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Preface

This thesis is based on a research proposal which aims to study a model of hypha
tip growth by proving the existence of travelling wave profiles. During my research
I discovered that the existence of travelling wave profiles is equivalent to proving the
existence of heteroclinic orbits with specific properties. From my literature study
I learned that the biological processes are not well understood. Depending on how
the invariant manifolds intersect the heteroclinic orbits can degenerate under generic
perturbations. Furthermore, the properties that the heteroclinic orbits need to satisfy
to model the biology do not persist under a generic perturbation. Hence, most likely
any model for hypha tip growth which relies on these modelling assumptions does not
model the biology properly since it is not robust.

This thesis concerns proving the existence of travelling wave profiles. Although from
an applied biological perspective the results are not useful, the modelling techniques
used might give rise to new models. The governing equations studied in this thesis
are given by a five dimensional autonomous first order non-linear ODE with no sym-
metries. I developed techniques to study the relevant underlying invariant manifolds.
Hence, this thesis should be mainly viewed as a dynamical systems research work.
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Chapter 1

Introduction

In this thesis a model for the growth of fungal filaments is studied. In nature filament-
ous fungi play an important role in decomposing organisms. Fungi convert dead cells
into soluble compounds such as simple sugars, nitrates and phosphates. Plants can
then easily absorb these compounds through their roots. There are also filmentous
pathogenic fungi. These most commonly occur as respiratory infections in immune-
compromised patients [7]. They can also produce a wide variety of benificial drugs
and antibiotics [30]. More recently, studies indicate that filamentous fungi are use-
ful in degrading pharmaceuticals [42]. As more pharmaceuticals enter the ecosystem
through livestock rearing this might remedy the negative effects of pharmaceuticals
on fauna and human health. Consequently, it is important to understand what drives
the growth of fungal filaments.

1.1 Tip growth in a nutshell

Fungi filaments are called hyphae. Hyphae grow by localised cell extension at their
tips. During tip growth a hypha cell exhibits extreme lengthwise growth while its
shape remains qualitatively the same and the tip’s velocity remains approximately
constant. Furthermore, in the absence of spatial influences the cell’s shape is almost
rotationally symmetric. In Figure 1.1 we display an idealized cell wall shape during
tip growth.

In many fungi exhibiting tip growth a dynamic cluster of vesicles is present close to
the tip [15, 41, 51], see Figure 1.2. It is called the Spitzenkörper. It remains at an
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Figure 1.1: Idealized hyphae growth: The figures display the growth of the cell wall
at time steps t0. Qualitatively the shape remains unchanged during tip growth.

approximately fixed distance from the tip. The exact workings of the Spitzenkörper
are not understood. However, there is strong evidence that the Spitzenkörper plays a
crucial role in tip growth [14, 15, 16]. These vesicles are transported to the cell wall.
Fusion of the vesicles with the cell membrane leads to growth of the cell. Since the
Spitzenkörper is located close to the tip we expect most of the growth to take place
at the tip.

Figure 1.2: A fungal cell with a Spitzenkörper: Vesicles move from the Spitzenkörper
to the cell wall. When they hit the cell wall they are absorbed and the cell wall grows

1.2 Models for fungal tip growth

Modelling of hypha growth consists out two parts: transport of cell wall building
material to the cell wall from the Sptizenkörper and growth of the cell wall as new
cell wall building material arrives. Certain fungi follow approximately orthogonal
growth trajectories [1]. Assuming orthogonal growth and that the cell wall building
material is transported in straight lines by an isotropic point source Bartnicki-Garcie
et al. arrived at a model which has the characteristic features of tip growth [2].
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Alternatively, the transport of cell wall building materials can be modelled using a
diffusive process as proposed by Koch [29]. These models do not take into account
the material properties of the cell wall. Experimental results from Wessels et al. [53]
suggest that the tip of the cell easily deforms than the part behind it. Campas and
Mahadevan modelled this by assuming that the cell wall is a thin viscous sheet which
increases in viscosity as the distance to the tip is increased [5]. Goriely et al. assumed
that the cell wall is elastic and then prescribing the elastic response such that close
to the tip the cell wall is elastic and away from the tip it is rigid [19, 20]. Eggen et
al. assume that the expansion of the cell wall is regulated by an expansion propensity
which depends on an ageing process given by a constant rate Poissonian decay process
[12]. These three models yield the characteristic features of tip growth.

1.3 Combining and extending models

In this thesis two models are combined and extended to arrive at new a model: we
use the work of Bartnicki-Garcia et al. [2], which assumes that the cell wall building
material is transported in straight lines by an isotropic point source, and the work of
Campas and Mahadevan [5], which assumes that the cell wall is a thin viscous sheet.
Furthermore, we include a novel equation which models the hardening of the cell wall
with age. The governing equations of this model are given by a five dimensional first
order ODE. This model requires an explicit dependency of the viscosity on the age,
called the viscosity function.

1.4 The mathematics of the new model

Tip growth is characterized by solutions which satisfy qualitative properties determ-
ined by the bio-mechanical model and biological observations. These solutions are
called steady tip growth solutions. Figure 1.1 describes the shape of these steady tip
growth solutions.

Heteroclinic connections which satisfy certain qualitative properties correspond to
steady tip growth solutions. These heteroclinic connections are given by the intersec-
tion of a two dimensional family of one dimensional unstable manifolds and a three
dimensional family of one dimensional center manifolds. Since the phase space is five
dimensional we expect that the steady tip growth solutions form a one dimensional
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family. Using (non-rigorous) numerics steady tip growth solutions can be computed
by matching two asymptotic expansions. We observe that for suitable viscosity func-
tions steady tip growth solutions form a one dimensional family of solutions.

The numerics suggests that the range of steady tip growth solutions forms a meagre
subset of the phase space. In addition, the numerics suggests that almost all solutions
with initial conditions in a neighbourhood of steady tip growth solutions are repelled
from the steady tip growth solution, see Figure 1.3. Hence, there is a sensitive de-
pendence on initial conditions. This makes the reliability of the numerical results
questionable. So there is a need for an existence proof.

Figure 1.3: The black line gives a qualitative description of a two dimensional projec-
tion of a steady tip growth solution which describes the shape of the cell. The dashed
line corresponds to solutions which are being repelled from the black curve.

Almost all first order non-linear ODEs beyond two dimensions allow for complicated
dynamics. In our case we are only interested in that part of the phase space which can
be used to prove the existence of steady tip growth solutions. We distilled part of the
dynamics which might be useful to prove the existence of steady tip growth solutions
in a toy model. For this toy model we are able to prove the existence of a toy version
of steady tip growth solutions. This proof relies on a topological shooting method.
For an introduction to topological shooting methods we refer to [24] and for advanced
applications we refer to [44]. We first prove that the toy model has unstable man-
ifolds which satisfy a toy version of the asymptotics of steady tip growth solutions.
These unstable manifolds form a one dimensional family of invariant manifolds which
together form a connected set. We find two invariant open subsets of this family of
invariant manifolds such that solutions with initial conditions in their compliment are
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a toy version of steady tip growth solutions.

We can apply the topological shooting method used to solve the toy model to the
full model. We prove the existence of a connected invariant subset of an unstable
manifold which satisfies the asymptotics of the steady tip growth solutions. To prove
the existence of this connected subset requires a special normal form transformation
which is reminiscent of a hyperbolic normal form. For an overview of normal form
theory see [4]. This connected subset is given by a two dimensional family of invariant
manifolds. We then define two open subsets of this connected set such that solutions
with initial conditions in the complement of these open subsets are steady tip growth
solutions. More specifically, we find conditions for the existence of solutions which
satisfy the qualitative properties of steady tip growth solutions on any bounded do-
main of the phase space. But we are unable to show analytically that these conditions
are satisfied. However, we developed a method which can prove these conditions using
rigorous numerics. This method approximates the invariant manifold using a contrac-
tion argument. It is based on techniques used in [52] which is different from index
based techniques such as Conley index, for example see [37]. The rigorous method
has been built to only deal with this specific model, for more general techniques see
[3], [21], [33]. Unfortunately, we were unable to run the corresponding program due
to its long computation time.

1.5 Overview

Let us give a brief overview of this thesis. In Chapter 2 we derive the hypha model
and present the governing ODE. In Chapter 3 we present a (non-rigorous) numerical
method to compute steady tip growth solutions. We compute steady tip growth solu-
tions for a variety of viscosity functions. To better understand the dynamics of the
governing ODE we present a two dimensional toy model in Chapter 4. Using a topo-
logical shooting method we present conditions for the existence of a two dimensional
analogue of steady tip growth solutions. These condition can be verified analytically.
In Chapter 5 we prove the existence of solutions which satisfy the asymptotics cor-
responding to the tip shape of the cell and the existence of solutions which satisfy
the asymptotics corresponding to the base shape of the cell. Furthermore, these solu-
tions will correspond to invariant manifolds. In Chapter 6 we extend the topological
shooting which was applied to the toy model to the governing ODE. We will obtain
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conditions for the existence of solutions which satisfy the qualitative properties of
steady tip growth solutions on any bounded domain of the phase space. We can-
not verify the conditions analytically. In Chapter 7 we present a rigorous numerical
method which can verify these conditions. We use these conditions to show that if
steady tip growth solutions exist for a given viscosity function, then they can then be
approximated using a topological shooting method.

For Chapter 4-6 an understanding of invariant manifold theory for ODEs is required.
The suggested preliminary reading is Chapter 1-5 of [35]. For Chapter 7 an un-
derstanding of interval arithmetic in rigorous numerics is required. The suggested
preliminary reading is [52].
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Chapter 2

The BATS model for tip
growth

In this chapter we present our new model for tip growth of a single celled nonbranching
fungal hypha. We call our model the Ballistic Ageing Thin viscous Sheet model
(BATS) model.

2.1 Introduction

Modelling of fungal tip growth consists out of two parts: transport of cell wall build-
ing material to the cell wall and growth of the cell as new cell wall building material is
absorbed by the cell wall. Our model for hypha tip growth uses the work of Bartnicki-
Garcia et al. [2], which assumes that the cell wall building material is transported in
straight lines by an isotropic point source and the work of Campas and Mahadevan
[5], which assumes that the cell wall is a thin viscous sheet sustained by a pressure
difference. Furthermore, we include a novel equation which models the hardening of
the cell wall as it ages. We call our model the Ballistic Ageing Thin viscous Sheet
model (BATS) model.

In Section 2.2 we present the biology of fungal tip growth. In Section 2.3 we derive
the BATS model. In Section 2.4 we present the governing equations as a first order
five dimensional ODE and define which solutions correspond to tip growth. In Section
2.5 we explain how the BATS can be experimentally verified.
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2.2 Hyphal morphogenesis: Tip growth in fungi

When unaffected by external forces, a single non-branching hypha cell exhibiting tip
growth has a tubular shape. It expands in the direction corresponding to the out-
ward normal at its tip while its width away from the apical region remains almost
unchanged. During growth the tip’s velocity remains approximately constant and the
overall shape remains qualitatively the same, see Figure 1.1.

In this section we give a brief exposition of the biology of tip growth in fungal hyphae.
For a more in-depth treatment we refer to [28, 38].

2.2.1 The Spitzenkörper

In many fungi exhibiting tip growth a dynamic cluster of vesicles is present [15, 41, 51].
This cluster located close to the tip is called the Spitzenkörper. It remains at an ap-
proximately fixed distance from the tip. The exact workings of the Spitzenkörper are
not understood. However, there is strong evidence that the Spitzenkörper plays a
crucial role in tip growth. Experiments by Girbardt with fungal hyphae of Polystic-
tus indicate that when the Spitzenkörper disappeared hyphal elongation stopped and
when the Spitzenkörper reappeared hyphal elongation continued [14, 15, 16]. Further-
more, Girbardt observed that a change in the position of the Spitzenkörper preceded
a change in the growth direction of the hyphae [16]. Hence, it has been hypothes-
ized that the Spitzenkörper controls hyphal elongation by sending vesicles to the cell
wall [2]. Experiments on the fungus Allomyces macrogynus suggests that the vesicles
at the Spitzenkörper are synthesized far behind the hyphal tip and then collected
by the Spitzenkörper [36]. Vesicles destined for fusion with the cell membrane are
called exocytic vesicles. Fusion with the cell membrane leads to growth of the cell
wall and cell membrane. The hypothesized vesicle transport is displayed in Figure 2.1.

In the fungus Neurospora crassa the exocystic vesicles are tethered to the cell mem-
brane along the so called exocyst complex. The exocyst complex seems to localize
close to the hyphal tip [46]. This gives strong evidence that due to the closeness of
the Spitzenkörper to the tip the apex receives most of the vesicles and consequently,
grows the most.
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Figure 2.1: Schematic of the hypothesized transport of vesicles over a fungal cell. We
have omitted all hyphal cell contents besides vesicles. The newly produced vesicles
get sent to the Spitzenkörper. The Spitzenkörper sends vesicles for exocytosis with
the cell membrane.

2.2.2 Turgor pressure

The pressure on the inside of the cell is higher than the outside of the cell. The
difference between the inside and outside pressure is called the turgor pressure. The
cell wall thickness is of the same magnitude over the whole fungal cell. Consequently,
the cell wall’s area must expand, otherwise the cell wall would continuously thicken.
In [1] particles in the cell wall of the fungus Rhizoctonia solani were tracked during tip
growth. It turned out that the particles follow approximately orthogonal trajectories
with respect to the cell wall, see Figure 2.2. In addition, there is no indication that
the cell rotates during tip growth.

Figure 2.2: Orthogonal growth trajectories.The black curves describe the growing cell
wall. The trajectory that the red cell wall particle follows is represented by a red
curve. This curve intersects the growing cell wall orthogonally. Hence, it is called an
orthogonal growth trajectory.

The observation that the cell wall particles follow orthogonal growth trajectories sug-
gests that there is a driving force perpendicular to the cell wall surface. Under normal
circumstances the hyphal contents exert a substantial pressure on the cell wall which
yields a pressure difference between the inside and outside of the cell [27]. Puncturing
the cell wall leads to a rapid outflow of the cell’s contents. Hence, the pressure dif-
ference might be the cause for orthogonal cell wall growth trajectories in Rhizoctonia
solani. However, no experimental results yield a direct link between tip growth and
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turgor pressure. Furthermore, there are biological arguments which suggest that the
turgor pressure and the Spitzenkörper are insufficient to explain tip growth:

- Oomycetes require no turgor pressure for tip growth: Oomycetes are
water moulds belonging to the kingdom of Straminipila. Tip growth in oo-
mycetes can take place in the absence of measurable turgor pressure [23, 40].
However, for fungal hyphae it remains an unresolved issue whether tip growth
can occur without turgor pressure [31, 32].

- Orthogonal growth has only be shown for Rhizoctonia solani: The
author is unaware whether the growth trajectories have been studied for any
other fungal cell besides Rhizoctonia solani. However, the root hairs of the plant
Medicago truncatula exhibit tip growth with non-orthogonal growth trajectories
[11].

- Microscopic properties of the cell wall are important for the cell
shape: The microscopic properties of the cell wall determine how much stress
the cell wall can bear and how it deforms. Hence, these properties determine
how the cell shape responds to a pressure difference.

The last point indicates that a description of the cell wall dynamics is necessary to
model tip growth accurately.

2.2.3 The cell wall dynamics: the soft spot

To withstand the pressure difference the cell wall is generally very strong and rigid.
However, the chemical composition of the cell wall is not homogeneous. In 1892
Reinhardt conjectured that cell wall close to the tip deforms easier compared to the
part behind the tip. This is the so-called soft-spot hypothesis. Experimental evidence
to support this claim was obtained more than 90 years later by Wessels et al. [53].
Intuitively, this explains how the pressure difference allows for extreme growth in
the longitudinal direction with hardly any expansion in the radial direction. Also
observe that the flexibility/rigidity of the cell wall influences the growth trajectories.
Consequently, non-orthogonal growth trajectories might be explained by the chemical
composition of the cell wall.
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2.3 Derivation of the BATS model

In the previous section we presented biological evidence that the turgor pressure, the
Spitzenkörper and the cell wall dynamics drive tip growth. Hence, we will construct a
tip growth model which incorporates these biological components. We call our model
the Ballistic Ageing Thin viscous Sheet (BATS) model. It models idealized tip growth
since we assume there is an unlimited supply of cell wall building material. Hence,
there is unlimited growth. We refer to this idealized tip growth as steady tip growth.
In this section we will see that the BATS model consists of governing equations given
by ODEs and an integral equation together with conditions which identify solutions
corresponding to steady tip growth. We refer to these conditions as steady tip growth
conditions.

The BATS model can be summarized as follows:

1. Steady tip growth is described by travelling wave profiles. We assume
that the cell is axially symmetric. We also assume that the cell grows at an ap-
proximately constant speed while preserving its overall shape. Hence, we model
steady tip growth by an axially symmetric travelling wave profile. In addition,
we formulate further conditions on the cell shape based on the biological cell
shape of hypha cells.

2. The cell wall is a thin viscous sheet sustained by the pressure differ-
ence. To model the evolution of the cell wall we use the work of Campas and
Mahadevan [5]. They assume that the cell wall is a thin viscous sheet sustained
by the pressure difference between the inside and the outside of the cell.

3. The Spitzenkörper is a ballistic vesicle supply center. To model the
Spitzenkörper we use the work of Bartnicki-Garcia et al. [2]. They assume
that the Spitzenkörper is an isotropic point source which transports vesicles in
straight lines at a constant rate to the cell wall.

4. The cell wall viscosity increases with age. We model the soft spot hypo-
thesis by introducing a novel age variable. The age corresponds to the average
age of all cell wall particles at a given location in the cell wall. We assume that
the viscosity depends on the age. An explicit viscosity function needs to be
chosen to complete the model. From the soft spot hypothesis we expect that
the cell wall ‘hardens’ with age. Hence, we consider viscosity functions which
increase monotonously with age. The model of Campas and Mahadevan models
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the soft spot by assuming that the viscosity increases monotonously with the
arclength to the tip [5]. Eggen, Keijzer and Mulder have proposed an age equa-
tion in [12] but this differs from the age equation of the ballistic ageing thin
viscous sheet model.

We devoted a subsection to each of these modelling components.

2.3.1 Steady tip growth is described by travelling wave profiles

During tip growth the hypha’s tip moves at an approximately constant speed and
the hypha cell preserves its overall shape. Since we assume unlimited cell growth we
describe steady tip growth by travelling wave profiles. For this purpose, we first need
to introduce suitable coordinates to describe the cell surface.

Parametrizing the hypha cell surface

We assume that the cell surface is axially symmetric. Hence, it is convenient to express
the cell shape in cylindrical variables (z, r, φ). We parametrise the z, r-variables with
respect to s which is the arc length to the tip, s = 0. This implies that the tip of the
cell is the intersection of the cell surface with the z-axis. Hence, lims→0(r(s), z(s)) =
(0, z0). Observe that we have the equality

(
dr

ds

)2
+
(
dz

ds

)2
= 1.

Hence, z(s) fixes the cell surface. For a visualization of the variables describing the
cell shape see Figure 2.3.

Steady tip growth shape conditions

We will characterize the cell shape during steady tip growth. We assume that z, r ∈
C∞(R+,R). The following four conditions give a formal description of the steady tip
growth shape:

T1a Tip limits:

lim
s→0

dr

ds
(s) = 1, lim

s→0
r(s) = 0, lim

s→0
z(s) = z0.
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Figure 2.3: The hypha cell shape: We assume that the cell shape is axially symmetric.
Hence, we use cylindical coordinates (z(s), r(s), φ) where s is the arclength to the tip.

T2a Analyticity in r2: There exists a s0 > 0 and a G1 ∈ Cω
(
(−a2, a2),R

)
with

a = r(s0) such that

z(s) = G1(r(s)2) ∀s ∈ (0, s0).

T3a Global constraints: For all s ∈ R+ the following constraints are satisfied

d2r

ds2 (s) < 0, dr
ds

(s) > 0, dz
ds

(s) > 0.

T4a Base limits:

lim
s→∞

r(s) = r∞ > 0, lim
s→∞

z(s) =∞.

We refer to the conditions T1a, T2a, T3a, T4a as the steady tip growth shape con-
ditions. We briefly explain these conditions. By the definition of s it follows that
lims→0(z, r)(s) corresponds to the cell’s tip. This explains condition T1a. Condition
T2a is based on the axial symmetry and the smoothness at the tip. We assume that
the cell qualitatively resembles the cell shape in Figure 2.3 which explains condition
T3a. We have that lims→∞(z, r)(s) corresponds to the cell’s base, i.e. the base of the
dome forming the apical shape. For tip growth we expect that the cell’s width at the
base converges to a positive constant. Hence, we require lims→∞ r(s) = r∞ > 0. In
this idealized setting we assume that the hypha has infinite length. Hence, from the
cell’s orientation it follows that lims→∞ z(s) =∞. This explains condition T4a.
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Travelling wave profiles

The hypha moves at an approximately constant speed and the hypha cell preserves
its overall shape. The cell grows in the direction of the outward normal at the tip.
We assume that the tip moves at an approximately constant speed and that the
hypha cell preserves its overall shape. Let z, r satisfy the steady tip growth shape
conditions. Then, in the (z, r)-plane the moving profile at time t is characterized by
(z(s) + ct, r(s)) where c is the velocity of the tip, see Figure 2.4.

Figure 2.4: Travelling profiles corresponding to steady tip growth: The tip moves
from right to left in forward time. We displayed three profiles with timestep t0 > 0.

2.3.2 The cell wall as a thin viscous sheet subject to a pressure
difference

Following Campas and Mahadevan [5], we model the cell wall as a thin viscous sheet
subject to a pressure difference. This pressure difference applies a force in the dir-
ection of the outward normal of the cell wall. Let us first explain these modelling
assumptions:

- The pressure difference: In the hypha biology this corresponds to the pres-
sure difference between the turgor and the atmospheric pressure. The pressure
difference applies a force in the direction of the outward normal since the turgor
pressure is greater than the atmospheric pressure.

- Thin sheet: It makes sense geometrically to model the cell wall as a thin sheet
since the cell wall thickness is much smaller than the observed radii of curvature
of the cell.

- The cell wall is viscous: Little is known about the mechanical properties of
the cell wall. However, the numerical work performed for the thin viscous sheet
model of Campas and Mahadevan suggests the existence of solutions satisfying
the steady tip growth shape conditions [5]. As we will see in the next chapter
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numerical work for the BATS model also suggests the existence of solutions
satisfying the steady tip growth shape conditions.

To derive the governing equations for our tip growth model we will first assume that
z, r satisfy the steady tip growth shape conditions. In this section we will give a
derivation of the governing equation when the cell wall is modelled as a thin viscous
sheet subject to a pressure difference. We will also present a physical interpretation
of these equations and we will discuss how the newly introduced variables relate to
steady tip growth.

Derivation of the thin viscous sheet equations

We assume that the cell wall is a thin viscous sheet in mechanical equilibrium sus-
tained by a pressure difference. Chapter 7 of Howell’s doctoral thesis [26] contains
a derivation of the generalised thin viscous sheet equations. We use this to derive
the thin viscous sheet equations for our axially symmetric cell surface. In addition,
we include the pressures applied to the boundary of the sheet a priori. In Howell’s
work the pressure drop is only included after derivation of the governing equations.
Furthermore, in preparation of the Spitzenkörper model, Section 2.3.3, we will assume
that there is an influx of viscous fluid at the inner boundary of the sheet.

Parametrising the cell wall: Observe that in R3 any axially symmetric surface can be
described by

x(s, φ) =


r(s) cos(φ)
r(s) sin(φ)

z(s)

 . (2.1)

We let x given by (2.1) parametrise the center surface of the sheet. Then by axial
symmetry the cell wall thickness, h, is a function of only s. The boundary of the cell
wall is parametrized by x(s, φ)± h(s)

2 n(s, φ), where n is the normal given by

n(s, φ) =
dx
dφ ×

dx
ds

|dx
dφ ×

dx
ds |

=


dz
ds (s) cos(φ)
dz
ds (s) sin(φ)
−drds (s)

 . (2.2)

The position of a fluid particle in the sheet is represented by x(s, φ) +nn(s, φ) where
n ∈ (−h(s)/2, h(s)/2). Observe that since our description of the position of the fluid
particle is independent of time we are setting up governing equations in a moving
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coordinate frame. We will refer to the normal direction as the n-direction. For an
overview of the description of the cell wall see Figure 2.5. The normal on the boundary

Figure 2.5: Cell wall: The grey area represents part of the cell wall. The dashed line
is the center surface. The cell wall is parameterised by x(s, φ) ± nn(s, φ). At s the
cell wall has thickness h(s).

n = ±h/2 is given by

n± := grad(−n± h/2)
∣∣
n=±h/2 (2.3)

Incompressibility condition: It will be convenient to use the orthonormal basis {es, eφ,n}
where es, eφ correspond to the unit vectors in the s-, φ-direction, respectively. The
velocity vector of a fluid particle, u, is a function of (s, n). We can write u =
uses + uφeφ + unen. Since the cell does not rotate we assume that uφ = 0. The u
vector is visualised in Figure 2.6.

Figure 2.6: The velocity vector u: The dashed line is the center surface. Since the
cell does not rotate we have that u = uses + unen.

Observe that us, un are functions of (s, n). The incompressibility condition is given
by

d(`φus)
ds

+ d(`s`φun)
dn

= 0, (2.4)
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where `s, `φ correspond to scaling factors given by

`s = 1− κsn, `φ = r(1− κφn),

and κs, κφ are the principal curvatures given by

κs = −d
2r/ds2

dz/ds
, κφ = dz/ds

r
. (2.5)

Stress-strain constitutive relation and Stokes equation: Before we present the Stokes
equation we present the linear stress-strain constitutive relation given by

σss = −p+ 2µ0

`s

(
dus
ds

+ un
d`s
dn

)
, σφφ = −p+ 2µ0

`φ

(
us
`s

d`φ
ds

+ un
d`φ
dn

)
,

σsφ = 0, σnn = −p+ 2µ0
dun
dn

,

σsn = µ0

`s

(
`s
dus
dn
− d`s
dn

us + dun
ds

)
, σφn = 0,

(2.6)

where µ0 is the viscosity and p is the hydrodynamics pressure inside the sheet. We
assume that the viscosity µ0 is a function of s. The Stokes equation in the φ-direction
yields the zero identity. The Stokes equation in the s- and n-direction are given by

d(`φσss)
ds

+ d(`s`φσsn)
dn

+ `φ
d`s
dn

σsn −
d`φ
ds

σφφ = 0, (2.7)

d(`φσsn)
ds

+ d(`s`φσnn)
dn

− `φ
d`s
dn

σss − `s
d`φ
dn

σφφ = 0. (2.8)

Boundary conditions: Denote by P+ the pressure on the outside and by P− the
internal turgor pressure, see Figure 2.7.

Figure 2.7: Pressure difference: The light grey area corresponds to the inside of the
cell and the dark grey area corresponds to the cell wall. The internal pressure is P−
and the external pressure is P+.
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Assume that P+ < P−. The pressure difference produces a force in the normal
direction on the sheet’s boundaries. In the s-direction and the φ-direction we assume
that the external stresses are zero. Hence, we take as boundary condition σ · n± =
P±n± on n = ±h/2 where n± is given by (2.3). Evaluating this boundary condition
yields the following equalities on n = ±h/2:

σsn = ± 1
2`s

dh

ds
(σss − P±) , (2.9)

σφn = ± 1
2`s

dh

ds
σsφ (2.10)

σnn = ± 1
2`s

dh

ds
σsn + P±. (2.11)

Observe that from (2.6) it follows that (2.10) does not contain any information.

There is an influx of new cell wall material through the inner surface boundaries. We
denote the rate of cell wall addition per unit area by ϕ. Hence, we refer to ϕ as the
flux. The kinematic condition on n = −h/2 is then given by u · n− = ϕ. Evaluating
this boundary condition yields the following equality on n = −h/2:

un = − us
2`s

dh

ds
+ ϕ. (2.12)

Since there is no influx of new cell wall material at n = h/2 the kinematic condition
on n = h/2 is given by

un = us
2`s

dh

ds
. (2.13)

Non-dimensionalisation: We will perform a non-dimensionalisation of the equations.
Here we choose the length scale L such that the characteristic mean curvature scale
is of order 1/L. We let the characteristic thickness be εL with ε � 1 a positive
parameter. Denote by U the characteristic velocity scale and by M the characteristic
viscosity scale. The scalings become

r = Lr′, s = Ls′, n = εLn′,

h = εLh′, us = Uu′s, un = Uu′n,

κs = κ′s/L, κφ = κ′φ/L, µ0 = Mµ′0,

p = MUL−1p′.
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The pressure, P±, applies stress on a sheet with thickness of order ε. The flux ϕ

supplies new cell wall material to a sheet with thickness of order ε. Consequently, we
assume that

P± = εMUL−1P ′± ϕ = εULϕ′. (2.14)

In the primed variables we can non-dimensionalise the governing equations. We con-
tinue with the primed variables. For notational we will drop the primes.

Formal ε-expansions: Assume that we can write the variables us, un, p as a formal
expansion in ε. We will denote the ith coefficient with a (i) superscript where i ∈ N≥0,
e.g.

us = u(0)
s + εu(1)

s +O(ε2). (2.15)

Evaluating the ε-expansion in (2.6) we obtain

σss = O(1),

σφφ = O(1),

σnn = 2µ0

ε

du
(0)
n

dn
+O(1),

σsn = µ0

ε

du
(0)
s

dn
+O(1)

(2.16)

Then collecting the leading-order terms in the Stokes equation and the zero stress
boundary condition we obtain that

du
(0)
n

dn
= 0, du

(0)
s

dn
= 0.

Hence, u(0)
n and u(0)

s are independent of n and the leading order terms of the stress
components σnn and σsn are O(1). We denote the ith coefficient of the stress com-
ponents with a (i) superscript where i ∈ N≥0.

Collecting the leading order terms in the kinematic condition and using that u(0)
n is

independent of n gives

u(0)
n = 0. (2.17)
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Using (2.17) the leading order terms of the stress components become

σ(0)
ss = −p(0) + 2µ0

du
(0)
s

ds
,

σ
(0)
φφ = −p(0) + 2µ0u

(0)
s

r

dr

ds
,

σ(0)
nn = −p(0) + 2µ0

du
(1)
n

dn
,

σ(0)
sn = µ0

(
du

(1)
s

dn
+ κsu

(0)
s

)
.

(2.18)

Collecting the lowest order terms in ε in the incompressibility conditions we get the
equality

du
(1)
n

dn
= −1

r

d(ru(0)
s )

ds
. (2.19)

Hence, u(1)
n is linear in n. From the kinematic condition we obtain that

u(1)
n = u

(0)
s

2
dh

ds
on n = h/2, (2.20)

u(1)
n = −u

(0)
s

2
dh

ds
+ ϕ(0) on n = −h/2. (2.21)

Combining (2.19)-(2.21) we obtain the equality

−h
r

dru
(0)
s

ds
= u(0)

s

dh

ds
− ϕ(0).

