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Summary 
Lightweight structures have never been more contemporary and necessary than today. Especially 
temporary lightweight structures are more and more used in the current built environment. For 
example, if we compare the number of music or big sports events to that of 25 years ago, it can be 
concluded that there is an increasing demand for temporary safe structures in this sector. It’s the 
architect’s and structural engineer’s task to facilitate these structures in the most efficient, aesthetic and 
safe way. The principles of lightweight engineering are used in combination with the daily developing 
simulation and analysis tools to reach this goal. 

Even more efficient lightweight systems can be constructed while combining the principles of 
lightweight membrane engineering with bending-active elements. In fact, bending-active elements store 
bending energy which can be used in pre-stressing, in this case, membrane elements. The need of the 
bending-active elements to go back to its initial configuration is pre-stressing the membrane elements. 
Another advantage of building with bending-active elements is that a curved geometry can be achieved 
by just bending the elements instead of producing actual curved elements. Initial straight or planar 
elements are used to produce double curved building envelopes without additional actions on the 
building site or in the factory. 

The goal of this project is integrating the form-finding process of bending-active and membrane 
elements into one model, these systems are called bending-active textile hybrids (BATH). This model 
will also contain the information to realize the final model. For this project, Easy is used which is a 
software package for the engineering of membrane structures. 

The research on bending-active structures by Julian Lienhard is used as a starting point to construct a 
workflow on the form-finding process of these hybrid systems. First, the bending-active element is 
form-found, followed by the coupled form-finding process of the membrane. Here the membrane is 
attached to the bending-active element in the form-finding process. This will result in an updated 
membrane geometry according to the deformation of the hybrid system. In fact, both elements in the 
model are optimized to the behavior of the hybrid system. 

The Local Coordinate System of the bending-active elements in the model is reset to an initial straight 
configuration. In fact, the beam links want to reset to its initial straight configuration but are restrained 
to the membrane. In the next step, the calculation of the hybrid system is executed. Here the Force-
density method is used to form-find the membrane according to the deformation of the bending-active 
element. 

For validating purposes, a scale model is constructed. A prototype of the workflow described in this 
thesis to design and construct a bending-active textile hybrid. The already determined routines in Easy 
are used in producing the prototype including patterning, compensating and plotting. Detailing and 
determining the building sequence of the prototype also contribute to the relevance of the result of the 
project. 

The workflow presented in this thesis can be used in further research of integrating bending-active 
elements into traditional membrane engineering. 
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1 Introduction 
1.1 Graduation topic 
Lightweight structures have never been more contemporary and necessary than today. Especially temporary 
lightweight structures are more and more used in the current built environment. For example, if we compare 
the number of music or big sports events to that of 25 years ago, it can be concluded that there is an increasing 
demand for temporary safe structures in this sector. It’s the architect’s and structural engineer’s task to facilitate 
these structures in the most efficient, aesthetic and safe way. The principles of lightweight engineering are used 
in combination with the daily developing simulation and analysis tools to reach this goal. 

Any structural engineer initially wants to design the most intelligent and lightweight structure while fulfilling 
its desired structural capacity and practical aspects. The building sequence and method is almost that important 
as its final design when rebuilding the structure is a requirement of the design. The staging of the structure 
requires insight in different load cases of the structure and its stability during this process. The complexity of 
analysis models will increase while combining different form-finding processes into one model. Therefore, it is 
required to get full control of form-finding process. 

The pop-up tent (Figure 1-1) is a perfect solution of integrating lightweight design and the staging process of a 
structure into one design. The pop-up behavior of the tent comes from the ‘bending-active’ rods in the sleeves 
of the membrane. These elements are elastically bent and want to reset to its initial configuration. This ‘pop-up’ 
behavior is pre-stressing the membrane and stabilizes the structure.  

The design of the membrane determines the bending of the rods. So in fact, if the form finding of the bent rods 
and the membrane is executed perfectly the tent will become its desired shape by just popping up.  

 

Figure 1-1: Pop-up tent 

When the tent has popped up, the user only has to anchor the tent to the ground against uplifting or shifting by 
wind. For transporting purposes, an ingenious folding procedure is developed. The folding procedure reduces 
the volume to a planar circle which can simply be supported in a bag (Figure 1-2). 

 

Figure 1-2: Pop-up folding system (Hazinski, 1997) 
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1.2 Personal interest 
The concept of temporary structure drew my attention a few years ago prior to my study. In 2012 I visited the 
music festival Lowlands with friends for the first time (Figure 1-3). We enjoyed quite some performances in 
several festival tents covering an area for 20.000 people. I got interested in the way these kinds of structures 
where designed along with its building method. There are no other structures which can be erected in this time 
span and serve as a roof for thousands of people having the best time of their lives. 

 

Figure 1-3: Alpha tent at Lowlands, Galaxy by de Boer Structures B.V. 

I think this is quite fascinating and one of the main advantages of lightweight design. The principles of 
lightweight and temporary design in current structural engineering resulted in outstanding designs of stadiums, 
roofs, pavilions, shelters and others.  

During an external internship in the master phase of my study I explored the world of membrane structures and 
got an insight in the fundamentals of designing membrane structures. Form-finding and detailing these 
membrane structures are the main tasks in these kinds of projects to realize the most efficient and aesthetic 
structure.  

 

Figure 1-4: sensoryPLAYSCAPE v1.0 
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The combination of membranes with a fixed boundary is one thing but what if we combine flexible elements 
with membranes like the pop-up tents mentioned in the previous section of this thesis. By excluding the fixed 
boundary as supporting structure, but use these flexible elements instead, a new approach of form-finding is 
required (Figure 1-4). Now the supporting structure itself must be form found prior to or in combination with 
the membrane and cables. 

 

Figure 1-5: Textile Hybrid M1 (Lienhard, 2014) 

These so called “bending-active” hybrid systems (Figure 1-5) are researched briefly by the work of for example 
Jan Knippers (Knippers et al., 2011) and Julian Lienhard (Lienhard, 2014). This work will be the starting point 
of my research and design process. While setting up my graduation project I attended a masterclass (IASS 2017, 
Hamburg) in bending active simulation. This masterclass was initiated by Julian Lienhard and colleagues in the 
field of bending active simulation.  

1.3 Problem definition 
Over the years several bending-active textile hybrids were constructed. During the masterclass at IASS about 
form-finding bending-active structures it became clear that there is no standard of form-finding these hybrid 
systems. Several software packages or custom written software routines are used in these kinds of projects. 

To integrate the form-finding and design process of bending-active textile hybrid systems into the traditional 
way of the design and built process of membrane structures it is decided to develop a design routine in the 
software package Easy by Technet. This software package is specially developed for the design and built process 
of membrane structures and is used by the company which is supporting this graduation project (Tentech BV).  

The goal of this project is to integrate the form-finding process of bending-active and membrane elements into 
one model and use the already determined routines for the pattering of membrane elements to develop a 
prototype of the model. The prototype will serve as a validation model for the computational part of the project. 
Furthermore, the detailing of the prototype must be worked out and will also contribute to the relevance of the 
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final result of this thesis. The results of this thesis will serve as a new step of integrating bending-active elements 
in the design and built process of traditional membrane engineering. 

Concluding, the goal of this graduation thesis can be formulated as follows; 

Stimulate the use of bending-active elements in traditional membrane engineering by integrating the form-
finding process of bending-active and membrane elements into one model which can be used in the realization of 

these hybrid systems. 

1.4 Collaboration with Tentech BV 
This graduation project is supported by Tentech BV. Tentech BV is an innovative design- and engineering 
consultancy specialized in lightweight structures. The focus of Tentech BV is on membrane structures, 
temporary structures, complex geometries and the use of distinctive materials. Up front it is obvious that it can 
be stated that a collaboration with Tentech BV will contribute to reach the goal of this graduation project 
elaborated in the previous section of this thesis. 

For this graduation project, Tentech BV provided a workplace at their office which is based in Utrecht (NL). 
Furthermore, the network of Tentech BV will be used in contacting materials suppliers for the prototype. 

At Tentech BV, Easy (a software package by Technet www.technet-gmbh.com) is used for engineering 
membrane structures. Through Tentech BV a student license is obtained for Easy to use this software for this 
graduation project. In fact, the use of Easy for this project will contribute to the main goal of this project because 
Easy is used by several engineering companies in engineering membrane and lightweight structures. 

1.5 Layout master thesis 
This thesis can be divided in 5 main parts which are parallel to the overall process of this graduation project. 

Part 1: Chapter 2 

General literature study on bending-active and membrane structures. For this literature study several 
reference projects are analyzed which are listed in Appendix II.  

Part 2: Chapter 3 

The theories and principles which are used in the computational models of this graduation projects are 
described. 

Part 3: Chapter 4, 5 and 6 

Two different models are described for the form-finding process of a bending-active textile hybrid 
system in Easy. 

Part 4: Chapter 7 

The production and realization phase of the bending-active textile hybrid prototype is described. 

Part 5: Chapter 8 and 9 

Conclusions and recommendations on the computational models and prototype are described in the 
final part of this thesis.  
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2 Literature review 
2.1 Bending-active structures 
2.1.1 Introduction 
The history of bending-active structures lies in the simplicity of using the principle for constructing curved 
building envelopes with initially planar and straight elements. A curved geometry can be achieved by just 
bending the element if the element allows the bending stresses. Nowadays active bending is used because of 
economic reasons coming from transportation, assembly methods and adaptability. Few examples of actual 
bending-active structures can be found in today’s architecture.  

“The use of elastic deformation is mainly used as an economic construction method for double curved shell 
structures whose forms were developed and approximated by hanging models or simple analytical approaches” 
(Lienhard et al., 2013) 

In 1974 Frei Otto and others built the Mannheimer Multihalle (Figure 2-1). A temporary gridshell structure 
constructed out of wooden slats covered with a polyester-PVC membrane. In constructing this gridshell, the 
elastic behavior of the wooden slats is used to achieve the desired shape of the gridshell. The construction of the 
Multihalle started with a flat grid which is pushed (lifted) into the desired shape. Actually, the grid is popping 
out of plane towards the final shape. At the time of constructing and designing this structure, simulation 
methods were not able to simulate these big deformations and therefor hanging models were used to form-find 
the optimized compression shape of this gridshell. After achieving the form found shape the bent gridshell is 
locked at the supports resulting in a stable structure with an optimized geometry according to the hanging 
model. Photography of the hanging model is used to match the geometry of the final building to the form-found 
shape. 

 

Figure 2-1: Multihalle (left) hanging model, (middle) flat grid, (right) final 3d grid 

The geometry of these curved elements can be described by a beam’s elastic deformation. This mechanical and 
mathematical problem is described as the Elastica curve (Figure 2-2) and is approached by different researchers 
to obtain the understanding of this deformation behaviour. 

 

Figure 2-2: Elastica curve 
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2.1.2 Structural action 
If we consider various categorizations for structural systems the one described by Heino Engel (Engel, 1999) is 
well known and used by structural engineers. Structural systems are categorized in families in the way they 
transfer loads. Bending-active structures are unique because of the residual bending stresses which play an 
important role in transferring loads through the system.  

In Figure 2-3 the different families are listed by Lienhard (Lienhard, 2014). This figure is an update of the 
previous version of Knippers (Knippers et al., 2011). In the figure different structural elements are listed with 
its type of load bearing capacity. 

 

Figure 2-3: Structural action types (Lienhard, 2014) 
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The structural categories can be described by the following definitions in short (Table 2-1): 

Table 2-1: Structural action types 

Load bearing category Transfer of loads 
Section-active Bending moments 
Bending-active Normal forces and bending moments 
Vector-active Tension or compression axial normal forces 
Surface-active Surface tension, compression and shear stress 

without significant bending components 
Form-active Pure tension or pure compression 
Hybrids Combination of several systems 

 

For this literature review, bending-active and hybrid systems are described in more detail. 

Bending-active structures 

Knippers introduced the term bending-active to describe curved beam and surface structures that base 
their actual geometry on the elastic deformation of initially straight or planar elements (Knippers et al., 
2011). Bending-active structures can be categorized as a sub-category of section active because it 
transfers normal forces and bending forces. Bending-active structures can also be considered as form-
active or surface-active since bending-active structure have the capacity to develop real arch or shell 
properties. For bending-active elements, its material stiffness is chosen so that the actual bending stress 
by large nodal displacements never reaches the elastic limit of the material. One of the most important 
advantages of using bending-active elements lies in the simplicity of producing complex curved 
elements. This leads to the overall understanding: 

“Bending-active structures are understood to be an approach rather than a distinct structural type!” 
(Lienhard, 2014) 

Hybrid structures 

In general, hybrid structures result from the coupling of two types of structural systems. Typical hybrid 
structures can be described as for example the combination of section-active and form-active structures. 

A textile hybrid is described by Lienhard as “the interdependence of form and force of mechanically pre-
stressed textile membranes and bending-active fibre-reinforced polymers” (Lienhard, 2014). This is a 
hybrid system consisting of a bending-active element (rod) with a form-active element (membrane). 
The elastically bent beam in this hybrid system is restrained by the membrane. If the membrane is 
restraining and stabilizing the bending-active rod, slender profiles can be used in these structures 
because buckling of the elements is limited. 

In Appendix II, an analysis can be found on bending-active textile hybrid reference projects. 

2.1.3 Theory of bending 
The Elastica curve describes a beam’s elastic deformation. This post buckled shape has fascinated scientist for 
centuries. One of the first scientist working on this problem was James Bernoulli in 1691. He published a first 
solution in 1694. James Bernoulli was followed by Daniel Bernoulli in 1742 with a letter to Euler. Euler published 
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the first complete family of Elastica curves based on variational techniques in 1744 (Figure 2-4). The Elastica 
curve may be described as (1) post-buckling curve, (2) moment progression in a static system (a curve which 
generates the minimum amount of potential bending energy in the total system and (3) equilibrium of forces in 
a static system. 

 

Figure 2-4: A set of Elastica curves 

The fact that the Elastica curve is a curve which generates the minimum amount of bending energy can be 
describe by the local curvature along the length of the curve. The curvature is described by the local derivative 
of the tangent angle θ. If a beam is bent elastically, potential energy is stored in the system. According to the 
elasticity theory this energy behaves proportionately to the square of the local curvature κ(x0). The total amount 
of potential bending energy by elastic deformation of the beam can be described as:  

Ë[𝜅𝜅(𝑥𝑥0)] =
1
2
� 𝐸𝐸𝐸𝐸 ∗ 𝜅𝜅(𝑥𝑥0)2𝑑𝑑𝑥𝑥0
𝑙𝑙

0
 

𝜅𝜅(𝑥𝑥0)  Local curvature 

Ë   Total bending energy [J] = �𝑘𝑘𝑘𝑘∗𝑚𝑚
2

𝑠𝑠2
� 

EI  Bending stiffness [Nmm2] 

l  Length of deformed beam [m] 
 

If the Elastica curve is not constrained it will take the shape of a straight line. In this straight line the radius is 
infinite and thus the curvature is zero along its length. In fact, no bending energy is stored in the straight 
element. When the curve is constrained (see Figure 2-5) and a nodal displacement is applied, the Elastica curve 
will find its shape of minimal bending energy and thus maximum local curvature for the particular support 
condition. Finite element analysis based on the equilibrium of forces will be used in finding the shape of minimal 
bending energy for constraint curves. 

 

Figure 2-5: (left) two inclined supports, (right) one sided inclination (Lienhard, 2014) 
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Figure 2-6: Deformation of a beam with geometrical relations (Lienhard, 2014) 

A relationship between the local bending curvature and bending moment can be formulated independently 
from the beam theory. Figure 2-6 shows the deformation of a beam with its geometrical relations on a very small 
segment of the bent geometry. With the interception theorem it can be stated that: 

𝑟𝑟(𝑥𝑥0)
𝑑𝑑𝑥𝑥

=
𝑡𝑡

∆𝑑𝑑𝑥𝑥
 

 

Combining this with Hook’s law a formula for the bending stress can be derived: 

𝑡𝑡
𝑟𝑟(𝑥𝑥0) =

∆𝑑𝑑𝑥𝑥
𝑑𝑑𝑥𝑥

= 𝜀𝜀 =
𝜎𝜎
𝐸𝐸

=
𝑀𝑀(𝑥𝑥0) ∙ 𝑡𝑡

𝐸𝐸𝐸𝐸
 

 
1

𝑟𝑟(𝑥𝑥0) = −
𝑀𝑀(𝑥𝑥0)
𝐸𝐸𝐸𝐸

,𝑀𝑀(𝑥𝑥0) =
𝐸𝐸𝐸𝐸

𝑟𝑟(𝑥𝑥0)
 

 

𝜎𝜎 =
𝑀𝑀(𝑥𝑥0) ∙ 𝑡𝑡

𝐸𝐸
=

𝐸𝐸 ∙ 𝑡𝑡
2 ∙ 𝑟𝑟(𝑥𝑥0)

 

 

This can be rewritten to formulate the minimal bending radius for a certain material with its permissible bending 
stress 𝜎𝜎𝑅𝑅𝑅𝑅. It shows that the minimal bending radius for a beam element is only depending on the Young’s 
modulus of the beam element, its structural height and permissible bending stress (Lienhard, 2014). 

𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥0) =
𝐸𝐸 ∙ 𝑡𝑡

2 ∙ 𝜎𝜎𝑅𝑅𝑅𝑅
 

r

w u

Φ
r

dx

t/2

Δdx

ΔΦ
ΔΦlx



Literature review - 10 
 

2.1.4 Form-finding of bending-active textile hybrids 
The computational form finding process of bending-active structures can be approached by different methods. 
One known numerical method is the Finite Element Method (FEM). In these FEM models all material properties 
are implemented and large deformations can be simulated. Another method is the Particle Spring Based Method 
(or Mass Spring Systems MSS). This method is developed for computer graphics in for example the gaming 
industry. Here physical behavior is simulated with the PSBM. These software routines can be more easily 
programmed towards the user’s requirements and therefor offer a high degree of interaction and integration 
into the design process. 

