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Onset of centrifugal instability at a rotating cylinder in a stratified fluid
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2Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Netherlands

(Received 6 April 2018; accepted 29 July 2018; published online 16 August 2018)

In this experimental note, we consider the centrifugal instability of a laminar shear layer, generated
by the impulsive start of the rotation of a circular solid cylinder about its vertical axis immersed in
a linearly stratified fluid. The flow is determined by the Reynolds number, Re, based on the cylinder
rotation rate and the cylinder radius, and the Froude number, Fr , represented by the ratio of the
rotation frequency Ω over the buoyancy frequency N. The onset of the instability starts when the
boundary layer reaches a certain thickness. We show for this boundary layer that there is a transition
from the centrifugally unstable regime to a wave-like regime at Fr ≈ 1 and a stable flow below a
critical Reynolds number. We focus on the centrifugally unstable regime Fr ' 1, for which the onset
time and wavelength are predicted by scaling laws that depend on the Reynolds number. Agreement
with the theoretical prediction of Kim and Choi [“The onset of instability in the flow induced by an
impulsively started rotating cylinder,” Chem. Eng. Sci. 60, 599–608 (2005)] in a homogeneous fluid
confirms that the instability of this boundary layer is not modified by the presence of stratification.
These results therefore show that the centrifugal instability of the spin-up boundary is dominated
by inertial motions, suggesting that close lateral boundaries, as in thin-gap stratified Taylor-Couette
flow, increase the effects of buoyancy on the instability and wavelength. Published by AIP Publishing.
https://doi.org/10.1063/1.5033550

I. INTRODUCTION

When a cylinder rotates in a viscous fluid, the ambient
fluid is brought into motion by diffusion of angular momen-
tum. A boundary layer develops with the highest azimuthal
velocity at the cylinder, and at large times, the azimuthal
velocity shows a 1/r decay with radius r. Because of the
unstable gradient in the centrifugal force, Rayleigh’s criterion
predicts the boundary layer to be unstable. When the cen-
trifugal force overcomes the viscous diffusion of momentum,
fluid parcels are ejected to larger radii, and the layer becomes
unstable.

In Taylor-Couette flow, the centrifugal instability gives
rise to the formation of well-known Taylor vortices that fill
the gap width between the two coaxial cylinders (see Ref. 1 or
Ref. 2). In the case of a rotating cylinder in a relatively large
tank (large gap width), vortices are generated of a size related to
the thickness of the boundary layer from which they originate.
The role of the outer wall is small and can be neglected. Within
the frame of reference of the rotating cylinder, this flow is
similar to the one over a convex boundary, and the critical
number can be represented by the Taylor-Görtler number given
by

Tac =
Uθ
ν

√
θ

R
= Re

(
θ

R

)3/2

. (1)

The Reynolds number is defined as Re = ΩR2/ν, with R as
the cylinder radius, Ω as the cylinder rotation, and ν as the
fluid viscosity. The azimuthal velocity is U = ΩR, whereas θ

a)Jan-Bert.Flor@legi.cnrs.fr

represents the momentum thickness.3 The critical Taylor-
Görtler number determines the minimal Reynolds number for
which one may expect instability.

The onset of the instability of the boundary layer has been
studied experimentally4–8 and theoretically7,9 for homoge-
neous fluids. These studies were reviewed by Kim and Choi,7

who compared the experimental results reported in the litera-
ture to their theoretical approach for different ratios η of the
cylinder radius to the radius of the tank. In this approach, the
time is scaled with the viscous growth rate of the boundary
layer, and the wavelength is scaled with the boundary layer
thickness, δ. In this manner, they incorporate the competition
between the growth rate of the instability of the boundary layer
and its increase in thickness. At a critical Reynolds number,
both grow at the same speed and the instability appears after
infinite time such that the onset of the instability can only be
reached asymptotically.

