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Abstract

The required number of stocks that should be held in a portfolio to be sufficiently diversified
has been extensively studied by researchers and investors. However, these studies do not
account for two essential characteristics prevalent in pension fund portfolios. Namely, a
pension fund is a large investor with a long-term investment horizon, typically investing in
various markets (international investments). These two characteristics (long-term horizon and
international investment) effectively increase the complexity of the problem. Consequently,
the results of earlier studies may not be applicable to such an institutional investor. Motivated
by this, this research investigates the number of stocks to be held by a large, long term
institutional investor. To this end, we consider an international data, and for the purpose
of the analysis at hand, we investigate the historical values directly. Furthermore, we model
part of the historical data (training set) and validate the model as well as the optimal number
of stocks to be held for a diversified portfolio on the remaining data set (validation set). The
historical data are modeled with i) a skewed Student-t stationary model (under the assumption
of stationarity and independence of historical observations), and ii) with a GARCH model
with skewed Student-t innovations. Both models fit exceptionally well the historical data
(goodness of fit), but only the latter model produces the same number of stocks for a well
diversified portfolio as the ones produced by the historical data. The optimization procedure
is based on a min-max optimization framework for the modeled portfolio returns. Based
on the performance of the GARCH model and the optimality approach, it becomes evident
that it can be used with great accuracy for predictions into the future. The obtained results
indicate that the required number of stocks for a large, long term investor are higher than
what is suggested in the literature, i.e., large, long term investors need more stocks in their
portfolio to be sufficiently diversified compared to small, short term investors. To the best of
our knowledge, this research is the first to address this problem.



Management summary

A pension fund is a large institutional investor with a long investment horizon. To ensure
that each participant of the fund is able to receive their pension provisions, a pension fund
has the responsibility to maintain an investment portfolio that is well protected against risks.
Therefore, having a well diversified portfolio is important to APG, the largest pension provider
in the Netherlands.

Problem description

A substantial body of research is available that studies the number of stocks that investors
should hold in their portfolios. Traditionally, it is believed that owning a small number of
stocks already results in a sufficiently diversified portfolio. However, a common characteristic
of the existing literature is the assumption of a short term investment horizon. Thus, motivat-
ing the question whether the existing literature is also applicable in the case of a large, long
term investor investing in various markets (international investments), such as APG. For the
analysis at hand, we consider an international data set (as this accurately reflects the invest-
ment options of APG), while all existing studies, to the best of our knowledge, only consider
data from a single country in their analysis. These two characteristics (long-term horizon and
international investments) are used in the development of the main research question of this
thesis:

Is there a number of stocks ensuring that a portfolio is sufficiently diversified?

This question is addressed for a portfolio of a pension fund. Furthermore, this question is
answered using historical returns from an international data set as well as modeled returns.

Methodology

In order to determine the required number of stocks using historical data, a decision making
framework is developed that uses several risk measures. Per risk measure, a criterion is created
which measures the degree of diversification in the portfolio. These risk measures reflect two
different notions of portfolio risk. On the one hand, the traditional view on risk is considered:
volatility in monthly returns. On the other hand, an alternative notion is evaluated reflecting
risk in the portfolio performance at the end of the investment horizon, which is interesting
for long term investors. Therefore, this setup investigates potential differences in the required
number of stocks between these two different notions of portfolio risk.

For the required number of stocks using modeled returns, a min-max optimization setting is
constructed, which yields decisions that are robust to worst case scenarios. However, a model
needs to be selected in order to be able to determine the number of stocks to be held using
modeled portfolio returns. To see which model best fits the historical data, goodness of fit is
considered. In addition to that, a novel method is included that should be applied in data
driven decision making such as the one in this research. This method is called decision based
model selection, which ensures the determination of the best model in terms of the quality of
the decisions it produces, rather than the classical goodness of fit of the data, which chooses
the best model based on the data irrespective of the quality of the produced decisions.



Results

The obtained results indicate that one needs to hold more stocks to be sufficiently diversified
than what is suggested in earlier studies. This could be caused by the consideration of an
international data set, the long term horizon of the investment, plus the particular diversity
criteria choices of this research. On top of that, achieving sufficient diversification of the
risk at the end of the investment period requires more stocks compared to diversifying the
traditional notion of portfolio risk. Hence, it turns out that a long term investor liquidating
the investment at the end of the horizon is required to hold more stocks than a short term
investor, that could potentially liquidate the investment at any point of time. Now, combining
these two results allows a statement on the number of stocks to be held for a large investor
with a long investment horizon: under certain conditions, such an investor should hold more
than 500 stocks in their portfolio.

We consider an international data, and for the purpose of the analysis at hand, we investigate
the historical values directly. Furthermore, we model part of the historical data (training set)
and validate the model as well as the optimal number of stocks to be held for a diversified
portfolio on the remaining data set (validation set). The historical data are modeled with i)
a skewed Student-t stationary model (under the assumption of stationarity and independence
of historical observations), and ii) with a GARCH model with skewed Student-t innovations.
Both models fit exceptionally well the historical data (goodness of fit), but only the latter
model produces the same number of stocks for a well diversified portfolio as the ones produced
by the historical data. This is primarily due to the fact that the GARCH model under
consideration does not require stationarity and independence while still being driven by a
skewed Student-t distribution. Consequently, it is concluded that a GARCH(1,1)-sst model is
best to predict future portfolio returns as well as making predictions on the number of stocks
to be held in the future. As for the predicted number of stocks in the future, it is determined
that a large, long term investor should hold 900 stocks in their portfolio.

In conclusion, analyzing the required number of stocks using on the one hand historical
data and on the other hand a model point towards the same conclusion: the recommended
portfolio sizes in the literature are insufficient for a large, long term institutional investor with
international investments, such as APG. For example, assuming a 20 year investment horizon
and defining risk as the worst case scenario at the end of the period, the number of stocks
to be held is in excess of 500 using historical data and 900 when considering the modeled
returns.
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Introduction

Chapter highlights

• The basics of diversification: do not put all your eggs in one basket!

• Number of stocks to hold not yet determined for an institutional investor.

• Number of stocks determined using a data driven as well as a model driven viewpoint.

? ? ?

There is a popular proverb that perfectly captures the basic idea of diversification: “Don’t
venture all your eggs in one basket” (Palmer, 1724, p.344). A basket can be interpreted as a
stock that you can buy and the eggs represent the total amount of money you want to invest.
A stock represents ownership in a company (Lee & Lee, 2006), which one buys for a certain
price in the expectation that it can be sold for a higher price at a later point in time.

Concentrating all of your wealth into one stock puts you in a position of great risk: if the
stock loses its value, you risk losing everything you have. The proverb urges to spread your
eggs over multiple baskets to reduce the risk of losing everything, i.e. to spread your capital
over a number of different stocks in order to reduce your risk. If these stocks are chosen
appropriately, it is likely that if one stock decreases in value, another stock that you own
increases in value. Hence, the well performing stock compensates for the loss of the bad
performing stock.

Define a stock portfolio as a collection of stocks. It is generally believed that the risk in a
portfolio is comprised of two components (Lhabitant, 2017). The first component is idiosyn-
cratic risk that affects one’s individual portfolio, which can be reduced by combining multiple
stocks into a portfolio (Lee & Lee, 2006). This is the notion of diversification. On the other
hand, there is a systemic risk component that represents the risk in the entire financial mar-
ket, which cannot be diversified. Therefore, increasing the number of stocks in a portfolio
ensures a reduction in the idiosyncratic risk component in the portfolio. By including all
available stocks in a portfolio, the risk of the portfolio at hand approaches the level of sys-
temic risk in the market. For more details on this matter, see Appendix A. Furthermore, the
portfolio return will approach the market returns. In other words, owning a large number of
appropriately chosen stocks ensures that a portfolio is fully diversified.

However, is there a number of stocks ensuring that a portfolio is sufficiently diversified? Of
course, the word sufficient is personal and depends on the risk aversion of the investor: it is
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expected that an investor who is satisfied with a large idiosyncratic risk component (i.e. who
is risk taking) needs to hold a different number of stocks compared to one who would like his
portfolio to have the smallest amount of risk as possible (i.e. who is risk averse).

1.1 Motivation

For a long period of time, investors and researchers believed that a stock portfolio containing
a small number of stocks ensures sufficient diversification. Evans and Archer (1968) were the
first to introduce this belief. In other words, it is believed that combining a small number of
stocks reduces the idiosyncratic risk so much that further increasing the number of stocks in
the portfolio does not result in a worthwhile decrease of risk. However, most earlier studies
supporting this belief investigate the required number of stocks from the perspective of a small
investor. There is no guarantee that the results in these studies apply to a large investor as
well. Hence, it is interesting to see if there are any changes in the number of stocks to hold
when considering a large institutional investor like APG, the largest pension provider in the
Netherlands. Namely, the consideration of a large investor introduces size constraints that
must be taken into account in the determination of the number of stocks.

On top of that, another characteristic of a pension fund is that it has a large investment
horizon. An investment horizon is the amount of time the portfolio is held by the investor,
where a long investment horizon characterizes long term investors and short investment hori-
zons typify short term investors. As Evans and Archer (1968) consider an average investor
without a particularly long investment horizon, it is possible that their results apply for short
term investors whereas they do not hold for investors with large investment horizons.

In order to investigate if there is a contrast in the required number of stocks caused by
different investment horizons, we consider a notion of portfolio risk that looks at the risk in
the portfolio performance at the end of the investment period. As variability in the end of
period portfolio performance is a bigger concern to long term investors than short term risk
(O’Neal, 1997), this alternative notion of portfolio risk is of particular interest for a pension
fund. This notion of portfolio risk is compared to the traditional view on portfolio risk used
in most of the available literature: volatility in daily or monthly returns, where volatility is
traditionally measured with the standard deviation.

Another gap in the literature is the fact that all of the evaluated literature use stock data of
only one country in their analysis. Due to the large size of a pension fund, it is not possible
to invest in only one country. As a result, a pension fund is an international investor instead
of a domestic investor. Due to the fact that we consider an international data set, we are
the first to address this topic from the perspective of an investor who invests internationally
instead of domestically.

1.2 Problem description

Because of the aforementioned observations that there are both additional size constraints
and a long investment horizon to consider, there is reason to investigate the required number
of stocks from the perspective of a pension fund. This serves as the basis for the main research
question of this thesis:
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Is there a number of stocks ensuring that a portfolio is sufficiently diversified?

Note that this question is addressed considering a portfolio of a pension fund, which is a
large, long term investor. In order to answer this question, the dynamics and behavior of the
complex financial world need to be captured in a simulation model. Besides, a decision needs
to be made on how to determine the required number of stocks.

A pension fund maintains a large data base with historical stock return data. Thus, a logical
first step is to find the number stocks to hold using an international data set of historical
returns, which also ensures that our results are comparable to suggestions in earlier studies.
This provides the first sub-research question:

What is the required number of stocks using historical data?

This requires the development of a framework that allows us to make decisions on the required
number of stocks to hold which are driven by data. However, the usage of historical data only
contains information of the past. Now, the number of stocks that one should have held in
the past are not necessarily good predictors for the future. As we are interested in predicting
the required number of stocks for future times, a second sub-research question is investigated
which makes sure to address this:

What is the predicted number of stocks to hold in the future?

A model needs to be selected for portfolio returns to make predictions on future returns. Two
ways to determine the best model for portfolio returns are goodness of fit and decision based
model selection. Goodness of fit selects the best model based on how well the model fits to
the data. On the other hand, decision based model selection is a novel approach in the field
of model selection introduced in Boer and Sirang (2016). This approach picks the best model
based on the quality of the model’s decisions (i.e. the number of stocks to hold) instead of
the quality of the model’s fit to reality.

Another requirement to answer this sub-research question is the construction of a decision
making framework which determines the number of stocks using modeled returns. As pre-
dictions are made of the future, this introduces the requirements of robust decision making,
which ensures the decisions are also sufficient in worst case scenarios.

1.3 Overview of the thesis

Because of the fact that there is a wide range of literature available, it is important to have
a clear understanding of these earlier studies. Hence, a detailed overview of the literature on
finding the required number of stocks is depicted in Chapter 2. Furthermore, this research
is the first to address this topic using an international data set of historical stock returns
which is introduced in Chapter 3. In this chapter, some key characteristics of the data such
as stationarity and independence are investigated as well. These properties are investigated
because they are important in selecting appropriate models for returns, which is done in a
later chapter.
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As mentioned before, a decision making framework needs to be constructed to determine the
required number of stocks using historical data. This framework needs to incorporate the
additional characteristics when investigating the number of stocks to hold for a pension fund.
Therefore, the way in which both a large investor size and a long investment horizon are
integrated in the decision making framework is described in Chapter 4. Furthermore, the
framework and its dynamics are explained in this chapter.

Having described the decision making framework, the sub-research question of the number
of stocks to hold using historical data is analyzed and the obtained results are presented
in Chapter 5. Additionally, the results are compared to earlier studies that use similar ap-
proaches. Furthermore, the effect of being a large investor as well as having a long investment
horizon are discussed.

Now that the required number of stocks is investigated using historical data, it is time to
make predictions for the future. First, this requires the selection of a model for portfolio
returns. In order to select such a model for portfolio returns, a number of potential models
need to be evaluated. These models are described in Chapter 4 together with a measure that
is used to compare their fit to the data.

In Chapter 6, these models for portfolio returns are evaluated. First, a decision is made on
the feasibility of the normality assumption for portfolio returns. Afterwards, the performance
of a number of models is compared using goodness of fit. Having determined a model that
best fits to the historical data, the question on the predicted number of stocks to hold in
the future is addressed in Chapter 7. In this chapter, the decision based model selection
setting is described first. In order to investigate if there is a discrepancy between the two
model selection methods, the best model in terms of goodness of fit is compared to another
model in terms of decision based model selection. The criteria in which the decision based
model selection evaluates the model’s decision are depicted in Chapter 7. Furthermore, the
decision making framework using modeled portfolio returns is presented in this chapter as
well. Subsequently, this framework is applied in predicting the number of stocks to hold in
the future, which answers the second sub-research question.

Using the obtained results, answers to the sub-research questions are provided in Chapter 8
together with conclusions on the effect of being a large, long term investor on the required
number of stocks. Moreover, a critical evaluation of this research is given in Chapter 9, where
points for further research are presented as well.

12
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Literature overview

Chapter highlights

• Categorization of the literature into different streams.

• Earlier studies do not consider international data or an institutional investor.

• Contrasting results on normality: results depend on data.

? ? ?

The notion of portfolio diversification originates from Modern Portfolio Theory (MPT), a
theory introduced in Markowitz (1952) for which the author received the Nobel prize in
economic sciences in 1990. This theory allows investors to minimize their portfolio risk for
a given level of expected portfolio returns. To elaborate on that, consider a universe of
a large number of stocks in which one can invest. For a fixed level of expected portfolio
return, Markowitz (1952) developed an optimization framework which is able to determine
the optimal combination of a subset of stocks from this universe such that the portfolios’ risk
is minimized.

Following this revolutionary view on portfolio selection, researchers started to investigate the
possibility to determine the number of stocks to hold ensuring that a portfolio is sufficiently
diversified. Instead of searching for the optimal combination of stocks that minimizes risk,
this new direction searches for the number of stocks to hold in a portfolio that achieves
sufficient diversification. In other words, one determines the required number of stocks to
have sufficiently reduced risk instead of minimizing the risk.

This chapter gives an overview of earlier studies that investigate this direction and provides
an overview of their suggestions. Additionally, key differences amongst the research in the
usage of risk measures and criteria are explained. See Appendix B for a tabulated overview
of the available literature in this field. Furthermore, some literature on the modeling of stock
returns is briefly highlighted. Namely, the modeling of returns is important because it allows
to make predictions on the number of stocks to hold for the future, which is one of the topics
that is investigated in this research.

Note that this chapter only gives a conceptual explanation of terms and concepts in earlier
literature. A more detailed mathematical interpretation for those concepts also used in this
research is given in the Methodology chapter.
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2.1 Required number of stocks

In general, two things stand out in terms of the assumptions that are commonly made by most
research in this field. First of all, the determination of the required number of stocks ensuring
sufficient diversification is typically data driven. Consequently, no models are used in earlier
studies and one looks solely at the number of stocks that should have been held in the past
using historical data. Stationarity of the data is one very common assumption throughout
the literature. A random process is stationary when its mean and autocovariance are not
affected by time (McNeil, Frey, & Embrechts, 2015), see Section 3.3 for more information on
stationarity.

Evans and Archer (1968) pioneered in this field with their research on the relationship between
reducing portfolio risk and the number of stocks in the portfolio. In their analysis, the
averaged portfolio standard deviation, see Equation (4.2), is used as a risk measure. By
simulating a number of naively diversified (i.e. randomly selected and equally weighted)
portfolios for a range of portfolio sizes, the authors conclude that no more than 8-10 stocks
are needed. Increasing the amount of stocks beyond that size no longer results in a significant
reduction of portfolio risk.

Grouping later research based on their similarities to or differences from Evans and Archer,
these research articles are categorized into different ‘streams’ in the literature. In total, five
streams are defined and each of these streams is described below.

Averaged portfolio standard deviation

Research belonging to the first stream is characterized by using the same risk measure as Evans
and Archer: the averaged portfolio standard deviation. By using the standard deviation as
a measure of risk in the determination of the required portfolio size, this stream assumes
that the standard deviation fully and accurately captures portfolio risk. Additionally, a
survivorship bias is often present in the considered data universe. This means that only those
stocks that survived throughout the considered time period are included in their analysis. In
the portfolio selection, stocks are picked randomly, have equal weights and a buy and hold
strategy is applied. A buy and hold strategy implies that one buys a number of stocks and
holds on to them for the entire investment period (Hui, Yam, Wright, & Chan, 2014).

