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Summary

Enabling Motions with Impacts
in Robotic and Mechatronic Systems

Of all actions we perform daily, a large part involves physical interaction with
our environment. We repeatedly and unconsciously touch, grasp, hold, and move
objects around us. Sometimes at very low speed, sometimes at very high speed.
These motions come naturally to us but not to robots or mechatronic systems in
general, particularly when intentional contact is made at non-negligible speed and
when contact is established at different points simultaneously. We speak in this
case of motions with simultaneous impacts. Endowing mechatronic systems with
the ability of performing simultaneous impact tasks has the potential to speed up
existing task executions or to enable new applications. This thesis proposes a way
to make a step forward in this direction.

The difficulties that arise in having systems perform motions with impacts are
to a large extent caused by the abrupt velocity changes that are seen when two
objects collide. Therefore, it is currently common practice to avoid these velocity
jumps by enforcing that contact is established at negligible speed, with few excep-
tions. Since low speed contact limits performance and motion capabilities, ad hoc
control techniques have been proposed in literature to transcend this restriction.
Existing formal approaches have mainly focused on periodic impact trajectories,
possibly with multiple impacts but separated in time, or on partially elastic col-
lisions with no persistent contact. We propose instead an approach that can be
employed in tracking periodic and nonperiodic reference trajectories, with partially
elastic and inelastic collisions, and with possible simultaneous impacts.

The proposed approach has been named reference spreading (RS) hybrid con-
trol as it is based on extending the reference trajectory about the nominal jump
times. A second contribution of this work is a sensitivity based approach for
analyzing the system behavior about a reference trajectory comprising multiple
(simultaneous) impacts. The outcome of this local analysis is a useful tool both
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for analyzing stability of the motion and for finding optimal feedback controller
settings. Conditions that guarantee asymptotic stability of the reference trajectory
are also introduced. The effectiveness of the proposed controller is supported by
simulations considering the academic examples of an actuated bouncing mass and
impacting block, and by investigating the approach in the more complex situations
of a hopping robotic leg and an impact motion of a humanoid robot. Moreover,
the control strategy is analyzed and compared experimentally to other methods
on a one-degree-of-freedom physical setup. It is found that the developed impact
control approach presents an effective strategy to track impacting trajectories and
is able to stabilize certain motions that traditional strategies cannot.

Keywords: Trajectory tracking, impact, mechanical system, unilateral con-
straint, hybrid system, state-jumps



Samenvatting

Van alle handelingen die we dagelijks doen speelt bij een groot deel het maken
van, en het verbreken van contact met onze omgeving een rol. Zonder ons ervan
bewust te zijn, raken we herhaaldelijk objecten in onze omgeving aan, houden ze
vast en verplaatsen ze. In sommige gevallen gebeurt dit op lage snelheid, in andere
gevallen op hoge snelheid. Deze bewegingen zijn vrij natuurlijk voor ons, maar
zijn moeilijk uit te voeren voor robots en mechatronische systemen. Met name de
handelingen waarbij impact plaatsvindt, ofwel bewegingen waarbij contact vast-
gesteld wordt op niet verwaarloosbare snelheid, en bewegingen waarbij meerdere
punten simultaan in contact komen, zijn lastig te realiseren. We spreken hierbij
over trajectories met simultane impacts. De uitvoering van (simultane) impact
taken voor mechatronische systemen mogelijk maken kan bestaande taakuitvoer-
ing versnellen en nieuwe applicaties mogelijk maken. Dit proefschrift stelt een
manier voor om een stap in deze richting te zetten.

De moeilijkheden om systemen bewegingen met impacts te laten uitvoeren wor-
den grotendeels veroorzaakt door de zeer abrupte veranderingen in snelheid die
plaatsvinden wanneer objecten botsen. Hierdoor is het tegenwoordig gebruikelijk
om deze snelheidssprongen te vermijden door te garanderen dat contact vastgesteld
wordt op zeer lage relatieve snelheid. Doordat dergelijke snelheid restricties de sys-
teem prestaties en bewegingsmogelijkheden beperken, zijn ad hoc regeltechnieken
geïntroduceerd in de literatuur. Bestaande formele aanpakken hebben zich met
name gericht op periodieke impact trajectories, mogelijk met meerdere impacts,
maar gescheiden in de tijd, of op deels elastische botsingen zonder aanhoudend
contact. In plaats daarvan stellen we een aanpak voor die toegepast kan worden
in het volgen van zowel periodieke als niet-periodieke referentie trajectories, met
deels elastische en inelastische impacts, en met mogelijke simultane impacts.

De voorgestelde aanpak heet reference spreading (RS) hybrid control aange-
zien het gebaseerd is op het verlengen van de referentie trajectorie rondom de
nominale impact tijden. Een tweede bijdrage van dit werk is een op sensitiviteits-
analyse gebaseerde aanpak om het systeem gedrag rond een referentie trajectorie
met meerdere (simultane) impacts te analyseren. Deze lokale analyse is geschikt
voor zowel het bestuderen van de stabiliteit van de beweging als voor het vinden
van optimale regelaar instellingen. Condities die asymptotische stabiliteit van de
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referentie trajectorie garanderen worden tevens geïntroduceerd. De effectiviteit
van de voorgestelde regelaar is onderbouwd met simulaties. Hierbij zijn de sce-
nario’s van een geactueerde stuiterende massa en van een blok dat een plank impact
beschouwd, en zijn de complexere situaties van een springend robot been en een im-
pact beweging van een humanoïde robot bekeken. Daarnaast is de regelstrategie
experimenteel geanalyseerd en vergeleken met andere methoden gebruikmakend
van een opstelling met één vrijheidsgraad. Uit de analyse komt naar voren dat de
ontwikkelde regelstrategie een effectieve methode is om trajectories met impacts te
volgen en dat deze regelaar in staat is bepaalde bewegingen te stabiliseren waarbij
dat voor traditionele methodes niet mogelijk is.

Trefwoorden: Traject volgen, impact, mechanisch systeem, eenzijdige beperk-
ing, hybride systeem, toestand sprongen



Societal summary

The consumer society of today would have been very different if machines were not
introduced to automate production. Machines with both mechanical and electronic
components, also known as mechatronic systems, are employed in production,
packaging, and transport of many items we use every day. A large contribution in
this is provided by robots, wherein their flexibility and repeatability in performing
different labour-intensive tasks are key assets. The versatility of robots poten-
tially allows them to aid people in environments that are specifically designed for
humans, but also to execute tasks in less accessible settings. Examples of such
application domains are healthcare, agriculture, inspection & maintenance, and
search & rescue.

However, motions where contact with the environment or objects is made are
hard to execute for robots. Such motions are commonly executed in a rather
restrictive fashion where fast free motion phases are alternated with very slow mo-
tions where contact is established or broken; impacts are typically avoided. This
non-dexterity of the robot’s movements not only limits performance in industrial
settings, but also limits task capabilities. Several technological advancements are
required to alleviate this restriction and achieve a human level of dexterity in
mechatronic systems. The work described in this thesis introduces a control strat-
egy specific for performing motions with impacts such as dynamic pick & place
tasks, object catching, hammering, and fast walking and running. Manipulating
delicate objects also belongs to the possibilities as long as the impacts are of low
energy transfer.

The very rapid change in speed resulting from an impact is what makes im-
pacting motions difficult to control. In this thesis, we propose a control strategy
that can handle these sudden changes in speed by operating on the basis of a novel
way to quantify the error in executing the desired motion. In essence, the strategy
consists of defining different motion plans and switching from one such plan to
the next when an impact is detected. In this work, the approach is successfully
verified in simulations using the test cases of 1) a controlled bouncing mass 2) a
block impacting a plank 3) a hopping robotic leg and 4) considering a humanoid
robot. Moreover, we validated the method on an experimental test-bench that we
designed for this purpose. The results show that the developed strategy can ef-
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fectively be used for controlling motions with impacts in robotic and mechatronic
systems. The work thus provides a solid contribution in making impacts in robotic
manipulation and locomotion a reality.
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Nomenclature

Greek symbols

α Reference trajectory
γ Guard/switching function (where, if necessary, the specific contact

or transition is indicated using a right superscript)
∆amax Maximum acceleration variation
δ Strictly positive constant (with variants δd, δTT , etc.)
ε Strictly positive constant/parameter (with variants εγ , εC , εL, etc.)
ζ Feedback gain design parameter or active constraint
η Set of inactive switching conditions
κ Time-varying state feedback law or integer number
Λ Impulsive contact wrench/force magnitude at impact
λ Contact wrench/force
µ Reference/feedforward input
σj Discrete state/mode of the reference trajectory for jump counter j
τ Event time of the reference trajectory (also indicated with τj)
τm Motor or input torque
φH Hybrid flow operator
ϕj Continuous time flow along the time-varying vector field f cl(·, ·, j)

Roman symbols

A System matrix of the hybrid linearization/positive homogenization
a Acceleration
a Vector relating state perturbation to a perturbation in event time
B Control matrix of the hybrid linearization/positive homogenization
Bε Open ball of radius ε
b Jump detection bound/threshold
C Flow set
Cj Union of the time-varying flow set C(t, j) over time for a fixed j



xviii Nomenclature

ci Character of event i
D Jump set
Dj Union of the time-varying jump set D(t, j) over time for a fixed j
d Distance function
E Event time set
e Tracking error
e Estimation error
e Coefficient of restitution
sf Vector field in mode s (f is used for one-mode systems)
fq,fv Position and velocity estimation functions
sp←sa
S G Single jump gain for mode transition sa to sp when the mode history

is given by S (G is used for one-mode systems)
sp←sag Jump map from mode sa to mode sp (g is used for one-mode systems)
H Closed-loop hybrid system
sp←saH Combined jump gain for mode transition sa to sp
h Sampling time
Iα Hybrid time domain of the extended reference trajectory, i.e. dom α
Ij Continuous time interval for discrete time/counter j
i Macro event counter
j Jump event counter (also referred to as discrete time)
jα Jump counter function for reference trajectory α
jH Discrete time function for the hybrid system H and a given initial

condition x0 and initial time t0
jmax Maximum jerk
sK Feedback gain in mode s (K is used for one-mode systems)
Kd,Kp Velocity and position feedback gains
k Micro event counter
L Lipschitz constant
li Number of micro events during macro event i
m Input dimension
N Total number of events
N Set of natural numbers
n State dimension
P Solution to the hybrid Riccati differential system or to the Lyapunov

equation (depending on context)
P Prediction function vector
P f Terminal state cost weighting matrix
Pj Open ball in state and time with radius εγ about the end of the j-th

reference interval, i.e. at t = τj+1

p Prediction function
p1 - p3 Performance measure in terms of mean absolute position error, mean

absolute feedback effort, and peak feedback effort, respectively
Q State weighting matrix in the optimal control problem



Nomenclature xix

Q Bound on the deviation of position data from a quadratic polynomial
q Generalized (position) coordinate(s)
q̃k Moving window corresponding to sample time tk
R Input weighting matrix in the optimal control problem
R Set of real numbers
r Encoder resolution
Ski Mode sequence corresponding to the i-th macro event up to the k-th

micro event
ski Mode of the system at macro counter i and micro counter k (sj is

used for non-simultaneous impacts)
T0 Initial time
T(x,t) Tangent cone to a set at (x, t)
t Time
tf Final/end time
Uj The set of all state-time pairs (x, t) within a tube of size εC about

the j-th segment of the extended reference trajectory α
u System input
V Lyapunov function
V Push-and-withdraw sequence
v Linearized/perturbation input
W Maximum moving window length variable
wk Moving window length variable at sample time tk
x State of the system
Zj Part of the jump set Dj in a neighborhood of reference event j + 1
z Linearized/perturbation state
zmpx,y x and y coordinates of the zero moment point

Sub- and superscripts

˙(·) First time derivative
(̈·) Second time derivative
(̂·) Estimation of the quantity
4

(·) Prediction of the quantity
(̃·) Measurement of the quantity
(·) Extended version
(·)+ Right limit
(·)− Left limit
(·). Right limit at perturbed event time
(·)/ Left limit at perturbed event time
(·)† Moore-Penrose pseudo-inverse
(·)d Desired/reference quantity



xx Nomenclature

(·)0 Initial condition (or related to a quantity at t0)
(·)α Quantity related to the reference trajectory α
(·)cl Quantity related to the system in closed loop
(·)df Quantity employing a distance function based control strategy
(·)i, (·)k Quantity related to the i-th (macro) event or evaluated at the k-th

sample time (depending on context)
(·)q Position component
(·)rs Quantity employing the reference spreading error notion and con-

troller
(·)st Quantity employing a standard/classical error notion and controller
(·)TT Quantity related to the NTTHS
(·)v Velocity component (alternatively written as (·)q̇)
(·)x Quantity related to the trajectory x

Acronyms

cl- Closed-loop
CoM Center of mass
CoR Coefficient of restitution
DF Distance function based
DoF Degree of freedom
FOAW First-order adaptive window
JA Jump aware
LP Low pass
LSF Least-squares fit
LTTHS Linear time-triggered hybrid system
NSTHS Nonlinear state-triggered hybrid system
NTTHS Nonlinear time-triggered hybrid system
RS Reference Spreading based

Operators and letter-like symbols

∅ Empty set
Di Differentiation operator with respect to the i-th argument
∂ Boundary of a set
dom Hybrid time domain of a trajectory with state jumps
int Interior of a set
supt Supremum over continuous time t
‖ · ‖ma Mean absolute norm
‖ · ‖rms Root-mean-square norm



1
Introduction

1.1 Intermittent contact motions for robots

Machines play an integral role in society as we know it today. From the paper on
which this thesis is printed to the coffee that you may have standing next to it;
mechatronic systems are involved in production, packaging, and transport of many
items we use in our everyday lives. An ever increasing contribution in this is pro-
vided by robots (see Figure 1.1). The most recent inventory by the International
Federation of Robotics (IFR) estimates that, in 2016, the number of operational in-
dustrial robots worldwide was already over 1.8 million and is expected to increase
in the coming years [89]. Outside of the industrial setting, robots (and mecha-
tronic systems in general) also find application in areas as healthcare, agriculture,
inspection and maintenance, search and rescue, etc.

Even though humans and other animals have often formed a source of inspira-
tion for the design of robots [31, 70, 73, 115], contact motions of the systems are
usually still executed in a step-by-step fashion. Fast free motion phases are alter-
nated with slow motions where contact is established or broken. This is contrary
to what the creatures on which their design is based do. Their movements can
be characterized as dexterous and dynamic [86]. The contrast can be illustrated
using the following example. The common way for a robot arm to grasp a bottle
of water is to quickly move its gripper towards the object, then slow down or even
stop, close the gripper, confirm contact, and pick up the item. Humans execute
this task by moving the arm and in one fluid motion grasping the bottle. Provid-
ing mechatronic systems with the skill of executing contact tasks in a dynamic or
fluid fashion, i.e. without stopping, has the potential of improving efficiency and
throughput in industrial applications.
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Figure 1.1. Production line robot at the Volkswagen plant in Salzgitter [29].

Many technological advancements are needed to achieve a similar level of dex-
terity in robots as humans have. Developments are needed in, e.g., sensor and
actuator technology, perception and estimation, motion/task planning, and con-
trol theory, cf. [4, 23, 44, 59, 80, 122, 125]. One such advancement lies in the
development of a control strategy specific for motion tasks that contain dynamic
contact transitions, i.e. motions where a transfer of momentum takes place during
the establishment of contact between robot and object/environment. We will refer
to these motions as motions with impacts, the control of which will be the main
focus of this thesis. Whereas impacts should be avoided in some applications (e.g.,
in manipulating very delicate objects), they are essential in others. Examples in-
clude dynamic legged locomotion (fast walking as well as running), dynamic/fluid
pick and place, catching objects, hammering, etc. Note in this that, contrary to
the image that the word impact may invoke, the impact events in most of these
applications are tuned such that no damage occurs.

In this work, we focus on control problems that need to be addressed to enable
dynamic contact transitions for robotic systems. Complications in control due to
which impacts are currently commonly avoided will be elaborated on in the next
section.

1.2 Trajectories with impacts

To more easily explain what real world contact characteristics complicate task
execution and control when motions comprising impacts are of interest, we will
first briefly discuss how contact and impact are generally modeled. Subsequently,
we touch upon the control issues, particularly the not-so-straightforward definition
of error. A concise overview of existing techniques presented in the literature to
address the challenges concludes this section.
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1.2.1 Contact modeling

Several methods have been introduced in literature to model contact in multibody
systems. These models can generally be divided into two categories, i.e. contact
force based models and methods based on geometric constraints [30]. Consider
the two bodies in Figure 1.2a. As can be expected, models in both categories
prescribe that the interaction forces between the objects are zero whenever the
contact distance γ is larger than zero. The main difference arises when con-
tact is established. Contact force models, also known as compliant methods or
penalty-based methods [81], express the contact force λ as a continuous relation
of the indentation, see Figure 1.2b. Such force relations vary from linear to non-
linear (e.g. Hertz contact modeling) and potentially include dissipation effects
(e.g. spring-damper elements). The reader is referred to [18, 30] for an extensive
overview of different contact force models. Geometric constraint based methods
[97], also called the nonsmooth dynamics approach, assume that all bodies com-
posing the multibody system are fully rigid. This implies that indentation is not
possible and consequently that the unilateral constraint γ ≥ 0 needs to be im-
posed. Such zero-deformation condition of course does not correspond to reality
where small scale deformations will occur, but the approach instead presents an
abstract (modeling) perspective that is accurate from a macroscopic level. Aside
from the zero-deformation condition γ ≥ 0, restrictions on the corresponding con-
tact force λ are imposed for these forces to be physically valid. λ can only take
non-negative values and, as mentioned above, it is zero whenever γ > 0. The two
aspects are commonly combined in the complementarity condition 0 ≤ γ ⊥ λ ≥ 0,
see [18, 38, 65, 67, 84]. The geometric conditions alone do not contain sufficient
information for modeling the contact dynamics, though, since an instantaneous
change in velocity is required for the constraints not to be violated when two or
more bodies collide. For this, the so-called impact equation and an impact law are
used. The former relates the momentum transfer at impact to an instantaneous
change in velocity whereas the latter prescribes a model for impact characteris-
tics of the rigid bodies. Different impact laws have been proposed in literature of
which the Newton and Poisson restitution models are most commonly used. The

γ

(a) (b)

Figure 1.2. Two separated bodies (a) and two bodies in contact with indentation
(b) (inspired by Fig. 2.1 in [30]).
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reader is referred to [18, 38, 65, 67, 84, 117] for a comprehensive explanation of
nonsmooth dynamics.

The main motivation for using compliant models is that they are fairly simple
and straightforward to implement [30] and can most accurately represent reality.
However, the selection of appropriate contact parameters is difficult and the formu-
lation can introduce high-frequency dynamics into the system that can drastically
effect required step size and simulation speed when included in numerical integra-
tion. These drawbacks are not seen in nonsmooth dynamics formulations, which
comes at the cost of greater mathematical complexity. The use of constraint-based
methods for modeling contact in robotic systems however still has its open prob-
lems, especially in frictional contact scenarios [52, 97]. Nevertheless, in this thesis,
we will use nonsmooth dynamics for modeling contact and impact, largely due to
its potential in studying impact phenomena from a macroscopic point of view.

As mentioned above, the rapid change in velocity that is seen during a dy-
namic contact change can be (and is often) modeled as instantaneous. This means
that the system not only illustrates continuous dynamics, but also shows discrete
dynamics at the times of impact. The combination of the two is a (specific type
of) hybrid system. The multibody dynamics of systems performing impacts can
be fitted into the hybrid systems framework [39], which we will use in this work
to develop a control strategy that nevertheless is effective on real systems where
impacts have short but finite time duration. Several behaviors can be found in the
hybrid systems setting that continuous dynamical systems cannot show. Unstable
continuous/flow dynamics can be stabilized by the discrete effects for example as
can be seen in walking, but the converse may also be encountered. Another be-
havior only seen in hybrid systems is called Zeno [17, 39, 83], in which the discrete
events accumulate in time. In mechanics, one can think for example of dropping
a rubber ball on the floor; in theory it bounces an infinite number of times (over
a finite time span) before it comes to rest on the surface.

1.2.2 Error with impacts

As mentioned in Section 1.2.1, very rapid changes in velocity occur in the event
of an impact and such transitions can be modeled using the discrete dynamics
part in a hybrid system formulation. The dynamics when in contact moreover
differ from those when contact is broken. The control of such hybrid systems is
an active field of research [39, 53, 76, 113]. The close resemblance between an
impacting mechatronic system and its hybrid model leads to a first complication:
The system may illustrate behaviours that are not encountered in a system with
smooth dynamics.

Other challenges lie in steering the hybrid system to a motion with discon-
tinuous velocity. In this, a distinction can be made between settings where it is
not of importance when the motion is executed and cases where the temporal as-
pect needs to be taken into consideration. The former leads to the path following
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Figure 1.3. Example of two hybrid system trajectories x and α and the corre-
sponding peaking Euclidean error ‖x−α‖ (inspired by Fig. 1 in [11]).

and maneuver regulation problems whereas the latter is commonly referred to as
trajectory tracking. Trajectory tracking will be considered in this work.

If a system should execute a time-parameterized dynamic motion with intermit-
tent contacts, it should follow a desired trajectory that encompasses these contact
changes and the corresponding abrupt velocity adjustments. The jumps in the
velocity describe a specific case of trajectories that have jumps in the state. When
it comes to impact, these jumps happen when contact is established implying
that their occurrence depends on the state of the system. The jumps are conse-
quently called state-triggered jumps. In Figure 1.3, two motions with jumps in
their state are shown. The times of their respective jumps do not coincide, which
also cannot be assumed to be the case in the scenario of a robot following a de-
sired/reference trajectory. The non-coincidence originates from the state-triggered
nature of the state jumps. Computing the state error along the trajectories leads
to a phenomenon called peaking [11, 67, 71] where large erroneous errors are seen
as illustrated in Figure 1.3. The peaks in the conventional tracking error compli-
cate stability analysis and, when employed in a feedback control setting, may lead
to poor tracking performance or even destabilize the system.
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Consequently, to aid the possibility of executing motions involving dynamic
contact transitions by robotic and mechatronic systems, we aim at tackling the
related trajectory tracking problem for hybrid systems with state-triggered jumps.

1.2.3 Tracking trajectories with impacts

As explained in Section 1.2.2, difficulties arising in tracking trajectories with im-
pacts are to a large extent caused by the very sudden changes in velocity. Such
velocity alterations are avoided if the relative velocity of the colliding objects is
zero at the time when contact is established. Therefore, a common approach in
controlling robots to perform intermittent contact motions is to mitigate velocity
jumps by enforcing a negligible approach speed [79]. This however limits motion
capabilities and performance.

An alternative in avoiding peaking is to make sure that the contact changes
occur exactly when expected/desired, i.e., such that it can be assumed that the
jump times of the system and reference trajectory coincide. This point of view is
taken in [19, 68, 112], but this approach poses a rather stringent requirement that
cannot in general be enforced when the jumps are state-triggered.

Instead, in [36, 71], the trajectory tracking problem is formulated neglecting the
infinitesimal intervals around the reference jump event times. The study focusses
on linear systems and periodicity of the reference trajectory is assumed. Periodic
motions are considered as well in [3, 63, 99, 116, 125] where orbits are stabilized
using the so-called hybrid zero dynamics approach and the concept of virtual
constraints.

The tracking problem is tackled from a different perspective in [18, 58, 95,
132]. The strategies that the authors propose have in common that the hy-
brid/nonsmooth dynamics are changed into continuous dynamics by introducing
alternative states and reformulating the dynamics on a manifold embedded in a
higher dimensional state-space.

Other approaches presented in literature to address the trajectory tracking
problem for hybrid systems with state-triggered jumps modify the notion of er-
ror/distance to avoid peaking. In [32–34] for example, not only the reference
trajectory but also a mirrored version of it are considered in executing a nonpe-
riodic motion with a ball in a polyhedral billiard. In this, impacts are assumed
to be fully elastic. Part of the impact energy is allowed to be dissipated in the
works [9–12] where the authors introduce a novel concept of distance between two
discontinuous trajectories. This distance function is designed such that its value is
unaffected by jumps of the reference trajectory and of the closed-loop system. The
function is invariant to the system’s discrete dynamics. The concept of graphical
closeness is used in [39] as a different measure of distance between two hybrid
trajectories. The trajectory tracking problem is considered as well in [83] for fully
actuated systems. The authors propose a switching controller that differentiates
between phases of free motion, phases of persistent contact, and the transition
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phases between the two. Zeno behavior is included in their analysis. Other ap-
proaches that divide the motion in free and constrained motion phases and add a
controller for the purpose of ensuring a stable transition between the two can be
found in, e.g., [27, 79, 94, 119]. These methods differ in objective though as they
switch from steering the system to a desired position in the free motion phase to
regulating the contact force in the constrained motion phase.

The work that will form the starting point for this thesis is [110]. In that
manuscript, the authors avoid the peaking phenomenon by modifying the refer-
ence. The reference trajectory is extended to obtain two different new reference
signals about each nominal impact time. The error is then defined by comparing
the state of the system to the corresponding extended reference branch. Such er-
ror notion does not show peaking and is well defined for both (partially) elastic
impacts and for inelastic impact scenarios.

1.3 Problem statement

The trajectory tracking problem for robotic and mechatronic systems performing
motions with impacts is the focal point of this work. As discussed above, the
problem has practical application and has the potential of endowing the systems
with motions that were infeasible in conventional control settings. It moreover
allows to speed up task executions and therefore increases production rates and
throughput.

The enveloping problem of trajectory tracking for hybrid systems with state-
triggered jumps is an active field of research. Section 1.2.3 presented few techniques
introduced in literature tackling the challenge, each with its own advantages, as-
sumptions, and limitations. A straightforward, generic, easy-to-implement method
that can handle a variety of settings is still lacking though. Particularly, we aim at
developing a control strategy that enables tracking nonperiodic trajectories with
partially elastic and inelastic impacts for real systems and that can even work when
contact is expected to be established at multiple points simultaneously [90, 91].
For the method to present a viable solution to the problem at hand, it needs to be
analyzed from a stability point of view, its practicality in implementation needs to
be investigated, and the approach needs to be validated/verified both in simulation
and using experiments. Summarizing, the objective of the research is:

Develop and analyze a control strategy that can straightforwardly be imple-
mented on a physical mechatronic system to effectively track nonperiodic
desired trajectories that have elastic, inelastic, and/or simultaneous im-
pacts at non-negligible speed.



8 Chapter 1. Introduction

1.4 Research challenges and contributions

In this section, the research problem is divided in four research challenges with
the topics: controller development, stability analysis, state estimation, and exper-
imental validation. Per research challenge, a contribution of this thesis addressing
the subproblem is presented.

Controller development. As illustrated in Figure 1.3, a conventional error
definition will illustrate peaking making it impractical for use in feedback for track-
ing discontinuous trajectories. Alternative error measures have been introduced
in literature but require periodicity of the reference motion or invertibility of the
state-jumps as seen in (partially) elastic impacts. The control methods using these
error definitions moreover are unequipped to handle the effective change in state
dimension occurring when motion is limited to a constrained space after inelastic
impact. Further complications are seen when impact occurs at multiple contact
points simultaneously. Think for example of a robot picking up a box with two
arms or even of a humanoid landing on both feet after taking a leap. In these
cases, continuity of the discrete dynamics with respect to state is lost [90, 91].
For a control framework to adequately address the trajectory tracking problem for
mechatronic systems performing dynamic contact changes, all these aspects need
to be considered. This leads to the first contribution of our work:

Contribution I. Development of a control paradigm that effectively han-
dles the inevitable event time mismatch encountered in tracking discontinu-
ous trajectories of state-triggered hybrid systems. The method is constructed
to be applicable for tracking nonperiodic trajectories of mechanical systems
with (partially) elastic, inelastic, and simultaneous impacts.

The sensitivity analysis in [110] is taken as a starting point in developing the
controller. The work introduces the concept of extended trajectory allowing to
compare, at each point in time, the current state to a part of an extended ref-
erence trajectory that has experienced the same number of impact events. This
concept of error eliminates peaking and allows for a change in state dimension.
The control method developed in this thesis will be denoted reference spreading
control. Numerical simulation experiments of nontrivial systems are used as a first
test bench for investigating the proposed approach.

Stability analysis. An important aspect of any control method is its ability or
inability to stabilize a point or trajectory for the system of interest. In the fields
of hybrid systems and nonsmooth mechanics, stability analysis for points and sets
is well established, cf. [39, 48, 62, 66, 76, 77, 127, 128]. Fewer analyses can be
found in literature on the conditions under which a discontinuous trajectory of
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a hybrid system is stable. Since peaking deems conventional notions of stability
impractical, modified definitions of the property have been introduced for some
of the approaches discussed in Section 1.2.3, see [9, 34, 36]. Existing stability
conditions and definitions may need to be amended for applicability in the to-be-
developed control framework, or alternatively a novel definition of stability needs
to be proposed. This brings us to the second contribution of this study:

Contribution II. A sensitivity based stability analysis encompassing con-
ditions that guarantee asymptotic stability (locally) of a reference trajectory
with state-triggered jumps.

Whereas Lyapunov techniques are often employed in analyzing stability prop-
erties for nonlinear systems, linearization presents an alternative route. Sensitivity
analysis for hybrid systems is for example considered in [49, 55, 78, 110]. The result
is a local approximation of the dynamics. Such local approximation describes the
system’s behavior near the trajectory of interest and with that captures its (local)
stability properties. The sensitivity analysis in [110] forms the starting point for
the stability analysis in this thesis. The alternative path of using Lyapunov tech-
niques for studying the stability of hybrid systems employing reference spreading
is left for future research.

State estimation. The next subproblem is related to implementability. For
any control framework to be viable it needs to work also in practice, meaning that
it should be robust to unavoidable disturbances and inaccuracies in, for example,
actuator output and sensor data, as well as to model mismatches. In many set-
tings, moreover, only limited sensory information is available implying that, at
any given time, the state of the system is not measured directly. State estimation
is required. Many techniques have been proposed in literature to do so for smooth
motions (see e.g. [5, 16, 57, 120, 131] and references therein), but in the area of
discontinuous velocity signals, the research is limited [7, 45, 72, 118]. For mechan-
ical systems, the state is commonly composed of both position and velocity and
in most robotic and mechatronic systems, encoders provide position information.
An estimation method for constructing position and velocity from encoder data
is thus desired. In this, not requiring a model of the system at hand nor of its
interaction characteristics with the environment make the estimation framework
more generic. The third contribution of this work can now be stated as follows:

Contribution III. A novel method for estimating position and velocity
for impacting motions using only encoder data and minimal information
on acceleration limits.
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An adaptive window method is developed that also encompasses an impact
detection feature. The detection is based on knowledge of bounded acceleration
variation away from impact events.

Experimental validation. The last challenge in achieving the objective of
developing a practical control approach for tracking trajectories with impacts is
validating the findings. This requires testing the method not only in simulation,
but also on an experimental test bench. Aside from verifying results found in sim-
ulation, an experimental setting moreover provides a solid framework for analysing
trajectory tracking performance and robustness. Even though there exist theoret-
ical frameworks for tracking impacting trajectories as indicated in Section 1.2.3,
their experimental validation is somewhat lacking. A comparative performance
analysis is consequently due. The last contribution of the research thus is:

Contribution IV. Validation and (comparative) performance analysis of
the proposed control strategy on an experimental test bench.

An ad-hoc constructed one-degree-of-freedom setup will serve as a test bench
for investigating reference spreading control. The method’s performance is inves-
tigated and compared to that of classic PD feedback control and of the control
method in [12]. Three performance measures are introduced to do so. Reference
spreading’s robustness to inaccuracies in state estimation, impact detection, and
model parameters is moreover investigated in this thesis.

1.5 Outline of the thesis

Beyond this introduction, the thesis is divided in four parts. The technical results
are presented in Parts I-III that are comprised of Chapters 2-8. In Part I, i.e.
Chapters 2-5, the reference spreading control method is developed. The situation
of elastic impacts is considered in Chapter 2, whereas the impact phenomena
are assumed to be inelastic in Chapters 3 and 4. The latter scenario is also
considered in Chapter 5 with the added complication that impacts are allowed to
occur simultaneously at multiple contact points. In Part II (Chapter 6), system
properties, i.e. stability, of the considered class of systems about a user-specified
reference trajectory are investigated. The Chapters 7 and 8 comprise the third
part of this thesis and are linked together in the sense that they both consider
the control problem from an implementation/application perspective. Part IV,
consisting of Chapter 9, closes the main body of this thesis and presents the
conclusions of the work. It moreover presents recommendations for further study.
Proofs, derivations, and detailed findings corresponding to Chapters 3, 5, 6, 7, and
8 are presented in Appendices A-E, respectively.
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A note for the reader. Chapters 2-8 are all based on submitted/published
articles and consequently are self-contained and can be read independently. A
reference to the corresponding research paper is included at the beginning of each
chapter. An overview of how the chapters of this thesis relate to the contributions
presented in Section 1.4 is given in Table 1.1.

Table 1.1. Overview of the thesis.
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Reference spreading





2
Mechanical systems with
partially elastic impacts

Abstract - This chapter addresses the optimal trajectory tracking problem for
hybrid systems with discontinuous state trajectories. We consider state-triggered
jumps in the state evolution. The tracking of a given reference trajectory is compli-
cated by the fact that the time instants at which the closed-loop dynamics actually
jumps differ from those at which the reference trajectory jumps. A recently in-
troduced hybrid feedback tracking controller is used to cope with these differences.
A method to design the corresponding time-varying feedback gains such that they
minimize a cost criterion in a linear quadratic regulator (LQR) like idea is de-
scribed in this chapter. The effectiveness of the proposed control law is investigated
numerically by comparison with classic proportional feedback and constant gain hy-
brid feedback control for a mechanical system with a unilateral position constraint,
namely a controlled mass interacting with a rigid obstacle.

This chapter is based on:
M.W.L.M. Rijnen, A. Saccon, and H. Nijmeijer. On optimal trajectory tracking for mechanical
systems with unilateral constraints. In Proceedings of the 54th IEEE Conference on Decision
and Control, pages 2561-2566, Osaka, Japan, December 2015.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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2.1 Introduction

Many mechanical systems interact with their surroundings during operation. One
can think for example of walking robots, pick-and-place machines, or industrial
systems performing a manufacturing step on a product. Whereas some of them
need to prevent collisions with objects in their proximity, others actually exploit
the contact phenomenon to operate well. We focus on mechanical systems where
the impact forces caused by the (partially elastic) impact with a rigid obstacle
cause a sudden modification in the velocity. The very small time scale of such
events (compared to free motion phases) motivates the assumptions that the ve-
locity variation is due to an impulsive force and that it occurs in zero time. The
resulting dynamics is hybrid, i.e. it exhibits both continuous (flow) and discrete
(jump) dynamics [39]. The theoretical framework of hybrid systems with state-
triggered jumps is suitable to describe dynamical models in the area of robotics
and rigid body mechanics with unilateral contact constraints [17, 67], including
the study of the dynamics and control of walking or juggling robots (see, e.g.
[85, 109, 125]).

Tracking for systems with state-triggered jumps is complicated due to their
hybrid nature. The tracking control of such systems is a recent and active field of
research. Few control designs exists to make a hybrid system with state-triggered
jumps track a given, time-varying, reference trajectory. Recent (theoretical and
experimental) techniques are provided in [11, 34, 68, 71, 92, 93]. In practice, the
jump times of the plant and reference trajectories cannot be assumed to coincide.
This point of view is also taken in this thesis.

Our goal is to develop an effective and efficient trajectory tracking control
strategy for mechanical systems with unilateral constraints. The results in [110]
are taken as a starting point. In [110], a novel notion of tracking error is introduced
by extending the reference trajectory about the different events, obtaining the so-
called extended ante- and post-event reference trajectories. This notion of error is
used in (constant gain) trajectory tracking (both in simulation and experiments)
in [50]. In this chapter, we fit this control strategy in the framework of hybrid
time (see [39, chapter 2]) and use it in the context of optimal control.

This chapter is organized as follows. In Section 2.2, we discuss the hybrid feed-
back control law as introduced in [110] and fit it into the framework of hybrid time.
This control strategy is taken as starting point in optimizing the tracking control
with respect to a certain performance criterion for systems with unilateral con-
straints in Section 2.3. The different control approaches are applied in simulation
to a controlled mass interacting with a rigid obstacle in Section 2.4 to investigate
and compare the tracking performance for the controllers. The conclusions of this
chapter are presented in Section 2.5.
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2.2 Reference spreading control

In [110], a trajectory tracking control law for hybrid systems exhibiting state-
triggered jumps is proposed. The control law uses a novel definition of tracking
error which is based on extended reference trajectories and will be referred to
from now on as reference spreading (RS) based control. In this section, the control
law will be explained and fitted in the framework of hybrid time to accommodate
for extended trajectories with multiple impact events. In [110], for illustration
purposes, the discussion was limited to the case of a single impact event.

This chapter focuses on mechanical systems with unilateral constraints where
impacts are partially elastic. Such systems can be represented as a hybrid system
with one mode of execution and a corresponding (unique) jump map. The state
of the system at time t ∈ [t0, tf ] is represented by x ∈ Rn and evolves along the
vector field

ẋ = f(x,u, t) (2.1)

with u ∈ Rm the input, t0 the initial time, and tf the final time. Evolution
along this vector field is possible as long as a certain constraint is satisfied, i.e.
γ(x, t) ≥ 0, with γ : Rn × R→ R a smooth real-valued function. In the case that
γ(x, t) = 0, an impulsive force is applied to the system resulting in a jump in the
state vector according to

x+ = g(x−, t) (2.2)

with g : Rn × R → Rn, (x, t) 7→ g(x, t) a smooth jump map. Let τj denote the
time t of the j-th event, with j ∈ {1, 2, . . . , N}, where N is the total number of
events (assumed to be finite in this chapter). A solution x(t) of this hybrid system
description for a certain input u(t) and initial condition x(t0) = x0 is assumed to
be left-continuous.

Tracking (feedback) control is based on suitably choosing the input u so as
to steer the system towards a desired time-varying reference signal. A reference
trajectory is a left-continuous trajectory pair (α(t),µ(t)) ∈ Rn × Rm with initial
condition α(t0) = α0, that satisfies (2.1) except at the discontinuity points where
(2.2) holds.

Local tracking of such a trajectory using classical proportional feedback control
can be attempted by applying the time-varying state feedback

u(x, t) = µ(t)−K (x−α(t)) , (2.3)

with K ∈ Rm×n a (possibly time-varying) matrix gain. However, due to the
hybrid nature of the considered class of systems and the likely mismatch between
the event times of the system and reference, poor tracking performance can be
attained as will be illustrated in Section 2.4.

To improve performance, in [110] it is suggested to extend the reference trajec-
tory past the event times τj , j ∈ {1, . . . , N} by forward and backward integration
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Figure 2.1. Illustration of the reference trajectory extension approach. For
α(·, j), The dashed line on the left illustrates the post-event extension related to
event time τj and the dashed line on the right is the ante-event extension related
to τj+1.

of (2.1), ignoring the presence of the unilateral constraint, while employing the ref-
erence input signal µ(t). This will be further explained and fitted into the hybrid
time framework (see [39, chapter 2]) in the following.

First, let us introduce a discrete state/event counter j ∈ {0, 1, . . . , N} and
define the reference domain as

dom α =

N⋃
j=0

([τj , τj+1]× {j}) (2.4)

and the event time set Eα as

Eα =

N⋃
j=1

({τj} × {j − 1}) , (2.5)

where τ0 = t0 and τN+1 = +∞. Next, with slight abuse of notation, we partition
the reference trajectory as

α(t, j) = α(t), when t ∈ [τj , τj+1] =: Ijα. (2.6)

The partitioned trajectory is a function of the so-called hybrid time (t, j) as defined
in [39]. The approach proposed in [110] is to extend the time set dom α on which
α(t, j) is defined to a larger domain Īα containing dom α. In principle, Ījα could
be taken to be [t0,+∞). In practice, it suffices to take Ījα = [−δ+τj , τj+1 +δ] with
δ > 0 sufficiently large (see Figure 2.2). We now define α(t, j) = α(t, j) for (t, j) ∈
dom α (see Figure 2.1). For t < τj , α(t, j) is attained from backward integration
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Figure 2.2. An illustrative example, in the hybrid time domain, of the differences
among the reference trajectory α, the extended reference trajectory α, and the
closed-loop trajectory x obtained using feedback (2.7).

from τj . For t > τj+1, integration forward from τj+1 is used to define α(t, j). In
both cases, the integration is carried out ignoring the unilateral constraint γ(x, t),
that can therefore take negative values. The forward and backward extensions are
referred to as the extended ante- and post-event trajectories, respectively, in [110].