Though the centrifugal instability emerges from a two-
dimensional state, it is a three-dimensional instability which
starts with a vertical variation in the horizontal velocity, imply-
ing eventually vertical motions by continuity. The effect of
stratification on the centrifugal instability has been investi-
gated over a wide range of regimes and in large and small gap
Taylor-Couette flows.10–14 For the wide gap, Caton et al.14

predicted the critical Froude and Reynolds numbers, using
a semi-analytical approach; they showed that with decreas-
ing Froude number, i.e., for strong stratification, the criti-
cal Taylor-number (or Reynolds number) increases and the
observed wavelength decreases. How do the dynamics modify
when there is only a boundary layer near the inner cylinder
and the outer boundary is far?
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Recent studies on the stability of stratified Taylor-Couette
flows have reported new instabilities, and to bring our results
into context, we briefly mention most relevant studies and refer
to these papers for further references. Stratified Taylor-Couette
flows have also been investigated for outer and inner cylin-
ders rotating.15,16 The centrifugal instability occurred in the
counter rotating case, and in the co-rotating case, the strato-
rotational instability was found.17–20 When only the inner
cylinder rotates, this latter instability cannot occur (see Ref. 15
also for further references). Riedinger et al.21 considered a
rotating cylinder in a large tank filled with a stratified fluid,
and being interested in the observation of the radiative insta-
bility, to establish a particular radial velocity profile, use the
rotating cylinder to spin up the fluid.

The present investigation differs from these former studies
in that we consider a very wide gap with a stationary outer wall
that is positioned far away. The cylinder is impulsively set into
rotation giving rise to a thin viscous boundary layer far from the
outer cylinder, which grows in thickness in time due to radial
diffusion. Since the ultimate rotation rate of the cylinder is
reached in less than a single rotation period, the effects of the
initial acceleration can be considered to be smoothed out. We
investigate the instability onset of this boundary layer flow. It
satisfies the Rayleigh criterion

d(v r)2

dr
< 0, (2)

with 3 as the azimuthal velocity, stating that it is everywhere
centrifugally unstable. We investigate the effects of stratifica-
tion on the centrifugal instability of this thin boundary layer
as a function of the Reynolds number Re and the Froude
number Fr .

II. EXPERIMENTS

To investigate the onset of the instability, a circular cylin-
der of radius Ri = 2.5 cm was set in rotation about its vertical
axis in the centre of a circular basin of radius Ro = 37.5 cm and
40 cm working depth. The gap was filled with either a homo-
geneous or a linearly stratified fluid, with salt (NaCl) as the
stratifying agent, and tap water was used as the working fluid.
The value of the viscosity ν was corrected for the salt-content.
The upper surface was free. For the stratification, the double-
bucket filling method22 was used, and after filling, the density
stratification was measured by siphoning off samples at dif-
ferent heights and measuring the density with an Anton Paar
densometer. The experimental flow parameters are represented
in Table I.

The flow was visualised either with the precipitation
method23 or with the shadowgraph method. For the precip-
itation method, a vertical groove in the cylinder of 0.5 mm
width was filled with a 0.5 mm diameter tin solder wire such
that the variation in the cylinder radius was smaller than about
0.2 mm. The tin wire was connected to the anode of a direct cur-
rent power supply, and a copper plate was placed as a cathode
at the fluid surface at the edge of the tank. Oxidised tin was
generated when the power supply was turned on just before
starting the rotation of the cylinder and served as dye within
the shear layer. The flow was illuminated with a light sheet

TABLE I. Experimental parameters of the shadowgraph experiments. In
addition, the ranges of Froude and Reynolds numbers are indicated. In exper-
iments C, D, and E, the rotating cylinder was covered with non-rotating
aluminum foil over a depth of, respectively, 4 cm, 2 cm, and 1 cm. In experi-
ments C-J, the ratio η = Ri/Ro is 1/15, and in experiments A and B, the tank
width amounted 40 cm so that η = 1/20 and 1/10, respectively.