The combination of bending-active elements with a membrane requires form-finding of form-active and 
bending-active structures. Lienhard describes three types of approaches to achieve such a stable combined 
equilibrium system. The different approaches can be described by the way these structural elements are 
combined in the form-finding process. 

Additive approach: 

1. Form finding of the bending-active structure 

2. Form finding of the form-active structure 

3. Equalizing calculation of the coupled system 

4. Final equilibrium shape of the coupled system 

The additive approach can be used in system where the influence of the membrane is small or 
predictable. 

Successive approach: 

1. Form finding of the bending-active structure 

2. Form finding of form-active structure (membrane) attached to the beams 

The form finding of the membrane is thus based on the further deformation of the form-found beam. 

Simultaneous approach: 

1. Simultaneous form finding of bending-active and form-active structure. 

In this form-finding approach the membrane must pop out the initial straight bending-active element. 

The advantage of using FEM software in the form finding of bending-active textile hybrid structures is the 
combination of already determined routines in the software for patterning and form finding the membrane 
structures. The different approaches of form-finding bending-active textile hybrids will be used in the following 
chapters of this thesis as a starting point on how to approach such a simulation. The type of form-finding is also 
dependent on the type of bending-active textile hybrid which is considered.  
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2.1.5 Bending-active materials 
When working with bending-active structures it is important to look for material which is high in strength and 
“low” in stiffness. Timber for example, offers a suitable elastic range for an application in bending-active 
structures (Mulithalle, Frei Otto 1975). Fibre reinforced polymers offer another high potential in the use of 
bending-active structures. These FRPs have a low density and high strength in combination with a relative low 
stiffness. Developments in the world of FRP’s suggests that this material will even be more improved over the 
coming years.  

From the equation of minimal bending radius, it can be seen that the minimum bending radius is dependent on 
the ratio of Young’s modulus, strength of the material and profile height.  

𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥0) =
𝐸𝐸 ∙ 𝑡𝑡

2 ∙ 𝜎𝜎𝑅𝑅𝑅𝑅
 

For bending-active structures it is thus important to keep these two material properties and their ratio in mind 
while choosing a material. 

Ashbly introduced an effective approach how to depict adequate materials for a certain design task. In his 
diagrams he maps different material properties and after that introduces guidelines for choosing the right 
material. These search regions narrows the broad range of materials used in the built environment for certain 
design tasks (Ashby, 2005).  

 

Figure 2-7: Bending-active properties (Lienhard, 2014) 
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Based on the experience of the case study structures presented in the work of Lienhard (Lienhard, 2014) two 
different types can be described for adequate materials in bending-active structures (Figure 2-7): 

σM, Rk /E > 2.5 (σM, Rk in MPa, E in GPa): bending-active structures 

σM, Rk /E > 10: elastic kinetic systems where the additional requirements for fatigue control further limit 
the allowable permanent elastic stress. 

It can be concluded from the diagram that certain types of timber can be adequate material for bending-active 
structures. But when we consider elastic kinetics only FRPs (Fibre Reinforced Polymers) and for example 
bamboo can be applied. If pre-stress is not that important in bending-active structure certain types of timber 
can be used because there is loss of pre-stress when using timber. FRPs have better material properties for long-
term behaviour and can be used in adaptive and kinetic structures in combination with for example membranes. 
If no creep behaviour occurs these FRP elements will always be straight if they are dismantled (demountable 
outdoor tents). 

2.1.6 Pultrusion 
From the reference projects analysed in this literature review it can be concluded that the structural elements 
used in bending-active textile hybrid projects are commonly GFRP (Glass Fibre Reinforced Polymers) elements 
with a circular section. The pultrusion method is one common method for producing GFRP tubes and rods. 
The pultrusion method can be divided into two steps: 

Impregnation: the fiberglass rovings and mats are pulled through a bath of resin where it is impregnated, 
after that surfacing material is added to the flow of material. This combination of material is fed into 
the cure phase of the pultrusion method. 

Cure: the material is fed to the heated die, where it is formed to the actual design of the profile. The 
puller is constantly pulling the material through the process after which it is cut in the desired length. 

In fact, the pultrusion method (Figure 2-8) is a process that enables continuous production of composite profiles 
with a constant cross section and material properties according to specific purposes. 

 

Figure 2-8: Pultrusion method (Landesmann et al., 2015) 
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Structural elements are often loaded in more than one direction. The orientation of the fibres in the actual profile 
is therefor of importance to be capable of resisting pulling forces or similar stresses on the structural element. 
Different types of orientation of mats and roving can be used in the production process of GFRP elements to 
increase the structural properties of the profiles. In Figure 2-9 different types are shown for roving and mat 
orientation according to the Fiberline Composite Design Manual. 

 

 

Figure 2-9: roving and mat orientations (Fiberline Composites A/S, 2003) 

The matrix (resin) used in the pultrusion process is used for different purposes. It is used to bind the 
reinforcement material and hold the reinforcement in place during the curing process for optimal utilization of 
the mechanical properties. The matrix also determines properties like corrosion resistance and electrical 
insulation.  

The most commonly used resin is polyester which offers good all-round properties. Besides polyester, epoxy 
and phenol can also be used to improve the material properties such as fire resistance. The type of fibre 
orientation and resin properties can be chosen project specific to the needs of the customer. 
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2.2 Membrane structures 
2.2.1 Introduction 
One of the most famous permanent lightweight structures is probably the roof for the Munich Olympic Stadium 
by Frei Otto in 1972 (Figure 2-10). In 2015 Frei Otto got awarded with the Pritzker Price for his life work. With 
regards to their decision the jury highlighted Otto’s “visionary ideas, inquiring mind, belief in freely sharing 
knowledge and inventions, his collaborative spirit and concern for the careful use of resources.” Frei Otto is still 
inspiring many architects and structural engineers for working with lightweight structures. Finding the optimal 
relation in form, forces and materials is the main topic in his research and projects. 

 

Figure 2-10: Roof of Munich Olympic Stadium by Frei Otto (1972), Photo by Atelier Frei Otto Warmbronn 

In an essay entitled “Tent” published in AIA Journal issues in February and April 1961, Frei Otto indicated to 
the world the importance of membrane structures. He wrote: “Buildings cannot and should not be rigid 
structures, into which we must be squeezed, but must be along with us, a living, growing environment which 
eventually should be replaced.” (Ishii, 1999) 

Thanks to the work of Otto his Institute for Lightweight structures (IL) published in Spannweiten in 1965, 
lightweight solutions for large spans in roof structures or canopies are widely used and developed throughout 
the world. It is evolving in diverse ways in different countries. Contemporary lightweight designs are highly 
advanced and providing the same level of safety as traditional structural methods.  

2.2.2 Form-finding 
“Form-finding is the term used to describe the search for a structure geometry that achieves a state of 
equilibrium for a given stress condition taking into account defined boundary conditions and, if applicable, 
external loads.” (Knippers et al., 2011) 

2.2.2.1 Experimental form-finding 
In the 1950s Frei Otto started to developed engineering principles for the design and construction of membrane 
structures. It started with physical models constructed of simple materials like stretched rubber, fabrics and nets. 
A special experimental form-finding “tool” is the soap film model. In a soap film the stiffness is zero and 
therefore it can be assumed that a homogenous stress condition is present in the full soap film. The stresses are 
equal in both directions at every point and thus also the principal curvatures. The soap film model results in the 
minimal area for the enclosed boundary. In practice the soap film model cannot be achieve by other materials 
because the self-weight of the material will influence the final shape. But because of the low weight of membrane 
structures, the soap film method can actually be used as a starting point for the form-finding process. After this 
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experimental form-finding, photogrammetry can be used to transfer the form-found geometry into the next 
phases of the project. 

The combination of bending-active elements and fabric in physical models gives insight in the short cutting of 
forces in these hybrid systems. The points where the membrane is attached to the bending-active element can 
easily be moved to find another equilibrium in the system and thus another design of the hybrid system. 
Experimental form-finding can still be used as a starting point for especially hybrid systems. 

2.2.2.2 Numerical form-finding 
Nowadays numerical form-finding tools are used in form-finding membrane structures. Fabrication processes 
and structural analysis are integrated in these software tools which makes it possible for engineers to design, 
engineer and built membrane structures with sufficient speed, flexibility and high precision. 

Veenendaal and Block describe three main families in numerical form-finding (Veenendaal & Block, 2012): 

- Stiffness matrix methods 
These methods are material dependent and are based on using elastic and geometric stiffness matrices.  

- Geometric stiffness methods 
These methods are material independent with only geometric stiffness. A well-known method is the 
Force-density method (FDM) in which only geometrical stiffness is considered. An equilibrium of 
forces in the nodes is the result of this form-finding process. In the equilibrium equation, the force 
divided by length component is replaced by the Force Density value. This value can be set by the user 
of the form-finding process and makes the calculation solvable in one go. This method will be further 
explained in Section 3.1 of this thesis since this method is used by the chosen software package EASY 
by Technet. 

- Dynamic equilibrium methods 
The static problem is converted into a dynamic problem. The mesh of the membrane surface is 
translated into a mesh of pre-stressed springs, which relax to a steady-state solution equivalent to the 
static solution of static equilibrium. 

Since EASY will be used in the simulation part of this thesis, the FDM will be used to form-find membrane 
structures in combination with bending-active elements. 

2.2.3 Curvature 
Membrane structures can be described as form-active loadbearing systems which carry external loads by axial 
tensile forces. The loadbearing capacity of these membrane structures is dependent on the amount of curvature 
in the surface of the membrane. This curvature can be described by two definitions. 

 

Figure 2-11: Principal curvatures 
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The principal curvature (Figure 2-11) describes the minimum and maximum curvature at one point of the 
surface. The planes of principal curvature are perpendicular to the tangent plane at the point where the principal 
curvature is calculated. The principal curvature is the inverse value of the corresponding radius: 

𝜅𝜅 =
1
𝑅𝑅

 

The Gaussian curvature is the product of the two principal curvatures K = k1k2. The K value of the Gaussian 
curvature can describe different types of surfaces (see Figure 2-12): 

k1k2 > 0: both the principal curvatures are positive, this will result in a double curved synclastic curvature 
(sphere) 

k1k2 < 0: the two principal curvatures are of opposite sign, this will result in a double curved anticlastic 
curvature (hyperbolic or saddle) 

k1k2 = 0: one of the two principal curvatures is zero, only one curvature applies which results in a single 
curved element (cylinder) 

 

Figure 2-12: Geometries with a positive, zero and negative Gaussian curvature 

If the amount of double curvature in the membrane surface is limited, the amount of pre-stress required will 
increase to carry external loads. The amount of double curvature is in fact the most important geometrical factor 
in form-finding membrane structures.  

2.2.4 Membrane materials 
Textiles are semi-finished products made from woven fibres. Fibres can be described in different ways by its 
composition: 

- Filament: single fibre 
- Roving: bundle of parallel filaments 
- Yarn/Thread: bundle of twisted filaments 
- Twine: bundle of twisted yarns 

Woven fabrics are produced by right-angled threads crossing each other. Two main directions in the woven 
fabric are the warp direction and the weft direction (see Figure 2-13). The warp direction runs parallel with the 
longitudinal direction of the fabric and is attached to the weaving machine. The weft direction is interwoven 

k1k2 > 0

k1k2 < 0

k1k2 = 0
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perpendicular to the warp direction. With these different directions of threads, different stiffnesses occur in the 
woven fabric. The different arrangements of the fabric will determine the mechanical properties in the fabric. 

The simplest and tightest type of weave is the plain weave. In plain weave, the warp direction is alternately above 
and below the weft direction. This type of weave is commonly used in structural membranes.  

 

Figure 2-13: Warp and weft direction (plain weave) 

In structural engineering woven fabrics are often used in combination with coatings. These coatings provide for 
example waterproofing, protection and a desired surface look. Open fabrics can be used in for example 
convertible projects with a high demand for flexibility. In these open fabrics only the threads are coated and not 
the full membrane is enclosed. Uncoated woven fabrics can be used for other purposes like sun shadings or 
room acoustics. 

Coating a woven fabric will lock the individual threads and therefor increase the shear stiffness. In some cases, 
coatings even improves the tear propagation resistance. In fact, the coatings have severe influence on the 
protection and durability of the woven fabric. In general, the coating will influence the following properties of 
the woven fabric: 

- Strain 
- Shear stiffness 
- Weldability 
- UV protection 
- Water tightness 
- Reaction to fire 
- Light transmittance 
- Light reflectance 
- Scattering of the incoming light 
- Soiling behavior 
- Colouring 
- Heat radiation 
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In structural membranes, polyester fabric with PVC coating and glass-fibre fabric with PTFE coating are the 
two commonly used membranes. In Appendix I, a table is shown which is retrieved from a book of Knippers 
(Knippers et al., 2011). This table gives a clear overview on the main differences in these two types of membranes. 

The fabrication procedure for producing a large membrane consists of several steps and is listed below: 

- Cut membrane sections according to cutting patterns 
- Welding individual sections together 
- Welding or folding the edges 
- Fitting components (edge cables) 
- Attach corner fittings (if applicable) 
- Folding or rolling the product for shipping 

2.2.5 Membrane material properties 
In membranes four important mechanical properties can be described. These properties differ in the warp and 
weft direction of the material. For each project it is important to check which properties are important for the 
desired membrane. In for example convertible membrane roofs it is not possible to use PTFE coated glass fibre 
fabric because of the high sensitivity to flexural cracking of the material (glass-fibres). 

The tensile strength in membranes can be determined by uniaxial tensile tests on membrane strips of 5 cm wide. 
The values are often a little bit higher in the warp direction compared to the weft direction. The thickness of the 
material can be neglected and therefore the tensile strength is described as force per length (N/5cm). Membranes 
can be classified according to this tensile strength in 5 types (Table 2-2): 

Table 2-2: Membrane strength classifications 

Type I +/- 3000 N/5 cm 
Type II +/- 4000 N/5 cm 
Type III +/- 5000 N/5 cm 
Type IV +/- 7000 N/5 cm 
Type V +/- 9000 N/5 cm 

 

The tear propagation resistance is tested by uniaxial loading a specimen which is insisted in the middle. These 
values represent the force a damaged membrane can still carry. This should be as high as possible to prevent 
sudden collapsing of the tensile structure by a local failure. 

An uniaxial tension test can measure the elongation at rupture of the specimen. This value represents the 
elongation when the specimen fails. The higher this value the more ductile the material is. 

2.2.6 Membrane stiffness 
Accurate moduli of elasticity of membrane materials are not found in catalogues of membrane suppliers. These 
stiffness properties must be determined project specific by biaxial tests depending on the range of minimum 
and maximum stress in both warp and weft direction. With these properties the compensation data of the 
cutting patterns can also be determined. It is thus only important to do these tests with the actual load cases of 
the project. 
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According to the following example it is explained how to determine the stiffness properties of membrane 
material. For confidentially reasons, this graph can only be used as calculation example and not be related to a 
product name. 

 

Figure 2-14: Biaxial test result 

From the graph, it can be seen that the specimen is loaded from zero to maximum stress level and back to the 
pre-stress level. Following with several loadings from pre-stress level to maximum stress level in warp and weft 
(fill) direction. It can be concluded that this specimen doesn’t show large differences in warp and weft direction. 
From the graph the Young’s modulus in for example the warp direction can be extracted. 

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚,𝑤𝑤𝑚𝑚𝑤𝑤𝑤𝑤 = 16
𝑘𝑘𝑘𝑘
𝑚𝑚

 

𝜎𝜎𝑤𝑤𝑤𝑤𝑝𝑝−𝑠𝑠𝑠𝑠𝑤𝑤𝑝𝑝𝑠𝑠𝑠𝑠,𝑤𝑤𝑚𝑚𝑤𝑤𝑤𝑤 = 3.2
𝑘𝑘𝑘𝑘
𝑚𝑚

 

𝐸𝐸𝑤𝑤𝑚𝑚𝑤𝑤𝑤𝑤 =
Δ𝜎𝜎
Δ𝜖𝜖

=
16 − 3.2

0.037− 0.019
=  711 𝑘𝑘𝑘𝑘/𝑚𝑚 

 

The strains which remain after the loadings in warp and weft direction are the compensation values for the 
membrane. If compensation is applied with these compensation values, pre-stress will remain after the tested 
load history. 

From the graph in Figure 2-14 it can be concluded that the compensation value for the warp direction is 2%. If 
the membrane cutting pattern would have been compensated with less than 2%, e.g. 1% it can be seen from the 
graph that less pre-stress will remain in the membrane after a maximum load level.  
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2.3 Terminology 
In the last decade just a few bending-active tensile textile hybrids have been built. With every new structure a 
new combination of words has been used to present the work. Slabbinck introduces a terminology to categorize 
different types of bending-active tensile hybrids (BATH) (Slabbinck et al., 2017).  She states three important 
requirements to categorize these hybrid systems. 

(1) The membrane keeps the bending-active element bent 

(2) The buckling strength of the bending-active element is enhanced by the membrane 

(3) The membrane is pre-stressed and doubly curved by the bending-active element 

Six projects have been analysed according to these requirements and an overview matrix is presented in Table 
2-3, this table is based on the work of Slabbinck. In Appendix II a more detailed overview can be found on these 
reference projects. 

