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In this thesis, we investigate how generalized polygons and near-polygons can be used to classify
integral lattices in which the minimal norm equals 2 or 3. After discussing some mathemati-
cal preliminaries about graphs, their matrices and their spectrums, the reader can expect an
explanation on generalized polygons, in particular generalized quadrangles. These will be used
to classify the integral lattices in which the minimal norm equals 2. After that, we will use
near hexagons to investigate the structure of some integral lattices in which the minimal norm
equals 3.

3



4



Contents

1 Introduction 7

2 Mathematical Preliminaries 8
2.1 Graphs, matrices and spectrums . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Matrix representations of graphs . . . . . . . . . . . . . . . . . . . . . . 8
2.1.2 The spectra of a graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3 The Perron-Frobenius Theory . . . . . . . . . . . . . . . . . . . . . . . . 11
2.1.4 Interlacing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.1.5 The largest eigenvalue . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Root Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.1 Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Classification of root lattices . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Generalized quadrangles 23
3.1 Terminology and examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1.1 Characteristics of generalized polygons . . . . . . . . . . . . . . . . . . . 23
3.1.2 An example for d = 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.1.3 An example for d = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2 Generalized quadrangles and strongly regular graphs . . . . . . . . . . . . . . . 28
3.2.1 Strongly regular graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2.2 The point graph of a generalized quadrangle of order (s, t) . . . . . . . . 30
3.2.3 Generalized quadrangles with s = 2 . . . . . . . . . . . . . . . . . . . . . 31

3.3 Generalized quadrangles and root lattices . . . . . . . . . . . . . . . . . . . . . . 34
3.3.1 Root lattices, star-closures and indecomposibility . . . . . . . . . . . . . 34
3.3.2 Star-closures and generalized quadrangles . . . . . . . . . . . . . . . . . . 36
3.3.3 Classification of root lattices by generalized quadrangles . . . . . . . . . 39

4 Near hexagons 42
4.1 Near polygons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1.1 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.1.2 Properties of near polygons . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.1.3 Generalized quadrangles in near polygons . . . . . . . . . . . . . . . . . . 44
4.1.4 Regular near polygons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.2 Regular near hexagons with 3 points to a line . . . . . . . . . . . . . . . . . . . 52
4.2.1 Line distances in regular near hexagons . . . . . . . . . . . . . . . . . . . 52
4.2.2 Classification of regular near hexagons with 3 points to a line . . . . . . 53

4.3 Near hexagons with 3 points to a line with non-degenerate generalized quadrangles 55
4.4 Extended near hexagons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.4.1 Near hexagons in extended near hexagons . . . . . . . . . . . . . . . . . 56

5



4.4.2 The classification of extended near hexagons . . . . . . . . . . . . . . . . 57

5 Integral lattices with minimal norm 3. 59
5.1 Norm 3 lattices and extended near hexagons . . . . . . . . . . . . . . . . . . . . 59
5.2 Examples of norm 3 lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.2.1 An extended generalized quadrangle . . . . . . . . . . . . . . . . . . . . . 61
5.2.2 Classification of tetrahedrally closed regular line systems . . . . . . . . . 61
5.2.3 Star-closed root lattices and extended near hexagons . . . . . . . . . . . 61
5.2.4 Examples of line systems related to extended near hexagons . . . . . . . 62

6 Acknowledgements 65

A Finding graphs with largest eigenvalue 2 66

6



Chapter 1

Introduction

In the last century, the concept of near polygons was created by Ernest E. Shult and Arthur
Yanushka and is, ironicly enough, a generalization of generalized polygons. Near polygons are
incidence structures and can be used to get more insight in the structure and classification of
for example minimal norm 2 and minimal norm 3 lattices.

In this thesis we will be mainly focussing on near quadrangles and near hexagons, which are
special cases of near polygons. In our preliminaries, we will first make an inventory of the
mathematical tools needed in the other chapters. The mathematical tools that we need are for
example the connection between graphs, matrices and the eigenvalues of these matrices. Also,
some basics of root lattices will be covered.

After a general introduction on generalized polygons, we will show how we can derive the classi-
fication of root lattices by using generalized quadrangles. For this we will use the classification
of generalized quadrangles, which can be derived by using properties of the eigenvalues of the
matrices that are related to collinearity graphs that arise naturally from these generalized quad-
rangles.

Later, we will introduce the concept of near polygons and extended polygons and show how
minimal norm 3 lattices can be classified by using near hexagons and extended near hexagons.
The concept of extended near polygons is still quite new and there are still unsolved problems
on the classification of extended near hexagons that contain local irregular near hexagons.
Succeeding investigations on this topic are still evolving and will probably give interesting
results in the near future.
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Chapter 2

Mathematical Preliminaries

2.1 Graphs, matrices and spectrums

2.1.1 Matrix representations of graphs

Throughout this whole thesis we will often be using graphs as a main tool to represent sev-
eral concepts. We expect the reader to be familiar with the concept of a graph. Also, we
will be using different matrix representations of graphs. In this section, we will shortly list
these matrix respresentations and mention some specific characteristics. We start with a graph
Γ = (V (Γ), E(Γ)) without multiple edges or loops. Let n = |V (Γ)| and m = |E(Γ)|. The
adjacency matrix of Γ is the 0− 1 matrix A indexed by V (Γ) in which Axy = 1 when there is
an edge from x to y and Axy = 0 otherwise. If Γ is an undirected graph, A is a symmetric matrix.

The vertex-edge incidence matrix M of an undirected matrix has rows indexed by vertices
1, ..., n and columns indexed by edges 1, ...,m. For M it holds that if v ∈ V (Γ) is an end point
of e ∈ E(Γ), then Mve = 1 and Mve = 0 otherwise. The equivalent for a directed graph is the
directed incidence matrix N with Nve = −1 when v is the tail of e, Nve = 1 when v is the head
of e and Nve = 0 when v is not on e.

For an undirected graph Γ without loops, we also have the Laplace matrix L and the signless
Laplace matrix Q both indexed by its vertices in rows and columns. The diagonal matrix D of
the same graph is the matrix with Dvv = deg(v) and Dvw = 0 if v 6= w. The matrices L and Q
are defined by L = D−A and Q = D+A. Furthermore, it can be easily verified that L = NNT

and Q = MMT . Here, N is the directed incidence matrix of the graph Γ̃ which is derived from
the originally undirected graph Γ by giving any edge a random direction. This means that for
all ~u ∈ Rn it holds that ~uTL~u = ~uTNNT~u = (NT~u)T (NT~u) = Σxy∈E(Γ)(~ux−~uy)2. With almost
the same argument it holds that ~uTQ~u = Σxy∈E(Γ)(~ux + ~uy)

2. From this we see that L and Q
are both positive semi-definite.

2.1.2 The spectra of a graph

From the adjacency matrix and the Laplace matrix of a graph, one can discover many proper-
ties of the graph itself. For example, if k is a nonnegative integer, AΓ is the adjacency matrix
of the graph Γ and x and y are two of its vertices, then (AkΓ)xy is the number of walks of length
k from x to y. So (A2)xx is the degree of x and tr(A3) is six times the number of triangles in Γ.
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Also, by exploring the spectra of several matrix representation of Γ, we can deduce some prop-
erties of the graph. By definition, the (ordinary) spectrum of a graph is the spectrum of its
adjacency matrix and the Laplace spectrum of a graph is the spectrum of its Laplace matrix.
Without diving into it too deeply, we will mention some intriguing connections between these
spectra and the properties of a matrix. Some of them are not necessarily used in the up-
coming sections of this thesis, but we draw the reader’s attention to these connections simply
to familiarize the reader with making a link between the spectrum of a graph and its properties.

First of all, it is important to realize that if Γ is an undirected and simple graph, then AΓ is real
and symmetric. This means that all its eigenvalues are real and because its trace tr(AΓ) = 0,
the sum of all the eigenvalues of AΓ is 0. From now on, we will suppose that Γ is undirected,
unless explicitly mentioned differently. For LΓ we have already shown that it is positive semi-
definite and we can easily check that LΓ

~1 = ~0, so LΓ is also singular. This means that the
eigenvalues of LΓ are 0 = µ1 ≤ µ2 ≤ ... ≤ µn and because (LΓ)xx = deg(x) ∀x ∈ V (Γ), it holds
that Σn

k=1µk = tr(LΓ) = 2 · (amount of edges of Γ).

A nice and easy connection between a graph Γ and its spectrum is, that if Γ has connected
components Γi (1 ≤ i ≤ s), then the spectrum of Γ is the union of the spectra of Γi. Namely,
suppose that the connected component Γi has ki vertices and Ai as adjacency matrix. This
gives that if Ai~xi = λ~xi for some λ ∈ R, then

A( 0, ...0︸ ︷︷ ︸
k1+...+ki−1 entries

, ~xi
T , 0, ..., 0︸ ︷︷ ︸

ki+1+...+kn entries

)T = λ(0, ..., 0, ~xi
T , 0, ..., 0)T

so λ is also an eigenvalue of Γ. In a similar way it can be checked that also the Laplace spectrum
and the signless Laplace spectrum of Γ are the unions of respectively the Laplace spectra and
the signless Laplace spectra of Γi (1 ≤ i ≤ s).

We will now show that a connected graph has Laplace eigenvalue 0 with multiplicity 1. Taking
this into account together with the last paragraph, we can conclude that the multiplicity of
the eigenvalue 0 in the Laplace spectrum of Γ, is exactly the amount of connected components
that Γ has.

Suppose that Γ is connected and that we have ~u 6= ~0. If L~u = ~0 with L the Laplace matrix
of Γ, this implies that ~uTL~u = ~0. Also, if ~uTL~u = ~0, then either ~u = ~0 (which we assumed
not to be the case), L~u = ~0 or ~u ⊥ L~u. However, L is a real and symmetric matrix so all
its eigenvalues are real, and the eigenspaces of different eigenvalues are orthogonal. Suppose
that L has different eigenvalues λ1, λ2, ..., λk with orthogonal eigenspaces V1, V2, ..., Vk. Then
Rn = V1 ⊕ V2 ⊕ ... ⊕ Vk. So ~u can be uniquely written as ~u = ~u1 + ~u2 + ... + ~uk with ~ui ∈ Vi.
For the inner product ~u • (L~u) of ~u and L~u, this gives that:
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~u • (L~u) = ~u • (L~u1 + L~u2 + ...+ L~uk)

= ( ~u1 + ~u2 + ..+ ~uk) • (λ1 · ~u1 + λ2 · ~u2 + ...+ λk · ~uk)

=
k∑
i=1

k∑
j=1

(λi · λj · ~ui • ~uj)

=
∑
i 6=j

0 +
k∑
i=1

λ2
i · |~ui|2

> 0.

Therefore, it is not true that ~u ⊥ L~u and this makes that the only option left is that L~u = ~0.
We now have the equivalence L~u = ~0⇔ ~uTL~u. Let N be the directed incidence matrix of the
graph Γ̃ which is derived from the originally undirected graph Γ by giving any edge a random
direction., while L is still the Laplace matrix of Γ (undirected). This gives us:

L~u = ~0⇔ ~uTL~u = ~0⇔ ~uTNNT~u = ~0⇔ ||NT~u|| = 0⇔ NT~u = ~0.

By the definition of N , the last part of this equation gives that every edge has two end points
with the same value and because Γ is connected, every vertex of Γ has the same value (associ-
ating every entry of ~u with a value that we give to a vertex). So the equation L~u = 0 gives a
1-dimensional subspace, so the eigenvalue 0 has multiplicity 1. We conclude that indeed, the
multiplicity of 0 as a Laplace eigenvalue of an undirected graph equals the number of connected
components of the graph. Note that for a k-regular graph Γ it holds that AΓ = kI −LΓ. Since
LΓ has nonnegative eigenvalues and at least one eigenvalue equal to 0, Γ has regular eigenvalues
smaller or equal to k and the multiplicity of k is exactly the number of connected components
of Γ.

Not only the multiplicity of 0 as an eigenvalue of a graph’s Laplace matrix is relevant when
examining the characteristics of the graph. Also the multiplicity of 0 as an eigenvalue of
the signless Laplace matrix Q of a graph Γ gives a nice property of the graph. Namely, the
multiplicity of 0 as a signless Laplace eigenvalue is exactly the amount of bipartite connected
components of Γ. To see this, we apply almost the same strategy as we used for the Laplace
matrix. We use that Q is real and symmetric and that it can be written as Q = MMT where
M is the vertex-edge incidence matrix of Γ. Then:

Q~u = ~0⇔ ~uTQ~u = ~0⇔ ~uTMMT~u = ~0⇔ ||MT~u|| = 0⇔MT~u = ~0.

By the definition of M , the last part of this equation gives that every edge has two end points
x and y with values ux and uy for which it holds that ux = −uy. In order for this to be possible
without ux and uy being equal to zero, x and y have to be vertices of the same bipartite con-
nected component. This means that we can freely choose a value for every bipartite connected
component that will determine the values of its vertices in absolute value. This means that
the null space of Q has the same dimension as the amount of bipartite connected components
in Γ, so the multiplicity of 0 as a signless Laplace eigenvalue equals the number of bipartite
connected components.

The preceding gives that if the Laplace spectrum and the signless Laplace spectrum are equal,
then every connected component of Γ must be bipartite, so Γ is bipartite. An interesting fact
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is that this also holds the other way around: A graph Γ is bipartite if and only if the Laplace
spectrum and the signless Laplace spectrum of Γ are equal. A proof of this is given in [1].

Nearing the end of this section, we want to mention that there are specific graphs that have
surprisingly simple spectra. Fore example, the complete graph on n vertices Kn has adjacency
matrix A = J − I where J is the all-one matrix. Since J has eigenvalue 0 with multiplicity
n − 1 with eigenvectors ~x for which it holds that Σn

i=1xi = 0 and eigenvalue n for the all-
one vector, we have that A = J − I has spectrum (n − 1)1, (−1)n−1. Kn has Laplace matrix
L = D − A = (n− 1)I − (J − I) = nI − J with spectrum (0)1, (n)n−1.

Some other surprisingly simple spectra are for example the spectra of the complete bipartite
graph Kn,m. Kn,m has n+m vertices and from every vertex among n of its vertices, exactly one
edge goes to every vertex among the last m vertices. So Kn,m has n ·m vertices. The spectrum
of Kn,m is (0)m+n−2,±

√
mn. Its Laplace spectrum is (0)1, (m+ n)1, (m)n−1, (n)m−1.

Also worth mentioning are the spectra of the undirected cycle Cn on n vertices and the undi-
rected path Pn on n vertices. The cycle Cn has normal eigenvalues 2 cos(2πj

n
) for 0 ≤ j ≤ n− 1

and because it is 2-regular, from this it immediately follows that it has Laplace eigenvalues
2 − 2 cos(2πj

n
) for 0 ≤ j ≤ n − 1. The path Pn has eigenvalues 2 cos( 2πj

2n+2
) = 2 cos( πj

n+1
) for

1 ≤ j ≤ n. The path Pn is not regular but it still has a quite simple Laplace spectrum:
2− ξ − ξ−1 where ξ is any complex number for which it holds ξ2n = 1.

In the last two paragraphs we did not give any explanations of how one can derive these
(Laplace) eigenvalues. For the reader who wants to know more about his, we also refer to the
first Chapter of [1].

2.1.3 The Perron-Frobenius Theory

Now, being more familiar with the link between the spectra of a graph and several of its charac-
teristics, we move on to the next stage which is characterizing all graphs with largest eigenvalue
less or equal to 2 in Section 2.1.5. To be able to do this, we will discuss the Perron-Frobenius
theory in this section and the concept ‘Interlacing’ in Section 2.1.4. Again, because we are still
just in our preliminaries, we will not give any detailed proof for these theories.

To understand the Perron-Frobenius Theory, we first need to shed our light on some definitions.
First of all, a nonnegative matrix T = (tij) is called irreducible if for all i, j there is a k such that
(T k)ij > 0. For a graph Γ, having an irreducible adjacency matrix T , is equivalent with Γ being
strongly connected. (Keep in mind that for an undirected graph, being strongly connected is
the same as being connected.) This follows from the fact that for every nonnegative integer k,
(T k)ij is the number of walks of length k from vertex i to vertex j. T is called primitive if for
some k it holds that T k > 0. For a matrix or vector, the sign > 0 (or ≥ 0) means that every
entry is positive (or nonnegative).

Of course we can easily see that T being primitive implies T being irreducible. Also, since
(I +T )k = Ik +kT + ...+kT k−1 +T k, T being irreducible implies I +T being primitive. There
is also a relatively easy way to see if an adjacency matrix that is irreducible, is also primitive
itself. Namely, the period d of an irreducible matrix T is the greatest common divisor of the
integers k for which (T k)ii > 0. In words, (T k)ii is the amount of cycles of length k that contain
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vertex i. It can be proven that T being primitive is equivalent with d = 1. So if a graph is
strongly connected, it means that its adjacency matrix is irreducible. And if on top of that not
all cycles have a length that is a multiple of some integer d > 1, then it is also primitive. Using
these definitions, we can state the following theorem:

Theorem 2.1.1 (Perron - Frobenius theorem)
If T ≥ 0 is irreducible, then there exists a unique positive real number θ0 for which the following
properties hold:

1. There is a real eigenvector ~x0 > 0 of T for which θ0 is the eigenvalue with respect to T .

2. θ0 has algebraic and geometric multiplicity one.

3. If T is also primitive, then |θ| = θ0 implies θ = θ0. Note that θ can also be complex if the
graph is directed.

4. If ~x ≥ 0 is a left or right eigenvector of T , then ~x has eigenvalue θ0. Also, if ~x ≥ 0 and
x 6= 0 and T~x ≤ θ~x, then ~x > 0, θ ≥ θ0 and the equivalence θ = θ0 ⇔ T~x = θ~x holds.

5. If 0 ≤ S ≤ T or if S is a principal minor of T (which means that the graph corresponding
to S is a subgraph of the graph corresponding to T ), then it holds that if σ is an eigenvalue
of S, then |σ| ≤ θ0 and if |σ| = θ0 then S = T . So if the graph corresponding to S is
known to be a subgraph of T and has the same biggest eigenvalue as T , then S is equal to
T .

A proof for the Perron-Frobenius Theorem can be found in [1], Chapter 2.

2.1.4 Interlacing

Another principle that we need to mention is the concept of interlacing. Let θ1 ≥ θ2 ≥ ... ≥ θn
and η1 ≥ η2 ≥ ... ≥ ηm with m < n. The second sequence is said to interlace the first one
whenever:

θi ≥ ηi ≥ θn−m+i for i = 1, ...,m

If m = n − 1, then these inequalities become θ1 ≥ η1 ≥ θ2 ≥ η2 ≥ θ3 ≥ ... ≥ ηm ≥ θn. The
interlacing is called ‘tight’ if there exists an integer k ∈ [0,m] such that θi = ηi for 1 ≤ i ≤ k
and θn−m+i = ηi for k+ 1 ≤ i ≤ m. With respect to adjacency matrices, the following theorem
can be proven and will be useful for us:

Theorem 2.1.2 If a matrix B is a principal submatrix of a symmetric matrix A, then the
eigenvalues of B interlace the eigenvalues of A.

In terms of graphs this means the following: Let Γ be an undirected graph that is derived from
another undirected graph Ξ, by removing a certain amount of vertices and all the edges that
are connected to them. Then the eigenvalues in the ordinary spectrum of Γ interlace the eigen-
values in the ordinary spectrum of Ξ and the Laplace eigenvalues of Γ interlace the Laplace
eigenvalues in the Laplace spectrum of Ξ.

Another situation where interlacing is applicable, is when we make a partition {X1, X2, ..., Xm}
of the vertex set X = {1, 2, ..., n}. We may assume that the vertices are labelled in such a way
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that it holds that if i < j and i ∈ Xp and j ∈ Xq, then p ≤ q. We can now write the adjacency
matrix as:

A =

A1,1 ... A1,m
...

