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Chapter 1

Introduction

This first section of this thesis aims to provide a general overview of various recurring
themes in this work. As the title of the thesis suggests, all subjects treated here involve
interfacial effects at mesoscopic length scales, but this definition still covers a vast
range of seemingly disparate topics. The topics that are treated in this thesis are either
focused on improving the fundamental understanding of emulsions, or have been
chosen with an aim towards particular applications, which will be mentioned below.
With this in mind, it is hoped that this section will give the reader an idea of how this
thesis fits into the bigger scientific picture. The original content of this thesis is mostly
based on the work presented in the publications listed on page 173f.

1.1 Motivation

1.1.1 Complex fluids on the mesoscale

Simple fluids are familiar to everyone: everyday examples such as a glass of water (a
liquid) or the very air we breathe (a gas mixture) are common and numerous. Not
only are their compositions relatively simple, they also respond in relatively simple
ways to external effects and their physical properties are generally well-known and
well-understood.1 In contrast, even though some complex fluids are also familiar to
everyone, their properties might be surprising, and the underlying physics is often
non-trivial and in need of more research. For example, water will resist flow the same
when it is being driven strongly as when it is being driven weakly, i.e. it has a viscosity
which does not depend on shear stress. Compare this to a complex, non-Newtonian
fluid like blood, or paint. When it is being applied it should “flow” off the brush easily,
but once it’s on the wall it should not drip. This phenomenon is called shear thinning.2

Conversely, shear thickening3,4 also exists and it has its own famous example material:

1G.K. BATCHELOR. An Introduction to Fluid Dynamics, 2000.
2N.J. WAGNER and J.F. BRADY. Phys. Today, 62: 27, 2009.
3R.G. GREEN and R.G. GRISKEY. T. Soc. Rheol., 12: 13, 1968.
4R.G. GREEN and R.G. GRISKEY. T. Soc. Rheol., 12: 27, 1968.

1
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2 Chapter 1. Introduction

corn starch in water. A corn starch suspension will resist flow more strongly at high
shear stress, which allows “running on water”: someone sprinting across a pool of
water and corn starch will not sink; the impact of the runner’s footsteps will locally
partially solidify the mixture for as long as the shear stress exists. Attempting to take
a leisurely walk across the same pool, however, will leave the stroller floundering, as
the impact of the footsteps will be much weaker. Recent study has shown that this
well-known example may be based on a different, but related effect, namely jamming
of the particles.5

Why do complex fluids exhibit these counter-intuitive properties? No one single
reason can be given, but they have one thing in common: complex fluids are actually
mixtures in which two phases co-exist. The interactions between the phases give
rise to complicated behaviour. The complex-fluid systems studied in this work are
liquid-liquid systems (emulsions6) and solid-liquid systems (suspensions, particle-
stabilized emulsions7–9), which both have many interesting variations and properties.
Further examples of types of complex fluids are a gas phase combined with a solid
phase (granular materials10) or a gas phase combined with a liquid phase (foams11,12).
These latter types of complex fluids, although they provide an interesting field of study,
fall outside the scope of this thesis. All four combinations give rise to complicated,
interesting, and potentially useful physics.

Mesoscale physics, as the name suggests, comprises the physical effects that are rele-
vant at length scales larger than the microscale yet smaller than the macroscale. In
this context, relevant length scales are usually taken to between nanometres and mi-
crometres. Properties of complex fluids generally cannot be explained by studying
them only on a macroscopic level, while the behaviour of individual molecules still
averages out to some continuum properties. This makes a detailed study of individual
molecules unnecessary in the context of complex fluids. However, interfaces in particu-
lar are important and need to be resolved (e.g. droplets in a micro- or nanoemulsion),
as well as any solid objects that might be present (e.g. nanoparticles of 1 to 100
nanometres). Both of these exist at this mesoscopic scale, and are abundantly present
in emulsion-like systems, which we will discuss below.

1.1.2 Enhanced oil recovery

Enhanced oil recovery is an example of a tertiary recovery method. It comprises
techniques used to improve the production rate or the fraction of oil that is produced
from oil fields.13,14 Primary recovery is driven by naturally occuring effects, such as
gravity forcing oil down to lower parts of the reservoir, where the oil is produced, or
expansion of the gases dissolved in the crude oil. Primary recovery normally accounts

5S.R. WAITUKAITIS and H.M. JAEGER. Nature, 487: 205, 2012.
6B.P. BINKS. Annu. Rep. Prog. Chem., Sect. C: Phys. Chem., 92: 97, 1995.
7J. LYKLEMA. Fundamentals of Interface and Colloid Science, 1991.
8M. RUSSEL et al. Colloidal Dispersions, 1992.
9P. CHAIKIN and T. LUBENSKY. Principles of Condensed Matter Physics, 1997.

10J. DURAN. Sands, Powders, and Grains: An Introduction to the Physics of Granular Materials (Partially Ordered Systems), 1999.
11D. WEAIRE and S. HUTZLER. The Physics of Foams, 2001.
12A. CERVANTES MARTINEZ et al. Soft Matter, 4: 1531, 2008.
13L.W. LAKE. Enhanced Oil Recovery, 1996.
14A. SHAH et al. Energ. Environ. Sci., 3: 700, 2010.
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1.1. Motivation 3

(a) (b)

Figure 1.1: Examples of the phases of particle-stabilized emusions: the Pickering
emulsion (fig. 1.1a) and the bijel (fig. 1.1b). In a bijel, a single interface between two
continuous fluids (as opposed to having separate droplets of one fluid) is covered and
stabilized by particles.

for the production of 5% to 15% of the oil present in the reservoir. Secondary recovery
aims to improve this percentage by injecting fluids to increase the pressure in the
reservoir. Examples of this include injection of water, or re-injection of natural gas.
These techniques typically raise the produced oil percentage to around 40%. Tertiary
oil recovery comprises a large number of methods, which may not always be applied
effectively to all oil fields. These methods include injection of steam in order to raise
temperatures to reduce the viscosity of the oil,15 carbon dioxide flooding to achieve
the same and displace the oil,16 or injection of surfactants to lower the surface tension
of the water-oil interfaces.17,18 In this thesis we aim to improve the understanding of
the fundamental physics involved in some of the processes relevant to oil production,
and suggest novel techniques to improve these processes.

1.1.3 Emulsions

Traditional emulsions consist of an oil-like liquid and a water-like liquid, together with
an additional third component: a surface-active agent, or surfactant for short. These
surfactants often take the form of amphiphilic molecules. Amphiphiles are chemical
compounds which have both hydrophilic and hydrophobic properties, restricted to
specific groups of the molecules. For example, most surfactants are characterized
by their hydrophilic “head” and hydrophobic “tail” groups, through the hydrophilic-

15R.M. BUTLER. Thermal Recovery of Oil and Bitumen, 1991.
16M. BLUNT et al. Energ. Convers. Manage., 34: 1197, 1993.
17L.L. SCHRAMM. Surfactants: Fundamentals and Applications in the Petroleum Industry, 2000.
18G.J. HIRASAKI et al. Energ. Fuel., 25: 555, 2011.
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4 Chapter 1. Introduction

lipophilic balance number. When surfactant molecules are located at the fluid-fluid
interface the possibility exists for both parts of the molecule to reside in their preferred
fluid. This makes it energetically favourable for them to accumulate at the interface,
with a distinct alignment. Their presence at the interface breaks the hydrogen bonds
that keep the fluid molecules bound together and this process lowers the interfacial
tension and prevents the demixing of two immiscible fluids. As such, it gives rise
to the possibility of complicated structures, such as micelles and lamellae, gyroid
mesophases and the aforementioned emulsion droplets.19–24 A common example of
these emulsion droplets can be found in mayonnaise, where the egg yolk contains
lecithin, an emulsifying agent; in this case, lecithin acts as a molecular surfactant.

To form emulsions we are not limited to the use of surfactants: emulsions can also
be stabilized by larger entities such as nanoparticles.25 The nanoparticles adsorb to
the oil-water interfaces and stabilize them, even on very long time scales. This is
achieved through the lowering of the surface free energy, although, unlike in the
case of surfactants, the interfacial tension remains unchanged. Particle-stabilized
emulsions are often employed in cosmetics, but food and oil industries are also ex-
ploiting the unique properties of these emulsions.26,27 Using nanoparticles can have
many advantages, such as reduced cost and toxicity and the possibility of tailor-made
nanoparticles. These may exhibit useful properties other than being an emulsifier, such
as ferromagnetic particles,28,29 Janus particles (particles with non-homogeneous sur-
face properties),30–33 or particles with nonspherical geometries34–37 (which introduce
additional geometrical degrees of freedom). Although the effects of both emulsifiers
can be similar, the underlying physics is very different.25,38 One can also combine
surfactants and nanoparticles in emulsion systems to achieve interesting effects, such
as preventing droplets from reaching their spherical equilibrium shape.39

When particles are used to stabilize an emulsion of discrete droplets of one fluid sus-
pended in another—continuous—fluid, the result is known as a “Pickering emulsion”,
independently discovered by Ramsden and Pickering.40,41 Long-term stablility of such
emulsions is endangered by Ostwald ripening,42–44 which is one of the main processes
leading to drop coarsening in emulsions. The addition of nanoparticles blocks this

19G. GOMPPER and M. SCHICK. In: Phase Transitions and Critical Phenomena, 1994.
20H. CHEN et al. Proc. R. Soc. Lond. A, 456: 2043, 2000.
21N. GONZÁLEZ-SEGREDO and P.V. COVENEY. Europhys. Lett., 65: 795, 2004.
22J. HARTING et al. Phil. Trans. R. Soc. A, 363: 1895, 2005.
23G. GIUPPONI et al. Europhys. Lett., 73: 533, 2006.
24K. LETCHFORD and H. BURT. Eur. J. Pharm. Biopharm., 65: 259, 2007.
25B.P. BINKS. Curr. Opin. Colloid Interface Sci., 7: 21, 2002.
26E. DICKINSON. Curr. Opin. Colloid Interface Sci., 15: 40, 2010.
27D.A. PINK et al. Food Struct., 1: 71, 2014.
28S. MELLE et al. Langmuir, 21: 2158, 2005.
29E. KIM et al. Langmuir, 26: 7928, 2010.
30B.P. BINKS and P.D.I. FLETCHER. Langmuir, 17: 4708, 2001.
31R. AVEYARD. Soft Matter, 8: 5233, 2012.
32A. KUMAR et al. Soft Matter, 9: 6604, 2013.
33D.J. BELTRAN-VILLEGAS et al. Soft Matter, 10: 4593, 2014.
34H. LEHLE et al. Eur. Phys. J. E, 26: 151, 2008.
35B. MADIVALA et al. Langmuir, 25: 2718, 2009.
36J. VERMANT. Nature, 476: 286, 2011.
37F. GÜNTHER et al. Soft Matter, 10: 4977, 2014.
38S. TCHOLAKOVA et al. Phys. Chem. Chem. Phys., 10: 1608, 2008.
39M. CUI et al. Science, 342: 460, 2013.
40W. RAMSDEN. Proc. R. Soc. London, 72: 156, 1903.
41S.U. PICKERING. J. Chem. Soc., Trans., 91: 2001, 1907.
42W. OSTWALD. Analytische Chemie, 1901.
43P.W. VOORHEES. Annu. Rev. Mater. Sci., 22: 197, 1992.
44P. TAYLOR. Adv. Colloid Interfac., 75: 107, 1998.
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process, and thus allows for the creation of emulsions with extremely long lifespans.
Regardless, the emulsions are only kinetically stable, not thermodynamically. The
nanoparticles are also a source of complex rheology due to their irreversible adsorp-
tion to the interface, interface bridging because of particle monolayers, and their own
complicated dynamics.45–48 More recently, the use of nanoparticles has led to the dis-
covery of the “bicontinuous interfacially jammed emulsion gel”, commonly referred
to as “bijel”. This phase was first predicted by numerical simulations49 and later con-
firmed experimentally.50,51 In a bijel, a single interface between two continuous fluids
(as opposed to having separate droplets of one fluid) is covered and stabilized by
particles. Examples of these emulsions are shown in fig. 1.1. The effect of parameters
such as fluid-fluid ratio and particle wettability on the final phase such a mixture
transforms into has been investigated numerically.52–55

The differences between the behaviour of amphiphiles and nanoparticles and between
their underlying mechanics as described above ensure that many properties of systems
including nanoparticles cannot be explained by theories based solely on the physics of
amphiphiles. For nanoparticle-stabilized systems, new models have been developed
(and verified experimentally), which take into account the features of these systems
that have no analogue in surfactant systems, such as the contact angle and shape of the
nanoparticles, the strong capillary forces between the particles at an interface, or the
pH value and electrolyte concentration of the solvents.56–60 Quantitatively, however,
the description of these systems still is far from complete. To properly understand
the behaviour of large-scale mixtures with many complex interfaces, such as Pickering
emulsions and bijels, one first needs a fundamental understanding of the processes
involved on smaller scales. Research has been performed to understand in detail
how the presence of a single nanoparticle61 or the collective behaviour of multiple
nanoparticles35,37,62–67 affects a fluid-fluid interface, which aids in the understanding
of emulsions. In the field of enhanced oil recovery, nanoparticles can be seen as an
alternative to emulsification by surfactant injection. As an example of how nanoparti-
cles can be a better choice, charged nanoparticles can be used to detach oil droplets
more efficiently.68 This property is not easily bestowed upon molecular surfactants.

45S. ARDITTY et al. Eur. Phys. J. E, 11: 273, 2003.
46S. ARDITTY et al. J. Colloid Interf. Sci., 275: 659, 2004.
47B.P. BINKS et al. Langmuir, 21: 5307, 2005.
48L.L. DAI et al. Scanning, 30: 87, 2008.
49K. STRATFORD et al. Science, 309: 2198, 2005.
50E.M. HERZIG et al. Nat. Mater., 6: 966, 2007.
51P.S. CLEGG et al. Langmuir, 23: 5984, 2007.
52E. KIM et al. Langmuir, 24: 6549, 2008.
53F. JANSEN and J. HARTING. Phys. Rev. E, 83: 046707, 2011.
54S. ALAND et al. Phys. Fluids, 23: 062103, 2011.
55F. GÜNTHER et al. Comput. Fluids, 80: 184, 2013.
56R. AVEYARD et al. Adv. Colloid Interfac., 100-102: 503, 2003.
57B.P. BINKS and T.S. HOROZOV. Colloidal Particles at Liquid Interfaces, 2006.
58J. GUZOWSKI et al. Phys. Rev. E, 84: 031401, 2011.
59H. FAN and A. STRIOLO. Soft Matter, 8: 9533, 2012.
60I. KALASHNIKOVA et al. Soft Matter, 9: 952, 2013.
61J. DE GRAAF et al. J. Chem. Phys., 132: 164902, 2010.
62F. BRESME and M. OETTEL. J. Phys. Condens. Matter, 19: 413101, 2007.
63J. BLEIBEL et al. Phys. Rev. Lett., 107: 128302, 2011.
64J. BLEIBEL et al. Eur. Phys. J. E, 34: 125, 2011.
65J. BLEIBEL et al. Soft Matter, 10: 2945, 2014.
66J. BLEIBEL et al. Eur. Phys. J.-Spec. Top., 222: 3071, 2013.
67L.M.C. SAGIS. Phys. Rev. E, 88: 022150, 2013.
68F.-C. WANG and H.-A. WU. Soft Matter, 9: 7974, 2013.
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1.1.4 Porous media

A porous medium is a material characterized by the presence of holes, or “pores”.
These pores are usually surrounded by a solid and can be filled with a gas or a liquid.
In nature one can find many examples of porous media, such as rocks (e.g. in oil
reservoirs or aquifers), or biological tissues such as bone or wood. The behaviour of
multiphase flow in porous media is of particular interest to petrophysics, but many
aspects of it are as of yet only understood in broad terms, and not always founded on
a thorough understanding of the fundamental physics involved.69,70 Many variations
of man-made porous media exist; for example, porous media form the basis of many
types of reactors, filters, or fuel cells,71–75 and are very important in civil engineering
(e.g. concrete, asphalt). In addition to more traditional methods, porous media
can also be created through the use of self-assembly processes, such as the use of
ternary polymer blends,76 or zeolite nanocrystals,77 which allow the creation of ordered
pore structures at the macro- and microscale. Coated gold particle monolayers have
been shown to function well as ultra-thin filtering mechanisms,78 while retaining the
necessary mechanical stability. As another example, structures that can be used as
filters can also self-assemble magnetically.79 We will show that self-assembly through
the use of an intermediate emulsion state can result in highly tunable systems, which
can be optimized for various purposes.80 It is advantageous to be able to create a
catalyst or filter directly at a location that is hard to access, and where fine-grained
control over an assembly process is necessarily absent, e.g. in underground pipes.
In two-phase flow with suspended particles, we find all ingredients for making an
emulsion. If one of the fluid phases contains an additional component that can be
triggered—be it chemically, photochemically, thermally, or in some other fashion—to
solidify, a geometry can be created in a remote location by supplying the ingredients
(and trigger) from far away. This can also be achieved by modifying the solid particles
to be able to adhere to each other after a trigger, such that the covered interfacial area
transforms into a particle scaffold. In this way a different type of structure is created,
with greatly enhanced porosity.

1.1.5 Electrostatic effects

For many systems, the presence of electric charges can have a profound effect, such as
in liquid coating processes,81 in aids for oil recovery,68,82 the production rate of oil by
changing the salinity of the injected fluids,70 and even on the safety of various processes

69S. BERG et al. Transport Porous Med., 74: 275, 2008.
70S. BERG and A.W. CENSE. Petrophysics, 51: 314, 2010.
71A.N. PESTRYAKOV et al. Appl. Catal. A - Gen., 227: 125, 2002.
72I.-K. SUNG et al. Adv. Funct. Mater., 15: 1336, 2005.
73Z.A. KUZNAR and M. ELIMELECH. Colloid. Surface. A, 294: 156, 2007.
74J. WILSON et al. Nat. Mater., 5: 541, 2006.
75H.-Y. CHEN et al. Scripta Mater., 61: 52, 2009.
76B.H. JONES and T.P. LODGE. Polym. J., 44: 131, 2012.
77L. HUANG et al. J. Am. Chem. Soc., 122: 3530, 2000.
78J. HE et al. Nano Lett., 11: 2430, 2011.
79D. ISSADORE et al. Lab Chip, 11: 147, 2011.
80M.N. LEE and A. MOHRAZ. Adv. Mater., 22: 4836, 2010.
81C.W.J. BERENDSEN et al. Soft Matter, 9: 4900, 2013.
82C. HOLM et al., eds. Electrostatic Effects in Soft Matter and Biophysics, 2000.
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in the petroleum industry.83 Charged colloids also present an interesting subject that
has been treated in various experimental and numerical works.8,84,85 One particular
example of how electric charges can be very relevant in mesoscale physics is the case
of electro-osmotic flow in chemically patterned channels, in particular those having
superhydrophobic stripes or patches on the walls.86,87 When a fluid containing free
ions (but which is overall still neutral) is placed adjacent to an electrically charged
wall, the well-known electrical double layer is formed: assuming (without loss of
generality) that the wall carries a positive charge, negative ions will migrate towards
the wall, screening the effect of the wall charge. They in turn will attract a surplus
of positively charged ions, and so on. This effect gets progressively weaker as the
distance to the wall gets larger, with a characteristic length scale called the Debye
length. However, a net effect remains, and the fluid will locally no longer be neutral.
This inhomogeneity can be exploited by applying an external electric field parallel to
the wall. Electrostatic forces exerted on the charged fluid are now locally non-zero,
causing fluid flow. Depending on this layout of the channel, the fluid flow profile may
differ. This eletrically induced flow is called electro-osomotic flow, and is useful in,
for example, microfluidic lab-on-a-chip devices, where fluids can be transported with
high precision on small scales without relying on mechanical moving parts.88–90

Just as nanoparticles used to stablilize an emulsion can exhibit a non-trivial wetting
behaviour, stationary walls can also exhibit this property. Such walls can then in-
fluence fluid flow in ways other than only through their geometry. The concept of
hydrophobicity can be taken to an extreme, which is called superhydrophobicity. This
property is often defined in terms of the contact angle, which takes on values larger
than 150◦.91–94 The most well-known occurence of this effect in nature is the water-
repellent properties of the lotus leaf, which also gives its name to the “lotus effect”, in
which a water droplet will retain an almost spherical shape and freely roll off a tilted
surface without being pinned to it. Similarly, very hydrophobic particles can be used
to coat a fluid droplet, creating a so-called “liquid marble”.95 These water-repellant
effects are typically caused by a particular roughness of the walls or particles on the
nanoscale, and various techniques are nowadays used to achieve superhydrophobicity
in a controlled way, for example in microfluidic devices. When fluid flows past a wall,
a no-slip boundary condition holds in most cases, which is to say the velocity of the
fluid is zero at the fluid-wall interface. Superhydrophobic surfaces no longer have this
restriction, and instead allow a finite velocity. As an extreme case, there will be no
friction at the wall. Combining electro-osmotic flow and superhydrophobicity can lead
to enhanced flow rates, and as such is particularly useful in microfluidic devices where
the small length scales involved are detrimental to the hydrodynamic efficiency. A
better understanding of these model systems also opens the way to more complicated

83A. KLINKENBERG and J.L. VAN DER MINNE. Electrostatics in the petroleum industry: the prevention of explosion hazards, 1957.
84G. GIUPPONI and I. PAGONABARRAGA. Phil. Trans. R. Soc. A, 369: 2546, 2011.
85G. GIUPPONI and I. PAGONABARRAGA. Phys. Rev. Lett., 106: 248304, 2011.
86A.V. BELYAEV and O.I. VINOGRADOVA. Phys. Rev. Lett., 107: 098301, 2011.
87S. SCHMIESCHEK et al. Phys. Rev. E, 85: 016324, 2012.
88H.A. STONE et al. Annu. Rev. Fluid Mech., 36: 381, 2004.
89J.C.T. EIJKEL and A. VAN DEN BERG. Microfluid. Nanofluid., 1: 249, 2005.
90B. KIRBY. Micro- and Nanoscale Fluid Mechanics: Transport in Microfluidic Devices, 2010.
91L. FENG et al. Adv. Mater., 14: 1857, 2002.
92P. ROACH et al. Soft Matter, 4: 224, 2008.
93J.P. ROTHSTEIN. Annu. Rev. Fluid Mech., 42: 89, 2010.
94S. DATTA and J.N. CHOUDHARY. Fluid Dyn. Res., 45: 055502, 2013.
95P. AUSSILLOUS and D. QUERÉ. Nature, 411: 924, 2001.
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8 Chapter 1. Introduction

systems with multiple ionic species in the presence of multiple fluids, as can be found,
for example, in oil reservoirs.

1.2 Simulation methods

Many problems in the field of complex fluids are difficult to assess both experimentally
and theoretically. In these situations computational methods can offer new insights
that can spur additional advances in the lab, or suggest directions for new theories.
There exists a wide variety of computational methods that can be used to tackle
fluid flow problems on mesoscopic scales, such as the dissipative particle dynamics
(DPD),96,97 stochastic rotation dynamics (SRD) - also known as multi-particle collision
dynamics,98–100 and lattice Boltzmann (LB) methods. These methods are positioned
between micro-scale methods such as classical molecular dynamics, and macro-scale
continuum methods. Throughout this thesis the method of choice is lattice Boltzmann,
which is an alternative to traditional Navier-Stokes solvers, and which has evolved
from the lattice gas automata (LGA) method.101–105 The method was chosen for a
number of reasons: the method is well-established in the literature,106 and extensions
beyond single-component fluid flows have been developed to allow for multiple fluids
and their interactions,107–112 amphiphiles (to model molecular surfactants),20,113 finite-
sized particles of arbitrary shape and wettability which can interact with the fluids as
well as each other,49,53,114–118 and electrically charged components.119,120 These are all
ingredients necessary to accomplish the research presented in this thesis. In addition to
these, more extensions to the LB method exist, to model systems such as those contain-
ing fully deformable particles,121,122 or magnetic components,123,124 which allows for
interesting future applications. Furthermore, the LB method is known for its relatively
easy implementation and well-suitedness to massively parallel supercomputers.22,55,125

The excellent scalability of the LB method on parallel architectures is exploited to its

96P.J. HOOGERBRUGGE and J.M.V.A. KOELMAN. Europhys. Lett., 19: 155, 1992.
97P. ESPAÑOL and P. WARREN. Europhys. Lett., 30: 191, 1995.
98A. MALEVANETS and R. KAPRAL. J. Chem. Phys., 110: 8605, 1999.
99T. IHLE and D.M. KROLL. Phys. Rev. E, 63: 020201, 2001.

100G. GOMPPER et al. In: Advanced Computer Simulation Approaches for Soft Matter Sciences III, 2009.
101D. D’HUMIÈRES et al. Europhys. Lett., 2: 291, 1986.
102U. FRISCH et al. Phys. Rev. Lett., 56: 1505, 1986.
103G.R. MCNAMARA and G. ZANETTI. Phys. Rev. Lett., 61: 2332, 1988.
104R. BENZI et al. Phys. Rep., 222: 145, 1992.
105S. CHEN and G.D. DOOLEN. Annu. Rev. Fluid Mech., 30: 329, 1998.
106S. SUCCI. The Lattice Boltzmann Equation for Fluid Dynamics and Beyond, 2001.
107X. SHAN and H. CHEN. Phys. Rev. E, 47: 1815, 1993.
108X. SHAN and H. CHEN. Phys. Rev. E, 49: 2941, 1994.
109E. ORLANDINI et al. Europhys. Lett., 32: 463, 1995.
110M. R. SWIFT et al. Phys. Rev. E, 54: 5041, 1996.
111M.M. DUPIN et al. J. Phys. A. - Math. Gen., 36: 8517, 2003.
112S.V. LISHCHUK et al. Phys. Rev. E, 67: 036701, 2003.
113M. NEKOVEE et al. Phys. Rev. E, 62: 8282, 2000.
114A.J.C. LADD. J. Fluid Mech., 271: 285, 1994.
115A.J.C. LADD. J. Fluid Mech., 271: 311, 1994.
116A.J.C. LADD and R. VERBERG. J. Stat. Phys., 104: 1191, 2001.
117A.S. JOSHI and Y. SUN. Phys. Rev. E, 79: 066703, 2009.
118A.S. JOSHI and Y. SUN. Phys. Rev. E, 82: 041401, 2010.
119F. CAPUANI et al. J. Chem. Phys., 121: 973, 2004.
120B. ROTENBERG et al. Faraday Disc., 144: 223, 2010.
121T. KRÜGER et al. Eur. Phys. J.-Spec. Top., 222: 177, 2013.
122B. KAOUI et al. Soft Matter, 9: 8057, 2013.
123V. SOFONEA and W.-G. FRÜH. Eur. Phys. J. B, 20: 141, 2001.
124M. SEGA et al. Soft Matter, 9: 10092, 2013.
125D. GROEN et al. In: Jülich Blue Gene/P Extreme Scaling Workshop 2011, 2011.
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fullest in the LB3D simulation software,a an in-house simulation code that has been
under development for over a decade and has been expanded to include implementa-
tions of the extensions described above (those that were developed within the scope
of this project are discussed in more detail in subsequent chapters). For the larger
simulations thousands of CPUs have been used concurrently to make the difficult
computational problems contained in this thesis tractable within the timeframe of the
project.

1.3 Outline of the thesis

The outline of this thesis is as follows:

In chapter 2 “Preliminaries” some basics of fluid dynamics are discussed, as well as
the method of choice for the simulations performed within the scope of this thesis:
the lattice Boltzmann method. This method is extended in various ways to allow for
the added constituents of the systems of interest, and these extensions are gradually
introduced in the chapters where they are first used. In order to allow the chapters
to be read seperately, references to the relevant sections are provided in the case of
method extensions that are used in more than one chapter.

The other chapters in the thesis treat various systems of complex fluids:

Chapter 3 “Nanoparticle-stabilized droplets” considers the effect of surfactant and
nanoparticles added to a fluid-fluid interface; in this case the interface of a single
droplet of one fluid species inside another fluid species. In this chapter the first set of
extensions to the LB method is discussed, allowing to model surfactants in a course-
grained fashion, and adding fully resolved nanoparticles in the spirit of molecular
dynamics, with an additional coupling to the fluid species. The effect on interfacial
tension and interfacial free energy is studied first, and taken into account when con-
tinuing to a more dynamic system: a droplet subjected to shear flow. Deformation and
inclination angles of the droplet are properties of the system that can shed light on
the effectiveness of creating emulsion droplets in enhanced oil recovery. The effects
of the additives on these quantities is explained. Finally, the phenomenon of droplet
breakup is briefly visited.

Chapter 4 “Nanoparticle-stabilized emulsions” extends the scope of the systems of
interest and discusses particle-stablilized emulsions. Although larger in scale these
emulsions also require the use of the technique to model fully-coupled solid particles
introduced in chapter 3. Particle-stabilized emulsions can present as different phases,
with different geometrical and rheological properties. We investigate ways to quantita-
tively characterize these emulsion phases, such as cluster sizes and structure functions
and determine how to choose the parameters of the simulation in order to achieve
a particular phase. These phases are firstly reached from an initial random mixture,
but we also investigate ways to induce an in situ phase transition, by modifying the
wettability of the stabilizing particles.

aAn open-source version of LB3D, providing a subset of the functionality described here, is available at http://mtp.phys.tue.nl/lb3d/ under the LGPL version 3
license.
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10 Chapter 1. Introduction

Chapter 5 “Self-assembled porous media” expands on the emulsions introduced in
chapter 4 and uses them in a novel way: either one of the fluid components is solidi-
fied or the interfaces with their stabilizing particles are transformed into an imperme-
able wall. Such self-assembled porous media can have applications in systems such
as filters, or catalytic reactors. Geometrical properties of these porous media such
as porosity, surface-to-volume ratio, and average domain sizes are discussed in the
context of the parameters used to create the original emulsions. Furthermore, the
LB method is used to calculate the permeability of such porous media, after being
validated through comparison with both theory and experiments. All these properties
are brought together when trying to optimize the permeability and available surface
area for use in filters or reactors.

Chapter 6 “Electro-osmotic flow” introduces another extension to the systems we sim-
ulate, as we add the effects of electrostatics, using combined link-flux and free energy
methods. Electric charges can be added to the system, either as ions in solution or as
static charges on solid sites. A full range of interactions is then added, including charge
diffusion and advection, electrostatic interactions, and solvation and dielectrophoretic
forces. These additions have been implemented in the scope of this thesis; as such,
they have been extensively tested and the results of the validation tests are presented
here. We also combine superhydrophobic solid surfaces with electro-osmotic flow to
achieve improved fluid flow in thin channels.

Finally, although each chapter is provided with its own conclusions, an overall sum-
mary of the thesis and an outlook are provided in chapter 7 “Summary and outlook”.
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Chapter 2

Preliminaries

2.1 Notation

In a thesis covering a wide range of phenomena, such as this one, avoiding the re-use
of symbols is almost impossible, especially when also attempting to use a generally
accepted notation for the more familiar quantities. Some concessions have been
made in this regard, to avoid conflicting notation for symbols that are used often and
throughout all of the thesis. Quantities that are only used in intermediate results or
derivations may have their symbols re-used in later chapters, with the hope that the
context will make their present meaning exceedingly clear. A list of important symbols
can be found on page 171f. Scalar quantities are italicized (a), vector quantities are
also bolded (a) and tensor quantities are written in roman bold face (a).

2.2 Introduction

Some of the most famous equations in physics are the Navier-Stokes (NS) equations,
which describe the motion of fluids. Although these equations are of paramount
importance to many branches of science and industry, they are mathematically not
all that well understood. In fact, the proof or counter-example of the existence of
solutions for general boundary conditions and the smoothness of these solutions is one
of the one million dollar Millennium Prize Problems,a which aim to give an incentive to
improve the understanding of seven important mathematical problems. Even without
the benefits of full mathematical rigour, the NS equations are extremely important for
understanding or modelling all kinds of systems involving flow.

Throughout this thesis, the fluids of interest are considered to be incompressible (this
assumption is usually correct for liquids, but not for gases) and Newtonian (although
the fluid mixtures we will consider are not necessarily Newtonian, the different fluid

aThe complete list can be found at http://www.claymath.org/millennium-problems. At the time of writing a possible proof is under consideration but has not
yet been accepted, so the inspired reader is advised to finish their own proof with some haste.

11
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12 Chapter 2. Preliminaries

components that make it up are), which allows us to use this simplified form of the
NS equations as a basis:

ρ

�
∂ v
∂ t
+ v · ∇v

�
= η∇2v −∇P + f . (2.1)

Here, ρ is the density of the fluid, v is its velocity, η the dynamic viscosity, P the pres-
sure and f an external force density. The left-hand side then corresponds to the effects
of inertia, while the terms on the right-hand side represent viscosity, pressure gradi-
ents, and external body forces, respectively. They are nonlinear partial differential
equations, and as such are difficult or impossible to solve.

Owing to this, many problems in the field of complex fluids, or indeed general fluid
dynamics, are difficult to assess both experimentally and theoretically. In these situa-
tions computational methods can offer new insights that can spur additional advances
in the lab, or suggest directions for new theories. To study problems involving fluid
flow numerically, one can choose from a large number of methods to solve the NS
equations directly, such as finite volume, finite difference, or finite element methods.
Alternatively (and this is the approach used in this work), one can take a step back
and instead start at the Boltzmann equation, which describes the statistical behaviour
of thermodynamic systems, which are not necessarily in thermodynamic equilibrium.
This equation is then discretized in a particular fashion to arrive at the lattice Boltz-
mann method, which is constructed in such a way that the macroscopic NS equations
can be recovered through a Chapman-Enskog expansion. This process is rather in-
volved, but as this is not original work and a deep understanding is not necessary
to understand the work presented here, the reader is referred to the book of Wolf-
Gladrow126 or the comprehensive review of Chen and Doolen105 for more details.
Instead, we now proceed to give an overview of the lattice Boltzmann method.

The lattice Boltzmann (LB) method has proven itself to be a very successful tool
for modeling fluids in science and engineering.105,106,127,128 Compared to traditional
Navier-Stokes solvers, the method allows an easy implementation of complex bound-
ary conditions and is well suited for implementation on parallel supercomputers, due
to the high degree of locality of the algorithm.22,55,125 This section aims to provide a
short introduction to the LB method, and its extensions to model multi-component
fluid mixtures. We also briefly visit the parallelisation of the algorithm and the intro-
duction of some useful boundary conditions. Further extensions to the LB method, the
understanding of which is only necessary in specific chapters, will be introduced in
the method sections of these chapters. In particular, the introduction of amphiphilic
fluid species and solid nanoparticles will be explained in section 3.2, and the cou-
pling of LB fluids to electric charges is treated in section 6.2. While we introduce
the commonly used single-relaxation time model in this chapter, the generalization to
multiple relaxation times is required in chapter 5 and chapter 6 and will be introduced

126D.A. WOLF-GLADROW. Lattice-Gas Cellular Automata and Lattice Boltzmann Models: An Introduction, 2000.
105S. CHEN and G.D. DOOLEN. Annu. Rev. Fluid Mech., 30: 329, 1998.
106S. SUCCI. The Lattice Boltzmann Equation for Fluid Dynamics and Beyond, 2001.
127M.C. SUKOP and D.T. THORNE. Lattice Boltzmann Modelling - An introduction for geoscientists and engineers, 2007.
128R. BENZI et al. Phys. Rev. Lett., 102: 026002, 2009.

22J. HARTING et al. Phil. Trans. R. Soc. A, 363: 1895, 2005.
55F. GÜNTHER et al. Comput. Fluids, 80: 184, 2013.

125D. GROEN et al. In: Jülich Blue Gene/P Extreme Scaling Workshop 2011, 2011.
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2.3. The Boltzmann equation 13

in section 5.4.2. Thermal fluctuations can be neglected at the time and length scales
for our systems of interest and as such are not treated.129 For more detailed informa-
tion on the LB method the reader is referred to one of the various books and review
articles.105,106,126,130–133

2.3 The Boltzmann equation

Before discussing the lattice Boltzmann method, it is prudent to first discuss the
Boltzmann equation134

�
∂

∂ t
+ u · ∇+ F

m
· ∇u

�
f (r , u, t) =∫

u1

∫
Θ

�
f (r , u∗, t) f (r , u∗1, t)− f (r , u, t) f (r , u1, t)

� |u1 − u|σc dΘ du1, (2.2)

which governs the time evolution of the single-particle velocity distribution function f ,
which in turn describes the probability to find a particle with mass m, position r , and
velocity u at time t. The left-hand side of this equation corresponds to advection in
both position and velocity space, with F representing any external forces and∇u being
the gradient operator acting in velocity space. The right-hand side represents the effect
on the velocity u of particles colliding at position r . Assuming that the particles form
a dilute system and colliding particles are otherwise uncorrelated, the double integral
runs over all possible velocities u1 of the second particle, and all possible values of the
solid angle Θ of the velocity u∗ after collision. σc is the collisional cross-section.

The Knudsen number

Kn=
λ

L
(2.3)

relates the typical length scale L of a system to the mean free path λ of the particles
present therein. If the Knudsen number is small, i.e. L � λ, we can assume a local
equilibrium

f (r , u∗, t) f (r , u∗1, t) = f (r , u, t) f (r , u1, t): (2.4)

the net effect of the collision term in eq. (2.2) is zero. Combining this local equilibrium
with the usual conservation laws of mass, momentum, and energy, one finds that the
equilibrium distribution is the Maxwell-Boltzmann distribution function

f eq(r , u) =
f (r )�

2πu2
th(r )

�3/2
exp

�
−|u − v(r )|2

2u2
th(r )

�
, (2.5)

129A.J.C. LADD. Phys. Rev. Lett., 70: 1339, 1993.
130Y.H. QIAN et al. Europhys. Lett., 17: 479, 1992.
131D. RAABE. Model. Simul. Mater. Sc., 12: R13, 2004.
132C.K. AIDUN and J.R. CLAUSEN. Annu. Rev. Fluid Mech., 42: 439, 2010.
133J. ZHANG. Microfluid. Nanofluid., 10: 1, 2011.
134C. CERCIGNANI. In: The Boltzmann Equation and Its Applications, 1988.
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Figure 2.1: The set of velocities ci of the D3Q19 lattice Boltzmann model with the
ordering used in this thesis. The figure was inspired by Hecht and Harting.136

with

uth =

√√ kB T (r )
m

, (2.6)

the thermal molecular speed, f (r ) the local number density, v(r ) the local velocity,
and T (r ) the local temperature.

When the system of interest is close to equilibrium, one can use a simplified collision
model, such as the model proposed by Bhatnagar, Gross, and Krook.135 It still conserves
mass, momentum, and energy, but assumes an exponential relaxation to equilibrium
on a characteristic timescale τ:�

∂

∂ t
+ u · ∇+ F

m
· ∇u

�
f (r , u, t) = − f (r , u, t)− f eq(r , u)

τ
. (2.7)

2.4 Discretization to lattice Boltzmann

One can view the lattice Boltzmann method as a refinement of the lattice gas au-
tomata (LGA) method102,103,137 or as a direct discretization of the Boltzmann equation
(eq. (2.2)).105 We choose to follow the latter interpretation: Time t is discretized
with time steps Δt, while positions in space x are discretized on a regular lattice
with lattice spacing Δx . These lattice sites are connected by a set of velocity vec-

135P.L. BHATNAGAR et al. Phys. Rev., 94: 511, 1954.
102U. FRISCH et al. Phys. Rev. Lett., 56: 1505, 1986.
103G.R. MCNAMARA and G. ZANETTI. Phys. Rev. Lett., 61: 2332, 1988.
137U. FRISCH et al. Complex Syst., 1: 649, 1987.
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2.4. Discretization to lattice Boltzmann 15

tors ci. There is some freedom in choosing the composition of this set, and here we
choose to use a three-dimensional lattice and ci with i = 1, ..., 19. Of these vectors,
one is the zero vector, and the others connect a lattice site with its neighbours and
next-nearest neighbours. This choice—a very common one—is known as a D3Q19
lattice, and provides sufficient accuracy for our purposes at moderate computational
cost. Alternatives exist, such as D2Q9, D3Q15, or D3Q27; a different one can be
chosen to tune the ratio between accuracy and computational efficiency, or to resolve
additional physical effects in some types of systems.130,138,139 However, as we will use
only D3Q19 throughout this thesis, their particulars will not be discussed here. When
applying the chosen velocity discretization, the single-particle velocity distribution
function f (x , v , t) introduced in the Boltzmann equation (eq. (2.2)) is replaced by a
set of single-particle distribution functions fi(x , t), with the index i corresponding to
the velocities ci. The algorithm to evolve these distributions in time consists of the
repeated application of an advection step

f c
i (x + ciΔt, t +Δt) = f̃ c

i (x , t), (2.8)

and a collision step
f̃ c
i (x , t) = f c

i (x , t) +Ωc
i (x , t). (2.9)

Here we introduce the additional superscript c, in preparation for the introduction of
multiple fluid components in section 2.5, and use the tilde sign to denote post-collision
values.

Ωc
i (x , t) = − f c

i (x , t)− f eq
i (ρ

c(x , t), v c(x , t))

(τc/Δt)
(2.10)

is the Bhatnagar-Gross-Krook (BGK) collision operator, based on a discretized form
of eq. (2.7).135 τc is the so-called relaxation time for component c, and f eq

i (ρ
c , v c) is

the third-order equilibrium distribution function, based on a Taylor expansion of the
Maxwell-Boltzmann distribution, which can be written as (suppressing space and time
dependence for v c(x , t) and ρc(x , t) in the notation)

f eq
i (ρ

c , v c) = kiρ
c ·
�
1+

ci · v c

c2
s

+
(ci · v c)2

2c4
s

− (v c · v c)
2c2

s

+
(ci · v c)3

6c6
s

− (v
c · v c) (ci · v c)

2c4
s

�
;

(2.11)
ki are coefficients resulting from the velocity space discretization, which depend only
on the length of the corresponding velocity vector ci:

140

ki =

⎧⎨
⎩

1/3 if |ci |= 0

1/18 if |ci |= 1

1/36 if |ci |=�2.