This equality can be written as

d(rhu(0)
s )

ds
= rϕ(0). (2.22)

Collecting the leading order terms in the Stokes equation (2.11) and in the zero stress
condition (2.11) we get that σ(0)

nn = 0. Consequently, the leading order pressure term
becomes

p(0) = 2µ0
du

(1)
n

dn
. (2.23)

22



The BATS model for tip growth

Inserting (2.19) into (2.23) we obtain

p(0) = −2µ(0)
0
r

d(ru(0)
s )

ds
. (2.24)

Inserting (2.24) into the equation for σss and σφφ (2.18) we obtain

σ(0)
ss = 4µ0

(
du

(0)
s

ds
+ u

(0)
s

2r
dr

ds

)
,

σ
(0)
φφ = 4µ0

(
1
2
du

(0)
s

ds
+ u

(0)
s

r

dr

ds

)
.

(2.25)

Hence, the leading order terms of σss and σφφ are independent of n. Collecting the
leading order terms in the Stokes equation (2.7) and zero stress condition (2.9) we
obtain that

σ(0)
sn = 0. (2.26)

Consequently, collecting the leading order terms in the Stokes equation (2.8) and
using (2.26) gives

dσ
(1)
nn

dn
+ κsσ

(0)
ss + κφσ

(0)
φφ = 0. (2.27)

Hence, σ(1)
nn is linear in n. Collecting the leading order terms of the zero stress condi-

tion (2.10) and using (2.26) we get

σ(1)
nn = P± on n = ±h/2. (2.28)

Cell wall tension equations: We define the pressure drop P := P− − P+. Tension
in a surface is the force across an infinitesimal path per unit length. Hence, tension
is an analogue of stress for surfaces. The leading order terms of the tensions on the
sheets’ boundary in the s- and φ-direction are given by σss := hσ

(0)
ss and σφφ := hσ

(0)
φφ ,

respectively. Combining (2.27) and (2.28) we obtain

κsσss + κφσφφ = P. (2.29)
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Collecting the leading order terms of the Stokes equation (2.7) we get

d(rσ(0)
ss )

ds
+ d(rσ(1)

sn )
dn

− dr

ds
σ

(0)
φφ = 0. (2.30)

Hence, σ(1)
sn is linear in n. Collecting the leading order terms of the zero stress condi-

tion (2.9) we get

σ(1)
sn = ±1

2
dh

ds
σ(0)
ss on n = ±h/2. (2.31)

Combining (2.30) and (2.31) we get

r
dh

ds
σ(0)
ss = h

(
dr

ds
σ

(0)
φφ −

d(rσ(0)
ss )

ds

)
. (2.32)

This equality can be written as

d(rσss)
ds

− dr

ds
σφφ = 0. (2.33)

Using the expression for the curvature terms and (2.29) we can rewrite (2.33) in a
nicer form [22] (see p. 212 in [19]):

d(rσss)
ds

= dr

ds
σφφ,

= dr

ds
(P − κsσss) /κφ,

= r
dr/ds

dz/ds

(
P + d2r/ds2

dz/ds
σss

)
,

= r
dr/ds

dz/ds

(
P − d2z/ds2

dr/ds
σss

)
,

dz

ds

d(rσss)
ds

= r
dr

ds

(
P − d2z/ds2

dr/ds
σss

)
,

dz

ds

d(rσss)
ds

+ r
d2z

ds2 σss = r
dr

ds
P,

d(r2κφσss)
ds

= r
dr

ds
P,∫ s

0

(
d(r2κφσss)

dτ

)
(τ)dτ = P

∫ s

0
r(τ)dr

dτ
(τ)dτ,

[(
r2κφσss

)
(τ)
]s
0 =

[
P

2 r(τ)2
]s

0
.
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Assuming that r, z satisfy the tip limits T1a we get

κφσss = P

2 .

Equations for the cell wall: We continue with the leading order terms. Hence, we
drop all the superscripts. Let u := us. Then to summarize this section we have the
following equations for the cell wall:

κsσss + κφσφφ = P, (2.34)

κφσss = P

2 , (2.35)

d

ds
(rhu) = rϕ, (2.36)

where the tensions are given by

σss = 4µ0h

(
du

ds
+ u

2r
dr

ds

)
,

σφφ = 4µ0h

(
1
2
du

ds
+ u

r

dr

ds

)
.

(2.37)

Observe that all the equations are independent of time since we gave a description of
the cell wall in comoving frame which moves with the travelling wave profiles’ velocity.
The velocity of the travelling wave profile can be obtained by computing lims→∞ u(s).

In the supplemental data of [5] Campas and Mahadevan give a heuristic derivation of
(2.34)-(2.35). Equation (2.34) and (2.35) are derived by assuming a force balance in
the n- and z-direction, respectively. Hence, we refer to equation (2.34) and (2.35) as
the n- and z-balance equation, respectively. We refer to equation (2.36) as the mass
balance equation since it is derived from assuming a mass balance.

Intermezzo: the Campas and Mahadevan derivation of the thin viscous
sheet equations

The derivation of (2.34)-(2.35) using the work of Howell is more rigorous than the
derivation of Campas and Mahadevan since Campas and Mahadevan assume that
perpendicular to the center surface there is no fluid motion. In addition, the work of
Campas and Mahadevan is only able to partially explain (2.37). Since the work of
Campas and Mahadevan gives physical interpretations to (2.34)-(2.35) and (2.37) we
present it below.
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The sheet is in mechanical equilibrium. The pressure difference P applies a force nor-
mal to the sheet. It generates tensions on the surface: σss and σφφ. For a visualization
see Figure 2.8.

Figure 2.8: Force balance in the normal direction: The normal stress corresponding
to the pressure difference P generates the tensions σss and σφφ.

We first derive the force balance in the normal direction. An infinitesimal surface
element is given by rdφds where ds is an infinitesimal element in the s-direction on
the surface and rdφ is an infinitesimal element in the φ-direction on the surface.
Denote by Rs the radius of curvature along s. The angle between the tangents at s
and s + ds, the light blue angle in Figure 2.9, is given by ds/Rs. Consequently, the

Figure 2.9: The angle between the tangents at s and s+ds: n denotes the normal and
Rs the radius of curvature in the s-direction. The light blue colored angle is given by
ds/Rs.

normal force generated by σss is given by

σss
rdφds

Rs
= κsσssrdφds.
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In a similar way we obtain the normal force generated by σφφ:

κφφσφφrdφds.

The force in the normal direction is given by Prdφds. The resulting force balance
then yields the following equation:

κssσss + κφφσφφ = P.

Consequently, we will refer to this equation as the balance equation in the n-direction.

Next we derive the force balance in the z-direction. Consider a cap of the cell given
by making a section perpendicular to the z-axis at z(s), see Figure 2.10. The force
in the z-direction over this cap is in balance with the force in the z-direction on the
boundary of the corresponding section.

Figure 2.10: Force balance in the z-direction: The cumulative forces in the z-direction
over the green cap’s surface are balanced by the cumulative forces in the z-direction
over the green cap’s boundary.

The tension in the z-direction resulting from the pressure difference is given by P dr
ds .

Hence, the total force in the z-direction over the cap’s surface is given by

−P
∫ 2π

0

∫ s

0
r(σ) dr

dσ
(σ)dσdφ = −πPr(s)2.

The total force in the z-direction over the cap’s boundary is given by 2πr dzdsσss. The
force balance equation then becomes

κφφσss = P

2 .
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Consequently, we refer to this equation as the balance equation in the z-direction.

If we make a cross section of the cell at s and s + ds then the net flux of cell wall
particles between these sections is given by 2π ((urh)(s+ ds)− (urh)(s)), see Figure
2.11. The influx of new cell wall over the boundary of the ring enclosed by these
sections is given by 2πrϕds. Consequently, we obtain the mass balance equation:

d(urh)
ds

= rϕ.

Figure 2.11: Mass balance: We made a cross section of the cell at s and
s + ds. The net flux of cell wall particles between these sections is given by
2π ((urh)(s+ ds)− (urh)(s)) and the influx of new cell wall over the boundary of
the ring enclosed by these sections is given by 2πrϕds.

Observe that we have derived (2.34)-(2.35). We will continue with a physical inter-
pretation of the expressions for the tensions (2.37). More specifically, we will write
the tensions σss and σφφ in terms of the strain rates. Let us denote the strain rate
in the s-direction by εs and the strain rate in the φ-direction by εφ. The strain rate
εs quantifies the relative stretching in the s-direction per time unit. Hence, we have
that

εs = du

ds
.

The strain rate εφ quantifies the relative stretching in the radial direction per unit
time. Projecting u in the radial direction we get udrds . Consequently, the strain rate
is given by

εφ = u

r

dr

ds
.
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Then using (2.37) we obtain the following two dimensional linear stress-strain con-
stitutive relation: [

σss 0
0 σφφ

]
= 4µ0h

[
1 1/2

1/2 1

][
εs

εφ

]
.

The factor 4µ0h also appears when relating the tension to the strain tensor for a flat
thin viscous sheet, see Chapter 2 in [26]. The multiplication factor 4 is the Trouton
ratio for a two-dimensional sheet.

Steady tip growth dynamics conditions

We continue deriving the BATS model. Observe that we have four variables: r, z, u, h.
We will call u, h the dynamic variables since they describe the internal dynamics of
the cell wall. Recall that since the sheet is in mechanical equilibrium r, z, u, h describe
the sheet in a comoving frame which moves with the tip’s velocity. The tip’s velocity,
or equivalently, the travelling wave profiles’ velocity, can be retrieved by computing
lims→∞ u(s).

Similarly to what we did for the shape variables, r, z, we formulate steady tip growth
conditions for u, h:

T1b Tip limits:

lim
s→0

u(s) = u0 > 0, lim
s→0

h(s) = h0 > 0.

T2b Analyticity in r2: There exists a s0 > 0 and a G2 ∈ Cω
(
(−a2, a2),R2) with

a = r(s0) such that

(u(s), h(s)) = G2(r(s)2) ∀s ∈ (0, s0).

T3b Global constraints: For all s ∈ R+ the following constraints are satisfied:

u(s) > 0, h(s) > 0.

T4b Base limits:

lim
s→∞

u(s) = u∞ > 0, lim
s→∞

h(s) = h∞ > 0.
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We refer to the conditions T1b, T2b, T3b, T4b as the steady tip growth dynamics
conditions. We briefly explain these conditions. The cell wall particles cannot be
stationary, as otherwise the cell wall would continuously thicken. We also expect that
lims→∞ u(s) = u∞ > 0 since the velocity of the steady tip growth profile must be
a positive constant. The cell wall thickness must be positive for steady tip growth.
This explains condition T1b, T3b, T4b. Observe that condition T2b is based on the
smoothness and axial symmetry of the cell shape.

2.3.3 The Spitzenkörper as a ballistic point source

We model the Spitzenkörper using the work of Bartnicki-Garcia et al. [2]. They as-
sume that the Spitzenkörper can be modelled as a vesicle supply center (VSC). They
take the VSC to be an isotropic point source which continuously and at a constant
rate sends vesicles to the cell wall. Furthermore, they assume that it transports ves-
icles in straight lines to the cell wall, see Figure 2.12. Hence, their VSC is referred to
as the ballistic VSC.

Figure 2.12: Ballistic vescicle supply center: the VSC is a point source at (0, 0). It is
located at a fixed distance from the tip, (z0, 0) with z0 < 0. The ballistic VSC sends
vesicles in a straight line to the cell wall.

We place the VSC at the origin in the (z, r)-plane. We assume that z, r satisfy
the steady tip growth shape conditions with lims→0 z(s) = z0 < 0, see Figure 2.12.
Observe that if the cell wall is convex in an s-interval then a ray from the origin could
intersect the cell wall twice, see Figure 2.13. However, since z, r satisfy T3a the cell
wall is concave in the (z, r)-plane. Then, it follows directly that every ray from the
origin intersects the cell wall exactly once.
Based on the modelling considerations we derive the vesicle flux at the internal bound-
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Figure 2.13: Example of a cell wall shape for which a ballistic ray hits the cell wall
twice. Observe that this cell wall shape does not satisfy T3a

ary of the cell wall. The scalar flux at a point on the cell wall is given by

C0

4π(r2 + z2)3/2x(s, φ) · n(s, φ) = C0

4π
r · dz/ds− z · dr/ds

(z2 + r2)3/2 ,

here C0 is the rate of cell-wall building material emitted by the VSC. Let C = C0/(4π).
Since by T3a we have that dz/ds > 0 it follows that dz/ds =

√
1− (dr/ds)2. We

define

γ(dr/ds, z, r) := C
r ·
√

1− (dr/ds)2 − z · dr/ds
(z2 + r2)3/2 .

Observe that γ(dr/ds, z, r) is the scalar flux. Hence, we fix ϕ = γ(dr/ds, z, r) in
(2.36).

2.3.4 The viscosity and age function

If we insert the curvature terms (2.5) and the tensions (2.37) in the z-balance equation
(2.35) we get

4µ0h
dz/ds

r

(
du

ds
+ u

2r
dr

ds

)
= P

2 . (2.38)

We first assume that µ0 is constant contrary to [5]. Suppose that z, r satisfy the steady
tip growth shape conditions and that u, h satisfy the dynamic conditions. Taking the
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limit s→∞ in (2.38) yields

4µ0h∞
r∞

lim
s→∞

u(s) = P

2 > 0, (2.39)

and so contradicts condition T4b. Concluding, if µ0 is constant there exist no solu-
tions to the model which satisfy the steady tip growth shape and dynamics conditions.

Hence, we will consider non-constant viscosity µ0. More specifically, we will define a
new s-dependent variable Ψ corresponding to the average age of the cell wall material
at s. Then we will set µ0 = µ(Ψ) with µ ∈ C∞(R+,R+) a suitably chosen function.
We refer to µ as the viscosity function.

Let us first set up the age equation. We write the position of a cell wall particle as
s(t) where t is the time variable. Then we can write the tangential velocity of a cell
wall particle as

u = ds

dt
. (2.40)

Denote by t(ς, s) the time it takes a particle in the cell wall to travel from ς to s.
Using (2.40) we have that

t(ς, s) =
∫ s

ς

1
u(σ)dσ. (2.41)

We define the cumulative flux:

G(s) :=
∫ s

0
(rγ(dr/dς, z, r))(ς)dς.

At a point s there is particle mass which originally entered at ς and has been part of
the cell wall for t(ς, s). Weighing t(ς, s) by the mass which enters the cell wall at ς
we get t(ς, s)G′(ς). To obtain the average age we first integrate t(ς, s)G′(ς) over an
arc (0, s) and then divide it by the total mass over an arc (0, s):

Ψ(s) =
∫ s

0 G
′(ς)t(ς, s)dς
G(s) . (2.42)

We can rewrite the expression for Ψ into a nice form using the mass balance equations
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and G:

Ψ(s) =
∫ s

0 G
′(ς)t(ς, s)dς
G(s) ,

=

∫ s
0
G(ς)
u(ς) dς −

[
G(ς)

∫ s
ς

1
u(σ)dσ

]ς=s
ς=0

G(s) ,

=
∫ s

0 (rh)(ς)dς
G(s) . (2.43)

Assume that z, r satisfy the steady tip growth shape and that u, h satisfy the dynamic
conditions. Then Ψ satisfies

Ψ(s) > 0 ∀s ∈ (0,∞), lim
s→0

Ψ(s) = h0z
2
0

C
> 0, lim

s→∞
Ψ(s) =∞. (2.44)

For the coupling between viscosity and age we introduce the function µ ∈ C∞(R+,R+)
and set µ0 = µ(Ψ). We will assume that

µ′(Ψ) > 0. (2.45)

Observe that (2.45) implements the soft spot hypothesis since the cell wall viscos-
ity increases with respect to its average age. It then follows from (2.38) by using
lims→∞Ψ(s) =∞ from (2.44) that

lim
Ψ→∞

µ(Ψ) =∞, (2.46)

is a necessary condition for the existence of a solution satisfying the steady tip growth
shape and dynamics conditions. Hence, we consider viscosity functions µ which satisfy
(2.46).
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2.4 The governing first order ODE

We consider the dependent variables r, z, h, u,Ψ and denote the s-derivative with a
prime. The governing equations are then given by

κsσss + κφσφφ = P (2.47)

κφσss = P

2 , (2.48)

(rhu)′ = rγ(r′, z, r), (2.49)

z′ =
√

1− r′2, (2.50)

where

γ(dr/ds, z, r) = C
r ·
√

1− (dr/ds)2 − z · dr/ds
(z2 + r2)3/2 , (2.51)

σss = 4µ(Ψ)h
(
u′ + ur′

2r

)
, σφφ = 4µ(Ψ)h

(
u′

2 + ur′

r

)
,

κs = −r
′′

z′
, κφ = z′

r
,

(2.52)

with

Ψ(s) =
∫ s

0 (rh)(ς)dς
G(s) , G(s) :=

∫ s

0
(rγ(dr/dς, z, r))(ς)dς. (2.53)

The main problem is to find a solution of (2.47)-(2.50) which satisfies the steady tip
growth shape and dynamics conditions. In this section we reformulate this problem
as finding a specific solution of a five dimensional first order autonomous ODE. First
we perform a scaling to get rid of free parameters.

2.4.1 Rescaling

We define the following scaled functions and variables:

γ̃ = γ/C, G̃ = G/C,

h̃ = h/C, P̃ = P/C.
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We then define the scaled tensions:

σ̃ss = 4µ(Ψ)h̃
(
u′ + ur′

2r

)
, σ̃φφ = 4µ(Ψ)h̃

(
u′

2 + ur′

r

)
.

Then we can write (2.47)-(2.50) as

κsσ̃ss + κφσ̃φφ = P̃ , κφσ̃ss = P̃

2 ,(
rh̃u

)′ = rγ̃(r′, z, r), z′ =
√

1− r′2,

and we can write the Ψ-equation (2.53) as

Ψ(s) =
∫ s

0 (rh̃)(ς)dς
G̃(s)

.

Observe that dropping the tildes yields the original equations. In words, the VSC
rate scales linearly as the cell wall thickness which scales linearly with the tensions.
The tensions scale linearly with the pressure drop. Consequently, without loss of
generality we set C = 1.

2.4.2 The cumulative flux as function of the shape

We will show that if z, r satisfy the steady tip growth shape conditions then there
exists a function Γ ∈ C∞(R× R+,R+) such that Γ(z(s), r(s)) = G(s).

Using the substitution v = z/r we find that∫
(rγ(r′, z, r)) (σ)dσ =

∫ 1
(1 + v2)3/2 dv, (2.54)

Since z, r satisfy the steady tip growth shape conditions we have that

lim
s→0

z

r
(s) = −∞. (2.55)
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Therefore, with (2.54) and (2.55) the cumulative flux can be written as

G(s) =
∫ s

0
r(σ)γ(r′(σ), z(σ), r(σ))dσ,

=
∫ z(s)/r(s)

−∞

1
(1 + v2)3/2 dv,

= z(s)/r(s)√
(z(s)/r(s))2 + 1

+ 1,

= z(s)√
z(s)2 + r(s)2

+ 1.

Consequently, we define

Γ(z, r) := z√
z2 + r2

+ 1. (2.56)

Hence, we substitute G(s) by Γ(z(s), z(s)). Assuming that u, h satisfy the steady tip
growth dynamics condition we obtain the following using the mass balance equation
(2.36):

urh = Γ(z, r). (2.57)

2.4.3 The Ψ-differential equation

The age variable Ψ is defined by an integral equation, see (2.53). We will derive a
differential equation for Ψ.

Observe that Ψ satisfies

Ψ′ = rh

Γ(z, r) −
rγ(r′, z, r)

Γ(z, r) Ψ. (2.58)

If z, r satisfy the steady tip growth shape conditions the Ψ integral equation (2.53)
satisfies

lim
s→0

Ψ(s) = h0z
2
0 . (2.59)

By replacing the integral equation for Ψ by ODE (2.58) the limit (2.59) is now a
condition for steady tip growth.
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2.4.4 Eliminating the u variable

Now we will eliminate the u variable from the governing equations and write the res-
ulting equations in a convenient form.

Substituting the tensions in (2.52) in the balance equations (2.47), (2.48) we write
the resulting equations as[

κφ κφ
r′

r

κs + κφ
2

r′

r

(
κs
2 + κφ

)] [u′
u

]
=
[

1
2µ̃(Ψ)h

1
µ̃(Ψ)h

]
,

where µ̃(Ψ) = 4µ(Ψ)/P . Solving u′ and substituting (2.52) we get

u′ = − r2r′′

3µ̃(Ψ)z′3h. (2.60)

Using (2.60) and (2.57) to evaluate u′ and u, respectively, in the z-balance equation
(2.35) we get

r′′ = 3
2
z′2

r

(
−1 + Γ(z, r)r′z′µ̃(Ψ)

r3

)
. (2.61)

Hence, we obtained a second order equation for r.

Evaluating r′′ in (2.60) using (2.61) we get

u′ = 1
2h

(
r

z′µ̃(Ψ) −
Γ(z, r)r′

r2

)
. (2.62)

Evaluating the mass balance equation (2.49) we get

r′hu+ h′ru+ u′rh = rγ(r′, z, r).

Consequently, we can write this as a first order equation for h by evaluating u using
(2.57) and u′ using (2.62):

h′ =
(
rγ(r′, z, r)

Γ(z, r) − r′

2r −
r2

2Γ(z, r)z′µ̃(Ψ)

)
h. (2.63)

Observe that the h-equation (2.63) and the r′-equation (2.61) are independent of u.
Also observe that the Ψ-equation (2.58) is independent of u. Consequently, we have
eliminated the u-equation.

37



The BATS model for tip growth

For notational convenience we will drop the tilde on µ.

2.4.5 The five dimensional first order ODE

We now summarize our results by presenting the governing equations as a first order
ODE. Since we want this subsection to be self-contained in defining this ODE we will
also repeat all the necessary functions. The five dimensional first order autonomous
ODE is given by

ρ′ = 3
2

1− ρ2

r

(
−1 + Γ(z, r)µ(Ψ)ρ

√
1− ρ2

r3

)
,

h′ =
(
rγ(ρ, z, r)

Γ(z, r) − ρ

2r −
r2

2Γ(z, r)µ(Ψ)
√

1− ρ2

)
h,

Ψ′ = rh

Γ(z, r) −
rγ(ρ, z, r)

Γ(z, r) Ψ,

z′ =
√

1− ρ2,

r′ = ρ,

(2.64)

where

γ(ρ, z, r) = r
√

1− ρ2 − zρ
(z2 + r2)3/2 , Γ(z, r) = 1 + z√

r2 + z2
,

and µ ∈ C∞(R+,R+) satisfies

µ′(Ψ) > 0 ∀Ψ ∈ R+, lim
Ψ→∞

µ(Ψ) =∞.

We will consider the phase space given by

M0 = {(ρ, h,Ψ, z, r) ∈ (−1, 1)× R× R× R× R+}. (2.65)

The variable h corresponds to thickness of the cell wall and Ψ to the average age of
the cell wall. The variable z and r correspond to height cylindrical coordinate and
the radial cylindrical coordinate, respectively.

We refer to ODE (2.64) as the governing ODE. We denote the vector field corres-
ponding to (2.64) by V ∈ C∞(M0,R5).
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We note that that the order of the equations in (2.64) is in preparation of the normal
forms in Chapter 5.

Steady tip growth solutions

Let x∗ := (ρ∗, h∗,Ψ∗, z∗, r∗) be a solution of the governing ODE. Then define u∗ :=
Γ(z∗, r∗)/(r∗h∗). Then we want suitable conditions on x∗ such that r∗, z∗, h∗,Ψ∗, u∗
satisfy the governing equations (2.47)-(2.50), (2.53) and the steady tip growth shape
and dynamics conditions. In addition, since the governing (2.64) is an autonomous
ODE we will consider the steady tip growth shape and dynamics conditions on a
maximal existence interval (s0,∞) instead of R+.

Definition 2.1 (Steady tip growth solution). (ρ∗, h∗,Ψ∗, z∗, r∗) ∈ C∞((s0,∞),M0)
is a steady tip growth solution if it is a solution of the ODE (2.64) which satisfies the
following four conditions:

T1 Tip limits:

lim
s→s0

ρ∗(s) = 1, lim
s→s0

h∗(s) = h0 > 0, lim
s→s0

Ψ∗(s) = h0z
2
0 ,

lim
s→s0

z∗(s) = z0 < 0, lim
s→s0

r∗(s) = 0.

T2 Analyticity in r2: There exists a s1 > s0 and a G ∈ Cω
(
(−a, a),R4) with

a = r∗(s1)2 such that

(ρ∗, h∗,Ψ∗, z∗)(s) = G(r∗(s)2) ∀s ∈ (s0, s1).

T3 Global constraints: For all s ∈ (s0,∞) the following constraints are satisfied

ρ′∗(s) < 0, ρ∗(s) > 0, h∗(s) > 0.

T4 Base limits:

lim
s→∞

ρ∗(s) = 0, lim
s→∞

h∗(s) = h∞ > 0, lim
s→∞

z∗(s) =∞, lim
s→∞

r∗(s) = r∞ > 0.

When necessary we will indicate the dependence on µ of a solution x of the ODE
(2.64) by denoting it by x(·;µ).
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If x∗ is a steady tip growth solution then it follows from Sections 2.4.2-2.4.4 that
r∗, z∗, h∗,Ψ∗, u∗ satisfy the governing equations (2.47)-(2.50), (2.53) and the steady
tip growth shape and dynamics conditions. Hence, the main aim of this thesis is to
show the existence of a steady tip growth solution for the governing ODE. Note that
the governing ODE depends on µ which is left unspecified for now.

2.5 On practical determination of µ

The thickness of the cell wall can be determined [43] and the turgor pressure can
be measured [39]. It is also possible to determine the shape of the cell wall and the
location of the Spitzenkörper [1, 2]. Hence, we can experimentally determine h, z, r, u.
It follows from (2.57) that the VSC rate C is given by

C = lim
s→∞

r(s)h(s)u(s)/2.

Given h, z, r, C we can compute Ψ using the integral equation (2.53). Finally, we can
use the h-equation or the ρ-equation in (2.64) to determine the viscosity function µ.
Given µ we can then proceed to verify if the governing ODE (2.64) has a steady tip
growth solution which approximates the experimentally determined cell growth.

We are unaware of any fungal hypha species for which the required biological data
is available. However, to facilitate future experiments we need a numerical method
which for a given µ can compute steady tip growth solutions should they exist. This
will be the topic of the next chapter.
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Chapter 3

Numerical method for the
BATS model

In this chapter we present a numerical method for computing steady tip growth solu-
tions. Our numerical results suggest that only for suitable viscosity functions steady
tip growth solutions exist. We will also obtain numerical results on the behaviour of
solutions close to the computed steady tip growth solutions. In the next chapter we
will use these observations to find a method to prove the existence of an analogue of
steady tip growth solutions in a “toy" model.

3.1 Introduction

Let us give an overview of the numerical method. The first part consists of computing
expansions. We compute a parameter dependent expansion for solutions satisfying
condition T1 and T2, called the tip expansion. This is necessary since if x(·;µ) is
a solution satisfying T1 then lims→s0 x(s;µ) /∈ M . We also compute a parameter
dependent expansion of solutions satisfying condition T4, called the base expansion.
This is necessary since if x(·;µ) is a solution satisfying T4 then lims→∞ ‖x(s;µ)‖ =∞.
The tip expansion depends on two parameters and the base expansion depends on
three parameters. Consequently, since the phase space is five dimensional and the
first order ODE (2.64) autonomous we expect that solutions satisfying T1, T2 and
T4 form a one dimensional parameter family.

The second part of the numerical method consists of implementing a shooting method.
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We can numerically continue the tip expansions using a numerical solver. We call
these solutions tip continuations. Since the tip expansion depends on two parameters
we can represent these continuations by elements in a parameter set Y tip

µ ⊂ R2.
We then define two disjoint subsets Aµ, Bµ ⊂ Y tip

µ where Aµ corresponds to tip
continuations which qualitatively resemble Figure 3.1a and where Bµ corresponds to
tip continuations which qualitatively resemble Figure 3.1b. Recall that by condition
T3 a steady tip growth solution must satisfy

ρ(s;µ) > 0, ρ′(s;µ) < 0 ∀s ∈ (0,∞).

Hence, if steady tip growth solutions exist then they are given by the continuations
corresponding to α∗ ∈ Xµ := Y tip

µ \(Aµ ∪Bµ).

(a) ρ characterizing set Aµ (b) ρ characterizing Bµ

Figure 3.1: Tip continuations

The numerics suggests that Aµ and Bµ have non-empty interior. Under the assump-
tion that Aµ and Bµ are open the numerics suggests that Xµ is non-empty. Further-
more, we have evidence that Xµ = ∂Aµ∩∂Bµ∩Y tip

µ . This means that Xµ is enclosed
by the sets Aµ, Bµ. Hence, a bisection type shooting method is used to approximate
Xµ. If α̃∗ is an approximation of α∗ ∈ Xµ then generically α̃∗ ∈ Aµ ∪ Bµ since Xµ

is one dimensional and Y tip
µ is two dimensional. We can connect the tip continuation

corresponding to α̃∗ to the base expansion at a s = sbase > 0. Furthermore, this can
be done in a sufficiently smooth way. This connection can be computed using a root
finding problem. We will see that the analysis suggests that the base expansion de-
pends on three parameters and the independent variable s. However, the numerically
computed base expansion has four parameters and is close to degenerate in the sense
that the determinant of the Jacobian is close to zero. Hence, connecting the base
expansion to the tip continuation at a given s = sbase > 0 is a degenerate problem.
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Since ρ(sbase) is small we restrict this root solving problem to the r, h,Ψ, z-variables.
The corresponding Jacobian is generically not close to singular. The desired root
can be found using the Newton method. However, for certain tip continuations the
corresponding Jacobian is poorly scaled which leads to divergence of the Newton iter-
ator. Hence, we need to consider a preconditioned Jacobian. The base expansion
evaluated at the computed root approximately connects to the tip continuation but
this connection is generally not very smooth. We use the parameter which gives rise
to the near degeneracy to find the parameters which yield a smooth connection.

The numerical results suggest that for any z0 < 0 the viscosity functions 1 + Ψ5, 1 +
Ψ4, 1 + Ψ3 admit unique steady tip growth solutions. Our numerical work suggests
that the viscosity functions 1 + Ψ2,Ψ5,Ψ4,Ψ3,Ψ2 admit no steady tip growth solu-
tions.

We give a brief overview of this chapter. In Section 3.2 and Section 3.3 we illustrate
how to implement our numerical method for µ(Ψ) = 1 + Ψ4. In Section 3.2 we show
how to compute asymptotic expansions of tip and base solutions. In Section 3.3 we
will present the numerical method used to compute steady tip growth solutions. This
section is divided in three subsections. In Section 3.3.1 we will show how to approx-
imate tip solutions. Then in Section 3.3.2 we define Aµ and Bµ and use these sets
to develop a shooting method to approximate Xµ. The tip continuations correspond-
ing to these approximations can be connected to the base using the base asymptotic
expansion and the Newton method. This is the topic of Section 3.3.3. In Section
3.4 we apply our method to a variety of viscosity functions and present numerically
computed steady tip growth solutions. In the conclusion, Section 3.5, we explain how
our numerical work connects to the next chapters.

3.2 Tip and base expansions

If x(·;µ) is a solution of the governing ODE satisfying T1 then lims→s0 x(s;µ) /∈M0.
Consequently, solutions satisfying T1 cannot be computed using a standard solver. If
x(·;µ) is a solution of the governing ODE satisfying T4 then lims→∞ ‖x(s;µ)‖ =∞.
Consequently, solutions satisfying T4 cannot be computed using a standard solver.