...
Am,1 ... Am,m



where Ai,j is the submatrix that characterizes the set of edges that go from a vertex in Xi to
a vertex in Xj. The matrix B = (bi,j) where bi,j is the average row sum of Ai,j, is called the
quotient matrix of A. The average row sum of Ai,j is the average amount of edges that go
from a vertex in Xi to a vertex in Xj. When the graph corresponding to A is undirected, we
can of course swop Xi and Xj in the last sentence. The partition {X1, X2, ..., Xm} is called
equitable when the row sum of each block Ai,j is constant. With respect to quotient matrices,
the following theorem can be proven and will be used in the next section:

Theorem 2.1.3 The eigenvalues of the quotient matrix B of a symmetric matrix A with respect
to the partitioning {X1, X2, ..., Xm} interlace the eigenvalues of A. If the interlacing is tight,
then the partition is equitable.

Proofs for Theorems 2.1.2 and 2.1.3 can be found in [1], Chapter 2.

2.1.5 The largest eigenvalue

As mentioned in Section 2.1.3 we would use Theorem 2.1.1 together with Theorem 2.1.2 and
2.1.3 to characterize all connected graphs with largest eigenvalue at most 2. Eventually we
will use this to identify root lattices which will at their turn be useful in the investigation of
generalized quadrangles in Chapter 3. We start with a useful corollary:

Corollary 2.1.1 Let Γ be a connected graph with largest eigenvalue θ. Let kmin be the minimal
degree in the graph, kmax the maximal degree and k̄ the average degree. If Γ is regular of valency
k, then it holds that kmin = k̄ = kmax = θ. In all other cases, it holds that kmin < k̄ < θ < kmax.

Proof Let A be the adjacency matrix of Γ and ~1 the all-one vector. Then A~1 ≤ kmax~1. By
Perron-Frobenius (Theorem 2.1.1, item 4), we know that because of this, it must hold that
θ ≤ kmax with equality if and only if A~1 = θ~1. So this means that equality holds if and only
if Γ is regular of degree θ. For the inequality k̄ ≤ θ we use Theorem 2.1.3 with partitioning
{V (Γ)}. Now, the quotient matrix B of A is just the matrix with a single entry, namely the
average degree of Γ. This value k̄ interlaces the eigenvalues of A, so k̄ ≤ θ. Also, the interlacing
is tight iff the partition is equitable. In this case, this means that the degree of the vertices in
Γ is constant, so Γ is regular with degree θ. �

We will now identify all connected graphs with their largest eigenvalue less or equal to 2 with
the following theorem:

Theorem 2.1.4 The only connected graphs with largest eigenvalue equal to 2, are the graphs
Ân (n ≥ 2), D̂n (n ≥ 4), Ê6, Ê7 and Ê8. The subscript in each of those graphs is one more
then the amount of vertices. All those graphs are drawn below in Figures 2.1, 2.2, 2.3, 2.4
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and 2.5 and they contain one vertex more then their index. The eigenvectors that go with the
eigenvalue 2 are written in the vertices.

Furthermore, each connected graph with largest eigenvalue less than 2 is one of the graphs E6

(Figure 2.7), E7 (Figure 2.8), E8 (Figure 2.9), Dn (n ≥ 4, Figure 2.6) or the path Pn = An.
The subscript is in each graph equal to the amount of vertices. All connected graphs with largest
eigenvalue greater than 2 have one of the graphs Ân, D̂n, Êm(m = 6, 7, 8), mentioned above, as
a proper subgraph.

1

1 1 1 1

Figure 2.1: Ân (n ≥ 2)

1 2 2 2 2 1

1 1

Figure 2.2: D̂n (n ≥ 4)

1 2 3 2 1

2

1

Figure 2.3: Ê6

Proof First of all, one can easily check that the graphs in Figures 2.1, 2.2, 2.3, 2.4 and 2.5
all have largest eigenvalue 2. The eigenvector belonging to this eigenvalue is de eigenvector
depicted in the vertices of the graphs in those figures.

Now, suppose that we have a connected graph Γ. We can distinguish several cases:

1. If Γ has a vertex with degree 4 or more, then it has D̂4 as a subgraph. If it is equal to
D̂4, then it has largest eigenvalue 2. If it is not equal to D̂4, then its greatest eigenvalue
must be larger than 2 by Theorem 2.1.1, item 5.
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1 2 3 4 3 2 1

2

Figure 2.4: Ê7

2 4 6 5 4 3 2 1

3

Figure 2.5: Ê8

Figure 2.6: Dn (n ≥ 4)

Figure 2.7: E6

Figure 2.8: E7

2. Also, if Γ has at least two vertices of degree 3, then we can always find an integer k ≥ 5
for which D̂k is a subgraph of Γ, so then Γ must also have its largest eigenvalue larger or
equal to 2 by Theorem 2.1.1, item 5. Again, in this case the eigenvalue is equal to 2 iff
we can find a k such that it is equal to D̂k.

3. Γ has no vertices of degree 3 or more. Then it must be a cycle (Ân) with largest eigenvalue

15



Figure 2.9: E8

2 as proven in Theorem 2.1.4, or it must be a path An. The graph An is a subgraph of
Ân for each integer n ≥ 2), so in this case it must have its largest eigenvalue smaller or
equal to 2 by Theorem 2.1.1, item 5.

4. Γ has one vertex of degree 3 and all the other vertices have degree 2 or 1. Then it either
contains a cycle Ân, so then it has its largest eigenvalue larger then 2 by Theorem 2.1.1,
item 5. If it does not contain any cycle, then it is a tree with one vertex of degree 3
and the other vertices of degree 2. So then it is either one of Ek (k = 6, 7, 8) or Dn, in
which case it has largest eigenvalue smaller than 2, either to one of Êk (k = 6, 7, 8), in
which case it has largest eigenvalue equal to 2 or equal to a graph that contains one of
Êk (k = 6, 7, 8) but is not equal to it, in which case it has largest eigenvalue greater than
2 by Theorem 2.1.1, item 5.

By distinguishing all cases, we have proven the theorem. �.

The graphs from Theorem 2.1.4 were given without any further explanation about how they
were derived. For the reader that wonders how one can systematically obtain those graphs and
their eigenvectors with eigenvalue 2, we refer to Appendix A.
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2.2 Root Lattices

We will now use Theorem 2.1.4 from Section 2.1.5 to classify root lattices.

2.2.1 Lattices

A lattice Λ is a discrete additive subgroup of Rn. Equivalently, given m linearly independent
vectors ~b1, ~b2, ..., ~bm ∈ Rn and the n ×m - matrix B with ~b1, ~b2, ..., ~bm as column vectors, then
the lattice Λ(B) can be defined as:

Λ(B) = {Bx|x ∈ Zm},
If m = n, then Λ(B) is called a full rank lattice. The set of column vectors of B is called the
basis of Λ(B) and two bases B1 and B2 are equivalent if Λ(B1) = Λ(B2). To see if two basis
are equivalent, we can use the following lemma:

Lemma 2.2.1 Two bases B1 and B2 are equivalent iff B2 = B1U for some unimodular matrix
U . (A matrix U is unimodular if U ∈ Zn and det(U) = ±1.)

Proof We first show that if U ∈ Zn×n is unimodular, then also U−1 is unimodular. Since
UU−1 = I and thus det(U) · det(U−1) = 1, we have that if det(U) = 1 then det(U−1) = 1
and if det(U) = −1 then det(U−1) = −1. Also we know by Cramer’s rule that (U−1)ij =

1
det(U)

· (−1)i+j · det(Ûij) where Ûij is derived from U by eliminating row i and column j from

U . Since U has only integer values, and the only division is done by det(U) = ±1, U−1 also
has integer values. This means that if U is unimodular, then U−1 is also unimodular.

Now, let’s assume that B1 and B2 are equivalent. Then each column b2,i of B2 satisfies b2,i ∈
Λ(B1) so there exists a matrix U ∈ Zm×m such that B2 = B1U . In the same way, there exists
a matrix V ∈ Zm×m for which it holds that B1 = B2V . This means that B2 = B1U = B2V U .
This gives:

BT
2 B2 = (B2V U)TB2V U = (V U)TBT

2 B2(V U)

and thus det(BT
2 B2) = (det(V U))2 · det(BT

2 B2) so it must hold that det(V U) = ±1. But V
and U are both integer valued matrices so none of them can have a determinant with absolute
value less then 1. This means that det(U) = det(V ) = ±1 as we wanted to show.

Now, if B2 = B1U for some unimodular matrix U , then this gives that every column vector
b2,i ∈ Λ(B1) so Λ(B2) ⊆ Λ(B1). Also B2 = B1U gives B1 = B2U

−1. Since U−1 is also unimod-
ular, it holds in the same way that Λ(B1) ⊆ Λ(B2). This means that Λ(B1) = Λ(B2). �

Lattices can have certain special characteristics. For example, the Gram matrix G of the lattice
Λ(B) is given by G = BTB. So Gij is the inner product bi • bj. If G ∈ Zm×m, then the lattice
Λ(B) is called integral. A lattice is called even if for each ~x ∈ Λ(B), the inner product ~x • ~x

is an even integer. An even lattice is always integral. To see this, we take ~a,~b ∈ Λ where Λ is
an even lattice. If we examen the inner product (~a+~b) • (~a+~b) we know that this must be an

even integer. But because (~a+~b) • (~a+~b) = ~a •~a+~b •~b+ 2 ·~a •~b and because ~a •~a and ~b •~b are

even integers by assumption, it must also hold that 2 · ~a •~b is an even integer. But this means
that ~a •~b must be an integer, so the lattice Λ is also integral.
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Probably the easiest of a lattice is Zn. For this lattice it holds that B = In where In is the n×n
identity matrix. The lattice Zn is clearly integral but not even since ek • ek = 1 ∀k ∈ {1, ...n}.
Applying Lemma 2.2.1, we see that the matrix M providing a basis of Zn by the set of its
column vectors, is equivalent to M being a unimodular matrix. Other more interesting lattices
follow in Section 2.2.2.

2.2.2 Classification of root lattices

We will now focus on integral lattices generated by roots, which are vectors ~r with ~r • ~r = 2
(length

√
2). Lattices with these two properties are called root lattices. The set Φ of roots in

such a lattice is called a root system. Since all those roots have length
√

2, it must hold that if
~r ∈ Φ and λ~r ∈ Φ, then λ = ±1.

Also, a root system is invariant under W = {w~r|~r ∈ Φ} where w~r is the reflection in {~r}⊥. We
can see this in the following way: when we choose a random vector ~s that we want to reflect
in the orthogonal complement {~r}⊥ of the subspace spanned by ~r, we write ~s as ~s = ~s~r + ~sc
where ~s~r is in the subspace spanned by ~r and ~sc ∈ {~r}⊥. Subtracting ~s~r two times from ~s gives
the reflection ~s∗ of ~s in {~r}⊥. Also we know that |~s~r| = cos (φ) · |~s| where φ = ∠(~s, ~s~r). Since

~s~r = ~r · cos (φ)·|~s|
|~r| and ~r • ~s = cos (φ) · |~r| · |~s|, it holds that ~s~r = ~r ·

~r•~s
|~r|
|~r| = ~r · ~r•~s

~r•~r
. This means that

~s∗ = ~s− 2 · ~r
• ~s

~r • ~r
· ~r.

But if ~r, ~s ∈ Φ with Φ a root lattice, then it holds by definition that ~r • ~s ∈ Z and ~r • ~r = 2,
so then 2 · ~r•~s

~r•~r
∈ Z which means that ~s∗ is in the lattice Λ generated by Φ. Since ~s∗ has also

length
√

2, it must therefore hold that ~s∗ ∈ Φ. Since Λ is generated by Φ, it also holds that Λ
is invariant under W = {w~r|~r ∈ Φ} where w~r is the reflection in {~r}⊥.

Given two roots ~r, ~s ∈ Φ, it holds that ~r • ~s = |~r| · |~s| · cos (φ) = 2 · cos (φ) where φ = ∠(~s, ~r).
Also, since a root lattice is by definition integral, we know that ~r • ~s ∈ Z so cos (φ) = k · 1

2
with

k ∈ Z. But this means that φ is always a multiple of 60◦ or 90◦. A fundamental system of roots
Π is a root system in which ~r •~s ≤ 0 for every two different roots ~r and ~s. So since a root lattice
is integral, this gives that in a fundamental root system it holds that ~r • ~s ∈ {−2,−1, 0}. Since
|~r| = |~s| =

√
2, there are no other possibilities. If the roots in a fundamental root system are

also linearly independent, we say that the root system is a reduced fundamental root system. If
a fundamental root system is not reduced, it is called extended.

For two roots ~r and ~s it holds that ~r • ~s = −2 iff ~r = −~s. So if a fundamental root system is
reduced, then the inner product of two different roots can be only equal to 0 or −1. (Note that
the opposite implication is not necessarily true). Taking into account the last paragraph, this
means that two different roots in a reduced fundamental root system always make an angle of
either 90◦ or 120◦. It can be proven that every root lattice has a reduced fundamental system
( [1], Proposition 8.3.1).

Let Π be a fundamental root system such that ~r • ~s 6= −2 for ~r, ~s ∈ Π. Then ~r • ~s ∈ {−1, 0}
whenever ~r 6= ~s. The Dynkin diagram of this root system is the graph Γ with vertex set Π
were ~r ∈ Π and ~s ∈ Π are joined by an edge when ~r • ~s = −1. To make the connection with
graphs with largest eigenvalue ≤ 2, we have a look at the Gram matrix of the fundamental
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root system. Recall that if Π is the fundamental root system with roots ~r1, ...~rm, and if R is
the matrix with those roots as column vectors, then the Gram matrix is G = RTR.

We can now easily see that the adjacency matrix A of the Dynkin diagram of the fundamental
system Π can be written as A = 2I−G. For Gij = ~ri •~rj it holds that Gij = 2 when i = j so then
Aij = 0. When Gij = 0 then ~ri and ~rj should not be connected in the Dynkin diagram, which
corresponds with Aij = 2 · 0− 0 = 0. The last possibility is that Gij = −1. In this case ~ri and
~rj should be connected in the Dynkin diagram, which also corresponds with Aij = 2·0−−1 = 1.

Since G = RTR, we know that G is positive semi-definite so all its eigenvalues are greater
than or equal to 0. Also, if ~r1, ..., ~rm are linearly dependent, then there exists a vector ~v 6= ~0
in Rm for which R~v = ~0. So then G~v = RTR~v = ~0, which means that G is not invertible.
If G is not invertible, then there exists a vector ~v 6= ~0 in Rm for which G~v = ~0. So then:
0 = ~vTG~v = ~vRTR~v = (R~v)TR~v = |R~v|2. So then R~v = ~0, which means that R is not invert-
ible either.

So, since the Dynkin diagram of a fundamental system Π with no inner product equal to −2 has
adjacency matrix A = 2I −G, it holds that its largest eigenvalue is less than or equal to 2, be-
cause G is positive semi-definite. Also, when Π is reduced, G is invertible, which means that the
Dynkin diagram has largest eigenvalue less than 2. If Π is extended, then G is not invertible, and
consequently it has eigenvalue 0 and then the Dynkin diagram has largest eigenvalue equal to 2.

In Figures 2.10, 2.11, 2.12, 2.13 and 2.14 the root lattices resulting from the graphs in respec-
tively Figures 2.1, 2.2, 2.3, 2.4 and 2.5 from Section 2.1.5 are shown. The lattices correspond to
the graphs in the way explained in the last few paragraphs. The blue vertices give the reduced
fundamental root system and each time, adding the vertex from the orange vertex gives an
extended fundamental root system.

First of all, the root lattice arising from Ân has a reduced fundamental root system corre-
sponding to An with n roots. The easiest way to make every root have length

√
2 is to take

every root ~r ∈ Zn+1 with Σri = 0. This space has dimension n, which corresponds with the
amount over vertices in An. We take the roots e2 − e1, e3 − e2, ... , en+1 − en as shown in
Figure 2.10 and to make the fundamental root system extended, we add the root e1 − en+1.
The root system of the root lattice generated by these n roots has n(n+1) roots: ei−ej (i 6= j).

Secondly, the root lattice arising from D̂n has a reduced fundamental root system corresponding
to Dn with n roots. The roots e2 − e1, e3 − e2, ..., en − en−1 together with e1 + e2 as shown in
Figure 2.11 form a reduced fundamental root system generating the n-dimensional root lattice
with vectors ~x ∈ Zn and Σxi ≡ 0 (mod 2). To make the fundamental root system extended,
we add the vector −en−1− en as also shown in Figure 2.11. One can easily check that the root
system of the root lattice generated by these n roots has 2n(n− 1) roots: ±ei ± ej (i 6= j).

Finally, the lattice E8 is the span of D8 and the vector c := 1
2
(e1 + ... + e8). Its roots are all

roots of D8 together with all the roots of the from 1
2
(±e1 ± ... ± e8) with an even number of

minus signs. E7 is E8 ∩ c⊥. For E6 take d := −e7 − e8 and then E6 = E8 ∩ {c, d}⊥. Figures
2.14, 2.13 an 2.12 show the reduced fundamental root systems of E8, E7 and E6 respectively in
blue, where the orange vertex is added to make it extended.

19



e1 − en+1

e2 − e1 e3 − e2 en − en−1 en+1 − en

Figure 2.10: The root lattice resulting from Ân

e2 − e1 e3 − e2 e4 − e3
en−1 − en−2

en − en−1

e1 + e2

−en−1 − en

Figure 2.11: The root lattice resulting from D̂n

We saw that Dn has 2n(n− 1) roots so D8 has 112 roots. The roots of E8 are all the roots of
D8 together with the roots of the form 1

2
(±e1 ± ... ± e8) with an even number of minus signs.

There are
(

8
0

)
+
(

8
2

)
+
(

8
4

)
+
(

8
6

)
+
(

8
8

)
= 27 = 128 roots of the last form, so in total E8 has

112 + 128 = 240 roots.

E7 = E8∩ c⊥. E8 has 128 roots of the form ±ei±ej(i 6= j) from which the half of it has exactly
one minus and one plus sign. These are exactly the ones in c⊥. From the 8-tuples of the form
1
2
(±e1 ± ...± e8) there are exactly

(
8
4

)
= 70 roots with four minus and four plus signs, which is

equivalent with being in c⊥. This means that E7 has 56 + 70 = 126 roots.

Consider E6 = E8 ∩ {c, d}⊥ where c := 1
2
(e1 + ... + e8) and d := −e7 − e8. For the roots of

E8 of the form ±ei ± ej(i 6= j), in order to be perpendicular to both c and d, it either has to
hold that i, j ∈ {1, ...6} or {i, j} = {7, 8}. Then for each pair there are two roots (by swopping
plus and minus signs). So E6 has 2 +

(
6
4

)
· 2 = 32 roots of that form. For the roots of the

form 1
2
(±e1 ± ... ± e8) there should be four minus and four plus signs chosen with the restric-

20



e2 − e1 e3 − e2 e4 − e3 e5 − e4 e6 − e5

1
2
(e1 + e2 + e3 − e4 − e5 − e6 − e7 + e8)

e7 − e8

Figure 2.12: The root lattice resulting from Ê6

e1 − e8 e2 − e1 e3 − e2 e4 − e3 e5 − e4 e6 − e5 e7 − e6

1
2
(e1 + e2 + e3 − e4 − e5 − e6 − e7 + e8)

Figure 2.13: The root lattice resulting from Ê7

tion that exactly on plus and one minus should occur for e7 and e8. This means that there
are
(

6
3

)
·
(

2
1

)
= 40 roots of this form which makes E6 have an amount of 32+40 = 72 roots in total.

