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Abstract 
 

The principle of Tensairity has been working its way into the structural design world for the last two 

decades. Its efficiency is shown by the continuously elastic support it provides to compressional 

elements. This support results in a buckling load which becomes independent of the length. As a 

result, Tensairity shows great potential for large span structures. Moreover, Tensairity proves to be 

compact and easy deployable, reducing transport, storage and construction costs. Various researches 

over the last ten years have proven that the loadbearing capacity as well as the stiffness of a 

Tensairity element can be increased by the use of internal webs. When these webs are rigidized, a 

highly slender beam occurs of which buckling is prevented by the continuous support from the 

inflatable. In addition, such a design would allow the inflatable to not only serve as a structural 

element, but also integrate building physical and architectural requirements. Due to these aspects, 

the focus is mainly set on a large span light-weight roof design. The aim of this graduation project is 

to determine the effect of the inflatable on the stiffness of this internal rigidized web by means of 

experimental research.  

Using mechanics, the difference in a linear elastic beam and an elastic beam with a continuous elastic 

support is made. This comparison proves that the continuous elastic support is highly efficient for 

large span structure. The lateral support provided by the inflatable can be varied by varying the 

internal pressure. Consequently, the structures stiffness and strength can be altered, resulting in an 

adaptable structural design.  

The internal web should consist out of a material which can be rigidized and therefore allow 

structural optimization to be introduced. First, shape optimization results in an optimized design 

domain. Second, this design domain can be further optimized using a topology optimization. Using a 

finite element program it can be determined where material is needed and were material can be left 

out. As a result, a structural optimized design can have a higher loadbearing capacity and stiffness. By 

using a material that can be rigidized, any optimized design can be realized.  

With respect to lightweight structures, the most interesting material property is the specific strength. 

Fiber reinforce composites appeared to have a higher specific strength compared to more traditional 

materials like concrete, steel and timber. In this research, glassfibers are used to make a prototype in 

collaboration with FiberCore. The design was first optimized using shape and topology optimization. 

In addition, an inflatable was realized in collaboration with PolyNed. The influence of this inflatable 

on the stiffness of the composite could be experimentally determined at the Structures Laboratory at 

the Eindhoven University of Technology.  

The results based on the experiment show a great efficiency in lateral stiffness due to the pneumatic 

support. In addition, flaws in the inflatable were discovered, meaning the inflatable was not 

symmetric. As a result, the beam would not be kept straight but slightly tilted. Therefore, the design 

and manufacturing of the inflatable appeared to have a high influence on the composite beam. 

Despite the flaw in the inflatable, the pneumatic support appeared to increase both lateral and 

vertical stiffness. These findings were not demonstrated by a finite element design, as such a model 

requires more expertise and time than was available for this project.   
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1.  Project description 
 

1.1 Motivation  
During the last quartile of my first year master at the chair Structural Design, I participated in a 

course called Adaptivity and Technology transfer. The adaptivity part mainly covered the aspect of 

adaptive systems in the built environment. On the other hand, technology transfer dealt with the 

variety of disciplines in the built environment, how to learn from those disciplines and how to 

implement new ideas or concepts. One of the lecturers was the CEO of Tensairity Solutions, Roberto 

Maffei PhD. He gave an interesting lecture about the structural principle called Tensairity and even 

brought a small scale model that showed how easy and smart this principle worked. As a student, I 

was amazed by the simplicity and efficiency of this system.  Every element seemed to be used to a 

highly efficient way, all depending on one another. I guess this completeness was the reason this 

principle got stuck in the back of my head.  

Since this Tensairity principle even interested me during my semester abroad in Sydney, Australia, I 

decided to contact the responsible teacher of the course Adaptivity and Technology transfer. I 

figured that when this principle could even remain in the back of my head while I was subjected to a 

totally new environment on the other side of the world, it will be the perfect subject for my master 

thesis.  

With the introduction of the rigidization of composite materials a new idea began to occur. Rigidizing 

of non-rigid materials means any shape can be made. This freedom means that every structural 

element can be optimized according to its boundary condition and the applied loads. As a result, 

highly efficient elements can be realized. Combining this technique with the principle of Tensairity, it 

would be possible to create very efficient, ultra-lightweight and large span structures. For example, it 

will be possible to construct a bridge out of a package that can fit in the back of your car. This idea 

just blew my mind.  
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1.2 Introduction 
It is generally known that the built environment has a significant impact on the environment both 

with respect to material use and energy consumption. With respect to material use, one way to be 

highly efficient is by creating lightweight structures. The key in these lightweight structures lies in the 

separation of tension and compression. A simple example of such a structure is a tent, where the 

fabric is in tension while the tent sticks are in compression. Due to the buckling behaviour of 

compression element, these elements have a significant larger cross section than tensile elements. 

This statement is clearly shown in a tensegrity structure, as shown in Figure 1.1, where the tensile 

members are simple rods while the compression elements are tube-like shaped.  

In 2000, Dr. Mauro Pedretti came with the idea to reinforce compression element using an inflatable. 

This inflatable could be seen as a continuously spring support along the length of the element, 

resulting in a buckling equations that became independent of the length of the compression 

element. This development was later patented under the brand name Tensairity®, which is an 

acronym for tension, air and integrity.  

Over the last two decades a significant amount of research is conducted regarding this Tensairity 

element. One of the most interesting finding was the effect of internal webs on the loadbearing 

capacity of a spindle shape tensairity girder. These webs were made out of flexible membranes, 

however, if these membranes could be rigidized and made into a stiff beam, the loadbearing capacity 

could be restricted by yielding of this rigidized material; buckling is no longer governing due to the 

continuous spring support of the inflated membrane. It is this thought that lies on the foundation of 

this research.  

Chapter 1 will focus on the project framework of this thesis. Literature of the lightweight industry is 

described in chapter 2. The theoretical aspects of buckling, Tensairity and optimization are presented 

in chapter 3 and 4.  Chapter 5 and 6 focus on the practical aspects of inflatables (chapter 5) and 

composites (chapter 6). The design parameters are elaborated in chapter 7. Finally, one element is 

made into a prototype and tested in the constructive laboratory of the Eindhoven University of 

Technology as described in chapter 8. 

 
 
 
 
 
 
 
 
 

  

Figure 1.1 - Tensegrity element 
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1.3 Tensairity 
The essential concept with respect to a lightweight design is the separation of tension and 

compression (R H Luchsinger, Pedretti, Steingruber, & Pedretti, 2004). The Tensairity element, shown 

in Figure 1.2 (left) has these properties. When a load is applied on the compression element, the 

pressure inside the airbeam will increase. The airbeam itself will start to put more tension on the 

cables due to this increase in pressure. The force-cycle is closed by the cables that translate their 

tensile forces into compression forces at the ends of the compression element. This element is 

patented under the brand name Tensairity®. The efficiency of the model is shown clearly in the 

buckling load, see Figure 1.2 (right). As can be seen, the buckling load ‘P’ remains independent of the 

length of the compression element. Therefore, when sufficient cross section properties like the 

modulus of elasticity ‘E’ and moment of inertia ‘I’ are applied, the governing load is not the buckling 

load but the yielding load instead. As a result, large span structure can be created with much more 

efficiency.  

 

 

 

 

 

 

1.4 Development 
Since 2000 the Tensairity beam has been the subject of various researches. A few of those 

developments are shown in Figure 1.3. All figures show the cross-sections at mid-span, meaning that 

the webs run in longitudinal direction. Pressure is indicated with ‘+’:  

 

 

 

 

 

a. A simple Tensairity element with a strut and the air beam.  

b. By introducing an internal web the total weight is increased by 12%. According to R.H. 

Luchsinger, C. Galliot and L.P. Gauthier the coupling of the struts had a “tremendous” 

impact on the stiffness (Rolf H. Luchsinger, Galliot, & Gauthier, 2011).  

c. Connecting three struts results in a 33% higher self-weight. This resulted in an increased 

axial stiffness and higher buckling load, thus, higher loadbearing capacity (Wever, 

Plagianakos, Luchsinger, & Marti, 2010).  

𝑃 = 2  𝑘 ∙  𝐸 ∙  𝐼 
𝑘 =  𝜋 ∙ 𝑝 

𝑃 = 2  𝜋 ∙ 𝑝 ∙ 𝐸 ∙ 𝐼 

a. b. c. d. 

Figure 1.2 - Tensairity element 

Figure 1.3 - Various developments of the Tensairity girder in cross-sections 
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d. Large span structures require a long strut. This length can be realized either by limit the 

design to a certain transportable size or separate the strut into smaller sizes and connect 

them on site, resulting in weak spots and additional work. As water is an incompressible 

fluid and not limited to any transportation size, the strut is replaced with a water tube. 

However, the increased weight and unknown buckling load require further investigation 

of this variant (Pronk, Maffei, & Martin, 2009).  

In conclusion, the introduction of internal webs appear to increase both loadbearing capacity and 

stiffness of the whole.  

1.5 Relevance 
The loads on a structure are seldom static. Wind, people and objects result in different load cases. It 

speaks for itself that a structure should resist all these possible load cases. However, what happens 

when a structure can adapt to the change in these load cases? As can be seen in the buckling 

equation of a Tensairity girder (Figure 1.2), the buckling load is dependent on the changeable 

variable ‘𝑝’, which represents the pressure. Therefore, the loadbearing capacity of this structure can 

be increased by simply increasing the air pressure when exposed to extreme loads, for example, 

strong winds.  

Other possibilities occur with the use of membranes. First, membranes allow a certain freedom of 

form. Cushion facades, festival tents, pavilions, hot-air balloons, hangers, and many other realized 

structures proof this freedom of form. Second, membranes come with a great variety of material 

properties and coatings. For example, silicone coating has great self-cleaning properties, while ETFE 

(ethylene tetrafluoroethylene) has excellent building physical properties and polyester has a good 

strength-cost ratio. A well-known example is the ‘Watercube’, shown in Figure 1.4, in Beijing. This 

building has a full ETFE façade which results in more light penetration and heat penetration which 

reduces the energy costs. Another example is the Allianz Arena (Figure 1.5) where changes to the 

exterior façade are easily made due to the translucency of the applied ETFE membrane in 

combinations with LED lighting. However, in both examples the membrane does not belong to the 

primary structure.  

 

 

 

 

 

 

In conclusion, when membranes are used as a structural element, there is an opportunity to 

integrate other disciplines like architecture and building physics. Therefore, this research focusses on 

the realization of large span structure which can be used as lightweight roofs, where possible 

building physical and architectural requirements can be integrated.  

 

Figure 1.4 - The Watercube Figure 1.5 – Various expressions of the Allianz Arena 
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1.6 Aim of the project 
The independency of the length in the buckling load opens up the opportunity to realize efficient 

lightweight structures. This research focuses most on the development of a roof-like structure. 

Applications can be  stadium roofs, hangars, large storage facilities, military camps or any other large 

span structure. Figure 1.6 shows what a possible roof structure can look like. Each internal stiffened 

web can be optimized, therefore, minimizing material use. In addition, the inflatable will provide 

lateral stiffness to the internal webs. As shown in Figure 1.2 the buckling load can be increased by 

simply increasing the pressure in the inflatable.  

 

Figure 1.6 - Example of roof structure 

As described in the previous chapter, there are multiple examples of buildings where membranes 
have a building physical or architectural purpose, instead of a structural one. By integrating these 
aspects into the structural design, various requirements can be put into one design. Examples are 
elaborated below.  
 

Building physics  

The Watercube, as shown in Figure 1.4, uses a cushion façade. These cushion façades reflect a 

significant amount of UV-radiation during summer, thus, preventing the area inside to become 

overheated. On the other hand, it keeps the warmth inside during winter, reducing the energy costs. 

This principle can also be adopted in the suggested roof design by implementing a third layer of 

membrane. A cross-section showing this principle is shown in Figure 1.7 and Figure 1.8. 

 

 

  

Internal stiffened web  

Compression ring  

Inflatable 

 

Figure 1.7 - Insulation during summer Figure 1.8 - Insulation during winter 
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Adaptable  

Using this cushion principle, two different chambers occur inside. The top chamber is highlighted in 

blue while the second chamber is red, as shown in Figure 1.9. When extreme loads occur, like 

extraordinary snowfall or strong winds, the pressure in chamber two can be increased, thus, 

increasing the loadbearing capacity. A side effect is the loss of building physical requirement due to 

the higher pressure in chamber two, pushing the middle membrane upward, getting rid of chamber 

one. This situation is shown in Figure 1.10. The loss of building physical aspects is not likely to cause 

any problems as these extreme load situations will be rare. 

 

Architectural freedom  

Membranes come in various colours and surface finishes. The Allianz Arena (Figure 1.5) is an example 

of the varieties of expressions that can be applied using LED lighting. Expressions can be easily varied 

by changing the colour of internal lights. As a result, different expressions can be easily obtained. 

Two examples are shown in Figure 1.11 and Figure 1.12.  

 

1.7 Research question 
As clarified by previous research, the introduction of internal webs in pneumatic girders shows great 

efficiency in loadbearing capacity as well as providing a higher stiffness. This characteristic together 

with the excellent building physical properties of membranes and freedom of form in architecture 

allow for a highly efficient integrated structural design. Therefore, this research looks deeper into the 

behaviour of an internal stiff web. The research question becomes: 

RQ: What is the influence of a continuous elastic support on a rigidized internal web? 

Figure 1.12 - Variety of expression 2 Figure 1.11 - Variety of expression 1 

Chamber 1 

Chamber 2 Chamber 1 

Chamber 2 

Figure 1.9 - Normal load situation Figure 1.10 - Extreme load situation 
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A straight forward answer is not easily achieved, therefore, sub-research question are formulated. 

Within the RQ three main topics can be described, namely: structural optimization of the internal 

web, the inflatable and the production by means of rigidization of a composite material. After these 

three main topics are elaborated, a synthesis will result in a preliminary design which will be tested in 

the constructive laboratory at the Eindhoven University of Technology.  

Structural optimization  

Structural optimization results in a significant reduction of material. Optimization problems are 

separated in the following three categories: size, shape and topology optimization. Each topic is 

analysed and assessed. Due to the complexity of these optimization processes, a Finite Element 

Methods is often used. With such FEM-models a given model needs to be as close to reality as 

possible. Therefore, close attention is paid to different variables of such models. The corresponding 

sub-research question now becomes: 

S-RQ1: How can a rigidized internal web be structurally optimized? 

Inflatables 

The continuous spring support provided by an inflatable will be the main reason why this method of 

designing is so efficient. As a result, close attention should be paid to the mechanical properties of 

such membranes. The interaction with the web, the form finding of the membrane, connection of 

membranes and effect of different pressure levels should be taken into account. In conclusion the 

sub-research question regarding inflatables becomes: 

S-RQ2: What are the most essential characteristics of inflatables concerning Tensairity girders? 

Rigidizing 

The process of rigidizing is not new. Nonetheless, application as a structural element is rare. Due to 

their labour-intensive way of manufacturing, composite are still not seen as an efficient material in 

structural design. Furthermore, the aerospace industry is one of the few industries that is actively 

conducting research on the application of composites. This is mainly because of their minimal weight, 

storage volume and excellent material properties. The sub-research question with respect to 

rigidization becomes: 

S-RQ3: How can an optimized web be constructed in the most efficient way using the process of 

rigidization? 

1.8 Methodology 
In order to systematically conduct research to achieve answers to the research questions, a research 

method should be incorporated. Each field of study has its own way of conducting research. In 

addition, choosing just one method may result in an unilateral framework, resulting in an inefficient 

way of conducting research. Therefore, a methodology should be written. Within this methodology, a 

combination of different methods can occur. This combination results in a broader theoretical 

framework, which can be adapted in a way that is most efficient for this research. 

Since the main goal in this thesis is to seek proof of the cohesion between design variables, the 

research can be categorised as an empirical scientific research (Nallaperumal & Krishnan, 2013). The 

three main variables are the structural optimization, the inflatable structure and the production 

method of the optimized web. To gather some good insight into these topics, a literature study is 
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performed first. Earlier experimental research as well as theoretical based scientific papers and 

books will increase the understanding of the individual topics. After this literature study, a synthesis 

will serve as a base for the product development. 

The product development phase starts with a conceptual solution to the original research question. 

An iterative process well then occur, starting with a model of the production, a (full) scale test and 

the evaluation of that test. Since new design developments can occur during the evaluation of the 

test, this is an iterative procedure. This iterative design process is created by Thomke (Thomke, 2003) 

as referred to by J. Koppel and S. Dijck (Koppel & Dijck, 2013).  

In Figure 1.13 the method is shown, inspired by the empirical circle as introduced by A.D. de Groot 

(Groot, 1994). De Groot stated that the intention of an empirical research is to gather knowledge of 

the world that is around us. By collecting observation (a.k.a. outcome of experiments), researchers 

try to put facts into knowledge. As the research question in chapter 1.7 points out, the focus will be 

on the development of internal webs in a Tensairity element. Therefore, the focus in the observation 

phase is to gain knowledge in this specific field of interest. This phase is followed by an induction, 

deduction, testing and evaluation, as shown below: 

 Observation 

 Gathering of the empirical facts. This included a literature study where the knowledge about 

 the topic is broadened. 

Induction  

 Formulation the hypothesis. This is where the problem is defined and an assumption 

 regarding the coherence of the variables is made. 

Deduction  

 The hypothesis is here translated into special consequences. These consequences mainly 

 involve assumptions that can be verified.  

Testing 

Experiments are conducted, checking the hypothesis that was made during the induction. 

Evaluation  

Evaluation of the results from test related to the hypothesis. Possible recommendations are 

made for further research. 
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Figure 1.13 - Methodology 
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2. Fundamentals of Lightweight Structures 
 

2.1 Lightweight structures 
In order to achieve a good understanding of lightweight structures a literature study is required. This 

study should prevent the research from being pointless and provide enough understanding for 

further development. Therefore, not only the part of Tensairity is analysed, but a broader spectrum, 

containing the origin of lightweight structures, their evolvement into tents, domes and large span 

structures.  

Ever since homo sapiens walked this planet, housing was one of the primary necessities. Where the 

first kind of houses where established in caves, people started moving in order to survive. The further 

they went, the harder it became to get back to the same home. Eventually, the homes moved with 

them. The oldest known evidence of a house-like structure was found in 1966 near Nice in the 

southern France and dates back around 400,000 years. The construction of such houses, shown in 

Figure 2.1, called ‘Terra Amata’,  were similar to those still in use in Asia, Africa and America in the 

20th century. This fact means that these archetypical building forms survived through all the epochs 

of history. Such a structure was made by branches that were stuck in the ground close to one 

another. In the middle a rigid beam that was carried by posts formed the centre of the 

establishment. The branches where then bend inward until they touched the rigid beam and 

connected by laces to form arches. By adding more horizontal members, an orthogonal grid occurred 

(Berger, 1996). How did these shelters develope into modern buildings?  

2.1.1 Tents 

Where the Terra Amata was covered with leaves, other structures emerged that were covered with 

skin or woven materials. These primal forms of living are called tents. These kind of structures were 

easily broken down and transported, providing the owner quick shelter against environmental 

conditions. A Tipi, as shown in Figure 2.2, is an example of such a structure, as used by the native 

North American Indians. Simple rods were first put against each other to form an A-shape. Other 

rods could then stabilise this shape and be provided with covering materials. The rods were placed 

into an oval form, where the smaller radius was placed toward the dominant wind direction(Koch & 

Habermann, 2004). This adaptability to weather is one of the first examples of adaptable structures. 

The covering material mostly consisted out of leaves or animal skin. When animal skin was applied, it 

was even possible to make a double skin facade. Dried grass could be inserted between to skins to 

provide for extra insulation during the colder seasons (Berger, 1996). 

  

Figure 2.1 - Terra Amata (Berger, 1996) Figure 2.2 - Tipi tent (Berger, 1996) Figure 2.3 -  Yurt (Koch & Habermann, 
2004) 
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Another common tent structure is the Yurt (Figure 2.3) which was used mainly by Mongolian people. 

This tent was built using willow branches which were constructed in an orthogonal grid. Due to this 

vertical wall, more comfort was created toward the inside edge of the tent. A hole in the roof 

provided sunlight and also functioned as a chimney for ventilation (Koch & Habermann, 2004). 

While the Tipi and Yurt took about one day to set up, this was still too long for nomadic people that 

travelled more often. Furthermore, the large compression elements were a hassle to take with them. 