Fisher and Lorie (1970) state that 8, 16 and 128 stocks ensure that a portfolio has 80%,
90% and 99% of the maximum achievable diversification, respectively. Maximum achievable
diversification is the risk level of a portfolio that contains all stocks in the universe. In other
words, the percentage of maximum achievable diversification indicates how much portfolio risk
is caused by systemic risk, assuming the portfolio of all stocks in the universe contains systemic
risk only. Recall from Chapter 1 that portfolio risk can be split into two factors: systemic
risk and idiosyncratic risk. Systemic risk affects the entire market whereas idiosyncratic risk
affects stocks on an individual level. Idiosyncratic risk can be diversified away whereas one
cannot diversify systemic risk. Wagner and Lau (1971) derive the required number of stocks
by looking at what portfolio size yields the lowest portfolio risk (sizes from 1 to 20) and then
compare portfolio correlation to portfolios of size 100 and 200. In their opinion, a portfolio
of 20 is only slightly inferior to a 100 or 200 stock portfolio.

By identifying an increase in idiosyncratic risk over time, Campbell, Lettau, Malkiel, and
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Xu (2001) state that 50 stocks are needed to obtain 95% diversification. In contrast to that,
Tang (2004) recommends 20 and 100 stocks to be 95% and 99% diversified, respectively, by
analytically solving a relationship between portfolio standard deviation and the number of
stocks.

Risk of risk

Another research stream criticizes Evans and Archer for excluding a significant factor of
portfolio risk in their analysis. Namely, they argue that the averaged portfolio standard
deviation underestimates the number of stocks needed for satisfactory diversification results
due to the fact that it does not take into account the risk of risk. As an individual investor
holds only one portfolio, there is a risk that the standard deviation from that individual’s
portfolio is significantly different from the average. This is another aspect of portfolio risk
(i.e. the risk of risk) that must be considered in the analysis. A survivorship bias is present
in the research of this stream. The investment strategy in this stream is buy and hold.

Elton and Gruber (1977) are the first to provide such criticism and recommend a portfolio
size of 110 to obtain 95% diversification by analytically solving a relationship between the
number of stocks and their definition of total portfolio risk: variance of return plus variance of
the variance (risk of risk). By including risk of risk as a confidence interval around the mean
portfolio standard deviation, Newbould and Poon (1994) suggest that 30, 60 and 80 stocks
are needed to achieve 85% diversification with 90%, 95% and 99% certainty, respectively.

Terminal wealth risk

Alternatively, some research consider a different notion of portfolio risk. Instead of considering
variability in monthly returns, this stream looks at the risk in the portfolio performance at the
end of the investment period. Consequently, this group is identified by considering Terminal
Wealth (TW ) risk, where TW is the end of period wealth of a portfolio. TW risk is valuable
for long term investors due to the fact that variability in terminal portfolio returns is a bigger
concern to these investors compared to monthly variability. Instead of assuming stationarity
of e.g. monthly portfolio returns, this stream assumes that the distribution of the portfolio
TW values is stationary.

One risk measure that captures TW risk is the Terminal Wealth Standard Deviation (x).
See Definition 3 for a detailed explanation on TWSD. Using TWSD, Alexeev and Tapon
(2013) recommend a portfolio size of 93 for 90% diversification. However, the authors state
that times in which financial markets were in distress are not considered in deriving these
portfolio sizes. This is odd as an investor is especially interested in the required number of
stocks in his/her portfolio when the markets are in distress, as at those times diversification
is needed the most. Domian, Louton, and Racine (2007) define risk as the probability of the
end of period portfolio performance (i.e. the TW ) falling below a threshold. In other words,
they use the probability of falling short as a measure of risk. The authors conclude that at
least 164 stocks are needed to have at most a 1% chance of underperforming a US Treasury
bond.

This stream does no longer assume a survivorship bias in their data universe as stocks that
go bankrupt or are at some point removed from the index are allowed. In case a stock ‘dies’
or is removed, it is replaced with another (uniformly) randomly picked stock that is not yet in
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the portfolio in Alexeev and Tapon (2013). In contrast to that, Domian et al. (2007) replace
the stock the one that has the largest market capitalization in the sector of the stock. Market
capitalization is defined as the number of shares outstanding times the price of the stock
(McNeil et al., 2015), which is denoted with Mi(t) for stock i, i = 1, . . . , N .

Alternative risk measures

The fourth stream of research uses the same notion of portfolio risk as the first three streams:
they consider variability in monthly returns. However, this stream proposes alternative risk
measures to the standard deviation.

Including risk of risk for both terms, Newbould and Poon (1996) suggest a combination
of expected portfolio standard deviation and expected return as a better measure of risk.
According to the authors, a portfolio size of more than 100 stocks is needed to be within 5%
of averaged portfolio return and 20% of averaged portfolio standard deviation. Alternatively,
Surz and Price (2000) use the correlation between the portfolio at hand and the portfolio
containing the entire universe instead of the standard deviation and conclude that 60 stocks
are needed to obtain 88% diversification. Another measure of risk that can be considered
is the expected kurtosis. This risk measure is evaluated in Kryzanowski and Singh (2010),
who use 90% of obtained diversification compared to the kurtosis of the market portfolio as a
criterion. The portfolio size recommendation is 20-25. A more recent study by Alexeev and
Tapon (2013) considers the 1% Expected Shortfall (ES1%) for daily portfolio returns. An
expected shortfall is the expected portfolio loss given that the loss exceeds the Value at Risk
(VaR). For a mathematical definition on the VaR and the Expected Shortfall (in this research
defined as the Conditional Tail Expectation), see Definitions 1 and 2, respectively. Alexeev
and Tapon (2013) recommend a portfolio size of 52 stocks to obtain 90% of diversification
with 90% certainty.

Alternative methods

The last stream is defined by using a completely different approach in the determination of
the number of stocks. Statman (1987) determines the recommended number of stocks by
comparing the excess portfolio return and the excess return of an index fund to the S&P 500.
Excess return is the rate of return in excess of a risk-free rate (i.e. the equity risk premium)
(Lee & Lee, 2006). When the first excess return becomes smaller than the latter, one arrives
at the optimal number of stocks. Portfolio sizes are recommended to be in excess of 30. On
the other hand, Wit (1998) states that there is no optimal number of stocks and argues that
this number depends on three criteria: expected correlation, the equity risk premium and the
required excess return for a portfolio. In a later study, Statman (2004) concludes the optimal
number of stocks to be 300 using marginal analysis. When the expected excess return of
a portfolio becomes less than a threshold value, which is based on a conservative estimate
for annual costs of holding a portfolio, there is no point in further increasing the number of
stocks.

Shawky and Smith (2005) derive the number of stocks to hold by optimizing a quadratic
relationship between the Sharpe ratio of a portfolio and the number of stocks: 481. The
Sharpe ratio for a portfolio of n stocks, say SR(n), is the ratio of the risk premium and the
standard deviation of the returns of the portfolio,
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SR(n) := E[R(n)]−Rf
σ(n) ,

with E[R(n)] and σ(n) are the expected return and standard deviation of a portfolio of n
stocks, respectively. See Equation (4.2) for more details. Rf corresponds to the risk free rate,
the return on investment that one receives without any risk. Although the method of Shawky
and Smith (2005) is interesting, the significance of the second order term is questionable as
it is not significant in the first order. A more recent study of Alexeev and Dungey (2015)
advises to hold 11-19 stocks for 80% diversification with 90% certainty. The authors state
that their usage of high frequency data (5 min, daily and weekly returns) is the cause of this
significant decrease in portfolio size. However, the use of high frequency data is not relevant
for investors with a very long investment horizon such an investor is less concerned with short
term variability. Namely, high frequency data contains more noise and tends to capture short
term trends while losing track of long term trends, where the latter is of particular interest for
a pension fund. An alternative method used by Oyenubi (2016) is solving a trade off between
the Portfolio Diversification Index (PDI) and a measure for portfolio complexity. See Section
4.1.4 for a detailed explanation of the PDI. The PDI is a risk measure constructed through
Principal Component Analysis (PCA). A recommended size of 38 is derived by balancing
these two terms, arguing that this size does not generally hold and that the required size
depends on the data universe and market conditions.

Discussion

There are a number of observations that stand out when looking at the previous research
regarding this topic. Namely, the perception of portfolio risk changes through time. Histor-
ically, the averaged portfolio standard deviation was considered a proper measure, which is
replaced with other risk measures more and more often as time goes by. Generally speaking,
the recommended number of stocks seems to increase over time as well.

Furthermore, two different notions of portfolio risk are identified. On the one hand, there
is the traditional notion on portfolio risk where one focuses on controlling risk in monthly
portfolio returns. Most of the earlier research has focused on this traditional view on portfolio
risk. In contrast to that, the second notion concerns the risk in end of period portfolio
performance which is considered in Domian et al. (2007) and Alexeev and Tapon (2013).
However, these two studies do not capture the notion of an institutional investor and are
therefore not applicable for APG. It is interesting to investigate whether there are differences
in the required number of stocks between these two different notions of portfolio risk, which
is something that is investigated in this research.

Moreover, all past research considers a data universe of only one country and thus do not
consider international diversification. On top of that, most research has focused on the small
average individual investor in their analysis and do not consider the position of a large size
institutional investor. The consideration of a small average individual investor is observed
by the usage of equal weights in the portfolio, see ‘Weighting schemes’ in Section 4.1.1 for
more details. In this research paper we will investigate the effect of being a large investor on
the number of stocks that should be held. Furthermore, we will investigate the impact on
recommended portfolio size by considering a novel measure of diversification such as the PDI.
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2.2 Modeling stock returns

In all textbooks of Financial Mathematics course, the geometric Brownian motion is often-
times considered as the predominant model for stock prices. This is on the one hand certainly
due to the fact that the Black-Scholes option pricing model is derived from the assumption
that the underlying asset is governed by a geometric Brownian motion, but on the other
hand the geometric Brownian motion is also empirically tractable (due to the simplicity of
the underlying Normal distribution) and it has a sound economic foundation. This makes it
very interesting for researchers to use.

From the available literature on the topic of modeling index returns or individual stock re-
turns with a Normal distribution, see e.g., Gray and French (1990), Aparicio and Estrada
(2001), Cont (2001), Harris and Küçüközmen (2001) and Bollerslev, Todorov, and Li (2013),
it becomes evident that the frequency of the stock return data plays a role in the distribution
of stock returns. Namely, the majority of the research rejects the assumption of normally
distributed stock returns when considering daily data. The main reason for rejecting nor-
mality is due to the skewness of the empirical distribution of the stock returns (Cont, 2001).
Furthermore, the empirical evidence against the geometric Brownian motion as a model for
index returns and returns of individual stocks is manly due to the (conditional) heteroskedas-
ticity of the asset returns and the asymmetric volatility phenomenon, i.e. negative correlation
between asset returns and volatility.

Despite the general consensus on rejecting normality for daily returns, different results are
presented when monthly return data are considered. Officer (1972) rejects normality by
looking at the tails of the distribution. However, Richardson and Smith (1993) use tests
that provide weak evidence against normality. In their analysis, Aparicio and Estrada (2001)
argue that normality is plausible for monthly data. In another research of that year, Harris
and Küçüközmen (2001) reject normality. Behr (2007) rejects normality for monthly stock
returns of the S&P 500 index for a period from 1871-2004 which is later verified in another
research by Behr and Pötter (2009) (considers 1871-2005). However, Naumoski, Gaber, and
Gaber-Naumoska (2017) cannot strongly reject normality for monthly returns per country for
10 southeast European Emerging countries.

Considered models

For the international data at hand, we consider two directions: Firstly, we investigate which
distribution best fits the data, and secondly, we consider a time-series model (stochastic
process) with the same distribution for the innovations as the best fitted distribution. For
the former, we consider various distribution, such as the Normal distribution, the Student-t
distribution (see, Aparicio and Estrada (2001)), the skewed Student-t distribution (see, Jones
and Faddy (2003)), etc. We refer the interested reader to (Hu & Kercheval, 2010) for a
study revealing the superiority of the skewed Student-t distribution against the Student-t
distribution. For the latter, we consider models that can capture the serial correlation of the
stock returns. According to Campbell, Grossman, and Wang (1993), autocorrelation is not
uncommon in stock returns. Such models include the AR and the GARCH model, which
explicitly captures autocorrelation that is present in time series data (McNeil et al., 2015).
We return to this topic and provide all necessary information in Chapter 4 and in Chapter 7.
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Discussion

The results on the normality of stock returns imply that the normality of monthly returns
is not consistently rejected in the literature. In other words, the feasibility of the normal
assumption seems to depend on the considered data in each research. Therefore, we will
test the feasibility of the normality assumption on the data set that was used for this study.
In addition to the Normal distribution, we will investigate various other distributions and
determine which best fits the data at hand.

When considering which distribution best fits the data, we implicitly make two assumptions.
Namely that the data is stationary, independent and identically distributed. This immediately
implies that such a modelling approach fails to capture the autocorrelation, which is present in
the stock returns over time. See Section 3.4 for an analysis of the presence of autocorrelation in
stock returns and portfolio returns. Furthermore, the stationarity assumption does not permit
any adaptation or learning of the model parameters as a function of time, thus making the
models unable to capture potential changes over time. This could be undesirable as one can
intuitively imagine that the behavior of stock returns may change over time depending on
different states of the financial market (e.g. the crisis, the rally of technology stocks, etc). All
above drawbacks are overcome by considering a time-series model (stochastic process).
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Data

Chapter highlights

• Data are monthly returns of stocks listed on the MSCI World Index (1995-2017).

• No statistical evidence to reject stationarity for stock returns and portfolio returns.

• Evidence of autocorrelation in portfolio returns, stock returns assumed independent.

? ? ?

Data is needed in order to determine the required number of stocks using historical data
as well as modeled returns. Therefore, this chapter introduces the data that is used in this
research. An explanation is given on the data universe, how it is collected, the presence of
missing data and possible extreme observations. In order to show why having a large amount
of stocks in an investment portfolio might be beneficial, the behavior of the total lifetime
stock returns relative to the market is described. Besides that, characteristics of the data
such as stationarity and autocorrelation are investigated in the descriptive statistics section.

3.1 Data description

The data universe consists of monthly return observations, see Equation (3.1) for a definition,
from the constituents of the MSCI World Index from January 1995 to December 2017. The
data is collected from an internally kept database from the Quant Equities team of APG
Asset Management. The returns are in Euro and dividends are assumed to be reinvested.
Before the introduction of the Euro, the European Currency Unit (ECU) is used. As the
data represents an international stock universe while the returns are denoted in one single
currency, exchange rate effects are present in the data.

A stock return is the percentage of increase or decrease in the price of the stock. Note that
the time instances t represent months and therefore time is assumed to be slotted (discrete)
with t = 0, 1, 2, . . .. The return for stock i at the end of slot (t, t+ 1] is denoted by Ri(t), for
i = 1, 2, . . . , N and t = 0, 1, 2, . . .,

Ri(t) = Pi(t+ 1)
Pi(t)

− 1, (3.1)

with Pi(t) and Pi(t+ 1) representing the price of stock i at instances t and t+ 1, respectively.
Furthermore, N represents the size of the investment universe (i.e., N is the total number of
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stocks that have appeared in the MSCI World Index between January 1995 and December
2017). When evaluating the development of the price of a stock over multiple time periods,
one uses the total return of stock i at the end of slot (t, t+ 1]: TRi(t). A total return is the
result of successively compounding the return observations of a stock:

Pi(t+ 1) = Pi(0) · (1 +Ri(0)) · . . . · (1 +Ri(t)) := Pi(0) · TRi(t)

This gives us the definition for TRi(t), for i = 1, 2, . . . , N and t = 0, 1, 2, . . .,

TRi(t) =
t∏

j=0
(1 +Ri(j)).

In addition to the return data, information on the market capitalization of the stock is avail-
able as well as the sector to which the stock belongs. A sector is an area of the economy in
which businesses share the same or a related product or service such as health care or energy.
For a list of sectors that are present in the data set and the number of stocks belonging to
each sector, see Appendix C.

Missing data

In total, 3994 stocks were part of the MSCI World Index throughout 1995-2017. However,
the average amount of stocks that are part of the index in each month is approximately 1600.
Hence, the number of constituents is not fixed and the stocks that are part of the index vary
over time.

Quite logically, new stocks that become part of the index and the removal of other stocks are
a cause of missing observations in the data. For example, a stock that is part of the index
in 1995 and is excluded at the end of 2000 has missing observations in 2001-2017. However,
intermediate missingness is also present in the data. Intermediate missingness is characterized
by a sequence of consecutive return observations followed by a number of missing observations
after which the sequence of returns resumes itself. One possible explanation of intermediate
missingness is based on the removal of stocks from the index for a period of time. After the
expiration of such a period, the stocks are included in the index again. MSCI reviews its
indices once every quarter (MSCI, 2018). Therefore, stocks with intermediate missingness
of a length smaller than three months are excluded from the data as this missingness is not
considered realistic. This results in 9 stocks being excluded.

Extreme observations

All returns range from a minimum of -90% to a maximum of 328%. As the maximum value
seems extraordinarily large for a monthly return, the validity of this observation was verified
in Bloomberg and it turns out that this return value is correct. In order to ensure that this is
not a coincidental observation, a number of other unusual monthly returns were also verified
and all of them turned out to be valid as well.

Assumption 1 All return observations that are present in the data set are assumed to be
correct.
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A direct consequence of this assumption is the fact that outliers (i.e. extreme return obser-
vations) are present in the data which could potentially influence the results. Research is
required into the sensitivity of the results to these extreme observations.

Besides investigating extreme observations, the data is also checked for ties. A tie is present
in the data if there are two or more identical observations. It turns out that ties are present
in the data, which is caused by data errors in the generation of the data set.

3.2 Total lifetime relative returns

The total lifetime relative return of a stock is equal to the product of 1 + Ri(t) − RBM (t)
over a time horizon spanning {0, 1, . . . , T}. Relative returns tell us how the stock performs
compared to a benchmark. The total lifetime relative return of stock i is denoted as TRRi(T ),
with i = 1, 2, . . . , N ,

TRRi(T ) =
T∏
t=0

(1 +Ri(t)−RBM (t))− 1, (3.2)

where Ri(t) and RBM (t) represent the returns of stock i and the benchmark at time t =
0, 1, 2, . . ., respectively. The points 0 and T + 1 represent the first and last price observation
of stock i, respectively. The benchmark returns are the returns of the MSCI World Index.