In the next chapter, we will make a connection between generalized quadrangles and root
lattices as just shown. For the reader that wants to know more about applications of root
lattices in for example Computer Sciences, we refer to [6].
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e2 − e1 e3 − e2 e4 − e3 e5 − e4 e6 − e5 e7 − e6 −e7 − e8
1
2
(e1 + ...+ e8)

1
2
(e1 + e2 + e3 − e4 − e5 − e6 − e7 + e8)

Figure 2.14: The root lattice resulting from Ê8
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Chapter 3

Generalized quadrangles

3.1 Terminology and examples

In Section 2.2 we deduced a classification of root lattices by using graphs with highest eigenvalue
greater than or equal to 2. In Section 3.3 we will use the concept of generalized quadrangles to
come to the same classification in a different way. Generalized quadrangles are specific types
of generalized polygons. In this section we will introduce the general concept of generalized
polygons and some important characteristics.

3.1.1 Characteristics of generalized polygons

A generalized polygon is a special case of an incidence graph. An incidence structure I is a
triple of a set of points P , a set of lines L and a relation I ⊆ P ×L. The incidence graph X(I)
of the incidence structure I = (P ,L, I) is the graph with the set L ∪ P as its vertices and the
elements of I as its edges. Any incidence structure can in this way define a bipartite graph and
we see that any bipartite graph defines an incidence structure by just naming one part of the
bipartition the lines L and the other part the points P .

Let u, v be two vertices in the vertex set V of any undirected connected graph Γ and let d(u, v)
be the length of a shortest path from u to v. The diameter d of the graph Γ is defined as
d := max{d(u, v)|u, v ∈ V, u 6= v}. The girth g of a graph is the length of a shortest cycle
contained in the graph. Note that for any graph it holds that g ≤ 2d+ 1 and because any cycle
in a bipartite graph has even length, it holds that g ≤ 2d in any bipartite graph.

A generalized polygon is a bipartite graph with diameter d and girth 2d. If it has no cycle,
then the girth is by definition equal to infinity and the bipartite graph with diameter d could
then be considered ‘a degenerate case’ of a generalized polygon. The generalized polygon has
vertices and edges and the vertices are bipartitioned in lines and point in accordance with the
definition of an incidence structure.

Note that for the case d = 1, it is only possible to just have one point and one line connected
to each other. For the case d = 2 we end up with a full bipartite graph which is just all lines
passing through all points. It is from d = 3 that the generalized polygons are getting inter-
esting. We call a generalized polygon with d = 3 a generalized triangle. For d = 4 we use the
name generalized quadrangle and so on. An incidence structure is called a partial linear space,
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if any two points are both incident with at most one line. This is equivalent to any two lines
both being incident with at most one point. This means that the incidence graph of the partial
linear space cannot have a cycle of 4. Since any cycle length in an incidence graph is even,
it must have girth at least 6. This means that all ‘interesting cases’ of generalized polygons,
namely with d ≥ 3, are incident structures of a partial linear space.

We will first give some interesting lemmas about generalized polygons before moving on to some
interesting examples of generalized triangles and quadrangles in the next sections. A vertex is
called thick if it has valency at least 3 and thin if it has valency less then 3. A generalized
polygon is called thick when all its vertices are thick. Lemma 3.1.1 is more an observation then
a lemma. For the proofs of Lemmas 3.1.2, 3.1.3 and 3.1.4, we refer to [5], (Section 5.6).

Lemma 3.1.1 If u, v are two vertices of a generalized polygon and if d(u, v) < d, then there is
a unique path of length d(u, v) from v to w. �

Lemma 3.1.2 If d(u, v) = d, then u and v have the same valency. �

The following lemmas hold for the non-degenerate generalized polygons:

Lemma 3.1.3 Every vertex in the generalized polygon has valency at least 2. �

Lemma 3.1.4 For each pair of vertices u, v in a generalized polygon there is a cycle of length
2d that contains both of them. �

Lemma 3.1.5 If C is a cycle of length 2d and if w is a thick vertex in C. Then any two
vertices in C with the same distance to w, have the same valency.

Proof By Lemma 3.1.4 w lies in a cycle of length 2d. Let v be the unique vertex that has
distance d from w within the cycle C. w is thick, so it has a neighbour wn not in C. It should
hold that d(wn, v) < d so there is a path P from w via wn to v that is disjoint from C except
w and v. Because there are no cycles of length smaller then 2d we know that this path P has
to have length d. So this means that C and P together form three disjoint paths from w to v
of lengths d. Now let w1 and w2 in C have the same distance d1 within C from w. Then there
is unique vertex u in P with distance d2 = d− d1 from w. Both w1 and w2 are antipodes of u
in a cycle so they must have the same valency. �

3.1.2 An example for d = 3.

Before showing an interesting example of a generalized triangle, we first mention that a gener-
alized triangle is equivalent to an object from classical geometry that may be more familiar to
most of us: the projective plane. A projective plane is a partial linear space that satisfies:

1. Any two lines meet in a unique point

2. Any two points meet in a unique line

3. There is a triangle: three pairwise noncollinear points.
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The third conditions is to eliminate the cases in which all lines go through one point or all
points are on one line. The following lemma can be checked quite directly:

Lemma 3.1.6 A partial space I is a projective plane if and only if its incidence structure X(I)
is a non-degenerate generalized triangle. �

To give an example of a generalized triangle, or equivalently, of a projective plane, let V be
the 3-dimensional space over the field F with q elements. The incidence structure denoted
by PG(2, q) has the 1-dimensional subspaces as its points and its lines are the 2-dimensional
subspaces. The incidence relation is as follows: a point p is incident with a line L if the 1-
dimensional subspace p is contained in the 2-dimensional subspace L.

The vector space V has q3 − 1 nonzero vectors. Every 1-dimensional subspace in it has q − 1
nonzero vectors and every 2-dimensional subspace has q2 − 1 nonzero vectors. So there are
q3−1
q−1

= q2 + q+1 points. Since every line is uniquely determined by its orthogonal complement,

which is again a 1-dimensional subspace, there are also q2 +q+1 lines. On every line L there are
q2−1
q−1

= q + 1 points. Also, given a 1-dimensional subspace p, mapping another 1-dimensional
subspace q in the orthogonal complement of p to the line L spanned by p and q is a bijection
from the 1-dimensional subspaces orthogonal to p to the lines L that contain p. The orthogonal
complement of p has q2 − 1 nonzero vectors and thus contains q2−1

q−1
= q + 1 1-dimensional

subspaces. So every point is contained in q + 1 lines. This means that the incidence graph of
PG(q, 2) has 2(q2 + q + 1) vertices and it is regular with valency q + 1.

Two 1-dimensional subspaces p and q lie in a unique 2-dimensional subspace. So any two points
are on a unique line. Also, two different 2-dimensional subspaces have a unique 1-dimensional
subspace intersection. So any two lines meet in a unique point. Since q ≥ 2, a line contains
at least two points and its orthogonal complement is not in it so PG(2, q) contains three non-
collinear points. This gives that PG(2, q) is a projective plane, or equivalently, a generalized
triangle.

3.1.3 An example for d = 4.

As mentioned before, a generalized quadrangle is a generalized polygon with d = 4, meaning
that it has diameter 4 and girth 8. In the last section we saw that if an incidence graph is a
generalized triangle, then the incidence structure is a projective plane. In the same way we can
say the following about a generalized quadrangle:

Lemma 3.1.7 An incidence structure X(I) is a non-degenerate generalized quadrangle if and
only if the incidence structure I is a partial linear space that satisfies:

1. Given any line L and a point p not on L, there is a unique point q on L such that p and
q are collinear.

2. There are noncollinear points and nonconcurrent lines.

Proof Given any partial linear space I that satisfies the conditions above. A point is at distance
2 from another point if they are collinear. If p and q are not collinear, then there is a line L
through q that is not incident with p. But this means that there is another point q′ on L,
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according to condition 1, that is collinear with p, which means that p and q have distance 4. A
similar argument can be used for showing that two lines are either at distance 2 or at distance
4. A point p that is on a line L has distance 1 from this L. If it is not on L, then by condition
1, p and L have distance 3. By condition 2, there are noncollinear points, which means that
the diameter is indeed 4.

Because I is a partial linear space, its incidence graph has girth at least 6 (as we showed in
Section 3.1.1). But if there would be a cycle of length 6 then a point and a line in that cycle
would have two different paths of length 3 to each other, which violates condition 1. A cycle
of length 7 is not possible in a bipartite graph. So if we show that X(I) has a cycle of length
8, then we show that it has girth 8. Let p and q be noncollinear points. Then there is a line L
through p not through q and a line M through q not through p. So then there is a unique point
p′ on L that is collinear with q with line L′ and there is also a unique point q′ on M that is
collinear with p with line M ′. So now we have the cycle p−L−p′−L′−q−M−q′−M ′ of length 8.

Now, given any incidence graph X(I) that is a generalized quadrangle. Because the diameter
is 4 and the girth is 8, there must be two lines that are at distance 4 and two points that are at
distance 4 so there must exist noncollinear points and nonconcurrent lines, which shows that
the generalized quadrangle satisfies conditions 2. Also, there must exist a line L and a point
p at distance 3. Because the girth is 8, there must be a unique path from L to p of length 3,
which is equivalent to condition 1. �

To give an example of a generalized quadrangle we let V be the 4-dimensional vector space over
the field Fq with q elements. De projective space PG(3, q) contains points, lines and planes.
The points, lines and planes are the 1-, 2- and 3-dimensional subspaces of V respectively. A
subspace S in V is called totally isotropic if vT1 Hv2 = 0 for every v1, v2 ∈ S where the matrix
H can be defined by any invertible matrix for which HT = −H. An example would be:

H =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 .

The element 0 is the additive identity element and 1 the multiplicity identity element in the
field Fq. To count how many totally isotropic subspaces there are of 1, 2 and 3 dimensions,
we first define for every nonzero vector u the space u∗ = {v ∈ V |uTHv = 0}. Because
(vTHu)T = (Hu)Tv = −uTHv for all vectors u, v ∈ V , it holds that v ∈ u∗ ⇔ u ∈ v∗. Also,
since H is invertible, it holds that uTH is nonzero for every nonzero vector u ∈ V . This means
that u∗ is 3-dimensional for every nonzero u ∈ V .

One can easily check that the subspace spanned by u is contained in u∗ for any nonzero u ∈ V .
Namely, we have that (uTHu)T = (Hu)Tu = uTHTu = −uTHu. But since uTHu is a scalar,
this implies that uTHu = 0. So all points in PG(3, q) are totally isotropic. Since there are
q4 − 1 nonzero vectors in V and since every 1-dimensional subspace contains q − 1 nonzero
vectors, PG(3, q) contains q4−1

q−1
= (q2 + 1)(q + 1) points that are all totally isotropic.

To construct a totally isotropic line, we choose a random nonzero vector u ∈ V . This can be
done in q4− 1 ways. Now we choose another vector v ∈ u∗ that is not in the span of {u}. Since
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u∗ is a three dimensional space, we can choose v in q3 − q ways. This means that the ordered
pair (u, v) can be chosen in (q4 − 1)(q3 − q) ways. Besides this, each 2-dimensional space can

be spanned by (q2− 1)(q2− q) ordered pairs. So there are in total (q4−1)(q3−q)
(q2−1)(q2−q) = (q2 + 1)(q+ 1)

totally isotropic lines in PG(3, q).

Now, suppose that we have a 3-dimensional totally isotropic subspace W in V . Let V be
spanned by w1, w2, w3 and u in such a way that W is the span of {w1, w2, w3}. In order
for W to be totally isotropic, it must hold that {w1, w2, w3} ⊆ w∗i ∀i ∈ {1, 2, 3}. But since
v∗ is 3-dimensional for all nonzero vectors v ∈ V , this implies that W = w∗ ∀w ∈ W so
u 6∈ w∗ ∀w ∈ W so w 6∈ u∗ ∀w ∈ W . But this is impossible because V is 4-dimensional and W
and u∗ are both 3-dimensional. We conclude that there are no 3-dimensional totally isotopic
subspaces. So there are no totally isotropic planes in PG(3, q).

For the totally isotropic points and lines we have the following interesting result:

Lemma 3.1.8 Let I = (L,P , I) be the incidence structure where L is the set of all totally
isotropic lines in PG(3, q), P is the set of all points in PG(3, q) and I is the set of all pairs
(L, p) with L ∈ L, p ∈ P for which p is a subspace of the subspace L. The incidence graph
X(I) is a generalized quadrangle.

Proof We use the two conditions from Lemma 3.1.7. Obviously there are noncollinear points
and nonconcurrent lines in PG(3, q). For any subspace spanned by u ∈ V , take a nonzero
vector v ∈ V in the orthogonal complement of u∗. Then the subspace spanned by u and the
subspace spanned by v are noncollinear points. To obtain two nonconcurrent lines, take any
vector u ∈ V . Let u∗ be spanned by u, u1 and u2. And let v be a vector that spans the
orthogonal complement of u∗. Now the span of u and u1 and the span of v and u2 form two
nonconcurrent lines, so condition 2 from Lemma 3.1.7 is satisfied.

For condition 1, we need to show that if a point p is not contained in a line L, then there is a
unique point q contained in L that is collinear with p. Let p be spanned by a vector u ∈ V .
Then a point q is collinear with p if and only if q is spanned by a vector in u∗. The intersection
of the 3-dimensional space u∗ with the 2-dimensional space L is at least 1-dimensional because
the vector space V is 4-dimensional. It cannot be 2-dimensional. To show this, we suppose that
it is 2-dimensional. If W is the space spanned by u, w1 and w2, where w1 and w2 span L, then
the span of {u,w1, w2} must be totally isotropic. But we saw that a 3-dimensional subspace
in V cannot be totally isotropic. So the intersection of u∗ and L cannot be 2-dimensional. It
cannot be higher dimensional either because L is 2-dimensional itself. This means that the
intersection of L and u∗ is 1-dimensional so p is collinear with a unique point q on L. �
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3.2 Generalized quadrangles and strongly regular graphs

In order to make a connection between generalized quadrangles and root lattices in Section 3.3,
we first need to have a closer look at semi-regular generalized quadrangles. A bipartite graph
is said to be semi-regular if any two vertices that are in the same part of the bipartition, have
the same order. Semi-bipartite generalized quadrangles are closely related to strongly regular
graphs. In this section we will first introduce the concept of strongly regular graphs in order
to analyse semi-regular generalized quadrangles by the end of the section.

3.2.1 Strongly regular graphs

A k-regular graph Γ on n vertices is said to be strongly regular with parameters (n, k, a, c)
if any pair of adjacent vertices have a neighbours in common, and any pair of non-adjacent
vertices have c neighbours in common. An easy example is the cycle C5 on 5 vertices, which is
strongly regular with parameters (5, 2, 0, 1). In Figure 3.1, the cycle C5 is depicted at the left
and its complement at the right. Having a closer look at its complement C5, we see that it is
again strongly regular with parameters (5, 2, 0, 1) and on top of that it is even isomorphic to C5.

Figure 3.1: The cycle C5 and its complement are both strongly regular with parameters
(5, 2, 0, 1) and even isomorphic.

The complement of C5 also being strongly regular is no coincidence. The complement Γ of a
strongly regular graph Γ with parameters (n, k, a, c) is always strongly regular with parameters
(n, k, a, c). We can easily see that n = n, and k = n − k − 1. Two vertices u and v that are
adjacent in Γ, are non-adjacent in Γ. So in Γ there are 2k − c vertices different from u and
v that are a neighbour of at least one of those two vertices. This means that u and v have
n− (2k− c)−2 = n−2k−2 + c common neighbours in the graph Γ so a = n−2k−2 + c. Two
vertices u and v that are non-adjacent in Γ are adjacent in Γ. So in Γ there are 2k− a vertices
(including u and v) that are a neighbour of at least one of those two vertices. This means that
u and v have n− (2k − a) = n− 2k + a in common in Γ so c = n− 2k + a.

The parameters (n, k, a, c) are certainly not independent. Along this section, we will derive
several formulas showing the dependence between them. First of all, we take a random vertex
u in Γ. Vertex u has k neighbours and n− k − 1 non-neighbours. Each neighbour of vertex u
has a neighbours in common with u and k−a−1 other neighbours that are not neighbours of u.
This means that there are k(k−a− 1) edges between neighbours and non-neighbours of vertex
u. Also, every non-neighbour of vertex u has c neighbours in common with u. Since vertex u
has n − k − 1 non-neighbours, this means that the amount of edges between neighbours and
non-neighbours of vertex u is also equal to c(n− k − 1). This gives us the following equality:
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k(k − a− 1) = c(n− k − 1). (3.1)

Another restriction on the freedom of choosing the parameters (n, k, a, c) can be derived by
examining the eigenvalues of Γ and its multiplicities. We can derive the eigenvalues and multi-
plicities of Γ by recalling from Section 2.1.2 that (A2)xy gives the amount of paths of length 2
between two vertices x and y in Γ, where A is the adjacency matrix of Γ. Since Γ is k-regular,
this means that (A2)xx = k for any vertex x in Γ. Two vertices x and y that are adjacent in
A have a neighbours in common which means that in this case it holds that (A2)xy = a. For
two vertices x and y that are no neighbours, it holds that they have c neighbours in common
so (A2)xy = c. This means that A2 can be expressed in the following way:

A2 = kI + aA+ c(J − I − A),

which can also be written as

A2 + (c− a)A− (k − c) = cJ. (3.2)

From Section 2.1.2 we know that k is the eigenvalue of A with the all-one vector as its eigenvalue.
We also know that k is the highest eigenvalue of A, that it has multiplicity 1 since Γ is connected
and that all other eigenvectors are orthogonal to the all-one vector. Let θ be an eigenvalue of
A belonging to an eigenvector that is orthogonal to ~1. Then using Equation 3.2, this gives:

θ2 + (c− a) · θ − (k − c) = 0. (3.3)

The solutions are:

θ+ =
(a− c) +

√
D

2
and θ− =

(a− c)−
√
D

2

where D = (c− a)2 + 4(k − c). We also see that:

θ+ · θ− =
1

4

(
(a− c)2 − (c− a)2 − 4(k − c)

)
= c− k.

But since k > c, this gives that θ+ · θ− < 0 so θ− < 0 < θ+ < k.

Now let m− be the multiplicity of θ− and m+ the multiplicity of θ+. We know that the
eigenvalue k has multiplicity 1 so this means that

m− +m+ = n− 1. (3.4)

Since the sum of the eigenvalues of a matrix is always equal to the trace of the matrix, we also
have that

m− · θ− +m+ · θ+ + k = 0. (3.5)

Equations 3.4 and 3.5 give:

m− =
k + (n− 1) · θ+

θ+ − θ−
and m+ = −k + (n− 1) · θ−

θ+ − θ−
. (3.6)

But also we know that θ+ − θ− =
√
D which gives that:
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m− =
k + (n− 1) · a−c+

√
D

2√
D

=
1

2

(
n− 1 +

2k + (n− 1)(a− c)√
D

)
(3.7)

and

m+ = −
k + (n− 1) · a−c−

√
D

2√
D

=
1

2

(
n− 1− 2k + (n− 1)(a− c)√

D

)
(3.8)

where still D = (c−a)2 +4(k−c). Since m− and m+ are now both expressed in the parameters
(n, k, a, c) and because they should be integers, Equations 3.1, 3.7 and 3.8 give us quite strong
conditions that the parameters must fulfill in order to possibly be the parameters of a strongly
regular graph. We will use these conditions in the next section.

We have shown above that a strongly regular graph has exactly three eigenvalues θ−, θ+ and
k. It is good to know that it can also be easily shown that if a regular graph Γ has exactly
three eigenvalues k, θ1 and θ2, then it must be strongly regular. For a proof of this, we refer
to [5] (Chapter 10.2).

Another important restriction on the eigenvalues k, θ+ and θ− of a strongly regular graph is
the following:

θ+(θ−)2 − 2(θ+)2θ− − (θ+)2 − kθ+ + k(θ−)2 + 2kθ− ≥ 0. (3.9)

Equation 3.9 is one of a set of inequalities that are know as the Krein bounds. A proof of the
correctness of these inequalities can be found in [5], (Chapter 10.7).