Table 2-3: Overview matrix on bending-active textile hybrids (BAE: bending-active elements), based on the work of Slabbinck 

Project Name and used 
reference 

Year Amount 
of BAE 

Tensile 
part 

Requirement 
(1) 

Requirement 
(2) + (3) 

 

BAT wing 
(Off, 2010) 

2010 7 BAE Structural 
fabric 

Yes Yes 

 

Marrakech umbrella 
(Lienhard, 2014) 

2011 6 BAE Structural 
fabric 

Yes Yes 

 

Textile Hybrid M1 
(Lienhard, 2014) 

2012 5 BAE Structural 
fabric 

No Yes 

 

Restrained arch 
(Alpermann & 
Gengnagel, 2013) 

2012 1 BAE Structural 
fabric + 
cables 

No No 

 

Bending-active canopy 
(Laet et al., 2013) 

2013 2 BAE + 1 
strut 

Structural 
fabric + 
cables 

No No 

 

Hybrid tower 
(Deleuran et al., 2015) 

2015-
2017 

>10 BAE Knitted 
fabric + 
cables 

No No 
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The table shows that only two projects meet the three stated requirements and therefor a specification in 
bending-active textile hybrid is made. 

2.3.1 Global BATH structures 
In these global BATH structures (Figure 2-15) both the structural elements are load bearing and beneficial for 
one another. In fact, in global BATH structures the membrane is actually bending the bending-active element. 
Here the membrane is restraining the bending-active element and keeps the element bent. Energy stored in the 
bent element can be used for pre-stressing the membrane and forming it in a doubly curved geometry. 

 

Figure 2-15: Examples of global BATH structures (Slabbinck et al., 2017) 

2.3.2 Local BATH structures 
In local BATH structures (Figure 2-16) the bent element is coupled to itself and thus the membrane is not 
required for bending the element. In these local BATH structures, the membrane only deforms the initial 
equilibrium state of the bending-active element which results in a new stabilized hybrid system.   

 

Figure 2-16: Examples of local BATH structures (Slabbinck et al., 2017) 
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2.3.3 BAT structures 
In BAT structures (Figure 2-17) the bending-active element is already in a stable equilibrium. There is no 
reciprocal equilibrium in the coupled system and the membrane is pre-stressed by an external system. 

 

Figure 2-17: Examples of BAT structures (Slabbinck et al., 2017) 

2.3.4 Stable equilibrium of BATH 
A bending-active textile hybrid is stable if the system is able to reestablish equilibrium after an impact of external 
loadings. Stable self-equilibrated systems transfer loads through bending to the ground with fixed support 
conditions where in a self-stressed-equilibrated structure no external supports are needed to transfer these loads, 
the system is self-tensioning. Only a pinned support is needed to prevent uplifting or shifting. In both systems 
the membrane is stabilizing the structure. 

2.3.5 The first BATH structure 
The initial question of the work of Slabbinck was: Who was the first to build a BATH structure? The well-known 
outdoor tents can be described as the first (global self-equilibrated structures) BATH structures and recent 
developments in the outdoor pop-up tent models result in ingenious solutions for BATH structures. The pop-
up tents can be described as local self-stressed-equilibrated structures.  

In the world of architectural and engineering research the first BATH is the GFRP membrane pavilion 2004 
(Figure 2-18) presented in the work of Knippers (Knippers et al., 2011). Adriaenssens also did a lot of research 
on this topic described as a Span Spliced Spline Stressed Membranes (Adriaenssens, 2000). 

 

 

Figure 2-18: (left) GFRP Membrane pavilion 2004 (Knippers et al., 2011), (right) Spline Stressed Membrane (Adriaenssens, 2000) 
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3 Theory 
As stated in the introduction of the thesis, EASY by Technet is used in the next steps of the project for form-
finding and simulating bending-active textile hybrid structures. In this chapter it is elaborated how Easy is used 
in form-finding the membrane, simulating the bending-active behavior and executing the calculation for the 
hybrid system. 

3.1 Force density method 
In Section 2.2.2 it is explained that there are several ways of form-finding cable and membrane structures. In 
Easy, the Force Density Method (FDM) is implemented to form-find cable and membrane structures. The FDM 
will be explained in detail by the following structure consisting of 2 pinned points and 2 free points connected 
with cable elements (Figure 3-1). 

 

Figure 3-1: Simple cable structure 

Equilibrium of forces in the free points (2) and (3) can be described by the following equations for the X and Y 
direction: 

(𝑋𝑋2 − 𝑋𝑋1) ∗ �
𝑆𝑆1
𝐿𝐿𝑅𝑅1

� + (𝑋𝑋2 − 𝑋𝑋3) ∗ �
𝑆𝑆2
𝐿𝐿𝑅𝑅2

� − 𝑃𝑃𝑥𝑥2 = 0 

(𝑋𝑋3 − 𝑋𝑋2) ∗ �
𝑆𝑆2
𝐿𝐿𝑅𝑅2

� + (𝑋𝑋3 − 𝑋𝑋4) ∗ �
𝑆𝑆3
𝐿𝐿𝑅𝑅3

� − 𝑃𝑃𝑥𝑥3 = 0 

(𝑌𝑌2 − 𝑌𝑌1) ∗ �
𝑆𝑆1
𝐿𝐿𝑅𝑅1

� + (𝑌𝑌2 − 𝑌𝑌3) ∗ �
𝑆𝑆2
𝐿𝐿𝑅𝑅2

� − 𝑃𝑃𝑦𝑦2 = 0 

(𝑌𝑌3 − 𝑌𝑌2) ∗ �
𝑆𝑆2
𝐿𝐿𝑅𝑅2

� + (𝑌𝑌3 − 𝑌𝑌4) ∗ �
𝑆𝑆3
𝐿𝐿𝑅𝑅3

� − 𝑃𝑃𝑦𝑦3 = 0 

These 4 equations include the unknown axial forces in the beam elements (Si), the unknown coordinates of the 
free points (X2, Y2, X3, Y3) and the unknown stressed lengths of the cable elements (LRi). The ratio in force and 
length of the element can be replaced by a constant called the Force Density value. The Force Density value can 
be set by the user prior to the calculation, this is actually the pre-stress level in the cable element. 

𝑆𝑆𝑚𝑚
𝐿𝐿𝑅𝑅𝑚𝑚

= 𝐹𝐹𝐷𝐷𝑚𝑚 

1, (X1,Y1)

2, (X2,Y2) 3, (X3,Y3)

4, (X4,Y4)

(1)

(2)

(3)

Py2

Px2

Py3

Px3
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Thus, the ratio in force and length can be replaced by the Force density value resulting in the following 
equations: 

(𝑋𝑋2 − 𝑋𝑋1) ∗ 𝐹𝐹𝐷𝐷1 + (𝑋𝑋2 − 𝑋𝑋3) ∗ 𝐹𝐹𝐷𝐷2 − 𝑃𝑃𝑥𝑥2 = 0 

(𝑋𝑋3 − 𝑋𝑋2) ∗ 𝐹𝐹𝐷𝐷2 + (𝑋𝑋3 − 𝑋𝑋4) ∗ 𝐹𝐹𝐷𝐷3 − 𝑃𝑃𝑥𝑥3 = 0 

(𝑌𝑌2 − 𝑌𝑌1) ∗ 𝐹𝐹𝐷𝐷1 + (𝑌𝑌2 − 𝑌𝑌3) ∗ 𝐹𝐹𝐷𝐷2 − 𝑃𝑃𝑦𝑦2 = 0 

(𝑌𝑌3 − 𝑌𝑌2) ∗ 𝐹𝐹𝐷𝐷2 + (𝑌𝑌3 − 𝑌𝑌4) ∗ 𝐹𝐹𝐷𝐷3 − 𝑃𝑃𝑦𝑦3 = 0 

This results in a set of linear equation with 4 unknowns namely X1, X2, X3 and Y3 (coordinates of the free 
points) which can be solved. The ratio in force density values of the 3 cables will determine the final location of 
the free points (Figure 3-2, Figure 3-4). In Figure 3-4 it can be seen that a higher Force Density value in the left 
cable is moving the points towards the left side because the set pre-stress in the left cable is relatively higher. 

 

Figure 3-2: Model with 2 equal point loads acting on the free points 

 

Figure 3-3: Result with equal Force Density values (FD1 = 1, FD2 = 1, FD3 = 1) 

 

Figure 3-4: Result with a higher Force Density value in the left cable (FD1 = 2, FD2 = 1, FD3 = 1) 

If the calculation is succeeded the result of the calculation are the coordinates of the free points and thus the 
new stressed lengths according to the set force density values, fixed point coordinates and loads on the free 
points. 
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The next step is to calculate the unstressed length of the cable element for further structural analysis of this 
system. For the statical analysis material properties for the cable are implemented and combined with the set 
pre-stress. The formula for the calculation of the unstressed length can be derived from Hooke’s law and the 
following equations: 

𝜎𝜎 =
𝐹𝐹
𝐴𝐴

 

𝜎𝜎 = 𝐸𝐸 ∗ 𝜖𝜖 = 𝐸𝐸 ∗
𝐿𝐿𝑅𝑅 − 𝐿𝐿0
𝐿𝐿0

 

𝐹𝐹 = 𝑞𝑞 ∗ 𝑙𝑙 

With the following units: 

σ: stress [N/mm2] 

F: force in the element [N] 

A: cross sectional area of the cable [mm2] 

E: Young’s modulus of the element [N/mm2] 

ɛ: Strain [%] 

LR: stressed length of the element [mm] 

L0: unstressed length of the element [mm] 

q: Force Density value [N/mm] 

The three equations can be combined which results in the formula for the calculation of the unstressed length. 

𝐸𝐸 ∗
𝐿𝐿𝑅𝑅 − 𝐿𝐿0
𝐿𝐿0

=
𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅
𝐴𝐴

 

𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐿𝐿0
𝐴𝐴

= 𝐸𝐸(𝐿𝐿𝑅𝑅 − 𝐿𝐿0) 

𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐿𝐿0 = 𝐸𝐸 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐴𝐴 − 𝐸𝐸 ∗ 𝐿𝐿0 ∗ 𝐴𝐴 

𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐿𝐿0 + 𝐸𝐸 ∗ 𝐿𝐿0 ∗ 𝐴𝐴 = 𝐸𝐸 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐴𝐴 

𝐿𝐿0(𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 + 𝐸𝐸 ∗ 𝐴𝐴) = 𝐸𝐸 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐴𝐴 

𝐿𝐿0 =
𝐸𝐸 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐴𝐴

𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 + 𝐸𝐸 ∗ 𝐴𝐴
 

3.2 Elastica curve simulation 
In Section 2.1.4 it is described how Lienhard defines three approaches on form-finding bending-active elements 
with membrane elements. The order of form-finding is an important factor in these approaches. 

In the dissertation of Lienhard he describes the Elastic Cable Approach in which he couples elastic cables to 
bending-active elements. By using this method and setting the axial stiffness of these cables to zero the cables 
can contract and form-find the bending active elements, also several elements can be coupled. In this procedure 
it is very important to determine where to place these contracting cables and the solver must allow large 
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deformations in 3D space. In fact, the simulation is started with initially straight elements connected to 
contracting cables. For this procedure experimental form-finding prior to numerical form-finding is of great 
importance to determine the locations of the contracting cables. 

3.2.1 Local coordinate system 
For this project the first step in implementing the bending-active behavior is simulating the Elastica curve within 
the used software package Easy. It was found that manipulating the local coordinate system of beam links would 
make it possible to set the initially straight configuration of beam elements. 

The local coordinate system (LCS) of one beam element can be defined according to 2 vectors namely the local 
X direction in global coordinates and the local Y direction in global coordinates. In Table 3-1, two different 
configurations of the LCS are listed. These configurations are visualized in Figure 3-5 and Figure 3-6. In fact, 
with adjusting the LCS we can implement the initially straight configuration of beam elements in a deformed 
state. 

Table 3-1: LCS configurations 

 Local x Local y 
 x y z x y z 
Figure 3-5 1 0 0 0 1 0 
Figure 3-6 -1 0 0 0 -1 0 

 

 

Figure 3-5: LCS 1 0 0 0 1 0 

In Figure 3-6, it can be seen that the local X vector is set to -1,0,0 and the local Y vector is set to 0,-1,0 according 
to global coordinates. This illustrates that it is possible to adjust the initial configuration of separate beam 
elements. 

 

Figure 3-6: LCS -1 0 0 0 -1 0 
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3.2.2 Design curve 
The Elastica curve simulation can now be explained according to the following example of Figure 3-7. A polyline 
is drawn in external CAD software and imported into Easy. In default the LCS is set along the direction of the 
beam links. This indicates that nothing will happen when a calculation would have been executed because the 
beam is already in its initial configuration. It will only deform by its own weight if this is relatively high. 

 

Figure 3-7: Elastica curve simulation 

In the second step the LCS is adjusted. The LCS of every beam element is set in the same direction corresponding 
to an initially straight configuration of the system. The calculation will result in one of the Elastica curves 
because the beam links will find its shape of maximal bending radius and thus minimal bending moment, within 
the two pinned supports. If one support would allow sliding over the x-axis the beam will tend to go to its initially 
straight configuration without any curvature and bending moment.  

Next, a new support and 3 cables are added to the model (Figure 3-8). The cables are connecting the beam to 
the new support and thus are restraining the system. When the LCS update is performed and the calculation is 
executed. It can be seen that the Elastica curve is restrained by the cables and the final result is tending towards 
the initial design curve. Now the beam again wants to find its way of minimal bending moment but is restrained 
by cables and 2 pinned supports. A new Elastica curve is found with new boundary conditions. The need of the 

Design curve

Reset LCS

Elastica curve
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beam to go back to its initial configuration is now used to tension the cable elements and find a new equilibrium. 
This simulation will be used in the next steps of the project to implement the bending-active behavior in a hybrid 
structure with membrane elements.  

 

Figure 3-8: Elastica curve simulation with cables 

3.3 Non-linearity 
In bending-active structures large deformations occur and therefore it is required to perform a non-linear 
calculation. In order to get more understanding in the way the used software package Easy is solving non-linear 
systems a simple example is created and validated with a validating calculation in Excel.  

3.3.1 A simple example 

3.3.1.1 Setup 
When using Easy for the calculation of hybrid systems, beam elements will be combined with force-density 
links in the form-finding process. The force from the force-density links depends on the set force-density 
value and its length. While the length of the force-density links will change according to the deformation of 
the attached beam links, this relation can be checked by comparing an Easy model with a validating 
calculation executed in Excel. For the example a simply supported beam is considered with a force-density link 

Design curve

Reset LCS

Elastica curve with cables
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connected at mid span. The force-density link will generate a force with the magnitude coming from the 
product of link length and its set force-density value. 

 

Figure 3-9: Model overview of the simple example 

The system is simplified in three steps and can be described by 4 models (see Figure 3-9): 

Model 1: simply supported beam with a force-density link at mid span, this link will load the beam 
upwards. 

Model 2: the bending stiffness of the beam is translated into a spring stiffness using the equation for 
deflection at mid span by a point load. 

𝑤𝑤 =
𝐹𝐹 ∗ 𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3

48 ∗ 𝐸𝐸𝐸𝐸
= 𝐹𝐹 ∗

𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3

48 ∗ 𝐸𝐸𝐸𝐸
 

 

𝐹𝐹 = 𝑤𝑤 ∗
48 ∗ 𝐸𝐸𝐸𝐸
𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3  

 

𝐹𝐹 = 𝑤𝑤 ∗ 𝑘𝑘 

 

𝑘𝑘 =
48 ∗ 𝐸𝐸𝐸𝐸
𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3  

Model 3: the spring stiffness calculated in the previous model is translated into an axial stiffness for this 
element using Hooke’s law. 

𝜎𝜎 =
𝐹𝐹
𝐴𝐴

= 𝐸𝐸 ∗ 𝜖𝜖 = 𝐸𝐸 ∗
Δ𝑙𝑙
𝑙𝑙0

 

EI
w

l,span

F = FD * l,FD

F

k
F = w * k

w = (F * l,span3)/(48*EI)

EA

F

EA

EA

F

EA

EA

Model 3

Model 2

Model 1

Model 4
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𝐹𝐹 =  𝐸𝐸𝐴𝐴 ∗
Δ𝑙𝑙
𝑙𝑙0

= Δ𝑙𝑙 ∗
𝐸𝐸𝐴𝐴
𝑙𝑙0

 

 

𝐹𝐹 = 𝑤𝑤 ∗
48 ∗ 𝐸𝐸𝐸𝐸
𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3  

 
𝐸𝐸𝐴𝐴
𝑙𝑙0

=
48 ∗ 𝐸𝐸𝐸𝐸
𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3  

 

𝐸𝐸𝐴𝐴 =
48 ∗ 𝐸𝐸𝐸𝐸 ∗ 𝑙𝑙0

𝑙𝑙𝑠𝑠𝑤𝑤𝑚𝑚𝑚𝑚3   

Model 4: the system is mirrored to reduce the amount of equilibrium equations. 

3.3.1.2 Equilibrium equations 
From Model 4 a set of equations can be formulated to solve the system where an element is linked to a force-
density link. From Figure 3-10, it can be concluded that points 1, 3 and 4 are fixed. Point 2 is free to move in the 
Y direction. Furthermore, the axial forces in S1 and S2 are indicated in the figure. 

 

Figure 3-10: Model 4 with notations 

The equilibrium equations of Model 4 can be formulated as follows: 

(1)  (𝑌𝑌2 − 𝑌𝑌1) �
𝑆𝑆1
𝐿𝐿𝑅𝑅1

� + (𝑌𝑌2 − 𝑌𝑌3) ∗ 𝐹𝐹𝐷𝐷 + (𝑌𝑌2 − 𝑌𝑌4) �
𝑆𝑆2
𝐿𝐿𝑅𝑅2

� = 0 

 
(2)  �(𝑋𝑋2 − 𝑋𝑋1)2 + (𝑌𝑌2 − 𝑌𝑌1)2 − 𝐿𝐿𝑅𝑅1 = 0 

 
(3)  �(𝑋𝑋2 − 𝑋𝑋4)2 + (𝑌𝑌2 − 𝑌𝑌4)2 − 𝐿𝐿𝑅𝑅2 = 0 

1

4

2
S1

S2

FD

3

x

y
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(4)  𝐿𝐿𝑅𝑅1 = 𝐿𝐿0,1 ∗ �1 + �
𝑆𝑆1
𝐸𝐸𝐴𝐴1

�� 

 

(5)  𝐿𝐿𝑅𝑅2 = 𝐿𝐿0,2 ∗ �1 + �
𝑆𝑆2
𝐸𝐸𝐴𝐴2

�� 

 
Equation (1) is the equation of force equilibrium in Y-direction for point 2. Equations (2) and (3) describe that 
the stressed lengths of element 1 and 2 are equal to the distance between the two end points of the elements. 
Equations (4) and (5) are extra equations for calculating the stressed lengths of elements 1 and 2, these equations 
can be substituted into equations (1), (2) and (3). 

