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II. Abstract 
 

The last decades of technological advancements have set architects and designers free to explore a new variety of 
shapes, that started a trend of complex free-form structures. However, without the integration of the structural 
logic and constructability in the design, it can result in over-dimensioned structures or very high construction 
costs. Metal additive manufacturing (AM) is a production process that offers large degrees of freedom, a 
reduction in material use, waste and production time. These benefits are proven for small scale structural 
applications, like the optimized structural node by Arup, but the technique is rarely used for structural 
applications on a larger scale. In this thesis a link is explored between structural efficiency and a metal AM 
technique for large scale freeform applications. 

Metal AM technologies can be classified as either a powder-feed or a wire-feed process. Wire-feed AM has a 
higher material usage efficiency and much higher deposition rates and is therefore most suited for large scale 
applications. For structural classification a distinction is made between wall-type and line-type structures. 
Printing line-type structures allows for more design freedom, but is a slow process. Continuous printing allows 
for the best print quality and efficient material deposition. Thin walled free form structures can be compared to 
shell structures. Optimization of the geometry and curvature of shells can have a high value for creating 
lightweight but stiff objects. 

One of the main failure criteria of shell structures is buckling. Buckling of slender structures is a brittle failure 
mode and is influenced by imperfections. A non-linear analysis scheme is setup with the Riks method in Abaqus 
to include geometric imperfections and material non-linearity. A non-linear analysis is time consuming and to 
optimize the shape a linear approximation of the non-linear failure load is presented. This linear approximation 
is based on the Rankine-Gordon formula and it is shown that it accurately approximates the failure load for the 
shells in this thesis.  

Initially, a thin flat plate under compression loading is investigated. Different methods are presented to increase 
the linear stability. The application of the eigenmodes is shown to be the most efficient way considering the low 
number of parameters and optimization time. The eigenmodes are constructed from sine waves and can have 
single or double curvature. The failure mode of the double curved plate is yielding and is no longer as largely 
influenced by imperfections as the single curved and flat plate. The compression load on the single curved plate 
is transferred vertically to the supports without eccentricities. Different shape generation methods are presented 
that combine the advantages of the single and double curvature to increase the capacity while minimizing the 
weight of a plate and a cylindrical shell.  

In collaboration with MX3D, three plate specimens are printed to validate the numerical model. After printing it 
is observed that the double curved shape has the best surface quality and the lowest variation in thickness 
compared to the flat and single curved plates. Two tensile tests are performed and the results show that the 
stiffness of the printed material is relatively low when compared to standard steel. With the results for material 
properties, from tests performed by other researchers, an upper and lower boundary are determined because the 
material properties are in a broad range. The results obtained from the numerical model with these upper and 
lower boundaries are similar to the experimental test results. 

Three case studies are presented to explore the benefits of applying the shape optimization method: a wall 
element, a tubular column and a free form column. Comparing the initial and optimized geometries with the 
same material properties, it is shown that the failure load of the optimized geometries is significantly higher. 
Construction of freeform elements with traditional techniques is quite complex. However, with wire-feed AM 
these complex shapes do not influence the production complexity.  
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1 Introduction 
 

This chapter describes the general trends of digital fabrication and steel construction in the built environment. A 
number of objectives for this research are identified and the structure of the thesis is outlined. 

 

1.1 Trends in the built environment 
 

1.1.1 Freeform 
The last decades of technological advancements have set architects and designers free to explore a new variety of 
shapes, which has given rise to a trend of complex free-form structures. They have the advantage of being 
visually expressive, creating interesting spaces and spanning long distances without the need for supports 
(Brandt-Olsen, 2015). An example of these complex and aesthetically pleasing structures is the extension of the 
Serpentine Sackler Gallery in London by Zaha Hadid Architects (Figure 1.1). 

 

 

 

 

 

 

 

 

 

 

However, computer aided design (CAD) makes it easy for a designer to create complex doubly curved shapes 
with no understanding of how the shape is generated geometrically, performs structurally or is constructed. 
Those factors are important for a successful realization of a project. Without the integration of the structural 
logic and constructability in the design, it can result in over-dimensioned structures or very high construction 
costs (Brandt-Olsen, 2015).  

The field of structural design links the art of architecture with the challenges of engineering. Structural designers 
have developed methods to inform the shape such that form follows force. The hanging chain model is one of the 
oldest methods. This method takes advantage of the hanging chain being in pure tension and free of bending 
under its own weight. When the shape of the chain is inverted it will obtain a pure compression state under the 
same load. This principle can be transferred to shells in order to find a compression-only shape which is 
beneficial as the forces act only in the tangential plane of the shell and therefore the shell only needs a small 
cross-section (Adriaenssens, Block, Veenendaal, & Williams, 2014). 

 Figure 1.1. Extension of the Serpentine Sackler Gallery by Zaha Hadid Architects 
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Advances in computer technology allow these physical form-finding methods to be translated into numerical 
form-finding methods. An early digital form-finding technique is dynamic relaxation, developed by Alistair Day 
in 1965. The method can be summarized as a system of springs and particles with masses representing the 
surface, where the applied load causes the particles to move according to Newton’s second law of motion through 
time. The motion of particles eventually stabilizes around the equilibrium solution. As the springs only work by 
tension or compression forces, the equilibrium shape mimics a shell that only works by membrane action 
(Adriaenssens et al., 2014).  

Next to the development of form-finding techniques, structural optimization methods are also qualified as an 
important tool in the design process over the past decades. Structural optimization can be grouped into topology, 
size and shape optimization. Topology optimization (TO) is a mathematical method that optimizes material 
layout within a given design space, for a given set of loads, boundary conditions and constraints with the goal of 
maximizing the performance of the system. Shape optimization is mainly performed on continuum structures by 
modifying the predetermined boundaries to achieve the optimal designs. For a shell structure, the overall 
geometry can be modified to optimize the structural performance. In size optimization, the optimal design is 
found by changing the size variables such as the cross-sectional dimensions of trusses and frames, or the 
thickness of shells. The objective of the structural optimization can be to minimize the stresses, weight or 
compliance for a given amount of material.  (P. Christensen & Klarbring, 2009). 

The transition to digital form-finding and optimization techniques has many advantages such as allowing 
multiple geometrical configurations to be explored in a short time. It is also possible to directly export the 
obtained shapes to other CAD programs. Optimization methods have a wide range of applications in aerospace, 
mechanical, bio-chemical and civil engineering. Currently, engineers mostly use TO at the concept level of a 
design process (P. Christensen & Klarbring, 2009). While these structures, resulting from form-finding and 
optimization techniques, are highly efficient, they often lack consideration of practical constraints. Due to the 
free forms that naturally occur, the result is often difficult to manufacture (Brandt-Olsen, 2015). 

 

 

 

 

 

 

The construction of the optimized tree-like roof supporting structure of the Qatar National Convention Center 
(Figure 1.2) shows the required efforts to manufacture a topology that follows from a CAD tool. The goal was to 
keep the organic shape but in order to construct the structure, its geometry had to be rationalized. The structure 
consists of a steel core in the center-line of the organic shape and a panelized skin that is supported by it. The 
engineers developed parametric tools for minimizing the number of expensive double-curved panels and 
minimizing the number of overall different panels (Isozaki, 2013). None of the construction requirements were 
taken into account during the design. 

 

Figure 1.2. Rationalization of an optimized tree-like structure. Left: Qatar National Convention Centre by Arata 
Isozaki. Right: construction by Victor Buyck Steel Construction N.V. 
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1.1.2 Sustainability 
Awareness for sustainability has arisen in the last decades and is becoming increasingly important in the design 
of buildings and structures. The built environment is one of the major contributors to the global CO2 and waste 
production, the depletion of resources and over-consumption (Vanegas, 2003). The concept of lightweight 
structures meets the requirements for a sustainable development in the built environment. Lightweight 
structures are material-efficient because the materials strengths are optimally used (Schlaich & Schlaich, 2000).  

 

1.2 Steel 
 

Due to its versatility and high strength to weight ratio, steel is one of the main used structural materials. On the 
environmental front, steel has the ability to be recycled without compromising its strength and ductility (Burgan 
& Sansom, 2006). Freeform steel structures are generally constructed with 3D sheet forming, casting or a 
spaceframe consisting of steel elements. However, the presence of complex details is common and because steel 
cannot be easily formed in any direction, efficient shapes are often approximated with straight elements. 
Therefore steel construction is often related to high costs for equipment, labor and waste (Buswell, Soar, Gibb, & 
Thorpe, 2007). Two examples of complex steel structures are the casted nodes of the Centre Pompidou by Peter 
Rice and the façade of the Beijing National Stadium by Herzog and de Meuron (Figure 1.3).  

  

 

 

 

 

 

 

1.3 (Metal) additive manufacturing 
 

Additive manufacturing can be defined as “the process of joining materials to make objects from 3D model data, 
usually layer upon layer, as opposed to subtractive manufacturing methodologies, such as traditional 
machining”. The primary applications of additive manufacturing are design/modeling, fit and function 
prototyping and direct part production (Galjaard, Hofman, Perry, & Ren, 2015). 

Additive manufacturing processes are fundamentally different from traditional manufacturing processes such as 
cutting, forming and casting. The main difference resides in the fact that in traditional processes shaping of 
materials takes place across the entire physical domain of the desired parts whereas in additive manufacturing 
the shaping of material primarily takes place in the formation of the elements (such as voxels, filaments and 
layers). The chain of steps in the shaping of elements is implemented in computer-automated environments 
wherein fabrication of physical 3 dimensional objects from computer-aided design models are accomplished 
using metallic, polymeric, ceramic, composite and biological materials (Galjaard, 2015). 

Figure 1.3. Left: casted steel node of the Centre Pompidou. Right: Beijing National Stadium. 
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This difference gives rise to a number of advantages of additive manufacturing over traditional processes. AM 
offers high degrees of design freedom and customization with little impact on manufacturing complexity and 
costs as the tooling and associated cost component do not exist for AM processes. Moreover, a significant 
reduction in material use, waste and production time can be achieved with AM processes, which are beneficial in 
an environmental point of view. In addition, geometrically complex and individualized components can be 
fabricated while doing so with traditional manufacturing processes can be cost prohibitive (Yang et al., 2017).  

Currently, polymer AM, or 3D printing, is accessible and affordable and polymers are therefore the most used 
materials for AM. For components that require different material properties and strength, different technologies 
are available to print with other materials. Metal AM techniques are currently transforming the metal 
manufacturing industry, especially in those areas where conventional manufacturing reaches its limitations in 
both terms of design freedom and manufacturing capabilities. The advantages of AM are applied for metal 
components in the aviation, aerospace and automotive industries. The aviation industry is one of the pioneers in 
the application of metal AM. There are already about 30 components, produced with metal AM processes, 
installed in the Boeing 787 (Galjaard, 2015).  

A recent product is developed by Autodesk in collaboration with Airbus. A partition wall for an airplane was 
created with custom algorithms that generated a design that mimics cellular structure and bone growth, and then 
produced using metal AM (Figure 1.4). The optimized design and manufacture process renders the structure 
stronger and more lightweight than would be possible using traditional processes. In air travel, reducing weight 
means reducing fuel use. If the partitions are installed throughout the entire cabin of an Airbus A320—four per 
plane—that would remove up to 500 kg of weight. The resulting decrease in fuel use would reduce CO2 
emissions by up to 166 metric tons per aircraft each year. In addition, the applied AM technique uses only 5% of 
the raw material (aluminum alloy) that the traditional process of milling parts down from a metal block uses 
(Autodesk, 2017).  

 

 

 

 

 

 

 

 

 

 

1.4 Problem definition 
 

1.4.1 Integration of (structural) design and fabrication 
Additive manufacturing is a new construction method for steel that has a number of advantages and meets the 
sustainability demands of the built environment. However, the design for AM is in most cases based on 

Figure 1.4. Partition wall by Autodesk and Airbus manufactured with metal AM 
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traditional thinking. After the functional design, the models are often completely redesigned, considering 
printing properties, supports during printing and smoothness of the model.  

An example of a project where the subjects of design, structural engineering and fabrication are integrated is the 
ICD Research pavilion 2014-15 by the University of Stuttgart (Figure 1.6). Through a novel robotic fabrication 
process, inspired by the underwater nest construction of the water spider, a flexible pneumatic formwork is 
stiffened by reinforcing it with carbon fibers from the inside. ICD developed a computational form finding 
method, which integrates fabrication constraints and structural simulation. The computational design process 
also enables the designer to navigate and integrate different design parameters into various fiber orientations and 
densities. The resulting lightweight fiber composite shell forms a pavilion with unique architectural qualities, 
while at the same time being a highly material-efficient structure (Doerstelmann et al., 2015). 

 

1.4.2 Large-scale applications metal AM in the built environment 
Currently the architectural sector accounts for only 3% of the total AM business and those are not products used 
in actual buildings but mostly scaled models and mock-ups. One example is the structural node by Arup (Figure 
1.5). The result of the project is a printed node in a tensegrity structure that is 75% lighter than the original, 
welded, node (Galjaard et al., 2015). New AM techniques, where steel AM is combined with a robot arm, are 
developed which allow the production of larger parts. However, these methods are rarely applied for structural 
applications in the built environment. One recent application is the steel bridge that is printed by MX3D in 
Amsterdam. Due to many uncertainties about material properties, a ‘safe’ design, consisting of printed beam 
elements, is chosen and this does not fully make use of the design freedom of the printer. Large-scale 3D printing 
is becoming increasingly relevant in the construction industry to reduce manual labor, production time, costs 
and waste and increase safety and architectural freedom (Buswell et al., 2007).  

 

 

 

 

 

 

 

 

 

In the maritime industry, a recent application of large-scale steel AM is a prototype of a ship propeller by 
RAMLAB (Figure 1.6). Printing of the propeller is chosen for its property of mass customization, reduction in 
production time and to reduce damages by printing the entire propeller in one part. The wait time for ships for 
new parts is traditionally time consuming and therefore related to high costs (Damen & Ramlab, 2017). The 
application of large-scale steel AM is therefore very valuable for the function of a ship propeller in this case. 

 

Figure 1.5. Original node (left) and optimized nodes by Arup 
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1.5 Thesis outline 
 

The aim of this research is to find a link between structural efficiency and a steel AM technique for lightweight, 
large-scale and freeform applications in the built environment. Different steel AM techniques are explored and 
compared to determine the most relevant and efficient technique for large-scale applications in the built 
environment. Following from this technique, an optimization method, most suitable to the production method, 
is setup to maximize the structural performance. 

This thesis is organized as follows: in section 2 the different steel AM techniques are compared and a structural 
type is chosen. The structural type and calculation method are discussed in sections 3, 4 and 5. In section 6 and 7 
an optimization script is setup for two basic geometries. Experimental tests on AM samples are performed and 
discussed in section 8, followed by a case study in section 9. Finally, section 10 gives the conclusions and 
recommendations.  

  

Figure 1.6. Left: ICD/ITKE Research Pavilion 2014-15. Right: printed ship propeller by RAMLAB 
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2 Additive manufacturing 
 

This chapter elaborates on different metal AM techniques. A choice for a method will be made after comparing 
these different techniques. This technique is intrinsically linked to a number of key qualities and possibilities. 
These qualities will be explored to determine a structural type that can be optimized.   

 

2.1 History 
 

The idea of producing a 3 dimensional object layer by layer came about long before the development of ideas 
around additive manufacturing. The first concept patented can be traced back to Peacock for patented laminated 
horseshoes in 1902. In 1926, Baker patented “the use of an electric arc as a heat source to generate 3D objects 
depositing molten metal in superimposed layers”. Not until the advent of computer-aided design and the 
integration with robotics the use of AM could take flight. Over the past 30 years, AM has gained more and more 
attention in the manufacturing industry, especially to create part models and prototypes (Joosten, 2015). In order 
to meet the demands from the aerospace, automotive and rapid tooling industry, the recent focus of AM research 
has shifted from fabricating polymer to complex-shaped metal components (Yang et al., 2017).  

 

2.2 Methods 
 

According to the standard terminology for AM by ASTM, AM technologies for metal components are mainly 
classified into powder bed fusion, direction energy deposition, binder jetting and sheet lamination. Typical 
additive manufacturing materials are metal powder and metal wire. With regard to how the additive material is 
supplied, current AM technologies can be classified as either a powder-feed/-bed process or a wire-feed process 
(Joosten, 2015) (D. Ding, Pan, Cuiuri, & Li, 2015). 

 

2.2.1 Powder-feed/-bed process 
The majorities of the research in AM have been focused on the powder-feed/-bed AM, where the laser or 
electron beam equipment is usually used as power source (D. Ding et al., 2015).  

 

 

 

 

 

 

 

 
Figure 2.1. Laser-powder additive manufacturing machine 



8 
 

In this process, the object is built up layer by layer from thin layers of metallic powder. When a layer of powder is 
deposited, the metal particles are fused together using lasers or an electron beam, producing a small slice of the 
final object. A new layer of powder is ten laid on top and fused together. This process is repeated until the entire 
object is constructed and the excess powder is removed. The entire process takes place inside an oven in which 
the environment is controlled and the temperature kept very close to the melting point of the powder in order to 
minimize the required energy input from the laser or electron beam (Joosten, 2015).  

 

2.2.2 Wire-feed process 
The wire-feed AM process works by feeding material (a wire) through a nozzle onto previous layers, building up 
the 3-dimensional object. Depending on the energy source that is used to melt the wire, wire-feed AM can be 
classified into three groups, namely: laser-based, arc welding-based and electron beam-based. Laser has been the 
most popular due to its precision. However, it has a very poor energy efficiency. Electron beam has a slightly 
higher energy efficiency, but it requires a high vacuum working environment making it suitable for aerospace 
works. Compared with the poor energy efficiency of laser (2 – 5%) and electron beam (15 – 20%), the energy 
efficiency of arc welding processes (WAAM) such as gas metal arc welding (GMAW) or gas tungsten arc welding 
(GTAW) processes can be as high as 90%. The cost of the traditional arc welding equipment is relatively low 
when compared to laser or electron beam equipment (D. Ding et al., 2015). 

 

 

 

 

 

 

 

 

2.2.3 Comparison 
The powder-feed/-bed approach is better developed due to its capability of fabricating parts with high 
geometrical accuracy. In addition, it is possible to produce parts with functionally graded materials. However, the 
deposition rate of the powder-feed/-bed technology is low, typically around 10 g/min, which limits its application 
in fabricating medium to large-sized components. Wire-feed AM has higher material usage efficiency with up to 
100% of the wire material deposited into the component. Therefore, it is a more environmentally friendly 
process, which does not expose operators to the hazardous powder environment. Compared with the powder-
feed/-bed process, it has a much higher deposition rate of up to 330 g/min for stainless steel. Additionally, metal 
wires are lower in cost and more readily available than metal powders with suitable properties for AM, making 
wire-feed technology more cost-competitive (D. Ding et al., 2015).  

 

 
Figure 2.2. Wire feed additive manufacturing robot arm 
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2.2.4 Parameters and challenges 
Wire and arc additive manufacturing (WAAM) is a welding process in which an electric arc forms between a 
consumable wire electrode and the workpiece metal. A robotic WAAM system consists of a robot arm with a 
nozzle, connected to a controller, a power source and a gas and wire supply. The wire is fed through the robot 
arm and the electric arc is formed at the nozzle (the end of the robot arm). By slicing up a 3D computer model of 
a component, toolpaths are created and the robot arm can move according to these toolpaths. The robot 
controller is used to coordinate the robot movement and the welding process (Williams et al., 2016).  

The wire-feed technology, due to its high deposit rates and low cost, is most efficient for printing medium to 
large-sized applications in civil engineering and the built environment. However, there are a few challenges when 
using wire as the additive material: residual stresses and distortions from excessive heat input, relatively poor 
part accuracy and a poor surface finish of the produced parts. 

As long as the material is weldable, the metal can be used as wire for WAAM. Carbon steels are the cheapest 
solution, but problems can occur with weldability, control of weld pool and durability. Aluminum alloys are 
light, durable and can be made as strong as steel. Their stiffness, however, is one third of steel. Furthermore, their 
weldability depends on the type of alloy and additive manufactured aluminum is affected by porosity. Stainless 
steels are currently used for different WAAM applications. The mechanical properties of stainless steel are largely 
unaffected by welding, they cannot be hardened by temperature, which makes them especially suitable for the use 
in AM. Stainless steels are more expensive than ordinary structural steels, but provide better corrosion 
protection, weld control and aesthetics. Titanium alloys are also widely used in WAAM. Characteristics of using 
titanium alloys are good control of the weld shape, good mechanical properties and very smooth surfaces. 
However, these alloys are very expensive (Joosten, 2015).  

Assuming the use of a fixed material and shielding gas, the following welding parameters that contribute to the 
production quality can be distinguished (Joosten, 2015): 

- Current 
- Voltage 
- Welding speed 
- Wire diameter 
- Wire feed rate 
- Nozzle-to-bead distance 
- Preheat temperature and cooling time 
- Gas flow rate 

In ordinary welding, a certain level of quality is guaranteed by controlling the process through welding procedure 
specifications. Such a specification contains all the information required for a qualified welder to perform a weld. 
With WAAM the process parameters are controlled by the operator. While depositing complex and large layers, 
these process parameters have a major influence on the part quality and surface finish (Joosten, 2015).   

The residual stresses and induced deformations are a cause of loss in tolerances in WAAM of large components. 
In welding, thermally induced stresses are the result of thermally induced strains during the non-uniform 
expansion and contraction of the material. The induced strain causes a material to respond by distorting. If it is 
unable to cause a structure to respond by distorting macroscopically, it will either causes it to deform 
microscopically (e.g. yield or crack) or result in stresses that are locked in (residual stresses). To control and limit 
the distortions the parameters gas flow rate, welding speed, preheat temperature and cooling time are adjusted 
(D. Ding et al., 2015). Besides the distortions induced from residual stresses, another factor that affects the 
accuracy of the part is the slicing manner, which is dependent on the layer thickness. Layers are only supported 
by the layer below and therefore the possible slope of the printed geometry is limited.  
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Figure 2.3. Dragon Bench by MX3D & Joris Laarman 

Due to the inherent characteristics of the process, the weld bead geometry within a weld pass is not uniform and 
this causes a non-uniform cross section over the height and length of a part. This effect occurs particularly at the 
start and end of the weld pass. To reduce the effect of an uneven cross-section at the start and end of the weld 
pass, the parameters current and welding speed can be adjusted (D. Ding et al., 2015). The overall size of the 
cross-section can be adjusted by changing the welding speed and preheat temperature. A slow process, with a lot 
of heat input, allows for a better surface finish and constant cross-section. The welding speed is limited to a 
certain value because oxidation of the material will occur if the robot moves too fast.  

 

2.3 Collaboration with MX3D 
 

MX3D is an Amsterdam based company, founded by Joris Laarman, which uses the wire-feed AM technique to 
print metal structures. The technique allows MX3D to print most weldable metal alloys like stainless steel, steel, 
aluminum and bronze for various applications. The range of applications varies form architecture and heavy 
duty industry to maritime and offshore (MX3D, 2018). MX3D is currently working on 3D printing a stainless 
steel footbridge in Amsterdam and was willing to collaborate with this research by providing a lot of useful 
information and test samples. 

 

2.3.1 Printing systems 
The MX3D team has developed two 3D printing systems, which consist of a 6 axis robotic arm combined with a 
gas metal arc welding (GMAW) machine. The first system uses a metal wire which is extruded. This system 
allows the fabrication of freeform planar beads (continuous printing). The second is a system that relies on 
additive welding, spot welding on previous spot welds (pulse printing). By adding small amounts of molten metal 
at a time, double curved lines can be printed in midair (Joosten, 2015).  

 

2.3.2 Structural type 
The two printing systems allow for printing of different geometries. An example of a project where pulse printing 
is applied is the Dragon Bench (Figure 2.3). The Dragon Bench is a piece of furniture that consists of a grid of 
steel rods. The complete bench consists of several 3D printed elements that are welded together by hand. 
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Figure 2.4. Butterfly Screen by MX3D & Joris Laarman 

An example of the other system, where continuous printing is applied, is the Butterfly Screen by MX3D (Figure 
2.4). The Butterfly Screen is a thin sculptural screen of 2 by 3 meters printed with the material bronze.  

 

 

 

 

Both printing systems can be compared for printability, print quality, efficiency and form freedom. The design 
freedom of pulse printing is greater compared to the design freedom of the continuous printing process. The 
rods can be printed under large angles while the maximum angle of the continuous process is limited. 
Additionally, by printing a grid, a more lightweight structure is obtained and less material is required. The 
deformations during printing are also reduced because of the large cooling rates. Their large surface area to 
volume ratio allows the rods to relax significantly as they cool down (D. Ding et al., 2015). 

However, pulse printing is a very slow production process. The material is welded drop by drop in a non-
continuous way and the new metal has to be molten again for the new drop which requires energy. Therefore the 
welding efficiency of the pulse printing is low. The welding parameters have also a lot of influence on the quality 
of the rods (D. Ding et al., 2015). Locating of small deformations is crucial before printing the next layer. 
Otherwise, misprinting a drop can occur. Because of the many start and stops during pulse printing, the 
geometry of the rod varies a lot over its length. Every rod therefore has different geometrical and structural 
properties.  

The material properties of the rods are also dependent on the printing angle. Co-workers of MX3D have 
observed the low (tensile) strength of the rods, which can sometimes be broken by hand. To obtain the desired 
aesthetical properties of the pulse printing additional labor is required. After printing, the rods are rough and 
have a rusty color. The standard finish of MX3D is sandblasting or milling which gives the structure its silver 
steel color. Finishing a grid structure, consisting of rods, requires a lot of effort, because all of the rods need to be 
finished from all angles. 

When printing in a continuous path, the number of weld passes is minimized, eliminating the side effects of the 
arc stopping/starting. As a result, the surfaces deposited using the continuous path have less imperfections and 
variations than with using multiple starts and stops. Due to the continuous printing, the material cools down 
more slowly. This causes the layers to better melt together and form a structural integrity. Compared with the 
pulse printing, more material can be deposited per time unit and therefore the continuous method has a better 
welding efficiency (D. Ding et al., 2015). A large design freedom can be achieved by combining separately printed 
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elements and welding them together by hand. The bridge is constructed in the same way. Next to the better 
structural properties and faster production time, it is also more easy to finish the continuous printed objects with 
sandblasting or milling. The surface of the object, for example the Butterfly Screen, can be sandblasted by 
spraying the full surface of the screen at only the front and the back.  

When applying the continuous printing method, important points of attention are the occurring deformations 
and residual stresses (Williams et al., 2016). The deformations during printing can be controlled by adjusting the 
following parameters: gas flow rate, pre-heat temperature and the welding speed. Additional points of attention 
are the maximum print angle and the welding access of the robot arm. This limits the possible shapes that can be 
printed.  
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Figure 3.1. Heinz Isler's Heimberg Tennis Center, Switzerland 

3 Shells 
 

Considering printing efficiency and quality, continuous printing is more efficient than pulse printing for creating 
large objects. The structures created with the continuous method are thin surfaces, which can be compared to 
thin structural shells. To apply the gas metal arc welding (GMAW) production method of MX3D for structural 
components in the built environment, the principals of shell structures will be elaborated in this chapter.  

 

3.1 Introduction 
 

Structures can be classified in many ways according to their shape, their function and the materials from which 
they are made. The most obvious definition of a shell might be through its geometry. A structure or structural 
element may be a fully three-dimensional solid object, or it might have some dimensions notably smaller than 
others. A beam is straight and it is relatively long in comparison to its cross-section. Thus a beam can be defined 
by a straight line. An arch can be defined by a curved line and a plate by a plane (Adriaenssens et al., 2014). 

Shell structures are constructed systems described by three-dimensional curved surfaces, in which one 
dimension is significantly smaller compared to the other two dimensions. Shells can be constructed as a 
continuous surface or from discrete elements following that surface. The latter type of shell, also referred to as 
gridshell, is not considered for the further part of this research considering the continuous printing process.  

The shell surfaces may be curved in two directions, like a dome or a cooling tower, or it may be cylindrical and 
curved only in one direction. Shells are form-passive and resist external loads predominantly through forces 
acting in the plane of the shell surface, which are called membrane stresses. These membrane stresses may be in 
compression or a combination between compression and tension. Shell structures need to be sufficiently thick to 
carry these compressive stresses without buckling (Adriaenssens et al., 2014).  