(2.12)

An expansion up to second order is required to satisfy the conditions of mass, mo-
mentum, and energy conservation; we choose to use a third order expansion because
of the observed increased stability when combined with the amphiphilic model that
will be introduced in section 3.2.1. The macroscopic (non-dimensional) densities are

138R. MEI et al. J. Comput. Phys., 161: 680, 2000.
139W.-A. YONG and L.S. LUO. J. Stat. Phys., 121: 91, 2005.
140H. CHEN et al. Phys. Rev. A, 45: R5339, 1992.
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16 Chapter 2. Preliminaries

given by

ρc(x , t) =
ρ̃c(x , t)
ρc

0

=
∑

i

f c
i (x , t), (2.13)

with ρc
0 being a reference density for component c. This reference density is chosen

to be ρc
0 ≡ 1. The macroscopic velocities are then

v c(x , t) =

∑
i f c

i (x , t)ci

ρc(x , t)
, (2.14)

in the limit of low Knudsen number and low Mach number (which is the ratio between
the characteristic velocities in the system and the speed of sound). The speed of sound
on the D3Q19 lattice is

cs =
1�
3

Δx
Δt

, (2.15)

from which one can calculate the kinematic viscosity of a fluid component as

νc = c2
sΔt

�
τc

Δt
− 1

2

�
. (2.16)

Following the usual definition we now also define the dynamic viscosity as

ηc = νcρc . (2.17)

In the case of a single-component fluid, the pressure of the fluid depends on the local
density in a very direct fashion (cf. the pressure equation for an ideal gas):

P(x , t) = c2
s ρ(x , t). (2.18)

This expression gets more complicated as additional fluid species and their interactions
are introduced. This will be discussed in chapter 3. For convenience, the lattice and
time constants are taken to be Δx ≡ Δt ≡ 1 from now on. Furthermore, in all
simulations presented here, we have chosen τc ≡ 1 for all components, which then
implies an identical viscosity νc ≡ 1/6 for all components. The size of the simulated
lattice is denoted as Vsim = nx · ny · nz .

2.5 Treating multiple components

In eq. (2.8) we introduced the then superfluous superscript c to f c
i in preparation for

the inclusion of additional fluid species. Just adding a new fluid species c′ is trivial in
the context of the current model: one defines an additional single-particle distribution
function f c′

i (x , t) with an associated relaxation time τc′ in the same way as before.
However, these fluids are normally expected to interact in some fashion. A number of
extensions of the LB method to achieve this exist,109–112 which do not necessarily use

109E. ORLANDINI et al. Europhys. Lett., 32: 463, 1995.
110M. R. SWIFT et al. Phys. Rev. E, 54: 5041, 1996.
111M.M. DUPIN et al. J. Phys. A. - Math. Gen., 36: 8517, 2003.
112S.V. LISHCHUK et al. Phys. Rev. E, 67: 036701, 2003.
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2.6. Parallelisation and software 17

this straightforward introduction of additional fluid species, but in this work we choose
to employ the Shan-Chen multicomponent model.107,108 To this end, we calculate a
local interaction force F c(x , t) acting on fluid c:

F c(x , t) = −Ψ c(x , t)
∑

c′
gcc′

∑
x ′
Ψ c′(x ′, t)(x ′ − x ), (2.19)

with the sum over x ′ running over all sites separated from x by one of the discrete
velocities ci , gcc′ a coupling constant, and Ψ c(x , t) a monotonous weight function repre-
senting an effective mass, whose shape is related to the equation of state. Throughout
this work, this function takes the form

Ψ c(x , t)≡ Ψ(ρc(x , t)) = 1− e−ρc(x ,t), (2.20)

which is chosen in light of the increased numerical stability this choice provides. Com-
mon alternative choices include Ψ c(x , t)≡ ρc(x , t), or a variant thereof, truncating the
value to unity. The force term eq. (2.19) is then incorporated into the collision term
Ωc

i (cf. eq. (2.10)) by adding to the velocity v c(x , t) in the equilibrium distribution
the shift

Δv c(x , t) =
τc F c(x , t)
ρc(x , t)

. (2.21)

Furthermore, this forcing affects the macroscopic bulk velocity as

v c(x , t) =

∑
i f c

i (x , t)ci

ρc(x , t)
− 1

2
F c(x , t). (2.22)

In our case, the coupling strength gcc′ is negative in order to obtain de-mixing. The
LB method coupled to the Shan-Chen multicomponent extension is a diffuse interface
method, with an interface width of typically 5 lattice sites, depending weakly on the
coupling strength gcc′ . The procedure described here can be extended to include an
arbitrary number of fluid components, by defining all pairwise interaction strengths
gcc′ . We will restrict ourselves to two fluid species in this work (surfactants will
necessarily be treated in a slightly different fashion, cf. section 3.2.1). In the binary
fluid systems we shall study we refer to the fluids as “red” oil-like fluid (r) and “blue”
water-like fluid (b), respectively. To simplify statements about the fluid-fluid ratio
on lattice sites, we introduce the order parameter ϕ(x , t) = ρr(x , t)− ρb(x , t), also
referred to as “colour”.

2.6 Parallelisation and software

One of the attractive features of the lattice Boltzmann method is that it lends itself
well to being parallelized. This opens up the possibility to tackle problems that require
large computational domains by executing them on large-scale computational facilities.
The key to this easy parallelization is that all operations of the algorithm discussed so

107X. SHAN and H. CHEN. Phys. Rev. E, 47: 1815, 1993.
108X. SHAN and H. CHEN. Phys. Rev. E, 49: 2941, 1994.
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18 Chapter 2. Preliminaries

far are either local (e.g. the collision step) or involve only nearest neighbours (e.g.
the advection step, or the calculation of the Shan-Chen interaction forces). We can
then spatially divide the total lattice to be simulated into subdomains, which are each
assigned to one CPU core. To ensure that all necessary information is available to all
processes we use the well-known concept of a “halo” (also known as “ghost cells”):141

lattice sites are added to the local subdomain on all sides, but these sites are not
physical. Instead, they are used to receive physical information from the neighbouring
processes. This exchange of data is normally performed once per simulation time step
to ensure that the information inside the halo is always up-to-date, and a process then
has correct data on all neighbours of all physical sites, even if they would be on the
edge of the domain. Later extensions to the lattice Boltzmann method require slightly
longer-range interactions, and as such need to have more sites added on all sides
(“halo thickness”), but the concept remains the same, and the parallel communication
is still restricted to neighbouring processes, which increases overall performance.

It is one thing to recognize that an algorithm lends itself well to parallel implementa-
tion, but quite another to actually have a performant code with all necessary features.
All simulations in this thesis have been performed using the LB3D simulation software,
which has been developed in-house over the course of a decade. Extensions that have
been made by the author of this thesis will be highlighted in the relevant sections.
In addition to offering a large set of features, LB3D is known for its excellent scal-
ing properties, which has allowed for the simulation of the many large and complex
systems of interest.142

2.7 Boundary conditions

A large variety of boundary conditions for the LB method exists. Four of these, used
in various sections of this thesis, are described below.

2.7.1 Periodic boundaries

One of the more common boundary conditions is the periodic boundary condition.
Applying this boundary condition in one of the Cartesian directions xα, with α = x , y, z
is equivalent to having an infinite number of copies of a finite system with length nα
in this particular direction. If a coordinate x̌α falls outside of the range 1, ..., nα, it is
mapped back onto the simulation volume following

xα = 1+ [( x̌α − 1) mod nα] . (2.23)

Because of the locality of the LB method, this mapping is only required in the advection
step. This boundary condition can be applied to any combination of Cartesian direc-
tions, leaving any others free to be handled by more complicated boundary conditions
such as the ones described below.

141F.B. KJOLSTAD and M. SNIR. In: Proceedings of the 2010 Workshop on Parallel Programming Patterns, 2010.
142F. JANOSCHEK et al. Macromol. Theor. Simul., 20: 562, 2011.
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2.7. Boundary conditions 19

2.7.2 Lees-Edwards shear boundary condition

To model unbounded shear flow in molecular dynamics simulations a method was de-
vised by Lees and Edwards, generalizing periodic boundary conditions.143 This method
was later adapted for use in LB simulations by Wagner and Pagonabarraga.144 Ordi-
nary periodic boundary conditions are applied in the direction of the shear flow (z),
while modified periodic boundary conditions are applied in the direction of the shear
gradient (x ). The layers at the edge of the system (x = 1 and x = nx ) are assumed to
move with respect to each other with a velocity vz = (nx − 1)γ̇, where γ̇ is the desired
shear rate. When a particle distribution crosses this boundary, it then appears on the
other side shifted by a distance Δz = ±vz t, with the sign depending on the direction
of travel. While the positions x are discretized on the lattice and take integer values,
the shear rate, velocities and thus also the position shifts are not restricted in this
way. Hence, an interpolation of f c

i is required for off-lattice positions x̌ . The velocity
shift ±vz is implemented as a Galilean transition replacing only the equilibrium part
of the distribution function by one appropriate to the shifted velocity, while leaving
the non-equilibrium part unmodified:

f c
i (x̌ , t)→ f c

i (x̌ , t) + f eq
i (ρ(x̌ , t), v(x̌ , t) + ẑvz)− f eq

i (ρ(x̌ , t), v(x̌ , t)). (2.24)

In none of our simulations are solid particles expected or indeed allowed to cross the
shear boundaries, so the implementation of this particular extension is not discussed
in this thesis.145,146 It should be noted that parallelisation of this boundary condition
is not trivial, as the normal scheme of Cartesian decomposition of the lattice with
well-defined fixed neighbours no longer applies. In addition, a process domain on the
edge of the system will have two neighbours across the shear boundary (except when
Δz would exactly match an integer multiple of the width of a process domain). Such
a domain will thus have two time-dependent neighbours with which to exchange halo
information.

2.7.3 On-site boundary condition

This type of multi-functional boundary condition was first introduced by Zou and He147

and extended to three dimensions by Kutay et al.,148 with the restriction of requiring a
perpendicular inflow. It was later generalized to allow for a variable inflow direction
by Hecht and Harting,136 using corrected prefactors supplied by Mattila et al.149 This
boundary condition allows to prescribe at a particular lattice site x either the local
velocity v(x ), the local density ρ(x ), or the local mass flow q(x ) = ρ(x )v(x ). It follows
from eq. (2.18) that, for a single-component system, setting the local density also
prescribes the local pressure. We use this mechanism when calculating permeabilities

143A.W. LEES and S.F. EDWARDS. J. Phys. C. - Solid State, 5: 1921, 1972.
144A.J. WAGNER and I. PAGONABARRAGA. J. Stat. Phys., 107: 521, 2002.
145E. LORENZ et al. Phys. Rev. E, 79: 036706, 2009.
146F. JANOSCHEK et al. Submitted for publication, 2013.
147Q. ZOU and X. HE. Phys. Fluids, 9: 1591, 1997.
148M.E. KUTAY et al. Comput. Geotech., 33: 381, 2006.
136M. HECHT and J. HARTING. J. Stat. Mech., 2010: P01018, 2010.
149K. MATTILA et al. J. Stat. Mech., 2009: P06015, 2009.
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20 Chapter 2. Preliminaries

in chapter 5, and we use prescribed velocities when discussing finite-slip surfaces
in chapter 6. When the site x is located at the edge of the simulation volume (or
surrounded by a sufficient number of solid sites, cf. section 2.7.4), the population
distributions f c

i for which ci points outside of the domain (or into a solid site), are
unknown. This under-determinedness of the system can be exploited by combining
eq. (2.13) and eq. (2.14) with the desired v(x ), ρ(x ), or q(x ), and the assumption
that the non-equilibrium parts of the population distributions in opposite direction to
the directions with unknown distributions are bounced back at the boundary, to find
the corresponding distribution functions.136

2.7.4 Bounce-back boundary condition

To impose a no-slip boundary condition in the lattice Boltzmann method, we use the
bounce-back scheme; in particular, the mid-link variation.127 Unlike the previously
discussed boundary conditions, its use is not usually restricted to planes at an edge of
the system. This boundary condition can be used to add arbitrary static geometries to
the systems of interest (cf. chapter 5), or as a part of the method to treat the presence
of finite-sized particles (cf. chapter 3 and chapter 4). Central to this scheme is the
concept of “solid” sites, which can be part of a particle or a static geometry. These sites
do not allow fluid to penetrate into the site. In effect, if x is marked as such a solid
site, distribution functions at neighbouring fluid lattice sites x + ci are not evolved
according to the advection rule (cf. eq. (2.8)), but according to

f c
i (x + ci , t + 1) = f c

ī
(x + ci , t), (2.25)

where the index ī is defined such that ci = −cī. From this definition, it is clear where
the term “bounce-back” comes from: a fluid population attempting to move onto a
solid site is bounced back to the site of origin. Although the term mid-link suggests
that the physical solid surface is modelled to be exactly halfway between the fluid
and the solid node, the interface position actually has a slight dependence on the
relaxation time τ, in particular in under-relaxed simulations (large values of τ).150

This can be problematic in the context of modelling porous media with very small
pores (having a diameter of only a few lattice sites), however, the use of the more
general multiple-relaxation time (MRT) lattice Boltzmann, of which BGK is a special
case, can mostly alleviate these problems.151–153 This will be discussed in some more
detail in section 5.4.2. More complicated bounce-back rules exist in literature,116,154–157

but in the scope of this thesis, their increased accuracy does not justify their increased
complexity.

150X. HE et al. J. Stat. Phys., 87: 115–136, 1997.
151I. GINZBURG and D. D’HUMIÈRES. J. Stat. Phys., 84: 927, 1996.
152D. D’HUMIÈRES et al. Phil. Trans. R. Soc. Lond. A, 360: 437, 2002.
153A. NARVÁEZ et al. J. Stat. Mech., 2010: P11026, 2010.
116A.J.C. LADD and R. VERBERG. J. Stat. Phys., 104: 1191, 2001.
154M. BOUZIDI et al. Phys. Fluids, 13: 3452, 2001.
155P. LALLEMAND and L.-S. LUO. J. Comput. Phys., 184: 406, 2003.
156I. GINZBURG and D. D’HUMIÈRES. Phys. Rev. E, 68: 066614, 2003.
157C. PAN et al. Comput. Fluids, 35: 898, 2006.
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Chapter 3

Nanoparticle-stabilized droplets

The content of this chapter is based on S. FRIJTERS, F. GÜNTHER, AND J. HART-
ING. Effects of nanoparticles and surfactant on droplets in shear flow. Soft Matter, 8:
6542, 2012.158 Some results have also been presented in T. KRÜGER, S. FRIJTERS, F.
GÜNTHER, B. KAOUI AND J. HARTING. Numerical simulations of complex fluid-fluid
interface dynamics. European Physical Journal Special Topics, 222: 177, 2013,121 as
well as in J. HARTING, S. FRIJTERS, M. RAMAIOLI, M. ROBINSON, D.E. WOLF AND S.
LUDING. Recent advances in the simulation of particle-laden flows. European Physical
Journal Special Topics, 223: 2253, 2014.159

3.1 Introduction

Stabilizing emulsions by employing nanoparticles is a very attractive tool in the food,
cosmetics, medical and petrochemical industries.26,160–162 This method of emulsifi-
cation complements the traditional use of surfactants—amphiphilic molecules—as
emulsification agents.163,164 Using nanoparticles can have many advantages, such
as reduced cost and toxicity and the possibility of tailor-made nanoparticles, which
may include useful properties other than being an emulsifier, such as ferromagnetic
particles28,29 or Janus particles.30–32 Although the effects of both emulsifiers can be
similar, the underlying physics is very different.25,38

158S. FRIJTERS et al. Soft Matter, 8: 6542, 2012.
121T. KRÜGER et al. Eur. Phys. J.-Spec. Top., 222: 177, 2013.
159J. HARTING et al. Eur. Phys. J.-Spec. Top., 223: 2253, 2014.
26E. DICKINSON. Curr. Opin. Colloid Interface Sci., 15: 40, 2010.

160S. SIMOVIC and C.A. PRESTIDGE. Eur. J. Pharm. Biopharm., 67: 39, 2007.
161I.T. NORTON et al. Food Hydrocolloid., 23: 1521, 2009.
162H.D. SILVA et al. Food Bioprocess Tech., 5: 854, 2012.
163G.J. HIRASAKI et al. SPE J., 16: 889, 2011.
164C. PUGLIA and F. BONINA. Expert Opin. Drug Del., 9: 429, 2012.
28S. MELLE et al. Langmuir, 21: 2158, 2005.
29E. KIM et al. Langmuir, 26: 7928, 2010.
30B.P. BINKS and P.D.I. FLETCHER. Langmuir, 17: 4708, 2001.
31R. AVEYARD. Soft Matter, 8: 5233, 2012.
32A. KUMAR et al. Soft Matter, 9: 6604, 2013.
25B.P. BINKS. Curr. Opin. Colloid Interface Sci., 7: 21, 2002.
38S. TCHOLAKOVA et al. Phys. Chem. Chem. Phys., 10: 1608, 2008.
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22 Chapter 3. Nanoparticle-stabilized droplets

Amphiphiles are chemical compounds which have both hydrophilic and hydrophobic
properties, restricted to specific groups of the molecules. For example, molecular sur-
factants are characterized by their hydrophilic “head” and hydrophobic “tail” groups.
When they are located at the fluid-fluid interface the possibility exists for both parts of
the molecule to reside in their preferred fluid. This makes it energetically favourable
for them to accumulate at the interface, with a distinct alignment. This process lowers
interfacial tension and prevents the demixing of two immiscible fluids. As such, it
gives rise to the possibility of complicated structures, such as micelles and lamellae,
gyroid mesophases and the aforementioned emulsion droplets.19,20,22,23,165,166

Nanoparticles also find it energetically favourable to adsorp to a fluid-fluid interface.
However, this happens for a different reason: maintaining such an interface requires
more energy per unit area than maintaining a particle-fluid interface, and the adsorp-
tion of a particle removes the former. Because of the scale of the energy differences
involved (orders of magnitude larger than thermal fluctuations) this adsorption pro-
cess tends to be irreversible.25 In this way, neutrally wetting particles do not affect
surface tensions directly, but only change the interfacial free energy.

When such particles are used to stabilize an emulsion of discrete droplets of one fluid
suspended in another, continuous, fluid, the result is known as a “Pickering emul-
sion”.40,41 The particles in these mixtures block Ostwald ripening, which is one of the
main processes leading to drop coarsening in emulsions. Hence, blocking this process
allows for a long-term stabilization of such an emulsion. They are also a source of
complex rheology due to the irreversible adsorption of the particles as well as inter-
face bridging because of particle monolayers.45–47 More recently, the use of nanoparti-
cles has led to the discovery of the “bicontinuous interfacially jammed emulsion gel”
(commonly referred to as “bijel”), first predicted by numerical simulations49 and later
confirmed experimentally.50,51 In a bijel, an interface between two continuous fluids
(as opposed to having separate droplets of one fluid) is covered and stabilized by par-
ticles. The effect of parameters such as fluid-fluid ratio and particle wettability on the
final phase a demixing system transforms into has been investigated numerically.52–55

The differences between the behaviour of amphiphiles and nanoparticles and between
their underlying mechanics as described above ensure that many properties of systems
including nanoparticles cannot be explained by theories based solely on the physics of
amphiphiles. For nanoparticle-stabilized systems, new models have been developed
(and verified experimentally), which take into account the features of these systems

19G. GOMPPER and M. SCHICK. In: Phase Transitions and Critical Phenomena, 1994.
20H. CHEN et al. Proc. R. Soc. Lond. A, 456: 2043, 2000.
22J. HARTING et al. Phil. Trans. R. Soc. A, 363: 1895, 2005.
23G. GIUPPONI et al. Europhys. Lett., 73: 533, 2006.

165O. THEISSEN et al. Europhys. Lett., 42: 419, 1998.
166O. THEISSEN and G. GOMPPER. Eur. Phys. J. B, 11: 91, 1999.
40W. RAMSDEN. Proc. R. Soc. London, 72: 156, 1903.
41S.U. PICKERING. J. Chem. Soc., Trans., 91: 2001, 1907.
45S. ARDITTY et al. Eur. Phys. J. E, 11: 273, 2003.
46S. ARDITTY et al. J. Colloid Interf. Sci., 275: 659, 2004.
47B.P. BINKS et al. Langmuir, 21: 5307, 2005.
49K. STRATFORD et al. Science, 309: 2198, 2005.
50E.M. HERZIG et al. Nat. Mater., 6: 966, 2007.
51P.S. CLEGG et al. Langmuir, 23: 5984, 2007.
52E. KIM et al. Langmuir, 24: 6549, 2008.
53F. JANSEN and J. HARTING. Phys. Rev. E, 83: 046707, 2011.
54S. ALAND et al. Phys. Fluids, 23: 062103, 2011.
55F. GÜNTHER et al. Comput. Fluids, 80: 184, 2013.
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3.2. Method extensions 23

that have no analogue in surfactant systems, such as the contact angle of the nanopar-
ticles, strong capillary forces between the particles58 or the pH value and electrolyte
concentration of the solvents.56,57,59,60,167,168 Quantitatively, however, the description
of these systems still leaves a lot to be desired.

To properly understand the behaviour of large-scale mixtures with many complex
interfaces, such as Pickering emulsions and bijels, one first needs a fundamental
understanding of the processes involved on smaller scales. In the past, research has
been performed to understand in detail how the presence of a nanoparticle61 or the
collective behaviour of multiple nanoparticles62–65 affects a fluid-fluid interface. In
this chapter we investigate the stabilizing effect of amphiphiles or hard spherical
nanoparticles on curved interfaces, modeled by a single droplet of a fluid suspended
in another fluid.

Droplets subjected to shear flow display many kinds of interesting behaviour, such as
deforming away from a spherical shape, exhibiting an inclination angle with respect to
the shear direction and breaking up into smaller droplets (beyond a critical capillary
number).169 Nanoparticles adsorped at the droplet interface show an inhomogeneous
distribution and a non-trivial motion over the droplet surface. Their presence also
affects the deformation and inclination properties of the droplet. We study all these
effects in detail in the current chapter. More easily deformable droplets can play an
important role in cleaner enhanced oil recovery techniques, as they are more easily
mobilized inside the porous media they reside in.

In section 3.2 we introduce the extensions to the lattice Boltzmann simulation method
in detail. Section 3.3 reports and explains our findings on surface tensions in systems
of a droplet stabilized by surfactant and nanoparticles. The behaviour of the particles
adsorped to the droplet interface when the droplet is subjected to shear is discussed in
section 3.4. This is followed by an analysis of the effect of nanoparticles and surfactant
on the deformation properties and inclination angles of these droplets. The breakup
of droplets is then briefly discussed. Finally, conclusions and an outlook are provided
in section 3.5.

3.2 Method extensions

The basic lattice Boltzmann method and the Shan-Chen method used to extend it to
mixtures of multiple simple fluids have been explained in some detail in section 2.2.
However, in this chapter we introduce two more extensions to LB, in order to treat

58J. GUZOWSKI et al. Phys. Rev. E, 84: 031401, 2011.
56R. AVEYARD et al. Adv. Colloid Interfac., 100-102: 503, 2003.
57B.P. BINKS and T.S. HOROZOV. Colloidal Particles at Liquid Interfaces, 2006.
59H. FAN and A. STRIOLO. Soft Matter, 8: 9533, 2012.
60I. KALASHNIKOVA et al. Soft Matter, 9: 952, 2013.

167J. GUZOWSKI et al. Eur. Phys. J. E, 33: 219, 2010.
168J. GUZOWSKI et al. Soft Matter, 7: 4189, 2011.
61J. DE GRAAF et al. J. Chem. Phys., 132: 164902, 2010.
62F. BRESME and M. OETTEL. J. Phys. Condens. Matter, 19: 413101, 2007.
63J. BLEIBEL et al. Phys. Rev. Lett., 107: 128302, 2011.
64J. BLEIBEL et al. Eur. Phys. J. E, 34: 125, 2011.
65J. BLEIBEL et al. Soft Matter, 10: 2945, 2014.

169P.J.A. JANSSEN et al. J. Rheol., 54: 1047, 2010.



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 32PDF page: 32PDF page: 32PDF page: 32

24 Chapter 3. Nanoparticle-stabilized droplets

amphiphiles and solid particles.

3.2.1 Amphiphiles

Amphiphiles can be introduced to LB simulations in various ways. While Benzi et
al. have proposed a method that can reach even vanishingly low surface tensions by
including mid-range interaction forces,128,170 we avoid taking into account additional
Brillouin zones when calculating the forces and instead follow a model proposed
by Chen et al.20,113,171–173 Although this method suffices to recover the qualitative
behaviour of surfactant, it is limited in the surface tension reduction it can effect; 60%
reduction being the largest achieved in our simulations. However, availability of larger
reduction was deemed unnecessary for the purpose of the present work.

In addition to having its own set of distribution functions f s
i (x , t), the amphiphilic

surfactant (s) has a dipole vector d(x , t) associated with it, representing the average
orientation of the amphiphiles at a lattice site. Although, like the other quantities
so far, d(x , t) is defined only at discrete lattice positions, the direction of this dipole
vector can vary continuously. Its propagation is given by

f s(x , t + 1)d(x , t + 1) =
∑

i

�
f̃ s
i (x − ci , t)d̃(x − ci , t)

�
. (3.1)

Here, the tildes again denote post-collision values (cf. eq. (2.9)). The relaxation of
the dipole vector can also be described by a (vector) BGK process as

d̃(x , t) = d(x , t) +Ωd(x , t), (3.2)

with

Ωd(x , t) = −d(x , t)− deq(x , t)
τd

(3.3)

and τd the relaxation time of the dipole orientation towards a local equilibrium
deq(x , t). Furthermore, the force terms as described in eq. (2.19) are extended to
account for the forces the amphiphiles exert on the red and blue fluids:

F c(x , t) = F c
C(x , t) + F c

S (x , t), (3.4)

where the lower indices denote the source of the force and C and S refer to “colour”
and “surfactant”, respectively (i.e. F c

C corresponds to eq. (2.19)). The new addition
to the force term takes the form

F c
S (x , t) = −2Ψ c(x , t)gcs

∑
i 
=0

�
d̃(x + ci , t) ·θi

�
Ψs(x + ci , t), (3.5)

where gcs is the force coupling constant between an ordinary and the amphiphilic

128R. BENZI et al. Phys. Rev. Lett., 102: 026002, 2009.
170R. BENZI et al. J. Chem. Phys., 131: 104903, 2009.
113M. NEKOVEE et al. Phys. Rev. E, 62: 8282, 2000.
171N. GONZÁLEZ-SEGREDO et al. Phys. Rev. E, 73: 031503, 2006.
172R.S. SAKSENA and P.V. COVENEY. Soft Matter, 5: 4446, 2009.
173K. FURTADO and R. SKARTLIEN. Phys. Rev. E, 81: 066704, 2010.
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3.2. Method extensions 25

species and θi is a second-rank tensor defined as

θi ≡ 1− 3
cici

c2
, (3.6)

with 1 the second-rank identity tensor. Similarly, the forces acting on the amphiphiles
can be split into contributions from amphiphiles and ordinary fluid:

F s(x , t) = F s
C(x , t) + F s

S(x , t). (3.7)

These take the forms

F s
C(x , t) = 2Ψs(x , t)d̃(x , t) ·∑

c

gcs
∑
i 
=0

θiΨ
c(x + ci , t) (3.8)

and

F s
S(x , t) = − 12

||ci ||2 gssΨs(x , t) ·∑
i

Ψs(x + ci , t)×
�
d̃(x + ci , t) ·θi · d̃(x , t)ci +

�
d̃(x + ci , t)d̃(x , t) + d̃(x , t)d̃(x + ci , t)

� · ci

�
, (3.9)

respectively. The coupling constant gss should be negative to model attraction between
two amphiphile tails and repulsion between a head and a tail. For a full derivation of
these equations, the reader is referred to Chen et al.20

3.2.2 Nanoparticles

Nanoparticles are discretized on the lattice and coupled to both fluid species by means
of a modified bounce-back boundary condition as pioneered by Ladd,114–116,174 result-
ing in a modified lattice Boltzmann equation

f c
i (x + ci , t + 1) = f c

ī
(x + ci , t) +Ωc

ī
(x + ci , t) + C , (3.10)

where C is a linear function of the local velocity of the particle surface, and ī are
defined such that ci = −cī. Wherever x is occupied by a particle, eq. (2.8) and
eq. (2.9) are replaced by eq. (3.10). This scheme extends the bounce-back scheme
introduced in section 2.7.4. To resolve the spherical particles sufficiently on the lattice,
a typical particle radius is rp = 5.0 lattice units.

The particle configuration is evolved in time, solving Newton’s equations in the spirit of
classical molecular dynamics simulations. As the total momentum has to be conserved,
an additional force acting on the particle is needed to compensate for the momentum
change of the fluid caused by eq. (3.10):

F(t) =
�
2 f c

ī
(x + ci , t) + C

�
cī . (3.11)

114A.J.C. LADD. J. Fluid Mech., 271: 285, 1994.
115A.J.C. LADD. J. Fluid Mech., 271: 311, 1994.
116A.J.C. LADD and R. VERBERG. J. Stat. Phys., 104: 1191, 2001.
174C.K. AIDUN et al. J. Fluid Mech., 373: 287, 1998.
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26 Chapter 3. Nanoparticle-stabilized droplets

As the simulation evolves in time and a particle moves around, the configuration of
lattice sites occupied by the particle changes. When a site is newly occupied by a
particle, the fluids on that site are deleted and their momentum is transferred to the
particle through a force

F(t) = −∑
c

ρc(x , t)v c(x , t). (3.12)

Lattice sites which have been newly vacated by a particle also have to be treated.
In Ladd’s original algorithm for a single fluid, the initial fluid density ρc

init would be
placed on such a lattice site. However, in the case of a multicomponent system this
would cause artefacts, in particular for the case of particles adsorped to an interface:
fluid b would be initialized where only fluid r ought to be present and vice versa. To
prevent such problems from occuring, a density

〈ρc(x , t)〉 ≡ 1
NFN

∑
iFN

ρc(x + ciFN
, t), (3.13)

is defined, averaged over the NFN neighbouring fluid lattice nodes x iFN
separated from

x by the velocity vector ciFN
. The fluid on the vacated site is initialized with populations

f c
i (x , t) = ρc

new(x , t) · f eq
i (vsurface(x , t),ρc

new(x , t)), (3.14)

where vsurface(x , t) is the local velocity of the particle surface. Due to non-zero repulsive
Shan-Chen forces between the particle surface and the surrounding fluid, the effective
fluid density close to the particle surface might be slightly smaller than the bulk density
leading to a mass drift over time if one chooses ρc

new(x , t) = 〈ρc(x , t)〉. To suppress
this effect we apply a correction which keeps the total mass constant on long time
scales, with small fluctuations (of the order of 10−4 of the total mass) on shorter time
scales:53

ρc
new(x , t) = 〈ρc(x , t)〉

�
1− C0

∑
c′ ρ

c′
init

ρc
init

Δρc(t)
Vsim

�
, (3.15)

where Δρc(t) is the total mass error of colour c at time t, and C0 can be used to
tune the strength of the corrections. In this work, C0 = 2500 is used. To prevent
instabilities, we restrict this density to be not larger or smaller than the highest and
lowest surrounding density, respectively.

When two particles have at least one fluid lattice site between them, hydrodynamics
is resolved directly by the LB algorithm. In addition to this, we correct for the limited
description of hydrodynamics when two particles come very close by means of a
lubrication correction. If particles approach beyond the one-lattice-site limit, the flow
is no longer sufficiently resolved. The error can be corrected by an additional force
term

F lub
i j = −

3πνc r2
p

2
r̂i j r̂i j ·

�
vi − v j

�� 1
ri j − 2rp

− 1
Δc

�
, (3.16)

with vi and v j the velocities of particles i and j, respectively, and r̂i j the unit vector
pointing from the centre of particle i to the centre of particle j.116 We choose a cutoff
of this lubrication force Δc = 2/3. Furthermore, to avoid overlap and related artefacts,
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3.2. Method extensions 27

we also apply a short-range Hertz potential which approximates a hard core potential
and has the following form for two spheres with identical radii rp:175

ψH(ri j) = KH(2rp − ri j)
5
2 for ri j ≤ 2rp, (3.17)

and zero otherwise. Here, ri j ≡
����ri j

����≡ ����ri − r j

���� is the distance between the centres
of two spheres i, j located at ri and r j , respectively, and KH is a force constant, which
we choose to be KH = 100. This choice provides sufficient repulsive power to prevent
strongly overlapping particles, while not threatning the stability of the simulations.

The force in eq. (2.19) also includes interactions between a lattice node outside of a
particle and a lattice node inside a particle. To calculate these interactions the lattice
nodes in the outer shell of the particle are filled with a “virtual” fluid corresponding
to the density defined in eq. (3.13): ρc

virt(x , t) = 〈ρc(x , t)〉. This density is assigned
to the population density f c

rest(x , t) corresponding to the velocity rest vector crest = 0.
Advection and collision are not applied to this virtual fluid.

A system of two immiscible fluids and particles is considered. We define a parameter
Δρ, the particle colour, which allows to control the interaction between the particle
surface and the two fluids. If Δρ has a positive value, we add it to the red fluid
component as

ρr
virt = 〈ρr〉+Δρ. (3.18)

Otherwise we add its absolute value to the blue fluid as

ρb
virt = 〈ρb〉 −Δρ. (3.19)

By changing Δρ it is possible to control the contact angle θp of the particle. The
dependence of the contact angle on the particle colour can be fitted by a linear relation,
where the slope depends on the actual simulation parameters. A particle colour
Δρ = 0 corresponds to a contact angle of θp = 90◦, i.e. a neutrally wetting particle.
An example of this is given in fig. 3.1, where the relation between the particle colour
and the particle contact angle is shown based on the data presented in Jansen and
Harting.53 The insets show how the contact angle is defined (top), and the effect
of hydrophilic (left) and hydrophobic (right) particles on the local curvature of an
interface. Assuming that red is the minority fluid, we see that hydrophilic particles
introduce a preference for Pickering droplets.

Alternative methods to introduce solid particles exist, such the method introduced
by Stratford et al.,49,176 which couples them to free-energy-based multicomponent LB
simulations. Others have published applications of the multiphase Shan-Chen model
with suspended particles.55,117,121,124

175H. HERTZ. J. Reine Angew. Math., 92: 156, 1881.
176K. STRATFORD et al. J. Stat. Phys., 121: 163, 2005.
117A.S. JOSHI and Y. SUN. Phys. Rev. E, 79: 066703, 2009.
124M. SEGA et al. Soft Matter, 9: 10092, 2013.
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Figure 3.1: Main plot: Example of the dependence of the contact angle θp of a particle
on its “colour” Δρ. A linear relation is observed and for g br = 0.08 and ρinit = 0.7
it has been found that θp(Δρ) = 90 + 442Δρ. A particle with zero colour is thus
neutrally wetting (see dotted lines). The data presented in this plot have previously
been presented in Jansen and Harting.53 Top inset: determination of θp through the
equilibrium position of a particle at a flat interface. Left and right insets: hydrophilic
and hydrophobic particles introduce a preferred curvature to a fluid-fluid interface.

3.3 Surface tension

We now proceed to study the surface tension of a single droplet, and investigate the
effects of surfactant or nanoparticles adsorbed to the interface.

3.3.1 Theory

The Young-Laplace equation relates the pressure difference ΔP over the interface
between two fluids to the surface tension σ:

ΔP = −σ∇ · n̂, (3.20)

with n̂ the surface normal. For a spherical (undisturbed) droplet of one fluid of radius
Rd inside another fluid this equation takes the form

σ =
RdΔP

2
. (3.21)
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3.3. Surface tension 29

Calculating the correct pressure jump ΔP = Pd − Pm > 0 over the interface, where
Pd is the pressure inside the droplet and Pm is the pressure in the medium, requires
some care in the context of the choice of simulation method. Recall that, for a single-
component and single-phase system, the local pressure in LB can be calculated using
the simple relation P(x ) = c2

s ρ(x ) (cf. eq. (2.18)). Here and in all future equations,
the time dependence has been suppressed in our notation. When using the multi-
component Shan-Chen model for a ternary system—consisting of simple fluid species
red r and blue b and a surfactant species s—there is a non-zero presence of the lo-
cal minority fluid throughout the system and we have to use the more complicated
expression

P(x )
c2

s

= ρr(x ) +ρb(x ) +ρs(x )+

2
�
g brΨ b(x )Ψ r(x ) + grsΨ r(x )Ψs(x ) + g bsΨ b(x )Ψs(x )

�
+ gssΨs(x )Ψs(x ), (3.22)

which takes into account pressure contributions of the fluid-fluid interactions. Note
that unlike the simple fluids, for which grr = g bb = 0, the surfactant species adds a
self-interaction term. Because of the diffuse interface in LB simulations one has to
make sure that the measurements are performed far enough away from the interface,
such that the density is (almost) constant in the neighbourhood. We have verified that
the density profiles of the system in equilibrium are flat on the inside and outside of
the droplet as little as five lattice sites away from the isosurface where the colour field
is zero. Hence, this effect does not cause a problem in these cases. We therefore take a
spatial average of the pressure in the centre of the droplet over a small neighbourhood
(53 cube of lattice sites) as Pd , and the local spatial average in a corner of the system
(which due to the periodic boundary conditions is the furthest away one can get) as
Pm. Densities of the fluids c (denoted as ρc

d and ρc
m) can now be defined in a similar

manner.

Calculating the radius of the droplet is also non-trivial, again due to the diffuse in-
terface. We have investigated three distinct approaches, whose results have been in
agreement up to less than a lattice site: two methods based on detection of the ϕ = 0
isosurface and one based on total mass and density of the red fluid. The latter method
has been chosen, since it can most easily be extended to the case of added particles,
which will be explained below. As the first approach, we consider the interface of the
droplet to be at the position where the order parameter ϕ = 0. We take a column of
lattice sites running vertically through the system, centred in the x-y plane. Since the
droplet is initially centred in all three dimensions and does not move, the column will
go through the north and south pole of the droplet, up to discretization errors. We
then count the number of sites for which ϕ > 0, and add a correction in the form of a
linear interpolation when the order parameter changes sign between two neighbour-
ing sites (at the poles of the droplet). Expanding on this, the second method uses a
plane through the centre of the system. Moving through the plane both columnwise
and rowwise, we generate a set of interfacial points by finding neighbouring sites
where the sign of ϕ changes and linear interpolation, similar to the method above.
These points are then used as data for the fitting of an ellipse (which in this case will
reduce to a circle). Lastly, we consider the idea that all the surplus population of
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30 Chapter 3. Nanoparticle-stabilized droplets

the red fluid ought to be contained in a sphere of constant density. We define a local
effective density ρr

eff(x ) = ρ
r(x )−ρr

m to account for the non-zero density of red fluid
outside of the droplet, which is used to calculate the total droplet mass:

md =
∑

x∈Vsim

ρr
eff(x ). (3.23)

This process is illustrated in fig. 3.2. We can now calculate a droplet volume Vd =
md/ρ

r
d which, assuming sphericity of the droplet, leads to:

Rd,mass =

��
4π
3

�−1 md

ρr
d

� 1
3

. (3.24)

When nanoparticles are adsorped at the droplet interface (which could change the
shape of the ϕ = 0 isosurface dramatically depending on the number of particles
and their position), the most consistent results can be attained by using Rd,mass, but a
correction term is needed to account for the particles. Recalling that the radii of the
spherical particles are denoted rp, we define a new effective volume of the droplet:

V eff
d = Vd + Vp, and we approximate Vp ≈ np

2

�
4π
3 r3

p

�
, expressing that we expect half

of the particle volume to be on the inside of the interface of the droplet, adding its
volume to the volume derived from the red fluid. This then leads to our final equation
for the radius of the droplet:

Rd =

��
4π
3

�−1 md

ρr
d

+
np

2
r3

p

� 1
3

. (3.25)

From eq. (3.22) and eq. (3.21) one can see that the measured surface tension depends
on the fluid densities: linearly in first order, but in a more complicated fashion in
the cross terms, where the form of the effective mass function Ψ plays a role (cf.
eq. (2.20)). In light of this, we keep the initial density of the simple fluid species
constant across simulations.

3.3.2 Effect of amphiphiles

We now proceed to study the effect of added surfactant on the system. The system
is initialized as follows: a cubic simulation volume nx = ny = nz = 64 is considered.
The initial droplet is chosen to have a radius of Rinit

d = 0.3 · nx = 19.2 and is placed in
the centre of the system. These values were chosen after determining the effect of the
resolution of the lattice on the surface tension. The total variation when increasing
the system size from 483 to 1283 was seen to be less than 4%, and the best balance
between accuracy and computational effort was attained at Vsim = 643. This error
is smaller than the errors from the sources described in the previous section. After
discretization, the interior droplet sites are set to have a density ρr

d = ρ
r
d,init and

ρb
d = 0. Conversely, the medium sites have ρr

m = 0 and ρb
m = ρ

b
m,init, while the interface

is crudely modeled by a linear density gradient over 5 lattice sites. Because of stability
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Figure 3.2: A 1D profile of the local densities ρr(x ) (solid curve) and ρb(x ) (dashed
curve) along the z-axis and centred in the x − y plane, as used in the calculation of
the droplet mass md . The droplet density of the red fluid ρr

d and medium densities
ρc

m are taken at the centre (circle) and edge (squares) of the domain, respectively.
The shaded area denotes the summed effective total density of red fluid, which takes
into account the non-zero “background” density of the red fluid in the medium ρr

m by
subtracting it from the local densities.

reasons and the shape of the effective mass function Ψ c we use ρr
init = ρ

b
init = 0.7 in all

results presented here. In the case of added surfactant, the density is set to ρs = ρs
init

everywhere. The initial surfactant density varies from simulation to simulation and
will always be reported explicitly. As the system approaches its equilibrium state,
surfactant accumulates at the interface, causing the local density at the interface to be
higher by a factor of approximately two compared to the density in the bulk. Reaching
the equilibrium state from this initialization can take a long time: to obtain stable
results for the surface tension the simulations have to run for tens of thousands of
time steps in the case of systems as described in this paragraph (and up to several
hundred thousand timesteps in the case of a system with particles, as will be described
in section 3.3.3).

