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Abstract 
Origami structures are plate-foldable structures, by which its tessellation is able to continuously adopt 
more than one configuration. The goal of this graduation report is to construct a barrel vault structure 
towards the folding transformation of the origami waterbomb surface. The origami waterbomb 
surface has been investigated on the zero thickness level, which means that thickness is not included.  

The origami waterbomb surface exists of single waterbomb patterns that are connected via fold lines 
as a glide reflection. The waterbomb surface is able to adopt multiple configurations when it is folded. 
The continuous folding behavior is used as a framework for possible waterbomb configurations. The 
continuous folding behavior is the division of the folding order in three folding states: unfolded, 
intermediate and folded state.  

The definition of the continuous folding behavior for the waterbomb surface has been investigated by 
performing mathematical and geometric analyses. The analyses are used to examine the folding 
behavior by dividing the waterbomb surface in different parts. 

The analyses are based on a constructive simulation of the different parts: single waterbomb pattern, 
waterbomb module and surface of waterbomb patterns. The single pattern and the module are 
investigated using vector analysis by defining the relations between the fold lines and the fold angles. 
The resulting equations are numerically solved in Mathematica. The result of the vector model has led 
to two solutions to perform the continuous folding behavior.  

The construction of the waterbomb surface has been investigated using geometric analysis. The 
geometric analyses relates the waterbomb patterns to a desired surface geometry. The surface 
geometry is constructed by defining the relations between the deployment behavior of the desired 
curve and the angle relations of the waterbomb elements. The angle relations of the waterbomb 
patterns are based on their overlapping spherical boundaries. Two different surfaces configurations 
are constructed from the geometric analyses. The first configuration is the in-plane structure.  The 
desired curve is a straight line. The angle relations of the connected waterbomb patterns is constant. 
The second configuration is the barrel vault structure. The desired curve is an arc. In contrast to the in-
plane structure, the angle relation of the barrel vault structure has two different values. This means a 
different construction method is needed to accomplish a barrel vault structure.  
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0. Rigid foldable origami 
Origami is a well-known paper folding technique to continuously transform a two-dimensional 
constructed surface tessellation into a three-dimensional object and back by preserving the shape of 
the facets (figure 1). This transformation is also known as continuous folding.  

 

 

  

 

Figure 1 Example of the continuous folding of an origami multi-vertex tessellation, Tachi (2013) 

However, the application of origami in the built environment has hardly been investigated in contrast 
to other fields like aerospace engineering [7, 14]. When origami is applied within architecture, the 
structures are often static (figure 2a) or the panels that are allowed to fold has limited movement 
capacity (figure 2b). The continuous transformation of origami is not included for both situations and 
therefore the application of constructing origami for the built environment is lacking.   

The goal of this research is to geometrically model an origami tessellation and to apply for architectural 
purposes by retaining its folding properties. Origami can be applied as deployable and transformable 
structures in an architectural context. One advantage is that the existence of a collapsed state enables 
compact configuration of the structure [23]. The goal will be achieved via literature and experimental 
research.  

a)  [30] b)  [34] 

Figure 2 Examples of an origami-based project, b) Basque health department headquarters and b) Bengt Sjostrom Starlight 
Theater [30, 34]  
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0.1.1 Problem definition 
The branch of origami that includes continues surface folding is: rigid foldable origami. Rigid foldable 
origami is defined as follows:  

A piecewise linear developable surface that is continuously transformable without the deformation by 
bending or folding of each facet. [7, 12, 18, 23]  

The definition explains that the facets are rigid as they cannot deform due to continuous 
transformation. However, it does not explain how a surface is able to fold when all facets are rigid. The 
definition is therefore incomplete as the foldability has not been clarified in relation to the involved 
elements of an origami pattern or to possible resulted configurations.  

One reason for the limit of the definition is that most researches are based on examining a single vertex 
pattern rather than a multi-vertex tessellation. A single vertex origami pattern exists of one vertex 
where the number of fold lines are attached to. An origami tessellation exists of a connected repetition 
of single vertex patterns. The focus is to determine the position of the foldable plates around a vertex 
is to understand its folding behavior. For example, the foldability of a 4-vertex pattern (four crease 
lines around a central point) has been explored by Waitukaitus, et al (2015) by changing the sector 
angles. The results have been categorized by the fold line composition around a vertex. The 
configuration results of the folding motion are different between each fold line composition category 
when changing the sector angles (figure 3). 

 

 

Figure 3 Different fold line composition around a vertex and its folding configuration [27] 

Other papers relates the foldability of an origami pattern to the existence of origami rigidity. You 
(2007) discussed in his research that folding is not a real mechanism: if the panels are completely rigid, 
then the surface is not able to transform. The folding is caused by a geometrical distortion within the 
rigid panels. In contrast to You (2007), the existence of rigidity in relation towards origami mobility has 
been recognized by Abel, et al (2015). By focusing on the foldability of a single vertex crease pattern, 
a condition is found that only depends on its intrinsic geometry: all properties of a given pattern do 
not change when the pattern changes from one state to the other.  

The disadvantage of this single vertex pattern approach is the lack of knowledge on the foldability of 
multi-vertex surface patterns. The conditions for rigid foldable surface patterns are difficult to find 
according to Abel, et al (2015), because the folding behavior is not only based on finding the local 
conditions around a vertex, but also the fold angles need to be consistent from one vertex to adjacent 
vertices. The main issue is that the conditions to fold a rigid surface pattern have not been 
characterized.   
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0.2  Background – ideal situation 
The background is divided in two situations: the ideal and the non-ideal situation. First part of the 
background covers the ideal situation, where the general properties of origami are discussed. The non-
ideal situation relates origami to the field of architecture.  

0.2.1 Configurations of multi vertex tessellations 
The folding behavior of a single vertex origami pattern has been investigated by many, because a 
surface exists of a repetition of one pattern (figure 4b). A well-known single vertex pattern is the Miura-
ori, which is a 4-vertex (four fold lines at one vertex point) composition with one degree of freedom 
(DOF) (figure 4a). One DOF means that the folding motion is defined by one parameter. In addition, 
the folding configurations result in two flat-states [21] and an intermediate state.   

a)    

 

b) Original pattern 

Figure 4 The folding motion of the Miura-ori surface. The surface exists of a duplicated crease pattern (figure 4a). The 
folding motion results into two flat-states and an intermediate state (figure 4b) [17] 

The research of Gattas, et al (2013) shows that the emergence of configuration variations only occur 
by changing the composition of the original Miura-ori fold pattern (figure 6a), like the boundary and 
the value of the sector angles. Variations of the waterbomb surface are also possible when it is fixed 
at one point (figure 6b).  

Compared to the waterbomb surface, the original Miura-ori pattern is less flexible during the folding 
transformation. The fold lines of the Miura-ori surface collapse at the same time [22]. The fold lines of 
the waterbomb surface are able to collapse in different directions.  

a)   

 

b)    Adapted pattern 

Figure 5 Different configurations of the Miura-ori surface are only possible when the composition of the original crease 
pattern has been changed [17].  
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In contrast to the folding motion of the Miura-ori pattern is the waterbomb pattern. A waterbomb 
pattern is a base pattern to fold a deflated waterbomb. The deflated waterbomb can be inflated and 
filled with water (figure 6a).  However, the inflatable waterbomb cannot be connect to gain a surface. 
The waterbomb base pattern does have that property. A surface that contains multiple connected 
waterbomb patterns is able to adopt more than one configuration, without changing the composition 
of the original single pattern (figure 6b, c) 

a)                  
      Waterbomb base pattern              Deflated waterbomb  Inflated waterbomb  

 

b)        
 

c)  

 

Figure 6 A tessellation exists of connected waterbomb patterns. A variation of possible configurations are visible by 
contraction and stretching one and the same surface on different places (figure 6b). Different configurations are also 
possible when one point of the surface is fixed (figure 6c).  

The waterbomb base pattern is therefore more flexible than the Miura-ori pattern and the existence 
of multiple possible configurations from one surface makes it suitable as the research subject. 
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0.2.2 Generic rigidity 
In general, rigidity recognition has been divided by Demaine, et al (2007) into two types: basic rigidity 
and generic rigidity. The main difference between them is that the structure of the basic rigidity 
depends on fixed joint coordinates connected by bars. The only way to transform the structure is by 
placing the bars in a different order (figure 7). This coordinate-bar relation transforms the structure 
without remaining the previous state. 
 

 

Figure 7 Example of a basic rigidity situation between bars and fixed coordinate positions 

 
For generic rigidity there is no dependency between the coordinates and the rigid bars that influences 
the original configuration. The coordinate-bar connections are for this situation fixed and defined as 
polygons. Each included polygon is able to move towards one another independently and still remain 
the same defined polygon shapes (figure 8).  
 

  

Figure 8 Example of a generic folding relation of fixed rigid bars lengths and adaptable coordinate positions. Each color 
represent an individual polygon 

The connection between the polygons that forms the generic rigidity are defined as a crease line; all 
crease lines together define a crease-line network. Guven, et al (2007) describes that a desired network 
is restricted by the coincidence of more than one crease lines.  
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0.2.3 Hinging mechanism  
The fold-line network of an origami pattern is similar to the description of generic rigidity. An origami 
pattern is constructed by fold lines according to one or more combinations of the seven different 
axioms, of which six main axioms (A1-A6) were discovered by Huzita and one (A7) by Hatori [13].  

The base principle of axiom folding is the existence of basic mathematical elements: a point-to-point 
line connection. All axioms have the same construction method: the folding occurs by a reflection 
transformation depending on an intending path (figure 9). The intending path is a fixed axis.  

   A7.  

Figure 9 Huzita’s axioms (A1-A6) and Hatori axiom (A7) [13] 

A1. Given two points, one can fold a crease line through them. 
A2. Given two points, one can fold a crease along their perpendicular bisector, folding one point on top of the other. 
A3. Given two lines, one can fold their bisector crease, folding one line on top of the other. 
A4. Given a point and line, one can crease through the point perpendicular to the line, folding the line onto itself. 
A5. Given two points and a line, one can fold a crease through one point that maps the other point onto the line. 
A6. Given two points and two lines, one can fold a crease that simultaneously maps one point to on line and the other point                                   
       to the other line. 
A7. Given one point and two lines, one can fold a crease perpendicular to one line so that the point maps to the other line. 
 
Any axiom application shows that an actual folding transformation occurs from only one fixed axis 
direction. The polygons rotate around the axis by a defined fold angle area. The transformation 
between connected polygons is a continuous folding process performed by either  mountain or valley 
folds [5]. Also the foldability shows that a single crease line before folding is also considered to be a 
folding type [12, 13]. The typology when folding along a crease line is divided as follows, the amount 
of constraints for folding angles are shown per fold type: 
 
 

 Fold constraints are the defined range of angle areas 
Mountain fold:  -180° < 0°     

  Crease fold:  0° 
Valley fold: 0° < 180°    

 
 

 
 

 
 
 

 
Figure 10 A crease line is defined by its fold area constraints [12] 
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Furthermore, the folding always occur between a maximum of two facets. This happens when two 
facets are sharing the same axis. The axis adopts the same length as the edge of the attached facet. By 
attaching both facets on to the axis, each facet is allowed to rotate around it (figure 11). 

 

 

Figure 11 Schematic representation of connecting two polygons (number 1 and 2) on a rotation axis for the hinging 
mechanism. Figure 11b show a connection option so that the facets are able to share the rotation axis without colliding 
each other during the hinging movement. The connection relation between both facets towards the rotation axis have 
been illustrated in figure 11c. 

The result of the bending behavior between the two facets that are rotating about the same rotation 
axis is noted as the hinging mechanism (figure 12).  

 

 

Figure 12 The hinging mechanism has been illustrated by the relation between two facets that share the same rotation 
axis 

An expansion of the hinging mechanism happens by adding a rotation axis to a facet edge. The 
attachment of a facet to the added rotation axis leads to more complex structure, but still one axis is 
able to provide a maximum of two facets. 

 

 

Figure 13 The hinge mechanism has been extended by two rotation axis and the addition of a total of three facets for a 
more complex structure 
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0.2.4 Continuous folding of an open chain system 
The dependency of transformation for chained polygons is explained as a fold line system of connected 
rectangular panels. It is assumed that the panels are mutually connected via hinges to provide 
transformation (see section 0.2.3). The DOF for a folding movement is defined by an alternation of 
mountain and valley folds for each hinge. The thickness of the panels has been neglected. 

 

Situation A 

Tachi (2010) mentioned that rigidity occurs from a one-DOF mechanism: the foldability of origami is 
defined by a fixed start position which  transforms a flat-folded state by one single action to a folded 
position. The transformation of the connected panels occurs from one axis direction only and is a 
continues folding behavior. During expansion the folded panels are unfolded to its original situation 
(figure 14).  

The connected panels are following the path (x-direction) of the original geometry during the folding 
transformation. A folded configuration is obtained by a given movement direction of the hinges due 
to a contraction between AF and EJ. CH has been defined to be a fixed position for this situation (figure 
15). 

 
   

Start position ABCDE Ʌ FGHIJ 
-  AF = BG = CH = DI = EJ (defined as hinges) 
- ABGF Ʌ BCHG Ʌ CDIH Ʌ DEJI (defined as panels) 
  

 
Equivalently, the panels are assumed to adopt the 
same foldability as the divided single curve geometry.   

 

Figure 14 Unfolded situation of four connected mutual rectangular panels. The size of the panels were chosen randomly. 

 

Movement direction of each point 
AF = CH = EJ   X-direction 
BG = DI   Z-direction 
 
 

 

 

 

 
 
 

Figure 15 Connected panels folding configuration 
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0.2.5 Defining folding paths 
The folding transformation of situation A can also be defined by circle areas, where the panel lengths 
are the radii. The intersection of red radii represents the mountain fold and by similarity the blue radii 
represents the valley fold (figure 16). The panels follow the circle areas as the folding paths. By defining 
the fold panels as circle areas, the dependency of the individual panel transformation on the whole 
structure is visible.  

 

Figure 16 Front view of the connected panels of situation A. Each point is defined as the hinges that provides the folding of 
the structure. The red circle areas are mountain folding constraints of the hinges, respectively the red represents the valley 
folding constraints.  

The following example illustrates the panel dependency by different transformation abilities that are 
defined by the circle areas: 

Situation B 

The positions of AF and BG are fixed (figure 17). The left situation of figure 17 show that CH, DI and EJ 
are able to rotate within the area of the defined circle path of BG. The defined path favors the 
movement of CH. In the right situation CH remain its position as the first, so DI and EJ have the ability 
to rotate within the circle path of CH.    

    

Figure 17 Illustration of the circle path definition of situation A. It allows more types of configuration. On the left CH, DI 
and EJ are transformable on the circle areas. AF and BG are constraint by giving them a fixed position. On the right CH is 
also constraint. This gives a different folding situation. 

The example in situation B showed that the original coordinate-bar lengths is remained by defining 
transformation constraints. The folding transformation of the structure change when a hinge is given 
a fixed position (movement constraint). Every hinge without the movement constraint is able to 
transform individually following the circle path(s) it is on.  
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0.3  Background – non-ideal situations  
The background of the non-ideal situation has been divided into two topics: panel thickness and zero 
thickness that are related to architectural application. The origami waterbomb pattern has been 
applied for research (see section 0.2.1). 