 

 

 

 

 

 

 

 

 

 

A form-passive structural system does not significantly, actively change its shape under varying load conditions. 
This is in contrary to form-active structural systems such as cable or membrane structures. For shells to be 
efficient, their shape should depend on the flow of forces and vice versa and therefore their design requires a 
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process of form finding. In many cases, the ‘ideal’ form of a shell also needs to fulfill additional architectural, 
mechanical or technical aspects necessitating some form of optimization (Adriaenssens et al., 2014).  

The earliest example of structural form finding for an arch was published by English engineer and scientist 
Robert Hooke. In 1676, he published the idea to invert the shape of a hanging chain, which by definition is in 
pure tension and free of bending, to obtain the equivalent arch that acts pure in compression. The form of the 
ideal arch will depend on the applied loading (Adriaenssens et al., 2014). This principal is transferred to shell 
structures by Heinz Isler. Heinz Isler, born in 1926, is a Swiss artist-designer-engineer who developed concepts 
and construction methods for thin shell concrete structures. Isler’s concepts focused on the physical model with 
emphasis on form and stability. The goal of his research was to create structures of high efficiency with the lowest 
possible environmental impact by exploring the relationship between the fabric’s capacity for tension and the 
concrete’s capacity for compression. He created small scale models, made from draped fabric, that define the 
most effective structural curvatures. However, when the fabric is draped and suspended from a frame, the model 
is primarily is in tension (the fabric has a high tension capacity). In order to apply this same curvature to 
concrete, the model is ‘frozen’ and then flipped 180 degrees. The flipped model is now fully in compression 
instead of tension and compression is a strong characteristic of concrete (Chilton, 2012). An example of a project 
where Isler applied the inverse hanging model is the Heimberg Tennis Center in Switzerland (Figure 3.1). 

Next to concrete shells, masonry shells have been built for centuries around the world in the form of arches, 
domes and vaults. Such shells also exist primarily in compression, because masonry materials such as brick and 
stone are strong in compression and weak in tension. For traditional masonry structures, the dominant loading is 
often the self-weight of the structure thus the geometry is designed to work entirely in compression under gravity 
loading (Adriaenssens et al., 2014). 

 

3.2 Shell theory 
 

Shells use all the modes of structural action available to beams, struts, arches, cables and plates, plus the mode 
‘shell action’. Structural elements that approximate to linear elements or to surfaces both share the same property 
that they are more easy to bend than to stretch (change in length). A column will undergo a negative stretch 
when a compression force is applied. But at a certain load the column will buckle and the column will get shorter 
through bending instead of through axial strain (Adriaenssens et al., 2014). 

 

3.2.1 Flat plates 
A flat plate can be loaded by forces in its own plane or out of plane. The term ‘plane stress’ is used for in-plane 
loading. Out of plane loading of a plate produces plate bending. In Figure 3.2 the components of membrane 
stress are introduced: normal stress in x- and y-direction (σx and σy) and shear stress perpendicular to the x-
direction in the y-direction and vice versa (τxy and τyx). In-plane stress is a central concept in shell theory and 
corresponds with the axial stress in an arch. Equilibrium of moments about the normal gives: τxy = τyx. 

Thus for plane stress there are three unknown stresses and the following two equilibrium equations in x- and y-
direction respectively: 

 

𝛿𝛿𝜎𝜎𝑥𝑥
𝛿𝛿𝑥𝑥

+
𝛿𝛿𝜎𝜎𝑦𝑦𝑥𝑥
𝛿𝛿𝑦𝑦

= 𝑞𝑞𝑥𝑥  

𝛿𝛿𝜏𝜏𝑥𝑥𝑦𝑦
𝛿𝛿𝑥𝑥

+
𝛿𝛿𝜎𝜎𝑦𝑦
𝛿𝛿𝑦𝑦

= 𝑞𝑞𝑦𝑦  

(3.1) 
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The variables qx and qy are the loads per unit area applied to the plate. The plane stress is statically indeterminate 
because there are only two equilibrium equations. If qx and qy are both zero, the stresses can be written in terms 
of the Airy stress function φ:  

 

If the plate is elastic the stresses can be rewritten by using the stress-strain relationships, 

 

where ‘E’ is Young’s modulus and ‘v’ is Poisson’s ratio. Together with the compatibility equation that comes 
from the fact that the three strains are the result of only two components of displacement, ux and uy, the equation 
can be derived to, 

 

which is known as the biharmonic equation, developed by Timoshenko and Goodier (Adriaenssens et al., 2014). 
This equation can be solved to obtain the plate displacements for applied normal stresses. Next to loads in the 
plane of the plate, a plate can also be loaded perpendicular to the surface. As a result of such actions the plate 
displacements out of its plane and the distribution of stresses and strains across the thickness is no longer 
uniform. Finding those displacements, strains and stresses is the problem of plate bending. The Kirchhoff plate 
theory takes this effect of plate bending into account but shear energy is assumed to be negligible. The Reissner-
Mindlin model is developed for thin and moderate thick bending plates in which first-order transverse shear 
effects are considered. This model is particularly important in dynamics and vibration, since shorter wavelengths 
enhance the importance of transverse shear effects (University of Colorado Boulder, 2000).  

𝜎𝜎𝑥𝑥 =
𝛿𝛿2𝜑𝜑
𝛿𝛿𝑦𝑦2 ,     𝜎𝜎𝑦𝑦 =

𝛿𝛿2𝜑𝜑
𝛿𝛿𝑦𝑦2 ,     𝜏𝜏𝑥𝑥𝑦𝑦 = 𝜏𝜏𝑦𝑦𝑥𝑥 = −

𝛿𝛿2𝜑𝜑
𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦

 

𝜀𝜀𝑥𝑥 =
1
𝐸𝐸
�𝜎𝜎𝑥𝑥 − 𝑣𝑣𝜎𝜎𝑦𝑦� 

𝜀𝜀𝑦𝑦 =
1
𝐸𝐸
�𝜎𝜎𝑦𝑦 − 𝑣𝑣𝜎𝜎𝑥𝑥� 

𝛾𝛾𝑥𝑥𝑦𝑦 =
2(1 + 𝑣𝑣)𝜏𝜏𝑥𝑥𝑦𝑦

𝐸𝐸
 

∇4𝜑𝜑 =
𝛿𝛿4𝜑𝜑
𝛿𝛿𝑥𝑥4 + 2

𝛿𝛿4𝜑𝜑
𝛿𝛿𝑥𝑥2𝛿𝛿𝑦𝑦2 +

𝛿𝛿4𝜑𝜑
𝛿𝛿𝑦𝑦4 = 0 

(3.2) 

 

(3.3) 

 

(3.4) 
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Figure 3.2. Plane stress 
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The biharmonic equation is the analog of the Euler-Bernoulli beam theory for uniform bending of beams 
elements. The Euler-Bernoulli beam theory describes the relationship between the beam’s deflection and the 
applied loads: 

 

The kinematics of the Euler-Bernoulli beam theory are based on the assumption that plane sections remain plane 
and normal to the deformed longitudinal axis (Alfutov, 1999).  

 

3.2.2 Shells 
In the membrane theory of shells, exactly the same three components of membrane stress are present. However, 
now there are three equations of equilibrium. Two of them are in the direction tangent to the shell, exactly the 
same as in the case of plane stress. The third equation is perpendicular to the tangent to the shell surface. Since 
there are three unknown stresses and three equations of equilibrium a shell should be statically determinate. 
However, there are three partial differential equations of equilibrium in the three unknown membrane stresses 
and whether or not these equations have a solution depends upon the shape of the shell and the boundary 
conditions (Adriaenssens et al., 2014). 

 

 

 

 

 

 

 

 

 

 

In the previous chapter it is determined that for a beam, the deformations are proportional to the bending 
stiffness of the beam. The Euler-Bernoulli beam theory does not contain the column stiffness in tension-
compression. It is assumed that under an infinitely small deflection, the column axis elongation is of the second 
order of smallness. Similar to the plate theory, the main geometrical peculiarity of shells is that under proper 
constraint at the edge, even infinitely small purely flexural deformations cannot be produced without extension 
of the middle surface (Hoogenboom & TU Delft, 2015).  

Figure 3.4 shows the deformations of a simply supported cylindrical shell loaded by an arbitrary force. The 
deformation shown in the left of the figure is called extensional deformation because the shell middle surface is 
stretching due to loading. The loading is carried mostly by normal forces and only a little by bending moments. 
The deformation shown in the right of the figure is called in-extensional deformation because it does not involve 
stretching of the middle surface. The loading is carried mostly by bending and only a little by normal forces 
(Hoogenboom & TU Delft, 2015). 

𝐸𝐸𝐸𝐸
𝛿𝛿4

𝛿𝛿𝑥𝑥4 = 𝑞𝑞(𝑥𝑥) (3.5) 

 

σzz 

τyz 

τxy 

σxx 

σyy 

τzx 

Figure 3.3. Left: shell element with middle surface. Right: Stresses on elementary cube. 
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Figure 3.4. Left: extensional deformation. Right: in-extensional deformation 

(3.7) 

 

 

 

 

 

 

 

If a shell can undergo in-extensional deformation, then it will have to rely on bending stiffness as well as 
membrane action in order to carry any load case, including for example wind and snow. However, even if a shell 
has the correct shape and is properly supported, it must have bending stiffness to prevent buckling if there are 
any compressive membrane stresses. Thus, shells are most efficient if they work through membrane action but 
additional bending stiffness is required to resist buckling and in-extensional deformation. 

In 1888, Augustus Love formulated the basic equations that govern the behavior of thin elastic shells including 
membrane and bending action. It is based on the Euler-Bernoulli beam theory and the plate theory of Kirchhoff. 
Love’s first equations are called the approximation theory and with the inclusion of some improvements they are 
now referred to as Sanders-Koiter equations. The Sanders-Koiter equations consist of six equilibrium equations, 
six constitutive equations and nine kinematic equations. When the Sanders-Koiter equations are substituted into 
each other, the following two partial differential equations are obtained (assuming lateral loads px = py = 0 and 
longitudinal loads qx, qy and nxy – nyx are small), 

 

where the terms in the first equation represent the membrane action (first part) and the bending action (second 
part) and the second equation represents the compatibility equation. The equations for Г, ∇ and φ are related to 
the shell geometry (and curvature) and membrane forces (Hoogenboom & TU Delft, 2015).  

The equations are difficult to solve analytically, therefore, simplifications were proposed for specific shell shapes 
by many scientists. For example, equations for cylindrical shells were proposed by Lloyd Dannell and Leslie 
Morley. For cylinders and spheres, kxx, kyy and kxy are constant and this reduces the shell differential equations to, 

 

which is an eight order partial differential equation in curvilinear coordinates u and v (Hoogenboom & TU Delft, 
2015).  

 

  

−Γ𝜑𝜑 +
𝐸𝐸𝑡𝑡3

12(1 − 𝑣𝑣2)∇
2∇2𝑢𝑢𝑧𝑧 = 𝑝𝑝𝑧𝑧  

∇2∇2𝜑𝜑 + 𝐸𝐸𝑡𝑡Γ𝑢𝑢𝑧𝑧 = 0 

𝐸𝐸𝑡𝑡3

12(1 − 𝑣𝑣2)
∇2∇2∇2∇2𝑢𝑢𝑧𝑧 + 𝐸𝐸𝑡𝑡ΓΓ𝑢𝑢𝑧𝑧 = ∇2∇2𝑝𝑝𝑧𝑧  

(3.6) 
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Figure 3.5. Left: TRADA pavilion by Ramboll Computational Design Group. Right: Buckled tanks. 

3.3 Shells in practice 
 

3.3.1 Failure modes 
In terms of structural performance, most shells are evaluated by means of a maximum stress or deflection 
measure in the conceptual design stage. These measures are often used because they are simple and only require 
first order analysis. However, buckling is more often the governing failure mode of (thin) shells (Brandt-Olsen, 
2015). An example is the doubly curved timber shell, the TRADA pavilion, at the Timber Expo in Coventry in 
2012 (Figure 3.5). The shell is formed of flat polygonal plywood panels, connected at the edges with hinges and 
faceted to form a curved shape. When the structure was analyzed for own weight and loads caused by accidental 
loads, the analysis determined that the edges of the arches needed to be stiffened to prevent buckling. Therefore, 
additional panels and stiffeners are applied at the edges. The flat areas of the pavilion were especially vulnerable 
to failure by buckling and this observation suggests that curvature is an important design feature in stiffening a 
shell (Brandt-Olsen, 2015).  

 

  

 

 

 

 

 

 

 

 

Many different examples of buckled shells can be found with water tanks and thin-walled cylinders. The right of 
Figure 3.5 shows a number of thin stainless steel wine tanks that buckled during an earthquake near Livermore, 
California at the Wente Brothers winery in 1979. Some of the tanks buckled more or less axisymmetric (called 
"elephant foot" buckling), tank on the left, whereas others buckled non-axisymmetric, tank on the right. Buckling 
near the base of the tanks is caused primarily by axial compression (caused by reaction to the overturning 
moment generated by the horizontal component of ground motion during the earthquake) combined with hoop 
tension from the hydrostatic pressure of the fluid in the tank. Therefore, the buckles are elongated in the 
circumferential direction. They occur near the bottom of the tank because the axial compression is greatest there 
(Bushnell, 1981).  

 

3.3.2 Linear vs non-linear buckling analysis 
Shell buckling is particularly dangerous because shell structures are efficient in membrane action. Almost no 
deflection occurs and then suddenly there is total collapse. Buckling occurs as an instability when a structure can 
no longer support the existing compressive load levels. Thin shells have a large slenderness and could fail at load 
levels well below what is required to cause compressive yielding (Adriaenssens et al., 2014). Buckling is a 
bifurcation type, there is a rapid transition from axial loading response to a lateral response, which is usually 
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𝑀𝑀 = 𝐸𝐸𝐸𝐸𝜅𝜅 

catastrophic. The most basic form of buckling analysis with finite element methods is linear buckling. A small 
displacement of a perturbed shape is assumed in each element that induces a stress dependent stiffening effect. 
This adds to the linear static stiffness in the element. The stress dependent stiffness is now subtracting from the 
linear static stiffness term and this latter effect causes buckling. In an assembly of elements in an finite element 
model there will be a subtle interaction between the original linear stiffness matrix and the stress dependent 
stiffness matrix. For a linear buckling analysis, an eigenvalue solution method will find what scaling factors 
applied to the nominal static load will scale the stress stiffening terms to subtract sufficiently from the linear 
static terms to give unstable solutions (Abbey, 2015). 

Before 1930 airplanes consisted of frames covered with a fabric which was painted. However, to increase the 
strength and reduce the weight, engineers wanted to build airplanes from aluminum plates that were joint to 
form a cylindrical shape. Therefore, scientists started to do experiments on cylinder, including the ultimate loads 
of axially compressed cylinders. It was proven that the ultimate loads from the experiments were much smaller 
than the calculated critical loads (eigenvalues). Some cylinders failed at a load of approximately 15% of the 
calculated critical load (Hoogenboom & TU Delft, 2015).  

The large difference between the theoretical critical load and the experimental ultimate load can be declared by 
the influence of imperfections. Von Karman and Xuesen showed that very small shape imperfections cause the 
ultimate load to be much smaller than the critical load. Imperfections can be shape deviations, small dimples, 
residual stresses, temperature stresses, inhomogeneities, creep, shrinkage, eccentricity of loading and/or non-
uniform support stiffness. In practice, all these factors give rise to small eccentricities and variations that attract 
offset axial loading. This in turn starts to produce offset moments that cause further eccentricity. These 
eccentricities will grow until instability occurs (Hoogenboom & TU Delft, 2015). To include these effects of 
imperfections, a non-linear analysis can be performed. A non-linear analysis progressively increases the load on 
the structure and evaluates the transition from stable to unstable. The effects of imperfections result in a stiffness 
matrix which is not constant during the load application. This is opposed to the linear analysis, where the 
stiffness matrix remained constant. As a result, a different solving strategy is required for the nonlinear analysis 
and therefore a different solver needs to be used (Abbey, 2015). 

 

3.4 Structural stiffness 
 

The mechanical behavior of shells is predominantly determined by the shell’s stiffness. Stiffness depends on two 
factors: material properties (material stiffness) and geometry (geometric stiffness) (Form Finding Lab, 2017). 
When a material is chosen which is sufficient for the desired application of the shell, the design of the shell 
geometry can be optimized to increase the overall stiffness. From the Euler-Bernoulli beam theory it can be 
determined that the relation between the applied bending moment and the resulting curvature is:  

 

The relation of curvature to the radius can be defined as follows: 

 

It can now be determined that the geometric (bending) stiffness is inversely proportional to the radius of 
curvature. The differential equation of shells (3.6) also contains the curvature component in the determination of 
the stiffness and therefore, the curvature of the shape of the shell has a large influence on the bending stiffness. 

 

𝜅𝜅 =
1
𝑅𝑅

 

(3.8) 

(3.9) 
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Figure 3.6. Japanese Pavilion at the World Expo in Hannover in 2000 by Shigeru Ban and Frei Otto 

Figure 3.7. Left: Iglesia Cristo Obrero by E. Dieste, Uruguay. Right: Oceanográfico by F. Candela, Valencia. 

3.4.1 Curvature 
Malek conducted a parameter study on the impact of corrugations in relation to the buckling load factor for a 
barrel vault structure (Malek, 2012). An example of a barrel vault roof structure is the Japanese Pavilion at the 
Hannover World Expo in 2000 (Figure 3.6). The parameters of the study of Malek include the location of the 
corrugations (sine waves), the aspect ratio (frequency and amplitude) and the span-to-height ratio of the shell. 
The study clearly proves the gain in buckling capacity (up to 80 times increase of capacity) by introducing 
corrugations at both the edges and the crown for a small increase in volume. For barrel vaults consisting of 
gridshells (outside the scope of this thesis) the increase is less significant (up to 8 times increase of capacity). The 
buckling capacity is obtained from a linear buckling analysis and imperfections are not taken into account. For 
the barrel vault this is shown to be a conservative measure compared to a non-linear analysis (Malek, 2012). 

 

 

 

 

 

 

 

 

 

Next to the stiffening effect of double curvature on the shell buckling behavior it can also reduce the effect of 
imperfections. Hypar shells (double curved shells) are less sensitive to imperfections because they are tensioned 
in the other direction. This tension removes shape imperfections and stabilizes the compressed direction. For 
this reason, hypar shells can be applied thinner than other shells (Hoogenboom & TU Delft, 2015). 

 

3.4.2 Curvature applications 
The concept of using double curvature to stiffen shells is not new. In fact, this technique has been used by famous 
architectural engineers such as Felix Candela (1910 – 1997) and Eladio Dieste (1917 – 2000) as can be seen in 
Figure 3.7 (Brandt-Olsen, 2015).  
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Figure 3.8. Left: ribbed seashell. Right: leaf with a V-fold and veins 

The introduced double curvature adds quality to both the aesthetic character and the structural performance of 
the shells (Brandt-Olsen, 2015). 

 

3.4.3 Examples in nature 
In nature, a variety of species can be found that exhibit highly efficient shells that offer amazing protection from 
the surrounding environment while being composed of minimal thicknesses. For example, mollusk seashells are 
designed to protect their soft inside from the water pressure at the bottom of the ocean. Through their 
curvilinear geometry the stresses are redirected so that fractures occur where they are least likely to hurt the soft 
creature inside the shell. The shapes of seashells evolved in a way that distributes external pressure towards the 
outer regions of the shell, preventing cracks and safeguarding core cavity. Next to curvature, also small 
distortions in the ribs add strength to the shell form by locking in stiffness and distributing forces in different 
directions across the surface (Fang, 2015). Next to seashells, also the turtle is protected by a shell. The shell of a 
turtle is shaped as a dome to efficiently sustain compression loads on top of the shell (X. F. Ding, Jiang, Liang, & 
Wu, 2011). 

 

 

 

 

 

 

 

 

 

The main use of tree leaves in nature is photosynthesis and to function sufficiently, most leaves circumvent 
problems of loads perpendicular to their surfaces (such as wind loads) by flexing or reorienting. A number of 
leaves use a slight longitudinal V-fold to get adequate flexural stiffness, which also provides torsional stiffness. 
Other thin leaf surfaces avoid bending by veins that form supporting trusses or by pleats that make a ridge-and-
valley-self trussing system (AskNature Team, 2016).  
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(4.1) 

(4.2) 

(4.3) 

4 Linear stability 
 

The shape of shells contributes to the stiffness and structural performance. The governing failure mode of shells 
is buckling and this brittle failure mode is influenced by the effect of imperfections. This chapter will elaborate 
on shell stability, starting with an introduction of column and plate buckling. Different geometry manipulation 
methods are introduced and compared to efficiently increase the buckling capacity. 

 

4.1 Theory and modeling 
 

The stability loss of any deformed system is a process that proceeds in time and, naturally, it should be studied in 
terms of dynamics. Hence, the general theorems and methods of stability investigation are based on a dynamic 
approach, on a study of the system behavior in time. However, in practice a static approach can be applied for 
most load-carrying structures. In this case, the equilibrium conditions at stability loss can be formulated without 
taking into account the inertial forces caused by the deformations of the structure (Alfutov, 1999). In the 
following paragraphs, this static approach, also called linear or elastic stability, will be elaborated. 

When a structure is subjected to compressive stresses, buckling may occur. Buckling is characterized by a sudden 
sideways deflection of a structural member. This may occur even though the stresses that develop in the structure 
are well below those needed to cause failure of the material of which the structure is composed. As an applied 
load is increased on a member, such as a column, it will ultimately become large enough to cause the member to 
become unstable. Further loading will cause significant deformations, possibly leading to complete loss of the 
member's load-carrying capacity (Alfutov, 1999). In a mathematical sense, buckling is a bifurcation in the 
solution to the equations of static equilibrium. At a certain point, under an increasing load, any further load is 
able to be sustained in one of two states of equilibrium: a purely compressed state (with no lateral deformation) 
or a laterally-deformed state (MechaniCalc, 2015). 

A study of the equilibrium stability of conservative systems is generally based on application of the Lagrange 
theorem, the principle of a total-potential-energy minimum: in an equilibrium state the total potential energy of 
a conservative system takes a stationary value; moreover, an equilibrium state is stable if and only if this 
stationary state is a local minimum. The total potential energy of a deformed conservative system consists of the 
strain elastic energy (U) and the external-force potential (P):  

 

In an equilibrium state (not necessary stable), the total potential energy has a stationary value. The stationary 
condition, the necessary condition for the minimum, is thus the following:  

 

which is called the Lagrange variational equation (Alfutov, 1999). If an equilibrium position is stable, the 
necessary and sufficient condition of a local minimum of energy should be satisfied: 

for any sufficient small deflection of the structure. If under given loads and constraints, small deflections that 
violate the condition are possible, the equilibrium is not stable. If it is assumed that rigid-body displacements of 
the system are restrained and all the external loads are proportional to a parameter F, the equilibrium of the 

𝑊𝑊 = 𝑈𝑈 + 𝑃𝑃 

𝛿𝛿𝑊𝑊 = 𝛿𝛿𝑈𝑈 + 𝛿𝛿𝑃𝑃 = 0 

𝛿𝛿𝑊𝑊 > 0 
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Figure 4.1. Axially loaded column scheme 

(4.4) 

unloaded system is always stable. This is the case since the strain energy of an elastic body always takes positive 
values. It can be determined that the equilibrium state is stable if the load parameter F does not exceed some 
critical value Fcr. This critical value, where the system changes from stable to unstable equilibrium, is also called 
the bifurcation point (Alfutov, 1999).  

To determine these bifurcations points, it is sufficient to find the conditions for new equilibrium states which 
differ from the initial one but are arbitrarily close to it. The points of the initial-equilibrium path in the vicinity of 
which the new equilibrium states exist will be the bifurcation points. If the displacement between the initial-
equilibrium state and the new equilibrium state is measured, then the values of these infinitely small 
displacements can be used only in the corresponding equilibrium equations (called linearized equations). The 
linearized equations are homogeneous because the displacements are measured from the initial-equilibrium 
state, and when the displacements become zero, the linearized equations should be satisfied identically. The 
homogeneous linearized equations are the main tool of elastic-stability theory and are related to the field of 
mathematics called eigenvalue problems (Alfutov, 1999).  

The eigenvalue analysis is based on linear equation , where KG is the geometric stiffness for a unit load. The 
critical linear factor λ is solved when it makes the structure stiffness matrix K become unstable.  

 

Displacements of the first order of smallness, which describe deflections of the system from an initial equilibrium 
state, are used as input for the homogeneous linearized equations. These linearized equations make it possible to 
find all the initial-state bifurcations points to an accuracy of a scale factor. However, they cannot give any 
information on the type of bifurcations points or the character of the system behavior under finite deflections 
from the initial equilibrium state (Alfutov, 1999).  

 

4.1.1 Column buckling 
The theory of the behavior of columns under axial loads was investigated in 1757 by mathematician Leonhard 
Euler. He derived the formula, the Euler formula, that gives the maximum axial load that a long, slender, perfect 
column can carry without buckling (MechaniCalc, 2015). A perfect column is a column that is perfectly straight, 
made of a homogeneous material, and is free from initial stress. The critical load of the Euler formula can be 
derived by a direct analysis of the stability of the column in a bent configuration adjacent to the initial, straight 
equilibrium mode (Alfutov, 1999).   
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(4.5) 

(4.6) 

(4.7) 

(4.8) 

A simply supported column with length L and axial load F is considered (Figure 4.1). The stability loss of the 
column will lead to a bent configuration (the grey line is arbitrary) and will cause a deviation from the initial 
straight line. A section through the column is made at an arbitrary value x. A particular feature of the problem is 
that the vertical components of the support reactions remain zero after stability loss. Hence, equating the sum of 
moments about the left support to zero gives:  

 

Defining the internal moment in terms of the bending stiffness using the Euler-Bernoulli beam theory, the 
following homogeneous differential equation is obtained: 

 

Substituting the boundary conditions of the simply supported column, the eigenvalues can be determined: 

 

(with n = 1, 2, 3….). Each eigenvalue Fn determines a bifurcation point of the initial equilibrium state of the 
column. The smallest Fn corresponds to n = 1 and is equal to the critical load (Fcr). In order to determine the 
bifurcational displacements, the result can be substituted back into the function of displacement w: 

 

 

4.1.2 Tools 
In order to structurally validate the calculations that are performed with software packages, the results of analysis 
on basic models can be compared with the theory of elastic stability.  

Rhino + Grasshopper 
Rhinoceros (typically abbreviated Rhino) is a commercial 3D computer graphics and computer-aided design 
(CAD) application software developed by Robert McNeel & Associates. In combination with the plugin 
Grasshopper, it is possible to quickly generate many different parametric (geometric) models (McNeel & 
Associates, 2018) (Rutten & McNeel & Associates, 2018). 

Karamba 
Karamba is a parametric, structural analysis tool and can be used in combination with Rhino and Grasshopper 
(Preisinger, 2018). Karamba is used to perform a quick structural assessment of the geometries that are created 
with Grasshopper.  

Abaqus 
Abaqus/CAE is an engineering package from 3DS Dassault Systemes (Dassault Systemes, 2018). Abaqus is used 
to validate the hand calculations and the results of the structural analysis results of Karamba. This package is 
used because of its possibility to import geometries from Rhino and to perform complex non-linear calculations. 

 

4.1.3 Case study HEA100 
Figure 4.2 shows the first calculated eigenmode of a simply supported HEA100 column with a length of 3 meters. 
The column is, in this case, axially loaded with a unit load of 1 N in the negative y-direction. The properties of 

𝑀𝑀 + 𝐹𝐹𝐹𝐹 = 0 

𝐸𝐸𝐸𝐸𝐹𝐹" + 𝐹𝐹𝐹𝐹 = 0 

𝐹𝐹𝑛𝑛 =
𝑛𝑛2𝜋𝜋2𝐸𝐸𝐸𝐸
𝐿𝐿2   

𝐹𝐹𝑛𝑛(𝑥𝑥) = sin
𝑛𝑛𝜋𝜋𝑥𝑥
𝐿𝐿
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Figure 4.2. Abaqus result of the first eigenmode of HEA100 column 

Table 4.1. Comparison first eigenvalues (kN) 

(4.9) 

the cross-section and the material properties of standard steel (S235) are used to manually calculate the first 
eigenvalue with the Euler buckling formula. To compare the results, a Grasshopper script is setup to model a line 
element with a length of 3 meters. Material properties, cross-sections and boundary conditions are added to the 
model using Karamba. When again, an axial unit load is applied, the first eigenvalue can be obtained. 

 

 

 

 

 

 

 

 

 

 

 

The results of the different analysis are compared in Table 4.1. It can be concluded that the results of the different 
software packages are close to the theoretical value. 

