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Abstract

This report provides a mathematical model of disease spreading in which inter-individual distances
are taken into account. In the existing models, the distances between individuals are not taken
into account. That influences the process of disease spreading. The model is described using a
Markov Process which can also be expressed with a differential equation:

∂tF (γ) =

n∑
i=1

((1− γi)βi(γ) + αγi) [F (γ + (1− 2γi)ei)− F (γ)] .

In this equation, βi expresses the rate with which individual i becomes ill and α the rate with
which an individual recovers from illness. The state of particle i is expressed by γi and all states
are expressed in the vector γ. It is shown that the model can be rewritten to the Kermack and
McKendrick SIS-model when the distances between individuals do not have influence on the value
of βi. Furthermore, it is proven that this differential equation always has a unique solution. Last,
the results of the simulation illustrate that the distances between individuals do have influence on
the outcome of the model.
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1 Introduction

As long as human kind can remember, diseases have been a common phenomenon in our society.
Therefore people are interested in understanding the process of illnesses. There are many different
ways in which research on disease spreading, and more important, reducing the spreading of
diseases, is done. A widely known research area is medicine, but there are many more subject
fields and one of those fields is mathematics. Many different mathematical models have been
derived to simulate and approximate the process of disease spreading as closely to reality as
needed.

A mathematical model of disease spreading means that, within the context of the model,
predictions of the future of the modelled world are made. Furthermore, it also gives the opportunity
to study how the predictions change when the rules of the model change [1]. An example of
changing the rules of the model is when a vaccination or medicine is introduced to the population.
This influences the composition of the population (the states of the individuals in the population).
The model answers questions like how the disease spreads, how deadly the disease is, what the
influence of vaccinations and medicine is, how many outbreaks can be expected, and what ways
can be used the best to stop the disease from spreading [2]. Moreover, it can also give an indication
how many people will get ill and what the expected period of infection for individuals will be [1].
Making a model is complicated by the fact that diseases keep on evolving and changing due to
external factors (such as economy and climate). Additionally, the disease-transition mechanism is
very complex [2, 3]. It is hard to know exactly when and how a disease is transmitted. This often
means processes are simplified before they are implemented in a model. When certain situations
are implemented in a model, they are often more abstract and applicable to more situations than
in reality. The consequence is that all models are partial descriptions of reality [1]. The predictions
the models make, are approximations of reality; many assumptions are made to make the model
manageable [3].

The output given by the mathematical models are thresholds, basic reproduction numbers
(the average number of secondary infections produced by one infected individual introduced to a
healthy population), contact numbers, replacement numbers, etc. A model should lead to a better
understanding of transmission characteristics. That leads to better approaches for disease control
which lead to a decrease of transmissions of the diseases. Mathematical models are used in compa-
ring different illnesses, planning when would be a good moment to introduce certain adjustments
to the population, what the influence would be of these adjustments, etc. The conclusions that
are drawn, can relate to for example, the epidemic threshold and the size of the epidemic [3].

In mathematical modelling, different stages of illness are considered. The five most used stages
are displayed in figure 1.

Many different versions of these kind of models exist. In the model displayed above, the state
M is the first stage individuals can be in. In this state, individuals have passive immunity. Some

Figure 1: MSEIR-model. Each circle represents a state and each arrow represents a change of
state.
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children are born being immune to some diseases because they inherrited antibodies from their
mother. When time passes, these antibodies leave the body, which makes them susceptible (state
S) to that specific disease. Children born without the passive immunity enter immediately into the
susceptible state. When an individual gets infected, but is not yet infectious, it becomes exposed
(state E). Next, the individual will become infectious, entering state I. After recovering fromthe
illness, it will be immune or resistant (state R) for some time or for the rest of its life. When
leaving state R, it will return to state S [3].

A widely known mathematical model is the SIR mass-action model of Kermack and McKen-
drick (1922) [2]. The model assumes Markovian behaviour (assuming the next state only depends
on the previous state) to find that

dS

dt
= −αSI−βI (1.1a)

dI

dt
= −αSI − βI (1.1b)

dR

dt
= −αSI−βI (1.1c)

In this model, S is the number of susceptible people, I the number of infected people and R
the number of resistant people. The average number of people being infected per time unit is
given by α and the mean length of the period someone can transmit his disease is given by 1/β.[1]

The model makes several assumptions. The four most important ones will be highlighted
here:[1]

� Well-mixed population: The model assumes that each individual is as likely as another to
get into contact with the infectious individual. When looking at reality, this is not likely to
be true because it ignores geographical and demographical aspects.

� Homogeneity of population: The model assumes all individuals to be the same. In reality,
people are not the same. Some people have more contacts than others and others are more
sensitive to infections than others.

� Exponentially distributed duration of infection: The model assumes individuals to be in-
fectious immediately after being infected. Furthermore, it assumes that the time people are
infectious is exponentially distributed. Both are not true in reality. It is hard to determine
from which point people are infectious and when they are not anymore.

� Large population: When using differential equations, as in the Kermack and McKendrick
model, a large population is assumed. Otherwise, the influence of stochastic effects is domi-
nant.

A model leaning on the same assumptions as the model of Kermack and McKendrick is the
following SIS-model: [4]

dS

dt
= −βSI + αI (1.2a)

dI

dt
= −βSI − αI (1.2b)

Since the number of individuals in this model is always the same, the model can be rewritten as

dS

dt
= −βS(n− S) + α(n− S) = (α− βS)(n− S) (1.3)

using that S + I = n.
Due to the assumptions made for the Kermack and McKendrick SIS-model, the model does not

describe reality completely accurately. It cannot be used for predictions in which it is important
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to take the distance between different individuals into account. This is relevant when one wants
to know how a specific disease spreads and where the disease will strike at a certain point in time.
In this report, a generalized model will be developed which does take locations of individuals into
account.
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2 Assumptions

The Position Dependent SIS-model itself will be introduced in Section 3.1, but here, the most
important assumptions the model makes, will be introduced.

� All individuals are the same. None are more susceptible than others. An individual is either
susceptible or infectious, but nothing in between.

� When an individual is recovered from its illness, it immediately is susceptible again.

� The time individuals are infected is exponentially distributed. This time distribution is being
used since a Markov process is memoryless.

� An individual is infectious right after being infected.

� Individuals do not move. They are situated at a place which is defined at the start and their
positions do not change.

� Individuals do not appear or disappear; no dying or giving birth takes place in the model.

� Related to the previous assumption is that individuals do not age. It is not the case that
several groups of individuals do have more effective contacts (contact is sufficient to transfer
the disease).
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3 Disease dynamics as Interacting Particle Systems

3.1 Mathematical set-up

In this section, a new SIS-model will be introduced. The model is constructed by looking at a set
of n individuals Γn = {x1, . . . , xn}T . Each individual is defined by its location xi ∈ R2 (which
does not change during the process). This set of individuals is mapped to the states they are in,
either healthy or ill. Therefore, we define the set Sn as a mapping of the location of the individuals
to their health state:

Sn = {0, 1}Γn

=
{

(γ1, . . . , γn)
T
∣∣∣s : Γn → (γ1, . . . , γn)

T ∈ {0, 1}n
}

The state of an individual xi is either ill (γi = 1) or healthy (γi = 0).

Definition 3.1.1 ([5]). The set of all possible outcomes of an experiment is called the sample
space and is denoted by Ω.

In this report, the sample space is given by Sn.