(1)  (𝑌𝑌2 − 𝑌𝑌1)

⎝

⎜
⎛ 𝑆𝑆1

𝐿𝐿0,1 ∗ �1 + � 𝑆𝑆1𝐸𝐸𝐴𝐴1
��
⎠

⎟
⎞

+ (𝑌𝑌2 − 𝑌𝑌3) ∗ 𝐹𝐹𝐷𝐷 + (𝑌𝑌2 − 𝑌𝑌4)

⎝

⎜
⎛ 𝑆𝑆2

𝐿𝐿0,2 ∗ �1 + � 𝑆𝑆2𝐸𝐸𝐴𝐴2
��
⎠

⎟
⎞

= 0 

 

(2)  �(𝑋𝑋2 − 𝑋𝑋1)2 + (𝑌𝑌2 − 𝑌𝑌1)2 − 𝐿𝐿0,1 ∗ �1 + �
𝑆𝑆1
𝐸𝐸𝐴𝐴1

�� = 0 

 

(3)  �(𝑋𝑋2 − 𝑋𝑋4)2 + (𝑌𝑌2 − 𝑌𝑌4)2 − 𝐿𝐿0,2 ∗ �1 + �
𝑆𝑆2
𝐸𝐸𝐴𝐴2

�� =  0 

This results in 3 equations with only 3 unknowns namely Y2, S1 and S2. This system of 3 equations with 3 
unknowns can be solved with the Newton Raphson method and be compared to the same system calculated in 
Easy. 

For solving this set of non-linear equations, the Newton Raphson method is used. The general equation for 
calculating the first Newton iterate of this system is: 

�
𝑌𝑌21
𝑆𝑆11
𝑆𝑆21

� = �
𝑌𝑌20
𝑆𝑆10
𝑆𝑆20

� − 𝐽𝐽(𝑌𝑌2, 𝑆𝑆1, 𝑆𝑆2)−1 ∗ �
𝑓𝑓1(𝑌𝑌20,𝑆𝑆10, 𝑆𝑆20)
𝑓𝑓2(𝑌𝑌20,𝑆𝑆10, 𝑆𝑆20)
𝑓𝑓3(𝑌𝑌20,𝑆𝑆10, 𝑆𝑆20)

� 

The elements in this general solution can be elaborated separately. The vector at the left side of the equation is 
the result of the first iteration. The first vector at the right side of the equation is filled with the starting values 
for the unknowns of the calculation. For this calculation the starting values are as follows: 

Y20 = 0 mm 

S10 = 0 N 

S20 = 0 N 

The next step is calculating the Jacobian matrix of the system. For the calculation of the Jacobian matrix every 
equation of the system is derived to one of the unknowns. In fact, the Jacobian matrix is filled with all the partial 
derivatives.  
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To illustrate; the partial derivative of equation f to unknown x with an increment of δ is defined as follows: 

𝛿𝛿𝑓𝑓
𝛿𝛿𝑥𝑥

= lim
𝛿𝛿→0

𝑓𝑓(𝑥𝑥 + 𝛿𝛿) − 𝑓𝑓(𝑥𝑥)
𝛿𝛿

 

When calculating the partial derivative of an equation with more than one unknown, only the unknown to 
where the equation is differentiated to will be incremented with the set increment. The rest of the unknowns 
keep the same value. In this way the Jacobian matrix is calculated numerically with a set increment. For the 
Excel sheet the increment can be set by the user. If the incremental value is decreased, the calculation will be 
more precise but would also need more iterations to reach its stop criterion 

For the system of Model 4 it will result in the following Jacobian matrix. 

𝐽𝐽(𝑦𝑦2,𝑆𝑆1,𝑆𝑆2) =
𝐹𝐹(𝑥𝑥 + 𝛿𝛿) − 𝐹𝐹(𝑥𝑥)

𝛿𝛿
=

𝑓𝑓1�𝑦𝑦2,0 + 𝛿𝛿, 𝑆𝑆1,0,𝑆𝑆2,0� − 𝑓𝑓1(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓1�𝑦𝑦2,0,𝑆𝑆1,0 + 𝛿𝛿, 𝑆𝑆2,0� − 𝑓𝑓1(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓1�𝑦𝑦2,0,𝑆𝑆1,0,𝑆𝑆2,0 + 𝛿𝛿� − 𝑓𝑓1(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓2�𝑦𝑦2,0 + 𝛿𝛿, 𝑆𝑆1,0,𝑆𝑆2,0� − 𝑓𝑓2(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓2�𝑦𝑦2,0,𝑆𝑆1,0 + 𝛿𝛿, 𝑆𝑆2,0� − 𝑓𝑓2(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓2�𝑦𝑦2,0,𝑆𝑆1,0,𝑆𝑆2,0 + 𝛿𝛿� − 𝑓𝑓2(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓3�𝑦𝑦2,0 + 𝛿𝛿, 𝑆𝑆1,0,𝑆𝑆2,0� − 𝑓𝑓3(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓3�𝑦𝑦2,0,𝑆𝑆1,0 + 𝛿𝛿, 𝑆𝑆2,0� − 𝑓𝑓3(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑓𝑓3�𝑦𝑦2,0,𝑆𝑆1,0,𝑆𝑆2,0 + 𝛿𝛿� − 𝑓𝑓3(𝑖𝑖𝑖𝑖𝑖𝑖)
𝛿𝛿

 

For the final component in the general solution, the starting values are substituted in the initial equations. Now 
the first iteration can be computed with the separate elements of the general solution. 

The result of the first iteration can be substituted in the equations of the system and it can be checked if the 
results are close to the set stop criterion. The next iteration will start with the results of the previous iteration if 
the result is not close enough to zero (comparison with stop criterion). 

In Appendix III, the fixed and starting values for the Excel calculation can be found. The material properties of 
the model can be changed to make a comparison between different Excel and Easy models. The results for this 
comparison are listed in Section 3.3.3. 

3.3.2 Easy solver settings 
The same system can be modelled in Easy and be compared with the results of the Excel sheet. The main 
parameters of the Easy solver can be linked to the parameters in solving sets of non-linear equations. The main 
parameters of the Easy solver which can be set by the user are listed below. 

Stop criterion 

The stop criterion determines if the iterations are finished. If the result of the iteration is below this set stop 
criterion then the calculation is finished. If not, then the solver will start a new iteration. This criterion will 
determine the precision of the calculation. With a high stop criterion, it is possible to find an equilibrium which 
is not stable if the precision would be increased for a new calculation. 

Maximum number of outer iterations 

If the stop criterion is not reached within the set number of iterations the result of the calculation is not reliable, 
the solver is actually not finished yet. The number of outer iterations must be set high enough to perform the 
calculation with a certain precision. In fact, this parameter combined with the stop criterion must be determined 
very carefully to make the results of the calculation reliable.  
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Figure 3-11: Iterations and stop criterion 

In Figure 3-11 an equilibrium path is plotted which is solved graphically with a set stiffness matrix which is used 
in every iteration of the calculation. The residual force of every iteration is plotted in red. With a stop criterion 
set to 0.025 it is clear that the calculation is finished around iteration 20. Here the result of the iteration is below 
the set stop criterion. When the stop criterion is decreased and thus the precision of the calculation is increased, 
the calculation is finished at iteration 46 where the residual force tends to zero. To get reliable results, it is 
obvious that the number of iterations must be set high for these kinds of non-linear calculations. 

Additional translational- and rotational stiffness 

In Easy additional translational and rotational stiffness can be added to the system. With this option all points 
are connected to a translational and/or rotational spring with a set spring stiffness. This option can increase the 
stability of a system and therefore make it easier for the solver to converge to a certain solution.  

This option can be explained according to an example of a book on FEM by Crisfield. From the equilibrium 
path (Figure 3-13) of the system in Figure 3-12 it is noticeable that when the bar is loaded with an increasing –
W suddenly snap through will occur after limit point A. The bar will go from compression into tension and find 
a new equilibrium after the snap through.   

 

Figure 3-12: A bar subjected by an increasing load –W (Crisfield, 1991) 
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Figure 3-13: Equilibrium path of the system without spring (Crisfield, 1991) 

The sudden snap-through can make the iteration fail because divergence will occur after limit point A and the 
residual forces will start increasing again. One way of overcoming this problem without changing the method 
of solving this system is to add a spring at the end of the bar. If the spring stiffness is large enough, the limit 
point at A can be removed and the new equilibrium path (Figure 3-15) doesn’t show any valleys. This will make 
the calculation more stable but it must be kept in mind that this spring is fictional if it’s not there in the actual 
structure. 

 

Figure 3-14: A bar subjected by an increasing load –W with additional spring (Crisfield, 1991) 

 

Figure 3-15: Equilibrium path of the system with additional spring (Crisfield, 1991) 
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3.3.3 Excel vs Easy comparison 
Now a range of force-densities can be inserted and a comparison is made between the Excel calculation and the 
model in Easy. The fixed material properties for both models are listed in the following table (Table 3-2): 

Table 3-2: Material properties 

Young’s modulus 23000 N/mm2 
Diameter (circular section) 25 mm 
Moment inertia 19174 mm4 
Area 491 mm2 

 

The coordinates of the fixed points in the model are listed in the following table (Table 3-3). 

Table 3-3: Point coordinates 

 X [mm] Y [mm] 
Point 1 0 0 
Point 2 2500 unknown 
Point 3 2500 100 
Point 4 2500 -100 

 

The results a Force-density value ranging from 1 to 10 are listed in the following table (Table 3-4). 

Table 3-4: Results of comparison of models 

  Y2 [mm] S1 [N] S2 [N] 
FD: 1 Excel 49 2173 8 
 Easy 49 2174 8 
FD: 2 Excel 59 3105 10 
 Easy 59 3105 10 
FD: 5 Excel 71 4597 12 
 Easy 71 4598 12 
FD: 10 Excel 80 5793 14 
 Easy 80 5973 14 

 

 

Figure 3-16: Result in Easy with FD = 10 and a deflection at point 2 of 80mm 

It can be concluded that the Easy Beam calculation can be validated with the Excel sheet for this simple problem 
(see the Easy Beam model in Figure 3-16). Here the deflection and axial force is compared for the two models.   
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4 Design curve 
The initial idea for the design of a bending-active textile hybrid was coupling initial straight elements into a ring 
and connect this to a membrane which was designed to deform the ring into a 3D sculpture.  

If this idea would have been classified according to the Terminology of Slabbinck (Section 2.3), it should have 
been classified as a Local BATH. The bending-active element is not primarily bent by the membrane, but it is 
coupled by itself. The membrane is only deforming the structure into 3D, resulting in a new equilibrium state. 

For the next stages of the project a 3D design curve is form-found using Karamba (Rhino-Grasshopper plug-
in). The polyline can be exported as DWG and imported in Easy. The 3D polyline and its initial configuration 
are shown in Figure 4-1. In fact, any curve can be used as design curve to simulate the bending active-behavior. 

For this polyline it is important that all segments are of equal length and that the order of beam elements in in 
the same direction as the initial configuration. In this way, resetting the initial configuration of the 3D curve will 
not generate errors.  

 

 

Figure 4-1: Design curve 

  

R = 5m

H = 3m
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5 Simultaneous method 
The first idea in using the Force Density Method for form-finding bending-active textile hybrids can be related 
to one of the form-finding types described in Section 2.1.4. It is the Simultaneous principle described in 
Lienhard’s dissertation (Lienhard, 2014) which refers to a form-finding process where the membrane elements 
and bending-active elements are form-found simultaneously. Here eccentricities or three-dimensional forces 
are required for out of plane deformation of both the components of the form-finding process. In this approach 
the LCS update is not used because the simulation is started with a planar geometry. 

To link this form-finding process to the initial idea of coupling a ring of bending-active elements and a 
membrane to get a 3D result, it is checked whether it is possible when starting with a planar geometry. In this 
approach a uniform pre-stress is used on this planar geometry to deform it into a new 3D equilibrium state. 

5.1 Buckling of rings 
In fact, in this approach a uniform pre-stress from the membrane is used to deform the bending-active element. 
To check the buckling capacity of rings under uniform pressure the book Theory of Elastic Stability by 
Timoshenko and Gere is used. This book derived two equations for the lateral buckling capacity of a curved bar 
with circular axis loaded by a uniform pressure. These theoretical derivations on the buckling capacity can be 
compared to FEM software for validation and comparison. It can now be checked if this form-finding procedure 
can be used for this type of bending-active textile hybrids. 

 

Figure 5-1: Uniform load on ring 

In the derivation of the first formula it is assumed that the direction of the loads does not change during the 
lateral deformation of the ring. Thus, the direction of the load will always be parallel to the initial direction. This 
results in the following formula (Timoshenko & Gere, 1989): 

(1) 𝑞𝑞𝑐𝑐𝑤𝑤 ∗ 𝑅𝑅 =
𝐸𝐸𝐸𝐸𝑚𝑚
𝑅𝑅2

∗
(𝜋𝜋2 − 𝛼𝛼2)2

𝛼𝛼2 ∗ �𝜋𝜋2 + 𝛼𝛼2 �𝐸𝐸𝐸𝐸𝑚𝑚𝐶𝐶 ��
 

In the derivation of the second formula it is assumed that the direction of the load will change to the direction 
of the center of its initial curvature. This results in the following formula (Timoshenko & Gere, 1989): 

(2) 𝑞𝑞𝑐𝑐𝑤𝑤 ∗ 𝑅𝑅 =
𝜋𝜋2 ∗ 𝐸𝐸𝐸𝐸𝑚𝑚
𝑅𝑅2

∗
𝜋𝜋2 − 𝛼𝛼2

𝛼𝛼2 ∗ �𝜋𝜋2 + 𝛼𝛼2 �𝐸𝐸𝐸𝐸𝑚𝑚𝐶𝐶 ��
 

q,cr

R
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The units in the formulas are described as follows: 

qcr = critical uniform load on the ring [N/mm] 

R = radius [m] 

EIx = bending stiffness around X-axis according to Figure 5-2 [Nmm2] 

C = Torsional rigidity [Nmm] 

 

Figure 5-2: Axis definition in Timoshenko's Theory 

α = angle according to Figure 5-3 [radians], α is the angle corresponding to a half sin wave where a full 
sin wave is in between two supports. 

This can be explained according to Figure 5-3. On the left a ring with 3 supports fit 3 full sin waves resulting in 
an α = 2π/6 = π/3. On the right a ring with 4 supports fit 4 full sin waves resulting α = 2π/8 = π/4 

 

Figure 5-3: Definition for α according to Timoshenko’s theory 

5.2 Buckling capacity 
With this formula the buckling capacity of rings with different support configurations can be computed and be 
compared with FEM software. For this comparison the buckling load factor is determined for a ring with 3 
supports and the properties listed in Table 5-1. 

 

x

z
y

α α
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Table 5-1: Properties of models 

Property Value 
Diameter (circular section) 50 mm 
Young’s modulus 23000 N/mm2 
Shear modulus 9200 N/mm2 
Radius ring 2000 mm 
Unit load 1 N/mm = 1 kN/m 

 

Now the theory can be compared to FEM software and the buckling capacity of the rings is computed. For this 
comparison the buckling analysis is performed in SCIA Engineer and Karamba (Rhino-Grasshopper Plugin). 

In Table 5-2, the results are listed for a ring with 3 supports, α = π/3 and a unit load of 1 kN/m. The buckling 
mode is visualized in Figure 5-4. 

Table 5-2: Results of buckling analysis, α = π/3 

Calculation Buckling load factor 
Theory (1) 5.51 
Theory (2) 6.20 
SCIA (non-linear) 5.48 
SCIA (linear) 5.53 
Karamba 5.52 

  

 

Figure 5-4: Buckling mode, α = π/3 

5.3 Easy 
In Easy a ring of radius 2m is modelled with 3 supports, identical material properties and an imperfection of 
0.2m. The imperfection is required to get a deformed structure (a perfect ring with a uniform pressure load will 
not deform in Easy). This ring is loaded with a uniform load of 1kN/m which is directed to the midpoint of the 
geometry. The uniform load can be referred to a pre-stress load of a force-density mesh.  

Now the uniform load can be scaled up. In Table 5-3 a range of increasing uniform loads and corresponding 
deformations are listed from the Easy model. It can be concluded that the maximum uniform load for a 
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successful calculation in Easy can be linked to the calculated buckling capacity for this ring in Table 5-2. The 
buckling capacity of the ring in Easy corresponds to the buckling capacity calculated by the theoretical formulas 
and buckling analysis in SCIA and Karamba. In Figure 5-5 the deformation is shown for a uniform load of 1 
kN/m and the maximum uniform load of 5.46 kN/m. 

Table 5-3: Deformations at different loads 

Uniform load [kN/m] Height [m] 
0 0.2000 
1 0.2357 
2 0.2879 
3 0.3676 
4 0.4901 
5 0.6525 
5.46 (max) 0.7242 

 

 

Figure 5-5: 1 kN/m (left), 5.46 kN/m (right) 

5.4 Conclusion 
From this section of the thesis it can be concluded that the force density method cannot be used in the 
simultaneous form-finding method of this type of bending-active textile hybrids. In fact, the pre-stress forces 
from the force-density mesh are exceeding the buckling capacity of the ring. The structure will implode before 
reaching the fulfilling height. The force density forces are not stabilizing the structure but will keep loading the 
structure, increase the compression forces in the ring and make it more unstable. 

