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A B S T R A C T

We revisit Guggenheim’s theory to demonstrate that the change in Gibbs energy of athermally mixing
molecules can be generalized into a model that requires only the mole fraction, volume and contact area of
the various molecules. Subsequently, we obtain a general formula for the combinatorial activity coefficient
for mixtures of molecules differing in size and shape.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

After Huggins [1] and Flory [2] introduced a lattice model to
quantify the Gibbs energy of an athermal mixture, i.e. a mixture in
which there is no energetic interaction between molecules, Guggen-
heim [3] refined it. While according to the Flory-Huggins model,
small molecules can be placed at random in a lattice, Guggenheim
took into account that the placement of mono-segmented molecules
in a lattice is influenced by the presence of multi-segmented
molecules. Although Guggenheim’s model has been applied in many
activity coefficient models later, there are two important issues in
the Guggenheim model to be aware of. First, Guggenheim consid-
ers that all molecules have the same coordination number, while it
is known that the coordination number ranges from 6 to 12. Sec-
ondly, liquids do not possess a long range order, and therefore the
concept of a lattice will limit the number of possible configura-
tions that molecules can make in a liquid. We will touch upon these
two issues by going through Guggenheim’s derivation and propose
a generalized expression for the Gibbs energy of mixing. Finally,
we derive a new relation for the combinatorial activity coefficient,
which can be applied to mixtures having molecules of arbitrary
shape.

* Corresponding author.
E-mail address: gerard.krooshof@dsm.com (G.J.P. Krooshof).

2. Theory

2.1. Definition of volume and surface area fractions

We start with a liquid mixture consisting of two components, A
and B. When we consider that molecules A and B fit exactly into rA

and rB lattice cells, respectively, and assume that there are no empty
cells, then the total number of lattice cells is given by

Rtot = rANA + rBNB, (1)

where Nj is the number of molecules of type j. On the other hand, we
can treat the system as a fluid, which has a total volume defined by
the number and molecular volumes of the molecules Vj

Vtot = VANA + VBNB. (2)

In the lattice model, the probability that a lattice cell is populated by
a segment of molecule A or B is given by the volume fraction, defined
as

0A =
NArA

NArA + NBrB
and 0B =

NBrB

NArA + NBrB
, (3)

respectively, while in the fluid model the volume fractions are
expressed by

0A =
NAVA

NAVA + NBVB
and 0B =

NBVB

NArA + NBVB
, (4)
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respectively. The definition of Eq. (3) is used in the Flory-Huggins
model, while Eq. (4) is due to Hildebrand [4], who demonstrated by
this that the equation of the Flory-Huggins model does not require a
lattice definition. Both methods assume that molecules are randomly
positioned in the liquid space.

Guggenheim, Stavermann [5], and Tompa [6] pointed out, how-
ever, that the placement of segments cannot be performed randomly,
because the segments of chain molecules have a higher probability to
be placed aside each other. To correct the volume-based probability,
they introduced the surface area fraction to account for the proba-
bility to form a contact pair of lattice cells. The surface area fractions
can be defined as

hA =
NAzAqA

NAzAqA + NBzBqB
and hB =

NBzBqB

NAzAqA + NBzBqB
. (5)

In this generalized Guggenheim expression, zj is the coordination
number of the lattice of the pure component j and qj the relative sur-
face area of molecule j. Guggenheim used one lattice number for all
molecules and put the relative surface area of one of the molecule
types to unity. We do not use this simplification, so that we can
interchange the indices A and B in equations later on.

As we mentioned above, the volume fraction can be defined using
the lattice approach (Flory-Huggins), as well as the fluid approach
(Hildebrand). The same can be done for the surface fraction. In a fluid,
the external surface area of the molecules can be used to define the
probability that the molecules make contact, therefore

hA =
NAaA

NAaA + NBaB
and hB =

NBaB

NAaA + NBaB
. (6)

In here, aj is the external contact area of molecule j.
It is worthwhile to mention that the volume and surface area

fractions are related to each other by the expressions

hA =
0A

0A + f0B
and hB =

f0B

0A + f0B
, (7)

where the factor f can be calculated from

flat =
zBqBrA

zAqArB
and ffluid =

aBVA

aAVB
, (8)

for the lattice and the fluid approach, respectively. These relations
enable us to simplify the expressions above, which will be used
later on. Further, we mention that in the original lattice model of
Guggenheim rA = qA = 1, rB = r, qB = q, or zA = zB = z, which
makes flat = q/r.