Experiment N (rad/s) Ri (cm) Ro (cm) Fr = Ω/N Re = ΩR2

ν

A 0 0.5 14.5 . . . 67–131
B 0 1.0 14.5 . . . 304–524
C 0.99 2.5 37.5 0.51–2.05 314–1268
D 1.07 2.5 37.5 0.53–0.88 353–589
E 1.26 2.5 37.5 0.65–1.10 392–658
F 1.29 2.5 37.5 0.55–1.22 445–983
G 1.42 2.5 37.5 0.50–1.11 445–983
I 1.57 2.5 37.5 1.02–7.13 1000–7000
J 1.84 2.5 37.5 0.39–0.86 445–983

generated by a slide projector or a Verdi Coherent 532 nm
laser sheet. In case if the flow was stratified, the shadow-
graph technique was used. Recordings were taken with a 60 Hz
Dalsa-B&W camera and allowed for the measurement of the
critical time and wavelength of the unstable boundary layer at
the cylinder. Table I shows that the Froude number, defined as
Fr = Ω/N, with N as the buoyancy frequency N2 = −

g
ρ

dρ
dz ,

varies over a range between 0.4 and 7, whereas the Reynolds
number, Re = ΩR2

i /ν, is varied from 150 to about 7000.

III. THE FLOW GENERATED BY A ROTATING
CYLINDER

The velocity profile at the onset of instability is deter-
mined by the viscous diffusion of vorticity from the boundary.
The solution of the linear diffusion equation on a cylindrical
and infinite domain was found by Mallick.24 Kim and Choi7

calculated this relation for a finite domain and found a velocity
profile of the form [Eq. (10) in Ref. 7]

v

ΩRi
=
η

ζ

(
ζ2 − 1

η2 − 1

)
+
∞∑

i=0

Q(λi, η)

[
J1(λi

ζ

η
)Y1(λi)

− J1(λi)Y1(λi
ζ

η
)

]
e−λ

2
i τ , (3)

with J1 and Y1 as the first order Bessel functions of the first
and second kind, respectively, and the scaled parameters are
defined as ζ = r/R0, τ′ = νt/Ri2, and inner-outer cylinder ratio
η = Ri/R0. The function Q(λi, η) is defined as

Q(λi, η) = π*
,

[
J1(λi)

J1(λi/η)

]2

− 1+
-

−1

, (4)

with the λi as the roots of

J1(λ/η)Y1(λ) − J1(λ)Y1(λ/η) = 0. (5)

Figure 1 shows the different velocity profiles as a function of
the scaled radius for the different values of the scaled time
τ = tν/R2

i . The flow is uniform over the depth of the rotating
cylinder with zero velocity near the top and the bottom where
the cylinder is shielded. During the time when the onset of
the instability develops, the velocity profile tends to zero at a
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FIG. 1. Scaled velocity profiles at different instants for a rotating cylinder in
a finite domain given by Eq. (3): (a) linear and (b) log-log. The range of τc
corresponds to those in Fig. 4. The radius is Ri = 2.5 cm, and the Reynolds
number is 521.

large distance from the outer boundary at r/Ri = 17 so that the
influence of the outer boundary can be considered negligible.

Supposing an initially axisymmetric flow in cyclostrophic
and hydrostatic balance, i.e.,

v2

r
=

1
ρ

∂p
∂r

, 0 =
1
ρ

∂p
∂z

+ g, (6)

we learn that ∂p
∂r > 0, i.e., the pressure increases with the radius.