 

 Hand calculation Abaqus Karamba 
Result 308 kN 306 kN 306 kN 

 

 

 

4.1.4 Plate buckling 
As discussed in paragraph 3.2.2, plates and shells can undergo extensional and in-extensional deformations. This 
effect has a clear influence on the differential equations for plates and shells. With rectangular plate geometries 
the deformations along the 2D surface can be described according to the function w(x,y) in the x- and y-
direction. This is also different from column buckling, where only the out-of-plate deformations in one direction 
are described.  

As shown in the introduction of paragraph 4.1 the equilibrium equation and boundary conditions related to 
buckling can be derived from the formulation of the potential energy, by requiring its variation to be zero. The 
potential energy for a plate is composed of the strain energy due to out-of-plane loading and the potential energy 
due to the in-plane loading components (plane stresses). Stationarity of the potential energy, δW = 0, provides, 
with the use of integration by parts, the equilibrium equation for a stability analysis of plates (Mechanics, Yr, & 
Gere, n.d.): 
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L = 3,0 m (simply supported) 
E = 2,1*105 MPa 
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 Figure 4.3. Abaqus result of the first plate eigenvalue 

(4.10) 

(4.11) 

For a plate that is loaded in one direction qx (qy = qxy =0), the differential equation can be reduced. The solution 
of the equilibrium equation is sought as a product of two harmonic functions that describe the plate 
deformation: 

 

where m and n are the number of half waves in longitudinal and transverse directions, respectively. The 
parameters a and b represent the length and the width of the plate, respectively. If the plate is simply supported at 
all four edges, these boundary conditions can be substituted and the critical (line) load at the edge of the plate can 
be obtained:  

 

It is seen that the smallest value of qx for all values of a, b and m is obtained if n = 1. This means that only one 
half wave will be formed in the direction perpendicular to the load application. The aspect ratio a/b is known, but 
the wavelength parameter m is still unknown. Its value must be found by inspection, i.e., by plotting the buckling 
coefficient as a function of a/b for subsequent values of the parameter m. For an aspect ratio a/b = 2 (the width of 
the plate is half the length), it is found that the critical load occurs for a value of m = 2, where there are two half 
waves along the length of the plate (Mechanics et al., n.d.). 

 

4.1.5 Case study plate 
The simply supported plate that is discussed in paragraph 4.1.4 is analyzed with the different software packages. 
Arbitrary dimensions of width (0,5 m), length (1,0 m) and thickness (t = 1 mm) are chosen and a compressive 
line load is applied in the x-direction. 

 

 

 

 

 

 

 

 

 

 

 

The results of the analysis can be found in Table 4.2. The FEM results of Abaqus and Karamba differ slightly 
from the theoretical value, but when increasing the mesh density, the eigenvalue results decrease towards the 
theoretical value. 
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a = 1,0 m 
b = 0,5 m 
t = 1,0 mm 
E = 2,1*105 MPa 
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Table 4.2. Comparison first eigenvalues (kN/m) 

(4.12) 

(4.13) 

 Hand calculation Abaqus Karamba 
Result 2,82 kN/m 2,98 kN/m 2,97 kN/m 

 

 

4.1.6 Shell buckling  
The major difference between plates and shells is geometry. As discussed earlier, plates can be defined as 2D 
surfaces, while shells can be defined as 3D curved surfaces. This difference increases the complexity of the 
differential equations for the behavior of shells. The design of the TRADA pavilion (Figure 3.5) showed that the 
flat areas of the structure are stiffened at the base of the pavilion. In the behavior of shells and plates, 
deformations can occur extensionally (with deformation of the mid-surface) and therefore local instability can 
occur. Local instability of the shell can lead to shell failure and as discussed in paragraph 3.3.2 is highly sensitive 
to imperfections. Therefore the results of a linear analysis of shell buckling generally need to be reduced.  

As discussed in paragraph 3.2.2 reduced differential equations are provided for some practical shell applications. 
Thin-walled cylindrical members, due to their specific structural and geometrical characteristics, are commonly 
applied as load carrying components in various fields of engineering. Therefore, the determination of the critical 
load of a thin-walled cylindrical shell is elaborated below. 

The potential energy formulation of the reduced differential equation for cylinders (equation 3.7) can be 
obtained by substituting the geometric properties of the cylinder and applying a load q on both edges:  

 

 

Solving for a simply supported boundary condition, where the edges are not restrained in rotation and 
movement along the length of the cylinder, the critical load can be determined (Alfutov, 1999):  

 

The difference between the beam theory is that the Euler buckling formula can only find global instabilities of the 
system. It is assumed that there is a certain stiffness across the length of the beam. The shape of the beam, when 
becoming unstable, deforms from its original axis (Figure 4.1). It is not considered that the cross-section of the 
member itself can become unstable, which is the governing failure mode for thin-walled cylinders.  

 

4.1.7 Case study cylinder 
A thin-walled cylindrical shell is modelled with Abaqus and Karamba. Arbitrary dimensions for the diameter 
(0,5 m), length (1,0 m) and thickness (t = 1 mm) are chosen and a compressive line load on both edges is applied. 
The boundary conditions that are chosen at the edges are: 

- Free movement in z-direction, restrained movement in x- and y-direction 
- Edges remain flat in xy-plane 
- Free rotation in all directions 

The calculated theoretical value of qz,cr can be multiplied with the circumference of the cylinder to obtain a total 
critical load. These total critical load values are compared between the different software packages. It becomes 
clear that the eigenvalues, the same as with the plate, slightly differ. When increasing the mesh density, again the 
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Figure 4.4. Abaqus result of the first cylinder eigenvalue 

Table 4.3. Comparison first eigenvalues (kN) 

Initial shape Change geometry
(adjust parameters)

Structural analysis
with Karamba

Result
(eigenvalue + mass)

Figure 4.5. Scheme for optimization of buckling capacity 

analyzed eigenvalues decrease towards the theoretical critical eigenvalue, which means that both of the software 
packages overestimate the linear buckling capacity due to the meshing. 

 

 

 

 

 

 

 

 

 

 

 

 

 Hand calculation Abaqus Karamba 
Result 799 kN 806 kN 830 kN 

 

 

 

4.2 Buckling optimization 
 

From paragraph 3.4 it can be concluded that applying curvature can increase the buckling capacity of shells. This 
paragraph will explore different types of curvature to most efficiently increase the (linear) buckling capacity. The 
most basic thin-walled shell, that is sensitive to buckling, is a rectangular plate under compression loading. 
Therefore a basic plate with the dimensions as shown in Figure 4.6 is chosen as initial geometry to optimize. For 
these plates the standard steel material S235 with a Young’s modulus of 210 GPa will be used.  

Since shape is the fundamental parameter for the stiffness of the shell, an arbitrary thickness is assumed. A 
variation of thickness of the shell to increase the stability or strength is outside the scope of this thesis. To 
manipulate the geometry of the flat plate, different methods will be discussed in the following paragraphs. The 
scheme for the different optimization methods is shown in Figure 4.5.  

 

 

 

 

 

R = 0,25 m 
L = 1,0 m 
t = 1,0 mm 
E = 2,1*105 MPa 
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Figure 4.6. Thin flat plate dimensions 

 
Figure 4.7. Bottom and top edge restraints for a single curved corrugated plate 

Parametric models are setup with Grasshopper to quickly generate different geometries that can be structurally 
analyzed using Karamba. The manipulated geometries will be assessed for the eigenvalue divided by the mass. 
This factor will be maximized in the optimization to find a maximum buckling capacity for a minimum of 
weight. In order to evaluate multiple geometries to find an optimum value a loop needs to be introduced. The 
looping algorithm needs to be able to save the parameter setup and analyzed result before adjusting the 
parameters again. For the following optimization methods a genetic (evolutionary) algorithm is used.   

In a genetic algorithm, a population of candidate solutions (in this case the resulting eigenvalue and mass) to an 
optimization problem is evolved towards better solutions. Each candidate solution has a set of properties (in this 
case the set of parameters to change the geometry) which can be mutated and altered. The evolution usually 
starts from a population of randomly generated individuals, and is an iterative process. Because of this random 
population, the genetic algorithm can quickly generate a large part of the solution field and can therefore find a 
global optimum. Another possible algorithm to find a global optimum is the deterministic algorithm. 
Deterministic optimization methods are typically applied when there is a certainty that there exists one global 
optimum and when it is required to find this global optimum. Application of a deterministic solver increases the 
optimization time significantly (Toropov, 2003). Moreover, because there is no certainty that there is only one 
optimum solution to the shell optimization, it is chosen not to use the deterministic solver. 

 

 

 

 

 

 

 

 

 

 

 

4.2.1 Boundary conditions 
The boundary conditions of the geometries are applied to simulate a connection between a top and bottom plate, 
which compress the shell. For the axis names there is referred back to Figure 4.6, where the x- (red), y- (green) 
and z-axis (blue) are represented by colors. The boundary conditions applied at the top and bottom edges of a 
single curved corrugated plate are shown in Figure 4.7.  

 

 

 

 

 

t = 1,0 mm 

H = 1,0 m 

b = 0,5 m 
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Figure 4.8. NURBS curve with five control points 

 Table 4.4. Flat plate results for different boundary conditions 

The bottom edge of the geometry is connected in x-, y- and z-direction in the middle point. The full bottom edge 
is connected in z-direction. The top edge can freely move in z-direction but movement is restrained in x- and y-
direction in the middle point. Rotations around the z-axis are restrained but are free in x- and y-direction. A unit 
line load is applied along the full top edge (grey arrows). These boundary conditions can be compared with a 
plate that is welded to a top and bottom plate (that cannot rotate globally). If, for example, the single curved 
corrugated plate is considered, it becomes clear that by creating the amplitude of the wave in y-direction (green 
axis), moment capacity is introduced at the bottom edge. The restraints in z-direction form a couple and this 
causes some reaction forces to be in compression, while others are in tension. The results for the different 
boundary conditions applied to the flat plate are added in Table 4.4. 

 

 

 

4.3 Method 1: NURBS 
 

4.3.1 Theory 
A NURBS (Non-Uniform Rational B-Spline) surface is one method of achieving a parametrically adjustable 
surface. It allows the creation of a smooth surface by only defining the location of control points and an 
algorithm interpolates the rest. A NURBS curve is generated from the same principles. When certain control 
points are connected, a polygon curve is generated through these points. The generated NURBS curve follows 
this polygon and can be adjusted by moving the control points (Figure 4.8). Every point of the polygon has a 
weighted value, which determines the measure of attraction of the NURBS curve towards this control point 
(Brandt-Olsen, 2015).  

 

 

 

 

 

 

 

The use of NURBS is widely used in practice because it is a straightforward tool to generate desirable smooth 
surfaces and curves. When designing with NURBS, the number of control points defining the grid is the most 
important issue. Their coordinates represent the degrees of freedom of the problem. A large number of points 
increases the dimensionality of the solution domain, which is the search space for the genetic algorithm to 
perform the structural optimization. However, a large number of control points can also generate newer 
solutions, far removed from the original concept. The success of the manipulation of geometry using NURBS 
depends on the definition of the solution domain. This definition consists of the determination of the domain in 
which all of the control points can move (x-, y- and z-direction). By allowing every control point to move in all 
three directions, the number of parameters quickly rises. When the number of parameters is too large, most 

 Eigenvalue (FEuler) Mass Eigenvalue/mass 
Flat plate – simply supported 0,09 kN 

3,9 kg 
0,02 kg/kg 

Flat plate – encastre  0,37 kN 0,09 kg/kg 
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Figure 4.9. NURBS optimization geometry results. From left to right with increasing number of control points 

Table 4.5. NURBS optimization results 

algorithms will yield solutions characterized by geometric noise. This terminology indicates an extremely busy 
design with apparently random point movements and this is the result of the algorithm that is not able to find 
the ‘knowledge’ between the large number of parameters (Adriaenssens et al., 2014). 

 

4.3.2 Model setup 
The first part of the model consists of the definition of the initial shape (flat plate) with the dimensions as shown 
in Figure 4.6. The base surface is divided in a grid of points. The number of points in x- and z-direction in the 
grid can be put in manually and this value defines the number of parameters. Since the number of points defines 
the number of parameters, the same number of number sliders is created. The number sliders contain values, in a 
certain domain, which can be adjusted by the algorithm. When the sliders are adjusted, the specific points move 
out of the plane of the initial shape (in this case the y-direction). From the new grid that consists of all the moved 
or unmoved points a NURBS surface is generated. Subsequently, this surface is meshed and boundary conditions 
and loads are applied with Karamba, which results in an eigenvalue and a certain mass for each parameter setup.  

 

4.3.3 Optimization results 
Three optimization runs are performed with the following number of parameters: 9, 25 and 48. The resulting 
geometries are added in Figure 4.9. When increasing the number of control points, the resulting geometry 
switches from a single curved shape to double curved shapes. The large number of control points of the last 
optimization (48) resulted in a shape with more noise and different out-of-plane movements, while the other two 
shapes are approximately symmetric. All of the shapes contain an amplitude at the top and bottom to make use 
of the added moment capacity due to the boundary conditions, which is as expected. 

 

 

 

 

 

 9 control points 25 control points 48 control points 
Eigenvalue (FEuler) 26,4 kN 38,4 kN 28,7 kN 
Mass 5,2 kg 5,5 kg 5,6 kg 
Eigenvalue/mass 508 kg/kg 702 kg/kg 509 kg/kg 
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Figure 4.10. Optimized roof for the British Museum Great Court by C. Brandt-Olsen 

Compared with the eigenvalue of the flat plate, the NURBS shape optimization proves its value by increasing the 
buckling capacity with a factor of 480 for the 25 control points with a mass increase of 140%. When considering 
the flat plate also has moment capacity at the edges, to make a fair comparison, the buckling capacity is still 
increased by a factor of 105. However, the results also show the sensitivity to the number of control points. An 
increase in control points resulted in a decrease of the optimized result. This effect can be declared by the 
creation of geometric noise, as discussed in paragraph 4.3.1. 

 

4.4 Method 2: Eigenshells 
 

4.4.1 Theory and previous research 
A different approach to optimize the shell shape is to use a set of shapes that is intrinsically linked to the 
geometry of the shell. In this case, the eigenmodes are used to increase the structural performance while 
maintaining a low parametrization of the shell. The eigenmodes define scalar displacement fields over the shell 
and form a series of standing waves of increasing spatial frequency. The displacement field refers to some 
discrete scalar function that moves each node on the shell out of the plane of the shell. Such a displacement field 
can be composed by a certain discrete Laplacian operator. The discrete Laplacian is a square matrix with as many 
elements in a row as there are nodes in the shell. The eigenmodes with a low frequency contain more smooth 
geometry with less curvature variations. The higher the frequency of the eigenmode, the more curvature is 
present in the geometry of the eigenmode (Brandt-Olsen, 2015) (Adriaenssens et al., 2014). 

In order to modify the shape of the shell, each eigenmode can by multiplied by a certain weight factor and all of 
the displacements can be added together to obtain the displacement field for the coordinates of the nodes of the 
shell. The shape of the shell can be adjusted by changing the weighting factors of the linear combination of the 
eigenmodes (Adriaenssens et al., 2014).  

This method was proposed by Michalatos and Kaijma and while eigenmodes are widely explored in computer 
graphics, the application in architecture is very limited. Michalatos and Kaijma stated that these eigenmodes can 
be compared with the vibrational modes of a membrane with a given boundary sorted according to their 
frequency from lowest to highest. In an architectural context this can be useful, because it is generally only 
desirable with low frequency eigenmodes (more smooth). Michalatos and Kaijma also demonstrate how a low 
parametrization can be achieved for performing a structural optimization. The method differs from NURBS 
because the weighing factors are the parameters instead of the more visual control points. Changing control 
points has a local effect on the geometry, while adjusting a weighing factor impacts the curvature over the full 
surface of the shell (Brandt-Olsen, 2015). 
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 Figure 4.11. Buckling modes 1, 4, 6, 10 and 18 (from left to right) 

 Figure 4.12. Eigenmodes 1, 4, 6, 10 and 18 (from left to right) 

Brandt-Olsen performed a research on eigenshells and developed a software tool to apply this harmonic shape 
optimization in the conceptual design stage of a project. The research showed that by combining the eigenmodes 
of a shell the structural performance can be increased significantly. For this optimization, buckling, stresses and 
deformations are considered. As a case study, the roof of the British Museum Great Court was optimized and it 
was found that the buckling capacity can be doubled for a 3% increase in roof surface area (Brandt-Olsen, 2015).  

 

4.4.2 Eigenmodes 
The eigenmode problem has many similarities with a finite element modal analysis, or buckling analysis, which 
performs an eigendecomposition of the stiffness matrix of a structure in order to describe the vibrational and 
buckling modes. Various information such as choice of material, boundary conditions and load application are 
necessary to construct this stiffness matrix. The advantage of the Laplacian operator is that it is purely related to 
geometry, but nevertheless it can be thought of as a simplified stiffness matrix (Brandt-Olsen, 2015). This 
similarity causes that some of the eigenmodes are the buckling modes. The other way around, all of the buckling 
modes are present in the eigenmodes, but the order is different. The buckling modes are dependent on for 
example load application, while purely looking at geometry, different vibrational modes in different directions 
can have lower or higher frequencies.  

The buckling modes can be constructed from the potential energy formulation and the eigenvalues. For a flat 
plate the buckling modes can be described by a function w(x,y) in x- and y-direction (equation). The buckling 
mode depends on the load application and the shape in which the plate will become unstable against this loading 
condition. Since eigenmodes are only dependent on the geometry, the resulting shapes contain all possible 
instability and vibrational modes the shell can experience. A set of buckling modes and eigenmodes is compared 
in Figure 4.11 and Figure 4.12. 
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Figure 4.13. Eigenshells optimization results. From left to right increase in eigenmodes included (5, 10, 20) 

 
Table 4.6. Eigenshells optimization results 

4.4.3 Model setup 
The first part of the model is again the modeling of the initial flat plate shape. The plugin Millipede for 
Grasshopper is used to obtain a certain number of eigenmodes of the geometry. The input and output of 
Millipede is a mesh, so the obtained eigenmodes are constructed as meshes. Since the eigenmodes are scalar 
deformations of the initial shape, the first parameter is a general scalar value. To combine different eigenmodes, 
the deformation vectors from the initial shape to the eigenmode need to be determined. Therefore the meshes of 
the eigenmodes are first deconstructed to obtain the vertices of the meshes. From the vertices of the initial flat 
shape, displacement vectors are constructed that represent the out-of-plane displacement of every point in the 
eigenmode. These displacement vectors are grouped for every eigenmode. A number of number sliders, equal to 
the number of eigenmodes to consider in the optimization, is created and the output values of these number 
sliders are multiplied with each displacement field (e.g. parameter 1 * displacement of eigenmode 1, parameter 2 
* displacement of eigenmode 2 etc.). In this way, the optimization algorithm can adjust the influence of every 
eigenmode in the resulting shape. The total displacements for every vertex is then added together to form the 
combined displacement field. The resulting shape is a linear combination of eigenmodes and is subsequently 
analyzed with Karamba to obtain the results. 

 

4.4.4 Optimization results 
The optimization is performed for a different number of input eigenmodes that can be combined: 5, 10 and 20. 
The resulting geometries are added in Figure 4.13. It becomes clear that, when increasing the number of 
eigenmodes that the optimization algorithm can include in the final shape, the final shape looks unstructured. 
The shape with only 5 parameters is symmetric and contains double curvature.   

 

 

 

 

 

 

 

 

 

 

 

 

Since some of the eigenmodes contain the buckling modes, it becomes clearly visible that the shape optimization 
is avoiding the inclusion of these buckling modes in the final shape. When only 5 eigenmodes are applied, only 

 5 eigenmodes 10 eigenmodes 20 eigenmodes 
Eigenvalue (FEuler) 22,9 kN 22,1 kN 9,1 kN 
Mass 4,3 kg 4,7 kg 5,5 kg 
Eigenvalue/mass 535 kg/kg 468 kg/kg 167 kg/kg 
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Figure 4.14. Buckling modes and applied loads approximated with folded paper sheet 

x 

y 

z 

two eigenmodes are actually used. The other eigenmodes are in this case the buckling modes and they would act 
as an imperfection that weakens the shell. The result of 535 kg/kg for the inclusion of only 5 eigenmodes and 
thus 5 parameters is larger when compared to the 9 parameter result of the NURBS curves (508 kg/kg). When 
comparing geometries, the double curvature seems to improve the buckling capacity therefore better than the 
single curvature. It can also be concluded that the use of eigenshells is a low parametrization method for a quick 
generation of single and double curved shells. However, when the number of eigenmodes to include becomes too 
large, the final shape contains noise, just as with the NURBS optimization.  

 

4.5 Method 3: Rotation of buckling modes 
 

4.5.1 Proposal and previous research 
The first result of the NURBS optimization (with 9 control points) shows a clear similarity with eigenmode 
number 10 of the plate (Figure 4.12). The eigenmodes are constructed, independent of the load application or 
boundary conditions. Buckling mode 4 (Figure 4.11) presents an instability mode under a top (compressive) load 
application. Its shape shows clear similarities with eigenmode 10, but the curvature is applied in the different 
direction. Comparing the geometric results of the other NURBS optimizations with more control points and the 
results of the eigenshell method, the double curved waves are present in both methods. The NURBS optimization 
result for 25 control points can be compared with eigenmode 18. The double curvature of both of these shapes 
shows similarities with buckling mode 6, but again is the curvature now applied in the other direction.  

From the results of the eigenshell method it can also be concluded that a number of eigenmodes, which are the 
buckling modes for the applied top load, are not efficient to use for increasing the buckling capacity. To reduce 
the number of eigenmodes to consider, these inefficient geometries can be filtered out of the range of 
eigenmodes. In paragraph 3.1 it is discussed that Robert Hooke and Heinz Isler applied the principle of the 
hanging models. In these models, a pure tension model is inverted to obtain a pure compression model. 
Considering the optimized geometries and their similarities with a number of the eigenmodes, it is proposed to 
inverse the buckling shape to obtain an efficient geometry to resist buckling in the other direction. By inversing 
the buckling mode shapes the resulting shapes are intrinsically linked to the applied boundary conditions and 
load application. This principal removes all of the unwanted shapes that are currently present when considering 
all of the eigenmodes. 
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 Figure 4.15. Left: cross-section of the ASTER cylindrical shell. Right: Yoshimura buckling pattern 

This principal of reversing the compressed direction to find an optimal shape against compression in the other 
direction can be demonstrated with a paper sheet (Figure 4.14). When the desired load application (z-direction) 
is analyzed, the first buckling mode is obtained and when this buckling mode is present in the eigenmode, it 
weakens the structure for the applied load direction. When the load direction is inversed to a compression load 
in x-direction, the first buckling mode shape is similar to the previous analysis, but its orientation is different. 
When this geometry is extracted and is loaded in the z-direction, it becomes clear that the shape now behaves 
stiff against the applied load.  

A reference project, where more or less the same principal is applied, is the ASTER shell (Combescure & Jullien, 
2015). The ASTER shell is a shell where the rings, that can be seen in the linear first buckling mode of a thin-
walled cylinder (Figure 4.4), are applied in the length-direction (Figure 4.15). It was found from numerical and 
experimental tests that this shape significantly increases the axial (buckling) capacity. It was also found that 
contrary to perfect cylindrical shells, this type of shell is not significantly affected by geometric imperfections.  

 

 

 

 

 

 

 

 

 

 

4.5.2 Yoshimura 
The buckling shape of an axially loaded cylinder can be a ring pattern or a column pattern. Which one occurs 
depends on the shell thickness and its radius. When buckling progresses and the material starts to deform 
plastically the shape adopts a Yoshimura pattern (Figure 4.15). The Yoshimura pattern is a triangular mesh 
buckling pattern found in thin-walled cylinders under axial compression. This buckling pattern is named after 
the Japanese researcher who first provided an explanation for its development in a paper first published in Japan 
in 1951 (Hoogenboom & TU Delft, 2015) (de Vries, 2005). The triangular mesh shape of the Yoshimura pattern 
is widely used in origami and when compressing the pattern in the weak direction, the origami shape can be 
folded to a flat piece. However, when compressing the triangular mesh in the other direction, it behaves stiff, just 
as with the previously discussed rotated piece of buckled paper. The stiff shape of the Yoshimura pattern in its 
different direction, is in a structural context applied for stiff roof structures and barrel vaults. An example is the 
roof of the Yokohama International Passenger Terminal by Foreign Office Architects (Langdon, 2014). 

 

4.5.3 Model setup 
The first step of the model is the shape generation of the initial rectangular flat plat shape. The rectangular plate 
will, to obtain the rotated buckling modes, be loaded in the direction perpendicular to the width of the plate (x-
direction). The boundary conditions are applied with Karamba and the a number of output buckling modes is 
specified. The output of Karamba is a list of the meshes of the buckling mode shapes. The first parameter of the 
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 Figure 4.16. Rotated buckling mode optimized results. From left to right: rotated mode 7, 8 and 20 

Table 4.7. Rotated mode shapes optimization results 

optimization is to choose one of the buckling modes (in other direction). The second parameter defines the 
scalar value of the amplitude of this mode. New boundary conditions, in the desired z-direction, are applied and 
the eigenvalue result and mass are calculated.  

 

4.5.4 Optimization results 
The optimization is performed only for one run and multiple shapes can be extracted. Due to the low number of 
parameters (2) the results that are shown in Figure 4.16 were obtained in less than 5 minutes after the start of the 
optimization. Comparing the geometries with the results of NURBS and eigenshell methods, it becomes clear 
that the single and double curved shapes can again be recognized in the rotated mode shapes. The other large 
difference is the smoothness of the models. This is the result of only applying one buckling mode to be rotated. 
The script does not have the option to combine or locally manipulate the shape.  

 

 

 

 

The results of the optimization are added in Table 4.7. The results are significantly larger (approximately a factor 
3) when compared to the previous optimization methods. This proves the efficiency of using the inverted 
buckling mode when the plate would be compressed in the other direction. The smooth geometry of the three 
shapes also contributes to the efficiency, while the shapes of the previous optimization methods become more 
irregular when implementing more parameters. 

 

 

4.6 Comparison 
 

The results of the optimization methods can be compared for the parametrization, computational time and the 
output geometries. These factors will determine the most efficient method to increase the buckling capacity. 

 Rotated mode 7 Rotated mode 8 Rotated mode 20 
Eigenvalue (FEuler) 47,7 kN 83,9 kN 76,9 kN 
Mass 4,3 kg 4,5 kg 4,5 kg 
Eigenvalue/mass 1120 kg/kg 1870 kg/kg 1720 kg/kg 
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Table 4.8. Comparison of optimization methods 

4.6.1 Low parametrization 
As discussed in paragraph 4.3.1, a large number of parameters will lead to geometric noise and most 
optimization algorithms are therefore not able to find the optimal solution. The optimization with NURBS is a 
‘free’ optimization where the script can choose any shape desired from the constructed NURBS surface. By 
adding more control to the shape by increasing the number of control points, this geometric noise becomes clear 
and the result is a highly irregular geometry. This effect decreases the efficiency of the method. In this stage of the 
research, a plate of 1,0 meters by 0,5 meters is considered. When increasing the dimensions of the initial shape, 
the number of parameters also increases to be able to manipulate the geometry of the total shape.  

The eigenshells method works with shape manipulators that with one parameter can change the shape of the 
total shell. But the eigenmodes that are used to manipulate the shape also contain the buckling modes that 
weaken the plate. The inclusion of these eigenmodes is therefore unnecessary. Another problem is that the 
method requires to define the range of eigenmodes to consider. By increasing the range of eigenmodes, again the 
optimization algorithm yields solutions with irregular geometries.  

To filter out these unwanted eigenmodes and only use shapes that are intrinsically linked to the applied 
boundary conditions and loads, the rotated eigenmode method is proposed. All of the rotated eigenmodes 
contribute to an increase in buckling capacity. The optimization results prove its value by increasing the buckling 
capacity more than the NURBS and eigenshells method, while only using two parameters. 

 

4.6.2 Computational time 
The low parametrization automatically leads to a faster computational time for the optimization. With the large 
number of parameters of the NURBS and eigenshells method, the optimization algorithm did not even converge 
to a solution. The rotated eigenmodes method proved to be most efficient for finding the best solution within the 
shortest amount of time. A comparison between the methods is provided in Table 4.8. 

