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Homotopy Measures for Representative Trajectories∗

Erin Chambers† Irina Kostitsyna‡ Maarten Löffler§ Frank Staals§

Abstract

An important task in trajectory analysis is defining a
meaningful representative for a set of similar trajec-
tories. How to formally define and find such a repre-
sentative is a challenging problem. We propose and
discuss two possible definitions. In both definitions
we use only the geometry of the trajectories, that is,
no temporal information is required, and measure the
quality of the representative using the homotopy area
between the representative and the input trajectories.
Computing an optimal representative turns out to be
NP-hard for one of the definitions, whereas the other
definition allows efficient algorithms for a reasonable
class of input trajectories.

1 Introduction

Extracting a meaningful representative trajectory
from a collection of similar trajectories is an impor-
tant open problem in GIS that has recently received
considerable attention [1–3, 9–11, 13, 14]. Fig. 1 illus-
trates our setting, where trajectories are embedded in
the plane; the goal is to find a good representative
that captures important features shared by most of
the input curves.

In [4], Buchin et al. investigate whether a reason-
able notion of a median exists that depends only on
the intersections in a set of trajectories, while essen-
tially not using the geometry in any way. The authors
also incorporate a notion of the topology of the under-
lying space, by placing obstacles in large open regions
and restricting the class of trajectories to the same
homotopy type. They conclude that while computa-
tion of the median is possible to some extent, some
notion of geometry and topology seems necessary to
handle practical situations.

In this paper, we include some geometric and topo-
logical information in the selection of a representative
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Figure 1: A set of similar trajectories, and the desired
representative trajectory.

curve, namely, the area of the faces in the arrange-
ment of trajectories. We use the homotopy area mea-
sure from Chambers and Wang [7], which measures
similarity by the area swept by a minimum homotopy
between two input curves. This notion is particu-
larly attractive in our setting as it implicitly penal-
izes a representative trajectory for missing large re-
gions without making it necessary to artificially place
obstacles in the ambient space.

Clearly, if the trajectories considered are completely
dissimilar, and thus have no important common fea-
tures, there is also no good representative trajectory
for them. Therefore, it makes sense to consider only
trajectories that have the same general “shape”.

Problem Statement. We are given a set of tra-
jectories T = {T1, .., Tn}, which for the purposes of
this paper are simply curves in the plane. We wish to
compute a single trajectory ç∗ that best represents
all trajectories in T . As we will use homotopy area to
measure the quality of ç∗ we require that: (i) all tra-
jectories start and end at the same points, (ii) each
individual trajectory Ti is simple, that is, it has no
self-intersections (or else homotopy area is not well
defined), and (iii) the start and end points lie in the
outer face of the arrangement of trajectories.

We require that ç∗ also goes from the common
start point to the common end point and has the fol-
lowing properties: (a) ç∗ should consist of segments
of the input trajectories, (b) ç∗ should be simple,
(c) ç∗ should use each segment in the correct di-
rection (i.e., the same direction as used in the input
trajectory), and (d) all segments of a trajectory that
appear on ç∗ should appear in the correct order.

Among all possible output trajectories that sat-
isfy these requirements, we wish to select one that
represents T best. We measure this by the dis-
tance between the (candidate) median ç and the
trajectories in T . Let d(ç, T ) be the homotopy
area between ç and a trajectory T ∈ T . We con-
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Figure 2: An illustration of the NP-hardness reduction
from Partition. The purple curve represents the partition
B = {a2, a3, a6, a7} and G = {a1, a4, a5}.

sider two variants: minimizing the maximum dis-
tance M (ç, T ) = maxT∈T d(ç, T ) between ç and
the trajectories in T , and the sum of the distances
D(ç, T ) =

∑
T∈T d(ç, T ) between ç and the tra-

jectories in T . If T is clear from the context we will
write M (ç) = M (ç, T ) and D(ç) = D(ç, T ).

Results. We show that the first variant considered,
minimizing the maximum distance, is NP-hard, even
if the trajectories are all x-monotone. For the second
variant we show that if the trajectories have a similar
“shape” then we can compute a representative min-
imizing D efficiently. Quite surprisingly, our results
show that under reasonable constraints, the simple
median from Buchin et al. [4] that does not incorpo-
rate areas in any way, remains the optimal choice for
minimizing D .

2 Minimizing the Maximum Distance M

We first show that the problem of minimizing the
maximum distance between the median trajectory
and all other trajectories in NP-hard, even for the case
of a constant number of x-monotone input curves.
Our reduction proceeds from the Partition problem,
which, given a set A = {a1, .., an} of positive inte-
gers, asks if there is a partition of A into sets B
and G such that

∑
(B) =

∑
(G) =

∑
(A)/2, where∑

(X) =
∑
a∈X a.

Given the set A, we construct two x-monotone tra-
jectories (curves) TB and TG such that the faces be-
tween successive intersections have area equal to some
ai ∈ A. See Fig. 2 for an illustration.

