision point Xm,n. Note that the virtual
inter-vehicle distance definition is useful to achieve a virtual inter-vehicle reference
distance, given by δ̃ref = r̃+ h̃v, for vehicles driving on different (curved) paths that
have a collision point. In other words, the host vehicle will modify its velocity along
its path to allow the target vehicle to cross the collision point first. Moreover, it is
evident that CACC functionality is a special case of the VCACC in which both the
host and target vehicles drive on the same (straight) path such that St = S̃ which
yields the definition in (4.43).

Given this insight, we propose and extension of the CACC controller in (4.44)
towards a VCACC controller with control input ux,3 as follows:

u̇x,3 =
1

h̃
(ux,t − ux,3 + kp(δ̃ − (r̃ + h̃v)) + kd(

˙̃
δ − h̃a)), (4.46)

where ux,t is obtained through V2V communication. This VCACC control law ensures
that a vehicle, modeled by (4.38), exponentially stabilizes a virtual reference inter-
vehicle distance δ̃ref , for h̃ > 0, and kd > τkp.

Control mixing

The three aforementioned control modes are mixed, as described in [113], to achieve
the control signal

ux =

3∑
i=1

βiux,i , (4.47)

which is a convex combination of (4.42), (4.44), and (4.46), where the mixing signals

are such that βi > 0 and
∑3
i=1 βi = 1. The control signal in (4.47) allows the model

in (4.38) to have CC, CACC, and VCACC as control modes. Note that the mixing
signals will be briefly described in Section 4.4.2.

To define the concept of a Virtual Platoon (VP) consider the three vehicles in
Figure 4.7. In this figure, the vehicle represented by Pt drives with its CC mode, the
vehicle represented by P̃ follows Pt using its VCACC mode, and finally the vehicle
represented by P follows P̃ which uses its VCACC mode, see also Figure 4.8(a). Using
VCACC such a VP will cross the collision point Xm,n in a safe manner. As a second
example of a virtual platooning with three vehicles involving different control modes
(Figure 4.8(b)), consider Pt as the leader of the VP, which drives in CC mode and is
followed by P using its CACC mode. Finally, P̃ follows P using its VCACC mode.

4.3.3 Integration of Path Following control and Virtual Pla-
tooning

In order to explain the integration of the proposed lateral and longitudinal control
concepts, consider two vehicles obeying the kinematics described by (4.8) and follow-
ing a specific path. Additionally, assume that one of such vehicles is following the
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Figure 4.8: Examples of virtual platoons.

other using either CACC or VCACC. The inter-vehicle distance in (4.43) and the
virtual inter-vehicle distance in (4.45) can be generalized as

δ = st − s− L− St + S, (4.48)

where st is the path coordinate of the target vehicle, s is the path coordinate of
the host vehicle, L is the length of the host vehicle, St and S are the total traveled
distances to the collision point for the target and host vehicle, respectively (note that
St − S = 0 in case of CACC). Its derivative is given by

δ̇ = ṡt − ṡ

=
vt cos θe,t
1− dtκt

− v cos θe
1− dκ

,
(4.49)

where θe,t, dt, and κt are the path-following coordinates related to the target vehicle.
We know that the lateral control law in (4.31) realizes the control objective in (4.20),
i.e., the lateral control objective is achieved irrespective of the longitudinal dynamics.
As a consequence,

lim
t→∞

d(t) = lim
t→∞

dt(t) = lim
t→∞

θe(t) = lim
t→∞

θe,t(t) = 0, (4.50)

and the limit of (4.49) as t→∞ equals

lim
t→∞

δ̇ = vt − v, (4.51)

which corresponds to the (isolated) longitudinal dynamics in (4.38).

We can conclude that, as long as the time scale of the closed-loop lateral dynamics
is faster (i.e., sufficiently separated from) that of the closed-loop longitudinal dynam-
ics, we can achieve a decoupled control of the longitudinal motion of a vehicle, as is
described as in (4.38), and the lateral motion of a vehicle, as is described in (4.8) to
cross an intersection in a safe manner using V2V communication.
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Figure 4.9: All possible trajectories through the intersection and all collision points.

4.4 Supervison Level

In Section 4.3, we have described the execution level control strategies necessary to
cross the intersection in a safe manner. In this section, we describe the strategies
used to form the so-called Virtual Platoon and the control reconfiguration method
used to switch between the different control modes. Section 4.4.1 explains the Target
Vehicle Assignment subsystem that is triggered when a vehicle enters the intersection
and is responsible of the virtual platoon forming. Section 4.4.2 explains the Mixing
strategy used to achieve a smooth switch between control modes, in particular for the
cases when the vehicle enters the intersection and when the vehicle has crossed the
intersection.

4.4.1 Target Vehicle Assignment

Figure 4.9 shows all possible trajectories through the intersection and all the related
collision points (circles). As mentioned in Section 4.3.1, every trajectory consist of
lines and circular arcs; therefore, we refer to that section for the calculation of the
collision point between two given trajectories and focus here on the calculation of
other variables relevant for the Target Vehicle Assignment.

Consider the vehicle Vm with trajectory Tm and the vehicle Vn with trajectory Tn.
The collision point Xm,n is defined if Tm crosses Tn and undefined if the trajectories
do not cross. The position of Xm,n with respect to the IRF is given by the vector

~rXm,n = r0T

Xm,n~e
0 where

r0T

Xm,n =
[
X0
m,n Y 0

m,n

]
. (4.52)

The position of Xm,n with respect to the entry points Iηp ∈ Lηp ∀p = {m,n} is given
by ~rXm,n/Iηp = ~rXm,n − ~rIηp which can be rewritten, considering (4.1) and (4.3), as

~rXm,n/Iηp =
[
X
ηp
m,n Y

ηp
m,n

]
~e ηp , (4.53)
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with [
X
ηp
m,n Y

ηp
m,n

]
= (r0T

Xm,n − r
0T

Iηp )A0ηp(Ψηp). (4.54)

As described in Section 4.2.1, vehicles in the intersection are defined as Vi, ∀i ∈
[Mmin,Mmax], where Vm, with m = Mmax, is the last vehicle to enter the inter-
section. As Vm enters the intersection it is assigned to a target vehicle Vn, with
n ∈ [Mmin,Mmax), as a target vehicle. The value of n (i.e., how to determine the
target vehicle index) is determined as follows. First consider the index set, of vehicles
exhibiting a crossing trajectory with the vehicle Vm, given by

N = {q|∀q ∈ [Mmin,Mmax) : 〈Xm,q〉 = 1}, (4.55)

where

〈Xm,q〉 =

{
1, if Xm,q is defined

0, otherwise
. (4.56)

Note that N = ∅ if none of the trajectories of the vehicles in the intersection cross
with the trajectory of vehicle Vm. The value of n is then given by

n =

{
arg minq∈N S(q), if N 6= ∅,

0, if N = ∅,
(4.57)

where
S(q) = s(Xηq

m,q, Y
ηq
m,q, ηq, ωq) (4.58)

is the distance to collision calculated using the definition of the path coordinate in
(4.19), which is represented by the function s(xη, yη, η, ω), and the coordinates of
the collision point with respect to F ηq ∈ Lηq . Note that n = 0 represents the case
in which the trajectory Tm does not cross any trajectory of the vehicles inside the
intersection.

Therefore, the distance to collision for vehicle Vm is given by

Sm = s(Xηm
m,n, Y

ηm
m,n, ηm, ωm), (4.59)

and, in the same fashion, the distance to collision for vehicle Vn is given by

Sn = s(Xηn
m,n, Y

ηn
m,n, ηn, ωn). (4.60)

4.4.2 Control Reconfiguration with Mixing

As described in the previous sections, each vehicle has three control modes, namely
CC, CACC and VCACC. In order to determine which control mode will be activated
we define several variables. Consider that each vehicle is equipped with a radar
with a certain range. This radar can be represented as a circular sector in front of
the vehicle with certain radius and central angle. Let α represent whether a target
vehicle is detected by the radar or, in other words, whether a vehicle is inside the
circular sector. Thus,

α =

{
1, Target vehicle detected,

0, Otherwise.
(4.61)
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Let γ be the variable that indicates that the vehicle Vm, with the point Pm in the
center of its rear bumper, is inside the CZ. Such that

γ =

{
1, ‖~rPm‖ ≤ ‖~rIηm ‖,
0, otherwise,

(4.62)

where ~rIηm is the position vector of the entry point Iηm ∈ Lηm .
Now, we can define the control mode as

ρ =


1, α = 0 ∧ ¬G,
2, α = 1 ∧ ¬G,
3, G,

(4.63)

where G ≡ (γ = 1 ∧ n 6= 0 ∧ s ≤ S) represents the case in which a vehicle is inside
the intersection, has a defined target vehicle and it has not crossed the intersection
point (represented by s ≤ S, where s and S are the path coordinate and the distance
to collision of the host vehicle, respectively); note that ¬G represents the negation
of G. The control modes are defined as follows: ρ = 1 represents CC mode, ρ = 2
represents CACC mode, and ρ = 3 represents VCACC mode. Note that ρ is piecewise
continuous. To avoid the undesired effect of an instantaneous change in the reference
acceleration generated by the controller when ρ is switched, a set of mixing signals is
used (as described in [113]).

Consider the signal

o(t) = min

{
t− tt
tm

, 1

}
, t ≥ tt, (4.64)

where tm is the so-called mixing time, which will be considered constant for this work,
and tt is the time in which a control switch was commanded such that ρ(tt) 6= ρ(tt−ε)
for all 0 < ε� 1.

Consider two mixing signals, a descending one βd that descends from 1 to 0, and
an ascending one βa from 0 to 1, such that

βd(o) =
ξ(o)

ξ(o) + ξ(o− 1)
, and βa(o) =

ξ(o− 1)

ξ(o) + ξ(o− 1)
, (4.65)

where

ξ(x) =

 exp

(
− 1

1− x2

)
, |x| < 1,

0, |x| ≥ 1,
(4.66)

is the so-called bump function.
Therefore, the mixing signals vector β is defined as

β = {
[
β1 β2 β3

]
|βρt = βa, βρε = βd, βi = 0∀i ∈ E}, (4.67)

where ρt = ρ(tt), ρε = ρ(tt−ε), and E = {1, 2, 3}−{ρt, ρε}, such that the longitudinal
reference acceleration is given by

ux = β ux, (4.68)

where ux =
[
ux,1 ux,2 ux,3

]T
, which corresponds to (4.47).
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4.5 Simulation Results

This section presents the results of two simulation studies. Section 4.5.1 presents
the results for a scenario in which only two vehicles cross the intersection. This
scenario allows the assessment of the functionality of the lateral and longitudinal
virtual platooning controllers. The results of the second simulation study, which are
presented in Section 4.5.2, focus on the comparison between an intersection automated
with the CIC methodology and an intersection controlled by traffic lights to illustrate
the benefits of CIC.

The values for the intersection variables are: K = 4, r ∈ {40m, 150m}, wk =
6m ∀k ∈ K, ψk = π(k − 1)/2 ∀k ∈ K. The values for the longitudinal model and
controller are: τ = 0.1s−1, r = r̃ = 3m, h = h̃ = 0.3s, kp = 0.2s−2, kd = 0.7s−1,
aref = 0, and vref ∈ {3m/s, 8m/s}. Finally, the values for the control reconfiguration
variables are: tm = 1s.