We obtain in this fashion an extended reference trajectory (α(t, j),µ(t)) as
a function of the hybrid time (t, j) and defined for all (t, j) ∈ Īα. Note that Īα
does not define a hybrid time domain in the sense presented in [39, chapter 2],
because Ījα∩Īj+1

α 6= ∅. Nevertheless, it can be used to define the following reference
spreading control law

u(x, t, j) = µ(t)−K(t, j) (x−α(t, j)) , (2.7)

where (t, j) denotes the hybrid time associated to the closed-loop dynamics and
K ∈ Rm×n a matrix gain defined on Īα. The control law (2.7) can be interpreted
as switching from tracking the reference α(t, j) to tracking α(t, j + 1) at the time
instant of the (j + 1)-th event for the closed-loop system. It is important to note
that, in practice, the domain Īα should fully comprise the hybrid time domain of
the closed-loop tracking trajectory (see Figure 2.2). Note that this requires that
Ījα ∩ Īj+1

α 6= ∅ since the event times are not known in advance.

2.3 Optimal tracking control

In this section we investigate a possible method to design the (hybrid) time-varying
feedback gainK(t, j) appearing in (2.7) using a linear quadratic regulation (LQR)
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like approach. The aim is to find a time-varying gain that can be computed offline
for a given reference trajectory.

In [110], a sensitivity analysis is performed on the considered class of systems
in which a special kind of linearization of the system about a reference trajectory
is defined. This linearized system with initial condition z(t0, 0) = z0 is given by

ż = A(t, j)z +B(t, j)v (t, j) ∈ dom α (2.8)
z(t, j + 1) = G(j)z(t, j) (t, j) ∈ Eα (2.9)

where z and v are the linearized state and input, respectively, and

A(t, j) = D1f(α(t, j),µ(t), t) (2.10)
B(t, j) = D2f(α(t, j),µ(t), t) (2.11)

G(j) = D1g
− − ġ

− − f+

γ̇−
D1γ

−, (2.12)

with

f+ = f(α(τ, j + 1),µ(τ), τ) (2.13)

f− = f(α(τ, j),µ(τ), τ) (2.14)

ġ− = D1g
− · f− +D2g

− · 1 (2.15)

γ̇− = D1γ
− · f− +D2γ

− · 1 (2.16)

Dig− = Dig (α(τ, j), τ) i = {1, 2} (2.17)

Diγ− = Diγ (α(τ, j), τ) i = {1, 2}, (2.18)

where τ = τj+1. In this, Di refers to the derivative with respect to the i-th
argument [1, Chapter 2]. Note that α(τj+1, j) and α(τj+1, j + 1) represent the
left and right limits of the reference state trajectory, respectively, denoted in [110]
simply as α−(τj+1) and α+(τj+1).

The linearization of the hybrid system gives an approximation of the state
dynamics, which is accurate for trajectories close to the reference. Jumps in the
(linearized) state occur at the reference event times τj , j ∈ {1, 2, . . . , N}. Extend-
ing the state linearization z(t, j) using (2.8) to z(t, j) such that it is defined on
Īα gives the possibility to approximate the state x in the hybrid time domain as
x(t, j) ≈ α(t, j)+z(t, j). The combined input is u = µ+v. The reader is referred
to [110] for further details and the proof of this result.

As mentioned above, a remarkable aspect of the linearization (2.8)-(2.18) is that
the events occur at the reference event times which are known. This facilitates
designing the time-varying feedback gainK(t, j) such that it satisfies the following
optimal control problem

min
v

1

2

tf∫
t0

(
zT(s, ·)Qz(s, ·) + vT(s)Rv(s)

)
ds+

1

2
zT(tf , N)P fz(tf , N) (2.19)
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subject to (2.8)-(2.9) with Q, R, and P f being (possibly time-varying) positive
definite symmetric matrices and initial condition z(t0, 0) = z0. Note that it is
possible to write z(t, j) simply as z(t) since there is a function that uniquely
relates j to t (assuming left-continuity). The optimal control problem is actually
of infinite horizon if we take the terminal cost 1

2zT(tf , N)P fz(tf , N) equal to the
so-called cost-to-go for t ≥ tf , for which P f satisfies the algebraic matrix Riccati
equation

ATP f + P fA− P fBR
−1BTP f + Q = 0. (2.20)

This statement is based on the assumption of a finite number of jumps and that
A(t,N) and B(t,N) are constant for t > tf .

The solution of the above optimal control problem (based on Bellman’s prin-
ciple of optimality) is given by the closed-loop feedback law

v = −R−1BT(t, j)P (t, j)z =: −K(t, j)z (t, j) ∈ dom α (2.21)

where P (t, j) is the solution of the following Riccati differential equation

P = P f (t, j) = (tf , N),

−Ṗ = ATP + PA− PBR−1BTP + Q (t, j) ∈ dom α, (2.22)

with jumps
P (t, j) = G(j)TP (t, j + 1)G(j) (2.23)

for (t, j) ∈ Eα.
Equation (2.21), together with (2.22)-(2.23), provides a way to compute an

optimal gain for each event interval Ijα = [τj , τj+1]. The extended gain K(t, j) in
(2.7), however, requires to be defined in the extended time interval Īα. We propose
in the following possible methods to obtain such an extension.

Let us denote the event times of the tracking system by tj , j ∈ {1, 2, . . . , N}.
To account for cases where tj 6= τj the feedback gain matrix K(t, j) is extended,
similarly as has been done for the reference trajectory. However, where there is
the vector field f for extending the reference, such a tool is lacking for extending
the feedback gains. Intuition would suggest to extend the Riccati solution about
the event times by means of forward and backward integration and using it to
define the feedback gains K(t, j) similarly as has been done for K(t, j) in (2.21),
now defined on Īα. However, the Riccati differential equation will almost certainly
exhibit finite escape time when integrated forward in time.

A different approach based on applying the same input as would have been
used if the jump occurs at the reference event time and not before or after is
analyzed as well. This method also shows a blow up of the feedback gains, but for
the backward extension. Since this approach is not practical either, it will not be
further elaborated on here.

As a third alternative, we suggest to keep the feedback gains constant in the
time domain outside the intervals Ijα. To be more specific, the extended gains
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q

F
M

Figure 2.3. Schematic representation of a controlled bouncing mass.

are given by K(t, j) = K(τj+1, j) for t ≥ τj+1 and by K(t, j) = K(τj , j) for
t ≤ τj . This approach appears practical and will be considered in Section 2.4.2. It
is important to realize that the method of extension of the gains K is not going
to affect the closed-loop linearization as the following proposition shows.

Proposition 2.1. Consider the closed-loop system (2.1)-(2.2) with feedback input
(2.7). Its flow dynamics is given by

ẋ = f(x,µ(t)−K(t, j) (x−α(t, j)) , t)
=: fcl(x, t, j) (t, j) ∈ dom x

(2.24)

with dom x =
N⋃
j=0

([tj , tj+1]× {j}) the closed-loop hybrid time domain correspond-

ing to the initial condition x0, reference (α,µ), and gain K. Then, the time-
triggered linearization of the closed-loop dynamics is not affected by the extensions
in K(t, j) that is, it only depends on the gain K(t, j) defined by (2.21)-(2.23). N

Proof. First note that α(t, j) is a trajectory even for the closed-loop system. Now
one can linearize (as presented in [110]) the closed-loop dynamics (2.24) (that
is just time-varying and not depending on external inputs) and use the formu-
las (2.10)-(2.12). Linearization of f cl about the reference trajectory α(t, j) with
linearized state z gives

ż = D1f cl(α(t, j), t, j) · z (t, j) ∈ dom α

= D1f(α(t, j),µ(t), t) · z−D2f(α(t, j),µ(t), t) ·K(t, j)z (2.25)
= (A(t, j)−B(t, j)K(t, j)) z

=: Acl(t, j)z

Note thatK(t, j) = K(t, j) for (t, j) ∈ dom α. The linearization of the jump map
is also unaffected by the gain extensions since f cl(α(t, j), t, j) = f(α(t, j),µ(t), t)
for all (t, j) ∈ dom α, see (2.10)-(2.12). The closed-loop linearization thus does
not depend on how the feedback gains are extended.



2.4. Controlled impacting mass 23

In our experience, constant gain extensions provide a simple and effective means
to solve the gain extension problem and we did not encounter drawbacks of limita-
tions in using them. Still, it might be the case that for large error at the event time
and if the event time is extremely different from the nominal, an improvement of
the gain extension strategy might be needed.

2.4 Controlled impacting mass

In this section, we illustrate and compare the effectiveness of the aforementioned
control strategies by tracking a certain reference for a controlled mass interacting
with a rigid obstacle (see Figure 2.3). The mass M is actuated by a time-varying
force F ∈ R and its position with respect to the obstacle is denoted by q ∈ R≥0,
where contact is attained when q = 0. The system dynamics can be expressed as

Mq̈ = F (2.26)

or alternatively in state-space with input u = F/M and state x =
[
x1 x2

]T
=[

q q̇
]T as

ẋ =

[
0 1
0 0

]
x +

[
0
1

]
u =: Ax +Bu. (2.27)

The dynamical model (2.27) is valid as long as γ(x, t) = x1 ≥ 0. When γ(x, t) = 0
(and x2 < 0), an impact event occurs and the obstacle applies an impulsive force
in accordance with Newton’s impact law

x+ = g(x−, t) :=

[
x1

−ex−2

]
(2.28)

with e ∈ (0, 1] the coefficient of restitution.
As reference trajectory α(t) =

[
α1(t) α2(t)

]T we consider an aperiodic signal
corresponding to the Morse code of our institution name (TUe) as depicted in
Figure 2.4. Dashes and dots are characterized here by higher and lower impact
velocities, respectively (corresponding to louder and softer sounds), since longer
periods of contact as in the traditional sense of Morse code do not fit the framework
of partially elastic impacts. The initial condition is α(0) =

[
0.5 0

]T and e is taken
0.95. Figure 2.4 also depicts the corresponding feedforward input µ(t) and ante-
event and post-event extensions corresponding to the extended reference trajectory
α(t, j). This extended reference (α(t, j),µ(t)) will be used in comparing classic vs.
reference spreading control in Subsection 2.4.1 and for investigating the tracking
performance for optimal gain vs. constant gain reference spreading control in
Subsection 2.4.2. Note that the extended trajectories are very different from the
mirrored trajectory segments used for trajectory tracking in [34] for example.
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Figure 2.4. Reference trajectory α (solid) and extended reference trajectory α
(dashed) for tracking, for a controlled mass with unilateral constraint.

2.4.1 Classic vs. reference spreading control

Tracking of the reference trajectory in Figure 2.4 for two different controllers
will be considered next. Figure 2.5 and Figure 2.6 illustrate the difference in
performance of the classic proportional feedback controller given in (2.3) ver-
sus the RS proportional feedback controller defined in (2.7) for constant gain
K =

[
K1 K2

]
=
[
25 10

]
. The initial condition is x(t0) = x0 =

[
0.7 0.5

]
.

The classic controller performs rather poorly. The deviations from the reference
event times give rise to undesired control inputs and are disastrous for tracking
performance. Looking at the trajectories from the point of view of Morse code, the
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message is decoded incorrectly as 4e instead of TUe. As should be expected, the
trajectory eventually converges asymptotically to the reference when no further
impact events occur.

Applying the RS feedback law (2.7) with the same feedback gain K clearly
improves the tracking performance with respect to the classic control approach (see
Figure 2.6). Furthermore, the reference spreading controller delivers the intended
message.
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Figure 2.5. Tracking results with the standard proportional feedback controller
(2.3).
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Figure 2.6. Tracking results with the RS proportional feedback controller (2.7).

2.4.2 Constant gain vs. optimal gain feedback control

We illustrate by simulations that using LQR improves the performance with re-
spect to the constant gain feedback for the RS controller. The optimal control
approach detailed in Section 2.3 is considered to compute the time-varying gains
K(t, j) using the matrix Riccati differential equation for

R = 1, Q =

[
50 0
0 50

]
, and P f =

[
56.63 7.07
7.07 8.01

]
.

The feedback gains K(t, j) are extended (as described in Section 2.3) to form
K(t, j). Note again that these extensions do not influence the linearization of the
closed-loop dynamics as mentioned in Proposition 2.1. The time-varying feedback
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gains, with the corresponding ante-event and post-event extensions, are depicted
in Figure 2.7 and the tracking results are shown in Figure 2.8. The latter shows
only the feedback input (as opposed to the combined input u) since that quantity
is considered in the optimization. The tracking performance is compared to that
of a system with constant gain RS proportional feedback control (see Figure 2.8).
The constant gains are chosen R−1BP f =: Kf =

[
7.07 8.01

]
for fair comparison

between constant and optimal time-varying RS control. Remark that K(t,N) =
Kf for t ≥ tf .

Consider first the time dependent feedback gains. Remarkably, the optimal
feedback gain regarding the position error changes sign over time. The gain be-
comes negative for t between approximately 0.9 and 1 s for example, which means
that the input actually pushes the system away from the reference for that time
span. We limit ourselves to simply pointing out this unexpected behavior of the
gains as a proper explanation for this phenomenon is still missing.

Figure 2.8 shows that the closed-loop system with time-varying optimal gains
converges faster to its set-point than the system with constant gain RS PD feed-
back. This improvement is better highlighted in Figure 2.9, which shows the error
e(t, j) =

[
e1(t, j) e2(t, j)

]T
= x(t, j) − α(t, j). Note furthermore that the feed-

back input effort is overall lower for the optimal RS control (see Figure 2.8).
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Figure 2.7. Optimal feedback gains, where K = [K1 K2].
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feedback control.

2.5 Conclusions and discussion

In this chapter, the hybrid feedback control discussed in [110] is considered and
adapted to the case of multiple impacts using the notion of hybrid time. The
tracking performance for this reference spreading based control is compared to
that of the classic proportional feedback and a clear improvement is seen.

The nonlinear system is linearized and this linearization is considered in op-
timal trajectory tracking control. Linear regulator theory forms the basis for the
derived optimal control approach. The time-triggered linearization defined in [110]
is employed to find time-varying feedback gains for the reference spreading pro-
portional feedback using the matrix Riccati differential equation with jumps to
minimize a quadratic cost functional. The time-varying feedback gains need to be
extended to accommodate for difference in impact times. The approach of keeping
the gains constant outside the (reference) time domains is simple and works well
in practice. We showed that the way the gains are extended does not influence the
linearization of the closed-loop system. We showed furthermore that when opti-
mal gains are chosen, the system converges faster and with less input effort than
for the constant gains corresponding to the steady state solution of the Riccati
differential equation as one would expect in classical LQR theory.





3
Mechanical systems with

inelastic impacts: a hopping
robotic leg

Abstract - Reference-spreading based trajectory tracking is a recently introduced
control strategy for hybrid systems with state-triggered jumps that allows to handle
the time mismatch between nominal and closed-loop impact times. In this chapter,
we demonstrate that the approach can handle even the change in state dimension
corresponding to, e.g., the activation of a unilateral contact constraint occurring
when dealing with mechanical systems experiencing inelastic impacts. We demon-
strate the effectiveness of the approach by means of simulations, addressing a tra-
jectory tracking problem for a two-link robotic leg performing a hopping motion.
The robot leg is modeled as a hybrid system possessing two different dynamic phases
(stance and flight) with different state dimensions. Robustness of the approach, in
particular to inexact measurement of robot height with respect to the ground, is
also discussed.

This chapter is based on:
M.W.L.M. Rijnen, A.T. van Rijn, H. Dallali, A. Saccon, and H. Nijmeijer. Hybrid trajectory
tracking for a hopping robotic leg. In Proceedings of the 6th IFAC International Workshop on
Periodic Control Systems, pages 1-6, Eindhoven, The Netherlands, June 2016.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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3.1 Introduction

In performing locomotion and manipulation tasks, a robot has to make and break
contact with the environment several times. Designing control strategies to, e.g.,
make a humanoid robot walk, jump, or climb are extremely challenging due to the
hybrid nature of the dynamics, which switches between discrete modes based on
the number of active contacts established with the environment.

This chapter wants to demonstrate that a recently introduced hybrid trajectory
tracking controller [104, 110] might be an interesting control strategy to achieve
stable transition between the various discrete modes naturally occurring when a
robot is performing contact tasks.

The contribution is twofold. First, we extend the approach presented in [104,
110] to the situation where the hybrid system is made of multiple dynamic modes
with different dimension of the corresponding state. In [110], a novel notion of
tracking error is introduced by extending the reference trajectory in a neighbor-
hood of the nominal contact times, obtaining so-called extended ante- and post-
event reference trajectories. While in [110] the analysis is limited to a single event,
in [104] the theory is fitted to the framework of hybrid time [39, chapter 2] to
account for multiple impact events, use the jumping linearization in an LQR-like
design of the tracking gains, and to better connect it with literature on dynamics
and control of hybrid systems. However, both [110] and [104] limit the analysis
to the case of (partially) elastic impacts, thus keeping the (effective) dimension of
the state space before and after the impact the same.

Secondly, we demonstrate the proposed theory in simulation using a dynamic
model of the robotic leg described in [122]. This work is part of an ongoing
collaboration between TU/e and IIT (previous working location of the third author
of [103] on which this chapter is based) to demonstrate stable hopping on the
existing robot setup. A hopping motion can be divided into two phases: a first
phase where the leg floats in mid-air (flight) and a second phase where the leg is
in contact with the ground (stance). Upon transition from flight to stance phase
(touch-down), a sudden modification of velocity is generally witnessed. The very
small time scale of such impact event (compared to the time span of stance and
flight phases) motivates the modeling assumption that the velocity variation is
due to an impulsive force and that it occurs, therefore, in zero time. The resulting
dynamics is therefore hybrid, exhibiting both continuous (flow) and discrete (jump)
dynamics [39]. The theoretical framework of hybrid systems with state-triggered
jumps is suitable to describe dynamical models in the area of robotics as well as
rigid body mechanics with unilateral contact constraints as mentioned in [26].

Trajectory tracking for hybrid systems with state-triggered jumps such as the
jumping robot leg discussed in this chapter is complicated due to the hybrid nature
of the system dynamics. The literature on tracking control of such a class of
hybrid systems for a given time-varying reference trajectory is relatively limited
and it represents an active field of research. Recent (theoretical and experimental)
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techniques are provided in [11, 34, 50, 68, 71, 93, 110]. The main difficulty is finding
a proper notion of error as the jump times of plant and reference trajectory cannot
be assumed to coincide. This point of view is also taken in this thesis.

The control of a hopping robot has been considered by many researchers in the
field. One of the fundamental contributions is presented in [98], based on energy
consideration. A lot of different robot designs and methods to control them have
been considered in literature, see for example [40, 64, 69, 75].

Going beyond hopping, methods to control robot locomotion, particularly
bipedal walking, include the use of virtual (non-)holonomic constraints, Poincaré
maps, and transverse linearization such as described in, e.g., [63] and [41]. Other
approaches to stability analysis and control of rigid-body systems with impacts
and friction are presented in [96] and, more specifically, for planning and control
of nonperiodic bipedal locomotion, in [130].

This chapter is organized as follows. In Section 3.2, we discuss the hybrid
feedback control law as introduced in [104, 110] and adapt the notation to handle
multiple modes. In Section 3.3, this control strategy is applied to the robotic leg
introduced in [122] in performing a hopping motion. A model of the setup is pre-
sented first in Section 3.3.1, followed by trajectory tracking results (in simulation)
in Section 3.3.2. The conclusions of this chapter are presented in Section 3.4.

3.2 Hybrid control

As a starting point, we consider the trajectory tracking control law for hybrid
systems with state-triggered jumps first introduced in [110]. The control strategy
uses so-called extended reference trajectories to form a novel definition of error
that is still valid even when the hybrid system is composed of different modes with
different state dimension. From here on, this control strategy will be referred to as
hybrid trajectory tracking control based on reference spreading or RS-based hybrid
control for short. In this section, the control law will be explained. We will use
the notation in Chapter 2 and adapt it to handle multiple mode systems.

Consider Figure 3.1, showing an arbitrary finite state machine. The figure is
used to provide, at a glance, the notation that we will use in this chapter to detail
the dynamics of a hybrid system. The system consists of three distinct modes (gray
circles), with corresponding discrete time state s ∈ {1, 2, 3}. The continuous time
state x ∈ Rn(s) of the system changes both during continuous evolution within a
mode (flow) and whenever a transition between modes occurs (jump). To describe
this combined evolution, we consider the notion of hybrid time (see [39]) where the
continuous time t ∈ [t0, tf ] is combined with an event counter j ∈ {0, 1, 2, . . . } = N
to form the hybrid time instant (t, j). In this, t0 is the initial time and tf the final
time. The continuous time state x of the system at time t when in mode s evolves
along the vector field

ẋ = sf(x,u, t, j), (3.1)
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ẋ = 1f(x, u, t, j)

γ(·)←1 > 0

ẋ = 2f(x, u, t, j)

γ(·)←2 > 0

ẋ = 3f(x, u, t, j)

γ(·)←3 > 0

γ2←1 = 0

2←1g3←1g

γ3←1 = 0

2←3g

γ2←3 = 0

1←2g

γ1←2 = 0

Figure 3.1. Finite state machine representation of a hybrid system with 3 distinct
modes (circles) and the corresponding enabled mode transitions (arrows).

with u ∈ Rm(s) the input. A transition from an ante-event mode sa to post-event
mode sp is enabled when γsp←sa(x, t, j,u) = 0, with γsp←sa : Rn(sa) × R × N ×
Rm(sa) → R a smooth real-valued function referred to as a guard function. In the
case of such a transition, the state is reset according to

x(t, j + 1) = sp←sag(x(t, j), t, j), (3.2)

with sp←sag : Rn(sa) × R × N → Rn(sp), (x, t, j) 7→ sp←sag(x, t, j) referred to as
the jump map. An enabled transition from and to the same mode is referred to as
a self-loop. We only allow the evolution in (3.1) to continue if all guard functions
corresponding to that particular mode satisfy γ(·)←s > 0.

For a trajectory x that is a solution to (3.1)-(3.2) for initial condition x(t0, 0) =
x0, initial mode s0, and input signal u(t, j), we denote the time t of the j-th event
by tj , with j ∈ {1, 2, . . . , N}, where N is the total number of events, possibly
infinite. The hybrid time domain of this trajectory is defined as

dom x :=

N⋃
j=0

(
Ijx × {j}

)
, (3.3)

with Ijx := [tj , tj+1] the closed time interval between the j-th and (j+ 1)-th event.



3.3. Hopping robot leg’s dynamic model 35

See Figure 2.2 (p.19) for examples of hybrid time domains (namely dom x and
dom α). The event times of x(t, j) are captured in the set

Ex :=

N⋃
j=1

({tj} × {j − 1}) . (3.4)

Tracking (feedback) control is based on suitably choosing the input u so as
to steer the system toward a desired time-varying reference signal. To make a
clear distinction between the state of the tracking system and that of the reference
trajectory we denote the reference by α(t, j) which is the solution to (3.1)-(3.2)
for input u = µ(t) and initial condition α(t0, 0) = α0. For the reference, σ
denotes the mode, with initial condition σ0. Furthermore, the j-th event time of
the reference trajectory is denoted τj , where τ0 = t0, and the j-th time interval
between events is Ijα = [τj , τj+1]. The corresponding number of events is referred
to as Nα and the event time set is called Eα.

The RS-based hybrid control strategy will be described in more detail next.
This controller takes differences between the event times τj of the reference and the
event times tj of the tracking system into consideration and solves the problem by
extending the reference trajectory past the event times τj by forward and backward
integration of the vector field (3.1), disregarding the guard functions. Figure 2.1
(p.18) illustrates the process for interval j. In principle, the extensions can be
shaped as desired by design of the input u(t, j). A practical approach, which will
also be taken in this chapter, is to use u = µ(t) for deriving the extended reference
trajectory. We extend the domain dom α on which α(t, j) is defined to a larger
domain Iα containing dom α. This domain can be taken as desired, but usually
it suffices to take the j-th continuous time interval I

j

α of Iα as [−δ + τj , τj+1 + δ]
with δ > 0 sufficiently large (see Figure 2.2, p.19). We now define the extended
reference trajectory as α(t, j) = α(t, j) for (t, j) ∈ dom α (see Figure 2.1, p.18).
For t < τj , α(t, j) is attained from backward integration from τj . For t > τj+1,
integration forward from τj+1 is used to define α(t, j).

The key property of the extended reference trajectory α is that it will have
the same state dimension as the trajectory x when evaluated for the same hybrid
time (t, j) (as long as the sequence of mode transitions is the same). This allows
us to apply the time-varying linear feedback law

u(x, t, j) = µ(t)− s(j)K (x−α(t, j)) (3.5)

to steer the system toward the reference trajectory α, where sK ∈ Rm(s)×n(s)

denotes the feedback gain matrix related to mode s.

3.3 Hopping robot leg’s dynamic model

In this section, we will employ the control strategy detailed in Section 3.2 to per-
form trajectory tracking in simulation for a system with multiple modes with differ-
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Figure 3.2. Schematic representation (a) and image (b) of the robotic leg.

ent state dimension, in particular, for a two-link robotic leg. First, the considered
setup will be introduced and a model describing its dynamics will be presented.
In Section 3.3.2, this model will be used to simulate trajectory tracking for the
hybrid feedback control strategy in the presence of a height sensing bias.

3.3.1 Modeling
Consider the robot leg and corresponding schematic representation depicted in
Figure 3.2 (c.f. [121, 122]). The system consists of two links that are connected
to each other and to two vertical sliders via revolute joints. These joints will be
referred to as (from top to bottom, in Figure 3.2) the hip, knee, and ankle. The
lower link is denoted link 1 and has a length l1, mass m1, and inertia I1. The
upper link will be called link 2 with length l2, mass m2, and inertia I2. The lower
and upper sliders are confined to the same vertical rail and have masses m0 and
m3, respectively. The distance from the ankle to the center of mass (COM) of
link 1 is r1 and the distance from the hip to the center of mass of link 2 is r2. An
input torque τm can be applied to the system at the knee, the angle of which is
denoted qk ∈ [0, π] (see Figure 3.2 for its definition). A spring with stiffness k (in
Nm/rad) and natural angle β is connected between the two links to compensate
partly for gravity forces. In [23], the pre-load of this elastic element was allowed
to be varied, but it is fixed in this chapter. Friction forces are lumped into a single
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torque contribution at the knee and are modeled as

τf = −cdq̇k − cs Sign(q̇k) (3.6)

with viscous damping coefficient cd, static friction term cs, and Sign(·) denoting
the signum function. The robotic leg will be modeled using the hybrid system
framework as described in Section 3.2. This hybrid system constitutes two modes,
i.e. flight (mode 1) and stance (mode 2). The possible transitions are from mode
1 to mode 2 and from mode 2 to mode 1, i.e. there are no self-loops. In flight
phase, the nonzero distance from the ground to the lower slider is denoted qh.

We will now first derive the equations of motion describing the continuous
dynamics for the two modes. Denote the height above the ground of the lower
slider by y0 = qh, that of the COM of links 1 and 2, respectively, by y1 and y2,
and that of the upper slider by y3. The horizontal coordinate of the COM of links
1 and 2 are referred to as x1 and x2, respectively. Introducing the length l between
the two sliders and angles θ1 and θ2 as indicated in Figure 3.2, it follows that

l2(qk) = l21 + l22 + 2l1l2 cos(qk), (3.7)
sin(θ1(qk))l(qk) = l2 sin(qk), (3.8)

θ2(qk) = qk − θ1(qk), (3.9)
y1(qk) = qh + r1 cos(θ1(qk)), (3.10)
y2(qk) = qh + l(qk)− r2 cos(θ2(qk)), (3.11)
y3(qk) = qh + l(qk), (3.12)
x1(qk) = r1 sin(θ1(qk)), (3.13)
x2(qk) = r2 sin(θ2(qk)). (3.14)

The kinetic energy of the system is given by

K =
1

2

(
m0ẏ

2
0 + m1(ẋ2

1 + ẏ2
1) + m2(ẋ2

2 + ẏ2
2) + m3ẏ

2
3 + I1θ̇

2
1 + I2θ̇

2
2

)
(3.15)

and the potential energy equals

V = g(m0y0 + m1y1 + m2y2 + m3y3) +
1

2
k(qk − β)2 (3.16)

with g the gravitational acceleration. Considering as degrees of freedom q =[
qk qh

]T during flight phase and the degree of freedom q = qk during stance, the
equations of motion for the two phases are now given by Lagrange’s equation

d

dt

(
∂K
∂q̇

)
− ∂K
∂q

+
∂V
∂q

= Qnc (3.17)

with Qnc a column with non-conservative generalized forces that is given by

Qnc =

[
τm + τf

0

]
(3.18)
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for the flight mode and by Qnc = τm + τf when the robot is in contact with the
ground. Equation (3.17) can be rewritten in the form

M(q)q̈ + C(q, q̇)q̇ + g(q) = Qnc (3.19)

where M is the mass matrix, C constitutes the Coriolis terms, and g is the contri-
bution of the conservative forces, i.e. spring force and gravity. The final expressions
for M, C, and g can be found in Appendix A. If we take the state x =

[
qT q̇T]T

that is of different dimension during flight and stance mode (i.e. n(1) = 4 and
n(2) = 2) and consider the input u = τm, it follows that

sf(x,u, t, j) =

[
q̇

M−1(q) (Qnc(u)−C(q, q̇)q̇− g(q))

]
(3.20)

for s ∈ {1, 2}.
The continuous dynamics for the two distinct modes are now obtained. The

transitions composed of the guard functions and jump maps will be described next.
Let us first consider the flight-to-stance transition, i.e. touch-down. This will be
modeled as an inelastic impact. Note that this implies that information of the past
trajectory will be lost upon impact, i.e. there is non-reversibility. For the robot
to be in flight mode, it must be separated from the ground. Therefore, a suitable
guard function is the vertical coordinate of the foot with respect to the ground,
i.e.

γ2←1(x) = x2. (3.21)

At the moment of touch-down, an impulsive force Λ is applied to the hybrid system
at the foot causing a jump in velocity. It follows that, from [17],

M(q)

([
q̇+

k

0

]
−
[
q̇−k
q̇−h

])
=

[
0
1

]
Λ (3.22)

where the plus and minus indicate the right, respectively, left limit about touch-
down. Solving this expression for q̇+

k results in

q̇+
k = q̇−k +

M12

M11
q̇−h (3.23)

where M11 and M12 denote the first and second element, respectively, of the top
row of the mass matrix M(q). Consequently, the jump map for the transition
flight-to-stance is given by

2←1g(x) =

[
1 0 0 0
0 0 1 M12/M11

]
x. (3.24)

The stance-to-flight transition will be referred to as lift-off. Contact with the
ground is maintained as long as the reaction force the ground exerts on the robot
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is upward. When this force changes sign, the robot comes off the ground as,
in a unilateral constraint, it is physically not possible for the ground to exert a
pulling force on the foot. From force balance follows that the reaction force, and
consequently also the guard function, is given by

γ1←2(x, t, j, u) = m1ÿ1 + m2ÿ2 + m3ÿ3 + g(m0 + m1 + m2 + m3) (3.25)

where y1 to y3 are given by (3.10)-(3.12), respectively, for qh = q̇h = q̈h = 0.
Note that this guard function depends on the time-varying input u since ÿ1, ÿ2,
and ÿ3 are functions of q̈k, which in turn depends on the particular input. Since
there are no impulsive forces at lift-off, no jump in the state will be encountered.
The jump map from stance to flight mode simply accommodates a change in state
dimension, that is

1←2g(x) =


1 0
0 0
0 1
0 0

x. (3.26)

3.3.2 Trajectory tracking
We will employ the RS-based hybrid controller described in Section 3.2 to track
a periodic hopping motion in simulation for the robotic leg modeled above. The
hybrid system is simulated using MATLABr ode45 with zero-crossing detection
of the guard functions. An overview of the different parameters of the system are
given in Table 3.1.

Table 3.1. System parameters.

Parameter Value Unit Parameter Value Unit
m0 0.73 kg l1 0.434 m
m1 1.00 kg l2 0.392 m
m2 3.20 kg r1 0.277 m
m3 8.40 kg r2 0.142 m
I1 0.055 kg m2 k 15 Nm/rad
I2 0.129 kg m2 cd 1.9 Nm s/rad
g 9.81 m/s2 β -0.4 rad
cs 5.0 Nm

As a reference trajectory, we consider a continuing sequence of 0.1 m hops
separated in time by 0.3 s stance periods. The system starts in mid-air (i.e. σ0 = 1)
with initial condition α0 =

[
qk,0 qh,0 q̇k,0 q̇h,0

]T
=
[
1 0.1 0 0

]T. Lift-off
for the reference happens at a knee angle of qk = 1 rad. The same angle is reached
when the robot is at the highest point in flight after which it will fall with constant
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Figure 3.3. Resulting trajectory (dark red) in tracking a reference trajectory
(light blue) with extensions (dashed) for the robotic leg in Figure 3.2 with pertur-
bation in initial condition. The bars on top indicate the mode (flight when colored
and stance when white) and counter j.
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Figure 3.4. Resulting trajectory (dark red) in tracking a reference trajectory
(light blue) with extensions (dashed) for the robotic leg in Figure 3.2 with pertur-
bation in initial condition and level of the ground. The bars on top indicate the
mode (flight when colored and stance when white) and counter j.
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qk up to touch-down. The reference trajectory with its corresponding input torque
τm = µ(t) and extensions is depicted in light blue in Figure 3.3. We use (3.5) to
try and bring the system to this reference trajectory α from a perturbed initial
condition x0 =

[
1 0.15 0 0

]T, s0 = 1. The trajectory tracking results are
shown in dark red in Figure 3.3.

Note that since we only have one input, the flight phase is under-actuated.
Therefore, we focus only on the knee angle qk for control by using K1 = [200 20
0 0], K2 =

[
200 20

]
. Good tracking of the full state can still be attained since

the stance phases are fully actuated. Figure 3.3 illustrates that the controller
is indeed capable of driving the robotic leg toward the reference trajectory. As
a preliminary test on robustness of the controller, consider the case where the
state qh is sensed rather poorly due to a bias ∆ = 0.05 m, that is, the ground
is actually 5 cm lower than the sensor indicates. The trajectory tracking results
for this case for the same initial condition, reference, and feedback gains as used
above are shown in Figure 3.4. Even though it takes longer to converge due to
the added perturbation, the robotic leg eventually performs the 10 cm hops as
desired, be it at a different height than expected. Note that, in practice, the
height of touchdown may be observed from the state when a jump in velocity is
encountered, thus eliminating the sensor bias.

3.4 Conclusions and discussion

In this chapter, the hybrid feedback control based on reference spreading discussed
in [110] and [104] has been adapted to the case of multiple modes with different
state dimensions. The controller is applied, in simulation, to a robotic leg for
performing a hopping motion via trajectory tracking. We showed that the con-
trol strategy is robust to, e.g., incorrect measurement of the ground height. An
experimental validation of the simulation results on the physical setup is planned
as future work.



4
Mechanical systems with

inelastic impacts: a humanoid
robot

Abstract - This chapter explores the stabilization of desired dynamic motion tasks
involving hard impacts at non-negligible speed for humanoid robots. To this end,
a so-called reference spreading hybrid control law is designed showing promising
results in simulation. The simulations are performed employing a dynamical model
of an existing humanoid robot and impacts are assumed to be inelastic. The desired
motion task consists of having the robot balancing on one foot while repeatedly
making and breaking contact with a wall by means of one hand. The simulation
results illustrate that the considered controller is suited to control humanoid robot
motions with impacts.

This chapter is based on:
M.W.L.M. Rijnen, E.B.C. de Mooij, S. Traversaro, F. Nori, N. van de Wouw, A. Saccon, and H.
Nijmeijer. Control of humanoid robot motions with impacts: Numerical experiments with refer-
ence spreading control. In Proceedings of the 2017 IEEE International Conference on Robotics
and Automation, pages 4102-4107, Singapore, May 2017.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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4.1 Introduction

Performing locomotion and manipulation tasks at relatively high speed still poses
many challenges to a robotic system. Besides the limitations represented by the
current mechanical structures and the challenges in perception and actuation de-
sign, another limitation derives from the still limited number of control algorithms
specifically designed to reach the theoretically achievable optimal performance.

Trajectory tracking control for hybrid systems with state jumps is an active
field of research in the control community [9, 11, 34, 36, 110] and has a relatively
long history (see, e.g., [71] and references therein). Robotic systems performing
locomotion and manipulation tasks involving contact can be modeled as hybrid
systems (see, e.g., [41]) where the state jumps correspond to the rapid velocity
changes occurring in making contact with the environment. Since the velocity
jumps occur only when the robot gets in contact with the environment, the velocity
jumps are state triggered. In the control of hybrid systems with state-triggered
jumps, it cannot be assumed that the impact times of the controlled robot coincide
with those of the planned desired motion. To deal with this time mismatch,
different authors have proposed different notions of tracking error [9, 11, 34, 110].
These error definitions are required for comparing the current state of the robot
with the desired state, in particular whenever the robot experiences the impact
before the planned desired motion or vice versa.

In this chapter, we employ the error definition presented in [110] and apply it
to stabilize a desired motion task for a humanoid robot. The control strategy that
emerges from employing this specific tracking error definition has been termed
reference spreading hybrid control [50, 103, 104, 110]. Generally speaking, refer-
ence spreading allows for dealing with aperiodic desired trajectories and contact
transitions due to elastic and inelastic impacts. Here we focus just on the inelastic
case.

Recent literature on humanoid robot control has focused on the synthesis of
complex multi-contact behaviors from several possibly conflicting tasks while en-
suring to balance the robot: see, e.g., [15, 46, 61, 88, 111] and references therein.
These task-based optimal constrained controllers are able to generate impressive
motions and have been demonstrated on real robots. The underlying assumption
is however that either the set of contact constraints remain the same or, when
contact is made or broken, this either happens at negligible speed or the robot
compliance is sufficient to stabilize the contact transition: once an equilibrium has
been reached, the controller then switches to a set of new tasks and constraints,
sometimes using blending functions to avoid control torque jumps. Exception of
these general assumptions is represented, in particular, by [41] and [47] where
impact phenomena are directly modeled and taken into account in the design of
the control strategy, although the theoretical foundation is currently limited to
stabilization of periodic motions and, in particular, to walking and running gaits.
There is therefore a theoretical gap that needs to be filled in enabling the execu-
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tion of generic dynamic motions that include the sudden velocity variations due
to impacts at medium and relatively high speed (as, for example, those computed
with numerical optimal control algorithms in [114]).

The main contribution of this chapter is the demonstration that reference
spreading hybrid control can be used to stabilize a humanoid robot’s desired mo-
tion in performing contact tasks involving impacts. We employ the humanoid
robot iCub [88] as a benchmark robotic system to test the reference spreading
hybrid control. We present a simulation study using a dynamic model of the hu-
manoid robot iCub stabilizing an impacting reference trajectory where the robot
is standing on one foot and reaches towards a wall with its hand. After an impact
between wall and hand (at non-negligible speed of 0.23 m/s), the robot pushes
itself away from the wall and returns back to its initial posture and repeats this
single-hand horizontal push-up motion.

This chapter is organized as follows. In Section 4.2, we discuss the humanoid
robot model and desired motion. The essentials of reference spreading hybrid
control are given in Section 4.3. In Section 4.4, we detail how the reference motion
with impacts was generated. The results of closed-loop simulations are discussed
in Section 4.5. Conclusions are presented in Section 4.6.

4.2 Humanoid robot dynamics with impacts

To validate the reference spreading hybrid control, we have created a simulation
environment starting from an available code to compute the free-floating dynam-
ics of the humanoid robot iCub [88], and adding suitable contact detection and
velocity reset maps for the intended impacting motion task.

In this research, we assume that the head degrees of freedom (DoFs) are locked
and that the hands are not present, reducing the DoFs effectively employed for the
motion task detailed below from 53 to 25. We write the configuration of the robot
as q := (H,qJ) ∈ SE(3) × RnJ , where H is the homogeneous transformation
matrix describing the pose of the robot’s root link with respect to the inertial
frame and qJ represents the nJ = 25 joint variables. The generalized velocity is
ν := (v, q̇J) ∈ R6+nJ with v ∈ R6 the root link twist describing the velocity of
the base with respect to the inertial frame.