Definition 3.1.2 ([5]). A collection F of subsets of Ω is called a σ-field if it satisfies the following
conditions:

1. ∅ ∈ F

2. if A1, A2, . . . ∈ F then ∪∞i=1Ai ∈ F

3. if A ∈ F then AC ∈ F .

Definition 3.1.3 ([5]). A probability measure P on (Ω,F) is a function P : F → [0, 1] satisfying

1. P(∅) = 0,P(Ω) = 1

2. if A1, A2, . . . is a collection of disjoint members of F , in that Ai ∩ Aj = ∅ for all pairs i, j
satisfying i 6= j, then

P(∪∞i=1Ai) =

∞∑
i=1

P(Ai)

.

The triple (Ω,F ,P), compromising a set Ω, a σ-field F of subsets of Ω, and a probability measure
P on (Ω,F), is called a probability space.

The rates with which the states of the individuals change are defined as rate α when an
individual recovers from its illness and as rate β when the individual becomes ill. The process is
depicted in figure 2.

3.1.1 Markov Process

The model that will be introduced, is a process. To define a process, we first need to introduce
the definition of a random variable.

Definition 3.1.4 ([5]). A random variable is a function X : Ω → R with the property that
{ω ∈ Ω : X(ω) ≤ x} ∈ F for each x ∈ R. Such a function is said to be F-measurable.

Since we now know what a random variable is, we can define a process.

Definition 3.1.5 ([6]). A stochastic process is a collection of random variables indexed by time
(t ∈ [0,∞)). A continuous time stochastic process X = {Xt, 0 ≤ t ≤ ∞} is an uncountable
collection of random variables indexed by the non-negative real numbers.
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S I S
α β 

Figure 2: A SIS-model in which particles leave state S with rate β en leave state I with rate α.

In other words, a process is a random variable which takes different values in time. This
model assumes only the previous state of the process matters for the next state: the next person
becoming ill only depends on the previous state. This also means there is no incubation period
in this specific model. Therefore a continuous Markov evolution will be used to describe a model
and construct the process. A continuous Markov evolutions means the model needs to meet the
following aspects:

Definition 3.1.6 ([5]). The process X satisfies the Markov property if

P
(
X(tn) = η|X(t1) = γ1, . . . , X(tn−1) = γn−1

)
= P

(
X(tn) = η|X(tn−1) = γn−1

)
for all η, γ1, . . . , γn−1 ∈ Sn and any sequence t1 < t2 < . . . < tn−1 < tn of times.

In other words, a Markov process implies that the next state only depends on the previous
one. This process happens in time, implying that the state at the next moment only depends on
the state at a previous point in time.

A Markov process has several characteristics. The process consists of some fundamental tran-
sition properties.

Definition 3.1.7 ([5]). The transition probability pγη(s, t) is defined to be

pγη(s, t) = P(X(t) = η|X(s) = γ) for s ≤ t.

The chain is called homogeneous if

pγη(s, t) = pγη(0, t− s) for all γ, η ∈ Sn, s, t ∈ R,

and we write pγη(t− s) for pγη(s, t).

The transition rate q
(t)
γη is defined as

q(t)
γη = lim

∆t→0

P (X(t+ ∆t) = η|X(t) = γ)

∆t
.

Since the process we are looking at is a Markov process, the following also holds (according to
Definition 3.1.7):

q(t)
γη lim

∆t→0

P (X(t+ ∆t) = η|X(t) = γ)

∆t
= lim

∆t→0

P (X(∆t) = η|X(0) = γ)

∆t
= q(0)

γη ∀t ∈ [0,∞).

We can conclude that q
(t)
γη is constant in time, and therefore will be noted as qγη. This indicates

the rate with which an individual leaves state γ and goes directly to state η. That brings us to
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vγ . This indicates the rate with which individuals leave state γ. That means that the following
equalities hold:

vγ =
∑
η∈Sn

qγη (3.1a)

p̄γη =
qγη
vγ

(3.1b)

We will keep these equalities in mind since we are going to use them in our derivation of the
forward Kolmogorov equation. To do this derivation, we still need to know some more things.

If vγ = 0, this means the system does never leave state γ, when vγ =∞, the system leaves state
γ immediately. We want to know what happens with the time spent in state γ if 0 < vγ <∞. We
introduce the random variable Tγ reflecting the time spent in state γ. We assume Tγ ∼ exp(vγ)
(see Section 2). Now, we can calculate the probability that no state changes occur in a time
interval of length h� 1.

P(0 transitions by time h|X(0) = γ) = P(Tγ > h)

= exp(−vγh)

= 1− vγh+
(vγh)2

2!
− (vγh)3

3!
+ . . .

= 1− vγh+ o(h)

Then, it is easy to deduce that the probability exactly 1 transition happens in a time interval
of length h.

P(exactly 1 transition by time h) = P(Tγ ≤ h)

= 1− P(Tγ > h)

= vγh+ o(h)

Besides that, we want to know the probability that two or more transitions occur in a time
interval of length h. Since the random variables Tγ and Tη are independent (if γ 6= η), we can
calculate the next probability needed for Kolmogorov.

P(2 or more transitions by time h) = P(Tγ + Tη ≤ h|Tγ > 0, Tη > 0)

=

∫ h

0

P(Tγ = a, Tη ≤ h− a ≤ h)da

=

∫ h

0

P(Tγ = a)P(Tη ≤ h− a ≤ h)da (independent)

≤
∫ h

0

P(Tγ = a)da P(Tη ≤ h)

= P(Tγ ≤ h)P(Tη ≤ h)

=
(
vγh+ o(h)

)(
vηh+ o(h)

)
= vγvηh

2 + o(h)

= o(h)

Last, we want to know the probability that an individual is in state η after time h given it
started in state γ.

P(X(h) = η|X(0) = γ) = P(exactly 1 transition by time h)P(transition from state γ to state η)

=
(
vγh+ o(h)

)
p̄γη

= vγ p̄γηh+ o(h)
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Now, we can calculate Kolmogorov’s forward equation. To do so, we need to find

pγη(t+ h)− pγη(t)

h
. (3.2)

We will start with calculating pγη(t+ h).

pγη(t+ h) = P(X(t+ h) = η|X(0) = γ)

=
∑
ζ∈Sn

P(X(t+ h) = η|X(h) = ζ,X(0) = γ)P(X(h) = ζ|X(0) = γ)

(Definition 3.1.6)

=
∑
ζ∈Sn

P(X(t+ h) = η|X(h) = ζ)P(X(h) = ζ|X(0) = γ) (Definition 3.1.7)

=
∑
ζ∈Sn

P(X(t) = η|X(0) = ζ)P(X(h) = ζ|X(0) = γ) (Definition 3.1.7)

=
∑
ζ∈Sn

pζη(t)P(X(h) = ζ|X(0) = γ)

= pγη(t)
(
1− vγh+ o(h)

)
+

∑
ζ∈Sn\γ

pζη(t)
(
vγ p̄γζh+ o(h)

)

Now, we calculate equation (3.2):

d

dt
pγη(t) = lim

h→0

pγη(t+ h)− pγη(t)

h
= −vγpγη(t) +

∑
ζ 6=γ

p̄γζvγpζη(t) (3.3)

Because of equation (3.1b), equation 3.3 can also be rewritten to

d

dt
pγη(t) = −vγpγη(t) +

∑
ζ 6=γ

qγζpζη(t). (3.4)

Since we know now how to express the model in an equation depending on the state vectors
(equation (3.4)), we can rewrite the model by a differential equation. We do so by looking at the
equation as if it was a matrix multiplication. We will write d

dtpγη(t) in a vector including the

changes from all states to another. We say this vector is equal to ∂
∂tF (t). Then, we say equation

(3.4) can be rewritten as

∂tF (t) = LF (t) (3.5)

where L is the generator which contains all rates with which the process enters and leaves certain
states (as defined in equation (3.4)).