3.2.2 The point graph of a generalized quadrangle of order (s, t)

Strongly regular graphs as discussed in the last section, are closely related to semi-regular gen-
eralized quadrangles. We say that a generalized quadrangle has order (s, t) if any line goes
trough s + 1 points and any point lies on t + 1 lines. The point graph of a generalized quad-
rangle is constructed in the following way: the set of vertices is exactly the set of points in
the generalized quadrangle and two vertices in the point graph are connected if the points that
they are representing, are collinear in the generalized quadrangle. We will show that the point
graph of a generalized quadrangle of order (s, t) is a strongly regular graph.

Lemma 3.2.1 Let Γ be the point graph of a generalized quadrangle of order (s, t). Then Γ is

strongly regular with parameters
(

(st+ 1)(s+ 1), s(t+ 1), s− 1, t+ 1
)

.

Proof First of all, any vertex u in Γ represents a point that is on t+ 1 lines in the generalized
quadrangle. Each of those lines have s+ 1 points and exactly point u in common. This means
that Γ is s(t+ 1)-regular.

If two points p and q are collinear in the generalized quadrangle, then there is a unique line L
containing both of them and s− 1 other points on L. But another point r not on L cannot be
collinear with both p and q since this violates with the girth of the generalized quadrangle being
equal to 8. This means that each pair of neighbours in Γ have s − 1 neighbours in common.
Also, when p and q are not collinear then p is on t + 1 lines not through q and all those lines
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have exactly 1 point collinear with q. This means that any pair of nonadjacent vertices in Γ
have t+ 1 neighbours in common.

So now we know that Γ is strongly regular with parameters k = s(t+1), a = s−1 and c = t+1.
To see how many vertices Γ has, we use Equation 3.1. This gives:

s(t+ 1)(s(t+ 1)− (s− 1)− 1) = (n− s(t+ 1)− 1)(t+ 1)

s(s(t+ 1)− s) = (n− s(t+ 1)− 1)

n = (st+ 1)(s+ 1).

So Γ is strongly regular with parameters
(

(st+ 1)(t+ 1), s(t+ 1), s− 1, t+ 1
)

. �

Another, more comprehensible way to see that the amount of vertices in Γ must be equal to
n = (st+ 1)(s+ 1), is to choose a random line L in the generalized quadrangle. Each point not
on L is collinear with exactly one point on L. A point p on L is on t lines that are not equal to
L and each of these lines has s other points then p. Since L contains s + 1 points, this means
that there are st(s + 1) points that are not on L. Together with the points on L, the general-
ized quadrangle consequently contains (st+1)(s+1) points so Γ contains (st+1)(s+1) vertices.

We will now use Lemma 3.2.1 to apply the restrictions from Section 3.2.1 on a generalized
quadrangle of order (s, t). First of all, we know that the point graph Γ has valency s(t+ 1) so
it has eigenvalue s(t + 1) with multiplicity one. From Equation 3.3 and using that c = t + 1
and a = s− 1, we know that the other 2 eigenvalues θ− and θ+ satisfy:

θ2+(c−a)·θ−(k−c) = θ2+(t−s+2)θ+(s−1)(−t−1) = (θ−(s−1))(θ−(−t−1)) = 0. (3.10)

So θ− = −t− 1 and θ+ = s− 1. We have also seen that k = s(t + 1) and n = (st + 1)(s + 1).
Using these expressions, plugging them into Equation 3.6 and simplifying gives:

m− =
s2(st+ 1)

s+ t
and m+ =

st(s+ 1)(t+ 1)

s+ t
. (3.11)

We will use these expressions in the next section when obtaining the generalized quadrangles
with lines of size 3. We will also use the Krein inequality from Equation 3.9 applied to a
generalized quadrangle of order (s, t). Substituting the expressions θ− = −t− 1 and θ+ = s− 1
into this equation, simplifying and factoring yields:

(t+ 1)(s2 − t)(s− 1) ≥ 0

Since t + 1 and s− 1 are both positive for certain, it holds that s2 − t ≥ 0 so s2 ≥ t. We will
also use this in the next section.

3.2.3 Generalized quadrangles with s = 2

In Section 3.3 we will be using generalized quadrangles of order (s, t) with s = 2. Substituting
this in Equation 3.11, gives that:

m− =
4(2t+ 1)

2 + t
=

8t+ 4

2 + t
= 8− 12

2 + t
.
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Figure 3.2: The strongly regular graph with parameters (9, 4, 1, 2) and the corresponding gen-
eralized quadrangle of order (2, 1).

Since m− must be an integer, this gives that t ∈ {1, 2, 4, 10}. But from Krein’s bound we
deduced that t ≤ s2 which eliminates the possibility that t = 10. Using the values from Lemma
3.2.1 in which we derived:

n = (st+ 1)(s+ 1)

k = s(t+ 1)

a = s− 1

c = t+ 1,

we get the possibilities as depicted in Table 3.2.3.

s t (n, k, a, c)

2 1 (9, 4, 1, 2)
2 2 (15, 6, 1, 3)
2 4 (27, 10, 1, 5)

Table 3.1: Parameters of strongly regular point graphs of generalized quadrangles for s = 2.

In Figures 3.2 and 3.3, we show the strongly regular graphs with the parameters from Table
3.2.3 at the left side for t ∈ {1, 2}. It can be shown that any other strongly regular graph with
one of the parameter sets that are shown in this Table 3.2.3, is isomorphic to the corresponding
graph in Figure 3.2 for t = 1, to the graph in Figure 3.3 for t = 2 and to the complement of
the unique strongly regular graph with parameters (27, 16, 10, 8) known as the Schäfli graph for
t = 4. For a proof of this we refer to [5], (Chapter 10.9).
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Figure 3.3: The strongly regular graph with parameters (15, 6, 1, 3) and the corresponding
generalized quadrangle of order (2, 2).

From any of those strongly regular graphs, we can deduce a unique generalized quadrangle.
Namely, since the strongly regular graph is the point graph of the generalized quadrangle, we
take the set of points equal to the set of vertices of the corresponding point graph and because
s = 2, we have that exactly every triangle in the point graph is a line in the generalized quad-
rangle. In Figures 3.2 and 3.3 we give the corresponding generalized quadrangle at the right side
for t ∈ {1, 2}. By using different colours and styles in the drawings, we see how every triangle
in the point graph corresponds to a line in the generalized quadrangle. Also the vertices are
marked with the number of their corresponding point in the generalized quadrangle. For t = 4,
we chose not to do the same thing since the resulting picture is rather confusing then clarifying:
the figure contains so many lines and points that an easy overview is difficult to create.
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3.3 Generalized quadrangles and root lattices

In Section 2.2.2 we classified root lattices by using connected graphs with maximum eigenvalue
2. In this Section we will use generalized quadrangles to come to the same classification. Recall
from Section 2.2.2 that root lattices are integral lattices that are generated by roots, which are
vectors of length

√
2. The root system Φ of a lattice Λ exists of all the roots in the root lattice.

Let v be a vector. We will use the notation 〈v〉 to denote the line generated by the vector v.
We denote the set of lines generated by the roots in a root system Φ by LΦ = {〈a〉|a ∈ Φ}.

3.3.1 Root lattices, star-closures and indecomposibility

In Section 2.2.2 we only took into account the root lattices with connected Dynkin diagrams.
We call those root lattices indecomposable. A root system Φ, the corresponding set of lines LΦ

and the corresponding root lattice are decomposable if Φ can be partitioned into two subsets
Φ1 and Φ2 such that every root in Φ1 is orthogonal to every root Φ2. A root lattice that is
not decomposable, is called indecomposable. Since decomposable root lattices are built up by
two or more indecomposable root lattices by just taking direct sums, it suffices to consider
indecomposable root lattices.

In Section 2.2.2 we saw that any pair of roots in Φ always make an angle that is a multiple of
60◦ or 90◦. This means that two lines in LΦ can only make an angle of 60◦ or 90◦. We also saw
that Φ, and consequently also the set of lines LΦ and the lattice generated by Φ, are invariant
under W = {wr|r ∈ Φ} where wr is the reflection in {r}⊥ for any root r ∈ Φ. We deduced this
by first deriving the formula:

wr(x) = x− 2
x • r

r • r
r = x− (x • r) · r (3.12)

and then using that the lattice generated by Φ is integral.

A star is a set of three coplanar lines of which each pair is at an angle of 60◦. A set of lines L is
star-closed if for any three lines l1, l2, l3 forming a star, the line l3 is in L whenever l1 and l2 are.
Furthermore, the star-closure of a set of lines L is the intersection of all the star-closed sets of
lines that contain L. Stars and star-closures will be two of our keys to classifying root lattices
by generalized quadrangles. The following lemmas will give us some useful results about them.

Lemma 3.3.1 For any root system Φ, the set of lines LΦ is star-closed.

Proof Let 〈r1〉, 〈r2〉 ∈ LΦ be two lines that make an angle of 60◦ and choose r1, r2 ∈ Φ such
that r1 • r2 = −1. Then Equation 3.12 gives us that

wr1(r2) = r2 − (r2 • r1) · r1 = r1 + r2.

Since (r1 + r2) • r1 = (r1 + r2) • r2 = 1, we know that 〈r1〉, 〈r2〉 and 〈r1 + r2〉 form a star. And
because Φ is closed under W = {wr|r ∈ Φ}, we have that LΦ must be star-closed. �

Lemma 3.3.2 Let Φ be an indecomposable root system. Then the reflection group W = {wr|r ∈
Φ} acts transitively on ordered pairs of nonorthogonal lines in LΦ.

Proof First we show that W = {wr|r ∈ Φ} acts transitively on the lines of LΦ. Let 〈r1〉 and
〈r2〉 be two non-orthogonal lines in LΦ with r1, r2 ∈ Φ. Assume that r1 • r2 = −1. Then taking
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r3 = −r1 − r2 gives us the third line 〈r3〉 in the star with 〈r1〉 and 〈r2〉. Furthermore we see
that

wr3(r1) = r1 − (r3 • r1) · r3 = −r2

and wr3(r2) = −r1 in the same way. So wr3 maps 〈r1〉 to 〈r2〉 and the other way around. This
means that 〈r1〉 can be mapped to any line that is not orthogonal to it. Since Φ is indecom-
posable, it must also hold that the orbit of 〈r1〉 under W = {wr|r ∈ Φ} must be the whole set
LΦ.

Now suppose that we want to map the ordered non-orthogonal pair (〈r1〉, 〈r2〉) to the or-
dered non-orthogonal pair (〈s1, s2〉) by applying reflections from W = {wr|r ∈ Φ}, where
〈r1〉, 〈r2〉, 〈s1〉, 〈s2〉 ∈ LΦ. We can do this in the following way. First we apply W such that
〈r1〉 is mapped to 〈s1〉 and consequently 〈r2〉 is mapped to a line 〈s〉 at 60◦ from 〈s1〉. Sec-
ondly we must apply a reflection from W that swops the ordered pairs (〈s1〉, 〈s〉) and (〈s1〉, 〈s2〉).

To show that the last reflection indeed exists, we choose s1, s and s2 such that s1•s = s1•s2 = −1.
The vector −s1 − s has length

√
2 and 〈−s1 − s〉 ∈ LΦ. Also we have that:

1 = s2 • −s1 = s2 • s+ s2 • (−s1 − s).

There are two possibilities:

1. s2 = s or s2 = (−s1 − s). Then s and s2 are swopped while fixing s1 by respectively the
identity reflection or the reflection ws1 .

2. The root s2 has inner product 1 with one of {s, (−s1 − s)} and inner product 0 with the
other. Since the roles of s and −s1 − s are interchangeable with respect to s1, we can
assume without loss of generality that s2 • s = 1 and s2 • (−s1− s) = 0. The the reflection
ws−s2 gives:

ws−s2(s1) = s1 − 0 · (s− s2) = s1,

ws−s2(s) = s− 1 · (s− s2) = s2,

and

ws−s2(s2) = s2 −−1 · (s− s2) = s.

This means that ws−s2 has swopped the ordered pairs (〈s1〉, 〈s〉) and (〈s1〉, 〈s2〉) as desired. �

Suppose that we have an indecomposable, star-closed set L of lines at 60◦ and 90◦. The Lemma
3.3.4 will show that there is an easy and systematic way to choose a subset of L of which L is
the star-closure. This subset will turn out to be useful when linking root lattices to generalized
quadrangles. Before this, we will first need Lemma 3.3.3.

Lemma 3.3.3 Let L be an indecomposable, star-closed set of lines at 60◦ and 90◦. Let 〈r1〉,
〈r2〉 and 〈r3〉 form a star in L. Then any other line in L is perpendicular to either one or three
of those lines.
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Proof We choose r1, r2 and r3 to be roots in such a way that r1 • r2 = r2 • r3 = r1 • r3 = −1.
Then it holds that r3 = −r1 − r2. Now let 〈s〉 be any other line in L. Again we choose s to be
a root. Since r3 = −r1 − r2, it holds that:

r1 • s+ r2 • s+ r3 • s = 0.

And since for any i ∈ {1, 2, 3} it holds that ri • s ∈ {−1, 0, 1}, we know that either all three
terms must be equal to 0 (s is orthogonal to all of r1, r2 and r3), or either the terms must be
−1, 0 and 1 (in which case s is orthogonal to exactly one of them). �

Now we choose a random star {〈r1〉, 〈r2〉, 〈r3〉} in LΦ where r1, r2 and r3 are all roots in Φ with
pairwise inner product equal to −1 as in the proof of Lemma 3.3.3. Let R1 be the set of all
lines in LΦ that are orthogonal to 〈r1〉 but not to 〈r2〉 and 〈r3〉. In the same way let R2 be the
set of all lines in LΦ that are orthogonal to 〈r2〉 but not to 〈r1〉 and 〈r3〉 and let R3 be the set
of all lines in LΦ that are orthogonal to 〈r3〉 but not to 〈r1〉 and 〈r2〉. Let R be the set of lines
that are orthogonal to all of {〈r1〉, 〈r2〉, 〈r3〉}. By Lemma 3.3.3 we have that {〈r1〉, 〈r2〉, 〈r3〉},
R1, R2, R3 and R form a partition of LΦ. We have the following result:

Lemma 3.3.4 The set LΦ is the star-closure of 〈r1〉, 〈r2〉 and R3.

Proof Clearly, 〈r3〉 is in the star-closure since it forms a star with 〈r1〉 and 〈r2〉. Let 〈s〉 ∈ R1

where s is a root and choose it in such a way that s • r2 = −1 and consequently s • r3 = 1. Then
−s−r2 is a root and 〈−s−r2〉 ∈ R3 because (−s−r2) •r3 = −1−−1 = 0. Since 〈r2〉, 〈−s−r2〉
and 〈s〉 form a star, we know that R1 must be in the star-closure of 〈r1〉, 〈r2〉 and R3. By the
same argument, we can argue that R2 is also in the star-closure of 〈r1〉, 〈r2〉 and R3.

The only task that is left, is to show that R is also in the star-closure of 〈r1〉, 〈r2〉 and R3. Let
〈r〉 be a line in R with r a root. Suppose that there is a line 〈r∗3〉 in R3 that is not orthogonal
to 〈r〉. We choose the root r∗3 such that r • r∗3 = −1. Again −r − r∗3 is a root and 〈−r − r∗3〉
forms a star with 〈r〉 and 〈r∗3〉. Also r1 • (−r − r∗3) = 0± 1 6= 0 and r2 • (−r − r∗3) = 0± 1 6= 0
so 〈−r − r∗3〉 is in R3. But this means that 〈r∗3〉 and 〈−r − r∗3〉 are both in R3 and they form a
star with 〈r〉. This means that 〈r〉 is in the star-closure of 〈r1〉, 〈r2〉 and R3.

The last case that we did not cover yet is the case in which all lines in R3 are orthogonal to a
line 〈r〉 in R. But since this would contradict the indecomposability of LΦ, we see that this is
not possible. �

By Lemma 3.3.2 it is clear that in the same way LΦ is also the star-closure of 〈r1〉, 〈r3〉 and R2

and the star-closure of 〈r2〉, 〈r3〉 and R1.

3.3.2 Star-closures and generalized quadrangles

To use the previous Section to classify root lattices we will choose a spanning vector for each
line in R1, R2 and R3 (as defined in the previous section). Let R∗1, R∗2 and R∗3 be sets of roots
defined as follows:

36



R∗1 = {s|〈s〉 ∈ LΦ, r1 • s = 0, r2 • s = 1, r3 • s = −1}
R∗2 = {s|〈s〉 ∈ LΦ, r1 • s = −1, r2 • s = 0, r3 • s = 1}
R∗3 = {s|〈s〉 ∈ LΦ, r1 • s = 1, r2 • s = −1, r3 • s = 0}

We see that if s ∈ R∗3, then wr2(s) = s− (s • r2) · r2 = s+ r2. So then

wr2(s) • r1 = (s+ r2) • r1 = 1 +−1 = 0,

wr2(s) • r2 = (s+ r2) • r2 = −1 + 2 = 1 and

wr2(s) • r3 = (s+ r2) • r3 = 0 +−1 = −1.

This gives that

R∗1 = wr2(R
∗
3) = R∗3 + r2.

In the same way it can be checked that

R∗2 = wr3(R
∗
1) = R∗1 + r3

R∗3 = wr1(R
∗
2) = R∗2 + r1.

Now, let us make the connection with partial linear spaces in Lemma 3.3.5 and the connection
with generalized quadrangles in Lemma 3.3.6.

Lemma 3.3.5 Let I be the incidence structure with the roots from R∗3 as its points and the
triples of pairwise orthogonal roots from R∗3 as its lines. Then the incidence structure is I is a
partial linear space.

Proof We will show that if s, t ∈ R∗3 are orthogonal roots, then there is a unique root x in R∗3
that is orthogonal to both of them. This means that two points cannot be on two lines, which
will yield that X(I) is indeed a partial linear space.

So let s, t ∈ R∗3 be orthogonal roots. Then s + r2 ∈ R∗1 and t− r1 ∈ R∗2. The inner product of
s+ r2 and t− r1 is equal to (s+ r2) • (t− r1) = s • t+ s • r1 + r2 • t+ r2 • r1 = 0 + 1− 1− 1 = −1
which means that 〈s + r2〉, 〈t − r1〉 and 〈−(s + r2) − (t − r1)〉 = 〈r1 − r2 − s − t〉 form a star
and r1 − r2 − s− t is a root. Also:

r1 • (r1 − r2 − s− t) = 2−−1− 1− 1 = 1,

r2 • (r1 − r2 − s− t) = −1− 2−−1−−1 = −1 and

r3 • (r1 − r2 − s− t) = −1−−1− 0− 0 = 0

so r1 − r2 − s− t ∈ R∗3. Also we have that:
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Figure 3.4: The generalized quadrangle (incidence graph at the left) without cycles and its
incidence structure (at the right) with lines of size 3.

s • (r1 − r2 − s− t) = 1−−1− 2− 0 = 0 and

t • (r1 − r2 − s− t) = 1−−1− 0− 2 = 0.

So s, t and (r1 − r2 − s − t) are pairwise orthogonal. Also if y is any other root in R∗3 that is
orthogonal to both s and t, then it holds that:

y • (r1 − r2 − s− t) = 1−−1− 0− 0 = 2,

so y = r1 − r2 − s− t as desired. �

Lemma 3.3.6 Let I be the incidence structure from Lemma 3.3.5. If I contains any lines,
then the incidence graph X(I) is a generalized quadrangle with lines of size 3.

Proof According to the definition of a generalized quadrangle we need to show that if s, t and
r1 − r2 − s− t are three pairwise orthogonal roots in R∗3 and if x is a random root in R∗3, then
x is perpendicular to exactly one of s, t and r1 − r2 − s − t. We show this by taking the sum
of the inner products:

s • x+ t • x+ (r1 − r2 − s− t) • x = (r1 − r2) • x = 1−−1 = 2.

Since each of those three inner products is in {−1, 0, 1}, it follows that exactly one of the three
inner products must be equal to 0 and the other two inner products must be equal to 1 which
gives us that x is orthogonal to exactly one of s, t and r1 − r2 − s− t. �

Lemma 3.3.6 gives us an easy way to classify root lattices. Since R∗3 determines the structure
of the whole root lattice by Lemma 3.3.4, we can identify each root lattice by identifying each
generalized quadrangle with lines of size three.