Mostly, one end of the rods was carried by a donkey while the other end was dragged on the ground, 

see Figure 2.4. Due to these problems, nomadic people required a construction that could be built 

using less material, thus, reducing the amount of compression elements to a minimum. The result 

was the black tent, shown in Figure 2.5, which was mostly used by desert travellers.  This 

construction could be erected in a matter of minutes and transported on the back of a camel or 

horse. The distances between two struts was such that the tensile material in between would not 

drop excessively. This material consisted of goat hair, which had good tensile and water repelling 

properties. In addition, due to constant tensile forces or damage by transport, holes could easily be 

fixed (Koch & Habermann, 2004). 

Regarding tent structures, there was not much development until the 18th century. However, they 

were still used. For example, 100 B.C. the Roman Empire used these tents for military purposes. 

Florence Baptistery used them for temporary dwellings in 1430 and the army of Switzerland used 

tents as inspired by the Middle East for sanitary reasons around 1655. It was in the mid-nineties that 

tents started to be used for public events such as festivals. Those festival tents needed a higher 

capacity, resulting in larger spans and new developments (Koch & Habermann, 2004). 

 

2.1.2 Domes 

Besides tents, another lightweight structure is the dome. The Terra Amata as shown in Figure 2.1 is 

an example of such a structure. These structures were highly likable due to the great efficiency. For 

example, early found domes which were built from branches covered with skins or thatch were able 

to carry its own weight and additional environmental forces, such as wind and snow. However, these 

forces often far exceeded the 5kg/m² self-weight, which is the highest likely of such a structure. 

According to H. Berger, structural engineers called these funicular structures. This means that the 

dome structures have a shape which is always in total balance with the load it has to carry. The 

simplest example of a funicular structure is a chain. Moreover, domes use the least amount of 

material due to the fact that walls and roofs are integrated into a single surface (Berger, 1996).  

Figure 2.4 - Transportation of a Tipi (Berger, 1996) Figure 2.5 - Black tent (Koch & Habermann, 2004) 
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Where there were no plants available, people started to use clay as a covering material. However, by 

the heat of the sun and possible fires that were lighted during its use, the clay started to become 

rigid. Figure 2.6 shows houses made of clay only. The steps that can be seen are not for decoration 

only, but served as steps for the building process and accessibility for possible repairs. In order to 

increase the load bearing capacity of such structures, straw could be added which provided great 

insulating, airtight and water resisting properties. This rigidizing procedure was the beginning of the 

sun-baked brickworks. Due to the size of these dwellings, formworks were not yet needed. This 

changed with the new record of largest dome cover between 120 and 124 A.D.: the Pantheon, see 

Figure 2.7. This structure was not made from traditional materials such as wood or clay, but with 

concrete. Concrete was not a new material as it was already used by the Romans, however, the 

accomplishment using this new material was revolutionary. Its concrete dome has a diameter of 43.4 

meters, which makes it the oldest large span concrete dome. In the design for the dome, 

unnecessary material was already left out by introducing the oculus and inlets of the inner surface 

(Berger, 1996).  

 

 
 
 
 
 
 
 
 
 

2.1.3 Large span structures 

The industrial revolution made it possible to create larger spans by using new materials such as cast 

iron, wrought iron, steel and more advanced concrete. Examples of such buildings are several 

exhibition halls from the 19th century.  

Concrete domes were rediscovered by great engineers in the 20th century. Examples of extraordinary 

engineers are Pier Luigi Nervi who was a master in exceptional slenderness and designed the Hangar 

in Orbitello (Figure 2.8), Felix Candela with the hyperbolic and saddle shaped designs of the Candela 

Pavilion (Figure 2.9) and Heinz Isler who created large spans with just 7cm thick concrete shells with 

his roof design for a tennis court (Figure 2.10), just to name a few. Beside their great designs, the 

difficulty of the designs and the non-translucent surfaces were considered as problems (Berger, 

1996). 

Figure 2.6 - Houses from clay found in 
the North of Cameroon (Berger, 1996) 

Figure 2.7 - The Pantheon 

Figure 2.8 - Hangar in Orbitello by Pier 
Luigi Nervi  

Figure 2.9 - Candela Pavilion by Felix 
Candela 

Figure 2.10 - Tennis court roof by Heinz 
Isler 



The influence of a continuous elastic support on the stiffness of a rigidized internal web 

20 
W.J.H. Lenaers 

2.2 Pneumatics 
In his book ‘Tensile Structure’ Frei Otto stated that the history of pneumatic structures is almost 

impossible to trace since there is no field of engineering that was subjected to more development on 

such a wide scale (Otto, 1969). In his book, Frei Otto gives the following definition to pneumatic 

structures: 

“Pneumatic structures are structural forms stabilised wholly or mainly by pressure differences of 

gases, liquids, foam or material in bulk.” 

These pneumatic structures are all around us. To illustrate this, Dent uses the example of the human 

body as a reference. This body consists of very flexible tissue, the skin, which is kept in tension by 

constant blood pressure inside our bodies. The early hunter even used animal skins for water storage 

(Dent, 1971). Another example of natural shape of pneumatic structures is the soap bubble as 

described by Frei Otto. A single soap bubble is the most fundamental form in nature, having the least 

amount of surface area possible. By combining soap bubbles, countless variations are possible. 

Nevertheless, all these variations are characterised by their synclastic shape (see Figure 5.1). It is this 

characteristic that distinguishes pneumatic structures from membrane structure, whose shapes are 

characterised by anticlastic curvatures (Nerdinger, 2005).  

2.2.1 Industrial Applications 

While the sails of a sailboat can be characterised as a pneumatic structure the Romans, Egyptians 

and Greeks where most likely aware of the efficiency of pneumatics. However, structural applications 

remained absent. This changed with the first hot air balloon, realised by the Montgolfiers brothers in 

1783. While on the same time Jean Baptiste Meusnier was working on a more cigar-shaped structure 

with an inner bag filled with gas, the transport by air was a fact. These structures were further 

developed until the 20th century. Buckminster Fuller was also one of the engineers who participated 

in this development. He worked on his vision in 1927 for the transport of multi-stored buildings of 

several stories. By means of zeppelins, pre-fabricated levels could be put on top of each other and 

anchored. This idea was taken up by the architectural group Archigram just after the Second World 

War (Berger, 1996).  

Back in the 18th century, the first air balloon had shown the great potential of pneumatic structures. 

Therefore, William Thompson got a patent on the pneumatic tyre. This new tyre showed great 

abilities in shock absorbing and better controllability due to more contact with the ground. As these 

applications cannot be assigned to the built environment, the beginning of pneumatic architecture 

can be set by Frederick William Lanchester in 1917. Lanchester was the first to request a patent on 

an earth bound pneumatic structure. Despite of this patent, his design, which was meant to be a 

pneumatic hospital, never got realized. Just before the Second World War, the Stromeyer inflatable 

camping tent was introduced. The rigid compression elements which are common in today’s tents 

were then designed as inflatable tubes. Using only tension, the use of material was optimized. In 

addition, this tent needed minimum effort to erect and was easy to demould and re-use, thus, again 

proving the efficiency of inflatable structures. Inspired by Lanchester, Herber H. Stevens developed a 

pneumatic roof during the Second World War. Three layers of roofing material would provide 

insulation and a weather resisting element. Despite the fact that Stevens got just as unlucky as 

Lanchester, his design showed the potential of integrating aspects such as building physics (Dent, 

1971).  



Fundamentals of Lightweight Structures   

21 
W.J.H. Lenaers 

While both Lanchester and Stevens designs did not result in actual buildings, it had a great influence 

in the Second World War. During this war, lives were lost due to sinking boats or airplanes that 

crashed. In order to save these people, an easily transported object was needed. It should not take 

up much space while stored, but it should be erected in no-time and guarantee some level of 

strength. The inflatable survival life-raft was one of such. In addition, Walter W. Bird designed 

pneumatic domes that were used on the ‘Distant Early Warning (DEW) Line’ project in 1946, 

providing shelter for large radar antennae’s against the Arctic climate (Figure 2.11). For Walter W. 

Bird this project was a big success, which was a good reason for him to start his own company named 

Birdair Structures in 1956. With this company, great developments were made in the field of sport 

halls, storage facilities, factories and military applications (Dent, 1971). 

Just like the survival life-raft, transportation costs needed to be reduced to a minimum in space 

missions. First of all, this means the surface should be kept to a minimum. As a result, the sphere is 

the most optimal form. Other necessities are the volume of package, erection time, re-usability and 

flexibility. These demands finally resulted in the design of balloon satellite Echo I, Figure 2.12, in 

1960. This balloon with a diameter of 30 meter contained a mixture of benzoic and anthraquinone 

which gradually evaporated and kept the balloon inflated. The surface was finished with transparent 

glossy foil to increase the reflect ability of the balloon. When the balloon was fully packed, the 

package had a diameter of just 107 cm, fitting it perfectly in the tip of the nose of the Delta-I rocket 

(Otto, 1982).  

 

  
 

Profound investigation into pneumatic structures eventually showed that large span pneumatic 

structures were more economical with the use of a supporting construction. This supporting 

structure would provide adequate strength in order to prevent the structure from collapse in case of 

lack or failure of air pressure. This development resulting in the hybrid structures where air inflated 

element were connected with rigid help elements. An example is the Boston Arts Centre Theatre, see 

Figure 2.13 and Figure 2.14, designed in 1959. This design came forward from a demand of a 

temporary structure. Tent structures seemed not to fulfill the wishes to create an unobstructed free 

round area of 44 meter is diameter. Paul Weidlinger designed a disc-shaped pneumatic roof that was 

kept in shape by air and a steel compression ring around the perimeter of the roof. Since this 

structure formed a closed structural element, similar to that of a bicycle wheel, the pneumatic roof 

resulted only in vertical loading which could easily be carried by steel columns. The brilliance in this 

design is the integration of building physics, as Herber H. Stevens introduced in his design (which 

never got realized). The temperature inside the roof could be regulated, thus, controlling the indoors 

climate. In addition, the roof was tilted due to acoustic reasons.   

While David Geiger-Horst Berger succeeded in realizing a pneumatic roof for the U.S. Pavilion at the 

Expo of 1970 in Osaka, Japan, which had a weight that equals the weight of the ancient domes 

Figure 2.11 - Radomes by Walter W. Bird 
(Dent, 1971) 

Figure 2.12 - Echo I (Dent, 1971) 
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(5kg/m²), similar structure have shown to be vulnerable. One of the problems that occurred through 

experience is the failure and high maintenance of constant air-supporting mechanical devices. 

Besides this equipment, buildings with pneumatic pre-stress as main structure are vulnerable to 

snow loading (Berger, 1996). A good example is the Minnesota Metrodome, which was damaged due 

to heavy snow loading for four times (DePass, Zulgad, & McGrath, 2010). As can be seen in Figure 

2.15, once vertical deflection becomes too big, a hollow area occurs, which results in an 

accumulation of more and more loading with continuous rain or snowfall.  

  
In addition Marc Dessauce describes the protest in the late sixties in his book ‘The Inflatable 

Moment, pneumatics and protest in ’68’. On the first of March, 1968, The Utopie group, who 

extremely expressed their look on the characteristic architecture of that time with a mocking tone, 

opened an exhibition in the Musée d’Art Moderne de la Ville de Paris. In this exhibition they showed 

over a hundred pneumatic objects, from vehicle of land, to furniture, artworks and protection 

devices. However, this resulted in lot of critics since the exhibition focused on the formulation of 

critiques to architecture, urbanism and everyday life in the French society. Due to the fact that a lot 

of these exhibited object were already developed, many by Walter W. Bird, this shows that the 

society was not fully accepting the pneumatic development at that time (Dessauce, 1999). 

 

In conclusion, the development of lightweight structures originates from the need of people to 

transport their homes, therefore, reduce the weight of these structures. This need resulted in the 

development of tents while non-travellers slowly developed the more permanent dome structure. 

With the industrial revolution new materials were discovered which allowed further development of 

large span structures. It is around this time that pneumatic structures found their way into the built 

environment. The great efficiency of these structures lies in the material usage, easy transport, fast 

deployment and low self-weight. Although the integration of building physics has been done before, 

there are only a limited number of examples. Translating this integrated design into a permanent 

structure is something which requires further development. Appendix A provides additional 

information with respect to tensile structure and pioneers in the lightweight industry such as Frei 

Otto and Buckminster Fuller. This information can be used to acquire a better understanding of the 

working of lightweight tensile structures.  

Figure 2.13 - Boston Art Centre Theatre (Dent, 1971) Figure 2.14 - Boston Art Centre Theatre cross-section (Dent, 1971) 

Figure 2.15 - Minnesota Metrodome before (L) and after (R) collapse 
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3. Theoretical Framework 
 

3.1 Pneumatics 
In order to fully understand the working of inflatable membranes, a theoretical framework is 

developed. The main focus is to get an insight into the mechanical behaviour of pneumatic pre-

stressed structures and the working of internal webs. Figure 3.1 shows the overview of pre-stressed 

structures and the focus of this chapter.   

 

 

 

 

 

 

3.1.1 Membrane stresses 

When a structure is inflated, the atmospheric overpressure will result in loads perpendicular to the 

surface. The stresses that occur are shown in Figure 3.2.  

 

Figure 3.2 - Schematic view of the stresses in a curved pneumatic membrane (L) and simplified (R) (Habraken, 2011)  

From Figure 3.2 (R) it is clear that the total downward load equals: 

𝑞𝑑 = 𝑝 ∙ 𝑑 

These forces are counterbalanced by an upward force given by the vertical component of the 

stresses in the membrane. This upward load is given by: 

 𝑞𝑢 = 2 ∙ ( sin(𝜑) ∙ − 𝜎 ) 

𝑞𝑢 = − 
𝑑

𝑅
∙  𝜎  

𝜎 

𝜎 𝜎 

𝜎 

𝜎 *𝑑/𝑅 

𝑝 * 𝑅 

𝜑  

𝜑  

𝑑  

Pre-stressed 

No 

Yes 

Pneumatic 

Air 
supported 

Air inflated 

Mechanical 

Hydraulic 

Weight 

Figure 3.1 - Overview of pre-stressed structures 
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For this situation, equilibrium results in: 

 𝑞𝑑 = 𝑞𝑢 

 𝑝 ∙ 𝑑 =  − 
𝑑

𝑅
∙  𝜎  

 𝜎 = − 𝑝 ∙ 𝑅 

Translating this into a 3D membrane with an anticlastic shape 
(Figure 3.3), the following equation can be determined: 
 

𝜎𝑥
𝑅𝑥  

+
𝜎𝑦

𝑅𝑦 
+ 𝑝𝑧 = 0 

 
A general equation for a double curved membrane (synclastic) is now formulated. To gain further 
understanding of the Tensairity girder, this general equation is now applied to a Tensairity element. 
Therefore, an air tube with one curvature in the x-direction will be discussed. Knowing that there is 
no curvature in the y-direction, the Ry becomes infinite. Therefore, the equation shown above now 
results in:  

𝜎𝑥
𝑅𝑥  

+
𝜎𝑦

∞
+ 𝑝𝑧 = 0 

𝜎𝑥 = − 𝑝𝑧 ∙ 𝑅 

In Figure 3.2, the positive direction is taken downwards. Therefore, the pressure is taken positive, 

while the radius is taken negative.  As a results, the value of 𝜎𝑥 will become positive.  

As various researchers and experiments have pointed out, the use of a web can increase the 

loadbearing capacity and stability of an inflated beam (Wever, 2008),  (Wever, Plagianakos, 

Luchsinger, & Marti, 2010) and (Rolf H. Luchsinger, Galliot, & Gauthier, 2011). Such a web is shown in 

Figure 3.4. Considering a roof-like structure, multiples beams should be introduced. Therefore, the 

single web as shown in Figure 3.4 is now shown in Figure 3.5 with a second web on a distance ‘c.t.c.’ 

from the first web.  The value of 𝜎𝑥  is already determined and depending on the pressure and radius. 

However, the direction is also depending on certain geometric restrictions. Therefore, the value of 𝜑 

is determined here.  

As 𝜑𝑖𝑛 and 𝜑 have a direct relation (𝜑𝑖𝑛 + 𝜑 = 90⁰) the value of 𝜑𝑖𝑛 is determined first. This value can 

be easily set as:  

 𝜑𝑖𝑛 = cos  (
𝑐.𝑡.𝑐

2

𝑅
) 

Therefore, 𝜑 becomes:  

𝜑 =  90⁰ − cos  (

𝑐. 𝑡. 𝑐
2
𝑅

) 

In conclusion the forces applied on the web due to the inflatable are depending on both 𝜎𝑥 and 𝜑 as 

a change in 𝜑 will have consequences on the horizontal and vertical component of 𝜎𝑥. Therefore, the 

design parameters are the radius, pressure and centre-to-centre distance.  

Figure 3.3 - Anticlastic shape (Habraken, 
2011)  
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Figure 3.4 - Single web 

 

Figure 3.5 - Multiple webs 

3.2 Buckling 
For this part, theory as provided by lectures given by A.S.J. Suiker (2015-2016) and theory from N.A. 

Alfutov (2000) are used. The course in which these lectures are given is called Stability of Structures. 

In this chapter, part of that knowledge is used to get a better understanding of the buckling 

behaviour of axially loaded columns on simple supports and continuously supports. Secondly, a 

theoretical framework from N.A. Alfutov is used to determine the buckling load for a continuous 

elastic support. 

3.2.1 Axially loaded linear elastic beam 

A simple supported elastic column is loaded on its axis. At a certain point, the beam wants to move 

out of its axis which is called buckling. A beam as shown in Figure 3.6 is considered to explain the 

theoretical background. 

 

 

 

 

 

Before buckling occurs, the shape of the beam is assumed to be perfectly straight. This assumption 

means the model is first analysed in the un-curved state, as shown in Figure 3.7.  

 

 

 

 

 

𝜑𝑖𝑛 

Figure 3.6 - Simple supported axial-loaded elastic beam 

Figure 3.7 - Un-curved element 
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Applying equilibrium in the x-direction results in: 

𝑑𝑁0

𝑑𝑥
 +  q𝑥  =  0 

Using Hook’s Law, No can be written as:  

𝑁0  =  𝐸𝐴𝜀 

Combining Eq. (1) and (2) gives: 

𝑑

𝑑𝑥
 (𝐸𝐴

(𝑑𝑈0)

𝑑𝑥
 ) + 𝑞𝑥  =  0 

The next step is to analyse the curved element, as shown in Figure 3.8. Force equilibrium in the x-

direction is now expanded. 

 

 

 

 

 

 

𝑑𝑁

𝑑𝑥
 +  

𝑑

𝑑𝑥
 (𝑄φ) + 𝑞𝑥  = 0 1 

Force equilibrium in the z-direction gives: 

𝑑𝑄

𝑑𝑥
 −  

𝑑

𝑑𝑥
 (𝑁φ)  + 𝑞𝑧  =  0 

Moment equilibrium in the y-directions gives: 

𝑄 =  
𝑑𝑀

𝑑𝑥
  

The moment 𝑀 can be rewritten with respect to the curvature, according to the following 

constitutive relations: 

𝑀 =  𝐸𝐼к 

 к =  
𝑑𝑄

𝑑𝑥
= −

𝑑²𝑤

𝑑𝑥²
 

                                                           
1 The horizontal component of Q is actually represented as 𝑄ℎ𝑜𝑟 =  𝑄 ∙ tan   (φ). However, deformation as 

shown in figure 3.2.3 is highly exaggerated, as φ<< 1. Therefore, tan(φ) can be substituted by φ. 