Now, we have defined two equations (3.4) and (3.5) which represent the same. Both equations
are a good representation of the stochastic process taking place in the disease transmission model.

3.1.2 The Position Dependent SIS-model

To use the representation defined in the previous subsection, the generator L should be introduced.
In this matrix L, the rates of changes need to be defined. That means we should define β and α
as shown in figure 2.

First, the transformation from β is governed by

γi = 0 7→ γi = 1 with rate βi (γ) = c0

n∑
j=1

wijγj = c0 (Wγ)i
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In this formula for β, two new variables are introduced. First, there is W (or wij). This is
a weight function. It takes the distance between the individuals into account. If an individual
influences the infection rate of another individual, the value of wij is higher then when its influence
is less or there is no influence at all. Because of the multiplication with the vector γ, the rate is
higher when there are more ill individuals in the infection zone. Last, c0 is a scaling factor. This
variable describes the intensity with which changes take place. To illustrate what is said above,
we give an example.

Example 3.1.1. Two out of four individuals of a population are ill. The state vector looks as
follows:

γ1

γ2

γ3

γ4

 =


0
0
1
1


We take a closer look at the rate with which each individual can get ill. To do so, we need to know
which particles interact with each other. This will be denoted in matrix W .

W =


0 1 0 1
1 0 1 1
0 1 0 1
1 1 1 0


At place wij in the matrix W , we can see the contact individual i has with individual j. When
this has value 0, then there is no contact between the two individuals. When this value is greater
than 0, there is contact between them. We assume c0 = 1 in this example.

Since we want to know the rate with which each individual gets ill, we calculate the rate with
which they will get ill. We do so by summing up the products of the states of each particle and the
contact rate. We start doing so for individual 1:

4∑
j=1

w1jγj = w11γ1 + w12γ2 + w13γ3 + w14γ4 = 0 · 0 + 1 · 0 + 0 · 1 + 1 · 1 = 1

We do the same for individual 2 and find:

4∑
j=1

w2jγj = 2

Now, we can conclude that the rate with which individual 2 gets ill is higher than the rate with
which individual 1 becomes ill. When we would change the value of c0, the rates change, but their
ratio is the same. Therefore, c0 only influences the time the process takes and it does not have
any influence on the number of ill individuals in the process.

Second, rate α is the rate at which people recover from their illness. This is not influenced by
external factors, and will therefore be written as α.

This means we can say the rates with which specific changes take place is:

γi → (1− γi) with rate

{
βi if γi = 1
α if γi = 0

Next, the generator of the Markov evolution is introduced as

(LF )(γ) =

n∑
i=1

((1− γi)βi (γ) + αγi) [F (γ + (1− 2γi) ei)− F (γ)]

11



The Position Dependent SIS-Model (PDSIS-model)

∂tF (γ) =

n∑
i=1

ci (γ) [F (γ + (1− 2γi) ei)− F (γ)] (3.6)

with ci(γ) = (1− γi)βi(γ) + αγi and βi(γ) = c0

n∑
j=1

wijγj .

We will use the process described above in the simulation. We deduce the following steps in
the simulation process:

Algorithm

1. Distribute individuals and construct a matrix with all inter-individual distances (distance-
matrix).

2. Make a matrix W in which each coordinate has value 1 if it is close enough to the other
individual (distance in distance-matrix lower than a given value) and 0 otherwise.

3. Make an initial γ-vector with the states of all individuals.

4. Calculate the probabilities with which an individual gets ill.

5. Calculate the time it takes for each individual to get ill.

6. Determine the minimum value and update the γ-vector

7. Repeat step 4, 5 and 6 until you are done.

Remark 3.1.1. Here, we give an example of an evolution for a specific observable Ft(γ) which is
chosen to be

Ft(γ) = ft(γ) =
∑
i,γi=0

1 ∀γ ∈ Sn.

Furthermore, wij is defined as wij = 1 ∀i, j ∈ {1, . . . , n}. And the initial condition for the model
is f0(γ) = F0(γ). That means we can write

∂tft(γ) =

n∑
i=1

ci (γ) [ft(γ + (1− 2γi) ei)− ft(γ)]

=

n∑
i=1

(1− γi)βi (γ) [ft(γ + (1− 2γi) ei)− ft(γ)] + α

n∑
i=1

γi [ft(γ + (1− 2γi) ei)− ft(γ)]

=

n∑
i=1

(1− γi)βi (γ) [−1] + α

n∑
i=1

γi [1]

= −
n∑
i=1

(1− γi)c0
n∑
j=1

wijγj + α

n∑
i=1

γi

= −ft(γ)c0 (n− ft(γ)) + α (n− ft(γ))

= (α− c0ft(γ)) (n− ft(γ))

(3.7)

Note that this model is exactly the same as the classical SIS-model of Kermack-McKendrick as
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given in equation (1.3). We will search for an explicit solution to this differential equation:

∂tft(γ) =
∂ft(γ)

∂t
= (α− c0ft(γ)) (n− ft(γ))

1

(α− c0ft(γ)) (n− ft(γ))

∂ft(γ)

∂t
= 1( −c0

α−c0n
(α− c0ft(γ))

+
1

α−c0n
(n− ft(γ))

)
∂ft(γ)

∂t
= 1

∫ ( −c0
α−c0n

(α− c0ft(γ))
+

1
α−c0n

(n− ft(γ))

)
dft(γ) =

∫
1dt

1

α− c0n
ln |(α− c0ft(γ))| − 1

α− c0n
ln |(n− ft(γ))| = t+ C1(γ)

1

α− c0n
(ln |(α− c0ft(γ))| − ln |(n− ft(γ))|) = t+ C1(γ)

ln

∣∣∣∣α− c0ft(γ)

n− ft(γ)

∣∣∣∣ = αt− c0nt+ C2(γ)

α− c0ft(γ)

n− ft(γ)
= exp (αt− c0nt+ C2(γ))

α− c0ft(γ) = (n− ft(γ)) exp (αt− c0nt+ C2(γ))

(−c0 + exp (αt− c0nt+ C2(γ))) ft(γ) = −α+ n exp (αt− c0nt+ C2(γ))

ft(γ) =
−α+ n exp (αt− c0nt+ C2(γ))

−c0 + exp (αt− c0nt+ C2(γ))

We found an explicit solution for equation (3.7). In this solution, C2(γ) is chosen such that
f0(γ) = F0(γ). That is the case when

C2(γ) = ln

(
−α+ c0F0(γ)

F0(γ)− n

)
.
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3.2 Well posedness of the PDSIS-model

In this section existence and uniqueness of the constructed differential equation will be proven.
Existence means that at least one solution can be found. Uniqueness on the other hand means
that there is maximal one solution. To prove that both existence and uniqueness occur, we start
with giving some definitions.

Definition 3.2.1. If A ⊂ R, then C(A,Rm) = {f : A→ Rm|f is continuous} and

Ck(A,Rm) = {f : A→ Rm|f is k times continuous differentiable}

Definition 3.2.2. The sequence space L1(Sn) is defined as

L1(Sn) =

〈zγ〉n∈N ∈ CN

∣∣∣∣∣ ∑
γ∈Sn

|zγ | <∞

 .

