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Summary

Informed source extraction from a mixture of sources exploiting second
order temporal structure

This work considers scenarios where one desired source and at least one interfering
source are mixed by a linear, time-invariant, multiple-input multiple-output (MIMO)
mixing system. The sources are mutually statistically independent and only their mix-
tures are observed, i.e., both the sources and the MIMO system are unknown. The
desired source is to be recovered from the observations via a multiple-input single-
output (MISO) source extraction (SE) filter. This thesis deals with the development
of SE algorithms that identify the MISO filter that extracts the desired source. In
the literature many blind and informed SE algorithms are available. Blind algorithms
use only the observations and assumptions on the statistical and temporal structure
of the sources to perform the task at hand; however, they extract the sources ran-
domly and cannot guarantee extraction of the desired source. The rationale behind
informed algorithms is to exploit additional a priori information with respect to blind
algorithms in order to improve their performance. Informed SE algorithms are avail-
able that extract potentially ‘interesting’ sources by exploiting statistical measures
that are assumed to be carried only by ‘interesting’ sources. Although potentially
interesting sources are extracted, the a priori information is not used to guarantee
immediate extraction of the desired source. Consequently, an iterative approach may
be used to extract a source and subsequently classify it. If not the desired source
is extracted, then the source is removed from the observations and a new source is
extracted. These iterative SE algorithms are inefficient since several iterations may
be required until the desired source is extracted. Informed SE algorithms that use
a priori information in order to guarantee immediate extraction of only the desired
source are missing. Furthermore, many of the available blind and informed algorithms
consider instantaneous mixtures of sources. Convolutive mixtures are considered to
be difficult to handle and a time-frequency transformation is often used to trans-
form convolutive mixtures into complex-valued instantaneous mixtures per frequency
bin. This time-frequency transformation sets high standards on the available a priori
information in order to ensure extraction of the desired source per frequency bin.
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This thesis focuses on SE algorithms that utilize a priori information in order to
guarantee immediate extraction of the desired source. We exploit the second order
temporal structure (SOTS), i.e., non-stationarity, temporal correlatedness, and spa-
tial uncorrelatedness, of the sources. Many blind algorithms in literature exploit this
SOTS and work by applying subspace techniques to different arrangements of cor-
relation data from observations of MIMO instantaneous mixtures. These subspace
techniques can be used to solve blind SE problems as mathematical problems where
systems of homogeneous polynomial equations have to be solved. Each root of such
a system corresponds uniquely to the extraction filter for one of the sources. For SE
the key problem is to identify the root that corresponds to the filter that extracts the
desired source. In this thesis the design of informed SE algorithms, i.e., algorithms
that identify the desired extraction filter, is formulated as the design of optimization
problems where polynomial equations ensure that the desired extraction filter is iden-
tified. The objective functions of the optimization problems are constructed in such
a way that they allow for the incorporation of a priori information about the mixing
and the correlation parameters of the sources. Another important step in this work
is that the numerical solutions are reformulated as smallest and largest eigenvalue
problems, for which efficient and numerically stable algorithms exist. We discuss the
design of objective functions and derive conditions that have to hold on the available
a priori information such that extraction of the desired source is guaranteed. Specif-
ically for complex instantaneous mixtures we have developed design techniques that
allow for the incorporation of a priori information about physical parameters in the
form of direction of arrival information. Finally, we have applied subspace techniques
to correlation data from observations of convolutive mixtures. By applying these
subspace techniques we are able to formulate new systems of polynomial equations
of which the roots correspond to finite impulse response (FIR) filters from MIMO
mixing systems that consist of short FIR filters. This is considered to be a first step
towards the design of convolutive SE algorithms that are more flexible in the use of
a priori information than SE algorithms based on a time-frequency transformation.
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1
Introduction

1.1 Scope and motivation

The work in this thesis is motivated by the increase in availability and usage of systems
and devices with multiple sensors. Nowadays, systems exist that have multiple sen-
sors measuring in different domains such as a telephone equipped with both a camera
and a microphone. The multi-sensor systems considered in this work are equipped
with multiple sensors that measure in the same domain such as a teleconferencing
system with multiple microphones. Applications of these multi-sensor systems and
devices can be found in areas such as audio and acoustics, biomedical engineering, and
telecommunication. Furthermore, efforts in energy harvesting and wireless telecom-
munication contribute to the deployment of wireless sensor networks [1–3]. Using
multiple sensors instead of only one sensor is beneficial due to several reasons. It can
lead for example to better performance in terms of intelligibility for speech enhance-
ment and to a better bit error ratio in communication systems due to a better spatial
coverage on the one hand and combining the signals in a smart way, such as weighted
averaging, on the other hand. Furthermore, using multiple sensors allows for new use
cases such as source localization. Techniques for processing of the signal captured
with such multi-sensor systems are researched and developed in the field of array
signal processing (ASP) [4–6] and the related research fields independent component
analysis (ICA) and blind source separation (BSS) [7–11].

In this work the focus is on the source extraction problem [8, 12–18]. Here one
source has to be extracted or recovered from a mixture of multiple sources. In many
multi-sensor applications a specific, desired source has to be extracted; however, in
the literature mainly source extraction algorithms that extract randomly one of the
sources from the mixture are found. The main objective of this thesis is to provide
insight in the source extraction problem and to develop and design source extraction
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algorithms for which immediate extraction of the desired source is guaranteed. To
elucidate the problem we provide three examples in different application areas, i.e.,
audio and acoustics, biomedical engineering, and telecommunication. These examples
are used to discuss, clarify, and underpin the problems and assumptions considered
in this thesis.

• Typical audio and acoustics devices that contain multiple sensors are mobile
phones, tablet computers, smart televisions, and hearing aids. For each of these
devices we observe an increased demand on its performance in order to serve
new applications. Mobile phones have te be operated hands-free and from a
distance, a smart television has to be operated and communicated with by using
only voice while sitting a few meters from the television set; and, hearing aids
have to work comfortably in crowded environments. These modern applications
put pressure on the currently available signal processing algorithms. Ideally,
sensors are placed close to the desired source such that the observations contain
this desired source with high signal to noise ratio (SNR). In modern applications
more flexibility and comfort for the user is desired; therefore, these applications
do not allow in general for sensor placement nearby the desired source. As a
result, mixtures of the desired and interfering sources are observed where the
interfering sources potentially have a similar or even higher sound level than the
desired source. Consequently, new algorithms are required in order to extract
the desired source.

• Another field of application where the source extraction problem is relevant is
in the field of biomedical engineering. Many biomedical engineering applications
are aimed at obtaining information about a process in the body based on non-
invasive measurements. For such measurements, multiple sensors are placed on
the surface of the body or at a distance from the body. Examples of such mea-
surements are electrocardiography (ECG), electroencephalography (EEG), and
electromyography (EMG) measurements. These sensors measure signals arising
from multiple active processes while one is often interested in the signal related
to only one of these processes. For example, an ECG measurement taken from a
pregnant women contains both the fetal and maternal ECG while often only the
fetal ECG is desired. Another example is neurofeedback. In such an application
the EEG measurements are used to in order to measure the response of the brain
to an externally applied stimulus. These measurements contain the response to
the stimulus and the default activity of the brain. For neurofeedback extraction
of the response to the external activity is desired.

• In the field of telecommunications the number of transceivers is growing rapidly
while the available bandwidth is not increasing at the same pace. Consequently,
simultaneous transmission in the same frequency band cannot be avoided. Com-
munication bandwidth can then only be increased by exploiting spatial diversity.
An example application where simultaneous transmission is likely to appear is
for example in densely populated areas such as festival sites where many peo-
ple use their mobile phone simultaneously; and, extraction of a specific signal
is desired. Another application is found in wireless sensor networks. Nowa-
days many wireless sensor networks are being deployed. In such a network each
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Figure 1.1: Overview of a multi-sensor scenario in discrete time domain where S
sources are mixed by an LTI, MIMO mixing system A. The mixtures are corrupted
by additive noise and only the D noisy mixtures x1[n], · · · , xD[n] are observed.

wireless sensor node is equipped with a transmitter or transceiver and trans-
mits its signal either to its neighbors or to a base station. In dense wireless
sensor networks multiple sensor nodes transmit simultaneously and extraction
of the signal transmitted by a specific node is a relevant problem. Moreover,
the objective of many wireless sensor networks is to gather information from
the environment by collaboration of the nodes, which can also be considered a
multi-sensor source extraction problem.

1.2 Problem formulation

As discussed in the previous section, multi-sensor systems and devices can be used
for a wide range of applications. In this work we focus on applications where one
desired source has to be extracted from a linear mixture of multiple sources. In this
section we discuss commonly used models for mixing systems, objectives for source
extraction filters, and methods to identify source extraction filter parameters.

1.2.1 Mixing models

In the considered source extraction scenario a number of sources are mixed by a
linear, time-invariant (LTI), multiple-input multiple-output (MIMO) mixing system.
In practice the outputs of the mixing system are measured by multiple sensors. These
sensors typically have an analog to digital converter (ADC) in order to obtain a
discrete time representation of the output signals. In most literature all sensors are
assumed to be the same and only corrupt the mixtures with additive sensor noise.
Following these assumptions, the mixtures are assumed to be corrupted by additive
sensor noise and only the additive noisy measurements are observed, i.e., both the
original sources and the mixing system are unknown. A graphical interpretation of
this model for S sources and D sensors is depicted in Figure 1.1. Mathematically,
the discrete time observations from an LTI, MIMO mixing system have the following
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structure:

xi[n] =

S∑
j=1

aji ? sj [n] + νi[n] ∀ i ∈ D (1.1)

where xi[n] represents the signal measured by the i’th sensor at discrete time instance
n, sj [n] represents the j’th source at discrete time n, νi[n] represents the noise mea-

sured by the i’th sensor, aji is the element in the mixing system A that represents the
relationship between the j’th source and i’th sensor, ? is the operator corresponding
to the type of mixing system, and D = [1, · · · , D] is a set of integers from 1 up to and
including D.

In the literature mainly three types of mixing models have been considered for
LTI, MIMO mixing systems. These mixing models are closely related to each other
and each model is specifically relevant for one of the application areas. The first
model is the real-valued instantaneous mixing model. In this model the relationships
between the sources and the sensors are considered to be real-valued gains. This
model is mostly applicable in biological processes that work with electrical charges.
The electrical activity inside a human body is observed instantaneously at the surface
of a body. The second mixing model is the complex-valued instantaneous mixing
model. This model is particularly useful for handling mixing systems where narrow-
band sources are delayed before they are observed. Such a mixing model holds for
example in narrowband communication systems. In such a system the path from the
source to a sensor results in a delay. Due to different path lengths between a source
and the sensors, the sources are observed at the sensors with different delays. Finally,
the third model is the convolutive mixing model. In this model the relationship be-
tween the sources and the sensors is modeled by filters. The most widely used type of
filter to model convolutive mixtures is the finite impulse response (FIR) filter. Con-
volutive mixing models are applicable in applications such as modern communication
systems and acoustical applications. In these applications the sources arrive at the
sensors via multiple paths. In many algorithms convolutive mixtures are dealt with
by transforming the observations from time domain to time-frequency domain. Under
some conditions, the time-frequency transformation allows for the interpretation of
the convolutive mixing system as a complex-valued instantaneous mixing system per
frequency bin.

Another relevant property of the mixing systems are its dimensions, i.e., the num-
ber of sources that are active and the number of sensors that are available. Typically
three classes are considered with respect to the dimensionality of mixing systems, i.e.,
the square, over-determined, and under-determined mixing system. A square mixing
system has the same number of sensors as there are active sources and is the most
widely considered mixing system in the literature. The over-determined and under-
determined mixing systems have respectively more and fewer sensors than sources.
In general, the under-determined mixing case is considered to be more difficult than
the square or over-determined mixing scenario.
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Figure 1.2: Overview of a MIMO mixing system followed by an LTI, MISO extrac-
tion filter w̃.

1.2.2 Extraction filters

Extraction of the desired source from MIMO mixtures of sources is accomplished by
applying a multiple-input single-output (MISO) extraction filter to the observations.
An overview of the mixing system followed by an extraction filter is depicted in
Figure 1.2. Mathematically, the LTI extraction filter works as follows:

y[n] =

D∑
i=1

wi ? xi[n] (1.2)

where y[n] is the output of the MISO extraction filter w̃. Dependent on the type of
mixing model, each extraction filter element wi is either a real-valued gain, complex-
valued gain, or an FIR filter that is applied to the i’th sensor signal. The goal of
a source extraction algorithm is to recover the desired source at the output of the
extraction filter. Due to the linear characteristic of both the mixing system and
the extraction filter, the output of the extraction filter generally consists of three
components, i.e., the desired source, the undesired sources, and noise. It follows
immediately from linear algebra that in the presence of noise it is impossible to obtain
only the desired source at the output of the linear extraction filter. Consequently,
an objective function that accomplishes source extraction has to be chosen for the
extraction filter. Examples of objective functions that lead to source extraction are
to maximize the desired source to interference plus noise ratio (SINR), to maximize the
desired source to noise ratio (SNR) under the constraint that the interfering sources
are suppressed, and to minimize the mean squared difference between the extracted
signal and a reference that represents the desired source.

In applications where the sources are non-stationary, the extraction filter can be
followed by a single-channel, time-varying post-processor. Such a post-processor is
often used in speech enhancement applications and uses desired source, interference,
and noise power estimates to suppress the compound signal when noise and interfer-
ence are dominant in the signal.
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1.2.3 Identification of extraction filter parameters

In many applications only mixtures of the sources are observed, i.e., both the original
sources and the mixing parameters are unavailable. Consequently, the source extrac-
tion filter parameters have to be identified from these observations. Many studies
have shown that source extraction filter parameters can be identified by exploiting
the observed mixtures and some assumptions on statistical parameters of the sources.
The most basic assumptions made on many LTI, MIMO mixtures are that the sources
have zero mean and are mutually statistically independent. The assumption of mutu-
ally statistically independent sources has led to the research field called independent
component analysis (ICA) [7] and means that sources do not provide information
about each other. Mutual statistical independence implies that the sources have zero
crosscorrelation and zero crosscumulant for any order. Besides being mutually sta-
tistically independent, the sources must have sufficiently different statistical features.
Without exploiting this diversity in statistical parameters source extraction filter iden-
tification is in general not feasible. Later we return to this property and discuss the
assumptions on the statistical features of the sources in a more formal and detailed
way.

In the past, a wide variety of assumptions on the (statistical properties of) sources
has been made as a basis for development of source extraction algorithms [7, 8, 11].
Typically, these assumptions are grouped as being assumptions on second order statis-
tics (SOS) or higher (than second) order statistics (HOS). Algorithms based on SOS
assume and exploit non-whiteness or coloredness of stationary sources, i.e., the pres-
ence of temporal structure. If the sources are non-stationary then they are assumed to
be stationary for a certain amount of time before their statistical properties change.
These assumptions allow for the consideration of the SOS of the sources in terms
of autocorrelation functions with two parameters, i.e., a time and autocorrelation
lag parameter. Since the statistics may vary over time, the autocorrelation function
varies over time. In order to be able to extract a source from a mixture we require
that sufficiently many time-lag pairs are available for which the source autocorrelation
functions are non-zero. Another regularly exploited property of the temporal struc-
ture of the sources is sparseness. This is a very specific form of non-stationarity, which
is often exploited in speech enhancement algorithms. A sparse source is only active
for a limited amount of time. Exploiting this property leads to simpler mixtures. Fi-
nally, a widely used assumption on the temporal structure of the sources in the field
of telecommunication is cyclostationarity. This assumption means that the signals
are non-stationary; however, the statistical features of the sources repeat themselves
periodically. Algorithms based on assumptions on the HOS of the sources typically
exploit diversity in the distribution of the sources. A widely used HOS property
is non-Gaussianity, which is the deviation of a signal from having its HOS parame-
ters equal to zero. This immediately addresses a potential problem when exploiting
HOS. Since Gaussian sources cannot be observed with HOS at most one source with
a Gaussian distribution is allowed in the mixture. Signals with non-zero HOS are
split into two groups. A group having sub-Gaussian distribution and a group having
super-Gaussian distribution, i.e., distributions having smaller and larger peaks than
the Gaussian distribution, respectively. Each group has its own sets of specialized al-
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gorithms to deal with the signals. Finally, algorithms exist that exploit assumptions
on the higher order temporal structure of sources in order to identify source extraction
filter parameters, i.e., coloredness and non-stationarity for HOS parameters.

As discussed before, a subset of the assumptions on the statistical properties of the
sources is required in order to be able to extract a source from a mixture of multiple
sources. However, a source extraction algorithm based on only these assumptions
extracts randomly one of the sources and is not able to guarantee that the desired
source is extracted. Additional a priori information is required in order to guarantee
extraction of the desired source. This additional a priori information can be available
in many different forms. In many applications in the fields of audio and acoustics and
telecommunication some information about the mixing or the statistical parameters of
the sources is available, for example information about the direction of arrival (DOA)
of the desired source. In biomedical applications often a reference signal is available
such as the on-off characteristic of the stimulus applied during EEG measurements
or an estimate of the fetal heartbeat with respect to the maternal heartbeat. Extrac-
tion algorithms that exploit this additional a priori information in order to ensure
extraction of the desired source are called informed source extraction algorithms.

1.3 Related work

Traditionally, knowledge about structure in the mixing parameters, for example DOA
information and a free-field acoustic model, is used to design or calculate source ex-
traction filters [4,5] in the form of spatial filters or beamformers. Nowadays, in many
applications source extraction is desired in more challenging environments and for
new applications where little knowledge about the mixing parameters or the original
sources is available and the source extraction filter parameters have to be identified
with a source extraction algorithm using only the observations [8,11]. Many different
assumptions have been exploited in order to develop source extraction algorithms.
In the majority of algorithms the assumption that all sources are mutually statisti-
cally independent is exploited. Apart from that, the algorithms strongly depend on
the properties of the mixtures, the available a priori information, and the objective
function for the source extraction filter.

One way to perform source extraction is to utilize a blind source separation (BSS)
algorithm [8, 10, 11]. A BSS algorithm identifies the parameters of a MIMO source
separation filter that has the original sources separated at its outputs. The source
separation filter can be viewed as a set of parallel extraction filters for all the sources in
the mixture. Most BSS algorithms perform source separation by cancelling interfering
sources. When additional noise reduction is applied, source extraction filters based on
BSS typically extract the sources according to the source extraction objective function
where the SNR is maximized under the constraint that the interfering sources are
suppressed. The filter parameters are calculated by exploiting only the observations
and some assumptions on statistical properties of the sources as we have discussed
in Section 1.2.3. Since a limited amount of a priori information is used by a BSS
algorithm, the source separation filter has the sources in a random order at the output.
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In order to deal with this permutation of the sources, a classifier is required that uses
additional a priori information in order to select the output corresponding to the
desired source. This strategy implies redundancy since first all sources are separated
and subsequently only one of the separated sources is used. Furthermore, the source
separation filter exploits more resources than strictly necessary since the separation
filter consists of many individual extraction filters.

In the field of acoustics, source extraction algorithms are typically speech enhance-
ment algorithms. Most state of the art speech enhancement algorithms heavily depend
on sparseness of the desired (speech) source and estimate the noise and interference
components when the desired source is inactive. Such speech enhancement algorithms
have been presented for example in [12] and [19]. In [12] a speech enhancement al-
gorithm based on the multichannel Wiener filter (MWF) is presented. The objective
for the algorithm is to minimize the mean squared error (MMSE) between the filter
output and a reference. Ideally, this reference is chosen as the desired source; however,
the desired source is not observed. In order to overcome this problem, in [12], the
statistical properties of the desired source are estimated by exploiting sparsity of the
desired (speech) source. The statistical parameters of the noise and interference are
estimated during inactive periods of the desired source; subsequently, the interference
and noise are assumed to be stationary and are subtracted from the statistics of obser-
vations that contain the desired source, interfering sources, and noise. Such a method
has several disadvantages, e.g., voice activity detection (VAD) is required and the
desired source has to be sufficiently sparse. Furthermore, the mixing parameters are
not allowed to change over time; and the interfering sources and noise are required to
be sufficiently stationary over silent and non-silent periods of the desired source. The
speech enhancement algorithm presented in [19] is based on the generalized sidelobe
canceler (GSC) [20,21]. A GSC consists of three components, namely: a beamformer,
a blocking matrix, and an adaptive filter. The beamformer is a spatial filter that
extracts the desired source from the observations and can be used to apply additional
constraints on the spatial behavior of the GSC, e.g., to attenuate sound coming from
the direction of an interfering source. In parallel, the blocking matrix is applied to
the observations in order to generate signals consisting of only interference and noise.
The adaptive filter is applied to the signals from the blocking matrix in order to
enhance the output of the beamformer. The most difficult aspect of the GSC is to
identify the filter parameters of the beamformer and the blocking matrix. Leakage of
the desired signal into the output of the blocking matrix leads to degradation of the
desired source [22]. In [19] the linear subspaces corresponding to the desired source
and interfering sources are estimated during respectively non-silent and silent periods
of the desired source. These subspaces are used to build a beamformer that enhances
the desired source and cancels the interfering signals. The blocking matrix is orthog-
onal to the subspaces of the desired and interfering sources. Overall, the beamformer
cancels the interfering sources and the blocking matrix and adaptive filter are used to
maximize the SNR. In the literature this GSC is called a linear constraint minimum
variance (LCMV) filter. An advantage of the GSC approach over the MWF approach
in [12] is that the interfering sources and noise are not required to be stationary
over silent and non-silent periods of the desired speech as long as the mixing system
is not changing; however, this method also requires a VAD and the desired source
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has to be sufficiently sparse. Speech enhancement algorithms that do not depend on
sparseness of the source signals exist as well. One class of algorithms are geometri-
cally constrained source extraction algorithms [23,24]. In these algorithms geometric
constraints, typically in the form of DOA information, are used in order to steer ex-
traction filters in a certain direction. In [23] geometric constraints were merged for
the first time with source separation algorithms. The geometric constraints are used
in order to solve the permutation problem, which occurs in a convolutive mixture in
each frequency bin. In [24] geometric constraints are combined with a source sepa-
ration algorithm called independent vector analysis (IVA) [25,26] in order to extract
the desired source at a predefined output. In the IVA algorithm the permutation
per frequency bin is solved by exploiting dependency among frequencies in the source
signals. This dependency is exploited by considering the frequency domain source
signals as multivariate random variables. A disadvantage of these algorithms is that
geometric constraints are enforced by adding penalty terms to a cost function, which
in turn leads to a bias or regularization in the identified extraction filter, especially
for ill-conditioned mixing systems.

Recently another category of speech enhancement algorithms has been introduced
that exploit non-stationarity of the source signals by relying on the assumption that
in each time-frequency bin at most one source signal is dominant [27–29]. Different
techniques have been applied in order to exploit this property. In [27] a DOA based
speech detector is designed in order to classify if either the desired source or interfer-
ence is dominant in each time-frequency bin. Subsequently, statistical properties of
the desired and undesired signals are estimated from which data-dependent spatial
filters are computed. Instead of a DOA based speech detector in [27], the method
in [28] considers the use of a speech presence probability (SPP) estimator in order to
estimate the statistical properties of non-stationary noise. An additional assumption
that the spatial coherence of the noise is less than the spatial coherence of the desired
speech is used in order to develop a necessary signal dependent a priori speech absence
probability estimator. The estimated noise statistics are used in order to compute
either an MWF or a conditional minimum mean-squared error filter [30]. This latter
filter is obtained by multiplying the output of the MWF filter by the estimated a
posteriori SPP. In [29] two model based expectation maximization (EM) algorithms
are presented that allow for the incorporation of a priori information about either
the mixing parameters or the statistical properties of the desired source. In multiple
EM iterations the extraction filters, statistical features of the speech and noise, and
speech presence probability are estimated, under the assumption that at most one
of the source signals is dominant in each time-frequency bin. It is shown that for a
deterministic clean speech model the EM algorithm results in a minimum variance
distortionless beamformer (MVDR), whereas for a complex Gaussian model for the
clean speech the EM algorithm results in the MWF filter, i.e., an MVDR followed by
a single channel Wiener filter.

Source extraction algorithms that extract only one source from a mixture of
sources without requiring sparsity are also found in other fields than speech enhance-
ment [8, 14, 31]. Many of these algorithms are blind source extraction (BSE) algo-
rithms [8] that extract a single source without incorporating a priori information re-
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lated to a specific source. Consequently, such an algorithm extracts randomly a source.
Although some BSE algorithms extract potentially interesting sources based on prop-
erties that are likely to be carried by interesting sources, such as non-Gaussianity and
linear predictability [8, 14], no guarantees can be given on which source is extracted.
In the last decade, several source extraction algorithms have been developed that
incorporate reference signals. In the field of telecommunications, a popular way to
extract sources is to incorporate reference signals in a contrast function. Contrast
functions are cost functions based on higher order statistical features of the sources
that attain a local maximum if a source is extracted [11, 32]. These contrast func-
tions have been combined with reference signals in [17, 33] in order to increase the
performance of the algorithms in terms of complexity, robustness, and convergence.
Although performance is increased by the use of reference signals, immediate ex-
traction of the desired source cannot be guaranteed with these algorithms. Finally,
source extraction algorithms exist in the field of biomedical engineering that are de-
rived from the constrained ICA (cICA) framework. The cICA framework allows for
the incorporation of equality and inequality constraints in the optimization problem
and has led to a reference based source extraction algorithm that includes an upper
bound on the distance between the extracted signal and a reference as an inequal-
ity constraint [13, 34]. The upper bound on the distance is controlled by means of
a threshold parameter and can lead to undesired behavior of the algorithm. If the
threshold parameter is chosen too low then no source will be extracted, while a too
large threshold parameter allows for multiple solutions such that an undesired source
might be extracted. If a priori information that can be used to determine a suitable
threshold parameter is available, then immediate extraction of the desired source can
be guaranteed. Otherwise, the threshold parameter has to be found experimentally,
which leads to a suboptimal algorithm.

1.4 Objectives of this thesis

In this thesis the focus is on source extraction algorithms for which immediate ex-
traction of the desired source can be guaranteed.

From the previous sections it follows that many different properties and assump-
tions have been exploited in the past in order to develop source extraction algorithms.
Mainly three MIMO mixing models have been considered in the literature, i.e., the
real-valued instantaneous mixing model, the complex-valued instantaneous mixing
model, and the convolutive mixing model. Furthermore, either second order statisti-
cal properties of the sources such as non-whiteness or non-stationarity or higher order
statistical properties such as non-Gaussianity have been exploited in order to iden-
tify source extraction filters. Finally, the presence of noise makes that an objective
function has to be chosen for the source extraction filter.

Despite the large number of source separation and source extraction algorithms in
the literature, only a few source extraction algorithms are available that deal with im-
mediate extraction of the desired source. These informed algorithms such as speech
enhancement algorithms [12, 19, 27–29] or the reference based or constrained ICA



1.5 Thesis outline and contribution 11

based algorithms [13, 34], which are concerned with immediate extraction of the de-
sired source, either have very specific requirements such as knowledge about sparsity
of the desired source or they are not sufficiently reliable in order to guarantee extrac-
tion of the desired source. Furthermore, many source extraction algorithms identify
source extraction filter parameters based on a single objective function. Typically,
source extraction algorithms are designed in such a way that interfering sources are
annihilated without considering the gain potentially applied to the noise.

The objectives of this thesis are to provide insight into the source extraction
problem and to provide tools that support the design and development of appli-
cation specific informed source extraction algorithms. These source extraction
algorithms should work for a wide variety of applications and have to guaran-
tee immediate extraction of the desired source. Therefore, the source extraction
problem is considered for various mixing models, different types of a priori infor-
mation, and multiple objectives for the source extraction filter.

1.5 Thesis outline and contribution

In Chapter 2 we discuss several algorithms found in the literature that are relevant for
the work in this thesis. Both source separation and source extraction algorithms are
considered since the assumptions and approaches for these problems form the basis of
the work in this thesis. For each approach we discuss assumptions on the source and
noise signals and we consider the fundamental steps in the algorithms to perform the
task at hand. Furthermore, we discuss two generic approaches for solving the closely
related blind system identification problem. These approaches form the basis for the
informed source extracted algorithms developed in this thesis.

In Chapter 3 we show that immediate extraction of the desired source can be
guaranteed for real-valued instantaneous mixtures if a rough estimate of the auto-
correlation function or the mixing parameters corresponding to the desired source is
available. Based on this rough estimate, we take a combination of sensor correlation
matrices in such a way that the eigenvectors corresponding to the smallest eigenvalue
of this combination define extraction filters for the desired source. We derive con-
ditions that have to hold on the available a priori information such that extraction
of the desired source is guaranteed. The eigenvectors are used to define extraction
filters and an additional noise reduction step is proposed such that the desired source
is either extracted by maximizing the SINR or by maximizing the SNR under the
constraint that the interference is canceled.

Expanding the results from Chapter 3 to complex-valued mixtures is not trivial and
in order to guarantee extraction of the desired source from complex-valued mixtures
a different combination of sensor correlation matrices is required. In Chapter 4 we
show how to combine sensor correlation matrices for complex-valued mixtures in order
to incorporate a priori information about the autocorrelation function or the mixing
parameters of the desired source. Moreover, we present design tools in the form of
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selection beamformers and selection patterns that can be used to design informed
source extraction algorithms based on DOA information. Furthermore, we present
an algorithm to choose between the two objective functions for the source extraction
filters.

In Chapter 5 we show that the source extraction algorithms from Chapters 3 and 4
can be viewed and implemented as reference based source extraction algorithms. We
show how to design or choose the reference systems based on available information
about the mixing parameters or the autocorrelation function of the desired source
such that immediate extraction of the desired source is guaranteed. Furthermore,
we show that reference based source extraction using two non-overlapping subsets of
sensors can be beneficial in the presence of noise that is uncorrelated among the two
subsets.

In Chapter 6 we combine the algorithms and insights from the previous chapters
into a single framework where the informed source extraction problem is formulated as
an optimization problem with polynomial constraints. In this optimization problem
the polynomial constraints ensure that the solution set consists of only extraction
filters and the objective function is used to identify the solution that represents the
extraction filter for the desired source. This formulation of the source extraction
problem as an optimization problem allows for a more fundamental analysis of the
source extraction problem. Selection of the desired solution is based on the objective
function that is chosen for the optimization problem. The polynomial optimization
problem is represented and solved as a largest eigenvalue problem. Furthermore, we
show that the source extraction problem can be solved for certain under-determined
mixtures, i.e., mixtures with more sources than sensors, we consider reference based
source extraction algorithms in the form of polynomial optimization problems, and
we show a natural connection to using higher order statistics.

In Chapter 7 our goal is to translate our insights on the instantaneous mixing sce-
nario and the informed source extraction problem towards informed source extraction
from convolutive mixtures. Although convolutive mixtures exist in many different
forms, we focus in this chapter on a specific form that is based on finite impulse
responses (FIR). We apply our subspace based approach to second order statistical
features obtained from the observations of such mixtures and formulate systems of
homogeneous polynomial equations from which the roots correspond to the coeffi-
cients of the mixing system. Although a rather specific mixing system is discussed,
these results are considered a first step towards the development of informed source
extraction algorithm design for convolutive mixtures.

Finally, Chapter 8 concludes this thesis and considerations for future research are
presented.
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2
Relevant blind signal processing

methodologies and algorithms

Blind signal processing (BSP) algorithms such as blind source separation and blind
source extraction algorithms can be used in order to separate or extract sources from
a mixture of source signals. Such blind algorithms exploit only the observations and
certain assumptions on statistical features of the sources to perform the task at hand,
i.e., both the mixing system and the source signals are unknown. In order to guarantee
extraction of the desired source, BSP algorithms must be followed by a classifier that
selects the desired source. The objective in this thesis is to incorporate the a priori
information used by the classifier into BSP algorithms, leading to informed source
extraction algorithms.

In this chapter we consider several BSP algorithms found in the literature that can
form the basis for the development of informed source extraction algorithms. First
we present assumptions on the mixing model and assumptions on the source and
noise signals that are often exploited in BSP algorithms. Subsequently, we discuss
a variety of algorithms that perform BSP tasks. First we distinguish explicitly be-
tween algorithms that exploit non-Gaussianity of the source signals and algorithms
based on temporal structure in the source signals. Finally, we discuss the two generic
approaches for solving BSP problems that can exploit both non-Gaussianity and tem-
poral structure. For each algorithm we present the fundamental steps towards source
extraction and we highlight the pros and cons of the different methodologies.
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2.1 Introduction

In a source extraction problem, one desired source signal has to be extracted from
an observed mixture of several source signals. Many blind signal processing (BSP)
algorithms exist that separate or extract sources. In the literature these algorithms
are known as blind source separation (BSS) and blind source extraction (BSE) algo-
rithms, respectively. Furthermore, blind system identification (BSI) algorithms, used
to blindly identify or estimate the mixing system, exist as well [7,8,11,35]. BSP algo-
rithms use only the observations and assumptions on statistical features of the sources
to perform the task at hand, i.e., without knowing the mixing system and the source
signals. A consequence of this blindness is that sources can only be separated or
extracted in a random order due to a permutation indeterminacy. A straightforward
way to deal with this permutation indeterminacy is via a two-stage approach where
a BSS or BSE algorithm is followed by a classifier. This classifier uses additional a
priori information in order to select the desired source. Instead of using a BSS algo-
rithm, the mixing system identified with a BSI algorithms can be inverted, such that
a source separation filter is obtained. Disadvantages of such two-stage approaches
are that the algorithms are inefficient, utilizing more resources than strictly required.
Furthermore, such two-stage approaches based on BSE algorithms can only be used
in batch mode.

Source extraction algorithms that extract potentially interesting signals based on
measures such as non-Gaussianity and linear predictability are available in the liter-
ature. However, when using these algorithms extraction of the desired source cannot
be guaranteed, i.e., these algorithms also suffer from the permutation problem. The
existing source extraction algorithms for which extraction of the desired source can
be guaranteed are typically tailored to a specific application and exploit specific a
priori information about the mixing parameters or the source signals. In this the-
sis, algorithms are developed for which extraction of the desired source is guaranteed
by incorporating the a priori information used by a classifier into BSP algorithms,
leading to so-called informed source extraction algorithms. In the current chapter we
present an overview of BSP algorithms that are relevant for the remainder of this
thesis and that can form the basis for the development of informed source extraction
algorithms. More extensive overviews and detailed discussions of BSP algorithms can
be found in the following books [7, 8, 11,35,36].

In general, two underlying actions can be distinguished in a BSP algorithm. One
activity is spatial whitening of the source signal components in the observations. The
other activity is to resolve an unknown rotation of the spatially whitened source signal
components. In a BSS algorithm this rotation is identified for all sources, while in a
BSE algorithm this rotation is identified for only one of the sources. One of the most
prominent differences between BSP algorithms is in the way in which the rotation is
identified; however, BSP algorithms that do not require spatial whitening in a pre-
processing step exist as well. BSP algorithms can be divided into two main categories.
Algorithms belonging to the first category exploit differences in probability density
functions (pdf) of mutually statistically independent sources by considering higher
than second order statistical features. These algorithms arise from the research field
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of independent component analysis (ICA) and are often called algorithms based on
higher order statistics (HOS) [7]. The algorithms from the second category exploit
differences in temporal structure of the sources, typically through the use of second or-
der statistical features. These algorithms use second order statistics (SOS) in order to
exploit coloredness and non-stationarity of mutually uncorrelated sources [8]. Differ-
ences between the algorithms within a category are often related to implementation,
complexity, and convergence.

Methods that do not require a spatial whitening pre-processing step and that are
flexible in their use of second order and higher order statistical features to perform
BSP tasks exist as well [36]. In [36] the main focus is on the blind system identification
(BSI) problem where the objective is to recover the individual mixing columns, up
to the well known permutation and arbitrary scaling, instead of the source signals.
By structuring the sensor correlation data in a specific form, the BSI problem is
projected onto two mathematical problems, i.e., on a root finding problem for a
system of homogeneous polynomials and on a multi-matrix generalized eigenvalue
decomposition problem. Although BSI can be used in a two-stage approach to perform
source extraction, the derivation and formulation of two dual mathematical problems
are considered more relevant for the derivation of new informed source extraction
algorithms in the remainder of this thesis.

The outline of this chapter is as follows. First we introduce and discuss the mixing
model and widely used assumptions on the mixing system and source and noise signals
in Section 2.2. In Section 2.3, BSS and BSE algorithms are discussed that assume non-
Gaussianity of the sources and exploit higher than second order statistical features to
deal with these activities. BSS and BSE algorithms that exploit temporal structure
in the source signals and second order statistical features are explained in Section 2.4.
The methods to formulate the BSI problem as two dual mathematical problems are
reviewed in Section 2.5. Finally, this chapter is concluded in Section 2.6.

2.2 Model and assumptions

In order to facilitate the detailed discussions on the source extraction and separation
algorithms, we first present a model for the observed mixtures that is typically con-
sidered in the literature. Subsequently, we present commonly used assumptions on
the mixing system and the source and noise signals.

2.2.1 The mixing model

As discussed in (1.1) of Chapter 1, in a source extraction scenario with D sensors the
observations are assumed to have the following structure in terms of mixing parame-
ters, source signals, and noise signals:

xi[n] =
∑
j∈S

aji ? sj [n] + νi[n] ∀i ∈ D (2.1)
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where the operator ? depends on the type of mixing system. For instantaneous mix-
ing systems, the operation ? represents multiplication and the mixing parameters
aji are, potentially complex-valued, gains. For convolutive mixtures the operation ?

represents convolution and the mixing parameters aji are impulse responses or filters.

Although direct methods exist [17,37,38], a filter bank or Fourier transform is often
used to simplify the source extraction or separation problem for these convolutive
mixtures [9]. When the frequency resolution of the filter bank or Fourier transform is
sufficiently large, a convolutive mixing problem can be approximated as independent
complex-valued instantaneous mixing problems per frequency bin. In this thesis we
mainly focus on source extraction for real-valued and complex-valued instantaneous
mixtures and in the remainder of this chapter the methodologies are discussed for
instantaneous mixing scenarios, unless explicitly mentioned otherwise.

For instantaneous mixing systems consisting of S sources and D sensors, the fol-
lowing vector-matrix representation of the sensor signals can be derived from the
mixing model in (2.1):

x[n] = As[n] + ν[n] (2.2)

where the signals are collected in the vectors

x[n] ,

x1[n]
...

xD[n]

 , s[n] ,

s1[n]
...

sS [n]

 , and ν[n] ,

ν1[n]
...

νD[n]

 (2.3)

and for the mixing system we have the matrix

A ,
[
a1 · · · aS

]
=

a
1
1 · · · aS1
...

. . .
...

a1
D · · · aSD

 (2.4)

where the mixing coefficients aji for (i, j) ∈ D × S are either real-valued or complex-
valued scalars.

Whether sources can be extracted or separated depends on properties of and
knowledge about the mixing system and the source and noise signals. In the re-
mainder of this section we discuss assumptions on mixing systems and source and
noise signals frequently made in the field of blind signal processing (BSP). Further-
more, we discuss two widely known model indeterminacies. Later in this chapter we
show how these assumptions are used and how the indeterminacies are dealt with in
different algorithms.

2.2.2 Assumptions on the mixing system and signals

In the field of BSP only the observations and assumptions on the source and noise
signals are used in order to perform the task at hand, i.e., extraction or separation of
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sources. Assumptions shared among almost all literature on BSP are that the source
signals have zero mean and that the sources are ergodic, stationary and mutually
statistically independent [7,8,11]. The latter assumption can be expressed mathemat-
ically in the following way:

ps(s1, s2, · · · , sS) = p1(s1)p2(s2) · · · pS(sS) (2.5)

where ps(s1, s2, · · · , sS) is the joint probability density function of the source signals
and pj(sj) for j ∈ S are marginal probability density functions for the individual
sources. This independence assumption means that for any order statistics the cross-
cumulants of the source signals are zero. In practice, this property is typically ex-
ploited by considering up to at most fourth order statistical features. However, higher
than fourth order statistical features can be considered as well. Next to the assump-
tion of statistical independence, the source signals are assumed to be sufficiently rich
and diverse. These latter assumptions mean that the considered statistical features
are non-zero and different from each other. When considering higher than second
order statistical features this implies that the sources are considered to have a non-
Gaussian distribution.

Another widely used assumption is that the source signals contain temporal struc-
ture. This temporal structure can occur in the form of coloration and non-stationarity
of the signals. Also when exploiting statistical features based on temporal structure
of the sources, these features have to be sufficiently diverse. Note that temporal struc-
ture is assumed not to exist among different source signals, i.e., the mutual statistical
independence assumption includes that a delayed source signal is also mutually in-
dependent from other, potentially delayed, source signals. Later in this chapter we
discuss several source extraction methods that exploit some form of the assumptions
on the source signals presented in this section; however, first we introduce assumptions
on the noise signals.

In many papers the noise signals are assumed to have a relatively simple temporal
and spatial structure such that statistical parameters of the noise signals can either can
be estimated or are considered to be zero for the considered statistical parameters. For
example, when the noise signals are spatially and temporally white Gaussian signals,
then the powers can be estimated during noise only segments such that the noise
can be removed from the sensor correlation data. For an over-determined mixing
system the information from the extra sensors can be used to estimate the noise
powers [8]. In order to focus on the source extraction and separation methodologies,
we neglect noise in the observations in the remainder of this chapter, unless specifically
mentioned otherwise. This leads to the following noise-free mixing model for the
observations x[n]:

x[n] = As[n] (2.6)

Next we use this noise-free model in order to discuss two model indeterminacies that
are characteristic for BSP problems.
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2.2.3 Indeterminacies in blind signal processing mixing models

The mixing model and the corresponding assumptions on the source and noise signals
in the previous section are sufficient to allow for tackling BSP problems, up to a certain
extent. With these assumptions, identification of the mixing matrix and extraction
or separation of the sources can be accomplished up to two model indeterminacies.
These two model indeterminacies manifest themselves in an unknown scaling and
permutation of the mixing columns and the sources. The indeterminacies cannot
be identified without exploiting additional a priori information; however, different
heuristic approaches exist to handle them [7, 8, 11]. In this section we discuss the
basics of these two indeterminacies.

The model indeterminacies originate from the multiplicative structure of the mix-
ing parameters and the source signals in the mixing model. This multiplicative struc-
ture allows for the following decomposition of the observations according to:

x[n] = A (V)
−1

Vs[n] = Âŝ[n] (2.7)

where V is an invertible matrix of size S × S, ŝ[n] = Vs[n] are virtual source signals

and Â = A (V)
−1

is a virtual mixing matrix.

Enforcing the assumption of mutually statistically independent source signals re-
stricts the permissible structure of transformation matrix V. In case the virtual source
signals need to be mutually statistically independent, then the product Vs[n] cannot
result in linear combinations of the source signals. The only operations that do not
reduce the number of sources and do not destroy statistical independence are scaling
and permutation of the observations. Consequently, if V is different from scaled per-
mutation, then the virtual sources are linear combinations of the independent sources,
which means that at least two sources are mutually statistically dependent. There is
a special case where multiple sources are merged and can be considered as a single
source. In this special case the mixing system is not full rank. As long as the desired
source is not one of the merged sources, this specific problem can be dealt with in a
source extraction problem by considering the multiple sources as a single source.

Since only a scaling and permutation of the mixing columns and the source signals
is allowed, the following decomposition of the observations can be considered:

x[n] = A (PD)
−1

PDs[n] (2.8)

where P and D are a permutation and scaling matrix of size S × S, respectively. A
permutation matrix has exactly one non-zero value in each row and column, being
a one, and zeros elsewhere, whereas a scaling matrix has non-zero scaling values
on its diagonal and zeros elsewhere. Blind identification of the mixing system is
accomplished in case the mixing matrix A is identified up to the unknown scaling
and permutation matrix. Similarly, BSS is accomplished in case the sources s[n] are
found in an arbitrary order with arbitrary variance and a BSE is successful in case
one of the sources with arbitrary variance is found.

In the remainder of this chapter we discuss several source separation and extrac-
tion algorithms that exploit different assumptions on the mixing system and signals.
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Methods that exploit higher than second order statistical features are discussed in
Section 2.3. In Section 2.4 methods that exploit temporal structure in the form of
coloredness and non-stationarity are discussed. Most of these methods work for both
real-valued and complex-valued mixing scenarios. However, in order to focus on the
methodologies instead of mathematical details we discuss the algorithms in the con-
text of real-valued mixing scenarios.

2.3 BSP methods exploiting non-Gaussianity

As discussed in Section 2.1, BSP algorithms employ two activities, i.e., spatial whiten-
ing and identification of an unknown rotation. In many BSP algorithms these two
activities are implemented in consecutive steps. Therefore, we first discuss the prin-
ciple of de-correlation and spatial whitening of the data. Subsequently, we discuss
several BSS and BSE algorithms that rely on non-Gaussianity of the source signals
and exploit HOS in order to identify the remaining rotation.

2.3.1 De-correlation and spatial whitening

De-correlation and spatial whitening are two related signal processing techniques that
are widely used in BSP. De-correlation and spatial whitening do not induce separation
of the sources; however, the observations are transformed into mutually uncorrelated
signals. A consequence of spatial whitening is that the mixing system becomes an
orthogonal mixing system.

A technique for performing de-correlation is principal component analysis (PCA).
PCA can be applied via the eigenvalue decomposition of the following correlation
matrix of noise-free observations x[n], also called sensor correlation matrix:

Rx =

 r
x
11 · · · rx1D
...

. . .
...

rxD1 · · · rxDD

 , E{x[n] (x[n])
T } (2.9)

where rxi1i2 is defined as the correlation between two signals xi1 [n] and xi2 [n], i.e.,

rxi1i2 , E{xi1 [n]xi2 [n]} ∀ (i, j) ∈ D ×D. (2.10)

From the structure in the noise-free mixing model in (2.6) it follows that the sensor
correlation matrix has the following structure:

Rx = ARs(A)T (2.11)

where the source correlation matrix Rs is a diagonal matrix with the following ele-
ments on its diagonal:

rxjj , E{sj [n]sj [n]} ∀ j ∈ S. (2.12)
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Note that the source correlation matrix Rs is diagonal due to the assumption of
mutually statistically independent sources. Generalizations of these correlations are
discussed later in Sections 2.3 and 2.4.

The eigenvalue decomposition of the sensor correlation matrix is given as follows:

Rx , UΛ (U)
−1

(2.13)

where U contains the eigenvectors and Λ is a diagonal matrix containing the eigenval-
ues of the sensor correlation matrix. Applying the matrix containing the eigenvectors
to the observations leads to de-correlation of the observations, i.e, the correlation
matrix of the de-correlated observations (U)Tx[n] is a diagonal matrix.

Next to de-correlation, PCA can be used to perform dimensionality reduction.
Dimensionality reduction is applied in case the number of sensors is larger than the
number of sources. Ideally, D observations of S sources, with D > S, are mapped
to S observations without loosing information about the sources. With PCA, this
dimensionality reduction is accomplished by using only the eigenvectors corresponding
to the S largest eigenvalues.

A generalization of de-correlation that is often applied in the field of BSP is spa-
tial whitening. Via spatial whitening the observations are transformed into a set of
uncorrelated signals having normalized power. Whitening of the data is accomplished
by applying a whitening transform Q onto the observations such that the correlation
matrix of the transformed sensor data is the identity matrix.

The spatial whitening matrix Q can also be calculated from the eigenvalue decom-
position of the sensor correlation matrix Rx. Given the eigenvalue decomposition in
(2.13), the whitening matrix is calculated as:

Q = Λ−
1
2 (U)

T
(2.14)

Again, dimensionality reduction can be incorporated by selecting only the eigenvectors
corresponding to the S largest eigenvalues. An alternative approach to calculate a
spatial whitening matrix is by performing a Cholesky decomposition on the sensor
correlation matrix, i.e., Rx = L(L)T , where L is a lower triangular matrix with
real-valued and positive diagonal elements. The whitening matrix is then given as
Q = (L)

−1
.

A consequence of spatial whitening in the instantaneous mixing scenario is that
the mixing column vectors become orthogonal to each other. However, although the
whitened signals are mutually uncorrelated, they are not necessarily independent.
The reason for this is that whitened signals are rotation invariant, i.e., if we apply
an arbitrary orthogonal matrix to the spatially whitened observations the correla-
tion matrix remains the identity matrix [7, 8, 11]. Consequently, in order to perform
source extraction or separation the rotation leading to independent signals has to be
identified. In the remainder of this section we discuss well established BSS and BSE
algorithms that identify this rotation using higher order statistical features.
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2.3.2 Eigenvalue decomposition of a fourth order cumulant matrix

Cumulants are used extensively in statistics and serve to approximate joint probability
density functions by considering an expansion of the probability density function up
to a certain order. In the field of BSP, cumulants up to the fourth order are typically
considered due to computational complexity and for robustness. In this section we
also focus on fourth order cumulants.

A cumulant tensor can be seen as a generalization of the sensor correlation matrix
by considering more than two signals. In fact, the sensor correlation matrix is a
second order cumulant tensor, whereas the fourth order sensor cumulant tensor can
be considered a four dimensional matrix built from the following collection of fourth
order cumulants of the observations:

κxi1i2i3i4 , cum(xi1 , xi2 , xi3 , xi4) ∀ (i1, i2, i3, i4) ∈ D ×D ×D ×D (2.15)

where we have omitted the time index n. For zero mean signals xi1 , xi2 , xi3 and xi4 ,
such a fourth order cumulant κxi1i2i3i4 can be estimated as follows:

κxi1i2i3i4 = E{xi1xi2xi3xi4} − E{xi1xi2}E{xi3xi4}
− E{xi1xi3}E{xi2xi4} − E{xi1xi4}E{xi2xi3} (2.16)

Cumulants carry certain useful properties that can be exploited when performing
BSP. The first property is that any crosscumulant of mutually independent signals
is zero, i.e., a cumulant is zero if at least one of the signals used to calculate a
crosscumulant is independent from another signal. When a signal is sufficiently rich,
the autocumulant of that signal will be non-zero. In summary, this leads to the
following conditions for fourth order cumulants of sufficiently rich, independent source
signals:

κsj1j2j3j4 , cum(sj1 , sj2 , sj3 , sj4)

{
6= 0 if j1 = j2 = j3 = j4
= 0 otherwise

(2.17)

For fourth order cumulants, the richness condition is typically fulfilled if the source
signals are non-Gaussian. This condition immediately indicates an important limi-
tation of using HOS for BSP. At most one of the source signals is allowed to have a
Gaussian probability density function. If multiple sources have a Gaussian probabil-
ity density function, then these sources cannot be separated using HOS since all their
higher than second order statistical features are zero.

The second property exploited in BSP algorithms is that cumulants are multi-
linear. A consequence of this multi-linearity property in combinations with the as-
sumption of mutually statistically independent sources is that the noise-free sensor
cumulant data from (2.6) has the following structure:

κxi1i2i3i4 =

S∑
j=1

aji1a
j
i2
aji3a

j
i4
κsjjjj ∀ (i1, i2, i3, i4) ∈ D ×D ×D ×D. (2.18)
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A two dimensional cross section of this fourth order sensor cumulant tensor can
be obtained by fixing two of the indices and evaluating the tensor over the remaining
indices. Due to symmetry of the fourth order sensor cumulant tensor we can fix the
indices i1 and i2 and evaluate over the indices i3 and i4 without loss of generality.
The structure of the resulting sensor cumulant matrix Fxi1i2 of size D×D in terms of
the mixing parameters and the fourth order source autocumulants is as follows:

Fxi1i2 =

κ
x
i1i211 · · · κxi1i21D

...
. . .

...
κxi1i2D1 · · · κxi1i2DD

 = AFsi1i2 (A)
T

(2.19)

where Fsi1i2 is the following diagonal matrix of size S × S containing weighted source
autocumulants:

Fsi1i2 , diag
([
a1
i1
a1
i2
κs1111 · · · aSi1a

S
i2
κsSSSS

])
. (2.20)

Instead of a two dimensional cross section of the fourth order sensor cumulant
tensor, the fourth order sensor cumulant tensor is often reduced to a sensor cumulant
matrix by taking linear combinations of the two dimensional cross sections. Such
linear combinations are typically denoted as follows:

Fx(M) =
∑
i1,i2

mi2
i1

Fxi1i2 = AFs(M) (A)
T

(2.21)

where M is a real-valued matrix of size D ×D and Fs(M) is the following diagonal
matrix of size S × S:

Fs(M) , diag
([

(a1)TMa1κs1111 · · · (aS)TMaSκsSSSS
])
. (2.22)

Note that Fx(M) = Fxi1i2 holds when choosing M = ei1 ẽ
i2 , with ei1 and ẽi2 a

column and row vector of length D, with a one at the i1’th row and i2’th column,
respectively, and zeros elsewhere. We mainly focus on the structure of Fx(M). Later
on, we discuss certain properties that have to hold for the matrix M, but for now M
can be an arbitrary matrix of size D ×D.

When spatially whitened sensor data x̆[n] = Qx[n] instead of the original sensor
data x is used to calculate sensor cumulant matrices such as (2.21), then the mixing

matrix is transformed into an orthogonal matrix Ă = QA and the structure of the
sensor cumulant tensor for whitened data becomes an eigenvalue decomposition, i.e.,

Fx̆(M) = ĂFs̆(M)(Ă)T (2.23)

where Fs̆ is based on the columns of the whitened mixing matrix Ă, i.e.,

Fs̆(M) , diag
([

(ă1)TMă1κs1111 · · · (ăS)TMăSκsSSSS
])
. (2.24)

Consequently, for whitened sensor data the eigenvectors µ that solve eigenvalue
problem Fx̆(M)µ = λµ correspond to the columns of the orthogonal mixing matrix



2.3 BSP methods exploiting non-Gaussianity 25

Ă, up to an arbitrary permutation and scaling as discussed in Section 2.2.3. Note that
when dimensionality reduction is applied the virtual number of sensors is S, leading
to a matrix M of size S × S.

In combination with the spatial whitening matrix Q, an estimate Â of the orig-
inal mixing matrix A and an estimate Ŵ of the source separation filter W can be
calculated, up to the unknown permutation and scaling, in the following way:

Â = (Q)
−1 ˆ̆

A (2.25)

Ŵ = (
ˆ̆
A)TQ (2.26)

where
ˆ̆
A is the estimated orthogonal mixing matrix built from the collection of eigen-

vectors of Fx̆(M).

A potential problem of this eigenvalue decomposition method is that it only works
if all eigenvalues are distinct. If two or more eigenvalues are the same, then only
the linear subspace spanned by the corresponding eigenvectors can be identified. A
straightforward approach to deal with this problem is to choose different sensor cumu-
lant matrices, i.e., matrices M, until unique eigenvalues are found. If M is a randomly
chosen matrix, it is in practice unlikely that eigenvalues are equal; however, for certain
matrices M the sensor cumulant matrix Fx̆(M) may become ill-conditioned.

A summary of the method for identifying the mixing system or source separation
matrix with arbitrary scaling and permutation as presented in this section is as follows:

• Compute the sensor correlation matrix Rx = E{x[n] (x[n])
T }

• Compute the spatial whitening matrix Q from the sensor correlation matrix
• Compute whitened observations x̆[n] = Qx[n]
• Compute fourth order cumulants κx̆i1i2i3i4 of the whitened data

• Construct Fx̆(M) from the fourth order cumulants and a random matrix M of
size S × S

• Compute the eigenvalue decomposition Fx̆(M) = ĂΛ(Ă)T

• Compute the estimated source signals by ŝ[n] = (Ă)T x̆[n]

In the following section the eigenvalue decomposition based approach is extended
to the simultaneous diagonalization of multiple sensor cumulant matrices.

2.3.3 Simultaneous diagonalization of cumulant matrices

The BSS algorithm from the previous section can be extended to the use of multiple
fourth order cumulant matrices [39]. The idea is to increase robustness and to evade
the problem of similar eigenvalues by simultaneous diagonalization of multiple sensor
cumulant matrices. In other words, the objective is to identify a single matrix V such
that the following matrices (V)TFx(M)V for several matrices M are diagonal. When
V diagonalizes all considered sensor cumulant matrices Fx(M) then its columns cor-
respond again to the columns of the mixing matrix A, up to an arbitrary permutation
and scaling factor.
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Simultaneous diagonalization is only feasible for series of matrices with very spe-
cific structure. The cumulant matrices that follow the model in (2.6) ideally contain
this specific structure; however, in practice the cumulant matrices suffer from mod-
elling and estimation errors. Consequently, simultaneous diagonalization has to be
approximated. An algorithm found in the literature that performs this approximation
is the joint diagonalization of eigenmatrices (JADE) algorithm [39].