The lower pressure near the cylinder causes the suction of fluid
from the bottom and top boundaries where the velocity is close
to zero. In the Boussinesq approximation and supposing that
the centrifugal acceleration is much smaller than the gravita-
tional one, we obtain after cross-differentiation of Eq. (6) with
ρ = ρ0(z) + ρ′(r, z), with R for the length scale, V =ΩR for the
velocity scale, and Froude number Fr =Ω/N, the cyclostrophic
balance in nondimensional units,

F2
r

1
r
∂v2

∂z
= −

∂ρ′

∂r
∂ρ0
∂z

. (7)

The rhs-term indicates the slope ∆z
∆r of the density surfaces

ρ′(z) due to the centrifugal force. When the cylinder starts
to rotate from rest, one may expect a large jump in velocity
3 over a short distance z at the edges of the cylinder where
the ambient fluid is at rest. This causes accordingly an initial
slope of the density surfaces, which relaxes somewhat when
the velocity profile diffuses laterally and vertically with time.
Even though this abrupt start of the cylinder causes a relatively
strong vertical motion near the cylinder, the instability starts
considerably later. Thus, the initial finite perturbation does not
trigger the onset of the instability, as was already clear from
the onset time being entirely inert to the end-conditions of
the cylinder, as mentioned earlier. However, in view of the
inevitable deformation of the density surfaces near the top and
bottom edges of the cylinder, we may expect that the instability
onset is nevertheless near these cylinder ends.

IV. OBSERVATIONS

After having filled the tank with a linearly stratified fluid
and the fluid had come to rest, the cylinder was set into rotation
at t = 0, and a thin boundary layer of rotating fluid developed
at its rim.

For Froude numbers of approximately Fr > 1, the exper-
iments showed a flow evolution that is typical for centrifugal
instability (see Fig. 2). Shortly after the onset of the instabil-
ity at the cylinder ends, the instability grows with a regular
wavelength over the entire length of the cylinder [Fig. 2(b)].
The intrusions increased in amplitude with an equal rate over
the entire cylinder height, leading to mushroom-shaped excur-
sions [Fig. 2(c)], whereas the subsequent merging of these
structures gave rise to larger structures that mix the stratifica-
tion over a certain height, with their intrusion in the ambient

FIG. 2. Shadowgraph visualisation (af-
ter background subtraction) of the
onset of the centrifugal instability for
t = 0.32, 0.64, 0.96, and 1.92 s after the
start of the cylinder rotation for Fr > 1.
The noise near the top is due to
dust at the surface. Experiment C with
Fr = 2.05 and Re = 1268.



084103-4 Flór et al. Phys. Fluids 30, 084103 (2018)

stratification generating internal waves [Fig. 2(d)]. For higher
Re-numbers, the instability is almost instantly present over the
entire cylinder height.

For Froude numbers of approximately Fr < 1, at the onset
time of instability, tc, a helicoidal structure in the dye was
observed to propagate upwards (downwards) from the bottom
(top) of the tank to the center (see Fig. 3). This motion was also
notable in shadowgraph visualisations from the asymmetry
between the left and right sides of the cylinder. The three-
dimensional aspects of this motion are only visible with the
precipitation method.

The recirculation patterns at larger distances from the
cylinder, starting after the passage of the wave front, are only
present near the bottom stem from the vertical motion near the
cylinder. Tin-oxide is heavier than the ambient salt water and
sinks along the cylinder before the experiment started, caus-
ing a dense blob of dyed fluid near the bottom [see Fig. 3(a)].
Scrutinising the dye intensity in the images shows that it is
moving upward [see Figs. 3(b) and 3(c)] as a consequence of
possible Bödewadt pumping induced by the rotational motion
above the bottom. Note that in this experiment the cylinder
ends are not shielded with aluminum foil. The Grashof num-
ber, Gr = N2ζ4/ν2 with ζ as the height (10 cm), indicates when
buoyant motion becomes turbulent (at ≈109, see, e.g., Ref. 25)
and reaches, for N = 1.57 rad/s, a value of 2× 108, whereas the
dense tin-oxide may result in an even higher Grashof number.
Though still far from the turbulent threshold of 109, the weak
recirculation motions observed here may well be expected in
this range of the Grashof number.