Now, we will formulate a theorem.

Theorem 3.2.1. Let 0 < T <∞,
∑
γ∈Sn

|F0(γ)| <∞. Then there exists a unique solution

F ∈ C0
(
[0, T ];L1(Sn)

)
∩ C1

(
(0, T );L1(Sn)

)
satisfying ∂tFt(γ) = LFt(γ) ∀γ ∈ Sn.

Proof. We define

F
(k+1)
t (γ) = F0 +

∫ t

0

n∑
i=1

ci (γ)
[
F

(k)
t1 (γ + (1− 2γi)ei)− F (k)

t1 (γ)
]
dt1 ∀γ ∈ Sn.

Existence

We start with proving the existence. We have proven that there exists a solution to the differential
equation representing the model when we can prove that∣∣∣F (k+1)

t (γ)− F (k)
t (γ)

∣∣∣ k→∞−→ 0 ∀γ ∈ Sn. (3.8)

We will start with filling this in. To simplify the equation, we define ηi := γ + (1− 2γi)ei.∣∣∣F (k+1)
t (γ)− F (k)

t (γ)
∣∣∣ =

∣∣∣∣∣F (0)
t +

∫ t

0

n∑
i=1

ci (γ)
[
F

(k)
t1 (ηi)− F (k)

t1 (γ)
]
dt1

− F (0)
t −

∫ t

0

n∑
i=1

ci (γ)
[
F

(k−1)
t1 (ηi)− F (k−1)

t1 (γ)
]
dt1

∣∣∣∣∣
=

∣∣∣∣∣
∫ t

0

n∑
i=1

ci (γ)
([
F

(k)
t1 (ηi)− F (k)

t1 (γ)
]
−
[
F

(k−1)
t1 (ηi)− F (k−1)

t1 (γ)
])
dt1

∣∣∣∣∣
≤
∫ t

0

n∑
i=1

∣∣∣ci (γ)
([
F

(k)
t1 (ηi)− F (k)

t1 (γ)
]
−
[
F

(k−1)
t1 (ηi)− F (k−1)

t1 (γ)
])∣∣∣ dt1

=

n∑
i=1

∫ t

0

∣∣∣ci (γ)
([
F

(k)
t1 (ηi)− F (k−1)

t1 (ηi)
]
−
[
F

(k)
t1 (γ)− F (k−1)

t1 (γ)
])∣∣∣ dt1

The last equality holds because

n∑
i=1

∣∣∣ci(γ)
([
F

(k)
t (ηi)− F (k)

t (γ)
]
−
[
F

(k−1)
t (ηi)− F (k−1)

t (γ)
])∣∣∣ <∞.
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Now we define ε
(k)
t (γ) = F

(k+1)
t (γ)− F (k)

t (γ) to simplify the equalities. That means:∣∣∣ε(k)
t (γ)

∣∣∣ ≤ n∑
i=1

∫ t

0

∣∣∣ci (γ)
([
ε

(k−1)
t1 (ηi)− ε(k−1)

t1 (γ)
])∣∣∣ dt1.

We defined ci(γ) earlier as ci(γ) = (1− γi)βi(γ) + γiα. That means we know

ci(γ) ≥ 0 ∀i ∈ {1, . . . , n}

and
∃M ∈ R : ci(γ) ≤M ∀γ ∈ Sn.

We also prove (3.8) holds when we can prove that

m
(k)
t :=

∑
γ∈Sn

∣∣∣ε(k)
t (γ)

∣∣∣ = ‖εkt ‖L1(Sn) <∞

Therefore, we take a closer look at m
(k)
t . Now, we can calculate:

m
(k)
t =

∑
γ∈Sn

∣∣∣ε(k)
t (γ)

∣∣∣ ≤ ∑
γ∈Sn

n∑
i=1

∫ t

0

ci (γ)
∣∣∣([ε(k−1)

t1 (ηi)− ε(k−1)
t1 (γ)

])∣∣∣ dt1
≤M

n∑
i=1

∫ t

0

∑
γ∈Sn

∣∣∣([ε(k−1)
t1 (ηi)− ε(k−1)

t1 (γ)
])∣∣∣ dt1

≤M
n∑
i=1

∫ t

0

 ∑
ηi∈Sn

∣∣∣ε(k−1)
t1 (ηi)

∣∣∣+
∑
γ∈Sn

∣∣∣ε(k−1)
t1 (γ)

∣∣∣
 dt1

= 2Mn

∫ t

0

m
(k−1)
t1 dt1

We note that a recursive expression has appeared. Now, we will use this recursive expression to
find an expression only depending on variables known in the start situation.

m
(k)
t ≤ 2Mn

∫ t

0

m
(k−1)
t1 dt1

≤ (2Mn)
2
∫ t

0

∫ t1

0

m
(k−2)
t2 dt2dt1

≤ (2Mn)
k
∫ t

0

∫ t1

0

. . .

∫ tk−1

0

m
(0)
tk
dtk . . . dt2dt1

≤ (2Mn)
k
∫ t

0

∫ t1

0

. . .

∫ tk−1

0

∑
γ∈Sn

∣∣∣F (1)
tk

(γ)− F (0)
tk

(γ)
∣∣∣ dtk . . . dt2dt1

≤ (2Mn)
k+1

∫ t

0

∫ t1

0

. . .

∫ tk−1

0

∫ tk

0

∑
γ∈Sn

∣∣∣F (0)
tk

(γ)
∣∣∣
 dtk+1dtk . . . dt2dt1

We assume that
∑
γ∈Sn

∣∣∣F (0)
tk

(γ)
∣∣∣ ≤ A. Then:

m
(k)
t ≤ A (2Mn)

k+1
∫ t

0

∫ t1

0

. . .

∫ tk−1

0

∫ tk

0

dtkdtk−1 . . . dt2dt1

= A(2Mn)k+1

∫ t

0

∫ t1

0

. . .

∫ tk−1

0

tk dtk−1 . . . dt2dt1

= A(2Mn)k+1

∫ t

0

∫ t1

0

. . .

∫ tk−2

0

t2k−1

2!
dtk−2 . . . dt2dt1

= A
(2Mnt)k+1

(k + 1)!
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We can say that
∑∞
k=1m

(k)
t ≤ A exp (2Mnt). Therefore, we can conclude that m

(k)
t → 0 for

k →∞. This means that there exists a solution for the system. This solution can be found using
equation (3.8) and will look like this:

F ?t (γ) = F
(0)
t (γ) +

∫ t

0

n∑
i=1

ci(γ)
[
F ?t1 (γ + (1− 2γi)ei)− F ?t1 (γ)

]
dt1 ∀t ∈ [0, T ].

It is still left to prove that F ?t ∈ C0
(
[0, T ];L1(Sn)

)
∩C1

(
(0, T );L1(Sn)

)
. We can conclude that

this is true, since only continuous functions are integrable and this function is defined on L1(Sn).
That means that F ?t ∈ C0

(
[0, T ];L1(Sn)

)
. Furthermore, the integral of a continuous function is

continuous and therefore, F ?t ∈ C1
(
(0, T );L1(Sn)

)
. We conclude that

F ?t ∈ C0
(
[0, T ];L1(Sn)

)
∩ C1

(
(0, T );L1(Sn)

)
.