The JADE algorithm requires the observations to be spatially whitened. As we
have seen in the previous section, diagonalization of a single sensor cumulant matrix
based on whitened observations x̆[n] = Qx[n] can be accomplished with an orthogonal
matrix V.

A natural way to measure diagonality of a matrix is the ratio of sum of squares of
diagonal elements over the sum of squares of off-diagonal elements. Since the sum of
squares of a matrix remains constant when orthogonal transformations are applied,
the following two approaches can be considered as well to diagonalize multiple sensor
cumulant matrices:

• Minimize the sum of squares of off-diagonal elements of the transformed sensor
cumulant matrices (V)

T
Fx̆(M)V

• Maximize the sum of squares of diagonal elements of the transformed sensor
cumulant matrices (V)

T
Fx̆(M)V

Note that these objectives are only equivalent if the observations are whitened. This
equivalence leads to the following objective function used by the JADE algorithm:

JJADE(V,Fx̆) =
∑
i

∣∣∣∣∣∣diag
(

(V)
T

Fx̆(Mi)V
)∣∣∣∣∣∣2

2
(2.27)

for several matrices Mi. Maximization of this objective function can be accomplished
using the Jacobi technique extended for diagonalization of multiple matrices. The
Jacobi technique works by successively applying Givens rotations, which makes the
JADE algorithm an iterative algorithm.

What remains is the selection of a set of matrices Mi. In Section 2.3.2 we already
discussed the use of a single (arbitrary) matrix M. A natural choice for multiple
matrices Mi that utilize all available cumulant data is to select these matrices as
ei1 ẽ

i2 for all (i1, i2) ∈ S × S, which leads to a total of S2 matrices Mi; however,
this approach with S2 matrices is computationally unattractive for mixing systems
with many sources. Furthermore, the method is redundant since a total of S properly
chosen matrices Mi are sufficient in order to consider all available cumulant data.
These S properly chosen matrices can be obtained by selecting the eigen-matrices
that correspond to the S largest eigenvalues of Fx̆(Mi) = λMi. In the literature
many alternatives for obtaining a suitable set of matrices Mi are available, always
making a trade-off between robustness and computational complexity.
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2.3.4 BSE by maximizing non-Gaussianity

The methods from the previous sections where sensor cumulant matrices are diago-
nalized are typically used to identify the entire mixing system or separate all sources
simultaneously. In [40] a well known family of algorithms has been introduced that
can be used for both blind extraction of one or a few sources and for blindly separating
all sources in a sequential fashion. In this section we focus on the extraction of only
a single source signal. Deflation techniques for sequential extraction of additional
source signals are discussed in for example [7, 8].

BSS was first studied in the field of independent component analysis (ICA). The
fundament of ICA comes from the Central Limit Theorem, which states that under
certain conditions the distribution of a sum of independent random variables tends
towards a Gaussian distribution [8]. Consequently, identification of an extraction
filter can be accomplished by maximizing a measure of non-Gaussianity at the output.
Often used measures of non-Gaussianity are kurtosis and negentropy; however, many
different measures have been proposed in the literature [7, 8, 11]. In this section
we discuss gradient and fixed-point iteration BSE algorithm based on kurtosis and
negentropy. A more appropriate name for the fixed-point iteration algorithms is to
describe them as Newton methods; however, in the original publication the term
fixed-point was already used [40].

2.3.4.1 BSE algorithms based on kurtosis

Kurtosis is the fourth-order cumulant of a signal and for zero mean signals the kurtosis
is defined as follows:

kurt(y) = E{(y[n])4} − 3(E{(y[n])2})2 (2.28)

where y[n] = w̃x[n]. When the observations are spatially whitened and the extrac-
tion filters have unit norm, then we have E{(y[n])2} = 1, leading to kurt(y[n]) =
E{(y[n])4}− 3. For a Gaussian signal we have E{(y[n])4} = 3(E{(y[n])2})2 such that
the kurtosis of a Gaussian signal is zero. Consequently, kurtosis can be considered a
measure of non-Gaussianity since a non-zero kurtosis indicates that the signal does
not have a Gaussian distribution.

Source extraction can be accomplished by maximizing the absolute kurtosis of the
extracted signal, under the constraints of a normalized extraction filter and spatially
whitened observations, i.e.,

w̃opt = max
w̃

∣∣(w̃x̆[n])4 − 3
∣∣ (2.29)

s. t. ||w̃||22 = 1 (2.30)

where x̆[n] are spatially whitened observations.

Next we present two optimization algorithms for finding the filter w̃ that extracts
one of the independent components from a spatially whitened mixture. The first
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algorithm is a gradient algorithm and the second algorithm is a fixed-point iteration
algorithm.

The gradient of the objective function in (2.29), i.e., the absolute kurtosis of the
extracted signal, is given as follows:

∂ |kurt(w̃x̆[n])|
∂w

= 4 sign(kurt(w̃x̆[n])
[
E{x̆(w̃x̆)3} − 3w ||w̃||22

]
. (2.31)

Note that we take the gradient with respect to w instead of w̃ for notational conve-
nience. In the remainder of this section we assume that w̃ = (w)T .

This gradient can be used in an iterative or adaptive algorithm in order to identify
a source extraction filter. In order to solve the optimization problem appropriately,
the extraction filter coefficients w̃ have to be normalized after every step. Due to this
normalization, only the direction of the extraction filter is of interest when calculating
an update of the extraction filter based on the gradient. Therefore it is justified to
remove the second term in the brackets of the gradient since it mainly scales the
resulting filter.

These observations lead to the following gradient algorithm for finding a source
extraction filter by maximizing the absolute kurtosis:

• Compute the sensor correlation matrix Rx = E{x[n] (x[n])
T }

• Compute the spatial whitening matrix Q from the sensor correlation matrix
• Compute whitened observations x̆[n] = Qx[n]
• Iterate the following steps until convergence:

◦ w← w + γ sign{kurt(w̃x̆[n])}E{x̆[n](w̃x̆[n])3}
◦ w̃← (w)T / ||w||2

• Compute the extracted signal y[n] = w̃Qx[n].

where γ > 0 is a learning rate parameter. One way to detect convergence is to
calculate the inner product between two consecutive extraction filters. In case this
inner product is close to one, the iteration step provides only a small update indicating
that the algorithm hs converged. Extensions of this fixed-point iteration algorithm,
for example for real-time implementation can be found in [7].

A disadvantage of gradient based methods is the dependence on a step size or
learning rate parameter. Inappropriate selection of this parameter leads to slow con-
vergence or instability of the gradient algorithm. In [40] fixed-point iteration source
extraction algorithms with a fast convergence and no learning rate parameter were
presented. These properties make the algorithms both fast and reliable [7]. Next we
discuss a fixed-point iteration algorithm that maximizes the absolute kurtosis of the
extracted signal.

In [7] it is observed for the gradient algorithm that a source extraction filter is
identified in case the gradient of the absolute kurtosis in (2.31) points in the direction
of the extraction filter. In other words, at an optimal point the gradient is given
as αw̃, with α a non-zero scalar and w̃ an extraction filter with unit norm. The
fixed-point iteration algorithm is an iterative method that works by fixing the new
extraction filter in the direction of the normalized gradient of the absolute kurtosis in
(2.31), which is calculated with using the extraction filter from the previous iteration.
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In a two step approach first the gradient in (2.31) is calculated, followed by a
normalization step. In such a case, we are again only interested in the direction of
the gradient and not its magnitude. Consequently, we are able to remove all scaling
related parts in (2.31), leading to the following estimate of the gradient:

w← E{x̆[n](w̃x̆[n])3} − 3w (2.32)

Note that we omitted the term ||w̃||22 since it equals one for normalized extraction
filters.

The fixed-point iteration algorithm that maximizes absolute kurtosis is summa-
rized as follows:

• Compute the sensor correlation matrix Rx = E{x[n] (x[n])
T }

• Compute the spatial whitening matrix Q from the sensor correlation matrix
• Compute whitened observations x̆[n] = Qx[n]
• Iterate the following steps until convergence:

◦ w← E{x̆[n](w̃x̆[n])3} − 3w
◦ w̃← w/ ||w||2

• Compute the extracted signal y[n] = w̃Qx[n].

Again the inner product between two consecutive extraction filters can be used to in
order to test for convergence. A more formal algorithm derivation of this algorithm
using Newton’s method can be found in [7].

BSE algorithms based on kurtosis are relatively easy to compute; however, a draw-
back of using kurtosis in practice is its sensitivity to outliers [7]. In order to obtain
robust algorithms that produce reliable extraction filters, a lot of (stationary) data
is required. By using alternative measures of non-Gaussianity more robust BSE al-
gorithms can be derived. One of such measures is negentropy. Negentropy is a more
robust measure of non-Gaussianity than kurtosis; however, it is also more computa-
tionally demanding.

2.3.4.2 BSE algorithms based on negentropy

A general formulation of ICA based on the concept of mutual information between
signals instead of a data model such as the often used instantaneous mixing model is
introduced in [32]. By formulating mutual information as a function of negentropy it
was shown that maximization of negentropy leads to extraction of independent source
signals. First we discuss the concept of mutual information, followed by an overview
of fast and robust source extraction algorithms.

Negentropy is a measure of non-Gaussianity based on the information-theoretic
quantity of differential entropy. Differential entropy is a measure for the unpredictabil-
ity of a random variable and is defined as follows:

H(y) = −
∫
f(y) log f(y)dy (2.33)

where f(y) represents the probability density function of the random variable y. Given
a certain variance, differential entropy is maximal when the random variable y has
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a Gaussian distribution [32]. This property can be used to normalize differential
entropy, leading to the following definition of negentropy, i.e.,

J(y) = H(ygauss)−H(y) (2.34)

where ygauss is a Gaussian random variable with the same variance as y. Normalization
of differential entropy using a Gaussian random variable with the same variance as y
ensures that the negentropy is zero for a Gaussian signal and positive otherwise [32],
which makes negentropy a natural measure for non-Gaussianity.

Negentropy can be used in order to express the dependence between random vari-
ables in the form of mutual information. For mutually uncorrelated signals, mutual
information in terms of negentropy is defined as follows:

I(y1, y2, · · · , yS) , J(y1, y2, · · · , yS)−
S∑
j=1

J(yj) (2.35)

Minimizing mutual information means that mutual independence of the individual
components yj is maximized. Minimization of mutual information is accomplished in
case the negentropy of the individual components yj is maximized. When choosing
the components yj as the outputs of a spatial filter applied to spatially whitened ob-
servations, then maximizing the negentropy of the output leads to extraction of one
of the independent source signals. A drawback of negentropy is that it is computa-
tionally demanding and it requires the estimation of the probability density functions
of the signals [7]. Therefore, approximations of negentropy are typically used in or-
der to obtain robust and efficient algorithms for performing BSE [7, 8, 40]. In the
remainder of this section we derive a family of algorithms based on maximization of
approximations of negentropy.

In [40] several approximations of negentropy are considered that all share the
following common form:

J(y) = [E{G(y)} − E{G(v)}]2 (2.36)

where v is a Gaussian variable with zero mean and unit variance, and G(·) is a
suitably chosen non-quadratic function that approximates negentropy. How to choose
a suitable approximation G(·) is explained later in this section.

Using this approximation, the following constrained optimization problem can be
formulated in order to extract an arbitrary independent source signal from spatially
whitened observations [40]:

w̃ = arg max
w̃
|E{G(y[n])} − E{G(v)}|2

s. t. ||w̃||22 = 1
(2.37)

where y[n] = w̃x̆[n], x̆[n] are spatially whitened observations, and G(y) is a suitably
chosen convex function that approximates negentropy.



2.3 BSP methods exploiting non-Gaussianity 31

Different algorithms can be derived that solve the optimization problem in (2.37).
In the previous section a gradient algorithm and a fixed-point iteration algorithm are
introduced for maximizing absolute kurtosis. Such algorithms can also be derived
for maximizing approximations of negentropy. In this section we focus on the fixed-
point iteration algorithm for solving the optimization problem in (2.37). Details of a
gradient algorithm approach can be found for example in [7].

The fixed-point iteration approach from the previous section can be used in order
to derive a fast method for finding a maximum of the optimization problem in (2.37).
This fast method is well known in literature as the FastICA algorithm [40]. The
gradient of (2.37) is given as follows:

∂ |E{G(y[n])} − E{G(v)}|2
∂w

= 2 [E{G(y[n])} − E{G(v)}]E{g(y[n])x̆[n]} (2.38)

where g(·) is the derivative of G(·). Note that we again calculate the gradient with
respect to w instead of w̃. Also in the remainder of this section we assume that
w̃ = (w)T .

Combining the gradient with a normalization step for the extraction filter allows
us to ignore the scaling term 2 [E{G(y[n])} − E{G(v)}], which leads to the following
fixed-point iteration update for identifying the source extraction filter:

w← E{g(y[n])x̆[n]}. (2.39)

Due to differences in algebraic properties, convergence properties of this update step,
complemented with normalization, for approximations of negentropy are not as good
as the convergence properties of the fixed-point iteration algorithm based on kurtosis.
In order to improve the convergence properties an approximative Newton method was
introduced in [40] that has an update of the following form:

w← E{g(y[n])x̆[n]} − E{g′(y[n])}w (2.40)

where g′(·) is the derivative of g(·) and the extraction filter is normalized after each
iteration.

In order to further increase robustness of the fixed-point iteration source extraction
algorithm a stabilized version of the fixed-point iteration algorithm was introduced
in [40]. This stabilized version uses a step size parameter µ that can be decreased
with the iteration count. Choosing small µ increases certainty of converge at the cost
of convergence speed. The stabilized fixed-point iteration algorithm has the following
update rule:

w← w − µE{x̆[n]g(y[n])} − βw

E{g′(y[n])} − β (2.41)

where β = E{w̃x̆[n]g(y[n])} and the extraction filter is normalized after each iteration.

What remains is the selection of an appropriate approximation for negentropy.
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The following approximations were considered in the original paper [40]:

G1(y) =
1

a1
log cosh(a1y) (2.42)

G2(y) = − 1

a2
exp(−a2y

2

2
) (2.43)

G3(y) =
1

4
y4 (2.44)

where 1 ≤ a1 ≤ 2, a2 ≈ 1 are constants. Function G1(y) is good for general-purpose
source extraction. For extracting highly super-Gaussian signals or for high robustness
G2(y) should be used. Using kurtosis, i.e., G3(y), should only be considered for
extracting sub-Gaussian signals since this function is very sensitive to outliers [40].

The FastICA algorithm [40] can be summarized as follows:

• Compute the sensor correlation matrix Rx = E{x[n](x[n])T }
• Compute the spatial whitening matrix Q from the sensor correlation matrix
• Compute whitened observations x̆[n] = Qx[n]
• Iterate the following steps until convergence:

1. w← E{g(y[n])x̆[n]} − E{g′(y[n])}w
2. w̃← (w)T / ||w||2

• Compute the extracted signal y[n] = w̃Qx[n]

where g(·) and g′(·) are the first and second order derivative of the function G(·),
which is used to approximate negentropy. Alternatively, the stabilized update rule
from (2.41) with a suitable choice for µ can be used instead of the update rule from
(2.40).

Although these algorithms can be used to extract one or a few sources, it is im-
possible to extract a specific source or to know which source will be extracted. In [40]
it is suggested to choose the approximation of negentropy depending on the attrac-
tion pool. This attraction pool is the region in which an algorithm will be attracted
to a certain local optimum. By choosing a proper function and initialization, one
can increase the chance that immediately the desired source is extracted; however,
immediate extraction of the desired source cannot be guaranteed with these methods.

2.3.5 ICA based source extraction using reference signals

In applications where one or more desired sources have to be extracted from a mixture
of multiple sources, it is necessary to require a priori information that indicates these
desired sources. In [34, 41, 42] it is assumed that this kind of a priori information is
available in the form of reference signals that are related to the desired sources. By
formulating inequality constraints based on the reference signals, the optimization
problem in (2.37) can be extended to become a constrained ICA problem [34]. Such
constrained ICA problems can be solved using Newton-like algorithms as presented
in [34, 41, 42], leading to source extraction algorithms for which extraction of the
desired source is guaranteed.
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In this section we discuss the principles of the source extraction algorithms in [34,
41,42]. First we introduce the constrained ICA framework in a generalized form that
allows for both equality and inequality constraints [34]. Subsequently, we show how
the reference signals can be incorporated into the constrained ICA framework such
that extraction of a desired source signal is guaranteed. Although the constrained ICA
framework can be used to extract multiple source signals, we focus on the extraction
of a single desired source signal.

As discussed in the previous sections, source extraction or separation can be accom-
plished by maximizing a certain measure of non-Gaussianity. By adding constraints
to this optimization problem, a priori information can be incorporated in order to en-
sure extraction of a desired source signal. The constrained ICA framework from [34]
allows for both equality and inequality constraints.

The general form of the ICA optimization problem including constraints has the
following form:

max
w̃

J(y)

s. t. gi(w̃) ≤ 0

hj(w̃) = 0

(2.45)

where J(y) is a suitable ICA objective function for extracting source signals, y = w̃x
is the extracted signal, and gi(w̃) for i ∈ I and hj(w̃) for j ∈ J are an unspecified
number of inequality and equality constraints.

The optimal solution of the constrained ICA optimization problem can be searched
for using the method of Lagrange multipliers [43]. First, inequality constraints gi(w̃) ≤
0 are transformed into equality constraints by introducing slack variables zi, i.e.,
ĝi(w̃) = gi(w̃) + (zi)

2 = 0. Next, the augmented Lagrangian function corresponding
to the optimization problem in (2.45) is given as follow:

L(w̃) = J(y) + (µ)T ĝ(w̃) +
1

2
γ ||ĝ(w̃)||22 + (λ)Th(w̃) +

1

2
γ ||h(w̃)||22 (2.46)

where ĝ(w̃) and h(w̃) are vectors containing the equality constraints ĝi(w̃) and hi(w̃),
respectively. The vectors µ and λ are vectors containing positive Lagrange multipliers,
γ is a positive penalty parameter, and the terms 1

2γ‖ · ‖22 ensure local convexity [43].

Through several mathematical manipulations and approximations, as discussed
in [34], a Newton-like algorithm can be obtained that has the following form:

∆w̃ = −η
(
∇2

w̃L
)−1∇w̃L (2.47)

where η equals one or can be decreased in order to ensure stable convergence. The
Lagrange multipliers can be learned for example using the following gradient ascent
method:

∇µ = max {−µ, ηµg(w̃)} (2.48)

∇λ = ηλh(w̃) (2.49)



34 Chapter 2. Relevant blind signal processing methodologies and algorithms

where ηµ and ηλ are learning rate parameters.

By carefully selecting a suitable ICA objective function for extracting source sig-
nals and constraints based on a priori information in the form of reference signals, the
constrained ICA framework can be used in order to develop source extraction algo-
rithms for which extraction of the desired source is guaranteed. In the remainder of
this section we discuss how to tailor the constrained ICA framework for this purpose.

In [34,41,42] the assumption is made that a reference signal r[n] is available that
contains a priori information about the desired source. It is assumed that the reference
signal is closer to the desired source than any of the other sources in the mixture,
given a certain distance measure. If we denote the distance between reference signal
r[n] and output signal y[n] as ε(r[n], y[n]), then the condition on the reference signal
and its corresponding distance measure can be formulated as follows:

ε(r[n], sd[n]) ≤ ε(r[n], sj [n]) ∀ j ∈ S (2.50)

where sd[n] represents the desired source signal and sj [n] is the j’th source. Fur-
thermore, equality is assumed to occur only when the extracted signal is the desired
source signal, i.e., when j = d.

The condition in (2.50) can be transformed into an inequality constraint, which
in turn can be applied in the constrained ICA problem. By introducing a threshold
parameter ξ, the following inequality constraint can be formulated that allows for the
extraction of only the desired source:

g(w̃) = ε(r[n], y[n])− ξ ≤ 0 (2.51)

From Section 2.3.4 we know that the optimization problem in (2.37) only has S es-
sentially unique solutions, corresponding to the extraction of the S individual source
signals. Consequently, extraction of the source closest to the reference signal is guar-
anteed when selecting the threshold parameter ξ as follows:

ε(r[n], sd[n]) ≤ ξ < min
j 6=d

ε(r[n], sj [n]) ∀ j ∈ S (2.52)

In many practical applications the terms ε(r[n], sj [n]) for j ∈ S are unknown. Fur-
thermore, due to noise, modelling mismatches, and a natural distance between the
reference signal and the actual source signal, a suitable value for the threshold pa-
rameter ξ may be difficult to obtain in practice. Therefore it is suggested [34, 41, 42]
to start with a relatively low value for the threshold parameter and slowly increasing
the parameter value until convergence.

Suitable choices for the distance measure that can be used in the Newton like
algorithm to solve the constrianed ICA problem [34, 41, 42] are mean squared error
(MSE) and correlation (COR), i.e.,

εMSE(r[n], y[n]) = E{(y[n]− r[n])2} and εCOR =
1

(E{y[n]r[n]})2
(2.53)

Both these distance measures require that the reference signal and the extracted
signal are normalized, otherwise the measures are unbounded. Normalization of the
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extracted signal y[n] can be accomplished if we replace the unit norm constraint for
the extraction filter in (2.37) by the following equality constraint:

h(w̃) = E{(y[n])2} − 1 = 0. (2.54)

Note that the constrained ICA problem is not limited to the presented distance mea-
sures.

Combining the results from the previous and the current section leads to the
following constrained ICA optimization problem that ensures extraction of a desired
source signal based on a reference signal:

max
w̃

J(y[n]) ≈ [E{G(w̃x)} − E{G(ν)}]2

s. t. g(w̃) = ε(r[n], y[n])− ξ ≤ 0

h(w̃) = E{(y[n])2} − 1 = 0

(2.55)

where J(y[n]) is the approximation of negentropy from (2.36), g(w̃) is the inequality
constraint from (2.51) that ensures that the desired source is extracted, and h(w̃) is
the equality constraint for normalizing the extracted signal.

2.3.6 Discussion

In many BSP algorithms two steps can be distinguished, as discussed in Section 2.1.
The first step is spatial whitening and the second step is identification of an orthog-
onal matrix to resolve an unknown rotation. In Section 2.3.1 we discussed the pro-
cesses of spatial whitening and de-correlation. In the remaining sections we presented
methods found in the literature that exploit higher than second order statistical fea-
tures of signals in order to identify the rotation that remains after spatial whitening.
Identification of the full rotation matrix allows for separation of all sources while iden-
tification of a single column of this rotation matrix allows for extraction of a single
source signal.

The algorithms in Sections 2.3.2, 2.3.3 and 2.3.4 perform either blind separation
of all sources or extract randomly one of the sources. When using these algorithms,
immediate extraction of a desired source cannot be guaranteed. The constrained
ICA based method described in Section 2.3.5 is the only BSP based approach found
in literature that guarantees immediate extraction of the desired source. Using this
approach, immediate extraction of the desired source is guaranteed if certain condi-
tions hold on a priori information in the form of reference signals. Furthermore, by
adding additional constraints to the objective function, the process of spatial whiten-
ing can be included to obtain a single source extraction process. A disadvantage of
this approach is that the algorithms to solve the optimization problems contain many
parameters that require tuning or a priori information.

Using higher order statistical features of signals requires these signals to be suf-
ficiently rich and sufficiently stationary. Furthermore, methods based on HOS can
only deal with mixtures where at most one of the sources has a Gaussian distribution.
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In many practical applications these stationarity and non-Gaussianity requirements
are violated, leading to errors in estimated source extraction filters. An alternative
approach to solve BSP problems is to exploit temporal structure in the signals. BSP
algorithms that exploit this temporal structure are discussed in the next section.

2.4 BSP methods exploiting temporal structure

The BSP methods in the previous section require that mixed source signals are mutu-
ally independent, stationary and have different but non-Gaussian distributions. These
properties are exploited by considering higher than second order statistical features
in order to perform the BSP task at hand. A different category of BSP methods
exists that require the independent source signals to have, mutually different, tem-
poral structure. This temporal structure can be coloredness, non-stationarity, or a
combination of both [7, 8, 11].

Most BSP methods that exploit temporal structure in the source and sensor signals
use second order statistical features; however, some works exist that exploit higher
order temporal structure [36]. In this section we focus on methods that exploit second
order temporal structure (SOTS). First we present a robust spatial whitening proce-
dure that exploits SOTS in order to deal with noisy observations. Subsequently, we
present BSS methods based on joint diagonalization of sensor correlation matrices.
Finally, we discuss a method to perform BSE using a linear predictor.

2.4.1 Robust spatial whitening

In Section 2.3.1 we discussed methods to perform spatial whitening for mixing sce-
narios where a noise-free sensor correlation matrix can be obtained, for example by
compensating for additive noise. For applications where it is difficult or even im-
possible to obtain or estimate a noise-free sensor correlation matrix we discuss an
alternative spatial whitening method where SOTS in the source signals is exploited in
order to be robust to noise. First we discuss estimation of and assumptions on SOTS
in signals. Subsequently, we discuss the robust spatial whitening procedure.

The SOTS in signals is revealed by evaluating auto- and crosscorrelations of mu-
tually delayed signals and by considering auto- and crosscorrelations at different time
instances. This leads to the following generalized and natural definition of correlation
between two, potentially delayed, signals such as xi1 [n] and xi2 [n]:

rxi1i2 [n, k] , E{xi1 [n]xi2 [n− k]} (2.56)

where n is a time index and k is a delay. Considering different lags k exposes colored-
ness of a signal while non-stationarity of signals is revealed by considering different
time indices n. For stationary signals the time index n can be omitted, which we did
implicitly in Section 2.3.1.

Combining correlation data for all available sensor pairs for a given time-lag pair
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(n, k) into a matrix leads to the following sensor correlation matrix:

Rx[n, k] , E{x[n](x[n− k])T } =

 r
x
11[n, k] · · · rx1D[n, k]

...
. . .

...
rxD1[n, k] · · · rxDD[n, k]

 (2.57)

where D is the total number of sensors. For noise-free observations as in (2.6), the
structure in such a sensor correlation matrix is very similar to the structure in (2.11),
and is given as follows:

Rx[n, k] ≡ ARs[n, k](A)T (2.58)

where Rs[n, k] is a source correlation matrix for time-lag pair (n, k), i.e.,

Rs[n, k] , E{s[n](s[n− k])T } =

r
s
11[n, k] · · · rs1S [n, k]

...
. . .

...
rsS1[n, k] · · · rsSS [n, k]

 (2.59)

with S the total number of sources.

The assumption of mutually statistically independent source signals, presented in
Section 2.2.2, implies that for all source signal pairs the crosscorrelations are zero for
all time-lag pairs. Consequently, this assumption leads to diagonal source correlation
matrices Rs[n, k]. On the other hand, the presence of sufficient and diverse tempo-
ral structure in the source signals guarantees that the diagonal elements are mostly
non-zero and different when considering several time-lag pairs. Consequently, sensor
correlation matrices have full rank and vary for different time-lag pairs.

For the robust spatial whitening algorithm to work we require that the noise signals
have less temporal structure than the source signals in such a way that a set of time-
lag pairs exist for which the sensor correlation matrices are free of noise. Furthermore,
we assume to know for which time-lag pairs these assumptions hold. Since the lag zero
sensor correlation matrix contains the energy of signals, this matrix will in general
not be free of noise and therefore not considered in this approach.

Given a set of sensor correlation matrices for which the assumptions on the mixing
system and the source and noise signals hold, spatial whitening can be performed in
case a positive definite sensor correlation matrix is available or can be constructed.
Zero-lag sensor correlation matrices are guaranteed to be positive definite but are
also corrupted by noise. Positive definiteness is not a natural property of arbitrary-lag
sensor correlation matrices and cannot be guaranteed without additional assumptions.
However, in some applications a positive definite sensor correlation matrix can be
constructed from a linear combination of sensor correlation matrices.

The following linear combination of sensor correlation matrices for several time-lag
pairs is considered in the robust spatial whitening algorithm:

Γ =

K∑
κ=1

ξκR
x[Ωκ] (2.60)
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where Ωκ for 1 ≤ κ ≤ K is the set of time-lag pairs (n, k)κ for which the sensor
correlation matrices are free of noise and where the coefficients ξκ for 1 ≤ κ ≤ K need
to be properly selected such that Γ is a positive define matrix. Proper coefficients
and the spatial whitening matrix can be found using the following algorithm [8]:

1. Calculate K noise-free sensor correlation matrices for time-lag pairs Ωκ

2. Select arbitrary, non-zero coefficients ξκ

3. Calculate the linear combination Γ =
∑K
κ=1 ξκR

x[Ωκ]

4. Calculate the eigenvalue decomposition UΛ (U)
−1

= Γ

5. If Γ is positive definite, then use the eigenvectors to construct a spatial whitening
matrix as in Section 2.3.1, i.e., Q = Λ−

1
2 (U)

−1

6. Otherwise, select the eigenvector u corresponding to the smallest eigenvalue and
repeat from step 3 with the following updated coefficients:

ξκ ← ξκ +
(u)TR[Ωκ]u√∑K
l=1(u)TRx[Ωl]u

∀ 1 ≤ κ ≤ K (2.61)

In general the source autocorrelation functions have to be linearly independent for the
considered time-lag pairs in order to guarantee successful spatial whitening with this
algorithm. This requirement also implies that the number of time-lag pairs should
be at least equal to the number of sources, i.e., K ≥ S. In conclusion, robust spatial
whitening can only be performed if the source signals contain sufficient and diverse
temporal structure.

2.4.2 BSS by exploiting second order temporal structure

The basic principle of BSS methods that exploit temporal structure of signals through
SOS are based on the principle of joint diagonalization of at least two sensor correla-
tion matrices [8,11,44,45]. Three different strategies to perform this joint diagonaliza-
tion can be distinguished in the literature, viz., the BSS problem is formulated as an
eigenvalue decomposition problem, a generalized eigenvalue decomposition problem,
or as an approximate joint diagonalization problem. In this section we discuss these
different strategies and corresponding algorithms.

2.4.2.1 Eigenvalue decomposition based BSS

Eigenvalue decomposition based BSS methods are two-stage approaches that require
spatial whitening as a pre-processing step. As discussed in Section 2.3.1, spatial
whitening leads to whitened observations that are an orthogonal mixture of normal-
ized source signals. Note that the normalization is an essential part of the spatial
whitening process.

When considering a correlation matrix of spatially whitened observations for time-
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lag pairs where the noise is not correlated we obtain the following noise-free structure:

Rx̆[n, k] = ĂRs̆[n, k](Ă)T (2.62)

where Ă is an orthogonal mixing matrix and s̆[n] corresponds to the normalized source
signals. It follows immediately that (2.62) constitutes an eigenvalue decomposition

when we realize that (Ă)T = (Ă)−1 holds for an orthogonal mixing matrix.

The eigenvectors of (2.62) correspond to the extraction filters for the sources and
the collection of all eigenvectors corresponds to the source separation solution. How-
ever, in order to obtain a unique solution, and solve the source separation problem up
to the unresolvable scaling and permutation, this sensor correlation matrix of spatially
whitened observations has to have unique diagonal elements. It follows immediately
that the matrix for performing spatial whitening cannot be used since that leads to
the identity matrix. Candidate sensor correlation matrices for colored signals are
those having different lags and in case of non-stationarity sensor correlation matrices
different time instances should be used. Alternatively, a linear combination of sensor
correlation matrices as in (2.60) can be used. The parameters for creating this linear
combination of correlation matrices should be different from the parameters used in
the robust spatial whitening algorithm from Section 2.4.1.

In the literature this eigenvalue decomposition based BSS approach is called Al-
gorithm for Multiple Unknown Signals Extraction (AMUSE) [44]. In this algorithm
the following steps allow for blind separation or extraction of the sources:

1. Apply spatial whitening as in Section 2.3.1 or Section 2.4.1 to the observations,
i.e., x̆[n] = Qx[n]

2. For suitable time-lag pairs, calculate a linear combination of correlation matrices
of the spatially whitened observations, indicated as Γ

3. Calculate the eigenvalue decomposition Γ = UΛ (U)
−1

4. If zero or equal eigenvalues are obtained, then repeat steps 2 and 3 until all
eigenvalues are non-zero and distinct from each other

5. Use the eigenvector matrix as source separation filter, i.e., W = (U)T , and
calculate the separated sources as ŝ[n] = Wx̆[n] or ŝ[n] = WQx[n].

2.4.2.2 Generalized eigenvalue decomposition based BSS

Instead of a two-stage approach, the BSS problem can be solved in a single-stage
approach by performing a joint diagonalization of two noise-free sensor correlation
matrices. The advantage of this joint diagonalization approach is that a pre-processing
stage in the form of spatial whitening is not required.

Joint diagonalization of two noise-free sensor correlation matrices Rx[Ω1] and
Rx[Ω2] for two different time-lag pairs can be accomplished via the following gen-
eralized eigenvalue decomposition (GEVD):

µ̃Rx[Ω1] = λµ̃Rx[Ω2]. (2.63)

By considering the structure in the noise-free sensor correlation matrices, as given
in (2.58), it follows that the generalized eigenvectors correspond to rows from the
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inverse of the mixing matrix. Consequently, the source separation filters can be found
by collecting all the generalized eigenvectors.

Like with the eigenvalue decomposition based approach in Section 2.4.2.1, a unique
solution, up to an arbitrary scaling factor and permutation, can only be found in case
all eigenvalues are distinct. If not all eigenvalues are distinct then noise-free sensor
correlation matrices for different time-lag pairs or linear combinations of noise-free
sensor correlation matrices as in (2.60) can be considered.

Several numerical algorithms for solving GEVD problems are available [46]. Nat-
urally, each algorithm has its own properties such as complexity and accuracy. Fur-
thermore, the choice for a particular algorithm depends on algebraic properties of the
sensor correlation matrices. Next we discuss a few of these properties and correspond-
ing approaches for solving the resulting GEVD problems.

• If the noise-free sensor correlation matrix Rx[Ω2] is symmetric and positive
definite, for example obtained through the method as described in Section 2.4.1,
then the eigenvalues are guaranteed to be real-valued. In this case the GEVD
problem can be solved through a Cholesky decomposition [46] of Rx[Ω2].

• For an invertible matrix Rx[Ω2] the GEVD in (2.63) can be solved, and thus
the source separation filters can be found, via the following eigenvalue decom-
position [47]:

µ̃Rx[Ω1](Rx[Ω2])−1 = λµ̃. (2.64)

• In the general case where both Rx[Ω1] and Rx[Ω2] are two arbitrary full rank
matrices the GEVD can be computed via a generalized Schur or QZ decompo-
sition [46].

When comparing the GEVD based approach with the eigenvalue decomposition
based approach from the previous section two relevant differences can be observed.
First, the current approach does not require spatial whitening as a pre-processing step.
Second, the mixing system is not required to be orthogonal. Consequently, the source
separation filter identified via the GEVD approach is in general a non-orthogonal
matrix that is applied directly to the original observations.

2.4.2.3 Joint approximate diagonalization based BSS

The BSS approaches from the previous sections allow for the diagonalization of at
most two, linear combinations of, noise-free sensor correlation matrices. Since these
approaches are sensitive to modelling and estimation errors, we discuss in this section
a BSS approach where multiple noise-free sensor correlation matrices are jointly di-
agonalized. Ideally, multiple sensor correlation matrices that obey the instantaneous
mixing model in (2.6) such that their structure is as in (2.58) can be diagonalized
exactly. However, for more than two sensor correlation matrices the system is over-
determined and due to modelling and estimation errors joint diagonalization can only
be approximated.
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The idea of joint approximate diagonalization (JAD) is to decompose multiple
noise-free sensor correlation matrices according to the noise-free mixing model in
(2.58). A natural and commonly used criterion for performing this decomposition
or JAD of noise-free correlation matrices from spatially whitened observations is as
follows:

J(W,Λκ) =

K∑
κ=1

‖Rx̆[Ωκ]−UΛκ(U)T ‖2F (2.65)

where ‖ · ‖F is the Frobenius norm [46], K ≥ 1 is the number of correlation matrices
considered and where Λκ are non-zero diagonal matrices that have to be identified
together with the orthogonal matrix U. The source separation matrix is subsequently
found as W = (U)T . In the literature several algorithms can be found for solving
the JAD problem in (2.65), e.g., Jacobi techniques, Alternating Least squares (ALS),
and PARAFAC [8, 11, 45, 48]. Note that performing this decomposition for one or
two noise-free sensor correlation matrices leads to the eigenvalue decomposition and
GEVD problems in the previous sections.

A summary of the JAD based BSS algorithm based on whitened observations is
given as follows [45,49]:

1. Apply spatial whitening as in Section 2.3.1 or Section 2.4.1 to the observations
x[n]

2. Estimate K sensor correlation matrices Rx̆[Ωκ] from the whitened observations
x̆[n]

3. Calculate for 1 ≤ κ ≤ K the JAD of Rx̆[Ωκ] by minimizing the cost function in
(2.65), where U is an orthogonal matrix and Λκ are non-zero diagonal matrices

4. Use W = (U)T to calculate the separated sources as ŝ[n] = Wx̆[n]

Also for JAD linear combinations of noise-free correlation matrices can be used in-
stead of the noise-free correlation matrices directly. Furthermore, a JAD cost function
that does not require spatial whitening exists and can be found in [50]. A drawback
of this approach is that symmetric and positive definite sensor correlation matrices
are required [8]. Such matrices can be found for example by taking appropriate linear
combinations of sensor correlation matrices such as described in the robust spatial
whitening algorithm in Section 2.4.1.

2.4.3 BSE using a linear predictor

Source extraction in a single-stage algorithm can be accomplished with an on line
BSE algorithm based on a linear predictor [14, 15, 51]. In this on line algorithm, an
adaptive source extraction filter w̃ is followed by a fixed linear prediction filter b,
as is depicted in Figure 2.1. Note that this filter can have arbitrary structures such
as finite impulse response (FIR) and infinte impulse response (IIR). Design of the
linear prediction filter is application specific and depends on the temporal structure
of the source signals. We assume that the delay required for performing prediction is
embedded in the filter.
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Figure 2.1: Overview of a linear prediction based BSE algorithm.

For a prediction filter b with impulse response b[n], the extracted signal and the
linear prediction error are calculated as follows, respectively:

y[n] = w̃x[n] (2.66)

e[n] = y[n]− b[n] ∗ y[n] (2.67)

where ∗ represents convolution. In order to extract one of the sources, the extrac-
tion filter coefficients w̃ are adapted based on the output of the linear prediction
filter. Spatial whitening is a required procedure in the linear prediction based BSE
algorithm. Partly due to this spatial whitening process, the source signal with the
smallest normalized mean square prediction error is extracted by the algorithm. Ex-
traction this source is accomplished by alternating the following update rules [14]:

w[n+ 1] = w[n]− µe[n]x̂[n] (2.68)

w[n+ 1]←− w[n+ 1]/‖w[n+ 1]‖2 (2.69)

where x̂[n] is the linear prediction error per spatially whitened sensor signal, i.e., for
prediction filter b these signals are given as x̂i[n] = x̆i[n]− b[n] ∗ x̆i[n] for 1 ≤ i ≤ D.

The extraction filter that is found with this linear prediction based source extrac-
tion algorithm corresponds to the eigenvector that corresponds to the smallest eigen-
value of the positive definite ’prediction error’ matrix Rx̂ , E{x̂[n](x̂[n])T }. In [52]
we showed that the linear prediction based source extraction algorithm including the
spatial whitening process can be formulated as a GEVD problem. Consequently, the
linear prediction based BSE algorithm can be considered a special case and implemen-
tation of the eigenvalue decomposition and GEVD based source separation algorithms
presented in Section 2.4.2.1 and Section 2.4.2.2, respectively.

In [14] alternative linear prediction based algorithms are presented that perform
spatial whitening in the update rule instead of in a pre-processing stage. Furthermore,
in [15, 51] the linear prediction based source extraction algorithms are extended in
order to deal with noise. For these modifications it is assumed that the noise has
a relatively simple structure and that the noise is measurable such that it can be
compensated for. In these approaches the contribution of the noise to the cost function
is compensated for in order to obtain again the noise-free cost function from [14].

It follows that the linear prediction based BSE algorithms are relatively flexible
in their configurations. Furthermore, designing prediction filters based on a priori
information of the desired source allows to design algorithms for which extraction of
the desired source can be guaranteed [52]. A generalization of the linear prediction
based BSE algorithm for complex mixtures can be found in [53,54].
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2.4.4 Discussion

In this section we discussed BSP algorithms that exploit SOTS in the source signals in
order to solve the task at hand. In Section 2.4.1 we discussed a robust spatial whiten-
ing method that exploits SOTS to perform spatial whitening on observations that are
corrupted by noise that cannot be estimated or compensated. In the remaining sec-
tions we discussed BSS and BSE algorithms that exploit SOTS in the source signals.
Each of these algorithms can be used in a multi-stage source extraction algorithm in
order to extract a desired source. Source separation algorithms have to be followed by
a classifier that selects the desired output, while source extraction algorithms should
be followed by a classifier and a deflation technique in order to guarantee extrac-
tion of the desired source. These multi-stage algorithms are evidently inefficient and
expensive in resources.

Exploiting SOTS has the advantage over exploiting HOS that mixtures with mul-
tiple Gaussian sources can be dealt with. Furthermore, the amount of data required
to obtain robust estimates of statistical features and the computational complexity
is much smaller for second order statistical features than for higher order statistical
features. However, the choice for using a certain set of features always depends on
the problem at hand.

2.5 BSI projected onto two dual mathematical problems

In [36] the BSI problem is projected onto two dual mathematical problems using
subspace techniques. The projections apply for both second order and higher order
statistical features such that both non-Gaussianity and temporal structure in the
source signals can be considered. For brevity, in this thesis we will discuss the methods
in the context of second order temporal structure of real-valued signals and we only
present the main steps to form the relevant systems of equations. For further details
and derivations of the methods and generalizations of the methods towards the use
of complex signals and higher order statistical features we refer to [36].

2.5.1 BSI as a root finding problem for a system of homogeneous polyno-
mials

The approach of [36] starts by collecting the sensor correlation data, which we intro-
duced in Sections 2.3.1 and 2.4.1, for all D×D sensor pairs and all K time-lag pairs
into a single matrix Cx of size D2 ×K:

Cx =


rx11[Ω1] · · · rx11[ΩK ]

rx12[Ω1]
. . . rx12[ΩK ]

...
. . .

...
rxDD[Ω1] · · · rxDD[ΩK ]

 (2.70)
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where Ωκ are time-lag pairs for which the sensor auto- and crosscorrelation data is
free of noise. Based on the mixing model and assumptions introduced in Section 2.2,
the structure in each column in the matrix Cx can be represented with a Kronecker
product (⊗) in the following way:

E{x[n]⊗ x[n− k]} =

S∑
j=1

(aj ⊗ aj) · E {sj [n]sj [n− k]} (2.71)

where the time-lag pairs (n, k) ∈ Ωk differ among the columns. This structure in
the sensor correlation data leads to the following structure in the sensor correlation
matrix:

Cx = (A �A) ·Cs =
[
a1 ⊗ a1 · · · aS ⊗ aS

]
Cs (2.72)

where � is the Khatri-Rao product, i.e., the column-wise Kronecker product [55] and
the matrix Cs is a source autocorrelation matrix of size S × K with the following
structure:

Cs =


rs11[Ω1] · · · rs11[ΩK ]

rs22[Ω1]
. . . rs22[ΩK ]

...
. . .

...
rsSS [Ω1] · · · rsSS [ΩK ]

 . (2.73)

A further look into the structure of the sensor correlation matrix shows that the
rank of the matrix is at most S, i.e., the number of sources. This follows from the
observation that the Khatri-Rao product A�A results in a matrix of size D2×S and
Cs has a size of S×K. Another remarkable property of the sensor correlation matrix
Cx is that for real-valued mixtures, only D(D + 1)/2 out of the D2 rows are unique.
This follows from the fact that for real-valued signals the following equality holds:
rxi1i2 [Ωκ] = rxi2i1 [Ωκ]. Taking only the unique rows into account leads to a uniquiefied
sensor correlation matrix Cx

u of size D(D + 1)/2×K with its rank at most equal to
S [36]. Consequently, the sensor correlation matrix Cx or its uniquiefied counterpart
Cx
u can have rank S in case both the mixing system and the source autocorrelation

matrix are well conditioned and if D(D+1)/2 ≥ S and K ≥ S hold. In the remainder
of this chapter we assume that these conditions are met in such a way that the rank
of the sensor correlation matrix equals S.

For mixtures where the number of sensors is such that D(D + 1)/2 > S holds, a
left nullspace exists in the uniquiefied sensor correlation matrix Cx

u, i.e., a vector or
matrix Uν exists such that the following relation holds:

(Uν)TCx
u = 0. (2.74)

The matrix Uν has a size D(D+1)/2×D(D+1)/2−S and by exploiting the structure
in the sensor correlation matrix from (2.72) the following relation can be formulated
for the left nullspace:

(Uν)T (A �u A)Cs = 0 (2.75)
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where �u stands for the Khatri-Rao product combined with uniquiefication.

If we now introduce a vector z of length D, then the following equations form
a system of homogenous polynomial equations of which the roots correspond to the
mixing columns.

f(z) = (Uν)T (z⊗u z) = 0 (2.76)

where ⊗u is the uniquiefied Kronecker product. Consequently, solving this system of
homogeneous polynomial equations leads to identification of the mixing system, up
to the arbitrary scaling factor and permutation.

In [36] such systems of polynomial equations are constructed based on both SOS
and HOS and for both real-valued and complex-valued mixing systems using a variety
of conjugation schemes. It is also shown there that the system can be identified for
certain under-determined mixtures where D < S. Furthermore, it is proposed to
solve such systems of homogenous polynomial equations by exploiting a homotopy
method. In such a method a system of polynomial equations with known solutions
is transformed into the system with unknown solutions and the roots are constantly
tracked.

From a source extraction point of view, one of the strong advantages of the ho-
motopy method to solve a system of homogeneous polynomial equations is that the
method can be parallelized such that each root is found by a different processor.
However, it is difficult or even impossible to predict which mixing column will be
identified, which is a drawback in case only one, desired mixing column or source has
to be extracted.

2.5.2 BSI as a multi-matrix Generalized Eigenvalue Decomposition problem

In this section we show that for real-valued instantaneous mixtures a Multi-Matrix
Generalized Eigenvalue Decomposition (MMGEVD) problem can be formulated from
which the mixing system can be estimated, up to the arbitrary scaling factor and
permutation.

For the sensor correlation matrix Cx from (2.70) in Section 2.5.1 it follows that a
vector µ must exist such that the following relation holds:

z⊗ z = Cxµ (2.77)

where z is a vector of length D. Based on the structure in the sensor correlation
matrix, as introduced in (2.72), it can be shown that only S solutions exist and that
the S solutions of (2.77) correspond to the mixing column vectors, up to an arbitrary
scaling factor [36]. This relation is easily observed if we choose µ as one of the
columns from the inverse of the sensor correlation matrix Cs since then z⊗ z equals
aj ⊗ aj . However, the sensor correlation matrix or its inverse is not directly available
and therefore it has to be estimated.

Splitting the matrix Cx into D consecutive submatrices Cx
i of size D ×K leads
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to the following relation for each submatrix:

ziz = Cx
i µ ∀ i ∈ D (2.78)

which follows from the Kronecker product in (2.77). When we choose µ properly,
all products Cx

i µ in (2.78) form a vector in the same direction, i.e., direction z,
but with different lengths, i.e., zi. Consequently, the system in (2.78) describes a
Multi-Matrix Generalized Eigenvalue Decomposition (MMGEVD) with generalized
eigenvectors µ and generalized eigenvalues 1/zi. In case zi 6= 0 we can rewrite the
MMGEVD problem from (2.78) in the following, better recognizable, form:

z =
1

z1
Cx

1µ = · · · = 1

zD
Cx
Dµ. (2.79)

Once the eigenvectors µ are known, the mixing columns can be computed from the
matrix products Cx

i µ. Note that the order and scaling of the eigenvectors is arbitrary,
which is a manifestation of the scaling and permutation indeterminacy.

For a system with only two submatices Cx
1 and Cx

2 and D ≥ S the MMGEVD
problem reduces to a standard GEVD problem. For a GEVD problem the eigenvectors
µ can be computed for example as the columns of the following matrix product
(Cx

1)
−1

Cx
2 , in case the submatrix Cx

1 has full rank. Methods to solve the generic
MMGEVD problems still need to be developed; however, the joint diagonalization
approaches such as the ones presented in Sections 2.3.3 and 2.4.2.3 are closely related
to solving the MMGEVD problem.

For a more detailed derivation of the method we refer to [36]. Furthermore, it is
shown in [36] that MMGEVD problems can also be formulated for complex-valued
mixtures and for exploiting higher order statistical features.

2.5.3 Discussion

We discussed two approaches for solving the BSI problem for instantaneous mixtures
in this section, which were originally introduced in [36]. These approaches are flex-
ible in their use of real-valued and complex-valued data and in the use of second
and higher order statistical features. Furthermore, in [36] fundamental limits are de-
rived on the number of sources that can be dealt with, given the number of sensors
and the considered statistical features, and it is shown that even under-determined
mixing systems with D < S can be identified for certain scenarios. Consequently,
the approach and insights from the work in [36] are considered very relevant for the
development of generic and flexible informed source extraction algorithms.

The methods to perform BSI can be used directly in a multi-stage approach to solve
the source extraction problem. However, the derivations and formulation of BSI as
two dual mathematical problems are considered more relevant for the derivation and
design of new informed source extraction algorithms. The challenge remaining is to
incorporate a priori information into the approaches and to identify source extraction
filters instead of the mixing columns.
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2.6 Conclusions

In this chapter we presented an overview of BSP algorithms that are relevant for
the remainder of this thesis. We discussed only a subset of the large number of
BSP algorithms that are available in the literature and more extensive overviews and
detailed discussions of BSP algorithms can be found for example in the following
books [7, 8, 11,35].

The BSP algorithms that we discussed in this chapter can be applied to observa-
tions of a mixture of multiple sources in order to separate all sources simultaneously
or to extract one of the sources. The most widely shared assumption among these
algorithms is that the sources are mutually statistically independent or mutually un-
correlated. Based on additional assumptions on the source signals that are exploited
by the algorithms we distinguished two classes of BSP algorithms. Algorithms from
the first class exploit higher order statistical features and are based on the assump-
tion that the source signals have a non-Gaussian distribution. The second class of
algorithms exploit second order statistical features based on the assumption that the
source signals have temporal structure. Using second order statistical features has
several practical advantages over using higher order statistical features; however, the
choice for using a certain set of features always depends on the problem at hand.
Finally, we discussed algorithms that are flexible in their use of statistical features.

Due to their blindness, BSP algorithms suffer from a scaling and permutation
indeterminacy. Although in many practical applications heuristics can be used in
order to deal with these indeterminacies, we found only one family of source extraction
algorithms that deal with the permutation indeterminacy with a generic approach.
In these algorithms, which we discussed in Section 2.3.5, a priori information about
the desired source in the form of reference signals is incorporated in a constrained
optimization problem. By selecting or searching for a proper threshold, the source
that is closest to the reference signal is extracted by the algorithm.

In the remainder of this thesis we develop source extraction algorithms and design
procedures for source extraction algorithms for which extraction of the desired source
can be guaranteed. In these algorithms it is guaranteed that the source with the
best match to the available a priori information is extracted without searching for or
selecting a threshold parameter. Furthermore, we focus on exploiting SOTS in order
to extract the desired signals; however, our approach is not limited to using only
SOTS.
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3
A single-stage approach to source extraction

based on second order statistics

The work in this chapter is published as a journal article [56]; however, we made
some modifications and additions to improve the flow and consistency in this thesis.

A single-stage approach to extract one desired source signal from a real-valued
instantaneous mixture of several signals is presented in this chapter. In contrast to
multi-stage or iterative methods, for example based on blind source extraction (BSE)
or blind source separation (BSS) followed by a classifier, we guarantee immediate
extraction of a desired source. The approach presented in this chapter is applicable
to real-valued mixing scenarios where correlation matrices can be jointly diagonalized,
i.e., we exploit second order temporal structure (SOTS) in real-valued signals.

Our objective is to provide insight in the source extraction problem and to derive
design tools and techniques to solve the source extraction problem. We show for real-
valued mixtures that prior information about the desired source’s mixing column or
autocorrelation function can be incorporated in a single-stage source extraction algo-
rithm. Furthermore, we show that both types of prior information may be combined
in order to obtain better results in selecting the desired source. Above that, the same
algorithm may be used for calculating source extraction filters with different objective
functions. Finally, a performance comparison with BSS algorithms that are followed
by a classifier shows that the proposed approach is more robust to noisy observations.
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3.1 Introduction

In a blind source extraction (BSE) problem, one desired source signal has to be ex-
tracted from observed mixtures of several source signals. BSE is performed by filtering
the observed sensor signals with a multiple-input single-output extraction system that
is identified with the least possible amount of a priori information. However, some
prior information is required to distinguish between the desired and undesired sources.

As we have discussed in Chapter 1 and Chapter 2, a wide variety of blind signal
processing (BSP) algorithms exist that use assumptions on different signal properties
of the source, noise and sensor signals [7, 8, 10, 11, 35, 45], e.g., assumptions on the
Second Order Statistics (SOS) such as stationarity, whiteness, and cyclo-stationarity;
or, assumptions on sparseness or higher order statistics (HOS). There are three major
advantages of using SOS over HOS: 1) SOS is less sensitive to noise and outliers, 2)
SOS requires less data for their estimation, and 3) SOS can allow for more than one
Gaussian signal [9]. Next to different assumptions on the signals, BSP problems are
solved in different domains such as time, frequency, and time-frequency. In this thesis
we focus on the SOS of the signals and solve the source extraction problem in the
time domain by joint diagonalization of correlation matrices, which is a proven BSP
technology [8,11].

A straightforward, two-stage approach to perform BSE is depicted in Figure 3.1a.
In the first stage a blind source separation (BSS) algorithm is used to separate all
source signals. One major problem in the field of BSP is the fact that sources can
be separated in a random order only, which is called the permutation indeterminacy.
Therefore, a classifier is required in a second stage that uses prior information to
select the desired signal. Closely related to the BSS approach are BSE methods or
sequential BSS methods. These algorithms extract a possibly ‘interesting’ source
signal from the measurements and determine, using additional a priori information,
whether the desired source is extracted. If the desired source is not extracted, the
signal is removed from the measurements and a new, potentially interesting, source
is extracted.

In this chapter we present a single-stage procedure to perform BSE, as depicted in
Figure 3.1b, for real-valued instantaneous mixtures. The permutation indeterminacy
is dealt with by incorporating prior information about the desired source directly into
the algorithm that identifies the desired extraction filter. In this way, the method
remains as blind as the previously described two-stage approaches.

The method is based on the approach we discussed in Section 2.4.2.2, where a noise-
free region of support (NF-ROS) [36] is used to find two noise-free linear combinations
of correlation matrices and a generalized eigenvalue decomposition (GEVD) is applied
to identify all extraction filters simultaneously [11,36]. We show that the generalized
eigenvalues contain a very specific structure, which was exploited for the first time
in [52]. By taking linear combinations of noise-free correlation matrices based on a
priori knowledge about the autocorrelation function of the desired source, the desired
extraction filter is identified without first extracting undesired signals. In parallel
we identify the desired extraction filter using a different type of a prior information,
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Figure 3.1: Two configurations to perform blind source extraction. In (a) a straight-
forward two-stage scheme is depicted where in the first stage all source signals are
separated and in the second stage the desired signal is selected. In (b) the proposed
single-stage scheme is depicted where the desired extraction filter is identified in a
single stage

namely, information about the mixing column of the desired source together with a
set of differently structured correlation matrices. We also show that combinations of
available prior information can be used to increase flexibility and robustness in the
selection of the desired source. Subsequently, we show that the same procedure can be
used to solve the extraction problem for an objective that balances between noise and
interference reduction rather than the typical objective that focusses on interference
reduction. The identification of the extraction filter is combined with a noise reduction
technique for the over-determined case with more sensors than sources. Here, filtered
signals from a noise-only subspace are subtracted from the output of the extraction
filter such that the output power is minimized. The prior information nicely connects
to the structure in the observed SOS. Finally, we compare the performance of proposed
algorithm with BSS methods that we equip with a classifier in the second stage.