The motion task we consider in this chapter – further details are given in
Section 4.4– makes use of persistent contact between the robot’s left foot and the
ground and intermittent contact between its left hand and a wall. To be more
precise, as we have in fact no hand, one should talk about the robot’s wrist, rather
than its hand, but we are confident the reader will not bother with this terminology
issue.

The left foot is centered at the origin of the inertial frame and the wall is
positioned at a distance of xwall = 0.4 m from the left foot center along the inertial
x axis. The floor, foot, hand, and wall are all considered rigid. In our simulator,
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the unilateral contact constraint between the left foot and the ground is modeled as
a bilateral constraint (fixing the foot’s three rotations and three translations) and
constraint ground-foot torques and forces are monitored online to ensure feasibility
of the result (we stop the simulation if the ground starts pulling the foot). More
precisely, the foot-ground constraint validity is monitored by checking if the zero-
moment-point (ZMP) remains inside the convex hull of the foot sole and if the
component of the foot contact force normal to the floor is positive. If either one
of these two conditions is breached, the simulation is terminated as the contact
modeling using the constraint is no longer physically valid (the ground cannot hold
the foot). The hand-wall constraint is instead modeled as a unilateral constraint
in the inertial x-axis, monitoring the hand-wall distance and imposing it to be
always larger than, or equal to, zero.

The number of active constraints varies therefore over time and so does the
continuous dynamics, depending if the hand-wall contact is closed or open. The
hand transition from free motion to contact is modeled as an inelastic impact,
considered as being a discrete event resulting in a jump in velocity (impulsive
forces are applied). As long as the hand contact persists, static friction is assumed
to be present, not allowing any in-plane motion of the hand along the wall. No
state reset is necessary for the transition from constrained to free motion. The
resulting dynamics model is that of a hybrid system, valid in a neighborhood of
the intended motion task. Further details are given below.

The equations of motion for the continuous dynamics are

M(q)ν̇ + h(q,ν) = S τm + JT
foot(q) λfoot + JT

hand(q)λhand, (4.1)

J foot(q)ν̇ + J̇ foot(q)ν = 06, (4.2)

where M(q) ∈ Rn×n, n = nJ + 6, is the mass matrix, h(q,ν) ∈ Rn the vector
of generalized bias forces, S = (0nJ×6, InJ )

T the selection matrix showing the
underactuated nature of the robot, τm ∈ RnJ the joint torques, λfoot ∈ R6 the
contact wrench at the left foot, J foot(q) ∈ R6×n the Jacobian associated with
the left foot contact frame, λhand ∈ R3 the contact force at the left hand, and
Jhand(q) ∈ R3×n the Jacobian associated with the translational motion of the left
hand contact point.

As the hand-wall contact is modeled as a unilateral constraint, Signorini’s law
[17, Section 5.4] is enforced: 0 ≤ (λhand)x ⊥ γ(q) ≥ 0, where (λhand)x denotes the
component of the contact force normal to the wall and γ(q) := xwall − (ohand)x
the distance between hand and wall, where (ohand)x is the inertial x-coordinate of
the origin of the left hand frame.

When γ(q) becomes zero, the hand contact constraint becomes active and an
inelastic impact occurs. For the components of λhand that are tangential to the
wall, a Coulomb friction model with infinite friction coefficient is also considered,
therewith effectively introducing two bilateral constraints on the in-plane motion
of the hand along the wall as long as the hand contact persists. Therefore, at the
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moment of impact, an impulsive force with magnitude Λhand ∈ R3 is applied on the
hand therewith leading to an impulsive (reaction) contact wrench with magnitude
Λfoot ∈ R6 on the foot. The velocity ν+ just after the impact can be computed in
terms of the velocity ν− just before impact by solving the linear system M(q) −JT

hand(q) −JT
foot(q)

Jhand(q) 0 0
J foot(q) 0 0

 ν+

Λhand
Λfoot

=

M(q)ν−

03

06

 . (4.3)

The derivation of this jump map can be found in [24, Section 2.3]. Similarly as
for the foot contact wrench λfoot (monitored via the ZMP condition in continuous
time), Λfoot is checked after applying the jump map to ensure that the foot-ground
contact constraint should remain closed after the impact.

Equations (4.1)-(4.3) describe the dynamics of a hybrid system with two modes,
where the discrete events are triggered based on conditions that depend on the
state of the system. From here on, the modes will be referred to as contact mode
and free-motion mode. In the remaining sections, we show how we generate a
reference trajectory α = (qdJ, q̇

d
J) with impacts and then make the robot follow

that time-varying reference trajectory that transitions between the free-motion
and contact modes, employing reference spreading control.

4.3 Reference spreading hybrid control

Reference spreading hybrid control [104, 110] is a recently introduced strategy
for tracking discontinuous trajectories of hybrid systems. It can be applied, as
we demonstrate also here, to track a desired robot motion with impacts [103].
The strategy provides a solution for handling the unavoidable time mismatches
between planned and closed-loop impact times that typically lead to undesired
spiking control inputs and possibly poor tracking performance [11].

The key idea is to have more than one reference in a neighborhood of the
nominal impact events and to appropriately switch between them. Namely, the
reference trajectory α is partitioned into segments between mode switches and
subsequently each segment is extended separately by forward and backwards in-
tegration of the continuous dynamics disregarding the unilateral constraints that
would have triggered a state jump. Switching from one extended reference trajec-
tory segment to the next occurs online at the detection of a closed-loop impact as
opposed to at the expected time based on the nominal impact events. By doing
so, the jump in velocity error occurs only when an impact occurs and no longer
when the non-extended reference trajectory jumps [103, 104, 110].

Each segment of the reference is labeled using a discrete event counter j ∈ N,
typically referred to as the discrete time in the hybrid system literature. The
extended reference trajectory comprising the different segments, one for each value
of j, is denoted α(t, j) = (qdJ, q̇

d
J). In reference spreading hybrid control, the
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tracking error is the difference between the extended reference and the system
state at the current hybrid time (t, j). As the state for a mechanical system is
naturally split in joint configuration and velocity, the control action assumes the
form of a PD control with feedforward

τm(t, j) = µ(t, j)−Kp eqJ
(t, j)−Kd eq̇J

(t, j) (4.4)

where µ is the feedforward input, eqJ
(t, j) := qJ(t, j) − qdJ(t, j) and eq̇J

(t, j) :=
q̇J(t, j)− q̇dJ(t, j) are the joint configuration and velocity errors, andKp ∈ RnJ×nJ
and Kd ∈ RnJ×nJ are feedback gain matrices.

The gain matrices can be time-varying and may be different for each mode.
They can be designed, in an optimal sense, using the hybrid linearization of the
hybrid system as described in [104, 110]. This approach is however not taken
in this chapter since computing the linearization is not yet possible for such a
complex humanoid robot and therefore we only consider constant gains that are
however different for the contact and free-motion modes.

The reference spreading hybrid control will be employed to track a state-input
reference with jumps (α,µ) that is a trajectory of the system (4.1)-(4.3), comply-
ing with the constraints: in particular, having a feasible non-pulling foot contact
wrench. The topic of finding such a feasible trajectory will be addressed in the
next section. The closed-loop behavior will be discussed in Section 4.5.

4.4 Extended reference trajectory generation

In the following two subsections, we detail the generation of the extended reference
trajectory starting from the generation of a reference trajectory with impacts and
concluding with the extension of each segment composing it.

4.4.1 Reference trajectory generation from motion tasks

As mentioned in Section 4.2, the contact task starts with the robot balancing on
its left foot. The robot gradually moves itself forward reaching out with its left
hand, until the hand impacts a wall in front of the robot. Once the hand makes
contact with the wall, the robot pushes itself away from the wall, back to standing
on one foot (with the left hand detached from the wall again). From the standing
position, the robot repeats the last two steps indefinitely; reaching towards the
wall, and pushing itself away again.

Six snapshots of the impact motion task are depicted in Figure 4.1. The
snapshots are taken from the video accompanying [102] (available at http://
ieeexplore.ieee.org) which contains animations of the motion and furthermore
illustrates the tracking results that will be discussed in Section 4.5, also illustrating
the quite large basin of attraction provided by the controller around the desired
motion.

http://ieeexplore.ieee.org
http://ieeexplore.ieee.org
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t = 0 s t = 0.22 s t = 0.44 s

t = 0.66 s t = 0.88 s t = 1.1 s

Figure 4.1. Snapshots of the reference contact task (first cycle). The hand-wall
impact occurs at approximately t = 0.7 s.

We have constructed such a reference trajectory employing an already existing
task-based optimal constrained controller for humanoid robot balancing [87, 108].
A detailed explanation of the trajectory generation process for the desired motion
described in this chapter can be found in [24, Section 3]. Here we only provide a
brief description of it.

The generation of the reference trajectory can be summarized as the execution
of the following steps:

1. Two center of mass (CoM) and hand tasks are designed (in a trial and error
fashion) to move the robot forward while also extending the left hand towards
the wall. The hand task is designed with the explicit purpose of hitting the
wall, not to land softly on it. The corresponding state and input trajectory
is generated solving for the constrained optimization problem on the joint
torques as discussed in [87, 108];
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2. Time integration is stopped when the robot hand gets in contact with the wall
(the impact speed is approximately 0.23 m/s). The state is reset employing
the jump map (4.3) and a consistency check is applied to ensure that during
the impact the foot does not detach;

3. The continuous time integration is restarted from the new initial condition
employing the same balancing controller where however two new tasks for
the hand and the CoM are used to create a push-away motion (the hand
task is the position constraint for the hand);

4. Time integration is stopped when the hand contact force normal becomes
zero, signaling the transition from contact to free motion. No reset of the
state is necessary (the impact map is the identity) but the hand position
constraint is now removed;

5. The continuous time integration is restarted applying different tasks on the
CoM and hand to move the robot back to approximately the same initial
configuration and after that moving towards the wall again.

The above steps are repeated indefinitely to form a repetitive contact motion.

4.4.2 Reference trajectory extension
We employ the optimal constrained controller to generate the extensions of the
reference trajectory in a neighborhood of the nominal contact and detachment
times. To the best of our knowledge, this is the first time a task-based optimal
constrained controlled is employed for this purpose.

The CoM and hand tasks can be easily defined forward and backward in time
from the nominal event times. While the optimal constrained controller works
very well for forward extensions (e.g. where the hand moves through the wall),
the method is found to be inappropriate for the backwards extensions due to
the instability in reverse time and the complex nature of the robot. We solved
this issue by changing the sign of the feedback gains used in the controller when
creating the backwards extensions. Gains are changed in a continuous manner to
avoid discontinuities in the accelerations in a neighborhood of the nominal contact
and detachment events, therewith stabilizing the system also in backward time.
Further details are provided in [24, Section 3.3]. Note how for each segment we
obtain a different reference torque input, which justifies the presence of the index
counter j in the feedforward µ appearing in (4.4).

The result of the approach is a feasible state-input reference trajectory with im-
pacts together with reference extensions that can be employed in reference spread-
ing control.

Considering the large number of DoFs, presenting the obtained reference tra-
jectory for each joint is out of the scope of this thesis. We opted instead to report
in Figure 4.2 only the position and velocity of the CoM and the hand with respect
to the inertial frame. Note, in particular, the jumps in vhand at the moments of
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impact (e.g. for t = 0.7 s). As mentioned previously, the found impact velocity is
about 0.23 m/s. In Figure 4.2, the numbered bar on top illustrates the discrete
time j and the current mode (blue = free motion mode, white = contact mode).
The dashed lines represent the extensions.
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Figure 4.2. Reference positions and linear velocities of the CoM and left hand
with respect to the inertial frame (solid) with corresponding extensions (dashed).
The bar on top shows the discrete time j (blue = free motion, white = contact)
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Figure 4.3. The x and y coordinates of the closed-loop ZMP over time. Numbers
indicate the discrete time j.

4.5 Controller tuning and numerical results

In this section, we use the reference spreading hybrid controller to track the ref-
erence trajectory created in Section 4.4. In the implementation, we stored the
reference position qdJ and velocity q̇dJ for the internal joints since the pose and
velocity H and v are redundant due to the persistent contact between foot and
ground, basically eliminating six DoFs.

The diagonal feedback gain matrices Kp and Kd have been tuned manually,
separately for each joint, based on desired convergence rates. The gains for each
individual joint are designed for a joint angle error reduction of approximately
60% in 0.5 s. Subsequently, the position feedback for the left leg is increased and
the velocity feedback gains for the different joints are reduced. The former is done
such that the system rejects errors in its support quicker, therewith reducing the
chance of it falling over, and the latter modification is to prevent the robot from
reacting too strongly to the change in velocity error at impact. The tuned gains
can be found in Table 4.1. The reader is referred to [24, Chapter 4] for insight
on the sensitivity of the tracking results to gain selection and robustness to model
inaccuracies.

We randomly perturb the initial joint angles qJ(t0) from the reference initial
condition in the range ±5 degrees for the arms and right leg and ±0.5 degrees for
left leg and torso (the ranges are chosen such that, when perturbed, the robot still
starts in a balanced pose). In addition to these random perturbations, we add an
intended perturbation to the left arm DoFs such that it is initially farther from
the wall. This induces a large difference in impact time between the closed-loop
system and reference trajectory.
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Table 4.1. Feedback gains for each joint in free motion and contact.

Free motion Contact
Kp Kd Kp Kd

Joint [Nm/rad] [Nm s/rad] [Nm/rad] [Nm s/rad]

Torso
1 60 15.5 30 11
2 50 14.1 30 11
3 50 14.1 50 14.1

Left arm

4 15 7.7 25 10
5 13 7.2 25 10
6 13 7.2 25 10
7 13 7.2 30 11
8 13 7.2 30 11

Right arm

9 15 7.7 15 7.7
10 13 7.2 13 7.2
11 13 7.2 13 7.2
12 13 7.2 13 7.2
13 13 7.2 13 7.2

Left leg

14 150 5.4 150 5.4
15 150 5.4 150 5.4
16 300 23.1 300 23.1
17 300 23.1 300 23.1
18 540 62 540 62
19 540 15.5 540 15.5

Right leg

20 15 7.7 15 7.7
21 13 7.2 13 7.2
22 13 7.2 13 7.2
23 13 7.2 13 7.2
24 13 7.2 13 7.2
25 13 7.2 13 7.2

A trajectory tracking simulation is performed on the iCub model using a per-
turbed initial condition and the tuned gains as mentioned above. The resulting
ZMP as a function of time is depicted in Figure 4.3 together with the support
polygon of the robot. The color of the plot indicates that the robot is in free mo-
tion mode (red) or in contact mode (green) and the dots and triangles illustrate
the start, respectively, the end of a mode. Clearly, the ZMP remains within the
support polygon therewith indicating the validity of the foot contact constraint.
In Figure 4.4, the total joint angle and velocity error norms and the norm of the
actuation torque during the motion are depicted. Both error norms converge to
zero over time. The figure illustrates a large jump in the velocity error norm at
the impact times. This is caused by the inevitable difference between the closed-
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loop and reference trajectory at the closed-loop impact times. Nevertheless, the
simulation indicates that the reference spreading controller successfully stabilizes
the hybrid reference trajectory.
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Figure 4.4. Closed-loop joint angle and joint velocity error norms and actuation
torques. The colored strips on top show j for the closed-loop system (the reference
motion). Red (blue) indicates free motion, white contact.

In Figure 4.5, the closed-loop results are mapped into the task space. The
figure shows the position and velocity errors of the CoM and left hand as a func-
tion of time (expressed in the directions of the inertial frame). Since the joint
angles converge to the reference trajectory (see Figure 4.4), these errors naturally
converge to zero as well. The x-direction component of the CoM velocity error
shows a large jump at the first impact time. This is most likely caused by the large
mismatch in impact time and high acceleration in x-direction for the CoM of the
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Figure 4.5. Position and velocity errors for the CoM and left hand in tracking the
reference trajectory. The colored strips on top show j for the closed-loop system
(the reference motion). Red (blue) indicates free motion, white contact.
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reference just after impact (see Figure 4.2). In Figure 4.5, the x-direction compo-
nents for the different errors are overall larger than those for the other directions.
This is caused by the selective perturbation of the initial conditions, which mainly
influences the x-coordinate of the hand (and subsequently of the CoM).

From the simulation results, it can be concluded that the reference spreading
controller can effectively stabilize a reference trajectory with jumps for a humanoid
robot even when the closed-loop system experiences the impact events significantly
later than the reference trajectory.

4.6 Conclusions and discussion

We showed by means of simulations that a reference spreading controller can suc-
cessfully stabilize a humanoid robot’s desired motion with impacts. We considered
specifically a desired motion where the robot stands on one leg and performs a
motion with its whole body resulting in its hand impacting a wall in front of it.
After the inelastic impact with the wall, the robot pushes itself away from it, re-
turns in a standing position on one foot, and repeats the hand-wall impact motion
indefinitely. Although the motion we have illustrated is essentially periodic, there
is no intrinsic limitation in applying the strategy to aperiodic impact motions.

We detailed the hybrid dynamical model that we employed to perform the
simulations and also to generate the state-input trajectory corresponding to the
desired motion. The desired trajectory with impacts has been generated employ-
ing a modification of an existing task-level optimal constrained controller. The
generated trajectory with impacts is then extended by spreading the reference be-
yond the nominal impact times using backward and forward time integration. The
extended trajectory is the input for the reference spreading controller, whose gains
have been tuned manually. The chapter illustrates that reference spreading con-
trol can be used to track trajectories with hard impacts even when other contact
constraints, such as the foot constraint, are active at impact.

Our ambition is to apply the reference spreading hybrid controller on a real
humanoid robot, but this clearly requires a series of intermediate steps that we are
currently undertaking. Our program includes the transformation of the reference
spreading strategy from a state feedback into a task-level optimal constrained
controller based on extended trajectories. We are also developing an efficient
algorithm to compute the jumping linearization for such a complex mechanism to
allow for automatic tuning of the control gains taking into account that impacts
will occur.



5
Mechanical systems with

simultaneous impact

Abstract - Sensitivity analysis for hybrid systems with state-triggered jumps is
experiencing renewed attention for the control of robots with intermittent contacts.
The basic assumption that enables this type of analysis is that jumps are triggered
when the state reaches, transversally, a sufficiently smooth switching surface. In
many scenarios of practical relevance, however, this switching surface is just piece-
wise smooth and, moreover, a perturbation of the initial conditions or the input
leads to a different number of jumps than the nominal trajectory’s. This chap-
ter extends the sensitivity analysis in this context, under the assumptions that (i)
at least locally, the intermediate perturbation-dependent jumps lead the system to
reach always the nominal post-impact mode and (ii) once a switching and cor-
responding intermediate jump has occurred, its corresponding constraint remains
active until reaching the nominal post-impact mode. Numerical simulations com-
plement and validate the theoretical findings.

This chapter is based on:
M.W.L.M. Rijnen, H.L. Chen, N. van de Wouw, A. Saccon, and H. Nijmeijer. Sensitivity analysis
for trajectories of nonsmooth mechanical systems with simultaneous impacts: a hybrid systems
perspective. Submitted to the 2019 American Control Conference, Philadelphia, USA, July
2019.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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5.1 Introduction

Hybrid systems [39] and, more specifically, hybrid systems with state-triggered
jumps [11] can be used for controller design for robots with intermittent contacts
performing juggling or dynamic walking motions [42, 53, 85, 99, 109].

Within this framework, the authors of [101] (on which this chapter is based)
have recently proposed an analysis and control paradigm, named reference spread-
ing, aiming at high performance control of mechanical systems experiencing im-
pacts [100, 102, 110]. Reference spreading has the distinctive features of (i) being
applicable to both periodic and nonperiodic trajectories with state-triggered events
and of (ii) allowing for trajectories whose effective state dimension changes before
and after each jump. For mechanical systems, this latter property means that one
can deal with trajectories having phases of persistent contact.

At the core of reference spreading lies a sensitivity analysis for hybrid system
trajectories with state-triggered jumps that can be used to infer local asymptotic
stability, see Chapter 6. The sensitivity analysis is performed under classical as-
sumptions of transversality, no Zeno (i.e., no accumulation in time of jumps), and
separate activation of the state-triggered switching functions [110], typically en-
countered also in hybrid optimal control and optimal motion planning for switch-
ing/jumping systems [21, 28, 82].

The key contribution of this chapter is to relax the separate-switching assump-
tion, showing that the sensitivity analysis can be performed even about a nominal
trajectory whose events are triggered by the simultaneous activation of two or
more switching functions. For mechanical systems, this simultaneous activation
corresponds to physical impacts occurring at the same time in different points,
such as when a humanoid robot dynamically lifts an object with both arms, or
when a rigid object makes surface contact with another object at nonzero speed,
with clear implications for the practical relevance of the developed theory. As the
theory is not confined to mechanical systems, the results are presented here in a
more general form.

Perturbing the initial conditions or control input destroys simultaneous switch-
ing. The number of jumps and modes traversed by a perturbed trajectory differs
from that of the nominal trajectory. For a meaningful comparison of nominal and
perturbed trajectories, we will introduce multiscale hybrid time (t, i, k), a special-
ization of hybrid time (t, j) [39].

Our analysis assumes that, at least locally, perturbed trajectories always re-
turn to the nominal post-impact mode after a perturbed sequence of jumps. Fur-
thermore, once a constraint becomes active, it is assumed that it remains ac-
tive until the nominal post-impact mode is reached. To ensure continuity with
respect to the perturbations, we also assume that the reset maps satisfy a spe-
cific property, named associativity. We show that it is straightforward to find a
nominal-trajectory and dynamical-system pair that satisfies these assumptions for
mechanical systems with unilateral constraints experiencing simultaneous impacts.
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To the best of our knowledge, this is the first time a sensitivity analysis about
a hybrid system’s trajectory with simultaneous switching-function activation is
proposed. In [55], a sensitivity analysis is proposed for non-differentiable switch-
ing functions and reset maps based on Nesterov’s lexicographic differentiation,
although there the sequence of modes is assumed to be fixed. In [90, 91], si-
multaneous switching-function activations are considered in the context of robotic
applications and it is shown how, in the special case of imposing decoupling condi-
tions on the system’s inertia distribution and soft (i.e., spring-like) multi-contact
points, perturbed trajectories are piecewise differentiable.

Mechanical systems with unilateral constraints can be described as measure
differential inclusions (MDIs) [2, 17, 67, 83]. However, any attempt to recast our
approach in this context is deemed for further investigation.

This chapter is organized as follows. Section 5.2 presents the notion of mul-
tiscale hybrid time as well as new specific notation for the sensitivity analysis
presented in Section 5.3. Section 5.4 presents a numerical example to illustrate
and validate the concept. The conclusions of this chapter are given in Section 5.5.

5.2 Background and adopted notation

We assume familiarity with hybrid systems and nonsmooth systems modeling
[17, 25, 39]. Switching functions and reset maps determine when a jump has
to occur and where to reinitialize the continuous state thereafter. This section in-
troduces new terminology and notation (namely, event character, mode descriptor,
multiscale hybrid time, and historical notation) that makes it possible to express
the sensitivity analysis’ results of Section 5.3 concisely, precisely, and more pleas-
antly for the eye. The reader is suggested to skim through this section at first
read, returning to its specific content when necessary.

Nominal trajectory and event character. Consider a nominal state-input
trajectory composed by absolutely continuous segments (α(t, i),µ(t, i)), t ∈ [τi,
τi+1], i ∈ {0, 1, 2, . . . }, defined over the time interval [t0, tf ], with t0 = τ0 and
tf ≤ +∞. We assume that the nominal event times τi are all distinct and do not
accumulate in time (no Zeno). It is common to refer to t as the regular time and
to i, a discrete counter, as the discrete time [39]. For a nominal trajectory with a
finite number of events N , τN+1 = tf .

Each τi, except for τ0 and, if defined, also τN+1, corresponds to the simultane-
ous satisfaction of ci switching conditions, expressed via ci equalities of the form
γηi = 0, with η = 2ν−1, ν ∈ {1, 2, . . . , ci}, where γηi denotes a differentiable state-
and-time-dependent switching function. As an example, when ci = 3, one writes
γ001
i = 0, γ010

i = 0, and γ100
i = 0, where 2ν−1 is written in the binary numeral

system for reasons that will become clearer in the following paragraph. We will
refer to ci as the character of event i.
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Hybrid dynamics and mode descriptor. Each segment of the nominal
state-input trajectory (α,µ) satisfies

ẋ = f(x,u, t), x ∈ C, (5.1)

where x, u, f , and C are, respectively, short for x(t, i) ∈ Rn(si), u(t, i) ∈ Rm(si),
sif : Rn(si) × Rm(si) × R → Rn(si), and C = C(t) := {x∧ ∈ Rn(si) | γηi (x∧, t) ≥
0, γζi (x∧, t) ≡ 0, η ∈ η(si), ζ /∈ η(si)} with n(si), m(si), and η(si) being the state
dimension, input dimension, and the set of inactive switching conditions relative
to the system mode whose descriptor, for the event i, is si. The mode descriptor
si ∈ {0, 1, 2, . . . , 2ci − 1} is a compact representation of the current mode of the
system about the event i that includes only the set of switching conditions that
can become active during the event i. The state dimension n(si) is assumed to
correspond to a representation of the system in mode si in minimal coordinates
and consequently varies over time. We will write si = si(t, i − 1), when showing
the explicit dependence on regular and discrete time is relevant. As done for the
switching function index η, si will be expressed using binary numbers.

The index set of inactive switching functions associated to si, denoted η(si) ⊆
{20, 21, . . . , 2ci−1}, is obtained collecting the powers of two corresponding to the
digits zero in the binary representation of si. As example, for si = 0110, η(si) =
{23, 20}.

The symbol ≡ in the definition of the flow set C denotes the fact that not only
the value of the switching function but also its time derivatives are identically
zero, determining the size of the state space Rn(si) in which the constrained tra-
jectories are allowed to evolve. To avoid redefining the switching functions γηi for
each possible constrained set, we make use of the notation x∧ ∈ Rn to mean the
lifted representation of the state x ∈ Rn(si) in the unconstrained ambient space of
dimension n ≥ n(si).

For the nominal trajectory α, the initial value of the descriptor for each event i
is known in advance and we will write it as σi = σi(t, i−1) = 0 . . . 00 (ci digits zero).
In (5.1), si = σi, η(σi) = {20, 21, . . . , 2ci−1}, and (x,u) = (x(t, i−1),u(t, i−1)) =
(α(t, i− 1),µ(t, i− 1)).

At event times, the continuous state is reset according to

x+ = g(x−, t), x− ∈ D, (5.2)

where x+, x−, g, and D are short for, respectively, x(t, i) ∈ Rn(s+i ), x(t, i −
1) ∈ Rn(s−i ), s

+
i ←s

−
i g : Rn(s−i ) × R → Rn(s+i ), and D = D(t) :=

⋃
β∈η(s−i ){x∧ ∈

Rn(s−i ) | γβi (x∧, t) = 0, γθi (x∧, t) ≥ 0, γζi (x∧, t) ≡ 0, θ ∈ η(s−i ) \ {β}, ζ /∈ η(s−i )}
where s+

i = si(t, i) and s−i = si(t, i − 1). The value of s+
i is determined by x−

and we assume that this map is deterministic and unique. Note that si(t, i) differs
from si+1(t, i) although describing the same mode: for α, e.g., si(t, i) = s+

i =
σ+
i = 1 . . . 11 (ci ones) while si+1(t, i) = s−i+1 = σ−i+1 = 0 . . . 00 (ci+1 zeros).
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Figure 5.1. Graphical representation of a nominal trajectory (light blue) and
two perturbed trajectories (red and orange) about a macro event with character
two (ci = 2). See Section 5.2 for a detailed description of the symbols appearing in
the figure. Note that γ10

i = 0 (γ01
i = 0) is drawn differently in s = 00 and s = 01

(s = 10) on purpose, as the system evolves in different state-spaces for each of the
four modes s.



62 Chapter 5. Mechanical systems with simultaneous impact

Nearby trajectories and loss of simultaneity. Consider Figure 5.1. The
blue segments represent the nominal trajectory α and the figure depicts a situation
in which at time τi a character-two event occurs (ci = 2), corresponding to the
zeroing of two switching functions γ01

i and γ10
i .

The mode descriptor for the first segment of α satisfies s = 00, while it satisfies
s = 11 for the second segment. As mentioned previously, the digits 00 and 11 have
to be interpreted as binary codes: 00 means that both switching functions are
positive (inactive), while 11 means that both are zero (active). The length of the
binary code associated to a mode descriptor allows immediately to deduce how
many switching functions are relevant for a given event (i.e., its character) and
also which switching conditions are active in that particular mode and which ones
are not.

Figure 5.1 also illustrates that the simultaneous satisfaction of switching con-
ditions is easily lost by a perturbation in the state or input of the nominal trajec-
tory. A nearby trajectory (e.g., xε1 in the figure) will likely encounter just a single
switching function (γ01), then jump to a new mode (s = 01), possibly encounter-
ing the other switching function (γ10) and finally reaching the post-event mode
of the nominal trajectory (s = 11). In the figure, a similar destiny is reserved for
the perturbed trajectory xε2 : in that case, the first switching function to become
active is γ10, the intermediate mode is s = 10, and only then also the switching
function γ01 becomes active and the system reaches the nominal post-event mode
s = 11. Note that at each mode transition, the state is reset according to a suitable
reset map and the ante-event and post-event state dimensions are different. The
situation clearly becomes more complicated with more switching conditions (it is
actually factorial in the number of switching functions), but we will see in the next
section that nevertheless it is possible to construct, straightforwardly, a relatively
simple time-triggered system that is able to capture the local behavior of the hy-
brid system about α, generalizing the time-triggered linearization introduced in
[110].

Multiscale hybrid time. How should different segments of a perturbed tra-
jectory xε be numbered? It would be clearly still useful to use the counter i to
distinguish, from a large-scale perspective, which event we are considering. How-
ever, as the number of intermediate events actually depends on the particular
realization of the trajectory we are considering, it becomes necessary to introduce
an additional counter to treat these intermediate transitions as of secondary im-
portance. We introduce therefore a concept that we term multiscale hybrid time,
through which each single segment of a state and input trajectory can be uniquely
identified (the only work we are aware of employing a very similar concept is
[83]). The multiscale hybrid time is denoted with (t, i, k). The micro counter k
is initialized at zero and incremented by one every time a discrete event occurs,
except when the system reaches the next expected nominal post-event mode. In
the latter case, k is reset to zero and the macro counter i is incremented by one.
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Making use of the multiscale hybrid time, one can write α(t, i) also as α(t, i, 0).
This extended notation will show its strength when willing to compare α with
a perturbed trajectory xε, whose individual segments are denoted xε(t, i, k). An
illustration of the use of the multiscale hybrid time is given in Figure 5.1 for the
two perturbed trajectories xε1 and xε2 .

It is worth noting that the multiscale hybrid time (t, i, k) can be straightfor-
wardly related to the classical notion of hybrid time (t, j) detailed in [39], via the
simple relationship

j = j(i, k) = k +

i∑
ι=0

lι (5.3)

with lι denoting the number of micro events (i.e., the maximum value of k plus
one) during the macro event ι for the current trajectory at hand (l0 = 0, by
convention).

While the nominal macro-event times are denoted τi, the micro-event times
for a given perturbed trajectory will be denoted t1i , t2i , . . . , and t

li
i . If perturbed

trajectories are parameterized by an index, such as ε in Figure 5.1, then this
parameter will appear as a subscript and we will write t1i,ε, t2i,ε, ..., t

li
i,ε. Note that,

as in (5.3), li represents the total number of micro events about the i-th macro
event for the trajectory under consideration. With a slight abuse of notation, we
will write (t, i, li) to mean (t, i+1, 0): this allows to avoid specifying i when known
from context, making use of just k with extended range 0 to li (in place of 0 to
li − 1).

Using the multiscale hybrid time, each mode descriptor si is written si(t, i−1, k)
or, for short, simply as ski , pairing the notation tki used for the micro event times.
Note that we can then use slii to mean si(t, i− 1, li) = si(t, i, 0).

Historical notation and growing sequences. Besides the notations ski and
tki introduced above, it is useful to be able to indicate an entire mode sequence
for the macro event i with a single symbol. To this end, we define Ski to mean
ski ← sk−1

i ← · · · ← s0
i , where the initial descriptor s0

i = 0 . . . 00 (as many 0’s
as the event character ci) as all participating switching conditions are always
inactive for k = 0. Accordingly, the historical notation Ski x(t) will be used to
refer to ski x(t) = x(t, i − 1, k) ∈ Rn(ski ) when it is also necessary to know that
x(t, i − 1, k − 1) ∈ Rn(sk−1

i ), x(t, i − 1, k − 2) ∈ Rn(sk−2
i ), and so on, down to

x(t, i− 1, 0) ∈ Rn(s0i ). When i is known from context, we simply write S
k

x(t). We
can further specialize the historical notation to precisely indicate with one symbol
a specific growing mode sequence starting from s0 = 0. A mode sequence is called
growing when, at each micro event, one (or more) switching condition becomes
active, while maintaining the status of all previously activated conditions unaltered.
We will use νkνk−1...ν1Sk to denote the growing sequence whose elements are sκ =
sκ−1 + ηκ, ηκ := 2νκ−1, κ = {1, 2, . . . , k}. As example, for a character-3 event
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tτi−1 τi τi+1tli−1,ε t1i,ε t2i,ε tli,ε

α(t, i− 1)

α(t, i)

α+ εz(t, i− 1)
α+ εz(t, i)

xε(t, i− 1, 0)

xε(t, i− 1, 1)

xε(t, i− 1, 2)

xε(t, i, 0)

Figure 5.2. Illustration of the first-order-approximation theorem. The perturbed
trajectory xε (red) agrees with the sum (green) of the nominal trajectory α (blue)
and the positive homogenization z, away from the time intervals where micro-
events occur, up to first-order terms with respect to ε. Nominal macro-event
times and perturbed micro-event times are indicated, respectively, as τ and t with
corresponding subscripts as in the notation section.

(ci = 3), 132S3 = 111← 110← 010← 000. We also allow, in case of simultaneous
switching during a micro event, to indicate the participating switching function
within brackets. As example, for a character-4 event sequence (ci = 4), we write
3(41)2S3 = 1111← 1011← 0010← 0000.

5.3 The positive homogenization

In this section, we detail the sensitivity analysis about a trajectory with simul-
taneous switching-function activations. For sake of compactness, we will make
extensive use of the notation introduced in Section 5.2. The analysis is performed
with respect to perturbations of the initial condition and control input. The cen-
tral role in the analysis is played by a dynamical system with time-triggered state
resets, named the positive homogenization. The positive homogenization extends
the concept of time-triggered jumping linearization, introduced and employed in
[104, 110], to hybrid systems with state-triggered jumps with character larger than
one.

The sensitivity analysis is performed under the hypotheses that (i) the per-
turbed trajectories reach the nominal post-impact mode for sufficiently small per-
turbations and (ii) perturbed trajectories form growing mode sequences. For conti-
nuity of the state trajectory away from the jump times with respect to the pertur-
bation, we require the jump map at each macro event to be associative as defined
below.
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Definition 5.1 (Jump map associativity). Consider the jump map p←ag relating
the ante-event state ax with the post-event state px for a character-c macro event,
namely

px = p←ag(ax, t). (5.4)

In (5.4), the mode descriptors satisfy a = 0 . . . 00 and p = 1 . . . 11, with as many
0’s and 1’s as the event character c. The jump map p←ag is called associative
about ax at time t whenever, taking an arbitrary growing mode sequence p = sk ←
sk−1 ← · · · ← s1 ← s0 = a, k ≤ c, one has

px =
(
p←sk−1

gt ◦ · · · ◦ s
2←s1gt ◦ s

1←agt

)
(ax) (5.5)

where gt(·) := g(·, t). �

Intuitively speaking, an associative jump map is one such that treating a simul-
taneous activation as a sequence of distinct activations leads to the same result.
In Section 5.4, we will make use of the jump map corresponding to a simultaneous
inelastic impact between a box and a plank that can be straightforwardly proven
to be associative, suggesting that associative jump maps are not difficult to find
in practice.

The concept of nominal phantom segments introduced next is required to detail
the positive homogenization. For the reader interested in just grasping the essence
of the sensitivity analysis, this definition can be skipped at first reading.

Definition 5.2 (Nominal phantom segments). Given a trajectory (α(t, i),µ(t, i))
of (5.1)-(5.2), consider a macro event i and a growing mode sequence Ski = ski ←
sk−1
i ← · · · ← s0

i . Let µ(t, i) denote a chosen extended input [100, Section III.A]
for µ(t, i), defined beyond the time interval [τi, τi + 1]. The pushing nominal
phantom segment of (α,µ) resulting from µ and Ski , denoted (

Ski
↘ α(t),

Ski
↘ µ(t)), is

the segment obtained via integration of the vector field ski f with input

Ski
↘ µ(t) :=

{
µ(t, i− 1), k 6= li
µ(t, i), k = li

(5.6)

and initial condition skiα(τi), the latter obtained as

s1iα = s1i←s
0
i g(s

0
iα, τi)

...
skiα = ski←s

k−1
i g(s

k−1
i α, τi)

where s0iα(τi) = α(τi, i − 1, 0). In the expressions above, τi has been dropped as
argument of s

κ
i α for sake of brevity.
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Specularly, the withdrawing1 nominal phantom segment (
Ski
↗ α(t),

Ski
↗ µ(t)) is

obtained integrating ski f from the initial condition skiα(τi) with input

Ski
↗ µ(t) :=

{
µ(t, i− 1), k = 0
µ(t, i), k 6= 0

. (5.7)

�

Remark 5.1. It is straightforward to verify that, whenever sli←s
0
i g(·, τ) is asso-

ciative, S
k
i
↘ α(τ) =

Ski
↗ α(τ) for any sequence Ski , so that the subscripts ↘ and ↗ can

be dropped for t = τ with no ambiguity. 4

Definition 5.3 (Push-and-withdraw sequence). Given the nominal trajectory (α(t
, i),µ(t, i)) satisfying (5.1) and (5.2), an associated push-and-withdraw sequence
V is an ordered set that, for each macro event i, associates a pushing (↘) or
withdrawing (↗) symbol. �

A nominal trajectory such that each jump map is associative at each nominal
jump time, in the sense of Definition 5.1, and that intersects transversally the level
set zero of the switching functions [100] will be called an associative transversal
nominal trajectory. For such a nominal trajectory, we can extend the sensitivity
equations in [110] to form its associated positive homogenization as follows.

Definition 5.4 (Positive homogenization). The positive homogenization of (5.1)-
(5.2) about the associative transversal nominal trajectory (α(t, i),µ(t, i)) with push-
and-withdraw sequence V is

aż = aA(t) az + aB(t) av, τ−1 ≤ t ≤ τ, (5.8)
pz = p←ah(az, t), t = τ, (5.9)
pż = pA(t) pz + pB(t) pv, τ ≤ t ≤ τ+1, (5.10)

where p←ah(az, τ) is a positively homogeneous map in z (detailed below), τ−1 =
τi−1, τ = τi, τ+1 = τi+1,

aA(t) = D1
af(aα(t), aµ(t)),

aB(t) = D2
af(aα(t), aµ(t)),

pA(t) = D1
pf(pα(t), pµ(t)),

pB(t) = D2
pf(pα(t), pµ(t)),

with D1 and D2 denoting differentiation with respect to first and second arguments
and where

aα(t) = α(t, i− 1), aµ(t) = µ(t, i− 1),
pα(t) = α(t, i), pµ(t) = µ(t, i),

1In words, a pushing input ↘µ waits until the last micro event before switching to the next
nominal post-impact input. A withdrawing input ↗µ switches immediately to the the next
nominal post-impact input.
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and af(x,u, t) = σ−i f(x,u, t), and pf(x,u, t) = σ+
i f(x,u, t) with σ−i = 0 . . . 00

and σ+
i = 1 . . . 11 (both zeros and ones repeated ci times). Furthermore, in (5.8)-

(5.10), az(t) = z(t, i−1) ∈ Rn(si−1), av(t) = v(t, i−1) ∈ Rm(si−1), pz(t) = z(t, i) ∈
Rn(si), pv(t) = v(t, i) ∈ Rm(si), the initial condition is z(τ0, 0) = z0 ∈ Rn(s0), τ0 =
t0, and, in case of a nominal trajectory (α,µ) with a finite number N of macro
events, τN = tf ≤ ∞. The positively homogeneous map can always be written as
p←ah(az, τ) = p←aH(az, τ)az with p←aH(az, τ) a suitable state-dependent matrix
gain. For a character-2 event (for which p = 11 and a = 00), we get

11←00H(z, t) =


11←00
(21)S1 G,

(
1S1

a
)T

z =
(

2S1

a
)T

z

11←01
21S2 G 01←00

1S1 G,
(

1S1

a
)T

z <
(

2S1

a
)T

z

11←10
12S2 G 10←00

2S1 G,
(

2S1

a
)T

z <
(

1S1

a
)T

z

. (5.11)

The single-jump gains s
+←s−
Sk G and vectors S

k

a are detailed in the following expo-
sition. Each single-jump gain s+←s−

Sk G in (5.11), with Sk = sk ← sk−1 ← · · · ← s0

(see Section 5.2) where s+ = sk and s− = sk−1, equals

s+←s−
Sk G := D1g

− − ġ
− − f+

γ̇−
D1γ

− (5.12)

where, defining Rk−1 = sk−1 ← · · · ← s0,

f+ := s+f(Sα(τ), S→µ(τ), τ), (5.13)

f− := s−f(Rα(τ),R→µ(τ), τ), (5.14)

ġ− := D1g
− · f− +D2g

− · 1, (5.15)

γ̇− := D1γ
− · f− +D2γ

− · 1, (5.16)

Dιg− := Dιs
+←s−g(Rα(τ), τ), ι = {1, 2}, (5.17)

Dιγ− := Dιγη(s+←s−)(Rα(τ), τ), ι = {1, 2}, (5.18)

with (Sα, S→µ) and (Rα,R→µ) denoting nominal phantom segments with → to be
interpreted as ↘ or ↗ depending on the push-and-withdraw sequence V . Note that
Rα and Sα have no subscript (→) due to associativity (cf. Remark 5.1).