Uniqueness

We can also prove that the solution is unique. This is the case when all solutions are the same.
So suppose there are two solutions

F ?t (γ) = F0 +

∫ t

0

n∑
i=1

ci(γ) [F ?s (γ + (1− 2γi)ei)− F ?s (γ)] ds

and

G?t (γ) = G0 +

∫ t

0

n∑
i=1

ci(γ) [G?s (γ + (1− 2γi)ei)−G?s (γ)] ds.

We know that F0 = G0 because they have the same startposition. Then the solution is unique
when

|F ?t (γ)−G?t (γ)| = 0 ∀t ∈ [0, T ]. (3.9)

By filling in equation (3.9), we find

|F ?t (γ)−G?t (γ)| =

∣∣∣∣∣F0 +

∫ t

0

n∑
i=1

ci (γ) [F ?s (ηi)− F ?s (γ)] ds

−G0 −
∫ t

0

n∑
i=1

ci (γ) [G?s (ηi)−G?s (γ)] ds

∣∣∣∣∣
=

∣∣∣∣∣
∫ t

0

n∑
i=1

ci (γ) ([F ?s (ηi)− F ?s (γ)]− [G?s (ηi)−G?s (γ)]) ds

∣∣∣∣∣
≤
∫ t

0

n∑
i=1

∣∣∣ci (γ) ([F ?s (ηi)− F ?s (γ)]− [G?s (ηi)−G?s (γ)])
∣∣∣ds

=

n∑
i=1

∫ t

0

∣∣∣ci (γ) ([F ?s (ηi)−G?s (ηi)]− [F ?s (γ)−G?s (γ)])
∣∣∣ds

As explained earlier, the last equality holds because

n∑
i=1

∣∣∣ci (γ) ([F ?t (ηi)− F ?t (γ)]− [G?t (ηi)−G?t (γ)])
∣∣∣ <∞.

Now we define ε?t (γ) = F ?t (γ)−G?t (γ) to simplify the equalities. That means:

|ε?t (γ)| ≤
n∑
i=1

∫ t

0

|ci (γ) ([ε?s (ηi)− ε?s (γ)])| ds.
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We defined ci(γ) earlier as ci(γ) = (1− γi)βi(γ) + γiα. That means we know

ci(γ) ≥ 0 ∀i ∈ {1, . . . , n}

and
∃M ∈ R : ci(γ) ≤M ∀γ ∈ Sn.

We also prove equation (3.9) holds when we can prove that

l?t :=
∑
γ∈Sn

|ε?t (γ)| = ‖Ft(γ)−Gt(γ)‖L1(Sn) <∞

Therefore, we take a closer look at l?t . Now, we can calculate:

l?t =
∑
γ∈Sn

|ε?t (γ)| ≤
∑
γ∈Sn

n∑
i=1

∫ t

0

ci (γ) |([ε?s (ηi)− ε?s (γ)])| ds

≤M
n∑
i=1

∫ t

0

∑
γ∈Sn

|([ε?s (ηi)− ε?s (γ)])| ds

≤M
n∑
i=1

∫ t

0

 ∑
ηi∈Sn

|ε?s (ηi)|+
∑
γ∈Sn

|ε?s (γ)|

 ds

= 2Mn

∫ t

0

l?sds

≤ (2Mn)2

∫ t

0

∫ t1

0

l?t2dt2dt1

≤ (2Mn)k−1

∫ t

0

∫ t1

0

. . .

∫ tk−1

0

l?sdtk−1 . . . dt2dt1

≤ (2Mn)k−1 sup
t∈[0,T ]

l?s

∫ t

0

∫ t1

0

. . .

∫ tk−1

0

dtk−1 . . . dt2dt1

≤ (2Mn)k−1 sup
t∈[0,T ]

l?s
tk−1

(k − 1)!

=
(2Mnt)k−1

(k − 1)!
sup
t∈[0,T ]

l?s ∀t ∈ [0, T ]

≤ lim
k→∞

(2Mnt)k−1

(k − 1)!
sup
t∈[0,T ]

l?s

sup
t∈[0,T ]

l?s ≤ lim
k→∞

(2Mnt)k−1

(k − 1)!

≤ 0

Now, we know that:

|F ?t (γ)−G?t (γ)| ≤ l?t ≤ 0

Therefore we can conclude that there exists a unique solution

F ∈ C0
(
[0, T ];L1(Sn)

)
∩ C1

(
(0, T );L1(Sn)

)
satisfying ∂tFt(γ) = LFt(γ).
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4 Simulation

4.1 Implementation

The next phase of analysis of the PDSIS-model is the simulation part. To do so, we implemented
our model in MATLAB. We simulated different situations and several different variables. Since
the time it takes to simulate 1000 state changes differs a lot per situation, we decided to set a
fixed time interval. We looked at the end of each time interval what the number of ill people was.
This number was saved in a matrix in which we tallied the number of times each amount of ill
people appeared. At the end, we calculated the mean and the standard deviation. We optimized
the calculations and automatized the simulations of different processes. This script can be found
in appendices A and B.

To find a good estimate for the fixed time interval, we look at the expected values before the
time changes. The time is only influenced by the variable λ (expected time till individual changes
state). This λ lies between λmin and λmax. We can estimate them both. We know that λmin = 0
because if an particle is isolated or not surrounded by other ill individuals, their λ equals 0. Then
we have to estimate λmax. This variable is the highest when all individuals around him are ill
and the number of individuals in the radius are maximum. That means λmax = c0(n − 1). That
means the (minimal) expected time until a change equals 1

c0(n−1) . Consequently, we used this

time interval to look at the number of ill people in our simulations.

Figure 3: Example of individuals locations when using a uniform distribution.

We simulated the process of illness 1000 times and for 50000 time steps. We started simulation
with the parameters as can be found in Table 1. When we could see in the plots that we had missed
the critical parameters, we simulated some extra situations. The people in the first simulations
were distributed uniformly over the area ([0, w] × [0, h] ⊂ R2). Figure 3 gives an impression on
how an uniform distribution looks like in an simulation. Later, we changed the demography. This
is explained more detailed in Section 4.5.

The results of the simulation are processed with the script in appendix C. This script plots the
mean and the 95%-confidence interval.

Name in report Name in script Values

# people n 250, 500, 1000
Not in report w 1, 10, 20, 100
Not in report h 10
R r 0.5, 1, 2, 3
c0 c0 1
α Precovery 0.5

Table 1: Values of variables during simulation.
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4.2 Influence of number of individuals

We started with taking a closer look at what influence the number of individuals has. We ran the
script for three different population sizes (n = 250, n = 500, n = 1000). Next, we take a closer
look at the results of the simulations. These are as plotted in figure 4. We plotted the mean and
a confidence interval of 95%.

As we can see, the higher the number of individiuals, the earlier the process stabilizes. We
see a similarity in the shape of the process (including the confidence interval). We compare the
results of the stable situation with the theoretical results in Table 2.

# individuals mean # ill in simulation confidence interval [individuals]

250 243 8
500 494 7
1000 995 5

Table 2: Mean number of individuals ill during the simulation and in theory.

Figure 4: Influence of the number of individuals in the system when the other variables are kept
the same.

Next to the figure 4 in which we kept all constants equal and only varied the number of
individuals, we also took a look at the case in which the number of individuals per area are equal
and all other variables are constant. This plot is shown in figure 5.

We can see the process takes longer to stabilize when the number of individuals in the popula-
tion is smaller. This can be explained because the minimum time till a change is lower when the
number of individuals is higher (minimum of exponential distributions). Furthermore, we note
that the standard deviation is larger when the radius is smaller. That can be explained because
more processes will stabilize without any ill individuals. That way, the standard deviation grows,
and so does the 95%-confidence interval.