2.2. Generalized Gibbs energy of mixing expression: lattice-based
derivation

We follow the work of Guggenheim [3] and Tompa [6] to derive
an expression for the Gibbs energy of mixing of an athermal system.
Suppose that a lattice cell is occupied by a segment of molecule B,
then the ratio of the probability that a given neighboring cell is occu-
pied by a segment of another molecule B′, pBB′ , or by a segment of
molecule A, pBA, is equal to the ratio in number of nearest neighbors,
zBqBNB and zAqANA

pBB′

pBA
=

NBzBqB

NAzAqA
=

hB

hA
. (9)

Since the total number of nearest neighbors of molecule B is zBqB
and not zBrB due to the connectivity of the segments, the sum of

these probabilities, i.e. pBB′ + pBA, is equal to the rescaled value of the
volume fraction of molecule B:

pBB′ + pBA = 0B
zBqB

zBrB
= 0B

qB

rB
. (10)

Combining the two equations leads to

pBB′ = 0B
qB

rB
hB and pBA = 0B

qB

rB
hA. (11)

We note that the probability that the neighboring cell is occupied by
the same B molecule is calculated by

pBB = 0B − pBB′ − pBA = 0B

(
1 − qB

rB

)
. (12)

Likewise, when a lattice cell is occupied by a segment of molecule A,
the probability that a given neighboring site is occupied by molecule
B or by another molecule A is

pAB = 0A
qA

rA
hB and pAA′ = 0A

qA

rA
hA. (13)

This procedure can be extended to the situation that a lattice cell
is surrounded by more neighboring sites. For the probability that
segment A has x − 1 neighboring sites of type A, we obtain

pAxA = 0A
qA

rA
(hA)

x−1. (14)

In the same way, the probability that segment B has y − 1 adjacent
sites of type B we have

pByB = 0B
qB

rB
(hB)

y−1. (15)

We mention that Guggenheim derived Eqs. (14) and (15) by
the concept of exchange rate, where a segment of a molecule
having r segments, here molecule B, is replaced by the mono-
segmented molecule A. In the above equation, this implies that
rA = qA = x = 1, rB = r = y, and qB = q. We continue with
Guggenheim’s derivation, but use the term probability, instead of the
term exchange rate, and we take a small volume element in the liq-
uid, which has the size of the least common multiple of the number
of segments of the molecules in the mixture. Suppose, for instance, a
mixture of trimers and tetramers. This requires a partial liquid vol-
ume element equivalent to 12 lattice cells, in which 4 trimers or 3
tetramers fit. In general, this volume element is equivalent to rA • rB

adjacent lattice cells. The ratio of the probability that this liquid vol-
ume contains a cell of type A and rB − 1 adjacent cells of type A and
the probability that the cell is of type B and has rA − 1 adjacent cells
of type B is

aliq = C
0B

qB
rB

(hB)
rA−1

0A
qA
rA

(hA)
rB−1

= Kliq
0B(hB)

rA−1

0A(hA)
rB−1

, (16)

where C is a proportionality constant, that is independent of con-
centration, and Kliq is a constant that includes the size parameters rj

and qj of the components. Guggenheim’s formula is recovered when
rA = 1 and rB = r. In order to connect this probability to the
Gibbs energy, Guggenheim used the thermodynamic constraint that
at equilibrium the Gibbs energy of the liquid and the ideal gas are
equal. We now consider an ideal gas volume element. The probabil-
ity to fill this volume element by A or B molecules is proportional to
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the partial pressures, PA and PB. Therefore, the ratio of the probabil-
ity to fill this gas volume element with rA molecules of type B and the
probability to fill it with rB molecules of type A is

agas = Kgas
PrA

B

PrB
A

, (17)

with Kgas a constant that is concentration independent.
The chemical potential of compound j in the ideal gas state can be

written as:

lj(P, T) = l0
j (P0, T) + RT ln

(
P
P0

)
, (18)

where P0 is the reference pressure at which the reference chemical
potential l0

j (P0, T) of compound j is known. Substitution of Eq. (18)
into the logarithmic expression of Eq. (17), and using the reduced
chemical potentials l̃ = l(P, T)/RT and l̃0 = l (P0, T) /RT, leads to

lna = ln Kgas + rA ln PB − rB ln PA

= ln Kgas + rA

(
l̃B − l̃0

B + ln(P0)
)