 

 

 

 

  

 NURBS Eigenshells Rotated mode shapes 
Eigenvalue/mass 702 kg/kg 535 kg/kg 1870 kg/kg 
Number of parameters 25 5 2 
Optimization time 30 minutes 30 minutes 5 minutes 



39 
 

1,0

0,5

0,0
0,2 1,0 2,0 3,0

𝜆𝜆̅ 
Figure 5.1. Buckling curves from Eurocode (NEN-EN 1993-1-1) 

(5.1) 

5 Non-linear stability 
 

In the previous chapters, the different geometries were assessed with a linear buckling analysis. For thin shells, it 
is proven from experiments that a linear buckling analysis overestimates the capacity due to the influence of 
imperfections. When curvature is added to a shell, eccentricities and additional moments become present. Next 
to instability, the shell can also fail by yielding due to these additional bending stresses. In this chapter, a 
calculation scheme will be setup to consider the different types of imperfections caused by the printing process 
and takes both of the failure mechanisms into account. A linear approximation method for this non-linear 
calculation is determined to increase the optimization speed.  

 

5.1 Thin shells 
 

When a column is loaded in axial compression, it can fail either by compression or by buckling. A ratio which 
determines which failure mode occurs is the slenderness ratio. A purely axial compression load applied through a 
short column will cause failure by pure compression. The same conditions for a long column will cause buckling 
and for an intermediate column will cause a combination of the two. The slenderness can be defined by the ratio 
between the effective length and the radius of gyration and it captures the influence on buckling of all the 
geometric aspects of the column, namely its length, area and second moment of area (MechaniCalc, 2015). To 
take this effect of slenderness into account, the Eurocode (NEN-EN 1993-1-1) specifies a factor that decreases the 
pure compression failure load depending on the relative slenderness. The relative slenderness can be defined by:  

 

where Ncr is the critical buckling load determined by the Euler formula. Next to the slenderness of the column, 
the reduction factor χ also takes the effect of imperfections into account. The imperfection factor is dependent on 
the dimensions of elements of the cross section (for example the flanges of a HEA profile). When the cross-
section contains elements that have a larger slenderness than specified, the Eurocode (NEN-EN 1993-1-1) refers 
to finite element analysis using shell elements to take local buckling into account. 

When the slenderness and the imperfection factor are determined from the provided tables in the Eurocode 
(NEN-EN 1993-1-1), the reduction factor χ can be determined from the buckling curves.  
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Table 5.1. Comparison relative slenderness 

The standard buckling curves are provided in Figure 5.1 and it clearly shows that the failure load is reduced more 
when the column has a large slenderness. For columns with a small slenderness, the failure load is not reduced 
because buckling will not be the governing failure mechanism. 

The relative slenderness of the simply supported HEA100 column with a length of 3,0 meters (Figure 4.2) can be 
compared to the relative slenderness of the simply supported 1 mm thick plate of 1,0 meters height and 0,5 
meters width (Figure 4.6). For both the column and the plate the standard steel material S235 is applied. The 
results are added in Table 5.1. 

 

 Yield load Eigenvalue (FEuler) Relative slenderness Reduced failure load 
HEA100 399 kN 308 kN 1,3 200 kN 
Flat plate 118 kN 0,09 kN 36 - 

 

 

The effect of the slenderness and the influence of imperfections on the slenderness becomes clear with the 
calculation of the reduced failure load of the HEA100 column. The HEA100 column will fail before reaching its 
yield strength and even before reaching the linear eigenvalue. However, the relative slenderness of the thin plate, 
is almost 30 times larger and a reduction factor cannot be obtained from the buckling curves in the Eurocode. 
The slenderness of the thin plate is comparable to the slenderness of thin shells, which have a small thickness 
compared to their surface area.  

 

5.2 Von Mises yield criterion 
 

The reduction factor in the Eurocode (NEN-EN 1993-1-1) takes the geometry, the effect of imperfections, the 
stability and the maximum axial compression load (yielding) into account. When increasing the buckling 
capacity of the shell geometry by adding curvature, yielding can become the governing failure mode.  

The yield point is the point on a stress–strain curve that indicates the limit of elastic behavior and the beginning 
of plastic behavior. Yielding means the start of breaking of fibers. Yield stress is the material property defined as 
the stress at which a material begins to deform plastically whereas yield point is the point where nonlinear 
(elastic and plastic) deformation begins. Prior to the yield point the material will deform elastically and will 
return to its original shape when the applied stress is removed. Once the yield point is passed, some fraction of 
the deformation will be permanent and non-reversible (Continuum Mechanics, n.d.). 

The yield point therefore determines the limits of performance for mechanical components, since it represents 
the upper limit to forces that can be applied without permanent deformation. Failure due to yielding is a soft 
failure mode which does not normally cause catastrophic failure or ultimate failure, which is preferable over the 
brittle failure mode of buckling (R. M. Christensen, 2007). 

When considering the compression of the curved plate geometries of Figure 4.16, next to compression stresses, 
also bending stresses will be present due to the eccentricities in load path caused by the curvature. A yield 
criterion is a hypothesis concerning the limit of elasticity under any combination of stresses. One of the most 
common yield criterion as applied to an isotropic material (uniform properties in all directions) is the maximum 
distortion energy theory (Von Mises yield criterion). This theory proposes that the total strain energy can be 
separated into two components: the volumetric (hydrostatic) strain energy and the shape (distortion or shear) 
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 Figure 5.2. Stress-strain relationships of stainless steel and carbon steel 

(5.2) 

strain energy. It is proposed that yield occurs when the distortion component exceeds the value of the material’s 
maximum strain at the yield point. The Von Mises equation for the elementary cube in a shell element (Figure 
3.3), including membrane and bending stresses is the following (R. M. Christensen, 2007):  

 

 

5.3 Influence of printing and base material settings 
 

5.3.1 Material 
Stainless steel is a material which is suited for the wire feed additive manufacturing technique. This material is 
also applied by the printing company MX3D. Because MX3D has experience with printing stainless steel it is 
chosen to apply this material for the further part of this research. The exact types of stainless steel welding wire 
that are used are 1 mm solid wires confirming to ER 308LSi. Compared to ordinary 308L, the Si versions contain 
extra silicon, improving the wetting behavior of the welded metal, which makes it easier to clean and finish 
(Joosten, 2015). The structural properties of stainless steel are determined by the alloying elements and the 
microstructure. The main types of stainless steel are ferritic, austenitic and martensitic stainless steels. The 
amount of austenite, ferrite and martensite in a stainless steel microstructure can be predicted using a Schaeffler 
diagram and is based on the amount of Chromium and Nickel in the material. The material 308LSi is chosen 
since it consists mostly of austenitic steel, which gives the material a good weldability (Joosten, 2015).  

The microstructure of the material consists of crystal structures that make up the grains. The grains together 
form the metal structure and determine the type and properties of the stainless steel. Grains are formed from 
uniformly oriented lattice (crystal) structures and the boundaries between these grains can strengthen or weaken 
the material properties. The grain size also effects the material properties. Smaller grain sizes result in higher 
yield strength and also increase the ductility and toughness. For grain formation to occur, different solidification 
nuclei are necessary. When the grains grow in different directions and meet, grain boundaries are formed. When 
these grains grow in the same direction, a columnar grain structure is observed. In multipass welds, which is the 
basis of the wire feed additive manufacturing technique, the grains tend to grow in the direction of the 
temperature gradient which leads to a columnar grain structure. These columnar grains lead to anisotropy of the 
mechanical properties of the printed stainless steel (Joosten, 2015).  

Additionally, another difference of stainless steel with common carbon steel is the stress-strain relationship 
(Figure 5.2). While carbon steels show a clear yield point, yield plateau and strain-hardening region, stainless 
steels exhibit a different behavior. The stress-strain diagram follows a smooth and gradual curve.  
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Figure 5.3. Transverse (left) and longitudinal (right) orientation of printed layers 

 Table 5.2. Initial assumed material properties for transverse direction 

Because the yield point is not clearly marked, the 0,2% proof stress (σ0,2) is used. This can be obtained by drawing 
a line parallel to the Young’s Modulus at ε0 and moving this line to 0.2% strain (ε0,2). The point of intersection 
between this line and the stress-strain curve is taken as the yield point and its corresponding value to the 0,2% 
proof stress. 

The printing process also has an influence on the eventual material properties as discussed in paragraph 2.2.4. 
Summarizing the effects it can be concluded that the cooling rate is affected by the change in heat input and 
therefore the microstructure and the mechanical properties will change. Rapid cooling of a workpiece is meant to 
harden the workpiece and increase its strength, while slow cooling is expected to have the opposite effect. An 
increase in heat input can lead to a decrease in yield strength, tensile strength and hardness. To keep these factors 
constant, a completely controlled environment would be required. Since this is not the case with MX3D, it can be 
determined that the material properties can vary, even throughout printing one object.  

 

5.3.2 Properties 
Various research institutes have performed experiments to determine the mechanical properties of the stainless 
steel that is printed with the wire feed AM technique of MX3D (Joosten, 2015). The first thing to distinguish is 
the anisotropy of the material. Next to the anisotropy on microstructural scale, also a difference in material 
properties can be recognized by comparing the two different layer orientations and load directions (Figure 5.3). 

 

 

 

 

 

 

 

 

 

Considering the convenience of horizontal printing of layers, it can be determined that the transverse (load) 
direction is the governing direction. Printing in this direction provides wider possibilities because with the 
longitudinal direction it would not be possible to print a closed tube. The results of experimental compression 
and tensions tests also show a lower result in stiffness when performed in the transverse direction, which yields a 
safe assumption of material properties. This lower stiffness can be caused by the effect that the layers get pulled 
off each other instead of being stretched along their length. 

 

Young’s modulus 175 GPa 
Yield stress 300 MPa 
Density 79 kN/m3 
Poisson’s ratio 0,3 
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Table 5.3. Initial assumed plastic material properties 

 Figure 5.4. Indicative printing imperfections. Left: cross-section variation. Right: neutral axis variation. 

From the results of the experimental research performed by Joosten, Tebbens (Arup data), Van Bolderen (Arup 
data), OCAS (Onderzoekscentrum voor de Aanwending van Staal) (Arup data) and University of Bologna (Arup 
data) the material properties for the transverse direction are initially assumed as shown in Table 5.2. During this 
phase of the project, the behavior of the material is assumed as a bilinear stress-strain curve (Table 5.3). The 
material properties will be studied more in depth in chapter 8. 

 

 

These material properties form the input of the analyzed models of the research, but since a parametric 
environment is used, these properties can be adjusted. Additionally, for this project isotropic material properties 
are assumed. The effect of anisotropy on the microstructure scale is not considered. It is expected that this effect 
of micro-anisotropy will have a small influence because of the membrane action of thin shells.  

 

5.3.3 Imperfections 
Thin shells are highly sensitive to geometric imperfections and these types of imperfections also occur with the 
wire feed AM technique. A distinction can be made between two different types of imperfections: the variation in 
thickness of the cross-section and the variation of the midsurface (neutral axis) relative to its perfect shape. 
Examples of both of these imperfections and a schematization are shown in Figure 5.4. These types of 
imperfections can be recognized with all of the printed samples by wire feed AM and MX3D. 

 

  

 

 

 

 

  

 

 

 

 

The wire feed AM technique that is applied is a process of welding and with the general process of welding a 
variety of defects can occur. A welding defect can be defined as any flaw that compromises the usefulness of a 
weldment. Imperfections can be broadly classified into those produced on fabrication of the component or 
structure and those formed as result of adverse conditions during service. The principal types of imperfections 
are: lack of fusion, cracks and porosity (The Welding Institute (TWI), n.d.). These imperfections also have an 
influence on the performance of the printed objects, but the exact influence is outside the scope of this thesis.  

Stress (MPa) Strain (mm/mm) 
300 0 
400 0,028 
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The minimum printing thickness, in the current state of the technology, is 3 mm. Joosten investigated the 
distribution of the thickness of an arbitrary cross-section. When the printer settings are adjusted to print 6 mm, 
the eventual thickness variation will be of a normal distribution. Joosten measured an average thickness of 6 mm, 
with extreme values of 5,0 and 7,0 mm (Joosten, 2015). Considering the thickness variation of the cross-section, 
for this thesis it is assumed that the shell has a constant cross-section across the whole shell. This assumption is 
made because it is expected that the largest influence on instability will be caused by the geometric deviation of 
the neutral axis. Even small eccentricities will lead to additional moments in the thin shell and can cause 
buckling. When the governing failure mode of the shell is yielding, the shell will yield first at the location of the 
smallest thickness in the cross-section.  

 

5.3.4 Residual stress 
The effect of the geometrical deviation of the neutral axis can be caused by the effect of deformations during 
printing. These deformations are caused by the heat input and cooling rate of the printing process. In paragraph 
2.2.4 it is discussed that this effect has a large influence on printing straight sections. It is observed that extrusion 
profiles with straight sections buckle during the printing process due to these residual stresses. The continuous 
shrinking of layer upon layer leads to this instability. When the shape of the printed profile is curved and these 
residual stresses cannot ‘lose’ energy by deformation, these stresses will be stored until the profile is removed 
from its base plate. After removal of the support of the profile, deformations are released or the stresses are 
maintained in the profile, causing a reduction in capacity (D. Ding et al., 2015). 

It can also be observed that with a double curved shape, these deformations are relatively small. The 
deformations are divided and spread in different directions and therefore do not cause large geometrical 
deviations. The effect of the residual stress is outside the scope of this thesis, but the effect of a variation in shape, 
which can be caused by residual stresses, is considered.  

 

5.3.5 Maximum print angle 
The possible shapes that can be printed with the wire feed AM technique is limited by a maximum inclination 
angle. If the angle between two stacked layers is too large, the top layer has not enough support during the 
printing and will not attach to the bottom layer. To design efficient structures for 3D printing, this effect needs to 
be taken into account. Normally, if angles become too large between subsequent layers, the model is split up in 
two different parts. These two parts can then be welded together by hand if they are both finished. Another 
option that is mostly seen in plastic printing is printing of additional support material. This material is used to 
support the structure during printing, but is removed afterwards.  

MX3D checks their geometries, before printing, if there are no inclinations that are smaller than approximately 
70 degrees measured from the flat ground.  

 

5.4 Non-linearity 
 

In paragraph 3.3.2 it is discussed that the results of linear stability analysis are not representative for the failure 
load of thin shells. This difference is caused by the effect of imperfections. In the previous paragraphs, the 
different types of imperfections that are occurring because of the wire feed additive manufacturing technique are 
discussed. To take the effect of the large slenderness and the imperfections into account, a non-linear analysis is 
required.  
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Figure 5.5. Shell finite element analysis types for increased loading of a shallow spherical dome 

5.4.1 Analysis methods 
The Eurocode (NEN-EN 1993-1-6) provides a number of finite element analysis types for shell structures which 
are based on non-linear theories. These different analysis have an influence on the result of the failure load of the 
shell. The methods are the following: 

Linear elastic (buckling) analysis (LBA) 
Linear analysis assumes a linear material behavior and small deflections of the undeformed shell. A linear elastic 
buckling (bifurcation) analysis obtains the lowest eigenvalue at which the shell may buckle into a different 
deformation mode, assuming no change of geometry, no change in the direction of action of the loads, and no 
material degradation. Imperfections of all kinds are ignored. 

Geometrically and materially non-linear analysis (GMNA) 
A geometrically non-linear analysis (GNA) satisfies both equilibrium and compatibility of the deflections under 
conditions in which the change in the geometry of the structure caused by loading is included. The materially 
non-linear analysis (MNA) includes the non-linear stress-strain relationship to obtain the differences in strain 
during load increments. It is also used to analyze the ultimate (plastic) failure load of structures. 

Geometrically and materially non-linear analysis including imperfections (GMNIA) 
The GMNIA includes the effect of initial shape deviations that can influence the failure load. Before a shell is 
constructed, it is in most cases difficult to measure these shape imperfections. For plate structures, NEN-EN 
1993-1-5, it is determined that the initial imperfections needs to be applied as the buckling shapes. In the worst 
case scenario, the shell has an initial imperfection in its first buckling mode, reducing the failure load the most 
compared to other shape deviations. The introduction of applying the first buckling mode shape as initial 
imperfection is for this thesis assumed as a safe assumption. 

 

 

 

 

 

 

 

 

 

 

 

The results of these different analysis types are shown in Figure 5.5 for a shallow spherical dome, where 
instability is the governing failure mode. It becomes clear that the inclusion of the initial imperfections has a 
large effect on the failure load when compared to the linear buckling analysis. The GMNIA method includes all 
of the possible imperfections and material behavior and is therefore the most governing analysis type.  
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Linear buckling analysis

Model assembly
Geometry, material properties, boundary conditions and unit load

Obtain first eigenvalue and buckling mode and export nodal displacements

Rebuild model
Apply nodal displacements of first buckling mode with scalar factor to original geometry

Non-linear analysis with Riks method

Load-displacement curve

Plot values for load proportionality factor and displacement against the arc-length

Conversion of output data of Abaqus to Excel

 
Figure 5.6. GMNIA calculation scheme for shell calculations in Abaqus 

5.4.2 Riks method 
Complete investigation of the non-linear behavior of structures must follow the equilibrium path and can 
identify and compute the singular points like limit or bifurcation points. Several techniques to achieve the 
solution pattern on the equilibrium path are available. Load-controlled Newton-Raphson method was the earliest 
method in this regard, but it fails near the limit point. To overcome difficulties with limit points, displacement 
control techniques were introduced. One of those techniques is the arc-length method, originally developed by 
Riks and Wempner (Vasios, 2015). 

The Riks method is generally used to predict unstable, geometrically non-linear collapse of a structure. The 
method can include non-linear materials and boundary conditions and it generally follows an eigenvalue (linear) 
buckling analysis to provide information about initial imperfections. The Riks method uses the load magnitude 
as an additional unknown. It solves simultaneously for loads and displacements, unlike the load control method 
(Newton-Raphson method) in which the load is kept constant during a load step. The loading during a Riks step 
is always proportional. The current load magnitude is defined by load proportionality factor and this factor is 
found as part of the solution for each increment of the analysis (Vasios, 2015).  

 

5.4.3 Calculation scheme 
The Riks method is implemented in Abaqus and is used to perform a GMNIA analysis on the shell structures. A 
calculation scheme is setup and is added in Figure 5.6. 
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Figure 5.7. Non-linear analysis results of simply supported HEA100 column 
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(5.3) 

The result of the analysis is the load proportionality factor for every increment of the arc length. The values of 
these load proportionality factors can be multiplied with the load that is added to the structure. Also the 
displacements of nodes can be obtained for every increment of the solution. These two data sets can be plotted to 
obtain the load-displacements graph.  

The nodal displacements of the output buckling modes of the linear eigenvalue analysis are required as input for 
the non-linear analysis with the Riks method. To use this data for the non-linear analysis, the nodal 
displacements need to be saved to a text file. In order to save these nodal displacements, the input text file of the 
job for the linear eigenvalue analysis is manually adjusted. A text file is added in Appendix A.1, which shows how 
a job file for Abaqus is constructed and how this file can be adjusted to obtain the node displacements after the 
linear eigenvalue analysis. A text file is added in Appendix A.2, which shows how the Abaqus file for a non-linear 
analysis with Riks method is constructed and how this file can be adjusted to apply the previously saved nodal 
displacements to the geometry. Additionally, the solver settings are elaborated in Appendix A. 

 

5.4.4 Rankine-Gordon approximation 
Generally, non-linear calculations are time consuming and are therefore not beneficial to use for optimization 
purposes. To obtain a reduced failure load to account for imperfections and eccentricities, Rankine and Gordon 
developed a formula which combines the maximum buckling load and the maximum yielding (compressive) 
load (Sharma, n.d.):  

 

This formula is based on experiments on columns of different dimensions and profiles. The failure mechanisms 
of the curved shells will also consist of a combination of yielding and buckling. Since the formula is based on 
linear results, namely eigenvalue buckling and linear yielding, it can be used as approximation for the maximum 
failure load during optimization. The maximum stress in the structure for a certain loading can be linear 
extrapolated to find the maximum load at which the maximum allowable stress (yield stress) is occurring. 

 

5.4.5 Case study HEA100  
The simply supported column with a length of 3,0 meters (Figure 4.2) is analyzed using the calculation scheme of 
Figure 5.6 with Abaqus. The material properties of S235 steel are applied and the plastic material behavior is 
assumed as a bilinear relation. The resulting load-displacement curves are added in Figure 5.7. 
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The shape of the first buckling mode is also shown in Figure 4.2 and this shape is introduced as imperfection of 
the column. The deformations of the first buckling mode are multiplied with a scalar factor that represents the 
maximum value. The maximum displacement of the HEA100 column is a horizontal displacement, caused by 
buckling over the weak axis of the profile (z-direction in Figure 4.2). Thus, if an imperfection of 10 mm is 
applied, the horizontal distance between the original straight axis and the deformed shape is 10 mm at half of the 
height of the column.  

From the graph it becomes clear that with an increasing imperfection, the failure load is reduced. The 
deformations during load incrementation are larger when the initial imperfection is increased, leading to larger 
bending stresses in the profile. The Eurocode (NEN-EN 1993-1-1 table 5.1) gives proportions to determine the 
amplitude of the imperfection that has to be applied to the simply supported column. The HEA100 column falls 
under buckling curve c and since a plastic analysis is performed, the value for the amplitude should be 20 mm. 
NEN-EN 1993-1-1 paragraph 5.3.2 provides a measure for the maximum amplitude of the buckled shape 
imperfection. This formula is based on the relative slenderness, buckling curve and moment and normal 
capacity. The maximum amplitude can be calculated for the HEA100 column and has a value of 6,6 mm.  

Interpolating the results of Figure 5.7, the failure load at an imperfection of 6,6 mm would correspond with a 
failure load of approximately 210 kN. In Table 5.1, the result of the reduced failure load for the HEA100 column 
is 200 kN and this value is determined with the relative slenderness to calculate a reduction factor χ. The Rankin-
Gordon formula provides a failure load of 190 kN and it can therefore be assumed that the Rankin-Gordon 
formula is in this case a safe approximation of the non-linear failure load of the HEA100 column. 
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500 mm 

80 mm 

500 mm 

125 mm 

 Figure 6.1. Two basic models. Left: single curved plate. Right: double curved plate. 

6 Plate shape optimization 
 

In the previous paragraphs a calculation method is determined to include geometrical and physical non-linearity 
and imperfections. The assumed material properties for the printed material are discussed and a linear 
approximation method is found with the Rankine-Gordon formula. In this chapter, different shape generation 
methods are evaluated to maximize the failure load and minimize the mass of a plate. These shape optimizations 
are based on the results of the rotated buckling modes of paragraph 4.5, which provided the most efficient 
method to increase (only) the buckling capacity while minimizing the mass. Changing the failure mechanism 
from buckling to yielding proved to be a beneficial soft failure mechanism with a warning. Including yielding in 
the shape optimization will lead to shapes that combine maximum buckling and yielding capacity, while the goal 
will be to always have yielding as governing failure mechanism.  

 

6.1 Basic models 
 

6.1.1 Sine function 
Since the aim for this optimization is the maximization of failure load while having yielding as governing failure 
mechanism and a minimization of the mass, the method of rotated buckling modes proved to be most efficient in 
two of the three aspects. The shapes following from this method are constructed from the buckling modes of the 
plate. In paragraph 4.1.4 it is determined that following from the solution of the stationary potential energy, the 
deformations of the buckling modes can be obtained. It becomes clear that the solution of the stationary 
potential energy provides the displacement functions and these functions can always be constructed from sine 
and cosine functions. Sine and cosine functions are generally used in vibration and wave analysis and the 
eigenvalue analysis can be compared to these analysis types. The displacement functions for the plate buckling 
modes can be derived from equation 4.10. 
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 Figure 6.2. Analysis results of single curved (left) and double curved (right) plate 

The sine function is one of the basic functions encountered in trigonometry (the others being the cosecant, 
cosine, cotangent, secant, and tangent). The cosine function can be described with a sine function, and the other 
way around and therefore the sine function is used as the basis for the shape manipulation of the rotated 
buckling modes.  

When a plate is built up from two sine waves, one representing the bottom edge and the other one representing 
the top edge, two basic models can be distinguished. The first geometry consists of two equal edges, where a 
single curved surface is constructed by lofting the two curves in z-direction. The second geometry consists of two 
different edges, creating a double curved geometry. The period of the sine wave at the top edge differs a value of 
π from the period of the sine wave at the bottom edge. The two basic models, from now on referred to as single 
curved plate and double curved plate, are shown in Figure 6.1. The height (1,0 m) and width (0,5 m) of the plates 
is kept constant and the values are the same as for the flat plate of Figure 4.6. Since the printing process, in its 
current state, allows for a minimum printing thickness of 3 mm, this 3 mm is applied as thickness. To make a fair 
comparison between the models, the mass is kept equal by changing the amplitude of the waves.  

 

6.1.2 Boundary conditions 
The two basic models are evaluated to define the qualities and structural properties of single curvature versus 
double curvature. Both of the models are analyzed according to the calculation scheme of Figure 5.6 and the 
assumed printing material properties that are discussed in paragraph 5.3.2. The same boundary conditions are 
applied as in Figure 4.7 where the bottom edge is restrained in z-direction along its full length. This creates 
moment capacity at the bottom edge. The top edge is loaded along its full length and this effect can also cause 
moment capacity at the top edge. The resulting structural scheme is added next to the resulting analysis graphs in 
Figure 6.2. The horizontal axis of the analysis results contains the displacement in z-direction of the top middle 
point of both shapes. It can be assumed that an imperfection will occur that is approximately the size of the 
thickness when observing different printed objects. To make the influence of a larger imperfection clear, the 
imperfection amplitudes of 1, 2 and 3 mm are analyzed and compared. The non-linear failure load is compared 
with linear calculation results of the yield load and eigenvalue determined with Karamba.  
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Table 6.1. Analysis results of different geometries and their ratio between eigenvalue and yield load 

 Figure 6.3. Side view of single curved (left) and double curved (right) plates 

The analysis results (Figure 6.2) show the imperfection influence on the failure load of the single curved plate. 
The double curved shape is not influenced by this imperfection because the governing failure mode is yielding. 
Since it is hard to predict and measure this initial imperfection, its size is not with certainty limited to the 3 mm 
that is analyzed. Comparing the failure load, the single curved plate with an imperfection of 3 mm is slightly 
larger than the failure load of the double curved plate. It can be noticed that the expected yield load is larger than 
the eigenvalue of the single curved plate. This makes the plate sensitive to instability and the combined Rankine-
Gordon failure load is an accurate approximation. However, for the double curved plate the eigenvalue is larger 
than the expected yield load. Yielding is therefore the governing failure mechanism and the Rankine-Gordon 
failure load underestimates the capacity of the double curved plate. It seems that when the governing failure 
mode is yielding and when the eigenvalue is considerably larger than this yield load, the expected yield load is an 
accurate approximation of the non-linear failure load. 

To investigate the influence of the ratio between the eigenvalue and yield load on the non-linear failure load, 
plates with different amplitudes and geometries are analyzed. The previously discussed double curved plate has 
an amplitude of 125 mm. When reducing this amplitude, the eigenvalue reduces while the yield load increases. 
The yield load increases because with a smaller amplitude the eccentricity of the load path is reduced. This effect 
decreases the occurring bending stresses in the plate. Figure 6.3 shows that the load path through the single 
curved plate consists of straight lines while the load path from top to bottom through the double curved plate 
introduces eccentricities. The analysis results are added in Table 6.1. 

 

 

 

 

 

 

 

 

 

 

 

 

From the results of the ratio between the eigenvalue and the yield load in Table 6.1 it becomes clear that when the 
eigenvalue is smaller than the yield load (ratio < 1,0), the Rankine-Gordon formula approximates the non-linear 
failure load quite accurate. When the eigenvalue is larger than the yield load (ratio > 1,0) the influence of 

 Eigenvalue 
(FEuler) 

Yield load Rankine-
Gordon 

Non-linear 
failure load 

Eigenvalue / 
yield load 

Flat plate 8 kN 450 kN 8 kN 8 kN 0,02 
Single curved 400 kN 504 kN 223 kN 240 kN 0,8 
Double curved (A = 125 mm) 425 kN 190 kN 131 kN 200 kN 2,2 
Double curved (A = 100 mm) 340 kN 225 kN 135 kN 210 kN 1,5 
Double curved (A = 50 mm) 235 kN 300 kN 132 kN 180 kN 0,8 

y 

z 
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Figure 6.4. Spider boundary condition applied on single curved corrugated plate 

imperfections is reduced and the non-linear failure load can be approximated by the yield load. When this ratio 
is close to 1,0 and the eigenvalue and yield load are close to each other, the shape is still influenced by 
imperfections and the yield load is not a safe approximation of the non-linear failure  load. Therefore it is 
assumed in the linear calculation script with Karamba that when the ratio between eigenvalue and yield is larger 
than 1,25, the yield load is used as the failure load. When the ratio is smaller than 1,25, the Rankine-Gordon 
formula is used as approximation of the failure load. This ratio is implemented in the calculation part of the 
optimization script with Karamba to determine a failure load for different parametric models of the plate 
geometry. The linear approximation (Rankine-Gordon or yield load) of the non-linear failure load will from now 
on be referred to as ‘linear approximation’. 