In this section we will present a example of our computation. We will consider the
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governing ODE for

µ(Ψ) = 1 + Ψ4. (3.1)

In Section 3.2.1 we will compute a series expansion up to a given order for solutions
satisfying condition T1 and T2. This expansion is called the tip expansion. In Section
3.2.2 we will compute a series expansion up to a given order for solutions satisfying
condition T4. This expansion is called the base expansion.

3.2.1 Tip expansion

Let x(·;µ) ∈ C∞(R+,M0) be a solution of the governing ODE (2.64) satisfying con-
dition T1 and T2. Observe that s0 = 0 in T1 since x(·;µ) ∈ C∞(R+,M0). We define
(ρ, h,Ψ, z, r)(·) := x(·;µ) then x(·;µ) satisfies

lim
s→0

ρ(s) = 1, lim
s→0

h(s) = h0 > 0, lim
s→0

Ψ(s) = h0z
2
0 ,

lim
s→0

z(s) = z0 < 0, lim
s→0

r(s) = 0.
(3.2)

We assume that x(s;µ) can be written as a formal expansion in s. We denote the ith
coefficient of the expansion with a (i) superscript and a tip subscript, e.g.,

r(s) = r
(0)
tip + sr

(1)
tip + s2r

(2)
tip +O(s3).

The equality r′ = ρ in the governing ODE (2.64) implies that

ρ
(i)
tip = (i+ 1)r(i+1)

tip . (3.3)

Hence, we can restrict our study to the coefficients corresponding to h,Ψ, z, r. From
condition T1 and T2 it follows that there exists a s1 > 0 and a G1 ∈ Cω((−a, a),R)
with a := r(s1)2 such that

r′(s) = 1 +G1(r(s)2), ∀s ∈ (0, s1). (3.4)

Then, from (3.4) it follows that r is an odd function in s. Combining this with
condition T2 we obtain that

h
(2i+1)
tip = Ψ(2i+1)

tip = z
(2i+1)
tip = r

(2i)
tip = 0.
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It follows from (3.2) that

h
(0)
tip = h0, Ψ(0)

tip = h0z
2
0 , z

(0)
tip = z0, r

(1)
tip = 1. (3.5)

Substituting the resulting expansions in the governing ODE (2.64) and collecting
terms of the same order we can compute unique coefficients corresponding to the
higher order terms. We present the non-zero coefficients corresponding to the second
and third order terms:

h
(2)
tip = −

h0
(
9h12

0 z
24
0 + 8h8

0z
19
0 + 2h4

0z
14
0 − 8h4

0z
11
0 − 27h4

0z
8
0 − 2z6

0 − 16z3
0 − 18

)
3 (h4

0z
8
0 − 5) (h4

0z
9
0 + z0) 2 ,

Ψ(2)
tip = −

h0
(
27h8

0z
16
0 + 24h4

0z
11
0 + 54h4

0z
8
0 + 8z6

0 + 24z3
0 + 27

)
36 (h4

0z
8
0 − 5) (h4

0z
8
0 + 1) ,

z
(2)
tip = z2

0
3 (h4

0z
8
0 + 1) ,

r
(3)
tip = − 2z4

0
27 (h4

0z
8
0 + 1) 2 .

Observe that for h0, z0 satisfying h4
0z

8
0 = 5 the coefficients Ψ(2)

tip and h(2)
tip are undefined.

In Chapter 5 we will see that h4
0z

8
0 = 5 corresponds to a resonance. We let

(h0, z0) ∈ Y tip
µ := {(h0, z0) ∈ R+ × R− | h4

0z
8
0 6= 5}.

We computed the tip expansions up to seventh order. These coefficients are defined
for all (h0, z0) ∈ Y tip

µ .
For the numerical method, Section 3.3, it is sufficient to consider the tip expansion
up to seventh order. It will be convenient to define this expansions as a parameter-
dependent function. We denote the seventh order tip expansion of x(·;µ) by x̃tip(·;α;µ)
where α = (h0, z0) ∈ Y tip

µ . For its vector components we write

(ρ̃tip, h̃tip, Ψ̃tip, z̃tip, r̃tip)(s;α;µ) = x̃tip(s;α;µ).

3.2.2 Base expansion

Let x(·;µ) := (ρ, h,Ψ, z, r)(·) be a solution of the governing ODE (2.64) that satisfies
condition T4:

lim
s→∞

ρ(s) = 0, lim
s→∞

h(s) = h∞ > 0, lim
s→∞

Ψ(s) =∞,

lim
s→∞

z(s) =∞, lim
s→∞

r(s) = r∞ > 0.
(3.6)
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We assume that x(s;µ) can be written as a formal expansion in 1/s. We denote the
ith coefficient of the expansion with a (i) superscript and a base subscript, e.g.,

r(s) = r
(0)
base + s−1r

(1)
base + s−2r

(2)
base +O(s−3).

The equality r′ = ρ in the governing ODE (2.64) implies that

ρ
(i+1)
base = −ir(i)

base. (3.7)

Similarly as with the tip expansion in (3.3), we restrict our study to the coefficients
corresponding to h,Ψ, z, r. From (3.6) we obtain the following lowest order asymp-
totics for the converging variables:

r
(0)
base = r∞, h

(0)
base = h∞. (3.8)

Substituting the resulting expansions in the governing ODE (2.64) we find that the
leading order terms of Ψ, z are of order s. We denote the leading order terms of Ψ
and z by Ψ(−1)

base and z(−1)
base , respectively. We obtain that

Ψ(−1)
base = r∞h∞

2 , z
(−1)
base = 1.

Substituting the resulting expansions in the governing ODE (2.64) and collecting
terms of the same order we can compute coefficients corresponding to the higher
order terms. These coefficients are not uniquely determined given r∞, h∞. More spe-
cifically, the zeroth order terms corresponding to the Ψ- and z-component introduce
two additional free parameters:

Ψ(0)
base = Ψc, z

(0)
base = zc. (3.9)

The uniquely determined coefficients corresponding to the first, second and third order
terms are given by

h
(1)
base = 0, h

(2)
base = −1

4h∞r
2
∞, h

(3)
base = 1

2zch∞r
2
∞ + 8

3h3
∞r

2
∞
,

Ψ(1)
base = 1

4h∞r
3
∞, Ψ(2)

base = 1
4Ψcr

2
∞ −

3
8zch∞r

3
∞, Ψ(3)

base = 1
2z

2
ch∞r

3
∞ −

1
2Ψczcr

2
∞

− 1
16h∞r

5
∞,
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z
(1)
base = 0, z

(2)
base = 0, z

(3)
base = 0,

r
(1)
base = 0, r

(2)
base = 0, r

(3)
base = 8

3h4
∞r∞

.

These coefficients are defined for all

(h∞,Ψc, zc, r∞) ∈ Y base
µ := R+ × R× R× R+. (3.10)

We computed the base expansion up to eighth order. These coefficients are defined
for all (h∞,Ψc, zc, r∞) ∈ Y base

µ .

For the numerical method, Section 3.3, it is sufficient to consider the base expansion
up to eighth order. It will be convenient to define the base expansion as a parameter-
dependent function. We denote the eighth order base expansion by x̃base(·;β;µ) where
β = (h∞,Ψc, zc, r∞) ∈ Y base

µ . For its vector components we write

(ρ̃base, h̃base, Ψ̃base, z̃base, r̃base)(s;β;µ) = x̃base(s;β;µ).

Let us denote the formal base expansion by xbase(s;β;µ) where β = (h∞,Ψc, zc, r∞) ∈
Y base
µ . Take (h∞,Ψc, zc, r∞) ∈ Y base

µ and assume that (3.6) and

lim
s→∞

(
Ψ(s)− r∞h∞

2 s

)
= Ψc, lim

s→∞
(z(s)− s) = zc,

uniquely defines a solution. Then xbase satisfies the following invariance:

xbase(s;h∞,Ψc, zc, r∞) = xbase

(
s+ zc;h∞,Ψc −

2zc
r∞h∞

, 0, r∞
)
. (3.11)

Let ŝ := s+ zc and Ψ̂c := Ψc − 2zc/(r∞h∞) then we can write the right-hand side of
(3.11) as an expression which only depends on three parameters: xbase

(
ŝ;h∞, Ψ̂c, 0, r∞

)
.

This suggests that for the approximation of the base expansion, x̃base, we could take
zc = 0. Observe that if xbase is substituted by x̃base in (3.11) then the equality is
not satisfied. However, we expect for s sufficiently large that (3.11) is satisfied in an
approximate sense:

xbase(s;h∞,Ψc, zc, r∞;µ) ≈ xbase

(
s+ zc;h∞,Ψc −

2zc
r∞h∞

, 0, r∞;µ
)
. (3.12)

Hence, from a numerical perspective we do not have to reduce the degrees of freedom.
But due to (3.12) we require a special approach when connecting the solutions sat-
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isfying the tip asymptotics to the base expansion. This will be discussed in Section
3.3.3.

3.3 Numerical method

In this section we present a numerical method to compute steady tip growth solutions.
We continue with the same viscosity function as in the last section µ(Ψ) = 1 + Ψ4.
The main idea is to connect the tip expansions to the base expansions. We implement
this in three steps: in Section 3.3.1 we compute solutions x(·;µ) which satisfy the tip
asymptotics then, in Section 3.3.2 we select the solutions x(·;µ) = (ρ, h,Ψ, z, r)(·)
which satisfy

r(s) > 0, ρ(s) > 0, dρ

ds
(s) < 0, h(s) > 0, Ψ(s) > 0 ∀s ∈ (0, s0), (3.13)

with s0 large and finally, in Section 3.3.3 we connect x(·;µ) to the base asymptotic
expansion by computing sc ∈ R and β ∈ Y base

µ such that

x(s0;µ) = x̃base(sc;β;µ). (3.14)

From a numerical perspective we do not fix sc = s0 because of (3.12).

3.3.1 Tip continuations

We first define tip continuations. Let α ∈ Y tip
µ then a solution of the governing ODE

(2.64) with viscosity function µ,

xtip(s;α;µ) := (ρtip, htip,Ψtip, ztip, rtip)(s;α;µ),

is a tip continuation if it satisfies condition T1, condition T2 and for (h0, z0) = α

lim
s→0

htip(s;h0, z0;µ) = h0, lim
s→0

ztip(s;h0, z0;µ) = z0.

For given α ∈ Y tip
µ and to be determined stip > 0 we approximate xtip(s;α;µ) for all

s ∈ (0, stip] by x̃tip(s;α;µ). For s > stip we will use Matlab’s ode45-solver to compute
the governing ODE solution which satisfies x(stip;µ) = x̃tip(stip;α;µ). Observe that
stip cannot be taken too small since the solver fails close to the singularities ρ = 1 and
r = 0 and stip cannot be taken too large since x̃tip(s;α;µ) is a poor approximation of
xtip(s;α;µ) for large s. Hence, we need to make a trade off in computing stip.
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We first define

smin = ŝmin(δ1, δ2) = min{s ∈ R+ : 1− ρ̃tip(s;α) ≤ δ1, r̃tip(s;α) ≥ δ2}.

Then for δ1, δ2 > 0 not too small we expect that the numerical solver approximates
with sufficient accuracy the solution of the governing ODE (2.64) with initial condi-
tion x(smin;µ) = x̃tip(smin;α;µ) where smin = ŝmin(δ1, δ2). Consequently, we require
that stip ≥ smin. For all the computations we take δ1 = 10−8 and δ2 = 10−4. Note
that we have taken δ1 = δ2

2 since ρ̃tip(s;α;µ)− 1 = O(s2) and r̃tip(s;α;µ) = O(s).

We expect that x̃tip(·;α;µ) approximates xtip(·;α;µ) better than the ODE solver for
small s. We define an error estimate to determine when to continue the asymptotic
expansion with the solver. We will use the numerical solver to compute an error es-
timate. We denote by xsolv(·; stip, x̃tip(stip;α;µ)) the solver computed solution x(·;µ)
of the governing ODE which satisfies x(stip;µ) = x̃tip(stip;α;µ). For convenience we
assume that xsolv(s; stip, x̃tip(stip;α;µ)) is continuous in s and that the solver function
is defined for all s ≥ smin. We then define the tip expansion error by

Errtip(s) := ‖x̃tip(s;α;µ)− xsolv(s; smin, x̃tip(smin;α;µ))‖2, (3.15)

where s ≥ smin.

When Errtip(s) exceeds a prescribed error bound the solution is continued using the
solver. We define:

ŝtip(ε) := min{s ∈ [smin,∞) : Errtip(s) ≥ ε}. (3.16)

For all the computations we take ε = 10−7. So let stip = ŝtip(10−7) .

For all our computations stip is at least of order 10−1. This suggests that x̃tip(s;α) ac-
curately approximates xtip(s;α;µ) for all s ∈ (0, stip]. Hence, the expansion x̃tip(s;α)
is of sufficiently high order.
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This completes the method for computing tip continuations. In Figure 3.2 we display
an example of connecting the tip asymptotic expansion to the solver. We observe
that the connection is smooth.

-2 -1 0 1 2
0

0.5

1

1.5

2

0 1 2 3 4
0.4

0.6

0.8

1

1.2

1.4

0 1 2 3 4
1

1.5

2

2.5

3

Figure 3.2: Tip continuations for h0 = 0.451, z0 = −1.6. For all s ≤ stip =
ŝtip(10−7) ≈ 0.54 we approximate the tip solution by the tip asymptotic expansions,
displayed in red. For all s > stip we use the solver to continue the solution, displayed
in blue. Observe that the connection is smooth.

3.3.2 Shooting method

Denote by Sµ(α) the maximal existence interval corresponding to the tip solution
xtip(·;α;µ). Then, the numerics suggests that

htip(s;α) > 0, Ψtip(s;α) > 0, ∀s ∈ Sµ(α).

In addition, in the (z, r)-plane the numerically computed tip solutions resemble one
of the two graphs displayed in Figure 3.3. Figure 3.3a is not a steady tip growth
solution since ρ changes sign. Figure 3.3b is not a steady tip growth solution since
ρ′ changes sign. This suggests that steady tip growth solutions cannot be computed
by continuing the tip expansions with an ODE solver. Hence, we need to introduce
additional numerical techniques to compute steady tip growth solutions. We first
need a better understanding of the dynamics corresponding to Figure 3.3.
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(a) h0 = 0.6, z0 = −1
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(b) h0 = 1, z0 = −1

Figure 3.3: Numerically computed tip continuations. All the computed tip continu-
ations qualitatively resemble (a) or (b). This suggests that if steady tip growth
solutions exist then we cannot straightforwardly compute them.

Based on Figure 3.3 we define two disjoint sets:

Aµ := {α ∈ Y tip
µ : ∃s0 ∈ Sµ(α) ,

ρ′tip(s;α;µ) < 0, ρtip(s;α;µ) > 0 ∀s ∈ (0, s0),

ρtip(s0;α;µ) = 0},

Bµ := {α ∈ Y tip
µ : ∃s0 ∈ Sµ(α) ,

ρ′tip(s;α;µ) < 0, ρtip(s;α;µ) > 0 ∀s ∈ (0, s0),

ρ′tip(s0;α;µ) = 0}.

(3.17)

The set Aµ and Bµ are disjoint since ρ = 0 and r > 0 implies that ρ′ < 0. The (h0, z0)
corresponding to Figure 3.3a is in Aµ and the (h0, z0) corresponding to Figure 3.3b
is in Bµ.

Tip continuations corresponding to (h0, z0) ∈ Aµ ∪ Bµ are not steady tip growth
solutions. Hence, we are interested in

Xµ := Y tip
µ \(Aµ ∪Bµ). (3.18)

Figure 3.3 suggests that

Claim I: Aµ 6= ∅, Bµ 6= ∅
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In this section we must assume the following:

Assumption I: Aµ, Bµ are open.

In Chapter 6 we will show that Aµ is open and we will define a numerically comput-
able connected set U such that Bµ∪U is open. Assumption I and Claim I imply that
Xµ is non-empty. The numerical results in Section 3.4 suggest that

Claim II: Xµ = ∂Aµ ∩ ∂Bµ ∩ Y tip
µ .

Furthermore, our numerical work also suggests the following:

Claim III: ∃H ∈ Ck(R−,R+) with k > 1 such that

Xµ = {(H(z0), z0) : z0 ∈ R−}

We assume that Claim II and III are true. Consequently, we can use the bisection
method to approximate Xµ. Observe that this procedure qualifies as shooting since
for a fixed z0 < 0 we vary the parameter h0 to approximate an element in Xµ. Claim
III also suggests that Xµ is a one dimensional set with zero Lebesgue measure.

3.3.3 Connecting to the base expansion

Let z0 < 0. Then by Claim III we have that there exists a h∗ > 0 such that
(h∗, z0) ∈ Xµ. We define α∗ = (h∗, z0). Denote by h̃∗ the machine precision ap-
proximation of h∗. We define α̃∗ = (h̃∗, z0). The numerics suggests that the tip con-
tinuation corresponding to α̃∗ satisfies α̃∗ ∈ Aµ ∪ Bµ. This makes sense since Claim
III implies that Xµ is a one dimensional set with zero Lebesgue measure. Hence, a
generic perturbation of an element in Xµ is in Aµ ∪ Bµ. In this subsection we will
see how we can use xtip(s; α̃∗;µ) and the base expansion to approximate xtip(s;α∗;µ).

We assume that α̃∗ ∈ Aµ ∪ Bµ. We first determine an sbase > 0 such that for all
s ∈ (0, sbase) we can expect that the numerically computed xtip(s; α̃∗;µ) is a good
approximation of xtip(s;α∗;µ). For all s ≥ sbase we will approximate xtip(s;α∗;µ) by
x̃base(s− sbase + sc;β;µ) where we take sc ∈ R+, β ∈ Y base

µ

x̃base(sc;β;µ)− xtip(sbase; α̃∗;µ) = 0, (3.19)
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and such that xtip(s; α̃∗;µ) connects smoothly to x̃base(s− sbase + sc;h∞,Ψc, zc, r∞)
at s = sbase. Observe that if sbase is too small then it is unlikely that we can compute
sc, β satisfying (3.19) since xtip(s; α̃∗;µ) will not approximate the base asymptot-
ics for s close to sbase. If sbase is too large then xtip(s; α̃∗;µ) will not approximate
xtip(s;α∗;µ) accurately for all s ∈ (0, sbase) since α̃∗ ∈ Aµ ∪ Bµ. Consequently, as
with stip in Section 3.3.1 we need to make a trade-off to determine sbase. It will turn
out that (3.19) cannot be directly solved using the Newton method since the corres-
ponding Jacobian is close to singular when evaluated at sc, β satisfying (3.19). The
singularity is the result of (3.12) and poor scaling. After re-formulating (3.19) it can
be solved using a Newton method.

This section consists of two parts: first we introduce a method to compute sbase and
then we introduce a method to compute sc, h∞,Ψc, zc, r∞ satisfying (3.19).

Computing sbase

Let us define

s = min{s ∈ R+ : ρtip(s; α̃∗;µ)ρ′tip(s; α̃∗;µ) = 0}.

Observe that s exists since we assumed that α̃∗ ∈ Aµ ∪ Bµ. A steady tip growth
solution x satisfies ρ′ < 0 and ρ > 0. Consequently, we require that sbase < s. A
steady tip growth solution also satisfies lims→∞ ρ(s) = 0. From the base expansions
we expect that steady tip growth solutions also satisfy lims→∞ ρ′(s) = 0. Hence,
given a constant ε > 0 we will take sbase as the smallest s > 0 such that xtip(s; α̃∗;µ)
is in an ε-neighbourhood of the r or ρ nullcline. Observe that since we are dealing
with tip solutions ρtip(sbase; α̃∗;µ) < 0 and ρ′tip(sbase; α̃∗;µ) < 0. It follows from the
governing ODE (2.64) that the union of an ε neighbourhood of the r nullcline and an
ε neighbourhood of the ρ nullcline is given by the set

Lε := {(ρ, h,Ψ, z, r) ∈M0 : |ρ| < ε}

∪

{
(ρ, h,Ψ, z, r) ∈M0 :

∣∣∣∣∣Γ(z, r)µ(Ψ)ρ
√

1− ρ2

r3 − 1

∣∣∣∣∣ < ε

}
.

Then we define

ŝbase := inf{s ∈ (0, s) : xtip(s; α̃∗;µ) ∈ L5·10−2}. (3.20)
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Computing the base parameters

For all s ≥ sbase we continue the tip continuation xtip(s; α̃∗;µ) by x̃base(s − sbase +
sc;β;µ) where we take sc ∈ R+, β ∈ Y base

µ satisfying

xtip(sbase; α̃∗;µ) = x̃base(sc;β;µ), (3.21)

and such that xtip(s; α̃∗;µ) connects smoothly to x̃base(s−sbase+sc;β;µ) at s = sbase.
Let f be defined by

f(sc, β) = x̃base(sc;β;µ)− xtip(sbase; α̃;µ). (3.22)

Denote by y0 a root of f such that the before mentioned smoothness condition is
satisfied. Then from (3.12) we expect that the Jacobian of f evaluated at y0 is close
to singular. Let fsc with sc > 0 be defined by

fsc(β) = (h̃base, Ψ̃base, z̃base, r̃base)(sc;β;µ)− (htip,Ψtip, ztip, rtip)(sbase; α̃;µ). (3.23)

The Jacobian of fsc is not close to singular when sc is large:

lim
sc→∞

det(Dfsc(β)) = 1.

Hence, we can compute the roots of (3.23) using the Newton method. A generic
non-linear polynomial has multiple roots. Hence, we expect that fsc has multiple
roots. But we expect that there exists only one root such that xtip(s; α̃∗;µ) connects
smoothly to x̃base(s− sbase + sc;β;µ) at s = sbase. Since we use the Newton method
to approximate the roots of (3.23) it is important to choose a suitable initial vector.
Consequently, it is helpful to have a rough estimate of the base parameters. Recall
from (3.10) that for β ∈ Y base

µ we have that β = (h∞, r∞,Ψc, zc). Denote the initial
vector for the Newton iterator of fsc by

yfsc = (yh∞ , yΨc , yzc , yr∞). (3.24)

For all the computed α̃∗ we obtain that ρtip(sbase; α̃∗;µ) is small. Hence, we take
yr∞ = rtip(sbase; α̃∗;µ). For certain computed α̃∗ we observe that h′tip(sbase; α̃∗;µ) is
small, see Figure 3.4. For these values we take yh∞ = htip(sbase; α̃∗;µ). For the re-
maining initial vector components we have no good candidates. The numerics suggest
that for the desired root Ψc, zc < 0. Hence, we consider yΨc , yzc on a uniform grid
in [−20, 0]. If an initial candidate for yh∞ cannot be specified we consider a uniform
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grid on [0, 20].

We consider sc on a uniform grid in [1, 50]. After having computed a root of (3.23)
we check if the tip continuation connects smoothly to the resulting base expansion.
If not, then we repeat the process with a different sc.

Observe from Figure 3.4 that the numerics suggest that there exist steady tip growth
solutions with h∞ � 1. For the Newton method we observe that when yh∞ � 1 the
Newton iterator diverges. We will explain heuristically why this occurs and how to
resolve it.

0 10 20 30
0

1

2

3

Figure 3.4: The graph of htip(s; h̃∗,−0.6;µ). We observe that h converges rapidly to
a small constant.

Denote the Jacobian of (3.23) by Jfsc . It turns out that Jfsc is poorly scaled. We
denote by Jifsc the ith row-vector of Jfsc . Take (ĥ∞,Ψc, zc, r∞) ∈ Y base

µ with Ψc 6= 0
and ĥ∞ � 1 then

det(Jfsc (ĥ∞,Ψc, zc, r∞)) ∈ O(ĥ−40
∞ ). (3.25)

Hence, the Jacobian is poorly scaled for h∞ small.

Since Jfsc is poorly scaled we precondition the root finding problem. Define gσc :
Y base
µ → R5 given by

gσc(h∞,Ψc, zc, r∞) = diag(h2
∞, h∞, 1, h∞)fσc/h∞(h∞,Ψc, zc, r∞).

Observe that (h∞,Ψc, zc, r∞) ∈ Y base
µ is a root of gσc if and only if (h∞,Ψc, zc, r∞)

is a root of fσc/h∞ . Denote the Jacobian of gσc by Jgσc . We will heuristically explain
that Jgσc is better scaled than Jfsc .
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Denote by Jgσc the Jacobian of gσc . As in (3.25) take ĥ∞ � 1 positive. The numerical
results in the next section, Section 3.3, suggest that Ψc < 0 for all the computed steady
tip growth solutions. Then for all most all (ĥ∞,Ψc, zc, r∞) ∈ Y base

µ with Ψc < 0 there
exists a c0 6= 0 such that

det(J1gσc (ĥ∞,Ψc, zc, r∞)) ∼ c0ĥ−1
∞ .

This is a major improvement compared to (3.25).

Our computations show that the basin of attraction of the desired root is much larger
for the Newton iterator of gσc when compared to the Newton iterator of fsc .

Base expansion error estimate

To check the accuracy of the base expansion we will introduce a base expansion error
estimate. This error estimate will be defined for all s ∈ [sbase, sb] where sb is chosen
such that the leading order terms of xbase(s− sbase + sc;h∞,Ψc, zc, r∞;µ) dominate.
We first define

ŝb(δ) := max{s ∈ [sc,∞) :
∥∥∥( r̃base(s;h∞,Ψc, zc, r∞;µ)− r∞

r∞
,

h̃base(s;h∞,Ψc, zc, r∞;µ)− h∞
h∞

,

Ψ̃base(s;h∞,Ψc, zc, r∞;µ)− r∞h∞s−Ψc

r∞h∞s+ Ψc
,

z̃base(s;h∞,Ψc, zc, r∞;µ)− s− zc
s+ zc

)∥∥∥
2
≥ δ}.

For all the computations we take δ = 10−2. Consequently, we take sb = ŝb(10−2).

Similarly as with the tip expansion error estimate we will define the base expansion
error estimate by taking the difference between the base expansion and the solver
computed solution. Recall that we assumed α̃∗ ∈ Aµ ∪ Bµ. Hence, in forward s

the tip solution, xtip(s; h̃∗, z0), is repelled from the base expansion, xbase(s− sbase +
sc;h∞,Ψc, zc, r∞;µ). If we use the solver to compute the solution of the governing
ODE (2.64) satisfying x(sb) = x̃base(sb − sbase + sc;h∞,Ψc, zc, r∞;µ) the computed
solution remains close to x̃base(s − sbase + sc;h∞,Ψc, zc, r∞;µ) for all s ∈ [sbase, sb].
Hence, we can only use the solver in backward s. Let s ∈ [sbase, sb], then we define
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the base expansion error by

Errbase(s) := ‖x̃base(s− sbase + sc;h∞,Ψc, zc, r∞;µ)−

xsolver(s; sb, x̃base(sb − sbase + sc;h∞,Ψc, zc, r∞;µ))‖2.

We will only consider the maximal base expansion error over the interval [sbase, sb].
Consequently, we define

maxErrbase := max
s∈[sbase,sb]

Errbase(s).

3.4 Numerical results

We define

µi(Ψ) := 1 + Ψi, µ̂i(Ψ) := Ψi, i = 2, 3, 4, 5. (3.26)

Observe that µi and µ̂i are viscosity functions. We will give numerical evidence that
µ3, µ4, µ5 admit steady tip growth solutions and that µ2, µ̂2, µ̂3, µ̂4, µ̂5 admit no steady
tip growth solutions.

3.4.1 Viscosity functions admitting steady tip growth solu-
tions

If Assumption I from Section 3.3.2 for the viscosity functions µ3, µ4, µ5 then our nu-
merical results suggest that the viscosity functions µ3, µ4, µ5 admit steady steady tip
growth solutions.

The set Xµ

We define the parameter set

Y tip
µ3

:= {(h0, z0) ∈ R+ × R−}.

The asymptotic analysis suggests that the tip expansion corresponding to µ3 is uniquely
determined for all (h0, z0) ∈ Y tip

µ3
. Recalling (3.18) we define

Xµ3 := Y tip
µ3
\(Aµ3 ∪Bµ3).
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In Figure 3.6a we show the computed Aµ3 and Bµ3 . Figure 3.6a suggests that Aµ3

and Bµ3 are connected sets. Given Assumption I Figure 3.5a suggests that Xµ3 6= ∅.
In Figure 3.5b we have computed Xµ3 .
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Figure 3.5: Classification of Y tip
µ3

. In (a) we displayed Aµ3 in blue and Bµ3 in red. In
(b) we displayed Xµ3 := Y tip

µ3
\(Aµ3 ∪Bµ3) in orange.

Recall from Section 3.2.1 that the tip expansion corresponding to µ4 is defined for all

(h0, z0) ∈ Y tip
µ4

:= {(h0, z0) ∈ R+ × R− : h4
0z

8
0 6= 5}.

Recall from (3.18) that

Xµ4 := Y tip
µ4
\(Aµ4 ∪Bµ4).

In Figure 3.6a we present the computed Aµ4 and Bµ4 . Figure 3.6a suggests that Bµ4

is a connected set and that Aµ4 is a disconnected set consisting of two connected
components. Given Assumption I then Figure 3.6a also suggests that Xµ4 6= ∅. In
Figure 3.6b we have computed Xµ4 .

We define the parameter set

Y tip
µ5

:= {(h0, z0) ∈ R+ × R− : h5
0z

10
0 6= 2}.

The tip expansion corresponding to µ3 is uniquely determined for all (h0, z0) ∈ Y tip
µ5

.
Recalling (3.18) we define

Xµ5 := Y tip
µ5
\(Aµ5 ∪Bµ5).
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Figure 3.6: Classification of Y tip
µ4

. In (a) we displayed Aµ4 in blue and Bµ4 in red. In
(b) we displayed Xµ4 := Y tip

µ4
\(Aµ4 ∪ Bµ4) in orange and the curve corresponding to

h4
0z

8
0 = 5 in green.

The numerically approximated Aµ5 and Bµ5 are displayed in Figure 3.7a. Figure 3.7a
suggests that Bµ5 is a connected set and that Aµ5 is a disconnected set consisting
out of two connected components. Given Assumption I Figure 3.7a suggests that
Xµ5 6= ∅. In Figure 3.7b we have computed Xµ5 .
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Figure 3.7: Classification of Y tip
µ5

. In (a) we displayed Aµ5 in blue and Bµ5 in red. In
(b) we displayed Xµ5 := Y tip

µ5
\(Aµ5 ∪ Bµ5) in orange and the curve corresponding to

h5
0z

10
0 = 2 in green.