PART I – Panel thickness 

The application of the origami folding mechanism for architectural purposes has hardly been 
researched, because the construction with thick materials is complex. A different approach on 
construction is needed than constructing a origami model with “zero-thickness” material such as 
paper. Therefore, the complexity of a folding structure with thick panels has been highlighted to 
understand the difference between the construction of both topics. 

0.3.1 Panel connection 
The foldability of thicker materials has been explored in a simple experimental setup: making strokes 
with different materials and fold it at a preset line. The difference between folding a tessellation with 
paper and thick material, is that breaking of the material paper is not immediately visible while folding 
it. Paper has therefore an advantage to construct a tessellation surface that exist of only one material 
type. Compared to paper folding, thick materials result in either a break at the fold line area (cardboard 
and foam) or the material is too tough to fold (plastic) (figure 18). 

 

Figure 18 Results of folding materials of different thickness 
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Paper has a stiffness disadvantage at the surface level compared to thick materials for an architectural 
scale. Using thick materials is therefore inevitable. One option to imitate the paper folding behavior to 
thicker material such as plastic, is to cut along the desired fold line by a division of the mountain and 
valley fold property of origami (figure 19a and section 0.2.3). This option has been performed on the 
same plastic material for a waterbomb pattern (figure 19b). 

a)     b)  

Figure 19 On the left of figure 19a the cut line area is shown to perform a mountain fold and on the right a valley fold. A 
tessellation result of the construction method is shown is figure 19b 

A step further in imitating the folding behavior of paper on a thicker plastic material is to attach a 
second pattern to the first one with the same method as given in figure 19. Inconveniences are more 
visible at the vertex point where the attached fold lines come together (figure 20, right). The folding is 
less flexible and a gap is left on the spot of the vertex point. This indicates that the tessellation does 
not relate to the thickness of the chosen material.   

 

 

Figure 20 Folding of a plastic material with multiple fold lines at one vertex point. The left situation is the folded state and 
right is the result after the folding state. The result on the right leaves a gap at the place of the vertex point. 

Another option to imitate the folding behavior of a paper model with thicker materials, is to break the 
pattern along the folding lines and reconnect it by inserting a hinge. The possibilities of reconnection 
are given in figure 21, that has been adopted from [10].  
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Figure 21 Connection possibilities of the thick panels to gain a folding structure [10] 

The most straightforward solution for thick-foldable panels is given in figure 21b. The application of 
that solution for a more complex tessellation (more fold lines are crossing at one vertex point), are 
related to similar inconveniences as in figure 20.  

 

 

 

 

 

 

 

 



The continuous transformation of the waterbomb – geometric modelling and the conditions to accomplish a barrel vault configuration 

 

 

|21 
 

0.3.2 Continuous folding 
Multiple waterbomb configurations are possible from a folded paper structure in section 0.2.1. A 
thickness structure has been constructed with cardboard facets connected with tape, to imitate the 
paper folding behavior. At first sight multiple configurations are possible (figure 22) through bending 
and stretching.  

   

Figure 22 Different thick-foldable configurations are possible at first sight 

More configurations are also possible when a point of the waterbomb structure has been fixed and a 
set route has been given, so the structure is able to move at the unfixed points (figure 23). 

        

Figure 23 Multiple thick foldable configurations are defined by an actuation proposal 

Instead of leaving a gap, inconveniences occur as the tape is being released from the panels. As a 
origami tessellation exists of a repetition of a single pattern, the critical area is duplicated all over the 
surface (figure 24). Only speculation about the cause can be made for this situation, like the tape is not 
compatible to the cardboard. The cause is further explored in section 0.3.3. 

 

 
Figure 24 Critical area on a multi-vertex crease pattern has been highlighted. This is found for the whole tessellation 
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0.3.3 Construction proposal and inconveniences 
The concept of the thick panel structure is based on using lightweight materials for the construction. 
Polycarbonate panels have been provided and cut in the desired sizes by Macrolux ©. The hinges are 
designed by a tape construction that has been provided by Multifoil ©.  

The plan of the tape construction is based on the rotation principle of a hinge that is also used for 
doors (figure 25). Moreover, the tape construction is lightweight and it does not damage the 
polycarbonate panels when hinges are constructed.      

a)    b) [29] 

Figure 25 Construction plan for the tape hinge (figure 25a) is based on the principle of a hinge that are for example found 
on doors (figure 25b) [29]  

Polycarbonate panels become fragile when holes are made for a possible connection. Moreover, not 
every tape is compatible to the panels (figure 26b).  

a)   b)  

Figure 26 Results of experimenting with different connection possibilities on polycarbonate panels 

Two type of tapes are used for the hinge construction: the double sided P4329 and the single sided 
PU8020 (figure 27). The P4329 is designed as the basic hinge. The PU8020 is used to cover the P4329 
on the front and back side of the connected panels to provide more stability of the hinge.   

 

Figure 27 Tape plan of the double sided P4329 (left) and on the right the application of PU8020 that has a cover function 
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The construction of the hinge for one waterbomb pattern is visible in figure 28. The construction of 
the tape hinge is a repetition of the same method for the waterbomb surface. 

     

            

Figure 28 The construction of the polycarbonate connection with the tape hinge design 

After the waterbomb surface has been constructed it was able to fold from the unfolded state to the 
flat-folded state (figure 30), but it could not be reversed. Different intermediate states are possible 
due to a provided actuation system. The concept of the actuation mechanism is to connect two end 
points at two different placed rotating discs such that a continuous movement results in multiple 
configurations (figure 29). 

a)   b)  

Figure 29 Concept of the actuation system of the waterbomb surface, where figure 29a is a test model and figure 29b is an 
exploded view concept 
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 Unfolded state

 Flat-folded state 

 Intermediate states 

Figure 30 Result of the realized model on its actuation mechanism 

Several inconveniences of the waterbomb structure were discovered during the testing stage of the 
actuation mechanism (figure 31). For instance, the weight of the panels is not compatible with the 
flexibility of the tape hinge (figure 28c). The chosen actuation mechanism does not fit the folding 
capacity of the structure (figure 31a), and the stability of the structure has not been solved (figure 
31b).  

a.    b.  

c.  

Figure 31 The inconveniences of the produced large scale model 

The construction of the thick folding waterbomb tessellation is causing a lack of information towards 
the possible configurations, because parameters of the materials have to be included. The extra 
parameters of the thick folding panels need to be avoided to understand the folding behavior between 
the different origami configurations. The parameters are avoided on the zero thickness level.  
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PART II – Zero thickness  

The second topic discuss the properties of the zero thickness level of the waterbomb surface. The  
multiple configurations are related to one origami tessellation by continuous folding.  

0.3.4 Continuous folding 
In contrast to the construction of a thick panel tessellation the construction of an origami zero 
thickness tessellation is folded from one paper sheet, without breaking the surface. Tachi (2011) 
mentioned that in theory transformable structures become geometrically stable after fixing its 
boundary points. However, the construction of an origami tessellation with panel thickness results into 
an unsolved flexibility at the surface. When the boundary points are not fixed different configurations 
exist for the same tessellation (figure 32). This is a characteristic behavior for a folded origami 
tessellation.   

 

   

Figure 32 Examples of different configurations that one and the same surface composition is able to adopt 

In general, there are three different situations to distinguish on the foldability of an origami 
tessellation: unfolded, intermediate and fully folded situation. Gantes (2004) divides two extreme 
situations: fully closed and fully deployed, as the starting point for a geometric design. The approach 
of Gantes is used for the construction of a deployable scissor structure. During the geometric design 
of a deployed structure, he showed that the desired shape should be taken into account for the design 
of the individual units. 
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0.3.5 Construction proposal and inconveniences 
The inconveniences of the zero thickness level of the waterbomb structure are based on literature.  

 
Figure 33 Two different geometry types for deployed structures with constant element geometries; a) in-plane stretching 
and b) out-of-plane bending [16]  

The geometric design approach of Gantes (2004) is initially at a polygonal unit level. It must be 
accounted for additional constraints of the deployment compatibility between two adjacent units, and 
how this affects the overall geometric design process. 

A step further is taken by exploring the possibility for arbitrary geometric shapes with bi-stable units.  
Deployment of such connected units into an arbitrary curvature is possible, because the single modules 
consist of different SLEs (scissor-like elements) types. A demonstration is given with a semi-elliptical 
arc, which is the result of a research of the structural response during deployment that is characterized 
by geometric non-linearities and simulation of the deployment process. 

 

Figure 34 Method of Gantes (2004) on constructing geometric elements on a pre-set arbitrary curvature (in this case an 
elliptical arc) [16] 

The method of Gantes leaves two main subjects to discuss: 

- Fitting the units to a desired geometry: first one unit 
- Adjacent units should fit the transformation of the first unit and the desired geometry 
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Different from Gantes is that De Temmerman (2007) has proposed to construct scissor elements on a 
desired curvature as a deployment constraint (figure 35a). The purpose of the deployment constraint 
is briefly explained as the relation between two connected scissor elements. 

  

a) Method of De Temmerman [26]    b) Method of Akgün [3]  

Figure 35 Construction proposal for scissor elements on a desired geometric curve by a defined deployment constraint 

Akgün (2011) gives a general approach that includes the span of the deployment of connected scissor 
elements. It is convenient for architectural applications to include the dimensions of the elements into 
a required span. However, for origami a slightly different approach is needed as a single paper model 
is able to adopt more than one configuration. 

The existing methods that has been highlighted are based on the insertion of a foldable element onto 
a desired geometry. Those methods are used as an inspiration to construct the waterbomb elements 
onto a desired geometry. An addition, is to relate the folding behavior of a waterbomb element to a 
desired geometry.  
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0.4  Research goal  
The aim for the application of origami structures is to enlarge the accessibility of the research field 
within the architecture by giving a proposal for a design method. This will be achieved by only studying 
the zero thickness properties geometrically of the origami waterbomb pattern towards its continuous 
folding transformation. The knowledge that has been gathered on the operation of the fold mechanism 
will be used to construct a variation of desired foldable structures. 

The research question is defined as follows:  

What conditions are needed to accomplish different configurations on the zero thickness level when 
the origami waterbomb surface is modelled geometrically? 

0.4.1 Research outline  
The following research set up arises for the construction of different configuration of the waterbomb 
tessellation:  
 

 
 
The results for configuration possibilities within its spherical boundary are emerged by describing the 
single waterbomb element with vector analysis in chapter 2. The vector model highlights the relation 
between the fold lines and the fold angles. The transformation and construction of a waterbomb unit 
are explored in chapter 3 by extending the same method used in chapter 2.  

Furthermore, the limitations of the method used in chapter 2 and 3 are the starting point for the in-
plane surface development in chapter 4. The emergence of a more complex surface configuration to 
gain a barrel vault geometry is explored in chapter 5. A discussion and conclusion is given in chapter 6. 
The result of the barrel vault geometry and its conditions are used for an architectural design proposal 
in chapter 7. Also a starting point has been given for arbitrary configurations and its transformation. 
This has been added to the Appendix as side information.  
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1. Geometric properties of the single pattern 
Before proceeding to the folding behavior, information about geometric properties of the single vertex 
waterbomb pattern (introduced in section 0.2.1) is given in this chapter. 

1.1  Single pattern development 
In order to explain rigidity towards an actual origami folding mechanism a base pattern has been 
created from the Huzita’s axioms method as seen in section 0.2.3.  

 

1.1.1 Pattern construction 
By means of origami folding properties, almost all patterns start with a square. According to 
geometrical rules a square consist of four lines that are constructed perpendicular to one another. The 
lines are crossing each other in order to obtain a quadrilateral geometry and determine the boundary 
edges of the square (figure 36). 

 

Figure 36 Square construction divided in step by crossing perpendicular straight lines 

A surface that is defined by endless overlapping perpendicular lines on equal distances show the 
existence of equal sized squares (figure 37). When all lines are constructed on arbitrary distances, a 
surface contains quadrilaterals of different sizes (figure 38). To limit the complexity for this research, 
surface development is defined as connected square geometries.  

 

   

Figure 37 Equal square distances        Figure 38 Arbitrary square distances  
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The following situation describes the construction waterbomb pattern that starts with a square 
geometry. The axiom method of Huzita’s and Hatori has been used to divide a square.  

 

   General square properties 

The intension of this construction is to remain the rigidity of square ABCD. 
The corner points of the square have been labeled counterclockwise as: A,B,C 
and D. All corners are assumed to be generic rigid. They have an angle value 
of 90°, because the constructed lines are crossing perpendicular at the 
boundary edges of the square. Furthermore, all the boundary edges have the 
same size.  

 

Figure 39 Illustration of the square properties, which has equal lengths and corner values 

Square ABCD has been divided according to the A1 axiom rule. The A1 axiom rule is defined as follows: 

A1. Given two points, one can fold a crease line through them [13]  

 

 

 

This axiom has two construction possibilities that provides the square of two 
diagonals paths based on its corner points: AC and BD. The diagonals are 
dividing the corner angles evenly, because of the square properties. 
Therefore the diagonals are in geometrical terms called: the bisectors of 
square ABCD.  

Figure 40 Square division according to axiom rule A1, that results into the midpoint position Z of the square. The crossing 
lines are known in geometrical terms as bisectors. 

 

Furthermore, square ABCD is divided by the application of the A2 axiom rule. The A2 axiom rule is 
defined as follows:  

A2.  Given two points, one can fold a crease along their perpendicular bisector, folding one point on top 
of the other [13]  

 

 

 

 

After applying the A2 axiom rule onto the square; the perpendicular lines EF 
exist when point A is brought to D and B to C and GH exist when B is brought 
to A and C to D. The result gives an equal division of the square boundary 
edges.   

 

Figure 41 Square division according to axiom rule A2 + A1. The red lines are the perpendicular lines of the square 

[13] 

[13] 
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1.1.2 Fold line definition 
Although the base pattern has been constructed, the fold lines of the waterbomb pattern have not 
been defined by its fold typology (section 0.2.3). The aim of the fold typology is to define a final 
configuration. Therefore three fold line definitions have been tested by folding different configurations 
with paper. The fold line definition is the mountain and valley fold composition of the pattern. The 
most suitable configuration option will be followed by the exact mountain and valley folds definition 
for the waterbomb pattern. 
 
The starting point and the requirement for the possible compositions is that they are not allowed to 
deviate from the constructed fold line metric. The result of the constructed configurations that meets 
the previous statements are visible in figure 42.  
 
 

 

Figure 42 Constructed pattern folding configuration possibilities after defining a composition of mountain and valley folds. 

 

The results in figure 42 show that the box configuration is not able to be fully flat-folded. The fly 
configuration results into a wider flat-folded situation than the original unfolded surface situation. The 
only suitable option to explore for further surface development is the waterbomb configuration. It is 
also the most well-known of the three [13]. 
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The waterbomb pattern contains eight fold lines from the central point (figure 43a). The flat-folded 
geometry is a triangle with an extra pop out triangle (figure 43b). To gain a plain-folded triangle of the 
waterbomb only six folds are needed (figure 43c).  