(4)
 
 

(5) 

(6) 

(7) 

(8) 

Figure 3.8 - Curved element 

(1) 

(2) 

(3) 
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The minus occurring in equation (8) is the result from the choice to choose counter clockwise 

rotation as positive, as shown in figure 3.2.3. Assuming the curvature is very small, combining 

equation (4) – (8) gives: 

𝑑²

𝑑𝑥²
 (𝐸𝐼

 𝑑²𝑤

𝑑𝑥²
 )  −  

𝑑

𝑑𝑥
 (𝑁0  

𝑑𝑤

𝑑𝑥
 )  =  𝑞𝑧  

Assume a constant bending stiffness and a constant load F which equals F = -N0, equation (10) shows 

the general buckling equation:  

𝑑²

𝑑𝑥²
 (𝐸𝐼 

𝑑²𝑤

𝑑𝑥²
 )  +

 𝑑

𝑑𝑥
 (𝐹 

𝑑𝑤

𝑑𝑥
 )  =  0 

In order to simplify equation (10) a factor α² is introduced, which equals:  

𝛼2 =
𝐹

𝐸𝐼
 

Substituting equation (11) into (10) results in:  

𝑑4𝑤

𝑑𝑥4
  +  𝛼² 

𝑑2𝑤

𝑑𝑥2
  =  0 

Solving equation (12) can be done using an exponential form describing the displacement 𝑤, and 

substituting this into equation (12): 

𝑤(𝑥)  =  𝐶 𝑒𝑥𝑝(𝜆𝑥)  

(𝜆4  +  𝛼²𝜆²) 𝐶 𝑒𝑥𝑝(𝜆𝑥)  =  0 

The trivial solution for equation (13) is given by C = 0. The non-trivial solution will be: 

(𝜆4  +  𝛼²𝜆²)  =  0 

𝜆2(𝜆2  +  𝛼²)  =  0 

𝜆1,2  =  0,   𝜆3,4  =  ±𝑖𝛼 

The solutions given in equations (14) can be inserted into equation (13), resulting in: 

𝑤(𝑥)  =  𝐶1   +  𝐶2 𝑥 +  𝐶3 𝑒𝑥𝑝(𝑖𝛼𝑥)  + 𝐶4 𝑒𝑥𝑝(−𝑖𝛼𝑥) 

In order for 𝑤 to be a real-number, the terms 𝐶3 and 𝐶4 need to be complex-conjugated. This 

complex-conjugated form means both 𝐶-terms can be rewritten and substituted in equation (15): 

𝐶3  =  𝑎 +  𝑏𝑖  

𝐶4  =  𝑎 −  𝑏𝑖  

𝑤(𝑥)  =  𝐶1   +  𝐶2 𝑥 +  (𝑎 +  𝑏 𝑖) 𝑒𝑥𝑝(𝑖𝛼𝑥)  + (𝑎 −  𝑏𝑖) 𝑒𝑥𝑝(−𝑖𝛼𝑥) 

Writing out the products and writing the terms a and b together results in: 

𝑤(𝑥) =  𝐶1   +  𝐶2 𝑥 + 2𝑎 
exp(𝑖𝛼𝑥) + exp(−𝑖𝛼𝑥)  

2
 + 2𝑏 

exp(𝑖𝛼𝑥) − exp(−𝑖𝛼𝑥)  

2
 

(11) 

(13) 

(14) 

(15) 

(16) 

(12) 

(10) 

(9) 
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𝑤(𝑥)  =  𝐶1   +  𝐶2 𝑥 +  2𝑎 ∙  𝑐𝑜𝑠(𝛼𝑥)   +  2𝑏 ∙ 𝑠𝑖𝑛(𝛼𝑥)  

For simplicity matters, equation (16) is rewritten to in a way that 𝐶1 = 𝐴1, 𝐶2 = 𝐴2, 2𝑎 = 𝐴3 and 

2𝑏 = 𝐴4: 

𝑤(𝑥)  =  𝐴1   +  𝐴2 𝑥 +  𝐴3 𝑐𝑜𝑠(𝛼𝑥)   +  𝐴4 𝑠𝑖𝑛(𝛼𝑥)  

The fourth order differential equation given in equation (10) is now rewritten to equation (17). This 

fourth order equation can be solved using four boundary conditions. The values 𝐴1−4 in equation (17) 

represent these boundary conditions.  

In order to determine the buckling load of a simple supported axial-loaded elastic column, shown in 

Figure 3.6, equation (17) is used. The four boundary conditions (left) can be substituted in equation 

(17). The results are given on the right. 

Boundary conditions: 

1. w(0) = 0    w(0) = A1 + A3 

2. M(0) = - EI 
𝑑²𝑤

𝑑𝑥²
│x=0 = 0  

𝑑²𝑤

𝑑𝑥²
│x=0 = -A3 α² 

3. w(l) = 0     w(l) = A1 + A2 l + A3 cos(αl) + A4 sin(αl) = 0 

4. M(l) = - EI 
𝑑²𝑤

𝑑𝑥²
│x=l = 0  

𝑑²𝑤

𝑑𝑥²
│x=l = -A3 α² cos(αl) – A4 α² sin(αl) = 0 

From equation given in BC2 it can be concluded that 𝐴3 = 0. Substituting this value in BC1 gives 

𝐴1 = 0 .  The resulting equation BC3 and BC4 can be written in matrix format. 

[
𝑙 sin (αl)

0 − α2sin (αl)
] [
𝐴2
𝐴4
] = [

0
0
] 

The non-trivial solution of this matrix can be obtained by setting the determinant of the left matrix 

equal to zero, resulting in: 

𝑙 ∙ − α2sin (αl) – 0 = 0 

− α2l sin (αl) = 0 

Set the sinus to zero: 
sin(αl) = 0  

𝛼𝑛𝑙 =  𝑛𝜋, 𝑤𝑖𝑡ℎ 𝑛 = 1,2,3… 
 
Rewriting equation (11) to formulate F and inserting equation (18) gives: 

𝐹 =  𝛼𝑛
2 𝐸𝐼 =  

𝑛2𝜋2𝐸𝐼

𝑙2
  

The critical buckling load will be given by the lowest value of 𝑛 which is given by the value 1. 

Therefore, the critical buckling load of the structure as given in Figure 3.6 is given by:  

Fcrit = 
𝜋2𝐸𝐼

𝑙2
 

(17) 

(18) 

(19) 
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Inserting equation (18) in the matrix shows that 𝐴2 equals zero.  Therefore, the displacement can be 

written as a function which only involves 𝐴4. 

wn(x) = A4 sin(
𝑛𝜋𝑥

𝑙
) 

From equation (20) different buckling modes can be achieved. The first three are shown in Figure 3.9.  

 

Figure 3.9 - Buckling modes 

  

3.2.2 Axially-loaded elastic beam with continuous elastic support 

In case of the Tensairity principle as shown before, the compression strut is supported by an 

inflatable along its length. This support can be seen as a continuously elastic spring support. The 

book Stability of elastic structures by N.A. Alfutov (2000) is used for further theoretical development.  

Besides the same boundary conditions are used as described in the examples of the previous 

chapter, the continuous support of an inflatable can be modelled as in Figure 3.10: 

 

Figure 3.10 - Continuous elastic supported beam 

The homogeneous equation as given by equation (10) can be expanded with the spring stiffness 𝑘: 

𝑑²

𝑑𝑥²
 (𝐸𝐼 

𝑑²𝑤

𝑑𝑥²
 )  + 

𝑑

𝑑𝑥 
(𝐹 

𝑑𝑤

𝑑𝑥
 )  +  𝑘 ∙  𝑤 =  0 

Using the same boundary conditions the critical deformation 𝑤 can be written as: 

𝑤𝑛(𝑥)  =  𝑠𝑖𝑛(
𝑛𝜋𝑥

𝑙
) 

Substituting eq. (22) into (21) gives: 

-1,5

-1

-0,5

0

0,5

1

1,5

0 0,2 0,4 0,6 0,8 1
Horizontal distance x [m] 

(20) 

(21) 

(22) 

V
e

rt
ic

al
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is
p

la
ce

m
en

t 
𝒘
𝒏

𝑨
𝟒
 

𝐹1 =  
𝜋²𝐸𝐼

𝑙²
 ; n=1 

𝐹2 =  
4𝜋²𝐸𝐼

𝑙²
; n=2 

𝐹3 =  
9𝜋²𝐸𝐼

𝑙²
; n=3 
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𝐸𝐼 𝑠𝑖𝑛(
𝑛𝜋𝑥

𝑙
)(
𝑛𝜋

𝑙
)4  +  𝐹 ∙  − 𝑠𝑖𝑛(

𝑛𝜋𝑥

𝑙
) (
𝑛𝜋

𝑙
)2  +  𝑘 𝑠𝑖𝑛(

𝑛𝜋𝑥

𝑙
)  =  0 

 𝐹 = 𝐸𝐼 (
𝑛𝜋

𝑙
)
2
+ 𝑘 (

𝑙

𝑛𝜋
)2  

Equation (23) is rewritten using a dimensionless factor 𝐹 :  

�̄� = 𝑛² + 
K̄

𝑛2
 

with:  K̄ =  
𝑘 𝑙4

𝜋4𝐸𝐼
  and  F̄ =  

𝐹 𝑙2

𝜋2𝐸𝐼
 

Inserting the real values of 𝑛 = 1, 𝑛 = 2, 𝑛 = 3, etc. 

F̄1  =  1 + 
K̄ 

1
    F̄2  =  4 + 

K̄ 

4
   F̄3  =  9 + 

K̄ 

9
 

An 𝐹  –  𝐾̄  coordinate system is now used to show the different buckling modes(Alfutov, 2000). The 

graph shown in Figure 3.11 (L) shows the buckling mode for a certain 𝐹  –  𝐾̄  coordinate. It can also be 

seen that the stability is depending on the stiffness as described by 𝐾̄ . For example, for 0 < 𝐾̄ < 4 

the smallest eigenvalue is given by 𝑛 = 1. The buckling mode is then obtained by substituting this 

𝑛 = 1 into equation (22), resulting in the function for the critical displacement being one half-wave 

of a sine. For 4 < 𝐾̄ < 36, the value of 𝑛 becomes 2, resulting in 𝑤𝑐𝑟 = 𝑠𝑖𝑛(
2𝜋𝑥

𝑙
). This will result in 

the same graph as shown in Figure 3.9. 

In addition, Alfutov determines the critical buckling load by introducing another coordinate system. 

For this coordinate system, equation (23) is not rewritten using a dimensionless force Ḟ and a 

dimensionless length 𝐿̄ . Equation (23) now becomes: 

Ḟ =  
𝑛²

L̄
2  + 

L̄
2

𝑛2
  

With  𝐿̄  = 
𝑙

𝜋
 √

𝑘

𝐸𝐼

4
   Ḟ = 

𝐹

 𝑘 𝐸𝐼
  

Using the Ḟ –  𝐿̄  coordinate system, the critical buckling load can be obtained. This buckling load is 

shown in Figure 3.11 (R). What is interesting here, is the non-monotonically behaviour of a 

continuous elastic supported column; there are some sections where Ḟ increases when 𝐿̄  increases 

under fixed 𝐸𝐼 and 𝑘. However, when 𝐿̄  becomes greater than 3 or 4, the critical force stays equal 

and becomes independent of the length. In conclusion, it is found that the critical buckling load is 

equal to 𝐹𝑐𝑟 = 2  𝑘 𝐸𝐼.  

(23) 
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3.2.3 Axially-loaded elastic beam with continuous elastic support and internal webs 

The thesis written by T. Wever in 2008 suggests that the springs as shown in Figure 3.10 are not 

working individually, but are connected by the internal web (Wever, 2008). Wever modelled this 

connection as shown in Figure 3.12, allowing another parameter to enter the buckling equation: 

shear stiffness. 

 

Figure 3.12 - Continuous elastic supported beam with shear stiffness 

As a result, equation (21) is further elaborated by adding a shear stiffness 𝑔.  

𝑑²

𝑑𝑥²
 (𝐸𝐼 

𝑑2𝑤

𝑑𝑥2
 ) + 

𝑑

𝑑𝑥 
(𝐹 

𝑑𝑤

𝑑𝑥
 ) − 𝑔

𝑑²𝑤

𝑑𝑥²
+  𝑘 ∙  𝑤 =  0 

When solving equation (27) using the equation (22) results in:  

𝐹 = 𝐸𝐼 (
𝑛𝜋

𝑙
)
2
+  𝑘 (

𝑙

𝑛𝜋
)2 + 𝑔 

The governing buckling load is again the lowest non-trivial value for 𝐹. By equation the derivative of 

𝐹 to n to 0 the corresponding value of 𝑛 is achieved:  

𝑑

𝑑𝑛
𝐹 =

2 𝑛 𝜋² 𝐸𝐼

𝑙²
+ (−2)(

𝑘𝑙2

𝑛3𝜋2
) = 0 

𝑛 =  
𝑙

𝜋
 √

𝑘

𝐸𝐼

4
 

Substituting equation (26) into equation (25) results in the critical buckling load:  

𝐹 =  2 𝑘𝐸𝐼 + 𝑔 

 

𝐹  

   

Ḟ 

   

Figure 3.11 - Buckling mode (L) and buckling load (R)  (Alfutov, 2000) 

(24) 

(25) 

(26) 

(27) 
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Wever describes this shear stiffness 𝑔 to be depending on the shear modulus and the height of the 

web, giving it the unity of Newton. However, as no further literature has been found, the model as 

shown in Figure 3.10 is used for further analysis.  

3.2.4 Comparing 

The buckling load of an elastic beam and a continuously elastic supported elastic beam are again 

shown in Figure 3.13 with their corresponding buckling equations. To further explain the behaviour 

of both systems, two situations are introduced. For matters of simplicity, both situations consist of a 

solid steel column of 50x100mm. The modulus of elasticity is given at 2.1 ∙ 105 N/mm². Note that the 

spring stiffness k is now rewritten to  𝑘 =  𝜋 ∙ 𝑝, where 𝑝 is a pneumatic pressure given in kPa.  

 

 

Situation 1 

A column with a length of 2000mm is given. The reaction forces show that there is a hinge support at 

the bottom and a roller at the top (corresponding to Figure 3.13). Both buckling loads are 

determined. A pressure of 5 kPa is assumed.   

 

 

 

 

 

 

 

 

 

What can be seen from Figure 3.14 is that the continuously support has no influence on the buckling 

resistance of the column; if the axial load 𝑃 reaches 118 kN, the beam will still not buckle.  Therefore, 

situation 2 is introduced.  

  

𝑃𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔=  
𝜋2 𝐸 𝐼𝑦

 𝑐𝑟
2  𝑃𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔=  2 √𝜋 ∙ 𝑝 ∙ 𝐸 ∙  𝐼𝑦 

       𝑃𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔=  
𝜋2 𝐸 𝐼𝑦

 𝑐𝑟
2  

 

 = 
𝜋2 2,1∗ 105∗(

1

12
∗100∗50 ³)

2000²
 

 = 540 kN* 
 

𝑃𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔=  2  𝜋 ∗ 𝑝 ∗ 𝐸 ∗  𝐼𝑦 

 

=2 *√𝜋 ∗ 0,005 ∗ 2,1 ∗ 105 ∗ (
1

12
∗ 100 ∗ 50 ³)  

 = 117 kN 
 

* Consider steel S235, having a yield strength of 235 N/mm², this column will not fail on yielding, as the surface load is 
540*10³/(100*50) = 108 N/mm² < 235 N/mm².  

 

Figure 3.13 - Overview of both buckling situations 

Figure 3.14 - Situation 1 
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Situation 2 

The length is now increased to 8000 mm. The corresponding buckling loads are: 

 

 

 

 

In situation 2 it is clear that the continuously spring support does increase the buckling resistance. In 

conclusion, the effect of a continuous spring support is only effective when a certain length is 

exceeded. This length can easily be found by equalizing both buckling equations and solve for Lcr.  

𝜋2 𝐸 𝐼𝑦

𝐿𝑐𝑟
2    = 2 √𝜋 ∗ 𝑝 ∗ 𝐸 ∗  𝐼𝑦 

𝐿̄𝑐𝑟 = √
𝜋3 𝐸 𝐼𝑦

4 𝑝

4
 

For this particular example, the value of Lcr will be 4290mm, thus, when the column is longer than 

4290mm, the continuous elastic support becomes efficient. Furthermore, the pressure can be varied, 

resulting in a higher (or lower) buckling resistance provided by the continuously elastic support. This 

variation in pressure is shown in Figure 3.15. The graph shows for each different pressure what the 

critical length is.  

 

Figure 3.15 - Buckling loads of a solid steel column (50x100mm) 

In conclusion the introduction of a continuous elastic support shows great efficiency for large span 

structures.  

       𝑃𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔=  
𝜋2 𝐸 𝐼𝑦

𝐿̄𝑐𝑟
2  

 

 = 
𝜋2 2,1∗ 105∗(

1

12
∗100∗50 ³)

8000²
 

 = 34 kN 
 

 

  

𝑃𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔=  2  𝜋 ∗ 𝑝 ∗ 𝐸 ∗  𝐼𝑦 

 

=2 *√𝜋 ∗ 0,005 ∗ 2,1 ∗ 105 ∗ (
1

12
∗ 100 ∗ 50 ³)  

 = 117 kN 
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3.3 Tensairity  
Tensairity is a lightweight structure which is introduced by Dr. Mauro Pedretti in 2000. The essence 

of lightweight structures is the force flow within the structure. Tension and compression need to be 

separated in order to achieve and optimal material usage. Therefore, Pedretti started to reinforce 

compression element with inflatables, and introduce the brand name Tensairity, an acronym for 

tension, air and integrity. In this chapter a closer look is taken in the working of Tensairity by 

analysing both theory and applications. 

3.3.1 Structural principle  

As shown in Figure 3.16 a compression element is supported by an air-inflated beam. This beam is 

stabilized by steel cables which are spiralled around the beam. When inflated, the airbeam will 

pretension the cables and provide stability to the compression element. Considering volume-mass, 

almost 95% of this structure consists of air, which is not needed to be transported; it is everywhere. 

As a result, the storage volume of a non-deployed Tensairity beam is minimal. Moreover, as the 

function of the air beam is merely to stabilize the compression element, low pressure will be 

sufficient. As a result, deployment is simple and fast. The compact storage volume and fast and easy 

deployment makes this structure the perfect candidate for temporary structure.  

One of the most important aspects of Tensairity beams is given by independency of the length (R. 

Luchsinger, Pedretti, Pedretti, & Steingruber, 2004). Both pressure and membrane force are only 

influenced by the load per length. As a result, slenderness and length have no influence on both the 

pressure and membrane force.   

As shown in 3.2.4 Comparing the continuously elastic support results in a buckling load which is 

independent of the length. This independency means that so called buckling-free-compression can 

occur. As the name stated, buckling will not occur and, therefore, not be the governing load. Yielding 

is the new governing load, which means every part of the material can be used.  

These structural advantages of Tensairity element result in a significant reduction in weight. As an 

example, the bridge as shown in Figure 3.17 is considered. A span of eight meters with a load 

resistance of 3.5 tons is the objective. The weight of such a Tensairity beam is 98kg. A similar HEB 

steel girder, with the same loadbearing capacity would result in a 320kg heavy beam. On the other 

hand, when the cables and compression strut are removed, the pressure inside the air beam would 

have to be increased to 15 bar in order to achieve the same loadbearing capacity of the Tensairity 

girder, which has a pressure of only 0.4 bar.  

 

 

 

Figure 3.16 - Simple Tensairity beam Figure 3.17 - Tensairity bridge 
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3.3.2 Applications 

Due to the reduced storage and transportation volume, buckling free compression and fast 

deployment, Tensairity girders are ideal for the following applications: 

Temporary structures   

In case of hazard areas that occur right after (natural) disasters, giving first aid as soon as possible 

can be of vital importance. One of the key elements here is to provide access to the area, either to 

evacuate inhabitants or to deliver necessary supplies. In a collaboration project of the International 

Centre for Numerical Methods in Engineering (CIMNE), Buildair, the Research Centre of Catalonia 

(Cerca) and Programa Prova’T a bridge with a span of 14 meter was realized which can be deployed 

by 8 workers in less than 8 hours (Cimne, 2012). Besides this application, Tensairity structure can also 

be designed as houses to provide shelter. 

Bridges 

As described in 3.3.1 Structural principle, Tensairity elements can be as strong as steel girder, 

however, being three times as light. The combination of fast deployment and limited storage volume 

and high load-bearing capacity makes this structure a perfect candidate for bridge structures.   

 

Large span structures  

Every structure engineer knows the problem of buckling. However, using a pneumatic support along 

the length of an compression element, buckling free compression can be achieved. As a result, large 

spans can be achieved with slender compression elements. Examples of such structures are hangars, 

stadium roofs and parking garages.  

 

Military applications  

Working in various locations, with limited storage volume allowed, the deployment and storage 

volume are essential in military camps. In addition, a pneumatic structure is to a certain degree bullet 

proof; holes are allowed, as long as the pressure in the balloon is sufficient. Moreover, the 

integration of building physical requirement can result in more comfortable shelters.   