− rB

(
l̃A − l̃0

A + ln(P0)
)
. (19)

Because Kgas, l̃0
j and ln(P0) are constants, differentiation yields

d lna = rAdl̃B − rBdl̃A. (20)

By using the Gibbs-Duhem equation

∑
j

Njdl̃j = 0, (21)

the reduced chemical potential of compound B can be eliminated and
we obtain

dl̃A = − NB

(NArA + NBrB)
d lna = −0B

rB
d lna = − 0B

rBa
da. (22)

Integration of Eq. (22) from the pure state of compound A, 0B = 0,
to a final concentration 0B provides the change in Gibbs energy upon
mixing of compound A with B to concentration 0A

∫ mixture

pure A
dl̃A = Dl̃A = − 1

rB

∫ 0B

0

0B

a

(
∂a

∂0B

)
d0B. (23)

Substitution of Eq. (16) into Eq. (23) gives for the chemical potential
difference of compound A in the pure liquid state and the mixture

Dl̃A = − 1
rB

∫ 0B

0

1
0A

+(rA − 1)
0B

hB

(
∂hB

∂0B

)
−(rB − 1)

0B

hA

(
∂hA

∂0B

)
d0B.

(24)

After evaluating the partial derivatives the integral reduces to

Dl̃A = − 1
rB

∫ 0B

0

rAhA + rBhB

0A
d0B. (25)

With Eqs. (7) and (8), the surface area fractions in the integral can be
written in terms of 0A, after which the integration yields

Dl̃A = − 1
rB

[
rA ln (0A + flat0B)

flat − 1
− rB ln (1 − 0B) − rB ln(0A + flat0B)

flat − 1

]

= ln (0A) +
1 − rA/rB

flat − 1
ln

(
0A

hA

)

= ln (0A) − CA ln
(
0A

hA

)
. (26)

Interchanging the indices results for component B in

Dl̃B = ln (0B) − CB ln
(
0B

hB

)
. (27)

In the above equations, we defined the concentration independent
factors:

CA ≡ zAqArA − zAqArB

zBqBrA − zAqArB
and CB ≡ zBqBrB − zBqBrA

zAqArB − zBqBrA
. (28)

From Eq. (26) and Eq. (27) follows that the total reduced Gibbs energy
change upon mixing of compounds A and B is given by

DG̃ = NA ln(0A) + NB ln (0B) −
[

NACA ln
(
0A

hA

)
+ NBCB ln

(
0B

hB

)]
.

(29)

Again, Guggenheim’s original equation is recovered by setting
rA = qA = 1, rB = r, qB = q, and zA = zB = z, which yields
CA = (r − 1)/(r − q) and CB = qCA.

2.3. Generalized Gibbs energy of mixing expression: off-lattice
derivation

The above derivation was carried out in terms of lattice param-
eters, but the same results can be derived without the definition of
a lattice. We start by considering a small volume element in the liq-
uid with volume Vbox. The number of molecules of type j that fit into
this volume element, mj, is determined by the molecular volume of
molecule Vj given by

mj =
Vbox

Vj
. (30)

The ratio of the probabilities that this volume element is filled with
only A or B molecules from the liquid phase, and which are all
adjacent to each other, is

aliq = Kliq
0B(hB)

mA−1

0A(hA)
mB−1

. (31)

In the gas phase, the ratio of the probabilities that a volume ele-
ment is filled with only A or B molecules, is ruled by the partial vapor
pressures

agas = Kgas
PmA

B

PmB
A

. (32)

By applying the same procedure as in Section 2.2, we obtain again
Eq. (29), but now the factors, Cj, are defined by the molecular volume
and external surface area of the compounds

CA =
aAVA − aAVB

aBVA − aAVB
and CB =

aBVB − aBVA

aAVB − aBVA
. (33)
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Fig. 1. Correction term of Eq. (36) as a function of ratio of volume and surface fraction
of compound j.