4.3 Influence of number of individuals per area

In this section, we take a closer look at the influence of the number of individuals per area. We
do so by varying the width. The different areas are as shown in figure 6.

The results of this simulation were as displayed in figure 7. We plotted the mean and a 95%-
confidence interval. As we can see, the confidence interval is quite big at the beginning, but
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(a) r=0.5 (b) r=3

Figure 5: Influence of the radius when the number of individuals per area (and all other variables)
is kept the same

w=1

w=100

w=20

w=10

Figure 6: An impression of the areas in which the individuals are distributed. The height of each
beam is 10.
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Figure 7: Influence of the shape of the area on the process of disease spreading. The only variable
changing is the width. All other variables are kept the same.

# individuals/area (w) mean # ill in simulation confidence interval

1 996.7 4.4
10 995.4 4.9
20 987.3 16.1
100 958.8 37.3

Table 3: Mean number of individuals ill during the simulation and in theory (varying width).

becomes narrower after an equilibrium is reached. As we can see, the equilibrium is at almost the
same value for all simulations.

We take a closer look at the equilibrium. We do that, by looking at Table 3.
As we can see, the confidence interval is larger when the width is higher. That can be explained

because the equilibrium is reached at a later stadium in those cases. That could influence the width
of the confidence interval. We can conclude that the width of the area does have some kind of
influence on the number of individuals that are ill in equilibrium. Furthermore we can conclude
that a larger area slows down the process and consequently it takes longer before reaching an
equilibrium.

4.4 Influence of radius

Next to the aspects discussed above, we also take a look at the influence of the radius on the
process of people falling ill. The results of the simulation are plotted in figure 8 in a similar way
as before.

We can see that the number of individuals getting ill increases when the radius increases. That
is what one could expect since that means you can be infected by more individuals. We note that
the time it takes before the equilibrium is reached takes longer when the radius increases. We
also see that the standard deviation decreases when the radius increases. This can be explained
by looking at the begin state. The probability an ill individual infects another individuals that is
in its radius is smaller because less individuals are within its reach.

4.5 Influence of demography

For the last property we take a closer look at is the demography. All situations explored above were
simulations which used an uniform distribution. In this section we will also use an exponential
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Radius (r) mean # ill in simulation confidence interval [individuals]

0.5 742.3 145.8
1 956.5 24.6
2 988.8 6.4
3 995.3 2.5

Table 4: Mean number of individuals ill during the simulation and in theory (varying radius).

Name in report Name in script Values

Not in report X, Y Uniform distribution
Exponential distribution with µ = 0.1, µ = 0.5, µ = 1.

n n 250, 500
Not in report w 1, 10, 20, 100
Not in report h 10
R r 0.5, 1, 2, 3
c0 c0 1
α Precovery 0.5

Table 5: Values of variables during simulation.

distribution to look at what influence the distribution has. The distribution is defined in such a
way that it only gives values within the interval (0, w) and (0, h) for respectively the width and
the height. That gives distributions as you can see in figure 9.

We note that the corner in the bottom left side is more crowded than the others. The larger
the value of µ, the more uniformly the individuals are distributed and the less the individuals are
flocking in the corner.

With this distribution, we simulated the same situations as described above. We varied the
variables as can be seen in Table 5.

We will only discuss the most interesting results of these simulations in this report. It is
important to note that the exponential distribution with variable µ = 1 is not the same distribution
as the uniform distribution. This implies the graphs will not overlap.

In figure 10, the most interesting results of the simulations with the exponential distribution

Figure 8: Influence of the radius on the process of disease spreading.
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(a) µ = 0.1 (b) µ = 0.5 (c) µ = 1

Figure 9: Impression on the spreading of individuals when an exponential distribution (with
different values for µ) is used.

(a) Smooth results (b) Example differing exponential distribution

(c) Not smooth results (d) Big deviations depending on the distribution

Figure 10: Plots of exponential distributions with different values for µ. The other values are the
same for the plotted lines in one graph.
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are plotted. First, we take a look at figure 10a. We see that the deviation differs for each value of
µ. That makes sense since the distribution of the individuals changes for each simulation. When
we look at a close up of the equilibrium, we note that the mean numbers of ill individuals are
for all values of µ almost the same (values differ less than 0.5) and the standard deviations for
µ = 0.5 and µ = 1 are also almost the same (differing also less than 0.5). It should be noted that
the standard deviation of µ = 0.1 is much larger. This can be explained since the distribution is
changed. When the initial infection is in a low-populated area, the probability the illness stops
spreading is higher than when there are many individuals near it. The probability there are only
a few around which are within reach is higher when an exponential distribution with µ = 0.1 is
used, then when µ = 0.5 or µ = 1.

Next, we note that the mean number of ill individuals is, in general, a smooth function. There
are no sudden increases or decreases. That does not hold for the standard deviation as you can
see in figure 10b and figure 10c. We see that the sudden changes in the standard deviation happen
more often and attract more attention when the value of µ is lower. A possible explanation for
this could be that it takes time before a new “layer” of points can be reached. This depends on
the distribution because the distance to the other individuals is larger when you are further away
from the bottom left corner.

Last, there are also values for which we can say the probability that the illness will spread
is only high when you are looking at a particular distribution as you can see in figure 10d. We
note that the probability the illness spreads is more likely when the value of µ is low. This can
be explained by looking at the distribution of the individuals. When the value of µ is low, the
individuals are more close to each other at specific places. That means that those individuals can
easily infect each other. Nevertheless, this does not guarantee the illness spreads. When it starts
at a more isolated point, the disease can vanish before it becomes an epidemic.

It is important to note that in this case, the distribution does influence the process in such a
way that the equilibrium is different for different situations. Therefore it is important to take the
positions of individuals into account when studying disease evolution.
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5 Conclusions

In this report a model to describe disease spreading was constructed. The model is given by this
equation:

∂tF (γ) =

n∑
i=1

ci(γ)[F (γ + (1− 2γi)ei)− F (γ)]

with ci(γ) = (1− γi)βi(γ) + αγi and βi(γ) = c0

n∑
j=1

wijγj .

There always exists a unique solution to this differential equation. This solution can be found by
iteration of

Ft(γ) = F0 +

∫ t

0

n∑
i=1

ci(γ) [Fs(γ + (1− 2γi)ei)− Fs(γ)] ds.

The number of individuals influences the number of ill people. This makes sense since there
are more individuals susceptible to illness. The equilibrium of the amount of individuals being
ill is than more likely to be higher. It would make sense when this equilibrium is a ratio of the
population instead of a set number. This appears to be the case.

The number of ill individuals depends on the area. When the number of individuals stays the
same, then the number of ill individuals is lower on a larger area. This makes sense since indivi-
duals have lower contact rates (less individuals are in their direct surroundings, so the probability
of infection also is lower). The confidence interval increases when the population density decre-
ases. That can be explained by looking at the disease evolution. Since the individuals are never
distributed in exactly the same way on the given area, the number of individuals that are within
reach of an infected individual is not the same. Therefore, the results of the simulations differ
from each other. For example, in the case an isolated individuals is the first one to be infected, the
disease stops after one iteration although that result is not necessarily the same as when another
individual of the population would have been the first one to be infected.