Furthermore, each vector S
k

a in (5.11) is defined as

(S
k

a)Tz := − 1

γ̇−
D1γ

− · z (5.19)

with γ̇− and D1γ
− as in (5.16) and (5.18), respectively. �

Although straightforward to obtain, the general form of p←aH for a character-
n event is not presented here, but will be detailed in a future publication. The
expression for p←aH for a character-3 event can be found in Appendix B.
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Remark 5.2. Whenever the transition s+ ← s− in the sequence Sk corresponds to
multiple switching function activations (e.g,. S1 = (21)S1 = 11← 00, with s+ = 11

and s− = 00), it is understood that γη(s+←s−) in (5.18) should be interpreted as
one of the switching functions that become active during the transition (continuing
the example, S1 = (21)S1, η(s+ ← s−) = {10, 01} so that γη(s+←s−) in (5.18)
means γ10 or γ01). Straightforwardly to verify, the choice does not affect the final
value of p←ah in (5.9). 4

Remark 5.3. The gain p←aH appearing in Definition 5.4 is positively homoge-
neous of order zero with respect to z (p←aH(λz, t) = p←aH(z, t), for any λ ≥ 0)
because positive scalar multiplications do not affect the inequality conditions used
to define it. This makes p←ah(z, t) a positively homogeneous function (of order
one), explaining the name given to the time-triggered approximation of the hybrid
dynamics about a nominal trajectory. 4

The positive homogenization provides a first-order approximation of the hybrid
system’s trajectories that are in a neighborhood of the associative transversal
nominal trajectory (α,µ). This result is illustrated graphically in Figure 5.2 and
stated formally as follows.

Theorem 5.1 (First-order accuracy). Consider an associative transversal nomi-
nal trajectory (α(t, i),µ(t, i)) of (5.1)-(5.2) with push-and-withdraw sequence V
over the time interval t ∈ [t0, tf ]. Let µ(t, i) be a chosen continuous exten-
sion of µ(t, i) with corresponding state extension α(t, i). Denote with xε(t, i, k)
the ε-parameterized family of trajectories satisfying (5.1)-(5.2) with initial condi-
tion xε(t0, 0, 0) = α0 + εz0 and input uε(t, i, k) = →µ(t, i, k) + εv(t, i, k) where
α0 = α(t0, 0), z0 an arbitrary perturbation of the initial condition, →µ(t, i, k) the
input extension based on µ(t, i) induced by the push-and-withdraw sequence V and
v(t, i, k) an arbitrarily-chosen input perturbation. Theoretically, v(t, i, k) should
be defined for all t ∈ [t0, tf ], i ∈ {0, 1, . . . , N}, and k ∈ {0, 1, . . . , ci}, with ci the
character of event i and N ≤ ∞ the number of nominal macro events of (α,µ).
The extension →µ(t, i, k) equals the pushing input

↘µ(t, i, k) =

{
µ(t, i), k 6= li+1,
µ(t, i+ 1), k = li+1,

(5.20)

or the withdrawing input

↗µ(t, i, k) =

{
µ(t, i), k = 0,
µ(t, i+ 1), k 6= 0,

(5.21)

depending on the value of the i-th entry of the sequence V .
Then, the perturbed trajectory xε can be approximated as

xε(t, i, 0) = α(t, i) + εz(t, i) + o(ε), tli−1,ε ≤ t ≤ t1i,ε (5.22)
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where z(t, i) denotes the extended solution of (5.8)-(5.10) with initial condition
z(t0, 0) = z0 and input v(t, i) = v(t, i, 0), and where t1i,ε denotes the first micro
event time of xε during the macro event i, and tli−1,ε the last micro event time of
xε during the macro event i− 1. N

Proof. The result is proven by combining the sensitivity analysis about trajec-
tories with character-1 jumps [100, 110] with the following concept of perturbed
phantom segments. Perturbed phantom segments are segments of hypothetical,
non-necessarily-feasible, trajectories corresponding to prearranged growing mode
sequences. Nominal phantom segments as of Definition 5.2 are a strictly related
concept but, for perturbed phantom segments, jumps are state-triggered as op-
posed to time-triggered.

Without loss of generality, assume to have at hand a nominal trajectory (α,µ)
with just one single macro event, occurring at time τ and with character c. For
such an event, we define the perturbed phantom segment associated to a given
growing mode sequence Sc = sc ← sc−1 ← · · · ← s1 ← s0 as the solution to the
following cascade of discrete jumps and continuous flows:

S0

xε(t) = α0 + εz0 t = t0
S0

ẋε(t) = s0f(S
0

xε,
S0

uε, t), t0 ≤ t ≤ S1

t1ε
S1

xε(t) = s1←s0g(S
0

xε(t), t) t = S1

t1ε
S1

ẋε(t) = s1f(S
1

xε,
S1

uε, t),
S1

t11,ε ≤ t ≤ S2

t2ε
...

Scxε(t) = sc←sc−1

g(S
c−1

xε(t), t) t = Sc

tcε
Sc

ẋε(t) = scf(S
c−1

xε,
Sc−1

uε, t),
Sc

t1ε ≤ t ≤ +∞

where each phantom micro-event time S
1

t1ε, S
2

t2ε, . . . , S
c

tcε satisfies its correspond-
ing triggering condition

γη(s1←s0)(S
0

xε(
S1

t1ε),
S1

t1ε)) = 0 (5.23)
...

γη(sc←sc−1)(S
c−1

xε(
Sc

tcε),
Sc

tcε)) = 0. (5.24)

For ε = 0, due to associativity of α, the concatenations of S
0

xε with Sc

xε and
S0

uε with Sc

uε can be identified, respectively, with α and µ. Moreover, for ε = 0,
all phantom micro-event times equal the nominal event time τ of (α,µ).

For non-zero but relatively small ε, based on a continuity argument related
to the solutions of the continuous time flows and transversality assumptions, the
nonlinear triggering conditions (5.23)-(5.24) will continue to have a solution. Those



70 Chapter 5. Mechanical systems with simultaneous impact

solutions, namely the perturbed micro-event times, are not guaranteed to form an
ordered sequence of time instants in terms of k. Indeed, the chance that the
sequence of times is not ordered is almost a certainty, corresponding to the fact
that some of the continuous time flows will have to be run backward in time in order
for the nonlinear triggering conditions to keep having a solution. Despite these
backward integrations, the sensitivity analysis for a trajectory with character-one
jumps in [100, 110] can still be used arriving at the following linearization with
time-triggered jumps

S0

z(t) = z0 t = t0
S0

ż(t) = s0A(t) S
0

z + s0B(t) S
0

v t0 ≤ t ≤ +∞
S1

z(t) = s1←s0G(t) S
0

z(t) t = τ

S1

ż(t) = s1A(t) S
1

z + s1B(t) S
1

v t0 ≤ t ≤ +∞
...

Sc

z(t) = sc←sc−1

G(t) S
c

z(t) t = τ

Sc

ż(t) = scA(t) S
c

z + sc B(t) S
c

v t0 ≤ t ≤ +∞,

with A, B, and G denoting the linearization matrices and single-jump gain as
given, mutatis mutandis, in (5.8) and (5.12) and where S

k

z(t), denotes the extended
solution making use of the extended input perturbations S

k

v(t) := v(t, i, k). For a
given sequence Sk, this linearization allows to obtain the first-order approximation
to each perturbed phantom segment as

Skxε(t, i, k) = Skα(t, i, k) + ε S
k

z(t, i, k) + o(ε) (5.25)

for t ∈ [tk,min
i,ε , tk,max

i,ε ] with tk,min
i,ε = min(S

k

tki,ε,
Sktk−1

i,ε ) and tk,max
i,ε defined similarly

(the micro event time tk−1 is not guaranteed to be smaller than the micro event
time tk, as previously mentioned).

A similar sensitivity analysis is possible for complete growing mode sequences
Sl that are shorter than the event character c (complete means from mode 00 . . . 0
to 11 . . . 1). For this to happen, some micro event must activate more than one
switching condition at a time. For simultaneous activations, one needs to interpret
(5.23)-(5.24) carefully, understanding in particular that γη(sk←sk−1) appearing in
the switching condition

γη(sk←sk−1)(S
k−1

xε(
Sktkε), S

k

tkε)) = 0 (5.26)

should be regarded as a single switching function whose co-dimension-1 level set
zero contains the intersection of all level sets zero of the switching functions in-
volved in the transition from sk−1 to sk. One can find infinitely many switching
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functions with this property, but, as it will become clear later on, such a choice
does not affect the final sensitivity result. From a practical point of view, one
can simply take γη(sk←sk−1) as one of the switching functions, arbitrarily chosen,
involved in the transition sk ← sk−1. This suggestion was already mentioned in
Remark 5.2.

Having defined the concept of perturbed phantom segments, we are now in
place to prove the theorem statement. Among all possible mode sequences Sk,
only one will have strictly increasing micro event times (strictly as coinciding
event times are considered a simultaneous event). Choosing this feasible sequence
can be accomplished by evaluating the event time of each possible perturbed phan-
tom segment with micro event counter equal to k and selecting the segment with
the smallest event time. This selection is straightforward as the k-th perturbed
phantom micro-event time satisfies

Sktkε = τ + ε
(
Ska

)T
Sk−1

z(τ) + o(ε) (5.27)

with vector S
k

a defined in (5.19). Incidentally, two or more micro-event times will
coincide, and in that case choosing γη(sk←sk−1) as one of the switching functions
involved in the transition sk−1 → sk will lead to different values of the associated
single-jump gain (5.12). However, as the expression of (5.12) contains the evalu-
ation of S

k

aTz that coincides for all micro-event times in question, the result for
p←ah in (5.9), as anticipated, is independent of the chosen switching function. In
essence, the procedure described above is a constructive proof for the expression
of the jump gain p←aH.

5.4 The plank and box: a numerical validation

Consider the animation snapshots depicted on the top row of Figure 5.4. They
depict a fully actuated box of 2 kg and rotational inertia 0.067 kgm2 with respect
to its center of mass forced to impact against a 2.5 m long plank, connected to
the fixed world via a revolute joint that includes a torsional spring (500 Nm/rad)
and damper (500 Nms/rad). The plank inertia about the pivot is 4.5 kgm2. The
system is simulated using MATLABr ode45 with zero-crossing detection of the
guard functions. After an intended flat impact, the block is pushed down along
the frictionless surface of the plank and finally comes at rest. Figure 5.4 also shows
the state norm as a function of time, illustrating the state jump after the impact.
Starting from α ∈ R8 (it is a 4 DoF mechanism) and corresponding input µ ∈ R3

(full actuation of the box), we employ the tracking control law

u = →µ−K(x−→α) (5.28)

where all quantities, including the matrix gain K, are a function of the multiscale
hybrid time (t, i, k) and where →α and →µ are the extended nominal state and
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Figure 5.3. Norm of the error (xε −α) and local approximation εz for two time
instances (see Figure 5.4).

input trajectories based on the chosen push-and-withdraw sequence V (cf. Defi-
nitions 5.2 and 5.3 and statement of Theorem 5.1). Assuming, as reasonable to
expect in actual physical situations, that the state is not available during micro
transitions and that only the beginning and end of the micro events’ time interval
can be detected, the feedback gain K(t, i, k) will be set to zero for k 6= {0, l}, with
l denoting the last micro event index. Regarding →µ in (5.28), while making con-
tact, we keep the same (pushing) feedforward input until full contact is established
(i.e., V = {↘})

Using (5.28), we place the box in a perturbed initial condition x0 = α0 +z0 (cf.
Figure 5.4) and compare the system’s response x with its corresponding first-order
approximation α+ z obtained via the positive homogenization. Figure 5.4 clearly
indicates that the positive homogenization provides an accurate approximation of
the behavior of the system about the nominal trajectory, past the micro event
sequence. To further support this conclusion and to illustrate that the positive
homogenization indeed provides a first-order approximation, we consider the initial
conditions x0 + εz0 for a range of ε and plot both the error norm ‖xε−α‖ and its
approximation ‖εz‖ for two time instances occurring after the impact transition.
The results can be seen in Figure 5.3 confirming the first-order approximation
result of Theorem 5.1. The reader is referred to [22] for full details about the
numerical simulation, including the validation of associativity.
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Figure 5.4. Illustration of the first-order-approximation theorem via a numerical
simulation of the plank and box system. As the second and third rows of ani-
mation snapshots show, the perturbed trajectory x with two consecutive impacts
(red) is well approximated by the sum of the nominal trajectory α and the pos-
itive homogenization z (green), away from the time intervals where micro-events
occur. In proximity of micro-events, the approximation α + z can be physically
inconsistent (see third snapshot of α + z). The horizontal black and white bars
illustrate the mode descriptors (black = 1, white = 0).
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5.5 Conclusions and discussion

In this chapter, we performed a sensitivity analysis about a reference trajectory
with simultaneous switching function activations for a class of hybrid systems with
state-triggered jumps. The theory builds upon prior work with the main distinc-
tion that here the switching surface is explicitly assumed to be non-differentiable.
The latter is encountered in practice when considering reference motions with im-
pacts where contact is simultaneously established at multiple points, for example.
Nearby trajectories will, in such case, likely experience a different impact sequence.
We introduced a different notion of hybrid time, termed multi-scale hybrid time, to
describe these trajectories. Additional notation was moreover created to present
the findings more concisely.

The result of the sensitivity analysis about an associative transversal nominal
trajectory is a time-triggered hybrid system. The system is, contrary to the non-
simultaneous impact case, positively homogenous as opposed to linear. We showed
that this positive homogenization corresponding to the hybrid system and reference
trajectory presents a first order approximation of the error dynamics. The first-
order nature is supported using a simulation example in which an actuated box
impacts an unactuated hinged plank.

We considered time-and-state dependent switching/guard functions in this
chapter. However, situations may arise in practice where these functions moreover
depend on the system inputs (e.g. in detachment). The extension of the developed
theory to input dependent triggering is left for future research.
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analysis

Abstract - The definition of asymptotic stability for a trajectory of a hybrid
system with state-triggered jumps is not straightforward. Nearby solutions jump
at close but non-coincident times, making the standard notion of closeness, based
on vector difference, unsuitable to compare trajectories point-wise in time. With
tracking control as ultimate goal, we propose a notion of stability and a construc-
tive stability proof based on sensitivity analysis applicable to single-jump-flow tra-
jectories. A key role in the analysis is played by a time-triggered linear system,
associated to the discontinuous trajectory of interest, whose uniform asymptotic
stability suffices to guarantee the asymptotic stability of the original discontinuous
trajectory. As an illustrative example, the stability analysis is applied to guar-
antee closed-loop stable tracking for a trajectory with velocity jumps of a 2 DoF
mechanical system with unilateral constraint.

This chapter is based on:
M.W.L.M. Rijnen, J.J.B. Biemond, N. van de Wouw, A. Saccon, and H. Nijmeijer. Hybrid
systems with state-triggered jumps: Sensitivity-based stability analysis with application to tra-
jectory tracking. Submitted to IEEE Transactions on Automatic Control, 2018.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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6.1 Introduction

This chapter studies the problem of defining and assessing local asymptotic sta-
bility of a trajectory of a hybrid dynamical system. These systems show both
continuous (flow) and discrete (jump) dynamics [39]. Our analysis concerns, in
particular, hybrid systems with (time- and) state-triggered jumps, where the state
trajectory becomes discontinuous under the effect of the discrete dynamics. We
will refer to this class of systems as hybrid systems with state-triggered jumps.

Hybrid systems with state-triggered jumps can be used to describe and analyze
the behavior of mechanical systems with unilateral contact constraints employed
in robotics and multi-body dynamics [65]. Although other approaches worth con-
sidering for modeling and simulation of mechanical systems with unilateral con-
straints are available [2, 17], the hybrid system formalism [39] has been shown to
be a viable modeling technique that allows for the description and control of, e.g.,
juggling and walking robots [85, 99, 109]. Whereas the stabilization of jumping tra-
jectories of a mechanical system with unilateral constraints is the main motivation
for our investigation, the approach and obtained results are applicable to the gen-
eral class of hybrid systems and are therefore presented as such. More specifically,
the proposed stability notion and sensitivity-based stability analysis concerns the
specific type of trajectories termed single-jump-flow trajectories, characterized by
continuous flow phases followed by single discrete jumps.

In earlier investigations [19, 68, 112], tracking problems for hybrid systems have
been solved under the assumption that the jump times of the system and reference
trajectory coincide. In that case, standard Lyapunov methods can be employed
in terms of the classical Euclidean tracking error to perform stability analysis.
The requirement that the jump times of the trajectories coincide with those of a
reference trajectory is however stringent and this coincidence can generally not be
assumed: this is not the case, in general, for hybrid systems with state-triggered
jumps and, in particular, for hybrid systems that represent mechanical systems
with unilateral constraints.

When reference and closed-loop jump times do not coincide, the Euclidean
error between two trajectories shows a big increase whenever the system trajectory
jumps and the reference trajectory does not or vice versa. This phenomenon is
usually referred to as peaking [11, 67, 71]. A few approaches have been recently
proposed in the literature to deal with the mismatch in the jump times by defining
stability on the basis of a different notion of error/distance between single-jump-
flow trajectories. In [36], the times belonging to the infinitesimal intervals around
the jump times are neglected in defining the tracking problem. In [34], the reference
trajectory together with a mirrored version of it has been used to construct a
new error notion for the tracking problem of a ball in a polyhedral billiard. In
[39, Section 5.3], the concept of graphical closeness of solutions is considered. In
[9, 11, 126], the authors propose to simplify the stability analysis and tracking
control design by suggesting to use a distance function between two trajectories
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that is invariant with respect to the discrete jump dynamics. In [58], the authors
use gluing functions to perform a state-transformation turning the hybrid dynamics
into (piecewise) continuous dynamics, removing the state jumps.

In this chapter, we employ the notion of error introduced in [110] to define and
analyze asymptotic stability of discontinuous trajectories and to propose a possible
solution to the problem of tracking a reference trajectory for hybrid systems with
state-triggered jumps. The employed error notion is based on extending the (ref-
erence) trajectory about the jump times and considering the distance between the
state of a trajectory and that at the particular segment of the extended (reference)
trajectory that has encountered the same number of jumps. This error will not,
in particular, show any peaking and presents the basis for an effective trajectory
tracking control approach named reference spreading control [102, 104, 110].

For smooth nonlinear control systems, the open- and closed-loop local stability
of a continuous reference trajectory can be assessed via its associated time-varying
linearization. The key contribution of this chapter is to show that, for hybrid sys-
tems with state-triggered jumps, the local stability of a discontinuous single-jump-
flow trajectory can be assessed via the study of its time-triggered linearization, a
linear time-triggered hybrid system that emerges from the sensitivity analysis and
that is independent of the reference extensions. The reference trajectory is as-
sumed to satisfy a set of assumptions (in particular, transversality and absence of
Zeno behavior) ensuring continuous dependence of impact times (and the solution
away from impact times) with respect to variations of initial conditions and control
inputs.

This chapter is organized as follows. In Section 6.2, hybrid systems with state-
triggered jumps are reviewed and the problem definition is precisely stated together
with key regularity assumptions. Section 6.3 reviews the concept of extended ref-
erence trajectory, that leads to the error notion used to define stability of discon-
tinuous trajectories. This section also presents the main result of this chapter:
the ability to infer stability of a discontinuous trajectory of a hybrid system with
state-triggered jumps by analysis of the stability of an associated time-triggered
linear system (the hybrid linearization). Section 6.4 applies the obtained results
to a mechanical system with a unilateral constraint. Conclusions are presented in
Section 6.5.

6.2 Preliminaries and problem statement

6.2.1 Hybrid systems

A hybrid dynamical system can be represented schematically as in Figure 6.1a.
The system has a state x ∈ Rn that continuously evolves according to a control
vector field f : Rn × Rm → Rn, parameterized by the external input u ∈ Rm.
Continuous evolution is only possible when the state x at a given time is in a
closed set C ⊆ Rn called the flow set. Explicitly, the state evolution satisfies the
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ẋ = f(x, u)

x ∈ C

(a)

x ∈ D

x+ = g(x−)

ẋ = f(x, u, t, j)

x ∈ C(t, j)

(b)

x ∈ D(t, j)

x+ = g(x−, t, j)

Figure 6.1. Hybrid system with one mode of execution without (a) and with (b)
explicit dependency on hybrid time (t, j).

differential equation

ẋ = f(x,u), x ∈ C. (6.1a)

A jump in the state can occur whenever the state reaches a set D ⊆ Rn, called the
jump set. A jump implies an instantaneous state change according to the jump
map g : Rn → Rn.

In this chapter, we consider unique solutions of hybrid systems. Aside from
some basic regularity assumptions on the flow map f , uniqueness requires that
whenever a jump occurs (x ∈ D) evolving in C is also no longer possible [39,
Proposition 2.11]. A way to enforce this is to assume that D ⊆ ∂C, with ∂C
denoting the boundary of C, together with some transversality assumptions on
the continuous flow to avoid that the flow is tangent to D when it reaches it
(grazing). Transversality (cf. [20]) plays an important role in this chapter and will
be discussed in more detail in the problem formulation in Section 6.2.2.

We largely adopt the hybrid system notation from [39]. In particular, we
employ the notion of hybrid time, which merges regular time t ∈ R with discrete
time j ∈ N. Discrete time should be thought of as a jump counter, indicating how
many times the state has jumped, so that the state jumps satisfy

x(t, j + 1) = g(x(t, j)) x ∈ D. (6.1b)

All these notions are standard and we refer to [39, Definition 2.6] for the definition
of a solution to (6.1a), (6.1b).

To allow for time-varying vector fields, jump maps, and time-varying flow and
jump sets, the hybrid dynamical systems that we consider in this chapter are (with
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slight abuse of notation) written as follows:

ẋ = f(x,u, t, j), x ∈ C(t, j), (6.2a)

x+ = g(x−, t, j), x ∈ D(t, j), (6.2b)

where x+ := x(t, j + 1) and x− := x(t, j). We refer to (6.2) as a Nonlinear
State-Triggered Hybrid System (NSTHS) and represent it as shown in Figure 6.1b.

Remark 6.1. In (6.2), one could define a new state (x, t, j) showing that (6.2)
is just a special case of (6.1). However, we found that keeping the hybrid time
(t, j) explicit leads to a more intuitive understanding of the stability analysis and
reference spreading control. In Section 6.3, we show that the control law is of the
form u = u(x, t, j), depending therefore explicitly on the continuous flow state x
and hybrid time (t, j).

Another reason to keep (t, j) explicitly in (6.2) is that otherwise the proposed
definition of discontinuous trajectory stability would require to treat (t, j) differently
than the other part of the state (otherwise, when time would be included in the state,
a state perturbation would also perturb time). 4

In Section 6.2.2 and Appendix C.2, we will use the sets

Cj :=
⋃
t∈R

C(t, j)× {t}, (6.3)

Dj :=
⋃
t∈R

D(t, j)× {t}, (6.4)

to ease the derivations of the results. Note that Cj and Dj ⊆ Rn+1. For a given
j ∈ N, C(t, j) and D(t, j) can be interpreted as the slices of Cj and Dj at time t.

We adopt basic regularity assumptions for (6.2). To be precise, the flow map
f : Rn ×Rm ×R×N→ Rn is assumed to be locally Lipschitz with respect to the
state x on the set Rn and input u in Rm, continuous and bounded in t for each x
and u and every fixed j. The jump map g : Rn × R × N → Rn is assumed to be
continuous with respect to x and t.

For the NSTHS (6.2), one may aim at designing a control law to achieve track-
ing of a given reference trajectory. A generic time-varying state feedback to achieve
this goal is

u = κ(x, t, j). (6.5)

The closed-loop NSTHS (cl-NSTHS) resulting from substituting (6.5) into (6.2) is
given by

ẋ = f cl(x, t, j) x ∈ C(t, j) (6.6a)

x+ = g(x−, t, j) x ∈ D(t, j), (6.6b)

where f cl(x, t, j) := f(x,κ(x, t, j), t, j).
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Suppose x(t, j) is the solution to (6.6) for a given initial condition x(t0, 0) =
x0 ∈ intC(t0, 0) (int means interior). The hybrid domain of x(t, j) is written as
(cf. [39, Definition 2.3])

dom x =

Nx⋃
j=0

Ijx × {j}, Nx ∈ N ∪ {∞}, (6.7)

with Ijx the closed (continuous-time) interval between the j-th and (j+1)-th jump
events and Nx the number of events (Nx =∞, when an infinite number of jumps
occur). The first interval I0

x starts at t0. If Nx <∞, the last interval INx
x ends at

tf ∈ R ∪ {∞}. The j-th jump time is denoted tj so that

Ijx = [tj , tj+1] (6.8)

and also
tj = min Ijx. (6.9)

The set of jump times associated to x(t, j) is denoted

Ex :=

Nx⋃
j=1

{tj} × {j − 1}. (6.10)

We conclude this section by introducing several notational conventions used to
indicate the flow map. We will use H to indicate the closed-loop hybrid system
defined by the quadruple (f cl, g, C,D), representing (6.6). Sometimes, we regard
the solution to H starting from x0 at hybrid time (t0, 0), just as a function of
continuous time t instead of hybrid time (t, j) ≥ (t0, 0). To this end, with a slight
abuse of notation, we will write x(t) or, more explicitly, φH(t, t0,x0) to indicate

x(t) = φH(t, t0,x0) := x(t, jH(t, t0,x0)), (6.11)

with x(t, j) as in (6.6) for x(t0, 0) = x0 and where jH(t, t0,x0) := max{j | (t, j) ∈
dom x(·, ·)} indicates the discrete time corresponding to assuming that, at time
t, all discrete-time transitions have already occurred. We will also employ

ϕj(t, s,x) (6.12)

to denote the flow (with no jumps) of the time-varying vector field f cl(·, ·, j) in
(6.6a) in the time interval [s, t] with initial condition x(s) = x. Employing (6.11)
and (6.12), and assuming to have just one jump at a time (this will be stated
more formally in Assumption 6.1), one can write with no ambiguity x(t, j) =
ϕj(t, tj ,x(tj , j)) = ϕj(t, tj , φH(tj , t0,x0)), as jH(tj , t0,x0) = j by definition of tj .
Furthermore, it holds that x(tj , j) = φH(tj , t0,x0) = g(x(tj , j − 1), tj , j − 1).
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6.2.2 Problem formulation
Consider a reference trajectory with jumps and denote it α(t, j). Assume that
α is both t-complete (supt dom α = ∞) and the unique solution to (6.2) with
α(t0, 0) = α0 ∈ intC(t0, 0) and u = µ(t, j), continuous in t for each j. The j-th
event time of α is denoted τj and Ijα = [τj , τj+1] is the j-th time interval between
two consecutive events (τ0 = t0). Denote Nα the number of events and Eα the set
of event times. We consider the problem of assessing the stability of α(t, j), both
in open- and closed-loop. Our stability analysis applies, in particular, to a single-
jump-flow reference trajectory that is t-complete, non-Zeno, has a bounded inter-
jump time, and intersects the jump set transversally. Furthermore, some minimal
and easily encountered regularity conditions are also required, leading in total
to six assumptions, detailed below. These assumptions are for example already
satisfied for the simulation examples in [9, 11, 32–36, 58, 71, 104]. We suggest the
reader to skip the definition of the assumptions and explanatory remarks at first
read, returning to them when necessary (in particular, when willing to understand
the details of the proof of this chapter’s main result in Section 6.3.4).

Assumption 6.1 (t-complete, non-Zeno, bounded inter-jump time). The refer-
ence α is defined ∀t > t0 (t-complete) and ∃δt > 0 such that τj+1 − τj ≥ δt,
∀j ∈ {0, 1, . . . , Nα} (non-Zeno). If Nα = ∞, then moreover ∃δt > 0 such that
τj+1 − τj ≤ δt, ∀j ∈ {0, 1, . . . , Nα} (bounded inter-jump time). �

As α is non-Zeno, Nα can become infinite only for t → ∞. Completeness
implies that α ∈ C(t, jH(t, t0,α0)), ∀t ≥ t0. We require the jumps to be transver-
sal to the boundary of C. In (non-smooth) mechanics, for example, a jump is
transversal when the impact between two convex bodies occurs with nonzero rel-
ative normal velocity (otherwise, a grazing impact occurs). To this end, we make
use of guard functions γα that need to be defined only in a ball about each reference
event.

Assumption 6.2 (Existence of a guard function). Given Assumption 6.1, ∃εγ > 0
and c1 > 0, and a real-valued guard function γα(x, t, j), C1 with respect to both x
and t, ∀j ∈ {0, 1, . . . , Nα}, such that

γα(x, t, j) > 0 (x, t) ∈ Pj ∩ intCj

γα(x, t, j) = 0 (x, t) ∈ Pj ∩ ∂Cj =: Zj (6.13)
γα(x, t, j) < 0 (x, t) ∈ Pj ∩ ((Rn × R) \ Cj)

where Pj := Bεγ (α(τj+1, j), τj+1). In case Nα is finite, we pose PNα = ∅. In
(6.13), int, and ∂ denote, respectively, the set’s interior and boundary. We require
γα(·, ·, j) = 0 to define a co-dimension 1 manifold (γα is the first coordinate of a
C1-diffeomorphism between Bεγ and an open neighborhood of the origin on Rn+1).
We assume that

Zj ⊂ Dj (6.14)
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and also
‖D1γα(α(t, j), t, j)‖ ≤ c1, (6.15)

uniformly ∀(t, j) = (τj+1, j) ∈ Eα. In (6.15), D1 denotes partial differentiation
with respect to the first argument [1, Chapter 2]. �

In the assumption above, Bεγ (x, t) denotes an open ball of radius εγ about
(x, t), that is Bεγ (x, t) := {(y, s) ∈ Rn × R | ‖(y, s)− (x, t)‖ < εγ}.

Let us now formalize the assumption on the transversality property of the
jumps of α.

Assumption 6.3 (Transversality). Let Assumption 6.2 hold, implying the exis-
tence of γα. There exist c2 > 0 such that

D1γα(α(t, j), t, j) · f(α(t, j),µ(t, j), t, j) + D2γα(α(t, j), t, j) · 1 ≤ −c2 (6.16)

for every event time (t, j) = (τj+1, j) ∈ Eα. �

Aside from the assumptions on α, we also pose continuity conditions on the
jump map g and vector field f .

Assumption 6.4 (Locally differentiable jump map). Given Assumptions 6.1 and
6.2, we require g(·, ·, j) to be C1 in the open ball Bεγ (α(τj+1, j), τj+1), ∀j ∈
{0, 1, . . . , Nα}. �

Assumption 6.5 (Uniform Lipschitz condition on the vector field). In a neigh-
borhood of the reference state-input trajectory (α,µ), f(x,u, t, j) is Lipschitz with
respect to x and u, uniformly in t and j. Namely, we assume that ∃εL > 0 indepen-
dent of (t, j) and ∃L for which, ∀j ∈ {0, 1, . . . , Nα}, ‖f(x,u, t, j)−f(y,v, t, j)‖ <
L (‖x− y‖+ ‖u− v‖), ∀t ∈ (τj − εL, τj+1 + εL), x, y ∈ BεL(α(t, j)), and u,
v ∈ BεL(µ(t, j)). �

Remark 6.2. The Lipschitz constant L is defined for time intervals t ∈ (τj −
εL, τj+1 + εL) that are not contained in dom α. Therefore, an extended reference
state-input trajectory (α,µ), for which dom α ⊂ dom α, is used in its definition.
See Section 6.3.1 for further details. 4

The following assumption, imposing natural conditions on α and the state-
triggered hybrid system, ensures that trajectories sufficiently close to α(t, j) are
also t-complete. In the assumption, TpS denotes the tangent cont to S at p as
defined, e.g., in [39, Definition 5.12].

Assumption 6.6 (Local existence of t-complete solutions). Let Assumptions 6.1
to 6.3 hold. Every state-time pair (x, t) ∈ Zj of the reference event (α(τj+1, j),
τj+1), with Zj defined as in (6.13) and j ∈ {0, 1, . . . , Nα}, is mapped by the jump
map g to the subsequent flow set, while avoiding the jump set, i.e.,

(x, t) ∈ Zj =⇒ (g(x, t, j), t) ∈ Cj+1 \Dj+1. (6.17)
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Furthermore, we assume that f(x,u, t, j) satisfies

(f(x,u, t, j), 1) ∈ T(x,t)Cj , (6.18)

∀j ∈ {0, 1, . . . , Nα}, ∀u in a uniform neighborhood of µ(t, j), and for (x, t) ∈
∂Cj ∩ (Uj \ Pj), with Uj defined below and Pj as in (6.13). In (6.18),

Uj :=
⋃

t∈[τj−εC ,τj+1]

(BεC (α(t, j))× {t}) , (6.19)

that is Uj denotes the set of all state-time pairs (x, t) contained in the tube of size
εC about the extended reference trajectory α. �

Remark 6.3. The assumption allows to handle solutions close to the reference tra-
jectory that are only defined on a finite time domain, without resorting to advanced
concepts such as pre-asymptotic stability [39, Chapter 7]. The required properties
guarantee that, away from the jump event times (τj+1, j) (hence the asymmetry in
the definition of Uj), trajectories in a neighborhood of α(t, j) remain in the flow
set and that, after each jump, flowing is always possible (for the points that are the
image through the impact map of the pre-jump states, the vector field is directed
inward the flow set). To account for any differences in jump time of the nearby
solutions, the given properties are required to hold on a larger time domain than
dom α, requiring (similarly to what is discussed for the previous assumption) the
availability of an extended reference trajectory α (see Section 6.3.1). 4

In the next section, we introduce the concept of reference spreading error)
between two trajectories and we proceed with the definition of time-triggered lin-
earization of the NSTHS (6.2) about a reference trajectory α. Furthermore, we
show that the stability of this time-triggered linear hybrid system (about the ori-
gin) implies local stability of the NSTHS about α.

6.3 Sensitivity-based stability analysis of jumping
trajectories

In this section, the stability properties of the reference trajectory α(t, j) of the cl-
NSTHS in (6.6) are analyzed. First, the notion of extended (reference) trajectory
will be introduced to define a useful error measure on the basis of which a definition
of stability of the jumping reference trajectory will be given. Secondly, a time-
triggered linear hybrid system will be defined, the trajectories of which can be
used to approximate those of the NSTHS starting near the reference trajectory.
This section is concluded by showing that a switching controller can be designed
using this linear hybrid system, as asymptotic stability of this system in closed-
loop implies asymptotic stability of the reference trajectory of the cl-NSTHS in
(6.6).
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6.3.1 Error definition

Any difference between the initial conditions x0 and α0 will most likely result in
differences between the jump times of the reference and those of the closed-loop
system. Therefore, as mentioned in the introduction of this chapter, designing a
tracking controller based on the Euclidean error defined as the difference between
the current state x and α (for the same t only) may easily result in poor tracking
performance (see [34, 104] for simulation examples supporting this statement).
Therefore, as suggested in [110], for every value of the jump counter j, the segment
of the reference trajectory corresponding to the interval Ijα×{j} is extended using
the vector field (6.2a) with input u = µ(t, j) that is the continuously extended
version (by design) of µ(t, j) such that each reference segment is defined for all
t ∈ [t0, tf ]. This extended reference trajectory is denoted α and is thus defined for
all (t, j) ∈ [t0, tf ]×{0, 1, . . . , Nα} =: Iα. Note that (α,µ) coincides with (α,µ) for
(t, j) ∈ dom α. Formally, ∀j ∈ {0, 1, . . . , Nα}, we define t 7→ α(t, j), t ∈ [t0, tf ],
as the solution to

α̇ = f(α,µ(t, j), t, j), (t, j) ∈ Iα (6.20)

for α(τj , j) = α(τj , j), where τj denotes the j-th jump time (τ0 = t0). The
construction of the extended trajectory requires both forward and backward inte-
gration of the vector field to extend the j-th reference segment outside the original
interval [τj , τj+1].

Remark 6.4. Tracking the reference trajectory α using the notion of extended
trajectories as proposed in [110] requires more than just the state of the reference
at the current time, it requires knowledge of the future reference. The trajectory α
needs to be known beforehand or, at least, the segment up to the next jump of α.
If the closed-loop system encounters a jump prior to the reference trajectory, for
example, it already needs to know what the desired motion is after the jump event.
This knowledge comes from the backwards integration of the vector field from the
time where the jump is expected to occur (for incremented jump counter), i.e. the
reference jump time. 4

Note that when a hybrid trajectory that is a solution to (6.2) is projected
onto the continuous time domain, it is single valued for all t in its domain except
for the jump times. This is not the case for α, as now for each time t there
are Nα + 1 extended reference trajectories discriminated by the counter j. This
counter will be used to compare the state x at any given time to the relevant
branch of the extended reference α. Note furthermore that the domain Iα is not
a hybrid time domain as in [39], because the natural ordering of its points is lost,
i.e. the boundaries of the time intervals do not form an increasing sequence. The
construction of the extended trajectory α(t, j) requires the vector field f in (6.2a),
with u = µ(t, j), to be defined (by design) outside the domain C(t, j), ignoring
the presence of the jump set and allowing the time integration to continue beyond
it (see [102, 104] for examples). The extended reference trajectory α allows to
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Figure 6.2. The extended reference α, the tracking error e for a trajectory x,
and their corresponding time domains.

define the tracking error as

e(t, j) := x(t, j)−α(t, j) (t, j) ∈ dom x. (6.21)

In a small neighborhood of dom α, this definition of error is similar to the concept
of graphical closeness of graphs of solutions as described in [39, Definition 4.11].
A graphical representation of α, its extended hybrid time domain Iα, and the
tracking error e(t, j) is given in Figure 6.2.

6.3.2 Stability definition
We provide here the definition of stability and asymptotic stability for a single-
jump-flow trajectory α of the NSTHS in (6.6) using the notion of error introduced
in the previous section.