 

Space missions  

Although research to the application of composites in the built environment is limited, the aerospace 

industry benefits from this ultra-high strength material. Carbon- and glassfibre-reinforce plastics 

(CFRP and GFRP, respectively) already found their way into the aerospace industry. Again, the 

transport volume in combination with the high strength and fast deploy has great potential for the 

space industry, where every kilogram counts.    
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Figure 4.1 - Size optimization 

4. Structural Optimization 

4.1 Size optimization 
Optimization of structures is generally divided into three topics: size, 

shape and topology optimization. The focus in size optimization is the 

structural thickness of a certain structure. Therefore, cross-section areas 

may vary in a truss-element and thickness may vary in a sheet-element. 

This principle is given in Figure 4.1. As the thickness of the cross-section 

is also incorporated in the topology optimization, a further elaboration is 

omitted. 

 

4.2 Shape optimization 
The second category of structural optimization is shape optimization 

(Figure 4.2). A shape optimization is always conducted on a certain 

design domain. By changing the boundary nodes, the contour of this 

design domain can be optimized.  As the theoretical analysis of this 

shape optimization is considered to be outside the scope of this 

research, only a brief description is given to achieve a base 

understanding of the procedure.  

A parametric design domain is given by 𝛺0 in Figure 4.3. The 

corresponding physical domain is given by 𝛺 and is coupled via a parametric function Fp. Suppose a 

point in de parametric domain with coordinates (𝑢, 𝑣) the corresponding coordinates in the physical 

domain are given by: 

(𝑢, 𝑣) = F (𝑥, 𝑦) 

 

 

 

 

 

 

 

In his PhD-research, Z. Wang uses Non-Uniform Rational B-Splines (NURBS) to create a geometry in 

the physical domain (Wang, Suiker, Hofmeyer, & Kalkman, n.d.). For further detail on the shape 

optimization process the article from Wang is recommended.  

  

Figure 4.2 - Shape optimization 

Figure 4.3 - Parameterization of physical design domain (Wang, Suiker, Hofmeyer, & 
Kalkman, n.d.) 

Fp 
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4.3 Topology optimization 
The goal of a topology optimization, shown in Figure 4.4, is to distribute 

the material as efficient as possible. Voids can be designed while 

maintaining a high stiffness and strength of a model, therefore, reduce 

material usage. Nowadays, optimization software is available which 

enables designers to easily conduct such optimization. Examples of such 

programs are Abaqus and Genesis. However, understanding this software 

and knowing what the variables do is still crucial in order to obtain 

correct and efficient structural models. As this form of optimization will 

be actively used in this research a theoretical model is elaborated.  

 

4.3.1 Minimal compliance 

A material property often used for conducting topology optimizations is compliance. Compliance is 

the property that describes elastic deformation when subjected to a certain load. Consider a 

cantilever beam subjected to a tensile force along its central axis, the load displacement graph as 

shown in Figure 4.5 will occur, which shows the load (P) on the vertical axes and the deformation (ΔL) 

on the horizontal axis. The compliance (𝑐) of this system can be written as 𝑐 = 𝛥𝐿̄/𝑃. Another 

commen way to describe topology optimization is to minimize the strain energy (𝜀) which describes 

the energy stored in an elastic body under loading. The strain energy is equal 𝜀 = ½𝑃𝛥𝐿̄ and equals 

the marked area in Figure 4.5. For this report, the minimum of compliance approach is further 

elaborated. 

 

 

 

 

 

 

The elaboration is based on the book Topology Optimization written by M.P. Bendsøe and O. 

Sigmund (M.P. Bendsøe & Sigmund, 2004). First a body is described, having a domain of 𝛺𝑀𝐴𝑇   in a 

larger domain 𝛺 in either 2D or 3D. This domain is subjected to a body force 𝑓 and boundary traction 

𝑡 on traction part 𝑇𝑡. The domain is shown in Figure 4.6. With respect to the reference domain 𝛺, the 

design problem is formulated as the problem to find the optimal stiffness tensor 𝐸𝑖𝑗𝑘𝑙 (𝑥). Assuming 

all linear functions, a so called bilinear form can be obtained. This bilinear form results in:  

𝑎 (𝑢, 𝑣) =  ∫ 𝐸𝑖𝑗𝑘𝑙 (𝑥)  𝜀𝑖𝑗 (𝑢)𝛺
 𝜀𝑘𝑙(𝑣) 𝑑𝛺   

  

Figure 4.4 -  Topology 
optimization 

Figure 4.5 - Load-displacement graph 
(Alfutov, 2000) 

Figure 4.6 - Design problem (Alfutov, 2000) 
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(28) 

With linearized strains,  

𝜀𝑖𝑗  (𝑢)  =  
1

2
 (
𝜕𝑢𝑖
𝜕𝑥𝑗

 +
𝜕𝑢𝑗

𝜕𝑥𝑖
) 

and linearized load,  

𝑙(𝑢)  =  ∫ 𝑓𝑢 𝑑𝛺
𝛺

  +  ∫ 𝑡𝑢 𝑑𝑇𝑡
𝑇𝑡

  

In order to minimize the compliance and maximize the global stiffness the function 𝑙(𝑢), describing 

the loads and displacements, has to be minimized. This conditions can be written as: 

min𝑢 𝜖 𝑈,𝐸 𝑙(𝑢)    

Subjected to: 𝑎𝐸(𝑢, 𝑣)  =  𝑙(𝑢)  for all 𝑣 є 𝑈,  𝐸 є 𝐸𝑎𝑑   

𝑈 describes the space of kinematically admissible displacement fields while 𝐸 is used as an index for 

𝑎 to show the dependence of a on the design variables. 𝐸𝑎𝑑 indicated the set of admissible stiffness 

tensors for this specific design problem.   

In order to use this continuous set of equations in modelling, a process called discretization is 

needed. This process transfers the continuous elements, models functions and variables into discrete 

parts. Looking at equation (28) two main variables can be seen, namely, the displacement 𝑢 and 

stiffness 𝐸. Assuming 𝐸 is continuous for all elements, indicating a homogeneous material, the 

discrete form of equation (28) becomes:  

min𝑈,𝐸𝑒  𝑓
𝑇 𝑢 

Subjected to: 𝐾̄ (𝐸𝑒) 𝑢 =  𝑓,  𝐸𝑒є 𝐸𝑎𝑑  

The load factor and displacement vector are described by 𝑓 and 𝑢, respectively. As the stiffness 𝐾̄ 

depends on the element stiffness 𝐸𝑒, with 𝑒= 1 … 𝑛, 𝐾̄ can be rewritten as:  

𝐾̄ = ∑ 𝐾̄𝑒 (𝐸𝑒)
𝑛
𝑒=1  

The global element stiffness matrix is indicated by 𝐾̄𝑒.  

4.3.2 Formulating the problem 

O. Sigmund described the topology optimization problem in het educational article called ‘A 99 line 

topology optimization code written in Matlab’ (Sigmund, 2001). According to the article, there are 

different approaches to solve topology optimization problems. As the goal of this theoretical model is 

to understand the topology optimization software it is chosen to elaborate the approach as used by 

Abaqus. By default Abaqus uses the Solid Isotropic Material with Penalization (SIMP) approach, or 

“power-law approach” for static problems. In this approach, the material properties are assumed 

constant. The variables are the relative densities, which are assigned to each element.  The element 

densities control the distribution of the material. For example, an element with zero relative density 

equals a void (white), while an element with unit normalized density equals full material properties 

(black). Intermediate densities are penalized using a penalty factor in order to approach a so called 

“black-and-white-design”. What follows is an iterative procedure. With each step a finite element 

(29) 

(30) 

(31) 
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analysis is carried out, determining the energy per element and redistribution of material to areas 

where material is more efficient. To keep smooth transitions between elements, a sensitivity filter is 

applied.  

The topology problem can be describes as (Hofmeyer, Schevenels, & Boonstra, 2016):  

min𝑒  𝑐(𝑥𝑑) = 𝑢
𝑇 𝐾̄ 𝑢 =  ∑ (𝑥𝑑 𝑒)

𝑝𝑓𝑢𝑒
𝑇 𝐾̄𝑒𝐸𝑒𝑢𝑒

𝑛
𝑒=1  

subjected to: 
𝑉(𝑥)

𝑉0
= 𝑉𝑟  

 0 <  𝑥𝑑 𝑚𝑖𝑛  ≤  𝑥𝑑 𝑒  ≤  1 

𝐾̄ 𝑢 =  𝑓 

With equation 32 given compliance 𝑐,  vector 𝑥 combining all densities, displacement vector 𝑢, global 

stiffness matrix 𝐾̄, element density 𝑥𝑑 𝑒 of finite element 𝑒 and penalty factor 𝑝𝑓, 

element displacement vector 𝑢𝑒 , element stiffness matrix  𝐾̄𝑒 without young’s modulus, young’s 

modulus 𝐸𝑒 and number of elements 𝑛. Equation 33 contains the structural volume 𝑉(𝑥), volume of 

the design space 𝑉0 and volume ratio 𝑉𝑟. Equation 34 shows minimal density 𝑥𝑑 𝑚𝑖𝑛 and. Finally, the 

force vector  𝑓 is given in equation 35. 

Equation (32) directly follows from the derivation of the compliance as conducted by M.P. Bendsøe 

and O. Sigmund, shown in equation (29) to (31). Equation (33) shows the ratio between the 

optimized volume and the original design space. Equation (34) avoids the densities to be larger than 

1 and less than 𝑥𝑑 𝑚𝑖𝑛   in order to avoid singularity. This density-based approach is called a classic 

SIMP approach. The Abaqus Topology Optimization Module (ATOM) uses this SIMP method for static 

problems. For dynamic problems a method called RAMP is used. Equilibrium equation (35) results in 

the displacements with a known stiffness and load.   

4.3.3 Sensitivity analysis 

A known problem in the topology optimization tasks is the checkboard problem. To achieve a result 

with smooth transitions between the finite element parts, a sensitivity filter should be introduced. 

The algorithm starts by computing a modified stiffness matrix, where the densities of each element 

are assigned to the corresponding stiffness. This is shown by equation (36): 

∀𝑒 {𝐸𝑒𝐾̄𝑒   𝑥𝑑 𝑒
𝑝𝑓 𝐸𝑒𝐾̄𝑒} 

Doing so, the element stiffness matrix will be a known matrix. Substituting this with the known force 

vector into equation (35) results in the displacement vector. This displacement vector can be used to 

calculate the compliance as shown in equation (32). However, the sensitivity of the compliance to a 

certain change in density is still unknown. By means of the adjoint method, the sensitivity of the 

compliance results in (Hofmeyer et al., 2016):  

𝜕𝑐(𝑥) 

𝜕𝑥𝑒
 =  −𝑝𝑓 𝑥𝑑 𝑒

𝑝𝑓−1 𝑢𝑒
𝑇 𝐾̄𝑒 𝐸𝑒 𝑢𝑒  

The sensitivity as described in equation 37 describes the sensitivity of the compliance to a change in 

density of one element 𝑒. As element 𝑒 is surrounded by other elements, another sensitivity has to 

be conducted. This sensitivity filter modifies the sensitivity of a certain element 𝑒 on the basis of the 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 
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sensitivity of the surrounding elements. Both densities and distance to element 𝑒 are taken into 

account. The goal of this sensitivity filter is to smoothen the material distribution and create and 

average over a specific design domain. This design domain is given by 𝐻𝑒𝑖:  

𝐻𝑒𝑖  =  𝑚𝑎𝑥 (0, 𝑟𝑚𝑖𝑛 –  𝑑𝑖𝑠𝑡(𝑒, 𝑖)) 

With 𝑟𝑚𝑖𝑛as the radius from a specific element 𝑒 and 𝑖 being the other elements. Applying the 
sensitivity filter to the sensitivity of the compliance to the density of an element 𝑒 it is found that: 
 

𝛿𝑐(𝑥𝑑)𝑎𝑣

𝛿𝑥𝑑 𝑒
= 

1

∑ 𝑥𝑑 𝑒 𝐻𝑒𝑖𝑖 𝜖 𝑁𝑒

 ∑ { 𝑥𝑑 𝑖 𝐻𝑒𝑖  
𝛿𝑐(𝑥𝑑)

𝛿𝑥𝑑 𝑖
𝑖 𝜖 𝑁𝑒

} 

 
Equation (39) shows the sensitivity of element 𝑒 and the sensitivity of elements 𝑁𝑒  within a radius 

𝑟𝑚𝑖𝑛 from element 𝑒. As can be seen from equations 38 and 39 the densities 𝑥𝑑 𝑖  of elements 𝑁𝑒  and 

their distance to 𝑒, indicated with 𝐻𝑒𝑖 , are taken into account.  

The final step of the analysis is to assign new densities based on the minimum of compliance. This 

final step can be achieved using an optimal criteria method which involves the assembly of the global 

stiffness matrix as well as solving the equilibrium problem at each iteration step. This part of the 

modelling is the most time consuming part. As stated by H. Hofmeyer, M. Schevenels and S. 

Boonstra, the change in density is limited to a factor 𝑚 to maintain a smooth distribution. The sum of 

all densities should equal the design volume fraction as described in equation (33). Using a bi-

sectioning algorithm that finds the Lagrangian multiplier 𝜆 the volume fraction is approached. A new 

factor is the sensitivity of the volume to a change in density.  

 𝑥𝑑 𝑒
𝑛𝑒𝑤  =  𝑥𝑑 𝑒√

𝜕𝑐(𝑥𝑑)𝑎𝑣

𝜕𝑥𝑑 𝑒

𝜆 (
𝜕𝑉(𝑥)

𝜕𝑥𝑑 𝑒
)
 

As described in equation 34, the new densities should stay within certain boundaries. These 

boundaries are written as:  

𝑥𝑑 𝑒
𝑛𝑒𝑤 ≥  𝑚𝑎𝑥 (𝑥𝑑 𝑚𝑖𝑛, 𝑥𝑑 𝑒 –  𝑚) ^ 𝑥𝑑 𝑒

𝑛𝑒𝑤  ≤  𝑚𝑖𝑛 (1, 𝑥𝑑 𝑒  +  𝑚) 

These new densities are then used again as input for equation 36. This process is repeated until the 

change in density, read the change between 𝑥𝑑 𝑒 and 𝑥𝑑 𝑒
𝑛𝑒𝑤, is lower than a certain threshold. 

Equation 41 shows that the new density should either be the maximum of the minimum density 

𝑥𝑑 𝑚𝑖𝑛 or the density of element 𝑒 minus the maximum change in density, or the minimum of the 

maximum density 1 or the density of element 𝑒 plus the maximum change in density. In conclusion, 

this equations meets the requirements set by equation 33. 

4.4 A case study in Abaqus 
The previous theory is applied using Abaqus CAE 6.14. First, shape optimization is used to determine 

a certain design domain which is then optimized using a topology optimization. This order could also 

be reversed, applying topology optimization first, followed by shape optimization. However, current 

research has proved that this yields the same results (Wang, Suiker, Hofmeyer, & Kalkman, n.d.).   

(38) 

(39) 

(40) 

(41) 
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4.4.1 Shape optimization 

A base model is determined with a slenderness of 
𝐿

𝐻
 = 10, shown in the top left in Figure 4.7. 

Different load cases are applied on this base element after which a shape optimization is carried out. 

The optimized results have the same amount of material as the original design before the 

optimization. However, the optimized shapes result in a stiffer structure, reducing deflections and 

material stresses.  

 

  

 

 

 

 

 

 

 

 

 

 

 
To compare both situations, the percentage of deflection and maximum stress resulting from the 

shape optimized element compared to the rectangular element are given in Table 4.1. The table 

shows clearly that stresses and deflection can be reduces using shape optimization.  

Table 4.1- Efficiency of shape optimization given in percentages 

Load case Max Stress [%] Wmax [%] 

Q-Load 72 70 

Point load at L/2 58 65 

Q-load at L/2 61 70 

Point load at L/4 62 70 

4.4.2 Topology optimization 

After the shape optimization is conducted, the material distribution is optimized using topology 

optimization. The aim is to reduce the amount of material by determining where material is not 

needed. In this case study, a shape optimized element with a q-load over its full length is used (Figure 

4.7, first optimization). This element is exposed to the same variety of loads as done in the shape 

optimization in case 1. In case 2 the q-load is kept constant but the volume constraint is varied.   

Q-load 

Q-load 

Point load 

Point load 

Figure 4.7 - Shape optimization with varying load cases (L) and corresponding shape optimization (R) 
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Case 1  

The volume constraint is kept constant at 60%, thus, 𝑉𝑟 in equation 33 equals 0.6. Minimizing the 

strain energy is set as an objective. The results are given in Figure 4.8 on the right. The colours 

indicate a normalized density (dnorm) of which the values are given in the colour scale.    

 

 

 

As can be seen, the material distribution is strongly depending on the loads applied. Eventually, holes 

can be created by setting a so called ‘value’ in the view cut manager in Abaqus. This value is ranged 

from 0 to 1, representing the normalised densities. Therefore, the amount of holes can be manually 

determined. For example, setting the value to 0.2 means all dark blue areas in Figure 4.8 will be 

removed.  

The resulting stresses and displacement after topology optimization are compared to those of the 

simple rectangular beam. Note that the result are not compared to the shape optimized beam, as 

removing material can only result in higher deflections and higher stresses. Table 4.4.2 gives these 

percentages for both stresses and displacements.  

Table 4.2- Efficiency of topology  optimization based on various load cases given in percentages 

Load case Max Stress [%] Wmax [%] 

Q-Load 83 77 

Point load at L/2 88 73 

Q-load at L/2 91 76 

Point load at L/4 108 79 

 

 

Point load 

Point load 

Q-load 

Q-load 

dnorm. 

Figure 4.8 - Topology optimization with varying load cases (L) and corresponding topology optimization (R) 
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Case 2  

The volume constraint can be altered according to the needs of the topology optimization. Figure 4.9 

shows that the material distribution is highly influenced by the volume constraint. The stresses and 

deflections are again compared to those of the rectangular beam and expressed in percentages in 

Table 4.3.  

 

Table 4.3- Efficiency of topology  optimization bases on change in volume constraint given in percentages 

Volume Constraint [%] Max Stress [%] Wmax [%] 

20  181 836 

40 124 130 

60 83 77 

80 69 61 

4.4.3 Conclusion 

From the previous shape and topology analyses the following conclusions can be drawn: 

 Shape optimization result in higher stiffness and lesser stresses. 

 Both shape and topology optimization are strongly depending on the load cases applied.  

 A significant amount of material can be saved after shape and topology optimization is 

conducted.  

 When a low volume constraint is desired when conduction topology optimization, special 

attention should be payed to the displacement as this is rapidly increasing with a decreasing 

volume constraint.  

  

dnorm. 

VC 20% 

VC 40% 

VC 60% 

VC 80% 

Figure 4.9- Topology optimization with varying volume constraints 
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5. Inflatables 
 

5.1 Morphology of inflatables 
As the theoretical framework is elaborated in 3.1 Pneumatics, the focus in this chapter will be on the 

practical aspects of inflatables.  

Although inflatables are mostly made with membranes, they are subsequently different from other 

membrane structures. The morphology, in other words, the shape of inflatables, is characterised by 

its synclastic shape (Figure 5.1(L)). This shape is made due to the overall pressure perpendicular to 

the surface, always pushing the membrane into a spherical shape. This shape is the essential 

difference that distinguishes inflatables from other membrane structures, like tents. These structures 

get their shape from pre-stresses, forcing the structure to form an anticlastic shape (Figure 5.1(R)).   

 

 

 

 

 

 

As described in 3.1 Pneumatics, the stress in the membrane is a multiplication of the pressure and 

the radius. When larger spans are realized, this radius might result in dangerously large tensile 

stresses in the membrane. In order to reduce these stresses and still realize large span structures 

with inflatables, the radius is reduced by the use of steel cables. This principle is given in Figure 5.2.  

 

 

 

 

 
 
 

 

Another important division within the pneumatic structures is already mentioned in chapter 3.1: air 

supported vs air inflated. As can be seen in Figure 5.3 the used space in an air supported structure is 

entirely filled with an overpressure, keeping the membrane up. An air inflated structure is partly 

inflated with air. When such structures are part of a primary structure, a minimal stiffness is often 

required. As a result, the pressure in these structures (5-30 kPa) is higher compared to air supported 

structure (0.2-0.6 kPa). On the other hand,  no special entrances need to be applied in air inflated 

structures, which are inevitable air leaks in air supported structures.  