The easiest possibility in which all lines have size three is a generalized quadrangle with no
lines. The other possibility is that the generalized quadrangle X(I) does have lines but no
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cycles (the degenerate case). In this case it should hold that there are no two points in I that
are both collinear with two other points. But since every two points should be connected in
X(I) by a path of length 2 or 4, this means that any pair of points that are not collinear,
should be collinear with the same point. This gives us that the generalized quadrangle with no
cycles represents an incidence structure of a set of concurrent lines of size three. The amount
of lines is not restricted. In Figure 3.4 we see the example where there are three lines.

The last possibility is that the generalized quadrangle does contain a cycle. From Lemma 3.1.4
we know that then any vertex of the generalized quadrangle is in a cycle. Now, because any line
has size 3 it holds that every line is a thick vertex in the generalized quadrangle. From Lemma
3.1.5 we can conclude that then every point should have the same valency, so the generalized
quadrangle is semi-regular with order (s, t) where s = 2 and t ∈ {1, 2, 4} as deduced in Section
3.2.3. In this section we derived the unique generalized quadrangle for each value of t from
{1, 2, 4}. Summarizing, we get the following Corollary:

Corollary 3.3.1 The incidence graph X(I) of the incidence structure from Lemma 3.3.5 is
either:

1. A set of points and no lines.

2. A set of concurrent lines of size 3.

3. One of the unique generalized quadrangles of order (2, 1), (2, 2) or (2, 4).

3.3.3 Classification of root lattices by generalized quadrangles

By using Corollary 3.3.1, we can again classify the indecomposable root lattices. Let r1, r2,
r3, R1, R2, R3, R, R∗1, R∗2 and R∗3 be constructed as in Section 3.3.1. One can derive the
Gram matrix G for the roots s1, s2, ..., sk in R∗3 as follows: Since every root has length

√
2, all

diagonal entries should be 2. Now, whenever two different roots si and sj are collinear in the
corresponding generalized quadrangle, the entry Gsisj should equal 0. When the different roots
si and sj are not collinear, then their inner product must be equal to −1 or to 1. Also, we have
that:

(si + sj) • r1 = si • r1 + sj • r1 = 2 and

(si + sj) • r1 = |si + sj| · |r1| · cos (φ) = |si + sj| · 1 · cos (φ)

where φ is the angle between si + sj and r1. But if si • sj is equal to −1, then |si + sj| =
√

2,
which is not possible because −1 ≤ cos (φ) ≤ 1. So the inner product of si and sj must equal
1. Now, we know that the generalized quadrangle fixes the Gram matrix of the vectors in R∗3,
which uniquely determines the roots of R∗3 upto orthogonal transformations. But this fixes the
structure of the whole root lattice as we have seen in Lemma 3.3.4.

The lines spanned by the roots in the root lattices An, Dn, E8, E7 and E6 from Section 2.2.2
form an indecomposable star-closed set of lines at 60◦ or at 90◦ because they are root lattices.
By all the results from this Section, it follows that we can show that they are actually all inde-
composable root lattices by just identifying a star {〈r1〉, 〈r2〉, 〈r3〉}, making R∗3 and identifying
the structure of R∗3 with one of the root lattices. From Lemma 3.3.2 we see that it does not
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make a difference which star we choose.

Let us start with An. Then An has n(n + 1) roots of the form ei − ej, (i 6= j) and i, j ∈
{1, ..., n+ 1}. We see that 〈e1− e2〉, 〈e2− e3〉 and 〈e3− e1〉 form a star. Any root in R∗3 should
have an inner product with e3 − e1 equal to 0, an inner product with e1 − e2 equal to 1 and an
inner product with e2 − e3 equal to −1. The only roots in An that satisfy these properties are
−e2 + ek with k ∈ {4, ..., n + 1}, which are n − 2 roots. We can easily see that none of them
are orthogonal to each other so An corresponds to the set of n− 2 points with no lines.

Secondly, we saw that the root lattice Dn has a root system of 2n(n − 1) roots of the form
±ei± ej with i, j ∈ {1, ...n} and i 6= j. Again, we choose the star formed by 〈e1− e2〉, 〈e2− e3〉
and 〈e3 − e1〉. Again, any root in R∗3 should have an inner product with e3 − e1 equal to 0,
an inner product with e1 − e2 equal to 1 and an inner product with e2 − e3 equal to −1. The
only roots satisfying these properties in Dn are e1 + e3 and all roots of the form −e2 ± ek
with k ∈ {4, ..., n}. We see that there is no pair of vectors −e2 ± ei and −e2 ± ej with i 6= j
and i, j ∈ {4, ..., n} that are orthogonal to each other. However, −e2 + ek and −e2 − ek are
perpendicular to each other for each k ∈ {4, ...n} and all the roots of the form −e2 ± ek with
k ∈ {4, ..., n} are perpendicular to e1 + e3. This means that Dn corresponds to the generalized
quadrangle of n− 3 concurrent lines that all share one point and have 2 other points that are
only on a unique line. So this generalized quadrangle has 2n− 5 points.

The other root lattices that we saw were E8, E7 and E6. The root lattice E8 has 112 roots
from D8 and another 128 roots of the form 1

2
(±e1 ± e2 ± ...± e8) with an even amount of plus

and minus signs. We again take the star formed by 〈e1 − e2〉, 〈e2 − e3〉 and 〈e3 − e1〉. Any
root in R∗3 should have an inner product with e3 − e1 equal to 0, an inner product with e1 − e2

equal to 1 and an inner product with e2− e3 equal to −1. We see that R∗3 contains e1 + e3 and
also −e2 ± ek where k ∈ {e4, ..., e8}. These are 11 roots. The rest of the roots that satisfy this
property are the roots of the form 1

2
(e1 − e2 + e3 ± e4 ± ... ± e8) with exactly 5, 3 or 1 minus

signs in the last 5 entries. There are
(

5
1

)
+
(

5
3

)
+
(

5
5

)
= 5+10+1 = 16 roots of this form. In total

we see that R∗3 for E8 has 11 + 16 = 27 roots. This gives us that E8 must correspond to the
incidence structure with the unique strongly regular point graph with parameters (27, 10, 1, 5)
from Section 3.2.3.

For the root lattice E7, we saw that it has exactly 126 roots. There are 56 roots of the form ei−ej
with i 6= j and i, j ∈ {1, ..., 8}. The other 70 roots are the ones of the form 1

2
(±e1±e2± ...±e8)

with exactly 4 plus and 4 minus signs. We again take the star formed by 〈e1 − e2〉, 〈e2 − e3〉
and 〈e3 − e1〉. Any root in R∗3 should have an inner product with e3 − e1 equal to 0, an inner
product with e1− e2 equal to 1 and an inner product with e2− e3 equal to −1. So R∗3 contains
−e2 + ek with k ∈ {4, ..., 8}, which are 5 roots. Besides this, it contains the roots of the form
1
2
(e1 − e2 + e3 ± e4...± e8) with exactly 2 plus signs in the last 5 entries, which gives

(
5
2

)
= 10

possibilities. In total we see that R∗3 for E7 has 5 + 10 = 15 roots. This means that E7 must
correspond to the incidence structure with the unique strongly regular point graph with pa-
rameters (15, 6, 1, 3) from Section 3.2.3.

Finally, the root lattice E6 contains 72 roots. There are 32 roots of the form ei − ej with
i 6= j and i, j ∈ {1, ..., 6} or either i, j ∈ {7, 8}. The other 40 roots are the roots of the
form 1

2
(±e1 ± e2 ± ... ± e8) with the restriction that it contains exactly 4 plus and 4 minus

signs of which 3 in the entries {1, ..., 6} and 1 in the entries {7, 8}. We again take the star
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formed by 〈e1 − e2〉, 〈e2 − e3〉 and 〈e3 − e1〉. Any root in R∗3 should have an inner product
with e3 − e1 equal to 0, an inner product with e1 − e2 equal to 1 and an inner product with
e2 − e3 equal to −1. R∗3 contains −e2 + ek where k ∈ {4, 5, 6}, which are 3 roots. Besides
this it contains 1

2
(e1 − e2 + e3 ± e4... ± e8) with exacty 1 plus sign in the entries {4, 5, 6} and

1 plus sign in the entries {7, 8}. For this form there are 3 · 2 = 6 possibilities so in total R∗3
contains 3 + 6 = 9 roots for E6. This means that E6 must correspond to the incidence struc-
ture with the unique strongly regular point graph with parameters (9, 4, 1, 2) from Section 3.2.3.

Finally, we can summarize our results by the following theorem:

Theorem 3.3.1 Any indecomposable root lattice is isomorphic with one of An (n ≥ 2), Dn

(n ≥ 4), E6, E7 or E8 as introduced in Section 2.2.2.
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Chapter 4

Near hexagons

4.1 Near polygons

In Chapter 3 we introduced the concept of generalized polygons to come to the classification
of integral lattices with minimal norm 2. In this chapter we will introduce the concept of near
polygons. Being familiar with near polygons, we will be able to classify integral lattices in
which the minimal norm equals 3 in Chapter 5 and explore some of its examples in more depth.

4.1.1 Terminology

To introduce the definition of a near polygon, we start, like in Section 3.1, with an incidence
structure I = (P ,L, I) and its incidence graph X(I). In the rest of this chapter we will of-
ten abbreviate I = (P ,L, I) to (P ,L, meaning that the points and lines carry an incidence
structure naturally. Recall that a vertex in X(I) can either represent a point in P or either
represent a line in L. We used the notation d(u, v) to indicate the length of a shortest path
from u to v in X(I). If u and v are both representing a point in P , then d(u, v) is even. In the
definition of a near polygon, we will use that if p1, p2 ∈ V (X(I)) are both representing a point

in P , then we define the line distance by dL(p1, p2) = d(p1,p2)
2

. In other words, dL(p1, p2) gives
the minimum amount of lines that need to be crossed to come from point p1 to point p2 in the
incidence structure I.

Now, let I = (L,P , I) be an incidence structure. We say that I is a near n-gon iff:

1. n is an even integer and ∀ p1, p2 ∈ P , dL(p1, p2) ≤ n
2
.

2. If p ∈ P and l ∈ L, then l contains a unique point q nearest to p. So if this point q has
line distance k to p, then the other points on l have line distance k + 1 to p.

3. Each line contains at least two points.

A near polygon is called thick if each line contains at least three points. Note that this condition
is slightly weaker then the condition that we needed for a generalized polygon to be thick. For
a generalized polygon to be thick, any vertex in its incidence graph, including its points, needs
to have degree at least 3.

A near n-gon is said to have order (s, t) when any line contains s + 1 points and any point is
incident with t + 1 lines. A near n-gon is called regular with parameters (s, t, t2, t3, ...) iff it
is a thick near n-gon of order (s, t) and the following condition holds: for any two points x, y

42



with dL(x, y) > 1, there are 1+td lines through y that contain points at line distance d−1 from x.

Furthermore we use the notation ∆d(x) for the set of points with line distance d to x. This means
that for any point x in a near n-gon, by taking the set {{x},∆1(x),∆2(x), ...,∆n

2
(x)}, a parti-

tion of the set of points in the near n-gon is formed. Related to this, for indicating the amount
of points in the intersection of ∆i(x) and ∆j(y), we use the notation Ni,j(x, y) = |∆i(x)∩∆j(y)|.
Also, we use the notation ∆∗d(x) for the set of points with line distance d or less then d to x.

In the next section we will have a look at substructeres of near n-gons. In this context, the
concept external diameter will be used. Let P be the set of points in a near n-gon and let P?
be a subset of P . Then the external diameter of P? is defined as:

ext diam (P?) = sup{dL(x, y)|x, y ∈ P?}.

The notation Ek will be used to denote the collection of subsets P? satisfying ext diam (P?) = k.
The collection of maximal members of Ek is denoted by E∗k .

For the unique lines through the points p1, p2 ∈ P we use the notation p1 +p2. At last, a subset
P? is line closed if, whenever two elements of P? are collinear, all the points on the unique line
through them are also in P?.

4.1.2 Properties of near polygons

Before we start using near n-gons, in particular near hexagons, to investigate norm 3 integral
lattices, we will have a closer look on how near polygons are structured. We start of with some
lemmas.

Lemma 4.1.1 A generalized n-gon is a near n-gon for any even integer n.

Proof In Section 4.1.1 we numbered three conditions that an incidence structure should satisfy
in order to be a near n-gon. We will show that a generalized n-gon with n an even integer,
satisfies all these conditions and is therefore a near n-gon. Let n be an even integer and let X
be a generalized n-gon with point set P and line set L. Then:

1. ∀ p1, p2 ∈ P it holds that d(p1, p2) ≤ n so dL(p1, p2) = d(p1,p2)
2
≤ n

2
.

2. Let p ∈ P and l ∈ L. If p is incident with l, then p has line distance 0 to itself and line
distance 1 to the other points on l, so in this case l has indeed a unique point closest to
p. Now, suppose that l and p are not incident. We first show that if l contains points
q1, q2, ..., qk with k ≥ 2, then ∃ i ∈ {1, ..., k} for which dL(p, qi) <

n
2
. Namely, we know

that d(p, l) ≤ n−1. A path of minimum length from p to l in the generalized n-gon, must
at least contain one point qi on l. So there is a point qi on l for which d(p, qi) ≤ n− 2 so
dL(p, qi) ≤ n−2

2
< n

2
. Now, by contradiction, let q1 and q2 be two points on l nearest to p

with line distance d ≤ n
2
− 1 to p. Then this would imply a cycle in the generalized n-gon

of length at most 2 · (2 · (n
2
− 1)) + 2 = n − 2, contradicting that in a generalized n-gon

all cycles have length at least n. This means that l contains a unique point nearest to p.

3. Each line in the generalized n-gon contains at least 2 points. �
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In general, the converse of the lemma above is not true: a near n-gon is not necessarily a
generalized n-gon. For a near 4-gon however, the following lemma does hold.

Lemma 4.1.2 A near 4-gon is always a generalized quadrangle.

Proof Let X be a near 4-gon with point set P and line set L. Let l ∈ L be a line not containing
a certain point p ∈ P . Then we know that l contains a unique point q nearest to p. But since
the maximal line distance between two points in the near 4-gon is 2, we get that this is only
possible if dL(p, q) = 1 and the line distance from p to the other points on l is equal to 2. So l
contains a unique point collinear with p, which is exactly the characterization of a generalized
quadrangle (Section 3.1.3, Lemma 3.1.7). �

The following lemmas and corollaries will be about the connection between substructures of
near polygons and generalized quadrangles. Practically all of them are already proven by [7].
However, for some of them we will still give a proof or a sketch of a proof.

Lemma 4.1.3 Any element of E∗k in a near n-gon is line closed.

Proof Let P be the set of points of a near polygon and X a subset of P in E∗k . Suppose that
p1 and p2 are two collinear points both in X . Take another point q in X and consider the line l
in the line set belonging to P through p1 and p2. Then for a certain nonnegative integer d, all
the points on l have line distance d + 1 to q except for one point on l, which has line distance
d to q. So at least one of the points p1 and p2 has line distance d + 1 to q, which means that
d+ 1 ≤ k. Maximality of X (because it is in E∗k ), then implies that all the points on l are in X
since they have all line distance at most d+ 1 to q. �

Lemma 4.1.4 Let (P ,L) be a near polygon and X a subset in E∗2 of (P ,L). Let L(X ) be the set
of lines that are entirely in X . Then (X ,L(X )) has the structure of a generalized quadrangle.

Proof By using Lemma 4.1.3 for the case k = 2, one can easily verify that the condition that
characterizes a generalized quadrangle (Section 3.1.3, Lemma 3.1.7) holds. �

4.1.3 Generalized quadrangles in near polygons

In Figure 4.1, a regular near 6-gon with parameters (2, 2, 1) is depicted. It is the 3×3×3 cube.
To keep a better overview, we made the lines in one dimension longer then in the other two
dimensions. But since only the connections of lines and points are relevant, the length of the
lines is not important. There are nine 3× 3 grids that are all regular generalized quadrangles
with parameters (2, 1) (see Figure 3.2). One of those grids is made green. Also, every point has
three lines through it that form a degenerate generalized quadrangle with three lines of size 3
through one common point (Option 2 in Corollary 3.3.1). One of those degenerate generalized
quadrangles is coloured blue in Figure 4.1. There are 27 of them.

In general, having a subset X of the set of points P of a near n-gon with ext diam (X ) ≤ 2, we
know that X is contained in a member Y of E∗2 . If Y is a degenerate generalized quadrangle,
then Y must be the full set of lines through a certain point. So if X contains at least two lines,
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Figure 4.1: A near 6-gon with parameters (2, 2, 1).

then the degenerate generalized quadrangle Y is uniquely determined. If Y is a non-degenerate
generalized quadrangle, then it must contain at least one cycle of 4 points and 4 lines, which
we will call a diamond. In Figure 4.1 the four filled points form a diamond together with the
lines through them. We see that the green coloured generalized quadrangle is the only member
of E∗2 containing all four of them. In general, in any other near n-gon containing a diamond,
the following lemma holds:

Lemma 4.1.5 Let (P ,L) be a near n-gon with p1, p2, p3, p4 ∈ P forming a diamond with the
lines p1 + p2, p2 + p3, p3 + p4 and p4 + p1. If at least one of those lines contains three points or
more, then

Y = ∆∗2(p1) ∩∆∗2(p2) ∩∆∗2(p3) ∩∆∗2(p4)

is the unique member of E∗2 that contains X = {p1, p2, p3, p4}. Consequently, Y is a generalized
quadrangle.

Proof For the proof of this lemma we refer to [7] (Proposition 2.5).�

Now we know that every member of E∗2 is a generalized quadrangle, we would like to investigate
how different members of E∗2 can overlap. For this, we first need to know something about the
relation between a generalized quadrangle Q ∈ E∗2 in a near n-gon and a point on the same near
n-gon not in Q. In Figure 4.2 we see the same near hexagon as in Figure 4.1. Again, one of the
non-degenerate generalized quadrangles Q has been coloured green on its lines. The blue point
is outside Q. It has line distance 1 to only the green point in Q. Is has line distance 2 to orange
points in Q, which are exactly the points in Q that are collinear with the green point. All the
other points in Q, so the points that have line distance 2 to the green point, are coloured red
and they have line distance 3 to the blue point.

We can check quite easily that this is the case for any pair (Q, p) that we choose in this near
hexagon, where Q is one of the nine non-degenerate quadrangles with nine points and p is a
point not in Q: p has line distance 1 to one point q1 in Q, line distance 2 to the points in Q
that are collinear with q1, and line distance 3 to all the other points in Q.

In general, something similar holds. The following lemma gives the generalization:

Lemma 4.1.6 Let (P ,L) be a near n-gon. Let Q be a line-closed substructure of (P ,L) that is
a non-degenerate generalized quadrangle with at least one line containing three or more points.
Then for any point p in P not in Q, exactly one of the following conditions holds:
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Figure 4.2: A near 6-gon with parameters (2, 2, 1).

1. Q contains exactly one point q that has line distance d to p. The points in Q that are
collinear with Q have line distance d + 1 to p, and all the other points in Q have line
distance d+ 2.

2. Q is a generalized quadrangle of order (s, t) and p has line distance d to all the points of
an ovoid in Q and line distance d + 1 to all the other points in Q. An ovoid is a set of
points in Q that is chosen in such a way that each line contains exactly one point of the
ovoid.