Total portfolio returns are used in the risk measures that reflect end of period portfolio
performance. Therefore, considering total returns is necessary due to the fact that these are
the returns that are most important for long term investors such as a pension fund. Looking
at total relative returns gives an indication of why it might be interesting to include a large
number of stocks in a portfolio. To elaborate on that, it is best to visualize the total lifetime
relative returns of the constituents of the MSCI World Index throughout 1995-2017, which is
depicted below.

Figure 3.1: Total lifetime relative returns of MSCI World constituents (1995-2017)

In Figure 3.1, we see that most of the stocks are centered in the range of -100% to 50% relative
return with respect to the benchmark. However, note that there are peaks in the tails of the

22



distribution. The peak on the left hand side contains stocks that perform very poor with a
total return that is behind the benchmark by 300% or worse (i.e. a relative return of -300%
or worse). On the other hand, the peak in the tail on the right hand side shows the existence
of the so called superstocks, which perform extremely well with a total return that is 300%
or more on top of the benchmark return (i.e. +300% or better).

How does this tell us why including a large number of stocks is useful? Say one constructs a
portfolio by randomly picking 10 stocks, see Section 4.1.1 for an explanation why we would
pick stocks at random. By doing this, the probability that the portfolio at hand contains
none of the stocks that perform extremely well is high. In contrast to that, randomly picking
100 stocks instead of 10 increases the probability that these superstocks are in the portfolio.
This might be a reason for investors to decide to include a large number of stocks in their
portfolios to ensure that they do not miss out on the performance of the superstocks. In other
words, these investors try to control their risk of a bad portfolio performance at the end of
the investment period by increasing their chances of including the superstock performance in
their portfolio.

3.3 Stationarity

Literature on stationarity

Recall the definition of stationarity: a random process is considered stationary if its mean µ(t)
and autocovariance γ(t, s) do not change over time (McNeil et al., 2015). Mathematically,
the mean and autocovariance of the return of stock i, with i = 1, 2, . . . , N , in stationarity are

E[Ri(t)] = µi(t) = µi,

γi(t, s) = E[(Ri(t)− µi(t))(Ri(s)− µi(s))] = γi(t+ k, s+ k), t ≥ 0, s ≥ 0, k ≥ 0. (3.3)

Stationarity can be verified with a number of tests. According to Pfaff (2008), the following
tests are the most widely applied in econometrics: augmented Dickey-Fuller (ADF), Phillips-
Perron (PP), Elliott-Rothenberg-Stock Test (ERS), Schmidt-Phillips (SP), Kwiatkowski-Phil-
lips-Schmidt-Shin (KPSS). The first four tests are unit-root tests whereas the latter is a La-
grange multiplier type test. When a time series random process is non-stationary, it possesses
a unit root (Pfaff, 2008). Hence, the null hypothesis for the unit root tests is that the random
variable has a unit root (i.e. is non-stationary). In contrast to that, KPSS tests the H0 that
the process is stationary.

Stationarity in the return data

As we want to formally reject non-stationarity to prove that stationarity may be assumed,
the unit root tests are preferred over the KPSS test. The ADF test is applied to investigate
stationarity in the stock return data with a lag of one. A lag of one is selected as the stock
return data are observed on a monthly basis. Therefore, a lag of one corresponds to a lag of
about 30 days, which is already quite high.

Stationarity is tested on three levels: for individual stock returns, portfolio returns and returns
of the MSCI World Index. Portfolio sizes of 5, 10, 100 and 200 randomly selected and equally
weighted stocks are tested. These sizes are selected to evaluate both small and large portfolios.
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For each size, 1000 portfolios are generated to obtain accurate results. E.g., for a portfolio of
5 stocks, we first randomly sample (uniformly) 5 stocks from the universe of possible stocks
and construct a portfolio with equal weights. Therefore, the price of the portfolio at time t
is the sum of the prices of the 5 stocks included in the portfolio. Thereafter, using Equations
(3.1)–(3.3), we can compute the quantities of interest for the portfolio of 5 stocks. This
procedure is repeated 1000 times for each portfolio size.

The ADF test is performed for non-overlapping periods of three different time intervals:
four 5 year periods, two 10 year periods and one 20 year period. These time intervals are
evaluated to observe changes in the results as we go from short term (5 years) to long term
(20 years) periods. In each time interval, the percentage of stocks or portfolios for which the
null hypothesis is rejected is computed. The percentages are averaged to derive an averaged
rejection percentage of the null hypothesis for the three time intervals. As for the MSCI
World Index, the test is performed in each period resulting in a yes/no answer on rejecting
H0. Subsequently, the percentage of times that H0 is rejected is computed for each time
interval. This yields the following results.

Period Stock level Portfolio level Market
5 stocks 10 100 200

5 years 96.30 100 100 100 100 100
10 years 97.10 100 100 100 100 100
20 years 97.6 100 100 100 100 100

Table 3.1: Averaged rejection percentage of the H0 of the ADF(1) test for a significance level
of 0.05 (%)

In Table 3.1, we see that the percentages for which the null hypothesis is rejected are high.
As the null hypothesis is rejected on all levels with high percentages, we make the following
assumption.

Assumption 2 Return observations are assumed to be stationary for individual stocks, port-
folios and the MSCI World Index.

3.4 Independence

Literature on independence tests

Independence in the return observations of stock i over time is an important property to
analyze due to the fact that it influences the way in which stock returns are to be modeled.
For example, modeling stock returns with a normal distribution assumes that the consecutive
observations are independent. A possible test for independence of time series data is the runs
test. The null hypothesis of the runs test is that the observations of the random variable
are independently distributed whereas the alternative hypothesis poses that they are not
(Brockwell & Davis, 2016). An alternative to the runs test is the Ljung-Box (LB) test for
autocorrelation in time series data. The LB test differs from the runs test in the alternative
hypothesis: the LB test rejects H0 to prove that autocorrelation is present in the data (Ljung
& Box, 1978).
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Autocorrelation represents the correlation between observations of a random variable over
time (McNeil et al., 2015). This measure is of interest for time series data like stock returns.
In the presence of significant autocorrelation, a model that captures this autocorrelation might
be more suitable compared to one that assumes independency like the normal distribution.
Autocorrelation in stock i at lag h is defined as ACi(h), for i = 1, 2, . . . , N ,

ACi(h) = ρ(Ri(0), Ri(h)),

where ρ(Ri(0), Ri(h)) represents Pearson’s correlation between the first return observation
and return observation at point h ≥ 0 for stationary stock i.

Autocorrelation in the return data

The LB test is selected as it allows us to test two characteristics of the data simultaneously:
whether independence may be assumed and the presence of autocorrelation. The lag for which
autocorrelation is tested is one, with a similar justification for this choice as with the ADF test
for stationarity. The setup in which autocorrelation is tested is equivalent to the setting in
which stationarity is analyzed in Section 3.3. For each time interval, the averaged percentage
of stocks or portfolios for which independence is rejected is computed and presented below in
Table 3.2.

Period Stock level Portfolio level Market
5 stocks 10 100 200

5 years 6.73 10.23 11.65 19.65 20.03 25
10 years 8.67 18.85 27.75 54.15 53.3 50
20 years 9.4 27.20 44.30 96.20 99.80 100

Table 3.2: Averaged rejection percentage of the H0 of the Ljung-Box test for a significance
level of 0.05 (%)

On all three levels, an increase in the averaged rejection percentage of the null hypothesis is
observed as the time period increases. Looking at the stock level column, the rejection per-
centages remain below 10%. As this is a relatively low rejection rate, assuming independence
across the observations of individual stocks seems reasonable. On the contrary, assuming in-
dependence across portfolio returns shows to be a mistake in certain situations. For example,
independence is rejected for 96.20% and 99.90% of the portfolios of size 100 and 200, respec-
tively, with an investment horizon of 20 years. For a more detailed view on the presence of
autocorrelation, the averaged autocorrelation coefficients for a lag of one are computed below
in Table 3.3.

Period Stock level Portfolio level Market
5 stocks 10 100 200

5 years -0.018 0.074 0.11 0.18 0.19 0.14
10 years -0.010 0.086 0.13 0.19 0.20 0.17
20 years -0.0010 0.083 0.12 0.18 0.19 0.16

Table 3.3: Averaged autocorrelation coefficient
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The autocorrelation becomes positive and therefore increases as one switches from an individ-
ual stock level to a portfolio level. However, the coefficient values are relatively low. Because
of the fact that they are between -.3 and .3, the strength of the serial dependence is classi-
fied as weak (Wilson, 2018). Regardless, the autocorrelation may not be ignored in certain
situations based on the results of the LB test. Therefore, the following assumption is made.

Assumption 3 The return observations of a portfolio are assumed to be autocorrelated over
time.

In the subsequent chapters, where we model the returns of a portfolio, we consider in practice
two scenarios: in the first, we model the portfolio returns using one single distribution,
whereas in the second scenario, we model the portfolio returns using a time series model
(stochastic process). Therefore, in the former scenario, we assume that the portfolio returns
are independent over time, while in the latter scenario we account for the autocorrelation. We
then check the performance of the two models with regard to the optimal number of stocks
for a diversified portfolio and we conclude that the second scenario, not only captures best
the patterns observed in the data, but it also reveals the most accurate (compared to the
historical data) choice in the number of stocks. The reason for the independence assumption
(which permits the modelling with one single distribution) is merely due to the simplicity
that such a model offers. In case, the single distribution model were to produce relatively
accurate results in terms of the optimization problem, then the tradeoff between simplicity
and accuracy would be beneficial.
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Methodology

Chapter highlights

• Two notions of risk: volatility monthly returns versus risk in end of period performance.

• Small investor (equal weighting) versus large investor (market capitalization weighting).

• (skewed-)Student-t, lognormal and AR(1) models evaluated as potential models.

? ? ?

Now that the data is introduced and basic properties are investigated, the question arises how
to determine the number of stocks to hold using this data. In this chapter, a detailed and
mathematical explanation is given regarding the decision making framework using historical
data.

The way in which portfolios are created and maintained is addressed first. This means that
we give insights into the following topics: how the stocks are selected and the way in which
they are weighted in the portfolio, what investment strategies are applied, the simulation
settings and the considered investment horizons. Furthermore, mathematical definitions of
the evaluated risk measures are provided. For each of the risk measures, a criterion is defined
that measures the degree of diversification, which is used to determine the required number
of stocks.

On the other hand, a goodness of fit setting is described in which a model is selected for port-
folio returns. First, stock returns and portfolio returns are tested for normality. Additionally,
the models that are evaluated in case normality is rejected are described. Furthermore, a
measure is introduced that allows us to compare the evaluated models and select the best one
in terms of goodness of fit.

4.1 Finding the required number of stocks

Each stock i has a weight wi in a portfolio, which corresponds to the fraction of total wealth
you are investing in stock i. The weights of all stocks in the portfolio always sum up to 1.
The return at time t, t = 0, 1, 2, . . ., of a portfolio with n stocks, where n = 1, 2, . . . , N , is
defined as R(t, n),

R(t, n) =
n∑
i=1
wi(t)Ri(t), (4.1)
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with
∑n
i=1wi(t) = 1 and wi(t) ≥ 0 for all i and t, t = 0, 1, 2, . . ..

A lot of decisions need to be made in the process of selecting the appropriate portfolio size
n. This section describes all aspects of the portfolio construction process. Furthermore,
the different simulation settings are provided in which the required number of stocks are
determined. At first, the computations are made using the historical monthly return data
as described in Chapter 3. In order to investigate whether these results change when using
modeled portfolio returns instead of historical returns, a test is performed to see if modeling
portfolio returns has a significant impact in Chapter 7.

4.1.1 Portfolio construction

When creating a portfolio at a certain point in time, stocks are randomly (uniformly) picked
without replacement from the universe. There are a number of reasons to pick stocks ran-
domly. First of all, we want to exclude all sorts of biases that would be created by applying
smart selection procedures (e.g. selecting stocks based on past knowledge or expert knowl-
edge). Namely, our goal is to create risk measures that do not take these externalities into
account. For example, picking stocks based on a professional’s expert knowledge creates a
stock selection bias in the results because those results would only hold if you are an expert in
selecting stocks. By picking stocks at random, the results do not include any of these biases,
which makes them applicable in a more general setting. Furthermore, the universe contains
the stocks that are part of the MSCI World Index. This already represents a very uniform
selection of stocks, as this index typically contains stocks of large, solid companies. This also
justifies the random selection of stocks.

Assumption 4 The investor invests only in stocks that are part of the MSCI World Index.

Furthermore, a decision needs to be made whenever a stock that is in the portfolio goes
bankrupt or is removed from the index.

Assumption 5 If a stock that is in the portfolio goes bankrupt, the investor does not replace
the stock. If the stock is removed from the index without going bankrupt, it is replaced.

The replacement of a stock is not picked at random. Namely, the replacement is selected
based on presence in the portfolio, sector and market capitalization. Say stock i has market
capitalization Mi(t) and is removed from the index at time t+ 1, t = 0, 1, 2, . . .. Replacement
j is selected such that

min
j

{
|Mj(t)−Mi(t)|

}
,

s.t. s(j) = s(i), j 6∈ Sn,

where s(i) is the code of the sector to which stock i belongs and Sn represents the portfolio
space containing the n stocks in the portfolio, n = 1, 2, . . . , N . The sector codes are depicted
in Appendix C. It could occur that no stock is available that is in the same sector as i while
not being in the portfolio (i.e. s(j) = s(i), j 6∈ Sn yields an empty set). In case this event
occurs, the stock with minimal distance to the market capitalization of stock i is selected
from the entire universe without looking at sector.
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Weighting schemes

Once the stocks are selected, one must decide how to allocate money to each of the stocks in
the portfolio. Two different weighting schemes are applied: equal weights and weights based
on market capitalization. For each of the two weighting schemes, the conditions as stated in
Equation (4.1) hold: weights always sum up to 1 and are non-negative.

The equal weighting scheme is straightforward: each stock gets assigned an equal proportion
of initial investment funds, resulting in the weight for stock i at time zero in a portfolio of n
stocks wi(0), where i = 1, 2, . . . , n and n = 1, 2, . . . , N ,

wi(0) = 1
n
.

On the other hand, determining stock weights based on the stock’s market capitalization, say
Mi(t), gives large cap stocks a larger weight in the portfolio than small cap stocks. A stock is
categorized as large cap when it has a market capitalization in excess of 10 billion, whereas a
stock is small cap when the market capitalization is at most 2 billion. The stocks in between
are defined as mid cap. This results in a different weight computation compared to the equal
weighting scheme,

wi(0) = Mi(0)∑n
j=1Mj(0) ,

with i = 1, 2, . . . , n and n = 1, 2, . . . , N . The market capitalization weighting scheme is
evaluated because of the fact that a pension fund is unable to use equal weights. For example,
say APG creates a portfolio of 20 equally weighted stocks. This implies that one assigns 5%
of the initial wealth into each stock. It is highly probable that some of the 20 stocks at
hand are small cap stocks. Now, APG’s assets under management amounts to 474 billion
(APG, 2018). Assets under management represents the total value of the assets that the
institutional investor manages. Assuming APG invests 60% of its asset under management
in stocks, this would imply that they would assign 474 · 0.6 · 0.05 = 14.22 billion to each stock
in their portfolio. As 14.22 billion exceeds the total market capitalization of all small cap,
mid cap and even some large cap stocks, one immediately sees that this leads to impossible
situations. Namely, one cannot invest more in a stock than its total market capitalization.
Thus, applying a market capitalization weighting scheme instead of equal weights is a step in
the transition from a small average investor towards an institutional investor. The average
investor is able to apply equal weights whereas an institutional investor (in most cases) is not.

Investment strategies

Two investment strategies are considered: buy and hold and rebalancing. In a buy and hold
strategy, an investor picks a number of stocks, assigns a weight to each one of the stocks and
lets the weights change based on their returns. For an investor with an investment horizon of
T months and a portfolio of n stocks, where n = 1, 2, . . . , N . This means the stock weights
for each stock i = 1, 2, . . . , n change over time according to

wi(t+ 1) = wi(t)(1 +Ri(t))∑n
j=1wj(t)(1 +Rj(t))

, t = 0, 1, 2, . . . , T.

In contrast to that, the investor periodically resets the stock weights in a rebalancing strategy.
Say someone rebalances on a yearly basis and uses an equal weighting scheme. Then, the
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weights are rebalanced after each t that is a multiple of 12 as these 12 observations represent
one year. Consequently, the weight of stock i, for i = 1, 2, . . . , n, develops as

wi(t+ 1) =


1
n , if t

12 ∈ N,
wi(t)(1+Ri(t))∑n

j=1 wj(t)(1+Rj(t))
, otherwise.

An advantage of rebalancing is that one prevents stock weights to become excessively large,
which ensures diversification effects remain in place. Namely, a stock can attain an excessively
high weight in the portfolio compared to other stocks simply because of the fact that some
stocks perform better than others. Consequently, the volatility of a stock with such a high
weight has a bigger impact on the volatility of the portfolio compared to the other stocks
with low weights. In order to diversify the stock with a large weight, more stocks with small
weights are needed compared to the situation where all stocks have equal weights.

However, there is a downside as well: the costs associated with rebalancing. Rebalancing
implies that stocks with a weight that is too high have to be sold, whereas stocks with too
low a weight have to be bought. Hence, one has to engage in trading, which comes with
trading costs that have an impact on the portfolio return. Despite that, costs associated with
rebalancing are neglected in this research because of computational complexity. The main
reason for this is the fact that there is no fixed cost factor that can be applied every time
someone rebalances. Therefore, including costs would increase this complexity quite a lot,
which is undesirable as it is a very limiting factor already.