To constrain perturbations generated by the radial ejec-
tion of the fluid near the flat cylinder ends and perturbations
at the fluid surface, in some experiments, the cylinder was
covered over a certain height above the bottom and near the
surface with a thin aluminum foil that did not rotate. Thus the
fluid was only in contact with the rotating cylinder over a cer-
tain depth (typically 30 cm). The velocity discontinuity where
the rotating cylinder meets the non-rotating aluminum shield
resulted in a small perturbation [see Fig. 2(a)]. This perturba-
tion remained local and did not grow before the onset of the
instability.

FIG. 3. Typical sequence of the wave regime Fr < 1, visualised with the
precipitation method23 (a) before the onset of instability and with (b) t = 69.3 s
and (c) at 125 s, showing the up- and down-ward moving helicoidal structure
in the dye. In (c), light reflections on the tank walls of an additional lamp have
been retouched. Experimental parameters: Fr = 0.53 and Re = 521.

The onset time of the instability, tc, was marked by the
appearance of a second “intrusion” above (and near the surface
below) the initial perturbation shown in Fig. 2(a). For Fr < 1,
the evolution was slow and the instability was found to start
typically after tens to hundreds of seconds. For each stratifi-
cation, the measurement of the onset time was repeated two
to three times, and it was measured with a camera taking pic-
tures with a frequency of 10 Hz. Differences in onset time were
mainly determined by the clearness of the appearance of the
first moving perturbation along the cylinder. These were mea-
sured by eye from frame to frame and verified from space-time
diagrams of a line near the cylinder. Using the evolution of the
instability propagating along the cylinder, the initial start of
the instability was deduced. This error was 4%, corresponding
to ±4 images (±0.4 s) for onset times O(10) s and a maximum
of 40 images (±4 s) for very large onset times of O(100) s.

Surface waves were not found to interact with the flow. In
a study on a large-gap Taylor-Couette flow filled with a homo-
geneous fluid by Martı́nez-Mercado et al.,26 it was shown for
an accelerating cylinder that surface gravity waves interacted
with the inertial waves in the spun-up fluid layer, and for a
specific ratio between inertia wave speed and gravity wave
speed, gave rise to a wave interaction and instability. In some
experiments where the rotating cylinder was not covered by
the aluminum shield, the radial ejection at the cylinder ends
led to a more important perturbation as well as some weak
surface perturbations but neither modified the onset time nor
the wavelength of the instability.

The wavelength of the instability was calculated from the
mean wavelength of the wavelengths over the entire cylinder
[see Fig. 2(b)], and the standard deviation in the measurements
was generally small (typically 3%).

V. RESULTS

For lower Reynolds numbers (see Ref. 5), the perturba-
tions grow from the center of the cylinder. The dimensionless
onset time τc = νtc/R2 for the start of the instability was mea-
sured from series of experiments in which the rotation of the
cylinder was varied for the same stratification (see Table I).
The critical time τc for the onset of the instability is plot-
ted against the Reynolds number in Fig. 4. A first estimation
for a power law can be obtained from the definition of the
Taylor-Görtler number given earlier. When we suppose a lin-
ear velocity profile in the boundary of the cylinder, one obtains
with a boundary layer thickness δ =

√
πνt for the momentum

thickness θ =
√
πνt/6. With (1), the critical time as a function

of the Reynolds number is then

τc =
36
π

Re−4/3
c Ta4/3

c . (8)

The Taylor-Görtler number Tac is used as a fitting parameter.
The value of Tac = 5 is of the same order as the value Tac = 7,
obtained for Görtler vortices.3 This value is dependent on the
way the momentum thickness is defined. The fit of Kim and
Choi7 [their Fig. 7(a)] shows that, for large Reynolds number,
their value is very close to our value of 5. The tendency of
increasing onset time near the critical Reynolds number of
order O(10) is well represented by the theory of Kim and Choi7

(see Fig. 4).
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FIG. 4. Onset time τc of instability as a function of the
varied Reynolds number Re, with the theory of Kim and
Choi7 for η = 1/48 (the line for η = 1/10 is indistinguish-
able) (dashed line), Eq. (2) with Tac = 5 (straight line).
The critical Reynolds number for the onset in stratified
fluids is indicated by the dotted line. Experimental data:
see Table I.