In the next section of the thesis, the form-finding process is reversed and the LCS update is used in combination 
with the force-density method. Here the form-finding of the bending-active element is executed prior to the 
form-finding of the membrane.   
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6 Successive method 
“The process is separated into first, the form-finding of an elastically bent beam structure and second, the form-
finding of the membrane attached to the beams. Here, the second form-finding step serves to generate an 
intricate equilibrium system which is based on further deformations in the beam structure.” (Lienhard, 2014) 

In Section 3.2 it is elaborated how the initial straight configuration of a beam element can be set to a design 
curve in Easy. In fact, first the elastically bent beam structure is form-found and the LCS is adjusted to an initial 
straight configuration. Secondly, the membrane is attached and the form-finding step can be executed using the 
Force Density Method elaborated in Section 3.1. Finally, a calculation of the hybrid system is executed. 

In this section of the thesis it is elaborated how the successive form-finding method is implemented within Easy 
using the methods described in Section 3. In Figure 6-1 an overview is shown of the different steps in the model 
towards the actual calculation of the hybrid system in Section 6.5. 

 

 
Figure 6-1: Successive method overview 

  

6.1 Geometric input Design curve

6.2 Initial configuration Define initial LCS

6.3 Form-edit model Mesh setup

6.4 Form-finding Membrane form-finding

6.5 Easy Beam Execute hybrid calculation
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6.1 Geometric input 
As mentioned in Section 4, the design curve can be drawn or form-found with external CAD software and 
imported in Easy as a polyline. Easy translates this DWG file into an Ein-file. This Ein-file consists of point 
coordinates and defines the link elements. In Figure 6-1 and Figure 6-2 the geometry is shown for the next steps 
of the model. 

 

Figure 6-2: Top view of the design curve 

 

Figure 6-3: Front view of the design curve 

The curve is form-found starting with a ring of radius 5m. The coordinates of the point indicated in blue are 
listed in Table 6-1. 

Table 6-1: Point coordinates (blue) of model geometry 

Axis Coordinate in meters 
X 0.000 
Y -3.144 
Z 3.032 
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6.2 Initial configuration 
The local coordinate system (LCS) update is used to implement the bending-active behaviour in the calculation 
of the hybrid system. The theory of the LCS update is elaborated in Section 3.2 of this thesis. For the LCS update 
it is required to determine the initial configuration of the model. For this model the initial configuration is a 
planar circle of radius 5 meters. The LCS update is executed by editing the ELL-file of the model with a text 
editor. The ELL-file consists the information of the local coordinates of every beam link. The initial 
configuration of this model with corresponding LCS is shown in Figure 6-4. The initial bending from straight 
to this circular configuration must be implemented in the final unity check of the profiles. The LCS update of 
the model is shown in Figure 6-5. 

 
Figure 6-4: Initial configuration of the model 

 

Figure 6-5: No update (left), LCS update (right) 
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6.3 Form-edit models 
In the Form-edit module of Easy the mesh settings are set for the first form-finding step. In the Form-edit model 
the mesh boundary and the geometry boundary can be defined separately. In other words, the fixed points of 
the form-finding procedure can be defined separate from the projected mesh. In the form-finding step the 
projected mesh will be form-found towards the fixed points of the geometry. In Figure 6-8 an overview is shown 
of the Form-edit model. In the Form-edit model the mesh type can be set to a radial or regular mesh shown in 
Figure 6-6, here it is also indicated how the 1000 and 2000 lines are directed. The mesh settings are set according 
to the properties listed in Table 6-2 and Table 6-3.  

Table 6-2: Radial mesh settings 

Radial mesh 2000-lines 1000-lines 
Angle [-]/Length [m] 7.5 0.5 
Force [kN] 0.5 - 
Stress [kN/m] 1 1.3 

 

Table 6-3: Regular mesh settings 

Regular mesh 2000-lines 1000-lines 
Length [m] 0.5 0.5 
Force [kN] 0.5 0.5 
Stress [kN/m] 1 1 

 

 

Figure 6-6: Mesh setup; radial mesh (left), regular mesh (right) 

The force density values of the link elements will be calculated prior to the first membrane form-finding. The 
force-density values are calculated according to the link length, the width of the element and the set membrane 
stress from the mesh setup. The resulting membrane stresses will be more equally divided by this calculation 
taking into account the length and width of the membrane element. 

This relation can be explained according to the following formula:  

𝜎𝜎 =
𝐹𝐹
𝐴𝐴

=
𝐹𝐹𝐷𝐷 ∗ 𝐿𝐿
𝐴𝐴

 

 

Mesh angle
2000-lines 2000-lines

1000-lines 1000-lines
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𝐹𝐹𝐷𝐷 =
𝜎𝜎 ∗ 𝐴𝐴
𝐿𝐿

 

To illustrate the calculation for the radial mesh a 1000-link (radial) and a 2000-link (tangential) with the formula 
above can be checked. The results are listed in Table 6-4. 

Table 6-4: Force-density calculation 

Formul
a 

 2000-link 1000-link 

σ Stress from mesh settings [kN/m] 1 1.3 
A Width [m] 0.5 0.327200 
L Length [m] 0.359717 0.5 
FD Force-density value [kN/m] 1.390000 0.850800 

 

The mesh type will be of great importance to support and stabilize the bending-active element. It can be seen 
that with a radial mesh the links are all directed towards the common middle point of the geometry. The main 
supporting direction is directed towards the middle.  

With a regular mesh there are two main directions in the mesh which are perpendicular to each other. This will 
cause problems in stabilizing the design curve which is analysed in this model. The regular mesh is not uniformly 
supporting the bending-active element. Peak stresses will occur in for example the membrane links indicated in 
red in Figure 6-7. These non-uniform membrane stresses and non-uniform compression forces in the beam will 
not improve the stability of the model while performing a calculation of the hybrid system. Because of this a 
radial mesh is used in the next steps of the model. 

 

Figure 6-7: (left) radial mesh, (right) regular mesh 
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Figure 6-8: Form-edit overview 

Control lineBoundary line

Control lineMesh setup

Form-edit model

Form-finding preview
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6.4 Form-finding 
The result of the Form-edit model is an Ein-file which contains the information for the form-finding calculation: 

- Coordinates of fixed points 
- Coordinates of free points 
- Force density values for all membrane elements. 

 

Figure 6-9: Input of form-finding calculation 

The form-finding calculation is executed in Easy. The theory behind the form-finding calculation is elaborated 
in Section 3.1 of this thesis. 

The result of the form-finding calculation is again an Ein-file which contains the coordinates of the free points 
after the form-finding step. With these coordinates the link lengths and the new width of every link in the mesh 
can be calculated. This recalculation of the mesh width is needed to obtain realistic membrane stresses. The 
width is changed because the mesh is changed from a 2D configuration to a 3D configuration. The width of the 
membrane elements is calculated with a polygon file which defines polygon elements in between the points of 
the net.  

 

Figure 6-10: Form-finding result with polygon elements 

Fixed points

Link elements

Free net points
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6.5 Easy Beam 
6.5.1 Preparation 
The next step is preparing the form-finding result of the previous step for the hybrid calculation in Easy Beam. 
The form-finding of the membrane in the previous step is executed with the fixed points of the design curve. 
These points will be released in the Easy Beam model and the bending-active simulation is implemented using 
the LCS update. Furthermore, material properties for the beam and membrane elements are added to the model. 
For this model the following materials and sections are used (Table 6-5 and Table 6-6): 

Table 6-5: Materials used in the model 

Materials GFRP Membrane (warp/weft) 
Young’s modulus 23000 N/mm2 500 kN/m 
Shear modulus 9200 N/mm2 - 
Volume weight 17 kN/m3 0.003 kN/m2 

 

Table 6-6: Cross section used in the model 

Beam element (Figure 6-11) Value 
Diameter 50 mm 
Area 1963 mm2 
Moment of inertia (u-axis) 613592 mm4 
Moment of inertia (v-axis) 306796 mm4 
Moment of inertia (w-axis) 306796 mm4 

 

 

Figure 6-11: Axis definition for beam element in Easy Beam 

The middle point of the membrane mesh is deleted. Here the width of the radial mesh will tend to zero and this 
would lead to infinite membrane stresses towards the middle point of the membrane mesh. In the production 
process of this membrane a patch of membrane material will be attached on top of this hole to close the 
membrane. 

6.5.2 Calculation 
The calculation of the hybrid system will be executed in two different Easy Beam models, in Figure 6-13 an 
overview is presented for the different Easy Beam models. 
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Easy Beam model (1) 

In this model the membrane links can still change in length with the use of the Force Density Method. The 
membrane links are not translated into elastic elements but are still force-density links. Here the membrane 
geometry can still change according to the deformation of the bending-active element. This results in a 
membrane geometry which is updated according to the deformation of the beam. 

The force-density values from Section 6.4 are used in the membrane links for this model. In the Easy Beam 
model, the force-density values will be scaled uniformly to match the stiffness of the bending-active beam 
element. In fact, the pre-stress in the membrane must match the bending stiffness of the bending-active element. 
In Section 6.6 the results will be discussed for a range of force-density scale factors ranging from 0.1 to 1.0.  

In Figure 6-12 it can be seen how the beam stiffness influences the result of the calculation. The beam stiffness 
and the forces from force-density mesh must match to obtain stable results. With the properties for the beam 
cross section from Table 6-6 which is used in this model, a force-density scale factor of 0.8 is required to obtain 
a stable result which is close to the geometry of the design curve. 

 

Figure 6-12: (left) FD scale factor too high, (right) FD scale factor too low 

For this calculation where the force-density mesh is attached to the bending-active beam, additional stiffness is 
required to get a result with optimized membrane geometry. This can be related to the fact that the solver must 
find the equilibrium of a ring which is reset to its initial configuration and a force density mesh. Here the force-
density links can change in length in every iteration of the calculation. This will result in changing forces in 
every iteration. It is very hard for the solver to find the solution for this calculation and therefore additional 
stiffness in the system is used to help the solver converge to a stable solution.  

When the calculation is succeeded it must be taken into account that the additional stiffness is not present in 
reality. When calculating the model with updated membrane geometry and elastic links for the membrane 
elements the additional stiffness must be removed from the solver to check whether the result is stable. 

Easy Beam model (2) 

From the result of Easy Beam model (1) the unstressed lengths for the membrane elements in Easy Beam model 
(2) can be calculated with the following equation elaborated in Section 3.1: 

𝐿𝐿0 =
𝐸𝐸 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐴𝐴

𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 + 𝐸𝐸 ∗ 𝐴𝐴
 

Now the final calculation is executed with updated membrane geometry and material properties for beam and 
membrane element. In this calculation the additional stiffness is removed from the system. The results of this 
model will be discussed in the next section. 
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Figure 6-13: Easy Beam models overview 
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6.6 Results 
In the previous section it was indicated that the force-density values can be scaled uniformly to match the 
bending stiffness of the bending-active beam element. The force-density values are uniformly scaled with a scale 
factor ranging from 0.1 to 1.0. The results are listed in Table 6-7 with corresponding membrane stresses and 
cross-sectional diameter of the bending-active element from the final hybrid calculation where the force-density 
links are translated into elastic links. 

Table 6-7: Result of force-density scale range 

Mode
l 

FD scale factor [-] D [mm] Iv,Iw [mm4] σmin,memb [N/mm2] σmax,memb [N/mm2] 

1 0.1 30 39761 0.079 0.49 
2 0.2 36 82448 0.162 0.739 
3 0.3 40 125664 0.257 1.067 
4 0.4 42 152745 0.301 1.442 
5 0.5 44 183984 0.355 1.798 
6 0.6 46 219786 0.425 2.218 
7 0.7 48 260576 0.509 2.424 
8 0.8 50 306796 0.611 2.687 
9 0.9 52 358908 0.734 2.916 
10 1 54 417393 0.884 3.118 

It can be concluded that increasing the force-density scale factor, in fact increasing pre-stress in the membrane 
requires a beam element which is stiffer to get a stable result. In addition, the overall stiffness of the model is 
decreasing when decreasing the pre-stress and cross section of the bending-active element. The deflections of 
the model with a lower force-density scale factor are relatively high compared to the models with a higher force-
density scale factor, here own weight will have more influence on a model with this span. 

Until now the final calculation of Easy Beam model (2) is executed with the same beam properties as Easy Beam 
model (1) where the pre-stress level matches the stiffness of the beam. In Easy Beam model (2) it is also possible 
to increase the stiffness of the beam again. To check this, two different Easy Beam Models (2) are compared. 
Model 1 is calculated with FD scale factor of 0.1 and a profile with diameter 50mm. Model 2 is calculated with 
FD scale factor of 0.8 and a profile with diameter 50mm.  

Increasing the FD scale factor will decrease the unstressed lengths of the membrane links. Thus, the unstressed 
length of Model 2 is shorten compared to Model 1. The strains in the membrane links of the final calculation 
will be in the same order of magnitude for both models because the membrane stiffness and the bending-active 
element attached to the membrane links is equal (see Figure 6-14). This will only result in slightly different 
deformations of the hybrid system.  

 

Figure 6-14: Comparison of unstressed length 
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6.7 Alternative mesh setup 
6.7.1 Form-edit models 
In the mesh setup with a radial mesh it is not possible to control the midpoint of the membrane geometry in the 
form-edit models with a circular boundary line. The ratio in force-density values for the 1000-direction and the 
2000-direction cannot be used to raise the midpoint of the membrane geometry. Raising the midpoint of the 
membrane geometry could increase the overall quality of the final product because the free height will be 
increased without scaling up the input geometry (control line). 

 

Figure 6-15: Radial vs regular mesh setup 

An alternative mesh setup with a regular mesh can be used to control this midpoint. Here the membrane mesh 
is divided into 3 parts which can be controlled individually (Figure 6-15). It is important that the main direction 
of the mesh is directed towards the middle of the input geometry. This is required to get stable results because 
now the mesh is supporting the control line symmetrically like in the model with a radial mesh. This problem 
can be related to Section 6.3 of this thesis where it is elaborated why a radial mesh is chosen for the models in 
this project. 

Now the pre-stress levels can be controlled individually for the 1000- and 2000-direction. To raise the midpoint 
of the membrane geometry in the Form-edit models, the force-density values in the 2000-direction can be 
increased. In Figure 6-18 an overview is shown for different ratios in pre-stress level for the 1000- and 2000-
direction. It can be seen that the midpoint raises when increasing the pre-stress level in the 2000-direction.  

6.7.2 Easy Beam 
The next step is to check the influence of this new mesh on the result of the final hybrid calculation. For this, 
the same procedure is executed as for the radial mesh in the previous sections of this chapter. The properties for 
the beam elements and membrane links are set identically to the model with a radial mesh. Now the final hybrid 
calculation can be executed for the model with the new mesh setup. 

In Figure 6-16, the result is shown for the hybrid calculation with the alternative mesh setup. The model slides 
significantly and the membrane midpoint is lowered from 2.190m to 1.203m. The geometry of the final model 
is deformed significantly with this mesh setup compared to the model with a radial mesh setup. 

2000-direction

2000-direction
1000-direction

1000-direction
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Figure 6-16: Result of hybrid calculation with alternative mesh setup 

It can be concluded that this alternative mesh setup is supporting the bending-active element in a different way. 
In Figure 6-17, the side views of the model show that the angle where the membrane mesh is attached to the 
beam element is steeper with the new mesh setup. Here the horizontal supporting component of the membrane 
is decreasing. This will allow more deformation of the model is this direction. In the model with a radial mesh 
setup, the membrane is supporting the bending-active element more symmetrically and will limit the 
deformation of the final model. 

 

 

Figure 6-17: Support configuration 

 

To combine this membrane mesh (higher midpoint) with the bending-active element and limit the 
deformations, new support conditions must be defined. This support must fix the anchor points and lock 
rotation in the anchor points, this is required because now the forces from the bending-active element will 
concentrate in these supports. This was not the case for the bending-active element with a radial mesh setup. 
This thesis will continue with a radial mesh setup, but the information of this part can be used in further research 
on new mesh types. 
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Figure 6-18: Alternative mesh setup with different ratios in 1000 and 2000 lines 
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7 Prototype 
Now the method for a successive form-finding procedure in Easy is described in detail. Here the bending-active 
simulation is combined with a membrane form-finding using the Force-Density Method. The next step is 
validating this form-finding procedure with a real prototype. Here it is checked whether the membrane is 
deforming the bending-active elements towards the design curve of the form-finding process. 

7.1 Material tests 
First, material tests are performed on the GFRP rod profiles. The material is ordered at PFT Profiles 
(www.pftprofiles.com) which is an innovative company specialized in the production of high-quality composite 
profiles.  

The goal of the material tests is to obtain the bending stiffness of the GFRP profiles by PFT profiles, also the 
ultimate strain by bending can be calculated. This value is used to determine which profile can be bent towards 
the final radius of the prototype. With this test it can be checked whether it is safe to bend the profiles without 
exceeding the ultimate strain of the material. 

For this goal several 3-point bending tests are performed at the Structures Laboratory of the University of 
Technology Eindhoven (Figure 7-2). Three different profiles are tested with a diameter ranging from 10mm to 
20mm. The span for the bending test is determined according to the profile height of the specimen (Figure 7-1). 

 

Figure 7-1: Bending test span 

The machine which is used for the bending test is the Schenk Trebel 100 kN. For the bending test, the 
displacement is measured with the corresponding force required for this displacement. The bending test is 
displacement controlled with a velocity of 2mm/min. In Figure 7-4 and Figure 7-5, the results are shown for 
profiles with diameter 10mm and 15mm. The profile with diameter 20mm failed locally at the introduction of 
the load, these results are not used for the bending capacity of the profiles.  