4.5.1 CIC for Two Vehicles

This section focuses on the behavior of the longitudinal and lateral controllers for an
scenario with only two vehicles that enter the intersection, of radius r = 40m, at the
same time with a reference velocity vref = 3m/s. Consider a pair of vehicles such
that the target vehicle V1 follows the trajectory T1 ≡ C1,3 and the host vehicle V2

follows the trajectory T2 ≡ C2,3 such that the point X2,1 is defined (which means that
T1 crosses with T2). As a consequence, the distance to collision of the target vehicle
is S1 = 44.8 and of the host vehicle is S2 = 40.5. Note that this trajectories are
depicted in Figure 4.1.

The values for the lateral model and controller are: L = 2.7m, σ = 50.25, ay =
3m/s2, R = 3m, k0 = 48.63, k2 = 73.96, k3 = 42.07, and k4 = 10.61.

The control mode of V1 is CC for the whole simulation; on the other hand, the
control mode of V2 changes from VCACC to CACC. Figure 4.10 shows both the
virtual inter-vehicle distance δ̃ and the inter-vehicle distance δ as measured by V2,
the vertical dashed line represents the moment in which the change in control mode
occurs. Note that δ̃ = δ when the control mode switch is commanded. Clearly
the VCACC and CACC controllers ensure that the (virtual) inter-vehicle distance is
regulated to the desired distance. We can observe the effects of the aforementioned
control mode switch in the velocity (Figure 4.11) and acceleration (Figure 4.12) of V2.
Figure 4.13 shows the reaction of the lateral controller of V2; note that the change in
curvature κ acts as a step input to the lateral controller. Finally, Figure 4.14 evidences
the avoidance of the collision region W2,1. In other words, Figure 4.14 shows that
the two vehicles indeed safely cross the intersection in a cooperative fashion as can
be seen in Video 12.

4.5.2 Comparison of CIC to a Traffic Lights Scenario

This section presents a comparison between the CIC methodology and an intersection
controlled with Traffic Lights (TL); for a 4-way (K = 4) intersection with radius

2https://youtu.be/uUp3WgJ9UpA
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r = 150m. For this scenario, we define a constant in-flow of vehicles (in vehicles per
second, or [veh/s]) per lane fk ∀k ∈ K, and consider only straight trajectories. We
compare the capacity of the intersection (which measures the number of vehicles that
cross the intersection as a function of time), the average delay of vehicles (which is
the time spent inside the intersection) and the average velocity of vehicles.

In the case of the traffic lights intersection we use the Intelligent Driver Model,
defined in [114], to simulate the behavior of a human driver. Such model is defined
as

v̇ = â

1−
(

v

vref

)D
−

(
δ∗(v, δ̇)

δ

)2
 , (4.69)

with

δ∗(v, δ̇) = s0 + s1

√
v

vref
+ vT +

vδ̇

2
√
âb̂
, (4.70)

where vref = 8m/s is the desired velocity, T = 1.6s is the time headway, â = 3m/s2

is the maximum acceleration, b̂ = 2m/s2 is the comfortable deceleration, D = 4 is
the acceleration exponent, s0 = 2m is the linear jam distance, and s1 = 3m is the
non-linear jam distance. The traffic light schedule is as follows: ten seconds of green
light for lanes L1 and L3 and of red light for lanes L2 and L4, one second of red light
for all lanes, ten seconds of green light for lanes L2 and L4 and of red light for lanes
L1 and L3, one second of red light for all lanes. This protocol is repeated periodically.
Note that this traffic light schedule is designed for the simulation study and it intends
to represent a realistic fixed time schedule.

Constant in-flow

Consider an input flow fk = 1/10veh/s ∀k ∈ K. Figure 4.15 shows the comparison
between the capacity of the intersection for the CIC and the TL approaches. The
slope of the red dashed line corresponds to the total in-flow f =

∑4
k=1 fk = 4/10veh/s.

Both approaches are able to service all vehicles since the out-flow for both approaches
is equal to the in-flow (note that the three lines have the same slope). The main
differences are in average delay, shown in Figure 4.16, and in average velocity, shown
in Figure 4.17. The CIC approach maintains a higher average velocity and a lower
average delay since the vehicles do not have to come to a full stop (as it is the case
for the TL); instead, using CIC the vehicles regulate their velocity cooperatively to
realize the desired virtual gap between vehicles and then continue to drive at their
reference velocities.

Note that for CIC the average delay is smaller and the average velocity higher
but the capacity is the same for both approaches. The main difference between both
is that at every instant in time the TL intersection holds more vehicles inside (note
that the curve for TL in Figure 4.15 is slightly lower than the one for CIC), since
the queues at the traffic lights are never longer than the radius of the intersection
then there is never input saturation, and the intersection out-flow equals the in-flow.
Video 23 shows the aforementioned results.

3https://youtu.be/K9S5fHs10cE
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Figure 4.15: Comparison of the capacity of the intersection for a constant flow.
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Figure 4.16: Comparison of the average delay in the intersection for a constant flow.
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Figure 4.17: Comparison of the average velocity in the intersection for a constant
flow.
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Figure 4.18: Comparison of the capacity of the intersection for a sudden change in
flow.
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Figure 4.19: Comparison of the average delay in the intersection for a sudden change
in flow.

Sudden change of the in-flow

In this scenario, we consider an input flow fk = 1/10veh/s ∀k ∈ K for the first
ten minutes of simulation. After ten minutes, the flows switch to f1 = 1/4veh/s,
f2 = 1/5veh/s, f3 = 1/6veh/s, and f4 = 1/7veh/s. Figure 4.18 shows the comparison
between the capacity of the intersection for the CIC and the TL approaches. We
observe the same behavior, as in the previous comparison, for the first ten minutes.
When the in-flow changes we can see how the CIC approach reacts to the change and
keeps serving all vehicles that enter the intersection. In contrast, we can see that the
TL approach becomes saturated which generates queues longer than the intersection
radius. This effect is represented by the lower slope of the out-flow compared to the
slope of the in-flow. The effects of the saturation are also present in the average delay,
Figure 4.19, and in the average velocity, Figure 4.20. On the other hand, the CIC
approach reacts to the in-flow change and maintains its performance. Video 34 shows
the aforementioned results.

These comparisons help to demonstrate that the CIC methodology is robust to
the changes in traffic flow maintaining an almost constant average delay and average

4https://youtu.be/oPzM8sUsNl4
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Figure 4.20: Comparison of the average velocity in the intersection for a sudden
change in flow.

velocity through the intersection without using knowledge on the in-flow. The TL
approach used here only considers a static scheduling; an adaptive TL schedule would
require knowledge of the in-flow (or at least an estimate), or sensors on the road
to react to the in-flow conditions. Note that the comparison results are based only
on straight trajectories, including all possible trajectories would increase the average
delay, in the TL case, since there are more conflicting trajectories. In comparison, the
CIC approach can handle the situation in which every vehicle has a distinct trajectory
without the need to modify the proposed algorithms as shown in Video 45.

4.6 Conclusions

This work presents the Cooperative Intersection Control (CIC) methodology which
is a decentralized solution to cooperatively automate a road intersection. The co-
operative autonomous vehicles controlled by CIC follow their individual trajectories
through the intersection while avoiding collisions. The safe and efficient passage of
vehicles through the intersection is achieved using the concept of Virtual Platooning
which is a two-dimensional generalization of conventional longitudinal platooning.
Such virtual platooning allows vehicles to cross the intersection at a small (virtual)
inter-vehicle distance without standing-still (as happens at traffic lights). This bene-
fits not only the throughput capacity of the intersection, but is also beneficial for fuel
consumption, as a smoother vehicle flow implies less acceleration/deceleration (which
is related to fuel consumption).

The simulation study shows the execution and supervision level of the CIC which
together accomplish a complex collective behavior based on relatively simple local
control techniques. The methodology reacts to the variations of traffic flow without a
need of optimization techniques or additional infrastructure. It is worth noting that
there is a limit to the First Come First Serve approach, used in this work. There
are conditions on which the CIC also experiences saturation of vehicles. Moreover,
the presented intersection geometry reduces all directional intentions to just one lane

5https://youtu.be/0hM lwrnmyE
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(meaning that vehicles drive on the same lane regardless of intending to go left, right,
or straight). A possible extension involves the design a multi-lane intersection layout
(with multiple sub-lanes on every lane entering the intersection) which has specific
lanes for each directional intention (using the same presented definitions) to study
the effects on throughput. Note that the vehicles must be arranged on the specific
lane that represents their directional intention. The lane changing process needed to
achieve this arrangement is a different problem to be solved.

The CIC methodology is designed under the assumption that all vehicles have both
wireless communication capabilities and an accurate on-board GPS. It is not straight-
forward to consider mixed traffic scenarios, with autonomous and non-autonomous
vehicles. In fact, to deal with such scenarios a different/adapted intersection manage-
ment strategy must be devised.

The optimization of the scheduling protocol is part of the future work, together
with exploring the chain form lateral controller applied to a single track model, which
is a lateral vehicle dynamics model that takes into consideration the side slip effect
on the tyres.
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Chapter 5

Crossing Sequence
Optimization

ABSTRACT1- This chapter presents an intersection access management method-
ology that optimizes the crossing sequence of an automated intersection where the
low-level vehicle control is performed by a Cooperative Intersection Control (CIC)
strategy. While CIC regulates the safe and efficient relative motion of vehicles in the
intersection, a high-level hybrid queuing model is proposed to describe the dynamics
of the vehicle queues associated to each intersection lane. This model, including con-
straints, is used to design an optimal access management approach based on Model
Predictive Control that minimizes the time that the vehicles spend within the intersec-
tion, thereby optimizing the traffic throughput of the intersection. The performance
of this methodology is studied by means of two representative examples. The im-
pact of the design parameters of the optimal access management approach is shown
for a T-intersection case study. Moreover, using a real-life five lane intersection case
study, the proposed approach is compared to a vehicle-actuated traffic light approach.
The comparison shows the benefits of the automated optimal serving of vehicles from
different lanes.

5.1 Introduction

One of the impacts of the continuous increase of population in urban areas, which
according to [2] will be a total of 66% of the world’s population by 2050, is the
saturation of the transportation network of the cities of the world. The congestion
experienced in everyday traffic is caused by a variety of factors, one of which is the
interruption of the traffic flow at road intersections [1]. Classical systems used to
control road intersections (namely traffic lights, roundabouts, and stop signs) have
fallen short to account for the irregularities of the congested traffic flow. It is worth
noting that these classical systems also introduce other problems such as excessive
vehicle idling, unbalanced waiting times, and potential collisions.

