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How to play hot and cold on a line

Herman Haverkort∗ David Kübel† Elmar Langetepe† Barbara Schwarzwald†

1 Introduction

Imagine we want to set up receivers to locate an an-
imal that carries a device which sends signals. The
strength of the signals may vary, but we know one
thing: the further the distance from the animal, the
weaker the signal. Or imagine a researcher conducting
a survey, who wants to summarize respondents’ polit-
ical preferences by scoring them on several scales (for
example, from conservative to progressive, or from
favouring a small state to a large state). Respondents
may not be able to score themselves but, given a num-
ber of hypothetical party programmes, they can rank
them and say which one they like best.

In such settings, we are essentially searching for a
target that is a point in a one- or higher-dimensional
space. To pinpoint the location of the target, we issue
queries (receivers, party programmes) that are points
in the same configuration space. As a response, we
obtain an ordering of the query points according to
their distance to the target. From this we try to de-
rive the location of the target with the highest pos-
sible accuracy—or conversely, we try to reach high
accuracy with as few (expensive) queries as possible.

Searching for a stationary target is a common prob-
lem in computer science and applied mathematics.
Strategies such as evenly distributed query points or
binary search spring to mind immediately, but, as we
will see in this paper, at least in certain abstract set-
tings of the problem we can do much better. The
problem of efficiently obtaining an order on a set of
objects has been studied before in very general set-
tings [3], but note that in our case, the cost measure
is the number of query points that are used, not the
number of comparisons that are made between them.
The reconstruction of geometric objects based on a
sequence of geometric probes (points, lines, hyper-
planes, wedges, etc.) has also been investigated: the
problem was introduced by Cole and Yap [2] and the
main focus is also on the number of queries [5].

Specifically, we focus on the following setting. The
target t is a one-dimensional point located at an un-
known position in the unit interval [0, 1]. To pinpoint
the location of t, we may query the interval at points
q1, . . . , qn ∈ [0, 1]. As a response, we obtain an order-
ing of the points by ascending distance to t. This re-
stricts possible positions of t to a subinterval bounded
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by bisectors of query points or an end point of the
initial interval. We measure the efficiency or quality
of a query strategy in terms of the reciprocal of the
size of the subinterval in which the target t is found
to lie. The worst-case of this reciprocal, that is, the
minimum over all possible locations of t, is called the
accuracy of the query strategy.
With respect to the frequency of the responses,

we distinguish two variants. In the one-shot variant
(Sec. 2), the response is only given after all points
q1, . . . qn have been placed. In this case one needs to
maximize the number of different, well-spaced bisec-
tors. Such combinatorial questions are classical prob-
lems in discrete geometry; see for example [4]. In the
incremental variant (Sec. 3), a response is given after
each point placement, and may affect the choice of the
next point. This enables a binary search strategy, but
we can do much better than that. The problem can
be interpreted as a game where an adversary tries to
hide the target in the largest possible area. Geomet-
ric games about area optimization have a tradition in
Computational Geometry; see for example [1].

For both variants we present an efficient strategy
and an upper bound on the accuracy that can be
achieved. In Section 4, we briefly discuss room for
improvement and implications for higher-dimensional
settings of the problem.

2 One-shot strategies

First we consider the one-shot variant of the problem:
only after generating n query points, we get to hear
their ordering by distance to the target t. This pin-
points t to a subinterval bounded by bisectors of query
points or an end point of the interval. As the target
may lie in any subinterval, our problem is equivalent
to minimizing the maximum size of such an interval.
As n query points can produce at most 1

2n(n − 1)
distinct bisectors, there are at most 1

2n(n − 1) + 1
intervals. Thus, we get the following (trivial) upper
bound for the accuracy of one-shot strategies:

Theorem 1 The accuracy of any one-shot strategy

with n points is at most 1
2 · (n2 − n+ 2) ∈ O

(

n2
)

.