4.1.2 Computational complexity

Computation time is an important factor to consider in this analysis. Especially in the
portfolio construction process and the determination of the number of stocks to hold using
historical data, the computational complexity increases rather quickly. An example of one
of the causes of the complexity is the stock replacement process. For each month in the
investment period, each of the stocks in the portfolio must be verified to be still part of the
MSCI World Index. Subsequently, a replacement stock must be searched in case a stock is
removed from the index. As this analysis considers long investment periods like 20 years,
one can imagine that this is very demanding for the simulation process. Combining this
with the fact that very large portfolios are evaluated, complexity is increased even further.
Consequently, computational complexity must be taken into account when determining a
number of parameters. For example, how many portfolios to generate, what portfolio sizes
to evaluate and how many bootstrap samples to use are all parameters that greatly affect
the complexity simulations. Ideally, one would like to set these parameters at high levels as
this increases accuracy of the results in most cases. However, this is often not possible as
computation time turns out to be a very constraining factor.

4.1.3 Simulation settings

We believe that there is no ‘optimal’ number of stocks that holds true for every investor and
every investment horizon. To elaborate on that, there are so many factors to consider that
might influence the required number of stocks that it is hard to believe that there is one
number that fits all. For example, the investor’s notion of risk, investment strategy and time
period are all factors that might influence the required number of stocks.
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Therefore, the number of stocks is determined for a wide range of scenarios. The scenarios
vary in the following settings: investment horizon, investment strategy, weighting scheme,
benchmark and risk measure. The investment horizon ranges from short term to long term:
five year periods, 10 year periods and a 20 year period in 1995-2014 are evaluated. Two
investment strategies are considered: buy and hold and yearly rebalancing, where no costs
are assumed to be associated with rebalancing.

Yearly rebalancing is considered as this is believed to be a realistic rebalancing strategy
for APG. The yearly rebalancing strategy is evaluated only in the situation where an equal
weighting scheme is applied. Namely, a market capitalization weighting scheme including
rebalancing is no different from a market capitalization weighting scheme without rebalancing,
which is shown in Appendix D.

Hence, the following three settings are applied in each time horizon: equal weighting with
yearly rebalancing, equal weighting (buy and hold) and market capitalization weighting (buy
and hold). When using the market capitalization weighting scheme, the benchmark is the
MSCI World Index as this index weighs stocks based on their market capitalization. In
contrast to that, the benchmark is a portfolio of the entire equally weighted market when using
the equal weighting scheme. This benchmark is an approximation of the MSCI World Index if
the index would consist of all stocks being weighted equally. Now, a simulation is performed
for each of the five risk measures described in Section 4.1.4 and corresponding criteria for
each investment horizon, strategy and weighting scheme. This results in 45 simulations being
performed, where each simulation is called a scenario.

For each scenario, 1000 portfolios of size n are generated. This number is selected based
on a trade-off between computational time and accuracy of the results. On the one hand,
a higher number of generated portfolios yields more accurate results. On the other hand,
the computational intensity of the simulation increases as the number of generated portfolios
increases. Generating 1000 portfolios yields simulations that have acceptable computation
times while also providing results that are acceptably accurate.

To ensure that the results are not based on one particular investment horizon, these 1000
portfolios are drawn from different non-overlapping time periods, if possible. For example,
the 1000 portfolios are drawn from the four non-overlapping five year periods in 1995-2014:
250 from 1995-1999, 250 from 2000-2004, 250 from 2005-2009 and 250 from 2010-2014. In
contrast to that, all portfolios are drawn from one 20 year period because of the fact that no
non-overlapping 20 year investment horizons are available. Including multiple time periods
in the simulation process ensures that multiple states of the financial market are taken into
account.

Typical states of the financial market are bear and bull markets. A bull market typifies a time
period in which stocks in the market have broadly increased in price whereas a bear market
implies stocks have in general decreased (Hanna, 2018). For the five year period, the 1995-
1999 period is a typical bull market period whereas the 2000-2004 period can be identified as
a bear market. Therefore, it is good to include both of these periods in the determination of
the number of stocks to hold.

The evaluated portfolio sizes are: 10, 20, 30, 50, 100, 150, . . . , 450 and 500 stocks. These
bins are chosen to save computational time. By evaluating this range of portfolio sizes, the
simulation returns an interval in which the required number of stocks lies. Of course it is

31



possible that the required number of stocks does not lie in any of the evaluated bins: it could
be lower than 10 or larger than 500.

4.1.4 Risk measures

The required number of stocks is determined using five different risk measures: the aver-
aged portfolio standard deviation (including and excluding risk of risk), the terminal wealth
conditional tail expectation, the terminal wealth standard deviation and the portfolio diver-
sification index. These risk measures are evaluated to investigate how the required number
of stocks changes when looking at terminal wealth risk instead of risk in monthly returns.

Namely, the first two risk measures represent the traditional notion of portfolio risk: volatility
in monthly returns. In contrast to that, terminal wealth conditional tail expectation and
terminal wealth standard deviation reflect the alternative notion of risk that is considered in
this research. This notion is more interesting for long term investors as it considers risk in the
end of period wealth. For a pension fund like APG, the terminal wealth risk measures might
be more important to use in the determination of the required number of stocks compared to
the first two risk measures.

On top of that, the portfolio diversification index is a novel method that reflects portfolio risk
by considering principal component analysis. As this measure is not yet used in the literature
in the determination of the required number of stocks, it is interesting to see how this risk
measure fits in compared to the other four.

A formal mathematical definition for each of these risk measures is given below. Besides, a
definition of the criterion that is used to determine the required number of stocks is provided.

Averaged portfolio standard deviation

The estimated annualized standard deviation for a portfolio of n stocks, with n = 1, 2, . . . , N ,
is

σ̂(n) =

√√√√ 12
T − 1

T∑
t=1

(r(t, n)− Ê[R(n)])2, (4.2)

where Ê[R(n)] = 1
T

∑T
t=1 r(t, n) corresponds to the estimated expected return for a portfolio

of n stocks. From now on, the estimated annualized standard deviation is denoted as the
standard deviation. A portfolio standard deviation is computed for each of the simulated
portfolios, resulting in 1000 standard deviation measures per portfolio size n. Subsequently,
these standard deviations are compared to the standard deviation of the benchmark. This
results in an average of the ratio between the benchmark standard deviation and the standard
deviation of portfolios of n stocks

Ê
[
σBM
σ(n)

]
= 1

1000

1000∑
l=1

σ̂BM
σ̂l(n)

where σ̂l(n) represents the portfolio standard deviation of the l-th simulated portfolio con-
taining n stocks and σ̂BM the standard deviation of the benchmark. The estimator that is
used is the mean of a sample of 1000 ratios. This estimator is chosen because of the fact that
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portfolios from different time periods are evaluated, see Section 4.1.3. Consequently, the total
sample consists of sub-samples where each sub-sample has a different estimate for the bench-
mark volatility. For example, consider the five year investment period. The sample of 1000
ratios then consist of 250 ratios of the benchmark volatility in 1995-1999 and the portfolios in
that period, 250 ratios for 2000-2004, 250 for 2005-2009 and 250 for 2010-2014. However, ap-
plying the sample mean to ratios might not be an accurate estimator for the quantity that we
want to investigate here. Therefore, further research is required into whether this estimator
is a good proxy for the quantity or not.

Using the measure described above, a criterion is developed to determine the number of stocks
to hold.

Criterion 1 For x ∈ (0, 1) and n ∈ {10, 20, 30, 50, 100, 150, . . . , 450, 500}, the required num-
ber of stocks lies in the interval (ni∗−1, ni∗ ] if ni∗ satisfies

ni∗ = arg inf
n

{
Ê
[
σBM
σ(n)

]
≥ x

}
. (4.3)

The volatilities of the portfolio and benchmark are compared to see how much of our portfolio
volatility can be explained by the volatility in the market.

Assumption 6 The volatility of the benchmark is assumed to be an indicator for the systemic
risk (i.e. market risk).

Recall that systemic risk cannot be diversified. Consequently, the required number of stocks
is determined as the smallest n whose volatility consists of systemic risk for at least 100x%.
To elaborate on that, the variance of a portfolio of n stocks consists of two components

σ2(n) = σ2
BM + σ2

a,

where we recognize σ2
BM as the variance of the benchmark, which is assumed to represent

the systemic risk. The second term σ2
a corresponds to the active risk component. This active

risk component is present as APG is an active asset manager, who tries to outperform the
benchmark by not exactly mimicking the benchmark. Therefore, having a portfolio that
differs from the market (i.e. benchmark) comes with an additional risk component.

APG internally maintains thresholds for its active risk component σ2
a. The value x in Criterion

1 can be determined using these thresholds. To have a strict threshold which is close to APG’s
threshold while allowing for some deviation from the market, x is set at 0.95. However, the
sensitivity of the results to the value of x is discussed in Chapter 9. This is investigated as
well for the criteria of all risk measures that follow. An advantage of this risk measure is that
one can adjust x based on the individual’s risk preferences. Namely, an investor that is risk
taking might be satisfied with a low value of x whereas a risk averse investor requires a higher
value of x.
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Including the risk of risk

The second risk measure is similar to the averaged portfolio standard deviation. However,
this risk measure includes risk of risk as defined in Section 2.1. In short summary, this risk
measure ensures that we know with a percentage certainty that Criterion 1 is satisfied for our
portfolio standard deviation instead of on average. This provides more certainty compared to
the averaged portfolio standard deviation. Namely, the ratio of our individual portfolio of n
stocks and the benchmark can deviate a lot from the average ratio for portfolios of that size.

Criterion 2 For x ∈ (0, 1), α ∈ (0, 1) and n ∈ {10, 20, 30, 50, 100, 150, . . . , 450, 500}, the
required number of stocks lies in the interval (ni∗−1, ni∗ ] if ni∗ satisfies

ni∗ = arg inf
n

{
P
(
σ̂BM
σ̂(n) ≤ x

)
= α

}
. (4.4)

Similar to Criterion 1, x is set at 0.95. APG is consulted in order to determine the value
α. They are satisfied with knowing with 80% certainty that σ̂BM

σ̂(n) exceeds 0.95. Therefore, α
is set at 0.20, which ensures that the probability that σ̂BM

σ̂(n) is smaller then x = 0.95 is 20%.
This implies that the probability that the ratio exceeds 0.95 is 80%. Using this risk measure
results in a portfolio size ensuring that we are 100(1−α)% certain that our portfolio standard
deviation is within a range of 100(1− x)% of the market.

Downside risk

Instead of considering monthly returns, another perspective to portfolio risk is looking at total
portfolio returns. It is undesirable for a pension fund to perform worse than its benchmark
at the end of their investment horizon, which is called underperforming the benchmark. A
poor performance of the pension fund’s portfolio has a critical impact on people’s pensions.
Namely, a bad performance could result in the necessity to cut pension provisions. Therefore,
considering a risk measure that deals with the end of period portfolio performance might be
relevant for a pension fund.

The Value-at-Risk (VaR) is a downside risk measure that is used very frequently by financial
institutions and has a prominent role in financial regulations (McNeil et al., 2015). The VaR
reflects the maximum loss that is not exceeded with a predetermined probability.

Definition 1 Given some confidence level α ∈ (0, 1) and loss L ∈ R, the VaR of loss L is

VaRα(L) = inf
y∈R

{
P(L ≥ y) ≤ 1− α

}
. (4.5)

Our perception of loss L(n) is the total relative return of a portfolio of size n, say TR(n),
with n = 1, 2, . . . , N to a benchmark times −1

L(n) = −(TR(n)− TRBM ). (4.6)

Defining L(n) in this way ensures that the loss is positive when our portfolio underperforms
the benchmark at the end of the investment period. On the other hand, the loss is negative
when the portfolio performs better than the benchmark.
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However, the VaR is indifferent of how serious the losses beyond the VaR threshold actually are
(Acerbi & Tasche, 2002). In other words, the VaR boils down to a quantile of the distribution
of L and does not consider the tail of the distribution. We are interested in looking into
the tails of the loss in order to control the worst case scenario performance of our portfolio.
Therefore, we use an alternative to the VaR called Conditional Tail Expectation (CTE).

Definition 2 Given some confidence level α ∈ (0, 1) and loss L(n) = −(TR(n) − TRBM ),
with n = 1, 2, . . . , N , the CTE is

CTEα(L(n)) = E
[
L(n)|L(n) > VaRα(L(n))

]
. (4.7)

A pension fund wants to mitigate the chance of a disappointing portfolio performance at the
end of their investment horizon. Therefore, they are concerned with controlling their expected
underperformance to the benchmark in the worst 100(1−α)% of portfolio performances (i.e.
the 100(1− α)% worst case scenario).

Criterion 3 For α ∈ (0, 1), n ∈ {10, 20, 30, 50, 100, 150, . . . , 450, 500} and loss L(n) =
−(TR(n)−TRBM ), the required number of stocks lies in the interval (ni∗−1, ni∗ ] if ni∗ satisfies

ni∗ = arg inf
n

{
ˆCTEα(L(n)) ≤ 0.25

}
. (4.8)

In words, this criterion ensures that the underperformance of our portfolio with respect to
the benchmark does not exceed 25% in the worst 100(1 − α)% case scenario. The 25% is
considered to be a worst case scenario for a pension fund. Namely, a pension fund losing 25%
of its pension value relative to the market will most likely result in solvency issues and pension
cuts. This criterion yields a number of stocks ensuring that the expected underperformance
in the worst 100(1− α)% of cases does not exceed 25%.

As a pension fund has the responsibility to ensure that they are able to pay pension provisions,
protecting themselves against extreme worst case scenarios is important. Therefore, α is set
at 0.95 to investigate the 5% worst case scenario (i.e. worst 5% performances of a n stock
portfolio).

Terminal Wealth Standard Deviation

Another risk measure that considers total portfolio returns is the Terminal Wealth Standard
Deviation (TWSD). It analyzes the dispersion in the terminal wealth of a portfolio of size n,
where n = 1, 2, . . . , N ,

TW(n) = 1 + TR(n).

Using the generated portfolios of size n, we can compute the TWSD.

Definition 3 Given M portfolios of size n, with n = 1, 2, . . . , N , and Ê[TW(n)] = 1
M

∑M
i=1 TWi(n),

the TWSD(n) amounts to

TWSD(n) =

√√√√ 1
M − 1

M∑
i=1

(
TWi(n)− Ê[TW(n)]

)2
. (4.9)
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Ideally, we would like to compare the TWSD of a portfolio with the TWSD of a benchmark.
However, only one sequence of returns is available for the MSCI World Index, resulting in
no variability in TWBM . Consequently, TWSDBM is zero which makes the application of a
criterion like Criterion 1 or 2 not possible.

However, we are able to introduce some theoretical randomness in TWBM by applying a
bootstrap-like procedure that is quite similar to the one defined below in Section 4.2. We
draw a sample with replacement from return observations of the MSCI World Index, compute
the TW , do this 1000 times and compute the TWSDBM from these 1000 sampled benchmark
TW ’s. This is repeated 1000 times to compute the sample mean TWSD of the benchmark

Ê
[
TWSDBM

]
= 1

1000

1000∑
l=1

TWSDBM,l.

Now that we have introduced a theoretical aspect of variability in our benchmark, it is possible
to apply a criterion that compares the TWSD of a portfolio to the TWSD of a benchmark.
However, the TWSD of the portfolios contain only real variability whereas the benchmark
has theoretical variability only. For consistency purposes, the same bootstrap procedure
is applied to each of the 1000 generated portfolios of size n to compute the sample mean
TWSD, Ê

[
TWSD(n)

]
. Having bootstrapped both the portfolios and the benchmark allows

the determination of the required number of stocks. Namely, the TWSD of the portfolios now
contains both real and bootstrapped variability whereas the benchmark has bootstrapped
variability only.

Criterion 4 For x ∈ (0, 1) and n ∈ {10, 20, 30, 50, 100, 150, . . . , 450, 500}, the required num-
ber of stocks lies in the interval (ni∗−1, ni∗ ] if ni∗ satisfies

ni∗ = arg inf
n

{
Ê
[
TWSDBM

]
Ê
[
TWSD(n)

] ≥ x}. (4.10)

Using this criterion, the portfolio with the required number of stocks ni∗ ensures that TWSD(n)
is explained for at least 100x% by the benchmark. x is set at 0.95 to ensure that our portfolio
TWSD is explained for at least 95% by the benchmark.

Portfolio Diversification Index

The final risk measure approaches portfolio risk in a different manner by using Principal
Component Analysis (PCA). The main idea of PCA is to reduce the dimensionality of a data
set consisting of a large number of interrelated variables, while retaining as much as possible
of the variation present in the data set (Jolliffe, 2002). The reduction of dimensionality is
achieved by transforming the original set of variables to a new set of variables, called Principal
Components (PC’s), which are uncorrelated and are denoted by λ. Furthermore, the PC’s
are ordered such that the first variable contributes most to the total variation in the data set,
i.e., λ1 ≥ λ2 ≥ . . ..

What benefit does PCA have in portfolio return analysis? In order to compute returns of a
portfolio of n stocks for a 20 year investment period, a matrix of 240 rows (where each row
of this matrix represents a month) and n columns (where each column represents one stock).
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The dimensionality of this matrix quickly increases as one increases the number of stocks
n in the portfolio. This is where PCA proves to be useful in two ways. Most importantly,
transforming to PC’s shows exactly how many independent sources of variation are present
in the portfolio. Furthermore, the dimensionality of the problem reduces significantly by
transforming to PC’s.

The PC’s indicate how the combination of stocks into a portfolio results in independent
sources of risk. PC’s are complex and have no clear meaning. Despite that, the number of
independent sources of risk in the portfolio tells something about how well diversified the
portfolio under consideration is. Namely, the more uncorrelated sources are combined in a
portfolio, the better diversification (Lioudis, 2018). It is possible to compute the relative
strength of each PC, implying how much the PC contributes to the total variation in the
portfolio. In other words, the relative strength is nothing else than a weight for each PC.
Assuming there are M ≤ n PC’s in a portfolio of n stocks, where n = 1, 2, . . . , N , the relative
strength of PC i is, for i = 1, 2, . . . ,M ,

wi(n) = λi∑M
k=1 λk

.

As the PC’s are ordered, the first PC has the highest strength whereas the last PC has the
lowest strength. Furthermore, the sum of the relative strenghts is equal to one,

∑n
i=1wi(n) =

1.