Any candidate trajectory ç corresponds to a par-
tition of A into B and G: ai ∈ B if and only if ç
uses the edges of TB that bound the face correspond-
ing to ai. It follows that the homotopy area between

ç and TB is exactly
∑

(B). Similarly, the homotopy
area between ç and TG is

∑
(G), and thus M (ç) =

max {∑(B),
∑

(G)}. Let ç∗ be a trajectory minimiz-
ing M . We have that M (ç∗) =

∑
(A)/2 if and only

if A can be partitioned such that
∑

(B) =
∑

(G). It
follows that minimizing M is (weakly) NP-hard.

Figure 3: The trajectory graph Γ. In this example, Γ is
acyclic.

Figure 4: The simple median for a set of x-monotone
trajectories.

3 Minimizing the Sum of Distances D

We now describe how to compute a representative
that minimizes D for a set of trajectories T whose
shape is similar. As a warmup, we consider the case in
which the trajectories in T are x-monotone. We then
show that this approach extends to the case where
the trajectory graph Γ is an arbitrary acyclic graph.
The set of vertices of Γ consists of the start point, the
end point, and the intersection points of the trajec-
tories. An edge in Γ then corresponds to a piece of a
trajectory, directed along that trajectory. See Fig. 3.

3.1 x-Monotone Trajectories

In this section we will show that for x-monotone tra-
jectories, the simple median, as defined by Buchin et
al. [4], also minimizes the sum of the homotopy ar-
eas D . At the starting point s, the simple median
starts at the n/2th curve (ranking the trajectories by
their y-coordinate just after s). It switches at every
intersection point it encounters, thus staying on the
n/2th trajectory. See Fig. 4. Throughout this section
we will consider the trajectories as functions mapping
time, represented by the x-axis, to R1, represented by
the y-axis. Thus we use T (t) = T (x) to denote the
y-coordinate of the trajectory T at time t = x.

To show that the simple median ç∗ minimizes D
we write D(ç) as an integral

∫
f(t) dt over time t. At

any individual time t, f(t) represents the sum of the
lengths of a set of intervals along a vertical line. All
intervals share a common endpoint (the value of ç at
time t). The total length of these intervals is minimal
when ç has the same number of trajectories above
and below it, that is, when it is the simple median at
time t.
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Lemma 1 The simple median minimizes

F (ç) =

∫

t

∑

T∈T
|ç(t)− T (t)|dt.

Proof. Let y1, .., yk denote the intersection points of
the trajectories with a vertical line `x with x = t.
Any valid trajectory uses one of the points ti at time
t. We now show that the point yh, with h = dn/2e,
minimizes F ′(y) =

∑
T∈T |y − T (x)| at x = t. Since

the simple median ç∗ is on the hth trajectory at any
time t, it thus follows that ç∗ minimizes F .

Assume by contradiction that the point that mini-
mizes F ′ at x is on ti+1, with i > h. The case i < h is
symmetric. We have F ′(ti+1) =

∑
j>i+1(tj − ti+1) +∑

j<i+1(ti+1 − tj), and F ′(ti) = F ′(i + 1) + (n −
i)(ti+1 − ti) − i(ti+1 − ti). Since i > h = dn/2e it
follows that F ′(i) < F ′(i+ 1). Contradiction. �

Given a point p let ω(p, γ) denote the winding num-
ber of p with respect to a closed curve γ.

Lemma 2 Let T be a set of x-monotone trajectories.
The simple median minimizes D .

Proof. Let ç be a candidate median trajectory, and
let γT be the closed curve obtained by concatenat-
ing ç and the reverse of T . All trajectories are x-
monotone and have consistent winding numbers, so
for any point p any winding number ω(p, γT ) is either
zero, plus one, or minus one. We then apply Lemma
4.3 of Chambers et al. [7] and obtain

D(ç) =
∑

T∈T
d(ç, T ) =

∑

T∈T

∣∣∣∣
∫

p∈R2

ω(p, γT ) dp

∣∣∣∣

=
∑

T∈T

∫

x∈R

∫

y∈R
|ω((x, y), γT )|dy dx

=

∫

x∈R

∑

T∈T

∫

y∈R
|ω((x, y), γT )|dy dx.

A vertical line `x with x-coordinate x intersects (the
faces of) Γ in a set of intervals I(x) = I1, .., Ik. All
points (values) in an interval Ii have the same winding
number ω(Ii, γT ) with respect to a curve γT . So,

D(ç) =

∫

x∈R

∑

T∈T

∑

I∈I(x)

∫

y∈I
|ω((x, y), γT )|dy dx

=

∫

x∈R

∑

T∈T

∑

I∈I(x)
|ω(I, γT )| · |I|dx.

Since the trajectories are x-monotone, each trajec-
tory T ∈ T intersects a vertical line `x in exactly
one point, namely (x, T (x)). Let JT ⊆ `x be the in-
terval bounded by ç(x) and T (x). It follows that
|ω(I, γ)| = 1 if I ⊆ JT and zero otherwise, and thus

D(ç) =

∫

x∈R

∑

T∈T
|ç(x)− T (x)|dx = F (ç).