Proof For the proof of this lemma we refer to [7] (Proposition 2.6).�

We should keep in mind that the fact that Q has to be of a certain order (s, t) to satisfy
situation 2, does not mean that Q cannot be of a certain order (s, t) in situation 1. We see
this for example in Figure 4.2. The blue point satisfies situation 1 with respect to the green
generalized quadrangle while the generalized quadrangle is of order (2, 1). For any other situa-
tion in which Q is of order (s, t), we see from Lemma 4.1.6 that there are two possible situations:

In situation 1, there is one point q with line distance d to p and there are s(t+ 1) points with
distance d+ 1 to p, since q is contained in t+ 1 lines in Q and every line contains s+ 1 points
with s points that are not equal to q. From Lemma 3.2.1 we know that Q contains (st+1)(s+1)
in total, which means that the remaining (st+ 1)(s+ 1)− s(t+ 1)− 1 = s2t points in Q have
line distance d+ 2 to p.

In situation 2, the points with line distance d to p form an ovoid in Q. Q has (s + 1)(st + 1)
points, every line contains exactly s+ 1 points and every point is contained in t+ 1 lines. This
means that there are (t + 1)(st + 1) lines. So if we want to know how many points the ovoid
contains, we divide this number by t+ 1 because every point in the ovoid is contained in t+ 1
lines an every line contains exactly one point in the ovoid. So the ovoid contains st+ 1 points.
The other remaining s(st + 1) points in Q have line distance d + 1 to p. From this we get the
following result:

Corollary 4.1.1 Let (P ,L) be a near n-gon and Q a member of E∗2 that is a non-degenerate
quadrangle with at least one line containing three or more points. A point p in P is in Q iff it
is collinear with two or more points of Q.

Proof If p is in Q, then p is collinear with at least two points since Q is non-degenerate. Namely,
we know that every point in a non-degenerate generalized quadrangle is contained in at least
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Figure 4.3: A near 6-gon with parameters (2, 2, 1).

one cycle (Lemma 3.1.3).

Now, if p is not in Q but collinear with two points q1 and q2 in Q, then situation 2 holds from
Lemma 4.1.6 and so all the other points in Q must also have line distance 1 or 2 to p. So
ext diam({p}∪Q) = 2. But since Q ∈ E∗2 and we chose p not to be in Q, this is a contradiction.
So p cannot be collinear with two or more points, which completes the proof. �

For the near hexagon in Figure 4.2, we saw that any point outside the generalized quadrangle
Q with green lines is only collinear with exactly one point in Q and has line distance 2 or more
to the other points in Q. This is in accordance with Corollary 4.1.1. Now, let us have a look
at the same near hexagon again in Figure 4.3. The same generalized quadrangle as in Figure
4.2 has still green lines. We now call it Q1. Also, we gave a blue colour to the lines of another
generalized quadrangle Q2 in the near hexagon. The dashed, red line belongs to both of Q1

and Q2. We see that any two non-degenerate quadrangles from E∗2 that we choose in this near
hexagon will either intersect in one line, or either not intersect.

The following theorem will, using Corollary 4.1.1, state a more general result about how two
non-degenerate quadrangles in an n-gon overlap.

Theorem 4.1.1 Let (P ,L) be a near n-gon and Q1 and Q2 two members of E∗2 that are non-
degenerate generalized quadrangles. If at least one of them contains at least one line with at
least 3 points, then the intersection of Q1 and Q2 is either the empty set, a point, or a line, or
they are equal.

Proof Without loss of generality, let Q1 be the non-degenerate generalized quadrangle that
contains at least one line with at least 3 points. Suppose that Q1 and Q2 do not intersect
in the empty set, in a point or in a line. Then since they are both in E∗2 , they are both line
closed, so the intersection of Q1 and Q2 must contain two intersecting lines l1 and l2. Let p the
intersection point of l1 and l2. Also, let q be a point in Q2 that is not collinear with p. Then
q is collinear with a point p1 on l1 and with a point p2 on l2 with p1 and p2 both not equal to
p. And because Q1 has at least one line with at least three points, this means that q is also in
Q1 by Corollary 4.1.1. In other words, for any point p in Q1 ∩Q2 that is on at least two lines
in Q1 ∩Q2, the points in Q2 that are not collinear to p, are also in Q1 ∩Q2. This implies two
things.

1. Since Q2 is a non-degenerate generalized quadrangle itself, this means that Q1∩Q2 cannot
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be a degenerate generalized quadrangle either. But then any point p in Q1 ∩Q2 is on at
least two lines in Q1 ∩Q2.

2. Since any point p in Q1 ∩Q2 is on at least two lines in Q1 ∩Q2, we have that any point
in Q2 \ (Q1 ∩Q2) is collinear to all points in Q1 ∩Q2.

But Q1∩Q2 contains lines. So if Q2 \ (Q1∩Q2) is non-empty, this means that Q2 has triangles,
which is not possible in a generalized quadrangle. So Q2 \ (Q1 ∩ Q2) is the empty set which
implies that Q2 ⊆ Q1. But since they are both in E∗2 , this means that Q2 = Q1. �

If p1 and p2 are two points at line distance 2 in a thick generalized n-gon connected by at
least two minimal paths, then by Lemma 4.1.5, there is a unique non-degenerate member of E∗2
containing this diamond. We denote this member by Q(p1, p2). Note that since Q(p1, p2) is a
non-degenerate generalized quadrangle, any pair of points (q1, q2) in Q(p1, p2) that are at line
distance 2, are also in a diamond, so Q(q1, q2) = Q(p1, p2).

4.1.4 Regular near polygons

When classifying integral lattices in which the minimal norm equals 3, we will use near hexagons
with lines of size three. To give a sketch of how a classification of these type of near hexagons
is derived, we will first show how we can determine the amounts |∆k(x)| and Ni,j(x, y) for any
points x, y in a regular near n-gon for any positive integers i, j, k. The fact that these amounts
are independent of the points x and y chosen, once the integers i, j, k and dL(x, y) are fixed, is
important when deriving the classification of the regular near hexagons with lines of size three.
We will show in the lemmas in this section that this is indeed the case, .

To show that the amount |∆i(x)| is independent of x once i is fixed, we will use that for any
two points x and y at line distance d in a regular near n-gon with parameters (s, t, t2, t3, ...),
there are 1 + td lines through y that go through a point in ∆d−1(x) and of which the rest of
the points are in ∆d(x). And since there are 1 + t lines through y in total, there are t − td
lines through y with all their other points in ∆d+1(x). We will use this to prove the following
lemma.

Lemma 4.1.7 Let x be a point in a regular near n-gon with parameters (s, t, t2, t3, ...). Then
for a fixed positive integer d, the amount |∆d(x)| is independent of the particular choice of x in
the regular near n-gon.

Proof Since x is incident to t+ 1 lines and every line has s+ 1 points of which x is one, we can
easily derive that ∆1(x)| = s(t + 1) for any point x. Now, every point p in ∆1(x) is incident
with only one line through x and with s lines that contain t other points in ∆2(x). But any
point q in ∆2(x) is incident with exactly 1 + t2 lines each bearing exactly one point in ∆1(x).
Consequently, we get the equation:

|∆1(x)|st = |∆2(x)|(1 + t2).

In a similar way we get that every point p in ∆d(x) with d ≥ 2 is incident with t− td lines each
bearing s points in ∆d+1(x) and each point q in ∆d+1(x) is incident with exactly 1 + td+1 lines
each bearing exactly one point in ∆d(x). So we also get the equation:

|∆1(x)|s(t− td) = |∆2(x)|(1 + td+1).
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Combining the two of those, we get the direct equations expressing |∆(x)d| for any d ≥ 1:

|∆1(x)| = s(t+ 1)

and

|∆d(x)| = sd(1 + t)t(t− t2)(t− t3)...(t− td−1)

(1 + t2)...(1 + td)
for d ≥ 2.

These equations proof the lemma. �

Showing that for certain positive integers i and j the amount Ni,j(x, y) is independent of the
particular choice of x and y, but just dependent on their line distance dL(x, y), takes several
steps. The first step is to show that it is true for when dL(x, y) = 1, so for when x and y are
collinear.

Lemma 4.1.8 Let (P ,L) be a regular near n-gon with parameters (s, t, t2, t3, ...). Then the
integer Ni,j(x, y) with the positive integers i and j fixed, is independent of the pair (x, y) ∈ P×P
chosen whenever x and y are collinear.

Proof Since the line l containing both x and y contains s − 1 other points, it is immediately
clear that N1,1(x, y) = s− 1. Also, since x is incident with t lines that are not going through y,
we know that N1,2(x, y) = st. Now, let d ≥ 2. Then any point that has line distance d to both
of x and y, has line distance d− 1 to exactly one point on the line l. Since there are s− 1 other
points on l then x and y, we see that this gives that Nd,d(x, y) = (s−1)Nd−1,d(x, y) for any d ≥ 2.

Now, since x and y are collinear, we know that if a point p is in ∆i(x)∩∆j(y), it can only hold
that |i− j| ≤ 1. This gives us the equation:

|∆n(x)| = Nn,n−1(x, y) +Nn,n(x, y) +Nn,n+1(x, y).

And since |∆n(x)| is independent of the choice of x by Lemma 4.1.7, we see that inductively,
the integer Ni,j(x, y) is independent of the particular choice of x and y as long as they are
collinear, for any fixed pair of positive integers (i, j). �

Next, we need to know how all the lines and all the non-degenerate generalized quadrangles
in E∗2 containing a particular point, are related to each other. The following lemma will show
that they form a block design. A block design (P,B) is a set of points P together with a set
B of subsets (blocks) of P with parameters (v, b, r, k, λ) where the parameters stand for the
following things:

• v = |P | is the amount of points.

• b = |B| is the amount of blocks.

• r is the number of blocks containing a certain point.

• k is then number of points contained in a block.

• λ is the number of blocks containing any two specific points.
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Lemma 4.1.9 Let (P ,L) be a regular near n-gon with parameters (s, t, t2, t3, ...) with t2 6= 0.
For a point p ∈ P, let Lp be the set of lines through p and let �p be the set of non-degenerate
generalized quadrangles in E∗2 containing p. Then (Lp,�p) forms a block design with parameters

(v, b, r, k, λ) = (t + 1, t(t+1)
t2(t2+1)

, t
t2
, t2 + 1, 1). So the lines through p are the points in the block

design (Lp,�p) and the non-degenerate generalized quadrangles in E∗2 are the lines in the block
design. Also, any member of �p has order (s, t2).

Proof v = t + 1 follows from the regularity of (L,P). Now, an ordered pair of lines through p
uniquely determines a non-degenerate generalized quadrangle in E∗2 , and the amount of ordered
pairs of lines through p is clearly t(t + 1). Also, choosing any member Q of �p and any other
point q in Q at line distance 2 from p, we know that Q is equal to Q(p, q). So any member of
LP that is in Q, contains exactly one point that is collinear with q. But this means that there
are t2 + 1 members of LP in Q, so there are t2(t2 + 1) ordered pairs of LP in Q. So this gives

us that b = t(t+1)
t2(t2+1)

and k = t2 + 1. Also, from the same arguement we can conclude that any
member in �p is a generalized quadrangle in which every point is contained in t2 +1 lines. Since
any member of E∗2 is line closed, we get that any member of �p has order (s, t2). λ = 1 follows
from the fact that every pair of lines through p determine a unique non-degenerate generalized
quadrangle in E∗2 . Now, we only need to show that r = t

t2
. For any block design, we can easily

argue that v = bk
r

. Substituting in this formula the values of v, b and k, which we have already
derived, we get that r = t

t2
. �

From Lemma 4.1.6 and Lemma 4.1.9 we can now deduce the following lemma that gives the
only possible cases for how a point p in a near n-gon (P ,L) and a member Q of �q for a certain
point q ∈ P are related to one another.

Lemma 4.1.10 Let p and q be points in a regular near n-gon with parameters (s, t, t2, t3, ...)
with dL(p, q) > 1. Let Q be any member of �q that contains a certain point q ∈ P. Then there
are five possibilities for the line distances from the points in Q to p. They are listed in the
following table:

A B C D

(1) (d, d+ 1) (st2 + 1, s(st2 + 1)) (t−td)(td+1−t2(td+1))

t2(t2+1)

(2) (d− 1, d) (st2 + 1, s(st2 + 1)) (td+1)(td−t2(td−1+1))

t2(t2+1)

(3) (d− 2, d− 1, d) (1, s(t2 + 1), s2t2) (td+1)(td−1+1)

t2+1

(4) (d− 1, d, d+ 1) (1, s(t2 + 1), s2t2) (td+1)(t−td)
t2

(5) (d, d+ 1, d+ 2) (1, s(t2 + 1), s2t2) (t−td)(t−td+1)

t2(t2+1)

Table 4.1: Column A: Type number of the member Q ∈ �q; Column B: Possible line distances
from points in Q to p; Column C: Amount of points in Q with the line distance from column
B to point p; Column D: Number of members in �q satisfying columns B and C.

Proof Columns B and C follow directly from Lemma 4.1.6 and the three paragraphs following
its proof. For the last column, we start with possibility (3). So let q be at line distance d from
p. Then choosing a generalized quadrangle in �q of type (3), is the same as first choosing a
line l1 from q to a point q1 ∈ ∆d−1(p), which can be done in td + 1 ways. Then from q1 we can
choose a line l2 to a point q2 ∈ ∆d−2(p) in td−1 + 1 ways. Now, the two lines l1 and l2 uniquely
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determine the member Q of �q. And once Q is constructed this way, we see that in total there
would have been t2 + 1 ways that would have given this same member Q ∈ �q. This is because
q2 is the unique point in Q with line distance d− 2 to p and there are t2 + 1 ways to choose a
point collinear to q2 and q in Q. So the total amount of members in �q of type (3) is indeed
(td+1)(td−1+1)

t2+1
.

For cases (4) and (5) we can reason in a comparable way: dividing the amount of paths of two
lines that give a uniquely determined member of �q of the desired type by the amount of paths
that will give the same generalized quadrangle. These procedures are explained in more detail
in [7] (Lemma 2.14).

For case (2), we start with choosing an ordered pair (l1, l2) of lines through q and a point of
∆d−1(p). This can be done in td(td + 1) ways. This pair of lines, uniquely determines a non-
degenerate member Q ∈ �q which could have been chosen in t2(t2 + 1) ways. So in total there

are td(td+1)
t2(t2+1)

different non-degenerate members of �q that are formed this way. Clearly, all of

those are of type (2) or (3), so we get the amount for case (2) in column D by subtracting the

amount for type (3) in column D from td(td+1)
t2(t2+1)

.

Now, from Lemma 4.1.9 we know that �q contains t(t+1)
t2(t2+1)

members. So subtracting all the

amounts in column D for types (2), (3), (4) and (5), we get the desired amount in column D
for type (1). �

The following lemma is the last lemma that we need in order to show that in a near hexagon
(P ,L) for fixed i and j the number Ni,j(x, y) is only dependent on the line distance between x
and y with x, y ∈ P and not on the particular choice of x and y.

Lemma 4.1.11 Let (P ,L) be a regular near n-gon with parameters (s, t, t2, t3, ...) and p, q ∈ P.
Then the numbers Ni,1(p, q) and Ni,2(p, q), with i a non-negative integer, only depend on the
line distance between p and q.

Proof For the case that p = q, this is trivial. If dL(p, q) = 1, then the result follows from
Lemma. 4.1.8. So let dL(p, q) = d > 1. For any point x ∈ P with dL(q, x) = 1, it holds that
dL(p, x) ∈ {d− 1, d, d− 2}. There are td + 1 lines from q bearing a point at distance d− 1 from
p. All the other points on these lines are also at distance d from p. Furthermore, q is incident
to t − td other lines. All these lines contain s other points that are all on distance d + 1 from
p. This means that we get:

• Ni,1(p, q) = td + 1 if i = d− 1

• Ni,1(p, q) = (s− 1)(td + 1) if i = d

• Ni,1(p, q) = s(t− td) if i = d+ 1

Now, let x ∈ P satisfy dL(q, x) = 2. Then the non-degenerate generalized quadrangle Q(q, x)
must satisfy one of the cases in Lemma 4.1.10. So the only values of i for which Ni,2(p, q) is
non-zero are i ∈ {d−2, d−1, d, d+1, d+2}. Also, since two members from �q can only intersect
in either q or in a line through q, any point x ∈ ∆2(q) ∩∆i(p) is in exactly one member of �q
for any i ∈ {d− 2, d− 1, d, d+ 1, d+ 2}. So we can easily use Lemma 4.1.10 to determine the
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numbers Ni,2(p, q) for i ∈ {d− 2, d− 1, d, d+ 1, d+ 2}.

For example, for x ∈ ∆2(q)∩∆d−2(p), the generalized quadrangle Q(x, q) satisfies case (3) from

Lemma 4.1.10. There are (td+1)(td−1+1)

t2+1
generalized quadrangle of this type of which each has

just one point at line distance d− 2 from p. So this shows that Nd−2,2(p, q) = (td+1)(td−1+1)

t2+1
.

For x ∈ ∆2(q) ∩∆d−1(p), we need to have a look at the members Q ∈ �q satisfying cases (2),
(3) or (4) from Lemma 4.1.10. A member Q ∈ �q satisfying case (2) contains st2 + 1 points
in ∆d−1(p). Since they form an ovoid in Q, there are exactly t2 + 1 of those points collinear
with q, so there are left (s− 1)t2 points in ∆d−1(p)∩∆2(q) in Q. A member Q ∈ �q satisfying
case (3) contains s(t2 + 1) points in ∆d−1(p). But t2 + 1 of them are collinear with q so there
are (s − 1)(t2 + 1) points remaining in ∆d−1(p) ∩ ∆2(q) in Q. A member Q ∈ �q satisfying
case (4) contains 1 point in ∆d−1(p) but it is collinear to all points in ∆d(p) ∩ Q including q.
In Lemma 4.1.10 the amount of members of �q satisfying each case are listed, so we get the
following equation:

Nd−1,2(p, q) = t2(s− 1) · (td + 1)(td − t2(td−1 + 1))

t2(t2 + 1)
+ (s− 1)(t2 + 1) · (td + 1)(td−1 + 1)

t2 + 1

= (s− 1)(td + 1)
(td − t2(td + 1)

t2 + 1
+ td−1 + 1

)
.

For the number Ni,2(p, q) we can systematically evaluate an expression in the parameters
(s, t, t2) by operating in a comparable way, which gives the proof of the lemma. �

4.2 Regular near hexagons with 3 points to a line

Using the lemmas from Section 4.1, we will now show how a classification of regular near
hexagons with 3 points to a line is obtained.

4.2.1 Line distances in regular near hexagons

First we need to apply the lemmas of Section 4.1 on near hexagons. We do this with the
following lemma.

Lemma 4.2.1 Let (P ,L) be a near hexagon. For any x, y ∈ P, the value Ni,j(x, y) is only
dependent on dL(x, y) and not on the particular choice of x and y, for any fixed integers i and
j.

Proof For dL(x, y) = 0, the lemma follows trivially. For dL(x, y) = 1, the result follows
immediately from Lemma 4.1.8. For dL(x, y) ∈ {2, 3}, we get the result from Lemma 4.1.11 for
Ni,j(x, y) for i and j not both 3. So the only number that is not covered yet, is N3,3(x, y) for
when dL(x, y) ∈ {2, 3}. When dL(x, y) = 2, we get that

N3,3(x, y) = ∆3(x)−N3,2(x, y)−N3,1(x, y),

and for the case that dL(x, y) = 3, we have

N3,3(x, y) = ∆3(x)−N3,2(x, y)−N3,1(x, y)− 1.

This gives the desired result. �
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4.2.2 Classification of regular near hexagons with 3 points to a line

In Chapter 5 we will use regular near hexagons with 3 points to a line. In other words, these are
regular near hexagons with parameters (2, t, t2). In this section, we will get to a classification
of these regular near hexagons.

Let (P ,L) be a regular near hexagons with parameters (2, t, t2). Also, for two points x, y ∈ P
with dL(x, y) = j, let m

(k)
i,j be defined by m

(k)
i,j = Ni,k(x, y). The constants m

(k)
i,j are called inter-

section numbers and the matrix Mk is called the intersection matrix defined by Mk = (m
(k)
i,j )

where the constants i and j start counting at 0. With the lemma from this section we can quite
easily compute the entries of the matrices M1, M2 and M3 for (P ,L).