 

a)   b)      c)  

Figure 43 Adapting the waterbomb base pattern for suitable application for surface development. In figure 43a the original 
pattern is illustrated by its eight folds, b) Flapped position of the triangle geometry, c) Flat folded triangle geometry  

 

Therefore, the base pattern of the waterbomb has been changed to the number of six folds. The  result 
of the final waterbomb pattern composition is shown in figure 44. 

 

  

Figure 44 Final waterbomb base pattern with chronological vertex notation for convenience. The blue fold lines represent 
the mountain folds and the red fold lines are the valley folds. 
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1.2  Geometric elements  
The geometric elements of the single waterbomb pattern are described as an object in two-
dimensional space and three-dimensional space. The division of the two spaces relates to the folding 
transformation that goes from one dimension to the other.  

The geometric elements on the two-dimensional space of the static unfolded waterbomb pattern have 
been extracted to consider its related rigid conditions. The total needed conditions summarize the 
space boundary area of the waterbomb that needs to be preserved during every folding action it is 
able to adopt. 

1.2.1 Geometric surface element 
In section 1.1.1 a description has been given for constructing the waterbomb surface element. This 
element has been identified as a square boundary and is part of a surface (figure 45). The boundary 
allows the waterbomb element to have four main vertex points: A, C, D, and F. 

   b)a) 

Figure 45 Square pattern region that represent the shape of the waterbomb pattern that is used for this research 

The first property of the waterbomb pattern is the definition of the vertex points within the x, y, z-
coordinate system of the total surface. The vertex points are local coordinates of the surface. The 
coordinates of the vertex points are generally noted counterclockwise as: A(-x, -y); C(x, -y); D(x, y) and 
F(-x, y). Those vertex points will be specified in chapter 2 to explain its relation towards the pattern 
transformation. 

1.2.2 Fold line relations 
From the point of view of the traditional origami, the key-ingredient of a pattern folding functionality 
is to know its relation between the geometry and the folding motion [23]. This state of functionality 
has mostly been researched for a single 4-vertex folding structure. In folding terms it is the simplest 
rigid plated unity there is, because it is a one degree of freedom (DOF) mechanism [16,23]. The feature 
of this mechanism is the situation of which all fold lines are folding to a flat-folded situation at the 
same time. However, the constructed waterbomb is a single vertex origami pattern defined by six fold 
lines instead of four fold lines. 

The geometric conditions of the folding mechanism of the waterbomb should therefore be highlighted 
in order to understand its relation towards rigidity. This leads to the second property of the waterbomb 
base pattern, a division in two different rigid relations: the length of the fold lines and the angular 
relations between the fold lines.  

Both relations have the property that all the crease lines intersect at a vertex O (tagged for 
convenience) in the interior of the given square base. The general definition for an origami base is: 
single n-vertex pattern, by which the n represents the number of crease lines around a given vertex 
point. Hence, the waterbomb pattern can also be referred to as a single 6-vertex pattern. 
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To further identify the 6-vertex waterbomb in two-dimensional space provides the fixed geometric 
conditions of the pattern. The fixed conditions of the pattern are the relations between the mutual 
fold lines. Those conditions do not deform throughout the folding transformation of the pattern, hence 
they are the rigid conditions of the waterbomb pattern. These conditions will be used for further 
analysis of the configuration possibilities of the waterbomb pattern. In figure 46 the rigid conditions 
are summarized as relations in one illustration. 

 

 

αn =  sector angles 

ϕn =  fold lines  

A-F = vertex points 

O =  central vertex point 

a-b = pattern size 

c-d = fold line size  

Figure 46 Summarizing the relations between the geometric surface boundary, the fold lines and angular conditions  

 

Brief explanation of the definitions: 

Sector angles (αn):   the angular relations between two closest fold lines of the waterbomb 

Fold lines (ϕn):  the place of the fold lines for the formation of the waterbomb pattern 
structure. The length of the fold lines is represented by the parameters 
c and d 

Vertex point (A-F):  the boundary points that determines the position of every adopted 
shape of the folded pattern 

Central vertex point (O):  meeting point for all the fold lines of the waterbomb pattern. It also 
represents the center of the pattern 

Pattern size (a-b): the boundary of the waterbomb is determined by the length (a) and 
width (b) that is adopted to form a square. So a = 2 x b 
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1.2.3 Euclidean space region   
The fixed geometric conditions defined in free space, are also the base properties to define the pattern 
relation in a coordinate system. The coordinate system is used to analyze the exact position of the 
pattern after the folding transformation. The coordinate system is defined by the fold line relations of 
the waterbomb pattern according to an Euclidean space boundary. The necessity to place the 
waterbomb pattern in a defined space boundary is to track and avoid any collisions during and after 
the folding transformation. The actual space of the waterbomb will be explained by a given geometric 
region in two dimensional plane (R2) and three dimensional space (R3).  

Two dimensional plane R2 

The crease lines have one mutual property related to the pattern: they are all crossing each other in 
vertex point O. The distance between a crease line end points to point O is equal for the mutual 
bisectors and perpendicular lines, because of the same: angle values, corner division and boundary 
edges. Therefore, the position of point O is fixed within the pattern.   

The bisectors and perpendicular lines form the basis to construct both an inner and an outer circle 
starting from vertex O in the Cartesian XY-plane. This shows that the pattern is able to rotate around 
O by following the path of the circles (figure 47, right). A result of the rotational transformation is that 
the points of the pattern have been oriented into a different setup without deforming the original 
pattern. This type of transformation is also known as: rotational symmetry [35]. 

The rotational symmetry of the waterbomb pattern highlights that the boundary of the pattern in free 
space is defined by a circular constraint in the Cartesian XY-plane. Vertex O is the origin for the 
coordinate system of the pattern. Subsequently, points A-F are the coordinates to be defined for shape 
transformations. Hence, the circle boundary will be used as the start condition to explore all possible 
configurations of the waterbomb pattern. 

 

    

Figure 47  Plane space boundary of the waterbomb pattern. A comparison has been made towards the ability of rotational 
symmetry by the defined pattern origin. On the left is the start position of the pattern and right is the result after applying 
the transformation. The result of the right image show the dependency of the both constructed pattern circles. 
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Three dimensional space R3  

In three dimensional space the geometric boundary of the waterbomb is defined by a sphere (figure 
48a). The position of the waterbomb pattern within the spherical boundary separates it in two parts 
(figure 48b and c). This separation represent the two equilibrium states of the waterbomb.  

 

a)    b)   c)   

Figure 48 Spherical boundary of the waterbomb. Figure 48a represent the unfolded pattern situated is the spherical 
boundary. From the fold line definitions, the pattern is to be folded to the flat-folded situation within the bottom half 
(figure 48b) or within the top half (figure 48c) of the sphere.  

The two equilibrium states are part of the single waterbomb pattern that is according Hanna, et al 
(2014) referred to as bi-stable. Bi-stable is explained as the expectation that the mountain and valley 
folds are able to switch in an opposite configuration via a continuous folding transformation. The ideal 
situation of the continuous folding transformation is that the original and the opposite folded 
configuration result into the same flat-folded situation (figure 49).  

 

Figure 49 The folding states of the single waterbomb to explain the continuous folding within the spherical area 

In reality, the continuous folding transformation does not result into a flat-folded situation but it leads 
to a second stable position [20]. The second stable position is an unpreferable property, because it 
does not result in a fully continuous configuration (figure 50). The focus of this research is only on the 
first stable equilibrium position, flat-folded position is the end position of the waterbomb element and 
the second stable position will be avoided. 
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Figure 50 The continuous transformation between the two stable positions of the waterbomb is not possible. It leads to 
the unpreferable second stable position 

1.3  Geometric conditions 
The space boundary is known for the two-dimensional and for the three-dimensional configuration in 
general. This part briefly explains the relations that should be considered when the pattern is 
continuously folded. 

1.3.1 Spherical mechanism 
The space region of the single waterbomb pattern is known to be a sphere; the folding behavior can 
be treated as a spherical mechanism. The facets are treated as links and the folds as joints. A spherical 
mechanism can be analyzed by using a spherical kinematic mechanism. This is the analysis where every 
point of the mechanism (in this case the folding of the waterbomb pattern) is constrained to move on 
a spherical boundary [10]. 

 

Figure 51 Translation of the single waterbomb pattern into a kinematic model. It is an simple representation where the 
hinge creases are joints and the facets are links [19] 

The developability of a folding structure refers to the arrangement of plates around a vertex, not to 
the overall shape of their assemblies. Therefore the fold lines between the facets create a spherical 
linkage [7]. 

Beatini (2015) explains that connected single patterns have a common vertex, which is the center of a 
sphere. The angles between the facets situated in the unfolded position of the connected patterns 
have a total sum of 360°. If this sum is different from that total, then the facets do not lie on a plane.   
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Figure 52 The planar relation between connected single patterns is illustrated as an linkages of spheres (figure 52a). The 
common vertices are connected edges that has an angle sum of 360° in the unfolded situation. The folding situation occur 
when the sum of the angles is not 360° (figure 52b and 52c) [7] 

Continuous transformations of connected patterns is due to a common central vertex that represent 
the center of a sphere. Any edge of a connected pattern that is sharing that same central vertex moves 
on the surface on that one specific sphere. Therefore, Beatini (2015) mentioned that such a mechanism 
is not defined by the linear dimension of the facets (i.e. the radii of the spheres), but by the planar 
angles between the facets when folding occurs. 

The feature of translating the waterbomb pattern into a spherical mechanism is used as an inspiration 
to simulate the motion of folding in chapter 2. 

1.3.2 Avoiding collisions 
Another property of interest is the division of the waterbomb pattern into triangles within the spherical 
boundary by the fold line definition. The triangles have the rigid function of the pattern that do not 
allow them to mutually collide. Each triangle is shown to be inscribed by circle regions (figure 53). The 
whole pattern transformation, including those circle regions, are not allowed to intersect other 
triangles during the folding transformations.  

 

a)   b)  

Figure 53 Circle regions of the waterbomb pattern. The grey filled circles represent the collision area of the individual facets 
of the pattern.  

The spherical boundary of the waterbomb pattern can also be used for defining the incircles of each 
facet (figure 53a).  
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Initially, the circle regions are allowed to touch each other, but they are not allowed to overlap (figure 
54).  

 

 

Figure 54 Correct (left) facets position and the incorrect (right) facets position. The incorrect position represents the global 

In section 0.2.3 the hinging mechanism has been explained. The hinging mechanism only occurs in the 
fold lines between two facets. This means that the circles are also allowed to touch each others facets. 

 

 

Figure 55 The facets are allowed to adopt this position when they are hinging 

A collision between panels is preventing the structure from a continuous transformation, because of a 
so-called linkage block [7]. A lack of blockage guarantees the continuous foldability of non-equal plates. 
To be more specific, Tachi (2011) assumed that such collisions only occur at the fold lines; and they are 
most visible when thick panels are used for constructing a folding structure.   

One way to avoid collision is to switch the folding angles that connects the facets, in this case: an 
alternation between mountain and valley folds of zero thickness structures.  
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Part I Single pattern and module behavior 
Construction of the waterbomb pattern and possible connections on a fold line level 
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2. Single waterbomb pattern behavior 
 

 

 

Different configuration solutions of the single waterbomb pattern are investigated using vector 
analysis. A Mathematica model is used to represent the continuous transformation between the 
unfolded situation and the flat-folded situation. 

2.1  Waterbomb pattern as a spherical mechanism 
The choice to start with one waterbomb pattern is to extract the possible folding motions other than 
symmetric configurations. Every other connected patterns attached to the first pattern is determined 
by contact conditions.  

The foldability of the waterbomb pattern when only the main vertex points and its connecting fold 
lines are included. The result of folding those lines show that the square boundary edges of the 
waterbomb deform. It needs the mountain folds to preform straight boundary edges. This has been 
shown by Abel, et al (2015) for a square folded paper (figure 56b).  

a)    b)  

Figure 56 Rigidity of symmetric folds of the waterbomb. Situation a) illustrates the footprint position of only the valley fold 
lines. The folding result is visible in b): the boundary edges AC, CD, CF and AF have been deformed.  

 

 

Figure 57 Figure 57a shows similar results. The deformation can only be prevented when at least one opposite fold 
(mountain fold)  has been inserted (figure 57b). [1] 
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2.1.1 Path tracing of vertex points 
Symmetric transformation is defined as a pair of points situated on the same coordinate axis moving 
towards each other in opposite direction. All other points move at the same scale and directions of its 
outlined transformation axis in order to obtain the symmetric shape of the pattern (figure 58).  
 

 

a)   b)  
 
Figure 58 Path tracing of the vertex points on its outlined linear formation to obtain a symmetric folding transformation. 
Ground sliding of the vertex relation, however, is not the right relation toward the global pattern transformation. The 
ground sliding show that the pattern is constraint by pinning the vertices to the ground, which results in a facet 
deformation. 

 
The result of the proposed path tracing observation leads to the conclusion that the coordinate 
relation is not straight forward as illustrated in figure 58, when a construction in made in Grasshopper. 
The pattern rigidity is not remained when the vertex point moves via ground sliding to fold the 
unfolded waterbomb. This leads to the situation where the facets do not keep their sector angle start 
condition: ϕn ≠ 45°, but it has changed to 30° (figure 58b). The visibility of the supposed transformation 
relation is not the actual definition similar to the spherical boundary. 
 
A proposal is made to treat the single waterbomb element as a spherical mechanism (section 1.3.1). 
The trajectory of the vertex points is equal to the associated arcs of the spherical boundary. The 
trajectory is based on the center point position of the waterbomb pattern towards the length of the 
fold lines (figure 59). Therefore the single waterbomb pattern is divided into geometrical relations that 
exist between the facets. This has been further elaborated during the next sections of this chapter. 

 

Figure 59 The translation of the spherical boundary into circle regions that are defined for the vertices of the single 
waterbomb pattern 
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2.1.2 Reentrant honeycomb – auxetic mechanism 
The transformation of the waterbomb element observed in two-dimensional state shows that when it 
unfolds the pattern expands in both the transverse as the longitudinal direction (figure 60a). This 
motion is in contrast to the stretching ability of the honeycomb.  

 

Figure 60 The directions of transformation of the waterbomb (a) and the honeycomb (b). The folding motions of both 
geometries are opposites of each other in one direction, causing by the concave angles of the waterbomb 

The physical appearance of the waterbomb pattern has six corner points of which two of them are 
collapsing within its original geometry when it folds. The geometry of the honeycomb (figure 60b) is 
the same as it also has six corner points. The only difference is the concave angle transformation of 
the waterbomb. The two points are moving inwards compared to its geometry, which is in contrast to 
the honeycomb; that is moving outward.  