𝑅1 ≫ 𝑅2 

𝜎1 ≫ 𝜎2 𝑅1 

Steel cable 

Figure 5.1 - Synclastic shape (L) and Anticlastic shape (R) (Habraken, 2011) 

Figure 5.2 - Reducing the membrane stresses (Habraken, 2011) 
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Isotropic 
Films Plastic Polyurethane 

PVC  
Polyethylena 
Polyester 
Polypropylene 
FEB(ETFE) 

Rubber Neoprene 
Hypalon 
Butyl 

Metal  Stainless steel 

Anisotropic 
Fabrics Organic fibres Wool 

Cotton 

Hemp 

Silk 

Mineral fibres Glass 

Carbon 

Metal fibres Steel 

Copper 

Stainless steel 

Synthetic fibres Polyarmide 

Polyester 

Acrylic 

Aramid 

 
 
Figure 5.3 - Air supported (L) and air inflated (R) (Habraken, 2011) 

5.2 Materials  
Every structure is unique and has other requirements to be fulfilled; architecture, building physics 

and structural design each have its own set of requirements. Therefore, the material properties of 

membrane are diverse, allowing a variety of products to be used.   

Within variety of materials available for tensile structures, a division is made between isotropic 

materials, which have the same strength in all directions, and anisotropic materials, which properties 

vary in different directions. In his lecture notes concerning lightweight structures, A. Habraken 

separates isotropic membranes from anisotropic woven fabrics (Habraken, 2011). This separation is 

shown in Figure 5.4.  

 

 

 

 

 

 

 

 

 

 

 

 

Films 

An example of very thin films are foils. With their isotropic behaviour and low air permeability they 

are mostly used for cushion facades. The most widely known foil is ETFE foil. This material is used in 

various project all over the world, for example, in the Eden project in Cornwall, the Watercube 

(Figure 1.4) in Beijing and the Allianz Arena in Munich (Figure 1.5), just to name a few. The fact that 

the tensile strength of ETFE is far lower than membranes results in cushion facades with relative 

small diameters. On the other hand ETFE is transparent, absorbs UV and has a lifetime of around 25 

years.  

Figure 5.4 - Different material categories for tensile structures  (Habraken, 2011) 
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Fabrics 

Fabrics consist out of yarns, often woven in two directions: the warp and the weft direction. The 

yarns are stretched in the warp direction while yarns are woven in the weft direction. Coatings are 

often applied in order to enhance the durability of such fabrics (see chapter 5.3). In order to change 

material properties, multiple yarns can be used at the same time. In addition, weaving patterns and 

directions can be varied.   

As can be seen from Figure 5.5, the weft direction will first start to stretch when loaded. Therefore, 

shrinkage will take place in the warp direction and the stiffness of both directions can vary 

significantly. Pre-stress can be applied in the weft direction, resulting in a more equal stiffness in 

both directions. However, the stretch of the weft yarns is often limited, meaning re-tensioning 

should be carried out after some time.  

 
 

 

 

 

 

 

 
The two most common used fabrics are briefly discussed here. In conclusion, Table 5.1 gives the 
material properties.  
 

Polyester fibers  

These fibres are the most widely used. They are characterised by high strength, medium elongation 

and average E-modulus. The use of coating is almost inevitable due to loss of mechanical properties 

when exposed to UV-light. The workability of the membrane is high (Habraken, 2011; Koppel & Dijck, 

2013).  

Glass fibers  
These thin glass threads are characterised by the lowest E-modulus of structural membranes. They 
are irresistible to UV-deterioration, which results in a long lifespan. On the other hand, the low E-
modulus makes it difficult for the membrane to adjust to certain anticlastic or synclastic shapes. 
(Habraken, 2011; Koppel & Dijck, 2013).   
 
Table 5.1 - Material properties membranes 

Fibres Density [g/cm³] Tensile strength [N/mm²] Tensile strain [%] E-modulus [N/mm²] 

Polyester 1,38 – 1,41 1000-1300 10-18 10.000 – 15.000 

Glass  2,55 Until 3500 2,0 – 3,5 70.000 – 90.000 

 

Figure 5.5 - Warp and Weft direction of woven fabrics without (L) and with (R) pre-stress  (Habraken, 2011) 
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5.3 Coatings 
In order to protect the fibres in membranes, coatings are applied. These coatings can either improve 

the properties of the membrane by protecting it against UV-light or fire or decrease the amount of 

maintenance by using, for example, water and waste repelling coatings. In addition, architectural 

requirements can be met by adding colour pigments. 

Not all coating can be applied to all fibers. Depending on the adhesion, chemical compound and 

required coating temperature coatings may vary. The most common combinations are PVC coated 

polyester and PTFE coated fiberglass. Both are discussed here.  

PVC coated polyester  

The relative high tensile strength of (polyvinylchloride) PVC coated polyester allows it to be 

mechanically pre-stressed. In order to reduce deterioration through aging, an acrylic top layer of 

Teflon is often used (PTF-film) or merged (PVDF-merging). Especially for structures which require a 

long lifetime, this Teflon top coating is desirable (Habraken, 2011; Koppel & Dijck, 2013).  

PTFE coated glassfibers  

Within a polytetrafluorethylene (PTFE) coated glassfibers the glassfibers are coated with a Teflon 

layer. As discussed before, glassfiber is a relative stiff material which does not allow fold or wrinkles 

to occur. Therefore, the production needs to be precise. The result is one of the longest lifespans of 

architectural membranes of over 30 years. However, the dirt repelling and UV-resisting coating is 

counterbalance by a high price, non-combustibility and difficulty in welding (Habraken, 2011; Koppel 

& Dijck, 2013).    

 

5.4 Challenges 
Elements in an air supported structure need no entrance or other form of opening. The membrane 

can be made as air-tight as possible. Nevertheless, fully air-tight is often not achieved in practise. 

Therefore, refilling should take place every three to six months (Habraken, 2011). In addition, 

temperatures from the outside climate can influence the pressure within an air supported structure. 

In conclusion, a compressor will always be needed as a controller for the air pressure. According to H. 

Berger, this is a necessary evil of pneumatic structures (Berger, 1996).   

Due to a fire, loss of pressure or a hole in the membrane, the pressure inside will decrease. When 

this pressure is part of the primary structure, this may cause instability and collapse. According to F. 

Otto, deflation of an inflatable will occur very slow, allowing possible civilians to evacuate and merely 

cause material damage (Otto, 1982). In addition, such holes can be repaired relatively easy by simply 

welding another piece of membrane onto the gap.  

A well-known example of a design which failed multiple times is the Minnesota Metrodome, which 

collapsed four times over 28 years (DePass, Zulgad, & McGrath, 2010). Main reason for collapse was 

the accumulation of snow in combination with strong winds.  
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6. Composite web 
 

6.1 Fundamentals 
The advantage of a composite material is that two or more products combined have better 

properties than the individual components themselves. Negative aspect of one material can be 

overpowered by positive aspects of the other. A good example is reinforced concrete, which can also 

be seen as a composite. Where concrete has relatively low tensile properties, steel can provide extra 

support. This way, structural dimensions can be reduces, resulting in less material usage. While 

reinforce concrete is too robust for this project, a closer look is taken into the use of polymers. Such 

Polymer Matrix Composites (PMC) are often used as a metal replacement due to the lightweight, 

high stiffness, strength and their relatively low manufacturing costs.  

 

Figure 6.1 – Composites 

PMCs mostly consist out of two materials, namely, the polymer (resin) matrix and fibre 

reinforcement, as shown in Figure 6.1. Polymers have a molecular structure of a large number of 

similar units bond together. In the case of PMCs, the polymer matrix is used to keep the 

reinforcement (the fibres) in place and protect it against environmental loads. This function is similar 

to that of concrete in a reinforced concrete structure; it protects the steel from corrosion, thus, the 

environment.  

6.1.1 Specific strength 

When the self-weight of the structure is important, the specific strength is often used to compare 

different materials. For example, steel has a high stiffness, but is accompanied by a large self-weight; 

steel has a very high density. Figure 6.2 shows the specific strength (strength/density) of multiple 

materials (ten Busschen, 2017). Table 6.1 shows the values used.  

Table 6.1 - Comparing specific strength (ten Busschen, 2017) 

 Tensile 
strength 
[MPa] 

Density [kg/m³] Specific strength 
[MPa*m-3/kg] 

Fiberglass laminate 120 1600 0,075 

Glass fabric laminate 270 1800 0,150 

Bidirectional Fiberglass laminate 460 2000 0,230 

UD-Fiberglass reinforced profile 1150 2000 0,575 

UD-Aramidfiber reinforced profile 1400 1400 1,000 

UD-Carbonfiber reinforced profile 1700 1500 1,133 

Coniferous timber (in fiber direction) 70 500 0,140 

Construction steel (yielding) 240 7800 0,031 

Concrete 2 2500 0,001 
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Figure 6.2 - Comparing specific strength (ten Busschen, 2017) 

6.1.2 Fibers 

With respect to the fibers different factors are important. First, the length may vary. Fibers are 

classified by short, long and continuous fibers. This last classification refers to fibers that cross the 

whole manufactured object. Besides the length, the orientation can vary. Fibers can be either 

randomly arranged, aligned, unidirectional (UD) or wound. As can be seen in Figure 6.3, this last 

classification only applies to continuous fibers. The last variation is of course the type of material that 

is used. The most common fibers are glass fiber reinforced polymers (GFRP) and carbon fiber 

reinforced polymers (CFRP). GFRP are often used in large structures like wind turbines and boat hulls. 

Due to their good mechanical properties and low costs, this is the most common reinforcement in 

PMCs. CFRP is significantly more expensive that GFRP. To clarify this statement, results of a 

composite market research conducted in the UK is given (Goodship, Middleton, & Cherrington, 

2016). This research was published in 2008 and estimated the total production value of Glass Fiber   

 

 

Figure 6.3 - Different fiber orientations (Mallick, 2007) 
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(GF) to be 40% and Carbon Fibers (CF) to be 60%. However, looking at the volume of material usage, 

87 kiloton GF was used and just 2.5 kiloton of CF. This example clearly shows that CF are significantly 

more expensive than GF.  On the contrary, CF have the best stiffness properties, which means it is 

used as a high-end product. It will be clear there are many more variants. The most common are 

discussed here. In order to compare some of the fibers, material properties are given in Table 6.2:  

Glass fibers  
This is the most common type used in PMCs. The fibers are made from melting the raw material and 
pulling threads from it. Properties may vary depending on the amount of silica or sand which is 
added. The most well-known are: E-glass (E from electrical resistance) which has good electrical 
resistance, C-glass (C from chemical or corrosion) which has good chemical resistance and S-glass (S 
from stiffness) has excellent mechanical properties.  
 

Carbon fibers   
As described earlier, carbon is the most expensive but with the best specific stiffness properties. Just 
like glass fibers, carbon fibers can be sub-divided into classes. For example, HS (high strength), HM 
(high modulus) and UHM (Ultra high modulus). Applications occurs the most in aerospace and high-
end automotive applications.  
 

Aramid fibers  
Aramid fibers are composed organic fibers which are unified by spinning. These fibers are 
characterised by excellent thermal resistance and high strength, especially when exposed to high 
impacts. Therefore, they are used in body armour and climbing ropes.  

 
Basalt fibers  
Just like glass fibers, basalt fibers are made from a melted material. Due to the fact that they have a 
higher strength than glass fiber and are less expensive that carbon fibers, basalt fibers are widely 
applied in civil applications.  
 

Boron fibers  
These metal coated fibers have extreme high strength, stiffness and thermal resistance. However, 
their complex production process makes the fibers even more expensive than carbon fibers.  
 

Natural fibers  
As these fibers are made from plant materials properties are often varying. Weather conditions, 
harvesting season and soil type all have their influence on the end product.  Compared to glass 
fibers, their strength and stiffness is relatively low. Therefore, most applications are non-structural.  
 

Self-reinforced polymers  
When the same material is used for the matrix as for the fibers, a so called self-reinforced polymer 
(SRP) is made. They are characterised by their high impact properties and potential to be a 100% 
recyclable.  
 
 
Table 6.2 - Comparing properties of reinforced fibers  (Goodship et al., 2016) 

Fiber Tensile 
strength 
[N/mm²] 

E-modulus  
[103 
N/mm³] 

Density[103 
kg/m³] 

Elongation 
[%] 

E-glass 2400-3500 70-76 2.5 1.8-4.8 

S-glass 3450-4570 86 2.5 2.8 
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HM Carbon 2400-3500 325-440 1.8-1.95 0.6 

HS Carbon 3400-3500 160-270 1.75-1.8 1.1 

Aramid   3000-3400 60-120 1.45 3.3-3.7 

Flax   350-2000 27-100 1.4-1.5 1.3-3.5 

Jute   400-800 10-75 1.3-1.5 1.5-1.8 

 

6.1.3 Matrix 

The function of the matrix are the following: first, it keeps the fibers in place; second, stresses are 

transferred between fibers; third, the fibers are protected from environmental loads. As might be 

clear, the most common matrix material in a PMC is a polymer. A polymer is in fact a long chain of 

repeated molecules bonded together. In general there are two groups of polymers: thermoplastic 

and thermoset polymers.  

Thermoplastics described the fact that the polymer will become soft when heated and hard when 

cooled. This behaviour can be explained by looking at bonds that occur between repeating 

molecules. Within a thermoplastic, molecules are mainly held together by weak intermolecular 

forces, like the van der Waals bond. When heated, these bonds break, allowing molecules to move 

relative to one another and form new shapes. After cooling, the molecules will bond again. 

Therefore, shapes can be changed, allowing thermoplastics to be recycled. 

Thermoset polymers consist out of molecules with are chemically bonded together. These bonds are 

called cross-links and are significantly stronger than the ones that occur in a thermoplastic. The 

forming of cross-links can be initiated by UV light, high temperatures or a catalyst. After this 

rigidization, the bonds cannot be undone by heating. A schematic view of a thermoplastic and 

thermoset bond is given in Figure 6.4. 

The most common used thermoplastic and thermoset polymers along with their applications are 

shown in Figure 6.5.   

Within the field of fiber reinforced composites, thermoset are the most used polymer. Their low 

viscosities allow the fibers to be easily impregnated, therefore, achieve good bonds. In addition, 

thermoset polymers have good thermal and chemical resisting properties, encounter very little creep 

and lower stress relaxation than thermoplastics. On the other hand, curing takes much time and the 

strain-to-failure is low, which means the ability to resist impact loads is low. This curing is the forming 

of the cross-link bonds as described before, making a liquid into a solid polymer. The main advantage 

of thermoplastic over thermoset polymers is their ability to be recycled.  

Figure 6.4 - Bonds of a thermoplastic  (L) and a thermoset (R) polymer (Mallick, 2007) 
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Thermoplastic Nylons Discontinuous fibers in injection-
molding 

Polyamide-imide Moderate high temperature 
applications with continuous fibers 

Thermoset Epoxies Used in aerospace 

Polyesters Automotive, marine, chemical and electiral 
applications 

Phenolics Bulk molding compound 

Polyimides High temperature aerospace applications 

 

 

 

 

 

 

 

 

 

 

6.2 Manufacturing techniques 
There are many different ways to produced PMC. Therefore, not all methods will be discussed. A few 

will be analysed and compared. However, when more methods are necessary the book Design and 

Manufacture of Plastic Components for multifunctionality by V. Goodship, B. Middleton and R. 

Cherrington (2016) is recommended. Figure 6.6 to Figure 6.9 show the methods discussed.   

 

Hand lay-up method  

Taking into account the material used, this method is by far 

the cheapest. The fibers are manually put into a mold in the 

desired shape. The resin is put on by hand using a roller. As a 

result, the quality of the end product is highly depending on 

the skill of the producer. This method is mostly used by 

hobbyists.   

Spray lay-up  
Similarly to the hand lay-up method, the composite is put on 
a mold by hand and cured under atmospheric conditions. By 
using a gun instead of a roller, the fibers are better 
impregnated, resulting in a stronger end product. Caravan 
bodies and vehicle aerodynamic panels are examples of 
products made this way.  
 

Vacuum bagging  
When a product is desired with low permeability and high 
fiber content, vacuum bagging can be applied. A composite 
made by the hand lay-up method is placed inside a vacuum 
bag. By creating a vacuum inside this bag, the material is 
pushed together under one atmospheric pressure (=1.0*105 
Pa). A downside of this method is the high amount of waste 
material.  

Figure 6.5 - Common thermoplastic and thermoset polymers (Mallick, 2007) 

Figure 6.6 - Hand lay-up method 

Figure 6.7 - Spray lay-up method 

Figure 6.8 - vacuum bagging method 
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Resin infusion  
Compared to the vacuum bagging method, an extra hose is 
introduced in the resin infusion method. This hose is 
connected to a resin container. The fibers are infused with 
resin by a difference in atmospheric pressure. When the 
vacuum is successfully created, the hose connected to the 
resin container is opened, allowing resin to be dragged 
through the fibers to the vacuum pump, where the resin is 
often collected and re-used. As the curing takes place under 
room temperatures, large parts can be realized using this technique.  
 

Other methods used in practices are: resin transfer molding (RTM), compression molding, autoclave, 

injection molding, extrusion, pultrusion and many others. As their applications are not suitable for 

this research, which concentrates on large span elements, they are not further elaborated.  

6.3 Conclusion 
Due to their high specific density, PMCs are good options to be used in lightweight large span 

structures; based on pure specific density, even better than steel or concrete. By using thermoset 

polymers as a matrix, a structural element can be made which has good mechanical and durable 

properties. As thermosets are hard to recycle, it should not be used in short term projects. With the 

resin infusion method, these large elements can be realized.  

  

Figure 6.9 - Resin infusion method 
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7. Design parameters 
 

7.1 Scale models 
Before a prototype can be made, the different design parameters are elaborated. These design 

parameters of membrane structures are elaborated in chapter 3.1.1. In this chapter, the design 

parameters of a complete roof design are further elaborated, using both small scale models and 

parametric design tool software Rhino (V5) with plug-ins Grasshopper (V0.9.76.0) and Kangaroo 

(V0099). First, the four scale models are elaborated. 

First scale model  

The first scale model consisted out of three MDF webs. These webs were not optimized using Abaqus 

but merely reduced in weight by using a truss-like shape. A foil was put around the perimeters of 

these webs and closed using duct-tape. An air-inlet was used for inflating and deflating. The model 

can be seen in Figure 7.1. 

 

Figure 7.1 - First scale model 

When inflating scale model one, two important aspects were observed. The first is the need for a 

compression element between two supports. An attempt was made to fix the end of the beams to 

the support without these compression elements. However, the force that occurs due to the 

inflatable is of significant importance. A second observation was the need for a stronger fixation of 

the foil to the beam. As can be seen in the Figure 7.1, at mid-span the small MDF strip was easily 

broken due to the upward force of the foil.   

Second scale model   

For the second scale model, a compressive element was introduced around the perimeters of the 

inflatable by means of an aluminium strip. The internal rigidized webs were designed according to 

the shape and topology optimization procedure as described in chapter 4.4. Using a laser cutter, the 

optimal element was made with high accuracy. The support of the webs was designed using a small 

inlet in the web (see Figure 7.5). The inflatable was realized in two steps. The first step was the 

attachment of the bottom layer to the aluminium strip using double-sided tape (Figure 7.2 and Figure 

7.3). The second step was the attachment of the top layer to the aluminium strip also using double-

sided tape (Figure 7.4). By connecting the inflatable by means of this double-sided tape, it was 

possible to work from the outside of the inflatable. An air-inlet was introduced using an old bicycle 

valve which was integrated in the aluminium strip. The end result is shown in Figure 7.5. 

Compression 

element 

Break point 
Air in- and 

outlet 

Compressor 
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Figure 7.2 - Double sided tape  
 

 

Figure 7.3 - Fixating bottom membrane 

 

Figure 7.4 - Fixating top membrane 

   

 
Figure 7.5 - Second scale model 

As the second scale model shows to be very light and stiff, it is the first (possible) roof structure 

made in this project. The connection of the membrane to the compression ring proved to be easier 

than in the first scale model. However, problems still occurred with the attachment of the membrane 

with the web (done by staples).  