Firstly, we are interested in determining the surface tension as a function of the fluid-
fluid interaction strength g br in the case of a binary fluid system. We fix the coupling
constants related to the surfactant to limit the parameter space of interest and choose
grs = g bs = gss = −0.005. As discussed in section 3.2.1, these have to be negative to
properly model the behaviour of a surfactant. The actual values are chosen for their
stability. There are also some restrictions on our choice of g br . For g br < 0.10 the
fluids become miscible when surfactant with the properties specified above is added,

177S. SCHMIESCHEK and J. HARTING. Commun. Comput. Phys., 9: 1165, 2011.
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Figure 3.3: Main plot: when plotting the pressure jump over the fluid-fluid inter-
face against the inverse droplet radius, the Young-Laplace equation for a spherical
droplet allows to calculate surface tensions as the slope of fitted linear functions going
through the origin ΔP = σ (2/Rd) for various values of the Shan-Chen interaction
parameter g br . Inset: the surface tension σ is a monotonically increasing function of
g br . The lines connect the results taken from the linear fits, while the symbols show
the averaged results of direct evaluation of the surface tension for single points on the
curves. Direct calculation of the surface tension is an accurate and efficient method
when considering many systems with different parameters, which would require extra
simulations with multiple droplet radii otherwise.

leading to ill-defined interfaces and droplets. Furthermore, choosing g br > 0.15
leads to numerical instabilities.177 We therefore consider the values 0.10≤ g br ≤ 0.15,
restricting reachable surface tensions. Rewriting eq. (3.21) as ΔP = σ (2/Rd) allows
us to extract σ by considering it to be the slope of the pressure difference plotted
against twice the inverse droplet radius. Linear fits through the origin correspond
very well to the simulation results for 0.10 ≤ g br ≤ 0.15 (cf. fig. 3.3). From this it
follows that g br can be mapped onto the surface tension: σ ≡ σ(g br), with σ(g br) a
monotonically increasing function. The inset of fig. 3.3 shows that calculating surface
tensions directly using a single droplet radius together with eq. (3.21) is an accurate
and efficient method that does not require multiple simulations for a single choice of
g br .

The qualitative result of creating a ternary system by adding an amphiphilic surfactant
component to the binary droplet system is as expected: increasing surfactant density
from ρs

init = 0.0 to ρs
init = 0.15 and ρs

init = 0.25 lowers the surface tension by 30 to 50
percent (cf. the inset of fig. 3.4). As mentioned in section 3.2.1, this relatively modest
reduction is due to limitations of the surfactant model used for these simulations. It
is, however, sufficient to highlight the differences between the effect of amphiphiles
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Figure 3.4: Main plot: by rescaling the effect of surfactant to Δσrel ≡ (σ/σ0 − 1) g br

the curves for different values of fluid-fluid interaction strength g br as a function of
the surfactant volume fraction χ s can be made to collapse, illustrating the fact that
the effect of added surfactant scales with g br . The error bars of the data points are
too small to be visible at this scale. Inset: surface tensions as a function of g br for
various concentrations of surfactant ρs

init. The lines are not a fit, but included only to
guide the eye. This shows qualitatively that the surfactant lowers the surface tension,
as expected. Again, the error bars are too small to be visible in this plot.

and nanoparticles. To find a quantitative relation between surfactant concentration
fraction χ s ≡ ρs

init/
�
ρs

init +ρ
b
init

�
, interaction strength and surface tension, it is useful

to define

Δσrel ≡
�
σ

σ0
− 1
�

g br , (3.26)

where σ0 ≡ σ(χ s = 0). Plotting this quantity as a function of χ s, the data points col-
lapse onto a universal curve, as shown in fig. 3.4. This illustrates the fact that the effect
of the surfactant scales with the interaction strength between the two non-amphiphilic
fluid species. We can use this data to obtain another mapping: σ ≡ σ(g br ,χ s) for fixed
interaction strengths involving the surfactant species. These mappings will later be
used in determining capillary numbers for systems of a droplet subjected to shear.

3.3.3 Effect of nanoparticles

Next, the case of added (spherical and monodisperse) nanoparticles is considered. The
fraction ξ of the droplet surface removed by the adsorped particles is a parameter of
interest. The excluded surface area due to one neutrally wetting particle is a spherical
cap whose cross-sectional area is given by Aex

p = 2πRd

�
Rd −

�
R2

d − r2
p

�
, from which
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Figure 3.5: We choose to initialize the particles at the droplet interface on a spiral
running over the surface of the initial droplet from the north to south pole, resulting
in a very uniform initial distribution of particles at low computational cost.178

follows that the total coverage fraction of a spherical droplet is given by

ξ≡ np

Aex
p

Ad
= np

Rd −
�

R2
d − r2

p

2Rd
. (3.27)

As we use a diffuse interface method, any suspended particles have to be of sufficient
size compared to the interface width to resolve their interfacial properties. In practice,
a typical interfacial width of around 5 lattice sites means a typical spherical particle
needs to have a diameter of at least 10 lattice sites,53 while a spherical droplet should
be larger than the particles by an order of magnitude. Allowing then sufficient room
for the deformation of the droplets to take place without undue finite size effects,
these calculations remain computationally challenging, even for the case of a single
droplet and a highly efficient massively parallel simulation environment. In order to
be able to let the droplet deform sufficiently in later simulations we also elongate
the system in the direction of the shear flow (z-direction): nx = ny = 256, nz = 512.
The droplet is initialized as described above, with initial radius Rinit

d = 0.3 · nx = 76.8
and we choose g br = 0.10. The particles have a radius rp = 5.0 and are neutrally
wetting (θp = 90◦). Furthermore, they have a mass mp = 524, which corresponds to a
density ρp = 1 (taken with respect to the lattice) slightly higher than the fluid densities
ρr

init = ρ
b
init = 0.7. They are initialized on a spiral running over the surface of the initial

droplet from the north to south pole, resulting in a very uniform initial distribution
of particles at low computational cost.178 An example is shown in fig. 3.5. When the
system is allowed to get into its equilibrium state however, some pattern formation of
the particles on the interface occurs, due to the occurence of spurious currents near

178R. BAUER. J. Guid. Control Dynam., 23: 130, 2000.
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Figure 3.6: Surface tension change as a function of particle droplet surface coverage
ξ (top x-axis, circles) and surfactant volume fraction χ s (bottom x-axis, squares).
Here, σ0 is the surface tension for the purely binary system (i.e. ξ = 0 and χ s = 0,
respectively) with otherwise identical parameters. For all cases g br = 0.10; for the
system with surfactant grs = g bs = gss = −0.005 and for the system with particles
rp = 5.0, ρp = 1, and θp = 90◦. Introducing 25% volume fraction of surfactant into
the system lowers the surface tension by almost 60%, while particles affect it only
very weakly. The slight drop in measured surface tension for moderate values of ξ is
caused by errors introduced in the calculation of the droplet radius due to anisotropic
particle distributions on account of spurious currents at the droplet interface.

the interface (as also observed in similar modeling of liquid-vapour systems by Joshi
and Sun117). This effect is negligible when the system is not stationary: the currents
are much smaller than the effect of applying shear to the system, or, for example, the
effect of droplet movement in the formation of a Pickering emulsion. In either case
the particle ordering due to the spurious currents is destroyed.

Adding particles with the aforementioned properties does not affect surface tension
at all: the presence of particles at the interface only changes interfacial free energy
directly by taking away energetically expensive fluid-fluid interface and replacing it
with cheap particle-fluid interfaces. To clarify this, consider the free energy term �σ
related to the surface tension of the interface of the droplet,

�σ =
∮

∂ (droplet)

σdA, (3.28)

which integrates the surface tension over the interface. For simplicity, the surface
tension is taken to be constant over the interface. There are now two possibilities to
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36 Chapter 3. Nanoparticle-stabilized droplets

reduce this energy. The first is to reduce the surface tension σ, which is the effect of
added surfactant. Because σ > 0 and the integration only pertains to the fluid-fluid
interface, the second possibility is to reduce the area of integration ∂ (droplet), which
can be effected by adsorped particles. The particles also add energy to the system
by means of the interfacial energy between the particle and either fluid, but as this
energy per unit surface area is much smaller than the fluid-fluid surface tension, the
net effect is still a reduction of the free energy.

A comparison of the addition of surfactant and nanoparticles to a binary system can
be seen in fig. 3.6. Due to the anisotropic distribution of the particles on the interface,
errors are introduced in the calculation of the droplet radius for intermediate values
of ξ, lowering the measured surface tension by up to 3%. At higher ξ, the anisotropy
disappears, and with it the calculated change in surface tension, which returns to
its original value for ξ ≈ 0.5. In the system with surfactant an identical value of
g br = 0.10 is used. Unlike adding particles, adding surfactant lowers the surface
tension (a 60% drop in surface tension for ρs

init = 0.25).

3.4 A droplet in shear flow

With the effects that surfactants and particles have on the surface tension of a droplet
properly understood, we now proceed to subject the droplet to external forcing, in the
form of an applied shear flow.

3.4.1 Theory

The system of a droplet of a fluid suspended in another fluid is subjected to simple
shear flow, using the Lees-Edwards boundary condition introduced in section 2.7.2.
This boundary condition is applied at x = 1 and x = nx , effecting a shear rate γ̇ in
the z-direction. The remaining sides of the system are subject to ordinary periodic
boundary conditions.22,23 This shear causes the droplet to deform (cf. fig. 3.7). To
analyze this process we define a set of dimensionless variables. The first of these is
the dimensionless deformation parameter

Dd ≡ Ld − Bd

Ld + Bd
, (3.29)

which was introduced by Taylor179,180 and is used to describe the deformation of
the droplet, where Ld is its length and Bd is its breadth. If the droplet is a perfect
prolate ellipsoid the length and breadth can be related to the long and short axes,
respectively, but in other cases a length and breadth of a more irregular shape can
still be determined, as will be explained below. One can easily see that for a spherical
droplet Ld = Bd , hence Dd = 0, and for a strongly deformed droplet, Ld � Bd , Dd → 1.
Extraction of Dd from the data is effected through the symmetric moment of inertia

179G.I. TAYLOR. Proc. R. Soc. Lond. A, 138: 41, 1932.
180G.I. TAYLOR. Proc. R. Soc. Lond. A, 146: 501, 1934.
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vshear
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Figure 3.7: Representative deformation of a particle-covered droplet at Ca = 0.075,
ξ = 0.55. The shaded planes at the top and bottom are subject to Lees-Edwards
boundary conditions, inducing a shear rate γ̇ = 2vshear/ (nx − 1) in the z-direction,
as discussed in section 2.7.2. The shear causes a deformation of the droplet Dd ≡
(Ld − Bd)/(Ld + Bd) and an inclination of the droplet of angle θd , which is the angle
the long axis of the droplet forms with the shear direction z.

tensor

I =

⎡
⎣I11 I12 I13

I12 I22 I23
I13 I23 I33

⎤
⎦ . (3.30)

In order to define these moments of inertia, we first calculate the centre-of-mass
position of the droplet

x CoM
d =

∑
x∈Vsim

x ·ρr
CoM(x ), (3.31)

where a cutoff density ρr
cutoff is introduced to confine the summation to the droplet:

ρr
CoM(x ) =

!
ρr(x ) if ρr(x )> ρr

cutoff

0 otherwise.
(3.32)

The cutoff density should fulfill the condition ρr
m < ρ

r
cutoff < ρ

r
d and can be chosen

freely within that range with negligible effect on the subsequent calculations. We use
ρr

cutoff = 0.1 in this work. A droplet mass based on the density ρr
CoM(x ) is introduced

for later use:
mCoM

d =
∑

x∈Vsim

ρr
CoM(x ). (3.33)
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Defining x̌ ≡ x − x CoM
d allows to express the elements of I as

Ii j =
∑

x∈Vsim

ρr
CoM(x )

�||x̌ ||2 δi j − x̌ i x̌ j

�
, (3.34)

where δi j is the Kronecker delta. The moment of inertia tensor Iell of an ellipsoid of
uniform density is a diagonal matrix with its non-zero elements given by

Iell
ii =

M ell

5

�
(1−δi1) a

2 + (1−δi2) b2 + (1−δi3) c
2
�
, (3.35)

with Mell the mass of the ellipsoid and a, b and c the length of the axes. We now
assume that the deformed droplet can be approximated by such an ellipsoid, and
Mell = mCoM

d . The set of equations obtained by combining the eigenvalues of I with
eq. (3.35) can be solved for a, b and c. The length and breadth of the droplet are then
defined as Ld =max(a, b, c) and Bd =min(a, b, c), respectively.

A droplet thus deformed has lost its spherical shape and gains a preferred alignment.
This is expressed through the inclination angle θd . It is calculated by taking the
eigenvector L corresponding to the long axis of the droplet of the moment of inertia
tensor I, and calculating the arctangent of the quotient of its x and z components:

θd = arctan
Lx

Lz
. (3.36)

A capillary number Ca can be defined as

Ca≡ ηmγ̇Rd/σ, (3.37)

where ηm is the dynamic viscosity of the medium, γ̇ is the shear rate as imposed
through the Lees-Edwards boundary conditions, Rd is the radius of the initial—undeformed,
hence spherical—droplet and σ is the surface tension. However, using this definition
of the capillary number does not take into account the substantial distortion of the
linear shear gradient caused by the presence of the droplet, which has been observed
to cause a dependence on the size of the simulation volume, even in the case when
only the resolution of the simulation is increased. A better characterization of the
system can therefore be found in an effective capillary number:

Caeff ≡ ηmγ̇
effRd

σ
, (3.38)

where an effective shear rate γ̇eff is measured in the simulation, instead of assuming
the validity of an imposed shear rate set directly by an input parameter. Figure 3.8
depicts the measurement of γ̇eff for a droplet with initial radius Rd = 39.2 in a system
of size nx = ny = 128, nz = 256 and with vshear = 0.05. Far away from the droplet
γ̇eff ≈ γ̇, but for those values of z over which the droplet extends, typically γ̇eff > γ̇. The
slope of the velocity gradient between the shear boundary and the droplet interface
can be measured. It is then averaged over the length of the droplet to obtain the
effective shear rate. This effective shear rate better characterizes the system. When
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Figure 3.8: Representative z-velocity profiles of a droplet with initial radius Rd = 39.2,
centred in a system with nx = ny = 128, nz = 256 and vshear = 0.05. The cuts are
taken in x-direction at y = 63 and taken through the droplet (z = 100) as well as at
the edge of the periodic volume (z = 0). Also shown is what the imposed shear rate
would look like in absence of the droplet (γ̇ is the slope of this line). It is clear that
far away from the droplet, the measured shear is almost undisturbed and linear, while
the droplet locally strongly disturbs the effective shear profile. We detect the droplet
interface and calculate an effective shear rate γ̇eff based on the slope of the profile in
the region between the shear boundary and the droplet. Because of the deformation
and inclination of the droplet this curve will generally not be symmetrical for the top
and bottom shear boundaries for any particular given value of z, however, averaging
over the length of the droplet restores this symmetry.

the effective capillary number is used, taking into account the actual shear experienced
by the droplet, the dependence of the deformation on the system size disappears, as
shown in fig. 3.9, where deformations of a droplet are plotted against both Ca and
Caeff. When the original capillary number is used, the deformation curves diverge as
the system size increases from 642×128 to 1282×256 and 2562×512, while the curves
collapse when plotted as a function of the effective capillary number.

We also define the ratio of the droplet and medium viscosity λ ≡ ηd/ηm = 1 in all
presented data, as well as a Reynolds number

Re≡ ρmγ̇R
2
d

ηm
(3.39)
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Figure 3.9: Dimensionless deformation Dd of a droplet in shear flow as a function
of capillary number Ca ≡ ηmγ̇Rd/σ (left) and effective capillary number Caeff ≡
ηmγ̇

effRd/σ (right). Different symbols represent different system sizes. The capil-
lary number computed from an assumed undisturbed shear profile gives rise to a
divergence in the relation between Ca and the deformation when the system size
changes (lines are included to guide the eye). However, these points collapse on
the curve which uses the effective capillary number and hence takes into account the
actual shear experienced by the droplet.

and an effective Reynolds number

Reeff ≡ ρmγ̇
effR2

d

ηm
. (3.40)

This definition matches the definition of the effective capillary number by replacing
the shear rate by an effective shear rate. Due to the variation in system size and shear
rate, the effective Reynolds number varies between approximately 0.6 < Reeff < 25,
the effect of which will be discussed in section 3.4.3.

3.4.2 Distribution of amphiphiles and nanoparticles

To understand the effect of amphiphiles and nanoparticles on the deformation prop-
erties of the droplet, we first discuss how they position themselves at and move over
the droplet interface as the droplet is sheared.

The distribution of surfactant on a 2D cut through a sheared droplet is shown in
fig. 3.10. In this example, the shear rate is held constant at γ̇ = 0.002 and the initial
surfactant density is set to ρs

init = 0.25. As has been mentioned in section 3.3.2, the
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3.4. A droplet in shear flow 41

Figure 3.10: Distribution of surfactant in a system of size nx = ny = 64, nz = 128. The
local surfactant density ρs(x ) is plotted on a 2D cut showing the centered x-z plane
through a droplet sheared with constant velocity vshear = 0.06 and ρs

init = 0.25 (Caeff =
0.16). The snapshot is zoomed into the droplet and as such does not accurately reflect
confinement of the droplet or the elongation of the system. Surfactant accumulates
at the droplet interface until saturation occurs. Compared to the remainder of the
interface, a slightly higher local density is observed at the tips of the droplet (10 to 20
percent). This is caused by convection of the surfactant.181

surfactant accumulates at the interface. When the system is subjected to shear, a
slightly increased density of approximately 10 to 20 percent is observed at the tips
of the droplet, due to convection of the surfactant.181 This behaviour is more readily
apparent for lower ρs

init and is different from our observations in the case of adsorped
particles, as we will show below.

Even if the droplet interface is initially densely packed with particles, this will no
longer be the case when the droplet deforms: the interfacial area increases while
the number of particles remains constant. The particles then have freedom to move
over the interface to some extent (cf. fig. 3.11). In all cases, however, detaching
particles from the interface remains practically impossible. The particles are swept
over the interface with increasing velocity as they move away from the centre plane
of the system and up the shear gradient. If the particles would not be affected by the
shear flow, they would prefer to occupy interface with high local curvature as can be
explained by a geometrical argument: the interface removed by a spherical particle
at a curved interface is larger than the circular area removed from a flat interface,
and this effect gets stronger as curvature increases. This explains why in this dynamic
equilibrium, most particles can be found at the tips of the droplet. This can be observed
in fig. 3.11i at high capillary number, where the relatively flat sections of the interface
at the top and bottom of the droplet have the lowest particle density and the strongly
curved section of the interface near the centre plane is much more highly populated
than the strongly curved section protruding farther into the shear flow.

181H.A. STONE and L.G. LEAL. J. Fluid Mech., 220: 161, 1990.



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 50PDF page: 50PDF page: 50PDF page: 50

42 Chapter 3. Nanoparticle-stabilized droplets

(a) ξ= 0.00, Caeff = 0.04 (b) ξ= 0.00, Caeff = 0.08 (c) ξ= 0.00, Caeff = 0.12

(d) ξ= 0.27, Caeff = 0.04 (e) ξ= 0.27, Caeff = 0.08 (f) ξ= 0.27, Caeff = 0.12

(g) ξ= 0.55, Caeff = 0.04 (h) ξ= 0.55, Caeff = 0.08 (i) ξ= 0.55, Caeff = 0.12

Figure 3.11: Side-view examples of deformed droplets, for various particle coverage
fractions and effective capillary numbers, as denoted in the individual captions. In
these pictures the shear velocities are horizontal. In all these simulations g br = 0.10,
rp = 5.0, ρp = 1, and θp = 90◦. One can see that although increasing ξ from 0 to
0.27 does not strongly change the deformation of the droplet, the particles themselves
do exhibit interesting behaviour: they prefer to stay in the middle of the channel
where the shear flow is weakest (recall that the top and bottom planes are moving,
inducing flow in opposite directions). This causes the formation of a band of particles
near the equator of the droplet, with the axis through the poles in x-direction. For
packings of higher density there is an interplay between shear forces and the curvature
of the interface, which causes the aforementioned band to grow asymmetrically as
the particles prefer to occupy interface with high local curvature. The particles also
exhibit tank-treading-like behaviour: they move around the interface following the
shear flow. The combined effect of this tank-treading-like movement and the energy
arguments described above leads to the formation of strings of single particles, being
swept from the band near one tip to the other tip.
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Figure 3.12: Main plot: normalized pair correlation function between particles
Gnorm(r), for ξ = 0.41, rp = 5.0 and various capillary numbers. As the capillary
number increases, the peaks both shift in position and increase in height. The former
effect is an indication of closer packing, while the latter corresponds to the observation
of preferred regions for the particles as shown in fig. 3.11i. Inset: the height of the
first three peaks of the normalized pair correlation function are shown as a function
of the effective capillary number. The strongest effect is seen for the very first peak,
which shows the largest growth in both relative and absolute sense and increases in
height by almost a factor of 3.

To quantify these phenomena, we employ a discrete pair correlation function

G(r) =
np∑

i=1

i−1∑
j=1

∫ r+1

r

δ(
����ri − r j

����− R)dR, (3.41)

where δ(x) is the Dirac delta function. Because of the system size, the domain of the
pair correlation function is limited to 0 ≤ r ≤ min(nx , ny , nz)/2 = 128. Furthermore,
we choose to employ Gnorm(r), which is proportional to G(r) and is normalized to
tend to 1 as r tends to its maximum value. In fig. 3.12 we show this normalized
pair correlation function for ξ = 0.41, rp = 5.0 and various capillary numbers. In
the main plot, two features are readily apparent: the peaks of the function both shift
in position and increase in height as the capillary number is increased. The former
effect indicates a denser overall packing of the particles, which occurs despite the fact
that more interfacial area becomes available as the droplet deforms. The latter effect
corresponds to the emergence of preferred regions for particles as described above. In
the inset we show the height of the first three peaks of Gnorm(r). The first peak shows
the largest increase, both in absolute and relative sense. This is caused by the fact
that at ξ = 0.41 the band of particles around the droplet is not dense everywhere, but
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Figure 3.13: Rotational frequency of particles ω as a function of their position on
the y-axis for ξ = 0.55 and rp = 5.0 and various capillary numbers. The rotational
frequency does not explicitly take into account the increase in the circumference of
a cut of the droplet perpendicular to the y-axis due to deformation. As the capillary
number is increased through increased shear rate, the particles’ rotation frequency
increases, with particles in the middle of the droplet being both the fastest and getting
the largest speedup, despite the fact that the particles in the middle travel the longest
paths. The differences in frequency highlight that the movement is different from
tank-treading as observed in, for example, vesicles.182

is mostly restricted to patches near the tips of the droplet. Thus, particles having a
close packing around them extending over more than one particle distance (which
would show peaks of higher order) are more rare than those with just closely packed
neighbours. Finally, we have observed that when this structure is established it is
stable over time for as long as the system is subjected to a constant shear. When this
shear is removed, the particles restore themselves to their former pattern, as described
in section 3.3.3, just as the droplet shape returns to that of a sphere.

Even though the overall structure of the particles on the droplet interface remains
stable over time, individual particles move over the interface, performing a quasi-
periodic motion. Their trajectories follow the motion of the shear flow and loop
around the droplet with a rotational frequency ω. We demonstrate in fig. 3.13 that
this frequency is not constant for all particles, instead showing a dependence on
the position of the particle along the y-axis. When deformation is considered for
ellipsoidal cuts of the droplet along the y-axis, the deformation is highest in the
centre of the droplet, giving particles greater options for mobility that are also better-
aligned with the shear flow, leading to increased particle velocities. This is qualitatively

182B. KAOUI et al. Phys. Rev. E, 83: 066319, 2011.
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Figure 3.14: Main plot: deformation parameter Dd as a function of the effective
capillary number Caeff for various interaction strengths g br and surfactant densities
ρs. The system size is nx = ny = 64, nz = 128 and the surfactant interaction strengths
are fixed at grs = g bs = gss = −0.005. The capillary number is varied by changing
the shear rate. Over the entire domain, the curves collapse onto a universal curve,
and for small capillary number Taylor’s law is recovered (dashed line). Note that the
squares in this plot correspond to the squares in fig. 3.9. Inset: The relation between
the capillary and Reynolds numbers is a linear one. The slope is proportional to the
surface tension (cf. eq. (3.43)).

different from the tank-treading behaviour observed in, for example, vesicles,182 which
is characterized by a constant frequency for all points. We also observe that the average
rotation frequency increases with increasing capillary number, in spite of the fact that
the particles need to follow longer paths to complete one revolution as the droplet
deforms. This increase in frequency is concentrated on the particles in the centre of
the droplet, for the same reasons as mentioned above.

3.4.3 Droplet deformation and inclination

For small capillary number, Taylor predicts a linear dependence of the deformation of
a droplet on the capillary number,179,180 with a particularly simple form for equiviscous
fluids (λ≡ ηd/ηm = 1):

Dd =
19ηd + 16ηm

16ηd + 16ηm
Ca=

35
32

Ca (3.42)
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Figure 3.15: Inclination angle θd of a droplet as a function of the effective capillary
number Caeff for various interaction strengths g br and surfactant densities ρs. The
system size is nx = ny = 64, nz = 128 and the surfactant interaction strenghs are fixed
at grs = g bs = gss = −0.005. The capillary number is varied by changing the shear rate.
The high capillary numbers are only reached by using the surface tension lowering
effect of the added surfactant, hence the varying ranges of the datasets presented
here. As the capillary number increases, θd can first increase beyond an angle of 45◦
(dashed line) due to viscous effects. Only when the forces induced by the shear start
to dominate does the droplet align with the shear flow.183

This law has been recovered in our simulations for the case of binary systems with
various system sizes and interaction strengths, using the effective capillary number
introduced in section 3.4.1. Combining eq. (3.38) and eq. (3.40) one can derive a
relation between the capillary and Reynolds number:

Reeff = σ

�
ρmRd

η2
m

�
Caeff. (3.43)

As we change the capillary number explicitly by changing the shear rate, the Reynolds
number is proportional to the capillary number for a fixed value of the surface ten-
sion. Inertial effects increase the deformation, thus the deformations at high capillary
number are higher than predicted by the linear relation of Taylor.

When a surfactant is added to the system, it lowers the surface tension of the interface,
affecting the capillary number (but leaving the Reynolds number unchanged). Inter-
action strengths g br = 0.10 and g br = 0.13 are used, while the surfactant interaction
strengths are fixed at grs = g bs = gss−0.005 for the reasons mentioned in section 3.3.2.
The initial homogeneous surfactant densities range from ρs

init = 0.0 to ρs
init = 0.3 in

increments of 0.05 and the system size is nx = ny = 64, nz = 128, with an initial
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3.4. A droplet in shear flow 47

droplet radius of Rinit
d = 0.3 · nx = 19.2. The deformations for these systems are shown

in fig. 3.14. Since the change in surface tension directly enters the capillary num-
ber, all curves (including those not shown here for clarity) collapse onto a universal
curve as a function of Caeff, and Taylor’s law is reproduced for small capillary numbers
0< Caeff < 0.06. In the inset we show the relation between the capillary and Reynolds
numbers. It is clear that these relations are linear, the slopes are proportional to the
surface tension (which is changed both implicitly and explicitly), and agree with the
values predicted by eq. (3.43).

Inclination angles of the droplet in its steady state are plotted in fig. 3.15. In the case
of Stokes flow, one would expect the inclination angle to be 45◦ for very small capillary
number and to observe a decrease of this angle as the capillary number is increased,
indicating a better alignment of the droplet with the shear flow. However, as inertia
plays a role here we observe that in some cases θd first increases beyond 45◦, before
the inclination decreases again and the droplet becomes elongated along the shear
direction. When the steady inclinations are considered as a function of the Reynolds
number, there exists a critical capillary number for which the inclination angle never
exceeds 45◦. Grouping the results at similar capillary numbers as datasets, we estimate
this to be Caeff

crit ≈ 0.11. Our observations are consistent with results obtained by Singh
and Sarkar, using a front-tracking finite-difference method.183

We now consider a system with nanoparticles as additives. The fluid-fluid interaction
strength is held fixed at g br = 0.10. As before, the particles have a radius of rp = 5.0
and are neutrally wetting (θp = 90◦). Initially, we choose their mass to be mp = 524,
based on the condition that ρp = 1, following section 3.3.3. As discussed previously,
the introduction of finite-sized particles introduces a lower bound on how small the
simulation volume can be to accomodate enough particles on the interface and to avoid
finite-size effects. For this reason, the simulation volume is chosen to be nx = ny = 256,
nz = 512, with an initial droplet radius of Rinit

d = 0.3 ·nx = 76.8, still keeping it as small
as possible to avoid excessive calculation time. The number of particles is varied as
np = 0, 128, 256, 320, 384, 446 and 512, which results in a surface coverage fraction
of ξ = 0 up to ξ = 0.55. Again, the capillary number is changed by changing the shear
rate. Some examples of the deformations thus realised are shown in fig. 3.11, for
Caeff = 0.04, 0.08, 0.12 and ξ= 0.0, ξ= 0.27 and ξ= 0.55.

Although the effect of addition of surfactant on the deformation and inclination of
the droplet is automatically captured by the definition of the capillary number, the
adsorped nanoparticles cause deviations from the previously observed behaviour. At
low capillary number and low particle coverage, no differences are apparent and
Taylor’s law is reproduced (cf. fig. 3.16). When the coverage fraction grows beyond
ξ > 0.40 the deformations in this regime increase with increasing ξ and constant
capillary number. As was the case for the system with surfactant, the Reynolds number
scales linearly with capillary number. However, because the nanoparticles do not affect
the surface tension, all curves have the same slope (cf. inset of fig. 3.16 and eq. (3.43)).
This implies that the increased deformation in the case of added nanoparticles is not
caused by changes in inertia of the fluids. On the other hand, the inertia of the
particles themselves plays a decisive role here. We have investigated the dependence

183R.K. SINGH and K. SARKAR. J. Fluid Mech., 683: 149, 2011.



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 56PDF page: 56PDF page: 56PDF page: 56

48 Chapter 3. Nanoparticle-stabilized droplets

0.04 0.08 0.12

Caeff

0.0

0.1

0.2

0.3

0.4
D

d

ξ= 0.00
ξ= 0.27
ξ= 0.41
ξ= 0.55

0.00 0.04 0.08 0.12

Caeff

8

16

24

Re
ef

f

Figure 3.16: Main plot: deformation parameter Dd as a function of the effective cap-
illary number Caeff for various degrees of droplet interface particle coverage fraction
ξ. In all these simulations g br = 0.10, rp = 5.0, ρp = 1, and θp = 90◦. The system
size is nx = ny = 256, nz = 512. The capillary number is varied by changing the shear
rate. Lines are added to guide the eye and clarify that the effect of adsorped parti-
cles is very weak for low ξ, but that the effect becomes noticeable at ξ > 0.4, where
the deformation increases with ξ at constant capillary number. In all cases, however,
Taylor’s law is reproduced for small Ca (dashed line). Note that the squares in this
plot correspond to the triangles in fig. 3.9. Inset: as is the case with surfactant, the
Reynolds number scales linearly with the capillary number. Since the nanoparticles
do not affect the surface tension, all curves have the same slope (cf. eq. (3.43)).

of the droplet deformation on the size and mass of the particles. Particle radii have
been varied between 4.0 ≤ rp ≤ 10.0 and at Caeff = 0.1 this has led to only a small
change in Dd . Yet, changing the mass of the particles directly has a substantial effect.
We have varied the mass of the particles over two orders of magnitude, as shown in
fig. 3.17. ξ = 0.55, Caeff = 0.1, and rp = 5.0 are kept constant and we have changed
the density of the particles in the range 1≤ ρp ≤ 160. The particles are accelerated as
long as they are on the part of the droplet interface that experiences a shear flow at
least partially parallel to the particle movement. Eventually, particles have to “round
the corner” and are forced to move perpendicular to or even antiparallel to the shear
flow. The increased inertia of heavier particles makes it more difficult to change the
movement of these particles, leading to a situation where the droplet interface is in fact
initially dragged farther away in the direction of the shear flow instead. This process
is balanced by the surface tension as the surface area increases. This then explains the
increase of deformation with increasing particle mass. As our deformation is increased
substantially, the system size limits the deformation we can induce. Therefore, the
values presented here are underpredictions of the actual effect of increased mass at
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Figure 3.17: The deformation parameter Dd is shown as a function of the density
of the particles ρp. The particles have a radius rp = 5.0, their coverage fraction is
ξ = 0.55 and the capillary number is Caeff = 0.1. Snapshots of the droplets are included,
showcasing the deformations of the droplet. The inertia of the heavier particles causes
additional deformation as they drag the droplet interface in the direction of the shear
flow.

high deformations, and might indeed hide a breakup event. The upper limit of the
densities considered here corresponds to the density of transuranic elements and as
such the use of particles with these large densities is not feasible in practice.

The effect of particles on the inclination angle of the droplet is quantified in fig. 3.18.
We now return to using particles with mass ρp = 1. At low capillary number the
disturbance caused to the droplet shape by the particles makes the inclination hard to
measure. Due to the higher Reynolds numbers in these simulations when compared to
the system with added surfactant, the inclination angle surpasses the 45◦ mark in all
cases, even in the case without particles at all.183 As in the study of deformation, the
effect of a small number of particles is relatively minor, but for ξ > 0.4, the inclination
angle decreases sharply, as the droplet becomes more elongated and aligned with
the shear flow. Increasing the particle mass also lowers the inclination angle, for the
reasons described above, as can be observed in the droplet snapshots in fig. 3.17.

3.4.4 Droplet breakup

When the capillary number is increased beyond the values shown in this work so
far, we first proceed into a regime of extreme droplet deformation, where ellipsoidal
approximations of the droplet shape no longer hold. This is followed by a regime
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Figure 3.18: Inclination angle θd as a function of the effective capillary number
Caeff for various degrees of droplet interface particle coverage fraction ξ. In all these
simulations g br = 0.10, rp = 5.0, ρp = 1 and θp = 90◦. The system size is nx = ny = 256,
nz = 512. The capillary number is varied by changing the shear rate. Due to the higher
Reynolds numbers in these simulations when compared to the previous system, the
inclination angle surpasses the 45◦ mark (dashed line) in all cases, even in the case
without particles. As in the study of deformation, the effect of a small number of
particles seems to be relatively minor, but for ξ > 0.4, the inclination angle decreases
sharply.

of droplet breakup, where the surface tension cannot keep the droplet together and
two or more smaller droplets form. Their increased relative surface area and smaller
volume render them more stable against new deformations or breakup events. A series
of snapshots of this process is shown in fig. 3.19. First, a droplet without particles is
shown in its steady state (fig. 3.19a), strongly deformed at an applied shear velocity
vshear = 0.07, but not breaking up. At the same applied shear velocity, a particle-
covered droplet evolving in time is shown. First, deformations take place within the
ellipsoidal approximation (fig. 3.19b and fig. 3.19c). As the droplet is deformed even
more, a definite neck is observed (fig. 3.19d). When this neck pinches off, two droplets
are formed. In the highly deformed state just before breakup, the particles are mostly
found near the centre of the x-direction, on the parts of the interface with highest
curvature (this is an extreme example of the distributions described in section 3.4.2).
This means that just after the breakup, even though the new droplets are not very
strongly deformed, there is a large anisotropy in the distribution of the particles,
that is, one side of each droplet is mostly vacant (fig. 3.19e). After more relaxation,
however, the particles redistribute themselves over the interface in a similar fashion as
before (fig. 3.19f). Analyzing this behaviour in detail remains outside the scope of this
work. We do remark that introducing adsorped particles decreases the resilience of
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(a) t = 100000 (b) t = 50000

(c) t = 70000 (d) t = 90000

(e) t = 100000 (f) t = 150000

Figure 3.19: Example of the breakup of a droplet when subjected to shear flow. The
control parameters of the systems shown are identical (nx = ny = 256, nz = 512,
g br = 0.10, vshear = 0.07, Rinit

d = 76.8, Caeff = 0.15) apart from the introduction of
neutrally wetting particles of radius rp = 5.0: in fig. 3.19a ξ = 0.0, in the others
ξ = 0.55. The system without particles has reached a steady state at t = 100000
(fig. 3.19a). At the same applied shear velocity, the droplet with the particles breaks
up into two droplets of similar size: At t = 50000 (fig. 3.19b), t = 70000 (fig. 3.19c),
and t = 90000 (fig. 3.19d) the droplet still holds together, but the deformation is
extreme, departing from the ellipsoidal approximation and displaying a clear pinch-
off. At t = 100000 (fig. 3.19e) the droplet has broken up into two similar-sized
droplets, with the particles still distributed much as they were on the original droplet.
After some relaxation the particles have redistributed themselves on the new interfaces
at t = 150000 (fig. 3.19f).

the droplet against breakup, effectively lowering the critical capillary number at which
breakup occurs, which can be viewed as an extension of the increased deformations.

3.5 Conclusions and outlook

In this chapter we have applied our implementation of the lattice Boltzmann method,
extended to deal with multiple fluid components, surfactants and hard-sphere nanopar-
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ticles to study physical phenomena related to a droplet in shear flow. Surface tensions
in a binary system can be mapped to the choice of interaction strength between the
fluid components and can be further adjusted by addition of a surfactant species. In
this way, the surface tension can be varied by an order of magitude within the stable
parameter region. The addition of spherical, neutrally wetting particles to the droplet
interface does not affect the surface tension, owing to the fact that these only change
interfacial free energy by removing part of the energetically unfavourable fluid-fluid
interface.

When a droplet is subjected to simple shear flow, one of the characterizations of the
system is the capillary number, relating the magnitude of the viscous forces to the
magnitude of the surface tension. We have found that a measured effective shear rate
better characterizes the system than the imposed shear rate, owing to the distortion in
the velocity fields created by the presence of the droplet. We have recovered Taylor’s
law for small deformations of a binary droplet, obtaining linear behaviour with the
analytically predicted slope. For higher capillary number, the deformation increases
more strongly than this linear relation. The surfactant model also conforms to this
law: when surfactant is introduced into the system the capillary number is changed
through the induced change in surface tension. Therefore, the same curve as found
for the binary system is recovered.

The effect of the addition of nanoparticles adsorped to the droplet interface on the
deformation properties of the droplet has been studied. The particles are not homoge-
neously distributed over the droplet surface, but form more densely packed patches
in areas with low shear velocities and high curvature. This pattern is in a dynamic
equilibrium, and particles rotate over the droplet interface. Their rotational frequency
increases with capillary number and decreases with distance from the centre of the
system. For low capillary numbers or low coverage of the interface the effect of these
nanoparticles is negligible. However, in the regime of high capillary number and high
coverage (≈ 50% in the undeformed state) the presence of particles induces a larger
deformation at constant capillary number and a decrease in inclination angle. This
is caused by the inertia of the massive particles. Finally, adsorped particles make the
droplets break up more easily, lowering the critical capillary number at which breakup
occurs. Emulsions consisting of such particle-covered droplets are expected to exhibit
shear-thinning behaviour, as the increased deformation at higher shear rates lowers
the apparent viscosity of such a complex fluid.

The effects mentioned above are of potential interest to the petrochemical industry,
and particularly in the field of enhanced oil recovery. However, the density of the
particle material required to get sufficient inertial effects to make use of increased
deformability might make this technique hard to put into practice. Improved under-
standing of the droplet stabilization mechanisms are also very important for cosmetics
and food products, as these commonly require long-term stability of droplets in an
emulsion, while the droplets are required to break up easily during application or
consumption, respectively. The presented simulation method could be used in the
future to study the breakup of a droplet with adsorped particles in more detail. In
our current work, no nanoparticles were suspended in the medium fluid, but having
them adsorp to the droplet interface when it gets enlarged due to deformation could
provide interesting results. Droplet collision and coalescence (or lack thereof) of
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droplets stabilized by surfactants or particles would be of interest both fundamentally
and with applications in industry. Combining the use of surfactant and particles, as
well as using more complicated nanoparticles, either geometrically or by using non-
zero and non-homogeneous wettability properties, could further expand the range of
possibilities.
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Chapter 4

Nanoparticle-stabilized emulsions

The content of this chapter is based on S. FRIJTERS, F. GÜNTHER, AND J. HARTING.
Domain and droplet sizes in emulsions stabilized by colloidal particles. Physical Review
E, 90: 042307, 2014,184 S. FRIJTERS AND J. HARTING. Self-assembled porous media
from particle-stabilized emulsions. Submitted for publication, 2014,185 and S. FRIJTERS

AND T. KRÜGER AND J. HARTING. Parallelised Hoshen-Kopelman algorithm for lattice-
Boltzmann simulations. Computer Physics Communications, 2014,186 except where
noted otherwise.