We will now develop a strategy to get close
to this upper bound. As a starting point, con-
sider the following simple strategy, which we call
EquiDist(n): place n evenly spaced query points
(q1, q2, . . . , qi, . . . , qn) := (0, 1

n−1 , . . . ,
i−1
n−1 , . . . , 1).

The accuracy of EquiDist(n) is only 2(n−1) because
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many bisectors overlap. However, for n ≥ 7 it is possi-
ble to forgo some of these query points, while the num-
ber of distinct bisectors, and so the accuracy, stays the
same. Hence, for some function ϕ(n) with ϕ(n) > n,
we can achieve the same accuracy as EquiDist(ϕ(n))
with n query points. Specifically, we now introduce a
strategy Gapx(n) that will form a subset of the query
points defined by EquiDist(ϕx(n)) for ϕx(n) :=
n(x + 1) − 2x2 − x − 2 by using only the following
n points from EquiDist(ϕx(n)): q1, q2, . . . , qx+1, as
well as q2x+1+k·(x+1) for k ∈ {0, . . . , n−(2x+3)}, and
qϕx(n)−x, . . . , qϕx(n)−1, qϕx(n). This results in widely
spaced query points throughout the search range, and
tightly spaced points near both ends, omitting at most
x consecutive query points from EquiDist(ϕx(n)).
Most bisectors will then be formed by one of the
tightly and one of the widely spaced points.

Lemma 2 For x, n ∈ N with n ≥ (2x + 3), the one-

shot query strategy Gapx has accuracy 2(ϕx(n)− 1).

Proof. It suffices to show that every distinct bisector
from EquiDist(ϕx(n)) is also created byGapx(n), as
the points chosen by Gapx(n) are a subset of those
chosen by EquiDist(ϕx(n)). For each 1 ≤ i < ϕx(n),
Gapx(n) must choose two points that form a bisector
in the middle between qi and qi+1. For each 1 < j <
ϕx(n), Gapx(n) must choose two points that form a
bisector directly on qj .
For i ≤ x and j ≤ x this is given by q1, q2, . . . , qx+1.

For x < i < ϕx(n)
2 , EquiDist(ϕx(n)) forms a

bisector between qi and qi+1 with all of the pairs
(q1, q2i), (q2, q2i−1), . . . , (qx+1, q2i−x). One of these
pairs has to be in the chosen subset of Gapx(n),
since the choosing process omits at most x consec-
utive points. Likewise, one of the pairs (q1, q2j−1),
(q2, q2j−2), . . . , (qx+1, q2j−(x+1)) must have been cho-
sen by Gapx(n). Those pairs form a bisector on qj
for x < j ≤ ϕx(n)

2 . The existence of the remaining
bisectors, that is, those in the right half of the unit
interval, follows by the symmetry of the strategy.
Hence Gapx(n) produces the same set of 2(ϕx(n)−

2) distinct equidistant bisectors as EquiDist(ϕx(n)),
resulting in an accuracy of exactly 2(ϕx(n)− 1). �

It remains to choose the optimal x, given n, max-
imizing ϕx(n). As the slope of ϕx increases with
x, Gapx is eventually surpassed by Gapx+1. The
break-even point between Gapx and Gapx+1 is at
n = 4x+ 3. Hence, xopt = ⌈n−3

4 ⌉ and we get:

Theorem 3 For any n ≥ 3 and xopt = ⌈n−3
4 ⌉,

the one-shot strategy Gapxopt
(n) has an accuracy of

2(ϕxopt
(n)− 1) ≥ 1

4 · (n2 + 6n− 27) ∈ Ω(n2).

This leaves only a gap of a factor two between the
lower and the upper bound.

3 Incremental and online strategies

In this section we consider incremental strategies, that
is, before placing any query point qi we may learn the
ordering of q1, ..., qi−1 by (increasing) distance to the
target, and we may choose the location of qi depend-
ing on that information. We will show upper and
lower bounds on the accuracy that can be achieved.