We observe that Figure 3.5-3.7 give numerical evidence for Claim I, II, III from Section
3.3.2. Recall that these claims were required for the shooting method to work.
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Steady tip growth solutions

We will see that the numerics suggests that the tip continuations corresponding to
Xµ3 , Xµ4 , Xµ5 are steady tip growth solutions. The range of steady tip growth solu-
tions corresponding to µ3, µ4, µ5 varies greatly. Hence, we scale each steady tip
growth solution by its tip and base parameters. It turns out that by using the
scaled variables r/r∞, z/r∞, h/h0,Ψ/(h0r∞), s/r∞ we get nice graphs. Observe that
if (ρ, h,Ψ, z, r) is a solution of the governing ODE (2.64) with viscosity function
µ then (ρ, h/h0,Ψ/(h0r∞), z/r∞, r/r∞)(s/r∞) is a solution of the governing ODE
(2.64) with viscosity function µ̃ : Ψ 7→ µ(Ψh0r∞)/r3

∞, cumulative flux Γ/r∞ and flux
γ/r∞. Hence, the scaled solution vector (r/r∞, z/r∞, h/h0,Ψ/(h0r∞), s/r∞) can be
interpreted as the solution of the governing ODE (2.64) with a parameter dependent
viscosity function, cumulative flux and flux.

In Figure 3.8, 3.9, 3.10 we present the numerical approximations of the tip continu-
ations corresponding to parameters in Xµ3 , Xµ4 , Xµ5 , respectively.

(a) (b)

(c) (d)

Figure 3.8: Steady tip growth solutions corresponding to µ3: z0 = −0.6 in magenta,
z0 = −0.8 in red, z0 = −1 in blue, z0 = −1.2 in black, z0 = −1.4 in green and
z0 = −1.6 in cyan.
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(a) (b)

(c) (d)

Figure 3.9: Steady tip growth solutions corresponding to µ4: z0 = −0.6 in magenta,
z0 = −0.8 in red, z0 = −1 in blue, z0 = −1.2 in black, z0 = −1.4 in green and
z0 = −1.6 in cyan.

Figure 3.8-3.10acd suggest that these tip continuations are steady tip growth solu-
tions. Figure 3.8-3.10acd suggest that the graphs of the corresponding scaled variables
are ordered.

The numerically computed steady tip growth solutions are smooth with the excep-
tion of the steady tip growth solution corresponding to z0 = −1.4 as Figure 3.10d
shows. This non-smooth point occurs at the point where the approximated tip con-
tinuation connects to the base expansion, i.e. at s = sbase given by (3.20). This
non-smoothness at s = sbase worsens when z0 is further decreased. Hence, we did not
approximate steady tip growth solutions for z0 < −1.4. For z0 = −1.4 we observe
that h′(sbase) is not small. For the base expansion corresponding to µ5 we have that
lims→∞ h̃′base(s;β;µ5) = 0. Hence, we expect that at s = sbase the computed tip con-
tinuation is not in the domain where the base expansion gives a good approximation
of the steady tip growth solution. From Figure 3.7a we observe that (h0, z0) ∈ Xµ5

with z0 ≤ −1.4 is close to the curve where the tip asymptotic expansion is not defined,
h5

0z
10
0 = 2. This might lead to an approximation of (h0, z0) ∈ Xµ5 with insufficient

61



Numerical method for the BATS model

-0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

(a)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
0

0.2

0.4

0.6

0.8

1

(b)

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5

2

2.5

3

3.5

4

(c)

0 0.5 1 1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

(d)

Figure 3.10: Steady tip growth solutions corresponding to µ5: z0 = −0.6 in magenta,
z0 = −0.8 in red, z0 = −1 in blue, z0 = −1.2 in black and z0 = −1.4 in green.
For z0 = −1.4 the dashed black line in 3.10d indicates where the base asymptotic
expansion connects to the ODE solver, i.e. sbase/r∞. Observe that this connection is
not very smooth.

decimal precision which results in a sbase which is too small.

In Figure 3.8b-3.10b we performed a transformation on the r-axis and z-axis to in-
dicate that the tip shape of the scaled variables becomes more pointed when z0 is
increased. All these graphs are ordered.

The base expansion is only a good approximation of a solution if that solution is close
to the leading order asymptotics of the base expansion. The maxErrbase decreases
from order 10−1 to order 10−3 as z0 is increased from −1.6 to −0.6. This suggests that
as z0 is increased from −1.6 to −0.6 the corresponding tip continuation evaluated in a
neighbourhood of sbase gives a better approximation of the leading order asymptotics
of the base expansion.

Figure 3.8-3.10d suggests that Ψ′ > 0. Figure 3.8d-3.10d suggests that h can be
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monotonously increasing, decreasing or have a local minimum.

3.4.2 Viscosity functions admitting no steady tip growth solu-
tions

For the viscosity functions µ2, µ̂2, µ̂3, µ̂4, µ̂5 the tip expansions are defined for all
(h0, z0) ∈ R+ × R−.

The numerics suggest µ2, µ̂2, µ̂3, µ̂4, µ̂5 admit no steady tip growth solutions. More
specifically, the numerics suggests that

Aµ2 = Aµ̂2 = Aµ̂4 = Aµ̂5 = Bµ̂3 = R+ × R−.

Furthermore, we observe that all computed tip continuations of µ2, µ̂2, µ̂4, µ̂5 satisfy
Ψ′ < 0 and that all computed tip continuations of µ̂3 satisfy Ψ′ > 0. These observa-
tions are also supported by the sign of the leading order term corresponding to the
tip asymptotic expansion of Ψ′.

3.5 Conclusion

Our numerical results suggest that there exist viscosity functions for which steady tip
growth solutions exist. Hence, we have evidence which supports the ballistic ageing
thin viscous sheet model.

The numerical method uses the tip and base expansion to approximate solutions sat-
isfying the tip limits T1 and the base limits T4, respectively. Hence, the method
assumes the existence of a two parameter family of solutions satisfying T1 and the
existence of a three parameter family of solutions satisfying T4. We prove the exist-
ence of these family of solutions in Chapter 5.

The numerical method relies on the assumption that Aµ and Bµ are open. We have
not given any evidence for this assumption. In Chapter 6 we will show that Aµ is
open. We cannot prove that Bµ is open. However, we will define a numerically
computable connected set U such that Bµ ∩U is open and non-empty. We then show
that the numerics also suggests that Bµ ∩ U is non-empty. This gives evidence that
Xµ := Y tip

µ \(Aµ ∪ Bµ ∪ U) is non-empty. In addition, in Chapter 7 we will show
using rigorous numerics that if Xµ3 is non-empty then it can be approximated using
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a topological shooting method.
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Chapter 4

The toy model

In this chapter we will create a a two dimensional “toy" ODE which captures the
numerically observed dynamics of the governing ODE. For this toy ODE we prove
the existence of a two dimensional analogue of steady tip growth solutions. The proof
will rely on a topological shooting method. In the next chapters we will apply this
method to the governing ODE (2.64).

4.1 Introduction

We will create a toy ODE of the five dimensional ODE such that the correspond-
ing flow exhibits the numerically observed dynamics of tip continuations as seen in
Chapter 3. The dynamics of tip continuations is made explicit by the conditions de-
fining set Aµ and set Bµ in (3.17). These conditions are visualized in Figure 3.1. In
this chapter we construct a toy ODE such that we can use the toy analogue of Aµ and
Bµ to prove the existence of the toy ODE’s analogue for steady tip growth solutions.
This gives us evidence that it might be possible to use Aµ and Bµ in (3.17) to prove
the existence of steady tip growth solutions in the governing ODE (2.64)

Recall from (3.17) that Aµ and Bµ are completely defined by the ρ-component of
a solution vector which satisfies the tip limit condition T1 and the analyticity in
r2 condition T2. Recall from the governing ODE (2.64) that r′ = ρ. Hence, we
expect that there exists a two dimensional toy ODE with dependent variables ρ, r for
which the analogues of Aµ and Bµ are non-empty. The r-equation of the governing
ODE (2.64) is only dependent on ρ. The ρ-equation of the governing ODE (2.64) is
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(ρ, h,Ψ, z, r)-dependent:

ρ′ = 3
2

1− ρ2

r

(
−1 + Γ(z, r)µ(Ψ)ρ

√
1− ρ2

r3

)
. (4.1)

Consequently, to arrive at a (ρ, r)-dependent toy vector field we need to reduce the
ρ-equation in (2.64) to a (ρ, r)-dependent equation. Recall that the tip limit condition
T1 for a steady tip growth solution is given by

lim
s→s0

ρ(s) = 1, lim
s→s0

h(s) = h0 > 0, lim
s→s0

Ψ(s) = h0z
2
0 ,

lim
s→s0

z(s) = z0 < 0, lim
s→s0

r(s) = 0.

If we restrict to the ρ, r variables we lose the h0, z0 dependency. Recall from Section
that the numerical results suggest h0, z0 uniquely defines a solution satisfying T1 and
T2. Consequently, we expect that if the toy vector field only depends on ρ, r that
then there exists only one solution satisfying

lim
s→s0

ρ(s) = 1, lim
s→s0

r(s) = 0. (4.2)

This suggests that if the toy vector field only depends on ρ, r then either the two
dimensional analogue for Aµ or the two dimensional analogue for Bµ is empty. Con-
sequently, to ensure that the two dimensional analogue for Aµ and Bµ are non-empty
we need to model the h0, z0 dependency of solutions satisfying T1. This is done by
introducing a parameter in the vector field. From the numerical results in Section
3.4.1 we observe that if the tip limit for the z variable, z0, or the tip limit for the
h variable, h0, is fixed then for the resulting one-dimensional family of solutions the
corresponding Aµ and Bµ are non-empty. Hence, we expect that a one-dimensional
parameter is sufficient for the toy model. We will show that under the assumption
that (ρ∗, h∗,Ψ∗, z∗, r∗) is a steady tip growth solution that then the behaviour of
Γ(z∗, r∗)µ(Ψ∗) is qualitatively similar to r2

∗(1+αr2
∗ρ
−1
∗ g(r2

∗)) where α ∈ R+ is a para-
meter and g ∈ Cω(R+,R+). Consequently, we will replace Γ(z∗, r∗)µ(Ψ∗) in (4.1) by
r2
∗(1 + αr2

∗ρ
−1
∗ g(r2

∗)). The resulting toy ODE is given by

ρ′ = 3
2

1− ρ2

r

(
−1 + (ρ+ αr2g(r2))

√
1− ρ2

r

)
,

r′ = ρ,

(4.3)

and the phase space is given by {(ρ, r) ∈ (−1, 1) × R+}. Toy tip solutions are then

66



The toy model

defined as solutions of (4.3) which satisfy the two dimensional analogue of T1 and T2.
In relation to Section 3.3.1 these toy tip solutions are the two dimensional analogue of
tip continuations. The expansions in Section 3.2.1 suggest that T1 and T2 uniquely
define a solution of the governing ODE (2.64) up to a translation in the independent
variable. For the toy ODE (4.3) we will show that for any α there exists a unique toy
tip solution up to a translation in the independent variable.

For given g we define two subsets of the α-parameter space: Atoy, Btoy ⊂ R+. In-
formally, α ∈ Atoy and α ∈ Btoy if the toy tip solution corresponding to α is qual-
itatively similar to the dynamics of solutions corresponding to Aµ and Bµ, respect-
ively. For suitable g we will show that Atoy, Btoy are open and non-empty sets.
As with the numerical method we then consider toy tip solutions corresponding to
α ∈ Xtoy := R+\(Atoy ∪ Btoy). We will show that toy tip solutions corresponding
to α are a two dimensional analogue of steady tip growth solutions. Hence, we refer
to these solutions as toy steady tip growth solutions. Figure 4.1 gives a qualitative
depiction of solutions corresponding to parameters Atoy, Btoy, Xtoy.

Figure 4.1: Solutions corresponding to α1 ∈ Atoy, α2 ∈ Btoy and α∗ ∈ Xtoy: Rα is
an α-dependent equilibrium on the r-axis. Observe that the vector field (4.3) is not
defined on (ρ, r) = (1, 0). We will introduce a transformation which extends the phase
space in such a way that solutions α∗ are heteroclinic orbits.

It turns out that for suitable coordinates the solutions corresponding to Xtoy are
heteroclinic orbits. This does not directly follow from the vector field corresponding
to the ODE (4.1) since it undefined for (ρ, r) = (1, 0). We will also show that Xtoy

has empty interior. Hence, the toy steady tip growth solutions are meagre. Recall
that in Section 3.4.1 the numerical results suggest that steady tip growth solutions
are meagre in the family of all solutions satisfying T1 and T2.
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Finally, we note that the proof for the existence of toy steady tip growth solutions does
not explicitly rely on the planarity of the phase space. More specifically, the proof
does not make use of the Poincaré-Bendixson theorem or related theorems. Hence, an
application to the full ODE (2.64) is not barred by its five dimensional phase space.
We give a brief overview of this chapter. In Section 4.2 we derive the toy ODE and
define the two dimensional analogue of steady tip growth solutions which are called
toy steady tip growth solutions. In Section 4.3 we present the main theorem for the
toy ODE with proof. This theorem gives conditions on g for the existence of a α∗ > 0
such that the toy ODE (4.3) for α = α∗ has a toy steady tip growth solution. In
addition, it shows that the set of all α∗ has empty interior. In Section 4.4 we discuss
how we can extend the techniques used for the toy ODE (4.3) to the governing ODE
(2.64).

4.2 Toy ODE and toy steady tip growth solutions

In this section we derive the toy ODE which is a parameter dependent two dimensional
first order ODE. In addition, we will define a two dimensional analogue for steady tip
growth solutions called toy steady tip growth solutions.

4.2.1 Derivation Toy ODE

To arrive at the toy ODE we will substitute Γ(z, r) and µ(Ψ) in the ρ-equation (4.3) by
terms which are ρ, r and parameter dependent. In this subsection we will heuristically
derive these substitutions. After these substitutions we perform a scaling and obtain
the toy ODE.

Substituting Γ(z, r) by α1r
2 with α1 ∈ R+

Let x∗ = (ρ∗, h∗,Ψ∗, z∗, r∗) be a steady tip growth solution as given by Definition 2.1.
We will first study the properties of Γ(z∗, r∗).

From condition T1, T3,T4 we obtain the following:

lim
s→s0

Γ(z∗(s), r∗(s))
(r∗(s))2 = 1

2z2
0
, lim

s→∞

Γ(z∗(s), r∗(s))
(r∗(s))2 = 2

r2
∞
, (4.4)

Γ(z∗(s), r∗(s))
(r∗(s))2 > 0, ∀s ∈ R+. (4.5)
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Observe that z0 appears in (4.4). Hence, a substitution for Γ(z, r) should be parameter
dependent. The simplest substitution for Γ(r∗, z∗) such that the limits (4.4) exist and
the inequality (4.5) is satisfied is α1r

2
∗ with parameter α1 ∈ R+.

Substituting µ(Ψ) by β1r
2g(r2)ρ−1 + β2 with g ∈ Cω(R≥0,R+), β1, β2 ∈ R+

Again let x∗ = (ρ∗, h∗,Ψ∗, z∗, r∗) be a steady tip growth solution. We will study the
properties of µ(z∗, r∗).

Observe that condition T1 and T3 imply that

lim
s→s0

µ(Ψ∗(s))ρ∗(s) = c1 > 0,

µ(Ψ∗(s))ρ∗(s) > 0, ∀s ∈ R+.
(4.6)

The base limit condition T4 does not imply that the limit of µ(Ψ∗(s))ρ∗(s) for s→∞
exists. However, the base asymptotic expansions for the numerically computed cases
in Section 3.2.2 suggest that

lim
s→∞

ρ′∗(s) = 0. (4.7)

The limit (4.7) together with condition T4 gives

lim
s→∞

µ(Ψ∗(s))ρ∗(s) = c2 > 0. (4.8)

Observe that c1 in (4.6) depends on h0, z0. Hence, the substitution for µ(Ψ∗) should
be parameter dependent. From condition T2 and the analyticity of µ it follows that
there exists a s1 > s0 and a G1 ∈ Cω((−a, a),R) with a = r∗(s1)2 such that

µ(Ψ∗(s)) = G1(r∗(s)2) ∀s ∈ (s0, s1). (4.9)

So we require that the substitution for µ(Ψ∗) can be written as an analytic function
in r2

∗. If we substitute µ(Ψ∗) by

β1r
2
∗ρ
−1
∗ g(r2

∗) + β2, β1, β2 ∈ R+, (4.10)

in (4.6) and (4.8) then the limits exists and the inequality is satisfied. Furthermore,
if in (4.9) µ(Ψ∗) is substituted by (4.10) then there exists a s1 > s0 and a G1 ∈
Cω((−a, a),R) with a = r∗(s1)2 since ρ∗ satisfies T2.
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Scaling

Substituting Γ(z, r) by α1r
2 with α1 ∈ R+ and µ(Ψ) by β1r

2g(r2)ρ−1 + β2 with g ∈
Cω(R+,R+) we observe that the ρ, r-equation of the governing ODE (2.64) decouples.
The resulting first order (ρ, r)-ODE is given by

ρ′ = 3
2

1− ρ2

r

(
−1 + α1

√
1− ρ2(β1r

2g(r2) + ρβ2)
r

)
,

r′ = ρ.

(4.11)

Consider the scaled variables r̃ = r/(α1β2) and s̃ = s/(α1β2). Then the resulting
ODE becomes

dρ

ds̃
= 3

2
1− ρ2

r̃

(
−1 +

√
1− ρ2(α2

1β1r̃
2g(α2

1β
2
2 r̃

2) + ρ)
r̃

)
,

dr̃

ds̃
= ρ.

(4.12)

Let α := α2
1β1 and β := α2

1β
2
2 . Dropping the tildes we arrive at the ODE

dρ

ds
= 3

2
1− ρ2

r

(
−1 +

√
1− ρ2(αr2g(βr2) + ρ)

r

)
,

dr

ds
= ρ.

(4.13)

Toy ODE

The β-parameter in (4.13) can be absorbed in g. We fix β = 1 in the ODE (4.13). The
α-parameter will be of importance since we need a parameter to obtain the solutions
in Figure 4.1. The resulting equations are given by

dρ

ds
= 3

2
1− ρ2

r

(
−1 +

√
1− ρ2(αr2g(r2) + ρ)

r

)
,

dr

ds
= ρ.

(4.14)
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The phase space is given by

M0 = {(ρ, r) ∈ (−1, 1)× R+}.

We refer to (4.14) as the toy ODE.

4.2.2 Toy steady tip growth solutions

We need to define a steady tip growth analogue for the toy ODE. A natural method to
arrive at the definition for toy steady tip growth solutions is to restrict the steady tip
growth solution definition to the ρ and r variables. Below we recall the h-equation:

h′ =
(
rγ(ρ, z, r)

Γ(z, r) − r2

2Γ(z, r)µ(Ψ)
√

1− ρ2
− ρ

2r

)
h.

Let x∗ = (ρ∗, h∗,Ψ∗, z∗, r∗) ∈ C∞((s0,∞),M0) be a steady tip growth solution. Then
there exists a s1 > s0 and a H ∈ Cω((−a, a),R) with a = r∗(s1) such that

h∗(s) = H(r∗(s)2) ∀s ∈ (s0, s1).

It follows that

lim
r→0

H ′(r2) = 0. (4.15)

From T1 we get that lims→s0 r∗(s) = 0 and lims→s0 ρ∗(s) = 1. Combining this with
(4.15) we get that

lim
s→s0

dh∗(s)
ds

= 0. (4.16)

The limit (4.16) implies that lims→s0 r∗(s)h′∗(s) = 0 which using the h-equation in
(2.64) gives the limit

lim
s→s0

(r∗(s)2γ(ρ∗(s), z∗(s), r∗(s))
Γ(z∗(s), r∗(s))

− r∗(s)3

2Γ(z∗(s), r∗(s))µ(Ψ∗(s))
√

1− ρ∗(s)2
− ρ∗(s)

2

)
h∗(s) = 0.

(4.17)
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Using the limit (4.17) we evaluate the following limit:

lim
s→s0

√
1− ρ∗(s)2

r∗(s)
= lim
s→s0

r∗(s)2

3Γ(z∗(s), r∗(s))µ(Ψ∗(s))
= 2z2

0
3µ(h0z2

0) .

Hence, we will define toy steady tip growth solutions by restricting the steady tip
growth solution definition to the ρ, r variables and adding the tip limit condition:

lim
s→s0

√
1− ρ(s)2

r(s) = η0 > 0.

Definition 4.1 (Toy steady tip growth solution). A solution (ρ∗, r∗) ∈ C∞((s0,∞),M0)
of the toy ODE (4.14) is a steady tip growth solution if and only if it satisfies the fol-
lowing four properties:

S1 Tip limits: The following limits are satisfied

lim
s→s0

ρ∗(s) = 1, lim
s→s0

r∗(s) = 0, lim
s→s0

√
1− ρ∗(s)2

r(s) = η0 > 0.

S2 Analyticity in r2: There exists a s1 > s0 and a G ∈ Cω((−a, a),R+) with
a = r∗(s0)2 such that

ρ∗(s) = G(r∗(s)2) ∀s ∈ (s0, s1).

S3 Global constraints: For all s ∈ R+ the following inequalities are satisfied:

ρ′∗(s) < 0, ρ∗(s) > 0.

S4 Base limits: The following limits are satisfied

lim
s→∞

ρ∗(s) = 0, lim
s→∞

r∗(s) = r∞ > 0.
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4.3 The main toy theorem

We present the main theorem for the toy ODE:

Theorem 4.2 (Existence of toy steady tip growth solutions). Let g ∈ Cω(R,R) be
an unbounded function satisfying

g(x) > 0, ∂g(x)
∂x

≥ 0, ∂2(x2g(x2))
∂x2 > 0 ∀x ∈ R+. (4.18)

Then there exists an α > 0 such that the toy ODE (4.14) has a unique toy steady tip
growth solution up to translation in the independent variable. Furthermore, the set
of all α > 0 such that the toy ODE (4.14) has a toy steady tip growth solution is a
closed set with empty interior.

A constant positive function satisfies the conditions in (4.18). Hence, Theorem 4.2
does not concern an empty set of functions.

The proof consists of three parts. We first prove that for every α > 0 the toy ODE has
a unique solution (ρ, r) ∈ C∞((s0, s1),M0) which satisfies S1,S2 and a local version
of S3. These solutions are called toy tip solutions. The formal definition is presented
in Section 4.3.1. We then define two open, non-empty, disjoint subsets of the α-
parameter space. We denote these sets by Atoy, Btoy ⊂ R+. Finally, we will prove
that toy tip solutions corresponding to α ∈ Xtoy := R+\(Atoy ∪Btoy) are toy steady
tip growth solutions. Using the planarity of the toy ODE we then prove that Xtoy

has empty interior.

4.3.1 Toy tip solutions

We first define toy tip solutions:

Definition 4.3 (Toy tip solution). A solution (ρ, r) ∈ C∞((s0, s1),M0) of the toy
ODE (4.14) is a toy tip solution if and only if it satisfies S1,S2 and if there exists a
positive s2 > s0 such that

ρ′(s) < 0, ρ(s) > 0 ∀s ∈ (s0, s2) (4.19)

If follows directly that toy steady tip growth solutions are toy tip solutions. We will
use toy tip solutions to prove the existence of toy steady tip growth solution.
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We first need to consider for which α-parameters we want to prove the existence and
uniqueness of toy tip solution. In the construction of the toy ODE in Section 4.2.1
it was concluded that the parameter α ∈ R+. In Section 4.3.8 we need to consider
α = 0. However, if we take α ≥ 0 then the resulting parameter space, R+ ∪ {0}, is
not open. We could take (−δ,∞) with δ > 0 as the parameter space. The method
required to prove the existence and uniqueness for the parameter space (−δ,∞) is
identical for the parameter space R. Hence, for notational convenience we will take
R as the parameter space.

We will prove the existence of toy tip solutions by proving the existence of a one
dimensional unstable manifold. Let (ρ, r) satisfy S1 and S2 with s0 = 0 then we have
that there exists a c1 such that

ρ(s) = 1 + c1s
2 + · · ·

This shows that s is not a suitable independent variable to prove the existence of a
one dimensional unstable manifold. Hence, we will first introduce a new independent
variable.

4.3.2 The independent variable t

Let y := (ρ, r) be a solution of the toy ODE restricted to the phase space

M1 := (0, 1)× R+ ⊂M0,

which is defined on the interval S ⊂ R. Given a s2 ∈ S let τy : S → R satisfy

dτy
ds

= ρ

r
, τx(s2) = 0. (4.20)

Then τy is diffeomorphism on its range. Hence, we can parametrise the s-dependent
solution y(s) in t by substituting s by τ−1

y (t). To avoid confusion we denote the
t-dependent variables with a hat-accent. Consequently, the resulting ODE is given by

dρ̂

dt
= 3

2
(1− ρ̂2)

ρ̂

(
−1 + (ρ̂+ αr̂2g(r̂2))

√
1− ρ̂2

r̂

)
,

dr̂

dt
= r̂.

(4.21)
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As phase space we take M1. Observe that if (ρ, r) satisfies S1 and S2 then it follows
by (4.21) that there exists a c1 such that

ρ̂(t) = 1 + c1e2t + · · · .

Consequently, t is a suitable independent variable to prove the existence of a one
dimensional unstable manifold.

Let ŷ := (ρ̂, r̂) be a solution of (4.21) in the phase space M1 which is defined on the
interval T . This induces a solution for (4.14). More specifically, given a t0 ∈ T let
σŷ : T → R satisfy

dσŷ
dt

= r̂

ρ̂
, σŷ(t0) = 0. (4.22)

Then σŷ is a diffeomorphism on its range and (ρ̂ ◦ σ−1
ŷ , r̂ ◦ σ−1

ŷ ) is a solution of the
toy ODE (4.14).

Observe that the vector field of (4.21) is not defined for ρ̂ = 0. Hence, we need to
introduce new dependent variables.

4.3.3 The dependent variable η and w

Based on the condition S1 we introduce the new dependent variable η =
√

1− ρ̂2/r̂.
We will see that the resulting η-equation is quadratic in r̂. Hence, we will introduce
the new dependent variable w = r2. More specifically, we define

N0 := {(η, w) ∈ R+ × R+ : η2w < 1}.

Then the map Φ : M1 → N0 given by

Φ(ρ̂, r̂) =
(√

1− ρ̂2

r̂
, r̂2

)
, (4.23)
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is a diffeomorphism. We consider the ODE corresponding to the variables (η, w) :=
Φ(ρ̂, r̂). Computing the η-equation yields:

dη

dt
= − ρ̂ dρ̂/dt√

1− ρ̂2
−
√

1− ρ̂2

r̂
,

=
(

3
2
(
1− (ρ̂+ αr̂2g(r̂2))η

)
− 1
)
η,

=
(
1− 3

(
ρ̂+ αr̂2g(r̂2)

)
η
) η

2 ,

= η

2 (1− 3ρ̂η)− 3
2αη

2r̂2g(r̂2),

= η

2

(
1− 3η

√
1− η2w

)
− 3

2αη
2wg(w).

The (η, w)-ODE becomes

dη

dt
= η

2

(
1− 3η

√
1− η2w

)
− 3

2αη
2wg(w),

dw

dt
= 2w,

(4.24)

with phase space N0. Observe that the vector field corresponding to (4.24) is smooth
for all

(η, w) ∈ N1 := {(η, w) ∈ R+ × R : η2w < 1}.

Consequently, we will study the (η, w)-ODE with phase space N1.
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4.3.4 Toy t-tip solutions

We will give an equivalent definition of toy tip solutions for the ODE (4.24):

Definition 4.4 (Toy t-tip solutions). A solution (η, w) ∈ C∞((−∞, t0), N0) of the
ODE (4.24) is a toy t-tip solution if and only if it satisfies:

S′1 Limit t→ −∞:

lim
t→−∞

η(t) = 1
3 , lim

t→−∞
w(t) = 0.

S′2 Analyticity in w: There exists a t0 ∈ R and a F ∈ Cω ((−a, a),R) with
a = w(t0) such that

η(t) = F (w(t)) ∀t ∈ (−∞, t0).

Lemma 4.5. Let τy, σŷ and Φ be given by (4.20), (4.22) and (4.23), respectively.
Then, we have the following:

1. If y is a toy tip solution then Φ(y ◦ τ−1
y ) is a toy t-tip solution,

2. If ŷ is a toy t-tip solution then Φ−1(ŷ ◦ σ−1
ŷ ) is a toy tip solution.

Proof. We will first proof 1. Let y = (ρ, r) ∈ C∞((s0, s1),M0) be a tip solution. We
will first prove the following:

Claim I:

lim
s→s0

Φ(y(s)) =
(

1
3 , 0
)
.

Since x satisfies S1 we only need to prove that

lim
s→s0

√
1− ρ(s)2

r(s) = 1
3 .

From S2 it follows that there a s1 > s0 and a G ∈ Cω((−a, a),R+) with a = r∗(s0)2

such that

ρ(s) = G(r(s)2) ∀s ∈ (s0, s1).

Let η̃ :=
√

1− ρ2/r. Then, it follows from S1, S2 that

lim
s→s0

η̃′(s) = 0. (4.25)

77



The toy model

Using (4.24) we obtain that

η̃′ = η̃ρ

2r

(
1− 3η̃

√
1− η̃2r2

)
− 3

2αρη̃
2rg(r2). (4.26)

Combining (4.25) and (4.26) we get

0 = lim
s→s0

η̃(s)ρ(s)
2r(s)

(
1− 3η̃

√
1− η̃(s)2

r(s)2
)
− 3

2αρ(s)η̃(s)2
r(s)g(r(s)2)

⇒ lim
s→s0

η̃(s) = 1
3 .

Hence, we have proven Claim I.

Observe that from (4.20) it follows that

lim
s→s0

τy(s) = lim
s→s0

ln r(s)
r(s1) = −∞.

There exists a s2 such that dτy
dt (s) > 0 for all s ∈ (s0, s2). Consequently, we get that

lim
t→−∞

τ−1
y (t) = s0. (4.27)

We then define ŷ := Φ(x ◦ τ−1
y ). It follows from Claim I and (4.27) that ŷ satisfies

S′1. Since Φ is analytic ŷ satisfies S′2.

We continue with proving 2. Let ŷ = (η, w) ∈ C∞((−∞, t0), N0) be a t-tip solution.
We will first prove the following:

Claim II:

lim
t→−∞

Φ−1(ŷ(t)) = (1, 0).

Using that ŷ satisfies S′1 we obtain that

lim
t→−∞

√
1− w(t)η(t)2 = 1, lim

t→−∞
w(t) = 0

This proves Claim II.

Observe that w is a non-zero function. Then, it follows from (5.6) that

w(t) = ce2t, (4.28)

78



The toy model

with c a positive constant. We consider σΦ−1(ŷ). Then using (4.28) it follows that

lim
t→−∞

σΦ−1(ŷ)(t) = lim
t→−∞

−
∫ t0

t

√
w(τ)√

1− η(τ)2w(τ)
dτ,

= lim
t→−∞

−
∫ t0

t

√
ceτ√

1− cη(τ)2eτ
dτ.

Consequently, there exists a constant s0 such that

lim
t→−∞

σΦ−1(ŷ)(t) = s0.

There exists a t1 such that dσΦ−1(ŷ)
dt (t) > 0 for all t ∈ (−∞, t1). Consequently, we get

that

lim
s→s0

σ−1
ŷ (s) = −∞. (4.29)

We will show that y := Φ−1(ŷ ◦ σ−1
ŷ ) is a tip solution. From Claim II and (4.29) it

follows that y satisfies S1. If follows from S′2 that y satisfies S2. Let (ρ, r) := y. It
follows from the domain of Φ that ρ > 0. Using S′1 we get

lim
s→0

r(s)ρ′(s)
1− ρ(s)2 = lim

s→0

3
2

(
−1 +

√
1− ρ2(αr2g(r2) + ρ)

r

)
= −1

Hence, by the ODE (4.14) we obtain that there exists a s1 such that

ρ′(s) < 0, ∀s ∈ (s0, s1).