From this point of view the waterbomb has more common names that represents possible 
explanations of how the pattern is able to perform its folding behavior. For example, the reentrant 
honeycomb [15, 21] is a common used structure name in the fields of material research (like, 
metamaterials). The focus lies on the two-dimensional transformation (in-plane stretching and 
contraction) with results on how much the material wall thickness differs before and after stretching 
(figure 61). More literature on the reentrant honeycomb therefore defines the transformation of the 
structure on material properties. A material that exposes similar behavior as the waterbomb element 
in deformation, is mentioned to have a negative Poisson’s ratio [6, 8, 18]  

 

Figure 61 Example of a parameter set up for material research with the . Thickness (t) represent the parameter for 
stretching and contracting results of the structure [4] 

The folding transformation of the waterbomb pattern exists besides the relation of the spherical 
boundary, also for similar movement as an auxetic mechanism. For this reason, both properties are 
implemented  to model the single waterbomb pattern. 
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2.2  Rigid boundary conditions  
The transformation of the waterbomb pattern is addressed as a parametric relation between defined 
rigid boundary conditions. The parametrization is based on the ideal zero thickness situation of the 
origami waterbomb where only the sector angles and fold lines relations have been extracted. The 
center point of the waterbomb pattern has been positioned in the Cartesian coordinate system at 
O=(0, 0, 0). From point O all possible fold line positions within the spherical boundary are observed. 

The starting point for the parametric relation of the waterbomb is to give values to the size of the 
waterbomb pattern (figure 62a). While the pattern is circumscribed by a spherical boundary, the length 
of the largest fold lines can be determined. The fold lines are constructed as a vector field with positive 
divergence between O1 and a defined end point of the pattern (figure 62b) to retain the rigidity for any 
fold action. The lengths of the shorter fold lines are also known as a result of the square pattern 
boundary, so they can be included in the vector field. Furthermore, the vector field is extended to 
define the fold lines and the sector angles within the given pattern size (figure 62c). Two values of the 
sector angles are divided due to the design of the pattern.  

The fold lines are constructed as a vector field between O1 and a defined end point of the pattern 
(direction). Retaining rigidity of the pattern the fold lines also have a fixed length defined by the 
magnitude. The overall vector network is used to determine the rigid transformation of the pattern.   

 

 

Figure 62 Translated situation of the origami waterbomb pattern to a vector field. The waterbomb pattern is illustrated 
with the position of coordinates when the size of the square boundary has been defined (figure 62a). The fold lines have 
been translated into vectors with a positive divergence (figure 62b). Figure 62c shows the relation between the fold lines 
as sector angles.     
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2.2.1 Deconstruction and adding constraints 
The three exposed subjects are related to define the folding transformation by deconstructing the 
waterbomb pattern. The waterbomb pattern is treated as a close folding system by adding constraints 
to its DOF. The DOFs are the fold lines that are directly related to the spherical boundary and the center 
point O1 (figure 63a). Each fold line has three DOF (in x-, y- and z-direction) in the spherical boundary, 
that has a total of 4X3 = 12 DOF. By adding constraints that equals the number of twelve DOF, the 
waterbomb pattern is constructed as a closed system.    

 

 a)   b)  

Figure 63 Construction the waterbomb pattern by adding constraints (35b) to the main fold lines (35a), that forms the 
spherical region of the pattern. 

The constraints that are added to equal the number of DOF has been illustrated in figure 63b. Those 
constraints have been translated into conditions to fit the definition of the vector system: 

 The coordinate of each fold line represented as a vector is noted as:  

�⃗� (x, y, z), because of its position in Euclidean space R3 

The folding shapes of the waterbomb is determined by rigid folding. The formula for the length of 
the fold lines is performed by the norm vector: 

N (x, y, z) = x2 + y2 + z2     (A, C, D and F: 4 constraints) 

 The mutual relation between two fold lines (sector angles): 

L (𝒓𝟏, 𝒓𝟐) = 𝒓𝟏 ·  𝒓𝟐 = x1 x2 + y1y2 + z1z2 = |𝒓𝟏||𝒓𝟐| 𝒄𝒐𝒔(𝜶)  (AB, BC, CD, DE, EF, FA: 6 constraints) 

 Extracted from the coordinate position as mentioned in figure 57a; this relation always occur:  

yA = -yF and yC = -yD     (2 constraints) 

 

The total of the given constraints is twelve. It equals the expectation that the waterbomb formation is 
a closed system; because 12 DOF = 12 constraints. The motion of each member of the waterbomb 
pattern is analyzed by determining the coordinate positions of the points. Those positions are defined 
as the orientation of vectors (fold lines) by an angular displacement.  

The following section show the results when the conditions for folding the waterbomb are performed 
mathematically (see appendix A and B for approach). It covers the configurations of the single vertex 
waterbomb pattern that is able to adopt when the fold lines and sector angles are known.  
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2.3  Configurations by changing the conditions  
The symmetric configurations are compared to the asymmetric configurations to describe the found 
folding conditions for the single waterbomb pattern. 

2.3.1 Symmetric fold parameter 
Theoretically, a flat-folded waterbomb configuration is possible when all the fold lines simultaneously 
adopt the constraint motions of the mountain and valley folds. This only transpires during a symmetric 
fold action. The exact fold action has been determined by means of a position analysis. Therefore, the 
coordinates are set on the basis of motion constraints. 

The coordinates that has a direct connection with all the other coordinates of the waterbomb are B 
and E. Both are known when the position of A, C, D and F are known by defined fold line lengths via 
the formation of spherical region. Therefore the conditions that adopts the configurations of the single 
waterbomb pattern are based when B and E are given. 

The first and obvious configurations of the waterbomb pattern to explore are the symmetric ones. The 
symmetric configurations are possible when the fold lines L (figure 64) are known. Only  needed to 
converge from the unfolded situation to the flat folded situation, via: the angular relation between the 
fold lines BO1 and EO1.  

 

Figure 64 Symmetric fold condition. L (length) is the given for the actuator conditions. The relation between the actuator 
conditions B and E is the angle between the both lengths. 

The possible configurations adopted from the symmetric fold line condition follow a half circle path 
between B and E (figure 65). The conditions that are given in section 2.2 together with the symmetric 
conditions have been inserted into a Mathematica model. The results are shown in figure 66. 
The  

 

Figure 65 Symmetric folding path of B and E for adopting symmetric waterbomb configurations 
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Figure 66 Mathematica results for symmetric folding of the waterbomb. The folding result shows the order of 
configurations from the unfolded situation (0°) to the flat-folded situation (90°) 
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2.3.2 Asymmetric fold parameter   
The second option to change the waterbomb pattern from the unfolded to the flat-folded situation is 
by exploring the asymmetric configurations.  

A striking perspective on the practical application show that the global model is foldable when the 
actuator paths are divided and on that account the same target is reached by asymmetric 
transformation. However, it means that the waterbomb pattern is not a complete closed system.  

 

 

Figure 67 Asymmetric fold condition. In this case the coordinates of both B and E are given. Thereby the relation allow them 
to transform independent from each other by its dihedral angles. 

The fold lines are tend to be unknown. Therefore the situation occurs that there are now 10 constraints 
known versus 12 DOF. The other two DOFs have been translated into both the dihedral angles of point 
B and E, because the fold lines are not known for the asymmetric situation. The dihedral angles 
represent the folding conditions when the coordinates of B and E are known (figure 67).  

The folding path of the former transformation conditions have been separated into two half circle 
paths that allows the pattern to adopt the asymmetric configurations (figure 68). 

 

 

Figure 68 Asymmetric folding path of B and E for adopting asymmetric configurations 
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Figure 69 Mathematica result for asymmetric folding, where E has been set to a fixed value of 90° and B is the parameter 
that determines the folding configuration of the waterbomb pattern from the unfolded to the flat-folded situation.  
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2.3.3 Comparison of results 
Two groups of parameters were discovered from the single waterbomb pattern. Whether the 
configurations are adopted from symmetric or asymmetric fold action, the waterbomb element is 
always surrounded by a spherical geometry.  The transformation of the pattern depends on a mutual 
angle relation between two actuation points B and E. The trajectory result of the remaining vertex 
points that are part of the spherical boundary are forming circle trajectories (figure 70a).  

a)        b)  
 

Figure 70 The waterbomb is represented as different folding configurations by which the results are bounded within a circle 
space. The decrease of the circle when the pattern is folded has been highlighted with red (figure 65b) 

The top view of the circle trajectory of the single waterbomb pattern has been highlighted in figure 
70b for the symmetric fold action. The transformation directions are identified on the x-, and y-axis for 
expansion and contraction. It shows an equal decrease of the circle boundary area.    

 

2.3.4 Conclusion 
The folding behavior of the single waterbomb pattern is defined by adding constraints to the fold lines 
that are directly related to the spherical boundary. Different configurations are possible when 
changing conditions related to the fold angle parameter. The fold angle parameter has been divided 
into the symmetric and asymmetric fold action. The symmetric fold action leads to configurations that 
have been established via continuous folding. In this case, continuous folding means that the range of 
the fold action is uninterrupted. The exact role of the asymmetric fold action to establish a variation 
of configurations is unknown, because of the independence transformation between the fold lines B 
and E. 
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3. Waterbomb module behavior  
 

 

 

This chapter explains the folding behavior when a set of multiple waterbomb patterns are connected 
by using the same method as in chapter 2. The mathematical model constructed in Mathematica is 
used to extract the limitations of the folding behavior of this module and it is compared to the results 
of the single waterbomb pattern.  

 

3.1  Connection possibilities 
Although a solution has been found on how to transform the configurations of a single-vertex 
waterbomb pattern, a multi-vertex crease pattern is more difficult to solve. This has been mentioned 
by Abel, et al (2015), because the fold angles should be consistent from one vertex to adjacent vertices. 

The first step is to define the connection between waterbomb patterns in a two-dimensional situation. 
The only way to connect more than one of the same base patterns is via a vertex-vertex connection. 
The possibilities to connect waterbomb patterns can be accomplished in the following ways:  

1. Serial connection in the x-direction of the pattern. The distance between the reference points of 
two connected patterns in x-direction are always collinear for the unfolded position.  

2. Serial connection in the y-direction of the pattern.  

This section only shows the options for connecting the single waterbomb patterns in its unfolded state 
and the choices that has been made to continue this research. 
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3.1.1 X-direction connection 
The vertex-vertex connection is illustrated in figure 71: how to connect a second pattern to the 
previous one in the x-direction. It highlights a correct connection (figure 71a) and a wrong connection 
(figure 71b). The wrong connection is not able to provide a desirable folding configuration, because 
the vertex points are not sequential. The correct connection shows that the two patterns are sharing 
the same vertex points. Also the second pattern is a reflection in the y-axis of the first pattern.     

 

Figure 71 X-direction surface development option based the vertex-vertex connection. Where a) shows the correct way to 
connect and b) the wrong connection 

The three-dimensional position of the correct connection between two patterns in the x-direction 
(figure 71a) is visible in figure 72. The illustration of figure 72 shows that the second pattern is an exact 
copy of the first pattern. Both waterbomb patterns are coupled to each other because they share the 
two vertex points C and D. More details on the relationship between the first and second pattern are 
given in section 3.2.  

 

Figure 72 Position of the second pattern connected to the first waterbomb pattern in three-dimensional space. The second 
pattern is defined by its own coordinate system 
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3.1.2 Glide reflection connection 
When the connection of the second waterbomb pattern is known, a third pattern can be connected 
via the y-direction. The y-direction has two different ways to accomplish a connection. The first one is 
straight downward. This is similar to the x-direction, all points of the second pattern are directly related 
to the first one. The second option to connect in the y-direction is performed by a glide reflection.  

 

Figure 73 The y-direction surface development has two possibilities a and b. Both show the transformation relation 
between each individual pattern and the global connected transformation 

The two options for the y-direction are discussed for a suitable connection, based on its folding 
configuration. The straight downward connection on the y-direction has been illustrated in figure 74. 
The possibility of this option has been folded in figure 74b. The configuration shows that the fold lines 
O1E and O2E have been excluded from the fold configuration and it changes the original configuration 
of the base pattern.  

a)   b)              c)    

Figure 74 Folding relation of the straight downward y-direction pattern connection. a) the situation of the two connected 
patterns. b) show the results of the folding relation as visible in the illustration of 74a. c) is the actual folding result when 
all the folding properties of waterbomb base pattern has been preserved. It shows a division of vertex point E.  

The properties of the original waterbomb pattern are only preserved for this connection, when the 
two patterns do not share the edge DF but only share vertices D and F (figure 74c). The disadvantage 
of this solution is that the folded configuration leaves a gap between the two patterns. 
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Another disadvantage occur when the straight downward y-connection is combined with the x-
direction connection for surface development. Figure 75 show the result of four combined waterbomb 
patterns; a new base pattern exists (figure 75a). This base pattern has a new center point where the 
fold lines depend on. The existence of this combination is complex as it is a 8-single vertex pattern with 
four secondary vertex points (blue dots in figure 75). Therefore, this combination is not preferable for 
surface development (when multiple patterns are connected to create a surface). 

a)    b)  

Figure 75 The connection for four 6-vertex single waterbomb patterns illustrates the development of new central vertex of 
which the surface exists. The application of the straight downward y-direction solution result in the existence of a new fold 
line pattern. It is therefore not preferable for further development. 

The second option to connect a third waterbomb pattern for surface development is via a glide 
reflection. A glide reflection is the situation where a reflection and translation occur at the same time:  

a)   b)    c)  

Figure 76 The construction set up of the glide reflection. The first step is a reflection on the x-axis (figure 76a), followed by 
a translation (figure 76b). In figure 76c the overall connected glide reflection of the waterbomb pattern is illustrated 

By preserving the original single waterbomb base pattern properties, this situation is preferable 
because it is most compact in its flat-folded situation. The result of the glide reflection, as illustrated 
in figure 77, is chosen to continue for surface development.  

a)     b)  

Figure 77 The unfolded situation (figure 77a) show the maintenance of the original waterbomb pattern for also the second 
and third pattern. An example of the folding result is given by a physical paper model (figure 77b) 
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3.2  Geometric relations of two patterns in x-direction 
The second pattern added in the x-direction is a reflection of the first pattern according to section 3.1. 
In other words, the second pattern adopts the same folding possibilities as the first pattern. Although, 
the connection between both patterns are known, the effect of the transformation relation is 
unknown.  

This part first describes the unknown relation between two connected patterns in the x-direction. After 
that the geometric and transformation relation is given when the waterbomb patterns are added in y-
direction.   

3.2.1 Contact conditions 
After connecting the second base pattern, the vertex-vertex connection results into a mutual relation 
between both patterns of sharing the same chord CD (figure 78). From chapter 3 it is known that the 
waterbomb base space boundary is circumscribed by a sphere at the corner points of the square 
boundary edges. This boundary is also similar for the second pattern. In figure 78 the intersection of 
both circles has been illustrated and the shared chord CD is highlighted in bold black.  

 

Figure 78 Related vertex points C and D after connect an identical base pattern to the first one. The top view of the spherical 
boundaries of both patterns show that they are intersecting in C and D 

This fact of sharing the same edge provides the base to explain the folding relation results between 
the two patterns and what is necessary to preserve the additional rigidity conditions.   