1This chapter is based on [25].
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The field of Intelligent Transportation Systems has risen (aided by technological
advances on sensing, communication, and automation) as response to the increase in
complexity of transportation networks [6]. Under the category of Cooperative Inter-
section Management we find a range of solutions for the road intersection problem [5],
which rely on the ability of vehicles to communicate with other vehicles (V2V commu-
nication), and with the infrastructure (V2I communication). The solutions fall in two
main categories, namely Resource Allocation (RA) and Trajectory Planning (TP).
Note that both categories include centralized and distributed instances. The main
difference between the RA and TP approaches is the granularity of the representation
of the space-time of the intersection. The RA approach defines the intersection as a
set of space tiles that can be allocated in time, by a scheduler that avoids conflicts,
to a vehicle that requests access to the intersection; examples are found in [12, 115].
On the other hand, the TP approaches consider predefined trajectories through the
intersection that vehicles ought to follow, while maintaining a safe distance, using
continuous-time control strategies; examples are found in [16,17].

The Cooperative Intersection Control (CIC) strategy, proposed in [22], is a TP
approach that achieves a safe crossing of vehicles through an unsignalized intersection
by defining and regulating virtual platoons of vehicles driving on different lanes of the
intersection. As presented in [22], the CIC approach implements a First-Come-First-
Served algorithm to assign the crossing sequence of vehicles, which performs better
than a fixed traffic light cycle but is far from optimal in terms of throughput. The
purpose of this work is to develop an algorithm that optimizes the assignment of the
crossing sequence for the CIC methodology.

Within Cooperative Intersection Management approaches, we find solutions that
optimize the crossing sequence of vehicles. In general, these solutions use Model
Predictive Control (MPC) to achieve optimization; note that MPC uses a prediction
model and a cost function to be minimized. The work in [110] presents a distributed
approach that decomposes the optimization problem into a time-slot allocation prob-
lem and a vehicle control problem, in this work a given crossing sequence is considered.
The works in [116, 117] present a centralized approach which considers a cost func-
tion that penalizes the difference between the dynamical state of a vehicle (velocity,
and acceleration) and the dynamical state required to achieve a safe crossing of each
vehicle. The work in [118] presents the same centralized approach and cost function
construction, but it considers space sampling instead of time sampling. In [119] the
cost function is constructed similarly to the previous approaches, but it proposes a
decentralized optimization. In contrast, the centralized approach in [120], defines a
cost function in terms of the time that a vehicle spends in the intersection, its fuel
consumption and a comfort level metric.

The application of MPC in the aforementioned approaches for intersection control
focuses on controlling directly the dynamics and interaction of individual vehicles.
The objective of this work is to achieve an optimal crossing sequence for CIC, as pro-
posed in [22], where the latter already regulates a safe and efficient relative motion
between the vehicles in the intersection. Hence, the MPC-based intersection access
management approach, proposed here, does not control the vehicles, but focuses on
controlling the sequence in which vehicles are granted access to the intersection to
optimize throughput, given constraints induced by the fact that in the intersection a
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CIC approach is used to control the vehicles themselves. In support of such an ap-
proach, we propose to add a level of abstraction to model and control the intersection
itself. For this matter, we consider that road intersections have been modeled suc-
cessfully at such abstraction level using queuing theory [121]. Such queuing models
have aided the development of optimal traffic light cycles, as shown in [3,122,123]. A
preliminary version of this approach is presented in [26], which differs from this work
in the discretization of the hybrid queuing model. The discretization in [26] describes
the occurrence of controlled events just at sampling instants, whereas the proposed
approach allows for the description of the occurrence of controlled events during the
inter-sampling periods.

The main contribution of this work is the development of a methodology that
optimizes the crossing sequence of vehicles through an intersection such that the time
vehicles wait to gain access to the intersection is minimized. In Section 5.2, the
problem statement is formalized by introducing the necessary assumptions needed to
regard the intersection problem as a queuing problem. Section 5.3 presents the hybrid
dynamical queuing system, including its constraints, that models the behavior of the
intersection. This model is then used, in Section 5.4, to design a MPC controller
that minimizes the time that vehicles spend in the intersection. The performance of
the controller is studied, in Section 5.5, by means of two representative case studies.
Finally, this work is concluded in Section 5.6.

Before introducing the problem statement, we introduce some notional conventions
below.

5.1.1 Notation

Consider the set of all real numbers R, the empty set ∅, and the sets N = {0, 1, 2, · · · },
R≥0 = {z|z ≥ 0, z ∈ R}, Da = {z|0 ≤ z ≤ a, a > 0}, B = {0, 1}, O = {0}, I = {1}.
Moreover, consider the matrices γa ∈ Ia×1, Oa,b ∈ Oa×b, and In ∈ Bn×n, the elements
of which are

(In)ab =

{
1, if a = b,

0, if a 6= b.
(5.1)

We denote the Hadamard product (or element-wise product) of two matrices of the
same dimension as (C ◦D)ab = (C)ab(D)ab. Finally, consider that dom z represents
the domain of z.

5.2 Problem Statement

This section presents the underlying assumptions to consider the intersection man-
agement problem as a queue serving problem.

First, consider the generalization of a road intersection or just intersection for
short. An intersection is the point in which three or more road segments (or arms)
converge. Each road segment is either a one- or two-way street divided into lanes.
We refer to the lanes that direct traffic towards the intersection as input lanes. On
the other hand, we refer to the lanes that direct traffic away from the intersection as
output lanes. Figure 5.1 depicts a particular example.



90 Chapter 5. Crossing Sequence Optimization

1
I1 O1

T1

2
I2 O2

3
I3 O3

T4 T5

4 5

O6 I6

6

I4

O4

I5

O5

T6

O7

I7

7

T2

T3

T7

X1,7

X2,7

X6,7

X3,6
X3,7

X2,6

X2,4 X2,5

X1,4

Figure 5.1: Representation of the queues, trajectories, and collision points of an inter-
section with four arms, seven input lanes (colored), and three output lanes (white).

Consider an intersection with n input lanes such that each input lane q ∈ Q =
{1, · · · , n} has a distinct trajectory Tq ⊂ R2 associated with it, as depicted in Fig-
ure 5.1. In other words, each particular input lane (e.g. lane 1 in Figure 5.1) fully
determines the path through the intersection (e.g. T1 in Figure 5.1) and, consequently,
also the output lane. Note that Oq is the starting point of Tq. Two trajectories can
be either crossing or non-crossing. To define this property, consider the set

T =
{

(a, b)|a, b ∈ Q; a 6= b; Ta,b 6= ∅
}
, (5.2)

where Ta,b = Tb,a = Ta ∩ Tb. Note that Ta,b = ∅ means that both trajectories do not
have points in common. Therefore, the trajectory of lane a ∈ Q crosses the trajectory
of lane b ∈ Q if (a, b) ∈ T (for instance, T1 and T7 in Figure 5.1). On the other
hand, the trajectory of lane a ∈ Q does not cross the trajectory of lane b ∈ Q if
(a, b) 6∈ T (for instance, T1 and T2 in Figure 5.1). Moreover, consider that the set
Ta,b may contain more than one point (for instance T6,7, see T6 and T7 in Figure 5.1).
Therefore, we define a unique collision point as

Xa,b = arg min
X∈Ta,b

‖X−Oa‖. (5.3)

It is worth noting that Xa,b = Xb,a, and that the calculation of the collision point
gives the same result if Ob is used instead of Oa. Several collision points are depicted
in Figure 5.1.

The first step towards defining the queue serving problem is to consider a space
along each lane in which a vehicle is considered to be in the queue (this is depicted
in Figure 5.1 by the colored blocks). Every time a vehicle crosses the point Iq the
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queue length xq ∈ N increases by one and the vehicle is considered to be in the queue.
Similarly, when a vehicle crosses the point Oq the queue length decreases by one
and the vehicle is considered to be served (i.e., it then enters and passes through the
intersection). We refer to the zone delimited by Iq and Oq as the queue zone, and
we define it as the line segment Qq = IqOq. Note that for a high traffic density the
vehicle in the front of the queue would typically stand still at Oq as if waiting on
a lane controlled by a traffic light. However, in many cases the queue zone would
contain a number of moving vehicles, which is referred to as a moving queue, awaiting
a decision on access to the intersection. Although the moving queue concept describes
accurately the behavior of vehicles approaching the intersection, in the remainder of
this work we consider (for the sake of simplicity) a static queue of vehicles. In other
words, we consider that all vehicles in every queue are waiting at point Oq to gain
access to the intersection. Note that to implement the moving queue concept instead
of the static queue concept we need to consider the time needed to drive from Iq to
Oq which imposes a constraint on when arriving vehicles can be authorized access to
the intersection.

The second step towards defining the queue serving problem is to define the service
time matrix T s ∈ Rn×n≥0 , the elements of which T sa,b := (T s)ab represent the time that
the queue server needs to wait to serve queue b after queue a was served. First,
consider a pair of queues such that we can define the time to collision t̃a,b, ∀(a, b) ∈ T,
with T defined as in (5.2), which is the time that a vehicle in queue a takes to travel
from Oa to Xa,b, and, similarly, t̃b,a, ∀(b, a) ∈ T is the time that a vehicle in queue
b takes to travel from Ob to Xb,a. Finally, consider the time gap t̄h > 0 which is the
desired minimum time it takes one vehicle to cross a specific point after other vehicle
has crossed it. Considering all the aforementioned terms, we can define the elements
of the service matrix as

T sa,b =


0, ∀(a, b) 6∈ T,
t̄h + t̃a,b − t̃b,a, ∀(a, b) ∈ T,
t̄h, for a = b,

(5.4)

note that T sa,b 6= T sb,a, and T sa,b ∈ R. The calculation of the elements of (5.4) in the
context of the CIC strategy in [22] would require a time prediction strategy based
on the current state (position, velocity, and acceleration) of each vehicle at the front
of each queue, and its relation to other vehicles. However, this prediction strategy
is out of the scope of this work where we consider static queues of vehicles. For the
remainder of this paper, we consider that the constant values t̃a,b, t̃b,a ∈ R, ∀a, b ∈ Q
are calculated based on the geometry of the intersection and the nominal velocity of
the vehicles within the intersection.

In conclusion we, can state the queue serving problem as follows. Given a set
of queues Q design a queue server, constrained by the service time matrix T s, that
minimizes the time it takes to empty all queues.
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5.3 Hybrid Queuing Dynamical System

Consider a road intersection, as defined in the previous section, such that a queue
q ∈ Q is associated to each of its n input lanes. Two distinct events modify the
state of each queue: an arrival wq to the queue, and a departure uq from the queue
(leading to access to the intersection). The state of each queue is represented by
the queue length xq, and by two inter-event timers, namely the inter-arrival timer
tu,q, and the inter-departure timer tw,q. When an event occurs, either an arrival or a
departure, the queue length is updated and the inter-event timer, either inter-arrival
or inter-departure, is reset to zero.

To design a Model Predictive Controller, the development of which is presented in
Section 5.4, we need to define a prediction model, of the process and its disturbances,
and a cost function [124]. The prediction model is used to estimate the state of the
process tN seconds into the future. This prediction time is defined as tN = N∆t where
N is the prediction horizon and ∆t is the sampling time. If we model the dynamics of
the queue state as a plain discrete system (such that we have an On-Sampling-Event
(OSE) representation) we would need to select a small sampling time to represent
accurately the inter-event timers. A small sampling time ∆t would require a big
prediction horizon N to achieve a reasonable prediction time tN . This would result
in high computation times since the optimization problem (of size proportional to N)
has to be solved every ∆t seconds. To reduce the computational burden, we represent
the queuing process as a hybrid dynamical system such that the inter-event timers are
represented in continuous time, and the queue lengths jump on event times. Then,
this hybrid system is sampled in such a way that we allow for an Inter-Sampling-Event
(ISE) representation. This means that we define a prediction model that describes
if an event happens and when it happens during the sampling interval. Therefore,
we can use a bigger sampling time ∆t and a lower prediction horizon N to achieve a
reasonable prediction time tN . Which in turn, will decrease the computational burden.
To define the dynamics of all queues we first define a generic hybrid dynamical system.