Consequently, y satisfies (4.19). �

4.3.5 Linearisation and invariant manifolds

The (η, w)-ODE (4.24) has a single equilibrium in N1 given by q0 := (1/3, 0). Evalu-
ating the Jacobian at q0 yields

J(q0) =
[
− 1

2
1
6
( 1

18 − αg(0)
)

0 2

]
, (4.30)
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with corresponding eigenvalues given by

λ1 = −1
2 , λ2 = 2. (4.31)

Consequently, q0 has a one dimensional stable manifold and a one dimensional un-
stable manifold. It follows from S′1 that we only need to consider the unstable man-
ifold which we will denote by Wu

α (q0). Denote the corresponding unstable subspace
by Euα. We have that

Euα = span
(

(1− 18αg(0))/270, 1)T
)
. (4.32)

Lemma 4.6. Let α ∈ R. There exists an interval (aα, bα) with 0 ∈ (aα, bα) and a
unique Gα ∈ Cω((aα, bα),R such that

Wu
α (q0) = {(Gα(w), w) ∈ N1 : w ∈ (a, b)}. (4.33)

Furthermore, α 7→ Gα is smooth, α 7→ aα is lower semi-continuous and α 7→ bα is
upper semi-continuous.

Proof. Since by (4.32) the spanning vector of Euα has non-zero w-component the
existence and uniqueness of Gα ∈ Cω((aα, bα),R satisfying (4.33) follows from the
analytic version of the unstable manifold theorem. We extend the ODE (4.14) by the
equation

α′ = 0.

Then, the maximal center unstable manifold corresponding to the equilibrium (q0, α)
is unique since the toy ODE (4.14) has a unique unstable manifold. Since the center
unstable manifold is unique it is Ck for all k ≥ 0 smooth which implies that α 7→ Gα

is smooth. The lower semi-continuity of α 7→ aα and the upper semi-continuity of
α 7→ bα follow from standard ODE theory, for example see Theorem 6.2 in [49]. �

Lemma 4.7. Wu
α (q0) ∩N0 is a non-empty connected set.

Proof. We define

Euα := span
(

(1− 18αg(0))/270, 1)T
)
.

Let v ∈ Euα be a non-zero vector. Then v /∈ Tq0∂N0 and Wu
α (q0) ∩N0 6= ∅. Observe

thatWu
α (q0)\{q0} does not intersect the curve w = 0 since dw/dt 6= 0 if w 6= 0. Then,
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since

N0 = {(η, w) ∈ N1 : w > 0},

it follows that Wu
α (q0) ∩N0 is connected. �

Then it follows by (4.23) and Lemma 4.7 that

W loc
α := Φ−1(Wu

α (q0) ∩N0), (4.34)

is a non-empty connected set. Observe that W loc
α ⊂M1. Denote the flow correspond-

ing to (4.14) by φα. We can use the flow φα to extend W loc
α to M0:

W tip
α := {y0 ∈M0 : ∃s0 ∈ R s.t. φα(y0; s0) ∈W loc

α }. (4.35)

Observe that W tip
α is the global version of W loc

α .

4.3.6 Existence and uniqueness of toy tip solutions

Then we have the following theorem:

Theorem 4.8. Let y be a solution of the toy ODE (4.14) for α ∈ R. Then the
following two statements are equivalent:

1. y is a toy tip solution ,

2. range (y) = W tip
α .

This theorem implies the existence of toy tip solutions and its uniqueness up to a
translation in the independent variable.

Proof Theorem 4.8. Let y be a solution of the toy ODE (4.14) for α ∈ R. 1 ⇒ 2:
By Lemma 4.5 it follows that ŷ := Φ(y ◦ τ−1

y ) is a t-tip solution. Since ŷ satisfies S′1
and since q0 has a one dimensiona unstable manifold it follows that range (y) = W tip

α .
2⇒ 1: Let ŷ := Φ(y ◦ τ−1

y ). By the construction of W tip
α is follows that ŷ satisfies S′1

and by Lemma 4.6 it follows that ŷ satisfies S′2. Then using Lemma 4.5 we obtain
that y is a toy tip solution. �
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We define

Υ :=
⋃
α∈R

W tip
α × {α}.

The topological shooting method will be applied to the α-family of toy tip solutions.
Consequently, we need a continuous dependency on the parameter α. Since it will be
easier to work with the manifold Υ we will show that Υ an immersed submanifold in
R3.

Lemma 4.9. Υ is a two dimensional immersed submanifold in R3.

Proof. This follows directly from Lemma 4.6 and the definition of W tip
α in (4.35). �

4.3.7 Toy steady tip growth solutions as heteroclinic orbits

Let α > 0. Recall that g satisfies (4.18). Then fα(r) = αrg(r2)− 1 has a unique root
since f(0) < 0, limr→∞ fα(r) > 0 and f ′(r) > 0. Denote the root of fα by Rα.

Lemma 4.10. The map R : R+ → R given by R(α) = Rα is a smooth function and
∂R
∂α < 0.

Proof. Since rg(r2) is an unbounded function Rα exists for all α > 0. Observe that
∂rg(r2)
∂r > 0. Hence, application of the implicit function theorem shows that R is

smooth. Since ∂αrg(r2)
∂α > 0 it follows that ∂R

∂α < 0. �

The toy ODE (4.14) has a single equilibrium in M0 given by pα = (0, Rα). The
Jacobian evaluated at pα yields

J(pα) =
[

3
2R2

α
3αRαg′

(
R2
α

)
+ 3

2R2
α

1 0

]
.

The corresponding eigenvalues are given by

λ1 =
3−

√
48αR5

αg
′ (R2

α) + 24R2
α + 9

4R2
α

, λ2 =
3 +

√
48αR5

αg
′ (R2

α) + 24R2
α + 9

4R2
α

.

Observe that λ1 > 0 and λ2 < 0. Consequently, the local unstable manifold, Wu
α (pα),

and the local stable manifold, W s
α(pα), are one dimensional.

82



The toy model

The next lemma shows that proving the existence of a toy steady tip growth solution
corresponds to proving the existence of a heteroclinic orbit.

Lemma 4.11. If the toy ODE (4.14) has a toy steady tip growth solution y∗ for α > 0
then

range(y∗) = W tip
α (pα) ∩W s

α(pα).

Proof. A toy steady tip growth solution, y∗, is a toy tip solution. Then by Theorem
4.8 it follows that range(y∗) = W tip

α (pα). Observe that pα is the only equilibrium in
M0 and that there is no center manifold corresponding to pα. Then since y∗ satisfies
condition S4 it follows that W s

α(pα). This completes the proof. �

4.3.8 The topological shooting method

For the toy ODE (4.14) there exists a unique toy tip solution, (ρα, rα), satisfying

lim
s→0+

(ρα(s), rα(s)) = (1, 0).

We will use (ρα, rα) for the shooting method. Denote the maximal existence interval
of (ρα, rα) by Iαmax. In preparation of the proof that the α parameter set corresponding
to all toy steady tip growth solutions (ρα, rα) has empty interior, see Theorem 4.2,
we need to define

Θ := {(ρα(s), rα(s), α) ∈ R3 : s ∈ Iαmax, ρα > 0}.

Observe that Θ ⊂ Υ.

Lemma 4.12. There exists a U ⊂ R2
+ and a smooth function % : U → R+ such that

{(%(r, α), r, α) ∈ R3 : (r, α) ∈ U} = Θ, (4.36)

and satisfying

lim
r→0

D%(r, α) = 0. (4.37)

83



The toy model

Proof. This follows directly from Lemma 4.6 and the definition of W tip
α in (4.35). �

To apply the topological shooting method we identify two α-parameter sets such that
(ρα, rα) are not steady tip growth solutions. These sets are defined by

Atoy := {α ∈ R+ : ∃s0 ∈ R+ ρα(s)ρ′α(s) < 0 ∀s ∈ (0, s0), ρα(s0) = 0},

Btoy := {α ∈ R+ : ∃s0 ∈ R+ ρα(s)ρ′α(s) < 0 ∀s ∈ (0, s0), ρ′α(s0) = 0}.

Our aim is to show that Atoy and Btoy are non-empty, open, disjoint sets because this
implies that

Xtoy := R+\(Atoy ∪Btoy). (4.38)

is a non-empty set. Furthermore, the following lemma shows that if X is non-empty
then for all α ∈ X the toy tip solutions (ρα, rα) are toy steady tip growth solutions:

Lemma 4.13. If (ρα, rα) satisfies

ρ′α(s) < 0, ρα(s) > 0 ∀s ∈ Iαmax, (4.39)

then we have that Iαmax = R+ and that (ρα, rα) is a toy steady tip growth solution

Proof. Let (ρα, rα) satisfy (4.39). We first prove that Iαmax = R+. We prove this by
contradiction. Hence, suppose that Iαmax = (0, s0) where s0 > 0. Then it follows that
lims→s0 ρα(s) = c0 ∈ [0, 1) and lims→s0 rα(s) = c1 > 0. Then (c0, c1) ∈ M0 which
yields a contradiction. Consequently, we have shown that Iαmax = R+.

We continue with proving that (ρα, rα) is a toy steady tip growth solution. Ob-
serve that (ρα, rα) satisfies S1,S2,S3. Hence, we only need to prove that it satisfies
S4: lims→∞(ρα, rα)(s) = (0, r∞) with r∞ > 0. If (ρα, rα) does not satisfy S4 then
lims→∞(ρα, rα)(s) = (c0,∞) with c0 ∈ [0, 1). Then, it follows by the ρ-equation that
there exists a s1 such that ρ′α(s) > 0 for all s ∈ (s1,∞). This contradicts (4.39).
Hence, (ρα, rα) is a toy steady tip growth solution. �

To prove that Xtoy defined in (4.38) is non-empty we need that Atoy and Btoy are
non-empty, open, disjoint sets.
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Lemma 4.14. Atoy ∩Btoy = ∅

Proof. We will use contradiction. Suppose that Atoy∩Btoy 6= ∅. Take α ∈ Atoy∩Btoy.
Then there exists a s0 > 0 such that ρα(s)ρ′α(s) < 0 for all s ∈ (0, s0) and ρα(s0)′ =
ρα(s0) = 0. It then follows that (ρα, rα)(s0) = pα which yields a contradiction since
pα is an equilibrium. �

Lemma 4.15. Atoy is non-empty and open.

Proof. We define

Ãtoy := {α ∈ R : ∃s0 ∈ R+ ρα(s)ρ′α(s) < 0 ∀s ∈ (0, s0), ρα(s0) = 0}.

We will prove the following two claims:

Claim I: The set Ãtoy is open,

Claim II: 0 ∈ Ãtoy.

Observe that Claim I and II imply that Atoy is a non-empty open set. We first prove
Claim I. Let α ∈ Ãtoy. Then there exists a s0 ∈ R+ such that ρα(s)ρ′α(s) < 0 for all
s ∈ (0, s0) and such that ρα(s0) = 0. It follows from Lemma 4.14 that ρ′α(s0) < 0.
Consequently, there exists a s1 > s0 such that ρα(s) < 0 and ρ′α(s) < 0 for all
s ∈ (s0, s1). Since in Lemma 4.12 we obtained that Υ is a submanifold it follows that
there exists a δ > 0 such that (α− δ, α+ δ) ⊂ Ãtoy. Hence, Ãtoy is open.
We will now prove Claim II. We will use contradiction. Suppose that 0 /∈ Ãtoy. Then
using Lemma 4.13 we obtain that one of the following two cases is true:

Case I: 0 ∈ Xtoy

Case II: 0 ∈ Btoy

If Case I is true then it follows by Lemma 4.13 that (ρ0, r0) is a steady tip growth
solution. It follows from the toy ODE (4.14) that (ρ0, r0) cannot be a steady tip
growth solution since the vector field corresponding to α = 0 is non-zero for ρ = 0.
The nullcline corresponding to the ρ-equation for α = 0 is given by

L0 :=
{

(ρ, r) ∈M0 : ρ
√

1− ρ2

r
= 1
}
.
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A qualitative picture of the level set L0 is displayed in Figure 4.2. From Figure 4.2

Figure 4.2: The direction of the vector field along the nullcline L0. The grey region
corresponds to ρ′ < 0. The white region corresponds to ρ′ < 0.

it follows that ρ′0 < 0. Consequently, Case II does not occur. This completes the
contradiction. �

Lemma 4.16. Btoy is non-empty and open.

Proof. We will first assume that Btoy is non-empty and prove that Btoy is open. Let
α ∈ Btoy. Then there exists a s0 satisfying ρα(s)ρ′α(s) < 0 for all s ∈ (0, s0) and
ρ′α(s0) = 0. In addition, we claim that ρ′′α(s0) > 0. To prove this claim observe
that ρ′α(s) < 0 for all s ∈ (0, s0) implies that ρ′′α(s0) ≥ 0. Hence, it remains to show
that ρ′′α(s0) 6= 0. We will proceed with a proof by contradiction by assuming that
ρ′′α(s0) = 0. We compute

ρ′′α(s0) = 3
2

1− ρα(s0)2

rα(s0)

(
−
ρα(s0)(ρα(s0) + αrα(s0)2g(rα(s0)2)

√
1− ρα(s0)2)

rα(s0)2

+ αρα(s0)
rα(s0)

∂r2g(r2)
∂r

∣∣∣
r=rα(s0)

)
= 3

2
(1− ρα(s0)2)ρα(s0)

rα(s0)2

(
−1 + α

√
1− ρα(s0)2 ∂r

2g(r2)
∂r

∣∣∣
r=rα(s0)

)
,

ρ′′′(s0) = 3α
2

(1− ρα(s0)2)3/2ρα(s0)2

rα(s0)2
∂2r2g(r2)

∂r2

∣∣∣
r=rα(s0)

> 0.

If ρ′α(s0) = ρ′′α(s0) = 0 and ρ′′′(s0) > 0 then there exists a s1 < s0 such that ρ′(s) > 0
for all s ∈ (s1, s0) which yields a contradiction. Thus we obtain that ρ′′α(s0) > 0.
Consequently, there exists a s2 > s0 such that ρ′α(s) > 0 , ρ(s) > 0 for all s ∈ (s0, s2).
Since by Lemma 4.12 Υ is a submanifold it follows that there exists a δ > 0 such that
(α− δ, α+ δ) ⊂ Btoy. Hence, Btoy is open.

86



The toy model

It remains to prove that Btoy is non-empty. Denote by wα(ρ, r) the ρ-component of
the vector field corresponding to the toy ODE (4.14). Since g′(r) > 0 for all r > 0
and limr→∞ g(r) =∞ we have that there exists a α1 > 0 such that

wα1(1/2, r) > 0 ∀r > 0.

This implies that ρα1(s) > 1/2 for all s ∈ Iαmax and therefore we have that we have
that α1 ∈ R+\(Atoy ∪Xtoy) = Btoy. �

Proof Main Theorem. From Lemma 4.15 and 4.16 it follows that Xtoy is a non-
empty closed set. It then follows from Lemma 4.13 that for all α ∈ Xtoy the toy tip
solution (ρα, rα) is a toy steady tip growth solution. To complete the proof we need
to show that Xtoy has empty interior. We will use contradiction. Hence, suppose that
int(Xtoy) 6= ∅. Then there exists a open interval X0 ⊂ Xtoy.

By Lemma 4.12 let % : U → (0, 1) with

U := {(rα(s), α) ∈ R+ ×X0 : s ∈ Iαmax},

such that for all α ∈ X0 we have that

{%(rα(s), α) : s ∈ Iαmax} = {ρα(s) : s ∈ Iαmax},

and for all α0 ∈ X0 we have that

lim
r→0

∂%

∂α
(r, α0) = 0. (4.40)

Observe that

∂2%

∂r∂α
= ∂

∂α

(
∂%

∂r

)
.

= ∂

∂α

(
3
2

1− %2

r%

(
−1 +

√
1− %2(αr2g(r2) + %)

r

))

Then, it follows that

∂2%

∂α∂r

∣∣∣
∂%
∂α=0

> 0. (4.41)

From (4.40) and (4.41) it follows that ∂ρ/∂α > 0. Hence, if α1 < α2 with α1, α2 ∈ X0

87



The toy model

then

%(r, α1) < %(r, α2), ∀r ∈ range(rα1) ∩ range(rα2). (4.42)

By Lemma 4.11 it follows that range(rα) = (0, Rα) for all α ∈ X0. In addition, we
have that limr→Rα %(r, α) = 0. By (4.42) we then obtain for all α1, α2 ∈ X0 satisfying
α1 < α2 that

Rα1 < Rα2 .

However, by Lemma 4.10 it follows thatRα1 > Rα2 which completes the contradiction.
�

4.4 Discussion

We want to extend the existence proof of toy steady tip growth solutions for the toy
ODE to an existence proof of steady tip growth solutions for the full ODE. Since the
full ODE is a five dimensional non-linear ODE this extension is not direct. We will
discuss the main problems relating to extending the proof for the toy ODE to the full
ODE:

- Existence of tip solutions: As with the toy ODE the ρ-equation of (2.64) is
not defined for (ρ, r) = (1, 0). Hence, as with the toy ODE suitable variables
need to be chosen such that the existence of tip solutions becomes equivalent
to the existence of an unstable manifold. This will be done in Section 5.2

- Base equilibrium: Contrary to the toy ODE the full ODE has no equilibrium
satisfying ρ = 0, r = R > 0. This can be seen directly from the ρ-equation of
(2.64) since for ρ = 0 we have that ρ′ < 0. In Section 5.3 we will find a trans-
formation which shows the existence of an invariant manifold which satisfies the
base asymptotics.

- Open sets for the topological shooting method: To prove that Atoy and
Btoy are open, non-empty disjoint sets we relied on the explicit form of the
ρ-equation for the toy ODE. For the toy ODE the ρ-equation only depends on
ρ, r. For the full ODE the ρ-equation of (2.64) depends also on Ψ, z. The z-
equation is coupled to ρ but the Ψ-equation is coupled to r, ρ,Ψ, z. Hence, this
step is more complicated for the full ODE. We will give a partial answer to this
problem in Chapter 6
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- Xtoy has empty interior: The proof that Xtoy has empty interior relies on
the planarity of the phase space. Hence, we expect that for the the full ODE we
cannot prove that the set of all steady tip growth solutions has empty interior.
Indeed, we were unable to prove this.
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Chapter 5

Tip and base solutions for the
full ODE

Tip and base solutions are solutions of the governing ODE which satisfy the steady
tip growth tip and steady tip growth base asymptotics, respectively. In this chapter
we will prove the existence of tip and base solutions.

5.1 Introduction

We will prove the existence of governing ODE solutions x which satisfy T1, T2 and
for which there exists a s0 > 0 such that

ρ(s) > 0, ρ′(s) < 0 ∀s ∈ (0, s0).

These solutions will be called tip solutions. The formal definition will be given in
Section 5.2. Observe that for all s0 > 0 the restriction of any steady tip growth
solution to (0, s0) is a tip solution. We prove the existence of tip solutions by a
change of variables such that the resulting ODE has a family of equilibria. These
equilibria are parametrized by two parameters. Using the unstable manifold theorem
we prove the uniqueness and existence of tip solutions satisfying

lim
s→0

h(s) = h0 > 0, lim
s→0

z(s) = z0 < 0.

Furthermore, we will find that the in Section 3.4.1 computed parameter values where
the numerically computed tip expansion did not exist correspond to resonances. In
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this chapter we will prove that for these parameter values tip solutions cannot occur.

In this chapter we will also prove the existence of solutions x of the governing ODE
(2.64) which satisfy T4 and for which there exists a s0 > 0 such that

ρ(s) > 0, ρ′(s) < 0 ∀s ∈ (s0,∞).

These solutions are called base solutions. A formal definition will be given in Section
5.3. Observe that for all s0 > 0 the restriction of any steady tip growth solution to
(s0,∞) is a base solution. For a viscosity function satisfying lims→∞Ψ3/µ(Ψ) = c0

we prove the existence of base solutions for the governing ODE. The existence proof
works by first performing a change of variables such that the resulting ODE has a
family of equilibria. These equilibria are parametrized by three parameters. Using
the center manifold theorem we prove the existence of base solutions satisfying

lim
s→∞

h(s) = h∞ > 0, lim
s→∞

r(s) = r∞ > 0, lim
s→∞

(
sΨ(s)
z(s) −

r∞h∞
2 s

)
= ζc.

Furthermore, for a viscosity function µ satisfying lims→∞Ψ/µ(Ψ) = c0 6= 0 we will
show that base solutions cannot exist.

We give a brief overview of this chapter. In Section 5.2 we will prove the existence
of tip solutions. This proof relies on the transformations used to prove the existence
of toy tip solutions in Chapter 4 and the construction of an iterative normal form
operator. In Section 5.3 we will prove the existence of base solutions. This proof
does not rely on any techniques used for the toy ODE in Chapter 4. This is to be
expected since for the toy ODE the existence of solutions satisfying the base asymp-
totics corresponds to an equilibrium study of the vector field, see Section 4.3.7, but
the governing ODE (2.64) has no equilibria. In Section 5.4 we discuss the connection
of our results to the numerical work of Chapter 3 and the toy model of Chapter 4.
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5.2 The existence of tip solutions

We define

P := {(h0, z0) ∈ R+ × R−}.

Definition 5.1 (Tip solution for (h0, z0)). A solution x ∈ C∞((s0, s1),M0) of the
governing ODE (2.64) is a tip solution for (h0, z0) ∈ P if and only if it satisfies T1
for the parameters (h0, z0) ∈ P , T2 and

L1 Local constraint: Let (ρtip, htip,Ψtip, ztip, rtip) := xtip then there exists a s3

such that

ρ′tip(s) < 0, ρtip(s) > 0, ∀s ∈ (0, s3).

Definition 5.2 (Tip solution). x ∈ C∞((s0, s1),M0) is a tip solution if and only if
there exists a (h0, z0) ∈ P such that x is a tip solution for (h0, z0).

Observe that a steady tip growth solution is a tip solution.

5.2.1 The independent variable t

First observe that the vectorfield corresponding to the governing ODE (2.64) is not
defined for r = 0. We will make a change of independent variable such that r = 0 is
contained in the new extended phase space.

We restrict the governing ODE (2.64) to the phase space

M1 := {(ρ, h,Ψ, z, r) ∈ (0, 1)× R× R× R× R+} ⊂M0.

Let x = (ρ, h,Ψ, z, r) be a solution of the governing ODE (2.64) which is defined on
the interval S. Given a s2 ∈ S let the map τx : S → R be defined by

dτx
ds

= ρ

r
, τx(s2) = 0. (5.1)

Then τx is a diffeomorphism on its range. Hence, we can parametrise the s-dependent
solution x(s) in t by substituting s by τ−1

y (t). To avoid confusion we denote the t-
dependent variables with a hat-accent. The resulting ODE is given by
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dρ̂

dt
= 3

2 ρ̂(1− ρ̂2)
(
−1 + Γ(ẑ, r̂)µ(Ψ)ρ̂

√
1− ρ̂2

r̂3

)
,

dĥ

dt
=
(
r̂2γ(ρ̂, ẑ, r̂)
ρ̂Γ(ẑ, r̂) − r̂3

2Γ(ẑ, r̂)µ(Ψ̂)ρ̂
√

1− ρ̂2
− 1

2

)
ĥ,

dΨ̂
dt

= r̂2ĥ

ρ̂Γ(ẑ, r̂) −
r̂2γ(ρ̂, ẑ, r̂)
ρ̂Γ(ẑ, r̂) Ψ̂,

dẑ

dt
= r̂

√
1− ρ̂2

ρ̂
,

dr̂

dt
= r̂.

(5.2)

As phase space we takeM1. Note that the vector field is not defined for ρ̂ = 0. Hence,
M0 is not a suitable phase space.

Since tip solutions are defined with respect to the independent variable s we also need
to define a transformation to return to the s-parametrization. Let x̂ be a solution of
(5.2) defined on the interval T . Given t0 ∈ T let σx̂ : T → R be given by

dσx̂
dt

= r̂

ρ̂
, σx̂(t0) = 0. (5.3)

Then σx̂ is a diffeomorphism and x̂ ◦ σ−1
x̂ is a solution of the governing ODE (2.64).

5.2.2 Removable singularities

The vector field corresponding to (5.2) is not defined for r̂ = 0. Observe that this
vector field contains terms of the form Γ(ẑ, r̂)/r̂2 which are not defined for r̂ = 0. If
ẑ < 0 then

lim
r̂→0

Γ(ẑ, r̂)
r̂2 = 1

2ẑ2 .
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Hence, the singularity resulting from Γ(ẑ, r̂)/r̂2 is a removable singularity. For ẑ < 0
we have

Γ(ẑ, r̂)
r̂2 =

1 + ẑ√
r̂2+ẑ2

r̂2 ,

=
1− 1√

r̂2/ẑ2+1

r̂2 ,

= 1
ẑ2
√
r̂2/ẑ2 + 1

(
1 +

√
r̂2/ẑ2 + 1

) ,
= 1
r̂2 + ẑ2 − ẑ

√
r̂2 + ẑ2

.

We define the function

Ξ(ẑ, r̂2) = 1
r̂2 + ẑ2 − ẑ

√
r̂2 + ẑ2

.

Observe that for ẑ < 0 we have that

Ξ(ẑ, 0) = 1
2ẑ2 .

If we consider ODE (5.2) with phase space

M2 := {(ρ̂, ĥ, Ψ̂, ẑ, r̂) ∈ (0, 1)× R× R× R− × R+} ⊂M1,

we can write the ODE as

dρ̂

dt
= 3

2
1− ρ̂2

ρ̂

(
−1 + Ξ(ẑ, r̂2)µ(Ψ̂)ρ̂

√
1− ρ̂2

r̂

)
,

dĥ

dt
=
(
γ(ρ̂, ẑ, r̂)
ρ̂Ξ(ẑ, r̂2) −

r̂

2Ξ(ẑ, r̂2)µ(Ψ̂)ρ̂
√

1− ρ̂2
− 1

2

)
ĥ,

dΨ̂
dt

= ĥ

ρ̂Ξ(ẑ, r̂2) −
γ(ρ̂, ẑ, r̂)
ρ̂Ξ(ẑ, r̂2) Ψ̂,

dẑ

dt
= r̂

√
1− ρ̂2

ρ̂
,

dr̂

dt
= r̂.

(5.4)
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5.2.3 The dependent variables η and w

Based on the transformation (4.23) for the toy ODE in Section 4.3.3 we define

N0 := {(η, ĥ, Ψ̂, ẑ, w) ∈ R+ × R× R× R− × R+ : η2w < 1},

and the map Φ : M2 → N0 given by

Φ(ρ̂, ĥ, Ψ̂, ẑ, r̂) =
(√

1− ρ̂2

r̂
, ĥ, Ψ̂, ẑ, r̂2

)
. (5.5)

Observe that Φ is a diffeomorphism. We consider the ODE corresponding to (η, ĥ, Ψ̂, ẑ, w) =
Φ(ρ̂, ĥ, Ψ̂, ẑ, r̂). We first compute the η-equation:

dη

dt
=

−ρ̂dρ̂dt
r̂
√

1− ρ̂2
−
√

1− ρ̂2

r̂
,

= −3
2η
(
−1 + Ξ(ẑ, w)µ(Ψ̂)η

√
1− η2w

)
− η,

= η

2

(
1− 3Ξ(ẑ, w)µ(Ψ̂)η

√
1− η2w

)
.

The w-equation is given by

dw

dt
= 2w.

We introduce the function

ξ(η, ẑ, w) := wη − ẑ
√

1− η2w

(w + ẑ2)3/2 .

Observe that ξ(η, ẑ, w) = γ(
√

1− η2w,
√
w, ẑ). The resulting ODE becomes

dη

dt
= η

2

(
1− 3Ξ(ẑ, w)µ(Ψ̂)η

√
1− η2w

)
,

dĥ

dt
=
(

ξ(η, ẑ, w)
Ξ(ẑ, w)

√
1− η2w

− 1
2Ξ(ẑ, w)µ(Ψ̂)η

√
1− η2w

− 1
2

)
ĥ,

dΨ̂
dt

= ĥ

Ξ(ẑ, w)
√

1− η2w
− ξ(η, ẑ, w)

Ξ(ẑ, w)
√

1− η2w
Ψ̂,

dẑ

dt
= wη√

1− η2w
,

dw

dt
= 2w.

(5.6)
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Observe that the vector field corresponding to (5.6) is defined for w = 0. More
generally, the vector field corresponding to (5.6) is smooth on

N1 := {(η, ĥ, Ψ̂, ẑ, w) ∈ R+ × R× R× R− × R : η2w < 1} ⊃ N0.

Consequently, we will study the ODE (5.6) with phase space N1.

Note that we can solve the w-equation in (5.6) and then substitute the solution in
the other equations. But this defeats the purpose of writing the equations in a form
where we can perform a standard equilibrium study.

5.2.4 t-tip solutions

We will give an equivalent definition of tip solutions for the ODE (5.6) by formulating
equivalent conditions in the new dependent variables with respect to the independent
variable t:

Definition 5.3 (t-tip solution for (h0, z0)). A solution (η, ĥ, Ψ̂, ẑ, w) ∈ C∞((−∞, t1), N0)
of the ODE (5.6) is called a t-tip solution for (h0, z0) ∈ P if and only if it satisfies:

T ′1 Limit t→ −∞:

lim
t→−∞

η(t) = 2z2
0

3µ(h0z2
0) , lim

t→−∞
ĥ(t) = h0, lim

t→−∞
Ψ̂(t) = h0z

2
0 ,

lim
t→−∞

ẑ(t) = z0, lim
t→−∞

w(t) = 0.

T ′2 Analyticity in w: There exists a t0 ∈ R and a F ∈ Cω
(
(−a, a),R4) with

a = w(t0) such that

(η, ĥ, Ψ̂, ẑ, w)(t) = F (w(t)) ∀t ∈ (−∞, t0).
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We now present the connection between a t-tip solution for (h0, z0) and a tip solution
for (h0, z0):

Lemma 5.4. Let τx, σx̂ and Φ be given by (5.1), (5.3) and (5.5), respectively. Then,
we have the following:

1. If x is a tip solution for (h0, z0) then Φ(x ◦ τ−1
x ) is a t-tip solution for (h0, z0),

2. If x̂ is a t-tip solution for (h0, z0) then Φ−1(x̂◦σ−1
x̂ ) is a tip solution for (h0, z0).

Proof. We will first prove 1. Let x = (ρ, h,Ψ, z, r) ∈ C∞((s0, s1),M0) be a tip solution
for (h0, z0). We will first prove the following:
Claim I:

lim
s→s0

Φ(x(s)) =
(

2z2
0

3µ(h0z2
0) , h0, h0z

2
0 , z0, 0

)
. (5.7)

Since x satisfies T1 we only need to prove that

lim
s→s0

√
1− ρ(s)2

r(s) = 2z2
0

3µ(h0z2
0) , lim

s→s0
Ψ(s) = h0z

2
0 .

to prove the claim. We first evaluate:

lim
s→0

r(s)Ψ′(s) = lim
s→0

r(s)2h(s)
Γ(z(s), r(s)) −

r(s)2γ(ρ(s), z(s), r(s))
Γ(z(s), r(s)) Ψ(s),

= z2
0h0 −Ψ0.