For example, we get:

M1 =


0 1 0 0

2(t+ 1) 1 t2 + 1 0
0 2t t2 + 1 t+ 1
0 0 2(t− t2) t+ 1

 .

The first column is quite trivial since two points x, y ∈ P are at line distance 0 iff they are equal.
So the Ni,1(x, y) is only non-zero when i = 1 and is exactly the amount of points collinear to
x = y. Since x = y is contained in t + 1 lines, and every line has 2 other points, we get that
N1,1(x, y) = 2(t + 1). For the second column we take x and y at line distance 1, which means
that they are collinear. Now, N0,1(x, y) = 1 since x is the only point at line distance 0 from x
and at line distance 1 from y. N1,1(x, y) = 1 since there is only one point collinear to both x
and y, because every line contains 3 points. Also. N2,1(x, y) = 2t because we need to count the
points that are collinear to y but not on the line through x and y. We can obtain the other
two columns by reasoning in a comparable way.

Also M2 and M3 can be obtained by using the regularity of (P ,L) and using the equations
in Lemmas 4.1.7, 4.1.8 and 4.2.1 and the reasoning like in Lemma 4.1.11. The matrices M2

and M3 are given in [7] (Section 2.4). In the same section of [7] gives a quite limited set of
possibilities for the parameters t and t2 when s = 2, using the fact that the multiplicities of
these matrices should be non-negative integers. The reasoning is somewhat comparable to what
we did in Section 3.2.3, since in that section we also derived the possible parameters for non-
degenerate regular generalized quadrangles with lines of size 3 by using that the multiplicities of
the eigenvalues of certain matrices containing their parameters, should be non-negative integers.

The procedure described above results in the following theorem:

Theorem 4.2.1 Let (P ,L) be a regular near hexagon with parameters (2, t, t2). The the pa-
rameters (t, t2) take one of the values in Table 4.2.1:

Corollary 4.2.1 Let (P ,L) be a regular near hexagon with parameters (2, t, t2) and p ∈ P.
For any case in Theorem 4.2.1, the values of |∆i(p)| for i ∈ {0, 1, 2, 3} and the value |P| are
the values that are given in Table 4.2.2.

Proof In Lemma 4.1.7 we derived expressions for |∆i(p)| for any positive integer i. Since we
have a near hexagon, these values are only non-zero for i ∈ {0, 1, 2, 3}. In a near hexagon, we
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Case t2 t
1 0 1
2 0 2
3 0 8
4 1 1
5 1 2
6 1 11
7 2 2
8 2 6
9 2 14
10 4 4
11 4 20

Table 4.2: Possible values for t and t2 in a regular near hexagon with parameters (2, t, t2).

Case 1 2 3 4 5 6 7 8 9 10 11
t2 0 0 0 1 1 1 2 2 2 4 4
t 1 2 8 1 2 11 2 6 14 4 20

|∆0(p)| 1 1 1 1 1 1 1 1 1 1 1
|∆1(p)| 4 6 18 4 6 24 6 14 30 10 42
|∆2(p)| 8 24 288 4 12 264 8 56 280 16 336
|∆3(p)| 8 32 512 0 8 440 0 64 448 0 512
|P| 21 63 819 9 27 729 15 135 759 27 891

Table 4.3: The values of |∆i(p)| for i ∈ {0, 1, 2, 3} and |P| for all the cases described in Theorem
4.2.1 of regular near hexagons with parameters (2, t, t2).

have that the maximum line distance is equal to 3. So any point q at line distance 3 from a
point q, is incident with t + 1 lines of which each contains a point at line distance 2 from p.
This means that t3 = t. Substituting s = 2 and t3 = t in the expressions of Lemma 4.1.7, gives
us the formulas:

|∆0(p)| = 1,

|∆1(p)| = 2(t+ 1),

|∆2(p)| = 4(1 + t)t

1 + t2

and

|∆3(p)| = 8(1 + t)t(t− t2)

(1 + t2)(1 + t)
=

8t(t− t2)

1 + t2
.

Now, substituting the values of Theorem 4.2.1 of t and t2, gives us the values in the fourth,
fifth, sixth and seventh row. The last row is obtained by adding the values in the preceding
four rows. �
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For cases 1, 2 and 3 from Corollary 4.2.1, we have t2 = 0, which means that every point q at
line distance 2 from another point p is collinear with exactly 1 points p1 collinear to p. This
fact, together with the conditions that these structures already satisfy being a near hexagon,
makes that their structure is a generalized hexagon. Cases 1 and 3 have unique generalized
hexagons satisfying their parameters. For case 2, there exist two generalized hexagons satisfy-
ing its parameters.

For cases 4, 7 and 10 from Corollary 4.2.1, we have that t2 = t. This means that all the lines
from a point q at line distance 2 from another point p, bear exactly one point p1 collinear to
p. So the structure is a near quadrangle, which is equivalent to a generalized quadrangle. The
values of t ∈ {1, 2, 4} are indeed the values that we already obtained in Section 3.2.3 for regular
generalized quadrangles with s = 2. We also know from this section that each of those cases
has a unique generalized quadrangle satisfying its parameters.

The other remaining cases 5, 6, 8, 9, and 11 from Corollary 4.2.1 are the near hexagons
that contain line closed substructures that are generalized quadrangles. They all exist and are
proven to be unique ( [2], [3], [7]).

4.3 Near hexagons with 3 points to a line with non-

degenerate generalized quadrangles

In Chapter 5 we will use near hexagons with lines of size 3 that are not necessarily regular in
which any two points at distance 2 have at least two common neighbours. From Lemma 4.1.5
we know that in this case any two points p and q in the near hexagon at distance 2 determine
the non-degenerate generalized quadrangle Q(p, q), which is a line closed substructure of the
near hexagon. A quite surprising result that we will use when dealing with this type of near
hexagons, is the following theorem, which is introduced and proven in [2].

Theorem 4.3.1 Let (P ,L) be a (not necessarily regular) near hexagon with lines of size 3 such
that any two points p, q ∈ P have at least two neighbours in common. Then (P ,L) satisfies one
of the parameter sets from Table 4.3. In this table, t+ 1 is the amount of lines that go through
any point, and t2 + 1 can take different values, and is the amount of common neighbours that
two points at distance 2 can have.

Case A B C D E F G H I J K
|P| 27 135 729 759 891 45 81 105 243 405 567
t+ 1 3 7 12 15 21 4 6 6 9 12 15
t2 + 1 2 3 2 3 5 2;3 2;5 2;3 2;5 2;3;5 3;5

Table 4.4: The possible values for |P|, t+ 1 and t1 + 1 in a near hexagon with lines of size 3 in
which any two points at distance 2 have more then one common neighbour.

We see that the cases A, B, C, D and E correspond to cases 5, 8, 6, 9 and 11 respectively
from Corollary 4.2.1. Cases F upto K have a constant t and only two or three possibilities for
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the value of t2. This is quite surprising since we did not put such strong condition on the near
hexagon in question: a near hexagon with lines of size 3 and t2 > 0 for any pair of points. For
any case in Theorem 4.3.1, there exists a unique near hexagon satisfying the parameters.

4.4 Extended near hexagons

Important in the classification of integral lattices with minimal norm 3, will be the concept of
extended near hexagons. Let X = (P ,L) be an incidence structure. If p ∈ P , then the subset
Pp of P are the points collinear to p in X and Lp is the set of lines containing p in X. If all
members of L contain at least 3 points, then Xp = (Pp, {L\{p}|L ∈ L}) is also an incidence
structure and is called the residue of X at p. Xp is called an extended near hexagon if Xp is a
near hexagon for any p ∈ P . In this case, we also call Xp the local near hexagon at p.

4.4.1 Near hexagons in extended near hexagons

When observing an extended near hexagon X = (P ,L), the question that arises, is how Xp and
Xq are related to one another for different points p and q in P . For the case that we assume
some conditions to be true, Xp and Xq are isomorphic for any p, q ∈ P as shown in the following
theorem, which is proven in [3].

Theorem 4.4.1 Let X = (P ,L) be an extended near hexagon satisfying the following condi-
tions:

1. Any line contains at least 4 points.

2. If p ∈ P and q1 and q2 are two points in Pp, then q1 and q2 are collinear in X if and only
if they are at distance at most 2 in the near hexagon Xp.

3. Xp is a regular near hexagon for any p ∈ P.

Then Xp is isomorphic to Xq for any two points p, q ∈ P.

Using a similar technique as in [3], we will show that Xp and Xq are isomorphic for any p, q ∈ P
for some weaker conditions.

Theorem 4.4.2 Let X = (P ,L) be an extended near hexagon satisfying the following condi-
tions:

1. Any line contains 4 points.

2. If p ∈ P and q1 and q2 are two points in Pp, then q1 and q2 are collinear in X if and only
if they are at distance at most 2 in the near hexagon Xp.

3. Xp is a generalized hexagon in which for each pair of points q1 and q2 at distance 2, there
are at least two points collinear with both of them.

Then Xp is isomorphic to Xq for any two points p, q ∈ P.
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Proof From the conditions we know that Xp is a near hexagon from Table 4.3 since any Xp is
a near hexagon with lines of size 3 for any p ∈ P . Because of this, we have that all the points
of Xp are contained in t+ 1 lines for a certain t. Also, all the lines in Xp that are containing a
certain point q ∈ Pp, are exactly the lines that contain both p and q in X. But this means that
for any q ∈ Pp, the point p is also contained in t+ 1 lines in Xq, which implies that any point
in Xq is also contained in t+ 1 lines. And since X = (P ,L) has only 1 connected component,
we have that the parameter t is the same for any point p in P .

Now, because of Theorem 4.3.1, we know that all the local near hexagons in an extended near
hexagon, can be of at most two types. To show that the type is actually unique, we must show
that if a certain parameter t2 occurs in the local near hexagon at a certain point p, then it also
occurs in the local near hexagons of all the other points.

Let p be a point on which the near local hexagon Xp contains a certain parameter t2. From
the classification in [2] it follows that any point q in Xp is contained in a non-degenerate gen-
eralized quadrangle Q of order (s, t2) in Xp. And from condition 2 it follows that {p} ∪ Q is
a maximal clique in the collinearity graph of X. But this means, again from condition 2, that
{p} ∪ Q ∪ \{q} is a non-degenerate generalized quadrangle of order (s, t2) in Xq. Since any
point of Xp is contained in a non-degenerate generalized quadrangle of order t2 for any parame-
ter t2 occurring in Xp, we get that Xq also contains all the parameters t2 from Xp for any q ∈ Xp.

Since the collinearity graph of X consists only out of one connected component, we now know
that the near hexagon Xp must contain the same parameters t2 for any p ∈ X. �

We will use Theorem 4.4.2 and Theorem 4.4.1 in Chapter 5 to understand the structure of
minimal norm 3 lattices.

4.4.2 The classification of extended near hexagons

A natural question that arises from Theorem 4.4.1 and Theorem 4.4.2 is if the extended near
hexagons containing local near hexagons with 3 points per line, are also unique. If those local
near hexagons are known to be regular, then this is indeed the case. Actually, the article [3] is
dedicated to proving this result, that is formulated in the next theorem.

Theorem 4.4.3 Let X = (P ,L) be an extended near hexagon that satisfies the conditions
of Theorem 4.4.1. Then X is uniquely determined by the structure of Xp for p ∈ P and is
isomorphic to one of the following:

1. the extended generalized quadrangle on 10 points with Xp the generalized quadrangle of
order (2, 1);

2. the extended generalized quadrangle on 16 points with Xp the generalized quadrangle of
order (2, 2);

3. the extended generalized quadrangle on 28 points with Xp the generalized quadrangle of
order (2, 4);

4. the extended near hexagon on 40 points with Xp the regular near hexagon of order (2, 2, 1);

5. the extended generalized hexagon on 120 points with Xp the regular generalized hexagon
of order (2, 2, 0);
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6. the extended generalized hexagon on 128 points with Xp the regular generalized hexagon
of order (2, 1, 0);

7. the extended near hexagon on 256 points with Xp the regular near hexagon of order (2, 6, 2);

8. the extended near hexagon on 2048 points with Xp the regular near hexagon of order
(2, 14, 2);

9. the extended near hexagon on 2300 points with Xp the regular near hexagon of order
(2, 20, 4);

The uniqueness of extended near hexagons with local near hexagons of the non-regular forms of
Theorem 4.3.1 is still an unsolved question. However, some recent developments done by Bart
De Bruyn and Sergey Shpectorov in [4], have made it possible to give the following theorem:

Theorem 4.4.4 The extended near hexagon in which the local near hexagons are all the As-
chbacher hexagons on 567 points (Case K from Theorem 4.3.1), is a unique extended near
hexagon containing 1408 points.

We will give an idea of the principles that are needed to give a proof of Theorem 4.4.4. Let
X = (P ,L) be an extended near hexagon with local near hexagons isomorphic to the As-
chbacher near hexagon. Let p⊥ indicate the set of all points that are collinear with p ∈ P .
With the techniques used in Section 4 of [3], it can be shown that p⊥ \ q⊥ is a geometric hyper-
plane for any two points p, z ∈ P at line distance 2 in X. A geometric hyperplane is a proper
subset of P that meets all lines of L and only contains either all the point of a line in L, or
either only one of its points. Also it can be shown that each point in this hyperplane is on 0,
2 + 2 = 4 or on 6 = 4 + 2 lines that meet q⊥ in the near hexagon Xp.

Bart de Bruyn and Sergey Shpectorov have quite recently classified the geometric hyperplanes
of the Aschbacher near hexagon. They found that there is one class of hyperplanes in which
each point of the hyperplane is on exactly 0, 4 or 6 lines meeting the complement of the hy-
perplanes. They found that there are 840 such hyperplanes, each containing 351 points. These
hyperplanes do not contain any deep points. A deep point is a point of which all the lines
through it, are contained in the hyperplane.

Now, with similar techniques to the ones used in Chapter 5 of [3], it can be concluded that
the adjacency graph of X is strongly regular. In particular, |P| = |{p}| + |q⊥| + |p⊥ \ q⊥| =
1 + 567 + 840 = 1408 and each point q at distance 2 from a fixed point p can be uniquely
identified with p⊥ \ q⊥. This will prove the uniqueness of the extended near hexagon on 1408
points with local Aschbacher near hexagons.
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Chapter 5

Integral lattices with minimal norm 3.

In Chapter 3 we found a classification of root lattices by using generalized quadrangles. In this
chapter we will show how integral lattices with minimal norm 3 satisfying certain conditions,
can be classified using (extended) near hexagons.

5.1 Norm 3 lattices and extended near hexagons

First of all, let Λ be an integral lattice with minimal norm 3, and let Φ be the set of all the norm
3 vectors in Λ. Let v, w ∈ Φ. Then v • w ∈ {−3,−1, 0−, 1, 3}. We leave out the possibilities
2 and −2 since these would contradict the minimal norm 3 in the lattices: if v • w = 2, then
||v − w|| = 3 + 3 − 2 · 2 = 2 and if v • w = −2, then ||v + w|| = 3 + 3 + 2 · −2 = 2. Like in
Chapter 3, we will denote the set of lines generated by the vectors in Φ by LΦ and the line in
LΦ generated by the vector v ∈ Φ by 〈v〉. We see that 〈v〉 = 〈−v〉.

When u, v, w ∈ Φ satisfy u • v = u • w = v • w = −1, then the vector x = −(u + v + w) also
satisfies u • x = v • x = w • x = −1, and the vectors u, v, w and x form a tetrahedron in which
the angle φ between each pair of vectors from {u, v, w, x} satisfies cos (φ) = −1

3
. We say that

Φ and the line system LΦ are tetrahedrally closed if for any three vectors u, v and w in Φ, with
u • v = u • w = v • w = −1, it holds that −(u+ v + w) is also in Φ.

We will see that the line system LΦ can be related to an extended near hexagon, but first we
need to impose some more conditions on Φ. To start with, we will only deal with tetrahedrally
closed, indecomposable line systems. Moreover, we will assume that any two vectors in Φ with
inner product −1 are contained in a tetrahedron.

Now, choose a random vector v ∈ Φ. By the notation Φi(v) we indicate the set of all vec-
tors with inner product i with v. For any tetrahedron T in which v is contained, we know
that the other vectors from T are in Φ−1(v). Let the vectors from Φ−1(v) be the points of
an incidence structure (Φ−1(v),L) in which L contains the sets of three vectors of Φ−1(v)
that form a tetrahedron with v. From the condition that any two vectors v and w in Φ with
v •w = −1 are contained in a tetrahedron, we see that any point in Φ−1(v) is contained in a line.

Let {x1, x2, x3} ∈ L with x1, x2, x3 ∈ Φ−1(v). Choose any other vector y ∈ Φ−1(v) that is
not equal to xi for i ∈ {1, 2, 3}. Then y • xi ∈ {−1, 0, 1} for any i ∈ {1, 2, 3}. Also, since
v + x1 + x2 + x3 = 0, we get:
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y • (v + x1 + x2 + x3) = −1 + y • x1 + y • x2 + y • x3 = 0.

So the set {y • x1, y • x2, y • x3} is either {−1, 1, 1}, or either {1, 0, 0}. In the first case, y is
collinear with exactly one of {x1, x2, x3} and has line distance 2 two the other two. To have a
similar situation for that case that {y • x1, y • x2, y • x3} = {1, 0, 0}, we need to impose a second
condition on the line system:

Let T be a tetrahedron {x1, x2, x3} on v ∈ Φ and let y ∈ Φ−1(v) be a vector with inner products
{1, 0, 0} with x1, x2 and x3 respectively. Then there is a vector z ∈ Φ−1(v) ∩ Φ−1(y) that has
inner product −1 with x1.

From this condition it follows that if two vectors in Φ−1(v) have inner product −1, 1 or 0
respectively, they are at line distance 1, 2 and 3 in (Φ−1(v),L) and it follows that (Φ−1(v),L)
is a near hexagon with lines of size 3.

It follows that the incidence structure (P ,L) with P = Φ and L all the subsets of 4 points
that form a tetrahedron, is an extended near hexagon. Consequently, the incidence struc-
ture (LΦ,L), where L is still the set of tetrahedrons, is also an extended near hexagon. Its
collinearity graph is a 2-fold cover of the collinearity graph of (Φ,L) and it satisfies condition 2
from Theorem 4.4.2. This is because if v •w = 1 with v, w ∈ Φ, then −v •w = −1 and 〈v〉 = 〈−v〉.

Since every line in (LΦ,L) contains 4 points, it also satisfies condition 1 from Theorem 4.4.2.
The last condition that we want to impose on Φ, is to make (LΦ,L) satisfy condition 3 of
Theorem 4.4.2. We do this by making sure that any two points at distance 2 in a near hexagon
have at least two neighbours in common:

Let T be a tetrahedron {x1, x2, x3} on v ∈ Φ and let y ∈ Φ−1(v) be a vector with inner products
{1, 0, 0} with x1, x2 and x3 respectively. Then there are at least vectors z1, z2 ∈ Φ−1(v)∩Φ−1(y)
that have inner product −1 with x1. We will use the conditions that we just put together in
the next section and summarize them in the following Corollary:

Corollary 5.1.1 Let LΦ be a line system generated by the set Φ of norm 3 vectors in a minimal
norm 3 lattice and let (LΦ,L) be the incidence structure in which the lines are the tetrahedrons.
In order to make (LΦ,L) satisfy the conditions of Theorem 4.4.2, the set Φ needs to satisfy the
following conditions:

1. It is indecomposable, tetrahedrally closed and integral.

2. Any two vectors v, w from Φ are contained in a tetrahedron.

3. Let T be a tetrahedron {x1, x2, x3} on v ∈ Φ and let y ∈ Φ−1(v) be a vector with inner
products {1, 0, 0} with x1, x2 and x3 respectively. Then there are at least two vectors
z1, z2 ∈ Φ−1(v) ∩ Φ−1(y) that have inner product −1 with x1.