The algorithm proposed in this chapter is called the unified instantaneous BSE
(UIBSE) algorithm. Later on we realized that the algorithm is better called an in-
formed instead of a blind source extraction algorithm. Since the work in this chapter
is published as a journal paper we keep using the name UIBSE here; however, in the
next chapter we refer to it as an informed source extraction algorithm.

The outline of this chapter is as follows. In Section 3.2 we give an overview of the
model and assumptions. In Section 3.3 we present the basis of the UIBSE algorithm
of which the additional functionality is discussed in Section 3.4. We give a summary
of the UIBSE algorithm in Section 3.5. In Section 3.6 we present simulation results
for combining a priori knowledge and for using different objectives in the UIBSE
algorithm; additionally, in a performance analysis we compare the presented work
with the SOBI [45] and SOBI-RO [49] algorithms. In Section 3.7 we discuss the
results. Finally, in Section 3.8 we conclude this chapter and suggest future research.

Notation of matrices, vectors, and their elements is as follows. Matrices are de-
noted by bold uppercase letters and vectors by bold lowercase letters. Row vectors
carry an additional tilde symbol to indicate their orientation, e.g., w̃. Elements of a
column vector are indicated by the vector letter with a subscript index such as x1[n]
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as an element of the vector x[n], with n the discrete time index. Similarly, elements
of a row vector are indicated by the vector letter with a superscript index such that
w1 is the first element of the row vector w̃. Finally, matrices are decomposed into
three different elements. First, columns of a matrix are indicated as column vectors
with a superscript index, i.e. aj represents the j’th column of the matrix A. Second,
rows of a matrix are indicated by row vectors with a subscript index. The i’th row of
the matrix A is thus denoted by ãi. Third, scalars in a matrix are denoted by both
superscript and subscript indices. The scalar matrix element that is located in the
second column at the third row of A is thus denoted by a2

3. Further notational issues
are addressed later in this chapter.

3.2 Model and assumptions

First we introduce the mixing model and the assumptions on the SOS of the signals.
Next we introduce the structure in correlation matrices that is exploited by the UIBSE
algorithm.

3.2.1 Instantaneous mixing model

A model of the BSE problem is depicted in Figure 3.1b. The D sensor signals
x1[n], · · · , xD[n], with n ∈ Z, are discrete time samples of the continuous time signals
x1(t), · · · , xD(t), where t = nTs and Ts is the sampling time such that no alias-
ing occurs. These sensor signals contain instantaneous mixtures of S source signals
s1[n], · · · , sS [n] contaminated by D additive noise signals ν1[n], · · · , νD[n]. The mix-
ing system is modeled by a real-valued matrix A , [a1, · · · ,aS ] ∈ RD×S . Each
column aj ∈ RD of the mixing matrix contains D weights aji for i ∈ {1, · · · , D} that
correspond to the gain between the j’th source and the i’th sensor. The mutual re-
lation between the sensor, source, and noise signals is then mathematically described
by

x[n] =

S∑
j=1

ajsj [n] + ν[n] = As[n] + ν[n] (3.1)

where the column vectors x[n], s[n] and ν[n] contain a collection of the sensor, source
and noise signals, respectively, i.e.,

x[n] ,

x1[n]
...

xD[n]

 , s[n] ,

s1[n]
...

sS [n]

 and ν[n] ,

ν1[n]
...

νD[n]


The extraction filter is represented by a real-valued row vector w̃ of length D and
produces the following signal y[n]:

y[n] =

D∑
i=1

wixi[n] = w̃x[n] = w̃As[n] + w̃ν[n]. (3.2)
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Using this model combined with the following assumptions on the source and noise
signals and the mixing system we derive the UIBSE algorithm.

3.2.2 Assumptions on the mixing system and signals

In the previous section some assumptions were already made on the mixing system.
First, the mixing system is a square or over-determined real-valued mixing system,
thus of size D×S with D ≥ S. Furthermore, the mixing system has to be an invertible
mixing system.

Assumptions on the source and noise signals are made on the SOS of these signals.
The SOS of signals are revealed by means of correlation functions. The correlation
function of a signal pair (pi1 [n], qi2 [n]) is called the autocorrelation function if pi1 [n] =
qi2 [n] for all n ∈ Z and crosscorrelation function otherwise.

Definition 3.2.1 (Correlation functions): The (auto)correlation function of a sig-
nal pi1 [n] and a signal qi2 [n − k] for all available i1, i2 at time n ∈ Z and with lag
k ∈ Z is defined as follows:

rpqi1i2 [n, k] , E{pi1 [n]qi2 [n− k]}.

If both signals are described by the same variable, then we use the short hand notation
rpi1i2 [n, k] ≡ rppi1i2 [n, k].

We assume that the mathematical expectation operator can be approximated by
averaging the signal product pi1 [n]qi2 [n − k] over a certain period close to the eval-

uated time instance n0, e.g., rpqi1i2 [n0, k] ≈ 1/(N0)
∑N0−1
n=n0

pi1 [n]qi2 [n − k] . This as-
sumption implies that the SOS of the signals should either be slowly varying over
time or be approximately constant for a certain time and then rapidly change to a
new, approximately constant value. Most conventional BSP methods use the same
assumption; however, the non-stationarity of the signals is often not used explicitly.
In Definition 3.2.1 the time index n is incorporated such that if the statistics of the
signals change over time, then a new measurement of the statistics is obtained that
can be used explicitly by the presented algorithm. This property creates flexibility
by allowing for different types of signals such as stationary, non-white signals, and
non-stationary signals.

By replacing the signal pair (pi1 , qi2) in Definition 3.2.1 by the sensor, source, and
noise signal pairs we obtain the following sets of correlation functions:

rxi1i2 [n, k] ∀ 1 ≤ i1, i2 ≤ D
rsi1i2 [n, k] ∀ 1 ≤ i1, i2 ≤ S
rνi1i2 [n, k] ∀ 1 ≤ i1, i2 ≤ D

respectively. Notice that these sets of functions consist of both auto- and crosscor-
relation functions. Finally, we consider the crosscorrelation functions rsνi1i2 [n, k] and
rνsi2i1 [n, k] that correspond to the source and noise signal pairs (si1 , νi2) for 1 ≤ i1 ≤ S
and 1 ≤ i2 ≤ D.
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Many BSP algorithms require statistically independent source signals, for example
in the field of independent component analysis [7]. We require that all source signals
are mutually uncorrelated, which is a less restrictive assumption. Our assumptions
on the SOS of the source and noise signals are introduced in the following definition
of a NF-ROS, where the assumption of uncorrelated source signals is incorporated as
the first condition in this definition.

Definition 3.2.2 (Noise-free region of support): The noise-free region of support
(NF-ROS), also denoted by Ω, consists of a set of time-lag pairs (n, k) for which the
following assumptions hold:

∀ (n, k) ∈ Ω :


rsi1i2 [n, k] = 0 ∀ 1 ≤ i1 6= i2 ≤ S
rνi1i2 [n, k] = 0 ∀ 1 ≤ i1, i2 ≤ D
rsνi1i2 [n, k] = 0 ∀ 1 ≤ i1 ≤ S, 1 ≤ i2 ≤ D
rνsi1i2 [n, k] = 0 ∀ 1 ≤ i1 ≤ D, 1 ≤ i2 ≤ S

.

Additionally, the source autocorrelation functions are assumed to be linearly indepen-
dent in the NF-ROS [36]. The total number of time-lag pairs in the set is denoted by
K, thus |Ω| = K. In our notation we use the symbol Ωκ to indicate the κ’th time-lag
pair Ωκ = (n, k)κ from the NF-ROS Ω.

In summary, the NF-ROS consists of a set of time-lag pairs for which only the
source autocorrelation functions are non-zero and linearly independent [36]. The
following example is given to explain the use of a NF-ROS.

Example 3.2.1: Suppose that D sensors measure a mixture of S stationary,
differently colored source signals that are each contaminated by additive noise signals
with a moving average 1 (MA1) temporal structure. In that case, the time index n
can be ignored because the signals are stationary signals. Furthermore, lags k = 0
and k = 1 should not be taken into account because for these lags the MA1 noise
contributes to the SOS of the sensor signals. Therefore, the NF-ROS may be chosen
as the first K ≥ S lags starting from k = 2, thus: Ω = {(n, 2), · · · , (n,K + 1)} for an
arbitrary n ∈ Z.

3.2.3 Structure in the Second Order Statistics

Using the model in (3.1) and the knowledge of a NF-ROS as in Definition 3.2.2, the
following noise-free relation between the sensor correlation and the source autocorre-
lation functions is obtained:

rxi1i2 [Ωκ] =

S∑
j=1

aji1a
j
i2
rsjj [Ωκ] ∀ 1 ≤ i1, i2 ≤ D, ∀Ωκ ∈ Ω. (3.3)

Notice that the j’th element in the summation of (3.3) depends only on the autocor-
relation function of source j and the weighting factors of the source-sensor pairs for
source j. This structure is already discussed in the literature where it is referred to
as a parallel factorization (PARAFAC) model [48].
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The PARAFAC model consists of a three-way tensor, which can be seen as a cube
of data. Here, the PARAFAC model is a cube of correlation data rxi1i2 [Ω] with a size
of D×D×K and a structure as in (3.3) that contains a symmetry because the mixing
matrix elements appear twice. Because of this symmetry, only two matrix slices of
the PARAFAC model with a unique structure exist. First, if we fix the index for the
time-lag pair Ω then we obtain the following set of correlation matrices:

Rx
κ ,


rx11[Ωκ] · · · rx1D[Ωκ]
rx21[Ωκ] · · · rx2D[Ωκ]

...
. . .

. . .

rxD1[Ωκ]
. . . rxDD[Ωκ]

 for 1 ≤ κ ≤ K. (3.4)

Second, if we fix either the mixing column element index i1 or i2 we obtain the
following set of correlation matrices:

Cx
i ,


rxi1[Ω1] · · · rxi1[ΩK ]
rxi2[Ω1] · · · rxi2[ΩK ]

...
. . .

. . .

rxiD[Ω1]
. . . rxiD[ΩK ]

 for 1 ≤ i ≤ D. (3.5)

The K correlation matrices Rx
κ have size of D×D and the D correlation matrices Cx

i

have size D ×K. By collecting either K matrices Rx
κ or D matrices Cx

i , the whole
PARAFAC model is obtained.

Both types of correlation matrices can be used to identify the extraction filters,
as we show in Section 3.3. The desired extraction filter is identified by exploiting
the structure in the correlation matrices. Which correlation matrix structure is used,
depends on the type of available a priori information.

The structure of the correlation matrices is obtained from (3.3) and is as follows
(see Appendix 3.A for a derivation):

Rx
κ ≡ A diag (rs[Ωκ]) (A)T (3.6)

Cx
i ≡ A diag (ãi) Cs (3.7)

where rs[Ωκ] is a column vector that contains the source autocorrelation function
values for time-lag pair κ of the NF-ROS, and diag (rs[Ωκ]) puts the elements of the
vector rs[Ωκ] on the diagonal of a matrix. The vector ãi is the i’th row of the mixing
system, and Cs is the source autocorrelation matrix with the following structure:

Cs ,
[
rs[Ω1] · · · rs[ΩK ]

]
. (3.8)

Given the assumptions on the mixing system and the SOS of the signals in Sec-
tion 3.2.2 it follows that the rank of the noise-free correlation matrices is at most
equal to S. This means that we should be able to transform each correlation matrix
to a matrix of size S × S without loss of information. Furthermore, all correlation
matrices of a single type can be reduced in size by the same transforms. In order
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to identify the transformation matrices we exploit subspace techniques to separate
the null/noise-only subspace from the signal plus noise subspace. We present two
methods to identify the subspaces.

1) If we perform a singular value decomposition (SVD) on one of the correlation
matrices Cx

i with rank S, we obtain the following decomposition:

SVD (Cx
i ) =

[
Us Uν

] [Σs 0
0 0

] [
Vs

Vν

]
(3.9)

where Us and Vs span the S dimensional left and right signal subspace, respectively,
Uν spans the D − S dimensional left noise-only subspace, and Vν spans the K −
S dimensional right noise-only subspace.

2) In order to improve the robustness of these methods we can also perform SVDs
on the following two matrices:

Cx ,

Cx
1

...
Cx
D

 = (A �A) ·Cs (3.10)

Čx =
[
Cx

1 · · · Cx
D

]
= A ·

(
A � (Cs)T

)T
(3.11)

which are constructed from a set of correlation matrices, where � is the Khatri-Rao
product [55]. The SVD of (3.10) can be used to identify the subspace matrices Vs

and Vν in a more robust manner compared to method 1), while the SVD of (3.11)
can be used to identify the subspace matrices Us and Uν more robustly. Instead of
stacking all sensor correlation matrices it is also possible to use a subset of correlation
matrices, e.g., only Cx

1 and Cx
D.

In order to perform the reduction to size S × S we use the reduction matrices
Ps , (Us)T and Qs , (Vs)

T as follows:

R̄x
κ , PsR

x
κ(Ps)

T = Ā diag (rs[Ωκ]) (Ā)T (3.12)

C̄x
i , PsC

x
i Q

s = Ā diag (ãi) C̄s (3.13)

with Ā = PsA and C̄s = CsQs. Later we also need the matrix Pν , (Uν)T in order
to perform noise reduction.

From now on, we assume that both sets of correlation matrices are reduced to a
size of S × S. Based on this assumption we derive a method to identify the desired
extraction filter. Later we show that the extra degrees of freedom may be used to
perform noise reduction.

3.3 Extraction filter identification

The remaining filter identification procedure consists of two steps, which are visu-
alized in Figure 3.2. First we show that the eigenvalues of a GEVD of two linear
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Figure 3.2: Based on the noise-free correlation data rxi1i2 [Ω] and a mold we take
linear combinations of correlation matrices. From these linear combinations Γl we
construct a matrix M whose eigenvector that corresponds to the smallest eigenvalue
is the desired extraction filter w̃.

combinations of sensor correlation matrices contain information about the sources.
Subsequently, we show that a design of the weights for taking linear combinations
based on a priori information can be used for characterizing the eigenvalues. Finally,
we show how to create a matrix M from multiple linear combinations of sensor cor-
relation matrices and how to design weight vectors such that immediate extraction of
the desired source is guaranteed.

3.3.1 Identification of the desired extraction filter from two linear combi-
nations of sensor correlation matrices

The rationale behind the source extraction algorithm comes from the joint diagonal-
ization or generalized eigenvalue decomposition (GEVD) of two (linear combinations
of) sensor correlation matrices as discussed in Section 2.4.2.2. In this section we
show how generalized eigenvalues can be characterized based on a priori information
such that the extraction filter corresponding to the desired source can be identified
immediately.

Linear combinations of reduced sensor correlation matrices for R̄x
κ and C̄x

i are
defined as follows, respectively:

Γl ,
K∑
κ=1

ξκl R̄x
κ and Γl ,

D∑
i=1

ξliC̄
x
i (3.14)

where the weights ξκl and ξli are elements of the weight vectors ξ̃l and ξl, respectively.
Later we show design techniques for these weight vectors based on a priori information.
The GEVD of two linear combinations of reduced sensor correlation matrices Γl1 and
Γl2 is the set of all eigenvectors and eigenvalues {µ̃, λ} that solve the system: λµ̃Γl1 =
µ̃Γl2 [36]. If the matrix Γl1 is invertible, then the eigenvectors and eigenvalues of this
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GEVD can be calculated from the following eigenvalue decomposition:

λµ̃ = µ̃Γl2 (Γl1)
−1
. (3.15)

By exploiting the structure in the sensor correlation matrices as shown in (3.12) and
(3.13) it follows that the S eigenvectors are found as µ̃j = ẽj(Ā)−1 for both types of
sensor correlation matrices. The eigenvalues corresponding to these eigenvectors for
the sensor correlation matrices Rx

κ and Cx
i , respectively, have the following structure

(see Appendix 3.A for a derivation):

λjl1l2 =
〈ξ̃l2 , r̃sjj〉
〈ξ̃l1 , r̃sjj〉

and λjl1l2 =
〈ξl2 ,aj〉
〈ξl1 ,aj〉

(3.16)

where 〈·, ·〉 is the Euclidian inner product and r̃sjj is the j’th row from the source
autocorrelation matrix Cs, i.e., the autocorrelation function values in the NF-ROS of
the j’th source.

Notice that each eigenvalue depends only on the weight vectors ξ̃l or ξl and the
autocorrelation function r̃sjj or the mixing column vector aj of the source that is
extracted by the corresponding eigenvector µ̃j . Consequently, by designing the weight

vectors ξ̃l or ξl based on a priori information about the autocorrelation functions
or the mixing columns of the sources we are able to characterize the generalized
eigenvalues. For example, if we make sure that the following condition holds:∣∣∣∣∣ 〈ξl2 ,ad〉〈ξl1 ,ad〉

∣∣∣∣∣ <
∣∣∣∣∣ 〈ξl2 ,aj〉〈ξl1 ,aj〉

∣∣∣∣∣ ∀ j ∈ S\d (3.17)

where d is the index for the desired source, then the absolute smallest eigenvalue of
Γl2 (Γl1)

−1
corresponds to the desired source, which is extracted by the corresponding

eigenvector.

Disadvantages of using the matrix Γl2 (Γl1)
−1

are that the eigenvalues can be both
positive and negative. Furthermore, only two weight vectors, i.e., ξ̃l1 and ξ̃l2 or ξl1 and

ξl2 can be used to incorporate a priori information. This means that only information
about the two dimensional subspace spanned by these vectors is taken into account.
Therefore, in the following section we combine multiple linear combinations of sensor
correlation matrices into a single matrix M. This matrix has the properties that its
left eigenvectors are extraction filters and its eigenvalues are positive and depend on
multiple weight vectors.

3.3.2 The desired extraction filter as a specific eigenvector using multiple
linear combinations of sensor correlation matrices

By taking the square of the matrix Γl2 (Γl1)
−1

its eigenvalues are squared while its
eigenvectors remain the same. Consequently, all the eigenvalues are positive. By
setting l1 = 1 and by summing over S − 1 of such matrices for varying l2, we obtain
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the following matrix M:

M =

S∑
l=2

{Γl (Γ1)
−1

Γl (Γ1)
−1}. (3.18)

By exploiting the structure in the correlation matrices as in (3.6) and (3.7) or by
considering the matrices in terms of eigenvectors and eigenvalues we find the following
expression for the eigenvalues of the matrix M (see Appendix 3.A for a derivation):

λj =

S∑
l=2

|〈ξ̃l, r̃sjj〉|2

|〈ξ̃1, r̃
s
jj〉|2

or λj =

S∑
l=2

|〈ξl,aj〉|2
|〈ξ1,aj〉|2

. (3.19)

Again, the left eigenvectors µ̃j are the extraction filters and the eigenvalues depend
only on the weight vectors and either the source autocorrelation vectors or the mixing
column vectors.

By designing the weight vectors based on a priori information we are able to
guarantee that the extraction filter for the desired source corresponds to the smallest
eigenvalue of M. For this design we assume to have one out of two types of a priori
information available in the form of a mold. The first type of mold, r̃0, is an estimate
of the autocorrelation function of the desired source in the NF-ROS. The second type
of mold, a0, is an estimate of the mixing column that corresponds to the desired
source. Conditions for these molds are given later. For the mold r̃0 the S weight
vectors ξ̃1, · · · , ξ̃S are designed as follows. These weight vectors are chosen as an
orthonormal basis for the S dimensional signal subspace of the source autocorrelation
functions Cs, with the first vector being the normalized mold, i.e., ξ̃1 = r̃0/ ||r̃0||2.

For the mold a0, the S weight vectors ξ1, · · · , ξS for creating linear combinations of
correlation matrices are designed in a similar way. These weight vectors are chosen
as an orthonormal basis for the S dimensional signal subspace of the mixing system
A, with the first vector being the normalized mold, i.e., ξ1 = a0/

∣∣∣∣a0
∣∣∣∣

2
, where ||·||2

is the Euclidian norm. The remaining S − 1 vectors ξ2, · · · , ξS or ξ̃2, · · · , ξ̃S can be
calculated as respectively the first S − 1 right or left singular vectors of the signal
subspace matrix Ps or Qs projected onto the space orthogonal to the mold, i.e.,(

I− (r̃0)T r̃0

r̃0(r̃0)T

)
Qs or Ps

(
I− a0(a0)T

(a0)Ta0

)
. (3.20)

Using the fact that the first weight vector is the mold and that the other vectors
are orthonormal, the structure in the eigenvalues can be simplified to either:

λj =
||r̃jj ||22 − 〈r̃0, r̃jj〉2

〈r̃0, r̃jj〉2
or λj =

||aj ||22 − 〈a0,aj〉2
〈a0,aj〉2

(3.21)

depending on the mold that is available, as is shown in [52] and [57], respectively.
Exploiting the geometric interpretation that the inner product measures the angle
between two normalized vectors we obtain the following eigenvalues:

λj =
1− (cosφj)

2

(cosφj)2
= (tanφj)

2 (3.22)
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where φj is either the angle between the row vectors r̃0 and r̃j or the column vectors
a0 and aj .

By performing an eigenvalue decomposition on M the ordering of the eigenvalues
is completely arbitrary, which is a manifestation of the permutation problem that is
known from BSP. However, we have shown that each eigenvalue only depends on the
mold and source parameters of a single source. Therefore, by putting a constraint
on the mold w.r.t. the information it represents, we are able to characterize the
eigenvalue that corresponds to the desired source.

If we require the angle between the mold and the mixing columns, or source
autocorrelation functions, to be smallest for the desired source, then we know that
the eigenvalue that corresponds to the desired source is the smallest eigenvalue. This
holds because (tanφ)2 is symmetric and monotonically increasing when starting from
φ = 0. The mathematical form of this requirement is as follows:

|〈a0,ad〉|
||ad|| >

|〈a0,aj〉|
||aj || or

|〈r̃0, r̃d〉|
||r̃d||2

>
|〈r̃0, r̃j〉|
||r̃j ||2

(3.23)

for all j 6= d. This requirement characterizes the eigenvalues in such a way that the
desired extraction filter is given by w̃ = µ̃Ps, where µ̃ is the left eigenvector that
corresponds to the smallest eigenvalue of the matrix M.

We have presented an overview of the extraction filter identification algorithm. A
strength of this procedure is that the desired extraction filter is identified in a single
stage and the performance of the extraction filter is independent of errors in the mold,
as long as the desired source is selected.

3.4 The UIBSE algorithm

The extraction filter identification procedure leaves room for additional functionality.
Therefore, we show that knowledge about two different types of molds can be com-
bined in order to select the desired source. Second, we show that the identification
algorithm can be extended with a noise reduction step to identify a LCMV filter.
Finally, we show that with a similar procedure the MVDR filter can be found.

3.4.1 Combining different types of prior information

In the UIBSE algorithm a mold a0 or r̃0 is used to condition the correlation data such
that the desired extraction filter is selected. Here we show that knowledge about both
molds can be merged in order to obtain a more robust selection mechanism, which
is especially valuable if the reliability of the molds is low and/or if mixtures of many
sources are observed. We present two methods for combining the information and
interpret constraints that have to hold for the molds.

Suppose we create two matrices M as in (3.18) based on two different molds, i.e.,
Ma is related to the mold a0 and Mr is related to the mold r̃0. If we make the
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Figure 3.3: Contour maps for different combinations of prior information in terms of
the molds. The contour maps are plotted in terms of the angle between the mold and
the actual information that they represent. The source that is located in a trajectory
closest to the point (0,0) is selected by the UIBSE algorithm. The three maps on the
left are from different linear combinations of the matrices Ma and Mr. The map on
the right is from the product of these two matrices.

following linear combination (lc) of these two matrices: Mlc = αMa+βMr for α ≥ 0
and β ≥ 0, then the eigenvectors of matrix Mlc are again extraction filters and the
corresponding eigenvalues have the following structure:

λjlc = αλja + βλjr = α(tanφaj )2 + β(tanφrj)
2 (3.24)

where the eigenvalues λj with subscript symbols lc, a, and r are the eigenvalues from
the matrices M with the same subscript symbol, φaj is the angle between the mold a0

and the j’th mixing column vector and φrj is the angle between the mold r̃0 and the
j’th source autocorrelation function in the NF-ROS r̃j .

This combination of matrices results in a non-linear geometric interpretation in
terms of the angles φaj and φrj . If we require the smallest eigenvalue of the matrix
Mlc to correspond to the desired source, then we obtain the following conditions in
terms of the angles:

α(tanφad)2 + β(tanφrd)
2 < α(tanφaj )2 + β(tanφrj)

2 (3.25)

for all j 6= d. In order to give an interpretation to these constraints we visualized the
constraints for three (α, β) pairs by means of the three contour maps on the left in
Figure 3.3. Suppose we observe a mixture of two sources, one source for which the
molds lead to the angle pair (φa1 , φ

r
1) = (2, 5) and one source for which the molds lead

to the angle pair (φa1 , φ
r
1) = (5, 2), these pairs can be interpreted as coordinates on

the contour maps. The values on the contour map are the values that the combined
eigenvalues λjlc take, which increase when moving away from point (0, 0). For the
first contour map, this means that the eigenvalues for both sources are the same. If
we select other values for α and β, as is depicted in the second and third contour
map, then a separation of the eigenvalues is obtained. In the second contour map the
source at (2, 5) has the lowest eigenvalue, while in the third contour map the source
at (5, 2) has the smallest eigenvalue.

From this figure we observe that the weights α and β can be interpreted as a
penalty weight for the corresponding angle φaj or φrj . If the value of α increases w.r.t.
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β, then an angle φaj is more penalized than an angle φrj . On the other hand, if β
increases w.r.t. α, then the angle φrj is more penalized than the angle φaj . Ultimately,
if α� β or β = 0, then Mlc 'Ma and if β � α or α = 0, then Mlc 'Mr. Overall,
a smooth trade-off is made between a larger angle in one domain or the other.

We understand that the example scenario is a very simplified scenario and in fact
only Ma or Mr should be used to select the desired source in this example. However,
in more complex scenarios with more sources and noisy data we believe that this
approach may help to increase the selection performance of the extraction algorithm.

The second type of combination is created by the following product (p): Mp =
MaMr. Because the eigenvectors of the matrices Ma and Mr are the same, the
eigenvalues of the matrix Mp are the products of the eigenvalues of the individual
matrices, i.e.,

λjp = λja · λjr = (tanφaj )2 · (tanφrj)
2 (3.26)

where the index j corresponds to the same eigenvectors. This product of eigenvalues
results again in non-linear constraints with respect to the errors in terms of angles φaj
and φrj , i.e,

(tanφad)2 · (tanφrd)
2 < (tanφaj )2 · (tanφrj)

2 ∀ j 6= d. (3.27)

The contour map for these constraints is depicted on the right in Figure 3.3. In
contrast to the linear combination method with parameters α and β, no parameters
can be selected for this product based method. For the example scenario with sources
at (2, 5) and (5, 2), this method has no advantage because both eigenvalues are the
same. However, this contour map shows that a very high selectivity is obtained for
a mold that is very close to the actual data it represents. If the error in one domain
(φaj or φrj) increases, then the error in the other domain becomes more and more
important in the selection procedure.

Depending on prior information that is available in an application, the desired form
of combination, and if necessary the desired values for α and β, should be chosen.
Alternatively, methods for learning optimal values for α and β could be a topic for
future research.

3.4.2 UIBSE approach to identify the LCMV filter

A noise reduction technique based on a sidelobe canceller structure is already proposed
in [58]. In the field of array signal processing this filter is called a linear constrained
minimum variance (LCMV) filter, which has the following underlying optimization
problem:

w̃LCMV = argmin
w̃

E{y2[n]} s.t. w̃A = ẽd (3.28)

where y is the output of the extraction filter and ẽd is a row vector with a one at the
d’th location and zeros elsewhere.
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Figure 3.4: Overview of the structure for the LCMV optimization problem. In the
upper branch the interferers are suppressed and an estimation of the desired source
is created. The lower branch is solely used for noise reduction.
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Figure 3.5: Overview of the structure for the MVDR optimization problem. In the
upper branch an estimation of the desired signal is created and the lower branch is
used for both noise and interference reduction.

The extraction filter w̃ = µ̃Ps from Section 3.3 fulfills the constraints in this
optimization problem, i.e., the contribution of the undesired sources is zero and the
contribution of the desired source is non-zero. By applying noise reduction, using the
orthogonal noise-only subspace Pν , we obtain the following overall extraction filter:

w̃LCMV = µ̃Ps − w̃aPν (3.29)

where the noise reduction filter w̃a is identified by minimizing the output power over
the D−S filter coefficients of w̃a. Several batch and adaptive algorithms are available
in the literature to solve this problem, e.g., (N)LMS and RLS.

An implementation to solve this optimization problem is depicted in Figure 3.4.
The S constraints are solved in the upper branch and the D − S dimensional uncon-
strained optimization problem is solved in the lower branch. Notice that if D = S
the only task of the extraction filter is to perform interference reduction.

3.4.3 UIBSE approach to identify the MVDR filter

When using BSP techniques, typically the LCMV filter is applied; however, from
the field of array signal processing another filter is known. The minimum variance
distortionless response (MVDR) filter has the following objective:

w̃MVDR = argmin
w̃

E{y2[n]} s.t. w̃ad = 1 (3.30)
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and the goal is to maximize the signal to interference plus noise ratio (SINR).

The optimal MVDR filter has the following structure:

w̃MVDR = (ad)T − w̃aB (3.31)

where the blocking matrix B of size (D − 1) × D is orthogonal to the transposed
mixing column of the desired source (ad)T and the filter w̃a performs the noise and
interference reduction.

This MVDR filter requires the identification of the desired source mixing column
vector ad, which can be done with a procedure that is very similar to the extraction
filter identification procedure from Section 3.3. The set of right eigenvectors is the
inverse of the set of left eigenvectors, which are in turn the row vectors from the inverse
of the size-reduced mixing system. Therefore, the right eigenvector that corresponds
to the smallest eigenvalue of the matrix M is the desired column from the size-reduced
mixing system, i.e., µ = Psa

d.

An implementation for the MVDR optimization problem in (3.30) is depicted in
Figure 3.5. In the upper branch, the mixing column that corresponds to the desired
source is used to obtain an estimate of the desired source signal. In the lower branch
a blocking matrix B of size (D − 1) ×D is used that is orthogonal to the estimated
mixing column of the desired source (ad)T = (µ)TPs. As a result, the D − 1 lower
branch signals do not contain the desired source signal. The filter w̃a uses these signals
to reduce the noise and undesired sources in the upper branch signal. Also this filter
may be identified adaptively using for example the (N)LMS or RLS algorithm.

We have shown that both filters can be obtained by following a very similar pro-
cedure; however, the choice for one of these BSE techniques to perform noise and
interference reduction depends on the application.

3.5 Summary of unified instantaneous BSE (UIBSE)

Based on the following types of a priori information:

• The number of sources S
• Knowledge about at least S time-lag pairs in a NF-ROS
• An estimation of the desired source autocorrelation function r̃0 and/or mixing

parameters a0

The UIBSE algorithm works as follows:

• Calculate correlation matrices based on the NF-ROS
◦ Rx

i as in (3.6) if mold r̃0 is available
◦ Cx

i as in (3.7) if mold a0 is available
• Calculate the SVD of either a matrix Cx

i or matrices Cx and Čx from (3.10)
and (3.11) to identify Ps,Pν , and Qs

• Reduce correlation matrices Rx
i and/or Cx

i to size S × S matrices R̄x
i and/or

C̄x
i using (3.12) and/or (3.13)
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• Construct orthonormal basis ξ̃1 · · · ξ̃S and/or ξ1 · · · ξS that span the signal sub-
space, with ξ̃1 = r̃0 and ξ1 = a0

• Create S linear combinations from the reduced size correlation matrices: Γl =∑N
i=1 ξ

i
lR̄

x
i and/or Γl =

∑D
i=1 ξ

l
iC̄

x
i

• Construct (a combination of) Mr and/or Ma from the matrices Γl and find the
left or right eigenvector that corresponds to the smallest eigenvalue

• Construct the LCMV or MVDR extraction filter and perform noise reduction
with an adaptive or batch algorithm

3.6 Simulation results

We verify the UIBSE algorithm by computer simulations. First we evaluate the
desired source selection performance when different types of prior information are
combined. Second, we compare the performance of the identified extraction filter,
LCMV, and MVDR configurations. Finally, we compare overall performance of the
presented approach with the SOBI and SOBI-RO algorithm.

3.6.1 Combining different types of prior information

We evaluate the usage of a combination of the molds a0 and r̃0 for a better perfor-
mance in desired source selection with respect to using only one type of mold. For this
evaluation we use three autoregressive sources, each with a single parameter being
0.9, 0.5, and 0.7, respectively. The source signals have unit power and are mixed with
the following mixing system:

A =
[
a1 a2 a3

]
=

 0.0676 0.0308 −0.4075
0.9380 0.9604 −0.6359
−0.3400 0.2770 −0.6554

 . (3.32)

Because the observations are free of noise, the NF-ROS is chosen as the lags 0, 1,
and 2. We assume to have the mold r̃0 =

[
0.6985 0.5526 0.4442

]
, which is such

that the angles φrj between r̃0 and the autocorrelation functions of the sources in the
NF-ROS are 5.55, 17.77, and 5.55 degrees, respectively. Additionally, we assume to
have a mold a0. We choose the mold a0 in the subspace spanned by the vectors a1

and a2. Initially we choose the mold as the first mixing column vector, i.e., a0 = a1.
Subsequently, we increase the angle φa1 between the mold a0 and a1, up to 90 degrees.
We performed a Monte Carlo simulation of 100 iterations per degree for six different
UIBSE algorithms. Each algorithm uses 10 000 samples of observations, the molds,
and the NF-ROS to identify the desired extraction filter. The selection performance
of each algorithm is measured by the Extraction Index, which is one if the desired
source s1 is extracted and otherwise zero. A different combination of the matrices
Ma and Mr is taken for each algorithm. The first five algorithms are based on
linear combinations αMa + βMr with (α, β) pairs being (1, 0), (0, 1), (1, 0.5), (1, 1),
and (1, 4), respectively. The sixth algorithm uses the product MaMr. Note that the
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Figure 3.6: For a scenario where the angle between the mold and the actual mix-
ing column vector of the desired source is increased, we compare the desired source
selection performance of UIBSE algorithms that use different combinations of prior
knowledge. The theoretical boundary per algorithm is depicted in the top of the fig-
ure, where a one indicates the extraction of the desired source and a zero indicates
the extraction of an undesired source. The corresponding results from a Monte Carlo
simulation are depicted in the bottom by the amount of desired source extractions
per algorithm per degree.

values for α and β, which should both be positive, are randomly chosen in order to
investigate their influence.

From Section 3.4.1 it follows that we can calculate for each algorithm for which
angles φa1 the smallest eigenvalue corresponds to desired source, which is depicted in
the top of Figure 3.6. The results of the Monte Carlo simulation are depicted in the
bottom of Figure 3.6.

From Figure 3.6 we observe that the transition from desired to undesired source
extraction in the Monte Carlo simulation occurs at the theoretically expected angles.
Additionally, the transition in the Monte Carlo simulation goes smoothly, which is
probably due to the fact that the smallest eigenvalues become rather similar near the
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transition area such that small estimation errors lead to the selection of an undesired
source. A special case is the algorithm that uses only Mr. This algorithm is inde-
pendent of variations in φa1 and therefore a constant value for the Extraction Index
is expected. The algorithm is designed to extract that source that has the smallest
value for φrj for j ∈ [1, 2, 3]. In this example the φr1 is very similar to φr3, but slightly
smaller due to rounding. Therefore the theoretical Extraction Index is always one;
however, due to estimation inaccuracies the desired extraction filter is selected only
in about 50% of the cases such that the simulated Extraction Index is around 50%
for each angle φa1 . As expected, we observe that the Extraction Index is independent
of the angle φa1 .

We conclude that the desired source is extracted if the molds are close enough to
the information that they represent. The use of a combination of prior knowledge can
help to increase the performance of the system.

3.6.2 Comparing UIBSE objectives: extraction, LCMV, and MVDR

We compare different configurations of the UIBSE algorithm and show that signal
extraction can be performed in a similar way for different objectives. In these simu-
lations we show that it may be advantageous to be able to use different objectives.

We mix two speech sources, which have unit variance and are sampled at 8 kHz.
The mixtures are contaminated by temporally white, spatially correlated Gaussian
noise. The noise signals are generated by mixing three white Gaussian sequences with
a variance of 1/30, i.e., x[n] = As[n] + Hν[n], where the mixing systems are given as
follows:

A =

−0.6406 0.1007
0.7358 −0.9410
−0.2197 0.3231

 , H =

0.1803 0.7249 0.0128
0.0195 0.4202 0.4874
0.4632 0.4854 0.9418

 ,
and where ν[n] are temporally and spatially white noise signals.

We compare the following three configurations of the UIBSE algorithm.

1. The Extraction algorithm from Section 3.3, i.e., the extraction filter is a time-
invariant filter that is identified in batch mode using all sensor data.

2. The LCMV based UIBSE algorithm from Section 3.4.2 and Figure 3.4. The
filters Ps, Pν , and µ̃ are identified in batch using the methods from Sec-
tion 3.3. The filter w̃a is identified by applying the adaptive normalized least
mean squares (N-LMS) algorithm, which has the following update function:

w̃a[n+ 1] = w̃a[n] +
µ

σ̄x[n]
y [n] (Pv · x[n])

T
(3.33)

where σ̄x[n + 1] = βσ̄x[n] + (1 − β)(x[n])Tx[n] with µ = 0.1, β = 0.99, and
w̃a[0] = 0.

3. The MVDR based UIBSE algorithm from Section 3.4.3 and Figure 3.5. Again,
the filters ād and B are calculated in batch modus and the filter w̃a is identified
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by applying the adaptive N-LMS algorithm, with the following update rule:

w̃a[n+ 1] = w̃a[n] +
µ

σ̄x[n]
y [n] (B · x[n])

T
(3.34)

where σ̄x[n + 1] = βσ̄x[n] + (1 − β)(x[n])Tx[n] with µ = 0.1, β = 0.95, and
w̃a[0] = [0 0].

The observed signals are split into six non-overlapping segments of 300 ms. In each
segment, correlations are calculated for lags 1, 2, and 3, which leads to N = 18 time-
lag pairs in the NF-ROS. Furthermore, the mold r̃s0 is a guess of the autocorrelation
function of the first source r̃s1, which is calculated from the clean speech signal.

We use a method to evaluate the UIBSE algorithms that is inspired by [59]. The
extracted signal obtained from the different configurations of the UIBSE algorithm is
decomposed into three components: y = sd + ei + eν , where the signal components
sd, ei, and eν are due to the desired source, interference, and noise, respectively.
These components are calculated by exciting the time variant source extraction filters
obtained with the UIBSE algorithms with the observations that only contain the
corresponding signals, which is possible since we have the signals and mixing systems
from the simulation.

Based on the decomposition of the extracted signal we measure the performance
by means of the signal to interference plus noise (SINR), signal to interference (SIR),
and signal to noise (SNR) ratios, which are defined as follows:

SINR SIR SNR

10 log10

E{sd2}
E {ei2 + eν2} 10 log10

E{sd2}
E {ei2}

10 log10

E{sd2}
E {eν2}

.

The speech signals have the property that signal powers change over time; there-
fore, the expected signal powers are calculated by filtering the squared instantaneous
signal components with a 50 ms Hanning window. In the upper subplot of Figure 3.7
the estimated source signal powers are depicted for a period of 437 ms. The dif-
ferences in performance of the different configurations of the UIBSE algorithm are
indicated by showing the performance improvements with respect to the arbitrarily
chosen reference extraction filter that sums sensor signals. The time variant perfor-
mance improvements with respect to the performance when the sensor signals are
summed are depicted in the other subplots of Figure 3.7 for the same period. Note
that the choice of reference filter influences the absolute performance improvements;
however, the signal power dependencies remain similar for the different configurations
of the UIBSE algorithm.

First, we observe that all three methods improve all performance measures with
respect to summing the sensor signals. Both the extraction and LCMV algorithm
have an excellent performance on the SIR measure, which means that the constraints
to suppress interference are fulfilled. The difference between the Extraction and
LCMV algorithm follows from the SNR measure. Mainly because the noise has spatial
structure, the LCMV algorithm has a better noise reduction performance than the
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Figure 3.7: Source signal power estimates are depicted in the upper subplot for a
period of 437 ms starting after 312 ms. In the other subplots the SINR, SIR, and
SNR improvements are depicted for the following three algorithms: UIBSE extraction,
LCMV based UIBSE, and MVDR based UIBSE. The improvement is calculated with
respect to the performance of summing the sensor signals.

Extraction algorithm. The noise reduction performance of the LCMV algorithm with
respect to the Extraction algorithm is also visible in the SINR measure, where a
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constant improvement is obtained.

The MVDR algorithm shows a worse performance on SIR than the Extraction
and LCMV performance, as was expected. Furthermore, we observe that the SIR
improvement for the MVDR is highly depending on the input signal composition.
In terms of SNR improvement the MVDR algorithm shows a performance that is at
least similar to the LCMV algorithm and is even better at low input source and/or
interference power. Finally, in terms of SINR improvement we observe that for low
signal powers, i.e., relatively high noise powers the MVDR algorithm performs best.

3.6.3 Comparing performance: UIBSE, SOBI, and SOBI-RO

We compare the difference in performance for the extraction of one desired source
signal from a mixture of three source signals by means of a Monte Carlo simulation.
We equipped the second order blind identification (SOBI) [45] and SOBI with robust
orthogonalization (SOBI-RO) [49] algorithms with a classifier that selects the desired
source signal based on prior information about the mixing system. This classifier
calculates the inner product of the mold with all identified and normalized mixing
columns and selects the mixing column with the highest absolute value.

For the performance evaluation we mixed three autoregressive sources consisting
of 10 000 samples with their pole pairs as −0.5 ± 0.49i, 0.1 ± 0.8i, and 0.9 ± 0.15i,
respectively. The mixed source signals are observed by three sensors. Each Monte
Carlo iteration a new mixing system is chosen randomly and the actual first mixing
column was used as the mold. Both the source signal powers and mixing columns are
normalized such that the same source signal power is observed by the sensors for each
simulation. We use the total noise power (TNP), which is the sum over the variances
of the noise signals, to control the noise level at the observed signals. For these
simulations the noise signals are both spatially and temporally white; furthermore,
the noise power is chosen equal for each sensor.

The NF-ROS consists of every lag except lag 0; however, for very low values of
the TNP this lag becomes almost noise-free. Therefore, we choose two configurations
for the NF-ROS. The first NF-ROS consists of the lags 1 up to 20, which is used by
UIBSE-NF, UIBSE-MVDR, and SOBI-RO. The second NF-ROS consists of the lags
0 up to 19, which is used by UIBSE-N and SOBI. Notice that UIBSE-NF (noise-free)
and UIBSE-N (noisy) are the same algorithm from Section 3.3 except for the NF-
ROS. The UIBSE-MVDR algorithm is the algorithm from Section 3.4.3 where the
filter w̃a is calculated as the optimal Wiener solution using Rx = E{(x[n] · x[n])T },
which is calculated by taking the mean over all samples.

The extracted signal is decomposed into four components using the projection
method from [59], i.e., y = sd + ei + eν + ea, where sd is the contribution from
the desired source, ei from the interference, eν from noise, and ea from artifacts.
Since we are using a time invariant, linear filter the artifacts component equals zero,
which was also observed during simulations, and therefore omitted. This reduces
the performance measures from [59] to signal to distortion ratio (SDR), which equals
SINR, and the SIR and SNR measures. During the simulations we also measured
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Figure 3.8: Performance comparison of SOBI, SOBI-RO and three configurations of
the UIBSE algorithm for the performance measures SDR, SIR, and SNR in a Monte
Carlo simulation of 500 runs. The performance improvement with respect to summing
the sensor signals is depicted. In the bottom right figure the Extraction Index (EI)
is depicted, which measures how often the desired source is extracted.

the performance of the classifier. We calculated the Extraction Index (EI), which
indicates if the desired source was extracted.

The simulation results are depicted in Figure 3.8, where we depict the improvement
of SDR, SIR, and SNR with respect to summing the sensor signals. We observe that
all methods improve the SDR and SIR performance with respect to summing the
sensor signals; however, the performance in terms of SNR improvement is worse for
each algorithm except for very low input SNR.

The primary objective of the different algorithms is to improve the SIR. It is
observed that under noisy conditions the UIBSE-NF algorithm performs best, followed
by the SOBI-RO algorithm. As expected, the UIBSE-N and SOBI algorithms suffer
from the additional noise. For high SNR values the SIR improvement of the UIBSE-N
and SOBI algorithm raises above the SIR improvement of the UIBSE-NF algorithm.
This observation can be explained by the fact that the lag zero correlation data
contains all energy in the source signals leading to a good extraction filter estimate if
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the data is not corrupted by noise. The UIBSE-MVDR has a different objective from
the other algorithms. The otjective of the UIBSE-MVDR algorithm is to maximize the
SINR whereas the objective of the other algorithms is to maximize the SIR. The effect
of this difference in objective is observed in the SIR improvement in the sense that the
performance is continuously below the SIR improvement of the UIBSE-NF algorihtm,
except for high SNR values. For high SNR values the objective of the UIBSE-NF
and UIBSE-MVDR algorithms become the same, i.e., to perform cancellation of the
interfering source.

As expected, SNR improvement mainly shows for low input SNR values for all
algorithms. Therefore, we focus on the low input SNR use case when evaluating SNR
improvement. The UIBSE-NF algorithm shows the lowest SNR improvement, whereas
the UIBSE-MVDR algorithm shows the highest SNR improvement. The UIBSE-NF
algorithm does not take noise into account and it focusses fully on SIR improvement.
The UIBSE-MVDR algorthm balances between SIR and SNR improvement and for
low input SNR values this leads to a reduction in SIR improvement while providing a
large SNR improvement. Whereas the SIR improvement of the UIBSE-N, SOBI and
SOBI-RO algorithms suffers from the presence of noise, the presence of noise leads
to a form of regularization in such a way that the lack of SIR improvement leads to
an increase SNR improvement with respect to the UIBSE-NF algorithm. However, a
drawback of these methods is that is impossible to regulate or balance the amount of
noise versus interference reduction.

The SDR improvement of the algorithms is as expected from the results for SIR and
SNR improvement. The UIBSE-MVDR algorithm balances between noise reduction
and interference cancellation, leading to the high SDR improvement, especially for
low input SNR. On the contrary, the SDR improvement of the UIBSE-NF algorithm
for low input SNR is dominated by the poor SNR improvement of that algorithm for
that use case. Finally, in terms of extraction index the UIBSE algorithms outperform
the SOBI and SOBI-RO algorithms. As expected, best performance is obtained with
the UIBSE-NF and UIBSE-MVDR algorithms, since these algorithms properly use
the NF-ROS.

In order to have a general feeling about complexity we used the Matlab profiler to
measure the time spent per algorithm. In these experiments, both SOBI algorithms
took more than twice as much time as the UIBSE algorithms.

3.7 Discussion

The main goal of this work is to obtain insight in the BSE problem in order to derive
a flexible and robust UIBSE algorithm.

We have shown that different types of prior information about the desired source
can be used and combined as a mold to extract the desired source in a single-stage
procedure. We have linked eigenvalues to angles between the mold and the information
that they represent. This paves the way to a detection system that measures the
presence of a source with a specific mixing and/or correlation structure. An example
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application where we expect the prior information to be available is in fetal ECG
extraction from maternal ECG. The periodicity of the heart rate could be used as an
autocorrelation mold, which is already done in [60]. Alternatively, when expanding
the presented methodology to complex or convolutive mixtures then a direction of
arrival estimate could give an estimate of the mixing of the desired source. Another
way of expanding the presented approach is to include HOS. In such a case new types
of prior information can be used to select the desired source.

Furthermore, we have shown that different objectives can be used to extract the
desired source. The performance with respect to these objectives depends strongly
on the input SNR; and, depending on the type of application the desired extraction
objective should be chosen. The LCMV filter focusses on interference reduction, while
the MVDR filter optimally weights noise and interference reduction. For a wide range
of applications, different configurations of the UIBSE algorithm can be created. The
main choices that have to be made are the prior information in terms of the mold and
NF-ROS, objective function, and noise reduction implementation.

It follows from the diverse use of prior information and the choice to solve different
optimization criteria with a single method that the UIBSE method is very flexible.
Furthermore, the performance comparison with the SOBI and SOBI-RO algorithms in
Section 3.6 shows that the method is more robust to noise than the SOBI and SOBI-
RO algorithms. Additionally, in [52] it was shown that the method is more robust to
noise than the linear prediction based BSE method [51]. Finally, we have seen from
the Matlab profiler that the complexity of the UIBSE algorithm is competitive with
respect to SOBI and SOBI-RO.

Overall, we have presented a flexible and robust method to deal with the BSE
problem. Most importantly, we have gained insight in the problem, which may lead
to more efficient, robust algorithms.

3.8 Conclusion

We developed a unified, single-stage method to identify extraction filters from the
second order statistics of observed sensor signals that is flexible in the use of prior
information. The main objective was to exploit the full potential of the second order
statistics, which lead to a method that is able to identify three types of extraction
filters that extract the desired source in a single stage. These extraction filters are
based on well known optimization criteria from different fields of applications and may
be used for systems where mutually uncorrelated sources are instantaneously mixed
and corrupted by (structured) noise. We deal with noise by the prior knowledge of a
noise-free region of support (NF-ROS) [36].

By scaling the filter coefficients or the output signal power we deal with the scaling
indeterminacy. The permutation problem is solved by using prior knowledge about
the desired source in terms of a mold. With a mathematical analysis we have proven
that the desired source is extracted, given that a certain condition holds for the mold.
This condition implies that the prior information has to be a reasonable estimate of
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the information it represents. We have shown that two types of prior information can
be combined in the same approach to obtain a more flexible and robust desired source
selection mechanism. Furthermore, we have shown that the algorithm improves the
SINR, SIR, and SNR and therefore they may be used to extract a source signal.
Finally, the performance of the presented work is similar or even better than the
well-known SOBI and SOBI-RO methods.

We conclude that the presented work contains a flexible, robust, and unified
method to deal with the BSE problem and that insight is obtained in the BSE prob-
lem, which may lead to more efficient and robust algorithms. Finally, suggestions for
future research are the development of more efficient and realtime algorithms and the
generalization of these concepts of signal extraction from instantaneous to convolutive
mixing systems.

3.A Derivations of selected equations

Derivation of (3.6) The sensor correlation matrix Rx
κ is obtained in the following

way:

Rx
κ = E{x[n](x[n− k])T } =


rx11[Ωκ] · · · rx1D[Ωκ]
rx21[Ωκ] · · · rx2D[Ωκ]

...
. . .

. . .

rxD1[Ωκ]
. . . rxDD[Ωκ]

 (3.35)

where Ωκ = (n, k)κ is a time-lag pair in the NF-ROS. By substituting the vector with
observations x[n] by the model in (3.1) we obtain the following structure:

Rx
κ = E{(As[n] + ν[n])(As[n− k] + ν[n− k])T }

= AE{s[n](s[n− k])T }(A)T + E{ν[n](ν[n− k])T }
+ AE{s[n](ν[n− k])T }+ E{ν[n](s[n− k])T }(A)T .

Applying the assumptions on the source and noise signals that hold for time-lag pairs
in the NF-ROS, as given in Definition 3.2.2, leads to the following structure in the
sensor correlation matrix:

Rx
κ = AE{s[n](s[n− k])T }(A)T = ARs

κ(A)T (3.36)

with the source autocorrelation matrix a diagonal matrix, i.e., Rs
κ = diag (rs[Ωκ]).

Derivation of (3.7) The sensor correlation matrix Cx
i is build from the concate-

nation of sensor correlation vectors with the following structure:

E{x[n]xi[n− k]} =

 r
x
1i[Ωκ]

...
rxDi[Ωκ]

 . (3.37)
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By substituting the observations xi[n] with the model in (3.1) and immediately tak-
ing into account that the noise terms do not contribute to the sensor correlation
data for time-lag pairs taken from the NF-ROS, the following structure in the sensor
correlation vectors is obtained:

E{x[n]xi[n− k]} = E{As[n]

S∑
j=1

ajisj [n− k]} = A

S∑
j=1

ajiE{s[n]sj [n− k]} (3.38)

where (n, k)κ ∈ Ω.

Due to the assumption that the source signals are mutually uncorrelated, the
vector E{s[n]sj [n − k]} is only non-zero for the j’th row. Consequently, the sensor
correlation vectors can be represented in the following way:

E{x[n]xi[n− k]} = A

 a
1
i r
s
11[Ωκ]
...

aSi r
s
SS [Ωκ]

 = A diag (ãi) rs[Ωκ] (3.39)

where ãi is the i’th row of the mixing matrix A. Concatenating such vectors for all
time-lag pairs in the NF-ROS leads to the matrix Cx

i with the following structure:

Cx
i = A diag (ãi) Cs (3.40)

where Cs =
[
rs[Ω1] · · · rs[ΩK ]

]
.

Derivation of (3.16) The structure in linear combinations of sensor correlation
matrices for the two different forms of sensor correlation matrices can be formulated
as follows:

Γl =

K∑
κ=1

ξκl Ā diag (rs[Ωκ])
(
Ā
)T

= Ā

(
K∑
κ=1

ξκl diag (rs[Ωκ])

)(
Ā
)T

, ĀΛl

(
Ā
)T

and

Γl =

D∑
i=1

ξliĀ diag (ãi) C̄s = Ā

(
D∑
i=1

ξli diag (ãi)

)
C̄s , ĀΛlC̄

s.

The matrices Λl are diagonal matrices, with the j’th element having the following
structure for the two different sensor correlation matrix structures:

K∑
κ=1

ξκl r
s
jj [Ωκ] = 〈ξ̃l, r̃sjj〉 and

D∑
i=1

ξlia
j
i = 〈ξl,aj〉 (3.41)

where 〈·, ·〉 is the Euclidian inner product and r̃sjj is the j’th row from the source
autocorrelation matrix Cs, i.e., the autocorrelation function values in the NF-ROS of
the j’th source.
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Computing for two arbitrary linear combinations of sensor correlation matrices
Γl1 and Γl2 the product Γl2 (Γl1)

−1
leads to the following:

Γl2 (Γl1)
−1

= ĀΛl2

(
Ā
)T (

ĀΛl1(Ā)T
)−1

= ĀΛl2 (Λl1)
−1 (

Ā
)−1

(3.42)

and

Γl2 (Γl1)
−1

= ĀΛl2C̄
s
(
ĀΛl1C̄

s
)−1

= ĀΛl2 (Λl1)
−1 (

Ā
)−1

. (3.43)

Note that the products of diagonal matrices Λl2 (Λl1)
−1

form again diagonal matrices,
such that (3.42) and (3.43) form eigenvalue decompositions. Finally, the eigenvalues,

i.e., the diagonal elements of the matrix products Λl2 (Λl1)
−1

, have the following
structure:

〈ξ̃l2 , r̃sjj〉
〈ξ̃l1 , r̃sjj〉

and
〈ξl2 ,aj〉
〈ξl1 ,aj〉

. (3.44)

Derivation of (3.19) From the derivation of (3.16) we know the structure of the

eigenvalue decomposition of a matrix product Γl2 (Γl1)
−1

. Furthermore, we exploit
the property that multiplication of two matrices that have the same eigenvectors
leads to a matrix with an eigenstructure where the eigenvectors are the same as the
eigenvectors of the original two matrices and the eigenvalues are the products of the
eigenvalues of the two matrices. More specifically, if a matrix is multiplied by itself
a new matrix is obtained with the same eigenvectors and squared eigenvalues. This
leads to the following result:

Γl2 (Γl1)
−1

Γl2 (Γl1)
−1

= ĀΛl2 (Λl1)
−1 (

Ā
)−1

Ā︸ ︷︷ ︸
=I

Λl2 (Λl1)
−1 (

Ā
)−1

(3.45)

= ĀΛl2 (Λl1)
−1

Λl2 (Λl1)
−1 (

Ā
)−1

(3.46)

where Λl2 (Λl1)
−1

Λl2 (Λl1)
−1

are diagonal matrices with the following eigenvalues on
the diagonals: ∣∣∣∣∣ 〈ξ̃l2 , r̃sjj〉〈ξ̃l1 , r̃sjj〉

∣∣∣∣∣
2

and

∣∣∣∣∣ 〈ξl2 ,aj〉〈ξl1 ,aj〉

∣∣∣∣∣
2

. (3.47)

Finally, summing two matrices that have the same eigenvectors leads to a sum-
mation of eigenvalues, i.e.,

UΛ1 (U)
−1

+ UΛ2 (U)
−1

=
∑
j

λj1u
jṽj +

∑
j

λj2u
jṽj =

∑
j

(λj1 + λj2)ujṽj

= U(Λ1 + Λ2) (U)
−1
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where we have taken λji to be the elements on the diagonal of Λi and we used the

substitution V = (U)
−1

.