4.1 Introduction

In recent decades, many branches of industry have started using nanoparticles to stabi-
lize emulsions for various purposes, such as cosmetics, improved low-fat food products,
and drug delivery.26,27 Emulsions are also extremely relevant to the petroleum industry:
they are commonly found during the production of crude oil, the extraction of bitumen
from tar sands, and in many other related processes.187 Some are actively used, such
as drilling and completion fluid emulsions, or asphalt and heavy oil emulsions. Others
occur naturally, but with deleterious effects, and are to be avoided. These include
crude oil-brine emulsions, which need to be broken down before refining the oil, and
oil spill emulsions, which pose large environmental problems.

Traditionally, amphiphilic surfactant molecules are often employed as emulsification
agents, but their effects can be mimicked or supplemented by the use of nanoparticles.
These may fill the role of a cheaper or less toxic alternative to surfactants, or they may
be customized to include additional desirable properties. Examples include ferromag-

184S. FRIJTERS et al. Phys. Rev. E, 90: 042307, 2014.
185S. FRIJTERS and J. HARTING. Submitted for publication, 2014.
186S. FRIJTERS et al. Comput. Phys. Commun., 189: 92, 2014.

26E. DICKINSON. Curr. Opin. Colloid Interface Sci., 15: 40, 2010.
27D.A. PINK et al. Food Struct., 1: 71, 2014.

187D.E. TAMBE and M.M. SHARMA. Adv. Colloid Interfac., 52: 1, 1994.
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netic particles28,29 (which can be detected remotely), Janus particles30–32,188 (having
different interfacial properties on different parts of their surface, improving their
stabilization properties), or particles with nonspherical geometries37,189–192 (which
introduce additional geometrical degrees of freedom and also exhibit improved stabi-
lization properties). Nanoparticles stabilize emulsions because they can reduce inter-
facial free energy by their presence: maintaining a fluid-fluid interface is energetically
expensive, and it is favourable to replace it with particle-fluid interface. This is ex-
actly what happens when a particle adsorps to such a fluid-fluid interface. In contrast,
surfactants reduce the interfacial tension, which also reduces the total interfacial free
energy. These effects are described in some detail in chapter 3. The energy differences
involved in the case of nanoparticles are generally orders of magnitude larger than
thermal fluctuations, which makes this adsorption process practically irreversible.25,193

Once adsorped, the nanoparticles block Ostwald ripening,42–44,194,195 which is one of
the main processes leading to drop coarsening and the eventual demixing of emul-
sions. Thus, by blocking this effect, nanoparticles allow for long-term stabilization of
an emulsion. It is worth noting that these emulsions are only kinetically stable, not
thermodynamically.

Nanoparticle-stabilized emulsions can present in various forms, classified by the shapes
and sizes of their fluid domains. The form that most resembles a traditional, surfactant-
stabilized emulsion is the “Pickering emulsion”,40,41 which consists of particle-covered
droplets of one fluid suspended in another fluid. A more recent discovery is the bi-
continuous interfacially jammed emulsion gel, or “bijel”, which is characterized by
two large continuous fluid domains that are intertwined and are only stable because
of the particles present at their interfaces. This form was first predicted by numeri-
cal simulations,49 and shortly thereafter confirmed experimentally.50,51 Clustering and
structure formation can also occur in granular gases.196,197 Parameters that affect the
final state of an emulsion include the ratio between the two fluid components, the vol-
ume fraction of the nanoparticles, and their wettability. These parameters have been
studied numerically in various works.37,52–55 In this work, we look at these parameters

28S. MELLE et al. Langmuir, 21: 2158, 2005.
29E. KIM et al. Langmuir, 26: 7928, 2010.
30B.P. BINKS and P.D.I. FLETCHER. Langmuir, 17: 4708, 2001.
31R. AVEYARD. Soft Matter, 8: 5233, 2012.
32A. KUMAR et al. Soft Matter, 9: 6604, 2013.

188N. GLASER et al. Langmuir, 22: 5227, 2006.
37F. GÜNTHER et al. Soft Matter, 10: 4977, 2014.

189M.J.A. HORE and M. LARADJI. J. Chem. Phys., 128: 054901, 2008.
190W. ZHOU et al. Angew. Chem. Int. Edit., 48: 378, 2009.
191M. GRZELCZAK et al. ACS Nano, 4: 3591, 2010.
192L. BOTTO et al. Soft Matter, 8: 9957, 2012.

25B.P. BINKS. Curr. Opin. Colloid Interface Sci., 7: 21, 2002.
193G.B. DAVIES et al. J. Chem. Phys., 141: , 2014.
42W. OSTWALD. Analytische Chemie, 1901.
43P.W. VOORHEES. Annu. Rev. Mater. Sci., 22: 197, 1992.
44P. TAYLOR. Adv. Colloid Interfac., 75: 107, 1998.

194R.D. VENGRENOVITCH. Acta Metall. Mater., 30: 1079, 1982.
195Y. ENOMOTO et al. Acta Metall. Mater., 35: 907, 1987.
40W. RAMSDEN. Proc. R. Soc. London, 72: 156, 1903.
41S.U. PICKERING. J. Chem. Soc., Trans., 91: 2001, 1907.
49K. STRATFORD et al. Science, 309: 2198, 2005.
50E.M. HERZIG et al. Nat. Mater., 6: 966, 2007.
51P.S. CLEGG et al. Langmuir, 23: 5984, 2007.

196S.N. PATHAK et al. Phys. Rev. Lett., 112: 038001, 2014.
197S. GONZALEZ et al. Eur. Phys. J.-Spec. Top., 223: 2205, 2014.
52E. KIM et al. Langmuir, 24: 6549, 2008.
53F. JANSEN and J. HARTING. Phys. Rev. E, 83: 046707, 2011.
54S. ALAND et al. Phys. Fluids, 23: 062103, 2011.
55F. GÜNTHER et al. Comput. Fluids, 80: 184, 2013.
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(a) Pickering emulsion (b) Intermediate state (c) Bijel

Figure 4.1: Examples of emulsion states stabilized by spherical particles with radius
rp = 5.0 in a system consisting of Vsim = 5123 lattice sites after an equilibration period
of 1 million timesteps. The fluid-fluid ratio is χ = 0.56 (ρr

init = 0.5 and ρb
init = 0.9),

the particle volume fraction is Ξ = 0.15, and the Shan-Chen interaction strength is
g br = 0.08, corresponding to a surface tension of σ = 0.014. The contact angle of the
particles is varied. Figure 4.1a showcases a Pickering emulsion (hydrophilic particles;
θp = 77◦): discrete droplets (red) suspended in the medium (blue) and stabilized
by particles (green). Figure 4.1b shows an intermediate state between a Pickering
emulsion and a bijel (neutrally wetting particles θp = 90◦): a large continuous red
domain has formed, but some discrete droplets remain. Finally, fig. 4.1c depicts a bijel
(hydrophobic particles; θp = 103◦): two intertwined continuous domains.

from a fresh perspective and consider the possibility of a transition from one state
to another by changing the wettability of the particles in time. Based on the other
relevant parameters, one may be able to induce a transition in either direction, or both,
or neither. This effect can be accomplished in experiments by tailoring nanoparticles
to change their interfacial properties based on their surrounding environment and is
of interest in, for example, the areas of oil recovery and targeted drug release.

As in chapter 3 we use the lattice Boltzmann (LB) method, coupled to solid parti-
cles whose inter-particle interactions are simulated by molecular dynamics, to study
particle-stabilized emulsions. The details of the simulation method have previously
been introduced in section 2.4 and section 3.2 and will not be repeated here. In
section 4.2 we explain in detail how to characterize the different types of particle-
stabilized emulsions, introducing two ways to quantify domain sizes, and a method to
study the distribution of particles. Section 4.3 aims to give an overview of the param-
eter space that determines how the emulsions present, based on the volume fraction
occupied by the particles, their contact angle, and the ratio between the two fluids.
Aside from making the distinction between bijels and Pickering emulsions, the domain
sizes are studied in some detail. We then explore the possibilities of changing the
wettability of the particles in order to induce an in situ transition from one emulsion
state to the other, without any mechanical mixing; this comprises section 4.4. Finally,
in section 4.5 we draw our conclusions and provide an outlook on how to employ this
novel concept.
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4.2 Characterization of emulsion states

The stability of particle-stabilized emulsions is influenced by many factors, such as the
volume fraction of the particles, their size, wettability and interactions, and environ-
mental factors, such as the ambient pH values and presence of ions.187 A minimum
surface coverage is necessary to form a stable emulsion; this puts a lower bound on
the volume fraction of the particles necessary to stabilize an emulsion. This effect is
not linear, and an upper bound also exists, after which the stability of the emulsion no
longer increases. The fluid-fluid ratio plays a dominant role in determining whether
an oil-in-water or water-in-oil emulsion will be formed. At a fluid-fluid ratio χ = 1,
the wettability of the particles is extremely important, as the curvature induced by
these particles will be the deciding factor (cf. fig. 3.1). Changing the wettability in
such systems can lead to a catastrophic phase inversion.198 The size of the individual
particles is also one of the most important factors when stabilizing an emulsion, be-
cause it controls the ability of a particle to reside at an interface, with smaller particles
finding it easier to arrange themselves. However, as particles become smaller, the
energy barrier binding them to the interface becomes small when compared to the
energy of Brownian motion, such that very small particles do a poor job of stabiliz-
ing emulsions.199 Particle-particle interactions and electrostatic interactions can affect
the denseness of the particle layers; if these are not able to be sufficiently closely
packed, the emulsion will not be stabilized. The presence of ions in the fluids can
affect the screening length of the electrostatic interactions, and as such will dampen
droplet-droplet repulsion, allowing for easier coalescence and destabilization.

Nanoparticle-stabilized emulsions can take various forms that can be characterized by
the size and shape of the fluid domains. Qualitatively, we can make the distinction
between Pickering emulsions, which consist of discrete droplets of one fluid inside a
medium fluid, and bijels, in which each fluid forms a single continuous domain that
spans the system. The transition between these phases is not sharp: intermediate
states exist, in which large domains span the system, but some single droplets remain.
Examples of these three states are shown in fig. 4.1. In this chapter we focus on
studying the effects of the volume fraction and wettability of the particles and keep
the fluid-fluid ratio and particle sizes fixed. In particular, we choose an oil-water
ratio of χ = 0.56 (far away from the possibility of inverting a Pickering emulsion, but
allowing bijel configurations) and rp = 5.0 (which balances the size of the particles
in terms to the interfacial thickness of the Shan-Chen method with computational
efficiency, cf. chapter 3). Electrostatic effects are also not treated in this chapter.
These choices leave us with a sufficiently large, but still manageable, parameter space
in which to search for the differences between bijels and Pickering emulsions, and
transitions from one to the other. To characterize the emulsions, we focus on the
size of the fluid domains and the inter-particle distances. Measures for these two
quantitities are introduced in the following sections.

198P.A. KRALCHEVSKY et al. Langmuir, 21: 50, 2005.
199H. BECHHOLD et al. Kolloid Z., 28: 6, 1921.
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4.2.1 Domain sizes - structure functions

We now define one of two methods we will use to characterize the size of fluid domains.
In previous work, domain sizes have been calculated using the structure function,
which, when suitably averaged, can be reduced to a time-dependent measure of
the global lateral domain size Λ.37,52,53,55 This method matches the commonly used
experimental way of treating measurements of scattering data. Recall that a local order
parameter “colour” has been defined as a function of local fluid densities ϕ(x ) =
ρr(x ) − ρb(x ). In this work we also employ this order parameter, and define the
averaged time dependent lateral domain size Λ(t), which is the average of the time
dependent lateral domain sizes Λi(t) along directions i = x , y, z as given by

Λi(t)≡ 2π�"
k2

i (t)
# . (4.1)

Here, "
k2

i (t)
#≡

∑
k k2

i � (k, t)∑
k � (k, t)

(4.2)

is the second order moment of the three-dimensional structure function

� (k, t)≡ 1
Vsim

��ϕ′k(t)��2 (4.3)

with respect to the Cartesian component i. The angled braces denote the average in
Fourier space, weighted by � (k, t), ϕ′k(t) is the Fourier transform of the fluctuations
of the order parameter ϕ′ ≡ ϕ − 〈ϕ〉, and ki is the ith component of the wave vector
k.200 This method is not without its flaws in the context of our simulations, however. In
particular, as the colour of the particles is linked to their wettability, they will generally
not blend into their environment from the point of view of this method. As such, they
introduce additional length scales of the particle radius and inter-particle distance (to
be discussed in section 4.2.3), which will depress the average value in a non-physical
way (as the physical length scales of the order of the average droplet size are much
larger than the radius of the particles). An alternative method is therefore introduced
below.

4.2.2 Domain sizes - cluster sizes

As an alternative way to measure domain sizes we also use a three-dimensional varia-
tion of the Hoshen-Kopelman algorithm to detect clusters and to measure the sizes of
individual fluid domains.201 The algorithm is described in detail in appendix A. With-
out loss of generality we assume χ ≤ 1, which then is a red-in-blue emulsion (the
details of how we initialize the fluid mixtures will be explained in section 4.3). We
choose ϕ(x ) > 0 as the condition needed to decide whether a lattice site is part of
a cluster, or part of the medium. This corresponds to the sizes of the red domains

200J. HARTING et al. Phys. Rev. E, 75: 041504, 2007.
201J. HOSHEN and R. KOPELMAN. Phys. Rev. B, 14: 3438, 1976.
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being of interest and the blue domain forming the medium. When all clusters have
been identified, it is trivial to get information on domain sizes by simply counting
the number of sites belonging to a particular cluster for all clusters. In addition, this
method provides information on the distribution of the sizes of individual clusters
(which the structure function method does not supply). A Pickering-like emulsion
is characterized by a large number of small clusters (discrete droplets), while a bijel
contains only a single connected cluster, which spans the system. Following Hoshen
and Kopelman, we introduce the “reduced averaged cluster size”201

Iav =

�nmax∑
n=1

inn2

�
/Nc − n2

max/Nc , (4.4)

where Nc denotes the total number of sites with ϕ(x )> 0, in is the number of clusters
of size n cubed lattice units, and nmax is the size of the largest such cluster. By thus
subtracting the contribution of the single largest cluster, we observe a very sharp
decrease of this quantity when transitioning from the Pickering to bijel regime. In the
case of a pure bijel Iav = 0. This makes it easy to detect a transition, but also removes
all useful information about the structure of a bijel state. Even if the effect of the
largest (and only) cluster would not be dropped, we only gain information that is a
direct consequence of the fluid-fluid ratio and surface tension, i.e. the total volume of
the red fluid. Thus, this method is best used for Pickering emulsions. Finally, in the
context of Pickering emulsions we introduce a cutoff to discount unphysically small
domains: due to the diffuse interface and small fluctuations, domains consisting of
only a few lattice sites cannot be properly called droplets. In this work the cutoff
is chosen to be 50 lattice sites, which we have found to discard most errors while
retaining as much valid data as possible.

4.2.3 Two-particle correlation function

To further study the way the emulsions are structured we employ a discrete pair
correlation function based on the position of the particles, as in eq. (3.41):

G(r) =
np−1∑
i=1

np∑
j=i

∫ r+ 1
2

r− 1
2

δ(
����ri − r j

����− R)dR, (4.5)

where δ(x) is the Dirac delta function, and ri and r j are the positions of particles i
and j, respectively. The function parameter r takes on integer values, and because
of the system size, the domain of the pair correlation function is limited to 0 ≤ r ≤
min(nx , ny , nz)/2. We choose to normalize Gnorm(r) = G(r)/α(r), such that it tends
to 1 as r tends to its maximum value. The normalisation factor α(r) is based on
geometrical arguments:

α(r) =
4πr2Ξ

Vp
=

3Ξ
r3

p

r2, (4.6)

where the particle volume fraction Ξ and the volume of a single spherical particle
Vp = 4πr3

p/3 are combined into a number density, and 4πr2 is the volume of the
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spherical shell at a distance r from the centre. The normalized discrete two-particle
correlation function Gnorm(r) provides information about the positions of the particles;
in particular, it tells us how many particles we expect to find at a distance r from each
other. As the function is normalized to tend to one for “infinite” distance (in our case
limited by the size of the system), peaks in the function hold information about the
spatial ordering. For r < 2rp, G(r) = Gnorm(r) = 0, because of the hard core repulsion
of the particles: particle centres cannot approach any closer, so we always find zero
particles up to that distance.

4.3 Results - effects of initial conditions

In this section, we discuss how changing the particle volume concentration and par-
ticle contact angle can affect the final state of a mixture of immiscible fluids and
nanoparticles. Systems of various sizes are used, in order to balance computational
effort with statistical accuracy. Lower limits on system size exist, as particles have to
be larger than the interfacial thickness, and multiple particle-covered droplets have
to fit in the system to simulate an emulsion. As such, the systems we use consist of
Vsim = 5123 or Vsim = 2563 lattice sites. Periodic boundary conditions are applied on
all sides. The particles are hard and spherical and have a radius rp = 5.0. They also
exhibit a particular contact angle θp at the interface between the fluids, which, in this
section, we keep fixed in time. We use a Shan-Chen interaction strength g br = 0.08,
which is enough to let the fluids demix and form an emulsion, and corresponds to a
surface tension of σ = 0.014. The system is initialized with red and blue fluid den-
sities at any site chosen uniformly at random from the interval [0,ρr

init] and [0,ρb
init],

respectively. The particles are randomly placed in the system, taking care not to allow
any overlapping particles. When evolved in time, the fluids spinodally demix, and
particles are swept to the newly-formed interfaces and stabilize them. This causes
a rapid change of the system at early times, while at longer timescales the system
will still develop, albeit more slowly.37 In order to keep the parameter space small we
restrict ourselves to a single value of the the fluid-fluid ratio χ = 0.56 (ρr

init = 0.5 and
ρb

init = 0.9) and focus on particle volume fractions Ξ = 0.15, 0.20, 0.25. In this regime,
the wettability of the particles has a strong effect on the final state of the emulsion.
For hydrophilic particles (θp < 90◦), the particles induce curvature favourable to a red-
in-blue emulsion (cf. fig. 3.1) and droplets are formed. Therefore, a Pickering state
is observed ( Iav� 0). Conversely, for hydrophobic particles (θp > 90◦), the favoured
curvature is inverted. However, there is not enough red fluid to be able to suspend
blue droplets in it. Therefore, the system instead forms a bijel ( Iav = 0). Increasing
the volume fraction Ξ of the particles increases the interfacial area that they stabilize,
which allows for smaller droplets in the Pickering regime.

4.3.1 Domain sizes

We now consider emulsions for a range of particle volume fractions 0.05 ≤ Ξ ≤ 0.35
and particle contact angles 50◦ < θp < 130◦, in a system of volume Vsim = 2563 that has



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 70PDF page: 70PDF page: 70PDF page: 70

62 Chapter 4. Nanoparticle-stabilized emulsions

0 20 40 60 80 100

t(×103)

10

15

20

25

30

35

R
d
(t
)

Ξ= 0.15
Ξ= 0.20
Ξ= 0.25

Figure 4.2: Time evolution of the surface weighted average droplet radius Rd of a
Pickering emulsion, following Arditty et al.45 We use the cluster sizes obtained through
the Hoshen-Kopelman algorithm to calculate the radii Rd of the droplets. The same
qualitative behaviour as in Arditty et al. fig. 4 and fig. 5 is observed: the droplet
growth is rapid at first, but slows down until Rd converges to an asymptotic value.

been allowed to equilibrate for t = 105 time steps. The first quantity to be considered
is the average domain size; its dependence on Ξ is of particular interest. Qualitatively,
increasing the number of particles in an emulsion system will increase the interfacial
area they can collectively stabilize, which then increases the surface-to-volume ratio of
the fluid phases and makes the domains smaller on average. For a more quantitative
analysis we follow Arditty et al.45 and define the surface weighted average droplet
radius as

Rd(t) =

∑
i ni(Rd)3i∑
i ni(Rd)2i

, (4.7)

where ni is the number of droplets with radius Rd . In fig. 4.2 we show that our
simulated emulsions display the same time dependence as the experimental emulsions
discussed in Arditty et al.: the droplet growth is rapid at first, but slows down until
Rd converges to an asymptotic value. Here, we have used the Hoshen-Kopelman
method to calculate the droplet sizes (the HK algorithm supplies an average volume,
which is used to calculate a radius based on the assumption that the domains are
spherical). Following the geometric arguments presented in the paper, the surface
weighted average droplet radius is expected to be inversely proportional to the total
amount of solid particles present in the system (we use the particle volume fraction

45S. ARDITTY et al. Eur. Phys. J. E, 11: 273, 2003.
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Figure 4.3: Dependence of the surface weighted average droplet radius Rd of a Pick-
ering emulsion on the particle volume fraction Ξ, following Arditty et al.45 We observe
a linear relation with an offset; the offset can be explained by the facts that the system
is finite, and that the interfaces are diffuse.

to quantify this, instead of the total mass of particles, which is used by Arditty et al.):

1

Rd(t)
∼ Ξ. (4.8)

However, as is shown in fig. 4.3, we find an offset for this linear relation, instead of it
passing through the origin. The datasets are based on the progression of the droplet
sizes towards their final value Rd ,final. As we have seen that the droplet size increases
monotonously with time, the order of the datasets represents time evolution. The
existence of an offset can be attributed to two factors: Firstly, the system is finite,
and, even when the volume concentration of particles drops, the droplets cannot grow
infinitely large. Secondly, the diffuse interfaces of the Shan-Chen model affect the
droplet radii we measure, but this is a constant contribution based on the thickness of
the interfacial region and thus is not taken into account in the scaling law.

These arguments also explain the data presented in fig. 4.4, which follows the way
the data on domain sizes in emulsions is presented in Jansen and Harting.53 Note that
we follow their lead and now again use structure functions to calcluate domain sizes.
We expect a relation of the form Λ(Ξ) = a+ b/Ξ, with a and b fitting parameters. The
offset a is again a deviation from a purely inverse dependence law, and is caused by
the same arguments as discussed above. This fitting function has been used to good
effect in fig. 4.4, where Λ(Ξ) = 7.11+ 2.36/Ξ has been found for θp = 72◦. For low
particle volume fractions Ξ < 0.15, the interfacial area that can be stabilized gets so
small that the domain sizes are even more strongly affected by the finite size of the
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Figure 4.4: Averaged lateral domain size Λ as a function of particle volume fraction
Ξ for various particle contact angles θp. These values are then fit using an inverse
relation with an offset, following Arditty et al.45 as in Jansen and Harting,53 resulting
in Λ(Ξ) = 7.11+ 2.36/Ξ for θp = 72◦ (solid line), Λ(Ξ) = 6.61+ 2.80/Ξ for θp = 90◦
(dashed line), and Λ(Ξ) = 6.14+2.83/Ξ for θp = 107◦ (dotted line). The domain sizes
are largest in the case of neutrally wetting particles.

system; as such, these data points are not used for fitting. The fit takes into account
the error bars of the data points, which are the standard deviations of the components
Λi of the domain size. Surprisingly, this prodecure also produces satisfactory results
for more bijel-like states based on θp = 90◦ and θp = 107◦, which can be fit well
by Λ(Ξ) = 6.61+ 2.80/Ξ and Λ(Ξ) = 6.14+ 2.83/Ξ, respectively. This method likely
works because of the way the domain sizes are calculated (along Cartesian directions
only), which in effect leads to quasi-ellipsoidal domains being measured, which then
correspond to similar droplets as they would in the Pickering regime. Values for a
wider range of contact angle have been calculated but are not shown here, as they
follow the same trends. As expected, the change of contact angle only weakly changes
the interfacial area that can be stabilized, and as such, there is only a weak dependence
of the domain sizes on it.

Note however that the neutrally wetting case actually exhibits the largest values of Λ.
This is shown in more detail in fig. 4.5, which clearly demonstrates a non-monotonic
dependence of Λ on θp, and extends the range of contact angles in both directions as
compared to fig. 4.4. Recall that the irreversibility of the adsorption of particles to a
fluid-fluid interface is based on the large energy cost associated with the fluid-fluid
interface that would exist in absence of the particle, and that this quantity depends
linearly on both the surface tension and the area of the covered interface. As particles
gain a preference to reside in one fluid, they will initially still be attached to the inter-
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Figure 4.5: Average lateral domain size Λ as a function of particle contact angle θp for
various particle volume fractions Ξ. The domain size is largest for neutrally wetting
particles. The interfacial curvature induced by the particles leads to smaller droplet
sizes for Pickering emulsions. The reduction of Λ as the contact angle deviates far
from 90◦ can be explained by the fact that particles have detached from the interface
and moved into the bulk. They are then detected as domains of size 2rp = 10.0, which
depresses the average domain size towards that value.

face, but the area they cover will decrease: this follows from the simple geometrical
argument that a planar cut through a sphere has the largest area if it goes through
the centre of the sphere. As the particle centre moves away from the interface, the
associated decrease in interface covering will decrease the energy barrier that keeps
the particle adsorped:57

ΔEdet = πr2
pσ
�
1− | cosθp|

�2
. (4.9)

The fluid-particle interface will also become more favourable, as long as the particle
moves into its preferred fluid. Both effects combine to destroy the irreversibility of the
particle adsorption, which strongly decreases the number of particles actually partici-
pating in interface stabilization. The energy barrier does not have to be of the order
of thermal fluctuations: when the emulsion is formed the absence of interfaces and
inter-particle collisions will keep particles from adsorbing in the first place. One would
expect this effect to cause an increase of the average domain size, however, fig. 4.5
shows the opposite. This is caused by the way the structure factor is calculated: it
measures fluctuations in the order parameter and the simulation code returns a zero
value for all sites occupied by a particle. If this particle is located at the interface,
where the order parameter of the fluids is close to zero, it will not add a strong signal

57B.P. BINKS and T.S. HOROZOV. Colloidal Particles at Liquid Interfaces, 2006.
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(a) (b)

Figure 4.6: Examples of degenerate emulsions: When the particles are (a) strongly
hydrophilic (here: θp = 50◦) or (b) strongly hydrophobic (here: θp = 130◦), they lose
their ability to stabilize the system as their detachment energy decreases. In extreme
cases, most particles will have moved into their preferred fluid, leaving a very small
effective number of stabilizing particles at the interfaces. This strongly increases the
average domain sizes, and the resulting state can hardly be called an emulsion at all.

because it blends into the fluid background. However, any particles that are inside
one of the fluid phases, where the order parameter is far away from zero, will add
a signal to the calculation, which adds a length scale comparable to their diameter.
Because the droplet diameters are larger than the particle diameters, detached par-
ticles artificially reduce the value of Λ. Aside from distorting the measured domain
sizes, the emulsions stabilized by particles with extreme contact angles present very
differently from the variants with more moderate contact angles; examples are shown
in fig. 4.6. The domains are much coarser, and these degenerate emulsions can hardly
be called emulsions at all. Note that in the case of a Pickering emulsion, the individual
droplets are no longer covered by a densly packed monolayer; instead the droplets
are separated by clumps of particles. This strongly reduces the long-term stability of
the state as Ostwald ripening is no longer effectively blocked.

Figure 4.7 also depicts the dependence of domain sizes on the contact angle of the
particles, but here we use the reduced average cluster size, introduced in section 4.2.2
(this corresponds to a volume, not a length). The error bars are calculated through
the standard deviation of the droplet sizes (again excluding the largest droplet). We
clearly see the advantage of this method when attempting to detect a transition from
a bijel to a Pickering emulsion or vice versa: Iav sharply drops to zero when a bijel
state is achieved. In the Pickering regime, the average domain size is a measure
for the droplet sizes, while for a bijel Iav = 0. In the transition region a peak can
occur: this corresponds to multiple bijel-like domains co-existing, only one of which is
discarded during the calculation. This leaves one with one or more very large clusters
which strongly contribute to raising the average (the number of discrete droplets will
be small at this point). As this method is not affected by the presence of detached
particles (except to subtract their volume from the domain size), we now properly
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Figure 4.7: Reduced average cluster size Iav after equilibration of t = 100000 time
steps as a function of the contact angle θp of the stabilizing particles. After subtracting
the effect of the largest cluster, the bijel has zero average cluster size, while the
Pickering emulsions have nonzero sizes, with a dependence on the particle volume
fraction Ξ. For all data points, the system size is Vsim = 2563 lattice sites, the fluid-fluid
ratio χ = 0.56 (ρr

init = 0.5 and ρb
init = 0.9), and the surface tension is σ = 0.014. The

error bars are calculated through the standard deviation of the droplet sizes.

observe the increase of the average domain size as the particle contact angle is reduced
and the particles are more hydrophilic.

Throughout this section we have alternately used two methods to measure the sites
of domains. To conclude this section, we show both the averaged lateral domain size
Λ (filled symbols) and the reduced average cluster size (transformed into a radius Rd ,
shown as open symbols) as a function of the particle contact angle θp (cf. fig. 4.8),
effectively combining fig. 4.5 and fig. 4.7. The reduced average cluster size has been
transformed into a radius under the assumption that all domains are spherical, for
a more convenient comparison. We see that although both methods have their own
advantages and disadvantages such that different situations may warrant the use of
one method over the other, care should be taken when attempting to compare results
directly: in the Pickering regime the value of Λ is depressed because the method
detects the particle size and inter-particle distances as characteristic length scales,
while the cluster sizes are calculated based on the number of sites of the fluid domains.
In the bijel regime, the cluster size of the single domain in a bijel will not provide
meaningful information on the size of local structures.
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Figure 4.8: We compare the values the reduced average cluster size (shown as radius
Rd , open symbols) to those of the averaged lateral domain size Λ (filled symbols) for
the same datasets. Very large differences exist: in the Pickering regime the value of Λ
is depressed because the method detects the particle size and inter-particle distances as
characteristic length scales, while the cluster sizes are calculated based on the number
of sites of the fluid domains. In the bijel regime, the cluster size of the single domain
in a bijel will not provide meaningful information on the size of local structures.
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Figure 4.9: Droplet size distributions of a Pickering emulsion: in fig. 4.9a the volume
of the detected clusters Nc is used as a measure of the size, whereas in the second plot
fig. 4.9b the radius Rd of a spherical droplet with the volume of the corresponding
cluster is used.

4.3.2 Droplet size distribution

One clear advantage of the Hoshen-Kopelman method is the possibility to obtain data
on individual cluster sizes, and not only on averages. In this section we briefly discuss
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Figure 4.10: Histograms of the droplet size distributions of a Pickering emulsion as it
evolves in time. The stacked bars of the histograms represent systems with identical
physical properties but different random initializations. The radius Rd of a spherical
droplet with the volume of the corresponding cluster is used as a measure of the
droplet size. Rapid nucleation takes place at the early stages of emulsion formation,
resulting in the formation of many small droplets. This is followed by Ostwald ripening,
which increases average droplet size and reduces the total number of droplets in the
system. This process is blocked after some time, after which droplet growth only
happens through coalescence of droplets and the evolution of the emulsion is almost
halted.

the distribution of droplet sizes in Pickering emulsions. The data in this section has
been presented previously in Frijters et al.186

Similarly to the data presented above, we introduce a cutoff to eliminate non-physical
domains, and can then present the data in two ways: firstly, only counting the num-
ber of sites in a cluster, and secondly, transforming this number into a radius of a
corresponding spherical domain. Results of both types are shown in fig. 4.9, and
they illustrate the fact that the radius representation makes it easier to discern the
monodispersity of the droplet sizes. We will therefore use Rd in the following.

The size of the stabilised droplets is often of interest, and not only as an average
quantity. For example, it will strongly affect the mouthfeel of particle-stabilised food
products. As such, we are interested in tracking the time evolution of the droplet size
distribution in a Pickering emulsion, starting from a random mixture of fluids and
particles. The results of such a procedure can be seen in fig. 4.10. The stacked bars of
the histograms denote systems with identical physical properties but different random
initial distribution of the fluids and particles (this supplies better statistics). Three
regimes have been identified in the time evolution of a Pickering emulsion:37 after the
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Figure 4.11: Following Arditty et al.45 we present the data of fig. 4.10 on a logarithmic
scale for the droplet sizes. It is evident that after the early time evolution, when the
droplets are small but numerous and the resulting distribution is smooth, the statistics
of even five combined Pickering emulsions of a 2563 system leave to be desired (note
the change in range of the vertical axes). Acquiring the necessary statistics to smooth
out the latter distributions is computationally prohibitive.

simulation has been initialised, demixing quickly sets in due to the immiscibility of
the fluids, causing the nucleation of droplets (which corresponds to the formation of
many small domains). In this example, after 2 · 103 LB time steps the droplets have
a narrow distribution centered around a radius Rd ≈ 3. This radius is of the order of
the interfacial thickness of the Shan-Chen multicomponent model and as such is not
expected to be quantitatively accurate; however, this behaviour is qualitatively correct.
Following this first period, the droplets continue to grow rapidly due to Ostwald
ripening, which leads to both larger average droplet radius and a wider distribution as
the system becomes less homogeneous. The total number of droplets shrinks rapidly.
This process continues for some tens of thousands of time steps, after which Ostwald
ripening is halted due to the almost maximal covering of fluid-fluid interfaces by
particles. Then, the droplets can grow by coalescence only—a rare phenomenon due
to the particle layers—and the average droplet radius stabilises at Rd ≈ 10. It can be
seen that the distribution of droplet sizes does not change significantly after 5·104 time
steps. The monodispersity of the droplets, shift of the position of the peak in time, as
well as the (slight) increase in uniformity of the droplet sizes (a decrease of the width
of the distribution relative to the position of the peak—we will not quantify this here,
for reasons explained below) qualitatively matches the behaviour shown in Arditty
et al.,45 however, quantitative agreement is difficult to reach. Even when combining
the results of multiple simulations, the quality of the statistics obtained from those
simulations is limited, as can be clearly seen in fig. 4.11, where the data reported
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Figure 4.12: Discrete normalized two-particle correlation functions for a Pickering
emulsion (θp = 72◦, left), an intermediate state (θp = 90◦, middle), and a bijel
(θp = 107◦, right). The positions and heights of the peaks contain information about
the inter-particle structures, and thus contain information about the structure of the
interfaces. For the case of bijels and intermediate states, the effects of a locally-2D
hexagonal packing are visible in the positions of peaks one through four. For the
Pickering emulsion, the statistics of a single simulation run are not good enough to
clearly see a peak after the first.

above is plotted with a logarithmic scale for the droplet sizes and the simulations
are no longer differentiated by stacked bars. It is evident that after the early time
evolution, when the droplets are small but numerous and the resulting distribution
is smooth, the statistics of even five combined Pickering emulsions of a 2563 system
leave to be desired (note the change in range of the vertical axes). Acquiring the
necessary statistics to smooth out the latter distributions is computationally prohibitive.
This subject was not studied further in any great detail, however, the availability of
even limited data on the distribution of the droplet sizes can help to, e.g. identify
parameters to help create monodisperse droplets of optimal size.

4.3.3 Particle distribution

Following section 3.4.2, we briefly consider the spatial distribution of particles by
means of the pair correlation function G(r) (cf. eq. (4.5)). In the case of bijel-like
states, most particles are attached to the interface and locally form a dense two-
dimensional hexagonal packing with low local curvature. This means the first peak is
expected to occur at r ≈ rp

�
22 + 02 = 10 (recall that this function only takes integer

arguments, and thus the inter-particle distances are binned); examples of this can be
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Figure 4.13: Reduced average cluster size Iav as a function of time, with θp(t) a
partwise linear function (see inset). The system size is Vsim = 2563 lattice sites, the
fluid-fluid ratio χ = 0.56 (ρr

init = 0.5 and ρb
init = 0.9), and the surface tension is

σ = 0.014. The system is initialized randomly as described in section 4.3, and allowed
to equilibrate with a volume fraction Ξ = 0.25 of hydrophilic particles with θp = 77◦.
Starting at t = 5 · 104, the contact angle of the particles is changed in time. Hysteresis
is observed, as an increase to θp = 103◦ is initially not enough to change from a
Pickering into a bijel state, but the emulsion remains a bijel at θp = 103◦ after having
been changed to θp = 130◦ first.

seen in fig. 4.12. In a dense 2D hexagonal packing, the next peaks are expected to
occur at r ≈ rp

�
32 + 22 ≈ 18, r ≈ rp

�
42 + 02 = 20, and r ≈ rp

�
52 + 22 ≈ 27. These

can be distinguished in the second and also the third subplot (intermediate states,
in which most particles are adsorped to the interface of the large bijel domain and
pure bijels exhibit the same behaviour) in fig. 4.12. The height of all peaks gets
progressively lower as Ξ increases; this is because of the normalization (note that the
normalization factor is independent of the particle contact angle). The number of
particles that can be close to another particle are limited, but many more particles are
present in total, reducing the overall prefactor (cf. eq. (4.6)). For Pickering emulsions,
we only see the first peak (which is much lower, owing to the larger local curvatures).
To study these quantities in detail, more data is required to improve statistics.

4.4 Results - induced transitions

Now we explore if, and how, we can induce a transition from one fully formed emul-
sion state to another (in situ) with no other external stimuli other than varying in time
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Figure 4.14: Reduced average cluster size Iav as a function of time, with θp(t) a
partwise linear function (see inset). The system size is Vsim = 2563 lattice sites, the
fluid-fluid ratio χ = 0.56 (ρr

init = 0.5 and ρb
init = 0.9), and the surface tension is

σ = 0.014. The system is initialized randomly as described in section 4.3, and allowed
to equilibrate with a volume fraction Ξ = 0.25 of hydrophobic particles with θp = 103◦.
Starting at t = 5 · 104, the contact angle of the particles is changed in time. Hysteresis
is observed, as a decrease to θp = 77◦ is initially not enough to change from a bijel
into a Pickering state, but the emulsion remains a Pickering emulsion at θp = 77◦ after
having been changed to θp = 50◦ first.

the wettability of the stabilizing nanoparticles (thus, no mechanical energy is added
to the system). In particular, we choose θp(t) to be a partwise linear function to avoid
shocks and sudden particle movement, which could destabilize the simulation. Recall
that eq. (4.4) shows us that for a bijel state, Iav = 0, while Iav� 0 for a Pickering state.
As such, we can detect a transition from one state to the other by a very sharp jump
in the time evolution of the reduced average cluster size.

We use two systems of size Vsim = 2563 lattice sites, a the fluid-fluid ratio χ = 0.56
(ρr

init = 0.5 and ρb
init = 0.9), and a surface tension σ = 0.014. The system is initialized

randomly as described in section 4.3, and allowed to equilibrate with a volume fraction
Ξ = 0.25 of either hydrophilic (θp = 77◦) or hydrophobic (θp = 103◦) particles. The
results of time evolution of the reduced average cluster size and the wettability of
the particles are shown in fig. 4.13 and fig. 4.14 and their insets, respectively. The
equilibration stage lasts for t = 5·104 time steps, during which the contact angle is held
constant (squares). At this point in time, a copy of the system is made and in the copy
the particle colour is then changed linearly to the next value (circles) over a period
of t = 5 · 104 time steps. The contact angle in the original system is kept constant. At
t = 1 · 105 we repeat this procedure, copying the system which had it contact angle
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(a) Bijel (before) (b) Pickering emulsion (after)

(c) Pickering emulsion (before) (d) Bijel (after)

Figure 4.15: Examples of a bijel (fig. 4.15a) making a transition to a Pickering emul-
sion (fig. 4.15b) and of a Pickering emulsion (fig. 4.15c) making a transition to a
bijel (fig. 4.15c). The emulsions are the same as the ones presented in fig. 4.13 and
fig. 4.14, respectively.

changed before, have have another linear transition take place (diamonds). Finally,
at t = 2 · 105 the value is returned to its second value (triangles). In the inset, the
neutrally wetting contact angle of 90◦ is denoted by a dashed line. It is clear that,
although in the first period of linear change the particles go from being hydrophobic
to being hydrophilic (or vice versa), the system as a whole does not change into a new
state. Compare this to the results shown in fig. 4.7, where similar contact angles are
on different sides of a very sharp transition. Only when the contact angle is changed
even more strongly do we see a transition happening, in both directions. Hysteresis
is observed, as the contact angle can be partially reverted, while maintaining the new
state; this also works in both directions.

From these plots it is not clear that, for example, the bijel-like state is actually biconti-
nous, and does not consist of one large droplet. We show the states of the emulsions
in fig. 4.15. The effects described above are similar to the effects discussed in sec-
tion 4.3.1, but events play out in slightly different ways. When a random mixture



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 83PDF page: 83PDF page: 83PDF page: 83

4.5. Conclusions and outlook 75

with very hydrophobic or hydrophilic particles is considered, there are no interfaces
present as of yet; the strong preference of the particles for one particular fluid reduces
the amount of particles available for stabilizing the interface from the very start, caus-
ing large domains, whose interior is filled with particles. However, if an emulsion is
already fully formed, and particles are not moving around very much, the effect of
changing the contact angle is much less drastic at first: the energy barrier attaching
the particles to the interfaces is still much higher than any thermal fluctuations, and
without inter-particle collisions the system will remain stable for longer. However,
eventually the particles will still detach and move into their preferred fluid, and this
effect starts a cascade that very quickly reforms the emulsion. Even though the do-
mains coarsen a lot during this process, the resulting states remain recognizable as a
Pickering emulsion and bijel. Compare for example fig. 4.15b to fig. 4.6a: in the transi-
tioned state, the particle coverage of the interfaces is still almost complete, stabilizing
the (large) droplets, where before the interfaces were almost bare; a state which is
not expected to remain stable over time. Interestingly, we also observe a droplet-in-a-
droplet: the particles clustered inside the large oil-like droplet are gathered around
a small quantity of water-like fluid. The two bijel states fig. 4.15d to fig. 4.6b are
more similar, but the transitioned state is much less coarse than its randomly mixed
counterpart.