It can be concluded that the material is behaving linear until failure when the most outer fiber cracks (Figure 
7-3). From the linear part of the curve the Young’s modulus can be extracted. The load at failure is used to 
determine the strain and thus bending radius at failure. In Appendix IV, the calculation for the results in Table 
7-1 can be found.  

Table 7-1: Results of bending test 

 Young’s 
modulus 

Strain at failure 

D10mm 48681 N/mm2 1.57% 
D15mm 51303 N/mm2 1.54% 

 

L,span = 20 * D,specimen

D,specimen
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Figure 7-2: Photo of test setup D10mm 

 

 

Figure 7-3: Failure of the material 
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Figure 7-4: Glass rod D10 mm 

 

Figure 7-5: Glass rod D15mm 

The results of the bending test are discussed with Solico (www.solico.nl). Solico is an engineering company 
specialized in the design and development of composite products. The results for the Young’s modulus of the 
material were expected to be lower compared to the results in Table 7-1. With this lower Young’s modulus, the 
ultimate strain of the material will increase at the same maximum load. It was expected to get a Young’s modulus 
ranging from 40 GPa to 45 GPa with corresponding ultimate strain of 2%. With this in consideration a Young’s 
modulus of 45 GPa is used for the simulation models in Easy. This is a difference of 10% lower compared to the 
results of the material tests. For safety reasons an ultimate strain of 1.5% is used for the unity checks of the GFRP 
profiles which is extracted from the material tests. 

The difference in results can be related to inaccuracies of the displacement measurement device. In dialogue 
with the co-workers of the lab the displacements in the graphs above are calculated with the testing time and 
the set test velocity of 2mm/min to obtain reliable results. 

More photos of the bending test can be found in Appendix V. 
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7.2 Strain by bending 
Now the ultimate strain by bending is determined for the GFRP profiles. From the geometry of the hybrid 
calculation (where the bending-active element is in equilibrium with the membrane) and the profile height, the 
strain in the most outer fiber of the profile can be calculated graphically shown in Figure 7-6.  

The line which represents the bending-active element can be divided into x points (1). For every point the 
principal curvature direction can computed with vector addition of the two adjacent vectors (2)(3). Now the 
profile height is implemented and a curve is drawn in the direction of the principle direction of each point (4). 
The length in compression and tension can be calculated with the end points of the lines (5). Now the strain in 
compression and tension can be calculated. This strain can be compared to the ultimate strain of the GFRP 
material and a unity check can be performed for the GFRP profile. This graphically calculation is translated into 
a Grasshopper definition which can evaluate any curve from the hybrid calculation (see Appendix VI for the 
Grasshopper definition). 

 

Figure 7-6: Calculation of strain by bending 
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7.3 Prototype model 
The model for the prototype is constructed according to the same procedure as described in Section 6 of this 
thesis. The design curve is scaled uniformly towards a total circumference of 12m. This 12m can be divided into 
6 equal lengths of 2m. First, the mesh setup is prepared in the form-edit model. The properties for the mesh are 
listed in Table 7-2. 

Table 7-2: Radial mesh setup for prototype model 

Radial mesh 2000-lines 1000-lines 
Angle [-]/Length [m] 7.5 0.25 
Force [kN] 0.25 - 
Stress [kN/m] 1 1.3 

 

The material properties for the bending-active element are set according to the results of the bending test and 
consultation with the composite engineer. The properties are listed in Table 7-3. The cross section of the 
bending-active element in the Easy Beam model is constructed out of 3 GFRP profiles with a diameter of 10mm. 
The moment of inertia and area of the cross section are calculated by just adding up the moment of inertia and 
area of three single profiles: 

𝐸𝐸𝑢𝑢(3 ∗ 𝐷𝐷10) = 𝐸𝐸𝑢𝑢(𝐷𝐷10) ∗ 3 = 982 ∗ 3 = 2945 𝑚𝑚𝑚𝑚4 
𝐸𝐸𝑣𝑣,𝑤𝑤(3 ∗ 𝐷𝐷10) = 𝐸𝐸𝑣𝑣,𝑤𝑤(𝐷𝐷10) ∗ 3 = 491 ∗ 3 = 1473 𝑚𝑚𝑚𝑚4 
𝐴𝐴(3 ∗ 𝐷𝐷10) = 𝐴𝐴(𝐷𝐷10) ∗ 3 = 79 ∗ 3 = 236 𝑚𝑚𝑚𝑚2 

Table 7-3: Material properties for bending-active element 

Young’s modulus 45000 N/mm2 
Shear modulus 15000 N/mm2 
Volume weight 20 kN/m3 

 

The prototype is realized in collaboration with Buitink Technology (www.buitink-technology.com). Buitink 
Technology is specialized in the development, production, delivery and installation of products and turn key 
solutions where canvas, foil and technical textiles are involved. In consultation with Buitink Technology a 
flexible membrane is chosen for the prototype, this material is called BuitinkMembrane. The membrane stiffness 
is extracted from Biax-tests according to the same procedure as described in Section 2.2.6. The overall material 
properties for the used membrane material and its Biax results can be found in Appendix VII. The used material 
properties for the membrane in the Easy Beam model are listed in Table 7-4. For the BuitinkMembrane material 
the ratio in stiffness for the warp and weft direction is 1:1.25 (warp/weft). This BuitinkMembrane material is a 
knitted fabric. In knitted fabrics there is no dominant direction like in structural textile where the warp direction 
is mostly the dominant stiffness direction. This explains the 1:1.25 (warp/weft) ratio in stiffness for the 
BuitinkMembrane material. 

Table 7-4: Material properties for BuitinkMembrane 

BuitinkMembrane Warp/Weft 
Young’s modulus 12 kN/m / 15 kN/m 
Volume weight 0.0025 kN/m3 
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With these material properties the successive form-finding method is executed within the Easy form-finding 
routines and Easy Beam structural calculations. Next the geometry of the bending-active elements can be 
checked on bending using the Grasshopper definition described in the previous section of this thesis. Now it 
can be checked if it safe to bend the chosen GFRP profile towards the radius of the final prototype. 

7.4 Prototype model results 
7.4.1 Bending strain 
The geometry from the result of the calculation of the hybrid system is exported as a DWG file. Here the end 
points of the beam elements are used to create an interpolated curve through these points. Next, this curve can 
be analyzed on curvature and a unity check can be performed on the bending strains in the profile. 

The initial ring of 12m in length is used as reference to check the radius calculation of the Grasshopper 
definition. The radius of the initial ring is calculated with the total length of the ring: 

𝐿𝐿𝑤𝑤𝑚𝑚𝑚𝑚𝑘𝑘 = 2𝜋𝜋𝑅𝑅𝑤𝑤𝑚𝑚𝑚𝑚𝑘𝑘 

𝑅𝑅𝑤𝑤𝑚𝑚𝑚𝑚𝑘𝑘 =
𝐿𝐿𝑤𝑤𝑚𝑚𝑚𝑚𝑘𝑘

2𝜋𝜋
=

12
2𝜋𝜋

= 1.91𝑚𝑚 

With the radius of the ring, the bending strains can be calculated for a GFRP profile with a diameter of 10mm: 

𝜖𝜖 =
ℎ

2 ∗ 𝑅𝑅
 

𝜖𝜖 =
10

2 ∗ 1910
∗ 100% = 0.262% 

From the bending tests and consultation with Solico a bending strain of 1.5% is used as maximum value. Now 
unity checks are calculated on the 3D curve of the hybrid system. In Figure 7-7 the radius is visualized in the 
bending direction.  

 

Figure 7-7: Bending visualization 

In Table 7-5 the results of the bending analysis are listed (points in the table match the points in the figure). It 
can be concluded that it is safe to bend the profiles with diameter 10mm towards this 3D curve. The bending 
radius of the 10mm GFRP rods will not extend the 1.5% bending strain in this hybrid system. It must be taken 
into account that while executing the test setup, the maximum bending strain of 1.5% is not exceeded. 

1

2

3



 

61 - Prototype 
 

Table 7-5: Radius calculation 

 Point 1 (ring) Point 2 (3D curve) Point 3 (3D curve) 
Radius [m] 1.910 0.666 0.802 
Curvature [%] 0.262 0.750 0.630 

 

7.4.2 Membrane stresses 
From the Easy Beam model which is calculated with 3 profiles of diameter 10mm the membrane stresses can be 
extracted. These membrane stresses will be used in compensating the cutting patterns of the membrane. The 
cutting patterns must be compensated with the strains calculated from the membrane stresses. This is required 
because the cutting patterns are generated from the geometry of the stretched membrane.  

In Appendix VIII the strains of the complete membrane are visualized in Easy. These strains are calculated with 
the stiffness values for the membrane material in two directions and the membrane stress from the Easy Beam 
model. In Easy the membrane strains are calculated automatically from the stresses. The calculation is checked 
by a hand calculation. This is done using the stiffness values 12 kN/m and 15 kN/m, respectively in warp and 
weft direction (1:1.25 ratio). The strains are calculated as follows using Hooke’s Law: 

𝜖𝜖 =
𝜎𝜎
𝐸𝐸

 

𝜖𝜖𝑤𝑤𝑚𝑚𝑤𝑤𝑤𝑤 =
0.14
12

∗ 100% = 1.2% 

𝜖𝜖𝑤𝑤𝑝𝑝𝑤𝑤𝑠𝑠 =
0.15
15

∗ 100% = 1.0% 

 

Figure 7-8: Membrane strains of prototype model 

Radial (warp)

Tangential (we)
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7.4.3 Membrane stiffness analysis 
The membrane stresses and membrane material properties of the final Easy Beam model will determine the 
compensation values for the patterning process. Identical Easy Beam models with different stiffness values for 
the membrane material are compared to get more control over the link between membrane stiffness and 
compensation values. 

In Easy Beam model (1) where only force-density links are used, the membrane stiffness has no influence over 
the result of the calculation. The membrane stiffness parameter only determines the calculation of the unstressed 
lengths for Easy Beam model (2). A tangential links at the high point of the model is compared for three different 
stiffness values. The fixed values from Easy Beam model (1) are: 

Force-density: 0.174 kN/m 

Current length: 0.158892 m 

Width: 0.184m 

Now the unstressed length can be calculated with three different membrane stiffnesses respectively 10, 15 and 
150 kN/m. In these models the stiffness parameters in warp and weft are set equally. Using the formula below 
for the calculation of the unstressed length described in Section 3.1, these values are calculated. The results are 
listed in Table 7-6. 

𝐿𝐿0 =
𝐸𝐸 ∗ 𝐿𝐿𝑅𝑅 ∗ 𝐴𝐴

𝑞𝑞 ∗ 𝐿𝐿𝑅𝑅 + 𝐸𝐸 ∗ 𝐴𝐴
 

Table 7-6: Comparison of stiffness models 

Model E [kN/m] LR [m] A [m] q [kN/m] L0 [m] 
E,10 10 0.163654 0.184 0.174 0.16116 
E,15 15 0.163654 0.184 0.174 0.16198 
E,150 150 0.163654 0.184 0.174 0.16349 

 

It is obvious that increasing the stiffness of the membrane material only increases the unstressed length of the 
membrane links. Now the strains can be recalculated (with Hooke’s law) from the membrane stresses and the 
stiffness properties. From the Easy Beam models (2) the membrane stress is extracted which is identical for the 
three models namely 0.150 kN/m.  

Table 7-7: Strains of comparison models 

Model E [kN/m] σ [kN/m] ε [%] 
E,10 10 0.150 1.5 
E,15 15 0.150 1 
E,150 150 0.150 0.1 

 

It can be concluded that only changing the membrane stiffness parameters in Easy Beam model (1) increases 
the unstressed length and decreases the strains in the final model. A decrease in strains of the final result will in 
fact decrease the compensation of the cutting patterns. From this comparison several attention points can be 
extracted for the results of the prototype. 
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In the Easy Beam model equilibrium is found between the bending-active element and the membrane. This 
exact equilibrium is depending on the stiffness of both these elements. The membrane will be compensated on 
the result of this exact equilibrium.  

It is possible that the stiffness of the bending-active ring or membrane will be slightly different and will affect 
this exact equilibrium of both elements. With a fixed compensation (L,0 = fixed) for the membrane in the 
prototype, 4 scenarios can be formulated. The scenarios are listed in Table 7-8. 

Table 7-8: Prototype scenarios 

# Scenario Membrane stresses Compensation 
1 Bending-active ring is stiffer Increase of membrane stress Too low (membrane is too big) 
2 Bending-active ring is less stiff Decrease of membrane stress Too high (membrane is too small) 
3 Membrane is stiffer Membrane stress is equal Too high (membrane is too small) 
4 Membrane is less stiff Membrane stress is equal Too low (membrane is too big) 

 

In Figure 7-9 it is visualized how the stressed length (L,str in figure) will differ with different stiffness parameters 
for the membrane material. When the stiffness of the prototype membrane is equal to the stiffness of the Easy 
Beam model than the exact equilibrium can be found between the bending-active ring and the membrane (E = 
E,comp).  

If the stiffness of the membrane is higher compared to Easy Beam model (E > E,comp), the membrane will be 
less stressed, and a new equilibrium must be found between the two elements. Up front, it cannot be stated that 
this will be a stable result. In fact, the membrane is compensated too much.  

If it is the other way around and the membrane is less stiff (E < E,comp). Then, the compensation is calculated 
too low. To overcome this problem, anchors will be located at the point of the exact equilibrium of the low 
points. Now it can be checked if these anchors are required to keep a stable result. A stability analysis can be 
performed on the final prototype and the scenarios described above can be used to elaborate a possible 
instability.  

 

Figure 7-9: Stressed length variation 
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7.5 Detailing 
7.5.1 Membrane 
Detailing of the membrane and its connections is the next step in realizing the prototype. In Figure 7-10 three 
details are numbered. The details are discussed with Buitink Technology on practicality. 

 

Figure 7-10: Detail numbering 

1. Membrane to GFRP rod connection 

 

Figure 7-11: Detail 1 

S-hooks are used to connect the membrane to the GFRP rods. Now the GFRP rods can be connected separately 
and bent into a ring prior to connecting it to the membrane. A pocket in the membrane was also an option but 
it would be hard to bend the GFRP rods while they are already in the pocket of the membrane.  

On the double seam of 60mm BuitinkMembrane material a ring is welded where a S-hook will connect the 
membrane to the rods. This double seam with a welded ring can withstand 40kg (according to Buitink 
information).  

In the Easy Beam model is it checked if the forces in the end links of the membrane are exceeding the 40kg (0.39 
kN). With 48 end links a force of maximum 0.041 kN must be transferred. In total a maximum of 48 x 0.041 = 
1.968 kN must be transferred by the connection. With 36 S-hooks over the total circumference a force of 1.968 
/ 36 = 0.055 kN will be in the hooks. Thus, the force in the S-hooks will not exceed the maximum of 0.39 kN. 

From Figure 7-11 it is noticeable that a negative seam allowance of 34.2mm is applied when using a S-hook of 
67mm (inside length). The seam allowance and cutting patterns will be described in detail in Section 7.6. 

1

2

3

Membrane 
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2. Seam detail 

 

Figure 7-12: Detail 2 

For the connection of two adjacent cutting patterns a seam width of 25mm is applied. Here it is important that 
the system lines of the two adjacent cutting patterns match in length and that they are located one above the 
other in the welding process. On the underlaying cutting pattern, welding marks will be drawn to simplify the 
locating of the cutting patterns in the welding process. 

3. Boundary detail with midpoint 

 

Figure 7-13: Detail 3 

The middle pattern is glued on the other patterns with a seam width of 50mm. Here SABA contact 70T PVC-
glue is used instead of welding. It is very hard to control the welding process in this narrow space in the middle 
of the membrane. As indicated in the previous detail, the welding marks are used to locate the cutting pattern 
one above the other in the welding process. 

7.5.2 Rods 
As mentioned in Section 7.5.1, the GFRP elements will be connected and bent into a ring prior to connecting it 
to the membrane.  

In this part of the thesis two types of connections are described. The connections are tested by bending two 
coupled GFRP element of 2m towards the minimal radius of the final geometry indicated in Section 7.4.1. In 
both connections an aluminum tube (EN AW-6060 T66) with inside diameter 10mm and wall thickness of 2mm 
is used. 
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1. Bolted connection 

To lock the aluminum tube on the GFRP rod an edge is polished into the GFRP rod. Here the bolt will press the 
GFRP material and lock the connection. This connection failed on shear where the bolt is loading the GFRP 
rod. In Figure 7-15 it is noticeable that shear failure did occur in this type of connection while bending it towards 
minimal bending radius. It can be concluded that making a connection between GFRP elements is a vulnerable 
detail. The limited shear capacity of the GFRP rods is the determining factor in this detail. 

 

 

Figure 7-14: Bolted connection detail 

 

 

Figure 7-15: Shear failure due to bolt in polished edge 

2. Taped connection 

In this connection tape is used to connect the aluminum tube to the GFRP rod. This connection proved to work 
very well. Furthermore, it is cheap and demountable. Obviously, this is not the most aesthetic connection but 
for this prototype it is decided to go on with this connection. In the recommendations part of this thesis points 
of improvement on the GFRP connection will be discussed in more detail. 
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Figure 7-16: Taped connection detail 

7.6 Cutting patterns 
7.6.1 Patterning 
The cutting pattern generation routine in Easy is used to create the cutting patterns for the prototype model. 
The EIN file containing the geometry of the hybrid system and its DRE file (containing the information for the 
polygons of the mesh) are the starting point for the cutting pattern generation. In the first step the starting files 
are prepared for the strip layout of the cutting patterns. This strip layout is executed manually in the graphical 
editor where Geodesic lines are drawn for the cutting patterns. Drawing the geodesic lines is executed with a 
background EIN file to snap the geodesic lines to the polylines of the input geometry. The amount of 
intermediate points of the geodesic lines is set to at least the density of the radial membrane mesh. In Figure 
7-17 it is shown that there are symmetry axes (dotted line) in the model. These axes are used in determining the 
amount of cutting patterns. 