The lemma now follows from Lemma 1. �

From Lemma 2 it follows that we can compute a
median trajectory using the algorithm of Buchin et
al. [4] in O((N + k)α(N) log(N)) time, where N is
the total complexity of the input trajectories, and k
is the output complexity (which is at most O(N2)).

3.2 Extending to Arbitrary Acyclic Γ

The arguments from the previous section can be ex-
tended to the case where the trajectory graph is
acyclic. We observed that the function F in Lemma 1
is an integral over time, summing the lengths of inter-
vals along a vertical line. It is easy to see that this gen-
eralizes to a sum of intervals along an arbitrary time-
varying curve. More formally, let ` : [0, 1]×[0, 1]→ R2

be a continuous map such that at any time t, the
curve `(t) =

⋃
z∈[0,1] `(t, z) intersects each trajectory

from T exactly once. The curve ç` that at any time
t corresponds to the n/2th intersection point on `(t)
minimizes the function

G(ç) =

∫

t∈[0,1]

∑

T∈T
len
(
`(t),ç(t), T (t)

)
dt,

where len(C, p, q) denotes the length along curve C
from p to q. Additionally, we observe that for any two
maps `1 and `2, these median curves ç1 and ç2 are
the same curve: the simple median ç∗. To see this,
consider sweeping `1 and `2 over Γ, while maintaining
the edges e1 and e2 of Γ currently containing ç1 and

ç2, respectively. Initially, the ç1 and ç2 use the
same outgoing edge of s, hence e1 = e2. The key
insight is now that ei changes only if `i sweeps over
the end point v of ei. Conversely, if `i sweeps over a
different vertex of Γ, the number of curves intersecting
`i before and after çi does not change. This implies
that ç1 and ç2 both use the same outgoing edge of
v. Repeating this argument gives us that ç1 = ç2 =

ç∗. Therefore, we conclude:

Lemma 3 The simple median minimizes G(ç).

Analogous to Lemma 2 we now rewrite D(ç) as
an integral over time. However, instead of directly
mapping time t to a vertical line x = t, we map every
time t to a curve `(t) that intersects each trajectory
exactly once. Such a (continuous) map exists, since
the trajectories do not contain self intersections, and
Γ is acyclic.

It then again follows that all winding numbers are
zero, one, or minus one, and thus we can obtain
D(ç) = G(ç). The following result then follows
from Lemma 3.

Lemma 4 Let T be a set of trajectories for which Γ
is acyclic. The simple median minimizes D .

Thus, we can again compute a median trajectory
using the algorithm of Buchin et al. [4]. Hence:
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t
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Figure 5: A corridor.

Theorem 5 Let T be a set of trajectories with to-
tal complexity N and for which Γ is acyclic. A
trajectory that minimizes D can be computed in
O((N + k)α(N) log(N)) time, where k is the com-
plexity of the resulting trajectory.

4 Future Work

Throughout this paper, we have assumed that the tra-
jectories are constrained to be similar, so that the un-
derlying intersection graph is x-monotone or acyclic.
When the trajectory graph is not acyclic, we propose
a two phase approach. In the first phase we compute
a corridor, capturing the global shape of the trajecto-
ries. In the second phase we compute a concrete curve
representing the trajectories in the corridor. The con-
ceptual existance of a corridor is justified by the as-
sumption that the input trajectories are similar. We
can formalize the notion of a corridor as follows.

Let M be a simply connected continuous topolog-
ical space, let f : M → R2 be a continuous function
mapping M onto R2, and let TM = f−1(T ) denote
the set of trajectories lifted ontoM using f−1. We de-
fine a corridor to be such a pair (M, f) for which the
trajectory graph ΓM of the trajectories TM is acyclic.
Fig. 5 shows an example.

We can find a representative for the set of trajecto-
ries TM using Theorem 5. What remains is to find and
compute a corridor (M, f). We plan to investigate
computing a corridor in future work. We will con-
sider lifting the trajectories to a covering space where
the underlying graph is acyclic. As long as this lifting
to a new space is locally consistent and preserves the
fact that any two of the trajectories are homotopic,
this allows lifting the homotopy area measure. How-
ever, as there are many possible ways to lift, further
investigation of the trade-offs involved is necessary.

We focused on using the homotopy area to measure
the distance between the trajectories. There are many
other alternative measures that take topology and ge-
ometry into account. Homotopy width (or homotopic
Fréchet distance) [8] and homotopy height [5, 12] are
obvious options, as is homology area [6], although it
is unclear if any of these are tractable or useful in
practice.

References

[1] P. K. Agarwal, M. de Berg, J. Gao, L. J. Guibas,
and S. Har-Peled. Staying in the middle: Exact and
approximate medians in R1 and R2 for moving points.
In CCCG, pages 43–46, 2005.

[2] R. Basu, B. Bhattacharya, and T. Talukdar. The
projection median of a set of points in Rd. Discrete
& Computational Geometry, 47(2):329–346, 2012.

[3] K. Buchin, M. Buchin, J. Gudmundsson, M. Löffler,
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