Definition 6.1 (Stability). Given t0, a trajectory α of (6.6) that is t-complete is
said to be stable if for all ε > 0 there exists a δ > 0 such that for every trajectory
x of (6.6) satisfying ‖x(t0, 0)−α(t0, 0)‖ < δ, it holds that a) Nx = Nα, b) for all
(t, j) ∈ dom x, ‖x(t, j)−α(t, j)‖ < ε and, c) for all j ∈ {1, . . . , Nx}, |tj−τj | < ε,
where α is the extension of α defined in (6.20) and Nx and Nα are, respectively,
the number of events for the trajectories x(t, j) and α(t, j), possibly infinite. �
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Remark 6.5. This definition of stability makes use of the error definition in
(6.21), which is the Euclidean distance between the state x and the extended ref-
erence trajectory α for each (t, j) ∈ dom x. Note that e(t, j) has the same time
domain as x(t, j) and requires dom x ⊆ Iα for it to be defined. The latter is guar-
anteed when Nx ≤ Nα which is satisfied with strict equality in the case of stability
of α, for sufficiently small δ (as in Definition 6.1). The dependency of the jump
times of x(t, j) on initial condition x0 will be elaborated on in Lemma 6.1. 4

Definition 6.2 (Attractivity). Given a trajectory α of (6.6) that is t-complete,
we say that α is attractive if there exists a δ > 0 such that ‖x(t0, 0)−α(t0, 0)‖ < δ
implies, firstly, that Nx = Nα and, secondly, that ‖x(t, j)−α(t, j)‖ → 0 for t→∞
with (t, j) ∈ dom x, where α is the extension of α defined in (6.20) and Nx and
Nα are, respectively, the number of events for the trajectories x(t, j) and α(t, j).
If Nα =∞, we require that furthermore |tj − τj | → 0 for j →∞. �

Definition 6.3 (Asymptotic stability). A trajectory α of the cl-NSTHS (6.6)
is asymptotically stable if it is stable and attractive, respectively in the sense of
Definitions 6.1 and 6.2. �

6.3.3 Linear time-triggered hybrid system (LTTHS)
As mentioned in the previous section, a nonzero tracking error will likely result in
a mismatch between the closed-loop jump times tj and the reference jump times
τj . The times tj , with j ∈ {1, 2, . . . , Nx} are not known in advance. Instead, as the
reference α is assumed to be known, the event times τj are known. Next, we con-
struct a linear time-triggered system, that jumps at the reference jump times τj ,
and solutions of which can be used to approximate the error in the state evolution
for (6.6) in a neighborhood of α. We can use this time-triggered linear system to
design a stabilizing feedback of the form (6.5) and we show that asymptotic sta-
bility of this closed-loop linear hybrid system implies (local) asymptotic stability
of the reference trajectory α for the original cl-NSTHS (6.6).

We refer to this linear system with jumps at the times τj as the Linear Time-
Triggered Hybrid System (LTTHS) associated to the reference trajectory α. The
key feature of this LTTHS is that it converts the state-triggered behavior of (6.2)
to a time-triggered one (cf. [110]) and incorporates a first order approximation of
the state-jumps (originally at slightly different times) in the definition of the jump
map, see e.g. [78, 110]. We will show that asymptotic stability of α in the sense
of Definition 6.3 can be assessed by studying the LTTHS corresponding to (6.2)
and the state-input trajectory (α(t, j),µ(t, j)), with (t, j) ∈ dom α. Hence, the
stability analysis is significantly simplified as α(t, j) and the LTTHS jump at the
same time. Let us now formally define the LTTHS.
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Definition 6.4 (LTTHS). The linear time-triggered hybrid system associated to
trajectory α and NSTHS (6.2) is given by

ż = A(t, j)z +B(t, j)v (t, j) ∈ dom α
z+ = G(j)z− (t, j) ∈ Eα

(6.22)

with initial condition z(t0, 0) = z0 and where z+ := z(t, j + 1), z− := z(t, j),

A(t, j) := D1f(α(t, j),µ(t, j), t, j), (6.23)
B(t, j) := D2f(α(t, j),µ(t, j), t, j), (6.24)

and

G(j) := D1g
− − ġ

− − f+

γ̇−α
D1γ

−
α (6.25)

with

f+ = f(α+,µ+, τ, j + 1) (6.26)
f− = f(α−,µ−, τ, j) (6.27)
g− = g(α−, τ, j) (6.28)
ġ− = D1g

− · f− +D2g
− · 1 (6.29)

γ−α = γα(α−, τ, j) (6.30)
γ̇−α = D1γ

−
α · f

− +D2γ
−
α · 1 (6.31)

where τ = τj+1, α+ = α(τ, j + 1), α− = α(τ, j), µ+ = µ(τ, j + 1), µ− = µ(τ, j),
and γα(·, ·, j) denotes the guard function (see Section 6.2.2). �

As will be clarified later on, the linear hybrid system (6.22)-(6.31) provides an
approximation of the NSTHS in the sense that a trajectory of the NSTHS starting
at a perturbed initial condition x0 = α0 +z0 with perturbed input µ(t, j)+v(t, j)
can be approximated as x(t, j) = α(t, j) + z(t, j) + o(‖z0‖) for (t, j) ∈ dom x. In
this, z is the extended trajectory of z obtained in the same way as α, that is, for
each j, it follows from integrating the vector field ż = A(t)z + B(t)v(t, j) with
t ∈ [t0, tf ] forward and backward in time from initial condition z(τj , j) = z(τj , j).
The term o(‖z0‖) denotes a perturbation that is of order higher than one. The
state z is thus a first-order approximation of the error (6.21) if Nx ≤ Nα.

Given the time-triggered ‘linearization’ of the NSTHS about a trajectory α,
one can attempt to design a control law to make the origin of the LTTHS uniformly
asymptotically stable. The uniformity property will be required for showing that α
is an asymptotically stable trajectory of the NSTHS if the origin of the linearization
indeed satisfies the posed stability properties. This will be discussed in Section
6.3.4. Considering the fact that the LTTHS is a linearization, we restrict attention
to feedbacks of the form

v(t, j) = −K(t, j)z(t, j). (6.32)
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By suitably designing the time-varying feedback gain K, uniform asymptotic sta-
bility of the origin of the closed-loop LTTHS (cl-LTTHS) can be achieved, by
which we mean the following (see [76, Section 3.1]):

Definition 6.5 (LTTHS: Uniform asymptotic stability). The origin of the cl-
LTTHS (6.22)-(6.32) is uniformly asymptotically stable if for every ε > 0 and
T0 ≥ t0 there exists a δ, independent of T0, such that |z(T0, jT0)| ≤ δ implies
|z(t, j)| ≤ ε for all (t, j) ∈ dom α with t ≥ T0 and that limt→∞ |z(t, j)| = 0. In
this, jT0

is the counter j corresponding to the time T0, that is, the largest j such
that T0 ≥ τj. �

The stability assessment of (6.22) in closed-loop (i.e. with feedback (6.32)) is
well established in literature, see e.g. [76, Sections 3.2 and 6.4] and [128].

Using (6.32) and the fact that z(t, j) is a local approximation of the error
(6.21), we obtain a cl-NSTHS with input

u = κ(x, t, j) = µ(t, j)−K(t, j)(x(t, j)−α(t, j)). (6.33)

Note that where z is defined for all (t, j) ∈ dom α, the state x and error e have a
different hybrid time domain that is not known in advance. For the feedback law
to be well-defined, we thus require the time-varying feedback gain to be defined for
a larger time domain than dom α, i.e. for all (t, j) ∈ Iα = [t0, tf ]×{0, 1, . . . , Nα}.
Therefore, in (6.33), we introducedK(t, j) representing the feedback gainK(t, j),
but extended such that it is defined for all (t, j) ∈ Iα. Due to this extension, the
feedback control is defined for all (t, j) ∈ dom x (as long as Nx ≤ Nα). Several
approaches are possible in constructing these extensions. However, the extension
of the feedback gains K(t, j) does not influence the LTTHS since it only depends
on the perturbation input v(t, j) for (t, j) ∈ dom α (see [104]). This property is
explained further in Appendix C.4.

6.3.4 Main stability result
The problem considered in this chapter is that of assessing the stability properties
of a jumping reference trajectory α(t, j) of the cl-NSTHS (6.6) under Assump-
tions 6.1 to 6.6. As a stepping stone, a key fact that we will exploit is that, for any
finite time T > t0, the jump times of the cl-NSTHS (6.6) in dom x ∩ [t0, T ] × N
depend in a continuously differentiable fashion on the initial condition x0 as long
as x0 is chosen in a sufficiently small neighborhood of α0 dependent on T . This
result follows from Assumptions 6.1 to 6.4 and Assumption 6.6 as well as some
minimal regularity assumptions on the vector field f cl and jump map g, and it is
proved in Lemma 6.1. Note that the size of this neighborhood might vanish for
T → ∞. In order to conclude stability, this dependency of jump times on initial
condition, Assumption 6.5, and stability of the linear error dynamics are key. Let
us first consider the former property for which we define a jump counter function
for the reference trajectory α.
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Definition 6.6 (Jump counter function). For a given T > t0 and hybrid trajectory
α, denote with jα(T ) the number of encountered jumps of the reference trajectory
for t ≤ T . �

The jump counter function jα : (τ1,∞) → N is right continuous and satisfies
the inequality τjα(T ) ≤ T . It is equal to the jump counter jH, introduced in Section
6.2, when evaluated along the specific trajectory α, i.e. jα(T ) = jH(T, t0, α0). The
following lemma now holds.

Lemma 6.1. For the hybrid system (6.6), assume that the vector field fcl is
locally Lipschitz with respect to x and continuous and bounded in t. Let α denote
a reference trajectory of the NSTHS (6.6) satisfying Assumptions 6.1, 6.2, 6.3,
6.4, and 6.6, with initial condition α(t0, 0) = α0 ∈ intC(t0, 0). As before, τj,
j ∈ {0, 1, . . . , Nα}, indicates the nominal event times.

There exists a function δ0 : (τ1,∞) → R>0 such that, for any T > τ1, a
trajectory of the cl-NSTHS (6.6) with initial condition x(t0, 0) = x0 satisfying

‖x0 −α0‖ < δ0(T ) with Bδ0(T )(α0) ⊂ C(t0, 0) (6.34)

is defined at least up to time T and jumps at least jα(T )− 1 times in the interval
t ∈ [t0, T ]. Furthermore, when jα(T ) ≥ 2, the function δ0(·) can be chosen such
that, in addition, every jump time tj except the last is bracketed by the nominal
jump times τj−1 and τj+1, i.e.

τj−1 ≤ tj ≤ τj+1, for j ∈ {1, 2, . . . , jα(T )− 1}. (6.35)

N

Proof. The proof of Lemma 6.1 is presented in Appendix C.1.

Stability of the reference trajectory α for the cl-NSTHS (6.6), (6.33) can now
be related to the stability of the cl-LTTHS (6.22)-(6.32), resulting in the main
result of this chapter given below.

Theorem 6.1. Adopt Assumptions 6.1-6.6. Let a state-input trajectory (α,µ) be
a solution to the cl-NSTHS (6.6), (6.33). If the origin of the associated LTTHS
(6.22)-(6.31) in closed-loop with control law (6.32) is uniformly asymptotically sta-
ble, then, α(t, j) is a (locally) asymptotically stable trajectory of the cl-NSTHS
(6.6), (6.33) in the sense of Definition 6.3. N

Proof. The proof of Theorem 6.1 is given in Appendix C.2.

To bridge the gap between this chapter and other approaches in literature for
analyzing stability of state-triggered hybrid systems, in Appendix C.3 we show that
uniform asymptotic stability of the cl-LTTHS (6.22)-(6.32) also implies asymptotic
stability of the reference trajectory α for (a variant of the) cl-NSTHS (6.6), (6.33)
in terms of the distance function defined in [9, 11]. Mind that, in this implication,
the hybrid system class that is considered is reduced to one where the jump map g,
and the flow and jump sets C and D, respectively, do not depend on time explicitly
as the distance function in [9, 11] does not accommodate such time-varying nature.
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x1

x2

u2

u1

Figure 6.3. Schematic representation of a circular billiard.

6.4 Illustrative example

In this section, a trajectory tracking example for mechanical systems with a unilat-
eral constraint is presented. A circular billiard with periodic reference trajectory
is considered. In this, the number of jumps Nα becomes infinite as t → ∞. We
only consider a periodic reference here for simplicity, but for the theory presented
in this chapter no periodicity is required.

Consider the time-invariant system depicted in Figure 6.3 (that is also consid-
ered in [71] for fully elastic restitution) consisting of an actuated point mass moving
in a plane that is confined by a circular boundary. Such a system is commonly
referred to in literature as a billiard.

The position of the point mass in the plane, at a particular time, is given by the
coordinates x1 and x2 (see Figure 6.3). The velocity components of the mass in the
x1 and x2 direction are denoted by x3 = ẋ1 and x4 = ẋ2, respectively. The state of
the point mass thus is x =

[
x1 x2 x3 x4

]T and accelerations can be imposed
in x1 and x2 direction (denoted u1, respectively u2, such that u =

[
u1 u2

]T). A
rigid object confines the space in which the mass can move such that the jump set
is defined as D = {x ∈ R4 | x2

1 + x2
2 = 1, x1x3 + x2x4 > 0}. The flow set therefore

becomes C = {x ∈ R4 | x2
1 + x2

2 ≤ 1} and a suitable guard function for the system
is γα = 1 − x2

1 − x2
2 (satisfying Assumption 6.2). Whenever the mass impacts

the boundary, partially elastic restitution occurs with a coefficient of restitution
e. The system can be described by (6.2), with

f(x,u, t, j) =
[
x3 x4 u1 u2

]T
=: Ax +Bu, (6.36)

A =

[
02×2 I2

02×2 02×2

]
, B =

[
02×2

I2

]
,
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and

g(x, t, j) =


x1

x2

(x2
2 − ex2

1)x3 − (1 + e)x1x2x4

(x2
1 − ex2

2)x4 − (1 + e)x1x2x3

 , (6.37)

cf. [71]. In this example, it is assumed that the interaction between actuated
mass and obstacle can fully be modeled using the impact law, that is, periods of
persistent unilateral contact do not occur and (finite) contact forces thus need not
be included in the vector field f . Furthermore, the pair (α,µ) is considered to
be such that grazing incidence of the point mass on the obstacle is avoided (cf.
Assumption 6.3). Note that, in this example, the flow set C, jump set D, vector
field f , and jump map g do not depend explicitly on the hybrid time (t, j). This
time-invariance is chosen here for the sake of simplicity of the analysis only, and
is not required for the applicability of the theory in this chapter.

Consider the reference trajectory shown in Figure 6.4a. It is a periodic solution
to the system description above where the state returns back to its initial condition
after five impacts with coefficient of restitution e = 0.3. The impacts are separated
in time by a period τ = 1 (cf. Assumption 6.1) and since the trajectory starts
at the boundary it follows that τj = jτ for j = 0, 1, . . . (taking t0 = 0). As
can be discerned from the fact that the trajectory segments between impacts are
curved, the input µ(t, j) is not zero for all time. As a consequence, constructing
the extended trajectory α as described in Section 6.3 will be different from the
strategy of mirroring as is used for billiards in [32–34]. Furthermore, note that
the coefficient of restitution is significantly below one. If the input would be zero
and e equal to one, for this particular system, the two approaches would result
in the same behavior. The strategy taken in this chapter however is more generic
and applicable to a larger class of systems. It allows to exploit knowledge of the
complete reference trajectory, therewith making optimal control approaches within
reach.

It is straightforward to show that for the specific example Assumptions 6.1-6.6
are satisfied. This proof can be found in Appendix C.5.

To design the stabilizing control law, by using Theorem 6.1, we first consider
stability of the LTTHS. The desired trajectory is periodic with a period of 5τ ,
but due to its point symmetry with respect to the origin, it is possible to assess
stability of the LTTHS corresponding to the considered system by only looking
at the evolution from one post-impact position and velocity to the next. When
applying a feedback input of the form (6.32) (with constant gain K = K(t, j)) to
this linearized system, the state after the j-th impact and that just after the next
are related to each other by

z(τj+1, j + 1) = G(j) exp ((A−BK)τ) z(τj , j),
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with G(j) given by (6.25), combined with γ̇−α = D1γ
−
α · f

−, ġ− = D1g
− · f−,

f+ =
[
α+

3 α+
4 µ+

1 µ+
2

]T
,

f− =
[
α−3 α−4 µ−1 µ−2

]T
,

D1γ
−
α =

[
−2α−1 −2α−2 0 0

]
,

D1g
− =


1 0 0 0
0 1 0 0

dg31 dg32 dg33 dg34

dg41 dg42 dg43 dg44

 ,

where

dg31 = −2eα−1 α
−
3 − (1 + e)α−2 α

−
4

dg32 = 2α−2 α
−
3 − (1 + e)α−1 α

−
4

dg33 = (α−2 )2 − e(α−1 )2

dg34 = −(1 + e)α−1 α
−
2

dg41 = 2α−1 α
−
4 − (1 + e)α−2 α

−
3

dg42 = −(1 + e)α−1 α
−
3 − 2eα−2 α

−
4

dg43 = −(1 + e)α−1 α
−
2

dg44 = (α−1 )2 − e(α−2 )2

and in which α+
s = αs((j + 1)τ, j + 1) and α−s = αs((j + 1)τ, j) denote the

right, respectively, left limit of the s-th state of the reference trajectory at time
t = (j + 1)τ . Similarly, µ+

s and µ−s denote the right and left limits (that are
in this case the same), respectively, of the s-th reference input at that time. It
follows that the LTTHS is asymptotically stable if all eigenvalues of the matrix
G(j) exp ((A−BK)τ) are within the unit circle in the complex plane. When
taking a feedback gain of the form K =

[
ζ 0 2

√
ζ 0; 0 ζ 0 2

√
ζ
]
, it is

found that the eigenvalues are within the unit circle when ζ > 0.393. Applying
Theorem 6.1, we therefore conclude that α is asymptotically stable for the cl-
NSTHS (6.2), (6.33), (6.36), (6.37) for such choice of feedback gain. A solution
to the cl-NSTHS (with constant gain extensions) for ζ = 3 and initial condition
x0 = 0 is depicted in Figure 6.4. The figure shows that the solution indeed
converges towards the reference state-input trajectory (α(t, j),µ(t, j)), even for
this large initial error.



6.4. Illustrative example 95

−1 −0.5 0 0.5 1 −1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

α1 [m] x1 [m]

x
2

[m
]

α
2

[m
]

(a)

0 1 2 3 4 0 1 2 3 4

0 1 2 3 4 0 1 2 3 4

 0 1 2 3 4 5 0 1 2 3 4 5

−2

0

2

−1

0

1

−5

0

5

time [s] time [s]

α
4
,x

4

[m
/s

]

α
3
,x

3

[m
/
s]

α
2
,x

2

[m
]

α
1
,x

1

[m
]

µ
2
,u

2

[m
/
s2

]

µ
1
,u

1

[m
/
s2

]

(b)

Figure 6.4. The reference trajectory α(t, j) (light blue) with extensions (dashed)
and a tracking solution x(t, j) (red) to the cl-NSTHS in Figure 6.3 in the x1, x2-
plane (where the dot indicates the initial position) (a) and the evolution of state
and input over time (where the open and closed dots indicate the left, respectively,
the right limit) (b).
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6.5 Conclusions and discussion

In this chapter, a notion of asymptotic stability and an associated stability analysis
for discontinuous trajectories of hybrid systems with state-triggered jumps are
detailed. The results have also a direct applicability to the related problem of
trajectory tracking.

Asymptotic stability is defined by making use of a notion of error that allows
for the comparison of two nearby discontinuous trajectories, even when there is a
time mismatch between the jumps of both trajectories. It is shown that asymptotic
stability of a discontinuous trajectory of the hybrid system with state-triggered
jumps is guaranteed when an associated time-triggered linear system is uniformly
asymptotically stable. As this linear system jumps at the same times as the
reference trajectory, the design of a stabilizing feedback and stability analysis is
greatly simplified. A study of (numerical) methods to estimate the associated
region of attraction is left for future research. The results of this chapter are
illustrated by means of a tracking example for a mechanical system with unilateral
constraint and partially elastic impacts.

In Chapters 3, 4, and 5, reference spreading control has been applied to more
complex systems (such as, e.g., a multi-body humanoid model) and even for the
case where the constrained state space after each jump has a different dimension,
representing an example of effective tracking for a multi-domain hybrid system.
Investigation of the stability of these more challenging cases will be presented in
future publications.
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7
Velocity estimation from

quantized position data with
impacts

Abstract - This chapter addresses the problem of causal velocity estimation of
motion signals exhibiting sudden velocity changes. It is explicitly assumed that only
sampled quantized position data is available, and that no dynamic system model
is at hand, to allow for an effective solution with minimal a priori information.
Our solution consists of a finite-response filter with adaptive window length and a
velocity jump detection algorithm. A velocity jump is detected when the difference
between sampled position data and predicted position is larger than a parametric
threshold. The specific value for the threshold is obtained via an analytical for-
mula that depends on sampling time, maximum allowed variation in acceleration
(away from velocity jumps), and encoder resolution. The developed method is first
demonstrated on simulated quantized data corresponding to a bouncing motion and
its performance compared to that of other existing non-model-based methods. Its
effectiveness is furthermore illustrated by means of trajectory tracking results on
an experimental setup experiencing impacts.

This chapter is based on:
M.W.L.M. Rijnen, A. Saccon, and H. Nijmeijer. Motion signals with velocity jumps: Velocity
estimation employing only quantized position data. IEEE Robotics and Automation Letters,
3(3):1498-1505, 2018.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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7.1 Introduction

Many controlled motion systems use position measurements to estimate their ve-
locity and determine the control input required to achieve a desired closed-loop
response. Optical incremental encoders are typically employed to obtain these
position signals. Obtaining an accurate estimation of the velocity signal is impor-
tant in controlled motion systems that experience (desired or unexpected) hard
impacts [102]. The added complication for such applications is that the velocity
shows abrupt changes at every impact time. These changes can be effectively
modeled as velocity discontinuities, taking zero time. Such a simplified modeling
of the impact behavior is supported by its match with observed experimental re-
sults [105] and it is a common and well established assumption [18, 47]. Motions
with these velocity jump characteristics naturally occur in, for example, dynamic
robot locomotion and manipulation. The modeling and control of systems per-
forming such trajectories is an active field of research in the robotics and control
communities.

A possible solution to tracking time-varying reference trajectories of impact-
ing mechanical systems is provided in [102, 105, 110]: this control framework
goes under the name of reference spreading hybrid control. In [105], it is shown
that if traditional methods for filtering and estimation are employed for retrieving
position and velocity information from the quantized encoder data, the resulting
control input might present spiking behavior about the times of impacts solely due
to incorrect velocity estimation, in particular when feedback gains are increased for
better tracking performance. This motivates the development of accurate online
estimation methods to deal with a signal with piecewise continuous velocity and
whose measurement is available only in the form of sampled quantized position
data.

There is a vast literature on accurate position and velocity estimation from
quantized position data. Whereas many methods exist to deduce accurate estima-
tions of these quantities for smooth motions (e.g. least-squares filtering, Kalman
filtering/observers, and low pass filtering, see [5, 16, 58] and references therein),
the number of techniques tailored to signals with velocity jumps is limited. Gen-
eral approaches are not sufficiently accurate when applied to signals with jumping
velocities as they act as low pass filters with a fixed bandwidth whereas the velocity
jumps can be considered as high-frequency artefacts occurring at a-priori-unknown
times. Techniques exist to retain part of the spectrum at the higher frequency
range, as for example the mixed-bandwidth filter presented in [120]. Other ap-
proaches make use of additional information other than position data (e.g., the
acceleration provided by an accelerometer) or an observer that encapsulates a hy-
brid model of the impact process (including the knowledge of the coefficient of
restitution) done, e.g., in [118, 131]. All these approaches however require addi-
tional sensors or a hybrid model of the system (and possibly its force/acceleration
input) and its interaction with the environment. While sensor fusion and hybrid
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observer techniques are certainly relevant to improve the velocity estimate in the
presence of impacts, this chapter is concerned with the case where only quantized
position information and some basic knowledge of maximum variation in accelera-
tion (away from impact events) is available, allowing to perform tracking of impact
motions with limited system information.

When the only available information is a sampled position signal, an effective
strategy to obtain accurate velocity estimations is to suitably select at each in-
stant of time how many past measurement samples to consider. This approach
is referred to as length adaptation of the moving window. Although not specific
for velocity jump situations, in [51], a window length adaptation is proposed to
improve velocity estimation. The key idea is that velocity estimation accuracy can
be improved by enlarging the window when the acceleration is low and by shrink-
ing the window when the acceleration is high. In [6], the approach is extended to
acceleration estimation.

Motivated by the need of experimenting with reference spreading control [102,
105, 110], in this chapter we propose a new window length adaptation method that
is also combined with an impact detector. Impact detection was not considered in
[51] as velocity therein was not explicitly supposed to be discontinuous. Existing
techniques for just detecting impacts and estimating the corresponding times can
be found in e.g. [14] and [56]. These works, however, require the use of a model of
the impacting system as well as the input signal and do not focus on instantaneous
detection of impact events, contrary to our assumptions and needs.

The contribution of this chapter is therefore twofold: firstly, we detail an
adaptive-length moving-window filter and secondly, an impact detection method.
The two are combined for accurate velocity estimation in the presence of velocity
jumps. The strategy behind the window length adaptation is based on selecting
only those data points that are taken after the previous velocity jump. This in-
herently requires knowledge on when the previous jump event occurred which is
obtained from the detection algorithm. The resulting approach will be referred
to in this thesis as jump aware (JA) filtering. Other than quantized position
data, the only other assumptions we make is to possess a bound on the maximum
change in acceleration within the window, away from velocity jumps, and the (triv-
ial) requirement that the encoder resolution and sampling time are known. The
threshold used in the jump detection algorithm can be obtained via an easy-to-
compute analytical formula. The accuracy of the JA filter is investigated both in
simulation and using experiments.

Whereas methods for velocity estimation and impact detection exist in liter-
ature, to the best of the authors’ knowledge, no combined approach is readily
available with such a minimalistic set of requirements. This chapter aims at filling
this gap in the literature.

This chapter is organized as follows. In Section 7.2, the considered problem
is stated and the relevant quantities are defined. Subsequently, in Section 7.3,
we discuss the developed filtering method. An approach for computing the event
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detection bound associated to the varying-window filter is elaborated on in Section
7.4 and in Section 7.5 we present a comparative simulation example. In Section
7.6, experimental results are discussed. The conclusions of this chapter can be
found in Section 7.7.

7.2 Problem description

Consider a piecewise continuously differentiable signal q(t) ∈ R representing an
angular or longitudinal displacement. Wherever defined, we indicate with v(t) and
a(t) its first and second time derivatives. We assume that for every time interval of
finite length, only a finite number of velocity jumps can occur (in terms of hybrid
systems literature [39], this corresponds to excluding Zeno type behaviors). The
acceleration a(t) is assumed to be bounded for all times, away from these jump
times, while it is allowed to be impulsive at every velocity jump. More details on
this acceleration bound are detailed in Section 7.4.

The signal q(t) is sampled at a constant rate with sampling time h and the k-th
(ideal) sample is denoted qk := q(tk), with tk = kh, k = {0, 1, 2, . . . }. Similarly,
the velocity and acceleration at the time tk are denoted vk := v(tk) and ak := a(tk),
respectively. If tk corresponds exactly to a velocity jump, then by v(tk) we mean
the right limit (the post impact velocity) while a(tk) is undefined.

We have indirect access to the signal qk via its quantized version, that we
denote q̃k, and that results from uniform quantization of the original signal q with
resolution r.

The problem considered in this chapter is that of finding causal estimates of the
position and velocity, respectively denoted q̂k and v̂k, with particular attention on
obtaining accurate estimations in a neighborhood of a velocity jump. Moreover,
we are interested in detecting whenever a velocity jump took place, in as few
samples after its occurrence as possible. In solving this composite problem, only
position measurements are assumed to be available and, since we seek for a causal
estimation, at time tk, only the quantized samples q̃j with j ≤ k can be employed.

7.3 Jump Aware (JA) filtering

Conventional filters. Several fixed sampling time methods exist to filter a
quantized signal and estimate its first (and possibly higher) derivative(s). Methods
not relying on a dynamic observer (i.e. not ‘model-based’), consider both the
current sample and a constant finite maximum numberW of data points before it,
forming a moving window of lengthW +1. The window length is tuned to provide
a sufficient filter bandwidth, i.e. W is a design variable. The position filter and
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velocity estimator can be written as

q̂k = fq(q̃k) and v̂k = fv(q̃k), (7.1)

respectively, where fq and fv : RW+1 → R describe the filter and first derivative
estimator (e.g. LSF filters [5]) and

q̃k :=
[
q̃k−W . . . q̃k−1 q̃k

]T
denotes the moving window at time tk.

As mentioned in Section 7.1, since the filters described above generally only
maintain the signal’s spectrum within a desired low-frequency pass-band to reduce
noise, the distinct velocity jumps in the motion are removed. These filters conse-
quently do not perform well about the impact times as the velocity jumps, that
are high frequency artefacts, are part of the to-be-reconstructed underlying signal
q(t). An illustration of this fact is provided in Section 7.5.

Adaptive window. We improve estimation accuracy by introducing the time-
varying window length variable wk corresponding to the time tk and filtering po-
sition and estimating velocity only on the basis of the wk + 1 ≤ W + 1 samples
guaranteed to be taken after the previous velocity jump. As the position signal
after that particular time and up to the next velocity jump is assumed to be
continuously differentiable, estimation functions in the form of (7.1) will perform
similarly in that domain as for standard smooth signals. Algorithmically, this en-
tails that upon the detection of a jump event, the moving window length at current
time tk is reset to one (i.e. wk = 0), allowing the filter to only use the current sam-
ple because previous data cannot be assumed to be part of the same continuously
differentiable portion of the position signal. Subsequently, the window length is
incremented gradually, up to the next jump event or until the window reaches the
designed maximum lengthW +1, to regain the desired smoothing properties away
from impacts. Therefore, the moving-window length wk+1 is allowed to change at
each instant of time, and equals W + 1 if the previous impact occurred sufficiently
long ago.

Jump detection. As anticipated in the introduction of this chapter, here we
propose a specific jump detection strategy. This strategy is illustrated by Figure
7.1 and its main idea is described in the following — mathematical detail will be
presented in Section 7.4. Jump detection is based on comparing a prediction

4
qk+1,

that is a function of the previous data points, to the current sample q̃k+1. The
prediction is formally written as

4
qk+1 := p(q̃k, wk), (7.2)

with p : RW+1 × N → R. Whenever the difference between prediction and mea-
surement is larger than a bound b(wk) : N → R detailed in the next Section, a
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jump event is assumed to have happened. The algorithm exploits the assumption
that during the phases where v(t) is continuous, its derivative a(t) is limited (see
Section 7.2), therewith limiting the possible change between vk−1 and vk. This
limitation does not apply in the case of ideal velocity jumps though, where the ac-
celeration is impulsive. Note that the requirement for additional signal knowledge
(other than position measurements) is inevitable to identify velocity jumps from
the measurement data. We found that the minimalistic knowledge of maximum
acceleration variation is sufficient to do so.

JA filter. The jump-aware filter is the combination of adaptive window filter
with jump detection algorithm and can be formulated as

q̂k = fq(q̃k, wk),

v̂k = fv(q̃k, wk), with (7.3)

wk =

{
min(W,wk−1 + 1), |q̃k −

4
qk| ≤ b(wk−1)

0, |q̃k −
4
qk| > b(wk−1)

where fq : RW+1×N→ R and fv : RW+1×N→ Rmake use of the adaptive window
length variable wk (with initial value w0 = 0). For wk = 0, it is not possible to
estimate velocity since only one data sample is available and past samples are not
indicative of post-impact velocity. This means that fv(q̃k, 0) cannot be defined and
that fq(q̃k, 0) can be taken to be equal to q̃k. The estimation function fv(q̃k, 1) is
constructed to perform finite differencing using the last two samples. The function
fv(q̃k, wk), with wk > 1, may be chosen along the line of other finite-response
filters. In Section 7.5, least-squares fit filters of different order will be used.

7.4 Prediction function and event detection bound
selection

This section proposes a specific prediction function, in the form of (7.2), that is
based on first principles and we found to work well in practice. Furthermore, we
introduce a corresponding jump detection bound guaranteeing that no velocity
jump will be detected where there is none. The analytical bound is explicit and
easy-to-compute, depending on the quantizer resolution, number of samples, and
acceleration variation limits away from a jump.

Consider the time tk with moving window qk ∈ RW+1 of which the last wk +

1 elements (wk ≤ W ) can be assumed to be drawn from a C1 position signal.
To predict the position at the next time step tk+1, one can fit a second order
polynomial to the wk + 1 last measurements and extrapolate at t = tk+1 (cf.
[123]). Given y(s) = ξ0 + ξ1s + 1

2ξ2s
2, with s := t − tk and ξ0, ξ1, and ξ2 are to

be determined coefficients. These coefficients can be found by solving Aξ = Sq̃k
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+ Quantized position q̃
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4
qk

Figure 7.1. Example illustrating the velocity jump detection strategy. A predic-
tion for the current time tk is used, together with an uncertainty bound, to check
whether or not a jump has occurred since the previous sample.

in a least-squares sense, where

A :=


1 −wkh 1

2w
2
kh

2

1 (−wk + 1)h 1
2 (−wk + 1)2h2

...
...

...
1 0 0

 , (7.4)

ξ :=
[
ξ0 ξ1 ξ2

]T, and S :=
[
0(wk+1)×(W−wk) Iwk+1

]
selects the last wk + 1

elements of q̃k, with 0 and I denoting the zero and identity matrices of indicated
dimensions. The least-squares solution is ξ = A†Sq̃k, where A† := (ATA)−1AT

is the Moore-Penrose pseudo-inverse of A. Extrapolating the polynomial one time
step gives the position prediction

4
qk+1 =

[
1 h 1

2h
2
]
ξ = PT(wk)q̃k where

PT(wk) :=
[
1 h 1

2h
2
]
A†S ∈ RW+1. (7.5)

Consequently, the prediction function (7.2) specializes to

p(q̃k, wk) = PT(wk)q̃k. (7.6)

That the vector P depends on wk follows from A and S depending on the window
length.
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Figure 7.2. Illustration of the assumption on the allowed variation of the accel-
eration over time (sector condition).

Remark 7.1. The prediction function (7.6) requires wk to be larger than a certain
minimal value for it to be applicable, i.e wk ≥ 2. The proposed detection method
thus implicitly requires the velocity jumps to be more than two time steps apart. In
implementing the JA filter, one can choose to consider p(q̃k, wk) = q̃k and bounds
b(wk) = ∞ (i.e. turn off the triggering) whenever wk < 2. Alternatively, for
wk = 1, the prediction function can be chosen as an extrapolation of a first order
polynomial fit and a similar reasoning as given in Appendix D can be taken to find
a suitable bound b(1). In any case, there is no way of identifying if a velocity jump
has occurred between tk and tk+1 in the case wk = 0 using position measurements
only. 4

In the following, we provide the event detection bound b associated to the
specific prediction function (7.6).

Consider the time tk+1 and recall that the velocity during the time interval
[tk−wk , tk+1] is assumed to have experienced no jump. A reasonable assumption on
the acceleration on [tk−wk , tk+1] is that its variation is bounded. We assume that
there exist constants ∆amax > 0 and jmax > 0, such that for all t ∈ [tk−wk , tk+1]

|a(t)− a(tk)| ≤ min(∆amax, |t− tk|jmax). (7.7)

See Figure 7.2 for an illustration of (7.7). The prediction error q̃k+1−
4
qk+1 is then

bounded according to |q̃k+1 −
4
qk+1| ≤ b(wk) with

b(wk) = (1 + ‖P(wk)‖1)
r

2
+Q(h) +

W+1∑
j=1

|Pj(wk)Q((W − j + 1)h)|, (7.8)

where Pj(wk) denotes the j-th element of P(wk) defined in (7.5) and where, in-
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troducing ∆t := ∆amax/jmax,

Q(x) :=


1

6
jmaxx

3 x ≤ ∆t

1

2
∆amax(x−∆t)2 +

1

2
jmax∆t2(x− 2

3
∆t) x > ∆t

(7.9)

The derivation of this bound is given in Appendix D. Whenever the prediction
error exceeds (7.8), then (7.7) is violated and a velocity jump can be assumed to
have occurred.

Remark 7.2. The condition (7.7) is chosen for its generality. It can handle cases
where the considered signal simply has bounded jerk (away from jumps) as well
as those where the acceleration can change almost instantaneously (jmax → ∞).
The latter is seen in mechanical systems controlled, e.g., using a zero-order-hold
approach. 4

7.5 Numerical simulation results

In this section, we will apply the developed filtering approach to estimate position
and velocity from synthetic measurements of a motion with impacts. Synthetic
data is used to show the ability of the filter to accurately reconstruct the known
velocity signal with jumps. In Section 7.6, we will show the results on the experi-
mental setup depicted in Figure 7.3. Consider the motion with bounces shown in
Figure 7.4.

The position q(t) is sampled using a sampling time of h = 1 ms and quantiza-
tion errors corresponding to a resolution r = 2π/2000 rad are introduced to form
the data q̃k, k = {0, 1, 2, . . . }. Conventional filters as well as the proposed method
are applied to the synthetic measurement data to estimate position and velocity.
First, we will compare the JA filter to conventional fixed window filters and, later
on in this section, we will compare it to the adaptive window method introduced
in [51]. The estimation results are depicted in Figure 7.5 and the mean-absolute
norms of the position estimation error eq := q̂ − q and velocity estimation error
ev := v̂ − v are given in Table 7.1. Since we will compare the effectiveness of
the filters on the basis of ‖ev‖ma, for the sake of fair comparison, in this chapter
we used numerical optimization in designing the different filters, considering the
signal in Figure 7.4. In general however, design of the JA filter follows a similar
strategy as common for existing fixed window filters in that the design variables
should be chosen to get a desired pass-band. The main difference now is that this
needs to be done for every 1 ≤ wk ≤W , where for choosing W also a conventional
design approach can be followed.

Figure 7.5 shows the quantized position data and corresponding velocity from
finite differencing. It furthermore depicts the estimation results from applying a
least-squares fit filter (LSF [5], also known in literature as a Savitzky-Golay filter)
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β

q

τm

Figure 7.3. Schematic of a one degree-of-freedom system consisting of an actu-
ated pendulum with moving massM = 0.141 kg, and inertia cI = 4.7 ·10−4 kg m2,
impacting an object with coefficient of restitution e = 0.56 and contact angle
β = 0.116 rad.
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Figure 7.4. Real position and velocity as a function of time.
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Figure 7.5. Estimated position and velocity as a function of time for four different
estimation methods.

using polynomials of order two and considering the last 20 points (i.e. W = 19).
The outcome of feeding the finite differencing data through a second order low
pass (LP) filter with a cut-off frequency of 387.6 rad/s and damping ratio 0.53 is
also included in Figure 7.5. The low pass filter is not used for estimating position,
since that, in this case, would decrease accuracy. The considered JA filter also uses
polynomial fitting (i.e. least-squares fit filters), but of different window lengths
and of different order. The filter uses polynomials of order one for wk < 14 and fits
second order polynomials whenever 43 = W ≥ wk ≥ 14. For wk = 0, no filtering
or estimation is performed. The event detection bound is chosen according to (7.8)
for ∆amax = 65 rad/s2 and jmax = 2130 rad/s3, with b(wk) = ∞ for wk < 2 (see
Remark 7.1). The value for jmax is obtained by taking the maximum jerk for the
signal in Figure 7.4 and ∆amax derives from moving an adaptive window along the
true acceleration and, for each time tk, finding the maximum of |a(t) − a(tk)| for
t ∈ [tk−wk , tk+1]. The prediction error |q̃k −

4
qk| and the bound b(wk−1) are shown

in Figure 7.6.
Figure 7.5 clearly illustrates the effect quantization has on predicting the ve-

locity via finite differencing (grey). The errors are amplified significantly. The low
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Figure 7.6. The prediction error |q̃k −
4
qk| as a function of time (solid) and the

time-varying bound b (dotted).

pass filter (green) effectively reduces this quantization noise at the cost of intro-
ducing an undesired lag. Low pass filtering significantly smoothens the velocity
jumps, requires a significant amount of time to recover, and presents overshoot.
The lag can be reduced by increasing the filters cross-over frequency at the cost
of amplifying the quantization errors in the continuously differentiable phases. In
fact, as the filter’s cross-over frequency and damping ratio were chosen to mini-
mize the velocity estimation error, the filtering performance for the smooth motion
phases has already been compromised.

Table 7.1. Mean absolute norm of the position and velocity estimation errors for
different filters

Estimation method ‖eq‖ma [rad] ‖ev‖ma [rad/s]
Quantized data 7.73 · 10−4 0.943

Least-squares fit filter 6.24 · 10−4 0.232

Second order low pass − 0.185

Best-fit FOAW 4.66 · 10−4 0.156

JA filtering 3.32 · 10−4 0.059
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Figure 7.7. The velocity estimation error ev := v̂ − v as a function of time for
the Best-fit FOAW method [51] and from using a JA filter.

The LSF (red) performs similarly as the LP filter away from the velocity jumps.
The results for the LSF clearly illustrate that it is not desirable to use the data
before the jump for estimating position and velocity after. Typically, a ‘riple’
is observed in the filtered position and a large overshoot is encountered in the
estimated velocity. Furthermore, as the found optimal window length for this filter
is much lower than that of the tuned JA filter, it is apparent that it too suffers from
the trade-off between desiring a fast response at velocity jumps, while at the same
time aiming at significant smoothing away from those jumps. It can be concluded
that the traditional filters do not work well for signals with velocity jumps as can
also be clearly deduced from Table 7.1. The JA filter (dark blue) instead gives
accurate estimates of position and velocity and leaves the jumps almost intact. A
reduction in ||ev||ma by a factor of over three is seen in comparing the JA filter’s
performance to that of the others.