The radius which allows individuals to be in contact with one another influences the amount
of infected individuals as well. When this radius is smaller, the number of infected individuals is
also lower. It should be noted that in that case, the standard deviation is also a lot higher. That
can be explained in the same way as it was explained for the influence of the area. In this case,
the number of individuals within reach of each individual is lower when the radius is smaller.

The demography influences the outcome of the model as well. In this report, we studied a
uniform distribution and exponential random distributions with different parameters. The most
important conclusion that can be drawn on this part is that the demography does influence the
final result. Some disease simulations reach another equilibrium depending on the distribution.
Therefore, it is important to take the distribution of the individuals into account when studying
a disease evolution.
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6 Recommendations

In this report, a mathematical model for disease spreading has been introduced. The model has
been analysed and several simulations have been ran. There are more areas that are interesting
for further research. In this section, some will be identified.

The first interesting thing to take a closer look at is calculating the equilibriums of the different
processes in theory. This is quite hard since we are working in an interacting particle system. It
is easier to take a closer look at some specific cases of the model. For example, looking at the
classical model, you can calculate the expected equilibria. When you want to know whether these
are the same as in the simulations, you also need to calculate the likelihood your model ends in
each one of the situations before you can draw conclusions.

Furthermore, an interesting research area would be the simulation of disease spreading with
the four big cities in the Netherlands. In this report, several distributions of the individuals have
been studied, but none of them included several centres in which many individuals take place or
situations that relate more closely to the network of cities in the Netherlands. For that reason, it
would be useful to know what the effect of a more realistic locations of different individuals would
be.

When the above is implemented, it would also be nice to take a look at what happens when
it is allowed for individuals to move around. In that case, the transmission rates change per time
unit. It should not be to difficult to implement it in the simulation which was used to find the
results presented in the report. The distance matrix D should be updated every time step which
is computationally expensive and will take a lot of time.

The model would be more realistic if the age of individuals would be included. Individuals
would be given an age, next to their location which is already given. This age would influence
the (number of) effective contacts the individuals have. In practice, the easiest way to implement
this, would be by making c0 dependent of the age of the particle. It could be implemented by
introducing an extra matrix A in which the age groups are identified. All people of the same age
could be in relation with each other. By multiplying both the distance matrix D and the age
matrix A, both aspects could be taken into account.

The last thing that would be interesting to study, is the influence of births and deaths of
individuals. At a random time, an individual could be introduced or removed. This influences all
matrices which are used in the simulation. That makes that this process is harder to implement
than the options mentioned above.
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A Final MATLAB script Uniform Distribution

%% Disease dynamics in the framework of interacting particle systems

%Bachelor Final Project Nicky van den Berg

%Supervisor: O.T.C. Tse

%Simulation script

clear all, close all

nrRepetition = 1000; % number of times the whole program runs

Time = 50000; % number of times the program runs

n_vec = [1000];%[1000];% 500 250 (done)];%250 500 1000];

w_vec = [20 100];

h_vec = [10];

r_vec = [0.5 1];%0.3 0.5 1 2 3];

c0_vec = [1];%0.1 0.2 0.5 1 2];

Precovery_vec = [0.5];% 0.1 0.25 0.5 0.75];

for i_n = 1:length(n_vec)

for i_w = 1:length(w_vec)

for i_h = 1:length(h_vec)

for i_r = 1:length(r_vec)

for i_c0 = 1:length(c0_vec) %parfor

for i_Prec = 1:length(Precovery_vec)

%% Defining important variables

n = n_vec(i_n); %number of people in the population

w = w_vec(i_w); %width of area

h = h_vec(i_h); %height of area

r = r_vec(i_r); %radius for influence on getting ill rate,

c0 = c0_vec(i_c0); %constant influencing probability of change; scaling factor

Precovery = Precovery_vec(i_Prec); % probability someone will recover

tau = h*w/(c0*(n-1)*250*r.^2*3);

nrParticlesIll = zeros(n,Time);

meanIll = zeros(1,Time);

foldername = [’n’ num2str(n) ’w’ num2str(w) ’h’ num2str(h) ’r’ num2str(r) ’c0’ num2str(c0)

’Precovery’ num2str(Precovery)];

mkdir(foldername)

disp(foldername)

for(i=1:nrRepetition)

D = zeros(n,n); %matrix to remember which elements are in the right radius from

other particles

s = zeros(n,1); %states

t = 0; % time between two changes

time = 0; % time passed since start of simulation

%% Define the particles interacting in the system

X=rand(n,1).*w;

Y=rand(n,1).*h;

%% Define which particles are influenced by others to get ill

Zx = repmat(X,1,n);

28



Zy = repmat(Y,1,n);

Rx = Zx-transpose(Zx);

Ry = Zy-transpose(Zy);

D = sqrt((Rx).^2+(Ry).^2);

PD = (D<r);

B = PD-eye(n);

%% identify first ill particle

a = randi(n);

s(a,1)=1;

%% Repeated process

for k = 1:Time

while time < tau*k

omega1 = ((c0*B*s).*(1-s));

omega3 = (s.*Precovery);

Omega = omega1 + omega3;

Omega(~Omega)=nan;

Omega2 = 1./Omega;

Deltat = exprnd(Omega2);

[mintime, xval] = min(Deltat);

s(xval) = 1-s(xval);

time = time + mintime;

if sum(s) == 0

break

end

end

if sum(s) == 0

break

end

nrParticlesIll(sum(s),k) = nrParticlesIll(sum(s),k)+1;

end

i

end

staten = 1:n;

meanIll = (staten*nrParticlesIll)/nrRepetition;

for l = 1:length(nrParticlesIll)

for j = 1:size(nrParticlesIll,1)

stdSom(j,l)=nrParticlesIll(j,l).*((j-meanIll(1,l))^2);

end

end

stdIll = sqrt(sum(stdSom)/(nrRepetition-1));

dlmwrite([foldername ’/meanIll.csv’],meanIll,’delimiter’,’,’,’-append’);

dlmwrite([foldername ’/stdIll.csv’],stdIll,’delimiter’,’,’,’-append’);

dlmwrite([foldername ’/time.csv’],(1:Time)*tau,’delimiter’,’,’,’-append’);

dlmwrite([foldername ’/stdSom.csv’],stdSom,’delimiter’,’,’,’-append’);

end

end
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end

end

end

end

B Final MATLAB script Exponential Distribution

%% Disease dynamics in the framework of interacting particle systems

%Bachelor Final Project Nicky van den Berg

%Supervisor: O.T.C. Tse

%Simulation script

clear all, close all

nrRepetition = 1000; % number of times the whole program runs

Time = 50000; % number of times the program runs

n_vec = [500];

w_vec = [1 10 20 100];

h_vec = [10];

r_vec = [0.5 1 2 3];

c0_vec = [1];

Precovery_vec = [0.5];

Mu_vec = [0.1 0.5 1];

for i_Mu = 1:length(Mu_vec)

for i_n = 1:length(n_vec)

for i_w = 1:length(w_vec)

for i_h = 1:length(h_vec)

for i_r = 1:length(r_vec)

for i_c0 = 1:length(c0_vec) %parfor

for i_Prec = 1:length(Precovery_vec)

%% Defining important variables

n = n_vec(i_n); %number of people in the population

w = w_vec(i_w); %width of area

h = h_vec(i_h); %height of area

r = r_vec(i_r); %radius for influence on getting ill rate,

c0 = c0_vec(i_c0); %constant influencing probability of change; scaling factor

Precovery = Precovery_vec(i_Prec); % probability someone will recover

tau = h*w/(c0*(n-1)*250*r.^2*3);

nrParticlesIll = zeros(n,Time);