The configurations of the single pattern is adopted by one general condition which has been explored 
by its two transformation options (chapter 2). Each connected pattern is an exact copy. However, their 
mutual configuration influence is not a copied connection. This is described below:  

The configuration possibilities between two connected patterns have been examined by first 
determining their mutual relation. The mutual relation is illustrated in figure 79. This relation means 
that CD, r1 and r2 should always preserve their original length. Additional information for CD, r1 and r2 

is that they are also fold lines, which means that they are allowed to hinge. The only length that is 
allowed to change is the distance between center points of pattern 1 and 2.  
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Figure 79 The relation of two waterbomb patterns, that are connected in x-direction. d1 is the variable that needs to be 
solved to understand the transformative pattern relation  

This situation is of interest because it is the starting point to illustrate the transformation possibilities 
for connected waterbomb pattern. The transformation occur without causing any collisions and 
deformations between the facets of the patterns.                       

The objective of the parametric relation is to solve the distance d1 between the central points of 
pattern 1 and 2, respectively O1 and O2 (figure 79). The position of the central point O1 of pattern 1 has 
been set as follows:  

O1 = x2 + y2 + z2, where O1 is on a fixed position (0, 0, 0) 

The boundary edges of the waterbomb patterns has been given a length of L = 2. The position of O2 is 
related to the position of O1 and to distance d1. The position of O2 is therefore noted as:  
 
O2 = (x-d1)2 + y2 + z2, where the range of d1 is: 0 < d1 < 2  

Next, the element rigidity of both patterns is only preserved when the relation between both central 
points has the following properties: 

O1 ≠ O2 (collision constraint) 

O1 + O2 ˂ d1 (distance constraint) 
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a)  b)  

Figure 80 Top view of the transformation relation in of the x-direction with extracted parameters. For convenience the 
parametric relation has been separated (figure 80b). By rigidity each central point O1 and O2 has a range towards chord 
CD. Distance a defines the movement of center point O2 and distance b for O1. Both are related to the fold lines r1 and r2 

The parametric relation that has been illustrated in figure 80 show pattern 2 to transform related with 
pattern 1, when O1 is fixed. The overall configuration of both patterns occur when O2 follows a path of 
distance d1 (figure 80b). For convenience, this path is called the distance transformation relation. The 
distance transformation relation between O2 and O1, is noted as: 

r1
2 = x1

2 + y1
2  y1

2 = r1
2 – x1

2    (1) 

r2
2 = (x2 – d1)2 + y2

2     (2) 

Substitute (1) in (2) gives: r2
2 = (x2 – d1)2 + r1

2 – x1
2 (3) 

Result for O2 gives O2 = 𝐫𝟐
𝟐 𝐫𝟏

𝟐 𝐝𝟏
𝟐

𝟐𝐝𝟏
    (4) 

The variation in distance between O1 and O2 is defined as the constraint between the fold lines and 
the parametric distance a (figure 80b). The actual parametric relation between both connected 
waterbomb patterns is still unknown, because the folding behavior has not been included.  

 

 

Figure 81 Vector construction method to obtain the next starting point of a connected waterbomb pattern 
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3.3  Geometric relations between patterns by glide reflection 
A similar observation method has been used for this section to discover the geometric actuation 
relation. It will show the relations when another waterbomb pattern is added according to a glide 
reflection. 

3.3.1 Glide reflection properties 
A connection of the third waterbomb pattern via a glide reflection (figure 82) shows that edges are 
shared with pattern 1 and 2, respectively line BC and CB2. This means that a transformation of the third 
pattern relies on both patterns 1 and 2 and the other way around.   

 

 

Figure 82 Glide reflection situation exists when pattern 3 has been added and connected to both pattern 1 and 2. The 
mutual axis that are shared, is visible between the three pattern by a bold line. The vertex point are illustrated by red dots. 

Furthermore, the addition of pattern 3 results into a third central point O3 that has a distance relation 
with the other central points: O1 and O2. The definition of both distance relations has a different 
approach than the relation between pattern 1 and 2. This is caused by the glide reflection position of 
the third waterbomb pattern (figure 82).  

The three outer spherical boundaries are not directly related to each other, meaning that their 
intersection is not compatible to vertex points of the waterbomb patterns. The addition of the third 
pattern is related to the small fold lines of pattern 1 and 2, represented as points: B and B2 in figure 
82.   

The small fold lines are constructed by the inner spherical boundary of pattern 1 and 2. As those fold 
lines are the same but mirrored from each other, only the relation of pattern 1 and 3 are explained. 
The construction and the relation parameters are visible in figure 83.  
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Figure 83 The construction for the transformation between the patterns according to the glide reflection connection   

The boundary condition and the position of O3 have been added to the list of the two other patterns 
relations:  

O1 = x2 + y2 + z2, where O1 is on a fixed position (0, 0, 0) 

O2 = (x-d1)2 + y2 + z2, where the range of d1 is: 0 < d1 < 2  

O3 = (x-i)2 + (y-j)2 + z2, where 0 < i < 1 and -2 < j < 0 (figure 83) 

An illustration has been given in figure 84 to define the transformation relation of the third pattern 
related to the first and second pattern. This relation is a parallelogram that has been extracted in figure 
84b. 

a)    b)  

Figure 84 Transformation relation in of the glide reflection with extracted parameters. Extraction of the parametric relation 
that represents the movement of the patterns connection via a glide reflection 
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Similar to the method of section 3.2.1 the distance transformation of O3 towards O1 is defined as 
follows: 

r1
2 = x1

2 + y1
2  x1

2 = r1
2 – y1

2        (9) 

r3
2 = (x3 - i)2 + (y3 - j)2         (10) 

Substitute (9) in (10) gives: 2xi + 2yj = i2 + j2 + r1
2 – r3

2     (11) 

The result of O3 for the glide reflection situation gives O3 = 𝐫𝟏
𝟐 𝐫𝟑

𝟐 𝐢𝟐 𝐣𝟐

𝟐𝐣
−

𝐱𝐢

𝐣
  (12) 

The distance transformation of O3 is the definition related to the position of O1 and O2. The fold lines 
and the parametric distance are included. For this situation, the folding behavior has not been included 
in the definition for the distance transformation of O3.  

The translation of the pattern connection into a vector system, has the following result: 

 

 

Figure 85 Vector construction method for the connection of the glide reflected waterbomb pattern 
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3.4  Waterbomb module 
Next step to observe the folding behavior of the waterbomb pattern, is the existence of a module. The 
x-direction and the glide reflection pattern connections are forming tracing paths between the center 
points O1, O2 and O3 of each single waterbomb pattern when they are combined (figure 86). The three 
connected patterns are the starting point to construct a waterbomb module.  

 

Figure 86 Combining single waterbomb patterns in the x-direction and the glide reflection. The red lines are the tracing 
paths between the movement of the center points 

The existence of the waterbomb module occur when a forth pattern is added. This is explained by the 
construction of the facets of the waterbomb pattern that are formed by the vertex points when the 
inner and outer circle boundaries are intersecting (figure 87a). The translation of the facet relations 
into tracing paths (equivalent to figure 86) between the four center points has led to the formation of 
a diamond pattern (figure 87b).  

 

a)    b)  

Figure 87 The unfolded situation of the four waterbomb patterns exists of connected parallelograms when vertex points of 
the inner and outer circle boundaries are connected  (figure 87a). The extraction of the actuation path of the center points 
forms a diamond pattern (figure 87b), which identifies as a closed loop structure .  
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3.4.1 Folding conditions 
The connection of the multiple extracted diamond pattern leads to a simplified relation of a 
waterbomb surface grid (figure 88). Therefore the transformation of four connected waterbomb 
patterns is further explored.  

    

Figure 88 Multiple connected waterbomb patterns contains a repetition of the diamond actuation space 

The transformation possibilities has been explored by setting up a geometric model in Mathematica. 
This model is an extension of the model presented for the single waterbomb pattern of chapter 2. This 
means the movement of the three added patterns depend on the fixed waterbomb pattern at O1.  

The starting point of this model is based on the extreme folding situations of the waterbomb structure: 
unfolded and the flat-folded situation. The continuous movement to get from the unfolded situation 
to the flat-folded situation is explored by division of a symmetric and an asymmetric transformation 
(figure 89). The method used in chapter 2 has been extended.  

 

Figure 89 The continuous transition between the two extreme situations (unfolded and flat-folded) are observed by a 
division into symmetric and asymmetric transformation 
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3.4.2 Configurations by fold action 
The goal of the constructed geometric model in Mathematica is to form a variation of configurations 
by controlling the actuation parameters with different ranges. The module that has been simulated is 
shown in figure 90. 

 

 

Figure 90 Fold lines and reference points of three connected waterbomb patterns are related to each other for 
configurations transformation. The question marks represent the actuation relation when they depend on each other 
movements. 

The correct folding simulation is obtained by reversing the actuation members of the top and bottom 
patterns. Figure 91 shows that the actuation members are highlighted in two colors: green (labeled as 
B) and blue (labeled as E). This is referred to the actuation direction during expansion and contraction.  

The control parameter is the fold angle between the actuation members. The division of symmetric 
and asymmetric transformation results in two models. 
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Construction method for the waterbomb module in Mathematica 

 

 

 

Figure 91 Construction of the connected waterbombs in Mathematica for explaining the folding motion of the unfolded to 
a flat-folded situation. The blue colored actuation members is referred to the label B and the green colored members to 
the label E 



The continuous transformation of the waterbomb – geometric modelling and the conditions to accomplish a barrel vault configuration 

 

 

|65 
 

Symmetric folding configurations  

 

Figure 92 Mathematica result by folding three connected waterbomb patterns via symmetric actuation. The symmetric fold 
action performed by one parameter. Only one configuration is possible  
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Asymmetric folding configurations 

 

 

Figure 93 Mathematica result by folding three connected waterbomb patterns via asymmetric actuation. The asymmetric 
fold action is performed by two parameters. It means more configurations are possible. 
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3.4.3 Comparison of results 
The configurations of the symmetric folding actions are established when the angle between fold line 
B and E is defined. The result between the configurations is given for different values of the fold angle 
parameter (figure 92) within the range of 0° to 90°.  Similar to the symmetric folding behavior of the 
single waterbomb pattern in chapter 2 (figure 66), the configurations are established by continuous 
folding. The transformation directions are identical on the x-, and y-axis for expansion and contraction. 

In contrast to those results are the possible configurations of the asymmetric actuation (figure 93). The 
configurations are not established by a given range; the two angle parameters B and E have different 
values. For more information on the range capacity various asymmetric folding configurations are 
compared. Parameter B is set as a fixed value and E is the control parameter. 

To compare a variation of results, parameter B has been given three different values: 15°, 60° and 90°; 
while parameter E has been situated with four different values for each value of B. The following 
statements are based on the analysis of the resulted configurations in figure 94. 

- The values between B and E may vary without adopting an undesirable situation 
- When the difference between the values of B and E is > 60°, then the configurations are 

undesirable. Those configurations show deformation of the structure. The configurations for which 
it applies, are indicated by a red cross  

For asymmetric folding configurations the ranges between the two parameters needs to be 
compatible. A range should be set to avoid the extreme situations like in figure 94. 

 

3.4.4 Conclusion 
The defined constraints for the single waterbomb pattern are maintained for the design of the 
waterbomb module. Properties that should be compatible to the construction of added waterbomb 
patterns are defined as constraints. These constraints are related to the fold angle parameters used to 
reproduce different configurations. For the symmetric-fold action different configurations are 
established via continuous folding, similar to chapter 2. The role for the asymmetric fold action has 
been more specified compared to chapter 2. A range between the two parameters needs to be defined 
to ensure the rigidity of the fold lines for every possible configurations. However, a specific geometric 
curve has not been identified, because a mutually property of the wide variations of configurations is 
not discovered. 
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Figure 94 Comparison of different configurations when parameter B has a fixed value and E is the influencial parameter. 
The result has led to some extreme situations that are marked by a red cross 

X 

X  

X  
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Part II Surface construction and 
configurations 

Surface development on a polygonal level 
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4. In-plane surface geometry 
 

 

 

The results of part one are extended for the construction of a waterbomb surface geometry. The 
folding behavior for an in-plane surface geometry is explained in this chapter.  

 

4.1  In-plane surface construction  
To use the waterbomb pattern in architectural applications, a surface of waterbomb elements must 
be constructed. For the symmetric-fold action different configurations are established via continuous 
folding. The configurations possibilities are however limited compared to the asymmetric-fold action. 
More variants are possible, because the asymmetric fold action is divided in two parameters that are 
allowed to move independent from each other. The establishment of a surface of waterbomb elements 
is investigated for a desired geometric shape. 

4.1.1 Comparison of modelling programs 
The three folding states: unfolded, flat-folded and the intermediate state have been explored in 
Mathematica by means of adding fold lines that are compatible to the determined folding constraints 
and conditions. However, every added pattern makes the construction for an extended surface more 
complex, because previous data needs to be checked over and over again.  

Mathematica is a mathematical program that has been used to define functions for the movement of 
the waterbomb unit and its module. For architectural purposes Mathematica is less accessible, 
because export possibilities to modelling programs like Revit and AutoCAD are limited. Export 
possibilities are not standard included (figure 95).  

   

Figure 95 Standard export options of Mathematica 

A program that allows import possibilities for architectural programs is Grasshopper.  
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Grasshopper® is a graphical algorithm editor tightly integrated with Rhino’s 3-D modeling tools. Unlike 
Mathematica, Grasshopper requires no knowledge of programming or scripting, but still allows 
designers to build form generators from the simple to the awe-inspiring. [31] 

The translation of a waterbomb structure with polygons is therefore carried out in Grasshopper, 
because it is more accessible for architectural purposes.  

4.1.2 Concept of construction 
In general, the geometric design is the crucial part for deployable structures [3], because the unit (in 
this case the waterbomb elements) has to fit a desired geometric shape. For this part the method of 
Gantes (2004), explained in section 0.3.4, is used as the starting point. The desired geometry is based 
on the symmetric fold action of the origami waterbomb. In contrast to the method of Gantes where 
the geometry is known, but the structural units are unknown, a different method is used where the 
structural units are known (the waterbomb units), but where the desired geometry is unknown. 

The concept of the waterbomb surface that allows the continuous folding is an in-plane folding 
geometry. A simplification of the waterbomb surface and its estimated folding behavior are shown in 
figure 96 with a translation of the waterbomb patterns into their spherical boundaries. The in-plane 
structure allows the surface to transform translationally without lifting the center points of the 
spherical boundaries. They are kept in its original plane.   

 

   

Figure 96 Concept of the folding states of the in-plane folding geometry 

 

An overview of the definitions that are used in Grasshopper is given in figure 97 for the in-plane 
configuration of a waterbomb surface. The definitions will be explained in the next sections. 

 

        

Figure 97 Overview of applied Grasshopper definitions for the in-plane foldable configuration with extraction of the divided 
parts 
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4.1.3 Pattern construction  
The starting point of the pattern construction is based on the desired size of a square base geometry. 
This has been defined in Grasshopper as the static situation of the waterbomb. The desired size of the 
pattern is set with the coordinates of the square base (figure 99a). The plan has been given in figure 
99c, where A(0,0); C(x, 0); D(x, y) and F(0, y). Size is variable via a slider.  