From Figure 7.6 appears that the bound (7.8) is conservative. The velocity
jumps are detected when the prediction error exceeds the bound. Subsequently,
the window length is reset and gradually built up again. The three velocity jumps
are detected just two samples later than their occurrences.

Since the JA filter has an adaptive window length and the filters to which
its performance is compared so far are not, we also considered the adaptive win-
dow technique in [51] for comparison. To be more precise, the best-fit first order
adaptive window (best-fit FOAW) method is selected and applied to the signal to
estimate velocity. The reader is referred to [51] for a description of the method.
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Figure 7.8. Tracking errors as a function of time for three different velocity
estimation methods. The horizontal dotted lines indicate encoder resolution.

The velocity estimation error ev for the best-fit FOAW and the JA filter described
above are shown in Figure 7.7. The norm of the position and velocity errors are
given in Table 7.1. It can be concluded from both the figure and the table that
both methods handle the velocity jumps well and only give a relatively large error
for the one sample after the jumps, but that the JA filter outperforms the best-fit
FOAW approach. As a general remark we would like to add that we found the
best-fit FOAW filter more difficult to implement and significantly more computa-
tionally costly than JA filtering.

7.6 Experimental results

In this section, we apply reference spreading control (see [102, 105, 110]) on an
experimental setup to track the motion in Figure 7.4. The setup consists of a
pendulum that is actuated at the axle and of which the operating space is confined
by a metal block (see Figure 7.3, [105, 107], and Section 8.4). The LSF, LP, and
JA filters discussed in the previous section with the same parameter settings are
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employed to estimate velocity (and position) and trajectory tracking experiments
with identical controller settings are performed. For the JA filter, whenever wk =
0, the velocity-dependent part of the feedback control is switched off. To improve
robustness of the filter, considering the fact that the filter is now incorporated in
a closed-loop control with imperfect encoder, we only apply the event detection
(triggering) when wk−1 ≥ 5. This is also done since there likely are unknown
vibrational transients introduced by the impacts. Note that since we are interested
in applying the JA filter in a tracking control framework, approximate values
for jmax and ∆amax can be found from the reference trajectory. The tracking
results are depicted in Figure 7.8, illustrating the position error eq := q̃ − qd

and velocity error ev := v̂ − vd. In this, qd and vd are the desired position and
velocity, respectively. Tracking and velocity estimation results can also be found in
the video accompanying [106], available at http://ieeexplore.ieee.org. The
evolutions of estimated position and velocity are not depicted here as such a figure
is extremely similar to Figure 7.5.

Upon close inspection, Figure 7.8 shows that the velocity error ev is larger for
a longer period of time after the impacts both for the LSF and LP filters when
compared with the JA filter. This is due to their lagged response to the velocity
jumps. Moreover, the error is significantly noisier. These two aspects lead to larger
(peaking) and erroneous feedback efforts that in turn lead to larger tracking errors
eq. The position errors for the LSF and LP estimators clearly show an unwanted
response to the impacts. From Figure 7.8 can be concluded that, just by using the
developed estimation method instead of conventional filters, the maximal tracking
error is reduced by a factor of over two. In this case, the remaining error is in the
order of magnitude of the encoder resolution r = 2π/2000 ≈ 0.0031 rad.

7.7 Conclusions and discussion

In this chapter, a novel filtering method has been introduced for estimating po-
sition and velocity from a quantized position signal sampled at a constant rate
under the assumptions that the underlying signal exhibits non-accumulating ve-
locity jumps and that an a-priori bound on acceleration away from these jumps
is available. The proposed approach consists of an adaptive window filter and a
jump event detection algorithm. The detection is based on comparing predictions
to measurements. When the prediction error exceeds a specified threshold, the
window length is reset, as a velocity jump must have occurred. Subsequently, the
window is gradually expanded again. An acceleration bound can be specified in
terms of maximum variations within the moving window, and a corresponding an-
alytical bound on the prediction error, that takes also into account the sampling
frequency and encoder resolution, has been proposed.

The approach has been demonstrated by means of numerical simulations and
physical experiments for filtering of a quantized position signal and estimation of

http://ieeexplore.ieee.org
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the discontinuous velocity profile, showing excellent performance. It was further-
more shown that existing filtering techniques have significantly worse performance
in terms of position and velocity reconstruction from quantized data in proxim-
ity of velocity jumps. The presented filter has the added benefit of having an
impact detection feature, which is a key asset in the reference spreading control
framework.

In this chapter, we focused on estimating scalar velocity for mechanical systems
with non-accumulating transversal (partially) elastic impacts. The developed esti-
mation method may however also be applied to signals with jumps in applications
other than mechanics as well as in motions with inelastic impacts. The multidi-
mensional case can be tackled as a collection of scalar signals, each with their own
JA filter. A possible adaptation of the detection strategy for multidimensional sig-
nals, e.g. to improve estimation accuracy and efficiency, is however left for further
research. Moreover, the effects of almost tangential impact and of accumulating
impacts remain to be investigated. As can easily be expected, preliminary results
suggest that, as the velocity jumps get relatively small, the JA filter will not detect
them. However, since the velocity jumps will become negligible (both for almost
tangential impact and in the Zeno case), a conventional low-pass filter will work
sufficiently well in providing a reasonable velocity estimate and note that, since
the window will not be reset due to the small velocity jumps, the JA filter will
actually behave as a fixed window filter in such scenario.

The estimation strategy developed in this chapter uses encoder data that orig-
inates from sampling the position signal at a fixed rate. The reader is referred to
[8] for an adaptation of the method for encoder data that is sampled in a fixed
position way as opposed to by using a fixed time approach. The fixed position sam-
pling method is also known as time stamping [74] since an accurate time stamp is
produced every time the position traverses an encoder edge. The time stamping
JA filter is found to give accurate estimates even for low velocity impacts.



8
Experimental analysis

Abstract - In this chapter, trajectory tracking control for nonperiodic motions
with impacts is analyzed by means of physical experiments. This chapter aims at
demonstrating the effectiveness and robustness of the control method called ref-
erence spreading on a physical setup. An actuated rebounding pendulum, a one-
degree-of-freedom system specifically designed for performing trajectories with par-
tially elastic impacts, acts as a test bench. Reference spreading control is compared
to both classic (PD) feedback control and distance function based control, showing
superior performance. Evidence of reference spreading’s robustness to delayed im-
pact detection, deteriorated velocity estimation accuracy, and model inaccuracies
is moreover reported.

This chapter is based on:
M.W.L.M. Rijnen, A. Saccon, and H. Nijmeijer. Reference spreading: Tracking performance
for impact trajectories of a 1DoF setup. Submitted to IEEE Transactions on Control Systems
Technology, 2018.

A detailed list of the differences between this chapter and the article on which it is based is
provided in the Modifications chapter of this thesis.
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8.1 Introduction

The analysis and control of mechanical systems performing motions with intended
impacts is an active field of research in the robotics and control communities
[3, 60, 96, 102, 125, 129]. Motions with planned collisions naturally occur for
example in robotic locomotion [125] and dynamic pick-and-place tasks [59, 86].
The control of this type of motions is complicated by the rapid velocity changes
that are seen during an impact. The contact forces that cause the sudden changes
are usually either modeled using a (nonlinear) spring-damper combination [30] or
are considered impulsive. The latter method (effectively) abstracts the velocity
changes as state jumps as we will do in this thesis [18, 93]. Combining the smooth
(flow) dynamics with these discrete (jump) effects gives a hybrid system [39].

Tracking a reference trajectory with jumps is challenging as the closed-loop
system will likely experience the impacts at different times than expected. In such
a setting, employing the classical error notion leads to an undesired phenomenon
known as peaking [12, 18]. Even when convergence is occurring, the error is ar-
tificially large in the interval between an actual impact and the time where the
impact was supposed to happen. In this chapter, we illustrate peaking experimen-
tally together with its detrimental effect in control.

A few approaches have been proposed in literature to avoid peaking for the
sake of stability analysis, state estimation, and for control [9, 34, 37, 58, 83, 125].
In [37], in tracking a periodic reference of a linear system with jumps, the authors
disregard a small time interval about the reference impact times and switch off
the velocity dependent feedback in those intervals. Periodic trajectories/orbits
with jumps are also considered in the hybrid zero dynamics approach [3, 125].
The tracking problem for nonperiodic motions with elastic impacts is addressed
in [34] for polyhedral billiards by making use of both the reference trajectory
and its mirrored version in proximity of the billiard’s boundary. In [9, 12], and
prior work referenced therein, the distance between two trajectories with jumps
is quantified in a way that it is invariant to jumps of the reference and closed-
loop tracking system. The method can be applied just for motions with partially
elastic impacts. The authors of [83] propose a switching controller that can be
employed to drive the system towards a unilateral constraint undergoing an infinite
number of restitutions in the transition. In [58], another approach is discussed
where the hybrid system dynamics are reformulated on a manifold embedded in a
higher dimensional state-space such that they can be represented by transformed
continuous dynamics only. The approach bears similarities with the older works
[18, 132] and with the more recent and complete projection-based formulation in
[95]: in both of the latter approaches alternative states are introduced to transform
the hybrid/nonsmooth dynamics into a continuous formulation.

In this thesis, tracking control for systems with state-triggered jumps is tack-
led employing reference spreading (RS) [104, 110]. RS is a control strategy that is
based on continuously extending the reference trajectory about its impact times
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Figure 8.1. Photo of the actuated rebounding pendulum (ARP), the experimen-
tal setup considered in this chapter.

resulting in multiple reference segments defined for the same time interval. Switch-
ing from one such segment to another is triggered by the detection of an impact
of the system, thus enforcing coincidence of state and (extended) reference jump
times. The method does not require periodicity of the reference trajectory and in a
way envelopes the mirroring approach in [34]. Additionally, it allows impacts to be
(partially) elastic or even inelastic [102] and allows for simultaneous impacts [101].
The basic assumption is that impacts are separated in time, excluding tracking of
motions with Zeno behavior [39, 118].

Whereas different theoretical frameworks exist for the trajectory tracking of
mechanical systems performing impacting motions, the experimental validation
of these control methods is somewhat lacking (see [3] and [60] for experimental
examples of robots performing impacting motions). This chapter aims to fill that
gap for RS and builds upon a previous analysis [50] in which preliminary experi-
mental results using RS were presented. In [50], limitations of the setup such as
dominant (unmodeled) flexural dynamics and limited stroke, appeared to under-
mine the controller’s performance preventing the authors to execute a thorough
performance analysis. In this chapter, instead, we consider an experimental one-
degree-of-freedom (1DoF) test-bench that has been specifically designed for per-
forming trajectories with partially elastic impacts, see Figure 8.1. Only quantized
position data from an optical encoder will be used. This choice is made to demon-
strate that RS can successfully be implemented in situations with limited sensory
information. The technique known as jump aware (JA) filtering (see Chapter 7)
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is employed for estimating position and velocity as well as for detecting impacts.
Whereas the goal of [50] was to provide an experimental proof of principle, the
objective of this chapter is to analyze the control strategy from a performance and
robustness perspective. We introduce three quantitative measures for assessing
performance.

The key contributions of this chapter are (i) an experimental study on the
performance of RS control in tracking trajectories with partially elastic impacts
and (ii) a study on how this performance is affected by state estimation accuracy,
delay in impact detection, and model inaccuracies. A comparative analysis is
presented, investigating how RS control performs against classic feedback control
and, for the sake of completeness, against the method presented in [12]. The
method of [12] is considered here as (i) it is a representative of the mirroring
approach [34], (ii) similarly to RS it can be applied to nonperiodic trajectories (as
opposed to, e.g. [3]), and (iii) it has been developed by colleagues of the author,
making its adoption natural and quick.

This chapter is structured as follows. In Section 8.2, notation and mathemat-
ical preliminaries are introduced. The trajectory tracking problem is discussed
in Section 8.3 and three different feedback control methods are briefly described.
The experimental setup and tracking results are presented in Section 8.4. The
conclusions of this chapter are given in Section 8.5.

8.2 Preliminary

Mechanical systems performing motions with hard impacts are often modeled us-
ing the framework of nonsmooth mechanics [18, 67] in which complementarity
conditions restrict the configuration space and at the same time enforce feasibility
of contact forces. In that framework, a velocity reset map is used for modeling
impacts in zero time [18]. In many cases of practical interest, the nonsmooth
system dynamics are fitted in the hybrid systems modeling framework, an ap-
proach that is also often taken in trajectory tracking of mechanical systems with
state-triggered jumps [3]. Our framework takes inspiration from [39] combining
continuous dynamics with discrete state jumps. The continuous part satisfies

ẋ = f(x,u, t), x ∈ C (8.1a)

where x ∈ Rn is the state, u ∈ Rm the input, and f : Rn × Rm × R → Rn
the vector field. As indicated in (8.1a), the flow dynamics applies only when the
state is within the flow set C ⊂ Rn. The rapid velocity changes at the time of
an impact are modeled as instantaneous and occur when the state reaches the set
D ⊆ ∂C called the jump set. The impact effects are captured by a state-reset map
g : D → C according to

x+ = g(x−), x− ∈ D (8.1b)
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where x+ and x− denote the right, respectively, left limit of x at the impact time.
In parameterizing solutions to (8.1), we employ the notion of hybrid time (t, j),
where continuous time t and discrete time j are joined together [39].

Consider a trajectory x(t, j) that is the solution to (8.1) for a given input u(t, j)
and initial condition x(t0, 0) = x0 ∈ C. Let tj indicate the time corresponding to
the j-th discrete event. Then, from (8.1b), we have x(tj+1, j + 1) = g(x(tj+1, j)).
The hybrid domain of x [39] is defined as dom x =

⋃Nx

j=0[tj , tj+1] × {j} with
Nx the number of impacts. All jump event times tj are assumed to be strictly
separated in time.

We denote the reference trajectory as α(t, j) and assume that α is known
in advance and is the unique solution to (8.1) for input u = µ(t, j) and initial
condition α(t0, 0) = α0 ∈ C. The j-th event time of α is denoted τj .

In the following, α(t) should be read asα(t, jα(t)) where jα(t) := max {j | (t, j) ∈
dom α } is a jump counter function for the trajectory α. Similarly, for the sake
of brevity, we occasionally write µ(t, jα(t)) simply as µ(t) and x(t, jx(t)) as x(t).

8.3 Control of systems with impacts

The trajectory tracking problem is that of finding an input u = κ(x, t, j) such that,
when applied to the system (8.1), the trajectory of interest is stabilized (locally
and asymptotically [100]). When the input law is incorporated in the dynamics
(8.1a), we say the system is in closed-loop. The common approach to drive a
system to a desired reference trajectory is to apply a feedforward input µ to the
system and penalize the error by incorporating feedback control. In this chapter,
we compare different control methods that all follow this approach, but consider
different quantifications of error. These different control approaches will be briefly
described next.

8.3.1 Classic linear feedback control
The standard/classic linear feedback control is

u = κst(x, t) := µ(t)−K (x−α(t)) , (8.2)

with K ∈ Rm×n a (possibly time-varying) feedback gain. In (8.2), the error is
obtained by taking the difference between x and α, for the same continuous time
t only, disregarding their respective jump counters. As anticipated in Section 8.1,
because discrete jumps are state-triggered, a nonzero error is likely to result in a
time mismatch between the closed-loop impact times tj and the reference impact
times τj . Consequently, a mismatch in the discrete time j of the closed-loop and
reference trajectories at time t is witnessed in the neighborhoods of the nominal
event times τj , j ∈ {1, 2, . . . }. Since either x or α may have experienced one jump
more than the other for those times, large errors are typically encountered close to
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the reference event times, i.e. peaking occurs [9, 67, 71]. As illustrated by means
of simulation examples in e.g. [34] and [104] and as quantified experimentally in
Section 8.4.3 of this chapter, employing an error signal exhibiting peaking is likely
to result in reduced tracking performance and large peaks in the feedback signal.

8.3.2 Reference spreading control

In reference spreading (RS), peaking is eliminated by employing a different notion
of error [104, 110]. Figure 2.1 (p.18) illustrates the key concept behind refer-
ence spreading. In this, the reference trajectory is spreaded in the sense that
every branch α(·, j) is extended such that it is defined beyond each single interval
[tj , tj+1]. Ideally, the spreading could be done such that the branches are defined
for all time t ∈ R. In practice, it suffices to extend the domain to [τj − δ, τj+1 + δ]
for sufficiently large expected maximum time mismatch δ > 0. Let µ(t, j) be a
chosen/designed continuous extension of µ(t, j) on that domain. For each j, the
extension is then achieved by forward integration of (8.1a) using u = µ(t, j), start-
ing from initial condition α(τj+1, j) and, similarly, by backward integration using
the same vector field and input curve, starting from α(τj , j). During the forward
and backward integration, no state-jumps are applied and flow outside the flow
set C is allowed. The resulting extended reference trajectory is denoted α and its
(ideal) domain is Iα := R × {0, 1, . . . , Nα}. As long as Nα ≥ Nx, it follows that
dom x ⊂ dom α = Iα. Consequently, for every time t we are able to compare the
trajectory x, that has experienced j jumps, to the reference branch α(·, j) with
the same jump counter. This allows to define the following linear feedback law
plus feedforward

u = κrs(x, t, j) := µ(t, j)−K (x−α(t, j)) . (8.3)

The tracking law (8.3) is tested experimentally in Section 8.4 and compared against
the classical feedback (8.2). The reader is referred to [101, 104, 110] for more details
on RS.

8.3.3 Distance function based control

Aside from (8.2), in this chapter we also compare RS to what we will refer to as
the distance function (DF) control. By this we mean the control law for 1DoF
systems with partially elastic impacts in [12]. The controller in [12] is similar to
the mirroring approach in [34] but uses scaling to allow for impacts that are not
perfectly elastic. Note that, for the system of interest, DF control is analogous
to RS control for a particular extension method as we will show in Section 8.4.3
(Remark 8.3).

The DF approach eliminates peaking by employing a distance function d :
(C ∪ D) × (C ∪ D) → R≥0 that is insensitive to state-jumps as it is tailored
to the hybrid system of interest (particularly, to the jump map g). The DF
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controller [12, eqs. (11) and (12) therein] builds upon state-jump-insensitivity. It
is designed for systems of the form (8.1) possessing the control-affine mechanical

structure f(x, u, t) =
[
x2 ρ(t,x) + u

]T
, g(x) =

[
x1 −εx2

]T
, C = [0,∞) × R,

and D = {0}× (−∞, 0). In this, ρ(t,x) : R×R2 → R represents all external forces
aside from the input u and ε ∈ (0, 1] is a constant coefficient of restitution (CoR).
The DF controller uses a different input depending on whether the reference and
closed-loop system have had the same number of impacts or not. Three different
modes can be discerned, discriminated on the basis of the Lyapunov functions

Va(α,x) =
∣∣∣x−α∣∣∣2

P
, Vb(α,x) =

∣∣∣x +
1

ε
α
∣∣∣2
P
, Vc(α,x) =

∣∣∣1
ε
x +α

∣∣∣2
P
, (8.4)

where the matrix P � 0 is chosen to satisfy

P

[
0 1

−Kp −Kd

]
+

[
0 1

−Kp −Kd

]T
P = −Q (8.5)

for some Q � 0, position feedback gain Kp > 0, and velocity feedback gain Kd > 0
[12]. From simulations, we found the mode switching strategy to be insensitive to
the choice of Q and in Section 8.4 we therefore chose Q as identity.

The DF control law [12, eqs. (11) and (12) therein] is given by

u = κdf(x, t) =



−ρ(t,x) + µ̆(t)−K(x−α(t))

if Va(α(t),x) ≤ Vb(α(t),x) ∧ α2(t) ≥ 0

or Va(α(t),x) ≤ Vc(α(t),x) ∧ α2(t) < 0

−ρ(t,x)− 1/ε µ̆(t)−K(x + 1/ε α(t))

if Vb(α(t),x) ≤ Va(α(t),x) ∧ α2(t) ≥ 0

−ρ(t,x)− εµ̆(t)−K(x + εα(t))

if Vc(α(t),x) ≤ Va(α(t),x) ∧ α2(t) < 0

(8.6)

where µ̆(t) := µ(t) + ρ(t,α(t)) and K =
[
Kp Kd

]
.

Remark 8.1. In (8.6), a typographical error has been corrected. That is, contrary
to [12, eq. (12) therein], in the second case also the feedforward term µ̆ is scaled
with a factor −1/ε. 4

8.4 Experimental analysis

Figure 8.2 depicts the exploded-view of the actuated rebounding pendulum (ARP),
a picture of which was given in Figure 8.1. The ARP consists of a pendulum that
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Figure 8.2. Exploded view of the experimental setup.

is actuated at the axle using an electric motor and that bounces back when its tip
collides with a metal block. The mass and radius of the impact head were chosen to
ensure that limited/no plastic deformation of the two colliding bodies will occur
for the operating speeds of the setup. A counterweight (see Figure 8.2, top) is
incorporated to alter the inertia and (center of) mass of the pendulum such that,
employing the concept of center of percussion [13, p. 85], the impulsive reaction
forces on the bearings due to impact are minimized. To further avoid high bearing
loads and the resulting high friction forces, a motor bracket that is flexible in the
transversal directions and all rotational directions except for the one about the
axis of actuation is incorporated in the design. The electronic components used
for actuation and sensing of the ARP are listed in Table 8.1. In the experiments,
the sampling time is taken 1/500 s.

Table 8.1. Actuation and sensing hardware for the ARP.

Motor Maxon RE 35, 90W, 42V, bushed DC
Encoder HP HEDL-5540-A11 (500 CPR)
Current amplifier ELMO VIO-5/60
Power supply Siemens Simatic S7 6ES7 307-1EA00-0AA0
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Table 8.2. Continuous dynamics system parameters.

Parameter Value Unit
cI 4.7 · 10−4 kg m2

cd 2.6 · 10−4 N m s

cs 2.5 · 10−3 N m

cg 0.0472 N m

β 0.116 rad

8.4.1 Dynamic model

The modeling and identification of the setup’s hybrid dynamics will be discussed
next. The continuous part of the dynamics is modeled as

cI q̈ + cdq̇ + cs sign(q̇) + cg sin(q + β) = τm, (8.7)

where q indicates the position of the pendulum as defined in Figure 7.3 (p.108),
cI is the inertia about the rotation axis, cd is the viscous friction coefficient, cs is
the static/Coulomb friction coefficient, cg is the maximal moment due to gravity,
β is the angle between the vertical and a line through the axis of rotation and
center of mass (see Figure 7.3, p.108), and τm is the motor torque. Note that, as
a reference trajectory without stick phases will be considered in this chapter, it
suffices to use the single-valued sign function in (8.7) as opposed to a set-valued
Coulomb friction law (cf. [67, Section 5.3]) for modeling friction in the joint. The
two friction models will only differ for a finite number of time instances as the
considered motion has no static phases. The continuous dynamics parameters
have been identified experimentally using linear regression on measurement data
and the result is given in Table 8.2.

As can be seen from (8.6), the DF control law contains a feedback linearization

part, i.e. the component −ρ(t,x), with in this case x =
[
x1 x2

]T
:=
[
q q̇

]T
.

For fair comparison of the controllers (8.2), (8.3), and (8.6), instead, we feedback
linearize the dynamics before applying the controllers. That is, using the model
(8.7), we apply the torque τm = τfl(u, x̂) with

τfl(u, x̂) := cIu+ cdx̂2 + cs sign(x̂2) + cg sin(x̂1 + β), (8.8)

such that the continuous dynamics can be approximated by the double integrator
q̈ = u, artificially setting ρ(t,x) = 0. In (8.8), u ∈ R is a new control variable and

x̂ =
[
x̂1 x̂2

]T
=
[
q̂ v̂

]
, where q̂ and v̂ are estimations for position, respectively,

for velocity. Using the state x, the (approximate) continuous dynamics can be
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expressed as in (8.1a) with

f(x, u) =

[
x2

u

]
and C = {x ∈ R2 | x1 ≥ 0}.

For performing the trajectory tracking experiments in Section 8.4.3, we use
the jump-aware filtering method introduced in [106] (see Chapter 7) to estimate
position q̂ and velocity v̂ from the encoder data. The method is employed because
it not only accurately estimates state in the presence of velocity jumps but also
includes an impact detection feature. The used filter settings can be found in
Appendix E.1.

A Newton restitution model is considered for describing the system’s response
to an impact. When the pendulum collides with the impact block, the velocity
is reset according to q̇+ = −e(q̇−)q̇− where e : R → [0, 1] is the true velocity-
dependent CoR. In terms of the state x, the discrete dynamics satisfy

x+ =

[
1 0

0 −e(x−2 )

]
x− = g(x−)

and are triggered when the state reaches the jump set D = {x ∈ R2 | x1 = 0, x2 ≤
0}. The coefficient of restitution e is identified experimentally by releasing the
pendulum from different initial positions and measuring the response. By fitting
third order polynomials to the data of each bounce right before and right after
impact, finding the intersection of the polynomials, and subsequently computing
the derivative of the polynomials at this time of intersection, the relation between
pre- and post-impact velocity can be approximated. The result of this procedure is
depicted in Figure 8.3 for the first three impacts after each release of the pendulum.
Figure 8.3 shows that the CoR decreases with increasing impact velocity and
extrapolation of the data suggests that the restitutions become fully elastic (i.e.
e = 1) for negligible pre-impact velocity, cf. [18, p. 145] .

Remark 8.2. As can be seen from (8.4) and (8.6), a constant CoR parameter ε
is required in the DF control law, whereas Figure 8.3 shows that the system’s CoR
is velocity dependent. However, since in Section 8.4.3 we will consider a reference
trajectory with impacts occurring within a small pre-impact velocity range, for
simplicity, we approximate the velocity dependent restitution characteristics with
a constant ε = 0.56. 4

8.4.2 Performance measures
A quantitative measure is required to objectively compare the performance of RS
control to that of classic control and of DF control. Commonly, this is done using
a norm on the (state) error. However, since the three controllers (8.2), (8.3),
and (8.6) all employ a different error notion, the choice of a suitable performance
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Figure 8.3. Measured CoR as a function of angular velocity at impact.

measure is far from trivial. The peaking phenomenon results from the jumps in
velocity for mechanical systems with impacts. The position on the other hand is
a continuous function of time. Keeping the cause of peaking and the continuity of
position in mind and considering that the goal in trajectory tracking is to make
the system follow the reference trajectory α(t) (and not the extensions) as closely
as possible, we opt to use the performance measure

p1 :=
1

T

∫ T

0

|x1(t)− α1(t)| dt (8.9)

indicating the mean absolute position error, where T is the measurement duration.
We employ the L1-norm in p1 instead of the L2-norm for example since it gives
both low and high errors equal weight in the performance index.

Ideally, the position error is kept small and is quickly suppressed in the case
of a state perturbation, but how hard the system has to work to do so is another
important aspect to consider when assessing a controller’s performance. The feed-
back effort is related to the deviation of the torque supplied to the system from
the ideal torque that is expected based on the system model and reference motion.
Consequently, we introduce a second performance measure

p2 :=
1

T

∫ T

0

|τfl(u(t), x̂(t))− τfl(µ(t),α(t))| dt (8.10)

with τfl : R× R2 → R given by (8.8).
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Lastly, to quantify the effect that a peaking error has on the motor torques,
we introduce a third measure of performance,

p3 := max
t∈[0,T ]

|τfl(u(t), x̂(t))− τfl(µ(t),α(t))|, (8.11)

indicating the peak feedback effort over the period [0, T ].

8.4.3 Trajectory tracking controller comparison

For the trajectory tracking experiments in this section, we consider the reference
trajectory in Figure 8.4. Also other reference trajectories have been considered
in tracking experiments, showing similar results. Those are therefore not detailed
here. Figure 8.4 depicts motor torque τm, position α1, and velocity α2 as a function
of time. By construction, the motor torque is continuous at the impact times τj .
The steps in the torque τm, away from the impact times, are the result of the
friction term cs sign(α2), cf. (8.7). The reference trajectory has duration T = 2.5 s

and the initial condition is α0 =
[
π/4 0

]T
. The dashed lines in the second and

third subplots of Figure 8.4 illustrate the extensions α obtained via integrating
(8.7) forward and backward from the pre- and post impact states, applying for
each counter j the same motor torque curve τm. Mathematically, the latter entails
that µ is chosen such that, for all i, j ∈ {0, 1, . . . , Nα},

τfl (µ(·, i),α(·, i)) = τfl (µ(·, j),α(·, j)) .

We will use RS control to track this hybrid reference trajectory [100] and, as
anticipated above, compare its performance to that of standard PD feedback con-
trol and of DF control. To verify converge to the reference and to analyze settling

time, we perturb the system’s initial condition and consider x0 =
[
0.3 0

]T
. The

feedback gain K is chosen of the form

K =
[
ω2
n 2ωn

]
(8.12)

such that the continuous part of the error dynamics represents a critically damped
mass-spring-damper system with natural frequency ωn ∈ R. Overshoot and oscil-
lations due to insufficient damping are therewith avoided, which otherwise could
result in undesired impacts for a system as the ARP. Experiments are conducted
for different ωn and the results using controllers (8.2), (8.3), and (8.6) are depicted
in Figures 8.5, 8.6, and 8.7, respectively. The figures illustrate responses for a low
(ωn = 2 rad/s), a medium (ωn = 8 rad/s), and a high (ωn = 14 rad/s) closed-loop
frequency. The performance measures p1, p2, and p3 are computed from the sys-
tem responses for an even larger set of controller bandwidths and the results are
shown in Figure 8.8.
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Remark 8.3. In a neighborhood of the reference α, the DF controller (8.6) is
analogous to RS control, for a specific reference extension method (see Figure 8.7).
To clarify this statement, consider (8.6). If the reference and closed-loop system
have experienced the same number of impacts, RS and DF control are indeed the
same as can be seen from (8.3) and the first line of (8.6), considering ρ(t,x) = 0.

In the case that the closed-loop system experiences an impact prior to the cor-
responding reference impact, the error used for feedback is reshaped as seen from
the third line in (8.6)) and can be interpreted as comparing the state to a mirrored
and scaled version of α. A similar operation is performed on the feedforward.
It follows that for each j ≥ 1, the DF control law can be considered equivalent
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Figure 8.4. Reference trajectory with the corresponding required actuation
torque (solid) and the extended reference (dashed). The numbered, segmented
bar on top indicates the discrete time j.
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to RS control with reference extension α(t, j) = −εα(t, j − 1) and feedforward
µ(t, j) = −εµ(t, j − 1), for t ≤ τj.

Specularly, if the closed-loop system experiences an impact too late, the refer-
ence trajectory is mapped back (see the second line in (8.6)), i.e. for each j ≥ 0
and t ≥ τj+1, α(t, j) = − 1

εα(t, j + 1) and µ(t, j) = − 1
εµ(t, j + 1). 4
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Figure 8.5. Trajectory tracking results using classic feedback (8.2) for natural
frequency ωn = 2 rad/s (dashed, orange), ωn = 8 rad/s (dash-dotted, green), and
ωn = 14 rad/s (solid, dark blue). The reference trajectory is shown in light blue.
The bars on top indicate discrete time j.
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Figure 8.5 shows the disastrous effect that a mismatch in impact time can have
on tracking performance, if not accounted for. For the lower feedback gain setting,
the classic control approach is not able to make the system converge to the desired
motion and this results in extra, unplanned impacts (10 events are encountered
whereas 7 were desired). The reference is stabilized when sufficiently high gains
K are chosen, but these higher feedback control settings result in large peaks in
the motor torque. The almost unavoidable mismatch between impact time tj of
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Figure 8.6. Trajectory tracking results using RS feedback (8.3) for natural fre-
quency ωn = 2 rad/s (dashed, orange), ωn = 8 rad/s (dash-dotted, green), and
ωn = 14 rad/s (solid, dark blue). The (extended) reference trajectory is shown in
light blue. The bars on top indicate discrete time j.
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the closed-loop system and τj of the reference trajectory is translated to kicks to
the system.

These needless torque peaks are not seen when RS control is applied as Fig-
ure 8.6 clearly shows. RS control is capable of steering the system to the considered
reference motion, even for the low feedback gain parameter ωn = 2 rad/s. Also DF
control avoids propagation of event time mismatches to motor torque peaks, as
can be deduced from Figure 8.7 and, similarly to RS, makes the system converge
to the reference for low ωn.
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Figure 8.7. Trajectory tracking results using DF feedback (8.6) for natural
frequency ωn = 2 rad/s (dashed, orange), ωn = 8 rad/s (dash-dotted, green), and
ωn = 14 rad/s (solid, dark blue). The (virtually extended) reference trajectory is
shown in light blue. The bars on top indicate discrete time j.
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Similar conclusions can be drawn from Figure 8.8. The figure shows the perfor-
mance measures p1, p2, and p3 (see Section 8.4.2) for the three control methods as
a function of closed-loop natural frequency ωn. From the results can be concluded
that DF and RS control perform similarly, which was expected based on their anal-
ogous methodology. The position error norm p1 is significantly larger for classic
feedback control when low gains are considered and the position performance for
the three controllers becomes indistinguishable for increasing ωn. To attain this
same position error, however, the control based on a classic error notion requires
larger feedback effort as illustrated by p2 in Figure 8.8. The classic control effort is
higher for all considered feedback gains and is even more than twice as large as that
of RS and DF control when ωn ≤ 4 rad/s. An interesting result is illustrated by
the trend of p3 versus ωn for classic control (8.2). The peak feedback effort keeps
increasing with closed-loop bandwidth and is much larger than that found when
RS or DF control is applied. The peak feedback torque is already larger than the
maximum absolute feedforward torque for ωn ≥ 8 rad/s (see Figure 8.4). These
excessive torques are due to the peaking phenomenon that the error displays.

Note that, at some point, the peak control effort also increases with ωn for
RS and DF control. This is due to the fact that the tracking experiments are
intentionally started from a fixed perturbed initial condition. The initial error
translates to an increasingly large feedback effort when the gains increase.

Next, we investigate how robust RS control is to inaccuracies in state informa-
tion, impact detection, and model parameters. This is done by performing tracking
experiments, considering the feedback gain (8.12) with ωn = 8 rad/s, where we
introduce inaccuracies in the quantities of interest. The experiments and results
are discussed in detail in Appendix E.2. The main findings are briefly discussed
here.

When a second order low pass filter is used for estimating velocity, as opposed
to a method tailored to discontinuous velocity signals [106], the inevitable lag in
the response to an impact causes large (velocity) errors right after impact. These
fictitious errors are fed back to the system via feedback which in turn results in
larger tracking errors.

A similar effect is witnessed when there is a delay in the impact detection.
Such delay causes dissynchrony between the jump times of the closed-loop system
and switching times of the reference. It can thus be concluded that, in order to
get the best tracking performance using RS control, both accurate state estimates
and event detection are required.

Robustness of RS control to model inaccuracies is investigated by modifying
the parameters cg and cI by 30% and correspondingly adjusting the feedforward µ.
Naturally, such severe model imperfections cause the closed-loop responses to de-
viate from the reference trajectory. However, by the use of extended references, no
peaking effect is encountered in the feedback effort. This aids the control method’s
robustness to model inaccuracies and results in acceptable tracking errors.
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Figure 8.8. Performance versus closed-loop natural frequency. The subplots
show, from top to bottom, the average position error performance index p1, the
average control effort performance index p2, and the peak feedback effort perfor-
mance index p3.
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8.5 Conclusions and discussion

In this chapter, trajectory tracking for motions with partially elastic impacts has
been considered from an experimental and performance perspective. Particularly,
reference spreading has been analyzed using an ad-hoc built experimental setup.
For different feedback gains, the controller’s performance in tracking a nonperiodic
impacting reference motion has been compared to that when using classic PD
control, as well as to employing a distance function control approach. Moreover,
the controller’s robustness to inaccuracies in velocity estimates, impact detection,
and model parameters, has been investigated.

The tracking experiments have confirmed that the (almost inevitable) mis-
match between the impact times and the reference event times can deteriorate
performance and destabilize the system when a classic control strategy is em-
ployed. Large peaks in the feedback torque are typically encountered near impact
times for such method. RS effectively solves these issues. As expected, we showed
that RS performs similarly as a distance function/mirroring based method. RS
is however a more versatile strategy as it can also be applied in inelastic impact
scenarios, can be easily applied to more complex systems, and can deal with si-
multaneous impacts. It can be concluded that considering an extended reference
is a sensible approach when tracking trajectories with expected impacts.

The effectiveness of RS for multiple DoF systems has been already demon-
strated via numerical simulations. An experimental validation in this context is
under investigation and will be presented in future publications. In this chapter,
the reference is assumed to be fully known. We expect however that a reced-
ing horizon modification of RS is straightforward as long as generating online a
look-ahead portion of the reference including the next expected impact is possible.
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Conclusions and

recommendations

9.1 Conclusions

Robots and mechatronic systems tasked to interact with objects and agents in
their surrounding environment commonly drastically reduce their velocity before
making contact due to the lack of a control strategy able to guarantee the expected
outcome when impacts take place. This stands in clear opposition to the dynamic
contact transitions and dexterous motions that humans and other animals can
easily perform. Moreover, hardware usually presents no limitation in executing
dynamic intermittent contact motions. The reduction of speed to avoid impacts
(a term that also includes contact establishment at low relative velocity) nega-
tively affects performance and efficiency, and limits motion capabilities. In this
work, control theory has been developed and validated to enable dynamic contact
motions, i.e. motions with impacts, also for robotic systems.

As also discussed in the introduction of this dissertation, tracking control for
motions with impacts is complicated by the abrupt velocity adjustments seen
whenever contact is established at nonzero speed. These changes, that can ef-
fectively be abstracted as jumps in the system state, cannot be assumed to occur
at the exact time where they are expected to happen. This non-coincidence leads
to a phenomenon called peaking and makes conventional state feedback control
approaches unsuitable the more dynamic the contact transitions are. Therefore,
the objective of this thesis was formulated as:
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Develop and analyze a control strategy that can straightforwardly be imple-
mented on a physical mechatronic system to effectively track nonperiodic
desired trajectories that have elastic, inelastic, and/or simultaneous im-
pacts at non-negligible speed.

The conclusions of this thesis related to this specific objective and subobjec-
tives are divided into the topics: Controller development, stability analysis, state
estimation, and experimental validation. We are aware of the fact that we chose
a specific path in our research and that, consequently, there still are many related
open subproblems that are outside the scope of this work. Therefore, suggestions
for further research are given in the recommendations.

Controller development. The peaking phenomenon has been avoided by em-
ploying a different notion of error. In this, the discontinuous reference trajectory
is split into the segments between consecutive contact changes and each part is
extended in a continuous fashion. By switching from one such a segment to the
next at the occurrence of an impact, coincidence of the jumps in state and ex-
tended reference is enforced. This notion of error was introduced in literature
prior to the conduction of this investigation. It has formed the starting point
in the development of the control strategy discussed in this dissertation that has
been named reference spreading. The concept of hybrid time has been used to ac-
commodate multiple separate impacts. To allow even for desired impact motions
with impacts occurring at multiple contact points simultaneously, the notions of
multi-scale hybrid time and positive homogenization have been introduced.

Reference spreading has been validated in simulation on a one-degree-of-freedom
system with partially elastic impacts; on a robotic leg with changing state dimen-
sion resulting from inelastic impacts; and on a realistic humanoid robot model.
The academic example of an actuated box on a passive plank system has served
as a numerical test bench for analyzing the control strategy in the simultaneous
impact case. For all cases, simulation results showed the adequacy of the method
in driving the system to the reference trajectory from a perturbed initial condition.
They moreover showed robustness to, for example, inaccuracies in information on
where the constraint surface is.

For motions with partially elastic impacts, the LQR optimal control problem
has been considered. Optimal time-varying feedback gains can be derived on the
basis of a time-triggered linearization of the system about the reference trajectory.
A comparison between RS and classic PD feedback control showed a clear track-
ing improvement. Further improvement in terms of convergence rate and input
effort reduction was seen when employing the optimal time-varying feedback gains.
Moreover, the surprising result that it may be beneficial to reverse the sign of the
position gains before impact to improve tracking performance has been attained.
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Stability analysis. Based on the new error measure, a notion of (asymptotic)
stability for discontinuous trajectories of hybrid systems with state-triggered jumps
has been introduced. Assuming that the impacts are transversal, that the reference
trajectory is non-Zeno, and posing some regularity assumptions on the flow and
jump dynamics of the system in a neighborhood of the reference, conditions for
asymptotic stability of the reference trajectory have been proposed. Particularly,
in this thesis it was proven that if the origin of the linear time-triggered system,
that approximates the system’s dynamics locally about the reference, is uniformly
asymptotically stable, then the reference trajectory is an asymptotically stable
trajectory for the original nonlinear state-triggered hybrid system in terms of the
proposed stability definition. The result can for example be used in assessing
stability of autonomous systems, but also in the design of the feedback gains such
that local asymptotic stability is guaranteed.