Using these strengths, the following risk measure is defined according to Rudin and Morgan
(2006): the Portfolio Diversification Index (PDI).

Definition 4 Given a portfolio of n stocks with M PC’s, where n = 1, 2, . . . , N and M ≤ n,
the PDI for a portfolio of n stocks is defined as PDI(n)

PDI(n) = 2
M∑
k=1

wk(n)k − 1. (4.11)

PDI(n) increases as n increases. The benchmark is the MSCI World Index, which must have
the highest PDI as it contains all stocks in the universe. Therefore, this results in a different
criterion compared to Criterions 1, 2 and 4.

Criterion 5 For x ∈ (0, 1) and n ∈ {10, 20, 30, 50, 100, 150, . . . , 450, 500}, the required num-
ber of stocks lies in the interval (ni∗−1, ni∗ ] if ni∗ satisfies

ni∗ = arg inf
n

{ ˆPDI(n)
ˆPDIBM

≥ x
}
. (4.12)

To be in line with earlier defined criteria, x is set at 0.95 to ensure that our portfolio PDI is
within 100(1− x)% of the benchmark PDI.
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4.2 Modeling portfolio returns

Portfolio returns are modeled instead of stock returns because of two main reasons. First of
all, the objective of this study can be directly achieved by modeling the returns of the portfolio
instead of modeling the individual stock returns. On top of that, modeling a random variable
produces an error term. If stock returns are modeled, this means that an error term is present
for each stock return observation. Consequently, these error terms cumulate when combining
the stock returns into a single portfolio return. For example, each stock return Ri(t) would
add an error term to the portfolio return R(t, n) in Equation (4.1), which causes interference
between error terms. In contrast to that, modeling portfolio returns only has one error term
for each portfolio return observation, which does not have this interference.

4.2.1 Simple evaluated models

For the portfolio returns, we consider several distributions proposed in the literature: the
Normal distribution, the Student-t distribution, skewed Student-t distribution, log-normal
distribution. These are the models mentioned in Section 2.2, as it is believed that portfolio
returns have the same distributional properties as stock returns such as the skewness and
kurtosis mentioned in Cont (2001). In addition, we consider the log-normal distribution,
which is included to investigate whether log-transformed returns are normal. A mathematical
definition for each of these models is given below.

A random variable that is normally distributed is defined as follows.

Definition 5 If X has a normal distribution with mean µ and standard deviation σ, it has
the probability distribution function (pdf)

fX(x;µ, σ) = 1
σ
√

2π
e
(
x−µ
σ

)2

, x ∈ R, µ ∈ R, σ ≥ 0. (4.13)

A wide range of tests are available that allow the verification of the normality assumption.
A subset of these tests are: Kolmogorov-Smirnov (KS), Lilliefors, Anderson-Darling (AD),
Shapiro-Wilk (SW) and Jarque-Bera (JB). Yazici and Yolacan (2007) compare all of these
tests and conclude that SW, AD and JB have the highest power when the underlying distri-
bution(s) in the data is unknown.

In a later study, Yap and Sim (2011) recommend the same three tests. In their article, a clear
explanation is given on each of the tests in terms of underlying assumptions and properties.
The KS test is a distribution free test as it makes no distributional assumptions. However, the
KS test does require that the theoretical distribution to which the data is compared is fully
known. Besides, the test does not allow identical observations to be present. A modification
to KS is Lilliefors’ test, which is suitable in case the parameters of the theoretical distribution
are unknown. The AD and SW test do not share the property of being distribution free. As
for the final test, JB uses the sample skewness and kurtosis in its test statistic.

The performance of SW decreases significantly when ties are present in the data (Richardson
& Smith, 1993). On the other hand, the JB test cannot handle missing observations. As
Section 3.1 shows that both ties and missing observations are present in the data, the AD test
is selected for the verification of the normality of stock and portfolio returns. As mentioned
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before, the downside to this test is the fact that it is not distribution free. Despite that, the
AD test is preferred over the distribution free alternatives (KS and Lilliefors) because of its
superior power when testing normality.

A bootstrapping procedure is applied to the AD test. Bootstrapping methods do not make
any distributional assumptions with regards to the data and increase the accuracy of a test
(Hesterberg, 2011). The bootstrap enhanced AD testing procedure applied to an ordered
sequence of random variables X(1), . . . , X(n) is as follows:
Step 1 : Compute the AD test statistic applied to the original ordered data

T0 = −n−
∑n
i=1

2i−1
n

(
ln(Φ(X(i))) + ln(1− Φ(X(n+1−i)))

)
.

Step 2 : Create a theoretical sequence B of length n by sampling with replacement from the
original data.
Step 3 : Compute the AD test statistic applied to the ordered set B, denoted as TB.
Step 4 : Repeat steps 2 & 3 1000 times and compute the p-value of the bootstrap enhanced
AD test

p-value = 1
1000

∑1000
i=1 1{TB≥T0}.

In case computation time is not a serious concern, it might be dangerous for the accuracy of
the test to use a number of bootstrapping samples that is less than 999 (MacKinnon, 2007).
The number of bootstrapping samples is set at 1000 to ensure accuracy of the test results as
the computation times remain acceptable.

Normality is tested for stock returns as well as portfolio returns in a similar setting as in Sec-
tions 3.3 and 3.4. In short, this means that normality is tested for non-overlapping periods
of time intervals of 5, 10 and 20 years. In each of the situations, the percentage of stocks/-
portfolios for which normality is rejected is computed. Subsequently, these percentages are
averaged per time period in order to derive an averaged rejection percentage per time period.

The aforementioned model assumes independency between the observations of the random
variable (i.e. independency over time t). As portfolio returns do not pass the Ljung-Box test
for independency (see Section 3.4), it is interesting to investigate whether a simple time series
model that does capture autocorrelation performs and is Normally distributed would perform
better. To this purpose, the AR(1) model is considered as well.

Definition 6 If X(t) is a time series process and is modeled with an AR(1) model with
autocorrelation coefficient ρ with lag 1 and white noise ε(t), the observation X(t) depends on
X(t− 1) according to

X(t) = ρX(t− 1) + ε(t), t = 0, 1, 2, . . . . (4.14)

A white noise process is a collection of random variables which are stationary and uncorrelated
(Brockwell & Davis, 2016). In fitting the AR(1) model to the data, the fitted residuals are
used and no assumption is made regarding the distribution of the white noise.

In addition, to the Normal distribution, in the sequel, we consider three other distributions.
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Definition 7 If X has a Student-t distribution with mean µ, standard deviation σ and degrees
of freedom ν, it has the probability distribution function

fX(x;µ, σ, ν) =
Γ(ν+1

2 )√
σ2νπΓ(ν2 )

(
1 + (x− µ)2

νσ2

)− ν+1
2
, x ∈ R, µ ∈ R, σ, ν ≥ 0. (4.15)

As mentioned in Section 2.2, the Student-t distribution does not allow for skewness. This
is where the skewed Student-t distribution comes in as a generalization of the Student-t
distribution. X has the following pdf when it is assumed to be skewed Student-t distributed.

Definition 8 If X has a skewed Student-t distribution with mean µ, standard deviation σ,
degrees of freedom ν and skewness parameter λ, it has pdf

fX(x;µ, σ, ν, λ) =
Γ(ν+1

2 )
q
√
σ2πνΓ(ν2 )

(
1 + (x− µ+m)2

ν
2 (qσ)2(λ · sgn(x− µ+m) + 1)2

)− ν+1
2
, (4.16)

with m =
2qσλ

√
ν
2 Γ(ν−1

2 )
√
πΓ(ν+1

2 )
,

q =
(
ν

2
(
(3λ2 + 1)( 1

ν − 2)− 4λ2

π

(Γ(ν−1
2 )

Γ(ν2 )
)2))− 1

2
,

sgn(x) =


1, if x > 0,
0, if x = 0,
−1, if x < 0,

x ∈ R, µ, λ ∈ R, σ, ν ≥ 0.

Another model that is evaluated is the log-normal distribution, which assumes that the log-
arithm of the random variable is normally distributed.

Definition 9 If X has a log-normal distribution with mean µ and standard deviation σ, it
has the pdf

fX(x;µ, σ) = 1
x
√

2πσ2
exp

(
− (ln(x)− µ)2

2σ2

)
, x > 0, µ ∈ R, σ ≥ 0. (4.17)

A requirement for the log-normal distribution is that X must be bigger than 0. Thus, the
log-normal model must be fitted on a transformation of the return data to ensure that they
satisfy the property of being positive. Therefore, the log-normal distribution is fitted to the
log transformed returns, say gi(t),

gi(t) = log(1 + ri(t)),

where i = 1, 2, . . . , N and t = 0, 1, 2, . . ..

Similar to the AR(1) model, we consider a time series model that captures autocorrelation
and maintains the best fitting distribution. We return to this in Section 7.3, in which we
consider a GARCH model.
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4.2.2 Information criteria

Comparing the different models in terms of goodness of fit can be done in numerous ways, one
of which is using an information criterion. An information criterion considers the information
discrepancy of Kullback and Leibler (1951) as the basic criterion for evaluating the goodness
of a model as an approximation to the true distribution that generates the data (Konishi &
Kitagawa, 2008).

Some commonly known information criteria are Akaike’s Information Criterion (AIC), the
AIC with a correction for small sample sizes (AICc) and the Bayesian Information Criterion
(BIC). The BIC has been proposed to have a selection method with different asymptotic
properties than the AIC (Claeskens & Jansen, 2015). Despite that, the AIC and BIC are
very alike in definition,

AIC = 2k − 2ln(L̂), BIC = kln(n)− 2ln(L̂),

where k is the number of free parameters, n the sample size and L̂ the maximum likelihood.
AIC and BIC differ only in the factor that is applied to k, which shows that the BIC does
take sample size into account whereas AIC does not. According to Burnham and Anderson
(2002), AIC picks the best model out of the bunch of models that are evaluated. In contrast
to that, the author mentions an ongoing discussion in the literature regarding whether the
BIC requires the ‘true’ model to be present in the evaluated models. The ‘true’ model is the
model that actually generated the data. As we only evaluate four models, assuming that one
of them is the true model underlying the data is dangerous and undesirable. AIC is used in
order to avoid the risk of wrong model selection due to bad selection properties of BIC in
case the ‘true’ model is not present. The model with the lowest AIC is considered to best fit
the data.
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The required number of stocks

Chapter highlights

• Results indicate that more stocks are needed compared to suggestions in the literature.

• A large investor needs more stocks to be sufficiently diversified than a small investor.

• Rebalancing reduces the required number of stocks when considering standard deviation.

? ? ?

Having defined the decision making framework, the number of stocks can be determined for
each of the scenarios mentioned in Chapter 4 using historical data. In this chapter, the
required number of stocks is presented for each of these scenarios. Note that these results
are derived using historical data only. For each risk measure, a quick summary is given on
the setting in which the number of stocks is derived. Subsequently, the results are presented
which are then discussed.

5.1 Averaged portfolio standard deviation

When using the averaged portfolio standard deviation, say E[σ(n)], as a risk measure, the
required number of stocks is determined by comparing the risk measure for the benchmark
and portfolio. The smallest portfolio size for which the average ratio between the benchmark
standard deviation and portfolio standard deviation is at least 95% is the right end of the
interval in which the required number of stocks lies. See Criterion 1 for more details.

Below, the findings are tabulated when using equal weighting with yearly rebalancing, ab-
breviated as EWRebalanced, equal weighting, abbreviated as EW, or a market capitalization,
abbreviated as Mcap, weighting strategy. Recall from Section 4.1.3 that the presented results
represent an interval in which the required number of stocks lies.

The results indicate that more stocks are needed compared to the suggested results in the
literature. For example, the portfolio sizes suggested in Evans and Archer (1968), Fisher and
Lorie (1970) or Tang (2004), see Appendix B, are insufficient in comparison to the results in
Table 5.1. Furthermore, the results seem to indicate that the required number of stocks is
higher for market capitalization weighted portfolios compared to equally weighted portfolios.
For the 5 year investment period, we see that ni∗ lies in the interval (30, 50] for equally
weighted portfolios whereas it is in (50, 100] for market cap weighted portfolios. Note that
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Investment period E[σ(n)]
EWRebalanced EW Mcap

5 years (30, 50] (30, 50] (50, 100]
10 years (30, 50] (50, 100] (50, 100]
20 years (50, 100] (50, 100] (50, 100]

Table 5.1: ni∗ when using the averaged portfolio standard deviation

due to the computational complexity of the analysis, we have only investigated portfolios of
size 10, 20, 30, 50, 100, 150, . . . , 450 and 500, thus we cannot here report without further
investigation the exact value, but only that it lies in a certain interval determined by the two
closest sizes of considered portfolios. For the other two investment periods, ni∗ lies in the same
bin. To investigate if there are also differences in one of these two investment periods, the
exact number of stocks is computed for both types of portfolios for the 20 year period. We only
look into one of the two periods as doing this for all scenarios in Table 5.1 is computationally
consuming. It turns out that ni∗ = 84 and 92 for equally weighted and market cap weighted
portfolios, respectively. Thus, there is reason to believe that the required number of stocks
increases when one uses market capitalization weighting instead of equally weighting. An
intuitive reason behind this observation is as follows. In an equally weighted portfolio, the
returns of each of the stocks have an equal impact on the portfolio return. In contrast to
that, stocks with a large market capitalization have a bigger weight in the portfolio than
stocks with small market capitalization. Therefore, the returns of the stocks with a bigger
weight have a bigger impact on the portfolio return. Consequently, this negatively impacts
diversification in the portfolio: a larger number of stocks with small weights is needed to
compensate for the large impact on the portfolio return of those stocks with big weights. As
market cap weighting represents a large institutional investor and equal weighting an average
individual investor, these results point in the direction that an institutional investor needs
more stocks compared to an average individual investor.

Moreover, it seems that rebalancing causes the number of stocks to decrease. For each of
the investment periods, ni∗ is either in the same bin or one lower bin for an equal weighting
scheme with rebalancing compared to ni∗ for equally weighted buy and hold portfolios. For
example, ni∗ is in (30, 50] for EWRebalanced whereas it is in (50, 100] for EW, in the 10 year
investment period. Therefore, the impact of rebalancing on the required number of stocks is
as expected. Namely, rebalancing increases diversification in the portfolio as one periodically
resets stock weights. Resetting stock weights prevents stocks from attaining excessively high
weights in the portfolio. Instead of a small number of stocks being dominant factors in the
portfolio return, each stock’s return has a relatively equal impact on the portfolio return when
one rebalances. Consequently, rebalancing increases diversification in the portfolio.

5.2 Including risk of risk

Now that the required number of stocks is determined when using the averaged portfolio
standard deviation, lets investigate how these numbers change when risk of risk is included.
Instead of finding the number of stocks that on average satisfies Criterion 1, we want to be
80% certain that our individual portfolio satisfies this criterion. Thus, ni∗ is the number of
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stocks ensuring that the ratio between the standard deviation of the benchmark and portfolio
exceeds 95% with 80% certainty. This gives the following results.

Investment period σRoR(n)
EWRebalanced EW Mcap

5 years (100, 150] (150, 200] (250, 300]
10 years (100, 150] (150, 200] (250, 300]
20 years (100, 150] (200, 250] (200, 250]

Table 5.2: ni∗ when using the portfolio standard deviation incl. risk of risk

In Table 5.2, σRoR(n) is a short hand notation referring to the risk measure that is used: the
portfolio standard deviation including risk of risk. The first observation that jumps into sight
is the fact that more stocks are needed than in Table 5.1. It is logical that more stocks are
required to be 80% certain that the portfolio satisfies Criterion 2 compared to the number of
stocks ensuring that the portfolio satisfies Criterion 1 on average.

Furthermore, the difference between the results for equally weighted portfolios (small investor)
versus market capitalization weighted portfolios (large investor) seems present for this risk
measure as well. More stocks are needed when the market capitalization weighting scheme
is applied. For the 5 and 10 year investment period, this observation is immediately clear.
However, ni∗ lies in the same bin for the 20 year period. Unlike Section 5.1, no exact values
for ni∗ are computed due to computational complexity. Therefore, we cannot say with cer-
tainty that the number of stocks increases for all investment periods when using the market
capitalization weighting scheme. Regardless, the results do indicate that there is reason to
believe this is the case.

Recall from Section 2.1 that Newbould and Poon (1994) argue that the required number
of stocks is 30, 60 and 80 to achieve 85% diversification with 90%, 95% and 99% certainty,
respectively. Unfortunately, these numbers are not directly comparable to the results in Table
5.2 due to the fact that we used different criterion values: 95% diversification instead of 85%
and 80% certainty instead of 90%, 95% or 99%. However, there is a major difference between
the numbers in Table 5.2 and the results from Newbould and Poon (1994). This gives reason
to believe that ni∗ is higher compared to earlier literature for this risk measure as well.

The impact of rebalancing on the required number of stocks is more clear for this risk measure
compared to Table 5.1. ni∗ decreases for each of the investment periods when yearly rebal-
ancing is applied. Consequently, these results back up the belief that rebalancing increases
diversification in the portfolio.

5.3 Downside risk

In the previous two sections, the traditional notion of portfolio risk is reflected in the deter-
mination of the required number of stocks: volatility in the monthly portfolio returns. It is
interesting to see whether there are changes in the required number of stocks when we consider
the alternative notion of portfolio risk reflecting the end-of-period portfolio performance. In
other words, the results in the following two sections reflect terminal wealth risk instead of
monthly risk.
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The downside risk measure that is evaluated in this section is the 95% CTE. The required
number of stocks is determined as the smallest portfolio size ensuring that the expected
underperformance with respect to the benchmark is at most 25% in the worst 5% case scenario.
For more details, see the part on ‘Downside risk’ in Section 4.1.4. This yields the following
results for ni∗ .