3.1 A strategy with high accuracy

A simple incremental strategy could choose the query
points such that the interval containing the target is
halved in each step. Thus, with n query points, we
achieve accuracy 2n−1. But we can do much better,
with a recursive strategy that takes advantage of more
than one new bisector in many steps. Let h(n) be the
accuracy we aim for, as a function of the number n of
query points we get to place. For ease of description,
we use the interval [0, h(n)] instead of the unit interval
and pinpoint the target to an interval of length 1.
The recursion in our strategy depends on a number
of conditions, labelled A to E and presented below.

Our strategy places the first two query points sym-
metrically. Let g(n) be the distance of the first two
query points to their common bisector, so we place q1
at 1

2h(n)−g(n) and q2 at 1
2h(n)+g(n). Now suppose

the target lies to the right of the bisector (the other
case is symmetric). We now place q3 at some distance
2f(n) to the right of q2, and find that the target lies
in one of three intervals (see Figure 1(i)):
(i) [bs(q1, q2), bs(q1, q3)] = [ 12h(n),

1
2h(n) + f(n)], of

size f(n).
(ii) [bs(q1, q3), bs(q2, q3)] = [ 12h(n) + f(n), 1

2h(n) +
g(n) + f(n)], of size g(n), or

(iii) [bs(q2, q3), h(n)] = [ 12h(n)+g(n)+f(n), h(n)], of
size 1

2h(n)− g(n)− f(n).
To be able to apply our strategy recursively in the
first interval, using the remaining n− 3 query points,
we choose f(n) = h(n − 3). For the third interval,
of width 1

2h(n)− g(n)− h(n− 3), we use an adapted
strategy, explained below, that places the remaining
n − 3 query points in a way that exploits the pre-
viously placed query points q2 and q3 at distance
f(n) = h(n − 3) left and right of its left boundary.
The same strategy can be applied symmetrically to
the second interval, provided the second interval is not
larger than the third, that is, g(n) ≤ 1

4h(n)−
1
2h(n−3)

for n ≥ 3 (condition A). Note that condition A
also ensures that q1 and q2 lie within the interval
[0, h(n)]. To be able to place q3, we also require
g(n) + 2h(n− 3) ≤ 1

2h(n) for n ≥ 3 (condition B).
We now describe our adapted strategy to locate a

target in an interval [0, 1
2h(n)−g(n)−h(n−3)] (mod-

ulo translation) with n−3 query points q4, ..., qn that
can be chosen freely and two predetermined query
points q2 = −h(n − 3) and q3 = h(n − 3) (see Fig-
ure 1(ii)). We place q4 at h(n− 3)+ 2h(n− 4); this is
possible if h(n−3)+2h(n−4) ≤ 1

2h(n)−g(n)−h(n−3)
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q1 q2 q3

g(n) g(n) f(n) = h(n− 3)

g(n)

f(n)

1
2
h(n)− g(n)− f(n)

(i)

f(n)

(ii)
q3q2 q4

h(n− 3) h(n− 3) h(n− 4) h(n− 4)

h(n− 4) h(n− 3) 1
2h(n)− g(n)− 2h(n− 3)− h(n− 4)

Figure 1: Location of the first query points for our incremental strategy to locate a target with accuracy h(n).

for n ≥ 4 (condition C). Again, the target lies in one
of three intervals: an interval of width h(n−4) on the
left, to which we apply the overall strategy recursively,
an interval of width 1

2h(n)−g(n)−2h(n−3)−h(n−4)
on the right, with predetermined query points at dis-
tance h(n− 4) from its left boundary, and an interval
of width h(n − 3) in the middle, with predetermined
query points at distance h(n−4) from its right bound-
ary. We can apply the adapted strategy recursively to
the rightmost interval, using the remaining n−4 query
points, provided 1