The generic form of a hybrid dynamical system, as defined in [125, 126], is given
by {

ż = f(z, e), if (z, e) ∈ C,
z+ = g(z, e), if (z, e) ∈ D,

(5.5)

where z ∈ Rα×1 is the state vector, ż is the rate of change of the state z, z+ is
the value of the state after an instantaneous change, e ∈ Rβ×1 is the input vector,
f(z, e) is the flow map (or vector field), g(z, e) is the jump map, C is the flow set,
and D is the jump set. The solutions of (5.5) are defined on the hybrid time domain
(t, j) ∈ E. The subset E ⊂ R≥0 × N is called a compact hybrid time domain if

E =
⋃J
j=0([tj , tj+1], j) for some finite sequence of times 0 = t0 ≤ · · · ≤ tJ+1. We say

E is a hybrid time domain if, for each (T, J) ∈ E, the set E ∩ ([0, T ]× {0, · · · , J}) is
a compact hybrid time domain.

A hybrid signal is a function defined on a hybrid time domain. A hybrid signal
e : dom e→ Rβ×1 is called a hybrid input if e(·, j) is Lebesgue measurable and locally
essentially bounded for each j. A hybrid signal z : dom z → Rα×1 is called a hybrid arc
if z(·, j) is locally absolutely continuous for each j. A hybrid arc z : dom z → Rα×1
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and a hybrid input e : dom e → Rβ×1 form a solution pair φ = (z, e) to (5.5) if
dom z = dom e,

(
z(0, 0), e(0, 0)

)
∈ C ∪ D, and

1. for all j ∈ N and almost all t such that (t, j) ∈ domφ,
(
z(t, j), e(t, j)

)
∈ C, and

ż(t, j) = f
(
z(t, j), e(t, j)

)
;

2. for all (t, j) ∈ domφ such that (t, j + 1) ∈ domφ,
(
z(t, j), e(t, j)

)
∈ D, and

z(t, j + 1) = g
(
z(t, j), e(t, j)

)
.

Hereafter, we refer to the solution pair simply as the solution.
Now we can introduce the definitions that govern the dynamics of the state of the

queues. The input and state vectors in (5.5) are given by

e :=
[
wT uT

]T
, and z :=

[
xT tTw tTu

]T
, (5.6)

where w ∈ Bn×1 is the arrivals vector, and u ∈ Bn×1 is the departures vector, x ∈
Nn×1 is the queue lengths vector, tw ∈ Rn×1

≥0 is the inter-arrival timers vector, and

tu ∈ Rn×1
≥0 is the inter-departure timers vector. Note that for every queue q ∈ Q

we can define, considering all the vectors that constitute (5.6), the individual queue
states wq := (w)q, uq := (u)q, xq := (x)q, tu,q := (tu)q, and tw,q := (tw)q.

The arrivals and departures of vehicles (for individual queues) are defined in con-
tinuous t time as follows:

wq(t) =

{
1 if a vehicle arrives at time t,

0 otherwise,

uq(t) =

{
1 if a vehicle departs at time t,

0 otherwise,

(5.7)

which are instantaneous events. These events can be described in the hybrid time
domain for all queues as follows:

w(t, j) =

{
w(t), j = min{j∗|(t, j∗) ∈ domφ},
0, j 6= min{j∗|(t, j∗) ∈ domφ},

u(t, j) =

{
u(t), j = min{j∗|(t, j∗) ∈ domφ},
0, j 6= min{j∗|(t, j∗) ∈ domφ},

(5.8)

with (t, j) ∈ domφ. Note that φ is the solution of the hybrid system.
The flow map f(z, e) in (5.5) is defined as

f(z, e) :=
[
O1,n γTn γTn O1,n

]T
. (5.9)

The definition of the jump map g(z, e) in (5.5) is made in parts. Consider

g(z, e) =
[
g1(z, e)T g2(z, e)T g3(z, e)T

]T
. (5.10)
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The jump map g1(z, e) ∈ Nn×1 describes a jump of the the queue length state and is
defined as

g1(z, e) := x+ w − u, (5.11)

The jump map g2(z, e) ∈ Rn×1
≥0 describes a reset of the inter-arrival timers, for every

q ∈ Q there is a sub-map g2,q(z, e) := (g2(z, e))q defined by

g2,q(z, e) :=

{
0, if wq = 1,

tw,q, otherwise.
(5.12)

Finally, the jump map g3(z, e) ∈ Rn×1
≥0 describes a reset of the inter-departure timers,

for every q ∈ Q there is a sub-map g3,q(z, e) := (g3(z, e))q defined by

g3,q(z, e) :=

{
0, if uq = 1,

tu,q, otherwise.
(5.13)

The instantaneous events, defined in (5.8), represent the arrivals and departures
of vehicles. The vehicles can not arrive at (or depart from) the same lane at the same
continuous time instant t since the vehicles are modeled as physical entities which
cannot be at the same place at the same time. Therefore, there exists a minimum
inter-arrival and inter-departure time for each queue. For this matter, the following
realistic assumption is posed.

Assumption 1. For all t ≥ 0 such that uq(t) = 1, with q ∈ Q, there exists an εu > 0
such that uq(t

′, j′) = 0, ∀(t′, j′) ∈ domφ, with t′ ∈ (t, t + εu]. Additionally, for all
t ≥ 0 such that wq(t) = 1, with q ∈ Q, there exists an εw > 0 such that wq(t

′, j′) = 0,
∀(t′, j′) ∈ domφ, with t′ ∈ (t, t+ εw].

It is worth noting that this assumption prevents Zeno behavior, which is when an
unbounded number of events occur in a bounded time interval. Next, we design the
flow and jump sets, C and D in (5.5), such that Assumption 1 is satisfied. In other
words, the hybrid system in (5.5) flows as long as there are no events (arrivals, or
departures), or during events that violate Assumption 1, and jumps when there is an
event which is in correspondence with Assumption 1.

Two pairs of flow sets and jump sets are defined, one pair (Cu,Du) dependent on
the arrivals, and one pair (Cw,Dw) dependent on the departures. The sets dependent
on the arrivals are given by

Cu =
⋃
q∈Q

(
C∗u,q ∪ C?u,q

)
, and Du =

⋃
q∈Q
Du,q, (5.14)

where
C∗u,q =

{
(tu,q, uq)|tu,q ≥ 0, uq = 0

}
,

C?u,q =
{

(tu,q, uq)|tu,q ≤ εu, uq = 1
}
,

Du,q =
{

(tu,q, uq)|tu,q ≥ εu, uq = 1
}
.

(5.15)

The sets dependent on the departures are given by

Cw =
⋃
q∈Q

(
C∗w,q ∪ C?w,q

)
, and Dw =

⋃
q∈Q
Dw,q, (5.16)
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where
C∗w,q =

{
(tw,q, wq)|tw,q ≥ 0, wq = 0

}
,

C?w,q =
{

(tw,q, wq)|tw,q ≤ εw, wq = 1
}
,

Dw,q =
{

(tw,q, wq)|tw,q ≥ εu, wq = 1
}
.

(5.17)

Combining the sets defined above, we can define the flow set C and the jump set D
in (5.5) as

C :=
{

(z, e)|(tu, u) ∈ Cu ∧ (tw, w) ∈ Cw
}
,

D :=
{

(z, e)|(tu, u) ∈ Du ∨ (tw, w) ∈ Dw
}
.

(5.18)

Finally, we can conclude the definition of the hybrid queuing dynamical system in
(5.5), where the input vector e and the state vector z are defined as in (5.6), the flow
map f(z, e) is defined as in (5.9), the jump map g(z, e) is defined as in (5.10)-(5.13),
and the flow set C and the flow set D are defined as in (5.14)-(5.18). Note that, in
the input vector e, we consider w as a disturbance to the system and u as the control
input.

5.3.1 Constraints on the Control Input

The queue server is constrained by the serving time matrix T s ∈ Rn×n≥0 . In other
words, we need to wait T sa,b seconds to authorize a departure from queue b ∈ Q which
follows a departure from queue a ∈ Q. We can write the aforementioned condition as

ub(t, j) ∈

{
O, if ∃a ∈ Q, such that tu,a(t, j) < T sa,b,

B, otherwise.
(5.19)

Moreover, if two queues are conflicting (meaning that (a, b) ∈ T) then a departure
from queue a ∈ Q and from queue b ∈ Q cannot be authorized at the same time t.
We can capture the essence of this constraint as

ua(t, j1) + ub(t, j2) ≤ 1, ∀(a, b) ∈ T, (t, j1), (t, j2) ∈ domφ. (5.20)

Finally, a departure from an empty queue should not be authorized. This constraint
can be written as

ua(t, j) ∈ O, if xa(t, j) = 0, (5.21)

with a ∈ Q.

5.4 Optimal Intersection Access Management

This section presents the Optimal Intersection Access Management (OIAM) strategy
based on model predictive control. Hereto, the discretization of the hybrid queuing
system dynamics, described in Section 5.3, is presented in Section 5.4.1. Based on
this discretization we formulate part of the MPC problem by defining a prediction
model, defined in Section 5.4.2, and a cost function, defined in Section 5.4.3. By con-
sidering the constraints on the control input, presented in Section 5.4.4, we shape the
MPC problem as a Mixed-Integer Linear Programming (MILP) optimization problem,
which is presented in Section 5.4.5, the solution of which yields the optimal control
law.
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tk tk+1

dλ(k)
λ(t, j)

Figure 5.2: Illustration of the event delay dλ(k).

5.4.1 Discretization of the Hybrid Queuing Dynamical System

Consider a sampling time interval ∆t such that the time instant tk = k∆t, ∀k ∈ N.
Given this sampling interval we can write the discretized version of (5.5) as

z(k + 1) = h
(
z(k), e(k)

)
, (5.22)

where
z(k) = z(tk, j

∗), j∗ = max{j|(tk, j) ∈ domφ}, (5.23)

with z defined as in (5.6). We know from the definitions in (5.7) and (5.8) that the

vector e(t, j) =
[
w(t, j)T u(t, j)T

]T
consists of instantaneous (in t) signals which

cannot be simply sampled. Therefore, to define e(k) =
[
w(k)T u(k)T

]T
we need to

introduce the following assumption.

Assumption 2. The sampling interval ∆t is such that there is at most one arrival and
at most one departure on each queue q ∈ Q for each sampling interval [tk, tk+1), for
k ∈ N. In other words, uq(t, j) and wq(t, j) are non-zero at most once for t ∈ [tk, tk+1)
for each q ∈ Q and (t, j) ∈ domφ.