Investment period CTE95%(L(n))
EWRebalanced EW Mcap

5 years >500 >500 (350, 400]
10 years (400, 450] (350, 400] (150, 200]
20 years >500 >500 >500

Table 5.3: ni∗ when using the 95% CTE

For the previous two risk measures, it seems that ni∗ is higher for market capitalization
weighted portfolios compared to equally weighted portfolios. However, Table 5.3 shows that
it is the other way around when considering CTE95%(L(n)). Namely, ni∗ is higher when
using equal weights instead of market capitalization weights for the 5 and 10 year investment
period.

A possible explanation for these contrasting results is found in the perspective on portfo-
lio risk that CTE95%(L(n)) represents compared to the previous risk measures. Namely,
CTE95%(L(n)) looks at the risk in the expected end of period portfolio underperformance
whereas the previous risk measures reflect volatility in monthly returns. Where equally
weighting turns out to reduce ni∗ when considering monthly volatility, it shows to increase
ni∗ when evaluating risk in portfolio performance. So equally weighting proves useful in de-
creasing monthly volatility whereas it worsens the end of period portfolio performance. Now
that these contrasting results are observed, it is interesting to see how EW impacts ni∗ when
looking at the volatility of the end of period portfolio performance (see Section 5.4).

The impact of rebalancing on the required number of stocks is different compared to the
previous risk measures. It seems that ni∗ increases when one rebalances the portfolio on a
yearly basis. However, there is only one investment period in which we are able to observe
the impact of rebalancing: the 10 year period. For the other two periods, ni∗ is in excess of
500 for both EW and EWRebalanced. Therefore, these periods cannot be used to observe the
impact of rebalancing. As a result, no clear statement can be made regarding the impact of
rebalancing when using the 95% CTE as a risk measure.

There is a large difference in the results in Table 5.3 compared to the results in Tables 5.1 and
5.2. Namely, the number of stocks to hold is way higher when using the 95% CTE instead of
the portfolio standard deviation (averaged or including risk of risk). For example, ni∗ exceeds
500 for market capitalization weighted portfolios for a 20 year investment period in the table
above. In other words, a portfolio of 500 stocks is not sufficient to satisfy Criterion 3. In
contrast to that, Table 5.1 yields ni∗ ∈ (50, 100] and ni∗ ∈ (200, 250] in Table 5.2. This seems
to support the belief that one needs a larger number of stocks to be sufficiently diversified
when evaluating end of period portfolio performance instead of volatility in monthly returns.
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5.4 Terminal wealth standard deviation

Another risk measure that reflects the different notion of portfolio risk is the TWSD. This risk
measures the standard deviation in the terminal wealth values of portfolios. Consequently,
TWSD is rather similar compared to the risk measure that is reflected in Section 5.1. The
only difference between the two is that E[σ(n)] measures variability in monthly portfolio
returns whereas TWSD(n) considers variability in the portfolio terminal wealth.

Hence, TWSD uses the same notion of portfolio risk as CTE95%(L(n)) in Section 5.3: they
both consider risk in the end of period portfolio performance. However, there is a crucial
difference between these two risk measures. On the one hand, CTE95%(L(n)) determines the
number of stocks by specifically looking at the end of period portfolio performance. On the
other hand, TWSD only looks at the dispersion in the end of period portfolio performance.
Thus, TWSD does not look at how well the portfolio actually performs. In the table below,
ni∗ is the required number of stocks such that the ratio between the TWSD of the benchmark
and the portfolio is at least 95%.

Investment period TWSD(n)
EWRebalanced EW Mcap

5 years (30, 50] (50, 100] (100, 150]
10 years (150, 200] >500 >500
20 years >500 >500 >500

Table 5.4: ni∗ when using the TWSD

Similar to the results using CTE, ni∗ is higher compared to the risk measures in Sections 5.1
and 5.2 for long investment periods (10 and 20 years). As ni∗ is in excess of 500 in a lot
of scenarios, it is difficult to observe the impact of rebalancing and the difference between
equal weighting and market capitalization weighting. However, the 5 and 10 year periods do
shed some light on the matter. In the 5 year period, a higher value of ni∗ is observed for
market capitalization weighted stocks compared to equally weighted stocks. Furthermore, ni∗
decreases when applying yearly rebalancing for equally weighted portfolios.

The results in Table 5.4 can be compared to the required number of stocks suggested in earlier
literature. Recall that Alexeev and Tapon (2013) suggest a required number of stocks of 93
when using TWSD. There is only one scenario in which we can definitely say ni∗ is lower
than 93: the 5 year investment period with EWRebalanced. For all other scenarios, ni∗ is either
in an interval that also contains 93 or lies in an interval that exceeds 93. Therefore, Table
5.4 implies that the required number of stocks is higher than is suggested in the literature,
especially for investors with a long investment horizon.

5.5 Portfolio diversification index

The PDI is a novel measure that approaches portfolio risk through principal component
analysis. The novel approach compares the strength of the independent sources of variation
in the portfolio to the independent sources in the benchmark. The risk measure defined in
Definition 4 is compared to the PDI of the benchmark for each of the portfolio sizes. ni∗
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is defined as the smallest portfolio size that ensures that the ratio between the PDI of the
portfolio and PDI of the benchmark is at least 95%.

Investment period PDI(n)
EWRebalanced EW Mcap

5 years >500 >500 >500
10 years >500 >500 >500
20 years >500 >500 >500

Table 5.5: ni∗ when using the PDI

Table 5.5 shows that ni∗ is not in the range of stocks that is evaluated in this research. For
each investment period and investment strategy, the required number of stocks is in excess
of 500. Consequently, no observations can be made regarding the impact of rebalancing and
market capitalization weighting.

Despite that, it is possible to see what impact the usage a risk measure like PDI has on the
required number of stocks compared to the other evaluated risk measures. The results in Table
5.5 are at least as high as all results in the previously discussed risk measures. Therefore,
this seems to indicate that the required number of stocks increases when applying a technique
like PCA in the determination of the number of stocks to hold. As this is the first time that
this risk measure is used in an attempt to derive the required number of stocks, the results
cannot be compared to earlier literature.
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Modeling portfolio returns

Chapter highlights

• There is statistical evidence to reject normality for both stock returns and portfolio
returns.

• Skewed Student-t distribution fits portfolio returns best in terms of goodness of fit.

? ? ?

Modeling portfolio returns is relevant in predicting the number of stocks to hold in the future.
For this reason, this chapter is devoted to determining how portfolio returns can be accurately
modelled (in terms of goodness of fit). First, the results of the normality test for portfolio
returns are discussed, subsequently, alternative models are evaluated and at the end of the
chapter, a model is selected that best fits portfolio returns.

6.1 Testing normality

In Table 6.1, the averaged percentage of stocks/portfolios is provided for which normality is
rejected. The table contains the results for stock returns (stock lvl) as well as portfolio returns
(portfolio lvl). For a more detailed visualization of the behavior of the rejection percentage
over time, see Appendix E.

Time period Stock lvl Portfolio lvl
5 stocks 10 100 200

5 years 23.61 26.90 30.15 38.23 37.05
10 years 35.93 56.60 67.60 91.10 93.15
20 years 48.51 89.30 92.70 100 100

Table 6.1: Averaged rejection percentage of the normality assumption for a significance level
of 0.05 (%)

The results show that normality is rejected more often for portfolio returns compared to
the rejection percentage of stock returns. Besides this difference, the time period seems to
influence normality on both levels: the rejection percentage increases as the time period
increases for stocks and portfolios.
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Within portfolio returns, an increase in the rejection percentage is observed when increasing
the amount of stocks in the portfolio. With the exception of the five year period, the rejection
percentage increases monotonically as the amount of stocks in the portfolio increases.

Despite this, the important question remains: what do these results tell about the normality
of stock and portfolio returns? The averaged rejection percentages are considerably high. For
stock returns, the rejection percentage ranges from 23.61% for five year periods to a high of
48.51% for a 20 year period. This means that roughly one out of every four and two stocks
are not normal for a five and 20 year period, respectively. These numbers imply that it is
unlikely that stocks in general can be assumed to come from a normal distribution. Similar
for portfolio returns, the rejection percentages are too high to believe that portfolio returns
are normally distributed. These results imply that alternative models need to be evaluated
to determine how stocks can best be modeled.

6.2 Evaluation of alternative models

As the Normal distribution seems to be rejected, we proceed with the investigation of alter-
native models. In order to do so, the models in Section 4.2 are evaluated with the AIC as a
selection criterion.

The models are fitted using Maximum Likelihood (ML) estimation to the monthly returns of
portfolios with 5, 10, 100 and 200 stocks for a time period of 20 years. The 20 year period is
selected because of the fact that it contains the most observations as it is the longest evaluated
time interval. Namely, the availability of more data ensures accuracy of our ML estimation.
Furthermore, we are interested in investigating the long term behavior of portfolio returns,
which is reflected by a 20 year investment horizon. A drawback to the usage of a 20 year
period is the fact that the distribution of a portfolio might change when shorter time intervals
are considered. Portfolios of five, 10, 100 and 200 stocks are evaluated to see if the choice of
the most suitable model is influenced by the number of stocks in the portfolio.

In Table 6.2, the model selection for each of the 1000 generated portfolios of the aforemen-
tioned sizes are depicted. For each portfolio, the AIC is computed for the four evaluated
models. This means that each of the four evaluated models is fitted to each of the 1000
generated portfolios. Admittedly, this setting of modeling is subjective to a high degree of
overfitting. However, the purpose of this analysis is to find the model that best fits to most of
the portfolios of size n. To elaborate on that, the 1000 portfolios are random drawings from
a very large universe of possible portfolios of n stocks. For now, we choose to treat each of
the generated portfolios on an individual basis instead of assuming that the 1000 portfolios
is a representative sample from the entire universe of n stock portfolios. The problem of
overfitting is later addressed in Chapter 7.

As mentioned in Section 4.2.2, the model with the smallest AIC is selected. The table shows
the number of portfolios of a certain number of stocks for which the model is considered to
best fit the data.
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Model 5 stocks 10 stocks 100 stocks 200 stocks
Student-t 449 301 9 1
Skewed Student-t 514 660 982 999
Lognormal 6 0 0 0
AR(1) 31 39 9 0

Table 6.2: Model selection for monthly portfolio returns

For each of the four portfolio sizes, the skewed Student-t distribution is selected most often.
As the portfolio size increases, the number of times this distribution is selected increases.
Namely, the number of times the Student-t and skewed Student-t distributions are selected
for a portfolio of five stocks are relatively close. Comparing this for the case of a portfolio of
200 stocks, the Student-t distribution is only selected once.

Besides looking at AIC only, it is important to investigate whether the best model actually
performs well or if it is just the best model out of a bunch of poor performing models. In
order to do so, the empirical cumulative distribution function (ecdf) of a random portfolio of
200 stocks is compared to the cdfs of the other models that are evaluated in this thesis: the
(skewed) Student-t distribution, lognormal distribution and normal distribution. See Figure
6.1 below.

Figure 6.1: Goodness of fit of the skewed Student-t distribution for monthly portfolio returns

From the evaluated models, we see that the skewed Student-t distribution and Student-t
distribution perform better compared to the (log)normal distribution. This is caused by the
fact that the Student-t distributions are able to capture kurtosis better. Moreover, the skewed

50



Student-t distribution performs better than the Student-t distribution, which is caused by the
extra parameter for skewness in the skewed Student-t distribution. As for the performance
of the skewed Student-t model with respect to the ecdf, the distribution performs well as the
cdf looks very much like the ecdf of the monthly returns of a 200 stock portfolio. Therefore,
the selected model’s performance is satisfactory.

However, selecting the skewed Student-t model violates Assumption 3. Namely, the skewed
Student-t model assumes independency between the monthly portfolio returns. However, we
see that the AIC prefers this model over the AR(1) model, a model that accounts for autocor-
relation. It is likely that the AIC prefers the skewed Student-t model over the AR(1) model
because of the normality of the innovations in the standard AR(1) model. We hypothesize
that an AR(1) model with skewed Student-t distributed innovations would provide a better
fit than the AR(1) model with Normally distributed innovations. In order to ensure that we
not only capture the underlying autocorrelation, but also the heteroscedasticity reported in
the literature, we consider a GARCH model with skewed Student-t innovations, and compare
it to the skewed Student-t distribution, cf. Chapter 7.
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Robust optimization and the number of
stocks

Chapter highlights

• Reason to believe both time and modeled returns influence the decision making process.

• Decision based model selection evaluates robustness to worst case scenarios as well as
to perturbations.

• GARCH(1,1) model with skewed Student-t innovations evaluated (GARCH(1,1)-sst))

• GARCH(1,1)-sst model is superior to skewed Student-t distribution in terms of goodness
of fit as well as decision based model selection.

? ? ?

In Chapter 5, we derive the optimal number of stocks to be held using historical data. In this
chapter, we model the portfolio returns using a time series model (that outperforms all simple
used previously) and use this model to predict the number of stocks to hold in the future. To
further elaborate on the question at hand, a significant difference in the risk measures of two
overlapping periods of time gives reason to believe that the risk measures are not stationary.
Consequently, this implies that results based on past data are not necessarily sufficient in the
future.

Furthermore, it is important to analyze if the modeling of portfolio returns causes any sig-
nificant differences in the risk measures. If this turns out to be true, then the choice of the
portfolio returns model will substantially impact the decision making process (making it de-
viate in a significant degree from the decisions based on the historical data). This introduces
a new problem, how to determine the best model for portfolio returns without impacting the
decision process. Boer and Sirang (2016) investigated this problem, where the authors state
that in data driven decision making one is primarily interested in using a model that results
in a good decision instead of a model that best describes reality. Therefore, Boer and Sirang
(2016) criticize the fact that the decision making process is usually not taken into account in
the model selection. Namely, the main method for model selection is goodness of fit, which
is currently applied in Chapter 6. However, this might cause overfitting to the data as one
first tries to optimally model the data and then start the decision making. If it turns out
that modeling portfolio returns significantly impacts the risk measures, decision based model
selection (DBMS) is evaluated in the selection of the best model for portfolio returns.
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7.1 Impact of time and modeling

In order to save computational time, one of the 5 risk measures is selected in which the impact
of time and modeling is investigated. The risk measure is selected based on its relevance for
a large, long term institutional investor. A pension fund would like to minimize their chances
of underperforming to a benchmark, even in the worst case scenarios. Consequently, the 95%
CTE is selected as the most relevant risk measure.

Testing procedure

The impact of time and modeling is investigated by comparing two samples of portfolios.
When investigating the impact of time, the samples differ in the investment periods that they
represent. As for the impact of modeling, the samples differ in the way in which they are
generated: one is generated using historical data and the other using the model selected in
Section 6.2. In order to see if there is a significant difference in the 95% CTE for these samples,
a test is performed that investigates whether the two samples come from the same population.
To elaborate on that, the 95% CTE is a conditional expectation, see Definition 2. If there
is no statistical evidence implying that the samples come from a different population, this
implies that a conditional expectation like the 95% CTE is equivalent for these two samples.

As this test does not investigate whether the sample comes from a particular distribution,
an alternative test is selected to the bootstrapped AD test described in Section 4.2.1. The
two-sample Kolmogorov-Smirnov (two-sample KS) test is selected because of its beneficial
property of being distribution free (Yap & Sim, 2011). The two-sample KS test analyzes the
null hypothesis that the two samples come from the same population. The test statistic D
that is used for two samples of equal size is

D = sup
x
|F̂1(x)− F̂2(x)|,

where F̂1(x) and F̂2(x) represent the empirical cumulative distribution function of sample 1
and 2, respectively. Both samples have a size of 500 portfolios of 20 stocks. The sample size
of 500 is selected because it saves computational time. Namely, we only want an indication
whether there is reason to believe that time and/or modeling impacts the risk measure instead
of a highly accurate statistical proof that it is the case.

It is unrealistic to assume that two samples of each 500 portfolios of 20 stocks are repre-
sentative of the entire universe of 20 stock portfolios. Therefore, the two-sample KS test is
enhanced in a bootstrapped kind of fashion: the test procedure is repeated 50 times and the
number of times the null hypothesis is rejected is counted.

Impact of time and modeling

For the impact of time, one sample is created representing the period 1998-2007 whereas the
other reflects 1998-2017. Hence, these periods have an overlap but do differ in terms of their
length. The total relative portfolio return, L(n), is computed for each of the portfolios in the
sample, see Equation (4.6) for the computation of L(n). It turns out that for each of the 50
two-sample KS tests, the null hypothesis is rejected in every test. Therefore, the test results
provide no support for the belief that the 95% CTE is equivalent in the two samples.
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On the other hand, the impact of modeling on the 95% CTE is investigated by creating
one sample of 20 stock portfolios using historical data from 1995-2004. The other sample
is created by drawing from a skewed Student-t distribution that is fitted to portfolios of 20
stocks using Maximum Likelihood. Similar to the results for the impact of time, H0 is rejected
in each of the 50 tests that are performed.

In order to check that these results do not abruptly change as the number of stocks in the
portfolio is adjusted, this procedure is repeated for portfolios of 100 stocks instead of 20. The
results are similar: the null hypothesis is rejected for every test. Therefore, there is reason
to believe that both time and the modeling of portfolio returns have an impact on the risk
measure. This implies that the modeling of portfolio returns has an influence on the decision
making process. As a consequence, the model selection process of Chapter 6 is revised: the
best model is now selected using a DBMS approach.

7.2 Min-max optimization

In their statement that the decision making process is not integrated into the model selection
process, Boer and Sirang (2016) identified a very relevant problem. However, the authors
did not provide a concrete solution that is applicable in every field of research. Hence, the
decision based model selection is translated into a relevant setting for the field of finance and
pension funds in particular.

A pension fund is interested in protecting itself against worst case scenario underperformance
to minimize chances of cutting pension provisions. Quite logically, the 95% CTE is a relevant
risk measure as it captures the expected worst case scenario underperformance. Now, there is
uncertainty around this 95% CTE. Namely, there are a large number of possible combinations
to select n stocks out of a universe of N stocks for a portfolio, which results in a large number
of potential portfolios of n stocks that one can hold. This causes variability in the 95%
CTE value. Therefore, the 95% CTE is estimated a large number of times from which the
maximum CTE is determined. This is repeated for all evaluated number of stocks n. From
all the worst case scenario CTE values for each portfolio size, the number of stocks that
yields the largest worst case scenario CTE is selected. In other words, the aim is to find the
worst-case optimal solution when taking into account uncertainty in the problem, which is
captured with a min-max problem (Buchheim & Kurtz, 2017).