The symmetric nature of the waterbomb pattern leads to connecting the corner points so the central 
point is known (figure 99b). The small fold lines of the pattern is constructed by defining the middle of 
two opposite borders and draw a line to the central point (figure 99c). 

 

 

Figure 98 Grasshopper definition for the construction of the static single waterbomb pattern. The borders of the definitions 
have different colors. Those colors refer to the illustrations of figure 99 

 

    

a) Square base for defined coordinates    b) Largest fold lines with position of the small fold lines  

 

 

         c) Plan for the definition of the square base 

    

d) Construction of the small fold lines     e) Result of the waterbomb pattern after construction 

Figure 99 Construction of the single waterbomb pattern without its folding behavior divided into four steps  
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4.1.4 Construction of the folding behavior 
Next step for the construction in-plane geometry is determining the continuous folding behavior of 
the single waterbomb pattern. First, the movement of the large facets is constructed. The large facets 
are based on the symmetric fold action like in chapter 2. The symmetric fold behavior has been 
determined by a rotation axis as a SDL (figure 101a). A SDL is a line with a set direction and position. 

 

 

Figure 100 Grasshopper definition for the folding behavior of the single waterbomb pattern. The colors of the borders 
refer to the illustrations of figure 101 

 

                

  

                

a) Folding behavior of the largest polygons     b) Folding behavior of the smallest fold lines             

                       

                  

c) Construction of the waterbomb pattern with compatible folding behavior of both constructed elements (a,b) 

Figure 101 Construction of the folding behavior of the single waterbomb pattern 
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4.1.5 Surface extension 
In contrast to the other parameters, the number of adding patterns for surface extension has not been 
automated, because of vector dependency of a single pattern. The duplication of the single waterbomb 
pattern is first constructed by the x-direction principle (figure 103a) and is given in the Grasshopper 
definition with the red framework. The glide reflection extension is based on figure 103b.   

 

 

Figure 102 Grasshopper definition for the surface extension. The colors of the borders refer to the illustrations of figure 103 
and 104 

    

a) X-direction relation    b) Glide reflection relation  

Figure 103 The transformation relations between the connected waterbomb element that has been defined in chapter 3, 
are used as an geometric definition that is suitable for application in the Grasshopper definition  

 

     

a) Construction concept for surface extension  b) Grasshopper model result of the surface extension  

Figure 104 Duplication method for  surface development based on the folding behavior of the single waterbomb pattern 
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4.2  Results of the folding transformation 
The surface transformation for an in-plane geometry is controlled via one parameter. The 
configurations that appear from the parameter has been established from continuous folding. 

4.2.1 Transformation condition 
The folding behavior of the in-plane configuration is a translation without a rotation of the surface. 
The main rule to meet this condition is that all unit lines must be parallel relative to each other during 
and after the folding process. The waterbomb structure depends on a straight line geometry. 

The result of continuous folding behavior for the in-plane waterbomb structure is due to one overall 
parameter. This parameter has a range limitation of 0° to 90°, which is the same for the symmetric 
folding configurations that has been constructed in Mathematica (chapter 2).  

 

 

 

Figure 105 Result of the continuous folding configurations for a desired in-plane surface 

 

4.2.2 Conclusion 
The identification of the linear geometry determines the folding behavior of the waterbomb elements. 
The folding behavior depends on the position and the axis rotation of a single waterbomb pattern. 

 

 

 

 

 

 

 

Folded 
situation 

Intermediate 
situation 

Unfolded 
situation 
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5. Barrel vault configuration 
 

 

 

The folding behavior of multiple connected waterbomb patterns for a barrel vault configuration is 
discussed in this chapter. A construction proposal has been made and analyzed for the parameters 
that influence the deployment transformation of the desired geometry.  

5.1  Barrel vault geometry 
The result of chapter 3 showed that asymmetric configurations are possible when fold lines of the 
waterbomb patterns are moving independent from each other due to two actuation parameters. By 
adapting the range between the two actuation parameters extreme situations are avoided.  

The in-plane configuration is following a straight line geometry during folding. A structure that is still 
constant, but follows a curved line is the barrel vault structure. A barrel vault structure is a single 
curvature geometry that exists of arcs that are positioned on one line. The characteristic of the arc 
shape will be explored in relation to the folding behavior of the waterbomb elements. 

The folding conditions of the waterbomb surface are identified by proposing a method to deconstruct 
a barrel vault structure as the desired geometry (figure 106a). The information extracted from the 
deconstruction(figure 106b, c) is used to construct a continuous foldable waterbomb barrel vault 
structure. 

     

a) Desired geometry    b) Divided the base geometry  c) Addition of waterbomb elements  

Figure 106 Concept to deconstruct the barrel vault geometry of the waterbomb surface for geometric construction and 
identify the folding conditions 
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5.2  Development of the deployment constraint 
To accomplish the barrel vault geometry of the waterbomb structure by deconstruction, different 
definitions have to be taken into account. An overview of the definitions are given in figure 107 to 
accomplish the parametric folding behavior in Grasshopper.  

 

 

 

Concept of the result 

Figure 107 An overview of the definitions in Grasshopper that are needed to construct the barrel vault structure of the 
waterbomb surface parametric 

The parameters needed for the barrel vault geometry folding behavior of the waterbomb surface are 
inspired from literature [3, 16]:   

 Dimensions of the geometry  
 Size of the units, number of units 
 Deployment constraint: deployment angle between the units(Ө), unit thickness (t) 

They are discussed in the sections 5.2.1 – 5.2.3 

Definitions of the waterbomb elements needed for this surface geometry: 

- Apex angle and fold angle  
- Circle constraints:  

 Define the layers of the waterbomb surface 
 Circle packing for the deployment constraint 
 Interaction of the circle relation of the waterbomb patterns towards the barrel vault geometry 
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5.2.1 Size of the waterbomb units 
The unfolded situation and the folded situation of two connected patterns are known, because they 
are equivalent to the single waterbomb pattern. The height of the flat folded situation is equal to the 
height of the largest facets (h) as given in the unfolded situation (figure 108a). Because the shape of 
the facet is a right-angles triangle, two times the length of h is equal to a (the height of the pattern). 

 

a)  
 
 

b)  

Figure 108 The parameters from the unfolded situation and the flat folded situation are given to determine the folding 
path (s) between the two waterbomb patterns 

Furthermore, the folding path has been identified as a fixed trajectory between the two waterbomb 
patterns because the mutual relation is constraint by an intersection of both spherical boundary 
conditions.  

The trajectory between O1 and O2 involves a mutual relation for CD. The movement of O1 and O2 is 
constraint by respectively r1 and r2 of both spherical boundaries. The movement is following an arc 
path which means that the constraint is identified as a circle (figure 108b). 
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5.2.2 Unpreferable situations 
For the geometric construction of the waterbomb surface to adopt a barrel vault configuration, the 
occurring unpreferable situations are discussed towards the spherical boundary relations. The main 
difference between the vector (chapter 2 and 3) and the polygonal construction is that the vector 
construction depends on the mathematical properties of the spherical boundaries (section 2.2.1). The 
polygonal construction depends on the intersection of the physical properties of the spherical 
boundaries. The concept of those physical properties are translated as circle relations to identify 
intersection points. The circle relations are given for two connected pattern in figure 109. 

 

Figure 109 The spherical boundaries of two connected waterbomb patterns are simplified by circle relations. The red circles 
of the individual patterns are the local spaces. The blue circle boundary is the actuation space. It defines the folding path 
of the two waterbomb patterns  

The center points of the two connected waterbombs are related to a geometric curve by a plane 
direction. The local spherical boundaries are simplified as center points O1 and O2 on the actuation 
path (figure 110). The plane is defined by a normal N(t) and the tangent vector T(t) [11]. 

 

Figure 110 Concept of tracing the circle arc path between the two center points of the waterbomb elements in x-direction. 
The movement of the points depends on the arc span and the radius of the trajectory. The arc span (s) is similar to the 
maximum distance between the two center points (d) 

The intersection points between the local spaces are not identified when unpreferable situations 
occur. The unpreferable situations between the positions of the waterbomb patterns are given in 
figure 111. The maximum distance between the center points is equal to preferable situation between 
the two connected waterbombs.  
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Figure 111 For convenience one of the spheres has been given a color. In the unfolded situation the O1 center point has 
been positioned on the left and O2 on the right. The unpreferable situation show that the order of the center points has 
been switched. 

The unpreferable situations are avoided when the fold lines are constructed as rigid members. 
Therefore the two center points depend on following an actuation path. The movement of the 
spherical boundaries has been simulated on a conceptual actuation path in Grasshopper. This 
Grasshopper model are related to positions of a Mathematica model (figure 112). Those positions are 
divided by their symmetric and asymmetric relations (similar to the results of chapter 2 and 3).  

 

Figure 112 The actuation relation is the arc path of half the spherical relation between the two center points. On the left 
the symmetric relation is shown. This relation represents the path when the two patterns trace the arc at the same time. 
On the right the asymmetric relation occur when only one pattern is tracing the arc path.  

Although the simplification of the two connected waterbomb patterns into spherical spaces define the 
range of movement; it is missing an overall relation between the mapped out folding geometry and 
the facets of the waterbomb.  

 

 

 

 

 

Grasshopper model 
Mathematica model 
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5.2.3 Deployment constraint  
The definitions of the waterbomb elements for the construction of the barrel vault structure are 
summarized as the deployment constraint (figure 113). During the first part of chapter 4 an 
introduction has been given for the two angle relations that can be distinguished: apex angle and the 
fold angle. For the in-plane configuration of the waterbomb surface both angle relations are equal to 
each other (symmetric folding behavior). 

The difference between the apex angle and the fold angle are more visible on the deployment 
constraint for the barrel vault structure of the waterbomb surface. The apex angle is related to the 
unfolded situation of the waterbomb unit, while the fold angle is related to the angle between two 
connected units within the geometry.  

 

 

Figure 113 The parameters for the waterbomb barrel vault construction are summarized as the deployment constraint 

The barrel vault structure is a constant deployment geometry; the values of the apex angles are equal 
and the fold angle values are equal. The two parameters to define the geometry are:  

- Number of waterbomb patterns: size global geometry/ size single pattern 
- Number of patterns is equal to the number of spheres +1 

The limits in variation between the two angle groups is caused by the relation of: size global geometry/ 
size single pattern. 
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5.3  Barrel vault construction 
The concept for the construction of the waterbomb barrel vault structure is based on the deployment 
constraint that has been identified in section 5.2.4. The deployment constraint has been positioned on 
the arc curvature as the starting point of the construction.   

Barrel vault geometry  

 

Figure 114 Concept for the deployment of  the barrel vault geometry with the insertion of the waterbomb deployment 
constraint 

The steps for constructing the folding behavior of the waterbomb as a barrel vault structure are 
explained by deconstructing the whole geometry. 
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5.3.1 Circle packing of the desired curvature 
In three dimensional space the single waterbomb pattern and its possible configurations are all defined 
by a sphere. For every single waterbomb pattern that is included into a desired geometry is therefore 
simplified to a sphere.  

In this case the desired geometry is chosen to be a barrel vault structure, because it is a single curvature 
geometry. A barrel vault structure exists of a repetition of arcs. This means that one arc can be 
extracted for this part that represents the deployment of the structure, because every other arc is a 
repetition within the barrel vault geometry.   

The deployment of the arc structure is based on the parametric relation of cylindrical coordinates with 
a periodic range of  0 < t < π, which defines the arc. The starting point of the arc structure is given in 
the XZ-plane, where the cylindrical coordinates are:  

𝑥 = 𝑟 cos 𝜃, equals the span of the arc 

𝑧 = 𝑟 sin 𝜃, equals the height of the arc 

The cylindrical coordinates are defined as follows in Grasshopper:  

𝑥 + 𝑧 =  (𝑟 cos 𝜃) + (𝑟 sin 𝜃)    𝑟 (cos 𝜃 + sin 𝜃) 

𝑥 + 𝑧 = 𝑟     √𝑥 + 𝑧 = 𝑟 

 

 

Figure 115 Grasshopper definition for the deployment of the base arc structure 

The size of the arc is defined by a given value for the radius 𝑟  (figure 116).   

 

     

Figure 116 Deployment of the single barrel vault arc that contains the desired numbers of waterbomb patterns. Those 
waterbomb patterns are simplified into spheres 
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The translation of spherical boundaries into circles are related to the arc curvature by inserting planes 
that are compatible to the folding movement of the arc (figure 117). 

   

Figure 117 The position of the spheres translated into circle boundaries. The position of the circles are defined by planes 
compatible to the arc geometry 

5.3.2 Construction of the first waterbomb row 
The construction of the waterbomb units on the arc has been divided in two part: the large and the 
small facets. The large facets has been constructed first, because their corner point are identified by 
the radius of the circles. The size of the large facets are determined by intersection between the circles 
and the center points point of the circle (figure 118). 

 

Figure 118 The size of the waterbomb patterns are determined by the length adopted from the circle relations on the 
curvature 

The length of the large facets is two times the length defined by the circle relations, because of the 
triangle geometry (section 5.2.1). Therefore the size of the waterbomb pattern within the curvature is 
known (figure 119).   

        

a) Length of the large facets    b) Connecting the coordinates  

Figure 119 Construction of the large facets 
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During chapter 3 connected waterbomb patterns are able to adopt more configurations when two 
parameters have been identified. The appearance of extreme situations are not compatible to the 
range of the parameters, so the structure is invalid. The division of the patterns for the arc curvature 
has led to similar results. For this situation the small facets of the waterbomb units are not directly 
related to the circle boundaries, because they are related to the inner circles of the pattern.  

If the construction of the small facets is separated by a second parameter related to the folding 
behavior of the arc curvature, the small facets are therefore not related (figure 120). It means that the 
folding behavior of the arc should also be compatible to the small facets by the same parameter.  

  

Figure 120 Addition of the small facets to the arc curvature defined by an independent parameter 

 

The compatibility of the small facets to folding behavior has been constructed by adding planes on the 
position of the center points of the waterbomb units. The size of the inner circle are defined by the 
length of the large facets (figure 121a). The range for the folding behavior of the small facets has been 
remapped, so its compatible to the folding behavior of the arc. 

 

   

a) Define position of the small facets   b) Connecting the coordinates 

Figure 121 Construction of the small facets 
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5.3.3 Surface extension 
The surface extension of this waterbomb structure is not based on straightforward copying and move 
the first constructed waterbomb row in the desired direction with a desired length, like shown in figure 
122. This way of construction has not included the folding behavior of the glide reflected row.  

The folding behavior show that the folded situation enlarges the surface instead of downsizing it. The 
gap that is visible equalize this situation (figure 122b). 

    

a) Unfolded situation    b) Folded situation 

Figure 122 Example of an incorrect method for surface extension of the waterbomb: the added waterbomb row is not just 
a distance copy of the first constructed row 

The glide reflected row is directly related to the first constructed row by their small facets. The 
extended surface part should be compatible to the folding of the first constructed row. First the arc 
curve position of the glide reflected row has been determined by a vector (figure 123), such that the 
distance between both arcs is retained for any folding positions.  