Third scale model   

With the third scale model an attempt was made to connect the non-rigid web to the inflatable. This 

idea occurred due to the rigidization process of the inflatable. By connecting the non-rigid composite 

material (fibers) to the inflatable, the non-rigid internal web will be stretched when the inflatable is 

inflated. If rigidization can take place after this pre-stressing, the end shape will be entirely 

determined by the inflatable, therefore, not resulting in any undesired bending stresses.  Just as the 

second scale model, an aluminium strip is used as compression element. Only one web was made, as 

can be seen in Figure 7.6. 

   

Figure 7.6 - Stretching of the internal non-rigid web before (L) and after (R) inflating 

Valve 
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Fourth scale model   

The fourth and last scale model was used to analyse the setup for the prototype. The requirements 

for the prototype were that one web should be surrounded by two inflatables, as can be seen in the 

first, second and third scale model. At the support, a fork-like support should be introduced, meaning 

that at this part no inflatable could be placed. In addition, the problem with connection between the 

membrane and web was solved by creating a hole in between the inflatables. As result, the rigidized 

web could be easily inserted between the two inflatables. The inflatables were connected to each 

other using and extra weld. The inflatables will be connected to a rigid framework. The result is 

shown in Figure 7.7. 

 

Figure 7.7 - Scale model for the prototype 

The following conclusions can be made from the four scale models: 

 There is a need for a compressive element between two supports of rigid internal webs. 

 A connection between inflatable and web can be avoided by creating a hole between two 

inflatable. Doing so, the inflatable will still function as a continuous elastic support. 

 In the non-rigid state, the internal web can be pre-stressed using the inflatable.  

7.2 Parametric design software 
From chapter 3.1.1 the three design parameters for membrane structures are elaborated, namely: 

the pressure, the centre-to-centre distance and the radius. Using Rhino (V5) with plug-ins 

Grasshopper (V0.9.76.0) and Kangaroo (V0099) an attempt is made to realize a parametric design. 

This parametric design can afterward be inserted into Abaqus for further elaboration. For the roof 

design, three more parameters are introduced: the span and curvature (if necessary) of the web and 

the length of the design. 

First, a design domain is determined using the span, centre-to-centre distance, curvature of the web 

and length of the design. Figure 7.8 shows a variety of these parameters. Using Grasshopper, the 

parameters of a certain base design (1.) can be altered by increasing the centre-to-centre distance 

(2.), increasing the span (3.), increasing the curvature of the web (4.) and changing the total length 

(5.). As can be seen, the ends of the web merge to one point. This merging is just used in this 

example for simplicity and can easily be adjusted to a certain height.  

   
 

Weld 

Inflatables 

Rigid web 

1. 

 

2. 

 

3. 
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Besides changing the dimensions of the web and compression ring, the inflatable can be modelled 

using a plug-in called Kangaroo. For this example, three webs and two inflatables are modelled. The 

model that is used is shown Figure 7.9. To enhance a good shape for the inflatable, the ends of the 

beams are made round instead of straight. When inflated, the angel of the membrane 𝜑 (see Figure 

3.5, page 25) will change. This change is determined in grasshopper at the bottom of the web.   

 

Figure 7.9 - Model for inflatable 

 

Figure 7.10 - Inflating process 

  

Figure 7.10 shows the process of inflating with: left no pressure, giving an 𝜑 = 10⁰, middle 𝜑 = 15⁰ 

and right 𝜑 = 30⁰. The design can be used to check different variants on height and shape. 

Afterwards, the web can easily be used as input for Abaqus, where the applied loads can be 

introduced. Moreover, the design can be ‘baked’ into Rhino, meaning it will be modelled as a solid, 

surface or mesh. When such a model is achieved, materials can be assigned to the element and 

lightning, translucency and textures can be modelled. An example is shown in Figure 8.1. 

The grasshopper layout for the model as shown in Figure 7.9 and Figure 7.10 is shown in Appendix B. 

  

4. 

 

5. 

 

Figure 7.8 - Varying parameters 
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8. Prototype 
 

8.1 Test description 
As the theoretical backgrounds of the three fundamental parts of this research are addressed 

(structural optimization, inflatable and rigidization) in chapter 3 till 6, a synthesis is conducted to 

achieve a prototype which can be tested. Testing took place in the Structures Laboratory at the 

Eindhoven University of Technology. The composite was realized in collaboration with FiberCore 

Europe, Rotterdam. Manufacturing of the inflatable was done at PolyNed, Steenwijk.  

In order to determine the stiffness of a continuous elastic support on an internal web, one segment 

of a possible roof design (Figure 1.6) is further elaborated. Figure 8.1 shows one segment taken out 

of a whole design. It can be seen that one optimized internal web is accompanied by an inflatable on 

the left and right side.  

 

Figure 8.1 - One segment of a possible roof design 

The most likely load for a roof design to be exposed to is a q-load (or an a-symmetric q-load). This 

load results in a compression force in the top and a tensile force in the bottom of the beam. Having a 

slender beam, lateral torsional buckling will eventually take place due to this compression force in 

the top. By using a four point bending test, these compressive and tensile forces are simulated, 

causing the beam to deflection in both lateral and vertical direction. A schematic view of the four 

point bending setup is shown in Figure 8.2.  

 

Figure 8.2 - Schematic view of the four point bending test 

Figure 8.2 shows a rectangular beam. This beam will still have to be optimized and is merely used for 

simplicity in this example. The supports are indicated with black dots at both ends of the beam. The 

beam will be fixated in the z-direction at these supports, which is represented by the dashed lines. 

Y 

X 

F F 
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Doing so, buckling can take place at mid-span. In addition, two point load F are introduced at 
1

6
𝐿̄ and 

5

6
𝐿̄. Therefore, over the remaining 

2

3
𝐿̄ a constant moment will occur; in other words, a continuous 

compression force in the top and tensile force in the bottom. Furthermore, three rigid strips are 

connected to the beam in order to measure the deflection and torsion of the beam. These strips have 

to be introduced as the beam will be surrounded by inflatables, making it impossible to measure the 

deflection at the surface of the beam itself. These strips are connected within the area where the 

constant moment occurs (between the two forces F) at 
1

4
𝐿̄,   

1

2
𝐿̄ and 

3

4
𝐿̄ using Linear Variable 

Differential Transformers (LVDTs). LVDT 0-5 will measure the lateral deflection in z-direction while 

LVDT 6 will measure the vertical deflection in y-direction at mid-span.  

As mentioned before, the beam is expected to show lateral torsional buckling. This buckling means 

that the beam will deflect and rotate. By measuring the deflection at both the top and bottom at a 

known distance from each other, the buckling behaviour can be analysed. Figure 8.3 shows the 

expected behaviour before and after deformation. The values 𝑥1 and 𝑥2 are being measured: 𝑥1 by 

LVDTs 0, 2 and 4 and 𝑥2 by LVDTs 1, 3 and 5, as shown in Figure 8.2. As a result, the deflection at 

mid-span 𝑥𝑚 and the torsion 𝜑 can be calculated. 

 

 

 

 

 

 

 

  

 

The inflatables that will be positioned at both sides of the composite will provide additional stiffness, 

pushing the beam back when buckling occurs. Only when the inflatable is connected to another 

beam or a rigid part, for example, the compression ring in Figure 1.6, will it provide this stiffness. 

Therefore, the inflatables has to be connected to a rigid frame, keeping the inflatable in position. 

Figure 8.4 shows a model of the test setup. It can be seen that a rigid frame should be on the 

perimeters of the testing element, providing a rigid support for the inflatables. In addition, the 

support for the composite beam should prevent displacement in the y- and z-direction. The rigid 

strips and LVDTs as shown in Figure 8.2 and Figure 8.3 can also be seen in the Figure.  

Figure 8.3 - Buckling behaviour of the composite beam 

 

𝑥𝑚 = 
𝑥1 + 𝑥2
2

 

 

 

𝜑 = tan−1(
𝑥1 − 𝑥2
H
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Figure 8.4 - Model of the test setup 

8.2 Optimization 
As elaborated upon in chapter 4, a shape and topology optimization can reduce the material usage 

while maintaining, or even reducing, the amount of material used. Therefore, the rectangular beam 

as shown in Figure 8.2 will be optimized. The optimizations will be conducted using Abaqus CAE 6.14.  

First, a rectangular beam is modelled and the loads and boundary conditions are introduced  in 

correspondence with the four point bending test. The shape optimization is conducted with a volume 

constraint of 1, meaning 100% of the material is used. After the shape optimization, the resulting 

model is used to conduct a topology optimization. Using a volume constraint of 60%, the dimension 

and places of holes in the web can easily be determined. In order to avoid sharp edges or any form of 

stress peaks, the holes will be made round. Moreover, the absence of sharp edges will ensure a good 

resin flow. The optimization process is shown in Figure 8.5.  

In (a) a rectangular base form is shown. The corresponding loads and boundary conditions are 

applied conform the four point bending test. The shape optimization is shown in (b). This result 

shows and increasement of the height at mid-span from 200 to 230mm and a reduction at the 

supports of 100mm. Next, the topology optimization is shown in (c). The topology optimization 

shows where more (red) and less (blue) material is needed. In (d) the holes are determined and are 

largely corresponding with the blue areas of (c), indicating a low normalized density (see chapter 4.3 

and 4.4.2 for theory and examples). The last step is to smoothen the holes, creating no sharp edges 

and allow the resin to easily flow around the opening. Comparing (a) to (e), 22% less material is used 

(a volume constraint of 78%). This is higher than the volume constraint of 60% which is used in the 

Abaqus model. This difference can be explained as followed: the result as presented in (c) suggests a 

varying thickness over the whole model, however, the end result presented in (e) will have one 

thickness over the whole area, therefore, increasing the volume compared to the optimized topology 

model.  

Y 

Z 

X 
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Figure 8.5 - Optimization with: (a) base form with applied loads; (b) shape optimization; (c) topology optimization; (d) determining of 
the holes; (e) optimized beam 

 

8.3 Manufacturing composite; in collaboration with FiberCore 
In collaboration with FiberCore Europe the optimized beam was made into a fiber reinforced 

composite. For the prototype five layers of glassfibers where used, leading to a 5mm thick 

composite. To increase the loadbearing capacity of the model, fibers in different directions are used 

on top of each other. The fiber orientation used in the prototype is shown in Figure 8.6. By altering 

the orientation of different layers, the composite is able to take tensile forces in multiple directions. 

In addition, small cracks are not able to grow. This last characteristic is the reason why composites 

have little to no creep (increasing deformation under static load over time). The rigidizing method 

that is used is called the Vacuum Assisted Resin Transfer Molding (VARTM), mentioned in chapter 

6.2. The process is described using three main topics: the glassfibers, the infusion and the end 

product.  

F F 
Q-load 

(a) 

(b) 

(c) 

(d) 

(e) 
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Figure 8.6 - Glassfiber layers 

The glassfiber  

The first  step is to cut the fibers in the right shape. For this project, the cutting was done by hand. 

However, when larger parts are required, it would be highly efficient to use an automated cutting 

machine, for example, a CNC-like cutting device.  

  

Figure 8.7 - Hand cutting of the glassfiber 

The infusion  
The steps are described by using Figure 8.8: 

(a) As a fiber cloth base is put on the steel mold. Over this fiber cloth, the first layer of vacuum 

foil is layed and attached to the steel mold using tacky tape. This tape is specially used for 

vacuum projects as it results in an airtight bond. The fiber cloth is used to prevent any resin 

to stick to the mould. 

(b) When full vacuum is obtained, a transfer mesh (green) is put on the vacuum foil followed by 

a layer of peel ply (white). The transfer mesh functions as an easy transport system for the 

resin, making sure every part of the composite is impregnated with resin. The peel ply layer is 

used to easily demould the composite after rigidization and is put both underneath and 

above the layers of glassfiber. 

(c) On top of this peel ply layer the layers of glass fiber are installed, which form the shape of 

the final product.  

Layer 1: -45⁰/45⁰ 

Layer 2: 0⁰/90⁰ 

Layer 3: -45⁰/45⁰ 

Layer 4: 0⁰/90⁰ 

Layer 5: -45⁰/45⁰ 
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(d) The glassfiber layers are covered by another layer of peel ply. In this infusion process, one 

beam uses mdf-filling for the holes. These mdf-fillings are pressed on top of the peel ply layer 

so the mdf will not stick to the fibers. In addition, the vacuum and resin hoses are put in 

place. For this infusion, three hoses (two for vacuum, one for resin) are used.  

(e) The mold is closed by a final layer of vacuum foil which is taped around is perimeter to the 

steel mould by tacky tape. In this project, the resin  is inserted in the middle. This middle 

hose is connected to a bucket which is filled with resin. When vacuum is pulled on both 

edges, the resin is pulled through the fiberglass to the vacuum outlets. To avoid any resin 

entering the vacuum pump, an overflow barrel is used.  

(f) When the resin inlet is opened, the glassfiber layers will be slowly impregnated. The infusion 

process is kept going for about three hours (depending on the resin mixture that is used) 

after which it becomes a gell; the resin becomes to thick and will not be pulled through the 

composite anymore. After this geltime is reached, another hour is needed for the composite 

to become a rigid whole.  

      
 

     

 

Figure 8.8 - VARTM Steps 

The end product  

After rigidization, the vacuum foil, peel ply, resin transfer mesh, tacky tape and hoses can be 

removed. As most of these materials will be unfit for re-use, this method has a high ratio of waste 

material.  

The final beam required some extra work in order to achieve smooth edges. The resin, as can be seen 

in Figure 8.8-(f), also fills the area where no glassfiber is put. Although this is a very thin layer of resin, 

it results in some sharp edges which require finishing. As this layer is very thin, the edge is easily 

smoothened using sand paper or other sanders. Figure 8.9 shows a hole before and after 

smoothening. The two final beams are shown in Figure 8.10. 

(a) (b) (c) 

(d) (e) (f) 



The influence of a continuous elastic support on the stiffness of a rigidized internal web 

64 
W.J.H. Lenaers 

 

Figure 8.9 - Before (L) and after (R) smoothening of the edge 

 

 

Figure 8.10 - The final composite beams 

 

8.4 Manufacturing inflatable; in collaboration with PolyNed  
As can be seen in Figure 8.4 the beam is accompanied by two inflatables, one at both sides. In order 

to provide stiffness to the composite beam, a connection should be made not only to a rigid frame, 

but also to the web itself. However, connecting the membrane of the inflatable to the composite 

beam would become difficult. Connecting by means of bolts could result in high peak stresses near 

the connections. Gluing the inflatable to the composite would change the load conditions for which 

the beam is optimized; Figure 3.4 clearly shows that there is an upward force caused by the 

membrane stress σx. Therefore, the two inflatables are connected to each other by means of a weld. 

As a result, a hole occurs between the two inflatables, where the composite beam can easily be put 

into.  

The inflatable was made at PolyNed in Steenwijk, The Netherlands. Previous to the day of 

production, preparations were made. Similar to the previous chapter, the design of the inflatable is 

elaborated using three main topics: In- and outlet, the connections and the end product.  

In- and Outlet  

As an inflatable is a closed system, the inlet for the air and outlet for the pressure meter were made 

in advance of the visit to PolyNed. From the same PVC foil as the inflatable itself an air hose was 

made. Using a heat gun, this air hose could easily be welded to the membrane. In addition, a valve 

was integrated to provide an outlet where the inside pressure could be measured from. Both in- and 

outlet are shown in Figure 8.11. Besides these preparations, the membranes were cut into the right 

shapes. 
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Figure 8.11 - Air hose weld (L), valve (M) and valve with hose (R) 

The connections  

A common way to connect multiple sheets of membrane is by the old fashioned stitching. The 

strength of such a connection is mainly depending on the spaces between two stitches. When this 

distance is kept to a minimum, a strong and even partly air-tight connection can be made. It is 

obvious that this connection can never guarantee full air-tightness. However, as the air would be 

continuously supplied at a relatively low maximum pressure (max 10 mbar), it was chosen to go for 

this more easy option; the pump used could easily compensate for the airleaks. Using a high 

frequency weld, the edges of the inflatable were strengthened by welding two layers of PVC 

membrane to each other. These reinforced sides where then used to attach grommets. Using a rope, 

these grommets connected the inflatable to the rigid frame. All three method for connecting are 

shown in Figure 8.12.   

  

 

Figure 8.12 - Stitching (L), high frequency welding (M) and grommets (R) 

The end product  

As described before, the inflatabes were welded to each other, leaving a hole in the middel for the 

composite beam to be inserted. The grommets at both sides of the inflatable will be used to connect 

the inflatable  to a rigid frame. The end result, including composite beam,  is shown in Figure 8.13. 

 

Figure 8.13 - Inflatable with composite beam 
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8.5 Four point bending test 
The test setup is similar to that shown in Figure 8.4, however, some additional features are 

introduced, like the computer station, load cells and measure frame. The setup as used in this 

experiment is shown in Figure 8.14. The following elements can be seen from the figure: 

1) Computer station. All measurements from the inflatable,  LVDTs and load cell are shown on the 

computer in this station. 

2) The prototype including composite beam and inflatable. 

3) Rigid strips which are connected to the composite.  

4) Measure frame, which is separated from the experimental frame. LVDT’s are connected to this 

frame and the rigid strips.  

5) Experimental frame on which the prototype rests.  

6) Load cell which could be loaded by turning a nut on the inside of the steel beam, pulling the load 

cell downward. 

7) Hoses for the pressure meters.  

8) Hoses for the air inlet.  

 

Figure 8.14 - Test setup 

 

1 
2 

3 4 

5 

6 7 
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Figure 8.16 - Support top view Figure 8.15 - LVDT 6 
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Figure 8.15 shows the LVDT 6 which measure the vertical displacement of the beam at mid-span. The 

extra nut is used to stabilize the nickel-iron core of the LVDT. Figure 8.16 shows the support of the 

composite beam. It is clear that displacement perpendicular to the span is prevented, while rotation 

is still possible. Figure 8.17 shows the connection of LVDT 0 to the rigid strip. This connection is 

similar for LVDT 1-5. The load cell is shown in Figure 8.18. The load cell hangs free in the hole of the 

steel beam and is hung up on the composite beam by means of a rope. By turning the nut under this 

hole, the load cell is pulled down and loads the composite beam. The self-weight of the load cell is 

taken into account.  

8.5.1 The test plan 

The influence of the inflatable on the stiffness of the composite web is determined by the results of a 

series of tests. The pressure was varied from 0 to a 1000 Pa (10 mbar) with steps of 200 Pa. Each 

pressure level was loaded with 100, 200, 300 and 400N on both sides (at the load cells). Afterward 

the final displacement of all LVDTs (see Figure 8.2) was compared. Any odd results will be further 

analysed. 

8.5.2 Results 

In this chapter several results are presented. The topics that will be addressed are the influence of 

varying pressures, a flaw in the design of the inflatable, deflection and torsion, influence of the fabric 

itself, influence on the vertical displacement and initial deflections. The results are described in bullet 

points at the end of each topic. Note that at the top of each graph in most cases a reference to 

‘Beam 2’ will be made. As described before, two composite beams were made. However,  during the 

test of ‘Beam 1’ it was discovered that the starting point of each test was varying. Therefore, with the 

tests of ‘Beam 2’ these initial deflections where measured before loading, while this was not done for 

‘Beam 1’. In order to obtain a complete view of the behaviour of the composite, it is chosen to 

compare most of the results obtained from ´Beam 2´. Comparisons between ´Beam 1´ and ´Beam 2´ 

are added in the Appendix C. 

Influence of varying pressures   

The influence of the pressure is shown in different graphs, for each pressure case one. The final 

displacements are presented and can be compared in Figure 8.19.  

Figure 8.17 - LVDT 0 Figure 8.18 - Load cell 
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Figure 8.19 – Results of varying pressures 

 The assumed buckling behaviour (LVDT 2 deflecting the most, followed by LVDT 0 and 4) is 

party true for the 0Pa load case. It can be seen that LVDT 0 behaves in an odd way. This 

behaviour can be seen in all graphs.  

 The displacements seems to reduce significantly by very low pressures (200 Pa = 2 mbar).  

 As at the first increasement in pressure (0 to 200 Pa) the displacement of LVDT 2 is already 

minimized, two extra steps are introduced: the 100 and 150 Pa. These steps show the 

reduction of LVDT 2 by increased pressure.  
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A flaw in the design of the inflatable   

The behaviour of LVDT 0 is assumed to be caused by a flaw in the inflatable. As described in chapter 

3.1.1 the lateral stiffness depends on the radius, pressure and centre-to-centre distance. As the 

pressure is kept equal in both balloons, it is likely that the radius and/or centre-to-centre distances 

vary for both sides, causing the balloon to pull/push more to one side than to the other. To test this 

hypothesis, the composite beam is mirrored. As a result, LVDT 4 will now be placed at the place of 

LVDT0 and LVDT 5 will be placed at LVDT 1. The results are shown in Figure 8.20. 