Min-max optimization is a robust optimization method as it ensures that the optimal decision
is made based on the evaluation of extreme worst case scenarios. In other words, we want to
select the number of stocks that minimizes the maximal expected underperformance to the
benchmark. This can be formulated into a mathematical min-max optimization problem

min
n∈U

max
s∈S

{
CTE{s}95%(L(n))

}
, (7.1)

with S = {1, 2, . . . , 499, 500},
U = {50, 100, . . . , 950, 1000},

where CTE{s}95%(L(n)) is the 95% CTE, see Definition 2, in scenario s and L(n) as in Equation
(4.6). s ∈ S represent the scenarios in which the CTE is computed, reflecting the uncertainty
around the risk measure. S ranges from 1 to 500, indicating that the CTE is derived 500 times.
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Subsequently, each of these CTE’s is calculated using 1000 sequences of modeled portfolio
returns. Consequently, max

s∈S

{
CTE{s}95%(L(n))

}
is based on 5 hundred thousand sequences of

portfolio returns for each portfolio of n ∈ U stocks.

Something that might come as a surprise is the increased range of evaluated portfolio sizes. A
larger number of portfolio sizes is evaluated compared to the ranges defined in Section 4.1.3.
Instead of using historical data, L(n) is now computed using a model for portfolio returns.
Consequently, this reduces the computational complexity in Section 4.1.2 and allows for an
increase in the evaluated number of stocks.

There is one big advantage of the decision making process defined in Equation (7.1) over the
ones mentioned in Section 4.1. This min-max optimization problem removes the arbitrary
and personal choice of criterion levels in the determination of the required number of stocks.
To elaborate on that, a criterion is defined that depends on a manually selected parameter
for each risk measure in Section 4.1. For example, for the 95% CTE the criterion is that
CTE95%(L(n)) ≥ −.25 must hold, see Criterion 4. In contrast to that, Equation (7.1) has no
such manually selected parameter like the −.25 in this criterion.

7.3 Advanced evaluated models

Now that the decision making process is defined, it is time to look at advanced time series
models for the portfolio returns. The stationary skewed Student-t distribution is considered
as the baseline performance model in terms of goodness of fit, while the decisions based on
the historical data are the baseline performance in terms of DBMS. In order to compare the
goodness of fit, for each portfolio of size n = 50, 100, . . . , 950, 1000 stocks, the parameters of a
skewed Student-t distribution are estimated using Maximum Likelihood based on a training
data set containing portfolio returns of 1000 portfolios of n stocks. Thereafter, these skewed
Student-t distributions will be compared to the a GARCH model.

GARCH models

We consider the family of Generalized Autoregressive Conditional Heteroscedasticity (GARCH)
models. GARCH models are widely used in financial time series analysis in order to predict
asset return volatility (Degiannakis & Xekalaki, 2004). To motivate the choice of this family
from a practitioner’s point of view, GARCH models are most commonly used in APG’s day
to day modeling of time series data. One advantage of GARCH models is the fact that they
are able to include a phenomenon observed in financial markets that the current volatility
depends on historical levels of volatility, which is called volatility clustering (Degiannakis,
Floros, & Livada, 2012). Hence, these models are able to implement in some way the serial
dependence that is observed in Section 3.4. The most commonly used and the simplest model
from this family is the GARCH(1,1) model (Degiannakis et al., 2012).

Definition 10 If X(t) is a time series process which is modeled with a GARCH(1,1) model
with mean µ and white noise ε(t), independent of X(t), the observation X(t) is defined ac-
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cording to

X(t) = µ+ ε(t), (7.2)
ε(t) = σ(t)Z(t),
σ2(t) = α0 + α1ε

2(t− 1) + β1σ
2(t− 1),

where α0 > 0, α1 ≥ 0 and β1 ≥ 0 are constants, Z(t) is a random process, independent of
X(s), s < t for all t. The random process ε(t) is referred to as innovations.

In Definition 10, Z(t) is a serially independent collection of random variables that follows
some standardized distribution with mean 0 and variance 1. Furthermore, α0, α1 and β1 are
the coefficients fitted by the GARCH(1,1) model. σ2(t) is the conditional variance of X(t),
σ2(t) = Var[X(t)|F(t− 1)], with F(t− 1) the information set containing all information that
is available up until time instant t− 1.

It is important to analyze some characteristics of the GARCH(1,1) process X(t) in Equation
(7.2). A GARCH(1,1) process is stationarity if and only if α1 + β1 < 1 (Kercheval & Liu,
2010), where stationarity is defined as in Equation (3.3). Furthermore, the variance of this
stationary process is α0

1−α1−β1
(Kercheval & Liu, 2010). Note the difference between Var[X(t)]

and σ2(t): Var[X(t)] represents the variance of the GARCH(1,1) process whereas σ2(t) is
the conditional variance. GARCH models have the interesting property that the conditional
variance of the model, σ2(t), is a changing function of the previous squared values of the
process (McNeil et al., 2015). One can see this in Definition 10 as σ2(t) depends on ε2(t− 1)
and σ2(t − 1). This property ensures that the GARCH model is able to capture volatility
clustering.

Why would it be beneficial to have a model that is able to capture volatility clustering? Recall
that there are different states for the financial markets, such as bear and bull markets (Hanna,
2018). Furthermore, the financial markets can be calm or distressed (e.g. during a crisis),
meaning that there is a low or high degree of volatility in the market, respectively. A model
that is able to change its conditional variance can adapt to these changes to different states in
the financial markets, whereas a model that used fixed model coefficients is not able to do this.
Therefore, the GARCH(1,1) model proves to be useful in order to accurately change according
to changing states of the financial market. To what follows we consider a GARCH(1,1) model
with Student-t distributed innovations, i.e., Z(t) has the skewed Student-t distribution with
mean 0, variance 1, degrees of freedom ν and skewness parameter λ. We denote this particular
GARCH model as the GARCH(1,1)-sst model. Such a model satisfies the skewed Student-t
distribution while capturing the needed autocorrelations and the inherent heteroscedasticity
in the volatility. A GARCH(1,1) model with skewed Student-t innovations is mentioned as a
promising model in a detailed review of available GARCH models in Degiannakis and Xekalaki
(2004). Having introduced this model and applying it to the NASDAQ, Lambert and Laurent
(2001) show that it is a well performing model as it is able to accommodate both the high
kurtosis and the skewness inherent to most asset returns. Given the very good performance
of the model in the above mentioned studies, we expect that this model will outperform the
skewed Student-t distribution in terms of goodness of fit.

To avoid overfitting, one general GARCH(1,1)-sst model is fitted to each evaluated portfolio
size n in the following way: For each fixed portfolio size n, randomly (uniformly) pick n stocks
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out of the universe of N stocks. Thereafter, compute per time instant t = 1, . . . , T the return
of the portfolio, i.e. produce r(t, n) for t = 1, . . . , T . Repeat that for 1000 portfolios of size
n, i.e. ri(t, n) for t = 1, . . . , T , i = 1, . . . , 1000. In the sequel, compute the average portfolio
(of size n) return as

r̄(t, n) =
1000∑
i=1

ri(t, n)
1000 , (7.3)

for t = 1, . . . , T . This will produce a single time series {1, . . . , T} for every portfolio size n
that represents the general return for portfolios of n stocks at time instances t = 1, . . . , T .
On this single time series, we can now fit the GARCH(1,1)-sst model.

For each evaluated portfolio size n, the parameters µ, α0, α1, β1, ν, λ are estimated using
Maximum Likelihood. This method is selected as it is only slightly biased and more efficient
than for example Quasi-Maximum Likelihood (Lambert & Laurent, 2001). However, Maxi-
mum Likelihood requires a sufficient amount of data to be available for accuracy (Kercheval
& Liu, 2010), where the authors suggest that 750-1000 observations are required to receive
accurate parameter estimations. As the sample sizes that we evaluate in our research are 240
(20 years), 120 (10 years) and 60 (5 years) of monthly portfolio returns, further research is
required into the accuracy of the parameter estimations using Maximum Likelihood.

7.4 Decision based model selection

Both the decision making process and the evaluated models have now been described. Lets
look into the problem of how to integrate the decision making process in the model selection.
How can the decisions of both models be compared in order to determine which one is the
best model?

In order to select the best model using DBMS, the model decisions are evaluated on two main
criteria. These are the sensitivity of the model decision to perturbations in the coefficients of
the model and the distance of the decision to a reference point. The reference points are the
decision results using historical data presented in the right column in Table 5.3. In case both
models perform equally well in terms of these two criteria, the adaptability of the model to
a changing investment period is investigated. In other words, do the decisions of the model
change as different time periods are evaluated? This is a preferential property because the
results in Chapter 5 show that the required number of stocks changes as the investment period
changes.

The sensitivity of the decision to perturbations is determined by comparing the model decision
using the original coefficients versus perturbed coefficients. A perturbation in the coefficients
corresponds to a minor change in the model parameters. The main cause for parameter
perturbations are changes in the data used to fit the model. Therefore, sensitivity of model
decisions to perturbations says something about the robustness of the model to the data
that is used. Ideally, a model should make decisions that do not change abruptly due to
changing model coefficients. The model’s sensitivity to parameter deviations or data changes
is addressed in (Blanchet & Murthy, 2016). The authors stress the importance of constructing
methods that provide results which are robust to model misspecification.

Furthermore, the importance of robust models to parameter perturbations can be explained
from a financial context as well. As mentioned before, there are different states of the financial
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market, where data from a bull market can differ from data originating from a bear market.
Consider a model that is not robust to parameter perturbations, which is fitted on data from a
bull market. It is easy to imagine there is a risk that this model performs poorly in predicting
returns for a bear market.

Using model m, define the optimal number of stocks to hold in Equation (7.1) as ni∗(m), where
m = 1 corresponds to the skewed Student-t model and m = 2 the GARCH(1,1)-sst model,
cf. Definition 10 with skewed Student-t innovations. Let n{p}i∗ (m) be the decision using model
m with perturbed coefficients. To measure the robustness of the model to perturbations,
the distance between the decisions using the perturbed and the original model coefficients is
computed

D1(m) =
∣∣n{p}i∗ (m)− ni∗(m)

∣∣.
The second criterion used to evaluate the model decisions is the distance to the results using
historical data. However, this gives rise to the following problem: the results in Section
5.3 are bins whereas the decisions from Equation (7.1) are single numbers. This problem is
circumvented by computing the distance between model and historical data using

D2(m) =
∣∣∣ni∗(m)− ni∗−1 + ni∗

2

∣∣∣,
where

(
ni∗−1, ni∗

]
is the bin in which the number of stocks lies when using historical data.

This means the distance of ni∗(m) to the center of the bin
(
ni∗−1, ni∗

]
is computed.

As a result, there are two distance measures reflecting the two criteria to evaluate the model
decision making: D1(m) and D2(m). These two distance measures are combined to determine
the optimal model using DBMS, say m∗,

m∗ = arg inf
m

{
D1(m) +D2(m)

}
. (7.4)

In case D1(1) +D2(1) = D1(2) +D2(2), the optimal model is determined by the capability of
the model to adapt its decision to changing investment periods. Now, the entire setting for
the decision based model selection has been described, which allows the selection of the best
model.

7.5 Model selection using DBMS

Model sensitivity to small perturbations

The first criterion that is evaluated is the sensitivity of the model decision to small per-
turbations in the coefficients, where perturbations are the result of adding uniform random
drawings on the interval [−0.01, 0.01] to the original coefficients. For investment periods of
5, 10 and 20 years, n{p}i∗ (m) as well as ni∗(m) are computed.

Investment period skew-t GARCH(1,1)-sst
ni∗(1) n

{p}
i∗ (1) ni∗(2) n

{p}
i∗ (2)

5 years 150 950 450 500
10 years 150 500 150 150
20 years 150 300 900 900

Table 7.1: Impact of perturbations on ni∗(m)
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A big difference between the model decisions is observed in Table 7.1. Perturbing the coeffi-
cients has a big impact on the decision making for the skewed Student-t model. In contrast,
the impact of perturbations in the GARCH(1,1)-sst model is minor compared to the skewed
Student-t model. For example, consider the 5 year investment period: The required number
of stocks for the skewed Student-t model is 150 without perturbations and 950 with pertur-
bations, while, the GARCH(1,1)-sst model returns 450 using the original coefficients and 500
with perturbed coefficients. These results imply that the GARCH(1,1)-sst model is more
robust to perturbations in the model coefficients than the stationary skewed Student-t model.
Another observation in Table 7.1 is that the gap between ni∗(1) and n{p}i∗ (1) decreases as the
investment period increases. A potential cause for this observation could be the increase in
the number of data observations as the investment period increases. The availability of more
data observations increases the accuracy of the coefficient estimation. Consequently, a small
perturbation has less impact on an accurate coefficient compared to a coefficient estimation
that is already inaccurate.

Distance to reference point

Let us now investigate the distance of the model decisions using the uperturbed coefficients
to the results in Table 5.3. Below, the decisions of the two models for the three different
investment periods are depicted together with the results using historical data.

Investment period CTE95%(L(n))
Historical skew-t GARCH(1,1)-sst

5 years (350, 400] 150 450
10 years (150, 200] 150 150
20 years >500 150 900

Table 7.2: ni∗ using 2 different models in the decision making process

Table 7.2 shows that the decision of the stationary skewed Student-t model is not affected
by the investment period, which is linked to the model’s assumption that the observations
are stationary. This results in the same recommendation on the number of stocks to hold for
each of the investment periods. On the other hand, the GARCH(1,1)-sst model does change
its decision as the investment period changes. Furthermore, we see that the predictions of
the GARCH(1,1)-sst model are closer to the results using historical data compared to the
predictions of the stationary skewed Student-t distribution.

Selecting the best model

The results in Tables 7.1 and 7.2 are used in the computation of the two distance measures
D1(m) and D2(m). The table below summarizes the outcomes.
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Investment period skew-t GARCH(1,1)-sst
D1(1) D2(1) D1(2) D2(2)

5 years 800 225 50 75
10 years 350 25 0 25
20 years 150 600 0 150

Table 7.3: Distance measures for DBMS

A note is required on the computation of D2(m) for the 20 year investment period. The
suggested required number of stocks using historical data is >500 in this scenario, which does
not immediately allow for a computation of the center of the bin. To ensure that this distance
measure can be computed for this scenario, 500 is set as the left hand bound of the bin and
1000 as the right hand bound. The value 1000 is picked because this is the largest portfolio
size evaluated in the min-max optimization setting. Consequently, the center of the bin is
computed as 500+1000

2 = 750 which is used in the computation of D2(m).

The last step of this DBMS procedure is determining the best model m∗ according to Equation
(7.4). There are no ties in D1(m) +D2(m) in each of the investment periods. Consequently,
Equation (7.4) is able to select the best model of the evaluated models. Across all of the
investment periods, the GARCH(1,1)-sst model scores best. Therefore, it is concluded that
the decision based model selection applied in a min-max optimization setting prefers the
GARCH(1,1)-sst model over the stationary skewed Student-t distribution.

7.6 DBMS versus goodness of fit

As the GARCH(1,1)-sst model is not included in the goodness of fit analysis in Chapter
6, it remains uncertain whether the GARCH(1,1)-sst model also outperforms the stationary
skewed Student-t distribution in terms of goodness of fit, this is investigated in this section.
The goodness of fit of these two models is evaluated using the residual sum of squares, say
RSS(m),

RSS(m) =
T∑
t=0

(r(t, n)− r̂m(t, n))2,

where r(t, n) is a return observation of a portfolio of n stocks, n = 50, 100, . . . , 950, 1000,
at time t = 0, 1, 2, . . .. On the other hand, r̂m(t, n) is the predicted return observation at
time t of model m, with m = 1, 2 just like in Section 7.4. The residual sum of squares is
selected as this measure assigns more weight to large deviations of the predicted values to the
observations compared to alternatives such as the sum of absolute residuals.

The two models are compared using a sort of hold-out approach. This means that the models
are fitted on a training data set, which is the sequence of average portfolio returns, r̄(t, n), for
portfolios of fixed size n, see Equation (7.3). Subsequently, the fit of the models is analyzed on
a sequence of portfolio return observations that is not in the training data set. The residual
sum of squares is computed for each model, where the best model is the one with the smallest
RSS. This brief test is performed on average returns of portfolios r̄(t, n) for n = 50 stocks. It
turns out that RSS(1) > RSS(2), implying that the GARCH(1,1)-sst model is preferred over
the stationary skewed Student-t distribution. To test whether this result changes when we
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alter the number of stocks in the portfolio, the test is repeated using portfolios of n = 200
stocks. In this second test, the GARCH(1,1)-sst model is selected as well. This implies
that the GARCH(1,1)-sst model outperforms the stationary skewed Student-t distribution
in goodness of fit as well as decision based model selection. Therefore, it is concluded that
the GARCH(1,1)-sst model is the best model to predict future portfolio returns as well as to
predict the number of stocks to hold in the future. This preference of the GARCH(1,1)-sst
model is primarily caused by the fact that this model has more freedom in terms of stationarity
and and independence compared to the stationary skewed Student-t distribution.
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Conclusions

Chapter highlights

• Big contrast in required number of stocks between the two notions of portfolio risk.

• Discrepancy in selected model using goodness of fit vs. decision based model selection.

• Large, long term investors need a large number of stocks for sufficient diversification.

? ? ?

In this research, the following question is addressed for an investment portfolio of a pension
fund: Is there a number of stocks ensuring that a portfolio is sufficiently diversified? Using a
large international data set of historical stock returns, a first step towards finding the answer
is the investigation of the following sub-research question: What is the required number of
stocks using historical data? However, we are also interested in making predictions on the
number of stocks to hold in the future, which results in a second sub-research question: What
is the predicted number of stocks to hold in the future? For each of the sub-research questions,
a brief recap is provided on the analysis that is performed. Subsequently, the results are stated
which are used to draw conclusions. Using the results and conclusions for the two sub-research
questions, the main research question is answered.