In this work we have used rather extreme contact angles to induce the transition.
This was done with the purpose of arriving at a proof-of-concept without expending
too much computational power. The current choice of contact angles may be hard
to achieve in experimental setups, however, now that it has been shown that such
transitions are indeed possible, additional numerical parameter sweeps may allow to
find more moderate contact angles with for this procedure also works. These in turn
may lead to easier application in experiments and may also lead to emulsions that
suffer less from the coarsening effects explained earlier.

4.5 Conclusions and outlook

In this chapter we have used our lattice Boltzmann-based simulation code to expand
into systems more complicated than the single droplets discussed in the previous chap-
ters: particle-stabilized emulsions. Particle-stabilized emulsions commonly present
in one of two forms: The Pickering emulsion, consisting of stabilized droplets of one
fluid inside another fluid, most closely resembles the traditional surfactant-stabilized
emulsions. On the other hand, the bicontinuous interfacially jammed emulsion gel,
or bijel for short, consists of two intertwined fluid domains, whose common interface
is stabilized by the particles. The final state a mixture of fluids and particles reaches
depends on many parameters, such as the ratio between the two fluids, the particle
volume concentration, and the particle contact angle.

One of the parameters of interest in such emulsion is the size of the droplets in the
case of Pickering emulsions, and the length scales of local structures, in the case of
bijels. We have characterized these using the three-dimensional structure function,
as well as the sizes of connected domains, using a novel parallelized implementation
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of the Hoshen-Kopelman algorithm. The former method provides useful information
in the case of Pickering emulsion as well as bijel, where the latter does not provide
useful data for bijels. However, it does provide information on individual droplet sizes,
rather than just averages. This feature can be used to study the size distribution of
the droplets. We have followed the work of Arditty et al.45 and also find an inverse
dependence between the concentration of particles and the average radius of the
stabilized droplets. In our simulations, the finite system and diffuse interface of the
Shan-Chen model cause an offset to this law. We have also observed that after a rapid
growth of droplets at the start (nucleation), the growth slows (Ostwald ripening)
and finally halts (coalescence of droplets only). This analysis follows Jansen and
Harting,53 but uses the HK algorithm to obtain droplet sizes. Care has to be taken
when comparing results from the structure factor and the HK algorithm: although
they attempt to describe the same physical quantities they both have their weaknesses.
The structure factor interprets the presence of detached particles as domains, which
artifically reduces the measured average domain size. This is especially problematic
when particle contact angles become extreme, and degenerate bijels or Pickering
emulsions are formed.

The contact angle of the particles is very important in determining whether a random
mixture of fluids and particles will present as a Pickering emulsion or a bijel: when
the fluid-fluid ratio is chosen appropriately, hydrophilic particles lead to a Pickering
emulsion, while hydrophobic particles lead to a bijel (without loss of generality we
assume an oil-in-water emulsion). The HK algorithm is well-suited to detect which
state an emulsion is in, particularly when using the reduced average cluster size. This
quantity will be identically zero for a bijel, and will be a measure of the average droplet
size in the Pickering regime. When the wettability of the particles is changed in time,
a transition from a bijel to a Pickering emulsion or vice versa can be achieved, which
does not require any external mechanical perturbation. However, these transitions
only happen when the particles are extremely hydrophobic or hydrophilic, as they
require a total rearrangement of the system that requires a large energy barrier to be
overcome. Strong hysteresis is observed: the wettability needs to go far beyond the
requirements for a randomized system, and can be brought back after the transition
to more moderate values without the emulsion reverting to its original state. Such
transitions can be useful in, e.g. oil recovery, where the emulsion state in remote
locations can be affected without the need of moving parts.

To improve statistics on many results presented here, more simulations can be per-
formed, although these are computationally expensive. It is then of great value to
be able to use these results for multiple purposes. One example is presented in chap-
ter 5, where the emulsions are used as a basis for self-assembled porous media, but
the emulsions themselves can potentially provide more insight as well, such as by
studying in more detail the local curvature of interfaces, in order to obtain a better
quantitative description of emulsion states, or by distinguishing between particles that
are attached to an interface or immersed in one phase. This could provide information
on an effective particle volume fraction, which may be a better measure than the total
volume fraction.

Furthermore, in this work, the particles used to stabilize the emulsions have all been
spherical, hard, chemically isotropic, uncharged and lacking any magnetic properties.
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Relaxing any of these restrictions can potentially lead to interesting new phenomena:
Ellipsoidal particles are known to stabilize emulsions better at constant volume frac-
tion, as they can align to the interface in such a way that their long axis is in the
planes. Particles that are chemically not isotropic, such as Janus particles, are known
to be better emulsion stabilizers as well, because they raise the energy barrier by not
only taking away fluid-fluid interface, but also being able to present a -philic side to
both fluids while still being attached at the interface.31,188 These particles may also
lead to thermodynamically, not just kinetically, stable emulsions. Soft particles that
can sufficiently deform are also expected to be very good emulsion stabilizers, as they
can reach denser effective packings by more accurately following the local curvature
of the interface. Finally, electrically charged or magnetic particles can exhibit interest-
ing behaviour based on their mutual attraction or repulsion, as well as interactions
with ions that may be solved in one or both of fluids, or externally applied fields.202,203

These properties can all be modeled with suitable extensions to the lattice Boltzmann
method.

202G.B. DAVIES et al. Soft Matter, 10: 6742, 2014.
203G.B. DAVIES et al. Adv. Mater., 26: 6715, 2014.
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Chapter 5

Self-assembled porous media

The content of this chapter is based on S. FRIJTERS AND J. HARTING. Self-assembled
porous media from particle-stabilized emulsions. Submitted for publication, 2014,185

except where noted otherwise. The author has also contributed to I. GUEVEN, S.
FRIJTERS, S. LUDING, H. STEEB AND J. HARTING. Hydraulic Properties of Sintered
Porous Glass Bead Systems. Granular Matter, 19: 28, 2017.204

5.1 Introduction

A porous medium is a material characterized by the presence of holes, or “pores”.
These pores are usually surrounded by a solid and can be filled with a gas or a liquid.
In nature one can find many examples of porous media, such as rocks (e.g. in oil
reservoirs or aquifers), or biological tissues such as bone or wood. The behaviour of
multiphase flow in porous media is of particular interest to petrophysics, but many
aspects of it are as of yet only understood in broad terms, and not always founded
on a thorough understanding of the fundamental physics involved.69,70 To improve
this understanding, well-controlled experiments are being performed by Gueven et
al.204,205 and are in part presented in this thesis. In particular, the mechanical proper-
ties of sintered glass bead samples are being investigated, with the aim to extend this
research by flooding the samples with oil-water mixtures and studying their behaviour.
We will compare the experimental results on permeability to our numerical results, in
order to validate the use of the lattice Boltzmann method for this purpose. Cylinders
of sintered glass beads are but one of many examples of man-made porous media;
many different types are created and used, as they can have very useful properties.
For example, porous media form the basis of many types of reactors, filters, or fuel

185S. FRIJTERS and J. HARTING. Submitted for publication, 2014.
204I. GUEVEN et al. Granul. Matter, 19: 28, 2017.
69S. BERG et al. Transport Porous Med., 74: 275, 2008.
70S. BERG and A.W. CENSE. Petrophysics, 51: 314, 2010.

205I. GUEVEN et al. Proc. Appl. Math. Mech., 12: 401, 2012.
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80 Chapter 5. Self-assembled porous media

cells.71–75 This chapter discusses the possibilities of using the emulsification process of
particle-stabilized emulsions to create self-assembled porous media.206 Self-assembled
porous structures have been created in other ways before, such as through the use of
zeolite nanocrystals,77 or microemulsions,207 which allow the creation of ordered pore
structures at the macro- and microscale. Coated gold particle monolayers have been
shown to function well as ultra-thin filtering mechanisms,78 while retaining the neces-
sary mechanical stability. Structures that can be used as filters can also self-assemble
magnetically.79 We will show that self-assembly through the use of an intermediate
emulsion state can result in highly tuneable systems, which can be optimized for
various purposes.

It is advantageous to be able to create a catalyst or filter directly at a location that is
hard to access, and where fine-grained control over an assembly process is necessarily
absent, e.g. in underground pipes. In two-phase flow with suspended particles, we find
all ingredients for making an emulsion. If one of the fluid phases contains an additional
component that can be triggered—be it chemically, photochemically, thermally, or in
some other fashion—to solidify (e.g. with the aid of solved polymers80), a geometry
can be created in a remote location by supplying the ingredients (and trigger) from
far away. This can also be achieved by modifying the solid particles to be able to
adhere to each other after a trigger, such that the covered interfacial area transforms
into a particle scaffold. In this way a different type of structure is created, with greatly
enhanced porosity. The knowledge gleaned in chapter 4 is used here to good effect,
and we explore the emulsion parameter space for regions that result in geometries
with desirable properties, such as large permeability yet small domain sizes (filters),
or large surface-to-volume ratio, porosity, and large permeability (reactors). The
length scales of the geometries that are created in this process are of the order of the
particle size, or larger, such that these structures are not suitable for, e.g. filtering at a
molecular level. The techniques described in this chapter can be combined with those
to be discussed in chapter 6 to study the effects of ions in oil-water mixtures on the
flow through porous media, which is of particular interest when improving enhanced
oil recovery techniques such as brine injection.

The remainder of this chapter is structured as follows: The particle-stabilized emul-
sions of chapter 4 are used to generate the self-assembled geometries of interest.
The procedure to transform such an emulsion into a solid geometry is described in
section 5.2. Some geometrical quantities of relevance are discussed in section 5.3,
which focuses on the definition and calculation of properties which are calculated
statically. This is different from the permeability, introduced in section 5.4, which
is determined by additional lattice Boltzmann simulations as proscribed by Narváez

71A.N. PESTRYAKOV et al. Appl. Catal. A - Gen., 227: 125, 2002.
72I.-K. SUNG et al. Adv. Funct. Mater., 15: 1336, 2005.
73Z.A. KUZNAR and M. ELIMELECH. Colloid. Surface. A, 294: 156, 2007.
74J. WILSON et al. Nat. Mater., 5: 541, 2006.
75H.-Y. CHEN et al. Scripta Mater., 61: 52, 2009.

206M.N. LEE et al. Adv. Funct. Mater., 23: 417, 2013.
77L. HUANG et al. J. Am. Chem. Soc., 122: 3530, 2000.

207B.H. JONES and T.P. LODGE. J. Am. Chem. Soc., 131: 1676, 2009.
78J. HE et al. Nano Lett., 11: 2430, 2011.
79D. ISSADORE et al. Lab Chip, 11: 147, 2011.
80M.N. LEE and A. MOHRAZ. Adv. Mater., 22: 4836, 2010.
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5.2. Creation of solid structures based on emulsions 81

(a) (b)

Figure 5.1: Examples of filled (fig. 5.1a) and open (fig. 5.1b) geometries, based on a
Pickering emulsion. For clarity, only a slice is rendered as a 3D volume (grey), while
the rest of the sample is depicted as a solid block with the solid and fluid sites at the
edge of the domain shown as red and blue, respectively. More details are shown in
fig. 5.3.

et al.,153,208–210 who have explored in great detail the possibilities of employing the
LB method to calculate the permeabilities of porous media. The method is validated
against a theoretically known result for a square duct and against experimentally mea-
sured permeabilities of samples of sintered glass beads. With the understanding of the
relevant parameters of the system in place, results for the aforementioned emulsions
and parameters are discussed in section 5.5. It first discusses the behaviour of the
static geometrical properties of the sytems and then also considers optimization of the
geometry for use as, for example, a filter of a catalytic reactor. Finally conclusions are
drawn and an outlook is provided in section 5.6.

5.2 Creation of solid structures based on emulsions

As the data sets generated in chapter 4 are readily available, these will be used to
generate the geometries to be used in this chapter. Two variations will be created, both
defined in terms of the order parameter ϕ(x ) = ρr(x )−ρb(x ). For the first variation
(“filled”), we transform all particle sites and red sites x with ϕ(x ) ≥ 0 into solid
sites, which are henceforth treated according to the bounce-back scheme described
in section 2.7.4. As the emulsions of chapter 4 are all red-in-blue emulsions, one is
left with a percolating system, which can then either contain a large continuous solid
domain (if the source emulsion was a bijel) or discrete solid domains (if the source
emulsions was in a Pickering state), which are much smaller than the system size. The
latter case is slightly harder to achieve in experiments, as in the simulations the solid

153A. NARVÁEZ et al. J. Stat. Mech., 2010: P11026, 2010.
208A. NARVÁEZ and J. HARTING. Adv. Appl. Math. Mech., 2: 685, 2010.
209A. NARVÁEZ et al. J. Stat. Mech., 2013: P02038, 2013.
210H. LIU et al. Computat. Geosci., 20: 777, 2016.
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(a) (b)

Figure 5.2: Examples of filled (fig. 5.2a) and open (fig. 5.2b) geometries, based on
a bijel. For clarity, only a slice is rendered as a 3D volume (grey), while the rest of
the sample is depicted as a solid block with the solid and fluid sites at the edge of the
domain shown as red and blue, respectively. More details are shown in fig. 5.3.

domains are suspended in the fluid without any support. However, in most cases the
droplets are close to each other; the droplet structure can then be fully stabilized by,
e.g. a secondary polymeric structure, embedding the droplets into a foam, or bridging
effects.211 We assume that the effect of the additional stabilizing structure is assumed
to be negligible as it is achieved by strong yet thin polymers, such that flow through
the pores is not strongly affected.

For the second variation (“open”), we transform both blue and red regions to pore
space, and would like to convert only the sites occupied by the stabilizing particles
into solid sites. However, as the particle coverage fraction of the interfaces is ξ < 1 (no
perfect coverage can be expected due to packing limitations) one would end up with
only unsupported single particles with pore spaces in between, which is not desirable,
as we are interested in having non-permeable walls following the interfaces of the
emulsion. It suffices to again base the creation of the geometry on ϕ(x ), in particular,
the condition is now that fluid sites x with −0.4 ≤ ϕ(x ) ≤ 0.4 are transformed into
solid sites, which correctly links together the particles due to the fluid sites that form
the uncovered fluid-fluid interfaces between the particles having small values of ϕ(x ).
In experiments, this can again be achieved using, for example, an additional phase of
solved polymers,80,212 or soft particles that can crosslink and agglomerate. They can
adhere to the particles and form a dense layer that can be considered inpenetrable,
creating the desired wall-like structure.

Examples of these geometries for Pickering emulsions and bijels are shown in fig. 5.1,
fig. 5.2, and fig. 5.3. These are based on emulsions in a system of size nx = ny =
nz = 256 with a particle volume fraction Ξ = 0.25 and Ξ = 0.2, respectively, and a
fluid-fluid ratio χ = 0.56, after having run for t = 105 time steps. In the first figure, the
particle contact angle is θp = 107◦, while in the second figure particle contact angles

211J.A. WITT et al. Soft Matter, 9: 6773, 2013.
212H.C. SHUM et al. Macromol. Rapid Comm., 31: 108, 2010.
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(a) Example of a 2D cut through the filled
solid geometry created from a Pickering
emulsion.

(b) Example of a 2D cut through the open
solid geometry created from a Pickering
emulsion.

(c) Example of a 2D cut through the filled
solid geometry created from a bijel.

(d) Example of a 2D cut through the open
solid geometry created from a bijel.

Figure 5.3: Examples of created geometries, based on a Pickering emulsion (fig. 5.3a
and fig. 5.3b) and a bijel (fig. 5.3c and fig. 5.3d). These are based on particle volume
fraction Ξ = 0.2, fluid-fluid ratio χ = 0.56, and particle contact angles θp = 72◦
and θp = 107◦, respectively, after having run for t = 105 time steps. The rather
extreme values of the particle contact angle cause detached particles in all cases
(cf. section 4.3.1). The difference between the “filled” (solid sites are created from
sites for which ϕ(x ) ≥ 0) and “open” (solid sites are created from sites for which
−0.4 ≤ ϕ(x ) ≤ 0.4) variations are clearly visible in these 2D cuts (taken at the same
position for the open and filled geometries). Based on the full 3D structure of the
emulsion, an open domain may or may not contribute to percolation in the case of a
bijel. Open Pickering droplets never contribute. Particles that have detached from the
interface into the red phase do not affect the final state of a filled geometry, but do
affect an open geometry strongly.

of both θp = 72◦ and θp = 107◦ are used. In addition to these examples, both open
and filled geometries have been generated based on emulsions with 0.05≤ Ξ≤ 0.35,
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84 Chapter 5. Self-assembled porous media

50◦ ≤ θp ≤ 130◦, χ = 0.56, and a simulation volume Vsim = 2563. Note that, although
the particles as part of the emulsion may have had non-trivial wetting properties, all
solid sites created by the above process are treated as neutrally wetting. In principle,
there is no restriction on the wetting behaviour of the solid state in our simulations
(we will even employ superhydrophobic walls in chapter 6), but we make this choice
to limit the parameter space under consideration. As an extension, one might consider
modifying the way the solid sites are constructed and let the wettability of the particles
affect the nearby solid sites, or apply the wetting properties of the polymers used to
solidify the emulsion.

5.3 Geometrical properties of porous media

After the creation of these self-assembled systems, some geometrical properties can
be measured statically. Two of these properties are shortly discussed here, and their
calculation is explained. The first is a measure for the porosity of the solid geometry:
φ∗ ≡ nfluid/(nfluid+ nsolid), where nfluid is the total number of fluid sites and nfluid+ nsolid
is the total number of sites overall. In the case of filled geometries this simple measure
gives us the correct effective porosity as well. However, in the open case, the insides of
the Pickering droplets will have been transformed into fluid sites, but those sites will
never aid in percolation and as such should not be counted as fluid sites for purposes
of calculating porosity. As the cluster information created by the Hoshen-Kopelman
algorithm is available for the source emulsions, we use it to exclude sites which do
not have a cluster index matching a percolating cluster from the porosity calculation
and use the slightly different definition for porosity

φ ≡ neff
fluid

nfluid + nsolid
, (5.1)

where neff
fluid now excludes all non-percolating sites. This method would exclude, for

example, the inside of all droplets shown in fig. 5.3b.

The second quantity of interest is the surface-to-volume ratio ζ, which will be very
relevant when studying these solid geometries in the context of a catalytic reactor. This
quantity is calculated by counting the number of faces of solid lattice sites with a fluid
neighbour on that side and dividing it by the number of fluid sites. Similarly to the
porosity, one should take care to exclude fluid sites that are not part of a percolating
cluster (also in the counting of the relevant faces):

ζ=
Aeff

neff
fluid

, (5.2)

where Aeff is the number of faces of solid sites adjacent to a percolating fluid site.

In addition to these two quantities, we will also employ an averaged lateral domain
size Λs = 〈Λs

i〉, which has previously been introduced in section 4.2 (cf. eq. (4.1)),
to measure the characteristic domain sizes of the porous media. However, instead of
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basing it on the fluctuations of the order parameter ϕ, we base it on the presence or
absence of solid sites. In particular, we use the three-dimensional structure function

� (k, t)≡ 1
Vsim
|ak(t)|2 , (5.3)

with ak the Fourier transform of the solid site function a(x ). a(x ) = 0 if x is a fluid
site and a(x ) = 1 if x is a solid site. The reduced averaged cluster size introduced in
section 4.2.2 does not supply information in the bijel regime, and as such this measure
is not used in this chapter.

5.4 Determining permeabilities

5.4.1 Darcy’s law

Darcy’s law relates the flow rate through a porous medium and physical properties of
the fluid to a pressure gradient applied over the medium. The permeability appears
in this law as a proportionality constant and can be written as

κz = η
〈vz〉
(∇P)z

= ν
ρ〈vz〉
(∇P)z

= ν
q̇z/A

cs

(∇P)z
, (5.4)

where Acs is the full cross-sectional area of the sample, η = ρν is the dynamic viscosity
of the fluid, and q̇z is the mass flux in z-direction. The basic SI unit of permeability is
m2. A commonly used derived unit is the darcy (D) ≈ 10−12m2. In the results below,
the values are given in lattice units (a unit surface area is expressed as (Δx)2), unless
noted otherwise. Conversion from SI to lattice units and back is trivial if the physical
volume that a lattice site represents is known, by equating the length of the sample in
SI units to the length of the sample in lattice units.153

5.4.2 Measuring permeabilities using LB

We cannot calculate the permeability of a geometry statically, as we did for the quanti-
ties described in section 5.3. Instead, we use the lattice Boltzmann method not only to
generate the emulsions which form the basis of our self-assembled geometries, but we
also use this method to calculate their permeability. At first glance, calculating perme-
abilities using the LB method and Darcy’s law (eq. (5.4)) seems straightforward: Only
a single fluid component is needed, and the boundary conditions at solid sites need
to be treated (using, e.g. bounce-back). However, careful tuning of the simulation
parameters is needed to arrive at correct results, as shown by Narváez et al.153,208,209 In
particular, the use of multiple relaxation times152,213 (MRT) is required (as opposed to
the simpler BGK135 scheme used in the other chapters of this thesis), to largely avoid

152D. D’HUMIÈRES et al. Phil. Trans. R. Soc. Lond. A, 360: 437, 2002.
213P. LALLEMAND and L.-S. LUO. Phys. Rev. E, 61: 6546, 2000.
135P.L. BHATNAGAR et al. Phys. Rev., 94: 511, 1954.
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86 Chapter 5. Self-assembled porous media

an unphysical dependency of κ on the relaxation time τ (recall that the exact position
of a wall modeled by a bounce-back solid site depends on τ).

The multiple-relaxation time version of lattice Boltzmann is a generalization of the
BGK scheme. To wit, we can rewrite the collision operator Ωc

i (cf. eq. (2.10)) as

Ωc
i (x , t) =Δt

N∑
j=1

Sc
i j

�
f c
i (x , t)− f eq

i (ρ
c(x , t), v c(x , t))

�
, (5.5)

with N = 19 the number of velocity vectors for our choice of lattice (D3Q19). This
equation reduces to the original BGK form if we choose the scattering matrix Sc

i j to be

Sc
i j = −

δi j

τc
. (5.6)

When using MRT, we further rewrite the collision operator as

Ωc
i (x , t) = −M−1 · Š · [mc(x , t)−meq(x , t)] , (5.7)

which means we implement the scheme in the space of hydraulic modes of the problem
mc(x , t) = M · f c(x , t) instead of the usual space of discrete velocities, and M is the
transformation matrix. Some of the modes have an associated hydrodynamic meaning,
but some of them do not and can be used to improve the numerical stability of the
algorithm.152,213 The non-zero relaxation parameters of the modes form the diagonal
matrix Š. Only two parameters are required to specify the kinematic viscosity and
the bulk viscosity. These parameters are τc and τc

bulk, respectively, such that in effect
we employ a two-relaxation-time scheme by fixing all other τc′ . For the permeability
simulations we use the following:

Š= diag(0,1/τc
bulk, 1.4, 0, 1.2, 0, 1.2, 0,1.2,

1/τc , 1.4, 1/τc , 1.4, 1/τc , 1/τc , 1/τc , 1.98,1.98, 1.98). (5.8)

The values of the diagonal elements that do not depend on τc or τc
bulk are taken

from literature to attempt to optimize the performance of the algorithm; it is not
certain, however, that these are the best choices. The components of the equilibrium
distribution meq(x , t), which represent density and momentum, are conserved after
collision. The remaining ones are assumed to be functions of the conserved moments
and for D3Q19 are explicitly given in d’Humières et al.152

The on-site boundary condition147 introduced in section 2.7.3 is used to set up a
pressure gradient over the sample in z-direction by specifying the fluid densities at the
edges of the system:

ρ(z = 1) = 1+δρ, (5.9)

ρ(z = nz) = 1−δρ. (5.10)

The density difference is small (δρ ≈ 10−4) to ensure small velocities and thus a small

147Q. ZOU and X. HE. Phys. Fluids, 9: 1591, 1997.
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Figure 5.4: A mass drift Δm = |m(t)/m(t = 0)| − 1 
= 0 over time is expected for
systems which fix pressure on both sides using on-site boundary conditions. This type
of system is used for permeability calculations, but we see the effect is very small.
The systems under consideration are based on sintered glass bead packs that will be
discussed in section 5.4.4.

Reynolds number. It has been observed that using the density form of the on-site
boundary condition at both inflow and outflow of the system can lead to a drift of
the total system mass over time. However, in our systems of interest, this effect is
very small, as can be seen in fig. 5.4. A similarly small drift is found for the total
momentum in the system, but not shown here. The systems under consideration are
based on sintered glass bead packs that will be discussed in section 5.4.4; their exact
composition is not relevant for this particular validation.

To avoid flow over the periodic boundaries orthogonal to the pressure gradient the
geometry is encapsulated by walls in the x and y directions. The pressure gradient
over the system in z-direction is then (recall eq. (2.18): P(x ) = c2

s ρ(x ))

(∇P)z =
P(z = nz)− P(z = 1)

nz
= 2c2

s
δρ

nz
=

2δρ
3nz

. (5.11)

Substituting this form of the pressure gradient and eq. (2.16) into eq. (5.4) we arrive
at

κz =
2τ− 1

6
3q̇znz

2δρ(nx ny)
. (5.12)

The relaxation time τ is one of two time scales used in the two-relaxation-time scheme
used as the MRT scheme in this work, and is to be interpreted in the same way as the
relaxation time τ in the BGK formalism. In addition, an additional relaxation time
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88 Chapter 5. Self-assembled porous media

τbulk is used. It has been shown that values of τ = 1.0 and τbulk = 0.84 work well
in most cases.153,208 The system has reached equilibrium when the density (and thus
also the pressure) decreases approximately linearly over the geometry and the mass
flux and permeability are constant. After a relatively short equilibration time t ≈ 104,
one can then average the (already almost constant) permeability over z to obtain κz.
The procedure described above calculates the permeability along the z-direction of the
sample, which is arbitrarily chosen. Of course, it is trivial to calculate the permeability
in another cardinal direction: when anisotropy is suspected, permeability can be easily
measured over the remaining cardinal directions x and y by rotating the geometry
when the system is set up. Note that for non-cubic samples the values of nx , ny , and
nz change accordingly, possibly changing the time needed to equilibrate the system,
and that even for anisotropic samples, rotating the sample by 180 degrees will leave
the permeability invariant, as the flow direction is not relevant for the result. It
should be noted that even though many sites in the system will be marked as solid
sites, all sites still participate in the LB algorithm, which leads to inefficiencies. For
very low porosities (and thus a very large solid fraction) one can be better served
by a sparse, implementation of lattice Boltzmann, in which internal solid sites are
in fact not modelled at all.208,214,215 Other numerical methods can also be used to
calculate permeabilities, such as the immersed boundary method coupled to a solver
for the hydrodynamics (e.g. the finite volume method216—the lattice Boltzmann
method would be another option), the finite difference method,217 or the finite element
method.218,219

5.4.3 Benchmark - square duct

For a Poiseuille flow in a square duct with cross-section L× L there exists an analytical
prediction of the permeability220 in the form of an infinite series:

κth(L) =
L2

4

$
1
3
− 64
π5

∞∑
n=0

tanh
�
(2n+ 1)π2

�
(2n+ 1)5

%
≈ L2

4
· 0.140577. (5.13)

This theoretical result can be used as a basic validation of the simulation code. Note
that when approximating this result with a truncation of the series

∑k
n=0, one should

use a large k ≥ 200 to get accurate results, as the series converges very slowly.153,208

For this particular setup, the channel width is chosen to be L = 30, and using eq. (5.13)
we expect κ(30)≈ 31.6298. As can be seen in fig. 5.5, we have very good agreement
with theory after some thousands of time steps.

214L. AXNER et al. J. Comput. Phys., 227: 4895, 2008.
215M.D. MAZZEO and P.V. COVENEY. Comput. Phys. Commun., 178: 894, 2008.
216W.-P. BREUGEM et al. In: Proceedings of the ASME 2012 Fluids Engineering Division Summer Meeting (FEDSM2012), 2012.
217C. MANWART et al. Phys. Rev. E, 66: 016702, 2002.
218K. YAZDCHI et al. Int. J. Multiphas. Flow, 37: 956, 2011.
219K. YAZDCHI et al. Compos. Part A - Appl. S., 43: 2007, 2012.
220K. WIEGHARDT. Theoretische Strömungslehre, 1957.
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Figure 5.5: Equilibration of the measured permeability κ(t) of a square duct of size
L = 30, using a Poiseuille flow. The calculcated values (symbols) tend to the the-
oretical value κth = 31.6298 (dashed line) and finally stay constant with an error
κerr = |κ(t)/κth − 1| of less than 1%.

5.4.4 Benchmark - sintered bead packs

The behaviour of complex multi-phase systems inside a porous medium is of great
interest to, for example, the oil industry, as this is a system that occurs in the process of
oil production. As a first step towards a better understanding of the intricate physics in
such a system, Gueven et al. have created model porous media in the form of sintered
glass bead packs, on which hydraulical and acoustical tests have been performed to
determine its characteristics, such as porosity and permeability.204 These results have
been compared to results obtained by performing lattice Boltzmann simulations on
datasets representing digitized versions of these bead packs. Permission has been
granted by I. Gueven to reproduce his experimental results here; the numerical results
are a result of a close collaboration between him and the author of this thesis.

Sintered glass bead packs have been chosen as a model system because of some
favourable properties: unlike natural rocks, such as sandstone, the sintered glass bead
packs are chemically inert and, depending on the control one has over the size of the
glass beads used to create such a sample, a homogeneous pore size distribution can
be obtained, allowing for comparison to analytical predictions. They are therefore
well-suited to laboratory investigations of the behaviour of fluid-fluid mixtures inside
such a system. For the experiments, glass beads were used with a diameter ranging
from 0.4mm to 8mm. Within each created sample the glass beads are only weakly
polydisperse, but a wide range of particle radii was covered. Depending on this
diameter and the sintering process, porosities of φ = 0.12 to φ = 0.37 were obtained.
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90 Chapter 5. Self-assembled porous media

During the sintering process, the glass beads have been kept as close to spherical as
possible, and the optimal conditions for this process have been found empirically. The
glass beads have been embedded in a quartz glass cylinder (having a much higher
melting temperature than the glass beads), such that a cylindrical sample was created
by the sintering process. The resulting cylinders have then been cut to the desired
length of 50mm, which represent the samples to be discussed here.

To measure the permeability of the sample Darcy’s law (eq. (5.4)) is used in the
following way: The sample is fixed in a measuring cell in such a way that no fluid
flow can pass around the sample, and a fluid flow of purified and degassed water
is set up through the porous sintered bead pack. The fluid flux is measured using a
flow meter in front of the sample and a differential pressure transducer measures the
pressure drop over the sample. Using the known viscosity of the water and length and
cross-sectional area of the sample all unknowns in Darcy’s law are accounted for and
the permeability can be calculated.

To digitize the samples the nanotom 180 x-ray CT scanner at LIAG in Hannover has
been used. To perform the scan the sintered glass bead sample was fixed on a rotating
specimen holder and illuminated with x-rays. During the CT scan the sample was
turned on its own axis and two-dimensional projections of the stepwise rotating sample
ware performed. After this the 2D slices were reconstructed in order to derive a 3D
view of the investigated sample. Details of this procedure can be found in the PhD
thesis of M. Halisch.221

Using the data obtained from the CT scans, solid geometry files have been created
that are compatible with the LB3D simulation software. This means the grey-values
obtained from the CT scan have to be converted into binary ones and zeros to denote
whether a LB site should be treated as solid or fluid. The thresholding is non-trivial,
as it is very difficult to set the proper threshold for segmentation when the grey-
values belonging to the glass beads and pore space do not differ considerably from
each other, or the grey-values belonging to the glass beads and pore space scatter a
lot. Therefore, appropriate filters have to be applied to the raw data set before the
thresholding procedure. This process is shown in fig. 5.6: At the initial stage the grey-
value distributions show two peaks. The first peak (dark) corresponds to the pore
space and the second peak (light) to the glass beads. Both peaks almost blend together
and their grey-values scatter a lot, which makes the subsequent thresholding very
difficult. After application of a “Delineate” filter both peaks are clearly seperated from
each other and the scattering of the grey-values is smaller. In the second filtering step,
the data is smoothed to remove the noise by applying a “Median” filter. A threshold
can then finally be applied to this processed dataset to generate the necessary binary
map.

In order to optimize computational efficiency, the simulations of this section are based
on subsets of the complete samples. In particular, their cylindrical shape does not lend
itself well to conversion to the rectangular shape of the domains required by the simu-
lation software. The cylinder could of course be embedded in more impenetrable solid
sites, but this is highly wasteful. Instead, smaller rectangular subsets of various sizes
have been used. In order to investigate the effects of inhomogeneity of the samples,

221M. HALISCH. Application and Assessment of the Lattice Boltzmann Method for Fluid Flow Modeling in Porous Rocks. PhD thesis. Technische Universität Berlin, 2013.
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(a) Raw CT scan data. (b) After “Delineate” filter. (c) After “Median” filter.

Figure 5.6: Appropriate filters have to be applied to the raw data set from the CT scan
before the thresholding procedure. Initially, the grey-value distributions show two
peaks. The first peak (dark) corresponds to the pore space and the second peak (light)
to the glass beads. Both peaks almost blend together and their grey-values scatter
a lot, which makes the subsequent thresholding very difficult. After application of a
“Delineate” filter both peaks are clearly seperated from each other and the scattering
of the grey-values is smaller. In the second filtering step, the data is smoothed to
remove the noise by appliying a “Median” filter. A threshold can then be a applied
to this processed dataset to generate the necessary binary map. Images courtesy of
I. Gueven.

sets of Vsim = 2563 have been chosen, based on different parts of the samples, as well as
a single large Vsim = 10243 subset for each sample. Each lattice site represents a 16μm
cubed volume, which means that a small subset represents a 4mm cube, while the
large ones represent a 16mm cube. For the smaller subsets, the permeability has been
calcuated in the three cardinal directions; this was also done for the larger simulation
for a single sample. Results for this sample, based on glass beads with a diameter of
0.4− 0.6mm, can be seen in fig. 5.7; the upper half of the figure shows the porosity,
first for five simulated small subsets (ss1-ss5), followed by a single simulated large
subset, and finally for the experimentally obtained value. The values of the porosity
show a very good homogeneity of the sample, and experiments and simulations match
very well. The lower half of the figure shows the permeability, again obtained both
numerically and experimentally. The slightly lower porosity observed for subset 3
translates to a slightly decreased permeability as well. Unlike the porosity, the devia-
tion between experimental and numerical results is more than marginal. However, as
errors in permeability calculations can sometimes be measured in orders of magnitude,
the factor ≈ 2.5 that is obtained is still very reasonable. Furthermore, as we shall show
now, this sample is actually pushing the boundaries of the method, and it is in fact
the worst case result. Similar procedures have been used to compare the results for
other samples, and the aggregated results are shown in fig. 5.8. Here we see numeri-
cal (left bars; the error bars represent the standard deviation from the subsets) and
experimental (right bars) results side-by-side, with increasing bead diameters used to
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Figure 5.7: For a single sample of sintered glass bead packs with bead diameter
0.4−0.6mm, five small subsets (ss1-ss5, red) representing a 4mm cube, and one large
subset representing a 16mm cube (blue) have been chosen to investigate the effects
of inhomogeneity of the samples and to compare to experimentally obtained results
(green). The top half of the figure shows the porosity; the slight deviation for ss3 is
likely due to some inhomogeneity of the sample. The bottom half of the figure shows
the permeability, again obtained both numerically and experimentally. The slightly
lower porosity observed for ss3 here translates to a slightly decreased permeability as
well. Unlike the porosity, the deviation between experimental and numerical results is
more than marginal. However, as we will show in the following, this sample represents
a pathological case.

create the bead packs. The previously studied sample has the smallest beads of all,
and it can be seen that the relation between numerical and experimental result is dif-
ferent from those of the other samples. The radius of the beads is so small (∼ 15Δx )
that the pores are no longer well resolved after the discretization procedure and the
numerical method strongly overpredicts the value of the permeability, while for other
samples it is weakly underpredicted. A variation of the MRT relaxation parameters to
fine-tune the effective position of the bounce-back boundaries might improve these
results, however, using the values of τ = 1.0 and τbulk = 0.84 as proscribed by Narváez
et al.153,208 already provides very good agreement. We conclude that this method can
be used to quickly calculate the permeability of a porous medium with a high degree
of accuracy, provided the sample is digitized properly, with a high enough resolution.
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Figure 5.8: Numerically obtained values of permeabilities for sintered glass bead
pack samples are compared with experimental values. Left (red) bars are numerical
results representing the average value of the five subsets of the sample, with the error
bar representing the standard deviation of the values for these subsets. Right (blue)
bars are experimental results. The bead packs have been created from beads with a
diameter of 0.4− 0.6mm (S45), 0.6− 0.8mm (S43), 0.8− 1.0mm (S31), 1.0− 1.2mm
(S46), 1.5 − 2.0mm (S39), 2.0 − 2.5mm (S38), and 3.0mm (S14). We see that for
the smallest beads, the simulation results deviate the most from the experimental
results; this is likely due to resolution problems. In other cases, the simulation results
approach the experimental results to within a factor of two at the worst. They do
structurally underpredict the permeability in all cases but the first. This situation may
be improved by fine-tuning the bulk relaxation parameter τbulk.

5.5 Results

In this section, we first describe the dependence of characteristic domain sizes, porosity,
surface-to-volume ratio, and permeability on the properties of the emulsions that were
used to create the porous media, and the reasons for this behaviour. We then use these
results to explain how to optimize the porous media for use as a filter (section 5.5.4)
or a (catalytic) reactor (section 5.5.5). Recall that we use the emulsions of chapter 4
as a basis and as such our parameter space is restricted to a single value of the fluid-
fluid ratio χ = 0.56 (ρr

init = 0.5 and ρb
init = 0.9). We use particle volume fractions

0.05≤ Ξ ≤ 0.35 and particle contact angles 50◦ < θp < 130◦.
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Figure 5.9: The averaged lateral domain size of filled geometries (solid lines), open
geometries (dashed lines), and the source emulsion (dotted lines; cf. section 4.3.1)
differ strongly. For filled geometries the Λs measure no longer exhibits the artificial
lowering of the average domain sizes for bijel states. For open geometries, Λs is
very strongly influenced by detached particles and the thickness of the formed walls,
making this measure somewhat unreliable.

5.5.1 Domain sizes

As the emulsions that were used to create the porous media of this chapter have been
discussed in chapter 4, one might expect the averaged lateral domain sizes Λ of the
porous media to be well-understood (cf. section 4.3.1). However, this measure does
not take into account whether a filled or open geometry was created. Therefore, we
use the slightly different measure Λs, introduced in section 5.3, which is based on
the binary solid-or-pore state of the lattice sites, rather than the value of the order
parameter ϕ. This value can be calculated separately for filled and open geometries,
even those based on the same emulsion. The results of this procedure are shown firstly
in fig. 5.9, where the domain sizes are plotted as a function of the particle volume
fraction Ξ and the Λs values are shown for filled geometries (solid lines) and open
geometries (dashed lines) as well as the values of Λ of the corresponding emulsion
(dotted lines). The lines are not fits and are only included to guide the eye. We see
that not only the value of Λ is different than that of Λs, but also that filled and open
geometries can be easily distinguished. For filled geometries, the general shape and
relative position of the curves for different particle contact angles is the same as before
for Pickering-like and mixed states (θp = 72◦ and θp = 90◦). However, the bijel states
(θp = 107◦) show much larger relative domain sizes, unlike in the case of Λ, where the
values for θp = 90◦ and θp = 107◦ are very similar. This happens because the detached
particles in the red emulsion phase will give a signal of the order of the particle
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Figure 5.10: The averaged lateral domain size of filled geometries (solid lines), open
geometries (dashed lines), and the source emulsion (dotted lines; cf. section 4.3.1)
differ strongly. For filled geometries the Λs measure no longer exhibits the artificial
lowering of the average domain sizes for bijel states, instead correctly showing the
coarsening of the domains. For open geometries, Λs is very strongly influenced by de-
tached particles and the thickness of the formed walls, making this measure somewhat
unreliable.

diameter, which depresses the values of the domain size. This effect has been verified
by creating geometries based on emulsions in which the stabilizing particles’ radius is
increased before creating the solid geometry, but which are otherwise identical. This
process can not be extended indefinitely, as particles will start to overlap, after which
multiple particles will contribute only one large value to the averaging procedure.
Increasing the radius has an immediate strong impact on the domain size. However,
for a filled geometry, these former particles can no longer be detected and the average
domain size is no longer lowered in this fashion. For open geometries, the behaviour
is completely different and here the weakness of the measure is exposed as the value
of the domain sizes is influenced extremely strongly by the thickness of the walls and
presence of solid domains based on isolated particles. These effects can also be seen
in fig. 5.10 where the same data are plotted as a function of the particle contact angle
θp.