 

Figure 7-17: 6 strips (left), 12 strips (right) 

The amount of cutting patterns will determine the resemblance of the flat 2D membrane strips to the initial 3D 
radial mesh. In Figure 7-17 two strip layouts are shown for 6 strips or 12 strips. An area calculation check is 
executed to see the difference in area of the 2D strips and 3D strips. The results are listed in Table 7-9. It can be 
concluded that the difference between the 2D and 3D strips decreases while increasing the amount of cutting 
patterns. In this model the strip layout for 12 strips is used for the realization of the prototype. 
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Table 7-9: Area check membrane strips 

 6 Patterns 12 Patterns 
2D [m2] 8.5432 8.3046 
3D [m2] 8.4115 8.3055 
Δ [%] 1.5413 0.0109 

 

In the next steps of the patterning process the 3D surfaces are cut and flattened to single strips. In Figure 7-18 it 
is shown that different orientation of the strips can be applied. The left pattern is oriented in the direction of the 
right geodesic line. The right pattern is oriented according to the average Y-axis of the membrane patch. This 
orientation to the average Y-axis ensures that the direction of the membrane patch on the membrane roll is 
directed in the same direction as the radial mesh. For the comparison of the prototype with the Easy Beam model 
it is better to apply this average Y-axis because its corresponds to the radial orientation. In addition, this 
orientation simplifies the compensation calculation for the membrane because the Y and X axis of the cutting 
patterns are oriented in the same direction as the membrane roll. 

 

Figure 7-18: Orientation towards right geodesic line (left), orientation towards average Y-axis (right) 

7.6.2 Allowance value 
From Section 7.5.1 of this thesis the allowance values for the seams and boundaries are used. For the radial 
seams an overlap of 25mm is applied at one side of the membrane patch. At the boundary where the membrane 
is connected to the GFRP rod a negative allowance of 34.2m is applied and at the boundary where the circular 
membrane patch is glued, an allowance of 50mm is applied. The orientation of the 12 patterns is important for 
the seam overlap of 25mm. This order is indicated with G+ and G- lines. The G+ lines will get an offset of 25mm. 
In fact, this side of the membrane patch gets the extra material where the G-line will be welded on. 

 

Figure 7-19: G-line annotation 
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7.6.3 Compensation 
The final step in producing the cutting patterns is compensating the cutting patterns. As indicated in Section 
7.4, the membrane strains are used in compensating the cutting patterns. The compensation values are 
determined for ¼ of the model because of the symmetry axes. The compensation values for two adjacent cutting 
patterns are averaged to keep the adjacent seams on equal lengths. In fact, two adjacent cutting patterns will be 
compensated with the same values. In Appendix VIII, the membrane strains can be found for the prototype 
model. In Appendix X a full overview is shown of the compensation values with average values on the seams. 

To implement the course in membrane strains over the X-axis of the membrane patch an extra point is added 
to the seam boundaries. This point is added at the middle of this line. In Figure 7-20 an overview for the pattern 
numbering is shown and it is indicated how the station (extra point) is added to the seam lines.  

 

Figure 7-20: Pattern overview (left), Point/station overview per pattern (right) 

The compensation values are inserted starting at Point 1.0, here the value for X and Y compensation is inserted 
for the line from Point 1.0 to Point 2.0. Next is the line from Point 2.0 to Point 3.0 with an intermediate point 
at Station 2.1. Now all compensation values can be inserted for the separate patterns counter clock-wise. 

7.6.4 Overview 
To do a quick analysis on the patterns, it can be checked if popping up will occur with these cutting patterns. 
The 2D cutting patterns can be compared to the initial circle of radius 1.91m. It is checked what forces are 
required to stretch the 2D cutting patterns towards the undeformed flat ring. Here the stiffness in the warp 
direction is used (12 kN/m). The results are listed in Table 7-10 and an indication of the lengths is shown in 
Figure 7-21. It shows that 3.11 to 5.06 kN is required to stretch the membrane towards the initial ring. This 
illustrates that the ring must deform because this already reaches the buckling capacity of the ring calculated in 
Section 5.2 which is 100 times more stiff. 

Table 7-10: Forces check of the cutting patterns 

 L,R.191 [mm] L,Pat [mm] Difference [mm] Stiffness [kN/m] Force [kN] 
Side 1 1772 1513 259 12 3.11 
Side 2 1772 1350 422 12 5.06 

 

Point 1.0Point 2.0
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The final modifications of the cutting patterns are executed in AutoCAD. Here the lengths of the cutting 
patterns are checked and the cutting-, drawing- and system lines are ordered. In AutoCAD the double seam of 
60mm is drawn on the final cutting patterns, this ensures that double seam will match the corresponding cutting 
pattern.  

In collaboration with Buitink Technology the cutting patterns are prepared for the plotter and a final check is 
performed by their engineers. In Section 7.7, nesting of the cutting patterns on the membrane roll is discussed. 

 

Figure 7-21: 2D pattern in initial ring 

7.7 Membrane production 
In Appendix XI the nest file is shown for the cutting patterns and double seams. The membrane patches are 
oriented in the same direction as the compensation directions. Furthermore, the double seams are oriented in 
the same direction as the corresponding cutting pattern. The length of the cutting table is maximum 12.5m so 
it is checked whether the 12 cutting patterns fit on the membrane roll of 12.5m x 1.46m. 

In Appendix XII a report on the production is added to this thesis. In this report the several steps of the 
production process are described. The result of the production phase is the membrane ready to be connected to 
the GFRP rings. 

 

Figure 7-22: Finished membrane ready for test setup 
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7.8 Setup 
The setting up of the tent is described by means of several steps. These steps are important to evenly distribute 
the forces in the membrane and deform the GFRP element into the 3D curve. The prototype is setup within 30 
minutes with one person and 3 ground anchors. Wooden slats are used to determine the locations of the ground 
anchors. In order to setup the tent with one person these anchors are used to connect the GFRP ring to the low 
points of the tent, this is shown in Figure 7-23. 

  

Figure 7-23: GFRP rings with 3 ground anchors (left), GFRP rings connected to ground anchors (right) 

  

Figure 7-24: Connect low points to high points in steps 

In Figure 7-24, it is shown that first the high and low points of the membrane are connected to the GFRP 
element. Thereafter the remaining points of the membrane are connected to the GFRP ring to evenly pre-stress 
the membrane and deform the GFRP element. The results of the test setup will be discussed in the next section 
of this thesis. 

7.9 Analysis of prototype 
On the next page, 3 images of the prototype are shown. The setup of the prototype proofed to work and the 
membrane is deforming the bending-active element towards the initial design curve. From the prototype several 
analysis points can be extracted to validate the Easy Beam model which is used in realizing this prototype. With 
a weighing hook the forces in the prototype are measured and compared to the result of the final Easy Beam 
model. Furthermore, the dimensions of the prototype are compared. It must be kept in mind that external 
loadings of the wind could influence the analysis of the prototype.  
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Figure 7-25: Prototype side view (1) 

 

Figure 7-26: Prototype side view (2) 

 

Figure 7-27: Prototype from below 
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The results listed in the Table 7-11 indicate that dimensions correspond very well to the dimensions of the Easy 
Beam model. Furthermore, the various symmetry axes of the model are clearly visible. 

Table 7-11: Comparison of models 

 Easy Beam model Prototype 
High points [mm] 1058 1050 
Midpoint [mm] 543 550 
Force in S-hooks [kN] 0.059 0.055 

 

In the final Easy Beam model no horizontal supports are required to stabilize the full system. The low points of 
the system are free to slide and will find equilibrium with the membrane. In fact, this is required because the 
bending-active element must find equilibrium with the membrane and concentration of forces at fixed points 
must be prevented. 

In contrast to the Easy Beam model, the prototype model requires the horizontal supports (anchors) to maintain 
in the current equilibrium state. It is measured that a force of 6kg is required in the direction of the membrane 
towards the common middle point to keep this shape. 

In Section 7.4.3 it is discussed that in the Easy Beam model exact equilibrium is found between the bending-
active element and the membrane. It can be concluded that realizing this exact equilibrium in the prototype is 
very sensitive to inaccuracies in the stiffness parameters of the bending-active or membrane elements. Here four 
scenarios are indicated which could be the reason for the instability of the prototype model without horizontal 
supports.  

The direction of the reaction forces on the anchors of the prototype indicates that the ring wants to move 
outward. This can be related to two of the scenarios. The ring can be stiffer or the membrane can be less stiff 
resulting in outward movement of the system. Additional research can be executed to find the exact reason for 
the difference in support conditions of the prototype and Easy Beam model. 

An additional attention point of the required anchors points is that shear forces will concentrate at the 
connection of the GFRP ring to the anchor. Here the ring is loaded perpendicular to the direction of the glass 
fibre orientation. The shear capacity of these pultruded profiles is limited in this direction. It is thus very 
important to limit the reaction forces and locate the anchors at the right position if they are required to keep the 
desired shape.  

It can be concluded from the test setup that there is significant stress in the membrane. The forces transferred 
by the S-hooks corresponds to the forces in the Easy Beam model which indicate that the stresses in the 
membrane will correspond to the stresses in the Easy Beam model. As a point of improvement, extra rings could 
have been welded on the edge of the membrane. This would have resulted in a better distribution of the 
membrane stresses at the edge. The best option is to design a pocket to distribute the membrane edge stresses. 
Additionally, preventing sliding of the S-hooks over the ring could increase the stability of the hybrid system 
without horizontal supports. With the horizontal supports, no sliding of the rings occurs. 

Nevertheless, the results of the prototype offer a lot of insight in the use of the described form-finding, 
calculation and realization process of bending-active textile hybrid systems.  
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8 Conclusions 
In the introduction of this thesis the main goal is formulated as follows: 

Stimulate the use of bending-active elements in traditional membrane engineering by integrating the form-
finding process of bending-active and membrane elements into one model which can be used in the realization of 

these hybrid systems. 

This goal is achieved by gaining detailed knowledge in the behavior of bending-active and membrane structures. 
The software package Easy is used to combine the knowledge into a form-finding, calculation and realization 
method for bending-active textile hybrid systems.  

Several theories and methods are combined in achieving this model which captures different aspects in 
membrane and bending-active simulation with especially the Local Coordinate System update and the use of 
the Force-Density Method. A clear overview is presented on how this process is developed during this 
graduation project. 

A very important additional goal of this project is the validation of the computational part of the project where 
a prototype serves as validating model. In this prototype several detailing aspects are implemented which 
contribute to the relevance of the results. The full process of the design and built of a bending-active textile 
hybrid system is fulfilled to a certain level and compared with the prototype. 

From Section 7 about the prototype, it can be concluded that the final Easy Beam model can be used in realizing 
the bending-active textile hybrid structure. In fact, the model is realized on a 1:1 scale taking into account 
realistic material properties for the bending-active and membrane element. It can also be concluded that it is 
hard to realize the exact same symmetric equilibrium which is found in the Easy Beam model for this design 
curve. Horizontal supports are required to keep the hybrid system in its current equilibrium state. Several 
recommendations are listed for further analysis on the prototype. 

The use of Easy had a significant influence on the process of the project. First the already determined routines 
for the form-finding, calculation and realization of membrane structures had to be controlled, prior to using it 
in integrating the bending-active simulation. In the form-finding and calculation part of this project it did 
require quite some time and energy, but that time paid off in the realization part of the project where the 
knowledge supported the relative fast realization of the prototype. 

Prior to this project there was no information about integrating the bending-active behavior in Easy which was 
required for this project. It is succeeded in this project to develop a workflow to design and built a prototype for 
the design curve elaborated in Section 4. Additional structural analysis with for example asymmetrical loadings 
on bending-active textile hybrids can extend the possibilities of Easy Beam in these kinds of projects. Although, 
the membrane form-finding, calculation and cutting pattern routines of Easy already contributed very well to 
the goal of this project on this scale. 

Additional research is required in the scale-ability of the workflow presented in this thesis but as indicated in 
Section 6.6 it is possible to scale the workflow for this particular design curve. Here the realization phase will be 
more critical because the forces required to get a stable result with a larger-spans will also require an increasing 
profile diameter for the bending-active element and thus increase the forces to construct the hybrid system. 
Again, additional research in analyzing different design curves with for example no rings but separated elements 
will extend the usability of the workflow presented in this thesis.  
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9 Recommendations 
From the results of the computational and realization part of this thesis several recommendations can be 
stated for further research on this topic. 

I. New design of the GFRP rod connection 

In the prototype described in this thesis the connection between to GFRP rod elements is executed with a tape 
of 50mm in width. This connection proved to work very well for this scale of the prototype and offers sufficient 
structural capacity to transfer the loads from one GFRP rod to the next one. As mentioned in this thesis it is 
obviously not the most aesthetic and durable detail. The advantage of this detail is its speed of construction and 
the fact that it is for temporary use.  

As a recommendation for this connection, Pulseform can be used. With this technique a piece of for example 
aluminum or steel is pulsed (shrinking by magnetizing) on the GFRP element with on one side, a piece of thread. 
In this way several GFRP elements can be connected by screwing an aluminum element on the GFRP rods. This 
connection is still temporary but is more aesthetic. Furthermore, this technique will keep the GFRP element 
intact which is advantageous for the pultruded profile. 

II. Use of membrane materials with a higher stiffness in warp and weft direction 

To increase the overall stability of bending-active textile hybrids different types of membranes can be used in 
further research. The increase of membrane stiffness will probably influence the stiffness of the overall hybrid 
system. On the scale of the prototype in this thesis, it was chosen to use a more flexible membrane material to 
increase the influence of the compensation of the cutting patterns. Increasing the membrane stiffness will 
decrease the compensation values and thus require a more precise production process where smaller 
compensation inaccuracies have a larger impact on the strains of the membrane. 

III. Explore the opportunities of the workflow presented in this thesis for other types of bending-active 
textile hybrids 

Throughout this project one design curve is used for constructing the workflow of the form-finding, calculation 
and realization model. In further research it would be interesting to start a new project with a design analysis 
on physical models. In this way different types of bending-active textile hybrids can be modelled and the 
workflow of this thesis can be used. 

IV. Scalability of the model 

The use of the workflow presented in this thesis in larger scale prototypes will start with a new bending analysis 
on the hybrid system. Increasing the scale of the prototype will increase the span of the model and thus require 
a bending-active element which is stiffer and has a higher bending-active capacity. The problem with increasing 
the profile height of the bending-active element is that the minimum allowed bending radius will increase and 
the force to bend the element will increase. An option is to divide the bending-active element into smaller rods 
like in the prototype but the amount of small profiles needed to achieve a certain bending stiffness is increasing 
significantly. An analysis can be executed to find the maximum scale for the design curve of this thesis with the 
use of GFRP rods with a diameter of 10mm. 

Furthermore, new types of bending-active textile hybrids from the previous recommendations can be analyzed 
on scale with different configurations and supporting conditions.  
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Appendix I PVC-coated polyester fabric vs PTFE-coated glass fibre fabric 
Table 12-1: Fabric comparison 

 PVC-coated polyester fabric PTFE-coated glass-fibre fabric 
Applications, special 

features 
Diverse applications, very cheap 

standard material 
For permanent structures, high 

quality standard material 
Jointing methods High-frequency and impulse 

welding 
Impulse welding with 

intermediate foil 
Long-term stability Good UV stability with 

sufficiently thick coating, good 
chemical resistance 

Very good UV stability, very 
good chemical resistance 

Sensitivity to flex cracking Highly resistant to flex cracking, 
suitable for convertible systems 

Highly sensitive to flex 
cracking, unsuitable for 

convertible systems 
Sensitivity to soiling Vulnerable to soiling, better top 

coat, e.g. fluoride lacquer 
Very good soiling behavior, 

self-cleaning 
Light transmittance 5 - 15 % Greying causes a rise in 

solar absorption 
8 - 20 % 

Weights per unit area to 
DIN 55 352 (g/m2) 

Type I: 750 
Type II: 900 

Type III: 1100 
Type IV: 1300 
Type V: 1450 

Type I: 800 
Type II: 900 

Type III: 1200 
Type IV: 1500 

 
Tensile strength 

(warp/weft) to DIN 53 354 
(N/50mm) 

Type I: 3000 / 3000 
Type II: 4200 / 4000 
Type III: 5800 / 5400 
Type IV: 7500 / 6500 
Type V: 10000 / 9000 

Type I: 3500 / 3500 
Type II: 5000 / 4500 
Type III: 7000 / 6000 
Type IV: 8000 / 7000 

 
Tear propagation 

resistance (warp/weft) to 
DIN 53 363 (N) 

Type I: 300 / 300 
Type II: 500 / 500 
Type III: 850 / 800 

Type IV: 1200 / 1200 
Type V: 1800 / 1800 

Type I: 300 / 300 
Type II: 350 / 350 
Type III: 500 / 500 
Type IV: 500 / 500 

 
Service life (years) 15 – 20 > 25 

Cost of raw materials 
(compared to PTFE/glass) 

15 – 45 % 5- 150 % 
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Appendix II Reference projects 
1. BAT wing  

 

Figure 12-1: BAT sail (top) (Off, 2010) 

 
Figure 12-2: BAT sail (bottom) (Off, 2010) 

 

Description The BAT sail structure is a membrane with flexible fibre reinforced rods locked 
within the membrane. These rods are able to take compression forces and are 
restrained by the membrane. The rods are stiffening the total structure. 

Place Anhalt University of Applied Sciences, Germany 
Year 2010 
Size Approximately 10x5m 
Material Structural fabric, PVC, 5 glass fibre reinforced rods 
Architect R. Off (Anhalt University of Applied Sciences, Germany) 
Engineer R. Off (Anhalt University of Applied Sciences, Germany) 
Form-finding Started building by intuition (empirical form-finding) 
Construction Inserting the rods in the membrane introduces pre-stress in the membrane and 

stabilizes the total structure. From experimental tests it was concluded that the 
amount of pre-compression in the rods did increase the overall stiffness of the 
hybrid system. 