Note that this assumption can be satisfied by taking

∆t < min(εu, εw), (5.24)

with εu and εw as in Assumption 1 (so it is taken for granted that Assumption 1 is
satisfied). From (5.4), we know that a departure may be authorized at least every
Ms seconds, with

Ms = min{T sa,b > 0}, ∀a, b ∈ Q, (5.25)

such that we can define
εu ≤Ms. (5.26)

Therefore, we can define a definite bound for the sampling time in (5.24), considering
(5.26) and εu < εw, as

∆t < Ms. (5.27)

Consider the instantaneous signal

λ(t, j) ∈ {uq(t, j), wq(t, j)} (5.28)
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depicted in Figure 5.2. We can define the so-called event delay dλ(k) ∈ {du,q(k), dw,q(k)},
for the time instant tk, as follows:

dw,q(k) =


t∗ − tk,

if ∃t∗ ∈ [tk, tk+1), such that

wq(t
∗, j∗) = 1, for some

(t∗, j∗) ∈ domφ,

∆t, otherwise,

(5.29)

and

du,q(k) =


t∗ − tk,

if ∃t∗ ∈ [tk, tk+1), such that

uq(t
∗, j∗) = 1, for some

(t∗, j∗) ∈ domφ,

∆t, otherwise,

(5.30)

where du,q(k) := (du(k))q and dw,q(k) := (dw(k))q, for du(k), dw(k) ∈ Dn×1
∆t . There-

fore, we can write the discretized version of the arrivals and departures as

wq(k) =

{
1, if dw,q(k) < ∆t,

0, otherwise,

uq(k) =

{
1, if du,q(k) < ∆t,

0, otherwise,

(5.31)

where wq(k) := (w(k))q and uq(k) := (u(k))q for w(k), u(k) ∈ Bn×1, which represent
if an event (arrival or departure) occurs in the time interval [tk, tk+1). Moreover, the
definitions in (5.29), (5.30), and (5.31) are necessary to discretize the dynamics of the
inter-event timers, including the jumps, in (5.12) and (5.13), as follows:

tw,q(k + 1) =

{
∆t− dw,q(k), if wq(k) = 1,

∆t+ tw,q(k), otherwise,

tu,q(k + 1) =

{
∆t− du,q(k), if uq(k) = 1,

∆t+ tu,q(k), otherwise,

(5.32)

where tw,q(k) := (tw(k))q, tu,q(k) := (tu(k))q, for tw(k), tu(k) ∈ Rn×1
≥0 ; such that if

an event occurs in the time interval [tk, tk+1), then the inter-event timers are reset
considering the values of the corresponding event delays.

Finally, we can define the discrete map z(k + 1) = h
(
z(k), e(k)

)
in (5.22) as

z(k + 1) =

 x(k) + w(k)− u(k)

γn∆t+ tw(k)− w(k) ◦ (tw(k) + dw(k))

γn∆t+ tu(k)− u(k) ◦ (tu(k) + du(k))

 . (5.33)

Note that in this definition du(k) becomes a second control decision variable besides
u(k). Moreover, dw(k) is determined by the disturbance w(t, j).
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Constraints on the control input

Given the definition in (5.33), we can define the discrete version of the constraints in
(5.19), (5.20), and (5.21) as

T sa,bub(k) ≤ tu,a(k) + du,a(k), (5.34)

ua(k) + ub(k) ≤ 1, ∀(a, b) ∈ T, (5.35)

ua(k) ≤ xa(k). (5.36)

Note that in all cases a, b ∈ Q.

5.4.2 Prediction Model

To support the usage of Model Predictive Control for the discrete-time system pre-
sented in the previous section, we write the system in (5.33) in a linear form. We note
that the dynamics of the inter-departure timers tu(k) and the dynamics of the queue
lengths x(k) are both independent of the dynamics of the inter-arrival timers tw(k)
(the latter of which is relevant for the definition of the disturbance model). Moreover,
we note that the dynamics of the inter-departure timers have a nonlinear dependency
on the input u(k), the departure timing delay du(k) and the timers tu(k) themselves,
see (5.33). To deal with the aforementioned nonlinearities we introduce the following
definitions:

τ(k) := u(k) ◦ tu(k),

δ(k) := u(k) ◦ du(k),
(5.37)

such that τ(k) ∈ Rn×1
≥0 and δ(k) ∈ Dn×1

∆t , which can be achieved by introducing
additional constraints to the prediction model that are discussed later in this section.
Now, we can rewrite (5.33), considering (5.37) (while omitting the dynamics of tw(k)
for the reasons described above), as follows:

ζ(k + 1) = Aζ(k) +B1ν(k) +B2w(k) + C, (5.38)

with

ζ(k) =

[
x(k)

tu(k)

]
, ν(k) =


u(k)

du(k)

τ(k)

δ(k)

 , (5.39)

where ζ(k) is the state vector, ν(k) is the input vector, and

A =

[
In On,n
On,n In

]
, B1 =

[
−In On,n On,n On,n
On,n On,n −In −In

]
,

B2 =

[
In
On,n

]
, C =

[
On,1
γn∆t

]
,

(5.40)
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where B1 and B2 are the input matrices, and A is the system matrix. Note that τ(k)
is included in the input vector ν(k) because its value is ultimately determined by u(k),
and that the definition in (5.38) is independent of du(k) which is anyway included in
the input vector ν(k) because it is relevant for the definition of the constraints of the
model.

To support Model Predictive Control we define a discrete-time prediction model
for N time steps into the future. By considering (5.38), for N steps into the future
we obtain

ζ̂(k1)k = Aζ̂(k0)k +B1ν̂(k0)k +B2ŵ(k0)k + C,

ζ̂(k2)k = Aζ̂(k1)k +B1ν̂(k1)k +B2ŵ(k1)k + C,

...

ζ̂(kN )k = Aζ̂(kN−1)k +B1ν̂(kN−1)k +B2ŵ(kN−1)k + C,

(5.41)

where the vectors σ̂(ki)k ,∀i ∈ {0, · · · , N}, represent the predicted value of the vector

σ ∈ {ζ, ν, w} at time ki = k + i evaluated at time k. Note that ζ̂(k0)k = ζ(k).
Finally, the prediction model can be defined, using (5.41) and recurring substitution,
as follows:

ζ̂
k

= Λζ(k) + Ω1ν̂k + Ω2ŵk + Γ, (5.42)

where

ζ̂
k

:=


ζ̂(k1)k
ζ̂(k2)k

...

ζ̂(kN )k

 , ν̂k :=


ν̂(k0)k
ν̂(k1)k

...

ν̂(kN−1)k

 , ŵk :=


ŵ(k0)k
ŵ(k1)k

...

ŵ(kN−1)k

 , (5.43)

Λ =


A

A2

...

AN

 , Ω1 =


B1 Ob1 · · · Ob1
AB1 B1 · · · Ob1

...
...

. . .
...

AN−1B1 AN−2B1 · · · B1

 , (5.44)

Ω2 =


B2 Ob2 · · · Ob2
AB2 B2 · · · Ob2

...
...

. . .
...

AN−1B2 AN−2B2 · · · B2

 , Γ =


C

C
...

C

 , (5.45)

with b1 = dimB1 and b2 = dimB2. Note that Λ, Ω1, and Ω2 are the system matrices
of the prediction model, and Γ is a constant matrix. Moreover, ζ̂

k
, ν̂k, and ŵk are

the predicted state, input, and disturbance vectors at time k, respectively.

Disturbance model

From (5.43) we know that it is necessary to determine the future values of the distur-
bance vector represented by ŵk, the elements of which are given by

(ŵk)i = ŵ(ki)k, ∀i ∈ {0, · · · , N − 1}, (5.46)
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which represent the arrivals into a queue. We define the elements of the vector in
(5.46) as ŵq(ki)k := (ŵ(ki)k)q, ∀q ∈ Q.

Consider that a vehicle arrives to queue q ∈ Q every Wq > 0 seconds. The value
of Wq at the time instant tk, represented by Wq(k) can be calculated in two ways.
It can either be set as constant which requires prior knowledge of the input flow to
the intersection, or be calculated using a moving average window approach. In the
latter approach, the number of arrivals in a time window is divided by the length of
the time window in seconds which yields an average value of the arrival rate. In this
work, we consider deterministic arrivals with known arrival rates. Therefore we set
Wq as constant.

If a vehicle arrives every Wq seconds, then, according to the definition in (5.12),
the value of the inter-arrival timer is bounded as 0 ≤ tw,q(t, j) < Wq. According to
(5.29), if an arrival occurs in the time interval [tk, tk+1) the arrival delay is bounded as
0 ≤ dw,q(k) < ∆t, and is calculated as dw,q(k) = Wq − tw,q(k). Therefore, according
to (5.31), we can define the arrival predictions in (5.46) as

ŵq(ki)k =

{
1, if Wq − t̂w,q(ki)k < ∆t,

0, otherwise,
(5.47)

where i ∈ {0, · · · , N − 1}, and t̂w,q(k0)k := tw,q(k). Moreover, the dynamics of the
prediction of the inter-arrival timer, based on (5.32), become

t̂w,q(ki+1)k = ∆t+ t̂w,q(ki)k − ŵq(ki)kWq, (5.48)

where i ∈ {0, · · · , N − 1}.

5.4.3 Cost Function

The objective of the MPC-based design for OIAM is to minimize the weighted average
delay. According to Little’s Law [127], this objective is equivalent (in steady state)
to minimizing the weighted average queue lengths. Note that once a vehicle has
gained access to the intersection we can assume that no additional delay is induced
into the queuing system. In this specific application, a CIC approach, as presented
in [22], is used to ensure the desired behavior of vehicles and interaction between
them. Therefore, given the definitions in (5.39), we can write the cost function to be
minimized as

J
(
ζ̂
k

)
=

N∑
j=1

ĉ ζ̂(kj)k =
[
ĉ · · · ĉ

]
ζ̂(k1)k

...

ζ̂(kN )k

 = ĉ ζ̂
k
, (5.49)

where ĉ =
[
cx ct

]
. The queue lengths gain vector is given by cx =

[
cx,1 · · · cx,N

]
,

and the inter-departure timers gain vector is given by ct = O1,N .
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5.4.4 Constraints on the Prediction Model

Let us write the service time constraints in (5.34), the conflicting queues constraints
in (5.35), the empty queue constraints in (5.36), and the constraints introduced by
each of the linearizing variables in (5.37), using the column vectors defined in (5.39).

Service time constraints

The constraints in (5.34) represent the waiting time to authorize a departure from
queue b ∈ Q after a departure is authorized from queue a ∈ Q. According to (5.30), if
ua(k) = 0 then du,a(k) = ∆t, which in the context of (5.34) implies that if T sa,bub(k) ≤
tu,a(k) + ∆t, which means that we have to wait an extra ∆t to authorize a vehicle
from queue b when a vehicle from queue a was not authorized, which is actually
unnecessary. To deal with this discrepancy we recall the definition of δ(k) in (5.37),
which for queue a is given by δa(k) = ua(k)du,a(k), and we rewrite (5.34) as

T sa,bub(k) ≤ tu,a(k) + δu,a(k), ∀a, b ∈ Q, (5.50)

which reflects the fact that the value of du,a(k) is just relevant when ua(k) = 1. We
can write a general expression for a single queue as

(T s ◦ Cq)u(k)− tu(k)− δu(k) ≤ On,1, ∀q ∈ Q, (5.51)

where Cq ∈ Bn×n is defined as

(Cq)ij =

{
1, if j = q,

0, otherwise,
(5.52)

for all i, j ∈ Q. Considering the column vectors in (5.39), (5.51) becomes

M1ζ(k) + E1ν(k) ≤ b1, (5.53)

where b1 = On2,1,

M1 =


On,n −In

...
...