%maxIll = zeros(1,Time);

%minIll = ones(1,Time)*n;

meanIll = zeros(1,Time);

Mu = Mu_vec(i_Mu); %#Exponential distribution parameter

foldername = [’Mu’ num2str(Mu) ’n’ num2str(n) ’w’ num2str(w) ’h’ num2str(h) ’r’ num2str(r)

’c0’ num2str(c0) ’Precovery’ num2str(Precovery)];

mkdir(foldername)

disp(foldername)

for(i=1:nrRepetition)

D = zeros(n,n); %matrix to remember which elements are in the right radius from
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other particles

s = zeros(n,1); %states

t = 0; % time between two changes

time = 0; % time passed since start of simulation

%% Define the particles interacting in the system

LB = 0; %#Lower bound on exponential distribution

UB = 1; %#Upper bound on exponential distribution

%#Determine LB and UB in terms of cumulative probabilities

LBProb = expcdf(LB, Mu);

UBProb = expcdf(UB, Mu);

%#Simulate uniform draws from the interval LBProb to UBProb

Draw1 = LBProb + (UBProb - LBProb) .* rand(n, 1);

Draw2 = LBProb + (UBProb - LBProb) .* rand(n, 1);

%#Convert the uniform draws to exponential draws using the inverse cdf

X = expinv(Draw1, Mu)*w;

Y = expinv(Draw2, Mu)*h;

%% Define which particles are influenced by others to get ill

Zx = repmat(X,1,n);

Zy = repmat(Y,1,n);

Rx = Zx-transpose(Zx);

Ry = Zy-transpose(Zy);

D = sqrt((Rx).^2+(Ry).^2);

PD = (D<r);

B = PD-eye(n);

%% identify first ill particle

a = randi(n);

s(a,1)=1;

%% Repeated process

for k = 1:Time

while time < tau*k

omega1 = ((c0*B*s).*(1-s));

omega3 = (s.*Precovery);

Omega = omega1 + omega3;

Omega(~Omega)=nan;

Omega2 = 1./Omega;

Deltat = exprnd(Omega2);

[mintime, xval] = min(Deltat);

s(xval) = 1-s(xval);

time = time + mintime;

if sum(s) == 0

break

end

end

if sum(s) == 0

break

end

nrParticlesIll(sum(s),k) = nrParticlesIll(sum(s),k)+1;

end

i

end
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staten = 1:n;

meanIll = (staten*nrParticlesIll)/nrRepetition;

for l = 1:length(nrParticlesIll)

for j = 1:size(nrParticlesIll,1)

stdSom(j,l)=nrParticlesIll(j,l).*((j-meanIll(1,l))^2);

end

end

stdIll = sqrt(sum(stdSom)/(nrRepetition-1));

dlmwrite([foldername ’/meanIll.csv’],meanIll,’delimiter’,’,’,’-append’);

dlmwrite([foldername ’/stdIll.csv’],stdIll,’delimiter’,’,’,’-append’);

dlmwrite([foldername ’/time.csv’],(1:Time)*tau,’delimiter’,’,’,’-append’);

dlmwrite([foldername ’/stdSom.csv’],stdSom,’delimiter’,’,’,’-append’);

end

end

end

end

end

end

end

C MATLAB script to process data generated

clear all; close all

n_vec = [250 500 1000];

w_vec = [1 10 20 100];

h_vec = [10];

r_vec = [0.5 1 2 3];

c0_vec = [1];

Precovery_vec = [0.5];

Mu_vec = [0.1 0.5 1];

colors = [’b’ ’g’ ’r’ ’c’ ’k’ ’m’ ’y’];

repetitions = 1000;

hi = zeros(3, 1);

z = 1.96;

i = 1;

for i_n = 1:length(n_vec)

for i_w = 1:length(w_vec)

for i_h = 1:length(h_vec)

for i_c0 = 1:length(c0_vec) %parfor

for i_Prec = 1:length(Precovery_vec)

figure

for i_r = 1:length(r_vec)
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% for i_Mu = 1:length(Mu_vec)

%Mu = Mu_vec(i_Mu);

n = n_vec(i_n);

w = w_vec(i_w);

h = h_vec(i_h);

r = r_vec(i_r);

c0 = c0_vec(i_c0);

Precovery = Precovery_vec(i_Prec);

kleur = colors(i);

%foldername = [’FinalSimulationExponentialDistributution’ ’/’ ’Mu’ num2str(Mu) ];

%foldername = [’Resultaten simulatie’ ’/’ ’n=’ num2str(n) ’/’];

filename = [’n’ num2str(n) ’w’ num2str(w) ’h’ num2str(h) ’r’ num2str(r) ’c0’ num2str(c0)

’Precovery’ num2str(Precovery)];

gemiddelde = csvread([filename ’/meanIll.csv’]);

standaarddeviatie = csvread([filename ’/stdIll.csv’]);

c0 = 1;

time = (1:length(gemiddelde))/(c0*(n-1)*250*r.^2);

lowerbound = max(0,gemiddelde - z * standaarddeviatie);

upperbound = min(gemiddelde + z * standaarddeviatie, n);

%plot(time, maximum,kleur)

hold on

%patch([time fliplr(time)],[gemiddelde+z*standaarddeviatie fliplr(gemiddelde

-z*standaarddeviatie)],kleur);%[0.9 0.9 0.9]);

plot(time, gemiddelde,kleur,’linewidth’,1.5)

axis([0 inf -10 (n+10)])

plot(time,lowerbound,kleur)

plot(time,upperbound,kleur)

xlabel(’Time’)

ylabel(’Number of people ill’)

title([’n = ’ num2str(n) ’, w = ’ num2str(w) ’, h = ’ num2str(h) ’, c_0 = ’ num2str(c0)

’, Precovery = ’ num2str(Precovery)])

hi(i) = plot(NaN,NaN,kleur);

i=i+1;

end

% n = n_vec(i_n);

% w = w_vec(i_w);

% h = h_vec(i_h);

% r = r_vec(i_r);

% c0 = c0_vec(i_c0);

% Precovery = Precovery_vec(i_Prec);

% kleur = colors(i);

%

% filename = [’n’ num2str(n) ’w’ num2str(w) ’h’ num2str(h) ’r’ num2str(r) ’c0’ num2str(c0)

’Precovery’ num2str(Precovery)];

%

% gemiddelde = csvread([ filename ’/meanIll.csv’]);

% standaarddeviatie = csvread([ filename ’/stdIll.csv’]);

% c0 = 1;

% time = (1:length(gemiddelde))/(c0*(n-1)*250*r.^2);
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% lowerbound = max(0,gemiddelde - z * standaarddeviatie);

% upperbound = min(gemiddelde + z * standaarddeviatie,n);

% plot(time, gemiddelde,kleur,’linewidth’,1.5)

% plot(time,lowerbound,kleur)

% plot(time,upperbound,kleur)

% xlabel(’Time’)

% ylabel(’Number of people ill’)

% title([’n = ’ num2str(n), ’, w = ’ num2str(w) ’, h = ’ num2str(h) ’, r = ’ num2str(r)

’, c_0 = ’ num2str(c0) ’, Precovery = ’ num2str(Precovery)])

% hi(i) = plot(NaN,NaN,kleur);

% i=i+1;

legend(hi, ’r = 0.5’, ’r = 1’, ’r = 2’, ’r = 3’, ’Location’, ’southeast’);

i = 1;

% end

end

end

end

end

end
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