The sensitivity analysis that forms the basis for the stability conditions has
moreover been extended to systems that do not satisfy the posed regularity con-
ditions in order to address tracking problems for a larger class of desired impact
motions. Systems with nonsmooth switching surface near nominal impacts have
been considered, which for example are encountered when considering impact at
multiple points simultaneously. The result of the sensitivity analysis is a positively
homogenous time-triggered hybrid system for which it was showed that solutions
of the system approximate the error about the reference trajectory in a first-order
manner. The latter has been supported using simulations of the box-plank system
mentioned above.

State estimation. In order to apply RS on a practical setup, state estimation
from encoder data was required. A novel non-model-based filtering method for
estimating both position and discontinuous velocity from the quantized data has
been introduced. The algorithm is composed of finite response filters using data
within a window whose size grows at every time step up to a steady state length
unless a velocity jump is detected in which case the window length is shrunk back
to one. Therefore, the method denoted jump aware filtering is the combination of
an adaptive window filter with a detection routine. For identifying discontinuity
times (i.e. impact events), we assume that acceleration has a known bound for
smooth motion phases that is exceeded at impacts. This assumption allows to
construct a bound on the difference between position measurement at the current
time and a prediction of position on the basis of previous encoder samples. When-
ever this level is exceeded, an impact event can be assumed to have occurred. An
easy to compute analytical expression for the event detection threshold has been
derived that depends on sampling time, encoder resolution, and assumed bounds
on acceleration variation.

The effectiveness of jump aware filtering has been demonstrated using both
simulations and experiments. The tests considering a one-degree-of-freedom setup
showed that the method accurately estimates position and velocity and particularly
gives better estimation accuracy near velocity jumps than when conventional low
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pass filtering techniques are employed. It has moreover been shown that inaccurate
velocity estimation near impact events can have a negative effect on trajectory
tracking. Peaks in the feedback torque/force are encountered in that case.

Experimental validation. For analyzing the proposed control strategy exper-
imentally, a one-degree-of-freedom setup has been designed and constructed. The
setup consists of a pendulum whose operating space is confined by a metal block
and that shows restitution when colliding with this object. Taking a performance
perspective, reference spreading has been compared to classic PD and to a distance
function based control strategy. It has been shown that RS control performs bet-
ter than standard PD feedback control and, as expected, similarly as the distance
function based approach. Experiments illustrated that using a classic notion of
error indeed results in peaking and that employing such error measure in feedback
has the potential of destabilization. The performance similarity of RS and DF
control has been explained on the basis of their equivalence for a specific trajec-
tory extension approach. RS can be concluded though to be more versatile than
the latter since, contrary to DF control, it can be applied for tracking trajectories
with inelastic and simultaneous desired impacts as well. In comparing tracking
performance, three performance measures have been introduced that were chosen
to measure and compare both tracking error and feedback effort.

Robustness of reference spreading control to inaccuracies in the system model,
velocity estimation, and impact detection has been analyzed on the experimental
test setup as well. Inaccuracies in velocity estimation gave similar results as of a
delay in impact detection. The jumps/changes in reference and closed-loop state
no longer coincide, which may lead to peaks in the feedback torque confirming once
again the need for accurate velocity estimation about impact times to achieve high
performance. Model parameters as inertia and gravitational torque were changes
by up to thirty percent, still giving reasonable tracking results.

Summarizing, reference spreading is based on extending the reference trajec-
tory to form a well behaved error notion. The method is not affected by peaking
and can be applied to track reference trajectories with (partially) elastic, inelas-
tic, and simultaneous impacts. Sensitivity analysis about a trajectory of interest,
employing the control approach, has formed the foundation for a stability result.
The theorem states that local asymptotic stability of the reference can be inferred
from asymptotic stability of the origin of the linear time-triggered system that orig-
inates from the sensitivity analysis. Reference spreading control has been tested
both in simulation on multiple systems and on an experimental 1 DoF setup. A
data-driven filtering method was developed for estimating the discontinuous state
from encoder data, in order to apply the controller on the test bench. Both the
experiments and simulations showed that reference spreading presents an effective
control strategy to track trajectories with impacts, therewith representing a suit-
able candidate to achieve high performance tracking of motions with impacts in
robotic and mechatronic systems.
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9.2 Recommendations

In this thesis, a number of research challenges has been addressed. However, since
research is an ever continuing process, a next topic of study is always available.
In this section, we present suggestions for further investigation. These suggestions
are also summarized in Table 9.1 where they are divided, based on expectation of
the author, into short term, medium term, and long term work.

We recommend to investigate and accommodate the developed theory to sce-
narios where the posed assumptions are not satisfied. This includes extending the
stability and LQR optimal control analyses to the case where the effective number
of degrees-of-freedom of the system changes over time or the scenario where the
guard functions (and jump sets) that trigger a mode transition not only depend
on state and time, but on the input as well. This includes scenarios with stick/slip
transitions in systems with Coulomb friction. The developed sensitivity analysis
requires further analysis for input-dependent guard functions as well. The sensi-
tivity analysis could furthermore benefit from a more thorough study on continuity
of the homogeneous jump map and formulation of conditions that guarantee mode
sequences to be growing.

In constructing the jump aware filtering framework, it was assumed that the
impacts were transversal and separated in time. Furthermore, the research was
applied on a single encoder signal. A possible research direction consequently
lies in the adaptation of the filter to the multi-dimensional case and in analyzing
the method for tangential impacts and motions presenting Zeno-type behavior.
A brief discussion on the expected results in these scenarios was presented in
Section 7.7. Incorporating information of the reference trajectory in the prediction
and impact detection feature of the filter is also expected to present a means for
further improvement of the method.

Aside from advancing the reference spreading control theory, a more extensive
experimental validation is recommended as well. This includes investigating the
control strategy on a multi-degree-of-freedom test setup. Examples are the physical
counterpart of the hopping leg as mentioned in Chapter 3 and the humanoid robot
iCub for which simulation results were presented in Chapter 4.

Furthermore, we recommend investigating possible changes to the individual
components in the reference spreading framework that have the potential to im-
prove trajectory tracking performance and robustness. We will elaborate on these
aspects next.

The first means for improvement lies in the feedback law itself. Throughout
this thesis, we have considered linear static state feedback laws, because they are
both simple and effective. Performance improvement can potentially be attained
though by moving away from the static nature and allowing dynamic feedback
structures with internal states. Moreover, transforming the framework from a
state feedback to a task-level optimal constrained controller (typically making use
of quadratic programming) can further increase practical relevance and robustness.
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Secondly, we propose to further investigate motion planning for impact mo-
tions and particularly for RS. This includes not only design of the desired motion,
but also of its extensions about reference events. In this thesis, it was shown that
the extensions present a higher order effect and do not influence a first order ap-
proximation of the system about the reference. Nevertheless, they do influence
quantities as domain of attraction, robustness, and convergence rate. The ex-
tensions were designed in an ad-hoc fashion in this work, but we expect that a
dedicated planning algorithm can improve trajectory tracking performance. The
motions can alternatively potentially be learned from demonstration. This would
imply that not just one motion is learned, but that the different (extended) ref-
erence segments are shown by example. Other improvements potentially lie in
differently shaping the extensions of feedforward input and feedback gains.

Thirdly, we suggest a study on methods for accurately perceiving impacts and
contact and on the modeling accuracy of the impact phenomenon for different
compliance levels. An accurate impact detection algorithm has been developed
in this work but this method may not work, e.g., in situations where the encoder
precedes a high gear reduction. Many other detection approaches can be thought
of to be employed in these scenarios. Force/torque sensors may for example be
used, but also the use of vision and even sound belong to the scala of possibilities.

Lastly, the scenario where a reference motion is not readily available can be
considered. We recommend to adapt reference spreading to a receding horizon
(possibly optimal) control method. The development of efficient algorithms to
compute the time-triggered linearization for complex mechanisms based on multi-
body dynamics combined with nonsmooth impact laws is expected to aid the online
optimal control implementation.

Although the developed reference spreading control approach can readily be
implemented in many (industrial) applications and that, as discussed above, track-
ing performance may be even further improved, there are also things to be analyzed
to allow for a broader application scope. This includes studying cases where the
system of interest is expected to interact with other robots or dynamical systems.
Also the influence of flexibility in handling soft objects requires study. In the lat-
ter situation, the rigid body assumption is invalid and (impact) modeling needs
modifications.
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Table 9.1. Recommendations for future work

Short term
(< 1 year)

• LQR optimal control and adaptation of the stability anal-
ysis for systems with changing state dimension

• Sensitivity analysis and LQR for systems with input-
dependent guard functions

• Adaptation of JA filtering to multi-DoF systems and anal-
ysis of the method in tangential impacts

• Implementing RS in a receding horizon control setting

• Study on the applicability of RS in systems with soft contact

Medium term
(1-4 years)

• Experimental validation of RS on multi-DoF setups

• Adapting RS to dynamic controllers and fitting it in a task-
based setting

• Investigation and development of impact detection methods

Long term
(> 4 years)

• Development of trajectory planning techniques in creating
(extended) reference trajectories for impact motions
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Appendix to Chapter 3

A.1 Equations of motion of the hopping robotic leg

The continuous dynamics for the robotic leg can be described by (3.19). As the
degrees of freedom are different for the two distinct modes, the mass matrix M,
Coriolis term C, and contribution of conservative forces g will differ as well. Ex-
pressions for the components of (3.19) for the two modes are given below. These
expressions make use of the first and second partial derivative of l, θ1, and θ2 (given
by (3.7), (3.8), and (3.9), respectively) to the knee angle qk. They are given by

l′ = − (l1l2 sin(qk)) /l (A.1)
l′′ =

(
−l1l2 cos(qk)− (l′)2

)
/l (A.2)

θ′1 = (l2 cos(qk)− l′ sin(θ1)) / (l cos(θ1)) (A.3)
θ′′1 = (−l2 sin(qk)− l′′ sin(θ1)− 2l′ cos(θ1)θ′1+ (A.4)

l sin(θ1)(θ′1)2
)
/ (l cos(θ1))

θ′2 = 1− θ′1 (A.5)
θ′′2 = −θ′′1 . (A.6)

where a single and double prime correspond to the first, respectively, second partial
derivative w.r.t. qk.
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A.1.1 Flight
For the flight phase, the mass matrix is given by

M =

[
M11 M12

M12 M22

]
(A.7)

where

M11 = (I1 + m1r2
1)(θ′1)2 + (I2 + m2r2

2)(θ′2)2 + (A.8)
(m2 + m3)(l′)2 + 2m2r2 sin(θ2)θ′2l′,

M12 = −m1r1 sin(θ1)θ′1 + m2r2 sin(θ2)θ′2 + (m2 + m3)l′, (A.9)
M22 = m0 + m1 + m2 + m3, (A.10)

the matrix with Coriolis terms can be expressed as

C =

[
C11 C12

−C12 C22

]
(A.11)

with

C12 = q̇k

[
m1r1(cos(θ1)(θ′1)2 + sin(θ1)θ′′1 )− (A.12)

m2r2(cos(θ2)(θ′2)2 + sin(θ2)θ′′2 )−
(m2 + m3)l′′]

C11 = C̆11 − C12q̇h/q̇k, (A.13)
C22 = 0, (A.14)

where

C̆11 = q̇k

[
(I1 + m1r2

1)θ′′1θ
′
1 + (I2 + m2r2

2)θ′′2θ
′
2 + (m2 + m3)l′′l′+

m2r2(cos(θ2)l′(θ′2)2 + sin(θ2)l′θ′′2 + sin(θ2)l′′θ′2)] (A.15)

and g is given by

g =

[
g1

g2

]
(A.16)

for

g1 = g [m1r1 sin(θ1)θ′1 + m2r2 sin(θ2)θ′2 + (m2 + m3)l′] + k(qk − β) (A.17)
g2 = gM22. (A.18)

A.1.2 Stance
During the stance phase, the dynamics of the system are given by (3.19) for M =
M11, C = C̆11, and g = g1, as expressed in (A.8), (A.15), and (A.17), respectively.
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In Chapter 5, the expression for the jump gain corresponding to a character-2 event
is given, i.e. (5.11). In this appendix, the expression for a character-3 event will be
presented. Although a sequential algorithm can straightforwardly be constructed
to compute the jump gain p←aH for a character-n event, it will not be presented
in this work, but will be detailed in a future publication. The character-3 jump
gain 111←000H(z, t) is given below by (B.1)-(B.4). Observe in this the specific
sequential structure where either a simultaneous first event is encountered or a
single first event happens that is followed by a jump that has a character-2 event
structure.
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Appendix to Chapter 6

C.1 Proof of Lemma 6.1

The proof of Lemma 6.1 is split in two parts. First, we show that the solution
x(t, j) to the NSTHS (6.6) from initial condition x(t0, 0) = x0 is defined for all
t ∈ [t0, T ] as long as x0 is sufficiently close to α0. Then, we show that the
bracketing condition (6.35) is satisfied as long as this neighborhood is chosen small
enough, due to a continuity argument. This sufficiently small neighborhood is, in
essence, what defines the function δ0 at T .

Due to Assumption 6.1, jα(T ) is finite for any T > t0. The existence of
a solution to (6.6) up to time T is straightforwardly guaranteed if, for every
j ∈ {1, 2, . . . , jα(T )} and in a neighborhood of α0, we can define an event-time
function x0 7→ tj that is continuously differentiable, where tj(x0) = τj when-
ever x0 = α0. Indeed, if these functions x0 7→ tj , j ∈ {1, 2, . . . , jα(T )} exist,
the flow of the NSTHS (6.6) is a composition of continuously differentiable jump
maps (due to Assumption 6.4) with continuously differentiable continuous-time
flows on the time intervals [tj−1(x0), tj(x0)], j ∈ {1, 2, . . . , jα(T ) − 1}, termi-
nated by a continuous-time flow over [tjα(T )−1(x0), T ], when tjα(T )(x0) ≥ T , or
over [tjα(T )−1(x0), tjα(T )(x0)] followed by a jump and another flow phase over
[tjα(T )(x0), T ], when tjα(T )(x0) < T .

Due to Assumption 6.2, there exists a guard function γα that implicitly defines
the jump set in a neighborhood of α. Therefore, if the event time functions x0 7→ tj
exist, they have to satisfy the implicit conditions

γα(x(tj+1(x0), j), tj+1(x0), j) = 0 (C.1)
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for j ∈ {0, 1, . . . , jα(T )− 1}, where

x(tj+1(x0), j) := ϕj(tj+1(x0), tj(x0), φH(tj(x0), t0,x0))

= ϕj(tj+1(x0), tj(x0),x(tj(x0), j)). (C.2)

Note that Assumption 6.6 guarantees that the flow ϕj as used above is defined
whenever x0 is sufficiently close to α0. By definition of α and γα, we know that
(C.1) holds at least when we pose x0 = α0 and tj(α0) = τj . Using (C.2), the
implicit condition (C.1) can equivalently be rewritten as

Mj+1(x0, t) := γα(ϕj(t, tj(x0),x(tj(x0), j)), t, j) = 0. (C.3)

We aim to prove that, for each j, t in (C.3) is a function of x0, i.e., that t =
tj+1(x0). The transversality condition provided in Assumption 6.3 guarantees that
one can apply the implicit function theorem for each of the implicit conditions in
(C.3) and conclude that all the functions x0 7→ tj are continuously differentiable
for a sufficiently small neighborhood of α0.

More precisely, one can employ a proof by induction showing that x0 7→ t1 is
continuously differentiable (base induction) and that x0 7→ tj being continuously
differentiable implies x0 7→ tj+1 to be continuously differentiable (induction step).
The base induction has been proven in [110], while it is straightforward to show,
that x0 7→ tj being continuously differentiable implies that Mj+1 is continuously
differentiable in a neighborhood of (α0, τj+1) being the composition of continuously
differentiable functions. Furthermore, as the partial derivative of Mj+1 in (C.3)
with respect to t evaluated at (x0, t) = (α0, τj+1) is equivalent to the left-hand
side of (6.16) and therefore nonzero by Assumption 6.3, the implicit function
theorem can be applied to conclude that t in (C.3) is indeed a function of x0.
There is however a fundamental limitation in carrying out this induction reasoning
for an infinite number of jumps. In the induction step mentioned above, the
neighborhood of α0 for which tj is defined can, in principle, become smaller and
smaller as j is increased and, in the worst case, ceases to exist if no other conditions
are imposed (this corresponds to a situation where the intersection of an infinite
number of open sets containing α0 just ends up in the closed set containing just
the point itself). This is why, with the given assumptions, the statement of this
lemma holds just for any finite value of T , but not for T = ∞. We will explain
in the proof of Theorem 6.1 how to overcome this limitation by adding an extra
condition on the solutions of the cl-LTTHS. This concludes the first part of the
proof.

We now prove the existence of δ0(T ) > 0 to satisfy the bracketing condition
(6.35). As the functions x0 7→ tj are continuous and we are considering the finite
set j ∈ {1, . . . , jα(T )− 1}, we can find a closed ball around α0 with radius δ0(T )
that is contained in each domain of definition of the functions x0 7→ tj and such
that each function x0 7→ tj is contained in the interval [τj−1, τj+1].
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C.2 Proof of Theorem 6.1

The proof of Theorem 6.1 is divided in two steps. First, a Nonlinear Time-
Triggered Hybrid System (NTTHS) related to the NSTHS will be introduced. The
NTTHS has α(t, j) as a solution and the LTTHS is its linearization as shown in
Appendix C.4. Figure C.1 schematically depicts the structure of the proof and the
role of the NTTHS therein.

C.2.1 Nonlinear time-triggered hybrid system (NTTHS)

The NTTHS, introduced below, always jumps at the times τj of the reference α
and, as will be clarified below, its solutions coincide with solutions of the NSTHS
for continuous-times sufficiently far away from the reference jump times.

When we start with a state-input trajectory (α(t, j),µ(t, j)) of (6.2) and
slightly change its initial condition or input, we typically obtain a trajectory x(t, j)
that jumps at different times than the reference jump times τj . This has been
shown already schematically in Figure 6.2. We illustrate this phenomenon in more
detail in Figure C.2 focussing on a single jump. In constructing the NTTHS, the
procedure is to replace the trajectory of (6.2) from initial condition x(t0, 0) = x0

between the time instances tj and τj with a new trajectory that always jumps at
time τj , as illustrated in Figure C.2, where the trajectory of the NTTHS is de-
noted as xTT . This construction is related to the concept of zero-time discontinuity
mapping (ZDM) and Poincaré discontinuity mapping (PDM) in [25, Section 6.2].
The trajectory xTT near τj+1 is attained by flowing according to the vector field
f(x,u, t, j) similarly as the reference trajectory up to τj+1 and after the time τj+1

by flowing according to the vector field f(x,u, t, j + 1). A suitable jump map is
applied at the nominal event time τj+1 such that it maps the trajectory xTT (t, j)
back to the trajectory x(t, j) at the end of this time mismatch period ([tj+1, τj+1]
or [τj+1, tj+1]).

In order to define this jump map, we denote by ϕuj (t, τ,x) the state evolution
according to vector field f for jump counter j at time t with initial condition x
at time τ and a given input curve u(t, j). Note that t ≤ τ implies integration
backwards in time and that this operator is different for different input curves.
The NTTHS, with state xTT , is defined as follows.

Definition C.1 (NTTHS). The nonlinear time-triggered hybrid system is given
by

ẋTT = f(xTT ,u(t, j), t, j) (t, j) ∈ dom α
x+
TT = guTT (x−TT , t, j) (t, j) ∈ Eα,

(C.4)

with initial condition xTT (t0, 0) = x0, where x+
TT = xTT (t, j+1), x−TT = xTT (t, j),

and the jump map guTT (xTT , t, j), with (t, j) ∈ Eα, is given by

ϕuj+1

(
t, tj+1, g(ϕuj (tj+1, t,xTT ), tj+1, j)

)
, (C.5)
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α is a locally asymptotically
stable trajectory for the closed-
loop NSTHS in the sense of

Definition 6.3

α is a locally asymptotically
stable trajectory for the closed-

loop NTTHS

The origin of the closed-loop
LTTHS is asymptotically stable

T
h
eo
re
m

6.
1

Proposition C.1

Proposition C.2

Figure C.1. Subdivision of Theorem 6.1 in two implication steps, by introducing
the NTTHS and Propositions C.1 and C.2.
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tt0

g (D(t, j), t, j)

D(t, j)

x(t, j)

α(t, j)

t0

x0

α(t, j)

α, x, xTT

tj+1 τj+1

x(t, j + 1)

α(t, j + 1)

xTT (t, j)

g(x, tj+1, j)

g(α, τj+1, j)

guTT (xTT , τj+1, j)

Figure C.2. Relation between trajectory x(t, j) of the NSTHS, corresponding
reference α(t, j), and trajectory xTT (t, j) of the NTTHS for jump (j + 1).

where tj+1 is the (j + 1)-th jump time of the solution x(t, j) of the NSTHS (6.2)
starting from the initial condition x0. �

The jump map guTT (xTT , τj+1, j) can be defined whenever tj+1 is defined, i.e.
when the trajectory x of the NSTHS with initial condition x(t0) = x0 and chosen
input u(t, j) will experience the (j + 1)-th jump (see Figure C.2). This property
is satisfied if x0 is close enough to α0 and follows from Lemma 6.1. More details
are provided in the proof of Proposition C.1.

Furthermore, since the NTTHS jumps at the same times as the reference, the
time domain of its solution xTT (t, j) is the same as that of the reference trajectory,
i.e. dom xTT = dom α, as illustrated in Figure C.3. This figure also illustrates
the time-triggered error eTT (t, j) := xTT (t, j)−α(t, j) (compare with Figure 6.2)
and their hybrid time domains, eTT being the error for trajectories with jumps at
fixed time instants.

When the input u is given by

u = κ(xTT , t, j) (C.6)

as in (6.5), we obtain the closed-loop NTTHS (or cl-NTTHS)

ẋTT = f cl(xTT , t, j) (t, j) ∈ dom α,
x+
TT = gTT (x−TT , t, j) (t, j) ∈ Eα,

(C.7)
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α, x

α0

x0

x
xTT
α

eTT (·, 0)

eTT (·, 1)

eTT (·, 2)

eTT (·, 3)

Figure C.3. The classical error for the time-triggered hybrid system (eTT (t, j) =
xTT (t, j) − α(t, j)) and the hybrid time domains of the corresponding required
trajectories.

with xTT (t0, 0) = x0 and where the jump map gTT (xTT , t, j) is given by

ϕj+1 (t, tj+1, g(ϕj(tj+1, t,xTT (t, j)), tj+1, j)) (C.8)

with ϕj the closed-loop flow as in (C.5) with u as in (C.6). More specifically, the
cl-NTTHS that we will use in the proof of Theorem 6.1 is the one employing the
affine feedback law

u(t, j) = µ(t, j)−K(t, j)(xTT (t, j)−α(t, j)). (C.9)

Note that (C.9) is the same as (6.33), but that in the latter no bars are needed
on top of K and α as the controller will only be used for the hybrid times (t, j) ∈
dom xTT = dom α.

C.2.2 Proposition C.1 and its proof

As mentioned at the beginning of this appendix, a key property in the proof
of Theorem 6.1 is that the linearization of the NTTHS in Definition C.1 is the
LTTHS provided by Definition 6.4. Given α, solutions to the NTTHS and LTTHS
clearly have the same hybrid time domain. Here we prove that uniform asymptotic
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stability of the closed-loop linearization implies that the reference trajectory α(t, j)
is a locally asymptotically stable solution to the cl-NTTHS.

Proposition C.1. A trajectory (α(t, j),µ(t, j)) of the NSTHS (6.6) satisfying
Assumptions 6.1, 6.2, 6.3, 6.4, 6.5, and 6.6, is an asymptotically stable trajec-
tory of the cl-NTTHS (C.7), (C.9), if the associated cl-LTTHS (6.22)-(6.32) is
uniformly asymptotically stable. N

Proof. As both cl-LTTHS and cl-NTTHS are time-triggered and each jump event
corresponds to a jump event of α, we can employ the jump counter jα : R → N
of Definition 6.6 to simplify the notation within this proof. To this end, with a
slight abuse of notation, we will write α(t), z(t), xTT (t), etc. to mean α(t, jα(t)),
z(t, jα(t)), xTT (t, jα(t)), etc. At the event times τj , we will write α+(τj) and
α−(τj) to indicate α(τj , jα(τj)) and α(τj , jα(τj) − 1), respectively. Similarly, we
will employ the + and − notation for other signals.

Our goal is to conclude local asymptotic stability of α for the cl-NTTHS. To
this end, let us consider the time-triggered error eTT (t) between the state of the
cl-NTTHS and the reference α. The error eTT satisfies the hybrid dynamics

ėTT = Acl(t) eTT + r1(eTT , t), (C.10)
e+
TT = G(j) e−TT + r2(e−TT , j), for t = τ1, τ2, . . . ,

with j = jα(t) − 1, eTT (t0) = z0, and where the matrices Acl and G and the
residuals r1 and r2 are defined below. In (C.10), eTT is obtained by alternating
state resets according to the jump map with integrations of the ODE until t equals
τj+1. In (C.10), Acl(t) := A(t, jα(t)) −B(t, jα(t))K(t, jα(t)) and G is given by
(6.25), therefore corresponding to the cl-LTTHS. The residuals r1 and r2 are the
higher-order terms of the vector field and jump map of the time-triggered error
dynamics associated to the cl-NTTHS, namely

r1(eTT , t) := f cl (α(t) + eTT , t, jα(t)) (C.11)
−f cl (α(t), t, jα(t))−Acl(t)eTT

r2(eTT , j) := gTT
(
α−(τj+1) + e−TT , τj+1, j

)
(C.12)

−gTT
(
α−(τj+1), τj+1, j

)
−G(j)e−TT .

The origin eTT = 0 is an equilibrium point for (C.10) and for the cl-LTTHS. Both
these hybrid systems jump at the same fixed time instants τj , known in advance.
For such class of systems, denoting generically the system state with y, uniform
asymptotic stability implies that for an arbitrary εTT > 0 and tS ≥ t0 there exists
a δTT such that ‖y(tS)‖ < δTT implies ‖y(t)‖ < εTT for all t ≥ tS and that,
furthermore, limt→∞ ‖y(t)‖ = 0 (see, e.g., [76, Section 3.1]). We aim to show that
uniform asymptotic stability of the cl-LTTHS implies that the origin eTT = 0 is
uniformly locally asymptotically stable for (C.10). Let us now consider two cases:
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CASE 1. Consider first the case where the number of events Nα is infi-
nite. Denote with Lκ > 0 the Lipschitz constant for which κ in (6.33) satisfies
‖κ(x, t, j)−κ(y, t, j)‖ < Lκ‖x−y‖, ∀(t, j) ∈ Iα, that is Lκ = sup(t,j)∈Iα ‖K(t, j)‖.
From Assumption 6.5, for each time interval Ijα = [τj , τj+1], j = 0, 1, 2, . . . , the
growth of the solution can be bounded (see, e.g., [43, Corollary 6.4]) according to

‖y(t)‖ ≤ exp(Lcl(t− τj))‖y+(τj)‖, τj ≤ t ≤ τj+1, (C.13)

with Lcl = L(1 +Lκ). Clearly, we require ‖y+(τj)‖ to be also sufficiently small to
keep ‖y(t)‖ within the region where the vector field f is uniformly Lipschitz. When
the continuous dynamics satisfies an exponential bound as in (C.13), asymptotic
stability of a time-triggered hybrid system is equivalent to the asymptotic stability
of the discrete time system that originates from only considering the state at the
event times τj [127]. Recall that τj+1 − τj is uniformly bounded from below and
from above (bounded inter-jump time) due to Assumption 6.1.

In our case, the local asymptotic stability of the cl-NTTHS follows directly
from uniform asymptotic stability (for linear systems, equivalent to exponential
stability) of the cl-LTTHS, by considering their respective associated discrete time
systems at the nominal event times. This statement is based on the discrete time
version of [54, Theorem 4.13]. This concludes the proof for the case whereNα =∞.

CASE 2. When the number of events Nα is finite, it suffices to consider the
stability of the continuous time dynamics after the last event. This is valid because,
from (C.13) and continuity of gTT with respect to xTT , an exponential bound on
the error ‖eTT ‖ of the cl-NTTHS in the finite time interval [t0, τNα ] can be found
(in particular, for every ε > 0 and t0 ≤ tS ≤ τNα there is a δ > 0 such that
‖eTT (tS)‖ < δ implies ‖eTT (τNα)‖ < ε). It thus suffices to consider the last flow
phase when t ≥ τNα .

As the cl-LTTHS is, by assumption, exponentially stable and it is the lin-
earization of the error system (C.10), specifically in the time interval [τNα ,∞),
the origin of the error system is (locally) asymptotically stable [54, Theorem 4.13]
and, equivalently, α is an asymptotically stable trajectory of the cl-NTTHS. This
concludes the proof for finite Nα.

So far, it has been tacitly assumed that the solution of the NTTHS exists for all
t > t0. However, one has actually to prove this result based on the assumptions in
the proposition statement. For the NTTHS to be defined, the jump map gTT needs
to be defined for all jumps, which in turn requires that the NSTHS corresponding
to the NTTHS experiences those jumps as well as we discussed after (C.5).

From the proof of Lemma 6.1 and, in particular, from the continuity of the map
tj(x0), the j-th jump of the NSTHS occurs close to the j-th jump time of α as long
as ‖eTT (t0)‖ is chosen in a sufficiently small neighborhood of zero (equivalently,
xTT (t0, 0) is chosen sufficiently close to α0). This property is illustrated in Figure
C.4. However, a uniform (i.e., independent of j) neighborhood is not guaranteed to
exist when α has an infinite number of jumps (cf. proof of Lemma 6.1). Assuming
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e−TT (τj+1)

Figure C.4. Illustration of the fact that the transversality assumption (Assump-
tion 6.3) implies a relation between state error and event time mismatch.

the exponential stability of the cl-LTTHS, though, guarantees the existence of such
a uniform neighborhood.

We start by noting that the j-th time-triggered jump map of (C.10) is defined
as long as e−TT (τj) is sufficiently small, following from the fact that the j-th jump
occurs for the original NSTHS if x(t, j) is sufficiently close to α(t, j) as discussed
in the proof of Lemma 6.1. ‖e−TT (τj)‖ is required to be smaller than εγ for example
(cf. Assumption 6.2). Equivalently, the j-th time-triggered jump map gTT (·, j)
of the cl-NTTHS is defined as long as x−TT (τj) is sufficiently close to α−(τj) :=
α(τj , j − 1). The proof for the existence of a neighborhood about the origin
for e−TT (τj) where the time-triggered jump map is defined follows again from a
straightforward application of the implicit function theorem employing the guard
function γα(·, ·, j). In particular, one can show that when ‖e−TT (τj)‖ = ‖x−TT (τj)−
α−(τj)‖ is sufficiently small then |tj,TT − τj | < Sj‖e−TT (τj)‖ where the function
tj,TT := tj,TT (e) represents the event time of the cl-NSTHS corresponding to the
time-triggered error trajectory with value e = e−TT (τj) at τj and Sj a constant
that depends on the continuous-time closed-loop vector field f cl, guard function
γα, and the reference trajectory α.

In details, the function tj,TT (e) is implicitly defined asHj(t, e) := γα(ϕj−1(t, τj ,
α(τj , j− 1) + e), t, j− 1) = 0 and Assumption 6.3 provides the sufficient condition
for the validity of the application of the implicit function theorem. Again, note that
due to Assumption 6.6 the flow ϕj−1 inHj is defined as long as it is sufficiently close
to the reference trajectory. Finally, because tj,TT (e) = τj +Dtj,TT (0) · e + o(‖e‖),
by choosing Sj > ‖Dtj,TT (0)‖ > 0, one obtains |tj,TT − τj | < Sj‖e‖ for suf-
ficiently small e. A uniform bound on the maximum time shift of the form
|tj,TT − τj | < S‖e‖, valid for all (possibly infinite) j, follows from the uniform
bound on the derivative of γα in Assumption 6.2. It is straightforward to show
that ‖Dtj,TT (0)‖ = ‖D1Hj(τj ,0)‖−1‖D2Hj(τj ,0)‖ ≤ c1/c2 (see Assumptions 6.2
and 6.3).
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From the above, one concludes that as long as eTT (t) remains within a prede-
termined sufficiently small neighborhood of the origin, then the (possibly infinite
number of) jump maps gTT are all defined (implying Nx ≥ Nα), with the dif-
ference between the jump times tj of the cl-NSTHS and the nominal jump times
τj becoming smaller as this neighborhood is chosen smaller. Uniform asymptotic
stability of the LTTHS allows then to conclude that eTT (t), will remain within
such a predetermined, sufficiently small, neighborhood where all jump maps gTT
are defined as long as the initial condition eTT (t0) is chosen sufficiently close to
zero, ensuring the existence of eTT (t) for t→∞. This concludes the proof of the
proposition.

C.2.3 Proposition C.2 and its proof

Proposition C.2. Let (α(t, j),µ(t, j)) be a trajectory of the NSTHS (6.6) satis-
fying Assumptions 6.1, 6.2, 6.3, 6.4, 6.5, and 6.6. If α(t, j) is an asymptotically
stable solution of the cl-NTTHS (C.7), (C.9), then it is also an asymptotically
stable solution of the cl-NSTHS (6.6), (6.33), in the sense of Definition 6.3. N

Proof. By construction, except in suitable neighborhoods of the event times τj ,
the solution of the cl-NTTHS is identical, when it exists, to the solution of the
cl-NSTHS. As α is assumed to be asymptotically stable for the cl-NTTHS, the
solution of the cl-NTTHS exists for all t ≥ t0 as long as the corresponding initial
condition is taken sufficiently close to α(t0, 0). This follows, in particular, from
the uniform bound

|tj − τj | < S ‖eTT (τj , j − 1)‖ = S ‖xTT (τj , j − 1)−α(τj , j − 1)‖ (C.14)

obtained in the proof of Proposition C.1, with S a suitable strictly positive con-
stant. From the proof of Proposition C.1 and Assumption 6.6 furthermore follows
that, if the initial condition of the cl-NSTHS is taken sufficiently close to α(t0, 0),
it is guaranteed that the number of events Nx of the cl-NSTHS (equivalently,
of the cl-NTTHS) equals the number of events Nα of the reference. The equality
Nx = Nα is the first condition that α has to satisfy for being locally asymptotically
stable for the cl-NSTHS, in the sense of Definition 6.3.

What is left to be shown in this proof is therefore that the other two conditions
of Definition 6.3 are fulfilled. Namely, guaranteeing that for an arbitrary ε > 0,
there exists a δ = δ(ε) such that ‖x(t0, 0)−α(t0, 0)‖ < δ implies |tj − τj | < ε and
‖x(t, j)−α(t, j)‖ < ε for all (t, j) ∈ dom x and that both quantities converge to
zero as t→∞. We will show that taking εTT = εTT (ε) such that

max (εTT , SεTT , exp(LclSεTT )εTT ) ≤ ε (C.15)

with S > 0 as in (C.14) and Lcl = L(1+Lκ) > 0 as in (C.13) (cf. Assumption 6.5)
and δ := δTT (εTT (ε)) will indeed satisfy the above stability conditions.
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First, for a given ε, if εTT is chosen according to (C.15) then local asymptotic
stability of α for the cl-NTTHS ensures the existence of a neighborhood of α(t0, 0)
containing a ball of radius δ = δ(ε) such that the corresponding trajectories of the
cl-NSTHS satisfy the bound |tj − τj | < S εTT ≤ ε, as requested by Definition 6.3.

Second, from (C.14), (C.15), and local asymptotic stability of the cl-NTTHS,
one concludes immediately that ‖xTT (t, j) − α(t, j)‖ < εTT ≤ ε for every time
interval Ijα. However, in fact, we need to prove something stronger, namely that
‖x(t, j) − α(t, j)‖ < ε, for t ∈ Ijx = [tj−1, tj ]. In the simplest case, namely when
τj ≤ tj and tj+1 ≤ τj+1, the condition is trivially satisfied on the j-th time interval
Ijx, because there x(t, j) = xTT (t, j) and α(t, j) = α(t, j). In general, one will have
tj ≤ τj and/or τj+1 ≤ tj+1: indeed, if the simplest case occurs in j-th interval, by
construction, it will not occur in the (j−1)-th and (j+1)-th intervals. Fortunately,
as in the proof of Proposition C.1, we can make use of a uniform exponential bound
on the growth of the solutions of locally Lipschitz vector fields, cf. (C.13). For a
given initial condition x(t0, 0) within the ball of radius δ = δTT (εTT (ε)) centered
at α(t0, 0), if τj+1 ≤ tj+1, then we can bound the solutions of the cl-NSTHS for
t ∈ [τj+1, tj+1] as

‖x(t, j)−α(t, j)‖ ≤ exp (Lcl(t− τj+1)) ‖eTT (τj+1, j)‖
≤ exp (Lcl(t− τj+1)) εTT , (C.16)

where Lcl = L(1 +Lκ) follows from the upper bound L on the Lipschitz constants
as in Assumption 6.5 and the upper bound Lκ on Lipschitz continuity of (6.33).
Similarly, if tj ≤ τj , then we can bound the solutions of cl-NSTHS for t ∈ [tj , τj ]
as

‖x(t, j)−α(t, j)‖ ≤ exp (Lcl(τj − t)) ‖eTT (τj , j)‖
≤ exp (Lcl(τj − t)) εTT . (C.17)

Recalling (C.14) and for each j, the two equations above, due to (C.15), finally lead
to ‖x(t, j)−α(t, j)‖ < exp (LS εTT ) εTT ≤ ε for t ∈ Ijx = [tj−1, tj ], as required in
Definition 6.3.

Convergence to zero of ‖tj − τj‖ and ‖x(t, j) − α(t, j)‖ for t → ∞ follows
from the convergence to zero of ‖xTT (τj , j) − α(τj , j)‖ as j = jx(t) → ∞. This
concludes the proof.

It can be concluded that the trajectory α(t, j) is an asymptotically stable
solution of the cl-NSTHS (6.6), (6.33) if it is an asymptotically stable trajectory
for the cl-NTTHS (C.7) (Proposition C.2), which is the case if the origin of the
closed-loop linearization (6.22)-(6.32) about that trajectory, also referred to as the
cl-LTTHS, is uniformly asymptotically stable (Proposition C.1). These two steps
together form the proof of Theorem 6.1.
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C.3 Relation to existing definition of stability

In this appendix, we will present a link with existing literature on hybrid system
stability analysis. More precisely, we will show that uniform asymptotic stability
of the origin of the cl-LTTHS (6.22)-(6.32) implies asymptotic stability (as defined
in [11, Definition 2] and given below) of the reference trajectory α employing
the distance function given in [11, Definition 1]. As this distance function is not
designed to accommodate non-autonomous jump maps, flow sets, and jump sets,
in this appendix, we consider state-triggered hybrid systems of the following form:

ẋ = f(x,u, t, j) x ∈ C (C.18a)

x+ = g(x−) x ∈ D, (C.18b)

with vector field f(x,u, t, j) : Rn×Rm×R×N→ Rn, jump map g : D → Rn, and
constant flow and jump sets C ⊆ Rn and D ⊆ ∂C, respectively. Moreover, for the
sake of brevity, when we refer to x(t) and α(t) in this appendix, one should read
x(t, jx(t)) and α(t, jα(t)), respectively, where jx and jα are given by Definition 6.6
in Section 6.3.4 for the trajectories x and α. In the following, by (asymptotic)
stability in terms of the distance function d we mean (cf. [11, Definition 2]

Definition C.2. The trajectory α is stable with respect to the distance d if for
all εd > 0, there exists a δd(εd) > 0 such that for every trajectory x of (6.33),
(C.18) satisfying d(x0,α0) < δd(εd), it holds that d(x(t),α(t)) < εd for all t ≥ t0.
If it moreover holds that d(x(t),α(t)) → 0 for t → ∞, then the trajectory α is
asymptotically stable with respect to d. �

We can now formulate the following result.