When observing the side view of the double curved plate (Figure 6.3), the geometry has no curvature at the 
middle point of the total height. This point is caused by the two opposing sine waves at the top and bottom edge, 
which cancel each other out at the middle of the height when lofted. It would be expected that buckling is most 
likely to occur at the middle of the span, but still yielding is the governing failure mode of the double curved 
plate. This can be explained by the applied boundary condition that cause rotation capacity. The amplitude at the 
edges is large enough to prevent buckling at midpoint by the combination of tension and compression reaction 
forces. In practice it can occur that a floor, on which the plate is located, is bending and this would cause 
immediate buckling of the double curved plate at midpoint. To allow for rotation capacity at the edges, a new 
boundary condition is introduced (Figure 6.4). 

 

 

 

 

 

 

 

 

 

 

The new boundary condition consists of springs that are connected to the center of gravity point of the edge. 
These springs transfer the restraint at the bottom and the load at the top, both in z-direction, from the center of 
gravity to all of the nodes at the edges. In comparison with the boundary conditions of Figure 4.7, this spider 
connection allows for rotation of the full edge and shape around the x- (red) and y-axis (green). The boundary 
conditions now simulate a simply supported plate and the new analysis results are added in Figure 6.5. 

The analysis results show that the failure load of the double curved plate is now reduced to only 9 kN. The 
midpoint without curvature is the location where the plate buckles. The results of the single curved plate show 
that the imperfections have slightly less influence than with the previous boundary conditions, The same spider 
boundary condition is applied in Karamba and the linear approximation for both geometries is close to the non-
linear failure load from Abaqus.  
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Figure 6.5. Analysis results of single curved (left) and double curved (right) plate 

 
Table 6.2. Comparison between single and double curvature 

 

 

 

 

 

 

 

 

 

 

 

 

6.1.3 Conclusions basic models 
From the different analysis the single and double curvature have both different performances for the transfer of 
stresses to the supports, the stability and the influence of imperfections (Table 6.2). 

 

 Single curvature Double curvature 
Stress + (normal stress) - (bending stress) 
Buckling + (increased capacity) +/- (BC dependent) 
Imperfection sensitivity - (sensitive) + (not sensitive) 

 

 

The load path of the single curved plate consists of straight lines from top edge to bottom edge. The load paths of 
the double curved shape introduces eccentricities and therefore additional bending stresses. The stability of the 
plates is increased by both of the curvature types. However, the double curved shape contains points that have 
zero curvature and this makes the shape sensitive for buckling with the simply supported boundary condition. 
The advantage of the double curved shape is that, due to the eccentricities, yielding becomes the governing 
failure mechanism. This failure mechanism is less sensitive to imperfections.  

For the shape optimization of the plate a combination of single and double curvature is preferable. The straight 
lines to transfer the stresses from top to bottom combined with the double curvature to make yielding the 
governing failure mechanism are the goals for maximizing a failure load which is not sensitive to imperfections. 

 

6.2 Optimization goal 
 

To define an optimization goal, the geometry of the flat plate of Figure 4.6 with a thickness of 3 mm and the 
assumed printing material properties (E = 175 GPa and fy = 300 MPa) are used. To exclude the capacity for the 
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Table 6.3. Maximum possible failure load over mass ratio for the flat plate 

x1 

x2 

 Figure 6.7. Parameters for the script of the single curved plate 

 
Figure 6.6. 3D view of the optimized result of the single curved plate 

geometry to have moment capacity near the edges, the boundary conditions with the spider springs will be 
applied. With this simply supported boundary condition the flat plate will buckle at a load of 2,0 kN. When 
buckling is not considered and all of the material will yield due to normal forces the plate has a failure load of 450 
kN (fy * A). The mass of the flat plate is 11,85 kg and therefore the maximum possible failure load of the plate 
with height 1,0 m and width 0,5 m will be 3800 kg/kg. The results of the different shape generation methods that 
will be discussed in the next paragraphs will be compared with this value (3800 kg/kg = 100%). 

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kN/kg) Ffailure/m (kg/kg) 
Buckling 2,0 11,85 0,17 17 
No buckling 450 11,85 38 3800 

 

 

The same optimization scheme as Figure 4.5 will be used for the plate optimization. However, now not only the 
eigenvalue over mass ratio is optimized but the failure load (Rankine-Gordon or yield load) over mass ratio. The 
linear approximation is determined with the structural analysis results of Karamba and with Grasshopper scripts 
the geometry is manipulated. The different geometry manipulation methods are discussed in the following 
paragraph. 

 

6.3 Shape generation methods 
 

6.3.1 Single curved 
The first optimization script is setup to optimize the single curved geometry. This starting geometry is chosen 
because of its many applications in practice and the promising results for yield and buckling capacity.  
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 Table 6.4. Optimization results of the single curved geometry 

x2 rotated buckling mode to apply (x1) 

 

 
Figure 6.8. 3D view of the optimized result of the double curved plate 

 
Figure 6.9. Parameters for the script of the double curved plate 

The parameters that are applied for the single curved plate are the amplitude (x1) and the number of waves (x2) 
(Figure 6.7). Since the top and bottom edges are the same, one sine wave is constructed and duplicated to the 
required height in z-direction (1,0 m). A loft surface is generated between the curves and the surface is meshed 
for the structural analysis. The optimized geometry is shown in Figure 6.6. 

The optimization results for the simply supported boundary condition are added in Table 6.4. These results are 
can be assumed to be in comparison with a 3 mm imperfection. When the imperfection is larger or smaller, the 
results will change and this makes it difficult to determine the expected capacity of the single curved plate. While 
the script has the option to increase the number of waves and the amplitude, the resulting shape does not show a 
large number of waves or a large amplitude. This is the result of the inclusion of the mass minimization in the 
optimization goal. 

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Single curved 275 13,4  2050 54 

 

 

6.3.2 Double curved 
Next to the single curved shape, the other rotated buckling mode type contains the double curvature. The double 
curvature showed promising results for its failure mechanism (yielding) and the imperfection sensitivity. 
However, the double curved geometries resulting from the rotated buckling modes always contains the points 
without curvature because the opposing waves cancel each other out. For this optimization, the rotated buckling 
modes which contain double curvature are filtered out and the script can choose between one of these rotated 
buckling modes (x1). The other parameter is the scale factor to which the displacements in the rotated buckling 
mode are multiplied and this parameter determines the amplitude of the geometry (x2).  
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Table 6.5. Optimization results of the double curved geometry 

x1 

x2 
x3 

x4 

Figure 6.10. 3D view of the optimized result of the diagrid ribbed pattern geometry 

Figure 6.11. Parameters for the script of the diagrid ribbed pattern geometry 

The resulting rotated buckling mode from the script is already a mesh and can therefore directly be used as input 
for Karamba. The resulting geometry of the optimization is added in Figure 6.8 and the values in Table 6.5. The 
resulting geometry is a rotated buckling mode of a higher mode shape. The points without curvature are now 
spread at 1/3rd and 2/3rd of the height instead of the middle point which was the case for the lower rotated mode 
shape of Figure 6.1. The buckling mode that is rotated is the 10th buckling mode of the flat plate. The results for 
the simply supported boundary condition show that these points without curvature still influence the failure load 
significantly compared to the boundary condition where rotation of the edges is applied. 

 

 

 

6.3.3 Diagrid ribbed pattern 
A combination between single and double curvature is preferable for a geometry that is efficient for stress 
transfer, buckling capacity and imperfection sensitivity. The first script that is setup to combine single and 
double curvature is based on the ‘shell lace structures’ from architecture practice Tonkin Liu. Similar to the ways 
seashells gain their strength from optimized curvilinear geometry, the concept of shell lace structures takes 
advantage of these forms to provide added stiffness as a result of corrugations in thin shells constructed from 
steel sheets. These corrugations form structural ribs while in between these ribs double curvature is present to 
stiffen the ribs in all directions and prevent local buckling (Liu & Arup, 2014). A few examples of these shell lace 
structures are added in Appendix B.  

The script is constructed from the design of the ribs. The ribs are defined by a diagonal grid that can be divided 
by a horizontal distance (x1) and a vertical distance (x2). The center points of the resulting triangles are obtained 
and a Delaunay mesh is generated.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Double curved 34 14,0 240 6 
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Table 6.6. Optimization results of the diagrid ribbed geometry 

rotated buckling modes to include (x1) 

 
x2     + 

 

x3     + 

 

xn 

 

x2 * mode 1 + xn * mode n = geometry 

 

 Figure 6.12. 3D view of the optimized result of the combination of rated buckling modes 

 Figure 6.13. Parameters of the script for the combination of rotated buckling modes geometry 

The result is a diagonal grid with in between these grid lines (ribs) a surface which depth can be controlled by a 
parameter (x3). To smoothen the geometry that until now consists of sharp and straight lines and surfaces a 
Catmull-Clark mesh subdivision is applied. The number of subdividing iterations, which is an input for the 
Grasshopper component, defines the sharpness of the ribs compared to the surface in between the ribs (x4). 

The results of the optimization are added in Table 6.6 and the result is approximately the same as the optimized 
single curved plate. However, the difference is that for the diagrid ribbed geometry yielding is the governing 
failure mode and therefore the influence of imperfections is small. 

 

 

 

6.3.4 Combination of rotated buckling modes 
The method of the rotated buckling mode resulted in shapes with points that have no curvature. It was proven by 
Brandt-Olsen that a combination of eigenmodes can increase the failure load, but a different type of shell is 
considered, namely a roof structure. The optimization results from a combination of eigenmodes for the plate 
structure showed geometric noise and the optimization algorithm was not able to converge to solutions. To 
reduce the number of parameters the unwanted eigenmodes were filtered out by only using the rotated buckling 
modes. When applied singular, these rotated buckling modes are not effective for the simply supported boundary 
condition. This script allows the optimization algorithm to combine different rotated buckling modes. When a 
combination of these rotated buckling modes is created, the points without curvature can be avoided. The first 
parameter is the number of rotated buckling modes to include in the optimization (x1). The scaling factor for 
each rotated buckling mode that is included is the next parameter (x2). It becomes clear that if for x1 ‘n’ number 
of modes to include are chosen, the number of parameters for x2 is ‘n’. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Diagrid ribbed 380 18,6 2030 54 
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Table 6.7. Optimization results of the combination of rotated buckling modes script 
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Figure 6.14. 3D view of the optimized geometry (left) and parameter x6 shown for the side view (right) 

Figure 6.15. Parameters for the script of the sine wave optimization 

The optimized result is shown in Figure 6.13 and is constructed from a combination of the first 10 rotated 
buckling modes. The resulting geometry contains small geometric noise, leading to a shape which looks not 
optimal. The effect of the geometric noise was larger for the script with the combination of the eigenmodes in 
paragraph 4.4. It should be noted that when looking at the aesthetics of the plate, its geometry is likely to be 
adjusted before construction. 

The simply supported optimization results are added in Table 6.7 and despite the small geometric noise, the 
results are larger than the previously discussed shape generation methods. When observing the optimized shape, 
it becomes clear that the script removed the points without curvature. The top and bottom edge can be seen as 
two different curves which are lofted to a surface. Sine wave shapes can again be recognized in these curves. 
These sine waves have different amplitudes and periods from each other and this leads to a geometry that 
contains curvature along the full height and width of the plate. 

 

 

6.3.5 Sine parameters and varying amplitude (SIPVA) 
The results of the combination of rotated buckling modes implied that it is possible to manipulate the parameters 
of the sine wave to create double curved geometries without having the points without curvature. The basic 
parameters of the sine wave are the amplitude, the number of waves and the period.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Combination 341 14,9 2280 60 



59 
 

Table 6.8. Optimization results of the sine parameters and varying amplitude script 
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Figure 6.16. Optimization results of different shape generation methods 

To combine the double curvature with ribs to transfer the stresses to the support, a varying amplitude can be 
implemented. By adding a parameter for a large (x1) and a small (x2) amplitude that alternate in turn, a sort of 
diagrid is constructed between the large amplitude and the two smaller amplitudes of the other curves. This 
diagrid is clearly visible in the 3D view of the optimized result (Figure 6.14). The smooth resulting diagrid 
consists of the ribs while in between these ribs, double curvature is present to add stiffness. For larger and wider 
plates it can be preferable to have ribs that are not present at every other amplitude of the sine wave to reduce the 
mass. Therefore a parameter is added that defines the number of periods to skip between the large and the small 
curves (x3). When a large number is specified, the diagrid ribs have a larger distance in between them, while 
maintaining the double curvature to add stiffness. The final two parameters define the number of waves (x4) and 
the width of the ribs compared with the distance in between (x5). The latter parameter is modelled as the ratio 
between a large and a small period that alternate in turn. 

The geometry can be manipulated by changing the parameters of curve 1. Since curve 2 is the inverse of curve 1, 
to keep the number of parameters low, the input values for curve 1 are also used for the construction of curve 2. 
Curve 1 and 2 can be applied alternately multiple times over the height of the plate (parameter x6). The resulting 
horizontal curves are lofted and a mesh is generated for the structural analysis with Karamba. 

The simply supported optimization results are added in Table 6.8 and a Ffailure/mass ratio of 93% is achieved when 
compared with the maximum value of the flat plate where all the material would yield for the minimum possible 
material use. Subsequently, because of the double curvature, yielding is the governing failure mechanism and the 
results are not significantly influenced by imperfections. This result shows that 93% of the material is yielding 
before failure and this determines the efficiency of the material when applied in this geometry. The fact that it is 
not possible to achieve 100% yielding for the minimum material use is that always additional material is required 
to prevent buckling and that the curvature introduces additional bending stresses.  

 

 

6.3.6 Comparison 
The results of the different shape generation methods are compared in Figure 6.16. The results are compared 
with the maximum value of the flat plate. 100% of the material of the flat plate (11,85 kg) would be yielding when 
a load of 450 kN is applied and buckling is not considered.  

 

 

 

 

 

 

 

 

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Sine parameters 530 15,0 3533 93 
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Figure 6.17. Shape generation SIPVA around arbitrary curves 

 Figure 6.18. Front (left), back (middle) and top (right) view of the optimized geometry 

It becomes clear that the method with the largest efficiency for both of the boundary conditions is the method 
with the sine wave parameters and the varying amplitude. An overview of the shape generation script with 
Grasshopper is added in Appendix C, where the modeling of the geometry is discussed step by step.  

The script is converted to make it possible to insert arbitrary curves to make it possible to quickly evaluate and 
optimize different geometries (for example a freeform shell or a cylinder). The concept of the shape generation 
method is to apply a sine wave and manipulate the parameters of this sine wave. To be able to insert arbitrary 
curves in the script the first step is to define a sine wave that is revolving around this base curve. The amplitudes 
of this sine wave are then determined perpendicular to the arbitrary base curve and the parameters of the method 
(Figure 6.15) remain the same as for the flat plate. Examples of resulting curves from the shape generation 
method that are applied to arbitrary curves are added in Figure 6.17. It is noted that it is unclear if the 
optimization has the same efficiency for other geometries. 

 

 

 

 

 

 

6.4 Verification and additional research 
 

6.4.1 2D and 3D views 
The optimized result of the sine parameters and varying amplitude method (SIPVA) is a shape with curvature 
along the full height of the plate. The 3D view of the front shows the diagonal ribs from top to bottom. The 3D 
view of the back shows again these diagonal ribs, but now in the other direction. From the top to the bottom, 
along the full edge, the top load can therefore be transferred through ribs to the supports.  

 

 

 

 

 

 

 

 

 

 

The top view of the optimized geometry shows global curvature to create an amplitude to increase the global 
stability. In between this global wave, small waves are present to increase the capacity for local buckling. 
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 Figure 6.19. First buckling mode of optimized plate geometry 
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Figure 6.20. Abaqus analysis results of optimized plate with different imperfections 

6.4.2 Imperfection influence and validation with Abaqus 
The results of the linear approximation are validated with non-linear analysis with Abaqus. The calculation 
scheme of Figure 5.6 is applied and the first step is a linear buckling analysis. The simply supported boundary 
condition with spider springs is also applied in Abaqus and the first buckling mode is added in Figure 6.19 and 
the critical eigenvalue is 1008 kN.  

 

 

 

 

In the calculation scheme it is assumed that the first buckling mode is the governing mode shape to apply as 
imperfection. However, for the optimized plate geometry the first few eigenvalues are close to each other (1008 
kN, 1010 kN, 1018 kN, 1037 kN and 1038 kN respectively). When the first eigenvalues are close, it could occur 
that another mode shape than the first buckling mode is governing. Therefore, next to the difference in 
amplitude, different mode shapes are applied as imperfections. The results are added in Figure 6.20 and the 
resulting legend provides the information about the applied imperfection and its amplitude. 

 

 

 

 

 

 

 

 

 

 

 

 

H = 1,0 m 
b = 0,5 m 
t = 3,0 mm 
E = 175 GPa 
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 Table 6.9. Amplitude differences in optimized geometries 

curve 1 

 

 

curve 2 

 

 

Amplitude top 

 

 

Amplitude bottom 

 

 
 Figure 6.21. Side view of optimized geometry with additional parameters 

The analysis results show that the governing imperfection of the optimized plate is the third buckling mode. 
Only for the imperfection of the third buckling mode the linear approximation overestimates the result but the 
difference is only 2,5%. Therefore it can be concluded that the influence of imperfections is small and that the 
linear approximation of the failure load is quite accurate.  

 

6.4.3 Additional parameters 
The parameters of the curves of the sine and varying amplitude shape generation method (SIPVA) are kept 
constant for the previous optimization. To keep the number of parameters low, the amplitudes and other 
parameters that are applied for curve 1 are also applied on curve 2 (Figure 6.15). However, this curve 2 can also 
have a separate set of parameters. This leads to a duplication of the number of parameters.  

To investigate the optimization results with these additional parameters, the script is provided with the option to 
change the parameters of curve 2 separately from the parameters of curve 1. These two curves are then lofted to 
create a surface and meshed to form the input of the structural analysis. The optimized result is a shape with a 
failure load of a 506 kN and a mass of 14,2 kg. The resulting Ffailure/m ratio is 3563 and this is 94% of the 
maximum value. When the same parameters for curve 1 and curve 2 are applied a result of 93% is achieved. It 
can be concluded that the additional parameters do not significantly improve the result, while it slows the 
optimization process because of the increased number of possible solutions. 

When the resulting geometry is observed, the script chooses as optimum result a top curve (curve 2) with a 
smaller amplitude than the bottom curve. The amplitude values are added in Table 6.9 and the extended 
structural analysis results are added in Table 6.10.  

 

 Result without additional parameters Result with additional parameters 
Amplitude large Amplitude small Amplitude large Amplitude small 

Curve 1 12,3 cm 4,4 cm 12,3 cm 4,4 cm 
Curve 2 12,3 cm 4,4 cm 9,6 cm 4,4 cm 
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Table 6.10. Extended results of the two different optimizations 

 Result without additional 
parameters 

Result with additional 
parameters 

Max. yield load 530 kN 506 kN 
Max. buckling load 1004 kN 1005 kN 
Linear approximation failure 530 kN 506 kN 
Mass 15,0 kg 14,2 kg 

 

 

Yield load 
The plate with the equal amplitudes has more material at the top so the stress with the same load will be smaller 
in the plate. This causes that a higher yield load can be achieved for the equal amplitudes plate. 

Mass 
The plate with the equal amplitudes has a larger amplitude at the top than the plate with the varying amplitudes. 
This causes the larger mass of the plate with equal amplitudes. 

Factor difference (F/m) 
The difference in mass (5,3%) is larger than the difference in failure load (4,5%), caused by the difference in 
maximum yield load. A smaller mass can be achieved than the reduction in failure load. This causes a larger F/m 
factor and therefore the varying amplitudes plate gives a slightly better optimized result. 
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7 Cylinder shape optimization 
 

Next to plate structures, cylindrical shells and tubes are also commonly applied for structural components. Thin-
walled cylindrical shells are a frequently studied geometry because of their imperfection sensitivity and buckling 
behavior. In this chapter the basic geometry of a cylindrical shell is optimized to minimize the imperfection 
sensitivity and mass while maximizing the capacity. The most efficient shape generation method for the thin 
plate is determined to be the sine wave and varying amplitude method. Since the script is adjusted to make it 
possible to apply the shape to arbitrary input curves, the same shape generation method will be applied to a thin 
cylindrical shell. A start will be made with cylinder buckling in practice and a validation of the non-linear 
Abaqus analysis with experimental tests. 

 

7.1 Buckling 
 

7.1.1 Buckling modes 
In paragraph 4.1.7 a linear buckling analysis is performed for a thin cylindrical shell. When observing the 
buckling modes, the sine waves can again be recognized. This is logical since the construction of the buckling 
mode shapes is based on the differential equations of the cylinder. These differential equations can be solved by 
setting the solution to a form that consists of a sine and cosine functions. The buckling mode shapes of the plate 
also consisted of these sine waves. The basis of the most efficient shape generation method that is chosen for the 
plate is a parametric manipulation of sine waves. It can be concluded that the form in which the plate becomes 
instable is used, after manipulation, to increase the instability and failure load. Since the instability of the thin 
cylinder is also in the form of sine waves, the efficiency of the same shape generation method can be assumed to 
have the same effect. Subsequently, the ASTER shell showed that the application of a single curved sine wave as 
cross-section of a cylinder can increase its capacity. Therefore this chapter focuses on the perfect cylinder, a 
single curved cylinder and an optimized cylinder with the same shape generation method as applied to the plate. 

 

7.1.2 Non-linear buckling in practice 
Thin cylinders are sensitive to local buckling, whereas the simply supported plate and column were sensitive to 
global buckling. Instability will thus occur in the wall of the cylinder instead of bending the whole cylinder out of 
its original axis. Due to imperfections in the geometry, buckling can initiate at a certain zone of the shell, locally. 
Through a perfect shell, the greatest part of the load is transferred through membrane stresses. When a small 
geometrical eccentricity is present, due to an imperfection, this membrane stress locally introduces bending 
stresses. Since the thickness of the wall for thin-walled shells is small, the walls itself have a limited bending stress 
capacity and the shell will start to fail locally. This local failure initiates local instability and will eventually lead to 
failure of the shell.  

The linear buckling analysis for a thin-walled cylinder, which is performed in paragraph 4.1.7, shows the critical 
load of the cylinder and its buckling shape. From paragraph 3.3.2 it was concluded that in practice this 
theoretical value is never achieved due to the effect of these imperfections. Moreover, the buckling mode shape 
from the linear analysis is also clearly different from the failure of the tanks in Figure 3.5. The failure mode in 
practice consists of a triangular Yoshimura pattern. This buckling pattern can be recognized in practice for 
buckled cylindrical shells.  
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Figure 7.1. Axially compressed cylinders. Left: soda can. Right: paper cylinder 

Figure 7.2. Part of the Yoshimua buckling pattern of a thin-walled cylinder 

The Yoshimura buckling pattern can also be observed when axially compressing an empty soda can and a 
cylindrical piece of paper. Figure 7.1 clearly shows the triangular geometry at the bottom of the paper and in the 
middle of the compressed soda can.  

 

 

 

 

 

 

 

 

 

 

For the design of a soda can, the material use is minimized to lower the total costs for the manufacturer and its 
walls are currently manufactured with a thickness slightly lower than 0,1 mm. The thin wall only needs to resist 
the internal pressure of the soda. This internal pressure can also rise when the soda can is shaken. A soda can is 
in most cases made from an aluminum and in theory it is possible for an average weighing person to stand on it. 
However, when a small dimple is present in the wall of the can or if the weight is not evenly distributed over the 
top of the can, the can fails with immediately without a warning (Hoogenboom & TU Delft, 2015). This example 
shows the influence of imperfections on a perfect cylindrical shell geometry.  

For the flat plate it was shown that the rotated buckling mode of a piece of paper can be used to stiffen the 
geometry against buckling. A piece of the Yoshimura pattern can be created with origami (Figure 7.2) and when 
compressing it in the buckled direction (y-axis, green) the piece of paper can be folded to a flat sheet. In practice, 
the Yoshimura pattern indeed causes the structure to be bended in vertical direction and this causes the axial 
shortening of the cylinder. When the piece of the Yoshimura pattern is compressed in the other direction (x-axis, 
red), just as with the rotated buckling mode of the plate, the shape now behaves stiff.  
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 Figure 7.3. Dimensions of thin cylinder 

t = 3 mm 

H = 1,0 m 

d = 0,5 m 

When the geometry of the part of the Yoshimura pattern is observed, it can be concluded that the ribs in x-
direction assure this stiffness. The triangular mesh pattern creates in x-direction a triangular rib pattern. In 
between these ribs, double curvature can be recognized when the straight folded lines would be smooth. The 
triangular ribs with double curvature, when looking in x-direction (red) of Figure 7.2, show a lot of similarities 
with the optimized result of the plate shape generation method (Figure 6.18). The application of the same shape 
generation as the plate for the cylinder is therefore also intrinsically linked to the structural behavior of the thin 
cylinder itself. It can be concluded that the concept of using the structural behavior (buckling mode shapes) to 
increase the capacity is also valid for the thin cylinder and the exact value of the shape optimization will be tested 
in the following paragraphs. 

 

7.2 Perfect cylinder 
 

To start the optimization for the thin cylinder a basic geometry is defined. A cylinder is chosen with a diameter 
of 0,5 m, a height of 1,0 m and a wall thickness of 3 mm (Figure 7.3). The diameter to thickness ratio of this 
geometry is 167 and the Eurocode (NEN-EN 1993-1-1) specifies that for a ratio smaller than 90 a class 3 profile 
calculation can be performed. The value of 167 is significantly larger and from the Eurocode a reference is made 
to the requirement of a shell finite element analysis. When the diameter to thickness ratio is smaller than 90, it 
can be assumed that global buckling is governing over local buckling and therefore the standard column 
calculation with slenderness is sufficient. 

 

 

 

 

 

 

 

 

 

 

 

7.2.1 Boundary condition 1 
The first boundary condition that is applied for the analysis simulates a connection of the top and bottom edge to 
plates. These plates can rotate along their center of gravity, but all of the points in the top and bottom edge will 
remain connected to the plates. The first buckling mode of the thin cylinder (Figure 4.4) shows that for this 
boundary condition, the deformations near the middle of the height of the cylinder are larger. The fact that these 
deformations do not occur near the edges is caused by this connection to the top and bottom plates. To model 
this connection, again a spider boundary condition is applied. In the center of gravity of the bottom edge a point 
is generated with a pinned boundary condition. From this center point springs are generated through all of the 
points of the cylinders bottom edge. In the center of gravity of the top edge, another point is generated. The 
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 Figure 7.4. Boundary conditions for thin cylinder 

Figure 7.5. Abaqus analysis result without imperfection (left) versus elephant-foot buckling of a tank (right) 

restraints in this point are translation in x- and y-direction and rotation around the z-axis. From the center point 
again all of the top edge points of the cylinder are connected with springs. The full bottom and top edge can 
rotate along their center points, but all of the edge points remain connected to this plate and will therefore stay in 
the same plane. 

 

 

 

 

 

 

 

 

7.2.2 Numerical and practical failure modes 
A non-linear analysis is performed that follows the calculation scheme of Figure 5.6 and the same material 
properties as discussed in paragraph 5.3.2 are used. A linear buckling analysis is performed and the imperfection 
from the first mode shape is used as imperfection. This first mode shape is similar to the shape in Figure 4.4. The 
first analysis is performed without an imperfection and it becomes clear that the model fails with a buckle near 
the edges. Most of the compression forces are centered near the edges and this phenomenon is called elephant-
foot buckling. Elephant-foot buckling is a common failure mechanism for tanks and silos with medium 
thickness, where the compression forces are the largest near the bottom edge. In combination with plastic 
deformation and gravity loading, tanks can buckle near their edges. Due to the sufficient thickness, the tanks are 
less sensitive to imperfections (Bushnell, 1981).  