From T2 it follows that

lim
s→s0

r(s)Ψ′(s) = 0. (5.8)

Consequently, we obtain that

lim
s→s0

Ψ(s) = h0z
2
0 . (5.9)

98



Tip and base solutions for the full ODE

We now evaluate:

lim
s→0

r(s)h′(s) = lim
s→0

(r(s)2γ(ρ(s), z(s), r(s))
Γ(z(s), r(s)) − ρ(s)

2

− r(s)3

2Γ(z(s), r(s))µ(Ψ(s))
√

1− ρ(s)2

)
h(s),

= h0

(
3
2 − lim

s→0

r(s)z2
0

µ(h0z2
0)
√

1− ρ(s)2

)
.

From T2 it follows that

lim
s→s0

r(s)h′(s) = 0. (5.10)

Consequently, we obtain that

lim
s→s0

√
1− ρ(s)2

r(s) = 2z2
0

3µ(h0z2
0) . (5.11)

Equation (5.9) and (5.11) prove Claim I (5.7).

Observe that from (5.1) it follows that

lim
s→s0

τx(s) = lim
s→s0

ln r(s)
r(s1) = −∞.

There exists a s2 such that dτx
dt (s) > 0 for all s ∈ (s0, s2). Consequently, we get that

lim
t→−∞

τ−1
x (t) = 0. (5.12)

We then define x̂ := Φ(x ◦ τ−1
x ). It follows from Claim I and (5.12) that x̂ satisfies

T′1. Since Φ is analytic x̂ satisfies T′2.

We will now prove 2. Let x̂ = (η, ĥ, Ψ̂, ẑ, w) be a t-tip solution for (h0, z0). Then x̂
satisfies T′1 and T′2. We will first prove the following:

Claim II:

lim
t→−∞

Φ−1(x̂(t)) =
(
1, h0, h0z

2
0 , z0, 0

)
.
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Using that x̂ satisfies T′1 and that the range of x̂ is a subset of N0 we obtain that

lim
t→−∞

√
1− w(t)η(t)2 = 1, lim

t→−∞
w(t) = 0. (5.13)

Since x̂ satisfies T′1 and (5.13) Claim II follows.

Observe that w is a non-zero function. Then, it follows from (5.6) that

w(t) = ce2t, (5.14)

with c a positive constant. We consider σΦ−1(x̂) defined by (5.3). Then using (5.14)
it follows that

lim
t→−∞

σΦ−1(x̂)(t) = lim
t→−∞

−
∫ t0

t

√
w(τ)√

1− η(τ)2w(τ)
dτ,

= lim
t→−∞

−
∫ t0

t

√
ceτ√

1− cη(τ)2eτ
dτ.

Consequently, there exists a constant s0 such that

lim
t→−∞

σΦ−1(x̂)(t) = s0.

There exists a t1 such that dσΦ−1(x̂)
dt (t) > 0 for all t ∈ (−∞, t1). Consequently, we get

that

lim
s→s0

σ−1
x̂ (s) = −∞. (5.15)

We will show that x := Φ−1(x̂ ◦ σ−1
x̂ ) is a tip solution. From Claim II and (5.15) it

follows that x satisfies T1. It follows from T′2 that x satisfies T2. Let (ρ, r, h,Ψ, z) :=
x. It follows from the domain of Φ that ρ > 0. Using T′1 we get

lim
s→s0

Γ(z(s), r(s))µ(Ψ(s))ρ(s)
√

1− ρ(s)2

r(s)3 = 1
3 .

Hence, by the ODE (2.64) we obtain that there exists a s1 such that

ρ′(s) < 0, ∀s ∈ (s0, s1).

Consequently, x satisfies L3. �
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5.2.5 Linearisation

The family of all equilibria of (5.6) are parametrized by p0 : P → R4 given by

p0(h0, z0) =
(

2z2
0

3µ(h0z2
0) , h0, h0z

2
0 , z0, 0

)
.

We can shift the coordinates such that p0(h0, z0) is at the origin by introducing the
variables v given by

v :=
(
η, ĥ, Ψ̂, ẑ

)T
− q0(h0, z0), (5.16)

with q0 : P → R4 given by

q0(h0, z0) =
(

2z2
0

3µ(h0z2
0) , h0, h0z

2
0 , z0

)T
. (5.17)

The resulting equations corresponding to the (v, w)-variables take the form

v′ = f(v, w;h0, z0),

w′ = 2w,
(5.18)

where f ∈ Cω(U × P,R4) with U an open neighbourhood of 0 ∈ R5. The Jacobian
corresponding to the v variables evaluated at 0 is then given by

A(h0,z0) =


− 1

2 0 − z
2
0µ
′(h0z

2
0)

3µ(h0z2
0)2

2z0
3µ(h0z2

0)
9h0µ(h0z

2
0)

4z2
0

0 3h0µ
′(h0z

2
0)

2µ(h0z2
0) − 3h0

z0

0 2z2
0 −2 4h0z0

0 0 0 0

 . (5.19)

For notational convenience we will write α = (h0, z0). Then we can write f as

fα(v, w) = Aαv + c0(α)w +Rα(v, w),

Rα(0) = 0, DRα(0) = 0.
(5.20)
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The eigenvalues of Aα are given by

λ1(h0, z0) = 0, λ2(h0, z0) = 0,

λ3(h0, z0) = 1
4

(
−5−

√
48h0z2

0µ
′ (h0z2

0)
µ (h0z2

0) + 9
)
,

λ4(h0, z0) = 1
4

(
−5 +

√
48h0z2

0µ
′ (h0z2

0)
µ (h0z2

0) + 9
)
.

(5.21)

Observe that λ3(h0, z0) < 0 for all (h0, z0) ∈ P while the sign of λ4(h0, z0) depends
on (h0, z0) and µ.

To prove the existence and uniqueness of tip solutions we will conjugate the ODE to a
suitable normal form. More specifically, we will construct this normal form such that
its flow restricted to the unstable manifold is conjugated to the flow corresponding to
tip solutions.
.

5.2.6 Normal form

We present the normal form procedure in a general setting. In the next section the
normal form theorem will be applied to the ODE (5.6) to prove the existence and
uniqueness of tip solutions.

We define

M := {(ξ, ζ) ∈ Rn × R : ζ 6= 0}.

Define by O(N) the space of analytic functions in (ξ, ζ) on Rn that vanishes at zero
to the degree N . Take U ⊂ Rn open and let {fα}α∈U ⊂ Cω(M,Rn) with α 7→ fα

smooth satisfy

fα(ξ, ζ) = Aαξ + c0ζ +O(2), (5.22)

where Aα ∈ Rn×n, c0 ∈ Rn. On the phase spaceM we consider the ODE

ξ′ = fα(ξ, ζ),

ζ ′ = λζ.
(5.23)
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Observe that 0 ∈ M is an equilibrium of (5.23). We denote the vector field of (5.23)
by Vfα . The vector field Vfα restricted to the phase space M will be denoted by
Vfα |M.

Lemma 5.5. Take fα ∈ Cω(M,R4) satisfying (5.22) with c0 ∈ range(Aα − λI) then
there exists a gα ∈ Cω(M,R4) satisfying

gα(ξ, ζ) = (Aα − λI)ξ + ζO(0), (5.24)

such that the vector field Vgα |M is conjugate to Vfα |M for the conjugacy uα :M→M
given by

uα(ξ, ζ) = ((qα + ξ)ζ, ζ), (5.25)

where qα satisfies (Aα − λI)qα = −c0.

Proof. Take qα such that (Aα − λI)qα = −c0 and let uα be given by (5.25). Let
(ξ, ζ) be a solution of Vfα |M. Observe that uα is a diffeomorphism. We define
(ξ̃, ζ̃) := u−1

α (ξ, ζ). We will show that there exists a gα satisfying (5.24) such that
(ξ̃, ζ̃) is a solution of Vgα |M. Define by Õ(N) the space analytic function in (ξ̃, ζ̃)
which vanishes at zero to the degree N . We compute the ODE corresponding to (ξ̃, ζ̃):

ξ̃′ = ξ′ − λξ
ζ

,

= (Aα − λI) ξ
ζ

+ c0 + O(2)
ζ

,

= (Aα − λI)ξ̃ + ζ̃Õ(0), (5.26)

ζ̃ ′ = λζ̃. (5.27)

Let gα be given by the ξ̃-equation. Then by (5.26) it follows that gα satisfies (5.24). By
(5.26), (5.27) it follows that (ξ̃, ζ̃) is a solution of Vgα |M. This completes the proof. �

Denote by σ(Aα) the spectrum of Aα. We define:

λN+
≤K := {λ, 2λ, 3λ, . . . ,Kλ}.

103



Tip and base solutions for the full ODE

Lemma 5.6. Take K ∈ N+ and let fα ∈ Cω(M,R4) satisfy (5.22) with σ(Aα) ∩
λN+
≤K = ∅ for all α ∈ U . Then for all α ∈ U there exists a gKα ∈ Cω(M,R4)

satisfying

gKα (ξ, ζ) = (Aα − λKI)ξ + ζO(0),

such that the vector field VgKα |M is conjugate to Vfα |M for the conjugacy uKα :M→M
given by

uKα (ξ, ζ) =

(qK(α) + ξ)ζK +
K−1∑
j=1

qj(α)ζj , ζ

 , (5.28)

where qj ∈ C∞(U,R4) are uniquely determined by f .

Proof. K times applying Lemma 5.5 proves the lemma. �

We now take an open U ⊂ Rm such that

λUmax := sup
α∈U

σ(Aα), (5.29)

is bounded. Denote the unstable manifold corresponding to the equilibrium 0 ∈ M
of (5.23) by Wu

α (0). Observe that dim(Wu
α (0)) ≥ 1.

Theorem 5.7. Let fα ∈ Cω(M,R4) satisfy (5.22) and let K := bλmax
λ c + 1. If

σ(Aα) ∩ λN+
≤K = ∅ then there exists a unique interval (aα, bα) with 0 ∈ (aα, bα) and

a unique Gα ∈ Cω((aα, bα),R4) such that

Wu
α(0) := {(Gα(ζ), ζ) : ζ ∈ (aα, bα)} , (5.30)

is an invariant submanifold of Wu
α (0). Furthermore, α 7→ Gα is smooth, α 7→ aα is

lower semi-continuous and α 7→ bα is upper semi-continuous.

Proof. Let K and fα be given by the theorem. It follows from Lemma 5.6 that the
ODE corresponding to VgKα has a unique unstable manifold of dimension one. We
denote the corresponding unstable manifold by Wu

gKα
(0). Observe that the unstable

eigenvector has non-zero ζ-component. Then it follows by the analytic version of
the unstable manifold theorem and since ζ ′ = λζ that there exists a unique interval
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(aα, bα) with 0 ∈ (aα, bα) and a unique Fα ∈ Cω((aα, bα),R4) such that

Wu
gKα

(0) = {(Fα(ζ), ζ) : ζ ∈ (aα, bα)} . (5.31)

We extend the ODE corresponding to VgKα by the equation

α′ = 0.

Then using the same techniques as in Lemma 4.6 we obtain that the center un-
stable manifold corresponding to the equilibrium (0, α) ∈ Rn+1 × Rm is unique.
Consequently, the center unstable manifold is smooth which implies that α 7→ Fα

is smooth. The lower semi-continuity of α 7→ aα and the upper semi-continuity of
α 7→ bα follows from standard ODE theory, for example see Theorem 6.2 in [49]. We
then define

Wu
α(0) :=

{
uKα (Fα(ζ), ζ) : ζ ∈ (aα, bα)

}
. (5.32)

Observe that by construction Wu
α(0) is an invariant manifold and that Wu

α(0) ⊂
Wu
α (0). �

5.2.7 The tip solution manifold

We now consider the ODE (5.18) with fα given by (5.20) where Aα is given by (5.19).
Take an open U ⊂ P such that λUmax given by (5.29) is bounded. As in Theorem 5.7
we define K := bλ

U
max
2 c+ 1. We also define

Unor := {α ∈ U : λ4(α) /∈ {2, 4, . . . , 2K}}. (5.33)

Then it follows from (5.21) that for all α ∈ Unor we can apply Theorem 5.7 to (5.18)
with fα satisfying (5.20). Denote the invariant submanifold given by Theorem 5.7 by
Wu
α(0). We then define

Ŵu
α (q0(α)) := {(q0(α) + v, w) : (v, w) ∈ Wu

α(0)}. (5.34)

Lemma 5.8. Ŵu
α (0) ∩N0 is a non-empty connected set.

Proof. It follows from Theorem 5.7 that Ŵu
α (0)∩N0 can be written as a graph over w.

Then it follows that Ŵu
α (0) ∩N0 is non-empty. Observe that Ŵu

α (0) ⊂ N1. Observe
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that

N0 = {(η, h,Ψ, z, w) ∈ N1 : w > 0}.

Then, together with the property that Ŵu
α (q0(α))\{q0(α)} does not intersect w = 0

it follows that Ŵu
α (0; ε) ∩N0 is a connected set. �

We define

W loc
α := Φ−1

(
Ŵu
α (0) ∩N0

)
. (5.35)

Then, we define the global version of W loc
α :

W tip
α := {x0 ∈M0 : ∃s0 s.t. φ(x0; s0) ∈W loc

α }. (5.36)

Observe that from Lemma 5.8 it follows that W tip
α is a non-empty connected set.

Theorem 5.9 (Existence of tip solutions). Let x be a solution of the governing ODE
(2.64) and take α ∈ Unor. Then the following two statements are equivalent:

1. x is a tip solution such that

lim
s→s0

(h, z) = α,

where s0 is the left hand endpoint of the maximal existence interval of x.

2. range(x) = W tip
α .

Proof. Let x be a solution of the governing ODE (2.64) and take α ∈ Unor. 1
⇒ 2: By Lemma 5.4 it follows that (η, ĥ, Ψ̂, ẑ, w) := Φ(x ◦ τ−1

x ) is a t-tip solu-
tion for α = (h0, z0). Let v be given by (5.16). Then by Theorem 5.7 it fol-
lows that range((v, w)) ⊂ Wα. From the construction of (5.36) we obtain that
range(x) = W tip

α (0).
2 ⇒ 1: Let (η, ĥ, Ψ̂, ẑ, w) := Φ(x ◦ τ−1

x ) and define v by (5.16). Then by Theorem 5.7
it follows that (η, ĥ, Ψ̂, ẑ, w) satisfies T′1, T′2. Using Lemma 5.4 we then obtain that
x is a tip solution for α. �

By Theorem 5.9 the governing ODE has a unique tip solution for α ∈ Unor up to a
translation of the independent variable. In Chapter 6 we will formulate a topological
shooting method for the α dependent tip solutions. We need to prove that these
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solution depend in a continuous way on α. It will be convenient to prove this by
showing that the tip solution manifold,

W tip
α :=Wu

α(0)× {α},

has a smooth structure.

Theorem 5.10. W tip is a three dimensional immersed submanifold in R5.

Proof. By Theorem 5.7 it follows that for any α ∈ Unor there exists an open subset
of U0 ⊂ Unor with α ∈ P0 such that

⋃
α∈U0

Wu
α(0)× {α}

is a three dimensional immersed submanifold in R6. Then from the construction of
W tip
α in (5.34)-(5.36) it follows that

⋃
α∈U0

W tip
α ,

is a three dimensional immersed submanifold in R5. The theorem then follows dir-
ectly from Theorem 5.9. �

5.3 The existence of base solutions

We now define base solutions:

Definition 5.11 (Base solution). (ρbase, hbase,Ψbase, zbase, rbase) ∈ C∞((s0,∞),M)
is a base solution if it is a solution of the governing ODE (2.64) which satisfies T4
and

L2 Local constraint There exists a s1 ≤ s0 such that

ρ′base(s) < 0, ρbase(s) > 0 ∀s ∈ (s1,∞).

Observe that steady tip growth solutions are base solutions.
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We define

υµ(ψ;n) :=

limψ→0
1

ψnµ(1/ψ) if ψ = 0,
1

ψnµ(1/ψ) if ψ 6= 0.
(5.37)

Definition 5.12 (n-viscosity function). Let n ∈ N. A viscosity function µ is an
n-viscosity function if υµ(0;n) > 0 and if there exists a ψ0 > 0 such that υµ(·;n) ∈
Cω((−ψ0, ψ0),R).

5.3.1 Necessary base solution existence condition

The following theorem implies that steady tip growth solutions cannot exist if µ is a
1-viscosity function.

Theorem 5.13. If µ is a 1-viscosity function then the governing ODE has no base
solutions.

Proof. We take µ as in the theorem then

lim
ψ→0

1
ψµ(1/ψ) = a0 > 0. (5.38)

We will perform a proof by contradiction. Suppose that xbase = (ρ, h,Ψ, z, r) is a
base solution. We can rewrite the Ψ-equation in the governing ODE (2.64) as

(ΨΓ(z, r))′ = rh.

Then from T4 and (5.38) it follows that there exist c0, s0 > 0 such that

µ(Ψ(s)) ≤ c0s ∀s > s0. (5.39)

Using the h-equation of governing ODE (2.64) we have that

( √
rh

Γ(z, r)

)′
= −

(
r2

2Γ(z, r)µ(Ψ)
√

1− ρ2

) √
rh

Γ(z, r) .

From T4 we obtain that the following limits exists

lim
s→∞

r(s)2

2Γ(z(s), r(s))
√

1− ρ(s)2
, lim

s→∞

√
r(s)

Γ(z(s), r(s)) .
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Consequently, there exist c1, c2, s1 > 0 such that

hbase(s) ≤ c1e−
∫ s
s1

c2
µ(Ψ(σ))dσ ∀s > s1. (5.40)

Using the bound (5.39) in (5.40) we obtain that there exists a c3 > 0 such that

h(s) ≤ c3
s

∀s > max(s1, s2).

Hence, lims→∞ h(s) = 0 which is in contradiction with T4. �

It is straightforward to see that the proof of Theorem 5.13 cannot be applied to show
that 2-viscosity functions have no base solutions. Recall that the numerical results in
Section 3.4.2 suggest that steady tip growth solutions do not exist for the viscosity
functions 1 + Ψ2,Ψ2. Hence, for the remainder of this section we consider n-viscosity
functions with n ≥ 3.

5.3.2 The dependent variables χ, ζ and ψ

Let x be a solution of the governing ODE which satisfies T4. Recall that V denotes the
vector field corresponding to the governing ODE (2.64). Observe that lims→∞ V (x(s))
is undefined. However, if lims→∞ µ(Ψ(s))ρ(s) exists then lims→∞ V (x(s)) exists. In
addition, if the limit lims→∞ µ(Ψ(s))ρ(s) exists the limiting asymptotics of h,Ψ are
also specified:

Proposition 5.14. Let µ be an n-viscosity function with n > 1. Let x be a base
solution for which lims→∞ µ(Ψ(s))ρ(s) then there exist constants s0,Ψc, zc such that

µ(Ψ)ρ− r3
∞
2 = O(s−2), h− h∞ = O(s−2),

Ψ(s)− r∞h∞
2 s−Ψc = O(s−1), z(s)− s− zc = O(s1−2n),

r − r∞ = O(s−n+1), as s→∞.

Proof. Let x be a base solution for which lims→∞ µ(Ψ(s))ρ(s) exists. Then from the
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ρ-equation of the governing ODE (2.64) and T4 it follows that

lim
s→∞

ρ′(s) = 0,

lim
s→∞

ρ(s)µ(Ψ(s))Γ(z(s), r(s))
√

1− ρ(s)2

r(s)3 = 1,

lim
s→∞

µ(Ψ(s))ρ(s) = r3
∞
2 . (5.41)

We will now prove that

lim
s→∞

Ψ(s)
s

= r∞h∞
2 . (5.42)

Writing the Ψ-equation of the governing ODE (2.64) as an integral equation we obtain
that

Ψ(s) =
∫ s
s0
r(σ)h(σ)dσ + Ψ(s0)Γ(z(s0), r(s0))

Γ(z(s), r(s)) .

Hence, using T4 we get the following:

lim
s→∞

Ψ(s)
s

= lim
s→∞

∫ s
s0
r(σ)h(σ)dσ + Ψ(s0)Γ(z(s0), r(s0))

Γ(z(s), r(s)) ,

= r∞h∞
2 .

From (5.41) and (5.42) we get that

ρ(s) ∈ O(s−n). (5.43)

From the z-equation in the governing ODE (2.64) it follows that

z(s)− s− zc = O(s1−2n). (5.44)

Observe that from T4 and (5.45) it follows that

r(s)γ(ρ(s), z(s), r(s)) = O(s−3), Γ(z(s), r(s)) = 2 +O(s−2), (5.45)

Consequently, from the Ψ-equation of the governing ODE (2.64), (5.42), (5.45) and
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T4 we get that

Ψ′(s)− r∞h∞
2 = O(s−2).

Integration then yields that

Ψ(s)− r∞h∞
2 s−Ψc = O(s−1). (5.46)

Since x satisfies L2 it follows from (5.43) and (5.44) that

ρ′(s) = O(s−n−1),

r(s)− r∞ = O(s−n+1).
(5.47)

Then substituting (5.43), (5.45), (5.47) in the ρ-equation of the governing ODE (2.64)
we get that

µ(Ψ(s))ρ(s)− 2
r3
∞

= O(s−2).

Substituting (5.43), (5.45), (5.46), (5.47) in the h-equation of the governing ODE
(2.64) we get that

h′(s) = O(s−3).

Integration then yields that

h(s)− h∞ = O(s−2).

�

Based on Proposition 5.14 we introduce the new dependent variable χ = µ(Ψ)ρ.
Observe that a solution satisfying T4 has two diverging limits: lims→∞Ψ(s) = ∞,
lims→∞ z(s) = ∞. Consequently, we introduce the dependent variable ψ = 1

Ψ and,
based on lowest order asymptotics of z,Ψ obtained in Proposition 5.14, we also intro-
duce the dependent variable ζ = z

Ψ .

Now let us make the change of variables explicit in the form of a transformation. We

111



Tip and base solutions for the full ODE

define

U0 := {(χ, h, ψ, ζ, r) ∈ R× R× R\{0} × R× R+}.

Then the map Φ0 : M0 → U0 given by

Φ0(ρ, h,Ψ, z, r) =
(
µ(Ψ)ρ, h, 1

Ψ ,
z

Ψ , r

)
,

is a diffeomorphism. We will consider the ODE corresponding to the dependent vari-
ables (χ, h, ψ, ζ, r) := Φ0(ρ, h,Ψ, z, r).

If x is a solution satisfying T4 then there exists a s0 such that Ψ(s) > 0 for all
s ∈ (s0,∞). Hence, let us consider Ψ > 0. Then we have that

Γ(z, r) = 1 + z√
r2 + z2

,

= 1 + z/Ψ√
r2/Ψ2 + z2/Ψ2

,

= 1 + ζ√
r2ψ2 + ζ2

.

We introduce the function

Θ(ψ, ζ, r) := 1 + ζ√
r2ψ2 + ζ2

.

Observe that Θ(ψ, ζ, r) = Γ(ζ/ψ, r).

For notational convenience we define

ν0(·) := υµ(·, n).

Since Ψ > 0 we can write

γ(ρ, z, r) = r
√

1− ρ2 − zρ
(r2 + z2)3/2 ,

= r
√

1− ρ2/Ψ3 − zρ/Ψ3

(r2 + z2/ψ2)3/2 ,

= ψ3 r
√

1− ψ2nν0(ψ)2χ2 − χζψnν0(ψ)
(r2ψ2 + ζ2)3/2 .
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Hence, we introduce the function

θ(χ, ψ, ζ, r) =
r
√

1− ψ2nν0(ψ)2χ2 − χζψn−1ν0(ψ)
(r2ψ2 + ζ2)3/2 .

Observe that θ(χ, ψ, ζ, r) = γ(ψnν0(ψ)χ, ζ/ψ, r)/ψ3. We have that

µ′(1/ψ)
µ(1/ψ) = ψ

(
n+ ψν′0(ψ)

ν0(ψ)

)
.

Then we define

ν1(ψ) :=
(
n+ ψν′0(ψ)

ν0(ψ)

)
.

Now we compute the χ, ψ, ψ-equation:

χ′ = ρ′µ(Ψ) + ρΨ′µ′(Ψ),

= 3
2

1− ψ2nν0(ψ)2χ2

ψnν0(ψ)r

(
−1 +

Θ(ψ, ζ, r)χ
√

1− ψ2nν0(ψ)2χ2

r3

)

+ ν1(ψ)ψχ
Θ(ψ, ζ, r)

(
rh− θ(χ, ψ, ζ, r)ψ3r

)
,

ψ′ = − ψ2

Θ(ψ, ζ, r)
(
rh− θ(χ, ψ, ζ, r)ψ3r

)
,

ζ ′ = z′ψ − ψ′z,

= ψ
√

1− ψ2nν0(ψ)2χ2 − ψζ

Θ(ψ, ζ, r)
(
rh− θ(χ, ψ, ζ, r)ψ3r

)
.
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Summarizing, the resulting five dimensional ODE becomes

χ′ = 3
2

1− ψ2nν0(ψ)2χ2

ψnν0(ψ)r

(
−1 +

Θ(ψ, ζ, r)χ
√

1− ψ2nν0(ψ)2χ2

r3

)

+ ψν1(ψ)χ
Θ(ψ, ζ, r)

(
rh− θ(χ, ψ, ζ, r)ψ3r

)
,

h′ =
(ψ3rθ(χ, ψ, ζ, r)

Θ(ψ, ζ, r) − ψnν0(ψ)r2

2Θ(ψ, ζ, r)
√

1− ψ2nν0(ψ)2χ2

− ψnν0(ψ)χ
2r

)
h,

ψ′ = − ψ2

Θ(ψ, ζ, r)
(
rh− θ(χ, ψ, ζ, r)ψ3r

)
,

ζ ′ = ψ
√

1− ψ2nν0(ψ)2χ2 − ψζ

Θ(ψ, ζ, r)
(
rh− θ(χ, ψ, ζ, r)ψ3r

)
,

r′ = ψnν0(ψ)χ.

(5.48)

5.3.3 The independent variable tk

The vector field corresponding to the (χ, h, ψ, ζ, r)-variables is undefined for ψ = 0.
More specifically, observe that the χ-equation in (5.48) is of order ψ−n for ψ large.
Consequently, we need to introduce a change of independent variable to use invariant
manifold theory.

We introduce the phase space

U1 := {(χ, h, ψ, ζ, r) ∈ R× R× R\{0} × R+ × R+ : h− θ(χ, ψ, ζ, r)ψ3 > 0}.

We restrict the (χ, h, ψ, ζ, r)-ODE to the phase space U1 ⊂ U0. Let x = (χ, h, ψ, ζ, r)
be a solution of the the ODE (5.48) which is defined on the interval S. Given a s0 ∈ S
let the map τk : S → R be defined by the dependent variable τk given by

dτk
ds

= −dψ/ds
ψk+2 , τk(s0) = 0,

with k ∈ Z. Observe that

dτk
ds

= rh− rθ(χ, ψ, ζ, r)ψ3

Θ(ψ, ζ, r)ψk .

Then by U1 the map τk is a diffeomorphism on its range and we can parametrise the
s-dependent solution x(s) in tk by substituting s by τ−1

k (t).
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We will first analyse the system using the independent variable tn and then analyse
the system using the independent variable t−1. To avoid confusion we denote the
tn-dependent variables with a hat-accent. The resulting ODE is of the form

dχ̂

dtn
= 3Θ(ψ̂, ζ̂, r̂)

2r̂2ĥν0(ψ)

(
−1 + Θ(ψ̂, ζ̂, r̂)χ̂

r̂3

)
+O(ψ̂2n+3),

dĥ

dtn
= O(ψ̂n+3),

dψ̂

dtn
= O(ψ̂n+2),

dζ̂

dtn
= O(ψ̂n+1),

dr̂

dtn
= O(ψ̂2n).

(5.49)

Observe that the vector field corresponding to (5.49) is defined for ψ̂ = 0.

5.3.4 Higher order asymptotics and the center manifold

From Proposition 5.14 we expect that base solutions satisfy

χ̂ = r3
∞
2 +O(ψ̂2), ĥ = h∞ +O(ψ̂2),

ζ̂ = 2
r∞h∞

+ ζc +O(ψ̂2), r̂ = r∞ +O(ψ̂n−1)
(5.50)

as ψ̂ → 0 where ζc is a parameter. Consequently, we define the parameter space

Pbase := {(h∞, r∞, ζc) ∈ R+ × R+ × R}.

We take (h∞, r∞, ζc) ∈ Pbase. We will analyse the higher order dynamics. Based on
(5.50) we define the map Φ̃ : U1 → R5 given by

Φ̃(χ̂, ĥ, ψ̂, ζ̂, r̂) =
(
χ̂− r3

∞
2

ψ̂2
,
ĥ− h∞
ψ̂2

, ψ̂,
ζ̂ − 2

r∞h∞
− ζcψ̂

ψ̂2
,
r̂ − r∞
ψ̂n−1

)
.

We then consider the dependent variables given by (χ̃, h̃, ψ̂, ζ̃, r̃) := Φ̃(χ̂, ĥ, ψ̂, ζ̂, r̂).

Let x be a solution of the governing ODE which satisfies T4. Then there exists a
s0 > 0 such that z(s)/Ψ(s) > 0 for all s > s0. Observe that for all (χ, h, ψ, ζ, r) ∈ U1
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we have that ζ > 0. Then, we have that

Θ(ψ, ζ, r) = 2− r2ψ2

2ζ2 +O(ψ4).

We define

a0 := ν0(0).

Then the ODE corresponding to (χ̃, h̃, ζ̃, ψ̂, r̃) is of the form

dχ̃

dtn
=

3
(
−h2
∞r

7
∞ − 48δ3nr̃r2

∞ + 32χ̃
)

16a0h∞r5
∞

+O(ψ̂),

dh̃

dtn
= O(ψ̂n+1),

dψ̂

dtn
= O(ψ̂n+2),

dζ̃

dtn
= O(ψ̂n−1),

dr̃

dtn
= O(ψ̂2(n−1)),

(5.51)

where δij is the Kronecker delta. Observe that the vector field corresponding to
(5.51) depends on the parameters (h∞, r∞, ζc) ∈ Pbase. For notational convenience
we will write β = (h∞, r∞, ζc). For β the equilibria of ODE are given by range of
p̃β : R3 → R5 given by

p̃β(h̃, ζ̃, r̃) =
(
(−h2

∞r
7
∞ − 48δ3nr̃r2

∞)/32, h̃, 0, ζ̃, r̃
)
.