5.5.2 Porosity and surface-to-volume ratio

The effective porosity φ and effective surface-to-volume ratio ζ of a solid geometry
created from a particle-stabilized emulsion are also strongly affected by the properties
that define the structure of such an emulsion. Considering the qualitative impact
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Figure 5.11: Effective porosity φ and surface-to-volume ratio ζ of a geometry as
a function of the particle volume fraction Ξ of the source emulsion. The datasets
represent various particle contact angles θp. The effective porosity does not depend on
the contact angle in the case of filled geometries (solid lines), but for open geometries
(dashed lines), there is a large difference between Pickering-like (θp = 72◦) and bijel-
like (θp = 107◦) emulsions. For the surface-to-volume ratio, it is the filled bijel-like
structure that is apart from the others. In fact, this value is expected to be this low
because of the large tubular structures that occur, while for the open variant, the
particles that have detached from the interface are treated as solid sites inside the now
open domain, adding a large surface-to-volume ratio contribution.

of these parameters first raises the following expectations: trivially, as the particle
volume fraction increases, the effective porosity of the resultant sample will decrease
(linearly in the case of filled geometries), as particle sites are transformed into solid
sites in all cases, and fluid sites would have been transformed into solid sites at a ratio
dependent on the ratio of the fluids. Furthermore, and again trivially, the effective
porosity of an open geometry is expected to be larger than that of a filled geometry,
if the system is in a bijel-like state. For a Pickering-like state, the contribution of the
additional open insides of Pickering droplets is discounted as they do not contribute to
percolation, and the effective porosity is not expected to change much, if at all. This
behaviour is captured in the top half of fig. 5.11, where solid lines correspond to filled
geometries and dashed lines correspond to open ones. We see that the dependence
on the particle contact angle is very weak for the filled geometries, as the change
in protrusion of particles at the interface does not make for a strong contribution to
the overall effective porosity. More interestingly, the effective porosity of the open
geometry for θp = 72◦ differs strongly from that of the other open geometries. This
occurs because of the effect of using an effective porosity: for the open bijel-like states,
all fluid sites are connected and aid in percolation, but the Pickering state excludes a
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Figure 5.12: Effective porosity φ and surface-to-volume ratio ζ of a geometry as a
function of the particle contact angle θp of the source emulsion. The datasets represent
various particle volume fractions Ξ. The Pickering-to-bijel transition is clearly visible
for both the effective porosity and the surface-to-volume ratio, in the case of open
geometries (dashed lines). For filled geometries (solid lines), the effective porosity
is constant throughout the full range of θp and the surface-to-volume ratio decreases
monotonously.

large fraction of these sites as they represent the inside of a closed structure. Based on
this lack of contribution to the porosity of the Pickering droplets, on might expect this
curve to overlap its filled counterpart, as the created solid geometry would be identical.
However, recall that the filled condition uses ϕ(x )≤ 0 as a lower bound in the solid site
transformation condition, while the open condition uses ϕ(x ) ≤ −0.4. Thus, in this
case, more solid sites are actually created (namely, sites satisfying −0.4 ≤ ϕ(x ) < 0),
lowering the porosity of the system.

Interpreting the dependence of the surface-to-volume ratio on the particle volume
fraction is a bit more involved. As has been shown in section 4.3.1 and in particular
in fig. 4.4, the average domain size Λ has a strong dependence on the particle volume
fraction, with higher Ξ giving rise to smaller domains due to an increase of the po-
tentially stabilized interfacial area. This is expressed by the monotonically increasing
curves that can be seen in the bottom half of fig. 5.11, as smaller indivudual domains
correspond to a larger ζ. The behaviour for different values of θp in the case of open
geometries also follows from the behaviour seen in fig. 4.4, with the neutrally wetting
case having the smallest surface-to-volume ratio. The filled geometries do not follow
the same trend, however. For θp = 72◦ and θp = 90◦, the curves are close to their
open counterparts, exhibiting slightly higher values. This is explained by the same
ϕ-based argument as shown above. The difference for θp = 107◦ is striking: not only
is ζ smaller for the filled geometry, but it is so by approximately a factor of two. In fact,
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this value is expected to be low for the filled geometry because of the large tubular
structures that occur, while for the open variant, the particles that have detached from
the interface are treated as solid sites inside the now open domain, adding a large
surface-to-volume ratio contribution. Thus, the open bijel configuration exhibits an
inflated value for ζ.

The same properties of the geometry can also be viewed from the perspective of a
changing particle contact angle, cf. fig. 5.12. Again, the top half contains data on the
porosity, and solid lines correspond to filled geometries, while dashed lines correspond
to open ones. For a particular particle volume fraction, the porosity does not depend
at all on the particle contact angle in the case of a filled geometry, as this is just a
function of the fluid-fluid ratio (which is constant throughout) and the volume fraction
of the particles (larger Ξ corresponding to lower φ). In the case of an open geometry,
the transition from a Pickering emulsion for small θp to a bijel for large θp is clearly
visible, as the Pickering droplets will not contribute to the effective porosity, while
bijel domains will. In the Pickering regime, the open geometries have smaller porosity
in all cases, which is again due to the ϕ cutoff.

The Pickering-to-bijel transition is also clearly visible for the surface-to-volume ratio.
The different behaviour for open and filled geometries is also strikingly apparent in the
bottom half of fig. 5.12. The bijel lends itself to coarser domains, hence the lowered
surface-to-volume ratio for high values of θp for filled geometries. The curves for open
geometries seem to tell a different story, however, as they have their minimum for
neutrally wetting particles, after which ζ rises again. This is caused by the detachment
of the hydrophobic particles from the interface and their residence inside the red
fluid. If all red fluid is transformed into solid sites, their presence does not affect the
situation at all, but in the case of an open geometry, every particle will add its own
surface area contribution directly to ζ, while their effect on the porosity is limited.

5.5.3 Permeability

Using eq. (5.13) gives an upper limit on the permeability of the sample, based on
the premise that the available fluid sites are used form a single channel with a square
cross-section, which we can use as a sanity check. In this extreme case,

κmax =
φnx ny

4
· 0.140577≈ 2.3 · 103, (5.14)

which as we shall see is indeed never reached, due to the complicated structures
formed by the emulsions. Recall that the permeability of a porous medium is not
necessarily isotropic. In these simulations, three permeabilities κx , κy , and κz have
been calculated, with κ = (κx + κy + κz)/3, and their standard deviation being used
for the error bars in the figures.

We now explore the effects of θp and Ξ on the permeability κ. In the previous section
we discussed the behaviour of the porosity and surface-to-volume ratio of the porous
media. These can be related to permeability through the Blake-Kozeny model, which
represents the pore network of the sample as a bundle of non-homogeneous tubes



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 107PDF page: 107PDF page: 107PDF page: 107

5.5. Results 99

0.0 0.1 0.2 0.3 0.4

Ξ

10−1

100

101

102

103

κ

θp = 72◦
θp = 90◦
θp = 107◦

Figure 5.13: Simulated permeability (points) and predicted permeability (lines)
based on eq. (5.19) for various filled geometries as a function of the particle vol-
ume fraction, with the assumption τ = 1. A value close to one is expected because
of the structure of the source emulsions. Measurements and predictions show good
agreement in all cases.

with an equivalent radius Rt and an effective length L′ that is larger than the length of
the sample L.222 The square of the ratio of these two lengths is known as the tortuosity

τ=
�

L′
L

�2

. (5.15)

The tortuosity is a measure for how twisted the pore network of the porous medium
is. The average velocity in these capillary tubes is given by the Hagen-Poiseuille law

〈v〉= R2
tΔP

8ηL′ , (5.16)

where ΔP is the pressure drop over the sample. The surface area and porosity of a
porous medium can be related to the permeability through the use of the hydraulic
radius, which for a capillary tube of radius Rh = Rt/2. For a porous medium the
hydraulic radius can also be written as Rh = Vpore/A

eff, where Vpore = φVsim, represent-
ing the ratio between the volume that carries the flow and the wetted surface area.
Combining these two forms we can write the pore radius as

Rt = 2
Vpore

Aeff
. (5.17)

222R.B. BIRD et al. Transport Phenomena, 2nd Ed., 2006.
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Figure 5.14: Simulated permeability (points) and predicted permeability (lines)
based on eq. (5.19) for various open geometries as a function of the particle vol-
ume fraction, with the assumption τ = 1. A value close to one is expected because
of the structure of the source emulsions. Measurements and predictions show good
agreement for Pickering emulsions and intermediate states, but values for bijels are
underpredicted because of the large contribution of detached particles to the surface-
to-volume ratio.

We can now link the Darcy and Hagen-Poiseuille laws to derive the following:

κ

η

ΔP
L
=

q̇
Acs
= φv = φ〈v〉(L/L′) = φ R2

tΔP

8ηL′(L′/L) = φ
R2

tΔP

8ητL
. (5.18)

Cancelling common prefactors, and using eq. (5.17) this reduces to

κ= φ
R2

t

8τ
=
φV 2

pore

2τ(Aeff)2
=
φ

2τζ2
, (5.19)

which expresses the permeability in terms of the porosity and the surface-to-volume
ratio.

We have simulated fluid flow through the porous medium in order to calculate the
permeability directly, as described in section 5.4.2, and the results are shown as the
data points in fig. 5.13, fig. 5.14, fig. 5.15, and fig. 5.16. In addition, we use the cal-
culated porosities and surface-to-volume ratios to calculate an expected permeability
(assuming for the moment τ= 1), and plot these values as lines.

In fig. 5.13 we consider filled geometries and see that even with our choice of τ = 1
the data are in good agreement. We expect the pores to be very wide compared to
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Figure 5.15: Simulated permeability (points) and predicted permeability (lines)
based on eq. (5.19) for various filled geometries as a function of the particle con-
tact angle, with the assumption τ = 1. A value close to one is expected because
of the structure of the source emulsions. Measurements and predictions show good
agreement in all cases.

their lengths, and a value of τ close to 1 fits this picture. Similarly, for the open
geometries considered in fig. 5.14 agreement is good for Pickering and intermediate
states (θp = 72◦ and θp = 90◦), however, this agreement breaks down for the bijel
states θp = 107◦, where the simulated permeability is three to four times higher than
the expected permeability. Recall, however, that for open bijel states, the surface-to-
volume ratio is rather inflated because of the added contribution of particles in the
former red domains, which do not strongly contribute to percolation. Because of the
inverse square relation between κ and ζ, this will lower the predicted permeability;
indeed, one can see that the prediction is even lower than for the intermediate case.
The permeability values of the open and filled geometries are very similar, and this
reinforces the idea that the former red domain only weakly contributes to the flow
through the medium. Because our choice of fluid-fluid ratio is far away from χ = 1, the
fluid sites created out of red fluid sites are in the minority and, although the structure
still percolates, the narrowest constrictions are more narrow than the necks of the
other percolating domain. Therefore, the contribution of this second domain to the
overall permeability of the porous medium is negligible. Extending the parameter
space to include different fluid-fluid ratios is left open for future research. Figure 5.15
and fig. 5.16 present the same data in a different way, having the particle contact angle
as the x-axis. Here, we can see even more clearly that after the transition to a bijel,
the permeability is systematically underpredicted. We can conclude that the behaviour
of the permeability as a function of the particle volume fraction and particle contact
angle stems directly from the geometrical arguments presented in section 5.5.2 and
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Figure 5.16: Simulated permeability (points) and predicted permeability (lines)
based on eq. (5.19) for various open geometries as a function of the particle con-
tact angle, with the assumption τ = 1. A value close to one is expected because
of the structure of the source emulsions. Measurements and predictions show good
agreement for Pickering emulsions and intermediate states, but values for bijels are
underpredicted because of the large contribution of detached particles to the surface-
to-volume ratio.

otherwise follows the normal behaviour for a porous medium.

5.5.4 Optimization for filters

We now combine the information in the previous sections in a brief look at how to
optimize a self-assembled porous medium to be used as a filter. For an efficient filter,
the permeability needs to be maximized to obtain optimal throughput, while the
domain sizes need to be small, which corresponds to narrow pore necks to be able to
block contaminants, e.g. small solid particles. Figure 5.17 directly shows the relation
between the domain sizes of the emulsions and the permeability of the generated
geometries. The colours of symbols in the plot correspond to particle contact angle,
being a gradient from blue (θp = 50◦) to red (θp = 130◦). The data points can be
divided into two main branches, corresponding to open and filled geometries. Because
of the systematic errors associated with Λ due to the signal of detached particles, the
leftmost (open) branch is expected to underpredict the true value of the domain sizes
(this is not captured in the error bars for reasons of clarity of the plot), However, based
on the magnitude of these errors (which has been studied but not explicitly reported
here), the two-branch structure is expected to be qualitatively correct. After reviewing
the two plots in the previous section it is no longer surprising but still illuminating
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Figure 5.17: Combining the information we obtained on domain sizes and perme-
abilities as functions of Ξ and θp we find that the structure of the emulsion is very
important: even though two emulsions might have the same average domain size,
their permeabilities can vary widely, especially for open geometries. The colours of
symbols correspond to particle contact angle, being a gradient from blue (θp = 50◦) to
red (θp = 130◦). For an efficient filter, permeability needs to be large and the domain
sizes need to be small, so open bijels with many stabilizing particles are most suited
to this purpose.

to see that the permeability is not determined directly from the size of the structures
present in the emulsions: porous media with similar average domain sizes can have
wildly varying permeabilities, differing by up to two orders of magnitude in the case
of open geometries. The domain sizes can be controlled mostly by varying the particle
volume fraction, and one can then tune the chemical properties of these particles to
be hydrophobic to obtain a bijel state, which, as we can see, then gives the largest
desired values of the permeability.

5.5.5 Optimization for reactors

In this section we look at how the parameters that define the emulsions that are the
basis for the porous media can be tuned to obtain optimal properties for catalysis or
other chemical reactions. For this, we propose that maximization of both permeability
(to ensure high throughput) and available surface area (to ensure high reactivity) is
important for this purpose. In particular, we define an efficiency

Υ = κζφ =
κAeff

Vsim
(5.20)
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Figure 5.18: The permeability of filled geometries is combined with the available
surface area to obtain an efficiency Υ = κζφ. The particle contact angle is expressed
through the colour gradient from blue (θp = 50◦) to red (θp = 130◦). Also shown
are isolines for reached efficiencies Υ = 0.1, Υ = 1.0, and Υ = 10.0. The data points
for the different particle volume fractions Ξ collapse onto the same curve, but it can
be clearly seen that bijels (red) exhibit higher efficiencies than Pickering emulsions
(blue).

to be maximized. We combine the data calculated and shown in the previous sections,
and plot the permeability against the available surface area in fig. 5.18 and fig. 5.19
for filled and open geometries, respectively. As was discussed before, the surface-to-
volume ratio for open geometries includes a large contribution from the surface area
of the detached particles, which border pore space which only weakly contributes to
percolation, so care has to be taken when interpreting these results. The differences
between the open and closed geometries are striking. As before, the wettability of
the particles is expressed through the colour gradient from blue (θp = 50◦) to red
(θp = 130◦), while the particle volume fractions have different symbols associated
with them. In both plots isolines are plotted for Υ = 0.1, Υ = 1.0, and Υ = 10.0, which
gives an indication of the most efficient combinations of parameters: the optimization
process moves at right angles to the isolines. For the filled geometries, Ξ does not
have a perceptible effect: all points collapse onto the same curve. Pickering states
(blue) are less efficient than bijels with efficiency values 0.1 < Υ < 1.0, while bijels
reach 1.0 < Υ < 10.0. This is due mostly to the vastly increased permeability for
bijels (cf. fig. 5.16 and fig. 5.15), which is not quite counteracted by the decrease
in ζ observed in fig. 5.12. This figure also shows that, although we have seen that
the permeability is not strongly affected by the difference between open and filled
geometries, the values of ζ increase again for open bijels, and the particle volume
fraction starts having an effect. Their behaviour as shown in fig. 5.19 is then not
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Figure 5.19: The permeability of open geometries is combined with the available
surface area to obtain an efficiency Υ = κζφ. The particle contact angle is expressed
through the colour gradient from blue (θp = 50◦) to red (θp = 130◦). Also shown
are isolines for reached efficiencies Υ = 0.1, Υ = 1.0, and Υ = 10.0. The data points
for the different particle volume fractions Ξ split off into different branches in the
bijel regime (red), but their efficiencies are similar, and larger than those of Pickering
emulsions (blue), and of filled bijels (cf. fig. 5.18).

surprising: Pickering emulsions are still least efficient, but the bijels show large gains
in efficiency. Even though the different values of Ξ are now distinct branches in the
bijel regime, their overall efficiency is similar: 10.0 < Υ < 12.0. To improve the
characterization of these systems, one might consider adding a weighting factor to the
surface areas proportional to the flow strength through the neighbouring pore spaces.
These refinements are, however, outside the scope of this work.

5.6 Conclusions and outlook

In this chapter we have shown a way to use the lattice Boltzmann method to numeri-
cally probe the properties of porous media created from particle-stabilized emulsions,
which can be used as novel self-assembled filters or reactors. The LB method is first
used to simulate these emulsions, and later to calculate the permeability of the re-
sulting porous medium. Creation of such media is accomplished by either completely
solidifying one of the fluid phases, or allowing the stabilizing particles to form an
impermeable wall. In experiments this can be achieved by using, e.g. polymerization.
Transforming either a Pickering emulsion or a bijel in such a way results in widely
varying properties, owing to the large scale structures present in these emulsions.
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We have explored various geometrical properties of the porous media: domain sizes
of the solid and cavities, its porosity, and its surface-to-volume ratio. Furthermore, the
permeability is calculated following Narváez et al.,153,208 after probing the validity of
the method and its implementation by showing a comparison against an analytical
result for a square duct and also applying the method to CT scans of samples of
sintered glass beads, whose permeability has also been obtained experimentally by
Gueven et al.204 The simulation results match the experimental results very well.

The permeability of the porous media is increased as the particle volume fraction
goes down, and is higher for bijels than for Pickering emulsions. This is primarily
due to the domain sizes, and furthermore due to the more complicated and tortuous
pore structures of porous media based on Pickering emulsions. Simple geometrical
observations based on the Darcy and Hagen-Poiseuille laws allow to qualitatively
predict the behaviour of the permeability as a function of the porosity and surface-
to-volume ratio. The permeability can take different values even when the domain
size is kept constant, demonstrating that the structure of the porous medium is very
important: bijels and Pickering emulsions cannot be compared trivially!

These porous media can be used as novel self-assembled filters and reactors. For fil-
ters, optimization is achieved by maximizing permeability (to maximize throughput)
while minimizing the pore size (to be able to block smaller particles). The particle
volume fraction can be used to affect the domain sizes; in particular, increasing the
particle volume fraction leads to reduced domain sizes. For a particular choice of this
parameter, the filter properties can then be optimized by changing the particles to be
hydrophobic (i.e. a bijel state). Open geometries exhibit more desireable properties.
To tune the parameters of the source emulsion to achieve optimal properties of the
porous medium created from the emulsion in terms of a self-assembled reactor, we
define an efficiency as being the product of the permeability (to ensure high through-
put) and available surface area (to ensure high reactivity) and look at the behaviour
of this quantity for open and filled geometries. The efficiency of filled geometries does
not depend on the particle volume fraction, but bijels are slightly more efficient than
Pickering emulsions. Open geometries show similar behaviour in the case of Pickering
emulsions, but for bijels they exhibit different values for permeability and exposed
surface area, and a dependence on particle volume fraction. Surprisingly though, the
overall efficiencies are still similar for different volume fraction, and are higher than
efficiencies reached for filled geometries.

Although the particles used to stabilize the emulsions can exhibit non-trivial wetting
behaviour, the geometries treated in this chapter are all assumed to consist of neutrally
wetting material. This study could be extended in the future to include the effects
of (possibly locally varying) wettability on the final porous medium, which might
strongly affect the effective permeability. To achieve different structures the fluid-fluid
ratio can be varied, as it is expected that this will strongly affect permeabilities of
porous media based on bijels when the fluid-fluid ratio tends to one. Similarly, the
effects of charged surfaces and ionic solutes can be considered, in conjunction with
the model for electrolytes that will be introduced in chapter 6.
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Chapter 6

Electro-osmotic flow

The methods used in this chapter are based on N. RIVAS, S. FRIJTERS, I. PAGO-
NABARRAGA, AND J. HARTING. Mesoscopic electrohydrodynamic simulations of binary
colloidal suspensions. Journal of Chemical Physics, 148: 144101, 2018.223

6.1 Introduction

In the previous chapters, the effect of electric charges on our systems of interest
has been neglected completely in our simulations. However, for many systems, the
presence of electric charges can have a profound effect, such as in liquid coating
processes,81 in aids for oil recovery,82 the production rate of oil by changing the salinity
of the injected fluids,70,224 and even on the safety of various processes in the petroleum
industry.83 It is therefore worthwhile to extend our simulation capabilities to include
these effects, in such a way that these simulations are also computationally feasible.
As a first iteration we have implemented the presence of two symmetric ionic species,
for which the previously introduced lattice Boltzmann fluids act as a solute. Charges
can also be affixed to static geometry elements, modelling static wall charge on a
non-conducting wall. The dielectric constant can be position-dependent (in this way
can also depend on local fluid composition), and non-periodic boundaries have been
added. This method can be further extended to allow for non-static geometries, e.g.
to treat charged colloids, which also present an interesting subject of research.8,84,85,223

Implementation of this feature requires care however, as the mobility of the particles
requires us to properly treat the covering and uncovering of lattice sites in terms of the
local charges. In this chapter we restrict ourselves to the study of charged fluids and

223N. RIVAS et al. J. Chem. Phys., 148: 144101, 2018.
81C.W.J. BERENDSEN et al. Soft Matter, 9: 4900, 2013.
82C. HOLM et al., eds. Electrostatic Effects in Soft Matter and Biophysics, 2000.
70S. BERG and A.W. CENSE. Petrophysics, 51: 314, 2010.

224A. LAGER et al. Petrophysics, 49: 28, 2008.
83A. KLINKENBERG and J.L. VAN DER MINNE. Electrostatics in the petroleum industry: the prevention of explosion hazards, 1957.
8M. RUSSEL et al. Colloidal Dispersions, 1992.

84G. GIUPPONI and I. PAGONABARRAGA. Phil. Trans. R. Soc. A, 369: 2546, 2011.
85G. GIUPPONI and I. PAGONABARRAGA. Phys. Rev. Lett., 106: 248304, 2011.
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Figure 6.1: Example of the electric double layer. A positively charged wall attracts
negative ions in the neighbouring fluid, which has the effect of screening the electric
potential ψ. The characteristic decay length of this potential is the Debye length λD.

immovable objects only, in combination with some of the many other tools available
as extensions of the lattice Boltzmann method.

Even with the restrictions outlined above, the problems that can be handled with the
currently available simulation code span a wide range of interesting subjects. We
have chosen to use the capabilities of the simulations to study electro-osmotic flow in
chemically patterned channels, in particular those having superhydrophobic stripes
or patches on the walls. This extends work done by Belyaev and Vinogradova,86 who
have proposed analytical results for these systems, and Schmieschek et al.,87 who have
treated superhydrophobic striped channels with the lattice Boltzmann method, but
did not include the effect of electric charges.

When a fluid containing free ions (but which is overall still neutral) is placed adjacent
to an electrically charged wall, the well-known electrical double layer is formed (cf.
fig. 6.1): assuming (without loss of generality) that the wall carries a positive charge,
negative ions will migrate towards the wall, screening the effect of the wall charge.
They in turn will attract a surplus of positively charged ions, and so on. This effect gets
progressively weaker as the distance to the wall gets larger, with a characteristic length
scale called the Debye length. However, a net effect remains, and the fluid will locally
no longer be neutral. This inhomogeneity can be exploited by applying an external
electric field parallel to the wall. Electrostatic forces exerted on the charged fluid are
now locally non-zero, causing fluid flow. Depending on the layout of the channel, the
fluid flow profile may differ. This eletrically induced flow is called electro-osmotic flow,

86A.V. BELYAEV and O.I. VINOGRADOVA. Phys. Rev. Lett., 107: 098301, 2011.
87S. SCHMIESCHEK et al. Phys. Rev. E, 85: 016324, 2012.
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and is useful in, for example, microfluidic lab-on-a-chip devices, where fluids can be
transported with high precision on small scales without relying on mechanical moving
parts.88–90

The concepts of wettability, hydrophilicity and hydrophobicity have been introduced in
section 3.2.2 and discussed in chapter 4 in the context of nanoparticles suspended in a
fluid-fluid mixture, which preferentially reside in one of the two fluids. These concepts
can also be applied in the context of stationary walls, which can then influence fluid
flow in ways other than only through their geometry. In particular, hydrophobicity can
be taken to an extreme, which is called superhydrophobicity (often defined in terms
of the contact angle θw > 150◦).91–94 The most well-known occurence of this effect in
nature is the water-repellent properties of the lotus leaf, which also gives its name to
the “lotus effect”, in which a water droplet will retain an almost spherical shape and
freely roll off a tilted surface without being pinned to it. Similarly, very hydrophobic
particles can be used to coat a fluid droplet, creating a so-called “liquid marble”.95

These water-repellant effects are typically caused by a particular roughness of the
walls or particles on the nanoscale, and various techniques are nowadays used to
achieve superhydrophobicity in a controlled way, for example in microfluidic devices.
This roughness, however, does not need to be modelled explicity in our simulations;
instead we use on-site velocity boundary conditions to model the slippage caused by
the superhydrophobicity.87 When fluid flows past a wall, a no-slip boundary condition
holds in most cases, which is to say the velocity of the fluid v = 0 at the fluid-wall
interface. Superhydrophobic surfaces no longer have this restriction, and instead
allow a finite velocity v = v0 at the interface. When the velocity profile near the
wall is extrapolated into said wall, the slip length b can be determined, being the
depth inside the wall the extrapolated profile reaches zero velocity. As an extreme
case, this slip length b =∞ when there is no friction at the wall. Combining electro-
osmotic flow and superhydrophobicity can lead to enhanced flow rates, and as such
is particularly useful in microfluidic devices where the small length scales involved
are detrimental to the hydrodynamic efficiency. Adding the functionality necessary
to perform these simulations also opens the way to more complicated systems with
multiple ionic species in the presence of multiple fluids, as can be found, for example,
in oil reservoirs.

In section 6.2 the additional simulation methods used to treat these effects are re-
viewed and explained in some detail. This includes treating the charge convection
and diffusion, introducing the electrokinetic equations, discussing ways of solving
those equations, and treating non-trivial boundary conditions within the scope of
the presently available methods. As the extension of the simulation code to include
these effects has been part of the project, the newly written code has been tested
extensively. Results of these tests are discussed in section 6.3, which also includes
some performance benchmarks. In section 6.4 the verified code is then applied to
the system of electro-osmotic flow in channels with superhydrophobic stripes on the

88H.A. STONE et al. Annu. Rev. Fluid Mech., 36: 381, 2004.
89J.C.T. EIJKEL and A. VAN DEN BERG. Microfluid. Nanofluid., 1: 249, 2005.
90B. KIRBY. Micro- and Nanoscale Fluid Mechanics: Transport in Microfluidic Devices, 2010.
91L. FENG et al. Adv. Mater., 14: 1857, 2002.
92P. ROACH et al. Soft Matter, 4: 224, 2008.
93J.P. ROTHSTEIN. Annu. Rev. Fluid Mech., 42: 89, 2010.
94S. DATTA and J.N. CHOUDHARY. Fluid Dyn. Res., 45: 055502, 2013.
95P. AUSSILLOUS and D. QUERÉ. Nature, 411: 924, 2001.
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walls. The system is first explained in some more detail and analytical predictions are
discussed. These are then compared to the results of our simulations. Section 6.5
contains conclusions and an outlook.

6.2 Underlying physics and simulation methods

The methods used in this chapter, on top of the previously explained lattice Boltz-
mann method, are the link-flux method to solve the convection-diffusion equations for
ion species, based on Capuani et al.119,225 and Rotenberg et al.,120 and the successive-
over-relaxation226,227 (SOR) and particle-particle-particle-mesh228–231 (P3M) schemes
for solving the discretized Poisson equation. These will be treated in the following
sections, following the description in Capuani et al.,119 but adapted to our particular im-
plementation, nomenclature, and notation. This is followed by an explanation of the
implementation of spatially-dependent dielectric constants, and non-trivial boundary
conditions for the electric field and potential. Finally, we step away from electrostatics
for a short while and discuss how to add variable slip lengths for LB fluids to wall sites,
which is needed to model superhydrophobic surfaces.

6.2.1 The link-flux method

We have based the treatment of moving charges in our simulations on the work by
Capuani et al.,119 but do not use the free energy model for multicomponent fluids as they
do; instead we use the Shan-Chen model for this purpose, just as we did in the previous
chapters. We will therefore only expand on their treatment of electric charges. As the
name suggests, the link-flux method is based on calculating charge fluxes over the links
connecting neighbouring lattice sites; these determine the evolution in time of the
charge densities on the lattice. In this way, charges are conserved exactly, no gradients
need to be computed (and as such no discretization error is incurred from this source),
and spurious currents are reduced (when using a proper symmetric formulation). It
is also easy to implement general boundary conditions, a fact which we will exploit in
later sections. The electrolytes are treated at the Poisson-Boltzmann level and we do
not need to restrict ourselves to the linearized Debye-Hückel approximation regime.
We are therefore able to investigate the effects of high charge densities compared to
the linear approximation. However, overall charge densities still need to be small
when in the Poisson-Boltzmann limit, as any ion-ion interaction is not taken into
account.

The charge populations inhabit a lattice similar to the LB lattice used to model the
fluids, and the lattice sites share the same positions x , time t, and time step Δt.

119F. CAPUANI et al. J. Chem. Phys., 121: 973, 2004.
225I. PAGONABARRAGA et al. Comput. Phys. Commun., 169: 192, 2005.
120B. ROTENBERG et al. Faraday Disc., 144: 223, 2010.
226J. HORBACH and D. FRENKEL. Phys. Rev. E, 64: 061507, 2001.
227W.H. PRESS et al. Numerical Recipes 3rd Edition: The Art of Scientific Computing, 2007.
228P.P. EWALD. Ann. Phys., 369: 253, 1921.
229R.W. HOCKNEY and J.W. EASTWOOD. Computer simulation using particles, 1988.
230M. DESERNO and C. HOLM. J. Chem. Phys., 109: 7678, 1998.
231M. DESERNO and C. HOLM. J. Chem. Phys., 109: 7694, 1998.
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ρ±,ε,ψ, �E, ρr ,ρb

Figure 6.2: 2D example of the connectivities of the lattice Boltzmann fields and the
electrolyte fields on the lattice. The LB fluid densities ρr and ρb are also connected
to the next-nearest neighbours (D2Q9 shown in blue, corresponding to D3Q19 in our
simulations), while the electrolyte fields such as charge densities ρ±, local dielectric
constant ε, electric potential ψ, and electric field E are connected only to their nearest
neighbours (D2Q4 shown in red, corresponding to D3Q6 in our three-dimensional
simulations).

However, the links to neighbours are restricted to the vectors c∗i = (±1,±1,±1), instead
of the 18 non-zero velocities used in the D3Q19 LB model (cf. fig. 6.2). As such, a
lattice site x will be connected to its neighbours at x + c∗i , with i = 1, . . . 6. The
model can in theory be used to include many different ionic species at the same time,
with arbitrary valencies. However, for the sake of clarity we restrict ourselves to two
symmetric ionic species with valencies ±ε, where ε is the elementary charge. The
elementary charge will be set to ε = 1 in the following. The densities of the ionic
species will be denoted ρ±(x ).

6.2.2 Conservation laws

The dynamics of electrolytes at hydrodynamic scales is in some respects analogous to
that of multicomponent mixtures, and as such, a brief review of mixtures on hydrody-
namic length and time scales is provided. Both species of the ionic mixture satisfy the
equation

∂ρ±
∂ t
+∇ · �ρ±v±

�
= 0, (6.1)

with v± the velocity of species ±, which describes the conservation of mass. The total
density satisfies an equation analogous to eq. (6.1), with respect to to barycentric
velocity v , which satisfies �

ρ+ +ρ−
�

v = ρ+v+ +ρ−v−. (6.2)



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 120PDF page: 120PDF page: 120PDF page: 120

112 Chapter 6. Electro-osmotic flow

Using this barycentric velocity we can rewrite eq. (6.1) as

∂ρ±
∂ t
+∇ · �ρ±v

�
= −∇ · j±, (6.3)

where j± is the relative current of species ±: j± = ρ± (v± − v). On very short time
scales, friction relaxation controls these currents, however, for mixtures of molecular
constituents (such as electrolytes), the inertial time scale is very small. As such, the
relative current can be assumed to be proportional to a thermodynamic driving force,
which itself is proportional to the gradient of the chemical potential. As a result, the
relative current of species ± becomes diffusive and can be expressed as232

j± = − ��±,+ρ+∇βμ+ +�±,−ρ−∇βμ−� , (6.4)

with β = 1/kB T , kB the Boltzmann constant and T the temperature. βμ± = logρ± +
βμ±ex is the chemical potential decomposed into an ideal and an excess part, and �±,±
are globally constant diffusion coefficients that determine the flux of the first species
induced by spatial variations in the chemical potential of the second species. For the
sake of simplicity, we focus on the case where cross-diffusion is neglected, and we
introduce �± such that �+ = �+,+ and �− = �−,− (�+,− = �−,+ = 0). Using all
of the above we can then express the conservation of mass in the form of a set of
convection-diffusion equations:

∂ρ±
∂ t
+∇ ·ρ±v = �±∇ · �∇ρ± +ρ±∇βμ±ex

�
. (6.5)

6.2.3 Calculating diffusion

We now return to the form of the convection-diffusion equation as given by eq. (6.3)
and write the diffusive flux (neglecting cross-diffusion) as

j± = −�± �∇ρ± +ρ±∇βμ±ex

�
. (6.6)

Diffusion and advection will be discussed separately; the total change in density of
species ± is simply equal to the sum of both these contributions. If an ionic mixture
such as this diffuses in a fluid at rest, v = 0 and eq. (6.3) reduces to

∂ρ±
∂ t
= −∇ · j±. (6.7)

Integrating both sides of this equation over a volume V0 and using the divergence
theorem we obtain

∂

∂ t

∫
V0

ρ± dV = −
∮

A0

j± · n̂ dA, (6.8)

where n̂ is the outward-pointing unity vector normal to the surface A0 enclosing the
volume V0. If we now interpret this relation in terms of the lattice that these quantities

232S.R. DE GROOT and P. MAZUR. Non-Equilibrium Thermodynamics, 2011.
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live on, we can identify V0 = (Δx)3 = 1 as the volume associated with a lattice site,
and A0 is related to its connectivity. For our choice of connectivity, A0 = 1 (this can be
derived by calculating how density diffuses to the neighbouring sites, e.g. if we would
use the full connectivity of the D3Q19 lattice, A0 = 1+ 2

�
2, as shown in Capuani et

al.119) In this way, eq. (6.8) states that the change of the total number of particles on
site x equals the sum of the outward fluxes. Such fluxes can only take place along the
previously described connecting links c∗i :

n±(x , t + 1)− n±(x , t) = −∑
i

j±i (x , t), (6.9)

where n±(x ) is the number of particles of species ± at position x , and j±i (x , t) describes
the particles of species ± traveling along link c∗i . The number of particles on a site
n±(x ) is equal to the number density ρ±(x ) in the case that a unit volume is equal
to the volume of a lattice site; however, this may not be the case in the presence of
solid boundary conditions. Using link fluxes avoids approximating divergences on
the lattice, a source of lattice artefacts, and the related spurious currents that would
appear. The use of these link fluxes also ensures local mass conservation up to machine
accuracy, avoiding errors incurred by discretizing the spatial gradient operator. We
still need to prescribe the form with which to implement these diffusive fluxes. They
are in principle given by eq. (6.6) and involve spatial gradients between neighbouring
lattice sites. At the time it was thought that directly implementing this relation on
a lattice will cause spurious fluxes (a counterargument has since been provided by
Kuron et al.233). Newer developments notwithstanding, it is convenient to rewrite the
expression as

j±(x , t) = −�±e−βμ±ex(x ,t)∇ �ρ±(x , t)eβμ
±
ex(x ,t)

�
, (6.10)

because in this form the gradient term becomes identically zero when the density
distribution corresponds to its equilibrium form. Retaining this property, the following
discretized symmetric form is used for our 6-linked lattice:

j±i (x ) = −�± e−βμ±ex(x ) + e−βμ±ex(x+c∗i )

2

�
n±(x , x + c∗i )eβμ

±
ex(x+c∗i ) − n±(x )eβμ±ex(x )

�
. (6.11)

This form ensures that, up to machine accuracy, j±i (x ) = − j±̄
i
(x + c∗i ), and mass is

conserved for the elementary dynamic processes.

6.2.4 Calculating advection

The local charge densities can also be altered due to advection if the fluid locally has a
non-zero barycentric velocity v . This time ignoring the diffusion term we can rewrite
eq. (6.3) as

∂ρ±
∂ t
= −∇ · �ρ±v

�
. (6.12)

In principle, advection can be treated in a way similar to eq. (6.9); however, the lattice
Boltzmann model we use provides the velocity at lattice sites, not at the links, making

233M. KURON et al. J. Chem. Phys., 145: 214102, 2016.
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�v

�x

1 2

3

Figure 6.3: 2D example of charge redistribution due to advection. If the barycentric
fluid velocity at position x is equal to v(x ) = (vx , vy), charges are advected to neigh-
bouring lattice sites as if the site at position x was “virtually displaced” by v(x ): an
amount (1− vx)vy n±(x ) goes to site 1, vx vy n±(x ) goes to site 2, and vx(1− vy)n±(x )
goes to site 3. In our simulations, a similar procedure is carried out in 3D.

this particular formulation less convenient. Instead, in order to avoid the numerical
error that would be incurred by calculating such a link velocity, an alternative imple-
mentation of the advection is used. Again we write n±(x ) for the number of particles
of species ± in a unit volume centered around lattice site x . Since we know the local
fluid velocity v(x ) on that site, we can say that in one time step the site will “virtually
displace” to x + v(x ). As a result, the displaced volume associated with site x will now
intersect some of the unit volumes centred around neighbouring sites (cf. fig. 6.3).
A portion of the number of particles n±(x ) is then distributed to those neighbouring
lattice sites, proportional to the size of the intersected region. The advantage of this
approach is that it greatly reduces the spurious diffusion that usually happens during
advection in lattice models. This method will still cause some spurious diffusion, but
this has been shown to be negligible.119

6.2.5 The electrokinetic equations

In the previous sections we have explained how we model our two ionic species ±
as a generic mixture of non-ideal fluids. We now proceed to the special case where
these non-ideal fluids are actually electrically charged, and will define the form of
the chemical potential in this case. For our two-ion model, the total local charge
ρ(x ) = ρ+(x ) − ρ−(x ). From the simplest free-energy model (corresponding to an
ideal mixture in the absence of any local electric field), a chemical potential can be
computed:

βμ± = logρ± ±ψ, (6.13)
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where ψ is a dimensionless electrostatic potential. This equation can be combined
with eq. (6.5), resulting in

∂ρ±
∂ t
+∇ ·ρ±v = �±∇ · �∇ρ± ±ρ±∇ψ� . (6.14)

At this point, we need an additional equation that linksψ to the distribution of charges
in the system. As the transport processes as described above are much slower than
the propagation of electromagnetic waves, we are in the electrostatic regime and the
electric potential is determined completely by the Poisson equation, which we write as

∇2ψ= −4πλB

�
(ρ+ −ρ−) +ρs

�
, (6.15)

where λB = βε2/(4πε) is the Bjerrum length (the distance at which the electrostatic
and the thermal energies are equal), with ε the dielectric constant, and ρs is the
contribution of charge on solid surfaces, such as walls or suspended particles.

6.2.6 Two Poisson solvers

Although eq. (6.15) describes the relation between the electric charges and the elec-
trostatic potential, this equation still has to be solved numerically. Various methods
exist to solve this type of partial differential equation and we have implemented two
of those in our simulation software. We will shortly discuss the way each method
operates as well as the advantages and disadvantages of each method.

The first solver to be discussed employs the successive-over-relaxation226,227 (SOR)
scheme. This method is one of the standard methods in the class of relaxation methods.
Relaxation methods revolve around, firstly, reformulating the problem in terms of
finite differences, and secondly, iterating until a satisfactory solution is found. In
particular, SOR is an improvement over the older Gauss-Seidel (GS) method. The
GS method converges only slowly, and SOR improves on this by overcorrecting its
predictions, anticipating future corrections in the iterative process. This potentially
strongly increases computational efficiency, as typically the GS algorithm requires
O(L2) iterations for an L × L grid, while SOR requires only O(L). Paramount to the
effectiveness of this process however, is the so-called over-relaxation parameter ω,
which scales the magnitude of the over-relaxation term. The method converges only
for 0<ω< 2 and it can only give faster convergence than the GS method for 1<ω< 2.
For some problems this parameter can be calculated a priori, but in other cases, one
has to make an estimate, with the system being extremely sensitive to the choice of
ω, allowing only a very small window to achieve optimal performance. As we solve
similar equations many times in the course of a simulation, in our implementation, this
parameter is optimized on the fly from a first guess, through Chebyshev acceleration.
This ensures good performance throughout the larger part of a simulation. The main
advantage of SOR is that it is very easy to program in general, and in particular also
easy to parallelize, a necessity to be compatible with the rest of the simulation code.
The algorithm runs over the lattice sites in a two-pass fashion, visiting first the black
and then the white sites of a checkerboard pattern. This requires extra care when
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parallelizing the system, as different CPU domains might require different starting
points. In order to ensure that information about the neighbour sites are available
when needed, halo regions for the electric potential are employed as described in
section 2.6. It is also possible to modify the solver easily to treat variants of the Poisson
equation, and implement non-trivial boundary conditions (examples will be given in
subsequent sections). The main disadvantage is that, even with all optimizations in
place, and parallelization efficiently implemented, it is still very inefficient for large
problems.