 

 

Starting point for the surface extension 

Figure 123 The glide reflected row is determined by a vector that is related to the large facet and the small facet of the first 
pattern 

The construction of the surface extension has been illustrated in figure 124. 
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Order of constructing the waterbomb surface extension 

The position of the glide reflected waterbomb pattern row is needed to construct a surface extension 
of the waterbomb surface. 

    

a) Start position of the glide reflected row   b) Connecting the coordinates  

                

c) Identify the position of the second row by a vector  d) Connecting the other coordinates  

 

e) The surface can be extended to a desired number of rows 

Figure 124 Construction of the correct surface extension that is based on the first row of the waterbomb 
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5.3.4 Results of the barrel vault structure 
By using the same variables for the in-plane transformation as a starting point, more conditions are 
needed for the barrel vault transformation. Those conditions are related to the deployment of the arc 
geometry. The result of the deployment order is given in figure 125. 

 

        

 

 

 

Unfolded situation            Intermediate situation            Folded situation
  

Figure 125 Deployment order of the waterbomb barrel vault configuration. The edges and vertices have been highlighted 
by a conceptual dimension 

 

A recommendation for the construction of arbitrary configurations has been given in Appendix D and 
is continued from the barrel vault geometry.  

 

5.3.5 Conclusion 
The symmetric and asymmetric fold actions that have been identified determines different geometric 
curvatures. The expansion of the number of attached waterbomb elements resulted into 
configurations that identifies the folding behavior of the waterbomb elements. The folding behavior 
of the barrel vault structure has been established from continuous folding by one parameter. The 
identification of the arc geometry determines the folding behavior of the waterbomb elements. 
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6. Discussion and conclusion 
The geometric modelling of the waterbomb surface has been divided into different but constructive 
parts over the chapters 2 until 5. The results have given two main continuous foldable configurations: 
in-plane and the barrel vault structure. By those results an answer can be given to the research 
question: 

What conditions are needed to accomplish different configurations on the zero thickness level when 
modelling the waterbomb pattern surface geometrically? 

The single waterbomb pattern has been performed mathematically and resulted in different possible 
configurations. Compared to a pattern such as the Miura-ori, the waterbomb pattern does not need 
to change its original composition to allow different configurations. Different configurations of the 
single waterbomb pattern have been accomplished by the condition to add constraints to the fold lines 
that are directly related to the spherical boundary. The possible configurations are divided into two 
main groups, based on the found actuation fold lines of the waterbomb pattern: symmetric and 
asymmetric actuation. The same construction method has been proceeded for simulating the possible 
configurations of the waterbomb module with similar results. An added condition is that for every 
waterbomb pattern the fold lines and the fold behavior should be compatible to every connected 
patterns to preserve the rigidity for every possible folding situation. 

To identify a specific geometric curve between the waterbomb pattern configurations, is only possible 
when a waterbomb surface (multiple connected patterns) is related to the conditions of a desired 
geometry.  

Therefore, two desired structures have been constructed: in-plane and the barrel vault structure. The 
in-plane structure and the waterbomb surface are related to a straight line geometry. The condition 
to fold an in-plane structure is to perform a translation of the surface without a rotation by duplicating 
a waterbomb pattern and its folding behavior by a vector. The barrel vault structure and the 
waterbomb surface are related to an arc geometry. Several conditions are needed to accomplish the 
barrel vault folding behavior of the waterbomb surface: 

 The position of the waterbomb patterns is compatible to the deployment of the arc geometry  
 The folding behavior of the facets is related to each other and the deployment of the arc geometry 
 The folding behavior for every extension of the surface is related to the folding behavior of the 

already constructed patterns and the deployment of the arc geometry   

On the zero thickness level the folding behavior of the waterbomb surface depends on conditions 
related to a desired geometry and but also the geometry depends on the folding behavior of the 
waterbomb elements. Due to multiple conditions different configurations of the waterbomb are 
possible to fold continuously. The more complex a geometry is, the more conditions are needed to 
accomplish a desired foldable structure.  
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Part III Architectural application 
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7. Design recommendation 
 

 

 

Two variations of possible configurations have been given in part II of this research. The identification 
of the geometry determines the folding behavior of the waterbomb elements. The design of the 
origami waterbomb elements for architectural purposes are proposed in this chapter for the barrel 
vault structure.  

 

7.1  Introduction  
Design requirements in architectural context include environmental conditions, functional 
requirements, configuration of surrounding buildings and structures, and user’s preference [22].  

The conditions of the folding behavior of the waterbomb structure has been researched on the zero 
thickness level. Two components from part I and II can be distinguished that are of importance for 
foldable structures for an architectural design:  

1. Deployment constraint: it ensures the collaboration between the connected single waterbomb 
units (compatibility) during the different folding states related to a desired geometry  

2. Joints: it ensures the compatibility of a desired geometry related to a chosen material 

The deployment constraint has been explained and applied for the construction of the barrel vault 
structure in part II, which means that the establishment of the joints is the essential for this part.  
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7.1.1 State of the art 

a)  [33]  b) [32] 

Figure 126 a) IBM pavilion b)Section of the IBM pavilion design by Renzo Piano [32, 33]  

The IBM traveling pavilion (figure 126) of Renzo Piano consists of polycarbonate pyramids that are 
wedged by a customized aluminum joints to form a barrel vault structure. The structure is modular in 
a way that one arc of the barrel vault structure has been divided in two equal rigid sections. The 
assembly of the structure happens by connecting the two sections at their apex. The arc construction 
has been repeated to gain the desired size of the barrel vault structure.  Although the structure is for 
the rest rigid, it is proven to construct a structure with panels that have a thickness of 6 mm. 

7.1.2 Concept description 
On the basis of the influenceable parameters and the imposed constraints it is possible to gain different 
configurations. One of the possible configurations is the barrel vault. It is a single curvature 
configuration that is allowed to adopt the three folding states: flat-folded, intermediate and unfolded 
situation (figure 127). Therefore the barrel vault configuration is used for working out an architectural 
design proposal. 

 

 

Figure 127 The three folding states of the waterbomb barrel vault configuration 

The choice of function is based on emphasizing the different folding situations: flat folded, 
intermediate and the unfolded situation. The advantage of such a folding structure is the temporary 
usage for different occasions of the structure. Different functions could be based on different time 
frames, such as a closed/ private function that blend into an open function.  
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7.2  Design conditions and proposals 
There are two main properties to design: the type of hinge between the panels and the structural 
system to control and stabilize the geometric configuration.  

7.2.1 Connection of panels 
Movement between connected panels is only permitted in one plane (figure 128), hence there is only 
one degree of freedom. A translation of such connection is a hinge. 

 

Figure 128 Illustration of the one plane movement behavior between two panels  

By adding an equal thickness value to the panels a hinge can be positioned in three different ways. It 
has been illustrated as a joint line in figure 129.  

Design proposals for hinge connection 

 

Figure 129 Concept on the addition of the joint line relative to the panel thickness. Where a) is the middle thickness 
connection, b) the edge connection and c) the surface connection. The flexible member also represents the joint line. 
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There are two type of thick panel connection to take into account: thickness that has influence on 
the foldability of the structure and thickness that has no influence on the foldability.  

The influence of thickness on the foldability of structure is explained as follows: 

The folding behavior between the panels depends on their mutual angular relation. However, a folding 
collision between the panels of a certain thickness occur when more than two panels are connected 
at one vertex point. The folding collision is described by observation as the situation when the panels 
cannot be flat-folded.  

 

 

Figure 130 

 

A possible solution can also be found by changing the composition of the tessellation with regards to 
the thickness of the panels (figure 131). By dilating the position of the hinge and relate it to any panel 
thickness, the collision can be avoided.  

    

Figure 131 Changing of the single pattern composition related to the panel thickness 

Rule of thumb is executed as: the thicker the panels the more distance should be created between the 
panels to absorb the folding collision. This is translation related to dimension:   

Distance (d) of the elements depend on the panel thickness (H):  

d = 4*H 
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7.2.2 Structural system 
The distance for absorbing the panel thickness has been conceptual inserted to the barrel vault 
structure (figure 132). 

   

Figure 132 Concept of the barrel vault structure. The positions of the thickness has been highlighted for the complete 
surface 

Stabilizing the waterbomb barrel vault structure can be based on the concept of pressure arches (figure 
133). It follows the arc curve of the unfolded geometry, but a solution based on such a concept needs 
to be compatible to the folding behavior of the structure.   

 

Figure 133 Concept for highlighting the pressure arc position 

When a possible solution (figure 134) is given for the panel thickness to avoid collision, gaps are always 
visible in the panels during folding. Gaps have been identified in section 0.3.3 as one of the causes for 
structure instability. 

a)       b)    c)  

Figure 134 Changing the panel composition of the thick panel tessellation that results into a flat-folded situation (figure 
136a,b).  
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The concept of the pressure arc as given in figure 133 can be proposed with related places of the gaps 
for a more integrated solution. An integrated solution could include a stabilization function and is 
related to the folding behavior of the foldable waterbomb structure at the same time (figure 135). 

 

Figure 135 An integrated stabilizing proposal that also relates to the folding behavior of the structure 

A detail is proposed of an option for the integrated stabilization in figure 136. However, the option has 
been given for a solution so an actuation system can also be included. In this case, a pneumatic system 
is applicable. The disadvantage of such a solution is its visible and heavily constructed. A more decent 
solution should be found. 

           [32] 

Figure 136 Detail option of a stabilizing solution of the waterbomb surface structure 

 

 

     

Figure 137 Continuous folding results for on the left a concept solution without a gap proposal. On the right the gap 
proposal has been included and positioned on the center points for each waterbomb pattern 
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7.3  Future work  
There are more fields to explore of the origami waterbomb surface.  

 Define more foldable geometries of the waterbomb structure (a brief proposal has been given in 
Appendix D) 
 
In this research two structures has been modelled: in-plane structure and the barrel vault 
structure. The waterbomb surface has the potential to have more structures. They can be 
discovered by using for example different starting points.  
 

          

 

 Integrate more than one geometry in one model by using other conditions.  
 
As a result of the previous bullet point more structures means also more options. To keep the 
overview between the variation of structures a program can be made where conditions can be 
changed to get the desired geometry. 

 

 Develop a construction method for a desired waterbomb geometry with thick panels. This can be 
researched theoretical and/ or practical 
 
This has been explained briefly in section 0.3.3. 
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Appendix A  - Mathematica code symmetric pattern 
 

normsq[x_, y_, z_] := x ^ 2 + y ^ 2 + z ^ 2; 
in[x1_, y1_, z1_, x2_, y2_, z2_] := x1 * x2 + y1 * y2 + z1 * z2; 
Getline[x0_, y0_, z0_, x1_, y1_, z1_, t_] := {x0 + (x1 - x0) * t, y0 + (y1 - y0) * t, z0 + (z1 - z0) * t}; 
Getline2D[x0_, y0_, x1_, y1_, t_] := {x0 + (x1 - x0) * t, y0 + (y1 - y0) * t}; 
g[xB_, yB_, zB_, xE_, yE_, zE_] := 
FindRoot[{normsq[xA, yA, zA] - 2, normsq[xC, yC, zC] - 2, normsq[xD, yD, zD] - 2, normsq[xF, yF, 
zF] - 2, in[xA, yA, zA, xB, yB, zB] - 1, 
in[xB, yB, zB, xC, yC, zC] - 1, in[xC, yC, zC, xD, yD, zD] - 0, in[xD, yD, zD, xE, yE, zE] - 1, 
in[xE, yE, zE, xF, yF, zF] - 1, in[xF, yF, zF, xA, yA, zA] - 0, 
yA + yF, yC + yD}, {{xA, -1}, {yA, -1}, {zA, 0}, {xC, 1}, {yC, -1}, {zC, 0}, {xD, 1}, {yD, 1}, 
{zD, 0}, {xF, -1}, {yF, 1}, {zF, 0}}] 
Manipulate[Sol = g[0, -Y, Sqrt[1 - Y ^ 2], 0, Y, Sqrt[1 - Y ^ 2]]; 
A0[XA = xA /. Sol; YA = yA /. Sol; ZA = zA /. Sol]; 
B0[XB = 0; YB = -Y; ZB = Sqrt[1 - Y ^ 2]]; 
C0[XC = xC /. Sol; YC = yC /. Sol; ZC = zC /. Sol]; 
D0[XD = xD /. Sol; YD = yD /. Sol; ZD = zD /. Sol]; 
E0[XE = 0; YE = Y; ZE = Sqrt[1 - Y ^ 2]]; 
F0[XF = xF /. Sol; YF = yF /. Sol; ZF = zF /. Sol]; 
ParametricPlot3D[{Getline[0, 0, 0, XA, YA, ZA, t], Getline[0, 0, 0, XB, YB, ZB, t], Getline[0, 
0, 0, XC, YC, ZC, t], Getline[0, 0, 0, XD, YD, ZD, t], 
Getline[0, 0, 0, XE, YE, ZE, t], Getline[0, 0, 0, XF, YF, ZF, t], Getline[XA, YA, ZA, XB, YB, 
ZB, t], Getline[XB, YB, ZB, XC, YC, ZC, t], 
Getline[XC, YC, ZC, XD, YD, ZD, t], Getline[XD, YD, ZD, XE, YE, ZE, t], Getline[XE, YE, ZE, XF, 
YF, ZF, t], Getline[XA, YA, ZA, XF, YF, ZF, t]}, 
{t, 0, 1}, MeshShading → None, PlotStyle → Rainbow, Axes → True, Boxed → False, ImageSize → 

{600, 500}, ViewAngle → π / 8, AxesOrigin → {0, 0, 0}, 
PlotLabel → Style["Single 6-vertex waterbomb", Black, Bold, 20]], Delimiter, Style["BO and EO 
actuator", Bold, FontSize → 12], {Y, 0, 1}, ControlPlacement → Left] 
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Appendix B  - Mathematica code asymmetric pattern 
 

Manipulate[Sol = g[0, -Y1, Sqrt[1 - Y1 ^ 2], 0, Y2, Sqrt[1 - Y2 ^ 2]]; 
A0[XA = xA /. Sol; YA = yA /. Sol; ZA = zA /. Sol]; 
B0[XB = 0; YB = -Y1; ZB = Sqrt[1 - Y1 ^ 2]]; 
C0[XC = xC /. Sol; YC = yC /. Sol; ZC = zC /. Sol]; 
D0[XD = xD /. Sol; YD = yD /. Sol; ZD = zD /. Sol]; 
E0[XE = 0; YE = Y2; ZE = Sqrt[1 - Y2 ^ 2]]; 
F0[XF = xF /. Sol; YF = yF /. Sol; ZF = zF /. Sol]; 
ParametricPlot3D[{Getline[0, 0, 0, XA, YA, ZA, t], Getline[0, 0, 0, XB, YB, ZB, t], Getline[0, 
0, 0, XC, YC, ZC, t], Getline[0, 0, 0, XD, YD, ZD, t], 
Getline[0, 0, 0, XE, YE, ZE, t], Getline[0, 0, 0, XF, YF, ZF, t], Getline[XA, YA, ZA, XB, YB, 
ZB, t], Getline[XB, YB, ZB, XC, YC, ZC, t], 
Getline[XC, YC, ZC, XD, YD, ZD, t], Getline[XD, YD, ZD, XE, YE, ZE, t], Getline[XE, YE, ZE, XF, 
YF, ZF, t], Getline[XA, YA, ZA, XF, YF, ZF, t]}, 
{t, 0, 1}, MeshShading → None, PlotStyle → Rainbow, Axes → True, Boxed → False, ImageSize → 