2.4. Combinatorial activity coefficients

Differentiation of Eq. (29) to NA yields the combinatorial activity
coefficient of component A

ln (cA) =
[

ln
(
0A

xA

)
+ 1 − 0A

xA

]
− CA

[
ln

(
0A

hA

)
+ 1 − 0A

hA

]
. (34)

The factor CA can be written in terms of xA, 0A, and hA by substitution
Eqs. (3) and (5) into Eq. (28)

CA =
1 − rB

rA
zBqB
zAqA

− rB
rA

=
1 − 0B

0A

xA
xB

hB
hA

xA
xB

− 0B
0A

xA
xB

=
1 − 0A

xA

1 − 0A
hA

. (35)

The same result is obtained when Eqs. (4) and (6) are substituted
into Eq. (33). Therefore, regardless of whether a lattice- or fluid-
based model is used, and regardless of the shape of the molecules,
the general expression for the combinatorial activity coefficient of
component j in a multicomponent mixture is given by

ln
(
cj

)
= ln

(
0j

xj

)
+

(
1 − 0j

xj

) ⎡
⎢⎣ ln

(
0j
hj

)
0j
hj

− 1

⎤
⎥⎦ . (36)

Here, the term in the square brackets defines the Guggenheim cor-
rection with respect to the Flory-Huggins model. For 0j = hj,
the correction term is unity. Fig. 1 shows the correction term as a
function of the ratio 0j/hj.

3. Discussion and concluding remarks

We recall that Guggenheim used a simplified form for Cj. He
imposed rA = qA = 1, rB = r, qB = q, and zA = zB = z
and applied the lattice relation: zq = zr − 2(r − 1), which is valid
for linear and branched molecules. As a result, Guggenheim obtained
CA = z

2 and CB = q z
2 for Eq. (29). Later, Vera et al. [7] used this

equation to derive the following restricted form of the combinatorial
activity coefficient

ln
(
cj

)
= ln

(
0j

xj

)
− zqj

2
ln

(
0j

hj

)
, (37)

but this form was seldom applied in activity coefficient models.
Instead, lattice activity coefficient models still contained the com-
binatorial term of the original UNIQUAC model [8]; Eq. (34) with
CA = zqA/2. See, for instance, the development of the UNIFAC [9],
the COSMOSPACE [10], the MOQUAC [11] and the COSMOSAC [12]
model. Our result of Eq. (36) shows that there is no need to define
a lattice and molecular sizes in terms of lattice number (z), seg-
ment number (rj) and relative surface (qj). Therefore, the original
and restricted form of the combinatorial activity coefficient could be
replaced by Eq. (36), and supplemented with an activity coefficient
model that accounts for the dispersive interaction between non-
polar molecules. Such an approach has been applied in the MOSCED
model [13], which is used to calculate the activity coefficients at infi-
nite solution of binary mixtures. In here the dispersion is based on

Fig. 2. Comparison of models to predict the combinatorial activity coefficient of hexane in n-alkanes at infinite dilution as function of the carbon number. Right graph is a detail
of the left graph to emphasize differences.
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the Hansen solubility model [14], while the combinatorial activity
coefficient at infinite dilution of solute A in solvent B is computed by

ln(c∞
A ) = ln

(
VA

VB

)0.953

+ 1 −
(

VA

VB

)0.953

. (38)

This is a modified form of the combinatorial activity coefficient of
the Flory-Huggins model. The use of an exponent was proposed
by Donahue and Prausnitz [15] to tweak the Flory-Huggins model,
where the exponent is 1, towards the ideal solution model, where
the exponent is zero. This modification, however, has no physical
basis. Fig. 2 shows that this correction of the combinatorial term is
larger than the Stavermann-Guggenheim correction used in the UNI-
QUAC model and also larger than the correction given by Eq. (36).
Since Eq. (36) is a generalized form of the UNIQUAC model and has a
physical meaningful basis rather than being an ad-hoc modification,
it could replace the combinatorial term in the MOSCED model. How-
ever, this implies that the dispersion contribution needs to be made
more repulsive in order to bring the MOSCED model in agreement
with the experimental activity coefficients of alkane mixtures.

The essence of the derivation, which leads to the generalized
expression for the combinatorial activity coefficient, is the intro-
duction of a reference volume, in which only a limited number of
molecules fit due to their size and shape. The probability to fill this
volume with one type of molecules is the second essential step in
the derivation. Because of the existence of a gas-liquid equilibrium,
it is permitted to relate these probabilities to the probabilities to fill
a reference volume in the vapor phase. This relation in combina-
tion with the Gibbs-Duhem law leads to a general expression of the
Gibbs energy of mixing and subsequently a general expression for
the combinatorial activity coefficient.
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