 

 

 

 

 

 

 

 

 

 

However, for most practical applications imperfections are common. When a thin cylinder becomes unstable due 
to local buckling and the influence of imperfections, the Yoshimura pattern is the failure mode shape. When 
applying an imperfection of 1 mm from the first linear buckling mode to the original geometry, the Abaqus 
analysis results show the Yoshimura failure mode and this is in accordance with the practical failure mode. 
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Figure 7.6. Abaqus analysis results with imperfection (left) and Yoshimura buckling of thin cylinder (right)  

 
Figure 7.8. Boundary condition 1 (left) and 2 (right) with their (local) buckling shapes 

Figure 7.7. Boundary condition 2 of the cylinder geometry 

 

 

 

 

 

 

 

 

 

7.2.3 Boundary condition 2 
From the first buckling mode Figure 4.4 with the previously discussed boundary conditions it can be observed 
that there is a moment capacity near the edges. The points are restraint to the center point of gravity and 
separately they cannot move. With the double curved plate, the effect of the points without curvature only 
became clear when the moment capacity caused by the boundary conditions was removed. To prevent the effect 
of the moment capacity completely, a new boundary condition is introduced (Figure 7.7). The top and the 
bottom edge are now both loaded in compression. The center of the cylinder at the middle of the height is 
restrained in z-direction with very low-stiffness springs to prevent the finite element solver to infinitely move the 
complete geometry in z-direction.  

 

 

 

 

 

 

 

 

The difference between the different boundary conditions is illustrated in Figure 7.8 where it becomes clear that 
with boundary condition 2, the edges are no longer restrained to the plane of the plates. 
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Figure 7.9. Non-linear analysis results of boundary condition 1 (left) and 2 (right) 

Both of the boundary conditions are analyzed with different amplitudes of imperfections from their respective 
first buckling mode shape. The displacement is measured as the (maximum) displacement in z-direction.  

 

 

 

 

 

 

 

 

 

 

 

 

7.2.4 Imperfection and boundary condition sensitivity 
From the resulting graphs of Figure 7.9 it can be concluded that the imperfection of the first buckling mode of 
boundary condition 1 has a large influence on its capacity, while the first buckling mode of boundary condition 2 
shows substantial larger failure values. The difference in buckling load (eigenvalue) between the two boundary 
conditions is small but it seems that the type of applied imperfection has a large influence. To study the effect of 
imperfection sensitivity, the results of multiple mode shapes have been evaluated. From these analysis it can be 
concluded that for boundary condition 2, the third buckling mode shape is the most governing one. By applying 
the imperfection of mode 3 to boundary condition 2, the results are equal to the results of boundary condition 1 
in Figure 7.9. Both of the graphs are added in Appendix D for comparison. The sensitivity to specific 
imperfection shapes makes it difficult to predict the actual behavior of the perfect cylinder. It is therefore 
important to evaluate different mode shapes to find the most governing one. Next to the imperfection sensitivity 
it can also be concluded that the results are largely influenced by the applied boundary conditions and for 
practical applications these boundary conditions need to be studied carefully.  

The Rankine-Gordon approximation overestimates the capacity for the perfect cylinder. This can be caused by 
the large imperfection sensitivity and the failure mode, which is no longer a combination between yielding and 
buckling but solely buckling. 

 

7.3 Shape generation methods 
 

7.3.1 Single curved cylinder 
From the research of the ASTER shell it was shown that applying single curvature to a thin cylinder the capacity 
can be increased and the imperfection sensitivity can be decreased. Therefore it is chosen to, just as with the 
single curved plate, compare the perfect cylinder with a single curved cylinder. The manipulated script from 
paragraph 6.3.6 is used to construct a sine wave around a circle. The circle has the same diameter as the perfect 
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Figure 7.10. 3D view of the optimized single curved cylinder 
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Figure 7.11. Non-linear analysis results of single curved cylinder for different imperfections  

cylinder (0,5 m) and this curve is extruded to construct a surface. The surface is meshed and used as input for the 
calculation part of the script with Karamba to determine the yield and buckling load. To optimize the single 
curved shape, the same parameters as shown in Figure 6.7 are used. The optimization algorithm can choose an 
amplitude of the sine wave and it can vary the number of waves. The optimization goal is again to minimize the 
mass, while maximizing the failure (Rankine-Gordon) load. A 3D view of the optimized cylinder is added in 
Figure 7.10. 

 

 

 

 

 

 

 

 

 

 

From the non-linear analysis with different imperfections for the perfect cylinder, it was concluded that the 
results of the Rankine-Gordon failure load overestimate the actual failure load. The optimized single curved 
cylinder is therefore exported to Abaqus. Multiple non-linear analysis are performed. First multiple buckling 
modes are applied as imperfections and the most governing imperfection is analyzed again with different 
amplitudes.  

 

 

 

 

 

 

 

 

 

 

 

 
The resulting graphs in Figure 7.11 show the increase in capacity when compared with the perfect cylinder. The 
capacity for a 3 mm imperfection is now approximately 1100 kN, while the perfect shell has a failure load of 650 
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Figure 7.12. 3D view of the optimized result of the sine parameters and varying amplitude method 

 
Figure 7.13. Top view of the optimized cylinder geometry 

kN for a 3 mm imperfection. It can be noticed that the single curved cylinder is still sensitive to imperfections 
and the analyzed failure load is dependent on the mode shape that is applied as imperfection. The left graph in 
Figure 7.11 shows a difference of almost 300 kN between a 3 mm imperfection of mode shape 5 compared to a 3 
mm imperfection of mode shape 4. 

 

7.3.2 Sine parameters and varying amplitude (SIPVA) 
The SIPVA optimization method resulted in the most efficient shape for the plate considering mass and failure 
load. The same optimization method is setup for the cylinder optimization. The parameters that can be 
optimized by the optimization algorithm are shown in Figure 6.15. The resulting shape is formed to a closed 
cylinder and curve 1 and 2 are lofted to form a cylinder with a height of 1,0 meter. The resulting shape is added 
in Figure 7.12. Triangular ribs are also present in the optimized shape, just as with the optimized plate shape.  

 

 

 

 

When the top view of the optimized geometry is observed, the global sine wave is recognized. In between these 
global curves, a larger number of smaller curves are present when compared to the top view of the optimized 
plate. The ‘global’ waves will be smaller because for this thin cylinder global buckling is not the governing failure 
mode. To increase its local buckling capacity, the optimization algorithm adds a lot of local curvature. 
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Figure 7.14. Non-linear analysis results of the optimized cylinder for different imperfections 

To validate and check the results of the Rankine-Gordon approximation, non-linear analysis are again 
performed with Abaqus. Different mode shapes are introduced as imperfections and the results are added in 
Figure 7.14. 

 

 

 

 

 

 

 

 

 

 

 

 

The results of the non-linear analysis show that the optimized plate is less influenced by the different 
imperfections. The range of failure load difference is smaller than 50 kN for the left graph in Figure 7.14. It can 
also be noticed that the geometry has a large deformation capacity because the lines follow an approximately 
horizontal path after failure. The smaller influence of imperfections and the deformation capacity show that the 
governing failure mechanism is again yielding. The eigenvalue of the geometry is 5270 kN, while the maximum 
yielding load is 1710 kN. This value of 1710 kN is not achieved because the imperfection is, with a closed 
geometry, always inside the load path. For the plate geometry, the instability will occur near the edges and the 
ribs cause the loads to be transferred to the bottom supports without going through an edge. Since the 
imperfection of the closed geometry is always within one of the ribs, because the ribs are present along the full 
cylinder, this will lead to a small eccentricity of loads through these ribs. This causes additional bending stresses 
in the ribs and the larger the imperfection, the smaller the failure load.   

From the graphs it can be concluded that the Rankine-Gordon approximation underestimates the failure load. 
But since the yielding load overestimates the capacity, because of the bending stresses, the Rankine-Gordon 
formula is used to determine a safe approximation of the failure load. 

 

7.3.3 Comparison 
The cylinder that is optimized with the SIPVA method is the least affected by imperfections and has the highest 
failure load. Yielding is the governing failure mechanism while for the perfect and the single curved cylinder 
instability is governing. The efficiency of the methods can be compared with the maximum possible failure load. 
The maximum possible failure load is achieved when all of the material of the perfect cylinder (minimal material 
use) is yielding in normal stresses. This value can be calculated by multiplying the top area with the yield stress of 
the material. Because the cylinder is also 1,0 meters in height, the maximum value for Ffailure/m in is the same as 
for the plate of 1,0 meters height.  
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Table 7.1. Comparison of results for the three different geometries 

The analysis results are added in Table 7.1 and the results of the cylinders with an imperfection of 3 mm are 
compared with the maximum value. 

 

 

 

From the results in Table 7.1 it can be concluded that the SIPVA method is approximately as efficient for the 
cylinder as for the plate (± 90%). Since buckling is no longer the governing failure mechanism, this similar 
efficiency is as expected because the same amount of material is required for transferring a certain load from top 
to the supports.  

  

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Perfect cylinder 645 37,2 1734 46 
Single curved 1100 40,0 2750 72 
Sine parameters 1450 42,5 3412 90 
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8 Experimental tests 
 

In collaboration with MX3D, three different samples are printed with the wire feed additive manufacturing 
technique. These samples are used to validate the Abaqus models of the performed calculations. The tests consist 
of tensile tests to determine material properties and compression tests on three different plates, a flat, a single 
curved and a double curved plate. The geometry of the double curved plate is the result of the SIPVA 
optimization method and is from now on referred to as ‘optimized plate’. Next to the structural performance, 
also the influence of the geometry on the print quality is discussed in this chapter. 

 

8.1 Goal 
 

8.1.1 Introduction 
The goal of the experimental tests is to validate the Abaqus calculation model and therefore being able to validate 
the previously optimized results for the plate and the cylinder. Different experimental tests on printed samples 
are performed by other institutes and researchers. Since the material properties can vary for each printed batch, 
the first part of the experimental tests consists of two tensile tests to determine the material properties. The goal 
of this project is to optimize thin shells, which are sensitive to buckling. The required material properties for the 
numerical model are therefore the Young’s modulus, 0,2% proof stress and ultimate stress and strain.  

 

8.1.2 Tensile tests 
Two tensile tests are performed to obtain the Young’s modulus, 0,2% proof stress and ultimate stress of the 
material. Loading and unloading in the elastic part of the stress-strain relationship is applied to determine 
multiple Young’s moduli from one tensile test and eventually obtain an average result. From other researches it is 
shown that the results for the Young’s modulus and 0,2% proof stress are different for an unfinished sample and 
a finished sample. Because of the printing, the geometry is rough (Figure 5.4) and this can influence the test 
results. To determine the actual material properties, with minor geometrical imperfections, the second sample is 
milled. The layer orientation (Figure 5.3) also influences the material properties. Since the printing direction for 
the compression tests of the plates is in the transverse direction, the tensile tests will also be performed in this 
direction. This direction of printing is most convenient for the printing technique because for some geometries, 
such as closed cylinders, it is impossible to print in the longitudinal direction.  

The tensile tests of the two samples are performed according to NEN-EN-ISO 6892-1 (metallic materials – tensile 
testing – part 1: method of test at room temperature). The minimum printing thickness is 3 mm and this 
minimum thickness is chosen for the compression and tensile test samples because in this way the largest 
slenderness is achieved. For tensile tests on flat plates, the standard refers to a table with standardized dimensions 
of test pieces. The applied dimensions of the test pieces for this research are added in Appendix E. After the 
printing, one of the tensile test pieces will be milled. The exact thickness that remains available after milling 
depends on the quality of the print and the amplitude of the imperfections. The test speed is determined 
depending on the gauge length and the test is displacement-controlled. 

 

8.1.3 Compression tests 
From the shape generation methods for the plate it was determined that the optimized plate with the sine 
parameters and varying amplitude is the most efficient. In comparison with the flat plate and the single curved 
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Figure 8.1. Design of the printed test samples 

plate it is shown that the optimized plate is failing through yielding and is not largely influenced by 
imperfections. The optimizations are performed according to the minimum printing thickness of 3 mm and this 
thickness will also be applied for the compression test samples. The height and width of the three plates are 
determined according to the allowable test dimensions of the equipment in the laboratory at the University of 
Technology Eindhoven. It is chosen to use the standard tensile and compression bench equipment to reduce the 
time and labor to construct a test setup in the laboratory. The dimensions and geometries of the compression test 
samples are added in Figure 8.1.   

 

 

 

 

With the wire-feed additive manufacturing technique it is, currently, impossible to print large flat pieces (D. 
Ding et al., 2015). Due to residual stresses these flat plates would buckle during printing and therefore it is 
chosen to print an extruded stadium shape. The flat plate can be milled out of the flat piece of the geometry and 
at the backside of the extrusion, the two tensile test samples can be milled out of the flat piece. The single and 
double curved shape have an amplitude and this affects the structural performance when the top and bottom 
edges are restrained in z-direction. To make a fair comparison, the flat plate will be tested with a clamped 
boundary condition at both edges. To clamp the flat plate at the edges an additional height is required. 

The geometries of the single curved and optimized plates are based on the shape generation methods and 
followed from an optimization with the parameters as specified in paragraph 6.3. Both of the resulting 
geometries have the same width and height and to make a fair comparison the same amount of material is 
applied for both plates by changing the amplitudes (1,7 kg). For the compression tests on the plates a 
displacement-controlled test speed of 1 mm/min is maintained.  

 

8.2 Printing and preparing 
 

8.2.1 Printing samples 
With the 3D models of the three geometries, MX3D is able to define the toolpaths for the robot. A standard setup 
for the printing parameters is used to print the three samples. The samples are printed layer by layer instead of 
object by object to reduce the print time. Each layer needs to have a sufficient cooling time and therefore it is 
more efficient to print a layer of the next objects first. Figure 8.2 shows the room in which the robot is located 
that printed the samples. The robot arm is supplied with a coil of wire and gas. The printing process can be 

50 cm 

15 cm 15 cm 15 cm 

36 cm 
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Figure 8.2. Printing at MX3D. Left: overview of robot. Right: printed samples on base plate 

Figure 8.3. Printed samples by MX3D 

manually controlled by co-workers of MX3D by using a controller. The picture on the right of Figure 8.2 shows 
the base plate on which the samples are printed and the nozzle of the robot arm through which the wire is 
supplied. At the nozzle the welding arc is generated and the material is placed on the previous layer. After the 
printing is finished, the geometries are disconnected from the base plate with a plasma cutter. 

 

 

 

 

 

 

 

 

 

 

8.2.2 Discussion printing 
The printing of the three samples took three full working days. Pictures of the unfinished and unprepared 
samples are added in Figure 8.3. During the printing it was observed that the nozzle gets clogged approximately 
once every 30-60 minutes and then the printing automatically stops. The nozzle is removed by a co-worker of 
MX3D and a new nozzle is attached. These manual checks make it impossible to let the robot print on its own, 
for example during the night. 

 

 

 

 

 

 

 

 

 

The overall surface quality and roughness of the three geometries is different. The cross-section variation is large 
with the stadium shape and the single curved plate. The surface of the double curved shape is the most smooth 
and this is caused by the double curvature. In the print setup of MX3D, a parameter is defined that determines a 
slower print speed when the layers have a small overhang compared with the previous layer. The more slow 
printing process assures more flow of the material (more heat input) for a better connection to the previous layer 
and therefore also a more constant cross-section thickness. 
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Figure 8.4. Imperfections of the printing process. Left: single curved plate. Right: optimized plate 

Another imperfection which is present for the single curved plate can be observed near the top. The shape is an 
extrusion profile where all of the layers are similar above each other. A co-worker from MX3D mentioned that it 
is hard to print these extrusion profiles because of the difficulties with heat distribution. When the layers cool 
down, they shrink slightly in horizontal direction. When this shrinking occurs for every layer, near the top a part 
of the layer near the edge is missing. The robot does not observe this and drops the next layer exactly where it 
should be according to the 3D model. Then this drop of material falls next to the layer and this imperfection is 
clearly visible on the top left edge of the left picture in Figure 8.4. Another effect of the shrinking of layers is the 
non-horizontal top edge. For the optimized plate, this effect is much smaller. 

The welding process leads to spatters of material on the surface. These small spatters are visible in the right 
picture of Figure 8.4. On the right of the optimized plate another imperfection is visible where a number of drops 
with a greater thickness are present. This is caused by the hot nozzle which stayed too close to the optimized 
plate during the night, melting a hole in the geometry. This hole is filled up by adding material manually in that 
spot, resulting in the thick part. However, concluding the overall surface, the optimized plate contains the best 
surface quality and smoothness when compared to the stadium shape and single curved plate. 

 

 

 

 

 

 

 

 

 

The uneven geometry at the top edge, due to the heat distribution, and the bottom edge, due to removing the 
shapes from the base plate, requires preparing of the samples before testing. The flat plate and tensile test pieces 
will be milled out of the stadium shape. When removing the shapes out of their cylinder shape, the flat plate and 
the tensile test pieces are globally bended because of the residual stresses. The edges of the single curved and 
optimized plate are milled to obtain parallel top and bottom edges. This results in a lower height of the final 
tested geometries. Initial geometrical deviations of the original geometry are clearly visible near the edges. 
Pictures of the prepared test samples and visible imperfections are added in Appendix E. 

 

8.3 Test results 
 

8.3.1 Dimensional measurements 
To determine the thickness of the plates and the variation in thickness for the different plates, the thickness at 
many points is measured along the milled edges. The thicknesses are measured with a caliper. The flat plate is 
milled out of the stadium shape and is therefore, next to its bottom and top edge, also milled at the sides. This 
provides a more accurate thickness because it is possible to measure every horizontal layer. The single curved and 
optimized plates are only milled at their top and bottom edge. The results can be plotted in a normal distribution 
and the results are added in Figure 8.5. 
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Figure 8.5. Normal distribution of different thicknesses 

 
Table 8.1. Thickness and weight values of the milled samples 

 

 

 

 

 

 

 

 

From Figure 8.5 it becomes clear that the average thickness for all of the plates is larger than 3,0 mm. The 
optimized plate has the highest thickness and this is caused by the slower printing. The distribution of the 
thickness variation is the smallest for the optimized plate. The measured average thickness is compared with the 
weight of the plates (Table 8.1). For the flat plate more measurement points are available, due to the milled sides, 
and therefore the average thickness is in accordance with the measured weight. 

 

 tmin (mm) taverage (mm) Standard 
deviation 

(mm) 

Weight 
calculated with 

taverage (kg) 

Weight (kg) 

Flat plate 2,12 3,49 0,62 1,91 1,89 
Single curved 2,00 3,75 0,64 1,88 1,77 
Optimized 2,55 4,13 0,46 2,03 1,94 

 

 

Next to the difference in thickness with the original models, also the height is different after the milling. The 
single curved and optimized plate have a height of 36 cm and the flat plat will have a similar free length after the 
clamping at both edges. 

 

8.3.2 3D scan 
To obtain an approximate value of the amplitude of shape deviation from the printed geometry compared with 
the perfect shapes, a 3D scan is generated. Using photogrammetry, 3D models can be built from photos. This 
technique is a low-cost alternative to laser scanning. Laser scanning would moreover require the surface to be 
finished because the metal would glare too much (Joosten, 2015). Autodesk ReCap is cloud-based tool that can 
automatically generate 3D models from a set of uploaded photos (Autodesk, 2018). A total of 100 photos are 
taken of the single curved and optimized plate from different angles. Subsequently, these photos are uploaded 
and the resulting 3D model can be download from the cloud. A visual comparison between the scan and the 
photos is added in Appendix E. The 3D model of the scan shows a lot of similarities and therefore it can be 
concluded that the 3D scanning method is quite accurate. To reduce the model size and to compare 
imperfections that were previously applied with real imperfections, the neutral surface of the 3D model is 
obtained. This neutral surface is constructed from vertically lofting the center-lines of 100 horizontal slices of the 
geometry. This neutral surface can be used as middle surface of a shell with constant thickness to compare the 
structural performance with the experimental test results.  
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Figure 8.6. Middle surface of the 3D scan (grey) compared with perfect geometry (pink) 
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Figure 8.7. Stress-strain curves of tensile tests on unfinished (left) and finished (right) test piece 

To determine the amplitude of imperfections, the obtained middle surface from the 3D scan can be compared 
with the perfect shell geometry of the plate. The result of this comparison is shown in Figure 8.6. 

 

 

 

 

 

 

 

 

 

 

The resulting middle surface of the 3D scan can be analyzed without applying additional imperfections in 
Abaqus. The maximum difference between the surface from the scan and the perfect geometry is slightly larger 
than 3 mm and is measured in the Rhino model. The value of 3 mm is also used in the numerical analysis for the 
applied imperfections and can therefore be assumed to be a good estimation of the actual amplitude of the 
imperfection. However, the accuracy of the scan is not exactly known and therefore the real imperfection could 
be different from the assumed imperfection. 

 

8.3.3 Tensile tests 
The tensile tests on the two pieces, one unfinished and one milled sample, are performed at the laboratory of the 
University of Technology Eindhoven. The test pieces were clamped in the tensile bench. The elongation of the 
gauge length is measured with optical strain measurement device.  
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As the thickness of the unfinished piece is not constant, the minimum and average thickness are used to calculate 
stresses and Young’s modulus. The average thickness is used to define the Young’s modulus, since the whole 
piece is changing in length. The minimum thickness is used to define the 0,2% proof and ultimate stress. For the 
loading and unloading of the test pieces it is assured that the maximum stress remains in the elastic part and in 
total each piece is loaded and unloaded four times. A picture of the setup of the test is added in Appendix F.  

The resulting stress-strain curves have a similar shape as the standard stainless steel curve. From the loading and 
unloading parts the Young’s modulus is determined four times for each unloading part of the curve. From the 
part of the curve between 75 and 200 MPa (respectively approximately 25% and 75% of 0,2% proof stress) the 
stresses and strains are obtained and the Young’s modulus is calculated. The 0,2% proof stress is determined by 
translating the curve of the Young’s modulus to a strain of 0,002 mm/mm. The intersection between the 
translated curve and the tensile test result (Amin) is the 0,2% proof stress. It can be noted that the finished test 
piece has a small ultimate strain before failure. This test piece failed outside the measured gauge length, near the 
clamp. Therefore the obtained results of the ultimate stress and strain of the finished test piece are not valid. The 
test results and values for Young’s modulus, 0,2% proof stress and ultimate stress and strain are added in 
Appendix F. The difference and large range of spread in the results can be caused by the different geometry of 
each tensile test piece or a measurement error. The exact thickness of the unfinished test piece cannot be 
determined by measuring the milled edges. The curves and waves in the geometry of the test piece can cause 
additional bending stresses and therefore not a purely tensional stress. When observing the sample during the 
test it is clearly visible that the curves are first bended straight by the tension force and this effect gives a strain 
caused by bending in the results and not full tension.  

There is a large difference in the results of the Young’s modulus of the finished test sample between the tests 
during this research and tests performed by research institute OCAS. It can be expected that when the material is 
initially straight, the strain caused by bending is no longer present and therefore the measured strains will be 
smaller. In that case the Young’s modulus increases and this is what both researches found. Another difference is 
the batch and printing setup that is possibly completely different for the tested samples of OCAS. Stainless steel 
stress-strain curves are often based on the Ramberg-Osgood expression (Rasmussen, 2003) (Appendix H). This 
expression can be used to describe the non-linear stress-strain relationship by defining the 0,2% proof stress, 
Young’s modulus and ultimate stress and strain. The benefit of the Ramberg-Osgood approximation is that it can 
easily be implemented in Abaqus. Figure 8.7 shows that for the unfinished and the finished test piece, the 
Ramberg-Osgood curve matches the test data. 

 

8.3.4 Compression tests 
The compression tests of the three different plates are also performed at the laboratory of the University of 
Technology Eindhoven. For the safety of the tests, it is chosen to place the single and optimized plate in between 
the two not rotatable compression plates of the bench. These plates will therefore act as a clamped boundary 
condition and prevent the plates from shooting out of the test setup when they buckle. The flat plate is clamped 
between not rotatable metal plates at both edges. The obtained results are the vertical displacement of the 
compressed plate and the (compressive) reaction force in the plate. The tests are displacement-controlled with a 
speed of 0,1 mm/min. A picture of the test setup is added in Appendix F. 

The test results are added in Table 8.2 and it becomes clear that the single curved and optimized plate have 
approximately the same failure load. This can be caused by the reduction in height due to the milling and the 
increased thickness in comparison with the original 3 mm. These two factors lead to a large increase of the 
buckling load and a decrease of imperfection sensitivity and yielding is now for both plates the governing failure 
mechanism. The optimized plate has a slightly larger weight and therefore the failure load of a single curved plate 
with a similar weight as the optimized plate can be expected to be equal to the failure load of the optimized plate. 
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Table 8.2. Compression test results 

Pictures of the failure modes during the tests are added in Appendix F. The vertical displacement of the 
optimized plate is smaller at failure which implies a more stiff behavior. 

 

 Failure load (kN) Displacement uz at failure (mm) 
Flat plate 11,7 1,2 
Single curved plate 156,5 3,5 
Optimized plate 160,0 2,5 

 

 

8.4 Validation 
 

8.4.1 Model setup 
A comparison is made between the experimental compression tests and a numerical analysis. Two material 
models are constructed by using the Ramberg-Osgood approximation curve, one of the unfinished material and 
one of the finished (milled) material. The engineering stress-strain data is converted to true stress-strain data for 
the input in Abaqus. To simulate the boundary conditions of the experimental test, two horizontal flat plates are 
added to the model. These flat plates are identical to the plates of the compression bench. The bottom plate is 
restrained in in all directions and all rotations. The top plate is restrained in all rotations and all directions except 
for the z-direction. A displacement load is applied that moves the top plate in negative z-direction to apply a 
compressive load on the test sample that is placed in between the top and bottom plates. For the analysis of the 
flat plate, the connection between the flat plate and the top and bottom plates is a clamped connection. The flat 
plate is connected to the top and bottom plate and all rotations are restrained at the edges. This boundary 
condition simulates the clamped experimental test setup. For the analysis of the single curved and optimized 
plate, the connection between top and bottom plates is modelled as ‘hard’ contact. In horizontal direction the 
plate is restrained to prevent sliding across the top and bottom plate. In vertical direction, the plates are only 
supported by compression to the top and bottom plates. The test plate can separate from the top and bottom 
plates in vertical direction and no tension forces will be transferred through the top and bottom plates.  

Multiple analysis are performed for the comparison with the experimental tests. The varying parameters of the 
analysis are the thickness, imperfection amplitude and material model. Finally, also an analysis is performed with 
the imperfect middle surface as shell elements obtained from the 3D scan. 

 

8.4.2 Results 
Flat plate 
The result of the non-linear analysis with Abaqus following the calculation scheme of Figure 5.6 is compared 
with the experimental failure mode in Figure 8.8. The governing failure mode is buckling and the deformation at 
failure is similar between the experimental test and the numerical analysis. The imperfection that is applied in the 
numerical analysis is the first buckling mode and this is exactly the mode shape in which the plate deforms in the 
experimental test. For the numerical analysis the average thickness of the plate (Table 8.1) is applied. 

From the load-displacement curves in Figure 8.9 it becomes clear that the failure load is well approximated with 
the unfinished material properties. The numerical analysis with an applied imperfection of 3 mm underestimates 
the experimental test result with 2%. Since buckling is the governing failure mode of the plate, the applied 
Young’s modulus has a large influence. From the test results of other researches it can be concluded that the 
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Figure 8.8. Abaqus and experimental test failure modes 

 

Figure 8.9. Non-linear analysis results compared with experimental test of flat plate 
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value of the Young’s modulus in some cases can be 20% lower than assumed from the previous tensile test 
results. A lower Young’s modulus will decrease the failure load of the numerical analysis and leads to a smaller 
slope of the load-displacement curves with an imperfection of 1 mm. When an imperfection of 3 mm is applied 
the slope of the load-displacement curves of both the finished and unfinished material properties is equal to the 
slope of the experimental test result. Due to the clamping at both edges, the plate is initially bended straight 
before the test starts. The initial imperfection is measured at approximately 1 mm. Another influencing factor is 
the thickness. In this case, for buckling, the whole member is bended and the application of the average thickness 
can be assumed to be valid.  

 

 

 

 

 

 

 

 

 

 

 

In the numerical analysis a fully clamped boundary condition is modelled, while in reality this boundary 
condition is probably not fully restraining all rotations due to the limited clamping length of 5 cm. This 
boundary condition stiffness can overestimate the numerical test result in comparison with the experimental test. 
A noticeable difference between the experimental and numerical results is the deformation capacity. After failure 
the load drops more quick in the experimental test. This difference can be caused by the failure and rupture of 
some layers which decrease the capacity immediately after failure. The layer effect is not taken into account in the 
numerical model.  
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Figure 8.11. Non-linear analysis results compared with experimental test of single curved plate 

Figure 8.10. Abaqus and experimental test failure modes 
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Single curved plate 
Following the non-linear calculation scheme of Figure 5.6 a start is made with a linear buckling analysis. The 
resulting eigenvalue of the single curved plate is 620 kN. Considering the failure load during the experimental 
test of 156 kN, it can be concluded that instability will not be the governing failure mode. The failure mode of the 
non-linear analysis is similar to the failure mode of the experimental test (Figure 8.10). This failure mode is also 
present when as imperfection the 3D scan is applied for the numerical analysis. At failure the stresses in the 
largest part of the plate are above the yield stress of 235 MPa (Figure 8.10). Small local imperfections are no 
longer governing and the large stresses reduce the stiffness of the material and the plate starts to deform globally. 