On,n −In

 , E1 =


T s ◦ C1 On,2n −In

...
...

...

T s ◦ Cn On,2n −In

 .
Conflicting queues constraints

The essence of the constraints in (5.35) is captured by

ua(k) + ub(k) ≤ 1 +Bsa,b, ∀a, b ∈ Q, (5.54)

where

Bsa,b =

{
0, if (a, b) ∈ T,
1, otherwise ,

(5.55)
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with T as in (5.2), such that Bsa,b := (Bs)ab. Therefore, we can rewrite (5.54), using
(5.52), as

(Cq + In)u(k) ≤ γn + (ΥCqB
s)T , ∀q ∈ Q, (5.56)

where Υ =
[
1 0 · · · 0

]
∈ B1×n, which, rewritten using the column vectors in (5.39),

becomes
M2ζ(k) + E2ν(k) ≤ b2, (5.57)

where M2 = On2,2n,

E2 =


C1 + In On,3n

...
...

Cn + In On,3n

 , b2 =


γn + (ΥC1B

s)T

...

γn + (ΥCnB
s)T

 .
Empty queue constraints

The essence of the constraints in (5.36) is captured by

uq(k)− xq(k) ≤ 0, ∀q ∈ Q, (5.58)

which, rewritten in terms of the column vectors in (5.39), becomes

M3ζ(k) + E3ν(k) ≤ b3, (5.59)

where
M3 =

[
−In On,n

]
, E3 =

[
In On,3n

]
, b3 =

[
On,1

]
.

Linearizing variables constraints

In order to rewrite the system in (5.33) in the form of (5.38), the definitions in (5.37)
were introduced to linearize the product of two variables. These definitions add the
following constraints to the prediction model.

Consider the definition of τq(k) := (τ(k))q given by τq(k) = uq(k)tu,q(k), where
uq(k) ∈ B and 0 ≤ tu,q(k) ≤ t̄u, which is the product of a binary variable and
a bounded real variable. Note that the upper-bound t̄u can be defined as t̄u =
‖tu(k)‖∞ + tN , since none of the elements of the vector tu(k) will grow unbounded
along the prediction time tN = N∆t. This definition adds the following inequalities:

τq(k) ≥ tu,q(k)− (1− uq(k))t̄u,

τq(k) ≤ uq(k)t̄u,

τq(k) ≤ tu,q(k),

(5.60)

such that if uq(k) = 1 then τq(k) = tu,q(k), and if uq(k) = 0 then τq(k) = 0. The
vector form of these inequalities is given by

−τ(k) + tu(k) + t̄uu(k) ≤ t̄uγn,
τ(k)− t̄uu(k) ≤ On,1,
τ(k)− tu(k) ≤ On,1,

(5.61)
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which, rewritten in terms of the column vectors in (5.39), becomes

M4ζ(k) + E4ν(k) ≤ b4, (5.62)

where

M4 =

On,n In
On,n On,n
On,n −In

 , b4 =

t̄uγnOn,1
On,1

 ,

E4 =

 t̄uIn On,n −In On,n
−t̄uIn On,n In On,n
On,n On,n In On,n

 .
The definition of δq(k) := (δ(k))q (given by δq(k) = uq(k)du,q(k), where uq(k) ∈ B

and 0 ≤ du,q(k) ≤ d̄u (in this case we can define d̄u = ∆t) is analogous to the
definition of τq(k). Therefore, we can directly define the constraints, introduced by
this definition, as

−δ(k) + du(k) + d̄uu(k) ≤ d̄uγn,
δ(k)− d̄uu(k) ≤ On,1,
δ(k)− du(k) ≤ On,1,

(5.63)

which, rewritten in terms of the column vectors in (5.39), becomes

M5ζ(k) + E5ν(k) ≤ b5, (5.64)

where M5 = O3n,2n,

E5 =

 d̄uIn In On,n −In
−d̄uIn On,n On,n In
On,n −In On,n In

 , b5 =

d̄uγnOn,1
On,1

 .
Consolidation of the prediction model constraints

By combining (5.53), (5.57), (5.59), (5.62), and (5.64) we can define

Mζ(k) + Eν(k) ≤ b, (5.65)

where

M =


M1

...

M5

 , E =


E1

...

E5

 , b =


b1
...

b5

 . (5.66)

The prediction of (5.65) N steps into the future gives

Mζ̂(ki)k + Eν̂(ki)k ≤ b,

Mζ̂(kN )k ≤ b,
(5.67)
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where ∀i ∈ {0, · · · , N − 1}, which can be rewritten as

M ζ̂
k

+ E ν̂k +M0ζ(k) ≤ b (5.68)

where

M =


0 · · · 0

M · · · 0
...

. . .
...

0 · · · M

 , E =


E · · · 0
...

. . .
...

0 · · · E
0 · · · 0

 , (5.69)

M0 =


M

0
...

0

 , b =


b

b
...

b

 . (5.70)

5.4.5 Model Predictive Control as a Mixed-Integer Linear Pro-
gramming Optimization Problem

The Model Predictive Control problem presented in the previous sections can be
formulated as a Mixed-Integer Linear Programming (MILP) optimization problem.
Hereto, consider the control action vector, applied to the system in (5.33), at time tk
defined as

U(k) =

[
u(k)

du(k)

]
, (5.71)

where u(k) reflects whether departures are issued from queues and, if so, when after
the time tk they should be issued, as indicated by du(k).

Define the optimization vector

α̂k =

[
ν̂k
ζ̂
k

]
, (5.72)

with ν̂k and ζ̂
k

defined as in (5.43), which contains the prediction, N time steps into
the future, of the state and input vectors. With this vector define the cost function

J(α̂k) = ρα̂k (5.73)

where ρ =
[
O1,4nN ĉ

]
, with ĉ defined as in (5.49). Given this cost function we obtain

the optimal α̂k (in which the elements of (5.71) and their prediction over the entire
prediction horizon are embedded) by solving the following MILP problem

ᾰk = arg min
α̂k

J(α̂k), subject to

{
Ξeα̂k = βe,

Ξα̂k ≤ β,
(5.74)
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where

Ξe =
[
−Ω1 I2nN

]
,

Ξ =
[
E M

]
,

βe = Λζ(k) + Ω2ŵk + Γ,

β = b−M0ζ(k),
(5.75)

with ζ(k) as in (5.39); the elements of ŵk as in (5.47); Λ, Ω1, Ω2, and Γ as in (5.44)
and (5.45); and M0, M , E, and b as in (5.69) and (5.70). Finally, given this optimal
vector, we can define the control action vector in (5.71) as

U(k) = Φᾰk (5.76)

where Φ =
[
I2n O2n,2n(3N−1)

]
.

5.5 Simulation Results

This section presents the results of two simulation case studies for which deterministic
vehicle arrivals are considered. For each case, the performance of different access
management protocols are compared.

To aid the measurement of the performance, consider the average inter-departure
time γu for all the queues of the intersection. Moreover, consider the served vehicles
counter θ. The average inter-departure time and the served vehicles counter are
updated each time a vehicle is served from any queue. On this basis, consider the
following hybrid system that describes the dynamics of this performance measure.
Define {

α̇ = f̂(α, β), if (α, β) ∈ Ĉ,
α+ = ĝ(α, β), if (α, β) ∈ D̂,

(5.77)

where the state vector is α :=
[
γu θ

]T
, the input vector is

β =

[
On,n On,n On,n
On,n On,n In

]
z +

[
On,n In
On,n On,n

]
e, (5.78)

with z and e defined as in (5.6), such that β :=
[
uT tTu

]T
, where u is the depar-

tures vector and tu is the inter-departure timers vector. Moreover, the flow map is

f̂(α, β) := O2,1, and the jump map is ĝ(α, β) =
[
ĝ1(α, β) ĝ2(α, β)

]T
, with

ĝ1(α, β) :=


θγu + tu,q
θ + 1

, if ∃q ∈ Q, such that uq = 1,

γu, otherwise,
(5.79)

and

ĝ2(α, β) :=

{
θ + 1, if ∃q ∈ Q, such that uq = 1,

θ, otherwise.
(5.80)
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Figure 5.3: Three-lane intersection.

Finally, the flow set is Ĉ = {(α, β)|(tu, u) ∈ Cu}, and the jump set is D̂ = {(α, β)|(tu, u) ∈
Du}, with Cu and Du defined as in (5.14).

Moreover, a First-Come-First-Served (FCFS) access protocol is also considered.
As the name indicates, this protocol serves the vehicles in the same order they enter
the intersection. Since we consider initial queue lengths different than zero, the serving
order of the vehicles in the queues at time zero is defined by determining their arrival
time, which is calculated using the arrival time interval matrix W and the initial
queue lengths x(0).

In Section 5.5.1, we show the effectiveness of the OIAM methodology applied to a
three-lane intersection. Moreover, in Section 5.5.2, we introduce a benchmark example
of a real-life five-lane intersection for which we compare the presented methodology
with a vehicle actuated traffic light and a FCFS protocol. In both cases, we consider
that vehicles arrive to the intersection in a deterministic fashion (for the sake of
comparison), and that the queues can be emptied in a finite amount of time.

As a final remark, note that the MILP problem, defined in Section 5.4.5, is solved
using the intlinprog() function in MATLAB running on an Intel R©CoreTMi5-3570
processor. Moreover, note that we selected MATLAB, instead of a state-of-the-art
solver like CPLEX or GUROBI, since it is the tool we have at hand and it showed
reasonable computation times for the considered simulation cases. Knowing that the
computational complexity of the problem increases exponentially with the number of
queues, if an intersection with a greater number of queues is to be analyzed, it may be
necessary to use one of the aforementioned state-of-the-art solvers to obtain results
in a reasonable time.

5.5.1 Three-Lane Intersection Scenario

We propose a scenario based on the intersection depicted in Figure 5.3. The road
formed by lanes one and three is hereafter referred to as the main road, whereas the
road formed by lane two is hereafter referred to as the secondary road. Note that this
scenario is proposed in [20], which in turn inspired the work in [22].

In an intersection controlled by a traffic light the whole flow of the main road
has to be stopped to give access to the secondary road. The automation of the
intersection, presented in [22], allows for a continuous flow of vehicles by means of
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virtual platoons, which are formed by an access management protocol on the basis of
a First-Come-First-Served principle.