As the treatment of large systems is important in order to reduce (or at least verify
the accuracy loss of) finite size effects, the SOR solver was not found to be sufficient
in anything but model systems. It is currently most often used to validate results
obtained by our second Poisson solver, using the particle-particle-particle-mesh (P3M)
algorithm. The P3M method is a Fourier-based Ewald summation method, and an
improvement on the older particle-mesh method. It is often used to calculate potentials
in n-body simulations, for example the electrostatic potential between n point charges.
Generally, the particles are interpolated onto a grid, but in our particular case, the
point charges are the local charge densities on the lattice ρ+(x )−ρ−(x ) and as such
a grid is readily available. If these point charges are treated in a naive way, due to
the long-range interactions present in the system, each particle interacts with each
other particle and we have a scaling O(n2) = O(L6) for an L × L × L-sized lattice.
In the P3M method, the forces acting on a particle are split into a near-field and a
far-field contribution. The near-field interactions are resolved via direct summation
(explaining the particle-particle in the name), but the forces due to the particles in
the far-field are computed by multiplying the Green’s function with the ensemble’s
charges smeared across the mesh (explaining the particle-mesh in the name), with this
multiplication being performed in Fourier space. This modification improves scaling
to O(n log n). An implementation of this method is available in the open-source MD
simulator LAMMPS2001,234 and this code has been ported to LB3D by G.J. Pringle in
the scope of a collaboration with the Edinburgh Parallel Computing Centre (EPCC).
Details on this implementation can be found in his final report on this subject.235

Parallelization was present in the LAMMPS2001 code and has been adapted to fit into
the communication scheme of LB3D. As we will show in the benchmarks section, the
largest advantage of the P3M method as compared to SOR is the vast performance
increase, which will be highlighted in section 6.3.8. The disadvantages of this solver
and its particular implementation include the non-trivial implementationary effort
required to include, e.g. non-periodic boundary conditions.

6.2.7 Calculating the electric field

The electric field E is defined through the spatial gradient of the electrostatic potential:

E = −∇ψ. (6.16)

234S. PLIMPTON. J. Comput. Phys., 117: 1, 1995.
235G.J. PRINGLE. Final report on Porting the LAMMPS P3M routines into LB3Dv6. EPCC Edinburgh, 2013.
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When only the SOR method is available to solve the Poisson equation, the electric field
is also in the simulations calculated in this way. In particular, a simple finite difference
scheme is used to calculate any gradients:

Ex(x ) = −ψ(x + x̂ )−ψ(x − x̂ )
2

, (6.17)

and similarly for y- and z-components, with x̂ being the lattice link in x-direction.
When the P3M method was introduced, it also included an alternative way to calculate
this electric field, using Fourier transforms. However, as we show in section 6.3.8, this
method is slower than the naive finite difference implementation in all tested cases,
shows worse than linear scaling (while the finite difference method scales almost
linearly), and does not increase the accuracy. Thus, in practice, this new functionality
is not used, and all calculated electric fields have been obtained using eq. (6.17).

Additionally, we can superimpose any external electric field, by simply adding this term
to the calculated electric field due to the charges. In theory, this external field can
have spatial and temporal dependenties, but the current implementation is restricted
to the addition of a static homogeneous term Eex.

6.2.8 Spatially-dependent dielectric constants

When the Poisson equation was introduced in eq. (6.15), we also, through the Bjerrum
length, introduced the dielectric constant ε, which is treated as a global property of
the system. This is perfectly sufficient in the case of a single solvent, and in the
absence of walls. However, if the fluid is enclosed in some geometry, the surrounding
material might have a different dielectric constant εw, or, if multiple solvents are
present, the local dielectric constant might vary according to the local composition of
the mixture: ε = ε(x ) = ε(ρr(x ),ρb(x )). Generally, in order to handle these situations
correctly, we would like to be able to solve a variant of the Poisson equation, where
the dielectric “constant” is a function of position ε(x ), and where we can freely define
the exact dependence. As we have two solvers, we would like both of them to have
this functionality.

The SOR solver visits all lattice sites explicity at every iteration and we can calculate
the necessary gradients of ε(x ) just as we calculated the gradients of ψ(x ) before.
Extending the solver to include this new feature is trivial and has been implemented
and validated completely.

The P3M solver as ported from the LAMMPS2001234 simulation software, however,
does not easily support this feature. Treating the local dielectric constant in an an-
alytically correct way is theoretically possible,236,237 but would require an extensive
rewriting of the P3M solver and as such was not deemed feasible in the scope of this
thesis. Thus, to combine the high calculation speeds of the P3M method and the more
complex systems that can be treated by the SOR solver (if computational efficiency
was not a factor), a method has been devised to approximate the effect of ε(x ) with

236I.M.B. NIELSEN and C.L. JANSSEN. Comput. Phys. Commun., 136: 29, 2001.
237C. PETER et al. J. Chem. Phys., 116: 7434, 2002.
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118 Chapter 6. Electro-osmotic flow

acceptable accuracy while avoiding to rewrite the P3M solver as a whole. Without this
extension, the P3M routine solves a Poisson equation

−∇2ψ(x ) = ρ f (x )/ε, (6.18)

where ψ(x ) is the electric potential, ρ f (x ) is the free charge in terms of the Maxwell
equations, which in this case is just ρ f (x ) = ρ+(x ) − ρ−(x ), and ε is the electric
permittivity, which does not depend on position. Now consider the following Maxwell
equation:

∇ · D(x ) = ρ f (x ), (6.19)

where in general the electric displacement D(x ) = ε(x )E(x ). Furthermore, as the
curl of the electric field is zero, we can also write E(x ) = −∇ψ(x ). In the example
given above the simplification ε(x ) = ε is used, which then quickly allows to write
∇ · D(x ) = ∇ · (εE(x )) = ε∇ · E(x ), which in turn leads to eq. (6.18). If we do not
apply this simplification we end up with a generalized Poisson equation:

−∇2ψ(x ) = ρ f (x )/ε(x ) +
∇ε(x ) · ∇ψ(x )

ε(x )
. (6.20)

We see that we both modify the existing right hand side term of the equation by
introducing a spatial dependence of the permittivity and add another term altogether,
according to the product rule. As the valules for the local permittivity are readily
available in the simulation code, the modification of the first term does not cause
any problems. However, the additional term brings complications. Again, the spatial
gradient of the permittivity is available (although it has to be calculated specially; for
example using the finite difference scheme that we use for other gradients as well),
but as we are solving for the electric potential, the spatial derivative of this potential
is not known. However, the following approximation is now proposed: Taking into
account that the lattice Boltzmann method already disallows high velocities and large
changes in time, it is reasonable to consider the following:

∇ψ(x , t)≈∇ψ(x , t −Δt) +Δt
∂ (∇ψ(x , t))

∂ t
, (6.21)

where we have now explicitly added the time dependence of the electric potential.
Assuming small changes in time, we can now neglect the time derivative and rewrite
the generalized Poisson equation as:

−∇2ψ(x , t∗)≈ ρ f (x , t∗)/ε(x , t∗) +∇ε(x , t∗) · ∇ψ(x , t∗ −Δt∗) (6.22)

−∇2ψ(x , t∗)≈ ρ f (x , t∗)/ε(x , t∗)−∇ε(x , t∗) · E(x , t∗ −Δt∗), (6.23)

letting t∗ and Δt∗ represent iterations of solving the Poisson equation (initial equili-
bration allows for an arbitrary number of iterations, and this time step can also be
decoupled from the LB timesteps). The gradient of the electric potential after the
previous iteration is already stored in memory as the electric field, so this does not
add any additional computational overhead. As at the first iteration, no information
is available on the “zeroth” iteration, we assume ∇ψ(t∗) = 0. A validation test has
been performed, using the test of section 6.3.4 as a basis, and the promising results
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6.2. Underlying physics and simulation methods 119

are shown in section 6.3.5.

To increase the accuracy of this approximation, one could approximate the full equa-
tion to higher order: instead of dropping the time derivative of the electric potential,
one could make a similar assumption as before and instead use the time derivative
at the previous time step, which is then accurate up to a second derivative of the
potential:

∂ (∇ψ(x , t∗))
∂ t∗ ≈ ∂ (∇ψ(x , t∗ −Δt∗))

∂ t∗ +Δt∗ ∂
2(∇ψ(x , t∗))
∂ t∗2 . (6.24)

To calculate the required time derivative we can use the following (backward) form
∂ f (t∗)/∂ t∗ = ( f (t∗)− f (t∗ −Δt∗))/Δt∗, which can be inserted into the generalized
Poisson equation:

−∇2ψ(x , t∗)≈ ρ f (x , t∗)/ε(x , t∗)−∇ε(x , t∗) · [2E(x , t∗ −Δt∗)− E(x , t∗ − 2Δt∗)] .
(6.25)

Now, in addition to the previous ∇ψ(x , t∗ −Δt∗), which was still available in memory
as the electric field, we need ∇ψ(x , t − 2Δt), which has to be stored in memory on
the previous step. This does not represent significant overhead; however, preliminary
tests have shown that it also does not significantly affect the accuracy of the solution.

6.2.9 Introducing additional forces

Up to now, the fluid(s) that are present have influenced the results only through the
means of charge advection, and the presence of electric charges has not influenced
the fluid(s) at all. Thus, we need to extend the way we couple the fluids to the ions
and vice versa. In this section we will explain the addition of electrostatic, solvation,
and dielectrophoretic forces to the model. This section is based on the presentation of
the method in Rotenberg et al.120

Following Onuki238–240 we note that the thermodynamics of the system is determined
by its free energy, which can be split into a contribution attributed solely to the
immiscible solvents, and a contribution attributed to ions in a solvent of a particular
composition

ϕ∗(x ) = ϕ(x )
ρr(x ) +ρb(x )

=
ρr(x )−ρb(x )
ρr(x ) +ρb(x )

∈ [−1;1], (6.26)

which is a normalized version of the order parameter ϕ defined in earlier chapters.
In this we assume that more than one fluid species is present; the case of one fluid
is treated by assuming ϕ∗ = 1 everywhere. Unlike Rotenberg et al.,120 we treat the
process involved in the purely fluid-fluid mixture using the Shan-Chen method and as
such do not use the mixing contribution from their free energy model in our approach.
One is left with the ionic contribution to the free energy, which consists of an ideal, a

238A. ONUKI. Phys. Rev. E, 73: 021506, 2006.
239A. ONUKI. Europhys. Lett., 82: 58002, 2008.
240A. ONUKI. J. Chem. Phys., 128: 224704, 2008.
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120 Chapter 6. Electro-osmotic flow

solvation, and an electrostatic term:

� =
∫

dx
∑
α=±
ρα(x )

�
kB T (logρα(x )− 1)−μαref + Vαsolv(x ) +αψ(x )

�
, (6.27)

where we assume two symmetric ionic species with valencies ±. μ±ref are reference
chemical potentials and V±solv(x ) are the ionic solvation potentials. The electrostatic
potential ψ is a solution of the generalized Poisson equation as defined in eq. (6.20),
and as such allows for spatially-dependent dielectric constants. We define the dielectric
contrast

γ=
εb − εr

εb + εr
∈ [0; 1] (6.28)

and the average dielectric constant

ε̄=
�
εb + εr

�
/2 (6.29)

and consider that the local dielectric constant ε(x ) will be a function of the local fluid
composition such that

ε(x ) = ε̄ [1− γϕ∗(x )] . (6.30)

The ionic solvation potential accounts for the different solvation free energy in the two
solvents and it is therefore natural to parametrize it as a function of the composition:

V±solv(x ) =Δμ
± 1+ϕ∗(x )

2
, (6.31)

where Δμ± = μ±,r −μ±,b are the solvation free energy differences between the red and
blue fluid for the positive and negative ions (we consider this free energy difference
to be zero in case of a single fluid). With these definitions in place, we consider the
properties of the free energy in terms of the chemical potentials associated with ρ±
and ϕ∗ and the corresponding thermodynamic forces acting on the fluids. The ionic
chemical potentials are of the form

μ± = δ�
δρ± = kB T logρ± + V±solv ±ψ, (6.32)

and the chemical potential corresponding to the ions-solvent mixture (recall that we
disregard the pure fluid-fluid mixing term) is

μϕ
∗
=
δ�
δϕ∗ =

ρ+Δμ+ +ρ−Δμ−
2

− γε̄
2

E2, (6.33)

where the first term is due to the solvation free energy, and the second term is an
electrostatic contribution. Gradients of the excess chemical potentials cause a thermo-
dynamic force density that can be expressed as

f = −∇P = ϕ∗∇μϕ∗ +ρ+∇μ+ex +ρ
−∇μ−ex. (6.34)
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The first term can be expanded by using eq. (6.33)

ϕ∗∇μϕ∗ = ϕ∗∇
�
ρ+Δμ+ +ρ−Δμ−

2

�
−ϕ∗∇

�
γε̄

2
E2
�

. (6.35)

The second term of this equation corresponds to the dielectrophoretic force

Fdiel(x ) = −ϕ∗γε̄∇
�

E(x )2

2

�
= (ε(x )− ε̄)∇

�
E(x )2

2

�
, (6.36)

while the first will be used later. The second and third terms of the right-hand side of
eq. (6.34) can be combined and expanded using eq. (6.31) and eq. (6.32):

f + + f − =
�
ρ+(x )−ρ−(x )�∇ψ+ �ρ+Δμ+ +ρ−Δμ−� ∇ϕ∗

2
. (6.37)

The first term corresponds to the electrostatic force

Fel(x ) = ρ(x )E(x ), (6.38)

while the second term can be combined with the leftover term of eq. (6.35) to form

�
ρ+Δμ+ +ρ−Δμ−

� ∇ϕ∗
2
+ϕ∗∇

�
ρ+Δμ+ +ρ−Δμ−

2

�
=∇

�
ϕ∗ρ

+Δμ+ +ρ−Δμ−
2

�
,

(6.39)
which finally leads to the the solvation force

Fsolv(x ) =∇
�
ϕ∗ρ

+(x )Δμ+ +ρ−(x )Δμ−
2

�
. (6.40)

Altogether, there are now six different interactions in our system: the three forces
mentioned above, the Shan-Chen fluid-fluid coupling, the charge advection based on
the local fluid velocity, and the effect of the local fluid composition on the charge
diffusion.

6.2.10 Non-periodic boundary conditions

As electromagnetic interactions theoretically have infinite range, and are not stopped
by a wall, like fluid interactions are, it is at times very inconvenient to have a sys-
tem with periodic boundary conditions, as charges will interact directly with copies
of the system, severely changing the characteristics of the system. It is therefore ad-
vantageous to be able to impose non-trivial boundary conditions at the edges of the
simulation volume. In particular, it has been very useful to have a Neumann bound-
ary condition available for the electric potential ψ, effectively truncating electrostatic
interactions across that boundary. Again, this involves solving the Poisson equation in
a different way, and as such requires two implementations: one for the SOR and one
for the P3M method.

As with the introduction of a spatially-dependent dielectric constant, the SOR solver is
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122 Chapter 6. Electro-osmotic flow

easiest to modify. As has been explained in section 6.2.6, the parallelized SOR solver
uses halo regions, just as the parallelized LB method does. This makes it convenient
to apply the required boundary conditions at such a halo. The explanation below
will be in terms of halo sites, but the boundary condition can also be implemented
in a similar way at different locations in the system. In particular, iterations of the
algorithm require us to sum the value of ψ at all neighbours of a site in order to
calculate part of the residue α (the exact shape of this term is not discussed here —for
clarity and without loss of generality the notation is restricted to the 1D case):

α∼ [ψ(x + 1)−ψ(x)] + [ψ(x − 1)−ψ(x)] , (6.41)

where some positions x±1 will be in the halo if x is at the edge of the physical domain.
This halo site will then correspond to a site across the periodic boundary, and be a
periodic image of some other site in the physical domain. We can impose ∇ψ= 0 on
the boundary by restricting the value of x ± 1 through

α∼ [ψ(max(x + 1, nx))−ψ(x)] + [ψ(min(x − 1, 1))−ψ(x)] , (6.42)

where it is assumed that sites with either x < 1 or x > nx are outside the physical
domain. At a boundary site, either x = 1 or x = nx , so with this restriction one of
the two terms will vanish. This causes the gradient of the potential to be zero at
the boundary and thus prevents any electrostatic effects from propagating across this
boundary. Extending this method to three dimensions is straightforward. Note that
the finite-difference scheme for calculating the electric field from the electric potential
requires similar treatment, which is again straightforward to implement.

Another useful boundary condition to have available is imposing a electrostatic poten-
tial drop Δψ over the system, i.e. ψ(x + nx) = ψ(x)−Δψ (where we again use 1D
notation for clarity). This is easy to implement in a similar way:

α∼ [ψ(x + 1)− H(x + 1− nx)Δψ−ψ(x)] + [ψ(x − 1) + H(1− x)Δψ−ψ(x)] ,
(6.43)

where H(x) is the discrete form of the Heaviside step function

H(x) =

!
0, x < 0,

1, x ≥ 0.
(6.44)

As was the case for the Neumann boundary condition, the finite-difference scheme
for calculating the electric field (cf. section 6.2.7) also needs this modification of the
effective potential to be consistent.

Combining the speed of P3M with non-periodic boundary conditions such as de-
scribed above would be of great interest. They are theoretically well-understood
and have been implemented in similar codes, such as Hydra, an astrophysical simula-
tion code.241,242 However, due to time constraints this extension has not made its way
into LB3D in time to be included in this work. The technique to be used is described
in Hockney and Eastwood,229 and involves extending the Fourier transform mesh by

241G.J. PRINGLE et al. In: Recent Advances in Parallel Virtual Machine and Message Passing Interface, 2001.
242R.A. THACKER et al. In: High Performance Computing Systems and Applications, 2003.
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a factor of two in all dimensions, packing the physical charge densities in one octant
and padding the rest of the mesh with zeroes. Parallelization issues introduce some
technical complications, however. Although the lack of these boundary conditions re-
stricts us to the use of SOR in some systems (and thus strongly restricts our attainable
system sizes), some approximations for boundary conditions have been used to good
effect, for example allowing us to treat with P3M semi-inifinite channels in the context
of electro-osmotic flow. This technique will be explained in section 6.2.12.

6.2.11 Variable slip lengths at wall sites

To model the local slip lengths at wall sites, we employ the same on-site velocity
boundary conditions used by Schmieschek et al.87 This boundary condition comprises
a combination of the full-slip specular reflection boundary condition and the on-site
boundary condition, using the formulation of Hecht and Harting,136 as explained in
section 2.7.3. By using this formulation, a (zero) velocity is specified exactly on the
lattice nodes, avoiding numerical slip. The result of combining these two boundary
conditions can be written as

f ps
i = S f fs

i + (1− S) f ns
i , (6.45)

with f ps
i , f fs

i , and f ns
i the partial-slip, full-slip, and no-slip distribution functions, re-

spectively (the exact form of these distribution functions will be not be reproduced
here —an interested reader is advised to consult Ahmed and Hecht243). A slip param-
eter S is introduced in order to tune the linear combinations of the full-slip and no-slip
boundary conditions and thus to tune the local slip length b of the wall. Ahmed and
Hecht have proposed a phenomenological formula, which we use here:243

b =
τS

3 (1− S)
, (6.46)

where τ is the relaxation time of the fluid in the BGK lattice Boltzmann formulation.
This relation has been shown to match numerical results with an error of less than
10−3 (in lattice units) for a wide range of slip lengths.

6.2.12 Semi-infinite channels

In order to compare our simulation results on electro-osmotic flow over anisotropic
superhydrophobic surfaces to the theoretical work by Belyaev and Vinogradova,86 we
need to be able to simulate semi-infinite channels. In theory, this can be achieved
by imposing a Neumann boundary condition for the electrostatics, as described in
section 6.2.10, and using a full-slip wall on the far side of the system, as described in
section 6.2.11. Because finite-size effects are potentially a source of error, we need
to make the systems of interest fairly large (tens to hundreds of lattice sites) in at
least two directions, in order to resolve the anisotropy of the hydrophobicity pattern,

136M. HECHT and J. HARTING. J. Stat. Mech., 2010: P01018, 2010.
243N.K. AHMED and M. HECHT. J. Stat. Mech., 2009: P09017, 2009.
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and to correctly capture the behaviour of the electric double layer that forms adjacent
to the striped and (partially) charged wall. In this regime, using the SOR method to
solve the Poisson equation becomes numerically intractable, but, as we have reported
above, the current implementation of the P3M method does not allow for non-trivial
boundary conditions. In order to avoid this problem, we introduce a charge truncation
far away from the striped wall: we perform the simulation as normal, but do not allow
the electrostatic force (cf. eq. (6.38)) to affect any sites with a distance less than
the truncation distance dtr from the far wall. The charges residing on these sites are
then considered not to be present for the purpose of calculating the total charge in
the system (thus changing the expected magnitude of the velocities induced by the
electro-osmotic flow). For the fluids, a full-slip boundary condition is applied at the
far wall. This technique works remarkably well, as we will show in section 6.3.7, and
we conclude that this approximation allows us to use the greater computational power
of the P3M method to resolve the systems of interest at the necessary resolution. This
technique will be applied in section 6.4. Note that this technique and the rescaling
process require a linear response of the fluids on the forces, and is thus only applicable
to Newtonian fluids.

6.3 Validation and benchmarks

As the methods and techniques (related to electrostatics) explained above have been
newly implemented in LB3D, it has been necessary to thorougly validate the new
code. A selection of tests is presented in this section, with the aim of convincing the
reader that the scientific output of new simulations of chemically patterend channels
presented in section 6.4 is also valid.

6.3.1 Equilibrium distribution of counterion density

This test is used to verify the implementation of electrostatics and the equilibrium
charge distribution (after charge movement) and closely follows the work of Capuani
et al.119 Consider two charged plates with surface charge density ς separated by a slit
of width L. The system is then made neutral by filling the slit with (volumetric) charge
density 2ς/L. Note that all definitions of analytical profiles are symmetric in the centre
of the channel (as is the case in Capuani et al.119), so care has to be taken to account
for the offset of L/2. Also, the physical presence of the wall will be halfway between
the wall site and the neighbouring fluid site. For this simple geometry, which exhibits
translational symmetry in y and z directions, the charge density of the counterions as
a function of the position x between the plates is known analytically:

ρ(x) =
ρ0

cos2(K x)
, (6.47)
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Figure 6.4: Comparing theory (dashed lines) and simulation (symbols) of the charge
density profile of a slit between two charged plates for various charge densities ς,
different decompositions (1 or 2 CPUs), and different Poisson solvers (P3M and SOR).
Circles and squares: SOR; triangles and diamonds: P3M. The inset shows the relative
error of the simulations compared to the theory as ρerr = |ρ/ρth − 1|. We see that dif-
ferent Poisson solvers return slightly different results, while different decompositions
of the system correctly exhibit the exact same results. In most cases, the error of the
P3M solver is smaller than that of the SOR solver.

where ρ0 = K2/2πλB and K is the solution of the transcendental equation

K L
2

tan
�

K L
2

�
= πλB Lς. (6.48)

The Bjerrum length λB = 0.4, the slit width L = 20, and the wall charge densities
ς = 0.003125, ς = 0.03125 and ς = 0.3125, which gives solutions of K = 0.02766,
K = 0.07854 and K = 0.1395, respectively. All parameters in ρ(x) are now known
and the results of the simulation can now be compared to theory. As can be seen in
fig. 6.4, agreement is very good. Furthermore, we see that different Poisson solvers
return slightly different results, while different decompositions of the system correctly
exhibit the exact same results. We can therefore conclude that both solvers correctly
solve the Poisson equation, in the case of a non-local dielectric constant. Furthermore,
the charge diffusion results in the correct equilibrium state, although the speed at
which this happens may still be incorrect. This will be verified later, in section 6.3.3.
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6.3.2 Charged colloid with free counter-charge

In this test, we compare the field and charge distribution around a charged colloid
to the value obtained for an identical system in the simulation code “elb”.84 This
reference implementation of the method for electrostatics as described in the previous
sections does not include any fluids, focusing on the charges only, but as in the LB3D
implementation, static charges can be set. In this case, the charges are placed on the
sites of a discretized particle with rp = 4.5 and total charge Q = −14; to make the
system electrically neutral overall a total opposite charge is distributed over the fluid
sites in the system and is free to move. Although moving particles are currently not
yet implemented, a non-moving particle can be treated using the MD module in LB3D.
This validation test is used to test the coupling with a (static) MD particle, the external
electric field and the end result of charge movement. The particle is not centered in
the system, which accounts for the z-data seemingly being displaced compared to x
and y. Figure 6.5 shows 1D profiles cut through the centre of the system in the three
cardinal directions x (red), y (blue), and z (green). The different symbols correspond
to the different programs and solvers and all results match very well. The effect of the
application of an external electric field Ex = 0.01 is minimal, but can be seen by the
slight breaking of the symmetry of the x curve. The effect of the external electric field
is shown in the inset of the plot by plotting Δρ, the difference between the charge
density profiles in x- and y-direction.

6.3.3 Liquid junction potential

A benchmark performed in the user guide of the Ludwig244 simulation software is
the basis for this next verification. It is used to test the time behaviour of the charge
diffusion (and fluxes). A liquid junction potential is obtained by initializing a system
with two neutral lamellae (left and right) with charge densities ρ+left = ρ

−
left = ρ0 +δρ

and ρ+right = ρ
−
right = ρ0−δρ, respectively. Additionally, the different ionic species have

different diffusivities: �+ = �0 + δ� and �− = �0 − δ�. The charges will diffuse
from the lamella with the lower densities into the lamella with the higher densities.
Due to the different diffusivities, the different ionic species will migrate at different
rates, and the system will no longer be locally neutral, which leads to a buildup of
potential Δψ(t). This in turn will start to balance the diffusive flux. When the system
is chosen to be sufficiently large (λD/L� 1), this gives rise to two timescales: �s and
�d . Details can be found in Mafe et al.,245 but the resulting formulas are given below.
The potential build-up (difference between highest and lowest potential in the system)
obeys the relation:

Δψ(t)�Δψs

&
1− e−t/�s

'
, (6.49)

with the saturation value

Δψs =
(�+ −�−)
βε(�+ +�−)

2δρ
ρ0

. (6.50)

244J.-C. DESPLAT et al. Comput. Phys. Commun., 134: 273, 2001.
245S. MAFÉ et al. J. Electroanal. Chem., 241: 57, 1988.
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Figure 6.5: Equilibrium charge density around a charged static colloid. Shown is a
comparison of results for “elb” and LB3D (using both SOR and P3M), after initial
equilibration with an external electric field in x-direction, in the form of 1D profiles
cut through the centre of the system in the three cardinal directions x (red), y (blue),
and z (green). The results match very well. The curve for the z-direction is shifted
because the particle is not centred in the system. The effect of the external electric
field is shown in the inset by plotting Δρ, the difference between the charge density
profiles in x- and y-direction.

The timescale to saturation is given by

�s =
ε

βe2(�+ +�−)ρ0
. (6.51)

A more exact solution in the limit λD/L� 1, N →∞ (which can be approximated by
N = Nmax = L/πλD) can be written as:

Δψ(t) =Δψs

&
1− e−t/�s

' 4
π

& N∑
k=1

sin3(kπ/2)
k

e−k2 t/�d

'
, (6.52)

where the timescale of decay is defined as

�d =
L2

2π2(�+ +�−) . (6.53)

The parameters used in the test follow the validation test for Ludwig: dielectric per-
mittivity ε= 3.3 · 103, temperature β−1 = 3.333 · 10−5, unit charge ε = 1, diffusivities
� = 0.01, δ� = 0.0025, charge densities ρ0 = 0.01 and δρ = 0.0001. The test is
executed with a single system size L = 128. Putting these numbers into the formulas
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Figure 6.6: Comparing theory (solid line) and simulation (dotted and dashed lines)
of the buildup and decay of electric potential Δψ in a liquid junction, using both
SOR and P3M as the Poisson solver. Also shown is the theoretical saturation value
Δψs of the potential difference (dash-dotted line). The inset shows a more detailed
view of the first 104 time steps, in which the simulation results are all but invisible
under the theoretical curve, and also showing that the saturation value is reached
with very high accuracy. In these simulations, the entire system is within the diffusive
zone, which might lead to smaller effective diffusivities or larger effective system sizes,
which accounts for the deviation between theory and simulations at later times.

given above, one obtains Δψs = 1.6667 ·10−7, �s = 550, �d = 41501.2. As can be seen
in fig. 6.6, agreement is very good for the buildup, while deviations start to occur dur-
ing the decay, where the observed �d is off by a factor of 1.067. Similar deviations are
seen in results obtained by the Ludwig code and can possibly be attributed to the fact
that the analytical solution applies to an infinitely large system with constant charge
concentrations, vanishing currents at both ends and a finite diffusive zone of length L.
In these simulations, the entire system is within the diffusive zone, which might lead
to smaller effective diffusivities or larger effective system sizes. In conclusion, we can
now also be confident that the diffusion of charge is correct with respect to the speed
of diffusion.

6.3.4 Capacitor with dielectric lamellae

In this test the potential inside a capacitor with two dielectric lamellae is calculated.
It is used to verify the calculation of the electric potential and electric field and the
effect of having a spatially-dependent dielectric constant. A system of length L = 60
is considered. A wall of thickness 1 with surface charge ς− = −ς = −1.0 is placed in
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Figure 6.7: Electric potential in and around a capacitor with two dielectric lamellae.
The leftmost half of the system (light grey) has dielectric constant ε1 = 1.0, while the
rightmost half (dark grey) has dielectric constant ε2 = 2.0. Opposite surface charge
densities are applied to walls positioned at z = 15 and z = 46, and the system is
subject to Neumann boundary conditions for the electric potential in the z-direction,
such that outside of the capacitor the electric field is identically zero. The theoretical
prediction of the fields and potential difference Δψ = 23.1667 is recovered and inside
the capacitor the system locally satisfies the relation Ez = −∇ψ= −ς/ε.

the system at z = 15 and a similar wall with ς+ = ς = 1.0 is placed at z = 46. To study
this capacitor in isolation periodic boundaries are imposed in x- and y-directions,
but Neumann boundary conditions are imposed for the electric potential ψ in the
z-direction. Translational symmetry exists in x and y directions so only z-dependence
is observed. In a simple system with nonlocal dielectric constant ε(x ) = ε the electric
potential difference between the two plates has a simple solution:

Δψ= dς/ε, (6.54)

with d the distance between the two plates. Similarly, the electric field inside the
capacitor takes the simple form Ex = Ey = 0, Ez = −ς/ε. Outside the capacitor the
field is identically zero. This result has been recovered, but it is not shown here;
instead, a slightly more involved case is studied, where ε(z) = εl = 1.0 for z ≤ L/2
and ε(z) = εr = 2.0 for z > L/2. As in section 6.3.1, the physical presence of the wall
sits halfway between two lattice sites. Similarly, in the sharp transition from εl to εr ,
the permittivity on one site is considered to be the average of the two permittivities.
As such, it is predicted that

Δψ=
dl

εl
+

1
ε̄
+

dr

εr
, (6.55)
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Figure 6.8: Electric potential between and around a periodic pair of charged plates
with two dielectric lamellae, calculated using both SOR and P3M methods, where the
P3M method has been extended to use an approximation of the full Maxwell equation
with local permittivity. The P3M approximation is in good agreement with the SOR
solution (which is known to be correct after the validation tests shown in previous
sections).

where ε̄ = (εl + εr)/2. Putting in the numbers (dl = dr = 15) results in Δψ = 23.1667.
As can be seen in fig. 6.7, this value is recovered very well (some slight deviations due
to discretization appear near the dielectric interface). Also recovered are the values
of the electric field Ez = 0, Ez = −1.0, Ez = −0.5 and Ez = 0 for the different regions
around and inside the capacitor, following eq. (6.54). As non-periodic boundary
conditions are not supported by the basic P3M solver as implemented in our code,
only results using the SOR solver are shown here. We conclude that the SOR solver
handles spatially-dependent dielectric constants correctly.

6.3.5 Spatially-dependent dielectric constant using P3M

In the previous section we have shown that the SOR solver can handle spatially-
dependent dielectric constants, however, as mentioned in section 6.2.8, this is not
trivial for the P3M method as implemented in LB3D and we have resorted to an
approximation. We use a model system similar to that in the previous section, but
as the Neumann boundary conditions used in the previous test are not available for
P3M, the absolute results are different from the ones shown for that test —this is
to be expected and does not represent a problem, as we are only interested in the
comparison between the results obtained using the SOR and P3M solver. Apart from
the return to periodic boundary conditions, we use the same parameters as in the



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 139PDF page: 139PDF page: 139PDF page: 139

6.3. Validation and benchmarks 131

0.00 0.25 0.50

x/L

0.00

0.04

0.08

0.12

v y
ς = 0.003125
ς = 0.03125
ς = 0.3125

10−3

10−2

10−1

100

ρ
er

r

Figure 6.9: Comparing theory (dashed lines) and simulations (symbols) of the ve-
locity profile of a charged fluid in a slit between two charged plates subjected to an
external electric field E for various charge densities ς, different decompositions (1 or
2 CPUs), and different Poisson solvers (P3M and SOR). Circles and squares: SOR;
triangles and diamonds: P3M. The inset shows the relative error of the simulations
compared to the theory as ρerr = |ρ/ρth − 1|. Deviations for high charge density are
expected as the analytical result is only valid for dilute ionic mixtures.

previous test. The results for this case look promising, as can be seen in fig. 6.8. Note
that this test case does not have any moving charges, which gives iterations of the
Poisson solver no freedom to escape its initial condition of E = 0, hence this might
be considered even a pathological case. We can safely use the increased power of the
P3M solver, even in the presence of varying dielectric constants.

6.3.6 Electro-osmotic flow

This test again closely follows Capuani et al.119 It is used to validate the force coupling
to a single fluid, and charge advection. A system similar to the one in section 6.3.1 is
considered. Additionally, an electric field of strength E is applied parallel to the walls.
Due to the coupling to the fluid, a velocity profile will be created. For dilute ionic
mixtures this has the exact solution

vy(x) =
εEρ0

ηK2
ln
�

cos(K x)
cos(K L/2)

�
, (6.56)

where η = 1/6 (for τ = 1, ρr = 1) is the viscosity of the fluid, electric unit charge
ε = 1 and the other parameters are as in the previous test; in particular, ρ0 is defined
in eq. (6.47), and K is again the solution of eq. (6.48). As can be seen in fig. 6.9,
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agreement is very good for lower values of ς. Because for ς = 0.3125 K = 0.1395 ≈
Kmax = π/L = 0.1571, the observed deviations from theory are not surprising as
the counterions no longer form a dilute system. This test thus has shown that the
electrostatic force coupling and charge advection are working correctly.

6.3.7 Semi-infinite channels using the P3M solver

We now check the validity of the approximation for a semi-infinite channel using the
P3M solver, as suggested in section 6.2.12. We consider a channel which has a partially
wetting and partially charged wall on the one end, and is open on the other end. We
simulate this system a channel of width L = 20, first using the SOR method and its
readily available Neumann boundary condition. The electrostatic coupling to the fluid
and the Neumann boundary conditions have been verified to yield the correct results,
as shown in section 6.3.6 and section 6.3.4, respectively, so we use this result as a
baseline, in absence of an analytical result. We then compare the method of charge
truncation in combination with the P3M method to this result in fig. 6.10. The velocity
profile is averaged over the channel length and (for the charge truncation results)
normalized by the effective charge remaining in the system. The result 〈vz〉norm is
plotted, and relative errors are shown in the inset. For a true semi-infinite channel, we
expect the local charge density to tend to zero far from the striped wall, also reducing
the local forcing in the direction of the electric field to zero. We therefore also expect
the velocity gradient to tend to zero far from the wall. We see this effect clearly in the
results using the Neumann boundary condition. Considering the charge truncation
method next, we also see that the SOR method matches the previous result to within
a percent deviation in most cases, while the deviation of the P3M method is in the
order of 1%− 3%. However, as we have seen, the relative error of the P3M method
as compared to analytical results in other tests (such as in section 6.3.1) has been
smaller than that of SOR, so one should discount this method based on the larger
apparent discrepancy with the result obtained with the SOR solver and the Neumann
boundary condition. Hence, we conclude that this approximation allows us to use the
greater computational power of the P3M method to resolve the systems of interest at
the necessary resolution, and we will apply it in section 6.4.

6.3.8 Performance benchmarks

As we have discussed in section 6.2.6, the increased complexity of P3M is accept-
able in light of the better scaling as compared to SOR. We then added additional
workarounds to be able to keep using P3M even in the presence of inhomogeneous
dielectric permittivity and complex boundary conditions. In this section we aim to
show that the speedup is indeed vast, and it is worthwhile to continue to be able to use
P3M over SOR. The results of this section have been reproduced with permission of
the author, G.J. Pringle, from his report containing scaling tests of the Poisson solvers
in LB3D.235 The scaling tests presented here concern relatively small systems, due to
a lack of computation resources available in the scope of the aforementioned report,
but the results are nonetheless striking. The benchmarks have been performed on the
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Figure 6.10: Comparison between using Neumann boundary conditions (which neces-
sitates using the SOR Poisson solver) and the charge truncation method (for both SOR
and P3M solvers). Charges at a distance less than the truncation distance dtr = 7 from
the far wall are ignored for purposes of forcing and total charge in the system (and
the velocity profiles are rescaled accordingly). Both implementations of the charge
truncation method show only a few percent relative deviation from the baseline simu-
lation.

HECToR cluster at EPCC.

Firstly, we show in fig. 6.11 the strong scaling of both SOR and P3M in the case
of three copies of the charged slit validation test shown in section 6.3.1, but with
different dimensions: nx = 16, nx = 32, and nx = 64, with ny = nz = nx/4. The
simulations are run until the proper flux equilibrium condition has been satisfied. The
dashed lines denote perfect scalings, based on the time needed on a single core. The
top plot contains results using the SOR solver, while the bottom plot contains P3M
results. The first thing to note is that for the smallest system nx = 16, the scaling is
bad in both cases, to the point that especially the P3M solver exhibits a speed decrease
when the number of cores is increased. For nx = 32, the scaling is still far from perfect,
but nx = 64 paints a more clear picture of the efficiency of the methods. The P3M
method scales better overall, until the number of cores allocated gets too large at
64 and efficiency is lost. Next to the scaling behaviour however, the difference in
absolute performance numbers is of paramount importance. The P3M method is two
orders of magnitude faster in almost all cases, when the domain sizes per cpu are not
prohibitively small.

Secondly, the P3M method can also be used to calculate the electric field through use
of Fourier transforms, instead of using a finite-difference (FD) scheme to calculate
the gradients of the electric potential. This method is not very efficient, however, as
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Figure 6.11: Strong scaling of SOR (top) and P3M (bottom) methods as used for
calculating the electric potential. Three system sizes are considered, and it is clear
that for nx = 16 (squares) and nx = 32 (circles) the system is too small to be scaled
well in either case. Even for nx = 64 (diamonds) the scaling breaks down when using
64 CPUs. Note that the P3M variant is at least an order of magnitude faster than SOR
in all but the most pathological cases.

can be seen in fig. 6.12, where the top subplot contains information on the standard
finite-difference method and the bottom subplot describes the Fourier-based results.
Again, the dashed lines denote perfect scalings, based on the time needed on a single
core. The finite-difference method shows near-perfect scaling in all cases, while the
Fourier method needs rather large domains per core to be succesful. Furthermore,
unlike the case of solving the potential, the absolute performance numbers on a single
core are similar. In this case the increased complexity does not pay off at all, and
the Fourier method is at best as good as the finite difference method. This is due to
the high number of all-to-all communications necessary, where the finite-difference
scheme only needs nearest-neighbour communication (which is required for other
reasons as well).

The difference between these situations is highlighted in fig. 6.13, which on the left
side shows the speedup of P3M versus SOR when solving the electric potential, and on
the right side shows the “speedup” for calculating the electric field of Fourier versus
finite-difference. Lines have been added to guide the eye. The P3M solver gives a
speedup factor of up to 200, which is a persuasive argument to focus on this method,
even when more complicated workarounds are required. The trivial finite-difference
method, which is also reusable in other gradient calculations, is perfectly suited to
calculating the electric field, however.

Additional benchmark tests have been performed, but for systems larger than 1283,
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Figure 6.12: Strong scaling of FD (top) and P3M (bottom) methods as used for
calculating the electric field. Three system sizes are considered: nx = 16 (squares),
nx = 32 (circles), and nx = 64 (diamonds). The finite-difference method scales close
to perfectly in all cases, but the P3M method loses its efficiency as the local domains
become too small. This is because of the overhead of many all-to-all communications.
The single-core performance is similar, making finite difference more suited to this
calculation.

solving the Poisson equation using the SOR method is no longer computationally
feasible. In fig. 6.14 we show the scaling of the P3M method for larger systems, based
on the validation test in section 6.3.2. The scaling is quite good for large numbers of
CPUs, but as before, it tends to break down suddenly when the number of lattice sites
per CPU domain becomes too small (causing a large increase in the volume of all-to-all
communication). Furthermore, the efficiency of using the P3M method continues to
lag behind the FD method in all tested cases (not shown).