Consequently, if we choose l1 = 1 and for l2 = l with 2 ≤ l ≤ S, we can formulate
the following sum of matrices:

M =

S∑
l=2

Γl (Γ1)
−1

Γl (Γ1)
−1
. (3.48)

Applying the same sum to the corresponding eigenvalues, leads to the following eigen-
values for the two different types of sensor correlation matrices:

S∑
l=2

∣∣∣∣∣ 〈ξ̃l, r̃sjj〉〈ξ̃1, r̃
s
jj〉

∣∣∣∣∣
2

and

S∑
l=2

∣∣∣∣∣ 〈ξl,aj〉〈ξ1,aj〉

∣∣∣∣∣
2

. (3.49)
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4
Design of signal extraction algorithms based

on second order statistics exploiting
beamforming techniques

The work in this chapter is published as a journal article [61]; however, we made
some modifications and additions to improve the flow and consistency in this thesis.

In this chapter we extend the work from Chapter 3 and present a design strategy for
efficient signal extraction algorithms that work for instantaneous mixtures of complex-
valued source signals. This extension is not straightforward and it requires a different
combination of sensor correlation matrices in order to guarantee immediate extraction
of the desired source. Furthermore, for a parameterized mixing system new tools for
the design and evaluation of signal extraction algorithms have been developed. These
tools are used to ensure immediate extraction of the desired signal by exploiting
knowledge on physical parameters.

First we show how to combine sensor correlation matrices for complex-valued mix-
tures in order to incorporate a priori information about the autocorrelation function
or the mixing parameters of the desired source. Subsequently, we present design tools
in the form of selection beamformers and selection patterns that can be used to de-
sign informed source extraction algorithms for a parameterized mixing model based
on direction of arrival information. Additionally, we present an algorithm to choose
between two objective functions for the source extraction filters. Finally, the design
procedure and the properties of the extraction algorithms are evaluated via examples
and experiments.
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4.1 Introduction

Traditionally, in the fields of acoustics and telecommunication mainly beamformers
were used to extract the desired source signal from multiple observations. These
spatial filters exploit a parameterized modeling of a designed sensor array and its
environment [5]. Nowadays blind signal processing (BSP) techniques are more and
more applied in the fields of acoustics, telecommunication, and biomedical engineering
[8,11]. A BSP algorithm separates or extracts source signals without using information
about the mixing system. Each of these methods, i.e., beamforming and BSP, has their
own imperfections when applied for signal extraction. Beamformers heavily depend
on the array configuration at hand and are sensitive to modeling errors and false prior
information. Additionally, with the rise of wireless sensor networks [3], modeling of the
entire sensor array becomes practically impossible. Contrarily, BSP algorithms suffer
from a scaling and permutation indeterminacy; therefore, they require a classifier that
selects the desired signal.

Despite the research conducted in the last decades [8, 10, 11], BSS algorithms
yield insufficient quality for many applications [9, 62]. The lack of performance of
BSS algorithms has lead to a new research field called informed source separation
(ISS) [62, 63]. The objective of ISS is to build source separation algorithms that
exploit all relevant prior information such that the separation performance increases.
Furthermore, it is unrealistic to develop a single algorithm that fits any scenario.
”Instead, we must focus our efforts on developing a methodology for designing robust
algorithms that are specific to the application at hand.” [63]. In this context, we
develop a methodology that can be used to design signal extraction algorithms based
on available prior information. The main considerations for the development of such a
framework can be brought back into three elements. The framework must be flexible
in the use of available prior information; moreover, the algorithms derived from the
framework have to be robust and efficient.

In Chapter 3 we presented a single-stage signal extraction method that guarantees
immediate extraction of the desired signal if certain conditions hold on a mold, which
consists of some amount of prior information. For robustness and efficiency purposes,
the method calculates extraction filters exploiting the second order temporal structure
in the data instead of higher order statistics.

In the current chapter we expand the work from the previous chapter and our goal
is to provide insight into the design of signal extraction algorithms that exploit all
available prior information. The main contributions in this chapter are that we convert
the method from Chapter 3, based on a mold, such that it works for both complex
and real-valued mixtures of signals. We also present a method to choose between
the two types of source extraction filters that can be identified with the presented
algorithm. Furthermore, we introduce new design and evaluation tools for developing
signal extraction algorithms and we present example designs based on different types
and amounts of a priori information about physical parameters. Finally, we show that
the presented methodology has strong advantages over beamforming.

Part of this work has already been presented in [64], [65], and [66]. It was shown in
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[64] that extraction filters with different objectives on noise and interference reduction
can be obtained with the presented method. In [65], a signal extraction algorithm
is applied to a combined fixed and wireless sensor network and an example signal
extraction algorithm based on prior information about autocorrelation functions of
sources is presented in [66].

The outline of this chapter is as follows. In Section 4.2 we introduce the mixing
model and assumptions on the signals. In Section 4.3 we present the signal extraction
algorithms for real and complex mixtures based on a mold that contains some amount
of prior information. Furthermore, we present the method to select between the two
extraction filters. The new design tools and example algorithm designs are derived in
Section 4.4 and experimental results are presented in Section 4.5. Finally, a discussion
and conclusions are given in Section 4.6.

Notation of vectors and matrices is with bold face, lowercase and bold face, up-
percase letters, respectively. Subscript and superscript indices are used to denote
respectively row and column elements of vectors and matrices. Row vectors carry an
additional tilde symbol ∼ in order to distinguish between column and row vectors.
For example, aj is the j’th column vector and ãi is the i’th row vector of the matrix
A. Throughout this paper we reserve the index symbols i and j for components re-
lated to the sensors and sources, respectively. Index sets are denoted by calligraphic
symbols such as S = [1, S], which contains all integers from 1 until S. Square brack-
ets are used for denoting the time index n. Conjugate, transpose, and conjugate
transpose are denoted by the superscript symbols ∗, T , and H, respectively, e.g.,
a∗, (a)

T
, and (a)

H
. The Euclidean inner products for column and row vectors are

defined as 〈a,b〉 , (a)
H

b and 〈ã, b̃〉 , ã∗(b̃)T , respectively. Finally, the Euclidean
norm for column and row vectors is defined as ‖a‖2 ,

√
〈a,a〉 and ‖ã‖2 ,

√
〈ã, ã〉,

respectively.

4.2 Model and assumptions

Before the design strategy is introduced we discuss the mixing model and assumptions
on the source signals.

4.2.1 Introduction of the mixing model

The observed signals are assumed to be complex instantaneous mixtures of multiple
source signals. These mixtures can either be natural instantaneous mixtures, such as
in biomedical or narrowband telecommunication applications, or they can be obtained
from a DFT filterbank or short time Fourier transform (STFT) such as in speech
enhancement applications.

The complex instantaneous mixing system is modeled by a complex matrix A
with D rows and S columns, corresponding to the number of sensors and sources,
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respectively, i.e.,

A =
[
a1 · · · aS

]
=

a
1
1 · · · aS1
...

. . .
...

a1
D · · · aSD

 . (4.1)

The structure in the sensor signals for complex instantaneous mixtures is assumed
as follows:

x[n] ≡ As[n] + ν[n] =

S∑
j=1

ajsj [n] + ν[n] (4.2)

where the complex-valued column vectors x[n], s[n], and ν[n] represent the complex
sensor, source, and noise signals at time instance n ∈ Z, respectively, i.e.,

x[n] ,

x1[n]
...

xD[n]

 , s[n] ,

s1[n]
...

sS [n]

 , and ν[n] ,

ν1[n]
...

νD[n]

 .
The extraction filter is represented by a complex-valued row vector w̃ of length D

and produces a complex output signal y[n], i.e.,

y[n] =

D∑
i=1

wixi[n] ≡ w̃As[n] + w̃ν[n]. (4.3)

Extraction of the desired source is performed if the extraction filter w̃ enhances
the desired source. We show that different types of extraction filters can be obtained
with the presented signal extraction algorithms if the desired source is extractable
from the mixture and certain conditions on the second order statistics of the source
and noise signals hold.

Definition 4.2.1 (Extractability): The j’th source signal is called extractable if
there exists an extraction filter w̃ such that w̃A = ẽj , where ẽj is a row vector which
is only non-zero at the j’th column.

Theorem 4.2.1: If the j’th source is extractable, then its corresponding mixing
column vector is linearly independent with respect to the remaining mixing column
vectors. However, these remaining mixing column vectors may be linearly dependent
among each other.

Proof. Suppose that the d’th mixing column is depending linearly on the remaining
columns, i.e., ad =

∑
j ξja

j for j ∈ S\d, with the index set S = [1, S]. If the d’th

source is extractable, then there exists a filter w̃ such that w̃aj = 0 ∀ j ∈ S\d and
w̃ad = 1. Combining these two results we have the following contradiction:

w̃ad = w̃
∑
j∈S\d

ξja
j =

∑
j∈S\d

ξjw̃aj =
∑
j∈S\d

ξj · 0 = 0 6= 1 (4.4)
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which shows that mixing column ad must be linearly independent if the corresponding
source is extractable.

In order to ensure immediate extraction of the desired source in Section 4.3, we
require that all sources are extractable, i.e., the mixing system must contain only
linearly independent columns.

4.2.2 Assumptions on the second order statistics of the source and noise
signals

The source and noise signals are characterized by their second order statistics (SOS).
We first introduce the definition of the auto- and crosscorrelation function. Subse-
quently we give the definition of a noise-free region of support (NF-ROS) in order to
deal with noise. Finally, we discuss the required identifiability conditions.

Definition 4.2.2 (Correlation functions): The auto- and crosscorrelation func-
tions for two signals pi[n] and qj [n] at time n and lag k are defined as follows:

rpqij [n, k] , E{pi[n]q∗j [n− k]} (4.5)

where E is the mathematical expectation operator. If the two signals are the same
then we call the function an autocorrelation function and use the following short hand
notation: rpii[n, k] , rppii [n, k].

Both the time index n and lag index k are incorporated in the definition of the cor-
relation functions. In this way we are able to exploit the non-stationarity of signals.
Furthermore, we assume that the mathematical expectation operator can be approx-
imated by an ensemble average of the product pi[n]qj [n− k] near the considered time
instance n, which is a widely used assumption.

Using Definition 4.2.2 for the sensor, source, and noise signals, leads to the follow-
ing sets of auto- and crosscorrelation functions, respectively:

rxi1i2 [n, k] , E{xi1 [n]x∗i2 [n− k]} ∀ (i1, i2) ∈ D ×D (4.6)

rsi1i2 [n, k] , E{sj1 [n]s∗j2 [n− k]} ∀ (j1, j2) ∈ S × S (4.7)

rνi1i2 [n, k] , E{νi1 [n]ν∗i2 [n− k]} ∀ (i1, i2) ∈ D ×D (4.8)

where D = [1, D] and S = [1, S] are index sets for the sensor and source elements,
respectively.

We also define the following crosscorrelation functions between source and noise
signals:

rνsij [n, k] , E{νi[n]s∗j [n− k]} ∀ (i, j) ∈ D × S (4.9)

rsνji [n, k] , E{sj [n]ν∗i [n− k]} ∀ (i, j) ∈ D × S. (4.10)

Using these auto- and crosscorrelation functions, a noise-free region of support
(NF-ROS) is defined such that we can deal with noise in a systematic way.
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Definition 4.2.3 (Noise-free region of support): A noise-free region of support
(NF-ROS), also denoted by Ω, consists of a set of time-lag pairs (n, k) for which the
noise signals are not correlated, i.e.,

∀Ωκ ∈ Ω :


rνi1i2 [Ωκ] = 0 ∀ (i1, i2) ∈ D ×D
rνsij [Ωκ] = 0 ∀ (i, j) ∈ D × S
rsνji [Ωκ] = 0 ∀ (i, j) ∈ D × S

(4.11)

where Ω , {(n, k)κ |κ ∈ K} and K = [1,K] is the index set for time-lag pairs in the
NF-ROS.

Within the NF-ROS, we require two additional conditions on the SOS of the
source signals in order to be able to identify extraction filters. First, we require that
the source signals are mutually uncorrelated, i.e.,

rsj1j2 [Ωκ] = 0 ∀ {(j1, j2, κ) ∈ S × S × K | j1 6= j2}. (4.12)

Second, we require that the source autocorrelation functions are linearly independent
in the NF-ROS [36], i.e.,

S∑
j=1

ξjrsjj [Ωκ] = 0 ∀κ ∈ K ⇐⇒ ξj = 0 ∀ j ∈ S. (4.13)

Notice that the definition of a NF-ROS and the additional assumptions within
the NF-ROS are sufficient, but not necessary conditions for blind identification of the
extraction filter. For example, alternative techniques exist that exploit assumptions
on higher order statistics.

If the presented assumptions hold, then it is possible to extract sources from ob-
served mixtures. However, additional prior information is required such that imme-
diate extraction of the desired source can be guaranteed. Types of and conditions on
prior information are discussed in the following section, where we introduce extraction
algorithms that exploit this prior information in the form of a mold.

4.3 Signal extraction based on a mold

We present two signal extraction algorithms that require a small amount of a priori
information in the form of a mold. An overview of the algorithms is depicted in
Figure 4.1. First we discuss the structure in the sensor correlation data. Subsequently,
we identify the desired extraction filter from noise-free sensor correlation matrices
based on the mold. Finally, we present noise reduction techniques.

4.3.1 Structure in the second order statistics of sensor signals

Identification of the desired extraction filter is accomplished by exploiting the struc-
ture in the sensor correlation functions. Since the source signals are mutually un-
correlated, see (4.12), the sensor correlation functions depend only on the mixing
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Mrxi1i2 [Ω]

s1

sS

... A
...

xD
νD

x1
ν1

NF-ROS mold
prior information

smallest
eigenvalue

select

w̃
y

Γl

Figure 4.1: An overview of signal extraction algorithms that exploits a small amount
of prior information in the form of a mold. Based on the noise-free sensor correla-
tion data rxi1i2 [Ω] and the mold we take linear combinations of correlation matrices.
From these linear combinations Γl we construct a matrix M whose eigenvector that
corresponds to the smallest eigenvalue is the desired extraction filter w̃.

parameters and the source autocorrelation functions, i.e.,

rxi1i2 [Ωκ] =

S∑
j=1

aji1a
j,∗
i2
rsjj [Ωκ] ∀ (i1, i2, κ) ∈ D ×D ×K. (4.14)

Evaluating (4.14) over all indices i1, i2, and κ, leads to a cube of data of size D×D×K.

If we consider the slices of the cube of sensor correlation data in matrix form,
i.e., sets of sensor correlation matrices, then we distinguish the following three unique
structures of size D ×D and D ×K, and D ×K, respectively:

Rx
κ ,


rx11[Ωκ] rx12[Ωκ] · · · rx1D[Ωκ]
rx21[Ωκ] rx22[Ωκ] · · · rx2D[Ωκ]

...
. . .

. . .
...

rxD1[Ωκ] rxD2[Ωκ] · · · rxDD[Ωκ]

 ∀κ ∈ K (4.15)

Cx
•i ,


rx1i[Ω1] rx1i[Ω2] · · · rx1i[ΩK ]
rx2i[Ω1] rx2i[Ω2] · · · rx2i[ΩK ]

...
. . .

. . .
...

rxDi[Ω1] rxDi[Ω2] · · · rxDi[ΩK ]

 ∀ i ∈ D (4.16)

Cx
i• ,


rxi1[Ω1] rxi1[Ω2] · · · rxi1[ΩK ]
rxi2[Ω1] rxi2[Ω2] · · · rxi2[ΩK ]

...
. . .

. . .
...

rxiD[Ω1] rxiD[Ω2] · · · rxiD[ΩK ]

 ∀ i ∈ D (4.17)

where Rx
κ is the collection of sensor correlation function values for time-lag pair κ and

Cx
•i and Cx

i• are collections of sensor correlation function values for the i’th sensor
correlated with all sensors, for all time-lag pairs in the NF-ROS.
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The structure in these sensor correlation matrices in terms of the mixing system
and the source autocorrelation functions is derived from (4.14) and is as follows (see
Appendix 4.B for a derivation):

Rx
κ ≡ A diag (rs[Ωκ]) (A)

H ∀κ ∈ K (4.18)

Cx
•i ≡ A diag (ã∗i ) Cs ∀ i ∈ D (4.19)

Cx
i• ≡ A∗ diag (ãi) Cs ∀ i ∈ D (4.20)

where the row vector ãi is the i’th row of the mixing matrix A, Cs is an S×K source
autocorrelation matrix with the following structure:

Cs ,


rs11[Ω1] rs11[Ω2] · · · rs11[ΩK ]
rs22[Ω1] rs22[Ω2] · · · rs22[ΩK ]

...
. . .

. . .
...

rsSS [Ω1] rsSS [Ω2] · · · rsSS [ΩK ]

 (4.21)

and the column vector rs[Ωκ] contains the autocorrelation function values for all
sources at time-lag pair Ωκ, i.e., it is the κ’th column of the source autocorrelation
matrix Cs. Notice that the matrix Cx

•i is essentially different from Cx
i• for complex

data due to the conjugation pattern in (4.19) and (4.20).

The sensor correlation matrices have a size of either D×D or D×K; however, their
individual ranks are at most equal to the number of sources S. In case the number of
sensors is larger than the number of sources, i.e., D > S, then there exists a subspace
matrix Ps that compresses the mixing matrix A from size D×S to size S×S, without
losing information. Similarly, if the number of time-lag pairs in the NF-ROS is larger
than the number of sources, i.e., K > S, then there exists a subspace matrix Qs that
reduces the source autocorrelation matrix Cs from size S ×K to size S × S, without
losing information. From the structure in the sensor correlation matrices, see (4.18),
(4.19), and (4.20), it follows that all sensor correlation matrices can be compressed
by applying only two subspace matrices, i.e.,

R̄x
κ = PsR

x
κ (Ps)

H
, C̄x

•i = PsC
x
•iQ

s, and C̄x
i• = P∗sC

x
i•Q

s. (4.22)

The method to calculate these subspace matrices from the sensor correlation data
is discussed in Appendix 4.A. These reduced sensor correlation matrices and the
reduction matrices can be used for identification of the desired extraction filter.

4.3.2 Identification of the desired extraction filter

We identify the desired extraction filter by exploiting the structure in the noise-free
sensor correlation matrices. An overview of this procedure is depicted in Figure 4.1.
First we show that the eigenvectors of a matrix M, which is built from a specific
combination of the sensor correlation matrices, are extraction filters. Subsequently,
we exploit the structure in the corresponding eigenvalues to ensure that the desired
extraction filter is the eigenvector that corresponds to the smallest eigenvalue. This
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is accomplished by incorporating some amount of a priori information in the form of
a mold into the algorithm.

The matrix M is built from a specific combination of linear combinations of sensor
correlation matrices. Depending on the type of a priori information, either the ma-
trices R̄x

κ or {C̄x
•i, C̄

x
i•} are used. The linear combinations of these sensor correlation

matrices are defined as follows [36]:

Γl ,
K∑
κ=1

ξκ,∗l R̄x
κ and Γ̆l ,

K∑
κ=1

ξκl
(
R̄x
κ

)H
(4.23)

or

Γl ,
D∑
i=1

ξl,∗i C̄x
i• and Γ̆l ,

D∑
i=1

ξliC̄
x
•i (4.24)

where the complex weights ξκl and ξli are elements of the weight vectors ξ̃l and ξl,
respectively, for (κ, l) ∈ K × L and (i, l) ∈ D × L with L = [1, L]. These L weight
vectors ξ̃l or ξl are free parameters that can be chosen or designed, based on available
a priori information. In this section we discuss how to choose these free parameters
based on a mold, such that immediate extraction of the desired source is guaran-
teed. In Section 4.4.3 we discuss in detail the design of these vectors based on a
parametrization of the mixing system.

The matrix M is formed from the linear combinations Γl and Γ̆l of sensor corre-
lation matrices and has the following structure:

M =

L∑
l=2

Γ̆l (Γ1)
−1

Γl

(
Γ̆1

)−1

≡ ĀΛ
(
Ā
)−1

(4.25)

where Ā = PsA is the size-reduced mixing matrix and the diagonal matrix Λ contains
the following elements (see Appendix 4.B for a derivation):

λj =

K∑
l=2

∣∣∣〈ξ̃l, r̃sjj〉∣∣∣2∣∣∣〈ξ̃1, r̃
s
jj

〉∣∣∣2 or λj =

D∑
l=2

∣∣∣〈ξl,aj〉∣∣∣2∣∣〈ξ1,aj
〉∣∣2 (4.26)

for linear combinations of the matrices R̄x
κ or {C̄x

•i, C̄
x
i•}, respectively, with the row

vector r̃sjj containing the autocorrelation function values of source j for all lags in the
NF-ROS, i.e., the j’th row of the matrix in (4.21).

The decomposition of the matrix M in (4.25) is an eigenvalue decomposition, where
the eigenvectors are proportional to the size-reduced mixing columns āj = PsA and
the eigenvalues are given by λj from (4.26), i.e., the following equation holds:

Māj = λj āj ∀ j ∈ S. (4.27)

The eigenvalue decomposition in (4.27) can be used to calculate the mixing column

vectors aj = (Ps)
†
āj , up to an arbitrary scaling. These mixing column vectors can
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be used to form extraction filters, as we will show in Section 4.3.3. However, they
do not fully exploit the extractability of the sources as defined in Definition 4.2.1,
i.e., the interfering sources are not fully suppressed. In fact, we are interested in an
extraction filter that is orthogonal to the mixing columns of the interfering sources.
This filter is obtained by exploiting the inverse of the mixing system, i.e., for the j’th
row vector µ̃j from the inverse of the mixing matrix it holds that

µ̃j1 ā
j2 =

{
1 if j1 = j2
0 if j1 6= j2

∀ (j1, j2) ∈ S × S. (4.28)

One way to obtain these extraction filters µ̃j is by taking the inverse of the matrix
that contains all the eigenvectors calculated with (4.27). However, a more efficient
way to obtain these extraction filters is by calculating the left eigenvectors of the
matrix M, i.e.,

µ̃jM = µ̃jλ
j ∀ j ∈ S (4.29)

where µ̃j are proportional to rows from the inverse of the size-reduced mixing matrix

Ā and λj are again the eigenvalues as in (4.26).

Now that we are able to calculate extraction filters, we still have to identify the
filter that extracts the desired source. A remarkable property of the eigenvalues is that
they depend on information of only the source that is extracted by its corresponding
eigenvectors, as follows from (4.26). Therefore, by choosing or designing the weights
ξκl or ξli in (4.23) and (4.24) based on available a priori information about the desired
source, we are able to characterize the eigenvalue that corresponds to the desired
source.

The a priori information exploited in this section is represented by a mold. The
mold consists of either a guess of the autocorrelation function of the desired source,
represented by the row vector r̃0; or, a guess of the mixing column of the desired
source, represented by the column vector a0.

If the mold r̃0 is available, then linear combinations of the sensor correlation
matrices R̄x

κ are used, while for the mold a0 the sensor correlation matrices {C̄x
•i, C̄

x
i•}

are taken.

Theorem 4.3.1: If all sources are extractable, i.e., the mixing system has full
rank, and the following condition holds for the mold that is available:

|〈r̃0, r̃
s
dd〉|

‖r̃sdd‖2
>
|〈r̃0, r̃

s
jj〉|

‖r̃sjj‖2
∀ j ∈ S\d (4.30)

respectively

|〈a0,ad〉|
‖ad‖2

>
|〈a0,aj〉|
‖aj‖2

∀ j ∈ S\d (4.31)

where d is the index for the desired source, then the smallest eigenvalue of the matrix
M is guaranteed to correspond to the desired source if the vectors ξ̃l or ξl form an
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orthonormal basis, i.e.,〈
ξ̃l1 , ξ̃l2

〉
=

{
1 if l1 = l2
0 if l1 6= l2

∀ (l1, l2) ∈ K ×K (4.32)

or 〈
ξl1 , ξl2

〉
=

{
1 if l1 = l2
0 if l1 6= l2

∀ (l1, l2) ∈ D ×D (4.33)

with the first vector being the normalized mold, i.e., ξ̃1 = r̃0/‖r̃0‖2 or ξ1 = a0/‖a0‖2.

Proof. We use the following short hand notation: bjl , 〈ξ̃l, r̃sjj〉 and bjl , 〈ξl,aj〉.
Then the eigenvalues in (4.26) have the following structure:

λj =

L∑
l=2

|bjl |2
|bj1|2

=
1

|bj1|2
L∑
l=2

|bjl |2 ∀ j ∈ S (4.34)

where L = K or L = D for the mold r̃0 or a0, respectively.

Since the vectors ξl or ξl form an orthonormal basis, we have

K∑
l=2

|bjl |2 =
∣∣∣∣r̃sjj∣∣∣∣22 − |bj1|2 or

D∑
l=2

|bjl |2 =
∣∣∣∣aj∣∣∣∣2

2
− |bj1|2 (4.35)

such that (4.34) can be written as

λj =
‖r̃sjj‖22 − |bj1|2

|bj1|2
or λj =

‖aj‖22 − |bj1|2
|bj1|2

. (4.36)

The condition on the mold in (4.30) or (4.31) translates to respectively the following
condition:

|bdl |
‖r̃sdd‖2

>
|bjl |
‖r̃sjj‖2

or
|bdl |
‖aj‖2

>
|bjl |
‖aj‖2

∀ j ∈ S\d. (4.37)

From (4.37) it follows that the nominator of the eigenvalue that corresponds to the
desired source in (4.36) has the smallest value, while simultaneously the corresponding
denominator has the largest value. Consequently, the smallest eigenvalue of the matrix
M corresponds to the desired source.

4.3.3 Applying extraction filters and noise reduction

Once the desired eigenvector µ̃d or ād has been identified, up to the unknown scal-
ing, noise reduction can be applied. The eigenvector ād from (4.27) can be used
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w̃a

MVDR extraction filter
x

(hd)HH
s

ν

y
Ps

B

Figure 4.2: Scheme of the MVDR extraction filter, with B =
(
(ād)HPs

)⊥
.

.

together with the subspace matrix Ps to calculate the following minimum variance
distortionless response (MVDR) filter:

min
w̃a

E{y[n]y∗[n]}

s. t. y[n] =

((
ād
)H

Ps − w̃a

((
ād
)H

Ps

)⊥)
x[n].

(4.38)

An implementation based on the generalized sidelobe canceller (GSC) structure that
uses adaptive filtering to calculate the noise reduction filter w̃a is given in Figure 4.2.

Although the MVDR filter does not take full potential of the extractability of the
sources it is capable of balancing between noise reduction and interference suppression,
which might be a powerful feature in noisy scenarios.

Using the eigenvector µ̃d and the subspace matrix Ps leads to the extraction of
the desired source, i.e.,

y[n] = µ̃dPsx[n]. (4.39)

However, noise reduction is only possible if the system is overdetermined, i.e., D ≥ S.
In that case, the D − S dimensional space orthogonal to Ps can be used for noise
reduction by solving the following optimization problem:

min
w̃a

E{y[n]y∗[n]}

s. t. y[n] =
(
µ̃dPs − w̃a (Ps)

⊥
)

x[n].
(4.40)

This filter is called the linearly constrained minimum variance (LCMV) filter from
now on. The linear constraints are the zero constraints on the interfering sources and
the minimum variance property is obtained by the noise reduction. An implementa-
tion based on the GSC structure that uses adaptive filtering to calculate the noise
reduction filter w̃a is given in Figure 4.3.

In the following section we present a measure that can be useful for choosing
between the LCMV and MVDR objective function.
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ν

Figure 4.3: Scheme of the LCMV extraction filter.

4.3.4 Objective selection

The relatively large set of constraints for the LCMV filter forms the basis of a noise
gain problem with these filters. In order to clarify this issue we have depicted the
mixing column and the LCMV filter as vectors for two example mixing scenarios in
Figure 4.4. The mixtures consist of two sources observed by two sensors. The LCMV
extraction filter, represented by the vector µ̃d, is orthogonal to the mixing column
vector ai that corresponds to the interfering source. For these examples we assume
that all the vectors have unit length and that the sensor noise is spatially white.
Consequently, the noise power in an extracted signal is independent of the direction
of the extraction filter. On the left hand side of Figure 4.4 a relatively ill conditioned
mixing system is presented in which the angle between the mixing column vectors
is relatively small. For this ill conditioned mixture, the projection of the mixing
column vector of the desired source ad onto the LCMV extraction filter µd results
into a relatively short vector. Consequently, the power of the desired source in the
extracted signal is relatively low with respect to the power of the noise. On the right
hand side a relatively well conditioned mixing system is presented. For this mixing
system the projection of the mixing column of the desired source onto the LCMV
extraction filter is relatively large. Consequently, for the well conditioned mixing
system the power of the desired source in the extracted signal is relatively high with
respect to the noise. If the mixing system is ill conditioned, then the SNR of the
signal extracted by the LCMV filter reaches impermissible levels. In such a case the
MVDR filter is typically preferred. If we are able to measure the conditioning of the
mixing system, then we can use this measure to support the (automated) decision for
one of the objective functions. One way to determine the conditioning of the mixing
system is to identify all mixing columns with a blind system identification algorithm
and calculate the condition number of the identified mixing system, which is typically
defined as the ratio of the largest and smallest singular value of the matrix under
consideration. A disadvantage of this method is that the entire mixing system has to
be identified. Furthermore, the fact that one is interested in the extraction of only
one of the sources is not taken into account. Therefore, a measure for the conditioning
of the mixing system is to be found that takes advantage of this extraction property.
In the remainder of this section we present a measure that is useful for determining
the conditioning of the mixing system, related to the fact that extraction of only the
desired source is desired.

With the previously presented source extraction algorithm we are able to identify
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x1

x2

ad
ai

µ̃d

µ̃d

x1

x2

ad

ai

Figure 4.4: Geometrical interpretation of the LCMV filter for two mixtures consist-
ing of two sources observed by two sensors.

the basic elements of the MVDR and the LCMV filters by calculating respectively
the right and left eigenvector of a matrix M. These eigenvectors, respectively ād

and µ̃d, have an arbitrary length and an arbitrary phase, which is a reflection of the
scaling indeterminacy in blind signal processing. A way to measure the conditioning of
the mixing system while considering the fact that one is interested in the extraction
of only the desired source is to calculate the Hermitian angle [67] between these
two eigenvectors. This Hermitian angle θH is defined in Definition 4.3.1 and is the
angle between two vectors, independent of their potential phase shift. Since γH in
Definition 4.3.1 is always positive and real-valued, we have for the Hermitian angle
that 0 ≤ θH ≤ 90 degrees where the Hermitian angle is zero degrees if the vectors
µ̃d and ād point in the same direction and is 90 degrees if the vectors µ̃d and ād are
orthogonal to each other.

Definition 4.3.1 (Hermitian angle): The Hermitian angle θH between the vectors
µ̃d and ād is defined as follows:

γH = cos θH ,
|〈µ̃d, ād〉|
‖µ̃d‖2 · ‖ād‖2

⇐⇒ θH = arccos γH (4.41)

where 0 ≤ γH ≤ 1 is a real-valued number, even if the vectors µ̃d and ād are complex-
valued.

In order to show how the Hermitian angle can be used in practice we assume to
have observations that are corrupted by spatially white sensor noise. This means that
the lag zero sensor correlation matrix Rx[n, 0] has the following structure:

Rx[n, 0] ,

 r
x
11[n, 0] · · · rx1D[n, 0]

...
. . .

...
rxD1[n, 0] · · · rxDD[n, 0]

 = ARs[n, 0](A)H + σ2
νI (4.42)

where σ2
ν is the power of the sensor noise and Rs[n, 0] , diag

([
σ2
s1 · · · σ2

sS

])
is a

diagonal matrix containing the powers of the sources at time n, i.e., σ2
sj = rsjj [n, 0]

for j ∈ S. We have learned in the beginning of this section that the noise gain issue
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is observed in the desired signal to noise ratio (SNRLCMV) of the signal extracted by
the LCMV filter µ̃d. For the model in (4.42) the SNRLCMV is given as follows:

SNRLCMV =
|〈µ̃d, ād〉|2
‖µ̃d‖22

· σ
2
sd

σ2
ν

= ‖ād‖22 · (cos θH)2 · σ
2
sd

σ2
ν

(4.43)

where we used that |〈µ̃d, ād〉| = ‖µ̃d‖2‖ād‖2 cos θH . Due to lack of information about
the length of the mixing column corresponding to the desired source ‖ād‖22, the power
of the desired source σ2

sd
, and the power of the noise σ2

ν , the exact value of SNRLCMV

cannot be calculated. However, the Hermitian angle can be used to determine the
relative amount of energy of the desired source that is obtained in the extracted signal.
If γH ≈ 1, i.e., θH ≈ 0◦, then most of the observed desired source energy is available
in the extracted signal, i.e., the mixing system is well conditioned for extraction of the
desired source. On the contrary, if γH ≈ 0, i.e., θH ≈ 90◦, then only a little amount
of desired source energy is available in the extracted signal. Consequently, the mixing
system is ill conditioned for extraction of the desired source. Notice that this measure
is independent of the number of sources, as long as the number of sensors is equal to
or larger than the number of sources.

In order to obtain more insight into the conditioning of the mixing system we turn
back to a geometrical interpretation. As stated before, the LCMV extraction filter
µ̃d is orthogonal to the mixing columns that correspond to the interfering sources.
Therefore, a large angle between the vectors µ̃d and ād is observed if the angle between
the mixing columns of the desired source and (at least) one of the interfering sources
is small. On the contrary, a small angle between the vectors µ̃d and ād is observed
if the angles between the mixing column corresponding to the desired source and
the mixing column vectors corresponding to all the interfering sources is large. An
example of such a mixing system is an orthogonal mixing system. In that case, the
angle between two mixing column vectors is 90◦. However, an orthogonal mixing
system is not required in order to obtain an Hermitian angle of θH = 90◦ between
the vectors µ̃d and ād. An Hermitian angle of θH = 90◦ is obtained as long as
the mixing columns that correspond to the interfering sources are orthogonal to the
mixing column that corresponds to the desired source. This property holds even if
the angle between the mixing column vectors of two interferers becomes very small.
Consequently, the Hermitian angle is a useful measure to indicate the conditioning
of a mixing system that takes into account that extraction of only the desired source
is desired. For other, application specific noise models, the usage of this Hermitian
angle has to be reconsidered.

We have shown that extraction of the desired source is possible, up to an undeter-
mined scale, based on an a priori guess of the either the autocorrelation function or
the mixing column vector of the desired source, represented as a mold. Based on this
mold, a specific design of the weights ξ̃l or ξl in the form of an orthonormal basis was
used. Finally, we introduced a measure that can be useful in (automated) selection
of the LCMV or the MVDR objective function. In the following section we introduce
new design tools such that extraction algorithms can be designed based on a priori
information about physical parameters of the sources.
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4.4 Algorithm design exploiting a parameterized mixing model

In the previous section, direct extraction of the desired source is guaranteed by means
of a mold. By means of a parameterized modeling of the environment, new signal
extraction algorithms can be designed that guarantee extraction of the desired source
based on a priori information about physical parameters of the sources, e.g., in the
form of direction of arrival (DOA) information. We present tools that can be used
for designing signal extraction algorithms and we give example designs.

4.4.1 Parameterized modeling of the mixing system

Parameterized modeling is a widely used tool for the design of beamformers or spatial
filters in the fields of acoustics and telecommunication. Here we repeat certain basic
steps of beamformer design and evaluation since we use them to introduce new design
tools for developing signal extraction algorithms.

Beamformer design is typically based on a parameterized model of the environment
in terms of a DOA parameter [5]. In case the sources are located at approximately the
same height, at a relatively large distance from the sensor array, then the following
parametrization of the mixing model is often used:

x[n] =

S∑
j=1

a[θj ,P]sj [n] + ν[n] (4.44)

where a[θj ,P] is a frequency dependent array response vector, θj represents the DOA
of the j’th source, and P contains the sensor positions. The elements in the array
response vector are modeled as ai(θj) = exp(−2πτi(θj)) for (i, j) ∈ D × S, where
τi(θj) represents the time that the signal of the j’th source takes to go from a reference
point to the i’th sensor.

This model is developed for environments with no, or at least very low, reverber-
ation. Since the goal of this work is to provide insight we keep using this model,
even though it is too simple for many practical scenarios. Furthermore, the presented
signal extraction algorithms have the capability to correct modeling errors up to a
certain extent, which we evaluate in Section 4.5.

Beamformers are designed by constraining the gain of the beamformer for certain
DOA values. The constraints, possibly combined with an optimization objective [5],
determine the beampattern or spatial response of the beamformer; hence the name
spatial filter.

Definition 4.4.1 (Beampattern): A beampattern displays the response of a beam-
former as function of the model parameters, i.e., it shows the amplification of the
beamformer for all possible model parameter values. The beampattern for beam-
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former ξ and model (4.44) is defined as follows:

B(θ) , |〈ξ,a(θ)〉|2 =

∣∣∣∣∣
D∑
i=1

ξ∗i ai(θ)

∣∣∣∣∣
2

∀ θ ∈ Θ (4.45)

where ξ contains the weights of the beamformer, a(θ) is the parameterized array
response vector for DOA parameter θ, and Θ contains all possible angles of arrival,
i.e., Θ = [−180, 180) degrees or Θ = [−π, π) radians.

We exploit this parameterized mixing model to define new tools. The tools are
used to design signal extraction algorithms that select and extract the desired source
signal based on physical parameters.

4.4.2 New design tools: selection pattern and selection beamformers

Parametrization of the mixing system is useful for signal extraction in two ways. The
parametrization can be used to design new signal extraction algorithms and it helps
to evaluate signal extraction algorithms.

Suppose we have a parameterized model such as (4.44) that describes the mixing
model for our mixing scenario in (4.2), i.e., a parameterized array response vector a(θj)
instead of the mixing column vector aj . In that case, the eigenvalues of the matrix
M in (4.26) are parameterized by the DOA parameter θ and obtain the following
structure:

λj =

L∑
l=2

|〈ξl,a(θj)〉|2
|〈ξ1,a(θj)〉|2

∀ θ ∈ Θ. (4.46)

As follows from (4.46), it is possible to predict eigenvalues for sources arriving from
any direction. This property can be used as a tool for signal extraction algorithm
design and evaluation in the form of a selection pattern.

Definition 4.4.2 (Selection pattern): A selection pattern displays the expected
eigenvalues for all possible parameter values. For the parameterized model in (4.44)
the selection pattern gives the expected eigenvalues for all DOAs and is given by

λ(θ) =

L∑
l=2

|〈ξl,a(θ)〉|2
|〈ξ1,a(θ)〉|2

∀ θ ∈ Θ. (4.47)

Visualization of a selection pattern is performed by plotting the reciprocal or the
inverse tangent of the reciprocal of the expected eigenvalue λ(θ) in (4.47). This
visualization is chosen since it leads to more intuitive and better interpretable figures.
Consequently, the source with a DOA that corresponds to the highest value in a
visualized selection pattern will be extracted if the smallest eigenvalue is selected.

If we compare the structure of beampatterns from Definition 4.4.1 with the struc-
ture of selection patterns in Definition 4.4.2, then we observe that both are depending
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on the inner product of a set of weights ξ and the parameterized mixing column vec-
tor a(θ). In Definition 4.4.1 the vector ξ is called a beamformer, which leads to the
definition of selection beamformers.

Definition 4.4.3 (Selection beamformer): The vectors ξl for l ∈ L, which are
used to take linear combinations of sensor correlation matrices in a signal extraction
algorithm, are responsible for the selection of the desired source. Therefore, these
vectors ξl are called selection beamformers.

From (4.47) it follows that the selection pattern of a signal extraction algorithm
consists of a weighting of beampatterns from several selection beamformers. This
insight can be used to incorporate different kinds of information about the DOA of
the desired and undesired sources into the signal extraction algorithm, i.e., it can be
used to shape the selection pattern. The design of these signal extraction algorithms is
more complex than the design of individual beamformers since multiple beampatterns
are combined. In the following section we discuss example designs that make use of
the presented tools.

4.4.3 Design strategies using new design tools

The new design tools help to incorporate a priori information in signal extraction
algorithms. In this section we present design strategies based on several types of a
priori information.

First, if we take only two selection beamformers into account and choose selection
beamformer ξ2 as an identity vector ei for some i ∈ D, i.e., a one at the i’th row
and zeros elsewhere, then it follows that the selection pattern is inversely propor-
tional to the beampattern of selection beamformer ξ1 because the beampattern of an
omnidirectional sensor is constant, i.e.,

λ(θ) =
|ai(θ)|2∣∣〈ξ1,a(θ)〉

∣∣2 =
1∣∣〈ξ1,a(θ)〉

∣∣2 . (4.48)

This observation makes it easier to discuss the different types of selection pattern
designs. However, a problem of this approach may be a lack of robustness of the
extraction algorithm due to a low distribution of the eigenvalues. If we also design the
selection beamformer ξ2, or even more selection beamformers, then we may increase
the robustness of the method, which is addressed in Section 4.5.

All the presented design strategies are complemented with an example design that
is based on a single scenario. In this scenario, eight sensors are distributed evenly in
a circular array with a mutual spacing of d/λ = 1/4 for consecutive sensors. The first
sensor is placed in the 0 degrees direction and we use 30 degrees as a guess for the
DOA of the desired source.

Design strategy I Suppose we have a guess of the DOA of the desired source,
which is given by θe. If we design a beamformer ξ1 that has the highest gain for
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θ = θe, then a signal coming from that direction will be extracted if the smallest
eigenvalue of M is selected. If the sensor array is properly designed, then the design
of such a selection beamformer can be accomplished with the following optimization
problem:

min
ξ

||ξ||2 s. t. 〈ξ,a(θe)〉 = 1 ⇒ ξ =
a(θe)

||a(θe)||22
. (4.49)

An example design with ξ1 = ξ from (4.49) and ξ2 = e1, for the eight sensor circular
array configuration, is depicted in Figure 4.5. Again, the source with a DOA that
corresponds to the highest value in Figure 4.5, thus the smallest eigenvalue, will be
extracted.

Design strategy II If there is no source present in exactly the estimated direction
θe, then the source that is responsible for the smallest eigenvalue will be extracted.
If we want this source to be the one with its DOA closest to the estimated DOA θe,
then we must design the selection pattern such that it is a monotonically decreasing
and symmetric function with respect to DOA estimate θe. Exact design of such a
beamformer is difficult in general, except for certain special cases where symmetry
is natural. However, we can use convex optimization techniques to obtain an as
symmetric as possible beampattern. The following optimization problem can be used
to obtain symmetric beampatterns:

min
ξ

‖〈ξ,a(θe + θ)− a(θe − θ)〉‖∞ (4.50)

s. t. 〈ξ,a(θe)〉 = 1 ∧ 〈ξ,a(θe − 180)〉 = 0.

The unit constraint in the estimated direction θe and the zero constraint in the oppo-
site direction θe−180 degrees are used to push the beampattern into a monotonically
decreasing function w.r.t. θe; however, it depends on the array configuration and the
value for θe whether the function is monotonically decreasing.

An example design with ξ1 = ξ from (4.50) and ξ2 = e1 is depicted in Figure 4.6.
The selection pattern is approximately symmetric and a monotonically decreasing
function w.r.t. the guessed DOA θe = 30 degrees.

Design strategy III Another signal extraction algorithm design is an algorithm
that only extracts a source signal if the source is active in a certain DOA area, which
we call a region of interest (ROI). The left and right border of this ROI is denoted by θl
and θr, respectively. Such a signal extraction algorithm should have eigenvalues below
a threshold λT only for DOAs inside the ROI. The following optimization problem
will produce selection patterns for such an algorithm in general:

min
ξ

|〈ξ,a(θ)〉| ∀ θ ∈ Θ \ROI (4.51)

s. t. 〈ξ,a(θe)〉 = 1 for θe =
θl + θr

2
∈ ROI .
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Figure 4.5: Selection pattern with the highest value, i.e., smallest eigenvalue, for
guessed DOA θe = 30 degrees.
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Figure 4.6: A symmetric selection pattern with respect to guessed DOA θe = 30
degrees.
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Figure 4.7: Selection pattern for a region of interest, which is given by the angles
θl ≤ θ ≤ θr with θl = 15 degrees and θr = 45 degrees, indicated by the vertical black
lines. The horizontal black line depicts the inverse of the threshold λT = 1.96.

Originally, this optimization problem is used to minimize sidelobes of a beamformer
with a main lobe in the ROI. Here we use it because it is likely to result in a beam-
former that has a gain higher than a threshold t = 1/λT for DOA angles inside the
ROI and a gain lower than t = 1/λT for DOA angles outside the ROI.

An example selection pattern design with ξ1 = ξ from (4.51) and ξ2 = e1, for the
eight sensor circular array, is depicted in Figure 4.7. The threshold t = 0.51 leads to
the eigenvalue threshold λT = 1.96. Thus, sources with an eigenvalue lower than 1.96
have to be active within the ROI.

Alternative extraction algorithm designs can exploit other types of information.
One can think of the following scenarios:

• A preferred DOA guess θe is available and also information about a possible
error w.r.t. this guess, e.g., if no source is present at θe, then a source on the
left of θe is preferred.

• Multiple regions of interest may be available, which should be evaluated simul-
taneously.

• Information about the DOA of interfering sources is available and these sources
should not be extracted.

• Information w.r.t. a subset of the sensors is available, e.g., a wireless sensor
array configuration with multiple sensors per node, see [65].

As follows from these design examples and sketches of alternative scenarios, the
proposed framework to incorporate a priori information about the mixing system into
signal extraction algorithms is very flexible. Furthermore, this approach has several
advantages over traditional beamforming. First, the parametrization of the mixing
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system is not required to be exact. If the desired source is selected, then the correct
extraction filter will be identified. Additionally, it is not required to know all the
sensor locations. If information about the location of a subset of sensors is available
and we have an estimate of the DOA of the desired source w.r.t. this small sensor
array, then the extraction filter exploiting all available sensors will be calculated, as
long as the filter that corresponds to the desired source is selected.

4.5 Experiments

In the following series of experiments we validate the results obtained in the previous
sections. We show that the presented signal extraction algorithm can be applied for
different applications and that the algorithms are robust to modeling errors.

4.5.1 Objective selection

In this experiment we calculate the Hermitian angle between µ̃d and ād for a variety of
mixing systems. In this experiment we assume to observe a complex-valued mixture
of two narrowband sources measured by two sensors with a relative mutual spacing
of d/λ = 1/2. The sensors are corrupted by spatially white sensor noise with power
σ2
ν = 0.1. Both the desired source and the interfering source have unit power, i.e.,
σ2
sd

= 1 and σ2
si = 1. The direction of arrival (DOA) of the desired source is θd = 30◦

and the DOA of the interfering source θi varies during the simulation, which makes
the variety in mixing systems. For an anechoic environment with sources in far field
we are able to model the mixing column vectors for the desired and interfering source
by the following array response vectors, respectively:

ad = 1/
√

2 ·
[

e
π
4 sin(θd)

e−
π
4 sin(θd)

]
and ai = 1/

√
2 ·
[

e
π
4 sin(θi)

e−
π
4 sin(θi)

]
. (4.52)

Based on this information we calculated the MVDR and the LCMV extraction filters.
For each of the filters we have calculated the contribution of the desired source and the
interfering source in the extracted signal, which we have depicted in respectively the
top and bottom graph on the left of Figure 4.8. We calculated the desired source to
noise ratio for each DOA θi for both the MVDR and the LCMV filter and depicted it
in the top right of Figure 4.8. The graph in the bottom right of Figure 4.8 depicts the
Hermitian angle between the LCMV extraction filter and the mixing column vector
corresponding to the desired source.

From Figure 4.8 it follows that the LCMV filter is able to suppress the interfering
source for all DOA’s of that source. For most of these DOA’s the LCMV filter has
a relatively good contribution of the desired source such that the SNR of the LCMV
filter is similar to the SNR of the MVDR filter. However, for a DOA of the interfering
source close to the DOA of the desired source at 30◦ the contribution of the desired
source in the signal extracted by the LCMV filter drops, as expected. Consequently,
the SNR for those directions become impermissibly low for many applications. The
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Figure 4.8: The powers of the desired source and interfering source components are
depicted in respectively the top and bottom graph on the left hand side for both the
MVDR and the LCMV extraction filters for varying DOA of the interfering source.
The top graph on the right shows the SNR for both extraction filters and in the graph
on the bottom right the Hermitian angle between the LCMV filter and the mixing
column corresponding to the desired source is depicted.

Hermitian angle θH in the graph on the bottom right of Figure 4.8 shows values near
90◦ for those DOA’s near 30◦, again this corresponds to our expectations.

4.5.2 Extraction of a fetal electrocardiogram

The signal extraction algorithm from Section 4.3, based on the mold that contains a
guess of the autocorrelation function of the desired source, is used in this experiment
to extract the fetal ECG signal from a ten seconds ECG measurement taken from
the Daisy database [68]. The experiment is mainly conducted to verify the flexibility
of the algorithm design framework and no further pre- or postprocessing has been
performed to increase the quality of the signals.

We use the five measurements from the abdomen since they are more likely to
contain the fetal ECG signal than measurements from the thorax. These signals,
which are sampled at a frequency of 250 Hz, are depicted in Figure 4.9. The peak
in the sum of absolute values of the sensor autocorrelation functions, in the range
from 40 to 150 BPM, is used to estimate the heartbeat of the mother. The estimated
heartbeat of the mother is 81 beats per minute (BPM), which corresponds to a period
of 0.7 seconds. We assume that the heartbeat of a fetus is higher than that of the
mother and guess it between 100 BPM and 150 BPM, which is expected to result in
a peak in the autocorrelation function between lags 100 and 150. Consequently, we
use the autocorrelation function values for lags 1 until 150 and create a mold vector
r̃0 that has ones for lags 100 to 150 and zeros elsewhere.
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The extracted signal is depicted in Figure 4.10. From a comparison with Figure 4.9
it follows that a signal with a shorter period is extracted, which was the goal of this
experiment. Further research could focus on the design of a good mold vector r̃0.

4.5.3 Mismatch in prior information

We know from the previous sections that the optimal extraction filter is obtained
as long as the desired source is selected. This makes the algorithm robust against
mismatches in the available a priori information. In this section we evaluate the
sensitivity of the eigenvalues for mismatches in prior information.

In the experiment we mixed 10000 samples of three complex sources, each having
an autoregressive structure with a single complex pole. The mixing system is gen-
erated by means of the far field parameterized model of (4.44) for a linear array of
consisting of four elements. The relative mutual spacing is chosen as d/λ = 1/4 such
that we obtain a proper array in terms of spatial aliasing. The power of the desired
signal and the interfering signals is set to one and the sensor noise is complex white
Gaussian with a signal to noise ratio of 20 dB per sensor. The zero degree direction
is defined perpendicular to the array and the two interfering sources have a DOA of
-17 and +28 degrees and their poles are 0.95 e2.31 and 0.56 e−0.61, respectively. In
the experiment we move the desired source, which has a pole at 0.91 e0.54, from a
DOA of -20 degrees to +20 degrees.

Four extraction algorithms are evaluated in this experiment. Each algorithm is
based on the guess θe = 0 degrees for the DOA of the desired source; and, the corre-
sponding array response vector is denoted as a(θe). The four extraction algorithms
differ only in the vectors ξl.

Alg. 1 has four selection beamformers that form an orthonormal basis, with ξ1 =
a(θe).

Alg. 2 uses only the second and third sensor. The vector ξ1 consists of the second
and third element of a(θe) and ξ2 is orthonormal w.r.t. ξ1.

Alg. 3 uses a(θe) as selection beamformer ξ1 and the first sensor, i.e., ξ2 = e1.

Alg. 4 uses a(θe) as ξ1 and a delay and subtract beamformer as second selection

beamformer, i.e., ξ2 =
[
0 1 −1 0

]T
, which has a symmetric beampattern

and a zero in the guessed direction θe = 0 degrees.

The selection patterns for these algorithms are depicted in Figure 4.11.

First we depict in Figure 4.12 the expected and actual eigenvalues of the matrix
M for every algorithm for a range of actual DOA’s of the desired source. Each
algorithm produces the eigenvalues that we expected. Furthermore, only one set of
eigenvalues changes with a changing DOA of the desired source. Consequently, these
eigenvalues must correspond to the desired source. For an absolute actual DOA below
17 degrees we observe that the eigenvalues that correspond to the desired source are
the smallest. Outside this region, the smallest eigenvalue corresponds to the interferer
at -17 degrees. Furthermore, we observe a different arrangement of the eigenvalues
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Figure 4.11: Selection patterns for the four algorithms and nominal DOA’s for the
interferers and the desired source at -17, 28, and 0 degrees, respectively. Due to the
linear array configuration these patterns repeat after 180 degrees.

among the algorithms. For Algorithm 3 the smallest eigenvalue does not tend to
become a zero eigenvalue, while this is the case for the other algorithms; and, the
use of two additional sensors in Algorithm 4 leads to an increase in spread of the
eigenvalues w.r.t. Algorithm 2. Finally, the eigenvalues of Algorithm 1 have the
highest spread; however, it also uses more than two selection beamformers. The
mismatch in, especially the largest, eigenvalues is obtained due to a limited amount
of data. If we increase the number of samples the actual eigenvalues better match the
expected eigenvalues.

The most interesting performance measure to evaluate extraction algorithms is
the signal to interference ratio (SIR), which we define as follows:

SIR , 10 log10

σ2
sd∑

j∈S\d σ
2
sj

(4.53)

where σ2
sj is the power of the j’th source in the extracted signal.

We depicted the SIR results for the four algorithms in Figure 4.13. In the upper
graph we depict the SIR for MVDR filters that are based on the identified mixing
column, followed by noise reduction in batch modus. In the lower graph we depict the
SIR for LCMV filters based on the identified extraction filters and noise reduction.
Both graphs also display the performance of the ideal MVDR filter based on knowledge
of the actual DOA of the desired source and the mismatched MVDR filter that is based
on the DOA guess θe.

We observe that the four algorithms identify the ideal MVDR filter for all DOA
values, as long as the smallest eigenvalue corresponds to the desired source, i.e., the
actual DOA of the desired source has to be between -17 and 17 degrees. Furthermore,
we observe that the LCMV filters have a similar, good performance if the actual DOA
of the desired source is between -17 and 17 degrees. If we compare these results with
the mismatched MVDR filter, then we observe that for both the MVDR and LCMV
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Figure 4.12: Expected (line) and actual (asterisk) eigenvalues for the four extraction
algorithms. The smallest eigenvalues are supposed to correspond to the desired source.

filter, the extraction algorithms are much more robust w.r.t. errors in the a priori
information. The only condition is that the smallest eigenvalue has to correspond to
the desired source. Finally, notice that extraction algorithm 2 uses information about
only two sensors, while the identified extraction filter uses four sensors.

4.5.4 Signal extraction in a reverberant environment

In Section 4.5.3 we investigated the influence of a mismatch in a priori information.
Here we make the problem harder by taking reverberation into account, i.e., a mis-
match in the parameterized model of the environment.

The scenario is the same as in Section 4.5.3, except that the sources are now
placed in a room of size 6 × 4 × 3 meters. The center of the array is located at
position (1, 1.5, 1.2) meters, with the sensor positions varying along the 4 meter wall.
The sources are positioned at 1.5 meters from the array, with the angles −17 and 28
degrees for the interferers and a range of angles from −20 to 20 degrees for the desired
source. We used the room impulse response generator [69] with a reverberation time
of 300 ms to obtain realistic echoes and reverberation. We transformed the impulse
responses to the frequency domain and picked the mixing matrix at 1 kHz, which lead
again to a relative sensor spacing of d/λ = 1/4.