Used reference (Off, 2010) 
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2. Marrakech umbrella 

 

Figure 12-3: Marrakech umbrella structure (Lienhard, 2014) 

 

 

Figure 12-4: Dimensions of structure (Lienhard, 2014) 
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Figure 12-5: Connection elastic beam to membrane (Lienhard, 2014) 

Description The project is based on the idea to develop new shading solutions with the aim 
of minimizing anchor points to surrounding buildings. Bending-active rods 
are used in the membrane to achieve this free edge. 

Place Developed in Stuttgart (Germany), built in Marrakech (Marocco) 
Year 2011 
Size 11x11m (see Figure 12-4), covering area: 110 m2 
Material Membrane: Polyester PVC 

Rods: pultruded GFRP pipes (length 7.5m) 
Steel: stainless steel 

Supervision Prof. Fritz-Ulrich Buchmann (HFT Stuttgart) 
Engineer Structural design by: Julian Lienhard, Antonis Galanis (ITKE Universität 

Stuttgart) 
Form-finding For this project the form-finding of the bending-active element and membrane 

is executed simultaneously. Controlling the stability of the bending active 
element during form-finding is important since the membrane only stabilizes 
the beam element in the post-form-finding hybrid calculation. 

Software Sofistik 
Construction Elastic beams are inserted in the membrane and locked. The beams have an 

extra eccentricity with the membrane maximum at mid span and zero at the 
edges. This proved to increase stiffness of the system. 

Connections Traditional membrane anchor plates connected to elastic bent beam. 
Drawbacks The deformations by wind still exceed the traditional serviceability 

requirements of a structure within the ultimate limit strength. While designing 
these structures it has to be taken into account that deflections must be allowed 
and studied carefully. 

Used reference (Lienhard, 2014) 
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3. Textile Hybrid M1 

 

Figure 12-6: Textile Hybrid M1 (Lienhard, 2014) 

 

Figure 12-7: Sofistik model (Lienhard, 2014) 

      

Figure 12-8: Connection at Textile Hybrid M1 (Lienhard, 2014) 

Figure 12-9: Dimensions of Textile Hybrid M1 (Lienhard, 2014) 
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Description The goal of the project was to integrate multiple form-active and bending-
active elements into an equilibrated system and combining different 
orientation of membranes and structural elements. The Textile Hybrid is based 
on a design of Leonardo da Vinci from the 16th century. 

Place Monthoiron (France) 
Year 2012 
Size 6x8m (see Figure 12-9), covering area: 20m2 
Material Membrane: textile membranes, open-weave meshes, total 45m2 

Rods: GFPR rods of diameters ranging from 3 to 24mm, total length 110m 
Weight Total weight of the structure is approximately 60kg 
Team Institute of Computational Design (ICD), Institute of Building Structure and 

Structural Design (ITKE), students of the University of Stuttgart and ABK 
Stuttgart. 

Engineer Sean Ahlquist, Julian Lienhard 
Form-finding A spring-based modelling environment developed by Sean Ahlquist was used 

to interactively play with models along with physical models. Based on these 
results a FEM model is created with elastic elements bent in place by retracting 
cables (Elastic Cable Approach). Three types of models (physical, generative 
and specific simulation) informed each other in an iterative design process.
  

Software Spring-based modelling software, Sofistik 
Construction The bent rods are coupled in leaf shapes and the structure is anchored to the 

ground with three foundations resting against the surrounding structure at the 
location 

Connections The connections can be seen in Figure 12-8, where the lacing connections were 
perfect for the cross connections of rods. In the parallel connections it is more 
difficult to control slippage. To construct longer elements than the initial 
element length of the GFRP rods (6m), smaller tubes were glued in and a glass 
fibre belt was laminated around the connection to make it stiffer. Additional 
stiffness was achieved by bundling of rods. This was solely possible if sufficient 
shear stiffness is established between the rods. In places of high shear strain, 
carbon fibre belts were laminated around these bundles to achieve this stiffness.   

Drawbacks In the FEM analysis of this bending-active structure more equilibrium states 
could have been developed. This was not foreseen in the actual building of the 
structure were the cantilevering edge unveils a true bi-stability. This could have 
been analysed by applying asymmetrical loadings on the model. 

Used reference (Lienhard, 2014) 
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4. Restrained arch 

 

 

 

Figure 12-10: Model overview membrane restrained arch (Alpermann & Gengnagel, 2013) 

Description In this structure a two-hinged arch is restrained by a membrane inside the arch. 
It can be used for temporary and permanent structures. One of the applications 
of the membrane restrained arch can be seen in Figure 12-10. By the restraining 
membrane the geometry of the bent curve is changed towards a more constant 
curvature (half of a circle). This will equally divide the bending moments in the 
arch and add stiffness to the structure. 

Place Berlin (Germany) 
Year 2012 
Size Span 5m 
Material Structural fabric, cables, GFRP rods 
Engineer Holger Alpermann and Christoph Gengnagel 
Form-finding Numerical form-finding and prototyping 
Construction Tensile restraining systems (membrane or cable elements) can re-shape the 

elastically bent elements. The connection between the membrane and the bent 
element is of importance. If sliding of the connection is not prevented, the 
increase of stiffness and controllability of the hybrid system is limited. 

Used reference (Alpermann & Gengnagel, 2013) 
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5. Bending-active canopy 

   

 

   

   

Figure 12-11: Model overview, bending-active canopy (Laet et al., 2013) 
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Description The structure is a self-supported, bending-active tension structure which can 
be used as canopy without large impact on the existing buildings because of the 
internal flow of forces in the system  

Place Brussels (Belgium) 
Year 2013 
Size 3x2m prototype (scale 1/3)  
Material Membrane: PU-coated polyester fabric 

Rods: GFRP tubes diameter 20 mm, wall thickness 2 mm 
Steel cables 

Team Lars de Laet, Evy Slabbinck, Tom van Mele, Philippe Block, Marijke Mollaert 
Form-finding For the form-finding a tool is written in Phyton by the team of researchers. The 

force-density method is used for this form-finding process for both membrane 
and beam elements. 

Software Self-written form-finding tool, EASY for cutting patterns 
Construction The elastic beams slides into the pockets of the membrane and are connected 

with the prefabricated steel sockets. Temporary tension straps are used to bend 
the element into place which are replaced with the cables. The steel elements 
are glued to the elastic beam but create an eccentricity with the elastic beam 
which has to be prevented in new designs.  

Connections Rigid steel sockets are used for connecting the frame.  
Drawbacks Initially the idea was to make the membrane bent the elastic beam, but this was 

not possible for practical applications. The cables are bending the elastic beams 
and the membrane is attached as secondary structure only stabilizing the 
structure. 

Used reference (Laet et al., 2013) 
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6. The tower 

 

Figure 12-12: Photos of the tower (Deleuran et al., 2015) 

 

Figure 12-13: Different parts of the model (Deleuran et al., 2015) 

 

Figure 12-14: Modelling overview (Deleuran et al., 2015) 
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Description “The tower is a hybrid structural system constructed from stacking overlapping 
glass fibre reinforced plastic rods embedded in a bespoke knitted membrane 
made from high tenacity yarn. Knitting enables the inclusion of detailing for 
joining and tensioning the system into the membrane itself”. (Deleuran et al., 
2015) 

Place Copenhagen (Denmark) 
Year 2015 
Size Approximately 8 meters in height 
Material Rods: GFRP rods 

Membrane: high tenacity yarn, knitted membrane 
Steel cables to pull membrane inward 

Team Anders Holden Deleuran (CITA), Michel Schmeck (KET), Gregory Quinn 
(KET), Christoph Gengnagel (KET), Martin Tamke (CITA), Mette Ramsgaard 
Thomsen (CITA) 

Form-finding The form-finding procedure on the Rhino/Grasshopper side of the project can 
be seen in Figure 12-14. FEM analysis have been executed for structural 
analysis of the structure with loadings and pre-stress of the membrane patches. 
The residual bending stress through active bending is calculated from the 
geometry of the form-found structure in the spring-based modelling 
environment. This residual bending stress is added up to the results of the FEM 
analysis to finally gain insight in the total behavior of the structure. 

Software Tools developed for interactive design spring based with Kangaroo 2 solver 
(Rhino/Grasshopper), Sofistik FEM analysis  

Construction Within the tower, cables pull the membrane to the central axis of the tower. 
This generates the spoke wheel effect which provides horizontal stiffness of the 
tower and braces the rods. The rods are connected to one another with zip ties. 

Connections Knitting of the membrane offers the possibility to include detailing for joining 
and tensioning the system within the membrane. The membrane is connected 
with elastic beams within the pockets of the membrane. 

Drawbacks The overall stiffness of the tower was actually higher compared to the final 
model. This due to the effects of friction, additional zip ties and geometrical 
stabilization which were not fully implemented in the final model. The 
combination of FE analysis with the spring-based simulation lead to 
satisfactory design outputs but a higher degree of FE analysis and simulation 
would result in more relevant models.  

Used reference (Deleuran et al., 2015) 
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Appendix III Excel model of Easy Beam comparison 

 

Figure 12-15: Model 4 

Table 12-2: Starting values for the calculation 

Start Element Value Unit 
Coordinate Y2 0 mm 
Axial force S1 0 N 
Axial force S2 0 N 
Increment d 0.001 - 

 

Table 12-3: Fixed values for the calculation 

Initial Element Value Unit 
Coordinate X1 0 mm 
Coordinate Y1 0 mm 
Coordinate X2 2500 mm 
Coordinate X3 2500 mm 
Coordinate Y3 100 mm 
Coordinate X4 2500 mm 
Coordinate Y4 -100 mm 
Force-density value FD 1 N/mm 
Young’s Modulus E 23000 N/mm2 
Diameter profile D 25 mm 
Moment of inertia profile I 19174 mm4 
Area profile A 491 mm2 
Bending stiffness EI 441019477 Nmm2 
Half span of system L0,1 2500 mm 
Full span of system L0,1 * 2 5000 mm 
Axial stiffness beam EA,1 11290098 N 
Spring stiffness beam k 0.1694 N/mm 
Initial length of spring L0,2 100 mm 
Axial stiffness of spring EA,2 16.935 N 
Initial length of force density link L0,FD 100 mm 
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Table 12-4: Results of the calculation with FD = 1 

Result Element Value Unit 
Coordinate Y2 49.1 mm 
Axial force S1 2173.3 N 
Axial force S2 8.3 N 
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Appendix IV GFRP calculations 
 

Glass rod D10mm (Figure 12-16) 

 

Figure 12-16: Glass rod D10mm 

Point at linear part of the curve is used to calculated Young’s Modulus: 

F (force): 1011 N 

w (displacement): 7.05 mm 

D (diameter): 10mm 

I (moment of inertia): 491 mm4 

L (span): 200mm 

𝑤𝑤 =
𝐹𝐹 ∗ 𝐿𝐿3

48 ∗ 𝐸𝐸𝐸𝐸
 

𝐸𝐸 =
𝐹𝐹 ∗ 𝐿𝐿3

48 ∗ 𝐸𝐸 ∗ 𝑤𝑤
=

1011 ∗ 2003

48 ∗ 491 ∗ 7.05
= 48681 𝑘𝑘/𝑚𝑚𝑚𝑚2 

E: 48681 N/mm2 

With the Young’s Modulus and load at failure the bending radius is calculated. 

Fmax: (force at failure): 1500 N 

𝑀𝑀 =
1
4
∗ 𝐹𝐹 ∗ 𝐿𝐿 =

1
4
∗ 1500 ∗ 200 = 75000 𝑘𝑘𝑚𝑚𝑚𝑚 

M (bending moment at failure): 75000 Nmm 

𝑀𝑀 =
𝐸𝐸𝐸𝐸
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𝑅𝑅 =
𝐸𝐸𝐸𝐸
𝑀𝑀

=
48681 ∗ 491

75000
= 319 𝑚𝑚𝑚𝑚 

R (radius at failure): 319 mm 

Finally, the strain of the material is calculated with the bending radius. 

𝜖𝜖 =
ℎ

2 ∗ 𝑅𝑅
∗ 100% =

10
2 ∗ 319

∗ 100% = 1.57% 

ε (strain at failure): 1.57% 

 

Glass rod D15mm (Figure 12-17) 

 

Figure 12-17: Glass rod D15mm 

 

Point at linear part of the curve is used to calculated Young’s Modulus: 

F (force): 2269 N 

w (displacement): 10.01 mm 

D (diameter): 15mm 

I (moment of inertia): 2485 mm4 

L (span): 300mm 

E: 51303 N/mm2 

 

With the Young’s Modulus and load at failure the bending radius is calculated. 

Fmax: (force at failure): 3500 N 

M (bending moment at failure): 262500 Nmm 
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R (radius at failure): 486 mm 

 

Finally, the strain of the material is calculated with the bending radius. 

ε (strain at failure): 1.54% 
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Appendix V Photos bending tests 
Test setup: 

 

Figure 12-18: Test setup with safety panel 
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Profile diameter 10mm, failure due to bending 

 

Figure 12-19: D10 specimen A 

 

Figure 12-20: D10 specimen B 
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Figure 12-21: D10 specimen C 

Profile diameter 15mm, failure due to bending 

 

Figure 12-22: D15 specimen A 
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Figure 12-23: D15 specimen B 

 

Figure 12-24: D15 Specimen C 
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Appendix VI Curvature check Grasshopper definition 

 

Part 1 (input geometry & results): 

 

Figure 12-25: Part 1 GH definition 
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Part 2 (visualize bending radius and calculation of stressed lengths): 

 

Figure 12-26: Part 2 GH definition 
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Part 3 (calculation of strain): 

 

Figure 12-27: Part 3 GH definition 



Appendix - 102 
 

Appendix VII Material properties of prototype membrane 
 

 

Figure 12-28: Biax results of BuitinkMembrane 
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Figure 12-29: BuitinkMembrane material properties 

  

Material specifications 

BuitinkMembrane 
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Appendix VIII Membrane strains of prototype model 
 

 

Figure 12-30: Membrane strains with cloth file (geodesic lines) 
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Figure 12-31: Zoomed membrane strains with cloth file (geodesic lines) 
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Appendix IX Membrane detailing 
  

M
em

brane 
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Appendix X Compensation overview 

 

Figure 12-32: Compensation values overview 
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Appendix XI Nest file plotter 
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Appendix XII Membrane production 
The production process is described according to several steps. 

1. The nest file is uploaded to the plotter. This machine starts with drawing the welding marks and 
secondly cuts the membrane roll according to the nest file. 

 

Figure 12-33: Nest file in plotter software 

 

Figure 12-34: Cutting table with membrane patches 
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2. The cutting patterns are spread on the floor to get an overview for the welding process  

 

Figure 12-35: Overview of cutting patterns 

3. With two pins the adjacent cutting patterns are stretched and connected with point welds prior to using 
the high-frequency welding machine. The point welds are executed with an ultrasonic pistol. 

 

Figure 12-36: ultrasonic pistol (left), pins (right) 
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Figure 12-37: pin to temporarily connect adjacent patterns (bottom), ultrasonic pistol making point welds (top) 

4. The Forsstrom high-frequency welding machine is used to weld the cutting patterns. For the radial 
welds an aluminum stamp of 700x30mm is used. 

 

Figure 12-38: Forsstrom high-frequency welding machines used for radial welds 
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Figure 12-39: Membrane with finished radial welds 

5. For the double seam of 60mm a stamp of 150x65mm is used. This stamp is used for the full 
circumference of the membrane. The settings for the welding process are changed according to the used 
aluminum stamp. 

Table 12-5: Forsstrom settings double seam (1) 

 First row settings Second row settings 
HF Power 
Setpoint 

56 (mode = Normal) 50 

HF Position 68 70 
Welding time [s] 4 8 
Cooling time [s] 5 7 
Pressure [kg/m2] 2 3.5 

 

Table 12-6: Forsstrom settings double seam (2) 

 Tool 
STD 1000x50 

Supplemental Tools 
STD 150x65 

HF Power Auto Yes No 
Weldtime Auto Yes Yes 
Boost power No Yes 
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Figure 12-40: Forsstrom welding machine with custom stamp of 150x65mm 

6. The final overlapping cutting patterns are welded with a heater and roller. This is executed by co-
workers of Buitink because the BuitinkMembrane is very sensitive for burners if the heater is used too 
long. 

7. The rings in the double seam of 60mm are welded on the membrane with a machine custom made for 
these rings. Welding time is set to 3.8 seconds. 

 

Figure 12-41: Machine used for welding the plastic rings on the edge of the membrane 
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8. The final step in finishing the membrane is to glue the middle pattern on the membrane. For this 
SABA Contact 70T is used (PVC glue). Before adding the glue, the folds are removed by stretching the 
membrane to a certain level. 

 

Figure 12-42: Middle pattern 

  



 

115 - List of abbreviations 
 

13 List of abbreviations 
The missing abbreviations are listed in the table below: 

Table 13-1: List of abbreviations 

Abbreviation Description Unit 
r Radius mm 
E Young’s modulus N/mm2 
E (membranes) Membrane stiffness N/mm (kN/m is used in Easy) 
σ Stress N/mm2 
σ (membranes) Membrane stress N/mm (kN/m is used in Easy) 
ε Strain % 
Xi X coordinate of point i mm 
Yi Y coordinate of point i mm 
Si Axial force in element i mm 
Lri Stressed length of element i mm 
L0i Unstressed length of element i Mm 
Pi or Fi Force N (kN is used in Easy) 
FDi or qi Force density in element i N/mm (kN/m is used in Easy) 
A Cross sectional area mm2 
I Moment of inertia mm4 

w Deflection Mm 
L,span Length of span Mm 
EA Axial stiffness N 
EI Bending stiffness Nmm2 
k Spring stiffness N/mm 
M Bending moment Nmm 
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