2h(n)−g(n)−2h(n−3)−h(n−4) =
1
2h(n − 1) − g(n − 1) − h(n − 4) for n ≥ 4 (condi-
tion D), and we can apply the adapted strategy re-
cursively to the interval in the middle if h(n − 3) ≤
1
2h(n−1)−g(n−1)−h(n−4) for n ≥ 4 (condition E).
nn It remains to choose h and g as functions of n such
that the conditions A–E for recursion are satisfied,
and such that, when no further recursion is possible
because we have run out of query points, the remain-
ing interval is small enough: h(0) ≤ 1, h(1) ≤ 1,
h(2) ≤ 2, and 1

2h(3) − g(3) − h(0) ≤ 1. The opti-
mal choice of h and g that satisfies these conditions
turns out to be h(0) = h(1) = 1, h(2) = 2, h(3) = 6,
g(n−1) = 1

4h(n−1)− 1
2h(n−4) for all n ≥ 4 (satisfy-

ing condition A with equality), and (substituting this
in condition D) h(n) = h(n−1)+6h(n−3)+2h(n−4)
for all n ≥ 4. Thus h(n) = Ω(bn), where b > 2.2993
is the largest root of b4 − b3 − 6b− 2, and we obtain:

Theorem 4 There is an incremental strategy to lo-

cate a target in a unit interval with accuracy Ω(bn),
where b > 2.2993 is the largest root of b4−b3−6b−2.

Theorem 4 also holds in the on-line setting, where n
is unknown until the last query point has been placed.
In the on-line setting, the strategy is to take h(n) =
2bn−2 and g(n) = 1

4h(n)−
1
2h(n−3) = ( 12 −b−3)bn−2.

Thus, the locations of q1, ..., q4, relative to the size
of the interval, h(n), are independent of n, and can
therefore be decided without advance knowledge of n.

3.2 Upper bound

By placing a query point qi, we obtain i − 1 new bi-
sectors of qi with previously placed query points. We
learn the rank of qi among q1, ..., qi with respect to the
distance to the target, which tells us where the target

is with respect to the new bisectors. This reduces the
interval R where the target must be to one of at most
i subintervals of R, at least one of which must have
size at least 1/i times the size of R. Therefore, for any
incremental strategy, there must be targets for which
we can increase the accuracy with a factor at most i
with every query point qi, leading to an accuracy of
at most n! after placing n query points. However, this
bound is far from tight. We can show a much stronger
upper bound on the accuracy that can be achieved:

Theorem 5 For any deterministic incremental strat-

egy on the unit interval, there is a target that cannot

be located with accuracy better than O(bn), where

b < 3.652 is the greatest root of b3 − 4b2 + b+ 1.

Let Rn be the interval in which a target is known
to lie after placing n query points, let rn be the size of
Rn, and let an be the corresponding accuracy 1/rn.
Our proof of Theorem 5 is based on the following in-
sight. Suppose, for example, that we have placed n−1
query points, and placing another query point qn gen-
erates two new bisectors that divide the target interval
into three equal parts—thus improving the accuracy
by a factor three. This means that qn generates two
new bisectors bs(qn, qi) and bs(qn, qj), where qi and
qj are two previously placed query points that are
consecutive in the left-to-right order of all previously
placed points, and such that the distance between qi
and qj is 2/3 of rn−1 (the size of the target region
after n − 1 query points) and two times rn (the size
of the target region after n points).

The example illustrates that, for a large increase
in accuracy, one needs to have close pairs : pairs of
previously placed query points with a small distance
between them, compared to the size of the current re-
gion. The example also illustrates that, as the accu-
racy increases, close pairs can stop being close as their
distance relative to the current accuracy increases.
Moreover, with the placement of each query point,
one can create at most two new close pairs (one with
the left neighbour and one with the right neighbour
among the query points placed so far). To create a
close pair, one must place a query point qn close to
a previously placed query point, but then the newly
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created bisectors are also close to the previously cre-
ated bisectors. In particular, if a close pair is created,
most new bisectors inside Rn−1 will be relatively close
to the boundary of Rn−1 and away from the centre of
Rn−1. Thus, creating close pairs cannot go together
with substantial accuracy gains if the target is near
the centre of Rn−1. In effect, close pairs are a re-
source whose scarcity limits the accuracy that can be
obtained. Below we make this insight more precise.
We define a d-close pair as a pair of previously

placed query points that are consecutive in their left-
to-right order and with distance less than d divided
by the current accuracy. The following three lemmas
(proof omitted in this abstract) capture the trade-off
between, on the one hand, creating close pairs, and
on the other hand, using and losing them while pin-
pointing the location of the target.