We depicted the eigenvalues for the four algorithms from Section 4.5.3 in Fig-
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Figure 4.13: SIR for MVDR and LCMV filters in respectively the upper and lower
graph, for four extraction algorithms. The black dashed line represents the SIR for
an MVDR filter with knowledge about the actual DOA of the desired source and the
blue dash-dotted line represents the SIR for an MVDR filter with θe = 0 degrees.

ure 4.14. We observe that the eigenvalues match the expected eigenvalues for the
mixture at hand. Furthermore, the changing eigenvalues over varying DOA of the de-
sired source are the smallest for quite a large region, which shows a good robustness
w.r.t. the given a priori information.

In Figure 4.15 we have depicted the SIR for the four algorithms for a varying DOA
of the desired source. Again, the upper graph displays the MVDR filters, while the
lower graph depicts the LCMV filters. Additionally, we have plotted in both graphs
the SIR for a mismatched MVDR filter based on the a priori guess θe = 0 and we
have plotted the SIR result for the ideal MVDR filter, which has full knowledge about
the mixing column that corresponds to the desired source.

We observe that all four extraction algorithms are able to extract the desired source
for DOA’s of the desired source in the range from -17 up to 10 degrees. This reduction
in range of actual DOA values is a consequence of the modeling errors obtained by
the reverberation. For the range of DOA’s where the smallest eigenvalues correspond
to the desired source, the MVDR filters obtain a similar performance as the ideal
MVDR filter, while the mismatched MVDR filter is not able to improve the SIR.
Furthermore, the LCMV filters show a very robust result in this region since the SIR
is almost flat.
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Figure 4.14: Expected (line) and actual (asterisk) eigenvalues for the multipath
simulation.

4.6 Discussion and conclusions

The objectives of this work are to provide insight into signal extraction for real and
complex instantaneous mixtures of multiple sources and to develop a design procedure
for extraction algorithms that immediately extract the desired signal. The developed
signal extraction algorithms and filters are required to be flexible, efficient, and robust.

The presented design procedure results in extraction algorithms for both real and
complex instantaneous mixtures and identify extraction filters with different objec-
tives, i.e., the MVDR filter, which balances between noise and interference reduction,
and the LCMV filter, which cancels interfering source signals prior to noise reduction.
Simulation results have shown that these filters can be identified in the presence of
modeling errors. Furthermore, the extraction algorithms are robust to noise through
the use of a noise-free region of support.

By incorporating a priori information into signal extraction algorithms immedi-
ately the desired extraction filter is identified and no deflation method is required.
In this way, we deal with the permutation problem, which is a characteristic of blind
signal processing (BSP). We have shown that the signal extraction algorithms can be
designed by using a mold that contains either a guess of the autocorrelation function
or a guess of the mixing column of the desired source. We derived conditions for this
mold such that immediate extraction of the desired signal is guaranteed. Furthermore,
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Figure 4.15: SIR for MVDR and LCMV filters in respectively the upper and lower
graph, for the multipath simulation.

for a parameterized mixing system we developed new design and evaluation tools in
the form of selection beamformers and selection patterns. These tools can be used
to design signal extraction algorithms that guarantee immediate extraction of the
desired signal based on physical parameters such as direction of arrival information.
A similar approach can be followed for a priori information about the autocorrela-
tion function, e.g., by using linear prediction techniques or information from other
sensors [65].

We have not addressed the scaling indeterminacy, which is another characteristic
of BSP. Ways to deal with this problem are for example to estimate the contribution
of the desired source in a reference signal or to normalize the extraction filter or the
output of the extraction filter; however, the scaling problem is of greater concern in
wideband applications.

We conclude that the presented work provides insight into the design of signal
extraction algorithms for real and complex mixtures of multiple sources and that the
presented design procedure and design and evaluation tools are flexible and lead to
robust and efficient signal extraction algorithms.

Topics for future research are the application of these types of algorithms in real
life applications, design of extraction algorithms based on other types of a priori
information such as different physical parameterizations; and, development of signal
extraction algorithms for convolutive mixtures.
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4.A Subspaces of the sensor correlation matrices

Due to their rank structure, all the sensor correlation matrices Rx
κ or {Cx

•i,C
x
i•} can

be reduced to size S × S by means of only two reduction matrices Ps and Qs. These
reduction matrices are identified by applying subspace techniques to concatenated
sensor correlation matrices. The concatenated matrices Cx and C̄x and their structure
in terms of the mixing matrix A and the source autocorrelation matrix Cs are as
follows:

Cx ,

Cx
1•
...

Cx
D•

 ≡ (A �A∗) ·Cs (4.54)

C̄x ,
[
Cx
•1 · · · Cx

•D
]
≡ A ·

(
A∗ � (Cs)

T
)T

(4.55)

where � is the Khatri-Rao product, i.e., the column-wise Kronecker product [55].

The ranks of these matrices depend on the structure of the mixing matrix and
the source autocorrelation matrix. If all sources are extractable, then the mixing
column vectors are linearly independent and the mixing matrix A has rank S. Fur-
thermore, the assumption of linearly independent source autocorrelation functions in
(4.13) makes that the source autocorrelation matrix Cs has rank S as well.

Since the Khatri-Rao product of two full rank matrices is full rank, in general [36],
it turns out that the matrices Cx and C̄x have rank S. Therefore, a singular value
decomposition (SVD) can be used to identify signal subspaces. The SVD of Cx is
used to identify reduction matrix Qs and the SVD of C̄x is used to identify reduction
matrix Ps. Reduction matrix Qs is used to compress the source autocorrelation
matrix Cs, while reduction matrix Ps is used to compress the mixing matrix A.

The singular value decomposition of Cx has the following structure:

SVD (Cx) =
[
Us Uν

] [Σs 0
0 0

] [
Vs

Vν

]
(4.56)

where Us has S columns of length D2, Σs is an S × S matrix, and Vs has S rows
of length K. The reduction matrix Qs, that compresses the source autocorrelation
matrix Cs is given by Qs = (Vs)

H
. The number of columns of Cs is compressed by

means of the product CsQs, which results in an S × S matrix.

Similarly, the mixing matrix A is reduced by means of the reduction matrix Ps.
The SVD of the matrix C̄x is as follows:

SVD
(
C̄x
)

=
[
Us Uν

] [Σs 0
0 0

] [
Vs

Vν

]
(4.57)

where Us has S columns of length D, Σs is an S × S matrix, and Vs has S rows of
length D ·K. The columns of the matrix Us span the same space as the columns of
the mixing matrix A. Therefore, the reduction matrix Ps is given as Ps = (Us)

H
.
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4.B Derivations of selected equations

The derivations of (4.18), (4.19), and (4.20) are very similar to the derivations of (3.6)
and (3.7) in Appendix 3.A. Consequently, here we follow the same approaches for the
derivations. The only difference is that we have to take the conjugation into account
in a proper way.

Derivation of (4.18) The sensor correlation matrix Rx
κ is obtained in the following

way:

Rx
κ = E{x[n](x[n− k])H} =


rx11[Ωκ] · · · rx1D[Ωκ]
rx21[Ωκ] · · · rx2D[Ωκ]

...
. . .

. . .

rxD1[Ωκ]
. . . rxDD[Ωκ]

 (4.58)

where Ωκ = (n, k)κ is a time-lag pair in the NF-ROS. By substituting the vector with
observations x[n] by the model in (4.2) we obtain the following structure:

Rx
κ = E{(As[n] + ν[n])(As[n− k] + ν[n− k])H}

= AE{s[n](s[n− k])H}(A)H + E{ν[n](ν[n− k])H}
+ AE{s[n](ν[n− k])H}+ E{ν[n](s[n− k])H}(A)H .

Applying the assumptions on the source and noise signals that hold for time-lag
pairs in the NF-ROS, as given in Definition 4.2.3, leads to the following structure in
the sensor correlation matrix:

Rx
κ = AE{s[n](s[n− k])T }(A)H = ARs

κ(A)H (4.59)

with the source autocorrelation matrix a diagonal matrix, i.e., Rs
κ = diag (rs[Ωκ]).

Derivation of (4.19) The sensor correlation matrix Cx
•i is build from the concate-

nation of sensor correlation vectors with the following structure:

E{x[n]x∗i [n− k]} =

 r
x
1i[Ωκ]

...
rxDi[Ωκ]

 . (4.60)

By substituting the observations xi[n] with the model in (4.2) and immediately tak-
ing into account that the noise terms do not contribute to the sensor correlation
data for time-lag pairs taken from the NF-ROS, the following structure in the sensor
correlation vectors is obtained:

E{x[n]x∗i [n− k]} = E{As[n]

S∑
j=1

aj,∗i s∗j [n− k]} = A

S∑
j=1

aj,∗i E{s[n]s∗j [n− k]} (4.61)
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where (n, k)κ ∈ Ω.

Due to the assumption that the source signals are mutually uncorrelated, the
vector E{s[n]s∗j [n − k]} is only non-zero for the j’th row. Consequently, the sensor
correlation vectors can be represented in the following way:

E{x[n]x∗i [n− k]} = A

 a
1,∗
i rs11[Ωκ]

...

aS,∗i rsSS [Ωκ]

 = A diag (ã∗i ) rs[Ωκ] (4.62)

where ã∗i is the i’th row of the conjugated mixing matrix A∗. Concatenating such
vectors for all time-lag pairs in the NF-ROS leads to the matrix Cx

•i with the following
structure:

Cx
•i = A diag (ã∗i ) Cs (4.63)

where Cs =
[
rs[Ω1] · · · rs[ΩK ]

]
.

Derivation of (4.20) By exploiting the following property:

rxi1i2 [Ωκ] = E{xi1 [n]x∗i2 [n− k]} = E{x∗i2 [n− k]xi1 [n]} ∀Ωκ = (n, k)κ ∈ Ω

it follows that the sensor correlation matrix Cx
i• is build from the concatenation of

sensor correlation vectors with the following structure:

E{xi[n]x∗[n− k]} = E{x∗[n− k]xi[n]} =

 r
x
i1[Ωκ]

...
rxiD[Ωκ]

 . (4.64)

By substituting the observations xi[n] with the model in (4.2) and immediately tak-
ing into account that the noise terms do not contribute to the sensor correlation
data for time-lag pairs taken from the NF-ROS, the following structure in the sensor
correlation vectors is obtained:

E{x∗[n− k]xi[n]} = E{A∗s∗[n− k]

S∑
j=1

ajisj [n]} = A∗
S∑
j=1

ajiE{sj [n]s∗[n− k]}

(4.65)

where (n, k)κ ∈ Ω.

Due to the assumption that the source signals are mutually uncorrelated, the
vector E{sj [n]s∗[n − k]} is only non-zero for the j’th row. Consequently, the sensor
correlation vectors can be represented in the following way:

E{x∗[n− k]xi[n]} = A∗

 a
1
i r
s
11[Ωκ]
...

aSi r
s
SS [Ωκ]

 = A∗ diag (ãi) rs[Ωκ] (4.66)
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where ãi is the i’th row of the mixing matrix A. Concatenating such vectors for all
time-lag pairs in the NF-ROS leads to the matrix Cx

i• with the following structure:

Cx
i• = A∗ diag (ãi) Cs (4.67)

where Cs =
[
rs[Ω1] · · · rs[ΩK ]

]
.

Derivation of (4.26) In order to derive (4.26) we first derive the structure in the
linear combinations of sensor correlation matrices that were defined in (4.23) and
(4.24). Using the structure in the sensor correlation matrices as defined in (4.18),
(4.19), and (4.20), the structure for these linear combinations of sensor correlation
matrices is given as follows:

Γl =

K∑
κ=1

ξκ,∗l ĀRs
κ(Ā)H = Ā

(
K∑
κ=1

ξκ,∗l Rs
κ

)
(Ā)H = ĀΛl(Ā)H

Γ̆l =

K∑
κ=1

ξκl Ā(Rs
κ)H(Ā)H = Ā

(
K∑
κ=1

ξκl (Rs
κ)H

)
(Ā)H = Ā(Λl)

H(Ā)H

and

Γl =

D∑
i=1

ξl,∗i Ā∗ diag (ãi) Cs = Ā∗
(

D∑
i=1

ξl,∗i diag (ãi)

)
Cs = Ā∗ΛlC

s

Γ̆l =

D∑
i=1

ξliĀ diag (ã∗i ) Cs = Ā

(
D∑
i=1

ξli diag (ã∗i )

)
Cs = Ā(Λl)

HCs

where we used Rs
κ = diag (rs[Ωκ]).

The matrices Λl are diagonal matrices, with the j’th element having the following
structure for the two different sensor correlation matrix structures:

K∑
κ=1

ξκ,∗l rsjj [Ωκ] = 〈ξ̃l, r̃sjj〉 and

D∑
i=1

ξl,∗i aji = 〈ξ̃l,aj〉. (4.68)

In (4.25) the linear combinations of sensor correlation matrices are combined into
a single matrix M that has a specific eigenstructure. Computing for two arbitrary
linear combinations of sensor correlation matrices Γl1 and Γ̆l2 the product Γ̆l2 (Γl1)

−1

leads to the following:

Γ̆l2 (Γl1)
−1

= Ā(Λl2)H(Ā)H
(
ĀΛl1(Ā)H

)−1
= Ā(Λl2)H (Λl1)

−1 (
Ā
)−1

(4.69)

and

Γ̆l2 (Γl1)
−1

= Ā(Λl2)HC̄s
(
ĀΛl1C̄

s
)−1

= Ā(Λl2)H (Λl1)
−1 (

Ā
)−1

. (4.70)
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The products of diagonal matrices (Λ̆l2)H (Λl1)
−1

form again diagonal matrices, such
that (4.69) and (4.70) form eigenvalue decompositions. The eigenvalues, i.e., the ele-

ments on the diagonal of the matrix products Λ̆l2 (Λl1)
−1

, have the following struc-
ture:

〈ξ̃l2 , r̃sjj〉∗

〈ξ̃l1 , r̃sjj〉
and

〈ξl2 ,aj〉∗
〈ξl1 ,aj〉

. (4.71)

The matrix products (Λl2)H
(
Λ̆l1

)−1

have the same structure as (4.69) and (4.70),

except for conjugated eigenvalues, i.e.,:

〈ξ̃l2 , r̃sjj〉
〈ξ̃l1 , r̃sjj〉∗

and
〈ξl2 ,aj〉
〈ξl1 ,aj〉∗

. (4.72)

By multiplying the matrix products Γ̆l2(Γl1)−1 and Γl2(Γ̆l1)−1 the eigenvectors re-
main the same, but the eigenvalues of the two matrix products are multiplied, i.e.,∣∣∣〈ξ̃l2 , r̃sjj〉∣∣∣2∣∣∣〈ξ̃l1 , r̃sjj〉∣∣∣2 and

∣∣∣〈ξl2 ,aj〉∣∣∣2∣∣∣〈ξl1 ,aj〉∣∣∣2 . (4.73)

Finally, summing the products Γ̆l2(Γl1)−1Γl2(Γ̆l1)−1 for l1 = 1 and 2 ≤ l2 ≤ L leads
to the matrix M in (4.25) with the summed eigenvalues as given in (4.26).
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5
Reference based source extraction exploiting

second order temporal structure

Several algorithms can be found in the literature that exploit reference signals in
order to extract a desired source from a mixture of multiple sources; however, imme-
diate extraction of the desired source is not always guaranteed for these algorithms.
Furthermore, these algorithms utilize higher order statistics, which are difficult to
estimate in practice. In this chapter we show that the informed source extraction
algorithms from Chapter 3 and Chapter 4 can be reformulated as reference based
source extraction algorithms and that a proper design of the reference signals ensures
extraction of the desired source. We consider the reference based source extraction
problem in the context of a wireless acoustic sensor network.

First we show that both information about the mixing parameters and the auto-
correlation function of the desired source can be used for creating or deriving proper
reference signals that lead to extraction of the desired source. Furthermore, for ap-
plications where the number of sensors is much larger than the number of sources we
show that using a subset of the sensors as a reference for source selection and another,
non-overlapping, subset of sensors for source extraction is advantageous with respect
to spatially uncorrelated noise. Finally, we validate our algorithms via computer
simulations.
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5.1 Introduction

Traditionally, in speech enhancement applications desired speech is captured with
a microphone close to or worn by the speaker. In modern applications microphone
arrays capture desired speech from a distance, allowing for hands-free communica-
tion. In these applications, knowledge about the array geometry and the location of
the desired speaker is combined with beamforming techniques in order to extract the
desired speech from the microphone signals [5]. Nowadays, many researchers focus
on the development of wireless (acoustic) sensor networks. An advantage of using a
wireless acoustic sensor network (WASN) instead of a microphone array for speech
capture is the wider spatial coverage, allowing for both hands-free and legs-free com-
munication. However, the array geometry or spatial distribution of the wireless sensor
nodes is typically not known and cannot be determined accurately.

In the literature, many blind source extraction (BSE) algorithms are presented in
different fields of application that do not require knowledge about the array geometry
[7, 8, 11]. The goal of a BSE algorithm is to extract one source from a mixture
of mutually independent sources while observing only the mixed signals. In order
to guarantee extraction of the desired source with a BSE algorithm, a classifier is
required in a second stage to determine if the desired source has been extracted. If
not the desired source has been extracted, then a new source has to be extracted and
classified. This two-stage procedure is naturally inefficient and is only applicable in
batch mode.

In order to extract immediately the desired source from a mixture of multiple
sources, researchers have started to incorporate a priori information in the form of
reference signals in their source extraction algorithms [34, 41, 42]. These reference
based algorithms rely on a threshold parameter that is related to a certain distance
measure between the reference signal and the extracted signal; however, no technique
is presented to choose the parameter value such that immediate extraction of the
desired source is ensured. Furthermore, these algorithms only work for real-valued
instantaneous mixtures and exploit higher order statistics of the sources, which are
difficult to estimate in practice. Another, well known reference based method for
source extraction based on second order statistics is the minimum mean squared error
(MMSE) approach, which leads to a (multichannel) Wiener filter [12]. This algorithm
extracts the desired source from the mixture if the reference is correlated only with
the desired source. Since the acquisition of such a reference is quite a challenge in
practice, alternative algorithms are desired.

In this chapter we focus on design techniques for source extraction algorithms that
exploit reference signals. In Chapters 3 and 4 we have shown that informed source
extraction algorithms can be designed based on different types of a priori information
about physical parameters of the sources. For these algorithms, immediate extraction
of the desired source is guaranteed if certain conditions on the a priori information
hold. In the current chapter we show that the informed source extraction algorithms
from Chapters 3 and 4 can be formulated as reference based source extraction algo-
rithms. Subsequently we derive new reference based source extraction algorithms for
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applications where the number of sensors is larger than the number of sources. By us-
ing a subset of the sensors to generate reference signals and the remaining sensors for
source extraction the source extraction filter identification algorithm is shown to be
insensitive to spatially uncorrelated noise such as sensor noise. The step towards us-
ing reference signals opens up new opportunities for the design of sensing devices and
algorithms that generate reference signals that can be used to guarantee immediate
extraction of the desired source.

The outline of this work is as follows. In Section 5.2 we discuss the model and
assumptions for the mixing scenario. Subsequently, we present two source extraction
algorithms based on temporal reference signals in Section 5.3 and two source extrac-
tion algorithms based on spatial reference signals in Section 5.4. In Section 5.5 we
discuss results from computer simulations and in Section 5.6 we discuss our work and
present conclusions.

Notation of vectors and matrices is in bold face lower and upper case letters
respectively. A row vector carries an additional tilde symbol, e.g., w̃. Superscript
and subscript indices denote column and row indices, respectively, e.g. aji is the
element on the i’th row and j’th column of the matrix A. An index set is denoted
with a calligraphic letter. Unless stated otherwise, the set has indices from 1 until
the letter represented by the calligraphic letter, e.g., S = [1, S].

5.2 Model and assumptions

First we introduce the structure of and assumptions on the mixing model, followed
by a discussion on the structure and the goal of extraction filters. Subsequently, we
present two strategies for obtaining reference signals that can be used to identify
source extraction filters. Finally, we discuss statistical properties of the signals.

5.2.1 Mixing model

An overview of the model for the considered scenario is depicted in Figure 5.1. We
assume that D sensors observe an instantaneous mixture of S mutually uncorrelated
source signals, and additive noise. These instantaneous mixtures have the following
structure:

xi[n] =
∑
j∈S

ajisj [n] + νi[n] ∀ i ∈ D (5.1)

where sj [n], xi[n], and νi[n] represent respectively the signal of the j’th source, the
i’th sensor, and the noise at the i’th sensor, at time-frame n. The complex-valued
scalar aji represents the mixing coefficient from the j’th source to the i’th.

By considering all sensor signals simultaneously we can use the following vector
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unknown
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w̃ yνD
mixing
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Figure 5.1: Overview of the mixing system where a mixture of S source signals is
observed by D sensors. The D sensor signals are combined by the extraction filter w̃.
The mixing system A is assumed to be a linear, time invariant mixing system.

matrix notation:

x[n] =
∑
j∈S

ajsj [n] + ν[n] = As[n] + ν[n] (5.2)

where the complex-valued vectors containing respectively the sensor, source, and noise
signals are defined as follows:

x[n] ,

x1[n]
...

xD[n]

 , s[n] ,

s1[n]
...

sS [n]

 , ν[n] ,

ν1[n]
...

νD[n]


and the mixing matrix of size D × S is defined as

A =
[
a1 · · · aS

]
=

a
1
1 · · · aS1
...

. . .
...

a1
D · · · aSD

 . (5.3)

We assume that we have at least the same amount of sensors as sources, i.e.,
D ≥ S. Finally, we assume that the mixing columns are linearly independent such
that the mixing matrix has rank S.

5.2.2 Source extraction filters

The objective of a source extraction algorithm is to identify a filter w̃ that extracts
the desired source from the observations, i.e.,

y[n] = w̃x[n] = w̃As[n] + w̃ν[n] (5.4)

Ideally, the output y[n] corresponds exactly to the desired source sd[n], with d ∈ S
corresponding to the index of the desired source. However, from linear algebra it
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follows immediately that exact recovery of the desired source is not possible in the
presence of noise. Therefore an alternative goal has to be chosen for the extraction
filter. Different objectives for the extraction filter have been considered in the litera-
ture. Natural objectives for source extraction are to maximize the desired source to
interference plus noise ratio (SINR) and to maximize the desired source to noise ratio
(SNR) under the constraint that the interfering sources are canceled. These objectives
lead to respectively the minimum variance distortionless response (MVDR) filter and
the linearly constrained minimum variance (LCMV) filter, which are widely used in
the field of speech enhancement. These filters are the solutions to respectively the
following optimization problems:

w̃MVDR = arg min
w̃

E{|y[n]|2} s. t. w̃ad = 1 (5.5)

w̃LCMV = arg min
w̃

E{|y[n]|2} s. t. w̃A = ẽd (5.6)

where E{·} is the mathematical expectation operator, d ∈ S is the index corresponding
to the desired source, and ẽd is a row vector of length S with S − 1 zeros and a one
at the d’th position. Notice that the LCMV filter only exists if the number of sensors
is at least equal to the number of sources. Since the mixing system is unknown, both
these MVDR and LCMV filters cannot be calculated directly.

In the literature mainly source extraction algorithms are found that extract the
desired source according to the LCMV filtering principle. These filters cancel or
block the undesired or interfering sources such that a single source is obtained at the
output. A drawback of these filters is that noise is amplified to impermissible levels
if the mixing system is ill conditioned. Consequently, identification of the MVDR
extraction filter, which balances between interference and noise reduction, is also
desired. Later in this chapter we derive an algorithm that can be used to identify
both these source extraction filters.

5.2.3 Reference signals and systems

In many papers on reference-based source extraction the reference signals are given
without a discussion on the way how to obtain or design them. In this work we con-
sider two filter types to obtain reference signals, i.e., temporal and spatial filters. We
show that immediate extraction of the desired source can be guaranteed by incorpo-
rating a priori information into the design of these reference filters. For each reference
filter type we consider two approaches to generate reference signals, leading to their
own algorithms and conditions.

In the first approach we generate the reference signals υ[n] by filtering all the
observations with a reference system T, as is depicted in Figure 5.2. The structure
of reference signals for a reference system consisting of temporal filters is as follows:

υl,i[n] = (tl ∗ xi)[n] ,
∑
τ∈T

tl[τ ]xi[n− τ ] ∀ (i, l) ∈ D × L (5.7)

where t1, · · · , tL represent the impulse responses of the L temporal filters and T
represents the support of the impulse responses. If the reference system consists of
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Figure 5.2: In the first approach the
reference signals υ are derived by fil-
tering all observations x and the de-
sired source is obtained by filtering all
available sensor signals with an extrac-
tion filter.
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Figure 5.3: In the second approach
the reference signals υ are derived by
filtering a subset of Dυ sensor signals.
The desired source is extracted by fil-
tering the signals from the remaining
signals x.

spatial filters, then the reference signals have the following structure:

υl[n] =

D∑
i=1

tilxi[n] = t̃lx[n] ∀ l ∈ L (5.8)

where the length of the L spatial filters t̃l =
[
t1l · · · tDl

]
is D. Notice that the

number of reference signals derived from temporal filters equals DL, while the number
of reference signals derived from spatial filters equals L.

In Sections 5.3 and 5.4 we show for respectively temporal and spatial reference
filters that this approach for generating reference signals can be used to derive source
extraction algorithms that are closely linked to the informed source extraction algo-
rithms from Chapter 4. Consequently, we can reuse the design techniques from that
chapter in order to design the reference filters such that immediate extraction of the
desired source is guaranteed.

In the second approach, depicted in Figure 5.3, we split the set of sensor signals
into two non-overlapping subsets Dx and Dυ of size Dx and Dυ, respectively, such
that Dx +Dυ = D. The observation subset Dx consists of Dx sensor signals and the
desired source is extracted by filtering these signals with an extraction filter; therefore,
we require that Dx ≥ S. The remaining Dυ sensor signals form the reference subset
Dυ. These signals are filtered with the reference system T such that identification of
the filter parameters that extract the desired source can be ensured. The structure
of the reference signals obtained from the temporal reference filters is as follows:

υl,i[n] = (tl ∗ xi)[n] ∀ (i, l) ∈ Dυ × L. (5.9)

For the system consisting of spatial reference filters the reference signals have the
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following structure:

υl[n] =
∑
i∈Dυ

tilxi[n] = t̃l(Aυs[n] + νυ[n]) ∀ l ∈ L (5.10)

where the length of the spatial reference filters is Dυ and νυ[n] represents the reference
signal subset of ν[n]. For this approach the number of reference signals is DυL and
L for temporal and spatial reference filters, respectively.

In Sections 5.3 and 5.4 we show for respectively temporal and spatial reference
filters that this second approach for generating reference signals is advantageous in
case little a priori information about the noise is available. The cost for this reduction
in required a priori information is in the sense that a sub-optimal filter is obtained
with respect to the number of sensors, i.e., a filter of length Dx is identified while the
number of sensors equals D = Dx +Dυ.

For both approaches the reference filters can be implemented in the digital domain.
The temporal reference filter can be implemented for example in the form of a finite
impulse response (FIR) filter, while the spatial reference filter can be implemented in
the form of a beamformer. Additionally, the second approach allows for the use of al-
ternative sensing devices, specifically designed for generating reference signals. Before
we discuss the reference based source extraction algorithms and the reference filter
design we present our assumptions on the second order temporal structure (SOTS)
of the signals.

5.2.4 Second order statistics of signals

In order to be able to identify extraction filters we have to make some assumptions on
statistical features of the signals. A major advantage of second order statistics (SOS)
compared to higher order statistics is the robustness and efficiency of the estimation
procedure. In order to obtain a good estimate of higher order statistical coefficients
typically a large amount of stationary data is required. Consequently, we consider
only the SOTS of the signals. We first introduce definitions for the SOTS of signals
in terms of auto- and crosscorrelation functions. Subsequently, we discuss the SOTS
of the sensor signals and present assumptions on the source and noise signals. These
assumptions on the source and noise signals are valid in many practical situations and
make source extraction filter identification feasible.

Definition 5.2.1 (Auto- and crosscorrelation functions): The auto- and crosscor-
relation functions for complex-valued signals pi[n] and qj [n] at time-frame n and lag
k are defined as follows:

rpqij [n, k] , E{pi[n]q∗j [n− k]} (5.11)

where E is the mathematical expectation operator. The function is called an au-
tocorrelation function if a signal is correlated with itself. Furthermore, if the two
signals carry the same symbol, say p, then we use the following short-hand notation:
rpij [n, k] = rppij [n, k].
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We assume that the mathematical expectation operator E can be approximated by
taking local averages over the time-frame index n, which is a widely used assumption.
By using both the time-frame n and lag index k we are able to apply our techniques
for both stationary and non-stationary signals. If the signals are non-stationary, then
the autocorrelation functions are likely to vary over different time-frame instances n.

Based on Definition 5.2.1, we define the following sensor, reference, source, and
noise correlation functions, respectively:

rxi1i2 [n, k] , E{xi1 [n]x∗i2 [n− k]} ∀ (i1, i2) ∈ D ×D
rυl1l2 [n, k] , E{υl1 [n]υ∗l2 [n− k]} ∀ (l1, l2) ∈ L × L
rsj1j2 [n, k] , E{sj1 [n]s∗j2 [n− k]} ∀ (j1, j2) ∈ S × S
rνi1i2 [n, k] , E{νi1 [n]ν∗i2 [n− k]} ∀ (i1, i2) ∈ D ×D.

Notice that these correlation functions are only called autocorrelation functions if
their indices are the same, e.g., i1 = i2. Next to these auto- and crosscorrelation
functions between signals of the same class, we define the crosscorrelation functions
between the noise and source signals as follows:

rνsij [n, k] , E{νi[n]s∗j [n− k]} ∀ (i, j) ∈ D × S
rsνji [n, k] , E{sj [n]ν∗i [n− k]} ∀ (i, j) ∈ D × S.

For the second type of reference system the total number of sensors equals Dx instead
of D; however, for ease of notation we keep using here the symbol D. By denoting the
crosscorrelation functions between the observations and the reference signals obtained
from the temporal reference filters by rxυi1(l,i2)[n, k] and rυx(l,i1)i2

[n, k], we obtain the
following definitions:

rxυi1(l,i2)[n, k] , E{xi1 [n]υ∗l,i2 [n− k]} ∀ (i1, i2, l) ∈ D ×D × L
rυx(l,i1)i2

[n, k] , E{υl,i1 [n]x∗i2 [n− k]} ∀ (i1, i2, l) ∈ D ×D × L.

Finally, we obtain the following definitions of the crosscorrelation functions be-
tween the observations and the reference signals obtained from the spatial reference
filters:

rxυil [n, k] , E{xi[n]υ∗l [n− k]} ∀ (i, l) ∈ D × L
rυxli [n, k] , E{υl[n]x∗i [n− k]} ∀ (i, l) ∈ D × L.

In the following section we use the auto- and crosscorrelation functions defined in
this section in order to present and discuss assumptions on the SOTS of the source
and noise signals. These assumptions are widely used and hold in many applications
[8, 11, 36]. Furthermore, they are sufficient to make extraction filter identification
based on SOTS feasible [61].
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5.2.5 Assumptions on the sensor and reference signals crosscorrelation func-
tions

The first assumption is that the source signals are mutually uncorrelated, i.e.,

rsj1j2 [n, k] = 0 ∀ {(j1, j2) ∈ S × S| j1 6= j2}. (5.12)

This assumption is widely used in the field of blind signal processing. The assumption
is less restrictive than the assumption of independent sources, which means that the
sources are not related at any order statistics. Besides assumptions on the source
signals we also require assumptions on the SOS of noise signals. The assumptions
we make on the SOS of the noise depends on the method used to obtain reference
signals. For the first method, see Figure 5.2, we present the assumptions in the form
of a noise-free region of support (NF-ROS).

Definition 5.2.2 (Noise-free region of support): The NF-ROS, also denoted with
Ω, consists of a set of time-lag pairs Ωκ = (n, k)κ for which the following conditions
hold [36,70]:

∀Ωκ ∈ Ω :


rνi1i2 [Ωκ] = 0 ∀ (i1, i2) ∈ D ×D
rνsij [Ωκ] = 0 ∀ (i, j) ∈ D × S
rsνji [Ωκ] = 0 ∀ (i, j) ∈ D × S

where Ω , {(n, k)κ |κ ∈ K} and K = [1,K] is the index set for time-lag pairs in the
NF-ROS. The number of elements in the NF-ROS is indicated by the letter K, i.e.,
K = |Ω|.

In short, the NF-ROS consists of a set of time-lag pairs for which only the source
signals are correlated.

For the second method, see Figure 5.3, we change the first requirement in the
definition of the NF-ROS. Instead of having no noise correlation we put the following
requirements:

∀Ωκ ∈ Ω :


rνi1i2 [Ωκ] = 0 ∀ {(i1, i2) ∈ Dx ×Dυ| i1 6= i2}
rνi1i2 [Ωκ] = 0 ∀ {(i1, i2) ∈ Dυ ×Dx| i1 6= i2}
rνsij [Ωκ] = 0 ∀ (i, j) ∈ D × S
rsνji [Ωκ] = 0 ∀ (i, j) ∈ D × S

.

Note that we require the noise to be spatially uncorrelated between a sensor from the
observation set Dx and a sensor from the reference set Dυ. An example of such a
noise is spatially uncorrelated sensor noise. Even though this set of time-lag pairs is
not free of noise, we keep referring to the NF-ROS and mention explicitly if spatially
uncorrelated noise is allowed.

In the next sections we present algorithms that can be used to extract the desired
source based on the models and assumptions presented in this section.
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5.3 Temporal reference filter based source extraction algorithms

In this section we present two reference based source extraction algorithms that ex-
ploit reference signals obtained by filtering observations with temporal filters. First,
we discuss the structure in sensor-reference crosscorrelation functions, where we im-
mediately consider the NF-ROS and the application of reference filters. Subsequently,
we show for the approach from Figure 5.2 that the structure in the sensor-reference
crosscorrelation functions is very similar to the structure of the linear combinations
of sensor correlation matrices in (4.23) of Chapter 4. Based on this observation we
show that the reference system can be designed such that immediate extraction of the
desired source is guaranteed. Finally, we present a temporal reference based source
extraction algorithm based on the approach from Figure 5.3. This algorithm deals
with spatially uncorrelated noise in an alternative way at the cost of using additional
sensors.

5.3.1 Structure in the SOS of the sensor and reference signals

By following the definitions and the assumptions from Section 5.2.4 and considering
the structure of the observations and the reference signals in (5.1) and (5.7), respec-
tively, we observe the following linear relation between the sensor-reference crosscor-
relation functions and the sensor correlation functions from (4.14) in Chapter 4:

rxυi1(l,i2)[n, k] =
∑
τ∈T

t∗l [τ ]rxi1i2 [n, k + τ ] ∀ (i1, i2, l) ∈ D ×D × L (5.13)

where T represents the support of the temporal filters and tl[τ ] represents the impulse
response of the l’th reference filter.

By using the definition of the NF-ROS in Definition 5.2.2 we know that the sensor-
reference crosscorrelation functions are free of noise at time-lag pair (n, k) if the time-
lag pairs (n, k+ τ) fall in the NF-ROS for all τ ∈ T . Consequently, a proper design of
the reference filters and selection of time-lag pairs based on the NF-ROS is important.
In Section 5.3.2.1 we discuss this design of the temporal reference filters and the choice
of time-lag pairs such that the sensor-reference crosscorrelation functions are free of
noise. For now we assume that the time-lag pairs and the support of the temporal
reference filters are chosen in such a way that the sensor-reference crosscorrelation
data is free of noise. Using this assumption, we obtain the following, noise-free,
structure in these crosscorrelation functions:

rxυi1(l,i2)[n, k] =
∑
j∈S

aji1a
j,∗
i2

∑
τ∈T

t∗l [τ ]rsjj [n, k + τ ] ∀ (n, k + τ) ∈ Ω (5.14)

where we used the structure of the noise-free sensor correlation functions presented
in (4.14) of Chapter 4, which is as follows:

rxi1i2 [n, k] =
∑
j∈D

aji1a
j,∗
i2
rsjj [n, k]. (5.15)
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By evaluating (5.13) over all sensor indices i1 and i2 for each temporal reference
filter we obtain the following sets of sensor-reference crosscorrelation matrices:

Rxυ
l [n, k] ,


rxυ1(l,1)[n, k] rxυ1(l,2)[n, k] · · · rxυ1(l,D)[n, k]

rxυ2(l,1)[n, k] rxυ2(l,2)[n, k] · · · rxυ2(l,D)[n, k]
...

. . .
. . .

...
rxυD(l,1)[n, k] rxυD(l,2)[n, k] · · · rxυD(l,D)[n, k]

 ∀ l ∈ L. (5.16)

By exploiting the structure in the sensor-reference crosscorrelation data presented
in (5.14), we obtain the following structure in the sensor-reference crosscorrelation
matrices in terms of the mixing system, temporal reference filters, and the source
autocorrelation functions:

Rxυ
l [n, k] ≡ A

∑
τ∈T

t∗l [τ ] diag (rs[n, k + τ ]) (A)H =
∑
τ∈T

t∗l [τ ]Rx[n, k + τ ]

where rs[n, k] = (
[
rs11[n, k] · · · , rsSS [n, k]

]
)T .

The sensor-reference crosscorrelation matrices are linear combinations of a set of
sensor correlation matrices Rx[n, k + τ ], where the weights are determined by the
impulse response of the considered temporal filter. The sizes of these sensor-reference
crosscorrelation matrices are D ×D; however, from their structure it follows imme-
diately that their rank is at most S. Consequently, by applying the subspace matrix
that is related to the mixing matrix, i.e., Ps, to this sensor-reference crosscorrelation
matrix we obtain, without loosing information, the following size S × S crosscorrela-
tion matrices:

R̄xυ
l [n, k] , PsR

xυ
l [n, k](Ps)

H =
∑
t∈T

t∗l [τ ]R̄x[n, k + τ ] ∀ l ∈ L (5.17)

where R̄x[n, k+τ ] = ĀRs[n, k+τ ](Ā)H are reduced sensor correlation matrices with
the same structure as the matrix at the left hand side in (4.22). The subspace matrix
Ps was already presented in Section 4.3.1 and can be estimated for example from the
singular value decomposition of one of the sensor reference crosscorrelation matrices
Rxυ
l [n, k], i.e.,

SVD (Rxυ
l [n, k]) = UsΣSVs (5.18)

where ΣS is a matrix of size S ×S containing singular values on its diagonal and the
matrices Us and Vs with sizes D × S and S × D, respectively, contain their corre-
sponding left and right singular vectors. These left and right singular vectors span the
same space as the mixing column vectors in the mixing matrix A. Consequently, the
reduction matrix Ps can be found as Ps = (Us)H or Ps = Vs. Once the reduction
matrix Ps is identified, we can apply it either to the correlation matrices or directly
to the observations x[n] leading to x̄[n] = Psx[n]. This latter reduction method will
be used in the remainder of this chapter.

In the following section we use these sensor-reference crosscorrelation matrices and
show that with a proper design of the temporal reference filters, these matrices can
be used to identify source extraction filters.
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5.3.2 Temporal reference based source extraction as informed source ex-
traction

From (5.17) it follows that the sensor-reference crosscorrelation matrices are very
similar to the linear combinations of sensor correlation matrices Γl and Γ̌l in (4.23) of
Chapter 4; however, some differences exist. In order to link temporal reference based
source extraction and the informed source extraction from Chapter 4, we assume in the
first part that the observed signals are stationary such that the SOS are independent
of the time-index n. Later in this section we consider non-stationary signals.

For stationary signals it holds that the lag zero sensor-reference crosscorrelation
matrix pairs (R̄xυ

l [n, 0], (R̄xυ
l [n, 0])H) are equal to the linear combinations of sensor

correlation matrix pairs (Γl, Γ̌l) in case the following condition holds:

{tl[k] = ξκl |Ωκ = k, ∀Ωκ ∈ Ω} =⇒
{

R̄xυ
l [n, 0] = Γl

(R̄xυ
l [n, 0])H = Γ̌l

(5.19)

where we used the property that Γl and Γ̌l in (4.23) of Chapter 4 differ only by a
Hermitian transposition, i.e., Γ̌l = (Γl)

H . The equality in (5.19) follows immediately
when considering (4.23) and (5.17).

For non-stationary signals the link between informed and reference based source
extraction is not as trivial as for stationary signals. In order to show the connection
between reference and informed based source extraction we decompose the NF-ROS
into multiple time-lag pair groups where all time-lag pairs in a single group share
their time index, i.e., Ω =

⋃
Ωη, with η the index for time instance nη. If we apply

this decomposition to the linear combinations of sensor correlation matrices Γl and
Γ̌l for non-stationary signals, then we obtain the following relations:

Γl =
∑
η

R̄xυ
l [nη, 0] and Γ̌l =

∑
η

(R̄xυ
l [nη, 0])H . (5.20)

This decomposition means that a set of reference filters is required in order to build
the matrices Γl and Γ̌l, i.e., for each time instance considered in the NF-ROS we re-
quire a filter. Subsequently, statistical parameters have to be estimated and combined
over the time-indices. In practice, this might be a cumbersome procedure; however,
we discuss this approach here for the insight it delivers. Furthermore, this approach
allows for new ways to develop and design source extraction algorithms. In the fol-
lowing section we discuss the design of temporal reference based source extraction
algorithms.

5.3.2.1 Design of temporal reference based source extraction algorithms

The equality between the lag-zero sensor-reference crosscorrelation matrices and the
linear combinations of sensor correlation matrices, discussed in the previous section,
makes that the design techniques presented in Chapters 3 and 4 can be re-used for
a proper design of temporal reference filters such that immediate extraction of the
desired source can be guaranteed.
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In Chapters 3 and 4 we have seen that extraction of the desired source can be
guaranteed based on an estimate r̃0 of the autocorrelation function of the desired
source for time-lag pairs in the NF-ROS, which we call a mold. For the mold we
assume that the condition in (4.30) holds, i.e.,

|〈r̃0, r̃
s
dd〉|

‖r̃sdd‖2
>
|〈r̃0, r̃

s
jj〉|

‖r̃sjj‖2
∀ j ∈ S\d (5.21)

which means that r̃s0 is a ‘good’ estimate of the autocorrelation function correspond-
ing to the desired source. Based on the theory developed in Chapter 4, immediate
extraction of the desired source is guaranteed if the impulse response of one reference
filter matches the mold and if the other reference filters are chosen as an orthonormal
basis. In summary the following condition holds for the design of the reference filters:

t̃l1(t̃l2)H =

{
||r̃0||22 for {(l1, l2) ∈ L × L| l1 = l2}
0 for {(l1, l2) ∈ L × L| l1 6= l2}

(5.22)

where t̃1 equals the mold r̃0 and where we did not take the decomposition for non-
stationary signals into consideration in the notation.

A disadvantage of the temporal reference based source extraction algorithm is that
all D observations have to be filtered by the L reference filters, leading to DL filter
operations. Although this approach might seem cumbersome, it strongly depends on
the application and the implementation if the use of reference based or informed based
source extraction is more appropriate. Furthermore, we have shown only the connec-
tion between reference based and informed source extraction, the implementation of
the reference filters in the form of digital FIR filters, and, we considered the sensor-
reference crosscorrelation data for only lag zero. Consequently, we have restricted
ourselves a lot in the design of temporal reference based source extraction algorithms.
We only introduced these limitations to discuss the connection with informed source
extraction and proof the validity of reference based source extraction. Dropping these
limitations leads to opportunities for new design techniques of reference based source
extraction algorithms. An example algorithm that is closely related to temporal ref-
erence based source extraction is known in the literature as linear prediction based
source extraction [14,51]. We considered this algorithm already in [52] and it can be
seen as a special case of temporal reference based source extraction for identification
of the LCMV filter. Alternative strategies are to implement reference filters in the
analog domain and to consider the sensor-reference crosscorrelation function for not
only lag zero.

5.3.2.2 Summary of temporal reference based source extraction algorithm

An overview of the temporal reference based source extraction algorithm is depicted
in Figure 5.4. This algorithm can be used to identify the main components µ̃ and h
of the LCMV and MVDR extraction filter w̃, respectively. A summary of the steps
in the temporal reference based source extraction algorithm is as follows:
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Figure 5.4: Overview of the temporal reference based source extraction algorithm.
The mold represents the a priori information about the mixing system that is used
to design the temporal reference system T.

1. Design a temporal reference system T and apply it to the observations, i.e.,
υl,i[n] = (tl ∗ xi)[n] ∀ (i, l) ∈ D × L.

2. Identify subspace matrix Ps and calculate the reduced size correlation matrices
R̄xυ
l as in (5.17) or reduce the observations directly.

3. Calculate sensor-reference crosscorrelation matrices Γl and Γ̌l as in (5.20).
4. Combine the reduced crosscorrelation matrices in the following way:

M =

L∑
l=2

Γ̌l (Γ1)
−1

Γl
(
Γ̌1

)−1
. (5.23)

5. Calculate the left or right eigenvector, µ̃ or h, that corresponds to the smallest
eigenvalue of M.

6. Extract the desired source and apply noise reduction if desired.

The underlying structure of M ≡ ĀΛ
(
Ā
)−1

makes that the left eigenvectors of M
correspond to rows from the inverse of the reduced mixing system Ā, while the right
eigenvectors correspond to columns from the reduced mixing system. The eigenvalues,
i.e., the elements on the diagonal of Λ, are positive and have the following structure:

λj =

L∑
l=2

|〈t̃l, r̃2
jj〉|2

|〈t̃1, r̃sjj〉|2
∀ j ∈ S. (5.24)

Each eigenvalue depends on the autocorrelation function of one of the sources and the
parameters of the reference system. Consequently, a proper design of the reference
system as in Section 5.3.2.1 makes that the left and right eigenvectors that correspond
to the smallest eigenvalue can be used to extract the desired source.

The MVDR extraction filter is found by solving the following optimization prob-
lem:

waopt = arg min
w̃a

E{y[n]y∗[n]}

s. t. y[n] =

(
(h)

H
Ps − wa

(
(h)

H
Ps

)⊥)
x[n]

(5.25)
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which leads to w̃MVDR = (h)
H

Ps − waopt
(

(h)
H

Ps

)⊥
.

The LCMV extraction filter, including noise reduction, is found by solving the
following optimization problem:

waopt = arg min
w̃a

E{y[n]y∗[n]}

s. t. y[n] =
(
µ̃Ps − wa (Ps)

⊥
)

x[n]
(5.26)

which leads to w̃LCMV = µ̃Ps − waopt (Ps)
⊥

.

These extraction filters maximize the SINR or maximize the SNR under the con-
straint that the interfering sources are canceled, respectively, and exploit all available
sensors for this task. In the following section we present an algorithm that uses a
subset of the sensors to ensure identification of the desired filter. This filter is ap-
plied to the remaining sensors in the system, i.e., not the ones used for desired source
selection. An advantage of this new approach is that spatially uncorrelated noise
is allowed to have non-zero autocorrelation function values for time-lag pairs in the
NF-ROS.

5.3.3 Source extraction in the presence of spatially uncorrelated noise

So far, we have assumed that a NF-ROS exists and is known. In practice, this
information is often difficult to obtain and a NF-ROS does not have to exist. In this
section we assume that spatially uncorrelated noise has an unknown contribution in
the SOTS of the considered sensor signals.

For the model in Figure 5.2 the presence of spatially uncorrelated signals leads
to the following structure in the crosscorrelation functions of sensor and reference
signals:

rxυi1(l,i2)[n, k] =

S∑
j=1

aji1a
j,∗
i2

∑
τ∈T

t∗l [τ ]rsjj [n, k + τ ] +
∑
τ∈T

t∗l [τ ]rνi1i2 [n, k − τ ]. (5.27)

It follows that the crosscorrelation functions rxυi1(l,i2)[n, k] are only contaminated by
spatially uncorrelated noise if i1 = i2. Therefore, we split the sensors into two subsets.
One set is used for generating reference signals and the other set is used for source
extraction, as is depicted in Figure 5.3. This leads to the following sensor reference
crosscorrelation matrices that are free of spatially uncorrelated noise:

Rxυ
l [n, k] = Ax

∑
τ∈T

t∗l [τ ] diag (rs[n, k + τ ]) (Aυ)
H

(5.28)

where Ax and Aυ are the mixing matrices for two non-overlapping subsets of sensor
signals, as is discuss in Section 5.2.3.

In order to identify extraction filters from the crosscorrelation matrices in (5.28)
we require that the rank of both Ax and Aυ is at least S. Consequently, we have the
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following condition for the total number of sensor: D ≥ 2S, i.e., each subset should
consist of at least S sensors. Furthermore, we have to reduce the sensor correlation
matrices from size Dx×Dυ to size S×S. This reduction can be accomplished by two
reduction matrices Ps and P̌s from which the rows span the same space as the space
spanned by the columns of the mixing matrices Ax and Aυ, respectively. These
matrices can also be identified from the singular value decomposition of a sensor
reference crosscorrelation matrices, i.e.,

SVD (Rxυ
l [n, k]) = UsΣSVs (5.29)

where Ps = (Us)H and P̌s = Vs leads to the desired reduction matrices. Again,
these matrices can be applied either to the calculated sensor reference crosscorrelation
matrices or directly to the data. Applying these reduction matrices leads to the
following reduced sensor reference crosscorrelation matrices:

R̄xυ
l [n, k] = PsR

xυ
l [n, k](P̌s)

H = Āx

∑
τ∈T

t∗l [τ ] diag (rs[n, k + τ ])
(
Āυ

)H
(5.30)

where Āx = PsAx and Āυ = P̌sAυ are reduced mixing matrices.

Since the symmetry of the matrices R̄xυ
l [n, k] is lost we are not able to calculate

the matrix Γ̌l by taking the transpose of Γl. In order to be able to build a matrix
with the structure of Γ̌l we require sensor correlation matrices with the structure as
in (5.30), but now with conjugated temporal reference filters and conjugated source
autocorrelation function values, without changing the order or conjugation of the
mixing systems Āx and Āυ. This means that we have to calculate sensor reference
crosscorrelation matrices that have the following structure:

Řxυ
l [n, k] = Āx

∑
τ∈T

tl[τ ] diag (rs[n, k + τ ])
∗ (

Āυ

)H
. (5.31)

These new sensor reference crosscorrelation matrices can be calculated by using the
following property of complex-valued non-stationary signals:

(rsjj [n, k])∗ = (E{sj [n]s∗j [n− k]})∗ = E{s∗j [n]sj [n− k]} = rsjj [n− k,−k] (5.32)

which reduces to the well known property (rsjj [k])∗ = rsjj [−k] for stationary signals.
Consequently, the sensor reference crosscorrelation matrices with the structure in
(5.31) can be calculated as follows:

Řxυ
l [n, k] = R̄xυ

l,∗[n− k,−k] (5.33)

where l, ∗ means that the conjugated temporal reference filter should be used.

Now the matrices Γl and Γ̌l can be calculated as linear combinations of the reduced
sensor reference crosscorrelation matrices R̄xυ

l [n, 0] and Řxυ
l [n, 0], as was shown on the

left hand side in (5.20). Again, these matrices can be used to construct the following
matrix M from which source extraction filters can be identified as eigenvectors:

M =

L∑
l=2

Γ̌l (Γ1)
−1

Γl
(
Γ̌1

)−1 ≡ ĀxΛ
(
Āx

)−1
. (5.34)
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Figure 5.5: Overview of the temporal reference based source extraction algorithm
that deals with spatially uncorrelated noise.

Each eigenvalue of the matrix M has a structure as in (5.24), i.e., it corresponds only
to the temporal reference filters and the autocorrelation function of one of the sources;
and, its corresponding left and right eigenvectors are extraction filters for that source
with respect to the reduced mixing matrix Āx.

An overview of this algorithm for spatially uncorrelated noise is depicted in Fig-
ure 5.5. Extraction of the desired source with this new algorithm can be guaranteed by
meeting the following two conditions. First, the reference system has to be designed
in a similar way as is discussed in Section 5.3.2.1. Second, both mixing matrices Ax

and Aυ have to be well conditioned, i.e., they have to have rank S.

5.4 Spatial reference filter based source extraction algorithms

In this section we present two reference based source extraction algorithms for ref-
erence signals obtained from spatial filters. These algorithms are derived as follows.
First, we discuss the structure in sensor-reference crosscorrelation functions. We show
for the approach from Figure 5.2 that this structure is very similar to the structure of
the linear combinations of sensor correlation matrices in (4.24) of Chapter 4. Based
on this observation we show that the reference system can be designed such that im-
mediate extraction of the desired source is guaranteed. Finally, we present a spatial
reference based source extraction algorithm based on the approach from Figure 5.3.
This algorithm deals with spatially uncorrelated noise in an alternative way at the
cost of using additional sensors.

5.4.1 Structure in the SOS of the sensor and reference signals

The structure in the sensor-reference crosscorrelation functions is strongly depending
on the type of reference filter that is used. In this section we discuss the structure of
these crosscorrelation functions for reference signals obtained with spatial filters. For
time-lag pairs in the NF-ROS, the structure of the sensor-reference crosscorrelation
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functions is obtained by considering the structure of the observations (5.1) and the
structure of the reference signals in (5.8); and, is as follows:

rxυil [Ωκ] =

S∑
j=1

aji b
j,∗
l rsjj [Ωκ] ∀ (i, l, κ) ∈ D × L×K (5.35)

rυxli [Ωκ] =

S∑
j=1

bjl a
j,∗
i rsjj [Ωκ] ∀ (i, l, κ) ∈ D × L×K (5.36)

where bjl = t̃la
j and we define the reference mixing system B , TA.

The structure of these crosscorrelation functions is very similar to the structure
in the sensor correlation functions in (4.14) of Chapter 4, which we repeat here for
completeness:

rxi1i2 [Ωκ] =

S∑
j=1

aji1a
j,∗
i2
rsjj [Ωκ] ∀ (i1, i2, k) ∈ D ×D ×K.

By exploiting the fact that the reference mixing column vectors bj are linear combina-
tions of mixing column vectors aj , it follows that the sensor-reference crosscorrelation
functions rxυil [Ωκ] and rυxli [Ωκ] are linear combinations of the sensor correlation func-
tions rxiii2 [Ωκ], i.e.,

rxυi1l[Ωκ] =

D∑
i2=1

ti2,∗l rxi1i2 [Ωκ], rυxli2 [Ωκ] =

D∑
i1=1

ti1l r
x
i1i2 [Ωκ].

By evaluating the sets of crosscorrelation functions over all sensor indices i, refer-
ence indices l, and time-lag pair indices κ we are able to generate a cube of crosscor-
relation data for each set of crosscorrelation functions. For the models in (5.35) and
(5.36) three essentially unique slices of correlation data exist that can be represented
by three differently structured correlation matrices. These matrices are constructed
by fixing one of the three indices, i, l, or κ, and evaluating the functions over the
other two indices. In this section we consider the sensor-reference crosscorrelation
matrices obtained by fixing the reference signal index l and evaluating over the index
i and κ in the following way:

Cxυ
l ,


rxυ1l [Ω1] rxυ1l [Ω2] · · · rxυ1l [ΩK ]
rxυ2l [Ω1] rxυ2l [Ω2] · · · rxυ2l [ΩK ]

...
. . .

. . .
...

rxυDl[Ω1] rxυDl[Ω2] · · · rxυDl[ΩK ]

 ∀ l ∈ L (5.37)

Cυx
l ,


rυxl1 [Ω1] rυxl1 [Ω2] · · · rυxl1 [ΩK ]
rυxl2 [Ω1] rυxl2 [Ω2] · · · rυxl2 [ΩK ]

...
. . .

. . .
...

rυxlD [Ω1] rυxlD [Ω2] · · · rυxlD [ΩK ]

 ∀ l ∈ L. (5.38)
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The structure of these sensor-reference crosscorrelation matrices in terms of the
mixing matrix, the reference mixing matrix, and the source autocorrelation functions
follows from (5.35) and (5.36), i.e.,

Cxυ
l ≡ A diag(b̃∗l )C

s ∀ l ∈ L (5.39)

Cυx
l ≡ A∗ diag(b̃l)C

s ∀ l ∈ L (5.40)

where the row vector b̃l is the l’th row of the reference mixing matrix B and rs[Ωκ]
is the κ’th column of the following source autocorrelation matrix Cs of size S ×K:

Cs ,


rs11[Ω1] rs11[Ω2] · · · rs11[ΩK ]
rs22[Ω1] rs22[Ω2] · · · rs22[ΩK ]

...
. . .