Corollary C.1. Adopt Assumptions 6.1-6.6. Let a state-input trajectory (α,µ)
be a solution to the cl-NSTHS (6.33), (C.18), starting from the initial condi-
tion α(t0) = α0 ∈ intC \ g(D). Let the closed-loop vector field furthermore
satisfy ‖fcl(x, t)‖ < F for some F > 0 and for all (x, t) in a neighborhood of
the graph of α. If the origin of the associated cl-LTTHS (6.22)-(6.32) is uni-
formly asymptotically stable, then, given any uniformly continuous distance func-
tion d : Rn × Rn → R≥0 that is compatible with (6.33), (C.18) in the sense of
[11, Definition 1], the trajectory α of (6.33), (C.18) is asymptotically stable with
respect to the distance d as given in Definition C.2. N

Proof. Stability of the trajectory α is guaranteed if i) for every εd > 0, there
exist εTT (εd) > 0 and δTT (εd) such that, for all trajectories x,xTT (to (6.33),
(C.18), respectively, the autonomous equivalent of (C.7)) with initial condition
x(t0) = xTT (t0) = x0 satisfying ‖x0 −α0)‖ < δTT (εd) it holds that

‖xTT (t)−α(t)‖ < εTT (εd) =⇒ d(x(t),α(t)) < εd, (C.19)
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and ii), that for this δTT (εd), there exists a δd(εd) > 0 such that

d(x0,α0) < δd(εd) =⇒ ‖x0 −α0‖ < δTT (εd). (C.20)

In proving that condition i) is satisfied, we start by pointing out that, from Propo-
sition C.1, α is an asymptotically stable solution to the cl-NTTHS (C.7), (C.9)
since, by hypothesis in the theorem, the cl-LTTHS (C.4)-(6.32) is uniformly asymp-
totically stable. From this, we can conclude that for every εTT > 0 there exists a
δTT > 0 such that ‖xTT (t0) − α(t0)‖ < δTT implies that ‖xTT (t) − α(t)‖ < εTT
for all t ≥ t0. What remains to be proven is that if we arbitrarily fix εd, we can
indeed find an εTT such that (C.19) is satisfied. In doing so, we make a distinction
between the times t for which (t, jα(t)) ∈ dom x ∩ dom α, i.e. the times for
which the trajectory x and the reference α have encountered the same number of
jumps, and the times t for which this is not the case. In the former situation, we
exploit uniform continuity of d, as well as the fact that d(x,y) = 0 if x = y [11,
Definition 1], to infer that there exists an ε′TT > 0 such that ‖x − y‖ < ε′TT im-
plies d(x,y) < εd. Exploiting that in this situation, for those specific times, as by
construction, xTT (t) = x(t), we conclude that (C.19) clearly is satisfied whenever
εTT (εd) ≤ ε′TT .

Let us now look at the times for which x has experienced more or less jumps
than α has (i.e. the times t for which jx(t) 6= jα(t)) and consider an arbitrary
event time τj of the reference. The j-th jump time mismatch interval we denote
by Ij∆ and define it as Ij∆ := (tj , τj) when tj < τj and as Ij∆ := (τj , tj) in the
case that τj < tj (where we exploit the bracketing condition in Lemma 6.1). We
remark that d is invariant to jumps in x as well as to jumps in α and it is a
continuous function. It follows that the distance also is continuous with respect
to time when evaluated along the two trajectories. Selecting a positive number
ε′d < εd, as discussed above, there exist ε′TT (ε′d) > 0 such that ‖eTT (t, j)‖ < ε′TT
implies d(x(t, j),α(t, j)) < ε′d for all (t, j) ∈ dom x ∩ dom α. With continuity of
d over jumps, we deduce that d(x(t),α(t)) < ε′d at the beginning and end of the
intervals Ij∆, i.e. for t = tj and for t = τj . In the intervals Ij∆, the distance d can
increase (continuously) however and we now provide a bound for such increase.
Select ε′′TT ∈ (0, ε′TT ) such that Cd(

√
2FSε′′TT ) < εd − ε′d, with S as in the bound

|tj − τj | < Sε′′TT , shown in the proof of Proposition C.1, and Cd the modulus of
continuity of d. We now exploit that d(x(t),α(t)) equals

d(x(tj),α(tj)) + d(x(t),α(t))− d(x(tj),α(tj)) ≤ ε′d + Cd

(∥∥∥∥ x(t)− x(tj)
α(t)−α(tj)

∥∥∥∥)
and that, by overapproximation of the second term, follows

d(x(t),α(t)) ≤ ε′d + Cd

(∥∥∥∥ F|t− tj |
F|t− tj |

∥∥∥∥) ≤ ε′d + Cd(
√

2FSε′′TT ). (C.21)

Selecting εTT (εd) < min(ε′TT , ε
′′
TT ), we conclude that (C.19) holds, and with that

condition i), is satisfied.
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For proving condition ii), we note that the set of points x0 where d(x0,α0) = 0
is the singleton {x0 = α0} since, by hypothesis, α0 6∈ D ∪ g(D). With continuity
of d and [11, equation (6b)], this implies that indeed for all δTT > 0, there exist
δd > 0 such that (C.20) is satisfied. Combining now conditions i) and ii), it follows
that if the cl-LTTHS (6.22)-(6.32) is uniformly asymptotically stable, then, the
trajectory α is stable with respect to d.

To prove asymptotic stability, we recall that α is an asymptotically stable
trajectory of the cl-NTTHS by hypothesis (and Proposition C.1) and consequently
that, for sufficiently small δTT > 0, solutions xTT to the cl-NTTHS starting from
initial conditions x0, satisfying ‖x0−α0‖ < δTT , it holds that ‖xTT (t)−α(t)‖ → 0
for t→∞. Moreover, as per Theorem 6.1, we know that |tj − τj | → 0 for t→∞.
Again exploiting uniform continuity of d and the upper bound on d given by (C.21),
these convergence aspects allow to conclude asymptotic stability of α with respect
to the distance function d.

This concludes the proof of Corollary C.1.

C.4 Derivation of the LTTHS from the NTTHS

In this appendix, we show that the LTTHS (6.22)-(6.31) is the linearization of the
NTTHS (C.4), (C.5). The hybrid dynamics of the NTTHS are described in terms
of the vector field f of the original NSTHS (6.2) and the input dependent reset map
guTT given in (C.5), also graphically represented in Figure C.2. We now perturb
the initial condition and input slightly from the reference state-input trajectory
(α(t, j),µ(t, j)), that is, we take xTT,ε(t0, 0) = α0 + εz0 and uε(t, j) = µ(t, j) +
εv(t, j) for some initial state perturbation z0, input perturbation v(t, j) (that may
be different for different j) and scalar perturbation parameter ε. Standard results
can be used [54] to show that the trajectory of the NTTHS can be expanded in
series with respect to ε as xTT,ε(t, j) = α(t, j) + εz(t, j) + o(ε). It follows that
ẋTT,ε = f(α+ εz + o(ε),µ+ εv, t, j), for (t, j) ∈ dom α, which can be expanded,
in each of the intervals [τj , τj+1], as

α̇+ εż + o(ε) = f(α(t, j),µ(t, j), t, j) + ε [D1f(α(t, j),µ(t, j), t, j) z

+ D2f(α(t, j),µ(t, j), t, j) v] + o(ε).

Matching terms in the expansion allows to conclude that the flow dynamics of the
linear approximation about the state-input trajectory (α(t, j),µ(t, j)) for each
continuous time interval [τj , τj+1] is given by

ż = D1f(α(t, j),µ(t, j), t, j) z +D2f(α(t, j),µ(t, j), t, j) v

=: A(t, j) z +B(t, j) v,

that matches the expressions given for A and B in (6.23) and (6.24), respectively.
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Next, for each jump time τj+1, we seek a relation between the states z−(τj+1) :=
z(τj+1, j) and z+(τj+1) := z(τj+1, j + 1) that will eventually be equal to (6.25).
Roughly speaking, this corresponds to the linearization of the jump map guTT in
(C.5). We follow a similar strategy in deriving the linear jump map as detailed in
[110], but now fitted in the framework of hybrid time.

Consider the (j + 1)-th event with reference event time τj+1 and correspond-
ing event time tj+1,ε of the NSTHS. Define ∆ε := tj+1,ε − τj+1, which is as-
sumed to be small based on the fact that xTT,ε and α are close to each other
and Assumption 6.3. To make the derivation of (6.25) concise, below we de-
note the event time τj+1 simply by τ . Furthermore, when we refer to x−TT,ε, one
should read xTT,ε(τj+1, j) and similarly α− = α(τj+1, j), µ− = µ(τj+1, j), and
z− = z(τj+1, j). Analogously, for the right limits at the time τ , we employ the
notation x+

TT,ε = xTT,ε(τj+1, j + 1), α+ = α(τj+1, j + 1), µ+ = µ(τj+1, j + 1),
and z+ = z(τj+1, j + 1).

The jump map guTT in (C.5) for the event j + 1 constitutes phases of flow to
and from the event time tj+1,ε that depends on ε and the choice of v(t, j). These
flows can be captured by extending the solution z, using the continuous time part
of (6.22), to form z (where states for consecutive counter are related via a ‘to be
defined‘ jump map) in a similar fashion as done for the reference trajectory α as
explained in Section 6.3.1. This allows us to form the extended trajectory of the
NTTHS which, due to the locally Lipschitz property of the vector field f , is the
same as that of the original NSTHS, i.e. xε(t, j) := xTT,ε(t, j) = α(t, j)+εz(t, j)+
o(ε). It follows that, instead of the jump map x+

TT,ε = guTT (x−TT,ε, τ, j), we can
consider

xε(τ + ∆ε, j + 1) = g(xε(τ + ∆ε, j), τ + ∆ε, j). (C.22)

and use a series expansion to account for the difference in time. Again to keep
notation concise, we append the states α, xε, and z with a superscript, i.e. (·)/
to denote that it is the left limit for the event time tj+1,ε = τj+1 + ∆ε, e.g.
z/ = z(tj+1,ε, j). For the right limit we employ the superscript (·)., e.g. z. =
z(tj+1,ε, j + 1). For the state x/ε we find

x/ε = α/ + εz/ + o(ε)

= α− + α̇−∆′0ε+ (z− + ż−∆′0ε)ε+ o(ε) (C.23)
= α− + (α̇−∆′0 + z−)ε+ o(ε)

where ∆′0 = ∂∆ε

∂ε |ε=0 and α̇− = f(α−,µ−, τ, j) and similarly that

x.ε = α. + εz. + o(ε)

= α+ + (α̇+∆′0 + z+)ε+ o(ε) (C.24)

where α̇+ = f(α+,µ+, τ, j + 1). These expansions make use of the dependence
of the jump time difference ∆ε on ε. More precisely, they contain the derivative
of ∆ε with respect ε evaluated at zero. From Assumption 6.2, it follows that
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for the reference jump at time τ holds that γα(α−, τ, j) = 0 since, by definition,
the state will be in the jump set D. Similarly, the definition of tj+1,ε implies
γα(xε(tj+1,ε, j), tj+1,ε, j) = 0, or formulated differently that γα (x/ε, τ + ∆ε, j) = 0.
Using (C.23), this can rewritten as

γα
(
α−, τ, j

)
+D1γα(α−, τ, j)

(
α̇−∆′0 + z−

)
ε+

D2γα(α−, τ, j)∆′0ε+ o(ε) = 0.

Since this needs to hold for all ε and since γα (α−, τ, j) = 0, it follows that

∆′0 = − D1γα(α−, τ, j)

D1γα(α−, τ, j)α̇− +D2γα(α−, τ, j)
z−. (C.25)

Note that the transversality assumption (Assumption 6.3) implies that the denom-
inator in (C.25) is nonzero.

Incorporating (C.23) and (C.24) in (C.22) and expanding in series with respect
to ε gives

x.ε = α+ + (α̇+∆′0 + z+)ε+ o(ε)

= g(α− + (α̇−∆′0 + z−)ε+ o(ε), τ + ∆ε(ε), j)

= g(α−, τ, j) +D1g(α−, τ, j)(α̇−∆′0 + z−)ε+D2g(α−, τ, j)∆′0ε+ o(ε).

Now we recall that α+ = g(α−, τ, j) and match terms of ε to obtain z+ =
D1g(α−, τ, j)z− + (−α̇+ + ġ−) ∆′0 where ġ− = D1g(α−, τ, j)α̇− +D2g(α−, τ, j).
After incorporating (C.25), it follows that the linearized jump map satisfies

z+ =

[
D1g(α−, τ, j)−

(
−α̇+ + ġ−

) D1γα(α−, τ, j)

γ̇−α

]
z−,

with γ̇−α = D1γα(α−, τ, j) · α̇− +D2γα(α−, τ, j) · 1, which is equivalent to (6.25).

C.5 Verification of Assumptions 6.1-6.6

In this section, we prove that Assumptions 6.1-6.6 are satisfied for the system and
reference motion considered in Section 6.4. In this, the assumptions are verified
in a point-by-point fashion. For convenience we recall that the system under
consideration satisfies the continuous dynamics

ẋ = f(x,u) =
[
x3 x4 u1 u2

]T
=: Ax +Bu, (C.26)

with

A =

[
02×2 I2

02×2 02×2

]
, B =

[
02×2

I2

]
, (C.27)
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x1

x2

r β

θ

Figure C.5. Illustration of describing the position of the point mass using polar
coordinates (r, θ) relative to a reference event.

as long as x ∈ C = {x ∈ R4 | x2
1 + x2

2 ≤ 1} and that the state jumps according to
x(t, j + 1) = g(x(t, j)) where

g(x) =


x1

x2

(x2
2 − ex2

1)x3 − (1 + e)x1x2x4

(x2
1 − ex2

2)x4 − (1 + e)x1x2x3

 , (C.28)

when x ∈ D = {x ∈ R4 | x2
1 + x2

2 = 1, x1x3 + x2x4 > 0}. In the proofs below,
we will exploit the periodicity and symmetry of the reference trajectory α (see
Figure 6.4).

Validity of Assumption 6.1. This assumption is on the reference trajectory
α. It states that α should be defined for all t ≥ t0 = 0 and that the time between
jumps, i.e. τj+1 − τj , j = 0, 1, . . . , Nα, should be bounded from above and from
below. Periodicity of the reference allows to conclude that these conditions are
satisfied. The time between events for α is constant and equals 1 s.

Validity of Assumption 6.2. Consider as a candidate guard function γα(x) =
1− x2

1 − x2
2 (note the time-invariance) and take εγ = 0.465, c1 = 2. We will show

next that i) γα satisifes (6.13), ii) it can be thought of as the first coordinate in
a C1 diffeomorphism between Bεγ and an open neighborhood of the origin on R5,
iii) (6.14) is satisfied, and iv) that its gradient is upper bounded as in (6.15) for
every event time (t, j) ∈ Eα.

i) We start by observing the time-invariance of γα, C, and D. The set Cj
for arbitrary j is the collection of all state and time pairs in R5 satisfying
x2

1 + x2
2 ≤ 1. From this directly follows that γα(x) ≥ 0 for (x, t) ∈ Cj and
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that γα(x) < 0 for (x, t) ∈ R5 \Cj . The boundary of the set Cj is the set of
state and time pairs satisfying x2

1 + x2
2 = 1 for which γα = 0. Since the sign

conditions (6.13) hold on the entire sets Cj , intCj , and R5 \Cj , respectively,
they are also satisfied when taking the intersection between the respective
domains and an arbitrary set Pj , therewith proving statement i).

ii) Consider the reference event (x, t) = (α(τ, 0), τ) and a neighborhood Bεγ
about this event. Locally about this event, we can define the polar coordi-
nates r and θ such that x1 = cos(θ+ β) and x2 = sin(θ+ β) as illustrated in
Figure C.5. This allows to introduce the coordinate transformation

x̆ = h(x, t) =


1− r2

θ
x3 − α3(τ, 0)
x4 − α4(τ, 0)

t− τ

 =


γα
x̆2

x̆3

x̆4

x̆5

 ,

where h : Bεγ → R5 represents a transformation mapping state-time pairs
in a neighborhood of the reference event to an open ball about the origin
of R5. The coordinate transformation is C1 and presents a bijective map-
ping between smooth manifolds (locally). This shows that γα indeed can
be thought of as the first coordinate in a C1 diffeomorphism between Bεγ
and a neighborhood of the origin of R5 and proves the second part of the
assumption.

iii) The sets D and C are independent of t and j so that Pj ∩ ∂Cj ⊂ Dj is
guaranteed when Bεγ (α(τj+1, j))∩ ∂C ⊂ D. The part of the boundary of C
that is D is the set of states x ∈ ∂C for which x1x3 + x2x4 > 0. To prove
that the third condition is satisfied, it thus is sufficient to show that there
is an open ball of size εγ about α(τj+1, j) in which x1x3 + x2x4 > 0. This
open ball Bεγ = {x ∈ R4 | ‖x − α(τj+1, 1)‖ < εγ} is contained in the set
B∞εγ = {x ∈ R4 | ‖x−α(τj+1, 1)‖∞ < εγ}. Due to symmetry of the system,
it suffices to consider only a single event of α and in the following we use
α(τ5, 4) =

[
1 0 2 1.256

]T. For this reference event, the set B∞εγ is given
by the states x satisfying

1− εγ < x1 < 1 + εγ , −εγ < x2 < εγ ,

2− εγ < x3 < 2 + εγ , 1.256− εγ < x4 < 1.256 + εγ .

Taking εγ = 0.465 it follows that, for every x ∈ B∞εγ , it holds that x1x3 > (1−
0.465)(2−0.465) > 0.82 and that x2x4 > −0.465 ·(1.256+0.465) > −0.81. It
can thus be concluded that x1x3 +x2x4 > 0 for all x ∈ B∞εγ and therefore also
for all x ∈ Bεγ (α(τj+1, j)), proving the third condition of the assumption.
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iv) The norm of the gradient of γα at α− = α(τj+1, j) equals

‖Dγα(α−)‖ =
∥∥[−2α−1 −2α−2 0 0

]∥∥
=

√
(2α−1 )2 + (2α−2 )2

= 2

√
(α−1 )2 + (α−2 )2. (C.29)

Considering the fact that, at each event time (t, j) ∈ Eα, the state α(t, j) ∈
D, it follows that (α−1 )2 + (α−2 )2 = 1. Incorporating this in (C.29) gives
‖Dγα(α−)‖ = 2 = c1, proving the fourth condition of the assumption.

Validity of Assumption 6.3. The transversality assumption requires that the
time derivative of the guard function γα is strictly negative at each impact time
when evaluated along the reference trajectory α. For arbitrary discrete time j,
considering the fact that γα is a function of state only, the time derivative equals

γ̇α = Dγα(α−) · f(α−,µ−)

=
[
−2α−1 −2α−2 0 0

] (
Aα− +Bµ−

)
= −2α−1 α

−
3 − 2α−2 α

−
4 , (C.30)

where α− = α(τj+1, j) and µ− = µ(τj+1, j). We again exploit periodicity of
the reference trajectory and symmetry of the system to conclude the validity of
Assumption 6.3 by considering a single impact event, i.e. the fifth one where
α(τ5, 4) =

[
1 0 2 1.256

]T. Substituting this state in (C.30) gives γ̇α = −2 · 1 ·
2 + 0 = −4, implying that Assumption 6.3 is indeed satisfied when c2 ≥ 4.

Validity of Assumption 6.4. This assumption states that the jump map g
should be continuously differentiable with respect to state and time in a neigh-
borhood of each reference impact, i.e. in the open ball Bεγ (α(τj+1, j), τj+1) for
all j ∈ {0, 1, . . . , Nα}. Considering the fact that, for the considered example, the
map is independent of time, the statement reduces to continuous differentiability
with respect to state. Differentiating (C.28) to x gives

Dg =


1 0 0 0
0 1 0 0

−2ex13 − (1 + e)x24 2x23 − (1 + e)x14 x2
2 − ex2

1 −(1 + e)x12

2x14 − (1 + e)x23 −(1 + e)x13 − 2ex24 −(1 + e)x12 x2
1 − ex2

2

 ,
where xki := xkxi. This first derivative is defined and continuous for all x ∈ R4

proving that the assumption is satisfied for the example in Section 6.4.

Validity of Assumption 6.5. Consider the vector field f given by (C.26).
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Taking arbitrary x,y ∈ R4 and u,v ∈ R2, it follows that [1, Chapter 2]

‖f(x,u, t, j)− f(y,u, t, j)‖ = ‖A(x− y) +B(u− v)‖
≤ ‖A‖‖x− y‖+ ‖B‖‖u− v‖
≤ max (‖A‖, ‖B‖) (‖x− y‖+ ‖u− v‖) .

Since we took arbitrary x,y ∈ R4, u,v ∈ R2 the above also holds for x,y and
u,v in a neighborhood of the extended reference trajectory (α,µ). This proves
that the closed-loop vector field is uniformly Lipschitz with Lipschitz constant
L = max (‖A‖, ‖B‖) = 1 and therewith that the assumption is satisfied.

Validity of Assumption 6.6. In proving that the last assumption holds for the
example considered in Section 6.4, we make use of the fact that, for the considered
system, x ∈ C is equivalent to γα(x) ≥ 0, x ∈ ∂C when γα(x) = 0, and that x ∈ D
if and only if γα(x) = 0 and γ̇α(x) = −2x1x3 − 2x2x4 < 0. The first condition
of the assumption is that every state-time pair (x, t) ∈ Zj of the reference event
(α(τj+1, j), τj+1), with Zj defined as in (6.13) and j ∈ {0, 1, . . . , Nα} satisfies
(g(x, t, j), t) ∈ Cj+1 \ Dj+1. Because of g, C, and D being independent of time
t, this is equivalent to requiring g(x) ∈ C \ D. In the following, we will prove
something stronger, namely that g(D) ∈ C \D.

The function γα depends only on the position coordinates x1, x2 which are
left unaltered in the case of a jump event, cf. (C.28). This means that x+ =
g(x−) ∈ ∂C for all x− ∈ ∂C. To shows that x+ 6∈ D, it needs to be verified that
γ̇α(x+) ≥ 0. Using (C.28), it follows that

γ̇α(x+) =− 2x+
1 x+

3 − 2x+
2 x+

4 ,

=− 2x−1
(
(x−2 )2 − e(x−1 )2

)
x−3 + 2(1 + e)(x−1 )2x−2 x−4

− 2x−2
(
(x−1 )2 − e(x−2 )2

)
x−4 + 2(1 + e)x−1 (x−2 )2x−4 ,

=− e
(
(x−1 )2 + (x−2 )2

) (
−2x−1 x−3 − 2x−2 x−4

)
,

=− eγ̇α(x−),

where we make use of the fact that, by construction, (x−1 )2 + (x−2 )2 = 1. For every
x− ∈ D it holds that γ̇α(x−) < 0 and consequently that γ̇α(x+) = −eγ̇α(x−) > 0.
This proves that g(D) ∈ C \D.

The second part of the assumption can be interpreted as the vector field being
directed into the flow set for all states in a tube about each reference branch,
excluding a neighborhood about the reference events (see Assumption 6.6). A
visual proof of this fact is presented in Figure C.6 considering εC = 0.2. The
top plot of the figure shows the minimal and maximal values of γα(x) for all
(x, t) ∈ Uj \ Pj and j = 0, 1, . . . . As mentioned above, the zero level set of this
function indicates the border of the flow set, i.e. ∂Cj . Consequently, only in the
grey domain in Figure C.6 (top), it holds that ∂Cj ∩ (Uj \ Pj) 6= ∅. The bottom
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Figure C.6. The minimal and maximal value of γα(x) as a function of time
for x ∈ Uj \ Pj (top) and the range of γ̇α(x) as a function of time for (x, t) ∈
∂Cj ∩ (Uj \ Pj) (bottom). The top figure moreover shows the time domain for
which ∂Cj ∩ (Uj \ Pj) 6= ∅ (grey) and γα(α(t, j)) (blue) for all time t such that
(α(t, j), t) ∈ Uj \ Pj .

plot in the figure depicts γ̇α(x) for (x, t) ∈ ∂Cj ∩ (Uj \Pj) and illustrates that this
time derivative is positive over the set. By construction of the guard function γα
and its relation to the flow set, the non-negativeness of its time derivative proves
that the flow indeed is directed into the flow set for all (x, t) ∈ ∂Cj ∩ (Uj \ Pj)
when εC ≤ 0.2.





D
Appendix to Chapter 7

D.1 Event detection bound derivation

In this appendix, we provide the proof of the analytical bound (7.8), associated
to assumption (7.7) on the underlying acceleration away from velocity jumps. We
start by observing that the position q at the time tk+1 can be approximated,
similarly as done for (7.6), from the position, velocity, and acceleration at the
previous time step as

qk+1 − εk+1 = qk + vkh+
1

2
akh

2, (D.1)

where εk+1 is the approximation/extrapolation error at the time tk+1. Further-
more, the measurement noise is uniformly bounded and finite so that

q̃k+1 = qk+1 + σk+1, (D.2)

with |σk+1| ≤ r/2 the measurement error at t = tk+1. Using (D.1), (D.2), and
triangular inequality, it follows that the prediction error satisfies the bound

|q̃k+1 −
4
qk+1| = |qk+1 + σk+1 −

4
qk+1|, (D.3)

= |ek+1 + σk+1 + εk+1|, (D.4)

≤ |ek+1|+
r

2
+ |εk+1| (D.5)

where ek+1 := qk + vkh + 1
2akh

2 − PTq̃k is the error contribution from the data
not exactly forming a parabola.
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Figure D.1. Illustration of bound (D.10) and the different components of q̃k, i.e.
a parabola aligning with q at the time tk, an approximation error ∆qk (together
forming qk), and the quantization error σk.

We look for an upper bound for |ek+1| under the assumption that no velocity
jump has occurred in the domain [tk−wk , tk+1]. In order to do so, the vector q̃k
containing the measured position for the sample times in the domain [tk−W , tk] is
split in three components, namely

q̃k = qok + σk + ∆qk. (D.6)

In (D.6),

qok :=


1 −Wh 1

2W
2h2

1 (−W + 1)h 1
2 (−W + 1)2h2

...
...

...
1 0 0


qk

vk
ak

 , (D.7)

σk :=
[
σk−W . . . σk−1 σk

]T, and ∆qk := q̃k −qok −σk. In other words, qok is
a vector containing points on a parabola (see Figure D.1), σk is a vector containing
the quantization errors for the samples in the considered domain, and ∆qk is what
remains. Note that qok satisfies PTqok = qk + vkh + 1

2akh
2 and that ∆qk can be

thought of as the contribution to the data from non-constant acceleration. Using
(D.6), Hölder’s inequality, and the fact that |σj | ≤ r/2 for every j ∈ N, it follows
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that

|ek+1| = |qk + vkh+
1

2
akh

2 −PT
(
qok + σk + ∆qk

)
|

= |PT (σk + ∆qk
)
| (D.8)

≤ ‖P‖1
r

2
+

W+1∑
j=1

|Pj ||∆qk
j |. (D.9)

Since ∆qk describes the difference between the real position as a function of time
and a parabola with the same value, first derivative, and second derivative at the
time tk, a bound on the deviation of the acceleration a(t) from the polynomials
second derivative can be translated to a bound on the elements of ∆qk (at least to
those inside the interval [tk−wk , tk]). Assume that (7.7) holds for all t ∈ [tk−wk , tk].
From integrating (7.7) twice, it follows that |q(t)−(qk+vk(t−tk)+ 1

2ak(t−tk)2| ≤
Q(|t− tk|), where Q is given by (7.9) and consequently that

|∆qjk| ≤ Q((W − j + 1)h) (D.10)

for all j ∈ {W − wk + 1,W − wk + 2, . . . ,W + 1}. Incorporating (D.10) in (D.9)
(and considering that the first W −wk elements of P are zero) now gives a bound
on |ek+1|. In finding a bound for |εk+1| in (D.5) a similar reasoning as followed in
deriving (D.10) is taken. If (7.7) holds for all t ∈ [tk, tk+1], then (from integrating
twice) it follows that

|εk+1| := |qk+1 − (qk + vkh+
1

2
akh

2)| ≤ Q(h). (D.11)

Combining (D.5), (D.9), (D.10), and (D.11) gives exactly the expression for the
bound b in (7.8) and concludes the derivation.





E
Appendix to Chapter 8

This appendix discusses, in more detail, the state estimation and trajectory track-
ing experiments for robustness analysis. More specifically, the specific realization
of the jump-aware filter discussed in [106] (see also Chapter 7) is elaborated on
and experimental results where we intentionally introduce inaccuracies in state
information, impact detection, and model parameters are presented.

E.1 State estimation

As mentioned in Section 8.4.1 we consider the case where the state is composed as
x =

[
q v

]T with position q ∈ R and velocity v ∈ R, and assume, as commonly
encountered in practice, that the position is measured using an encoder. An
estimate for the velocity needs to be constructed from those measurements and,
since finite differencing will not suffice [105], a better estimator is required. Since
the velocity will show rapid changes at impact, common filter methods will not
work as desired as they flatten and smooth out the velocity jumps. Therefore, to
construct the state estimate x̂, we employ the method introduced in [106] that
goes by the name jump aware (JA) filtering and is specifically created for position
signals with discontinuous derivative. This approach is chosen instead of, e.g., [118]
since the method also encompasses an impact detection algorithm. The reader is
referred to Chapter 7 for a comprehensive description of JA filtering.

The rationale of the method is to base the estimates only on the data guaran-
teed to be taken after the previous velocity jump. This implies that the number
of past samples that are considered varies over time and is reset to zero when an
impact is detected. The latter is done by inspecting both the current measurement
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and a prediction based on past position measurements and setting a threshold on
the difference between the two. Mathematically, the filter can be expressed as

x̂k =

[
q̂k
v̂k

]
=

[
fq(q̃k, wk)
fv(q̃k, wk)

]
, with

wk =

{
min(W,wk−1 + 1), |q̃k −

4
qk| ≤ b or wk−1 < W

0, otherwise

where the subscript k refers to a quantity corresponding to the k-th sample time,
a tilde indicates that it is a measured quantity, and

4
qk is a prediction of position

(cf. Chapter 7). Moreover, fq, fv : RW+1 × N → R are FIR filters for filtering
position, respectively, estimating velocity, that are different for different window
lengths wk and

q̃k :=
[
q̃k−W . . . q̃k−1 q̃k

]
is the moving window consisting of the last W + 1 position measurements, with
W the maximum window length. The event detection threshold is b and the event
detection is in this appendix, contrary to [106] and Chapter 7, only done when the
window is of full length for computational efficiency.

Filter values used in the experiments. We collect here the filter design
choices for the experiments discussed in Section 8.4.3. The functions fq and fv are
chosen to be Least-Squares-Fit (LSF) filters [5] and correspond to fitting a first
order polynomial to the last wk + 1 data samples and evaluating it, respectively,
its first derivative, at the k-th sample time when 1 ≤ wk ≤ 6. For wk > 6, sec-
ond order polynomials are used as basis for constructing the FIR filters. Different
polynomial orders are considered since the order, in relation to the window length,
affects the amount of smoothing [124]. The maximum window length W is cho-
sen 24 and a suitable detection bound is found to be b = 0.008 rad. These filter
design choices are made on the basis of trajectory tracking simulations incorpo-
rating quantization. To illustrate the necessity of accurate velocity estimation, in
the next section, we also consider a second order low pass filter to provide the
velocity information. The characteristic frequency and damping ratio of that filter
are taken 385.3 rad/s and 0.44, respectively, and are (similarly to the JA filter
parameters) tuned to minimize the mean absolute velocity estimation error when
filtering a quantized version of the reference. In the experiments, a sampling time
of h = 1/500 s is considered.

E.2 Robustness to inaccuracies

In this section, the experimental results concerning RS control’s robustness to
inaccuracies in state, impact detection, and model parameters and presented. The
findings are also briefly discussed in Section 8.4.3 of the thesis.
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Inaccurate velocity estimation. The trajectory tracking results starting from
an initial condition x0 = α0 when using the low pass filter discussed at the end
of the previous section are depicted in Figure E.1. The performance measures
p1, p2, and p3 for this experiment can be found in Table E.1. The figure and
table moreover illustrate the results where the JA filter designed above is used
for estimating velocity. The figure shows that the lagged response of the low pass
filter about impact causes peaks in the motor torque. These erroneous inputs in
turn result in larger tracking errors. Despite the deteriorated performance, RS
control still attains fair trajectory tracking and thus seems robust against state
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Figure E.1. Trajectory tracking results using RS feedback (8.3) for characteristic
frequency ωn = 8 rad/s, where the velocity is estimated using a second order low
pass filter (orange) and where it is estimated using jump aware filtering (dark
blue). The (extended) reference trajectory is represented by the (dashed) light
blue line. The bars on top indicate the discrete time j.
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Table E.1. Performance measures for different measurement conditions.

Setting p1 [rad] p2 [Nm] p3 [Nm]
JA filtering 5.48 · 10−3 1.36 · 10−3 1.62 · 10−2

LP filtering 9.23 · 10−3 2.03 · 10−3 5.40 · 10−2

JA with detection delay 1.73 · 10−2 2.70 · 10−3 6.17 · 10−2

estimation inaccuracies.

Impact detection delay. Figure E.2 shows the tracking results where there
is a delay in impact event detection. This is implemented by switching from one
reference branch to the next, 5 samples (i.e. 10 ms) later than indicated by the
JA filter’s detection feature. The settings mimic the practical situation where
accurate velocity estimations are provided e.g. by a hybrid observer [118] and an
ancillary device is used for detecting the impacts. The impact detection delay has
a similar effect on closed-loop results as seen for low pass filtering in the sense that
both cause a mismatch in the times where sudden velocity changes and reference
branch switching occur. Consequently, both imperfections lead to unnecessary
peaks in the motor torque τm and deteriorate performance. These aspects are also
apparent in the performance measures p1, p2, and p3 in Table E.1.

Parameter uncertainty. The tracking results when increasing/decreasing the
identified parameters cg and cI by 30% are depicted in Figure E.3 and Figure E.4,
respectively. We chose to vary those parameters as their contributions to the mo-
tor torque are most significant. As can be expected, the closed-loop responses
deviate from the reference trajectory for the severe model imperfections. Particu-
larly errors in the parameter cg, which enter the control loop in a feedback fashion,
affect the tracking response, see Figure E.4. However, the closed-loop trajectories
remain relatively close to the reference and the number of impacts remains un-
affected. Furthermore, by construction of RS control, no peaking effect appears
in the feedback effort. These aspects support the control methods robustness to
model imperfections.
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Figure E.2. Trajectory tracking results using RS feedback (8.3) for characteristic
frequency ωn = 8 rad/s (dark blue), where the impact detection is delayed by
10 ms. The (extended) reference trajectory is represented by the (dashed) light
blue line. The bars on top indicate the (delayed) discrete time j.
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Figure E.3. Trajectory tracking results using RS feedback (8.3) for characteristic
frequency ωn = 8 rad/s, where the inertia estimate is reduced by 30% (orange)
and where it is increased by 30% (dark blue). The (extended) reference trajectory
is represented by the (dashed) light blue line. The bars on top indicate the discrete
time j.
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Figure E.4. Trajectory tracking results using RS feedback (8.3) for characteristic
frequency ωn = 8 rad/s, where the gravity influence estimate cg is reduced by 30%
(orange) and where it is increased by 30% (dark blue). The (extended) reference
trajectory is represented by the (dashed) light blue line. The bars on top indicate
the discrete time j.
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Modifications

Chapters 2 to 8 are based on conference and journal publications. The modifica-
tions with respect to those publications in forming the thesis content are summa-
rized below. In this, a distinction is made between overall changes affecting each
chapter and the individual amendments in creating Chapters 2 to 8.

Overall modifications

• Sections originally named Conclusion are named Conclusions and discussion
in this thesis.

• Phrases like this work, this paper, and this manuscript are replaced by this
chapter, or this thesis.

• Explicit references to figures that were in the format Fig. are amended to
the style Figure.

• Symbols have been modified for consistency.

• Typographical errors have been corrected.

• The figures have been improved aesthetically and their style is amended for
better coherence. Duplicate figures have been removed and the page number
is included when referring to a figure in a different chapter.

• The abbreviation w.r.t. is written in full.

Modifications Chapter 2

• Instead of calling the introduced control strategy hybrid feedback control, the
method is referred to as reference spreading (RS) based control.

• The extended reference branches α(·, j − 1) and α(·, j + 1) are added in
Figure 2.1 to better illustrate the concept of extended reference trajectory.



200 Modifications

• For clarity, the prase The time τj is introduced to denote... in the Hybrid
feedback control section of [104] is changed into Let τj denote... in the Ref-
erence spreading control section of this chapter.

• The order of x and α in [104, Equations (3), (7)] is swapped in (2.3), (2.7)
for consistency with the reference spreading error.

• The definition and introduction of the set J above [104, Equation (4)] is
removed as this set is not used in the rest of the paper/chapter.

• The expression for the linearized jump gain [104, Equations (12)-(18)] is
modified to be consistent with the related definitions in Chapters 5 and 6.

Modifications Chapter 3

• In the introduction, the phrase ...(previous working location of the third
author)... is changed into ...(previous working location of the third author of
[103] on which this chapter is based)....

• At the beginning of the Hybrid control section, the sentence Consider Figure
3.1. is appended with showing an arbitrary finite state machine. Moreover,
in that same section, the reference to [104] is replaced by a reference to
Chapter 2.

• The order of x andα in [103, Equation (5)] is swapped in (3.5) for consistency
with the reference spreading error.

Modifications Chapter 4

• At the beginning of the reference trajectory generation from motion tasks
section, the reference to an accompanying video is replaced by the video
accompanying [102]. Moreover, at the first step of the reference generation
process explained in that section, the abbreviation CoM is elaborated.

• The color used for indicating free motion mode in the counter bar in Fig-
ure 4.2 is light blue as opposed to red used in [102, Fig. 2]. This change
is made for consistency with color usage for illustrating reference trajectory
related quantities in the other chapters.

• Section 4.5 does not include the sentence The tuned gains are omitted here
due to space restrictions, but can be found in [24, Table 4.3] (cf. [102, Section
V]). Instead, the phrase The tuned gains can be found in Table 4.1 is included
and the gains are provided.
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Modifications Chapter 5

• In the introduction to the chapter, the sentence ...the authors of this paper...
is replaced by ...the authors of [101] (on which this chapter is based)....

• The expression for the jump gain p←aH for a character-3 event is added in
an appendix. This is mentioned in the chapter by adding the sentence The
expression for p←aH for a character-3 event can be found in Appendix B.
above Remark 5.2.

• The order of x and →α in [101, Equation (28)] is swapped in (5.28) for
consistency with the reference spreading error.

• The line The system is simulated using MATLABr ode45 with zero-crossing
detection of the guard functions. is added in the section discussing the sim-
ulation example.

• The conclusion section is expanded as space limitations restricted the length
of the conclusions in [101].

Modifications Chapter 6

• Rather than considering the number of intervals Jx and Jα, the number of
events of the trajectories x and α, denoted by Nx := Jx−1 and Nα := Jα−1,
respectively, are considered.

• The minus sign is taken out of the fraction in (6.25) to better illustrate
that the post-event vector field and time derivative of the jump map are
multiplied by an approximation of the event time difference, cf. [100].

• The proof that the stated assumptions hold for the example in Section 6.4 is
given in Appendix C.5. This proof was not included in [100] as indicated by
the sentence Due to space restrictions, this proof is not included here but it
is available upon request.. The latter is changed into This proof can be found
in Appendix C.5.

• The beginning of the last paragraph is modified from In a series of re-
lated publications, the tracking strategy based on reference extensions has
been given the name of reference spreading control and has been applied...
into In Chapters 3, 4, and 5, reference spreading control has been applied...

Modifications Chapter 7

• In the experimental results section, when discussing the experimental setup,
references to Section 8.4 and the article [107] (on which Chapter 8 is based)
are added.



202 Modifications

• Moreover, in that section, the reference to an accompanying video is replaced
by the video accompanying [106].

• At the end of the Conclusions and discussion section, a brief discussion on
the fixed-position equivalent of JA filtering is added.

Modifications Chapter 8

• The subscript st is used instead of cl to indicate that a quantity is related
to the classic/standard PD control approach. This modification is made
to avoid confusion with the closed loop annotation. To clarify the reason
behind using st, at the beginning of the classic linear feedback control sec-
tion, the phrase The classic linear feedback control is... is modified to The
standard/classic linear feedback control is....

• Some of the design choices in creating the actuated rebounding pendulum
are, contrary to [107], elaborated on in the first paragraph of the Experimen-
tal analysis section.
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