To define the intersection problem as a queuing problem consider the service times
matrix, the values of which are defined in (5.4), given by

T s =

 1.25 2.95 0

−0.45 1.25 1.92

0 0.58 1.25

 , (5.81)

which is calculated using t̃1,2 = 5.15, t̃2,1 = 3.46, t̃2,3 = 6.92, t̃3,2 = 6.25, and t̄h =
1.25. Note that these values (which are merely illustrative) are chosen to represent an
intersection of relatively small physical dimensions, and were calculated by fixing a
value for t̃1,2 and using it as the scale of the geometry depicted in Figure 5.3. Moreover,
the value of t̄h is chosen to represent a close vehicle following within the intersection
which can be achieved with virtual platooning, see [22]. To finalize the problem

setting, consider that the intersection has initial queue lengths x(0) =
[
20 10 20

]T
,

and that the arrival time interval matrix is given by W =
[
4 6 3

]T
.

To analyze the performance of the presented methodology, consider three access
management protocols. Namely, the aforementioned FCFS protocol [22], and the
OIAM protocol considering both an On-Sampling-Event (OSE) representation [26],
and an Inter-Sampling-Event (ISE) representation. Both the OSE and the ISE repre-
sentations are described in Section 5.3. Note that we can achieve the OSE represen-
tation by setting d̄u = 0 in (5.63). Moreover, in both cases, we consider a cost vector

cx =
[
1 1 1

]
, and a prediction time tN = 4 s, with sampling interval ∆t = 0.5 s and

prediction horizon N = 8.
Figure 5.4 shows the queue lengths’ response for three access protocols, all of which

reach a stable steady state (meaning that the queue lengths remain in the vicinity
of zero). Moreover, Figure 5.5 shows the average inter-departure time γu for each
access protocol. Note that all approaches settle at the same value due to the lack of
saturation of the queues. The main difference between these protocols is the settling
time which is influenced by γu. Note that the FCFS approach shows a high value of
γu which is a result of the instantaneous reactiveness of this approach; the vehicles
are granted access in the same order as they requested it. The benefits of the MPC
approach is noticeable in the response of both the OSE and ISE representations. The
OSE representation is limited to grant access just at sampling instances which limits
its performance. The benefit of the ISE representation is evident, showing a faster
settling time and a lower average inter-departure time.

To study the influence of the selection of the sampling interval ∆t and the pre-
diction horizon N on the performance of the OIAM approach, consider the following.
Keeping the prediction time constant, if the sampling time would be small enough we
should achieve the same performance from the OSE and the ISE representations. The
trade-off is that the prediction horizon N has to be increased which in turn increases
the size of the MILP problem to be solved. Figure 5.6 shows the norm of the queue
lengths vector ‖x‖ for different settings of the MPC approach. Additionally, the ex-
ecution time tE (which we define as the time it takes to solve the MILP problem) is
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Figure 5.4: Queue lengths of a three-lane intersection for different access management
protocols. Namely, First-Come-First-Served (FCFS), On-Sampling-Event (OSE), and
Inter-Sampling-Event (ISE). For both OSE and ISE the sampling time is ∆t = 0.5 s.
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Figure 5.5: Average inter-departure time for different access management protocols.
Namely, First-Come-First-Served (FCFS), On-Sampling-Event (OSE), and Inter-
Sampling-Event (ISE).
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Figure 5.6: Norm of the queue lengths vector for different settings of the MPC ap-
proach.

Table 5.1: Average execution times for different MPC settings.

Type tN N ∆t t̄E

ISE 4 s 8 500 ms 39.7 ms

OSE 4 s 8 500 ms 49.4 ms

OSE 4 s 20 200 ms 184.3 ms

depicted in Figure 5.7. Note that the settings for each case are presented in Table
5.1.

It can be seen (in Figure 5.6) that the performance of the OSE representation
diverges from the ISE representation even when the sampling time has been reduced
to a point in which solving the optimization problem takes, in average, as much as
the sampling time itself. Compare the sampling time ∆t with the average execution
time t̄E in Table 5.1. On the other hand, we achieve a good performance by solving
a small optimization problem with an ISE representation. Figure 5.7, shows that the
ISE representation shows a somewhat consistent execution time (despite having some
peaks that exceed the sampling time) which suggests that a real-time implementation
of this approach is feasible.

5.5.2 Five-Lane Intersection Scenario

To further benchmark the performance of the presented methodology we introduce
the intersection depicted in Figure 5.8. This intersection is a representation of a real-
life intersection in the Netherlands, labeled S4 in [128], which is controlled with traffic
lights. Using the service rates and set-up times in [128] we can construct the matrix

T̂ s =


2 4 4 5 0

5 2 0 4 6

5 0 2.2 0 0

5 5 0 2 0

0 4 0 0 1.9

 , (5.82)
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Figure 5.7: Execution time of the MILP solver for different event representations.

Table 5.2: Optimal cycle for the vehicle actuated traffic light.

Mode Queues served Serve until

1 3, 4, 5 Queues 3 and 4 are empty

2 1, 5 Both queues are empty

3 2, 3 Queue 2 is empty

the elements of which, given by (T̂ s)ab, represent the time needed to greenlight lane
a after lane b has been stopped by a red light. Moreover, the arrival rates, also

defined in [128], are given by W =
[
5.11 21.56 18.56 21.95 9.73

]T
. Note that for

this scenario, a FCFS, a OIAM, and a Optimal Traffic Light (OTL) protocols are
considered.

The aforementioned OTL protocol is a vehicle actuated traffic light scenario which
operates using an optimal cycle, shown in Table 5.2, determined based on [129].

To compare the OTL approach with the FCFS approach, and the proposed OIAM
approach we need to define the service time matrix in (5.4). Since the dimensions of
the intersection are not defined we need to adopt some assumptions. First, we assume
that t̃2,5 = max T̂ s which, by comparison, makes t̃1,2 = 3.41, t̃1,3 = 6.20, t̃1,4 = 2.20,
t̃2,1 = 2.64, t̃2,4 = 3.84, t̃3,1 = 3.52, t̃4,1 = 5.38, t̃4,2 = 3.59, and t̃5,2 = 5.12. Next, we
assume that t̄h = 2 (as in the traffic light case) which could be set lower to consider
cooperative autonomous vehicles, defined in [22]. The result of the aforementioned
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Figure 5.8: Real-life five-lane intersection.

assumptions is the following service time matrix:

T s =


2 2.77 4.66 −1.15 0

1.23 2 0 2.25 2.88

−0.66 0 2 0 0

5.15 1.75 0 2 0

0 1.12 0 0 2

 . (5.83)

Moreover, we set the parameters of proposed MPC-based OIAM approach as fol-
lows. Sampling interval ∆t = 1 s, prediction horizon N = 5, and cost vector

cx =
[
1 1 1 1 1

]
. Finally, the initial queue lengths for the following comparison

are set as x(0) =
[
33 19 27 22 9

]T
.

Figure 5.9 and Figure 5.10 show the queue lengths and the average inter-departure
times, respectively, for all the proposed protocols. Both the FCFS and the OIAM
approaches show a faster settling time in comparison with the OTL approach; see
Figure 5.9. This is because both the FCFS and the OIAM protocols allow for a
continuous serving of vehicles, whereas the OTL protocol just allows some queues to
be served at the same time. However, from Figure 5.10, we see that the FCFS protocol
shows a high average inter-departure time in the first hundred seconds due to the
continuous switching of the server between queues. In this respect the OIAM and the
OTL protocols achieve a response that minimizes the average inter-departure. Above
all, the proposed OIAM approach achieves both a fast settling time and a minimum
average inter-departure time with an average execution time t̄E = 26.6 ms, which
suggest that a real-time implementation is feasible. Note that the implementation
would require a centralized unit which receives messages from the vehicles approaching
the intersection, determines the crossing sequence by means of the OIAM approach,
and communicates such sequence back to the vehicles to execute.
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Figure 5.9: Queue lengths of a five-lane intersection for different access management
protocols. Namely, Optimal Traffic Lights (OTL), First-Come-First-Served (FCFS),
and Inter-Sampling-Event (ISE).
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Figure 5.10: Average inter-departure time for different access management protocols.
Namely, Optimal Traffic Lights (OTL), First-Come-First-Served (FCFS), and Inter-
Sampling-Event (ISE).
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5.6 Conclusions

This paper presents an optimal access management methodology for a cooperative
intersection control system, developed in [22]. The road intersection is modeled as a
hybrid dynamical queuing system which, in turn, is controlled using Model Predictive
Control which allows for inter-sampling control actions. The proposed Optimal Inter-
section Access Management strategy minimizes the weighted sum of the queue lengths
which translates into minimizing the time that vehicles wait to be given access to the
intersection. The performance of this methodology is assessed by two simulation stud-
ies. The impact of design parameter tuning is shown for a three-lane intersection. For
which we also analyze the computational benefits of the inter-sampling event repre-
sentation. Moreover, a comparison between the performance of the proposed strategy
against an optimal vehicle actuated traffic light controller, and a First-Come-First-
Served access protocol is shown for a real-life five lane intersection. The presented
access management methodology shows a satisfactory performance with a low average
execution time, which is a result of the inter-sampling control action definition of the
system discretization.
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Chapter 6

Conclusion and
Recommendations

This chapter finalizes this thesis. In Section 6.1, we present the conclusions. In
Section 6.2, we discuss recommendations for future work. Finally, in Section 6.3, we
state the final thoughts on cooperative intersection management.

6.1 Conclusions

This thesis presents the development of a Cooperative Intersection Control strategy
for Autonomous Vehicles. The objective of this strategy is to automate the vehi-
cle crossing through a road intersection. To achieve this objective the intersection
management problem is represented as a relative motion problem between vehicles
crossing the intersection. The solution of this relative motion problem representa-
tion consists of three levels of implementation (depicted in Figure 6.1). Namely, a
Path-Following Control law, a Virtual Platoon Formation strategy, and a Crossing
Sequence Optimization technique.

In short, we presented the design of a delay-compensated path-following control
law applied to a single track vehicle model with steering input delay. A simulation
study, involving a circular path (with constant curvature) and a sinusoidal path (with
continuous curvature), showed that the closed-loop behavior of the system is expo-
nentially stable. Next, assuming that vehicles have the ability to follow a given path
through space, we defined the intersection problem as a relative motion problem be-
tween vehicles with conflicting paths. The automated vehicles are then able to form
a virtual platoon, which is a generalization of the linear platoon motion into a planar
platoon motion. In other words, vehicles driving on different lanes of the intersection
communicate to each other to maintain a virtual inter-vehicle distance among each
other. One of the advantages of this strategy is that each vehicle is positioned (by
regulating its velocity) in such a way that the whole virtual platoon can cross the
intersection without coming to a standstill. A simulation study shows the benefit of
this continuous crossing of vehicles (with a First-Come-First-Served access policy) in
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PFC

VPF

CSO

Figure 6.1: Architecture of the three levels of the Cooperative Intersection Control
methodology. Namely, Path-Following Control (PFC), Virtual Platoon Formation
(VPF), and Crossing Sequence Optimization (CSO).

comparison to the intermittent crossing caused by a traffic light. Finally, assuming
that vehicles have the ability to form virtual platoons, we defined the problem of de-
termining an optimal crossing sequence as an optimal queue-servicing problem. Each
input lane of the intersection is modeled as a queue with certain metrics that are
used to determine its state. The conflicting trajectories are used to define a service
time matrix. Using the queue metrics and the serve time matrix, we define a model
predictive control problem which minimizes the time that each vehicle waits to gain
access to the intersection. The benefit of this approach is shown (with a simulation
study) in comparison to a First-Come-First-Served access policy and a traffic light.