. . .
...

rsSS [Ω1] rsSS [Ω2] · · · rsSS [ΩK ]

 . (5.41)

Each of these correlation matrices Cxυ
l or Cυx

l has size D×K; however, their rank
is at most S due to their structure. Therefore, we can apply two subspace matrices
Ps and Qs that reduce the matrices to size S × S without losing information in the
following way:

C̄xυ
l , PsC

xυ
l Qs ≡ Ā diag

(
b̃∗l
)

C̄s (5.42)

C̄υx
l , P∗sC

υx
l Qs ≡ Ā∗ diag

(
b̃l

)
C̄s (5.43)

where C̄xυ
l and C̄υx

l represent the reduced crosscorrelation matrices and Ā , PsA is
defined as the reduced mixing system and C̄s , CsQs is defined as the reduced source
autocorrelation matrix. Due to the structure of the correlation matrices, the same
two subspace matrices Ps and Qs can be applied to the entire set of sensor-reference
crosscorrelation matrices Cxυ

l and Cυx
l .

The reduction matrices Ps and Qs can be identified for example by applying a
singular value decomposition to one of the sensor-reference correlation matrices, i.e.,

SVD (Cxυ
l ) = UsΣSVs for l ∈ L (5.44)

where ΣS is a matrix of size S × S containing singular values on its diagonal and
the matrices Us and Vs with sizes D × S and S × K, respectively, contain their
corresponding left and right singular vectors. These left and right singular vectors
span the same space as the mixing column vectors in A and the autocorrelation
functions in Cs, respectively. Consequently, the reduction matrices are found as
Ps = (Us)H and Qs = (Vs)

H . The only condition is that the considered sensor-
reference crosscorrelation matrix in (5.44) has rank S. Other approaches to identify
these subspace matrices are described in Chapter 3 and [70]. Once the reduction
matrix Ps is identified, we can apply it either to the correlation matrices or directly
to the observations x[n] leading to x̄[n] = Psx[n]. This latter reduction method will
be used in the remainder of this chapter.
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5.4.2 Spatial reference based source extraction as informed source extrac-
tion

Up to now we have derived the structure of sensor-reference crosscorrelation matrices
that are reduced to a size of S × S. In this section we show how these correlation
matrices can be used to identify extraction filters that extract the desired source.

By exploiting the linear relation between the reference mixing elements bjl and the
mixing elements, we are able to decompose (5.39) and (5.40) respectively as follows:

C̄xυ
l =

D∑
i=1

ti,∗l C̄x
•i and C̄υx

l =

D∑
i=1

tilC̄
x
i• (5.45)

where C̄x
•i and C̄x

i• are the reduced sensor correlation matrices in (4.22) of Chapter 4.

From these decompositions it follows that the sensor-reference crosscorrelation ma-
trices have exactly the same structure as the linear combinations of sensor correlation
matrices Γ̌l and Γl as defined in (4.24) of Chapter 4. Moreover, if we choose the spa-
tial filters t̃l equal to the Hermitian transpose of the selection beamformers ξl from
Chapter 4, i.e., t̃l = (ξl)H , then the matrices are equal to each other. Consequently,
we can reuse the design procedures for the selection beamformers to design reference
systems and we can reuse the informed source extraction algorithm to identify the
filter that extracts the desired source.

5.4.2.1 Design of selection beamformers or spatial reference filters

The design method for the reference system discussed here requires an estimate of the
mixing coefficients that model the transfer from the desired source to all the sensors
that are used to generate reference signals. This estimate is denoted by the symbol a0

and is called a mold. From Chapter 4 it follows that extraction of the desired source
can be guaranteed if the following condition holds:

|〈a0,ad〉|
‖ad‖2

>
|〈a0,aj〉|
‖aj‖2

∀ j ∈ S\d (5.46)

where 〈a,b〉 , (a)Hb is the Euclidean inner product and ‖a‖2 ,
√
〈a,a〉 is the

Euclidean norm.

This condition on the mold means that the angle between the mold and the mixing
column of the desired source should be smaller than the angle between the mold and
any other mixing column. In other words, the estimate a0 should be close enough to
ad.

Based on this mold, the reference system should be chosen as the complex conju-
gate of an orthonormal basis with the first basis vector being the mold, thus t̃l = (a0)H

and

t̃l1(t̃l2)H =

{ ∣∣∣∣a0
∣∣∣∣2

2
for {(l1, l2) ∈ L × L| l1 = l2}

0 for {(l1, l2) ∈ L × L| l1 6= l2}
. (5.47)
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Figure 5.6: Overview of the spatial reference based source extraction algorithm.
The mold represents the a priori information about the mixing system that is used
to design the reference system T.

For the reference system from Figure 5.2 this means that L = D reference filters are
required, while for the reference system from Figure 5.3 only L = Dυ reference filters
are required. A proof for this design can be found in Section 4.3.2 of Chapter 4.
Other designs of reference systems based on array signal processing techniques can
be found in Section 4.4 of Chapter 4. These designs lead to a significant reduction in
the number of reference signals L and therefore increase the efficiency of the source
extraction algorithm.

5.4.2.2 Summary of spatial reference based source extraction algorithm

An overview of the spatial reference based source extraction algorithm is depicted in
Figure 5.6. This algorithm can be used to identify the main components µ̃ and h of
the LCMV and MVDR extraction filter w̃, respectively. A summary of the steps in
the source extraction algorithm is as follows:

1. Design a spatial reference system T and apply it to the observations, i.e., υ[n] =
Tx[n].

2. Calculate sensor-reference crosscorrelation matrices Cxυ
l and Cυx

l as in (5.37)
and (5.38).

3. Identify subspace matrices Ps and Qs and calculate the reduced size correlation
matrices C̄xυ

l and C̄υx
l as in (5.42) and (5.43) or reduce the observations directly.

4. Combine the reduced crosscorrelation matrices in the following way:

M =

L∑
l=2

C̄xυ
l

(
C̄υx

1

)−1
C̄υx
l

(
C̄xυ

1

)−1
. (5.48)

5. Calculate the left or right eigenvector, µ̃ or h, that corresponds to the smallest
eigenvalue of M.

6. Extract the desired source and apply noise reduction if desired.
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The underlying structure of M ≡ ĀΛ
(
Ā
)−1

makes that the left eigenvectors of M
correspond to rows from the inverse of the reduced mixing system Ā, while the right
eigenvectors correspond to columns from the reduced mixing system. The eigenvalues,
i.e., the elements on the diagonal of Λ, are positive and have the following structure:

λj =

L∑
l=2

|tlaj |2
|t1aj |2

∀ j ∈ S. (5.49)

Each eigenvalue depends on the mixing column of one of the sources and the param-
eters of the reference system. Consequently, a proper design of the reference system
as in Section 5.4.2.1 makes that the left and right eigenvectors that correspond to the
smallest eigenvalue can be used to extract the desired source.

For more details on the application of identified extraction filters µ̃ and h we refer
to Section 5.3.

5.4.3 Source extraction in the presence of spatially uncorrelated noise

So far, we have assumed that a NF-ROS exists and is known. In practice, this
information is often difficult to obtain and a NF-ROS does not have to exist. In this
section we assume that spatially uncorrelated noise has an unknown contribution in
the SOTS of the considered sensor signals.

For the model in Figure 5.2 the presence of spatially uncorrelated signals leads
to the following structure in the crosscorrelation functions of sensor and reference
signals:

rxυil [n, κ] =

S∑
j=1

aji b
j,∗
l rsjj [n, κ] + ti,∗l rνii[n, κ] (5.50)

rυxli [n, κ] =

S∑
j=1

bjl a
j,∗
i rsjj [n, κ] + tilr

ν
ii[n, κ]. (5.51)

It follows that the crosscorrelation functions rxυil [n, k] and rυxli [n, k] are only contam-
inated by noise if the reference signal υl is derived from the sensor signal xi, i.e.,
if til is non-zero. Therefore, we split the sensors into two subsets. One set is used
for generating reference signals and the other set is used for source extraction, as is
depicted in Figure 5.3.

An overview of the algorithm that can be used to extract the desired source for
such a scenario is depicted in Figure 5.7, where the concatenations of Ax,Aυ and
νx,νυ lead to respectively the mixing matrix A and noise vector ν in Figure 5.6.
The structure of the reduced sensor-reference crosscorrelation matrices is as follows:

C̄xυ
l = Āx diag

(
b̃υ,∗l

)
C̄s ∀ l ∈ L (5.52)

C̄υx
l = Ā∗x diag

(
b̃υl

)
C̄s ∀ l ∈ L (5.53)
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Figure 5.7: Overview of the reference based source extraction algorithm that deals
with spatially uncorrelated noise.

where Āx = PsAx, bυl = t̃lAυ, and C̄s = CsQs. If we follow the steps from the
algorithm in Section 5.4.2.2, then the matrix M, built from the new type of sensor-
reference crosscorrelation matrices, has the following structure:

M =

L∑
l=2

C̄xυ
l

(
C̄υx

1

)−1
C̄υx
l

(
C̄xυ

1

)−1 ≡
L∑
l=2

ĀxΛ
(
Āx

)−1
. (5.54)

Each eigenvalue of the matrix M corresponds to a unique column of the mixing matrix
Ax; and, its left and right eigenvectors are extraction filters with respect to the mixing
matrix Ax.

Extraction of the desired source with this new algorithm can be guaranteed by
meeting the following two conditions. First, the reference system has to be designed
in a similar way as is discussed in Section 5.4.2.1, but now with respect to the mixing
matrix Aυ and a priori information about the mixing of the desired source w.r.t.
the reference sensors. Second, the mixing matrix Ax has to be well conditioned, i.e.,
it has to have rank S. This latter condition, combined with the minimum number
of reference signals required for this new approach makes that the total number of
sensors D should be larger than S + 2. The formal condition on the noise is that
the noise observed by a sensor in the reference subset is not correlated with the noise
observed by the sensors in the source extraction subset. An example of such noise is
spatially uncorrelated sensor noise.

5.5 Simulation results and discussions

In this section we present results from computer simulations. In the first experiment
we compare different configurations of the two new reference based source extraction
algorithms and verify that source extraction is accomplished. In the second exper-
iment we apply the new algorithms in a wireless acoustic sensor network (WASN)



138 Chapter 5. Reference based source extraction

scenario.

5.5.1 Comparison of several configurations of the source extraction algo-
rithms

In this experiment we compare the performance of the source extraction algorithms for
six different configurations while varying the number of samples used in the estimation
process. First we describe the simulation setup and performance measures. Finally,
we present and discuss the simulation results.

We mixed three complex-valued sources with unit power that were generated by
filtering a real-valued Gaussian signal with a filter consisting of a single complex
pole. The poles for the three sources are respectively −0.9 e3, 0.7 e2, and 0.8 e4.
Each iteration a new random mixing matrix of size 6× 3 was drawn from a complex
Gaussian distribution. The columns of the mixing matrix were normalized such that
a predictable overall power of the sources is observed at the sensors. Finally, the six
sensor signals were contaminated by spatially white, complex Gaussian noise with
variance σ2

ν = 0.1.

The performance is evaluated for six different configurations of the new reference
based source extraction algorithms. The first three algorithms use respectively 6, 4,
and 3 sensors. These sensors are used for extraction as well as the generation of refer-
ence signals. The mold, i.e, the estimate of the mixing column vector corresponding
to the desired source was equal to the actual mixing column vector and the remaining
reference signals are generated by calculating an orthonormal basis as discussed in
Section 5.4.2.1. An ideal mold is chosen to focus on the difference in performance
for different sensor configurations. In [61] we have shown that perturbations on the
mold lead to little performance degradation. The three remaining algorithms use the
first three sensors for applying the extraction filter, while respectively the sensors
1-2, 4-5 and 4-6 are used for generating the reference signals. Again, an ideal mold
and an orthonormal basis are used to design the reference system. For the first four
algorithms the NF-ROS was chosen as the lags -10 up to 10 excluding lag 0, while
the fifth and sixth algorithm included lag 0 in the NF-ROS.

The main objective of the presented algorithms is to identify the extraction filter
µ and the mixing column vector h that correspond to the desired source. The perfor-
mance of the extraction filter µ̃ is evaluated by measuring the SIR in the extracted
signal, which has to be maximized. The SIR is obtained by calculating the ratio
of the gain for the desired source and for the gain for the interfering sources. The
filter h is an estimate of the mixing column that corresponds to the desired source
and can be used to build an MVDR filter if an additional noise suppression step is
implemented. Deviation from the actual mixing column vector results in leakage and
thus a performance drop. Therefore, we measure the Hermitian angle [67] between
the identified mixing column vector h and the mixing column vector corresponding
to the desired source.

In Figures 5.8 and 5.9 we depict the results for a Monte Carlo simulation consisting
of 500 simulations per selected number of samples. We observe that in both figures the
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Figure 5.8: Average angle between estimated and actual mixing column correspond-
ing to the desired source for multiple algorithms and different number of samples. The
first part in the legend indicates the sensors used for extraction and the second part
indicates the sensors used for generating reference signals.

identification performance increase for increasing number of samples and for increasing
the number of sensors used for extraction. In Figure 5.8 we observe that the algorithms
using only two sensors for generating reference signals have a poorer performance if
the used number of samples is relatively low. The third and the sixth algorithm show
a similar performance for identification of the mixing column h. An advantage of
the latter algorithm is that less a priori information about the noise is required. In
Figure 5.9 we observe that the performances of the third and sixth algorithm are
similar. Furthermore, we observe that using more sensors increases the extraction
performance.

From these simulations we conclude that both reference based source extraction
algorithms can be used for extraction of a desired source. As expected, using more
sensors and more samples leads to a better performance.

5.5.2 Application in a wireless acoustic sensor network

The objective of this second experiment is to validate the new reference based source
extraction algorithm in a more practical scenario.

A WASN consists of spatially distributed sensing nodes that are equipped with
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Figure 5.9: SIR of the first experiment for a range of algorithms and different number
of samples. The first part in the legend indicates the sensors used for extraction and
the second part indicates the sensors used for generating reference signals.

at least one microphone and a radio for wireless communication. In the considered
extraction scenario a WASN is deployed near a number of sound sources, e.g., human
speakers, and the microphone signals have to be combined in such a way that the
desired sound or speech is extracted from the observed mixture. In this experiment
we consider the WASN scenario as depicted in Figure 5.10, where a mixture of two
sources is observed by three wireless sensor nodes equipped with two microphones
used for extraction and a single sensor node having three microphones for generating
reference signals.

The source signals are generated by filtering real-valued white Gaussian signals
with a comb filter that repeats the poles −0.9 and 0.8 for respectively the desired
and interfering source. The room impulse responses (RIR) are calculated with a RIR
generator [69] and have a length of 512 samples. We consider a mixing scenario
without reflections and a scenario where the reverberation time to 0.15 seconds. The
sensor signals are sampled with a sampling frequency of 8 kHz and corrupted with
spatially white Gaussian noise such that the source signal to noise ratio per sensor is
20 dB.

We use the method from Section 5.4.3 such that no information about the SOTS of
the spatially uncorrelated noise is required. For the mold we use the first 50 samples
of the impulse responses from the desired source to the three reference microphones,
which model the direct path and some early reflections. The reference system is
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Figure 5.10: Overview of the WASN scenario. The room has a size of 6 by 3 meters.
The desired source sd and the interfering source si are indicated with circles, the three
sensors used for extraction with cross signs, and the sensors for generating reference
signals with plus signs. The sensors on a sensor node have a mutual spacing of 0.06
meters. All sensors are located at a height of 1.2 meters while the height of the room
is 3 meters.

designed by calculating a 2048 points discrete Fourier transform (DFT) of the mold.
Subsequently, per frequency bin we calculate an orthonormal basis with the first
vector being the mold. The NF-ROS is chosen as the lags -6 up to 6 per frequency
bin.

The extraction filters w̃µ and w̃h, are obtained by scaling the vectors µ̃ and h
using the mold, i.e.,

w̃µ =
µ̃

µ̃a0
and w̃h =

(h)H

(h)Ha0
. (5.55)

After scaling and selection of the desired filter we calculate the impulse response of the
filter by means of an inverse DFT. The overall transfer function from each source to
the extracted filter is calculated by summing the convolution of the extraction filters
with the respective RIRs. The resulting overall impulse responses and corresponding
transfer functions are depicted in Figure 5.11 and Figure 5.12 for the anechoic and
reverberant room, respectively.

We observe that both extraction algorithms are able to extract the desired source
from the observations. For the observations in the anechoic room the filter w̃µ sup-
presses the interfering source more than the filter w̃h; however, both filters suppress
the interfering source at all frequencies. For the observations in the reverberant room
we observe that both filters suppress the interfering source for most frequencies. The
filter w̃µ has on average a larger suppression of the interfering source than the filter
w̃h; however, the filter w̃h has fewer frequencies where the interfering source is not
suppressed. Furthermore we observe that for the anechoic room the desired source
is extracted without distortions while for the reverberant room the extracted desired
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Figure 5.11: Results for two source extraction algorithms applied to data from an
anechoic room.

source is filtered. Possible reasons for the enhancement of the interfering source by
the extraction filters in the reverberant room are that the mixing system is ill con-
ditioned at those frequencies. Furthermore, due to longer RIRs in the reverberant
room w.r.t. the anechoic room, the assumption of instantaneous mixtures per fre-
quency bin can become less accurate; therefore, further research on source extraction
from convolutive mixtures is desired.

Interesting differences between the spatial and temporal reference based source
extraction for spatially uncorrelated noise is in the required number of sensors and
the number of time-lag pairs that are required in order to make immediate source
extraction of the desired source feasible.

Table 5.1: Comparison of conditions for spatial and temporal reference based source
extraction algorithms

Algorithm # time-lag pairs# sensors

spatial, regular K ≥ S D ≥ S
spatial, uncorrelated noise K ≥ S D ≥ S + 2
temporal, regular K ≥ 2 D ≥ S
temporal, uncorrelated noiseK ≥ 2 D ≥ 2S

In the following chapter we show that these conditions can be released further.

5.6 Discussion and conclusions

In this chapter we addressed the source extraction problem. We have shown that the
design of a reference system based on physical parameters can be exploited in order
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Figure 5.12: Results for two source extraction algorithms applied to data from a
reverberant room room.

to guarantee extraction of the desired source. The corresponding source extraction
algorithms presented in this work are beneficial over other reference based source
extraction algorithms in the sense that only second order statistics are exploited and
that extraction of the desired source is guaranteed based on a priori information about
physical parameters.

We presented two strategies and associated algorithms to obtain and deal with
reference signals. Both algorithms are flexible in the choice of an objective for the
source extraction filter. Both the MVDR filter, which minimizes the interference and
noise in a balanced way, and the LCMV filter, which minimizes the noise subject to
cancelation of the interfering sources, can be identified with the proposed algorithms.
The major difference between the two strategies is in the way they deal with spa-
tially uncorrelated noise. The first approach exploits all available sensor signals and
identifies the optimal extraction filter using all these signals, at the cost of informa-
tion about the second order temporal structure of the noise signals. In the second
approach, reference signals are derived from a subset of the sensor signals while an
extraction filter is identified for the complementary set of sensor signals. This second
approach is insensitive to spatially uncorrelated noise; however, the identified extrac-
tion filter is sub-optimal since not all available sensors are used for extraction of the
desired source.

We validated the algorithms through computer simulations and we have verified
that the second approach requires less information about spatially uncorrelated noise
at the cost of a sub-optimal extraction filter. Finally, we applied the new source
extraction algorithm in a WASN scenario and we have shown that extraction of the
desired source is feasible in such a scenario.

A topic for future work is to develop reference system design techniques that are
able to incorporate all available information such as information about the location
of undesired sources in order to guarantee extraction of the desired source. Further-
more, the development of an adaptive, on-line algorithm and further development and
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evaluation of the proposed algorithms for non-stationary signals such as speech have
to be considered in the future. Finally, we believe that further research into source
extraction from convolutive mixtures can increase the source extraction performance.



6
Source extraction as a polynomial

optimization problem

In this chapter we formulate source extraction algorithm design as a polynomial op-
timization problem. In this optimization problem, homogenous polynomial equations
form equality constraints that restrict the feasible set of the optimization problem to
extraction filters. Identification of the desired source extraction filter is accomplished
by designing a rational objective function using a priori information. The work in this
chapter is considered an important step and providing insight and leads for translating
the results from the previous chapters to work for convolutive mixtures.

Many similarities exist between the polynomial based and the informed source
extraction algorithms presented in the previous chapters. For example, both real-
valued and complex-valued mixing scenarios are considered. A priori information
about either the mixing parameters or the correlation function of the sources can be
exploited and two different types of source extraction filters can be identified. Also
the concept of reference signals can be translated to the polynomial optimization
based approach. Unique features of the polynomial optimization based methodology
presented in this chapter are that identification of extraction filters is feasible for
certain under-determined mixtures and that a natural extension towards the use of
higher order statistics exists. Finally, we present design techniques for objective
function and verify the methodology via computer simulations.
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6.1 Introduction

In this chapter we use our knowledge about informed and reference based source ex-
traction to formulate source extraction as a polynomial optimization problem. In such
an optimization problem, polynomial equality constraints, formulated in [36], ensure
that the feasible set consists of only extraction filters while the objective function can
be designed based on a priori information such that the global optimum corresponds
to the extraction filter for the desired source. In this way, selection of the desired
filter is de-coupled from identifying the actual filter coefficients.

Several techniques are available to solve systems of polynomial equations; however,
in general it is difficult to obtain stable algorithms for empirical data. A well known
and widely used technique for solving such systems is the homotopy method [71].
The homotopy method uses a known start system and moves from the start system
to the unknown system while tracking its roots. Disadvantages of methods based on
homotopy are that it is not possible to predict which root will be found. Therefore,
in this thesis we focus on a method that uses well known linear algebra techniques
such as linear subspaces and (generalized) eigenvalue decompositions to find roots of
polynomial systems. This was first recognized by Stetter [72]. Nowadays, Dreesen et
al. [73,74] continue working on solving systems of multivariate polyonomial equations
using linear algebra techniques and also started to incorporate objective functions to
create optimization problems with polynomial constraints.

We show that the polynomial optimization problem can be formulated as a gen-
eralized eigenvalue decomposition (GEVD) problem where either the largest or the
smallest eigenvalue and its corresponding eigenvector correspond to the optimal solu-
tion. This polynomial optimization framework gives insight in the source extraction
problem and allows for several generalizations. The objective function of the polyno-
mial optimization problem allows for source extraction algorithm designs based on a
priori information. We study the consequences of procedures such as spatial and tem-
poral filtering of the observations. As we have seen in the previous chapters, spatial
and temporal filtering procedures can be used to obtain efficient and flexible imple-
mentations of source extraction algorithms. Finally, we show that the polynomial
optimization framework can be extended in a natural way such that source extraction
can be accomplished for under-determined mixtures and by exploiting higher order
statistics.

The outline of this chapter is as follows. In Section 6.2 we introduce the mixing
model and assumptions on the source and noise signals. The structure in the sensor
correlation data is discussed in Section 6.3. Subsequently, we formulate blind system
identification as root finding for systems of polynomial equations in Section 6.4 and
identification of the desired source extraction filter is presented in Section 6.5. Addi-
tional features of the polynomial optimization based source extraction approach are
discussed in Section 6.6. Design of polynomial optimization based source extraction
algorithms is discussed in Section 6.7. Finally, we evaluate and conclude this chapter
in Section 6.8 and Section 6.9, respectively.
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6.2 Model and assumptions

As discussed in the previous chapters, several types of source extraction filters can
be designed, based on different objectives. Furthermore, many different sorts and
amounts of a priori information can be available, either about the desired or undesired
sources or their mixing parameters. In the current chapter we focus on the design
of source extraction filters using a priori information about the mixing parameters of
the desired source. We consider a similar set of assumptions as used in the previous
chapters, especially Chapter 4. However, we extend our notation on conjugation in
order to include different conjugation schemes and the case for real-valued mixing
systems.

6.2.1 Mixing model

In the considered mixing scenario a total of S source signals sj [n] are mixed by
a size D × S real-valued or complex-valued instantaneous mixing system A. The
observations consist of the mixtures that are contaminated by additive noise νi[n]. A
mathematical model for the structure in these observations is as follows:

x[n] =

S∑
j=1

ajsj [n] + ν[n] = As[n] + ν[n] (6.1)

where the vectors containing respectively the sensor, source, and noise signals are
defined as follows:

x[n] ,

x1[n]
...

xD[n]

 , s[n] ,

s1[n]
...

sS [n]

 , ν[n] ,

ν1[n]
...

νD[n]

 (6.2)

and the mixing matrix of size D × S is defined as

A =
[
a1 · · · aS

]
=

a
1
1 · · · aS1
...

. . .
...

a1
D · · · aSD

 . (6.3)

Using the model from (6.1) for the observations, our objective is to identify a filter
w̃ that extracts the desired source from the observations, i.e.,

y[n] = w̃x[n] = w̃As[n] + w̃ν[n] (6.4)

where y[n] should only contain the desired source. Due to noise, extraction of only
the desired source is impossible and a trade-off has to be made between interference
and noise reduction. Two well known filters in which this trade-off is made are the
MVDR and LCMV filter. The filters are the solutions to respectively the following
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optimization problems:

w̃MVDR = arg min
w̃

E{|y[n]|2} s. t. w̃ad = 1 (6.5)

w̃LCMV = arg min
w̃

E{|y[n]|2} s. t. w̃A = ẽd (6.6)

where d represents the index for the desired source.

The MVDR filter minimizes the energy in y[n] while retaining the desired source
in the signal, leading to a balanced reduction of interfering sources and noise. The
LCMV filter can be used to actively cancel the undesired sources while preserving
the desired source. In order to apply the MVDR filter, identification of the mixing
parameters corresponding to the desired source is required. For the LCMV filter, a
specific row from the inverse of the mixing matrix has to be identified. This row is
orthogonal to the columns in the mixing matrix that correspond to the undesired
sources. In this work, identification of these parameters is performed by exploiting
second order temporal structure in the data.

6.2.2 Second order temporal structure in the sensor signals

The second order statistical features of the source, sensor, and noise signals are eval-
uated in the form of auto- and crosscorrelation functions.

Definition 6.2.1 (Auto- and crosscorrelation functions): The auto- and crosscor-
relation functions for potentially complex-valued signals pi[n] and qj [n] at time-frame
n and lag k are defined as follows:

rpqij [n, k] , E{pc1i [n]qc2j [n− k]} (6.7)

where E is the mathematical expectation operator and the superscripts c1 and c2
indicate the type of conjugation that is applied. The symbol ◦ indicates no conjugation
while ∗ indicates conjugation. The function is called an autocorrelation function if a
signal is correlated with itself. Furthermore, if the two signals carry the same symbol,
say p, then we use the following short-hand notation: rpij [n, k] = rppij [n, k].

For completeness it would be more elegant to include the conjugation tuple (c1c2)
also into the notation of the correlation functions, e.g., rpq,c1c2ij [n, k]. However, for
conciseness and readability we only include these symbols in the correlation functions
if the conjugation does not follow from the context.

Using the model for the mixing system and the corresponding assumptions as in
(6.1) and exploiting Definition 6.2.1, leads to the following sets of sensor, source, and
noise auto- and crosscorrelation functions:

rxi1i2 [n, k] , E{xc1i1 [n]xc2i2 [n− k]} ∀ (i1, i2) ∈ D ×D (6.8)

rsj1j2 [n, k] , E{sc1j1 [n]sc2j2 [n− k]} ∀ (j1, j2) ∈ S × S (6.9)

rνi1i2 [n, k] , E{νc1i1 [n]νc2i2 [n− k]} ∀ (i1, i2) ∈ D ×D. (6.10)
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Note that the correlation functions are only called autocorrelation functions when
their indices are the same, e.g., i1 = i2. Next to these correlation functions we define
the following crosscorrelation functions between the source and noise signals:

rνsij [n, k] , E{νc1i [n]sc2j [n− k]} ∀ (i, j) ∈ D × S (6.11)

rsνji [n, k] , E{sc1j [n]νc2i [n− k]} ∀ (i, j) ∈ D × S. (6.12)

Given the mixing model and the corresponding correlation functions we introduce
a set of assumptions that are necessary to enable source extraction filter identification,
i.e., without introducing additional assumptions, identification of extraction filters is
not feasible.

The first assumption we make is that the sources are independent, or at least
mutually uncorrelated, i.e.,

rsj1j2 [n, k] = 0 ∀ {(j1, j2) ∈ S × S| j1 6= j2}. (6.13)

Our assumptions on the second order temporal structure of the noise signals are
introduced via the definition of a noise-free region of support.

Definition 6.2.2 (Noise-free region of support): The noise-free region of support
(NF-ROS), denoted with Ω, consists of a set of time-lag pairs Ωκ = (n, k)κ with κ ∈ K
for which the following conditions hold:

∀Ωκ ∈ Ω :


rνi1i2 [Ωκ] = 0 ∀(i1, i2) ∈ D ×D
rνsij [Ωκ] = 0 ∀(i, j) ∈ D × S
rsνji [Ωκ] = 0 ∀(i, j) ∈ D × S

(6.14)

where the number of elements in the NF-ROS is indicated with K, i.e., K = |Ω|.

On the other hand, for certain time-lag pairs statistical properties of the noise are
often known or can be estimated such that it can be compensated for in the sensor
correlation data. In such cases, the time-lag pairs for which noise compensation is
applied can also be incorporated into the NF-ROS.

From our assumptions on the source signals and the assumptions on the noise
presented in Definition 6.2.2 it follows that in the NF-ROS only the source autocor-
relation functions are non-zero. This property is exploited in the remainder of this
chapter to formulate polynomial optimization problems from which the desired source
extraction filter can be identified for a wide variety in applications.

6.3 Structure in the sensor correlation data

Considering the model for the mixing system and the corresponding assumptions on
the second order temporal structure of the source and noise signals, it follows that
the sensor auto-and crosscorrelation functions have the following structure in terms
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of the mixing parameters and the source autocorrelation functions [36]:

rxi1i2 [Ωκ] =

S∑
j=1

aj,c1i1
aj,c2i2

rsjj [Ωκ] ∀ (i1, i2, κ) ∈ D ×D ×K. (6.15)

By evaluating the sensor correlation function values for all sensor pairs (i1, i2) ∈
D × D and K time-lag pairs in the NF-ROS Ωκ ∈ Ω, we are able to construct the
following sensor correlation matrix of size D2 ×K:

Cx ,


rx11[Ω1] rx11[Ω2] · · · rx11[ΩK ]
rx12[Ω1] rx12[Ω2] · · · rx12[ΩK ]

...
. . .

. . .
...

rxDD[Ω1] rxDD[Ω2] · · · rxDD[ΩK ]

 . (6.16)

For real-valued mixtures, this matrix can be obtained by stacking the sensor cor-
relation matrices Cx

i for i ∈ D from (3.5) while for complex-valued mixtures with
conjugation tuple (◦, ∗) the matrix can be obtained by stacking the sensor correlation
matrices Cx

i• for i ∈ D from (4.17).

The structure in this sensor correlation matrix follows from the structure in the
sensor correlation data, as is presented in (6.15), and is as follows [36]:

Cx ≡ (Ac1 �Ac2)Cs (6.17)

where � represents the second order Khatri-Rao product, A is the mixing matrix of
size D×S, and Cs is a source autocorrelation matrix of size S×K with the following
structure:

Cs ,


rs11[Ω1] rs11[Ω2] · · · rs11[ΩK ]
rs22[Ω1] rs22[Ω2] · · · rs22[ΩK ]

...
. . .

. . .
...

rsSS [Ω1] rsSS [Ω2] · · · rsSS [ΩK ]

 . (6.18)

In Example 6.3.1 the structure of sensor correlation matrix Cx is visualized for the
scenario where a mixture of two complex sources is observed with two sensors. This
example shows how the mixing matrix elements and source autocorrelation function
values are related.

Example 6.3.1: Suppose we observe two mixtures of two complex sources, i.e.,
D = 2 and S = 2. The sensor correlation matrix Cx is built from sensor correlation
function values with conjugation tuple (c1c2) = (◦∗) for two lags in the NF-ROS, i.e.,
K = 2, which leads to the following structure:

rx11[Ω1] rx11[Ω2]
rx12[Ω1] rx12[Ω2]
rx21[Ω1] rx21[Ω2]
rx22[Ω1] rx22[Ω2]

 =


a1

1a
1,∗
1 a2

1a
2,∗
1

a1
1a

1,∗
2 a2

1a
2,∗
2

a1
2a

1,∗
1 a2

2a
2,∗
1

a1
2a

1,∗
2 a2

2a
2,∗
2

[rs11[Ω1] rs11[Ω2]
rs22[Ω1] rs22[Ω2]

]
. (6.19)
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Note that in the example we do not explicitly mention the ◦ symbol. This symbol
for indicating that no conjugation is applied is only used when it is important to
indicate the order of conjugation.

6.3.1 Uniquiefication of sensor correlation functions

For real-valued mixtures and for complex-valued mixtures with conjugation tuples
(◦◦) or (∗∗), the crosscorrelation function rxi1i2 [n, k] is equal to the crosscorrelation
function rxi2i1 [n, k]. One way to deal with this symmetry is by means of a process
called uniquiefication [36].

In the uniquiefication process we select the largest possible subset of unique sensor
correlation functions, i.e., duplicates are removed. One way to accomplish this in a
structured way for the sensor correlation matrix Cx is to remove all sensor correlation
functions rxi1i2 for the sensor pairs where i1 > i2 for (i1, i2) ∈ D ×D. This uniquiefi-
cation leads to a significant reduction in the number of rows in the sensor correlation
matrix and it removes trivial linear dependencies in the rows of the sensor correlation
matrix. The structure of a uniquiefied sensor correlation matrix C̆x is denoted as
follows:

C̆x = (Ac �̆Ac)Cs (6.20)

where ·̆ denotes uniquiefication and c ∈ {◦, ∗} indicates if conjugation is applied.
In order to illustrate the structure in the uniquiefied sensor correlation matrix, an
example is presented for a mixture containing real-valued sources.

Example 6.3.2: Suppose we observe two real-valued mixtures of two real-valued
sources, i.e., D = 2 and S = 2. We calculate the sensor correlation function values
for two lags in the NF-ROS, i.e., K = 2. The uniquiefied sensor correlation matrix
then has the following structure:rx11[Ω1] rx11[Ω2]

rx12[Ω1] rx12[Ω2]
rx22[Ω1] rx22[Ω2]

 =

a1
1a

1
1 a2

1a
2
1

a1
1a

1
2 a2

1a
2
2

a1
2a

1
2 a2

2a
2
2

[rs11[Ω1] rs11[Ω2]
rs22[Ω1] rs22[Ω2]

]
. (6.21)

In the uniquiefication process the sensor correlation function values for rx21[Ωκ] for
Ωκ ∈ Ω have been removed since they are the same as the autocorrelation function
values for rx12[Ωκ] for Ωκ ∈ Ω.

This uniquiefication is not a necessary process here, and it cannot be applied for
complex-valued mixtures with conjugation tuples (◦∗) and (∗◦), but it reduces the size
of correlation matrices significantly. Determining the number rows in the uniquiefied
sensor correlation matrix C̆x, i.e., the number of unique sensor correlation functions,
is a combinatorial problem closely related to the ‘stars and bars’ problem with non-
negative integers [75]. The total number of rows in the uniquiefied sensor correlation

matrix C̆x, i.e., the number of unique index sets (i1, i2) for (i1, i2) ∈ D × D while



152 Chapter 6. Source extraction as a polynomial optimization problem

ignoring the order, is given as follows:

Du =

D∑
i=1

i =

(
D + 1

2

)
=

(D + 1)!

2! · (D + 1− 2)!
=
D(D + 1)

2
. (6.22)

Consequently, whereas the sensor correlation matrix Cx has a size of D2 × K, its
uniquiefied counterpart C̆x has a size of 1

2D(D + 1)×K.

Later on we show that uniquiefication is a useful tool that can be used to allow for
the design of more advanced objective functions for selecting the desired filter based
on a priori information and to allow for the identification of mixing column vectors
for under-determined mixtures with more sources than sensors.

6.3.2 Subspaces of noise-free sensor correlation matrices

From (6.15) it follows that the sensor correlation functions are linear combinations
of the source autocorrelation functions, where the elements aj,c1i1

aj,c2i2
form the co-

efficients. This property is exploited in the current section to identify four linear
subspaces of the sensor correlation matrices.

Assuming that the sensor correlation matrix is sufficiently large, four different
subspaces can be identified, i.e., two signal subspaces and two noise or null subspaces.
One way to perform a decomposition of the sensor correlation matrix into these sub-
spaces is by applying a singular value decomposition, i.e.,[

Us Uν
] [Σs 0

0 Σν

] [
Vs

Vν

]
= SVD (Cx) (6.23)

where Us and Vs are called signal subspace matrices and Uν and Vν are called null or
noise subspace matrices. Ideally, the singular values on the diagonal of Σν equal zero;
however, in practice they are typically not exactly equal to zero due to estimation
errors and influence from noise. Therefore the matrices Σν , Uν and Vν carry the
noise symbol ν.

From (6.17) it follows that the dimensions of the subspace matrices depend on
properties such as the size and rank of the mixing matrix A, the size and rank
of the source autocorrelation matrix Cs, the conjugation tuple that is used, and if
uniquiefication is applied. Since the rank of both (Ac1 �Ac2) and Cs is at most equal
to S, it follows immediately that the rank of Cx is at most equal to S. Consequently,
the signal subspaces have at most dimension S. For sensor correlation matrices with a
size of at least S×S and rank S, the sizes of the subspace matrices are as in Table 6.1.

For the source autocorrelation matrix Cs it follows that its rank is at most S since
the number of source autocorrelation functions is at most S. In order to obtain this
maximum rank it is required that the source autocorrelation functions are mutually
linearly independent for the considered time-lag pairs [36]. A consequence of this
requirement is that the number of time-lag pairs in the NF-ROS must be larger than
or equal to S, i.e., K ≥ S.
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Table 6.1: Sizes of subspace matrices for both the regular and uniquiefied case.

Subspace matrix Regular size Uniquiefied size

Us D2 × S 1
2D(D + 1)× S

Uν D2 ×D2 − S 1
2D(D + 1)× 1

2D(D + 1)− S
Vs S ×K S ×K
Vν K − S ×K K − S ×K

The Khatri-Rao product (Ac1 �Ac2) contains only S columns, limiting its rank to
a maximum of S. In general, the Khatri-Rao product of two random matrices results
in a full rank matrix. However, the Khatri-Rao product of a matrix with itself results
in trivial linear dependencies, as we have seen in Section 6.3.1. For scenarios where
uniquiefication is applied the matrix (Ac �̆Ac) has a size of 1

2D(D + 1) × S and it
typically has full rank in case the mixing matrix A is chosen randomly. Consequently,
the matrix Cx has rank S as long as D2 ≥ S, or 1

2D(D + 1) ≥ S in case equal
correlation functions exist.

From this analysis it follows that when the sensor correlation matrix has rank S,
then the column space of Cx equals the column space of (Ac1 � Ac2) and it equals
the columns space of Us, i.e., range(Us) = range(Ac1 �Ac2). This property creates
opportunities for building systems of homogeneous polynomial equations from which
the mixing parameters and source extraction filters can be identified.

6.4 Blind system identification as root finding for systems of
homogeneous polynomial equations

Since the column vectors in subspace matrix Uν are orthogonal to the column vectors
in subspace matrix Us, and thus the columns in sensor correlation matrix Cx, they
must also be orthogonal to the Khatri-Rao product (Ac1 �Ac2), i.e.,

(Uν)TCx = 0D2−S×K =⇒ (Uν)T (Ac1 �Ac2) = 0D2−S×S . (6.24)

A similar equation holds in case uniquiefication is applied; however, from now on we
only discuss results after uniquiefication in case significant differences occur.

In [36, 70] it is shown that (6.24) can be used to formulate the blind mixing ma-
trix identification problem as a root finding problem for a system of homogeneous
polynomial equations. More specifically, it is shown that each root corresponds to
the elements in one column of the mixing matrix. In this section we discuss some
important properties of homogeneous polynomial equations and we present the sys-
tem of homogeneous polynomial equations from which mixing column vectors can
be identified. This system of polynomial equations is used later on in optimization
problems to identify specific source extraction filters.
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6.4.1 Homogeneous polynomial equations

First the definition of a homogeneous polynomial equation is given. Subsequently
we present a scaling and multiplicative property of homogeneous polynomial equa-
tions that are used later on to solve the source extraction problem via a polynomial
optimization problem.

Definition 6.4.1 (Homogenous polynomial equation): Given a polynomial equa-
tion f(z) = 0 of order p with and z containing the variables zi for i ∈ D. The
polynomial equation f(z) = 0 is called a p’th order homogeneous polynomial equa-
tion if for all non-zero coefficients the corresponding monomials, i.e., products of the
variables zi, have order p.

Example 6.4.1: An example second order homogeneous polynomial equation
with variables zi and coefficients φi1i2 is as follows:

f(z) = φ11z1z1 + φ12z1z2 + φ22z2z2 = 0 (6.25)

where it follows that the monomials with non-zero coefficients, i.e., z1z1, z1z2, and
z2z2, have order two.

In case some of the variables in the monomials are conjugated, such as in the
following equation:

f(z) = φ11z1z
∗
1 + φ12z1z

∗
2 + φ21z2z

∗
1 + φ22z2z

∗
2 = 0 (6.26)

then the equation is not a polynomial equation anymore. In [36] these equations are
called polyconjugal equations; however, in this work we keep calling such equations
polynomial equations. This approach is justified by treating the variables and their
conjugated counterpart as independent variables, i.e., the conjugation relationship
is not exploited. Note that under these conditions, (6.26) becomes a homogeneous
polynomial equation with four second order monomials z1z

∗
1 , z1z

∗
2 , z2z

∗
1 , z2z

∗
2 in four

independent variables z1, z2, z∗1 , and z∗2 .

Theorem 6.4.1 (Scaling property of homogeneous polynomials): Homogeneous
polynomial f(z) of degree p with q conjugations for all monomials having non-zero
coefficients have the following structure:

f(z) =
∑

i1,··· ,ip∈D×···×D
φi1···ipzi1 · · · zip−qz∗ip−q+1

· · · z∗ip . (6.27)

Here we used the property that the order of variables in a monomial can be chosen
arbitrarily, i.e., z1z

∗
2 = z∗2z1. Homogeneous polynomials as in (6.27) have the following

scaling property when conjugated variables are treated as independent variables:

f(ηz) = (η)pf(z) ∀ η ∈ C, ∀ z ∈ CD. (6.28)
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In case the conjugation property is taken into account then this scaling property is
as follows:

f(ηz) = (η)p−q(η∗)qf(z) ∀ η ∈ C, ∀ z ∈ CD. (6.29)

Proof. When the conjugated variables are treated as independent variables then we
must replace the variables zi by ηzi and z∗i by ηz∗i , which leads to the following:

f(ηz) =
∑
i1···ip

φi1···ipηzi1 · · · ηzip−qηz∗ip−q+1
· · · ηz∗ip

= (η)p
∑
i1···ip

φi1···ipzi1 · · · zip−qz∗ip−q+1
· · · z∗ip = (η)pf(z). (6.30)

When the relationship zi = (z∗i )∗ is exploited, then we must replace the variables zi
by ηzi and z∗i by η∗z∗i , which leads to the following:

f(ηz) =
∑
i1···ip

φi1···ipηzi1 · · · ηzip−qη∗z∗ip−q+1
· · · η∗z∗ip

= (η)p−q(η∗)q
∑
i1···ip

φi1···ipzi1 · · · zip−qz∗ip−q+1
· · · z∗ip

= (η)p−q(η∗)qf(z). (6.31)

Note that when conjugated variables are considered to be independent variables,
then the condition of having q conjugated variables for each monomial is not required
for the scaling property to hold. However, from now on we assume that this condition
holds for all homogenous polynomial equations, except when it is explicitly mentioned.

A direct result of the scaling properties is that the following holds for homogeneous
polynomial equations:

f(z) = 0 ⇐⇒ f(ηz) = 0 ∀ η ∈ C\0, ∀ z ∈ CD. (6.32)

Thus, if z is a solution of the system of polynomial equations, then also ηz solves the
system. Since we do not allow for η = 0, the converse also holds. This property is
related to the scaling indeterminacy in blind signal processing and cannot be solved
without exploiting additional information [8, 11].

Finally, the following multiplicative property holds for polynomial equations:

f(z) = 0 =⇒ zci f(z) = 0 ∀ i ∈ D, c ∈ {◦, ∗}, z ∈ CD\0D. (6.33)

Notice that the converse of this multiplicative property is not true since the right
system is also zero if zci = 0. This multiplicative property of polynomials is used later
in two ways. First, it is used to design optimization problems such that identification
of the mixing column that corresponds to the desired source can be guaranteed.
Second, it is used to solve under-determined source extraction problems.
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6.4.2 Constructing a system of homogeneous polynomial equations

The system of homogeneous polynomial equations for blind system identification is
constructed as follows. By considering (6.24) and the structure of the Khatri-Rao
product (Ac1 �Ac2) it follows that the following set of equations must hold for the
known subspace matrix Uν and the unknown mixing column vectors aj for j ∈ S:

(Uν)
H

(aj,c1 ⊗ aj,c2) = 0D2 ∀ j ∈ S. (6.34)

Replacing the unknown mixing column vectors in (6.34) by the vector z containing
variables zi for i ∈ D leads to the following system of second order homogeneous
polynomial equations in vector-matrix notation [36]:

(Uν)
H

(zc1 ⊗ zc2) = 0D2 . (6.35)

Another way to formulate (6.35) is in the following form of a D-variate system of
second order homogeneous polynomial equations [36]:

{fq(z)}q∈Q =

 ∑
(i1,i2)∈D×D

φi1i2q zc1i1 z
c2
i2

= 0


q∈Q

(6.36)

where coefficient φi1i2q corresponds to the conjugate of the element at the q’th column
and (i1D+i2)’th row of Uν and Q = {q ∈ N| 1 ≤ q ≤ Q}, with Q being the number of
columns in Uν , i.e., Q = D2 − S. Note that with uniquiefication the system contains
less equations and monomials; however, the principle remains the same.

From (6.34) and the scaling property of homogeneous polynomials it follows that
z = ηaj for j ∈ S and arbitrary scaling η ∈ C\0 form S essentially unique solutions
of (6.35) and (6.36). Furthermore, from linear algebra it follows that the nullspace
of nullspace matrix Uν has dimension S such that at most S linearly independent
solution vectors (zc1 ⊗ zc2) exist. In [36, 70] it is shown via geometry that the S
solutions z = ηaj , for j ∈ S and η ∈ C\0 an arbitrary scaling, are the only solutions
for the considered system of homogeneous polynomial equations.

Later on, systems of homogeneous polynomial equations as in (6.35) and (6.36)
are used to formulate the source extraction problem as a polynomial optimization
problem; however, first we show how solutions of the system of polynomial equations
can be found using linear algebra techniques.

6.4.3 Solving systems of homogeneous polynomial equations by means of
a multi-matrix GEVD

Several techniques are available to solve systems of (homogeneous) polynomial equa-
tions; however, in general it is difficult to obtain stable algorithms for empirical data.
A well known and widely used technique for solving such systems is the homotopy
method [71]. The homotopy method uses a known start system and moves from
the start system to the unknown system while tracking its roots. Disadvantages of
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methods based on homotopy are that it is impossible to predict which root will be
found. Furthermore, it is not clear if all roots are found and the same root can be
found multiple times. Therefore, in this thesis we focus on a method that uses well
known linear algebra techniques such as linear subspaces and (generalized) eigenvalue
decompositions to find roots of polynomial systems [72].

As shown in (6.35), the system of polynomial equations {fq(z) = 0}q∈Q from
(6.36) can be written in the following vector-matrix form:

Φ2(zc1 ⊗ zc2) = 0Q with Φ2 =

φ
11
1 φ12

1 · · · φDD1
...

. . .
. . .

...
φ11
Q φ12

Q · · · φDDQ

 (6.37)

where Φ2 is a polynomial coefficient matrix and 0Q is a length Q column vector
containing only zeros. The subscript in the polynomial coefficient matrix Φ2 is used
for indicating the degree of the considered homogeneous polynomials. In this specific
case the coefficient matrix is given as Φ2 = (Uν)

T
; however, later on coefficient

matrices with different structures are presented.

From (6.37) it follows immediately that the solutions (zc1 ⊗ zc2) must be found
in the linear subspace orthogonal to the polynomial coefficient matrix Φ2. A repre-
sentation of this orthogonal subspace for this specific coefficient matrix is found in
the form of signal subspace matrix Us, which has the same number of columns as
the number of solutions for the system of polynomial equations. Although the signal
subspace matrix Us represents the solution space, its column vectors do not yet have
the Kronecker structure (zc1 ⊗ zc2). However, there must exist an invertible matrix
V such that the following holds [36]:

Ac1 �Ac2 = UsV (6.38)

where V is a matrix that restores the Kronecker structure (zc1 ⊗ zc2) in the signal
subspace matrix Us. This property can also be understood from the structure in the
sensor correlation matrix Cx as is presented in (6.17). Without applying subspace de-
compositions it follows that the (pseudo-)inverse of the source autocorrelation matrix
Cs has to be applied on the right hand side of the sensor correlation matrix, i.e.,

Ac1 �Ac2 = Cx (Cs)
† ≡ (Ac1 �Ac2)Cs (Cs)

†
. (6.39)

One way to restore the structure in the signal subspace matrix Us is by means
of a multi-matrix GEVD. If we split the subspace matrix Us of size D2 × S into D
non-overlapping submatrices Us

1, · · · ,Us
D of size D×S, with submatrix Us

i consisting
of the i’th set of D rows from Us, then the following multi-matrix GEVD can be used
to reconstruct the structure in Us and to identify the mixing column vectors [36]:

zc2 =
1

zc11

Us
1µ =

1

zc12

Us
2µ = · · · = 1

zc1D
Us
Dµ. (6.40)

The structure of the selected submatrices Us
i is as follows:

Us
i ≡ Ac2 diag (ãc1i ) (V)

−1 ∀ i ∈ D (6.41)
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where ãc1i is the i’th row of Ac1 and V is the matrix that restores the Kronecker
structure in Us.

For well conditioned mixing systems with D ≥ S it follows that the multi-matrix
GEVD can be solved by calculating the eigenvalue decomposition of the product(
Us
i2

)†
Us
i1

for {(i1, i2) ∈ D ×D| i1 6= i2}, i.e.,(
Us
i2

)†
Us
i1µ = λµ (6.42)

leads to S eigenvalue-eigenvector pairs (λj ,µj) for j ∈ S. As long as the eigenvalues
are different and finite, then all the eigenvectors can be calculated. If these conditions
are not met, then a different set or linear combinations of submatrices can be used,
as will be shown later on.

Suppose we create the matrix V̂ of size S×S by stacking all eigenvectors µ1, · · · ,µS .
By applying the matrix V̂ to the subspace matrix Us we reconstruct the Kronecker
structure, i.e.,

UsV̂ = (Ac1 �Ac2) (V)
−1

V̂ = (Ac1 �Ac2)DP (6.43)

where D and P are an unknown scaling and permutation matrices. The unknown,
arbitrary scaling D comes from the fact that ηµ for all η ∈ C\0 is an eigenvector if µ
is an eigenvector. The permutation matrix P follows from the fact that the order of
the eigenvectors is arbitrary. Both these problems are well known in the field of blind
signal processing [8] and cannot be solved without using more a priori information.

Now that we have restored the Kronecker structure in the matrix UsV̂, the mixing
column vectors can be found in arbitrary order and with an arbitrary scaling in the
first D rows of UsV̂. An alternative way to calculate these estimated mixing column
vectors âj is from the products âj = Us

iµ
j for j ∈ S, where Us

i is an arbitrary
submatrix.

From previous chapters we know that in case D ≥ S the source extraction filters
w̃j for j ∈ S can also be identified from the GEVD of submatrices Us

i . In order to
identify these filters the left instead of the right eigenvectors have to be calculated
from the following multi-matrix GEVD, i.e.,

1

z1
µ̃Us

1 =
1

z2
µ̃Us

2 = · · · = 1

zD
µ̃Us

D. (6.44)

If these filters exist, i.e., if D ≥ S, then the generalized eigenvectors µ̃j can be
calculated as the eigenvectors corresponding to the S non-zero eigenvalues of the
following eigenvalue decomposition problem:

µ̃Us
i1

(
Us
i2

)†
= λµ̃ (6.45)

where both Us
i1

and Us
i1

must have rank S.

From the structure in the submatrices Us
i , see (6.41), it follows that left eigen-

vectors are scaled rows from the inverse of Ac2 . Consequently, the source extraction
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filters w̃j are calculated, in arbitrary order, as w̃j = µ̃c2j . Applying these filters to
the mixing system leads to w̃jA = ηẽj for all j ∈ S and η ∈ C\0.

Finally, an alternative method to identify the S mixing column vectors is via the
following eigenvalue decomposition:

Us
i1

(
Us
i2

)†
µ = λµ (6.46)

where again the eigenvectors corresponding to the S non-zero eigenvalues have to be
selected. The estimated mixing column vectors are then found, in arbitrary order,
as aj = ηµj,c2 for all j ∈ S and η ∈ C\0. This means that a single matrix product
can be used to identify both the mixing column vectors aj and the source extraction
filters w̃j .

Note that the following relationship holds between the submatrices Us
i and sensor

correlation matrices Cx
i are built from the corresponding rows of Cx:

Cx
i = Us

iΣsVs ⇐⇒ Us
i = Cx

i (ΣsVs)
†
. (6.47)

Consequently, for the matrix product in (6.46) we have the following:

Us
i1

(
Us
i2

)†
= Cs

i1

(
Cs
i2

)†
(6.48)

where the matrices Ui have size D × S and the matrices Cx
i have size D ×K. Note

that the sensor correlation matrices Cx
i have the same structure as in (3.5), (4.16),

or (4.17), depending on type of conjugation. In this chapter we consider the source
extraction problem in the context of systems of polynomial equations and linear sub-
spaces of the matrices representing them. Therefore we keep using the signal subspace
matrix Us and its submatrices instead of the sensor correlation matrices Cx

i .

Summary of a BSI and BSS algorithm Identification of all the mixing columns
aj or source extraction filters w̃j corresponds to solving the BSI and BSS problem,
respectively. Given the number of sources S, knowledge about a NF-ROS, and the
constraint D ≥ S, the BSI and BSS problems can be solved via the following steps:

1. Calculate the sensor correlation matrix Cx as defined in (6.16).
2. Extract two submatrices Us

i1
and Us

i2
from the signal subspace matrix Us, e.g.,

obtained via SVD (Cx).
3. For BSI: Calculate the eigenvectors corresponding to the S non-zero eigenvalues

of (6.46), leading to aj = ηµj,c2 .
4. For BSS: Calculate the eigenvectors corresponding to the S non-zero eigenvalues

of (6.45), leading to w̃j = ηµ̃c2j .

When the eigenvectors are calculated one by one, then these steps constitute a (se-
quential) BSE algorithm.

In the following section we present an example where we calculate both the S
mixing column vectors ai and the S source extraction filters w̃j . Subsequently, we
show that a priori information can be incorporated into the eigenvalues to enable
identification of only the desired mixing column vector and source extraction filter.
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6.4.4 Blind identification example for D = 2 and S = 2

For a mixing system consisting of two sources and two sensors, the sensor correlation
matrix Cx with conjugation tuple (◦∗) has the following structure when considering
K = 2 time-lag pairs in the NF-ROS:

Cx =


rx11[Ω1] rx11[Ω2]
rx12[Ω1] rx12[Ω2]
rx21[Ω1] rx21[Ω2]
rx11[Ω1] rx22[Ω2]

 =
[
Us Uν

] [Σs 0
0 Σν

] [
Vs

Vν

]
. (6.49)

Since the rank of the uniquiefied sensor correlation matrix is S, the nullspace matrix
Uν has size 2× 4, leading to the following system of polynomial equations:

Φ2(z⊗ z∗) =

[
φ11

1 φ12
1 φ21

1 φ22
1

φ11
2 φ12

2 φ21
2 φ22

2

]
z1z
∗
1

z1z
∗
2

z2z
∗
1

z2z
∗
2

 = 0. (6.50)

The solutions of this system of polynomial equations are embedded in the nullspace
of coefficient matrix Φ2, i.e., the size 4 × 2 matrix Us, which contains the following
two submatrices of size 2× 2:

Us =

[
Us

1

Us
2

]
. (6.51)

By solving the following GEVDs of submatrices Us
1 and Us

2 the mixing column vectors
and source extraction filters can be calculated, i.e.,

z∗ = λdU
s
1µ = λnUs

2µ and λdµ̃Us
1 = λnµ̃Us

2 (6.52)

where for the solutions it holds that aj = ηaz
j and w̃j = ηwµ̃

∗
j for j ∈ S, ηa ∈ C\0,

and ηw ∈ C\0. Note that the solutions are found in arbitrary order and with arbitrary
scaling.