Lemma 6 If, regardless of the location of the tar-

get in Rn−1, placing qn results in an accuracy gain

rn−1/rn that is at least 1 + d
2 , then at most one new

d-close pair is created.

Lemma 7 If, regardless of the location of the target

in Rn−1, placing qn results in an accuracy gain of at

least 2 + d
2 , then no new d-close pairs are created.

Lemma 8 For any h and d such that h ≥ 2 + d
2 and

2
h

≤ d ≤ 2 and for any c > 1, the following holds:

if, regardless of the location of the target in Rn−1,

placing qn results in an accuracy gain rn−1/rn that

exceeds h, then, for certain locations of the target,

there is a positive integer k such that the accuracy

gain rn−1/rn is less than ck/
(

(c− 1) · (1− 2
h
)
)

and

the number of d-close pairs decreases by at least k.

We can now derive the following formula that ex-
presses the cumulative effects of Lemmas 6, 7 and 8:

Lemma 9 Let an and pn(d) be the accuracy and the

number of d-close pairs obtained after placing n query

points. For any h, d, c, and w such that h ≥ 2 + d
2

and 2
h
≤ d ≤ 2 and 1 < c ≤ w, we have, for certain

locations of the target and for each n:

anw
pn(d) ≤ bn,

where b is the maximum of
(

1 + d
2

)

w2,
(

2 + d
2

)

w, h,

and c/
(

w(c− 1)(1− 2
h
)
)

.

Lemma 9 is proven by induction. For each query
point, we distinguish four cases depending on which
of the previous three lemmas is the last one that ap-
plies. In each case we find that, for some locations of
the target the left-hand side of the above inequality
increases at most as much as the right-hand side.
To get the most out of Lemma 9, we choose h as

the largest root of h3 − 4h2 + h + 1, d = 2
h
, and

c = w = h/(2 + 1
h
), and we get b = h ≈ 3.6511. Since

pn(d) cannot be negative, this implies that there are
targets for which an ≤ anw

pn(d) ≤ bn for all n, and
thus, such targets are not located with accuracy better
than O(bn). This concludes the proof of Theorem 5.

4 Conclusions and outlook

For the one-shot variant of our location problem, we
presented an upper bound and a constructive lower
bound on the accuracy that can be achieved. The
remaining constant-factor gap between these bounds
may be due to the fact that most bisectors formed
by pairs of both tightly or both widely spaced points
do not contribute anything to the accuracy. However,
the upper bound might also be improved.
For the incremental variant, we obtained non-trivial

upper and lower bounds but a gap that is exponen-
tial in n still remains. Our search strategy does not
seem to leave any space for substantial improvements,
so further progress must come from an entirely new
search strategy, or from tightening the upper bound.
Observe that in each step, our search strategy only
uses the bisectors that are formed with the two pre-
viously placed query points that are closest to the
target. If we could prove that there is an optimal
search strategy with this property, then this would
immediately improve the upper bound to O(3n).
To search a d-dimensional unit cube, we could place

roughly n/d query points on each coordinate axis in a
round-robin fashion; on each axis, we place the points
according to the one-shot, incremental, or on-line in-
cremental strategy. Thus, where we obtain accuracy
h(n) in one dimension, we can pinpoint a target to a
cube of width 1/h(⌊n/d⌋) in d dimensions. This ap-
proach, however, fails to take advantage of bisectors
between query points placed on different axes, not to
mention query points placed more freely. Indeed, for
d = 2, there are better solutions for n ∈ {3, 4}.
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