 

 

Figure 8.20 - Mirrored vs non-mirrored 

 The odd behaviour of LVDT 0 and 1 seems to be similar in both situations. Therefore, the 

assumption that the behaviour is due to unsymmetrical loading caused by the inflatable is 

approved.   

 The unsymmetrical loading can be explained by a small variety in the centre-to-centre 

distance. It turned out that on one side the distance between the composite and the 

experimental frame was 50,5 cm while the opposite distance was 49 cm. In addition, Figure 

8.12 shows that the inflatable is stitched by hand, making it likely that small variations in 

radius are present as well.  

Deflection and torsion  

The deflection at mid-height and torsion of the beam can be determined according to Figure 8.3. 

These results are shown in Figure 8.21. 
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Figure 8.21 - Deflection and torsion 

 When there is no lateral support, the slender composite beam will both deflect and rotate. 

However, at 
1

4
𝐿̄ (the place of LVDT 0 and 1), it can be seen that the beam stays straight; there 

is no deflection at mid-height. On the other hand, there still is a small rotation, meaning that 

the beam rotates while keeping the point at mid-height in its place.  

Influence of the fabric  

As the beam itself has a high slenderness, every additional stiffness will have a significant 

contribution. Therefore, it is tested whether the fabric itself provides some additional stiffness to the 

composite beam. Note that the measuring equipment could not exceed displacements more than 20 

mm, thus, the limit is set to -20 mm. The results are shown in Figure 8.22 while a model showing 

both situations is given in Figure 8.23. Note that Figure 8.23 (R) shows the inflatable when inflated, 

which is only used to clarify the different situations; the inflatable has no pressure during the 

experiment.  

 

Figure 8.22 - Influence of the fabric itself 
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Figure 8.23 - No inflatable (L) and inflatable (R) 

 By simply introducing the inflatable the stiffness of the beam is already increased 

significantly. It is clear that the lateral deflection is limited due to this inflatable; when lateral 

displacement becomes too high, the membrane will be exposed to tensile loading, therefore, 

limiting the lateral displacement of the composite beam.  

 Flaws in the inflatable have a significant influence on the buckling shape, even when no air 

pressure is used.  

Influence on the vertical displacement   

The influence of an increased pressure on the vertical displacement is analysed. Due to the increased 

value of the horizontal component of 𝜎𝑥 pre-stressing takes place. This pre-stressing increases with 

pressure, hence, the vertical displacement should be reduced. As the direction of the vertical 

displacement is similar for all loading situations, the average of all test is taken. The results are 

presented in Figure 8.24. 

 

Figure 8.24 - Influence on the vertical displacement 

 The vertical displacement is reduced by increasing the pressure. 

 As the slope of the lines increase with increasing pressure, it can be concluded that the 

influence on the vertical displacement increases with increasing loads.  
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Initial deflection  

As mentioned in the introduction of chapter 8.5.2, the starting position seemed to change with 

varying load cases.  A possible explanation for this behaviour is that the beam does not return to the 

same starting point when unloaded, but keeps an initial deflection after each load situation. 

Therefore, the initial deflection should depend on the loading situation. Figure 8.25 shows the initial 

deflection per load case. Each load case is coupled with an identification number, shown in Table 8.1. 

The reference point was set at 1000 Pa.  

 

Figure 8.25 – Initial deflection 

Table 8.1 – ID number with corresponding load cases 

ID Loadcase  ID Loadcase  ID Loadcase  ID Loadcase 

1 1000 Pa – 100N  6  800 Pa – 200N  11 600 Pa – 300N  16 400 Pa – 400N 

2 1000 Pa – 200N  7 800 Pa – 300N  12 600 Pa – 400N  17 200 Pa – 100N 

3 1000 Pa – 300N  8 800 Pa – 400N  13 400 Pa – 100N  18 200 Pa – 200N 

4 1000 Pa – 400N  9 600 Pa – 100N  14 400 Pa – 200N  19 200 Pa – 300N 

5 800 Pa – 100N  10 600 Pa – 200N  15 400 Pa – 300N  20 200 Pa – 400N  

 

 The assumption that the initial deflection is caused by different load situations is 

contradicted by the fact that displacement are minimized when pressure is increased (see 

Figure 8.19); if the LVDTs show no displacement during loading, how can the initial 

displacement be caused by this loading? The answer is that the hypothesis is wrong. Looking 

at Figure 8.25 it can be seen that the initial displacement remain mostly static during the 

same pressures. For example, the deflection between ID 1-4 remains straight, same for ID 5-

8, 9-12 and 13-16.  

 Another assumption which led to the wrong hypothesis was that the composite beam would 

be perfectly straight at high pressure, therefore, this point was used as a reference point. 

However, as proven in Figure 8.20 the inflatable is not perfectly symmetric. Therefore, the 
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beam is not straight when inflated, but deformed according to the stable situation the 

inflatable will obtain. Therefore, when unloaded, the composite beam will slightly move back 

to its original shape, causing an increased initial deflection at load cases with lower pressure. 

This principle is shown in Figure 8.26. The figure shows the cross section of a composite 

beam. On each side the inflatable is positioned (this is not drawn in the Figure, but indicated 

with ‘1000 Pa’, ‘800 Pa’ and ‘600 Pa’). Note that LVDTs 1, 3 and 5 are positioned at the 

bottom, moving in negative direction when reduced in pressure, while LVDTs 0, 2 and 4 are 

positioned at the top and move in positive direction, conform Figure 8.25. The defections as 

shown are exaggerated in order to provide a clear image of the suggested behaviour.   

 

Figure 8.26 - Explaining initial deflection 

8.5.3 Abaqus model 

An attempt was made to model the composite beam with inflatable in the finite element program 

Abaqus CAE. However, similar outcomes as the ones from the experimental research were not 

obtained. Simulating the inflatable as a whole turned out to take significant amount of time and is 

therefore left out of this research. Nonetheless, the attempts made are described here to provide a 

base from which later research can take off.  

Modelling the material   

The optimized beam as shown Figure 8.5 is already obtained. Here the material is assigned to the 

optimized section. The glassfiber layers can be modelled using a composite layup. This provides the 

opportunity to insert the amount of layers applied and the corresponding fiber directions. As only 

one direction can be given per layer, a total of 10 layers is modelled at a thickness of 0.5mm per 

layer. Figure 8.27 shows the model from Abaqus. Ply 10 and 9 form the -45⁰/45⁰ layer while ply 8 and 

7 form the 0⁰/90⁰ layer. These plies are shown in Figure 8.27. The corresponding material properties 

which are used are obtained from FiberCore and given in Table 8.2. E1 is the axial stiffness, E2 the 

transverse stiffness, Nu12 the Poisson ratio and G12, G13 and G23 the shear stiffnesses in multiple 

directions.    

1
0

0
0
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a 

1
0

0
0
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a 

Assumption 

+ - 

Tilt due to the inflatable  
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Table 8.2 - Material properties 

E1 [GPa] E2 [GPa] Nu12 [-] G12 [GPa] G13 [GPa] G23 [GPa] 

34000 17000 0.24 6000 6000 4050 

 

 

Figure 8.27 - Modelling fiber layers 

Eigenvalues 

Now the material is properly modelled, the eigenvalues are obtained using a Buckle analyses. 

Applying the load from the four point bending test with corresponding boundary conditions, the 

eigenvalues are given by Abaqus at 183N. The buckling mode is shown in Figure 8.28 where the 

colour red implies the largest and blue the smallest deformation.  

  

Figure 8.28 - Buckling mode of the Abaqus model 

Modelling the inflatable  

When modelling the inflatable, a certain amount of uncertainties where encountered. Problems 

occurred with respect to the modelling of the inflatable. As actual useful results were not obtained, 

this paragraph is mostly used to clarify the problems that occurred.  

The inflatable as modelled in Figure 8.29 consisted out of four parts: the top left, bottom left, top 

right and bottom right. Each membrane was given the same curvature corresponding to the actual 

inflatable; the flaws in the inflatable were not designed. In addition, each curved membrane was 

given a strip which is connected to the web using a Tie connection. Note that this may have 

significant impact on the behaviour of the composite as the composite and inflatable only touched 

each other in the experimental test. The load of the four point bending test were modelled using a 

concentrated force, the pressure of the inflatable was modelled as a pressure. These forces are 

indicated with arrows in Figure 8.29. On the opposite part of the Tie connection, the membranes are 

fixed using a hinge.  
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Figure 8.29 - Abaqus model 

As the model shown in Figure 8.29 is actually not a good representation of the model used in the 

experiment due to the Tie connection adjustments have to be made. The composite should be 

surrounded by membrane, creating the ‘hole’ where the composite can rest in (Figure 8.13). 

However, this means the contact between the composite and the membrane should be specified as 

well, requiring additional information (like the coefficient of friction) which are unknown.  Moreover, 

a stop condition should be implemented. As Abaqus uses a set of iterations, which can be manually 

adjusted, the model either stops when a certain stop condition is reached (e.g. equilibrium) or when 

a set of iterations has been completed. Within this research, modelling this stop condition has not 

been done successfully. For buckling this means that the beam will buckle with unrealistic high 

deformations. Therefore, the amount of iterations is set at an arbitrary value of 30. However, results 

can easily vary by choosing a different amount of iterations, making comparisons to the experimental 

result incorrect.  

It is highly likely that this model can be modelled in a program like Abaqus. However, due to the 

relative large amount of elements and connections, modelling requires a significant amount of extra 

time and research which does not fit within the timeframe of this research.  

Although the results can hardly be compared to the experimental results, Appendix D gives an 

overview of the results obtained. 

8.5.4 Discussion 

During the experiment,  a few problems where encountered. This chapter is used to shortly address 

these problems in order to avoid them in further research.  

Leaks 

As mentioned before, the stitched connection between several parts of the membrane were not air-

tight. However, some parts showed large gaps which had to be closed. These minor errors could 

easily be fixed by welding an additional piece of PVC foil over the gap using a heat gun, see Figure 

8.30(L).  

Two separate inflatables   

During the experiments there was one air supply which was split into two hoses, one for each 

inflatable. It was assumed that by this T-connection the pressure would be equally divided over the 

two inflatables. However, due to one inflatable having more leaks that the other, the pressure would 

vary significantly. Using equal weight, this difference is pressure is demonstrated in Figure 8.30(M). 

Tie connection 
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The air supply of the inflatable with the least leakage (left in Figure 8.30(M)) was regulated using a 

clip to narrow the air inlet Figure 8.30(R).   

    

 

Figure 8.30 - Closing leaks (L), difference in pressure (M) and regulating the pressure (R) 

Different loading   

Another way of loading was used as well. By hanging disc-shaped weight on the composite beam at 

the same distance as the load cell, a dead load was introduced. These discs can be seen in Figure 8.14 

just before the experimental frame. However, it turned out that these discs resulted in a  step-wise 

deformation. As the load cell provided a smoother way of loading, this method was preferred over 

the dead load. Result and comparisons between dead load and load cells are added in Appendix C. 

8.6 Applications and potentials  
The development discussed in this chapter mainly involved the application as a roof-design. Figure 

1.6 is a clear example of such a structure. However, multiple applications and developments can be 

introduced. These applications will not be further developed, but are used to show the potential of 

this design.  

Applications 

The integration of building physics and architectural freedom makes the design a good solution for 

stadium roofs: it provided protection for the public from environmental conditions, it can be used to 

regulate the temperature inside the stadium to achieve good growth of, for example, the grass and 

last but not least, the expression of the roof can be altered using smart lightning. Two examples are 

shown in  

Figure 8.31 and Figure 8.32, representing a flat and curved design, respectively. For matters of 

simplicity, the membrane is indicated with a yellow colour, similar the prototype. Inflatable hangars 

are not a new high-tech piece of engineering. However, using curved rigid internalized webs it is 

highly likely that the dimensions of the pneumatic can be reduced significantly. 
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Figure 8.31 - Stadium roof design 

 

Figure 8.32 - Hangar design 

 

 

Besides these more global applications, a more detailed suggestion is given with respect to the 

connection of the membrane to the compression element. This detail is based on the common clamp 

details as used in various ETFE designs (Wilson, 2013) and is shown in Figure 8.33.   

 

Figure 8.33 - Schematic view of a detail 

 

The following aspects are indicated in the Figure:  

1. Extruded membrane clamp 

2. Steel profile 

3. Welded seam 

4. Inflatable membrane 

5. Vacuum foil 

6. Rigidized composite 

As described in chapter 7.1 – second scale model, the most easy way to connect the membrane to 

the compression ring is to separate the top and the bottom membrane. This separation is also 

integrated in the detail as shown in the Figure above. The compression element, in this case a hollow 

steel tube, can be connected to a supporting structure. Ideally, this supporting structure will only 

have to be exposed to vertical forces (upward loading can occur due to wind suction). As mentioned 

before, by rigidizing the composite, large span structure can be made on site. If this rigidization can 

take place within the inflatable, the vacuum bag will be present in the end project, hence, point 5 in 

Figure 8.33. In addition, the tubes which provide the resin and vacuum will also be left in the end 
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product. However, as an infusion plan is not considered here, these hoses are not shown in the 

Figure. 

Potentials 

Due to the independence of the length with respect to the buckling load, this systems tends to be 

highly efficient for all compression elements, not only the ones that are present in roof structures. 

However, when this application will be applied for, for example, floor systems, some adjustments 

have to be made. These adjustments are not discussed in detail, but merely show the potential of 

this system when further development is desired. 

In Figure 1.3 various developments of the Tensairity girder are already discussed. The first two 

developments of that Figure are also shown in Figure 8.34 – 1 and 2 (note that this is an overview of 

cross-sections at mid-span, meaning the webs run in longitudinal direction). The developments 

considered in this research are shown in Figure 8.34 – 3 and 4. Point 4 shows the base of a roof 

design, which is realized when multiple web are connected by means of an inflatable. Using this 

design as a floor system will result in unwanted problems, such as the curvature due to the inflatable 

and unwanted deformations due to a high point load on the inflatable. Therefore, Figure 8.34 – 5 is 

introduced, where the inflatable is enclosed by rigid composite elements. Doing so, the top flange 

provides a smooth surface which can be utilised. The inflatable still provides additional stiffness to 

the webs due to the pressure inside. Connections between two inflatables (discussed in chapter 8.4) 

do not have to be made due to the casing of the inflatable by composite elements; the inflatable 

cannot move within the structure. A comparable system is already used by FiberCore under the 

brand name InfraCore®Inside (Peeters, n.d.). This InfraCore systems proved to tackle the main 

problem of sandwich panels, which is delamination due to dynamic loadings. Using z-shaped layer 

patterns, this delamination is prevented. Furthermore, composites have excellent creep properties, 

meaning the deformations over time are miniscule under static loads. As a result, this InfraCore 

systems has proven to be excellent for applications in civil engineering such as pedestrian and traffic 

bridges and world’s largest lock gates located in Tilburg, the Netherlands. By introducing these 

inflatables instead of foam cores (used in InfraCore®Inside) a hollow area occurs which can be used 

to regulate the temperature and meet building physical requirements but also provide storage for 

gasses or pipelines.  

1.  2.  3.  

4.  
 

Figure 8.34 - Potential developments shown in cross-sections 

5.  
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As compression element do not only occur in roof designs, this system can also be used in as vertical 

structural elements such as walls. Applying the InfraCore®Inside as a lock gate already proves this 

vertical application.   

8.7 Conclusion 
The following conclusions can be drawn from the experimental results: 

 An inflatable, which serves as a continuous elastic support, significantly reduces the lateral 

displacement even at low pressures (200 Pa = 2 mbar).  

 Relatively small dimension flaws in the design of the inflatable prove to have significant 

impact on the buckling shape, mainly causing the web to rotate. 

 Although the beam is rotated by the inflatable the stiffness is still increased.  

 The fabric of the inflatable itself provides additional stiffness. 

 The inflatable reduces the vertical displacement.  
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Conclusion and recommendations 
 

Conclusion 

The objective of this research is to conduct research on the influence of a continuous elastic support 

on the stiffness of a rigidized internal web. By developing such a pneumatic design with internal 

webs, a broad variety of possibilities are opened for integrated structural designs. Building physical 

requirements can be med using UV-resisting coatings, controlling of the internal air temperature and 

vary the shape of the roof according to acoustic needs. In addition, the stiffness of the structure can 

be varied by changing the air pressure inside, allowing an adaptable design. Finally the appearance of 

such a design can be altered using smart lightning, allowing the expression to be altered according to 

different activities. In conclusion, this integrated design could be a perfect fit for large span roof 

structures.  

By dividing the research into three sub categories, a final optimized prototype could be made. The 

structural optimized design proved to increase both the loadbearing capacity and stiffness by 

maintaining, or even reducing, the amount of material used. The behaviour of inflatables is 

elaborated both theoretically and practically and translated into a design that was made and tested. 

In addition, the excellent material properties of Polymer Matrix Composites (PMCs) led to further 

analyses of the production method. In turned out that the Vacuum Assisted Resin Transfer Molding  

method is an excellent method to realise any structural optimized beam. The result is a slender but 

strong composite which was tested under varying loads in a four point bending test.  

The influence of a continuously elastic support seem to be highly efficient at low pressures. Both the 

vertical displacement and the lateral displacement are being reduced by the introduction of an 

inflatable. The dimensions of such an inflatable have a significant influence on the behaviour of a 

slender internal web. In conclusion, introducing rigidized internal webs in pneumatic structures will 

result in an ultra-lightweight structure, leaving room for the integration of various other disciplines.  

Recommendation 

The aim of this thesis was to investigate the effect of a continuous elastic support on the stiffness of 

a rigidized internal web. Although a clear image has been provided of this efficiency, there are still 

some aspect worth investigating: 

 The modelling of a pneumatic design with internal webs into a finite element program has 

not been done successfully in this research. When such a model is achieved,  the behaviour 

of large span structures can be determined under different pressure and load situations. It is 

highly likely that this model can be made, but will be time consuming for non-experts. 

 The VARTM method proved to be a good method for producing large span optimized 

structural elements. While the rigidization process for this research was still conducted in a 

factory, the VARTM method shows potential for rigidizations on site. When rigidization on 

site will be possible, costs for transportation, storage and deployment will be reduced.  

 A huge advantage of a pneumatic design with internal stiffened web is their ability to 

integrate various other disciplines. The focus in this research has merely been on the 

structural design. However, opportunities can be found when looking at the integration of 

multiple disciplines into one design.  
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Appendices 
 

Appendix A  
This appendix provides additional information with respect to tensile structure and pioneers in the 

lightweight industry Frei Otto, Buckminster Fuller and Mauro Pedretti. This information can be used 

to acquire a better understanding of the working of lightweight tensile structures.  

Tensile structures  

Compression element are often not the most efficient elements to drag along for the nomadic 

people. Therefore, the black tent, Figure 2.5, occurred. There have been many developments since 

that time. First the principle of tensile structures is elaborated. To give a clear understanding of 

tensile structure, different examples are used. 

Principle of tension 2D  

The efficiency of a rope is pretty obvious to anyone who has ever hung laundry on a washing line. 

According to the different loads, the rope will deform until equilibrium is reached, for example, one 

piece of clothing in the middle of a washing line will create a V-shape (Figure A.1-1). Loads will be 

transported by pure tension towards the supports. When two loads are added, the line will obtain a 

trapezoidal shape (Figure A.1-3). Many loads will become a polygon (Figure A.1-5). An equally 

distributed load will turn the rope into a parabola (Figure A.1-7). All these structures can be inverted 

to form arch-like structure (Figure A.1-2/4/6/8). This inversion means that tensile forces become 

compression forces resulting in thicker elements. This increase in material can be explained by the 

way compression elements can handle compressive forces. One way is the shrinkage of the 

compressive element along the central axis. A second way is the movement of the element outside 

its central axis, a phenomenon known as buckling. Since buckling depends on the stiffness of the 

structure, compressive element need to have a certain thickness to avoid this out of plain 

movements. Tensile forces only have one way to handle tensile forces, that is, becoming longer along 

its axis. Therefore, the thickness can be as thick as the tensile capacity needs it to be. This principle is 

explained in Figure A.2.  