We note that p̃β(h̃, ζ̃, r̃) is independent of ζc. Since n ≥ 3 it directly follows from
(5.51) that the Jacobian corresponding to p̃β(h̃, ζ̃, r̃) has one positive eigenvalues and
four zero eigenvalues. Consequently, there is a four dimensional center and a one di-
mensional unstable manifold corresponding to p̃β(h̃, ζ̃, r̃). Base solutions cannot exist
on the unstable manifold. Hence, we continue with a study of the center manifold.
There exists a CK-local center manifold given by

W c
β(p̃β(h̃0, ζ̃0, r̃0);K) := {(χ̃, h̃, ψ, ζ̃, r̃) ∈ Bε(p̃β(h̃0, ζ̃0, r̃0)) : χ̃ = fβ(h̃, ψ, ζ̃, r̃)},

where ε > 0, fβ ∈ CK(Bε(pβ(h̃0, ζ̃0, r̃0)),R) with K ≥ 1 satisfying
(fβ(h̃0, ψ, ζ̃0, r̃0), h̃0, 0, ζ̃0, r̃0) = p̃β(h̃0, ζ̃0, r̃0) and∇fβ(h̃0, ψ, ζ̃0, r̃0) = 0. Consequently,
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we can study the reduced system given by χ̃ = fβ(h̃, ψ, ζ̃, r̃). In addition, we now
consider the independent variable t−1. We denote the t−1-dependent variables with
an over-line. The resulting ODE becomes:

dh

dt−1
= 1

8
(
16h+ r∞

(
h3
∞r

3
∞ − 4a0δ3n

))
+O(ψ),

dψ

dt−1
= −ψ,

dζ

dt−1
=
(
− 2δ3nr
h∞r2

∞
− 2h
h2
∞r∞

− 1
8h∞r

3
∞ + ζ

)
+O(ψ),

dr

dt−1
=
(
(n− 1)h∞r + a0r

2
∞
)

h∞
+O(ψ).

(5.52)

The equilibria of the reduced system are given by

qβ =
(
− 1

16r∞
(
h3
∞r

3
∞ − 4δ3na0

)
, 0,

δ3n(−5a0 + (a0 + 2)n− 2)
2(n− 1)h2

∞
,− a0r

2
∞

(n− 1)h∞

)
.

The Jacobian evaluated at qβ is given by

J(qβ) =


2 R1 0 0
0 −1 0 0
−2

h2
∞r∞

R3 1 − 2δ3n
h∞r2

∞

0 R4 0 n− 1

 .

The eigenvalaues of J(qβ) are given by

λ1 = −1, λ2 = 2, λ3 = 1, λ4 = n− 1.

Consequently, there is a one dimensional local stable and a three dimensional local un-
stable manifold. Base solutions cannot exist on the unstable manifold so we continue
with the local stable manifold. Denote the local stable manifold by W s

β(qβ ;K).

Lemma 5.15. There exist ε1, ε2 > 0 and g1, g3, g4 ∈ CK((−ε1, ε2),R) such that

W s
β(qβ ;K) = {(g1(ψ), ψ, g3(ψ), g4(ψ)) : ψ ∈ (−ε1, ε2)}, qβ = (g1(0), 0, g3(0), g4(0)).

Proof. fα is CK and the eigenvector corresponding to the negative eigenvalue is of the
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form (c1, 1, c2, c3). The result then follows from applying the stable manifold theorem.
�

We define the manifold

W̃ base
loc (β;K) := {(fβ(h̃, ψ, ζ̃, r̃), h̃, ψ, ζ̃, r̃)

: (h̃, ψ, ζ̃, r̃) ∈W s
β(qβ ;K), ψ > 0}.

In the original variables W̃ base
loc (β;K) is given by

W base
loc (β;K) := Φ−1

0
(
Φ̃−1 (W̃ base(β;K)

))
.

The manifold W base
loc (β;K) is non-trivial:

Lemma 5.16. For all β ∈ Pbase the manifold W base
loc (β;K) is non-empty.

Proof. The ψ-component of the eigenvector corresponding to the negative eigenvalue
of the Jacobian of (5.52) evaluated at q̃0(h∞, r∞) is non-zero. Hence, it follows that
W̃ base

loc (β;K) 6= ∅ and then we get that W base
loc (β;K) 6= ∅. �

The following theorem shows that solutions on W base
loc (β;K) are base solutions:

Theorem 5.17 (Existence and approximation of base solutions). Take β ∈ Pbase. If
x is a solution of the governing ODE (2.64) satisfying x(0) ∈ W base

loc (β;K) then x is
a base solution. Furthermore, there exist ε1, ε2 > 0 and v1, v2, v3, v5 ∈ CK((−ε1, ε2))
such that

W base
loc (β;K) = {

(
v1(ψ), v2(ψ), v3(ψ), ψ−1, v5(ψ)

)
: ψ ∈ (0, ε2)} (5.53)

Recall that Proposition 5.14 gives the low order asymptotics of base solutions.

Proof. Let x̂ be a solution of the governing ODE (2.64) with independent variable
t−1 from Section 5.3.3 which satisfies x̂(0) ∈ W base

loc (β;K). We will re-parametrise
x̂(t−1) in s. We define ŷ(t−1) := Φ0(x̂(t−1)) with ŷ = (χ̂, ĥ, ψ̂, ẑ, r̂) and then define
σ−1 : R+ → R given by

dσ−1

dt−1
= Θ(ψ̂, ζ̂, r̂)

(r̂ĥ− r̂θ(χ̂, ψ̂, ζ̂, r̂)ψ̂3)ψ̂
, σ−1(0) = 0.
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Since r̂ĥ − r̂θ(χ̂, ψ̂, ζ̂, r̂)ψ̂3 > 0 it follows that σ−1 is a diffeomorphism. In addition,
we have that lims→∞ σ−1

−1(s) = ∞. Define x(s) := Φ−1
0 (ŷ(σ−1

−1(s))). Observe that x
is a solution of the governing ODE which satisfies x(0) = x̂(0) and T4. Furthermore,
from the definition of W base

loc (β;K) and T4 we obtain that there exists a s0 such that

ρ(s)µ(Ψ(s))Γ(z(s), r(s))
√

1− ρ(s)2

r(s)3 = 1− c0
s2 +O(s−3), ρ(s) > 0 ∀s ∈ (s0,∞).

Then it follows from the ρ-equation in the governing ODE (2.64) that there exists
a s1 ≥ s0 such that ρ′(s) < 0 for all s ∈ (s1,∞). Consequently, x also satisfies
L2. We have then shown that x is a base solution. The existence of ε1, ε2 > 0
and v1, v2, v3, v5 ∈ CK((−ε1, ε2)) satisfying (5.53) follows from Lemma 5.15 and the
definition of W base

loc (β;K). �

5.4 Discussion

We have shown the existence of tip and base solutions by making use of classical in-
variant manifold theory. Theorem 5.9 and Theorem 5.17 show that steady tip growth
solutions can be described as heteroclinic connections.

Observe that Theorem 5.9 gives uniqueness of tip solutions for suitable parameters
whereas Theorem 5.17 does not give any uniqueness results since it relies on the center
manifold theorem.

The approximation of tip solutions follows directly from T2. In Theorem 5.17 we also
show how base solutions can be approximated. In Section 3.2 these solutions were
approximated in terms of the independent variable s. In this chapter tip solutions
were approximated in terms of r2 and base solutions were approximated in terms of
1/Ψ.

In Section 3.4.1 we computed steady tip growth solutions for the viscosity functions,

µ3(Ψ) = 1 + Ψ3, µ4(Ψ) = 1 + Ψ4, µ5(Ψ) = 1 + Ψ5.

Recall P nor defined in (5.33). Denote the P nor corresponding to a viscosity function
µ by P nor

µ . In Section 3.4.1 we also showed that the parameter set for which the tip
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expansion corresponding to µ3, µ4, µ5 is defined is given by

Y tip
µ3

= P,

Y tip
µ4

:= {(h0, z0) ∈ P : h4
0z

8
0 6= 5},

Y tip
µ5

:= {(h0, z0) ∈ P : h5
0z

10
0 6= 2},

respectively. Then we have that

Y tip
µ3

= P nor
µ3

, Y tip
µ4

= P nor
µ4

, Y tip
µ5

= P nor
µ5

. (5.54)

This confirms Theorem 5.9.

Let us compare the invariant manifold study of this chapter to the toy model of
Chapter 4. For both the toy and the full ODE the solutions satisfying the tip asymp-
totics were contained on an unstable manifold. For the toy ODE the solutions sat-
isfying the base asymptotics were contained on an unstable manifold while for the
full ODE the solutions satisfying the base asymptotics were contained on a center
manifold. Recall that the existence of toy steady tip growth solutions does not rely
on the hyperbolicity of the toy base equilibrium. In the next chapter we continue
with extending our toy model techniques to the governing ODE.
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Chapter 6

Topological shooting for the
full ODE

We will extend the topological method for the toy ODE of Chapter 4 to the full five
dimensional governing ODE (2.64). We will present conditions for the existence of
tip solutions satisfying the global constraints given by condition T3. The numerical
results in this chapter suggest that these conditions are satisfied for the viscosity
functions considered in Section 3.4.1.

6.1 Introduction

Take µ a viscosity function and take U ⊂ P open and connected such that Unor = U

where Unor is defined by (5.33). Using Theorem 5.9 we can define a unique tip solu-
tion xα then for all α ∈ U . Using xα we will define two disjoint parameters sets
AUµ , B

U
µ ⊂ U corresponding to the characteristic dynamics we observed in Chapter 3,

recall Figure 3.1.

In this chapter we will prove that if AUµ and BUµ are non-empty and open that then
for all α ∈ XU

µ := U\(AUµ ∪ BUµ ) we have that xα satisfies T3. We can prove that
AUµ is open for any U, µ. We can only prove that BUµ is open if xα for all α ∈ U

satisfies certain conditions. These are generic conditions in the sense that if there
exists an α ∈ Unor

µ such that xα satisfies these openness conditions that then there
exists an open neighbourhood U0 of α such that for all α̂ ∈ U0 the tip solution xα̂ also
satisfies these openness conditions. For the viscosity functions from Chapter 3.4.1,
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µi(Ψ) := 1 + Ψi for i = 3, 4, 5, we will give numerical evidence for the existence of a
set U such that the corresponding tip solutions satisfy the openness conditions and
such that AUµ and BUµ are non-empty. This gives strong evidence that there exist tip
solutions satisfying T3. We were unable to prove this rigorously. For i = 3 we imple-
mented a rigorous numerical method which finds a Ũ such that the corresponding tip
solutions satisfy the openness conditions. However, this rigorous numerical method
cannot show that AŨµ3 and BUµ3

are non-empty.

Let us give an overview of this chapter. In Section 6.2 we present the topological
shooting method and derive the conditions required for the existence of tip solutions
satisfying T3. In Section 6.3 we apply the topological shooting method by verifying
the conditions using non-rigorous numerics.

6.2 Topological shooting method

In this section we will implement a topological shooting method for the governing
ODE (2.64) which yields conditions for the existence of tip solutions satisfying T3.

6.2.1 Main theorems

Take µ a viscosity function and take U ⊂ P such that Unor = U where Unor is defined
by (5.33). By Theorem 5.9 it follows that for all α := (h0, z0) ∈ Unor we can define
an unique tip solution xα := (ρα, hα,Ψα, zα, rα) ∈ C∞((0, sα),M0) satisfying

lim
s→0

hα(s) = h0, lim
s→0

zα(s) = z0.

Based on the numerical work in Chapter 3 and the toy problem in Chapter 4 we define

AUµ := {α ∈ U : ∃s0 ∈ R+ ρα(s;µ)ρ′α(s;µ) < 0 ∀s ∈ (0, s0), ρα(s0;µ) = 0},

BUµ := {α ∈ U : ∃s0 ∈ R+ ρα(s;µ)ρ′α(s;µ) < 0 ∀s ∈ (0, s0), ρ′α(s0;µ) = 0},

XU
µ := U\(AUµ ∪BUµ ).

We define the functions

gµ(Ψ) = 1− Ψµ′(Ψ)
µ(Ψ) , fµ(Ψ) = µ′′(Ψ)µ(Ψ)

µ′(Ψ))2 − 1. (6.1)
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and

Zµ(a, ψ) := −a(2 + a)gµ(ψ) + 3 + (3− a)2fµ(ψ) + a(3− a).

Definition 6.1 (B-condition). A positive constant C0 satisfies the B-condition if and
only if

gµ(ψ) > 0, Zµ(a, ψ) > 0, a > 0, ψ > C0.

Let C0 > 0. We define the set

Uµ(U ;C0) := {α ∈ U : ∃s0 > 0 s.t. ρ′α(s;µ)ρα(s;µ) < 0 ∀s ∈ (0, s0),

zα(s0;µ) > 0,
∫ s0

0 rα(σ;µ)hα(σ;µ)dσ
2 > C0, }.

(6.2)

In Section 6.3.1 we will show that for µi(Ψ) = 1 + Ψi with i = 3, 4, 5 there exist
positive constants which satisfy the B-condition.

We can now present the main theorems of this chapter:

Theorem 6.2 (Topological shooting). Take U ⊂ P such that Unor = U . Let C0

satisfy the B-condition and Uµ(U ;C0) 6= ∅. Then for any open connected U0 ⊂
Uµ(U ;C0) we have that AU0

µ , BU0
µ are open and XU0

µ is closed.

Theorem 6.3 (Existence tip solutions satisfying T3). Take U ⊂ P such that Unor =
U . Let C0 satisfy the B-condition and Uµ(U ;C0) 6= ∅. Then if U0 ⊂ Uµ(U ;C0) is
open and connected such that AU0

µ 6= ∅, BU0
µ 6= ∅ then for all α ∈ XU0

µ the tip solution
xα has maximal existence interval R+ and satisfies T3.

6.2.2 Tip solutions satisfying T3

In this section we will prove the following:

Theorem 6.4. Take U ⊂ P open and connected such that Unor = U , AUµ 6= ∅,
BUµ 6= ∅ and BUµ is open. Then for all α ∈ XU

µ the tip solution xα has maximal
existence interval R+ and satisfies T3.

Lemma 6.5. Take U ⊂ P open and connected such that Unor = U then AUµ ∩BUµ = ∅
and AUµ is open.
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Proof. Take U as in the lemma. Let α ∈ U and suppose that there exists a s0 > 0
for xα(·;µ) such that ρ(s0;µ) = 0. Then using the governing ODE (2.64) we find
that ρ′(s0;µ) < 0. Consequently, AUµ ∩ BUµ = ∅. Since W tip is a smooth immersed
submanifold by Theorem 5.10 we also get that AUµ is open. �

Proof Theorem 6.4. Take U as in Theorem 6.4 and let α ∈ XU
µ . As to omit the

µ-dependency we introduce xα(·) := xα(·;µ) and then define (ρα, hα,Ψα, zα, rα) :=
xα. We will first show that xα has maximal existence interval R+. We will use
contradiction. Suppose that the maximal existence interval of xα is given by (0, s0)
with s0 > 0. Then it follows that

lim
s→s0

ρα(s) = c0 ∈ [0, 1) (6.3)

lim
s→s0

rα(s) > 0. (6.4)

Since the vector field of the governing ODE is only not defined for |ρ| = 1 or r = 0
it follows that lims→s0 ‖xα(s)‖ =∞. We will show that all the components of xα are
bounded:

- ρα is bounded: This follows from (6.3).

- rα is bounded: Recall from (2.64) that r′ = ρ. Hence, ρα is bounded implies
that rα is bounded.

- zα is bounded: Recall from (2.64) that z′ =
√

1− ρ2. Hence, ρα is bounded
implies that zα is bounded.

- hα is bounded: From the governing ODE it follows that

0 < h′α <

(
rγ(ρα, zα, rα)

Γ(zα, rα)

)
hα.

Since ρα, zα , rα are bounded and rα increasing it follows that hα is bounded.

- Ψα is bounded: Recall that

Ψα(s) =
∫ s

0 rα(σ)hα(σ)dσ
Γ(zα(s), rα(s)) .

Since ρα, hα, zα , rα are bounded and rα increasing it follows that Ψα is
bounded.
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Consequently, ‖xα‖ is bounded which completes the contradiction.

It remains to show that xα satisfies T3. By the construction of XU
µ it follows that

ρ′α < 0, ρα > 0. Since lims→0 hα(s) > 0 and the h-equation is linear in h we obtain
that hα > 0. Hence, xα satisfies T3. �

We are unable to prove that BUµ is open for any viscosity function. In the next section
we will show that the B-condition to construct a U such that BUµ is open for a suitable
µ.

6.2.3 Proof Main theorems

The following lemma shows that the B-condition is a generic condition in terms of
Uµ(U ;C0):

Lemma 6.6. If C0 satisfies the B-condition then Uµ(U ;C0) is open

Proof. Recall that W tip is a smooth immersed submanifold by Theorem 5.10. The
lemma then follows from the definition of Uµ(U ;C0) in (6.2). �

Observe that by Lemma 6.6 it follows that there exists an open U ⊂ Uµ(U ;C0).

Lemma 6.7. Let C0 satisfy the B-condition. If Uµ(U ;C0) 6= ∅ then for any open
U0 ⊂ Uµ(U ;C0) we have that BU0

µ is open.

Proof. Let C0 satisfy the B-condition. Take U ⊂ Uµ(U ;C0) open and let α ∈ U .
As to omit the µ-dependency and α we introduce x(·) := xα(·;µ) and then define
(ρ, h,Ψ, z, r) := x. There exists a s0 > 0 such that x satisfies

ρ′(s)ρ(s) < 0, ∀s ∈ (0, s0),

z(s0) > 0,
∫ s0

0 r(σ)h(σ)dσ
2 > C0.

(6.5)

If ρ′(s0) = 0 then it follows that ρ′′(s0) ≥ 0. If ρ′(s0) = 0 and ρ′′(s0) > 0 then AUµ is
open. It remains to consider ρ′(s0) = ρ′′(s0) = 0. We claim the following:

ρ′(s0) = ρ′′(s0) = 0 ⇒ ρ′′′(s0) > 0. (6.6)

Observe that (6.6) yields that BUµ is open. We continue with the proof of (6.6). For
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notational convenience we first define

F := µ(Ψ)Γ(z, r)ρ
√

1− ρ2

r3 .

Then we can write the ρ-equation as

ρ′ = 3
2

1− ρ2

r
(−1 + F ) .

We rewrite (6.6) in terms of F :

F (s0) = 1, F ′(s0) = 0 ⇒ F ′′(s0) > 0. (6.7)

We continue with the proof of (6.7). We have that

F ′|F=1 = rγ(ρ, z, r)
Γ(z, r) − 3ρ

r
+ Ψ′µ

′(Ψ)
µ(Ψ) ,

F ′′|F=1,F ′=0 =
(
rγ(ρ, z, r)

Γ(z, r)

)′
+ 3ρ

2

r2 + Ψ′′µ
′(Ψ)
µ(Ψ)

+ Ψ′2
(
µ′′(Ψ)µ(Ψ)− (µ′(Ψ))2

(µ(Ψ))2

)
.

(6.8)

To evaluate (6.8) further we will compute expressions for Ψ′ and Ψ′′. The equality
F ′|F=1 = 0 yields

Ψ′ =
(

3ρ
r
− rγ(ρ, z, r)

Γ(z, r)

)
µ(Ψ)
µ′(Ψ) . (6.9)

Using the h-equation we obtain(
rh

Γ(z, r)

)′
= ρ

2r

(
1− 1

F

)
rh

Γ(z, r) . (6.10)

We find the following expression for Ψ′′ using (6.9), (6.10):

Ψ′′|F=1,F ′=0 = −
(
rγ(ρ, z, r)

Γ(z, r)

)′
Ψ− rγ(ρ, z, r)

Γ(z, r) Ψ′
∣∣∣
F=1,F ′=0

,

= −
(
rγ(ρ, z, r)

Γ(z, r)

)′
Ψ− rγ(ρ, z, r)

Γ(z, r)

(
3ρ
r

− rγ(ρ, z, r)
Γ(z, r)

) µ(Ψ)
µ′(Ψ) . (6.11)
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Then returning to (6.8) we evaluate Ψ′ and Ψ′′ using (6.9), (6.11):

F ′′|F=1,F ′=0 =
(
rγ(ρ, z, r)

Γ(z, r)

)′
+ 3ρ

2

r2 +
(
−
(
rγ(ρ, z, r)

Γ(z, r)

)′
Ψ

− rγ(ρ, z, r)
Γ(z, r)

(
3ρ
r
− rγ(ρ, z, r)

Γ(z, r)

)
µ(Ψ)
µ′(Ψ)

)µ′(Ψ)
µ(Ψ)

+
(

3ρ
r
− rγ(ρ, z, r)

Γ(z, r)

)2(
µ(Ψ)
µ′(Ψ)

)2(
µ′′(Ψ)µ(Ψ)− (µ′(Ψ))2

(µ(Ψ))2

)
,

=
(
rγ(ρ, z, r)

Γ(z, r)

)′(
1− Ψµ′(Ψ)

µ(Ψ)

)
+ 3ρ

2

r2

+
(

3ρ
r
− rγ(ρ, z, r)

Γ(z, r)

)2(
µ′′(Ψ)µ(Ψ)
µ′(Ψ))2 − 1

)
+ rγ(ρ, z, r)

Γ(z, r)

(
3ρ
r
− rγ(ρ, z, r)

Γ(z, r)

)
. (6.12)

We have that(
rγ(ρ, z, r)

Γ(z, r)

)′ ∣∣∣
F=1

= ργ(ρ, z, r)
Γ(z, r) + r(γ(ρ, z, r))′

Γ(z, r) +
(
rγ(ρ, z, r)

Γ(z, r)

)2
,

= rγ(ρ, z, r)
Γ(z, r)

(ρ
r
− rγ(ρ, z, r)

Γ(z, r)

− 3rρ+ z
√

1− ρ2

r2 + z2

)
. (6.13)

We define

G(ρ, z, r) := r
√

1− ρ2 − zρ.

We claim thatG(ρ(s0), z(s0), r(s0)) ≥ 0. Let s ∈ (0, s0). If z(s) ≥ 0 thenG(ρ(s), z(s), r(s)).
If z(s) > 0 then there exists a s0 such that z(s0) = 0. Observe thatG(ρ(s0), z(s0), r(s0)) ≥
0 and that G(ρ(s), z(s), r(s))′ > 0 which implies that G(ρ(s), z(s), r(s)) ≥ 0. Con-
sequently, G(ρ(s0), z(s0), r(s0)) ≥ 0. Then we have that

G(ρ(s0), z(s0), r(s0)) ≥ 0⇔

r(s0)ρ(s0) + z(s0)
√

1− ρ(s0)2 ≥ ρ(s0)(r(s0)2 + z(s0)2)
r(s0) .

(6.14)
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Then using the right-inequality (6.14) to upper bound (6.13) we get(
rγ(ρ, z, r)

Γ(z, r)

)′
(s0) ≤ −r(s0)γ(ρ(s0), z(s0), r(s0))

Γ(z(s0), r(s0))

(
2ρ(s0)
r(s0)

+ r(s0)γ(ρ(s0), z(s0), r(s0))
Γ(z(s0), r(s0))

)
.

(6.15)

We claim that

gµ(Ψ(s0)) > 0 (6.16)

Observe that Γ(z, r) < 2. Then it follows from (6.2) that

Ψ(s) =
∫ s

0 r(σ)h(σ)dσ
Γ(z, r) >

∫ s
0 r(σ)h(σ)dσ

2 ≥ C0.

Then from Definition 6.1 we obtain (6.16).

Then we use the inequalities (6.15), (6.16) to upper bound the right hand side of
(6.12) to get

F ′′(s0) ≥
(
− r(s0)γ(ρ(s0), z(s0), r(s0))

Γ(z(s0), r(s0))

(
2ρ(s0)
r(s0)

+ r(s0)γ(ρ(s0), z(s0), r(s0))
Γ(z(s0), r(s0))

))
gµ(Ψ(s0)) + 3ρ(s0)2

r(s0)2

+
(

3ρ(s0)
r(s0) −

r(s0)γ(ρ(s0), z(s0), r(s0))
Γ(z(s0), r(s0))

)2
fµ(Ψ(s0))

+ r(s0)γ(ρ(s0), z(s0), r(s0))
Γ(z(s0), r(s0))

(
3ρ(s0)
r(s0) −

r(s0)γ(ρ(s0), z(s0), r(s0))
Γ(z(s0), r(s0))

)
(6.17)

Observe that the right-hand side of the inequality (6.17) is equal to

Zµ

(
r(s0)2γ(ρ(s0), z(s0), r(s0))

ρ(s0)Γ(z(s0), r(s0)) ,Ψ(s0)
)
ρ(s0)2

r(s0)2 . (6.18)

By the Definition 6.1 it follows that (6.18) is positive. Then, we get that F ′′(s0) > 0
which completes the proof. �

Proof Theorem 6.2. Follows from Lemma 6.7 and Theorem 6.4. �

Proof Theorem 6.3. Follows from Theorem 6.2 and Theorem 6.4. �
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6.3 Numerical application of Theorem 6.3

In this section we give numerical evidence that tip solutions satisfying T3 exist for the
viscosity functions of Section 3.4: µk(Ψ) := 1+Ψk, k = 3, 4, 5. We do this by present-
ing numerical evidence for the conditions needed to apply Theorem 6.3. Observe that
the numerical results in Section 3.4 give no evidence that the two parameter sets Aµk
and Bµk are open. But Section 3.4 does give evidence that these parameter sets are
non-empty.

6.3.1 Analytical determination B-condition range

We define

C inf
k := inf{Ck ∈ R+ : gµk(ψ) > 0, Zµk(a, ψ) > 0, a > 0, ψ > Ck},

for k = 3, 4, 5. Observe that C > 0 satisfies the B-condition for the viscosity function
µk if and only if C ∈ (C inf

k ,∞). Furthermore, observe that if c1, c2 ∈ (C inf
k ,∞) with

c1 ≤ c2 then Uµk(U ; c2) ⊆ Uµk(U ; c1) where U ⊂ P such that Unor = U . Hence, for a
numerical application we are interested in computing Uµk(U ;C inf

k ).

Theorem 6.8. C inf
k = (k − 1)−1/k

We note that the theorem holds for all viscosity functions given by

µk(Ψ) := 1 + Ψk, k ∈ N≥3.

In addition, the proof below is written in such a way that it directly extends to the
above viscosity functions.

Proof. Recall the definition of gµ and fµ given in (6.19). Straightforward computation
yields that

gµk(ψ) = 1− kψk

ψk + 1 ,

fµk(ψ) = ψ−k
(

1− 1
k

)
− 1
k
.

(6.19)
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Observe that

gµ(ψ) < 0⇔ ψ > (k − 1)−1/k. (6.20)

Then we have that

C inf
k = inf{Ck ∈ ((k − 1)−1/k,∞) : Zµk(a, ψ), a > 0, ψ > Ck}.

We will show the following

Claim I : Zµk(a, ψ) > 0 ∀a > 0, ψ > (k − 1)−1/k.

We define

Ẑµk(a, ψk) := Zµk(a, ψ)(1 + ψ)ψk.

Let y = ψk with ψ > 0 then

Ẑµk(a, y) > 0⇔ Zµk(a, y1/k) > 0. (6.21)

Then it follows that Claim I is equivalent to

Claim II : Ẑµk(a, y) > 0 ∀a > 0, y > (k − 1)−1.

We will prove the above. Substituting the expressions for fµk , gµk given by (6.19) in
Ẑµk(a, y) we get

Ẑµk(a, y) = a2t(k2y2 − kt(2y2 + y − 1)− (y + 1)2t)

+ a(2k2y2 + k(y2 − 5y − 6)

+ 6(y + 1)2) + 3(y + 1)(k(y + 3)− 3(y + 1)).

Observe that Ẑµk(a, y) is quadratic in a. We define the polynomials c(0)
k , c

(1)
k , c

(2)
k by

the equality

Ẑµk(a, y) = a2c
(2)
k (y) + ac

(1)
k (y) + c

(0)
k (y).
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The roots of Ẑµk(·, y) are given by

α±(y) =
−c(1)

k (y)±
√
Dk(y)

2c(2)
k (y)

.

where Dk : R+ → R is the discriminant given by

Dk(y) = (c(1)
k (y))2 − 4c(0)

k (y)c(2)
k (y)).

We have that

∂2c
(0)
k

∂y2 (y) = 3(k − 3),

c
(0)
k (y) = 0⇔

y = −1 if k = 3,

y = −1 ∨ y = − 3(k−1)
k−3 if k > 3,

(6.22)

∂2c
(1)
3

∂y2 (y) = 2k2 + k + 6,

c
(1)
3 (y) = 0⇔ y =

−12 + k
(
5 +
√

48k + 1
)

2 (2k2 + k + 6)

∨ y =
−12 + k

(
5−
√

48k + 1
)

2 (2k2 + k + 6) ,

(6.23)

∂2c
(2)
3

∂y2 (y) = k2 − 2k − 1,

c
(2)
3 (y) = 0⇔ y =

−k − 2−
√
k2(13− 4k)

−2k2 + 4k + 2

∨ y =
−k − 2 +

√
k2(13− 4k)

−2k2 + 4k + 2 .

(6.24)

We consider two cases: k = 3 and k > 3.

Case I: k = 3.

Observe that D3(y) = 9y
(
81y3 − 34y2 − 47y + 32

)
. It is straightforward to show that

D3 has no positive roots. Since D3(1) > 0 it follows that D3(y) > 0 for all y > 0.
Also observe from (6.22) and c(0)

3 (0) > 0 it follows that c(0)
3 (y) > 0 for all y > 0. We
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then consider the following sub-cases for y ∈ ((k − 1)−1,∞) with k = 3:

Y(1)
3 = {y ∈ (2−1,∞) : c(1)

3 (y) > 0, c(2)
3 (y) > 0}, (6.25)

Y(2)
3 = {y ∈ (2−1,∞) : c(2)

3 (y) < 0}, (6.26)

Y(3)
3 = {y ∈ (2−1,∞) : c(1)

3 (y) < 0, c(2)
3 (y) > 0}. (6.27)

Y(1)
3 : Let y ∈ Y(1)

3 then α±(y) < 0. This implies that Ẑµk(a, y) > 0 for all a > 0.

Y(2)
3 : From (6.24) it follows that c(2)

3 is a convex with roots 1/2, 2. Hence, we get that
Y(2)

3 = ∅.

Y(3)
3 : We now consider {y ∈ R+ : c

(1)
3 (y) < 0, c(2)

3 (y) > 0}. From (6.23) it follows
that c(1)

3 is convex function with a single positive root given by (
√

145 + 1)/18.
Observe that (

√
145 + 1)/18 < 2. Hence, we get that Y(2)

3 = ∅.

The sets Y(1)
3 ,Y(2)

3 ,Y(3)
3 are either empty or their elements satisfy Claim II. This com-

pletes the case k = 3.

Case II: k > 3

Using (6.22) we obtain that c(0)
k is a convex function with negative roots which implies

that

c
(0)
k (y) > 0, ∀y > 0. (6.28)

From (6.24) it follows c(2)
k is a positive convex function with no real roots. Since

c
(2)
k (1) > 0 we then get that

c
(2)
k (y) > 0, ∀y > 0. (6.29)

Using (6.28) and (6.29) we then consider the following sub-cases for y ∈ ((k−1)−1,∞)
with k > 3:

Y(1)
k = {y ∈ ((k − 1)−1,∞) : Dk(y) < 0}, (6.30)

Y(2)
3 = {y ∈ ((k − 1)−1,∞) : Dk(y) > 0, c(1)

k (y) > 0}, (6.31)

Y(3)
3 = {y ∈ ((k − 1)−1,∞) : Dk(y) > 0, c(1)

k (y) < 0}. (6.32)

Y(1)
k : Assume that Y(1)

k is non-empty then for y ∈ Y(1)
k we have that α±(y) has

a non-zero imaginary part. In combination with (6.29) it then follows that
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Ẑµk(a, y) > 0 for all a > 0.