The results for the wavelength, λ/R, as a function of the
Reynolds number, Re, are shown in Fig. 5, and they show a
Reynolds dependent power law. Again the wavelength agrees
well with the theory for homogeneous flows of Kim and Choi7

(see Fig. 5). The wavelength is expected to scale with the
boundary layer thickness. With the critical values for Tac and
λ obtained from the theory of Kim and Choi7 for a rotat-
ing cylinder, we obtain with our scaling for the momentum
thickness

λ

R
=
λ

θ

θ

R
= 34 Re−2/3, (9)

as shown by the dashed line in Fig. 5, showing a reasonably
good agreement in the range of 400 < Re < 2000. The scatter
around Re ∼ 500 corresponds to the smaller wavenumber with
the Reynolds number near the critical Re-number ≈300.

For Fr < 1, the flow is observed to be wave-like and there is
no centrifugal instability as for Fr > 1. The wavelength in this
regime depends only on the cylinder rotation (see Fig. 5) and is
independent of the stratification, supposing inertial waves. In
this regime, the onset time increases much faster with decreas-
ing rotation (∼Re-number) than in the centrifugally unstable
regime (see Fig. 4). Near ≈ 300, a threshold Reynolds-number

FIG. 5. Wavelength as a function of the Reynolds num-
ber, with the lines from Fig. 1 in the work of Kim and
Choi7 for N = 0 (see the legend to Fig. 4). Experimental
data: see Table I.
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is reached below which the flow is stable, suggesting the pres-
ence of viscous effects that suppress the motion. The dynamics
of these waves and the underlying mechanism of the instability
remain to be explained.

VI. CONCLUSION AND DISCUSSION

The experiments show that a rotating cylinder spins up
a boundary layer, which becomes centrifugally unstable for
Fr > 1 when it has reached a critical thickness. The onset
time and wavelength of this instability are both determined
by the thickness of this boundary layer, which depends on the
viscous diffusion time from the cylinder. Perturbations at the
cylinder ends and also stratification of the interior therefore do
not modify the onset time nor the corresponding wavelength.
These conclusions are strengthened by the good comparison
of the data with the analytical-numerical results for the onset
time in a homogeneous fluid by Kim and Choi.7

This flow is different from the stratified Taylor-Couette
flow of Caton et al.,14 with η = 3/4. In their experiments, the
outer boundary at r/Ri = 1.33 is relatively near (see Fig. 1) so
that for almost all onset times the velocity profile has reached
the outer boundary. As a consequence, the outward motion due
to the centrifugal instability causes, by continuity, a vertical
return flow that in the presence of a stratification is opposed by
buoyancy. Thus a smaller wavelength was found for stronger
stratifications.

Wave regimes (for Fr < 1) in similar flows driven by a
rotating cylinder have also been observed by Caton et al.,14

and by Riedinger et al.21 in a stratified fluid that was spun
up with a rotating cylinder. In the work of Caton et al.,14 an
oscillatory motion between viscous and buoyancy effects was
observed, whereas Riedinger et al.21 compared their results
with the radiative instability. In both these studies, the wave-
length depended on the Froude number and therefore on the
stratification. In the present study, the dominant dependence on
the rotation rate and the absence of an effect of the stratification
on the wavelength suggest that inertial waves in the boundary
layer dominate the observed wave regime. The details of this
flow regime, its transition at Fr ≈ 1, and its relation to the
oscillatory instability14 and the radiative instability21 concern
a question that goes beyond the scope of this short note and
will be dealt with elsewhere.
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