What is the required number of stocks using historical data?
In order to analyze the required number of stocks using historical data, a decision making
framework is developed. Using monthly returns from stocks listed on the MSCI World Index
throughout 1995-2017, this framework determines the required number of stocks with a several
risk measures. These measures represent two different notions of portfolio risk. The first
notion is the traditional view on portfolio risk reflecting volatility in monthly returns. In
contrast to that, an alternative notion of risk considers risk in the end of period performance
of the portfolio, a notion that is of particular interest to long term investors. For each
risk measure, a criterion is constructed which measures the degree of diversification of the
portfolio. As soon as the criterion hits a threshold value, which is representative of the risk
aversion of a pension fund, one arrives at the required number of stocks.

The results in Chapter 5 indicate that there is a difference in the required number of stocks
between the two notions of portfolio risk. Achieving sufficient diversification of the risk in
the end of period performance of the portfolio requires more stocks compared to diversifying
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monthly volatility in the portfolio (Tables 5.3, 5.4 versus 5.1, 5.2). Furthermore, the results
in Tables 5.1, 5.2 and 5.4 show that a market capitalization weighting strategy results in a
higher required number of stocks. In contrast to that, applying an equal weighting strategy
with yearly rebalancing reduces the number of stocks to hold.

A number of conclusions can be drawn from the results in Chapter 5. Comparing the results
to suggestions on the required number of stocks in earlier studies, one sees that there is a
difference. Namely, the results of this research indicate that one needs more stocks than
is suggested in the literature. Two potential causes for this contrast are the fact that this
research is the first to consider an international data set plus the criterion choices made in
this research.

Moreover, it is concluded that a long term investor needs more stocks for sufficient diversifi-
cation than a short term investor. This can be seen in the contrast in the required number of
stocks between the two notions of portfolio risk that are evaluated. A long term investor is
primarily focused on diversifying risks in the portfolio performance at the end of the invest-
ment horizon whereas a short term investor would like to control monthly volatility. As for
the impact of being a large investor, the differences in the number of stocks to hold between
the weighting strategies indicate that a large investor needs more stocks than a small investor.

Consequently, something can be said about the required number of stocks for a large, long term
investor using historical data. From Tables 5.3 and 5.4, it is concluded that such an investor
should hold a number of stocks that is in excess of 500 to achieve sufficient diversification.
This answers the first sub-research question and tells us how many stocks should have been
held in the past. What about the number of stocks to hold for sufficient diversification in the
future?

What is the predicted number of stocks to hold in the future?
It is required to select a model for portfolio returns to create a data set of modeled returns
which can be used to predict the number of stocks to hold in the future. First, a model
is selected using goodness of fit, which picks the model that best fits to historical portfolio
returns. Subsequently, another model selection method is considered which compares the
selected model using goodness of fit to a GARCH(1,1) model with skewed Student-t inno-
vations (GARCH(1,1)-sst model). This alternative model selection method is called decision
based model selection, which picks the model that best captures the decision making on the
number of stocks to hold. However, this requires the development of a framework to allow
model based decision making.

Therefore, a min-max optimization framework is developed that allows the determination of
the number of stocks to hold using modeled returns, which ensures sufficient diversification
in worst case scenarios. Decision based model selection evaluates the quality of the model’s
decision in terms of robustness to perturbations as well as distance of the decision to the
decisions using historical data. The best model in terms of decision based model selection is
used to make predictions on the number of stocks to hold for sufficient diversification.

As can be seen in Chapter 6, goodness of fit selects the skewed Student-t distribution as
the model that best fits to historical portfolio returns. This distribution is compared to the
GARCH(1,1)-sst model in the decision based model selection setting in Chapter 7. The results
in this chapter imply that the decision on the required number of stocks changes a lot due
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to small changes in the parameters of the skewed Student-t distribution. In contrast to that,
the decisions of the GARCH(1,1)-sst model seem to be relatively robust to perturbations in
the coefficients. Furthermore, the decisions of this model are close to the required number of
stocks using historical data. Hence, the obtained results indicate that the GARCH(1,1)-sst
model performs best in terms of decision based model selection.

Moreover, it turns out that that the GARCH(1,1)-sst model outperforms the stationary
skewed Student-t distribution in terms of goodness of fit as well. Consequently, this model is
believed to be the best model for portfolio returns both for predicting future portfolio returns
as well as determining the number of stocks to hold in the future.

Using the GARCH(1,1)-sst model, predictions are made on the number of stocks to hold to be
sufficiently diversified in the future. It is concluded that a large, long term investor achieves
sufficient diversification by combining 900 stocks in a portfolio.

Is there a number of stocks ensuring that a portfolio is sufficiently diversified?
With the answers and conclusions that are drawn regarding the two sub-research questions,
a decision can be made on the required number of stocks for sufficient diversification in the
portfolio of a pension fund. It is concluded that the suggestions on the number of stocks to
hold in the literature are insufficient for an institutional investor. Due to its large size and
long investment horizon, more stocks are needed to achieve sufficient diversification. In the
particular setting where an investment horizon of 20 years is assumed and the 95% CTE is
used to reflect portfolio risk, this number even exceeds 500 using historical data or is 900
using modeled portfolio returns.

64



C
ha

pt
er 9

Discussion

Chapter highlights

• Additional size constraints for large investors need to be included.

• Dependency of results to risk measures: measure optimally reflecting risk is required.

• Research is required into the development of a generally applicable DBMS framework.

• A high-low frequency approach for the GARCH(1,1)-sst model should be investigated.

? ? ?

The fact that research never finishes is a common understanding in the world of scientific
research. Namely, there is room for improvement for this research even though the conclusions
in Chapter 8 provide useful insights into the required number of stocks for a large, long term
investor.

Throughout this thesis, some topics that require further investigation as well as critical notes
on applied and chosen models were already addressed. In this chapter, these critical notes
and directions for future research are categorized into a number of different topics: the sim-
ulations, decision making framework using historical data, goodness of fit, decision based
model selection and the GARCH(1,1)-sst model. Within each of these topics stated below,
the discussion points are addressed in order of importance.

9.1 Simulations

Computational complexity of the simulations proved to be a constraining factor throughout
this research. For example, the largest evaluated portfolio size in Chapter 5 is currently 500
because of this complexity. Now, the results show that there are quite some scenarios in
which the required number of stocks is in excess of 500. Therefore, decreasing the compu-
tational complexity in the simulations would allow for larger portfolio sizes to be evaluated.
Subsequently, this would result in a more accurate recommendation on the number of stocks
to hold in each of the scenarios in which the number of stocks is in excess of 500.

Currently, a large investor is included in the simulations by applying a market capitalization
weighting scheme instead of equal weighting. However, this weighting scheme does not take
into account all restrictions that come with being a large investor. For example, an additional
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constraining factor for institutional investors are liquidity constraints, which ensure that a
portfolio can be quickly converted to cash (Lee & Lee, 2006). An example of a liquidity
constraint is that an investor is allowed to hold at most 10% of a stock’s total market capital-
ization. Future research is required into the impact of being a large investor on the required
number of stocks by including these additional restrictions.

9.2 Decision making using historical data

Besides the general directions for improvement of the simulations mentioned above, a number
of comments are required on the decision making framework that uses these simulations to
determine the number of stocks to hold.

First of all, an analysis is performed into the sensitivity of the results in Chapter 5 to changes
in the criterion levels. For each of the evaluated risk measures, it turns out that the required
number of stocks changes according to alterations in the criterion level: a more strict crite-
rion results in a higher required number of stocks and a lower criterion reduces the number
of stocks to hold. For example, consider an investment horizon of 10 years, the standard
deviation as a risk measure and market capitalization weighting. Currently, the criterion for
sufficient diversification is 0.95 in Criterion 1, which results in a required number of stocks in
(50, 100]. Changing the criterion from 0.95 to 0.975 results in the number of stocks to change
to (100, 150]. Intuitively, this makes sense as a more strict criterion implies a change in the
risk aversion of the investor under consideration. Changing Criterion 1 from 0.95 to 0.975
means that the investor at hand is more risk averse, which logically requires a larger number
of stocks to achieve sufficient diversification. Note that this holds for all other evaluated risk
measures as well.

To elaborate on the evaluated risk measures, a total of five measures are currently evaluated
in the decision making framework. These measures are selected to properly reflect the two
notions of portfolio risk that are considered in this research. However, it would be interesting
to investigate if there is one particular measure that optimally reflects portfolio risk that is
applicable for short term investors as well as long term investors. A possible direction to look
into are utility functions.

Additionally, these five risk measures are computed using estimators. For example, the sample
mean of the ratio between the volatility of the benchmark and the portfolio is used in the
determination of the number of stocks using the standard deviation. The accuracy of these
estimators should be analyzed to see if they are biased.

Another comment on the results in Chapter 5 is the fact that the required number of stocks
are depicted in intervals instead of exact numbers. This is not necessarily a bad thing as we
think there is no ‘optimal’ number of stocks to hold that applies to every investor. However,
either decreasing the bin intervals or determining the exact number of stocks to hold would
improve the accuracy of the analysis on the impact of being a large investor and rebalancing.

As for the impact of rebalancing, this research assumes no costs when one rebalances on a
yearly basis which are present in reality. Due to the fact that portfolio returns are influenced
by the inclusion of costs, the required number of stocks might change when costs are included
in the analysis. Further research into the number of stocks to hold using rebalancing with
cost factors is required.
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Another potential influence on portfolio returns is the inclusion of all extreme observations
in the data set. The results in Chapter 5 should be recomputed while excluding outliers from
the data to see whether this has an impact on the results.

9.3 Goodness of fit

As was already mentioned in Chapter 6, there is a potential high degree of overfitting to the
data in the goodness of fit model selection. To elaborate on that, all four evaluated models
are fitted to each of the portfolios that are generated. In order to reduce this overfitting,
the same model selection procedure should be performed in which one model is fitted to all
portfolios of n stocks instead of fitting a model to each portfolio.

Furthermore, the goodness of fit model selection compares four models. This implies that
the result of the model selection only indicates that the selected model is the best one out of
these four alternatives. In order to make a more accurate statement regarding the best model
for portfolio returns in terms of goodness of fit, the number of evaluated models should be
increased.

9.4 Decision based model selection

In the decision based model selection setting that is considered in Chapter 7, the issue of
overfitting that is mentioned above in Section 9.3 is solved: one model is fitted to all portfolios
of n stocks instead of a model being fitted to each portfolio that is generated. However, this
does not imply that there is no room for improvement of the decision based model selection
setting.

The current application of DBMS is to evaluate a models’ decisions on two criteria using
distance measures specifically designed for this research. Now, there is no guarantee that this
DBMS setting is generally applicable in other situations. For example, one could argue in
favor of the inclusion of weights in Equation (7.4) to distinguish the two criteria in terms of
importance.

Therefore, a more general decision based model selection framework needs to be devel-
oped. Blanchet, Kang, and Murthy (2017) provide an interesting methodology, called Robust
Wasserstein Profile Inference, which accounts for distributional robust optimization. A direct
application of distributional robust optimization into a financial context is the revision of the
traditional mean variance portfolio optimization which is adressed in the article of Blanchet,
Chen, and Zhou (2018).

9.5 GARCH(1,1)-sst model

As is also mentioned in Section 7.3, the accuracy of the current coefficient estimation set-
ting for the GARCH(1,1)-sst model should be investigated in future research. Furthermore,
another direction for further research is to investigate the sensitivity of the GARCH(1,1)-sst
model’s performance to alternative coefficient estimation methods, which might result better
coefficient estimations than with Maximum Likelihood.
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To elaborate on the accuracy of the current coefficient estimations, Kercheval and Liu (2010)
suggests that 750 observations are needed for accurate parameters using Maximum Likelihood.
The authors point out that this could lead to problems, as 750 observations implies that 750

12 ≈
62 years of portfolio return observations need to be available. As a result, data availability
might become a problem. Furthermore, a model that is fitted on such a long time series is
likely to make inaccurate predictions on future portfolio returns because it does not correctly
reflect the current state of the financial market.

An interesting direction that is suggested to circumvent this problem is applying a high-low
frequency approach, introduced in Kercheval and Liu (2010). This approach uses a combi-
nation of higher frequency data (daily/weekly) and low frequency data (monthly). By doing
this, the authors show that a high-low frequency GARCH model with skewed Student-t in-
novations results in a model that is quicker to react to changing conditions in the financial
market (Kercheval & Liu, 2010). It is interesting to investigate the impact of a high-low fre-
quency approach on the GARCH(1,1)-sst model’s performance, which should be investigated
in further research.

We would like to remark that we have also evaluated one more time series model, the AR(1)
model with updated correlation coefficient over a rolling horizon of one year. This model is
defined as the A-AR(1) model.

Definition 11 If Y (t) is a monthly time series process which is modeled with an A-AR(1)
model with autocorrelation coefficient with lag 1, ρ(t), which is recursively updated with fixed
step size h and white noise ε(t), which is independent of Y (t), the observation Y (t) depends
on Y (t− 1) according to

ρ(t+ 1) = ρ(t) + 1{ t
h
∈N}v(t), (9.1)

Y (t) = ρ(t)Y (t− 1) + σε(t),
with v(t) = ρh(t)− ρ(t),

ε(t) ∼ N(0, 1),
t ≥ 0, h ≥ 1.

The coefficients of this model can be estimated using the Kalman filter, which is a recursive
algorithm estimating a state, say ρ(t)), on the basis of a collection of past observations,
say Y (t), (Chen & Guo, 1997). Moreover, the Kalman filter is an optimal estimator for
model coefficients (Gao & Li, 2014). This model was assumed to have Normally distributed
innovations and surprisingly was able to closely replicate the decision on the optimal number
of stocks to hold, and it was exhibiting the desired robustness. However, in terms of goodness
of fit, this model was outperformed by the stationary skewed Student-t distribution.
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Portfolio diversification

Here we provide some more explanation on the reduction of idiosyncratic risk by adding more
stocks to a portfolio. A figure in Evans and Archer (1968) helps in the understanding of this
matter.

Figure A.1: Convergence of portfolio risk towards systemic risk level. Reprinted from “Di-
versification and the reduction of dispersion: an empirical analysis”, by Evans and Archer,
1968, The Journal of Finance, 23(5), 761-767.

In Figure A.1, the x-axis represents the number of stocks that are in the portfolio, ranging
from 1 to 40. For each of these numbers of stocks, the portfolio risk is depicted on the y-axis.
One can see that portfolio risk is measured as the standard deviation of the portfolio returns.

As the number of stocks increases, the standard deviation of the portfolio decreases and we
see that it approaches the level of systemic risk. This means that the idiosyncratic risk in
the portfolio decreases as one increases the number of stocks in the portfolio (i.e. the effect
of diversification). Furthermore, we see that the standard deviation seems to converge as
the number of stocks in the portfolio increases. Namely, the slope of the line through the
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standard deviations decreases as the portfolio size increases. Unfortunately, Evans and Archer
only performed their analysis on portfolios of 1 to 40 stocks whereas their entire universe
consists of 470 stocks. However, Figure A.1 provides enough information on the main idea of
portfolio diversification: the reduction of idiosyncratic risk by combining multiple stocks in a
portfolio.
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Number of stocks per sector

Sector code Sector name Number of stocks
10 Energy 231
15 Materials 408
20 Industrials 693
25 Consumer Discretionary 655
30 Consumer Staples 261
35 Health Care 270
40 Financials 763
45 Information Technology 407
50 Telecommunication Services 99
55 Utilities 183
60 Real Estate 5

Table C.1: Information on the sectors that are present in the data
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Rebalancing and market capitalization

Say we have a portfolio of n stocks, where n = 1, 2, . . . , N , which are weighted based on their
market capitalization values. Consequently, their weights at time 0 are

wi(0) = Mi(0)∑n
j=1 Mj(0) . (D.1)

If one rebalances the portfolio for the first time after time instance t, one would reset the
stock weights to

wi(t+ 1) = Mi(t)∑n
j=1 Mj(t)

. (D.2)

Before rebalancing, the stock weights change based on their market performance (i.e. their
returns), which gives the following definition for wi(t+ 1) just before rebalancing

wi(t+ 1) = wi(0) · (1 +Ri(0)) · . . . · (1 +Ri(t))∑n
j=1wj(0) · (1 +Rj(0)) · . . . · (1 +Rj(t))

. (D.3)

Using that Mi(t) = Mi(0) · (1 + Ri(0)) . . . · (1 + Ri(t)), we show that the weights before and
after rebalancing are equivalent.

Implementing Equation (D.1) in Equation (D.3) yields

wi(t+ 1) =

Mi(0)∑n

j=1 Mj(0) · (1 +Ri(0)) · . . . · (1 +Ri(t))∑n
j=1

Mj(0)∑n

k=1 Mk(0) · (1 +Rj(0)) · . . . · (1 +Rj(t))
, (D.4)

= Mi(0) · (1 +Ri(0)) · . . . · (1 +Ri(t))∑n
j=1 Mj(0) 1∑n

k=1 Mk(0)
∑n
j=1 Mj(0) · (1 +Rj(0)) · . . . · (1 +Rj(t))

. (D.5)

= Mi(t)∑n
j=1 Mj(t)

, (D.6)

which is equivalent to (D.2). This derivation holds true for all i and t. Consequently, there
is no use in rebalancing when one uses market capitalization weights because one resets the
weights to their current value. Namely, the weights before rebalancing and after rebalancing
are equivalent.
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Results normality test

E.1 Normality of stock returns

Figure E.1: Rejection percentages of stock
returns for five year periods

Figure E.2: Rejection percentages of stock
returns for 10 year periods

Figure E.3: Rejection percentages of stock
returns for 20 year periods
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E.2 Normality of portfolio returns

Five year time period

Figure E.4: Rejection percentages of portfolio returns for five year periods

Ten year time period

Figure E.5: Rejection percentages of portfolio returns for 10 year periods
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Twenty year time period

Figure E.6: Rejection percentages of portfolio returns for 20 year periods
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