 

 

 

 

 

 

 

 

 

 

The analysis results are added in Figure 8.11 and again all of the results of the unfinished material properties are 
more close to the experimental test result than the finished material properties. The results of the 3D scan are 
closely approximated with the numerical results with an imperfection of 1 mm. The imperfection of the 3D scan 
was measured at 3 mm. For the numerical model a worst-case imperfection of the first buckling mode is assumed 
and the results for a 3 mm imperfection are below the results of the 3D scan. It can be concluded that the 
imperfection shape of the first buckling mode is a safe assumption for this plate. The slope of the 3D scan 
analysis is, just as for the flat plate, larger than the experimental test result which can indicate a lower Young’s 
modulus in reality. At the point of failure the stresses in the plate are large and other important parameters are 
therefore the thickness, 0,2% proof stress and ultimate stress and strain.  
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Figure 8.12. Abaqus and experimental test failure modes 

Figure 8.13. Non-linear analysis results compared with experimental test of optimized plate 
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From the comparison with the weight in Table 8.1 it can be concluded that the average thickness is smaller than 
3,75 mm. The thickness of the single curved plate is for 85% larger than 3,11 mm, which is equal to one standard 
deviation from the average thickness. Application of a smaller thickness shows a reduction in failure load and an 
increase in deformations during loading. When the yield stress is achieved, the load-displacement curves of the 
numerical models show an immediate decrease in load. The load-path of the experimental test result is much 
more gradual and this can be caused by a larger deformation capacity after yielding of the material. The range of 
different test results of the 0,2% proof stress and ultimate stress and strain show that the results obtained from 
the tensile test in this research are on the lower side. An increase in difference between yield stress and ultimate 
stress can increase the deformation capacity of the model.  

 

Optimized plate 
The optimized plate is analyzed in the same way as the single curved plate. The average thickness and the 
thickness that occurs for 85% (one standard deviation) of the plate are applied. The failure mode of the analysis 
with an imperfection of the first buckling mode is similar to the experimental failure mode (Figure 8.12). The 
analysis of the 3D model from the scan also results in this similar failure mode. Similar to the single curved plate, 
the stresses in the largest part of the plate at failure are larger than the yield stress of 235 MPa (Figure 8.12). Due 
to these large stresses the stiffness is reduced and the plate fails in its first buckling mode shape.  

 

 

 

 

 

 

 

 

 

The analysis results are added in Figure 8.13 and clear similarities can be observed with the analysis results of the 
single curved plate.  
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The results of the unfinished material properties approximate the experimental failure load and the 3D scan 
results are similar to the applied imperfection of 1 mm of the first buckling mode shape. The slopes of the 
numerical analysis are larger than the experimental test and it can therefore be concluded that the Young’s 
modulus is too large in the model. The load-path of the experimental test result is much more gradual after the 
yield stress is achieved and this can again be caused by a larger deformation capacity after yielding of the 
material. An increase in the yield stress and the difference between yield stress and ultimate stress can increase 
the deformation capacity of the model before failure. 

 

8.4.3 Discussion of results 
Failure loads 
For the chosen dimensions of the test models, the value of the optimization is not proved because buckling is no 
longer the governing failure mode of the single curved plate. Due to the increased thickness and decreased 
height, yielding is the governing failure mode of the single curved plate. The difference between the failure loads 
of the single curved and the optimized plate is therefore small in this case.  

Boundary conditions 
The figures that compare the Abaqus analysis results and the experimental test results show the similarity 
between the failure mode in the analysis and the experiment. It can be concluded that the boundary conditions 
and setup of the Abaqus model are therefore in common with the experimental test. 

Imperfection 
From the comparison between the failure modes from the numerical analysis and the experimental tests it can be 
concluded that the analysis provides an accurate result of the real behavior of the geometry. The application of 
the first buckling mode as imperfection and the 3D scan as imperfection both resulted in a failure mode similar 
to the experimental failure mode. Applying an amplitude for the imperfection of 1 mm is in comparison with the 
results of the 3D scan for the single curved and optimized plate. For these two plates it can be concluded that the 
imperfection of the first buckling mode is a safe assumption when a 3 mm imperfection is applied.  

Thickness 
The application of the constant thickness of the shell is an important parameter. For the single curved and 
optimized plate, yielding is the governing failure mechanism. For yielding, the minimum thickness is important 
because the yielding starts in the point with minimum thickness. Because of the large variation of thicknesses in 
the cross-section the forces are distributed to sections with a larger thickness right next to this location with 
minimum thickness. From the analysis results of the single curved and optimized plate with the unfinished 
material properties it is shown that the average thickness approximates the experimental test results with 
maximum 6%. The failure mode of the flat plate is global buckling and failure is observed by bending of the 
whole plate. The difference between numerical and experimental test results with an average thickness is 8%. As 
discussed in paragraph 8.4.2 the result is largely influenced by the Young’s modulus because buckling is the 
governing failure mode.  

Material model 
The similarities between the analysis results of the single curved and optimized plate in comparison with the 
experimental test results indicate a difference caused by the input material model. The variation in material 
properties found by other researches for the Young’s modulus, 0,2% proof stress and ultimate stress and strain is 
large and material input influences the numerical analysis results significantly.  

Young’s modulus 
The results of the non-linear analysis with Abaqus showed that the slopes of the load-displacement curves of the 
numerical results for the finished and unfinished material properties are larger than the experimental test results  
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for all of the three plates. The Young’s modulus of the finished material is larger than the unfinished material and 
it is more accurate to apply the unfinished material properties in the numerical analysis. The range of different 
test results of the Young’s modulus of the unfinished material show that the value of the tensile test in this 
research is the average Young’s modulus. Lower values are also found by other researches.  

0,2% proof stress and ultimate stress 
The difference in deformation capacity between the numerical analysis and the experimental test indicates a 
difference in the stress-strain curve of the material. A larger difference between 0,2% proof stress and ultimate 
stress, at larger strain values, increase the deformation capacity of the numerical model. When comparing the 
material properties from this research with other researches it is observed that the values of the 0,2% proof stress 
and ultimate stress and strain found from the tensile test in this research are at the lower limit.  

Lower and upper bound analysis 
It can be concluded that, when a correct material model is applied, the failure loads of the plate geometries can be 
approximated with the current setup of the non-linear analysis. However, the determination of a correct material 
model is difficult since the material properties can vary for every printed batch and parameter setup. For each 
plate an upper and lower boundary analysis is performed. From the conclusion that the boundary conditions and 
the imperfection amplitude are correct, the main parameters for this upper and lower boundary are the Young’s 
modulus, 0,2% proof stress, ultimate stress and strain and the thickness. For the lower boundary a thickness that 
occurs for 85% (one standard deviation) of the plates is applied, while for the upper boundary an average 
thickness is applied. A minimum Young’s modulus is applied for the lower boundary which is obtained from the 
test results of other institutes. For the lower boundary of the 0,2% proof stress, ultimate stress and strain the 
values found from this research are applied. For the upper boundary the average values found by other 
researches are applied. The exact values for the upper and lower boundary are added in Appendix F.  

The resulting analysis graphs are added in the figures of the analysis of the three plates in the previous 
paragraphs. It becomes clear that the experimental test results now fall in the range of the lower and upper 
boundary. The results show that that the Young’s modulus of the test samples falls in the range between the 
upper and lower boundary. The experimental test results of the flat plate are close to the upper boundary with 
the average thickness since the whole plate is bending before failure. The experimental test results of the single 
curved and optimized plate are also close to the upper boundary and this indicates that the average values of the 
0,2% proof stress, ultimate stress and strain is more in comparison with the actual material behavior. These 
average values are larger than obtained from the tensile test in this research.  

Three final analysis are performed for the flat plate, the single curved and the optimized plate (Appendix F). In 
these analysis a Young’s modulus is applied that is in between the range of the upper and lower boundary. The 
values of the 0,2% proof stress, ultimate stress and strain are equal to the average values found by other 
researches. The updated Ramberg-Osgood stress-strain relationship is applied in Abaqus. A thickness is applied 
for which 75% of the plates is larger, approximately 5% smaller than the average thickness. For the flat plate an 
average thickness is applied, since the whole plate is bending. The results show that the load-displacement curves 
of the numerical analysis match the experimental test results closely. The difference between failure loads is not 
larger than 6% for the three plates.  
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9 Case studies 
 

In the previous chapters an efficient shape generation method is determined for plate and cylinder geometries. 
Small scale models of a flat, single curved and optimized plate are printed at MX3D and tested at the laboratory 
of the University of Technology Eindhoven. The results were validated with a numerical analysis and it is shown 
that with the calculation method of paragraph 5.4.3 the experimental test results can be approximated. In this 
chapter, multiple future applications of the shape generation method for the printing technique are discussed. A 
start will be made with an exploration of current applications and their qualities. 

 

9.1 Recap added value 
 

Current applications of the wire feed additive manufacturing (WAAM) technique are generally showcases or art 
objects (D. Ding et al., 2015). The printed bridge from MX3D is an application of the technique with a structural 
function. As stated in paragraph 1.4, the design freedom of the technique is structurally not used and the shape is 
manipulated to create an aesthetical design. The structural parts of the bridge are essentially beam elements and 
beam elements can also be manufactured differently. Other functional applications can be found in different 
industries, such as aerospace, automotive and the maritime industry (Galjaard, 2015). For example, in the 
aerospace industry the wing spar is a complex element since it consists of many different geometries. The 
production time of a wing spar is time consuming and costs for replacing damaged parts are therefore high. 
Molds are used for the construction of wing spar components. These molds can only be used once because 
another wing spar requires a different geometry and this leads to high costs in terms of waste.  

Different tests have been performed for manufacturing wing spar elements with WAAM. It is shown that for a 6 
meter long wing spar, 70% material reduction can be achieved and cost savings in terms of waste. Moreover, the 
total production time is reduced by eliminating separate production and assembly since the WAAM is used to 
print structural stiffeners on an initially low strength flat plate. However, from the experience of the printing 
during this research it is not efficient to print straight wall elements with this technique. Residual stresses lead to 
deformations and buckling of straight elements during the printing when they are too large (Williams et al., 
2016). From the analysis of the printed ship propeller, the MX3D bridge (paragraph 1.4.2) and the wing spar it is 
shown that the added value of WAAM is generally applied to achieve a reduction of material use and waste, a 
reduction of production time, the construction of complex geometries and aesthetics. Another added value of the 
WAAM technique is obtained from this research. This added value is the design freedom and the possibility to 
create efficient structural components with geometries that are suited to the production technique (continuous 
printing and double curvature). A combination of all of these aspects can lead to efficient structural applications 
of WAAM to reduce the production time and material use, while also having aesthetical properties.  

 

9.2 Future applications 
 

9.2.1 Wall elements 
The shape generation is setup for elements under compression loading. A plate under compression loading can 
be considered a wall element and therefore a structural wall is chosen as first application of the shape generation 
method. A wall is a compression element and is generally not constructed from metal sheets. The dimensions of 
the wall are chosen as 1,0 meters width and 2,5 meters height. The optimization of the sine parameters and 
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Figure 9.1. Optimized geometry of wall element (1,0 x 2,5 m) 

 Table 9.1. Analysis results of wall elements 

varying amplitude can choose a thickness for the plate in the range of 3,0 and 8,0 mm. The 8,0 mm is chosen 
because it is possible to print with a maximum thickness of approximately 8 mm. The optimization script can 
also vary the parameters of the method that are shown in Figure 6.15. The boundary conditions are applied as 
simply supported with the spider connection and a vertical load is applied. For the linear approximation, the 
0,2% proof stress and Young’s modulus of the unfinished material are applied (Figure 8.7). The resulting 
geometry is added in Figure 9.1 and the thickness following from the optimization is 7,0 mm.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The optimization results can again be compared with the maximum possible load for a flat plat if it could not 
buckle but when all of the material is yielding. This value can be determined by multiplying the top area of the 
flat plate of 1,0 width and 7 mm thickness with the 0,2% proof stress of the unfinished material and is 1645 kN 
for 140 kg. The results are added in Table 9.1 and it becomes clear that the difference between the flat wall and 
the optimized wall is large. The flat wall buckles at 4 kN while the optimized wall fails by yielding at 1570 kN. 
The efficiency of the optimization is not as large when compared to the 93% efficiency of the plate with 1,0 
meters height. This difference is caused by the additional material needed to prevent buckling. The height of the 
wall is an important factor since doubling the height reduces the buckling load with a factor 4 (2 squared).  

 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) % of maximum 
Flat wall 4 140 3 0,3 
Optimized wall 1570 230 683 58 

 

 

The compression load of 1570 kN for a wall with a width of 1,0 meter can also be achieved with a concrete 
(C30/37) wall with a thickness of 110 mm (NEN-EN 1992-1-1). With these dimensions, the concrete wall has a 
weight of approximately 660 kg and this is almost triple the weight of the optimized steel wall. From a practical 
point of view, due to reinforcements, the minimum thickness of the concrete wall is 200 mm and this almost 
doubles the concrete mass. The printing speed of WAAM is approximately 1,5 kg/h and it would take about 20 
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Figure 9.2. Optimized geometry of the tubular column (d = 250 mm, L = 3,0 m, t = 3,0 mm) 

days to print the wall (MX3D, 2018). The concrete wall can be prefabricated to increase the total construction 
time and to reduce the costs. Straight elements can efficiently be prefabricated with molds to pour the concrete 
in. By printing the wall in steel, this example shows a reduction of 80% in mass compared to concrete. On top of 
this, each element can be printed in a unique shape.  

 

9.2.2 Tubular column 
Next to the plate, the shape generation method also proved to be efficient for cylinders. The efficiency of a 
standard tube is generally applied for load-bearing columns. Therefore, the shape generation method and 
optimization is compared with a standard tubular profile in this paragraph. A simply supported element is 
chosen with a length of 3,0 meters and the parameters of the optimization are the same as in Figure 6.15. The 
thickness of the cylinder wall is set to 3,0 mm and the diameter can be varied by the optimization script. The 
resulting geometry is added in Figure 9.2 and the diameter following from the optimization script is 250 mm. It 
becomes clear the optimized shape consists of a large amount of small curvature. The optimized wall consisted 
much larger amplitudes of the wave to prevent global buckling. Tubular columns are, when their slenderness is 
not too small, sensitive to local buckling and a lot of small curvature provides stiffness against local buckling.  

With the material properties of the unfinished printed material, the results of the optimized tube are added in 
Table 9.2. The failure load of the optimized tube is 420 kN. The dimensions of a standard steel tube, including 
the slenderness requirements from NEN-EN 1993-1-1, are obtained for the load requirement of 420 kN. General 
steel properties are applied: a Young’s modulus of 210 GPa and a yield stress of 235 MPa. These are compared to 
an optimized geometry with equal material properties and to an optimized geometry for the found properties for 
printed steel (Appendix F). The required tube has a diameter of 159 mm and a wall thickness of 5 mm. The 
results are added in Table 9.2. 

 

 

 

 

 

 

 

 

 

 

 

From the results in Table 9.2 it becomes clear that the maximum failure load of the standard and the optimized 
tube are approximately the same. The failure mode of the standard tube is global buckling, while the optimized 
tube fails in yielding. It must be noted that the included material properties of standard steel have a higher 
Young’s modulus. When applying the same stiffness for the optimized and the standard tube, the optimization 
becomes more relevant in increasing the failure load for a reduced weight of the column. When equal material 
properties are applied the efficiency of the optimized tube is 23% larger than the standard tube. 
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Table 9.2. Comparison between standard tube and the optimized tube 

 Figure 9.3. Detail of the optimized tube geometry 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

9.2.3 Freeform column 
The wall and tubular column are applications where with standard elements (straight wall and standard tube 
profile) approximately the same structural performance is achieved. Straight elements and standard tube profiles 
are manufactured from standard molds and mass production is often applied. However, when the aesthetics of a 
curved element are desired, the complexity of construction with traditional techniques is increased and an 
application of WAAM becomes much more interesting. Freeform and (double) curved elements are often 
approximated by straight elements and require time consuming and expensive manufacturing. The WAAM 
technique can be applied for freeform applications and this does not influence its production difficulty. 

A project where double curved wall elements are applied is the Drawing Studio in Bournemouth (Figure 9.4). 
The structure consists of double curved external plates, stiffened by thin internal welded steel rib-plates, creating 
a 16 meter span column-free space. The walls are manufactured using simple flat metal sheets which were laser-
cut and formed into the final curvature. The plates and ribs are welded together to prevent buckling and provide 
stiffness. The plate thickness and rib distance are minimized to reduce the overall weight of the structure and to 
reduce the amount of resources used in construction. However, a lower limit of 8 mm was taken to ensure 
weldability, because challenges can be encountered when welding thicknesses lower than this, due to excessive 
plate distortion (Tibuzzi & Marzev, 2017). This effect is also noticed for printing flat elements with WAAM.  

Application of WAAM as production method for the double curved wall with the shape generation to provide 
the required stiffness would require a less complex construction. The metal forming, welding and laser-cutting of 

 Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) 
Standard tube 
(standard steel) 

460 64 720 

Optimized tube 
(standard steel) 

531 60 883 

Optimized tube 
(printed steel) 

420 60 700 
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Figure 9.5. Construction of the Serpentine Sackler Gallery. Left: Ring beam. Right: fabric attached to columns 

Figure 9.4. Drawing Studio by Crab Studio, Bournemouth. Left: during construction. Right: after completion. 

the many different components in the project is no longer required. To explore the added value of WAAM for 
freeform applications a final case study is performed on a freeform column under compression loading. 

 

 

  

 

 

 

 

 

 

 

For the design of the freeform column an exemplary reference project is used. A freeform column which is 
loaded in compression and constructed of stiffened metal plate elements can be found in the extension project of 
the Serpentine Sackler Gallery in London. The Serpentine Sackler Gallery occupies a 200-year-old former 
gunpowder store. Zaha Hadid Architects renovated the old brick building to create new gallery spaces, then 
added a curving cafe and events space that extends from one side (Figure 1.1) (Frearson, 2013).  

 

 

 

 

 

 

 

 

 

The new tensile structure is built from a glass-fiber textile, forming a free-flowing white canopy that appears to 
grow organically from the original brickwork of the gallery building. The tensile structure is supported at three 
points around the perimeter and is outlined by a frameless glass wall that curves around the inside. Around the 
perimeter, the fabric is supported by a ring beam (Figure 9.5). Five tapered steel columns support the roof and 
frame oval skylights. The columns are constructed from formed metal plates and laser cut stiffeners which are 
welded to the plates (Figure 9.6) (Frearson, 2013).  

To implement the shape optimization for the freeform column its shape and dimensions are applied as shown in 
Figure 9.7. The ring beam is assumed to be a circle and the tensile structure in between is supported by one 
column. This column has a height of 3,0 meters and the ring beam is elevated 1,0 meter above ground level. A 
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Figure 9.6. Left: finished column with plating. Right: construction scheme of the column 

Figure 9.7. Approximated scheme for the case study. Left: top view. Right: section through center 

vertical load is applied to the column representing own weight of the tensile structure (0,01 kN/m2), snow load 
(0,56 kN/m2) and a standard roof load (1,0 kN/m2). 

 

 

 

 

 

 

 

 

 

The grey area in the top view in Figure 9.7 shows the area of the load that is taken by the column. Additionally, 
the column is also loaded by the tensile force of the fabric. It is assumed that this tensile force is 1,0 kN/m2 and 
can be split into a vertical and a horizontal component since the fabric is attached under an angle. The horizontal 
component is in this case neglected because the center column is radially loaded by this horizontal component 
which will cancel each other out. Including a 1,2 and 1,5 safety factor for respectively the dead load and the live 
load a total vertical load of approximately 100 kN is obtained.  

 

 

 

 

 

 

 

 

 

The geometry of the freeform column itself is approximated by the dimensions as shown in Figure 9.8 and is 
from now on referred to as ‘perfect model’. Similar to the structure of the column of the Serpentine Sackler 
Gallery a number of horizontal and vertical stiffeners are applied. In the calculation model the connection 
between the stiffeners and the column is assumed to be fixed. A structural model is setup with Grasshopper and 
Karamba and a simply supported boundary condition is applied with the spider connection at the top and 
bottom edge.  

The shape generation method SIPVA is constructed for the freeform column and the parameters are optimized 
with the genetic algorithm. The results of the optimization are added in Table 9.3 and the optimized geometry is 
shown in Figure 9.9. More pictures of the optimized geometry are added in Appendix G. 
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Figure 9.8. Geometry of the freeform column with horizontal (red) and vertical (blue) stiffeners 

 

Figure 9.9. Optimized geometry of the freeform column 

 

 

 

 

 

 

 

 

 

 

 
It becomes clear that the optimized model requires the smallest thickness and provides a larger material 
efficiency when compared to the perfect model. The material properties for the printed steel are smaller than 
standard steel (S235). In practice, when this column is constructed with traditional techniques, the standard steel 
material is applied and the results for standard steel are therefore also added in Table 9.3. An additional check is 
performed for eccentric loading and this is added in Appendix G.  

 

 

 

 

 

 

 

 

 

 

 

 

The results show that the perfect column without stiffeners requires a 50% larger mass than the optimized 
column. Due to the large imperfection sensitivity of a perfect shell geometry with small thickness additional 
stiffeners are applied to the geometry. For the column of the Serpentine Sackler Gallery these plates are also 
added (Figure 9.6) and including these stiffeners causes a reduction in required plate thickness but an increase in 
mass due to the added stiffening plates. The non-linear analysis that are performed on the perfect model with 
stiffeners show the increase in total capacity. The resulting graphs and the failure mode of the model is added in 
Appendix G. 

0,3 m 

0,25 m 

0,65 m 
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Table 9.3. Comparison between optimized and standard freeform column 

Figure 9.10. Bottom curve of optimized column without (left) and with folded ends (right) 

With the addition of stiffeners the perfect model has a Ffailure/m of 115 kg/kg. The geometry fails by instability of 
one of the stiffeners at the edge. The optimized geometry also fails at the edges and its capacity can be 
significantly increased by addition of a stiffener at the edge. To introduce a more stiff edge, the edges of the 
optimized geometry are folded to the center of the geometry along the full height (Figure 9.10). The addition of 
this additional edge does not increase the production complexity with WAAM. 

 

 

 

 

 

 

The results of the perfect model with stiffeners and optimized column with stiffened edge are added in Table 9.3 
and it becomes clear that the capacity of the optimized model with stiffeners is increased by 35%. The optimized 
geometry with folded edge has a 15% larger efficiency (Ffailure/m) than the perfect model with stiffeners. The 
resulting graphs of the optimized geometry with stiffeners also show a reduction in imperfection sensitivity when 
compared with the perfect model with stiffeners. 

 

 

 

With the application of the WAAM production technique, next to material savings, the constructability is also 
improved. It is no longer required to form the metal plates, weld the plates together and to laser-cut the stiffeners 
and having waste material. The production time and efforts can be reduced by printing the freeform column 
which makes it a practical and efficient application of the WAAM production technique. The addition of folding 
the edges of the optimized geometry increased its capacity while having almost no change in appearance as a 
consequence. Pictures of the new geometry are added in Appendix G. The possibility to add this stiffened edge 
does not impact the production complexity with WAAM and this shows the possible design freedom of the 
production method.  

 t (mm) Fmax,failure (kN) Mass (kg) Ffailure/m (kg/kg) 
Perfect model 
(standard steel) 

8,5 130 175 74 

Perfect model 
(printed steel) 

10 130 205 63 

Optimized model 
(printed steel) 

6,0 129 135 96 

Perfect model with 
stiffeners  
(printed steel) 

6,0 178 155 115 

Optimized model 
with folded edge 
(printed steel) 

6,0 236 180 131 



95 
 

10 Conclusions and recommendations 
 

10.1 Conclusions 
 

The aim of this research was to find a link between structural efficiency and a steel AM technique for lightweight, 
large-scale and freeform applications in the built environment. This has been accomplished by the development 
of a shape generation method to maximize the capacity of plate and cylindrical geometries for buckling and 
yielding while minimizing the material use. It is shown that the wire and arc additive manufacturing method 
(WAAM) has the largest efficiency to create large-scale structures and WAAM is most efficient when applying 
continuous printing. This continuous printing resulted in the choice of the optimization of shell structures.  

High level conclusions: 

- The most efficient shape optimization method that is developed in this research is based on the 
manipulation of a sine wave with varying amplitude. An efficiency of 93% is achieved where 93% of the 
material is yielding before failure.  

- A non-linear calculation method is determined to include imperfections and the non-linear material 
behavior of stainless steel. It is shown that with the Rankine-Gordon formula, consisting of a linear 
buckling and yield load, the non-linear failure loads of the plates and cylinders in this research can be 
approximated quite accurate.  

- It is observed that the optimized plate with the double curvature has the best surface quality and most 
constant thickness after printing when compared to the single curved plate and cylinder. Moreover, the 
optimized plate can be printed without adjustments against imperfections. To print the single curved 
and flat plate additional material near the edges (cylinder shape) is required to prevent: buckling during 
printing, large imperfections near the top edge and a slanting top edge. 

- The material properties of the printed material are in a broad range. With an upper and lower boundary 
of the material properties, the results of the numerical model are similar to the experimental test results. 

- By printing a wall in steel, it is shown that a reduction of 80% in mass compared to concrete can be 
achieved. On top of this, each element can be printed in a unique shape. The material properties of 
standard steel are better than the printed material. This limits the efficiency of the application of 
WAAM for a standard tubular column. For a freeform column it is shown that WAAM in combination 
with the optimized shape leads to a reduction of material use and production efforts when compared to 
production with traditional techniques. 

 

10.1.1 Shape generation method and approximation 
Thin plates are sensitive to global buckling and thin-walled cylinders to local buckling. Buckling is a failure mode 
without a warning and is influenced by imperfections. To improve the failure load of thin shells while 
minimizing the mass, a shape generation method is setup which is intrinsically linked to the failure mode itself. 
The most efficient geometrical optimization that is developed in this research is a method that uses sine wave 
curves with a varying amplitude. All buckling mode shapes are constructed from sine waves and the two most 
basic buckling mode shapes consist of single and double curvature. Both of these curvatures are combined in the 
SIPVA method. By combining single and double curvature a reduction of imperfection sensitivity is achieved 
and consequently, yielding is the governing failure mode. For the plate and the cylinder a material efficiency of 
90% is achieved, which corresponds to yielding before failure of 90% of the material, compared to 0,5% for the 
non-optimized plate and 46% for the non-optimized cylinder.   
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The study of the influence of imperfections requires a material and geometric non-linear analysis. A calculation 
scheme is set up to include imperfections and non-linearity with Abaqus. The shape optimization requires the 
evaluation of structural capacity of many different set ups and geometries. It is undesirable to use a time 
consuming non-linear analysis for every iteration of the optimization and a linear approximation method is set 
up. This approximation is based on the Rankine-Gordon formula that combines the critical buckling load and 
the maximum yield load to obtain the ultimate failure load. From the analysis results it is concluded that the 
Rankine-Gordon approximation is a safe assumption for the failure load of the single curved and optimized 
plates and cylinders. However, for the perfect shell cylinder geometry it overestimates the failure load because of 
the large imperfection influence. The Rankine-Gordon approximation should therefore be validated with a non-
linear analysis for perfect shell geometries. Whereas the approximation provides a safe assumption of the failure 
load of the optimized plate and cylinder, the results should always be validated with a non-linear analysis for 
different geometries. The non-linear analysis also showed the influence of different applied imperfections.  

For the plate and the cylinder it is concluded that different boundary conditions have a large influence on the 
obtained failure loads. When the plate and cylinder are clamped at the edges, the double curved shape did not 
buckle while having a point with no curvature in the middle of the height. It can be concluded that the obtained 
results in this research are only valid for the applied boundary conditions. The modelling of supports and loads 
needs to be carefully studied when the geometries are applied in practice.  

 

10.1.2 Material and printing 
Next to the advantages of additive manufacturing as discussed in paragraph 1.3 the WAAM technique results in 
a number of material and geometrical imperfections. The non-linear behavior of stainless steel is taken into 
account in the material model, but the material is assumed to be isotropic. For the application of thin shells the 
major direction of load bearing is through membrane stresses. It can therefore be assumed that isotropic 
behavior is valid for the correct orientation of the layers. The layer orientation (transverse or longitudinal) 
influences the material properties and for this research the transverse direction is chosen for its possible practical 
application.  