A more detailed explanation of the results presented in this thesis is given in the
next paragraphs.

In Chapter 3, a path-following control law was designed for a vehicle, the lateral
dynamics of which are represented by the single track vehicle model. Herein, the
steering mechanism of the vehicle is modeled as a second-order system with input
delay. The nonlinear system representing the path-following dynamics is transformed
into a linear time-varying system by means of the chain form transformation. A
stabilizing control law is designed by placing the closed-loop poles in the left half
of the complex plane. A delay compensation technique is applied which predicts
the value of the path-following variables in the near future. It is proven that the
control law, designed for the delay-free case, can be applied to the delayed case using
the delay compensated path-following variables. A stability proof for the closed-loop
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dynamics induced by this control law is presented. The performance of the control
law is analyzed by means of two simulation cases. The first case is used to show
the effects of modifying the location of the closed-loop poles, and the effectiveness
of the delay compensation technique. The second case is used to show the response
of the delay compensated control law for a non-constant curvature path. Note that
this path-following control strategy is a prerequisite to the virtual platoon formation
strategy, proposed in Chapter 4, since the vehicles have to automatically cross the
intersection following curved paths.

In Chapter 4, a virtual platoon formation strategy is designed assuming fully au-
tomated vehicles (equipped with a radar, GPS, and a wireless communication unit)
with the ability to follow a given path, and to regulate their longitudinal velocity. The
geometry of a generic intersection is parameterized to support the definition of all pos-
sible paths that a vehicle can take to cross the intersection. Relative motion maps
are defined for all the possible combinations of paths. If two paths conflict, then a
collision point (and a respective collision region around the point) exists in such maps.
Taking the collision point as a reference, a virtual inter-vehicle distance between vehi-
cles is defined such that a virtual inter-vehicle distance equal to zero represents that
two vehicles are at their collision point at the same time. This virtual inter-vehicle
distance is then regulated by a Virtual Cooperative Adaptive Cruise Control law.
With this strategy in place, a set of vehicles is able to cross a road intersection safely
and efficiently by continuously regulating their velocity to position themselves in such
a way that an uninterrupted flow of crossing vehicles is achieved. Note that the index
of vehicles in the virtual platoon determines the vehicle crossing sequence at the inter-
section. By means of a simulation study, we show that the proposed strategy yields a
higher vehicular throughput in comparison with an intersection controlled by traffic
lights with a fixed cycle. The difference in vehicular throughput is a consequence
of vehicles (in the traffic light case) having to to decelerate, wait, and accelerate to
achieve a safe crossing; whereas in the virtual platoon case, vehicles cross safely (in
a first-come-first-served basis) by only briefly decelerating to take their place in the
virtual platoon.

In Chapter 5, a crossing sequence optimization technique is devised by considering
the intersection as a multiple queue system with one server agent. Every lane of the
intersection is considered to have a region inside of which vehicles (either moving or
static) are considered to be part of a queue. Next, we assume that we know the time
it takes for a vehicle to travel from the front of a queue to a given point inside of the
intersection. A constant service time matrix is defined by assuming that all traveling
times are known and fixed. Under these assumptions, a hybrid queuing dynamical
system is defined, which describes the dynamics of some queue metrics in response
to departures from and arrivals to each queue, respectively representing control in-
puts and disturbances. Note that the queue metrics include the length of each queue
and inter-event timers (events being both arrivals and departures). The interaction
of vehicles inside the intersection is translated into a set of rules that constrain the
behavior of the server agent (which determines when a departure from a queue is
authorized). A Model Predictive Control approach is developed to minimize the time
it takes the vehicles to cross the intersection. Optimization is achieved by solving a
Mixed Integer Linear Programming problem, the definition of which relies on a pre-
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diction model and the aforementioned constraints. The prediction model is defined
by discretizing the hybrid queuing dynamical system considering an inter-sampling
event representation. A simulation study shows the performance of the crossing se-
quence optimization technique in comparison with a first-come-first-served approach
and a vehicle-actuated traffic lights approach. The results of the presented simula-
tions suggest that a real-time implementation, of the crossing sequence optimization
technique, is feasible. The benefit of the developed technique in comparison to the
first-come-first-served approach is evident in intersections with disparities between
the vehicular flow of each lane in the sense that lanes with a high arrival rate can be
served continuously while lanes with low arrival rate accumulate a queue before being
served. On the other hand, the benefit of the developed technique in comparison
to the vehicle actuated traffic lights approach is that vehicles do not experience the
extra time delay that comes from vehicles standing still while waiting for access to
the intersection.

As a final remark, it is worth noting that the research leading to this thesis was
inspired by one of the two scenarios of the Grand Cooperative Driving Challenge,
detailed in Chapter 2, which was organized to further advance the field of cooper-
ative automated driving. The challenge consists of two scenarios, a highway lane
reduction scenario and an urban intersection crossing scenario. It was shown that
an interaction protocol can be designed such that certain level of freedom is left for
the design of the vehicle control system. In both scenarios, the control systems were
designed to regulate inter-vehicle distances (which were virtual in the intersection sce-
nario). By regulating such inter-vehicle distances, complex coordination maneuvers
were executed.

6.2 Recommendations for future work

Although a good level of performance has been achieved for the presented concepts, we
can identify certain points for the improvement of the implementation of the presented
strategy. Some recommendations for each implementation level of the Cooperative
Intersection Control Strategy are presented below.

6.2.1 Path-following control law

The performance of the presented path-following control was studied using simulation
studies. Therefore, the main recommendation for this level is the implementation of
the presented control design in an autonomous vehicle. The single track vehicle model
parameters, which are not easy to measure, are essential for the implementation of
the control law. Moreover, it is difficult to obtain a high resolution sensor reading for
the lateral velocity of a vehicle. As a result, we recommend the design of an observer
that takes reliable sensor information as an input and outputs an estimate of the
cornering state of the vehicle. Having a reliable estimate of the vehicle state allows
us to implement the designed feed-back control law which can be complemented by
designing a feed-forward control law. The combination of feed-back and feed-forward
control aims to reduce the tracking error of the control strategy.
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6.2.2 Virtual platoon formation strategy

The geometry of the generic intersection described in this strategy is of radial symme-
try. Although we can represent many real-life intersections with this radial symmetry
representation, we fall short in representing intersections which have a distinct lane
for each possible direction (namely driving straight, or taking a left or right turn) in
every input road. The radial symmetry assumes that all the possible road pairs have
a common intersection point, namely, the origin of the intersection reference frame,
represented by Q in Figure 6.2(a). To relax this assumption, we can consider that
every road pair intersects at a different point, as depicted in Figure 6.2(b). Therefore,
instead of defining the intersection as a set of roads segments intersecting at certain
point, we can define the intersection as a set of pairs of road segments such that each
pair intersects at a distinct point. The benefit of this relaxed assumption is that the
rest of the virtual platoon formation strategy can be applied without changes. The
next recommendation is to change the circular segments with constant curvature, in
the trajectory formation, into segments with continuous curvature. Note that the
constant curvature behaves as a step input in the curvature dependent path-following
control. Therefore, to achieve a smoother tracking of the trajectory a continuous
curvature segment is preferred. Finally, consider the experimental validation of this
strategy. It is uncommon for a research facility to have more than one autonomous
vehicle. For that reason, the Grand Cooperative Driving Challenge (where teams
from across Europe came together) helped to demonstrate that it is possible, for a
set of vehicles, to automatically cross a road intersection by defining and regulating
a virtual inter-vehicle distance. However, the tests involved just three vehicles at a
time. Therefore, we envision that the functionality shown in the presented simulations
can be achieved using a set of small mobile robots, which are potentially cheaper to
prototype.

6.2.3 Crossing sequence optimization technique

The development of the crossing sequence optimization technique assumed that every
lane is represented by a static queue of vehicles (which can be visualized as being
stacked on top of each other at the front of each queue). To apply this technique
to vehicles which will cross an intersection as a virtual platoon, it is necessary to
change the static vehicle assumption into a moving vehicle assumption. Additionally,
a queuing zone, which is a region along every input lane of the intersection, must
be defined such that a vehicle inside this zone is considered to be part of a queue.
This assumption introduces a new queue metric, namely, the time a vehicle needs
to reach the front of the queue. To implement this metric we need to introduce
a strategy to predict the time it takes a given vehicle to travel a given distance
depending on its dynamical longitudinal state. By adding this prediction we can
define a more realistic time-varying service time matrix. With this, we can apply the
proposed Model Predictive Control based optimization strategy to a virtual platoon of
vehicles. Moreover, considering that we are solving a linear optimization problem, we
recommend to redefine the optimization problem as distributed instead of centralized.
To distribute the problem, we propose to divide the feasible region (which is the set
of possible values that satisfy the problem formulation) into subsets. Each subset
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Figure 6.2: Intersection as a set of road segments. (a) One intersecting point for all
road segments. (b) One intersecting point for every pair of road segments.

is then assigned to each vehicle, waiting in the queues, which finds the value that
minimizes the cost function in such subset. The vehicles in front of each queue can
then use all these local minimum values to determine the global minimum value that
determines which vehicle must be granted access. In this manner, we can distribute
the computation of the optimal solution among the vehicles inside of the intersection
instead of relying on a road side unit. For the experimental validation of this strategy,
we suggest the use of a set of small mobile robots as described in the previous section.

6.3 Final thoughts

The strategy presented in this thesis makes certain assumptions which make a near
future implementation still challenging, namely, full lateral and longitudinal automa-
tion of a vehicle, flawless wireless communication, and perfect knowledge of the po-
sition, orientation, and dynamics of a vehicle. Rigorous testing is still needed to
demonstrate the feasibility and validity of the real-life implementation of the pre-
sented ideas. Nevertheless, we showed that the complex objective of automating the
intersection crossing of autonomous vehicles can be achieved by decomposing it into
layered sub-objectives.

The ideas presented in this thesis consider few changes in the traffic network
infrastructure, namely the addition of centralized units that calculate the optimal
crossing sequence. The addition of such centralized units will allow the study (in
the short-term) of the interaction between adjacent intersections such that the traffic
congestion can be alleviated in larger regions of the traffic network. In a long-term
context, we envision the redesign of the infrastructure to allow for a larger complexity
in the maneuvers that the automated vehicles could be able to perform. As a concrete
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example, consider, what we can call, a malleable road intersection. The characteristics
of such an intersection (namely, the number of input/output lanes, and the permissible
directions per lane) can be modified depending on the outcome of a centralized traffic
planner. Nowadays we find a similar functionality in reversible lane of some highways.
In this context, the ideas presented in this thesis can still be of use, with the difference
that now we can consider a set of geometries, each one with an specific set of permitted
paths, instead of a fixed geometry with a fixed set of permitted paths. With this
functionality, the cooperative autonomous vehicles could be able to navigate the traffic
network in such a way that traffic congestion could become an outdated concept.
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control for intersection automation using a parallelized optimization approach,”
IFAC PapersOnLine, vol. 50, no. 1, pp. 5940–5946, 2017.

[118] L. Riegger, M. Carlander, N. Lidander, N. Murgovski, and J. Sjöberg, “Central-
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