{600, 500}, ViewAngle → π / 8, AxesOrigin → {0, 0, 0}, 
PlotLabel → Style["Single 6-vertex waterbomb", Black, Bold, 20]], Delimiter, Style["BO 
actuator", Bold, FontSize → 12], {Y1, 0, 1}, Delimiter, 
Style["EO actuator", Bold, FontSize → 12], {Y2, 0, 1}, ControlPlacement → Left] 
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Appendix C  - Mathematica code module  
 

In[1]:= normsq[x_, y_, z_] := x ^ 2 + y ^ 2 + z ^ 2; 
in[x1_, y1_, z1_, x2_, y2_, z2_] := x1* x2 + y1* y2 + z1* z2; 
Getline[x0_, y0_, z0_, x1_, y1_, z1_, t_] := {x0 + (x1 - x0) * t, y0 + (y1 - y0) * t, z0 + (z1 - z0) * t}; 
Getline2D[x0_, y0_, x1_, y1_, t_] := {x0 + (x1 - x0) * t, y0 + (y1 - y0) * t}; 
g[xB_, yB_, zB_, xE_, yE_, zE_] := 
FindRoot[{normsq[xA, yA, zA] - 2, normsq[xC, yC, zC] - 2, normsq[xD, yD, zD] - 2, normsq[xF, yF, 
zF] - 2, in[xA, yA, zA, xB, yB, zB] - 1, in[xB, yB, zB, xC, yC, zC] - 1, in[xC, yC, zC, xD, yD, zD] 
- 0, in[xD, yD, zD, xE, yE, zE] - 1, in[xE, yE, zE, xF, yF, zF] - 1, 
in[xF, yF, zF, xA, yA, zA] - 0, yA + yF, yC + yD}, {{xA, -1}, {yA, -1}, {zA, 0}, {xC, 1}, {yC, -
1}, {zC, 0}, {xD, 1}, {yD, 1}, {zD, 0}, {xF, -1}, {yF, 1}, {zF, 0}}] 
In[7]:= Manipulate[Sol = g[0, -Y1, Sqrt[1 - Y1^ 2], 0, Y2, Sqrt[1 - Y2^ 2]]; 
A0[XA = xA /. Sol; YA = yA /. Sol; ZA = zA /. Sol]; 
B0[XB = 0; YB = -Y1; ZB = Sqrt[1 - Y1^ 2]]; 
C0[XC = xC /. Sol; YC = yC /. Sol; ZC = zC /. Sol]; 
D0[XD = xD /. Sol; YD = yD /. Sol; ZD = zD /. Sol]; 
E0[XE = 0; YE = Y2; ZE = Sqrt[1 - Y2^ 2]]; 
F0[XF = xF /. Sol; YF = yF /. Sol; ZF = zF /. Sol]; 
B02[XB2 = 0 + XD + XC; YB2 = -Y1; ZB2 = Sqrt[1 - Y1^ 2]]; 
E02[XE2 = 0 + XD + XC; YE2 = Y2; ZE2 = Sqrt[1 - Y2^ 2]]; 
B03[XB3 = 0 + XB + XC; YB3 = -Y2 + YB + YC; ZB3 = Sqrt[1 - Y2^ 2]]; 
E04[XE4 = 0 + XD + XE; YE4 = Y2 + YD + YE; ZE4 = Sqrt[1 - Y2^ 2]]; 
(*Pattern 1 (base) development*) 
ParametricPlot3D[{Getline[0, 0, 0, XA, YA, ZA, t], 
Getline[0, 0, 0, XB, YB, ZB, t], 
Getline[0, 0, 0, XC, YC, ZC, t], 
Getline[0, 0, 0, XD, YD, ZD, t], 
Getline[0, 0, 0, XE, YE, ZE, t], 
Getline[0, 0, 0, XF, YF, ZF, t], 
Getline[XA, YA, ZA, XB, YB, ZB, t], 
Getline[XB, YB, ZB, XC, YC, ZC, t], 
Getline[XC, YC, ZC, XD, YD, ZD, t], 
Getline[XD, YD, ZD, XE, YE, ZE, t], 
Getline[XE, YE, ZE, XF, YF, ZF, t], 
Getline[XA, YA, ZA, XF, YF, ZF, t], 
(*Pattern 2 development*) 
Getline[XD + XC, 0, ZD - ZC, XC, YC, ZC, t], 
Getline[XD + XC, 0, ZD - ZC, XB2, YB2, ZB2, t], 
Getline[XD + XC, 0, ZD - ZC, XC + (XD + XC), YC + (YD + YC), ZC + (ZD - ZC), t], 
Getline[XD + XC, 0, ZD - ZC, XD + (XD + XC), YD + (YD + YC), ZD + (ZD - ZC), t], 
Getline[XD + XC, 0, ZD - ZC, XE2, YE2, ZE2, t], 
Getline[XD + XC, 0, ZD - ZC, XD, YD, ZD, t], 
Getline[XC, YC, ZC, XB2, YB2, ZB2, t], 
Getline[XB2, YB2, ZB2, XC + (XD + XC), YC + (YD + YC), ZC + (ZD - ZC), t], 
Getline[XC + (XD + XC), YC + (YD + YC), ZC + (ZD - ZC), XD + (XD + XC), YD + (YD + YC), ZD + (ZD - 
ZC), t], 
Getline[XD + (XD + XC), YD + (YD + YC), ZD + (ZD - ZC), XE2, YE2, ZE2, t], 
Getline[XE2, YE2, ZE2, XD, YD, ZD, t], 
(*Pattern 3 development*) 
Getline[XB + XC, YB + YC, ZB - ZC, XA + (XB + XC), YA + (YB + YC), ZA - (ZB - ZC), t], 
Getline[XB + XC, YB + YC, ZB - ZC, XB3, YB3, ZB3, t], 
Getline[XB + XC, YB + YC, ZB - ZC, (XA + (XB + XC)) + (XD + XC), YA + (YB + YC) + 0, (ZA - (ZB - 
ZC)) + (ZD - ZC), t], 
Getline[XB + XC, YB + YC, ZB - ZC, XB2, YB2, ZB2, t], 
Getline[XB + XC, YB + YC, ZB - ZC, XC = 0 + XB + XC, YC = Y1 + YB + YC, ZC = Sqrt[1 - Y1^ 2], t], 
Getline[XB + XC, YB + YC, ZB - ZC, XB, YB, ZB, t], 
Getline[XA + (XB + XC), YA + (YB + YC), ZA - (ZB - ZC), XB3, YB3, ZB3, t], 
Getline[XB3, YB3, ZB3, (XA + (XB + XC)) + (XD + XC), YA + (YB + YC) + 0, (ZA - (ZB - ZC)) + (ZD - 
ZC), t], 
Getline[(XA + (XB + XC)) + (XD + XC), YA + (YB + YC) + 0, (ZA - (ZB - ZC)) + (ZD - ZC), XB2, YB2, 
ZB2, t], 
Getline[XB, YB, ZB, XA + (XB + XC), YA + (YB + YC), ZA - (ZB - ZC), t], 
(*Pattern 3 side development left*) 
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Getline[XA + XB, YA + YB, ZA - ZB, XA, YA, ZA, t], 
Getline[XA + XB, YA + YB, ZA - ZB, XB, YB, ZB, t], 
Getline[XA + XB, YA + YB, ZA - ZB, XA + (XB + XC), YA + (YB + YC), ZA - (ZB - ZC), t], 
(*Pattern 3 side developement right*) 
Getline[(XD + XC) + (XB + XC), 0 + YB + YC, (ZD - ZC) + (ZB - ZC), XB2, YB2, ZB2, t], 
Getline[(XD + XC) + (XB + XC), 0 + YB + YC, (ZD - ZC) + (ZB - ZC), (XA + (XB + XC)) + (XD + XC), YA + 
(YB + YC) + 0, (ZA - (ZB - ZC)) + (ZD - ZC), t], 
Getline[(XD + XC) + (XB + XC), 0 + YB + YC, (ZD - ZC) + (ZB - ZC), XC + (XD + XC), YC + (YD + YC), 
ZC + (ZD - ZC), t], 
(*Pattern 4 development*) 
Getline[XD + XE, YD + YE, ZD - ZE, XE, YE, ZE, t], 
Getline[XD + XE, YD + YE, ZD - ZE, XD, YD, ZD, t], 
Getline[XD + XE, YD + YE, ZD - ZE, XE2, YE2, ZE2, t], 
Getline[XE, YE, ZE, XF + (XD + XE), YF + (YD + YE), ZF + (ZD - ZE), t], 
Getline[XD + XE, YD + YE, ZD - ZE, XF + (XD + XE), YF + (YD + YE), ZF + (ZD - ZE), t], 
Getline[(XF + (XD + XE)) + (XD + XC), (YF + (YD + YE)) + (YD + YC), (ZF + (ZD - ZE)) + (ZD - ZC), 
XE2, YE2, ZE2, t], 
Getline[(XF + (XD + XE)) + (XD + XC), (YF + (YD + YE)) + (YD + YC), (ZF + (ZD - ZE)) + (ZD - ZC), XD 
+ XE, YD + YE, ZD - ZE, t], 
Getline[XD + XE, YD + YE, ZD - ZE, XE4, YE4, ZE4, t], 
Getline[XE4, YE4, ZE4, XF + (XD + XE), YF + (YD + YE), ZF + (ZD - ZE), t], 
Getline[XE4, YE4, ZE4, (XF + (XD + XE)) + (XD + XC), (YF + (YD + YE)) + (YD + YC), (ZF + (ZD - ZE)) + 
(ZD - ZC), t], 
(*Pattern 4 side development left*) 
Getline[XE + XF, YE + YF, ZE - ZF, XF, YF, ZF, t], 
Getline[XE + XF, YE + YF, ZE - ZF, XE, YE, ZE, t], 
Getline[XE + XF, YE + YF, ZE - ZF, XF + (XD + XE), YF + (YD + YE), ZF + (ZD - ZE), t], 
(*Pattern 4 side development right*) 
Getline[(XD + (XD + XC)), YE + YF, ZE - ZF, XD + (XD + XC), YD + (YD + YC), ZD + (ZD - ZC), t], 
Getline[(XD + (XD + XC)), YE + YF, ZE - ZF, XE2, YE2, ZE2, t], 
Getline[(XD + (XD + XC)), YE + YF, ZE - ZF, (XF + (XD + XE)) + (XD + XC), (YF + (YD + YE)) + (YD + 
YC), (ZF + (ZD - ZE)) + (ZD - ZC), t], 
t}, {t, 0, 1}, 
PlotStyle → Rainbow, Axes → True, Boxed → False, ImageSize → {1000, 1000}, AxesOrigin → {0, 
0, 0}, SphericalRegion → True, PlotLabel → Style["Multi 6-vertex waterbomb", Black, Bold, 
20]], Style["Actuator", Bold, FontSize → 20], Spacer[{0, 50}], 
{Y1, 0, 1}, {Y2, 0, 1}, ControlPlacement → Left]  
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Appendix D  - Arbitrary configurations 
 

 

 

The constant geometric transformations of the waterbomb tessellation depends on the same value of 
the angular relations; that has been divided in two groups: actuation angle and apex angle. Arbitrary 
configurations are possible when folding this tessellation as a physical paper model. This chapter is a 
proposal on how to handle arbitrary configurations with the barrel vault configuration as the given 
starting point. 

 

8.1  Surface geometries 
The comparison of the construction and folding order of two constant deployable configurations in the 
previous chapter has led to new insight in the geometric properties of the waterbomb surface. Those 
two resulted in defining two angulated parameters that leads to the different configurations: actuation 
angle and the folding angle. 

Gantes (2004) has been investigating the construction option of connected designed elements into the 
deployment options for arbitrary curvature. Although his elements are pre-designed with the final 
deployment state in mind, the waterbomb elements are not adopting one end configuration.  

Arbitrary configurations can be developed from constant configurations: 

- Without changing the span length 
- Changing the span length 

The description of arbitrary curvature is based on an unequal division on a curve. The curve that meets 
this in an elliptical geometry (figure 138).  

 

Figure 138 Double curved conceptual configuration of the waterbomb surface 
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8.2  Construction proposal for an arbitrary configuration 
Compared to the construction of the two constant configurations, the arbitrary configurations are 
impossible to construct; because changing one pattern configuration influences the entire surface and 
it is also possible to give multiple single pattern a different transformation. Briefly said the waterbomb 
surface is flexible.  

A suggestion is made by first exploring the difference between a constant and an arbitrary 
configuration. The constant configuration is the barrel vault geometry adopted from the previous 
chapter. The arbitrary configuration is an elliptical geometry that has been adopted from Gantes 
(2004). The difference between both configurations is visible in figure 139. 

 

 

Figure 139 The difference between a  barrel vault and an elliptical geometry 
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8.2.1 Parameters geometric configuration 
Example for a parabolic curvature 

 

Figure 140 Parameters for arbitrary curvature that has arisen from the constant arc geometry  

 

 

 

 

 

 

 

The shape transformation of the curvature is based on the formula of an ellipse:  

 

Figure 141 Grasshopper definition that implies the parametric behavior 

 

Design values: Hr , S 

Unknowns: Rin, O, Po, Pn, αn, ϕ 

tan  ϕ =  Hr/ (s/2)    ϕ = arctan (2*Hr/ S) 

sin (2* ϕ) = (s/2)/ Rin  Rin = ½ * (S/ sin (2 ϕ)) 

                                            αn = π/2 - 2 ϕ 
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Figure 142 Grasshopper model proposal for an arbitrary curvature  

In contrast to the solution for the Two parameters determine the configuration transitions of the 
arbitrary curvature. Those two parameters represent the individual manipulation of the fold angle and 
actuation angle. 

 

8.2.2 Method proposal 
Single curvature for an arbitrary geometry needs to be defined. From that point the folding behavior 
could be identified by the single curvature based on a surface revolution (figure 143). 

 

 

Figure 143 A surface with an arbitrary curvature is rotated around a defined axis for continuous folding [2]  

 

The constant deployment configuration and the arbitrary configurations are both based in variations 
of angle values. Bi-stability is a property of the waterbomb [20]. An simplified definition of bi-stability 
is that it is an snap mechanism, like an on-and-off-switch.  

Each unit on a surface existing of waterbomb pattern has this properties, which makes them in a sort 
of way independent. However, if one waterbomb unit differs from the other units they influence the 
whole surface. [9] 
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Figure 144 Construction proposal for an arbitrary waterbomb folding configuration 

  

     

 

 

 

 

 