6.5 Identification of the desired source extraction filter

In this section we show that immediate identification of the desired mixing column
vector or source extraction filter can be accomplished by exploiting a priori infor-
mation about the mixing parameters. The a priori information is incorporated into
the eigenvalues such that the largest eigenvalue corresponds to the desired source.
Subsequently, we exploit this insight in order to formulate an optimization problem
for source extraction filter identification. In this optimization problem a system of
polynomial equations is used to restrict the feasible set to mixing column vectors
and source extraction filters while a fractional objective function contains a priori
information to ensure selection of the desired mixing column or extraction filter.
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6.5.1 Linear fractional structure in the eigenvalues

In the previous section we have seen that identification of mixing column vectors
and source extraction filters can be accomplished by finding the roots of a system of
polynomial equations. Furthermore, we have shown that these roots can be calculated
via a multi-matrix GEVD. Another way to formulate the multi-matrix GEVD of
submatrices as in (6.40) is as follows:

zc2 =
1

zc11

S1U
sµ =

1

zc12

S2U
sµ = · · · = 1

zc1D
SDUsµ (6.53)

where the matrices Si for i ∈ D are selection matrices of size D ×D2 that have the
following structure:

Si = ẽi ⊗ ID ∀ i ∈ D (6.54)

with ẽi a length D row vector with a one on the i’th column and zeros elsewhere and
ID the size D × D identity matrix. For example, when D = 3 then we have that
S2 =

[
0D ID 0D

]
.

With the design from (6.54), a selection matrix Si collects a subset of rows in Us.
Consequently, the products SiU

s equal the submatrices Ui such that the multi-matrix
GEVD in (6.53) is the same as the multi-matrix GEVD in (6.40). As a result, the
eigenvalue decompositions in (6.42), (6.45), and (6.46) have the following structure
in their eigenvalues:

λ =
〈ẽi1 , zc1〉
〈ẽi2 , zc1〉

=
zc1i1
zc1i2

. (6.55)

When the D vectors ẽi to create the D selection matrices Si for i ∈ D are replaced
by L arbitrary vectors (ξl)H to form L selection matrices Sl, then the following
multi-matrix GEVD of linear combinations of submatrices is formed, which is first
formulated in (5.6.21) of [36]:

zc2 =
1

〈ξ1, zc1〉
Γ1µ =

1

〈ξ2, zc1〉
Γ2µ = · · · = 1

〈ξL, zc1〉
ΓLµ (6.56)

where the matrices Γl = SlU
s ≡∑i∈D ξ

l,∗
i Us

i have size D × S.

For well-determined mixtures with D ≥ S, eigenvalue decompositions of two linear
combinations of submatrices Γl1 and Γl2 instead of using two submatrices Us

i1
and

Us
i2

results in the same eigenvectors as in (6.42), (6.45), and (6.46). However, the
corresponding eigenvalues now have the following linear fractional structure:

λ =
〈ξl1 , zc1〉
〈ξl2 , zc1〉

=
(ξl1)Hzc1

(ξl2)Hzc1
. (6.57)

When the vectors ξl1 and ξl2 are chosen based on a priori information such that the
following condition holds:∣∣∣∣∣ 〈ξl1 ,ad〉〈ξl2 ,ad〉

∣∣∣∣∣ >
∣∣∣∣∣ 〈ξl1 ,aj〉〈ξl2 ,aj〉

∣∣∣∣∣ ∀{j ∈ S| j 6= d} (6.58)
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with d the index corresponding to the desired source, then identification of the desired
mixing column vector and source extraction filter is guaranteed when the eigenvec-
tors corresponding to the absolute largest eigenvalue is selected. This de-coupling of
selection via eigenvalues and identification via eigenvectors ensures that the identi-
fied extraction filter is independent from the selection mechanism that is used, i.e.,
no bias is introduced due to the selection mechanism. Furthermore, by selecting the
largest eigenvalue, always the solution with the best match with respect to the a priori
information is selected.

Exploiting the structure in the eigenvalues allows for the formulation of desired
mixing column vector or source extraction filter identification algorithm design as a
design problem for the following polynomial optimization problem:

max
z∈CD\0D

〈ξ1, zc1〉
〈ξ2, zc1〉

s. t. fq(z) = 0 ∀ q ∈ Q.
(6.59)

In this optimization problem the polynomial constraints ensure that the feasible
set consists of only mixing column vectors and source extraction filters, which was
already formulated in [36]. The objective function can be designed based on a priori
information by choosing appropriate weight vectors ξ1 and ξ2 in order to ensure
selection of the extraction filter corresponding to the desired source. As we have
seen, solutions of such optimization problems can be found via largest eigenvalue
decompositions.

In the current form, the amount of a priori information that can be incorporated
into the eigenvalue decomposition problem is limited, which will be discuss in detail
in Section 6.7. In the remainder of this section we show how the multiplicative
property of polynomials can be used to allow for incorporating more advanced a
priori information, leading to more flexible and robust source extraction algorithms.

6.5.2 Exploiting the polynomial multiplicative property to generate second
order fractional objective functions.

The polynomial optimization problem in (6.59) and the corresponding method to solve
the problem only allow for the design of linear fractional objective functions. Here
we exploit the multiplicative property of polynomials as in (6.33) in order to design
higher order fractional objective functions such that identification of the desired source
extraction filter can be guaranteed based on more advanced a priori information.

From the multiplication property we know that for a single homogeneous polyno-
mial equation fq(z) = 0 for q ∈ Q it holds that:

fq(z) = 0 =⇒ zci fq(z) = 0 for i ∈ D, c ∈ {◦, ∗}, ∀z ∈ CD\0D. (6.60)

The right hand side of (6.60) holds if fq(z), zci , or both fq(z) and zci equal zero. Since
we do not allow that all zci with c ∈ {◦, ∗} equal zero for all i ∈ D simultaneously, i.e.,
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zc 6= 0D, we know that the following relation holds between a polynomial equation
fq(z) = 0 and a system of D polynomial equations as on the right hand side of (6.60):

fq(z) = 0 ⇐⇒ {zci fq(z) = 0}i∈D ∀ z ∈ CD\0D. (6.61)

Consequently, given a system of polynomial equations fq(z) for all q ∈ Q we obtain
the following relationship:

{fq(z) = 0}q∈Q ⇐⇒ {zci fq(z) = 0}(i,q)∈D×Q ∀ z ∈ CD\0D. (6.62)

Note that these systems of polynomial equations are independent of the choice for the
conjugation symbol c ∈ {◦, ∗}. Furthermore, treating the variables z∗ as independent
variables with respect to z, as we discussed in Section 6.4.1, leads to the additional
condition that z∗ ∈ C\0.

The property in (6.62) means that for the system of second order polynomials in
(6.37) a system of third order polynomials exists that has the same roots. In vector-
matrix notation this system of third order polynomial equations can be formulated
as follows:

Φ3(zc0 ⊗ zc1 ⊗ zc2) = 0DQ (6.63)

where Φ3 is the third order coefficient matrix of size DQ × D3 with Q = D2 − S.
This coefficient matrix depends strongly on the coefficient matrix for the system of
second order polynomial equations Φ2 and is well structured, i.e.,

Φ3(zc0 ⊗ zc1 ⊗ zc2) ≡
⊕
i∈D

Φ2(zc0 ⊗ zc1 ⊗ zc2). (6.64)

Note that this structure only holds because we inserted the vectors with variables zc0

on the left hand side in (6.63). A change in the order of the vectors zc0 , zc1 , and zc2

results in a shuffling of the rows of coefficient matrix Φ3. Consequently, the matrix
would still be well structured and lead to the same results; however, it is harder to
derive a concise mathematical description in terms of the coefficient matrix Φ2.

A similar system of third order polynomial equations can be derived for the
uniquiefied system of second order polynomial equations. This system has the follow-
ing structure:

Φ3(zc0 ⊗ (zc1 ⊗̆ zc1)) = 0DQ (6.65)

where Φ3 has size DQ × 1
2D

2(D + 1) with Q = 1
2D(D + 1) − S and ⊗̆ denotes the

uniquiefied Kronecker product. The structure in the corresponding coefficient matrix
for the system of third order polynomial equations is as follows:

Φ3(zc0 ⊗ zc1 ⊗̆ zc1) ≡
⊕
i∈D

Φ2(zc0 ⊗ (zc1 ⊗̆ zc1)) (6.66)

where
⊕

is the direct sum operator.
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For a mixture with two sources and two sensors, this results in the following form
for coefficient matrix Φ3:

Φ3 =

[
Φ2 0
0 Φ2

]
(6.67)

where only the size of Φ3 is depending on uniquiefication for the system of second
order polynomial equations and not its structure.

From (6.64) and (6.66) it follows that currently the system of third order polyno-
mial equations consists of D orthogonal subsystems that can be solved independently.
In order to benefit from building a system of third order polynomial equations the or-
thogonal subsystems have to be mixed. In the remainder of this section we show that
applying uniquiefication from Section 6.3.1 to the system of third order polynomial
equations leads the desired mix of subsystems such that the source extraction prob-
lem can be solved via a polynomial optimization problem with a quadratic fractional
objective function.

In order to be able to apply uniquiefication to the systems in (6.64) and (6.66) it
is required that the conjugation applied to the first vector of variables zc0 must also
be applied to one of the other two vectors of variables such that at least c0 = c1 or
c0 = c2 holds. Note that for the uniquiefied case this automatically means that all
conjugations are the same, i.e., c0 = c1 = c2. Without loss of generality, we assume
in the remainder of this section that the conjugations c0 and c1 are the same, i.e.,
c0 = c1. Applying the uniquiefication with respect to variables zc0 and zc1 leads to
the following uniquiefied system of polynomials in vector-matrix format:

Φ̆3((zc1 ⊗̆ zc1)⊗ zc2) = 0 (6.68)

and a similar system in case uniquiefication was applied to a system of second order
polynomial equations, i.e.,

Φ̆3(zc1 ⊗̆ zc1 ⊗̆ zc1) = 0. (6.69)

Applying uniquiefication to the system of third order polynomial equations leads to
a reduction in the number of columns in Φ3. This reduction is from D3 to 1

2D
2(D+1)

columns; and, in case of uniquiefication for the system of second order polynomial
equations, from 1

2D(D+ 1) to 1
6D(D+ 1)(D+ 2) columns. If now DQ is larger than

or equal to the number of columns in Φ̆3, then the number of equations is sufficient
to restrict to S solutions; however, this only holds if sufficient equations are linearly
independent, i.e., if the rank of Φ̆3 is large enough. In simulations with randomly
chosen mixing systems this condition on the rank was met every time.

By calculating the signal subspace of the uniquiefied coefficient matrix Φ̆3, again
denoted by Us, we are able to obtain submatrices Us

i1i2
of size D × S for {(i1, i2) ∈

D×D}, or {(i1, i2) ∈ D×D| i1 ≤ i2} in case of uniquiefication, where submatrix Us
i1i2

is obtained by collecting rows from Us corresponding to the monomials zc1i1 z
c2
i2
⊗ zc1 .

The structure in these submatrices is as follows:

Us
i1i2 = Ac1 diag

(
ãc1i1 � ãc2i2

)
(V)

−1
(6.70)
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where � represents element wise multiplication.

Following the strategy from the previous section it follows that the following multi-
matrix GEVD holds for the submatrices Us

i1i2
:

zc1 =
1

zc11 z
c2
1

Us
11µ =

1

zc11 z
c2
2

Us
12µ = · · · = 1

zc1D z
c2
D

Us
DDµ. (6.71)

Consequently, for well determined mixtures with D ≥ S the following eigenvalue
decompositions can be used to identify mixing column vectors and source extraction
filters: (

Us
i3i4

)†
Us
i1i2µ = λµ −→ aj = ηUi1i2µ

j,c1 (6.72)

Us
i1i2

(
Us
i3i4

)†
µ = λµ −→ aj = ηµj,c1 (6.73)

µ̃Us
i1i2

(
Us
i3i4

)†
= λµ̃ −→ w̃j = ηµ̃c1j (6.74)

where {(i1, i2, i3, i4) ∈ D×D×D×D} and for the last two eigenvalue decompositions
the eigenvectors corresponding to the S non-zero eigenvalues have to be selected. The
S non-zero eigenvalues of the eigenvalue decomposition problems in (6.72), (6.73), and
(6.74) have the following quadratic fractional structure:

λ =
zc11 z

c2
2

zc13 z
c2
4

. (6.75)

Again, taking linear combinations of the submatrices Us
i1i2

allows for the incorpora-
tion of a priori information into the eigenvalues. The structure in the eigenvalues for
an eigenvalue decomposition of linear combinations of submatrices Us

i1i2
is as follows:

λ =
〈ξ1, zc1 ⊗ zc2〉
〈ξ2, zc1 ⊗ zc2〉

. (6.76)

Proper design of the vectors ξ1 and ξ2 based on a priori information about the mixing
parameters allows for identification of the desired mixing column vector or source
extraction filter via a largest eigenvalue decomposition problem.

In a generalized form, the identification problem can be formulated as the following
polynomial optimization problem with quadratic fractional objective function:

max
z∈CD\0D

(zc1)TΞ1z
c2

(zc1)TΞ2zc2

s. t. fq(z) = 0 ∀ q ∈ Q.
(6.77)

The matrices Ξ1 and Ξ2 represent the coefficients for taking linear combinations of
submatrices Us

i1i2
in such a way that the following equation holds:

(zc1)TΞlz
c2 =

∑
(i1i2)∈D×D

ξl,∗i1i2z
c1
i1
zc2i2 (6.78)

where ξ1 and ξ2 are the length D2 vectors for taking linear combinations of subma-
trices Us

i1i2
. Note that in case uniquiefication is applied to the system of second order

polynomial equations then the vectors ξ1 and ξ2 have a length of 1
2D(D + 1).
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Summary of the source extraction algorithm Suppose the number of sources
S is known, knowledge about a NF-ROS is available, and the constraint D ≥ S holds.
Given a priori information about the mixing parameters of the sources such that a
quadratic fractional objective function as in (6.77), and thus the matrices Ξ1 and Ξ2,
can be designed such that it is maximum for the mixing parameters corresponding to
the desired source sd, then identification of the mixing column vector ad and source
extraction filter w̃d can be accomplished via the following steps:

1. Calculate sensor correlation matrix Cx.
2. Calculate null/noise subspace matrix Uν , e.g., via an SVD.

3. Apply the polynomial multiplication by shifting rows of Φ2 = (Uν)
H

and apply

uniquiefication, leading to the uniquiefied coefficient matrix Φ̆3.
4. Calculate signal subspace matrix Us of Φ̆3, e.g., via an SVD.
5. Derive vectors ξ1 and ξ2 from the objective function and take two linear com-

binations of submatrices Γl =
∑
i1i2

ξl,∗i1i2U
s
i1i2

of Us.

6. Calculate the eigenvector corresponding to the largest eigenvalue of Γ1 (Γ2)
†
.

The approach in this chapter has several benefits over the algorithms presented
in the previous chapters. First, a largest eigenvalue problem is formulated instead
of a smallest eigenvalue problem, which is beneficial in terms of numerical stability.
Furthermore, applying reduction matrices to move from D to S are optional instead
of required. Finally, the design method for the objective function, and therefore the
structure in the eigenvalues, is more flexible.

6.6 Advanced source extraction algorithms based on polyno-
mial optimization

The developed source extraction method from the previous sections and knowledge
from other chapters can be combined in order to obtain more flexible and efficient
source extraction algorithms. First we show that identification of the mixing column
corresponding to the desired source is also possible for certain under-determined mix-
tures, i.e., mixtures consisting of more sources than sensors. Subsequently, we show
that a reference based approach can be exploited in order to obtain a much more
efficient source extraction algorithm. Finally, we show that mixing column vectors
and source extraction filters can be identified by exploiting a priori information about
the autocorrelation function of the desired source.

6.6.1 Solving under-determined blind source extraction problems

For under-determined mixtures, i.e., a mixture with more sources than sensors, source
extraction using the LCMV filter w̃ that cancels all interfering sources is not possible
because the inverse of the mixing matrix does not exist. However, when the mixing
parameters of the desired source are available, source extraction via an MVDR filter
remains possible. In this section we use the multiplicative property of polynomials in
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order to identify the mixing parameters that correspond to the desired source via an
eigenvalue decomposition.

For under-determined mixtures the system of polynomial equations has the same
structure as for well-determined mixtures, i.e.,

Φ2(zc1 ⊗ zc2) = 0. (6.79)

The only difference is in the number of equations.

When uniquiefication can be applied, i.e., when c1 = c2, then the total number
of equations is 1

2D(D + 1) − S. Due to the scaling indeterminacy, the solutions z
represents lines instead of points in a D dimensional space. Consequently, D − 1
equations are required in Φ2 [36, 70], leading to the following maximum number of
sources that can be estimated with this approach for real-valued mixtures:

1

2
D(D + 1)− S ≥ D − 1 −→ Smax =

D2 −D + 2

2
. (6.80)

For complex-valued mixtures the total number of equations in Φ2 is D2 − S. Since
the solution vectors z and z∗ are treated as independent vectors, i.e., the fact that
the identity z∗ = (z)∗ is never used. Consequently, we are searching for solutions in
a 2D dimensional space. Furthermore, since the vectors z and z∗ may have their own
arbitrary scaling, the solutions are two dimensional intersections in a 2D dimensional
space. Consequently, at least 2D−2 equations are required in Φ2. From this analysis
it follows that the maximum number of sources that can be estimated with this
approach is:

D2 − S ≥ 2D − 2 −→ Smax = D2 − 2D + 2 = (D − 1)2 + 1. (6.81)

In Table 6.2 an overview of the maximum number of sources that can be identified
for the different conjugation tuples is depicted.

Table 6.2: Maximum number of sources Smax given the number of sensors for dif-
ferent conjugation tuples.

D 2 3 4 5 6

(◦◦), (∗∗) 2 4 7 11 16
(◦∗), (∗◦) 2 5 10 17 26

In [36] it is shown that homotopy methods can be used in order to identify all mix-
ing columns. Here we show that immediate identification of a specific mixing column
vector can be achieved by exploiting the multiplicative property of polynomials.

As we have seen in (6.64), the following system of third order polynomial equations
can be obtained when the multiplicative property of polynomials is applied a system
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of homogeneous second order polynomial equations:

Φ3(zc0 ⊗ zc1 ⊗ zc2) =
⊕
i∈D

Φ2(zc0 ⊗ zc1 ⊗ zc2) = 0. (6.82)

Note that this system of polynomial equations for under-determined mixtures is equiv-
alent to the system of polynomial equations constructed for well-determined mixtures.
The only difference is in the number of equations. Again, when the conjugation c0
is also applied to one of the other sets of variables, i.e., c0 = c1 or c0 = c2, then
uniquiefication can be used to mix the orthogonal subsystems.

Applying uniquiefication means that a uniquiefied coefficient matrix Φ̆3 with
1
2D

2(D + 1) instead of D3 columns is obtained. The nullspace matrix of Φ̆3, again
indicated with the symbol Us, has a size D2(D + 1)/2 × S and has the uniquiefied
Kronecker structure (zc0 ⊗ zc1 ⊗ zc2) embedded. This means that vectors µ exist
such that Usµ restores this structure. These vectors can be identified again using a
multi-matrix generalized eigenvalue decomposition, i.e.,

zc0 ⊗ zc1 =
1

zc21

Us
1µ = · · · = 1

zc2D
Us
Dµ (6.83)

where the submatrices Us
i are found by collecting all rows of the matrix Us where

the monomials are (zc0 ⊗ zc1)zc2i .

The mixing parameters are found, up to an arbitrary scaling factor and permuta-
tion, as the firstD elements in zc0⊗zc1 . Note that the eigenvalues can now be designed
as linear fractional functions by taking linear combinations of the submatrices Us

i .
Furthermore, applying the multiplicative property of polynomials for a second time
makes identification of a specific mixing column vector based on a quadratic fractional
objective function feasible.

6.6.1.1 Example for a complex-valued mixture with D = 3 and S = 4

For an under-determined, complex-valued mixture consisting of three sensors and
four sources, the sensor correlation matrix Cx has size 9 × 4 and has rank 4. Using
subspace techniques we can find a size 5 × 9 coefficient matrix Φ2 that leads to the
following system of second order polynomial equations in vector-matrix notation:

Φ2(z⊗ z∗) =


φ11

1 φ12
1 φ13

1 φ21
1 φ22

1 φ23
1 φ23

1 φ31
1 φ32

1 φ33
1

φ11
2 φ12

2 φ13
2 φ21

2 φ22
2 φ23

2 φ23
2 φ31

2 φ32
2 φ33

2

φ11
3 φ12

3 φ13
3 φ21

3 φ22
3 φ23

3 φ23
3 φ31

3 φ32
3 φ33

3

φ11
4 φ12

4 φ13
4 φ21

4 φ22
4 φ23

4 φ23
4 φ31

4 φ32
4 φ33

4

φ11
5 φ12

5 φ13
5 φ21

5 φ22
5 φ23

5 φ23
5 φ31

5 φ32
5 φ33

5





z1z
∗
1

z1z
∗
2

z1z
∗
3

z2z
∗
1

z2z
∗
2

z2z
∗
3

z3z
∗
1

z3z
∗
2

z3z
∗
3


= 0Q. (6.84)
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The considered system of third order polynomial equations without uniquiefication
is as follows:

Φ3(z∗ ⊗ z⊗ z∗) =
⊕
i∈D

Φ2(z∗ ⊗ z⊗ z∗) = 0DQ. (6.85)

This system of polynomial equations consists of DQ = 3 · 5 = 15 equations and
D3 = 27 monomials of which D2(D + 1)/2 = 18 are unique. Due to the size of
the matrix it is not printed here; however, its structure is logical and follows the
structure of earlier examples. Applying the uniquiefication leads to a uniquiefied
coefficient matrix Φ̆3 of size 15× 18. The singular value decomposition (SVD) of this

coefficient matrix Φ̆3 is used to identify an orthogonal basis for the nullspace of Φ̆3

in the form of the matrix Us.

By selecting appropriate rows from the matrix Us, three submatrices Ui of size
9 × 4 are built. The submatrices Us

1, Us
2, and Us

3 are created by stacking the rows
corresponding to respectively the following monomials:

z∗1(z⊗ z∗), z∗2(z⊗ z∗), z∗3(z⊗ z∗). (6.86)

The following multi-matrix GEVD can be used to identify mixing columns of the
under-determined system:

z⊗ z∗ =
1

z∗1
Us

1µ =
1

z∗2
Us

2µ =
1

z∗3
Us

3µ. (6.87)

Notice that the GEVD of two out of the three matrices has exactly four solutions
and the vector z can be found up to an arbitrary scaling by calculating the first D
elements of Us

iµ. Again, linear combinations of the submatrices Us
1, Us

2, and Us
3

can be taken in order to incorporate a priori information into the eigenvalues such
that a specific mixing column vector can be identified. Furthermore, exploiting the
multiplicative property for a second time allows for designing second order fractional
objective functions for identifying a specific mixing column vector.

6.6.2 Reference systems and signals in a polynomial optimization problem

In Chapter 5 we have seen that spatial reference systems can be designed in such
a way that a priori information can be incorporated into the source extraction al-
gorithm without taking linear combinations of submatrices Us

i . In this chapter we
investigate the consequence of using spatial reference systems for source extraction
using a polynomial optimization approach.

In Chapter 5 two types of spatial reference systems are considered. In the first
system, reference signals are obtained by filtering the observations x[n] by a reference
filter. In the second system, reference signals are obtained from separate observations,
i.e., from different sensors. In this chapter, the origin of the reference signals is ignored
and we assume to have D observations x and L reference signals υ, i.e.,

x[n] = As[n] + ν̇[n] (6.88)

υ[n] = Bs[n] + ν̈[n] (6.89)
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where possibly the transformation B , TA is known and ν̇ and ν̈ are noise sig-
nals that are potentially related via ν̈ = Tν̇. More details on the construction and
structure of these signals can be found in Chapter 5. Here we focus on the second
order statistics of these signals under the assumption of a NF-ROS. The crosscorrela-
tion functions between the sensor signals and the reference signals have the following
structure in the NF-ROS:

rxυil [Ωκ] =
∑
j∈S

aj,c1i bj,c2l rsjj [Ωκ] and rυxli [Ωκ] =
∑
j∈S

bj,c1l aj,c2i rsjj [Ωκ]. (6.90)

In matrix form, this leads to the following reference-sensor crosscorrelation matrix:

Cυx =


rυx11 [Ω1] · · · rυx11 [ΩK ]
rυx12 [Ω1] · · · rυx12 [ΩK ]

...
. . .

...
rυxLD[Ω1] · · · rυxDL[ΩK ]

 ≡ (Bc1 �Ac2)Cs. (6.91)

The size of crosscorrelation matrix Cυx is LD ×K. From the reasoning that the
Khatri-Rao product of two randomly chosen matrices has full rank, it follows that the
rank of Cυx is S as long as rank(Ac2) · rank(Bc1) ≥ S, i.e., with full rank matrices A
and B we assume that DL ≥ S.

Note that the Khatri-Rao product of two random matrices does not lead to trivial
linear dependencies. Consequently, the number of unique rows in the crosscorrelation
matrix Cυx is LD. Applying subspace techniques to the crosscorrelation matrix Cυx

leads to the following system of polynomial equations:

Φ2(vc1 ⊗ zc2) = 0 (6.92)

where v ∈ CL\0L contains L variables vi for i ∈ L.

The sets of variables v and z of length L and D, respectively, could be merged
into a single set of variables of length L + D. However, since only crosscorrelation
functions between the sensor signals xi[n] and reference signals υl[n] are considered,
information about the relation between v and z is missing in the system of equations.
The consequence of this lack of information is that identification of the combined
mixing column vector (aj ,bj) for j ∈ S is only possible up to an arbitrary mutual
scaling, i.e., (η1a

j , η2b
j) for η1 ∈ C\0 and η2 ∈ C\0. This mutual scaling can be re-

solved when correlation functions related to rxi1i2 [Ωκ] and/or rυi1i2 [Ωκ] are considered.
Alternatively, if the transformation matrix T used to generate the reference signals
as υ[n] = Tx[n] is available, then this matrix can also be used to resolve the mutual
scaling indeterminacy; however, solving the problem for this specific scenario does not
lead to better source extraction filters since then the observations x and the reference
signals υ are linearly dependent.

The system of homogeneous polynomial equations in (6.92) contains LD−S equa-
tions in a D + L dimensional space. Due to the independent scaling indeterminacy
for the two sets of variables v and z, a total of D + L − 2 equations is required in
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order to enable identification of mixing column vectors. Consequently, we have the
following condition for the required number of equations:

LD − S ≥ D + L− 2. (6.93)

From this condition it follows that the maximum number of mixing column vectors
that can be identified as function of the number of sensors D and the number of
reference signals L is as follows:

Smax = (L− 1)(D − 1) + 1. (6.94)

Note that this condition is independent from the conjugation tuple as long as the
transformation matrix T is sufficiently different from the identity matrix, i.e., no
trivial linear dependencies are allowed in crosscorrelation matrix Cυx.

In Table 6.3 an overview is given for the maximum number of sources that is
allowed given the number of sensors en number of reference signals in order to identify
their corresponding mixing column vectors. Note that the constraint is symmetric in
D and L. Furthermore, the diagonal elements, i.e., where L = D, correspond to the
results for mixtures with conjugation tuples (◦∗) and (∗◦) in Section 6.6.1.

Table 6.3: Maximum number of mixing column vectors Smax given the number of
sensors D and number of reference signals L.

L\D 1 2 3 4 5 6

1 1 1 1 1 1 1
2 1 2 3 4 5 6
3 1 3 5 7 9 11
4 1 4 7 10 13 16
5 1 5 9 13 17 21
6 1 6 11 16 21 26

Like in the previous sections, the system of polynomial equations as in (6.92) can
be solved using a GEVD. The signal space of Φ2, represented by the matrix Us, has a
size LD×S. Taking appropriate submatrices Us

l of size D×S leads to the following
multi-matrix GEVD:

zc2 =
1

vc11

Us
1µ = · · · = 1

vc1L
Us
Lµ. (6.95)

From this GEVD it follows that the reference based source extraction problem can
be written as the following polynomial optimization problem:

max
z,v

λ(v)

s. t. fq(v, z) = 0 ∀ q ∈ Q
(6.96)
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where λ(v) is a linear fractional function in the variables v.

In this system of polynomial equations, the (known) transformation B = TA can
be interpreted as the following change in variables: v = Tz. As we have already
seen in Chapter 5, design of the transformation matrix T can be used in order to
incorporate a priori information in the source extraction algorithm. In the polynomial
optimization problem the a priori information returns solely in the objective function,
which in turn translates to eigenvalue in a GEVD.

For example, if the GEVD of the submatrices Us
1 and Us

2 is used to identify source
extraction filters, then the objective function has the following structure:

λ(vc1) =
vc11

vc12

=
t̃c11 zc1

t̃c12 zc1
. (6.97)

This construction of the problem leads to the following S eigenvalues:

λj =
vc11

vc12

=
t̃c11 aj,c1

t̃c12 aj,c1
. (6.98)

Applying the multiplicative property w.r.t. the variables v allows for the design of
reference based polynomial optimization problems with quadratic objective functions
in terms of the variables v. However, note that this requires that the conjugation for
the variables is the same.

6.6.3 Exploiting a priori information about the source autocorrelation func-
tion

In previous sections we have seen that identification of the desired source extraction
filter can be accomplished by exploiting a priori information about the mixing pa-
rameters of this desired source. In this section we show that source extraction filters
can be identified as well via information about the source autocorrelation function by
exploiting a different sensor correlation matrix structure.

The structure of the sensor correlation matrix exploited in this section is as follows:

Rx =


Rx

1

Rx
2

...
Rx
K

 ≡ ((Cs)
T �Ac1) (Ac2)

T
(6.99)

where Rx
κ for κ ∈ K is the following widely used sensor correlation matrix:

Rx
κ ,


rx11[Ωκ] rx12[Ωκ] · · · rx1D[Ωκ]
rx21[Ωκ] rx22[Ωκ] · · · rx2D[Ωκ]

...
. . .

. . .
...

rxD1[Ωκ] rxD2[Ωκ] · · · rxDD[Ωκ]

 . (6.100)
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The size of Rx is KD ×D and the size of Rx
κ is D ×D.

Applying subspace techniques to the sensor correlation matrix Rx leads to the
following system of polynomial equations:

Φ2(v ⊗ zc1) = 0 (6.101)

where the variables in v correspond to the source autocorrelation function r̃sjj and

the variables in zc1 correspond to the mixing column vector aj with conjugation c1.

Following the reasoning that source extraction filters can be identified by taking
linear combinations of submatrices Us

κ leads to the following polynomial optimization
problem:

max
z,v

〈ξ1,v〉
〈ξ2,v〉

s. t. fq(v, z) = 0 ∀ q ∈ Q.
(6.102)

The following conditions have to hold in order to be able to identify the desired
source extraction filter. The mixing system must be well-determined, i.e., D ≥ S
with rank S. If this is not the case, then the matrix Ac2 on the right hand side of
(6.99) is not invertible. The number of time lag pairs in the NF-ROS must be at least
two. Since the matrices A and Cs are independent from each other, their Khatri-Rao
product is expected to have maximum rank in general. In total we have KD − S
equations while K +D− 2 equations are required, leading to the following condition:

Smax = (K − 1)(D − 1) + 1. (6.103)

On the other hand, we have D ≥ S, leading to the following:

Smax = min{D, (K − 1)(D − 1) + 1}. (6.104)

6.6.4 Connection to higher order statistics

When considering higher order statistics, assumptions are made that are very similar
to the second order statistics scenario. In this section we focus on third and fourth
order statistics. Instead of sensor correlation functions, cumulant functions are ob-
tained. These cumulant functions have the following structure for third order and
fourth order statistics, respectively:

rxi1i2i3 [Ωκ] =
∑
j∈S

aj,∗i1 a
j
i2
aj,∗i3 r

s
jjj [Ωκ] (6.105)

rxi1i2i3i3 [Ωκ] =
∑
j∈S

aji1a
j,∗
i2
aji3a

j,∗
i4
rsjjjj [Ωκ] (6.106)

where rjjj [Ωκ] and rsjjjj [Ωκ] are the third and fourth order source autocumulant func-
tions evaluated in the noise-free region of support. We assume that the source are mu-
tually independent, which means that their cross statistics equal zero. Furthermore,
we assume that the source autocumulant functions are linearly independent [36].
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The higher order equivalent of the sensor correlation matrix Cx is called the sensor
cumulant matrix Cx. The structure of this sensor cumulant matrix for third and
fourth order statistics is as follows:

Cx = (A∗ �A �A∗)Cs (6.107)

and

Cx = (A �A∗ �A �A∗)Cs. (6.108)

Applying subspace techniques and forming systems of polynomial equations leads to
the following systems:

Φ3(z∗ ⊗ z⊗ z∗) = 0 (6.109)

and

Φ4(z⊗ z∗ ⊗ z⊗ z∗) = 0. (6.110)

It follows immediately that the systems of polynomial equations are very similar to
the systems of polynomial equations where the multiplicative property of polynomials
is exploited either to incorporate more advanced a priori information or to enable
identification of mixing column vectors for under-determined mixtures. The main
difference is that the multiplicative property of polynomials leads to a Macaulay
like coefficient matrix Φ3 or Φ4 [74]. When using solely higher order statistics, this
structure is not present and therefore it cannot be exploited as a feature for efficient
algorithms.

6.7 Design of polynomial optimization based source extraction
algorithms

In a source extraction algorithm based on polynomial optimization the objective func-
tion λ(z) is evaluated at the points where z ∝ aj for j ∈ S, leading to S eigenvalues
λj . In order to guarantee identification of the extraction filter corresponding to the
desired source, the objective function must be designed in such a way that the eigen-
value corresponding to the desired source is distinguishable from the other eigenvalues.
In this chapter we present design strategies that lead to largest or absolute largest
eigenvalue problems. For such problems efficient and numerically stable algorithms,
e.g., the power method [46], are available; however, other design criteria can be used
as well.

The first designs are based on the source extraction algorithm design procedure
from Section 6.5.1 where a linear fractional objective function is used to ensure iden-
tification of the desired source. Subsequently, source extraction algorithm designs
using a second order fractional objective function, as discussed in Section 6.5.2, are
presented. Finally, more advanced design strategies are discussed, including design
strategies for the source extraction algorithms from Section 6.6.
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6.7.1 Linear fractional objective functions

The linear fractional objective function as function of the D unknown mixing param-
eters z from (6.57) is repeated here for convenience, i.e.,

λ(zc1) =
〈ξ1, zc1〉
〈ξ2, zc1〉

' ‖ξ
1‖2

‖ξ2‖2
cos θ1

cos θ2
(6.111)

where θl is the, potentially complex-valued, angle between ξl and zc1 and ‖ξl‖2 rep-
resents the length of ξl. We use the symbol ' to indicate that the right hand side is
a differently parameterized version of the left hand side of the equation.

Suppose we have a guess or estimate of the actual mixing parameters corresponding
to the desired source in the form of a mold a0 such that a0 ≈ ad. Given this a priori
information, our goal is to design an objective function λ(z) that is largest when z = a0

and decreases when z moves away from this direction. It follows that these conditions
are met when we choose ξ1 in the direction of a0 and ξ2 orthogonal with respect to
ξ1, i.e., ξ1 = a0,c1 and ξ1⊥ ξ2. The corresponding linear fractional objective function
then has the following form:

λ(θ0) =
‖ξ1‖2
‖ξ2‖2

1

tan θ0
=
‖ξ1‖2
‖ξ2‖2

cot θ0 (6.112)

where θ0 is the angle between the mold a0 and vector z when z is projected onto
the two dimensional subspace spanned by ξ1 and ξ2. In case only two sensors are
considered for the source selection task, then this projection can be ignored. Note that
the lengths of the vectors ξ1 and ξ2 only define a constant scaling for all eigenvalues
simultaneously. Therefore, without loss of generality, we assume for the remainder of
this section that the vectors ξ1 and ξ2 have equal lengths.

For a real-valued mixing system, the actual and absolute linear fractional objective
function is depicted as a blue, solid line as function of the angle θ0 in the upper and
lower plots in Figure 6.1, respectively. Since the objective function, and therefore the
eigenvalues, can become infinitely large the inverse tangent function is used to map
the objective function to finite numbers. Figures such as Figure 6.1 can be interpreted
as the selection patterns from Chapter 4. The selection patterns provide insight in
the source that will be extracted, given the actual mixing parameters.

The following condition on the mold is required in order to guarantee extraction
of the desired source when the absolute largest eigenvalue is selected:

|〈a0,ad〉|
|〈ξ2,ad〉|

>
|〈a0,ai〉|
|〈ξ2,ai〉|

∀ j ∈ S\d (6.113)

with ξ2⊥a0 and where index d corresponds to the desired source. In other terms,
we require that the angle between the mixing column vector projected onto the space
spanned by ξ1 = a0 and ξ2⊥a0 is smallest for the desired source, i.e., θd0 < θj0
for j ∈ S\d. If only two sensors are considered, then this condition on the mold
implies that the mold has to be close enough to the actual mixing parameters of the
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Figure 6.1: Linear fractional objective functions as function of the angle between
the mold and the actual mixing column vector, projected onto the two dimensional
subspace spanned by ξ1 and ξ2. In the upper and lower graph respectively the actual
and absolute value of the functions are depicted for angles of 90 and 45 degrees between
the vectors ξ1 and ξ2. The inverse tangent function is used in order to compress the
y-axis.

desired source. If more than two sensors are considered, then the projections of the
mixing column vectors are arbitrary and can lead to small projected angles while the
angle between the mold and the actual mixing column vector can be relatively large.
This property is a fundamental limitation of working with linear fractional objective
functions.

Choosing non-orthogonal vectors ξ1 and ξ2 allows for the incorporation of addi-
tional a priori information into the linear fractional objective function or selection
pattern. In Figure 6.1 the red, dashed line shows the linear fractional objective func-
tion where ξ2 is chosen orthogonal to the mold and ξ1 is chosen at an angle of 45
degrees with respect to ξ2, in the two dimensional subspace spanned by a0 and ξ2.
This design strategy allows to design extraction algorithms that incorporate informa-
tion about a certain preferred direction of the error with respect to the mold. For
example, by choosing ξ1 orthogonal to an estimate or guess of the mixing column
corresponding to a single interfering source, the objective function will become zero
in this direction. One way to calculate these vectors ξ1 and ξ2 based on estimates
â0 and âi of the mixing column vectors corresponding to the desired and a single
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interfering source, respectively, is as follows:

ξ1 = â0 − 〈â
i, â0〉
〈âi, âi〉 â

i and ξ2 = âi − 〈â
0, âi〉

〈â0, â0〉 â
0 (6.114)

where we leave out the conjugation c1 for notational convenience.

For specific scenarios, such as the ones described above, source extraction based
on polynomial optimization problems with linear fractional objective functions can
be practical. However, due to the linear characteristic of the objective function and
the corresponding projection onto a two dimensional subspace it is fundamentally
impossible to generalize the design strategies towards multiple sensors and sources
without requiring significantly more a priori information. Furthermore, due to the
presence of both positive and negative eigenvalues it is difficult to apply regularization
in order to limit the maximally attainable eigenvalue. In the following section we show
that these generalizations and improvements are feasible when considering second
order fractional objective functions.

6.7.2 Second order fractional objective functions

The structure of a second order fractional objective function is originally presented in
(6.76) and (6.77) and is repeated here for convenience, i.e., the second order fractional
objective function in vector-matrix form is as follows:

λ(z) =
(zc1)TΞ1z

c2

(zc1)TΞ2zc2
(6.115)

where the matrices Ξ1 and Ξ2 can be chosen arbitrarily or designed based on a priori
information. Depending on the conjugation, either D2 or D(D + 1)/2 degrees of
freedom exist in the matrices Ξ1 and Ξ2. In the remainder of this section we assume
that the mixture is real-valued. Consequently, the conjugation symbols c1 and c2 are
not taken into account. The results for real-valued mixtures easily extend to mixtures
with conjugation tuples (c1, c2) = (◦, ∗) and (c1, c2) = (∗, ◦). For complex-valued
mixtures with conjugation tuples (c1, c2) = (◦, ◦) and (c1, c2) = (∗, ∗) an objective
function designer has to take into account how to deal with the phase in the objective
function.

The following design strategies are based on the assumption that a priori informa-
tion in the form of a guess or estimate of the mixing parameters corresponding to the
desired source is available. This a priori information is represented by the vector a0,
which we call a mold. In the design strategies a projection matrix P0 that projects
vectors onto the space spanned by the mold is regularly used. Therefore we present
this matrix in advance, i.e.,

P0 ,
a0(a0)T

(a0)Ta0
. (6.116)

From the following design strategies it follows which conditions have to hold on this
mold in order to guarantee extraction of the desired source by selecting the extraction
filter corresponding to the largest eigenvalue.
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Design strategy I If the mold a0 is available in a source extraction scenario,
then the following matched filter design strategy can be used in order to guarantee
extraction of the desired source:

Ξ1 = P0 and Ξ2 = I (6.117)

We refer to this design in terms of a matched filter due to the direct application of
the mold a0. Using this design, the second order fractional objective function has the
following form:

λ(z) =
(z)TP0z

(z)T z
=

1

‖a0‖22
(z)Ta0(a0)T z

(z)T z
' cos2 θ0 (6.118)

where θ0 is the angle between z and the mold a0. The symbol ' is again used
to denote that the left hand side and right hand side are equal up to a different
parametrization. Note that this angle θ0 is different from the angle considered in
Section 6.7.1. In the current design we are not concerned with a projection onto a
two dimensional subspace and the design can be used for any number of sensors larger
than or equal to two.

The matched filter design strategy leads to the following structure for the eigen-
values:

λj =
1

‖a0‖22
|〈a0,aj〉|2
‖aj‖22

' cos2 θj0 (6.119)

where θj0 is the angle between the mold a0 and actual mixing column vector aj . In
order to guarantee that the largest eigenvalue corresponds to the desired source, the
following condition has to hold for the mold:

|〈a0,ad〉|
‖ad‖2

>
|〈a0,aj〉|
‖aj‖2

∀ j ∈ S\d (6.120)

where index d corresponds to the desired source. In other terms, we require that
θd0 < θj0 for j ∈ S\d. In practice this condition on the mold implies that the mold is
close enough to the actual mixing parameters of the desired source.

An interesting property of this design is that the eigenvalues are always positive
and in the range [0, 1]. Applying an arbitrary gain to Ξ1 leads to a scaling of all the
eigenvalues by the same amount and allows for an arbitrary maximum eigenvalue. A
disadvantage of the matched filter design strategy is that all eigenvalues are relatively
close to each other in case the mixing system is not orthogonal. The following de-
sign strategy leads to a second order fractional objective function with a sharp peak,
resulting in large eigenvalues for mixing column vectors close to the mold. Such a sep-
aration of eigenvalues is beneficial for numerical algorithms that identify eigenvectors
corresponding to the largest eigenvalue.

Design strategy II In order to obtain a larger separation of the largest eigenvalues
from the other eigenvalues, the following design strategy based on the same a priori
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information as used for the matched filter design strategy can be used:

Ξ1 = P0 and Ξ2 = I−P0. (6.121)

This design leads to the following fractional objective function:

λ(z) =
(z)TP0z

(z)T [I−P0] z
' cos2 θ0

sin2 θ0

= cot2 θ0. (6.122)

For this peaked design, the same condition on the mold has to hold as for the
matched filter design from (6.117), i.e., we assume that (6.120) holds for the mold.
A benefit of this design strategy with respect to the first design strategy is that
the spread of eigenvalues leads to faster converging algorithms; however, since the
eigenvalues become infinitely large in case the mold exactly matches the observed
mixing column vector, the current design strategy also leads to numerically instable
algorithms. In order to deal with this numerical problem the following design strategy
with a shape parameter can be exploited.

Design strategy III In order to benefit from both the peakedness of the design
in (6.121) for fast convergence and from the limited range for the eigenvalues for the
design in (6.117) for numerical stability we present the following design strategy with
a shape parameter:

Ξ1 = P0 and Ξ2 = γ [I−P0] + P0 (6.123)

where γ is a shape parameter that can be used to tune the peakedness of the objective
function. The second order fractional objective function corresponding to this design
strategy is as follows:

λ(z) =
(z)TP0z

(z)T [γI + (1− γ)P0] z
' 1

γ tan2 θ0 + 1
. (6.124)

As for the design in (6.117), the eigenvalues are again all positive and in the
range [0, 1]. Furthermore, applying an arbitrary gain to Ξ1 leads to a scaling of all
eigenvalues by the same amount and allows for an arbitrary maximally attainable
eigenvalue. The peakedness parameter γ can be tuned in order to separate the largest
eigenvalue from the other eigenvalues. For γ = 1 we obtain the matched filter design
from (6.117) while towards γ = 0 the objective function becomes more and more
flat. For increasing γ the objective function becomes sharper, leading to a Dirac delta
function for infinitely large γ. In Figure 6.2a the second order fractional objective
function is depicted for a range of peakedness parameter values.

In the last part of this section we present a design strategy that incorporates a
priori information about mixing parameters corresponding to interfering sources in
order to design extraction algorithms for which the eigenvalue corresponding to the
desired source is maximally separated from the other eigenvalues.
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Design strategy IV In case not only information about the mixing parameters
corresponding to the desired source, but also information about the mixing parameters
corresponding to the interfering sources is available, then this information can be
incorporated into the design of the second order fractional objective function.

Suppose we have an estimate Â of the mixing column vectors corresponding to
the interfering sources. The projection matrix that projects vectors onto the space
spanned by these mixing column vectors is defined as follows:

Pi = Â
(

(Â)T Â
)†

(Â)T . (6.125)

Based on this a priori information Â and the original mold a0 the following design
strategy leads to large eigenvalues for mixing column vectors near a0 and small, pos-
itive eigenvalues near the estimated or guessed mixing column vectors corresponding
to the interfering sources:

Ξ1 = I−Pi and Ξ2 = γ [I−P0] + I−Pi. (6.126)

This design strategy leads to the following second order fractional objective function:

λ(z) =
(z)T [I−Pi] z

(z)T [γ (I−P0) + (I−Pi)] z
. (6.127)

For this design strategy, the eigenvalue corresponding to the desired source ideally
becomes equal to one, while the eigenvalues corresponding to the interfering sources
ideally become equal to zero. In order to be able to use this design the mixing
column vectors for which a priori information is available, including the mold, must
be linearly independent. If this condition is met, then the peakedness parameter γ can
be used to control the peakedness of the objective function. In Figures 6.2b and 6.2c
second order fractional objective functions are depicted as function of θ0 for guessed
interfering source angles of 70 and 30 degrees with respect θ0 = 0, respectively, for
different peakedness parameter values.

6.7.3 Advanced source extraction algorithms

The design strategies presented for the linear and second order fractional objective
functions form a basis for the design and development of source extraction algorithms
exploiting a priori information about the application at hand. In the remainder of this
section we discuss optional extensions or alternative design strategies and we discuss
design strategies for the advanced source extraction algorithms from Section 6.6.
Only a high level discussion is presented since the optimal design strongly depends
on specific properties of the application.

• If an estimate or guess of the mixing parameters corresponding to the desired
source is only available for a subset of the sensors, i.e., if the mold is only
partially known, then the presented design strategies can also be applied to
only those sensors. In such case the coefficients for the sensors for which no
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information is available must be set to zero for both Ξ1 and Ξ2. The condition
on the mold should now hold for the mixing parameters corresponding to the
sensors used for selection. Finally, note that for such scenarios the extraction
filters are still identified for all available sensors.

• Another way to use the peakedness parameter γ from Design strategy III is to
design source extraction algorithms that detect and/or extract a source within
a certain region of interest. Given the maximally allowed angle θBW between
the actual mixing column vector and the mold a0 and a threshold parameter
0 < λT < 1, then choosing the peakedness parameter γ as follows:

γ =
1− λT
λT

cot2 θBW (6.128)

ensures that eigenvalues that are larger than the threshold λT correspond to
mixing column vectors in the region of interest, i.e., their angle with resect to
the mold is smaller than θBW .

• If initially only the mold is available then a blind identification algorithm, for
example based on Design strategy III, can be used to provide information about
the mixing column vectors corresponding to the interfering sources. Subse-
quently, the information about the interfering sources can be exploited to track
slow variations in the mixing system using Design strategy IV.

• If a parametrization of the mixing column vectors is available, then design of the
source extraction algorithm based on a priori information in this parameterized
domain can be used as well. More specifically, all selection beamformer designs
from Chapter 4 can be used in this polynomial optimization approach as well.

• For under-determined mixtures where the strategy from Section 6.6.1 is ap-
plied, i.e., with exploiting the multiplicative property of polynomial only once,
the polynomial optimization problem has a linear fractional objective function.
Consequently, the same design techniques can be used as presented in Sec-
tion 6.7.1. However, due to the generality of the approach, the multiplica-
tive property could be exploited for a second time such that also second order
fractional objective functions can be used for selecting the desired solution for
under-determined mixtures. Note that in this latter case Design strategy IV
cannot be applied when estimates of all (S > D) mixing column vectors are
considered since these vectors are linearly dependent.

• Reference based source extraction based on the linear fractional objective func-
tion can be applied in a straightforward way by choosing the transformation
matrix T as the concatenation of the two vectors ξ1 and ξ2. For real-valued
mixtures and complex-valued mixtures with conjugation tuples (◦, ◦) and (∗, ∗)
the following second order fractional objective function can be considered:

λ(z) =
(z)T (T)TΞ1Tz

(z)T (T)TΞ2Tz
(6.129)

where we left out the conjugation symbols for notational convenience. The
transformation matrix T can be used for several purposes, e.g., dimensionality
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reduction, incorporating a priori information, and conditioning. For complex-
valued mixtures with conjugation tuples (◦, ∗) and (∗, ◦) there is no straight-
forward way to formulate polynomial optimization based source extraction as
reference based source extraction.

• Source extraction algorithms exploiting information about the autocorrelation
functions of the sources can be designed in a similar way as source extraction
algorithms based on information about the mixing parameters of the sources.
Both linear and second order fractional objective functions can be designed
based on a priori information about the desired source. An example design
based on information about the autocorrelation function of a single interfering
source, provided by a remote wireless microphone, is presented in [?]. The
design is used there for informed source extraction; however, it can also be used
for polynomial optimization based source extraction.

• Source extraction algorithms based on higher order statistics contain the higher
order structure for second order fractional objective functions in a natural way.
Consequently, the design techniques from Section 6.7.2 can be used for source
extraction algorithms based on higher order statistics as well.

6.8 Validation of polynomial optimization based source extrac-
tion

In the remainder of this chapter we present results for two scenarios where the poly-
nomial optimization based source extraction algorithm is applied. The results are
obtained from artificial mixtures via computer simulations. In the first scenario, four
sensors observe an over-determined mixture of three sources. In the second scenario
three sensors observe an under-determined mixture of four sources. The objective of
this exercise is on the one hand to validate the theoretical results from this chapter
and on the other hand to provide examples that illustrate the working of polynomial
optimization based source extraction algorithms.

For both experiments stationary source signals with variance σ2
s = 1 are created

by filtering a real-valued Gaussian signal with a filter consisting of a single pole.
The poles for the four sources are respectively 0.9, 0.6, −0.7 and −0.9. For the first
scenario, only the first three sources are used. After mixing the sources, the sensor
signals are contaminated by temporally and spatially white Gaussian noise with a
variance of σ2

ν = 0.1.

An over-determined mixture with D = 4 and S = 3: The over-determined
mixing matrix for the first scenario is given as follows:

A =

 1
2


1
1
1
1

 1√
10


−2

2
3
−1

 1
2
√

10


−2
−1

1
2


 . (6.130)
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Using normalized mixing column vectors and source signals is useful for evaluation
purposes. When a different, unknown scaling of the sources and the mixing column
vectors is used, then the extraction filters and mixing column vectors can be identified
up to an arbitrary scaling.

For the polynomial optimization based source extraction algorithm we use design
strategy III from Section 6.7.2, with shape parameter γ = 10, i.e.,

Ξ1 = P0 and Ξ2 = γ(I−P0) + P0 (6.131)

where P0 = a0(a0)T

(a0)T a0 . We choose the mold a0 in the plane spanned by the mixing

column vectors a1 and a3 by means of the following parametrization:

a0 = cos(θ)a1 + sin(θ)a3. (6.132)

Since a1 and a3 are orthogonal vectors, the angle θ corresponds to the angle between
the mold a0 and the mixing column vector corresponding to the first source. In our
performance measures we assume that the first source is the desired source. For both
the extraction filter and the identified mixing column vector we measure performance
via the signal to interference ratio, which is defined as follows:

SIRw̃ =
(w̃a1)2∑S
j=2(w̃aj)2

and SIRh =
((h)Ta1)2∑S
j=2((h)Taj)2

(6.133)

where w̃ and h are the identified source extraction filter and mixing column vector,
respectively.

Since we created the mixing system, we can use (6.124) to calculate the expected
value of the eigenvalue corresponding to the desired source, i.e,

λ(θ) =
1

10 tan2 θ + 1
. (6.134)

In Figure 6.3 the SIRw̃, SIRh, and the expected eigenvalue λ are depicted as func-
tion of the angle θ between the mold a0 and the mixing column vector corresponding
to the desired source a1.

The results in Figure 6.3 confirm that the polynomial optimization based source
extraction algorithm can be used to identify the source extraction filter and the mixing
column vector corresponding to a desired source, for which a priori information about
the mixing parameters is available. The black vertical lines show the expected angle
of ±45 degrees for which the selection procedure breaks down, i.e., when the angle
between the mold and the mixing column vector corresponding to the desired source
becomes larger than the angle between the mold and one of the other mixing column
vectors. In this case, the third source is selected when θ becomes larger than 45
degrees. For the current parametrization, the angle between the mold and the second
mixing column vector is always larger than the angle between the mold and one of
the other mixing column vectors. Therefore, selection of this second source does not
occur in this example. For the extraction filter w̃, the optimal SIR is infinite since
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the interfering sources can be fully cancelled. However, due to estimation errors, a
SIR of 35 dB is reached. For the identified mixing column vector a SIR of 12.5 dB is
expected, as is indicated by the black horizontal line. Note that both filters reach and
hold their maximum SIR for all molds, as long as the angle between the mold and the
mixing column vectors is smallest for the desired source. Consequently, errors in the
mold do not translate to errors in the identified extraction filters or mixing column
vectors as long as the desired source is selected.

An under-determined mixture with D = 3 and S = 4: For the under-
determined mixing scenario the mixing matrix is given as follows:

A =

 1√
3

1
1
1

 1√
19

 1
−3
−3

 1√
21

 4
−1
−2

 1√
6

 1
1
−2

 . (6.135)

Since the mixing system is under-determined, source extraction filters that cancel
all interfering sources do not exist, i.e., only identification of the mixing column vector
corresponding to the desired source is possible. In order to identify this desired mixing
column vector we use the algorithm presented in Section 6.6.1, where selection of the
desired solution is performed via a linear fractional objective function. The vectors
ξ1 and ξ2 are chosen orthogonal to each other in the plane spanned by a1 and a4.
Since the vectors a1 and a4 are orthogonal we use the following parametrization:

ξ1 = cos(θ)a1 + sin(θ)a4 (6.136)

ξ2 = sin(θ)a1 − cos(θ)a4 (6.137)

where the angle θ forms the angle between the mold ξ1 = a0 and the mixing column
vector corresponding to the desired source. The eigenvalue corresponding to this
desired source can be calculated by using (6.112), i.e.,

λ(θ) = cot θ. (6.138)

Results for the under-determined mixing scenario are depicted in Figure 6.4. In
the top figure, the SIRh is depicted as function of the angle θ. The horizontal black
line indicates again the expected SIR, which is 3.4 dB for the current scenario. In the
bottom graph the absolute largest eigenvalue is depicted as well as the expected abso-
lute eigenvalue for the desired source as function of the angle θ. Since the eigenvalues
can take values in the range from zero up to infinity, the function π

2 arctan(·) is used
in the graph to compress the eigenvalues to a range from zero to one. An additional
benefit of this compression function is that the compressed (absolute) eigenvalues
become linear as function of θ. The black vertical lines indicate where the selection
procedure is expected to go wrong. These points are obtained by calculating the an-
gles between the desired mixing column vector and the other mixing column vectors
projected onto the space spanned by a1 and a4. This leads to the angles of -29.5,
78.6 and 90.0 degrees, for the second up to the third source, respectively. Selection
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of the desired source will fail when θ becomes closest to another source. For neg-
ative and positive angles this means that selection of the desired source fails when
θ < −29.5/2 = −14.75 degrees and θ > 78.6/2 = 39.3 degrees, respectively. However,
as long as the desired source is selected, maximum SIR is obtained.