6.4 Results

The preliminary results presented in this section are based on a collaboration with
S. Schmieschek, who has previously studied the tensorial character of slip of super-
hydrophobicially striped channels.87 We aim to extend this reseach and include the
effects of electro-osmotic flow, forming a numerical counterpart to the analytical work
by Belyaev and Vinogradova.86

As a first preliminary result, we present qualitatively correct results for the flow in a
semi-infinite channel, of which the wall is partially slipping. In particular, it is a wall
with periodic stripes, which can carry different charges. The length of the periodicity
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Figure 6.13: Speedup of the P3M method versus SOR in the case of electric potential
calculation (left) and the Fourier method versus FD in the case of the calculation of
the electric field (right). The P3M method is up to 200 times faster when calculating
the potential, while the finite-difference method is faster than Fourier in all but one
case when calculating the electric field.

is L, and the stripes have normalized widths φ1 = L1/L and φ2 = L2/L, and carry
a surface charge Q1 and Q2, respectively. Countercharge to make the total system
neutral is added in the form of free ions in the fluid. In addition, equal concentrations
of positive and negative ions are added to model the presence of a salt and set the
Debye length. In these simulations L/λD = 102. An external electric field Eex is applied,
at an angle θ to the direction of the stripes, i.e. θ = 0 corresponds to a field parallel
to the stripes and θ = π/2 corresponds to a perpendicular field. In this way, electro-
osmotic flow is induced, and Belyaev and Vinogradova.86 have shown analytical results
for the ratio of vz and vx , being the components of the flow velocity perpendicular and
parallel to the stripes, respectively. Preliminary results are shown in fig. 6.15, which
qualitatively correctly captures both the effect of changing the charge ratio Q1/Q2, and
the existence of a θmax 
= π/4, which is the angle at which the maximum flow velocity
ratio is achieved. Quantitatively, the flow velocity ratio is not yet matched correctly:
it is underpredicted in all cases. Simulations have been performed to sweep the
parameter space and although the results are consistent with each other, agreement
with the theory has remained elusive so far. In order to resolve the electric double layer
at the wall, the Debye length has to be at least ≈ 5 lattice sites; this can be achieved
by either increasing the Debye length (in relation to the other length scales in the
system) to fall in this regime, or by increasing the resolution of the simulation. The
theory under consideration is based on the case of thick channels (h� L) and a thin
double layer (L � λD). These restrictions can make simulations expensive quickly,
as an increase in Debye length in order to resolve the local ion densities properly
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Figure 6.14: Strong scaling of the P3M method for large systems consisting of a single
charged colloid in a fluid with counterions. Ideal scaling behaviour is indicated by
the dashed line. As before, the scaling breaks down abruptly when the local domains
become too small.

then also requires a corresponding increase in the period of the stripe pattern, which
in turn requires an increase in channel height. Assuming that we are already using
the smallest possible system for a particular Debye length, any increase will then
increase the computational effort as λ3

D. At all times we are of course also bound to
the limitations imposed by the LB algorithm, such as sub-sonic velocities with respect
to the speed of sound on the lattice. As both the slip patterns and electro-osmotic flow
on a non-slipping wall have been validated in other cases we can restrict the likely
candidates that may cause this discrepancy. It is currently suspected that a scaling
problem may be at the root of the problem, but a flaw in the boundary condition that
attempts to model the open side of the semi-infinite channel may also be responsible.
Attempts to correct this error are currently ongoing and include performing tests with
the degenerate cases of having constant full-slip and no-slip conditions on the wall
(φ1 = 1, φ2 = 0), and constant surface charge (Q1 =Q2).

6.5 Conclusions and outlook

In this chapter we have presented the implementation and verification of electrostatic
interactions in the framework of the LB3D simulation code, based on the work by Ca-
puani et al.119,225 and Rotenberg et al.120 This implementation allows for the simulation
of mobile ions in fluids, static charges on static geometries, local dielectric constants,
and various non-periodoc boundary conditions, such as a potential drop. The Poisson
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Figure 6.15: Preliminary results for electro-osmotic flow over a pattern of periodic
superhydrophobic stripes. The length of the periodicity is L, and the stripes have
normalized widths φ1 = L1/L and φ2 = L2/L, and carry a surface charge Q1 and Q2,
respectively. Countercharge to make the total system neutral is added in the form
of free ions in the fluid. In addition, equal concentrations of positive and negative
ions are added to model the presence of a salt and set the Debye length. In these
simulations L/λD = 102. An external electric field Eex is applied, at an angle θ to the
direction of the stripes, i.e. θ = 0 corresponds to a field parallel to the stripes and
θ = π/2 corresponds to a perpendicular field. We qualitatively correctly capture both
the effect of changing the charge ratio q1/q2, and the existence of a θmax 
= π/4, which
is the angle at which the maximum flow velocity ratio is achieved. Quantitatively, the
flow velocity ratio is not yet matched correctly.

equations can be solved using either the successive over-relaxation (SOR) scheme,
or the particle-particle-particle-mesh (P3M) methods. Validation tests have been per-
formed for the case of free ions in a channel with charged walls, electro-osmotic flow
in such a channel, the charge diffusion in a liquid junction, a capacitor with different
embedded dielectrics, and the simulation of semi-infinite channels. Performance tests
have also been performed, focusing on the difference between the SOR and P3M Pois-
son solvers. We conclude that the P3M method is suitable for medium-sized systems
(thousands of CPUs), while the simpler SOR scheme fails to perform on anything
more than some tens of CPUs. Finally, we have started work on combining these new
possibilities with superhydrophobic patterns on solid surfaces, and their interactions
in the case of electro-osmotic flow close to them. This extends previous work by
Schmieschek et al.87 and Belyaev and Vinogradova.86

There are two natural extensions to this work, in the technical sense: the full incor-
poration of multicomponent fluids, and the introduction of moving charged particles;
these have since been studied in Rivas et al.223 By allowing a particle to only partially
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cover a lattice site (utilizing a volume fraction instead of a binary “covered” or “not
coverered” state) the particles avoid huge fluctuations in charges, and redistribut-
ing the charges in the particle over time when its discretization change seems to be
enough for avoiding large fluctuations. Systems studied include ions at a fluid-fluid
interface, deformable dielectric droplets, colloid electrophoresis, and the breakup of
particle-covered droplets due to an external electric field.

The addition of these extensions will allow to consider many interesting and com-
plicated systems, such as the effect of charge on emulsion stability (in the form of
free ions in the fluids, or charged particles, or both), or the effects of charge in oil
reservoirs (which are basically emulsions inside a porous media; these also form a
strong link to the extension of experiments described in chapter 5). This may lead to
practical improvements in the enhanced oil recovery processes, and surely will give a
better fundamental understanding of these types of systems. Separation devices may
also benefit from these improvements, as microfluidic devices with charged particles
can be simulated in detail.
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Chapter 7

Summary and outlook

Complex fluids are fluid mixtures in which two or more phases co-exist, such as
granular materials, foams, emulsions and suspensions. They are ubiquitous in many
branches of industry as well as in daily life and are the subject of continuously evolv-
ing research to expose their fundamental properties and discover new applications.
Because of the many interactions and effects present on the nanometre to micrometre
scale—the mesoscale—these systems can be difficult to tackle both experimentally
and theoretically. Numerical studies can offer new insights that can spur additional
advances in the lab or suggest directions for new theories. In this work the lattice
Boltzmann method was introduced in chapter 2 as our method of choice used to sim-
ulate fluid components on the mesoscale. Extensions to the method were employed
to allow for the inclusion of surfactants, massive finite-sized particles, and electrically
charged components.

In chapter 3, similarities and differences between surfactants and nanoparticles as
additives at a fluid-fluid interface were investigated, starting with their respective
effects on the surface tension of such an interface. Next, a fluid droplet was subjected
to shear and the deformation properties of the droplet, its inclination angle relative
to the shear flow, the dynamics of the particles at the interface, and the possibility of
breakup were explored. Particles were seen not to affect the surface tension of the
interface, although they do change the overall interfacial free energy. The particles
do not remain homogeneously distributed over the interface, but form clusters in pre-
ferred regions that are stable for as long as the shear is applied. However, although the
overall structure remains stable, individual nanoparticles roam the droplet interface,
with a frequency of revolution that is highest in the middle of the droplet interface,
normal to the shear flow, and increases with capillary number. This is subtly different
from “tank-treading” behaviour observed in the case of, for example, vesicles. Taylor’s
law for small deformations of droplets is recovered when surfactant or particles are
added to the droplet interface. The effect of surfactant is captured in the capillary
number, but the inertia of adsorbed massive particles increases deformation at higher
capillary number and eventually leads to easier breakup of the droplet.

The second subject of interest was the behaviour of particle-stabilized emulsions; these

141
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were discussed in chapter 4. These emulsions can present in more than one form, the
most common of which are the Pickering emulsion and bijel, which are geometrically
and rheologically very different: a Pickering emulsion consists of discrete droplets
in a medium, while the bijel consists of two continuous, intertwined fluid domains.
Either state can be reached by tuning the composition of the initial random fluid-fluid-
particle mixture or the chemical properties of the particles. We have determined the
size of the fluid domains using a parallel implementation of the Hoshen-Kopenman
algorithm as well as a three-dimensional structure factor and studied the dependence
of this size on these parameters. Additionally, by gradually changing the wettability
of the stabilizing particles in time, in situ transitions from one state to another are
induced. Because of the widely varying properties of emulsion states, it can be useful
to trigger this transition remotely, to attain particular flow properties in otherwise
inaccessible locations, such as in oil reservoirs.

In chapter 5 particle-stabilized emulsions are evaluated as a novel way to create tune-
able self-assembled porous media. The porous medium is formed by either solidifying
one of the fluid phases, or forming an impenetrable wall connecting the stabilizing
particles. This could be achieved in experiments by utilizing an additional polymer
phase that preferentially resides in one fluid and can be solidified by a trigger, or using
polymers to form a network to connect the particle scaffold. In this way, complicated
structures can be created with widely varying properties. We have investigated the ef-
fect of the components of the initial emulsion on the properties of the resulting porous
medium; in particular we have considered the effect of particle contact angle and
particle volume fraction on the porosity, surface-to-volume ratio, domain sizes, and
permeability of the porous medium. The porosity, surface-to-volume ratio and domain
sizes can be calculated statically, but the permeability is determined through the use
of additional lattice Boltzmann simulations. This method was validated against the
analytical result for a square duct as well as the experimentally obtained results for
sintered glass bead packs. The numerical simulations have matched these results very
well. Using the aforementioned properties of the system, one can try and optimize
the porous medium for a particular use. Here, we have determined the desirable
properties of the constituents of the original emulsion to be able to use the porous
medium as a filter (by maximizing permeability but minimizing domain sizes) and as
a catalytic reactor (by maximizing throughput and surface-to-volume ratio). Bijels are
the most promising state for these projected uses.

Lastly, in chapter 6 electro-osmotically-driven flow is studied, in the case of chemically
patterned microfluidic channels. Without any special treatment, a no-slip boundary
condition applies to fluid flow at a solid wall. Adding super-hydrophobic patches to
solid walls causes the velocity at the wall to be potentially non-zero, greatly improving
flow conditions, especially in small channels such as can be found in lab-on-a-chip
devices. In such applications it is also of great interest to have fine-grained control
over fluid flow, ideally without involving moving parts. This can be achieved by electro-
osmotic flow: if the walls of the channel hold electrostatic charge, an electric double
layer will form near the wall if the fluid contains free ions. This causes the fluid to
be locally non-neutral, and as such an external electric field will extert a non-zero
force on the fluid. This phenomenon has been treated analytically for simple cases,
but more complicated systems cannot be treated in such a fashion. In this work we
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have extended our lattice Boltzmann-based simulation code to include the effects of
electrostatics: two symmetric ionic species were introduced, as well as two Poisson
solvers to solve the electrokinetic equations. Also included were non-trivial boundary
conditions, local dielectric permittivities, and the coupling to fluid species. These
new extensions have seen in-depth validation, before progressing to the application
of electro-osmotic flow in an open semi-infinite channel with a chemically patterned
wall. Initial results are promising and seem to indicate that these simulations can first
reproduce the known analytical results and then proceed to treat more complicated
systems.

Although this thesis aims to present a coherent and well-rounded story for the sys-
tems under consideration, not all possibilities have been explored. The currently
available methods have opened up a wide range of options to aid both fundamental
understanding and industrial applications, and a short overview of ideas is presented
here.

The presented simulation method could be used in the future to study the breakup of
a droplet with adsorped particles in more detail. In our current work, no nanoparticles
were suspended in the medium fluid, but having them adsorp to the droplet interface
when it gets enlarged due to deformation could provide interesting results; for exam-
ple, this closely resembles what happens when a Pickering emulsion is formed, and
more detailed information on the behaviour of individual dropelets can increase our
fundamental understanding and accuracy of the predictions of emulsion properties.
Droplet collision and coalescence (or lack thereof) of droplets stabilized by surfactants
or particles would also be of interest both fundamentally and with applications in in-
dustry, e.g. for improving the long-term quality of food products, or more efficient
breakup of undesirable emulsions in oil recovery. Combining the use of surfactant and
particles, as well as using more complicated nanoparticles, either geometrically or by
using non-zero and non-homogeneous wettability properties, could further expand
the range of possibilities.

The parameter space involved in the study of particle-stabilized emulsions is vast and
with increasing computational power comes the possibility to extend the search for
interesting regions. Fluid-fluid ratios can be varied, as well as fluid viscosities, or
masses and radii of the particles. The phenomena studied in this thesis all happen
without external stimuli. To investigate the rheology of emulsions, and in particular
the difference between bijels and Pickering emulsions, these systems can be subjected
to external forcing, such as shear flow. This follows the fact that in real-life situations,
external forcings are rarely completely absent and often extremely relevant.

Self-assembled porous media can present in various states and have many potential
applications, due to the many characteristics that can be tuned. Although the particles
used to stabilize the emulsions can exhibit non-trivial wetting behaviour, the geome-
tries treated in this thesis are all assumed to consist of neutrally wetting material. This
study could be extended in the future to include the effects of (possibly locally vary-
ing) wettability on the final porous medium, which might strongly affect the effective
permeability. To achieve different structures the fluid-fluid ratio can be varied, as it is
expected that this will strongly affect permeabilities of porous media based on bijels
when the fluid-fluid ratio tends to one.



521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters521496-L-bw-Frijters
Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018Processed on: 15-8-2018 PDF page: 152PDF page: 152PDF page: 152PDF page: 152

144 Chapter 7. Summary and outlook

With a properly validated code at our disposal, the electrostatic extensions can be used
to study the behaviour of fluids with ionic species in the form of salts in complicated
geometrical structures, such as might be found in underground oil reservoirs. A next
step would be the addition of electrically charged solid particles, which would allow
to simulate further interesting systems, such as lab-on-a-chip devices for transport
and sorting of particles, or the effect of electric charge on particle-stabilized emulsion
systems. Continuing in this vein leads us to propose the addition of magnetic prop-
erties as well; both in the form of ferrofluids or solid particles that act as a magnetic
dipole. This would also allow for interesting experiments as well as possible industrial
applications such as remote detection and tracing of particles acting as emulsifiers
in the production of crude oil. Instead of opening up new avenues of research, nu-
merical improvements which aim to improve upon the work presented here can also
be considered. For example, alternate models for multi-component systems, alluded
to in previous chapters, could be implemented. This may include advantages such
as a truly sharp fluid-fluid interface, which also allows for smaller particles in some
cases, as the requirement that particles should be larger than the interface width is
satisfied trivially. However, at this point the momentum exchange model of Ladd for
the particle-fluid interaction becomes the next bottleneck, as smaller particles will
have a less accurate discretized version on the lattice, making it impossible to, for
example, model spheres properly. These problems may also be solved by the intro-
duction of local grid refinement, which would also be beneficial in other situations
where large bulk regions exist, but this approach is highly challenging. As such, it may
not be worth the implementation effort, especially considering the fact that various
extensions may also require non-trivial grid refinement schemes that may be different
from that of the fluids. Such improvements could increase computational efficiency
to such an extent that new length- and/or timescales become accessible, allowing for
larger scopes in computational fluid dynamics research.
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Appendix A

The Hoshen-Kopelman algorithm

The content of this chapter is based on S. FRIJTERS, T. KRÜGER, AND J. HARTING.
Parallelised Hoshen-Kopelman algorithm for lattice Boltzmann simulations. Computer
Physics Communications, 189: 92, 2014.186

A.1 Introduction

To measure the size of the domains of an emulsion simulated by lattice Boltzmann
one can use various techniques. In Jansen et al.53 and Günther et al.37 an average
domain size for each of the three dimensions is calculated by considering the three-
dimensional structure function based on the fluctuations of the colour fieldϕ in Fourier
space. In this thesis, an additional method is used, based on the work of Hoshen and
Kopelman.201

The work of Hoshen and Kopelman has been described by the authors as a novel
“cluster multiple labeling technique”. The algorithm was developed to apply to quanti-
ties on two- or three-dimensional lattices and is based on detecting connected clusters
on a lattice and labelling the involved lattice sites such that all sites that are connected
share the same label. It was originally intended as an aid to the study of percolation
of porous media but has since been used in a wide variety of fields and for a wide
range of applications, such as nuclear fuel rod processing, catalysis, development of
bone structures and the consistency of fried foods.246 The assumption of the presence
of a lattice makes it easy to adapt the algorithm for use in combination with LB-based
simulations. In order to apply this algorithm on the fly during massively parallel simu-
lations, it needs to be parallelised as well. With the advent of parallel computations,
methods have been introduced to achieve this, however, none of them makes effective

186S. FRIJTERS et al. Comput. Phys. Commun., 189: 92, 2014.
53F. JANSEN and J. HARTING. Phys. Rev. E, 83: 046707, 2011.
37F. GÜNTHER et al. Soft Matter, 10: 4977, 2014.

201J. HOSHEN and R. KOPELMAN. Phys. Rev. B, 14: 3438, 1976.
246J. HOSHEN et al. Phys. Rev. E, 56: 1455, 1997.
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Figure A.1: The Hoshen-Kopelman algorithm needs a condition to determine whether
or not a lattice site is to be considered part of a cluster. Without loss of generality we
assume that for some order parameter ϕ(x ) the condition is ϕ(x ) > 0. An example
of such a field in 2D is shown in (fig. A.1a). As an initial condition for the algorithm,
a value of l(x ) = 0 is assigned to sites that are not part of any cluster and a value of
l(x ) = −1 to those that are. The results of this initialisation are shown in (fig. A.1b).

use of the parallelisation structure of the LB method.247–249 Therefore, we present our
implementation here and compare it to previous work.

This appendix is structured as follows. First, the serial HK algorithm is explained in
some detail. Then, the parallelisation scheme used in our simulation code is intro-
duced and a set of benchmark results and a qualitative comparison to other schemes
are supplied. Applications of the algorithm are discussed in chapter 4 and chapter 5.

A.2 Serial Hoshen-Kopelman algorithm

The HK algorithm consists of an initialisation step, three rules that are applied to all
sites of the lattice and a relabelling step at the end. Before initialisation can take place,
one needs to choose a condition to decide if a particular site is to be considered part of
a cluster or of the medium. With a view towards the applications in this thesis, we use
the order parameter ϕ(x ), which is a real number defined on each lattice site (recall
that in this particular case, ϕ represents the difference between the local densities of
the two fluid components present in the system, such that positive numbers correspond
to oil-like domains and negative ones to water-like domains). The required condition
is now chosen to be based on the local value of this order parameter: sites x for which
ϕ(x ) > 0 are part of a cluster, while x for which ϕ(x ) ≤ 0 are not part of any cluster.
As an initial condition for the algorithm, a label value of l(x ) = 0 is assigned to sites
that are not part of any cluster and a value of l(x ) = −1 is temporarily assigned to
those that are. This process is illustrated in fig. A.1a and fig. A.1b; in this example, we
show a finite bounded two-dimensional lattice.

After this initialisation procedure the algorithm runs over the lattice, and at every

247A.N. BURKITT and D.W. HEERMANN. Comput. Phys. Commun., 54: 201, 1989.
248M. FLANIGAN and P. TAMAYO. Physica A, 215: 461, 1995.
249M.W. BERRY et al. Int. J. Supercomput. Ap., 11: 34, 1997.
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Figure A.2: After initialisation, the HK algorithm runs over the lattice and applies a set
of rules. In this example, we pass over the lattice row-first and generally consider sites
to the left and above a site to be neighbours (fig. A.2a). In the top row, no sites exist
above. Application of the first rule (fig. A.2b): if none of the neighbours has a value of
lnb > 0, assign l(x ) = lmax + 1, where lmax is the largest label currently assigned to any
lattice site. Application of the second rule (fig. A.2c): if exactly one of the neighbours
has a value of lnb > 0, assign l(x ) = lnb. Application of the third rule (fig. A.2d): if
more than one neighbour has a value of lnb,i > 0, assign l(x ) = min(lnb,i). We also
store the equivalence relations lnb,i ≡ lnb, j with i and j running over all neighbours.
In this case we set the value of the site to 1 and store 1 ≡ 2 for later use. This
prodecure continues until all sites have been visited (fig. A.2e). The clearly connected
cluster at the top now has some sites with l = 1 and some with l = 2, which is not
desirable. However, this is solved in the last step of the algorithm: the previously
stored equivalence relations (in this example: 1 ≡ 2) are compactified and applied,
resulting in correctly labelled clusters (fig. A.2f).

visited lattice site x , if the current label is l(x ) = −1, the following three rules are
applied:

1. If none of the neighbours has a value of lnb > 0, assign l(x ) = lmax + 1, where
lmax is the largest label currently assigned to any lattice site.

2. If exactly one of the neighbours has a value of lnb > 0, assign l(x ) = lnb.

3. If more than one neighbour has a value of lnb,i > 0, assign l(x ) = min(lnb,i). At
this point, parts of the same cluster have been assigned different labels, which
is not desirable. To correct this in the final step of the algorithm, this relation is
stored as a set of equivalence relations lnb,i ≡ lnb, j with i and j running over all
neighbours.
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In this context, sites that are diagonally adjacent to each other are not considered
to be neighbours, and one only looks “backwards” on the lattice (i.e. left and up in
this example). The application of these three rules is illustrated in fig. A.2a through
fig. A.2d.

After application of these three rules to all lattice sites, we are left with only positive
values of l(x ) and generally a non-empty set of equivalence relations. As a final step,
the lattice is looped over one last time, and at every lattice site the equivalence rela-
tions are applied in a way such that every connected cluster has the smallest possible
number. One can also choose to first reduce the assigned labels in the equivalence
relations in such a way that all integers 1, . . . , n are used after applying them, where n
is the number of clusters on the lattice. This compactification is normally not needed,
as a label is just a label, but as will be described below, it simplifies the parallelised ver-
sion of the algorithm. This process and the resulting final state are shown in fig. A.2e
and fig. A.2f.

A.3 Parallelised Hoshen-Kopelman algorithm

As the systems of interest in our research are large, calculating the cluster indices
during the simulation, when each domain is still assigned to its own CPU, rather
than during post-processing, is very desirable. To that effect, the HK algorithm has
been extended to work in a parallel fashion. Methods to achieve this have been
succesfully used in previous works,247–249 but to the best of the authors’ knowledge,
no new advances have been made recently. Previous solutions have opted to increase
the complexity of the algorithm to gain higher performance; however, we have found
that on current hardware, a more straightforward implementation will suffice in many
cases. In particular, we use an implementation that meshes very well with a common
parallelisation structure of the lattice-Boltzmann method.

Consider the example system shown in fig. A.3a: it is twice the size of the previous
example and we want to divide the workload over two processes, as indicated by the
dashed line. In addition, the total system is now subject to periodic boundaries in
both directions, a situation which mimics the systems that will be described later in
this work (those will be fully three-dimensional with periodic boundary conditions
in at least some directions). To facilitate the communication between the processes,
the calculation domain of each process is extended by a layer one lattice site wide on
each side, and this extra layer corresponds to the outermost layer of sites of the neigh-
bouring process (not counting the additional layer). These extra sites are referred
to as “halo” sites (also known as “ghost cells”141), while the original ones are called
“physical” sites. This extension and its nomenclature follow the use of halos in the LB
method (and similarly structured algorithms).

As in the case of serial HK, each process is assumed to hold the value of the order
parameter on its extended lattice. The HK algorithm is then executed by each process
on its local (extended) domain, and the maximum cluster indices are reduced as much
as possible. Then, each process reports to each other process the value of their highest

141F.B. KJOLSTAD and M. SNIR. In: Proceedings of the 2010 Workshop on Parallel Programming Patterns, 2010.
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Figure A.3: To show the process of the parallel HK algorithm we use the system
(fig. A.3a) as an example. The dashed line indicates the division of the system over two
parallel processes, and the outer edge now represents periodic boundary conditions.
Each process includes a “halo” region and follows the serial HK algorithm (fig. A.3b).
They assign a range of labels, offset by a value such that the values that various
processes can assign do not overlap. In this case, the values of process 2 (bottom) are
offset by 4, being the largest number of clusters found by any one process. As with the
serial version of the algorithm, equivalence classes are used, but in this case they are
also based on the labels of halo sites and their matching physical counterparts. In this
way, the finally assigned labels are globally correct (fig. A.3c).

assigned cluster id nmax (which corresponds to the number of clusters found in that
domain). The highest global id is then used by each process to apply a transformation
to each local cluster id:

lgl = lloc + rank · nmax,gl, (A.1)

where lgl is now guaranteed to be a globally unique id, and rank is the rank of the
process on which the site resides. The result of this procedure can be seen in fig. A.3b.
Each process then communicates the value of the cluster id on sites in the halo to its
neighbours; the data corresponds to the data in the physical region of the neighbour, as
described above. This correspondence is expressed by creating additional equivalence
classes, by comparing the cluster values calculated on the physical sites to the values
received by the halo exchange. In this example, a number of such equivalences is
generated: 1 ≡ 6, 1 ≡ 8, 2 ≡ 5, 4 ≡ 5 (top-bottom), and 2 ≡ 3 and 6 ≡ 7 (left-right).
All equivalence classes are then communicated to the root process and combined in
such a way that the values of the labels are minimised. These are then scattered to
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1024 2048 4096 8192 16384

Number of cores

10−1

100

101

102

t(
s)

ncl = 5.0 · 102

ncl = 5.3 · 105

ncl = 8.4 · 106

Figure A.4: Strong scaling of the parallelised Hoshen-Kopelman algorithm for systems
of volume V = 10243 containing ncl clusters, as performed on on JUQUEEN, the Blue
Gene/Q supercomputer at the Jülich Supercomputing Centre. The work to be done
depends on the number of clusters in the system, and, as some work is done by the root
process only, the scaling is not linear for large numbers of processors. However, for
applications such as the ones described here, the absolute times required to perform
the algorithm are negligible compared to execution times of the calculations related
to the physics simulation.

the relevant processes (each process only needs equivalence classes for global indices
rank · nmax,gl ≤ lgl < (rank + 1) · nmax,gl) and applied. After this step the algorithm is
complete and, in this example, we are left with only two clusters, cf. fig. A.3c.

We have performed benchmarks on JUQUEEN, the Blue Gene/Q supercomputer at
the Jülich Supercomputing Centre, which employs 1.6 GHz IBM PowerPC A2 cores,
and varied the number of used cores between 1024 and 16384. The benchmarks are
based on a synthetic test case of a system consisting of 10243 lattice sites, filled with
rectangular domains touching only at the corners (such that they are not connected
in the sense of the HK algorithm) and alternating between ϕ(x ) > 0 and ϕ(x ) ≤ 0.
This results in a deterministic and regular system, which remains invariant when the
number of processes it is distributed over changes. The strong scaling for such systems
with different cluster sizes (and thus different numbers of clusters ncl) is shown in
fig. A.4. We have observed that up to O(105) clusters the algorithm takes almost
constant time. For larger numbers of clusters, a power law has been observed, reducing
the efficiency of the implementation but not rendering it prohibitively expensive until
O(108) clusters and beyond. Keep in mind, however, that for a system of fixed size V
a theoretical maximum number of clusters exists: ncl,max = V/2 (this corresponds to a
system of clusters of size 1, positioned in an alternating pattern in all dimensions). In
this case, it means that only the last decade of possible numbers of clusters is strongly
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affected. To put this further into perspective: in our use cases described here, ncl will
not exceed 106 and will more usually be below 104. It is expected that the observed
power law behaviour is caused by the structure of the algorithm, but only by the
underlying implementation. As such, this bottleneck could be removed in the future,
for applications that require the use of so many small clusters. Similarly, the memory
footprint of the algorithm can be reduced by optimising the data structures in use.

It has been found that efficient parallelisation according to the method described
above needs some careful tuning. In particular, when using a naive array-based im-
plementation for equivalence classes, and using the root process to combine all global
equivalence relations, it is mandatory to re-order the cluster ids such that they are
minimised, as the length of the array depends linearly on both the number of processes
and the number of clusters per process. This reduces the sizes of the required arrays
and reduces the volume of communication significantly. Local equivalence relations
should be applied before parallelisation, for the same reason. Equivalence classes can
be represented by a singly linked list, such that a traversal of the list, starting from
some arbitrary cluster id, ends at the lowest value of all of its combined equivalence
relations. Adding a new equivalence relation that connects two clusters can then be
resolved by traversing the list starting at both cluster ids, determining the smallest
final value, and updating the list ending in the larger value. The linked list can then
be traversed one more time for each cluster id to reduce it to its minimal equivalent
id. The linked list implementation also serves to reduce the variance expected when
the shape of clusters changes, i.e. clusters spanning many processes, creating many
equivalence relations. We conclude that this algorithm is easily implemented, very
well suited to the structure of the LB method, and efficient as long as the number of
clusters is not excessive (relative to the size of the lattice).

The method presented here is similar to the method proposed by Burkitt and Heermann,247

who prefer to avoid a potentially expensive gather and scatter operation as well as
computational imbalance at the cost of a more complicated communication structure
and algorithm (this complexity would increase even more when considering that their
original work is done in 2D). We have found that for our purposes, the communication
is not a bottleneck and even a single process is very efficient at processing the relations
between all partial clusters. As such, ease of implementation is preferred. Flanigan
and Tamayo248 have proposed a relaxation scheme, in which processes communicate
repeatedly with their neighbours, propagating the lowest cluster id of a cluster span-
ning multiple processes until a termination condition (no process has changed any
of its cluster ids) is reached. The efficiency of this method is expected to decrease as
the spatial decomposition in all three dimensions is no longer uniform, as changes
will have to propagate also in the direction with the most processes. Our current
implementation also resembles the work of Berry et al.,249 who perform the final merge
calculation on the root process as well, but use a different parallel communication
structure, based on neighbouring sites rather than overlapping (halo) sites.
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kB Boltzmann constant
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η Dynamic viscosity
F Force
f Force density
� Free energy
β Inverse temperature
ν Kinematic viscosity
m Mass
x Position
P Pressure
T Temperature
t Time
v Velocity
vx ,y,z Components of velocity

Lattice Boltzmann

Ω BGK collision operator
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i Distribution function for com-

ponent c in direction i
Δx Lattice spacing
nx Lattice size in x-direction
ny Lattice size in y-direction
nz Lattice size in z-direction
τc Relaxation time of fluid c
Vsim Simulation volume
cs Speed of sound on the lattice
Δt Time step
ci Velocity vectors for i =

1, . . . , 19

Multicomponent systems

χ Fluid-fluid ratio
ϕ Order parameter
gcc′ Shan-Chen coupling constant

between fluids c and c′
F c Shan-Chen force (colour-on-

colour)
σ Surface tension
d Surfactant dipole vector
χ s Surfactant volume fraction

Particles

ψH Hertz potential
Δρ Particle colour
θp Particle contact angle
mp Particle mass
rp Particle radius
Vp Particle volume
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Particle-covered droplets

Ca Capillary number
Caeff Effective capillary number
θd Droplet inclination angle
Dd Droplet deformation
Rd Droplet radius
md Droplet mass
Vd Droplet volume
q Mass flow
np Number of particles
ξ Particle interfacial covering

fraction
Re Reynolds number
Reeff Effective Reynolds number
γ̇ Shear rate
vshear Shear velocity

Emulsions

Λ Averaged lateral domain size
Ξ Particle volume fraction
� Structure function
G Two-particle correlation func-

tion

Porous media

q̇ Mass flux
q̇x ,y,z Components of mass flux
κ Permeability
φ Porosity
Vpore Pore volume
Υ Reactor efficiency of a porous

medium
ζ Surface-to-volume ratio
τ Tortuosity

Electro-osmotic flow

λB Bjerrum length
ρ± Charge density
�± Charge diffusivity
j Charge flux
μ± Chemical potential
jx ,y,z Components of charge flux
λD Debye length
ε Dielectric constant
γ Dielectric contrast
ε̄ Average dielectric constant
Q Electric charge
ψ Electric potential
E Electric field
Ex ,y,z Components of electric field
D Electric displacement filed
ε Elementary charge
ϕ∗ Fluid composition
c∗i Link-flux velocity vectors for

i = 1, . . . , 6
S Slip parameter
b Slip length
ς Surface charge density
�s,d Timescales for liquid junction
θw Wall contact angle
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Summary

Complex fluids are fluid mixtures in which two or more phases co-exist, such as
granular materials, foams, emulsions and suspensions. They are ubiquitous in many
branches of industry as well as in daily life and are the subject of continuously evolv-
ing research to expose their fundamental properties and discover new applications.
Because of the many interactions and effects present in complex fluids, on the nanome-
tre to micrometre scale, these systems can be difficult to tackle both experimentally
and theoretically. Numerical studies can offer new insights that can spur additional
advances in the lab or suggest directions for new theories. In this work the lattice
Boltzmann method is used to simulate fluid components on the mesoscale. Exten-
sions to the method are employed to allow for the inclusion of surfactants, massive
finite-sized particles, static geometries, and electrically charged components.

Firstly, similarities and differences between surfactants and nanoparticles as additives
at a fluid-fluid interface are investigated, starting with their respective effects on the
surface tension of such an interface. Next, a fluid droplet is subjected to shear and
the deformation properties of the droplet, its inclination angle relative to the shear
flow, the dynamics of the particles at the interface, and the possibility of breakup are
explored. This information can be valuable, e.g. when considering particles as an
alternative to surfactants in enhanced oil recovery. Particles are seen not to affect the
surface tension of the interface, although they do change the overall interfacial free
energy. The particles do not remain homogeneously distributed over the interface, but
form clusters in preferred regions that are stable for as long as the shear is applied.
However, although the overall structure remains stable, individual nanoparticles roam
the droplet interface, with a frequency of revolution that is highest in the middle of
the droplet interface, normal to the shear flow, and increases with capillary number.
Taylor’s law, which relates the capillary number to the (small) deformation of a droplet,
is recovered when surfactant or particles are added to the droplet interface. The effect
of surfactant is captured in the capillary number, but the inertia of adsorbed massive
particles increases deformation at higher capillary number and eventually leads to
easier breakup of the droplet.

The second subject of interest is the behaviour of particle-stabilized emulsions. These
emulsions can present in more than one form, the most common of which are the
Pickering emulsion (consisting of individual droplets of the dispersed phase) and
the bijel (consisting of bicontinuous fluid domains), which are geometrically and
rheologically very different. Either state can be reached by tuning the composition of
an initial random mixture in terms of fluid-fluid ratio and the volume fraction of the
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182 Summary

particles, but also through the chemical properties of the particles. Here, we consider
homogeneously wetting spherical particles. By gradually changing the wettability of
the stabilizing particles in time, in situ transitions from one state to another can be
induced. This process is subject to strong hysteresis effects: the interfaces and particles
need to perform a massive reordering to reach the other final state, which froms an
energy barrier that keeps an emulsion in its original state for longer than one might
expect on the grounds of its constituents. Furthermore, the final state these emulsions
reach are much coarser than the original states.

Thirdly, we consider particle-stabilized emulsions as a novel way of creating self-
assembled tuneable porous media. To this effect, we solidify either one of the phases,
or form impermeable walls along the particle-covered fluid-fluid interfaces. In this
way, we can create two variants of porous media from a particular emulsion. As the
structures of Pickering and bijels are very different, the porous media that are created
can exhibit a wide range of various properties, such as porosity, surface-to-volume
ratio and structure sizes, as well as up to two orders of magnitude difference in terms
of permeability. These porous media suggest a novel way to create easily-replaceable
filters, or reactors, that can be tuned by tuning the emulsion properties.

Lastly, some effects of electric charges and fields are considered. In particular, fluid
can be driven electro-osmotically, i.e. the fluid is mobilized by an external electric
field which exerts a force on the ions in an electrolyte solution. Electro-osmotically-
driven flows are of much interest to microfluidics, because of the lack of moving parts.
Additionally, superhydrophobic surfaces can drastically reduce the friction of fluids in
a microchannel. The combination of electro-osmotic flow in a chemically patterned
channel is used to analyze the effective slip, which enhances the flow in the channel.
Simulation results are compared to theoretical prediction, which still lacks quantitative
agreement, but shows good qualitative agreement.
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Samenvatting

Complexe vloeistoffen zijn vloeistofmengels waarin two of meer fases voorkomen.
Voorbeelden hiervan zijn granulaire materialen, schuimen, emulsies en suspensies.
Deze komen voor in veel branches in de industrie en ook in het dagelijks leven. Ze
zijn het onderwerk van continu voortschrijdend onderzoek met als doel hun funda-
mentele eigenschappen bloot te leggen en nieuwe toepassingen te vinden. Vanwege
de vele interacties en effecten in complexe vloeistoffen, op schalen van nanometers tot
micrometers, zijn deze systemen moeilijk aan te pakken, zowel expermenteel als theo-
retisch. Numeriek onderzoek kan nieuwe inzichten bieden die nieuwe ontwikkelingen
in gang kunnen zetten in laboratoria, of op nieuwe theorieën kunnen wijzen. In dit
werk wordt de rooster Boltzmann methode gebruikt om vloeistoffen op de mesoschaal
te simuleren. Uitbreidingen van deze methode laten ook surfactants, massieve deeltjes
met eindige grootte, statische geometrieën en electrisch geladen componenten toe.

Als eerste zijn overeenkomsten en verschillen tussen surfactants en nanodeeltjes bij
een raakvlak tussen twee vloeistoffen bestudeerd, beginnend met de effecten die ze
hebben op de oppervlaktespanning van zo een raakvlak. Daarna is een vloeistofdrup-
pel onderworpen aan een afschuifstroming en zijn de vervormingseigenschappen van
de druppel, de kantelhoek ten opzichte van de richting van de afschuifstroming, de
dynamica van de deeltjes aan het raakvlak en de mogelijkheid van het opbreken van
de druppel onderzocht. Kennis van deze fenomenen is waardevol, bijvoorbeeld wan-
neer nanodeeltjes worden overwogen als alternatief voor surfactants in verbeterde
oliewinning. De nanodeeltjes veranderen de oppervlaktespanning niet direct, maar
reduceren wel de totale vrije energie van het raakvlak. De deeltjes blijven niet ho-
mogeen verdeeld over het raakvlak, maar vormen clusters in voorkeursgebieden. Deze
structuren zijn stabiel zolang de afschuifstroming aanhoudt, maar ze bestaan niet uit
een vaste groep deeltjes: de deeltjes bewegen over het raakvlak om de druppel heen,
met een rondreisfrequentie die het grootst is voor de deeltjes die zich bij het midden
ophouden, haaks op de stroming gemeten, en die toeneemt met het capillair getal.
De wet van Taylor, die het capillair getal koppelt aan (kleine) vervormingen van een
druppel, geldt ook als surfactants of nanodeeltjes zijn toegevoegd. Het effect van
surfactants zit opgesloten in het capillair getal, maar de inertie van massieve deelt-
jes verhoogt de vervorming bij hogere capillaire getallen en leidt uitendelijk tot het
opbreken van de druppel.

Het tweede onderwerp van dit proefschrift is het gedrag van emulsies, gestabiliseerd
door deeltjes. Deze emulsies kunnen vóórkomen in meerdere vormen, waarvan
de meest voorkomende de Pickering emulsie (die bestaat uit losse druppels van de
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184 Samenvatting

minderheids-vloeistof) en de bijel (die bestaat uit twee continue vloeistofdomeinen)
zijn, en die qua vorm en rheologie sterk van elkaar verschillen. Elk van beide vormen
kan ontstaan uit een mengsel van vloeistoffen en nanodeeltjes, mits de ratio tussen
de twee vloeistoffen, de hoeveelheid deeltjes, en de chemische eigenschappen van de
deeltjes correct zijn gekozen. In dit proefschrift worden bolvormige deeltjes gebruikt,
met dezelfde chemische eigenschappen voor het hele oppervlak. Door de bevochtig-
baarheid van de deeltjes te laten veranderen naarmate de tijd vordert kan een in situ
fase-overgang worden geinduceerd. Dit process is onderhevig aan sterke hysterese:
de raakvlakken en deeltjes moeten volledig herordend worden om de eindtoestand te
kunnen bereiken, hetgeen leidt tot een energie-barrière die een emulsie langer in zijn
oorspronkelijke toestand houdt dan de bouwstenen doen vermoeden. De uiteindelijke
emulsies zijn veel grover van opbouw dan de originele emulsies.

Als derde onderwerp zien we emulsies gestabiliseerd door deeltjes als een innovatieve
manier om zelf-assemblerende instelbare poreuze materialen te maken. Hiervoor
wordt of een van de fases uitgehard, of er worden impermeabele muren gevormd
langs de vloeistof-vloeistof raakvlakken. Op deze manier kunnen twee varianten van
poreus materiaal worden gemaakt van één bepaalde emulsie. Omdat de structuur vna
Pickering emulsies en bijels sterk verschillen hebben de poreuze materialen die hieruit
gevormd worden ook sterk uiteenlopende eigenschappen in termen van bijvoorbeeld
porositeit, de ratio tussen oppervlak en volume, de grootte van de structuren, en tot
twee ordes van grootte verschil in permeabiliteiten. Met deze poreuze materialen
kunnen bijvoorbeeld makkelijk vervangbare filters, of reactoren gevormd worden, die
afgesteld kunnen worden door de eigenschappen van de emulsies aan te passen.

Als laatste worden enkele effecten van electrische ladingen en velden onderzocht. In
het bijzonder kijken we naar electro-osmotische stromingen; dat wil zeggen dat de
vloeistof in beweging wordt gebracht door een extern aangelegd electrisch veld dat
kracht uitoefent op vrije ionen die in de vloeistof zijn opgelost. Zulke stromingen zijn
erg interessant voor bijvoorbeeld microfluidica. Verder kunnen super-waterafstotende
oppervlakken worden gebruikt om de wrijvingsweerstand in een vloeistofkanaal te
laten afnemen. De combinatie van electro-osmotische stromingen en chemisch aan-
gelegde patronen wordt gebruikt om de effective slip, die de stroming in een kanaal
bevordert, te analyseren. Simulatieresultaten worden vergeleken met theoretische
voorspellingen en goede kwalitatieve overeenstemmingen worden bereikt.
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