5.2 Examples of norm 3 lattices

Like mentioned before, we will now give some examples of lattices satisfying the conditions of
Corollary 5.1.1. For other examples, we refer to [7] and [3].
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5.2.1 An extended generalized quadrangle

The first example that we give of a lattice satisfying the conditions of Corollary 5.1.1 is a rather
simple one. Let Φ the set of vectors in R6 having three coordinates +1

2

√
2 and three coordinates

−1
2

√
2. We see that |Φ| =

(
6
3

)
= 20. Let C10 = LΦ be the set of 10 lines generated by the

vectors in Φ.

The set Φ is clearly indecomposable. Let v(i,j,k) with i, j, k ∈ {1, 2, 3, 4, 5, 6} distinct be the

vector in R6 having +1
2

√
2 on the entries i, j and k and −1

2

√
2 on the other three entries. Since

v(i1,j1,k1) • v(i2,j2,k2) = 3 − 2 · |(i1, j1, k1) ∩ (i2, j2, k2)|, we see that two vectors in Φ not on the
same line can only have inner product 1 or −1.

Two vectors in Φ have inner product −1 if and only if they are of the form v(a,b,c) and v(a,d,e)

with a, b, c, d, e ∈ {1, 2, 3, 4, 5, 6} all distinct. Let {f} = {1, 2, 3, 4, 5, 6} \ {a, b, c, d, e}. Then
the vectors v(b,e,f) and v(c,d,f) form a tetrahedron with v(a,b,c) and v(a,d,e) so any two vectors
with inner product −1 are contained in a tetrahedron. Using almost the same argument in a
different way, we can easily see that the system is also tetrahedrally closed.

From the previous paragraphs, we see that conditions 1 and 2 from Corollary 5.1.1 hold for Φ.
Since there is no pair of vectors in Φ with inner product 0, we see that condition 3 of Corollary
5.1.1 also holds.

Let X = (LΦ,L) be the incidence structure in which the lines are the tetrahedrons. The near
hexagon X〈v〉 has nine points for any v ∈ Φ. It is a near hexagon with no points at distance 3,
so X〈v〉 must be a regular generalized quadrangle of order (2, 1) for any v ∈ Φ.

5.2.2 Classification of tetrahedrally closed regular line systems

The system LΦ from Section 5.2.1 is related to the extended generalized quadrangle in case 1 of
Theorem 4.4.3. A natural question arising from this is if for any extended near hexagon from
Theorem 4.4.3 there is a line system that is related to it. In [3] it is proven that indeed this is
the case. We will state this in the following theorem:

Theorem 5.2.1 Let LΦ be a line system generated by a set Φ of norm 3 vectors in a minimal
norm 3 lattice and let X = (LΦ,L) be the incidence structure in which the lines are the tetra-
hedrons. If Φ satisfies conditions 1 and 2 from Corollary 5.1.1 and if L〈v〉 is regular for any
v ∈ Φ, then LΦ X is uniquely determined: X is one of the cases of Theorem 4.4.3. Also any
case of Theorem 4.4.3 has a unique line system of the type described above that is related to it
up to isomorphisms.

5.2.3 Star-closed root lattices and extended near hexagons

In Section 5.2.1 we saw that even for the simplest extended generalized quadrangle, it took us
quite some time to show that the line system described, was indeed de extended generalized
quadrangle with local regular generalized quadrangles of order (2, 1). We will now show an
easy way to create some tetrahedrally closed line systems by using star-closed root system like
in Chapter 3.
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Let us start with an indecomposable star-closed system Φ of vectors of norm 4 (length 2) in
which the only inner products occurring are {−4,−2,−1, 0, 1, 2, 4}. Note that if we multiply
the lengths of the indecomposable star-closed root system that we dealt with in Chapter 3 by√

2, then we get an indecomposable star-closed system Φ of vectors of norm 4 in which the
only inner products occurring are {−4,−2, 0, 2, 4}. So indecomposable star-closed systems Φ
of vectors of norm 4 in which the only inner products occurring are {−4,−2,−1, 0, 1, 2, 4}, is a
generalization of the systems from Chapter 3.

We see that if r1, r2, r3 ∈ Φ form a star, then r1 • r2 = r2 • r3 = r1 • r3 = −2. Now let us take
Φ−2(r1), the subset of Φ of all vectors having inner product −2 with r1. We see that exactly
the stairs containing r1 are contained in Φ−2(r1). Also, Lemma 3.1 from [7] shows in a quite
straight forward way that the following lemma holds:

Lemma 5.2.1 If x, y ∈ Φ−2(r1), then x • y 6= −1.

Now let us create a new set of vectors Ψ by projecting all vectors in Φ−2(r1) on the hyperplane
{v1}⊥. If we call this projection π, then we see that for any x ∈ Φ−2(r1) that:

π(x) = x− r1 • x

r1 • r1

r1 = x+
1

2
r1.

So π(x) •π(x) = (x+ 1
2
r1) • (x+ 1

2
r1) = 4 + 2 · −1 + 1

4
· 4 = 3 and for any x, y ∈ Φ−2(r1) we have:

π(x) • π(y) = x • y − 2 + 1 = x • y − 1.

So from lemma 5.2.1 we see that π(x) • π(y) ∈ {−2 − 1, 0 − 1, 1 − 1, 2 − 1} = {−3,−1, 0, 1}
supposing that x 6= ±y. This means that Ψ is an integral norm 3 set of vectors. Now to
construct a generalized quadrangle, in Chapter 3.3.2 we took the set of all vectors in Φ−2(r1)
that had inner product 0 with r2 (and consequently inner product 2 with r3) and we chose the
triples {x, y, z} for which x • y = x • z = y • z = 0 as lines. We deduced that these lines formed a
generalized quadrangle. And since π(x) • π(y) = −1 iff x • y = 0, we get that π(r2), π(x), π(y)
and π(z) form a tetrahedron in Ψ and Ψ is an extended generalized quadrangle if we take lines
of sets of four vectors having pairwise inner product −1.

In de explanation above, we left out some details. The following theorem generalizes this
concept and is proven as Theorem 3.4 in [7]:

Theorem 5.2.2 Let Φ be a star-closed system of vectors of norm 4 in which the only inner
products occurring are {−4,−2,−1, 0, 1, 2, 4}. Fix a vector r ∈ Φ and create the system Ψ by
projecting all vectors in Φ−2(r) on {r}⊥ with the projection π. Then Ψ is a tetrahedrally closed
integral system of vectors of norm 3.

In Section 5.2.4 we will apply Theorem 5.2.2 on some star-closed systems of vectors of norm 4
in which the only inner products occurring are {−4,−2,−1, 0, 1, 2, 4}.

5.2.4 Examples of line systems related to extended near hexagons

We will now choose a few star-closed, integral system of vectors of norm 4 and apply Theorem
5.2.2.
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E6 from Section 3.3.3
Choose E6 in Section 3.3.3. Multiplying all vectors with

√
2 gives the situation from Theorem

5.2.2. If we work with the vectors from E6 without multiplying them with
√

2, and if we choose
r = e1 − e2 (congruent to Theorem 5.2.2), then we should take Φ−1(r) in stead of Φ−2(r) and
we get:

Φ−1(r) = {e2 − ei|i ∈ {3, 4, 5, 6}} ∪ {ei − e1|i ∈ {3, 4, 5, 6}} ∪ A

where

A =
{1

2

(
− e1 + e2 + Σ8

i=3((−1)kiei)
) ∣∣∣ ki ∈ {0, 1} ∀i ∈ {3, 4, 5, 6, 7, 8},Σ6

i=3ki = 2,Σ8
i=7ki = 1

}
.

We now see that for x ∈ Φ−1(r) we have that the projection π of x in {r}⊥ gives π(x) = x+ 1
2
r,

so

Ψ = {1

2
e1 +

1

2
e2 − ei|i ∈ {3, 4, 5, 6}} ∪ {ei −

1

2
e1 −

1

2
e2|i ∈ {3, 4, 5, 6}} ∪ ΨA

where

ΨA =
{1

2

(
Σ8
i=3((−1)kiei)

) ∣∣∣ ki ∈ {0, 1} ∀i ∈ {3, 4, 5, 6, 7, 8},Σ6
i=3ki = 2,Σ8

i=7ki = 1
}
.

These are 4 + 4 +
(

4
2

)
· 2 = 20 vectors that together form 10 lines. We can deduce from this

that LΨ is uniquely related (up to isomorphisms) to the unique extended generalized quadran-
gle with local regular generalized quadrangles of order (2, 1) by taking the incidence structure
(LΨ,L) where L are the tetrahedrons. This follows from Theorem 4.4.3, Theorem 5.2.1 and
Theorem 5.2.2.

E7 from Section 3.3.3
Choose E7 in Section 3.3.3. Operating in the same way as with E6 we get that:

Φ−1(r) = {e2 − ei|i ∈ {3, 4, 5, 6, 7, 8}} ∪ {ei − e1|i ∈ {3, 4, 5, 6, 7, 8}} ∪ A

where

A =
{1

2

(
− e1 + e2 + Σ8

i=3((−1)kiei)
) ∣∣∣ ki ∈ {0, 1} ∀i ∈ {3, 4, 5, 6, 7, 8},Σ8

i=3ki = 3
}
.

Projection of each of these vectors in {e1−e2}⊥ in the same way as with E6 gives 6+6+
(

6
3

)
= 32

vectors in Ψ forming 16 lines. Again, it is uniquely related to the unique extended generalized
quadrangle with local regular generalized quadrangles of order (2, 2) from Theorem 4.4.3.

E8 from Section 3.3.3
Choose E8 in Section 3.3.3. Operating in the same way as with E6 we get that:

Φ−1(r) = {e2 ± ei|i ∈ {3, 4, 5, 6, 7, 8}} ∪ {ei ± e1|i ∈ {3, 4, 5, 6, 7, 8}} ∪ A

where
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A =
{1

2

(
− e1 + e2 + Σ8

i=3((−1)kiei)
) ∣∣∣ ki ∈ {0, 1} ∀i ∈ {3, 4, 5, 6, 7, 8},Σ8

i=3ki = 1, 3, 5
}
.

Projection of each of these vectors in {e1−e2}⊥ in the same way as with E6 gives 12+12+25 = 56
vectors in Ψ forming 28 lines. Again, it is uniquely related to the unique extended generalized
quadrangle with local regular generalized quadrangles of order (2, 4) from Theorem 4.4.3.

Norm 4 vectors from the Leech lattice
To construct a line system related to the biggest extended near hexagon with local regular near
hexagons of 891 points, we take the norm 4 vectors from the Leech lattice. From Chapter 3
in [8] we know that if we take a basis b1, ..., b24 of R24 with bi • bj = 1

8
δij ∀ i, j ∈ {1, ..., 24},

the vectors in the Leech lattice are exactly the vectors x = Σ24
i=1(xibi) that satisfy the following

conditions:

1. ∃ (γ ∈ {0, 1}) such that ∀ i, xi = γ mod 2

2. Σ24
i=1xi = 4γ mod 8

3. ∀(α ∈ {0, 1, 2, 3}) it holds that the vector Σi∈B ei where B = {i|xi = α mod 4} is a
vector of the Golay code.

The structure of the Golay code is further explained in [8]. To make a vector from the Leech
lattice have length 4, it should be of the form (±42, 022), (±28, 016) or (±31,±123) and still
satisfying the three conditions above.

It can be checked that if we take a random norm 4 vector v from the Leech lattice, then there
are 4600 norm 4 vectors having inner product −2 with v. Projection of this system in {v}⊥
then gives the system Ψ in R23. It contains 4600 vectors and 2300 lines. Also, it can be checked
that the incidence structure (LΨ,L) has regular local near hexagons with 891 points and only
contains regular non-degenerate quadrangles with t2 = 4. We can conclude from this that the
line system that we just described is a line system related to the unique extended near hexagon
on 2300 points from Theorem 4.4.3.

In the line system that we just mentioned, we can take all the lines perpendicular to a fixed line.
It can be calculated that these are 1408 lines. Also it can be shown that the local near hexagons
on this line system are isomorphic to the Aschbacher near hexagon, which is the unique near
hexagon from case K in Theorem 4.3.1 containing regular non-degenerate generalized quadran-
gles with t2 = 2, 4. So from Theorem 4.4.4 we know that this line system must be isomorphic
to any line system that is related to an extended near hexagon with local Aschbacher hexagons.

For examples of constructions of line systems that satisfy the other extended near hexagons
from Theorem 4.4.3, we refer to [3].
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Appendix A

Finding graphs with largest eigenvalue
2

In Section 2.1.5 we classified all connected graphs with larest eigenvalue less or equal to 2. In
the proof of Theorem 2.1.4 we just used five types of graphs having largest eigenvalue equal to
2 of which on can easily check that they have largest eigenvalue 2. However, it is interesting to
see how we can derive these graphs from scratch. In this appendix we will show this. Therefore,
we start with the following lemma:

Lemma A.0.1 A connected graph with largest eigenvalue less or equal to 2 is either the graph
with 5 vertices of which one has degree 4 and the others have degree 1 (Figure A.1) or either
has only vertices with degree 1, 2 or 3.

Proof Suppose the connected graph Γ has largest eigenvalue θ ≤ 2 and adjacency matrix A.
Then by Theorem 2.1.1, item 1, there is a vector ~x > 0 such that A~x = θ~x. This means that
Σj∼i xj ≤ 2 · xi ∀ i ∈ V (Γ).

Suppose that vertex i has degree 5 or more. Since ~x > 0, there must be at least one neighbour
j of i with 0 < xj ≤ 2 · xi

5
. But then Σk∼j xk ≥ xi > 2 · xj which is not possible.

Now suppose that vertex i has degree 4. Then either it holds that xj = 2xi
4

= xi
2

for all neigh-
bours j of i or either at least one of those neighbours k satisfies xk <

xi
2

. But in the last case
it again would imply that Σj∼k xj > xi > 2 · xk which is not possible. In the case that all
neighbours of i have degree xi

2
, then all neighbours j cannot have another neighbour next to

i in order to satisfy Σk∼j xk ≤ 2 · xj because it already holds that xi = 2 · xj. So then i has
degree 4 and its four neighbours have degree 1.

In all other cases the only degrees appearing in the graph are 1, 2 or 3 because the graph is
connected. �

Lemma A.0.2 A connected graph with largest eigenvalue equal to 2 and without a vertex of
degree 4 or higher, either has

1. two vertices of degree 3 that are connected by a path or edge between them and both have
two neighbours of degree 1;

2. only one vertex of degree 3;
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Figure A.1: The only graph with largest eigenvalue ≤ 2 and a vertex with degree 4

3. or no vertices of degree 3 and is therefore a cycle.

Proof Let us start with the connected graph Γ with highest eigenvalue 2 and with no vertex
that has degree 4 or more. We call the adjacency matrix A and ~x > 0 is an eigenvector of A
with eigenvalue 2. Since for every vertex i it holds that Σj∼i xj = 2 · xi, it is not possible for
any vertex i to have a neighbour j for which xi <

xj
2

.

Suppose that we can find at least two vertices of degree 3 in Γ. Then we can find two vertices i
and j with degree 3 that are connected either by a single edge or a path between them. i and j
being connected by a single edge implies xi = xj. For if without loss of generality it would hold
that xi > xj, then the two other neighbours n1 and n2 of j should satisfy xn1 +xn2 +xi = 2 ·xj
so xn1 + xn2 < xj. This means that at least one vertex n ∈ {n1, n2} should satisfy xn <

xj
2

but this is not possible. Now, if they are connected by a path then every vertex k on this path
different from i and j has degree 2. So if such a vertex k has neighbours kl and kr, then xk is
the average of xkl and xkr . But since again no vertex n ∈ {i, j} can have a neighbour m for
which it holds that xm > xn, it must hold that all the vertices k on the path between i and
j satisfy xi = xk = xj. Now, in the case that i and j are connected by a single edge, as well
as in the case that they are connected by a path, it holds that vertex i has a neighbour n for
which it holds that xi = xn. But then the two other neighbours n1 and n2 of i should satisfy
xn1 + xn2 = xi so there is no other possibility left then xn1 = xn2 = xi

2
. But then n1 and n2

cannot have more neighbours themselves so they must have degree one. The same holds for
vertex j. The consequence is that the graph cannot contain any other vertices then i, j, the
ones in the path connecting them and their four neighbours (two for each of them) with degree
1. This proves case (1).

By the last paragraph we now know that Γ cannot have more then two vertices of degree 3.
So apart from the case (1), it can only have one vertex of degree 3, which is case (2) or no
vertices of degree 3. But this last case implies that there are only vertices of degree 2. Namely,
suppose that vertex i has degree 1 and neighbour j. Then it holds that xj = 2 · xi. But then j
should have another neighbour k satisfying xk = 3 · xi. But then k should have a neighbour l
with xl = 4 · xi. We keep continuing this way but then the graph cannot be finite. So the only
possibility left is that all the vertices have degree two, so then Γ is a cycle. This proves case
(3). �

We are now ready to derive the graphs given in Theorem 2.1.4: From Lemma A.0.1 follows
D̂4 and Ân (n ≥ 2) and D̂n (n ≥ 5) easily follow from Lemma A.0.1. Also from Lemma A.0.1
it follows that the only connected graphs remaining with highest eigenvalue 2 are graphs with
exactly one vertex of degree 3 and the other vertices degree 2 or 1. Let Γ be such a graph. The
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general form of Γ is drawn in Figure A.2. The vertex with degree 3 is vertex v1 and the three
vertices with degree 1 are vertices v2, v3 and v4. Let A be the adjacency matrix of Γ and ~x > 0
the eigenvector of A such that A~x = 2 · ~x. We can scale ~x in such a way that xv2 = 1. We
know that for every vertex i in Γ it holds that Σj∼ixj = 2 · xi and all other vertices in Γ not in
{v1, v2, v3, v4} have degree 2. So then if there are i− 2 vertices between v1 and v2, it must hold
that xv1 = i. Now suppose that xv3 = b and xv4 = a, then the equality i = ja = kb holds in
which i, j and k are positive integers at least 2. Here j − 2 is the amount of vertices between
v1 and v4 and k − 2 is the amount of vertices between v1 and v3.

v3; xv3 = b v1; xv1 = i v2; xv2 = 1

v4; xv4 = a

k−2 vertices i−2 vertices

j−
2

v
ertices

Figure A.2: The general form of a graph with 1 degree 3- vertex and no vertex of degree ≥ 4.

So we have the equality i = ja = kb with i, j and k positive integers at least 2. Also, because
Σj∼ixj = 2 · xi, the equality 2i = i− 1 + (j − 1)a+ (k − 1)b must hold, so:

2i = i− 1 + (j − 1)a+ (k − 1)b =

= i− 1 + ja− a+ kb− b
= i− 1 + i− a+ i− b.

From this it follows that a+ b = i− 1. But that means that i
j

+ i
k

= i− 1 so:

i =
1

1−
(

1
j

+ 1
k

)
To find positive integer values for i, j and k that satisfy this equation, we see that j and k
must be integers that make 1

j
+ 1

k
equal to one of the quotients {1

2
, 2

3
, 3

4
, 4

5
, ...}. If we choose

j = 2, then k = 3, 4, 6 are the only options. Whenever k > 6, then 1
2
< 1

2
+ 1

k
< 2

3
. j = 3 gives
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the options k = 2, 3, 6. Choosing k > 6 gives 1
3

+ 1
k
< 1

2
so there are no other options left when

j = 3. In the same way we find for j = 4 that k = 2, 4 and for j = 6 we have k = 2, 3. This
gives the combinations:

j 2 2 2 3 3 3 4 4 6 6
k 6 4 3 2 3 6 2 4 2 3
i 3 4 6 6 3 2 4 2 3 2

The combination {3, 3, 3} gives Ê6 (Figure 2.3), the combination {2, 4, 4} gives Ê7 (Figure 2.4)
and the combination {2, 3, 6} gives Ê8 (Figure 2.5). The equality i = ja = kb easily gives
the eigenvectors that go with eigenvalue 2. These are the eigenvectors that are shown in the
vertices in Figures 2.3, 2.4 and 2.5.
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