6.9 Conclusions

In the current chapter we presented a way to develop and design source extraction
algorithms by formulating source extraction as a polynomial optimization problem.
In this optimization problem, homogenous polynomial equations form equality con-
straints that restrict the feasible set of the optimization problem to extraction filters.
A first or second order fractional objective function is used to identify the desired
source extraction filter.

The presented polynomial optimization based approach can be considered a gener-
alization of the methods presented in previous chapters. It works for both real-valued
and complex-valued mixtures and it can be used to identify source extraction filters
according both the MVDR and LCMV principle. A priori information about either
the mixing parameters or the autocorrelation functions can be considered and in cer-
tain cases the source extraction algorithm can be formulated as a reference based
source extraction algorithm.

Next to these similarities with previously presented algorithms, the polynomial op-
timization based approach has several beneficial properties. First, a largest eigenvalue
problem is formulated instead of a smallest eigenvalue problem, which is beneficial in
terms of numerical stability. Furthermore, applying reduction matrices to move from
D to S are optional instead of required. We have shown that the polynomial optimiza-
tion based approach can be used to identify extraction filters for under-determined
mixtures. Finally, we have indicated that a natural extension towards using higher
order statistics exists.

In the final part of this chapter we have presented several design strategies for
the linear and second order fractional objective functions, based on several types
and amounts of a priori information, and we validated the methodology for an over-
determined and under-determined mixture via computer simulations.
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(a) Regularized design
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(b) Interferer at 70 degrees
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(c) Interferer at 30 degrees

Figure 6.2: Second order fractional objective functions for several peakedness pa-
rameter values. In (6.2a) objective functions based on Design Strategy I are depicted.
In (6.2b) and (6.2c) objective functions based on Design Strategy IV are depicted for
interferers expected at 70 and 30 degrees, respectively.
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Figure 6.3: Results for the polynomial optimization based source extraction algo-
rithm as a function of the angle θ between the mold and the mixing column vector
corresponding to the desired source for an over-determined mixture. In the top and
middle figure the SIR is depicted for the calculated extraction filter and identified
mixing column vector, respectively. In the bottom figure the largest eigenvalue and
the expected eigenvalue corresponding to the desired source is depicted.
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Figure 6.4: Results for the polynomial optimization based source extraction algo-
rithm as a function of the angle θ between the mold and the mixing column vector
corresponding to the desired source for an under-determined mixture. In the top fig-
ure the SIRh is depicted for the identified mixing column vector. In the bottom figure
the absolute largest eigenvalue and the expected absolute eigenvalue corresponding
to the desired source is depicted through the compression function π

2 arctan(·).



7
A first study towards source extraction from

convolutive mixtures

In this thesis the focus has been on the extraction of a desired source signal from an
instantaneous mixture of multiple sources. However, in many other applications the
sensor signals consist of more complex mixtures such as convolutive mixtures. In liter-
ature, both time and frequency domain domain methods have been proposed to solve
problems such as blind system identification, blind source separation or extraction,
and blind deconvolution for convolutive mixtures. By considering the convolutive
mixing system in the frequency domain, informed source extraction can be solved
by applying approaches for instantaneous mixtures; however, due to permutations
in each frequency bin, this frequency domain approach puts high demands on the
available a priori information.

In this chapter we use our insights on informed source extraction for instantaneous
mixtures in order to provide insight and tools that support the design and development
of informed source extraction algorithms for convolutive mixtures. In our approach
we apply subspace techniques to statistical features of the observations in order to
formulate polynomial optimization problems. In such an optimization problem a
system of homogeneous polynomial equations restricts the feasible set to extraction
filters and a priori information is used in the objective function in order to identify
only the extraction filter for the desired source. In this chapter we show results of a
first study where we apply our approach to a convolutive mixing model with short
finite impulse responses. The foreseen benefit and objective of this approach is that
requirements on available a priori information can be lowered.
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7.1 Introduction

The objective in this chapter is to use our insights on informed source extraction for
instantaneous mixtures in order to provide insight and tools that support the design
and development of informed source extraction algorithms for convolutive mixtures.
Convolutive mixtures can be considered a generalization of instantaneous mixtures
and are useful in a wide range of applications such as speech enhancement, biomedical
signal processing and telecommunication. In a convolutive mixing scenario the rela-
tion between a source and sensor is not modeled by a, potentially complex, gain, but
by a linear, time-invariant impulse response. Models that describe such impulse re-
sponses are for example finite impulse responses (FIR) and infinite impulse responses
(IIR) filters, which in turn can be dense or sparse [9, 11, 76]. Next to the different
types of mixing filters, many different assumptions on the source and noise signals
can be made.

With the introduction of a convolutive mixing system, also a new type of source
extraction objective becomes available. In the literature, difference is made between
blind source separation (BSS) and blind deconvolution (BD) objectives [11]. The dif-
ference between BSS and BD is that a BD algorithm tries to invert the mixing system
whereas a BSS algorithm solely tries to separate the source signals by cancelling the
interfering source signals, i.e., the original source signals are obtained up to an arbi-
trary filtering. Next to the objective for performing source extraction, the structure
of the source extraction filters have to be chosen. Also for these filters a large variety
of filter structures is available. Despite the many potential structures of convolutive
mixing systems, in this chapter our main focus is on convolutive mixing models and
source extraction filters that are represented by FIR filters. These types of filters are
widely used and very practical in applications.

Convolutive mixtures can be expressed either in time domain or frequency do-
main [9]. An advantage of frequency domain approaches is that, under the condition
that the number of frequency bins is sufficient, the convolutive mixing system re-
duces to independent, complex-valued, instantaneous mixing problems per frequency
bin. Therefore, algorithms that work for instantaneous mixtures can be reused. An-
other advantage of the frequency domain approach is that due to the independence,
convergence of frequency domain adaptive algorithms can typically be faster than
convergence of time domain algorithms. However, frequency domain approaches also
suffer from some disadvantages. In case the mixing filters are relatively long, many fre-
quency bins are required to prevent circular convolution artifacts and it may become
difficult to obtain sufficient samples per frequency bin in order to estimate statisti-
cal properties. Furthermore, the scaling and permutation indeterminacy that come
with instantaneous mixing problems now arise in every frequency bin. Consequently,
when our informed source extraction algorithm is applied in such a frequency domain
approach, a priori information that ensures extraction of only the desired source has
to be available for each frequency bin, which may be challenging in many practical
applications. For example, in a speech enhancement scenario, a rough estimate of the
direction of arrival of a desired source can be available; however, due to reverberation
and long filter lengths, this information may be too much deteriorated for usage per
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frequency bin. Finally, the arbitrary scalings per frequency bin translate into arbi-
trary, single channel filters for the extracted signal. Next to the time and frequency
domain, also subband approaches have been applied [77]. Applying our informed
source extraction approach combined with such a subband technique could poten-
tially lead to informed source extraction algorithms for convolutive mixtures where a
priori information is only required per subband. However, in each subband the source
signals are still mixed by a convolutive mixing system such that our informed source
extraction algorithms for instantaneous mixtures cannot be applied directly.

In this chapter we study the transformation of our informed source extraction ap-
proach for instantaneous mixtures to convolutive mixtures. In the previous Chapter 6
we presented a generic formulation of the source extraction problem for instantaneous
mixtures in the form of a polynomial optimization problem. We have also shown
methods on how to compute the solutions to these optimization problems. In order
to derive informed source extraction algorithms for convolutive mixtures, based on our
approach for instantaneous mixtures, we first need to be able to formulate a system
of polynomial equations from which the roots correspond to the mixing parameters
or source extraction filters. Subsequently, we should be able to use a priori informa-
tion in order to formulate an objective function that ensures that directly the root
corresponding to the desired source is computed. Generic mathematical tools to solve
such polynomial optimization problems are being developed [73, 74]. Consequently,
our focus is on formulating informed source extraction for convolutive mixtures as a
polynomial optimization problem by applying subspace techniques to the statistical
features of the convolutive mixtures. In this chapter we do not come to a generic
formulation, but we are able to show that short mixing filters can be identified from
the roots of a system of homogenous polynomial equations.

The outline of this chapter is as follows. In Section 7.2 we discuss different types of
convolutive mixing models and present the assumptions on the source and noise signals
that we use in the remainder of this chapter. The structure in sensor correlation data
from convolutive mixtures is exploited in Section 7.3 in order to formulate a system
of polynomial equations from which the roots correspond to the convolutive mixing
parameters. Finally, we conclude this chapter in Section 7.4.

7.2 Model and assumptions

7.2.1 Mixing model

In a convolutive mixing scenario we assume that a total of S source signals sj are mixed
by a size D×S convolutive mixing system H, consisting of FIR impulse responses or
filters. The observations consist of the mixtures contaminated by additive noise νi[n].
Mathematically, this model can be formulated as follows:

x[n] =

S∑
j=1

(hj ∗ sj)[n] + ν[n] = (H ∗ s)[n] + ν[n] (7.1)
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where ∗ represents convolution and the vectors containing respectively the sensor,
source, and noise signals are given as follows:

x[n] ,

x1[n]
...

xD[n]

 , s[n] ,

s1[n]
...

sS [n]

 , ν[n] ,

ν1[n]
...

νD[n]

 . (7.2)

The convolutive mixing system of size D × S is defined as follows:

H =
[
h1 · · · hS

]
=

h
1
1 · · · hS1
...

. . .
...

h1
D · · · hSD

 . (7.3)

In the convolutive mixing model, each mixing component is considered an impulse
response or filter. Evaluating the mixing component hji at sample index p is formu-

lated as hji [p] and corresponds to the impulse response value at time pTs, where Ts
is the sample time. Many different structures can be underlying the finite impulse
response. For example, the impulse responses can have many or almost no zeros, or
have a wideband or narrowband characteristic. If knowledge about these properties is
known from the application, it should be incorporated in source extraction algorithms.

We assume that similar properties as presented in the previous chapter hold for
the source signals. To summarize these properties, we assume that all source signals
are mutually statistically independent, or at least uncorrelated. Furthermore, we
assume that the source signals contain second order temporal structure (SOTS). In
the current chapter we focus on SOTS in the form of non-whiteness. Furthermore, we
assume that the statistical properties of the sources, i.e., the source autocorrelation
functions, are sufficiently different from each other. Finally, we assume that the noise
is uncorrelated from the source signals and for now we assume that we can ignore the
contribution of the noise in the sensor correlation data. However, this is only allowed
if we can extend the concept of a NF-ROS to convolutive mixtures. A straightforward
approach to define a NF-ROS is to estimate the noise statistics and compensate for
it in the sensor correlation data.

In the remainder of this chapter we discuss several topics related to convolutive
mixtures based on the generic convolutive mixing model in (7.1); however, for certain
topics we consider a specific mixing system consisting of causal, linear, and finite
impulse responses of maximum order P . For such impulse responses the convolutive
mixture can be written as follows:

x[n] =

S∑
j=1

P∑
p=0

hj [p]sj [n− p] + ν[n]. (7.4)

Next we consider different objectives and structures for source extraction filters.



7.2 Model and assumptions 193

7.2.2 Source extraction filters

Given the convolutive mixing models in (7.1) and (7.4), our objective is to identify a
filter w̃ that extracts the desired source from the observed mixture, i.e.,

y[n] = (w̃ ∗ x)[n] = (w̃ ∗H ∗ s)[n] + (w̃ ∗ ν)[n] (7.5)

where y[n] ideally only contains the desired source signal. The extraction filter com-
ponents are considered to be impulse responses or filters. Same as for the filters that
represent the mixing system, the source extraction filters can have many different
forms such as FIR and IIR filters. In the remainder of this thesis we assume that
the extraction filters are FIR filters of maximum order Q. Consequently, the output
signal y[n] can be written as follows:

y[n] =

Q∑
q=0

w̃[q]x[n− q] =

D∑
i=1

Q∑
q=0

wi[q]xi[n− q]. (7.6)

For the FIR source extraction filters, their optimal filter lengths Q depend on the
mixing system at hand and the objective of the source extraction filter. In this
section we consider three different objectives for the source extraction filters and the
corresponding required filter lengths.

First of all, it is known that a matched filter, where the extraction filters are chosen
as the time-reversed impulse responses of the desired source, increases the signal to
interference ratio. Consequently, identifying the mixing filters or impulse responses
that correspond to the desired source can be an objective for constructing a source
extraction filter. For optimal performance in terms of signal to noise ratio (SNR),
the extraction filter length of a matched filter should match the length of the impulse
responses in the mixing system. When the number of sensors is increased the SNR
increases as well. However, in order to maintain a certain desired SNR at the output
of the extraction filter the extraction filters may be shortened when the number of
sensors is increased. Alternatively, if the source extraction filters are longer than
required, additional noise reduction leads to the following objective for an MVDR
extraction filter:

w̃MVDR = arg min
w̃

E{|y[n]|2} s. t. w̃hd = gδ (7.7)

where hd is a vector containing the impulse responses from the desired source to the
sensors and gδ represents a, potentially delayed, unit response. When the MVDR
objective is applied, the filter lengths should be chosen at least equal or larger than
the filter lengths of the mixing system for optimal performance.

In case the objective is to separate the desired source from the other sources, i.e.,
to maximize the signal to interference ratio, then we can derive optimal filter lengths
as function of the number of sensors based on the following analysis. The number of
constraints for this objective are (S−1)(P+Q+1) zero constraints for the interference
cancelation and a single constraint for not cancelling the desired source. The degrees
of freedom for filters of length (Q + 1) applied to D sensors is given as D(Q + 1).
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Consequently, the source separation objective leads to the following constraints on
the number of filter coefficients (Q+ 1) per sensor:

Q+ 1 ≥ P (S − 1) + 1

D − S + 1
. (7.8)

The corresponding optimization problem for this source separation objective, with
additional noise reduction, is as follows:

w̃separation = arg min
w̃

E{|y[n]|2} s. t. w̃hi = g0 and w̃hd 6= g0 (7.9)

where hi corresponds to the mixing filters or impulse responses of the interfering
sources, hd corresponds to the mixing filters of the desired source, and g0 represents an
impulse response consisting of only zeroes. Again, increasing the number of extraction
filter coefficients allows for additional noise reduction.

Finally, in case the objective is deconvolution, which means that besides separa-
tion, also the impulse response applied to the desired source is constraint, then the
number of constraints increases to S(P +Q+1) while there are still D(Q+1) degrees
of freedom. This deconvolution objective leads to the following constraints on the
minimally required number of filter coefficients:

Q+ 1 ≥ PS

D − S (7.10)

From this constraint we observe immediately the constraint that the number of sensors
should be strictly larger than the number of sources, i.e., D > S. The corresponding
optimization problem for the deconvolution problem is mathematically formulated as
follows:

w̃deconvolution = arg min
w̃

E{|y[n]|2} s. t. w̃H = g̃d (7.11)

where g̃d is a vector of filters with the, potentially delayed, unit response gδ for the
desired source and g0 for the remaining filters.

From these three different objectives we observe that increasing the number of
sensors reduces the required number of filter coefficients per sensor. In the remainder
of this chapter our focus will be on the matched filter as a source extraction filter
and therefore on the identification of the mixing system parameters that correspond
to the desired source. However, we realize that also the other objectives can be very
relevant for applications and consider the matched filter approach a first step. In our
approach we apply subspace techniques to the sensor correlation data. Therefore,
in the next section we investigate the structure in the sensor correlation data for
convolutive mixtures.

7.3 Structure in the sensor correlation data

When the source extraction problem is considered as a number of independent in-
stantaneous mixing systems in the frequency domain, then a priori information must
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be available that ensures extraction of the desired source for each separate frequency
bin. In case the convolutive source extraction problem is tackled as a wideband or
subband problem, then the requirements on the available a priori information used for
selection of the desired filter are less restrictive. However, before we can incorporate
a priori information about the desired source into a source extraction algorithm for
convolutive mixtures we must first be able to identify source extraction filters for such
mixtures. Therefore, in the remainder of this chapter we apply subspace techniques
to sensor correlation data for convolutive mixing systems where sources are mixed
by short FIR filters. This approach can be a first step towards the development of
informed source extraction algorithms for convolutive mixtures.

Based on the assumptions in the previous section, the structure in the noise-free
sensor correlation data follows from the convolutive mixing model in (7.1) and is given
as follows (see Appendix 7.A for a derivation):

rxi1i2 [k] , E{xi1 [n]xi2 [n− k]} =

S∑
j=1

P∑
p1=0

P∑
p2=0

hji1 [p1]hji2 [p2]rsjj [k + p2 − p1] (7.12)

where we exploit again that the source signals are mutually uncorrelated.

Next we consider this structure in vector matrix format such that we can identify
linear subspaces and formulate systems of homogeneous polynomial equations from
which the roots correspond to mixing filter parameters. In order to introduce the
notation and structure of the problem at hand we start with a single source use-case
and present our approach to exploit the temporal structure in the mixing system.

7.3.1 Structure for a single source

Although the work in this thesis is concerned with the extraction of one source signal
from a mixture of multiple sources, here we use a single source model in order to
introduce the notation of and structure in sensor correlation data for the convolutive
mixing scenario.

For D = 2, P = 1 and S = 1, the structure in the sensor correlation data from
(7.12) can be represented in the following vector-matrix format:


rx11[k]
rx12[k]
rx21[k]
rx22[k]

 =


h1

1[0]h1
1[1] h1

1[0]h1
1[0] + h1

1[1]h1
1[1] h1

1[1]h1
1[0]

h1
1[0]h1

2[1] h1
1[0]h1

2[0] + h1
1[1]h1

2[1] h1
1[1]h1

2[0]
h1

2[0]h1
1[1] h1

2[0]h1
1[0] + h1

2[1]h1
2[1] h1

2[1]h1
1[0]

h1
2[0]h1

2[1] h1
2[0]h1

2[0] + h1
2[1]h1

1[1] h1
2[1]h1

2[0]


rs11[k + 1]

rs11[k]
rs11[k − 1]

 . (7.13)

This structure in the sensor correlation data is exploited by evaluating a sensor
correlation matrix Cx that is built by stacking sensor correlation vectors from (7.13)
for K lags next to each other, which leads to the following sensor correlation matrix
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structure of size D2 ×K:

Cx ,


rx11[k1] · · · rx11[kK ]
rx12[k1] · · · rx12[kK ]
rx21[k1] · · · rx21[kK ]
rx22[k1] · · · rx22[kK ]

 . (7.14)

We use the following short-hand notation for the structure in the sensor correlation
matrix Cx:

Cx , GCs (7.15)

where

G ,


h1

1[0]h1
1[1] h1

1[0]h1
1[0] + h1

1[1]h1
1[1] h1

1[1]h1
1[0]

h1
1[0]h1

2[1] h1
1[0]h1

2[0] + h1
1[1]h1

2[1] h1
1[1]h1

2[0]
h1

2[0]h1
1[1] h1

2[0]h1
1[0] + h1

2[1]h1
2[1] h1

2[1]h1
1[0]

h1
2[0]h1

2[1] h1
2[0]h1

2[0] + h1
2[1]h1

1[1] h1
2[1]h1

2[0]

 (7.16)

Cs ,

rs[k1 + 1] · · · rs[kK + 1]
rs[k1] · · · rs[kK ]

rs[k1 − 1] · · · rs[kK − 1]

 (7.17)

with G a size D2×2P+1 matrix containing auto- and crosscorrelations of the impulse
responses of the mixing system and Cs a size 2P+1×K source autocorrelation matrix.

When the sensor correlation matrix is built for K consecutive lags, then the cor-
responding source autocorrelation matrix Cs obtains a Toeplitz matrix structure.
Selecting different lags lowers redundancy in the sensor correlation matrix, but it al-
lows for incorporating sensor correlation data from different time instances such that
non-stationarity of source signals can be exploited.

Note that the columns of G and the rows of Cs can be permuted simultaneously. In
case the order of the columns of G and the rows of Cs is reversed, then for consecutive
lags the Toeplitz matrix structure of Cs becomes a Hankel matrix structure. We do
not explicitly exploit these observations on the structure and therefore the different
orderings or permutations are a matter of convention and here we choose, without
loss of generality, for the structure from (7.13), which leads to the Toeplitz matrix
structure.

By applying subspace techniques to a sensor correlation matrix Cx information
about the mixing parameters can be obtained. We first investigate the structure of
the sensor correlation matrix Cx. The rows in the matrix G form the auto- and
crosscorrelation functions of the impulse responses of the mixing system. From this
observation it follows that the impulse response matrix G is rank deficient in case
the impulse responses have so called common zeroes in the frequency domain. This
property is also widely recognized in the literature. Although common zeroes and
rank deficiency of G is recognized as a relevant problem, for brevity and focus, here
we assume that the matrix G has full rank. For the source autocorrelation matrix Cs

it is in general likely to have full rank in case the source autocorrelation functions are
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mutually different. A class of signals that form an exception to this assumption are
signals that are generated from an autoregressive model with a single pole. When for
these signals either positive or negative lags are not taken into account, then columns
of the source autocorrelation matrix become linearly dependent such that the rank of
the source autocorrelation matrix reduces. In this thesis we assume that the source
autocorrelation functions are linearly independent and that the source autocorrelation
matrix has maximum rank, which is a likely scenario in many applications.

The sensor correlation matrix Cx has size D2 × K and due to its structure a
maximum rank of min(D2,K, 2P + 1). Due to our assumptions that the matrices
G and Cs have full rank, this maximum rank of min(D2,K, 2P + 1) of the sensor
correlation matrix is also realized. Our subspace approach relies on the fact that the
sensor correlation matrix has a left nullspace. Consequently, with K ≥ 2P + 1 we
require at least that D2 > 2P + 1. For the scenario where D = 2 and P = 0, i.e.,
the instantaneous mixing scenario, it follows that a left nullspace exists; however, it
follows that for longer filters no left nullspace exists in the sensor correlation matrix
when using only two sensors. However, temporal structure in the source signals
can be exploited in order to create a larger system of equations, allowing for the
identification of the mixing parameters. Instead of considering one lag per column
of sensor correlation data, multiple consecutive lags can be considered. This leads to
the following structure for N = 2 lags:

rx11[k]

rx12[k]

rx21[k]

rx22[k]

rx11[k − 1]

rx12[k − 1]

rx21[k − 1]

rx22[k − 1]



=



h1
1[0]h

1
1[1] h1

1[0]h
1
1[0] + h1

1[1]h
1
1[1] h1

1[1]h
1
1[0] 0

h1
1[0]h

1
2[1] h1

1[0]h
1
2[0] + h1

1[1]h
1
2[1] h1

1[1]h
1
2[0] 0

h1
2[0]h

1
1[1] h1

2[0]h
1
1[0] + h1

2[1]h
1
1[1] h1

2[1]h
1
1[0] 0

h1
2[0]h

1
2[1] h1

2[0]h
1
2[0] + h1

2[1]h
1
2[1] h1

2[1]h
1
2[0] 0

0 h1
1[0]h

1
1[1] h1

1[0]h
1
1[0] + h1

1[1]h
1
1[1] h1

1[1]h
1
1[0]

0 h1
1[0]h

1
2[1] h1

1[0]h
1
2[0] + h1

1[1]h
1
2[1] h1

1[1]h
1
2[0]

0 h1
2[0]h

1
1[1] h1

2[0]h
1
1[0] + h1

2[1]h
1
1[1] h1

2[1]h
1
1[0]

0 h1
2[0]h

1
2[1] h1

2[0]h
1
2[0] + h1

2[1]h
1
2[1] h1

2[1]h
1
2[0]





rs11[k + 1]

rs11[k]

rs11[k − 1]

rs11[k − 2]


.

(7.18)

This approach to exploit multiple consecutive lags can generalized. For sensor corre-
lation matrices that are built from N lags in the vertical direction we use the following
notation:

Cx
N = GNCs

N . (7.19)

An example matrix GN for N = 3 is given in Appendix 7.A.

Note that the dimensions of the extended sensor correlation matrix Cx
N increase

to ND2 ×K, whereas its maximum rank is given as min(ND2,K, 2P +N). In order
to obtain a left null space, with K ≥ 2P +N , we require at least that ND2 > 2P +N .
Consequently, without increasing the number of sensors, for D = 2 a left nullspace is
obtained in case N > 2P

3 .

The nullspace of expanded sensor correlation matrices is used in the following
sections in order to identify impulse responses of the mixing system. Again, we start
with the single source use-case in order to show the principle and later we present
results for a mixture of two sources.
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7.3.2 System identification for D = 2, P = 1 and S = 1

In this section we consider a system where a single source signal is filtered by short
impulse responses of order P = 1 and the filtered signals are captured by two sensors.
Even though this scenario does not correspond to a convolutive mixing scenario since
there is only one source, we use this scenario to obtain insight in the structure of
the data. Furthermore, we use this scenario in order to present the main steps of
our approach to formulate systems of homogeneous polynomial equations from which
impulse responses of convolutive mixing systems can be identified.

For D = 2, P = 1, S = 1, and K ≥ 2P +N , it follows that with N = 2 the sensor
correlation matrix Cx

2 = G2C
s
2 has a left nullspace. The correlation matrix has eight

rows, while its maximum rank, 2 · P + N , equals four. When the matrices G2 and
Cs

2 are full rank, the nullspace of the sensor correlation matrix Cx
2 has a dimension

of four. Consequently, we are able to find a size 4× 8 nullspace matrix Φ such that

ΦCx
2 = 0 (7.20)

where 0 is a size 4×K matrix of zeroes. Note that for N = 1 also a nullspace can be
identified; however, with the corresponding nullspace we are unable to demonstrate
our approach when the number of sources is increased.

Since the matrix Cs
2 is assumed to have full rank, we are able to exploit the

structure in G2 in order to form a system of homogeneous second order polynomials
from which the roots correspond to the parameters of the convolutive mixing system.
In order to capture the structure in G2 we substitute the filter coefficients hji [p] by the
variables zi,p and for short filters with single digit filter orders, i.e., P < 10, we use the
short hand notation zip. This leads to the following substitutions for a convolutive
system with D = 2 sensors and an impulse response order of P = 1:

hj1[0]→ z10, hj1[1]→ z11, hj2[0]→ z20, and, hj2[1]→ z21. (7.21)

Combining (7.20), the structure in G2, and the representation of the filters by the
variables zip, we obtain the following two systems of four homogeneous second order
polynomial equations:

φ1
qz10z11 + φ2

qz10z21 + φ3
qz20z11 + φ4

qz20z21 = 0 ∀ 1 ≤ q ≤ 4 (7.22)

and

φ1
qz10z11 + φ3

qz10z21 + φ2
qz20z11 + φ4

qz20z21 + φ5
q(z10z10+

z11z11) + (φ6
q + φ7

q)(z10z20 + z11z21) + φ8
q(z20z20 + z21z21) = 0 (7.23)

where φiq is the element in the i’th column on the q’th row of the nullspace matrix Φ.
These equations are based on the first and third column of the matrix structure G2.
Solving these equations allows for identification of the impulse responses of the mixing
system. Next we present two ways to compute the roots of these equations.
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7.3.2.1 Computing roots of a system of polynomial equations: first approach

The system of homogeneous polynomial equations from (7.22) and (7.23) can be
considered in the following vector-matrix relation:

φ1
1 φ2

1 φ3
1 φ4

1 0 0 0
...

...
...

...
...

...
...

φ1
4 φ2

4 φ3
4 φ4

4 0 0 0
φ1

1 φ2
1 φ3

1 φ4
1 φ5

1 φ6
1 + φ7

1 φ8
1

...
...

...
...

...
...

...
φ1

4 φ2
4 φ3

4 φ4
4 φ5

4 φ6
4 + φ7

4 φ8
4





z10z11

z10z21

z20z11

z20z21

z10z10 + z11z11

z10z20 + z11z21

z20z20 + z21z21


= 0. (7.24)

The matrix on the left has size 8 × 7. Although a reasoning and proof is still miss-
ing, from Matlab experiments we learned that the matrix typically has rank 6 for
arbitrarily generated mixing filter coefficients. This means that the right nullspace u
has size 7× 1, which can be used to formulate the following system of homogeneous
polynomial equations: 

z10z11

z10z21

z20z11

z20z21

z10z10 + z11z11

z10z20 + z11z21

z20z20 + z21z21


= αu. (7.25)

From these equations the following relations can be derived:

z20

z10
=
u3

u1
and

z21

z11
=
u2

u1
. (7.26)

Which in turn leads to the following equations:

z10z10 + z11z11 = αu5 (7.27)
u3

u1
z10z10 +

u2

u1
z11z11 = αu6 (7.28)(

u3

u1

)2

z10z10 +

(
u2

u1

)2

z11z11 = αu7. (7.29)

Due to the scaling indeterminacy, which we know from the instantaneous mixing
scenario, we know that we can choose z10 = 1 as long as hj1[0] 6= 0 holds. Using this
assumption and by substituting (7.27) into (7.28) we obtain the following result for
α:

u3 + u2(αu5 − 1) = αu1u6 ⇒ α =
u3 − u2

u1u6 − u2u5
. (7.30)
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From this it follows that the scaled impulse response coefficients can be computed by:

z10 = hj1[0]/hj1[0] = 1 (7.31)

z20 = hj2[0]/hj1[0] = u3/u1 (7.32)

z11 = hj1[1]/hj1[0] = αu1 (7.33)

z21 = hj2[1]/hj1[0] = αu2. (7.34)

Next an alternative approach to compute the roots of the system of polynomial
equation from (7.22) and (7.23) is presented.

7.3.2.2 Computing roots of a system of polynomial equations: second approach

In our second approach we first identify the columns of Hj from the nullspace of the
matrix generated by the equations from (7.22):

φ1
qz10z11 + φ2

qz10z21 + φ3
qz20z11 + φ4

qz20z21 = 0 ∀ 1 ≤ q ≤ 4. (7.35)

Thus

Φ


z10z11

z10z21

z20z11

z20z21

 =


φ1

1 φ2
1 φ3

1 φ4
1

φ1
2 φ2

2 φ3
2 φ4

2

φ1
3 φ2

3 φ3
3 φ4

3

φ1
4 φ2

4 φ3
4 φ4

4



z10z11

z10z21

z20z11

z20z21

 = 0. (7.36)

From experiments with randomly generated impulse responses it follows that the
matrix Φ has a one dimensional nullspace u. Exploiting this nullspace leads to the
following system of homogeneous polynomial equations:

z10z11

z10z21

z20z11

z20z21

 =


u1

u2

u3

u4

 . (7.37)

From this system we are able to identify the ratios z10/z20 and z11/z21, i.e., z20 =
u3/u1z10 = α1z10 and z11 = u1/u2z21 = α2z21, where we use α1 and α2 as short-
hand notation. Substituting these ratios in the system of homogeneous polynomial
equations of (7.23) leads to the following system of four homogeneous polynomial
equations:(

φ5
q + (φ6

q + φ7
q)α1 + φ8

q(α1)2
)
z10z10

+ (φ1
q + φ2

qα1 + φ3
qα2 + φ4

qα1α2)z10z11

+
(
φ5
q + (φ6

q + φ7
q)α2 + φ8

q(α2)2
)
z11z11 = 0. (7.38)

Transforming this system of polynomial equations into vector notation for the vari-
ables z10z10, z10z11, and z11z11 shows that a system of four equations in three vari-
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ables, i.e.,

Ψ

z10z10

z10z11

z11z11

 = 0 (7.39)

where the elements on the q’th row of the matrix Ψ have the following value:

ψ1
q = φ5

q + (φ6
q + φ7

q)α1 + φ8
q(α1)2 (7.40)

ψ2
q = φ1

q + φ2
qα1 + φ3

qα2 + φ4
qα1α2 (7.41)

ψ3
q = φ5

q + (φ6
q + φ7

q)α2 + φ8
q(α2)2. (7.42)

Since the first column of Ψ is equal to the third column of Ψ, i.e., ψ1
q = ψ3

q for
1 ≤ q ≤ 4, a left nullspace v of the matrix Ψ with a size of 3× 1 exists. If we assume
again that hj1[0] 6= 0, we can normalize the nullspace vector v by scaling such that its
first element becomes equal to one. Consequently, we know that z10 = 1 and it follows
that z11 = v2 holds. Finally, we use again the ratios z20 = α1z10 and z21 = α2z11

such that the impulse response filters are successfully identified.

We realize that many steps have to be taken in order to proof the concept and to
generalize these results to more practical scenarios; however, now that we have demon-
strated the principle of the mixing filter identification strategy, we apply this technique
to sensor correlation data for a mixture of two sources in order to demonstrate feasi-
bility by formulating the system identification problem for convolutive mixtures as a
root finding problem for a system of homogeneous polynomial equations.

7.3.3 System identification for D = 2, P = 1 and S = 2

In this section we consider a system where two source signals are filtered by short
impulse responses of order P = 1 and the filtered signals are captured by two sensors.
We use this scenario to present our results on a study where we apply our insights
on informed source extraction from instantaneous mixtures in order develop informed
source extraction algorithm for convolutive mixtures.

For D = 2, P = 1, S = 2, the structure in a sensor correlation matrix Cx is
changed in the sense that the number of columns in a matrix G and the number of
rows in a matrix Cs is doubled due to the presence of an extra source. Consequently,
the rank of the matrix Cx

N is given by min(ND2,K, (2P + N)S). Consequently, in

case K ≥ (2P +N)S, the condition for having a left nullspace is N > (2PS
D2−S = 4

2 = 2.

For N = 3, the rank of the sensor correlation matrix is at most (2P + N)S =
(2 + 3)2 = 10, while we have ND2 = 12 rows of sensor correlation data. Therefore,
the nullspace Φ is expected to have a size of 2× 12, i.e.,

ΦCx
3 = 0. (7.43)

We use again the variables z10, z11, z20, and z21 in order to form systems of
homogenous polynomial equations using the nullspace matrix Φ and the structure
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of G3. Combining the nullspace matrix Φ with the structure in G3 leads to three
different types of polynomial equations, which are in total the following six unique
equations:

φ1
qz10z11 + φ2

qz10z21 + φ3
qz20z11 + φ4

qz20z21 = 0 ∀ 1 ≤ q ≤ 2 (7.44)

and

φ5
qz10z11 + φ6

qz10z21 + φ7
qz20z11 + φ8

qz20z21 + φ1
q(z10z10 + z11z11)

+ (φ2
q + φ3

q)(z10z20 + z11z21) + φ4
q(z20z20 + z21z21) = 0 ∀ 1 ≤ q ≤ 2 (7.45)

and

(φ1
q + φ9

q)z10z11 + (φ3
q + φ11

q )z10z21 + (φ2
q + φ10

q )z20z11

+ (φ4
q + φ12

q )z20z21 + φ5
q(z10z10 + z11z11) + (φ6

q + φ7
q)(z10z20 + z11z21)

+ φ8
q(z20z20 + z21z21) = 0 ∀ 1 ≤ q ≤ 2. (7.46)

These equations lead to the following vector-matrix equation:



φ1
1 φ2

1 φ3
1 φ4

1 0 0 0

φ1
2 φ2

2 φ3
2 φ4

2 0 0 0

φ5
1 φ6

1 φ7
1 φ8

1 φ1
1 φ2

1 + φ3
1 φ4

1

φ5
2 φ6

2 φ7
2 φ8

2 φ1
2 φ2

2 + φ3
2 φ4

1

φ1
1 + φ9

1 φ2
1 + φ11

1 φ3
1 + φ10

1 φ4
1 + φ12

1 φ5
1 φ6

1 + φ7
1 φ8

1

φ1
2 + φ9

2 φ2
2 + φ11

2 φ3
2 + φ10

2 φ4
2 + φ12

2 φ5
2 φ6

2 + φ7
2 φ8

2





z10z11

z10z21

z20z11

z20z21

z10z10 + z11z11

z10z20 + z11z21

z20z20 + z21z21


= 0. (7.47)

The matrix on the left has size 6 × 7; however, from experiments with randomly
generated impulse responses it follows that its rank is typically 5. More specifically,
in our experiments we found that the two equations of third type, i.e., (7.46) are
equivalent. In those cases, the matrix has a two dimensional right nullspace Z, which
corresponds exactly with the number of sources.

From (7.47) it follows that the mixing filter parameters are embedded in the right
nullspace Z of Φ; however, the nullspace matrix Z does not necessarily contain the
polynomial structure in terms of the variables z10, z11, z20, and z21. However, with
a full rank matrix V we can create a matrix K = ZV in canonical form that has the
polynomial structure restored since we know that the following relation must hold for
the mixing parameters:

a1
1[0]a1

1[1] a2
1[0]a2

1[1]
a1

1[0]a1
2[1] a2

1[0]a2
2[1]

a1
2[0]a1

1[1] a2
2[0]a2

1[1]
a1

2[0]a1
2[1] a2

2[0]a2
2[1]

a1
1[0]a1

1[0] + a1
1[1]a1

1[1] a2
1[0]a2

1[0] + a2
1[1]a2

1[1]
a1

1[0]a1
2[0] + a1

1[1]a1
2[1] a2

1[0]a2
2[0] + a2

1[1]a2
2[1]

a1
2[0]a1

2[0] + a1
2[1]a1

2[1] a2
2[0]a2

2[0] + a2
2[1]a2

2[1]


= ZV (7.48)
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In the previous chapter we have seen that this polynomial structure can be restored
by formulating and solving a generalized eigenvalue decomposition (GEVD) problem.
In (6.50) up to (6.52) an example is shown where eigenvectors are used to restore
the polynomial structure in the nullspace matrix. Furthermore, in Section 6.5 we
formulate polynomial optimization problems as GEVD problems in a more generalized
way.

If we follow the steps from the previous chapter, then we are looking for matrices
S1 and S2 such that the following generalized eigenvalue decomposition holds:

S1ZVD = S2ZV (7.49)

where V is a full rank matrix containing generalized eigenvectors and D is a diagonal
matrix containing generalized eigenvalues.

The first four rows of the nullspace matrix Z can be used to construct such a
generalized eigenvalue decomposition. If we choose the following selection matrices:

S1 =

[
1 0 0 0 0 0 0
0 1 0 0 0 0 0

]
(7.50)

S1 =

[
0 0 1 0 0 0 0
0 0 0 1 0 0 0

]
(7.51)

then we know that for the elements on the diagonal of D the generalized eigenvalues

djj =
zj10
zj20

form solutions. The generalized eigenvector matrix V that restores the

nullspace matrix Z into canonical form, i.e., K = ZV, can be computed from the
following eigenvalue decomposition:

VD (V)
−1

= (S1Z)
−1

S2Z (7.52)

Now that we have restored the canonical structure in the nullspace matrix via K =
ZV we are able to identify relations between mixing filter coefficients and eventually
the actual mixing filter coefficients.

For the first four rows in each column of K we obtain the following structure:
z10z11

z10z21

z20z11

z20z21

 =


u1

u2

u3

u4

 . (7.53)

From this structure we are able to identify the following relations:

z20 =
u3

u1
z10 = α1z10 (7.54)

z21 =
u2

u1
z11 = α2z11. (7.55)

The relation for z10 and z20 is also embedded in the corresponding generalized eigen-
value, i.e., αj1 = 1

djj
. Note that the index j is related to the j’th column in the canonical
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matrix K and eigenvalue matrix D and it does not reveal information about the source
index. However, each eigenvalue and each corresponding column of K is related to the
mixing parameters of only one of the sources. Consequently, when a priori informa-
tion about the mixing parameters is available, one can use this information in order
to select which columns of K are most interesting to identify since they correspond
to interesting sources.

When one of the columns is selected, the relations in (7.54) and (7.55) combined
with the second type of equations in (7.45) leads to the following constraints in vector-
matrix format: φ1

q + (φ2
q + φ3

q)α1 + φ4
q(α1)2

φ5
q + φ7

qα1 + φ6
qα2 + φ8

qα1α2

φ1
q + (φ2

q + φ3
q)α2 + φ4

q(α2)2

T z10z10

z10z11

z11z11

 = 0. (7.56)

This matrix has a right nullspace u of size 3× 1 and matches the following structure:z10z10

z10z11

z11z11

 =

u1

u2

u3

 (7.57)

from which it follows that z11 = u2

u1
z10.

Using (7.54) and (7.55) allows for identification of all coefficients. Note that due
to the fact that each column in K is related to the impulse response coefficients of a
single source, we do not suffer from local permutations as is the case in a frequency
domain approach. Furthermore, note that by selecting the first filter coefficient z10

as 1, we apply a restriction on the solution which is a manifestation of the scaling
indeterminacy that is obtained for instantaneous mixtures. Finally, it follows that in
case the length of the impulse responses of the mixing system are known, identification
of the mixing system becomes possible up to only an arbitrary gain, i.e., without
additional filtering.

7.4 Discussion and conclusions

Convolutive mixing systems can be characterized by many parameters, such as spar-
sity and finiteness of impulse responses. Furthermore, we have shown that the source
extraction problem can be formulated in different ways by means of source extrac-
tion filter objectives. Instead of only suppressing the interfering sources, which is
performed with source separation algorithms, an additional requirement to perform
deconvolution may be desired. In this chapter we focussed on convolutive mixtures
that can be modeled with finite impulse response filters and we concentrated on the
identification of the impulse response parameters that correspond to the desire source.

Our objective in this chapter was to apply our insights on informed source extrac-
tion for instantaneous mixtures onto the source extraction problem for convolutive
problems. In order to do so, it was required to go back to the basics of the mixing
system and study the structure in the sensor correlation matrices. We have shown for
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a small mixing system consisting of length two mixing filters for two sources that it
is possible to identify the mixing parameters. The mixing filters or impulse responses
can be identified by formulating a system of second order homogenous polynomial
equations from which the roots correspond to the mixing parameters. Furthermore,
we have indicated that the approach allows for incorporating a priori information
about the impulse responses in order to select and therefore identify only the impulse
response coefficients that correspond to the desired source. The identified impulse
response can be used to formulate a matched filter that extracts the desired source.

In order to obtain a widely applicable approach to design informed source extrac-
tion algorithms much additional research is required. For instance, we considered up
to only two sources and two sensors. Furthermore, we considered only FIR filters of
length two. Once appropriate systems of homogeneous polynomials are formulated,
mathematical tools such as the ones presented in [73, 74] can help to compute the
desired solutions. Next to generalizing the approach to long filters and more sensors
and sources, it is also very useful to have methods for detecting the lengths of the
impulse responses and the number of sources that are active. Finally, a challenging
topic that remains is the translation of the noise-free region of support approach such
that it can be applied for convolutive mixtures containing noise.

7.A Derivations of selected equations

Derivation of (7.12) The structure in the sensor correlation matrix is found as
follows:

rxi1i2 [k] = E{xi1 [n]xi2 [n− k]} (7.58)

= E


S∑

j1=1

P∑
p1=0

hj1i1 [p1]sj1 [n− p1]

S∑
j2=1

P∑
p2=0

hj2i1 [p2]sj2 [n− p2 − k]

 (7.59)

=

S∑
j1=1

S∑
j2=1

P∑
p1=0

P∑
p2=0

hj1i1 [p1]hj2i1 [p2]E {sj1 [n− p1]sj2 [n− p2 − k]} . (7.60)

Due to the assumption that the sources are indepdentent, or at least mutually uncor-
related, we have that E{sj1 [n]sj2 [n − k]} = 0 for all n, k when j1 6= j2. Taking this
assumption into account results into the following structure in the sensor correlation
data:

rxi1i2 [k] =

S∑
j=1

P∑
p1=0

P∑
p2=0

hji1 [p1]hji1 [p2]rsjj [k + p2 − p1]. (7.61)

Example matrix G3 from (7.19) for N = 3 consecutive lags Here we present
an example correlated impulse response matrix GN for N = 3 to illustrate the struc-
ture in sensor correlation matrices when consecutive lags are considered. The struc-
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ture of G3 is as follows:
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8
Conclusions and future research

In this thesis we have developed methods for designing algorithms that extract one
desired source signal from an instantaneous mixture of multiple sources where only
the mixtures are observed. Extraction of a source signal from the observations is
accomplished by exploiting assumptions on the statistical features of the source signals
and selection of the desired source signal is accomplished by incorporating additional
a priori information directly into the source extraction algorithm. This additional
information can be information about either the mixing parameters or the statistical
features of the source signals or both. Algorithms that use this information to ensure
immediate extraction of only the desired source are called informed source extraction
algorithms.

In the literature only two generic methods for informed source extraction were
found, both having their own limitations and disadvantages. By studying the struc-
ture in the second order statistical features of the sensor signals and by taking widely
used assumptions on the second order temporal structure of source signals into ac-
count we obtained insight in the informed source extraction problem. Based on this
insight we showed that for a large variety of applications the informed source extrac-
tion problem can be formulated and solved as smallest or largest eigenvalue problems
and as polynomial optimization problems. Finally, we made a first attempt to apply
our subspace based approach to convolutive mixtures. In this chapter we summarize
the results and highlight the contributions of this work. Furthermore, we present
suggestions for future work.
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8.1 Introduction

In a source extraction problem, a number of mutually statistically independent source
signals are mixed by a MIMO instantaneous mixing system and only the mixtures are
observed. From these observations one particular source signal has to be recovered
or extracted. Data driven methods that solve closely related problems by exploiting
only the observed mixtures and certain assumptions on statistical properties of the
sources, such as system identification and source separation, are called blind signal
processing (BSP) methods in the literature. A result of this limited set of assump-
tions is that BSP algorithms suffer from a permutation indeterminacy, which entails
that the sources are obtained in an arbitrary order. In order to solve the source ex-
traction problem, a BSP algorithm can be used in a multi-stage approach. Such a
multistage source extraction algorithm consists of a BSP algorithm, which extracts
randomly one the sources or separates all sources, followed by a classifier that selects
the desired source. However, such multi-stage algorithms are naturally inefficient and
utilize more resources than strictly required. Furthermore, methods based on BSP
algorithms can only be used in batch mode in order to remove undesired extracted
sources with a deflation algorithm. By incorporating the a priori information from
the classifier directly into the source extraction algorithm, more efficient, informed
source extraction algorithms can be obtained.

Only two generic methods for informed source extraction were found in the liter-
ature. In the first method non-Gaussianity of the source signals is combined with a
priori information and exploited in a constrained ICA framework in order to guaran-
tee extraction of only the desired source. The a priori information about the desired
source is assumed to be available in the form of reference signals; and extraction of the
desired source is guaranteed by requiring that a distance between this reference signal
and the extracted signal is below a threshold value. If the threshold value cannot be
determined based on a priori information, an iterative approach is proposed where
the threshold is increased until the source that is closest to the reference signal is
extracted. In the second method linear prediction based source extraction algorithms
are used in order to extract the desired source. In such an algorithm a linear predic-
tion filter is applied to the output of an extraction filter. By adapting the extraction
filter parameters such that the linear prediction filter output has minimum energy, the
source with the smallest prediction error is extracted. For this algorithm, immediate
extraction of the desired source can be guaranteed by designing the linear prediction
filters based on a priori information about the second order temporal structure of the
sources.

The two informed source extraction methods found in the literature have their own
limitations and disadvantages. The first method relies on higher than second order
statistical features, which can be difficult to estimate robustly in practice. Further-
more, the proposed algorithm depends on a threshold value, which can be difficult
to determine a priori. If the threshold value cannot be determined a priori, then the
algorithm looses efficiency since a proper threshold value has to be determined using
an iterative approach. Finally, in many applications it may be difficult to obtain
a proper reference signal. The algorithms based on linear prediction exploit second
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order statistical features, which are in general easier to estimate than higher order
statistical features. However, linear prediction filters contain information about only
the autocorrelation or the power spectrum of the source signals. Consequently, these
methods do not provide a solution in case a priori information about the mixing pa-
rameters is available. Therefore, this approach is restricted and can only be used in
a limited number of applications. A generic approach for designing source extraction
algorithms that are flexible in their use of a priori information, efficient in their use
of resources, and efficient in finding the desired source extraction filters is missing.

8.2 Results and contributions

The lack of suitable methods for designing informed source extraction algorithms was
our motivation for studying the informed source extraction problem. In this work
we have shown that the informed source extraction problem can be formulated and
solved for a large variety of applications as smallest or largest eigenvalue problems
and as polynomial optimization problems. For such problems, efficient and robust
numerical algorithms are available.

In Chapter 3 we considered the informed source extraction problem for real-valued
instantaneous mixtures. By studying the second order temporal structure of the sen-
sor signals, i.e., auto- and crosscorrelation data, we provided insight in the informed
source extraction problem. By combining specifically arranged matrices that contain
the sensor correlation data we were able to formulate the informed source extraction
problem as an eigenvalue decomposition problem and a priori information can be
incorporated by taking specifically weighted combinations of the sensor correlation
matrices. The eigenvalues contain information about the mismatch in a priori infor-
mation w.r.t. the information that is represented while left and right eigenvectors
correspond to two different types of source extraction filters. The source extraction
filters can be identified in case a priori an estimate of the mixing parameters and/or
the autocorrelation function of the desired source is available. For one of the source
extraction filters the focus is on suppression of all interfering source signals while the
objective for the other filter is to minimize the desired signal to interference plus noise
ratio. This latter filter is especially useful in case a mixing system is ill-conditioned.
A strong advantage of the proposed approach is that the identified extraction filter
coefficients are not biased by an error or mismatch in the available a priori informa-
tion, as long as the a priori information ensures that the extraction filters for the
desired source are selected.

In Chapter 4 we extended the work for real-valued instantaneous mixtures from
Chapter 3 to work also for complex-valued instantaneous mixtures. Extending the
informed source extraction principles for real-valued mixtures to complex-valued mix-
tures is non-trivial and requires a different organization of the sensor correlation
matrices. Furthermore, we presented a measure that can be used to indicate the con-
ditioning of a mixing matrix related to the informed source extraction problem. For
source extraction problems, the mixing system is only considered to be ill-conditioned
if the mixing parameters corresponding to the desired, extracted source are relatively
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close to the mixing parameters corresponding to any other source. In addition, we
considered a parametrization of the mixing system that is very common in the fields of
telecommunication and array signal processing and we presented tools in the form of
selection patterns and selection beamformers that help the design of informed source
extraction algorithms. These tools can be used in order to ensure immediate ex-
traction of the desired source based on the available a priori information. Finally,
through simulations we have shown that minimimum variance distortionless response
(MVDR) and linearly constrained minimum variance (LCMV) filters based on the
extraction algorithms are much more robust w.r.t. errors in the a priori information
than an MVDR filter based on the same information. The only condition is that the
smallest eigenvalue has to correspond to the desired source.

In Chapter 5 the source extraction problem was considered for both real-valued
and complex-valued mixtures in case reference signals are available. We derived con-
ditions that have to hold for these reference signals such that immediate extraction
of the desired source is guaranteed. Furthermore, we presented different design pro-
cedures for creating reference signals in such a way that immediate extraction of the
desired source can be guaranteed. These design procedures describe how to choose
temporal or spatial filters based on a priori information about either the autocorre-
lation function or the mixing parameters of the sources. The reference signals can
be derived from the regular observations or even obtained from separate additional
systems such as a dedicated reference system. Finally, we have shown that using
separate sensors for obtaining reference signals can be beneficial in the presence of
noise.

In Chapter 6 we formulated the informed source extraction problem as a poly-
nomial optimization problem. In the optimization problem the polynomial equality
constraints limit the feasible set to source extraction filters, while a priori informa-
tion about the mixing parameters or the autocorrelation functions of the sources can
be used to design fractional objective functions that ensure identification of only the
filter coefficients that extract the desired source. We also showed that through the
use of subspace techniques such polynomial optimization problems can be formu-
lated and solved as generalized eigenvalue decomposition problems. We showed that
source extraction can be accomplished for certain under-determined mixtures with
more source than sensors. Furthermore, we indicated that the approach can be ex-
tended in a natural way towards the use of higher order statistical features instead of
second order statistical features. Finally, we have demonstrated that the polynomial
optimization problem formulation is a more natural and efficient approach than the
ICA with reference based approach that depends on a threshold parameter.

Finally, in Chapter 7 we discussed the convolutive mixing scenario and applied our
subspace based approach to a specific convolutive mixing system consisting of short
finite impulse response filters. We formulated systems of homogenous polynomial
equations from which the mixing parameters can be identified up to a global scaling
factor. Although the results were obtained for a very specific mixing scenario, we
consider them a first step towards the design of application specific informed source
extraction algorithms for convolutive mixtures.
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8.3 Future work

The work in this thesis forms a basis for the design of informed source extraction
algorithms for a large variety of practical applications, allowing for the use of sec-
ond order temporal structure, exploiting different types of a priori information, and
identifying two kinds of source extraction filters. Although the algorithms presented
in this work can be implemented using standard numerical algorithms, derivation of
real-time, efficient, and robust source extraction algorithms from the results in this
thesis is considered a very relevant step for bringing the insights, design techniques,
and algorithms from this thesis into practice. In the remainder of this section we
focus on two relevant topics that are closely related to the work in this thesis and
that deserve further research.

First, the methods for performing informed source extraction presented in this the-
sis assumed that the sources are more or less continuously active. However, in many
applications signals are temporally sparse, i.e., the signals are only active for a limited
amount of time. The currently proposed methods do not provide an optimal solution
for such signals. On the one hand, temporal sparsity leads to rank deficient correla-
tion matrices such that proposed source extraction filter identification algorithms fail.
On the other hand, for temporally sparse source signals the optimal source extraction
filter parameters become time dependent. In some use cases the extraction filters
should remain constant in order to suppress interfering sources at an onset, while in
other use cases the extraction filters should adapt to the mixture that is currently at
hand, which can be achieved for example with adaptive filters. Since the desired con-
figuration of the source extraction filter is application dependent, algorithms should
be developed that allow for the identification of source extraction filters for both cases.
Taking this temporal sparseness of sources properly into account, allows for solving
the informed source extraction problem for many more applications and is therefore
considered a relevant topic for further research.

Second, the work in this thesis was initiated in order to translate the results for
informed source extraction from instantaneous mixtures into solutions for the more
complex convolutive mixing model. By means of a time-frequency analysis, the convo-
lutive mixing problem is typically translated into multiple independent instantaneous
mixing problems per frequency band. In order to solve the source extraction problem
for such a system, the permutation problem has to be dealt with in each frequency
band. Furthermore, the resolution of the time-frequency analysis should be suffi-
ciently high. In Chapter 6 we have already shown that the formulation of the source
extraction problem as a polynomial optimization problem can be used to solve source
extraction problems for mixtures that cannot be dealt with when focussing on so-
lutions only involving linear algebra. We believe that by extending the work from
Chapter 6 and Chapter 7 and by formulating systems of polynomial equations, source
separation and extraction problems can be solved for a wider range of convolutive
mixtures.
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8.4 Conclusions

In this thesis we provided insight in the source extraction problem and we provided
tools that support the design and development of application specific informed source
extraction algorithms for a wide variety of applications. The source extraction prob-
lem has been considered for various mixing models, different types of a priori informa-
tion, and multiple objectives for the source extraction filter. We presented conditions
that have to hold on available a priori information and techniques for the design of
source extraction algorithms such that immediate extraction of the desired source
from instantaneous mixtures is guaranteed. Furthermore, we made a first attempt
to translate the approach for instantaneous mixtures towards convolutive mixtures.
Finally, we discussed the results from this work and provided two relevant topics for
future research that are closely related to the work in this thesis.
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constrained independent vector analysis algorithm for online source extraction.
In Emmanuel Vincent, Arie Yeredor, Zbyněk Koldovský, and Petr Tichavský,
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