Y(2)
k : Assume that Y(2)

k is non-empty. Let y ∈ Y(2)
k then from (6.28) and (6.29)

it follows that c(0)
k (y) > 0 and c

(2)
k (y) > 0, respectively. Then we get that

α±(y) < 0. Together with Ẑµk(a, 0) > 0 this implies that Ẑµk(a, y) > 0 for all
a > 0.

Y(3)
k : We will show using contradiction that Y(3)

k = ∅. Suppose that Y(3)
k 6= ∅ and let

y ∈ Y(3)
k . Observe from (6.23) that c(1)

k (y) is a convex function with a single
positive root. Using the roots computed in (6.23) we get that

Y(3)
k = {y ∈

(
0,
−12 + k

(
5 +
√

48k + 1
)

2 (2k2 + k + 6)

)
∩
(
(k − 1)−1,∞

)
: Dk(y) > 0}

Straightforward computation yields that

(k − 1)−1 <
−12 + k

(
5 +
√

48k + 1
)

2 (2k2 + k + 6) .

Then we get that

Y(3)
k = {y ∈

(
(k − 1)−1,

−12 + k
(
5 +
√

48k + 1
)

2 (2k2 + k + 6)

)
(6.33)

: Dk(y) > 0} (6.34)

Observe that Dk(y) = kyD̂k(y) where D̂k(y) is a cubic polynomial. Observe
that

lim
y→−∞

D̂k(y) = −∞,

lim
y→0
D̂k(y) = 48k(k − 1) > 0,

D̂k((k − 1)−1) = 3k3(15− 4k)
(k − 1)3 < 0,

lim
y→∞

D̂k(y) =∞.

(6.35)

Then it follows that D̂k has a single root in the interval (0, (k − 1)−1). A
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straightforward computation shows that for k̂ ∈ (3,∞) we have that

F(k̂) := D̂k̂

−12 + k̂
(

5 +
√

48k̂ + 1
)

2
(

2k̂2 + k̂ + 6
)


has no roots. Observe that F(4) < 0. Hence, we have that

D̂k

(
−12 + k

(
5 +
√

48k + 1
)

2 (2k2 + k + 6)

)
< 0 (6.36)

Recall that from (6.35) we obtained that D̂k has a single root in the interval
(0, (k − 1)−1). Then it follows from (6.36) that

D̂k(y) < 0 ∀y ∈ y ∈
(

(k − 1)−1,
−12 + k

(
5 +
√

48k + 1
)

2 (2k2 + k + 6)

)
.

This yields that Y(3)
k = ∅.

The sets Y(1)
k ,Y(2)

k ,Y(3)
k are either empty or their elements satisfy Claim II. This com-

pletes the case k > 3. �

6.3.2 Numerical verification conditions Theorem 6.3

Recall the set P nor
µk

given in (5.54). In Figure 6.1-6.3 we consider a subset U ⊂ P nor
µk

for which we numerically approximated Uµk(U ;C inf
k ) and the sets AUµk and BUµk . We

used the same techniques as in Chapter 3 to approximate tip solutions.

We observe that Uµk(U ;C inf
k ) has non-empty interior. We also observe that the sur-

face area of Uµk(U ;C inf
k ) decreases by increasing k. Observe that the Figure 6.1-6.3

is smooth apart from two protruding edges at their lower boundary. Qualitatively
Figure 6.1-6.3 are similar.

Figure 6.1-6.3 suggest that there exists an open connected U0 ⊂ Uµk(U ;C inf
k ) such

that

AU0
µk
6= ∅, BU0

µk
6= ∅.

Consequently, we have numerical evidence that the conditions of Theorem 6.3 are
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satisfied which suggests that tip solutions satisfying T3 exist.
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Figure 6.1: The grey area corresponds to Uµ3(U ;C inf
3 ). The wavy and chequered

domain correspond to AUµ3
and BUµ3

, respectively.
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Figure 6.2: The grey area corresponds to Uµ4(U ;C inf
4 ). The wavy and chequered

domain correspond to AUµ4
and BUµ4

, respectively.

136



Topological shooting for the full ODE

-1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4

0.5

1

1.5

2

2.5

3

3.5

4

Figure 6.3: The grey area corresponds to Uµ5(U ;C inf
5 ). The wavy and chequered

domain correspond to AUµ5
and BUµ5

, respectively.
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Chapter 7

Rigorous numerics for the full
ODE

In this chapter we will present a numerically rigorous method to approximate tip
solutions. We use this method to show that steady tip growth solutions can be
approximated using topological shooting. We also suggest a method to prove the
existence of tip solutions satisfying T3. Unfortunately, we do not have the hardware
to run this simulation within a reasonable time.

7.1 Introduction

To apply Theorem 6.2 and Theorem 6.3 we need a numerical method to rigorously
approximate tip solutions. It will be more convenient to consider the tip solution
manifold, W tip

α , from (5.36) instead of the tip solutions xα. Since the vector field
corresponding to the governing ODE (2.64) is not defined for r = 0 we need to use
the methods from Section 5.2.6 to approximate W tip

α for small r. We approximate
W tip
α by using the normal form method from Section 5.2.6 and a special local unstable

manifold theorem with explicit bounds on the local manifold. Furthermore, this
local unstable manifold theorem makes use of the special form of the vector field to
obtain better bounds than the standard local unstable manifold theorem. The local
approximation can then be continued by applying a version of the Picard-Lindelöf
theorem on a small hypercube and using the vectorfield we can then obtain further
bounds on the continuation in the hypercube. We repeat this last step to extend
the approximation domain for W tip

α . Since the bounds for whole manifold cannot
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be computed in finite iterations we obtain an approximation of W tip
α restricted to a

subspace of M0. All computations for the rigorous numerical method are performed
using interval arithmetic. Using interval arithmetic on the parameter set we can then
straightforwardly apply this method to compute an approximation of

W tip
∆U :=

⋃
α∈∆U

W tip
α , (7.1)

where ∆U ⊂ P is a small solid rectangle. Then given any compact U ⊂ P we can
construct a finite cover consisting out of small solid rectangles. Applying our rigorous
numerical method to each of these rectangles then gives a good approximation of
W tip
U . Unfortunately, we lack the processing power to approximate W tip

U for a suffi-
ciently large U such that we can apply Theorem 6.3.

We will give a short overview of this chapter. In Section 7.2 we present technical
theorems which are used by our method to numerically rigorous approximate W tip

α .
In Section 7.3 we present the numerical method to approximate W tip

α . In Section 7.4
we implemented the method for µ3(Ψ) = 1+Ψ3 such that we can apply Theorem 6.2.
This shows that a steady tip growth solution can be approximated using topological
shooting. In Section 7.5 we present a method to prove the existence of tip solutions
satisfying T3. We lack the hardware to perform this method within reasonable time.
The concluding remarks of this chapter are presented in Section 7.6.

7.2 Technical theorems

We present technical results which are required for the next section.

7.2.1 Bounds on the local unstable manifold

On the phase space N := {(y, w) ∈ Rn × R} consider the vector field given by the
ODE

ẏ = Ay + wg(y, w),

ẇ = λw.
(7.2)

where λ > 0, A ∈ Rn×n has only eigenvalues with negative real part and g ∈
C1(N,Rn). Observe that 0 ∈ Rn+1 is an equilibrium of (7.2). Denote the one di-
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mensional unstable manifold of 0 by Wu(0). Observe that there exist c0,K > 0 such
that

|eσAy| ≤ Ke−c0σ|y|, σ ≥ 0. (7.3)

We define

Sδ := {y ∈ Rn : |y| ≤ δ}, Vδ1,δ2 := Sδ1 × [0, δ2].

Theorem 7.1. Consider the ODE (7.2) with phase space N . If there exist positive
constants C1, C2, δ1, δ2 satisfying

|g(y)| ≤ C1, |g(y, w)− g(x,w)| ≤ C2|y − x|, ∀y, x ∈ Sδ1 , ∀w ∈ [0, δ2], (7.4)

and

δ2KC1

c0 + λ
≤ δ1,

δ2KC2

c0 + λ
< 1, (7.5)

then there exists a f ∈ C1([0, δ2], Sδ1) such that

Wu(0) ∩ Vδ1,δ2 = {(f(w), w) : w ∈ [0, δ2]}. (7.6)

It follows from the local unstable manifold theorem that for δ2 sufficiently small there
exists a δ1 > 0 and f ∈ C1([0, δ2], Sδ1) satisfying (7.6).

Proof. Let C1, C2, δ1, δ2 satisfy the conditions in the theorem. We will show the fol-
lowing:

Claim. There exists a solution (y, w) satisfying w(0) = δ2, ‖y(t)‖ ≤ δ1 for t ≤ 0 and
limt→−∞ y(t) = 0.

Observe that Wu(0) ∩ Vδ1,δ2 is connected since ẇ = λw. The C1 property of f in
(7.6) follows from the local unstable manifold theorem. This property can be exten-
ded beyond a small neighbourhood of the equilibrium since ẇ = λw. Hence, we can
parametrise a solution y in w. Consequently, we only need to prove the claim.
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The solution in the claim needs to satisfy

y(t) =
∫ t

−∞
e(t−s)Aw(s)g(y(s), w(s))ds, w(t) = δ2eλt, t ≤ 0.

It follows that

y(t) = δ2

∫ t

−∞
e(t−s)Aeλsg(y(s), δ2eλs)ds.

We define the operator T : C0(R−,Rn)→ C0(R−,Rn) given by

T (y)(t) = δ2

∫ t

−∞
e(t−s)Aeλsg(y(s), δ2eλs)ds.

We define the space

Vδ1 := {y ∈ C0(R−,Rn) : ‖y‖ ≤ δ1},

where ‖ · ‖ denotes the sup-norm. We will show that T is a contraction map on Vδ1
and apply the Banach fixed point theorem. Let y ∈ Vδ1 then using (7.3), (7.4), (7.5)
we obtain that

|T (y)(t)| ≤ Kδ2C1

∫ t

−∞
e−c0(t−s)+λsds ≤ Kδ2C1

c0 + λ
≤ δ1.

Let x, y ∈ Vδ1 then using (7.3), (7.4) we obtain that

|T (y)− T (x)| ≤ Kδ2C2‖y − x‖
∫ t

−∞
e−c0(t−s)+λsds

≤ Kδ2C2

c0 + λ
‖y − x‖.

Then by (7.5) it follows that T is a contraction. This completes the proof of the claim.
�

7.2.2 Bounds for initial value problems

Let δ > 0 and x0 ∈ Rn. We define

Rδ(x0) := {x ∈ Rn : ‖x− x0‖ ≤ δ},
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where ‖ · ‖ is the ∞-norm. Consider the initial value problem

ẋ = F (x, t), x(t0) = x0, (7.7)

with vector field F : Rn × R→ Rn.

Theorem 7.2 (Picard-Lindelöf). Suppose F : Rn×R→ Rn is a uniformly Lipschitz
function of x and a continuous function of t. Take δ, b > 0 and let

a = δ/M where M = max
x∈Rδ(x0),t∈[t0−b,t0+b]

|F (x, t)|. (7.8)

Then the initial value problem (7.7) has a unique solution x such that x(t) ∈ Rδ(x0)
for all t ∈ J := [t0 − c, t0 + c] with c = min(a, b).

Proof. For a proof see, for example, Theorem 3.11 in [35]. �

We formulated the Picard-Lindelöf theorem in terms of n-dimensional cubes instead
of n-dimensional balls since numerically it is much easier to work with n-dimensional
cubes.

Let f = (f1, f2, · · · , fn), x0 = (x01, x02, · · · , x0n) and x = (x1, x2, · · · , xn).

Corollary 7.3. Let x and J be given by Theorem 7.2 and let

c1j = min
Rδ(x0),t∈J

fj(x, t), c2j = max
Rδ(x0),t∈J

fj(x, t), j = 1, 2, . . . , n,

then x satisfies

x0j + c1j(t− t0) ≤ xj(t) ≤ x0j + c2j(t− t0), ∀t ∈ J j = 1, 2, . . . , n.

Proof. Follows directly from Theorem 7.2. �

7.3 Numerical rigorous approximation of tip solu-
tions

RecallW tip
α defined in (5.36) Instead of computing numerically rigorous bounds for the

tip solution xα we will compute bounds on the tip solution manifold W tip
α restricted
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to a subset of the phase space. We first compute a local approximation of W tip
α

for r small by using Theorem 7.1. We then continue the local approximation using
Theorem 7.2. This approximation can then be improved by using Corollary 7.3. We
then recursively repeat the last two steps to extend the approximation domain for
W tip
α . Using interval arithmetic on the parameter set we can then straightforwardly

apply this method to compute a rigorous approximation of

W tip
U :=

⋃
α∈U

W tip
α , (7.9)

where U ⊂ P .

We performed the rigorous computations using Mathematica (TM).

7.3.1 Local approximation of W tip
α

To approximate W tip
α we first need to compute Wu

α(0) which was defined in Section
5.2.7. Note that from the construction of W tip

α we only need to consider

Wu+
α (0) := {(v, w) ∈ R4 × R : (v, w) ∈ Wu

α(0), w > 0}.

We can get an accurate approximation of Wu+
α (0) in a neighbourhood of 0 by using

the normal form method of Lemma 5.5. Take m such that all eigenvalues of Aα−2mI
have negative real part. Then it follows from Theorem 5.7 and Lemma 5.6 that there
exists a Gα ∈ Cω((a, b),R4) with 0 ∈ (a, b) such that

Wu+
α (0) = {(Gα(w), w) : w ∈ (0, b)},

where

Gα(w) = (Fα(w) + qm(α))wm +
m−1∑
j=1

qj(α)wj , (7.10)

F ∈ Cω((a, b),R4 satisfies

Wu
α(0;m) = {(F (w), w) : w ∈ (a, b)},
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and Wu
α(0;m) is the unstable manifold of

v′ = (Aα − 2mI)v + wRα(v, w),

w′ = 2w,
(7.11)

with Rα given by performing the normal form method of Lemma 5.6. Hence, to
approximate Wu

α(0) in a neighbourhood of 0 we need to approximate Wu
α(0;m) in a

neighbourhood of zero. From Wu+
α (0) it follows that we can restrict to

Wu+
α (0;m) := {(v, w) ∈ R4 × R : (v, w) ∈ Wu

α(0;m), w > 0}.

We apply Theorem 7.1 to (7.11). Hence, we need to compute the constants K, c0 from
(7.3). For the rigorous numerical results in Section 7.4 will only consider αs such that
Aα− 2mI is diagonalisable. Then, we can take K = 1 and c0 = −λmax where λmax is
the largest eigenvalue of Aα− 2mI. If Aα− 2mI is non-diagonalisable then there are
standard lemmas which give good bounds on K, c0, for example see Theorem 2.34 in
[6] .

The C1, C2 in (7.5) can be computed using interval arithmetic. We then obtain that
there exists a F ∈ C1([0, δ2], Sδ1) such that

Wu+
α (0;m) ∩ Vδ1,δ2 = {(F (w), w) : w ∈ [0, δ2]}. (7.12)

This gives bounds on Gα in (7.10) which gives bounds on the approximation of
Wu+
α (0). Consequently, we obtain a local approximation of W tip

α .

We computed the normal form for m = 8. The computation time for the symbolic
expression was approximately two hours. The normal form corresponding to m > 8
is beyond the scope of our hardware.

7.3.2 Extending the local approximation

The local approximation of W tip
α only gives an approximation of W tip

α in a neigh-
bourhood of the tip. In addition, this neighbourhood is too small to apply Theorem
6.2. Consequently, we need to continue the rigorous approximation. It is easiest to
use the (η, h,Ψ, z, w)-ODE in 5.6 since the w-equation is trivial. In addition, since
the w-equation is monotone in ODE 5.6 we can parametrise the desired solutions
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in w. Recall from (5.34) that W tip
α in the (η, h,Ψ, z, w)-coordinates is denoted by

Ŵu
α (q0(α)). From the local approximation we obtain a w0 > 0 and a domain D0 ⊂ R4

such that

{(η, h,Ψ, z, w) ∈ Ŵu
α (q0(α)) : w = w0} ⊂ D0 × {w0}.

Then, to continue the local approximation we need to solve an initial value problem
of the form

dy

dw
= V̂ (y, w), y(w0) ∈ D0, (7.13)

where V̂ ∈ C∞(N,R4) follows from ODE (5.6) and N ⊂ R5 is given by

N = {(y, w) ∈ R4 × R+ : y = (η, h,Ψ, z) with η > 0, z < 0, η2w < 1}.

Consequently, we can use Theorem 7.2 to prove that there exists a solution for all
w ∈ [w0, w0+∆w]. Using Theorem 7.2 and Corollary 7.3 we can then obtain a domain
D1 ⊂ R4 such that

{(η, h,Ψ, z, w) ∈ Ŵu
α (q0(α)) : w = w0} ⊂ D1 × {w0 + ∆w}.

We can then repeat the procedure.

The bounds on the approximation of the manifold improve when ∆w is decreased
but the computation time increases. Since we are at the limits of our hardware we
constructed a dynamic determination of ∆w. When the Lipschitz constant of V̂ (·, w)
is large ∆w is reduced. Let V̂ : Rδ × J be a uniformly Lipschitz function of y with
constant K and a continuous function of t on J = [w0, w0 + ∆w] then using (7.8) we
take ∆w such that

∆w = min
{
δ

M
,

1
L

}
where M = max

y∈Rδ(w0),w∈J
|V̂ (y, w)|.

The resulting ∆w gives satisfying results.

The approximation of the manifold can get close to the surfaces given by η2w = 1
and z = 0. These surfaces are on the boundary of N . In the (ρ, h,Ψ, z, r) variables
η2w = 1 corresponds to ρ = 0. Observe that ρ = 0 and z = 0 are not on the boundary
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of M0. Hence, when the approximation of the manifold is close to the surface we will
use the governing ODE (2.64) to continue the approximation. We can apply the same
rigorous numerical method.

The whole invariant manifoldW tip
α cannot be approximated in finite iterations. Hence,

we obtain a rigorous approximation of the manifold W tip
α restricted to a subspace of

M0.

7.3.3 Rigorous approximation of W tip
U

Using interval arithmetic we can apply the method of Section 7.3.1 and 7.3.2 to a a
solid rectangular parameter domain ∆U ⊂ P . We then obtain an approximation for
W tip

∆U restricted to M̃∆U ⊂ M0. Given a compact U ⊂ P we can then construct a
finite cover of U consisting out of solid rectangles ∆Ui with i = 1, 2, . . . , n. We then
apply the rigorous numerical method to compute rigorous approximations of W tip

∆Ui
restricted to M̃i ⊂M0. This gives an approximation of W tip

U restricted to ∪i≤nMi.

7.4 Rigorous numerical results

We implemented the rigorous numerical method of Section 7.3 for the governing ODE
(2.64) with viscosity function µ3(Ψ) = 1 + Ψ3. We will numerically verify the condi-
tions of Theorem 6.2.

We used the rigorous numerical method to compute W tip
U with

U = [0.9460576329, 0.9460576330]× [−1.2,−1.2 + 10−6],

restricted to

M̃ = {(ρ, h,Ψ, z, r) ∈M0 : z ≤ 0}.

We take ∆U = U . The method shows that Uµ3(U, 5/4) = U . Observe that 5/4
satisfies the B-condition since by Theorem 6.8 we have that C inf

3 = 2−1/3. Then by
Theorem 6.2 we have shown that for all open U0 ⊂ Uµ3(U, 5/4) that AU0

µ3
and BU0

µ3
are

open. The non-rigorous numerical work suggests that AU0
µ3

and BU0
µ3

are non-empty
but the rigorous numerical method is not able to verify this.
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In Figure 7.1 we display the approximation of W tip
U .
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Figure 7.1: Approximation ofW tip
U . For all α ∈ U the manifoldW tip

α ∩M̃ is contained
in the grey domain and W tip

α intersects the surface described by the black lines in the
graphs.

The computation time, excluding the determination of the normal form, is approxim-
ately one hour. The bounds on the manifold rapidly increase when the approximation
enters the phase space for z > 0.

Reducing the size of ∆U hardly improves the approximation of the manifold. If we
increase the rectangle U and take ∆U = U then the estimates rapidly worsens.

For α = (h0, z0) with |z0| small the rigorous method gives a bad approximation of
W tip
α . The cause for this might be that the vector field is undefined for w = z = 0. For
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α = (h0, z0) with |z0| large the rigorous method is unable to show that there exists a
neighbourhood of α such that U = Uµ3(U ;C0) with C0 ≥ C inf

3 . Sensitive dependence
on initial conditions is the most likely cause.

7.5 Existence of tip solutions satisfying T3

Our rigorous numerical numerical method can prove that there exist UA ∈ APµ3
and

UB ⊂ BPµ3
6= ∅. Thus, it can prove that APµ3

6= ∅ and BPµ3
6= ∅. However, UA ∩

Uµ3(P ;C0) = ∅ and UB ∩ Uµ3(P ;C0) = ∅ where C0 > C inf
3 which means that we

cannot apply Theorem 6.3. Hence, a different approach has to be taken to prove the
existence of tip solutions satisfying T3. The main idea is to formulate conditions such
that we can consider parameters outside the parameter domain Uµ3(P ;C0).

7.5.1 New theorem for proving the existence of solutions sat-
isfying T3

We present new conditions to prove the existence of tip solutions satisfying T3:

Definition 7.4 (Tip-quadruple). Let U1, U2, U3 ⊂ P be closed and connected. Let µ
be a viscosity function. Then the 4-tuple (U1, U2, U3, C0) is called a tip-quadruple for
µ if it satisfies:

1. C0 satisfies the B-condition,

2. int(Ui) 6= ∅ for i = 1, 2, 3,

3. int(U1) ∩ U3 6= ∅ and int(U2) ∩ U3 6= ∅,

4. Uµ(U1;C0) ∪AU1
µ = U1 and Uµ(U2;C0) ∪BU2

µ = U2,

5. AU1
µ 6= ∅, BU2

µ 6= ∅,

6. Uµ(U3;C0) = U3,

7. There exists a closed Ũ ⊂ U2 satisfying Ũ ⊃ U2\Uµ(U2;C0) such that for all
α ∈ Ũ there exists a c0 > 0 such that if −c0 < ρ′α(s0) < c0 and ρα(s) > 0 for
all s ∈ (0, s0) then ρ′′(s0) > 0.

Observe that Ui does not have to be equal Uµ(Ui;C0) where i = 1, 2. Consequently,
the parameter domain U1 ∪ U2 ∪ U3 is greater than the parameter domain which is
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used in Theorem 6.3.

Observe that all the conditions of Definition 7.4 can be verified using rigorous numer-
ics.

Theorem 7.5. Let (U1, U2, U3, C0) be a tip-quadruple for µ and define Utot :=
int(U1 ∪ U2 ∪ U3). Then for all α ∈ XUtot

µ the tip solution xα has maximal exist-
ence interval R+ and satisfies T3.

Proof. Let (U1, U2, U3, C0) be a tip-quadruple for µ. We will apply Theorem 6.4 to
U = Utot. From condition 1,2,3 of Definition 7.4 it follows that Utot is open and
connected and satisfies Unor

tot = Utot. To apply Theorem 6.4 it then remains to show
that AUtot

µ 6= ∅, BUtot
µ 6= ∅ and BUtot

µ is open.

Claim I: AUtot
µ 6= ∅

From condition 5 of Definition 7.4 it follows that there exists a α0 ∈ AU1
µ . If

α0 ∈ Aint(U1)
µ we are done. Consequently, suppose that α0 ∈ A∂U1

µ . Then by Lemma
6.5 there exists an open neighbourhood, Ũ , of α0 such that AŨµ = Ũ . Since Ũ ∩U1 6= ∅
the claim follows.

Claim II: BUtot
µ 6= ∅ and BUtot

µ is open

Take α ∈ BU2
µ and let sα satisfy ρα(s)ρ′α(s) < 0 for all s ∈ (0, sα) and ρ′α(sα) = 0.

Observe that condition 4 and 7 of Definition 7.4 implies that

ρ′′α(sα) > 0. (7.14)

From Lemma 6.5 it follows that AU2
µ and BU2

µ are disjoint. Consequently, Bint(U2)
µ is

open. By condition 4 of Definition 7.4 and Theorem 6.3 it follows that BUtot
µ is open.

From condition 5 of Definition 7.4 we obtain that there exists an α0 ∈ BU2
µ . Then

by (7.14) there exists an open neighbourhood, Ũ , of α0 such that BŨµ = Ũ . Since
Ũ ∩ U2 6= ∅ we obtain that BUtot

µ 6= ∅. �
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7.5.2 Tip-quadruple candidate for µ3

For the viscosity function µ3 our rigorous numerics suggests that (U1, U2, U3, 0.794)
with

U1 = [0.57, 0.92]× [−1.2,−1 + 10−6],

U2 = [0.99, 1.12]× [−1.2,−1 + 10−6],

U3 = [0.91, 1]× [−1.2,−1 + 10−6],

is a tip quadruple. We did not numerically validate it since we lack the hardware
to perform the computation within a reasonable time span. The cover for U1, U2, U3

would need to consist out of 5.5 · 109 rectangles to obtain reasonable results. A single
rectangle requires a computation time of approximately 1 hour on a IntelCore(TM)i5-
63000 CPU. Consequently, it would require us a total computation of more than
600.000 years. The process can be run parallel to improve the speed. An implement-
ation in C instead of Mathematica (TM) would greatly improve the computation
time.

7.6 Concluding remarks

The rigorous numerical results of this chapter indicate that steady tip growth solu-
tions can be approximated using a shooting method. In addition, we presented a
method which can be implemented to prove the existence of tip solutions satisfying
T3. This method is computationally very intensive. There might exist a special vis-
cosity function for which the method is computationally quicker.
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Chapter 8

Conclusion

We constructed a new model for tip growth of fungal hyphae, the BATS model.
We computed steady tip growth solutions using a (non-rigorous) numerical methods
which connects the tip asymptotics and base asymptotics. From our numerical work
we observed that solutions satisfying the tip asymptotics can be classified in two open
families. Our toy model suggested that these two open families can satisfy properties
such that their complement consists out of steady tip growth solutions. Implementing
the techniques for the toy model to the full governing ODE we obtain conditions for
the existence of steady tip growth solutions. We verified these conditions using non-
rigorous numerics but we also presented a numerically rigorous method to validate
these conditions. Our work also suggests that steady tip growth solutions can be
parametrised by the distance of the VSC to the tip of the cell and that steady tip
growth solutions can only exist for suitably chosen viscosity functions.

We will give an overview of topics for future research.

8.1 Existence of steady tip growth solutions by con-
necting the base to the tip

With our rigorous numerical method we cannot prove the existence of steady tip
growth solutions. It might be possible to prove the existence of steady tip growth
solutions using a numerically rigorous transversality argument. We can rigorously
approximate the solutions satisfying the tip asymptotics and the solutions satisfying
the base asymptotics. The manifold parametrised by the solutions satisfying the tip
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asymptotics is three dimensional and the manifold parametrised by the base asymp-
totics is four dimensional. Then, since the phase space is five dimensional it might be
possible to show that the rigorous approximation of these manifold intersect trans-
versally. It is unclear if this is computationally of the same order as our method.

8.2 Application of the mathematical techniques

Let us consider this thesis from an abstract point of view. The governing ODE is a
non-linear first order five dimensional ODE. For two dimensional first order ODEs the
Poincaré-Benedixson theorem classifies invariant manifolds. Beyond two dimensions
there is no such theorem. Hence, it is generically difficult to prove results on the geo-
metry of invariant manifolds when the phase space has dimension greater than two.
The standard theorems which hold for n-dimensional systems are mostly restricted
to a neighbourhood of trivial invariant sets such as equilibria. Under certain circum-
stances these local manifolds can be extended using rigorous numerics. If a continuous
family of invariant manifolds can be classified in two or more open sets and if this
continuous family of invariant manifolds forms a connected set, then a topological
shooting method can be implemented to study the invariant manifolds which where
not previously classified. Our governing ODE forms an example of where this method
can be applied. An easy candidate for this method is the Campas and Mahadevan
model from [5]. The Campas and Mahadevan governing equations are somewhat sim-
pler than the governing ODE (2.64) since there is no Ψ- and z-dependency. Hence,
an existence proof for the Campas and Mahadevan governing ODE might be simpler.

8.3 Stability of travelling wave profiles

Steady tip growth solutions correspond to travelling wave profiles of an underlying
PDE to the governing ODE (2.64). We are interested in what happens to solutions
whose initial conditions are small perturbations of the travelling wave profile. More
specifically, we are interested in proving that solution with initial conditions close to
steady tip growth solutions stay close. In other words, prove the stability of travelling
wave profiles. For an overview on stability of travelling wave solutions we refer to [48].

For our model it might be complicated to prove a stability result since it is even
unclear if the underlying PDE is well-defined.
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8.4 Biological experiments to derive new models

In Section 2.5 we described a method to validate the BATS model using experimental
results. From a biological perspective this would be a suitable topic for future work.
If this model does not match the experimental results the viscosity of the cell wall will
not have a dominant role in tip growth of fungal hyphae and most of the mathemat-
ics of this thesis will not be useful for studying new fungal hyphae models. Studies
on the material properties of fungal cell walls are extremely useful to obtain accurate
models. It might also be useful to study the fungal cell wall at a molecular level as the
chemical processes involving the cell wall polymers determine its material structure.
This can be studied in an implicit way by observing how gene mutations affect hypha
morphogenesis. Pioneering work in this field has been done by Gordon et al. [17, 18]
.

It might be more fruitful to fund mathematical research projects in biology which
study biological phenomenon that are well understood from an experimental per-
spective or otherwise fund mathematical research projects which are collaborative
projects with biologists.
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Summary

Topological shooting, invariant manifold theory and
rigorous numerics applied to an ODE for hypha tip
growth

We present a new model for hypha growth using the work of Bartnicki-Garcia et al.,
which assumes that the cell wall building material is transported in straight lines by
an isotropic point source, and the work of Campas and Mahadevan, which assumes
that the cell wall is a thin viscous sheet. Furthermore, we include an equation which
models the hardening of the cell wall with age. This model requires an explicit de-
pendency of the viscosity on the age, called the viscosity function. The governing
equations of this model are given by a five dimensional first order ODE. We com-
pute steady tip growth solutions for a variety of viscosity functions. To understand
the dynamics of the governing ODE we create a two dimensional toy model. Using
a topological shooting method we present conditions for the existence of a two di-
mensional analogue of steady tip growth solutions. These conditions can be verified
analytically. We prove the existence of solutions which satisfy the asymptotics cor-
responding to the tip shape of the cell and the existence of solutions which satisfy the
asymptotics corresponding to the base shape of the cell. Furthermore, these solutions
will correspond to invariant manifolds. We extend the topological shooting method
which was applied to the toy model to the governing ODE. We obtain conditions
for the existence of solutions which satisfy the qualitative properties of steady tip
growth solutions on any bounded domain of the phase space. We cannot verify the
conditions analytically. We developed a rigorous numerical method that can verify
these conditions. These conditions show that if steady tip growth solutions exist for a
given viscosity function, then they can be approximated using a topological shooting
method.
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