 

Figure A.1 - Funicular shape 
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Figure A.2 - Compression (L) and tension (R) behaviour under increasing load (Berger, 1996) 

In his book ‘Light structures structures of Light’ Horst Berger explains the stability of tensile elements 

using a washing line as example. When only self-weight is applied, the funicular shape of the washing 

line is what Berger calls a catenary. If wet clothing is introduced, the line will sack and find a new 

equilibrium (Figure A.3-1). This new shape is not stable on its own as it deforms with the smallest 

change of load, for example, a gust of wind. With increasing wind, first the tension in the washing 

line will disappear, which causes the line to slag (Figure A.3-2). When even stronger winds occur, the 

curvature may be inverted (Figure A.3-3). As these events may be acceptable in case of a washing 

line, it is extremely dangerous, thus, unacceptable in the built environment. A way to avoid the slag is 

the introduction of more weight.  For the washing line it could mean that extra weights are hung on 

the washing line, however, this would be inconvenient for the user (Figure A.3-4). On the other hand, 

for buildings it could mean that the weight of the roof can be increased in order to have enough 

downward loading. Another solution is the introduction of a second inverted line that is kept in 

position by vertical compression elements. The ends of both lines stay in the same spot. However, 

the construction could still rotate around its horizontal axis. As a result, stay lines should be 

introduced, making the whole a stable structure (Figure A.3-5). A third and least material intensive 

solution is to put the inverted line underneath the regular line. The shape could be kept by linking 

both lines with small tension rods (Figure A.3-6). 

 

Figure A.3 - Elaboration of a tensile element (Berger, 1996) 

Principle of tension 3D  

Translating the 2D washing line into a 3D design, the lower cables will be turned 90 degrees across 

the upper one. All four points should be fixed. The lower ones can be anchored to the ground and 

the uppers ones by means of compressive elements (Figure A.4-1). These elements will have to be 

stabilised by means of stay cables in order to prevent them for moving inward. The intersecting point 

is what Berger calls a stable point. Introducing two more cables, parallel to the lower cable, results in 

1. No wind 2. Wind gust 3. Reverse curvature 

4. Added weights 5. Second cable above 6. Second cable under 
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two more stable points (Figure A.4-2). When the upper and lower connection points are connected 

by means of an edge cables, a two-way cable net starts to occur (Figure A.4-3). More cables can be 

introduced parallel to the original two in order to make the structure more dense (Figure A.4-4). Each 

and every stable point now consists of a upward bending line and a downward bending line, thus, 

able to handle upward and downward loading with the same efficiency. The shape that is created is 

called a saddle shape and is characterised as a four point structure. Designing on pure tension, this is 

the smallest amount of points that is necessary in order to create a 3D structure; three point would 

lead to a flat triangle. This is the exact shape that is used by Frei Otto in his well-known design for the 

music pavilion in Kassel. Berger mentions that the geometry of four point structures can have many 

variants, as the combination of multiple saddle shape is possible. As the structure is not closed, a 

disadvantage of this four point structures is the firm anchorage points that are needed. 

 

Figure A.4 - Elaboration of four point tensile structure (Berger, 1996) 

Design examples  

It is assumed that around 4000 years ago bridges existed using this principle of tensile efficiency. 

Bamboo would be used to create bridges in the Himalaya area. With the introduction of new 

materials a lot more possibilities opened up. For example, 100 A.D. wrought iron chains were found 

in China. During the 19th century wrought iron would be used to create large-span suspension 

bridges. The deck of the bridge was hung on vertical suspenders that were connected to suspension 

cables. Besides the big influence in civil engineering, the principle of suspension had little influence in 

structural engineering. One reason is that suspension structure are highly efficient for super-large 

structures, which rarely occur in buildings. However, Pier Luigi Nervi designed a suspended roof for a 

paper mill factory in Mantua in 1961 (Figure A.5). A similar structure can be found in Washington. 

Eero Saarinen designed a terminal building for the Dulles Airport, which is realized just a year later in 

1962. The concrete roof that seems to be hanging between massive concrete compression columns 

1. 2. 

3. 4. 
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takes the form of a hanging cable (Figure A.6) (Berger, 1996). It seems almost obvious that those 

structures where the inspiration for Alvaro Siza, who later designed the Pavilion of Portugal for the 

Expo of ’98 (Figure A.7). Both concrete slabs are made pouring concrete over a falsework that include 

steel cables. By post-tensioning the cable, a compressive forces occurs in the concrete. Doing so, the 

concrete avoids the cables from sway or bouncing. The self-weight of the whole will make sure the 

structure is not moving upward due to wind suction.  

The significant disadvantage of these systems is the necessary compression element which are often 

of large dimension. Therefore, engineer Lev Zetlin designed a cable supported roof that, according to 

Figure A.8, strongly looks like a bicycle wheel. Due to the fact that this is a closed system, there is no 

need for large compressive columns anymore. By using both upward and downward cables, the 

structure is able to resist both upward and downward loading. It is now clear that for a circular 

building, tension and compression forces can be equilibrated. There is also no need for concrete 

completion to avoid sway or other movement of the cables. The Raleigh Arena, Figure A.9, in North 

Carolina is an example of a circular building with a genius structural design (note the similarities with 

Figure A.4). It is considered as the first cable roof structure as it was completed in 1953. The roof 

consists out of two sets of parabolic cables that intersect orthogonal, one is curved upward, on 

curved downward. Due to this curvature, resting against both upward and downward loading is 

achieved with the same efficiency. The cable net is stabilised by two inclined arches that rest on a 

vertical frame. However, besides the great efficiency and simplicity of the design, there was one 

problem. The roof was so light and elastic it started to show vibrational movement. Adding thin stray 

wires along the periphery solved this significant problem.  

 

Figure A.8 - Auditorium roof by Lev Zetlin 

 

Figure A.9 - Schematic view of the Raleigh Arena in North Carolina 
by Matthew Nowicki and Fred Severud 

Frei Otto – Pneumatics   

An inspiring world-leading pioneer in the lightweight and adaptable architecture is a title that fits 

perfectly to Frei Otto. As a German architect and structural engineer, he is considered one of the 

most influential architects of the late 20th century. His goal was to minimize material and energy use 

inspired by natural structures. In the book Frei Otto Complete Works, Winfried Nerdinger states that 

 

Figure A.5 - Paper mill factory in Mantua 
by Pier Luigi Nervi 

 

Figure A.6 - Dulles Airport in Washington 
D.C. by Eero Saarinen 

 

Figure A.7 - Pavilion of Portugal in Lisbon 
by Alvaro Siza 
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Frei Otto was: “not interested in creating a piece just for an individual client, or in self-presentation, 

he wants his buildings to contribute to improving everyone’s living condition” (Nerdinger, 2005). This 

statement was emphasized by Frei Otto himself, as quoted by Nerdinger: 

“My hope is that light, flexible architecture might bring about a new and open society.” 

Frei Otto was also an architect who understood the changing environment we as mankind live in. 

With this changing environment, demands change, which means our buildings should be built in an 

adaptable way. Again, this understanding of Frei Otto reveals he was an architect for the society. 

e career of Frei Otto started with his impressive dissertation on ‘The Suspended Roof’ in 1954 that 

was followed by a stream of innovative ideas. In this work he cites: “Now that the hanging roof has 

acquired a clear form, now that something essentially new has been created we will become aware 

that the hanging roof is in fact something ancient: for the tent is nothing other than a hanging roof” 

(Koch & Habermann, 2004). His design for the music pavilion at the Bundesgartenschau in Kassel in 

1955, see Figure A.10, closely followed his dissertation. In 1957 he also designed the Tranzbunnen 

Pavilion in Cologne, which can be seen as the follow up of the music pavilion in Kassel. His pavilion in 

Cologne would only be used in the summer, thus, resulting in a construction that could be 

dismantled. This design is shown in Figure A.11. Although these structures were phenomenal, Frei 

Otto’s international breakthrough can be assigned to his winning design at the Expo of 1967 in 

Montreal with the German Pavilion with Rolf Gutbrod, see Figure A.12. The tensile structure did not 

consist out of a membrane only, but consisted of a steel cable net under which the membrane was 

hung. It was this very way of designing that also doomed the structure. Due to the cable net, snow 

could easy accumulate between the cable and the membrane. This accumulation resulted in failure 

in a snowstorm just five years later (Berger, 1996). Nevertheless, the jury explained that even when 

this construction was manufactures in Germany and transported by sea to Canada due to its 

lightweight and compatibility, it resulted in an extremely economical structure (Koch & Habermann, 

2004). 

 

Figure A.10 - Design for music pavilion 
Bundesgartenschau in Kassel 

 

Figure A.11 - Tranzbunnen pavilion in 
Cologne 

 

Figure A.12 - German Pavilion at the World 
Expo in Montreal, Canada 

 

Besides begin these tensile structures, in the book ‘Tensile structures’ by Frei Otto, it can be seen that 

he had a great amount of ideas with respect to pneumatic structure as well. A few of them will be 

discussed here. 

 Composite structures  

Shown in Figure A.13 are a variety of composite designs by Frei Otto. Figure A.13-1 

shows an elastic rod which is connected to an inflatable at the end. Otto points out the 

occurring of large compressive forces when the pneumatic is inflated, ultimately, leading 

to the buckling of the rod. He suggests this could even be used as a method to test such 



The influence of a continuous elastic support on the stiffness of a rigidized internal web 

88 
W.J.H. Lenaers 

rods for their load-bearing capacity. With respect to Figure A.13-2/7/9 he mentions that: 

“the strut can be effectively secured against buckling if the pneumatic body is subdivided 

into transverse (2/7) or longitudinal (9) chambers”, which is the essence of the Tensairity 

principle. Other possibilities are fillings of foam (Figure A.13-8) which is used by 

InfraCore®Inside, discussed in chapter 8.6 on page 76. In Figure A.13-3 a strut is reinforce 

by a cable net and shaped by an inflatable in the middle. Figure A.13-4 shows the same 

principle but with multiple hoses of different diameters that keep the membrane under 

tension, thus, serving as reinforcement for the strut. A quick erectable tower or antenna 

is shown in Figure A.13-5, consisting out of several chambers. A larger variant of this 

element is shown in Figure A.13-10, which shows the possible deployment of a large 

antenna by inflating the bottom chambers one after another. This way of deployment 

would not need the use of a large construction crane. Figure A.13-6 shows the rigid struts 

on the outside of the inflatable (notice the comparison with the development of the 

Tensairity girder shown in Figure 1.3 on page 10 only without internal webs).  

 

Figure A.13 - Various pneumatic design (Otto, 1982) 

 Rigidizing inflatables  

While the rigidizing process which is used nowadays was not yet developed by the time Frei 

Otto wrote his book, he thought about a way to rigidize inflatables and let them stay in the 

same shape after deflation. By very thin aluminium membrane, he succeeding this way of 

rigidizing on small scale projects Figure A.14. 

 

Figure A.14 - Rigidization by means of a thin aluminium layer (Otto, 1982) 

  

1. 2. 3. 4. 5. 

6. 

7. 

8. 

9. 
10. 
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Buckminster Fuller – Tensegrity  

Another extraordinary engineer that should be addressed in more detail is Richard Buckminster 

Fuller also known as ‘Bucky’. Actually, Buckminster Fuller never was a real architect, that his, he 

never studied for it nor received a licence to work as an architect. However, as a gesture of respect, 

he received an architect licence at the age of 79. By then he had created some very interesting 

lightweight principle which will be discussed here.  

In his book, ‘Buckminster Fuller, Designing for Mobility’ Michael John Gorman addresses the crisis of 

1927. According to him, this is the magic year where Buckminster Fuller achieved his revolutionary 

philosophy on lightweight structure, which apparently did not come gradually, but more in an all-of-

a-sudden way.  One of the main reasons for his inspiration in 1927 was his time in the Navy. Around 

1917 Fuller volunteered for wartime service. It was in this period he learned a lot about technology 

and the marine architecture, in which everything had to be as efficiently used as possible. For 

example, a 10,000 ton heavy cruise was able to carry an 8-inch gun, large batteries, torpedo tubes, 

armour plates, water, fuel, generators, powerful engines, and food for several hundred men. All 

these loads combined weighted less than one twentieth of a building that had to contain none of 

those things. Gorman assumes this as the beginning of Fullers interest in architectural efficiency 

(Gorman, 2005). 

It was the discovery of the geodesic dome that launched Fuller into the world-fame. The word 

‘discovery’ is carefully chosen here, as it was not a construction Fuller was working on to achieve. 

Goman cites in his book the following quote of Fuller: 

“I did not set out to design a house that hung from a pole, or to manufacture a new type of 

automobile, invent a new system of maps projection, develop geodesic dome or Energetic Geometry. I 

started with the Universe – I could have ended up with a pair of flying slippers.” 

It was this ‘house that hung from a pole’ that eventually leaded to the geodesic dome. With his 

design for the Wichita House shown in Figure A.15, Fuller attempted to develop a cost efficient 

house for everyone. This house had a mast in the middle to keep the roof in place. However, Fuller 

discovered strays were needed to prevent the mast from overturning by wind loading. These strays 

would take up significant amount of the inner space, thus, resulting in a spherical mast, which 

eventually resulted in the geodesic dome. Fuller patented this type of construction in 1954 (Gorman, 

2005). 

 

Figure A.15 - Wichita House by 
Buckminster Fuller 

 

Figure A.16 - Radomes transported by a 
helicopter (Gorman, 2005) 

 

Figure A.17 - Montreal Biosphere in 
Montreal, Canada 
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A key project for the further development of the geodesic dome was the ‘Distant Early Warning 

(DEW) Line’ project in the mid 1950’s. So called radomes were developed by Fuller (and by Walter W. 

Bird) and served as a very light protective structure for satellites in harsh environments. These 

satellites would be able to warn the US army when unauthorised planes would fly over. These 

radomes could be flown in by a helicopter as shown in Figure A.16. These domes where extremely 

efficient. A small dome could even carry eleven grown up men and a child. The highlight of the 

geodesic dome can be seen in 1967 at the Montreal Expo in Canade. This expodition was the same 

expo as where Frei Otto exhibits his German Pavilion. However, Gorman states that the design of 

Fuller overshadows these amazing structure. The model for the Montreal Expo is shown in Figure 

A.17. Unfortunally, during a renovation, the transparatant acrylic bubble went up in flames. 

However, the steel structure remained, but was closed untill 1990. Another important development 

of lightweight structure is the principle of tensegrity, which is also developed by Buckminster Fuller.  

In 1948, he lectured at the Black Mountain College, where student were assigned to help him built 

models that could be used in these lectures. One of those helpers was the art student Kenneth 

Snelson. Snelson was inspired by Fuller’s geometric design and started experimenting with modular 

structures himself. Doing so, he stabilised compression elements with tension strings, until he 

designed a wooden X-frame, see Figure A.18(L). As can be seen, it is a static structure where parts 

seemed to ‘float’ in the air. It was very easy to extend this structure by simply adding more X-frames 

in every direction possible. Snelsons discovery was the very beginning of this modular way of building 

(Gorman, 2005).  

 

Figure A.18 - Wooden X-frame (L) and tensegrity element (R) 

When Fuller was confronted with this model, he saw a strong potential in it. He figured that if he 

could create a tetrahedron shape, modular building would become even more simple. He finally 

called this version of Snelsons idea tensegrity, a combination of tension and integrity. The structure 

separation of compression and tension is what makes this principle so efficient (which was earlier 

described as the essence of lightweight structure). The simplest form of a tensegrity structure is 

shown in Figure A.18(R). As Fuller was convinced of the idea that the tetrahedron shape was the 

fundamental building block of nature, he suggested that this element could be found anywhere in 

the world. To explain this statement, he used the example of flees. In this example he suggested that 

flees have smaller flees on them. These smaller flees have even lesser fleas on them, etc. This way, 
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the tensegrity principle could be found into infinitively small layers of nature. Nevertheless, this 

statement was never confirmed.  

Eventually he assumed that tensegrity could overcome the structural restricted his geodesic domes 

had. He mentioned that tensegrity was the most economical way to produce large stable structures. 

In Figure A.19, Buckminster Fuller can be seen, holding one of his tensegrity spheres with pride. As 

Fuller was a great thinker, he even came up with a more extraordinary idea, that of the ‘Cloud Nine 

Cities’ (Figure A.20). Creating sphere of a few kilometres in diameter, covered with a transparent 

polyethylene skin, the dome could function as a hot air balloon. The heat from the living people 

inside this dome in addition with the heat of the sun should make these spherical cities float in the 

air. Anchored to a mountain top, Buckminster Fuller saw great potential in this never-to-be-realized 

idea. 

 

Figure A.19 - Buckminster Fuller holding a tensegrity sphere 

 

       Figure A.20 - Cloud Nine Cities (Gorman, 2005) 
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Appendix B 
Graphical overview of the grasshopper model. 
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Appendix C 
Comparison between Beam 1 using deadload, Beam 1 using a load cell and Beam 2 using a load cell 

are shown in Figure C.21.  

Beam 1 – Deadload Beam 1 – Load cell Beam 2 – Load cell 

 
 

  

 
 

  

 
 

  

 
 

  

   

 
 
Figure C.21 - Comparing Beam 1 and 2 
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The difference between the deflection when loaded with deadload or by using a load cell is shown in 

Figure C.22. It can be seen that a step-wise displacement takes place when a deadloads are used. 

This behaviour can be explained by the sudden increasement of load when a disc-shaped weight is 

added. Moreover, a significant difference can be seen between the top left and top right graph. This 

difference can be a result of the initial displacement, as shown in Table C.1. The displacement of the 

middle two loading situations were not measured as on this stage the influence of the initial 

displacements was not clear yet.  

Deadload Load cell 

  

  

 
 
Figure C.22 - Comparing deadload and load cell 

 

Table C.1 - Initial displacement 

Initial 
displacement. 
[mm] 

No infl.-
Weights-
B2 

No infl.-
Loadcell-
B2 

0 Pa-
Weights-B1 

0 Pa-
Loadcell-B1 

0 Pa-
Weights-B2 

0 Pa-
Loadcell-B2 

100 N -0,20 -0,48 ?** ? -0,12 -2,36 

200 N -1,76 -5,14 ? ? -0,15 -2,31 

300 N -4,28 -1,37* ? ? -0,68 -3,94 

400 N -8,44 +0,71* ? ? -3,23 -2,96*** 
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*the initial deflection where considered too high and therefore reduced by slightly pushing the beam back in its original form. 

**Initial displacement where not noted and are therefore unknown.  

***the 400N-test was conducted before the 300N-test, hence the difference in initial deflection. 

Appendix D 
The Abaqus calculations were stopped after 30 iterations. The maximum iterations could have easily 

been changed to 20 or any other number as a stop condition was not successfully modelled.  

Therefore, comparisons to the buckling shape are the only relevant comparisons that can be made. 

The model of the beam in Abaqus can be seen in Figure D.23. The angle 𝜑, lineload σx and pressure 𝑝 

are modelled according to the dimensions of the prototype. The various values of these parameters 

are shown in Table D.2. The results are shown in Figure D.24 

 

 

Figure D.23 - Model in Abaqus 

Table D.2- Input for Abaqus 

Angle 𝝋 [degrees] Radius [mm] Pressure 𝒑 [Pa]   
= [1*10-6 N/mm²] 

Line 
force 𝝈𝒙 [N/mm] 

 
 
 

40⁰ 

 
 
 

400 

0 0 

100 (=0,0001 N/mm²) 0,04 

150 (=0,00015 N/mm²) 0,06 

200 (=0,0002 N/mm²) 0,08 

400 (=0,0004 N/mm²) 0,16 

600 (=0,0006 N/mm²) 0,24 

800 (=0,0008 N/mm²) 0,32 

1000 (=0,001 N/mm²) 0,4 

  

σx 

𝝋 

𝒑 
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Figure D.24 - Comparing Abaqus and prototype 

 

As can be seen, the buckling shapes at 
1

4
𝐿̄ (LVDT 0 and 1) deviate from the Abaqus results. This 

behaviour can be explained due to the non -symmetrical design of the inflatable (see chapter 8.5.4). 

In addition, the inflatable is not modelled, but merely represented by a line load which is directly 

working on the model. This is not the case in the experiment, where the model is surrounded by the 

inflatable. However, this way of modelling was not done successfully in this research.   
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