The WAAM technique is essentially welding of material to print structures. The imperfections that can be caused 
by welding, such as lack of fusion, cracks and porosity can influence the material properties but are not taken 
into account. By cooling the printed metal is shrinking and can cause residual stresses in the geometry. The exact 
effect and measure of the residual stresses is not studied in this research. The deformations which are introduced 
by the residual stresses are taken into account in the non-linear analysis with the application of shape 
imperfections. Another imperfection of WAAM is the variation of thickness of the cross-section throughout the 
geometry. To study the exact influence of the cross-section variation, a 3D scan and solid non-linear analysis 
would be required. Since thin shells work mainly through membrane stresses, a constant (minimum or average) 
thickness is considered in this research. Additionally, it is shown that the initially assumed material properties 
are not in comparison with the test results of the material properties. For the validation with the experimental 
tests these material properties are adjusted to the corresponding models of the finished and unfinished material. 
Because the optimization is performed in a parametric environment the input of the material properties can be 
easily changed in the model. 

The three plate test specimens are printed by MX3D and it is observed that the print quality for double curved 
geometries is better when compared to the single curved profiles. The surface quality is smoother, the thickness 
variation is smaller and the deformations due to shrinking (near the top edge) are not present. This is the effect 
of a slower print time which is automatically calculated by the robot of MX3D to be able to print a layer with a 
slight offset compared to the layer below. It is also noted that the current print time is approximately 1,5 kg/h but 
due to manual checks and cooling of previous layers this print time is generally not achieved.  
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Printing of the optimized plate geometries was possible without adaptations or manual input. For traditional AM 
applications refinements need to be applied in general after for example a topology optimization to meet the 
print requirements. This workflow is reduced by the shape optimization from this research which is constructed 
for the specific qualities of the wire feed additive manufacturing production technique. 

 

10.1.3 Validation with experimental tests 
For three small scale plates the numerical analysis results are validated with experimental test results. The 
boundary conditions of the experiment are simulated in the numerical model. Since the results are dependent on 
the applied boundary conditions, the validation of the model with this boundary condition does not conclude 
that all of the models (with different boundary conditions) are validated. Two tensile tests have been performed 
to determine the material properties for finished and unfinished specimens. The application of the unfinished 
material model gives results that are better in line with the experimental compression test results than the 
finished material model. The finished material model contains a larger Young’s modulus and it is observed that 
the slopes of the resulting load-displacement graphs are too large when compared to the experiment. The 
material model of the unfinished material is similar to other researches that have been performed on the 
unfinished material. The failure mode shapes of the numerical analysis and the experiments are similar and it is 
therefore concluded that the setup of the boundary conditions is correct. An imperfection shape of the first 
buckling mode is initially assumed with an amplitude corresponding to the shell thickness (3 mm). 3D scans are 
made from the plates and the obtained shape deviation from the neutral axis of the perfect plate is similar to the 
shell thickness. The numerical analysis results of the 3D scans are similar to the imperfection of the first buckling 
mode shape with amplitude of 1 mm. The assumption to use the first buckling mode with an amplitude of the 
shell thickness is therefore a safe assumption for determining the failure load in this case.  

The remaining parameters that can be changed to validate the model are the Young’s modulus, 0,2% proof stress, 
ultimate stress and the thickness, which is assumed constant in the shell. From the results of tests performed to 
obtain the Young’s modulus by other researches and the manual measurements of the thicknesses an upper and 
lower boundary are constructed. The experimental test results all fall in between the upper and lower boundary. 
It is observed that an average thickness is better approximating the failure load of the flat plate because this plate 
is globally bending. The failure mode of the single curved and optimized plates is yielding and therefore the 
experimental test results are better approximated by applying a thickness which occurs for at least 75% of the 
plate. The 0,2% proof stress, ultimate stress and strain found from the tensile tests in this research are at the 
lower limit of the values found by other researchers. From the upper and lower boundary analysis it can be 
observed that the experimental test is better approximated with the average values for the 0,2% proof stress, 
ultimate stress and strain. It is also observed that during the test there is a lot of deformation capacity after failure 
and this indicates a stress-strain curve of the material with a large difference between 0,2% proof stress and 
ultimate stress. Three final analyses are performed for the flat plate, the single curved and optimized plate with 
the expected values of the Young’s modulus, thicknesses and the average values of the 0,2% proof stress, ultimate 
stress and strain. The failure load results are only 6% different from the experimental test results. It can be 
concluded that the correct material model input is of large influence to approximate the experimental test results. 
When a correct material model is constructed, the failure loads can be approximated with the application of a 
constant thickness and therefore it is not necessary to perform a complex analysis on a solid 3D scan of the plates 
with varying thicknesses.  

 

10.1.4 Structural applications of WAAM 
Research into the currently available metal additive manufacturing techniques showed that wire feed additive 
manufacturing (WAAM) is the most promising method to print medium- to large-scale objects. The added value 
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of AM in the built environment is currently solely there for small-scale components or mockups. A case study is 
performed in this research project that proves the efficiency of printing a freeform column. By printing a 
reduction in production complexity is achieved. By application of the shape generation method a reduction in 
material use is achieved while maintaining the structural capacity. With the current material properties of the 
WAAM, which are used in this research, a standard steel element like a tubular column is more efficient than an 
optimized tubular column. When the same material properties are applied for the standard tube and the 
optimized tube, an increase of capacity is observed. Improvements with the technology can lead to an increase in 
material properties and possibly a reduction in imperfections and spreading of the thicknesses.  

 

10.2 Recommendations 
 

A number of assumptions are made in this research which leads to a few limitations of the model. The following 
points can be applied to improve the model and to increase the applicability of the model and printing method. 

Different load (combinations) and boundary conditions 
For this research only compression loads are applied to the geometries. If a wall element is used as a façade 
element, horizontal wind loading is present and this can have an effect on the resulting optimized geometry. 
Curvature is applied to optimize the buckling capacity but when a plate element will be applied as a roof element 
the deformations also need to be checked. Further research needs to be performed into the effect of different 
boundary conditions on the capacity and efficiency of the optimization. 

Thickness variation optimization 
For this research, the assumption is made to optimize the shape of a shell with a constant thickness. To further 
minimize the material use a thickness optimization can be included. It is possible with the printing technique to 
print different thicknesses in a layer. To make a better approximation of the experimental failure load a varying 
thickness can also be implemented in the numerical analysis model. The comparison between the actual 
geometry and the 3D model showed the quality of the obtained 3D model. The scan can be used to perform an 
analysis on the obtained solid 3D model instead of the neutral surface of the geometry. The minimum thickness 
that is applied for the current optimizations is based on the current minimum thickness of the wire feed additive 
manufacturing method at MX3D. A reduction in wall thickness will decrease the buckling capacity and would 
increase the added value of the shape optimization method. Further research can be performed on the effects of 
applying a smaller thickness and if there is a correlation between thickness and efficiency of the optimization. 

Openings in the shell to increase weight savings 
Openings can be applied in the shell geometry where stresses are low to save more material and reduce the 
weight. However, for WAAM continuous printing is most efficient and it is desirable to decrease the number of 
starts and stops to increase the weld and print quality. The relation between an increased production time and 
reduction of material use can be studied more in depth in a further research. 

Future applications 
For this research, a freeform column is chosen as a suitable application considering production efforts and 
material use. AM is a growing production technique and is gaining interest in different industries. Large scale 
components in other industries include aerospace wing spars, ship propellers and excavator sticks. Different 
applications of the technique for the built environment can be explored in further researches. Complex structural 
metal components are often produced with metal sheet forming or casting. Possible applications of WAAM are 
projects that require unique parts and components for which making molds is labor intensive and time 
consuming.  



99 
 

Figure 10.1. Ideas for possible applications of the shape generation and printing method 

(1) (2) 

(3) (4) 

Ideas for possible future applications of optimized metal shells are (Figure 10.1): 

- Plate as supporting beams and railing of stairs (1) 
- Freeform structural (stiffened) plate components (2) 
- Load-bearing aesthetic façade elements (3) 
- Stage or dome where traditional single curved corrugated plates are applied (4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Different AM techniques and materials 
Next to the previously discussed ideas for metal applications, the shape generation method is geometry-based 
and can therefore possibly also be applied to other 3D printing materials. Printing of slender wall elements often 
requires stiffening panels or an infill structure when 3D printing with plastics. It is therefore recommended to 
test the added value of the shape generation method obtained in this research to save material with other printing 
materials when printing wall or column elements. 

Material properties 
The results for the material properties obtained in this research and by other researchers have a large spread. The 
material properties in this research are obtained by a tensile test. A bending test is usually performed to 
accurately determine the Young’s modulus of a material. Determination of the exact material properties was not 
the goal of this thesis. For this research project, a tensile test is performed to obtain the 0,2% proof stress, 
ultimate stress and strain and the Young’s modulus from one test. It is recommended to study and determine the 
exact material properties more in depth to obtain a more accurate material model. It is also recommended to 
study the difference between material properties of compression and tension tests. It can be expected that the 
unfinished material behaves different by tension and compression. Under compression the material is less 
sensitive to imperfections since the layers are compressed. In tension these layers are pulled off each other and a 
location with a minimum thickness becomes critical because fracture will start in this location.  
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Appendix 
 
Appendix A: Abaqus input files 
 

A.1 Nodal displacements output 
 

The following text file provides the part of the Abaqus job file that is inserted manually to obtain the nodal 
displacements of the buckling modes (grey shaded lines 57 to 59). 

 

1 ##Name of job file 
2  ** Job name: HEA100_Linear_Buckling Model name: Model-1 
3  ** Generated by: Abaqus/CAE 6.12-3 
4  *Preprint, echo=NO, model=NO, history=NO, contact=NO 
5 ##Definition of geometry 
6  ** PARTS 
7  *Part, name=Part-1 
8  *Node 
9       1,           0.,           0.,           0. 
10       2,           0.,         100.,           0. 
11       ..... 
12      30,           0.,        2900.,           0. 
13      31,           0.,        3000.,           0. 
14  *Element, type=B31 
15  1,  1,  2 
16  2,  2,  3 
17  ..... 
18  29, 29, 30 
19  30, 30, 31 
20 ## Profile of beam 
21  ** Section: Section-1  Profile: Profile-1 

22  
*Beam Section, elset=Set-1, material=Material-1, 
temperature=GRADIENTS, section=I 

23  48., 96., 100., 100., 8., 8., 5. 
24  0.,0.,-1. 
25  *End Part 
26 ## Assembly 
27  *Assembly, name=Assembly 
28  *Instance, name=Part-1-1, part=Part-1 
29  *End Instance 
30 ## Material definition  
31  *Material, name=Material-1 
32  *Elastic 
33  210000., 0.3 
34 ## Step definition (analysis type)  
35  ** STEP: Step-1 
36  *Step, name=Step-1, perturbation 
37  *Buckle 
38  3, , 6, 3000 
39 ## Boundary conditions  
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40  ** Name: BC-1 Type: Displacement/Rotation 
41  *Boundary, op=NEW, load case=1 
42  _PickedSet5, 1, 1 
43  _PickedSet5, 2, 2 
44  _PickedSet5, 3, 3 
45  ** Name: BC-2 Type: Displacement/Rotation 
46  *Boundary, op=NEW, load case=1 
47  _PickedSet6, 1, 1 
48  _PickedSet6, 3, 3 
49 ## Load 
50  ** Name: Load-1   Type: Concentrated force 
51  *Cload 
52  _PickedSet4, 2, -1. 
53 ## Output requests 
54  *Restart, write, frequency=0 
55  ** FIELD OUTPUT: F-Output-1 
56  *Output, field, variable=PRESELECT 
57 ## Output of node displacement file 
58  *NODE FILE 
59  U 
60  *End Step 
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A.2 Application of imperfection to non-linear analysis geometry 
 

The following text file provides the part of the Abaqus job file that is inserted manually to apply the previously 
saved nodal displacements of the first buckling mode to the geometry. The application of this imperfection to the 
geometry is essential for the non-linear analysis and can be found in lines 37 to 39. The introduction of the 
plastic material properties can be found in the lines 34 to 36, where the stress-strain relation is assumed as a 
bilinear curve. The settings for the Riks analysis can be found in lines 43 and 44 (starting increment size, 
minimum increment and maximum increment).  

 

1 ## Name of job file 
2  ** Job name: HEA100_NonLinear_Buckling Model name: Model-1 
3  ** Generated by: Abaqus/CAE 6.12-3 
4  *Preprint, echo=NO, model=NO, history=NO, contact=NO 
5 ## Definition of geometry 
6  ** PARTS 
7  *Part, name=Part-1 
8  *Node 
9       1,           0.,           0.,           0. 
10       2,           0.,         100.,           0. 
11    ..... 
12      30,           0.,        2900.,           0. 
13      31,           0.,        3000.,           0. 
14  *Element, type=B31 
15  1,  1,  2 
16  2,  2,  3 
17  ..... 
18  29, 29, 30 
19  30, 30, 31 
20 ## Profile of beam 
21  ** Section: Section-1  Profile: Profile-1 

22  
*Beam Section, elset=Set-1, material=Material-1, 
temperature=GRADIENTS, section=I 

23  48., 96., 100., 100., 8., 8., 5. 
24  0.,0.,-1. 
25  *End Part 
26 ## Assembly 
27  *Assembly, name=Assembly 
28  *Instance, name=Part-1-1, part=Part-1 
29  *End Instance 
30 ## Material definition 
31  *Material, name=Material-1 
32  *Elastic 
33  210000., 0.3 
34  *Plastic 
35  235.,    0. 
36  420., 0.15 
37 ## Imperfection application 
38  *IMPERFECTION,FILE=LinearFile,STEP=1 
39  1,3 
40 ## Step definition (analysis type) 
41  ** STEP: Step-1 
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42  *Step, name=Step-1, nlgeom=YES, inc=100000 
43  *Static, riks 
44  0.0001, 1., 1e-10, 0.001, ,  
45 ## Boundary conditions 
46  ** Name: BC-1 Type: Displacement/Rotation 
47  *Boundary 
48  _PickedSet8, 1, 1 
49  _PickedSet8, 2, 2 
50  _PickedSet8, 3, 3 
51  _PickedSet8, 5, 5 
52  ** Name: BC-2 Type: Displacement/Rotation 
53  *Boundary 
54  _PickedSet9, 1, 1 
55  _PickedSet9, 3, 3 
56 ## Loads 
57  ** Name: Load-1   Type: Concentrated force 
58  *Cload 
59  _PickedSet7, 2, -600000. 
60 ## Output requests 
61  *Restart, write, frequency=0 
62  ** FIELD OUTPUT: F-Output-1 
63  *Output, field, variable=PRESELECT 
64  ** HISTORY OUTPUT: H-Output-1 
65  *Output, history, variable=PRESELECT 
66  *End Step 
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Appendix B: Reference project 
 

The shape generation method of the ribbed diagonal pattern is based on the ‘Shell Lace Structures’ by Tonkin 
Liu. It is a system of thin steel sheets with voids, connected in ridges and spirals that emulate the structural 
rigidity and delicate contours of sea shells. The curvature gains strength through the resistance of its spherical, 
saddle forms and through the way loads are spread in multiple directions. Corrugation with an incline V-profile 
allows the geometry to be constructed of flat sheets.  

The ribs that can be recognized in the structures ensure the transfer of loads from top to bottom. To ensure 
stability and strength in all directions, the ribs are present in a diagonal pattern and the material in between the 
ribs contains voids to minimize the weight of the structure. The ribbed geometry of the ‘Shell Lace Structures’ is 
visible in the projects Solar Gate and the Tower of light. A detailed image of the Solar Gate shows that the 
structure is constructed from flat sheets that are welded together. 

 

Solar Gate, Hull (UK), Tonkin Liu Architects (2017) 

 

 

 

 

 

 

 

 

 

 

 

Detailed image of Solar Gate 
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Tower of light, Manchester (UK), Tonkin Liu Architects (planned for 2019) 

 

 

 

 

 

 

 

 

 

 

 

 

The images below are examples of the geometries that can be created with the script. The parameters of the script 
are discussed in paragraph 6.3.3. The diagrid of the ‘Shell Lace Structures’ can be recognized and by changing the 
parameters the number of ribs can be varied. Also the width of the ribs and the depth of the material in between 
the ribs can be varied. 
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Appendix C: Optimization and shape generation script 
 

Overview Grasshopper script of geometry generation 
The purple dots represent the number sliders that form the optimization and input parameters of the script. 
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Overview of Grasshopper script for Karamba calculation 
The purple circles represent the parameters for the calculation and structural properties, such as thickness of the 
shell, material, loading and boundary conditions. 
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Model (geometry) built up step by step 

Specification of desired width, number of division points 

 

 

 

Move points in y-direction (perpendicular to width of the plate), amplitude 1 and amplitude 2 

 

 

 

Move points in x-direction, period difference 1 
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Define the distance between the large and small amplitude. Factor = 0 

 

 

 

Factor = 1 

 

 

 

Interpolate curve between points 
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Trim curve to obtain specified width 

 

 

 

Resulting curve 1 

 

 

 

Curve 2 is the inverse of curve 1 with the opposite values of the amplitude 
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Add parameter to manipulate period of the second curve separately 

 

 

 

Extrude both curves and obtain center of gravity 

 

 

Find average point between centers of gravity and move curves towards center with vector parameter 
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Divide the specified height in number of points  

 

 

Move curves alternately to points and loft curves 

 

 

Mesh surface. The output mesh of the modeling part is the input for the calculation part of the script. 
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Appendix D: Abaqus boundary conditions comparison 
 

The graphs below show the imperfection sensitivity of different mode shapes and different boundary conditions. 
For the cylinder in paragraph 7.2.4 it is discussed that the first buckling mode as imperfection is not governing. 
When applying the third mode shape as imperfection to boundary condition 2, the results are similar to the 
failure loads of mode shape 1 of boundary condition 1 with the spider. 

 

Imperfection of mode shape 1 to boundary condition 1: 

 

 

Imperfection of mode shape 3 to boundary condition 2: 
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Appendix E: Pictures printed samples 
 

E.1 Dimensions for unfinished tensile test pieces 
 

Thickness = 3 mm 
Gauge length = 80 mm 
 

The dimensions of the tensile test piece are based on the NEN-EN-ISO 6892-1 Annex B.  
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t = 1,35 mm 

t average= 3,94 mm 
tmin = 3,59 mm 

E.2 Printing and preparing of test samples 
 

Tensile test samples 
The tensile test samples are milled from the backside of the printed cylinder.  
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u = 14 mm 

Flat plate 
The flat plate is milled from the front side of the printed cylinder. After milling the plate, the plate is bended and 
this is caused by the residual stresses in the cylinder. Deformations due to cooling are restrained in the closed 
section and these are released when the plate is milled out of the section. 
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Single curved plate 
The single curved plate is milled at the top and bottom edge to obtain parallel edges. The imperfection in the first 
image is caused by the shrinking of layers. This effect is larger near the top and causes some material to be 
printed next to the layer below because the robot follows the perfect toolpath from the computer model and does 
not measure real-time where the layers below are. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The image below shows the pieces that are milled from the bottom edge of the single and double curved plates.  

 

 

 

 

 

 

 

 

Single curved plate 

Optimized plate 
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Optimized plate 
The optimized (double curved) shape is milled at the top and bottom edge to obtain parallel edges. The similar 
height as the single curved plate is obtained (H = 36 cm). 

Before milling of the top and bottom edge 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The image below shows the top view of the double curved plate. After milling the edges are smooth and parallel. 

 

 

 

 

 

 

 

 

 

3 mm 



124 
 

E.3 3D scan 
 

A 3D scan of the plates is made with photogrammetry and the software package Autodesk ReCap. The result of 
this 3D scan is a 3D model, a mesh. This mesh can be visually compared with pictures of the real plate. The 
images below contain circles that indicate corresponding parts of the 3D scan and the real plate. From the 
similarities between the 3D model and the real pictures, it can be concluded that the scanning method provides 
an accurate representation of the real plate structure. 

 

Single curved plate 

3D scan of the plate 

 

 

Picture of the plate 
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Optimized plate 

3D scan of the plate 

 

 

 

Picture of the plate 
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Appendix F: Experimental test results, pictures and validation 
 

F.1 Tensile test results 
 

Two tensile tests are performed to determine the material properties for the validation of the numerical analysis. 
One of the test samples is unfinished and one sample is milled to exclude geometrical imperfections. 

Test setup with optical strain measurement device 
The strain during the tensile test is measured using an optical strain measurement device (left grey box in image 
below). This device measures the length difference between two dots on the samples with laser beams. 

 

 

 

 

 

 

 

 

 

 

Unfinished test piece (Young’s modulus = 85000 MPa) 
To more accurately determine the Young’s modulus from one test, it is chosen to perform a loading and 
unloading test on the test samples. The Young’s modulus is determined from the loading and unloading branch 
of the graph between approximately 25% and 75% of the expected 0,2% proof stress. With Excel a curve fit is 
created over all of the stress and strain values of this area of the graph. 
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Unfinished test piece (0,2% proof stress = 235 MPa) 
After the determination of the Young’s modulus, a line parallel to the Young’s modulus can be translated to a 
strain value of 0,002 mm/mm. The intersection point with the test result is equal to the 0,2% proof stress. 

 

 

 

Finished test piece (Young’s modulus = 95000 MPa) 
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Finished test piece (0,2% proof stress = 310 MPa) 

 

 

 

Results 
The results obtained from this research are compared with the test results on tensile tests performed by Tebbens, 
Van Bolderen, OCAS (Onderzoekscentrum voor de Aanwending van Staal) and University of Bologna. 

 

Unfinished test pieces 

 Test at TU/e Research other institutes 
Young’s modulus 85 GPa 67 – 120 GPa 
0,2% proof stress 235 MPa 235 – 305 MPa 
Ultimate stress 460 MPa 535 – 616 MPa 
Ultimate strain 17% 13 – 23 % 

 

Finished test pieces 

 Test at TU/e Research other institutes 
Young’s modulus 95 GPa 150 – 160 GPa 
0,2% proof stress 310 MPa - 
Ultimate stress - - 
Ultimate strain - - 
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F.2 Compression test setup 
 

Flat plate 
Because the single curved and optimized plate have an amplitude at their edges and are placed on a non-rotatable 
top and bottom plate in the compression bench, a fixed support is simulated. To have an equal comparison 
between the three plates, the flat plate is fixed at the top and bottom edge. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Single curved and optimized plate 
The single curved and optimized plate have an amplitude and are placed between non-rotatable top and bottom 
plates. The top and bottom plates are restrained in rotation to prevent ‘shooting’ the plate out of the test setup. 

 

 

 

 

 

 

 

 

 

 

 

Clamp 

Horizontal measurement 
(LVDT) 

Vertical measurement 
(LVDT) 

Vertical measurement 
(LVDT) 

Aluminum plates to 
spread load along edge 
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F.3 Compression test results 

 
In this paragraph pictures are added from the start and end of the three compression tests. When comparing 
these pictures it becomes clear how the plates deform.  

Flat plate 
The flat plate deforms globally and the whole member is bending. 

Start of test 

 

 

 

 

 

 

 

 

 

 

 

 

End of test 
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Single curved plate 
The single curved plate is also bending globally and the failure mode is not influenced by local imperfections. 

Start of test 

 

 

 

 

 

 

 

 

 

 

 

 

End of test 
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Optimized plate 
The optimized plate starts to deform at one of the edges and is not bending globally. 

Start of test 

 

 

 

 

 

 

 

 

 

 

 

 

End of test 
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F.4 Upper and lower boundary values 

 
To validate the experimental tests with the numerical analysis, an upper and lower boundary are setup from the 
material properties obtained from this research and other researches. The values of the upper and lower 
boundary for each plate are added below. 

 

Flat plate 

Upper bound  E = 85000, t = taverage = 3,49 mm, imp = 1 mm 
   σ0,2% = 263 MPa, σultimate = 573 MPa, ε = 19% 

Lower bound  E = 70000, t = t85% = 2,87 mm, imp = 1 mm 
   σ0,2% = 235 MPa, σultimate = 530 MPa, ε = 17% 

 

Single curved plate 

Upper bound  E = 85000, t = taverage = 3,75 mm, imp = 1 mm 
   σ0,2% = 263 MPa, σultimate = 573 MPa, ε = 19% 

Lower bound  E = 70000, t = t85% = 3,11 mm, imp = 1 mm 
   σ0,2% = 235 MPa, σultimate = 530 MPa, ε = 17% 

 

Optimized plate 

Upper bound  E = 85000, t = taverage = 4,13 mm, imp = 1 mm 
   σ0,2% = 263 MPa, σultimate = 573 MPa, ε = 19% 

Lower bound  E = 70000, t = t85% = 3,67 mm, imp = 1 mm 
   σ0,2% = 235 MPa, σultimate = 530 MPa, ε = 17% 
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F.5 Additional Abaqus analysis 
 

Three additional non-linear analysis are performed to approximate the experimental test results more accurately 
than the upper and lower boundary for the flat plate, the single curved and the optimized plate. For the flat plate 
the average thickness is applied because the whole plate is bending. For the single curved and optimized plate a 
thickness is applied for which 75% of the plate thickness is larger. A Young’s modulus of 75 GPa is applied. The 
resulting load-displacement curves of the non-linear analysis match the experimental test curve quite accurately.  

 

Flat plate 

 

 

 

 

 

 

 

 

 

 

 

 

Single curved plate 
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Appendix G: Freeform column optimization 
 

G.1 3D views 
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G.2 3D views with folded edge 
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G.3 Eccentric loading 
 

To test the optimized geometry for sensitivity to eccentric loading, two new loading configurations are analyzed. 
The first load condition (load 1) consists of a load on the back of the column: 

 

 

 

 

 

 

 

 

 

The second load condition (load 2) consists of a larger load at one side of the column. The load at the other side 
of the edge is half the load at the first part of the edge: 

 

 

 

 

 

 

 

 

 

A boundary condition is applied where the top edge is restrained in horizontal direction along the full edge. This 
can represent a welded connection to a top plate or top ring. All of the rotation for the top and bottom edge are 
free. The results of the analysis are added in the table below: 

 Rankine-Gordon failure load (kN) 
Equally divided top load 129 
Eccentric load 1 150 
Eccentric load 2 112 

 

The failure load for load 1 is larger than the equally divided load since the backside of the column contains ribs 
that lead the load straight towards the bottom. Eccentric load 2 shows a reduction of failure load caused by the 
load going through the edges of the plate. However, the failure load is sufficient for the design load of 100 kN. 
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G.4 Non-linear analysis results of freeform columns with stiffeners 

 
When the freeform column of the Serpentine Sackler Gallery is constructed with traditional methods, curved 
plates and stiffening plates are welded together. A non-linear analysis with imperfections is performed in Abaqus 
on the perfect geometry with stiffeners and the optimized result with stiffened edge. The results show that the 
optimized geometry with stiffened edge is less influenced by imperfections and that a 5 mm imperfection gives a 
slightly larger failure load than the 1 mm imperfection. The perfect geometry fails at one of the vertical stiffeners 
and the optimized geometry also fails at the edges. 

 

Analysis results 

 

 

 

 

 

 

 

 

 

Failure modes 

Optimized model with stiffened edge 

Start of analysis                                         End of analysis 
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Perfect geometry with stiffeners 

Start of analysis                                         End of analysis 
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Appendix H: Ramberg-Osgood expression 
 

The Ramberg-Osgood expression is used to approximate the stress-strain relationship of the tensile tests. The 
resulting stress-strain approximation can easily be implemented in Abaqus for a non-linear analysis. 

The Ramberg-Osgood equation for total strain (elastic and plastic) as a function of stress is: 

 

where σ is the value of stress, E is the Young’s modulus of the material, σ0,2% is the 0,2% proof stress and n is the 
strain hardening exponent of the material. This strain hardening exponent can be calculated as follows: 

𝑛𝑛 =
log � 𝜎𝜎𝑢𝑢

𝜎𝜎0,2%
�

log � 𝜀𝜀𝑢𝑢
𝜀𝜀0,2%

�
 

where σu is the ultimate stress, εu is the ultimate strain and ε0,2% is the strain at the 0,2% proof stress. The strain at 
the point of 0,2% proof stress is 0,002 mm/mm (Rasmussen, 2003). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝜀𝜀 =
𝜎𝜎
𝐸𝐸

+ 0,002(
𝜎𝜎

𝜎𝜎0,2%
)1/𝑛𝑛  
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